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SCOPE AND CONTENT: 

Until now, the nuclear many boc1y problem has been rest:r-icted 

almost ent:.trely to considerations of the two·-·body force. However the meson 

theory of nuclear forces predicts that the e:x:cht-mge o:.E' mesons between three 

or more particles 11j~ll e;ive rise to a three-body or man~{-body force. ~:he 

meson theory which has succesfully expla:tned the main features of the phe·.. 

nomenologic.:al nucleon-nucleon potential, is expected to provide a gooc1 

basis for the stuc1y of three-body nuclear forces. Three-body nuc.lca:c 

forces can occu1" rnnong b8,ryons such e.s N, A, i: anaE. So fa,:r., however 

only bound stat.en of nucleons(nuclei) and of nucleons and A (hypc:muclei) 

have been observec1 exper:i.mentally. Hence only the three-nucleon ,£'orce 

and the NJN force are considered. It lrill be seen tho;t. the A.NH fo:cce 

plays a mo:ce :i.mpor-tant role the.n the three-nucleon force. ~11.us in t.he 

present work the ANN force will be stud:tec1 in g:reater detail thvn th.e 

three-nucleon force. li'irst the lonG and intermediate re:~nge pa:cts of 

the /\NN fo:t~ce a.re der:tvecl from meson theory. Their eff'ects on the 

3 5 
ina· · i' Ir FI " ~ur 1 ... ~~ 11.'.._at·'l~P>1..-- a:_re th.en estimated ..b · ·J..ng ene:r~[p_es o: A , A e a.nG L .-..'!~.e·.:,.r. . - ­

(i:i.) 



Since the short rai15e pe..rt of the force ls not kno·wn, no definite 

conclusion can be d1"'mm. However it is fou_nd that the th1~ee ....body ANN 

force can play an important role in the nuclear structure p:roble..m. 

3
The effects of the three-nucleon force :tn /\.H s..nd in nuclear matter are 

also b:r:iefly" discusseQ.. 

(iii) . 
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CHAPTEH 1 

IN11RODUCTION - THREE-BODY NUCLEAR FORCES 

One of the major trends in nuclear physics is an attempt to 

explain nuclear struc:ture in terms of the two-body nuclear forces lihich 

are determined from nucleon-nucleon scattering data. '11his program relies 

on the hope that three-body and many·~body forces a.re unimportant. On the 

other hand, from the meson theory of nuclear forces, where lt is believed 

that forces are due to the exchange of menons, it is expected that the 

exchange of rnesons between three particles or more will give rise to a 

three-body or many-body force. 

The meson theory of the t1TO-body nucleon-nucleon (N-N) force has 

been extensively studied by many authors. The one-pion-exchange potential, 

OPEP, well established thco1"etically, .gives a good, descrlption of the N-N 

interaction at large distances, distances greater than about 2 fm (Iwnda:re' 

et al, 1956;Cziffra ~~ al, 1959). For interaction distances less tha.Yl 

. about 2 fm, the potential due to the exchange of' more mesons or heavier 

mesons has to be conside:ced. '11lms the two-pion-exchange potentia.l, TPEP, 

has been calculated and is falrly well understood theox·eti.cally. 

tconuma .£! ~::.-' 1957; Cot~ingha.m and V~nh Hs:v., 1963). T.ae potential due to 

the exchange of heavier mesons then 1t has also bt:cn cons:tdexed, giving 

rise to the one-bo:3011-excheJJGe potentials, OBEP, (Arndt ct. e.J.: , 1966; 

Bryan on.d Scott, 1967). T'ne OB1I:P, TPEP together with the OPEP xeproc1uce 

the mz:dn featu:res of the long and i.ntermedlate range part of the 

1 
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phenomenological N-N potential. 'Ihe meson theory of nuclear forces has 

been extended to the interaction between various baryons N-f\, N-r:, f\- /\ 

etc" •• However experimental data are as yet too meager to provide a 

proper comparison with theo:cc-'cicaJ. predictions. Since meson theory gives 

a good account :for the two-body nuclea~ interaction, .in particular ~or the 

N-N force, it :ts expected that. meson theory will provic1e a good basls for 

the study of the three~body nuclear forces. Accordingly the exchcnge of 

mesons can take place between ·three particles ru1d can give rise to a 

' 'meson theoretical ' ' three-body force. 

Three-body nuclear forces can occur among baryons such as N, /\, 

.E and 'S . So far, however, only bound states of nucleons (nuclei) and 

of nucleons and /\(hypernuclei) have been observed experimentally .. Thus 

the three-body nuclear.forces which are expected to play a role in nuclear 

structure, ar0 the three-nucleon fo:r."ce and the ANN force. As will be 

seen the three-body f\Nl\f force is stronger than the three-nucleon force. On 

the other hand the charge symmetry of the strong interaction forbids the 

exchange of one pion in the /\-N interaction, thus the longest ranged 

two-body A-N force ar:tses due to TPE and has a shorter range than the 

N-N force. Therefore the ANN force will be relatively mo:r:·e important 

than the three-nucleon force and then it will be studied in greater detail. 

In princ:lple, if two-body forces are completely known and if 

many-body problems can be solved exactly with the tlTO-body interaction, 

then any discrepo.ncy between the the:o:f.'et:tcal predictions and exporimental 

data, can be clained to be due to many-body forces. In pract5~ce, the 

two-body i.nte:cact.ion h-~ not very well kno1·m c..nd even if it is well known, 

it is practically impossible to solve the nm.ny-body problems exactly. 
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Nevertheless the:r:e seems to be some evidence for such discrepancy, in 

particular in the case of the t\-N interaction. 

The best source of information about the f\-N interaction has 

come so far from the phenomenological analyses of the bind:tng energies 

for light hype::cnuclei, mainly s-shell_ hypernuclei. Recently A-N 

scatter:tng experiments have provided more direct informat:ton. If there 

is no many-bodyJorcc, these two ap})roaches should lcac1 to the same 

results. Extensive analyses,,in terms of the binding energies of s-shell 

hypernuclei, lead to an s-state f\-N potenUal with strong spin dependence: 

it is much more attractive in the spin singlet state than in the spin 

triplet state. These results have been well described by D..0.litz (1966). 

The most direct information, .derived from /\-p scattering ex})erlraents, is 

now becomine: available (Alexander ~!. al, 1966, 1968). The s-wave scattering 

lengths and effective rane;es, detennined .from Alexffnder et al's experi­

ments, are not very aifferent for the singlet and triplet ste.tes, if the 

intrinsic range of the force is chosen to be around 2 fm or slightly 

greater (Alexander et al, 1966; .Ali ~t al, 1967). 'I'his is contrary to 

the resultf~ of the previous analyses ·which utilised the binding enere."Y cal­

culat:i.ons for light hypernuclei. T.a.is suggests a possible importance of 

the three-body AHN force and thr.t the A-N force determined from the 

/\-·p scattering will not give the right binding energies. 

.It has been shown tha.t a /\··N potential, reproducing the data 

of Alexander et ~1, ' 'overbinc1s' ' light hypi2x·1mclei, in particul.;:1r 

¢3hudu:c.i eJ~ al, 1967; Herdon and Tang, 196'7). Thus thel'e is the posslbi­

lit.y that a three-body repulsive /\l'TN fo:i:ce could play an i:mportant role 

in these hYJ}e:cnuclei. It. l:as f:i.rst po:tntcd out by Weitzne1~(1958) 
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that for strong repulsive ANN forces, the binding energies of light 

hypernuclei could be accounted for with a two-body /\-N force vrl thout 

strong spin dependence. Recently, the effects of /\NN forces in s-ehell 

hypernuclej_, in connection with the new scatter:Lng data, have been 

discussed by Gal {1966) • If such /\HN. forces ex:tst, then the low-energy 

scatte:ring paremete:rs previously 0..Xtractec1 from the binding energy data 

of s-shell hy-pernuclei, assuming only a two ..·body /\-N force, are the 

result of some '•effective /\e•N interaction''. ''This effective /\-N :force'' 

ce..nnot be c.1.irectly com:pa1~ea with the free two-..body /\-N force. 

On the other hand it is interesting to have an accurate estimate 

of the binding energy of a I\ in nuclear matter, since it is the same as 

the depth of the average one-body potential, U /\ , in which it moves and 

this depth elves a mee.sure of the strength o:E' the ' 'effe<..~tive /\··N intc:t'.... 

actlon''· It was shown by Ali et ~l (1967) that the /\-N potential that 

fits the f\ ...p scattering c1ata overb:i.nc1s the /\ in nuclear m3.-Gter. He:re 

again, one of the effect.s '1hich mti,y reduce the depth, U /\ , in nuclear 

matter, may arise from the in·esence of e. strong three-body /\l\lli force. 

At the present time, the three-boc1y ANN force can ouly be cal­

culated using a meson field theoret5.C(;i,l approa.ch.. This method he.s , 

e~lready been applied to the dete:rmination of a ' ' theore-tic2tl' ' /\...N :force 

by several authors (Nogami et ~~1 1 i96!~;Deloff. and Wrezecinlw, 196'-~; 

Rimpault e.nc1 Vfr1h Eau, 1965). In such a calculation, t.he longest range 

part of the thrce··body /\NN force, v,rioing from TPE, has the same re.nge 

as that of the TPE f\ •.,u force ·which has been Bho1m to be :Lnpor.fam:c. 'l'he 

defir:d.tion or the inte:rprete:tion of the th:cee-body force is not free fro;si 

ambiguity. In fact. it is st:I.11 a matter of serlous c:ontJ.·<J.versy (BI'O':m ~:~ ~~;!:,1$63; 

http:approa.ch
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Mc Kellar and 110.jare1nan,1968). However in the present work the stat:tc 

meson theory is talrnn throughout. 

The TPE Mm f'o:cce is derived in the ·static approximation in 

chr..pter 2 and :i.n compa1·ed with the previo-q.sly obtained ANN forces. . Only 

the p-·wave and s-wave 1r- A interactiqn are considered here, higher partial 

waves being ig..riorecl. To.en the ANN force, w, consists of two parts, arising 

from the p- rmd s-wave 1(-/\ interaction: 

••• (1.1) 

For W5 , e. ' 'suppression factor' ' of the s-wave re-/\ interaction is 

introduced in analogy to the corresponding situation of· the s-i;-rave ,t-N 

interaction. It 1v-ill be shown .that for a reasonable suppression factor, 

W6 is un~.mpo:rtant. Wp consists of a central and a tensor texm. Tne 

tenso1~ term appears as e. product of two tensor opero..to:cs e.nd depends on the 

angle between the tuo AN vectors. Tnis term contributes signi.ficantiy to 

the potential energy of the system. 

Unfortum.;.tely, the ANN :ro:r.ce, that is derived , :ts of a very 

singular nature at. short distances ancl cannot be taken lite:rally. In 

an:y case, in the short range reg:ton ( r' /\N ~ O.7 fm) processes other 

then TPE will become important so that the contributlon of TPE should not 

be taken alone. Therefore only. the ta:tl o:f the TPE potential is c9nsi_9,ered 

here and this 11otential :t.s set equal to zero ·when the /\-N diota.uce is less 

than a cut-off d:tsto.nce, d AW For d /\N greater than 1 fm only the TPli.! 

potentie,l is expected to contr1hute sign:tficantly to the ANN force. 

The cont:ributlon of this 'I'fi~ /\NU force to the b:tnding enc:tgy of a 

3 5A, in AH' /\Re e,nd in nuclear matter, ~s examined in cha:pte:c 3. 'Ine 

effect. ln ~I is found to be relatively small and can be corupcnsat.ed by 

http:corupcnsat.ed
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slightly changing the two ...boc1y /\-N force. T.ae /\- a: potentia.~ in 

due to Wp is repulsive but its srength is sensitive to d /\N• The contri­

bution from the tensor part of WP is large but finite j.n the limit of 

d Arr-r>o. For a reasonable d AN' the con~ribution of Wp is still quite 

substantia.1 e.nd used in conjunction with a /\-N force that fits the 

5
scattering data of Alexander ~.! ~!_,gives a B/\. for lie much closer to the 

experimental value than th.at obtained by Bhedu:c-i et al (1967). 'I1!1e effect 

on B/\ in nuclear matter is considered using perturbat:.ton theory. It is 

foun.il that the contribution from Wp, ma.:tnly repulslve, :.ts dominant and is 

extremely sensitive to N-N correlat.ione However, ao pointed out above, 

processes other tho.n TPE, contributing to the intermediate range part of the 

/\NN force, may modlfy these results appreciably. 

The three-pion-exchange three-boa.y /\NN force may be :i.mportant :i.n 

the intermediate range part since it is the next lowest order contribution 

after TPB o.nd sln.ce it has been shown that the r.rpE /\-N force is in1portant 

(Noga.mi ~ ftl, 1964; Deloff e.nd Wrezecinko, 1961.i.1 Rj.mpault and Vinh Mau, 

1965). In the case of the meson theo1--y of the N-N interaction, it has been 

shmm that the OPEP gives a good descript:ton of the N-N interaction at 

distances greater tha.u 2 fm (Cziff:ca et ~2:' 1959; Breit and Hull, 1960). 

For distances sma.ller than this, the OPEP is dominated by the TPEP. It is 

of interest therefo1"e to investleate at ·what c1istance the TPE /\NN force 

becomes domina.ted by the three~pion-c:<chxmge /\NN force. It will be also 

posslble to say to what extent the previous resu_lts, cm the effect of the 

T"l?E three-i)ody AH1'1 force in light hy1;ernucld B.:nd in. nuclear matter, nre 

reliable. 
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3
approximation in chapter 4. In chapter 5 the effects of P on BI\ in /\H, 

in ~He and in nuclear matter are exwnined. In ~II it is :round that P 

depends strongly on the /\-N distance and that the contribution of p to Bl\ 

in ~II is attractive and larger. than that of the TPE /\ NN force, WP. 

For d AN~ 1 fm, the overall effect (P and WP) is found to be attractive 

5
and relatively small. The /\-Ct potential in /\He due to P, P(r /\ ), is 

evaluated. 11he potential P(r ) is folmd to be repulsive (except for
/\ 

d /\N = l fm and r/\ ~ O fm) and its magnJ.tude j_s sensitlve to d AN. 

5
It further reduces the binding energy of /\He and for ~1 AN~ 1 fm the 

effect of P is smaller than that of wp. A first order perturbation 

calculation is done to estimate the contributj_on of P to B/\in nucleal' 

matter. 'l,..n:ts contribution is fom1d to be repuls:tve anc1 its mae;ni tude 

depends strongly on c1 AN e..nd j4s larger then that of HP. bven for d AN 

~l fm, the overall effect (P and WP) is found to be large and repulsive. 

In the case of the N-N interaction, .there are also discrepancies 

between thco:retic~,l predictionr.; and experimental data ·when many-body 

probler11s are solved with the tw'O-body interaction. Such a disparity occurs 

3
in· triton, H, where many authors have evaluated the binding ene:egy due to 

a two-body N-N potential that fits N...N scattering data. So far the value 

obtained is always sn.::.ller than· the experirnental value by a.n amount or· the 

order of 1 Mev or more (Delves and Blatt, 1967; Davies, 1967). Thel'c is 

a sirnile.r situation in nuclear r.natter where the binding energy obtained 

using a two-body N··N force is smaller than the ' 'experimental value' ' 

extrapolated from heavy nuclei by an amotmt of the order of 3 Mev 

(Brueckner and !1~'1stc:cson 1962j Bhargava and Sprung, 1967). So it is 

possible that the three nucleon force may alrJo play an important role in 
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the study of nuclear structure. 

The long range part of t.he three nucleon force, arising from 

two~pion-exchange, is c1erlv€~a. in che.:pter 6 e,na its effects on the binding 

energies of t:ci ton and nuclea1" matter are e:r..aminet1. The effect of the 

( cont:coversi2vl) I ::-; J::O dipion resonance {the a- -meson) is considered. 

The three-body potential consists of three parts : 

F = Fp + Fs + Fa- ••• (1.2) 

where 1i(;. is due to the (virtual) 1C·0 N scattering via the er-meson, while 

Fp and Fs are due respectively to the p-".-;rave and s-wave n-N scattering 

via ' 1 direct interactions' ' • The direct s-wo..ve 1t...!J inte:ract:J.on is set up 

so that, together with the n-N inte:cac~t:ton via the er -meson, it reproduces 

the observed s-wave rt-N scatter:i.ng length. Since the sho:ct range part of 

the three ...m..1.cleon force is not kncrwn: the three-boa,y potential is taken 

to be zero fO:t" H-N cUstf'...nces less than a. cut-off distm1ce d. The triton. 

wave function is to.lcen fi·om a va.riat:i.onal calculation for e, hard-core 

two-nucleon potential (hard-core radius D). The result is sensj.tive to a 

a.Tld also to the hard~core raclius D. J?or insta."flce, at D = o.4 fm, the 

contributlon to the binding energy can be as big as about 1 Mev (att:r.acttve). 

The effect in nuclear rr.atter is evaluated by a first order perturbation 

theory. 'I'hc contribut:i.on is found to be order of a few Mcv, between 

and l~. O Mev, c1epending on the ve.lue of the cut-off d and on the N-N con·e­

lat5.on function. 

A diGcussion of the :ces1.1lts is given in cho.pter 7. 


