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SCOPE AND CONTENTS

The objective of this study is to elucidate as much
as possible the theory and analysis of BOURDON tubes. Both

thick-walled and thin-walled tubes are considered.

Tﬁree papers, representative of the state-of-the-art
of BOURDON tube analysis, are reviewed (References 1, 2, and
6):

1. WUEST, W., "Theory of High-Pressure BOURDON Tubes"

2. ANDREEVA, L.E., "Elastic Elements of Instruments"

3. DRESSLER, R., "Elastic Shell-Theory Formulation

for BOURDON Tubes"

Reanalysis of (3) above, with a different approach
(Appendix A) checked énd completed the general formulation
by DRESSLER. The final forms of all necessary equations,
boundary conditions, etc. to the solution of the three
governing equations of the BOURDON tube with an elliptical

cross-section are given.
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Comparison of results of ANDREEVA's sensitivity equa-
tion with test data of KARDOS, MASON and EXLINE (References
3, 4 and 5) using a qualitative approach as set out by KARDOS

(References 3 and 17) showed good correlation.

The study concludes with recommendations for the

approach of future research and preliminary design procedures

for BOURDON tubes.
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CHAPTER 1

THE BOURDON TUBE

1.1 Introduction

Since E. BOURDON of PARIS, FRANCE (in 1852) intro-
duced the pressure gage various approximative analyses have
been suggested to predict the tube's performance. These
analyses, however, showed differences between testrdata by
as much as 250%. It is therefore the objective of this study.
to elucidate as much as possible reasons for these discrepaﬁ—

cies and the theory and analysis of BOURDON tubes.

1.2 Scope

In this thesis, methods representative of the state-
of-the-art of BOURDON tube analysis are presented. Both
thick and thin-walled tubes, with flat-oval and/or elliptic

cross-sections, are considered.

The methods of analysis may be divided into three
groups:
1. Empirical or Qualitative
2. Approximation

3. Exact

Currently, the first two methods are predominantly

L



used (References 1, 2, 3, 4, 5 and 17). It is only recently
(due to the advances of the electronic computer) that the
third method (Reference 6) of analysis can be conceived as a

possibility.

Chapters 2, 3 and 4 reviews the methods of BOURDON
tube analysis of the following papers (References 1, 2 and
6):
1. WUEST, W., "Theory of High-Pressure BOURDON Tubes"
2. ANDREEVA, L.E., "Elastic Elements of Instruments"
3. DRESSLER, R., "Elastic Shell-Theory Formulation

for BOURDON Tubes"

Comparison of ANDREEVA's thin-walled tube analysis
with experimental data of KARDOS, MASON and EXLINE (Refer-
ences 3, 4 and 5) using a qualitative approach (Reference 17)
is discussed in Chapter 5. Supporting matters of the above
with detaileé analysis, éomputer program and data are given

in the Appendices.

The final chapter concludes the findings of this study
with recommendations for future research and preliminary de-

sign procedures for BOURDON tubes.



CHAPTER 2

THICK-WALLED TUBE ANALYSIS

2.1 W. WUEST - "Theory of High-Pressure BOURDON Tubes"

In Herr von W. WUEST'SH"Theory of High-Pressure
BOURDON Tubes" (Reference 1), the characteristic ratio A of

the tube must fulfill the following requirement:
, SR e | £2.31)

where, a denotes the average semi-major axis of the oval
cross-section
d denotes the wall thickness

R denotes the mean or tube radius of curwvature

For then the deformation of the tube cross-section can be
calculated without considering the effect or reaction of the
annular stress Adx (composed of the tensile stress and the
bending) at the very start. After that, a mere superposition
of the effect of AGX is made when the change of curvature/or

sensitivity is calculated.

With thick-walled BOURDON tubes (Figure 2.1), this

requirement is always fulfilled.



figure 2.1 - WUEST's Flat-oval BOURDON Tube

Figure 2.2 illustrates the coordinate system used by
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Figure 2.2 - Breakdown of Flat-oval BOURDON Tube, coordinate

System (x, vy 2), and forces and moments in the

rectangular section and end arcs




WUEST and the breakdown of the flat-oval cross section, to
determine w , into:
(a) a rectangular part

(b) and the two end arcs.

Thus based on this, the development simplifies to the
solution of the biharmonic equations for the deformation or
deflection w of the tube cross-sections as if the tube was
straight (excluding torsion of the tube) and under a plane

strain condition?.

As the expressions for the deformation are not re-
quired at this time, they will not be presented here. Refer-
ence to their forms and development may be obtained in WUEST's

paper, formulas (14), (l4a) and (35).

2.2 Change of Curvature

Because of the curvature of the BOURDON tube, the de-
formation w produces "annular stresses". Expressing the

"annular" strain of the tube as?,

- W w =
€x = -R-——-R——Z (2.2)
(o] (e]

! ¢.f. C.T.WANG, "Applied Elasticity, McGraw-Hill,
1953 pp. 43, 44 - the plane strain equations

2 c.f. this with ANDREEVA's "Elastic Elements of
Instruments", Reference (2). Note that at this
stage of WUEST's development the state of plane
strain imposed previously is suspended, then

C u(oz+oy) + EeX



with 2z designating the distance from the line of symmetry,

see Figure 2,2

or Z =z 4 r o+ % in the straight section

Z = r cos ¢ in the curved section

Then, the resulting moment over the cross section of the tube

is

1
where OX denotes the net "annular" stress.

For zero external moment and o; = Eex y
= s & L 72 = '
M = JJ - 2 dF-g2°dF =0 (2.3)
g O o]

1
From this the change of curvature w 1is,

p = EEIE (2.4)

Iz 4 F
Observe that when substituting the valué of w as determined
previously (for the case of a straight tube under a plane
strain condition), the reaction or effect-of that pért of the
annular stress Acx on the deformation of the cross section
does not yet exist. Howéver since A<l , this effect can be
merely appended to the above expression for w .

)

Therefore, to evaluate w®* the curvature change due
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to the reaction of on EAe_ , consider Aex as

. Bz, ¥
ASX = —E—- + E— (2.5)
where B = wE/RO the bending stress of on
Y = (1—2u)(FO/F1)p the tensile stress of on
F = Piﬂ + War the internal surface
F, = (P;—Pf)ﬂ * Hz(rz-rl) the cross-sectional area

4 = POISSON's ratio

Then -its reaction in the transverse direction (using POISSON's

ratio):

de,, = g.;’_ = —ulle)
(2.6)
_oow®
Asz B e £ —u(AsX)

From these expressions and appropriate boundary conditions
(see page 11 of WUEST's "Theory of High Pressure BOURDON
Tubes") the deflection w¥ may be determined. Then since
change of curvature is defined as,

s - JSwxZdF _ uy ;
w = ——-E—J/J

// zdF

where J = 4/3 R(r:—r:) + /Y (r;—r:) , the moment of inertia

of the cross-sectional area about the major axis,



Wk = -'BE! (2.7)

Thus the change of curvature w of the Flat-oval thick-

walled BOURDON tube becomes:

w = [fwzdPF + W% (2.8)

Ir''z* 4 ¢

2.3 Sensitivity Ratio: AR/R_ E/p

In terms of the sensitivity ratio wE/p = AR/Ro E/p ,

equation (2.8) when evaluated becomes: (WUEST's equation (37))

wE 1 {u4e%b . . ,d o o4
== F {-——-dz [_ 0.819 - 0.5266 ({)* + 0.0561 ()*
r UM
d L 1 d y d (©) 3 g 2
-~ 0.0325 (-,Q-) 5 ~ills 0.0379 (-I) —b':l + P?—z— 2 b[l.82—0.5 (2) ]

+

(ri—rf)
c. + 0.200 (r:—r:) c

be bdg + 13T [-
o P 2 1

2

+

(0.200¢r"* an »_ - * 2n v ) + 0.0500(r*-p*)) c
2 2 1 1 2 1 3

(0.59982(r5-rS%) + 1.7542 v2 p2 (pr -r )) c:]} - 3
2 1 1 2 2 1 L P

£2.9)

where b r. + d/2 , the average semi-minor axis

0
1

2.2 2l 2 2
1/N[2rir? zn(rz/rl)(rlrzp - 2Mo)—r1r2(r2—r1)p]

0
1

Ll.2 _2:as 2 2
l/N{— 7[r2-r1+2(r2 n i U &n rl)](prlrz-QMo)

2.2 2 2 2
+ (1%2 zn‘rz)rlrz Qn(rz/rl)p + ri/2 (rz—rl)p}



2 2 22
l/N[(rz—rl)(prlrz—ZMo) - 2rir; in(r,/r,)pl

(rg—rf)z - Y4r2p2 9n?(py /v ) (20)
12 " WUEST's
equations
. 22 (25)
2[Cr2+r2)en(r /r.) - (r%-r?)] WUEST's
1 2 2" 2 1 : :
equation

3.64(e/d)% - F 2/d + @
10.92 &/d + H

2 2 2 2
6.24(r2-r1) + 1.04(r1+r2)£n(r2/r1).

0.026 +
2[(ri+r§)£n(r2/rl) “ (rz-ri)]
1.§2ﬁ [(rz—rf)rlrz - Qrfr: Qn(rz/rl)] (29)
WUEST's
equations
3.64T

202 2
N d (rz—rl)

[2.27502/d)" + 1.38u4(2/d)2? - 0.050u431d

, , Qn(rz/rl)
[5.“‘6(2/d) - 0.5]d Mo/(Pd ) <+ {— ——rTz—_-IT——— Cl
0.42 gn r,-r? &n 1)
O.4(r +r dc_  + -
1 2 2 1’_’2—1’1

0.7(r1+r2)]c3} x 1.3/p - 5.7l(rf+r§)cu/p

(35)
WUEST's
equations

The following Table 2.1 (WUEST's Table 2) results from the

evaluation of the sensitivity formula E/p



TABLE 2.1

rl
?\QT 0.25 0.50
d

0 0.1210  0.3425
0.1 0.2329  0.5312
0.25  0.5551  0.9943
0.5 1.3753  2.1305
0.75  2.7650  4.1099
1.0 4.9370  6.6148
1.25  8.1309  10.389

1.5 12.613 15.522

2 26.642 30.915
3 85.u431 91.074
4 205.878 210.281

Sensitivity, wE/p

1.00

0.8267
1.213156
1.96564%
3.7581
6.4126
10.118
15.08%4
21.533
39.8u49
105.726

227.162

1.50

1.3005
1.9014
3.0309
5.5394
9.2333
14.075
20.339
28.238
49.801
123.110

251,218

2.00

1.7610
2.6367
4.2817
7.8004
12.450
18.561
26.903
37.7585
60.974
142.79Y4

280.040

10

2.50

2.2087
3.4183
5.5675
10.136
16.093
23.622
32.911
4,158
73.347
176.398

353.199

Observe that the above curvature change or sensitivity

expression does not depend on the tube's radius of curvature

R . This is due to the straight tube approximation used in

(o]

the analysis which is valid for thick-walled high pressure

tubes with A<l .

2.4 Corrections to the Curvature Change or Sensitivity

Equation

Next WUEST incorporates corrections to the curvature

change (equation 2.8) or sensitivity (equations 2.9) expres-
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sion. The corrections are for:
(1) Eccentricity effect or deformation of the cross-
sectional area during manufacturing

(2) the lengthening of the tube when under pressure.

In evaluating the correction for eccentricity, a

simplifying assumption that the deformation of the tube should

occur in an ideal plastic fashion is made. Therefore
e = - = ¢ g Bimid g
y - 2 = ’ z Z.xX

with' € = z/Ro yig, = v/3y , €, = ow/ 3z .

From these relations and suitable boundary conditions, v

and w may be determined - see WUEST's equations (38)._ Then
after some operation WUEST gives the correction for the
additional change in curvature, caused by the deformation of
the cross-sectional area during production with the flat-oval

BOURDON tube under pressure as (WUEST's equation (42)):

s
[M(rz,l)—M(rl,l)] T - M(r,,2)

J - Ro %

w, o= é(l-Zu)
(2.10)

With the moment of the surface of the deformed flat-oval
cross-sectional area referred to the old axis of symmetry,
43

M(r,2) ='§% [‘?‘ - r? + g rz(lz-rz)] s, T=r, or r,



Table 2.2 (WUEST's Table 3) shows numerical values for -w

TABLE 2.2 Eccentricity Correction, -w, E/p
T
$\& 0.25 0.5 1.0 1.5 2.0 2.5
d

0 0.0160 0.0450 0.1067 O0.1654 0.2215 0.2759
0.1 .0.0216 0.0518 0.1098 0.1722 0.2282 0.2925
0.25 0.0279 0.0601 0.1228 0.1814 0,2374 0.2918
0.50 0.0344 0.,0697 0.1349 0.1945 0.2511 0.3056
0.75 0.0377 0.0754 0.1435 0.2050 0.2624 0.3178
1.00 o0.0387 0.0771 0.1495 O0.214y4 0.2718 0.3281
1.25 0.0382 0.0792 0.1530 0.2188 0.2793 0.3368
1.50 0.0367 0.0784% 0,1551 0.2230 0.2852 O.344ld
2.00 0.0313 0.0735 0.1547 0.2270 0.2930 0.35u47
3.00 0.0153 0.0545 0.1418 0.2222 0.2952 0.3634

4.00 -0.0043 o0.0304 0.1190 0.2094% 0.2852 0.3593

The second correction which WUEST suggests is the
correction for the lengthening of the tube when it is under
pressure. Via HOOK's law the lengthening correction, which
is precisely the tensile strain due to the (internal) pres-

sure acting against the face of the "end plug", is

Ee

. o, - u(cy + oz)

y = (1-2u) Po/F1P

Y|t



or

e E
X

p

where F and F
o 1

o

= (1-2u) —

¥y

13

(2.11)

are the internal surface and the cross-

sectional areas respectively (see equations (2.5)).

Table 2.3 (WUEST's Table 4) shows the numerical values of

equation €2.11) as a function of

TABLE 2,
r,
2\d 0.25
d
0 0.0167

0.1 0.0232
0.25 0.0313
0.50 0.0415
0.75 0.0491
1.00 0.0549
1.25 0.0596
1.50 0.0633
2.00 0.0691
3.00 0.0766

4,00 0.0810

3 Correction for Length e€_ E/p

r /d
1

and &/d

X
0.5 1.0 1.5 2.0
0.0500 0.1333 0.2250 0.3200
0.0590 0.1442 0.2366 0.3319
0.0706 0.1589 0.2526 0.3u487
0.0862 0.1800 0.2765 0.3742
0.0985 0.1977 0.2973 0.3970
0.1084 0.2128 0.3155 O0.u4l7u4
0.1165 0.2258 0,.3317 0.4359
0.1233 0,2371 0.3462,.0.,4527
0.1340 0.2558 0.3709 0.u4820
0.1485 0.2827 0.4082 0.5279
0.1577 0.3612 0.4350 0.5622

2.5

0.4167
0.4288
0.4461
0.4726
0.4968
0.5188
0.5390
0.5575
0.5905
0.6436

0.68L45

Hence with the two corrections the sensitivity or

curvature change expression appears as



or

where

WE wlB €
SENSITIVITY = Er +o— -
w E _ (wk - ex)E
P P

w denotes

c
applied (= w, - €)

wk=w+w1

w as defined in equation

w as defined in equation

£ as defined in equation

Note that by incorporating

14

(2.12)

the curvature change with the corrections

(2.9)
(2.10)

(2.11)

the correction for length

the assumption (as opposed to thin-walled analysis?®) that the

tube axis extends after deformation is involved.

where

R - Rowo

R denotes the
formation

Y denotes the

R denotes the
formation

U] denotes the

Therefore,

= e, Ry, (2.13)

X O

mean radius of curvature before de-

tube angle before deformation

mean radius of curvature after de-

tube angle after deformation

3

is assumed:
and therefore

c.f. References (3), (4) and (5) where the relation
RY=Ro¥o (with R=AR+Rg , U=AY +Pg)

- Mb/yg = AR/Rg
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€, denotes the lengthening of the tube in the direc-

tion of its axis

Further, since R = R, * AR and defining Wy (the curvature

corrected for the effect of eccentricity) as

AR
w = w + w N o=—
k 1 RO
then, R = R (1 + o) (2.14)

Substituting (2.14) into (2.13), Y becomes:

& S €,)

Y = wo '(T—;—J]:y (2.15)
Since 1/(1 + wk) V1o e and retaining only first order
terms,

YoV Y (1 +e, - W)
With AY = Y - wo s, the change in angular movement,
then, AY = l.bo(eX - wk)
or -AY = wo(wk - ex)

Substituting W =Wt ow

In terms of the sensitivity:



16

(2.16)

ol fus]
|
™
o

AY E E
- - = w -+t W
¥, P D

Observe that the term Ay = ¢ - wo is a negative quantity,
as Y < wo after uncoiling - c.f. with equation (2.12).
Further observe that without the corrections for eccentricity
w, and for lengthening of the tube e equation (2.16) re-

duces to that of the thin-walled tube analysis - —Aw/wo E/p =

AR/Ro E/p , see footnote No. 3.

Figure 2.3 (or WUEST's Figure 11) illustrates wE/p
(solid lines) and -Aw/wo E/p (dashed lines) as a function of

2/d and rl/d .

of/p
AvLyop

w

70

R/
———Aptlyop

y I
7
700 1 é 3 ¢

Figure 2.3 - Sensitivities wE/p (solid curves) and -AY/¥, E/p
(dashed lines) as a function of &/d and rl/d



&

It can be seen that the difrference between the two

curves is noticeable only for values of &/d <1 .

2.5 Deflection of Tube End

Two approaches to the determination of the deflection
of the tube end are discussed next by WUEST. The first of
these involves evaluating initial and final coordinates of

the tube end"*. Then

where X = initial x-coordinate of the tube end before
deformation
= —RO sin wo
YE, = initial y-coordinate of the tube end before

deformation

= Ro(l - cos wo)

Xp = final x-coordinate after deformation
= -R sin ¢
A final y-coordinate after deformation

= R(1 - cos ¥)
with R as defined in equation (2.14)

Y - as defined in equation (2.15)

* c.f. MASON, H.L., "Sensitivity and Life Data on
BOURDON Tubes", ASME paper No. 54-A-169
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or,

€
§ = Rowk[(z + wé - Zwo simpo - ZCoswo) - 2 Gi (wé - wosinwo)

€X 2 s
+ (=) wz] (2.17)
w o
k
Equation (2.17) thus determines the tube end deflec-

tion - the tube end, to which this formula refers, is the

theoretical tip of the tube.

However, as WUEST states that in practical application
the tube end is not usually taken from the theoretical tip
of the tube, it is more correct to calculate the path of the

tube from the relation:
S = k' AY

where k' denotes the pole ray, a distance measured from the
polar point ( a point about which a plane fastened
to the tip of the tube turns for small changes in
pressure) to the actual place at which the movement
is measured,

Ay as determined from Figure 2.3.

To determine the pole ray k' , the coordinates of

the polar point (xp N yp ) must first be calculated. These
o o

are given by WUEST as:

1l - cos wo w

Po E Ys e =By
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(2.18)

Then either graphically or analytically, k' may be determined.

Figure 2.4 shows various position of the polar point

as a function of wo and ex/wk 2

Figure 2.4 - Position of the Polar Point as a Function of

v

- and E:X/wk

As an example, for ¥ = 270° and e /w, =0 and 0.5 , the
pole rays k (measured to the theoretical tip of the tube)

and k' (measured to the actual tip of the tube) may be located.
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2.6 WUEST's Results

Finally, WUEST compares his theory of high pressure

BOURDON tubes with two examples. Table 2.4 and 2.5 give the

data.
TABLE 2.4 U-shaped Steel Tube
Ry, = Y4mm 3 k' = 75mm 3 ¢ = m; E = 2.1x10°kg/cm?
S s
p 4 ™ . % AY E Ay 103 (calc.) (meas.)
kg/cm? mm mm mm kg/mm ¢ p ¥ mm mm
800 2 180 275 J010]. 18.0 6.86 1.62 1.58
1000 2.25 1.851 2.65 1138 11.8 5.62 1.32 1.65
1600 2.5 2,00 2.45 152 8.4 6.40 1.48 1.58
2000 2.75 2.10 2.25 155 5.8 5,52  1.30 1.4
TABLE 2.5 Highest Pressure Tubes
R, = 92mm ; k' = 120mm ; Y = 250° = 4,36 ; E = 2.1x10°kg/cm?
S S
p i s . Do Ay E Ay 103 (calc.) (meas.)
kg/cm?  mm mm mm kg/mm Y p V¥ mm - mm
6000 5.2 0.95 . 2.3b 300 0.82 2.34 1.22 1.14
6000 7.0 1.65 2.35 278 0.88 2.52 1.32 0.98
6000 7.0 1.66 2,35 278 0.88 2.52 1 .32 1.05
8000 4,85 0.78 1.77 354 0557 2,17 1.13 0.84
8000 5l 0.65 2.00 386 050 1.90 1.00 1.05
8000 6.4 0.85 2.49 383 0.54 2.05 .07 1.00
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It can be observed from Tables 2.4 and 2.5 that there
is a percentage error of approximately 9% to 30% between the

measured and calculated values?®.

Also presented by WUEST is an example of a very thick-
walled tube of a circular cross-section. Equations for this
special case are derived (see WUEST's equations 46-49) and

results showed a reduction of the error by 70%.

® 0, denotes maximum stress of the tube (see WUEST's

equations (30) - (33) for its derivation.



CHAPTER 3

THIN-WALLED TUBE ANALYSIS, APPROXIMATION METHOD

3,1 L.E.ANDREEVA - "Elastic Elements of Instruments"

In L.E.ANDREEVA's theory of thin-walled BOURDON tubes
(Reference 2), both elliptical and flat-oval cross-sections
are considered. The analysis is based on the minimization of
the total potential energy of the BOURDON gage in accoréance
with the RITZ's method. The total potential energy here, is -
defined as the sum of the potential energy of deformation and

the energy of position of the external forces.

3.2 Assumptions and Hypothesis

To determine the total potential energy of the gage
the following hypotheses and assumptions are utilized:

(1) All tube elements, cut off by cross-sections normal
to the central axis, operate under identical condi-
tions. The influence of the end connections is
neglected.

(2) The hypotheses used in the theory of shells, which
assumes no transverse compression and a constant
normai, are assumed to be valid.

(3) It is assumed that the axis of the tube is not

22
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stretched.

The tube wall thickness is small compared with the
minor semi-axis of the cross-section (h<<b) , and
the semi-axis b 1is small compared with the radius
of curvature R of the central axis (b<<R) . (see
Figure 3.1)

The tube section is symmetrical relative to the x
and y axes.

The tube cross-section is assumed to deform in ap-
proximately the same way as is the contour of a

straight tube subjected to internal pressure.

Figure 3.1 - Coordinate System and Stress System
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(7) The deformations due to the stretching of the mean
contour as a whole are neglected since they are small

compared with the bending deformations.

3.3 Total Potential Energy

From the above conditions it can be seen that the
specific potential energy u , expressed through the deforma-

tion components, is a result of a biaxial stress system:

- E 2 2
u = m (81 + 82 P 2116182) (3.1)

where €, denotes the longitudinal strain
€, denotes the lateral strain
E denotes elastic modulus of the tube material

U denotes the POISSON's ratio

Then with the strains €, and €, expressed as

(see Reference 2 for derivation)

amy A
& F __—TTI— 3 €, = z Ax (3.2)

where w projection of displacement of the cross-section
on the y-axis

Y = central angle of the tube

A

= relative angle of rotation of the end section

Ax = curvature change of contour of cross-section

and the energy of position of the external forces,
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T=p AV , AV = Af Ry

where AV 1is the volume change of the tube cavity,
Af is the change in the area delimited by the mean
contour of the cross-section,

) is the internal pressure

the total potential energy of the gage becomes:

W =udv + (-T)

where dv = R d6 ds dz (due to assumption (4)3; c.f. in
shell theory LOVE's First Approxi-
mation).

Therefore after integration with respect to =z :

S .
= Ehy Ayy2 , R’h? 2
W = R(1-uZY J [(W-y T> t 17 (Ax) ‘ds - pAf Ry (3.3)
o

To reduce the number of unknowns in equation (3.3),
ANDREEVA establishes a relationship between three of the un-
knowns:

w = the deflection in the direction of the minor axis
of the cross section of an arbitrary point on the
section contour

Ax = the change in the curvature at an arbitrary point on

the mean contour of the cross section

Af = the change in the area delimited by the mean contour

in accordance with the assumption, that the BOURDON tube
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cross section is deformed in approximately the same way as is

the contour of a straight tube subjected to internal pressure
for a detail analysis see Reference 2, page 322. After some
operations the expression for the total potential energy be-

comes ,

2 2
_ 2Fhay Yo Yo Ay 2 sAYy2 x2 Yo
W = —T—-——S'R TR |:H§- Al - 2b = —_Y—A2 + b (T) A3 + 5 =% n
W 2
-2p2a -2 nRy (3.4)

the principal parameter of the BOURDON tube

_ Rh , _ a’
__aT (C.f. WUEST's A —R-H)

=
oy
D
P
)
b
1"

A, A, , A, ,m, n are parameters depending on the
shape of the BOURDON tube cross section - elliptic or

flat-oval (Reference 2, page 324)

The two unknowns w, , the increase in the length of the

minor semiaxis of the cross section, and Ay/y , the relative
angle of rotation of the end section, are then determined from
the condition of minimum total potential energy in accordance

with the RITZ's method:

@
=

(3.5)

%)lo:’
o |=
1

o
Q
-<K4
t
o
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3.4 Sensitivity Equation for Thin-Walled Tubes

Simultaneous solution of equation (3.5) gives the

relative angle of rotation of the tube end under pressure p

Ay _ (1-n2) R? b2 a
¥ P8R - aP Ewe (e

where o and B are functions of the parameters A, , A, ,

A, y,m and n j; x 1s the principal parameter of the BOURDON

tube = Rh/a? .
Numerical values of the coefficients o and B8 for
various axis-length ratio a/b are given in TABLE (3.1) for

tubes with elliptical and flat-oval cross-sections.

