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SCOPE AND CONTENTS 

The objective of this study is to elucidate as much 

as possible the the ory and analysis of BOURDON tubes. Both 

thick-walled and thin-walled tubes are considered. 

Three papers, repres e ntative of the state-of-the-art 

of BOURDON tube analysis, are reviewed (Refer ences 1, 2, and 

6 ) : 

1. WUEST, W., "Theory of High-Pressure BOURDON Tubes" 

2. ANDREEVA, L.E., "Elastic Elements o f Instrume nts" 

3. 	 DRESSLER, R., "Elastic Shell-Theory Formulation 

for BOURDON Tubes" 

Reanalysis o f (3) above, with a different approach 

(Appe ndix A) checked a nd comple ted the ge n eral f ormulation 

by DRESSLER. The final forms of all necessary equations, 

boundary conditions, etc . , to the solution of the three 

governing equations of the BOURDO N tube with a n e lliptical 

cross-section are given. 
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I ~ Comparison of results of ANDREEVA's sensitivity equa

tion with test data of KARDOS, MASON and EXLINE (References 

3, 4 and 5) using a qualitative approach ~s set out by KARDOS 

(References 3 and 17) showed good correlation. 

The study concludes with recommendations for the 

approach of future research and preliminary design procedures 

for BOURDON tubes. 
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CHAPTER 1 

THE BOURDON TUBE 

1.1 Introduction 

Since E. BOURDON of PARIS, FRANCE (in 1852) intro

duced the pressure gage various approximative analyses have 

been suggested to predict the tube's performance. These 

analyses, however, showed differences between test data by 

as much as ±50%. It is therefore the objective of this study . 

to elucidate as much as possible reasons for these discrepan

cies and the theory and analysis of BOURDON tubes. 

1.2 Scope 

In this thesis, methods representative of the state

of-the-art of BOURDON tube a nalysis are presented. Both 

thick and thin-walled tubes, with flat~oval and/or elliptic 

cross-sections, are considered. 

The methods of _analysis may be divided into three 

groups: 

1. Empirical or Qualitative 

2 . Approximation 

3 . Exact 

Currently, the first two methods are predominantly 

1 




2 

used (References 1, 2, 3, 4, 5 and 17). It is only recently 

(due to the advances of the electronic computer) that the 

third method (Reference 6) of analysis can be conceived as a 

possibility. 

Chapters 2, 3 and 4 reviews the methods of BOURDON 

tube analysis of the following papers (References 1, 2 and 

6): 

1. WUEST , W., "Theory of High-Pressure BOURDON Tubes" 

2. ANDREEVA, L.E., "Elastic Elements of Instruments" 

3. 	 DRESSLER , R., "Elastic Shell-Theory Formulation 

for BOURDON Tubes" 

Comparison of ANDREEVA's thin-walled tube analysis 

with experimental data of KARDOS , MASON and EXLINE (Refer

ences 3, 4 and 5) using a qualitative approach (Reference 17) 

is discussed in Chapter 5. Supporting matters of the above 

with detailed analysis, computer program and data are given 

in the Appendices. 

The final chapter concludes the findings of this study 

with recommendations for future research and preliminary de

sign procedures for BOURDON tubes. 



CHAPTER 2 

THICK-WALLED TUBE ANALYSIS 

2.1 W. WUEST - "Theory of High-Pressure BOURDON Tubes" 

In Herr von W. WUEST ' s "Theory of High-Pressure 

BOURDON Tubes" (Reference 1), the characteristic ratio A of 

the tube must fulfill the following requirement: 

a2 
A = < 1 (2.1)

dR0 

where, a denotes the average semi-major axis of the oval 

cross-sect.ion 

d denotes the wall thickness 

R denotes the mean or tube radius of curvature 

I 
For then the d e formation of the tube cross-section can be 

I· 
calculated without considering the effect or reaction of the 

annular stress Lcr (composed of the t e nsile stress and the 
x 

I 
b e nding) at the very start. Afte r that, a me r e superposition 

I 
of the e ffec t of Lax is made when the change of c urvature/or 

I 
sensitivity is calculated. 

With thick-wa lle d · BOURDON tubes (Figure 2.1), this 

r equ i r eme n t i s alwa y s f ulfille d. 

3 
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Figure 2.1 - WUES T's Flat-oval BOURDON Tube 

Figure 2.2 illustrates the coordinate system used by 

v 

I Z,lV r- z- -;---z1- , 
P_l_xu 

I 
~ 

i-r-r-r-r-r-r-r-~~--l 

v v 

Figure 2.2 - Breakdown of Flat-oval BOURDON Tube, coordinate 

system (x, y, z), and forces and moments in the 

rectangular section and end arcs 
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WUE ST and t h e b reak down of the flat-oval cross section, to 

determine w , into: 

(a) a rectangular part 

(b) and the two end arcs. 

Thus based on this, the development simplifies to the 

solution of the biharmonic equations £or the deformation or 

d e flection w of the tube cross-sect ions as i f the tube was 

I 

1· 

I 

straight ( excluding 

strain condition 1 • 

t orsion o f the t ube) and under a plane 

As the expr essions for the deformation are not re

quire d a t t his t ime , t hey will not be presen t e d here. Re fer

ence to the ir forms and deve lopment ma y be ob tained in WUEST 's 

pa per, f o rmu l as (1 4 ), (14a) a nd (35). 

2. 2 Change o f Curvature 

Because o f the curvature of the BOURDON t ube , t he de

formation w pro du ces "annular stresses". Expressing the 

" a nnular" s train o f t h e tube as 2 , 

I 

I 

I 

I 

( 2 . 2 ) 

c . f . C , T . WANG , "App l ied Elasticity , McGraw- Hill, 
1953 pp. 4 3 , 44 - the plane strain equation s 

2 c . f . t h is with ANDREEVA ' s "Elastic El eme nts of 
Instrument s ", Reference ( 2 ). Note t h a t a t this 
stage o f WUEST' s development t he state of plane 
strain imposed previ o u s l y is s u spended , the n 
a = µ (a +a · ) + EE x z y x 
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with z designating the distance from the line of symmetry, 

see Figure 2.2 

- d or z = z + r 
I + 2 in the straight section 

-z = r cos cp in the curved section 

Then, the resulting moment over the cross section of the tube 

is 

M = ff a~ z d F 

F1 

where crx' denotes the net "annular" stress. 

For zero external moment and Ee: x 

w - w -2M = z d F - - z d F = 0 ( 2 . 3 ) fJ R 
0 Ro 


F1 


From this the change of curvature w is, 

-f fw z d F w = (2.4) 
f fz 2 d F 

Observe that when substituting the value of w as determined 

previously (for the case of a straight tube under a plane 

strain condition), the reaction or effect - of that part of the 

annular stress ~a on the deformation of the cross section 
x 

does not yet exist. However since A<l , this effect can be 

merely appended to the above expression for w . 

' 
Therefore, to evaluate w* the curvature change due 



7 

to the reaction of as 

= ez- + y ( 2. 5)E E 

where s = wE/R the bending stress of t.ax
0 

y = (l-2µ)(F 0 /F 1)p the tensile stress of t.ax 

F = r 2 rr + 4£r the internal surface 
0 1 1 

= (r 2 -r 2 )TI + 4Hr 2 -r 1 ) the cross~sectional areaF1 2 1 


µ = POISSON's ratio 


Then ·its reaction in the transverse direction (using POISSON's 

ratio): 

From these expressions and appropriate boundary conditions 

(see page 11 of WUEST's "Theory of High Pressure BOURDON 

Tubes'') the deflection w* may be determined. Then since 

change of curvature is defined as, 

ff w~·: z d Fw* = = - iy J/J 
ff z d F 

where J = 4/ .3 1(r 3 -r 3 ) + TI/4 (r 4 -r 4 ) , the moment of inertia 
2 1 2 1 

of the cross-sectional area about the major axis, 
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w~·: = µy 	 ( 2. 7)-y 

Thus the change of curvature w of the Flat-oval thick-

walled BOURDON tube becomes: 

-ff w z d 	 Fw = + w~·: ( 2. 8) 
ff z 2 d F 

2.3 Sensitivity Ratio: ~R/R0 E/p 

In terms of the sensitivity ratio wE/p = ~R/R0 E/p , 

equation (2.8) when evaluated becomes: (WUEST's equation (37)) 

wE = ! {4.Q. 5 b [
p J 	 d2 

+ 4c bdQ, + 1 · 3'1T 	 + 0.200 (r 4 -r 4 ) cc 10 p 	 2 1 2 

+ (0.200(r 4 .Q.n r - r 4 in r ) + 0.0500(r 4 -r 4 )) c 
2 2 1 1 	 2 1 3 

- (0.59982(r 5 -r 5 ) + 1.7542 r 2 r 2 Cr -r )) - µy 
2 1 	 1 2 2 1 p 

( 2 • 9 ) 

where 	 b = r 1 + d/2 , the average semi-minor axis 

c = l/N[2r 2 r 2 Q.n(r /r )(r r p - 2M )-r 2 r 2 (r 2 -r 2 )p]
1 12 2 1 12 0 12 2 l 

c = l/N{- 2 [r 2 -r 2 +2 (r 2 in r -r 2 .Q.n r >](pr r -2M )~
2 	 2 1 2 2 1 1 12 0 

+ (1+2 Q.n r )r 2 r 2 .Q.n(r /r )p + r 2 /2 (r 2 -r 2 )p}
2 12 2 1 l 2 1 
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c = l/N[(r 2-r 21)(pr r -2M ) - 2r 2r 2 in(r 2/r 1)p]
3 2 12 0 12 

(20) 
WUEST's 
equations 

c - - (25)
4 WUEST's 

equation 

M 
0 = 

3.64(i/d) 3 - F i/d + G 
pd2 10.92 i/ct + H 

d 2h= = r2 - r1 

6.24(r~-r~) + l.04(r~+r~)in(r~/r 1 ) . 
F 0.026 += 

2[(r~+r;)in(r 2 /r 1 ) - (r2-r2)]
2 1 

1. 82'1T
G = [(r 2-r 2 )r r - 2r 2r 2 £n(r /r )] (29)

N 2 1 1 2 1 2 2 1 WUEST's 
equations 

3. 64'1T
H d2(r2-r2)= N 2 1 

c 0 = [2,275(£/d) 4 + l.384(£/d) 2 - 0.05043]d 

£n(r 2/r 1) 
- [5.46(£/d) 2 - 0.5]d M o /(pd 2 ) + { - c 1 _ r 2 -r 1 

Q, 4(r~ in r 2 -r~ £n I\) 
+ 0.4(r +r )c + [ 

i 2 2 r -r 
2 1 

- 0.7(r +r .)Jc } x 1.3/p - 5.7l(r 2 +r 2 )c /p
1 2 3 1 2 4 

(35) 
WUEST's 
equations 

The following Table 2.1 (WUEST's Table 2) results from the 

evaluation of the sensitivity formula wE/p . 
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TABLE 2.1 Sensitivity, wE/p 

~Id 0.25 a.so 1. 00 1.50 2.00 2.50 
er 
0 0.1210 0.3425 0.8267 1.3005 1.7610 2. 208 71 

0.1 0.2329 0.5312 1.2115 1.9014 2.6367 3.4183 

0.25 0.5551 0.9943 1.9554 3.0309 4.2817 5.56751 

0. 5 1.3753 2.1305 3.7581 5.5394 7.8004 10.136 

0.75 2.7650 4.1099 6.4126 9.2333 12.450 16.093 

1. 0 4.9370 6.6148 10.118 14.075 18.561 23.622 

1. 25 8.1309 10.389 15.084 20.339 26.903 32.911 

1.5 12.613 15.522 21. 533 28.238 37.755 44.158 

2 26.642 30.915 39.849 49.801 60.974 73.347 

3 85.431 91.074 105.726 123.110 142.794 176.398 

4 205.878 210.281 227.162 251.215 280.040 353.199 

Observe that the above curvature change or sensitivity 

expression does not d e p e nd on the tube's r adius of curvature 

R This is due to the straight tube approximation used in I· 0 

the analysis which is valid for thick-walled high pressure 
I 

tubes with A<l • 

I 

2.4 	 Corrections to the Curvature Change or Sensitivity 

Equa tion 

Next WUEST incorporates corrections to the curvature 

change ( e quation 2.8) . or sensitivity (equations 2. 9 ) expres
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sion. The corrections are for: 

(1) 	 Eccentricity effect or deformation of the cross-

sectional area during manufacturing 

(2) 	 the lengthening of the tube when under pressure. 

In evaluati~i the correction for eccentricity, a 

simplifying assumption that the deformation of the tube should 

occur in an ideal plastic fashion is made. Therefore 

with ' Ex = z/R
0 

From these relations and suitable boundary conditions, v 

and w may be determine d - see WUEST's equations (38). Then 

after some operation ~UEST gives the correction for the 

additional change in curvature, caused by the deformation of 

the cross-sectional area during production with the flat-oval 

BOURDON tube under pressure as (WUEST 's equation (42)): 

(2.10) 

With the moment of the surface of the deformed flat-oval 

cross-sectional area referred to the old axis of symmetry, 

M(r, .0 	 r=r 1 or 
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ETable 2.2 (WUEST's Table 3) shows numerical values for -w
1 p 

TABLE 2. 2 Eccentricity Correction, -w1 E/p 

R 0.25 0. 5 1.0 1.5 2. 0 2.5 

0 0.0160 0.0450 0.1067 0.1654 0.2215 0.2759 

0.1 0.0216 0.0518 0.1098 0.1722 0.2282 0.2925 

0.25 0.0279 0.0601 0.1228 0.1814 0.2374 0.2918 

0.50 0.0344 0.0697 0.1349 0.1945 0.2511 0.3056 

0.75 0.0377 0.0754 0.1435 0.2050 0.2624 0.3178 

1.00 0.0387 0.0771 0.1495 0.2144 0.2718 0.3281 

1.25 0.0382 0.0792 0.1530 0.2188 0.2793 0.3368 

1.50 0.0367 0.0784 0.1551 0.2230 0.2852 0.3441 

2.00 0.0313 0.0735 0.1547 0.2270 0.2930 0.3547 

3,00 0.0153 0.0545 0.1418 0.2222 0.2952 0.3634 

4.00 -0. 0043 0.0304 0.1190 0.2094 0.2852 0.3593 

The second correction which WUEST suggests is the 

correction for the lengthening of the tube when it is under 

pressure. Via HOOK's law the lengthening correct ion, which 

is precisely the tensile stra~n due to the (internal) pres

sure acting against the face of the " end plug", is 

EE . x 
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or 
£ E x (2.11)

p 

where and F are the internal surface and the crossF0 1 

sectional areas respectively (see equations (2.5)). 

Table 2.3 (WUEST's Table 4) shows the numerical values of 

equation (2.11) as a function of r /d and Ud 
1 

TABLE 2.3 Correction for Length £ E/px 

i~I:a 0.25 
d 

0 0.0167 

0.1 0.0232 

0.25 0.0313 

0.50 0.0415 

0.75 0.0491 

1.00 0.0549 

1.25 0.0596 

1.50 0.0633 

2.00 0.0691 

3. 00 0.0766 

4.00 0.0810 

0. 5 

0.0500 

0.0590 

0.0706 

0.0862 

0.0985 

0.1084 

0.1165 

0.1233 

0.1340 

0.1485 

0.1577 

1.0 

0.1333 

0.1442 

0.1589 

0.1800 

0.1977 

0.2128 

0.2258 

0.2371 

0.2558 

0.2827 

0.3012 

1.5 

0.2250 

0.2366 

0.2526 

0.2765 

0.2973 

0.3155 

0.3317 

0.3462 

0.3709 

0.4082 

0.4350 

2.0 

0.3200 

0.3319 

0.3487 

0.3742 

0.3970 

0.4174 

0.4359 

0.4527 

0.4820 

0.5279 

0.5622 

2. 5 

0.4167 

0.4288 

0.4461 

0.4726 

0.4968 

0.5188 

0.5390 

0.5575 

0.5905 

0.6436 

0.6845 

Hence with the two corrections the sensitivity or 

c urvature change expression appears as 
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w E e:XEwE 1SENSITIVITY = - + -- p p p 

w E (wk - e:x)E I 
c or = (2.12) I p p 

I 

I 

I 

where w denotes the curvature change with the corrections Ic 
I 

applied (= wk - e:x) 


+
wk = w w1 


w as defined in equation ( 2. 9) 


w as defined in equation (2.10)

1 

£ as defined in equation (2.11)x 

Note that by incorporating the correction for length 

the assumption (as opposed to thin-walled analysis 3 ) that the 

tube axis extends after deformation is involved. Therefore, 

where R0 denotes the mean radius of curvature before de

formation 

~o denotes the tube angle before deformation 

R denotes the mean radius of curvature after de

formation 

denotes the tube angle after deformation 

3 c.f. References (3), (4) and (5) where the relation 
is assumed: R~=R0~0 (with R=6R+R0 , ~=6~ +~0 ) 
and therefore - l~/~0 = 6R/R0 
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£ denotes the lengthening of the tube in the direc
x 

tion of its axis 

Further, since R = R0 + ll.R and defining wk (the curvature 

corrected for the effect of eccentricity) as 

= w + w
l 

then, ( 2.14 ) 

Substituting (2.14) into (2.13), l/i becomes: 

(1 + £ )
x (2.15)l/i = l/io ( 1 + wk) 

Since 1/(1 + wk) ~ 1 - wk and retaining only firs t order 

terms, 

~ l/i (1 + £ - wk)
0 x 

With ll.l/i = l/i - l/10 the change in angular movement,
' 

then, ll.l/i = l/io ( £.x wk) 

or -ll.l/i = l/io(wk £ )x 

Substituting wk = w + w1 

w + w 
1 

In t e rms of the s e n s itivity : 
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lll/J E __ E E E 
w - + w E (2.16)

- ~ p p l p x p 

Observe that the term is a negative quantity, 

as l/J < ~o after uncoiling - c.f. with equation (2.12). 

Further observe that without the corrections for eccentricity 

and for lengthening of the tube Ex equation (2.16) rew1 


duces to that of the thin-walled tube analysis - -lll/J/l/10 E/p = 


6R/R0 E/p , see footnote No. 3. 


Figure 2,3 (or WUEST's Figure 11) illustrates wE/p 

(solid lines) and -6~/l/J E/p (dashed lines) as a function of 
0 

~,/d and r 1 /d . 
rvlfp 

1011-'-t!_,__ H"----P--~----~------,---------,''_E_,_/_,_,
I 
-wEjp 
---7lpE/11-'oP 

101 

l/d10-1 
0 z 3 I/ 

Figure 2.3 - Sensitivities wE/p (solid curves) and -l'.ll/J/l/Jo E/p 
' 

(dashed lines) as a function of ~,/d and r 1 /d 
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It can be seen that the difference between the two 

curves is noticeable only for values of 1/d < 1 • 

2.5 Deflection of Tube End 

Two approaches to the determination of the deflection 

of the tube end are discussed ·next by WUEST. The first of 

these involves evaluating initial and final coordinates of 

the tube end 4 • Then 

) 2 ) 2 s = ~(xE XE + (yE - YE 
0 0 

where = initial x-coordinate of the tube end beforeXE 
0 

deformation 

= -R
0 

sin 1/Jo 

YE 
0 = initial y-coordinate of the tube end before 

deformation 

= R0 (1 - cos ljJ 0) 


= final x-coordinate after deformation
XE 

= -R sin 1/J 

= final y-coordinate after deformationYE 

= R(l - cos ljJ) 

with R as defined in equation (2.14) 

iJ! as defined in equation (2.15) 

4 c.f. MASON, H. t., "Sensitivity and Life. Data on 
BOURDON Tubes", ASME paper No. 54-A-169 
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or, 

~ 
ijJ 2J	 (2.17)

0 

Equation (2.17) thus determines the tube end deflec

tion - the tube end, to which this formula refers, is the 

theoretical tip of the tube. 

However, as WUEST states that in practical application 

the tube end is not usually taken from the the oretical tip 

of the tube, it is more correct to calculate the path of the 

tube from 'the relation: 

s = k' b.ijJ 

where k' 	 denotes the pole ray, a distance measured from the 

polar point ( a point about which a plane fastened 

to the tip of the tube turns for s ma ll changes in 

pressure) to the actual place at which the movement 

is measured. 

~ijJ as d ete rmine d from Figure 2.3. 

To determine the pole ray k' , the coordinates of 

the polar point (xPo , yp
0 

) must first be calculated. These 

are g ive n by WUEST a s: 

1 - cos 
x -  R0Po 
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sin '1''l'o 

(2.18) 

Then 	either graphically or analytically, k' may be determined. 

Figure 2.4 shows various position of the polar point 

Figure 2.4 - Position of the Polar Point as a Function of 

As an example, for ,,, = 27 0° and and 0.5 , the'l'o 

pole rays k (me~sured to the theoretical tip of the tube) 

and k' (me asured to the actual tip of the tube) may be located. 
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2.6 WUEST's Results 

Finally> WUEST compares his theory of high pressure 

BOURDON tubes with two examples. Table 2.4 and 2.5 give the 

data. 

TABLE 2.4 U-shaped Steel Tube 

R = 44mm k' = 75mm ljJO = 1T E = 2 . 1 xl 0 6kg I cm 2 
0 

s s p d r .Q, 
(JV ln/; E (calc.) (meas.)1 llljJ 10 3 

kg/cm 2 mm mm mm kg/mm "11 p 1jJ mm mm 

800 2 1.80 2.75 111 18.0 6.86 1.62 1.58 

1000 2.25 1.85 2.65 113 11.8 5.62 1.32 1.65 

1600 2. 5 2.00 2.45 152 8.4 6.40 1.48 1.58 

2000 2.75 2.10 2. 25 155 5. 8 5.52 1.30 1.44 

TABLE 2. 5 Highest Pressure Tubes 

R 
0 

= 92mm . 
' k' = 120mm 1jJ = 250° ::: 4.36 E = 2.lxl0 6 kg/cm 2 

s s 
p d Q, (Jr1 v llijJ E ll ljJ (calc.) (meas.) 

kg/cm 2 mm mm mm kg/mm Tp T 10 3 
mm . mm 

6000 5. 2 0.95 2.35 300 0.82 2.34 1.22 1.14 

6000 7. 0 1.65 2.35 278 0.88 2.52 1.32 0.98 

6000 7. 0 1.65 2.35 278 0.88 2.52 1.32 1.05 

8000 4.85 0.78 1.77 354 0.57 2.17 1.13 0.84 

. 8000 5.1 0.65 2.00 386 0.50 1.90 1.00 1.05 

8000 6.4 0.85 2.49 383 0.54 2.05 1.07 1.00 
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It can be obs e rved from Tables 2.4 and 2.5 that there 

is a percentage error of approximately 9% to 30 % between the 

mea sured and calculated values 5 • 

Also presente d by WUEST is an example of a v e ry thick-

walled tube of a circular cross-section. Equatio ns for this 

special case are derived (see WUEST's equations 46-49) and 

results showe d a reduction of the error by 70%. 

5 av denotes maximum s t res s of t h e tube ( see WUEST 's 
equations { 30) - ( 33 ) for its derivat i on. 



CHAPTER 3 


THIN-WALLED TUBE ANALYSIS, APPROXIMATION METHOD 


3.1 L.E.ANDREEVA - "Elastic Elements of Ins t ruments" 

In L.E.ANDREEVA's theory of thin-walled BOURDON tubes 

(Reference 2), both elliptical and flat-oval cross-sections 

are considered. The analysis is based on the minimization of 

the total potential energy of the BOURDON gage in accordance 

with the RITZ's method. The total potential energy he~e, is 

defined as the sum of the potential energy of deformation and 

the energy of position of the external forces. 

3.2 	 Assumptions and Hypothesis 

To d e termine the total potential e ne rgy of the gage 

the following hypotheses and assumptions are utilized: 

(1) 	 All tube elements, cut off by cross-sections normal 

to the c entral axis, ope rate unde r ide ntical condi

tions. The influence of the end connections is 

neglected. 

(2) 	 The hypothes e s used in the theory of shells, which 

assumes no tran s ve r se c ompres sion a nd a cons t a nt 

normal, a re assume d to be valid. 

(3) 	 It is a ssume d tha t the axis of the tube is not 

22 
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stretched. 

(4) 	 The tube wall thickness is small compared with the 

minor semi-axis of the cross-section (h<<b) , and 

the semi-axis b is small compared with the radius 

of curvature . R of the central axis (b<<R) (see 

Figure 3.1) 

(5) 	 The tube section is symmetrical relative to the x 

and y axes. 

(6) 	 The tube cross-section is assumed to deform in ap

prox imately the same way as is the contour of a 

straight tube subjected to internal pressure. 

a 

Figure 3.1 - Coordinate System and Stress System 
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(7) 	 The deformations due to the stretching of the mean 

contour as a whole are neglected since they are small 

compared with the bending deformations. 

3.3 	 Total Potential Energy 

From the above conditions it can be seen that the 

specific potential e nergy u , expressed through the deforma

tion components, is a result of a biaxial stress system: 

U = 	 E (e:2 + e:2 + 2µe: c ) ( 3 .1)2(1-µ2) l 2 1~2 

where 	 e: 1 denotes the longitudinal strain 

E denotes the lateral strain 
2 

E denotes elastic modulus of the tube material 

jJ denotes the POISSON's ratio 

Then with the strains and expressed as 

(see Reference 2 for derivation) 

t.yw-y 	y
E = 	 e: 2 = z /lx ( 3. 2)

1 	 R 

where w = proj e ction of displaceme nt of the cross-section 

on the y-axis 

y = central angle of the tube 

t:,y 
= relative ang l e o f rotation of the end section y 

6x = 	curvature change of contour of cross-section 

and the energy of position of the external forces , 
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T = p /J.V /J.V = b.f Ry 

where 6V is the volume change of the tube cavity, 

6f is the change in the area delimited by the mean 

contour of the cross-section, 

p is the internal pressure 

the total potential energy 	of the gage becomes: 

W = u dv + (-T) 

where dv = R d8 ds dz 	 (due to assumption (4); c.f. in 

shell theory LOVE's First Approxi

mat ion). 

Therefore after integration 	with respect to z 

s 

W = Ehy J [< w-y 6yy ) 2 + Rl2h2 2 ( 6 x) 2] d s - p 6 f Ry ( 3. 3)
2RC1-µ2) 

0 

To reduce the number of unknowns in equation (3.3), 

ANDREEVA establishes a relationship between three of the un

knowns: 

w = the deflection in the direction of the minor axis 

of the cross section of an arbitrary point on the 

section contour 

6x = the change in the curvature at an arbitrary point on 

the mean contour of the cross section 

6f = the change in the area delimited by the mean contour 

in accordance with the assumption, that the BOURDON tube 
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cross section is deformed in approximately the same way as is 

the contour of a straight tube subjected to i nternal pr essure 

for a detail analysis see Reference 2, page 322. After some 

operations the expression for the total potential energy be

comes, 

2= 2Ehay wo /1 Y. A + b 2 ( !::. y ) 2 A + x 2 wo nJ 
w RCl-µ2) m y 2 y 3 I2 m2 

w b2 
- 2p 0 a (1 - ~) n R y ( 3. 4)

m a2 

where x = the principal parameter of the BOURDON tube 

Rh az 
(c.f. WUEST's A = Rn )= a2 

A. , A~ , A~ , m , n are parameters d epending on the 
! ~ ~ 

shape of the BOURDON tube cross section - elliptic or 

flat-oval (Reference 2, page 324) 

The two unknowns w , the increase in the length .of the 
0 

minor semiax is of the cross section, and 6y/y , the relative 

angle of rotation of the end section, are then determined from 

the condition of minimum total potential energy in accordance 

with the RITZ's method: 

aw aw = 0 ( 3 • 5)aw-·= 0 
0 a<L\y) 

y 
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3.4 Sensitivity Equation for Thin-Walled Tubes 

Simultaneous solution of equation (3 . 5) gives the 

relative angle of rotation of the tube end under pressure p 

(1-µ 2 ) R2 b 2 a= p ;::;::- (1 - -) -- ( 3. 6)E bn a2 S+x2 

where a and S are functions of the parameters A1 , A2 , 

A3 , m and n x is the principal parameter of the BOURDON 

tube = Rh/a 2 . 

Numerical values of the coefficients a and B for 

various axis-length ratio a/b are given in TABLE (3.1) for 

tubes with elliptical and flat-oval cross-sections. 

The tube s e nsitivity is then obtained by solving for 

6y/y E/p(l-µ 2 ) from equation (3.6). Observe that the factor 

(1-µ 2 ) is included in the sensitivity in this case so that 

the right-hand side of the expression is a function of the 

tube g eome try only. Therefore, 

6y E ( 3 • 7)y p(l-µ2) 



TABLE 3.1 Coefficients a , S 

cr:s;h~;~tio: s -~--r1~ - ;- - 3]-- ~- ---~---~- -;---:;-- -- ~--@~~ 


F~a1:"-:f:~ " o. 6~i ~~~9-~ o. 54~ o. 48+~::_7_ o_. 40_0 o. 388 o. 37 2 o. 36 0 o . 350 Io. 343 1o.267 

-r s o • o 9 6 ro • 11o o • 115 o.• 121 Io • 121 o •. 121 o • 121 o • 12 o o • 119 o • 119 Io • 118 ro • 114 
:..:- 2 a.. - >i I _J 

-,---- -·---.-- 1-·---- -----··-·---·' 

Elliptical 


0 .368a I 0,750 10.636 0.566 0.493 0.45~30 0.416 0 .406 0.400 0 .395 , 0. 390 

.!l 
N 

IfW a lo.00~0.062_°_:~~ ~:_o_~ s ~-m l 0:~43 ~ .042 0.0~2- 0-~~2 o .042 / o.042 10.042
2 

l..-- - ··------· 

N 

CXl 
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For flat-oval BOURDON tubes that do not satisfy the 

condition that the wall thickness h is considerably smaller 

than the length b of the minor semiaxis of the section, 

ANDREEVA suggests the possible use of a thick-walled (with a 

very flat elongated cross section) tube formula as obtained 

by FEODOS'EV 1 by applying the energy method: 

/Jy 1-1-12 R2 1-x = p ( 3 • 8 ) 
y -E- En h2 

x + 12b 2 

The coefficient x lS defined as 

1 sh 2 ca + sin 2 ca 
x = ca s h ca·ch ca + sin ca•cos ca 

where a = the major semiaxis 

c= ~ 

3.5 Deflection of the Tube End 

To calculate the deflection of the BOURDON tube, 

ANDREEVA employs the s~mplification that the tube end deflects 

in a manner similar to that of a curved beam. Then with the 

a i d of the MOHR integral (see Reference 2 pp. 327-328) the 

1 FEODO S 'EV, V.I., "Uprugie elementy tochnogo 
pribor o stroeniy a" (The Use of Elastic Elements in 
Manuf acture of Precision Instruments) - Oborongiz 
1949. 
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tube end deflection becomes: 

/:,.y R).. = r ( 3 • 9)
y 

where r = l(l-cosy)2 + (y-siny)2 

b.y 
= equation ( 3. 6) or ( 3. 8)

y 

3.6 ANDREEVA's Comparison with Experimental Results 

Table 3,2 illustrates some results of MASON's experi

mental compilation (Reference 4) and those obtained by use of 

formula (3.7) for thin-walled flat-oval tubes and formula 

(3,8) for thick-walled flat-oval tubes. ANDREEVA observes 

that equation (3.7) for thin-walled flat-ova l tubes gives 

satisfactory correlation with the experimental results for 

tubes which satisfy the condition that: h<<b . Therefore 

tubes No. 47, 50 and 252 to 256 are not applicable as this 

condition is not satisfied. On the other hand, the calcula

tions using equation (3.8) gives reasonable results only for 

the last four tubes, since in these tubes: h<<b (thick

walled) and a/b>8 (a rather flat cross section). 
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CHAPTER 4 

THIN-SHELL TUBE ANALYSIS . 

4.1 	 R.DRESSLER "Elastic Shell-Theory Formulation for 

BOURDON Tubes" 

A formulation for BOURDON tube with an elliptical 

cross-section (Reference 6) by R. DRESSLER essentially uses 

the linear shell equations as derived by LOVE (Reference 7), 

with the exception of one expression - the twist, in which he 

f avours E. REISSNER's twist equation 1 , as it is symmetrical. 

From an overall view, the formulation of the problem is ade

quately complete, considering the limited space allotted in 

a paper. However there still remain a considerable task in 

order to arrive at the final expressions such as (A.51) or 

Table A.l and the boundary conditions. Therefore in the sec

tions that follows, a detailed analysis and comment on 

DRESSLER's approach to the problem, approximations and as

sumptions used, and a check of his expressions as compared 

with the directed derivative/vector method (Appendix A) will 

be made. 

1 E. REISSNER, " New Derivation of the Equations for 
Deformation of Elastic Shells", American Journal 
of Mathematics, Vol. 63, 1941. 

32 
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4.2 Geometry of Toroidal Surface 

A general description of the BOURDON gage is pre

sented (refer to Figure A.7) - defining the parameters a 

and S , the radius of the torus p and the semidiameters of 

the ellipse a and b 2 From these, the parametric equa

tions which define the lines of principal curvature on the 

central shell surface are given: (c.f. with equations (A.l)) 

X = (p + a cosa)cosS 

Y = (p + a cosa)sinS (4.1) 

Z = b sina 

The orthogonality condition and the classification of 

the parametric lines a and S as lines of principal cur

vature are next discussed according to the vanishing of the 

quantities F and M from the first and second fundamental 

forms respectively: 

ds 2 = A2 da 2 + 2FdetdS + B2 d6 2 

where A(a) = Ca:2sin 2 a + b 2 cos 2 a) 
~ 

2 ( 4. 2) 

-B(a) = p + a cos et 

F = 0 

From HM = cr-1 xr-2 ) • r M = 0 ( 4. 3) 
l 2 

2 For a compact discussion of differential geometry 
refer to: C.T.WANG, "Applied Elasticity", McGraw
Hill, 1953, pages 310 to 322. 
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where, 	 H2 = AzB2 - F2 

ar ar a zy;
and are denoted by r r andaa as ' aaas 	 1 2 '' 

respectively.r i 2 


r is defined as the radius vector. 


Observe the following equivalence (c.f. equations (A.21) to 

(A.23)): 

A( a) = 	 B( a) = F = 

gs respectively 

r = r 0 	 the position vector to the middle surface 

M = K~t) Ci = 1, 2)
l 

The radii of principal curvature Ra and RS are 

calculated from: 

R (a) = 
Ct 

(4.4) 

AB 


b cosa 


(The above are equal to l/K(n) and l/K(n) respectively a 	 s 
c.f. equations (A.23)) 

Thence, the following relations are given: 

(a) kl 
1 

k2 = 1 (defined as "principal .
Ra 	 RS curvatures") 

1 1 1(b) 	 = a = b = pA 	 B A.B 
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The above , therefore, illus~rates the differential 

geometry of the shell surface as presented in Ref~rence (6). 