TlwouGhou"t the whole ce.lculnt:ion, the ur.dts }{ = c = 1 are used. 


http:contribut:i.on
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CHAPYER 2 

· DE.RIVNI1ION OF THE LONG-HANGE 'l'"WQ·..PION-EXCH.A.NGE (rr~PE) /\NN FORCE 

2.1 Eval~'1.t.ion in the static e,p·1}roxir11ation us:tng Miyazs;wa fonnalism 
------------~~--~~-----~~..--.~-·----~~--~--------------~ 

There is an arbitrariness in the defin:ttion of the /\-N and /\J\J"N 

potentials which is connected with the number of clmnnels consic1ered in 

the solution of the Shrodinger equation. For the two-body interaction if 

two channels are taken, /\-N and L:-N, then correspondingly the wave function 

has two components. Tne potential is then a 2 X 2 matrix 

V( /\N-{>AN) V(L:N -t>AN )l
V= . ••• ( 2.1)

[V( /\N-t>Err) V(EN -l>L:N )J 

As sho1m by Uehara (1960): the L:-N cowponent of the wave function c&""l be 

eliruino.:ted e..nc1 the onet"chmmel formaJ.if>.tn can be used. Then the /\-N· potent:tal 

in the one-channel formalism which is o:f cou:i.-·se different from U( AN -1>/\N) 

i.n (2.1),:i.s energ-y-dependcnt, but this energy-dependence is negligible if 


the energy of the system is well below the L:-N threshold. The /\-N end /\NN 


, potentials, in the two-clw.nnel formalism, have been discussed by Ucllara 

(1960). Since only the bound state is conside:ced it is sufficiently 

accurate to use the one-channel forma.l:tsm. The two-pion-exchange /\NH 

.r;t t . . f .i..1 d . h . ]:'I" 2 1 i d . d . l . t . t.i:o:r.ce, arJ..sing rom v1e :i..ftgram s ow.a, in ig. • ., s er1ver J..n ·c1e s"Ca. :i.c 

appro:dmation where the nucleons ancl /\are considered to be at rest. 

t 
He:ce the effect of the pim1..:pion intraction ( 11.-/\ interaction via 

the er -meson) has not been con;:d.dered. It will be a.one for the three ....nucleon 

force ( cho,pter 6) • 
9 
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p 

A 

Flg.2,1 

Following M.iyazava (1956, 1957 ), the S matrh: element correspon­

ding to the diagraJU 2 .1 can be written ( c =~ = 1) : 

2 1 2 l 2 
41l f N Cx.. • x., ) 3 er • p er • q <p I s/\1 q > i(p ,.. - q.:r.0)""""'.........,,,...>. ............. ~ ;y.y - .w.·.w.i 

;oJA -L..

~,. .....~._.~........_..~,r.,.~.........~~
s· .. dq e= fa~6 2 2 2 2 2 


( 21!) fl (E, + /.L ) (q +fl )
.......,,, 


; •• (2.2) 

Here fN is the pseudo-vector J'J-JN coupling constant (f'
2 = 0 .08 ), p £iJJ.d q
N MM AM\ 

are the momenta of the exchanged pions, r and r En·e the coordinates of 
Ml\.1 "'·~2 

the two nucleons anc1 fL is the pion lllass. The ocattering matrix, 

<i I SA' ....~> , for the ze:-ro cne:rogy 11:ton seatt:'.)ring by /\ , is given by 



--

11 

i(p - q). l" ••• (2.3)
+ 2 D ( 0 ) ) e ;u ,..:#'. ~"'A 

/\ 

where Ji.,./\ is the coorc1.inate of /\ • The functions A A., C A and DA are obtai­

ned by setting Po eqw;,l to zero in the dispersion relations for the p·.. 

·wave and s-wave 1!- A s.catter1ng. F.rom Nogami and Bloore (196!i), they 

a.re given by : 

2 
l~1C (r/\ Iµ ) l dk (j 3 (k) 

A (p ) c C (-p ) = + -­a ~r~~~'!t"se-i:l:lt:~ 

A. 0 /\ 0 6+p - iE 21c w (w .- p - ie)
0 0 k k 0 

J
oO 

1 dk 2CT l· (k) +CT 3 (k) 
+- ... , ••• ( 2 .l~)~~~~~ 

6n: (I) w +I' ... iE 

0 k k 0 


D ( p ) ::; 21C a A 
/\ 0 

••• (2.5) 
2 2 l/2

Here f A is the JC /\ L: pseudo-vector coupling constant., wk =-= {k. + µ ) , 

6 =!Ur, - m/\ and CT 1 and o-
3 

are the p-·wave lt- /\ scattering cross sect.ions 

in the ste,tes with J == 1/2 and 3 ; 2 respectively 41 In the following, the 

p ...ve,ve 1!:- /\scattering is assumed to be c1omiri..atea by the Yi (1385 )­

resonance in CT , and er is igno:ced. In ( 2.5), a/\ is the scattering
3 1 

length end o- the cross section of the s-wave 1r- A scattering. If s 

expresnlon (2.3) is st1.botit-;ut.e,J in eqe. (2.2) Sis obtcd.ned in the fo1"W. 

S = - 2rrl 8 ( O) ll. 'l1i'le qmmt:Vcy w, which is interpreted as the /\HN 

potent:i.al a:dr;J.ng from. diagram 2.1, is given by 

••• (2.6) 


http:a:dr;J.ng
http:potent:i.al
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1 2 1 /\ 
C T • T { (T • (j + s A ( X ) rr (X ) J 

PA'-"M.. ""'" '"""" AW\ 1 I\ 

2 A 1
er .er + S (y) T (y) Y(x) Y(y),
.l\l'A1. ~ 

2 /\ . + 

l 2 l 2 2 
W = C A ~ • -\~ ~ • ~ ~. k (JL x· + 1) (µ, y + 1) Y(x) Y(y)/~uxy) • 

6 8 

• • • (2.8) 

~ere, { A, B} =AB +BA., x = r - r , y = r - r (see Fig. 2.2) and 
+ ~ ~ ~A ~ ~ ~A 

2(fl f ) 

00 

<T 3 (k))/Lc 

2 

( f~ 
2 

::::~...;~ dk - -- , ••• {2.9)-- + 
Pf\ 23 ~ 2 

61c w 
0 k 

2 
c = .. (JL f ) D (0) I ( 21C), ••• (2.10) 

s A M A . 

1 A 
,.JJ;,.•Xcr.x 1 /\ 

"""""' j;l.M .......,... 


~Q!re110as (x) = 3 ... 0- ••• ( ~.11)
MM ·&,

1/\ 2 
x 

-µ. x 
3 3 e 

T(x) = 1 + + --- , Y{x) = •••• (2.12) 
µ.:x. 2 µ,x 

<.µ.x) 
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0 
I 

I 

l 

I 

,' y 
I 

Fig. 2~2 

In the following chapter, the potentials WP and W will be 
0 

considered in the case ·where the nucleons and /\ a:ce in the s-shell. The 

expectation values of the T 's and a- 's are denoted by brackets< > . 
l 2 

T1ae expectation voJ.ue < a- .x a- .y > should be proportional to ~,.v 
MN\ M"w'( ~ N'M ~ Xwv\ 

for any two vectors >:: and y. T'.ae constant of propo:r.,.tionality can be founc1 
~ ~ 

by putting x == y ancl c1oing the angulu.r integration. Therefore : 

l 2 1 l 2 1 2 
= X. v <T • T (]" .<Y' > ••• ( 2.13)

N-M ,YN\ M"!'I MAI\ M}A .NIN,;

3 

and us5.ng (2.13) 

, s (y)} > = o, 
2A + 



l 2 
{ 2 A}
< T .T S (x), er .a- · > = 0 ••• (2.11+)NM N.M 

lA M~ "'"""' + 

and 

1 2 2 
< T • T {s (x), s CY>} >= 2 (3 cos e - 1)

"""" M\11 1 A . 2A + xy 

l 2 

(}".a-> , . ••• (2.15)


Jl/.M MA\ 

"Where cos exy = Zi•"l.J (xy). Th~s, for the nucleons and A in the s-shell, 

W a..nd W , are reduced to : 
p s 

c 2 l 2 
w :-..: - ..E6 [1 + (3 cos e - 1) T{x) T(y)~ Y(x) Y(y) < T • T 

p 3 xy 
~NM 

••• (2.16) 

1 2 1 2 1 2 
W = ... C COG e (µ x + 1) {µ:J + 1) Y{x) Y(y) / (fl xy) < T • T CJ" .er> oNM MM. MM MM. 

s 3 sA xy 

•.•• (2.17) 

When A is fe,r from the nucleons, the angle e is small, hence w~- is -· xy .I;' 

i·epulsive anc1 W is attractive (it will. be seen that< >= ... 3).
5 

The coefficient CPI\ e.m1 C
8 

/\are no~-r evaluated. For the first 

2 
term in CPA ( 2.9) various estin2ates of f A have been done indicating that 

2 . 0 
f A is sl:tghtly sn:uller than r; (Mart5.n and Wal:t, 1963; RCk'Ila...Yl, 1966; 

2 2 
Kwo.:u Kim, 1967; Ch9.m aud He:t:r.e, 1968). It is asr,u..med· here tha·t fA = f = 

H 

0.08, a.lthouch thio mny be rm overestime,te of :f~ by a. factor '6 2. 
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As in Nogam:i. and Bloo::ce ( 196!~ ) , the second term in C has been evaluated 
PA 

assuming a. Breit Wigner re;.,;onance fo:t:mu_la for Yr (1385). ~~ms it is fou...t'td 

that : 

C -· L43 Mev 	 ••• ( 2.18) 
Pf\ 

The fil'st te:cm :in (2.9} constitutes 7370 of CPA , while the rest comes from 
2

Y~· If' the value f A := o.o4 is takeu, CPA is found to be cquaJ. to 0.89 Mev. 

The true value of CPA will be between 1 .. 1.~3 and 0.89 Mev. 

If the t"wo-channel .formalism is used, the :fir~t terr11 in ( 2.9) 

should be dropped, because it is interpreted as a repetition of the OPE 

two-body potential (Nogem.1. eJ1c1 Bloore, 19611-). In other words, the AHN 

force in the one.,.chrumel formal:tsm contains effects of two-body forces in 

the two-channel forr1alir:ira. The potential ·wp is much stronger than the TPE 

three.,.nucleon force, a.erived, for instar1ce, by Fujita and Miyaze;~;e. (1957), 

which corresponc1s to the ANN :ro1~ce in the two ...channel rather than the 

one channel formo.lism. 

For Cs/\ .,since a A f'..nd <J" are not known exper:l.mentally, theoretical s 

estimates are neccsso,ry. The lowest 	order perturbation theory gives 
2 

, a/\ = - 2 (fA / µ ) X {mL + m/\ ) , wh:tch results in 

a ::: 29 • 5 Mev • However, such a sj.mple pertur1;ation ca1­
/\ 	 . 

cula:c:ton of a A is very poor E:pproxi:mation. There is a co:rres:ponding 

probl~n 1.n the three-nucleon force (Fuji t!'..::i. and .Miyazawa, 1957; Quang-Ho~..Kim, 

1966) • The1·c , a A is l'(:pla.ce by ( e. + 2a3) /3;where a1 and a1..e the
1 

a3 

s-wave 1t"'·N scatte:r::t:ng lengths in the I ~::; 1/2 c..nd 3/2 states, respectively. 

According to He.m:tlton r::.nd Woolcocl~ (1963) e}..');lerimental values a1~e ai = 
(o.171 + o.. oo5 ) / µ a.rid n3 = ( ...; o.088 ! o.. ooh) /µ.. ._ Hence 

http:l'(:pla.ce


0 -6 ... (a + 2a ) /3 ~ o.o 1/µ.. 
l 3 

On the other hano., it has been shum.1 that for the soft pion (1;ion of 


zero four momentum) a + 2a = 0 (Weinbe:rg 1966). HoueYer, the lowest ... 

1. 3 2 


order perturbat:i.on calculation gives - (e. + 2 a ) /3 = 4 m (f /µ, ) = 

l 3 N N 


2.12/µ. • This is a:n overestimate by a factor o:r 200 or more o Various 


mechanisms have been cons:tdered for th:Ls ''pair suppression'' (A'nati and 

Fubini, 1962). Thee.e mechanisms a.11 seem to be appl:tcable also to the 

s-wave re- I\ interact:ton. Thus a supprcnsion factor of the same order of 

magnitude is expected there. T.nis f'actor is tentatively assumed to be 
2 


100, ns~mely a/\ = ... 2 (f/\ /fl ) (n1r, + m.f\ .) /100. It has been also 


sho-wn that for the soft pi.on a = O (Weinberg, 1966; '11omozo.wa, 1966). 

f\ 


In enalogy '\rltb. the rc...N case the integ:ral contEdning <J" s in ( 2.5) is 


assumed to be negligible. Tnen, it is fom1d that : 

Cs/\ = 0.30 Mev ••• ( 2.19) 

As will be seen in the following ch8.pter, result.s wtll not be altered even 

when C8 Ais as la.:r.ge as 3 Mev. 

2.2 CompariE,on l7ith the n:re-.;iously obt8.incd ANN forces. 
~oar........_'----~·--,--·-.......----~...,.,.,...-.-......... 1:111 ......... .._._llr.·~........~,~~~.---·•;t--­

The ANN potential, obtained in the previous section, tr111 be ­

compared with those so far derived. The TPE ANN :f:'orce has been 

evaluated, 5.n var:i.ous e,p:proxim<J,tion, by We:ttzner (1958)) Spitzex (1958), 

B'lch (1959))Ueho.ra. (1960), Chalk and. Downs (1963). Weitzner' sand 

Spitzer' s results c1iffer from all the later works r:md it~ is not easy to 

retrace their calculation~ 

IJ1 Pach' s work, the /\1n force ls calcuJ.a tecl in the static approxlrnat.ion 

http:1959))Ueho.ra
http:la.:r.ge
http:11omozo.wa
http:perturbat:i.on
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by perturbation theory using time·.,ordered diagrams. There a.re ·three types 

of diagrams, as sho-rm in }"ig. 2-3: which are called NB, B e.nd SB. 

' ' \ 
\ 
\ >: 
' -

N /\ N N A N N /\ N 
(NB) (8) (SB) 

Fig.2.3 

The diagrams Im and B are due to the p-wave and SB is due to the s-vave 

n'".'" /\. ·interaction. The ANN potentia.ls,a1~ising from these diagrams, are 

denoted by VNB' VB a.nc1 VSB' respectively. The mass diff'ere~ce, !:::.. =~ ­
m , is neglected in the energy denominators except in the second :tnter­

A 
medle:te state of B. Howeve:c, if ~ is not n~glected e.nd if the sum of the 

contr3.butions from all the 16 HB diag:rams end 8 B - diagr2.:tns is done, the 

potentis,l that results is the same ns W bu·t vr.lthout the contribution f:com 
p 

Y~. '1.1l1is result '\;'3,S not obfaJ.ned in Bo.ch' s wo1'k, perho.1,s because VNB and 

V were calculated se))arately. The c1:1.ugram of Fig. 2.1 is not time-
B 

ordered and contains both NB and B. '11he swne calculation was repeated by 

Chalk BJJd Dow:as end B:wh' s V and V were confirmed • T'.ae value of the 
NB B 2 

coupling constant f'~ , ta.1<:en by Pach, is tJli&'itly smaller tJ:ian that of f 
11 
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used here. Incidentally Bach's results have been misquoted by Dn.litz 

(1965) and by Gal (1966). The central pe,rt of Bach's VB is quoted as 

/'V 2 Mev X Y{x) Y(y), which is e"ctua.lly 2 times Bach's origlnal VB. 

Gal' s stl'·engt.h po.rallleter CG' co:cres_poncling to C , is taken equal 
. Pf\ 

tol7 Mev which is much stronger than the estima:te of C done here. It is 

• Pf\ 
argued that the cont!·lbution f.:rom the Y - i.nt~rmed:i.ate process may

1 

considerably modify the veJ.ue of c • However, CP/\ includes contribution 
G 

from 1
IJt 

• Also in Gal's rro:ck only the central part of· W j.s conside::ced and 
1 p 

it rrlll be shown, in the next che,pte1", that the eff'ect o:r the tensor part 

of' WP domins:l:;e~3 over that of the centrnl pe...rt. Uehara' s ANN potential 

is for the t·Ho-channel fo1iJ1alism and is obte.iuca. :rrom WP by dropp:I.ng the 

first term in C ( 2.9).
Pl\ 

For the s--gave diagram SB, as wets noted by Chalk e..nd Dolms, Bach• s 

VsB has a. \rrong factor. The diagram SB was calculfl:ted by CJ1alk anc1 Downs 

by perturbation theor.Y, firstly in static approxi111s.tio11 El.nd then in a 

relativist:i.c \my. Tneir result in the static e.pp:roximatiort agrees 't·rlth W , . s 

'Wi.thout the suppression f€~ctol·. T".aei:r. relativistic calculation shows that 

the reco5.l effect is unimportant for the long range p3.rt. of the /\NN 

potential. Since the suppression fnctor wa~ not introducec1 their potentj.~,l 

is much stronger than H6 • 

http:dropp:I.ng


EFFEC'I'S OF 'l'HE TPE ANN FORCE 

3.J. 	 Effect in 

The effects of the potentials W (2.16) and W (2.17) on B/\ in p s 
3

n are estimated by perturbation theory. · The \mpert.urbec1 v.;a~/'e function 
/\ 

is talrnn to be the 1-r:J.Ye funct1on obtained by Downs, S:rni th and Truong (1963) 

from a variationu.l calculation of the binding energy of 

It has the form 

- 1/2 
).I = N f(x) f{y) g(z)tx 	 ••• (3.,1) 

where , z ~ r 
............ ,_l 

... r 
""""' 2 

end 

:r{r) = o for i~ < D 

= exp [ - a (r - D)] ... exp [ - f3 {r - D)] for r > D, 

••• (3.2) 

g(r) = o for l'". < D, 

= exp [ - r (r - D)] - exp [ - 8 (r .., D) J for 1.. > D. 

