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CHAPTER I 


INTRODUCTION 

IT IS generally recognized that the properties of 

a substance do not depend merely on the types of atoms it 

contains; but rather they depend, to a large extent, on the 

configuration of the atoms building up the substance. One 

of the most interesting and useful applications of crystallo

graphy is therefore in the discussion of some observed 

properties of a substance in relation to its crystal structure. 

Anhydrous sodium pyrophosphate, Na4P2o
7

, has been 

observed by thermal differential analysis to exhibit a rich 

variety of reversible phase transformations 1•2 •· Moreover, 

all these phase transformations exist within the crystalline 

state of the substance. We have, therefore, a problem which 

offers an opportunity to study phase transformations from 

a crystallographic point of view. 

The mechanism of phase transformations has always 

been one of the most fascinating and one of the least under

stood of all physical problems. In recent years extensive 

studies has been carried out towards elucidating the various 

types of transformations that occur in crystals. However, 

most of the research is mainly on such critical phenomena as 

1 
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anomalies in specific heat, latent heat, elastic constants, 

electrical and thermal conductivities; and in ferromagnetic 

substances, changes in magnetic properties. With the focus 

being near the transition temperature, increasing attention 

is now being given to the structural aspects of crystal systems 

undergoing.phase transformations, however. As early as 1937, 

Landau 3 had developed a theory on the possible changes of 

symmetry of a crystal at the transition point. It is con

venient to distinguish between two types of phase transforma

tions: (i) the so-called first-order phase transformation which 

usually involves a change of volume and/or entropy so that 

the symmetry properties of the phases before and after the 

transformation are uncorrelated, and (ii) the second-order 

phase transformation, or better, a transformation of the 

second kind, where the state of the phases before and after 

the transformation is the same. For such a transformation 

to be possible, Landau showed that the symmetry of the system 

must change in such a way that the space group of the lower 

symmetry form is a subgroup of the space group of the higher 

symmetry form. Furthermore, from a thermodynamical point of 

view, if the thermodynamic potential function of the system 

is expanded in powers of some order parameter which.characterizes 

the transition, there should be no third power terms in the 

order parameter. In terms of the theory of group representa

tions, this means that the tiiple product of the representation 

which corresponds to the transition, does not contain the 
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4unit representation • In this thesis, therefore, apart 

from solving the structure of the various phases of the systems, 

an attempt will be made to apply Landau's theory to see if 

the transformations involved could be of second-order. 

From the crystal chemical point of view, the system 

of Na P2o has merits of its own which deserve investigation.4 7 

It belongs to a system with the stoichiometry M4x2o where
7 
x2o is formed from two tetrahedrally coordinated X ions

7 
sharing a common "bridging" oxygen atom. Systems of Iv1X 2o7 and 

M2x2o7 have been extensively studied in this laboratory as 

well as elsewhere, However, strange as it may seem, very 

little is known of the molecular geometry of M4x2o7 systems 

where M is a monovalent metal such as Li, Na and K. To date, 

only powder pattern data on Li4P2o
7 

and Li4As2o
7 

5 have been 

reported. 

In recent years, much theoretical work has been done 

on the molecular geometry of various simple inorganic systems. 

Brown and Calvo 6 have discussed the crystal chemistry of 

·large cation dichromates, pyrophosphates and related compounds 

with stoichiometry x2Y2o7• They have observed that crystals 

for which the ionic radius of the Y atom is greater than 

0.60 j, crystallize into such structure as pyrochlore, 


(Na,Ca) 2 (Cb,Ti) 2 (0,F) 7 and weberite, Na MgAlF 7 in which
2 7 

the Y atom is octahedrally coordinated. Of the rest, those 


in which the ionic radius of X is less than 0,97 j tend to 


crystallize in one of the structures related to that of 
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thortveitite, (Sc,Y) 2si2o 8 while those in which X has an7 
ionic radius greater than 0.97 ~ usually crystallize in one 

of a series of structures closely related to those of alkaline 

metal dichromates. Recent results with M v o7 groupings2 2 

indicate that even this generalization must be viewed with 

caution 9 • In 1970, Baur lO discussed bond-length variations 

and distorted coordination polyhedra and tested Pauling's 

Electrostatic Valency Principle first enunciated in 1929 

which states that the sums of the average bond lengths around 

the cations and anions are approximately equal to their valence. 

He was able to predict with some accuracy the bond length, 

dA-X between two ions A and X with the linear relationship 

dA-X = b + m Px 

where Px is the electrostatic bond strength for anion X and 

band mare coefficients determined from a large quantity of 

experimental data. More recently, in 1972 Brown and Shannon 11 

did some calculations on the empirical bond strength, s, and 

bond length, r curves for oxides in the form 

where C0 is the formal charge divided by the "normal'' coordina

, tion number and r 
0 

and n are parameters to be determined by 

least squares based again on a large quantity of experimental 

data. It seems therefore apart from contributing to the know

ledge of the system M4x2o
7

, the validity of some of the general 
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principles underlying these discussions could be tested. 

As an integral part of the thesis, the system of 

sodium diarsenate, Na4As 2o7, was also investigated. Like 

sodium pyrophosphate, this system also exhibits a series of 

phase transformations as detected by differential thermal 

analysis. However, the nature of these transformations is 

quite different from sodium pyrophosphate. In sodium diarsenate, 

the first few minor transformations above room temperature 

are not very prominent and do not show any symmetry change 

detectable by a precession camera. Furthermore, these trans

formations are not immediately reversible and the reversibility 

depends on time. The major transformation at 692 °c. is 

immediately reversible, however; but the crystal invariably 

cracks at this temperature. Only the crystal structure at 

room temperature was therefore inve~tigated. 



CHAPTER II 

SYlf1METRY ASPECTS OF PHASE TRANSFORMATIONS 

In 1937 Landau 3 put forward the thermodynamic .. 
theory of phase transformations of the second kind. In 

this Chapter, some of his results will be discussed first, 

and then, they will be applied to the system of sodium pyro

phosphate to see if the various phases of the system could 

be of the second kind or not. 

2.1. Phase Transformations of the Second Kind 

The symmetry of a crystal can be described by means 

of a density function p(£) which defines the probability 

p(£)dV of finding one or more particles in a volume dV of 

the crystal. The set of all symmetry operators which leave 

p{£) invariant forms the space group of the crystal, In 

general, a change of pressure p and temperature Twill result 

in a change of p(£). In a phase transformation of the second 

kind, p(£) changes continuously in such a way that the symmetry 

of the crystal is different before and after the transformation, 

The thermodynamic function F which completely defines the 

system is a function of p, T, and p, and in a state of equi

librium, F is a minimum, 
. . d . 12From thermodynamic consi erations, Landau showed 

6 
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that for a phase transformation of the second kind to be 

possible, it is necessary that the change of symmetry of 

the system at the transition point must be such that the 

space group of the lower symmetry form is a subgroup of 

the space group of the higher symmetry form. 

It~is convenient, in considering the symmetry of 

space groups, to use the mathematical formalism of the 
. f . 13 .representation o groups. Seitz showed that any irreducible 

representation of a space group could be given by a set of 

functions of the form 

= u e21Ti(~·£)(2.1.1.) kn 

where ~ is a vector which characterizes the representation 

in the reciprocal space, ukn are periodic functions with 

the same periods as the direct lattice, and the suffix 

n = 1, 2, •••• labels functions with the same~· 

In terms of the theory of the representation of 

groups, Landau's theory of phase transformations of the 

second kind requires that the change of symmetry of the 

crystal should correspond to a single irreducible representa

tion of the space group of the higher symmetry form and 

that there should exist no third-order invariants corresponding 

to this irreducible representation14 Thus, according 

to Landau, a phase transformation of the second kind is only 

possible for representations with k-vectors for ·which 



8 


-~ = ~ + g where g is zero or a primitive vector of the 

reciprocal space, or with ~-vectors for which the proper 

symmetry group contains symmetry axes and planes intersecting 

at a point. 

In the following Section, the phase transformations 

of sodium pyrophosphate will be examined along these lines. 

2.2. Order of the Phase Transformations of Na4P2o
7 

A full description of the phase transformations of 

the system of sodium pyrophosphate will be given in Chapter IV. 

Here, the observed phases of the system are summarized in 

Fig. 2.2.1. 

At room temperature the structure of the system is 

orthorhombic in space group P2 12121 with.§: = a = 9.37,
0 

~ = b
0 

= 5.39, ~ = c
0 

= 13.48 ~ and z = 4. The space group 

becomes C2/c at 405 °c. with _a = a
0 

, b = b , c = 2c ; ~ = 93° - 0 - 0 

and z = 8, At 520 °c. the structure changes in such a way 

that the a axis becomes the unique axis and the c axis has 

a length of Jc • The space group is now Cc, and z = 12. 
0 

Between 540° and 600 °c. the diffraction pattern loses its 

superstructure reflections, i.e. those indexed with 1 I 0 

(modulo J), and simultaneously develops a 6-fold axis. The 

space group is now P6 /mmc with a = b = b and .9_ = .c •
3 0 0 

Hysteresis effects (Section 4.6), common across the 

phase transformations and twinning (Section 4.J) indicate 

that the phase transformations are probably first-order. 
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I 

I 
I 

I 

Cc or C2/c 

a= bo 
b =ao 
c =3Co 
(3 =90° 

D 

c 

Fig. 2.2.1. Observed Phase Transfornations of Na4 P2o
7 
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It is, however, worthwhile to investigate the conclusions 

that can be dra¥m systematically from Landau's theory. 

For phase D (Fig. 2.2.1), since f3 = 93° which cannot 

be readily expressed in terms of the angles of the other 

phases, transformations Tl, T2 and T6 involving phase D at 

one end, must be eliminated as being of the second kind by 

the subgroup condition. Transformations TJ and T5 involve 

a tripled£ axis; they are impossible as transformations of 

the second kind because each corresponds to a cell with lattice 

vectors (0, O, ~) which give rise to a function e2'1Tiz/J which 

has a non-vanishing third-order invariant. The only trans

formation which might be of the second kind is probably T4. 

We will investigate this in more detail. 

Phase A with space group P2 12121 has a unit cell 

volume equal to twice that of phase B with space group P63/mmc. 

With reference to an orthogonal coordinate system (i,j,~) the 

direct lattice vectors of A and B are given by 

lb.a = ai a = !ai 2 ..J. 


{A) b = b_j_ (B) b = bj 


c = ck c = ck 

The reciprocal lattice vectors of A and B are then 

a* = (1/a)i a-1.<- = (2/a)i 

(A) b -!:- = ( 1/b )_j_ (B) b* = (1/a)i + (1/b)_j_ 

c* = (1/c)~ c* = (1/c)~ 
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The reciprocal lattice of B therefore consists of the points 

(200), (110), (001) etc. while the reciprocal lattice of A 

consists of the points (100), (010), (001) etc, Thus, the 

ordering corresponds to the three vectors 

~ = (100); = (010); and !J = (001),1 ~2 

Since 

= (200)-~1 kl 

= (110) (110) + (200)
-1s2 ~2 

= (001) (001)
-ls3 1s3 

the condition -~ = }S + g for a phase transformation of the 

second kind is fulfilled. We still have to check over the 

third-order invariants, Now, third-order invariants are 

possible if there exists a sum of three vectors equal to a 

primitive lattice vector of the reciprocal lattice of the 

higher symmetry form. This is the case here because 

= (111) 

= (110) + (001) 

and the second line corresponds to a reciprocal lattice vector 

of B. Hence, transformation T4 cannot be of the second kind, 

We have therefore shown that all the observed phase 

transformations of the system of sodium pyrophosphate could 

not be of the second kind. However, since there are a number 

of transformations of the system which are very close together, 
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we could not conclude, pending further information on the 

structure of these phases, whether any of the totality of 

the phase transformations of the system of sodium pyrophosphate 

could be of the second kind or not. 



CHAPTER III 


PRINCIPLES OF STRUCTURE DETERMINATION 

In the determination of a crystal structure various 

methods a~e employed depending on the degree of complexity 

of the structure. General principles of structure determina

tion are discussed in a number of standard texts, e.g. 

Lipson and Cochran l5 and Stout and Jensen 16 In this 

Chapter, no attempt is made to discuss all the principles 

involved; rather, only the principles of those methods which 

are pertinent to the present investigation will be discussed. 

3.1. Basic Corrections 

The structure of a crystal is revealed by the pattern 

and the magnitude of the intensities of the reflections formed 

when a beam of X-rays impinges on the crystal. These intensities 

are recorded either on a photographic film or with a counter. 

In either case corrections must first be made on their magni

tudes before they can be used in a structure determination. 

The corrections to be made are mainly due to the geometry 

of the instrument used in collecting the data and to the size 

of the crystal used. There are three effects for which correc

tions must be made, namely: the Lorentz factor, L, the polariza

tion, p, and the absorption, K. If I 
0 

(H) is the observed 

13 
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intensity of a reflection H = (h,k,l)* relative to some 

arbitrary scale, the corrected intensity Ic(H) relative to 

the same scale is given by 

(J.1.1) 


The Lorentz factor arises from the fact that for a 

rotating crystal, various reflecting planes spend unequal 

times within the narrow angular range over which reflection 

occurs. It depends therefore on the technique used. For 

the equi-inclination Weissenberg, it is given by 

L = sin e/[sin 2e~(sin2 e - sin2o)] 

where o is the equi-inclination setting angle and e is the 

usual Bragg angle. For a precession camera, the expression 

for L is very much more complicated; and a detailed discussion 

was given in an article by Waser 17 . 

The polarization term, p, arises because of the nature 

of the x-ray beam and the manner in which its reflection 

efficiency varies with the Bragg angle. It is given by 

p = (1 + cos22e)/2 

and is independent of the particular measurement technique used. 

* "l" is the lower case of L. The numeral ONE is "1". 
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Of the three common types of corrections absorption 

is the most difficult and is often omitted when the data are 

not of high accuracy. The difficultyis due to the fact that 

the correction depends on the size and shape of the crystal. 

For each reflection it is necessary to calculate the absorption 

for the actual path length traversed within the crystal by 

the beam reflecting from each infinitesimal portion of the 

crystal and then integrate these results over the entire volume 

of the crystal. A general expression cannot be given for a 

crystal of an arbitrary shape. It is a general practice, 

therefore, to grind the crystal into a well-defined shape and 

the shape which is most easily obtained and consequently most 

often used, is a sphere. For a spherical crystal of radius R 

we have to calculate first the quantity ~where p. is defined 

by 

In this expression D is the density of the crystal, A is the 

"' atomic weight of the individual atom in the crystal, M is the 

molecular weight of the compound, and (µ/p) is the mass absorp

tion ·coefficient depending on the wavelength of the radiation 

used. The summation is over all the distinct atoms in the 

unit cell. The values of (µ/p) for different atoms in common 

wavelengths as well as the absorption corrections for fixed 

values of ~ in the range of e from O to 90° are tabulated in 
18

the International Tables for X-Ray Crystallography • The 

corrections are to be applied according to Equation (3.1.1). 
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3.2. Extinction Correction 

In addition to the basic corrections discussed in 

Section (J.1), a further correction may be necessary depending 

on the apparent accuracy as indicated in the final stages of 

the refinement. It is the extinction correction. There are 

two types of extinction, namely, primary and secondary. Primary 

extinction relates to the interference effects on the diffracted 

beam as it is multiply reflected between the reflecting planes. 

The net result is to cause the intensity of the diffracted 

beam to be proportional to IFI rather than IF2
1 A crystal 

for which this is strictly true is termed an ideally perfect 

crystal. However, due to the mosaic-block character of most 

crystals, very few specimens approach this ideal state and 

the intensity I is given by 

where 1 < n < 2, but is usually near 2, If primary extinction 

is neglected, n = 2 exactly. 

Secondary extinction arises for reflections of such 

intensity that an appreciable amount of the incident radiation 

is reflected by the first planes encountered by the beam with 

the result that the deeper planes would receive less power 

and subsequently diffract less than they would do otherwise. 

Crystals in which the mosaic blocks are not well-aligned, will 

suffer less than those in which the alignment is more nearly 

parallel. A mosaic crystal in which secondary extinction is 
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negligible is termed ideally imperfect. Secondary extinction 

is more pronounced for reflections at low values of sin e/A 

where the general level of the intensities is highest. Its 

existence is indicated by the observed values for the intense 

reflections being systematically less than their calculated 

values. If g is the secondary extinction coefficient which 

is characteristic of the crystal for a given radiation, then 

the observed (I ) and calculated (Ic) intensities are related
0 

by 

On expanding and neglecting terms in Ic higher than the first, 

we have 

A plot of Ic/I
0 

versus Ic should be linear with intercept 1 

and slope 2g. If secondary extinction is present, g > O and 

its value is determined from the slope. Substituting this 

value of g in the above equation, we have 
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3.3. The Method of Least Squares 

An analytical method of refinement of great power 

and generality is that based on the principle of least squares. 

Consider a function G whose value is determined both by the 

"location" variables (x1 , x2 , ••• , xN) and the independent 

parameters (pl' p2 , ••• , Pn) which define the function. Thus 

{3.3.1) 

If the values of the function are measured at m different 

points with m > N, the principle of least squares states 

that the best values for the parameters p1 , ••• , Pn are those 

which minimize the sums of the squares of the properly 

weighted differences between the observed G and the calculated
0 

Ge of the function for all the observation points. Thus, 

the quantity to be minimized is given by 

(3,3.2) D = I: 
m 

wJ. (G 0 J. - GCJ.) 
2 

j=l 

where w. is the weight assigned to each observation. Regarding
J 

the pi's as variables, a minimum of D implies dD/dpi = O for 

all i = 1, 2, ••• , n. That is, 

(3,3.3) (i = 1, •• , , n) 

The set of n equations in n unknowns is called the normal 

equations. 
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In X-ray diffraction the function of interest is the 

magnitude of the structure factor IFI where the x variables 

are the Miller indices of each reflection, h, k, 1 and the 

p parameters are the atomic positions, temperature factors, 

multiplicities and scale factors. The indices h, k, 1 are 

often used in place of m. Writing H for (h, k, 1), Equation 

(3,3,3) becomes 

(3.3.4) (i = 1, .. , n) 

where, for simplicity, the scale factor usually in front 

of IFcl is absorbed into I Fcl itself. 

The set of Equations (3,3.4) involves the partial 

derivatives of I Fcl with respect to each pi. The mathematics 

would simplify considerably if IFcl were linear. However, 

in X-ray diffraction, the structure factor function is transcen

dental which can be expanded by a Taylor series. If p = 
(p1 , ••• , pn) is the true value which satisfies Equations (3,3.4) 

and q = (q1 , ••• , qn) is close top so that o. = p. - q.
l. l. l. 

are small for all i, then we have 

n 
t{3.3.5) 
i=l op.

l. 

In the linear approximation, all terms of order higher than 

the first, 0( 6. 2 ),are ignored so that 
l. 

n 
(3.3.6) I: 

i=l dp.
l. 
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Substituting (3.3.6) in (3.3.4) and simplifying, we have 

= (i = 1, ••• , n) 

This is a system of n equations inn unknowns, the o.'s. 
J 

These equations are linear in the oj's and are solvable in 

them. Combining these with the initial approximation, 

the q.'s, gives better, although still approximate, values 
J 

for the various parameters. These may be used to repeat the 

process until convergence is obtained, and successive cycles 

produce no further changes. 

It is of importance to realize that the method of 

least squares is only applicable to refinements when the 
~ 

initial parameters are reasonably accurate. Thus, it is 

not possible to solve by this method for the parameters 

directly from the intensity data without first developing 

the structure by other methods such as the Patterson method 

or the direct methods. 
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3.4. Estimated Standard Deviations from Least Squares 

In the set of equations (3,3,7), if we write 

(3,4. 1) 

and 

c . 
J 

then (3.3,7) becomes 

all a12 • • • • • aln 01 

a21 a22 • • • • • a2n 62 
= ' .. . . . . . . . .. . .. . . •• 

anl an2 • • • • • ann on 
J 

cl 

c2 

en 

or, more compactly, 

(J.4,2) A~ = c. 

The inverse matrix A-1 can be represented by B (b
J. 
..

J 
) A-1 

and we are interested in the matrix elements b ..•
l.J 

In the least-squares refinement of a structure, it 

is a standard practice to solve the normal equations (3.3,7) 

in the matrix form (J.4.2) and to obtain both the new values 

of the parameters varied and their estimated standard 

deviations, rr, The general equation for calculating ~ for 
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any of the n parameters is 

(3.4.3) 

where m is the total number of reflections. 

3.5. Weighting Functions 

The function w(H) in Equation (3.3.4) is the weighting 

factor for each observation H. It should be a measure of 

the reliability of the observation. If properly chosen, it 

has the effect of adjusting the contribution of each observa

tion to the normal equations in such a way as to produce the 

most reliable results. From statistical considerations, the 

best weight is equal to the square of the reciprocal of the 

standard deviation CJ of the observation, i.e. 

2w(H) = 1/CT (H). 

One method of estimating CT(H) has been given by Equation (J.4.J). 

It is not generally feasible, however, that in structure 

determinations involving a large number of reflections, the 

CT(H)'s could be reliably obtained. In 1961, Cruickshank 19 

proposed a weighting scheme which requires that the averaged 

weighted discrepancy (w(H) j I F (H)I - IFc(H)l 1 
2) be a constant

0 

function of some systematic parameters such as I F 1 or sin e/X.
0 

The functional form for the weight is usually taken to be 
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(3.5.2) w ( H) = [ A + B F ( H) + C F~ ( H)] '- l 
0 

where A, B, and C are constants determined experimentally. 

This weighting scheme, however, is only used in the last 

few cycles of a refinement when the constancy of the weighted 

discrepancy average could be obtained. 

For reasonably good X-ray data, however, it is found 

that results from structure refinements are not strongly 

dependent on a particular weighting scheme although the use 

of proper weighting functions can produce a real, if small, 

improvement in the results from a given set of data. 

3.6. The Temperature Factor 

An atom in a· crystal is not stationary; it is constantly 

vibrating about its mean position with amplitudes which might 

be different in different directions. This vibrational 

motion is temperature-dependent in particular, a·nd the 

corrections to be applied are therefore termed the temperature 

factor. For the isotropic case in which the vibration is 

uniform in all direction, the temperature factor of an atom 

for a given set of planes (hkl) is given by 

(3.6.1) = [ B ( 1 \ 2]
exp - 4 d:kl} 

where B = s~2u2 , u2 is the mean-square amplitude of vibration, 
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and 1/dhkl is the reciprocal of the interplanar spacing, 

given, for the general crystal system, by 

(3.6.2) 1/dhkl = ~(h2a*2 + k2b*2 + i 
2c*2 + 2hka*b*cos Y* 

+ 2hla*c*cos a* + 2klb*c*cos a*) 

For the anisotropic case, the temperature factor must have 

a parameter for every term in the expression (3.6.2) since 

each term represents a component perpendicular to the set 

of planes (hkl). The general temperature-factor expression 

is therefore 

(3.6.3) 

+ 2u12hka*b*cos Y* + 2u13hla*c*cos ~* 

where the Uij are the thermal parameters expressed in terms 

of mean-square amplitudes of vibration in ~ngstroms. Another 

expression for anisotropic factor is commonly used in the 

literature and in some computer programs; it is 

(3.6.4) 

The relation between the p.. and u.. is therefore
1J 1J 

(J.6.5) ~. . = 2112 ( e if'• e it) U. .
1J -1 -J 1J 

where ~l· ~~· ~j stand for ~*, £*, c* respectively. 
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3. 7, The Phase Problem 

The intensity I(H) of a reflection H = (h,k,l) is 

related to the amplitude of scattering jF(tl)I 2 on an absolute 

scale, the relationship being 

(3,7,1) 

where k is a scale constant, F(tl) is a complex quantity. 

It is the resultant of all the waves scattered in the direction 

of H by all the atoms in the unit cell, If f j(tl) is the atomic 

scattering function for the j-th atom whose position vector 

in a coordinate system with axes parallel to the three basis 

vectors of the cell is r., then
-J 

N 
(3,7.2) F(H) = I; f. {H) exp [2'TTi (H•r. )]

j=l J - - -J 

where the summation is over all the atoms N in the unit cell. 

Equation (3,7,2) can be written in another form 

F{tl) = IF(tl) I exp [i¢(tl)] 

where ¢(tl) is known as the phase of the structure factor F(tl). 


A complete knowledge of IF(tl)I and ¢(tl) for each H would 


make structure determination a routine computational procedure, 


Unfortunately, however, in X-ray crystallography only I(tl) 


is measurable and therefore only the magnitude jF(tl)i is 


available, ¢(H), in general, is missing, This lack of 


information about the phases of F(H) is known as the Phase Problem. 
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There are two main approaches in structure determina

tions, each being typical in the way in which this missing 

information about the phase is handled, One approach is 

to ignore this missing information altogether in the initial 

stages and is generally known as the Fourier Method. The 

other is to try to retrieve in the beginning as much as 

possible this missing information by some statistical arguments. 

This latter approach is known as the Direct Method. In the 

present investigation, both methods have been used and the 

principles underlying each of them will be described briefly. 

J.8. The Generalized Structure Factor 

The structure factor as defined by Equation (3.7,2) 

has been considered as the resultant of adding the waves 

scattered in the direction of tl by all the atoms in the 

unit cell. This approach was based on the assumption that 

the scattering power of the electron clouds surrounding each 
""' 

atom could be equated to that of the proper number of electrons 

concentrated at the atomic centre. The structure factor 

can also be viewed from another standpoint. It can be 

regarded as the sum of the wavelets scattered from all the 

infinitesimal volume elements of electrons in the unit cell. 