In terms of these symbols then, the analysis in elastic shell 

theory proceeds. 

4.3 Elastic-Shell Theories 

In orde r to c ompare formulas with the dire cte d v ector 

method (Appendix A), diffe rences in coordinate systems and . 

conve ntions will first b e discuss ed. Figure 4.1 shows the 

t~o loca l or mov i ng coordinat e s ystems and t h e positive 

u 

d., l v ,, 

e3 FO<fi 

FfoJ 

(a) (b) 

Figure 4 . 1 - Local or Mov ing Coordinate Systems : 

( a ) DRESS LER- LOVE ' s Sys t em 

( b ) Dire cted Vector System 
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directions of the stress resultants and stress couples: 

(a) DRESSLER-LOVE's system (b) Directed vector system. Ob

serve that LOVE considered the displacement w to be posi

tive if it was directed along the interior normal (i.e., 

toward the centre of curvature for the case of a sphere); 

whereas the directed vector method (Appendix A) considered 

the positive displacement w in the direction of the exterior 

normal (i.e., from the centre of curvature for the case of a 

sphere - this particular case denotes a shell with positive 

Gaussian curvature kg ; see equation (A.24). Because of 

LOVE's convention, DRESSLER's displacements u and v will 

correspond to v and u , respectively, of the directed 

vector method. Further, from Figure 4.l(a) and (b) the cor

respondence between the stress couples can be determined. 

This correspondence is set out in Table 4.1. The difference 

in subscripts of the stress couples is due to LOVE's naming 

DIRECTED VECTOR METHOD DRESSLER-LOVE's SYSTEM 

M11 MSa 

M -Mss1 2 

M M2 1 aa 

M22 Mas 

TABLE 4~1 CorresEondence between Stress CouEles 
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of the stress couples in the manner: (c.f. equations (A.41)) 

M•• + Cl. k ) det 
l] a rr a 

Therefore when formulas of Reference (6) are compared with 

those of the directed vector method (Appendix A) the follow

ing are to be noted: Signs for the displacement w ; the 

transverse stress resultants QCI. and QB ; and the corres

pondence (Table 4.1) between the stress couples. 

Thus having defined the local coordinate system 

(x,y,z) and the positive directions of the stress resultants 

N .• and stress couples M.. , DRESSLER presents LOVE's equa
l] l] 

tions for strains as a function of the Z-coordinate in a . 

linear form (i.e., LOVE's First Approximation): 

E: Cl. = E: Cl. 0 ZKCI. 

(4.5)E:B = E:B o - ZKB 

E: = E: ci.So- 2ZKci.Sci.B 

where E:Cl.o , E:Bo , and E:ci.Bo are the strains at the middle 

surface of the shell 

Ket , KB are the curvature changes 

Kci.B is the twist 

Observe that the above strain equations are comparable t o 

those of equations (A.25) and (A.26). Apart from the negative 
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sign associated with the variable z-coordinate, the only dif

ference is DRESSLER 1 s definition of which LOVE (Refer£aS 0 

ence 7, pages 517 and 529) defines as -u::r 

or, 

·'ti:f = cosine of the angle X between tangents of the 

curve a and B or the shearing strain at the 

middle surface 

Therefore it should be noted that DRESSLER's (total shearing 

strain) £aB is equal to twice that of the (tensorial) strain 

c ompone nt a s d e fine d in e quations (A.25) or (A. 26); or (to 

avoid confusion) consider y to repres e nt the she aring strain 

y =~- z 2 KaS 

Then since £ = 2
1 

yaB 

2 
1 y = 

1 
2 ~- z 2 KaS) 

or £ = ~~ - z KaB 2 as 

= £0 - z KaS as 

This f inal express ion t h e n is c ompa r ab l e t o tha t as s hown in 

equations (A.25) or (A.26). 

Next in t e rms o f t he rotation compone nts, 

(4.6) 
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the curvature changes and twist are given: 

K = - aw 8 + p A, 8wa.
Cl. 'Cl. 

= bw - (4.7)KB p B,ctwB
Cl.' 8 

2K = a B(bwa.)'a. - A b(aw 8 ), 8a.8 

Observe (after adjustments for sign) that equations (4.6) are 

identical to the rotation expressions ¢. (i = 1,2) as set 
l3 

out in equations (A.27). Upon expansion the curvatures (4.7) 

become: 

1K = -Ca2 -b2 )sina. cosa/A'+ w, + w,,..,,.., 
Cl. a A 2 """" 


u + 
J<
A

l 
U,C( 


k 1 a sinct 

(4.8)(A B) u . 

-a sina. k 2 (k2 v) 'aa sina. 1 

= CA B 2 ) w,B + (A B) w,Ba. + CA B) v + A 


At the middle surface 1when z = 0 ) the strains are: 

= a u, + p k 1 wE: ct 0 Cl. A' B v 

v,B B, (4.9a)E:B o = b + p u - kw 
Cl. 2 

E: + a B(b v),
Cl. 8 0 = A b(a u),B 

Cl. 
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or 	 E: ao = A 
1 

u,a kw 
1 

1 a sina = 	 u - k 2 w (4.9b)£Bo 	 B v' B AB 

1 a sina 1 = + v +EaB 0 B u,B CAB) A v,a 

Note that equations (4.9) are equivalent to equations (A.30), 

with the exception of E:aBo as stated. 

As stated previously, the above equations are due to 

LOVE (Reference 7) with the exception of the twist expression 

KaB of REISSNER which DRESSLER favoured due to its symmetrical 

appearance. However , for a general theory of thin elas tic . 

shells KOITER in Reference 8 showed that REISSNER's twist can 

not be correct - "significant terms in which the rotation 

around the normal occurs, divided by a radius of curvature or 

torsion" are missing. On comparing KaB , equations (4.7): 

w 	 (4.10)
a 

and 	 oKaS , equations (A.31): 

(4.11) 

it can be seen that the rotations around the normal, divided 

by a curvature, ( k (n) ,i,- B ~ 12 - k(n) ,i,a ~ 21 ) , are • •missing •in REISSNER' s 

KaS expression (4.10). 
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However, when ARON's Approximations are applicable, 

observe that REISSNER's twist KaB and . 8KaB ar~ equal. 

Therefore since the walls of BOURDON tubes are thin and the 

loading is by internal pressure on~y, ARON's Approximations 

will be incorporated in the analysis (see Reference 14, page 

3 3 6 and Reference 13, page 89) . 

In the case when ARON's Approximations are not ap

plicable it is suggested that LOVE's twist expression (Refer

ence 7, page 524, equations (26)) be used - see also the 

paper by KOITER (Reference 8): 

1 (4.12)- (AR 1 ) v,a 

or the twist as presented in the directed vector method 

(Apperidix A): (adjusted into DRESSLER's coordinate system) 

v, a 

+ (4.13a) 

or, 

v' +a 

k 
+ 2 'a-A-v (4.13b) 
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From one of the following methods, (1) Bid imensional 

analysis of a shell element, (2) Minimization of the strain 

e nergy, the equilibrium equations may be obtained: 

( BN ) , + ABk 0 - - ABF 
a a (ANSa)'S + A' SNaS B,aNS 1 . ct a 

(ANB)'B + ( BN B) , + B, NS - A, BN ABk 2QS = ABFSct a a a ct 

(4.14)(BQa) 'ct + ( AQB )' S + ABk 1Na + ABk 2NB - - ABF z 

( BM B) , 
ct (AMB)'B + A' BM a B, MB a + ABQS = 0 

ct a 

( AM 0 . ), 0 +( BM ), - B, M0 - A , 8M B - ABQ = 0µct µ a a a µ ct ct 

whe r e Fa , , Fz denot e external forces per unit area.F8 

For the BOURDON t ube Fct = F6 = 0 , F z = -p (the intern.al 

fl u id pressure ), a nd t h e ext e rna l moments per unit a r e a a r e 

z e ro. Upon exp a nsion o f e quations (4.14): 

a - compone n t force equ a tion 

1 1 1 
B NBa'B + A Na'a 

+ (- TAITT B,a)( NB-Nct) k1 Qa + F a = 0 

S-corhponent force e quation 

1 1+ ! N + + 0B NB ' S (TAITT B ,ct)( NaB+NBa) k:2QB FB = A a B ' a 

( 4 .15)z-component force equation 
cont 'd. 

http:intern.al
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a-component moment equation 

(4.15) 
B-component moment equation 

Observe that with Figure 4.1 and Table 4.1, equations (4.15) 

will transform to expressions (A.49). 

To the above expressions, may be added a sixth equi

librium equation (or the third moment equilibrium equation 

about the normal) - c.f. the analysis in Appendix A, note 

that there is no direct counterpart, as the third moment 

equilibrium equation can be shown to be an identity: 

(4.16) 

Sinc e for the BOURDON gage k = k = 0 (i.e., the ortho
2 l l 2 

gonal parametric lines a 1 and a are coincident with the 
2 

lines of principal curvature ), equation (4.16) simplifies to: 

(4.17) 

Due to the symmetry of the stre ss t e nsor a (i. e ., cr .• =cr •• ) 
l] Jl 

and N1 2 , N21 , MBa a nd MaB as defined by: 

N 
l 2 
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h h 

N1 2 = J a ( 1
1 2 zk )dz2 N21 = J cr ( 1

2 1 - zk 1)dz 

-h -h 

(4.18) 

h h 

MS a = J zcr 12 (1 - zk 2 )dz Mas = f zcr 21 (1 - zk 1 )dz 

-h -h 

are substituted into equation (4.17), it can be shown to 

vanish identically: 

fa (1 - zk )dz - fa (1 - zk )dz - k [Jzcr (1 - zk 2)dz]12 2 21 1 1 12 

- k r_ Jzcr (1 - zk )dz] = 0 
2 l 2 1 1 

Observe when LOVE's First Approximation is used, the 

identity is also satisfied . Also note, 

} (4.19) 

With shell thickness 2h , POISSON's ratio a , modu

lus of e lasticity E , the stress resultants and stre ss-

couples are n ext pre s e nted by DRESSLER : · 

N = C(t: + 
a ao crt:So) 

(4.20) 

NS = C(t:So + CT€ cm 
) 

N = J €
a8 a Bo cont'd. 

M = - D(K + crK 6). a a 
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(4.20) 


where the constants are 

2Eh Ehc = (l-CJ2) J = (l+cr) 

2Eh 3 
D I = D(l-0')= 3(l-CJ2) 

Substituting equations (4.8) and (4.9) into equations 

(4.20), the stress resultants and stress-couples (with ARON's 

Approximations) become: 

Stress resultants 

2Eh 1 a sinaN u, k w + - u - k 2w)Ja = (1-CJZ) ~ a l CJ CB v' B (AB) 


2Eh a sina 1 
 (4.21)v,B - u - k w + CJ (A u, k 1w)JNB = Cl-CJ2) ~ (AB) 2 a 

Eh a sina 1+ v +NaB = (l+CJ) [~ u,B (AB) A v,a] 

Stress-couples 

-2Eh 3 
= (3(1-CJ2)) 

- 2Eh 3 · I 1 a s ina (- (a2-b2) sina cosa 
MB = (3(1-CJ2)) L132 w,BB - (A2 B) w,a +CJ A4 w,a 

(4.22) 

cont'd. 
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2Eh 3 
= (4.22)(3(l+a)) 

which are in agreement with equation (A.47) and (A.48) when 

corrected for signs (see Table 4.1), and noting that the 

thickness is 2h • 

In terms of displacements u . , v , w (by using equa

tions (4.6), (4.8), (4.9) and (4.20)) and the shear resultants 

Qa , DRESSLER displays equations (4.14) in the form of aQ8 

."listing" of coefficients. To designate the coefficient of 

.th _iiqeach derivative in the i equation, the symbol is mn 

employed. The superscript q represents u 
' v 

' 
or w . 

The subscripts m and n denote the th m and th n deri

vatives of a and B respectively. For example, the coef

9.,2wf icient of in the second equation of (4.14) isw,aaB 2 1 

Thus, for equations (4.14): 

x-component force equation 

.ilu = CaB 
2 0 

.ilu = JAb 
0 2 

9.,lu = C(Ba'+aBB'p + (1-cr)B'a)
l 0 

.i;~ = C(crB(B'p'+B' 'p) (l-a)(B') 2 p) 

(4.23a) 
cont'd.9.,lv = Ca + J 

l 1 

_ilv = aCBb' - (1-a)CB'b - JAB'p
0 l 
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Q, lw = -CB(k 1 + crk ) 
1 0 2 

Q,lw (1-cr)CB' (k 2 -k 1 ) CB(k'+crk')= 0 0 1 2 

(4.23a)
lQ 


Q, 0 0 
a 

= -ABk 
1 


Right side = ·-ABF 
Cl. 

y-component force equation 

Q,2u = J + crc
1 1 

.R, 2u = JBb' + 2JB'b + CAB'p
0 l 

Q,2v = JaB 
2 0 

9.,2v = CAb
0 2 

.R, 2v J(B(a'-B'p) + 2aB') (4. 23b)
1 0 = 


.R, 2v 
= -J(B'p' + BII p) + 2(B') 2 p)
0 0 

.R,2w = -CA(k 2 + crk 1 )
0 1 

Q, 2Q 8 
0 0 = -A Bk 

2 

Right side = -AB FB 

z-component forc e equation 

i 3u = CB'(k + crk 1 ) (4. 23c )
0 0 2 cont 'd. 
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£3v = CA(k + crk ) 
0 1 2 l 

,Q,3w = -CAB(k 2 + 2crk k + k2)
0 0 1 1 2 2 

3Q
,Q, Ci. = B (4.23c)

1 0 

3Q
,Q, Ci. = B'

0 0 

3Q 13 

,Q, 0 1 = A 


Right side = -ABFz 

x-compone nt moment e quation 

i '+v = !;zIBak 
2 0 2 

(4. 23d) 
c ont'd. 

i 4v = ~IB((ak )' + aB(bk )') + IaB'k 
1 0 2 2 2 

,Q,'+v = ~IB(( aB)(bk )')' + IaBB'(bk )'
0 0 2 2 

i 4w = crDa + Ia 
2 1 

£4w = DAb2 
0 3 

£~~ = D( B'p + cra ') + I B(p'+ab') + 2IB'p 

i 4w = IB(ab')' + 2IB'ab' 
0 1 
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Right side 

y-component moment 

£Su 
2 0 

£Su 
0 2 

£Su 
1 0 

i 5u 
00 

£Sv 
l 1 

£5v 
0 l 

£Sw 
2 0 

£Sw 
1 2 

£Sw 
2 0 

£Sw 
0 2 

£Sw 
l 0 

SQa 
9, 0 0 

Right side 

(4.23d) 

= 0 

equation 

= -DaBk 1 

= -~IAbk 1 

= -D(Ba'k + 2Bak' + B'ak 1 )1 1 

= -D(B(ak')'+crBB'p'k +craB' 'k +B'ak'-(1-cr)
1 1 1 1 

(B') 2 pk )
1 

= -crDk - ~Ik 
2 2 

= -D(crBb'k +crk'-B'(l-cr)bk )-~IB(bk )'
2 2 2 2 

= -Da 2 B 

(4.23e) 
= -crDb-Ib 


= -Da(3a'B+aB') 


= -D(2crb'-(l-cr)B'b 2 )-Ib 1 


= -D(B(aa')'+crB(apB')'+(l-cr)B'aa'-(1-cr) 


(B') 2 ap) 

= -AB 

= 0 
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Observe that in the moment equations (4.23d) and 

(4.23e) REISSNER's twist expression (4.8) is employed. How

ever since ARON's Approximations are valid for thin-walled 

BOURDON tube analysis, coefficients of 1 4u ·' 1 4v , and i 5U , 

1 5v shall be equated to zero. 

Further, DRESSLER in addition to using ARON's Approx

imations introduces simplifications as may be found in 

"shallow shell" theory: 

(1) 	 wa = b w, 8 and w8 = -a w,a - as for plate 

theory 

(2) 	 the absence of the transverse shear terms in 

the first two equilibrium equations 

However as the curvature is large at the extremeties 

of the BOURDON tube the moment effect on the transverse shear 

may be significant (see also Reference 9), these additional 

approximations will not be employed in the analysis that fol

lows. Therefore expressions (4.23) when expanded become: 

x-component force equation 

11u 2Eh 
= 2 0 (A2(1-cr2)) 

1 1u Eh 
= 

0 2 (B2(1+cr)) 
(4.24a) 
cont'd. · lu 2Eh [- ( a 2-b 2 ) s i na cos a a sinaj=i l 0 c1-cr2) A4 	 (A2 B) 

11u 2Eh lcra sina c-·2 b2) . 	 a2sin 2a oa cosal = 
0 0 c1-cr 2 ) [(ABB) . a - sina cosa - CA 2 BZ) - (A 2 B) J 
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R.lv Eh = 1 1 (( 1-cr )AB) 


Eh a sina 

Cl-a 2) CA B2) (cr- 3) 

(4.24a) 

2Eh a sina (k + k ) + 2Eh a sinct + 2Eha 
Cl-a) CAB) 2 a i (1-a2 ) CAB)k 1 (A(l-a 2)) 

b sina 2Eh [ 3ab ab cosaJ
CAB ) + (A(1-cr 2)) (a2-b2 )sina cosa -p::5 + (A3B) 


lQ 

R. 

a = - k
0 0 1 

Ri ght s ide = - Fct 

y - component f orce equa tion 

R. 2u Eh 
= (l+a)1 1 ( ( 1-a 2 )AB) 

R. 2u = Eh a s ina (cr-3)
0 1 c1-a2 ) CA B 2) 

R. 2v Eh = 20 (A 2(l+cr)) 


2Eh 

= ( B2 (1-cr2 )) ( 4 . 24b) 

Eh [a sina + (a 2- b 2) s i na cosal 
(A ( 1 +a ) ) · (AB ) A3 j 

R.2 v = Eh [a cosa a 2s in 2ct 
oo ( l +a ) . (A2 B) - (A2 B2 ) 

n2w 2Eh ( )
No1 - - ( BC1-a2 )) k2 +crk1 

2Qs 
2 00 = - k 2 Right side = - F8 
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z-component force equation 

2Eh£3u (kl + crk )
1 0 = (AC1-cr2)) 2 


2Eh a sina
£3u (k2 + crk 1 )= 0 0 Cl-02) CAB) 

£3v 2Eh 
(k2 + ak 1 ) 

0 1 = (BCl-02)) 


2Eh
£ 3w = - (k2 + 2ak k + k2)
0 0 Cl-02) 1 1 2 2 

(4.24c) 
3Qa 1 

£ 1 0 = A 

3Q a sinai a = 0 0 CAB) 

3QB 1 
£ 0 1 = E' 

Right side = - Fz 

x-component moment equation 

£4w D 
= 

2 1 (A2B) 

£4w D 
0 3 = BT 

£4w D [i sina + ( a2-b2) s ina cos a]= 1 1 rA1IT CAB) · A3 (4.24d) 

-
£4w D(l-cr) [a sina Ca:2-b"2)sina cos a a ~osaj

0 1 = - (A2 B) CAB) A 

4QB 
£ = 1 

0 0 

Right side = 0 
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y-component moment equation 

.Q.Sw D = 3 0 Af 

D 
CAB2) 

= D [a sina + 3(a2-b2)sina cosal 
A'L CAB) A3 j 

(4.24e)
2D a sina 


CAB 3 ) 


.Q,5w D [(a 2-b 2)(cos 2a-sin 2a) a sina (a 2-b2)sina cosa(l+cr) 
1 0 = A A'+ CAB) A3 

a2sin 2a 4(a2-b 2 ) 2sin 2a COS 2Ci. cra COSCI.J+ - +CA2 B2 ) AG (A2 B) 

SQ 
.Q, Cl. = -1 

0 0 

Right side = 0 

Again, allowing for differences in signs (see Figure 

4.1 and Table 4.1) the foregoing listing of the equilibrium 

e quations can be v erifie d with those of expressions (A.51). 

By solving for and QCI. in the moment equilibrium.Q 8 

equations (4. 24d ) and (4.24e) and substituting into the 

forc e equilibrium equations (after carrying out some wieldly 

operations ), the r esults may b e tabulated a s in Table (4.2) 

for a more graphical prese ntation, the metric coe fficients 

and curvatures are s hown. This Table is compa rab l e with the 

one which appears in the Appe ndix ( Table A.l) whe n s i g ns are 

adjusted. 



Table b,2 - Governing .Equations of the BOUilDON Gage 
~---u{----.,.----~....._,« ,(3 ) 

~---------__.._ 

-- --  v(<X ,j3) . --- - ·- -·----. r--w(« ,13) 

______________ ____. 

Free 
Terms 

I 
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The tabulated expressions (Table 4.2) are then the 

governing three partial differential equations of the 

BOURDON gage with an elliptical cross-section. 

4.4 	 Summary of the Geometrical and Vectorial Properties of 

the BOURDON Gage with an Elliptical Cross-S e ction as 

Illustrated in Table 4.2 

z 

x 

/3 ,.v 

Figure 4.2 - BOURDON Gag e with an Elliptical Cross-Section 

Me tric Coe fficie nts 

!<: 
lgsl 	 = (gBB) 2 = p + a cosa 

l k
( ) '2 (a2 s in 2 a + b 2 c o s 2 a) 2jgaj = gCl.CI. = 

g Ba = gci.B = 0 

b = semi-major 
axis 

a = s emi-minor 
axis 



56 


Curvatures 

a. Line8: K(n) = b cosa/( Jga I lge I)8 

K(g) 
8 = a sina/C Jga I Jg8 J) 

K(n) b. Linea: a b/(g )3/2= 
Ci. Ci.Ci. 

For thickness 2h 

2Eh 
E' = (1-v2) 

E = Elastic Modulus 
v = Poisson's Ratio2Eh 3 


D = 3(1-v2) 


4.5 Boundary Conditions for BOURDON Tube 

In this section DRESSLER gives a rather extensive 

formulation 9f the edge conditions - particularly at the plug 

or deflection end. The conditions at the edges a = 0 , 

n and 8 = 0 are the familiar force and/or displacement 

boundary conditions: 

(1) u or N 
Cl. 

prescribed 

(2) v or "effective" tangential shear NaBeff 
prescribed 

( 3 ) w or "effective" transverse shear Qaeff prescribed 

(4) w 
Cl. 

or M 
Ci. 

prescribed 

At B the end conditions are based on the con= BL ' 
ditions of continuity at the junction of two shells (i.e., 

the rigid plug and the BOURDON shell). For comparison a 
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simplified approach to this edge condition will also be pre

sented. 

As shown in Appendix A, because of curvature, the 

twisting moment can be resolved into equivalent vertical and 

horizontal force components. These are then combined vec

torially with the stress resultants NaS and Qa to produce 

an "effe ctive " tangential shear Na6eff 
and an "effective" 

transverse shear Qaeff • 

Thus in accordance with the procedure as set out in 

Appendix A, NaSeff and Qaeff appear as follows: 

Similarly along the boundary S = constant, 

it can 

Howe ver, since LOVE's 

b e proved that, 

First Approximation is employed 

With 

NSaeff 

equations (4. 22 ), (4. 24d ), and (4. 24e ), t he ef
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fective transverse shears may be exyressed in terms of dis

placements - using geometrical and vectorial properties as 

in Table 4.2: 

D(3-v)k(g)
D s----w +

(g )3/2 'aaa 

aa 


D(k~g)+3(a2 -b 2 )sina cosa/(g ) 32 )aa 
~---------------~ w,aa 

gaa 

w, . 
a 

(4.25a) 

D w 'Baa 

rk~g)( 2 v-l) + (a2 -b2 )sina cosa(2-vn w,a a _ 2D(l-v) 
~ µ (g ) 3h J µ lial 

aa µ 

-
lk B( g ) (a2 -b2 )sina cos a a cosa Cg) Cg)]

k B kB w,BL cg )3/2 
aa 

(4.25b) 

The r e fore, specifically, the bounaary conditions of 

t he BOURDO N tube are: 

At B = 0° - the clamped or fixed end 

( i) u = 0 (iii) w = 0 
(4.26) 

( ii) v = 0 (iv) wa = 0 
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or in terms of displacement, w, 8 = 0 

At a = 0° and 180° (from symmetry conditions) 

(i) 	 u = 0 

(ii) N = N = 0 a Beff aB 

or in terms of displacement, v, = 0 
a 

(4.27) 
(iii) = 0Qaeff 

or in terms of displacement, w = 0'aaa 

(iv) = 0WB 
or in terms of displacement, w, = 0 

a 

At B = BL - the plug or deflection end 

(a) 	 . DRESSLER's simplified approach - based on the 

familiar "free-end" condition 3 : 

(i) 	 NB = Pf circumference 

where P = resultant normal force from flui d pres

sure on the end 

= (fluid pressure p )x(area of ellipse) 

or p = p TI a D 


circumference = circumference of ellipse = 2TI~ 


Cii) MB = O 
(4.28) 
cont'd. 

(iii) NBaeff = NBa = O 

3 For a mor e realistic simplified approach, reasoned 
along a geometrical and physical basis, to the 
edge conditions at B = B1 refe~ to Appendix A. 
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(iv) Q8eff 	= 0 (4.28) 

(b) DRESSLER's exact edge conditions at 8 = 81 

For the exact boundary conditions at 8 = 81 , the 

conditions at the junction of two shells (the BOURDON shell 

at 8 = 81 and the rigid end plug) must be considered. 

DRESSLER,- in this section, formulates these conditions only. 

Complete and/or necessary equations are not presented; how

ever they may be obtained easily by making the necessary ad

justment of signs and conventions to the derived expressions 

as presented in Appendix A. They are (in DRESSLER's coordi

nate system): 

a sina 	 a sina(i) 	 u = cos81 U0 - sin81 V0 

!gal lgal 


0(ii) v = -	 sin81 U0 + cos81 V0 + (p+a cosa)<f>z 

(4.29) 

(iii) w = 

(iv) 

The constants U0 , ~o and ¢~ of the end plug are 

determined with the following additional relations (based 

upon equilibrium and symmetry conditions of the end plug): 
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7T 

(1) + dct = 0I Iget I NBcteff T 
1 + Q$3eff 1"2 

0 
@ =B BL 

7T 

(2) (Area ellipse) p - 2 = 0I lgct!NB dct 

0 (4.30) 
@ e = BL 

7T 

-(3) ml + NB a cos ct] dct = 0I lgctl[-Mss 
0 

@ e = BL 

Where the direction cosines, (see Appendix A and Reference 6) 

-a sinct 

b cosct (4.31) 
· lgct I 

The above, then, repre sents the edge conditions 

(simplified or exact) of the boundary-value problem for the 

shell equations of the BOURDON tube with an elliptical cross-

section. With an appropriate numerical method it is hoped 

that more accurate solutions can be effected. 



CHAPTER 5 

DISCUSSION AND COMPARISON WITH EXPERIMENTAL RESULTS 

5.1 Forms of Comparison 

Appendix B includes experimental data of KARDOS, EX

LINE, and MASON (Reference 3, 4, 5). These data will be used 

for comparison with theoretical values from formulas derived 

in ANDREEVA's thin-walled BOURDON tube analysis. 

Two forms of graphical presentation will be noted. 

They are on log-log graph paper: 

.6.R E bh 3 Rh(1) 	 vs with the axis ratio b as a thirdR P ---ai+ a2· a 


parameter . 


.6.R E Rh 	 · b a
( 2 ) 	 VS with the ratio grouping: a and RRp a2 

as the third and fourth parameters. 

The first graphical form has been used in theoretical 

work of WOLF, WUEST, and CLARK, et. al. 1 • The second has been 

suggested by KARDOS (Reference 3). This latter form was 

1 WOLF, A., 	 "An Elementary Theory of the BOURDON GAGE", 
Journal of Applied Mechanics, Vol. 13 
(1946) p. A207. 

CLARK, GILROY, REISSNER, "Stresses and Deformations 
of Toroidal shells of Elliptical Cross 
Sections", Journal of Applied Mechanics, 
Vol. 74 March 1952, pp. 37-48. 

62 




63 

recently used by EXLINE (Reference S); however not without 

error - the ratio grouping: ~and ~was not considered. As 

a result considerable scatter was exhibited. Recently KARDOS 

(Reference 17) confirmed the use of the ratio grouping. 

In the sections following, tabular and graphical com

parisons are made for flat-oval and elliptical BOURDON tubes 

(tubes with central angle ~ 3.6.0 °) • Example computer program 

listing may be seen in Appendix C. 

5.2 · Flat-Oval BOURDON Tubes 

Table 5.1 through Table 5.4 tabulate data of KARDOS 

b a
and EXLINE with the common ratio grouping: a and R . The 

average values of the ratio grouping shown in the tables are 

those used to calculate the theoretical curves using ANDREEVA's 

thin-walled flat-oval tube formula (3.6): 

6R E 
R pC1-µ2) 

azRhwhere x = az (c.f. WUEST's A. = Rh ) 

are functions of the tube ~hape and a ratio
b 

(see Table 3.1) 

Figure 5.1 through 5.4 are the corresponding log-log 

6R E Rh b aplots of R p VS aT with the ratio grouping: a and R . 

Good correlation can be observed. A median line drawn through 
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the experimental points will vary at approximately ±15% from 

the theoretical curve. 

~R E bh 3 
Figure 5,4(b) illustrates the plot of VSRp~ 

Rh 
a2 using EXLINE's data 2 with .2 :s £. 

a < • 3 2 • Although a 

little more scatter (as compared with Figure 5.4(a)) can be 

noted, the experimental points curves along with results of 

ANDREEVA's formula for thin-walled flat-oval BOURDON tube 

- Observe that the theoretical curves (solid line and dashed 

bline) are determined by using average values of as shown a 

in Table 5,4 or Figure 5.4(a). 

5.3 Elliptical BOURDON Tubes 

Table 5.5 tabulates a set of MASON's elliptical tube 

data with a common ratio grouping 3 : ~and~ . Figure 5.S(a) 

~RE Rhand 5.5(b) are the graphical presentation of R p VS a2 
Rhand vs respectively. As to be expected,a_-2"" 

deviation from the theoretical formula of ANDREEVA for ellip

tic tubes is large considering the nonuniformity of tests/and 

methods used by different manufacturers. However in the graph 

~R E Rh ·h h · · b da hof vs a_-2"" wit t e same ratio grouping: a an R , t eRp 

2 KARDOS (Reference 3) plotting his data in this form 
showed also considerable scatter. Therefore in this 
study, KARDOS data was not illustrated in this form 
of graphical presentation. 

3 There were insufficient data for other values of the 
ratio grouping; therefore they were not plotted. 
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test points follow the theoretical curve with a uniform dif

ference. 

5.4 Graphical vs Tabular Comparison 

Thus it should be observe from the above graphical 

fiR E Rhcomparisons that the plot of VS with the ratioRp aT 
grouping: ~and ~ , provides a better correlation than the 

other form of graphical presentation. Also note that a mere 

tabular comparison of the data of KARDOS, EXLINE, or MASON 

will provide an unsatisfactory method of correlation with 

theoretical formulas. (see Tables 5.6 to 5.9) In these tables, 

calculations from both thin-walled and thick-walled equations 

as derived in ANDREEVA's analysis are presented. Random 

scattered results can be observed for tubes with ; > 0.20. 

KARDOS in Reference 17 reported similar observations. 

Further from these observed scattered results, 

ANDREEVA's claim that the use of the thick-walled expression 

(3.8) will give a better correlation for tubes with h<<b 

and a > 8 does not seem to be justified.'.D 
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TABLE 5.1 Flat-Oval Tube Data - KARDOS 

Tube 
No. 

Experimental 
-6.R/R E/p \ = Rh/a 2 b/a a/R 

1001 70.5 1.736 .2480 .1566 

1101 83.5 1.628 .2520 .1572 

1103 87.1 1.694 .2886 .1536 

1501 94.8 1.584 .2886 .1539 

1502 110.0 1.526 .2480 .1572 

2802 256.0 1.0530 .2348 .1583 

4303 144.0 1.3216 .2937 .1561 

4304 155.0 1.2791 .2500 .1588 

1003 86.4 1.6695 .2087 .1604 

3001 911.0 .66420 .2037 .1673 

3102 493.0 .7883 .2080 .1667 

3202 2560.0 .4498 .2574 .1635 

4305 192.0 1.2593 .2287 .1600 

1204 602.0 .8007 .2299 .1732 

1602 5400.0 .3110 .2326 .1787 

1701 939.0 .6165 .2701 .1717 

1702 1210.0 .5959 .2353 .1751 

2001 1840.0 .4647 .2593 .1768 

2103 2890.0 .4066 .2857 .1757 

2105 3415.0 .3853 .2103 .1790 

b aAverage Values: a= o.242 , R = o.166 

used for theoretical calculation with ANDREEVA's equation 
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TABLE 5.2 Flat-Oval Tube Data - KARDOS 

Tube Experimental A = Rh/a 2 b/a a/RNo. llR/R E/p 

1102 122.50 1.5429 .1953 .1620 

1205 743.o .7788 .1835 .1755 

2801 309.0 1.0492 .1970 .1588 

3002 1112.0 .6569 .1679 .1667 

3101 793.0 .7685 .1403 .1685 

3201 3175.0 .4165 .1866 .1690 

3203 4890.0 .3912 .1062 .1751 

3301 2500.0 .5143 .1489 .1724 

3302 1838.0 .5415 .1884 .1673 

4306 225.5 1.1862 .1692 .1648 

b aAverage Values: - 0.168 0.168 a = R =' 

TABLE 5.3 Flat-Oval Tube Data - KARDOS 

Tube Experimental 
A Rh/a 2 b/a a/R= No~ llR/R E/p 

1201 342.0 .9335 .3828 .1590 

1202 379.0 .8934 .3473 .1623 

1601 3570.0 .3397 -. 3 212 .1719 

2002 1468.0 .4782 .3002 .1742 

2107 1992.0 .4309 .3272 .1706 

4301 102.5 1.4271 .3852 .1493 

4302 122.0 1.3798 .3468 .1520 

b aAverage Values: - 0.345 0.163 a = R' = 
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TABLE 5.4 Flat-Oval Tube Data - EXLINE 

Tube Experimental A = Rh/a 2 b/a a/R Experimental 
No. lR/R E/p lR!R E!p bh 3 /ai. 