Here D is the ha1·d-co:re radius of the /\-N and N-N forces e.nd the factor 

N - 1/2 normalizes ~ to unity. 'l'he function l is the isospi:n singlet 

.:>..Iwa;ve function for the two mtclcons e.nd X is the sp::i.n ·we..vcfunction of 
~ 

.t • 
/\ 

The optimu1"11 variational pJ.ra,meters, obtfiincd by Downs et o.l ( 196~), 

e.re list.eel in ·table 3.1 for the ha:r.dncox·e :rac1.:Li D = 0.2, o.11. and 0~6 fm 
19 
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-1· 
toeethcr wi.th the correnponding no111m.lization factors • 

TABLE 3.1 

Pa1..ameters for t..11.e wavef'unction, ·with the corresponding nor.malizo:tion 

factors N, for three diffe:ren-c hard-co1"e radii D. (Downs ~ al, 1963) 

t'I (~-7 (:rin ·: ·) 8 (fm -
1 

) 

. "( .36 [ 0.51~7 

t--_o_._it----~-o-·..;_")zr-~~..· 0.578 

D {fm) 

0.2 

o.6 

- l 
0: (fm ) 

0.297 

0.606 r ,~.79 

1 

11.28 

6 
N {fm ) 

3.825 

The ex:pecte.tion values of WP (2.16) and W
5 

(2.17) i;.rlth i·espe~t to 

l' · ( 3.1) are denoted by < WP > e.nd < W
6 
> respect:tvezy. T.ae expectation 

value of the T 's e.nd er 's is : 
1 2 l 2 

••• (3 .4)<x. . .J, !k/. llN> :: - 3 

t 
The normalization factor N listed in table 3.1 differs from Chalk 

e.nd Downs 'N (li.stec1 in table 1 in ChoJl~ and Do~rns (1963) ) by a factor 
2 

8 1( • Their '\te,vefu.nction is l10l"Inali2·,ed as : 
2a/· [ d~ dy dz xyz 'i' (x,y, 7.,) ~' 1 

whereas here the facto:i... 8 1t of the volume clement is dro11ped thx·ou,:;hout • 
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Then < W > and< W > can be writtcn
P a 

< W > :;: < W (I)> + < W (II )> ••• (3.5) 
p p p 

·with 
< W {I)> = C I [Y{x) Y(y)], ••• (3 .6) 

p P/\ 

2 
< W {II) > ~ C I [ ( 3 cos e - 1) T(x) T(y) Y(x) Y(y)] ••• (3.7) 

p P/\ xy 

and 2 
< w > = - c I [cos e (µ, x + 1) (µ. y + 1) Y(x)· Y(y)/(µ xyB ..• (3.8) 

s s/\ xy 

where - lf { 2IG • •]= N dx dy dz xyz f(x) f(y) g(z)J G · ~ ••• (3.9) 

Tne integration domain o:r ec1• (3 .9) is such that x, y vary from d AN 


{cutoff of the /\J\TN potent:tn.l) to infinity e.nd z takes ve,lues from D to 


infinity (assuming d /\ N ~ D), subject to the triangule,,r inequalities 

x +y~ z} y + z~x, and z +x~y. 

T'ne integral (3 .6) has been done o..nalyt:i.cally and fo:r the integralo C3.7) 
. 

and (3.8) first the z integration was done analytically and then the xy­

integration numerically. 


The results are sho\m in table 3.2 for five different values of the 

cutoff d /\N and three different values of the hard-core radius D. It is 

found that< w5 > is always neg.i3.t:i.ve (attractive) and snm.ller thar1 

<Wp(I)> and <Wp(II)>. The ''ceritralp:11·t'' <Wp(I)> is 


always positive (re:pu.lsive). The tensor part <WP (II)> is pre­


dominant and changes oign depending on d /\N and D .. 


http:neg.i3.t:i.ve


22 

TABLE 3.2 

EXPECTATION VALUES OF 1.CHE DIPFEin~N1r PARTS OF ~'HE AHN POTENTIAL IN MEV' F011 

DIFFEHl~N1r CU110FF d AND HARD-COID.! RA.DIUS D 
/\N 

=· ...·~·~rn"'4::C: 

d (:f'm) 
/\N ~~..........._o_._6__1_.___...1_._i~--1

,~ 

< W
6 
>in Mev D = 0.2 fm - 0.023 ·- 0.022 - 0.018 - 0.009 - o.oolt 

D m o.4 f'm . - o.015 - 6.011~ - o .009 - o.001~ 

D = o.6 fm - o.011~ - o.010 - o .ooI~ 

<w >in Mev p 
<Wp(I)> 

D =0.2 fm 
<wp(II)> 

< W (I)> 
D ::: o.4 fm p 

< W (II)>p 

<Wp(I)> 

D = o.6 fm 


<w (II)>
p 

-~ 

Accord:tne to Che,u~ and Downs (1963) the contribution of the two-body I\ -N 

force to the binding energy or ~H is given ~y 

24 .2 Mev · {o.li. fm 
2 <V AN > :t { for D ::: •.• (3.10) 

70 .. 8 Mcv 0 .6 fm 

{
The relative impo1~ta11ce of the /\NN fo:cce will be given by the l"'atio : 

o.l.~ fm< Wp + W8 > ~" {2..6~~ .••• (3 .11.)R = ~~~""°"~.ci.a -- for D = d = 
/\N o.. 6 fm2< V /\N> 1.3rfo 
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This small ratio justifies the use of a perturbation calculation to esti­

mate the effect of' the /\NN force. 

3 ( +In view of the small bindins energy of /\ in /\H B = 0.21 ~ 0.20 

Mev) (Gajeroski £! al,1967) the absolute value of (WP + W ) can be quite
6 

substantial depending on d /\N and D. · As was discussed in the lntroduction, 

however, a reasonable value of the cutoff radius d /\ may be taken as l fm. 
H 

This follows from the fact that the TPE Am1' potential, W, is not very 

meaningful at short distances where processes other than rrPE are likely to 

be important. On the other hand, if the se.rue core radii for A -N and N -N 

are assumed, it will be reasonable to take D ~ o.4 fm. Tnen it is found 

that <WP + W > ~ 0.155 Mev for ~AN :: l frn and_ D :;: 0.4 fm. Thus the5 

effect is small, and can probably be compensated for by a slight change 

in the A-N force. 

Finally, the results are compared ·with those of previous works. 

The e:i-."'Pectation value of VB(§ 2.2) which approxll.uately corres1)onds to WP, 

ho.s been evaluated by Bach (1959) who found that the ratio <VB>/( 2< VAN>) 

= 2 %for a cutoff radius of 0.55 fm. However the wavefunction which wt1s 

used in Bach's work does not satisfy proper boundary conditions. Bach's 

calculatlon has been refined in the work of _Abou-Hadid (J.962) where a 

proper hard-core wavefunction was used. Abou-Hadid's conclusion essential­

ly agrees uith Bach's. It ·was concluded, as in the present work, that the 

effect of the ANN force in ~H is rn:Ge..11. Tne expectation valu.e <W > has6 

been evaluated by Chall~ e...nd Do1ms ( 1963). Since no suppression factor was 

introduced, their < W > is about 100 times as la.rge as the <W >8 6 

obtained here. Still their < Ws>is at most 5 c/o of the expectation value 

of the twou1)ody 1\.-N f'orce .. •ITI.e ex:pectation value < W > ha.s not bee;n- p 
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evaluated. 

5Effect i,n He 

A 


5The calculation of B in AHe,using only a tuo-body s-sta.te 

/\-N potent.it~J. that fits the"low..·energy data of Alexander et ~ (1966, 

1968), is first briefly described. The details of the calculation can be 

found in the work of Bhaduri et s.l (1967) • The low-energy para111eters of 

the /\F·N potential from /\ -p scattering data of Alexander et al are : 

a = - 2.~-6 f:m, at = - 2.07 fm, r ~ 3.87 fm, rt = 4.50 fm •••• (3.12)8 s . ' 
These are the most probable valuen. In order to bypass the construction 

of a complete hard-core (or soft-core) potential which makes binding-

energy calculations rather cumbc~some, the following form of the A-N poten­

tia.l is chosen 

for r < d t . s,- vr 
= - A6 , t e /vr for r > d

s,t 
••• (3.13a) 

Here the.subscripts s,t stand for singlet and triplet spin states ref?pec­

- 1tively. The range parameter is tn.ken as v = l.3992 .fm , co1·responding 

to TPE, while 

d = 1.017 fm, A = 204.l Mev, dt c l.18o fm, At= 223.3 Mev ••• (3.13b)
68 

are detenn:i.ned by fitting parameters (3.12) ~ Justification for choosing 

such a. form for the /\-N potential is given in the work of Bhaduri et ~ 

(196rr). Sj.nce this /\··N potential consistp of a fairly weak attractive 

tail, the onc-boay ci;verage field that the /\ e~pcriences can be obtained 

by foldtng in the nucleon dens:tty distribution w1th this potent:tal : 

••. (3 .14) 

where V ::;: Vs density dist:dbution of the nucleons :tn 
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a and all the vectors axe measured from the center of a. The superscript 

(2) on U refers to the fact that this part of the average field originates 

from a two··bod.y A-N force. The complete U should also contain contribu­

tions from th:r.ee-body /um forces. 'rhe normalized density distribution 

for the nucleons is taken as : 
1/2 3 2 2 p (r 1 ) = ( ';!>/ )t ) e:t\.J> . ( - f3 r i ) ••• ( 3.15 ) 

where f3
. 

= 0.85056 fm 
- 1 

• In this calculatfon· the o; is asmtmed to be 

2undistorted in the presence of the /\ • l'he binding, BA , due to u { r A ) 


was found to be 6 .45 MeY (Bee Table 3.3); whereo,s the experimental value 


is 3.08 Mev (Gajeroski et al, 1967). 


In the presence of /\NN ~orces \lp(2.16) and W8 (2.17), the aye:rage 

field U(r ) will be modif5.ed. The average fields generated by W. e,JJ.d W 
A . (3 ) P s 

are denoted by UP ( r /\ ) and U~3 ) ( iA ). respectively. Then 

(3) 3f 3U -(r ) ::-: 6 C d r d r p (r ) p (:c ) W (r - r , r -r ), 

p /\ . p /\ l 2 1 2 - p .wl -/\ ""'2 AN</\ 


where the factor 6 comes from the s:tx possible ANN bonds and all the 

other quantities have been defined in chapter 2. The expectation value 

of the expression in T 's and er 's in W (3 .16) can be shown to be identical 
5 3 p . 

for He and H. Thus the value given in (3 .1+) is used in W (3 .16).
/\ I\ - p ' 


Putting x =r 1 - r , y = r,, - r/\ {see Fig. 2.2), eq. (3.16) can be 

,,,,..,.. """" AMA """"' """c.. ~ 

written : 

... (3 .1'7) 

It is. shown; in Appendh: 1, that the 
~ 
x and y integration can be separa.tecl,...,.. 

to y:teld : 
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(3) (3) (3) 
U 	= U (I) + U (II) ••• (3.18) 

p p p 

where 

3 
) 

3(r).., 6 er a xp(IJ; + 15 1> Y(x>j 2, ••• (3.19) 
P P/\lJ I\ · 

3	 2 
u: {n) "' 3 cpf{Fx p (I!_/\ +~I) (3 cos ex - 1) Y (x) T(x1 2 

••• (3.20) 

(3) 
with cos e = (x.r )/{xr ) • Only U (I) has been considered preYiously 

x """M\f\ . I\ . p (3) 
by other authors (Dalitz, 1965; Ge,l, 1966) . However Up (II) is the dorui­

nant term in eq. (3.18), ao can be seen from Fig 3.1. It is also seen 

from (3.19) s.nd (3.20) that u~3 )io always repulsive in character. A 

similar analysis for w6 , the ANN force arising from the s-wave 1!­

interaction, yields 

.. 	 } 2 
cos e}l + µ: x) Y(x)/(µ. x.) 

••• (3.21) 

which is always a.ttract:tve. In the Ap:p0ndi~ 1, it is shown that the 

angular interactions in ti. can easily be done in ( 3. 20) and ( 3. 21) and the 

problem reduces to the numerical integration of one ...dimcnsional :tntegra.ls 
(3) (3) 	 .(3)

to give U dnd U • With C /1 = 0.30 Mev, turns out to be completelyU8' p . s (3) \ 
negllgible compared to U.• The st tuc.tion would not chanee appreciably 

I' (3) (3) (3) 
even if Cs/\ were ten times ln:r·ger. In li'ig. 3.1, U (I), U (II) and U

5 
p ( 2) p ( 2) 

arc plottc:d for e.. cutoff' d (\"" = l fm. In Fig. 3. 2, U · .and U ·:.: U '· + 
' ~ 	 . 

u<~) + ui3 ) e.re plotted for the so.me scnlc to show hou the avcra2e fieh1 
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is modifi.ed by /\NN forces. 

TABLE 3.3 

CALCUIATED VAIJUI~S OF B IN 5He -FOH VARIOUS CtIT'OFl" DISTANCES d OF THE
I\ A AN . 

/\NN P01I1ENTIA.L. THE NOr.r:ATION IS EY..PIAUIB.D D~ SECTION 3.2. THE 

EXPERIME1'f.I1.AI, VALID; OF B IS 3.08 MEV. (GAJEHOSICT EI1 AL, 1967)
/\ 	 -­

BI\ (:i.n Mev) when three-body forces a.re include~ 

._...__ ..... )_..."""_'T-- _o_.6 __o:,_n~-;.,,..,I~-~-n.....c_~~: 	 __ ___1_._0 1_._4-...a 

( 2) ( 3) 
U + U (I) 

p 
6.01 6.23 

(2) 
u 

(3) (3) 
+U -(I) + U .(II) 

p p 
2-99 4.35 5.!~6 

(2) (2) (3) 
u +U +U 

p s 
3.09 l~.42 5.50 

5In table 3.3, the binding enersry BA in He is tabulated with and 
'> (2)

without MIN forces for vo.:dous cutoffs. U is calculated ·with the 

parameters given in ( 3.13 b) and shows comJidexable overbinding. It is 

seen the,t thin overb:i.ncUng is drasticalJ.y :red\J.ced when u< 3{rr) :i.s includedp . 

in 	the calculatlon. 'I'his repuls1ve effect is problably overestimated since 

N-N correlations in the aw•particle a:ce neglected. It ls quite clea.x- from 
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table 3. 3 that three-body forces crumot be ignored in t.he calcrilation of' 

BA in ~He. !w effective A-N force that is extracted purely from an 

analysis of' ~H and ~le bindings, would therefore be much less attrac­

tive in the triplet s-st.v,te tha.n the free /\ -N interaction • 

3.3 	 Eff'ect in nucloo.r ma.t.ter 

The binding energ-y u(3) of a A in nuclear matter due to the Arni
A 

force W is calculated by f:trst-order perturbation theory in a way sim.i.la.r 

to that fon11u.1.a.ted by Bodmer and Sampanthar (1962). The ·wavef'unction of 

nuclear matter in the Ferni-gas model is : 

!' = ~ ( f\ ) $ ( l, 2., ••• ,A ) ••• ( 3 • 22) 
kA k . A 

where A is the number of nucleons (A-{>oo fo;c nuclear matter) and 

l i k,l'f\
"""" !' ( /\) =- e - x ••• (3.23) 

k Vil A 

1 
~ = Det [ $ {i) J .... (3.24) 
A vxr p ' 

l 	 i p. r 
(i) = e """ 1 x spin function x icos:pin function..-M.4> ••• (3. 25) ' 

p Vff 
T'ae fm1ction XI\ represents the spin state of: I\ and ~P(i) is the wave 

function of the i-th nucleon :i.n the state p where p represents the momcntu~m, 

the spin and isospin state of the nucleon. The quantity n is the 

voltune of nuclear matter,fl--t>o:w:tth A e.ud A/fl=p where p is the density 

of nuclear matter. '11he expectation value of the potential.!: W(i,j, A) is 
1<j 



(3) 1 A f·U ·= --- E ~ (A) ¢ (1) ¢ (2) W(l, 2, A ) 
A 2 i ,j . k P. P. 

l. J 

3 3 3 
x(~ {=!-) ~ (2) - $ {2) $ (1)) d. r d r d r • ••• (3.26) 

l 2 Api pj pi p
j 

The binding energy U(~) consists of two contributions : a direct term and 

an exchange term. The direct term ve4nishes ident:tcally because of the 

sp:tn-isospin saturation. '11b.e expectation value of the T's and a- 's, 

for the exchange tenu, is : 

1 2 1 2 
< T • T a- • a- > = 36 
~ ,,.,..,.. IM """' 

(3) 

The evalue,tion of the SI'Jf1,tial ~'1.rt of U A will now be cons:i.dered. It 


can be shown that the funet.lon K(z) defined by : 

1 A 
eK( z.) ::: K( I~ - ,.t I) ::: 2 () 2 E 

1 2· ~L i,j 
••• (3.28) 

gives when A -t>OO 

2 
2 

K{z) = ..J:_ D (~ z). • •• (3 .~)
32 :e 

- 3 
Here p :::: 0.170 fm (eqy.ilibritun density of nucleon me"tter), kf is the 

f erni mome11t't'1Jrr and 
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3j {k z) 
1 f sin r cos r 

D(k z) =---·,j {r) = -- - -·· -· 
:r k z 1 2 r 

f r 

=U (I) + UA(II) + U {s)
f\ A 

where UJ\(I) is the contribution from lT (I},U(II) originates :from W(II) 
I\ . p f\ p 

and UA ( s) from ll • From cqs. (3 • 26) to {3 •29) it cari be seen that 
6 

3 3 3,2
U (I) = - C p D (k Ix - YI) Y(x) Y{y) d x d y, ••• (3.30)

f\ 8 PA f ,.,..,.. HA 

2 3 
u (II) = ~ C /fn (k I~ - !l) (3 co/e - 1) Y(x) Y(y) T(x) T(y) lx a y 
A 8 P/\ f xy 

2 1 3 3 
U ( n) = · - ~ C p

2 f ( k Ix - yl ) cos e (1 + : ) ( l + - ) Y(x) Y(y) ·a x d Y• 
A . 8 Sf\ :r"""' xy µx µy¥A 

••• (3.32) 

Here cos 9vv = x.y/(xy) vtnich is ohmm in F~g. 2.2, the variables x and y 
.., ...J ~""<Ii. 

are the /rN distances, e.nd l~ - i) is the ii-N distB.nce. All the integrands, 

including that in (3.31), are well-bchavec1 even for the limit x, ~o. An 

inspection of U (II) in eq. (3.31) now reveals why it is so sensitive to the 
f\ 2 

N-N correlation. The ftm.ction (3 cos f:Jxy - 1) is :positive f'or exy =O to 

55 
0 

and then turns negative. Small values of e correspond to the case xy 

·when the two nucleons are rel0.tively close to each other, a.D.d this is the 

part most e,.f:f'ect.ed by the N-N correle...tion function. rirh.e potential U {II)
' . f\ 
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is not positive defini.te, unlike U (I), and tends to tm~n negative if the , A . 

N•N correlation is st:;;ongly repulslve, thereby excluding smaller values 

o:f exy• In order to study the effect of N-N correlation, a step-function 

has been used : 

e(lx - yf - a ) = o for Ix - yf< d 
No\ NV< - .-.. NN . NN 

= 1 :for Ix ... yf>d 
,..,,,. ­

NH 

Here it is not worthwhile to use a more sophisticated correlation :function 

because 

(a) It is not knom1 sufficiently well. In particular, it depends 

sensitively on the fonn of the N-N potential chosen, whether it contains 

a hard-core or a soft-core, e.nd if it is state-dependent. 