If p(£) is the electron density at a point r in the unit cell, 

then in a small volume element dv about £• the number of 

electrons is p(E) dv and the exponential form of the wavelet 

scattered by this element is p(E) exp[2~i(~·E)]dv. 
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The resultant is then 	the integral of all the elements 

in the unit cell, i.e. 

(3.8.1} F(H) = J'J'J' p(r.) exp[211i(!!•£)] dv 
v 

where Vis the volume 	of the unit cell. Functions such as 

(3.8.1) can be Fourier-transformed to give 

(3.8.2) 	 p(£) = ~ J'J'J' F(!!) exp[-211i(!!•£)]dH. 
H 

00The range of H is from - to + 00 for each of the integral 

values of h, k, and 1. Equation (3.8.2) can therefore be 

written in a more precise form as 

(3.8.3} p(r_) = .!. I: v 

From Equation (3.7.3) 	we have 

+co
(3.8.4) 	 p(£) = .! I: IF(!!) Iexp [-211i(tl•£)] ei¢(Ji). 


v H=-oo 


Everything on the right hand side of Equation (J.8.4) is 

observable except ¢(!!). It is obvious therefore that the 

information of ¢(Ji) is vital to a structure determination. 

Once p(r_) is known throughout the unit cell, we can 

assume p(r_} = I:ipi(£ - £i) where pi( 1£1) is known about any 

i-th atom and determiner. for all atoms in the unit cell.
-1 
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3.9. The Patterson Function 

In using the Fourier Method to determine the structure 

of a crystal, the initial step is to map out a function, 

known as the Patterson Function, first introduced by 
20

A.L. Patterson in 1935. He pointed out that it was 

possible to use the phaseless quantities jF(H)j 2 to deduc~ 
information on the relative positions of the atoms in the 

unit cell. The argument is as follows1 consider the function 

defined by 

(J.9.1) P(~) = V JJJ p(£) p(E + ~) dv 
v 

where s is a continuous variable similar to r. Substituting 

Equation (J.8.J) for p(£) and p(£+~) we have 

1
P(§.) = v JJJ I: F(J:!') exp [-21Ti(J:!' ·r>] I: F{l:!) exp [-21Ti(J:!• <r+~) >] dv 

v li' . li . 

The volume integral is identically zero unless H = - H' in 

which case its value is v. Hence, we have 

P(s) = L F(H) exp [-21Ti(tl·~)J F(-tl)
- H 

From Equation (3.8.1) and from the fact· that p(r) ·is a real 

quantity, F(-tl) = F*(tl) which is the complex conjugate of F(tl). 

Equation (3.9.2) therefore becomes 

(3.9.3) 
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Recalling I(li) = kjF(li)I 2 we see that the Patterson Function 

P(~) can be expressed as a series whose coefficients are the 

intensities I(li). 

The physical meaning of P(~) can be obtained directly 

from its definition, Equation (3.9.1). Peak values of P(s) 

at swill normally correspond to simultaneous peak values of 
' 

p(£) at r and (£ + ~). This implies there are atoms in the 

unit cell separated by a vector s. If there is a heavy 

scatterer in the unit cell at£• then p(£) will have a large 

value and the product of p(£) and p(£+~) for any other atom 

(£ + ~) will be appreciable. It is obvious therefore that 

in structure determinations if the positions of a heavy 

scatterer in the unit cell is known, the positions of other 

atoms relative to it could be more readily found than if a 

heavy scatterer is absent. On the other hand, it is also true, 

though less obvious, that if the atoms in the unit cell are 

in such relative positions as to make the vectors ~nearly 

parallel and of the same length, the peaks in a Patterson map 

could be confusing and an interpretation could be extremely 

difficult. This was actually the case in the present investiga

tion of the room-temperature phase of sodium pyrophosphate, 

and the situation was finally resolved using direct methods. 

Direct Methods 

Direct methods in structure determinations fall into 

two catagories, namely those which are applicable to centro

symmetric space groups and those which are applicable to 
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noncentrosymmetric space groups. General theory of direct 

methods applicable of centrosymmetric space groups is described 

in a number of textbooks {e.g. Woolfson 21 ) and is irrelevant 

to the present investigation which involves the noncentro

symmetric space group of P2 12121• In what follows, methods 

which are pertinent to noncentrosymmetric space groups will 

be discussed and in particular, details will be confined to 

space group P212121• 

The basic theory of direct methods applicable to non

centrosymmetric space groups is largely due to Hauptman and 
22 23Karle ' • Starting with the definition of structure 

factor F(1:!) given by (J.?.2), since it is a complex quantity, 

it can be written as 

F{J:I) = F(H) exp i,0'(£0 

A{l!) + i B(l!)-

where 
N 

A{H) = I; f j {H) x{I!, -J
r.) 

j=1
and 

N 
B(l!) = I; f /I!) Y(H, 

-Jr.) • 
j=1 

X(I!•Ej) and Y(l!•Ej) are trigonometric functions depending on 

the space group; e.g., for Pl, we have 

Y(H,r) = sin 2~(1:!•£) 
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The exact forms of X and Y depend also on the choice of the 

origin and these have been tabulated in the International 
24Tables for X-Ray Crystallography • 

Next, the second moments of X and Y are defined: 

J!! x2(H, ~) dv v 

For reflections which are pure imaginary, m~ = O, for reflections 

which are pure real, m~ = O, and for general reflections, 
0 = m2 

0• If the number of equivalent positions is n, we canm2 

define a small number e = (m~ + m~)/2 Obviously, e is 

space group dependent; but most important of all, it depends 

on li• For space group P2 12121 , we have 

e(li) = e(h,k,l) = 2 	 if h = k = o, or 

if k = 1 = O, or 

if 1 = h = o, and 

= 1 otherwise. 

In direct methods it is advantageous to introduce a normalized 

structure factor E(li) defined by 

(J.10.1) 

so that, statistically, E(li) = 0 and E2 (li) = 1. Apart from 

having mathematical convenience in probability calculations, 

values of E(tl) allow the normalization of all classes of 
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reflections to a common basis. It is therefore possible to 

avoid a rather subtle source of error in the comparison of 

special sets of reflections. 

The values of jF(li)I 2 in Equation (J.10.1) are not 

the "raw" data obtained from I(li). They must be corrected 

for vibrational motion and must be placed on an absolute scale. 

The actual procedure to carry out this correction is described 

by Karle and Hauptman 23 

The principal formulae which are used in determining 

phases for noncentrosymmetric space groups are 

~(J.10,2) ¢H (¢K + ¢H-K)K
- - - -r 

and 

11<1EKEH-Klsin(¢K + ¢H-K) 
(3.10.3) tan ¢H = 

tKIEKEli-Klcos(¢K + ¢H-K) 

In Equation (3.10.2) the average on the right hand side is 

taken over the set of all reflections, Kr whose E-values are 

relatively large, Equation (3.10.3) is used to generate 

additional phases after the phases of a certain number of 

reflections have been obtained. 

To apply Equation (3.10.2) it is convenient to divide 

the data into sets with respect to the behaviour of the components 

of the index upon inversion. This can be worked out directly 

from the real and imaginary parts of the structure factor 
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which have been tabulated in the International Tables for 

X-Ray Crystallography 24 • For space group P2 12121 , the 

phase relationships among the various reflections of the 

s~me numerical values of h, k, and 1 are shown in TABLE III.1. 

3.11. Phase Determination 

In order to avoid lengthy digression in Chapter V, 

the practical detail of phase determination of Na4P2o7 which 

had been carried out, is described in this Section. 

There were altogether 493 unique reflections from 

precession films. Using Equation (3.10.1), the magnitude 

of the normalized structure factor jE(h,k,l)I for each reflec
• J..tion was calculated. The reflections were then separated lD1.0 

eight groups according to their h, k, 1 values being even or 

odd; and in each group they were arranged in descending orders 

of magnitude of IEI, terminating at the arbitrarily chosen 

value of 1.5. The results were shown in TABLE III.2. There 

were only 101 reflections with IEI values greater than 1.5 

which amounted to about 20% of the total unique reflections. 

To fix the origin and the enantiomorph in space group 

P2 12121 , it is convenient to use the phases of two-dimensioi1al 

data since each of these is centrosymmetric. With the help 

of TABLE III.1, the origin and the enantiomorph were assigr:ed 

as shown in TABLE III.J. Three other reflections were also 

assigned symbols, p, q, and r. They were reflections 119, 

244 and 715 respectively. These reflections were chosen because 

they enter into many combinations for the average in 
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TABLE III,1 


Phase Relationships in Space Group P212121 


NOTE: g stands for even and u stands for odd, 

Reflection h k 1 h k 1 h k 1 h k I 

ggg, uuu 

ggu, uug 

gug, ugu 

guu, ugg 

a. 

Cl 

(J_ 

a 

- a 

- a 

11 - a 

11 - a 

- a 

11 - a 

11 - a 

- a. 

- a. 

11 - a 

- a 

11 - a 

Ogg 0' 11 

Ouu +.!.11
-2 

Oug +.!.11-2 

Ogu 0' 11 

gOg 

uOg 

gOu 

uOu 

0' 11 

0f11 

+.!.11 . -2 

+.!.11
-2 

ggO 

ugO 

guO 

uuo 

0'11 

±~-11 

0' 11 

±!11 
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TABLE III.2. Reflections with IE1>1.5 

g g g g g u u g u 

h k 1 IEI h k 1 IEI h k 1 IEI 

2 
0 

4 
4 

4 
0 

2.89 
2. 59 

6 
6 

4 
2 

1 
1 

2.53 
2.26 

7 0 7 1.70 

8 
6 
6 

0 
2 
4 

14 
0 
0 

2.36 
2.31 
2.25 

2 
4 
6 

0 
0 
6 

9 
5 
1 

2.20 
2.12 
2.07 

g 

h 

u 

k 

u 

1 IEI 
6 0 0 2.25 2 2 9 2.00 
4 
8 

0 
0 

4 
4 

2.23 
2.20 

2 
2 

6 
6 

9 
5 

1.96 
1.92 

2 
2 

3 3 
3 13 

2.03 
1.93 

8 
2 

0 
6 

10 
4 

2.07 
2.06 

6 
4 

0 
0 

15 
9 

1.92 
1.90 

2 3 9 1.65 

2 0 18 2.04 2 4 13 1.89 u u u 
0 2 18 2.03 2 4 9 1. 87 
2 4 10 2.00 4 2 9 1.79 h k 1 IEI 
0 4 14 1.93 10 0 5 1.74 
2 
0 

4 
0 

14 
8 

1. 88 
1. 88 

6 
4 

0 
2 

1 
5 

1.71 
1.69 

7 
1 

1 
1 

5 
9 

2.79 
2.70 

0 
4 

2 
0 

8 
6 

1. 88 
1. 84 

2 
4 

4 
2 

5 
13 

1.60 
1.59 

5 
1 

1 
3 

9 
9 

2.66 
2.54 

8 
0 
8 

10 

2 
2 
2 
0 

14 
14 

4 
6 

1. 78 
1. 77 
1.74 
1.72 

4 
2 
2 
8 

0 
6 
0 
0 

13 
13 
17 

3 

1.55 
1.53 
1.53 
1. 51 

1 
1 
9 
9 

3 
3 
5 
3 

5 
13 

1 
1 

2.42 
2.33 
2.16 
2.05 

6 2 8 1.69 1 1 13 2.04 
0 
2 

10 

4 
0 
4 

4 
4 
0 

1.68 
1.66 
1.64 

u 

h 

u 

k 

g 

1 !El 

3 
1 
9 

5 
5 
1 

1 
5 
1 

1.96 
1.91 
1.91 

6 0 8 1.64 1 5. 13 1.90 
2 4 6 1.62 3 3 0 2.99 3 3 1 1.80 
6 
8 
0 
0 

0 
2 
2 
4 

14 
10 

0 
8 

1.58 
1. 53 
1. 52 
1.51 

3 
1 
1 

11 

5 
5 
3 
1 

0 
4 
4 

10 

2.87 
2.27 
2 .19 
2.17 

1 
5 
7 
9 

1 
1 
1 
1 

5 
3 

13 
9 

1. 75 
1. 70 
1.66 
1.54 

5 1 14 2.14 7 1 3 1.53 
g 

h 

u 

k 

g 

1 I El 

5 
5 

11 

1 
1 
1 

4 
10 

4 

2.14 
2.06 
2.06 

5 1 1 1.52 

7 1 6 1.86 
2 3 4 2.04 3 1 8 1. 82 
2 1 12 1.95 7 1 14 1. 79 
2 5 12 1. 82 3 1 0 1. 78 
0 1 18 1.82 3 1 14 1.62 
0 1 8 1.63 
0 5 2 1.56 
6 1 8 1.56 
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TABLE III.J 


Assignment of Origin and Enantiomorph 


h k 1 IE{h2k2121 ~{h!k212 

3 J 0 2.99 + !'IT 
2 0 9 2.20 + !'IT Origin}
3 0 12 1.82 0 

4 0 5 2.12 + !'IT Enantiomorph 

1 1 9 2.70 p 

2 4 4 2.89 q 

7 1 5 2.79 r 
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Equation (3.10.2) and they were associated with relatively 

large IEi values. Because they were not two-dimensional, 

the values of p, q, and r would lie in the range -~ < p,q,r ~ ~ • 

TABLE III.4 shows the application of Equation (3.10.2) 

in the determination of the phases of 28 reflections. To 

obtain a value for p and q, we looked at Steps (2) and (3) 

of TABLE III.4. These at once gave p = q = o. From Step (1), 

implies r = ~ when p = o. These values of 

p, q, and r led to no apparent contradiction in all the steps 

shown. We could therefore obtain a set of phases for 35 

reflections as shown in TABLE III.5. 

3.12. Structure Determination 

An E-map was first calculated with the 35 reflections 

using Equation (3.8.4) where the !F(!:OI was replaced by IE(Ji)I, 

i.e. 

(3.12.1) 

Surprising enough, even with this small number of known phases, 

a grid of about 0.3 ~ in three-dimensions showed the positions 

of peaks which could be identified as phosphorus and sodium, 

Fig. 3 .12 .1. It was also possible to introduce the three 21 

axes of the system, thereby fixing the origin of the unit 

cell. An initial structure factor determination with only 

two phosphorus atoms on the 493 reflections resulted an R value 

of about 40%. Further Fourier syntheses disclosed gradually 
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TABLE III.4. Applications of Equation (3.10.2) 

(1) 	 4 0 5 1f/2 (12) 2 4 4 q (23) 2 4 4 q 

1 1 2 p -1 l 2 -p -1 1 0 p_-l£L2 

5 l 14 Tf/2 + p l 5 13 q-p 1 5 4 p+q-1t/2 


7 1 5 r (13) 7 -1 5 -r (24) 1 1 0 Tt/2 - p 
-2 0 2 -lf/2 -1 2 -2 -tl?.±9l l ~ 4 p+g-Ttl2 
5 1 14 r - rc/2 	 6 4 0 - p+q+r) 2 6 4 q 

(2) 	 4 0 -5 lf - Tt/2 7 l -5 -r (25) -1 5 4 'ft/2+p-q 

1 1 2 p -1 ~ 2 -(:e-gl 1 -1 0 ttL2 + E 

5 1 4 lff2 + p 6 4 0 -(p-q+r) 0 4 4 1't+2p-q 


1 -1 	 0 1t72+p3 1f/2 (14) 3 3 0 lt/2' 0 
~ 	 ·2 

1 3 4 3rt 2+3p-q2 -2 -0 -2 0 -irL2 
5 1 4 rr/2 - q 1 3 9 0 (26) 6 0 0 lf 

-1 1 2 -p(3) 	 2 4 -4 -q (15) -1 -3 9 0 
5 1 	 9 lt: - p-1 -1 2 -(-pl 2 ~ ~ 9 

1 3 5 p - q 1 1 13 q (27) 1 1 0 it/2 - fl 
-1 1 0 -~'ft/2-1224 0 	 5 1f/2 (16) l 3 9 0 
0 2 	 0 0-3 3 0 -Tf/2 	 1 -3 9 0 0 2 	 0 01 3 	 5 0 2 0 18 0 
0 4 	 0 0 

(4) 	 2 4 4 q (17) 2 0 -9 "ft - rr:/2 (28) 2 6 -5 "JT-("ft 2-2p-q)-1 -1 9 -(-pl 	 -1 l 9 -p 2 -6 	 9 1f-1t 2
l 3 13 p + q 	 1 l 0 ir-/2 - p 4 0 	 4 - 1T-2p-q 

(5) 	 2 0 9 -rr/2 1 1 
2 2 	 9 

~ rrl2l l -2 -12 

3 l 0 rr/2 - p (18) 1 1 0 -rr;2 -A 

~ l 0 l£L2 - ii 1 -1 0 lt -{1t,2 - El 

6 2 0 lt - 2p 2 0 0 1t 


2 0 0 lf:(6) 	 6 2 0 'Jf - 2p_, 	 4 0 0 2lf
3 0 -TtL2 2 0 0 lt

3 5 	 0 11/2 - 2p 6 0 0 1t 
(7) 	 4 0 5 lf/2 

3 3 0 7&/2
4 0 	 5 lf/2 

~ -~ 0 lt - 1tL28 0 10 it 
6 0 0 lt" 

(8) 	 4 0 5 1f/2 (19) 6 0 0 1t
-2 4 4 -g 


2 4 9 1£/2 - q 
-2 0 2 -Ttf2 

4 0 9 'TT; 2 

(9) -2 4 9 -lf/2 + q (20) 	 -1 l 9 -p4 0 	 5 rr/2 l 1 p22 4 14 q 0 2 18 0 
(10) 4 0 -5 7L - -rr./2 (21) 2 2 9 lf/2-2 0 9 1t - TCL2 0 2-18 02 0 	 4 'Jt 2 4 -9 'Tf./2-2 0 4 -lt 

0 2 18 0
0 0 	 8 0 

2 6 9 ir/2 
(11) 2 4 -4 -q (22) 1 1 0 -rr/2 - p-1 1 2 -p 

l 5 	 5 -(p+q) 1 2 2 -{~~
2 6 5 ir2-2p-q 
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TABLE III.5. Phases of 35 Reflections 

NOTE1 The phases are expressed within 

the range -'IT <¢ ~ 'TT • 

h k 1 IE{h!k,l}I ¢(h,k,"l) 

3 3 0 2,99 i'TT 
2 0 9 2.20 i'TT 

3 0 12 1. 82 0 
4 0 5 2.12 .1.'TT

2 

1 1 9 2.70 0 
2 4 4 2.89 0 
7 1 5 2.79 'TT 

5 1 14 2.14 .1.'TT
2 

5 1 4 2.14 .1.'TT
2 

1 3 5 2.42 0 
1 3 13 2.33 0 
6 2 0 2.31 'TT 

3 5 0 2.87 .1.'TT
2 

8 0 10 2.07 'TT 

2 4 9 1.87 .1.'TT
2 

2 4 14 1.93 0 
0 0 8 1.88 0 
1 5 5 1.91 0 
1 5 13 2.33 0 
6 4 0 2.24 'TT 

1 3 9 2.54 0 
1 1 13 2.04 0 
2 0 18 2.04 0 
2 2 9 2.00 i'TT 
6 0 0 2.27 'TT 

4 0 9 1.90 i'TT 
0 2 18 2.03 0 
2 6 9 1.96 i'TT 
2 6 5 1.92 i'TT 
1 5 4 2.27 -i'TT 
2 6 4 2,06 0 
1 3 4 2.19 -i'TT 

5 1 9 2.66 'TT 

0 4 0 2.59 0 
4 0 4 2.23 'TT 
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A 3-D E-Map of Na4P2o7 at 22 0 c. Only peak values shown. 
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the positions of the rest of the 11 atoms of oxygen and 

sodium. The final R value for the 493 film reflections 

with isotropic temperature factors is 10%. The rest of 

the refinement of the structure was then carried out with 

another set of more accurate diffractometer data and will 

be described fully in Chapter v. 



CHAPTER IV 


PHASE TRANSFORMATIONS OF SODIUM PYROPHOSPHATE 


AND SODIUM DIARSENATE 


Differential thermal analyses (D.T.A.) showed that 

both Na4P2o and Na4As2o exhibited phase transformations
7 7 

in the range of temperature between 20 and 700 °c. Na4P2o7 , 

in particular, has a very rich variety of transformations. 

Although Na4P2o and Na4As2o are stoichiometrically equivalent,
7 7 

the changes in their various phases bear no immediate 

resemblance. In what follows, a description of the observed 

phenomena pertaining to the phases .of these two compounds 

will be given. 

4.1. The Phases of Sodium Pyrophosphate 

A D.T.A. trace of sodium pyrophosphate is shown in 

Fig. 4.1.1. It is convenient to label the phases by Roman 

numerals as shown. Phase I is the room-temperature phase. 

At this temperature it is very stable and the space group is 

P2 12121• The unit cell dimensions ~' ~and~ are 9.367, 

5.390 and 13,480 Rrespectively. The transformation I-II 

takes place at 405 °c. and the space group becomes C2/c with 

~ =93° and the c axis double that of phase I. Phase II 

exhibits a."twinning" phenomenon which is discussed further 

42 
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in Section {4,J). 


The next two transformations II-III and III-IV occur 


at 517° and 522°c. respectively. Since these phases differ 

. 

in temperature by only 5 degrees and the equipment for the 

precession camera was not designed to hold temperatures steady 

within that range, only data of the system in phase IV at 

the range 535 ± s0 c. were recorded. An attempt was also 

made to take precession photographs in the range S20 ± s0 c. 

They showed, in general, orthorhombic symmetry with occasional 

photographs showing slight deviations favouring a monoclinic 

system with S = 90°. (·This means that the reflections shoy1ed 

an overall orthorhombic symmetry with only a few reflections 

having intensities which were visually different from their 

orthorhombic equivalents.) The extinction conditions were: 

"hkl: h + k = 2n; hOl: 1 = 2n; OkO: k_ = 2n which satisfied 

several C-centred space groups including Cc and C2/c. Here 

in phases III and IV, the £ axis is triple that of phase I 

and this tripling of the axis imposes some limitations to the 

choice of space groups. (This aspect will be discussed more 

fully in Section (8.2) of Chapter VIII.) In space group Cc, 

the best R value in the refinement was 20%. Unfortunately, 

the refined structure did not show pseudo-C2/c symmetry and 

thus, this space group, C2/c, will be tested separately. 

Around 555 ± 10°c. there were three phases V, VI and 

VII. Again only reflections of the system past the· transition 

temperature within the phase field were recorded. The inter
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mediate phase VI was very unstable and was nearly obliterated 

in the cooling process. This might be the reason why it was 
2

not detected at all by Kurian and Tamhankar in their D.T.A. 

studies on the polymorphic transformations of the compound. 

Phase VII is hexagonal and the c axis becomes once again equal 

to that of phase I. This phase is highly disordered and 

ref1ning in space group P6 /mmc, an R value of 10% was obtained
3

using a disordered model. Further evidence of disorder is 

shown by a rotation of the ~~ plane about the c axis 

(Section(4.4)) and by the existence·of streaks (Section (4.5)). 

4.2. Unit Cell Dimensions of Sodium Pyrophosphate 

The rich variety of phases of sodium pyrophosphate can, 

to a large extent, be attributed to the special relationship 

between the two shorter axes ~ and ~. and to the special 

arrangements of the pyrophosphate ions in the unit cell. Here 

in the room-temperature phase, ~ = 9,367 ~ and 2 = 5,390 ~ 

so that the ratio asb is close to 43,1. This special feature, 

coupled with an angle of 90° between these axes, has some very 

interesting geometric consequences. As shown in Fig. 4.2.l(a), 

the hypotenuse PQ is twice Q so that the mid-point M of PQ 

forms an equilateral triangle with R and P. Also, still in 

the a~ plane, it is possible to construct regular figures as 

shown in Fig, 4.2.l(b). The pyrophosphate and sodium ions 

seem to take good advantage of these interesting features. 

They occupy locations which are very close to the special 

positions, Fig. 4.2.l(c) and (d). This general arrangement 
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persists throughout the various phases. Each new phase results 

primarily from a change in the orientation of the bridging 

oxygen atom of the pyrophosphate ion. There are many possible 

orientations although some cannot co-exist with others in a 

crystal structure (Cf. Chapter IX). 

4.J. "Twinning" of Sodium Pyrophosphate at 405 °c. 
When sodium pyrophosphate transforms from phase I to 

phase II, disorder occurs resulting in what we have termed 

as a "twinning" phenomenon. Fig. 4.J.1 shows an arrangement 

of the reflections in the hOl projection. The angle a*oc* 

is 90°. This pattern persists until the temperature of the 

crystal is near the ·transition point from I to II. At this 

temperature two things could happen. First, the angle a*oc* 

becomes 87° and the h = odd reflec~ions disappear. Second, 

a weak pattern which is the image of the new pattern reflected 

in a mirror perpendicular to Q* begins to superimpose on the 

existing pattern, Fig. 4.3.2. One way to describe the 

mechanism involved in this phenomenon is to assume that a 

small portion of the crystal is related to the main portion 

by a mirror through ~* and perpendicular to c*. This should 

not be surprising since the crystal started with an ortho

rhombic system at room temperature and becomes monoclinic 

at the transformation. In forming phase II, it is possible 

that a small portion prefers one orientation to the other, 

Fig. 4.3.3. This point of view is supported by the fact 
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that the intensities of the weak and strong patterns in 

Fig. 4.J.2 become equal when the crystal is allowed to remain 

in phase II for a long time and also that it is possible to 

get little or no "twinning" at all in some cases. In these 

latter cases, the entire crystal would be oriented in one 

direction only. Furthermore, there is no observable "twinning" 

in the Okl projection and this seems to be in favour of the 

present description. 

