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ABSTRACT 

A high-pressure nitrogen-driven viscometer has been 

used to study the melt fracture of polystyrene. The poly­

styrene samples used differed in molecular weight and mole­

cular weight distribution. The weight average molecular 

weight (I~) ranged from 97 ,200 to 1. 8 x 106 and the distribu­

tion breadth (Mw/~) from 1.06 to 9.21. Results obtain;d 

indicate that the critical shear stress varies linearly with 

1/Mw, incraases slightly with teillpera.tu.l"'e w1d ls l:nU.~pt:::ut.lt:::n ~ 

of the polydispersity of polymers. This type of behaviour 

is satisfactorily explained in terms of Graessley's entangle­

ment theory. 
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1. INTRODUCTION 

1.1 	 General 

Engineering interest and involvement in non-Newtonian 

fluid technology has developed largely within the past fifteen 

years. While industrial experience with non-Newtonian mater­

ials has a far longer history, the systematic study and charac-: 

terization of mass, heat and momentum transfer processes in 

these systems is of recent origin. Prior to this time the 

approach and techniques available for the study and interpre­

t<'.4.t1on of such. proct:sse.:s we.:t·e principally those ot .Newtonian 

fluid mechanics and design and scale-up criteria required 

exhaustive experimental studies. 

However, for many processes in non-Newtonian systems, 

design and scale-up criteria are now based upon the rheological 

characteristics of the fluid media. Once such characterization 

is made, the results are readily applied with.a minimum require­

ment for further experimental studies. 

The continuing growth and competition in the plastics, 

fiber, and elastomer industries have made clear the necessity 

o~ a deeper understanding of the processing behaviour of poly­

mers and of obtaining quantitative methods for prediction of 

the rheological properties of these materials as they flow 

1 
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through dies and spinnerets, between calender rolls, and screw 

and barrel of extruders. 

1.2 Nature of Polymer Molecules 

The word polymer is generally used to describe a large 

molecule composed of many small primary molecules chemically 

bound together. The primary molecules are usually referred to 

as "monomer units" and the number z·of monomer units in the 

polymer is called the "degree of polymerization". In spite of 

the fact that even dimers (i.e., Z= 2) are polymer molecules, 

the "degree of polymerization" may reach ten thousand before· 

the reaction terminates, and so molecular weights may be of the 

A r.vn1 r.i::t1 no1 vmi=io'Y' mn1 P~n1 e. wi 11 +:n,,_,...,,..,.f',..!C>....... ... "' --- --·--·--··- ------ ----------­

consist of a long chainlike structure such as that shown in 

Figure 1. This chain will in general be of appreciable length, 

so that it can ordinarily be considered even more flexible 

than the picture would indicate. Moreover, Brownian motion will 

cause the chain to writhe and squirm', and 1 t will change its 

configuration continuously under the action of thermal motion. 

FIG. 1. TYPICAL POLYMER MO~ECULE 
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Although the.number Z of primary molecules composing 

the polymer molecule is quite definite for any given molecule, 

the methods of preparation of these macromolecules usually 

preclude the possibility of a sample in which all the polymer 

molecules contain the same number of primary molecules. Thus, 

most commercial polymers are mixt11res of chains of various 

molecular weights. It is generally acceptable that the dis­

tribution of molecular weights in a polymer sample has a marked 

influence upon the physical behaviour of the material; hence, 

it is important to have ways of characterizing the distribution. 

One may define a molecular weight distribution function and 

various molecular weight "averages" for a polymer sample. 

(Although molecular weight 1s a d1~crete variable, a continuous 

distribution function can be used.) Suppose, for example, that 

one denotes the number fraction of chains of molecular weight 

in the range M to M + dM by f ( M ) • Then the "number average 

molecular weight" Mn is defined by 

Mn= ;;f(M) dM (1-1) 

0 

and the "weight average molecular weight" Mw ls defined by 

M,, = 1~ f (M) dM I Ff (M) dM (1-2) 

0 0 

Other averages may be defined, and the relationships among the 

various averages depend upon the particular molecular weight 

distribution. 