(b) T'ilere is already considerable uncertainty in W due to the /\-N cutoff 

d •
AN 

The integrals (3.30), (3.31) and (3.32) are evaluat0d numerically 

after putting the N-N correlatlon f1.UlCtion e (Ix ... y I - d ) in the 
· """ - NH 

integi:and. The results are shown in table 3.1~ and graphically in Fig 3.3. 

Roughly spealdng, dNN should be chosen ha.lfwa~ bet·w·een the N-N hard-core 

radius (assUJning hard-core N·"N potential) ~nd the healing distance, wtlich 

is state-dependent. A reasonnble value of a1n~' on this basis, is about 

O.7 fm. From Fig. 3.3 it can be seen tlrn,t corresponding to this value of 

(3)
d , U ~ 1.8Mev for d/\~- = 0.6 fr:'l Emd is about 8.7 Mev for c1/\U' = 1.0 fm. 

NN A N 1'" 
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TABIE 3.4 

EFFECfr OF THE TPE TfrnEE-BODY f\Illi POTEHTIAT.S IN 1'1UCJ.1EAR Ml\.'I'TIB. ~1TE 

NOTATIONS ARE EXPLAINED IN THE TEXT. d/\N IS THE CU'l'OFF FOR THB /\NN 

POTENTIAL, WHILE dNN IS THE CUTOFF FO~ A srrEP-FUNcrrION TYPE N-N CORREU1.1:L1ION. 

-

d o.6 fm 1. fm 
/\N 

- ·~ 

d o.4 fm o.6 fm 1 f m o.!~ fm o.6 rm 1 fm 1.4 fm 
NN 

:> -
U {s) 
/\{Bev) 

- 0.534 - 0 .1~7h - 0.290 - 0.358 - 0.333 - 0.21~.2 - 0.131 

- - ,,.._~~ 

U ~I) 1.362 1.299 1.057 0.81+3 o.8cq o.668 o.465 
{\ 1·1eV) 

<>O 

U ~II)
/\ Mev) 13-950 l~ .687 - 6.PA.9 12.533 9 .9lt-8 3 .109 - 1.35~. 

,_ ._,.._,,,,._~_,._-... 

3 ' 

u 
A(Mev) 114-.777 5.512 - 6.082 13.017 10 .1~22 3.535 - 1.076 

(3) 
However, with a slightly largc:r value of dMN' U /\ may well turn negative 

for the case where d AN is o.6 fm. A 1~epulsio1:1 of 3 .535 .Mev is obtained 

for dAN :: dNN :::: 1 fm, ·which is close to wh?t Nyman (1967) obtained. r.Ifhe 

main J?Oint to emerge, however, is tho.t U~) is extremely sensitive to d /IN 

as well as the N-N cor:-celation f\mction. If the very long-range part of 

the ANN potent:i.al (:ror d AN >1 fm) w2re being considered then its effect 

is def:tn:i.tely :cepulsivc and can be as large as 10 Mev. However, it would 
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be misleading to quote any definite nwnber and therefore, the point of view 

ado1)ted here, disagrees in spirit to Nyman' s work. 

Recently Gal (1966, 1967) introduced in his phenomenological 

analysio of lieht hy1;ernucle:t, a /\NN force of the type W (I), which is 
p 

completely central. On~.y Gel's C 1re.s much larger than the c used here 
· Pf\ Pf\ 

and ·was taken to be 17 Mev as compared. to 1.43 Mev used here. The contri­

bution to U~ of such a. central potential is rather insensitive to N-N 

correlation, as was already clear :from the· wo1·k of Bodmer and Sampa.nthar _ 

(1962). It behaves ve17 differently from the dominant non-central te:nn 

Wp(II). For exam1)le, with d /\N :c-: o.6 fm and a1m = 0.7 fm, its contribut:i.on 

to U~) is 16 Mev, compa.rcd to '£. value of 2 Mev from WP(II) but for df\N" l fm 

and d}lfJ\J = O.7 fm it is about 10 Mev, nearl.Y . the same as the value fotu1d 

hex·e. By t:;,king a. completely central phenomenological ANN force lil~e Ge.1' s, 

there is the danger that the repulsive effect may be overestimated :Ln 

calculating B • 
A 

Before concluding th.ts chapter, it would be i.n order to mention 

that an extensive ana,lysis of the ef:fects of the TPE ANN force, w, in 

13 17 29 l~l
Ac, Ao, I\ Si and /\ Ca has been done by Fl·iesen and Tomusiak (1968). 

Their conclusion is very similar to that of the present work in ~He. 
Namely, in all ce,oes consic1ered, they found tha:'G the /\NN :force :results in 

an a.pprecic.ble repulsion between the A and the core nucleus. Of course their 

conclus54on is subject to the nmbiguituies which have been discussed in the 

case of 
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CHAP-.CER 4 


EVALUATION OF THE INrrERMEDIATE RANGE THRI!E-PION EXCHANGE ANN FOHCE 


As previously explained in chapter 2 the A-N and J\NN potentials 

can be worked out in the one-or two-channel formali.sm. Since only the 

bound state is considered it is sufficiently accurate to use the one-

channel formalism. T'ne diagrams which con-trlbute to the three-pion 

exchange ANN force are shotm :tn Fig. 4.lc and 4.ld. Diagrams 4.lc and 

4.ld, equally important, are as yet too complicated to be evaluated exactly. 

Therefore the contribution of' diagram 4.lil is approx:Lme.ted by the sum of 

the contributions of diagrama 4.la and 4.lb. T'ne force arising from 

diagrams lt.la and 4·.lb is derived in the static e,ppx·oxima:tion. It was 

stated by Ueha.1~a (1960) the.t the potential due to F'lg. 4.lc has the 

asymptotic tail of the OPEP. This statement was incorrect and therefore 

this potentlal is written down and the correct estimate of the range in the 

asymptotic region is given. 

First the contr1butions arising from diagrams 4ela. and 4.lb are 

considered. The contribution f:rorn the dia.gr1;1m of Fig. 4.2 has to be 

subtl.'acted once since it is included in both 4.la e..nd 4.lb. The S matrix 

element is given by : 

,-v ,..., ,..., 

s = s +s -s +s +s .... s ••• (4.1) 
la lb 2 la lb 2 

'Where the suffix refers to the diac;ra:m number and the tilc1a indicates that 

nucleons 1 and 2 hcwe been interchane.;ed. Following MI.yazo:wa. (1956 ,1957) 

the S matrix element corrcsponcUng to the d:i.c.g:re1n L..•1a. can be ·rr.dtten 
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(c = f{ = l) : 

2 

S = 

2f 
N 

- ----­ E· 

4 
a p 

4 4 
a q a k 8 (k ) 