The phenomenon of twinning persists until the transi

tion II-III at which the angle a*oc* becomes once again 90°. 

4.4. Rotation of the ab Plane about the c Axis 

If a crystal of sodium pyrophosphate was aligned with 

the c axis as the spindle axis on a precession camera, it was 

found that when the crystal was heated from room temperature 

to around 600 °c. and then cooled back to room temperature, 

there was a finite probability of finding a rotation of 60° 

about the c axis for the ab plane. This was indicated by 

a rotation of 60° necessary to retrieve the same projection 

as before the heating. Under normal circumstances this may 

be surprising; but in the present case it is not. The reason 

is that at 600 °c. the crystal developed a 6-fold axis parallel 

to the c axis in a hexagonal system. In this phase, therefore, 

there could be no distinction between the axes separated by 

60°. The crystal simply "forgot" which was the previous a 

axis and settling down to the room-temperature phase, it might 

have chosen an axis which was 60° away. This point of view 
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is supported by the fact that it is possible to have no 

rotation of the ab plane at all in the heating and cooling 

processes. Unfortunately, this rotation of the ab plane is 

more or less arbitrary so that this property of the system 

could not have any foreseeable application. 

4.5. Streaks of Sodium Pyrophosphate at 600 °c. 
Throughout the various phases of sodium pyrophosphate 

it is found that the orientation of the bridging oxygen atom 

in the pyrophosphate ion plays an important role in determining 

the final structure of the each phase. Because of the apparent 

ease in going from one orientation to another, "mistakes" 

are expected, especially in the ab plane where a layer 

arrangement predominates, 

Streaks were observed in the hexagonal phase at a 

temperature around 600 °c. For projections up the c* axis, 

they occurred at reflections where 1 = odd, and h - k = Jn, 

Fig. 4,5,1. These streaks were directed parallel to the a* and b* 

axes as is evident from the six-sided star formed by the 

reflections 101, 111, and their equivalents. From an hOl 

projection, Fig, 4,5.2, it is seen that streaks also occurred 

in a direction parallel to the c* axes and at reflections with 

h = odd only which is consistent with the condition h-k=Jn above. 

The mechanism for the streaks could be described in 

terms of the disordered nature of the orientations of the 

bridging oxygen atoms. Fuller discussions will be given 
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in Chapter X where a model for the disorder of sodium pyro

phosphate is described. 

4.6. Variations of Cell Axes of Sodium Pyrophosphate 

The lengths of the axes of the unit cell when measured 

as a function of temperature, show some interesting features, 

Figs. 4.6.1 - 3. It was found that both the g and 2 axes 

showed points of contraction in the heating process. This 

was rather unusual and might be considered to have been the 

result of structural changes within the unit cell. In these 

curves, peaks and troughs occurred at temperatures close to 

those observed in a D.T.A. trace for the various phase trans

formations. 

It is of some interest to record here how the measure

ments were taken. A precession camera was used. The axis 

whose measurement was required, was aligned along the rotation 

axis of the camera. A full precession photograph was first 

taken at room temperature. The exposure time was about one 

hour. Then the temperature of the crystal was increased by 

a certain amount, the magnitude of which depended on the 

changes in the vicinity of that range of temperature. When 

the temperature was steady, the film holder was propped up 

about 1 mm. and the exposure for approximately the same time 

of one hour was taken. This process was repeated 5 or 6 

times on the same film, each time with different temperatures. 

When another film was required to continue the process, the 

last recording on the previous film was repeated so that a 
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common scale could be established between the films. By so 


doing, shrinkage variations of th·e films could be eliminated 


in the relative values of the lengths of the axes, 


The cooling curve was recorded in the same manner as 

the heating curve by reversing the control of the temperature, 

There was a contraction of about 0,01 ~ of the c axis when 

it was cooled back to room temperature. It does not seem 

likely, however, this will go on indefinitely each time the 

crystal was heated and cooled because otherwise the crystal 

would become smaller and smaller. Rather, we would expect 

the contraction to relax back to its original value when 

allowed to stand by itself over a certain period of time, 

a process which might be similar to that observed in sodium 

diarsenate (Section 4.7 below). 

4.7, The Phase Transformations of Sodium Diarsenate 

Like sodium pyrophosphate, sodium diarsenate exhibits 

a series of phase transformations as detected by D.T.A. A 

trace of the transformations is shown in Fig. 4,7,1. However, 

·unlike sodium pyrophosphate, the first few transformations 

of sodium diarsenate are not very prominent and they do not 

correspond to any symmetry change detectable with a precession 

camera, Furthermore, they are not immediately reversible; 

the crystal tends to retain its high-temperature phase for 

·a certain period of time even though its temperature is returned 

to ambient, It is only after being left at the room tempera

ture for a week or so that the crystal fully recovers its 
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normal ambient phase. The reversibility of the system as 

a function of time was studied and the result is shown in 

Fig. 4.7.2. 

The major transformation occurring at 692 °c. is one 

in which the crystal invariably cracks. Consequently, in 

the present investigation, only the structure of sodium 

diarsenate at room temperature was studied. 
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CHAPTER V 


SUIVIMARY 

At room temperature sodium pyrophosphate, Na4P2o7, 

crystallizes in the orthorhombic space group P2 12121 with 

~ = 9,367(5), b = 5,390(2), £ = 13.480(8) i and z = 4. The 

structure was solved initially by direct methods based on 493 

unique reflections from films, to an R value of 10%, and then 

refined by full-matrix least-squares using 1337 reflections 

measured with a Syntex automatic diffractometer. The final 

R value is 0,022. The pyrophosphate anion has a configuration 

intermediate between staggered and eclipsed with a P-0-P angle 

of 127.5(1) 0 
• The two bridging P-0 bond lengths are 1.631(2) 

0
and 1,642(2) A with terminal P-0 bond lengths averages of 1.512 

and 1.514 j on either side of the anion. Two of the four 

sodium ions are coordinated to five oxygen atoms while the 

remainder are coordinated to six oxygen atoms. These are sur

rounded by six anions with the bridging oxygen atoms lying 

approximately at the corners of an octahedron with the P-P 

vector of the anion also paralleling the c axis. Adjacent 

anions along the ~ axis are separated by a pair of sodium ions. 

60 
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5.1. Introduction 

Although a large number of crystallographic studies 

have been devoted towards elucidating the phases and phase 

transformations of M2x2o and MX2o systems where the X ions
7 7 

such as P, As and V, are tetrahedrally coordinated, sharing 

a common bridging oxygen atom, the M4x2o7 system has largely 

been ignored. Various members of this series show phase 

transformations, for example: Li4P2o 25, Li4As2o 5 , Na4As2o
7 7 7 

and Na4P2o • However, Na4P2o with six transformations as
7 7 

1determined by D.T.A. , thermal expansion 26 , and recent 

crystallographic studies 27 seems to be the most complex. 

5.2. Crystal Data 

Formula Weight: 265.95 


Crystal System: Orthorhombic; 


~ = 9.367(5), b = 5.390(2), c = 13.480(8) ~ 

Volume of Unit Cell: 679.33 ~3 

No. of Molecules/Unit Cell: z = 4 

Specific Gravity: Peal.= 2 ·59, Pobs.= 2.53 

Systematic Extinctions: hOO, OkO and 001 with h, k, 1 odd 

respectively 


Space Group: P212121 

Wavelength of radiation used: MoKa = 0.70926 ~ 


1 
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5,3, Preparation of the Sample 

The preparation of anhydrous sodium pyrophosphate 

required no special techniques, Chemically pure sodium pyro

phosphate decahydrate (Na4P2o .10H20) was_heated in a platinum7
crucible above its melting point and maintained at about 1000 °c. 
for several hours. The melt was then cooled at the rate of 

10 °c, per hour to 500 °c, when the power of the furnace was 

shut off and the system allowed to cool to room temperature. 

(The cut-off temperature of 500 °c. is simply the minimum 

temperature of the furnace; it is not critical,) Good quality 

crystals of anhydrous sodium pyrophosphate suitable for X-ray 

work could be obtained. The crystals varied from colourless 

to pale blue-green depending upon the run, and often occurred 

in the form of flakes, Several well-shaped crystals were 

selected.and the dimensions varied ·from 0,1 to 0,3 mm, These 

crystals were mounted as they were without being ground to a 

sphere because their natural cleavages made alignment along 

a particular direction easier for the precession camera. 

Spheres of diameters about 0.2 mm. were also obtained and 

these were used later on the Syntex PI automatic diffractometer 

in the collection of a more accurate data set. 

5.4. Data Collection 

Preliminary photographs using a precession camera were 

obtained to determine the space group of the crystal. Systematic 

extinctions along h, k, and 1 indicated unambiguously that the 
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space group was P2 12121 • Initial cell di.mensions were measured 

from the photographs. Nine layers of reflections along the 

three crystallographic axes were obtained using the precession 

camera. The intensities of these reflections were measured with 

a microdensitometer, After correcting for polarization and 

Lorentz factor, the intensities were scaled to a common level 

by making use of the common reflections among the layers. A 

total of 493 unique reflections were obtained. This data set 

was used to obtain a trial structure by direct methods. 

A second data set, consisting of 1337 symmetry independent 

reflections was recorded utilizing the Syntex automatic diffrac

tometer. The crystal used was a sphere of radius 0.25 mm. and 

the peaks were scanned in a 0/20 mode at a variable rate from 

2° to 24° per minute depending upon the peak intensity. Data 

were recorded up to a sine/A of 0.77 ~-1. Backgrounds were 

measured at either side of the peak for the same period of time 

as the peak scan. Reflections whose intensity, corrected for 

* .,	b ackground, exceeded Ja were considered observed. The remaining 

reflections were assigned a maximum possible value of Ja. The 

data were corrected for absorption, Lorentz and polarization 

effects. The unit cell parameters were also refined using a 

program supplied with the diffractometer system of programs. 

* a is defined as Jcri + i(af + ~) where a = (n1+n ) x scan rate
1 2

with n1 and n2 being the front and rear background counts and 

a 1 and are the standard deviations of n and n determineda 2 1 2 
by counting statistics. 
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5.5. Structure Determination 

The set of 493 unique reflections obtained from 

films was used to construct a Patterson map. There was a 

predominantly strong peak along the c axis at a distance of 
0

about 3.2 A from the origin. Experience suggested it was 

reasonable to assume that this peak was due to the P-P vectors 

of the pyrophosphate ions. However, an estimation of the 

relative magnitude of the peak showed that there were other 

contributions as well. The real difficulty came when the 

effects of symmetry were introduced in the interpretation of 

the map. The locations of the strong peaks offered so many 

alternatives that it soon became impracticable to try out 

all the possibilities. After many fruitless attempts, the 

Patterson approach was abandoned and direct methods were adopted. 

The apparent failure of the Patterson method in this 

case, as pointed out in Section (J.9), was due to the special 

arrangement of the atoms in the unit cell. After the trial 

structure was obtained by direct methods, the situation was 

.clear. It was found that many of the atoms gave rise to 

vectors of about J.2 ~ parallel to the £axis in addition to 

the P-P vectors of the pyrophosphate ions. Worse still, all 

the atoms are of comparable atomic weights (Phosphorus 15, 

_Sodium 11, Oxygen 8) and this made identification of the 

peaks extremely difficult. 
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In Sections (J,11) and (J,12), the actual procedures 

carried out in the direct methods were fully described. 

After an R value of 10% was obtained with the ..493 unique film 

reflections, a new set of data was obtained with the automatic 

diffractometer as described in Section (5.4). It was with 

this latter set that the final refinements of the structure 

were carried out. As initial parameters, the final coorqinates 

obtained with the film data were used. They were refined 

by full-matrix least-squares using a program written by 

J.S. Stephens for the computer CDC 6400. Atomic scattering 

factors for Na+, pJ+ and 0-- were taken from the International 

Tables for X-Ray Crystallography 28 • Unit weights were chosen 

since there seemed to be no systematic variation in I F - Fcl·
0 

with F
0 

• When a minimum had been obtained with isotropic 

temperature factors, the refinement was completed with individual 

anisotropic thermal parameters. The final R value, determined 

when the shift was less than 0.2~ was 0.022. The final atomic 

parameters are found in TABLE V.1 and the observed and calcu

lated structure factors in TABLE V.2. Sixteen reflections 

too strong to be measured w.i th the diffractometer were included 

in TABLE V.2 with their film measured values, but they had 

been excluded from the refinement. A final difference electron 

density map showed no residual peaks larger than 0,1 of an 

oxygen atom peak and the refinement was considered complete. 

There was no systematic variation of IF - Fcl with sine/A
0 

either. 



TABLE V .1. Atomic and Thermal Parameters of Na4P2o7 with 

Estimated Standard Deviations in Parentheses 

Atom x y z Ui1 U22 U33 U12 U13 U23 

Na(l) 0.4725(1) 0.4992(2) -0.01678(7) 0.0146(4) 0.0144(4) 0.01591(4) 0.0009(5) -0.0006(3) 0.0008(4) 

Na(2) 0.4919(1) 0.4848(2) o.23603(7) 0.0197(5) 0.0193(5) o.e1S0(4) -0.0034(5) 0.0059(4) -0.0019(5) 

Na{3) 0.1221(1) 0.4961(2) 0.15454(7) 0.0165(5) 0.0198(5) 0.0179(4) 0.0006(5) 0.0023(3) -0.0020(5) 

Na(4) 0.6654(1) -0.0368(2) 0.16744(8) 0.0161(5) 0.0161(5) 0.0210(4) -0.0013(4) 0.0008(4) -0.0006(4) 

P(A) 0.30704(6) 0.0113(1) -0.10609(4) 0.0083(2) 0.0091(2) 0.0082(2) -0.0001(2) -0.0001(2) 0.0001(2) 

P(B) 0.31380(6) -0.0223(1) 0.11128{4) 0.0090(2) 0.0100(2) 0.0083(2) -0.0006(2) 0.0006(2) 0.0000(2) 

O(CE). 0.3602(2) 0.0971(3). 0.0040(1) 0.0152(8) 0.0140(7) 0.0081(6) -0.0051(6) 0.0002(5) 0.0000(6) 
) 

O(Al) 0.3444(2) 0.2338(3) -o. l 693( H 0.025(6) 0.0119(7) 0.0132(7) 0.0005(6) 0.0004(6) 0.0052(6) 

O(A2) 0.3953(2) -0.2131(3) -0.1339(1) 0.0179(9) 0.0119(7) 0.0140(7) 0.0055(7) 0.0019(6) -0.0018(6) 

O(A3) o. 1490{2) -0.0447(4) -0.1019(1) 0.0087(8) 0.0275(10) 0.0152(7) -0.0019(7)·-0.0006(5) -0.0043(8) 

O{Bl) 0.4264(2} 0.0803{4} 0.1805(1) 0.0122(8) 0.0241(9). 0.0115(7) -0.0027(7) -0.0035(5) -0.0028(7) 

0(62) 0.3205(2) -0.3017(3) 0 .1009( 4) 0.0205(9) 0.009~(7) 0.0206(8) ~0.0009(1) 0.0063(7) .0.0001(6) 

0(63) 0.1654(2) 0.0744(4) '0.1333(1) 0.0110{8) 0.0191(8) 0.0149(7) 0.0018(6) 0.0032(5) -0.0023(6) 

• u1j • s f n A2 are computed from s1j•2n
2~f~jui j where T•exp{ -[~ 11 h2 + ~ 12hk + ••• ] } appears f n the structure ·~ 

factor expression and ~j are reciprocal lattice cell vectors. 
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5.6. 	 Description of the Structure 

The structure of anhydrous sodium pyrophosphate can 

be described as a deviant from a simple idealized structure 

shown in Fig. 5.6.1. This ideal structure consists of di

phosphate ions formed by a pair· of Po43- groups sharing a 

bridging oxygen atom with a P-0-P angle of 180°. The oxygen 

atoms of the anion are in an eclipsed configuration as viewed 

down the P-P vector, with this vector parallel the c axis. 
-

These anions lie in layers such that the bridging oxygen atoms 

lie at the corners of an octahedron elongated parallel to 

the c axis with adjacent layers related by a 6~ 
.) 

axis, Fig. 5.6.2 • 

Chains of Na+ .ions coincide with the 6 axis with Na( 1) coplanar
3 

with the bridging oxygen atoms and Na(2) lying in an octahedral 

site between layers formed by the terminal oxygen atoms of 

six separate anions. The terminal oxygen atoms are coplanar 

with a plane perpendicular to the 6 axis. Two additional
3 

Na+ ions per formula unit, Na(J) and Na(4) are collinear with 

the P-P 	vectors separating the pyrophospha~e groups in.adjacent 

cells along the ~ axis, 

Na(1) in this idealized structure has a coordination 

number of nine as a result of sharing the bridging oxygen atom 

and one terminal oxygen atom from each end of three pyrophos

phate groups. Tfiis configuration, with the bridging oxygen 

atom lying b~3 ~ from three Na(1) ions, is unstable relative 

to a bent anion where the. Na(l) ion forms a strong bond with 

only one bridging oxygen atom. It is of interest that an 



a 


op EB Na oo 

Fig. 5.6.1. The idealized structure 

of Na4P2o7 projected onto the ab plane. 
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op 00 

Fig. 5.6.2. The idealized structure 

of Na4P2o7 in 3-Dimensions. 
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infinite number of configurations are possible for an 

infinite layer where the only constraint is that each Na(l) 

is bonded to one and only one bridging oxygen atom, and vice 

versa. If further constraints of translational periodicity 

corresponding to the determined a and b axes are imposed, 

three configurations are possible. The arrangement shewn 

in Fig. 5.6.J(a) is found in the present structure while that 

in Fig. 5.6.J(b) is found in the structure at 41o 0 c. (Chapter 

VII), The configuration seen in Fig. 5.6.J(c), consistent 

with both a 21 axis and a C-centering in a layer, may occur 

for some of the layers in the structure near 500°c. 

·In the actual structure, the pyrophosphate ion bends 

at the bridging oxygen atom, and the plane of terminal oxygen 

a toms no longer coincides with the .§:£ plane. In addition, 

the two ends of the anion twist slightly destroying the 

eclipsed configuration and the anion rotates as a whole so 

that the P-P vector is no longer collinear with the c axis. 

However, as can be seen in Fig. 5.6.4 the gross features of 

the idealized model remain in the structure, These distortions 

lead to coordination numbers of five for Na(J) and Na(4) 

rather than three as expected from the idealized model. 

Na(l) shares two oxygen atoms with three pyrophosphate 

ions and shows bond lengths ranging from 2.313(2) to 2.777(2) X, 
TABLE V.J. As predicted this ion shares oxygen atoms from 

either end of two anions and shares an edge with one of the 

tetrahedra of a third anion. One of-the oxygen atoms in this 



• 

(a) 

Schematic representations o.f possible arrangements of bent anions. 
The arrows indicate the direction of the displacements of the 
bridging oxygen atoms. 

ffb l ffb l 
~ ~~ 
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b ~----r______r _ 

a 

---1/4 

Fig. 5.6.4 

The structure of Na4P2o projected onto the ~ b plane
7 



Fig. 5.6.5 74 
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c=1/2 
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ori in 
..-a 0 

The structure of Na4P2o projected onto the .§:.£.plane
7 



TABLE V.J 


Bond Distances and Angles in Na4P2o7 at 22 °c. 


Distance* 

P(A)-O(CE)
-O(AJa)
-O(A2a)
-O(Ala) 

P(B)-O(CE)
-O(B2a)
-O(Bla)
-O(B3a) 

P(A)-P(B) 

Na(l)-O(CE)
-O(Ala)
-O(A2a)
-O(B2a)
-O(B3b)
-O(A3b) 

Na(2)-0(B1a)
-O(B2a)
-O(B3a)
-0(A2c)
-O(AJb)
-O(Alc) 

(Continued) 

(;{) 

1,631(2)
1.512(2)
1.512(2)
1.512(2) 
1. 642 ( 2) 
1.514(2)
1.513(2)
1.514(2) 

2.936(1) 

2.426(2)
2.777(2)
2.329(2)
2.387(2)
2.427(2)
2.313(2) 

2.386(2)
2.687(2)
2.347(2)
2.517(2)
2.353(2)
2.506(2) 

Angle 

O(CE)-P(A)-O(AJa)
-O(A2a)
-O(A1a) 

O(CE)-P(B)-O{B2a)
-O(B1a)
-O(B3a) 

P(A)-O(CE)-P(B) 

O(CE)-Na(1)-0{A1a)

-O(A2a)

-O(B2a)

-O(B3b)

-O(A3b)


O(B2a)-Na{1)-0(BJb)

-O(A3b) 


O(B1a)-Na(2)-0(B2a)
-O(BJa)
-O(A2c)
-O(AJb)
-O{Alc)

O(A2c)-Na(2)-0(AJb)
-O(Alc) 

(0) 

108.8(1)
106.6(1)
102.5(1) 

107.3(1)
102.4(1)
106.4(1) 

12705(1) 

55.78(5)
122.57(7)
93.79(6)

104.59(7)
108.98(7)
161.42(8) 
85.36(7) 

91,43(6)
105.19(7)
78,17(6)
92.59(7)

150,52(8)
110.63(7)
74.97(6) 

Angle 

O(A3a)-P(A)-O(A2a)
-O(Ala)

O(A2a)-P(A)-O(Ala) 

O(B2a)-P(B)-O(Bla)
-O(B3a)

O(B1a)-P(B)-O(B3a) 

O(A1a)-Na(l)-O(A2a)

-O(B2a)

-O(B3b)

-O(A3b)


O(A2a)-Na(1)-0(B2a)

-O(B3b)

-O(A3b)


O(BJb)-Na(1)-0(A3b) 

O(B2a)-Na(2)-0(B3a)


-O(A2c)

-O(A3b)

-O(Alc)


O(BJa)-Na(2)-0(A2c)

-O(A3b)

-O(Alc)


O(AJb)-Na(2)-0(A3c) 


(0) 

112.6(1)
113.9(1)
111.6(1) 

11J.1(1)
113.5(1)
113.2(1) 

72.95(6)
117.77(7)

76. 02 (6)
151.08(7)
88.04(7)
84.33(7)

128.34(8)
86.15(6) 
92.60(7)

166.47(7)
78.12(6)

116.83(7)
81.99(6)

160.22(9)
82.96(7)
85,73(7) 

....., 
\.)'\ 



TABLE V.3 (Continued) 


Distance* ci> Angle (0) Angle 	 (0) 

Na(3)-0(Alb) 2.888(2) 	 O(A1b)-Na(3)-0(B3a) 75.30(6) O(B3a)-Na(3)-0(A2b) 127.29(7)
-O(B3a) 2.327(2) -O(A2b) 55.23(6) 	 -O(B2a) 106.67(7)
-O(A2b) 2.441(2) 	 -O(B2a) 164.63(7) -O(Bld) 110.11(7)
-O(B2a) 2.272(2) 	 -O(B1d). 80.86(6) O(A2b)-Na(3)-0(B2a) 116.47(7)
-O(Bld) 2.315(2) O(B2a)-Na(3)-0(B1d) 111.84(7) -O(Bld) 81.08(6) 

Na(4)-0(B1a) 2.333(2) O(B1a)-Na(4)-0(A3b) 102.60(7) O(A3b)-Na(4)-0(A2b) 60.23(6)
-O(AJb) 2.428(2) 	 -O(A2b) 162.83(8) -O(Alb) 134.22(7)
-O(A2b) 2.580(2) 	 -O(A1b) 119.87(8) -O(Alc) 85.50(6)
-O(Alb) 2.341(2) 	 -O(A1c) 90.78(7) O(A2b)-Na(4)-0(A1b) 76.61(6)
-O(A1c) 2.445(2) O(A1b)-Na(4)-0(A1c) 108,67(7) 	 -O(Alc) 87.82(6) 

Tranformations: 	 a = x, y, z 

b = i+x, i-y, z 
- - 1c = 	x, y, 2+z 


1 .!: J..
d = 2-X, 2+y, 2-Z 

* Includes all interactions less than J.O Rexcept a P(A)-Na(4) interaction of 2.998 R 

" °' 
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edge is a bridging oxygen atom. The second cation, Na(2), 

lies at the centre of a distorted octahedron formed by six 

oxygen atoms arising from six separate anions. The bond 

lengths range from 2.347(2) to 2.687(2) ~. The environment 

of Na(3) consists of a very irregular arrangement of five 

oxygen atoms contributed by four separate anions. Here the 

bond lengths range from 2.272(2) to 2.441(2) ~ for Na(3)-0(A1b). 

The five neighbouring oxygen atoms to Na(4) also arise from 

four separate anions but with the tighter range of 2.333(2) to 

2.580(2) ~. 