4 

It should be pointed out, however, that one reason for 

defining different molecular weight averages lies in the fact 

that certain experimental techniques are sensitive to different 

moments of the molecular weight distribution, that is, to 

different average molecular weights. For polydisperse polymers 

the weight average Mw is found to be larger than the number 

average Mn • The ratio Mw I Mn 1s a measure of the breadth of 

the molecular weight distribution. 

1.J The Rheology of Polymers 

Conventional measurements for the study of the properties 

of polymers were of two types. 

a) Measurements Of "physicRl" :pro:pP."1'.'t1P.i=I; ns:n•r-1Pn rm_t t"'ll'\ ~"..'1_.!d. 

specimens (e.g. tensile tests). 

b) Measurements of "molecular" properties, carried out on di­

lute solutions (e.g. measurement of intrinsic viscosity, 

osmotic molecular weight). 

In the last few years the development of suitable in­

struments has made possible the observation of the rheological 

characteristics of molten polymers. It has thus become possible 

to establish correlations between these characteristics and both 

the molecular properties of molten polymers and the physical 

behaviour of solid polymers. 

The study of polymeric fluids is but a small part of the 

broader field called rheology. It has come to include almost 

every aspect of the study of the deformation of matter under the 
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influence of imposed stress; it is the study of the internal 

response of materials to forces. 

Several broad, qualitative categories of response can 

be described. If a small stress is suddenly exerted on a solid 

a deformation will begin to occur. The material will continue 

to deform until molecular (internal) stresses are established 

which just balance the external stresses (equilibrium deforma­

tion). Most solids exhibit some degree of elastic response, 

in which there is complete recovery of deformation upon re­

moval of the deforming stresses. The simplest such body is 

the Hookean elastic solid, for which the deformation is direc­

tly proportional to the applied stress. 

Not all materials reach ar'"l equ:tlib::cium defo:ematiot1. 

A fluid response is one in which there is no resistance to 

deformation. In such a fluid, if an external stress is exerted, 

deforraation occurs, and continues to occur indefinitely until 

the stress is removed. But internal frictional forces retard 

the rate of deformation, and an equilibrium can be established 

in which the rate of deformation is constant and related to the 

properties of the fluid. The simplest such fluid is the New­

tonian fluid, in which the rate of deformation is directly pro­

portional to the applied stress. However, many fluids exhibit 

a non-linear response to stress and are called, collectively, 

non-Newtonian fluids. Most synthetic polymer solutions and 

melts exhibit some degree of non-Newtonian behaviour. 
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1.4 Rheological Classification 

Gases and liquids of low molecular weight are "New­

tonian", meaning tha.t their viscosity is independent from the 

flow conditions and dependent solely upon temperature and 

composition. Hence, only one viscosity value is sufficient 

in order to describe their behaviour in the same way that one 

value of a solid's elasticity module describes its behaviour 

toward a certain kind of deformation. The viscosity of molten 

polymers though can easily change by a factor of 104 as a 

function of the flow conditions and it may be necessary to 

measure it in a larger shear range. Thus, the rheological 

properties of a polymer will not be completely defined, at 

each temperature, by a single viscosity value, but by a flow 

diagram, giving the values of viscosity as a function of shear 

rate, or other parameters of flow. 

In the following, the more common variables one en­

counters in rheology will be describ~d: the viscosity of a 

fluid undergoing a laminar motion in the so-called "steady 

flow" is given by 

{1-3) 

and is called the "apparent viscosity" in the case of non-New­

tonian fluids. The "shear stress" '"C is the stress originating 

the viscous motion and it is defined as the ratio of the force 

F, tangentially applied to a flowing surface S, and the surface S: 

re; = F/S (1-4) 
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The shear stress 41:" is not a pressure although its 

dimensions correspond to a pressure. The neighbouring elements 

of any viscous fluid have different velocities Vz• The shear 

rate)' is defined as the gradient of the velocity of the flow­

ing liquid, and it is given by: 

-~ = (1-5)
dr 

where r is perpendicular to the flow direction. 