1 1 
< f3, q I SA ta,p>T'fj £?: .• 2_ 
~~~~~·~-......~,t----

la 10 2 a, t3, r 0 2 2 2 2 2 2 
( 21t) IL (p - w ) ( q - w ) (k - w ) 

0 p .o q 0 k 

2 2 
<r, - kl s I a, - P> T a- • k

1 ')' AM/W. 

exp [ i ( q. r - k • r )J ••• (4.2) 
M4­ J',l>\l r.M .l'\M-2 

The subscripts a;,~ and r i·efer to the index of the third component 

of the isotopic spin, f'N :ts the pseudo-vector rcNN coupling constant 

2
(fN = 0.08 ), p, q and k (which have fourth components p , q end k ) are 

0 0 0 

the fottr momenta of the exchanged pious whose energies have been labelled 

w , w and w respectively. ~11e vectors r and r 
2 

are the coordinates of 
p q k JIM.1 AA\ . 

the two nucleons a.nd µ :ts the pion mass. The matrix· elements for t.11.e n-N 

e.nd ~- /\ seattering parts a.re given by (Noga.mi and Bloore, 1961t) 

1 11 1 
< -,, - k I s Ia, - P> = .21ri 8 ( p - k ) [A ( - p ) T T <r. p <J • k + BN( - p ) 

1 o o N o a y~ At\A o 
1 1 1 1 l 1 1 l l l l 1 

( T T <J •P O" .k + T T o-.k a-.p) + c (- p )'TT er .k cr.p] 
""""' ,,,.,. /'I'.!\ A.Y\ N """' A~ NI\ N.1\­ra"""-"""'"""'~ 0:1 . o r a 

x exp [ .. i (p - k). r J v v , ••• (l~. 3) 
/#. """" '""1 p k 
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x e~q? [ i (p - q). r ] v v ••• ( !~ .4) 
. ~ ,M\ ..W.f\ p q 

where r A is the coorcUnate of/\ • Tne function v j.s a cutoff factor 
~I\ p 

which is chosen to be ~x:p (- p 
2/2p!) ·where I\n. is the momentum corresr)onding 

to the nucleon mass; it. is introduced for the conventcnce of computation 

(Chew and Low, 1956; r-ioe;ami and Bloore 1964 ). The functions AN, BN' CN, AA 

and C /\ are given in terms of t.he 11:-N and 1C- /\ scattering .cross sections 

by the c1ispersion relations in the ste.tic ap:proximation : 

er (k) 
33 

AN (p ) = C (- p ) 
o N o W - p - iE 

k 0 

oD 
Ji.CJ {k) + 4cr (k) +CT (k) 


1 
 dk 11 13 33- ... ••• (4.5a) 
Ii• w + p - ie 


k k 0 

361! 

0 

••• (h.5b) 

DC> 
2 (j (k) 

4j{ (f /µ) 1 dk 3 
A (~(.) ) = C (- p ) = :___})____*-~ +­
A o A o t>. + p •· i.~ 21\ 
 w 414uJ - P iE 

0 k k 0 

0 
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cO 
20'" (k) + o· {k) 

A 

l dk 1 3 
+­

6rc (JJ w + p - iE 
.. ' ••• (4.6) 

k k 0 

0 

He1...e f is the renormalized re-A ..,z coupling constant, 6 is the mass 

difference between E ~d A , CT is the total croes section of the p­
2I, 2J 

wave rc-N scattering in the state (I, J) and cr2J is the total cxoss section 

1 -3
of the p 1/rave Jt... A scattering in the state with antp.llar momentum J ( .. or ... ) • 

. 2 2 
If expressions (4o3) and (4.4) are substituted in cq. (4o2) S is obtained 

· la 

in the form sl = 21li 8 ( 0) v • T'ne .quantity v which is interpreted as the a a · a 

ANN potential arising from diagro.:;n 4.la is given by 

2 
i 4rc f N 

v = a. 	 10 2 

( 2rc) µ, 


-

where 

E 
a, f3, r 

'With eq. (4.3) 

< 1, - k ·I S ·1 a, ­
1 

dp 
0 

0.0 

3 3 3 2 P exp [ i ( q .. p ) .x + k • z J
3.- ...,.,,. MA AM N.\ "'\f.. ._ 

a p d q a k v v v ---..-- --- - ---" , 
pqk 22 222 

(p - W ) (p - C.ll ) W (p - iE ) 
0 p 0 q k 0 

••• (4.7) 

1 1 2 2 

8 T er • q <r, - k I T ( p ) I a, - P> T s:~!.:- ·, 

a ~ f3 ,.VI\ MA l o r 


••• (4.8) 

p > Q 2;rt 8 (p - k ) exp [ - i(p - k) .r] v v 
. 0 0 . ~ A.'11\ 1 pk 

x <.,, - k t T (p ) I a, ... p> , ••• ( 4 ~9) 
1 0 
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and from eq. ( 1+ .J~ ) 

} . /\ 

{A =AA (p ) a- •p er • q + cf\(p ) er • q er • p • • •• ( l~ .10) 
" 	 " " 0 hi\ .......... NII AN\ Q MA _ AM J\'v\ M'\ 


Then, 

p_ =pt+ p1 1 , ••• (4.11) 
a a a 

with 

l ·2 1 1 . 1 2 
pt = T • 'l" {/\} P' () . er • p er • k er • k, 

"""'-'\ """" 	 ~ .M'\ AiV\a 	 N 
-VJ\ 

Al\.\ ~""""' -'M 

P' =A ... lrn + 3C ,
.NN N N 	 ••• (4.12) 

1 2 1 2 
pt' = 2 T' • T P' ' er • q er • k p., k , 

a. "\11.1 Al\.\ N .Mi'\. """" MA ./\Iv< .....;;M """"'t" ~ 


P'' = - A + 3B • ••• {h.13) 
N N N 

Sim:iJ.ar expressions are ol)ta:i.ned for the potential V arising from diagrar..'l 
b 

4.J.b. The potential V (S :.-: - 2;ri 8(0} v 2 ) could be obtained by i ..eplacing 
2 2 . . 2 1 1 1 1 ... _, 


<1, - k I T (p ) I a, - p > by ( l}Jt/ µ, 2 ) f T T er • k er • p in the

1 0 N )' C( M'\ 	 ~........... MA 

p - iE 
0 

expression for V (h.7). However, it ls s:tmpler to not:i.ce the.t diagram 1}.2
a 	

. 4 
resu.lts only in tenns pror1ortiono.l to f'n• TheJ:•efore Va+ Vb- V2 can be 

4
replaced by V = V + V \d.th terms propOl'tional to f divided by two. 

a b 	 N 

The part of V corr0nponc1ing to P'; V', can be ·written using cg_s. 
a; 	 a a. 

{4o7) and (1.~.12), 

http:not:i.ce
http:Sim:iJ.ar


V' =U (x) V ( z) , ••• ( 4 .llt-) 
a 

·with 

1 2 
·41t' T • T f 

;iAfo. Ml\ N
V( z) ~ "" = - ~ 

3 2 

3 1 2 
a k ·2: • k 

'"'n l\NI 
c:r • k exp( ik • ~. )
N't\. IV./\ MO. M'\ 

~ E;l''llill:.ulfm'SW'"..,i:ft~.~~~ 

·c 2rc) µ, w 
k 

l ·2 2 3 ' 
11.11 _l • ~ fN l 2 d k exp(ik.z)

Ni' 'W\ 

~·~ ~·~ 
z z 2 

w 
k 

V( z) if; simply the OP~~p for the N...N potential. 

1 2 
T .T 2 1 2 

V(z) = ~~ f ( 0- • o- + '11(z) S {z)) Y{z) ••• (1+ol5)
N M'I ,..,..,. 12.3 

where s12 {z), T(z) and Y(z) have been defined in chapter 2 (eqs. (2.11) 

e.nd ( 2 .12))" 

Then, 
1 1 

p1 o- &q_o- .p exp [i(q - p).x]
3 3 N- """"""".,.,.. """ l'N\,.,.,..i 

••• ( li .• 16)dpU(x) =-­ d p d q{h }-,·';-- 2 2 -;--- ---­
~{ 0 

(p - W ) (p ... lt.l ) (p - iE ) 

0 p 0 q 0 

( 21() 

'l1hs~t is, 
A

U(x ) = ( o­ • \7.1.. r(\'\.\ -v... 



••• (li-.17) 

·f(p) eA.rp [i(q. r ~ p. r'}J
3 3 0 '"" ...... ....... ~ 

d p d q ~- --lllic:t - II a111---.... 

2 2 2 2 
(p - W ) (p - w ) (p - i E ) 

0 p 0 q 0 

••• ( l+ .18) 

After reduction of tbe differential operators, the potential (l~.17) can be 

expressed as a S'Lun of central "(spin- independent and spin-t1ependent terms) 

anc.1 tensor parts : 

A l 
U(x) = V (x) + V (x) JI ·ff... + V (x) S (x) ••• (4.19) 

0 s t f\l 

'W'nere 

V (x) = 
0 =X 

••• (!~.2QC.) 

2 

- ~ -- I [(A/\ - Cf\ ) PN' 1- -" V (x) = 
dr ~r' · Js 

r = l'' = x 

••• ( l~. 20b) 



and 

••• ( !~. 20c) 

U(x) is the analy-Cica;t. expression of the TPE potential for /\ -N (I:rogami 

and Bloore, 1964) and therefore it can be seen that the V' part of the . a 

potential corresponding to diagram 4.la, is the product of the OPEP (N-N) 

and the dimens:f.onless analytical expression for the TPEP ( /\ -N). 

Similarly the part corresponding to P' cnn be written . 	 b 

V' = v( z) U(x) 
b ••• (4.21) 

T'nus V' =V' + V' :'.:: { U(x), V( z)} + , wh0:re \ , } + indicates th0 
a. b 

e.nticomr.mtator and 

1 2 A 1 
V' = T • T + v ( x ) ~ •~ + v ( x ) s (x )).,

~ AA\ 
s . T . Al 

( ~1 • ~2 + T( z) S ( z )) J Y( z). • •• (4.22) 
. 12 .. + 

That is, 

1 2 2 1 2 " 2 
T.T 11.f [v (x),,cz: ·~ +V (x) er.~ +V (x) (1 "T(z)) s {x)v• = ­ AN\ AAA I 

o S """" T 	 /\23 	 N 

+ (V (x) + V (x) ·.,, V {x)) T(z) S (z) + V (x) T(z) ): (x,z)] Y(z), 
o 	 S T . /\2 T /\2 

••• ( lJ. .. 23) 
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where 

" 2~. ~ ...u~.24 )
2 2 

x z 

The part of V corresponding to P' ' , V' ' , c~ be written using eqs. (h.7) 
a a a 

and (4.13) 
2 

f 
1 2 N 1 2 

V'' = 2 T • T ( CT • 'V (]" • '\l CT • \J (}" . \I 'V • \I I(A ·P'' ) 
A/IA .....-v\µ ~ " ~r' Ml\"~ /W\ ..MAr""""' z M'I r t za. " N 

I(C/\ P" )) Y{z) • 
H 

r= r' = x 

••• (4. 25a) 

Similul'ly 2 
f 


1 2 N l 2 

V' 1 ::--.t 2 T.T (CT.V er• 'V er • \1 u . '\' \I • '\l I(A ptt) 
" " AM ~b -w '1M J\M ..._v.r• ~ J\,.\lr l\.r'v\. ..wr' AN\

fl """ z r z " N 

+ er. v I(C pt')) 'y(z). " -11-'rAM /\ N 
r = r' = x 

••• (h. 25b) 

Because I(f(p ), r, r') is a symmetric function of r and r' eq.(1~~18 )~· r 
0 

£md r' C{;'vll be exchanged in eq. (!~.25a) a.nd then addlng eq. (1t-.25b) gives 
2 

f 
1 2 N 1 2 

vt ' :::: vI f + V' ' ·- 4 Z·~Z·Z 
. a b x z :e' 

r z 

I [(A + C ) P';J) Y(z), 
/\ /\ ·IT 

r :Oi r' = x ••• (h.26) 



that is 

2 

l ~ l 2 3 


VI I 2 (- + - ... ) ~ • ~ + - T( z ) S ( z ) 
t x2{ 2 dr• dr 2 12 
x 

2 2 
1 l l 

+ 3 (­+- ) (- - _L ) S (x) - T(z) (: - J_ ) E (x,zJ 
µ, z 2· 2 dr dr' ·· 12 .. - 2 dr dr' 12 . 

(/Lz) X x 

- Ior ~1~ 1 

••• (4.27) 

In the follow:tng sections these potentials vrlll be considered in the cases 

where the nucleons and A are in the s-shell. 

Therefore, with i, j = 1, 2,A 

l 2 i j 1 

< ?" .T er .xCJ. z>=­


.M'\ 1\1\1\ .t'A\ Nv\ M-\ M\ 3 
••• (4.~8a) 

l 2 2 1 2 i j 
< T • T 1: {x,z)> := .(3COS 6 - 1) <T ·~ ~ ·~ >.' 

Nv\ NII\ ij xz ..-\1\.'1 

••• (h.28b) 

1 2 . 
< ~ .~ S (x) > =O , 

ij 

·where cos a = x.zfxy as shmm in Fig. 4.3. Now V :~ V' + V'' ca.'rl be 
Ml"""' xz 

"ff.dtte~1 as : 
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2 
V ( x, z ) = [ S ( x ) + ( 3co s e - l ) T ( z ) W( x ) J Y ( z ) ••• ( !~ •29 ) 

xz 

with 

2 2 
4 2 t1212·1 a 'd 


s{x) = - -µ,f T • T (j • (j > (- + -- ) --- Z(r, r') 

- 3 N N'A ~ N.A ......,.. 2 2 dr dr' d r ~r' 


x 


2 

/\ 2 1 2 


+< 0- • er T • T > (: +: :l)-~--- D(r,r•0 
........ M.-\ ,..,.... AN\ 


2 x dr dr Or' J 
x r = r' = x 

••• (l~ .30) 

2 2 

4 2[ 121 2 1 6 ~ 
W(x ) = ... - µ, f < T • -r er • er > ( - - + ).,_._ X ( r, r' )


3 N ~ Mo'\ No-\ AM 2 dr dr' dr dr' 

x 


2 
A 2 1 2 1 1 ~ ~ 

+<er•O- T •T> (- - - --) - D(r,r' )] 
~ AM ..v.'\ -1N\ 2 x Ctr ~r dr' 

x r =. :t·' = x 

•.• ( 4. 31) 

where 

Z(r,r') = I [(A + C ) (3P' + 2 P" )] = I[ (A/\ + C/\ ) (A - 6B + 9C )] , 
/\ A N N N N N 

••• ( !~. 32'a.) 

D(r,r')=I [(A - C )P' J =I[(A - C ) (A- 4B +3C )]
A /\ N /\ A N N N 
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and 

X(r, r' ) = I [(AA + Cf\ ) (- A + 3B )] 
N N 

••• (lt.32c) 

In order to evaluate these expressions from eqo. (h.5), {h.6) and (h.18), 

it was assrnned that the 1f-N and re- A scattering '\ve)'."e dominated by the N• 
.,.

(1238) and the Y (1385) l"econances respectively, that is a- , O" and 

1 11 13 


er 1 were set equal to zero in expressions (h.5) and (h.6).. Also the 


integrals in (l~.5) and (l~.6) were evaluated replacing o- (k) by 

2 2 2
12Jr g k 8 (tu .. Wl") With g :S r(k1.. )/ra.(? I r (k ) being the width at the 

r k l"' r 
2 - 1 resonance energy (Iiub:lni 1956).. '.rhe values g_,~ == O.057, c..J = l •27 f'm 

-1'1 N 


f'or a- (k) and g~ = 0.ol;7 with w =1.24 f'nt 
1 

f'or a- (k) were uc;ed.

33 11 3

The diagren shown in Fig .. 4.4, which is included in diagi-·ams 4.la and h.lb 

does not contribute to the three··body force. Therefore its contribution, 

which is proportional to 1/(p + iG ) is subtracted by suppressing the term 
0 

- lin:r
2
/(p + iE' ) in C (p ) ( 4. 5a). Now the exp:ress:i.ons ( 4 +32) can be

0N o N 

calculated, nnd their e:h.J?licit forms are given in the append.ix 2. 


Then the three-pion exchange potential co:creGponding to the S 


matrix (4.1) is : 

,...,, 

P(x, y, z) =V{x, z) + V(y,z) 
. ""I. ~ -""""" .!'.A\. M\ ......... Av., 


It can be seen that 

P(x, y, z) :;: P (x, y, z) + PT(x, y, z) ••• (h.33) 
~ l'N\ N\I\ c ~ ~ IWlo 

w:i.th 

Pc(x, y, z)::: (s(x) + """S(y)) Y(z) • o o{h .3h) 

and 2 2 . 
Pm(x., y, z) -~ IT3cos exz- 1) W(x) + (3cos 9yz ..~ 1) W(yn T(z.) Y(z) 

.L N'4. A'¥\. /V<A 

••• (11.•35) 

http:append.ix
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In the above eq,uat.ions the tilda indicates that superscript 1 and 2 in 

equations (lt- .31) are interchanged. 

The contribution aris:i.ng from diagram 11.• le is now considered. 

·Following Niya~:;awa (1956, 1957) the S matrix corresponding to this 

diagram can be written 

i 3 < f3, q I SAi a, P> <a,p I s1r y,k >f 4s = {-). z dp dq4 dk4 
c 4 a ,(3, r 2 2 2 2 

(21{) (p - w ) (q - w ) 
0 p 0 q 

<~, - q I S2f ,, - k> 
x 

2 2 
(k .. w ) 

0 k 

The notation is the same as that used in eq. {>+. 2) • S is obtained in 
c 

the fo:rrn S = - 2 1l i 8 ( o) V which is interpreted as the potentie.l 
c c' 

arising from diagram l~.lc, can be written 

••• ( t~. 37) 
2 2 2 2 2. 2 

(p - w ) (p .. w ) (p - tu ) 

0 :p 0 q 0 k 

As in-Uehara (1960 ), only the Born terms a.re considered; that is 

1 2 2 2 2 1 l 2 2 
T )] f f [( er ., '7 (j :v (j • "V (T "V= - [6 - ( ~ " " 0- ·~ M\ Aft\ ,AA/\ • l:M 2;. ·~ ......"' AM /./-~ Al.A ~ N-'\ "' 

c 6 N A x y z x y z 

l 

http:aris:i.ng
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1 1 2 
CJ .v CJ •\1+ 0-• "V CJ •V ) I {x, y, z)

l\M AM.~ #A """""'~ x 
~ ~ . y z y +6, o, 0 

1 1 
- ( (J" .v er •'V .v CJ •\l

IW\ .......,..
.,_,.,. ""' ~ 1\1,A
""""' /tA.Ay x z x 

1 1 2 2 
.\/ Z .z) (I (x, y, z) - Y (x,y,z)j]

""" z y - LJ., o, 0 b., o, 0 

••• (4.38) 

with 

3 1 sin [p(x + y + z D 
I (x,y, z) L~ ••• (4.39a)
a,f3, i 1( x y z w (w +a) (~ + (3) {w + 'Y) 

p p p p 

and 

2 2 1/2 
exp [ - ( µ - a ) (x + y + z [I

Y (x,y,z) - ••• (4 .390) 
a,f3,r (c~ + !3) (a + r) x y z 

If the mass difference !:::. is neglected in (4.38) and if the repetition 

term corresponding to ·y ( X ,y ,Z) is subtracted, V can be vr..citten: 
~->0,0,0 c 

4 1 2 2 

v::::: [§ - ( x .~ )] 


c JL6 
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1 
Jr • Z, A '£. ) I (x, y, z) ••• ( '-~ .i~o) 

z y .0, 0' 0 

with 
3 x + y + z 

I = - exp [-µ(x+y+zi] ••• (4.hl) 
0 ,o,o 4µ x y z 

Therefore the asymptotic form of V is proportional to I • If the 
c o,o,o 

·equila.ternl triangle x· = y = z = r is considered, the a.s;yr11ptotic form 
2 


is proportional to exp ( - 3µ r )/ fll' which has the range expected for the 


exchange of three-pions. There is no ter.m ·with the asymptotic ta.i.1 of the 

OPEP. In Uehara (1960) the fw.1ction I {x,y,z) was miscalculated. The 
0::,0,r 

poles of the equation (4. 37) have to be treated carefully. A.fter the p 
0 

integration, V (4.37) is :proportioneJ. to J, where 
c 

1 
p s1.npx q sinqy ksinkz (--------­

2 2 2 2 
w {w - w ) (ti) - w ) 

p q p k p 

1 
+ cyclic permuts,tion of p,q and k). 

{w +a) (tu+ '3) (w + r) 

p p p 


'lne integrP...l J '\ras evaluated by o.ssigning s:mv,11, unequal imaginary masses 

. 2 2 1/2 tto the mesons; that is cJJ -r> (p + µ + i€ ) etc. T'.ais leads to eq. 
p 


(h.39a.). I£ llOles e.re lef't on the real e....xis incorrect asym1rGotic 


bchav:tor renults. 

t This :result ag:cees with that of a si.rnilf.:·.r lnt.ee:ral calculated b'" s .r). D 11 
1 (

. ) J re_
and K.. Hn2:r1g, E1ys. f<(N. ~~- 1953 , 1527. 
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CHAPTER 5 

EFFECTS OF THE THREE-PION-EXCHANGE /nm FOHCE 

5.1 	 Effect in 

In a calculatj~on similar to tha·t o:f' the TPE ANN force which has 

been done in § 3 ..1, the effects of the potentials P (4 .3l~.) and P (lt.35)
3 c T 

on BA in AH are estimated by pe:cturbation theory. 

First the dependence of the three-pion exchange potential P(4.33) 

on the A-N distance, x, is compared with the x-dependence of' the TPE 

ANN force, WP. For ~Hit has been shown that WP ha.s the form (2.16 

a.'tld 3 .1~) : 
2 

WP == cp [ l .+ ( 3 cos exy - 1 ) T{x ) T( y)J y ( x) y ( y ) ••• ( 5 .1) 

with CP = 1.43 Mev and cos9x = (x..y)/xy as shown on Fig. 2.1 • The y """",,,., 

functions Y and T have been defined in chapter 2,eqs. (2.12). The x-

dependences of the centxal part and of' the tensor part of WP a.re denoted 

by c 2 and T2 respectively, wb.ere from eq. (5 .1) 

C2 = Cp Y(x), ••• (5.2) 

T Cp Y(x) T{x). H~(5.3)
2 n 

Similarly the x-dependcnces of Pc(4.34) anc1 PT(4.35) respectively ce.n be 

written : 

=· s(x), •.• (5.4) c3 


T = ll(x) ••• (5.5)

3 

where s(x) and W(x) are given by the expressions (!~.30) and (lt-.31) with 

the corresponding expectation valueg of the T's and <J" 1 s replaced by thclr 
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3 
values for H 

A 1 2 1 2 
<u er TT>-··Mi\ • N./\ ~ • ,.,.,... - -3, ••• (5.6) 

i A 1 2 
< 0- • (]" T • TM >=: 6 i ::::t 1, 2. ••• (5.7) 1\1\A Mii NII ~ 

The x-depenc1ences of the central parts e.nd tensor parts are plotted in 

It co,n be seen that c depends strongly on x and is larger than
3 

c2 for x~ 1.2 fm. The cu::cve T- is also sensitive to x, but is of' compa­. . 3 

rable strength to T2, which becomes larecr than T only for x 9.7 fm • 
3 

.Therefore for dAN~ 1. fm the central part Pc is expectecl to give a nega­