The P-0 bridging bond lengths at 1.631(2) i for side A 

and 1.642(2) ~ for side B are significantly longer than the 

terminal P-0 bond lengths which all lie between 1.512 and 

1.514 ~. The individual terminal P-0 bond lengths are sig

nificantly different. The P-0-P bond angle, at 127.5(1) 0 
, is 

the smallest reported for a diphosphate ion. As commonly 

found for this anion the 0-P-O bond angles involving the 

bridging oxygen atom are less than the ideal tetrahedral 

value in every case while those involving only terminal oxygen 

atoms are all larger than the ideal. 
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5.7. 	 Discussion 

It is of some interest to compare the geometries of 

the P2o	 4- ion in the three sodium pyrophosphate studied to
7 

date. In Na4P2o .1oH20 29 the anion has a nearly staggered
7

configuration with cryatallographic two-fold axis through the 

bridging oxygen atom. The P-0-P bond angle is 130.2° while 

the O-P-0 angles involving the bridging oxygen atom range 

from 101.8 to 108.9°. The 0-P-O angles among only terminal 

oxygen atoms range from 111.1 to 115.00 • The average terminal 

P-0 bond length is 1.513 ~while the P-0(-P) bond is 1.612(5) i 
long. The two unique Na+ ions are coordinated to six oxygen 

atoms but only one is bonded directly to the anion; involving 

0(2) and 0(4). These P-0 bonds are the longer of the three 

at 1.510 and 1.526 ~ respectively, although they do not differ 

significantly from the remaining terminal P~O bond length 

of 1.503 ~. 

In Na2H2P2o7. 6H2o 30 , the anion again contains a 

crystallographic two-fold axis and has a nearly staggered 

configuration. The P-0-P bond angle is 136.1° with O(bridge)-P-0 

angles ranging from 103.4 to 108.8°. The remaining O-P-0 

angles of the P04 group range from 109.9 to 117.7°. The 

terminal P-0(-H) bond is 1.569(2) ~ long while the remaining 

terminal P-0 bond lengths are within 0.002 of 10493 ~. These 

two oxygen atoms are bonded to the sodium ion which is co

ordinated to a total of six oxygen atoms. In this case, the 

P-0(-P) bond is shortened to 1.598(1) ~. 
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It is also of some interest to compare the observed 

P-0 bond lengths in the above structures as well as the present 
10structure with the predictions of Baur In order to do 

so, it is necessary to calculate first the electrostatic bond 

strength atthe oxygen atom under consideration which can be 

defined as 

(5.7.1) Po = 1:. (z/CN).
J. 	 J. 

where z is the formal charge of the cation and CN is the 

coordination number of the cation contributing to the oxygen 

atom and the summation is over all contributing cations. The 

predicted bond length dP-O between a phosphorus and an oxygen 

atom is then given by 

(5.7.2) dP-O = 1.322 + 0.109 p0 angstroms 

10
(Baur , p.136). 

The following calculation illustrates the construction 

of TABLE v.4. Referring to TABLE v.3, each phosphorus atom 

is bonded to four oxygen atoms, i.e. CN = 4. Taking z = 5+ 

for P, then (z/CN)p = 5/4. Suppose now dP-O(CE) is required. 

O(CE) receives the following contributions to the electrostatic 

bond length: 1/6 from Na(l), 5/4 from each of the two phosphorus 

atoms, P(A) and P(B). That is, 

Po(CE) 	 = 1/6 + 5/4 + 5/4 


=2.666. 
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TABLE V.4 

Correlation between Predicted and Experimental P-0 

Bond Lengths in Sodium Pyrophosphate Systems 

Bond 

Na4P2o	 P-O(CE)7 

P-O(A3) 
P-O(A2) 
P-O(Al) 
P-O(B2) 
P-O(Bl) 
P-O(B3) 

Na4P2o7.1oH20* 	 P-0(1) 
P-0(2) 
P-0(3) 
P-0(4) 

Na2H2P207.6H2ot 	P-0(1) 
P-0(2) 
P-0(3) 
P-0(4) 

*From Ref.29 

t From Ref .JO 

Observed Predicted ~ 
Length (~) Length ( ) 

1.631 1.611.642 
1.512 1.49 
1. 512 1. 54 
1.512 1. 56 
1. 514 1. 52 
1.513 1. 52 
1.514 1. 52 

1.612 1.60 
1.510 1.47 
1.503 1.47 
1.526 1.47 

1.598 1.60 
1.492 1.47 
1.495 1.47 
1.569 1. 57 



81 

Substituting this value in Equation (5.7.2), we have 

dP-O(CE) = 1.322 + 0.109 x 2.666 

= 1.612 angstroms. 

The rest of the entries in TABLE V.4 was obtained in a similar 

way. It is clear that the predicted values are, except with 

a few glaring exceptions, not far off the mark. In particular, 

the predicted value for the P-O(Al) bond length in Na4P2o
7 

results from including the two rather long Na-0 bonds in 

the calculation. It is clear that weighting the contribution 

to the electrostatic bond strength by some function inversely 

related to the atomic separation would improve the agreement. 

The P-0-P bond angle is small in Na4P2o
7 

probably because the 

bridging oxygen atom is coordinated to a sodium ion. A similar 

effect has been noted in comparing the Zn2v2o7 structure 31 

32to those of .Mg2v2o 31 and Co2v2o • This effect can be7 7 
rationalized in the sense that Baur's relationship lO would 

predict a lengthened P-0(-P) bond while Cruickshank's con

siderations 29 suggest that as the ratio of P-0(-P) to P-0 

increases, the P-0-P angle must contract. 

Finally, the vibrational motion of the sodium and 

oxygen atoms in the Na4P2o7 structure deserves some attention, 

TABLE v.5. The major components of vibration for P(A), P(B) 

and O(CE) are in the ab plane as would be expected either 

from the nature of the bonding or if some errors occur in 

the directions of the bending of the anion relative to the 
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Princi_pa]._ A:irns Q_f' the Thermal Ellipsoids in Na4f2Q7 
RMS Am- Direction Cosines to 
plitude a b c 
Na(l) 
0.128 0.1319 -.3911 -.9108 
0.124 -.8110 -.5709 0.1276 
0.115 -.5699 0.7219 -.3925 

Na(2) 
0.163 -e6922 o.4588 -.5572 
0.133 0.2296 o.8718 o.4327 
0.114 -.6843 -.1716 0.7088 

Na(3) 
0.146 -.2088 0.7625 -.6124 
0.137 o.6405 0.5798 0.5036 
0.119 0.7390 -.2871 -.6094 

Na(4) 
0,146 -.2286 0.1787 -.9570 
0.131 0.6757 -.6786 -.2881 
0.122 -.7009 -.7125 0.0344 

RMS Am
plitude 

O(CE) 
0.140 
0.097 
0.089 

O(A3) 
0.170 
o.11s 
0.094 

O(A2) 
0,147 
0.123 
0.088 

O(Al) 
0.158 
0.134 
0.085 

Direction Cosines to 
a b c 

-.7277 0.6856 -.0198 
0.6805 0.7253 0.1041 
-.0857 -.0623 0.9944 

-.0812 0.9555 -.2837 
0.1861 -.2651 -.9461 
0.9792 0.1297 0.1563 

0.8762 o.4738 o.os77 
-.0998 0.3566 -.9289 
o.4714 -.8052 -.3597 

0.9959 0.0639 0.0646 
0.0907 -.6508 -.7538 
-.0061 0.7565 -.6539 

RMS Am
plitude 

O(B2) 
0.164 
0.122 
0.096 

O(Bl) 
0.158 
0.126 
0.086 

O(B3) 
0.142 
0.129 
0.092 

Direction Cosines to 
a b-


-.7158 0.0399 -.6971 
0.6899 -.1141 -.7149 
-.1080 -.9927 0.0541 

-.1701 0.9735 -.1530 
-.7274 -.0193 0.6859 
o.6648 0.2279 0.7114 

-.0468 -.9305 0.3633 
0.5528 0.2788 0.7853 
0.8320 -.2376 -.5014 

Angle between Principal Component of the Thermal Ellipsoid of X and P-X Bond Vector 

Atom X O(CE) O(A3) O(A2) O(Al) O(B2) O(B1) O(B3) 
Angle P(A) - X 7e5 8.5 9.8 1.4 in ( 0 

) 

Angle P(B) - X 5.3 5.6 2.2 20.0 

TABLE v. 5 co 
I\) 
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idealized structure. The fact that Na(1) vibrates nearly 

isotropically and with an amplitude comparable to the remaining 

cations suggests that the structure has very little residual 

configurational disorder at room temperature. The thermal 

motions of the oxygen atoms are significantly anisotropic 

with the largest component nearly perpendicular to the P-0 

bond. 

A paper on the crystal structure of sodium pyrophosphate 

at 22°c. by K.Y. Leung and C. Calvo has been published in 

the Canadian Journal of Chemistry (1972)53, 



CHAPTER VI 


SUMMARY 

Sodium diarsenate at room temperature is monoclinic 

with a= 5.969(1), Q = 10.126(1), ~ = 12.272(3) j and 

a = 92.87(2) 0 
• There are four formula units per unit cell 

with space group C2/c. The structure was refined by full

matrix least-squares to a final R value of 0.027 utilizing 

1157 reflections measured on the Syntex PI automatic diffrac

tometer. The anion, consisting of two Aso4 tetrahedra sharing 

a common oxygen atom, with a bridg~ng angle of 123.5° at 

that oxygen atom, lies on a two-fold axis. The.bridging 

As-0 bond lengths are 1.783 j and the average terminal As-0 

bond length is 1.658 j. Both sodium ions show five-fold 

coordination to oxygen atoms with average Na-0 bond lengths 

of 2.386 and 2.462 ~. One of these sodium ions has a long 

interaction (2.852 i) with the bridging oxygen atom of the 

anion. Sodium diarsenate undergoes a series of phase trans

formations between room temperature and 220°c. and ·a further 

major transformation near 690°c. 

84 




85 


6.1. Introduction 

To date little accurate data exists on the structure 

of systems containing condensed tetrahedral Aso4 groups. A 

number of diarsenates have been found to crystallize as 

analogues of the mineral thortveitite 33 ; but in these cases, 

as in all other structures isotypic with thortveitite, ambiguity 

exists as to the detailed bonding because of disorder at the 
34 • 35bridging oxygen atom • An additional interest in 

this system arises because its chemical analogue, Na4P2o7, 

manifests a rich variety of phase transformations between 

room temperature and 6oo 0 c. (Chapter V). 

6.2. Crystal Data 

Formula: Na4As2o
7 

Formula Weight: 353.79 

Crystal System: Monoclinic; 

a = 5.969(1), b = 10.126(1), c = 12.272(3) ~ 

~ =92.87(2) 0 

Volume of Unit Cell: 740.85 ~3 

No. of Molecules/Unit Cell: z = 4 

Specific Gravity: Peal. = 3.17, Pobs. = 3.12 


Space Groups C2/c 


Wavelength of Radiation used: MoKa = 0.70926 ~ 

1 
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6.3. 	 Preparation of the Sample 

Like anhydrous sodium pyrophosphate, sodium diarsenate 

Na4As2o required no special technique in its preparation.
7 

Chemically pure di-sodium hydrogen ortho~rsenate hydrated, 

Na2HAso4.7H2o was first heated in a platinum crucible to about 

900°c. and maintained at that temperature for several hours. 

The melt was then cooled at the rate of 10°c. per hour to 

500°c. when the power was shut off and the system allowed 

to cool to room temperature. The crystals were colourless 

and slightly opaque. Some of them were well-shaped and had 

the proper dimensions for X-ray work. Spheres of diameter 

about 0.15 mm. were also obtained to be used on the Syntex 

Pl automatic diffractometer for data collection. 

6.4. 	 Data Collection 

Preliminary photographic work was carried out on 

the precession camera and established the space group to 

be either Cc or C2/c on the basis of the extinction conditions: 

h + k = odd for general h, k, 1, and 1 = odd for h O 1. 

A ground sphere, 0.01 cm. in radius, was used to 

collect data both for accurate parameters and for the resolution 

of the crystal structure. The 20 values of 15 reflections 

were accurately centred using the diffractometer and the 

lattice parameters fitted to these values by least-squares. 

The results were obtained at room temperature using MoKa 
l 

radiation monochromatized with graphite. Peaks were scanned 
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at a rate varying between 2 and 24° per minute, depending 

upon the peak count rate. Backgrounds were counted on either 

side of the peak for the same time period as used in scanning 

the peak. Reflections whose intensity, after correction 

for background, were less than Jcr where er was determined 

from counting statistics, were regarded as unobserved. A 

total of 1157 unique reflections were collected of which 

1011 were regarded as observed. These were corrected for 

Lorentz, polarization, absorption and extinction (~R = 0.59) 

effects. 

6.5. Structure Determination 

The positions of the arsenic atoms were determined 

from a Patterson map. Unlike the case of sodium pyrophosphate, 

the peaks could be identified fairly easily. From the extinc

tion conditions: h k ls h + k = 2n; h 0 ls 1 = 2n, (h = 2n); 

and 0 k 0: k = 2n, the space group should be either Cc or 

C2/c. A trial structure was first made with the choice of 

C2/c and was proven by the subsequent resolution of the 

structure to be correct. The structure factor calculation 

was,first carried out with only the arsenic atom; further 

electron density difference syntheses determined the positions 

of the remaining sodium and oxygen atoms. The structure 

was refined with full-matrix least-squares. Atomic scattering 

factors were obtained from the International Tables for X-ray 
28Crystallography Convergence was first obtained with 
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unit weights and isotropic thermal parameters and then 

independent anisotropic thermal parameters were varied. 

Near the final stages of the refinement, plots of (IF
0 

- Fcl) 

versus (sin 0/A) and(IF l)were obtained, Figs. 6.5.1 - 2.
0 

There were indications that some systematic variations were 

in existence and extinction corrections were subsequently 

carried out. For the final refinement, weights were set 

equal to (7.4 - 0.26 F + 0.0031 F 2)-l with coefficients
0 0 

chosen so that wlF - Fcl 2 would be independent of F • The
0 0 

final R value is 0.027 while Rw = 0.037 where 

Rw = II: w IFo - Fc 12 lt 
l:wFo2 

No residual peaks could be discerned in the final electron 

density map. The final atomic positional parameters are 

found in TABLE VI.1 and the observed and calculated structure 

factors in TABLE VI.2. 
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TABLE VI.1. Atomic and Thermal Parameters of Na4As2o with7 
Estimated Standard Deviations in Parentheses 

x y z Ui1 U22 U33 U12 U13 U23 

Na(l) 0.3438(2) 0.3216(2) 0.1273(1) 0.0157(8) 0,0194(7) 0.0146(7) -.0024(5) 0.0010(5) 0,0021(5) 

Na(2) 0.3118(2) -.0155(2) 0.0958{1} 0.0137(8) 0.0209(7) 0,0224(7) -.0011(5) 0.0017(6} 0.0023(5} 

As 0.14474(5) 0.15226(3) 0.36050(2) 0.0067(2) 0.0084(2} 0.0079(2) 0.0006(1) 0.0004(1} 0,0012(1} 

0(1) 0 0.0689(3} 1/4 0.025(2) 0.009(1) 0.017(1) - -.013(1) 

0(2) 0.2649(4) 0.2870(2} 0.3133(2) 0.015(1) 0.014(1) 0,015(1) -.005(1) 0.000(1) 0.0029(8} 

0(3) 0.3219(4) 0.0360(3) o.4o46(J) o.oi2(1) 0.016(1) 0,019(1) 0.005(1) -.004(1} 0.0016(8} 

0(4) -.0605(5) 0.1787(3) o.4442(2) 0.019(2) 0.030(1) 0.016(1) 0.007{1} 0.012(1) 0.005(1) 

2
* Uij's in R are computed from aij = 2~2Q{QjUij where T =exp -(a11h2 + ••• + 2~ 12hk + ••• ) 

appear in the structure factor express'ion and Qi's are the reciprocal lattice vectors. 

..... '° 
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6.6. Description of the Structure 

The structure of Na4As2o consists of anions formed
7 

from corner-shared As2o
7 

groups. These anions are arranged 

in layers parallel to the ab plane and at a thickness equal 

to half the~ axis, Fig. 6.6.1. In each layer, the anions 

in adjacent unit cells form a triangularpattern, Fig. 6. 6.2, 

with the As-As vector of any anion at 32.6° to the Q axis. 

The anion contains a crystallographic two-fold axis through 

the bridging oxygen atom 0(1) and the angle As-0(1)-As is 

123.5°. Two of the terminal oxygen atoms 0(3)a and 0(2)a 

lie within i j of the same z =constant plane but the third 

terminal oxygen atom 0(4)a and its symmetry-equivalent 

counterpart 0(4)c do not lie within the same range, Fig. 6.6.1. 

Na(1) lies between the terminal oxygen atoms of two 

anions in one layer and is nearly directly below another 

anion in an adjacent layer, Fig. 6.6.1. It is coordinated 

to five oxygen atoms three of which being contributed by 

the same anion, TABLE VI.J. The two oxygen atoms bonded to 

this cation, 0(2)c and 0(4)a arise from opposite ends of 

the anion. Na(1) and Ase lie nearly in the same z = constant 

plane. Na(2) which is also coordinated to five oxygen atoms, 

shares a bridging oxygen 0(1) and a terminal oxygen atom 

0(2)c with one anion while the remaining oxygen atoms arise 

from two additional anions, TABLE VI.J. The bridging oxygen 

atom of the anion lies on a two-fold axis separated by 1.783(2) j 

from the As atom (TABLE VI.J). The terminal As-0 bond 
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Fig. 6.6.1 


The structure of Na4As2o projected onto the be plane
7 
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Fig. 6.6.3 


The structure of Na4As2o projected onto the ~£plane

7 



TABLE VI.3 


Bond Distances and Angles in Na4As2o7 


Distance j Angle Degrees Angle Degrees 

As-O(l)a,c
-0(2)a,c
-0(3)a,c
-0(4)a,c 

1.783(2)* 
1. 659 ( 3) 
1.655(3) 
1. 659 ( 3) 

0(1)-As-0(2)
-0(3)
-0(4) 

101.7(1)
100.9(1)
109.0(1) 

0(2)-As-O(J)
-0(4) 

O(J)-As-0(4) 

113.1(1)
115.4(1) 

114.7(1) 

As-As c 3.142(3) As-0(1)-As 12305(2) 

Na(1)-0(2)c
-0(2)h
-0(3)g
-0(4)a
-0(4)c 

2.362(3)
2.347(3)
2.409(3)
2.379(3)
2.437(3) 

0(2)c-Na(1)-0(2)h 
. -0('3)g 

-o(4)a
-0(4)c

0(4)a-Na(1)-0(4)c 

81.2(1)
102.2(1)
95.4(1)

132.9(1)
85.7(1) 

0(2)h-Na(1)-0(J)g
-o(4)a
-0(4)c

0(3)g-Na(1)-0(4)a
-0(4)c 

87.9(1)
171.1(1)
90.6(1)

100.9(1)
123.9(1) 

Na(2)-0(1)a
-0(2)c
-0(3)d
-O(J)c
-0(4)g 

2.852(2)
2.506(3)
2.359(3)
2.248(3)
2.346(1) 

O(l)a-Na(2)-0(2)c
-0(3)d
-0(3)c
-0(4)g

0(3)c-Na(2)-0(4)g 

59.4(1)
137.4(1)
126.8(1)
77.9(1)

114.4(1) 

0(2)c-Na(2)-0(J)d
-O(J)c
-0(4)g

O(J)d-Na(2)-0(3)c
-0(4)g 

85.4(1)
113.0(1)
129.2(1)

86.9(1)
114,3(1) 

Transformations: 	a = x,y,z b = -x,-y,-z c = -x,y,!-z d = x, -y ,t+z 

e = !+x, !+y, z f = !-x,!-y,-z g = !-x,i+y,!-z h = !+x,!-y,!+z 

* Errrors include those arising from the lattice constants in addition to the individual 
parameter errors. 

\() 

--...:> 
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lengths are substantially and significantly shorter, ranging 

from 1.655 to 1.659 ~. Individual terminal As-0 bond lengths 

are not significantly different. All the O-As-0 angles in 

a tetrahedron that involve the bridging oxygen atom are less 

than the ideal value while the remaining angles are all 

larger than ideal. The As-0-As angle is rather small at 

123.5° and results, in part, from the interaction of the 

bridging oxygen atom with two Na(2) ions. 

Each sodium ion has only five oxygen atoms within 

3 i. The Na(l)-0 bond lengths are fairly uniformly distributed 

between 2.J47(3) and 2.4J7(3) ~and the Na(1)-o5 configuration 

is a distorted trigonal bipyramid with 0(2)h and 0(4)a as 

the axial oxygen atoms. The four nearest oxygen atoms to 

Na(2) form a distorted tetrahedron with the 0(2)c-0(4)g edge 

enlarged to accommodate the fifth oxygen atom, 0(1). The 

0(1)-0(2) edge is shared with one of the anions. About the 

Na(2)-o4 	 tetrahedron, the Na(2)-0 distances range from 2.248 
0 , 0 

to 2.506 A and the angles lie between 85.4 and 129.2 • The 

Na(2)-0(1) interaction is 2.852 ~ long and compares with an 

interaction of 2,426 i between the bridging oxygen atom and 

Na(l) in sodium pyrophosphate (Chapter V). 
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6,7, Discussion 

The structure of Na4As2o
7 

bears considerable resem

blance to that of the room-temperature polymorph of Na4P2o
7

• 

The latter structure is orthorhombic with space group P2 12121 
and unit cell dimensions of~ = 9,367, b = 5,390 and 

c =13,480 X(Chapter V). The anion is formed from two P04 
groups sharing a common oxygen atom with a bridging P-0-P 

angle of 127.5° compared to an As-0-As angle of 123.5° in 

Na4As2o
7

• The angle that the P-P vector of the anion subtends 

with the c axis is 9°. This structure also contains layers 

of pseudo-hexagonally arranged anions and as a result of 

small displacements, assumes a C-centred cell, with a doubled 

c axis at 405°c. Three ansions in one layer and three in 

an adjacent layer are approximately related by a 6 axis
3 

which becomes a crystallographic symmetry element above 550°c. 

Half of the sodium cations lie near this pseudo-axis as shown 

in Fig. 6.7.1(a). The remaining cations lie between the 

anion layers and are coordinated to five oxygen atoms. Each 

anion is stabilized with a non-linear X-0-X group by an 

interaction with one sodium ion in contrast to two for 

Na4As2o
7

• In Na4P2o
7 

the anion deviates by about 25° from 

an eclipsed configuration when viewed parallel to the P-P 

vector while the comparable average dihedral angle in Na4As 2o
7 

is 11°. 

As Fig. 6.7.1(b) shows, the bridging oxygen atoms 

in adjacent layers in Na4As2o nearly superimpose in projection
7 
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and a relative shift of about 1.8 Xis needed to establish 

a pseudo 6 axis relationship between the oxygen atoms.3 
However, the acute side of the anion opens towards -b in 

one layer and +b in the next, as required by the two-fold 

axis, so that the anion configurations are not consistent 

with a pseudo 6 axis. Another major difference between
3 

the two structures is the Na+ configuration relative to the 

anion. All the Na+ are approximately between the oxygen 

atom layers in Na4As2o7 although the Na-0 interactions are 

not restricted to those oxygen atoms corresponding to the 

top of one layer and the bottom of the next adjacent one, 

as found in Na4P2o • In order to obtain the Na4P2o structure
7 7 

from that of Na11-As2o7 , the two-fold axis must be lost with 

one of a pair of Na(2) ions moving to the pseudo 6 axis
3 

and to a z plane nearly coplanar with the bridging oxygen 

atoms. The second Na(2) ion must also be near.the same 6
3 

axis but displaced by about ic from the first Na(2) ion. 

Further, each Na(1) must be displaced so as to coordinate 

with four oxygen atoms at nearly the same z coordinate as 

the Na ion with a fifth oxygen atom arising from the adjacent 

layer. One of these Na(l) ions must share a face of a Po4 
group formed from three terminal oxygen ions at one end of 

the anion. 

TABLE VI.4 summarized the thermal behaviour of the 

atoms in Na4As2o • All the atoms show significant anisotropic
7

motion but the ratio of the maximum to the minimum amplitudes 
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TABLE VI.4 


Root Mean Squared Atomic Displacements and Angles of 


Principal Axis with respect to the Unit Cell Edges 


. atom ri 

root mean 
square
amplitude a 

angle of 
b 

r1 with 
c 

As rl 
r2 
r3 

.097 

.085 

.080 

81.5 

123.4 
145.3 

37.8 
115.7 
64.4 

54. l 
42.3 

109.3 

0(1) rl 
r2 
r3 

.159 

.150 

.131 

173.8 
90.0 
96.2 

90.0 
0.0 

90.0 

80.9 
90.0 

170.9 

0(2) rl 
r2 
r3 

.193 

.145 

.079 

60.1 
122.6 
47.2 

40.7 
49.3 
92.2 

66.6 
120.4 
140.0 

0(3) rl 
r2 
r3 

.147 

.137 

.084 

124.6 
72.9 

140.2 

107.0 
36.8 
58.5 .' 

37.1 
59.6 

109.3 

0(4) rl 
r2 
r3 

.145 

.121 

.094 

49.5 
118.6 
126.3 

130.0 
86.0 

139.7 

116.0 
148.3 
73. l 

Na(l) rl 
r2 
r3 

.145 

.124 

.114 

67 .1 
40.4 

121 ~2 

151.7 
81.8 

116.9 

106.9 
53.6 
41.3 

Na(2) rl 
r2 
r3 

.155 

.140 

.115 

88.5 
102.5 
167.4 

127.0 
39.1 

100.9 

143.0 
125.5 
80.9 
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for both As and the bridging oxygen atoms is surprisingly 

small. Although the typical behaviour in x2o7 systems would 

show 0(1) with the largest amplitude, in Na4As2o7 , 0(2), one 
' 

of the terminal oxygen atoms has the largest amplitude. 

