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CHAPTER I
INTRODUCTION

IT IS generally recognized that the properties of
a substance do not depend merely on the types of atoms it
contains; but rather they depend, to a large extent, on the
configuration of the atoms building up the substance. One
of the most interesting and useful applications of crystallo-
graphy is therefore in the discussion of some observed
properties of a substance in relation to its crystal structure,

Anhydrous sodium pyrophosphate, Na4P207, has been
observed by thermal differential analysis to exhibit a rich
variety of reversible phase transformations 1’2.' Moreover,
all these phase transformations exist within the crystalline
state of the substance. We have, therefore, a problem which
offers an opportunity to study phase transformations from
a crystallographic point of view,

The mechanism of phase transformations has always
been one of the most fascinating and one of the least under-
stood of all physical problems., In recent years exfensive
studies has been carried out towards elucidating the various
types of transformations that occur in crystals. However,

most of the research is mainly on such critical phenomena as



anomalies in specific heat, latent heat, elastic constants,
electrical and thermal conductivities; and in ferromagnetic
substances, changes in magnetic properties, With the focus
being near the transition temperature, increasing attention

is now being given to the structural aspects of crystal systems
undergoing phase transformations, however., As early as 1937,
Landau 3 had developed a theory on the possible changes of
symmetry of a crystal at the transition point. It is con-
venient to distinguish between two types of phase transforma-
tions: (i) the so-called first-order phase transformation which
usually involves a change of volume and/or entropy so that

the symmetry properties of the phases before and after the
transformation are uncorrelated, and (ii) the second-order

. phase transformation, or better, a transformation of the

second kind, where the state of thelphases before and after

the transformation is the same. For such a transformation

to be possible, Landau showed that the symmetry of the system
must change in such a way that the space group of the lower
symmetry form is a subgroup of the space group of the higher
symmeiry form. Furthermore, from a thermodynamical point of
view, if the thermodynamic potential function of the system

is expanded in powers of some order parameter which.characterizes
the transition, there should be no third power terms in the
order parameter, In terms of the theory of group representa-
tions, this means that the triple product of the representation

which corresponds to the transition, does not contain the



unit representation ¥ . 1In this thesis, therefore, apart

from solving the structure of the various phases of the systems,
an attempt will be made to apply Landau's theory to see if

the transformations involved could be of second-order.

From the crystal chemical point of view, the system
of NahP207 has merits of its own which deserve investigation.
It belongs to a system with the stoichiometry M4X207 where
X207 is formed from two tetrahedrally coordinated X ions
sharing a common "bridging" oxygen atom, Systems of MX207 and
M2X207 have been extensively studied in this laboratory as |
well as elsewhere., However, strange as it may seem, very .
little is known of the molecular geometry of Muxzo7 systems
where M is a monovaleﬁt metal such as Li, Na and K. To date,
Aonly powder/pattern data on L14P207_and L14A8207 5 have been
reported.,

In recent years, much theoretical work has been done
on the molecular geometfy of various simple inorganic systems.
Brown and Calvo 6 have discussed the crystal chemistry of
-large cation dichromates, pyrophosphates and related compounds
with stoichiometry XZYZO?' They have observed that crystals
for which the ionic radius of the Y atom is greater than
0.60 X, crystallize into such structure as pyrochlore,
(Na.Ca)z(Cb,Ti)z(O,F)7 and weberite, NaZMgAlF7 7 in which
the Y atom is octahedrally coordinated. Of the rest, those
in which the ionic radius of X is less than 0.97 % tend to

crystallize in one of the structures related to that of



thortveitite, (Sc,Y)ZSiZO7 8 while those in which X has an
ionic radius greater than 0.97 e usually crystallize in one

of a series of structures closely related to those of alkaline
metal dichromates., Recent results with M2V207 groupings
indicate that even this generalization must be viewed with

10 discussed bond-length variations

caution 9 . In 1970, Baur
and distor;ed coordination polyhedra and tested Pauling's
Electrostatic Valency Principle first enunciated in 1929

which states that the sums of the average bond lengths around
the cations and anions are approximately equal to their valence.

He was able to predict with some accuracy the bond length,

d,_y between two ions A and X with the linear relationship

dA—X =D +m Dy

where Px is the electrostatic bond strength for anion X and
b and m are coefficients determined from a large quantity of
experimental data. More recently, in 1972 Brown and Shannon 11
did some calculations on the empirical bond strength, s, and

bond length, r curves for oxides in the form
n
s = Co(ro/f)

where C, is the formal charge divided by the "normal" coordina-
tion number and r, and n are parameters to be determined by
least squares based again on a large quantity of experimental
data. It seems therefore apart from contributing to the know-

ledge of the system M4X207, the validity of some of the general



principles underlying these discussions could be tested.

“As an integral part of the thesis, the system of
sodium diarsenate, Na4A8207. was also investigated. Like
sodium pyrophosphate, this system also exhibits a series of
phase transformations as detected by differential thermal
analysis. However, the nature of these transformations is
quite different from sodium pyrophosphate, In sodium diarsenate,
the first few minor transformations above room temperature
are not very prominent and do not show any symmetry change
detectable by a precession camera. Furthermore, these trans-
formations are not immediately reversible and the reversibility
depends on time, The major transformation at 692 °c. is
immediately reversible, however; but the crystal invariably
cracks at this temperature. Only the crystal structure at

room temperature was therefore investigated.



CHAPTER 1I1I
SYMMETRY ASPECTS OF PHASE TRANSFORMATIONS

In 1937 Landau 3 put forward the thermodynamic
theory of phase transformations of the second kind. 1In
this Chapter, some of his results will be discussed first,
and then, they will be applied to the system of sodium pyro-
phosphate to see if the various phases of the system could

be of the second kind or not.

2.1, Phase Transformations of the Second Kind

The symmetry of a crystal can be described by means
of a density function p(r) which defines the probability
p(r)dv of finding one or more particles in a volume dV of
the crystal., The set of all symmetry operators which leave
p(r) invariant forms the space group of the crystal. In
general, a change of pressure p and temperature T will result
in a change of p(r). 1In a phase transformation of the second
kind, p(r) changes continuously in such a way that the symmetry
of the crystal is different before and after the transformation.
The thermodynamic function F which completely defines the
system is a function of p, T, and p, and in a state of equi-
librium, F is a minimum,

. . . 12
From thermodynamic considerations, Landau showed



that for a phase transformatioﬁ of the second kind to be
possible, it is necessary that the change of symmetry of
the system at the transition point must be such that the
space group of the lower symmetry form is a subgroup of
the space group of the higher symmetry form.

It.is convenient, in considering the symmetry of
space groups, to use the mathematical formalism of the

13

representation of groups. Seitz showed that any irreducible
representation of a space group could be given by a set of

functions of the form

(2.1.1.) kneZ“i(E'E)

B

where k is a vector which characterizes the representation
in the reciprocal space, Uy, are periodic functions with
the same periods as the di;ect lattice, and the suffix

n = 1, 2, ..., labels functions with the same k.,

In terms of the theory of the representation of
groups, Landau's theory of phase transformations of the
second kind requires that the change of symmetry of the
crystal should correspond to a single irreducible representa-
tion of the space group of the higher symmetry form and
that there should exist no third-order invariants corresponding
to this irreducible r‘epresen’cation1"P « Thus, according

to Landau, a phase transformation of the second kind is only

possible for representations with k-vectors for which



-k = k + Q where Q is zero or a primitive vector of the
reciprocal space, or with k-vectors for which the proper
symmetry group contains symmetry axes and planes intersecting
at a point.

In the following Section, the phase transformations

of sodium pyrophosphate will be examined along these lines.

2.2, Order of the Phase Transformations of NaUP207

A full description of the phase transformations of
the system of sodium pyrophosphate will be given in Chapter IV,
Here, the observed phases of the system are summarized in
Fig, 2.2.1,

At room temperature the structure of the system is
orthorhombic in space group P212121 with a = a, = 9.37,
b =b, =539 ¢c=c = 13,48 X,and z = 4, The space group
becomes C2/c at 405 °C. with a = ao; b="b,c=2¢c,; £= 93°
and z = 8, At 520 °¢. the structure changes in such a way
that the a axlis becomes the unique axis and the ¢ axis has
a length of 300. The space group is now Cc, and z = 12.
Between 540° and 600 °C. the diffraction pattern loses its
superstructure reflections, i.e. those indexed with 1 # O
(modulo 3), and simultaneously develops a 6-fold axis. The
space group is now P63/mmc with a = b = b, and ¢ = c_.

Hysteresis effects (Section 4,6), common across the
phase transformations and twinning (Section 4.3) indicate

that the phase transformations are probably first-order.
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It is, however, worthwhile to investigate the conclusions
that can be drawn systematically from Landau's theory.

For phase D (Fig. 2.2.1), since B = 93° which cannot
be readily expressed in terms of the angles of the other
phases, transformations T1, T2 and Té involying phase D at
one end, must be eliminated as being of the second kind by
the subgroup condition. Transformations T3 and T5 involve
a tripled ¢ axis; they are impossible as transformations of
the second kind because each corresponds to a cell with lattice
vectors (0O, O, %) which give rise to a function eZﬂiZ/3 which
has a non-vanishing third-order invariant. The only trans-
formation which might be of the second kind is probably T4,

We will investigate this in more detail.

Phase A with space group P212121 has a unit cell
volume equal to twice that of phase B with space group P63/mmc.
With reference to an orthogonal coordinate system (i, j,k) the

direct lattice vectors of A and B are given by

a=ai a =zal - 2bj
(A) b =Dbj (B) b =Dbj
¢ = ck c = ck

The reciprocal lattice vectors of A and B are then

a* = (1/a)i a* = (2/a)i
(A)  Db* = (1/b)] (B) b* = (1/a)i + (1/b)]i
c* = (1/c)k e* = (1/c)k
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The reciprocal lattice of B therefore consists of the points
(200), (110), (001) etc. while the reciprocal lattice of A
consists of the points (100), (010), (001) etc, Thus, the

ordering corresponds to the three vectors

k, = (100); k, = (010); and k, = (001),

3

Since
-k, = 51 - (200)
= k, - (110) - (110) + (200)

ks - (001) - (001)

the condition -k = k + Q for a phase transformation of the
second kind is fulfilled. We still have to check over the
third-order invariants. Now, third-order invariants are
possible if there exists a sum of three vectors equal to a
primitive lattice vector of the reciprocal lattice of the

higher symmetry form. This is the case here because

(111)

+
=
1

(110) + (001)

and the second line corresponds to a reciprocal lattice vector
of B. Hence, transformation T4 cannot be of the second kind,
We have therefore shown that all the observed phase
transformations of the system of sodium pyrophosphate could
not be of the second kind. However, since there are a number

of transformations of the system which are very close together,



we could not conclude, pending further information on the
structure of these phases, whether any of the totality of

the phase transformations of the system of sodium pyrophosphate

could be of the second kind or not.



CHAPTER III

PRINCIPLES OF STRUCTURE DETERMINATION

In the determination of a crystal structure various
methods are employed depending on the degree of complexity
of the structure, General principles of structure determina-
tion are discussed in a number of standard texts, e.g.

15 and Stout and Jensen 16 . In this

Lipson and Cochran
Chapter, no attempt is made to discuss all the principles
involved; rather, only the principles of those methods which

are pertinent to the present investigation will be discussed,

3.1, Basic Corrections

The structure of a crystal is revealed by the pattern
and the magnitude of the intensities of the reflections formed
when a beam of X-rays impinges on the crystal. These intensities
are recorded either on a photographic film or with a counter,
In either case corrections must first be made on their magni-
tudes before they can be used in a structure determination,

The corrections to be made are mainly due to the geometry
of the instrument used in collecting the data and to the size
of the crystal used. There are three effects for which correc-
tions must be made, namely: the Lorentz factor, L, the polariza-

tion, p, and the absorption, K. If IO(H) is the observed

13
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intensity of a reflection H = (h,k,1)* relative to some
arbitrary scale, the corrected intensity IC(H) relative to

the same scale is given by

' . K

The Lorentz factor arises from the fact that for a
rotating crystal, various reflecting planes spend unequal
times within the narrow angular range over which reflection
occurs., It depends therefore on the technique used. For

the equi-inclination Weissenberg, it is given Dby
. . .2 s 2
L = sin 9/[sin 26J(sin“® - sin“%)]

where & is the equi-inclination setting angle and € is the
usual Bragg angle. For a precession camera, the expression
for L is very much more complicated; and a detailed discussion
was given in an article by Waser 17 .

The polarization term, p, arises becausé of the nature
of the x-ray beam and the manner in which its reflection

efficiency varies with the Bragg angle. It is given by
_ 2
p = (1 + cos“20)/2

and is independent of the particular measurement technique used,

# "1" is the lower case of I,, The numeral ONE is "1".
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0f the three common types of corrections absorption
is the most difficult and is oftéh omitted when the data are
not of high accuracy. The difficultyis due to the fact that
the correction depends on the size and shape of the crystal.
For each reflection it is necessary to calculate the absorption
for the actual path length traversed within the crystal by
the beam reflecting from each infinitesimal portion of the
crystal and then integrate these results over the entire volume
of the crystal. A general expression cannot be given for a
crystal of an arbitrary shape. It is a general practice,
therefore, to grind the crystal into a well-defined shape and
the shape which is most easily obtained and consequently most
often used, is a sphere, For a spherical crystal of radius R
we have to calculate first the quantity pR where u is defined
by

b= D2 [(4/10); (We); |-

In this expression D is the density of the crystal, A is the
atoﬁzc weight of the individual atom in the crystal, M is the
molecular weight of the compound, and (p/p) is the mass absorp-
tion -coefficient depending on the wavelength of the radiation
used. The summation is over all the distinct atoms in the

unit cell, The values of (p/p) for different atoms in common
wavelengths as well as the absorption corrections for fixed
values of PR in the range of 6 from 0 to 90° are tabulated in
the International Tables for X-Ray Crystallography 18 . The

corrections are to be applied according to Equation (3.1.1).
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3.2, Extinction Correction

In addition to the basic corrections discussed in
Section (3.1), a further correction may be necessary depending
on the apparent accuracy as indicated in the final stages of
the refinement, It is the extinction correction, There are
two types of extinction, namely, primary and secondary., Primary
extinction relates to the interference effects on the diffracted
beam as it is multiply reflected between the reflecting planes,
The net result is to cause the intensity of the diffracted
beam to be proportional to |[F| rather than |F2| . A crystal
for which this is strictly true is termed an ideally perfect
crystal, However, due to the mosaic-block character of most
crystals, very few specimens approach this ideal state and

the intensity I is given by
I |p?

where 1 < n < 2, but is usually near 2, If primary extinction
is neglected, n = 2 exactly,

Secondary extinction arises for reflections of such
intensity that an appreciable amount of the incident radiation
is reflected by the first planes encountered by the beam with
the result that the deeper planes would receive less power
and subsequently diffract less than they would do Atherwise.
Crystals in which the mosaic blocks are not well-aligned, will
suffer less than those in which the alignment is more nearly

parallel. A mosaic crystal in which secondary extinction is



17
negligible is termed ideally imperfect. Secondary extinction
is more pronounced for reflections at low values of sin 6/\
where the general level of the intensities is highest, Its
existence is indicated by the observed values for the intense
reflections being systematically less thaﬁ their calculated
values, If g is the secondary extinction coefficient which
is characteristic of the crystal for a given radiation, then
the observed (Io) and calculated (Ic) intensities are related
by

I, =1, exp(- ZgIC).

On expanding and neglecting terms in Ic higher than the first,

we have

I, = Io(l + Zglc).

A plot of Ic/Io versus I, should be linear with intercept 1
and slope 2g. If secondary extinction is present, g > 0 and
its value is determined from the slope. Substituting this

value of g in the above equation, we have

lcorrected = Io(1 f ngc)'
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3.3, The Method of Least Squares

An analytical method of refinement of great power
and generality is that based on the principle of least squares,
Consider a function G whose value is determined both by the
"location" variables (xl. Xos eoes XN) and the independent

parameters (pl, Por sees pn) which define the function. Thus

(303'1) G‘ = g(le e 0y xN; p1' es ey pn)n

If the values of the function are measured at m different
points with m > N, the principle of least squares states

that the best values for the parameters Pys +ess P, are those
which minimize the sums of the squares of the properly

weighted differences between the observed Go and the calculaied
G, of the function for all the observation points. Thus,

c
the quantity to be minimized is given by

v 3:2 . = I . . .
(3.3.2) D wy (Gos = Gy
where wj is the weight assigned to each observation. Regarding
the pi's as variables, a minimum of D implies BD/épi = 0 for

all i = 1' 2. seeey N, That iS,

O Vo o . - . ___C_j_ - ] =
(3 3 3) zj.—_-]_ WJ (GOJ GCJ) ap, 0. (1 1, weey n)
1

The set of n equations in n unknowns is called the normal

equations,
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In X-ray diffraction the function of interest is the
magnitude of the structure factor |F| where the x variables
are the Miller indices of each reflection, h, k, 1 and the
p parameters are the atomic positions, temperature factors,
multiplicities and scale factors, The indices h, k, 1 are
often used in place of m, Writing H for (h, k, 1), Equation

(3.3.3) becomes

o) P (H)|
(3.3.4) = wE[IF, ()| - [F 0] —2— =0 (i=1,.., n)

H 5pi

where, for simplicity, the scale factor usually in front
of |F, | is absorbed into ]Fcl itself,

The set of Equations (3,3.4) involves the partial
derivatives of IFCI with respect to each I The mathematics
would simplify considerably if |Fc| were linear. However,
in X-ray diffraction, the structure factor function is transcen-
dental which can be expanded by a Taylor series. If p =
(pl. e pn) is the true value which satisfies Equations (3.3.4)
and q = (ql, coey qn) is close to p so that 8; = D3 - Qj

i
are small for all i, then we have

n J|F (Hiq)]
(3.3.5) | F (Hip)| = |F (Hiq)] + = BT

2
.+ 0(8.9),
i=1 dp. . 1

1

In the linear approximation, all terms of order higher than

the first, 0(612),are ignored so that

3| F, (Hiq)] 5

n
(3.3.6)  |F (Hip)| = [F (Hia)| + % =
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Substituting (3.3.6) in (3.3.4) and simplifying, we have

d|F _(H; O| F _(H;
(3.3.7) g = w(H) | C( 2l ol C(H il .
j=1 H apj 8pi‘ J
| O|F,(Hiq)|
= EW(H)[!FO(H)I -IFC(H:q)I] ™ (i=1, .e. , n)

This is a system of n equations in n unknoWns, the 6j's.
These equations are linear in the éj's and are solvable in
them, Combining these with the initial approximation,
the qj's, gives better, although still approximate, values
for the various parameters., These may be used to repeat the
process until convergence is obtained, and successive cycles
" produce no further changes.

It is of importance to realize that the method of
least squares is only applicable to refinements when the
initial parameteré\are reasonably accurate, Thus, it is'
not possible to solve by this method for the parameters
directly from the intensity data without first developing

the structure by other methods such as the Patterson method

.or the direct methods.



21

3.4, Estimated Standard Deviations from Least Squares

In the set of equations (3.3.7), if we write

3| F,(Hiq)| OIF,(Hiq)l

(3.4, 1) aj5 = Zﬁ w(H) api an
and
OlF _(H;q)]
e
c; =L w(t)[[Fy ()] = | P (Hia)(] o

then (3.3.7) becomes

[~ - - W [~ T
a9y Bqp eeees Bqp 61 4
a21 a22 ® o0 00 azn 62 c2
an1 8pp ceeee 2nn Lén °n

or, more compactly,

(3.4.2) A8 = c.

The inverse matrix 5'1 -1

) =

can be represented by B = (b,

m
>

J
and we are interested in the matrix elements bij'

In the least-squares refinement of a structure, it
is a standard practice to solve the normal equations (3.3.7)
in the matrix form (3.4.2) and to obtain both the new values
of the parameters varied and their estimated standard

deviations, 0. The general equation for calculating o for
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any of the n parameters is

(3.4.3) oy "\/bii(zﬂ w() |7, (D)1 - IF () [?)/(m = n)

where m is the total number of reflections.

3.5. Weighting Functions

fhe function w(H) in Equation (3.3.4) is the weighting
factor for each observation H, It should be a measure of
the reliability of the observation., If properly chosen, it
has the effect of adjusting the contribution of each observa-
tion to the normal equations in such a way as to produce the
most reliable results., From statistical considerations, the
best weight is equal to the square of the reciprocal of the

standard deviation o of the observation, i.e.

(3.5.1) w(H) = 1/0 2(H).

One method of estimating o(H) has been given by Equation (3.4.3).
It is not generally feasible, however, that in structure
determinations involving a large number of reflections, the
o(H)'s could be reliably obtained, In 1961, Cruickshank19
proposed a weighting scheme which requires that the averaged
weighted discrepancy <w(H)||FO(H)[~|FC(H)||2> be a constant

function of some systematic parameters such as ]Fol or sin 8/x,

The functional form for the weight is usually taken to be
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(3.5.2) w(H) = [A + BF (H) + C Fi(H)]"1

where A, B, and C are constants determined experimentally.
This weighting scheme, however, is only used in the last

few cycles of a refinement when the constancy of the weighted
discrepancy average could be obtained.

For reasonably good X-ray data, however, it is found
that results from structure refinements are not strongly
dependent on a particular weighting scheme although the use
of proper weighting functions can produce a real, if small,

improvement in the results from a given set of data.