tive contribution to BA(repulsive) larger than th2.t of' the TPB /\NN force. 

The contr:Lbution of the te;ns,ox· part, PT , will depend on the average of 

2 


the angulo,r dependence tr 3 cos 9xz - 1 't 


The effect o:f t.he t.hree...:o·J.on ex".'hPn.ge J:'}:Jtcnt~_.e.l P( '-!· "35) on B in 
/\3 

/\ H 'td.11 now be considered. The notation is the sa.me as that used in§ 3.1. 

J. AM A'\11 JM 
The expectation values of Pc(x,y,z) (4.31-t) and Pm(x,y,z) (h.35) with 

respect to 'l.'(3 .1) e,:re denoted by < P >and< P > res1)ectivcly. Because of, 
c T 

<Pc>= 2 I [s(x) Y(z], •.•• (5.8) 
2 

<FT>= 2 I [(3 cos exz ... 1) W(x) T(z) Y(zTI, ••• (5.9) 

where I [·. J has been defined by eq. (3 c9). 'l'he integration domain 

has e~lso been ex:plained in § 3.1. 

The results are shmm in table 5.1 for five dif'J:'erent values of the cutoff 

dAN a11d three dii'i'ercnt values of' the hs,rd core :radius D together wlth the 

results ob-Grdned for t.he ccntr~:tl p.:t,:ct< W (I)> ex1a tenso:r rx1rt <W (II)> of' . p p 

http:ex".'hPn.ge


57 

the TPE ANN force( § 3.l). It can be seen that for d ~ 1 fm the central 
Im 

part<P >is alwe.ys postt:tvc (repulsive) and larger thun<w (I)>, that 
c . p 

the tensor part< Pm> j s always negntive (attract!ve) anc1 larger than 
f 

<w (II 'f>. end the.t <P > is predominant. Fo1· dAN -6 1 fm the total effect 
p . T 

<Pc + PT + WP> is al·ways negative (attl-c,ctive), for instance for dAN =1 fm 

anc1 D =o.lt f'm, <lV> = 0,,164 Mev a.nd<W + P + P >~ -0.132 Mev. As in 
. · p P c T 


§ 3.1 ( eqs. 3 .10 and 3 • 11 ) , the relative im.p~rtance of the AHN force 


P will be given by the ratio ·: 

o.4 fm 
for D = d/U = • ••• (5.10) {"'~ O.6 f'm 

This small ratio justifier.> the use of the perturbation calculation of the 

effect of the MTN force. For the case of the 'l1PE AirN force the cor:res-

Thus although 

the previous TPE results are modified, the overall effect is still sm3..J.1 

and can probably be taJ.H:n :tnto account by a suitable modification of the 

A-N force. 

Effect. in _____....... ..-.--­
5

The A-a potent1al in f\He due to three~pion.~~exchange IJOtential 

P, P(:r.A) is estir:1atcd in a ·way Hirnalar to that used for the TPE AFfN force 

(§ 3.2). Ii,irst as 1.n the previous section, the x-dependence of P( 11. ,33) 

5 . C' T'ne x-dependence ofin AHe L;.o compared i;dth that of the TPE AN1f force • 

Pc(h. .• 3!~) and PT{4ti35) re:":'·:oectively ce.:tJ. bE: written 

c3 =- S' (x), ••• ( 5 .11) 

Tj = w1 (x), ••. (5.12) 

where s' ( x ) and W' ( x ) are given by the expressimrn ( 11.• 30) anc1 (h.31 ) wl th 



the expectation values of the T' s ~md O" 's replaced by their values f'or 

5 
/\He 

121 2 
<~ ·~ i.r....>~ -3, ••• (5 .13a) 

i Ai /\
<z. ·Z ~..~> = o i = 1,2 • 	 ••• (5 .13b) 

Eq.(5.13b) 	follows from the spin saturation <?f the nucleons. Because of 


3 5

the difference in the expectations values of the T's e.nd o-' s for 	/\H and /\He, 

C' and T1 differ from c and T , respectively. The curves c3 	a.rid T3 are
3 . 3 	 .3 . 3 

plotted in Fig. 5.1 and Ji'ig. 5. 2 • It can be seen t~1at c3 depends strongly 

on x, is larger tha.11 c2 for x:s L2 fm but smaller than_ c2 f'or x 	~ 1.6 fm. 

The tensor part T!, is not very sensitive to x, · becomes n.egative for 
:) 	 . 

x > O.4- fm and is always smalle:t in absolute value than T2 and c3 . 
Therefore the f\ . ..y, potential due to c3 will. be positive (as :f'or c

2
) and larger 

tl~un that due: ·t..o 1J.·~ • 
:) 

The average one··body fieJ.d,P(1A ),that the /\experiences in ~He 
will now be estimatedo As in ( § 3.2) P(r/\ )can be '·1rltten : 


3 

P(rA) = 6 fa 

3 
r 1 d r 2 p (r1 ) p {r2 ) P(t1 - ~/\' I_2- ;];.A, z1 - ,.r2 ), • u(5 .14) 

where the factor 6 comes from the six possible /\WN bonds and p(r ) ls the1
 

norr.aaltzed dens:tty distribution fo:e the nucleons which has been def:Lned 


by eq. ( 3 .15 ) • The vectors (x,y,z) have been l'Cplnced by 
~""' ..."' 

C.::1 - :£_, ,a::2- ,.'£, z1- ~2 ) {see Fig. h.3). Tl;e potential P(J:1 - ~\ ;z;-~,'!i .. .\~2 ) 

is obtained from eq. (l~ .32) using eg_s. ( 5.13e. )and ( 5.l3b). In this 

calculat:ton the a w·2,s assumed to be tmdistorted by the presence of the /\. 

•••(5ol5) 

•.• (5.16) 
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and 
2 

PT(rf\) =12f3x a3z p(lx + r I) p(lx + r - z r) (3 cos @'xz"' 1) W'(:x:) '11(z) Y(z) 
~ '"'/\ """' .iwA .""' 

••. (5.17) 

'Where cose = x.z/xz. The a.ddition.al fa.ctor of two is due to the sym..:x:z """,..... 

metry of the cxp:cessim~.s (4.31+) and (4.35) in x and y. 

Equation (5.17) can be reduced to a fou.r-dimensiona1 integ::cation which is 

done munerically. Similarly the integral ( 5.18) C8XJ. be split into four-

dimensional and five··dimensional 5.ntegral,; both of which are done nu.me--_ 

rically. Details about the reduction of the integre,ls are given in 

appendix 3. Si.nee the short :range :pa.rt is not known, the spatial inte­

gration on the N-N dist,!:lnce z is done with z varying from a cutoff d:i.stance 

dNN to infinity. As it. will be seen,res~ts are quite insensitive ·to dNN• 

from zero. 

Tne results :for five different values of r/\, two d:tff'ere11t ve.lues 

of the cu.tofi' d/\N s.ud two different values ~f dNN are shown in table 5. 2. 

It can be seen that the results are sensitive to dAr:r'but not to dNN'and 

the.t the :potential due to the central part is repulsi.ve end larger than 

that due to the tensor pa1~t wh:i.ch is mostly attractive and small ( for 

r/\ ~ 2 fm PT(lA) is :cepulsive).· The potentials Pc(lA) end PT(r/\ rare" 

Plotted on Firi:. 5. 3 for d =1 fm e.nc1 d ::: 0 .6 fm and compared with the 
~ AN NN 

/\.,,.Ct potential , u3(I) (central) and U~(II) {tensor), of the TPE Arm fo:cce. 
p 3 

3 3It cau be seen that P(rf\) is smaller than U (rf\) ( =u (r) + u (II)) and 
5p p p 

then reduces the overbinding of the A in AHe by an aJi:iotmt smo,lle:c than 
3 

the reduction obtained. usinz U . ( r ) • Thei'efore in the case of ;:m.:!, fo1· 
. 1) A " 

dAN ~ 1 fm, the three ...pton-excharige f\I'TH fo:r.ce only slightly modifies the 

http:repulsi.ve
http:a.ddition.al
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results obtained using the TPE /\NN force. 

5 .3 I<~ffect in Nuclear £.~a,tter 

As in {§ 3.3) the binding 'energy PA of G, /\ particle in nuclear 

matter due to PAis calculated by first order perturbation theory in a way 

similar to that formulat.ed by Bodme:r. ~d Sa.m:pantha:c ( 1962) • Bees.use two 

nucleons are involved there is a d:t:rect term and Em exchange term. The 

direct term vanishes identically because of the spin isos:pin saturation. 

As in the case of 

:'.! 0 • 

Therefore the comparison bet:tmen the x-depenc1ence of the three-pion­

exchange potential and the two-p~·0ri. one. is essentlD-lly the same as that 

discussed in t.he previous section. The only difference is a common 

l 2 l 2 
••• (5.18) <g ·!!.. T' • T > 

"""" #-\ 

Therefo1·e the contx·ibution of ·the central part Pc(4 .3L~) to the binding 

energy, P /\ c' is ac;ain e:cpected to be predominant. 

P can be ·uri tt.en 
/\ 

P ==P +P ••• (5 .19)
f\ Ac. /\T 

where p is the contribution from the tensor part P ( 1+ .35).
AT T 

A straight. forvard calculation yields 

3 , 3 32f2p p D (k I x .. y I ) -S(x) Y( I x .,, y ( ) d x c1 y , 
f ~ NA N./\ ...."" /\ c 4 

... (5.20) 




3 2 2'fp :::: - p D2(k Ix - y I ) w(x )(3cos e - l)Y(lx - yl)T(lx - y\)d 
3 
x dy 

3 
.Mi\ AM /'./v\ Ml\-"' """" NAAT 4 l xz 

••• ( 5. 21) 

p, D, k have been defined in § 3.3 and cos e = x.z/xz As in the 
f """" w.:xz 

case of the 'l"TE ANN fox·ce a step function, ( eq. 3 .3), is used as a nucleon-

nucleon corxelation function. 

T'ne integrals ( 5. 20) and ( 5. 21) are then eval.unted nwnericeJ.ly. 

The results are shown in table 5 .3 for two different values of' d AN 

and four different values of dNN' together with the results obtained for 

the central part U A (I ) and tensor part U A {II) of the TPl~ ANN force 

( § 3.3). It can be seen that the effect is repulsive and large, that PAc 

is larger than P I\ T' UA (I) and U I\ (II) a.nd that for d J\N ~ l fm P AT 

is ~aller than u A (II) e The main quali tatiVe feature of' the effect is 

that it is -found to be repulsive, for instrmce with t-t reasonable value for 

dNN of' about 1 frJ and that for d = 1 fm, P gives a renulsive conti--ibution- AN ~ 

of' 7 .4 3 Mev. For the same va.ltics oi' dNrq and d , the TPE ANN fo:rce was 
.. /\N 

found to give a repulsive contributlon of 3.78 Mev. For d A ~ 1 fm, the
nN 

three-pion-exchange three-body J\HN f'orce r~duceo therefore the binding 

energy of e.. A in nuclear matter by an amount greater than that obta:tned 

with the TPJ~ /UfN fo:-cce. However the large values of the results obtained 

in table 5.3 may indicate that the use of a f'i::cst order perturbation theory 

is not sufficient, and then their rnagnituc1e should not be taken too ser:i.ous·­

ly. Nevertheless the ce.lcul~:-tt:lon shows that the effect of the three··pion­

exchange ANN :rorce ln nuclear ma:tter can be ve1:y :Un1)ortant. 

http:nwnericeJ.ly
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TABLE 5.1 

EXPECTATION VALUES IN ~H OF THE TIIHEJiJ ...PION...K{CHANGE /\NN POTI;NTIAL IN lfil"v 

FOR DU,FF.l"{ENT VALUES OF CUTOFF DIS'.0-\NCE d/ui ·AND HAHD-COim RliDIUS D. 2.1F..E 

RESULTS OBTAINED WITH ~HE TPi~ /\l'fi.'I POHCE ( § 3 .1 ) Alm SHOWN IN PAREN1:!:HESIS • 

-· 
0.2 o.4 o.6 1. 1.4D(fm) aJ\H(fm) 

0.2 2.~7 l.h32 o.1t54 0.096 0.019 

(<Wp(I )>) 

<Pc> 

(0.091) ( o .o8!t) ( o .o6!t) (o .030) {0.011) 
.o.4 o.6o3 0.381+ 0.093 0.018 

Ecw (I)>) 

<Pc> 

( 0 .071~) (0.068) ( 0 .031~) (0.012) 
p 

o~6 0.368 0.112 0.019 

(<wp(I)>) 

<Pc;> 
(o .o84) (o.oh4) (Oo015) 

I..· '"''' 

-8.lJ.38 -8.416 -lt.839 -0.569 -0.0780.2 <PT> 
(-0.706) (0.231) ( 0.35'+) ( o.~7) (0.118 ) (<Wp(II)>) 

-2.659 -2.186 -0.390 -0.057 

(<Wp(II)>) 

0.1.t <PT> 
(-0.700) (-0 .!~32) ( 0.130) ( 0.090) 

-1.435 -0.389 ~0.056o.6 <PT> 


(<W (II)>) 
 (-1.010) ( -0.075) ( 0.07!~) 
p 



\!) 
tr\ 

TABLE 5.2 

THE A- a POT&'l"'TIAL IN ;.ne DUE TO THE THBEE-PION-EXCmlliGE POTENTIAL FOR Dil'FfillENT VALUES OF \• 

THE NOTA.TION IS EXPLAINED IN THE TEXT. 

,o.6 ......aN~(tm) 

I 
2.o. 4. 1.r (fia) 1. o. 2. 4.3. 3.I /\ 

I 

Pc(r ) 
/\ 

{ dNN :: 0'.4 fm 
· 

d = o.6 fm 
:NN 

35.48 

33.10 

19.71 

19.01 

3.05 

3.33 

0.115 

0.131 . 

0.066 

0.069 

4.36 

4.52 

3.30 

3.21 

1 
1.07 

1.10 

0.093 

0.101 

0.007 

0.007 

I 

p (r ) 
{ d . = 

NH 
0 .4 :rm -22.57 - 0.395 o.zr9 -o.o61 -0.005 -6.19 -o.8o9 0.274 -o.o41 -0.005 

T A d = o.6 fm ~22.10 - o.436 0.286 -0.0611-0.005 -6.11 -0.807 0.271~ -o .ol~l -0.005 
mr 

_li.. 
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~ T.A.BLE 5·3 

EFFECT OF THE THREE-PION-EXCHANGE /\NN POTE1'JTIALS IN NUCLEAR MA.TTEE. THE RESULTS 

OBTAINED WITH THE TPE ANN FORCE ( § 3. 3 ) A...T\E SHOWN IN PARENTHESIS. 

THE NOTATION IS EXPLL\.INED IN THE TEXT. 

a/\N(-J:m) 

d (fm)
NN · 

P {Mev )'r /\ c 
(Uf\{I)) 

?/\T(Mev) 

~UA(II)) 

.p +P 
/\c f\T 

(U/\(I) + UA(II)) 

o.4 

41.11 

( l.36) 

13.75 

(13.95) 

54.86 

(15.31) 

o.6 

I 

o.6 1. 

23.6635.81 

( l.06)( i.30) 

2.068.52 

(-6.85). (4.69) 
I 
I 

25.7244.33 

( 5.99) (-5.79) 

1. 


o.4 

9.71 

( o.84) 

6.38 

(12.53) 

16.09 

(13.37) 

o.6 

8.4o 

( 0.81) 

4.47 

( 9.95) 

12.87 

(10.76) 

l. 

5.52 

(0.67) 

1.91 

(3.11) 

7.43 

(3.78) 

I 

1.4 

3.02 

( 0 .47) 

o.6o 

(-1.35) 

3.62 

(-o.88) 



CBAI.YfER 6 

DERIVATION A1ID EFFT~CTS 011' T.dE J:.,ONG IWTGE TPE TfmEE-NUCLEON FORCE. 

6.1 Derivation of the~e-nucleon {3N)_force 

The long-range part of the three-body force arises mainly d_ue to 

the TPE among three nucleons. T1.ae TPE 3N :potential he.s been derived by 

Fujita and Jtliyaza:wa (1957) (F1'4) in the static approximation uslng a techni­

que from dispersion theory (s~e also : Smith and Sharp, 1960; Fujita ct al, 

1962; Coury and Frank, 1963; Quang Ho-Kim, 1966). The TPE 3N potential 

consists of three terms, 

F Q F(l) + F(2) + F(3) ••• ( 6 .1) 

where :F,(3) is due to the process depicted in Fig. 6.1. 

N 

2 

Fig .G .I 
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'11he other two terms are obtnincd by cyclic pe:t".mutut.ions of· 1, 2 and 3 • 

.FM' s exprescion fo:r F(i) is furt.he:r divided into two 1xirts 

F( i ) =F ( i ) + F ( i ) 
p s 

where F ( i) and F ( i) are clue respectj.vely to the p- and s-wave scatterlngs 

p s 


of the vi:rtu.al pj.011 from the i-th nucleon. In order to obtain a rough 


idea of the effect of. the TPE 3N force, P, in triton, it ·was assurned by 

FM that triton consists of an equiJ..D.-t.E~ral. triangle 1dth side 1.3 f'm. The 

3N potential energy, F, for thin conflgu1--atj.on 1ro.s :found to be-0.22 Mev 

(a,ttro,ctive). The contr:tbutton of W (i) was fotm.d to be nogliglble¢
6 

The pion....pion :Lnteraction. was not.. considered by lir-1.However,1.n additi.on to 

the well established I = J ~ 1 resonance, or the p -meson, there has 

accum.ulatcd in the last few years consic1ere~ble, although not quite con.clu.... 

sive, evidence for an I = J = O resone.nce. ':Phis :.ts the so-called <r ...meson, 

·with mass of about hlO Mev (Rosenfeld et al, 1967). 'rhe 3N force, which 

arises from the )?ion-nucleon interact:i.on via the er-meson as shown in Fig. 

6.2, was exaJJJined by Ho.r-:rington ( 1966) .. 

u/ 
,~

,1-; ............. 

..... ... ..... ...... .... .... 

...... 

http:interact:i.on
http:conflgu1--atj.on
http:vi:rtu.al
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The effects of this 3N force in triton and in nuclear ma..tter were then 

estimated. The effects turned out to be repulsive e.nd quit;e substantial, 

especially in nuclear matter. As Harrington himself was aware of, however, 

it is dangerous to consider the diagram of Fig.6.2 alone. This is clear 

if the s-1-m.ve 1t-N scattering at low energy is considered. If only the 

diagram (a.) of Fig. 6.3 is considered, whe1"e the pion interacts with the 

nucleon v:ta the <r -:meson, it would yield o. very large scattering length 

in drastic disagreement 1·rlth eh.1?eriment. There must be other ' 'direct 

.interactions", here represented by the diagram (b) in Fig 6.3, which 

cancel the contribution from (a) so that the experimentally observed 

extremely small sccttering length is reproduced. 

/I 
/I 

I 
I 

I 
I 

I 
I 

I 
I 

(1' I 

==-='( 
\ ' \ 

\ 
\ 

' ' ' ',17
\ 1T 

\ 
\ ' ' ' uIf ', ' ' 

( b)(a) 

Fig. 6 .3 

http:s-1-m.ve
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Including the effect of the O" ....meson, F(i) can be written : 

F(i) ~ F {i) + F (i) + F- (i) ••• (6.3) 
p $ ,(J" 

,in place of {6 .2). Here F (i) and F (i) arises through the diagrcun (a) 
(j s . 

and {b) of Flg. 6.3 respectively. T'ac potentfa.J. F {:t) is the one discussed 
. (j 

by Herrington. The pot.ential F (i) has the sat1e form as, but stronger than,
s 

that in (6.2). Tne potentials F~ (i) and F (i) have opposite signs and,
8 

in fact, lt will be seen that they almost completely ca.nccl each other in 

the Fenni-gas model of nuclear matte:t'. Strictly speaking, the diagram (a) 

in Fig. 6.3 contrfbutes also to the p.,,wave rc-N scattering, hence F (i) has 
p 

to be rea.justea too. 1Io1-rever, _this is a very small effect, and the sruiJ.e 

FP(i ), as was given by FM, is used here. According to FM, F (:t) and F (i)
p s 

are given by 

4 

F (3) = - (c I 8 µ ) 


p pN 


l 3 2 
x (er :v )( o- .v )(er .v ) Y(x) Y(y) + {1~ 2, x:::y), ••. (6.4) 
M\x'"Ay~y 

- 2 1 2 1 2 

F (3) = C IL (~·,l )(~·J,.)(;:~)Y(x)Y(y) ••• (6.5) 


s sN ·x Y 

with x ;;;1 r - r , y = r - r , ••• ( 6 .6) 
"""' """" """' """"' AJA. AA/'.­2 3 1 3 

Y(x) = exp ( .,. µ x ) /( µ x). 

Here r is the coox·dinate or· the i-th nucleon, and. n is the pion mass 
~i r 
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The coefficient cpN is given byt 

dp = 0 .l~6 Mev ••• (6.8) 

2 
where fN =0.08 is the ·re - N coupling conste.nt and er is the total cross 

33 
section for p-wave ,r - N seattering in the I c J =3/2 state o If the 