12 2190.0 .4247 .324 .1626 .241 

13 3100.0 .3759 .310 .1619 .217 

14 4070.0 .3320 .302 .1632 .196 

51 1100.0 .5541 .324 .1660 .276 

61 2130.0 .4496 .319 .1624 .265 

71 1400.0 .5219 .312 .1655 .282 

81 1740.0 .4784 .325 .1639 .274 

20 6160.0 .2839 .310 .1605 .179 

24 1400.0 .5526 .318 .1651 .337 

25 3500.0 .3558 .308 .1665 .225 

27 775.0 .6452 .300 .1691 .303 

b aAverage values: - = 0.314 R = o.1642a 

11 6510.0 .2664 .282 .1626 .149 

29 3490.0 .3546 .273 .1653 .192 

35 2730.0 .4613 .202 .16.56 .244 

b aAverage values: a = 0.275 , R = 0.165 

lR E bh 3 · 
In addition to the above, test values of _ R""" p ~ from 

EXLINE 1 s experimental data: Tube No. 1, 2, 3, 4, 8, 9, 10, 

19, 28, 30, 41 having 0.2<b/a<0.32 are plotted (with the 

) . ( ) lR E bh 3 Rh ' EXLINE Issymbol x in Figure 5.4 b - R-* p ----a1I vs a 2 

flat-oval tube data. 
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TABLE 5.5 Elliptic Tube Data - MASON 

Tube Experimental Experimental;\ = Rh/a 2 b/a a/RNo. ~R/R E/p ~R/R E/p bh 3 /ai+ 

60 14000 .2391 .3278 .1613 .2618 

85 4420 .3434 .3149 .1609 .2365 

86 4400 . 3415 . 3140 . .1613 .2367 

194 190 1.0560 .3413 .1667 .3610 

195 190 1.0822 .3351 .1671 .3743 

226 180 1.0691 .3406 .1631 .410 4 

227 150 1.1484 .3425 .1622 .3420 

228 170 1.1484 . 3425 .1622 .4862 

229 130 1.2603 .3435 . 1 604 .371 8 

230 150 1. 2636 .3361 .1613 .4200 

b aAverag e values: - 0.3338 0.1626 a = R = 

137 480 .9475 .3333 .1547 .4992 

1 38 480 .9421 .3381 .1551 .5088 

1 39 430 .9343 .3401 .1542 .4300 

1 40 400 .9717 .3401 .1542 .452 

1 41 480 .9290 .3448 .1547 .4848 

b aAverage values: - = 0.3393 0.1546 a R = 
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TABLE 5.6 	 Tabular Comparison of Sensitivity with KARDOS' 

Flat-Oval Tube Data 

Symbols used in Table 

FORTRAN 	 THEORY 

p Pressure , psi 

H Wall thickness, h (xl0- 3 inch) 

R Tube radius, inches 

DEG Degree 

B Semi-Major axis, inch 

A Semi-Minor axis, inch 

DEFLEC Deflection of tube end (equa
tion 3 .9), inch 

tiR EEXP SENS 	 Sensitivity (experimental)Rp 
CAL SENS Sensitivity (equation 3.7) 

DEVIATION Percent deviation of CAL SENS 
from EXP SENS 

NSENS2 Sensitivity (thick-walled 
equation 3.8) 

DEVIA2 Percent deviation of NSENS2 
from EXP SENS 

BR The ratio B/R 



TABLE ~ 
EXECUTI0N 

TUBE p H R OEG B A A/B OEFLEC EXP SENS CAL SENS OEVIATl0N NSENS2 DEVIA2 AIR H/A B/A RH/lltt2 HR 

1001 100 34.0 o.798 2L1 o.12s 0.0310 0.2480 0.001 10 78 10.6 46 -34.8 0.039 l. 097 4. 03 1.7364 0.1566 
1003 100 34.0 o.79?. 192 0.121 0.0265 o.2oa1 0.001 86 94 8.8 55 -36.3 0.033 1.283 4. 79 1.6695 0.1 604 
1101 100 32.0 0.795 221 0.125 C.0315 0.2520 0.001 83 92 10.2 55 -34.l 0.040 1.016 3, 97 1. 6282 C.1572 
1102 100 32.0 o.790 224 0.120 o.02so o.19s3 0.002 122 L21 -1.2 72 -41.2 0.032 1.280 s.12 1.543) 0.1620 
1103 100 32.0 0.801 211 0.123 0.0355 o.20s6 0.001 87 79 -9.3 46 -47.2 o.044 0.901 3.46 l. 6942 0 .·1536 
1201 100 19.0 0.805 220 o.12e 0.0490 o.3828 0.004 342 301 -12.0 185 -45.9 0.061 o.388 2.61 o.9335 0.1590 
1202 100 19.0 0.001 223 O.llL 0.0455 0.3473 0.005 379 35L -7.4 2L6 -43.0 0.056 0.418 2.88 0.893'.i 0.1623 
1204 100 19.0 o.791 236 0.131 0.0315 0.2299 o.ooe 602 552 -8.3 355 -41.0 0.040 0.603 4. 35 0.8007 0.1732 _., .91205 100 19.0 o.792 228 0.139 0.0255 0.1835 0.009 743 684 451 -39.3 0.032 o.745 5.45 o. 7788 0.1755 
130 l 100 21.0 o.793 236 0.114 0.0300 0.2632 0.003 256 234 -8.6 144 -43.8 0.038 0.100 3. 80 1.2814 0.1438 
1302 LOG 21.0 o.786 217 0.116 0.0255 0.2198 0.004 312 283 -9.3 178 · -42.9 0.032 o. 824 4.55 1.2267 0.1476 
1401 100 25.0 o. 791 204 0.112 0.0210 0.2411 0.002 159 144 -9.4 88 -44.7 0.034 0.926 4.15 1.5765 0.1416 
1402 100 25.0 o.797 216 0.110 0.0320 0.2909 0.002 126 117 -7.l 70 -44.4 0.040 0.781 3.44 1.6467 0 .1380 
1501 100 30.0 0.799 223 o.123 0.0355 0.2886 0.001 94 95 0.2 57 -39.9 0.044 0.845 3.46 1.5844 0.1539 
1502 100 30.0 o.795 237 0.125 0.0310 0.2480 0.002 llO 113 2.7 68 -38.2 Q.039 0.968 4. 03 1.5264 0.1572 
1601 LOO 8.0 0.797 229 0.137 0.0440 o.3212 0.044 3570 3247 -9.0 2151 -39.7 0.055 0.182 3.11 o.3397 o.rn9 
1602 100 B.O o.806 191 0.144 0.0335 0.2326 Q. 050 5400 4496 -16.7 3159 -41.5 0.042 0.239 4.30 0.311 J 0.1787 

3. 70 . o. 6165 o. rn7170 l 100 14.5 o.798 238 0.137 0.0370 0.2101 0.014 939 984 4.8 631 -32.8 0.046 0.392 
. 1702 100 14.5 Q.794 234 0.139 0.0321 0.2353 0.016 1210 1130 -6.6 740 -38.8 0.041 o.443 4.25 0.5~59 0.1751 
2001 100 11.5 0.192 231 0.140 0.0363 0.2593 0.025 1840 1839 -0.1 1210 -34.2 0.046 0.317 3. 86 0.4647 0.1768 
2002 100 11.5 o.792 225 0.138 0.0417 0.3022 0.021 1468 1581 1.1 1017 -30.7 0.053 0.276 3.31 0.4783 0.1742 
2101 100 10.0 0.190 227 0.143 0.0350 0.2448 0.036 3000 2691 -10.3 1820 -39.3 o.044 0.286 4.09 o.3863 0.1810 
2102 LOO 10.0 o.783 235 o.148 0.0250 o.1689 o.os1 4900 3727 -23.9 2702 -44.9 0.032 0.400 5.92 Q,3575 0.1 890 
2103 100 10.0 0.191 226 0.140 0.0400 0.285/ 0.031 2890 2326 -19.5 1528 -47.l 0.050 Q.250 3.50 0.4066 0.1757 
2105 100 10.0 0.810 2L8 0.145 0.0305 0.2103 0.042 3415 3157 -7 .,6 2193 -35.8 0.038 0.328 4. 75 0.3853 0.1790 
2106 100 10.0 o.791 236 0.152 0.0190 o.12so 0.069 5610 49'10 -11.9 3728 -33.5 0.024 o.526 8.00 0.3424 0.1922 
2107 100 10.0 0.191 200 o.136 0.0445 0.3212 0.024 1992 1983 -0.5 12 79 -35.8 0.056 0.225 3.06 Q.4309 0.1706 
2202 100 13.5 0.102 24L 0.156 0.0135 0.0865 0.042 21100 2942 -86.l 2595 -87.7 0.011 1.000 11.56 0.4338 0.1995 
2401 100 9.0 0.806 239 0.195 0.0195 0.1000 0.118 12100 8141 -32.7 7108 -41.3 0.024 0.462 10.00 0.1900 0.2419 
2402 100 9.0 0.806 23L 0.191 0.0145 o.07)6 0.124 14300 8875 -37 .9 9316 -34.9 0.018 0.621 13.59 o.1869 o. 2444 
2801 100 22.0 0.831 224 0.132 G.0260 0.1970 0.010 309 385 24.6 247 -20.1 0.031 0. 846 5.08 l. C492 0.1 588 
2802 lGO 22.0 Q.834 226 0.132 0.0310 0.2348 0.009 256 BS 30.9 211 -17.6 0.037 0.110 4.26 1.0530 o.1583 
3001 100 15.0 0.807 226 0.135 0.0215 0.2031 0.020 911 1103 21.l 733 -19.5 0.034 0.545 4.91 0.6642 0.1673 
3002 100 15.0 0.822 228 0.137 0.0230 0.1679 0.034 1112 1338 20.a 912 -18.0 0.028 Q.652 5.96 0.6569 0.1667 
3101 100 18.0 0.825 222 0.139 0.0195 0.1403 ·0.025 793 990 24. .8 669 -15.6 0.024 0.923 7.13 0.7686 0.1685 
3102 100 18.0 0.822 223 0.137 0.0285 Q.2080 0.018 493 700 42.0 

1

457 -7.3 Q.035 0.632 4.81 o. 7883 Q.1667 
3201 100 10.0 0.840 226 0.142 0.0265 o.1866 0.091 3175 3488 9.9 2454 -22.1 0.032 0.377 5.36 o.4166 o.1690 
3202 100 LO.a 0.832 199 0.136 0.0350 Q.2574 0.056 2560 2519 -1.6 1668 -34.8 0.042 0.2 06 . 3.89 0.449d Q.1 635 
3203 100 10.0 0.834 2L1 o.146 0.0155 0.1062 o.135 4890 5659 15.7 4274 -12.6 0.019 p.645 9.42 0.3913 0.1751 
3204 100 10.0 0.847 224 0.148 0.0105 0.0109 0.119 6130 6887 12.3 6122 -0.1 0.012 Q.952 14.10 0.3867 o.U47 
3301 100 12.5 0.818 205 0.141 0.0210 0.1489 0.055 2500 2436 -2.6 1723 -31.l 0.026 0.595 6. 71 o.5143 0.1124 
3302 lCO 12.5 Q.825 224 o.138 0.0260 o.1sa4 o.c5o 1838 1954 6.3 1338 -21.2 0.032 0.481 5.31 ' 0.5415 0.1673 
3401 lOC 23.5 0.849 231 0.264 0.0337 0.1277 0.043 1320 1610 22.0 1L86 -10.2 0.040 0.697 7.83 0.2863 0.3110 
1402 100 23.5 0.844 195 o.266 0.0282 0.1060 0.041 1709 18&7 9.2 1374 -19.6 0.033 0. 833 9.43 0.2803 0.1152 
3501 100 13.5 Q,850 2Ll 0.352 0.0330 0. 0937 0.085 7420 3501 -52.8 5085 -31.5 0.039 0.409 10.67 0.0926 0.4141 
3502 100 13.5 Q.855 236 0.353 0.0280 0.0793 0.116 7780 4185 -46.2 5931 -23.8 0.033 0.482 12.61 0. 0926 o.4129 
3601 100 10.5 0.863 215 0.351 0.0410 0.1168 0.123 9320 4862 -47.8 6491 -30.4 0.04B 0.256 B.56 0.0736 0.4067 
3602 100 10.5 0.875 266 o.354 0.0301 o.os67 0.166 8960 5272 -41.2 8752 -2.3 0.035 o.342 11~53 0.0733 0.4046 
3604 100 10.5 0.867 186 0.360 0.0110 0.0472 0.199 17650 9432 . -46.6. 14421 -18.3 0.020 0.618 21.18 0. 0102 0.4152 
3702 100 28.5 0.827 210 o.363 0.0637 0.1155 ·0.022 1020 938 -8.~ 760 -25.5 0.011 Q.447 5.70 0.1789 0.43B9 

8.01 o.1599 o.4ll6 3801 l 22.5 0.831 223 0.342 0.0427 0.1249 0.045 2060 1761 -14. 1537 -25.4 0.011 o.s21 
o.1567 o.41493802 10 22.5 0.834 226 0.346 0.0327 o.0945 0.047 2330 1805 -22.6 1950 ' -16.3 0.039 0.688 10.58 
o.1s12 o.42533803 100 22.5 0.823 224 0.350 0.0211 0.0620 0.068 2718 2696 -0.0 2548 -6.3 0.026 1.037 16.13 

6.22 0.1650 0.4058 3804 100 ~2.5 0.828 233 o.336 0.0540 0.160l 0.038 1671 1426 -14.7 1213 -27.4 0.065 0.417 
6.34 0.1390 o.40683901 100 9.0 0.826 223 0.336 0.0530 0.1577 0.046 2060 1803 '."'12.5 1657 ·-19.6 0.064 o.358 

OHA ~ROLH1 ING ANO LOM~UffR L[NJR[ 
M' !ASTER UNIVERSITY 




902100 19.0 o.819 246 o.344 0.0355 0.10·32 o.069 2790 · 2soo -10.4 2412 -13.s o.o4 i.o.s3s 9.69 o.1J1s o. 4200 
903 lOC 19.0 0.825 226 0.347 0.0265 0.0764 0.070 3115 2740 -12.0 3102 -0.4 0.032 0.111 l3.09 0.1302 o.4206 
904 loo 19.o o.825 216 o.351 0.0165 0.0410 o.1oa 3880 4442 14.5 4155 1.1 0.020 1.152 21.21 0.1212 0.4255 
~05 100 19.0 0.824 243 0.341 0.0415 0.1211 0.061 2465 2214 -10.2 2102 -14.7 o.oso 0.458 8.22 0.1346 0.4138 
906 100 19.0 0.727 232 0.346 0.0305 0.0882 0.044 2710 1897 -30.0 2332 -13.9 0.042 0.623 ll.34 0.1154 0.4719 
001 lOG 26.0 0.825 23L 0.436 0.0290 0.0665 0.050 2295 1893 -17,5 2088 -9.o o.o3s o.897 15. 03 o.112e o.szes 
002 loo 26.o o.822 220 o.434 o.0345 0.0195 0.039 225 1575 600 .0 1849 721.8 0.042 0.754 12.58 0.1135 0.52 80 
201 100 45.0 0.814 219 0.439 0.0480 0.1093 0.017 584 681 16.6 509 -12.e 0.059 o.937 9.1~ 0.1901 o . ~393 
303 100 26.0 0.807 243 0.126 0.0370 0.2937 0.003 144 152 5.6 92 -36.l o.046 0.103 J.41 1.321& o.1s61 
304 loo 26.o 0.006 246 0.128 0.0320 0.2500 0.004 155 182 17.4 111 -28.4 0.040 0.812 4.00 1.2791 0.1588 
301 100 26.0 0.817 245 0.122 0.0470 0.3852 0.002 102 108 . 5.4 65 -36.6 0.058 0.553 2.60 1.4272 0.1493 
302 100 26.0 0.816 24L 0.124 0.0430 0.3468 0.003 122 125 2.5 76 -37.7 0~053 0.605 2.88 1.3798 0.1520 
305 100 26.0 0.806 238 0.129 0.0295 0.2287 0.004 192 199 3.6 123 -35.9 0.037 0.881 4.37 1.2593 0.1600 
306 100 26.0 0.807 246 0.133 0.0225 o.1692 0.006 225 275 22.0 172 -23.7 0.028 1.156 5.91 1.1862 0.1648 
307 100 26.0 0.816 244 0.119 0.0505 0.4244 0.002 92 91 -1.6 55 -40.5 0.062 0.515 2.36 1.4982 0.1458 

3702 LEE EDWARD T 100 OOOMIN 32SEC C0ST$002.38 REM. TIME 0099MIN 28SEC 
$1 BSYS • 

0MPILE TIME 887 T0TAL TIME 1886 
BJECT PR0G 1390 DATA ST0RAGE 132 AVAILABLE C0RE 10121 SYMB0L TABLE 504 

OOMI 35SEC0090Q: 

I 


I \ • 


W~IASTER UNIVERSlTY 
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TABLE 5.7 	 Tabular Comparison of Se~sitivity with EXLI NE's 

Flat-Oval Tube Data 

For definition of FORTRAN symbols, see Table 5.6 



10 

20 

30 

40 

50 

TABLE 5,7 
p B A . A/B DEFLEC EXP SENS CAL SENS DEVIAfl0N NSENS2 DEVIA2 A/R H/A BIA RH/Bn2 BRT~E H R OEG 

1 410 30.8 1.646 2.564 0.335 0.092 0.274 0.012 1390 1226 -11.8 
I
l 799 -42.5 0.056 0.336 3.65 0.4528 0.2033 

1.625 2.517 0.337 0.075 0.223 0.061 1062 957 -9.9 632 -40.5 0.046 0.490 4.48 o.5278 0.20112 510 36.8 
3 410 31.9 1.621 ?.637 C.342 0.069 0.202 0.090 1738 1479 1009 -41.9 0.043 0.462 4.96 0.4421 0.2110 
4 200 26.4 1.619 2.373 0.344 0.079 0.229 0.050 2565 2012 =~i:b I 1380 -46.2 0.049 0.335 4.36 0.3620 0.2122 
5 100 22.9 i.630 2. 012 o.449 0.061 0.149 0.019 5990 4122 -31.2 3481 -41.9 0.041 0.342 6.70 0.1851 0.2755 
6 40 9.5 1.684 1.815 o.551 0.073 0.132 0.039 40600 J.2037 -70.4 19264 -52.6 0.041 0.131 7,57 0. 0528 0.3270 
7 120 17.l 1.616 l.819 0.445 0.011 0.174 0.050 9260 5335 -42.4 4915 -46.9 0.048 0.221 5,74 0.1397 0.2752 
8 810 40.0 1.636 2.719 0.323 0.083 0.255 0.082 633 650 . 2.1 416 -34.3 o.oso 0.484 3. 92 0.62.57 0.1977 
9 81C 46.l 1.648 2.676 0.319 0.086 0.271 0.052 458 417 -9.0 262 -42.8 0.052 o.534 3.69 0.7470 0.1935 

1000 49.8 1.621 2.709 0.316 0.081 0.255 0. 053 343 346 0.9 217 -36.7 o. 050 0.618 3.92 0.8105 O. l 94 7 
11 50 17.7 2.513 3.256 0.409 0.115 0.282 0.198 6510 6758 3.8 4726 -27.4 0. 046 0.154 3,55 0.2664 0.1626 
12 130 28.5 2.538 3.197 o.413 o.134 o.324 o. l79 2190 2388 9.0 1544 -29.5 0.053 0.213 3.09 0.4247 0.1626 
13 120 25.l 2.547 3.169 0.412 0.128 0.310 0.224 3100 3266 5.4 2146 -30.8 0.050 0.196 3.22 0.3759 0.1619 
14 80 22.4 2.532 3.113 0.413 0.125 0.302 0.186 4070 4191 3.0 2803 -31.1 0.049 0.119 3.31 0,3320 o.1632 
15 240 38.5 2.523 3.145 ·0,419 0.136 0.324 o.163 1100 1212 10.2 768 -30.2 0.054 0.284 3.09 0.5541 0.1660 
16 160 30.4 2.563 3,1q2 0.416 0.133 0.319 0.199 2130 2141 0.5 1379 -35.3 0.052 0.229 3.13 0.4496 0.1624 
17 200 36.3 2.540 3.154 0.420 0.131 0.312 0.165 1400 1459 4,2 I 931 -33.5 o.osz 0.276 3.20 0.5219 0~1 6 55 
18 160 32.7 2.545 3.173 0.417 0.136 0.325 0.163 1740 177 8 2.2 1138 -34.6 0.053 0.241 3.08 0.4784 0.1639 
19 40 15.6 2.539 3.146 0.405 0.125 0.300 0.176 9690 7822 -19.3 I 5517 -43.l 0.049 0.125 3.25 0.2418 0.1 594 

80 18.6 2.543 3.145 0.408 0.121 0.310 0.260 6160 5772 -6.3 3943 -36.0 0.050 0.147 3.22 0.2839 0.1605 
21 BOO 39,7 2.445 2.993 0.297 0.125 0.421 0.086 420 387 -7,9 240 -42.9 0.051 0.317 2.37 1. 0997 0.1215 
22 lOCO 59.9 2.484 J.091 o.20s 0.118 o.409 0.033 112 112 o.o 68 -39.3 0.048 o.508 2.44 1. 7877 0.1161 
23 1000 52.3 2.492 3.137 0.297 0.113 0.3Bl 0.059 196 196 o.o 119 -39.3 0.045 0.462 2.62 1.4746 0.1193 
24 2CO 37.0 2~456 2.966 c.4os 0.129 o.318 0. 069 1400 1259 -10.1 799 -42.9 0.053 0.287 3. l1i 0.5526 0.1651 
25 80 24.3 2.465 2.9s1 c.410 0.126 0.100 0.074 3500 3387 -3.2 2240 -36.o o.os1 0.1 92 3.25 0.3558 0.1665 
26 120 30.8 2.510 2.971 0.420 0.114 0.211 0.145 2330 2385 2.4 1569 -32.7 0.045 0.211 3.69 0.4391 0.1672 
27 200 46.4 2.515 3.232 0.425 0.128 0.300 0.096 775 838 8.1 529 -31.1·0. 051 o.363 3,33 0.6452 0.1691 
28 800 67.3 2.485 3.041 0.363 0.109 0.301 0.085 174 205 11.0 I 125 -28.2 0.044 0.616 3.32 1.2671 0.1462 
29 40 24.2 2.498 3.074 0.413 0.113 0.273 0.082 3490 3855 10.5 2590 -25.8 0.045 0.214 3.66 0.3546 0.1653 

400 64.8 2.514 3.084 0.439 0.112 0.254 0.092 349 430 23.2 I 271 -22.3 0.044 0.581 3, 93 0. 8449 0.1747 
31 120 15.9 1.552 2.942 C.387 0.049 0.126 0.151 11600 7515 -35.2 6787 -41.5 0.032 0.324 7.91 0.1643 0. 2497 
32 120 16.2 1.540 2.910 C.388 0.048 0.123 0.145 11400 7376 -35.3 Wi2 -41.6 0.031 0.338 8.10 0.1658 0. 25 19 
33 200 18.2 1.035 1.129 C.395 0.027 0.068 0.111 9690 4522 -53.3 5336 -44.9 0.026 0.677 14.68 0.1208 0. 38 15 
34 2CO 17.4 1.047 2.955 0.395 0.030 0.075 0.100 10100 4396 -56.5 .5437 -46.2 0.028 0.584 13.15 0.1169 0.3771 
35 240 18.9 1.495 3.189 0.248 0.050 0.202 0.121 2730 2780 1.8 1912 -30.0 0.033 0.378 4.95 0.4613 0.1656 
36 240 18.9 l.s11 3.C57 o.248 0.049 o.198 0.119 3090 2861 -7.4 1973 -36.l 0.032 0.386 5.06 0.4643 0.1641 
37 320 19.6 1.098 2.636 Q.255·0.030 0.111 0.101 3560 . 3l58 -11.3 2358 -33.8 0.021 0.660 8.58 0.3317 0.2320 
36 320 19.8 1.067 2.592 G.255 0.029 0.114 0.092 3380 3051 -9.7 2280 -32.5 0.021 0.680 8.75 0.3259 0.2386 
39 200 22. 5 l.ooo 2.553 0.311 0.040 0.121 Q.059 4190 2319 -44.7 1835 -56.2 0.040 0.560 7.88 0 •.2243 o.3161 

C0MPUTER ERR0R IN EXLINt 1S OhTA 
41 800 38.4 1.571 3.128 0.301 0.053 0.175 0.122 784 824 5.1 550 -29.8 0.034 0.121 5. 71 0.6645 0.1 918 
42 800 38.7 1.583 3.475 0.301 0.058 0.191 0.130 677 754 11.4 499 -26.3 0.036 0.672 5.23 o.6757 0.1902 
43 520 34.7 l.617 3.444 0.290 0.100 o.336 . 0.131 542 618 14.0 387 -28.6 0.062 0.347 2.98 0.6314 0.1 844 
44 520 34.8 1.623 3.405 0.299 0.100 0.335 0.129 551 618 12.2 386 -29.9 0.062 0.348 2.98 0.6335 0.1840 
45 520 34.8 1.620 3.368 0.299 0.100 0.335 0.121 548 617 12 ,6 I 386 -29.6 0.062 0.348 2.98 0.6323 0.1843 
46 520 34,7 1.620 3.374 C.299 0.100 0.335 0.128 540 622 15.2 389 -28.0 0.062 0.347 2.98 0.6305 o.1 843 
47 520 34.8 1.624 3.288 0.299 0.100 0.335 0.123 557 618 u.o 387 -30.5 0.062 0.348 2.98 0.6338 0.1839 
48 520 34,9 1.625 3.346 0.299 0.100 0.335 0.125 551 613 11. 3 384 -30.3 0.062 0.349 2.99 0.6365 0.1837 
49 520 34.7 1.611 3.384 0.299 0.100 0.335 0.128 556 620 11.5 388 -30.2 0.062 o.347 2.98 0.6270 0.1854 

520 34.9 1.610 1,339 o.2ci9 0.100 o.335 0.124 546 612 12.l 383 -29,9 0.062 o.349 2.99 0.6337 0.1845 

3702 LEE EDWARD T 100 OOlMIN 35SEC c0srioo1.11 REM. TIME 0089MIN 18SEC 

OlMI 35SEC00900= 
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TABLE 5.8 	 Tabular Comparison of Sensitivity with MASON's 

Flat-Oval Tube Data 

For definition of FORTRAN symbols, see Table 5.6 



TABLE 2·8 
TUBE p H R DEG B A A/B DEFLEC EXP SEN S CAL SENS DEVIATI0N NSENS2 DEVIA2 A R H 

21 30 12.0 1.620 228 0.407 0.1080 0.2654 0. 095 8500 6225 -26.8 5740 -32.5 0.067 0.111 3. 77 0.1174 0.2512 
22 30 15.0 2.060 241 C.407 0.1200 0.2948 0.130 7200 6376 -ll.4 4832 -32.9 0. 058 0.125 3.39 0.1865 0.1 976 
25 60 17 .o 1.620 228 0.408 0.1190 0.2917 0.103 4000 3678 -8.0 2899 -27.5 0.013 0.143 3,43 0.1654 0.251 9 
26 60 21. 0 2.060 241 0.409 0.1250 0.3056 0.137 3800 3642 -4.2 2530 -33.4 0.061 0.168 3.27 0.2586 0.1985 
29 100 21.0 1.620 228 0.412 0.1230 0.2985 0.124 2400 2660 10.8 1965 -1 e;1 0.016 0.111 3.35 0.2004 0.2543 
30 100 26.0 2.060 241 0.413 0.1210 o.3075 0.156 2300 2479 7.8 1663 -21.1 0.062 o.zcs 3.25 0.3140 0. 2005 
43 500 14.C 0.110 245 0.134 0.0420 0.3134 0.076 930 85 1 -8.5 539 -42. 0 o.059 0.313 3.19 0.5536 0.1867 
44 400 14.0 0.110 238 0.140 0.0310 0.2214 0.085 1310 1227 -6.3 ' 817 -37.6 0.044 0.452 4.52 0.5071 0.1 972 
45 2CO14.0 0.120 250 0.146 0.0180 0.1233 0. 078 2100 2121 1.0 1506 -28.3 0.025 0.118 s.11 0.4729 0.20?6 
46 2COO22.0 o. 720 245 0.130 0.0360 0.2769 O.C99 230 273 18.7 169 -26.5 0.050 0.611 3.61 Q,9373 0.1806 
47 1400 22.0 o. 710 2so o.135·0.0230 0.1104 0.112 360 441 22.5 284 -21.1 0.032 0.957 5.87 0.8571 0.1901 
50 5000 32.0 0.120 2so c.120 0.0350 0.2911 0. 061 57 72 26.3 42 -26.3 0.049 0.914 3.43 . l.6000 0.1 667 
51 scco 32.0 0.74C 2so 0.115 0.0460 o.4000 0.045 39 48 23.1 28 -28.2 0.062 0.696 2.50 1.7905 0.1 554 
53 4000 30.0 0.820 300 0.111 o.o4eo o.4103 0.056 53 59 11.3 35 -34.0 0.059 0.625 2.44 1. 7971 0.1427 
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TABLE 5.9 	 Tabular Comparison of Sensitivity with MASON's 

Elliptical Tube Data 

For definition of FORTRAN symbols, see Table 5.6 



TABLE 5,9 


TUOE p H R OEG A A A/O DE FL EC EXP SENS CAL SENS DEVIATl 0N NSENSZ OEVIA2 A/R Fl/A BIA .RH/Bnz lW 

19 30 l 0. 0 0. 97 .J 233 C.273 C.08 70 0. 1187 O.C71 10700 7644 -28.6 2859 -73.3 0.090 0.115 3.14 0.1302 0.2814 
20 30 l c. 5 1.190 235 0.215 o.0840 o . ~ c ~s 0.112 9800 9699 -1.0 3596 -63.3 0.071 0.1 25 3. 27 0.1652 0.2311 
21 60 14. c C.910 233 C.275 C,0880 0.3200 0. 081 5COO 432 7 -13.5 1606 -67.9 0. 091 0.159 3.1 2 0.1796 0.2 835 
?4 60 14. 5 1.170 237 C.276 0.0870 0.3152 Q,115 5C OO 5015 0.3 1931 -61.4 0.074 ' 0,1 67 3, 17 0.2221 0.2359 
27 lCC 18.0 0.970 233 C.276 c.C8 40 0.3043 0. 086 3000 2783 -1.2 1076 -64.l o.oa1 0. 214 3.29 0.2292 0. 2845 
28 lCQ l8.C l .170 217 C.274 C.0930 0.3194 0.110 3COO 2896 -3.5 1184 -60.5 0.079 0.194 2.95 0.2805 0.2342 
54 50 20 . c 2.250 3CC C.648 0.1 230 0.1 898 0.353 12300 1556 7 26.6 6164 -49,9 0.055 0.163 5. 27 0.1012 0. 2880 
56 50 20 .c 2.250 3CG C.658 C.15CO 0.22 RO 0. ?94 6500 12972 99.6 5172 -20.4 0.067 0.133 4.39 0.1039 0.2924 
57 50 18. 0 2.250 3CO C.670 0.1560 0. 23i8 0.331 %00 14587 51.9 6066 -36.8 0.069 0.115 4. 29 0. 0902 0.2978 
58 50 18.0 2.250 3CC Q.661 C.1 520 C.2300 0.336 9900 14832 49.8 6117 -38.2 o.o6s 0.118 4.35 0. 09 27 0.2938 
59 50 18.0 2.250 3GO C.660 0.1540 0.23 33 0.332 10400 14636 40.7 6026 -42.l 0.068 0.111 4.29 0.0930 0.2933 
60 50 14.0 2.2so J C~ 0.363 C.11 90 0.3278 0. 295 14000 13C29 -6.9 5112 -63.5 0.053 Q.118 3, 05 0. 2391 0.1613 
61 5C l?.5 2.250 100 0.420 c.1000 0 . 21~ 1 o.558 17100 24619 44.0 9304 -45.6 0.044 0.125 4.20 0.1594 0.1867 
62 5C 13. C 2.250 3CC C.418 0.1020 0 . 244~ 0. 5SH 171 00 2241 3 31. l 84 70 -5C.5 0.045 0.127 4.10 0.1674 0.1858 
63 50 13. c 2.250 3CC C.419 0. 1010 0.2411 0. 51 4 16600 22696 36.7 8583 -48.3 0.045 0.129 4.1~ 0.1 666 0.1 862 
65 50 13. 0 2.250 3CO o.418 0. 1000 o,23gz o. s11 17600 2282 3 29.7 8638 -50.9 0.044 0.130 4.18 0.1674 0.1 858 
66 50 20 .c 2.250 3GC 0.642 0. 1260 0.1 963 0.342 14900 15090 1.3 5947 -60.l 0.056 0.159 5.10 0.1092 0.2853 
67 50 2c.o 2.2,0 30C C.642 G.1 240 0.1 93 1 0.347 15300 15326 0.2 6042 -6o.5 0.055 0.161 5. lB 0.1092 0. 2853 
68 SC 20 .0 2.250 JCO 0.642 C.12 80 0.1914 0.337 15700 14862 -5.3 5856 -62.7 0.051 0.156 5.02 0.1092 0.2853 
69 50 2c .c 2.250 30G C.642 0.1 260 0.1963 0.342 15100 15090 -0.1 5947 -60.6 0.056 O.l,9 5.10 0.1092 0.2 85 3 
10 5C 20 .0 2.250 300 C.642 C.1 250 0.1 947 0.345 15100 1520 7 0.1 5994 -6C.3 0.056 O.l60 5. 14 0.1092 o. 2853 
71 5G 2c.o 2.250 100 C.640 0.1260 0.1 969 0.341 155CO 15050 -2.9 5923 -61.8 o.056 0.159 5.08 0.1099 0. 2844 
12 1s 2c .o 2.250 3CC C.644 G.1230 0.1910 0.526 12600 1548 7 22.9 6115 -51.5 0.055 0.163 5.24 0.1085 0.2 862 
73 75 2c.o 2.250 3CC C.645 0.1210 0.1876 0. 536 12 200 15757 29.2 6227 -49.0 Q,0,4 0.1 65 5.33 0.1082 0. 2867 
14 75 31. 0 2.25c 300 C. 642 C.1320 0.2056 0.242 6290 7129 13.3 2695 -57.2 0.059 0. 235 4.86 0.1692 0. 2853 
75 75 3 l .O 2.250 300 C.643 0.1 330 0.2060 0. 241 6290 7094 12.8 2681 -57.4 0.059 0.233 4. 83 0.1687 0.2 858 
76 lCO 23.C 2.2so 3CC C.682 0.1110 0.1628 0, 666 12 [100 14707 14.9 5765 -55.0 0.049 0. 201 6.14 0.1113 0.3031 
77 lCC 24 .C 2.2so 300 C.665 0.1 310 0.1970 0. 520. 8390 11471 36. 7 4415 -47.4 0.058 0.183 5.08 0.1221 0.2956 
78 lCO23.0 2.250 JGC C.661 o.1320 o.1917 0.547 8700 12069 38.7 46 71 -46.3 0.059 0.174 5.01 0.1184 0.2938 
79 lCG 23.0 2.250 300 C.661 0.1310 0.1982 0.551 8390 12158 44,9 4706 -43,9 0.058 0.176 5.05 0.1184 Q.2938 
80 lCC 23.0 2.250 300 C.661 0.1310 0.1 982 0.551 8960 121 58 35.7 4 706 -47.5 0.058 0.176 5,05 0.1184 Q.2938 
81 100 23. C 2.250 l CG C.6h7 0.1410 0.2114 0.516 7820 11396 45,7 4430 -43.4 0.063 0.163 4. 73 0.1163 0. 2964 
82 ICC 23. 0 2.250 30C C.661 0.1440 0.2119 0.502 7690 11070 44.0 4288 -44.2 0.064 0.160 4,59 0.1184 0.2938 
83 lCO 23.C 2.250 3CO C.666 0.1440 0.2162 0. 505 7'190 11148 43.l 4331 -44.4 0.064 0.1 60 4.63 0.1167 0.2960 
84 lCG 23.0 2.250 300 C.665 0.1440 0.2165 0.504 7820 11132 42.4 4322 -44,7 0.064 0.1 60 4.62 0.1170 0.2956 
85 loo 20 .c 2.250 3CO G.362 0.1140 0.3149 0.270 4420 5953 34,7 2617 -40.8 0.051 0.175 3.18 0.3434 0.1609 
86 lCO 20.C 2.250 300 G.363 0.1140 0.3140 0.272 4400 6000 36.4 2633 -40.2 Q.051 0.175 3.18 0.341 5 0.1613 
87 lCO22.0 2.250 300 C.408 0.1030 0.2 525 0.324 5800 7157 23.4 3053 -47.4 o.046 0.214 3.96 o.2974 0.1813 
88 lCC 21.C 2.250 JCO Q,406 0.1090 0.2685 Q,339 6190 7488 21. 0 3138 . -49.3 0.048 0.193 3.72 0.2866 0.1804 
89 ICO21 .C 2. 250 3CC C.409 0.102G 0.2 494 0.367 5850 8088 38.3 3398 -41.9 0.045 0. 2C6 4.01 0.2825 0.1818 
90 lCO 21.C 2.250 300 C.4C6 0.1040 0.256 2 0.354 59 CO 7806 32 ,3 3287 -44.3 0.046 0. 202 3.90 0. 2866 0.1 804 
91 ICC 21.0 2.250 JGO C.410 C.1010 0 .2~ 6 3 Q,372 61 90 8208 32.6 3447 -44,3 0.045 0. 2C8 4. 06 o.2s11 o.1 s22 
92 100 19.0 2.250 3GO 0.408 0.11?.0 0.2745 Q,4 20 6290 9261 47.2 3746 -40.4 o.oso 0.110 3.64 0.2568 0.1813 
93 lCO 19.G 2.250 300 C.4C7 B.1130 C.2776 0.414 6010 9136 52.0 3697 -38.5 0.050 0.168 3.60 o.25s1 0.1809 
q4 lCC 19.C 2.250 JGC 0.407 G.1120 0.2752 0.417 6140 9210 5G.O 3730 -39.3 0.050 0.110 3,63 0.2581 0.1809 
g5 lCO 19.C 2.250 300 C.408 0.1130 0.2770 0.416 60 10 9188 52.9 3713 -38.2 0.050 0.168 3.61 0.2568 0.1813 
96 lCO 19 .C 2.250 300 c.409 c.11 oc o.26R9 0.429 5940 946 5 59.3 3830 -35.5 0.049 0.173 3.72 0.2556 0.1818 
97 lCC 19,C 2.250 3CO C.415 c.101c 0.2434 0.478 6690 10554 57.8 4275 -36.l 0.045 o.1 eu 4.11 o. 2482 ·0.1844 
98 lCC lg,o 2.250 1cc 0.414 c.101c 0,2410 o.476 6690 10497 ,6,9 4257 -36.4 0.045 0.1 88 4.10 o.2494 o.t840 
99 l CO 19.C 2.250 JOO Q,414 0.1010 0.2440 0.476 7060 10497 '48. 7 ' 4257 -39.7 0.045 0.1 88 4.10 0.2494 0.1 840 