3.6, The Temperature Factor

An atom in a crystal is not stationary; it is constantly
vibrating about its mean position with amplitudes which might
be different in different directions. This vibrational
motion is temperature-dependent in particular, and the
corrections to be applied are therefore termed the temperature
factor. For the isotropic case in which the vibration is
uniform in all direction, the temperature factor of an atom

for a given set of planes (hkl) is given by

. 2 2
B (2 sin © B/ 1 \
(3-601) exp { - +— (-—————-—-———) = exp |- —-(.—.—
4 A b dhkl)

where B = 8ﬂ2u2, u2 is the mean-square amplitude of vibration,
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and l/dhkl is the reciprocal of the interplanar spacing,

given, for the general crystal system, by

(3.6.2) 1/d, . = J(h%a*? + K%o%% 4+ 12%c*° + 2hka*b*cos Y*
: hk1

4+ 2hla*c*cos B* + 2klb*c¥*cos a*)

For the éhisotropic case, the temperature factor must have
a parameter for every term in the expression (3.6.2) since
each term represents a component perpendicular to the set
of planes (hkl), The general temperature-factor expression
is therefore

2_,2 2. .2

(3.6.3) exp [ - 2m°(Uy h%a*® + Uy k70*” + Uys1%

5
+ 2U12hka*b*cos Y¥ + 2U13hla*c*cos g

+ 2U,.klb*c*cos a*)]

23
where the Uij are the thermal parameters expressed in terms
of mean-square amplitudes of vibration in Xngstroms. Another
expression for anisotropic factor is commonly used in the

literature and in some computer programs; it is

_ 2 2 2 |
(3.6.4) exp [ (Bllh + Szzk + 8331 +2812hk +2613hl +2823k1)]
The relation between the Bij and Uij is therefore
_ 2
(3.6.5) Bl,) = 2q (E{'E‘S) Uij

where e¥, e3, g% stand for a%*, b*, c* respectively.
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3.7, The Phase Problem
The intensity I(H) of a reflection H = (h,k,1l) is
related to the amplitude of scattering ]F(ﬁ)[2 on an absolute

.scale, the relationship being
(3.7.1) I(H) = k|F(H)|?

where k is a scale constant, F(H) is a complex quantity.

It is the resultant of all the waves scattered in the direction
of H by all the atoms in the unit cell, If fj(ﬁ) is the atomic
scattering function for the j-th atom whose position vector

in a coordinate system with axes parallel to the three basis
vectors of the cell is gj, then

(3.7.2) F(H) = £4(H) exp[2mi(Her;)]

hM=2

j=1

where the summation is over all the atoms N in the unit cell.

Equation (3.7.2) can be written in another form
(3.7.3) F(H) = |F(H)| exp[if(H)]

where @(H) is known as the phase of the structure factor F(H).
A éomplete knowledge of |F(H)| and @(H) for each H would

make structure determination a routine computational procedure,
Unfortunately, however, in X-ray crystallography only I(H)

is measurable and therefore only the magnitude [F(g)lis
available., @(H), in general, is missing. This lack of

information about the phases of F(H) is known as the Phase Problem.
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‘There are two main approaches in structure determina-
tions, each being typical in tﬁé way in which this missing
information about the phase is handled. One approach is
to ignore this missing information altogether in the initial
stages and is generally known as the Fourier Method. The
other is to try to retrieve in the beginning as much as
pbssible this missing information by some statistical arguments.
This latter approach is known as the Direct Method, In the

present investigation, both methods have been used and the

principles underlying each of them will be described briefly,

3.8. The Generalized Structure Factor

The structure factor as defined by Equation (3.7.2)
has been considered as the resultant of adding the waves
scattered in the direction of H by all the atoms in the
unit cell. This approach was based on the assumption that
the scattering poweg\of the electron clouds surrounding each
atom could be equated to that of the proper number of electrons
concentrated at the atomic centre. The structure factor
éan also be viewed from another standpoint., It can be
regarded as the sum of the wavelets scattered from all the
infinitesimal volume elements of electrons in the unit cell, -
If p(r) is the electron density at a point r in the unit cell,
then in a small volume element dv about r, the number of
electrons is p(z) dv and the exponential form of the wavelet

scattered by this element is p(g) exp[Zﬂi(H-r)]dv .
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The resultant is then the integral of all the elements

in the unit cell, i.e. ~

(3.8.1) F(H) = fif o(r) exp[2mi(H-r)]av

where V is the volume of the unit cell., Functions such as

(3.8.1) can be Fourier-transformed to give

(3.8.2)  p(r) =3 I3 F(4) exp[-2mi(5-)] ak.

The range of H is from - * to + « for each of the integral
values of h, k, and 1. Equation (3.8.2) can therefore be
written in a more precise form as

1

v Eﬂzi: F(H) exp[—Zﬂi(E-g)].

(3.8.3) p(r)

From Equation (3.7.3) we have

z ¥ IF(E)Iexp[;Zﬁi(E.EX]eig(ﬁ).

(3.8.4) p(r) = 1
vV i{_:-m

Everything on the right hand side of Equation (3.8.4) is
observable except @(H). It is obvious therefore that the
information of @(H) is vital to a structure determination,
Once p(g) is known throughout the unit cell, we can
assume p(r) = Zipi(£ - gi) where pi(lgl) is known about any

i-th atom and determine r; for all atomsin the unit cell,
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3.9. The Patterson Function

In using the Fourier Method to determine the structure
of a crystal, the initial step is to map out a function,
known as the Patterson Function, first introduced by
A.L. Pattersonzu) in 1935. He pointed oﬁt that it was
possible to use the phaseless quantities |F(H)|2 to deduce
information on the relative positions of the atoms in the
unit cell, The argument is as follows: consider the function

defined by
(3.9.1) P(s) = V fif p(r) p(r + s) dv

where s is a continuous variable similar to r., Substituting

Equation (3.8.3) for p(r) and p(r+s) we have

P(s) = 1 JJJ Z F(H") exp[}Zﬂi(H'-rﬂ L F(H) exp[-Zﬂi(H-(g+s))]dv
VY S e
= I T F(H) exp [-2mi(H-s)] £ F(H') JJJ exp[-2mi(H+H') xr]dv
Y T T Y ST
The volume integral is identically zero unless H = - H' in

which case its value is V., Hence, we have
(3.9.2) P(s) = T F(H) exp [-2mi(H+s)] F(-H)
H
From Equation (3.8.1) and from the fact that p(r) is a real

quantity, F(-H) = F#(H) which is the complex conjugate of F(H).

Equation (3.9.2) therefore becomes

(3.9.3)  P(s) =2 | F(H)| exp[-2mi (H-5)]
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Recalling I(H) = kIF(g)lz we see that the Patterson Function
P(s) can be expressed as a series whose coefficients are the
intensities I(H).

The physical meaning of P(s) can be obtained directly
from its definition, Equation (3.9.1). Peak values of P(s)
at s will normally correspond to simultaneous peak values of
p(r) at r and (r + s). This implies there are atoms invthe
unit cell separated by a vector s. If there is a heavy
scatterer in the unit cell at r, then p(r) will have a large
value and the producf of p(r) and p(r+s) for any other atom
(r + s) will be appreciable, It is obvious therefore that
in structure determinations if the positions of a heavy
scatterer in the unit cell is known, the positions of other
atoms relative to it could be more readily found than if a
heavy scatterer is absent. On the other hand, it is also true,
though less obvious, that if the atoms in the unit cell are
in such relative positibns as to make the vectors s nearly
parallel and of the same length, the peaks in a Patterson map
could be confusing and an interpretation could be extremely
difficult. This was actually the case in the present investiga-
tion of the room-temperature phase of sodium pyrophosphate,

and the situation was finally resolved using direct methods.

3.10, Direct Methods
Direct methods in structure determinations fall into
two catagories, namely those which are applicable to centro-

symmetric space groups and those which are applicable to
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noncentrosymmetric space groups. General theory of direct
methods applicable of centrosymmetric space groups is described
in a number of textbooks (e.g. Woolfson 21 ) and is irrelevant
to the present investigation which involves the noncentro-
symmetric space group of P212121. In what follows, methods
which are pertinent to noncentrosymmetric space groups will

be discuss;d and in particular, details will be confined to
space group P212121.

The basic theory of direct methods applicable to non-
centrosymmetric space groups is largely due to Hauptman and
Karlezz’ 23 . Starting with the definition of structure
factor F(H) given by (3.7.2), since it is a complex quantity,

it can be written as

F(H) = F(H) exp if(H)
= A(H) + i B(H)
where
N
A(H) = T f£.(H) X(H, r)
j=1 J J
and
N
B(H) = Z f(ﬂ) Y(_I:I_o ?_-"_)-
j::l J J

X(g,gj) and Y(g,gj) are trigonometric functions depending on

the space group; e.g., for Pl, we have

x(_}ilz)

cos 27m(H-r) Y(H,r) = sin 2m(H-r)
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The exact forms of X and Y depend also on the choice of the
origin and these have been tabulated in the International
Tables for X-Ray Crystallography24 .

Next, the second moments of X and Y are defined:

nd = fIF x%(H, ©) dv m2 = LI Y2(H, r) dv
2 20 0 2 L
. v v 7
For reflections which are pure imaginary, mg = 0, for reflections
which are pure real, mg = 0, and for general reflections,
mg = mg. If the number of equivalent positions is n, we can
define a small number e = (mg + mg)/z . Obviously, e is

space group dependent; but most important of all, it depends

on He For space group P212121, we have

e(H) = e(h,k,1) =2 if h = k = 0, or
ifk=1= 0, or
ifl1=h= 0, and

"

1 otherwise,

In direct methods it is advantageous to introduce a normalized

structure factor E(H) defined by

N
(3.10.1)  |E(H)|? = IF(_}j)Iz/[e z f.Z(E)J
=1 Y

so that, statistically, E(H) = 0 and E

2(_B_:) = 1, Apart from
having mathematical convenience in probability calculations,

values of E(H) allow the normalization of all classes of
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reflections to a common basis, 'It is therefore possible to
avoid a rather subtle source of error in the comparison of
special sets of reflections,

The values of |F(ﬂ)|2 in Equation (3.,10.1) are not
the "raw" data obtained from I(H). They must be corrected
for vibrational motion and must be placed on an absolute scale.
The actual procedure to carry out this correction is described
by Karle and Hauptman 23.

The principal formulae which are used in determining

phases for noncentrosymmetric space groups are

(3.10.2)  dy = (B + By g

and

EKIEKEH_KISin(ﬁk + ¢H-K)
(3.10.3) tan ¢H - —— == = = a-a

= EKIEEEE-KICOS(gﬁ + ﬁﬁ-ﬁ)

In Equation (3.10.2) the average on the right hand side is
taken over the set of all reflections, K. whose E-values are
relatively large. Equation (3.10.3) is used to generate
additional phases after the phases of a certain number of
reflections have been obtained.

To apply Equation (3.10.2) it is convenient to divide
the data into sets with respect to the behaviour of the components
of the index upon inversion. This can be worked out directly

from the real and imaginary parts of the structure factor
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which have been tabulated in the International Tables for
X~Ray Crystallography 2h . For space group P212121, the
phase relationships among the various reflections of the

same numerical values of h, k, and 1 are shown in TABLE III.1,

3.11, Phase Determination

In order to avoid lengthy digression in Chapter V,
the practical detail of phase determination of Na4P207 which
had been carried out, is described in this Section.

There were altogether 493 unique reflections from
precession films. Using Equation (3.10.1), the magnitude
of the normalized structure factor IE(h,k,l)l for each reflec-
tion was calculated. The reflections were then separated into
eight groups according to their h, k, 1 values being even or
odd; and in each group they were arranged in descending orders
of magnitude of |E|, terminating at the arbitrarily chosen
value of 1,5, The results were shown in TABLE III.2. There
were only 101 reflections with |E| values greater than 1,5
which amounted to about 20% of the total unique reflections.

To fix the origin and the enantiomorph in space group
P212121, it is convenient to use the phases of two-dimensional
data since each of these is centrosymmetric, With the help
of TABLE III.1, the origin and the enantiomorph were assigned
as shown in TABLE III.3. Three other reflections were also
assigned symbols, p, g, and r. They were reflections 119,
24l and 715 respectively. These reflections were chosen because

they enter into many combinations for the average in
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TABLE III.1

34

NOTE: g stands for even.and u stands for odd.

Reflection h k1 h k k1 hkx1
g£8g, uuu a - - a - a
g8u, uug a - - a T - O
gug, ugu o il - O -
guu, ugg o T - T -0
Ogg 0,7 g0g Oy £g0 0,
Ouu +ia ulg o,m ug0 i
Oug 3T gou s guo 0,m
Ogu 0, ulu tim uuo +im
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Reflections with |E|>1.5

TABLE III.Z2,
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TABLE III.3

Assignment of Origin and Enantiomorph

h k 1 |E(h,k,1)] #(h,k,1)
3 3 0 2,99 + 2
2 0 9 2,20 + 5m Origin
3 0 12 1,82 0
L 0 s 2.12 + &m Enantiomorph
1 1 9 2.70 P
4 4 2.89 a

7 1 5 2.79

=
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Equation (3.10.2) and they were associated with relatively

large |Ej values., Because they were not two-dimensional,

the values of p, q,yand r would lie in the range -m < p,q,r < T,
TABLE III.4 shows the application of Equation (3.10.2)

in the determination of the phases of 28 reflections., To

obtain a value for p and q, we looked at Steps (2) and (3)

of TABLE III.4. These at once gave p = q = 0. From Step (1),

37" 4+ p=r - tn implies r = 7 when p = 0, These values of

Py @, and r led to no apparent contradiction in all the steps

shown., We could therefore obtain a set of phases for 35

reflections as shown in TABLE III.S5.

3.12, Struc ture Determination
An E-map was first calculated with the 35 reflections
using Equation (3.8.4) where the |F(H)| was replaced by [E(H),

i.e,

(3.12.1) PE(r) = |E(§)Iexp[-Zﬂi(E.z)]eiﬂ(E)

L
VH
Surprising enough, even with this small number of known phases,
a grid of about 0.3 R in three-dimensions showed the positions
of peaks which could be identified as phosphorus and sodium,
Fig. 3.12.,1, It was also possible to introduce the three 21
axes of the system, thereby fixing the origin of the unit

cell; An initial structure factor determination with only

two phosphorus atoms on the 493 reflections resulted an R value

of about 40%. Further Fourier syntheses disclosed gradually
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(28) 2 6 -5 T-{
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Applications of Equation (3.10.2)
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Phases of 35 Reflections

TABLE III.5.

NOTE: The phases are expressed within

-m<ggm .,

the range

|E(h,k,1)|
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the positions of the rest of the 11 atoms of oxygen and
sodium, The final R value for the 493 film reflections
with isotropic temperature factors is 10%. The rest of
the refinement of the structure was then carried out with
another set of more accurate diffractometer data and will

be described fully in Chapter V.



CHAPTER IV

PHASE TRANSFORMATIONS OF SODIUM PYROPHOSPHATE
AND SODIUM DIARSENATE

Differential thermal analyses (D.T.A.) showed that

both Na, P and Na4A3207 exhibited phase transformations

207
in the range of temperature between 20 and 700 °c, Na4P207,

in particular, has a very rich variety of transformations,
Although NahP207 and Na4A5207 are stoichiometrically equivalent,
the changes in their various phases bear no immediate
resemblance. In what follows, a description of the observed

phenomena pertaining to the phases of these two compounds

will be given,

L,1, The Phases of Sodium Pyrophosphate

A D.T,A, trace of sodium pyrophosphate is shown in
Fig. 4.,1,1, It is convenient to label the phases by Roman
numerals as shown. Phase I is the room-temperature phase,
At this temperature it is very stable and the space group is
P2,242,. The unit cell dimensions a, b and ¢ are 9.367,
5.390 and 13,480 R respectively., The transformation I-II
takes place at 405 °Cc. and the space group becomes C2/c with
B==93° and the c¢ axis double that of phase I, Phase II

exhibits a "twinning" phenomenon which is discussed further

L2
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D.T.A. Tréces of NahP207
400 500 600
}
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Fig, 4.1,1, Heating and Cooling D,T.A. of Na4P207.

Transition temperatures quoted in text have been

corrected from charts supplied by manufacturer,
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in Section (4.3).
The next two transformations II-IIT and III-IV occur
at 517° and 5220C. respectively. Since these phases differ
in temperatﬁre by only 5 degrees and the equipment for the
precession camera was not designed to hold‘temperatures steady
within that range, only data of the system in phase IV at
the range 535 * 5OC. were recorded. An attempt was also
made to take precession photographs in the range 520 t SOC.
They showed, in general, orthorhombic symmetry with occasional
photographs showing slight deviations favouring a monoclinic
system with B = 90°, (This means that the reflections showed
an overall orthorhombic symmetry with only a few reflections
having intensities which were visually different from their
orthorhombic equivalents.) The extinction conditions were:
"hkl: h + k¥ = 2n; hOl: 1 = 2n; 0kO: k = 2n which satisfied
several C-centred space groups including Cc and C2/c. Here
in phases III and IV, the ¢ axis is triple that of phase I
and this tripling of the axis imposes some limitations to the
_choice of space groups. (This aspect will be discussed more
fully in Section (8.2) of Chapter VIII.) In space group Cc,
the best R value in the refinement was 20%. Unfortunately,
the refined structure did not show pseudo-C2/c symmetry and
thus, this space group, C2/c, will be tested separately.
Around 555 ¢ 10°C. there were three phases V, VI and
VII., Again only reflections of the system past the transition

temperature within the phase field were recorded. The inter-
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mediate phase VI was very unstable and was nearly obliterated
in the cooling process. This miéht be the reason why it was
not detected at all by Kurian and Tamhankar 2 in their D.T.A.
studies on the polymorphic transformations of the compound.
Phase VII is hexagonal and the ¢ axis becomes once again equal
to that of phase I. This phase is highly disordered and
refining in space group P63/mmc, an R value of 10% was obtained
using a disordered model, Further evidence of disorder is
shown by a rotation of the ab plane about the ¢ axis

(Section(4.4)) and by the existence of streaks (Section (4.5)).

4,2, Unit Cell Dimensions of Sodium Pyrophosphate

The rich variety of phases of sodium pyrophosphate can,
to a large extent, be attributed to the special relationship
between the two shorter axes a and b, and to the special
arrangements of the pyrophosphate ions in the unit cell., Here
in the room-temperature phase, a = 9,367 % and b = 5,390 X
so that the ratio asb is close to 43:1. This special feature,
coupled with an angle of 90° between these axes, has some very
interesting geometric consequences. As shown in Fig, 4.2.1(a),
the hypotenuse PQ is twice b so that the mid-point M of PQ
-forms an equilateral triangle with R and P, Also, still in
the ab plane, it is possible to construct regular figures as
shown in Fig., 4.2,1(b), "The pyrophosphate and sodium ions
" seem to take good advantage of these interesting features.,
They occupy locations which are very close to the special

positions, Fig, 4.2.,1(c) and (d). This general arrangement
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persists throughout the various phases. Each new phase results
primarily from a change in the orientation of the bridging
oxygen atom of the pyrophosphate ion., There are many possible
orientations although some cannot co-exist with others in a

crystal structure (Cf. Chapter IX).

4.3, "Twinning" of Sodium Pyrophosphate at 405 %,

When sodium pyrophosphate transforms from phase I to
phase II, disorder occurs resulting in what we have termed
as a "twinning" phenomenon. Fig. 4.3.1 shows an arrangement
of the reflections in the hOl projection. The angle a%*oc*
is 90°, This pattern persists until the temperature of the
crystal is near the transition point from I to II. At this
temperature two things could happen. First, the angle a¥*oc*
becomes 87° and the h = odd reflections disappear. Second,
a weak pattern which is the image of the new pattern reflected
in a mirror perpendicular to c* begins to superimpose on the
existing pattern, Fig. 4.3.2., One way to describe the
mechanism involved in this phenomenon is to assume that a
small portion of the crystal is related to the main portion
by a mirror through b* and perpendicular to c*, This should
not be surprising since the crystal started with an ortho-
rhombic system at room temperature and becomes monoclinic
at the transformation. In forming phase II, it is possible
that a small portianpreferspne orientation to the other,

Fig. 4.3.3. This point of view is supported by the fact
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that the intensities of the weak and strong patterns in
Fig. 4.3.2 become equal when the crystal is allowed to remain
in phase II for a long time and also that it is possible to
get little or no "twinning" at all in some cases. In these
latter cases, the entire crystal would be oriented in one
direction only., Furthermore, there is no observable "twinning"
in the Okl projection and this seems to be in favour of the
present description.

The phenomenon of twinning persists until the transi-

tion II-III at which the angle a%*oc®* becomes once again 90°,

Lok, Rotation of the ab Plane about the ¢ Axis

If a crystal of sodium pyrophosphate was aligned with
the ¢ axis as the spindle axis on a precession camera, 1t was
found that when the crystal was heated from room temperature
to around 600 °C. and then cooled back to room temperature,
there was a finite probability of finding a rotation of 60°
about the ¢ axis for the ab plane. This was indicated by
a rotation of 60° necessary to retrieve the same projection
as before the heating. Under normal circumstances this may
be surprising; but in the present case it is not. The reason
is that at 600 °C, the crystal developed a 6-fold axis parallel
to the ¢ axis in a hexagonal system. In this phase, therefore,
there could be no distinction betwan the axes separated by
60°, The crystal simply "forgot" which was the previous a

axis and settling down to the room-temperature phase, it might

have chosen an axis which was 60° away. This point of view
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is supported by the fact that it is possible to have no

rotation of the ab plane at all in the heating and cooling
processes, Unfortunately, this rotation of the ab plane is
more or less arbitrary so that this property of the system

could not have any foreseeable application,

L,s, Streaks of Sodium Pyrophosphate at 600 °cC.

Throughout the various phases of sodium pyrophosphate
it is found that the orientation of the bridging oxygen atom
in the pyrophosphate ion plays an important role in determining
the final structure of the each phase., Because of the apparent
ease in going from one orientation to another, "mistakes"
are expected, especially in the ab plane where a layer
arrangement predominates,

Streaks were observed in the hexagonal phase at a
temperature around 600 °c. For projections up the c¥* axis,
they occurred at reflections where 1 = bdd, and h - k¥ = 3n,
Fig. 4.5.1, These streaks were directed parallel to the a* and b*
axes as is evident from the six-sided star formed by the |
reflections 101, 111, and their equivalents, From an hOl
projection, Fig., 4.5.2, it is seen that streaks also occurred
in a direction parallel to the c* axes and at reflections with
h = odd only which is consistent with the condition h-k=3n above,

The mechanism for the streaks could be described in

terms of the disordered nature of the orientations of the

bridging oxygen atoms. Fuller discussions will be given
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in Chapter X where a model for the disorder of sodium pyro-

phosphate is described.

4,6, Variations of Cell Axes of Sodium‘Pyrophosphate

The lengths of the axes of the unit cell when measured
as a function of temperature, show some interésting features,
Figs, 4,6.1 - 3. It was found that both the a and ¢ axes
showed points of contraction in the heating process. This
was rather unusual and might be considered to have been the
result of structural changes within the unit cell., 1In these
curves, peaks and troughs occurred at temperatures close to
those observed in a D.T.A. trace for the various phase trans-
formations.