The tube sensitivity is then obtained by solving for
Ay/y E/p(1-u?) from equation (3.6). Observe that the factor
(1-u?) is included in the sensitivity in this case so that
the right-hand side of the expression is a function of the

tube geometry only. Therefore,

Ay E . pk bt o
= STy (3 32_) BTz (3.7)



TABLE 3.1 Coefficients o ,
Cross section fa | 4, | 1 ¢ 2 3 4 5 6 7 8 9 10 | o
shape b
Flattened | | | (.§37 0.594 0.548|0.48010.437/0.408(0.388/0.372(0.360|0.350|0.343]0.267
i | |
0 R H . GOSN IR UM S0 FNRIOR. SN e £3
| 4”‘7 B8 |0.0960.110/0.115/0,121/0.121/0.121{0.121|0.120|0.119(0.119(0.118|0.11k
k— 2a—
Eiﬁl'  oal 3 b D
Lpaea o | 0.750/0.636(0.566 o.ugslo.usz 0.430/0.416|0.406/0.400/0.395/0.390|0.368
£ 1 e
Y 18|0.083/0.062/0.053 o.ous|o.ouu 0.043(0.042/0.042(0.042/0.042|0.042 o.ouzJ
— 2a B PR . (T _ .

8¢
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For flat-oval BOURDON tubes that do not satisfy the
condition that the wall thickness h 1is considerably smaller
than the length b of the minor semiaxis of the section,
ANDREEVA suggests the possible use of a thick-walled (with a
very flat elongated cross section) tube formula as obtained

by FEODOS'EV! by applying the energy method:

Ay _ _ 1-u? R? 1-x
T = p T EH N 52 (3.8)
XTI

The coefficient x 1s defined as

1 sh? ca + sin? ca

X = = -
ca sh ca*ch ca + sin cae°cos ca

where a the major semiaxis

e = R7hZ

3.5 Deflection of the Tube End

To calculate the deflection of the BOURDON tube,
ANDREEVA employs the simplification that the tube end deflects
in a manner similar to that of a curved beam. Then with the

aid of the MOHR integral (see Reference 2 pp. 327-328) the

! FEODOS'EV, V.I., "Uprugie elementy tochnogo
priborostroeniya" (The Use of Elastic Elements in
Manufacture of Precision Instruments) - Oborongiz
1949,



30

tube end deflection becomes:

Ay
A= —RT 3.9
Y ( )
where I' = /(l-cosy)2 + (y-siny)?

A% = equation (3.6) or (3.8)

3.6 ANDREEVA's Comparison with Experimental Results

Table 3.2 illustrates some results of MASON's experi-
mental compilation (Reference 4) and those obtained by use of
formula (3.7) for thin-walled flat-oval tubes and formula
(3.8) for thick-walled flat-oval tubes. ANDREEVA observes
that equation (3.7) for thin-walled flat-oval tubes gives
satisfactory correlation with the experimental results for
tubes which satisfy the condition that: h<<b . Therefore
tubes No. 47, 50 and 252 to 256 are not applicablé as this
condition is not satisfied. On the other hand, the calcula-
tions using equation (3.8) gives reasonable results only for
the last four tubes, since in these tubes: h<<b (thick-

walled) and a/b>8 (a rather flat cross section).



TABLE 3.2

Comparison of the experimental and calculated values of Bourdon tube sensitivities
. Ay E
n . ) Sensitivity N FlU=r
o
0
. R, LA a b a A e 2" B
£§. ,é Material e * | om | om wis | "} T g - T _
9™ d £ S ® S
) = = = 3 CIC)
Bl Ll 2E | 8 | %E
gl a & 68 & 02
22 | 241 523 | 241 (0381104 |305 | 3.40] 0.425| 72 5870 18.5 4550
25 | 4.22 P 414 | 228 10431 1404 | 2.02 | 3.44 | 0443 4C00 380 15.5 2760
26 | 422 |} Phosphor | 553 1 544 10534 [104 | 347 | 3:23 | 0:468] 3300 | 3340 12.1 2210
29 | 7.03 bronze 41.4 1 228 1 0.534 {105 | 3.42 | 3356 | 0.471] 2400 2460 —2.5 1860
30 | 7.03 523 | 241 | 0.660 {105 [ 3.22 [ 3.26 | 0.205( 2300 2280 0.87 1620
46 | 141 18.3 | 245 0.559 | 3.30 | 0.944] 262 | 0.612 230 250 —8.7 153
47 | 98.5 || Beryllium 18.0 { 250 10.559 | 3.42 | 0.584| 5.85 | 0.957 360 402 | —11.7 215
50 | 352 bronze 183 | 200 {0812 3.04 | 0.820| 3.42 | 913 57 66 —15.8 39
51 | 352 18.8 | 250 | 0.812| 2.92 | 1.47 | 2.50 | 0.694 39 44 —12.8 27
53 | 281 208 | 300 | 0.762 | 2.97 | 1.22 | 2.44 | 0.625 53 54 —23 32
250 | 7.03 19.9 | 1800 [ 0.305 | 4.70 | 0.685| 6.85 | 0.443| 3440 3240 58 2470
251 [14.06 || Phosphor 19.9 | 1800 | 0.407 ' 4.70 | 0.635| 7.40 { 0.639| 1890 1980 —4.8 1410
252 |28.12 bronze 19.9 | 1800 | 0.508 [ 4.62 | 0.584 7.91 | 0.869| 1030 1200 | —22.4 864
253 |42.18 19.9 | 1800 | 0.640 | 4.57 | 0.508| 9.00 | 1.20 665 880 —17.3 584
255 |56.24 || Stainless 19.9 | 1800 | 0.407 | 4.57 | 0.381(12.0 | 1.07 2335 2000 —24.2 1980
256 | 56.25 steel 19.9 | 1800 | 0.610 | 4.44 | 0.508| 8.74 | 1.20 654 810 —238 542

TE



CHAPTER 4

THIN-SHELL TUBE ANALYSIS

4.1 R.DRESSLER "Elastic Shell-Theory Formulation for

BOURDON Tubes"

A formulation for BOURDON tube with an elliptical
cross-section (Reference 6) by R. DRESSLER essentially uses
the linear shell equations as derived by LOVE (Reference 7),
with the exception of one expression - the twist, in which he
favours E. REISSNER's twist equation', as it is symmetrical.
From an overall view, the formulation of the problem is ade-
quately complete, considering the limited space allotted in
a paper. However there still remain a considerable task in
order to arrive at the final expressions such as (A.51) or
Table A.l1 and the boundary conditions. Therefore in the sec-
tions that follows, a detailed analysis and comment on
DRESSLER's approach to the problem, approximations and as-
sumptions used, and a check of his expressions as compared
with the directed derivative/vector method (Appendix A) will

be made.

! E.REISSNER, "New Derivation of the Equations for
Deformation of Elastic Shells", American Journal
of Mathematics, Vol. 63, 19u4l.

32
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4.2 Geometry of Toroidal Surface

A general description of the BOURDON gage is pre-
sented (refer to Figure A.7) - defining the parameters a
and B , the radius of the torus p and the semidiameters of
the ellipse a and b 2 . From these, the parametric equa-
tions which define the lines of principal curvature on the

central shell surface are given: (c.f. with equations (A.1))

X = (p + a cosa)cosB

Y = (p + a cosa)sinB (4.1)

N
"
oy
0
.
3
Q

The orthogonality condition and the classification of
the parametric lines o and B as lines of principal cﬁr—
vature are next discussed according to the vanishing of the
quantities F and M from the first and second fundamental

forms respectively:

ds? = A%da? + 2FdadR + B2dp?

_ 5 1
where Ala) (2%sin?a + b2%cos?a)? (4,2)

B(a) = p + a cosa
F=0
From HM = (r xr,) * 7 , M =0 (4.3)

12

2 For a compact discussion of differential geometry
refer to: C.T.WANG, "Applied Elasticity", McGraw-
Hill, 1953, pages 310 to 322.



where, H? = A%B? - F?
dr  dr 321
3o * 38 * 2" 3aap
r , respectively.
T
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are denoted by Fl R Fz , and

is defined as the radius vector.

Observe the following equivalence (c.f. equations (A.21) to

(A.28)):
Ala) = [g | » BCa) = |gg]l » F = gg
T, 3.0, = ga " EB respectively
r = 7° the position vector to the middle surface
M= kP =1, 2)
i
The radii of principal curvature R, and RB are
calculated from:
2
Ry(@) = B
ab
(4.4)
Rg(a) = —£2
b cosa
(n) (n) g
(The above are equal to l/Ka and l/KB respectively -

c.f. equations (A.23))

Thence, the following relations are given:

(a) k

1 R 4

(b)

>

|

= é; (defined as "principal
R curvatures")

- 1 _

B IR - Sl
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The above, therefore, illustrates the differential
geometry of the shell surface as presented in Reference (6).
In terms of these symbols then, the analysis in elastic shell

theory proceeds.

4,3 Elastic-Shell Theories

In order to compare formulas with the directed vector
method (Appendix A), differences in coordinate systems and
conventions will first be discussed. Figure 4.1 shows the

two local or moving coordinate systems and the positive

(a) (b)

Figure 4.1 - Local or Moving Coordinate Systems:
(a) DRESSLER-LOVE's System
(b) Directed Vector System
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directions of the stress resultants and stress couples:

(a) DRESSLER-LOVE's system (b) Directed vector system. Ob-
serve that LOVE considered the displacement w to be posi-
tive if it was directed along the interior normal (i.e.,
toward the centre of curvature for the case of a sphere);
whereas the directed vector method (Appendix A) considered
the positive displacement w in the direction of the exterior
normal (i.e., from the centre of curvature for the case of a
sphere - this particular case denotes a shell with positive
Gaussian curvature kg ; see equation (A.24). Because of
LOVE's convention, DRESSLER's displacements u and v will
correspond to v and u , respectively, of the directed
vector method. Further, from Figure 4.1(a) and (b) the cor-
respondence between the stress couples can be determined.
This correspondence is set out in Table 4.1. The difference

in subscripts of the stress couples is due to LOVE's naming

DIRECTED VECTOR METHOD DRESSLER-LOVE's SYSTEM
M11 MBa
M12 ' —MBB
le | Maa
M2 MaB

TABLE 4.1 Correspondence between Stress Couples
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of the stress couples in the manner: (c.f. equations (A.41))

= J ascij(l + aakrr)da3

o
3

M.
1]

Therefore when formulas of Reference (6) are compared with
those of the directed vector method (Appendix A) the follow-
ing are to be noted: Signs for the displacement w j; the
transverse stress resultants Qa and QB ; and the corres-

pondence (Table 4.1) between the stress couples.

Thus having defined the local coordinaté system
(x,y,2) and the positive directions of the stress resultants
Nij and stress couples Mij s DRESSLER presents LOVE's equa-
tions for strains as a function of the Z-coordinate in a

linear form (i.e., LOVE's First Approximation):

ea = €a° - ZKa
EB = 660 - ZKB (4.5)
eaB = Ea8°_ QZKaB

where €q0 5 €g0 s and €40 are the strains at the middle
surface of the shell
Ka 3 K8 are the curvature changes

KaB 1is the twist

Observe that the above strain equations are comparable to

those of equations (A.25) and (A.26). Apart from the negative
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sign associated with the variable z-coordinate, the only dif-

ference is DRESSLER's definition of ¢ which LOVE (Refer-

oB’

ence 7, pages 517 and 529) defines as

or,
W = cosine of the angle X between tangents of the
curve o and B or the shearing strain at the

'middle surface

Therefore it should be noted that DRESSLER's (total shearing
strain) €08 is equal to twice that of the (tensorial) strain
component as defined in equations (A.25) or (A.26); or (to
avoid confusion) consider Yy to represent the shearing strain

Y =% - 2z 2 KaB

™
"

N -
e

Then since

oB

N
5

"
N -

(v - z 2 KaB)

™

"
N -

I

N

~

or
ofB

This final expression then is comparable to that as shown in

equations (A.25) or (A.26).

Next in terms of the rotation components,

W =Dbw + k v
'8 2 (4.6)

€
"

- a —
L klu
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the curvature changes and twist are given:

K = - aw

o B,a *pA

,Bwa
Kg = buy g = P B, ug (4.7)

2Kd8

1]

a B(bwa)’a - A b(awB),B

Observe (after adjustments for sign) that equations (4.6) are

identical to the rotation expressions B o (i = 1,2) as set

out in equations (A.27). Upon expansion the curvatures (4.7)
become:
K = -(3%-b?)sina coso/A"* w, + — W, - 33 B(32-b2)sinacosa/A®
o o A2 0.0,
k

. 1 s
Y S

k - . k. a sina

K. = o= w N i R el (4.8)

B Bz "’B8 B Vi:g~ TAzB) "’a (& By U :
? ] it P g i 1 g} \ a sina k, 0 (k2V)’a

aB (A B?) ’R (A B) ’Ro. (A B) A

. (klu),B
B

At the middle surface (when 2z = 0 ) the strains are:

€40 T @ U,y +p A’B v - klw

o
€g0 = b Vig * P By, U - k,w (4.9a)
Eupd T A b(a u),B + a B(b V)’a
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_ 1
or €y0 F X Usy - klw
| a sino
EBO =B V,B — —A—E'—- W = kzw (4.9b)
iy a sina 1
€a8° = 5 u,8 + AR v o+ K v,a

Note that equations (4.9) are equivalent to equations (A.30),

with the exception of € as stated.

aB?
As stated previously, the above equations are due to
LOVE (Reference 7) with the exception of the twist expression
KaB of REISSNER which DRESSLER favoured due to its symmetrical
appearance. However, for a general theory of thin elastic.
shells KOITER in Reference 8 showed that REISSNER's twist can

not be correct - "significant terms in which the rotation

around the normal occurs, divided by a radius of curvature or

torsion" are missing. On comparing KaB , equations (4.7):
_ 1 1 a sino
ZKG.B = - ‘-B- wB:B + K wa,a + TTAB (Ua (4.10)
and SKaB , equations (A,31):
o - -% (g)
ZGKBG a —(gBB) ¢23,8 - (gaa) ¢13,0t 3 kB ¢13
(n) (n)
- kg0, - K0, ) (4.11)

it can be seen that the rotations around the normal, divided

by a curvature, (—kén)¢12 - kén)¢21), are missing in REISSNER's
K expression (4.,10).

aB
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Howéver, when ARON's Approximations are applicable,
observe that REISSNER's twist KaS and GKaB are equal.
Therefore since the walls of BOURDON tubes are thin and the
loading is by internal pressure only, ARON's Approximations

will be incorporated in the analysis (see Reference 14, page

336 and Reference 13, page 89).

In the case when ARON's Approximations are not ap-
plicable it is suggested that LOVE's twist expression (Refer-
ence 7, page 524, equations (26)) be used - see also the

paper by KOITER (Reference 8):

Y s | 1
. (4.12)
T AR Vla TF

or the twist as presented in the directed vector method

(Appendix A): (adjusted into DRESSLER's coordinate system)

. 2 kég) (kén)—k;n))
261(&B Z — W’Ba + i W’B + c V’a
SEMEEMD (gg4) (g,
(n) . (n) (n)
(k -k ) (k )
+ & E usg + 8 :a (4.13a)
(g88)2 (gaa)z
. " (k. -k.) (k. -k.)
_ 2 — sino 2 g 12
QKaB = TADY W’Ba + 2a TABZY w,B + aaur ey (29 + Lo e u,B
k2 a :
+ 22 v (4.13b)



42

From one of the following methods, (1) Bidimensional
analysis of a shell element, (2) Minimization of the strain

energy, the equilibrium equations may be obtained:

(BN, + (ANg ), o + Ay 0N o = B, No - ABk,Q, = - ABF_ |
(ANg), g + (BN ), + B, No - A, N - ABk,Q, = - ABF,

(BQy)sq * (AQg),g + ABK,N + ABk N, = - ABF, L4, 1k)
(BMyg)sy = (AMg),, + A, M - B, M, + ABQ, = 0

(AMg.),g + (BM ), - By My = A, M o - ABQ = 0 )

where Fa y Eoa s FZ denote external forces per unit area.

B

For the BOURDON tube Fa = FB =0, Fz = -p (the internal

fluid pressure), and the external moments per unit area are

zero. Upon expansion of equations (4.14):

a-component force equation

" 1 i -
5 Neosg ¥ X Navo * - 1EDY B’a>(Ns‘Na) ~kQ +tF =0
B-component force equation
S Hoypy # 2 N + (g By M(N . #N, ) - kK. Q, + F, = 0
B "B°B A TaB’a (AB) ’a af " Ba 2°B B

. r (4.15)
z-component force equation sont ' As

1 g B
B QB’B * K Qg t (TK§7 B’a)Qa E kzNB RN, Y E =0
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a-component moment equation

1 1 )
MB’B *E Magra t k= (AB) B’a)(MBa—MaB> % QB -

1
w| +

» (4.15)
B-component moment equation

1 1 1 _
5 MBa’B t 3 Moc’oz + (-<——-)-AB B’a)(Ma‘MB) - Qa = 0

Observe that with Figure 4.1 and Table 4.1, equations (4.15)

will transform to expressions (A.49).

To the above expressions, may be added a sixth équi—
librium equation (or the third moment equilibrium equation
about the normal) - c.f. the analysis in Appendix A, note
that there is no direct counterpart, as the third moment

equilibrium equation can be shown to be an identity:

N,, - N,, - klMBa - kzMaB - klz(—MBB # Maa) =0 (4.16)
Since for the BOURDON gage k, =k =0 (i.e., the ortho-
gonal parametric lines o, and o, are coincident with the

lines of principal curvature), equation (4.16) simplifies to:

le - N21 - klMBa - kzMaB =0 (4.17)

Due to the symmetry of the stress tensor G (i.e., Oijzdji

and N,, , N M and MaB as defined by:

Bo

21 °?



Iy

12

h h
N = J 012(1 - zkz)dz N21 f 621(1 - zkl)dz
h h

» (4.18)

=
"

h h .
8a J 2012(1 - zkz)dz MaB = J 2021(1 = zkl)dz
-h -h J

are substituted into equation (4.17), it can be shown to

vanish identically:

Jclz(l - zkz)dz = Jozx(l i zkl)dz = kl[Jzolz(l - zkz)dz]

- kz[} IZOZI(I - zkl)d%] =0

Observe when LOVE's First Approximation is used, the
identity is also satisfied. Also note,

N, =N
Bo  ToB (4.19)

M = =M

Bo. af

With shell thickness 2h , POISSON's ratio o , modu-
lus of elasticity E , the stress resultants and stress-

couples are next presented by DRESSLER:

Na = C(e:mo + 0880)
NB = C(eBo + ceao)
N = J € . (4.20)
aB aBo cont'd.
Ma = —D(Ka + cKB)
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M, = -D(K, + oK)
8 8 B (4.20)
MaB = I KaB
where the constants are

C = 2Eh : I = Eh

(1=02) ERGET:))
D = 2Eh I = D(1l-0)

T 3(1-02) -

Substituting equations (4.8) and (4.9) into equations
(4.20), the stress resultants and stress-couples (with ARON's

Approximations) become:

Stress resultants

_ 2Eh 1 1. a sino
No = Tooy Eﬁfu’a - Rk oSg Vg T IR sz>]

2Eh 1 a sina

b a 1
Ng = =57y {? Vog = —(ADy U - KW ¢t olg u, - klw{] +(4.21)

Ng® TFey B Y * @y VvV *xa

Eh 1 a sina 1 ]
V’

Stress-couples

M = ~2Eh* -(2a%-b?)sina coso/A* w + = w
o (3(I=-02)) a A2 ’aq

a sino

1
O'(-B—E' W,BB - -(—-Z——YA B W’G)J

-+

M. = -2Eh®  [1 ‘e _a sina " + 0(—(52—Ez)sina cosa
B~ (3(1-02)) |BZ "°RR (A2 B) "’a Aw ‘o
l ~
AT w’aa)] (4.22)

cont'd.
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3 o '
M . 2Eh Ei sino. - 1 q] (4.22)

a8 - (3(TFo0Y |TE BZY Y8 * &Y Yo

which are in agreement with equation (A.47) and (A.48) when
corrected for signs (see Table 4.1), and noting that the

thickness is 2h .

In terms of displacements u ., v , w (by using equa-
tions (4.6), (4.8), (4.9) and (4.20)) and the shear resultants
Qy > QB DRESSLER displays equations (4.14) in the form of a

"listing" of coefficients. To designate the coefficient of

each derivative in the i°P equation, the symbol 2;2 is

employed. The superscript g represents u , v , or w .

The subscripts m and n denote the mth and nth deri-
vatives of o and B respectively. For example, the coef-
ficient of W5 haB in the second equation of (4.14) is 23? .
Thus, for equations (4.,14):
x-component force equation
lu _
220 = CaB
lu _
L., = JAb
In _ ' 1 !
2], = C(Ba'+oBB'p + (1l-0)B'a)
lu _ 11 4R 1y2
2y, = C(oB(B'p'+B''p) - (1-0)(B')*p)
(4.23a)
1lv cont'd.

‘211 = Co +J

21V = oCBb' - (1-0)CB'b - JAB'p



1w
10

)

2lw
00

1Q

2’00

Right side

a

47
—CB(k1 ¥ dkz)

(l—c)CB'(kz-kl) - CB(k'+0k')
1 2

(4.23a)
—ABkl

-ABF
o

y-component force equation

2u
'Q'll

2u
201

2v
on

2v
2'02

2v
210

2v
2oo

22w
01

2Q
N

Right side

u

J + oC
JBb' + 2JB'b + CAB'p
JaB

CAb

J(B(a'-B'p) + 2aB') (4.23b)

~-J(B'p' + B''p) + 2(B')2p)

-CA(k, + ok )

-ABk

—ABFB

z-component force equation

£3u
10

23u
00

CB(k1 + ok )
2

CB'(k2 + le) (4.23c)
cont'd.



23v
01

3w
Zoo

3Q
2
10

3Q

L
00

3Q3

01

o

o

L

Right side

x-component moment

48
= CA(k_ + ok )
2 1

= -CAB(k? + 20k k + k?2)
1 1 2 2

= B (4.23c)

= R!

= —ABFZ

equation

bu
Z11
zuu
01

QHV
20

by
02

L

2l+v
10

R
00

2

luw
21

2l&w
03

Ly

211

U
201

= oDk, + %Ik,
=4D(AB'pk1 + ok;) + RIB(bk,)"' + IB'bk,
= %IBak2

= Dabk, (4.23d)

cont'd.
= %IB«akz)' e aB(bkz)') ch IaB’k2

= %IB((aB)(bkz)')' + IaBB'(ka)'

= ogDa + Ia

= DAb?

= D(B'p + ca') + IB(p'+ab') + 2IB'p

= IB(ab')' + 2IB'ab’
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4Q
. B

00

= AB (4.23d)

Right side = 0

y-component moment equation

2°Y = _paBk,

20
22U - _3rAbK

02 1

Su _ ' ' '
) = -D(Ba'k + 2Bak' + B'ak.)

10 1 i § 1
22% = _D(B(ak')'+0BB'p'k +0aB''k +B'ak!-(1-0)
1
(B')zpkl)

5v _ 1T
211 = —ch2 - zlkz
2%V = _D(gBb'k +gk'-B'(l-g)bk )-%IB(bk.)"

01 2 2 2 2
2% - _pa?B

20

; (4.23e)
2% = _oDb-Ib

12
zif = ~Dal3a'B+aB')

23% = -D(20b'-(1-0)B'b?)-Ib"

?Y = -D(B(aa')'+oB(apB')'+(1l-¢g)B'aa'-(1-0)
(B')%ap)
5Q
240" = -AB

Right side = 0
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Observe that in the moment equations (4.23d) and
(4.23e) REISSNER's twist expression (4.8) is employed. How-

ever since ARON's Approximations are valid for thin-walled

BOURDON tube analysis, coefficients of Quu = luv , and

RSV shall be equated to zero.

25u

b

Further, DRESSLER in addition to using ARON's Approx-
imations introduces simplifications as may be found in

"shallow shell" theory:

(1) w, = Db Wsg and wg = -a W, - as for plate
theory
(2) the absence of the transverse shear terms in

the first two equilibrium equations

However as the curvature is large at the extremeties
of the BOURDON tube the moment effect on the transverse shear
may be significant (see also Reference 9), these additional
approximations will not be employed in the analysis that fol-

lows. Therefore expressions (4.23) when expanded become:

x-component force equation

2lu _ 2Eh
20 ~ (A2(1-02))
JZ’lu . Eh
02  (Bz(1+0))
(4.24a)
S - - |
Rlu _ 2Eh -(a%*-b?*)sina cosa _ a sina COBE " &e
10 - (I-02) Al (A2 B)
e 1 2Fh  [oa sina (T2 Ryl e il L a’sin®a _ oa cosa
oo  (I-02) (A3B). (A% B2) (AZ B)
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glv B Eh
11~ ((I-0)AB)

Qv L Eh a sina (5-3)
o WL~GEY LATES) (4.24a)
w 2Eh
210 = - m (kl : sz)
lw _ 2Eh a sina 2Eh & sino 2Eho
Yoo 7 - ooy @By (KoKt TToony ABIK, T R(I-o7)
b sino 2Eh

e e 3ab , ob cosa
G5t Tatioeryy (8 -PVednN Sesn [_AS * ETE) ]

1Q

g %=k

00 1
Right side = - F

O

y-component force equation

2u. Eh

1 ° T(I=emyamy (1t9)

L

2u _ Eh a sino Lo=3)

Yor T TIo7Y A BD)

22v N Eh .
20  (A2(1+0))

2V . __2Eh
02 (B2(1-02)) (4.2u4b)
g2V Eh a sina N (a2-b?)sino coso
10 -~ 7 TA(1+0)) (ABR) A3
g2v. _ __Eh a coso _ a’sin®’a _ a sina (3°-b?)sina cosa
oo -~ (I+o0) |((A2 B) (A2 B2) (AB) A3
2w 2Eh
Yor T T wBTIoemyy (Katoky)
ZQB
2 = k Right side = - F

00 T T2

B
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z-component force equation

3u 2Eh
219 - TA(I=02)) (kl + Okz)

3u  _ 2Eh a sino
Yoo T 7 TIo2y ARy (K2 * 9k

3v 2Eh
iy ° TB(1-02)) (kz K ckl)

3w _ 2Eh 2 2
2.00 = - z—l—_—o_—z—y (kl + 20](1](2 + kz)
(4.24e)
£3Qa o !
10 A
3Q S
o & _ _ 2 sina
00 (AB)
2% 1
01 - B
Right side = - Fz
x-component moment equation
Ybw _ D
221 - (A2B
bw _ D
Los = BT
gw _ _ D a sina , (a%-bB?)sina cosa
1 . (AB) (AB) - A3 (4.2u4d)
Qi D(1-0) [a sina (3*-5*)sina coso _ a cosa
o1 ~ ~ C(TAZ B) (AB) A B
4Q
'3 B o 1
00

Right side = 0
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y-component moment equation

5w _ D
23o - = A3
B _ D
jz'12 - T (AB?
g5w . D a sina . 3(8®-B*)sino cosa
20  AZ (AB) A3
gBw _ _ 2D a sina (4.2he)
02 (AB?Y)
g5w _ D (32-b?)(cos®0-sin®a) & sina (32-B?)sina cosa(l+o)
10 A Al (AB) A3
N a’sin®’o _ 4(3%-b*)*sin’a cos’a 4 ga coso
(A2 B2) A® (A2 B)
5Q
. |

00

Right side = 0

Again, allowing for differences in signs (see Figure
4.1 and Table 4.1) the foregoing listing of the equilibrium

equations can be verified with those of expressions (A.51).