The viscosity 1_ is the coefficient of internal friction 

measuring the resistance of a given material to motion. The 

relation between ~ and ~ : 

or 'T. = f ( ~) (1-6) 

defines the rheological behaviour of the liquids. The flow 

curves are diagrams of shear stress as a function of the velocity 

gradient ~ or 

The simplest type of flow curve is obtained when i:c 1s 

a linear function of ~ • The ratio ~ = "t/~ is then constant 

and only one viscosity value describes the rheological behaviour. 

The liquid is a "Newtonian" one. Non-Newtonian fluids such as 

oils, plastisols, molten polymers, do not have a constant 

Viscosity and the relation "t: = f ( ~ ) may be of different kinds, 

and even ha.rd to describe mathematically. However, it can still 

be used to describe the rheological character of the different 

systems. In fact, the relation 
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(1-7) 


where n and koare constants (it is called the "power law") 

describes quite well the flow curves of many materials for 

large intervals of ~ and it can be useful also for classify­

ing the fluids: 

For n.(1 a fluid is called "pseudo plastic". The slope of 

the flow curves becomes smaller with increasing ~ and the 

viscosity ·""1_ = ~!'-/ diminishes with an increase of the 

shear rate (or '"t' which is the equivalent). Almost every 

molten polymer behaves as a pseudoplast within a given 

shear rate range, while out of this range they can behave 

as Newtonian fluids. 

For ri'>1 the fluids are called "dilatant" ones. In such 

systems the viscosity increases with increasing shear rate 

'6• or the shear stress -C:. • Many heterogeneous systems, 

suspensions and plastisols are "dilatant". 

The above classification applies only to 8 Viscous" 

fluid systems, in which the energy causing deformation is dis­

sipated as heat. For "elastic" systems, energy is stored as 

potential energy. In this case, the deformation is reversible. 

Molten polymers behave as "viscoelastic" systems, since they can 

absorb energy in both ways at the same time. The fraction of 

energy being elastically stored during the flow is a function 

of the system under examination of temperature, of the deform.a­

tion velocity and the employed instrument. The elastic defor­
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mation experienced by the polymers under flow might or might 

not follow Hooke's law. 

1.5 Objectives of Thesis 

In the flow of amorphous or molten polymers through 

capillaries, a rather striking phenomenon occurs called melt 

fracture ( 1 ,2, J). This phenomenon manife.sts itself as a gross 

distortion of the extrudate which can take various forms such 

as, for example, a regular helix of wave-length comparable 

with the diameter, a zig-zag distortion, irregular convolutions 

or even complete fragmentation. 

The purpose of this investigation is to explain the 

nature of this phenomenon and how it 1 ~ rA1 At.i:-n_ to the !!?.0::?..2.. · -­

cular structure of the polymer. 



2. GENERAL DESCRIPTION OF FLOW DEFECTS.~ 

2.1 General 

During the extrusion of molten polymers at high stresses 

it is f~equently found that the surface or shape of the extru­

date is fmpaired by the presence of flow defects. The various 

flow defects shown by different polymers are of great importance 

in polymer processing. The most important of these defects are: 

swelling, mattness, sharkskin, melt fracture. 

2.2 Swelling 

Wh """"' ,. ,,. ............ ""' .... ..,..... _ l\T ""-~.......... ........ .,., ~· .. A.,, ... ,...,,. "' ".,,,.,. ... ,,..,:i .,. .........?" .......... 

·~----- -.._.-_ .......... _.._._ _,__ ... -~-··--·-.----.......... --..... ,_._ --- _" _____ ---- ~ 

orifice or tube, the resulting jet is commonly observed to 

expand to a diameter much larger than its initial ejection 

diameter. This effect is sometimes called the "Barus pheno­

menon and is usually referred to industrially as "die swell" 

or "extrudate swelling". This effect has variously been at­

tributed to polymer memory of conditions before the die, to 

shear recovery (4), to normal forces, and to the change from 

a paraboloidal distribution of velocities within the die to a 

flat velocity profile in the solid extrudate (5). 