100 100 19.C 2.250 300 C.411 0.1070 0.2683 0.445 6430 9809 52 ,6 . 3970 -38.3 o.048 0.110 3.84 0.2531 0.1827 
101 lCO 19.C 2.250 3CO C.410 0.1070 0.2610 0.442 6400 9755 52.4 3953 -38.2 0.048 0.178 3.83 0.2543 0.1822 
102 lCC 19.0 2.250 300 C.410 C.1070 0,2610 Q,442 7COO 9755 39,4 3953 -4J.5 o.o4s 0.118 3. 8 3 0.2543 0.1822 
l03 lCC 31,C 2.250 3GC C.636 0.1260 0. 1981 0.333 63,0 7351 . 15.8 2782 -56.2 0.056 0.246 5.05 0.1724 0.2827 
104 lCO31.0 2.250 300 C.635 C.1290 0.2031 ~.325 6010 7166 19.2 2713 -54.9 0.051 0.240 4,92 0.1730 0~2 822 

M' ~!ASTER UN IVERSITY 
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105 100 31.C 2.250 30C Q,638 0.1 260 Q.1975 0.335 6350 7388 . 16.3 2794 -56.o 0.056 o. 246 5.06 0.1114 o. 2e3r -
106 100 31.0 2.2 50 30C C.638 C.1 25C 0.1 959 0.337 6350 7444 17.2 2816 -55.7 0.056 0.248 5.10 0.1714 0.2836 

TU BE p H R DEG R A fl/B DEFLEC EXP SENS CAL SENS DEVIATI 0N NSENS2 DEV!A2 A/R H/A B/A RH/8H2 ~R 

107 lCO31.0 2.250 3CC C.636 C.1250 0.1965 0.336 6350 7407 16.6 2803 -55.9 0.056 0.248 5.09 0.1724 0. 2827 
108 ICO31.0 2.250 300 C.636 0.1 250 Q,1 965 0.336 6350 7407 16.6 2803 -55.9 0.056 0.248 5.09 0.1724 0. 2827 
109 100 31.C 2.250 3CO C.637 0.1210 0.1900 0.347 6990 7658 9.6 2899 -58.5 0.054 0.256 5.26 0.1719 0.2831 
110 lCO31.0 2. 250 3CO C.638 C.1 210 0.1 89 7 O.l48 71 90 7617 6.8 2906 -59.6 0.054 0.256 s. 27 0.1114 0.2836 
111 lCC 31.0 2.250 3CC C. 638 0.1190 Q,1 865 0.353 7010 7800 11. 3 295 3 -57.9 0.053 0.261 5.36 0.1714 0. 28 36 
ll2 lCO 30 .0 2.250 Joo o.640 0.1 200 o.1 875 o.374 7010 824 7 17.6 3116 -55.5 0.053 0.250 5. 33 0.1648 0.2844 
113 lCO30.C 2.250 100 c.641 o.12cc 0.1012 o.375 6810 826 7 21.4 3123 -54.l 0.053 0.250 5,34 0.1643 0.2849 
ll4 25C 40.0 2.250 300 Q,642 0.1270 0.1978 0.514 3980 4533 13.9 1772 -55.5 0.056 0.315 5.06 0.2184 0. 2853 
115 250 4C.C 2.250 100 c.640 o.1340 o.2cq4 o.4R4 1720 4276 14.9 1675 -55.0 0.060 0. 299 4. 78 0. 219 7 0. 2 844 
116 250 56 .0 2.250 JOG 0.676 0.11 50 c.11r1 0. 3G5 1480 2696 82 .2 1112 -24.9 0.05 1 0.487 5.88 0.2757 0. 3004 
117 250 56.0 2. 250 l CC C.644 0.1 3GG 0.2019 0. 240 1400 212 2 51.6 905 -35.4 Q. 058 0.431 4. 95 0. 3038 0. 2862 
ll 8 25C 56 .0 2.250 100 C.642 0.1 320 0.2056 0. 235 1430 2073 45.0 887 -38.0 Q,059 Q.4 24 4.86 0.3057 0. 2853 
119 250 56.C 2, .250 JDC 0.643 Q, 1310 0.2037 0. 238 1370 2097 53.l 896 -34.6 0.058 0.427 4.91 Q, 3C48 0.2858 
120 250 59.C 2.250 3GOC.641 0.1290 0.20 12 0.211 1430 186 3 30.3 810 -43.4 0. 057 0.457 4,97 0.3231 0. 2849 
121 25C 27 .C 2.250 30C 0.366 0,0980 0.2678 0.371 3250 3276 o.a 1598 -50.8 0.044 0.276 3, 73 Q.4535 0.1627 
122 250 21.0 2.250 3CO C.365 0.0980 0.2685 0.368 3020 3247 7.5 1586 -47.5 0.044 0.276 3,n Q,4560 Q.1622 
123 25C 27.0 2. 250 3CO C.365 0.0990 0.2712 Q,365 3020 3219 6.6 1570 -48.0 0.044 0.273 3. 69 0,4560 Q, 1622 
124 5CC 63 .0 2.250 30G G. 632 0. 0900 0.14?4 0.479 1710 2113 19.4 938 -47.0 0.040 0.700 1. 02 Q. 3549 0. 2809 
125 5CC 61 .0 2.250 3GC G.635 C.0930 0.1465 0.511 1850 2253 21.a 990 -46.5 0.041 Q, 656 6. 83 0.3404 0.2822 
126 SOC 73.C 2.250 300 0.631 0.1240 0.1965 0.245 740 . 108 1 46.l 505 ·31.8 0.055 0. 589 5. 09 0.4125 0.2804 
127 500 73.Q 2.250 100 0.631 0.1240 0.1965 0. 245 770 1081 40.4 505 -34.4 Q.055 0;589 5.09 0.4125 Q,2804 
128 sea n.o 2.250 300 C.631 0.1240 0.1 965 0.245 740 1081 46.l 505 -31.8 0.055 0. 589 5.09 0.4125 0.2 804 
129 500 73.0 2.250· 3CO 0. 631 C.1240 0.1965 0.245 740 108 1 46.l ?CS -31.8 0.055 0.589 5.09 0.4125 0 . 28~4 
130 sec 39.o 2.25C 300 C.362 C.09 10 0.2514 0. 278 1250 1228 -l.8 663 -47.0 0.040 0.429 3.98 Q,6696 Q. 1609 
131 sec 39.0 2.250 3GC 0. 362 Q,0910 0. 25 14 0.278 1230 1228 -0.2 663 -46.l C.040 0.429 3.98 0, 6696 O,l6C9 
132 sea 39 .0 2.250 3CO 0. 362 0.0910 0.2 514 0.278 1250 1228 -1. 8 663 -47.0 0.040 0.429 3.98 0.6696 0.1609 
133 lC CO 42. 0 2.250 300 C.354 0.1040 0.2938 0.171 740 818 10.5 .445 -39,9 0.046 0.404 3.40 o. 7541 0.1 573 
134 1000 42.0 2.250 Joo o.354 0.1030 0. 2910 o.374 770 825 7.1 449 -41.7 0.046 0.408 3.44 o. 7541 0.1573 
135 lOCO 41.C 2.250 30C Q,355 0.1040 Q,2930 0.401 800 885 10.6 479 -40. l 0.046 0.394 3.41 0.7320 0.1 578 
136 lOCO40.0 2.250 JOG C.354 0.1040 0.2938 0.426 800 940 17.5 507 -36.6 0.046 0.385 3.40 o.11s2 o.1s73 
137 15 CC 51.0 2.250 100 o.348 0.1160 0,3333 0. 210 480 397 -17. 3 221 -54.0 0.052 0.440 3.00 0.9475 0.1 547 
138 15CG51 .C 2.250 3CC G.349 C.11 80 0.33Bl 0. 269 480. 395 -17. 7 219 -54.4 0.052 0.432 2.96 0,91121 0. 1551 
139 1500 50.0 2.250 300 0. 347 0.1180 C.3401 0.279 430 410 -4.7 227 -47.2 Q,052 0.424 2.94 0.9343 0.1 542 
140 1500 52.0 2.250 3co o.347 0.11 00 0,3401 o.249 400 366 -8.5 203 -49.2 0.052 0.441 2.94 0.9717 0.1542 
141 1500 50.C 2.250 300 0.348 0.1200 0.3448 0.277 480 408 -15.0 226 -52.9 0.053 0.417 2.90 0.9290 0.1547 
142 1500 47.0 2.250 3GO 0.345 0.0860 0.2493 Q.433 510 636 24.7 358 -29.8 0.038 0.547 4.01 0.8885 0.1533 
143 15CC 48.0 2. 250 . 300 Q,345 C~0840 0.2435 0.415 510 611 19.8 3'15 -32.4 0.037 Q.571 4.11 0.9074 0.1533 
144 15CO 46 .0 2.250 300 0.345 0.08 70 0.252 2 0. 456 510 670 31.4 376 -26.3 0.039 0.529 3.97 Q, 8696 0. 1533 
145 15CO 47.C 2.250 3CO C.340 O.C830 0.244 1 0.423 481) 622 29.6 352 -26.7 Q.037 Q, 566. 4.10 o.9148 0.1511 
146 25 18. 0 2.250 JOG C.645 0.1C80 0.1 674 0.419 14500 20457 41.1 8300 -42.8 0.048 o.167 5.97 o. 0973 o.2867 
147 25 10 . 0 2.250 JOO Q.645 0.1 060 0.1 643 0.426 14600 208 12 42. 5 8454 -42.1 0.047 0.170 6. 08 0.0973 Q.286 7 
148 25 18.0 2.2 50 300 C.648 0.1080 0.1667 0.420 14COO 20529 46.6 8350 -40.4 0.048 0.167 6. 00 0. 0965 Q,2880 
149 25 18. 0 2.250 JGC 0,647 0.1 080 0. 1669 0.420 · l1t3CO 20505 43.4 8333 -41.7 0.048 Q.167 5,99 0.0967 0.2876 
150 25 l8 .o 2.250 3CO C.646 C.1050 0.1 625 0.430 13500 21008 55.6 8550 -36.7 0.047 0.111 6. l 5 0.0910 o. 287l 
151 21 18 .o 2. 25 0 3CO C,645 0.1070 Q,1659 0.423 14300 2061t0 1,4. 3 8376 -41.4 0.048 0.168 6. 03 0.0973 0. 2867 
152 50 26 .0 2.250 3CC C.659 G.113C C.1715 0.474 9100 11585 27 ,3 4399 -51.7 Q,050 0.230 5. 83 0.1 347 0. 2929 
153 50 27 . c 2.250 3CC C. 658 0.1 140 Q,1733 0.442 91 00 107B3 18.5 4C81 -55.2 o.os 1 0.231 · 5, 11 0.1403 Q, 2924 
154 SC 2 I. 0 2. 250 300 C.643 C.1060 0.1649 0,460 75GO 11236 49.8 4242 -43~4 Q.047 0. 255 6.07 0.1469 0. 2858 
155 50 27. 0 2.250 3CO 0.642 C.1070 0.1667 0.455 7200 ll 121 54~5 4195 -41.7 0.048 0.252 6.00 0.1474 0.2853 
156 50 27.C 2.250 3CC C.658 0.1C70 0.1626 0.469 7200 11456 59.l 4338 -39.7 0.048 0.252 6.15 Q,1403 0.2924 
157 50 32.0 2.250 30G C.640 0.1 030 0.1609 0.348 7200 8487 17.9 3221 -55.3 0.046 Q.311 6.21 0.1758 0.2844 
158 50 29.C 2.250 300 C.642 C.1040 O.l6?0 0.413 7700 10089 31.0 3810 -50.5 0.046 0.279 6.17 0.1583 0. 2853 
159 50 30. 0 2.250 3vo o.642 0.1030 0.1604 o.393 7200 9586 33. l 3625 -49.7 0.046 0.291 6.23 0.1638 0.2853 

M' ~I ASTER UNIVERSITY 
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160 lCO27.0 2.250 ~co C.648 0.1 34C 0.2068 0.74C 44 00 9034 105.3 3415 -22.4 0.060-0:201 4. 84 o.1447 o. 2sso -·
161 !CO 28.0 2.250 3CO C.652 0.1350 0.2071 0.697 5300 8510 6C.6 3213 -39.4 0.060 0.201 4.83 0.1482 0.2898 
162 lCO27 .O 2.250 300 C.652 0.1380 0.2117 0.725 5300 8845 66.9 3346 -36.9 0.061 0.196 4,72 0.1429 0.2898 
163 100 37.C 2.250 3CO 0.636 0.0960 0.1509 0.553 4500 6757 50.2 2625 -41.7 0.043 0.385 6.63 0.2058 0.2827 

TU BE p H R DEG B A A/B DEFLEC EXP SENS CAL SENS DEV!AT!0N NSENS2 DEVIA2 A/R H/A B/A RH/Btt2 l1{K 

164 lCC 38.0 2.250 3GC C.635 0.0990 0.1559 o .~ o g 4200 6211 47,9 2422 -42.3 o.044 0.384 6.41 0.2120 0.2022 

165 100 38.0 2.250 Joo o.635 0.1020 0.1606 o.495 4200 6048 44.0 2356 -43.9 0.045 0.373 6.23 0.2120 0.2822 

166 100 38.C 2.250 3co c.635 0,0990 o.15sg o,5og 4300 6211 44.4 2422 -43.7 0.044 0.384 6.41 o.212c 0.2822 


300 C.630 0.0910 0.1416 0.470 ld OO 2295 27,5 1C09 -43.9 0.041 o.645 6. 77 o.3401 o.2aoo167 250 60.C 2.250 
l6B zso 5q,o 2.250 3SO C.629 0,094C 0.1494 0.483 1500 2359 57,3 1034 -31.l 0.042 0.628 6.69 0.3355 0.2796 

l6q 250 61.0 2.2so JCO C.628 c,oq30 0. 1481 0.447 l5 GO 2183 45.5 96 7 -35.5 0.041 0.656 6.75 0.3480 0.2791 

17C 250 59 .0 2.250 3CO C.631 0.0940 0.1410 0.487 1500 2380 58.7 1041 -30.6 0.042 0.628 6. 71 0.3314 0.2804 

171 250 62 .0 2.250 3CC 0,628 0.0930 0.1 481 0.429 1500 2097 39.8 932 -31,g 0.041 o.667 6.75 Q,3537 o.2791 

172 250 60.0 2.250 300 C.630 0.0930 0.1416 Q,470 1500 2295 53.0 1009 -32.7 0.041 0,645 6. 77 0.3401 0.2800 

173 sec 99.c 2.25C 300 C.616 0.0810 0.1380 0.253 820 616 -24.9 298 -63.7 0.038 1.165 7.25 0.5870 0.2738 

176 SOC 72.C 2.. 250 3CC Q,62q 0.1000 0.1590 0.512 820 1349 64.5 624 -23.9 0.044 0.720 6,2q 0.4095 o.27% 

178 5CO 76.C 2.250 JGC·C,624 C.0850 0.1362 0.541 800 13'2 l 65.l 613 -21,4 o.o3s o.894 7.34 o.4392 o.21n 

179 5CO77. 0 2.250 300 C.623 0.08'0 0.1364 0.5?0 800 1269 58.6 592 -26.0 0.038 0.906 7.33 0.4464 0.2769 

180 sec 76.0 2.250 JOO C.624 C.0860 0.1318 0.535 800 1301 63.4 608 -24.0 0.038 0.884 7.26 o.4392 0.2113 
181 5CO 76.C 2.250 JC OG.624 C.0860 0.1378 0.535 790 13C7 65.4 608 -23.0 0.038 0.884 7. 26 0.4392 0.2773 
182 sea 76.0 2.250 3GO C.624 0.0 860 0.1378 0.535 790 1307 65.4 608 -23.0 0.038 0.884 7.26 0;4392 0.2113 
lgJ lCCO57.5 2.250 300 0.380 o.1310 0.3447 0.285 190 348 83.2 191 0.5 0.058 0.439 2.90 0.8959 0.1689 
19'• lCOC 66.0 2.250 3CG C.375 0.1280 0.3413 0.186 190 226 18.9 126 ~33.7 0.057 0.516 2.93 1. 05 60 0.1667 
195 !CCC 68,0 2.250 JCO C.376 0.126C 0.3351 0.174 190 212 ll .6 ll9 -37.4 0.056 0.540 2.98 1.0822 0.1671 
196 lCC C 55.0 2.250 30C C.337 0,0950 0.2Hl9 0,278 390 339 -13.l 192 -50.8 0.042 0.579 3.55 l. 08 96 0.1498 
197 !COO 56,0 2. 250' Joe o.335 o.0970 o.2 sg6 0.253 390 308 -21.0 175 -55.l 0.043 0.577 3.45 1.1227 0.1 489 
198 1000 56,0 2.250 3CC C.335 C.0980 0.2925 0.251 390 306 -21. 5 l"/3 -55.6 0.044 o.s11 3,42 1.1227 0.1 489 
199 lOCO 57.0 2.2so 300 C.316 0,0910 0.2708 0.257 390 313 -19.7 178 -54.4 0.040 0.626 3.69 1.1360 0.1493 
20 0 1000 5'1e0 2.250 3CO 0.336 C.0960 0.2857 Q,287 390 350 -1 0.3 198 -49.2 0.043 0,563 3.50 l.0762 0.1493 
201 1000 56.C 2.250 JOG 0.336 Q,0940 0.2798 0.263 3go 32C -17.9 182 -53.3 0.042 0.596 3,57 1.1161 0.1493 
204 lGCO 58.C 2.250 300 C.331 0,0930 0.2810 0.226 280 276 -1.4 157 -43.9 0.041 0.624 3.56 1.1911 0.1471 
2G5 lCCC 6C.O 2.250 3CC C.329 0.0930 0.2827 C.200 280 244 -12.9 139 -50.4 0.041 0.645 3,54 1.2472 0.146,2 
2C6 lOCO 59.0 2.250 JOO 0.329 0.0930 0.28?7 0.210 170 256 50.6 146 -14.l 0.041 0.634 3,54 1.2264 0.1462 
2C7 lCOO59.0 2.250 300 0.330 0.0930 0.2818 0.213 280 259 -7. 5 148 -47.l 0.041 0.634 3,55 1.2190 0.1467 

. 208 lCOO51.0 2.250 JOO 0.333 0.1080 0.3243 0.295 260 360 38.5 202 -22.3 0.048 o.~12 3.08 1.0348 0. !480 
2C9 lOCO 51.0 2.250 300 0.336 0.1060 0.3155 0.311 190 379 9g,5 212 11.6 0.047 0.481 3.17 1.0164 0.1493 
21 0 lCOO 50.0 2.250 300 0,334 0.1070 0.32D4 0.319 360 389 8,1 218 -39.4 0.048 0.467 3.12 1.0085 0.1484 
211 lOCO 51.0 2.250 300 C.335 0.1C80 0.3274 0,302 340 368 8.2 206 -39.4 0.048 0.472 3.10 1. 0225 0.1489 
212 lC CO 51.0 2.250 JOO 0.334 0.1 080 0.3234 0,298 360 364 1. 1 204 -43.3 0.048 0.472 3.09 1.0286 o.1484 

1.3021 0.12 80213 lCCO 48. 0 2. 250 300 c. 288 o.OBOO 0.2778 G.267 390 325 -16. 7 . 187 -52.1 0.036 0.6 00 3.60 
1. 0555 o.1298214 lCGO '1C.O 2.250 300 C.292 0.0860 0.2945 0.451 390 550 41.0 312 -20.0 0.038 0.465 3.40 

215 lGCO4c.o · 2.250 300 C.291 0.0900 o.3og1 0.427 410 521 21.1 295 -28.0 0.040 0.444 3,23 1.0628 0.1293 
216 lOCO '17.0 2.250 300 0.283 0.0820 0.2898 0.260 360 317 -11.9 182 -49.4 0.036 0.573 3.45 1.1204 0.1258 
217 lOCO 40.0 2.250 JDC 0.211 Q,0890 0.3G5H 0.432 390 526 34.9 298 -23.6 0.040 0.449 3.27 1. 06 28 0.1293 

30.4 169 -26.5 0.045 0.545 3.28 1.1295 0.1471218 lO CO 55.C 2.250 300 C.331 0.1010 0.3G5 l 0.246 230 300 
219 lCCG 56 .0 2.250 100 0,330 c.1 020 o.3091 0.229 , 230 279 21.3 158 -31.3 0.045 0.549 3.24 l.157G 0.1467 

3.30 l.lffl 0.146722C lCCO 5 7. 0 2.250 JGC o.33C o.1coo o.3oio 0.221 190 269 41.6 152 -20.0 o.044 o.570 
1.2056 0.1462221 lOCO 58.0 2.250 300 C.329 0.1000 0.3040 0.208 210 253 20.5 143 -31.9 0.044 0.580 3.29 

3.29 1.2056 0.! 462222 lCCO 58.C 2.250 300 C.329 0.1000 C.3C40 0.208 210 253 20.5 143 -31.9 0.044 0.580 
223 !CCC 60.0 2.250 300 0.332 0.0960 0.2892 0.202 210 246 17.1 139 -33.8 0.043 0.625 . 3.46 l.2248 o.1476 
22't !CCC 5g,o 2.250 3CO C.332 G.09 80 0.2952 0.208 210 253 20.5 144 -31;4 0.044 0.602 3.39 1.2044 0.1476 
22'i lOCC 59 .C 2.250 300 C.131 0,0980 0.2961 0.206 21 0 250 19.0 142 -32.4 0.044 0.6C2 3.38 1.2117 o.1471 

l. C69 1 Q, 1631226 !CCC 64.C 2.250 3CO C.367 u.1250 0.3406 0.192 180 233 29.4 130 -27.8 0.056 0.512 2.94 
2. 92 1.1484 o.1 622227 1000 68.0 2.250 3CO C.365 0.1250 0.3425 0.157 150 191 27 ,3 107 -28.7 0.056 o.544 

107 2.92 1.1484 0.1622228 1000 68.C 2.250 300 0.365 0.1250 0.3425 0.157 170 191 12.4 -37.l 0.056 0.544 
1.2603 0.160422q lCCO73.0 2.250 3GC C.361 0.1240 0,3435 0.123 130 150 15.4 84 -35.4 0.055 0.589 2.91 

230 1000 14 ,0 2.2~0 300 o. %3 0.1220 0.336 / 0.123 150 149 -0.7 84 -44,0 0 . 0~4 o.bo7 2..98 1.2636 0.1 613 
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CHAPTER 6 

CONCLUSION , 	 RECOMMENDATION AND PRELIMINARY DESIGN PROCEDURE 

6.1 Conclusion of BOURDON Tube Study 

In this study, three papers: 

(1) 	 WUEST, W., "Theory of High-Pressure BOURDON 

Tubes" 

(2) ANDREEVA, L.E., "Elastic Elements of Instruments" 

(3) 	 DRESSLER, R., "Elastic Shell-Theor'Y Formulation 

for BOURDON Tubes" 

(References 1, 2 and 6 respectively) representative of t he 

state-of-the-art of BOURDON tube theories have been revi ewed. 

The first of these by WUEST (based upon a plane strain 

elasticity problem) is primarily for thick-walled, flat-oval 

cross-sections with characteristic ratio A less than 1. 

i.e. 

where a = average semi-major axis of the oval cross-section 

d = wall thickness 

R = mean or 	tube radius of curvature 

This requirement is necessary for assumptions used in 

the analysis. With accurate experimental measurements (as 

suggested in WUEST's paper) good correlation (within 12%) 

81 
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with theoretical results was illustrated by WUEST. 

In contrast to WUEST's theory, ANDREEVA's approxima

tion analysis (based on the RITZ's method) is derived for 

thin-walled BOURDON tubes. Both elliptical and flat-oval 

cross-sections are considered in the analysis. 

As existing test results for thin-wall tubes (test 

data of KARDOS, MASON, EXLINE - References 3, 4, 5 respective

ly) are available for comparison, ANDREEVA 's expressions for 

sensitivity were computer programmed in FORTRAN IV~ The logic 

and listing of the procedure are attached in Appendix C. 

The comparison of results with ANDREEVA's expressions 

and test data of KARDOS, MASON, and EXLINE indicates good 

correlation Ca median line drawn through the experimental 

points will vary at approximately ±15% from the theoretical 

curve) for flat-oval cross-sections with a
R < 0.2 and 

0 . 3 < ~~ < 2 . For elliptic cross-sections, however, more 

scatter is evident. Possible reasons for this may be due to: 

(a) variations in measurements 

(b) inconsistencies in fabrication or test techniques 

~R EIn the graphical representations of sensitivity Rp 
Rh versus aT , it can be observed that different curves can be 

a bascribed to differerit values of the ratios: and - asR a 

were shown qualitatively by KARDOS in References 3 and 17. 

Another form of graphical comparison was presented 

6R E bh 3 Rh 
~ p ~ versus az . It can be seen that its scatter band 
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is exorbitantly wide, which suggests that possibly a better 

choice of parameters might reduce the scatter. 

In DRESSLER's work a formulation, for BOURDON tubes 

with an elliptical cross-section, using thin elastic shell 

theory (based upon LOVE's shell equations, Reference 7) is 

presented. Although the formulation is essentially complete, 

there remains considerable task to arrive at the final form 

of the expressions as detailed in Table 4.2 and in the bound

ary conditions. As the equations are complicated and un

wieldly, a complete derivation of the thin-elastic shel l 

theory application to the BOURDON gage with an elliptical 

cross-section has been rehearsed, but with a different ap

proach (Appendix A) in order to: 

1. 	 Check and complete the f ormulation as described 

by DRESSLER 

2. 	 Check and emphasize the assumptions and approxima

tions on which the final express ions are based. 

From this reanalysis the following remarks, on which 

the final expressions (Table 4.2) and boundary conditions are 

based , can b e conclude d: 

1. 	 Two possible thin, elastic , moment shell theories 

for BOURDON tubes with an elliptical cross section 

are noted: 

( a ) " s implif i e d" thin .she ll the ory 

(b) "thin a nd shallow" shell or slightly curved 
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plate theory (as used in DRESSLER's formulation, 

Reference 6) 

The "simplified" thin shell theory for BOURDON tubes 

with an elliptical cross-section is characterized with the 

following hypothesis and approximations: 

(a) 	 KIRCHHOFF Hypothesis 

(b) 	 LOVE's First Approximation 

(c) 	 ARON's Approximations for the curvature changes 

oK 
l] 
.. (i,j = 1,2) 

The "thin and shallow" she ll or slightly curved plate 

theory for BOURDON tubes with an elliptical cross-section is 

characterized with the above hypothesis and approximations, 

and in addition, with the following assumptions: 

(a) 	 The vanishing of terms containing the transverse 

stress resultants Q (i = 1,2) in the firsti3 

two force equilibrium equations is assumed 

(b) 	 Terms with the GAUSSIAN curvature as a factor 

are neglected 

(c) 	 Te rms containing tangential displacements u 

and v in the rotation components ¢. Ci = 1,2)
13 

are neglected - 0in plate theory tang ential dis

placements , in ¢. , are not involved 
13 	 . 

2. 	 Because of the pronounce d curvature at the e nd re

gions of the semi-major axis of the "elliptical" 

BOURDON tube (resulting in a v ery small radius of 
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curvature) the effect of muments on the transverse 

shear may be significant, therefore, the "simplified" 

thin shell theory (as stated above) is employed to 

obtain the final form of the expressions as illustrated 

in Table 4.2. and in the boundary conditions - see 

also H.L.LANGHAAR's, "Paradoxes in the Theories of 

Plates and Shells", Reference 9. 

3. 	 For the boundary conditions at the end plug of the 

BOURDON tube an alternate "simplified" condition 

(reasoned along a physical and geometrical basis) 

is o ffered over the natural conditions (bas e d on a 

free-end condition) suggested by DRESSLER. A com

plete derivation of a more rigorous (but exact ) na

ture, based upon the e dge conditions at the junction 

of two shells (the BOURDON shell and the rigid movable 

e nd plug), is also presented (Appendix A}. 

6.2 Recommendation 

Bas e d upon this study the recommendations as listed 

here under may b e pre scribed: 

1. 	 To substantiate WUEST 's thick-wall high pressure tube 

the ory , test results for flat-oval cross-sections 

with A l e s s than 1 should be obtained. 

2 • 	 For tubes with the characteristic ratio 0.3< Rh < 2
a2 
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and ~ < 0.2 , ANDREEVA's thin-walled flat-oval tube 

expression may be used for a preliminary design of 

BOURDON tubes. · 

3. 	 More test data should be generated for: 

(a) thin-walled flat-oval tubes with characteristic 

ratio~<0.3 and tubes with aR > 0 • 2 • 

(b) thin-walled elliptic tubes with all ranges of 

the various tube ratios. 

For both (a) and (b), it should be noted that the 

average value (say from five tests) at each increment 

Rh of az- , should be determined and us ed for comparison 

with theoretical results. 

4. 	 When comparing tube sensitivity performance cha~acter

is t ic s , the following log-log graphical r epresenta

tion should be us ed for a meaningful interpretation 

of results: 

6R E RhSensitivity 	 VS with the constantRp az 
a bratio R plotting for a family of curves (-) = 

a 

constant as in (3) above, "average values" should be 

us e d. 

5. 	 Due to the complexity of the boundary conditions at 

the e nd plug or defle cting e nd and storage capacity 

limitation in electronic automatic computers two 

phases should b e f o llowed to the solution of the 

governing partiai differential e quations (Table 4.2) 
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and edge conditions of the BOURDON gage: 

Phase 1 - Using Table 4.2 equations and the simpli

fied BOUNDARY conditions at the end plug 

Phase 2 - Using Table 4.2 equations and the non-sim

plified BOUNDARY conditions of the end-plug 

which involve integro-differential expres

sions. 

6.3 Suggestions for a Preliminary Design of BOURDON Tubes 

Two preliminary design procedures are suggested be

low. Both designs are for thin-wall tubes. For tubes with 
a2 

the ratio: Rn << 1 , WUEST's form of analysis may be fo l lowed. 

The symbols used for the tube geometry in this section are 

as in ANDREEVA's analysis - see CHAPTER 3. 

Design I 

The given conditions or data of this design method 

are: 

b a(1) ratios and a R 
(2) 	 tube radius R 

6R E Rh b( 3) Chart: 	R p VS with the ratio group,aT a 

and a 
R" 

In (1) above, the availability of tube stocks may determine 

the ratios. The value of R may be dictated by space limi
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Rhtation. The chart of sensitivity VS ·may be conaz 
structed through experimental testing of tubes or via 

ANDREEVA's equation (3.7). 

RhTherefore, with the chart of sensitivity vs a:z · ' 
(£\R ~)the sensitivity of the tube may be obtained for a

R p 

thickness suitable for the pressure involved (see Reference 

5). Thus all geometric dimensions of the tube are known. If 

desired, next, the tip travel of the tube may be found via 

expression (3,9). 

Design II 

Alternatively, one might desire to optimize a tube, 

say , for max imum sensitivity. Through this approach the 

basic concepts of optimization are us e d which include: 

1. Optimization Function U 

U = Sensitivity = 
fiR 
R 

E 
p(l-µ2) 

R2 b2 a. 
= bh (l - -)a2 -S+x2 

2 • Equality Constraints 1jJ. 1 
J. 