By solving for QB and Qa in the moment equilibrium,
equations (4,24d) and (4.24e) and substituting into the
force equilibrium equations (after carrying out some wieldly
operations), the resuits may be tabulated as in Table (4.2) -
for a more graphical presentation, the metric coefficients
and curvatures are shown. This Table is comparable with the
one which appears in the Appendix (Table A.l) when signs are

adjusted.



Tableh 2 - Governing Equations of the BOURDON Gage

| u(,/2) v(, ) w(«(,3) Free
| toms
) &) [ £ o) 3 g0 | o 8 i % & 2D léi’g'}; "
T 0 e WL TR PTeeTTe] g 7’?2 W B Tl Tl Wi e 1
J%Sii!%m]_?r _[E PAAY | DKk [k,, f X;a_-_)_sl%@s_x] [ (k +Jk,,)+
L " Bux '
E g; cosu Ié’(&-f;)- ? D Ke (a-b)(cos)x Zsin o) kg§1+02§a- ) .
o o | /g / gm‘
! -siﬁotcog’]{//gﬁ/ g. osi;w(cosu k;,gl%,:’ u(a-b) sin¥cos« 4 L& cosx i
‘ : / () ol (g m))3 8%“ g/‘
])_ [Ek,’,k,, +K}) Ek,,k,,,EJBsino(_
2 et ge(o( g
| L E’ (&-b)sinxcosx [ 34 b J lé’"
|' | el (e Rt
| ! 9 ! il g (n) 3 ] 0]
) ¥ B vy B g DR e [kﬂ
7-§77-)7 e 4 UG S 1 H_ 4 z—-g— et : +
2/g« 2[2,] s B e olB " g éﬂa« I
| 8l 18s efﬁ& & ds gf:"’; 3 1;:cos: 1 1) (a-b)sinotcosﬂ,s 2 [ E' (K5 +/K)) D(1= ke
| e , gu)”‘ IRV g.u7z,,7 F,
i a cosx lg,kﬂ” a-B sin«cos i-b)smxcosoc a cosx ]
| Bun /2 ML [ex] leal 1)
LE (i) ) B, 7_/_}k Jk‘"’ T TR
el ,, ) & G 32 (ue) Ja* g.ug,,, a/;aag‘
o(K; +k,) ] 2D (a-B)sinszcosa /k/’s/ ¥ ) .
I gux B« a (}0( gm ,/l‘
| f { ga-stinxcosx Zk il /ED A )tJZfi'-ﬁz. ;
f | ) @ 9 W (8w )™ g ‘
!.‘ : .sine(cosu 2D Ksks (2437)_ D(3-1)a_cosw),
! R , g 8o \8 2 .
* .() fD lgsk D i cos«(1+|)) Dﬂ”g"’ga-bz. F,
.

" ek )&l
‘  sinvcos« (7+)) A 4D§a-5§(cosu -sin'x)_

[ D Kok (3-b).
e Q)9 J a iy (gdld )1

ke 2Dk a-b)sin« (147) _
5/2

48 cos« (1+»))

19D(a-j sin« cosw} 3

‘ (gxat 'y
. sino(coso( D

_D Q”) (éf-i;posg (3+5J)

5/2

oo

old

\_\_/

(Bt (gm 8s

(a-b) sin'e cosx (9+5i D [ Ufé-f)!.
f (go(at)-’/z ;gﬁ; Bunt i
 o8incosx 13(a-b) sinceos« (cos -sin'«) i
i .23 3 (g )1f n) {n)
. ZJ?-b) sina cos’a() D k,a JB_ [
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The tabulated expressions (Table 4.2) are then the

governing three partial differential equations of the

BOURDON gage with an elliptical cross-section.

4.4 Summary of the Geometrical and Vectorial Properties of

the BOURDON Gage with an Elliptical Cross-Section as

Illustrated in Table 4.2

z
Y
1/ ¢
AN \“‘_’_
\
A
&= 180

Daflexion ond

7 [z X
N
///

L anptd Qﬁ‘

Figure 4.2 - BOURDON Gage with an Elliptical

Cross-Section

Metric Coefficients

N

L -
) p + a cosa

(ggp

ey > 1
(zZ%2sin?%0 + b2%cos?a)? }

=

oy

semi-major
axis
seml-minor
axis
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Curvatures
2; Limeps K07 o F cosa/C|g | |gal)
. . B a B
k{8 = T sina/C|E.|IEL])
R o <]

" . (n) _ = = 32
b. Linea: K/ = & b/(gaa)

For thickness 2h

ey s o 2B
- (1<v2)

= 2Eh?3
T 3(1I-v2)

Elastic Modulus
Poisson's Ratio

<
nou

4.5 Boundary Conditions for BOURDON Tube

In this section DRESSLER gives a rather extensive
formulation of the edge conditions - particularly at the plug
or deflection end. The conditions at the edges a = 0 ,
m and B = 0 are the familiar force and/or displacement
boundary conditions:
(1) u or Na prescribed
(2) v or "effective" tangential shear NaBeff prescribed

(3) w or "effective" transverse shear Qaeff prescribed

(4) w, or M, prescribed

At B = B, , the end conditions are based on the con-

L
ditions of continuity at the junction of two shells (i.e.,

the rigid plug and the BOURDON shell). For comparison a
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simplified approach to this edge condition will also be pre-

sented.

As shown in Appendix A, because of curvature, the
twisting moment can be resolved into equivalent vertical and
horizontal force components. These are then combined vec-
torially with the stress resultants NaB and Qa to produce
an "effective" tangential shear NaBeff and an "effective"

transverse shear .
Qoceff

Thus in accordance with the procedure as set out in

Appendix A, N and Q appear as follows:

aBeff aeff
Noseer = Nag = Map/Rg
Querr = Q y B MaB,B

Similarly along the boundary g = constant,

Nowere = gy * Mg /B,

= QB + aM

ers g,

However, since LOVE's First Approximation is employed

it can be proved that,

NaBeff = NaB

= N

NBaeff Bo.

With equations (4,22), (4.24d), and (4.24e), the ef-
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fective transverse shears may be expressed in terms of dis-
placements - using geometrical and vectorial properties as

in Table 4,2:

(g)
B

€gB

) D L, _D(2-v) D(3-v)k

_Q = W, S e
aeff (gaa)@& o.0L0 clgalgsﬁ)

Wigga T Wigg

D(kég)+3(52—52)sina cosa/ (g ) *2)
) gocoz e

D
g, |

ao

[}52—52)(00323—sin2a) _ kég)(l+v) (Ez-Bz)siZZ cosa
(84q) (844

+ kég) kég) _ 4(3%-b?*)%sin’a cos®a , va cosa } By 7

=T
(g,4)° (g, 185D
(4.25a)
D D(2-v) D
-0 pp = eyl e Sl = = =
E (ggg)”  PPF (g 12D P (g, lIE, D

[Eég)(zv_l) , (32-F%)sina cosu(2—v)] W0 - 2D(1-v)

T lgg |
kég) (Ez_SZ)SiE? coso, _ _a cosa kég) kég{]w,s
. e
(g4 (844 18a 1)
(4.25b)

Therefore, specifically, the boundary conditions of

the BOURDON tube are:

At B. = 0° - the clamped or fixed end

1"
o

(i) u

"
o

(iii) w
* (4.26)

"
o

(ii) v

i
o

(iv) W,
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or in terms of displacement, Wyg = 0

At o = 0° and 180° (from symmetry conditions)

(i) u=20

(ii) NaBeff = NaB = 0

or in terms of displacement, ¥isy = 0

(4.27)

(iidi) Quegr = O

or in terms of displacement, W5 e = 0
(iv) wg = 0

or in terms of displacement, Wy T 0

At B = B. - the plug or deflection end

L
(a) .DRESSLER's simplified approach - based on the

familiar "free-end" condition?:

(i) NB = P/circumference

where P = resultant normal force from fluid pres-
sure on the end
= (fluid pressure p )x(area of ellipse)
or P=pmab
24702
circumference = circumference of ellipse = 27 (a ;b )
(ii) MB =0
(4.28)
cont'd,

(iii) NBaeff = NBa =0

® For a more realistic simplified approach, reasoned

along a geometrical and physical basis, to the
edge conditions at B8 = BL refer to Appendix A.
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(iv) Qgegs = O (4.28)

(b) DRESSLER's exact edge conditions at B8 = Bl

For the exact boundary conditions at B = BL , the
conditions at the junction of two shells (the BOURDON shell

at B = and the rigid end plug) must be considered.

BL
DRESSLER, in this section, formulates these conditions only.
Complete and/or necessary equations are not presented; how-
ever they may be obtained easily by making the necessary ad-
justment of signs and conventions to the derived expressions

as presented in Appendix A. They are (in DRESSLER's coordi-

nate system):

. a sina a sina
(1) _ 2L 8

u = - —T:_—_ cosBLUo |_ | 81nBLVO
€ o,
. _ . - o
(ii) v = - 51nBLUO + cosBLVo + (p+a cosa)¢z
(4.29)
i _ b cosa b cosa _.
(iii) w = - _T:TT— cosBLUo - —T:_T— 31nBLVo
€a €q,
: -% dw (n) N b cosa o
(iv) (gBB> 58 kB vV = - BN ¢,
&a

The constants UO . Vo and ¢§ of the end plug are

determined with the following additional relations (based

upon equilibrium and symmetry conditions of the end plug):
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m
1) j lgal * NBaeff Tz'-l * steff %, do =0
o _
e 8 = 8}
T
(2) (Area ellipse) p - 2 J lgalNB do = 0
° (4.30)
@8 =8
m
(3) J Igal[_MBB m, + Ng a cosa]du = 0
o v
@ 8 =8

Where the direction cosines, (see Appendix A and Reference 6)

N a sino

T2’-1 SR _T:—__
ga

m, = b o (4.31)
gyl

b cosa
’ g, |
o

The above, then, represents the edge conditions
(simplified or exact) of the boundary-value problem for the
shell equations of the BOURDON tube witﬁ an elliptical cross-
section., With an appropriate numerical method it is hoped

that more accurate solutions can be effected.



CHAPTER 5

DISCUSSION AND COMPARISON WITH EXPERIMENTAL RESULTS

5.1 TForms of Comparison

Appendix B includes experimental data of KARDOS, EX-
LINE, and MASON (Reference 3, 4, 5). These data will be used
for comparison with theoretical values from formulas derived

in ANDREEVA's thin-walled BOURDON tube analysis.

Two forms of graphical presentation will be noted.

They are on log-log graph paper:

3
(1) %; = bl vs 20 with the axis ratio Roas & third
p at az a
parameter.
AR E Rh . y o B a
(2) T Ve == with the ratio grouping: 7 and R

as the third and fourth parameters.

The first graphical form has been used in theoretical
work of WOLF, WUEST, and CLARK, et. al.!. The second has been -

suggested by KARDOS (Reference 3). This latter form was

1 WOLF, A., "An Elementary Theory of the BOURDON GAGE",
Journal of Applied Mechanics, Vol. 13
(1946) p. A207.
CLARK, GILROY, REISSNER, "Stresses and Deformations
of Toroidal shells of Elliptical Cross
Sections", Journal of Applied Mechanics,
Vol. 74 March 1952, pp. 37-48.

62
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recently used by EXLINE (Reference 5); however not without
error - the ratio grouping: g and % was not congsidered. As
a result considerable scatter was exhibited. Recently KARDOS

(Reference 17) confirmed the use of the ratio grouping..

In the sections following, tabular and graphical com-
parisons are made for flat-oval and elliptical BOURDON tubes
(tubes with central angle < 360°). Example computer program

listing may be seen in Appendix C.

5.2 ‘Flat-Oval BOURDON Tubes

Table 5.1 through Table 5.4 tabulate data of KARDOS

and EXLINE with the common ratio grouping: g and % . The

average values of the ratio grouping shown in the tables are

those used to calculate the theoretical curves using ANDREEVA's

thin-walled flat-oval tube formula (3.6):

AR E - R b%y o
R p(I-uwZ) ~ bh "3z’ B+xz2
-2
where x = 2 (c.f. WUEST's A = 3r )

a 5 B are functions of the tube shape and ratio

a
b
(see Table 3.1)

Figure 5.1 through 5.4 are the corresponding log-log

AR E Rh g . PP a
plots of T D vs o with the ratio grouping: -3 and R

Good correlation can be observed. A median line drawn through
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the experimental points will vary at approximately *15% from

the theoretical curve.

3
Figure 5.4(b) illustrates the plot of G BB g

R p a®
g% using EXLINE's data? with .2 S g < .32 . Although a
little more scatter (as compared with Figure 5.4(a)) can be
noted, the experimental points curves along with results of
ANDREEVA's formula for thin-walled flat-oval BOURDON tube
- Observe that the theoretical curves (solid line and dashed

line) are determined by using average values of as shown

TR

in Table 5.4 or Figure 5.4(a).

5.3 Elliptical BOURDON Tubes

Table 5.5 tabulates a set of MASON's elliptical tube

data with a common ratio grouping?: g and % . Figure 5.5(a)

and 5.5(b) are the graphical presentation of %; % Vs g%
AR E bh’® Rh .

and X 7 av vs T respectively. As to be expected,

deviation from the theoretical formula of ANDREEVA for ellip-
tic tubes is large considering the nonuniformity of tests/and

methods used by different manufacturers. However in the graph

AR E Rh - ’ " b a
X5 ve =» with the same ratio grouping: oy and = , the

of R

2 KARDOS (Reference 3) plotting his data in this form
showed also considerable scatter. Therefore in this
study, KARDOS data was not illustrated in this form
of graphical presentation.

There were insufficient data for other values of the
ratio groupingj; therefore they were not plotted.
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test points follow the theoretical curve with a uniform dif-

ference.

5.4 Graphical vs Tabular Comparison

Thus it should be observe from the above graphical '

AR E v Rh with the ratio

comparisons that the plot of = D 8 |37

grouping: g and % , provides a better correlation than the
other form of graphical presentation. Also note that a mere
tabular comparison of the data of KARDOS, EXLINE, or MASON
will provide an unsatisfactory method of correlation with
theoretical formulas. (see Tables 5.6 to 5.9) In these tableé,
calculations from both thin-walled and thick-walled equations
as derived in ANDREEVA's analysis are presented. Random
scattered results can be observed for tubes with % > 0.20.
KARDOS in Reference 17 reported similar observations.

Further from these observed scattered results,
ANDREEVA's claim that the use of the thick-walled expression
(3.8) will give a better correlation for tubes with h<<b

and % > 8 does not seem to be justified.



TABLE 5.1 Flat-Oval Tube Data - KARDOS

o PRErRest A= Rw/a'  b/a a/R

1001 70.5 1.736 .2480  ,1566
1101 83.5 1.628 .2520  .1572
1103 87.1 1.694 .2886  .1536
1501 g, 8 1.58L .2886  .1539
1502 110.0 1.526 2480  .1572
2802 256.0 1.0530 .2348  ,1583
4303 144, 0 1.3216 .2937  .1561
4304 155.0 1.2791 .2500  .1588
1003 86.4 1.6695 .2087  .160W
3001 911.0 . 66420 ,2087  .1673
3102 493.0 .7883 .2080  .1667
3202 2560.0 41498 2574  ,1635
4305 192.0 1.2593 .2287  .1600
1201 602.0 .8007 .2299  .1732
1602 5400.0 .3110 .2326  .1787
1701 939.0 6165 2701 .1717
1702 1210.0 .5959 .2353  .1751
2001 1840.0 J4BL 7 .2593  .1768
2103 2890.0 L4066 .2857  .1757
2105 3415.0 .3853 .2103  .1790

Average Values: g = 0.242 , % = 0.166

used for theoretical calculation with ANDREEVA's equation
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TABLE 5.2

Tube Experimental

No.

1102
1205
2801
3002
3101
3201
3203
3301
3302

4306

Average Values:

TABLE 5.3

Tube Experimental

No.

1201
1202
1601
2002
2107
4301
4302

Average Values:

Flat-Oval Tube Data - KARDOS

- 2
AR/R E/p A = Rh/a b/a a/R
122.50 1.5429 .1953 .1620
743.0 .7788 .1835 .1755
309.0 1.0492 .1970 .1588
1112.0 .6569 .1679 L1667
793.0 .7685 .1403 .1685
3175.0 L4165 .1866 .1690
4890.0 .3912 .1062 .1751
2500.0 L5143 .1u89 L1724
1838.0 L5415 .188u .1673
225.5 1.1862 .1692 .16L48
b _ a _
= =0.168 , = = 0.168
Flat-Oval Tube Data - KARDOS
= 2
AR/R E/p A = Rh/a b/a a/R
342.0 .9335 .3828 .1590
379.0 .893L .3473 .1623
3570.0 .3397 8212 .1719
1468.0 .4782 .3002 L1742
1992.0 .4309 J32712 .1706
102.5 1.4271 .3852 .1493
122.0 ° 1.3798 .3468 .1520

oo

= 0.345 , % = 0.163

68
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TABLE 5.4 Flat-Oval Tube Data - EXLINE

Tube Experimental A = Rh/a? b/a a/R Experimental
No. AR/R E/p AR/R E/p bh3/a*
12 2190.0 L4247 .324  ,1626 241
13 3100.0 .3759 .310 .1619 .217
14 4070.0 .3320 s302 .1p32 .196
51 1100.0 5541 .324  ,1660 .276
61 2130.0 L4496 .319  .162u4 .265
71 1400.0 .5219 .312  .1655 .282
81 1740.0 L4784 .325 ,1639 .27
20 6160.0 .2839 .310 .1605 .179
21 1400.0 .5526 .318 .1651 .337
25 3500.0 .3558 .308 .1665 .225
27 775.0 LB452 .300 .1691 .303
Average values: g = 0.314 , % = 0.1642
11 6510.0 . 266U .282 .1626 149
29 3490.0 .3546  ,273 .1653 .192
35 2730.0 L4613 .202 .1656 . 241

Average values: g 0.275 , % = 0.165

AR
R
EXLINE's experimental data: Tube No. 1, 2, 3, 4, 8, 9, 10,

In addition to the above, test values of.

19, 28, 30, 41 having 0.2<b/a<0.32 are plotted (with the

' 3
symbol x) in Figure 5.4(b) - AR E bh Rh

i D v vs 32 ° EXLINE's

flat-oval tube data.
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TABLE 5.5 Elliptic Tube Data - MASON

Tube Experimental
No. AR/R E/p

Experimental

= 2
A = Rh/a b/a a/R AR/R E/P bh3/au

60 14000 . 2391 3278 1613 .2618

85 4420 . 3434 «3149 ,.01609 .2365

86 4400 3415 - .3140 .1613 <2367
194 | 190 1.0560 3413 .1667 .3610
195 190 1.0822 .3381 . ;1671 .3743
226 180 1.0691 .3406 .1631 L4104
227 150 1.1484 3425 ,1622 .3420
228 170 1.1u48Yy « 3825  JIB22 4862
229 130 1.2603 .3435 .1604 .3718
230 150 1.2636 +3361 . <1613 L4200

Average values: g = 0,3338 , % = 0.1626

137 480 9475 .3333 .15u47 14992
138 480 9421 «3381 1551 .5088
1,39 430 .9343 . 3401 L1542 4300
140 400 . 9717 3401 .1542 U452

141 480 .9290 3448 ,15u47 .4848

Average values: 2 = 0.3393 , % = 0.1546
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TABLE 5.6 Tabular Comparison of Sensitivity with KARDOS'

Flat-Oval Tube Data

Symbols used in Table

FORTRAN THEORY

P Pressufe, psi

H Wall thickness, h (x10~® inch)

R Tube radius, inches

DEG Degree

B Semi-Major axis, inch

A Semi-Minor axis, inch

DEFLEC Deflection of tube end (equa-
tion 3.9), inch

EXP SENS Sensitivity %; g (experimental)

CAL SENS Sensitivity (equation 3.7)

DEVIATION Percent deviation of CAL SENS
from EXP SENS

NSENS2 Sensitivity (thick-walled
equation 3.8)

DEVIA2 Percent deviation of NSENS2
from EXP SENS

BR The ratio B/R
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TABLE 5.7 Tabular Comparison of Sensitivity with EXLINE's

Flat-Oval Tube Data

For definition of FORTRAN symbols, see Table 5.6
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TABLE 5.8 Tabular Comparison of Sensitivity with MASON's

Flat-Oval Tube Data

For definition of FORTRAN symbols, see Table 5.6
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TABLE 5.9 Tabular Comparison of Sensitivity with MASON's

Elliptical Tube Data

For definition of FORTRAN symbols, see Table 5.6
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CHAPTER 6

CONCLUSION, RECOMMENDATION AND PRELIMINARY DESIGN PROCEDURE

6.1 Conclusion of BOURDON Tube Study

In this study, three papers:

(1) WUEST, W., "Theory of High-Pressure BOURDON
Tubes"

(2) ANDREEVA, L.E., "Elastic Elements of Instruments"

(3) DRESSLER, R., "Elastic Shell-Theory Formulation

for BOURDON Tubes"

(References 1, 2 and 6 respectively) representative of the

state-of-the-art of BOURDON tube theories have been reviewed.

The first of these by WUEST (based upon a plane strain
elasticity problem) is primarily for thick-walled, flat-oval

cross-sections with characteristic ratio X 1less than 1.

where a = average semi-major axis of the oval cross-section

&
1"

wall thickness

mean or tube radius of curvature

vl
1"

This requirement is necessary for assumptions used in
the analysis. With accurate experimental measurements (as

suggested in WUEST's paper) good correlation (within 12%)
81
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with theoretical results was illustrated by WUEST.

In contrast to WUEST's theory, ANDREEVA's approxima-
tion analysis (based on the RITZ's method) is derived for
thin-walled BOURDON tubes. Both elliptical and flat-oval

cross-sections are considered in the analysis.

As existing test results for thin-wall tubes (test
data of KARDOS, MASON, EXLINE - References 3, 4, 5 respective-
ly) are available for comparison, ANDREEVA's expressions for
sensitivity were computer programmed in FORTRAN IV. The logic

and listing of the procedure are attached in Appendix C.

The comparison of results with ANDREEVA's expressioné
and test data of KARDOS, MASON, and EXLINE indicates good
correlation (a median line drawn through the experimental
points will vary at approximately #15% from the theoretical

curve) for flat-oval cross-sections with 2 ¢ 0.2 and

R
0k 3% g% < 2 ., For elliptic cross-sections, however, more
scatter is evident. Possible reasons for this may be due to:

(a) variations in measurements

(b) inconsistencies in fabrication or test techniques

In the graphical representations of sensitivity %?‘%
versus g% , 1t can be observed that different curves can be
ascribed to different values of the ratios: % and g - as

were shown qualitatively by KARDOS in References 3 and 17.

Another form of graphical comparison was presented -

bh?3 Rh
v versus -

AR
R

. It can be seen that its scatter band

I |t
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is exorbitantly wide, which suggests that possibly a better

choice of parameters might reduce the scatter.

In DRESSLER's work a formulation, for BOURDON tubes
with an elliptical cross-section, using thin elastic shell
theory (based upon LOVE's shell equations, Reference 7) is
presented. Although the formulation is essentially complete,
there remains considerable task to arrive at the final form
of the expressions as detailed in Table 4.2 and in the bound-
ary conditions. As the equations are complicated and un-
wieldly, a complete derivation of the thin-elastic shell
theory application to the BOURDON gage with an elliptical
cross-section has been rehearsed, but with a different ap-

proach (Appendix A) in order to:

1. Check and complete the formulation as described
by DRESSLER
2. Check and emphasize the assumptions and approxima-

tions on which the final expressions are based.

From this reanalysis the following remarks, on which
the final expressions (Table 4.2) and boundary conditions are
based, can be concluded:

1. Two possible thin, elastic, moment shell theories
for BOURDON tubes with an elliptical cross section
are noted:

(a) "simplified" thin shell theory

(b) "thin and shallow" shell or slightly curved
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plate theory (as used in DRESSLER's formulation,

Reference 6)

The "simplified" thin shell theory for BOURDON tubes
with an elliptical cross-section is characterized with the
following hypothesis and approximations:

(a) KIRCHHOFF Hypothesis

(E) LOVE's First Approximation

(c) ARON's Approximations for the curvature changes

éKij (i, = 1,2)

The "thin and shallow" shell or slightly curved plate
theory for BOURDON tubes with an elliptical cross-section is
characterized with the above hypothesis and approximations,

and in addition, with the following assumptions:

(a) The vanishing of terms containing the transverse
'stress resultants Qi3 {i = 1,2) in the first
two force equilibrium equations is assumed

(b) Terms with the GAUSSIAN curvature as a factor
are neglected

(c) Terms containing tangential displacements u
and v 1in the rotation components 9:, (i ='1,2)
are neglected - in plate theory tangential dis-

placements, in ¢.

i, » are not involved

2. Because of the pronounced curvature at the end re-
gions of the semi-major axis of the "elliptical"

BOURDON tube (resulting in a very small radius of
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cufvature) the effect of moments on the transverse
shear may be significant, therefore, the "simplified"
thin shell theory (as stated above) is employed to
obtain the final form of the expressions as illustrated
in Table 4.2 and in the boundary conditions - see

also H.L.LANGHAAR's, "Paradoxes in the Theories of

Plates and Shells", Reference 9.

3. TFor the boundary conditions at the end plug of the
BOURDON tube an alternate "simplified" condition
(reasoned along a physical and geometrical basis)
is offered over the natural conditions (based on a
free-end condition) suggested by DRESSLER. A com-
plete derivation of a more rigorous (but exact) na-
ture, based upon the edge conditions at the junction
of two shells (the BOURDON shell and the rigid movable

end plug), is also presented (Appendix A).

6.2 Recommendation

Based upon this study the recommendations as listed

hereunder may be prescribed:

1. To substantiate WUEST's thick-wall high pressure tube
theory, test results for flat-oval cross-sections
with A 1less than 1 should be obtained.