It is of some interest to record here how the measure-
ments were taken. A precession camera was used. The axis
whose measurement was required, was aligned along the rotation
axis of the camera., A full precession photograph was first
taken at room temperature. The exposure time was about one
hour. Then the temperature of the crystal was increased by
a certain amount, the magnitude of which depended on the
changes in the vicinity of that range of temperature. When
the temperature was steady, the film holder was propped up
about 1 mm, and the exposure for approximately the same time
of one hour was taken., This process was repeated 5 or 6
times on the same film, each time with different temperatures,
When another film was required to continue the process, the

last recording on the previous film was repeated.so that a
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common scale could be established between the films. By so
doing, shfinkage variations of the films could be eliminated
in the relative values of the lengths of the axes,

The cooling curve was recorded in the same manner as.
the heating curve by reversing the control of the temperature,
There was a contraction of about 0,01 X of the ¢ axis when
it was cooled back to room temperature. It does not seem
likely, however, this will go on indefinitely each time the
crystal was heated and cooled because otherwise the crystal
would become smaller and smaller. Rather, we would expect
the contraction to relax back to its original value when
allowed to stand by itself over a certain period of time,

a process which might be similar to that observed in sodium

diarsenate (Section 4.7 below).

L.7. The Phase Transformations of Sodium Diarsenate

Like sodium pyrophosphate, sodium diarsenate exhibits
a series of phase transformations as detected by D.T.A. A
trace of the transformations is shown in Fig. 4.7.1. However,
"unlike sodium pyrophosphate, the first few transformations
of sodium diarsenate are not very prominent and they do not
correspond to any symmetry change detectable with a precession
camera, Furthermore, they are not immediately reversible;
the crystal tenas to retain its high-temperature phase for
"a certain period of timeveven though 1ts temperature is returﬁed
to ambient, It is only after being left at the room tempera-

ture for a week or so that the crystal fully recovers its
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normal ambient phase. The reversibility of the system as
a function of time was studied and the result is shown in
Fig. 4,7.2,

The major transformation occurring at 692 °c, is one
in which the crystal invariably cracks. Consequéntly, in

the present investigation, only the structure of sodium

diarsenate at room temperature was studied.
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CHAPTER V

CRYSTAL STRUCTURE OF Na4P20 AT 22°%,

7

SUMMARY

At room temperature sodium pyrophosphate, NauP207;
crystallizes in the orthorhombic space group P212121 with
a = 9.367(5), b = 5.390(2), ¢ = 13.480(8) X and z = 4, The
structure was solved initially by direct methods based on 493
unique reflections from films, to an R value of 10%, and then
refined by full-matrix least-squares using 1337 reflections
measured with a Syntex automatic diffractometer., The final
R value is 0,022, The pyrophosphate anion has a configuration
intermediate between staggered and eclipsed with a P-0-P angle
of 127.5(1)°. The two bridging P-0 bond lengths are 1.631(2)
and 1.642(2)'2 with terminal P-0 bond lengths avérages of 1,512
and 1,514 X on either side of the anion., Two of the four
sodium ions are coordinated to five oxygen atoms while the
remainder are coordinated to six oxygen atoms. These are sur-
rounded by six anions with the bridging oxygen atoms 1yiﬁg
approximately at the corners of an octahedron with the P-P
vector of the anion also paralleling the ¢ axis, Adjacent

anions along the ¢ axis are separated by a pair of sodium ions.

60
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5.1, Introduction

Although a large number of crystailographic studies
have been devoted towards elucidating the phases and phase
transformations of M2X207 and MX207 systems where the X ions
such as P, As and V, are tetrahedrally coordinated, sharing
a common bridging oxygen atom, the M4X207 system has largely
been ignored. Various members of this series show phase
transformations, for example: L14P20725 , LiuAszo7 5 R Na4A5207
and NauP207. However, N34P207 with six transformations as
1 , thermal expansion 26, and recent

27

determined by D.T.A.

crystallographic studies seems to be the most complex,

5.2, Crystal Data

Formula: Na4P207 Formula Weight: 265.95
Crystal System: Orthorhombic;
a = 9.367(5), b = 5.390(2), ¢ = 13.480(8) %
Volume of Unit Cell: 679.33 3
No, of Molecules/Unit Cell: z = 4
Specific Gravity: Peal.= 2.59, Pobs. = 2.53
Systematic Extinctions: h00, 0k0Q0 and 001 with h, k, 1 odd
respectively
Space Group: P212121
Wavelength of radiation used: MoKa1= 0.70926 X
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5.3, Preparation of the Sample

The preparation of anhydrous sodium pyrophosphéte
required no special techniques, Chemically pure sodium pyro-
| phosphate decahydrate (Na4P207.10H20) was heated in a platinum
crucible above its melting point and maintained at about 1000 °c.
for several hours. The melt was then cooled at the rate of
10 °c, per hour to 500 °c, when the power of the furnace was
shut off and the system allowed to cool to room temperatﬁre.
(The cut-off temperature of 500 °C, is simply the minimum
temperature of the furnace; it is not critical,) Good gquality
crystals of anhydrous sodium pyrophosphate suitable for X-ray
work could be obtained. The crystals varied from colourless
to pale blue-green depending upon the run, and often occurred
in the form of flakes. Several well-shaped crystals were
selected. and the dimensions varied from 0,1 to 0.3 mm, These
crystals were mounted as they were without being ground to a f
sphere because their natural cleavages made alignment along
a particular direction easier for the precession camera.
Spheres of éiameters about 0.2 mm., were also obtained and
these were used later on the Syntex P1 automatic diffractometer

in the collection of a more accufate data set.

5.4, Data Collection
Preliminary photographs using a precession camera were
obtained to determine the space group of the crystal., Systematic

extinctions along h, k, and 1 indicated unambiguously that the
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space group was P2121210 Initial cell dimensions were measured
from the photographs. Nine layeré of reflections along the
three crystallographic axes were obtained using the precession
camera., The intensities of these reflections were measured with
a microdensitometer., After correcting for polarization and
Lorentz factor, the intensities were scaled to a common level
by making use of the common reflections among the layers, A
total of 493 unique reflections were obtained. This data set
was used to obtain a trial structure by direct methods,

A second data set, consisting of 1337 symmetry independent
reflections was recorded utilizing the Syntex automatic diffrac-
tometer, The crystal used was a sphere of radius 0.25 mm, and
the peaks were scanned in a 0/26 mode at a variable rate from
29 to 24° per minute depending upon the peak intensity. Data
were recorded up to a sin ©0/\ of 0.77 X-l. Backgrounds were
measured at either side of the peak for the same period of time
as the peak scan. Reflections whose intensity, corrected for
.background, exceeded 36*'were considered observed. The remaining
~reflections were assigned a maximum possible value of 30. The
data were corrected for absorption, Lorentz and polarization
effects, The unit cell parameters were also refined using a

program supplied with the diffractometer system of programs,

. L3 2
* o is defined aSAV/GI + %(c? + og) where o; = (n1+n2) X scan rate
with n, and n, being the front and rear background'counts and
o, and 0, are the standard deviations of n, and n, determined

by counting statistics.
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5.5, Structure Determination

Thé set of 493 unique refiections obtained from
films was used to construct a Patterson map. There was a
predominantly strong peak along the ¢ axis at a distance of
about 3.2 X from the origin. Experlence suggested it was
reasonable to assume that this peak was due to the P-P vectors
of the pyrophosphate ions. However, an estimation of the
relative magnitude of the peak showed that there were other
contributions as well., The real difficulty came when the
effects of symmetry were introduced in the interpretation of
the map. The locations of the strong peaks offered so many
alternatives that it soon became impracticable to try out
all thé possibilities., After many fruitless attempts, the
Patterson approach was abandoned and direct methods were adopted.

The apparent failure of the Patterson method in this
case, as pointed out in Section (3.9), was due to the special
arrangement of the atoms in the unit cell., After the trial
structure was obtained by direct methods, the situation was
.¢lear, It was found that many of the atoms gave rise to
vectors of about 3.2 X parallel to the ¢ axis in addition to
the P-P vectors‘of the pyrophosphate ions., Worse still, all
the atoms are of comparable atomic weights (Phosphorus 15,
Sodium 11, Oxygen 8) and this made identification of the

peaks extremely difficult.
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In Sections (3.11) and (3.12), the actuai procedures
carried out in the direct methods were fully described. |
After an R value of 10% was obtained with the 493 unique”film
reflections, a new set of data was obtained withﬂthe>automatic
diffractometer as described in Section (5.4)., It was with
this latter set that the final refinements of fhe structure
were carried out., As initial parameters, the final coordinates
obtained with the film data were used., They were refined
by full-matrix least-squares using a program written by
J.S. Stephens for the computer CDC 6400, Atomic scattering
factors for Na+. P3+ and 0 were taken from the International
Tables for X-Ray Crystallography 28 . Unit weights were chosen
since there seemed to be no systematic variation in IFO - FCL
with F, . When a minimum had been obtained»with isotropic |
temperature factors, the refinement was completea with individual
anisotropic thermal parameters. The final R value.'determined
when the shift was less than 0,20 was 0.022., The final atomic
parameters are found in TABLE V.1 and the obser&ed and calcu-
lated strucfure factors in TABLE'V.Z. Sixteen reflections
too strong to be measured with the diffractometer were included
in TABLE V.2 with their film measured vélues, but they had
been excluded from the refinement, A final difference electron
density map showed no residual peaks larger than 0,1 of an
oxygen atom'beak and the refinement was considered complete.
There was no systematic variation of [Fo - Fcl with sin e/\

either.
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Na(1)
Na(2)
Na(3)
Na(4)
P(A)
P(B)

0(CE) "

0(A1)
0(A2)
. 0(A3)
0(B1)

. 0(B2)

0(B3)

»
UU
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0.4725(1)
.4919(1)
.1221(1)
.6654(1)

.3602(2)
.3444(2)
.3953(2)
.1490(2)
.4264(2)
.3205(2)

.1654(2)

TABLE V.1,

y

0.4992(2)

0.4848(2)

0.4961(2)
-0.0368(2)

.30704(6) 0.0113(1)
.31380(6) -0.0223(1)
0.0971(3)

0.2338(3)

-0.2131(3)

~0.0447(4)

0.0803(4)

-0.3017(3)

0.0744(4)

Atomic and Thermal Parameters of Na,P

2O7 with

Estimated Standard Deviations in Parentheses

-0.01678(7) 0.0146(4) 0.0144(4) 0.01591(4)

0.23603(7) 0.0197(5)
0.15454(7) 0.0165(5)
0.16744(8) 0.0161(5)

-0.10609(4) 0.0088(2)

0.11128(4) 0.0090(2)

0.0040(1)
-0.1693(1)
-0.1339(1)
-0.1019(1)
©0.1805(1)

0.1009(4)

0.1333(1)

0.0152(8)
0.025(6)
0.0179(9)

0.0087(8)

0.0122(8)
0.0205(9)
0.0110(8)

0.0193(5)
0.0198(5)
0.0161(5)
0.0091(2)
0.0100(2)
0.0140(7)
0.0119(7)
0.0119(7)

' 0.0180(4)
0.0179(4)
0.0210(4)
0.0082(2)
0.0083(2)
0.0081(6)
0.0132(7)
0.0140(7)

0.0275(10) 0.0152(7)

0.0241(9)
0.009%(7)
0.0191(8)

factor expression and bd are reciprocal lattice cell vectors.

- 0.0115(7)

0.0206(8)
0.0149(7)

12 U3 Uas
0.0009(5) -0.0006(3) 0.0008(4) .
-0.0034(5) 0.0059(4) -0.0019(5)

0.0006(5) 0.0023(3) -0.0020(5)

-0.0013(4) 0.0008(4) -0.0006(4)

-0.0001(2) -0.0001(2) 0.0001(2)
~0.0006(2) 0.0006(2) 0.0000(2)
-0.0051(6) 0.0002(5) 0.0000(6)
0.0005(6) 0.0004(6) 0.0052(6)
0.0055(7) 0.0019(6) -0.0018(6)
-0.0019(7) -0.0006(5) -0.0043(8)
-0.0027(7) -0.0035(5) -0.0028(7)
-0.0009(7) 0.0063(7) 0.0001(6)
0.0018(6) 0.0032(5) -0.0023(6)

's in 32 are computed from aij=2n2pfgjuij whare Taexp{—[p”h2 + 25]2hk + ...]} appears in the structure
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5.6, Description of the Structure

The structure of anhydrous sodium pyrophosphate can
be described as a deviant from a simple idealized structure
shown in Fig. 5.6.1. This ideal structure consists of di-

3

phosphate ions formed by a pair of Pou ~ groups sharing a

bridging oxygen atom with a P-0-P angle of 180°, The oxygen

atoms of the anion are in an eclipsed configuration as viewed

down the P-P vector, With this vector parallel the ¢ axis,

These anions lie in layers'such that the bridging oxygen atoms

lie at the cornérs'of an octahedron elongated parallel to

the ¢ axis with adjacent layers related by a 63 axis, Fig. 5.6.2,

Chains of Nat ions coincide with the 63 axis with Na(1) coplanar

with the bridging oxygen atoms and Na(2) lying in an octahedral

éite between layers formed by the termihal oxygen atoms of

six separate anions. The terminal oxygen atoms are coplanar

with a plane perpendicular to the 63 axis, Two additional

Na® ions per formula unit, Na(3) and Na(4) are collinear with

the P-P vectors separating the pyrophosphate grbups in ad jacent

cells alonglthe ¢ axis,
Na(l) in jhis idealized structure has a coordination

number of‘nine'as a result of sharing the bridging oxygen atom

and one terminal oxygen'atom from each end of three pyrophos-

phate groups. This configuration, with the bridging oxygen

atom lying b3 X from three Na(l) ions, is unstable relative

to a bent anion where the Na(l) ion forms a strong bond with

only one bridging oxygen atom., It is of interest that an
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Fig, 5.6.1., The idealized structure

of NauPZO7 projected onto the ab plane,
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Fig. 5.6.2. The idealized structure

of Na,P,0, in 3-Dimensions,
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infinite number of configurations are possible for an
infinite layer where the only coﬁétraint is that each Na(1)
is bonded to one and only one bridging oxygen atom, and vice
versa, If further constraints of translational periodicity
corresponding to the determined a and b axes are imposed,
three configurations are possible. The arrangement shcwn

in Fig. 5.6.3(a) is found in the present structure while that
in Pig, 5.6.3(b) is found in the structure at 410°c. (Chapter
VII)., The configuration seeh in Fig. 5.6.3(c), consistent
with both a 21 axis and a C-centering in a layer, may occur
for some of the layers in the structure near 5OOOC.

" In the actual structure, the pyrophosphate ion bends
at the bridging oxygen atom, and the plane of terminal oxygen
atoms no longer coincides with the ab plane. 1In addition,
the two ends of the anion twist slightly destroying the
eclipsed configuration and the anion rotates as a whole so
that the P-P vector is no longer collinear with the ¢ axis.
However, as can be seen in Fig. 5.6.4 the gross features of
- the idealized model remain in the structure. These distortions
lead to coordination numbers of five for Na(3) and Na(4)
rathef than three as expected from the idealized model,

Na(1l) shares two oxygen atoms with three pyrophosphate
ions and shows bond lengths ranging from 2,313(2) to 2,777(2) X,
. TABLE V.3. As predicted this ion shares oxygen atoms from
either end of two anions and shares an edge with one of the

tetrahedra of a third anion. One of - -the oxygen atoms in this



Schematic representations of possible arrangements of bent anions.

The arrows indicate the direction of the displacements of the
bridging oxygen atoms.,
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The structure of NauPZO,? projected onto the ab plane



Fig. 5.6.5 -

O
O
QA1
: Oa2
Nail
origin O 4
—a
v
c
Na3 081
O ONa2

% :2 ) O
_ @)
c=1/2

The structure of NaLLPzO7 projected onto the ac plane



Distance®*

P(A)-0O(CE)
-0(A3a)
-0(A22)
~-0(Ala)

P(B)-0(CE)
-0(B2a)
-0(B1la)
-0(B3a)

P(A)-P(B)

Na(1)=-0(CE)
-0(Ala)
-0(A2a)
~-0(B2a)
-0(B3b)
-0(A3D)

Na(2)-0(Bla)
~-0(B2a)
-0(B3a)
-0(A2¢c)
-0(A3D)
~0(Alc)

(Continued)

TABLE V.3

Bond Distances and Angles in NauPZO7 at 22 %c,

)
1,631(2)
1.512(2)
1.512(2)
1.,512(2)
1,6L2(2)
1.514(2)
1,513(2)
1.514(2)
2,936(1)
2,426(2)
2.777(2)
2.329(2)
2.387(2)
2,427(2)
2.313(2)
2.386(2)
2.687(2)
2.347(2)
2.517(2)
2.353(2)
2.506(2)

Angle

0(CE)-P(A)~0(A3a)
-0(A2a)
-0(Ala)

O(CE)-P(B)-O(BZ&)
-0(B1a)
~-0(B3a)

P(A)-0(CE)-P(B)

O(CE)-Na(1)-0(Ala)
-0(A2a)

-0(B2a)

~-0(B3Db)

~0(A3b)
0(B2a)-Na(1)-0(B3b)
-0(A3D)

0(Bla)-Na(2)-0(B2a)
~-0(B3a)
-0(A2¢c)
~0(A3D)
-0(Alc)
0(A2c)=-Na(2)-0(A3D)
-0(Alc)

()
108, 8(

1)
106.6(1)
102,5(1)

107.3(1)
102.4(1)
106.4(1)

Angle

0(A3a)-P(A)-0(A2a)
-0(Ala)
0(A2a)~-P(A)-0(Ala)

0(B2a)-P(B)-0(B1la)
-0(B3a)
0(B1a)-P(B)-0(33a)

0(Ala)-Na(1)-0(A2a)
: -0(B2a)
~-0(B3b)

-0(A3D)
0(A2a)-Na(1)-0(B2a)
-0(B3b)

-0(A3b)
O0(B3b)-Na(1)-0(A3Db)

0(B2a)-Na(2)-0(B3a)
-0(A2¢)
-0(A3Db)
-0(Alc)
0(B3a)-Na(2)-0(A2¢c)
~-0(A3D)
-0(Alc)
0(A3b)-Na(2)-0(A3c)

112,
113,
111,

113,
113.
113,

72,
117.

151,
88,
84,

128,
86,

92,
166,
78.
116,
81,
160,
82,

85-
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TABLE V.3 (Continued)

| Distance# (X) Angle (°) Angle : (°)

Na(3)-0(Alb) 2,888(2) 0(Al1b)-Na(3)-0(B3a) 75.30(6) 0(B3a)-Na(3)-0(A2Db) 127.29
-0(B3a) 2.327(2) ~0(A2D) 55.23(6) -0(B2a) 106,67
-0(A2b) 2.441(2) -0(B2a) 164,63(7) -0(B14d) 110,11
-0(B2a) 2.272(2) -0(B1d) 80,86(6) O(A2b)—Na(3) 0(B2a) 116,
-0(B1d) 2.315(2) O(BZa)—Na(B)-O(Bld) 111,84(7) -0(B14d) 81,

Na(4)-C(Bla) 2.333(2) 0(Bla)-Na(4)-0(A3Db) 102,60(7) 0(A3b)=-Na(4)-0(A2D) 60,
-0(A3b) 2.428(2) ~0(A2D) 162,83(8) ~-0(Alb) 134,

" -0(A2b) 2,580(2) ~-0(Alb) 119,87(8) -0(Alce) 85,
~-0(Alb) 2.341(2) -0(Ale) 90,78(7) 0(A2b)-Na(4)-0(Al1lb) 76,
-0(Alc) 2.445(2) 0(Alb)-Na(4)-0(Alc) 108,67(7) -0(Ale) 87.

Tranformations: a==Xx,Y, 2

b = '%""xo %"y' z
- ™
C = X,y ¥y %2

d = %$-x, 3+y, 3-z

¥ 1Includes all interactions less than 3.0 X except a P(A)-Na(4) interaction of 2,998 2

94
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edge is a bridging oxygen atom, The second cation, Na(2),

lies at the centre of a distorted octahedron formed by six
oxygen atoms arising from six separate anions. The bond
lengths range from 2.347(2) to 2.687(2) %. The environment

of Na(3) consists of a very irregular arrangement of five
oxygen atoms contributed by four separate anions. Here the
bond lengths range from 2,272(2) to 2.441(2) % for Na(3)-0(AlDb).
The five neighbouring oxygen atoms to Na(4) also arise from
four separate anions but with the tighter range of 2,333(2) to
2.580(2) .

The P-0 bridging bond lengths at 1.631(2) A for side A
and 1.642(2) £ for side B are significantly longer than the
terminal P-0 bond lengths which all lie between 1,512 and
1,514 X. The individual terminal P-0 bond lengths are sig-
nificantly different. The P-0-P bond angle, at 127.5(1)°, is
the smallest reported for a diphosphate ion. As commonly
found for this anion the 0-P-0 bond angles involving the
bridging oxygen atom are less than the ideal te;rahedral
value in every case while those involving only terminal oxygen

atoms are all larger than the ideal.
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5¢7 Discussion
It is of some interest to compare the geometries of

the P,0 b- ion in the three sodium pyrophosphate studied to

277
date., In NauP207.10H20 29

the anion has a nearly staggered
configuration with cryatallographic two-fold axis through the
bridging oxygen atom. The P-0-P bond angle is 130.2O while
the 0-P-0 angles involving the bridging oxygen atom range
from 101,8 to 108.9°, The 0-P-0 angles among only terminal
oxygen atoms range from 111,1 to 115.00. The average terminal
P-0 bond length is 1.513 & while the P-0(-P) bond is 1.612(5) X
long. The two unique Nat ions are coordinated to six oxygen
atoms but only one is bonded directly to the anion; involving
0(2) and 0(4). These P-0 bonds are the longer of the three
at 1.510 and 1,526 2 respectively, although they do not differ
vsignificantly from the remaining terminal P-0 bond length
of 1.503 3.