2. 3 Mattness· 

This phenomenon consists of a loss of surface gloss. 

Mattness does not initiate at a critical stress, and was not 

examined in the present investigation. 

10 
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2.4 Sharkskin 

This defect gives finely spaced, sharp, regular, cir­

cumferential ridges in the extrudate. It has not been inves­

tigated by so many workers as has ·melt fracture. This is 

probably due to the fact that it is not such a catastrophic 

phenomenon and can often be tolerated to a certain degree. 

There is general agreement amongst workers in this 

field that sharkskin is formed either in the die land or at 

the exit. Howells and Benbow (6) propose .that the principal 

cause of this defect is the cyclic build-up. and release of 

surface tensile forces in the extrudate at the die exit. It 

1s also suggested by these authors and others (7, 8) that a 

type of stick-slip mechanism is involved, and it seems proba­

ble that both these mechanisms are closely related to each 

other and to the other view of Kendall (8) that sharkskin is 

due to differential recovery between the skin and core. 

2.4.1 Influence of extrusion variables 

There is general agreement among the workers who have 

investigated sharkskin that, for a particular polymer, shark­

skin occurs at a fixed linear velocity rather than at a cri­

tical shear rate (6, 7, 9). This is well illustrated by Clegg 

(7) who showed that the onset of sharkskin is independent of 

die diameter but considerably delayed by increasing temperature. 

It is also generally agreed by the same workers that die entry 

angle does not influence the onset of sharkskin. 
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2.4.2 Effect of molecular structure 

The information available on the effect of molecular 

structure on sharkskin is incomplete. However, it is generally 

acceptable that sharkskin is not very dependent upon molecular 

weight but is much more severe for narrow than for wide mole­

cular weight distribution (MVID) materials (10). 

The noticeable characteristic of these defects (mattness, 

sharkskin) is that they leave the rest of the flow effectively 

unaltered. 

2.5 	 Melt Fracture 

The flow of molten polymers through dies can be dis-

which exhibits itself as a gross distortion of the extrudate. 

Although considerable research effort has been expended 

on melt fracture, the problem has not been eliminated from 

plastics processing. There is no general agreement among the 

investigators in the explanation of this phenomenon regarding 

its mechanism and the effects of extrusion variables and mole­

cular structure on it. 

Figure 2 is an illustration of the development of this 

type of irregularity with increase in shear rate for polystyrene 

of Mw = 355,000 at 170°c. For 4Q/nr0 3 = 27 sec-1 the extrudate 

3is smooth. For 4Q/rir0 = 83 sec-1 the extrudate is irregular 

(incipience of melt fracture). For 4Q/nr0 3 = 240 sec-1 there is 

a pronounced distortion of the extrudate. 





3. MELT FRACTURE.. SELECTED LITERATURE SURVEY 

3.1 Mechanism 

The gross extrudate distortion described as "melt 

fracture", "elastic turbulence", "waviness", "knobbliness" or 

bamboo1ng" is recognized as a departure from smooth flow which 

arises because polymer melts are elastic as well as viscous. 

This is why the phrase "elastic turbulence" is used, although 

it is clear that the phenomenon is not turbulent 1n the classi­

cal Reynolds sense. 

A number of mechanisms have been proposed for the pheno­

I• • \ 
\J.J.I• 

Reynolds turbulence, outlet phenomena, "viscous" heating, Frac­

ture hypothesis, stick-slip mechanism, elastic energy hypothesis. 

3.1.1 Turbulence 

The first theory for melt fracture, proposed by Nason (1) 

and supported later by Westover and Maxwell (12), was on the 

basis of conventional turbulence in the classical Reynolds 

sense (i.e., when the Reynolds number, the relationship between 

inertia and viscous forces, exceeded a given value). The usual 

criterion for onset of turbulence involves a critical value of 

the Reynolds number. The Reynolds number is 

(3-1) 

14 
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where Vmis the mean velocity of flow, Q the volumetric flow 

rate,ro the capillary radius, ~the viscosity, and e the 

density. As it was pointed out by Tordella (13), if Reynolds 

turbulence does occur, then the critical flow rate will vary 

as the first power of the capillary radius and directly with 

viscosity. In contrast, Tordella found that the critical 

flow rate, in which wavy-type distortion occurs, varies nearly 

inversely with the third power of the radius of the capillary. 