Rh 
a2 

1 Add itional constraints, such as stre ss constraints, 
may be incorporated. Se e Reference 2 for stress 
formulas. (These stres s f ormulas are not very exact. 
Howe ver they provide an indication of the stress levels in 
the tube .. ) 
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3. Constraining Functions 

(a) Ratio Constraints ~· 
l 

0. 3 ~ 2 1.0 < ~ 
2 

~ 8 0 .1 < ,,, 
'¥ 3 

~ 0.2 

Observe that these limits may be changed if applicable. 

These limits are results of findings of CHAPTER · S. 

(b) Regional Constraints cf> • 
l 

~ R 5 ~ b ~ LR UR Lb ub 

< <~ ~ Lh uhL a u h a a 

Where L and U denote lower and upper limits 

respectively. 

The method begins by calculating or generating trial 

values of the tube parameters (R, b, a and h) subjected to 

their "regional" constraints cf>. • Th e nce i f the "ratio" con-
l 

straints ~· are within range (i f not, rege n e rate trial 
l 

values of the tube parameters) a good point is generated and 

its optimization function U determined. Thereafter, depend

ing on the strategy 2 used for convergence, an optimum tube 

is thus found. 

2 see. J .N .SIDDALL, "Theory of Engineering Design", 
PART II , McMaster University, Hamilton, Ontario , 
Canada , 1967. 
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APPENDIX A 

THIN-SHELL THEORY FOR BOURDON TUBE WITH AN ELLIPTICAL CROSS-SECTION 

A.l Introduction 

In this section an elastic thin shell theory formulation for 

BOURDON tubes with an elliptic cross-section is detailed. The shell 

analysis approach used is that of References 12 and 15. To facili

tate the analysis and comparison with Reference 6, symbols and con

ventions employed will be similar to those of References 6 and 12 where 

convenient. 
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--

A.2 Coordinate Systems 

The coordinate systems used in the analysis are illustrated 

in Figure A.l: (a) a reference (or fixed) rectangular cartesian system 

z 

x 

I/
clamped 
end 

(a) (b) 

free or 

plug end 


Figure A.l - Coordinate Systems: (a) Reference System (X,Y,Z) 

(b) "Curvilinear Coordinate Net" System in the 

Surface 

X,Y,Z with its origin located at a distance /' from the centreline of 

the incomplete torus and (b) a "curvilinear coordinate net" traced out 

by the parametric variables cC1 and ce, in the surface (which may be 

considered as the middle surface of the shell). The variables °'' and 
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oC 2 represent respectively the parameters /3 (the angle sweeping out 

the semi-torus) and o<:. (the angle sweeping out the ellipse) of the 

shell cross-section. 

In the application to the BOURDON gage the incomplete toroi

dal shell is clamped rigidly at one end (Figure A.l (a)) and the plug 

or free end deflects as internal pressure is applied. Due to symmetry 

the deflection at the free end occurs in the X-Y plane. 

Thus having defined the coordinate systems of the BOURDON 

gage, properties of the shell surface can now be developed. 

A.3 Differential Geometry and Metrical Properties 

'Through the properties of the surface curves defined by the 

line /3 = constant or o( = constant of the "coordinate net", a descrip

tion of the shell surface can be determined. The curvilinear proper

ties of the surface will include metrical coefficients, normal curva

ture, geodesic torsion, geodesic curvature, and Gaussian curvature. 

0As the position vector r defined from the origin of the 

reference coordinate system to the middle surface of the shell is of 

prime importance to the solution of the various curvilinear properties, 

a detail analysis of r• follows. 

To facilitate the analysis, r• will be expressed in terms 

of Gaussian intrinsic surface coordinates, j3 and o( (References 10, 

11), 



where, 

x = x(j3,c:(), y = y(j3,oC), z"' z(j3,ol), are components in 


X,Y,Z directions respectively as a function of /3 ,o(- in Re


ference 6 these are called parametric equations. 


e~ ' ey ' e% are the unit base vectors of the reference 


coordinate system. 


A.3.1 Position Vector r• 

From geometry an ellipse may be produced from two concentric 

circles of radii b and a (see Figure A.2). If a vertical line and 

x=acos 

Ca> . (b) 

Figure· A.2 - Generation of an Ellipse 
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a horizontal line are drawn from the intersections of a radial line 

(with angle o( ) and the two circles, they will define a point f. 

The construction of a number of these points, such as f, will clearly 

map an ellipse with semi-major diameter b and semi-minor diameter a. 

With a local vector .Ji of magnitude A at an angle ~ to the 

shell surface, the position vector r 0 may be expressed as 

0r = (/ +Jt cos ~)cosj.3 ell. + <t +It cos ~)sin~ e'( + (;i. sin ~)e& 

From Figure A.2 (a), relations between ~ and o( can be observed, 

.rz. sin ~ = b sino<: 

A cos ~ ... a cos o< 

Therefore, 

r 0 "' ( )' + a cos o( )cos13 ex + ( f + a cos O(' )sin;3 ey 

+ (b sino( )ez (A.l) 

Thus any point on the BOURDON gage with an elliptical cross-section 

can be defined. 

A.J.2 Differential Arc Lengths and Metrical Coefficients 

Since r 0 = F 0 ( o<1 , oC2 ), upon differentiation 

ctr• + (A.2) 



0where dr denotes the differential increment in r• which occurs in 

passing from a point p on the surface to an infinitely near surface 

point q (Figure A.J(a)). 

z 

(a) (b) 

Figure A.J - Arc Length and Metrics 

The vectors dr• I Qo(I and 0f 0
/ O« 2 are tangential vectors 

to the o<, and o<:.z -curves respectively, in the directions of oe, and 

oC2 increasing (Figure A.J(b)). These vectors are the metrics of the 

curves, and are denoted by g1 and gt respectively, i.e., 

Therefore equation (A.2) becomes, 
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(A.3) 

By forming the ttdot" or scalar product of expression (A.3), 

dsi = dr• • dr• 

(A.Ji.) 

where ds is the differential arc length (or the magnitude of dr• ) 

and the metrical coefficients, 

(A.5) 

The first and third terms to the right of equation (A.4) re

present the components of ctr• along the increasing directions of ot:1 , 

o( 2 -curves. If ds1 and ds 2 denote the corresponding magnitude of 

ctr•, then 

(A.6) 

The remaining term with g 12 determines whethe.r the parametric curves 

oe1 and oc2 are orthogonal. Since, 

912 = gl. 92 

= 191 1 19,I cos~ 
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Therefore 

COS~2 = 9 11 /(/§,I /g2 /) 

a zero if the angle between the vectors 91 and 9a is 

90 degrees (i.e. g 12 • 0) 

where 

/91 / =magnitude of 91 

= ( >''2g II 

and 

19zl =magnitude of 92 

= (gu )l/1 

Thus for the BOURDON gage with an elliptic cross-section, the 

following results can be verified: 

with r• = (f + a cos oc )cos;3 ell + (/ + a cosoe )sinj3 ey + (b sin 0( )ez: 

metrical coefficients, 

913 = 9, = ori'ooe, = ori'd/3 = -(f'+ a cosoc)sin(J el' 

+ (/ + a COSO( )COS/3 ey 

g1313 = g 11 = 9/3 • g/9 . = <I + a cos °' > 
2. 

(A. 7) 

MCMASTER UNIVtH~IIY l18HAR'I 
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9oe = g 2 = ~ r 0 looc2 = 0r 0 
/ OD( = -a sinoe COS,4 el( 


- a Sino< sinjJ ey + b COSc( ez 


'Z. '1 -2 ~ 
9oc = a sin oC + b cos oC 

(A.8) 

1h '1 2 - '1 '1 'Ii.
19~1 = {g~~> = (a sin o< + b cos oe) 

= 0 

differential arc lengths, 

ds,13 = ds 1 = /~ /dfJ, dsoe = ds 2 = /9oe/doC 

Then since 0 12 = o, the parametric curves /3 and o( are 

orthogonal. 

A.4 Surface Curves - Their Classification and Curvatures 

Before discussing further properties of surface curvesl, it 

is convenient to introduce a mobile orthogonal unit vector triad2 known 

as the RIBAUCOUR Triad (after Albert RIBAUCOUR in 1872), for each sur

face curve. For the oe, and c< 2 -curves the RIBAUCOUR triads are repre

1 In a spatial curve the orthogonal unit vector triad is known 
as the FRE1!ET triad. For the fundamental distinction between 
the two types of triads refer to Reference 12. 

2 c. f., .Reference 6, the RIBAUCOUR Triad system is equivalent 
to the moving local coordinate system (x, y, z). 



102 

sented as (e 1 • en) and (e2 , e~. en) respectively (see Figure A.4). 

l?----x 


They are defined and related to the position vector by the following 

relations, 

eI 	 "" Unit tangent Vector to "line o<( ti 

= ~r 0 /ds1 (A.10) 

e2. 	 = unit tangent vector to "line °' 1 ti 

(A.11) 

These two unit vectors e1 and e~ define the surface tangent plane. 

Therefore the unit normal vector to this plane is, 

(A.12) 
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Finally the unit binormals to line oe1 and line o< 1 are deter

mined with the aid of the unit normal vector in accordance with the or

thogonal dextral vector product rule, 

- Ie., = unit binormal to "line o(
I 

.. 
= x e.e" 

(A.13) 
-1
eb = unit binormal to "line °' " . 1 

= e., x ez 

If one of these triads is moved along the surface curve (say 

oC1 ), the triad must continuously reorientate in order that e1 may re

main tangent to the curve, and that e., may remain normal to the sur

face tangent plane - these characteristics apply to t he other triad as 

well. This reorientation per unit arc-length can expressed as a rate 

' of rotation vector, known as the CESARO vector (after Ernesto CESARO 

in 1896), in which its scalar coefficients along the triad's vector di

rections are the curvatures of the surface curve. In its most general 

' form the CESARO vector is written as, 

(i = 1,2) (A. lh) 

where 

Lt>
k 1 represents Geodesic Torsion for line oci 

lftl 

k; represents Normal Curvature for line oci 
lg)

k i represents Geodesic Curvature for line o(i 
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Then by definition of the arc-length rat~ of rotation of the triad: 

(Reference 12) 

It will be noted at this point that the following tensorial 

notation equivalents of the curvatures are (Reference 12): 

(f) 
k, = -k12 

Ct) 

k2. = k~· 

(A.15) 

These tensoria l equivalents will be used when convenient, in the analy

sis. 

Therefore as exemplified above a knowledge of the scalar co
\ 

efficients of the CESARO vectors provides a means to a graphic descrip

tion of the surface at any point as the mobile triads move along the 

parametric curves. 

In surface theory, curves are classified according to the 
\ 

vanishing of any one of the three curvature components of the CESARO 

vector: 
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a. 	Principal Line of Curvature 

then, 

kQ\) - i 
a 	 i e" 

Consequently, as the geodesic torsion vanishes the consecutive 

normals along the curve intersect. 

b. Asymptotic Line k . 
(n) 

= 0 
t 

then, 

C·
I 

c. 	Geodesic 

then, 

A Geodesic represents the "shortest curve" between two points 

in the surface. 

' The CESARO vector components may be evaluated in terms of the 

RIBAUCOUR triads according to the following relations: (for detailed 

proof see Reference 12) 

ae:
ki 

Ct) 

= en • 
dSi 

_, 
-1 as e,, • e" .. o, then d/ 0 Si (en • e,, ) a 0 
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Therefore, 

.. -e,,k. 
(t

l 

) 

= en d e1z-· -i . ~ e, 
~ s. ~S·l I 

Similarly, 

llll 

k· ·= ei . Qen = -en • ~ei 
L ~Si ~S·I (A.16) 

and, 

~ _,(gl 
ek -i de,·.ki = -ei = eb •

~S · ~ S·lI 

In Figure A.5, the two RIBAUCOUR triads for the BOURDON tube 

o( =·<>C 
· 2 

Note, 

Figure A.5 - Orthogonal Parametric Lines and the RIBAUCOUR Triads 

are shown to illustrate the relative orientation of the unit vectors. 

As the parametric curves o(1 =/3 and c(2 = o( were demonstrated to be 



107 

orthogonal, the binormals e: and e: of the triads are: 

_, -/.I
e., = et or e., = eac: 

and (A.17) 

-1 	 -oe
eb = -e, or eb = -e,s 

Therefore from equations (A.10) to (A.17): 

Uni t vectors of the RIBAUCOUR Triad 

= - a sino< C OS/J ex - a Sin o< sin.@ e x + b COS oC e, 
(a~ s i n'l o< -I· blCOS~ o( ) 1h 

= e'3 x Ej.; = ea x eac = e13 x 00('
/ e/3 x &.c l / e4 I / eoc/s in 90° 

= b COS o( COS/3 	e x + b COS OC sin8 e x + a s ino( e.x 
(a~ s i n zoe + 6' cos 2 o( )'12 

For lineJ:3 

- 1=e· 
" /§~/ 

= O means, line (3 exhibits no twist. 
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b cos"' 
= ( ./' + a cos oC ) (a. sin "'oe + r>'' cos &oC ) ,,, 

(ft)

Observe that k,11 is negative when 11/2 < o( < .371/2 and vanishes at 

o( = 1( /2 .3 'lf/2 
(II) 

i.e. at oC = 7T /2 and .3 7f/2 k /J = l/R19 = 0 or the radius of cur

vature, R;a =oo • 

(~) = __!_..~
k19 eoe • /9/3 I 319 

a sine< = 

C!J)
Note that k 13 is negative in the interval 71' < 0( < 2 7T and vanishes 

at 0( = 1T and 27r • 

Then, 

For line oC 

<t> 
=e n 

l d<-ea>
kOC' ~ o( . 

= 0 means, line o< exhibits no twist. 
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en> 1 	 ~ e.. 
koc = e"' .--

/go<: I ~°' 

a b 

C:f) 1 
ko< = -e°' • /go< I 

= o graphically, this means that as the RIBAUCOUR triad moves 

along the curve, line o( does not deviate from the tangent directed 

along e~ (as seen from a plan view of the surface) - see Figure A.6. 

In) 

c°' = -k°' e13 

• o(	. 
l 

o(l 

e · ei .
' 

_,- i . 

ei. 
 e., 
~~-~~~-·· en ------e~ 

I 

(a) 	 (b) 

<91 
Figure A.6 - Plan View of RIBAUCOUR Triad: (a) k i = O, then Line~; 

does not deviate from the Tangent directed along e·I 
l!J) 

(b) k; # -0, then Line oC; deviates from the Tangent 
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Gaussian Curvature 

With the CESARO vectors, representing the kinematic curvature 

vectors for all three curvatures of the surface, a total surface curva

ture per unit surface area can be defined. This total surface curvature 

per unit surface area or Gaussian curvature is defined as k 3 , such 

that: (Reference 12) 

(A.18) 


where ki = the "pure curvature" or "curvature in the surface" 

( l.= 1,2) (A.19) 

By expanding the vector triple product in the last expression, k· cant 

be verified to be the surface component/or projection of ci (i.e., k; 

' C· k· =is the CESARO"vector 
l 

with the normal component removed or, l 

Therefore the "pure curvatures" for lines o( / and o( 1 are: 

•ti (ft) t 
k, = en x c, x e,. =k 1 e1 + k, e~ 

.k, ;:: e,. x c, x e,. k, 
Ct) 

e1 '"' ~= + k-ie" 
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From equation (A.18), 

where "1!1, 1 is the angle between the tangent unit vectors and ez•e1 

By performing the "Dot product" with ell, 

Expanding the scalar triple product, k' becomes: 

( <") <n> klt> kltl ) (I,<t1) k1:1 _ <"> <ti ) ,fJ
k 9 = k 1 k 2 + 1 i. + " .. k 1 k 2 cot 'fu. (A.20) 

Equation (A.20) is then the general expression for the Gaussian curva

ture, which is not frequently encountered; as coordinate lines of sur

faces in most engineering applications (e.g. cylinders, spheres, etc.) 

can be classified as "Orthogonal, Principal Lines of Curvature" such 

as the BOURDON gage problem where the Gaussian curvature is merely the 

product of the normal curvatures. 

i.e., 

= a bt cosoc /( ( J' + a cosoc) (a2 sin 2ce + b 1 cos 1..c )t) 

Observe that k 8 is negative when 1T/2 < oC < 3 7T/2, and vanishes at 

o( = 7T/2 and 3 1f/2 since 
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A.5 	 Summary of Geometric and Vectorial Properties of the BOURDON Gage 

with an Elliptical Cross-Section 

In summary, the properties of the BOURDON gage are, (with re

ference to Figure A.7): 

,," 

(b) 

Figure A.7 - Geometric Properties of BOURDON Gage 
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Position Vector 

r 0 = r0 (/3 ,oe) = (I' + a cosoc )cos19 e1C + (I' + a cosoc )sinfi ey 

+ (6 sino< )ez 

Metric Coefficients 

- ( l1t.I g /J I = O,.s/f ) = I + a cos oe 


/ - I ( >'/z (a-'&sinz...J" + b-'&cos '..J" >'h. (A.21)
9oc = go<"" = ...... ...... 


.. 0
= g o<._,g 

RIBAUCOUR Unit Vect ors; (e.13 

e/3 = -sin,19 el( + COS).1 ey 

..... 

eoe = (g·"'"" 
_
> 
,,,

<-a sinoe. COS;f eJ( - a sinoc sin19 ev + b cosoC ez) 

(A.22)
-1/t 

= ( g O('"( ) (b cosoe cos,19 eJ( + b COSo( sin;1 ey + a sinoc ez)e" 

-13 -o<
elt = e"' elt = -e-4 


'
Curvatures and CESARO Vectors 

<t> 
a. Linej3: k13 • 0 

(A.23)
cont'd 
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<t)
b.Lineoc: kac a 0 

(A.Z'.3)
- 1/z= a b/ (g ococ ) 

,,, 
koc 	 • 0 

(ft) -

Coe 	 = -koc e.4 

Gaussian Curvature of the Surface 

= a (A.Zh) 

A.6 	 The Theory of Thin Elastic Shells with Application to the BOURDON 

Gage 

Since 1888 when A.E.H. LOVE noted and corrected ·the inaccura

cies in the work (a theory of thin elastic shell founded on the hypo

thesis of KIRCHHOFF (18$0)) of G. ARON (187h), there evolved many ver

sions of the theory of thin shells in analogy to the theory of plates 

of KIRCHHOFF. These theories, however, differ from the prototype, "the 

theory of LOVE", only by terms which are small and by variations in 

rigor - LOVE (as many theoreticians say) in his development is incon

sistent with regard to small terms: some are retained and others which 

are of the same order of magnitude are rejected. 

In these theories -a shell is considered "thin" if the follow
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ing 	relation holds: (Reference 13) 

max 	 (h/R) ~ 1/20 

where, 

h 	 denotes the thickness of the shell 

R 	 denotes the radius of curvature (minimum) 

It 	was W.T. KOITER (Reference 8) who in 19$9 elucidated the 

"First Approximation" theory of LOVE and the theories of the other au

thors by 	comparing their strain energies. He proved that: 

LOVE's so-called first approximation for the strain ener
gy, as the sum of stretching or extensional energy and bending or flex
urai ener gy, is a consistent first approxi mation, and t hat no refine
ment of t his first approxi mation i s jus tified, in general, if the basic 
LOVE-KI RCHHOFF assumptions (or equivalent assumptions) a re retained. 

In accordance with the analysis of KOITER, Les McLEAN in 1966 

showed that the theory of thin shells as set out in Reference 12, of 

which this analysis of the BOURDON gage with an elliptical cross sec

tion is based upon, is consistent. 

A.7 Assumptions and Hypothesis 

In this analysis of the BOURDON gage the following assump

tions and hypothesis will be used: 

(a) 	The gage material is assumed to be homogenous, isotropic, thin, 

elastic and of constant thickness h. 

(b) 	KI RCHHOFF-ARON Hypothesis 

Straight-line ele~ents of a shell to the middle surface which 
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are normal to the middle surface before deformation remain so af

ter deformation and retain their lengths. 

(c) 	LOVE's "First Approximation" 

The "arc length" is not affected by changes in position, re

lative to the middle surface - consequently (as stated previously) 

the first approximation for the strain energy can be expressed as 

the sum of stretching energy and bending energy. 

(d) 	The normal stresses acting on surface parallel to the middle sur

face are negligible as compared to the other normal stresses. 

(e) 	ARON's Approximations for the curvature variations 

The tangential displacement components of the middle surface 

are small (in comparison with the normal desplacement component) 

and may be neglected in all "curvature variation" expressions de

noted by f:k;j , (i, j = 1, 2). 

For an experimental confirmation of ARON's approximation, see 

Reference lh. 

A.8 The Strain Tensor 

In the general case, the strain tensor can be shown to be gi

ven by the relation (Reference 8) , 

= E = 	! < ~u/ 3F + u o/ c\ r + ~u/ ~ r • u. ~ / ~ r > 
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where, 

? denotes the Euler-Lagrange strain tensor usually represented 

u denotes a unique smooth displacement vector function, evaluated 

from the kinematics of deformation and in accordance with the 

KIRCHHOFF-ARON hypothesis (Reference 12, pages 49 ,68 ), which 

equal s u. + «3 &eJ • u0 is the displacement vector of the mid

dle surface = u e, + v et + w eJ and ~e3 is the first variation 

of t he unit normal vector en, evaluated from the postulate: that 

any quantity of the deformed configuration may be represented by 

the corresponding quantity in the undeformed configuration plus 

its (first)variation. 

OI dr denotes the "directed deriva tive" for a parallel surface 

as defi ned by equation (h. 6. - 6.), Reference 12. 

i.e., 

with, 

= 
For the l inear case € is reduced, by neglecting the quadratic term, 

to 
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John SCHROEDER, in 196h (Reference 12, page 7h) obtained the 

final form of the strain tensor for the parallel surface: 

= 
t = ((f6u + oC3 'ku )a,)e. e. 

+ C<~u + ~ZI )/2 + oCJ/2( ~kll a, + b°ku a, ))el e~ 
(A.25a) 

+ C<~u + ~ 11 )/2 + oe,/2( ~k11 a 1 + ~k 12 a 1 ))e1 e 1 

+ C<~u + o<: 3 ik 11 )a 1)e,e 1 

Then with LOVE's First Approximation (terms such as (1 + o<1 kii) are 

approximately equal to 1), the linear strain tensor (equation A.25a) 

is reduced to the form: (Reference 12, page 75) 

(A.25b) 

=o
where, E denotes the dilatation strain tensor for the middle surface 

(i.e. at oe 3 =0) 

o<. 3 $K denotes the strain tensor for the shell due to the vari

= ation of the curvature tensor ~K of the middle surface. 

In their explicit forms, €0 and bK may be shown as: 

] 
(A.26) 
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The quantities ~ij are defined as Reference 12, page 47) 

~ i j = ~ ii/ ds; • e j 

or, 

~,. = ( ~ u/ ~ s 1 - v k., + w)(ll) 

~ 11 = ( ~v/ ~ s 1 + u ku + w ku) 

. ~ 13 :a ( ~ W/ ~SI - u k11 - v k,~) 
(A.27) 

~ 21 = ( ~U/ ~ S 1 - v k 0 + wk,,,> 

~u = ( ~v/ ~ s 1 + u k 13 + 'W k u) 


~ 23 = ( ~w/i>si. - u k 11 - v ku) 


Kinematically ~&j (i~j) is interpreted as the rotation of ei towards 

ej (about the axis e> = ei x ej)t during the process of deformation; 

the terms ~-· represent longitudinal dilatations in the . ei direc-
II 

tion. The quantities u, v, w are the deformation components of mid

dle surface along the coordinate directions ( oC1 , oC 2 , oC 3 ) respective

ly (refer t~ Figure A.7(b)). 

The curvature variations bk·· (Reference 12, equations
'J 

(k.5.1. - k.)) are expressed in terms of and k ij (see equations 

(A.15)). Then, 
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1) k l1 =-d~13/~s, + kl2 ~12 + k ufa2, 


~k 12 .. - ~~23/~ s, - k 11 ~ a - k 13 fa u 


Sk 13 = ~~. 1 I~ s 1 - k11 ~n + k12.fa13 


CA.28Y 

~ k 21 =-3~u/~s1 - k12~21 + ku~2.l 


~ku = - d~i.11 ~ s2 + k2t~2.I - ku ~" 


&k 23 = - ~~2113 s1 - k11~2.3 + kufa 11 


or, in terms of displacements equations (A.28) become: 

(,, 
+ k11 u) 

(II) 
- k11 u) 

(A.29) 

C9) -1/2 \ \..,_ ~ 
Skot/3 = S"k i. 1 = - k .1.1 (g/3/3 ) ow/~j.3 - l/C/9oe//g/J/) ow/~~°' 

-112 \ ,., , \ (rt) -•h, 
+ ( g ococ ) o(k,,g )/ aoc u + k13 (g "°' ) au/~oe 

<n) -1/i \ \ 
- k o( ( g ococ ) <JU/ <10C 

3 ~k ,3 and S k z3 are shown here for compl eteness. They will not 
be directly involved in this particul a r analysis. Their us es oc
cur in t he kinemat ic c ompat ibi l ity equa tions of PETERSON- MAI NARD! 
(Referenc e 12 , page 85 ) . Fur ther , in t hese curvature changes, the 
effects o f longit udi nal di l a t ations ~ii were negl ected (Refer ence 
12 , page 57 ).. 
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Thus with the aid of equations (A.9), (A.15), (A.21) to (A.23) 

the strain tensor components can be shown to be: 

Strain tensor components at the middle surface . 

(A.30) 


Eo 
19«.. 

Strain tensor components of the curvature tensor ~K 

(A.31) 


where the rotations ~ij (i ~ j) are, 

(')-l/2. d d
~ft = (g~/.3 ) v/ V3 + k.,g u 

-1/t ~ ~ 
~2.1 = (g ocot ) u/ o< 

(A.JZ) 
lft)

-1/t ~ ~ 
~2.) = (g ocoe ) w/ o( - koc V 

(ll)-112 ~ 
'11,3 = (g,,,_,, ) w/~13 - k/.3 u 
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A.9 	 Strain ' Tensor Components of the Curvature Tensor SK and the 

Curvature Variations ~kij -with ARON'S Approximation.s 

Now since the BCURDON gage is sufficiently thin, the use of 

ARON's Approximations4 for the curvature variations is assumed to be 

valid. Then the strain tensor components of the curvature tensor SK 
and the variations of curvature 'S k .. now become 1

Lj 

Strain tensor components of the curvature tensor SK - with ARON'S 

Approximations 

1. 	 1. = -l/9ocoe aw/~oe + (a1. - b1. )sinO( cos« /(g~"' f ~w/ ooc (A.~33) 

Variations of curvature (i, j = l, 2 or (3, o< respectively) 

with ARON's Approximations 

,,, -112 \ \ 

- k~ (g/3/-1 ) d w/o/3 

4 
Experimental confirmation of ARON's Approximations may be 

found in Reference 14, page 336. 
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and observe that with ARON's Approximations, 

Equations (A.34) therefore represent ARON's Approximations for the cur

vature variations. For the strain tensor components at the middle sur

face refer to equations (A.30). 

A.10 	 The General Equilibrium Equations - For Orthogonal Parametric 

Coordina te Lines 

From the First and Second Axioms of motion in absence of an 

electromagnetic field? the following equations of equilibrium can be 

shown to be:(References 12, 15) 

-/<r 	xl_ dv/dt)dv + /r x fdv -/o/or • (ir x F)dv = O 
v 	 v " 

From the Second Axiom of Motion it can be shown that the stress 
tens or does not possess a vector invariant; then the stress ten
sor must be symmetric, i.e. "Cf = (fc"" , where the subscript "c" 
represents the conjugate of 0:- • It should be noted that this 
sym.~etry condition will not be valid if the continuum is in an 
electromagnetic field , as additional terms for couple - stres
ses will exist (Reference 15). 
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where, 

0 denotes mass density (per unit volume)
lm 

v 	 denotes velocity field relative to the fixed frame of reference 

f denotes the body force intensity 

o-= denotes the stress tensor 

dv denotes the differential volume of the ''free body" continuum 

dI¢ F 	 denotes the directed derivative; with r being the position 

vector to the differential volume element or to any parallel 

surface 

Then, in accordance with the followings 

(a) 	a static system 

(b) 	the body force intensity f is considered negligible as compared 

to the surface forces 

(c) the 	relations between dS·• of the parallel surface and of
l 

the 	middle surface, 

(i a 1, 2) 

\ 
(d) 	the CESARO vectors for the case of orthogonal parametric coordinate 

lines, 
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c · 	= -k e, + k e
Z :1.1. ZI 2. 

and the relations: 

di os· <e-> ... c. x e· (i, j ... 1, 2)
I 	 J \ J 

(e) 	the directed derivative d/ dr, as previously given, for surfaces 

other than the middle surface, 

~/~r = <1 +~ 3 k 11 51 e1 d/os, + <1 + oc 3 ku.5'e2 d/~s, 

+ el 	~I ~o<'.3 

and the position vector to any parallel surface r = r• + °'J e3 j 

r• locates a point in the middle surface and oC3e3 locates the pa

rallel surface from the middle surface 

(!) 	the PETERSON-YiAINARDI equations for the case of orthogonal parame

tric coordinate lines - see footnote ~ 

(g) 	the stress tensor expressed in the trinomial form 

<r 	 = ?: e· (j = 1, 2, 3)
. J 	 J 

where the stress vector 

(sum 	on i .,. 1, 2, 3) 

the general force and moment equilibrium equations for orthogonal para

metric coordinate lines of a shell element may be derived: (Reference 12) 
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Equations of force equilibrium 

From e1 - direction ••• 

~F,.J os, + ~Fi. 1 I ~s:r. + k 11 F13 

- k 13 (F1z + F11 - 2k 211u,; oc 3 doeJ ) 


°'' 

+ 	k 13 (F11 - Fu. - 2k21 [ <r,.,,. ocJ doeJ ) (A.35) 

iCJ 

+k 11 F,, 3 - ~k,2 /~s,,jo;;-o<3 doe, 
~, 

- Ok2.,/3s,/ 072 o<, doc3 + P, a 0 
°'l 

From e2 - direction ••• 

~F11 I os1 + dF 0 / ~s2 + k 13 (F11 - F1 i. + 2k 11 ( <T,2 oe3 doc1 )
fr?:-1 

+ k .0 ( F-i. 1 + F1 2. - 2ku1 ~"0(' 1 doe3 ) + kuFu+ k 12 F 1, 
<>'3 (A.36) 

- ~ k 12 / ~s 1 / ~z oc1 dol 1 - dk1.1 I 'Os,/ 0;"1. o<: 3 do<:"J 
• ~J 	 °'J 

+ P,, = 0 

From eJ- direction ••• 

dF13 Ids, + ~F"3 I ds 2 - k 13 (Fu - 2k2.1La;; o( 3 doC 3 ) 

oCJ 

+ k 13 (F 13 - 2k:r.1 ( ~> o<.3 doC3 ) - k 11 F 11 - ku.Fu,JO(, 
(A.37) 

-kuCF, 2 +F11 )- ~k 11 /os 1 jc:r;3 oe3 doe, 
oe, 


dkt, Id s, I a;, o<l d oC J + PJ • 0 

t(J 

Equa tions of moment equi i ibrium 

Fr om e1 - direction •• · • 

~ M,/ as, + OM2.,/ os:r. - k,3 (M,2 + M2.I + Zk11 ( o<:: <f."i. dOC:3)Jo&, 
+ k 0 (M11 .- Mu + 2k.,_,f, o(: 6";:i. doe3 ) - k 12 M13 + F 23 (A.38)

"'J 
- dk ,z I ds2/ oe: 072 dee, + Ok21 I 'd s,f o(: 0:-1 docJ . - Mt &I 0 

o(J . 	 o(l 
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From e1 - direction • • • 

~Mui ~s1 + ~Mui ~s1 + k 13 (M 11 - M21 + 2k 21 [ oe; a;; d0(3 ) 

°"J 

+ k 11 (M 11 + M'2. 1 - 2k 21 f o(~ 07z.doc.3 ) + k 11 Mu - F 13 (A.39)
"'J 

- ~ k 12 I ~ s 21 o(: a-;-, d oc J - dk 2.I ~ s t I o(; a;i. d ~3 + :M I D 0 
<3 ~J 

where, the stress resultants F ij and stress couples Mij are exp_ressed 

in terms of the stress components <>i'j , which act on the faces of an in

finitesimal shell element (Figure A.8) - note, only <r; .,. 0";"1 e1 + <J;"1 e2 

+ lr,3 -e 3 is shown to avoid confus1·on6• 

(a) (b) 

Figure A.8 - (a) Semi-infinitesimal Segment of the Shell 

(b) Infinitesimal Element of the Shell 

6 It can be observed from the "EULER Stress Principle for Contact 

Stress Vectors" that: a;:1 i = - <tf' (i = 1, 2, 3) 

This proof was given by George HAMEL in 1908, as a consequence 

of the· Fundamental Axiom of Motion for forces. 
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Therefore, 

Stress 	Resultants 

F II ... 	 f, er;; (1 + O(J k .u )do<: J 


«3 


f a-;-% (1 + ol3 k 11 )do<:3F,1 "" 
~, 

F,~ 	 + OCJ k2.S)dOC3= I 
o(J 

"'3 <1 	 (A.40) 

F 21 	 + oCJ k" )doCJ= I a:, <1 
°'s 


Fa = f l'1t c1 + t>CJ k II )doe3 

o(J 

F 13 .,. 0-: (1 + oC3 k It )d °'J
2JI 

"') 

Stress Couples (the unit base vectors e· I 
are included to indicate the 

"directions" of the couples - in accordance with the Right-Hand Screw 

Rule) 

M11 e, ... - / 0( 3 ~ <1 + 0(1 ku.)d0<'1 e1 
a( J 

M11 e1 = [ O(J ~ (1 + 0() ku)d0(3 e 1 


°'J 


M, 3 e3 = f C>( 3 0,3 <1 + o<3 ku)doc3 e1 
(A.41)~J 

M11 e, .. -I o(l 0:2 (1 + oC3 k fl )doCJ e, 
o{ J 

Mo eJ = I o(3 0:-3 (1 + o(3 k II )do(.l e3 
.C3 . 

where the limits of integration are -h/2 and +h/2. 