In Na2H2P207.6H20 30, the anion again contains a
| crystallographic two-fold axis and has a nearly staggered
configuration. The P-0-P bond angle is 136.1° with 0(bridge)-P-0
angles ranging from 103.4 to 108,8°, The remaining 0-P-0
angles of the Pou group range from 109.9 to 117.70. The
terminal P-0(-H) bond is 1.569(2) 2 long while the remaining
terminal P-0 bond lengths are within 0.002 of 1,493 K. These
two oxygen atoms are bonded to the sodium ion which is co-

ordinated to a total of six oxygen atoms, In this case, the

P-0(-P) bond is shortened to 1.598(1) X.
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It is also of some interest to compare the observed
P-0 bond lengths in the above structures as well as the present
structure with the predictions of Baur 10 . In order to do
so, it is necessary to calculate first the electrostatic bond
étrengthajthexoxygen atom under consideration which can be

defined as

(5.7.1) pg = B, (2/CN),

where z is the formal charge of the cation and CN is the
coordination number of the cation contributing to the oxygen
atom and the summation is over all contributing cations. The

predicted bond length d between a phosphorus and an oxygen

P-0
atom is then given by

(5.7.2) dp_g = 1.322 + 0,109 p, angstroms

(Baur 10 , P.136).,

The following calculation illustrates the construction
of TABLE V.4, Referring to TABLE V.3, each phosphorus atom
is bonded to four oxygen atoms, i.e. CN = 4, Taking z = 5+
for P, then (z/CN)P = 5/L4, Suppose now dP-O(CE) is required.
O(CE) receives the following contributions to the electrostatic
bond length: 1/6 from Na(l), 5/4 from each of the two phosphorus
atoms, P(A) and P(B)., That is,

2,666,



TABIE V.4
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Correlation between Predicted and Experimental P-0

Bond Lengths in Sodium Pyrophosphate Systems

+
Na2H2P207.6H20

* From Ref.29
+ From Ref.30

Bond

P-0(CE)

P-0(A3)
P-0(A2)
P-0(A1)
P-0(B2)
P-0(B1)
P-0(B3)

P-0(1)
P-0(2)
P-0(3)
P-0(4)

P-0(1)
P-0(2)
P-0(3)
P-0(4)

Observed o
Length (1)

Predicted
Length  (X)

1.61

1.49
1,54
1.56
1.52
1.52
1.52

1,60
1.47
1.47

1,47

1.60
1.47
1.47
1.57
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Substituting this value in Equation (5.7.2), we have

a = 1,322 + 0,109 x 2,666

P-0(CE)

1,612 angstroms.

The rest of the entries in TABLE V.4 was obtained in a similar
way., It is clear that the predicted values are, except with

a few glaring exceptions, not far off the mark., In particular,
the predicted value for the P-0(Al) bond length in Na4P207
results from including the two rather.long Na-0 béhds in

the calculation, It is clear that weighting the contribution
to the electrostatic bond strength by some function inversely
related to the atomic separation would improve the agreement,
The P-0-P bond angle is small in NaaP207 probably because the
bridging oxygen atom is coordinated to a sodium ion, A similar

31

effect has been rnioted in comparing the zn2V207 structure

to those of Mg2V207 31 ang COZV207 32 « This effect can be

10 would

rationalized in the sense that Baur's relationship
predict a lengthened P-0{-P) bond while Cruickshank's con-
siderations 29 suggest that as the ratio of P-0(-P) to P-0
increases, the P-0-P angle must contract.

Finally, the vibrational motion of the sodium and
oxygen atoms in the Na4P207 structure deserves some attention,
TABLE V.5. The major components of vibration for P(A), P(B)
and O(CE) are in the ab plane as would be expected either

from the nature of the bonding or if some errors occur in

the directions of the bending of the anion relative to the



Principal Axes of the Thermal Ellipsoids in Nau£297

RMS Am- Direction Cosines to RNMS Am-~ Direction Cosines to RMS Am=- Direction Cosines to
plitude a b c plitude a b c plitude a b c
Na(1) 0(CE) 0(B2)
0.128 0.,1319 -,3911 -,9108 0,140 -.7277 0.6856 -,0198 0,164 -,7158 0,0399 -.6971
0,124 -.8110 -,5709 0,1276 0.097 0.6805 0.7253 0,1041 0.122 0.6899 -,1141 -,7149
0.115 -.5699 0,7219 -,3925 0.089 -.0857 -,0623 0,9944 0.096 -.1080 -,9927 0,0541
Na(2) 0(A3) 0(B1)
0,163 -,6922 0,4588 -,5572 0,170 -.0812 0.9555 -,2837 0.158 -,1701 0,9735 -.1530
0.133 0.2296 0,.8718 0,4327 0.118 0.1861 -,2651 -,9461 0.126 -.7274 -,0193 0,6859
0.114 -.6843 -,1716 0,7088 0,094 0,9792 0.1297 0,1563 0.086 0.6648 0.2279 0,.7114
Na(3) 0(A2) | 0(B3)
0,146 -.,2088 0,7625 -,6124 0.147 0.8762 0,4738 0,0877 0,142 -.0468 -,9305 0,3633
0.137  0.6405 0.5798 0.5036 0.123 -.0998 0,3566 -.9289 0.129 0.5528 0,2788 0,7853
0.119 0.7390 -,2871 -,6094 0,088 0.,4714 -,8052 -,3597 0,092 0.8320 -,2376 ~,5014
Na(4) 0(Al)
0.146 -,2286 0,1787 -,9570 0.158 0.9959 0.0639 0,0646
0,131 0.6757 -.6786 -,2881 0.134 0,0907 -.6508 ~,7538
0,122 -,7009 -,7125 0,0344 0,085 -,0061 0.7565 -.6539

Angle between Principal Component of the Thermal Ellipsoid of X and P-X Bond Vector

Atom X 0(CE) 0(A3) . 0(A2) 0(A1) 0(B2) 0(B1)  0(B3)
Angle P(A) - X 7.5 8.5 9.8 1.4 in (%)
Angle P(B) - X 5.3 5.6 2.2 20,0 .
TABIE V.5

28
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idealized structure, The fact that Na(l) vibrates nearly
isotropically and with an amplitude comparable to the remaining
cations suggests that the structure has very little residual
configuratiocnal disorder at room temperature, The thermal
motions of the oxygen atoms are significantly anisotropic

with the largest component nearly perpendicular to the P-0

bond.

A paper on the crystal structure of sodium pyrophosphate
at 22°c, by K.Y. Leung and C., Calvo has been published in

the Canadian Journal of Chemistry (19?2)53.



CHAPTER VI

CRYSTAL STRUCTURE OF Na4A5207 AT 22°%.,

SUMMARY

Sodium diarsenate at room temperatdre is monoclinic
with a = 5.969(1), b = 10.126(1), ¢ = 12.272(3) X and
B = 92.87(2)0. There are four formula units per unit cell
with space group C2/c¢c. The structure was refined by full-
matrix least-squares to a final R value of 0,027 utilizing
1157 reflections measured on the Syntex PI1 automatic diffrac-
tometer. The anion, consisting of two Asou tetrahedra sharing
a common oxygen atom, with a bridging angle of 123.50 at
that oxygen atom, lies on a two-fold axis., The bridging
As-0 bond lengths are 1,783 R and the average terminal As-0
bond length is 1,658 2. Both sodium ions show five-fold
coordination to oxygen atoms with average Na-0 bond lengths
of 2,386 and 2,462 X. One of these sodium ions has a long
interaction (2.852 X) with the bridging oxygen atom of the
anion. Sodium diarsenate undergoes a series of phase trans-
formations between room temperature and 220°C, and ‘a further

major transformation near 690°cC.

84
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6.1, Introduction

To date little accurate data exists on the structure
of systems containing condensed tetrahedral Asou groups. A
number of diarsenates have been found to crystallize as
analogues of the mineral thortveitite 33 s+ but in these cases,
as in all other structures isotypic with thortveitite, ambiguity
exists as to the detailed bonding because of disorder at the
bridging oxygen atom 3y 35 . An additional interest in
this system arises because its chemical analogue, NauP207,

manifests a rich variety of phase transformations between

room temperature and 600°C. (Chapter V).
6.2, Crystal Data

Formula: Na4A3207

Formula Weight: 353.79

Crystal System: Monoclinic;
a = 5.969(1), b = 10.126(1), ¢ = 12,272(3) %
B = 92.87(2)°

Volume of Unit Cell: 740;85 23

No. of Molecules/Unit Cells z = 4

Specific Gravity: Peal, = 3.17, = 3,12

pObS .
Space Group: C2/c

Wavelength of Radiation used: MoK, = 0.70926 2
1
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6.3. Preparation of the Sample

Like anhydrous sodium pyrophosphate, sodium diarsenate
NauA5207 required no special technique in its preparation,
Chemically pure di-sodium hydrogen orthoarsenate hydrated,

Na HA304.7H20 was first heated in a platinum crucible to about

2
900°C, and maintained at that temperature for several hours,
The melt was then cooled at the rate of 10°C. per hour to
SOOOC. when the power was shut off and the system allowed
to cool to room temperature. The crystals were colourless
and slightly opaque. Some of them were well-shaped and had
the proper dimensions for X-ray work. Spheres of diameter

about 0.15 mm. were also obtained to be used on the Syntex

P1 automatic diffractometer for data collection.

6.4, Data Collection

Pfeliminary photographic wﬁrk was carried out on
the precession camera and established the space group to
be either Cc or C2/c on the basis of the extinction conditions:
h + k = odd for general h, k, 1, and 1 = odd for h 0 1.

A ground sphere, 0,01 cm, in radius, was used to
collect data both for accurate parameters and for the resolution
of the crystal structure. The 26 values of 15 reflections
were accurately centred using the diffractometer and the
lattice parameters fitted to these values by least-squares,

The results were obtained at room temperature using MchL1

radiation monochromatized with graphite, Peaks were scarned
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at a rate varying between 2 andA24° per minute, depending
upon the peak count rate., Backgrounds were counted on either
side of the peak for the same time period as used in scanning
the peak. Reflections whose intensity, after correction

for background, were less than 30 where o was determined

from counting statistics, were regarded as unobserved., A
total of 1157 unique reflections were collected of which

1011 were regarded as observed, These were corrected for
Lorentz, polarization, absorption and extinction (pR = 0,59)

effects.

6.5, Structure Determination

The positions of the arsenic atoms were determined
from a Patterson map., Unlike the case of sodium pyrophosphate,
the peaks could be identified fairly easily., From the extinc-
tion conditions: h k 1s h + k =2n3 h 0 1+ 1 = 2n, (h = 2n);
and 0 k¥ 0: k = 2n, the space group should be either Cc or
C2/c. A trial structure was first made with the choice of
C2/c and was proven by the subsequent resolution of the
structure to be correct. The structure factor calculation
was . first carried out with only the arsenic atom; further
electron density difference syntheses determined the positions
of the remaining sodium and oxygen atoms. The structure
was refined with full-matrix least-squares, Atomic scattering:
factors were obtained from the International Tables for X-ray

Crystallography 28 . Convergence was first obtained with
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unit weights and isotropic thermal parameters and then
independent anisotropic thermal parameters were varied.

Near the final stages of the refinement, plots of (IFO - Fc|>
versus <sin 6/k> and<|FO|>were obtained, Figs. 6.5.1 - 2,
There were indications that some systematic variations were
in existence and extinction corrections were subsequently

carried out. For the final refinement, weights were set

equal to (7.4 - 0.26 F, + 0.0031 17‘02)'1 with coefficients

chosen so that w]Fo - F I2 would be independent of F_. The

c
final R value is 0,027 while Rw = 0,037 where

1

L wlp, - F | |3

2
I w Fo

No residual peaks could be discerned in the final electron
density map. The final atomic positional parameters are
found in TABLE VI.1 and the observed and calculated structure

factors in TABIE VI.2.
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Na(1
Na(2
As

0(1)
0(2)
0(3)
o(4)

* U

)
)

1]

TABLE VI.1,

Atomic and Thermal Parameters of N34A3207 with

Estimated Standard Deviations in Parentheses

X y Z
0.3438(2) 0.3216(2) 0,1273(1)
0.3118(2) =-,0155(2) 0.0958(1)
0,14474(5) 0,15226(3) 0.36050(2)

0 0.0689(3) 1/4
0.2649(4) 0.2870(2) 0.3133(2)
0.3219(4) 0.0360(3) 0.4046(3)
-.0605(5) 0.1787(3) 0.4442(2)

's in RZ are computed from Bij

3
Uiq

0.0157(8) 0.0194(7)
0,0137(8) 0.0209(7)
0.0067(2) 0,0084(2)

0.025(2)
0.015(1)
0,012(1)
0.019(2)

2

= 27°DybU; 5

appear in the structure factor expression and gi's are the reciprocal lattice vectors,

Uss

0.009(1)
0.014(1)
0.016(1)
0.030(1)

Usg

0,0146(7)
0,0224(7)
0.0079(2)

0.,017(1)
0,015(1)
0,019(1)
0.,016(1)

Uin

~-.0024(5) 0,0010(5)
-.0011(5) 0.0017(6)
0,0006(1) 0,0004(1)

-.005(1)
0.005(1)
0,007(1)

2

where T = exp -(811h + e

-.013(1)
0.000(1)
-, 004(1)
0,012(1)

0.0021(5)

0.0023(5)
0,0012(1)

0,0029(8)

0.0016(8)

0.005(1)

+ 2B.,hk + ... )

16
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TABLE VI.2

VARLE OF OBSERVED AND CALGULATED STAUCTURE FACTORS CF MAAAS20T AT 22 DEGREES C.

UNOBSERVED REFLECTIONS ARE MARKED WITH * AND UNRELIADLE REFLECTIONS MITK & .
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6.6, Description of the Structure

The structure of Na4A8207 consists of anions formed
from corner-shared Aszo.7 groups. These anions are arranged
in layers parallel to the ab plane and at a thickness equal
to half the ¢ axis, Fig. 6.6.1. 1In each layer, the anions
in adjacent unit cells form a triangularpattern, Fig. 6.6.2,
with the As-As vector of any anion at 32.6° to the ¢ axis.
The anion contains a crystallographic two-fold axis through
the bridging oxygen atom 0(1) and the angle As-0(1)-As is
123.5%, Two of the terminal oxygen atoms 0(3)a and 0(2)a
lie within % % of the same z = constant plane but the third
terminal oxygen atom O(4)a and its symmetry-equivalent
counterpart O(4)c do not lie within the same range, Fig. 6.6.1.

Na(1l) lies between the terminal oxygen atoms of two
anions in one layer and is nearly directly below another
anion in an adjacent layer, Fig. 6.6.1., It is coordinated
to five oxygen atoms three of which being contributed by
the same anion, TABLE VI.3. The two oxygen at&ms bonded to
this cation, 0(2)c and 0(4)a arise from opposite ends of
the anion. Na(1) and Asc 1lie nearly in the same z = constant
plaﬁe. Na(2) which is also coordinated to five oxygen atoms,
shares a bridging oxygen 0(1) and a terminal oxygen atom
0(2)c with one anion while the remaining oxygen atoms arise
from two additional anions, TABLE VI.3. The bridging oxygen

atom of the anion lies on a two-fold axis separated by 1,783(2) X

from the As atom (TABLE VI.3). The terminal As-0 bond



Fig., 6.6,1

The structure of NajAs,0, projected onto the bec plane
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Fig, 6.6.2

Diarsenate groups projected onto the
ab plane, Only the bridgen oxygen atom
and the two arsenic atoms are shown

in each group.



Fig. 6.6.3

The structure of NaL‘LAsZO7 projected onto the ab plane
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~-0(4)a
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parameter errors,

TABLE VI.3

Bond Distances and Angles in Nab(ASZO7

Angle Degrees

* 0(1)-As-0(2) 101.7(1)
-0(3) 100,9(1)

-0(4) 109.0(1)

As-0(1)-As 123.5(2)
0(2)c-Na(1)- O(2)h 81,2(1)
? 102,2(1)

-0(4 95.4(1)

-0 4\ 132,9(1)

0(4)a-Na(1)~ O(u)cv 85.7(1)
0(1)a-Na(2)~-0(2)c 50,4(1)

. =0(3)d 137.4(1)

-0(3)c 126,8(1)

-0(4)g 77.9(1)
0(3)c~-Na(2)-0(4)g  114,4(1)
XyV,2 b = -X,~-y,~2 o]
FHK, 5+, 2 f=4-x,3-y,-2 g

Angle Degrees
0(2)-As- 0(3) 113,1(1)
-O( ) 1150”(1)
0(3)-As-0(4) 114,7(1)
0(2)h-Na(1)- O(B)g 87.9(1)
-0(4)a 171,1(1)
-0(4)e 90,6(1)
0(3)g-Na(1)-0(4)a 100,9(1)
-0(4)e 123.9(1)
0(2)c-Na(2)~-0(3)d 85,4(1)
-0(3)c  113,0(1)
-0(4)g 129,2(1)
0(3)d-Na(2)-0(3)c 86.9(1)
-0(4)g  114,3(1)

~X,¥13-% d = x,-y,5+2
3-x,3+y,3-2  h = 3+x,3-y, 342
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lengths are substantially and significantly shorter, ranging
from 1.655 to 1.659 %. 1Individual terminal As-0 bond lengths
are not significantly different. All the 0-As-0 angles in
a tetrahedron that involve the bridging oxygen atom are less
than the ideal value while the remaining angles are all
larger than ideal., The As-0-As angle 1is rather small at
123.5O and results, in part, from the interaction of the
bridging oxygen atom with two Na(2) ions,

Each sodium ion has only five oxygen atoms within
3 X. The Na(1)-0 bond lengths are fairly uniformly distributed
between 2.347(3) and 2.437(3) X and the Na(l)--o5 configuration
is a distorted trigonal bipyramid with 0(2)h and 0(4)a as
the axial oxygen atoms, The four nearest oxygen atoms to
Na(2) form a distorted tetrahedron with the 0(2)c-0(4)g edge
enlarged to accommodate the fifth oxygen atom, 0(1). The
0(1)-0(2) edge is shared with one of the anions. About the
Na(2)—04 tetrahedron, the Na(2)-0 distances range from 2,248
to 2.506 X and the angles lie between 85,4 and’129.2°. The
Na(2)-0(1) interaction is 2.852 2 long and compares with an
interaction of 2,426 X between the bridging oxygen atom and

Na(1l) in sodium pyrophosphate (Chapter V),
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6.7, Discussion

The structure of Na4A5207 bears considerable resem-
blance to that of the room-temperature polymorph of Na4P207.
The latter structure is orthorhombic with space group P212121
and unit cell dimensions of a = 9,367, b = 5,390 and
c = 13,480 2 (Chapter V). The anion is formed from two PO,
groups sharing a common oxygen atom with a bridging P-0-P
angle of 127, 5° compared to an As-0-As angle of 123.5° in
Na4A3207. The angle that the P-P vector of the anion subtends
with the ¢ axis is 9%, This structure also contains layers
of pseudo-hexagonally arranged anions and as a result of
small displacements, assumes a C-centred cell, with a doubled
¢ axis at 40500. Three ansions in one layer and three in
an adjacent layer are approximately related by a 63 axis
which becomes a crystallographic symmetry element above 550°C.
Half of the sodium cations lie near this pseudo-axis as shown
in Pig. 6.7.1(a). The remaining cations lie between the
anion layers and are coordinated to five oxygen atoms, Each
anion is stabilized with a non-linear X-0-X group by an
interaction with one sodium ion in contrast to two for

NauAs In Na4P207‘the anion deviates by about 25° from

207.
an eclipsed configuration when viewed parallel to the P-P
vector while the comparable average dihedral angle in NauAs207
is 11°, |
As Fig._é.?.l(b) shows, the bridging oxygen atoms

in ad jacent layers in NauAszo? nearly superimpose in projection



A.comparison between the structures of Nab(on.? and rJauAszo7 projected onto the ab plane

same scale
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and a relative shift of about 1.8 & is needed to establish
a pseudo 63 axis relationship between the oxygen atoms.
However, the acute side of the anion opens towards -b in
one layer and +b in the next, as requireq by the two-fold
axis, so that the anion configurations are not consistent
with a pseudo 63 axis, Another major difference between
the two structures is the Na” configuration relative to the
anion., All the Na'l are approximately‘between the oxygen
atom layers in NauAs207 although the Na-0 interactions are
not restricted to those oxygen atoms corresponding to the
top of one layer and the bottom of the next adjacent one,

as found in NauPZO In order to obtain the Na4P207 structure

o
from that of NajAs,0,, the two-fold axis must be lost with
one of a pair of Na(2) ions moving to the pseudo 63 axis
and to a z plane nearly coplanar with the bridging oxygen
atoms, The second Na(2) ion must also be near the same 63
axis but displaced by about ic from the first Na(2) ion.
Further, each Na(1l) must be displaced so as to coordinate
with four oxygen atoms at nearly the same z coordinate as
the Na ion with a fifth oxygen atom arising from the adjacent
layer, One of these Na(1l) ions must share a face of a Pou
group formed from three terminal oxygen ions at one end of
the anion, |

TABLE VI.4 summarized the thermal behaviour of the
atoms in NahAs207. All the atoms show significant anisotropic

motion but the ratio of the maximum to the minimum amplitudes



TABLE VI.4
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Root Mean Squared Atomic Displacements and Angles of

Prihcipal Axis with respect to the Unit Cell Edges

- atom

0(1)

0(2)

0(3)

0(4)

Na(1)

Na(2)

rdot mean
square
ampli tude

.097
.085
.080

.159
.150
.131

193
145
079

147
137
.084

.145
121
.094

.145
.124
114

155
140
115

a

81.5
123.4
145.3

173.8
90.0
96.2

60.1
122.6
47.2

124.6
72.9
140.2

49.5
118.6
126.3

67.1
40.4

121.2

88.5

102.5 -

167.4

angle of rs with
b

37.8
115.7
64.4

90.0
0.0
90.0

40.7
49.3
92.2

107.0
36.8

58.5

130.0
86.0
139.7

151.7
81.8
116.9

127.0
39.1
100.9

c

54.1
42.3
109.3

80.9
90.0
170.9

66.6
120.4
140.0

37.1
59.6
109.3

116.0
148.3
73.1

106.9
53.6
41.3

143.0
125.5
80.9
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for both As and the bridging oxygen atoms is surprisingly
small, Although the typical behéviour in XZO? systems would
show 0(1) with the largest amplitude, in Na4A3207, c(2), one
of the tefminal oxygen atoms has the largest amplitude,

This may be a result of the fact that 0(1) is bonded to two
cations, whereas in the previous cases the bridging oxygen

atom of the X group bonds strongly to at most one cation,

297
These thermal amplitudes provide no strong evidence for the
impending phase transformation near 65°C. but may be inter-

pretable, ex post facto, when the nature of high temperature

phases have been ascertained.