This may be a result of the fact that 0(1) is bonded to two 

cations, whereas in the previous cases the bridging oxygen 

atom of the x2o group bonds strongly to at most one cation.
7 

These thermal amplitudes provide no strong evidence for the 

impending phase transformation near 65°c. but may be inter

pretable, ex post facto, when the nature of high temperatYre 

phases have been ascertained. 

The diarsenate ion, with two Na(2) ions bonded weakly 

to the bridging oxygen atom, shows a large distortion from 

equivalent As-0 bond lengths. The Pauling electrostatic 

valency 36 is 2.90 at 0(1) and l.85 at the terminal oxygen 

atoms. From Baur's lO linear relationship between bond 

length and electrostatic valency with coefficients derived 

by Krishnamachari 37 which has the form 

(6,7.1) dAs-O = 1,49 + 0.10 p0 angstroms, 

the predicted bond length difference would be 0.105 ~and 

lengths of 1.780 Xand 1.675 ~ for the As-0(-As) and As-0 

bond lengths respectively. On the other hand, ignoring the 

Na(2)-0(1) bonds would lead to a greater discrepancy. 
11

Brown and Shannon have shown that the bond 

strength, s, can be fitted with a curve of the form 
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(6.7.2) 

where r 
0 

and n are found by least squares and C
0 

is given 

by the formal charge divided by the "normal" coordination 

number. TABLE vr.5 shows the individual bond strengths and 

how well the sum about each element compares with the formal 

charge. In TABLE VI.6 the individual X-0 bond lengths are 

compared with those predicted on the assumption that the 

calculated valency contribution from the sodium ion is errorless 

and the difference between the formal charge on the oxygen 

atom and its formal charge is used to calculate the X-0 bond 

length. Errors in these predicted bond lengths arises fro!Tl 

two sources: the individual errors in the Na-0 bond lengths 

and the errors in the estimated values of n and r • Only
0 

the former contributions are included in TABLE VI.6. 

The agreement in Na4As2o has to be regarded as
7 

reasonably good, despite the fact that correction for the 

effects of thermal motion on the apparent bond lengths have 

not been applied to either the data that were used to determine 

n and r or to the experimental values in Na4As2o and Na4P2o •
0 7 7

Systematic deviations leading to predicted values of bridging 

P-0(-P) bonds and smaller terminal ones seem to appear in 

both these compounds and in KA1P2o JB7 
A paper on the crystal structure of Na4As 2o

7 
at 22°c. 

by K.Y. Leun~ and C. Calvo has been accepted for publication 

in the Canadian Journal of Chemistry (1973) 54 
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TABLE VI.5. Bond Strength~. in Na4As2o7 and Na4P2o7 
* 

Na4As2o7 

As Na(l) Na(2) I:Sanion 

0(1) 0.982 0.071 2.11 
0.982 0.071 

0(2) 1.319 0.203 0.146 1,88 
0.211 

0(3) 1,332 0.182 0.205 1,99 
0.268 

0(4) 1. 319 0.195 0.211 1.90 
0.171 

4.95 0.96 0.90I:Scation 

Na4P2o
7 

P(l) P( 2) Na(l) Na(2) Na(3) Na(4) tsanion 

OCE 1.023 1. 007 0.176 2.21 
OlA 1.312 0.227 0.208 0,175 1.92 
OlB 1.309 1.221 1.142 0.168 0.124 1,96 
OlC 1.306 0.082 0,146 0.066 0.214 1.98 

0.168 
02A 1.304 0.192 0.092 0.253 1,85 
02B 1.306 0,192 0.228 0.219 1,95 
02C 1.304 0.194 0.211 0.221 l, 91 

4.95 4.92 1. 07 1.00 0.94 0.90I:Scation 

I n· .* Calculated from Si = C. ( R . R. ) 1 w1 th 
1 Ol. l. 

Atom(i) c. Roi(~) n.
l. 1 

Na+ 1/6 2.449 5,6 
As5+ 5/4 1.681 4.1 
p5+ 5/4 1,534 J.2 
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TABLE vr.6 

Observed and Predicted As-0 and P-0 Bond Lengths 

Bond Observed Predicted* 

As-0(1) 1.783(2) 1,807(5) 
As-0(2) 1.659(3) 1.624(10) 
As-0(3) L655(3) 1.651(10) 
As-0(4) 1. 659 ( 3) 1.629(10) 

P(1)-0CE 1.633(2) 1. 742( 4) 
P(l)-OlA 1.511(2) 1.475(6) 
P(l)-OlB 1.512(2) 1.490(6) 
P(1)-01C 1.513(2) 1. 498( 6) 

P(2)-0CE 1. 641 ( 2) 1. 753(4) 
P(2)-02A 1.514(2) 1. 452( 6) 
P(2)-02B 1.513(2) 1. 485( 6) 

P(2)-02C 1.514(2) 1.474(6) 

* Calculated by adjusting the X-0 bond length so 

as to yield ~ S 2_ = 2.00. 

0 
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CHAPTER VII 

SUMMARY 

At 405°c. sodium pyrophosphate becomes monoclinic in 

space group C2/c with .§:=9.415(5), £= 5.425(5), £= 27.035(10) i, 
~ = 93°, and z = 8. The structure was refined by full-matrix 

least squares using 580 unique reflections recorded with a 

precession camera. The final R value is 0.054. The anions 

assumed a staggered configuration with an average dihedral 

angle of 65° compared to a semi-eclipsed configuration with 

an average of 32° in the room-temperature structure. The 

P-Obridge-P angle is 132.4(6) 0 
• The two bridging P-0 bond 

lengths differ significantly, being 1.577(6) and 1.644(7) ~ 

with terminal P-0 bond-length averages of 1.485 and 1.475 ~ 

on either side of the anion. These averages are significantly 

shorter than for Na4P2o at room temperature. Corrections
7 

based.on a rigid-body motion librating about the centre of 

mass of the anion were carried out. In addition, a rigid

group refinement based upon the room-temperature structure 

was also carried out, and the R value is 0.073. It is suspected 

that a certain amount of configurational disorder exists in 

the present structure. 
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7.1. Introduction 

The first phase transformation of sodium pyrophosphate 

above room temperature takes place at 405 °c. and the system 

goes from the orthorhombic space group P2 12121 to the monoclinic 

space group C2/c with a doubled c axis while the other two 

axes ~ and E remain essentially the same. There is a high 

probability that the crystal becomes twinned at this tempera

ture (Section 4.3); but the structure reported here corresponds 

to one at 410 °c. without any twinning. 

7.2. Crystal 	Data 

Formula: Na4P2o7 	 Formula Weight: 265.95 

Ctystal Systems 	Monoclinic; 

~= 9.415(5), £= 5.425, .£= 27.035(10) j 

~::;: 93° 

No. of Molecules/Unit Cell: z = 8 


Space Group: C2/c 


Wavelength of Radiation used: MoKa = 0.7114 j 


Temperature of Crystals 410 + 5 °c. 
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7.3. Experimental 
. ' 

In order to record intensities with a precession 

camera above room temperature, a small furnace, eight inches 

long, was constructed, Fig, 7.3,1, The heating element was 

made of nichrome wire. Air from a tap in the laboratory was 

first passed into a large flask where it was dried and directed 

through the inner Mullite tube which housed the heating element, 

The air pressure was adjusted by operating on the opening of 

the tap, The electric current through the heating element 

was controlled by a small variac. 

The temperature was recorded by a thermocouple mad.e 

of fine chromel-alumel (Gauge 36), The system was first 

tested for temperature gradient by setting up a second thermo

couple at the position normally occupied by the crystal, It 

was found that if the pressure of the air-flow was about 

half an inch of water, the temperature difference between 

the two thermocouples was negligibly small, the lower thermo

couple registering about 1% less than the upper thermocouple, 

Without an enclosure about the camera, the fluctuation was 

about s0 c. when the temperature of the system was 500 °c. 
This stability is satisfactory when the phases extend over 

ranges of temperature of more than 10 °c. In the investigation 

of the phase transformations of sodium pyrophosphate, there 

are phases around 525 °c, which are separated by only several 

degrees (Fig. 4.1.1) and this set-up, without modification, 

is not suitable. A furnace of great~r stability could be 
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Fig. 7.J.1. A Furnace for the Precession Camera 
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obtained, of course, by covering the entire camera, thus 

minimizing the effect of draughts in the laboratory and, 

further, by installing a feedback system for a better control 

of the heating current. The furnace could attain a temperature 

of 800 °c. and is very inexpensive to build. 

The glue used in mounting the crystal for high 

temperature work was a commercial "Silicone Seal" by General 

Electric. When the tube was fresh, the glue was satisfactory 

up to 650 °c. However, when the tube was left in the 

laboratory for a period of time - about half a year or so, · 

the glue inside the tube began to harden and even the remaining 

soft portion were not suitable for high temperatures because 

the glue would become brittle at times and the crystal would 

be lost. 

7.4. Data Collection 

The crystal was aligned on a precession camera 

at room temperature with the £ axis of the crystal parallel 

to the spindle axis. The furnace described in Section 7.3 

was then placed in position and the current was slowly 

increased in steps corresponding to about 25 °c. at half-hour 

intervals. This procedure was followed in order to avoid 

uneven setting of the glue which might disturb the alignment 

of the crystal. Also slow heating decreased the chance of 

getting a twinned crystal at the transition temperature 405°c. 
When the temperature of the crystal was close to 390 °c. the 
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increment of temperature was reduced (about 5 - 7°c.) and 

the time interval between steps was extended to about an hour. 

Meanwhile, alignment photographs of the hOl projection were 

taken and the necessary adjustments on the arcs of the gonio

meter and the spindle were made. From the photographs, it 

was possible to decide whether the crystal has undergone its 

phase transformation by observing the disappearance of the 

h = odd reflections or by the appearance of the "twinning" 

lines (Section 4,J). Very often both phenomena occurred 

simultaneously, When twinning lines appeared, the temperature 

of the crystal was lowered and the approach to the transition 

point was again attempted by slowly increasing the temperature, 

Thus, "it was sometimes possible to eliminate twinning by 

this process. However when twinning persisted, it was necessary 

to select another crystal. It is worth mentioning that an 

untwinned crystal would remain untwinned even though there 

might be slight fluctuations in the temperature of the system 

provided the lower limit of the fluctuation did not extend 

into the lower phase. 

The temperature of the untwinned crystal was brought 

to 410 °c. (as recorded by the thermocouple) which was slightly 

beyond the transition temperature, Full precession photographs 

of hOl, h11, h21, hJl, and Okl, 1kl, 2kl were obtained with 

varying number of cycles in each case, The intensities of 

the reflections were measured with a microdensitometer and 

corrected for polarization and Lorentz effects. Common 
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reflections were used to place all the intensities on a common 

scale and 580 unique reflections were obtained, 

The.lengths of the unit cell axes at this temperature 

as well as at all higher temperatures, were obtained from the 

linear expansion curves shown in Figs, 4,6,1 - 3. In these 

curves the axes of the room-temperature structure were taken 

as standards since their values had been directly obtained 

and refined, The angle a, however, was obtained from a full 

precession hOl photograph. 

7,5, Determination of the Structure 

Since the c axis of the system at 410 °c. was twice 

that of the room-temperature structure, a trial structure was 

derived by taking a unit cell double the size of the room

· temperature structure along the c axis. An origin was first 

chosen so that the locations of the pyrophosphate anions 

could be generated by the symmetry operations of the space 

group. The C-centering as indicated by the extinction con

dition: h + k = 2n, required the bridging oxygen a toms of the 

anions in the same layer to have the same displacement relative 

to the coplanar sodium atom, a feature rather than the screw 

axis relationship of the room-temperature structure. Since 

it was not known~ priori which way the bridging oxygen atom 

would bend, this oxygen atom as well as all the terminal oxygen 

atoms of the anion were left out in the initial calculation 

of the structure factors. Of the eight sodium atoms located 
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along the 6 axis of the idealized structure (Chapter V),
3 

four had to be generated from twc»types, Na(8) and Na(9), 

in special four-fold sites. Na(?), because of its location 

in the z direction, need not be in any special position, 

though its x and y coordinates were close to O and t respectively. 

This model, with two phosphorus and the five sodium 

atoms, yielded an R value of about 50%. A least squares 

refinement, with some major shifting on the atoms, gave an 

R value of about 40%. At this stage, electron density maps 

were constructed in slices up the £. axis at levels where the 

oxygen atoms would be expected to lie. The peaks on these 

maps corresponding to the seven oxygen atoms could be identified 

and their coordinates were used in subsequent refinements. 

The structure was refined by full-matrix least squares using 

unit weights and isotropic temperature factors. When the R 

value was 15%, anisotropic temperature factors for each atom 

were used. For the final refinement, weights were set equal 

to (18.11 - o.69F + 0.0067F 2 )- 1 with coefficient chosen so
0 0 

2
that wlFobs - Fcal1 would be independent of Fobs• The final 

value is 0.068 where R = 0.054 with 
w 

The final atomic positional parameters are found in TABLE VII.1 

and the observed and calculated structure factors in TABLE VII.2. 



' TABLE VII.1; Atomic and Thermal Parameters of Na4P2o7 at 410 °c. 

with Estimated Standard Deviations in Parentheses 

Atom x y z U11 * U22 U33 U12 U13 U23 
P-A 0.1758(3) 0.0146(7) o.4284(1) 0.028(1) 0.032(2) 0.024(1) -.001(1) -.002(1} 0.001(1) 
P-B 0.1813(3) 0.1038(7) 0.3209(1) 0.028(1) 0.026(2) 0.030(1) 0.003(2) -.001(1) 0.003(1) 
Na-3 0.3440(1) 0.5974(13) 0.2961(2) 0.065(3) 0.057(5) 0.069(3) -.002(4) -.010(2) -.003(3) 
Na-4 0.3451(6) 0.5251(16) o.4567(2) 0.059(3) 0.061(6) 0.082(3) -.001(3) 0.001(2) 0.011(4) 
Na-7 0.0099(4) 0.5552(11) 0.3804(1) 0.050(3) 0.046(5) 0.049(2) 0.005(3) -.006(2) 0.000(2) 
Na-8 0 ! 0 0.042(3) 0.041(3) 0.036(3) -.001(3) -.009(2) 0.006(3) 
Na-9 o 0.6018(20) i 0,081(4) 0.060(6) 0.062(4) - -.010(3) 
0-CE 0.1371(7) -.0363(19) 0.3722(2) 0.059(4) 0.061(8) 0.032(3) -.026(6) -.005(3) 0.006(4) 
O-A1 0.1513(10) 0.2849(23) o.4379(4) 0.072(6) 0.040(9) 0.097(7) 0.008(8) -.001(5) -.001(6) 
o~A2 0.0772(25) -.1489(25) o.4542(3) 0.052(5) 0.071(10) 0.064(5) -.033(6) -.000(4} 0.016(5) 
O-A3 .0.3255(6) -.0580(22) o.4366(3) 0.036(4) 0.044(10) 0.075(5) 0.004(5) -.011(3) 0.009(6) 
O-B1 0.0731(9) 0.2931(18) 0.3105(3) 0.060(5) 0.060(8) 0.049(4) 0.034(6) -.002(4) -.003(5) 
O-B2 0.1721(11) -.0926(23) 0.2826(3) 0.128(8) 0.056(8) 0,049(5) -.007(9) 0.000(4) -.024(5) 
O-B3 0.3264(8) 0.2023(21) 0.3285(3) o. 048 (5) 0.086(11) 0.083(6) -.022(6) -.012(4) 0.054(6) 

j 2 	 2* 	Uij's in are computed from aij = 2~2QfQjUij where T =exp - a11h + ••• + 2a 12hk + ••• 

appears in the structure factor expression andb. are the reciprocal lattice cell vectors.
-1 
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\.}\ 



116 TJtBLE VII.2 

~·~LE OF ne,ERVfO •~o CALCUL lTEO STRUCT\Rf FACTO~S OF NAltP207 AT 410 DEGREES c. 

UNO~SERVE~ O[FLfCTIOPl'i AQE MARKfO WITH • A>I~ UNRELIABtE REFLECTIONS WITH + . 
IF•OI lf•CI IF• 01 lf•CI IF•OI IF~CI IF•OI IF•CI IF•OI IF•CI 

H J( D H .. K .. K 2 H L K z 2 
ft " 0 196 181 c: 21\ 85 6' .s; . 25 16 4 -32 45 S? -a •21 71 7t8 -t. ei 94 5 25 32 31 -5 " 3 4~ 4! 2 -17 156 160 -~ -23 37 388 ·8 1+1q 398 24 79 7< gq• 93 -5 2 ? -18 HZ -~ •24 ~ .. 26E 0 759 781 5 23 70 77 -s 1 1~~ 117 2 -19 109 97 •A _,6 27 256 -6 214 1q9 5 22 6~ 6~ -? 26 % % 2 -20 25 2C -8 -21 27 18b ·8 HZ 1R1 •5 ?O Hn 1f.ll •7 23 37 ~o 2 -21 f2 6~ ·6 -26 41 44f> • 10 65 /IQ c: 18 342 ~st -7 n ~? 37 2 -22 123 142 -e •29 27 26• 14 61 87 17 tu6 1Gf -7 19 ft 59 2 ·24 tel+ 120 •10 -1 4s; 426 •16 276 247 ~ "' f -20 1~q; 

16 ~7 % -1 18 ?~2 225 2 -25 69 67 -10 -2 39 :!7 
4 

136 .i; 15 At 90 -? 17 3t 30 2 ·2b 60 53 -10 -3 !7 27-2 bt 55 14 • t5 ? -7 16 84 80 2 -27 79 84 -1n •4 39 31>4 •6 12t t20 ~ 13 • 28 27 •7 13 77 66 46 424 ·6 '8q ~ .. l\ 5 12 Hq 172 -7 12 34 
2 - 28 37 -tr -5 1 

.. -10 1t4 1C4 5 1S2 -1 
26 2 -29 31 t!i -10 -7 29 27

1G 192 11 87 7'Z 2 30 43 48 -1n -8 46 4E-4 -12 89% g zro 2fi7 -7 .q.. • 14 92 87 •s; 10 260 24t 2 - 31 53 57 -1~ 41 47
8 316 ~10 -7 9 12'iJ uq 2 -33 ~7 50 -10 -q 41 47 

" U9 129 5 7 17~ 170 -1 8 62 82 2 -34 50 20 •10 -10 135 128,. -16-16 331 327 5 b 175 176 -7 7 71 60 ~ c 657 &% -10 -12 57 f,:!.. -22 113 131 5 5 . 21 15 •7 f, 135 138 0 •1 lt7 328 -tr -13 34 ~84 •26 133 131 4 •5 2: 12 -? 5 15b 156 0 -2 3C9 307 -10 • 14 36 272 26 77 67 5 3 HR 115 -7 3 36 21. n -3 226 219 •iO •15 3~ 372 16 116 1?:! 5 2 284 315 -7 2 186 192 0 -4 t. l 33 -10 -17 59 5c2 12 167 1n6 5 1 23 3'R -9 28 40 47 0 -s ?69 ?67 -10 -16 38 3~2 
2 

-z_,. 421 3q2 5 0 35 21 •9 26 65 bl n •6 254 239 -1~ -20 18_., 2751 17 .3 28 155 1ir:ri 20 ~3 59 n -7 75 70 •H -21 27 332 -6 59 21 27 44 31 -g 18 36 47 0 -8 136 136 -tr -?'+ 29 Jr2 -8 859 856 ! 2b • 26 29 -9 17 56 56 0 -9 H9 118 -10 • 25 33 34 
2 42 ~ 24 •"2 -1~ 230 262 3 25 • 26 14 16 91 94 0 -11 53 •9 -tr - 26 45 53-12 32 -9H6 1"1 11 56 bl c • 12 1G8 113 ~12 -2 86 3G? -1" 63 69 3 Z3 f.2 57 -g 11) 98 9! c -13 251 266.2 •1f- 66 69 3 21 32 Jr -9 9 4' 48 c -14 18C 175?-H 350 35q
2 -2~ 214 223 

3 20 133 134 -9 8 5~ 73 0 -15 202 H K 4~063 te f6 55 -9 6 H8 100 0 ·16 ~10 122 -22 67 97 3 17 92 81 -9 5 53 b! r •17 112 117 0 0 64 662 •?4 62 60 3 16 '57 264 -g 4 36 28 0 - t• 34 37 0 -1 175 180•2 •26 189 205 3 15 86 8'i -~ 3 94 R8 n -19 SJ t.C 0 -2 35J 3412 •2A 140 145 3 14 28 2:! -9 2 81 82 0 -20 137 137 •3 .,.. 7r.• _., 00 10 + 64 81 3 13 • 22 20 1 92 79 0 - ?t 61 60 0 ... 69 64a 8 9E3 940 3 12 56 58 •9 0 225 230 o-n 62 52 0 -s 38 360 -16 596 578 3 11 4b 48 -11 6 124 121 0 •23 91 45 n -6 146 1480 •18 127 122 3 H 3, 29 0 •24 82 80 0 -7 69 60n -20 228 199 3 9 41 45 0 -26 81 8~ 0 -9 96 67
0 -2" 119 115 3 8 40 26 .. K ~ -27 72 69 0 -10 7q •37 
o •26 193 180 ~ 7 16 6 0 •?8 H6 105 n -11 i.9 44-'l 0 ?qg 253 3 6 115 11~ 12 -1 66 71 0 •29 1>8 73 0 • 12 40 ~9-2 -2 540 523_,, 1 28 52 1G •? 29 39 n -lo 40 34 0 -14 2~5 195-2 12& 120 1 79 "" 10 -3 52 54 c • 15 13127 58 54 0 -33 48 132-2 ·8 &89 ~40 1 26 13; 192 10 -5 37 4£ -2 -16 113 107 ~ -1& 64 63-2 -10 46 62 1 25 • 25 18 -b 41 40 •2 -?O 9q 110-2 •14 21; 2?1 1 2i. 32 4 H -9 61 fC -2 -21 1Vi 111-2 -te 369 373 1 23 5 .. 45 1n -10 61 61 -2 -22 99 109 H K = -1-2 -20 146 155 1 22 71 82 tr •14 .. 0 t.f -2 -23 71 75

-2 -22 95 97 26 .... 10 34 25 -2 -2i. i.4 3 9951 2t -15 42 0 10f.9
-2 •21t 120 1Z6 1 19 106 112 10 -10 59 57 -2 -25 Ba A3 146... 1 0 149

0 3e7 367 1 18 264 2<17 10 • 17 27 30 -2 •26 58 61
•4 5• 3C 1 17 go 92 10 -16 59 56 24... -2 • 27 16=~ 199 181 1 16 133 115 10 -19 % 63 -2 -28 54 53 H K = -2•4 ·8 744 7C5 1 15 101 9q 10 -2i. 34 31 -2 -29 55 58 .... •.ill "7 3<.a 941 14 9C. tr •25 38 39 -2 -30 25 28 6 c •9• 410-4 -12 273 275 1 12 1+20. '.'Ci7 10 -?6 26 3( -? •32 55 b4 2 20 122 1H .... -1i. 25? 244 1 11 319 218 e -2 85 99 -2 -34 65 79 z 19 138 133•4 •18 23q 227 1 10 i.57 4i.8 8 •3 .. 7 39 •4 -12 79 81 2 18 293 3C5-4 -22 57 qq -1 ?A 35 43 8 -5 4 3 6r ... •13 ~'i ... 2 17 1i.4 146 ... -26 210 213 -1 27 • 26 t6 8 •b 154 15:?: -4 -14 75 89 2 15 11? 98•() -2 150 150 -1 ?!> 121 126 8 -7 95 94 •4 • 15 124 132 2 14 69 7f-4 tr4 1n3 -1 25 127 123 9 ·8 174 150 ... -17 166 1~3 2 13 2C3 2CO.:t 83-6 

2C4 
85 -1 2" 61 47 8 -9 51 .. 8 •4 -te 84 81 2 12 • 25 27-r. -8 201 -1 23 e.i. 71 • -10 89 94 _,. -19 72 er 2 11 201 2C56A-~ -10 66 -1 22 167 166 ~ -12 65 56 -4 -zo 37 sn 2 10 33 3i.-6 -12 176 168 -1 20 139 126 8 •13 86 ·4 -21 3q 45 ?. g 142 343-£ -16 225 226 -1 19 1i.o 126 8 • 14 80 Ji ... -22 43 H 2 e 30 l 300-6 •16 81 116 18 45~ • 16 _,. ·25 6,-1 464 8 35 31 71 2 7 509 551_,,, •20 174 176 -1 17 282 277 8 -te 36 42 -4 -26 94 1C4 2 6 189 180•2 57 63-~ •1 16 189 188 ·-~19 66 1>8 •4 - 27 73 77 ? 5 •56 ?75-a -6 123 133 -1 15 60 61 ~ - ?J 45 43 -4 -28 25 2r 2 4 20 4 zro -e -8 ~~4 319 14 •-1 18 8 8 - 21 60 67 -1. -3Q 68 63 2 2 55 67 