2. TFor tubes with the characteristic ratio 0.3< %% < 2
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and % < 0.2 , ANDREEVA's thin-walled flat-oval tube

expression may be used for a preliminary design of

BOURDON tubes. -

More test data should be generated for:

(a) thin-walled flat-oval tubes with characteristic

ratio%%<0.3 and tubes with % > 0.2 .

(b) thin-walled elliptic tubes with all ranges of
the various tube ratios.

For both (a) and (b), it should be noted that the

average value (say from five tests) at each increment

of g% » should be determined and used for comparison

with theoretical results.

When comparing tube sensitivity performance character-
istics, the following log-log graphical representa-
tion should be used for a meaningful interpretation

of results:

AR E Vs B% with the constant
R p a
ratio % plotting for a family of curves (g) =

constant as in (3) above, "average values" should be

Sensitivity

used,

Due to the complexity of the boundary conditions at
the end plug or deflecting end and storage capacity
limitation in electronic automatic computers two
phases should be followed to the solution of the

governing partial differential equations (Table 4.2)



87

and edge conditions of the BOURDON gage:
Phase 1 - Using Table 4.2 equations and the simpli-

fied BOUNDARY conditions at the end plug

Phase 2 - Using Table 4.2 equations and the non-sim-
plified BOUNDARY conditions of the end-plug

which involve integro-differential expres-

sions.

6.3 Suggestions for a Preliminary Design of BOURDON Tubes

Two preliminary design procedures are suggested be-
low. Both designs are for thin-wall tubes. For tubes with
2
the ratio: %H << 1 , WUEST's form of analysis may be followed.

The symbols used for the tube geometry in this section are
as in ANDREEVA's analysis - see CHAPTER 3.
Design I
The given conditions or data of this design method
are: )
(1) ratios 2 and &
a R
(2) tube radius R

(3) Chart: %; g Vs 2% with the ratio group,

In (1) above, the availability of tube stocks may determine

the ratios. The value of R may be dictated by space limi-
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: ' A R E Rh
tation. The chart of sensitivity L) vs Tz may be con-
structed through experimental testing of tubes or via

ANDREEVA's equation (3.7).

Therefore, with the chart of sensitivity vs g%v,
the sensitivity (%g g of the tube may be obtained for a

thickness suitable for the pressure involved (see Reference
5). Thus all geometric dimensions of the tube are known. If
desired, next, the tip travel of the tube may be found via

expression (3.9).

Design II

Alternatively, one might desire to optimize a tube,
say, for maximum sensitivity. Through this approach the

basic concepts of optimization are used which include:
1. Optimization Function U

U

Sensitivity = T m

_ R? b? )
= 55 (- g7

2. Equality Constraints by

_ Rh
lJ)l - az
S
a wa " R
¥, 5%

! Additional constraints, such as stress constraints,

may be incorporated. See Reference 2 for stress
formulas. (These stress formulas are not very exact.
However they provide an indication of the stress levels in
the tube.)
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3. Constraining Functions

(a) Ratio Constraints wi

Observe that these limits may be changed if applicable.

These limits are results of findings of CHAPTER 5.

(b) Regional Constraints ¢

Where L and U denote lower and upper limits

respectively.

The method begins by calculating or generating trial
values of the tube parameters (R, b, a and h) subjected to
their "regional" constraints ¢i . Thence if the "ratio" con-
straints wi are within range (if not, regenerate trial
values of the tube parameters) a good point is generated and
its optimization function U determined. Thereafter, depend-

ing on the strategy? used for convergence, an optimum tube

is thus found.

2 gsee J.N.SIDDALL, "Theory of Engineering Design",
PART II, McMaster University, Hamilton, Ontario,
Canada, 1967.
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APPENDIX A

THIN-SHELL THEORY FOR BOURDON TUBE WITH AN ELLIPTICAL CROSS-SECTION

A.,1 Introduction

In this section an elastic thin shell theory formulation for
BOURDON tubes with an elliptic cross-section is detailed. The shell
analysis approach used is that of References 12 and 15, To facili-
tate the analysis and comparison with Reference 6, symbols and con-
ventions employed will be similar to those of References 6 and 12 where

convenient,

93
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A,2 Coordinate Systems

The coordinate systems used in the analysis are illustrated

in Figure A.1: (a) a reference (or fixed) rectangular cartesian system

x

Y
am: :
N >S—" o X
f

clamped
end

(a) (b)

free or
plug end

Figure A.1 - Coordinate Systems: (a) Reference System (X,Y,Z)

(b) "Curvilinear Coordinate Net' System in the

Surface

X,Y,Z with its origin located at a distance p from the centreline of
the incomplete torus and (b) a “curvilinear coordinate net" traced out
by the parametric variables o, and o, in the surface (which may be

considered as the middle surface of the shell). The variables o¢, and
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<, represent respectively the parameters /3 (the angle sweeping out
the semi-torus) and o (the angle sweeping out the ellipse) of the

shell cross-section,

In the application to the BOURDON gage the incomplete toroi-
dal shell is clamped rigidly at one end (Figure A.1 (a)) and the plug
or free end deflects as internal pressure is applied. Due to symmetrj

the deflection at the free end occurs in the X-Y plane,

Thus having defined the coordinate systems of the BOURDON

gage, properties of the shell surface can now be developed.

A.3 Differential Geometry and Metrical Properties

Through the properties of the surface curves defined by the
line 3 = constant or o = constant of the "coordinate net'", a descrip-
tion of the shell surface can be determined. The curvilinear proper-
ties of the surface will include metrical coefficients, normal curva-

ture, geodesic torsion, geodesic curvature, and Gaussian curvature,

As the position vector r° defined from the origin of the
reference coordinate system to the middle surface of the shell is of
prime importance to the solution of the various curvilinear properties,

a detail analysis of 7o follows,

To facilitate the analysis, Tr° will be expressed in terms

of Gaussian intrinsic surface coordinates, /3 and ¢ (References 10,
1)y

- - - .
r° = xe, + ye, + z&,
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where,

x=x(p,x), y=y(B,X), z=2z(B,x), are components in
X,Y,Z directions respectively as a function of 3 , - in Re=-
ference 6 these are called parametric equations,

- —

x s €y , €, are the unit base vectors of the reference

coordinate system,

A.3,1 Position Vector T°

From geometry an ellipse may be produced from two concentric

circles of radii b and & (see Figure A.2), If a vertical line and

X=3aCO0Ss,

(a) - (b)

Figure A.2 - Generation of an Ellipse
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a horizontal line are drawn from the intersections of a radial line
(with angle o ) and the two circles, they will define a point £,
The construction of a number of these points, such as £, will clearly

map an ellipse with semi-major diameter b and semi-minor diameter a.
With a local vector .1 of magnitude 2~ at an angle @ to the

shell surface, the position vector r° may be expressed as
r* = (f+ncos @)cosB e, + (P+ncos P)sing & + (~sin 9)E,

From Figure A,2(a), relations between @ and of can be observed,

nsin g = b sine

Nncos # = 8 cosx

Therefore,
r* = (P + a8 coscC )cos3 & + (P + & cosoc )sing &y

+ (b sin< )e, (A.1)

Thus any point on the BOURDON gage with an elliptical cross-section

can be defined,

A.3.2 Differential Arc Lengths and Metrical Coefficients
Since r° = re(o( , <,), upon differentiation

dr° = _§.£'de + %rdocz (A.2)
% %z
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where dr° denotes the differential increment in r° which occurs in
passing from a point p on the surface to an infinitely near surface

point q (Figure A.3(a)).

(a) (b)

Figure A.3 - Arc Length and Metrics

The vectors 3F°/3°<I and bi"‘/ 6"‘2 are tangential vectors
to the £, and o, -curves respectively, in the directions of o, and
oC, increasing (Figure A.3(b)). These vectors are the metrics of the

curves, and are denoted by §, and g';'z respectively, i,e.,

6, = AFNJec, 4 8, = AT ),

Therefore equation (A.2) becomes,
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dre'= g,dec, + g, de, , (A.3)
By forming the "dot'" or scalar product of expression (A.3),

ds® = df* . dF°

2
= g, d«:czl + 29, dec, do¢, + g,,d, (A.b)

wvhere ds is the differential arc length (or the magnitude of dfe )

and the metrical coefficients,
g“ L §l. §( ] g[z - 5" §z ’ gzz - §z° 53 (A'5)

The first and third terms to the right of equation (A.L) re-
present the components of dr° along the increasing directions of <,y
<, =-curves., If dsl and ds, denote the corresponding magnitude of
dr*, then

ds, = (g, ) de, , ds, = (g,,)"d«, (A.
The remaining term with 94, determines whether the parametric curves

o, and «, are orthogonal. Since,

= /§,/ /§,/ cos/g,3q,
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Therefore
cos@, = 0, /U/8,/ 18,7
= zero if the angle between the vectors g, and g, is
90 degrees (i.e. g, = 0)

where

~

v

~
[}

magnitude of g,
U
= (g, )"

and

/3./ = magnitude of g,

= (g,.)"

Thus for the BOURDON gage with an elliptic cross-section, the

following results can be verified:
with 7* = (p+ & cosx)cosB &€, + (P + @ cosoc)sing &, + (b sinx)E,

metrical coefficients,

s = 3§, = 0/)g, =dF/ys = -(p+ & cosx)sing &,
+ (P+ @ cosx< )cosa &y
9/9/359“= 6/3 .§/,,=(/4+§cosx)z (A.7)

/9s/ = (g,,/,),/z = £+ @ cosx

McMASTER UNIVERSITY LIBRARY
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O =8, = 31"’/&,(: = 3F°/)x = -8 sinx cos@ &,

- 8 sinxsin@ &, + b cos«x &,

- _2 2 =2 2
= 0,,= O, *» O = @ sin'ec + b cos'x

(A.8)
1 -
/<! = (g )= (3" sin’« + b cos’« )2
gﬂocsgoc/s =§ﬁ. 5“:51. §1= 52. 61
=0
differential arc lengths,
ds, = ds, = /g,/da, ds, =ds, = /Gx/dx (A.9)

Then since g,, = 0, the parametric curves 2 and o are

orthogonal,

A4 Surface Curves - Their Classification and Curvatures

Before discussing further properties of surface curvesl, it
is convenient to introduce a mobile orthogonal unit vector triad? known
as the RIBAUCOUR Triad (after Albert RIBAUCOUR in 1872), for each sur-

face curve, For the of, and «, -curves the RIBAUCOUR triads are repre-

1 In a spatial curve the orthogonal unit vector triad is known
as the FRENET triad. For the fundamental distinction between
the two types of triads refer to Reference 12,

2 oufe, Reference 6, the RIBAUCOUR Triad system is eguivalent
to the moving local coordinate system (x, y, z).
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sented as (&,, &,, €,) and (&,, & , €,) respectively (see Figure A.k).

Figure A.4 - The RIBAUCCUR Triads, (8, &,, &,) and (§,, &,, &,)

They are defined and related to the position vector by the following

relations,

€, = unit tangent vector to "line o, o
= 3¥°/ds, (A.10)
€, = unit tangent vector to "line o, "

37 /¥s, (A.11)

These two unit vectors 3, and e, define the surface tangent plane,

Therefore the unit normal vector to this plane is,

€, = & x &,/(/&x &/) (A.12)
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Finally the unit binormals to line o, and line o, are deter-
mined with the aid of the unit normal vector in accordance with the or-

thogonal dextral vector product rule,

(0]}
- -
n

unit binormal to "line o<, #

é, x @&

(A.13)

o
L
[}

unit binormal to "line <, "

=€, x e,

If one of these triads is moved along the surface curve (say
«, ), the triad must continuously reorientate in order that &, may re-
main tangent to the curve, and that €, may remain normal to the sur-
face tangent plane - these characteristics apply to the other triad as
well, This reorientation per unit arc-length can expressed as a rate
of rotation vector, known as the CESARO vector (after Ernesto CESARO
in 1896), in which its scalar coefficients along the triad's vector di-
rections are the curvatures of the surface curve., In its most general

form the CESARO vector is written as,

¢, =k, & + k; & + Kk, &, G =1,2) (A.1b)

where

W
k, represents Geodesic Torsion for line oc;

n)
k; represents Normal Curvature for line o;

()
k; represents Geodesic Curvature for lineoci
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Then by definition of the arc-length rate of rotation of the triad:

B/b s; (EJ.) = E‘- x EJ- (Reference 12)

It will be noted at this point that the following tensorial

notation equivalents of the curvatures are (Reference 12):

= =Ky
W)

2 =k 21
n)

: =k

(A.15)

n)
k, = kzz
(9
k, =k,
(q)
k: = Kk,,

These tensorial equivalents will be used when convenient, in the analy-

sis,

Therefore as exemplified above a knowledge of the scalar co-
\
efficients of the CESARO vectors provides a means to a graphic descrip-
tion of the surface at any point as the mobile @riads move along the

parametric curves,

In surface theory, curves are classified according to the
\
vanishing of any one of the three curvature components of the CESARO

vector:
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a. Principal Line of Curvature - k. =0
then,
w _ . Q)

Consequently, as the geodesic torsion vanishes the consecutive

normals along the curve intersect,

b. Asymptotic Line - k. =0
then,

ci =kiei ivn

c. Geodesic - k. =0

then,

_ @) _ n_,
¢; =Kk;e+ k; ¢

A Geodesic represents the "shortest curve" between two points

in the surface,

%
The CESARO vector components may be evaluated in terms of the
RIBAUCCUR triads according to the following relations: (for detailed

proof see Reference 12)

) - a—;
k‘ = enc bs.eb
L}
as ¢€,° é: = 0, then b/bs(. (6, + 8 ) =0

or &, o A/ASi(e'i)=-é,i,' E/as‘.(é',,)
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Therefore,

kl?) =é .—a—éi "-é:-léJ

‘ " 3s; ds;
Similarly,
ku.“ = e. . €n = =B, . _A_e:l.-.

and,

In Figure A.5, the two RIBAUCOUR triads for the BOURDON tube

Note, &= &x
X =< & =-¢,

Figure A.5 - Orthogonal Parametric Lines and the RIBAUCOUR Triads

are shown to illustrate the relative orientation of the unit vectors,

As the parametric curves o(, =/3 and of,= «( were demonstrated to be



orthogonal, the binormals éf and &, of the triads are:

and

Therefore from equations (A.10) to (A.17):

Unit vectors of the RIBAUCOUR Triad

n

o]
i

For line é

(t)

kg =

e Bﬂa.—éﬁ_
38 /8e/

-sinpe, + cosg @&,

-3 sin« cosf@ €x - 3 sinx sing ey + b cosX e,

(&' sin*« + bcos®x )2

é_f__.’.c__éa___.___ — -e-/-’_x é-. = éﬁ X @g
/eﬂ X eo(/ /eﬁ/ /eac/51n 0

b cosexcoss &, + b cosec sinf &, + & sin« &z

(8*sin®*cc + b cos®eC )72

g, . b'é'f = §,- _1 Soc
35S, /8s/ /3

= 0 means, line /8 exhibits no twist,

107

(A.17)
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k‘;) = 'én' -b—é'a—' = é 1 'A—éé
¥ LTV
b cosec

" (P + 3 cosec )(a'sin'«c + b cos'exc )t

Observe that k:,’is negative when 77/2 < o < 37/2 and vanishes at

<= M/2 , 3T/2
i,e. at o« = M/2 and 37/2 , k‘;’ = 1/R/, = 0 or the radius of cur-

vature, R, =00,

@ = 'e'f . g—-ﬁ-é = e - -L‘ﬂ—é

k4

a sinoc
(/o + & cosx )(@*sin*occ + b cos’eC )7/

)
Note that kj; is negative in the interval T < o« < 27 and vanishes

at (=T and 27,

Then,

- n) _ '5)

For line o
55. Ao )
o ' S /gag/ Bo(

= 0 means, 1line « exhibits no twist,
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k(n) - é . 1 éan
« * /3 / dex
ab

= (3*sin‘ec + b cos'w ) /2

) - ek - _z 1 -
= - . -2 o
k. Ca * Ysy * i/ e

= 0 graphically, this means that as the RIBAUCOUR triad moves
along the curve, line oC does not deviate from the tangent directed

along €, (as seen from a plan view of the surface) - see Figure AyBe

Then,

» ol - '
t °<i I
I
\ s
ey e;
6! é"
- b En -- .- él\
«q) «q)
k, =0 k; #0
(a) (b)

)
Figure A.6 - Plan View of RIBAUCOUR Triad: (a) k; = 0, then Line«;

does not deviate from the Tangent directed along &;

lg)
(b) k. #.0, then Line <, deviates from the Tangent
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Gaussian Curvature

With the CESARO vectors, representing the kinematic curvature
vectors for all three curvatures of the surface, a total surface curva-
ture per unit surface area can be defined. Thisbtotal surface curvature
per unit surface area or Gaussian curvature is defined as kS , such

that: (Reference 12)

]
Ll

ky (6, x &, ) x k (A.18)

where Ei = the '"pure curvature" or 'curvature in the surface"
=&, %X &; X &, (i=1,2) (A.19)

By expanding the vector triple product in the last expression, k; can

i
be verified to be the surface component/or projection of ¢; (i.e., Ei

\ =
is the CESARO vector ¢; with the normal component removed or, k; =

C" - (én . éi)é").
Therefore the "pure curvatures'" for lines o(, and «, are:

- - = . @) _ (n) =1
k, =e,xc xe, =k € + Kk

1S
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From equation (A.18),

or 1<Ss:i.n'1&lz €, =k, x k,
where \\Ju is the angle between the tangent unit vectors él and 'e'z.
By performing the "Dot product" with &g,
kg = 1/siny =~ (k; x k, - en)
Expanding the scalar triple product, k5 becomes
m) (n) t)  w (t) ) m) _(t)
kg = (k; k, + Kk, k, )+ (k K7 - Kk, k, Jeot Y (4.20)

Equation (A.20) is then the general expression for the Gaussian curva-
ture, which is not frequently encountered; as coordinate lines of sur-
faces in most engineering applications (e.g. cylinders, spheres, etc,)
can be classified as "Orthogonal, Principal Lines of Curvature" such
as the BOURDON gage problem where the Gaussian curvature is merely the
product of the normal curvatures,

i.e.,

) ()

- =t - -2 ] =~ 2 2
=3 b cosx /(( L + @ cosx )(@ sin‘ec + b cos'ec ) )

Observe that ks is negative when NW/2 < o < 37/2, and vanishes at

tn)
X = M/2 and 37 /2 since ky, = l/Rﬁ =0 or Ry =00
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A.,5 Summary of Geometric and Vectorial Properties of the BOURDON Gage

with an Elliptical Cross-Section

In summary, the properties of the BOURDON gage are, (with re-

ference to Figure A,7):

(b)

Figure A.7 - Geometric Properties of BOURDON Gage
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Position Vector

r®=7r°(B,<) = (L + @ cosx)cosd &x + (£ + a cosec )sing &,

+ (b sinx)é,

Metric Coefficients

e 1 o
/357 = (9ee) "= p + 8 cosx
/8 / & (Qoce Y2 = (a*sin®«c + b cos < )"" (A.21)

930 = Ox,4 =0

RIBAUCOUR Unit Vectors; (S5 , 8¢ , &), (8o , & , ©

e, = -sing e, + cosg e,
e, . = - . = = -
&, = (Gue ) (-3 sinx cosg &, - & sinx sing & + b cosx &)
) (A, 22)
= Jr - - - LN Sy -
€, = (gua ) (b cosx cosg &x + b cosx sing ey + a sinx g;)
& =&, & = -8,
Curvatures and CES;‘XRO Vectors
)
a. Line/: kg =0

kg, =Db cos« /(/Gg//3x/) cont'd
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& sinoc /(/G4//3x/)

my _ ) _
Cg =ky € + ky €,

b. LineoC: Koo ]

(A.23)
Ky =3 5/(0ue)’

@ _
=K €4

0
X
u

Gaussian Curvature of the Surface

g =8B cose/(/Ga/ (9 ) (A.2h)

A.6 The Theory of Thin Elastic Shells with Application to the BOURDON

Gage

Since 1888 when A.E.H. LOVE noted and corrected the inaccura-
cies in the work (a theory of thin elastic shell founded on the hypo-
thesis of KIRCHHOFF (1850)) of G. ARON (1874), there evolved many ver-
sions of the theory of thin shells in analogy to the theory of plates
of KIRCHHOFF, These theories, however, differ from the prototype, '"the
theory of LCVE", only by terms which are small and by variations in
rigor - LOVE (as many theoreticians say) in his AeveIOpment is incon-
sistent with regard to small terms: some are retained and others which

are of the same order of magnitude are rejected,

In these theories.a shell is considered '"thin' if the follow-
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ing relation holds: (Reference 13)
max (h/R) € 1/20

where,
h denotes the thickness of the shell

R denotes the radius of curvature (minimum)

It was W,T. KOITER (Reference 8) who in 1959 elucidated the
"First Approximation' theory of LOVE and the theories of the other au-
thors by comparing their strain energies. He proved that:

LOVE's so-called first approximation for the strain ener-
gy, as the sum of stretching or extensional energy and bending or flex-
ural energy, is a consistent first approximation, and that no refine-
ment of this first approximation is justified, in general, if the basic
LOVE-KIRCHHOFF assumptions (or equivalent assumptions) are retained.

In accordance with the analysis of KOITER, Les McLEAN in 1966
showed that the theory of thin shells as set out in Reference 12, of
which this analysis of the BOURDON gage with an elliptical cross sec=-

tion is based upon, is consistent,

A.,7 Assumptions and Hypothesis

In this analysis of the BOURDON gagevthe following assump-

tions and hypothesis will be used:

(a) The gage material is assumed to be homogenoué, isotropic, thin,

elastic and of constant thickness h,

(b) KIRCHHOFF-ARON Hypothesis

Straight-line elements of a shell to the middle surface which
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are normal to the middle surface before deformation remain so af-

ter deformation and retain their lengths.,

(c) LOVE's "First Approximation"
The “arc length'" is not affected by chénges in position, re-
lative to the middle surface - consequently (as stated previously)
the first approximation for the strain energy can be expressed as

the sum of stretching energy and bending energy.

(d) The normal stresses acting on surface parallel to the middle sur-

face are negligible as compared to the other normal stresses,

(e) ARON's Approximations for the curvature variations
The tangential displacement components of the middle surface
are small (in comparison with the normal desplacement component)
and may be neglected in all “curvature variation" expressions de-

noted by Sk;j s Kb, w1, 2).

For an experimental confirmation of ARON's approximation, see

Reference 14,

A.8 The Strain Tensor

In the general case, the strain tensor can be shown to be gi-

ven by the relation (Reference 8)

€ = 3(T/VF + G O/QF + dG/)F * 0 3/3%)
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where,

€ denotes the Euler-Lagrange strain tensor usually represented

L

o

as

1 denotes a unique smooth displacement vector function, evaluated
from the kinematics of deformation and in accordance with the
KIRCHHOFF-ARON hypothesis (Reference 12, pages 49 ,68 ), which |
equals u‘ + o, §€,. Uu® is the displacement vector of the mid-
dle surface = u &, + Vv €, + W &; and §&; is the first variation
of the unit normal vector &,, evaluated from the postulate: that
any quantity of the deformed configuration may be represented by
the corresponding quantity in the undeformed configuration plus

its (first)variation,

b/é? denotes the '"directed derivative' for a parallel surface
as defined by equation (4. 6. - 6.), Reference 12,
i.e.,
8/3% = 2,3, /)5, + 8,8, 3/ 3s, + & 3/ dx,
with,
a; = (1+ o ky y!
For the linear case ? is reduced, by neglecting the quadratic term,

to

€ = 1(JT/ 3F + T O/YF)
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John SCHROEDER, in 1964 (Reference 12, page 74) obtained the

final form of the strain tensor for the parallel surface:

€ = €@, + ; Sk )a & &,
+ C(¢u : 2 ¢“)/2 + °‘3/2( Sku a, + Sk"a‘))é,é,
(A.25a)
+ (@, + $3:,)/2 + €5/2( §k,, 8, + §k,,a,))8&E,

+ (P, + o, 8k,,)2,)8,8,

Then with LOVE's First Approximation (terms such as (1 + o(,k;;) are
approximately equal to 1), the linear strain tensor (equation A.25a)

is reduced to the form: (Reference 12, page 75)

QY]
i
(o}

+ K,8K (A.25b)

where, €° denotes the dilatation strain tensor for the middle surface

(ioe. at °C3 = 0)

‘Q,SE denotes the strain tensor for the shell due to the vari-

ation of the curvature tensor SK of the middle surface,

In their explicit forms, €° and $X may be shown as:

-é—_—- B, €, + (@, + 8, )¢ &,
+ 3@, + 8,,)8,8 + " g,.8,8,
- - (A¢26)
S= Sk“ E,é, + %( SRH_ +* Sku )éléz
K=
+ 3( 8§k, + 8k, )&,& + SRzzéiéi
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The quantities ¢ij are defined as : Reference 12, page 47)

¢.‘j - Bﬁ'/ési J éj

or,

=
/]

(du/ds, - vk, +wk,)

(dv/ds, + uk,;; +wky)

=
~
it

(dw/¥s, =uk, =-v ku)v

A1
-
L}

(A.27)

(du/ds, - vk, + wk,)

=
~
1]

(dqv/ds, + uk,, +

A
»
-~

n
=
~

~
™

A

(bW/Bsg, -uk, -v ku)

=
»
@
I

(i#j) is interpreted as the rotation of Ei towards

Kinematically @ ij

EJ (about the axis €, = e; x éj), during the process of deformation;

the terms ¢ represent longitudinal dilatations in the éi direc-

ii
tion, The quantities u, v, w are the deformation components of mid-

dle surface along the coordinate directions (o¢,, o¢, , o<;) respective-

ly (refer to Figure A.7(b)).