The diarsenate ion, with two Na(2) ions bonded weakly
to the bridging oxygen atom, shows'a large distortion from
equivalent As-0 bond lengths. The Pauling electrostatic

6 is 2,90 at 0(1) and 1,85 at the terminal oxygen

valency 3
atoms. From Baur's 10 31inear relationship between bond
length and electrostatic valency with coefficients derived

by Krishnamachari 37 which has the form

(6.7.1) dAs-O = 1,49 + 0,10 P vangstroms,

the predicted bond length difference would be 0,105 X and
lengths of 1,780 X ang 1,675 X for the As-0(-As) and As-0
bond lengths respectively. On the other hand, ignéring the
Na(2)-0(1) bonds would lead to a greater discrepancy.

Brown and Shannon 1? have shown that the bond

strength, s, can be fitted with a curve of the form
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(6.7.2) s = C (r /r)"

where T, and n are found by least squares ahd C0 is given
by the formal charge divided by the "normal" coordination
number, TABLE VI.5 shows the individual bond strengths and
how well the sum about each element comparés with the formal
charge, In TABLE VI.6 the individual X-0 bond lengths are
 compared with those predicted on the assumption that the
calculated valency contribution from the sodium ion is errorless
and the difference between the formal charge on the oxygen
atom and its formal charge is used to calculate the X-0 bond
length., Errors in these predicted bond lengths arises from
two sources: the individual errors in the Na-0 bond lengths
and the errors in the estimated values of n andlro. Only
the former contributions are included in TABLE VI.6.

The agreement in Nanszo7 has to be regarded as
reasonably good, despite the fact that correction for the
effects of thermal motion on the apparenf bond lengths have
not been applied to either the data that were used to determine
n and r, or to the experimental values in Na4A8207 and NauP207.
Systematic deviations leading to predicted values of bridging

P-0(-P) bonds and smaller terminal ones seem to appear in

38
207 .

A paper on the crystal structure of NauAng

both these compounds and in KAlP

0
o at 22°C,

by K.Y. Leung and C. Calvo has been accepted for publication

in the Canadian Journal of Chemistry (1973) 54.



TABIE VI.S.
NaLLA.SZO,?
As
- 0(1) 0.982
0.982
0(2) 1.319
0(3) 1.332
o(4) 1.319
2Scation 4.95
P(1)
OCE 1,023
01A 1.312
01B 1.309
o1¢ 1,306
02A
02B
02¢C
z:Sca“cion 4.95

Bond Strengths in N34A5207 and Na, P

Na(1)

0.203
0.211

0,182

0,195
0.171

0096

P(2)
1,007

1,304
1.306
1,304

“‘092

Na(2)
0.071

0.071

OllLl'6

0.205
0.268

0.211

0.90

Na(1)

0.176
0.227
1,221
0.082

0.192

0.194
1.07

Na(2)

0.208
1,142
0,146

0.092
0.192
0.211

1.00

0.168
0.066

0.253
0.228
0,221

0091"'

* Calculated from S; = Ci(Roi/Ri)ni with

Atom(i)
Nat
As5+
po*

Cs

1/6
5/4
5/k

R

2,
1,
1,

oi

(X)

449
681
534

Na(4)

0.175
0,124

0.214
0.168

0.219

105

3*
20y

z:Sanion

2,21
1,92
1.96
1,98

1.85

1.95
1.91
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TABLE VI.6

Observed and Predicted As-0 and P-0 Bond Lengths

in NauAszo7 and NauPZO?

Bond Observed Predicted#®
As-0(1) 1,783(2) 1,807(5)
As-0(2) 1.659(3) 1,624(10)
As-0(3) 1.655(3) 1,651(10)
As-0(4) 1,659(3) 1,629(10)
P(1)-0CE 1,633(2) 1,7482(4)
P(1)-01A 1.511(2) 1.475(6)
P(1)-01B 1.512(2) 1.490(6)
P(1)-01C 1,513(2) 1.498(6)
P(2)-0CE  1,641(2) 1.753(4)
P(2)-02A 1,514(2) 1.452(6)
P(2)-02B 1.513(2) 1.485(6)
P(2)-02C 1.514(2) 1,474(6)

as to yield £ S o = 2.00,

0

* Calculated by adjusting the X-0 bond length so



CHAPTER VII

CRYSTAL STRUCTURE OF N34P207 AT 410%C.

SUMMARY

At 405°C. sodium pyrophosphate becomes monoclinic in
space group C2/c with a=9.415(5), b= 5.425(5), c¢=27.,035(10) X,
B = 930, and z=8, The structure was refined by full-matrix
least squares using 580 unique reflections recorded with a
precession camera, The final R value is 0,054, The anions
assumed a staggered configuration with an average dihedral
angle of 650 compared to a semi-eclipsed configuration with
an average of 32O in the room-temperature structure, The

P-0 -P angle is 132.4(6)°., The two bridging P-0 bond

bridge
lengths differ significantly, being 1.577(6) and 1,644(7) X

with terminal P-0 bond-length averages of 1,485 and 1.475 't

on either side of the anion. These averages are significantly
‘shorter than for Na4P207 at room temperature. Corrections

based .on a rigid-body motion librating about the centre of

mass of the anion were carried out. In addition, a rigid-

group refinement based upon the room-temperature structure

was also carried out, and the R value is 0.073. It is suspected -

that a certain amount of configurational disorder exists in

the present structure.
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7.1, Introduction

The first phase transformation of sodium pyrophosphate
above room temperature takes place at 405 °c, and the system
goes from the orthorhombic space group P212121 to the monoclinic
space group C2/c with a doubled ¢ axis while the other two
axes a and b remain essentially the same. There is a high
probability that the crystal becomes twinned at this tempera-
ture (Section 4.3); but the structure reported here corresponds

to one at 410 °c, without any twinning,
7.2, Crystal Data

Formula: NauP207 Formula Weight: 265,95
Crystal System: Monoclinic;
a=9.415(5), b= 5.425, ¢=27.035(10) %
B=93°
No., of Molecules/Unit Cell: z = 8
Space Group: C2/c
Wavelength of Radiation used: MoX, = 0.7114 2
Temperature of Crystal: 410 * 5 °¢.
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7e3e Experimental

Iﬁ order to record intensities with a precession
camera above room temperature, a small furnace, eight inches
long, was constructed, Fig. 7.3.1. The heating element was
made of nichrome wire. Air from a tap in the laboratory was
first passed into a large flask where it was dried and directed
through the inner Mullite tube which housed the heating element.
The air pressure was adjusted by operating on the opening of
the tap. The electric current through the heating element
was controlled by a small variac.

The temperature was recorded by a thermocouple made
of fine chromel-alumel (Gauge 36). The system was first
tested for temperature gradient by setting up a second thermo-
couple at the position normally occupied by the crystal, It
"was found that if the pressure of the air-flow was about
half an inch of water, the temperature differencé between
the two thermocouples was negligibly small, the lower thermo-
couple registering about 1% less than the upper thermocouple,
. Without an enclosure about the camera, the fluctuation was
about 5°C. when the temperature of the system was 500 OC.
This stability is satisfactory when the phases extend over
ranges of temperature of more than 10 °c. In the investigation‘
of the phase transformations of sodium pyrophosphaté, there
are phases around 525 °C. which are separated by only several
degrees (Fig. 4.1.1) and this set-up, without modification,

is not suitable. A furnace of greater stability could be
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Fig. 7.3.1. A Furnace for the Precession Camera



111

obtained, of course, by covering the entire camera, thus
minimizing the effect of draughts in the laboratory and,
further, by installing a feedback system for a better control
of the heating current., The furnace couldyattain a temperature
of 800 °C, and is very inexpensive to build.

The glue used in mounting the crystal for high
temperature work was a commercial "Silicone Seal" by General
Electric., When the tube was fresh, the glue was satisfactory
up to 650 oC. However, when the tube was left in the
laboratory for a period of time - asbout half a year or so, -
the glue inside the tube began to harden and even the remaining
soft portion were not suitable for high temperatures because
the glue would become brittle at tiﬁes and the crystal would

be lost.

7.4, Data Collection

The crystal was aligned on a precession camera
at room temperature with the ¢ axis of the crystal parallel
‘to the spindle axis. The furnace described in Section 7.3
" was then placed in position and the current was slowly
increased in steps corresponding to about 25 °C. at half-hour
intervals., This procedure was followed in order to avoid
‘uneven setting of the glue which might disturb the alignment
of the crystal., Also slow heating decreased the chance of
getting a twinned crystai at the transition temperature 40500.

When the temperature of the cfystal was close to 390 OC. the
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increment of temperature was reduced (about 5 - 7°C.) and

the time interval betiween steps was extended to about an hour.
Meanwhile, alignment photographs of the hOl projection were
taken and the necessary adjustments on the arcs of the gonio-
meter and the spindle were made. From the photographs, it

was possible to decide whether the crystal has undergone its
phase transformation by observing the disappearance of the

h = odd reflections or by the appearance of the "twinning"
lines (Section 4.,3), Very often both phenomena occurred
simultaneously. When twinning lines appeared, the temperature
of the crystal was lowered and the approach to the transition
point was again attempted by slowly increasing the temperature.
Thus, it was sometimes possible to eliminate twinning by

this process, However when twinning persisted, it was necessary
to select another crystal. It is worth mentioning that an
untwinned crystal would remain untwinned even though there
might be slight fluctuations in the temperature of the system
.provided the lower limit of the fluctuation did not extend
into the lower phase.

The temperature of the untwinned crystal was brought
to 410 °C. (as recorded by the thermocouple) which was slightly
‘beyond the transitidn temperature., Full precession photograph§
) of hOl, hll, h2l, h3l, and Okl, 1k1l, 2kl were obtained with
varying number of cycles in each case, The intensities of
the reflections were measured with a microdensitometer and

corrected for polarization and Lorentz effects, Common
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reflections were used to place all the intensities on a common
scale and 580 unique reflections were obtained.

The ,lengths of the unit cell axes at this temperature
as well as at all higher temperatures, were obtained from the
linear expansion curves shown in Figs. 4,6,1 - 3, 1In these
curves the axes of the room-temperature structure were taken
as étandards since their values had been directly obtained
and refined., The angle B, however, was obtained from a full

precession hOl photograph.

7e¢5e Determination of the Structure

Since the ¢ axis of the system at 410 °c. was twice
that of the room-temperature structufe, a trial structure was
derived by taking a unit cell double the size of the room-
" temperature structure along the c¢c axis. An origin was first
chosen so that the locations of the pyrophosphate anions
could be generated by the symmetry operations of the space
group. The C-centering as indicated by the extinction con-
'dition: h+k = 2n, required the bridging oxygen atoms of the
anions in the same layer to have the same displacement relative
to the coplanar sodium atom, a feature rather than the screw
axis relationship of the room-temperature structure. Since
it was not known a priori which way the bridging oxygen atom
would bend, this oxygen atom as well as all the terminal oxygen
atoms of the anion were left out in the initial calculation

of the structure factors. Of the eight sodium atoms located
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along the 6. axis of the idealized structure (Chapter V),

3

four had to be generated from twd‘types, Na(8) and Na(9),

in special four-fold sites. Na(?7), because of its location

in the z direction, need not be in any special position,

though its x and y coordinates were close to 0 and % respectively.
This model, with two phosphorus and the five sodium

atoms, yielded an R value of about 50%. A least squares

refinement, with some major shifting on the atoms, gave an

R value of about 40%, At this stage, electron density maps

were constructed inslices up the ¢ axis at levels where the

oxygen atoms would be expected to lie. The peaks on these

maps corresponding to the seven oxygen atoms could be identified

and their coordinates were used in subsequent refinements.

The structure was refined by full-matrix least squares using

unit weights and isotropic temperature factors, When the R

value was 15%, anisotropic temperature factors for each atom

were used, For the final refinement, weights were set equal

to (18.11 - 0,69 F_ + 0.0067FZ)™" with coefficient chosen so

that w|Fobs - Fca1|2 would be independent of Fopge The final

value is 0,068 where R, = C.054 with

21 %
by w[Fo - FCI 2

Rw =

' 2
Lw Fo

~ The final atomic positional parameters are found in TABILE VII.1

and the observed and calculated structure factors in TABLE VII.Z2.



Atom

P-A

P-B

Na-3
Na-4
Na-7
Na-8
Na-9
0-CE
0-Al
0-AZ2
0-A3
0-B1
0-B2
0-B3

* Uy

J

X

0.1758(3)
0.1813(3)
0.3440(1)
0,3451(6)
0.0099(4)
0
0
0.1371(7)
0,1513(10)
0,0772(25)
.0.3255(6)
0.0731(9)
0.1721(11)
0.3264(8)

8 in XZ are computed from Bi

TABLE VII.1,

y

0.,0146(7) o0,

0.1038(7) oO.

0.5974(13) 0.

0.5251(16) 0,

0.5552(11) 0.
1

2

0.6018(20)

-,.0363(19) o0,
0.2849(23) o,
-.1489(25) 0,
-.0580(22) 0,
0,2931(18) 0,
-.0926(23) o,
0.,2023(21) 0,

Atomic and Thermal Parameters of NauP2

7

0, at 410 °c.

with Estimated Standard Deviations in Parentheses

z

L284(1)
3209(1)
2961(2)
4567(2)
3804(1)

0

i
3722(2)
4379(4)
h5h2(3)
4366(3)
3105(3)
2826(3)

3285(3)

J

Upy”
0,028(1)
0.028(1)
0,065(3)
0.059(3)
0.050(3)
0.042(3)
0.081(4)
0.059(4)
0.072(6)
0,052(5)
0.036(4)
0,060(5)
0.128(8)
0,048 (5)

2

Uoz
0.032(2)
0.026(2)
0.057(5)
0,061(6)

0.,046(5)

- 0.041(3)

0.060(6)
0.061(8)
0.040(9)

0,071(10)
0,044(10)

0.060(8)
0.056(8)

0,086(11)

where T =

Y33
0.024(1)
0.030(1)
0.069(3)
0.082(3)
0,049(2)
0.036(3)
0.062(4)
0.032(3)
0.,097(7)
0.064(5)
0,075(5)
0.049(4)
0.,049(5)
0.083(6)

eXp - Bllh + e e +

Usz
-.001(1)
0.003(2)
~.002(k4)
~.001(3)

0.005(3)
-.001(3)

-.026(6)
0,008(8)
-.033(6)
0.004(5)
0.034(6)
-.007(9)
-.022(6)

2

Uyg
.002(1)
.001(1)
.010(2)
0.001(2)
,006(2)
.009(2)
.010(3)

.005(3)
.001(5)

.011(3)
.002(4)
0,000(%4)
.012(4)

.000(L)

Upg
0.001(1)
0,003(1)
-.003(3)
0.011(4)
0,000(2)
0,006(3)

0.006(4)

-.001(6)

0.016(5)

0,009(6)

~.003(5)
-.024(5)
0.054(6)

28, ,hk + ...

appears in the structure factor expression andkh_are the reciprocal lattice cell vectors,

S11



116

VII.2

&3]
el

>
X

B

S

-y

T

TABLE OF OBSERVED AND CALCULATED STRUCTURF FACTORS OF NAWP207 AT 410 DEGREES C.

UNG3SERVED REFLECTIONS ARE MARKED WITH ® AND UNRELTABLE REFLECTIONS WITH o

IF=0) tF<C)

F=01 IF~C)

=01 tF=-Ct

F=01 IF=CI

-0} IF=Ct

WOOVNOTCANAN CHh WA OMOANI L ONCIMNG 3 UONIIODOAAICONM w OO0 v onng SN IO O NS WO AIN O BARO O OO L O O AR 0O
PPONNETNIMUM  NT T RCN UOIRM MMM COINOM I OOLIFO D t o3 [] 1130&9702C3b0587 9 WWOR L O OMOLM N0 1 OO OIMNS OO NOMNOTT OO MO
- - =2 MR [N o JNT e et Al e N e o
" o " "
WA SRS ON OOV HHION SOOI TMIY ¥ JNOICDDOO0 OIS ¥ N0 X MAomINGN OO 10 2 QN oI Y » O - O
PRNMNNT LI MIM I NI I3 MHNE MM INM NN I ONOWNS OON 32 OMO o 2 -3 Mo O 92570152795510366655031
- ' - e =] Foritured 0 & MR N e et IO e o R R o R L R T R e )
- s »
TN FOA DD AU S ONTOUN TV OOHINON 0 OHNMINOPCOWNSINDG o 90 o 0 2wt O™ ¥ O o BADNNOT O OIS O 0T OO
L N R R R A A R A DO L] N RN R T ettt i) NN RN AR EERE R
RN NN [N NN RN [N NN te1 LI L]
L 423 (X1 CLOLy I OO00GoOCORoCRACs T ™M x o~ 0 LYV LN VLV xz o 0
(RN RK
LRI BB B A BN R B
Mmeon L P Gk 0 h3 O O i3 T O e N L A I B N DN T - J OO
569926&?65531&5529261363731“1670113&3654556073#01107&8615526781 638385#676726636(58868b33b 5751h33.~22536h5kk6117 132655:4707
TN N et N et =1 -t it
5629523H909611370779619&569351r O O “rtoOTIL LINTD ST MO IMHINTA T M S D00 AORT T TN SO ONA QI PO T IO I S ONIO0 TS
M3 065519(97& !!A69726656167f6935h FCONT UM ST MO S 32 FTNANONMMOOINT OIS
ittt A VIR VR D Y per ! S et - e - it
- * -
QU & O St CuF VO 8901360123556789123.-567R901?3&67690360123&5678902“21&57 MU PO FON S0 0O
Mt ORI 3 1 8 88400 ) rtriwl AR R PRI G NS )t
L R S A T B R A I BB | -.................._.....-......................... ...............-.... LR SR
O o L < IIITIIILI I +3as COECCOOLC CCET O
-.-....-........-.-..--.-.-.-.-.-.-.--.-..-o...-.-.--...-.....-..o
VU DO DNODOL N OO NODD TN MOND I JOONSEDUAD ! N AT OO LB COM N 0 S QD I DM S VDM AT I INM P Cu 3 I G vh ot MO A~ PIINN T MO T L FOE rd QU I AN
OM T3 0 H10 0V OO S SO DI NN IO 25356333936593&95673&6& I e e v D N TR ) O3 I RART N DM -
-t LY Nt Rala B ) e ettt - et
L
WO DA M I DN O A AN O ODCEMOOM OO DM N S b 4 69273119&979568657365k19560566506501517>ijn71359280386515129““379#05&63869566
NG WD DN O FOLMUNT N g oS EELOA NPT C LW O WS 3 g
- o~ Nt el v = e - - R It - LRV
- -
2 © LAGOOOINIMAHS® o SEINDGO I ON T FINONIIN O OC et oo 3“5679013.-6592&567690%&&3.&5%7901
(L) R L N ) 4

NN et vt NN L A A e e b b a N Y I '}

LRI R B AN O | L3N XU IR NN I O BB N B B N BN B I R B B AT BN O

F o0 O® e o LA N DOORRIINK HC D 2wl O TN S LN )0 00N 00 IS DNVD NN AR N OO S M TN QNP A M AL LD T 3 PR DN, QWA GO HMMMNE O

WP DCUE DO 0T TN~ st et M L e NIIND O NOIR ¥ (3.3 & 1“591 R R A A 122k76?25756 ?112401616#302n.2kk3h e Oves 89366269138&67§n DON M
L] R I A N ] o e oS e e M e Y e - -3 et

WM OMCOON RN O T NI N o NN T ey 0 d ‘52“166“n‘51k n9756171“790‘29052“2“95:‘667717‘...“qgchn OM AR AR LD UM 2 i DUV W) w4 D 3 M IO W

M DO T QXX H DT N N S PN T NN DWW 43hh1157 ﬁ?h275b930333363681903853881&#585&1583?
L alelel Rala DVl el L) -y -t - - Y O vt My Rl Ralalal V2 ) Nt et Ralal'l o] o - L ahale SR o0 ]

e e . e 3 . .

Wwing DS P ot N OO 3 DI T MO v R ADIN RO DI A 0N T DT A S S AN 0. o S N i L

OO o o et vt v it LD LI e v R ad

YA IR WD L B NN B DSRS0 il

v g U U D
LU O B I I O I O R B R A B R O A A B O N R O N R A R O R R A A A A A B I I I A )

HID WO HEN A TINOL 3 ON OR ririh QA THONLORT A SN DO OTINOMIGE M MR WA LN atin 2 1 O SOMN HE OO OMe O @ NONT e DN L AT H UM DO C 03 CDONIA L €N T O PV

WONDC o« @0 I MANN T O O OAC T N a0 3h )3 D GM-3 N0 NG DOONF OM el VI IN S0 5558304bkk653213965650151113289

v M Nt - iyt v oN mN Nt CHO vt A N A UM M MUt Nt N il et vV el . T et
' L]

TSN GO AT T IV AN I O (D PDUMBSFA NTO MO DOMN DY DL QDVNGAE D INMAER OO IR JOONHIS N30 ¥ A ONNOMOAND IO NDON COMBEMINOIN MUONT O OM.TCAHEC

g M F OGN WO BT DU T NN T 3 N D F O L NGOG F M DM TN G &3 GO M (WD M D I D PONMN 0T SU 437594:-314‘5322‘95“4091:44-1::2250

" INOE e WV EiMet vl ©ON M i ORENAAEA N EE UM M AU e & N e e HHrietd e -

+
v.? s $EBVC AUILCONT VT OVOT DI ODN SOOI OSNS 3 -+ M DN I HE OO OU 2 HNHD
L) [ [ [ OO AU [N ) LN} tret thaw ~ o 1] o~

e L BB LI N N ) e vt

1
(RN RN
COVWOOCLDUE I IIEITIIS O U Oy Ol O TSI IS SIS Qwo x L, N U N T N N N N LS
; RN TN :




117

7.6, Description of the Structure
The structure of sodium p&rophosphate at 410 °c.

consists of diphosphate ions formed by a pair of P043' groups
sharing a bridging oxygen atom with a P-0-P angle of 132,4(6)°,
The P-P vector is at an angle of 12,3° to the ¢ axis in contrast
to the room-temperature structure where the angle is only 50.
The oxygen atoms of the anion are in a staggered configuration
as viewed down the ¢ axis, Fig., 7.6.1., For a perfect staggered
configuration, the dihedral angle between the planes formed

by the two phosphorus atoms and two corresponding terminal
oxygen atoms on either side of the anion should be 60° while
those of a semi-eclipsed and a total eclipsed configuration

are 30o and 0° respectively. In the present structure, the
average dihedral angle is 650 and that of room temperature

is 32°,

The sodium chain which has been a distinctive feature
in the room-temperature structure, now becomes a "band"
spreading out in the b direction (Figs. 7.6.1 - 2) over a
~width of about 0.5 x.