-e -12 159 157 

u 
-1 12 52 21 Ill -2? 63 67 •4 -31 t7 67 2 1 104 98 
-1 11 264 313 • • ?3 35 l8 ... -33 44 39 2 0 82 70 
-1 10 212 21? 8 -24 bO 58 -6 -1 161 165 ? •1 150 152

H K 1 -3 26 134 128 • -27 71 64 •b -2 213 20 5 z -2 H 6r 
-~ 27 49 4~ • - 28 55 S5 ··6 •3 64 59 2 -3 76 74

20 74 62 -3 26 H6 103 z; -~ •E> ... 79 65 2 -4 105 1[ ga 4'7 UI> -3 24 124 116 ~ -1 •c1 -5 Ht 69 ? -5 114 gq 
8 -.•-.- _,, 

2 28 45 -3 23 "6 46 ~ 
_, t4.) "' 1~b •6 ·7 165 16'1 ? -6 45• 469 .. q11 0 3• -3 22 28 15 At H •b 99 87 2 -1 230 237

9 28 72 7C: •3 177 1b9 •f, -· -f tf, J 1f"- •6 -· • 34 44 2 ·8 49820 *'.! 495

" 20 36 -3 19 57 4R (· .? 15~ •f -10 51 2 -g 6L1 ·" •6 75
9 19 43 t~ ·3 te 41 32 ~ -e 97 F• -6 -12 "6 ~9 2 -10 135 136
9 1e .. 6 56 •? 17 97 108 b -c 1P J H7 ··6 •13 149 1k5 2-u 198 211
'I 16 51 M •3 16 231 229 f, - tit. f>3 n •() •14 79 88 2 -12 55 52
9 11 4b CZ -3 15 2C' 2~r 6 -n 55 ~L -6 -15 194 179 2 -14 20 5 193

" 10 4C 51 -3 14 30 27 ,, •14 79 63 •f •16 161+ 159 2 -15 . ZS 22
CJ 8 39 5; -3 13 M 46 6 •15 142 141 _,, •18 23 18 ? -16 73 75
9 6 75 62 ·3 12 139 142 b •1b 168 1b2 •f •19 4• 45 

" 5 i.6 39 -3 11 t31 137 6 -17 eo c;2 •b -20 24 37
CJ 3 9• 101 10 21.~ 2"7 6 •1'1 33 36 •6 -21 36 3~

142 ..z 14c -3 9 12:' 6 -20 68 •6 -n 47 47 K 
1 i.e 47 -· •3 a 1n 76 f>.•21 76 9~ •6 •23 25 24 -· 1" 26 133 1"0 ·3 7 85 q~ b -23 25 27 •f •25 43 29 2 18 96 95 

7 25 4& 48 -3 b 112 1~~ ,, • 24 33 29 •b •26 37 52 2 17 128 117 
7 23 40 41 -~ ?6 97 68 6 • 26 85 85 -6 -27 37 36 2 16 1!8 197 
7 22 53 50 -s 26 101 qi. r, •28 5• 55 -i; -2e 80 81 2 1' 72 75 ,, .,97 19 35 38 -5 25 ~5 34 n 65 -6 •29 i.4 LS 2 12 109 107 
7 18 120 124 _,, -30 .. 9 2 10 t:rq 1i.1., -~ 24 82 8'1 4 -12 39 74 50 ., 17 124 118 -s 22 57 67 • -1 .. 34 43 -6 -!3 i.1 "It 2 9 255 238 

11> 47 36 -5 21 30 26 24 26 •6 -33 "1 40 2 8 124 122" • 15 •7 15 93 97. -5 ?O 81 82 .. -16 133 126 •8 -1 56 67 2 b 172 171., 11+ 51 65 -5 1H H7 19? 107 1% -e •4 ?9 16 2 4 95 10•" • 177 13 "6 57 -5 17 118 110 4-H 23Q 234 -e -5 124 119 ? 3 So so 
7 12 142 144 -5 15 45 36 .. •1'1 124 129 ·6 66 73 2 :} 15G g] 
7 11 108 ice •5 14 .. 7 .. - !)(I 48 •8 -1 12" 116 2 118 126•7 ...7 10 295 302 -s 43 4( -· ·8 137 137 z HS 98 
7 115 114 -~ 12 e1 66 4 -22 54 54 -a 13" 127 2 •6 237 23313 c. - ?1 "" 38 •1 -e _., 
.,7 8 149 146 -5 11 53 7C 4 •23 41> 41> bO 67 2 -7 181 177 

-12 -e 
-s 9 114 1~3 4 - 25 66 54 53 

b " 113 115 -~ 10 146 1~1 4 -2• 23 -· 82 83 2 169 16f> 
7 5 34 13 ;~ -· •13 2 -9 85 q2 

8 45 3 •63 .. • ?6 56 !:• 407 s~ ,7 .c: -· • 14 .. c 2 -10 18 .. 187 
1 -· -15 2 -11 1ft 161 " 3 122 132 •5 7 ez 83 4 -?7 39 37 -e -11 66 78 

2 -12 CJ7 93 
1 ee 83 -5 5 123 130 4 -30 26 Jr •8 •?O 64 71 ~ •16 132.,7 2 121 124 -5 6 139 118 4 • 29 25 25 •ft -te 94 1C1 

13~ 
5 28 10• 9~ 4 • 31 ?6 1r, -17 112 99 



117 


7.6. Description of the Structure 

The structure of sodium pyrophosphate at 410 °c. 
consists of diphosphate ions formed by a pair of Po43- groups 

sharing a bridging oxygen atom with a P-0-P angle of 1J2.4(6) 0 
• 

The P-P vector is at an angle of 12.3° to the £ axis in contrast 

to the room-temperature structure where the angle is only 5°. 

The oxygen atoms of the anion are in a staggered configuration 

as viewed down the£ axis, Fig. 7.6.1. For a perfect staggered 

configuration, the dihedral angle between the planes formed 

by the two phosphorus atoms and two corresponding terminal 

oxygen atoms on either side of the anion should be 60° while 

those of a semi-eclipsed and a total eclipsed configuration 

are 30° and o0 respectively. In the present structure, the 

average dihedral angle is 65° and that of room temperature 

is 32°. 

The sodium chain which has been a distinctive feature 

in the room-temperature structure, now becomes a "band" 

spreading out in the£ direction (Figs, 7,6,l - 2) over a 

width of about 0.5 i. 
The P-0 bridging bond lengths at either end of the 

anion differ significantly from each other, being 1.577 and 

1.644 ~ while the individual terminal P-0 bond lengths do not 

differ very much from each other and their averages are 1,485 

and 1.477 ~. TABLE VII.3. These figures, although still 

within the averages of 1.56 - 1.68 (±8) ~ for the bridging 

bond and 1.43 - 1.52 (±8) i for the terminal bond 39 
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Fig. 7.6.1. The structure of Na4P2o at 410°c.
7 

projected onto the .§!:Q plane. · Equivalent molecules 
e, f, g, h corresponding to a, b, c, d by th~ 
C-centering operation are omitted for clarity. 
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Fig. 7.6,2. Structure of Na4P2o7 at 410°c. 

projected onto the ~£. plane. 
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are at variance with the values of the room-temperature 

structure and it is suspected that some type of thermal motion 

might be present in the system, For a libration type of 

motion, Fig. 7,6,3 shows why the apparent (observed) bond 

lengths are shorter than the actual bond lengths in a simple 

case where a tetrahedron of the anion undergoes libration 

about its own phosphorus atom, Fuller discussion of libration 

of the present system will be given in the next section, 

The molecular goemetry of each of the phosphorus and 

sodium atoms is shown in TABLE VII.3~ Na(3) is bonded to 

four oxygen atoms two of which belong to the same side of the 

anion while each of the remaining two belongs to a different 

anion, Na(4) is also bonded to four oxygen atoms belonging 

to three anions, The sodium band consists of three inequivalent 

sodium atoms, one of which, Na(?), lies on a general position 

with the x and y coordinates being close to O and t respectively. 

This sodium atom is bonded to six oxygen atoms, four being 

contributed by a single anion and the remaining two by another, 

The other two sodium atoms in the band lie in special positions: 

Na(8) on a centre of symmetry and bonded to six oxygen atoms 

arising from the terminal oxygen atoms of three different 

anions, and Na(9) on a two-fold axis and also bonded to six 

oxygen atoms, 

One of the terminal oxygen atoms, O(B2), which is 

bonded to the phosphorus atom, P(B), has an abnormally high 

temperature factor while the analogoup oxygen atom in the 
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Fig. 7,6,3 

Apparent Shortening of Bond Lengths due to Libration 



TABLE VII.3 


Bond Distances and Angles in Na4P2o7 at 410 °c. 


Distance* 

P(A)-O(CE)
-O(Ala)
-O(A2a)
-O(AJa) 

P(B)-O(CE)
-O(Bla)
-O(B2a)
-O(B3a) 

P(A)-P(B) 

Na(3)-0(B2g)
-O(B3a)
-O(B2a)
-O(Ble) 

Na(4)-0(Ala)
-O(AJa)
-O(A2f)
-O(A2e) 

Na(7)-0(A1a)
-O(A3e)
-O(Bla)
-O(CE)
-O(A2a)
-O(B3e) 

(continued) 

(~) 

1.577(6)
1.507(13)
1.473(11)
1. 475( 7) 

1.644(3)
1,468(10)
1.486(11)
1,476(9) 
2.947(3) 

2.366(11)
2.322(13)
2.356(13)
2.425(10) 

2.288(13)
2.332(14)
2.586(10)
2.382(11) 

2.494(12)
2.414(8)
2.451(10)
2.531(11)
2.625(11)
2.339(9) 

Angle 

O(CE)-P(A)-O(A1a)
-O(A2a)
-O(A3a) 

O(CE)-P(B)-O(Bla)
-O(B2a)
-O(B3a) 

P(A)-O(CE)-P(B) 

O(B2g)-Na(3)-0(B3a)
-O(B2a)
-O(Ble) 

O(A1a)-Na(4)-0(A3a)
-O(A2f)
-O(A2e) 

O(A1a)-Na(7)-0(A3e)
-O(Bla)
-O(CE)
-O(A2a)

-O(B3e)


O(CE) -Na(7)-0(A2a)

-O(BJe)


O(A2a)-Na(7)-0(BJe) 


(0) 

107.6(6)
102.7(5)
107.1(4) 

107.1(5)
104.1(6)
107.7(5) 

132.4(6) 

86.2(4)
98.3(4)

111.7(4) 

116.3(4)
124.0(4)
119.6(6) 

80.8(3)
90.2(4)

108.9(3)
76.9(4)

161.5(4)
55.0(3)
89.5(4)

114.0(4) 

Angle 

O{A1a)-P(A)-O(A2a)
-O(A3a)

O(A2a)-P(A)-O(A3a) 

O(B1a)-P(B)-O(B2a)
-O(B3a)

O(B2a)-P(B)-O(B3a) 

O(B3a)-Na(3)-0(B2a)
-O(Ble)

O(B2a)-Na(3)-0(Ble) 

O(A3a)-Na(4)-0(A2f)
-O(A2e)

O(A2f)-Na(4)-0(A2e) 

O(A3e)-Na(7)-0(B1a)
-O(CE)
-O(A2a)
-O(BJe)

O(Bla)-Na(7)-0(CE)
-O(A2a)
-O(BJe) 

(0) 

113.8(6)
112.6(6)
112.3(6) 

109.9~6~114.1 6 
113.2(6) 

131.4(4)
114.6(4)
108.5(5) 

89.1(4)
116.4(4)
83.8(3) 

122.0(4)
128.9(4)

80.9(3)
86.1(3)

108,4(3)
80.9(3)
85.7(3) ..... 

N 
N 



TABLE VII.3 (Continued) 

(0)Distance* <R> Angle 

Na(8)-0{Alc) 2.517(11) O(Alc)-Na(8)-0(A2d) 99.2(4) 

-O(A2d) 2.395(12) -O(A3g) 81.3(3) 

-O(A3g) 2.364(7) -O(Ald) 180.0(5) 

-O(Ald) 2.517(11) -O(A2c) 80.8(4) 

-O(A2c) 2.395(12) -O(A3h) 98.7(3) 

-O(A3h) 2.364(7) O(A1d)-Na(8)-0(A2c) 99.2(4)


-O(A3h) 81.3(3)

O(A2c)-Na(B)-O(A3h) 93.1(3) 


Na(9)-0(B1a) 2,428(12) O(Bla)-Na(9)-0(Blc) 92.7(5) 

-O(Blc) 2.428(12) -O(B2a) 92.9(3) 

-O(B2a) 2.464(14) -O(B2c) 151.3(3)

-O(B2c) 2.464(14) -O(BJe) 77.4(J)

-O(B3e) 2.766(9) -O(B3g) 119.3(3) 

-O(BJg) 2.766(9) O(B2c)-Na(9)-0(B3e) 75.3(3)


-O(B3g) 89.4(4)

O(BJe)-Na(9)-0(BJg) 157,3(6) 


1Transformations: a = x, y, z e = !+x, 2+y, z 
- - 1 b = x, y, z f = t-x, 2-y, z 

c = -x, y, t-z g = t-x, 1 t-z2+y, 
d = x, -y, .1.+z h = t+x, 2-y,1 t+z,2 

* Includes all interactions less than 3.0 R. 

Angle 

O(A2d)-Na(8)-0{A3g)

-O(Ald)

_-0( A2c)

-O(A3h)


O(AJg)-Na(8)-0(Ald)

-O(A2c)

-O(A3h) 


O(B1c)-Na(9)-0(B2a)

-O(B2c)

-O(BJe)

-O(BJg)


O(B2a)-Na(9)-0(B2c)

-O(B3e)

-O(BJg) 


(0) 


93.1(3)
80.8(4)
86.9(3)

180.0(5)
98.7(3)
86. 9 ( 3) ' 

180,0(5) 

151,3(3)
92.9(3)

119.3(3)
77.4(3)
95.5(5)
89,4(4) 
75.3(3) 

..... 
!\) 

w 
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room-temperature structure vibrates normally. It is of some 
; ' 

interest to compare the molecular geometry of this particular 

oxygen atom in the two structures. Fig, 7.6.4 shows the 
' 

pyrophosphate groups at similar locations in the two structures 

(a) at 22°c. and (b) at 410°c. at the same level up the c axis. 

Although the pyrophosphate groups in each structure are 

related by different symmetry operations: namely, 21 in 

Case (a) and C-centering in Case (b), it is evident from 

Fig. 7.6.4 that the gross feature of the pyrophosphate group I' 

of Case (b) could be obtained from I of Case (a) by trans- · 

lating the tetrahedron of B for about 0,5 i along the b axis, 

keeping the tetrahedron of A fixed and then rotating the 

bridging oxygen atom through 120° about an axis through A 

parallel to axis £• In this state of rearrangement, terminal 

oxygen atom O(B2) undergoes great bond geometry changes as 

shown in Figs. 7.6.5 - 6. The major change is that the bond 

Na(1)-0(B2) in the room-temperature structure is broken and 

a new bond Na(3')-0(B2) is formed instead. If we assume that 

both geometricconfigurations of O(B2), i.e. one with the 

Na(1)-0(B2) bond and the other with the Na(3')-0(B2) bond, 

correspond to local minima of energy, it is highly probable 

'that in the structure at 41o 0 c. O(B2) is resonating between 

the two configurations, resulting in the large observed 

amplitude of thermal vibration. An electron difference Fourier 

for the structure at 41o0 c. in the final stage showed that 

there was indeed a residual peak about one-fifth of an oxygen 
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Fig. ?.6.4. Arrangements of pyrophosphate anions of two structures of Na4P o I\) 
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at the same level up the £ axis. 
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atom at a position corresponding to the configuration with 

the Na(1)-0(B2) bond. This is then evidence of configurational 

disorder and further refinement on the structure might be 

made by using a computer program known as REFINE written 

h 0 04o . th d d can 

be refined along with the rest of the structure. 

by Finger. in w ich e occupancy of a isordere si•te 

7,7. Rigid-Body Motion 

The effect of thermal motion of atoms on interatomic 

distances has been discussed by a number of authors: Cruick

41 42 43shank , Busing and Levy , Schomaker and Trueblood 

Pawley and Willis 44 , and Johnson 45 • More recently, 

Scheringer 46 gave a lattice-dynamic treatment of the thermal-

motion correction on the bond length. For some known models 

of thermal motion, he was able to obtain simple expressions 

in terms of atomic positions, the translational tensor, T, 

and the librational tensor, L. A third tensor, S, introduced 

by Schomaker and Trueblood 43 to account for correlationas 

of libration and translation, is not necessary when the 

correction is on bond lengths between atoms of the same rigid 

body, His treatment is as follows. 

If T, L, and S are the rigid-body tensors, then the 

vibration tensor Ur of an atom at r = (r1,r2 ,r ) referred to
3

a chosen origin in the system could be expressed as 

(7,7.1) 
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where is the antisymmetric tensor given byvr 
•'. 

0 -r3 r2 

(7.7.2) vr = r3 0 -r1 

-r2 rl 0 

The coupling tensors Urs for the rigid-body motion are now 

obta1ned by substituting the atom~ in Equation (7.7.1) for 

half the positions of the atom r. Thus, 

We define 

(7.7.4) 


From Equations (7.7.1) and (7.7.3), we have, on simplification, 

42
Busing and Levy has shown that the time and lattice average 

.of a bond length in the quadratic approximation is given by 

(7.7.6) dcorrected = d + (r2 - z2 )/2d 

where d is the distance between the mean positions of the 

atoms, r2 is the sum of the relative mean-square displacements 

of the atoms r and s along the three axes of the Cartesian 

reference system, and z2 is the relative mean square displace

ment of the atoms r and s in the direction of the bond vector d. 
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In terms of the matrix elements of Ars' Scheringer has shown 

that 

r2 = trace (Ars ) 

2
(7.7.8) z2 = d' A d / d- rs 

For. the model of rigid-body motion, ~s is always given by 

Equation {7.7.5) and as such, Equation(7.7.8) is identically 

zero since the matrix product (V - V )d corresponds to the r s 

vector product £.A.£. Hence, the correction depends only on 

the libration tensor L, We shall describe below how L is 

determined. 

7.8. 	 Evaluation of L 

Determination of the tensor L depends on a proper 

choice of the position of the centre of libration for the 

molecule in motion. In the present case, the librating 

group is the pyrophosphate anion, P2o and the centre of
7 


libration is chosen to coincide with its centre of mass. 


Cruickshank 47 has given equations for the evaluation of 

the components L.. of L and the components T.. of the trans
1 J 1J 

lational vibration tensor T of the centre of mass in terms 

of the coordinates (x,y,z) of each atom in the molecule and 

its thermal parameters ( U .. ) • 
1J 

Since the angle p of the system is 93°, it could be 

taken as close to 90° so that the atomic coordinates and 

thermal parameters in TABLE VI.1 could be used directly 
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after a translation to an orthogonal coordinate system at 

the centre of libration. Components of the tensors T and 

L are shown in TABLE VII.4, and the corrected P-0 bond lengths 

of the pyrophosphate anion in TABLE VII.5. 
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TABLE VII.4 

Components of Tensors T and L 

0.0269 0.0276 0.0490 -.0078 0.0017 -.0024 

0.0039 0.0064 0.0219 -.0015 -.0055 0.0029 

TABLE VII.5 


Corrected and Uncorrected Bond Lengths of 


Distance 

P(A)-O(CE) 
-O(Al) 
-O(A2) 
-O(A3) 

P(B)-O(CE) 
-O(Bl) 
-O(B2) 
-O(B3) 

Uncorrected 

1. 577 j 
1.507 
1.473 
1.475 

1.644 
1.468 
1.486 
1.476 

Corrected 

1. 592 i 
1.524 
1.489 
1.480 

1.679 
1.477 
1.507 
1.487 
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7.9. Rigid Group Refinement 

It is evident from TABLE VII.5 that the corrections 

on the P-0 bond lengths based on the libration of the rigid

body, P2o
7

, about its centre of mass, are not sufficient to 

bring the bond lengths to their usual accepted values, i.e. 

1.515 i for terminal and 1.630 ~ for bridging P-0 bonds. 

Another rigid group refinement based upon the room-temperature 

structure was carried out. In this case, the P2o anion was7 
treated as a rigid group with the P-0 bond lengths adjusted 

to the room-temperature values, i.e •. 1.513 i for the terminal 

and 1.635 i for the bridging bonds. Phosphorus atom P(A) 

was chosen arbitrarily as the origin of the group. The 

refinement was carried out in such a way that the group was 

allowed to find its optimum position as well as its orientation 

with respect to a coordinate system parallel to the crystal 

axes. The parameters of the group which could be varied were 

the three positional coordinates of the origin, three angles 

defining the orientation of the group and the isotropic tempera

ture factors of each atom in the group. All the sodium atoms 

were treated as independent atoms and were refined along with 

the group. The atomic and thermal parameters of the system 

after the rigid group refinement are shown in TABLE VII.6. 

The temperature factors are now more meaningful. The final 

R value is 0.074. 



TABLE VII.6. Atomic and Thermal Parameters of Na4P2o7 at 41o0 c. 
obtained under Rigid Group Refinement 

Ri~id Grou;e 

Atom x 

P-A 0.1759 
P-B 0.1817 
0-CE 0.1367 
0-Al 0.1483 
O-A2 0.0749 
0-A3 0.3316 
0-Bl 0.0699 
0-B2 0.1716 
0-B3 0.3319 

Independent 


Atom x 


Na-3 0.3455(6) 

Na-4 0.3458(6) 

Na-7. 0.0097(5) 

Na-8 0 

Na-9 0 


y z 

0.0141 o.4296 
0.1037 0.3209 
-.0352 0.3713 
0.2864 o.4380 
-.1548 o.4555 
-.0571 o.4363 
0.3002 0.3196 
-.1009 o. 2826 
0.2039 0.3282 

y z 

0.5995(15) 0.2963(2) 
0.5226(17) o.4567(2) 
0.5546(13) 0.3802(2) 

.1. 02 

0.6035(21) .1. 
4 

u 

0.028(1) 
0.028(1) 
0.052(3) 
0.068(3) 
0.055(3) 
0.051(3) 
0.052(3) 
0.081(4) 
0.063(3) 

U11 U22 U33 U12 U13 U23 

0.059(3) 0.047(5) 0.065(3) 0.007(4) -.008(3) 0.000(3) 
0.059(3) 0.069(6) 0.072(3) 0.001(4) -.002(3) -.003(4) 
0.045(3) 0.043(5) 0.047(3) -.000(4) -.005(2) 0.001(3) 
0.049(4) 0.039(6) 0.036(3) - -.008(3) 
0.071(5) 0.047(8) 0.065(5) - -.012(4) 

..... 
'u) 

~ 
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7.10. Discussion 

It is now evident that the structure of sodium pyro

phsophate at 410°c. is more complex than it was first believed 

to be. This is not surprising if we recall the twinning 

phenomenon (Section 4.3) which nearly always accompanied 

this transformation. The presence of residual peaks in the 

elec~ron difference Fourier in the final stage suggest con

figurational disorder which requires further investigation. 

It is of some interest to carry out a significance 

test (Hamilton 48 ) on the two models used in the refinement 

of this structure. In the unrestrained model (a), there are 

119 parameters based on 580 reflections and the R factor (Ra) 

is 0.054. In the rigid-group model (b), there are 92 parameters 

with the same number of reflections and the R factor (Rb) is 

0.073. The hypothesis to be tested may be formulated 

H
0 

: 	 The rigid-group model is a better description 

of the structure. 

The Hamilton R-factor ratio is then 

(7.10,1) 0.073 = 1 331 
0. 0 54 • • 

The dimension of the hypothesis is 119 - 92 = 27 and the number, 

of degrees of freedom for the refinement is 580 - 27 = 553. 

At a rejection level of 5%, a pertinent tabular value of R, 

obtained by interpolation from Table 1 of Hamilton's paper gives 

(7,10.2) R27 553 0 05 = l,Ol5.' ' . 
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Since R > R27 , 553 , 0•05 we conclude that the probability of 

error if the hypothesis H is rejected does not exceed 5%.
0 

In other words, the rigid-group model is not a satisfactory 

model either. 

It seems therefore we are left with only a disordered 

model. As pointed out previously, the Finger program might 

be used to refine the occupancy of the disordered sites. In 

addition, it might be fruitful, though very much more com

plicated, to carry out the analysis further by using a set 

of reflection data corresponding to a twinned crystal rather 

than using only the apparently "untwinned" crystal data as 

in the present case. 



CHAPTER VIII 


Between 500° and 6oo0 c. the system of sodium pyro

phosphate undergoes a series of phase transformations which 

can be grossly divided into two regions: a first region from 

500° to 54o 0 c and a second one from 540° to 6oo0 c. Each region 

has distinctive features of its own which will be describ~d 

below. However, since each region consists of transformations 

which are very close-together, no attempt was made to deter

mine the structure of each phase; rather, an overall structure 

determination within each region ha~ been carried out. 

8.1. Introduction 

The D.T.A trace in Fig. 4.1.1 (p. 43) showed that in 

this temperature region, there are two main phases at 517° 

and 522°c. The resulting phases have been labelled as III 

and IV. The separation of these two phases corresponds to 

only 5 degrees. Immediately below the transition temperature 

517°c. the crystal is invariably twinned while immediately 

above, twinning disappears. As the furnace (Section 7.3) 

137 
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which was used to heat the crystal was unable to hold 

temperatures within a stability of± 5°c., reflection data 

collected within this region were at a temperature of 

525 ± 5°c., i.e. the data corresponded to phase III and 

phase IV. This means that the data would correspond to an 

average of at least two phases and this might cause a 

serious refinement problem if the two phases have different 

structural symmetries. This point will be discussed 

further below. 