cr..meson :i.s not considered , C is related to the s-wave rr- - N scatte­
sN 

ring lengths ,a and a , by
1 3

••• (6.9) 


This l"elation has to be modified if' the contribu·tion of the er -meson is 

included. 

For the o--meson an effective interaction density for the cr-N and 

cr-1c is asstuned to be 

90. ( 6 .10) 

where 'l',4, enc1. ~ are the nucleon , pion and a- -meson fields, respect,i-
AN.. er 

vely, and g and h eJ:.'e dimensionless coupling consto.nts • Tnen as was 

t
For the TPl~ /\NN force , the corresponding strengt..'h. factor is 

For the TPl~ A-''"N force contributions come from 

the E and y; inten1edia.te state, whereas for the 3N force only the N 

j_ntermecUate st.ate contributes. The dlf:f'erence is thus mainly due to the 

3 
I:-contribution • Houever,there is only one /\NN-1Jond in AH , compared 

3
with 3N-·bonds j_n H. Moreover , the avera.ge ai stc.nee between part.:tcles in 

3n is shorter than in ~"!. Thus it is expected that the effect of the 3N 

3force in H in r:o:re then that of tJ1e 'ITE Mffr force in ~H • 

http:avera.ge
http:inten1edia.te
http:conste.nt


73 

shown by Harrington, ~ (3) may be written as 

2 
. ~m 1 .2 1 2 

(3):;:: -- T • T er .v er •\I
Nw\ M\16-

41( 
4 

µ 
4 MA IVAl llN\ ""'°'o c. 

exp( - µ s1 - µ sg_- ms}~ 
••• ( 6 .11) 

s s s 
l 2 3 

where s = I r - r I , i :::c 1, 2, 3, m is the mass of the <r - meson, and 
i A'Ai "'M 

2 3 2 
A= r g h µ /m ••• (6.12)

N 

'11he choice of CsN and Awill be discussed in the next section. 

6.2 ~~~ of the TJ?E ~!I force 1:,:r;.~?,.toX! 

Here it is assumed tho,t the triton is in the n-state of complete 

spatial symmetry. Then the sp:tn-isospin averages of F {i) (6.!~) and F (i)
8p 

(6.,5) become 

2 
F (3) = c {3 cos e - 1) M(x) M(y), ••• ( 6 .13) 

p pN xy 

F (3) c - c cos e G(x) G(y) ••• (6.11+) 
p sN xy 

with 
. 3 3 1 

M(x) = (1 + - + ~--) Y(x), G(x) = (l + -) Y{x), ••• (6 .15) 
µx 2 µx­

(µx) 

cos e = (x.y)/(xy) ••• ( 6 .16)
xy m.. NJ\, 



Other tenns with i = 1 or 2 can be obtained from the above :rormulae by 

cyclic permutations of 1, 2 and 3. 

As was shm·m by Harrington, Fu (3 ) ( 6 .11) for the triton may be written 

as 

2 3 ·3 
d g~J.1d q2 ..9.-J: • $2 exp [ i(_s.1 ·~ + .512•~)J 

~~U'l11M91$ 2LiiillW&WI ia .-a 'U~.......~. 


2 2 2 2 2 2 
( q + µ ) ( q + fl ) [( q + q ) + m J 

1 2 ~1 ~2 

••• (6.17) 

Now, for the s-·wavc n-N scatter5.:ng, the stUn of the contributions 

of the die.grams (a) and (b) of J.<':tg. 6.3 should e;ive the observed (isospin­

even part of) scattering length. This is achieved if C
8 

in (6~9) is 

replaced by C - A. , n~unely
SN 

1 2 
c - X -· - ... (µ f ) (a + 2 a ) ••• (6.18)

sN 3 N l 3 

This can be seen in the following way. First, it is noted that the sp 

wave 1l-N scatte:cing lc~ngth doeo no'i:~ depend on the shape of the source of 

the interaction, hence it is independent of m, provided that A is kept 

constant. Therefore the li.mi t m-ri> c.ocan be taken ·w:tt.hout affecting the 

seat-Cering length • In this limit F<T ( 3 ) becomes 

- 2 
F<T {3)~ AJL ~ ·~ Y{x) Y(y) = cos e G(x) G(y) ••• (6 .19) 

x y xy 

whj.ch is the same form as ( 6 .. J)1.) • In f'act the u - l:i.ne in Fig. 6 .. 2 ·or in 

diagram (c,) of Ji1ig. 6.3 shrin}rn to a point in ·this lim:i.t, and becomes 
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Thus (6.18) replaces (6.9) in the limit m+ CXJ. However, since the two 

sides of (6.18) are independent of m, this relation should hold for any 

value of m. Experimental values for the scattering lengths are (a. + 2a ) = 
1 3 

(- 0.035 
+ 
- 0.012)/µ. ( Samara.yana.ke and Woolcock 1965 ) • Substi tut:I.ng 

a1 + 20, = - 0.035//L into (6.18) it can be seen tha't 
3 

C - A = 0.13 Mev ••• (6.20) 
sN 

In (6 .17) the long-rane;e part of the potent=to.1 5.s deterrained 

mainly by the part of the integrand with small momenta q and q • Since 
- 1 2 

m (""' L.-10 Mev) is much larger than p... , the propagator o:r the a- -meson 

may be approximated by 

2 2 -1 2 2 2 -1 2 2 -1 
{ (q_ + q ) + m } -t> rn ( c1 ·+ ·rn ) ( q + ni ) 

l 2- l 2 

••• (6.2.l) 

Then 

'A' co e tG( y) - Gt (y )~ ••• (6.22) 
' x.y 

where 

4 2 2 2 
A' -· Am I (m - IL ) ' ••• (6.23) 

-JLX
and m l e 

G'(x) = (- + --) • 
µ µx µx 

For the paramete:rs g, h and m, Ha1-rington assumed 

2 2 
g = 10, h = 6, . g h > 0, rn == h µ. , ••. ( 6. 25a) 

http:tut:I.ng
http:Samara.yana.ke


which give 

C = 5.1~-8 Mev, A=5-35 Mev ••• ( 6 .25b) 
s 

Here g and m were taken f'rom an analysis of the N-N scattering in terms of 

the one-boson-exchange model (Bryan and Scott 1961+). The re-er coupling 

constant h W8.S determined 8.SSUJning the 'Width Of' the (J'" -meson to be r:::: 
l 
-µ • 
2 

The sign g h.> O was.suggested from the analysis of the two-pion contrl­

bution to the 1t-N scattering. A more recent analysj.s of the N-N scatterlng 

gives much smaller e:2(2.3 to 2.8) and sliBhtly smaller m (t~20 to 470 Mev) 

{Arndt ~l, 1966). Therefore the follo-vrlng set is also consj.dered here 

2 2 
g = 2.5, h =6, g h > o, m = 3µ • • •• ( 6.26a) 

In this cs~se, it can be seen. that 

C = 4.88 Mev, A= 4.7 5 Mev ••• (6.26b) 
sN 

Now the expectc:.tion values of Fp(3), F8 {3) and Fa- (3) in the 


triton are estimated by perturbation theory. Since the short ra.ne;e part 


of the three nucleon force is not known, the three ...body potentials F (3),

p 

F (3) an.d liO. (3) are taken to be zero for N-N dist&"1.ces less then a cutoff 
6 

distance d. The unperturbed wavefunction is take11 to be t.he wavefu.nction 


given by Ohmura {1959). It.s spatial part is given by 


l 

!(x,y,z) =N 2 f(x) t{y) f(z) ••• (6.27) 

where x,y r.JJ.d z a:re distonces betweeu the three nucleons and 


f(x) = O for x < D 


= exp [ - o:(x .,. D)] - exp [ - e.(x - n)J for x >D • 


••• (6.28) 
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Here D j,s the hard - core radiu.s of' the N...N force • Tne factor N nor­

malizes p to 

2 
j(x,y,z) xyz dx dy dz = 1 ••• (6.29) 

where it is \mderstood that x, y, z satisfy the triangular relations 

x + y ~ z etc ••• The values of the variati'~nal parameters a,p and the 

normalize.tion fe..cto:r N are listed in table 6.1 for the hard-core radii 

D =0.2 , o.4 and o.6 fm. ':Che expectat:ton values of various parts of 

the 3N potential ti..re listed in table 6. 2 , where the notat:ton is 
2 

bEP ~ 3< Fp(3 )> =f p (3) "t(x,y,z) xyz dx dy dz 

••• ( 6 .30) 

6E ::: 3 < F (3 )> , LE = 3 <F (3 )> , l.!E = f\J~ + L\E + 6E
8 8 p s 

-1 -1 6 
D (fm) a (fm ) t3 (fm ) N (fm ) 

0.2 o.h62 5.03 1.081+ 

o.4 0 .lt57 4.09 

6.6 o.450 h.20 

TABLE 6.1 
t 

THE PARl'\.METEI~S OF THE TRITON WAVE FUNcrrION 

t 
This is taken from table 2 of the llo:cl~ of Ohrnu:m (1959 ), fo:c the 

case of exponential N-N potenti.als and r = 2.7 fm. 
OS 



TABijg 6.2 

'l'HE EXPEC11ATION VALUJE IN MEV OF THE 31'1 porrENTIAL IN THE ~.RITON AS DEFINED 

BY EC~. (6. :iO), FOR DI:B'Ii1ER"8NT HARD-CORI~ RADIUS D, CUTOFF DISTANCE d AND 

Ci-MESON 14'\SS m • 

i""' 

D(fm) 0.2 0 .!~ o.6 

d(fm) 0.2 o.6 1.0 o.~. o.6 1 • o.6 1.0 

... ·­ ·­
~ 

p 
-1.87 -0.14 0.27 -0.76 -0.60 0.01 -o.41 -0.14 

m =:: i}µ, 
bE s 

f:Ji',Ju 

...3.28 

2.21. 

-2 .. 85 

2.03 

-1.37 

1.18 

-1.53 

1.2'7 

-1.52 

1.26 

-1.06 

0.91~ 

--0.91 

0.83 

~..o.8o 

0 .71{. 

~ -2.91~ -0.96 0.08 -L02 -o.86 -0.11 ...Q.l!·9 -0.20 

m == 3f.L 
/\fl'----"W 

s 

bEU 

DE 

-2.92 

l .lit~ 

...3.35 

..2.5i~ 

1.34 

-1.34 

-1.22 
\ 

o.. 84 

-0.11 

...1 .. 30 

0.90 

-1.22 

-1.35 

0.89 

-1.06 

-o .9l+. 
0.69 

-o .2!~ 

..0.81 

0.71 

-0.51 

-0.71 

0.56 

-0.29 

.,.,, ---'~-

DE does not involve m. For tE and l:E ,two cases are considered , 
p s u 

namely m :::: 4µ e.nd m ::~ 3fl . /.:ill:! end t::E a.re both quite large but they tend 
S CY 

to cancel each other • bE + L:E is negative (a-tt:re.ctive ) aric1 is more 
s (]" 

apprecia11le fo:c sms,llcr mass m • In the limit m-r>.O'G, as it hs.s been 

discussed before 1 F and P becomes tndistinguishable • Tne value of ­
s (j 

is obtb,:tned by :multi1)lying 6E for m·~ ll-JL by 
s 
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0.13/5.48 = 0.02!+ : For example if D c: d =o.4 fm, Mi + 6E becomes . s <r 

- o.o4 Mev, which is much smaller than D.J~p· Results are all sensitive 

to d as well as to D. Presumably the most reasonable hard-core radius 

will be D = o.!1- fm. t.\E is most sens:ttive to d and can be much more 
p 

apprcctable than FM' s simple estimate - 0. 22 Mev. The total contrlbuti.on 

to the binding enei·gy can easily be as large .as or even larger than 1 Mev 

{attractive). 

The expectation value of F in triton was calculated by Pask (1967) 
3 p 

vil10 used a, wave function for H obtained from detailed ve.rie.tional 

calculations done by Davies (1967). ~e'ne result is of the same sign and 

sarne order of magnitude as the one obtt:d.ned here (- 1.38 Mev, attractive). 

6.3 Effect in nucleo.~r matter 

Tac effect of FO" end Fa' in nuclear matter :ts first conr-;ide:r.ed. 

The contribution of F(r has been cst.imated by Harrington(1966) who calcu­

lated the effective two-body potential obtained by avern,g:i.ng the 3N 

Potential F over tbe coordinate of the third particle. T'.o.is potentlal was found<r ~ 

to be repulsive and strong enough to doninat.e the OJ)EP at distances less 

than 2 fm. However, it will be shovm here, that F yields a sinrl.lar s 
effective two-boc1y potential which largely. cancels the effect of ~ , 

leavlng a wea.ld.y attractive potential. 

The effective two-body potential due to F (3) (6.11) is given by
(]" . 

f 3 
Vo- (12) = p r t- (3) 

3 

- 2 1 2 l 2 
µ ( T o T )(CT .'V ) U .\/ x 

M" ...,...... -NV. .v--1 MA ""2 

http:avern,g:i.ng
http:conr-;ide:r.ed
http:contrlbuti.on
http:0.13/5.48


8o 

~3r Y(s ) Y(s ), ••• ( 6 .31))d l 2 

where p is the density of nucleons in nucleE~.r matter. On the other hand, 

the effect1.ve t'uo-bocly force due to P (3) (6.5) is : 

1 2 1- 2 
v (12) == p c fL T. T (J .v r Y(x) Y(y) 

8 

:.v f3 
/\M /If./\ % N'\1 """',w2s sN 3 

•.• (6.32) 

The integrals in (6.31) and (6.32) are identical. S5.nce A~C8N(6.20), 
V<r (12) and V (12) almost com:pletely cancel ea.ch other. 

8 

The expectation value of F in nuclear matter,using the Fermi gas 
p 

model will now be estimated .rI'he calculation is sim:tlar to that. of'§3 .3 .111.1ere is a 

direct tel':m which va.nishes identically because of spin isospin saturation. 

There are t.wo excbange terms and the binding energy due to F p in nuclear 

matter can be w.ri tten : 

U=U+U ••. (6.33) 
l 2 

The single exchange te:rm u is
1 

A 2 

u = - c p + {3cos e - 1) T(x) T(y[) 


2 fD2(\. z) u­
1 4 pN xy 

3 3 
X Y(x) Y(y) d x d y, 

and the double exchange te:em U is 
2 

http:A~C8N(6.20
http:effect1.ve
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A 
u = c /f(k x) D(k y) D(k z) 

2 4 pN f f' f 

1 2 3 3
[l + - (3 cos e ~ 1) T(x) T(y] Y(x) Y(y) d x d y.

4 xy 
••• (6.35) 

The f'unction D(r) hc..s been defined in §. 3 .3. The binding energies u and
1 

u consist of a central and a tensor term. The central terxns U (I) e,nd
2 . l 

u (r) are g:i.ven by t.he first te:cms of the integrals (6.311.) anc1 (6.35)2

respectively. and the tensor tel!ns u (II) and u (rI) by the seconc1 terms of
1 2

the same integraln. The integral in u1 is the same as the integral in 

U (I) + U (II) (3~30 ~nd 3.31) and 
A /\ 

U1(I) u1(II) 2 C:pN---=-· ~=~ - X A = o.2J)1.5 X A 
UA (I ) U A (II ) 3 c 

p /\ 

As in the case of the TPE /\NH force a step function is used e.s a N-N 

correlat:ton function 

e(Lx: - yl - c) =o :for Ix - y I < c,- ,.,.... ""'-
=1 for rx - y I > c • 

"""' ........ 


• •. (6.37) 

The energies u
1
(I) end u1(II) c.i:e then obtained by ruu.ltiply:tng UA (I) and 

U/\ (II) by the factor defi.ned h1 (6e36). T'.ae lntegral (6.35) is evaluated 

nw:nerically after putting in the N-!r co:r...relation function e( I~ - ~I - c) 

in the integra.nd. '11l1e results are sho·m1 in tal1le 6. 3 for two different 

http:integra.nd


values of d and three different values of c. 

TABLE! 6.3 

EFFECT OF 'TIIE TPE 3N POTEHTIALS IN NUCLKl\.R :MATTER. TtlE NOTATION IS 

EXPIAINED IN THE 'rEXT. d IS 'rHE CUTOFii1 FOR THE 3N FORCE, WfIILJ;J C IS THE 

CU'rOFF FOR A STEP-F'u1WTION 'I'YPE N-N CORHELA.TION. 

---~., ,,_..,,,.. 

d o.6 l.O 

c o.4 o.6 1.0 o.6 1.0 1.4 

U (I )/A
l 

0.292 0.27~ 0.221 0.173 01!~3 0.099 

U (II)/A 2.990 1.060 -1.'-:.69 2.130 0 .. 667 -0.290 
l 

U (I )/A -0.164 -o.16h -0.137 -0.060 -0.060 -0.01+5 
2 

. 
U {II)/A o.437 o.~t37 0.718 0.159 0.159 0.215 

2 
..,... 

~::==-......-­ -
U/A 3.558 1.559 -0.660 2.lto5 0-910 ...0.119 

For the values of d and c considered here, u (I )/A and u (II )/A are smr:i.ll
1 2

and positive (:cepuJ.sive), u (I)/A is r.mall and necative (e:t.t:cactive) and
2

u (I )/A is dominant e..nd either positive (repulsive) or negative(attractive). 

For d =o.6 fm, c ::: OJ~ fm the overall effect U/A is 3.558 Mev (1·epuls:tve) 

a.nd for d :::: o.6 fm, and c :: l fm U/A = ... 0 .660 Mev ( o.ttract:tve). In sum­

ma:ry the effect is small e.nd sens:Lt:tve to the N··N co1·relatlon function. 

1 

http:smr:i.ll


The contribution of the three-nucleon force, in nuclear matter, 

has been estima.tec1 by several authors (li'M; Smith and Sharp, 1960). The 

results obtained by FM are : 

U = - 0.3 Mev x A {attractive) 
1 

U = + 0 .1 Mev X A (repulsive) 
2 

Ho details of the calculation are given. In the calculation of Smith and 

Sharp an angula;.· averD{;e of the tensor part is taken and it is formd that: 

1 Mev X A ~ U + U ~ 3 Mev X A {repulsive) 
1 2 

These results cannot be directly comp~"ed to those of the present wo:ek 

since they are obtained with a di:ff'erent N-N cor1"'elation function. 

As was me::it.io.nc<1 in chapter 2, the contribut:ton of the pion-pj_on 

interaction via the CT··meson has not been considered in the calculatton of 

the TPE /\RN force. However from the results of the present chapter it 

-can be expected that this foi"'ce will give an appreciable effect in · 
. 5 

hypertriton as Fo- does in triton. In the case of /\He e.nd _nuclear matter, 

since the contribution of the p-·wave part ( 3t- /\interaction) of the TPE /\:NN 

force is dominant over that of the s-wave_part, the effect of thecr-meson 

is expected to be small. 



CAAP.rER 7 

DISCUSSION AND CONCLUSION 

Three-body and many-body forces are predicted from the meson 

theory of nuclear forces. In the present work the long and inte1~mediate 

range parts of the Mm force due to the two-and three-pion-exchange have 

been derived using the static approximation. T'neir effects on the binding 

3 5
energies of AH' AHe and nuclear matter have been estimated. Only the 

tail of these potentials was considered, since at short distances hes.vier 

meson exchanges may become impo~tant. 'Ihe f\NN force 'Was. arbitrarly taken 

to be zero for A-N distances less than a cutoff distance d • The 
AN 

cont::dbut:tonn of the t1ro·,pio:n~·cxcho.11ge p:;,rt of the thrcc··"nucleon (3 N ) force 

to the binding energy of the triton and nuclear matter have also been 

considered. Here e.gain the force was taken to be zero for H-N distances 

less than a cutoff distance a. It was found that the effects of the ANN 

force can be important and also that the contribution of the 3N force is 

appreciable, although these results depend on the cutoff distances quite 

sensitively. 

In deriviJ;lg the TPE ANN force, w, the rr.-/\ interaction was 

considered to be dominated by the p- end s-wave. T'nen W can be written 

W=W + W , where \1 and W arise from the p- and s-wave if-/\ interaction, 
p s p s 

respectively.. As in the caGe of the s ...wave rr.-N interact:ton, a 

• 'suppression factor' ' of the s··wave lr-A interaction was here introduced 

For a reasonable 'r supp1'0ssj.on factor' ' , W was fonnd to be s 

unimportant.. W consist of central and tensor terms. The tensor term 
p 

http:supp1'0ssj.on


depends on the angle e as sh01m in Fig. 2.2. This term was found to be 
xy 

dominant. 
3