129 

And 	 further, the remaining quantities, P. and Mi , of the equilibrium
l 

equations are defined ass 

Pi 	 a the net boundary forces • a;i (1 + tX"3 k 11 ) (1 + oC3 k~~'I
ot', 

Mi 	 = the net moments caused by the boundary forces 


= oC lo;, (1 + o( J kit) (1 + o() k..), 


°'J 

where i = 1, 2, 3 

A.11 	 Stress Resultants and Stress Couples in Terms of the Strain 

Parameter Relations 

With 	t he aid of the following, 

1. 	assumption (a), therefore the stress-strain relation for an isotro

pie, homogeneous Hookean material is used, 

where, 


~ = J E/ ((1 + . v )(1 - Z ..J )) 

denote the usual CAUCHY-LAME 

} elastic constants 
~ 	= E/(2(1 + 1' )) 

J 	denotes the POISSON's ratio 

f 	denotes the Identity tensor, 
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Kronecker delta, b·· a 1 when 1 • j
tJ 

• 0 when 1 '# j 

z. assumption (c), <r;3 .. 0 

3. the strain tensor components (equations (A.Z5a)) 

the stress resultants F . . 
lJ (equations (A.kO)) and stress couples MU 

(equations ( A.41)) may be evaluated in terms of the strain parameter 

relations: (Reference lZ, page 111) 

Stress resultants 

F,, 

Then by virtue of LOVE's First Approximation, equations (A.43) are 

simplified ·to, 

t. 

F 11 = Eh/(l - ~ )(~ 11 + J So'u.) 

(A.44) 
F~, = Eh/(Z(l +v)) .C"u + ~~.> 
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Stress couples 

(A.45) 

Then by virtue of LOVE's First Approximation equations (A.45) are sim

plified to, 

3 
M II =-Eh /(?h(l + J ))( bk,2 + ~k 2.1) 

M 11 = Eh1 /(12(1 -v1 ))( S'k 11 + ..,JSku) 

(A.h6) 
) ( 'L 

M 21 = -Eh I 12(1 - tJ ))( \k 11 + v ~k.,) 

M u.= Eh3 /(24(1 + .J )) ( bk 21 + ~k 11) 

The other stress resultants, F 13 and F13 , and stress cou

ples, M13 and M23 , may be determined, if desired, by substituting the 

above expressions for F~ and M~ into the equilibrium equations 

(A.35), (A.36) and (A.38), (A.39). 
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A.12 	 Stress Resultants and Stress Couples in Terms of the Displacement 

Components u, v, w of the Middle Surface - with ARON's Approxi

mations 

In terms of the displacement components u, v, w and with 

ARON's Approximations for the curvature variations (equations (A.34)), 

the stress resultants (A.44) and stress couples (A.46) become: 7 

Stress resultants 

I 	 -t/s 
F /3/3 = F II = E ((g '1-4 ) u 'fi 

-1/i
+ 1'(g oeoc) v,«) 

I 	 -1/z IK) In) '')
Foc oc = Fu = E ((g "'"' ) v, ct. + (k.,. + 1' k 13 )w - 'i k19 v 

+ Y(g/3~) 
-1/a

u,,1.1) 

F/30C = Fot13 D Fl& = F2.t 

I -1/1 -1/l ,,)= E (1 - J )/2((g 1313 ) v,/3 + (goeO<> u,"' + k,., u) 

Stress couples 

<'J -•/z 
M"°' 111 M 11 = D(-1/g/9/3 w'/3/3 + (k;a (g°'oe ) (A.48) 

+ -J (a1 - b1 )since COSO( /(gococ 'f)w,oe - -1'/golot W, oeoc) cont'd 

7 Note that partial derivatives may be denoted with a comma 
followed by a subscripted parameter /3 or oe , 

1 
eg. 	 U,/3 = dU/~ u,13oc = dU/Of1~0C , etc. 



r I 	 i c,, ·111 
MOC'/3 	 = M 21 = -D'--1 9ooc ""'°'"' + (vk/1 (g"'°') 

~ -~ 	 ~ 

+ (a - b )sinoc cosoe /(g"'°' ) )w ,.c: - ,}/g-4/f w ',.g..4) 

(,, -•/t (A.h8) 
M~~ = M11 = D(l - v) (l/(/go< //g-4 /)w,~« + k.13 (g19.1.1) w,/3) 

M k"' 	= N 2 t a -M/3,;-3 

where, 

E1 
a Eh/(l - ./) 

D = Eh3 /(12(1 -./)) 

The curvatures and metrical coefficients are defined by equations (A.21) 

to (A.23). It is observed from above that due to the approximations 

imposed, 

F/3ot = F '"'/3 

and therefore, 

A.13 	 The Governing Three Equilibrium Equations for the BOURDON Gage 

with an Elliptical Cross-Section 

Rewriting the equilibrium equations (A.35) to (A.39) with the 

aid of the properties of the CESARO vectors (equations (A.23), equations 

(A.9), and a further assumption that no applied couple-stresses M·I are 

acting on the shell, the equations for the BOURDON gage becomes 
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Solving the last two equations for the stress resultants F, 3 

and Fu give: 

-vz . -•/a 
FIJ = ( g !919 ) Mi-a. '/3 + (goeoc) Mu,o< + k 1, (M 11 - M11 ) 

(A.h9b)-'/i -•/z 
F 2.3 = -(g/.3/.1) Mtt,/3 - (gO(O( ) Ml.I'"' + k 13 (M 12. + M:1) 

8These are now substituted into the first three equilibrium equations 

(A.49a) which then give: (using the j.3 and °' symbols) 

-~ -~ ~ 

(g~/.I) F/11' '/3 + (g«oc) F'"'/3 '°' - k 19 (F13"' + Fot/S) 


lltl -Vt . 	 -1/1 ''I 
+ 	k,.g ((gl'3/i. ) M-4« '/3 + (gotoc) M°'"' '"' + k~ (M 11~ - Mococ)) (A.50)

cont'd 
+ p

I 
= 0 

8 As the curvature is large at the extremities of the cross
section the effects of the moments on the transverse shear may 
be si gnificant, the , 11shallow shell" approximation of neglecting 
F\ 3 in the first two equilibrium equations will not be used(see 
also Reference 11). 
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~ -~ ~ 
( g /3/3 ) F1'3°' t/3 + ( g otoc ) F '""' , "' + k /3 (F/3/9 - Fo(.« ) 

c111 -1/2 -vi c,> 
+ k" (-(g131i) M .;g~'/3 - (9ococ) H o<./3 '°' + k/3 (M.;g"' + M"'/.J )) . 

+ P a 0 
t 

(A.$0)•'fzli -'12 -1/i <g) 
(g/313 ) ~g/3/3) M,,sot ,13 + (gococ.) M"'°' ,0( + k/i (M/S,4- Mococ )),/9 

·1/1 -1/i. -1/2. "J) 
+ (g cc.c ) (- (9.13,_s ) M;a/3 ,~ - (g "'"' ) M"'/3 , °' + l<./3 (M13,at + M«/3 )) •« 

,,, -yi _,,, l:f) 


k/3 (-(g~/S ) M;g,19 '/3 (g o<oc ) M.,./3 , "' + k;a (M/.J« + M"'/S )) 


Thus, it can be seen that the total criterion of equilibrium is con

tained in the three equations (A.50) remaining. 

Finally, when equations (A.47) and (A.48) for the stress 

resultants F ·. and stress couples M· · are substituted into the threeIJ IJ 

equations of equilibrium (A.$0), the equilibrium equations in terms of 

the displacement components u, v, w are obtained. Therefore listing 

the partial derivatives and their corresponding coefficients of each 

equation, they appear as follow: 

Equilibrium equation in ~- direction 

I . , 

E (1 -.,/)/(Zg°"ix:) 

(A.$la) 
I _ 1 -z, l/t l'J) cont'd 

u, oC E (1 - -V )/(Z/g(X /)(-(a - b )sinoc cos~ /(gO(oc) - k 13 ) 

. • I ( r C<J) lg)u • E 1 - .J )/'--k/3 k,13 + a cosoe /(9ocoi: /g/3 /) 

,,) 'I. - i, ''2 
- k,19 (a - b )sin<I( cosoc /(9oeoc) ) 
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E (1 + .J )/(2/go< //g~ /) 

, (!' 
v t /.J E k /i ( ../ - .3)/(2/9,., /) 

(A.51a) 

cvi) (/ _ I _ ) (k<3> _ ) ( 'J/a)_'l. 1 
Dk11 I 9o<: /g/S I /3 + (a - b sinoe cosoc I 9ocG() 

, '"> <") Vi '">
E (k/3 + ~ kcc: )/(g/3/3) + D(l - v )kA' /{g«oc/94 /)"'•,13 
/\.cg> ( _" _ 'l. •/z 9 1 
v- 13 a - b )sinoc cos"' /Cgoe"') - a cosoe /(g/3/3 J ) 

p/,1 = 0 

Equilibrium equilibrium equation in e~- direction 

I 

E (1 +,) )/(2/ge< //g/3 /) 

' C:J) 

u t/3 E k~ (.3 - J )/(2/g/.l /) 

v '/1/3 

I . 

E /g °'°' 

(A.,5lb)


I (d) l'/1 I ~ - 'l. 1 

v,~ - E k /J~ I ( 9oeoc ) - E (a-. - b ) sin°' cosoe ICg<oo: ) cont'd 

<41) <g) I 1/z 
V -Ek.13 k 13 - E Y/(gO(tJi ) (a COS()(" /(/go< //973 /) 

«31 '1 -'l. 

- k,s (a - b )sinoc: cos cc 19woc) 
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t~> 1n) 

-ZDk~ koc: /gt4~ 

Cl\) l'J) , _ 1. J/'Z. 
w. ococ Dkoe/9°'"' (k,,s + .3(8 - b )sinc<coso(/(g~°') ) 

en) 1.1z , - 2 z 2. t. 
w, 0( Dk"' /(g«oe) ((a - b ) (cos oe - sin oe )/(goe"' ) 

C<J) _1 _i. lfi <') ''' 
- k/3 (1 + v )(a - b )sinlX COSO(' /(go(ol) + k/1 k,.g (A.51b) 

4(a'- f/) sin 2oe cos""oe/(gotoc )3 +.,)a cos~/(got:«/94 /)) 

I C') (ft) CK) I C'J) (ft) I 

w E k,,s (k,.g + .J k"' ) - E k/3 k°' - E ..,lb sinoc: /(9ot:o1 /g.4 /) 
I -~ -' 112 - 5'/i (I\) 

- E (a - b )sinoc cos~ /(g oc"") (.3ab/(9...:-oc) + ,,) kfi /g •oc) 

Poe • 0 

Equilibrium equation in el-direction 

I <nl en) Yi 
u •13 -E (k /.3 + .J k "' ) I <g ,.g,1.1 ) 

I (K) 
"'' . l/2v. O(' -E (koe: + .,) k/3 )/(g"'°') 

I cg) (II) 

v E kfi (k~ + ~kl~) 

'Z. 
-D/(g/9fi)w'/31'/3/3 

'Z 
'Wt cc.OCo(()( -DI (g oc:oc) (A. 51c) 

cont'd 

cg> " - 2 ¥2 
Dk,s ·c3 - J Ha - b )sinD( cosoc: /(g/1/9 (g oeot) ) 

.3 V )/g/3/3 - D(.3 - V )a COSc<' /(g"'"" (9,,s,1.3 }2) 



<g> ,,1 	 . i. 

Dk11· k13 /g°'"" + D a cosoe (1 + v )/(/g/3 /(g~~) ) 

q'l 1. 	 _s S'/i 
- Dk12 	 (a - b )sinOC COSO{ (7 + ,) )/(g~O() 

+ hD(a"- b~)(cos~oe - sini.oc )/(g<« ) 3 

1. 1 	 1. ... 1 ) ... 
- 19D(a - b ) sin II(' cos " /(gd« 

,,1 1,i l. _... 2 <g) c9> <g> Yi
"'•oC -3Dk13 k.1'1 (a - b )sin()( cos« /(goeo<) +Dk/.? k/i k/.I' 1<9oeoc) 

tg) l. 	 - l. . J ( )5"/2
+ 	2Dk13 (a - b )sin

l. 
P< (1 + v )/ g <><°' 


191 \. 'I. ... S'/i. 
 (A.5lc)- Dk13 	Ca - '6 )cos oC (3 + 5.,) )/(ga(ac ) 
~) 	 ~ 

+ 	Dk,1.1 a COS°' (1 + V )/(/g/3 /(goLo<) ) 

,,1 .. -~ ... .. ... ) ( )7/i.
+ Dk~ 	(a - b ) sin " cos oe • (9 + 5 ii I g<><ot . 

•ti .... - ... 	 )S/'2
+ 	D/ (g <X<>< ) (-4(a - b )sinoc cosoe I (g «.ot 

\. -~ \. 1 J. )/( )712.- 13 (a 	- b ) sinoc cosai:: (cos c< - sin c< g «ot 

i. - .._ 	 3 J 3 9/2 <' J - I 3/1.
+ 28(a - b) sin ot cos oc /(g««) - Dk/3 v/(9-<ol) 

Rearranging the equations (A.51) in a matrix form (as is done 

in Reference lh), a clearer picture of the system of three partial dif

ferential equations (with variable coefficients) in the three basic func

tions u, v, w can be observed. This system is presented in the form 

of Table A. l. In Table A. l, the unknown functions u <13, ~), v(19 , <X), 

wC13 , o<: ) which are desired are the headings. The first three columns 

include the linear differential operators. The fourth column contains 

the free terms of the differential equations determined by the components 

P/9 , Po< , P 3 of the external boundary or surface load. 
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TABLE A, 1-Governing Equations of the BOURDON Gage 

I 


! 

i 

I· 

I 

I 


I 

I 

I 

' 

1. .__.-- LJ
-----------' I 


. I 
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A.14 	 Reduction of the System of Three Differential Equations to the 

Familiar Straight Circular Cylinder Problem 

Of interest is the reduction of the system of three differen

tial equations (Table A.l or equations (A.$1)) to the familiar problem 

of the straight circular cylinder. This reduction also serves the pur

pose of checking for the correctness of the equations (A.51) to an ex

tent (a further check can be accomplished with a dimensional analysis 

of each coeeficient). As given in Reference 12, the system of three 

partial differential equations (with constant coefficients) for the 

straight circular cylinder - (Figure A.9),appears as follows: 

r 

Fi gure A.9 - Coordinates and Properties of a Straight Circular Cylinder 



u••f + (1 - .) )/Zu,eeoe + (1 + .,) )/2v,.;oc + .,) "• f> 
2 1. 

• -R (1 - v )/Eh P4' 

(1 + .,) )/Zu, ;"' + (1 -11)/Zv,+t> + v,oc..c + "•oe 
• -R'l. (1 - l)/Eh Poe (A.52) 

+ 2w, <Pr/it><«) + w 

By setting the following equivalence or properties to equa

tions (A.51) or Table A.ls 

lg) 
• 0k13 

k(n) = 0/3 

a .. b 

goto< .. g/3/3 • R 
~ 

(rd 

k °" = l/R 

D a 0 in the first two equilibrium equations 

Set j3 _._. ~ in all partial derivative operators 

the system of three partial differential equations for the BOURDON gage 

with an elliptic cross section can be transformed to equations (A.52) of 

the straight circular cylinder. 

Thus the system of three differntial equations ((A.51) or 

Table A.l) may be considered verified. 
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A.15 Boundary Conditions 

In order for the system of equations (A.51) or in Table A.l 

to be determinate appropriate relations between the forces, moments, 

displacements or functions of these quantities at the edge or boundary 

of the shell must be specified. Considering the case where the bounda

ries coincide with the lines of curvature of the middle surface as this 

particular case is most often encountered in engineering practise. For 

the general case in which the edge boundary does not coincide with any 

coordinate lines on the surface LOVE in Reference 7, article 332, should 

be consulted. 

It can be seen that (neglecting M13 as it did not enter into 

the equilibrium equations for the BOURDON gage) at the edge along C/C 1 

=constant the stres ses and moments required for the boundary conditions 

are: 

M II 


From this it appears that five boundary conditions are necessary. How

ever as in KIRCHHOFF'S plate theory only four conditions are really re

quired. The twisting couple M11 , in fact, can be replaced by correspon

ding, distributed, tangential and transverse forces (see Figure A.10) 

- i.e. statically equivalent forces. 



M11 ds, (M"+ OM/a.it~)ds1 
I 

(b) 

(a) 

Figure A.10 - (a) 	Stress Resultants and Couples at an edge boundary 

coinciding with a coordinate line, oe, = constant 

(b) M 11 along ds 2 	 or Twisting Moment (M 11~ 2 .l 

(c) Corresponding 	Forces for M11 

Referring to Figure · A.lO(c), it can be observed that because 

of the curvature, there is a horizontal component (to be situated at 

t he middle surface) of F.,, directed positively in o< 2 - direction 

(c) 

which is designated by the force This component F,..doe
0 

2 when 

combined with F12 will give an effective shear F 12 eH tangent to the 

edge, 
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i.e. 

0(Note that Fmd«~ must be divided by ds 2 , as the stress resultant 

is per unit length) 

0Since 	 R"' doci. a ds 2. and observing that 

Therefore·, 

Similarly, an effective transverse shear F 13 ~ff may be determined by 

writing the net vertical force at point A(Figure A.lO(c)). It is 

observed that the difference between the forces F"' and (F"" 

+ ( ~F.,J~cX 2 ) • doC 2 ) is a net force (~Fm/~oei.)do< 2 acting in the 

negative oe3 - direction. Combining this 'With F, 3 gives: 

F 13 eff 	a F13 - ( ~ Frri/ ~ oC2 )doCi /ds 2 

= F 13 - ( ~ :M 11/ ~o(2 )(dd2 /ds 1 

And by equations (A.9), 

Therefore, 

Thus it follows from above that the four required boundary 

conditions, 

will completely determine the state of stress at the edge of the shell 

in the case of the edge or boundary coinciding with a coordinate line 



( <X 1 • constant) of the shell surface. 

In an analogous manner, the boundary conditions along the 

edge of the shell prescribed by o(, • constant ares 

where, 

(A.55) 


(A.56) 


However, it is often the case that other conditions may be 

prescribed instead of the above four conditions - depending on the type 

of constraint; for example at the junction of two shells: the BOURDON 

shell and the end plug. Other alternative but equivalent conditions 

may be through displacements, angles of rotation at the edge, or a com

bination of forces and displacements. 

Observe that as LOVE's First Approximation is employed, it 

can be proved that 

F ,_,~ff .. F 2.1 

For the BOURDON gage then, the boundary conditions are as 

follows: 

(a) 	At the clamped edge or regidly fixed edge of the gage 

- at /3 "' O
• 

(i) 	u • 0 
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(ii) v ::I 0 

(iii) w = 0 

(iv) w~ = O (i.e. 11'13 .. 0) 

(b) 	From symmetry of the gage 

- o( = 0 and ~ (refer to Figure A.7) 

(1) v ... 0 

(ii) w,°' .. 0 (i.e. 11'2.3 .. O) 

(iii) F°Y-3 c O ; or in terms of displacement 

.. 0 

.. 0 . 

t::f)
Then at O(= 0 and 7r , because of (i) above and k~ vanish

ing, 

(iv) F°'seff = O; or in terms of displacement equation (A.$6) 

becomes: 

-t/a 


F°'a ef( = F«3 + (g/9fi) M°'°' y.3 


:a 0 



J/a. 

Foil e.ff = -D/(g"'°') Wu1.o1.o1. - D(2 - ,/ )/(g/3~ /9ot/)w 119~« 


<g> 
- D(3 - ,) )k13 /g19~ w•/9~ 

<g) ' -1 . ~. 
+ D/9o<.c Qt~ + 3(a - b )sinoC cos« /(9•oe) )w,ot.c 

i _, ~ t & 
+ (a - b )(cos c.e - sin « )/(g """") 

-" l/Lb )sino£ COSo{ /(g«"') 

1 _, ~ 1 1 , 

- 4(8 - b ) sin cc cos oe /(g""'°') 

Then at Cl( = 0 and 7T, 

= 0 

(c) At the deflection or plug end of the gage 

At the shell boundary (3 =~L , the displacement compo

nents u, v and w · must be such that they can be realized by a 

middle surface moving like a rigid body - as the shell is assumed 

rigidly attached to the rigid (non-deformable) and moving end plug. 

For a rigid body (i.e. the end plug), the displacement 

vector 'ijP of its middle surface can be resolved into a transla

tion part and a rotation part (see also Reference 16) 

u' _,. _,.
= U0 + {60 x r (A.57) 

where, 


-P

U denotes the "translation" vector of the plug with compo0 

http:Wu1.o1.o1
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-P(60 	 denotes the "rotation" vector of the plug with components 

r 	 denotes the position vector of the end plug along the con

tour of the BOURDON shell at j3 =/3L 

= ( f +a COSD()COS,/.1L e,c + ( f' +a COSc(')sin/S'L ey 

+ 	 (b sinol )e z 

By taking the "dott• product of the above expression with 7:1 • 

e°' and et\ the expressions for u, v and w of the BOURDON shell at the 

rigid boundary are realized: 

-p - -P -P 
u 	 =u • e;:J = U0 • e13 + ((60 x r> • e13 

-P-p - -P v = u • eoe = Uo • eo(' + (~o x r> • ell( (A.58) 

-p -P w Ill 	u • en = Uo• en + (~p x r> • en0 

Expanding equations (A.58) with the aid of equations (A.21) 

and (A.22), noting that from symmetry of the motion 

u, v and w become (at /3 =/SL ): 

U = -sin/31. Uo + COS;dL Vo . + ( f + a COSOC )fa; 

v a 	 -a sinot //9.e /cos!'.:. U0 - a sinot //9o1. /sin~1. V0 (A.59) 

w = b cos.ot" //g c. /cosf!L Uo + b cos« //g~ /sin13L v. 

http:COSD()COS,/.1L


Along the contour of the BOURDON shell at /3 ·~L , the con

tinuity condition requires that the angular rotation of the normal about 

the line cc be equal to the corresponding component of rotation of the 

rigid plug. This then represents the fourth boundary condition, 

or 

-p 
•'6s • eol • '60 eo< 

where 

lif s denotes the rotation vector of the BOURDON shell 

-p 
~o 	 denotes the rotation vector of the end plug (as defined pre

viously) 

From an Euler-Cauchy (1828) kinematic model of deformation 

(Reference 15), the rotation vector of the BOURDON shell may be obtained. 

Expressing the Displacement Gradient (or linear Displacement Tensor) 

~ = 3u/ ~ r through tensor resolution into symmetric and antisymmetric 

parts: 

;:; 	= ~ u/ ~ r = i c~u/ ~ r + u ~ / ~ r > + i c~u/ ~ r - u ¢ / ~ r> 

or 

~ u/ ~r = € + j (A.60) 

The first term on the right side of expressions (A.60) is the 

familiar relative deformation of dr called the strain tensor E 
(c.f. equation (A.25))and the other term ~ , called the rotation tensor, 

describes the rotational displacement of dr due to the displacement 

field u. 
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It can be shown for the antisymmetric part thats 

= 
J • i · 1 · t c~u/ ~ r - u ~ / ~ r> 

or 

i -i 1 x ~ x u/ ~ ra: 

Since half the curl of the displacement field u is equal to 

the rotation vector C~s> of the field. That is, 

ct ~/ ~ r x u> =i, 

Therefore, 

~ • - i x ~s 

Equations (A.60) become: 

) u.1 ~ r • ! c~ u.1 dr + u~ / 6r> - T x ~ s 

or 

Tx fas = t cu ~ / ~ r - ~ u/ ~ r> (A.61) 

~ . and f6 1 represent the angular rotations of the normal about the 

lines 0(1 and o( 1 respectively. ~ 3 is the angular rotation about the 

normal. 
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With =f = e 1 e 1 + e,e, + e 3 e 1 , the left side of equation (A.61) 

becomes, 

Observe the antisymmetric characteristic of equation (A.62), i.e. 

(T· · ) = -T ..IJ C JI 

The right side of equation (A.61) can be determined from the 

= displacement tensor u = as given in Reference 12, page 72 

(employing LOVE's First Approximation)s 

(r , s = 1 , 2 , 3) 

and since 

ii \1 ~ r = ( ~u/ ~r)c' the conjugate tensor: 

(r , s = 1 , 2 , .3) 

where 

u,~ • ~13 
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U 31 :a -~IS 

u 3'. 0 

Upon carrying out the operations as required by equation (A.61) 

and equating base vectors on both sides of the expression, the rotation 

components of the rotation vector f6s may be determined: 

St'3 = !@11.- ~21 +«:s <3St'13/~s, + afr',,/~sz 

+ kl3~n- k23~U)) 

Therefore, the rotation vector of the BOURDON shell ~s (at 

0(3 = 0) becomes, 

Thence from the continuity condition at /3 .. /3 &. , the angular 

rotation of the normal about the line <X is equal to the corresponding 

angular rotation of the rigid plug. Thus resolving the rotation vectors 

into the direction of ez(or e°' ): 
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- -· _, 
~s • e °' = ~o • eot 

or 

-~IS a b COSOIC //got /if; 

With ~.a as given by equation (A• .32), then 

-•/2 \ \ od - o 
(g,,g/3 ) <t w/ o/3 - k;S' U a -b COS()( //g~ /ifz (A.63) 

Equation (A.6.3) therefore expresses the continuity condition 

of angular rotations at the junction of two middle surfaces - the 

BOURDON shell at j3 •/St. and the rigid end plug. 

Hence the required four edge conditions are obtained. How

ever three additional relations are necessary to determine the three 

constants U0 , V0 and ~z 
0 

of the rigid end plug. 

Since the rigid end plug must be in equilibrium with the 

"external" forces (in this case, the edge forces at the boundary of the 

BOURDON shell at ;'3 =;<3~ ) the additional relations can be obtained 

from the usual static equilibrium conditions applied to the plug. A 

new local coordinate system (as suggested in Reference 6) x*, y*, z* 

l ocated at the center of the rigid plug is first defined (see Figure 

A.11). 
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z 


Figure A.11 - Local Coordinate System of Rigid End Plug 

Its associated unit base vectors ex~ e;y. and ez: ~ can be 

easily determined from Figure A.11 by placing the RIBAUCOUR triad (e/3 , 

-/3 e b , e" ) at, for example, r:f. a 0 and /3 ""/3L and observing the fol

lowing correspondence: 

ex*= en I = cosj3.. e)( + sin~..- ey 

()(= o, ;! a(3L 


e,. a = -SilljSL e)C + COSfii. ey (A.64)~1 ()(.a o, /3 a,Ai. 

-ez • =e I • ez 
oc D( = o, /3 Clfil. 
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With reference to Figure A.11, the six equilibrium conditions 

imposed on the rigid end plug are: 

1. ~forces (x*) • 0 

z. ~forces (y•) • 0 

3. ~forces (z*) • 0 

4. ~moments (x•) .. 0 

5. ~moments (Y*) • 0 

6. ~moments (z*) = 0 

Because of the symmetry of the shell solution (Reference 6) 

automatic satisfaction of three of the six relations is obtained. Thus 

the three remaining relations to determine the constants U , V and ~z 
0 

0 0 

of the rigid end plug are: 

~ forces (x•) = O 

~ forces (y*) = o 
(A.65) 

~moments (z*) = O 

From Figure A •. 11 it can be observed that in order to satisfy 

the first condition of (A.65), F/Soeeff and F/3 3 ef{ must be resolved in 

the direction of x* and integrated along the contour ds« : 

i.e. 

where 
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Since 
,,, 

/19~ /(:F4 oe e(( (eoc • e"•) + F/.3 a eff (e" • e)(•))dDc • 0 (A.66) 
0 

The second relation is merely, 

,,, 
(Area of Ellipse). p - ~f F/3/3 dsoe • 0 

. 0 

or 
Tr 

(Area of Ellipse)· p - 2 / 19 oe /F/3/,3 doe 111 0 (A.67) 
0 

The third relation consists of the moment resultant M~°' 

and that due to F~;a about the z* axis. Then, 

f 7T 

Mz.1t ds« = 0 
0 • 

®;51. 

where 

or 

(A.68) 
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Observe that the following "dot" products of base vectors 

give: 

. (A.69) 


Thus, 	equations (A.59), (A.63) and the additional relations 
0 

(A.66), (A.67), (A.68) for the determination of _U0 , .v., ~%constitute 

the 	boundary conditions at the junction o! two shells - the BOURDON 

~hell at /3 ..~L and the rigid end plug. 

(d) 	Alternatively a simplified approach to the edge conditions at /'8 a 

,/.JL may be : 

(i) 	f F13/f dso<' a pdA 


approximating dsoe a perimeter of the ellipse 


dA~ 	 • area of the plug acted upon by the fluid 

pressure p 

_ 	 ·Vi ot> 
(ii) ~u. = ( 9°'°') v,41(' + ko(' W a 0 

(iii) 

(iv) equation (A.68) with the approximation _of ds« as in (i) above. 

Conditions (ii), (iii) and (iv) are reasoned upon a geo

metric and physical basis that the BOURDON shell is attached rigid

ly to an indeformable end-plug. Observe that the relations for u, 
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v, .,, and slope ~ i 3 are provided. 

Thus 'rli.th the above edge conditions, the system of three par

tial differential equations (A.51) or Table A.l for the BOURDON tube with 

an elliptical cross-section is completely formulated. 

I 
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Table 8.1 Test dot<>• KA.IU>oS 

11."n I«). IUT'L. A 0.. b ~- ¢. A 
INC~ lNCIC!:S INCl'T.S l!IO!T.S nmR!Z'i 

1001 
100) 

11.s.c. 
N.S.C. 

O.O)L 
O.OJL 

0.125 
0.127 

O.O)l 
0.0265 

O. 796 
o. 791 

211· 
192' 

1. 7L 
1,67 

o.2L8 
0.2°" 

9.~9 
12.l 

10.s 
66.t. 

.IH" 
, /(o o + 

1101 
ll02 
HO) 

.11.~.c. 

11.s.c. 
w.s.c. 

0.032 
0.032 
0.032 

0.125 
0.126 
0.123 

o.on5 
0. 025 

. 0.0)55 

.o. 705 
0. 790 
0.601 

2?1' 
224· 
217• 

1.61 
l . S) 
1.70 

0.252 
0,195 
0.209 

u., 
17.6 
u.L 

83.S 
122.S 
87.l 

.1s12 

·'"l " 
,/$'J (, 

1201 •.s.:. 0.019 0.126 0.01,9 o.605 220· 0.9)4 O.JS) l9.2 3L2 ..,,.,o 
1202 
12d. 
uos 

!l.~.c. 
N.~.C. 
N.s.c. 

0.019 
0.019 
0.019 

0,l)l 
0.1)7 
0.1)9 

o. ou.~5 
O.OJ15 
0.0255 

o.ao1 
0;191 
o.792 

223' 
2)6" 
226° 

0.89L 
o.s00 
o. 778 

O,JJ9 
0.230 
0,16L 

S7.S 
n.s 

109 

379 
602 
71&3 

.It. 23 
·1732. 
.nss 

1)01 
1.)02 

11.s.c. 
11.s.c. 

0.021 
0.021 

o.11L 
0.116 

O.ll)O 
o.02ss 

O. 79) 
o. 186 

2)6" 
211· 

1;28 
1.23 

o.26J 
0.220 

)9.l 
la).l 

2$6 
)12 

.14 3 & 

.14 7(, 

lLOl 
lL02 

11.s.c. 
11.s.c. 

o,02s 
0.025 

0.112 
0.110 

0.021 
0.0)2 

o. 791 
o. 797 

20L' 
216° 

l.S8 
1.65 

o.2L1 
0.291 

le.8 
17.6 

159 
126 

.14-t" 

./ J !!>O 

1$01 
lS02 

11.s.c. 
x.s.c. 

o.o)o · 
o.oJo 

0.123 
o.12s 

O.OJ55 
O.O)l 

O. 799 
O. 795 

223• 
237• 

l.SS 
l.~3 

0.268 
o.2Le 

1).7 . 
16.9 

9L.8 
110 

,/S)9 
.1s1i 

llOl 
16¢2 

11.~.c. 
11.s.c. 

o.oo8 
o.ooa 

0.137 
o.1L!i 

o.oLL 
O.OJJS 

o. 797 
0.6o6 

229' 
191' 

O.)l,O 
0.312 

o. )21 
0.233 

SJO 
652 

3570 
Sl.OO 

.1719·. 
·•781 

1701 
1702 

x.s.c. 
11.s.c. 

o,01L5 
o.01L5 

o.1)7 
0.139 

0.0)7 
0.0327 

0.1!;0 
o. 79L 

2~~· 
2JL' 

0.616 
o.S9S 

0.210 
0.235 

lt,6 
184 

9)9 
1210 

.1117 

.17sI 

2001 
2002 

11.s.c. 
'11.s.c. 

0.0115 
o.ons 

o.1M 
0.136 

0.0)6) 
o.OLl7 

o. 792 
o. 792 

2Jl. 
22s· 

o.l.65 
o.t,1a 

0.259 
0.302 

274 
212 

l~LO 
ll16& 

.17ft& 

.1742 

2101 
2102 

x.s.c. 
w.s.c. 

0,010 
0.010 

O.lLJ 
0.11.:8 

0.0)5 
0.025 

0.790 
o. 703 

221· 
2)S" 

o. )!,6 
0,)55 

o. 245 
0.169 

LeJ 
7.)6 

)000 
la900 

./8/0 

./890 
210) 
nos 
2loG 
2107 

x.s.c. 
11.s.c. 
w.s.c. 
x.s.c. 

0.010 
0.010 
0.010 
0.010 

o. u.o 
0.1L5 
0, 152 
0.1)6 

o. oLo 
0.030) 
0.019 
O.OL!.5 

o. 797 
0.610 
o. 791 
o.797 

226" 
21a· 
2)6• 
200· 

O.L07 
o.JBS 
o.JL2 
O.l.31 

o.2M 
o.no 
o.12s 
0.)27 

L23 
4611 
8S3 
265 

2890 
JIU5 
S610 . 
1992 

.11n 

.17-,0 

./322

.17of7 

·2202 11.s.c. 0.0135 o.1S6 0.0135 o. 762 21.l' 0.193 o.o665 3230 21100 .t'J'S 

2401 
2L02 

w.s.c. 
11.s.c. 

0.009 
0.009 

0,195 
0.197 

0.0195 
0.011.S 

o.~o6 
o.M6 

2)9" 
2)1° 

0.191 0.100 
0.1812 0.01.)6 

1900 
1160 

1?100 
lLJOO 

.2419 

.2444 

2601 
2to2 

T.B, 
T.P, 

0.022 
. 0.022 

0.1)2 
0.132 

(1.026 
o.o)l 

0.831 
o.8JL 

. 22L" 
776" 

l.OS 
1.05 

o.197 
0.2J5 

e4 
10.6 

309 
2S6 

.ISS~ 
. IS83 

. )001 
)002 

o.01s 
0.015 

o.n5 
C.1)7 

0.02-rs 
O.o:?)O 

o.eo1 
0.822 

o.66L 
o,6S1 

o.2oi, 
0.168 

2L3 
JCS 

911 
ll12 

.11.73 

.Jld.7 

)101 
)102 

T.B. 
T.fl. 

0.016 
0,016 

0.1)9 
0.1)7 

O.Ol9S 
0.0285 

o.a25 
o.ai2 

222· 
223· 

o. 769 
o. 709 

O. lLO 
0.203 

'12 
1)2 

793 
1.9) 

,11,.&S 
.//,Ii 7 

.)201 

.)202 
)203 
J20L 

T.B. 
T.B. 
T.B. 
T.B. 