The curvature variations §k ij (Reference 12, equations

(4.5.1., - 4,)) are expressed in terms of ¢ij and k;; (see equations

J
(A.15)). Then,



Sk,

ok,

3k, =

Sky
3K 4,

8k,

or, in terms

S ks

Sk g

§ Ko

120

- 38,3/ 35, + Ky 8, + k3P

- 30,3/, -k By, = kK38,

hﬂ.,/bs, -k By + Kyp¥y3

(A.zs)3

308,37 35, = ka8, + ky38,,

- b¢23/352 + kz|¢2‘ b kz"gl’

e b¢1|/5 S, - k;|¢13 + kn¢n

of displacements equations (A.28) become:

Sk,

Sk

12

Sk,

+ (Qux

§k 4,

- a ) -1/
(9a,) AW YE  +Kp (94) RERY

b Ky ((oun ) 3W/ 3t = K2 ¥)

wn =12
1/ VGl 1Gal) SulYdK + K (8550 3V/ 43
"kmﬁ) (P 3" Y/ 38 + k:) w)

-k (o, 33w/ Y - 15D (A.29)

(q) = 2
Ky (0 ) "3WIY8 = 1/l 15> S/ Yo dek
- n n) -
3 305 3/ dcu + Ky (Guee ) QU et

2 k(:) (9 xa )—mc)u/ X

(5’- B” )sinx cosX /(G a Y dw/dot = (Gue ).' éiw/ BJ

+ (g.u 5%3 (k:))/bx v + k‘: o | )"/‘gv/aoc

3 $§k,; and S$k,; are shown here for completeness, They will not
be directly involved in this particular analysis. Their uses oc-
cur in the kinematic compatibility equations of PETERSON-MAINARDI
(Reference 12, page 85). Further, in these curvature changes, the
effects of longitudinal dilatations ¢“ wvere neglected (Reference

12, page 57)s
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Thus with the aid of equations (A.9), (A.15), (A.21) to (A.23)
the strain tensor components can be shown to be:

Strain tensor components at the middle surface .

)

° - )
eﬁﬁg (g/j/g )'/zéu/éﬁ - k(/: vV + k/s v
€L‘= (Quce ).UIAV/bo( + k:) w (A.30)

G,sx' é.u/s = %C(gﬂﬂ S'/z 3"/3/4 + (Quu 5’/2311/3“ + kg)u)

=
Strain tensor components of the curvature tensor SK

SK us = ~(9,0) 081/ Y5 + Ks B2

ik
SKtxoc = =(Con ) gégts /é‘x ey
stﬂ“ s 2 SKO‘/S = -(gﬂﬁ 5‘,zé¢t3/bﬁ - k(;) ¢‘3 - (Q.“g Sl/’égla/ax

(n) (n)
-k, ¢u - kg ¢I7-

where the rotations @.. (i # j) are,

j

3

B = (950 dV/¥s +kpu

= (0 ox 3% du/dec

A
=
i

(A.32)
n)

(e -)‘/z Iw/dx = Ko V

*
~
w

]

(9/3/3 3'/2

p >}
b
]

éw/éﬂ - k(;; u
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A.9 Strain Tensor Components of the Curvature Tensor Sf and the

Curvature Variations 8k;.

J-with ARON's Approximations

Now since the BOURDON gage is sufficiently thin, the use of
ARON's Approximationsh for the curvature variations is assumed to be
valid. Then the strain tensor components of the curvature tensor SK

and the variations of curvature 3%k ij now becomes

Strain tensor components of the curvature tensor SI? - with ARON's

Approximations

SK/3/3 -1/9/5ﬁ Bzw/éﬁt + k(/i, (g ocox 5‘/,5\'1/ 30{

SKux = =1/9ucx biw'/Bac1 + (& - B )sinx cosx /(g ) OW/ dx (A.33)

SKow = SKu,y = =1/(/6u//5a/) Su/Yadc = kpa (9 5) QW45

Variations of curvature SR;J- i, 3 =1, 2 or /3, respectively) -

with ARON's Approximations

> .3 @ <y
Skgs = Sk, = -1/g4 QW3S + Ky (Guu) 3/ Yo

Sk“,‘ = 8§k,, = =1/0ux« }zw/éoct + (3= b )sin« cos X /(9 o )1 Bw/éoc

_ 2 (g) -2 (A'Bh)
Skow = Skoo = =1/C/Gu//3a/) 39/Ypdx = K5 (g,05) dW/YB

Experimental confirmation of ARON's Approximations may be
found in Reference 14, page 336.
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and observe that with ARON's Approximations,

Sk = SKpp
Equations (A.3l4) therefore represent ARON's Approximations for the cur-
vature variations. For the strain tensor components at the middle sur-

face refer to equations (A,30),

A.,10 The General Equilibrium Equations - For Orthogonal Parametric

Coordinate Lines

From the First and Second Axioms of motion in absence of an
electromagnetic tie1d5 the following equations of equilibrium can be

shown to be:(References 12, 15)

- dv/dt dv + /[ fdv + Bléf'b:‘dvo
/'?‘ . v v

-/(fx/':d\'l/dt)dv+/fxfdv-/b/bf'- (& x F)dv = 0
v v

v

From the Second Axiom of Motion it can be shown that the stress
tensor does not possess a vector invariant; then the stress ten-
sor must be symmetric, i.e. g = O- , vwhere the subscript "c"
represents the conjugate of & . It should be noted that this
symmetry condition will not be valid if the continuum is in an
electromagnetic field, as additional terms for couple - stres-
ses will exist (Reference 15).
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where,

denotes mass density (per unit volume)

io

v denotes velocity field relative to the fixed frame of reference
f denotes the body force intensity
65 denotes the stress tensor

dv denotes the differential volume of the "free body" continuum

3/’6?’ denotes the directed derivative; with T being the position
vector to the differential volume element or to any parallel

surface
Then, in accordance with the following:
(a) a static system

(b) the body force intensity £ is considered negligible as compared

to the surface forces

(c) the relations between dsT of the parallel surface and ds; of

the middle surface,
*
ds; = (1 +0o¢; ky )ds; (i=1, 2)

\
(d) the CESARO vectors for the case of orthogonal parametric coordinate

lines,
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c, = -k“e, + kz‘ez + k"ea

and the relations:

3/ ds;(&;) = & x § 4, 3=1, 2)

(e) the directed derivative b/ Bf, as previously given, for surfaces

other than the middle surface,

/¥F = (1 + o¢y k,, 5'6‘ B/le + (1 + 063122,_5'6z 3/3s,

+ e B/Boc’

and the position vector to any parallel surface r =r° + oLy é,;
T* locates a point in the middle surface and o« €&, locates the pa-

rallel surface from the middle surface

(£) the PETERSON-MAINARDI equations for the case of orthogonal parame-

tric coordinate lines - see footnote 3

(g) the stress tensor expressed in the trinomial form

——
=

0~=a_;.é“ (J=1)2,3)

where the stress vector

6'5.-_- 0—':] g (sum on i = 3,-2,.9)

the general force and moment equilibrium equations for orthogonal para-

metric coordinate lines of a shell element may be derived: (Reference 12)
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Equations of force equilibrium

From 5‘- direction ., . &

dF,/ ds, + dF, /Jds, + k,F,

-k, (F, +F, - 2kz,“ 0,y oC, dec, )

3
+ky (B - - 2k, [0y o, det, ) (4.35)
3

+ k, F,, - Bk,,/Bszfa;oC, dec,

From éz- direction , . &

J,, K<, doc; )

bFl’z/bsl + Fu/ 35, + kyy (Fy - Fyy + 2Ky, oy 12

- 2k,, 0;.€3deC; ) + kK, ,Foy+ k., P,

R (P + 7, ;
" (A.36)
- dk,,/ 35, [ 0, 0, dw, - 61‘“/55,/ 0n, o<, dec,

. oy o,

+ Pz =0
From 'é’- direction ., . .

OF,, / ds, + dF,,/ds, - k,, (F,, - Zk,_'L 05 4 decy)
3 ‘
+ ku(Fu = Zku " 6:3 s doC,) = knFu w ku Fu. (A.37)
3 .
-k,(F, +F,) - aklz/ 6s‘:./.‘ 0;, <3 dec,
3
= bk“/és,/O;OC, doC, + P, = 0
oy
Equations of moment equilibrium
From é"- direction , , .
2
an/ as, + aMzn/ bsz -k, M, + M, + Zku/“ X, 0,, d;)
3
(A.38)

2
+ kM, - M, + Zku/ Ky 0,doc;) = kK, M)y + Fyy
«3
2 2
= bkn/asz/‘.: O 95 * 51{2,/55,/%, 0,,d%; - M, =0
“5 oly
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From &, - direction . . .

: 7
\M,z/ Bs' + éMul Bs, + kn(M"- My, + Zkuéoc3 OT, d«,)
3

2
* kzi(Mn + M‘u g anL °<'3 GTdeC,) * ku Mzs G Fl‘s (4.39)
3
2
- 3k,,/3s, [, o}, de, - bk,,/és,/oc,' o, doc, + M =0
«3 <3

where, the stress resultants F"j and stress couples M ij are expressed

in terms of the stress components G3i » which act on the faces of an in-

finitesimal shell element (Figure A.8) - note, only 6": = 0, & + @, g,

= 6
+ 073 e, is shown to avoid confusion,

(a) (b)

Figure A.8 - (a) Semi-infinitesimal Segment of the Shell

(b) Infinitesimal Element of the Shell

6 It can be observed from the "EULER Stress Principle for Contact
Stress Vectors" that: G, = - 07 1 =1, 2, 3)

This proof was given by George HAMEL in 1908, as a consequence
of the Fundamental Axiom of Motion for forces,
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Therefore,

Stress Resultants

F, = /o-;' (1 + of, k,,)dec,
oLy

F,, = g, (1 + o3 k,, )doc,

oLy
Faa = 13 (1 + ocakzs)dxa

L (A.L0)
le = 21 a «+ oC,k“ )d°(3

3
Fas ™ 20 (1 + oC Kk )dec,

o3

F,, 0= (1 + oGk, e,

Stress Couples (the unit base vectors é‘- are included to indicate the

"directions" of the couples - in accordance with the Right-Hand Screw
Rule)
M, 3, == [ 66,0, A+ oq ky,)du, B,
«3
Mlzé = X 0; (1 + oy k,,)deg -e.z
M,.& = o<, 0, (1 + o, k,,)doc, @
13 73 [, 3 13 3 12 3 3 (A.hl)

M, 8, = - [ o 05, + oy Ky, )d,
«3 .

M,.8, 4 &, 05, (1 + Ky k,, )de, &,
3

.1 + oly Xy )doc, 53

=
~
w
[0]]
L}
R
w
»
w

where the limits of integration are -~h/2 and +h/2,
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And further, the remaining quantities, Pi and M; , of the equilibrium

equations are defined as:

P, = the net boundary forces = U;i Qa + o<, k)Q + o<, k“)

<3
Mi = the net moments caused by the boundary forces

= oC30'3'| 1+ «, k“)(l + oy k“)
oy

vhere i =1, 2, 3

A.,11 Stress Resultants and Stress Couples in Terms of the Strain

Parameter Relations
With the aid of the following,

1, assumption (a), therefore the stress-strain relation for an isotro-

pic, homogeneous Hookean material is used,
Viz: O =2~€ + A(E;1)1]
or OTjeiéJ-BZ/é.

vhere,

A=vVE/CL+vY)Q-2vy)) ’
denote the usual CAUCHY-LAME

elastic constants
~ = E/QQA+v))

Y denotes the POISSON's ratio

i 1|

denotes the Identity tensor, e,e,
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Kroneckef delta, Sij =1 when 1 = j
=0 when 1 # J
2, assumption (c), 0;5 =0

3. the strain tensor components (equations (A.25a))

the stress resultants Fij (equations (A.%0)) and stress couples M'lj

(equations (A.l41)) may be evaluated in terms of the strain parameter

relations: (Reference 12, page 111)

Stress resultants

F,, = En/(L -J)@, +V8,, + b /12 §k,(k,, - k,))
F, = «h((#,, +8,)+h /12 5k, (k,,~- k) |
: (a.13)
Foo =8B, + 8,) - /12 §k,, (kyy = kD)
F,, = En/(1 -v) (@, + V8, - h' /12 §k,, (k,, - k,))

Then by virtue of LOVE's First Approximation, equations (A 43) are

simplified to,

]
]

4 = ER/Q =9)(@, + V8,,)

o]
n

2 = En/Q( +v))(8,, + 4,,)
(A.4b)

&)
n

2 = ER/QQ +v )8, +8,)

vz
n

«e = En/Q1 -V)(8,, + v 8,)
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Stress couples

M, =-uh /12Q( Sk, + Sk, ) + k,, (@,, + 9;, )

M, = B /Q2Q -v'DCSk, + V8k,, + #,(k,, - k)
, ) (A.145)
M,, = -Eh /Q2(Q1 -¢'D)CSk,, + ¢Sk, - 8,, k,, - k, D

M,, = b’ /12CSk,, + 5k, +k, (8, + 8,0

Then by virtue of LOVE's First Approximation equations (A.45) are sim-

plified to,

M, = -En /@M1 +v))(Sk,, + Sk,,)

M,, = En’/Q2(Q1 -v'))( Sk, + ¥ §k,,)

3 . (A.46)
M,, = -Eh /Q2(1 -9 D) (Sk,, + 9/ §k,)

M,, = En’ /@41 +V)D(Sk,, + Sk,)

1

The other stress resultants, F and F and stress cou-

13 249

ples, M,, and M,,, may be determined, if desired, by substituting the

above expressions for Fij and M;

j into the equilibrium equations

(A.35), (A.36) and (A.38), (A.39).
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A,12 Stress Resultants and Stress Couples in Terms of the Displacement
Components u, v, w of the Middle Surface - with ARON's Approxi-

mations

In terms of the displacement components u, v, w and with
ARON's Approximations for the curvature variations (equations (A.34)),

the stress resultants (A.4)) and stress couples (A.46) 'beccme:7

Stress resultants

’ ~is q) (a) ")
Fae =F, =E (ggs)uys =kgvs (ky, +vk )W

+ V(9 wu .)'/’V,,‘ D

£ W2 ) (n) (9
Fooe = Fop = E (90 ) Voo + (K, +Vk; W =9k Vv X
-t/ (A, 47)
+ l)(g/‘;/,) u)ﬂ)
Fax Fot/s =F,=F,

=EQ -4)/2(g ,, )-'/:r.ﬂ (G ) Uy + k:)“)

Stress couples

() =1/2
M/Sot = Mtz = DC—l/gﬂ/, VWygs * (k/, R (A.148)
+ (@ - b )sin« cose 75 £ )’)w,“ - V/Qye Yy ococ) cont'd

7 Note that partial derivatives may be denoted with a comma
followed by a subscripted parameter ,3 or o ,

€g. U, = éuléﬁ g U, g0 = Bzu/b/;hoc , etc.
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. (9) Ci/2
M“‘ﬁ - M= DG/ Gun Wyoa + (‘Jk; (9uu?

+ (3 - b )sine« cose /(Quu 3)\",.‘ - V/9%s Va5,

(A, 48)

-1/2

Vo D

Mg, =M, = DA = v)QA//Guc /55 NV + Ko (0,

Meu =M, = Mg,

where,

E’ = En/(1 -¢)

D = En’/Q2(1 -4 )

The curvatures and metrical coefficients are defined by equations (A.21)
to (A.23). It is observed from above that due to the approximations

imposed,

/3 0¢ = Faﬂ
and therefore,

M x = 'MA/,'

A,13 The Governing Three Equilibrium Equations for the BOURDON Gage

with an Elliptical Cross-Section

Rewriting the equilibrium equations (A.35) to (A.39) with the
aid of the properties of the CESARO vectors (equations (A.23), equations
(A.9), and a further assumption that no applied couple-stresses M; are

acting on the shell, the equations for the BOURDON gage become:
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~1f2 . -ifz
(gﬂﬁ) F"lﬂ + (gcux) le soc T k|3 (Flz + F’-|) + k“F'3 ¥ p' = o

=12 =i/z

(gﬂ/’) Flovs + (0 acoc ) Faaree + Kk (F - F“) +k,,F,y +P, =0

<12 Y2
(g/_‘/’) F'a '3 + (g““) F,‘.3 e - k‘3 a3 = k"F"- k F + P, = 0 (A.h9a)

W2 W2
(9p5) Mg + Q) My pp = kK3 Oy, +M,) + Fyy
(gﬂ/s) I‘n. e t (g““) Mza"‘ + ku( Mzz) - Fg =0

Solving the last two equations for the stress resultants F.3

and F23 give:

=-1/2
Fis = (g,s,,> Moas * (Gow) Mygpu + Koy 01, = My,)

o (A.bob)
Fo, = =(0,4e) M - (g“a) ‘M s * RSO0 @ M,,)

These are now substituted into the first three equilibrium equation38

(A.l9a) which then give: (using the /8 and o symbols)

-1/2 -2
(gﬂ/’) Fﬂﬂ A * (goux) F“ﬁ gL - k/g (Fﬂu + Fot/s) ;
=12 9)
: - k C(Q/gﬂ M po 3 T (Gow ) Mue s + kg My, = Muw ) (A.50)
cont'd
+ P' =0
8 As the curvature is large at the extremities of the cross-

section the effects of the moments on the transverse shear may
be significant, the."shallow shell™ approximation of neglecting
Fi3 in the first two equilibrium eguations will not be used(see
also Reference 11),
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L) UL
(94/3) Fowim * (Oun) Py sa * kﬂ (Fgg = Foar )

(n) 2 -z
+ Kk, ('.(g,m)Mﬂ/,,,, - (g,“,‘)M“ﬁ,“ +kﬂ (M,,,,+M,,ﬁ))
+Pz =0

< Y3 /2 Q) (4.50)
(gﬂﬂ )/z@gﬂﬂ) M/ﬂa p/j + (go(u) Ma‘« s * kﬁ (M/s,g- Mun‘ ))./g

-y -2 =y (q)
¥ (Qag.g )1C'(9/3,3) Mﬂﬁ Y M (gx“)/Mo‘/s st K’ (M/su"’ Mo{/g ))sot

=12

) ~Yz
- k/g ("(9/3,3) M,gﬁ 3 <~ (ga(u) Maﬂ ) + k/! (M/sa + Mat/g ))

(n)

- Ky Feg- Ky Foet Py =0

Thus, it can be seen that the total criterion of equilibrium is con-

tained in the three equations (A.50) remaining,

Finally, when equations (A.l47) and (A.U48) for the stress
resultantfs FiJ' and stress couples M ij o substituted into the three
equations of equilibrium (A.50), the equilibrium equations in terms of
the displacement components u, v, w are obtained., Therefore listing

the partial derivatives and their corresponding coefficients of each

equation, they appear as follow:

Equilibrium equation in éﬁ- direction

U,33 ¢+ E /gﬂ/_g

Wyoee” 3B (L =/ 172000 )

, (A.51a)
2 9 ]
B/ (1 = )/€2/50c /)G (8= B*Jaine cose lguu )" - kg) COnE'd

u tE (1 -y )/C—k,g l,g; + 8 cosx /(9un /3,5 /)
- k‘/’; G- b )sinx cosx /(g.m) .)



E QL +4)/(2/5c /15,5 1)

V,ﬂ“

.

Y =
Ek (V= 3)/(2/3,45/)

) ¥y
w’ﬂﬁ/s : -Dkﬁn /(gﬂﬁ) g

Vs oot DKy /(8 /3, /)

Wy ga t DR /U/Gu 1155 NS + (5= B! )sina cosw /(guw 3D

7 n n Y. n -
Vg 2 E (s + 9 KU/, + DA =V IKy /(8 unl/Gal)

(k(:: (5" - iy )sin« cosoc/(g,,“)’/z- a8 cosa /(gﬁﬁ )'(‘)
PA =0

Equilibrium equilibrium equation in e, - direction

U, gu +E 49/ 2/5x /G5 /)
’ (3) -

u,; :Ekg(3-v)/(2/3,/)

Vige tE(-v)(2045)

Vycx * El/goca:

’ Q) . . _2 2
~E k ; /(9uu Y- E' (&'~ b )sin« cosx /€8 eec )

"y
R

) ’ !
v t ~Eky Ky - EV/(0uy ) (8 cose /(/Gu /15,5 /)

«q) _a =2
-k, (8- D )sinxcos« /guux)d

n) 3/2
W, ol ot : "Dk« /(gx“ )

n) -
w)/s/gog s =Dk, /(9/3/,/91 Pt I
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(A.51a)

(A.51b)
cont'd



Vigg ¢

Wy ococ :

(q) -2 =1
-kz(1+9)@E - b )sinxcosx /(g,.)

@) (n)
-2Dk Ko /9 g4

(n) q) . T 3
Do /9y (kg + 3(5 - B )sinu coset /(gue ) ")

t DKy /€9uu V2 C(8" = B ) (cos?oc = sin’ec )/(guu )

Y. 9) 9

2
+kﬁk,g
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(A.51b)

- (3= B ) sin’¢ cos’x 0w Y +9a cosoc /Qun/9,5/))

’_(g) ) ¢ Q) A -
Ekp(kg + k) - Ekyk, - EJb sin« /(9. u/G/)

(n) (n)

- - Y. = 5/
- E/(a - b )sin« cosa /(g,‘“)z(aab/(g,‘“) " * Y k(/:)/g.m)

Equilibrium equation in ea-direction

Y2438
Wy oo
Y Baux
Y85
Wy oca

Vs 8,8

Ly ) (n) 4
-E (ky + ko )/(9,,) "

BRIV VICTS

r @) (n)
E kﬁ (k/S + 4 k,‘ )
-D/(9,55 )
"D/(g ““)1
-ZD/(QO‘,‘ g/_aﬁ )

£ 2 2 ) /2

2D/g,4,; ((8"- B )sinac cosec /(g o) = Ky /(9w ) )

Y. 2 2 V2 ‘9)
D/(guu ) (6(&8" = B )sine cose /(Quu) + 2k,

9) : o3 k7’
Dkg (3 -V )(& - b )sinxcosx /(g4s (o) )

(A.51c)
cont'd

(§ L4 - ¥
- 2DKy K3 (2 + 39 /0,55 - D(3 = /)& cosc/(0un (955 ) )
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q) ) - g
Voo ° Dk;'k(/: /G *+ D @ coscc (1 + v ) (/3,5/(00u) )
) - S
- Dk‘; (8'- b )sineccosoc (7 + vV )/ (G qu )/2
+ UD(E" - B )(cos*¢ - sin’x )/(Qca y
- 19D(&*- B ) sin’x cos %< /(9 xu y*
@ 9 e 2 9) «9) (q) Ya
Wy, ¢ =3Dkg kg (8 - b )sineccose /(9up) + DKok, Ko /(900 )

+ ZDRZ) (3 - b )sin’x< (1 + 7/ )/(gc,(.,,)f/z
- Dk‘/gs)(é‘- B )cos'c (3 + 59 )/ (9w yvs (A.51c)
- Dk‘/’;a cosec (1 + o )/ (/9,8 /(G )
+ Dk:)(é‘- B ) sinw cos*c * (9 + 5/ )/ (G y /s
+ D/(Q oo )VIC-h(é‘- B )sins coso 100 et )5-/2

- /2
- 13(a - B ) sine cosa (cos’ec - sin’e¢)/(9uu)

- 9/2 g) 3/2
+ 28(3"- B7) sin'x cos’o¢ /(guu) - Dkg V/(9uu )

n) n)

/ ) () ) )
W : -E (k k, + kg kt;, +2Vk k)

Rearranging the equations (A.51) in a matrix fox.'m (as is done
in Reference 14), a clearer picture of the system of three partial dif-
ferential equations (with variable coefficients) in the three basic func-
tions u, v, w can be observed, This system is presented in the form
of Table A.l1. In Table A.l, the unknown functions u(ﬂ,oz), v(pz,0¢),
w(ﬁ ,o) which are desired are the headings, T_he first three columns
include the linear differential operators., The fourth column contains
the free terms of the differential equations determined by the components
P 5 P. of the external boundary or surface load.

A 3
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TABLE A,1-Governing Equations of the BOURDON Gage

v(/5°€

i(8,x) |

Free

w(A °‘) terms

lk(’)(

_TA7

B(1-9 .L._

-J) i
al dpl

S{A(g Ap Zg« 301 ‘2 7 |
(3-b)sinxcos«] E(1=1),
Wt

e ) @) ¢ f
11cos«( k”/’ ( ’
b Ll 00 &

l_<,___a-ﬂ sinecos!|
(gw )

(149
&

I DR
%

k{ﬂl
ks - 727 ! I Sl
(a-b smucosx] 3 | (K +KY) | Dgl ﬂ!kd.
&

A (ga )BI: j do
Jd (25 v

2-b)sinvcose _ & cosx )

\n it RS

wvu

I l,l
1 E (144
27&:77&57 a,saof 2 éﬂ

)3 _.H_

P 2oy U g 5

aw

g k;' 4
ol Ig(‘,‘l ¢
_ E(d- b)smucosa(J_L [E gk +

_K3(E-B),

E 1}{ i cosw

Y TRl \TelTesl ~

.sinxcos«)J

B

Y i

D—gk‘-q)’;; 3’ 7';/3,,, W Jo]lL
3-D sindcosu

Bue [ (g«u)% J(’“ {/ /

D ky ((a-b)(*osa-sm w) 1+v )(3-B),:

: /éu/ g,(!’u«) HE (gu)m
| sinxcosw, K lg, B b(a-‘é) smxcos‘x . J A 00507
B /€0l

+ 8
]j_ [ hJBsma_
P

/g
Foee [Ep
E’(2-D) sinkcos«

£k (k) E é'k‘”'
EL7y ]

/g«/ B

+

U

(‘Fb’lz

n n)

_E (e )

(k:+dk )4

| [E’k‘,".
i a&
.(k""+dk )]

D 34- 34 )4

| 3 P e W ety J,s‘J«‘+
[(a-ﬂ)sm«cosu k H’ H 1 -
gﬂ FA( /S ) (9'““

(g:«) ; /
(E8) sinwcose i 2K _L 2 [D -9)(8-5), :
(8w )" s

(gu)’/" @ ‘5 o’
osinecosx _ 2D kok, (2+39) _ D(3-7)a cose ,
‘ 1 @ 7] g gx«(ﬂ(g) 2
jé_ +{D_19,_1& +g_a_c_9_5ﬁ(1+a) P(3-5),
A/s% uat gW 7 / G (gw)
Jsinvcos« (7+7) 4D(a-b (cosw -sih'x) _ K
g 9'«: !
_10D(2-b ) sm«cosu] [ D
g-uf) 999 3“1,’ (gu 7
2D k, (2 -b)slnx(1+d) ‘
u 7 i
(gux) £ g
D K73 cosw (1+7) ’

D Ky (8-B) sint (9+§5.)“) ) @
- ' 005 a
i (gux)% 7-7( et )

vsinecose _ Q(é-b) sinvcose (cosw =sin's )

W @
h[kk+

AACEID

+D k

@ M

N k!Ea‘T;}cos« (3+59) ¥

g Bt )f/z

oSin¥cosw

s

i (g-a )1/1 (1
28(3-b)’ sin cog Dy )_
(IR (Bt )"
+ /,15, +21)k, k,,
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A1k Reducfion of the System of Three Differential Equations to the

Familiar Straight Circular Cylinder Problem

Of interest is the reduction of the system of three differen-
tial equations (Table A.l or equations (A.51)) to the familiar problem
of the straight circular cylinder, This reduction also serves the pur-
pose of checking for the correctness of the equations (A.51) to an ex-
tent (a further check can be accomplished with a dimensional analysis
of each coeeficient)., As given in Reference 12, the system of three
partial differential equations (with constant coefficients) for the

straight circular cylinder - (Figure A.9), appears as follows:

Z |

{‘l

...\v
A

Figure A,9 - Coordinates and Properties of a Straight Circular Cylinder
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Uygg + (1 =)/ 2u,p0 + (L + V) )/2V,50 + VW,g

= -R°( - v')/En P

(P + 4 )/2u,¢“ + (1 =V)/2V,4¢ + Vo + Wyoe

= -R"(1 - V')/Eh P, (A.52)

1
YU,y + V,,e +h /(IZR')Cw,,s,s,;,s + Woutucocot * 2w,¢,x“) + W

= R'(1 -7)/EnP,

By setting the following equivalence or properties to equa-

tions (A.51) or Table A,1l:

Q)
k; =
k(/"; =0
a =b
2
e = 935 = R
)
k., =1/R
D = 0 in the first two equilibrium equations

Setﬂ —» ¢ 1in all partial derivative operators

the system of three partial differential equations for the BOURDON gage
with an elliptic cross section can be transformed to equations (A.52) of

the straight circular cylinder,

Thus the system of three differntial equations ((A.51) or

Table A.l) may be considered verified,
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A.15 Boundary Conditions

In order for the system of equations (A.51) or in Table A,1l

to be determinate appropriate relations between the forces, moments,
displacements or functions of these quantities at the edge or boundary
of the shell must be specified., Considering the case where the bounda-
ries coincide with the lines of curvature of the middle surface as this
particular case is most often encountered in engineering practise., For
the general case in which the edge boundary does not coincide with any
coordinate lines on the surface LOVE in Reference 7, article 332, should

be consulted.