8.2. Space Group Determination 

Sodium pyrophosphate at room temperature is ortho

rhombic in space group P2 12121 with§.= a = 9.37, .£ = b = 5.39,
0 0 

c = c = 1J.48 ~ and z = 4. The structure consists of a 
0 

repeat of a two-layer arrangement with pyrophosphate groups 

related by a two-fold screw axis parallel to the §. axis in 

the layer and the adjacent layer generated by two-fold screw 

axes parallel to the b axis between layers. The structure 

between 405° and 515°c. has a ~ a , b ~ b , c ~ 2c
0 

, ~ =93° 
- 0 - 0 

and z =8. Here adjacent layers are related to each other 

by centres of symmetry or by two-fold screw axes parallel to b. 

The situation in Region I is not at all clear. The 

cell has axes lengths a ~ a , .£ ~ b , £ ~ Jc and z = 12.
0 0 0 

- All the angles are 90°. By considering all the would-be 

equivalent reflections, the crystal appears to be monoclinic 

but with almost orthorhombic symmetry. The observed extinction 
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is consistent with C-centering in the ~Q plane. In addition, 

Okl reflections appear only when 1 is even implying a glide 

plane. If we assume that the pyrophosphate groups of the 

structure at this temperature occupy positions similar to 

the room-temperature structure, differing perhaps by small 

translations of the centre of mass of the group and fine 

details of the bridging and terminal oxygen atoms, then the 

glide planes are consistent only if they are perpendicular 

to the a axis and at 0 and !. In other words, the unique 

axis of the monoclinic system is the longer axis, a rather
0 

than b as in the previous structure at 410°c. Since there
0 

are only two space groups in the monoclinic system with a 

C-centering and a £-glide, namely: C2/c and Cc, a choice 

must be made between the two. Fig. 8.2.l(a) and (b) show 

that with a proper choice of origin, both space groups satisfy 

the condition that each must generate pyrophosphate groups 

at positions similar to the room-temperature structure. 

The difference is, in C2/c there are one and a half independent 

molecules in the asymmetric unit while in Cc there are three. 

The correct choice of the space group for the system depends 

then on a calculation of structure factors. 

8.3. Refinement with Space Group Cc 

The cell dimensions used in this refinement were 

obtained from the curves in Figs. 4.6.1 - 3 (pp. 53-55) 

which recorded the linear expansion of the three axes. 
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(a) Cc Cb) C2/c. 
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Fig, 8,2,1, Choice of Origins in space groups Cc and C2/c 

for Na4P2o7 h~ Region I. The structure is formed_ by stacking 
three unit ce~ls of the room-temperature structure up the c axis, 
All equivalent pyro groups are shaded in the same way, 
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Refinement under Cc required three independent molecules in 

the asymmetric unit. Although the atomic parameters from the 

structure at 410°c. could be used as a guide, the refinement 

developed in such a way that the molecular geometry of each 

pyrophosphate group bore no immediate resemblance to its 

counterpart at 410°c. Since there were 39 independent atoms 

with 163 parameters using isotropic temperature factors, 

and there were only 788 reflections, 159 and 38 of which are 

unobserved and unreliable respectively, not much could be 

expected towards an accurate structure determination. The 

R value obtained so far is 25%. 

The batch with the Okl data was always the best in R 

value, being 16% compared to an overall 25%. Thrs could be 

attributed to the fact that this batch was more accurate than 
0

the others. We recall 
-
c = Jc

0 
= 40.44 A. With only 1 = even 

appearing, the integrated areas on an Okl photograph were 

still well separated along £; but for other projections, the 

areas along £ were so close together that there was only a 

slit for separation using Mo-radiation. With Cu-radiation, 

the separation was satisfactory along c but not along a and 

b where the lengths are 5.39 and 9.37 i respectively. The 

set of data used here was collected with Mo-radiation. 

The atomic and thermal parameters were shown in 

TABLE VIII.1 and the observed and calculated structure factors 

in TABLE VIII.2. Fig. B.J.1 shows the molecular geometry 

of pyrophosphate anions at three different levels up the c axis. 
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TABLE VIII.1 


Atomic and Thermal Parameters of Na4P2o at 525 ± 5°C. * 7 

Atom x y z u 

1-Pl -.1186 0.3178 0.1305 0.0621 
1-P2 -.0251 0.3175 0.2000 0.0221 
1-0CE -.2318 0.3497 0. 1671 0,0771 
1-0lA -.1624 0.1785 0.1250 0.0559 
1-0lB -.2987 o.4065 0.1092 0.0530 
1-0lC 0,1166 0.3681 0.1256 0.0747 
1-02A 0.1753 o.4568 0.2057 0.0530 
1-02B -.1815 0.3329 0.2296 0,0784 
1-02C 0.0470 0.1745 0. :l.988 0,0445 
1-NaJ -.0601 0.3434 0.0467 0.0670 
1-Na4 -.0438 0.3491 0,2795 0.0476 

2-Pl 
2-P2 

-.1053 
-.0893 

0.3214 
0~3274 

0,4631 
0.5341 

0.0300 
0.0432 

2-0CE -.1051 0.3690 0.5001 0.0635 
2-0lA 
2-0lB 

-.0172 
-.J498 

0.1700 
0.2944 

o.4582 
o.4528 

0,1J49 
0.1176 

2-0lC 0.0567 o.4035 o.4375 0. 04·86 
2-02A -.1780 0. 1779 0.5338 0.0499 
2-02B 
2-02C 
2-Na3 
2-Na4 

-.2538 
0.1692 
-.1663 
-.1732 

o.4076 
0.3573 
0.3657 
0.3308 

0,5542 
0.5401 
0,3857 
0.6104 

0,0974 
0,0756 
0.0663 
0,0644 

3-Pl -.0278 0.3284 0. 7966 0.0333 
3-P2 -.1269 0.3082 0.8676 0.0387 
3-0CE 
3-0lA 
3-0lB 
J-OlC 
3-02A 
J-02B 
3-02C 

-.0163 
0.0208 
o.1487 
-.2805 
-.3506 
0.1003 
-.2508 

0.3379 
0.1535 
0.4478 
0.3686 
o.4185 
0.3015 
0.1693 

0.8358 
0,7920 
0,7853 
0,7896 
0.8783 
0.8922 
0.8587 

0.0585 
0,0491 
0.0318 
0. 0721 
0,0648 
0.0571 
0.0670 

3-Na3 
3-Na4 

-.0673 
-.1319 

0.3476 
0.3384 

0,7205 
0.9419 

0,0861 
0.0636 

4-Na5 
5-Na5 
6-Na5 

0.3965 
o.4618 
o.4665 

0.5189 
0.5129 
0.5085 

0.0002 
0,0793 
0.1653 

0,0482 
0.0803 
0. 07-20 

7-Na5 
8-Na5 
9-Na5 

o.4546 
0.3833 
0.3647 

0.5029 
0.5056 
0.5115 

0.2467 
0.3352 
o.4140 

0.0548 
0.0377 
0.0163 

* Refined in Space Group Cc to an R value of 25%. 
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Fig. 8.3.1. Bond Geometry of the Pyrophosphate Anion at three different levels +:
+:

~eparated by 1/3 .£ axis. Note the orientations of the bridging 

oxygen atoms in the three cases. 
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As discussed in connection with the room-temperature structure 

(Chapter V) there could be three basic configurations of the 

pyrophosphate anions in a layer (Cf. Fig, 5,6,3, p. 72) and 

it is interesting to note that the configuration (c) in 

Fig. 5,6.3 with the bridging oxygen atom parallel to the longer 

axis exists in the present structure (Fig. 8,3,l(b)). However 

the oxygen atom is not bonded to the sodium atom at the origin. 

The reason for this configuration is not clear but is probably 

due to the fact that the structure is not yet fully refined 

(R value still 25%). 

8,4, Refinement with Space Group C2/c 

Refinement under C2/c requires one and a half independent 

molecules in the asymmetric unit. The bridging oxygen atom 

of one of the pyrophosphate anions must lie in a special 

position so that the tetrahedron on one side generates an 

equivalent one on the other side. Because of the higher 

symmetry compared to space group Cc, the orientations of the 

bridging oxygen atoms in C2/c are more restricted. An attempt 

·was initially made to use the atomic parameters adapted from 

the previous refinement with space group Cc; but the changes 

required to allow for the higher symmetry soon made it necessary 

to abandon many of the coordinates. At the time of ·Nriting 

of this thesis, a structure factor calculation with three 

phosphorus atoms, one bridging oxygen atom (in special position) 

and the sodium atoms whietJ._had been in the "chain" in the 
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room-temperature structure (Chapter V), gave an R value of 

40%. Further electron density analyses might locate the other 

sodium and oxygen atoms; but, as in the case of space group Cc, 

the quality of the data coupled with a low reflection-to

parameter ratio, might not have much to offer towards a good 

structure determination. 
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8.5. Introduction 

Th~ D.T.A. trace in Fig. 4,1,1 (p. 43) showed that 

in this temperature region, there are three main phase trans

formations at 542°, 547° and 554°c. and the resulting phases 

have been labelled as V, VI, and VII. Once again, these 

phases are very close together and so only reflection data 

were collected at 575 ± 5°c. which was inside phase VII. 

8,6. Space Group Determination 

In this temperature region, all the layers norma~ to 

the c axis show apparent hexagonal sym;netry. In addition, 

in 1 = odd layers, r~flections with indices h and k satisfying 

h - k = Jn develop into diffuse streaks (Cf. Fig. 4.5.1, p. 51). 

In order to arrive at the proper space group for the structure, 

it is convenient to consider once again the idealized 

structure discussed in Chapter V (Section 5.6). 

The proposed idealized structure is based upon pyro

phosphate groups showing DJh (or "bm2) symmetry. Alternatively, 

if the terminal oxygen atoms at either end are rotated by J0° 

in opposite directions about the P-P vectors, assumed parallel 

to the£ axis, the symmetry of the idealized anions is n {or J2).
3 

At 6oo0 c. the only extinctions are 001 reflections with 1 = odd, 

consistent with a 6 axis. However, hh2hl reflections with3 
1 = odd have developed streaks and have begun to fade into 



148 


the background, We have attributed this phenomenon to some 

structural disorder and the disorder will be complete when 

all such reflections with l = odd disappear. In other words, 

when disorder is complete, a £-glide plane. will relate anion 

groups in adjacent layers. The space group when disorder is 

complete is P6 /mmc, However, the structure is not hexagonal
3

prior to this but only nearly so. 

The question of the space group of the low symmetry 

phase prior to the disordering, and the order parameter 

the deviation in electron density from the £-glide symmetry 

must be considered, In the room-temperature structure, the 

top half of a layer, i.e. the ab plane with one molecule thick,. 

is related to the boitom half by a two-fold screw-axis while 

two molecules in the same layer are also related by a two

fold screw axis (Fig. 8.6.1). A disorder which sets in at 

high temperatures, tries to randomize the direction of the 

sodium-bridging oxygen atom interaction among the three 

alternatives (Fig. 8.6.2) and the resulting structure can be 

thought of as a superposition of the three structures derived 

from the room-temperature structure by a rotation of 120° about 

the screw axis parallel to the c axis. However, this does not 

generate the hexagonal cell of the high-temperature phase 

because the disordered groupings are not translationally 

equivalent unless the original structure also contains a 

C-centering operation. Alternatively, the C-centering plus 

the proposed disordering can yield the hexagonal translational 
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symmetry. Since all the phases identified between room 

temperature and 6oo0 c. have two-fold and/or two-fold screw 

axes in the layer it seems reasonable to assume that the 

disorder will be based upon a structure with a screw-axis 

relationship between the pyrophosphate anions in the layer. 

However, this plus a C-centering, possibly derived by 

disordering, leads to an anion or a disordered pair with a 

two-fold screw axis. The "hexagonal" disordering would then 

generate a structure showing apparent P6 22 symmetry.3
This however implies that the disordering is one 

between space groups P6322 and P63/mmc which does not appear 

to be consistent with the observation that the structure 

deviates sliehtly but significantly from hexagonal symmetry 

while the streaks are present. (A closer look at the photo

graph in Fig. 4.5.1, p.51, shows that the intensities are 

nearly but not exactly hexagonally equivalent.) It is 

apparent that the structure beyond 4oo0 c. develops a centre 

of symmetry which is preserved as the structure disorders 

from the Jc (Region I) to the hexagonal cell. The crystal
0 

prio~ to the disappearance of the streaks must be orthorhombic 

with space group Cc2m with the longer axis in the §:£ plane 

as the "unique" axis. 
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8.7. 	 Structure Determination 

Earlier in the analysis of the reflection data in 

this temperature region, the complications of the space 

group problem discussed above were not fully recognized. 

An initial attempt was made with an ordered model in space 

group P6 22 with the a toms shown in TABLS VIII. 3. The
3

R value was 36%. Electron density difference maps showed 

the presence of significant peaks and this, together with 

the abnormal temperature factor of the bridging oxygen atom 

OCE indicated strong evidence of disorder in the system. 

A disordered model with the space group P6 /mmc was
3

subsequently tried. The R value of 9.5% showed that this 

space group probably contained all the essential symmetries 

of the system in this temperature region. The atomic and 

thermal parameters are shown in TABLE VIII.4 and the observed 

and calculated structure factors are shown in TABLE VIII.5. 

8.8. 	 Discussion 

Although the R value corresponding to P63/mmc is 9.5%, 

that this is the proper space group already could not be 

accepted because the extinction condition: hh2hl: 1 =odd 

does not hold. The present result, however, does not contradict 

our discussion in Section 8.6. The present system was 

probably not yet completely disordered and all the twenty-four 

equivalent sites allowed by the space group did not have 

equal occupancy. 
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TABLE VIII. J. Atomic and Thermal Parameters of Na4P2o7 
at 575°c. refined in Space Group P6 22

3

Multi-Atom x y ·z uplicity 

p 1/3 1/3 2/J 0.3581 0.0710 
0-1 1 0.5657 0.9158 0.3885 0.0389 
o~cE 1/6 0.2600 0.5200 1/4 0.1509 
Na-1 1/6 0 0 0 0.0335 
Na-2 1/6 0 0 1/4 0.0758 
Na-3 1/J 1/3 2/J 0.5815 0.0582 

R value = 36% 

'11ABIE VIII. 4, Atomic and Thermal Parameters of Na4P2o
7 

at 575°c. refined in Space Group P6 /mmc
3

Multi-Atom x y . z uplicity 

P-1 1/12 0.6058 0.3314 0.1433 0.0573 
P-2 1/12 0.6254 0.3032 0.3571 0.0261 
O-C3 1/12 0.7327 o.4785 0.2499 0,0444 
01-A 1/12 0.3277 0.1388 0.1504 0.0372 
01-B 1/12 0. 7932 0.2235 0.1122 0.0551 
01-C 1/12 0.7226 0,5940 0.0822 0.0694 
02-A 1/12 0.6142 0.0172 0,3374 0,0294
02-B 1/12 0. 82 78 o.4818 o.4290 0.0862 
02-C 1/12 0.3279 0.2497 0.3822 0.0211 
Na-1 1/12 0.9479 0,9731 0.2292 0,0442
Na-2 1/12 0.9870 0,9783 o,4820 0.0592 
Ha-3 1/12 0,7553 o.4028 0,5917 0.0779 
Na-4 1/12 o.6446 0.3575 -.0855 0.0679 

R value = 9.5% 
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TABLE OF 0 BS ER VE 0 ANO CA LCUL AT EO STRUCTU~E FACTORS 0 F NA4P 20 7 


AT 575 DEGREES C. UNOBSERVED ~EFLECTIONS ARE MARKED WITH ... 


AND UNRELIABLE REFLECTIONS WITH + 


IF-OI IF-Cl 	 IF-01 IF-Cl 

H K L = 0 	 H K L = 5 

0 1 171 162 _z__o -15-2-.-iS?:
1 1 873 804 	 0 1 28J 296
0 2 126 111 	 5 1 • 25 7 
1 2 57 95 	 1 2 2 (; g 206 __z__ ___z______32L____3_3 t 5 2 65 70 
0 3 441 424 	 (l 3 40 22
1 3 ... 2:5 3 1 3 136 140
2 3 .If 30 23 	 0 4 75 7 (l
3 3 61 65 
0 4 • 16 15 
1 4 95 105 H K L = 6 

0 0 164 163
H K L 1= 	 2 0 20 45 

3 0 64 71 
0 1. 433 432 4 0 22 39
0 2 34 28 _ _o 5 ? ____?i ____1
1 2 94 103 1 1 41 55
0 3 62 63 2 1 46 38
1 3 73 63 	 3 1 29 19 

_ ___fi__L_ 5 :l 41 

H K L = 7 
H K L = 2 

___ 2 _____n__ --1 Dl___ifi 3 _____ 
1 0 • 12 1 3 0 34 51
2 0 • 16 4 	 4 0 ... 22 9 
3 0 19 5 0 1 • 2J g 

~____fj 21 :12 2 1 26 35
1 1 14 10 	 3 1 29 26
2 1 • 22 7 
3 1 28 32 

_li ~ L = 8 

H K L ~ 3 	 0 0 387 33L.. 
2 0 19 24

---1 0 __2.6 ~3 	 3 0 123 103
2 1 42 33 4 G 22 32
0 2 225 208 0 1 9J 49
1 2 41 33 1 1 2 (; 6 175 
0 3 26 21 2 j !i 9 3Z
1 3 35 30 3 1 • 30 0
2 3 15 15 
0 4 20 16 
1 4 15 15 ----1::f_ K L - 9 

2 0 177 185
H K L = 4 	 3 0 • 21 5 

4 0 46 522 0 397 403 0 1 289 301s 1 32 33 2 1 166 1661 2 231 229 1 3 96 852 2 109 96 
0 3 106 91 
1 3 125 132 H K L = 102 3 95 91 

---0- ~ 13Z 139- 0 0 167 162
1 4 26 22 1 0 79 71
0 5 34 34 2 0 53 512 6 95 39 3 0 69 69 

1 1 131 92 
2 1 46 47 



It is worth mentioning here that at one stage of 

structure trials, in spite of the apparent incompatibility 

of an orthorhombic space group for Region I due to the 

presence of some visually inequivalent reflections, a trial 

model was made with the space group C2cm on the data in 

Region I. The resulting R value was 31%. This seems to 

be consistent with our speculation in Section 8.6 that the 

· space group prior to the completely disordered state should 

be C2cm•. However, no attempt has yet been made to test 

the present hexagonal data against this space group. 



CHAPTER IX 


CONFIGURATIONAL ENTROPY CHANGE OF Na4P2o7 

In this Chapter a discussion of the configurational 

entropy change of sodium pyrophosphate when the system changes 

from the room-temperature ordered phase to the highly dis

ordered phase above 6oo0 c. will be given. The discussion 

will be purely theoretical because no measurement has yet 

been obtained on the system at the time of this thesis, 

A suggestion on how such measurements could be carried out 

will be given, however. 

9.1. Equivalent Model for the Calculation of Entropy 

We first review on the general features of the system 

of sodium pyrophosphate. Both the room-temperature phase 

and the disordered hexagonal phase above 6oo0 c. have a c axis 

equal to about 13.5 i. The general locations of the pyro

phosphate groups are not changed, the major difference being 

in the orientations of the bridging oxygen atoms. 

The pyrophosphate groups in both phases are not 

linear; but each is bent by an angle of the order of 130°. 

In the room-temperature phase, the orientation of a pyro

phosphate group is fixed by the symmetry of the space group 
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P2 12121 • In the disordered phase, the structure refined by 

using the hexagonal space group P6 /mmc gave an R value of
3

10%. Althqugh it is not yet certain that this is the proper 

space group for the disordered phase, it is definitely not 

far from the true picture. 

Since hexagonal systems are usually describable in 

terms of an orthorhombic system, we shall keep using an ortho

rhombic system to describe the disordered phase. In arriving 

at a model for the calculation of the entropy, it is convenient 

to make some postulates regarding the environment of the 

sodium atoms which are coplanar with the bridging oxygen atoms 

of the pyrophosphate groups. 

POSTULATE I. 	 The bridging oxygen atom of each pyrophosphate 

group must be directed towards one of the 

three nearest coplanar sodium atoms. 

POSTULATE II. 	 Each of the sodium atoms coplanar with the 

bridging oxygen atom must have one and only 

one pyrophosphate groups directed towards it. 

The two terminal sodium a toms at the ends o_f each pyrophosphate 

group are considered to have only interlayer but no intralayer' 

effect on the building of the crystal structure. 

There are altogether twelve configurations which 

satisfy the above postulates. They are shown in Fig. 9,1.1. 

It is seen that some of them can repeat themselves; while 
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others cannot, Those which can repeat themselves are called 

the ordered types while the others are called the disordered 

types, Ordered types are c1 , c2 , and c10 • Disorderedc5' C9 
types may result from an ordered type by making a "mistake". 

The mistake may bring an ordered type to another ordered type 

as, . for example, from cl to c2 , or to a disordered type as 

from to c • When a disordered type has occurred, anotherc1 3
mistake must follow which may bring the disordered type to 

yet another disordered type as from c to c8 ; but it may also
3 

bring it to an ordered type as from c to c
5

. Although it
3 

might appear intuitively that there would be a higher probabil.i ty 

for an ordered type ~o generate another ordered type of the 

same configuration, there is in reality no.§: priori reason 

why one configuration is preferred to another in a completely 

disordered state of the system. Hence, we could make a third 

postulate on the equal probability of the configurations. 

POSTULATE III. 	 Each configuration satisfying Postulates I 

and II has an equal probability in the dis

ordered state of the system. 

With the three postulates on the configurations we 

can proceed to formulate the problem on the entropy as 

described in the subsequent sections. 
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9,2. One-Dimensional Checkerboard 

Following the treatment of Copper Formate Tetrahydrate 

by Okada 49 , we first consider a one-dimensional array of 

n unit cells along the£ axis, a one-dimensional checkerboard, 

Let P(n) be the number of configurations of this one-dimensional 

model. Then P(n) is divided into twelve terms as 

12 
(9.2.1) 	 P(n) = k Ci(n)

i=l 

corresponding to the twelve possible configurations of the 

pyrophosphate groups in the n-th cell. For example, c1(n) 

is the number of arrangements when all the three pyrophos

phate groups point towards the lower right in the n-th cell, 

Fig. 9.1.1. For the case of (n+l) cells built by adding one 

cell to the n-th, we have 

(9.2.2) 

because the left-hand edge of the (n+l)-th cell with configura

tion c1 can only match the right-hand edge of the n-th cell 

with configuration cl' c2, c 6 or c 8• Similarly, we have 

c 2 (n+1) = c2 (n) + c6(n) + c8(n) 

c3(n+1) = c1(n) + c2(n) + c6(n) + c8(n) 

c4(n+1) = c2(n) + c 6(n) + c8(n) 

c5(n+1) = c3(n) + c4(n) + c Cn) + c (n)
5 7
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c6(n+1) = c (n) + C1o<n) + ell (n) + C12(n)9

c (n+1) = c (n) + C1o<n) + C11 (n) + C12(n} 7 9
.c8(n+1) = c3(n) + c4 (n) + c (n) + c (n)

5 7

c (n+1) = c (n) + C1o(n) + c11 (n)
9 9

c10 (n+1) = c (n) + C1o(n) + C11(n) + Cl2(n)9

c11 (n+1) = c4(n) + c (n) + c (n)
5 7

c12 (n+1) = c (n) + c4(n) + c (n) + c (n)3 5 7

It is to be noted that most of the equations for Ci(n+1) ~ave 

four terms. Some of them have only three terms because of 

Postulate II which does not allow more than one pyrophosphate 

groups being direct~d towards a sodium atom, From Postulate III 

we have c1 (n) = Cj(n) for all i, j =1, 2, ••• , 12. Hence, 

from the above equations, it is obvious. that 

12 
(9.2,3) P(n+l) = I: c. (n+l) 

. 1 J.l.= 

44 P(n)= 
12 

which, on simplification, gives P(n) = (11/J)n-lP(l). 

Since P(1) = 12, we have 

(9.2.4) P(n) = 12 x (11/J)n-l. 
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9.J. Two-Dimensional Checkerboard 

We next consider a two-dimensional checkerboard formed 

by putting two one-dimensional checkerboards alongside each 

other. Postulates I and II impose certain restrictions on 

the matching of the upper and lower sides of the two adjacent 

one-dimensional checkerboards. We first work out the matching 

probability of the one-dimensional checkerboards. Consider 

the corner A in Fig. 9.3.1. The probability of having a 

pyrophosphate group being directed towards it is 4/12. A 

cell with this configuration can be matched with a cell in 

the lower checkerboard when the latter cell does not have 

a pyrophosphate group being directed towards the corner B. 

This probability is 8/12. The joint probability for the 

matching is then (4/12) x (8/12) = 2/9. However, matching 

is also possible when A does not have any pyrophosphate group 

being directed towards it while B does; and the joint probability 

is again 2/9. Hence, the total probability for matching two 

adjacent unit cells is (2/9) + (2/9) = 4/9. If there are 

n unit cells in each one-dimensional checkerboard, the matching 

probability is then (4/9)n. 