The P-0 bridging bond lengths at either end of the
anion differ significantly from each other, being 1.577 and
1.644 £ while the individual terminal P-0 bond lengths do not

\differ very much from each other and their averages are 1,485
and 1.477 X, TABLE VII.3. These figures, although still
within the averages of 1.56 - 1.68 ($8) R for the bridging

bond and 1.43 - 1,52 (%8) R for the terminal bond 39 .
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00-000

Fig. 7.6.1. The structure of Na4P207 at 410%%,
projected onto the ab plane.  Equivalent molecules
e, ¥, g, h corresponding to a, b, ¢, d by the

C-centering operation are omitted for clarity,
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o)
Structure of NauPZO? at 410°¢C.

Fig., 7.6.2.

pro jected onto the ac plane,
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are at variance with the values of’the room-temperature
structure and it is suspected that some type of thermal motion
might be present in the system., For a libration type of
motion, Fig. 7.6.3 shows why the apparent (observed) bond
lengths are shorter than the actual bond lengths in a simple
case where a tetrahedron of the anion undergoes libration
about its own phosphorus atom, Fuller discussion of libration
of the present system will be given in the next section.

The molecular goemetry of each of the phosphorus and
sodium atoms is shown in TABLE VII.3. Na(3) is bonded to
four oxygen atoms two of which belong to the same side of the
anion while each of the remaining two belongs to a different
anion. WNa(4) is also bonded to four oxygen atoms belonging
to three anions. The sodium band consists of three ineqguivalent
sodium atoms, one of which, Na(7), lies on a general position
with the x and y coordinates being close to 0 and % respectively,
This sodium atom is bonded to six oxygen atoms, four being
contributed by a single anion and the remaining two by another,
. The other two sodium atoms in the band lie in special positions:
Na(8) on a centre of symmetry and bonded to six oxygen atoms
arising from the terminal oxygen atoms of three different
anions, and Na(9) on a two-fold axis and also bonded to six
oxygen atoms.,

One of the terminal oxygen atoms, 0(B2), which is
bonded to the phosphorus atom, P(B), has an abnorﬁaily high

temperature factor while the analogous oxygen atom in the
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actual length—\ ::Z—apparent length

P

Fig., 7.6.3

Apparent Shortening of Bond Lengths due to Libration



Distance®*

P(A)-0O(CE)
-0(Ala)
~-0(A2a)
~-0(A3a)

P(B)-0(CE)
-0(B1a)
-0(B2a)
-0(B3a)

P(A)-P(B)

Na(3)-0(B2g)
-0(B3a)

. =0(B2a)
-0(B1le)

Na(4)-0(Ala)
-0(A3a)
-0(A2f)
~-0(A2¢e)

Na(7)-0(Ala)
. =0(A3e)
-0(B1la)
-0(CE)
-0(A2a)
-0(B3e)

(continued)

TABLE VII.3

Bond Distances and Angles in Nauon7 at 410 %¢,

&)
1.577(6)
1,507(13)
1.473(11)
1.475(7)
1,644(3)
1,468(10)
1.486(11)
1,476(9)
2.947(3)
2.366(11)
2.322(13)
2.356(13)
2.425(10)
2.288(13)
2.332(1L)
2.586(10)
2.382(11)
2.,494(12)
2.414(8)
2.451(10)
2,531(11)
2.625(11)
2.339(9)

Angle

0(CE)-P(A)-0(Ala)
-0(A2a)
-0(A3a)

0(CE)-P(B)~0(B1la)
~-0(B2a)
~-0(B3a)

P(A)~0(CE)-P(B)

0(B2g)-Na(3)-0(B3a)
~-0(B2a)
-0{(B1e)

0(Ala)-Na(4)-0(A3a)
-0(A2f)
-0(A2e)

0(Ala)-Na(7)-0(A3e)
-0(Bla)
~-0(CE)
-0(A2a)
-0(B3e)
0(CE) -Na(7)-0(A2a)
-0(B3e)
0(A2a)-Na(7)-0(B3e)

107.1(5)
104,1(6)

107.7(5)

132.4(6)

86,2(4)

98.3(4)
111,7(4)

[y
[@2ANe]
(@]

s
FaiNOAV, B S 0o o}
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Angle

0(Ala)-P(A)-0(A2a)
-0(A3a)
0(A2a)~-P(A)-0(A3a)

0(Bla)~-P(B)-0(B2a)
-0(B3a)
0(B2a)-P(B)-0(B3a)

0(B3a)-Na(3)-0(B2a)
-0(Ble)
0(B2a)-Na(3)-0(Ble)

O(ABa)-Na(u)-O(AZf)
-0(A2e)
0(A2f)-Na(4)-0(A2e)

0(A3e)-Na(?7)-0(Bla)
-0(CE)
-0(A2a)
~-0(B3e)

0(Bla)-Na(7)-0(CE)
~-0(A22)
~-0(B3e)

(AAY



TABLE VII.3 (Continued)

()
93.1(3)
80.8(4)
86.9(3)

180,0(5)
98.7(3)
180.0(5)
151,3(3)
92.9(3)
119,3(3)
77.4(3)
95.5(5)
89.4(4)
75.3(3)

Distance* (R) Angle (°) Angle

Na(8)-0(Ale) 2.517(11) O0(Ale)-Na(8)-0(A2d) 99.2(4) 0(A2d)~Na(8)-0(A3g)
-0(A2d) 2.395(12) -0(A3g) 81.3(3) ~-0(Ald)
~0(A3g) 2.364(7) -0(A1d) 180.0(35) ~0(A2¢)
-0(A1d) 2,517(11) -0(A2¢c) 80,8(L4) ~-0(A3h)
-0(A2¢) 2.395(12) -0(A3h) 98.7(3) 0(A3g)-Na(8)-0(Al1d)
-0(A3h) 2.364(7) 0(Al1d)-Na(8)-0(A2¢c) 99.2(4) -0(A2¢c)

-0(A3h) 81.3(3) -0(A3h)
0(A2¢)-Na(8)-0(A3h) 93.1(3)

Na(9)-0(Bla) 2,428(12) o(B1a)-Na(9)éo(Blc) 92.7(5) 0(Blc)-Na(9)-0(B2a)
-0(Blc) 2.428(12) -0(B2a) 92,9(3) -0(B2c)
-0(B2a) 2.464(14) -0(B2c) 151.3(3) ~-0(B3e)
-0(B2c) 2.464(1k4) -0(B3e)  77.4(3) -0(B3g)
-0(B3e) 2,766(9) -0(B3g) 119.3(3) 0(B2a)-Na(9)-0(B2c)
-0(B3g) 2.766(9) 0(B2¢c)-Na(9)-0(B3e) 75.3(3) -0(B3e)

-0(B3g)  89.4(4) -0(B3g)
O(BBe)fNa(9)-O(B3g) 157.3(6) ‘
Transformations: a =x, y, 2 e = 34x, %+y, 2z
b = iv Sf-p z f= %"Xv %"‘yr z
cC =X, Y, -2 g = 3-X, +y, -2
a = Xx, .57! %""Z h = %“'X' %'yo %*'Z

# Tncludes all interactions less than 3.0 X.

€21
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room~temperature structure vibrates normally. It is of some
interest to compare the molecularhgeometry of this particular
oxygen atom in the two structures. Fig, 7.6.4 shows the
pyrophosphate groups>at similar locations in the two structures
(a) at 22°C. and (b) at 410°c, at the same level up the ¢ axis,
Although the pyrophosphate groups in each structure are
related by different symmetry operations: namely, 24 in

Case (a) and C-centering in Case (b), it is evident from

Fig. 7.6.4 that the gross feature of the pyrophosphate group I'
of Case (b) could be obtained from I of Case (a) by trans- '
lating the tetrahedron of B for about 0.5 2 along the b axis,
keeping the tetrahedron of A fixed and then rotating the
bridging oxygen atom through 120° about an axis through A
parallel to axis ¢. 1In this state of rearrangement, terminal
-oxygen atom 0(B2) undergoes great bond geometry changes as
“shown in PFigs. 7.6.5 - 6. The major change is that the bond
Na(1)-0(B2) in the roométemperature structure is broken and

a new bond Na(3')-0(B2) is formed instead. If we assume that

- both geometricconfigurations of 0(B2), i.e. one with the
Na(1)-0(B2) bond and the other with the Na(3')-0(B2) bond,
correspond to local minima of energy, it is highly probable
'thét in the structure at 410°c. 0(B2) is resonating.between

the two configurations, resulting in the large observed
amplitude of thermal vibration. An electron difference Fourier
for the structure at 410°C, in the final stage showed that

there was indeed a residual peak about one-fifth of an oxygen
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410°C.

Pig, 7.6,6

Environment of Oxygen Atom 0(B2) at 410°¢c.
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atom at a position corresponding to the configuration with

the Na(1)-0(B2) bond. This is then evidence of configurational
disorder and further refinement on the structure might be

made by using a computer program known as REFINE written

Lo

by Finger in which the occupancy of a disordered site can

be refined along with the rest of the structure.

7.7. Rigid-Body Motion
The effect of thermal motion of atoms on interatomic
distances has been discussed by a number of authors: Cruick-

b2 , Schomaker and Trueblood 53 ,

shank ot y Busing and Levy
'Pawley and Willis b y» and Johnson 45 . lore recently,
Scheringer 46 gave a lattice-dynamic treatment of the thermal-
motion correction on the bond length. For some known models
of thermal motion, he was able to obtain simple expressions
in terms of atomic positions, the translational tensor, T,
and the librational tensor, L. A third tensor, S8, introduced
by Schomaker and Trueblood 43 to account for correlationas
of libration and translation, is not necessary when the
correction is on bond lengths between atoms of the same rigid
body. His treatment is as follows.

. If T, L, and S are the rigid-body tensors, then the
- vibration tensor Ur of an atom at r = (rl,rz,rB) referred to

a chosen origin in the system could be expressed as

(7.7.1) Up = T+ VLV, - VS - (V,S)
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where Vr is the antisymmetric tensor given by

0 -r3 r2
(7.7.2) VE = r3 0 -ry
—r2 ry 0

The coupling tensors Urs for the rigid-body motion are now

obtained by substituting the atom s in Equation (7.7.1) for

half the positions of the atom r. Thus,

(707.3) Urs = T + erVé - Vrs - (VSS)' .
We define
(7.7.4) Ars =V, + Us - Upg - Ul -

From Equations (7.7.1) and (7.7.3), we have, on simplification,

(7-7'5) AI‘S (vI‘

—— —

CVIE (Y - V)

L2 . .
Busing and Levy has shown that the time and lattice average

.0of a bond length in the quadratic approximation is given by

- 2 2
(7.7.6) dorrecteq = 4 (r¢ ~ z<)/24

where d 1s the distance between the mean positions of the
_atoms, ;5 is the sum of the relative mean-square displacements
of the atoms r and s along the three axes of the Cartesian
reference system, and ;E is the relative mean squaré displace-

ment of the atoms r and s in the direction of the bond vector d.
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In terms of the matrix elements of Ars’ Scheringer has shown

that

(7.7.7) . -;5 = trace (Ars)
2 ' 2

(7.7.8) 22 = d'A, d/d

For. the model of rigid-body motion, Ars is always given by
Equation (7.7.5) and as such, Equatio;?7.7.8) is identically
zero since the matrix product (Vr - vs)g_ corresponds to the
vector product dAd. Hence, the—corrgction depends only on
the libration tensor L, We shall describe below how L is.

determined,

7.8, Evaluation of L

Determination of the tensor L depends on a proper
choice of the position of the centre of libration for the
molecule in motion. In the present case, the librating
group is the pyrophosphate anion, P207 and the centre of
libration is chosen to coincide with its centre of(mass.
Cruickshank 47 has given equations for the evaluation of
the components Lij of L and the components Ti' of the trans-
lational vibration tensor T of the centre of mass in terms
"of the coordinates (x,y,z) of each atom in the molecule and
its thermal parameters (Ui')'

Since the angle B of the system is 930, it could be

taken as close %o 90O so that the atomic coordinatés and

thermal parameters in TABLE VI,1 could be used directly
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after a translation to an crthogonal coordinate system at
the centre of libration. Components of the tensors T and
L are shown in TABLE VII.4, and the corrected P-0 bond lengths
of the pyrophosphate anion in TABLE VII. S5,



TAB

LE VII.L

Components of Tensors T and L

132

T11 T2 T35 T12 T23 T13
0,0269 | 0,0276 | 0,0490 | -.0078 | 0.0017 | -.0024
L4 Lo L35 L1 Los Ly,
0,0039 | 0.0064 | 0,0219 | -.0015 | -.0055 | 0.0029

TABLE VII.S5

Corrected and Uncorrected Bond Lengths of

the P207 Group

Distance Uncorrected |{Corrected

P(A)-0(CE) 1.577 8 | 1.592 %
-0(Al) 1.507 1.524
-0(A2) 1,473 1.489
-0(A3) 1.475 1,480

P(B)~-0(CE) 1,644 1,679
-0(B1) 1,468 1,477
-0(B2) 1,486 1.507
-0(B3) 1,476 1,487
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7.9, Rigid Group Refinement

It is evident from TARILE VII.5 that the corrections
on the P-0 bond lengths based on the libration of the rigid-
body, P207, about its centre of mass, are not sufficient to
bring the bond lengths to their usual accepted values, i.e.
1,515 % for terminal and 1.630 R for bridging P-0 bonds.
Another rigid group refinement based/upon the room-temperature
structure was carried out. In this case, the P207 anion was
treated as a rigid group with the P-0 bond lengths adjusted
to the room-temperature values, i.e. 1.513 X for the terminal
and 1.635 2 for the bridging bonds. Phosphorus atom P(A)
was chosen arbitrarily as the origin of the group. The
refinement was carried out in such a way that the group was
allowed to find its optimum position as well as its orientation
with respect to a coordinate system parallel to the crystal
axes, The parameters of the group which could be varied were
the three positional coordinates of the origin, three angles
defining the orientation of the group and the isotropic tempera-
‘ture factors of each atom in the group. All the sodium atoms
were treated as independent atoms and were refined along with
the group. The atomic and thermal parameters of the system
after the rigid group refinement are shown in TABLE VII.6.
The temperature factors are now more meaningful. The final

R value is 0,074,



Rigid Group

Atom'

X
P-A 0.1759
P-B 0,1817
0-CE . 0,1367
0-Al 0,1483
0-A2 0.0749
0-A3 0.3316
0-B1 0.,0699
0-R2 0.1716
0-B3 0.3319
Independent
Atom X
Na-4 0.3458(6)
Na-7  0,0097(5)
Na-8 0
Na-2 0

TABIE VII.6. Atomic and Thermal Parameters of NauP207 at 41000.

y

0,0141
0.1037
-.0352
0.2864
-.1548
-.0571
0.3002
-.1009
0.2039

y
0.5995(15)
0.5226(17)
0,5546(13)

1

0.6035(21)

obtained under Rigid Group Refinement

2

0.4296
0.3209
0.3713
0.4380
0.4555
0.4363
0.3196
0,2826
0.3282

4

0.2963(2)
0.4567(2)
0.3802(2)

0

i
4

U

0.028(1)
0.028(1)
0.052(3)
0.068(3)
0.055(3)
0.051(3)
0.052(3)
0.081(4)
0.063(3)

U1
0.059(3)
0.059(3)
0,045(3)
0.049(4)
0,071(5)

Uz

0.047(5)
0.069(6)
0.043(5)
0.,039(6)
0,047(8)

Us3
0.065(3)
0.072(3)
0.0h?(B)
0,036(3)
0.065(5)

Uiz
0.007(4)
0.001(4)
-, 000(H4)

Usg
-.008(3)
-.002(3)
-,005(2)
-.008(3)
-.012(4)

U23
0,000(3)
-.003(4)
0,001(3)

HET.
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7.10, Discussion

It is now evident that the structure of sodium pyro-
phsophate at 410°C, is more complex than it was first believed
to be., This is not surprising if we recall the twinning
phenomenon (Section 4,3) which nearly always accompanied
this transformation. The presence of residual peaks in the
electron difference Fourler in the final stage suggest con-
figurational disorder which requires further investigation,

It is of some interest to carry out a significance

test (Hamilton 48

) on the two models used in the refinement
of this structure. In the unrestrained model (a), there are
119 parameters based on 580 reflections and the R factor (Ra)
is 0.054, 1In the rigid-group model (b), there are 92 parameters

with the same number of reflections and the R factor (Rb) is

0.073. The hypothesis to be tested may be formulated

Hy¢ The rigid-group model is a better description

of the structure.

The Hamilton R-factor ratio is then

R A
- b _0.073 _
(7.10,1) R R 005k 1.331,

The dimension of the hypothesis is 119 - 92 = 27 and the number -
of degrees of freedom for the refinement is 580 - 27 = 5§53,
At a rejection level of 5%, a pertinent tabular value of R,

obtained by interpolation from Table 1 of Hamilton's paper gives

(7.10.2) = 1,015,

R27,553,0.05
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Since R > R we conclude that the probability of

27+553,0.,05
error if the hypothesis H, is rejected does not exceed 5%.

In other words, the rigid-group model is not a satisfactory
model either,

It seems therefore we are left with only a disordered
model, As pointed out previously, the Finger program might
be used to refine the occupancy of the disordered sites. 1In
addition, it might be fruitful, though very much more com-
plicated, to carry out the analysis further by using a set
of reflection data corresponding to.a twinned crystal rather

than using only the apparently "untwinned" crystal data as

in the present case,



CHAPTER VIII

STRUCTURE OF Na,P,0, BETWEEN 500° AND 600°C,
Between 500O and 600°C. the system of sodium pyro-

phosphate undergoes a series of phase transformations which

can be grossly divided into two regions: a first region from

° o 540°C and a second one from 540° to 600°C. Each region

500
has distinctive features of its own which will be described
below., However, since each region consists of transformations
which are very close together, no aftempt was made to deter-
mine the structure of each phase; rather, an overall structure
" determination within each region has been carried out,.

REGION I: Na,P between 500° and 540°C.

207
8.1, Introduction

The D.T.A trace in Fig. 4.1.,1 (p. 43) showed that in
this temperature region, there are two main phases at 517O
and 522°C, The resulting phases have been labelled as III
and IV, The separation of these two phases corresponds to
only 5 degrees., Immediately below the transition temperature
517°C. the crystal is invariably twinned while immediately

above, twinning disappears. As the furnace (Section 7.3)

137
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which was used to heat the crystal was unable to hold
temperatures within a stability of % 500., reflection data
collected within this region were at a temperature of

525 4+ 5°¢,, i.e. the data corresponded to phase III and
phase IV. This means that the data would correspond to an
average of at least two phases and this might cause a
serious refinement problem if the two phases have different
structural symmetries. This point will be discussed

further below,

8.2, Space Group Determination
Sodium pyrophosphate at room temperature is ortho-
rhombic in space group P2,2,2, with a = a, = 9.37, b = b, = 5.39,
¢ =c = 13.48 X and z = 4. The structure consists of a
repeat of a two-layer arrangement with pyrophosvhate groups
related by a two-fold screw axis parallel to the a axis in
the layer and the adjacent layer generated by two-fold screw
axes parallel to the b axis between layers. The structure
bbetween 405° and 515°C. has a®ag, b~ bo, c ~2c,, B= 93°
"and z = 8, Here ad jacent layers are related to each other
by centres of symmetry or by two-fold screw axes parallel to b,
The situation in Region I 1s not at all clear. The
éell has axes lengths a # a_, b b, , ¢ # 3¢, and z = 12,
*All the angles are 900. By considering all the would-be

equivalent reflections, the crystal appears to be monoclinic

but with almost orthorhombic symmetry. The observed extinction
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is consistent with C-centering in the ab plane. 1In addition,
0kl reflections appear only when 1 is even implying a glide
plane, If we assume that the pyrophosphate groups of the
structure at this temperature occupy positions similar to

the room-temperature structure, differing perhaps by small
translations of the centre of mass of the group and fine
details of the bridging and terminal oxygen atoms, then the
glide planes are consistent only if they are perpendicular

to the a axis and at O and 3. 1In other words, the unique

axis of the monoclinic system is the longer axis, a, rather
than b as in the previous structure at 410°C, Since there
are only two space groups in the monoclinic system with a
C-centering and a ¢-glide, namely: C2/c and Cc, a choice

must be made between the two., Fig. 8.2.1(a) and (b) show

that with a proper choice of origin, both space groups satisfy
the condition that each must generate pyrophosphate groups

at positions similar to the room-temperature structure.

The difference is, in C2/c there are one and a half independent
molecules in the asymmetric unit while in Cc there are three.
The correct choice of the space group for the system depends

then on a calculation of structure factors.

8.3, Refinement with Space Group Ce
The cell dimensions used in this refinement were
obtained from the curves in Figs. 4.6.1 - 3 (pp. 53-55)

which recorded the linear expansion of the three axes.
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Opyro group P207

(@) Cc (b) C2/c
© O
N S RO

Fig. 8.2,1. Choice of Origins in space groups Cc and C2/c

for NaLLPzO7 In Region I. The structure is formed by stacking
three unit cells of the room-temperature structure up the ¢ axis,
All equivalent pyro groups are shaded in the same way.
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Refinement under Cc required three independent mqlecules in
the asymmetric unit. Although the atomic parameters from the
structure at 410°C. could be used as a guide, the refinement
developed in such a way that the molecular geometry of each
pyrophosphate group bore no immediate resemblance to its
counterpart at 410°c. Since there were 39 independent atoms
with 163 parameters using isotropic temperature factors,

and there were only 788 reflections, 159 and 38 of which are
unobserved and unreliable respectively, not much could be
expected towards an accurate structure determination. The

R value obtained so far is 25%.