It can be seen that (neglecting M‘3 as it did not enter into
the equilibrium equations for the BOURDON gage) at the edge along 0(1
= constant the stresses and moments required for the boundary conditions

are:

F N -

1" s My,

From this it appears that five boundary conditions are necessary. How=-
ever as in KIRCHHOFF's plate theory only four conditions are really re-
quired, The twisting couple My, in fact, can be replaced by correspon-
ding, distributed, tangential and transverse forces (see Figure A.10)

- i,e, statically equivalent forces.
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dss dsa
oA \ \ i

oLy

N/

(a)

(c)

Figure A.10 - (a) Stress Resultants and Couples at an edge boundary

coinciding with a coordinate line, o, = constant

{

(b) M, along ds, or Twisting Moment (M, ds,)

(c) Corresponding Forces for M,,

Referring to Figure A.10(c), it can be observed that because
of the curvature, there is a horizontal component (to be situated at
the middle surface) of F, directed positively in «, - direction
which is designated by the force Emdai « This component R,dx; when
combined with F,, will give an effective shear Fl2eff tangent to the

edge,
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o
lees Fypopr = Fpp + (Fde, )/ds,

(Note that Fmdac: must be divided by ds,, as the stress resultant F“z
is per unit length)

Since R, dx; = ds, and observing that F,ds, = M ds,:

Fiagr = Fio + (FaRg ds,)/ds,

Therefore,

Froeff =Fp +M,/R, (A.53)

Similarly, an effective transverse shear F,“_;; may be determined by
writing the net vertical force at point A(Figure A.10(¢c)). It is
observed that the difference between the forces F, and (F,

+ (JF,/ V¢, ) » do¢,) is a net force (BF,,,/ doc, )de¢, acting in the

negative oy = direction, Combining this with 1“‘3 gives:

Fraeff = Fi3 = (BF./ Yoy )du, /ds,

= F,3 - (3M,/ 3, )(det, /ds,

)
And by equations (A.9), ds; = (g;i )/:doc;
Therefore,

= }
Flsef{ =F, - <gzz)lzbmu/)o(, (A.54)

Thus it follows from shove that the four required boundary
conditions,

Fuo o Fueff » Fuseff » Ma

will completely determine the state of stress at the edge of the shell

in the case of the edge or boundary coinciding with a coordinate line
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( X, = constant) of the shell surface,

In an analogous manner, the boundary conditions along the

edge of the shell prescribed by o, = constant are:

Fao2 v Foreff o Fasoff » Moy

where,

Fareff = Far = Maa/Ry (4.55)

Foseff = Fas * (g".)'/sz“/)o(' (A.56)

However, it is often the case that other conditions may be
prescribed instead of the above four conditions - depending on the type
of constraint; for example at the junction of two shells: the BOURDON
shell and the end plug. Other alternative but equivalent conditions
may be through displacements, angles of rotation at the edge, or a com-

bination of forces and displacements,

Observe that as LOVE's First Approximation is employed, it

can be proved that

Fraeff " Frz v Foreff = Fay

For the BOURDON gage then, the boundary conditions are as

follows:

(a) At the clamped edge or regidly fixed edge of the gage

-at B = 0

(i) u=0
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(1) v=0
(iii) w=0
(1V) w,/3 =0 (ite. ¢'3 - 0)

(b) From symmetry of the gage

- =0 and 77 (refer to Figure A.7)
(1) v=20

(11) W,o =0 (i.e. 0)

=
23
(iii) Fe(/s = 0 ; or in terms of displacement

T off = Tty
=0

/ < i g
=EQ-v)/2g5s) Vig * (G ) W + kg u)

-4
=0

g
Then at & =0 and 7r , because of (i) above and k g vanish-

ing,

F°$/3 = Uy

(iv) Fugeff = 03 or in terms of displacement equation (A.56)

becomes:

-l/g
Focaoff = Fus * (gﬁﬁ) M.“‘,ﬂ

=0
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. Y2 -
Fd’ ¢{‘{ = _D/(g,m) w)a:d)d - D(2 -v )/(gﬂﬁ /gd/)wlﬁﬁd
- D@3 - 1))1(,3 /848 V188
q) N s Y
+ D/0wu (kg + 3(38 = b )sin cos /(Qum ) IV¥,uca

® ) -t

+ D(g,“‘)yz(k:’ kg P Y(cos®sc - sin‘er L 74 {- - )z

<g) 2 a2 3/t
-kg(l +9)(E - b )sinccosat/(Qoex )

~ _ 3
= h(a‘- b‘ )zsin& cos’ot /(g e )

+ 9 8 cose</(Quac/T8/ IV, oc

Then at &« =0 and 77,

Fos off = Voxxee

=0
(c) At the deflection or plug end of the gage

At the shell boundary ﬁ =/,_ , the displacement compo-
nents u, v and w must be such that they can be realized by a
middle surface moving like a rigid body - as the shell is assumed

rigidly attached to the rigid (non-deformable) and moving end plug.

For a rigid body (i.e. the end plug), the displacement
vector UP of its middle surface can be resolved into a transla-

tion part and a rotation part (see also Reference 16)

=p = = -
U' =0+ 3, xF - (A.57)
vhere,

1'3: denotes the "translation" vector of the plug with compo-
nents U,, V,, W,

=U,ey + V,8y + Wo&,


http:Wu1.o1.o1
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B: denotes the "rotation® vector of the plug with components

B, By, B2

.- - e
= B 8y + By + g8,

o]

tour of the BOURDON shell at 3 =/3

= ( P+ & cosx)cosB ey + (P + 8 cosec)singg, 8y

+ (b sinoc)e,

denotes the position vector of the end plug along the con-

By taking the '"dot" product of the above expression with Eﬂ’

€4 and e, the expressions for u, v and v of the BOURDON shell at the

rigid boundary are realized:
- = -P . - -
u=10" e/?=U,° €3 + (¢°Px r) - 84
- - =P o - P s -
vaile ex=U,o e+ (B, xT) * e,

- - -
w=Usee,=Uce, +(f, xT) ¢ e,

(A.58)

Expanding equations (A,58) with the aid of equations (A.21)

(-]
and (A.22), noting that from symmetry of the motion Wo,ﬁx,¢; =0 ,

u, v and v become (at 3 = 3 ):

[+
]

<
n

€
L}

-sin/at U, + cos/8, Vo + (P + 2 cosoc)ﬂ;
-2 sine //3, /cosB. U, - a sine //3 /sing v,

b cos« //Gu /cosB, Uy + b cose //3, /sing, V,

(A.59)
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Along the contour of the BOURDON shell at /8 =3, , the con-
tinuity condition requires that the angular rotation of the normal about
the line o¢ be equal to the corresponding component of rotation of the
rigid plug, This then represents the fourth boundary condition,
or

- = _P —
¢$' Ct " ¢o' €
where

#¢ denotes the rotation vector of the BOURDON shell

a: denotes the rotation vector of the end plug (as defined pre=-

viously)

From an Euler-Cauchy (1828) kinematic model of deformation
(Reference 15), the rotation vector of the BOURDON shell may be obtained,
Expressing the Displacement Gradient (or linear Displacement Tensor)

g = Bﬁ/ 3T through tensor resolution into symmetric and antisymmetric

parts:
D= dU/3F = 3(dT/ BF + 10 O/3F) + J(DW/)F - GO/ NF)

or

Vi/¥F=€E+8 (A.60)

The first term on the right side of expressions (A.60) is the
familiar relative deformation of dr called the strain tensor 2
(c.f., equation (A.25))and the other term 7‘, called the rotation tensor,
describes thevrotational displacement of dr due to the displacement

field 1.
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It can be shown for the antisymmetric part that:

T8 =T« 300/ 35 - 23708
or

=-31x)xu/)F

i

Since half the curl of the displacement field u is equal to

the rotation vector (63) of the field. That is,
G ¥3Fx 1) =7,

Therefore,

\;""7"55'

Equations (A.60) become:
YA/VF = BOIW/JF + W/VNF) - T x B

or

Tx8, = 3@/ NF - Y/ 3P (A.61)
Let Es =ge + 6,8, +-¢333

¢, and @, represent the angular rotations of the normal about the

lines o/, and &, respectively. ¢3 is the angular rotation about the

normal,
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With [ = &,8, + 8,8, + §,8, , the left side of equation (A.61)
becomes,
05,8 - 8,55 +9,8 3,
1 x Bg=| #,8,8 + 028, - 9,838, (A.62)
-g,e,€, + § e;e, + 0 g,e,

Observe the antisymmetric characteristic of equation (A.62), i.e.

Tijde = -Tji

The right side of equation (A.61) can be determined from the
displacement tensor U= dU/dF as given in Reference 12, page 72

(employing LOVE's First Approximation):
VUW/NT = u, &8 (r, s =1, 2, 3)

and since

TV/NF = (Yo dT)., the conjugate tensor:

W¥/IF = u,, 8,8 (r, s =1, 2, 3)
where

u, = g, + o<, ('39’;3-/35. + klz¢n + kasgzs)

Uy =By + %3(38,,/3s8, + ki38,3)

Uy =9,

uzt = ¢2.| + ?(3 (- B¢la/asz + kﬂ¢23)



152

Uz ® ¢zz * “3 ('}¢zs/§sz = ku gu " ku¢ﬂ)
Uay = ’13
Uz = -8,

Uz, = =F .3

Upon carrying out the operations as required by equation (A.61)
and equating base vectors on both sides of the expression, the rotation

components of the rotation vector as may be determined:

8, =9,4
¢1 = "¢|3

¢3 - %@n" ¢2| +°<3 (b¢z3/és| + )g,g/)sz

+ k8- Kk,,98,,))

Therefore, the rotation vector of the BOURDON shell 55 (at

«

. 0) beconmes,

-

By = 0,58 = B38,+ 39, - 8, )2,
Thence from the continuity condition at ﬂn/j‘_ , the angular

rotation of the normal about the line & is equal to the corresponding

angular rotation of the rigid plug. Thus resolving the rotation vectors

into the direction of §,(or ey )t
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or

Vith ¢;a as given by equation (A.32), then
-1, n) -
(gﬁ,g)/2 QW/Bﬁ - kgu=-bcosat//Gu /¢z° (A.63)

Equation (A.63) therefore expresses the continuity condition
of angular rotations at the junction of two middle surfaces - the

BOURDON shell at /9 -/é& and the rigid end plug,

Hence the required four edge conditions are obtained., How=-
ever three additional relations are necessary to determine the three

constants U,, V, and §, of the rigid end plug.

Since the rigid end plug must be in equilibrium with the
"external" forces (in this case, the edge forces at the boundary of the
BOURDON shell at /3 =/6L ) the additional relations can be obtained
from the usual static equilibrium conditions.applied to the plug. A
new local coordinate system (as suggested in Reference 6) x*, y*, z*
located at the center of the rigid plug is first defined (see Figure

A.11).
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/ﬂ'f" \ " %’

Figure A.l1l - Local Coordinate System of Rigid End Plug

Its associated unit base vectors ‘e,« , €, and . can be

easily determined from Figure A.1ll1 by placing the RIBAUCOUR triad (é'/, 5

éf y, €n ) at, for example, o = 0 and /3 =/,  and observing the fol-

lowing correspondence:

e &= &, = cosB_ & + sing @€

x =0, S, v Sx 3. Cy

€yx = &4 = -sing &_+ cosg @& (A.6h)
J st 0, ﬁﬂ/?.. ﬁl. X /9‘. Y

EZ’ = 'e'“ = é'z

X = o, /QB/QL
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With reference to Figure A.11, the six equilibrium conditions
imposed on the rigid end plug are:
1, Eforces (x*) = 0
2, Sforces (y*) = 0
3. Eforces (z*) = 0
4, Emoments (x*) = 0
5. Emoments (y*) = 0

6, Emoments (z*) = 0

Because of the symmetry of the shell solution (Reference 6)
automatic satisfaction of three of the six relations is obtained., Thus
the three remaining relations to determine the constants U,, V, and ¢z°

of the rigid end plug are:

S forces (x*) = 0

£ forces (y*) = 0 (A.65)

S moments (z*) = 0

From Figure A.11 it can be observed that in order to satisfy

the fi i
rst condition of (A.65), F/sare{’f and Fﬁae{'{' must be resolved in

the direction of =x* and integrated along the contour clsoc H

i.e,
o

z/rx, ds, =0
o

@ ﬂ =/3,
vhere

FxA = 'F}chff .ex . éx\i - F/_n‘” én . e’xa
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Since ds, = /Jo /dec,

nw

//50; /(—F/J.,Ceﬁ( (B o &xa) + Fgy rp (8n » Ea)ddx =0 (A.66)
[
e /3 =3,

The second relation is merely,

onw

dsx =0

e/3,

(Area of Ellipse):p = 2/

o

P

or
W

(Area of Ellipse)-p = 2//§,c /F/-*A de¢ = 0 (A.67)

o
@43,

The third relation consists of the moment resultant Mﬁx

and that due to F/_;/g about the =z* axis, Then,

mn

/M,_,e dsy =0
o .

@3,
where
or ar

//5« /Qipa (€y o €52) + Foe 3 cosac )de (A.68)
° @ﬁ =ﬁ|-
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" Observe that the following '"dot'" products of base vectors

give:

(B + &%) = -8 sin //Goc /

n
ol

cosx //5“ / (A.69)

(8o » &%)

o'l

c0s¢ [/ Goe /

(8 » Epa) =

Thus, equations (A.59), (A.63) and the additional relations
(A.66), (A.67), (A.68) for the determination of U,, V,, ¢;constitute
the boundary conditions at the junction of two shells - the BOURDON

shell at ﬂ=ﬁ,_ and the rigid end plug,

(d) Alternatively a simplified approach to the edge conditions at /s’ =

/3. may be

(i) /F/s/s ds,, = pdA
approximating ds, = perimeter of the ellipse

dA, = area of the plug acted upon by the fluid

pressure p
(i1) 7, = ( Joxex szv + K w=0
22 & 4
(1ii) Sk, = -( Juw 5'w,,m + (8" - B )sinx cosec /(guy ] W,,, =0
(iv) equation (A.68) with the approximation of ds, as in (i) above.

Conditions (ii), (iii) and (iv) are reasoned upon a geo-
metric and physical basis that the BOURDON shell is attached rigid-

ly to an indeformable end-plug. Observe that the relations for u,
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v, w and slope ¢i3 are provided,

Thus with the above edge conditions, the system of three par-
tial differential equations (A.51) or Table A.,1 for the BOURDON tube with

an elliptical cross-section is completely formulated.
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Table B.f Test dotn « KARDOS

' .

wEz 0. wre. A a b A. e S &% x 10 aRE Y/

INCKES  INCICS  INCHES  INGTS  NEOREES INCHS/PRI, R,
1001 N.S.C. 0.03L 0,125 0.031  ©.793 2a7° 1.7 0.2L8 9.89 70.5 .15¢6
1003 N.S.C. 0.03L 0.127  0.0265 0,792 192° 1.67 0,208 12,1 8. 1604
n0 N.S.C. 0,032 0,125 0,031 .0.795  221°  1.6) 0,252 1.9 8.5  .S12
noz N.8.2. 0,032 0.128 0,025 0.790 2L 1.55° 0,155 17.6 122.5 ded?
1103 N.S.C. 0.032  0,12) -0,0355 0.801 are 1.70 0,239 12.L 87.1  .i153¢
1201 ¥.5.S. 0,019 0,128 0.049 0,805 220° 0.93L 9.383 Lg.2 L2 J590
1202 N.5.C. 0.019 0.131 0,055 0.307 223° 0.85L 0.339 S7.5 379 de23
120L N.S.C. 0,019  0.137  0.0315 0.79 236° 0.8300 0.230 9.5 602 1732
1205 N.S.C. 0,019 0,139 0,0255 ©0.792 228° 0,778 0,184 . 109 743 JA15S
1301 N.s.C. 0.021 0,11k 0,030 0,79} 236° 1.28  0,26) 39.1 256 438
13 N.S.C. 0,021 0,116 0,0255 0.786 ar° 1.2) 0,220 b3.1 312 4476
1401 N.S.C. 0,025 0,112 0,027 0,791 20L° 1.58  0.2L1 18.8 159 J4ie
W02 ¥.5.C. 0,025 0,110 0,032 0,757 216° 1.65  0.251 17.6 126 1380
1501 X.5.C, 0,030 0,12) 0,0355  0.799 2y 1.8 0,288 13.7 9L.8 J539
1502 X.5.C. 0,030 0.125 0.031 0,755 237 1.3 o.,2L8 16.9 110 NES A
1401 X.s.C. 0,008 0,137 O0,0lL  0.797 229° 0.3L0 0,321 530 3570 Jd719°
152 X.5.C. 0,008 0,1k  0,0335 0.806 1 0.J12 0,233 652 SL00 Jd787
1701 X.5.C. 0.01LS 0,137 0,037  0.758 233 0.616 0,270 115 939 J707
17 X.S.C. 0,00LS 0,139  0,0327 0,754 3L 0.595 0,235 184 1210 757
2001 X.s.C. 0.0115 0,10 0,033 0,792 291> 0.45 0.259  27L 18L0 1768
2002 ¥.8.C. 0,0115 0,138  0,0L17 0,792 225° 0.h718 0,302 212 1168 J742
2101 X.8.C. 0,010 0,1k} 0,035 0,790 27 0.3% 0.2L5 L33 3000 .i8jc
2102 N.S.C, 0,000 0,18 0,@5 0,78) 235° 0,358 0,169 71X L9oco .1890
210) X.s.C. 0,010 O, U0 0,00 0,797 226° 0.L07 0.2884 L2} 2850 A157
2105 ¥.5.C, 0,010 0,145  0.0305 0,810 218° 0.385 0,210 L84 3las 1730
2106 - X.5.C. 0,010 0.152 0.019 0.791 2)6° 0.342 0,125 853 5610 d922
2107 N.S.C. 0,010 0,13  0,0LLS 0,797 208° 0.l31 0,327 265 1952 .d7°e
2202 X.5.C. 0,035 0,156 0,015 0,782 1° 0.19) 0,085 3230 21100 1995
2101 N.s.C. 0.009  0.195  0.0195 0.806  239° 0,191 0,100 1500 12100 2419
2L02 ¥,5.Cc. 0,009 0,197 0,015 0.806 P38 0.1872 0,0736 2160 14350 2444
2801 T.8, 0,022 0.132 0,026 0.1  22° 1,05 0,197 8L 309 4588
2802 T.B, .0,022 0,132 0,031 0,83 226° 1.05 0,235 70.6 256 1583
3001 T.», 0,015 0,135 0.0275 0,807 226° 0.66L 0,204  2L) 911 4673
02 .2, €015 0,137 0,30 0,822 228° 0,657 0,168 305 112 JEe67
301 T.8. 0,018 0,139 0,0195 0,825 222° 0,769 0,10 212 793 JuBS
no2 t.R., 0,018 0,137 0,0285 0,822 223 0.709 0,208 132 L93 dee7
201 t.p, 0,010 0.1,2 0,0265 0,840 226* 0,17 0.187 882 N5 L1630
o2 1.8, 0,010 0,136 0,035 0,832 199° 0.150 0,257 606 2560 o635
3203 1.8, 0.010 0,146 0.0155 0.83L E30%4 0.)91 0,105 1250 L8so A5
3204 t.B, 0,010 0,18 0,0105 0,8L7 22)° 0.387 0,07TL 1700 6130 d747
3301 t.», 0,0125 0,11 0,021 0,818 205° 0,515 0.0837 53) 2500 724
E3L: T.8.  0,0125 0,138 0,026 0,825 221° 0,542 0.183 LSS 1833 673
Lol t.8, 0,0235 0,26k  0,03)7 0.8L9 m* 0.266 0,128 A 1120 .31e
02 A 0.0235 0,266 00,0282 0.8LL 195° 0.260 0,106 koo 1707 L3152
3501 T.R.  0.01)5 0.)52 0,03} 0,850 211 0,0927 0,0933 1930 7420 4141
3502 T.8. 0,013 0.,)5) 0,028  0.855 236 0.0527 0,079L 2300 7780 4129
3601 T.8. 0,0105 0,351 0,0kl  0.88) 215° 0,070k 0.117 2520 9320 4067
3602 1.8, 0,0105 0,354  0,0307 0.875 266° 0.07%6 0,058 3000 8560 446
ok v.8. 0,0105 0,X%0 0,017 0,867 186° 0.0702 0,0u72 3980 17650 4152
N2 T.A,  0,0285 0.36) 0,067 0.827 210° 0.179 0,176 2560 1020 4383
3801 T.B.  0,0225 0.3L2  0,0L27 0,831 223 0.1401 0,125 557 2060 e
3802 T.B.  0,0225 0,36  0,0327 0.83L 226* 0.157 00945 &3 2330 EICs)
3803 T.3.  0.,0225 0.350 0,0217 0.82) 22L° 0.151 0,062 732 2ns 4253
3604 1.B.  0.0225 0,336 0.05k  0.828 233° 0.166 0,161  L70 161 qose
3901 200, 0,019 0,33  0,05)  0.826 22)° 0.139 0,158  5SL 2060 4068
3902 T.A. 0,009 0,3uk 0,035 0.819 26 0.1)2 0,103 821 2750 4200
3903 t.8. 0,019 0,37 0,0265 0.825 226° 0.130 0,076 850 ms Hi0G
390k t.5. 0,019 0,351 9,0165 0.825 216° 0.128 0.5.7 1010 3830 3255
3905 T.R. 0,019 0,3kl 0,0L15 0.82L 213° 0,135 0,122 726 265 3R
3906 T.B. 0,019 0,35 0.0305 0,727 232° 0.114 0,082 &7 ne 4759
LOo1 B, 0.R6  0,L3 0,029  0.825 2”0 0,113 0.0665 6LO 2295 5285
Lo T.B. 0,026 0.L3k 0,035 0,822 220° 0,114 0,0795 587 225 F280
w201 r.n. 0.4 0.L39  0.08 0,81, 216 0,90 0,109 152 S8l 5393
o1 Be Cu 0.,m6 0.122 0,0L7 0,817 5 1L 0,387 237 102.5 493
302 Bs Cu 0,026 0,12k 0.0L} 0,816 2l 1.391 0,3L8 207 122 /520
L303 Be tu 0,026 0.126 0.037 0.807 2Ly 1.31  0.29) 32.8 1L JAS561
L3ok BPe Cu 0N.m6 0,128 0,032 0,806 2L6° 1.28 0,250 35.4 155 .1588
L3os Be Cu 0.26 0,129 0,0295 0,806 2)8° 1.26  0.229 u2.8 192 coe
4306 Be Cu 1,026 0,133  0,0225 0.807 2160 1.19 0,170 51.6 225.5 L1648
Lyo7 Be'Cu N,026 0,119  0,0505 0.316 FINN 1L N.2) 21.) 92.5 M958
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TABLE B.2(3) PERFORMANCE DATA AND DERIVED CONSTANTS - EXLINE

\OO)\‘IO\U\#\\:JM"'_

10

Ro

in.
1.646
1.625
1.621
1.619
1.630
1.684
1.616
1.636
1.648
1.621
2513
2.538
2.547
2:532
2.523
2.563
2.540
2.545
2.539

2,543

2445
2.484
2.492
2.456
2.465

2.510

2.515
2.485
2.498
2.514
10552
1.540
1.035
1.047
1.495
1.511
1,098
1.067
1.000

'1.000

1.571
1.583
1.617
1.623
1.620
1.620
1.624
1.625
1.611
1.618

AR

ins

024
.031
041
.035
. 097
.063
.029

.022

019
.053
.048
.062
.052
044
.056
. 045
<045
.064
.078
.028
.010
017
.024
.026
.GL45
.02/
«023
.022
.023
.076
074
.070
074
.035
.039
044
.041
.043
.034
.034
.031
.029
.030
.030
.030
.030
.030
.030
.029

AR/Ro
in.
.020
.019
+ 025
.018
.021
.057
.039
.018
013
.012
.021
.019
.024
.021
+017
+ 022
.018
.018
025
+031
012
.004
.004
+010
.010
.018
.010
.009
.009
.009
.0.9
.0L8
. 0638
«071
023
,026
.040
.038
043
.034
.022
0019
.018
.018
.0138
.018
.018
.018
.019
.018

do

rad.

2.564
2917
2,637
2.373
2.012
1.815
1.819
2.719
2.676
2,709
3+256
3.197
3.169
35113
3.145
3.192
3154
3.173
3.146
3145
2.993
3.09%7
3.137
2.666
2.951
2.971
3232
3:041
3 . 0715
3.084
2.942
2:910
3.129
2.955
3.189
3057
2.636
2.592
2:953

3.128
3.475
3444
3.405
3.368
3.374
3.288
3.346
3.385’}

3.33%

-A

rad.