Let there be m one-dimensional checkerboards each of 

n unit cells. If we write Q(n,m) as the number of arrangements 

that the m one-dimensional checkerboards can be placed alongside 

each other without violating Postulates I and II, we have, 

for a general value of m = i with i ?!; 2 

(9.3.1) Q(n,i) = Q(n,i-1)Q(n,1)•(4/9)n 
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which reduces to 

(9.3.2) 

when i = m. By definition, Q(n,1) = P(n). Substituting 

Q(n,1) by P(n) and taking logarithms, we have 

(9.3.3) ln Q(n,m) = m ln P(n) + n ln (4/9) 

From Equation (9.2.4), P(n) = 12 x (11/3)n-l so that 

(9.J.4) ln Q(n,m) = m ln (12) + m(n-1) ln (11/3) 

+ n ln (4/9) 

For an actual crystal, both m and n have very large values 

and ln Q(n,m) can be approximated as 

(9.3.5) ln Q(n,m) = mn ln (11/3) 

Since the number of cells is equal to half the number of 

molecules in the crystal, N, we can put mn = N/2. Multiplying 

by the Boltzmann constant, k, the configurational entropy 

of the disordered state is given by 

(9.3.6) k ln Q(n,m) = k•(N/2)•ln (11/3) 

1 

= R ln ( 11/J) 2 

where R is the gas constant. Actually, two-dimensional 

checkerboards themselves are stacked to form a three-dimensional 

crystal. When the crystal is large and interactions between 



164 


adjacent layers are weak, no modification is necessary and 

the above result holds. 

9.4. Discussion 

As noted above, we have not yet obtained any experi

mental data on the entropy change of sodium pyrophosphate so 

that it is rather difficult to judge the accuracy of the 

calculation. The following method is suggested for a measure

ment of the entropy change. By definition 

Entropy change = r Heat change
Temperature 

where the summation goes over all the transitions from · 

room temperature to 6oo0 c, A differential thermal analyser 

may be used to measure both the heat change and the temperature 

corresponding to each transition. 



CHAPTER X 


A model for the disorder observed in the high-tempera

ture phases of sodium pyrophosphate is described. Because 

of the possible existence of the twelve configurations as 

discussed in Chapter IX, the problem is rather involved and 

it is necessary to make further simplications. The justifica

tion of these simplications will be discussed as we proceed. 

10.1. 	 Intensity in Reciprocal Space 

A perfect crystal consists of identical unit cells 

arranged at the points of a lattice defined by the axes ~' 

£and£• With an arbitrary cell chosen as the origin, the 

position of the n-th cell is given by 

(10.1.1) 

wher~ n1 , n2 , n
3 

are three integers defining n = (n1,n2 ,n ).
3

The lattice cells are therefore arranged in rows, columns, 

and layers in such a way that r terminates on the point in -n 
column and the n -th layer. The

3
ranges over which n 1, n2 , and n3 can vary depend on the size 

and shape of the crystal. This lattice-cell model is parti

cularly useful in describing systems where there is a 
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possibility of non-uniformity in the contents of the unit 

cells. In disordered systems, non-uniformity of some quantity 

is invariably present. In the present case, the quantity of 

interest is the structure factor F. 

In order to allow for its change, we write the scatttering 

factor of the n-th cell as Fn. It is convenient to consider 

continuous variables (H,K,L) in reciprocal space in addition 

to the familiar integer variables (h,k,l). Thus, any point~ 

in reciprocal space can be written as 

(10.1.2) S = Ha* + Kb* + Le* 

where.~*, £*, and c* are the reciprocal lattice vectors. The 


X-rays scattered by the n-th cell at r are advanced in phase
-n 

with respect to those scattered at the origin by an amount 


Dn given by 

D = 2'1T(S•r ) n - -n 

and their contribution to the total amplitude scattered by 

the crystal is 

Fn eiDn = F exp[2'1Ti(S•r )]n - -n 

The total amplitude scattered by all n cells in the crystal 

- is then 

(10.1.3) 
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The intensity of scattering at (H,K,L) is 

(10.1.4) I(H,K,L) = G(H,K,L)G*(H,K,L) 

=EL: FF*, exp[2~i(S•{r - r ,})]n n - -n -nn n' 

The evaluation of the summations depends on a knowledge of 

Fn and the limits of n. If h = (h,k,l) is a reciprocal lattice 

vector so chosen that in 

(10.1.5) 

1£1 is smallest, then (~h.En) and (~h·En•) are integers and 

may be dropped out of the exponents, giv ng 

(10.1.6) I(£) = L: L: FF*, exp[2~i(s·{rn n - - -n n n' 

If (s•r) and (s•r ,) change only slightly in going from one - -n - -n 

unit cell to another, the summations can be replaced by integra

tions over the volume of the crystal. Thus, we have 

(10.1.7) 

For a particular type of imperfection of the crystal, we are 

interested in exploring the way in which the intensity varies 

with the distance s from the reciprocal lattice point (h,k,l) 

in the direction s. Non-zero values of I(£) for some ~ give 

rise to the phenomenon of streaks. We shall go into more 

detail on this problem of streaks below. 
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10.2. General Treatment of Mistakes 

Wilson 5o has given a general treatment of mistakes 


in crystals. Following his treatment, if we write 


n'. = n. + m. (i = 1, 2, 3)
1 l 1 


and 


£ = (u,v,w) 


we have, from (10.1.6) 

(10.2.1) 

The summation within the bracket contains no exponential factors 

and can be evaluated for postulated models of how the mistakes 

occur. Its physical interpretation is the following, Starting 

cwith the cell defined by n = (nl,n2,n3) we find the cell which 

is m1a, m2b, m
3

c away in the directions ~' ~' £ respectively. 

Having found it, we multiply together the structure factor 

of the first cell and the complext conjugate of the structure 

factor of the second and add these products together for all 

pairs of cells having the srune separation. Obviously, for 

cells near the surface and for a fixed m = (m1 ,m2 ,m ) it may
3
 

happen that is is not possible to find the second cell as it 


would be outside the crystal boundary. The number of such 


possible pairs depends therefore on m and we may denote this 
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number by W(m). For a given m, W(m) is a large number and 

each product F F* may take up values depending on the n n+m 


distribution of the mistakes. If we write the average value 


of the products F F~ over this range as 
n n+m 

(10.2.2) Y(m) = (F F* )n n+m 

we have, from Equation (10.2.1) 

(10.2.3) 	 I(u,v,w) =I: W(m) Y(m) exp[-2'1Ti(m1u + m2v + m w)] 
m 3

Since W(m) is purely geometrical, it is independent of the 

nature of the mistakes. Y(m), on the other hand, depends on 

the d~stribution and nature of the mistakes and can only be 

estimated by postulating some statistical models of how the 

changes in the atomic arrangement in the unit cell occur 

and how the affected unit cells are distributed throughout 

the crystal. A model to account for the observed streaks in 

sodium pyrophosphate is described below • 

. 10.3. Model for the Streaks of Sodium Pyrophosphate 

In Chapter IX, we introduced the twelve possible con

figurations of each cell in the disordered phase. Suppose 

now we label these cells by the numbers (m,n,p). Then, we 

could ask the following question: What is the probability of 

having one of the twelve configurations at the cell which is 

m column, n rows, and p layers away from the origin? This 
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question cannot be answered precisely because it involves 

twelve configurations with varying degrees of probability 

at each cell, We shall attempt, instead, to simplify the 

system by introducing zones or domains within which every 

cell will have the same configuration, In other words, we 

introduce a certain amount of local short-range order. 

The thickness of each domain is i£ and its extent 

in the ab plane may in general vary with the domains. Of 

the twelve configurations only five can repeat themselves, 

Fig. 9,1,1, p. 157. The other seven may be regarded as 

transitional units forming the boundary between the domains, 

These uni ts are sr::.2.ll in number conpared to the five repeatible 

uniti so that their contributions to the structure factor 

calculation for the entire crystal might be neglected, Since 

the structure of the disordered phase refi~~d by using the 

hexagonal space group P6 /rnrnc gave an R value of 10%, it
3

seems legitimate to assume further that the bridging oxygen 

atoms of the pyrophosphate groups within a unit cell all point 

in the same direction. This eliminates two more configurations 

out of the repeatible five, i.e. and c10 of Fig. 9,1,1,c2 

We are then left with three configurations A, B, and C which 

can form a domain, Fig, 10.3,1, A direct transition among 

three configurations is impossible and is brought about only 

through the other transitional units, 

In order that we may label the domains in·the same 

way as the cell, we shall make a further minor assumption: 

http:sr::.2.ll
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The extent of each domain is the same. This seems reasonable 

because there is no~ ]riori reason why one domain with a 

particular configuration should be favoured at the expense 

of the other. Every configuration should have the same 

probability of making a "mistake" and this, when strictly 

observed, should lead to equal extent for all domains. 

Suppose now we could label the domains by (m,n,p). 

We may then ask the question: Given a domain with a certain 

configuration at the origin, what is the probability of finding 

the other configurations including itself at a location (m,n,p)? 

If we can answer this question, we can work out an estimate 

of the quantity Y(m,n,p) defined by Equation (10,2.2) which 

is re~uired in estimating the intensity at a point (u,v,w) 

in reciprocal space, Equation (10.2.3), 

The following Sections will be devoted to the calcula

tion of Y(m,n,p). 
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10,4. Recurrence Relationships 

Without loss of generality, suppose the configuration 

of the domain at the origin is A. Then, 

Let Lm,n,p(A) be the probability that the domain at 

(m,n,p) is A, 

Lm,n,p(B) be the probability that the domain at 

(m,n,p) is B, and 

Lm,n,p(C) be the probability that the domain at 

(m,n,p) is c. 

We require 

(10,4,1) 

Because of the layer structure of the system we shall divide 

the discussion into two parts: a first part dealing within 

each layer and a second part dealing between different layers, 

Since we have only three configurations, it is simpler 

to describe the system with hexagonal indices. This we will 

do in the following. If, for p = O, the layer has configura

tion A, B, or C, then for p = 1, the pyrophosphate groups 

will also have configurations A, B, or C, but in positions 

which are displaced ~J and -£/J relative to those for p = o. 

We shall label the displaced configurations by A', B', and 

C'. For layers with p =odd, all domains will have primed 

configurations while for layers with p = even, they will have 

unprimed configurations. It is convenient to consider the 
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layers with p = odd as one system intermingled with the layers 

with p = even as another system. We shall assume further that 

apart from the relative shifts of the pyrophosphate groups 

the two layer-systems are independent of each other, i.e. 

the "mistake" made in one system will not affect the other 

s:ys tern. 

Part I: Within the same layer 

Let a be the probability that a mistake will occur 

which changes the configuration of a domain into one of the 

other two in the same layer, Then have, for p = even 

T ( ' \( i) = L (A)(l-a) + L (B)a/2 + L (C)a/2J..'m+1 , n , p A i rn,n,p m,n,p m,n,p 

(ii) 

(iii) L +l (C) = L (C)(l-a) + L (A)a/2 + L (3)a/2m ,n,p m,n,p m,n,p m,n,p 

(10.4.2) 

For p = odd, the above equations are still true if we replace 

the unprimed configurations with the primed configurations, 

i.e. A - A', B - B', and C - C'. It is readily verified 

that Squation (10.4.1) is true for the domain (m+l,n,p) as it 

should. Equations (10.4.2) are to be solved subject to the 

normalization condition (10,4.1) and the boundary conditions: 
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For p = even 

(i) 1Lo,o,o<A) = 

=(10.4.J) (ii) Lo,o,o<B) 0 

(iii) = 0Lo,o,o<c) 

For p = odd 

( i) = 1Lo, o, 1 <A') 

(10.4.4) (ii) Lo,o,1<B') = 0 

(iii) Lo,o,1<c') = 0 

We shall solve Equations (10,4.2) for p = even. We assume 

that the solution is in the following form: 

(10,4.5) Lm n ~(A) = R + S Q m+nT P 
, •l-' A A A A 

where RA' SA, QA and TA are non-trivial constants independent 

of m,n, and p. The subscript A is used to designate con

figuration A. Expressions similar to (10.4.5) can be written 

for configurations B and C. 

From Equation (10.4.1), we have 

(10.4.6) 

Ja/2) 

From (10.4,5), we have, on simplification 

(10,4,7) RA+ SAQAm+n+lTAP =!a+ RA(l - Jn/2) 

+ S Q m+nT P(l - Ja/2)
A A A 
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Equation (10.4.7) is true for all m, n, and p so that 

(i) R - ~a.+ RA(l - Ja/2)A 
(10.4.8) 

S Q m+n+lT p S Q m+nT p(ii) = A A A A A A 

(i) immediately gives RA=~ while (ii) gives QA= (1 - Jn/2). 

To obtain SA, we use the boundary condition (10.4.J(i)). 

Substituting it in 10.4.6), we have 

L1 , 0 , 0 (A) = !a + 1 x (1 - Ja/2) 

But, 
= R ,... Q 1,.,,, OL (A)1,0,0 A+ 0 A A ~A 

Therefore, 

31 + SA (1 - Ja/2) = ~C( + 1 x (1 - Ja/2) 

giving 

(10.4.9) 

Hence, we obtain 

(10.4.10) L (A) = 1 + ~(l - Ja/2)m+nT P. 
m,n,p .3 J A 

For· L (B) and Lm (C) we can proceed in the same waym,n,p ,n,p 

to obtain 

1(10.4.11) 
J 

(10.4.12) 1 
L m,n,~C) = J 
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We still have to calculate TA, TB' and Tc which obviously 

can only be obtained by considering interactions between 

different layers. 

If we proceed in a similar way for p = odd layers, 

making use of the boundary conditions (10.4.4), we have 

(10.4.lJ) Lm,n,p(A') = 1 + _g_(l Ja/2)m+nTA' p-1
3 J 

1 1( 1 / )m+n p-1
(10.4.14·) Lm,n,p(B') = Jo:. 2 TB'

J J 

1 / )m+n p-1(10.4.15) Lm,n,p(C') = 1(1 - Ja 2 Tc,
3 3 

Part. II: Between different layers 

I,et S be the probability that a mistake will occur 

which changes the configuration of a domain into one of the 

other two configurations in alternate layers up the c axis. 

Then we have, for p = even 

(i) Lm,n,p+2(A) = Lm,n,p(A)(l-S) + Lm,n,p(B)S/2 + Lm n (C)S/2
' 'p 

(ii) Lm,n,p+2(B) = Lm,n,p(B)(l-S) + Lm,n,p(C)p/2 + Lm,n,p(A)S/2 

(iii) Lm,n,p+2(C) = Lm,n,p(C)(l-S) + Lm,n,p(A)S/2 + IJm, n, p ( B ~ p/2 

(10.4.16) 

For p = odd, the above equations are still true when A-+ A' , 

B-+ B' and c- C'. Equations (10.4.16) can be solved in a 

way similar to (10.4.2) to give a solution to TA' TB' . . . .' 
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but a quicker way is to use Equations (10.4.10 10.4.12) 

in (10.4.16). Thus, we have, for example 

1/3 + ~(l - Ja/2)m+nTAP+2 

= ~S + (l/J + 3(1 - Ja/2)m+nTAP)(l - 3S/2) 

giving 

TA = (1 - Jf3/2) 

or 

(10.4.17) 

It can easily be verified that TB= Tc = TA' = T3 , = TC' = TA .. 


Hence, we obtain the following complete solutions: 


For p = even: 


Lm,n,p(B) = -1 - 1(1 Ja/2)m+n(l 313/2 )P/2 
3 3 

(10.4.18) 1 1(1 - Ja/2)m+n(l - Jf3/2)p/2Lm,n,p(C) = - 
3 3 

Lm n u (A') = L (B') = L (C') = 0m,n,p m,n,p,- , ·'· 

For p = odd: 

1 1 Ja/2)m+n(l 3P/2)~(p-l)Lm,n,p(B') = - - -(1(10.4.19) 3 3 

= Lm,n,p(C') 

Lm,n,p(A) = Lm,n,p (B) = Lm,n,p(C) = 0 
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Structure Factors of the Domains 

Let F(A), F(B), and F(C) be the structure factors 

of the domains A, B, and C respectively when they are in 

the even layers, and F(A'), F(B'), and F(C') be the structure 

factors of the domains with the shifted configurations in 

the odd layers. Further, let 

(i) F(A) = Q; 

then 

(ii) F(B) = Q exp ( i2'1T/J) 

(iii) F( C) = Q exp ( -i2'1T/J) 
(10.5.1) 

(iv) F(A') = Q exp (i2TI(h-k)/J) 

(v) F(B') = Q exp (i211(h-k)/J) exp ( i211/3) 

(vi) P(C') - Q exp (i2·n(h-',()/J) exp (-i2'f1/J) 

The factor exp (i2'll/J) comes about because in a domain, 

configuration B can be obtained from configura-tion A by a 

rotation of 2'1T/J about an axis parallel to c. Rotating 

211/3 twice or -2'IT/3 gives configuration C. A further rotation 

of 21T/J gives back A. We conclude therefore that the phase 

difference between the configurations in the same layer must 

be 21T/J. The factor exp (i211(h-k)/3) comes about because 

the shifted positions are translated l/J along~ and 2/J 

along}?_ (or, equivalently, -1/3 along}?.) with respect to 

the normal unshifted layers. 

It is convenient to display the real and imaginary 

parts of the structure factors explicitly. If we write 
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f(A) and g(A) for the real and imaginary parts of F(A) 

respectively, we have 

f(A) = Q g(A) = 0 

f(B) = -JiQ g(B) = tQ.fJ 

f(C) = --!Q g(C) = -tQ../3
(10.5.2) 

f(A I) = QD g(A I) = QE 

f(B') = -tQD tQE../J g(B') = -!QE + !QD._/J 

f( CI) = -tQD + tQE../3 g( c I) = -tQE !QD.JJ 

where we have written for short 

D - cos 211(h-k)/J 

E - sin 2'TT(h-k)/J. 

10.6. Evaluation of Y(m,n,p) 

The quantity Y(m,n,p) as defined by Equation (10.2.2) 

can be expressed in terms of two other quantities J(m,n,p) 

and K(m,n,p) (Cf. Wilson SO ) as 

(10.6.1) Y(m,n,p) = J(m,n,p) - i K(m,n,p) 

where in the present case 

(10.6.2) J(m,n,p) = ~ Lm p(I)f(A)f(I)
I , n, 

and 

(10.6.J) K(m,n,p) = ~ Lm,n,p(I)f(A)g(I) 
I 
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where the summation on I is over all A, B, C, A', B', and C'. 

The quantities L n p(I) are defined by (10.4.18 - 19).
m, ' 

Simplifying with Equations (l0.5.2) we have 

(10.6.4) J(m,n,p) = Q2Lm,n,p(A) - Q2Lm,n,p(B) 

0.2DT ( :s I )+ Q2DLm,n,p(A') -""' .Ll \'m,n,p " 

where we have used the equalities 

We recall that the values of L {I) depends on p beingm,n,p 

even or odd and it would be more convenient if we could get 

rid of the trouble of even or odd by building in some factors 

to take care of this. We know that for p =even, L (I')= O;m,n,p 

and for p = odd, L (I) = o. Thus, we can prefix them,n,p 
factors !(l + (-l)P) to L (I) and !(l - (-l)P) tc L (I')m,n,p m,n,p 

in Equation (10.6.4). 

Simplifying further with Equations (10.4.18 - 19), 

we have, 

(10.6.5) J(m,n,p) =!(l+(-l)P)Q2(1-Ju/2)m+n(l-Jp/2)±P 

+ i(l-(-l)P)Q2D(l-3a/2)m+n(l-J~/2)i(p-l) 

Similar simplification on (10.6.J) for K(m,n,p) gives 

(10.6.6) 

Thus, we see that the quantity Y(m,n,p) as defined by (lo.6.1) 

can be expressed in terms of the probabilities a and ~. 
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10.7. Discussion 

It has been shown that the intensity I(u,v,w) at a 

point s = (u,v,w) in the vicinity of a reciprocal lattice 

point h = (h,k,l) is given by Equation (10.2,J), i.e. 

(10.7.1) 	 I(u,v,w) = LEE W(m,n,p)Y(m,n,p) exp[-211i(mu+nv+pw)] 
mnp 

If ~ is small compared to the dimensions of the reciprocal 

lattice vectors, and Y(m,n,p) is a smooth function, the sw11ma

tions can be replaced by integrals. If~·,£' and c' are 

the dimensions of the domains, and if we write 

x =ma'; y = nb'; z =pc' 

the resulting integral 	can be expressed as 

(10.?.2) I(u,v,w) = 1 !dxfdyfdz W(x,y,z) Y(x,y,z) e-ie 
Ua'b'c' 

where U is the volume of each domain, and W(x,y,z) and Y(x,y,z) 

are the corresponding expressions with the substitutions and 

9 is given by 

(10.?.J) e = 211{.!£S. 	 + ~ + ~}a' b' c' 

In a crystal containing mistakes, Y(x,y,z) may decrease 

so rapidly that the variations of W(x,y,z) could be ignored. 

In that case, W(x,y,z) can be taken out of the integration 

signs to give 



183 


w 	 -ie(10.7.4) 	 I(u,v,w) = /dx/dy/dz Y(x,y,z) e 
Ua'b'c' 

. 
With Y(x,y,z) given by Equation (10.6.1) and J(x,y,z) and 

K(x,y,z) given by Equations (l0.6.5 - 6) in terms of the 

disorder parameters a and 13, we should be able, in principle 

at least, to solve for I(u,v,w). If the model for the streaks 

is correct, the solution should contain the essential features 

of the streaks as described in Section(4.5), p. 50. However, 

simple as it may seem, Equation (10.7.4) cannot be evaluat~d 

readily and at the time of writing of this thesis, no solution 

has yet been obtained. 



CHAPTER XI 

SUMMARY AND DISCUSSION 

IN this thesis it has been established that sodium 

pyrophosphate undergoes a series of first-order phase trans

formations between 405° and 550°c. and what probably cor

responds to a transformation of the second kind near 6oo 0 c. 

The first-order phase transfor~ations are manifested 

primarily by changes in the periodicity alone the c axis, 

". h + i,,,~octhe layer-stackin~ direction. ~ne c. an~e a~ ~0) •• is fror1 

sv~metry and a , b , c unit cell 
c -o -o -o 

dimensions with adjacent rows within a layer alonG a related -o 

by a two-fold screw axis to space group C2/c with a , b , 2c
-O -·O -0 

and these same rows related by the C-centering. This clearly 

indicates that chan~es also occur within the layers below 

the region where disorder is manifested by streaks in the 

diffraction patterns. The residual oxygen atom peaks in 

the _difference electron density for phase II (p. 124) 

suggest that disorder has already occurred in the layer 

at this point. In region I above 520°c., after another 

first-order phase transformation, the structure is again 

monoclinic with the unit cell defined bv a = b , b = a ,
.; - 0 0 

c = Jc and probable symmetry C2/c. This latter symmetry
- 0 
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preserves the two-fold axis and screw ·axis. In region II, 

above 54o0 c. the structure becomes orthorhombic with probable 

space group C2cmand unit cell dimensions a, b and c • -o -o -o 
The D.T.A. spectrum is suggestive of a series of first-order 

phase transformations in going from region l to region II. 

Further study will be required to ascertain whether the 

structure shows greater disorder within the layer in this 

reg.ion than at 405°c. , as is anticipated. 

Finally, the structure disorders with the pyrophosphatE~ 

group adopting each of six possible configurations with equal 

frequency and increasingly less corretation between the 

pyrophosphate groups as the temperature is raised. At the 

same time, the diffuse diffraction streaks disappear into 

the background. Since the structure cannot proceed directly 

from P2:t2 121 (§: , :£ , .£ ) to P63/mmc (,§: ;(/J, Q , .£ ) by a
0 0 0 0 0 0 

transformation of the second-kind (Section 2.2, -p. 8), it is 

not entirely surprising that it does so through a series -0f 

first-order transformations. However, the alternative path: 

is available by a series cf second-order transformations 

leading to a hexagonal phase. As yet it has not been 

ascertained why this path is less favorable than the one 

actually found. 
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The sodium diarsenate system resembles sodium pyro

phosphate in that it also exhibits a number of phase trans

formations above room temperature. The rich variety of phase 

transformat'ions of the two compounds appears to be a feature 

common to alkaline pyro-compounds. Recently, similar results 

seemed to have been observed in sodium pyrovanadate 5l . It 

would be worthwhile, therefore, to study systematically the 

transformation properties of compounds of the general formula: 

x4Y2o with X = Na, K, Li and Rb, and Y = P, As and V. As7 
remarked previously (Chapter I), crystallog:r·aphic data on 

these compounds are very scarce in the literature. 

As a it might be said that _,concluding remark, nvro-J 

phosphates with organic derivatives play an important role in 

the metabolism of certain organic compounds, e.g. the adenosine

5'-diphosphate resultine; from the hydrolysis of adenosine 

52triphosphate is a source of immediate biological. energy • 

Sodium pyrophosphate, being readily soluble in water and other 

organic lipids, reacts with a number of biological materials. 

As pointed out in the beginning of the Introductory Chapter, 

it is important to know the structure of a compound in addition 

to its constituents if we were to study it properly. In this 

respect, understanding the structure of Na4 P2o
7 

as a "free" 

molecule might lead to some insight of the structure of those 

biological molecules containing a pyrophosphate ion, thereby 

to a better understanding of the functions of the biological 

materials themselves. 
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