In AH' the cont~ibution of W to the binding energy of aA, BA, 

can be repulsive or attractive, depending on the cutoff d AN and the 

waveftmction used. A reasonable va1ue for the A-N hard-core l"'adius D 

may be taken "co be o.4 fm, and the cutoff radius for the ANN force 

about l fm. In this case W give a repuls:i.ve contribution of about 0.16 

Mev. Although th:ts is substantial iri view of the small value of BA in 

3H, this could easily be acco1111nodated for, by slightly changing the 
A 

two-body A-N force. 
5

In /\He, the overall effect is much larger, because there are 

six ANN bonds end also the average A-N dist;.'1.nce is smaller than that 

of ~H • Here the contr:i.butlon to BA from the Alm forces ic always 

repulsive, and is about 2 Mev for a cutoff of 1 fm. However, this re­

pulsive effect is problably overestimated since no N-N correlation in the 

a-particle has been considered. This repulsive contribution of the· ANN 

force substantially reduces the overbinding of the /\ :tn ~He as was 

obta.ined by using the two-body forces alone ( Bhaduri et al, 1967). 
(3)

In nuclear matter, the contributiqn, U /\ , of Wto BA was esti­

mated by using pertm~bation theory. The effect is extremely sensitive 

to d A e.s well a.s the N-N correlation function. For instance, with a
nN 

cutoff value d =O.7 fm, for 'a step fw'1c·tion type N-N correlation, 
(3 ) NN 

U A. = 1.8 Mev for d /\N :: o.6 fm and is about 8.7 Mev for d AN == LO fm 

see (Fig. 3.3). However, with a slightly larger value of dNN' U(~) 
may well turn negative for the case where d /\N is o.6 fm. Fol~ d = 

. AN 
drm =l fm, a repulsion of 3. 535 Mev :i.s obte.ined. If only the very 

http:repuls:i.ve
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long-range part of W {a > 1) is considered, the effect is definitely
/\N . 

repulsive and can be o.s large as 10 Mev. 

In the short..,·range region, processes other than TPE w-111 become 

impo:t:tant, so that the above results will be modified. The next lowest 

order contribution to the /\NN force, after TPE, arises from three-pion­

exchange. The three-plon-·exchange ANN force has been derived. Its 

effects on light hypernuclei and nuclear matter he.ve been compared w'l.th 

those of W , in order to see for what value of the cutoff d /\ , the TPE 
p N 


ANN force, W , is c.1omine.ted by the three-1xton-exchange ANN force. 

p 

The three-pion-exchange ANN forco arises from diagro.rns 4. le and 4. 

ld which a.re as yet too complicated to be evaluated exa.ctly. '11h.e force 

arising from diagram l~.ld was s.pprox.tmated by the sum of the forces aris:tng 

from dio,g:c~nw h"lo, end h.lb. Thie ANH force, l', d.crlveu in the static 

approx:lmation, consists of a centre,l and a tensor term, P =P + P , where 
c T 

the tensor term, P , depends on the angle e as shown in Fig. 4.3.Tne effect of
T xz 

the potential due to diagr2~m l~.l( c) was not examined,because of it·s complex:tty. 
3 

In AH' P depends strongly on the A-N distance and the contri­

bution to B/\ of PT is la!'ger than that of Pc. For d /\N ~ l fm, Pc 

alwe.ys gives a positive contri.bution (repul_sive), which is larger than that 

of the central part of wp. PT always g5-ves a negative contribution 

(attractive) which is larger in absolute ve,lue' than that of the tensor term 

of WP. For d f\N .6 1 fm the contr:i.but.ion to B/\ of P is larger then thnt 

of w • Fo:c a rE•usonable value of o.l~ fm for the 1\-N ho.rd-co:ee radius, emd 
p 

d = 1 fm, P e;5.ves an e.ttractlvc contribution of 0 .3 Mev. The contr1 ...
AN 

bution of WP was previously shovm. i~o be repuJ.sive ( 0 .16 Mev), therefore 

the total contribution is at.tractive ( o.11!- Mev). In fact for d AN~ 1 fm, 



the overall effect is fotmd to be ahrays attractive. 

5
'l~e /\ - a potential in /\He due to P, which is denoted by P( r/\ ) , 

was evaluatea. The contribution P (r ) ( centre,l part) is always repulsive
' .c .. /\ 

and larger in a.bsolut.e value t.han the contribution PT( r/\ ) (tensor part) 

which is attractive (except for r /\ ~ 2 fm). The overall contribution 

of P is thus repulsive (except fo:r d = 1 fm and rA ¢ O fm) and it 
5 /\N . 

further reduces the overbinding of He. Results are sensitive to d 
/\ . 3 /\N 

but not to dN!'( For d /\N ~ 1 fm, P(:i~ ) is smaller than Up (r/\ ), the 

/\ ... a potential of W , and therefore only slightly modifies the contri­
P 

bution of that force. 

The contribution of P to. the binding energy of A in nuclear matter · 

depends strongly on the distance d /\N' but its dependence on dN.N is not 

as pronouccc1. The results ~~n. nuclc~J:- matter n:re more sensltive to d
NN 

than those of ~He (see table 5.3 and 5.2, respectively). This can be 

explained by the fact that the nuclear matter expressions (5.20) and (5.21) 
. 5have a. stronger dependence on NN distance than the corresponding He 

/\ 
expressions (5.16) and (5.17). It can be also seen that in nuclear matter 

the tensor part contribution P /\ T depends less strrmgly on dNN than the 

corresponding contribution UI\ (II) of the. TPE ANN force (table 5.3). 

This is due to the difference in angular dependence of the two forces PT 

depends on the angle exz (sensitive to the N-N dlstance) whereas the 

tensor part of w depends on the angle e· (sensitive to the UN distance)
P . xy 

(see P-lg. 4.3) • 'Ihe contribut:ton of the central pa1.,t Pc 5~s found to be 

repulsive and larger than that of the tensor part PT which is.also repulsive. 

This total repulsive contribution is larger than that of W • For :i.nstonce, 
p 

vrlth a cu.torr for a step function type NN co:rrelntion of l fm and for 
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due to P is .. 7.4J Mev and B due to W was .found to be 
. /\ p . 

- 3.78 Mev. As in the case of W , P may have been overestimated because 
p 

2 	 2 2 2
the coupling consts,nt f A was chosen equal to fN(f/\ == fN = 0.08). Various 

2 2 . . 
estimates off/\ have been done which indicated that f /\ is slightly 

2
smaller than fN ( § 2.1) • However, P does indicate the order of magnitude 

of the intermediate range part of the ANN f<?rce. 

In stumnary, the contribution of the long-range MrJ force, w, and 

the intermediate ra.nge ANN force, P, to the binding energy of a A ­

3particle in s-shell hypernuclei, has been shown to be i.m:portant. In AH' 

P was found to be attractive; for c1 AN~ 1 fm the contribution of P is 

greater than that of H , although the overall effect (p + W ) is still 
p . 	 p . 

relat:tvely 	small and is attractive. The force P further reduces the 

5bj.ndtng energy of 	 /\ue; for d ~ 1 fm P only slightly modifies the
AN 

re~ults obtained using WP alone. In nuclee,r matter the contribution of P 

is repulsive and greater then that. of W ; even for d A ~ 1 fit the 
p N 

_overall effect {P +WP) is quite large and is repulslve •. Although ·there 

are runbiguities due to the wlknown short-range part of -'che ANN force, 

it can be seen that the effects of the three-body ANN fol"Ce cannot be 

ignored • Also, the ' 1 effcctive' ' A-N force extracted from bindins 

energy data, assuming only a two-body force, can be significantly different 

from the ''free'' A-N force observed in two-body scattering. 

'11he contribut:tons of the long range 1:18.rt of the 3N force arising 

from two-pion...exchange to -the binding energies of the trit.on and nuclear 

matter have been estimated. The effect of the p1.on-pion interaction was 

taken into accotmt by the conside:cat:ion of the corrtribut.ion, Fer , of the 

{virtual) 1t'-N scc.tt€~ring via the er -meson (the <r -meson is a controverf.dal 



I= J = 0 dipion resonance ). 'l'hcn the 3N potential can be written, 

F = F + F + F , "Where F and F are due respectively to the p- and 
p s a- p s 

s-wave 1C-N scatte:cing. The s-wave ~'direct'' 1C-N interaction was f'ormulated 

so that, together 1dth the rc-N interaction via the er -meson it reproduces 

the observed n-N scattering length. It was fou11d that the potentials F . s 

and Fo- have opposite signs end that they tend to cancel each other. 

The contribution of F to the binding energy of the triton has been 

estin1ated by pertu.rbation theory. The t:r-lton waveftu1ction is taken f'rom a 

variatione.1 calculation for a hard-core faro-nucleon potential (ha.rd-core 

radius D ) • '.l.1he results were found to be sensitive to the cutoff' of the 3N' 

force, a, as well as to D. The contribution of Fer and F are ~rge but 
6 

their sum is relatively small and negative(attractive). The effect due ·eo 

F is found to be mainly attractive. A:t D = 0 .l~ fm and d ~ O.11- fm, the 
p 

binding due to F is around 1 Mev (attractive). A perturbation ceJ.culation 

was done to estimate the effect of Fpj.n nuclea.r matter. T'nis contribution 

is of the orc1er of a few Mev, between - 0.7 Mev (attractive) and l~.o Mev 

(repulsive), depending on the value of d and on the nucleon-nucleon 

correlation fm1ction. As in the case of the ANN force, the three-pion-· 

exchange 3N force '\lill probably moc1ify the above resu.lts. 

Since, in both cases ( ANN and 3N forces), the short ~cmge part of the 

force is unknown it :ts not possible to draw en:y def'inite conclusion. Never­

theless the results of the present work clearly show that the three-body 

force can pl::i,y an important role j_n nuclea:c structure problems. 



APPENDIX 1 
5 

DETAILS OF THE CALCtrLATION OF THE EFFECT OF THE TPE f\J\TN FORCE ON He 
/\ 

In this appendix some calculational details on ~He ( § 3. 2) are 

given, in particular the angular integration in (3.20) and (3.21). The 

z-axis is taken along;;./\ and polar coordinates for x and y are introduced 
~ #'Ni 

as follows 

:s,. == {x, e , <p ), Y = (y' e ' 'P ) •.• (Al.l) 
x x - y y 

2Then the '/)-integration of cos. e ·becomes 
xy 

t 1
27' . . 2 

d 'P a ~ cos e 
x y ':h.'Y 

0 

::: 1:~: f~y 
0 0 

2 2 2 2 
= :7T(cos e cos e + : sin e ein e ) • •.•(Al.2)1::1T £ 

x y x y2 x y 
0 0 

Thus the angular integral of the tensor pa1~t of W ( 2.16) becomes 
p 

90 
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1 

= -
·2 

22 ,cos -e - 1) • • • (Al.3) 
x 

which explains (3.20). 

The angular integral of W is simpler. Since the second term in 
s 

cos e = cos e cos e + sin e sin e sin e cos ( 'P - . 'P ) 
xy x y x x y x y. 

vanishes after .P-integration, it can be see that 

••• (Al.4)f3 
x f3

y M(x) M(y) cos exy = 

which gives (3. 21). 

The radial integrations in (3.19) - (3.21) can be done as follows. 

For (3.19) it can be seen that : 

2~ p (r) I:~ 2 2 2- f3 x - µx 
+x I ) Y(x) = dx e co sh ( q3 rx·)fi p( lrA ~ 

2 
f3 µr 

dl\N 
2 

-( µ/2 f3) 
e µr{e­= [1 

2µr 

erf (f3( d - r) + ..f_) ] - e+ µ r [ 1 - erf( f3 (d +r ) + l:_)] } , 
AN 2 t3 /\N 2 ~ 

• •• (AL5) 
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where 

1/2 2lx 

erf{x) = (2/~ ) exp(- t ) at ••• (Al .6) 

0 
The integral (Al.5) is not very sen~itive to the cutorf d 

For (3.20) it can be seen that 

41( p(r) -f//_ µ.xf . 3 . 3 cosh zl=---- x e T{x) + -) sinh z - , 
2 z 

z 

• •• (Al.7) 

where ••• (Al.8) 

3 
For small r, {\ in (Al.'7) may be expanded as /15 + ...=: z 

Therefore, the integral (Al.7) vanishes at r = o, as it should be. 

Fim:i,lly, for (3 • 21 ) it can be seen that 

p ( . I r + x I ) cos· e ( 1 + µ x) Y ( x ) I ( µ x),.,.,A ~ x 

=-- f
o.L)-f32X2

2rc p (r) {cosh z- si: z~ a.x e (1 + µ.. x ) Y ( x ) 

• • .(Al.9)
d/\N 
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'Where z is defined by (Al.8). For small r, { ~ in (Al.9) may be 

expanded as { ~ = z2/3 + • • • • Therefore (Al .9) vanishes at r = O. 

The integrals (Al.7) and (AL9) have been evaluated m.unerice.lly. 



APPENDIX 2 

EXPRESSIONS NEEDED IN THE CALCUIATION OF THE THREE-PION-EXCFAHGE ANN FORCE 

The explicit form of the exi)r_essions (4.32) are given by t 

{h1C) 2 2 2 1 
Z(r,r') = - [3 f f (F (r, r' ) + - G (r,r' ) ) + 

3 N '/\ ~ q 6 6 0 

2 2 l 2 2 i· 
6 f g (F (r,r') + --- G {r,r' )) + 32 g f (F (r,r') + - G (r,r' )) + 

N f\ w/\ 0 w /\ wA 0 N A u) 6 b cl' 6 
N N 

2 2 1 
64 g g (F (r,r') +- G (r, r' ) TI ••• (A2.l ), 

H A w w 
N /\ 

w 
A 

CJ lv 

N /\ 
G (r,r' ) 
wAo 

(41')2 2 2 G(lO {r,r') 2 2 
D(r,r' ) = 

3 
[3f 

N 
f 
A 6 

- 3 f 
N 

B 
A w 

+ 

G (r,r') G {r,r') 
w /::,. w w 

N 2 2 N 
- 8 g g ·---] : •• (A2.2) 

N A w 

and 

(l~rr) 2 2 2 l 2 2 
[3 f f (:B' (r,r') + - G (r,r' )) + 6 f' g (F (r,r') +X(r,r') = 

3 NA 60 t:. h.O NA w 0 
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/ 
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l 2 2 1 
+ --- G (r,r' )) - 4 g f (F (r,r') + - G (r,r' )) ­

WA WA 0 N A t~ /). 6. (J) 6 
N N 

2 2 l 
8 g g. (F (r,r') + -- G (r,r' ))] ••• (A2.3) 

N I\ w w w w w 
NA A NA 

with 

1 1 k sin k{r + r') 
F (r,r') == -­ dk ••• (A2.4) 
a f3 3 r r' 2 

2( 2rt) w {w + a)(w + f3) 
0 

and 

1 l 1 ~o0 k sin k ( r + r• ) a+ P 
G {r,r') = --- (1 + ) 
a f3 3 (a + t3) r r' ldk ( <0 + a) (w + ~ ) w 

2( 21() 
0 

• • • (A2.5) 

t ' 2 
As pointed out previously terms proportional to f are 

N 
divided by a factor of two. 



APPENDIX 3 

CALCUIATIONAI, DETAILS ON THE EFFECT OF TIIE THREE-PION-EXCHANGE ANN FORCE 
5

oN /\He 

The reduction of the integrals (5.16) and (5.17) can be done as 

follows. The z integrat:Lon is first considered. Tak:e x as the z-a.xis and 
II/"- . . ..,. 

the plane defined by ~' !,_A as the Z-X plane. In this frame, polar 

·coordinates for z are defined by 
. ~ 

z = ( z, e , 'P ) ••• (A3.l),.,.,. 
xz z 

Next the x integration is considered. r is chosen as new Z-ruds. Polar 
~ """/\ 


coordinates for -:x: are·: 


x = (x, e • • .(A3 .2) · 
IN\ 

Consequently the product p(r ) p(r ) can be written 
1 2 

2 2 2 2 
~ 3 2 t3 (r/\ + x ) 

P (Ir + x I ) p (I r + x - z I) = (-) e x 
~" NA """/\ N,/o NtA 

2 2 2 
... 4 t3 x r I\ cos e - f3 z 

e /\x e e ••• (A3.3) 

·where 

b = - r /\ (sine sin e cos 'f> + cos e cos e ) - x cos e • 

. xz Ax z xz /\x xz 


•• • (A3 .l~) 
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T11en the .integrals (5.16) and (5.17) become 

oO 
2 2 2 

. . ~ 3 - 2 f3 rA 2 ~ - 4 (32x r . 'W 

P (rA ) = 48~ (---) e x S'(x) we A 

c ~ . 


k 

-1dAN 

• • .(A3 .5) 

2 2 2 
f3 3 2 f3 -l~f3·Xl" 'W.- r/\ 

e . AP (rA ) = 48~ {---) e W' (x) 

T 1t 


7T +1 

f -l)I ••• (A3.6)~~ fv(3v2 

. Tz 

0 -1 . 
Here v = cos e , w = cos e and (with m1it JL::: 1 ) 

XZ f\X 

2 2 

~ 2 2 2 - f3 d 2 


- f3 z + { $ b - 1 )z e NN ( 2 f3 b - l) d 

I = zze =- e . NN 


CZ 2
j 
4 f3 

1 
x[2 + W-{2 f3 b - ~ )] , • • • (A3 ·7) 

f3 

I =I +I ••• (A3.8) 
Tz l 2 ' 
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f 
oO 22 .2 

- t3 z + (2 ~ b - 1) z 
I l - . dz ( z + 3) e 

dNN­

2 2 

2
- f3 d 

e NN (2 i3 b - l) d l 
e NN [2 + vn(2 f3 b - - + 6 13)], ••• (A3.9) 

2 f3 
4 f3 

J
oo 2 2 2 

dz - i3 z + ( 2 f3 b - l )z •• .(A3.10) 
I = 3 --- e 

2 z 
. d 

· NN 

Thus the integral (5.16) is reduced to a four-dimensional integration 

{A3.5 with A3.7) which is done numerically. Similarly the integral (5.17) 

is split :tnto a four-dimensional (A3 .6 'With A3 .9) end five-d:i.mensional 

(A3.6 with A3.10) integral, both of which are done numerically. 



APPENDIX 4 

THE· VALUES OF NUMERICAJ.J CONSTANTS USED 'IRROUGHOUT THE COMPur.ATION ARE 

GATHERED HERE 

The mass of the pion. is taken to be 
- 1 

µ= 137.28 Mev = 0.6939 fm 

The units }{ = c =1 are used.· 

Values of other constants are 

2 

f = 0.08 coupling constant 


N 


2 

f = o.os coupling constant 

/\ 


- l 
6 = 0.389 fm 	 ~ -/\ mass difference 

2 
g ::: 0.047 	 1C y"'A coupling constant 
A 	 .l 


- l 

w 	 = 1.24 fm y* resoll<..'1.llce energy


A 
 1 
2 


g = 0.057 
 coupling constant 
N 


l 

w = 1.27 :rm resonance energy 


N 

~ l 


p = 6 JL = 4. 286 fm cutoff momentrnn 

m 


- l 

f3 = 0.85056 fm cce fficient used for the 


normalized density distribution 

5for the nucleons in /\He 

k - l Fermi momentumf = i.36fm ,. 
- 3 	 99 9-ensity of nuclear :rm:4tterp = 0~170 fm 
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