050

+048
. 065
.042
042
.097
. 066
049
.034
.C32
L] 06’/
., 060
,076
.063
. 054
067
» 055
.055
.033
L0956
.036
012
L0721

028

.031
.050
.032
027
.026

JCR2T

-137
«133
c198

«194 -

.073
077
.100
. 094
.108

.059
.0€6
.061
.062

"~ .060

. 060
.059
,G61
.0€0
0059

b

|

» 2,
- & |
.202
-
. 1159
o1 32
s B0l
. 25
.271
255
.282
-32&1
.310
o 202
S s
« 319
+ 312
+325
.308
Jeciilie
+421
.09
381
<318
.308
«271
.300
.300
.273
2954
126
129
.068
076
202
+198

117

114
127

. 129

«251
194
0156
.159
.159
.159
.163
.160
167
<160

Roh
a

453
+928
A42
.362
.185
.053
140
.626
<747
+811
.266
425
0376
.332
<554
<450
0521
478
2241
0282
1,093
1.788
LATS
.553
»355
439
J6L4
1.275
0355
844
. 165
.165
»120
«117
<460
L6
«327
224
221
.663
-681
.632
.633
.632
.630
.633
637
+627
063[&

AR E bk
Ro P a

. 296
.308
., 285
0265
.119
.027
=092
.308
s34
« 341
° 11&9
241
217
.196
276
s 26D
0282
LA
<171
« 179
+423
407
.408
s 337
« 225
«248
« 303
334
.192
.285
..092
L] 103
065
. 065
ozl}[b
e |
.189
181
.190
143
«285
«279
.288
.292
.290
. 284
«295
.296
. 292
0293

3

E AR
P Ro

1390
1062
1738
2565
5990

40600
9260

633
458
343
6510
2190
3100
4070
1100
2120
1400
1740
9690
6160
420
112
196

1400

3500
2330
715
174
3490
349
11600
11400
9690
10100
2730
3090
3560
3380
4190
3320
784
677
542
551
548
540
557
551
556
546

a
Ro

2033
.2071
.2110
2122
+2755
3270
.2752
1977
1935
.1947
1626
.1626
1619
1632
.1660
1624
.1655
.1639
.1594
.1605
1215
1161

1193
.1665
1672
1691

1462
«1653
1747
2497
.2519
3815
3771

1656

1641

«2320

+2386

3167

.1918
1902
1844
.1840

1843

.1843
.1839
.1837
1854
.1845



Tube
No.
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TABLE BJ(UPQYSICAL AND DIMENSIONAL CHARACTERISTICS-EXLLINE

Material Max-P

psi

Steel 410
Steel- 510
n L10

n 200

» 100

" L0

: 120

n 810

n 810

" 1060
Bronze 50
1 130

" ‘120

n ) 80

" 2.0

L 160

" 200

n 160

" 1;0
on 80
316 SS 800
" 1000
LA 1000

" 200

n 80

5 120

" 200

" 800

14} AO

n . .00
Steel 120
" 120

" 200

" 200

n 240

" 240
" . 320
. . 320
BeCo 200
® 200
Steel 800
n 200
Bronze 520
n 520
n 520
. 520
" 520
[} 520
" 520
n 520

E
x106
2805
28.5
28.5
28.5
28.5
28.5
28.5
28.5
28.5
2805
15,5
15.%
1545
15,5
15.5
15.5
1545
15.5
15.5
15,5
28

28

28 .
28

28

1545
1555
15.5
15.5
15.5
28.5
28.5
28.5
28.5
28.5
28.5
28.5
28.5
19.

19.5
28.5
28.5
555
Y555
15.5
15.5
15.%5
15.5
15 5
15.5

-

a

.3346
.3366
«3420
« 3436
4491
4448
- 323L
.3189
.3156
L4086
A 127
4124
«4133
A1B7
.2163
.4203
N fod |
4047

4082

«2971
.2885
+2913
«4055
.4103
<4196
<4253
.3633
4129

4391

.3875

.3879

«3949
«3948
« 24775
.2480
« 2547
«2546
«3167
«3169
«3013
.2981
.2986
«2986
.2986
.2985
«2985
«2986

02985

b

.0916

20751

.N690
.0788
.0727
0775
.0826
. 0864
.0806
1151
X E o
« 1279
<1248
<1357
.1328
1313
.1356
«1247%
« 1267
12351
.1180
.1290
.1263
1136
1278
.1093
.1129
.1116
. 0490
« 0479
.0269

.0298

.0500
. 0490
. 0297
.0291
.0402
.0409
.0528

.0576-

.1001
.1001
.1001
.1001
.1001
.1000
.1001
«1000

h

.0308
. 0368

. 0264
.0229
.0095
.0171
.0400
.0498
.0177
.0285
.0251
.0224
.0385
.0304
.0327
.0156
.0186
.0397
.0599
.0523
.0370
<0243
.0308
00/&64
.0673
.0242
L0648
.0162
.0182
L0174
.0189
.0166
.0198
0225
.0222

.0384

.0387
.0348
.0348
0347
.0348
.0349
L) 031&9



Table B.3 Sensitivity and Life Data on BOURDON Tubes - MASON

1.

3.

5.

7.

Specimen number, e.g., 160 S 002: The first figure is the manufactu-
rer's pressure rating p in psi, the letter is the coil type (C = cee,
S = flat spiral, H = helical) and the last figure is a serial number,

assigned by the subcommittee,

Stock description: Wall thickness h in mils followed by an abbrevi-
ation for the material: BC = beryllium copper, Bz = bronze, CM =
chrome-molybdenum steel, CRS = corrosion-resistant steel, CS = carbon

steel, PB = phosphor bronze, S = steel, TM = trumpet metal,

Coil description: Radius R, in inches, angle @, in degrees; no

allowance has been made for end fittings.

Cross-section description, Fig., 2: Major semiaxis a at mid-wall, mils;
minor semiaxis b at mid-wall, mils; approximate shape E = elliptical,

F = flat oval, D = dee,

Pressure sensitivity kj = (-A@/#)(E/p), dimensionless; modulus BE,
unless otherwise noted, is taken from Giacobbe and Bounds (6); angle

changes computed from travel as Ax, Ay, or Y Ax2 + Ay2 are noted,

Life, 10-3 N cycles; from O to rated pressure p unless otherwise

noted, and to fracture, unless otherwise noted.

Pulsation stress (maximum fiber stress) developed on life test, 10-3 s

psi,

Parameters Rh/aZ, b/a, aZ/lOth, 106bh3/ah, all dimensionless; useiul

for comparison with various theories (5).



ASME Researcr CoMMITTEE ON MECHANICAL PREsSURE ELEMENTS
Data Form No. 1: Pressure-responsive Bourdon Tube
H.L.M.—Revised May 24, 1954

(1) Type: Helix or (flat) spiral . orcee
~ (2) Material: alloy : ; composition %
Young’s modulus E = psi; Poisson’s ratio » =
(3) Stock before coiling:  temper ; hardness
nominal grain size mm; supplied by

(4) Heat and stress treatment after coiling:

(5) Fittings soldered or brazed or welded

s F
" ~— {7 o
/-(RAL PLaa ?y
¢\ & YA
¢""\) P\ "f‘ -Ax .

© ‘4‘4
S [ s AR —
( b & e /i.\ Neutral

./" RS
SR, .
A\ Flat Oval )
=y

\ AR :
\ Neutral
\S axis
X RN
k\ L]
Fic. 1 Coir GEOMETRY ) F16. 2 Cross SecTioNs

(6) Cross-section: elliptical or flat cval or dce Dimensions
after coiling, b = a = b= b = bp= = r=
Sketch deviations if any from sections shown above.

(7) Radius and total angular length of innermost coil, Ry = in.,, ¢n = deg;
ratio of effective (unstiffenced) length of n coils to their total length = F
for spirals supply also R, ozy o o v o o v v Ry, ¢on

(8) Max. useful pressure diff'c p = psi; set of %, fatigue life of
cycles, and noalinearity (0 to 1009, range) of % appear at temperature of
deg F and this pressure diffcrence.

(9) Prcssure sensitivity, per psi: in radius, AR/Rop = psi~}, or in angle

—A¢/dip = psi~Y, or in deflection \/ Az? + Ay*/Rep = psi~t; specify

tip constraint, if any.

(10) Spring compliance, lb-in~!, under pure moment 3} or lb~! under pure force F;

angle ¢ = deg, at pressure p = psi: in radius AR/RAM = or
AR/RF = or in angle A¢ /M = or A¢/pF = , orin deflection
V Az + Ay*/R = or WV Az? + Ay*/RF = ; specify tip constraint, if auny.

(11) Remarks
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TABLE GEOMETRY, PRESSURFE SENSITIVITY, LIFE

Press. Puls,
Specimen Stock Coil Section Sens« Stress| Life Parameters

-48 E % e BR B a2 1060n3
p # h Mtl. R, g, a b “fP 107s 10N 2 @ 002 b
100-.C 001 25 PB 2.55 255 825 x250 E 2620 3 .09 .30 10,9 8.l

Serial 00). is phosphor bronze of 95 Cu, 5 Sn, 0.2 P; (AR/R)(E/p) = 2760. Stock from
Mackenzie Walton, half hard, Rockwell B-78, avg. grain size 0.886 mm. Heat treated after
coiling, SOOF for 1 hr, to Rockwell B-97. Soldered fittings. Section E or F, effective
$,=2L8. set < 0.05% at 70F. -

160 5 002 18  BC See 200 x 25 F 1485 10002 .35 .12 1.23

91
230 5 003 20 BC note 200 x 27 F 1030 n 39 .1 1.00 135
300 s o0k 22 BC below 200 x 29 F 79Q " JA3 .1 .82 193
370 s 005 24 BC 200 x 31 F 6L0_ n U6 .16 .69 268

510 S 006 28 BC 200 x 35 F Lé5 " .Sh .18 .51 hgo
Serials 2 to 6 are beryllium copper of 1.,0-2.15 Be, 0,35 Co, bal. Cu; E=19x100, YV =0.3;
L.5 turn spirals of 1600°, with uniformly spaced radii, innermost 0.5" to outermost 1,.0%,
fixed at outer end, 20° rotation at inner end, mean radius R, taken as 0.77". Stock is
solution annealed to Rockwell 30TL6~60 before coiling; heattreated at 650 + 5§ F for
60 + 5 min, after coiling. Fittings silver soldered. =
Note a; “For 1% set; 0% nonlinearity; 80°F.

90 H 007 11.5%TB 0.95% 1LLO 386%x 33*F 2669 39 200 .07 .09 1,12 2.3
120 H 008 12.,5%TB 0,95% 1LLO 387%x 3l*F 2000 ks " .08 .09 .96 3.0
270 H 009 18% TB 0.96% 1LL0 393%x L3*F 886 52 " o1 .11 48 10,5
27% H 010 21 TB 1.,57% 1LLO 383%x 63%p 871 Lo " 22 16 L33 271
500 H 011 16X TB 1.05% 3240 2Lh*x126¥F 2007, 27 n 2l 052 W23 16

200 K 012 21%¥ TB 0.,97% 810 635%x L2*F 2100 68 n .05 .07 .91 2.L

Serials, 7 to 12 are trumpet brass of 81-82 Cu, 0.75-1.5 Sn, 0,05 max P, 0,05 max Fe, bal Zn,
E=15x10°, 1) =0,33. Tip is constrained to radius Rys Stock from American Brass Co. and
Mackenzie Walton, cold drawn, hardness under 020" 157-82 to 89, 30T~62 to 72, grain size
.010~.030 mn. Heat treated at U480 F for 1 hr, furnace cooled with nitrogen. Fittings
soldered. Nonlinearity 1/2¢ on #11, 1Z.on #7 to 10, 1 1/2% on #12.

Note b; Tor set of 1/2%, room temp.

30 c 019 10% TB 0.97 233 273 x 87E 10700 - - I3 <32 T.h 15.8
30 ¢ 020 10,5%TB 1l.19 235 275 x 84LE 9800 - - .16 31 6.9 18.3
30 ¢c 021 128 pp 1.62 228 LO7 x108 F 8500 - - 212 .27 11.b 945

30 ¢ 022 15 pB 2,06 21 LO7 x120 F 720(5’6 - ¢ J19 429 Tk B
#19,20 are trumpet brass; cu 81, Sn 1, zn 18; E=15x10° psi, G=6x10° psi, V) =0,25.

#21,22 are phosphor bronze, grade A; Cu 95.5, Sn L.5; E=16x100 psi, G=6,25x10% psi, 1/=0.28, .

#19,21,22 have brazed fittings, %20 has soldered fittings. Not pulsed. A@/# based on
chordal travel; data averaged from two independent testing laboratories.

60 c023 1% TB 0,97 233 275x 88E 5000 = = LIB Jd2 3.8 - ke
60 ¢ 02y 1L.5*TB 1.17 237 276 x 87 E 5000 - - 22 32 356 L5.7
60.¢ 025 17" PB 1.62 228 108 x119 F Lood - - W17 29 5.7 21,2

60 c 026 21* pp 2,06 2l1 Lo x125 F 3800 , - - 26 31 3.8 .k
#23,2l; are trumpet brass; Cu 81, Sn 1, zn 18; E=1210° psi, 6=6x106 psj, 7/ =0.25. #25,26
are phosphor bronze, grade A; Cu 95.5, Sn L.S5; E=16x100 psi, G=6.25x100 psi, +/ =0,28.
#23,25,26 have brazed fittings, #2l, has soldered fittings. Not pulsed. A@/P based on
chord; data averaged from two independent testing laboratories.
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TABLE (continued)
Press, Puls,

Specimen Stock Coil Szcticn sens. Stress Life Parameters
| -Ag E 3 Rh b a2 1063
p # h . R, f, a b P p 1055 03 23 ox2 o
100 ¢ 027 18% T8 0.97 233 276 x 8L E 3000 - - «23 30 2.3 8Li.5
100 ¢ 028 18% T3 1.17 237 27hx 93 E 3000 - - 2B 3h 23 96,6
100 C 029 21%* pB 1.62 228 112 x123 F 21,00 - - +20 +30 3.8 39.3
100 ¢ 030 26* pB 2,06 2ln 113 x127 F 2300 - i oIk 2.8 76.6

#27,28 are trumpet brass; Cu 81, Sn 1, zn 18; E=15x108 psi, G=6x10% psi, V=0.25. #29,30
are phosphor bronze, grade A; #2
29,30 have brazed fittings, #28 has soldered fittings.,
from two independent testing laboratories.

200 ¢ 031 1%
200 ¢ 032 23
200 ¢ 033 30*
200 ¢ 034 35
600 ¢ 035 3*
600 ¢ 036 36%*
600 ¢ 037 L3*
€00 ¢ 038 Lg%
1000 ¢ 039 la*
1000 ¢ 04O Leo¥*
1000 ¢ Oh1 sl*
1000 ¢ Ol2 s8*

Serials 31 to L2
assumed central,
on chord.

Rated pressure applied just before deflection test, #31-L2,
are silver soldered or brazgd; #32 is soft soldcred.
cu 81, sn 1, 2n 18; E=15x10

Cu 95.5, Sn L.5; E=16x10% psi, G=6,25x10° psi, V=0,28, #27,

4¢/% based on chord; data averaged

B 1,00 232 25 x L8 p 1l10 32 .19 1.5 105
PB 1.18 234 255 x 1,8 D 1390 Ji2 10 R 2 136
PB 1l.62 221 112 x129 D 1400 +29 o3 = o 122
PB 2,05 22 16 x123p 1240 Ji2 30 1. 176
T8 1.00 230 264 x 53 D 506 L9 .20 .6 131
PB  1.19 23, 262 x 56 D 130 62 21 o5 550
PB 1.60 226 3L0x 82D 512 .60 .2 . L6 538
FB 2.00 2Lh 34l x 85D L08 .82 ,25 .5 678
T8 1,02 230 264 x 56 p 270 A0 521 & 796
PB 1,20 235 266 x 5L D 30l W1 .20 Wb 764
PB 1.62 226 352 x88p - 2717 o170 425 b 912
PB 2,02 2l 350 x 87 n 216 96 .25 b4 1150

made from elliptical tubing, flattened to D~shape in cociling; neutral axis
Data are averaged from two independent testing laboratories; A @/@ based
Seri.als 31,33-42
Serials 31, 35, 39 are trumpet brass;
psi, G=bx100 psi, 1)=0.25. Serials 32-3l, 36-38, L0-LZ are

phosphor bronze grade A; Cu 95.5, Sn L.S; E=16x100 psi, Grb,25x100 psi, 1/=0,28,

2000
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TABLE (continued)

Press. Puls.
Specimen Stock Coil - Section sens, Stress Life Paramsters

, -ég E 3c. b 2% 100
p # h mutl. R, f, a b P 10ds (30 3 3 052 b

NT

25 13Lh x 4

gocold 1y 3¢ 0.71 2F 930 - - .56 .33 ..96 356
booc ol 14 BC 0,71 238 1Ox31F 1310 @ - - .51 .22 1,00 221
200 c O45 14 BC 0.72 250 16 x 18 F 2100 - - .48 .12 1.08 108
2000 c 046 22 BC 0.72 2h5 130x36F 2300 - - .93 .28 .35 13L0
1Lo0 c oL7 22 BC 0.71 250 135 x 23 F 360 - - .85 .17 .38 738
800 c.048 22 BC 0.75 28 1l x F 56Q_ - - 83 08 k1
5000 ¢ 049 32 BC 0.73 248 127 x F 91 - - Loty 417 .16
5000 ¢ 050 32 BC 0.72 250 120 x 35 F 57 - - 1.59 .29 .1L 5500
5000 ¢ 051 32 BC O.74 250 15x W6 F 39 - - 1.78 .LO .13 8500
L4000 ¢ 652+ 30 BC 0.80 300 124k x F 97 - Ta T O e T
bpoo c 053 30 BC 0.82 300 117 x LB F 53 - - 1.80 0. .15 68L0
L3 to 53 are beryllium copper; assume E-~-19.5x106 psi. - .
50 C 05L 20 CM 2.25% 300 648 x123 E 12300 80 535 .1 .19 10 5.59
n ¢ 055 - CM u v 648 x126 & 13400 - 167 - W19 -
" co0%6 20 cu M " 658 X150 & 6500 112 301f a0.23 10 6.35
" co57 18 cu " " 670 x156 B 9600 136 3 08 .23 Ak L.51
" ¢co058 18 cm m o 661 x152 & 9900 - - 9423 1L L. 61
" CcO059 18 cu v 660 x15kk & 10400 133 ook o9 .23 13 L.7h
" c060 1 cu m m 363 x119 & 1L000. 79 gl o 33 7 18.7.
" ¢ 061 12.5CK n 420 x100 E 17100 87 681, 16 .24 11 6.26
n Cc 062 1} cH " v L18 x102 & 17100 82 68l 17 24 10 7,35
n c 063 13 ¢ n n 19 x101 E 16600 82 58l a7 2k 30 7.21
" Cc05h - cu " " 118 x100 E 17300 - 68l - 2L -
" Cc065 13 ¢ " " 118 X100 & 1760Q_ 82 68l L S A s 7.20
" c066 20 o M v 642 x126 E 14900 76 3L 73 220 0 10 5,92
" G 067 20 CK n o 6l2 x124 E 15300 76 1548 11639 <110 5.8l
" C 068 20 K n v 6Lz x126 £ 15700 76 196 11 420 10 6.03
" CO059 20 cu v " 6l2 X126 T 15100 - - Ty Gss TR 1o 5,92
" ¢O70 20 cu no 642 x125 E 15100 76 190 .11 ,19 10 5.89
" CO71 20 CH " n 6L0 x126 E 15500 76 175 17480 10 5.95
#5l to 71 are chrome-molybdenum steel; assume £=28.5x100 psi. Life test on #1 to 65
stopped at 604,000 cycles. 4@/P based on ay. #5)-56 nearly like #66-73.
Note f: Pulsated at 507 overpressure,
75C 072 20 Cu 2.25% 300% OLL x123 § 12600 117, LO8 86 .11 .19 10,4  5.73
" CO73 20 CM ™ " 645 x121 E 12200 117,395 86  ,11 .19 10.4 5.6
w ¢co7h 31 cM n n o 642 x132 & 6290 1,08 - 17 21 i3 231
" ¢c075 31 oM v v 6L3 x133 E 6290 388 AT 2 th3 | 23,2

#72 to 75 are chrome-molybdenun steel; assunme £=28,5x10% psi; 4@/P vased on ay.
Note g: Using Stresswcoat. #72-73 nearly like #5l-56, #66=71.

Serials 13 to 53: Stock by Superior fube Co., R30T-65, grain size 0.035 mm. ileat
trzated after coiling at 550-600 I’ for 2 hours,
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TABLE (continued)
Press. Puls.
Specimen Stock Coil Section Sens. tress Life Parameters
-AB E Fh b a? 105pH3
p -# h ul. Ry, §&, a b B$p 1005 100y a2 3 o2 ab
100 ¢ 076 23 cM 2.25% 300% 682 x111 E 12800  1L2 235 .11 .16 8.8 6.23
" c 077 2L cu n no 665 x131 E 8390 118 118 60 .12 .20 7.5 9.2
m co078 23 ¢cM o n 661 x132 E 8700 2% 18 14k .12 .20 8.3 8.3
m o C 079 23 CK " n 661 x131 E 8390 127 8. Q220 8.3 8.2
" c080 23 cu " n o 661 x131 E 8960 127 303 .12 ,20 8.3 8.2
n c081 23 cM " n 667 x1L1 E 7820 - - A2 221 . 8.1 8.6
n co082 23 oM " v 661 xAWh E 7690 - - A2 422 . 8.3 9.
n c08 23 cu n 666 xAL E 7790 - - Jd2 .22 8. 8.8
n c o84 23 cu " w665 x1Lh B 7820_ - - 12 22 B3 8.9
n C 065 20 CM " n 362 x11L E Lh20 - - o3l w38 33 53.5
" c086 20 ocx M w363 x11L E  LhoOo - - ol 431 3.3 B8
n ¢ 087 22 M " v )06 x103 E 5800 N 68y .30 .25 3.4 39.h
n Cc 088 22 cu n w06 xX109 E 6190 68 68 .28 .27 3.8 37.2
" c 089 21 CM " n L09 x102 E 5850 71 68y .28 .25 3.8 33,8
" C 090 21 CM " v 06 X104 E 5900 69 Sbel - .28 ,26° 3.8 . 3s.6
" C091 21 cn ™ " 110 xX10L E 6190 _ 71 68y .28 .25 3.8 33,2
"o 092 19 CK g n 408 x112 E 6290 - - 25 .27 L.6 28,0
" c093 19 M " n 407 x113 E 6010 - - .25 .28 L.6. 28,
moCcOo9% 19 cH " n 407 x112 E 6140 - - .25 .27 L6 28,0
"nC095 19 cM n 408 x113 E 6010 - - 25 428 L6 28,2
n C09% 19 CM " o L09 x110 E 59LQ. - - 026 ,27 L6 26,8
" Cc 097 19 C " n 15 x101 E 6690 - - 254 2T 2545
m co098 19 cu v 1AL x101 E 6690 - - .25 .2k 23,6
" 0099 19 .CH " 1ol x101 E  706Q. - - .25 .24 23.6
n €100 19 Cu " n 111 x107 E 6430 - o ae 28 .26 26,2
"moC 101 19 Cci " m 410 x107 E 6400 - - W25 .26 2542
noC 102 19 Cu " n 410 x107 E, 7000 - - .25 .26 26,2
#76 to 102 are U130 steel; assume £=28,5x100 psi; A@/P based on Ay. Life test on
#67 to 91 stopped at 6B8l,000 cycles,
100 ¢ 103 31 CH 2.25% 300% 636 x126 E 6350 72 105 17 20 b2 23
" c1oh 31 cM u m 635 x129 E 6010 72 196 .17 .20 L.2. 24
n ¢ 105 3 cM n n 638 x126 E 6350 72 180 .17 .20 L.2 22
m c106 31 ¢ o o 638 x125 E 6350 - - 17 .20 hs2 22
" ¢ 107 31 CM " m 636 x125 E 6350 - - 17 20 b2 23
" Cc108 31 cM L n o 636 x125 E 6350 - - 1] 420 L2 23
n Cc1l09 31 CM " n 637 xX121 E 6990 73 . 56 .17 19 L.2 22
n c110 31 X " m 638 x121L E 7190 73 15 17 «19 Lh.2 22
n c111 1 oM " n 638 x119 E 7010 7h B A7 22 b2 21
" ¢112 30 oM v m 640 x120 E 7010 79 107 .16 .19 L.6 19
n c113 30 cu o n o 641 x120 E 6810 29 97 .16 19 " L4,6 19
#1.03 to 113 are chrome-molybdgnum steel; assume £=28,5x10° psi; A@/@ based on Ay,