On the basis of extensive experimental data (14) it 

has been shown that turbulence in non-Newtonian systems does 

not occur until Reynolds numbers of the order 2100 are reached, 

as in the case of Newtonian behaviour. The maximum value of 

the generalized Reynolds number at the inception or irregulari­

ties in the work of Westover and Maxwell is 1.6x10-4. Thus, 

it is safe to say that melt fracture does not involve Reynolds 

turbulence (that is, energy is not dissipated into inertial 

eddies}. 

J.1.2 Outlet phenomena 

A second theory (2) was that the distortion was due to 

the differential orientation between the extrudate skin and 

core causing an unstable system. They proposed that progressive 

increases in molecular orientation must accompany increase in 

shearing rate as one moves radially from the center line of the 

tube toward the wall. The re-randomizing of molecular orienta­

tion as shearing stresses (hence shearing rates) are removed 
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upon emergence of the fluid from the tube would cause a greater 

contraction at the surface of the filament than at the center 

line. This buckling of the emerging stream was presumed to 

occur when a critical differential· elastic strain between the 

core and the outer surface of the stream was exceeded. This 

theory is now more in favour in connection with sharkskin than 

with melt fracture. 

3.1.3 Viscous heating 

This mechanism is based on temperature dependence of 

viscosity (15, 16, 17) and notions of a thermal catastrophe. 

It has been postulated that at some stress the heat generation 

sufficiently to cause instabilities of the type under discus­

sion. But it has been shown (18) that the magnitude of the 

temperature rise is no more than 2oc in polyethylene. So 

viscous heating effects seem unimportant. 

J.1.4 Fracture hypothesis 

According to this hypothesis melt fracture is caused 

because of disruption of molecular network at sufficient 

stresses (19, 20). Fracture occurs due to a failure of the 

melt to sustain the high elastic tensile stresses which arise 

in the die-entry region. It is this local melt network break­

down that causes the observable back-flow or recoil near the 

die entry. 
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The idea of melt fracture near the die entry is also 

supported by Tordella (J, 21, 22, 2J). The noise which 

occured in association with the distortion was considered by 

Tordella to be indicative of a type of fracture. Papers by 

Metzner et al. (24), Beyn0n and Clyde (25), Clegg (7), Bagley 

a.nd Birks (26), Mills et al. (27), and Schulken and Boy (28) 

give general support to the idea that melt fracture is caused 

by a fracture or tearing of the melt in the die entry region. 

Reiner (29) proposed that rupture would occur in 

viscoelastic liquids when the stress reached a definite limit 

equivalent to the strength of the material. This hypothesis 

was not supported by Tordella (11) who says that failure of 

this typa would involve, primarily, short-range dispersion 

forces. Were this the case, the failure stress would be ex­

pected to decrease with increasing temperature; dispersion 

forces decrease with increasing temperature due to increasing 

free volume. Similarly, failure stress should increase with. 
molecula.r weight. Free volume decreases as the volume fraction 

of covalent bonds increases with molecular weight. The effect 

is a smaller average interchain distance and increased disper­

sion forces. 

Since the effects of temperature and molecular weight 

are opposite to those predicted by dispersion force considera­

tions, the "melt fracture" does not seem to be of a type similar 

to that proposed by Reiner. 
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3.1.5 	 Stick-slip mechanism 

Howells a.nd Benbow in their paper (6), whilst support­

ing a network breakdo1m. in the region of the die entry, also 

allowed that slip between polymer ·and die wall may be a con­

tributory factor. 

In a paper published in 1963, Benbow and Lamb (JO) 

report various experiments, including motion pictures of mark­

ers flowing in transparent dies, which led them to conclude 

that the distortion phenomenon known as elastic turbulence or 

melt fracture originated in a stick-slip action at the die 

surface. Because of the accelerative effects at the die entry 

this would be the favoured initiation point, but initiation 

could also occur in the die rather than at the entry. This 

slip theory had some support in the work of KennO(Way {31) who 

obtained results for the adhesion of molten polyethylene, poly­

methylmethacrylate and unplasticized PVC. 