0.010 
0.010 
0.010 
0.010 

o.1L2 
0.1)6
o.U,6 
o.u,6 

Cl.026) 
O.OJ5 
0.0155 
0.0105 

o.8LO 
o.6J2 
o.6JL 
o.8L7 

226" 
199" 
211 • 
224• 

0.1.17 
0.1.so 
0.)91 
0.387 

0.161 
0.257 
O,lOS 
0.011 

Ml 
606 

1250 
1700 

3175 
2S6o 
L890 
61)0 

.1~~0 
ol b JS 
.17SI 
.17+7 

))01 
))02 

T.B. 
T.B. 

0.0125 
0.0125 

O.lhl 
0.1)8 

o.on 
0.026 

0.816 
o.a25 

2os· 
224• 

o.s15 
os1,2 

o.~1 
O.lM 

saJ 
L56 

2SOO 
18}3 

.172.4 

·'"1' 
)LOl 
)402 

T.B. 
T.B, 

0.0235 
0.02)) 

0.261. 
o.2l6 

0.0))7 
0.0262 

o.eL9 
o.8LL 

231' 
195' 

o.2e6 
o.2eo 

o.12a 
0.106 

37~ 
· i.oo 

1)20 
1701 

.3110 

.31Sl. 

))Ol 
JS02 

T·"· 
T.B. 

0.01)) 
o.on5 

0.)52 
0.)5) 

O.O)) 
0.028 

o.ASO 
o.855 

211 • 
n6· 

0,0921 o.09Jd 
0.0921 0.0194 

l9JO 
2 300 

7420 
7760 

.4141 

.4/ 2. 9 

)6ol 
)602 
)60L 

T.B. 
T.B. 
'l'.B. 

0,010) 
0.010) 
0.010) 

0.)51 
O.J5L 
0.)60 

o.OL.1 
0.0)07 
0.011 

o.66) 
o.675 
0.661 

215· 
266° 
166° 

o.010L 0.111 
0.0196 o.OC.S6 
0.0102 ll.OL72 

2520 
)000 
3980 

9)20 
8960 

17650 

.4067 
,40410 
.41Sl 

)702 T.~. o.)63 o.o6J7, 0.627 210• 0.1?9 0.116 2S6i> 1020 

)aOl 
)802 
)MJ 
3804 

T.B. 
T.B. 
T.'I! , 
T.B. 

o.022s 
'l.0225 
'l.022) 
0.0225 

o:JL2 
O.JL6 
0.)50 
0.3)6 

O.OL27 
0.0)27 
0.0211 
0.05L 

o.631 
o.6)1.
o.6ZJ 
0.628 

223• 
226" 
22L" 
2))" 

o.16o1 0.125 
0.157 n.091.S 
0.151 o.C'62 
0.166 0.161 

S'57 
61.J 
732 
la70 

2o60 
2330 
2n8 
i6n 

,41/ b
.41-.-, 
,42.SJ 
.4 0s~ 

3901 
)902 
390) 
39Ci. 
3905 
3906 

T.B.T.•. 
T.8. 
T.8. 
T.~. 
T.B. 

0.019 
0.019 
0.019 
0.019 
0.019 
0.019 

0.))6 
0.)4L 
O.JL7 
0.)51 
O.)Ll 
0.3L6 

o.osJ 
0.0)55 
o.o:?65 
~. 01 65 
o. OL15 
O.OJOS 

0.626 
0,819 
0.825 
0.825 
0.824 
o. 727 

223• 
2L6" 
226· 
21 6 ' 
2iu· 
232· 

0.139 
0.132 
0.130 
0.128 
O.lJS 
O.ll6 

i:l.158 
0.103 
0.0164 
O,'JL7 
0.122 
0.0882 

S51. 
821 
850 

1010 
726 
f:h7 

2060 
2790 
3US 
)&30 
2L6S 
2nc 

."l oE:. 8 

.4200 

.4 ;.:. 0'9 

.4l5S 

.•H J ~ 

.47S' 

liOOl 
1.002 

T-.B. 
T.B. 

o.'l26 
0.026 

o.LJ6 
o.LJL 

0.029 
o.oJLS 

0.62) 
0.822 

231 • 
220• 

0.113 
o.11.L 

o.r.665 
o.C79S 

640 
S67 

2295 
22s 

.sa&s 

.sz&o 

l.201 T.n. o.Ol.s o.L39 0.01,6 o.81.L 0.190 0.109 152 S8la • $'j '>) 

1.301 8o C'cl o.rv.6 o.1n o.oL7 o.817 245· l.LL 0.381 2)7 lll2.S .1-+t J 
LJ02 
I.JO) 
LJCi. 
LJOS 
4)0.S 
1.)07 

Pia Cu 
8o OI 
lie Cu 
Bo Cu 
Bo Cu 
ao ·eu 

0.026 
0,026 
11.rr.!6 
0.026 
11.026 
11.026 

o.12L 
0.126 
0.12~ 
Cl.129 
O.l)J 
0.119 

o.OLJ 
0.0)7 
0.0)2 
0.0295 
0.0225 
o.oSo5 

o.e16 
0.807 
o.ao6 
o.606 
0.807 
0.,16 

241' 
2LJ" 
2L6" 
2)6" 
2!.6 " 
241i" 

1.391 
1.31 
1.28 
1.26 
1.19 
l.L9 

O.JL6 
0.293 
o.2so 
0.229 
n.110 
n.1123 

27.7 
)2.6 
JS.4 
42.8 
Sl.6 
21.3 

122 
lLli 
l5S 
192 
225.S 

92.S 

,/S2o 
.1S6 / 
.ISlJ8 

·' " ,U '/0 0 8 
.1-,sa 
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TABLE S.2(a) PERFORMANCE DATA AND DERIVED C:ONS T ti NTS - E.XL1"1E. 

Tube Ro f\R AR/Ro ¢0 -!1¢ b Roh 6~ I b~J I AR a--;-zI 

i in. in·. in. rad. rad. a ~ Ro P a P Ro Ro 
I 

\ 1 1.646 • 031+ .020 2.564 . • 050 • 27 /;. .1. 53 .296 1390 .2033 
2 1.625 .031 .019 2.517 .048 .223 • S-28 .JOB 1062 .2071 

. 3 1.621 • 01.1 .025 2. 63 7 .065 .202 •442 .285 1738 .2110 
4 1.619 .029 .018 2.373 .042 .229 •362 .265 2565 .2122 
5 1. 63 0 .035 .021 2.012 .01.2 .11.9 • l 8 5 .119 5990 .2755 
6 l ·•681. .097 .057 1. 815 .097 .132 .053 .027 40600 .327a 
? 1.616 .063 .039 1 . 819 .066 .174 .140 .092 9260 .2752 
8 l. 636 .029 .018 2.719 .049 - 2.55 .626 .308 633 .1977 

.-9 l. 648 .· 022 .013 2.676 .034 .271 • 74 7 .J74 458 .1935 
10 1.621 .019 •01 .2 2.'709 .C32 .255 • 811 -341 343 .1947 
1 1 2.513 .053 .021 3.256 .067 .282 .266 .149 6510 .1626 
12 2.5J8 • 048 .019 3.197 .060 • J2:;. .1.25 .241 2190 .1626 
13 2.547 .062 .024 3.169 .076 .310 .376 .217 '.3100 .1619 

.16)214 2.532 .052 .021 3 .113 .063 .302 • .332 .196 4070 

.166015 2.523 • 01;.I;. .017 3 .14 5 .054 • 32L;. .554 .276 1100 

.162416 2.563 .056 .022 3.192 • 06'/ .319 .1.,.50 • 26 5 2130 

.1655l '"/ 2.540 .045 .018 3. 1 51;. .055 .312 .521 .282 1400 

.163918 2.545 .045 .018 3 .173 .055 •3 2 5 .473 • 27/;. 17/;.0 
19 2.5J9 .064 .025 3 .11~6 .033 .J08 • 21. l • l 7] 9690 .1594I • • 

,. 20 __2. 51.3 .078 • OJ 1 3 .11.5 • 0')6 .310 .282 .179 6160 ~1605 
. 21 2. 41; 5 .028 .012 2.993 .OJ6 •42 ! .1. 093 .1~23 420 .1215 
. 22 .11612. /~84 .010 • 001;. J.097 .012 •l.,09 1. 788 .407 112 

.119323 2.492 .017 .004 J .137 .021 .381 l.l~'i5 .1.08 196 
21~ 2.456 • 021;. .010 2.966 .02<3 . .31 8 .553 ~337 1400' .1651 

.166525 2 .1~6 5 .026 .010 2.951 .031 .303 .355 .225 3500 

.167226 2. 510. .045 .018 2.971 .050 .-271 .t.39 • 248 2330 

.169127 2.515 • 021. .010 3.232 .OJ2 •JOO .644 • 30J 775 

.146228 2.485 .023 .009 J • 01.1 .027 . JOO 1.275 .334 174 
29 2.498 .022 .009 3 • 07 /~ .026 .27J .355 .192 31.90 .1653 

.174730 2.514 .023 .009 3. 081~ • 0 27 • 2 51~ .844 .285 349 
31 1 • 552 .076 • 0/.;.9 2.942 .13'7 .1~6 .165 . • 092 11600 .2497 

.2519. J2 1. 51+0 .074 • 01~ 8 2.910 • l J .3 .123 .165 • 10.3 11400 

.)81533 l. OJ 5 .070 .068 J.129 .198 .068 .120 .065 9690 

.377134 1. Ol;. 7 .074 .071 2.955 .194 .076 .117 .065 10100 

.165635 1~495 • OJ 5 .02J J.189 .073 .202 .460 • 241~ 27.3 0 

.1641J6 l. 511 • 0.3 9 .026 J.05? .077 • 198 .L64 .271 3090 
.3 7 1.093 .044 • 01~0 2.6J6 .100 .117' .J.31 · .189 .3 560 .2320 

.2)8638 1. 067 • .041 • 03 8 2.592 .O<J4 .114 .J27 .181 3380 

.316739 1.000 .043 .043 2.553 .108 .127 .224 .190 4190 
40 1.000 .OJ4 .034 .129 .221 .143 3320 • 

•191841 1.571 • 03 l. .022 J.128 .059 .251 .663 .285 784 
.190242 l. 583 .031 .019 J.475 .066 .194 .681 • 279 677 
.184443 1.617 .029 .018 3 .1.44 .061 .156 .632 .288 542 
.184044 1.623 • 03 0 .018 J.405 .062 .159 .6JJ .292 551 

.013 - • 060 548 -.184.J45 1.620 .030 J.368 .159 .6.32 .290 
46 1.620 .OJO .018 J.]71., .060 .159 •6JO .284 51;.0 .1843 
47 1. 624 .030 .018 J.288 .059 .163 .6JJ .295 557 .1839 
48 1.625 • OJO .018 J.JL,.6 .061 .160 .637 .296 551 .1837 

.185449 l. 611 .030 .019 3 • J 8!~ .060 .167 .&27 .292 556 
50 1.618 .029 .018 3.J.39 .059 .160 .634 .293 546 .1845 
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TABLE B.2Cb)PHYSICAL AND DIMENSIONAL CHARACTERISTICS-EXL~NE 

Tube 
No. 

Material Max · P 
p !> i 

E 
x106 

a b h 

1 Steel 410 28.5 • 331}6 .0916 .0308 
2 Steel· 510 28.5 .3366 ·'-· 0751 .0368 
3 II 410 28.5 .3420 .n.690 .0319 
4 n 200 28.5 .3436 .0788 .0264 
5 " 100 28.5 .4491 .0670 .0229 
6 n 40 28.5 .5507 .0727 .0095 
7 n 120 28.5 •4l,48 .0775 .0171 
8 n 810 28.5 .3231+ .0826 .0400 
9 II 810 28.5 .3189 .0864 .0461 

10 It 1000 28.5 .3156 .0806 .0498 
11 Bronze 50 15.5 ~40 B 6 • 1 1 5 l .0177 
12 If 130 15.5 .1.127 .1337 .0285 
13 II 120 15.5 • 4121. .1279 .0251 
11., II 80 15.5 .1.1 3 3 .1248 .0224 
15 n 240 15.5 .4187 .1357 .0385 
16 II 160 15.5 • !, 163 .13 28 .0304 
17 II 200 15.5 .4203 .1313 .0363 
18 II 160 15.5 • I, l 71 .1J56 .0327 
19 II /}O 15.5 .1+04.7 • 121, 7 .0156 
20 " 80 15.5 .1.082 .1267 .0186 

';n 316 SS 800 28 • 29'/l .1251 •0397 . .. 22 II 1000 28 .2885 .1180 .0599 
23 II . 1000 28 .297.3 .1133 .0523 

. 24 II 200 28 .L,055 .1290 .0370 
25 " 80 28 .1.. 103 .1263 .0243 
26 II 120 15. 5 .4196 .1136 .0308 
27 II 200 1 5. 5 .1,253 .'1278 • 01.64 
28 " 800 15. 5 .3633 .1093 .0673 
29 If 40 15.5 .1.129 .1129 • 0 ?.4 2 
3 0 " 400 15.5 .• 4391 .1116 ._0648 
31 Steel 120 28.5 .)875 . 0.!.90 .0159· 
32 II 120 28.5 .38?9 • 01. 79 .0162 
33 II 200 28.5 .3949 .0269 .0182 
.34 II 200 28.5 .3948 • 0298 .. .0174 
.35 II 21.0 28.5 • 21175 .0500 .0189 
.36 II 240 28.5 ;2480 .0490 .0189 
.37 II 320 28.5 .2547 .0297 .0196 
38 " . 320 28.5 .2546 .0291 .0198 
39 BeCo 200 19.5 .3167 .0402 .0225 
40 " 200 19.5 .3169 .0409 .0222 
41 Steel 800 28.5 .JOlJ .0528 .0384 
4·2 n 800 28.5 • 3011 • 05 76 - .0387 
43 Bronze 520 15.5 .2981 .1001 .0347 
44 " 520 15.5 .2986 .1001 .0348 
45 " 520 15.5 .2986 .1001 .0348 
46 " 520 15.5 .2986 .1001 • 034.7 
47 " 520 15.5 .2986 .1001 .0348 
48 II 520 15.5 .2985 .1000 .0349 
49 " 520 15.5 .2986 .1001 .0347 
50 n 520 15.5 .• 2985 .1000 • 031. 9 



Table B • .3 Sensitivity and Life Data on BOURDON Tubes - MASON 

1. 	Specimen number, e.g., 160 S 002: The first figure is the manufactu

rer's pressure rating p in psi, the letter is the coil type (C • cee, 

S = flat spiral, H • helical) and the last figure is a serial number, 

assigned by the subcommittee. 

2. 	Stock description: Wall thickness h in mils followed by an abbrevi

ation for the material: BC = beryllium copper, Bz = bronze, CM • 

chrome-molybdenum steel, CRS • corrosion-resistant steel, CS • carbon 

steel, PB = phosphor bronze, S = steel, TM = trumpet metal • 

.3. 	 Coil description: Radius R 0 in inches, angle '6 0 in degrees; no 

allowance has been made for end fittings. 

k. 	Cross-section description, Fig. 2: Major semiaxis a at mid-wall, mils; 

minor semiaxis b at mid-wall, mils; approximate shape E = elliptical, 

F = flat oval, D • dee, 

5. 	Pressure sensitivity k1 = (- 6 ~/~)(E/p), dimensionless; modulus E, 

unless otherwise noted, is taken from Giacobbe and Bounds (6); angle 

changes computed from travel as Ax, Ay, or . V Ax2 + ~y2 are noted. 

6. 	Life, lo-3 N cycles; from 0 to rated pressure p unless otherwise 

noted, and to fracture, unless otherwise noted, 

7. 	Pulsation stress (maximum fiber stress) developed on life test, lo-3 S 

psi. 

8. 	Parameters Rh/a2, b/a, a~/102h2, 106bh3/ak, all dimensionless; useiul 

for comparison with various theories ($). 
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ASME RE~E.-1.1tcH Co.,cmTTEE ox !\IEcH-:\....,1cAL Pr.EssunE ELE~1ExTS 

Data Form No. 1: Pressure-rc3ponsive Dourdon Tube 
-· ·~ R.L.M.-Rcvi.ed May 24, 1954 

{l) Type: Hc!Lx or (flat) spiral or cee 

(2) 	Material: alloy ; composition 3 
Young's modulus E .,. psi; Poisson's r·atio r ~ 

(3) 	Stock before coiling: temper ; hardnes3 
nominal grain size mm; supplied by 

(4) Heat and stre~s treatment after coiling: 

(5) Fittings soldered or brazed or welded 

! 
. . 

Neutrc:l
axis'

Fie. 1 Cou. GE0~1ET1tY 	 Fm. 2 Cnoss SECT1oss 

(6) Cro~s-section: elliptical or flat oval or dee Dimcri~ions 
after coiiing, h = a = b = b1 b2 = r = 
Sketch clevi;1tions if ariy from sections shown nbove. 

(7) Radius and tntal :m;:ubr length of innermost coil, R,, in., .p01 deg; 
ratio of eITecth-e (unstifTened) length of 11 coils to their total length = 
for spirals supply also Ro1, .Po:, ••.•• • •• Ro., 4>on 

(8) Max. useful pres~ure diIT'c p = psi; set of 3, fatigue life of 
cycles, and nonlinearity (0 to 100% range) of 3 appear at tcraperature of 
dej?; F and thi~ prc~sure difference. 

(9) Prc55ure sensitivit.y, per psi: in radius, fi.R/Rop = psi-1, or in angle 

-f:i.<t>/<P~p = P.si-1, or in deflection V fi.z! + fi.y!/fl0p = psi-1; specify 
tip constraint, if any. .-
(10) Spring compliance, lb-iu - 1, under pure moment JI or Jb-1 under pure force F; 
angle 1¥. = deg, at prc.;;sure p = psi: in radius !:i.R/RcM = or 
A.R/RoF = or in angle tl.<f>/¢oM = or t:.<t>l<f>~F = or in deflection II ~+fi.1,NRoM o< V Az• + Ay'/R.F - ; •P"ilY t;p oon'"";"'• ;r~L) R'""'"' 

http:R.L.M.-Rcvi.ed
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TAB LE GEO:\IETilY, PilESSUilF: SENSITIVITY, LIFE 

Press. Puls. r · 
Specimen Stock Coil section Sens. Stress Life Para.11Bters \<..=. ~ 

-tl ¢ E Rh b a2 106bh3 

p II h Mtl. ¢0 a b ~p lcr3s 10'"3N a
Ro 2.2 102h2 a4 

100-C 001 25 PB 2.55 255 825 x250 E 2620 3 .09 .30 10.9 8.4 
Serial 001 is phosphor bronze of 95 cu, 5 Sn, 0.2 P; (LlR/R)(E/p) .. 2760. Stock from 
.Mackenzie Walton , half hard, Rockwell B-78, avg. grain size o.. 886 mm. Heat treated after 
coiling, SOOF for 1 hr, to Rockwell B- 97 . Soldered fittings. Section E or F, effective 
¢0 =248. Set ~ 0.05% at 70F. 

16o s 002 18 BC see 200 x 25 F 1485_ loooa .35 .12 1.23 91 

230 S 003 20 BC note 200 x 27 F 103Q.. 11 .39 .14 1.00 135 

300 S 004 22 BC below 200 x 29 F 79Q_ 11 .43 .14 .82 193 

370 s 005 24 BC 200 x 31 F 64Q.. II .46 .16 .69' 268 

510 s 006 28 ' BC 200 x 35 F 465 II .54 .18 .51 480 


Serials 2 to 6 are beryllium copper of 1.0-2.15 Be , o.35 Co, bal. Cu; E<,19xl06, V o;().3; 
4. 5 turn spirals of 1600°, with uniformly spaced radii, innermost o. 511 to outermost l.On, 
fixed at outer end, 20° rotation at inner end, mean radius R0 taken as 0.77 11 • Stock is 
solution arn1ealed to Rockwell 30T46-6o before coiling; heattreated at 650 + 5 F for 
60 + 5 min. after coiling. Fittings silver soldered. 
Note a: ·ror 1% set; 0% nonlinearity; 80°F. 

90 H 007 llo 5*TB Oo95* 141.iO 386*x 33*F 266Q_ 39 2oob .07 .09 1.12 2..3 

120 H 008 12.S*TB o.95* 1440 38T~x 34*F 200Q_. 45 11 .08 .09 .96 3.o 

270 H 009 18* TB 0.96* 141.iO 393{('X 43*F 886 52 II .11 .11 ~48 10.5 

27~ H 010 21* TB 1 0 .57* 14hO 383~'X 63*F 87l 40 11 .22 .16 .33 27.i 

500 H 011 16* TB l.0.5* 3240 244*xl26*F 210 27 11 .24 .52 .23 ~6 

200 H 012 21* TB Oo97r~ 810 63_9'i-x 42*F 2100 68 11 .OS .07 .91 2.4 


Serials67 to 12 arc trQmpet brass of 81~82 cu, 0.75-1.5 Sn, 0.05 max P, 0 .05 max Fe, bal Zn, 

E"'l5xlO , v =0. 33. Tip is constrained to radius R0 • St.ock from American Brass Co. and 

Mackenzie wal ton, cold dravm, hardness under .02011 15T-82 t o 89 , 30T-62 to 72, grain size 

.010-.030 m.11. Heat treated at 480 F for 1 hr, furnace cooled with nitrogen. Fittings 

soldered. Nonlinearity 1/21 . on #JJ., 1%. on #7 to 10, 1 1/2% on #12. 

Note b: For set of 1/2%, room temp. 


30 C 019 10* TB 0.97 233 273 x 87 E 10700 .L1 .32 7.4 15.8 

30 C 020 10.S-*TB 1.19 235 275 x 8h E 9800 .16 .31 6.9 18.3 

30 C 021 12* PB 1.62 228 407 xl08 F 8500 .12 .27 11.4 9.5 


1 1 . • , 
30 C 022 l~ PB 2.o6 241 407 x120 F 7200 - - .19 .29 7.4 4o I 

#19,20 are trumpet brass; cu 81, Sn 1, Zn 18; E=l5x106 psi, G=6xlo6 psi, V ==0.25. 
#21,22 are phosphor bronze, grade A; cu 95.5, Sn 4.5; E=l6xlo6 psi, G=6.2Sxlo6 psi, -Vc0.28. 
#19,21,22 have brazed fittings, 11 20 has sol dered fittings. Not pulsed. ti¢/¢ based on 
chordal travel; data averae;ed from two independent testing laboratories. · 

60 C 023 14::- TB 0.97 233 275 x 88 E 5000 .18 .32 .'3.8 42.2 

60 C 024 14.5*TB 1.17 237 276 x 87 E 5000 .22 .32 3.6 45.7 

60 C 025 17* PB 1.62 228 h08 tll9 F 4000 .17 .29 5.7 21•. 2 

6o G 026 21* PB 2.o6 241 Lo9 xl2) F 3800 - .26 .31 3.8 41.4 


.1121,24 are trumpet brass; cu 81, Sn 1, Zn 18; E-=15:-:106 psi, G=6xlo6 psi, -J =0.25. /h.5,26 
are phosphor bronze, grade A; cu 95.S, Sn 4.S; E=l6xlo6 psi, G=6.25xl06 psi, -J =0828. 
#23,25,26 have brazed fittings, #2!.i has soldered fittings . Not pulsed. IJ.¢/'/J based on 
chord; data averaged from t\\D independent testing laboratories. 

~·... 
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69 l\lASO:\ - SE:\SITI\'ITY A.ND LIFE DATA OX I30URDO)l' TUilES 

TABLE (co11tinued} 

Press. ?uls.-· 
Specimen stock Coil Sccticn Sens. Stress Life Parameters 

-..1¢ E Rh b a2 lo6i,h.3 
p # h ~itl. Ro ¢0 a b T"P lo-3s 10-3N a2 a 102h2 a4 

100 c 027 18* '.ID 0.97 233 276 x 84 E 3000 .23 .30 2.3 84.5 
100 c 028 18* TB 1.17 2.37 274 x 93 E 3000 .28 .34 2.3 96.6 
100 c 029 21* PB 1.62 228 412 xl23 F 2400 .20 .30 3.8 39.3 
lOJ C 030 26* PB 2.06 241 413 xl27 F 2300 - - .31 .31 2.5 76.6 

#27,28 are trump~t brass; cu 81, Sn 1, Zn 18; E=l5.xlo6 psi, G=6.xlo6 ps~, i.)=0.25. !h.9/h.0 
are phosphor bronze, grade A· cu 95.5, Sn 4.5; E=l6x106 psi, Gr=6.25XJ.O psi, -V-0.28. 7, 
29 ,30 have brazed fitting s, # 28 has soldered fittings. !J¢/¢ based on chord; data averaged 
from t wo independent testing laboratories. 

200 c 031 21* TB 1.00 232 25J.i x 48 n· 1410 .32 .19 1.5 105 
200 c 032 23·* PB 1.18 234 255 x 48 D 1390 .42 .19 1.2 136 
200 c 033 3o* PB 1.62 221 41~ xl29 D 1400 .29 .31 1.9 122 
200 c 034 35* PB 2.05 2h2 4J.6 xl23 D 1240 .42 .30 1.1.i 176 

eoo c 035 34* TB 1.00 230 264 x 53 D 5o6 049 .20 .6 431 
600 c 036 36* PB 1.19 234 262 x 56 D 430 .62 .21 .5 550 
600 c 037 43* PB 1.60 226 340 x 82 D 512 .60 ~21.i . .6 588 
6{)0 c 038 4~- PB 2.·00 244 344 x 85 D 408 .82 .25 .5 678 

1000 c 039 l.D.* TB 1.02 230 264 x 56 D 270 .60 .21 .4 796 
1000 c 040 4.c;'"'* PB 1.20 235 266 x 54 D 304 .71 .20 .4 76!~ 
1000 c 041 5h* PB 1.62 226 352 x 88 D 277 .70 025 .4 912 
1000 c 042 58* PB 2.02 244 350 x 87 D 246 .96 .25 .4 1150 

Serials 31 to 42 made from elliptic:i.l tubing, flattened to D-sha.pe in coiling; neutral axis 
assU!lled ce:it ral. Data are ave r aged from t wo independent tcstin& laboratories .: L1 ¢/¢ based 
on chord. Rat ed pressur~ applied just before defle ction test, :tt31";"42. Serials 31,33-42 
are silver soldered or brazyd; #32 is soft soldered. Serials 31, 35, 39 are trumpet brass; 
Cu 81, Sn 1, Zn 18; E=l5xl0° psi, Galxio6 psi, v -=0.,25. Serials 32~34, 36-38, 40-42 ara . 
phosphor bronze grade A; cu 95.5, Sn 4.5; E==l6xlo6 psi, G"'6.25xl06 psi, 1/a0.28 • 
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70 TRAXSACTIO:-l'S OF THE ASME 	 JA !'IUAllY, 1!)56 

T.~llLE (r.onlinued) 

Press. Puls. 
Specimen Stock Coil . Section Sens. Stress Life Parame ters 	 . ) 

v-- ' 

Rh b a2 l06bh3. 

p # 
 a b -~~ lo-3s lo-3u aa2 l o 2h2 a4 

;.: -:r

500 c 04.3 14 BC o. 71 2h5 134 x 42 F 930- • 56 .33 .• 96 356 
400 C OlJ.i 14 BC o. 71 238 140 x 31 F 1.11( .)1 .22 1.00 221 
200 c 045 14 BC 0.72 250 146 x 18 F 2100 .48 .12 1.08 108 

2000 c oli6 22 BC o. 72 245 1'3Q x 36 F 230- .93 •28 •. 15 1340 
1400 c 047 22 BC o. 71 250 L15 x 23 F 360 .85 .17 .38 738 

800 c. 048 22 BC 0.75 2413 141 x F 56~ .83 .08 •Li. 
5000 c 049 32 BC o. 73 248 127 x F 91 l.h4 .17 .16 
5000 c 050 32 BC o. 72 250 120 x 35 F 57 1.59 .29 .14 5500 
5000 c 051 32 BC 0.74 250 115 x 46 F .39 1 .78 .40 .13 8500 
liooo c 052· 3o BC 0. 80 300 124 x F 9f 1.56 .24 .17 
11000 C 053 30 BC 0.82 300 117 x 48 F 53 1. 80 .4J. .15 6840 
#43 to S1 are berylliura copper; assume E'-·l9.5xl06 psi. 

50 c 054 20 CM 2. 2Si< 300>,i. 6413 xl23 E 12300 80 535 .11 .19 10 5.59 
II IIc 055 - CM 	 648 xl26 E 13400 167 - .19 

c 056 20 C1l 	 11 II 658 xl50 E 6500_ 112 301f .10 .23 11 6.35 
1! IIc 05·1 18 Ci.i 	 670 xl56 E 9600 136 233f .09 .23 14 4.51 

CM 11 	 14 c 058 18 	 11 661 xl52 E 9900 - .09 .23 4.61 
II 11c 059 18 CM 	 660 xl54 ?: 10400_ 133 225f .09 •23 L'3 4.74 

IIc 060 14 CM 	 II 363 xll9 E 1400Q... 79 5s1r .24 .'33 7 18.7 . 
II tic 061 12~5 CM 420 xlOO E 17100 87 68 )~ . • 16 .24 11 6.26 . 


II c 062 11 CM II II 418 xl02 ;;; 17100 82 684 .17 .24 10 7.35 

II 11 n
c 063 13 Cl.: 419 xlOl E 16600 82 684 .17 .24 10 7.21 

11 c 054 - CM II II 418 xlOO E 17300 684 - .24 

11 	 11 11c o6S 13 CM 	 418 xlOO E 17600_ 82 684 .17 • 21~ 10 7.20 . 

20 	 1111 c o56 CM 11 642 x126 E 14900 76 1'31 .11 .20 10 5.92 
II 	 II 11c 067 20 CM 642 xl24 E 15300 76 148 .11 .19 10 5.84 

11 c 068 20 c1,1 II II 642 xl28 E 15700 76 196 .11 .20 10 6.03 

II 	 II IIc o69 20 C1I 6112 x1 26 E 15100 	 .11 .20 10 5.92 

IiII c 070 20 CM 11 642 Y..12) E 15100 76 190 .11 .19 10 5.89 

11 C 071 20 Cl-:i 11 11 640 xl26 E 15500 76 175 .ll • 20 10 
 5~95 

#54 to 71 are chromc- r:iolybdenmn steel; as sllille E=2 8.5xlo6 psi. Life t est on #61 to 65 
stopped a t 664 ,000 cycl es . Li¢/¢ '::lased on (Jy. #sli-56 nearly like #66-73. 
Note f: Pulsa ted at Sot overpr essure. 

75 c 072 20 CM 2. 25'.1- 300-:~ 6J.J.i x123 E 12600 117, 4cfo 86 .11 .19 10. 4 5. 73 
II 	 n· c 073 20 CM 11 645 x121 E 12200 117, 39g 86 .11 .19 10.4 5.61 
II 	 II IIc 074 31 CM 642 xl32 E 6290 4c% .17 .• 21 4.3 23.1 
11 C 075 31 CM 11 11 643 xl33 E 6290 38g - .17 .21 4.3 2'3.2 

#72 to 75 are chrome- molybdenum steel; assume E=2 0.5x106 psi; fl¢/¢ based on /Jy. 
:rote g: Usin:; St r ess..... coa. t. #72-73 nearly like #54-56, #66-TJ.. 

Serio.ls 43 to 51: Stock by Si1perior 'i'ube Co., R30T-65, gra.in size 0.035 mm. !!eat 

trea t 0d after coilint:; at SS0-600 F for 2 hours. 


.~: .: 

"--i ..~ ~ ~ 
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71 '.IIASOX--SEXSITIVITY A~D LIFE DATA OX BOURDON TUBES 

TABLE (conlfoutd) 

Press. Puls. 
Specimen Stock Coil Section Sens. Stress Life Parameters 

-t1¢ E Rh b a2 lO~h3 
p · # h 1.!tl. Ro ¢0 a b --pp lo-3s 10-3u a2 a io2h2 afi 

, '>-:t100 c 076 23 CM 2.25-:i- 300-::- 682 xlll E 12800 142 235 .11 .16 8.8 o • ._, 
IIc 077 24 cu 	 665 x131 E [)390- ne, l.ilg 60 .12 .20 7.5 9.21." 	 " 

II 	 IIc 078 23 CM. 	 661 xl.32 E 8700 127, 4lg 144 .12 .20 ll.3 8.34" 
" 
II c 079 23 cu II II 661 xlll E 8390 . 127 81 .12 .20 8.3 8.29 

IIc oeo 23 CM II 661 xl31 E 8%0 127 103 .12 .20 8.3 8.·29 
II 	 IIc 061 23 CM 667 xl41 E 7820 	 .12 .21 8.4 s ·.62" 

IIc 082 23 CM 661 xl44 E 7690 	 .12 .22 8.3 9.12" 	 " 
ti 	 II . 11c oll3 23 CJ,! 666 xl44 E 7790 . 	 .12 .22 8.li 8.80 
ti c 084 23 C!J II It 665 xl44 E 7820_ .12 .22 8.3 8.94 
It It IIc 055 20 C1! 362 xll4 E 4420 	 .34 .32 3.3 53.5 
II 	 II Itc 056 20 C.M 363 xll4 E 4hoo 	 ..14 .31 3.3 53.8 
II 	 ti II 

" 

c 087 22 CM 408 xlo3 E 5800 64 684 •30 .25 3.4 39.4 
II c 058 21 ClJ II ti 4o6 xl09 E 6190 68 684 .28 .27 3.8 37.2 

II IIc 089 21 CM 	 409 xl02 E 5850 71 68/i •28 .25 3.8 33.8 
ir 	 II IIc 090 21 CM 	 lio6 xl04 E 5900 69 . 6134 .28 .26 3.8 35.6 
II 	 ti tic 091 21 CM 	 410 xlOl E 6190 71 684 . 28 .25 3.8 33.2 
II 	 II Itcon 19 CM 408 xll2 E 6290- .25 .27 4.6 28.0 
II c 093 19 CM II II 407 xll.3 E 6010 . 25 . 28 4.6 . 28.h . 
II II IIc 094 19 CM 407 xll2 E 6140 	 .25 .27 4.6 28•. 0 
II 	 II IIc 095 19 CM 408 xll3 E 6010 	 .25 .28 4.6 28.2 
It 	 II tic 096 19 cu 409 xllO E 5940_ .26 . 27 4.6 26.8 
II c 097 19 C}.;'. II II hl5 xlOl E 6690 . 25 -.27 25.) 
II It IIc 098 19 Cl.! 414 xlOl E 6690 	 . 25 .24 23,6 
II 	 II IIc 099 19 C1! 1!14 xlOl E 7060_ 	 .25 .24 21.6 
II 	 II Itc 100 19 CJ..'. •. 411 xl07 E 6430 	 .25 . 26 25.2 
II 	 II IIc 101 19 Cl.l 410 xl07 E 6400 	 .25 .26 25.2 
II 	 IIc 102 19 Cl.l 11 410 x107 E 7000 .25 .26 25:2 

4'76 to 102 are x4130 s teel; assume c>=28 . 5xl06 psi; L1 ¢/¢ based on !Jy. Life test on 
#87 to 91 s topped at 604, ooo cycles. 