The batch with the Okl data was always the best in R
value, being 16% compared to an overall 25%., This could be
attributed to the fact that this batch was more accurate than
the others. We recall c = 3¢ = 40,4k Z. with only 1 = even
appearing, the integrated areas on an 0kl photograph were
still well separated along c¢; but for other projections, the
areas along ¢ were so close together that there was only a
slit for separation using Mo-radiation, With Cu-radiation,
the sepafation was satisfactory along ¢ but not along a and
b where the lengths are 5.39 and 9.37 2 respectively. The
set of data used here was collected with Mo-radiation,

The atomic and thermal parameters were shown in
TABLE VIII.1l and the observed and calculated structure factors
in TABLE VIII.2., Fig. 8.3.1 shows the molecular geometry

of pyrophosphate anions at three different levels up the ¢ axis,



142
TABLE VIII.1

Atomic and Thermal Parameters of N34P207 at 525 % 5OC.*

Atom X y Z U

1-P1 .1186 0.3178 0.1305 0.0621

1-P2 -,0251 0.3175 00,2000 0.0221
1-0CE -.2318 0.3497 0.1671 0.0771
1-01A -.1624 0.1785 0.,1250 0.0559
1-01B -.2987 0.4065 0.,1092 0.0530
1-01C 0.1166 0.3681 0.1256 0.07L7
1-024 0.1753 0.4568 0.,2057 0.0530
1-02B -.1815 0.3329 0.2296 0.0784
1-02C 0.0470 0.1745 0.1988 0.0LLs
1-Na3 -.0601 0.3434 0.0467 0.0670
1-Nalk -.0438 0.3491 0.2795 0.0476
2-P1 -,1053 O.321h 0.4631 0.0300
2~-P2 -.,0893 O;327h' 0.53h1" 0.0432
2-0CE -,1051 0.3690 0.5001 0.0635
2-01A  -.0172 0.1700 0.L582 0.13L9
2-01B -.3498 0.2944 00,4528 0.1176
2-01C 0,0567 0,4033 0.4375 0.0486
2-02A -, 1780 0.1779 - 0.5338 0.,0499
2-02B -.2538 0.4076 0.5542 0,0974
2-02C 0.1692 0.3573 0.5Lk01 0.0756
2-Na3 -.1663 0.3657 0.3857 0.0663
2-Nal -.1732 0.3308 0.,6104 0.064L
3-P1 -.0278 0.3284 0.7966 0.0333
3-P2 —.1269 0.3082 0.8676 0.0387
3-0CE -.0163 0.3379 0.8358 0.0585
3-01A 0.,0208 0.1535 0.7920 0,0L91
3-01B 0.1487 0.4478 0.7853 0.0318
3-01C -.2805 0.3686 0.7896 0.0721
3-024 -.3506 0.4185 0.8783 0.0648
3-02B 0.1003 0.3015 0.8922 0.0571
3-02¢C -.2508 0.1693 0.8587 0.0670
3-Na3 -,0673 0,3476 0.7205 0.0861
3-Nalk -.1319 0.3384 0.9419 0.0636

L4-Nas 0.3965 0.5189 0.0002 0,0482

5-Na5 0.L618 0.5129 0.0793 0.0803
6-Nas 0.4665 0,5085 0.1653 0.0720
7-Naj5 0.,4546 0.5029 0,2467 0.0548
8-Na5 0.3833 0.5056 0.3352 0.0377
9-Naj 0.36L7 0.5115 0.L41Lo 0,0163

* Refined in Space Group Cc to an R value of 25%,
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145

As discussed in connection with the room-temperature structure.
(Chapter V) there could be three basic configurations of the
pyrophosphate anions in a layer (Cf. Fig. 5.6.3, p. 72) and

it is interésting to note that the configuration (c) in

Fig. 5.6.3 with the bridging oxygen atom parallel to the longer
axis exists in the present structure (Fig. 8.3.1(b)). However
the oxygen atom is not bonded to the sodium atom at the origin.
The reason for this configuration is not clear but is probably
due to the fact that the structure is not yet fully refined

(R value still 25%).

8.4, Refinement with Space Group C2/c

Refinement under C2/c requires one and a half independent
molecules in the asymﬁetric unit. The bridging oxygen atom
~of one of the pyrophosphate anions must lie in a special
position so that the tetrahedron on one side gene?ates an
equivalent one on the other side. Because of the higher
symmetry compared to spéce group Cc, the orientations of the
bridging oxygen atoms in C2/c are more restricted. An attempt
‘was initially made to use the atomic parameters adapted from
the previous refinement with space group Cc; but the changes
required to allow for the higher symmetry soon made it necessary
to abandon many of the coordinates. At the time of writing
of this thesis, a structure factor calculation with three
phosphorus atoms, one bridging oxygen atom (in special position)

and the sodium atoms whiehahad been in the "chain" in the
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room-temperature structure (Chapter V), gave an R value of
40%,., Further electron density analyses might locate the other
sodium and oxygen atoms; but, as in the case of space group Cc,
the quality of the data coupled with a low reflection~to-
parameter ratio, might not have much to offer towards a good

structure determination.
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REGION II: NayP,0, between 540° and 600°c,

8.5, Introduction

The D.T.A. trace in Fig. 4.1.1 (p. 43) showed that
in this temperature region, there are three main phase trans-
formations at 542°, 3547° and 554°¢, and the resulting phases
have been labelled as V, VI, and VII. Once again, thesge
phéses are very close together and so only reflection data

were collected at 575 % SOC. which was inside phase VII.

8.6, Space Group Determination

In this temperature region, all the layers normal to
the ¢ axis show apparent hexagonal symmetry. In addition,
in 1 = odd layers, reflections with indices h and k satisfying
h - X = 3n develop into diffuse streaks (Cf., Fig. 4.5.1, p. 51).
In order to arrive at the proper space group for the structure,
it is convenient to consider once again the idealized
structure discussed in Chapter V (Section 5.6).

The proposed idealigzed structure is based upon pyro-
phosphate groups showing D3h (or tm2) symmetry. Alternatively,
if the terminal oxygen atoms at either end are rotated by 30°
in opposite directions about the P-P vectors, assumed parallel
‘to the ¢ axis, the symmetry of the idealized anions is D3 (or 32).
At 600°C. the only extinctions are 001 reflections with 1 = odd,
consistent with a 63 axis. However, hh2hl reflections with

1 = odd have developed streaks and have begun to fade into
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the background. We have attributed this phenomenon to some
structural disorder and the disorder will be complete when
all such reflections with 1 = odd disappear. In other words,
when disorder is complete, a c-glide plane will relate anion
groups in adjacent layers. The space group when disorder is
complete is P63/mmc. However, the structure is not hexagonal
pridr to this but only nearly so.

The question of the space group of the low symmetry
phase prior to the disordering, and the order parameter -
the deviation ih electron density from the c-glide symmetry -
must be considered. In the room-temperature structure, the
top half of a layer, i.e. the ab plane with one molecule thick,.
is related to the bottom half by a two-fold screw-axis while
two molecules in the same layer are also related by a two-
fold screw axis (Fig. 8.6.1). A disorder which sets in at
high temperatures, tries to randomize the direction of the
sodium-bridging oxygen atom interaction among the three
alternatives (Fig. 8.6.2) and the resulting structure can be
thought of as a superposition of the three structures derived
from the room-temperature structure by a rotation of 120° about
the screw axis parallel to the ¢ axis. However, this does not
generate the hexagonal cell of the high-temperature phase
because the disordered groupings are not translatioﬁally
equivalent unless the original structure also contains a
C-centering operation. Alternatively, the C-centering plus

the proposed disordering can yield the hexagonal translational
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symmetry. Since all the phases identified between room
temperature and 600°C. have two-fold and/or two-fold screw
axes in the layer it seems reasonable to assume that the
disorder will be based upon a structure with a screw-axis
relationship between the pyrophosphate anions in the layer.
However, this plus a C-centering, possibly derived by
disordering, leads to an anion or a disordered pair with a
two-fold screw axis. The "hexagonal" disordering would then
generate a structure showing apparent P6322 symmetry.

This however implies that the disordering is one
between space groups P6322 and P63/mmc which does not appear
to be consistent with the observation that the structure
deviates slightly but significantly from hexagonal symmetry
while the streaks are present. (A closer look at the photo-
graph in Fig. 4.5.1, p.51, shows that the intensities are
nearly but not exactly hexagonally equivalent.) it is
apparent that the structure beyond 400°¢, develops a centre
of symmetry which 1is preserved as the structure disorders
from the 300 (Region I) to the hexagonal cell. The crystal
prior to the disappearance of the streaks must be orthorhombic
with space group Cc2m with the longer axis in the ab plane

as the "unique" axis.
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8.7, Structure Determination

Earlier in the analysis of the reflection data in
this temperature region, the complications of the space
group problem discussed above were not fully recognized.
An initial attempt was made with an ordered model in space
group P6322 with the atoms shown in TABLE VIII. 3. The
R Qalue was 36%. Electron density difference maps showed
the presence of significant peaks and this, together with

the abnormal temperature factor of the bridging oxygen atom

X

OCE indicated strong evidence of disorder in the system.

A disordered model with the space group P63/mmc was
subsequently tried. The R value of 9.5% showed that this
space group probably contained all the essential symmetries
of the system in this temperature region., The atomic and
thermal parameters are shown in TABLE VIII.4 and the observed

and calculated structure factors are shown in TABLE VIII.5.

8.8, Discussion

Although the R value corresponding to P63/mmc is 9.5%,
that this is the proper space group already could not be
accepted because the extinction condition: hh2hl: 1 = cdd
~ does not hold. The present result, however, does not contradict
our discussion in Section 8.6, The present system was
probably not yet completely disordered and all the twenty-four
equivalent sites allowed by the space group did not have

equal occupancy.
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TABLE VIII.3, Atomic and Thermal Parameters of N34P207
at 575°C, refined in Space Group P6322

Multi-

Atom plicity X ¥ z U

P 1/3 1/3 2/3 0.3581 0.0710
0-1 1 0.5657 0,9158 0.3835  0,0389
0-CE 1/6 0.,2600  0.5200 1/4 0.1509
Na-1 1/6 0 0 0 0.0335
Na-2 1/6 0 0 1/4 0.0758
Na=3 1/3 1/3 2/3 0.5815 0,0582

TABIE VIII. &4, Atomic and Thermal Parameters of NauP207

at 575°C. refined in Space Group P63/mmc

Multi-

Atom plicity X y Z U

P-1 1/12 0.6058  0.3314  0,1433 0.0573
P-2 1/12 0.6254  0.3032 0.3571  0,0261
0-CE 1/12 0.7327 0.4785 0,2499 0,044y
01-A 1/12 0.3277 0.1388 0,1504 00,0372
01-B 1/12 0.7932  0.2235 0,1122 0,0551
01-C 1/12 0.7226  0.5940 00,0822 0,069L4
02-A 1/12 0.6142  0,0172 0.3374  0,0294
02-B 1/12 0.8278  0,4818  0.4290 0,0862
02-C 1/12 0.3279 0.2497 0,3822 0,0211
Na-1 1/12 0.9479  0.9731  0.,2292  0,0442
Na=-2 1/12 0.9870 0,9783 0.4820  0,0592
Na=-3 1/12 0.7553  0.4028 0.5917  0.0779
Na-4 1/12 0.6446  0.3575 -,0855 0.0679

R value = 9,5%
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TABLE VIII. 5.

TABLE OF OBSERVED AND CALCULATED STRUGCTURE FACTORS OF NA4P207

UNOBSERVED REFLECTIONS ARE MARKED WITH *

AND UNRELIABLE REFLECTIONS WITH +

AT 575 DEGREES C.

IF-0l IF=-CI

IF-0l IF-Cl
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It is worth mentioning here that at one stage of
structure trials, in spite of the apparent incompatibility
of an orthorhombic space group for Region I due to the
presence of some visually inequivalent reflections, a trial
model was made with the space group C2cm on the data in
Region I. The resulting R value was 31%. This seems to
be consisteﬁt with our speculation in Section 8.6 that the
space group prior to the completely disordered state should
be C2¢m, - However, no attempt has ye£ been made to test

the present hexagonal data against this space group.



CHAPTER IX
CONFIGURATIONAL ENTROPY CHANGE OF Na4P207

In this Chapter a discussion of the configurational
entropy change of sodium pyrophosphate when the system changes
from the room-temperature ordered phase to the highly dis-
ordered phase above 600°C. will be given, The discussion
will be purely theoretical because no measurement has yet
been obtained on the system at the time of this thesis,

A suggestion on how such measurements could be carried out

will be given, however,

9.1, Equivalent Model for the Calculation of Entropy

We first review on the general features of the system
of sodium pyrophosphate. Both the room-temperature phase
and the disordered hexagonal phase above 600°C. have a Cc axis
equal to about 13.5 X. The general locations of the pyro-
phosphate groups are not changed, the major difference being
in the orientations of the bridging oxygen atoms,

The pyrophosphate groups in both phases are not
linear; but each is bent by an angle of the order of 1300.
In the room-temperature phase, the orientation of a pyro-

phosphate group is fixed by the symmetry of the space group

155
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P212121. In the disordered phase, the structure refined by
using the hexagonal space group P63/mmc gave an R value of

10%4. Although it is not yet certain that this is the proper
space group for the disordered phase, it is definitely notv

far from the true piéture.

Since hexagonal systems are usually describable in
terns of an orthorhombic system, we shall keep using an ortho-
rhombic system to describe the disordered phase, In arriving
at a model for the calculation 6f the entropy, it is convenient
to make some postulates regarding the environment of the

sodium atoms which are coplanar with the bridging oxygen atoms

of the pyrophosphate groups.

POSTULATE I. The bridging oxygen atom of each pyrophosphate
group must be direqted towards one of the

three nearest coplanar sodium atoms,

POSTULATE I1I. Each of the sodium atoms coplanar with the
bridging oxygen atom must have one and only

one pyrophosphate groups directed towards it.

The two terminal sodium atoms at the ends of each pyrophosphate
~ group are considered to have only interlayer but no intralayer:
effect on the building of the crystal structure.

There are altogether twelve configurations which
satisfy the above postulates. They are shown in Fig. 9.1,1,

It is seen that some of them can repeat themselves; while
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The 12 possible Configurations

Fig., 9.,1,1
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_others cannot., Those which can repeat themselves are called

the ordered types while the others are called the disordered
types. Ordered types are Cqs Cos CS’ C9 and Clo‘ Disordered
types may result from an ordered type by making a “"mistake".

The mistake may bring an ordered type to another ordered type
as, for example, from C1 to CZ’ or to a disordered type as

from C1 to 03. When a disordered type has occurred, another
mistake must follow which may bring the disordered type to

yet another disordered type as from C3 to C8: but it may also
bring it to an ordered type as from C3 to CS' Although it.
might appear intuitively that there would be a higher proﬁabil}ty
for an ordered type to generate another ordered type of the )
same configuration, there is in reality no a priori reason

- why one configuration is preferred to another in a completely
disordered state of the system, Heﬁce. we could make a third

postulate on the equal probability of the configurations.

POSTULATE III. Each configuration satisfying Postulétes I
and II has an equal probability in the dis-

ordered state of the system,

With the three postulates on the configurations we
can proceed to formulate the problem on the entropy as

described in the subsequent sections.
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9.2, One-Dimensional Checkerboard
Following the treatment of Copper Formate Tetrahydrate
by Okada 49 , we first consider a one-dimensional array of
n unit cells along the b axis, a one-dimensional checkerboard.
Let P(n) be the number of configurations of this one-dimensional
model, Then P(n) is divided into twelve terms as
12

(9.2.1) P(n) = %

C;(n)
i=1 1

corresponding to the twelve possible configurations of the
pyrophosphate groups in the n-th cell., For exanple, Cl(n)
is the number of arrangements when all the three pyrophos-
phaté groups point towards the lower right in the n-th cell,
Fig. 9.1.1., For the case of (n+l) cells built by adding one

cell to the n-th, we have

(9.2.2) Cl(n+1) = Cl(n) + Cz(n) + Cé(n) + C8(n)

because the left-hand edge of the (n+l)-th cell with configura-
tion C1 can only match the right-hand edge of the n-th cell

with configuration Cqs Cz, 06 or C8‘ Similarly, we have

Cz(n+1) = Cz(n) + C6(n) + CS(n)
CB(n+1) = Cl(n) + Cz(n) + Cé(n) + C8(n)
Cu(n+1) = Cz(n) + C6(n) + C8(n)

CS(n+1) = CB(H)_+ Cu(n) + Cs(n) + C7(n)
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Cé(n+1) = Cg(n) + Clo(n) + Cll(n) + Clz(n)
C7(n+1) = Cg(n) + Clo(n) + Cll(n) + 012(n>
.C8(n+1) = CB(n) + Cu(n) + C5(n) + C7(n)
Co(nt1) = Co(n) + Cigln) + Cyy(n)

Clo(n+1) = Cg(n) + Clo(n) + Cll(n) + Clz(n)
Cll(n+1) = Cu(n) + CS(n) + C7(n)

012(n+1) = CB(n) + Cu(n) + C5(n) + C7(n)

It is to be noted that most of the equations for C;(n+1) have
four terms. Some of them have only three terms because gf
Postulate II which does not allow more than one pyrophosphate
groups being directed towards a sodium atom. From Postulate IiI
we have Ci(n) = Cj(n) for all i, j =1, 2, ... , 12, Hence,
from the above equations, it is obvious that

12

z Ci(n+1)
i=1

(9.2.3) P(n+1)

i

54 pin)
12

which, on simplification, gives P(n) = (11/3)n-1P(1).

Since P(1) = 12, we have

(9.2.4) P(n) =12 x (11/3)""%,
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9.3, Two-Dimensional Checkerboard

We next consider a two-dimensional checkerboard formed
by putting two one-dimensional checkerboards alongside each
other. Postulates I and II impose certain restrictions on
the matching of the upper and lower sides of the two ad jacent
one~-dimensional checkerboards. We first work out the matching
probability of the one-dimensional checkerboards, Consider
.the corner A in Fig., 9.3.1. The probability of having a
pyrophosphate group being directed towards-it is 4/12, A
cell with this configuration can be matched with a cell in
the lower checkerboard when the latter cell does not have
a pyrophosphate group being directed towards the corner B.
This probability is 8/12, The joint probability for the
matching is then (4/12) x (8/12) = 2/9. However, matching
is also possible when A does not have any pyrophosphate group
being directed towards it while B does; and the joint probability
is again 2/9. Hence, the total probability for matching two
ad jacent unit cells is (2/9) + (2/9) = 4/9. If there are
n unit cells in each one-dimensional checkerboard, the matching
probability is then (4/9)0,

Let there be m one-dimensional checkerboards each of
n unit cells, If we write Q(n,m) as the number of arrangements
that the m one-dimensional checkerboards can be placed alongside
each other without violating Postulates I and II, we have,

for a general value of m = 1 with 1> 2

(9.3.1) Q(n,i) = Q(n,i-1)Q(n,1)(4/9)"
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which reduces to
(9.3.2) a(n,m) = Q(n,1)"(4/9)"

when i = m. By definition, Q(n,1) = P(n). Substituting

Q(n,1) by P(n) and taking logarithms, we have
(9.3.3) ln Q(n,m) =m in P(n) + n 1In (4/9)
From Equation (9.2.4), P(n) = 12 x (11/3)n-1 so that

(9.3.4) In Q(n,m) = m 1In (12) 4+ m(n-1) 1In (11/3)
+n 1In (4/9)

For an actual crystal, both m and n have very large values

and 1ln Q(n,m) can be approximated as
(9-3'5) in Q(ntm) = mn 1ln (11/3)

Since the number of cells is equal to half the number of
molecules in the crystal, N, we can put mn = N/2. Multiplying
by the Boltzmann constant, k, the configurational entropy

of the disordered state is given by

(9.3.6) k 1n Q(n,m) = k+(N/2)1n (11/3)

i

R 1In (11/3)%

where R is the gas constant, Actually, two-dimensional
checkerboards themselves are stacked to form a three-dimensional

crystal, When the crystal is large and interactions between
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ad jacent layers are weak, no modification is necessary and

the above result holds,

9.4, Discussion

As noted above, we have not yet obtained any experi-
mental data on the entropy change of sodium pyrophosphate so
that it is rather difficult to judge the accuracy of the
calculation. The following method is suggested for a measure-

ment of the entropy change. By definition

5 Heat change
Temperature

Entropy change =

where the summation goes over all the transitions from
room temperature to 600°C, A differential thermal analyser
may be used to measure toth the heat change and the temperature

corresponding to each transition.,



CHAPTER X

A MODEYL FOR THE DISORDER OF Nab(on7

A model for the disorder observed in the high-tempera-
ture phases of sodium pyrophosphate is described. Because
of the possible existence of the twelve configurations as
discussed in Chapter IX, the problem is rather involved and
it is necessary to make further simplications. The justifica-

tion of these simplications will be discussed as we proceed.