]
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TABLE (continued)
Press. Puls.
Specimen Stock Coil Section Sens, Stress Life Paramzters
-ag s mob _a? 10%w
p # n wml.rR, # a b PP 1035 1000 a2 2 1072 ab
250 ¢ 11 LO cM 2.25% 300% 6L2 x127 E 3980 120,37g 55 .22 .20 2.6 L8
" c115 LO cM w640 x13L E- 3720 118,358 19 .22 .21 2.6 51
n ¢c116 56 CM n n 676 x115 E 1480 - «28 17 1.5 oL
" c117 5 oM ¢ v 64l x130 E 1400 137 379 20 .20 1.3 11
" Cc118 56 CM " v 642 x132 E  1L30 138 86 W31 .21 3.3 136
" 119 s6 cu v w63 x131 E 1370 137 Lbs3 .30 .20 1.3 13)
" c120 59 cu " 6ll x129 E 1L3Q 126 138 .32 .20 1.2 155
" Cc1l21 27 CM n v 366 x 98 E 3250 98 0L U5 .27 1.8 107
n cl22 27 cCM n n 365 x 98 E 3020 - - S 27: 148 307
n c123 27 o " 365 x 99 E 3020 98 60 .L6 .27 1.8 108
#1) to 123 are chrome-molybdenum steel; assume T=28,5x100 psi; Af/f based on Ay,
#117 120 pulsated at 500 psi.
500 c 12 63 CM 2,25 3 632 x 90 E 1770 368 7 «35 <1 1.0 12
oo 125 61 oM " " 635x 93 E 1850 117,37¢ 13 3L .15 1.0 16
n 126 73 cM " n 631 x124 E 740 8L = L1 .22 0.8 296
" c1l27 73 oM " n 631 x12L & 770 - - J .22 0.8 29
v c128 73 oXM » v 631 x12, E w0 - - - J1 .22 0.8 296
n c129 73 CM " n 631 x124 E 7h0_ - - UL 22 0.8 296
n ¢130 39 oM n " 362 x 91 E 1250 113 110 .67 .25 0.9 314
n c131 39 oM n w 362x91E 1230 - ~ 67 .25 0.9 31L
" ¢132 39 ¢y ¢ " 32x91E 1250 - 67 .25 0. 31
#12l, to 132 are chrome-molydbenum steel; assume E=28, 5}(106 psi; &f/f vased on ay.
1000 ¢ 133 2,48 cx 2.25% 300¢ 35L x10L E 740" 151 30 .81 .29 B2 600
v ¢ 134 L2,L9 cu " v 35 x103 E 770 146 27 83 29 .59 635
v ¢ 135 Lh1,L7 cu " n 355 x10l E soo 12), 27 719 29 1 Ssh?
" ¢ 136 Lo,k o m n 35L X104 E % 28 .81 .29 .62 600
#133 to 136 are chrome-molybdenum steel; assume —28 5x10° psi; 4@/f based on Ay,
Outer wall thinner than inner wvall., -
1500 C 137 5L CM 2.25% 300¢ 3L8 x116 E LEo 168 9 .95 .33 L,L7 10Lo
v ¢c138 51 cCuM " v 349 x118 E 1,80 165 10 .94 3L L7 1060
" c139 50 CK n n 347 x118 E 130 169 10 .93 34 .Lh8 1000
" c140 52 M " v 347 x118 E Loo 160 1 .97 J34 L5 1130
" ¢c1l1 50 cu n n 38 x120 E 1,80 169 B .93 3L L8 1010
" c1h2 L7 cu w w 3i5x 8 E 510 221 1 .89 .25 .54 6Lo
w ci13 L8 cu " n 3.5 x 84 E 510 216 2 W91 2L .52 660
" clh L6 cM " v 345 x 87 E 510 231 3 .86 .25 .57 570
C 145 L7 ocm m m 34,0x83E L8O 16 L .92 .2k .52 6o
#137 to 145 are chrome-molybdenum steel; assume E=28.5x10° psi; Af@/f based on Ay,
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TABLE (continued)
Press., Puls.
Specimen Stock Coil Section Sens. Stress Life Parameters
-af E ‘pi b _a? 10fwn3
p # h ml. R, ¢ a b Fp 1035 10N 2 3 10m2 b
25 c 146 18 PB 2.25% 300% 6L5 x108 E 14500 L8 68, .097 .17 12.8 3.63
C 147 18 PB n n o 6l x106 E 14600 L8 684 .097 16 12.8 3.56
n c148 18 PB u v 646 x108 E 14000 L8 684 .097 .17 13.0 3.59
n c149 18 PB n v 647 x108 E 14300 L8 68& 097 .17 13.0 2,59
" c150 18 ©PB " " 646 x105 E 13500 - .097 .16 13.0 3.50
" ¢c151 18 PB n n 645 x107 E  1L300 J097 AT 12,8 3.60
#116 to 151 are vhosphor bronze; assume £=15.5x106 psi; 45¢/¢ based on Ay. Life test
stoped at 68h,OOO cycles,
50 C 152 26 PB 2.25% 300% 659 x113 E 9100 . 5L 3040 .14 W17 6.k 2009
c153 27 PB M n 658 x114 E - 9100 S1 Ls6s 1L .18 6.0 11.9
n c1sh 27 PB " n 6L3 x106 & 7500 - - .15 .16 6.2 12,2
" ¢ 155 27 PB " " 6L2 x107 E 7200 - - 1% 27 6.2 12.3
n c 156 27 PB " n 658 x107 E 7200 52 799 .14 .16 6.0 11,2
" C 157 32 PB " n 6lL0 x103 E 7200 39 el .18 .16 L.C 20.1
" Cc 158 29 PB " n 642 x10L E 7700 LY 1224 .16 .16 L9  1L.8
" ¢ 159 30 PB " n 6h2 x103 E 7200 13 870 .16 .16 L6 16,3
#1¢2 to 159 are phosphor bronze; assume E=15.5x10° psi; A@/@ based on &y, Life test
n #158 stopped at 1 ,2211,000 cycles. ,
100 G160 27 “PB 2 25h 300 648 x13 E L,00 93 265 ik .23 5.8 15
n c161 28 PB v 652 x135 E 5300 90 386 .15 .21 5,5 18
" c162 27 PB " n 652 x138 E 530Q 93 15 IR | TR § 5.9 17
"n Cc163 37 pg mo 636 x 96 E L5500 61 352 .,21.15 3.0 30
n ¢ 164 38 PB n " 635 x 99 E L200 56 169 .21 ,16 2.8 33
" c 165 38 pB v 635 x102 E L200 56 145 .21 .16 2.8 3
166 38 PB n n 635 x 99 E L300 56 125 .21 .16 2.8 33
#iéo to 166 are phosphor bronze; assume E=15,5x100 psi; A@/@ based on Ay
250 C 167 60 PB 2.25% 300* 630 x 93 E 1800 - - 3L .15 1.1 127
n Cc 168 59 PB " 629 x 94 E 1500 69 113 3k .25 1.1 125
n c 169 61 PB u n 628 x 93 E 1500 65 110 L35 .15 1.1 135
" C170 59 FB " n 631 x 94 E 1500 70 119 .35 .15 1.1 121
" Cc1l71 62 PR " "oo628 x 93 E 1500 62 37 W35 .15 1.0 1S
m c 172 60 PB n "n 630x B E 1500 68 107 3L 25 1.1 127
#167 to 172 are phosphor bronze; assuce E=15.5x10° psi; AP/ based on ay.
500 C 173 99 PB 2.25% 300% 616 x 85 E 820 59 11 .59 2k 39 570
" Cc 17 - PB n n - x- E 850 - - - - - -
" 0175 - PB n " - X~ E 850 A = = = -
" Cc1l76 72 PB M n 629 x100 E 820 96 12 41 .16 W76 L20
moCc177 73 PB M n 630 x101 E i 22 .U1.16 W74 oo
" c178 76 PpB v o 624 x 85 E 800 92 L2 b W1l W67 )00
" c-179 77 PB n n o 623 x 85 E 800 92 55 L5 W1k 66 390
m c18 76 P3 ® m 62 x 86 E 800 92 63 b bk 67 00
m c18 7 PB no 62, x 86 E 790 92 L3 .1k W67 100
w c182 76 p3 n m 62 x 86 E 790 91 53 WLh bk 67 390

Fhosphor bronze,

E=15, Sx106p51,

a¢/¢ vased on

Ay,
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TABLE (continued)

Press. Puls.
Specimen- Stock Coil Section Sens. Stress Life. Parameters

‘ —4@@ E : s, o HE b e 10%h3
a b P 7S 0™’N al a 102h2 ah

p # h wutl. R, §

500 - 183 1.5 - - - 336 x105 E - - 13 - 31 .65 580
n -18L L8 - - - 335 x101 E - - 32 - 30 .L9 890
n - 185 L7 - - - 33L x10L E - - 6 - 31 .51 870
n - 186 L8 - - - 333 x105 E - - 68 = 432 U8 960
w - 187 L8 - - - 335 x105 E - - 320" = . JH A 920
n - 188 LB - - - - x101 E - - N - - -

" -189 B8 - = - = X102 °E - - - IS U -
" - 190 L8 - - - - x105 E - - 52 - - - -
"o~ 191 L9 - - - 339x91E - - L9 - .27 L8 810
no-192 - - 342x94z - - 1 - .27 W69 L70

#183, 188 189 and 190 are "double tubes",

1000 ¢ 193 57 5 PB 2, 2:* 300¢ 380 x1%1 & 190 101 58 .90 34 WLhL 1190
" oCc 19 PB v 375 x128 B 190 78 6 1,06 .3l 432 1900
" c 195 68 PB n n 376 x126 E To0- . 78 630, Nedl o3l - 31 1970
" c196 55 PB u n 337 x 95§ 390 101 6-.31.09 28 .37 1230
" C197 56 PB " n 335 x97E 390 99 - 1.02 .29 36 1380
n 198 56 P3 n n 335 x 98 = 390 99 Far 3,32 29 36 1390
" Cc199 57 PB n n 336 x 91 E 390 96 10 1.0k .27 .35 1330
" C20 Sh PB M n 336x9E 390 107 10 1,08 .29 .39 1190
" c201 56 PB n n 36x 9L E 390 100 11 1.12 .28 .36 1270
" Cc 202 59 PB " n 333 x 94 B 90 39. 1,20 ;28 .32 1570
" ¢ 203 57.5 PB n n 332 x 93 E 9l 20 1.17 .28 .33 1470
n c 20, 58 PB " n 3B1xBE 280 90 30 . 1,19 2832 ~ 1,50
n Cc 205 60 PB n voo329x 93 E 280 8l 20 137 28 30 1660
n c 206 59 PB " n 329 x 93 E 170 86 39 -41516 .28 31 1660
el 589 - m ¢ n 330x93E  28Q 88 370122 o280 31 1660
" ¢ 208 51 PB " n 333 x108 & 260 108 51 1.03°632 W13 1160
" 205 51 PB " n 336 x106 B 190 109 6 1:02.32. 308 1090
" Cc 210 50 PB n n 33) x107 E 360 110 9 1,01 .32 i 1070
" C 211 S1 PB " n 335 x108 E 30 108 25  1.02 32 43 1150
"W ¢c212 51 PB v 33, x108E 360 108 28 1.03°.32 L3 1150
n ¢c213 L8  PB " n 288x8 = 390 105 6. Y31 281 .36 1260
w c21: LO PB n n 292 x 86 B 390 142 6 1,06 ,29 .53 760
" ¢ 215 LO PB n no 291 x 90 B o 137 16 1.06 .31 .93 810
m ¢c216 47 PB M n 283 x8E 360  10L 21 1.32 .29 JS6 21320
" Cc217 LO PB woow ome 291 x 89 E 390 b & i 21 1.06 .31 .93 800
" c 218 55 PB " v 331 x101 B 230 96 7 1.13 .30 .36 1390
n ¢ 219 56 PB " n 330 x102 E 230 95 23 1,16 .30 .35 1130
" 0220 57 PB n t 330 x100 E 190 90 297 7,18 .30 - 33 1590
10 221 58 .- PB n n 329 x100 E 210 88 36 1,20 .30 .32 1690
n c222 56 PB n " 329 x100 & 210 68 Lo 1.21 .30 .32 1690
#. ¢ 223 60 PB " n 332 x 96 E 210 88 15 1522 297,31 1700
" c224 59 PB " n 332 x 98 E 210 89 20y 31500 5294 39 1600
" C225 59 PB M ¢ 330 R NRl0 92 " 38 APhnl0 33 0 1560
n c 226 6L PB " n o 367 x125 E 180 81 b 0l W13 2280
n ¢ 227 68 PB n n 365 x125 E 150 73 §9 . 1,543k .29 2280°
w ¢ 228 68 PB " n 365 x125 E 170 73 N T i | TR 2850
B g 229 73 PB " n 361 x124E . 130 62 20 = Y26 3l 2k 2860
n c230 74 PB n n o 363 x122 E 150 - 62 90« 1,26 3L 2L 2800

#193 to 230 are phosphor bronze; assume E=15.5x10° psi; A #/F based on A4y; #208 to 212
were heat treated.
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TABLE (continued)
' Press. Puls.

Specimen Stock Coil Section Sens, Stress Life Parameters
f%g E . 5 Rh b a2 10%13
p # h utl. R § a b P 107's 100N [2-3a 92,2 b
1000 ¢ 231 L6 cn 2.25% 300% 238 x 9L E 180 180 10 1.8 .39 .27 2810
1000 ¢ 232 L3,L5 Cci L 2o x 93 E 190 197 10 1.7 .39 .30 2400

# 231,232 are chrome molybdenum steel; assume &
wall ,0LS, outer wall ,ol3. # 5k to 23
tubes from hecating at tip end. Internal radius

changed by suppliers vhen forming tube, to give

=28..Sx106 psi; AP@/P based on Ay; inner

2 were pulsed at 120 cpm, with arrangements to prevent

at end of major diameter of section is
performanca desired,

3000 ¢ 233 2l BC  LBLlx 255 127#x LBxE - - - 1.2 .38 .28 2400
3000 ¢ 234 2h% BC  L837% 252% 125%x SO%E - - - 1.3 .Lo .27 3000
3000¢ 235 18% PR C LBL8x 2L,9% 188ux 52%- - - - Ll 28 1,09 260
200 ¢ 236 16% PR .B8L2x 2.9 18%x 53x%E - - - 36 .28 1.4L0 15l
200 ¢ 237 20% Bz  .O8lSx 219% 250#x SOo#E - = - .26 .22 1.56 105
200 C 238 19# Bz 1.,13% 220% 183x L9#E = % - Ol L2793 297
200 C 239 16% Bz  .663x% 219% 252:x OlxF - - - 370 Joht 2,48 61
LOO H 240 1l# Bz  .850% 600% 117#x 31xF - - - Bl .26 .70 | LoO
100 ¢ 2Ll 10% Bz  J7h2® 257% 187%x 27#E = - - 20 1k 3,5 19
65 C 242 8% Bz  .800% 257% 18%5xx LT#E - - - 19 .25 5.L 20
25 C 2l3 8% Bz  .0829% 275% 298xx 59— - - - s07 .20 13.9 3.1
20 C 2Ll 10% Bz .B829% 275 297#x 58x- = = - _ 09 .20 7.6 6.3
275 H2Ls 6% S . ,390 See 99xx 27%F 2000 o2t 027 61
2000 H 26 15.7% S 390 Note 109#x 35%F 330 $52 .32 960
3000 H 247 16% S ,390Below 107:stx 37xF 275 o5l o35 1155
L4360 H 2,8 20.5% S  .380 10%%x 37%F 131 .66 J3h 2260
9250 H 249 26.9% S  .380 111sx L2sF 62 .82 .38 5150
#245-2L9 from Wolf (9), 30 to LO turn helices.
100 H 250 12 PR3 .78 1800 185 x 27 F 3Lho 27 J5 2.38 Lo
200 H 251 16 FB .7681 1800 185 x 25 F 1890 37 1L 1.3L 88
LoO H 252 20 P2 L,781 1800 182 x 23 F 1030 L7 13 .83 168
6oonH 253 24, pP3 ,78F 1800 180 x 20 F 665 .58 11 .56 263
1000 H 254 25 BC L7681 1800 170 x 20 F 686 .68 12 L6 374
300H 255 16 CRS .781 1800 180 x 15 F 2335 39 .08 1,26 58
BooH 256 2, ¢crs .781 18C0 175 x 20 F 65l b1 .11 .53 295

#250-253 are phosphor bronze grade A: Cu 95, Sn

5, Pb .035; E=lS.Sx106; Rockwell. B8O,

Formed and has silver soldered fittings; then stress relieved 8 hours at 300%F.
#25); is beryllium copper: Be 1.70 to 1.90, Ni+Co .60, balance Cu. E=18,5x10°; 1/l hard

i(Rockwell B 70 to 75).
3 hours at 600°F.

Formed and has silver soldered fittings; then is heat treated
Hardness after heat treatment, Rockwell C 35.

#255,256 are type 316 stainless steel: Cr 17, Ni 13, Lo 2.5, E=28x10%; Rockwell B 80.
Formed and has welded fittings; then is stress relieved 8 hours at 600°F,.
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APPENDIX C

COMPUTER PROGRAM - FOR TABLES 5.6, .7, .8, .9

Symbols Used in Program

Fortran Theory
X(1) Values of ratio a/b of Table 3.1
YA(I), YB(I) Values of o and /3 of Table 3.1
NT Number of test data
NTUBE Tube identification or no.
PR Pressure, psi
B Semi-major axis of tube cross-section, inch
A Semi-minor axis of tube cross-section, inch
T Tube wall thickness, mils
R ‘ Tube radius, inch
DEGREE Central angle of tube, degree
POISN Poisson's ratio,
E Elastic modulus, psi
EXPT Experimental sensitivity
DEFLEC Tube and deflection (equation 3.9), inch
SENSI Sensitivity (thin-walled, equation 3,7)
DEVIA Percent deviation of SENSI from EXPT
SENS2 Sensitivity (thick-walled, equation 3,.8)
DEVIA2 Percent deviation of SENS2 from EXPT
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$JOB 003702 LEE EDWARD T 100 010 030
$1B8J0OB NODECK
$IBFTC
DIMENSION X(11),YA(11)9YF(11)’DA(1]’2)9DP(1192)
C DEFLECTION ANALYSIS OF THE ROURDON GAGF WITH A FLAT- OVAL CROSS
@ SECTICN BASED ON MINIMIZATION OF POTENTIAL ENERGY AS PRESENTED IN
i THE WORK OF Le Ee ANDREEVA
&
G COMPUTATIONS USING KARDOS' DATA
L=11
NDEL=2
C VALUES OF X AND YA AND YB APE READ
READ (549101) (X(I)sI=1sL)
101 FORMAT (11F5.0)
READ (59102) (YA(I)sI=1oL)
102 FORMAT (11F5.0)
READ (59102) (YB(I)seI=1sL)
LL=L-1
€ DIFFERENCE TABLES ARE CONSTRUCTED TO THE NDEL-TH DIFFERENCE
DO 20 K=1sNDEL
DO 10 N=1sLL
IF (K +GTe 1) GO TO 9
NN=N+1
DA(NsK)=YA(NN)=YA(N)
DB(NsK)=YB(NN)=YB(N)
GO TO 10
9 KK=K-~1
NN=N+1
DA(NsK)=DA(NNIKK)=DA(NskK)
DB(NsK)=DB(NNsKK)=DB(NsKK)
10 CONTINUE
LL=LL-1
20 CONTINUE
G PARAMETERS ALPHA AND BETA WILL NOW BRE DETERMINED USING EVERETT*S
& INTERPOLATION FORMULA (NEGLECTING THIRD AND HIGHER ORDER DIFF.)
C HEADINGS WILL NOW BE PRINTED
WRITE (69201) :
201 FORMAT (1Xs4HTUBF 92X 91HP s4X9s1HHI5X s THR s4X 9 3HDEG 94X s THB 95X s THA 94X

103
25

30

13HA/Bs2X s 6HDEFLEC 92X 9 8HFXP SENS92X s 8HCAL SENS9s1XsOHDEVIATION»1Xo
26HNSENS291Xs6HDEVIAZ2 92X s 3HA/R 92X 9 3HH/A 92X 9 3HB/A93X s THRE/B#*%293X
22HBR/ /)

DO 500 NGAGE=1sNT

READ (59103) NTUREsPRsTsRsAsRIDFEGREESPOISNsEsEXPT

FORMAT (I1597F5eC3F10e03F540)
AB=A/B

BA=B/A

IF (BA «GTe 540) GO TO 34
H=0e5

IF (BA «GTe 1e5) GO TO 30
P=(BA-X(1))/H

Q=1.0-P
ALPHA=Q*YA(1)+P*YA(2)=P#Q/2+0%¥DA(1+2)
BETA=0*YR(1)+P*¥YR(2)-P*Q/2.0%DR(192)
GO TO 40

IF (BA «GTe 2¢0) GO TO 31
P=(BA=X(2))/H 5

Q=1.0-P
ALPHA=Q*YA(2)+P*YA(3)=P*Q/2,0%¥DA(1+2)
BETA=Q*YB(2)+P#*YB(3)-P#Q/2.0%¥DB(192)



31

8.2

33

34

36

37

38

39

40

GO TO 40

H=1.0

IF (BA «GTe 340) GO TO 32
P=(BA-X(3))/H

Q=1.0-P
ALPHA=Q#*YA(3)+P*YA(4)-P#Q/2+0%¥DA(342)
BETA=Q#YR(3)+P*YRB(4)=P*¥Q/2.0%¥DR(392)
GO TO 40

IF (BA «GTe 40) GO TO 33
P=(RA=X(4))/H

Q=100—p
ALPHA=Q*YA(4)+P*¥YA(5)=P*Q/240%DA(4492)
RETA=Q*YB(4)+P*YB(5)=P*#Q/2.0%¥DR(442)
GO TO 40

IF (BA «GTe 5¢0) GO TO 34
P=(BA-X(5))/H

Q=1.0-P
ALPHA=Q*YA(5)+P*YA(B)-P*Q/2e0%DA(442)
BETA=0*YR(5)+P*YB(6)—-P*¥Q/2.0%DB(442)
GO TO 40

H=140

IF (BA «GTe 660) GO TO 35
P=(RA=-X(6))/H

Q=1.0-P
ALPHA=Q*YA(B)+P*¥YA(T7)=P*Q/240%NDA(592)
RETA=Q*YR(6)+P*#YR(T7)=P*¥N/2,0%DR(592)
GO TO 40

IF (BA «GTe 740) GO TO 36
P=(BA=-X(7))/H

Q=1.0-P
ALPHA=Q#YA(7)4+P*#YA(8)~-P#Q/240%DA(T792)
BETA=Q%YR(7)+P*YR(8)=P*Q/2,0%¥DR(792)
GO T0O 40

IF (BA «GTe 8.0) GO TO 137
P=(BA=-X(8))/H

Q=1,0-P
ALPHA=Q*YA(8)+P*YA(9)=P*Q/2+0%¥DA(T792)
RETA=Q*YR(8)+P*YB(Q9)=P*¥Q/2,0%DR(792)
GO TO 40

IF (BA «GTe 940) GO TO 38
P=(RA=-X(9))/H

Q=1.0-P
ALPHA=Q*YA(Q)+P*YA(10)-P*Q/20%DA(892)
BETA=Q*YR(9)+P*YB(10)-P*Q/2.0%¥DB(82)
GO TO 40 ;

IF (BA «GTe 1040) GO TO 39
P=(8A-X(10))/H

Q=1.0-P
ALPHA=Q*YA(10)+P*YA(11)=-P*¥Q/20%DA(9+2)
BETA=Q#YRB(10)+P*YRB(11)-P*¥Q/240%¥NDR(992)
GO TO 40

ALPHA=4267

BETA=4114

GAMA=DEGREE/(18060/3¢14159)
NDEGRE=DEGREE

CONVERT UNITS TO INCHES

T=T%0,001

CC=(1e0-COS(GAMA) ) %32



1
205

1
500

SENTRY
IOCOOI
«637
« 096
1001
1003
1101
1102
1103
1201
1202
1204
1205
1501
1502
1601
1602
1701
1702
2001
2002
2101

SS=(GAMA=SIN (GAMA) ) **%2

G=(CC+SS)*%¥0e5

XX=R*¥T/(B*%*2)

D1=(1.0-PCISN#®#%2)/E
D2=R*#3/(A¥T)*¥(1e0-1e0/(RA*%2))

D2=G*ALPHA/ (RETA+XX%3%2)

DEFLEC=PR*D1%D2%D3

SENST=R*¥%2/ (A¥T)%(140-1,0/(RA*%2) )*¥ALPHA/ (BETA+XX#%2)
BR=B/R

AR=A/R

HA=T/A

NPR=PR .

NSENSI=SENSI

DEVIA=(FLOAT (NSENST)-EXPT)#1000/EXPT
NEXP=EXPT

CALCULATIONS FOR THICK WALLED CROSS SECTIONS
VALID FOR LARGE AXIS RATICSs B/A
C=(340/(R*¥#2%T#%2) ) %% 425

CB=C*B

SH=SINH(CB)

CH=COSH(CRB)

SI=SIN(CB)

C0=C0S(CB)

CX=1e0/CB#(SH¥#%2+ST#3%2)/ (SH*CH+SI*CO)
SENS2=R#%#2/ (A%¥T)%#(1e0=CX)/(CX+T*#¥2/(120%A%%2))
NSENS2=SENS?2
DEVIA2=(FLOAT(NSENS2)-EXPT)*1000/EXPT
RE-CONVERT UNITS TO MILS

T=T%*1000.0

WRITF (KA9205) NTURFINPRsTsRsMNDFGRF sRsA4ARSDFFLFCoNFXP ¢NSFNS

TsDFVIAINSENS29sDEVIA2 sARsHAIBA XX 9BR

FORMAT (1X9l4915sF5elsF7e39l59Fb029F TeltsFTebtsFbe391891109F10ely

I189F7el9Fbe29Fhe39Fhe29FB8e49FT7e4)
CONTINUE

STOP

END

5 7?0 3.0 460 5e¢0 6e0O 70 Re0 Q60 10.0
0594 o548 o480 o437 «408 o388 372 o360 «350 6343
110 115 121 121 121 121 120 119 119 118

100 3440 125 031 798 217 28 27 7045
100 3440 012760265 «792 192 428 27 86 el
100 3240 12540315 «795 221 28 27 83¢5
100 3240 o128 o025 790 224 2B 27 12245
100 3240 1230355 801 217 28 27 871
100 1960 128 <049 +805 220 <28 27 342
100 1940 1310455 807 223 28 27 379
100 1940 01370315 «791 236 28 27 602
100 1940 6139,0255 792 228 28 27 743,
100 30640 12340355 4799 223 428 27 9448
100 30,0 4125 o031 4795 237 428 27 110,
100 B840 o137 o044 o797 229 28 27 3570
100 840 ¢144,0335 806 191 <28 27 5400
100 1445 «137 «087 798 238 .28 277 939,
100 14e5 13940327 o794 234 o428 27 1210
100 11¢5 14060363 792 231 .28 27 1840,
100 115 13840417 792 225 28 27 1468

10010,C 4143 4035 6790 220 a8 2] 3000

Example Dat

<



2102
2103
2105
2106
2107
2801
2802
3001
3002
2101
3102
23301
3302
$IBSYS

10010,0
1001040
1001040

1001040 -

1001040

100
100
160
100
100
100
100
100

2240
2240
1540
150
1840
180
1245
1245

e148
« 140

01450

«152

«136

«132
«132

e135.
«137.
«13G,
«137e

e141
«138

025
« 040
0305
«019
0445
«026
0031
0275
0230
019¢
0285
«021
«026

«7813
« 797
«810
e 791
« 797
«831
«834
«807
«822
e 825
«822
e 81R
«825

235
226
218
236
208
224
226
226
228
222
223
205
224

28

28

28
« 28
e 20
25
25

25

25
25
e 25
e 25
25

2
257
27
27
27

15
15
15
15
15
15
15

4900,
2890
3415
5610
1992,
309
256
911
1112,
793
493
2500
1838