100 c 103 11 CJ,\ 2. 25-:t- 3ooi~ 636 xl26 E 6350- 72 105 .17 .20 4.2 23 . 
II 	 II IIc 104 31 CM 	 635 xl29 E 6010 72 196 .17 . 20 4.2 . 24 
II 	 II IIc 105 31 cu 	 638 xl26 E 6350 72 180 .17 . 20 4.2 22 
II 	 II IIc 106 31 CH 638 :"125 E 6350 	 .17 .20 4.2 ·22 

II II. 	 It c 107 31 CM 636 xl25 E 6350 .17 .20 4.2 23 

It II II
c 108 31 Chl 636 xl25 E 6150_ 	 .17 . 20 4.2 23 
II 	 II IIc 109 11 CM 	 637 xl21 E 6990 73 56 .17 .19 4.2 22 
II 	 II IIc 110 31 Cl\! 	 638 xl21 E 7190 73 75 .17 .19 4.2 22 

IIII c 111 1.1 CM II 638 xll9 E 7010 74 93 .17 .19 4.2 2l 
II 	 IIc 112 "o CM II 640 xl20 E ?010 79 107 .16 .19 4.6 19 
II c l l 3 30 CL! 	 641 xl20 E 6810 l9 97 .16 .19 . 4.6 1911 11 

#10<. to 113 are chrome-molybdE;nurn steel; asslli~e Z=28 .5x10 psi; ~ ¢/r/J based on L)y. 

http:6290-.25
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TABLE (continued) 

Press. Puls. 
Specimen Stock Coil Section Sens. Stress Life Parameters 

Rh b a 2 io6th3 
p # a a2 a 102h2 a4 

250 C 114 40 CM 2. 25* 3oo:i 642 x127 E 3980 55 .22 .20 2.6 48 
11 C 115 40 CM 11 11 640 x134 E · 3720_ 19 .22 .21 2.6 51 
11 

11 

C 116 
c 11·r 

56 
56 

CM 
CM 

11 

11 

11 

11 

676 xll5 E 
644 ilia E 

1480 
1400 13.7 379 

.28 .17 

.30 .20 
1.5 
1.3 

94 
133 

11 C 118 56 CM 11 " 642 xl32 E 1430 13a 556 .31 .21 1.3 l36 
11 c 119 56 CM 11 II 61J :icJJl E 1370 137 453 .30 .20 1.3 134 
II 

II 

c 120 
c 121 

59 
27 

CM 
CM 

II 

II 

II 

I: 

641 xl29 E 
366 x 98 E 

1430_ 
3250 

126 
98 

138 
io1 

.32 .20 

.45 .27 
1.2 
1.8 

155 
10.7 

II c 122 27 CM II II 365 x 98 E 3020 .46 .27 1.8 107 
II c 123 27 CM II II 365 x 99 E 3020 98 80 .46 .27 1.8 108 

#114 to 123 are chrome-molybdenum steel; assume Z=28.5xlcP psi; 6f;/'f1 based on L1y. 
#117 -120 pulsated at 500 psi. 

500 C 124 63 CM 2.2S* 3~ 632 x 90 E 1770 7 .35 .14 1.0 142 
it 
11 

c 125 
C 126 

61 
73 

CM 
CM 

11 · 

11 

II 

11 

635 x 93 E 
631 xl24 E 

1850_ 
740 

13 .34 .15 
.41 .22 

1.0 
o.6 

146 
296 

11 C 127 73 CM 11 11 611 xl2h '.E 770 .41 .22 o.8 296 
II c 128 73 CM It II 631 xl24 E 740 .41 .22 o.8 296 
II c 129 73 CM II " 631 x124 E 7h0 .41 .22 o.8. 296 
II c l30 39 CM II II 162 x 91 E 1250 110 .67 ;25 0.9 114 
n C 131 39 CM 11 11 362 x 91 E 1230 .67 .25 0.9 314 
II c 112 39 CM II II 162 x 91 E 1250 - .67 .25 0.9 314 

#:J.24 to 132 are chrome-molydbenum steel; assume E=28.)x106 psi; 6¢/¢ based on a y. 

1000 C 113 112,48 CM 2.25* 3CXY.< 354 xl04 E 740 151 30 •81 •29 .62 ·600 
11 C 114 42,L9 CM 11 1! 354 xl03 E 770 146 27 .83 • 29 .59 635 
11 C 135 liJ.,47 CM 11 11 355 xl04 E 800 12li 27 •79 •29 .51 547 
II c 136 40.,49 CM II It 354 xl04 E 800 151 28 .81 .29 .62 c-oo 

#1.33 to l36 are chrome-moJ.ybdenum steel; 
outer wall t hinner than inner \'.all. 

assume E"'28.5x106 psi; .t:.¢/¢ based on a.y. 

1500 C 137 51 CM 2.25* 3~ 348 x116 E 480 168 9 .95 .33 •47 101.0 
II c 138 51 CM II II 349 Y.li8 E 480 166 10 .94 .34 .47 lo60 
II c 139 50 CM II II 347 x118 E 430 169 10 .93 .34 .48 1000 
II c 140 52 CM II II 347 xll8 E 400 160 ll .97 .34 .45 1130 
II c 141 50 CM II II 348 xl20 E 480 169 13 .93 .34 .48 1010 
It c 142 47 CM II It 345 x 86 E 510 221 l .89 .25 .54 640 
II c 143 48 CM II II 345 x 84 E 510 216 2 .91 .24 .52 660 
II c 11.J+ 46 CM II I! 345 x 87 E 510 231 3 .86 .25 •57 570 
11 C 145 47 CM 11 n 340 X 83 E 480 216 4 .92 .24 .52 640 

#J37 to 145 are chrome-molybdenum steel; asswne E=28.5xio6 psi; A¢/¢ based on A Yo 

. ...~ ·.  ) 
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TABLE (continued) 

Press. Puls. 
Specim~ Stock Coil Section Sens. Stress Life Parameters 

-A¢ E 	 . Rh b a2 106bh3 -
p # h Mtl. Ro ¢ a b lf p lo-3s lo-1a a2 a lo2h2 a4 

25 c 146 18 PB 2.25* 300l<- 645 x108 E 14500- 48 684 .097 .17 12.8 '3.63 
IIII c 147 18 PB II 645 xl06 E 14600 48 684 .097 .16 12.8 1.56 

II II IIc 148 18 PB 	 646 xl08 E 14000 48 684 .097 .17 13.o 3.59 
II 	 n IIc 149 18 PB 	 6h7 xl08 E 14300 48 684 . 097 .17 i~.o ~.59 
II 	 IIc 150 18 PB 646 x105 E 13500 	 .097 .16 13.o 1.50" n IIII C 151 18 PB 645 xl07 E 14300 .097 .17 . 12.8 3.60 

#ih6 to 151 are phosphor bronze; assume E=lS.5xlo6 psi; ~¢/¢ based on Ay. Life test 
stoped at 684, ooo cycles•. 

50 c 152 26 PB 2. 25·:< 300lt- 659 xll3 E 9100 . 54 3040 .14 .17 6 :. ·111 _,...4{1'' . r 

II 	 PB . n IIc 153 27 	 658 xll4 E 9100 51 4565 .14 .18 6.o 11.9 
II 	 II 11c 154 27 PB 643 xl06 E 7500 .15 .16 6.2 12.2 

c 155 27 PB It 642 xl07 E 7200 .15 .17 6.2 12.3" 	 " 
" 
II c 156 27 PB II II 658 xl07 E 7200_ 52 799 .14 .16 6.o 11.2 

II IIc 157 32 PB 	 640 xl03 E 7200 39 224 .18 .16 4.0 20.1 
II 	 c 158 29 PB II 642.xl04 E 7700 44 1224 .16 .16 4.9 14.8" 

II" c 159 30 PB " 642 xl03 E 7~00 43 870 .16 .16 4.6 16.3 
#i52 to 159 are phosphor bronze; assume E=l5.5xl0 psi ; ~¢/¢ based on .6..Y• Life test 
on #158 stonned at 1,224, 000 cycles. 

100 c 160 27 . PB 2. 25-~ 300-~- 648 xl'34 E 4400 93 265 .14 .21 5.8 15 
II 	 IIc 161 28 PB 	 652 x135 E 5300 90 356 .15 . 21 5.5 18" c 162 27 PB 	 652 x1'38 E 5100 93 391 .14 • 21 5.9 17" 	 " " c 163 37 PB ti 636 x 96 E 4500_ 61 352 . 21 .15 3.o 30" 	 " 
II 	 IIc 164 38 PB 	 635 x 99 E 4200 56 169 . 21 .16 2.8 '33" 

. ti IIc 165 38 PB 	 635 xl02 E 4200 56 145 .21 .16 2.8 34" 
II 	 II IIc 166 38 PB 635 x 99 E 4300 56 125 .21 .16 2.8 33 

~1.60 to 166 are phosphor b~onze ; assume E=l5.5xlo6 psi; A¢/¢ based on a..y. 

250 	c 167 60 Fa 2 .29~ 300l<- -630 x 93 E 1800- .• 34 .15 1.1 127 

c 168 59 PB II• 629 x 94 E 1500 69 113 .34 .15 1.1 125
" 	 " 

II 	 IIc 169 61 PB 	 628 x 93 E 1500 65 110 .3 5 .15 1.1 135 . " II 	 tic 170 59 PB 	 631 x 94 E 1500 70 119 . 35 .15 1.1 121" II c 171 92. PD II 628 x 93 E 1500 62 37 .35 .15 1.0 145" 
IIII c 172 60 PB 	 630 x 93 E 1600 68 107 .34 .15 1.1 127" #167 to 172 are phosphor bronze; assurce E=l5. 5xlO psi; c.¢/¢ based on AY• 

500 c 173 99 PB 2. 25* 300i.~ 616 x 85 E 820 59 11 .59 .14 .39 570 
II 	 IIc 174 - PB 	 - x - E 850" II 	 II x c 175 - PB II - E 850_ 	 
II c 176 72 PB 	 . 629 xlOO E 820 96 12 .41 .16 '76 420" " ti ti" 	c 177 73 PB 630 xlOl E -. 93 22 . 41 .16 .74 400 

c 178 76 PB . 624 x 85 E 800- 92 42 .44 .lh .67 .400ti" 	 " 
IIc ·179 77 PB 	 623 x 85 E Boo 92 55 . 45 .14 .66 390" " c 180 76 PB ti 624 x 86 E 800 92 63 . 44 .14 .67" II 400 

II c 181 76 PB 624 x 86 E 790 92 43 . • 44 .lh .67ti " 	 400 c 182 76 PB " II 624 x 86 E 790 91 53 . 44 .14 .67 390" Phosphor br onze, :'.>=15. 5xl06psi ; .0¢/¢ based on t::..y. 
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TABLE (continued) 

Press. Puls. 
Specimen- Stock Coil Section Sens. Stress Life . Parame ters 

I -Ll¢ E! Rh b-p # h a b -w p a2 a 

500 - 183 41.5 - 338 xl05 E l3 •31 .65 580 
II - 184 48 335 xlOl E 32 .30 .49 890 
II - 185 47 334 xl04 E 46 .31 .51 870 
II - 186 48 333 xl05 E 88 .32 .h8 960 
II - 187 48 335 xl05 E 120 .31 ,49 920 
It - 188 48 - xlOl E 46 
II - 189 48 - xl02 E 52 
II - 190 48 - xlOS E 52 
II - 191 49 339 x 91 E 49 •27 .48 810 
II - 192 41 - - 342 x 94 E 14 .27 .69 470 

#183,188,169 and 190 are nctouble tubes", 

1000 c 193 57.5 PB 2.25* 300-~ 380 xl11 Z 19cf 101 S8 •90 ;14 •44 1190 
II c 194 66 PB II II 375 xl28 E 190 78 61 1.06 ,34 .32 1900 

IIII c 195 68 PB II 376 xl26 E 19Q_ 78 63 1.11 ,34 .31 1970 
II c 196 55 PB II II 337 x 95 E 390 101 6 1.09 .28 ,37 1230 
II c 197 56 PB II II 33) x 97 E 390 99 7 1.12 .29 ,36 1380 
II c 198 S6 PB II II 33S x 98 E 390 99 7 1.12 ,29 .36 1390 
II c 199 57 PB II II 336 x 91 E 390 96 io 1,04 .27 .15 i33o 
II c 200 54 PB II II 336 x 96 E 390 107 10 1,08 .29 .39 . 1190 

IIII c 201 56 PB II 336 x 94 E 390 100 11 1.12 .i8 .36 1270 
II c 202 59 PB II II 333 x 94 E 90 19 1.20 .28 ,32 1570 
II c 203 57. 5 PB II II .'B2 x 93 E 94 20 1.17 .28 . 33 1470 
II c 204 S8 PB ,, II 331 x 93 E. 280 90 3o 1.19 ~28 .32 1450 
II c 205 60 PB II II 329 x 93 E 280 84 30 1.17 .28 .30 1660 
II c 206 S9 PB II II 329 x 93 E 170 86 35 1.16 .28 . 31 1660 
II c 207 59 PB II II 330 x 93 E 280 88 37 1.22 .28 .31 1660 

IIII c 208 51 PB II 333 xl08 E 26() 108 s 1.03 .32 .43 1160 
II c 209 51 PB II II 336 x106 E 190 109 6 1.02 .32 .43 1090 
II c 210 so PB II 334 xl07 E 360 110 9 1.01 .32 .44 1070II 

II c 211 Sl PB II II 335 x108 E 340 lOe 25 1.02 ,32 .~3 1150 
IIII c 212 Sl PB II 334 xl08 E 360 108 28 1.03 . • 32 .43 1150 

II c 213 48 PB II II 288 x 80 E 39cL 105 6 1.31 .28 .36 1260 
II c 21l1 40 PB II II 292 x 66 E 390 142 6 1.06 .29 .53 760 
II c 215 40 PB II II 291 x 90 E 410 137 16 1.06 ,31 ,53 810 
II c 216 47 PB II II 283 x 82 E 360- 104 21 1.32 .29 .36 1320 
II c 217 40 PB II '· II < . 291 x 89 :c: 390 137 21 l.o6 ,31 .53 800 

ItII c 218 SS PB II 331 xlOl E 230 96 7 1.13 .30 .36 1390 
II c 219 S6 PB II 330 xl02 E 230 95 21 i.16 .3o .35 1~3oII 

II c 220 57 PB II H 330 xlOO E 190 90 29 1.18 .30 ,33 1590 
II c 221 58 PB II II 329 xlOO E 210 88 36 1.21 .30 .32 1690 
II c 222 58 PB II II 329 xlOO S 210 68 40 1.21 .30 . 32 1690 
II II IIc 223 60 PB 332 x 96 E 210 88 15 1.22 .29 .31 1700 
II c 224 59 PB II II 332 x 98 E 210 89 20 1.20 .29 .32 1640 
II c 225 S9 PB II II 331 x 98 E 210 92 . 35 1.21 .30 .33 1560 
II c 226 64 PB II II 367 xl25 E 180 81 25 1.07 .34 . 33 2280 
II c 227 68 PB II II 36S xl25 E 150 73 49 l. lS .34 •29 2280 

IIII c 228 68 PB II 36S xl25 E 170_ 73 47 1.15 .34 .29 2860 
II c 229 73 PB II II . 361 xJ.24 E . 130 62 20 1.26 .34 .24 2860 
II c 230 74 PB II . II 363 x122 E 1t;Q . 62 20 1.26 .34 .24 2800 

//]_93 to 230 are phosphor bronze; asswne E=lS.5xio6 psi; Ll '/J/¢ based on Lly; ~1208 to 212 
lrere heat treated, 
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TABLE (oontinutd) 

Press. Puls. 

Specimen Stock Coil Section Sens. St ress Life Param~ters 


Rh b a2 l06b~ 
• .JJ. .p Tr h 1·:tl. Ro ¢ a b -1~ 10-1s lo-3u 2 . a 102112 a4a 

1000 C 231 46 CJJ 2.25* 30Ch 238 x 94 E 180 180 10 1.8 .39 .27 2810 

1000 c 232 43,45 CM II II 240 x 93 E 190 197 10 1. 7 .39 .30 2400 

# 211,212 are chrome inolybdenwn stee l · assume E=28 •.5xl06 psi ; .Ll ¢/¢ based on .::1y; inner 

vr.:ill . 045, oute r wall .o43 . # 54 to 2l2 y;e r e pulsed at 120 cpra, with arrangements to prevent 

tubes from h2ating at tip end . Internal radius at end of ~4jor dia.r:Jeter of section is 

changed "oy suppliers Y.hen forming tube, to r,ive performance desired. 


3000 c 233 24-:i- BC . 841* 255* 127°.1-x 48*E 1. 2 .38 .28 2400 
3000 c 2.'.\h 24* BC . 837-:l- 252* 12)>,i.x 5°*E . 1.3 .40 .27 3000 
3001 c 21.5 18* PB . 848-:i- 249* 188',i.x 52*- .44 .28 1.09 260 
200 c 2.16 16* PB . 842* 249* 189;.cx 53.i:-E .36 .28 1.40 154 
200 c 23 7 20'.i- Bz .8il5* 2l-19* 250:i-x 55*E .26 .22 1.56 105 
200 c 238 19* . Bz 1.13* 22°* 183*x 49*E .64 .27 .93 297 • 
200 c 23 9 16* Bz . 663* 219* 252-:l-X 6l*F .17 .2h . 2.48 61 
400 H 240 14* Bz . 85°* 60°* 117*X Jl*F . 84 .26 .70 400 
100 c 241 l()l} Bz .742* 257* 187*X 27*E • 20 .14 3.5 19 

65 c 242 8* Bz . 80(}>.i- 257* 18)>.i-x 47*E .19 .25 5~4 20 
25 c 2L3 8* Bz . 829* 275-:i 29&x 59*- .07 .20 11.9 3.-1 
20 c 244 l(}>,i. Bz . 829* 275* 297·';}x 58*- .09 .20 7. 6 6.3 

275 H 245 6* s . 390 See 99>-"X 27*1" 2000 .24 .27 61 

2000 H 246 15. 7* s . 390 Note 109*X 15*F 130 .52 .32 960 

3000 H 247 16* s • 3 90 Below 107*X 37*F 275 .51~ •3 5 ll55 

LJ6o H 2h8 20.5* s .380 109°A-X 37*F 131 . 66 .34 2260 

9250 H 249 26 .5* s . '.\Bo lll*X 42*F 62 . 82 .38 5150 

#245- 2L19 from Wo:U (9), 30 to /.iO turn helices. 


100 H 250 12 PB • 781 1800 185 x 27 F 3440 .27 .15 2 .38 40 
200 H 251 16 PB • 781 lGOO 185 x 25 F 1890 .3'7 .14 1.34 88 
400 H 252 20 PB • 781 l oOO 182 x 23 F 1030 . 4? .13 .83 168 
600 H 253 24 PB .781 1800 180 x 20 F 665 . 53 .11 .56 263 

1000 H 254 25 BC .781 J 800 170 x 20 F 686 .68 .12 . 46 374 
°iOOH 255 16 CHS . • 781 1500 180 x 15 F 2135 .39 .08 1.26 58 
Boo H 256 24 CHS . 781 J.Sco 175 x 20 F 654 . 6 .61 .11 .53 295 

#250-253 are phosphor bronze t; r c.C.e A: Cu 95, Sn 5, Pb .035; E=l5.5xlO ; Rockwell 380. 
Formed and has silver soldered fittinGs; then stress relieved 8 hours at Jog~F. 
f/254 is beryllium copper : Be 1.70 to 1. 90, Ni+Co . 60, balance Cu. E-=18 .5xlO ; 1/4 hard 
; (Rock>;ell I3 70 to 75). Formed and has silver sol dered fi ttinGs; then is hea t treated 
J hours at 600°F. Hardness afte r heat treatment, Roch-ell C 35. 
#2 55 , 256 a re type 316 stainless steel: Cr 17, Ni 11; i,;o 2.5. E=28xl06; Rockviell B 80. 
Formed and has Yielded fittings; then is stress relieved 8 hours at 600°F. 
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APPENDIX C 

COMPUTER PROGRAM - FOR TABLES 5.6, .7, .8, .9 

Symbols Used in Program 

Fortran 

X(I) 

YA(I), YB(I) 

NT 

NTUBE 

PR 

B 

A 

. T 

R 

DEGREE 


POISN 


E 

EXPT 


DEFLEC 


SENSI 


DEVIA 


SENSZ 


DEVIAZ 


Theory 

Values of ratio a/b of Table 3.1 

Values of cc and (3 of Table 3 .1 

Number of test data 

Tube identification or no. 

Pressure, psi 

Semi-major axis of tube cross-section, inch 

Semi-minor axis of tube cross-section, inch 

Tube wall thickness_, mils 

Tube radius, inch 

Central angle of tube, degree 

Poisson's ratio, 

Elastic modulus, psi 

Experimental sensitivity 

Tube and deflection (equation 3.9), inch 

Sensitivity (thin-walled, equation 3.7) 

Percent deviation of SENS! from EXPT 

Sensitivity (thick-walled~ equation 3.8) 

Percent deviation of SENS2 from EXPT 

160 
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I 
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$JOB 00 3702 LEE EDWARD T 100 010 030 
$ I BJ OB NOD ECK 
$ l BFTC 

DI MENS I ON X( 11l , YA(11 ) , yR( 11) ' D.A ( 1 l ' 2l ' DB (11•2) 
C DE FLECTI ON ANA LY S I S OF THF ROURDON Gf\GF W I~H A FL AT-OVA L CRO SS 
C SE CTI ON BAS ED ON ~ I N I ~ 1 IZ A TION OF ~O TE N TI AL ENERGY AS PRESE NTED IN 
C THE WORK OF L. E. ANDR EEV A 
c 
C COMPUT ATI ONS USING KAR DOS ' DAT A 

L=ll 
NDEL=2 

C VALUES OF X AND YA AND YB ARE READ 
READ (5,1 0 1) ( X(I J,I=l,Ll 

101 FO RMA T (11F5.0l 
RE AD (5,1 0 2 ) (Y f\ (!J,I=ltLl 

10 2 	 FOR~ AT (11 F5 .0l 
RE AD (5'1 0 2l (Y B(Ild=l,L) 
LL=L-1 

c 	 DIFF ERE NCE TAR LES ARE c o~STRUCTED TO THE NDE L-TH DIFF EREN CE 
DO 20 K=l, NDEL 
DO 10 N=l,LL 
IF ( K . GT . ll GO TO 9 
NN =N+l 
DA( N, Kl=Y A( NN l-YA( N) 
DB ( N, Kl=Y B(N Nl-Y B(N) 
GO TO 10 

9 	 KK =K-1 
NN =N+l 
DA ( Nt Kl= DA ( NN t KKl - DA(N,K Kl 
DB ( N, Kl= DA ( NN t KK l- DB ( Nt KK l 

10 	 CO NTI NUE 
LL=LL-1 

20 CONTINUE 
c PARA ME TERS ALP HA AND BE TA WILL NOW BE DE TERM I NED US I NG EVERE TT•S 
c I NTE RPO LATI ON FO R ~ U LA ( NEG LEClING THI RD AND HIGHER ORD cR DIFF.l 
c HEA DINGS l•II LL NOW BE PR! 1TED 

v! R I T E 	 ( 6 , 2 0 1 l 
20 1 FOR~AT ( 1X t 4HTU Bf , 3X , lHD , 4X t lHH , 5X , JHR t 4X t 1HDEG t 4X , lH B, 5X ,1H A,4X, 

J 3HA I B , 2 X , 6 HD EFL EC , ? X , 8 HF X·P SE f\! S , 2 X , 8 HCA L SENS , 1 X , 9 HD EV I AT I 0 N ' 1 X ' 
26HNSE NS2 t lX , 6HDEVIA2 , 2x , 3HA / Rt 2X t 3HH / A, 2x , 3HB/A, 3x ,7 HRH / B** 2'3X ' 
32HBR //l 

DO 500 NGAG E=ltNT 
READ (5,1 03 ) N T UnE , PR ,Tt P t A • R • DEGRE E•~OIS N t E t EXP T 

J 03 	 F OR~A T ( I 5 ,7F5. 0 , FJO . O, F5·0l 
25 	 AB=A / B 

BA =B/A 
IF !BA . GT. 5 e0l GO TO 34 
H=0 . 5 
IF ( BA . GT . 1 . 5) GO TO 30 
P= ( BA - X(l ll/H 
Q=l. O-P 
ALPH A=O*YA (ll+P* YA(2l- P*Ql2 .0* DA (l,2l 
B ETA= O*YR(ll +P*Y 8 (2l-P*O l2 . 0~D9(1 , 2 l 

GO TO 	 40 
30 	 IF ( Bf\ . GT . 2 . 0 J GO TO 31 

P=( BA - X(2 ll/H 
O=l . 0 -P 
ALPH A=O*YA ( 2l +P*Y A( 3 l- P*Ol2 . 0*DA (l,2l 
BETA= Q*YR(2 l+P* Y8 (3)-P*Ql 2 . 0*DB (l , 2l 



GO TO 4 0 
31 H=l . O 

IF ( BA • GT . 3 . 0 l GO T 0 3 2 
P= (8A - X(3))/H 
Q= l . 0 -P 
ALPHA=O* YA( 3 l+P* YA(4l - P*Ol 2 . 0* DA(3 , 2 l 
BE TA=O* YBC3l+P*Y B(4)-P*O l2 . 0* DR(3 , 2 ) 
GO TO 40 

32 IF (BA . GT . 4 . 0 ) GO TO 33 
P=(BA- X(4) )/H 
0=1 . 0 - P 
ALPHA=O*YA(4l+P*YA(5l  P*Ol2 . 0* DA (4 , 2l 
8E TA=O* Y8(4l+P*YBC5l - P*Ql2 . 0 *D R(4 , 2 l 
GO TO 4 0 

33 IF (BA . GT . 5 . 0 ) GO TO 34 
P=(3A-X(5ll/H 
Q=l . O-P 
ALPHA= O* YA(5l+P*YA(6)  P*Ol2 . 0* DA (4 , 2 l 
BE TA=O*Y8 (5l+P * YR(6l-P*0 /2 . 0*DR (4 , 2) 
GO TO 40 

34 H=l . O 
IF !BA . GT . 6 . 0 l GO TO 35 
P=( R/\ - X(6)l/H 
Q=l . O-P 
ALP HA= O* YA( 6 )+ P* YA(7l- P*O l?. . O*nA(5 , 2l 
RE TA= O* Y5C6 l+ P*YR (7l-P*O l2 . 0*D R( 5 , 2) 
GO TO 4 0 

3 5 IF (BA . GT . 7 . 0 l GO TO 36 
P=( BA -Xt7ll/H 
Q='i . G-P 
ALP HA=O*YA (7)+ P* YA( 8 l-P* Ol2 . 0* 0 A(7 , 2l 
8 E T A= O*Y8 (7)+P *Y B 1 8 l-P*O l 2 . 0*D~ (7 , 2 ) 

GO TO 40 
3 6 IF (BA . GT . s . O ) GO TO 37 

P=( 8A - X( 8 )l/H 
O=l . 0 -P 
ALPHA =O* YA(8)+P*YA(9)-P*Ol2 . 0* DA(7 , 2l 
RETA= O* YB ( 8 l+P*Y B(9l-P*Q l 2 . 0*D B(7,2) 
GO TO 4 0 

3 7 IF (BA . GT . 9 . 0 ) GO TO 38 
P=( 8A -X( 9 ))/H 
Q=l . O-P 
ALPHA=O*YA ( 9 l+P* YA(l 0 l-P*0 / 2 . 0*DA (8 , 2 ) 
BETA =O*YB ( 9 l+ P* Y6 (1 0 l- P*O l2 . 0* DB CB, 2 l 
GO TO 4 0 

3 8 I F ( BA • GT. 10 . 0 l GO T0 3 9 
P= (BA - X (1 0 )) /H 

I 
Q=l . 0 -P 
ALPHA=O* YA( l 0 l+P* YAClll-P*O l2 . 0*DA (9 , 2) 

I 8E TA=O*YR (l 0 l+P* YB(lll-P*0 /2 . 0*G R ( 9 t 2) 
GO TO 40 

39 ALPHA = . 26 7 
BE TA = . 114 

4 0 GA MA =DEG RE Ei (l 80 . 0/3 . 14159l 
ND EG RE=DEGREE 

C CONVER T UN IT S TO I NCH ES 
T=T -i:-0 . 00 1 
CC= C l . 0 -COS ( GA~A ll** 2 



SS=(GA MA - S I N(GA MAll**2 

G=(CC+SSl** 0 • 5 

XX= R-l:· T I ( B**21 

Dl=(l . O- PC I SN**2l/E 

D2= R** 3/(A*T l*(l . O- l . 0 /( BA**2ll 

D3=G*ALPHA/(~ETA +XX**2l 
DEFLEC=PR*Dl*D2*D3 
SE NS I= R**2/( A* TJ*(l . O- l . O/I BA**2 l l*ALP HA / (8ETA+XX**2l 
BR= B/ R 
AR=A/R 
HA=T/ A 
NPR=PR 
NSE NS I=SENSI 
DEVI A=(FL OA T(NSENSil - EXPT l*l OO . O/E XPT 
NEXP = EX PT 

c 	 CALCU LATI ONS FO R THI CK WA LL ED CROSS SEC TI ON S 
c 	 VALI D FOR LARGE AX IS RATIOS , BIA 


C=( 3 . 0 /( R-l:·,k2*T•'l-*2 l l* -l(· . 25 

CB=C *B 

SH= S I f'l H ( CB l 

CH= COS H(C Bl 

SI=SIN(CBl 

CO=COSICBl 

CX=l . 0 /C B* ( SH** 2+SI**2 l/ ( SH*C H+SI*COl 

SENS2=R**? /( A* T)*(l . O-CXJ/(C X+T**?/(12 . 0*A**2 ll 

NSE NS2 =SENS2 

DEVI A2 =( FLOAT(NSENS2l - EXP Tl *lO O. O/ EXPT 


c RE - CO NVERT U ~ ITS TO VIL S 
T=T *l OOO . O 

I WRITE (A, 20 5) ~ T U PF, NPR ,T, P , NDFGR F, P , A , AP , DF FL cC , N F XP t NS F NSI. 1I, DFVJA , NS ENS 2 , DEV I A2 , AR , HA , BA ,XX, RR 
205 F OR~ AT (1 X,I 4 ,I 5 , F5 . l , F7 . 3 , I 5 , F6 e 3 t F7 . 4 ' F7 . 4, F6 . 3 , I R,I l0 ,FlO•ltI 

II8 , F7 e l ,F 6 e 3 tF 6 e 3tF6 • 2 , F8 • 4 ' F7 e4l 
500 	 CO NTI NU E 


STOP 

END 


~ ENTR ')'. 
1 . 00 01 . 5 ? . O 1 . 0 4 . 0 5 . 0 6 · 0 7 . 0 R. O 9 . 0 10 . 0 


. 6 3 7 . 594 . 548 • 4 P.O . 437 . 40R . 388 • 3 72 . 360 . 350 . 343 

Ex a ""'-f le. ~ ;; 1: a . 09 6 . 11 0 . 115 el 2 1 . 121 . 1 2 1 · 121 . 120 . 1 19 . 11 9 el 18 

1 00 1 1 0 0 34 . 0 el 25 . 031 . 793 217 • 2 8 27 10 . 5 
1 003 100 34 . 0 . 127 . 0265 . 7 92 19 2 . 28 2 7 86 .4 
11 0 1 1 0 0 3 2 . 0 . 1 25 . 03 15 . 795 22 1 . 28 27 8 3 . 5 
11 0 2 1 0 0 32 . 0 . 128 . 025 . 79 0 224 . 28 27 122 . 5 
11 0 3 100 32 . 0 . 12 3 . 03 55 . 801 217 • 28 2 7 8 7 el 
12 0 1 10 0 19 . 0 e l2R . 0 4 9 . 8 05 220 . 28 27 342 · 
1 202 1 0 0 19 . 0 -1 3 1 . 0 4 55 . 30 7 223 . 28 27 3 79 . 
12 0 4 1 0 0 19 . 0 el 3 7 . 03 15 · 7 9 1 236 . 28 27 602 . 
12 05 10 0 19 . 0 •. 1 39 . 0255 . 792 228 . 28 27 743 . 
15 0 1 1 00 30 . 0 -1 23 . 0355 . 79 9 223 . 28 27 94 . 8 
15 0 2 10 0 30 . 0 • 125 . 03 1 . 795 2 3 7 . 28 27 110 • 
1601 10 0 8 . 0 . 13 7 . 044 .79 7 22 9 . 28 27 3570 . 
160 2 10 0 8 . 0 . 144 . 0 335 . 80 6 191 . 28 27 5400 . 
170 1 100 14 . 5 ..137 . 03 7 . 798 238 . 28 27 939 . 
17 0 2 1 0 0 14 . 5 . 139 . 03 27 • 794 234 . 28 27 1210 • 
2001 1 00 11 . 5 . 140 . 0363 • 7 92 231 . 28 27 1 8 40 • 
2002 1 00 11 . 5 · 138 . 04 17 . 792 225 . 28 27 1468 . 
210 1 1001 0 . 0 • 14 3 . 0 35 . 790 227 . 28 27 3000 • 



• 


2102 10010. 0 e l 48 . 025 . 783 235 . 2R 27 4900 . 
2103 10010 . 0 • 1 u 0 . OuO . 797 226 .• 28 2 7 289 0 . 
2105 100 10 . u . 145 . 0305 · 8 10 218 . 28 27 34 15 · 
2106 1 00 10 . 0 .J 52 . 0 19 . 791 236 . 28 27 5610 • 
2107 100 10 . 0 .1 36 . 0445 • 797 20 8 . 2 3 27 1992 • 
2801 100 22 . 0 · 132 . 026 · 831 224 . 25 15 309 . 
2802 100 22 . 0 . 132 . 031 . 83 4 226 • 25 15 256 . 
30 0 1 100 15 . 0 . 135 . 0 275 . 80 7 226 • 2 5 . 15 911 . 
3002 1 00 15 . 0 . 137 . 0 230 . 822 228 . 25 15 1112 . 
3101 100 18 . 0 .J. 39 . 0 195 · 825 222 . 25 15 793 . 
3102 1 00 18 . 0 .J. 3 7 . 0285 · 822 223 . 25 15 493 . 
330 1 100 12 . 5 . 141 . 021 · 818 205 . 25 15 2500 . 
3302 100 12.5 .J 38 . 0 2 6 · 825 224 . 25 15 1838 . 

SIBSYS 