10.1, Intensity in Reciprocal Space

A perfect crystal consists of identical unit cells
arranged at the points of a lattice defined by the axes a,
b and ¢, With an arbitrary cell chosen as the origin, the

position of the n-th cell is given by

(10.1,1) r, = nja + n,b + nsc

wherg Ny, Ny, Ny oare three integers defining n = (nl,nz,nB).
The lattice cells are therefore arranged in rows, columns,
and layers in such a way that r, terminates on the point in

the nl-th row, the nz-th column and the n,-th layer. The

3
ranges over which Nyy Noy and n3 can vary depend on the size
and shape of the crystal. This lattice-cell model is parti-

cularly useful in describing systems where there is a

165
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possibility of non-uniformity in the contents of the unit
cells, In disordered systems, non-uniformity of some quantity
is invariably present., In the present case, the guantity of
interest is the structure factor F,

In order to allow for its change, we write the scatttering
factor of the n-th cell as Fn. It is convenient to consider
continuous variables (H,K,L) in reciprocal space in addition
to the familiar integer variables (h,k,1l). Thus, any point S

in reciprocal space can be written as
(10.1.2) S = Ha* + Kb%* + Lc*

where a*, b*, and c* are the reciprocal lattice vectors., The
X-rays scattered by the n-th cell at r, are advanced in phase
with respect to those scattered at the origin by an amount

Dn given by

Dn = 2m(S-r

)

T

‘and their contribution to the total amplitude scattered by

the crystal is
F eiDn =F exp[Zﬂi(S-r )]
n n 2'=n

‘The total amplitude scattered by all n cells in the crystal

is then

(10.1.3) G(H,K,L) = F exp[2mi(S-r )].
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The intensity of scattering at (H,K,L) is

(10.1.4) I(H,K,L) G(H,X,L)G*(H,K,L)

1}

2 5 e, exleri(s (s, - £,0)]

The evaluation of the summations depends on a knowledge of
Fn and the limits of n. If h = (h,k,1) is a reciprocal lattice

vector so chosen that in
(10.1.5) S=58

|s| is smallest, then (§,°r ) and (S, +r .,) are integers and

may be dropped out of the exponents, giv ng

(10.1.6) I(s) =L L FF
nn

R Fi exp[2mi(sedr, - .10

if (§-£n) and (g-gn,) change only slightly in going from one
unit cell to another, the summations can be replaced by integra-

tions over the volume of the crystal. Thus, we have

(10.1.7) I(s) = V"Zyrdgyfdgf F F* . exp[zﬂi(§-§gn - gn,})]

For a particular type of imperfection of the crystal, we are

‘interested in exploring the way in which the intensity varies
with the distance s from the reciprocal lattice point (h,k,1)
in the direction s. Non-zero values of I(s) for some s give

rise to the phenomenon of streaks. We shall go into more

detail on this problem of streaks below.
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10.2. General Treatment of Mistakes
Wilson 50 pas given a general treatment of mistakes

in crystals, Following his treatment, if we write

n'. =n. + m, (i =1, 2, 3)
and

8 = (u'v'w)
we have, from (10.,1,6)

(10.2,1) I(u,v,w) exp[—Zﬂi(mlu + myv o+ mjwf

|
S ™

L F_F*
R S

ﬁ{i Fan+%}exp[-2ﬂi(m1u + myV o+ mjw)]
The summation within the bracket contains no exponential factors
and can be evaluated for postulated models of how the mistakes
occur, Its physical interpretation is the following. Starting
_with the cell defined by n = (nl,nz,nB) we find the cell which
is mqa, mzb, mjc away in the directions a, b, ¢ respectively.
Having found it, we multiply together the structure factor

of the first cell and the complext conjugate of the structure
factor of the second and add these products together for all
pairs of cells having the same separation. Obviously, for

cells near the surface and for a fixed m = (ml,mz,mB) it may
happen that is is not possible to find the second cell as it
would be outside the crystal boundary. The number of such

possible pairs depends therefore on m and we may denote this
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number by W(m). For a given m, W(m) is a large number and
each product FnF§+m may take up values depending on the
distribution of the mistakes. If we write the average value

of the products FnF§+m over this range as
(10.2.2) v(m) = (F F¥ )

we have, from Equation (10.2.1)

’

(10.2.3) I(u,v,w) = & W(m) Y(m) exp[f2ﬂi(m1u + myv o+ m3w\]
m

Since W(m) is purely geometrical, it is independent of the
nature of the mistakes. Y(m), on the other hand, depends on
the distribution and nature of the mistakes and can only be
estimated by postulating some statistical models of how the
changes in the atomic arrangement in the unit cell occur

and how the affected unit cells are distributed throughout
the crystal. A model to account for the observed streaks in

sodium pyrophosphate is described below,

10.3. Model for the Streaks of Sodium Pyrophosphate

In Chapter IX, we introduced the twelve possible con-
figurations of each cell in the disordered phase. Suppose
now we label these cells by the numbers (m,n,p). Then, we
could ask the following question: What is the probability of
having one of the twelve configurations at the cell which is

m column, n rows, and p layers away from the origin? This
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question cannot be answered precisely because it involves
twelve configurations with varying degrees of probability
at each cell, We shall attempt, instead, to simplify the
system by introducing zones or domains within which every
cell will have the same configuration., In other words, we
introduce a certain amount of local short-range order,

The thickness of each domain is 3¢ and its extent
in the ab plane may in general vary with the domains. Of
the twelve configurations only five can repeat themselves,
Fig. 9.1.1, p. 157, The other seven may be regarded as
transitional units forming the boundary between the domains,
These units are small in number compared to the five repeatible
units so that their contributions to the structure factor
calculation for the entire crystal misht be neglected., Since

he

fote
et

the structure of the disordered phase refined by us

ng

hexagonal space group P63/mmc gave an R value of 10

ct

Zy 1
seems legitimate to assume further that the bridging oxygen
atoms of the pyrophosphate groups within a unit cell all point
in the same direction. This eliminates two more configurations
out of the repeatible five, i.e. 02 and Cqio of Fig. 9.1.1,

We are then left with three configurations A, B, and C which

- can form a domain, Fig. 10.3.1. A direct transition among
three configurations is impossible and is brought about only
through the other transitional units.

In order that we may label the domains in the same

way as the cell, we shall make a further minor assumption:


http:sr::.2.ll
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The extent of each domain is the same. This seems reasonable
because there is no a priori reason why one domain with a
particular configuration should be favoured at the expense
of the other. Every configuration should have the same
probability of making a "mistake" and this, when strictly
observed, should lead to equal extent for all domains,.

Suppose now we could label the domains by (m,n,p).
We may then ask the question: Given a domain with a certain
configuration at the origin, what is the probability of finding
the other configurations including itself at a location (m,n,p)?
If we can answer this question, we can work out an estimate
of the quantity Y¥(m,n,p) defined by Eguation (10.2.2) which
is required in estimating the intensity at a point (u,v,w)
in reciprocal space, Equation (10.2.3).

The following Sections will be devoted to the calcula-

tion of Y(m,n,p).
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10,4, Recurrence Relationships
Without loss of generality, suppose the configuration

of the domain at the origin is A. Then,

Let Lm,n.p(A) be the probability that the domain at
(myn,p) is A,
Lm,n,p(B) be the probability that the domain at
(myn,p) is B, and
Lm,n,p(c) be the probability that the domain at
(m,n,p) is C.

We require

(C) = 1.

(10.4.1) Lm,n,p(A) + Lm,n,p(B) + Lm,n,p

Because of the layer structure of the system we shall divide
the discussion into two parts: a first part dealing within
each layer and a second part dealing between different layers,
Since we have only three configurations, it is simpler
to describe the system with hexagonal indices. This we will
do in the following. If, for p = 0, the layer has configura-
tion A, B, or C, then for p = 1, the pyrophosphate groups
wili also have configurations A, B, or C, but in positions
which are displaced a/3 and -b/3 relative to those for p = 0.
We shall label the displaced configurations by A', B', and
C's For layers with p = odd, all domains will have primed
configurations while for layers with p = even, théy will have

unprimed configurations, It is convenient to consider the
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layers with p = odd as one system intermingled with the layers
with p = even as another system. We shall assume further that
apart from the relative shifts of the pyrophosphate groups

the two layer-systems are independent of each other, 1i.e.

the "mistake" made in one system will not affect the other

Part I: Within the same layer
Tet 0 be the probability that a mistake will occur
which changes the configuration of a domain into one of the

other two in the same layer. Then we have, for p = even

3 1. AY = T {4 -0 ‘ (R 2 I cha /2
(1) ”m+1,n,p(ﬁ’ Lm,n,p\“)(l o) + Lm,n,p‘”)a/“ + “m,n,p(b’a/“
ii) L (z) = L B)(l-a) + L (Cla/2 + 1, A)o/2
(i1) m+l,n, o ) m,n,p( ) ) myn,n" "’ /2 m,ﬁ,p(‘>’

« o 0% .~ \ — A - T. / )9
(ii1) Lm+l’n,p(c, Im,n,p(c)(l a) + Lm'n’p(A)G/z + Im'n,p(d)a/2
(10.4,2)

For p = odd, the above equations are still true if we replace
the unprimed configurations with the primed configurations,
i.es A—=> A", B = B'", and C — C'., It is readily verified
that-Equation (10,4.1) is true for the domain {m+l,n,p) as it
should., EZquations (10,4.2) are to be solved subject to the

normalization condition (10.4.1) and the boundary conditions:
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For p = even

(1) Dg g o(A) =1
(10.4.3) (i1) Lo o o(B) = 0
(1i1) Ly g (C) =0
For p = odd
(1) Ly, 0,1(A") =1
(10.4,4) (ii) Lo.o,l(B') =0
(1ii) Lg,0,1(C") =0

We shall solve Equations (10.4.2) for p = even., We assume

that the solution is in the following form:

' _ m+N, D
(10.4.5) Lm,n,p(A) = RA + SAQA TA

A SA' QA and TA

of myn, and p. The subscript A is used to designate con-

where R are non-trivial constants independent

figuration A. Expressions similar to (10.4.5) can be written
for configurations B and C.

From Equation (10.4.1), we have

(10.4.6) Ly o (A =TIy o (A)(1-a) + (1 - Iy - (4))a/2

=30+ Ly o (A)(1 - 30/2)

From (10.4,5), we have, on simplification

(10.4.7) Ry +5)qmMHp D _ 4o R,(1 - 30/2)

+ S

49, P(L - 30/2)
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Equation (10.4.7) is true for all m, n, and p so that

(1) R, = 30 + RA(l - 30/2)

A
(10.4,8)
.. m+n+l., p _ m+n, DO
(11) 5409, TAm =529 Ty
(1) immediately gives Ry, = % while (ii) gives Q, = (1 - 30/2),
To obtain S,» we use the boundary condition (10.4.3(i)).

Substituting it in 10.4.6), we have

Ll,O,O(A) =20 + 1 x (1 - 30/2)

But, 0

_ o 1,
Li,0,0(8) = Ry +5,Q,7T,

Therefore,

W

+ 8,(1 - 3¢/2) = 30 + 1 x (1 - 30/2)
giving
(10.4.9) S, = 2/3.

Hence, we obtain

_ 1 2 _ m+n., p
(10.4,10) Lon,p(A) = 5 + 5(1 = 30/2)"", P,
For'Lm'n’p(B) and Lm,n,p(c) we can proceed in the same way
to obtain
(10.4,11) 1 (B) = £ - £(1 - 30/2)"t0p P
MyNy D 3 3 ( B
(10.4.12) L (c) = L. l(l - 3a/2)™q P
Tt m,n,p 3 3 c



177

We still have to calculate TA’ TB’ and TC which obviously
can only be obtained by considering interactions between
different layers.

If we proceed in a similar way for p = odd layers,

making use of the boundary conditions (10,4,4), we have

(10.4.13) T . (A') = % + %(1 - 3a/2)m+nTA,p_l
' - 1 1 m+n p-—l
(10,4.14) Lm,n,p(B ) = 3" 5(1 - 30/2) T5,

(1 - 3a/2)m+nT p-1

(10.4.15) L (c') = o

W -
w =

Part II: Between different layers

Let £ be the probability that a mistake will occur
which changes the configuration of a domain into one of the
other two configurations in alternate layers up the c axis.

Then we have, for p = even

(1) Ipn,pe2) = I p, p(A0(2-B) + Iy ) (BIB/2 + I, (C)B/2
(11) Iy f,pe2(B) = I q, p(B)(2-B) + T (C)B/2 + L |\ (A)B/2
(111) Ly ) 540(C) = Ty o (C)(1-B) + T, o (A)B/2 + Lm'n’p(B}ﬁ/z
(10.4,16)

For p = odd, the above equations are still true when A— A',

B— B' and C— C'., Equations (10.4.,16) can be solved in a

way similar to (10.4.2) to give a solution to T,, To, eee;

Al
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but a quicker way is to use Equations (10.4,10 - 10.4,12)

in (10,4.16). Thus, we have, for example

1/3 + %(1 - 3a/2)™y P2
= 38+ (1/3 + £(1 - 30/2)™P1,P)(1 - 3p/2)
giving
T, = (1 - 38/2)
or
(10.4,17) T, = (1 - 33/2)%.-
It can easily be verified that Ty = Ty = T,, = Ty, = Ty, = T

Av)
Hence, we obtain the following complete solutions:

For p = even:

Lo n o) = 3 + 51 - 30/2)™"(1 - 38/2)%/2
1 1 2
Lon,p(3) = 5 - 5(1 = 30/2)"(1 - 36/2)%/
(10.4.18) 1 1 m+n /2
Lm,n,p(c) =3 - 5(1 - 30/2)"7(1 - 38/2)
Lyn,plA) = Iy o ((BY) =L (C') =0
For p = odd:
' — _]_- _-_2_ - m+n - ~23';:(p"1)
Lyn,pld') = 5+ 5(1 - 3¢/2)77°(1 - 38/2)
. - l - _1-_ - mn+n - ' %(p"l)
(10.4.19) Tfm,n,p(®') =3 - 5(1 - 30/2)770(1 - 38/2)
= Lm’n’p(C')

() =0

Lm:nvp(A) = Lmvn’p(B) - Lmonvp
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10.5. Structure Factors of the Domains
Let F(A), F(B), and F(C) be the structure factors
of the dopains A, B, and C respectively when they are in
the even layers, and F(A'), F(B'), and F(C') be the structure
factors of the domains with the shifted configurations in

the odd layers., Further, let

(1) F(A) = Q;
then 7
(ii) F(3) = Q exp (i2m/3)
(iii) F(C) = Q exp (-i2m/3)
(10.5.1)
(iv) F(A') = Q exp (i27(h-k)/3)
(v)  F(B') = Q exp (i2m(h-k)/3) exp (i27/3)
(vi) F(C') = Q exp (i27(h-%)/3) exp (-i27/3)

The factor exp (i27m/3) comes about because in a domain,
configuration B can be obtained from configuration A by a
rotation of 27/3 about an axis parallel to c¢. Rotating
2m/3 twice or -2m/3 gives configuration C. A further rotation
of 2m/3 gives back A. We conclude therefore that the phase
difference between the configurations in the same layer must
be 27m/3, The factor exp (i2m(h-k)/3) comes about because
the shifted positions are translated 1/3 along a and 2/3
along b (or, equivalently, =-1/3 along b) with respect to
the normal unshifted layers.

It is convenient to display the real and imaginary

parts of the structure factors explicitly., If we write
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f(A) and g(A) for the real and imaginary parts of F(A)

respectively, we have

f(A) = Q g(A) =0
f(B) = -3Q g(B) = 3QJ3
f(c) = -3Q g(C) = -3QJ3
(10.5.2)
f(A') = QD ' g(A') = @B
f(B') = -3QD - 3QEV3 g(B') = -3QE + 3QDV3
£(C') = -3QD + 3QEJ3 g(C') = -3Q2 - 3QDV3

where we have written for short

W)
I

= cos 21{h-k)/3

£ sin 2m(h-k)/3.

=
i

10.6. Evaluation of Y(m,n,p)
The quantity Y(m,n,p) as defined by Equation (10.2.2)
can be expressed in terms of two other quantities J(m,n,p)

and K(m,n,p) (Cf., Wilson 50 ) as
(10.6.1) Y(m,n,p) = J(m,n,p) - i K{m,n,p)

where in the present case

(10.6.2) J(m,n,p)

? Lm'n’p(l)f(A)f(I)

andg

(10.6.3) K(m,n,p)

z Ly n, p{DT(A)&(1)
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where the summation on I is over all A, B, C, A', B', and C',

The quantities I (I) are defined by (10,4.18 - 19),

m,n,p

Simplifying with Equations (10.5.2) we have

(10.6.4)  J(mn,p) = Q%L (A) - Q°L_  (B)

'nl‘

2 ] 2 { ]
+ QDL L o(A') - QDL (BY)

where we have used the equalities

Lm’n,p(B) = L (C) and Lm'n’p(B') = Ly on, (c').

111D

We recall that the values of L p(I) depends on p being
iy 1]

even or odd and it would be more convenient if we could get

rid of the trouble of even or odd by building in some factors

to take care of this. We know that for p = even, L D(I‘) = 03
tily L I
and for p = odd, L4 p(I) = 0. Thus, we can prefix the
1 _13\P 1 _ (_1)P '
factors 3(1 + (-1)%) to Lm'n’p(I) and 5(1 (-1)7) tc Lm,n,p(I )

in Equation (10.6.4).
Simplifying further with Equations (10.4.18 - 19),

we have,

(10.6.5) J{m,n,p) = %(l+(—l)p)Q‘z(l—Ba/z)m'm(l--BB/Z)%p

+ 3(1-(-1)P)a?D(1-30/2)™"(1-38/2) % (P~ 1)

Similar simplification on (10.6.3) for K(m,n,p) gives

(10.6.6)  ¥(mn,p) = 3(1-(-1)P)e%8(1-30/2)"*(1-3p/2)3(P-1)

Thus, we see that the quantity Y(m,n,p) as defined by (10,6.1)

can be expressed in terms of the probabilities a and 8.



182

10.7. Discussion

It has been shown that the intensity I(u,v,w) at a

point s (u,v,w) in the vicinity of a reciprocal lattice

I

point h (h,k,1) is given by Equation (10.2.3), i.e.

(10.7.1) i(u,v,w) = LL¥ W(m,n,p)Y(m,n,p) exp[-Zﬂi(mu+nv+pw)]
mnp

If s is small compared to the dimensions of the reciprocal
lattice vectors, and Y(m,n,p) is a smooth function, the summa-
tions can be replaced by integrals. If a', b' and c' are

the dimensions of the domains, and if we write

'

X =ma'y y =nb';y 2z = pc'
the resulting integral can be expressed as

1
Ua'b'c’

(10.7.2) I(u,v,w) = JaxfdySdz W(x,y,z) Y(x,v,z) e~1®
where U is the volume of each domain, and W(x,y,z) and Y(x,y,2z)

- are the corresponding expressions with the substitutions and

6 is given by

(10.7.3) e:m{i%‘--;%ﬂé’-?—}

In a crystal containing mistakes, Y(x,y,z) may decrease
so rapidly that the variations of W(x,y,z) could be ignored,
In that case, W(x,y,2) can be taken out of the integration

signs to give
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W
Ua'b'e!

Jaxfdyfdz Y(x,v,z) 18 |

(10.7.4) I(u,v,w) =
With Y(x,y;z) given by Equation (10.6.1) and J(x,y,z) and
K(x,y,2) given by Equations (10.6.5 - 6) in terms of the
disorder parameters o and B, we should be able, in principle
at least, to solve for I(u,v,w). If the model for the streaks
is correct, the solution should contain the essential features
of the streaks as described in Section(4.5), p. 50, However,
simple as it may seem, Zquation (10.7.4) cannot be evaluated
readily and at the time of writing of this thesis, no solution

has yet been obtained.



CHAPTER XI

SUMMARY AND DISCUSSION
IN this thesis it has been established that sodium
pyrophosvhate undergoes a series of first-order phase trans-
formations between 4050 and 55000. and what probably cor-
responds to a transformation of the second kind near 600°C,

The first-order phase transformations are nanifested

a
primarily by changes in the periodiclty along the ¢ axis,
o)

acking direction., The change at 403

o

(.-L.
oy
D
x“‘l
o
o
@
i
!
[65]
d.

a space group of P2.2,2. symmetlry and 2, b, ¢, unit cell
dimenslons with adjacent rows within a layer along a_ related

by a two-fold screw axlis to s 2

3

ace group C2/c with a_, b,

2
and these same rows related by the C-centering. This clearly
indicates that changes also occur within the layers below

the region where disorder is manifested by streaks in the
diffraction patterns. The residual oxygen atom peaks in

the difference elsctron density for phase II (p. 124)

1

suggest that disorder has already occurred in the layer

at this point. In region I above 52008.. after another
firgt-order phase transformation, the structure is again

monoclinic with the unit cell defined by a =b_, b = a

0 o’

c = 300 and probable symmetry C2/c. This latter symmetry

184
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‘preserves the two-fold axis and screw axis. In region II,
above 54000. the structure becomes orthorhombic with probvable

space group C2cmand unit cell dimensions a_, b, and ¢

0 o'

The D.T.A. spectrum is suggestive of a series of first-order
phase transformations in going from region I to region I11I.
Further study will be required to ascertain whether the
structure shows greater disorder within the layer in this
region than at 40500., as is anticipated.

Finally, the structure disorders with the pyrophosphate
group adopting each of six possible configurations with equal
frequency and increasingly less correlation between the
pyrophosphate groups as the temperature is raised. At the
same time, the diffuse diffraction streaks disappear into
the background. Since the structure cannot proceed directly
from P2,242; (&, Dy g,) to P63/mmc (2, A3y Dyv £,) DY a
transformation of the second-kind (Section 2.2, p. 8), it is

not entirely surprising that it does so through a series of

first-order transformations. However, the alternative path:
‘P21,2121 (30’20’9-0) > C2221 (20'90’9‘0) - P6’322 (-a-o/‘/-j—’p-o’-g-o)

is available by a series cf second-order transformations
leading to a hexagonal phase. As yet it has not been
ascertained why this path is less favorable than the one

actually found,
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The sodium diarsenate system resembles sodium pyro-
phosphate in that it also exhibits a number of phase trans-
formations above room temperature. The rich variety of phase
transformations of the two compounds appears to be a feature
common to alkaline pyro-compounds., Recenfly, similar results
seemed to have been observed in sodium pyrovanadate 51 . It
would be worthwhile, therefore, to study systematically the
transformation properties of compounds of the general formula:
X4Y207 with X = Na, ¥, Li and Rb, and ¥ = P, As and V. As
remarked previously (Chapter I), crystallographic data on
these compounde are very scarce in the literature.

As a concluding remark, it might be said that pyro-
phosphates with organic derivatives play an importantvrole in
the metabvolisn of certain organic compounds, e.g. the adenocsine-
5'~-diphosphate resulting from the hydrolysis of adenosine
triphosphate 1s a source of immediate blological energy 52 .
Sodium pyrophosphate, being readily soluble in water and other
organic lipids, reacts with a number of biological materials,
As pointed out in the beginning of the Introductory Chapter,
it is impoftant to know the structure of a compound in addition
to its constituents if we were to study 1t vroperly. In this
“respect, understanding the structure of NauP207 as a "free"
molecule might lead to some insight of the structure of those
biological molecules containing a pyrophosphate ion, thereby

to a better understanding of the functions of the biological

materials themselves,
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