The mechanism of stick-slip at the die wall has been 
' 

investigated very carefully by Galt and Maxwell (J2, JJ) who 

employed carborundum particles in low-density polyethylene and 

showed that only 25 per cent of particles near the wall had 

zero velocities, that is, considerable slip occured. Lypton 

and Regester (18) obtained results for high-density polyethylene 

which confirmed slipping at the wall and also found that in the 

vicinity of turbulence, where there was a discontinuity in the 

flow curve, the slip velocity increased very rapidly. Westover 

(34) concludes that for high-density polyethylene, slip is more 
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dependent upon a critical shear stress within the polymer or 

at the die wall than upon a frictional effect. 

To summarize the findings on stick-slip, therefore, 

the latest belief is that above a ·certain critical stress, 

intermittant slipping occurs at the die wall to relieve mo­

mentarily the recoverable elastic strain to which the material 

has been subjected in its passage through the die and which, 

at lower stresses, manifests itself as uniform die swell. The 

releasing of the stored-up elastic energy, possibly assisted 

by a local temperature rise during slip, causes the melt to 

adhere again to the die surface. The extrudate thus emerges 

in a distorted form, showing intermittant rather than uniform 

distortion depending on the shear stress. 

It seems reasonable to expect the greatest tendency for slip 

in the die entry region where the rate of change of stress and 

shear rate are highest. If this is the case, then the influence 

of die entry angle on turbulence is ~ore easy to understand than 

if the first slip occured in the die land. 

J.1.6 Elastic energy hypothesis 

This hypothesis merely points to elastic energy con­

tained within the flowing melt as the likely source of insta­

bility (18, 35}. 

Some authors consider that the Weissenberg number, 

representing the balance between difference of normal and shear 

stresses and itself a function of the local shear rate 1n 
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steady flow, should be a useful defining parameter (35), and 

according to White (35) this number becomes equal to the re­

coverable elastic strain. 

Other authors think that it is accele.ration effects 

in the entry region that are critical and so are led to con­

sider the Deborah number (36) which compares the characteristic 

of the fluid with the characteristic time of the motion. 

Still others seek a more direct measure of elastic effects 

and use the recoverable elastic strain (also a function of rate · 

of shear) as the relevant parameter. This again is to be 

thought of as a directly measurable dimensionless quantity, 

but it can be defined in various ways, depending on the type 

of d.efo:Lfila.tion from which 1--r:::ouVt::i1~y ls wt:ai:nu..eU.. In i.;he pa.rti­

cular definitions considered by White (35) the Weissenberg 

number becomes equal to the recoverable elastic strain. 

The possibility that unstable flow occurs when a cri­

tical elastic strain is exceeded appears worthy of consideration. 

That characteristic which distinguishes molten polymers from 

other liquids is their ability to deform elastically. Dis­

tortion of the coiled molecules from their equilibrium con­

figuration occurs in shear and constitutes the elastic strain. 

Substantial elastic strain is imposed at shear rates at which 

"melt fracture" occurs. 

Spencer and Dillon in their early work (2) found that 

the onset inlet melt fracture was characterized by a critical 

average elastic strain of about 3 units. The strain was 
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assessed from the degree of swelling of the emerging polymer 

stream. Bagley (37), using a correlation of Philippoff and 

Gaskins (J8) between the inlet correction and elastic strain, 

found a critical value of about 15 strain units for branched 

polyethylene and 6 for linear polyethylene, 7 for polystyrene 

and polymethylmethacrylate. Tordella (J9) and Menefee (40) 

found a critical value of 5 units for a variety of polymers, 

including both branched and linear polytheylene. 

According to this mechanism, fracture involves the 

time-dependent character of the viscoelastic polymers. At 

short times deformation of molten polymers is not merely a 

viscous process. Substantial elastic strain is imposed and 

failure is consequent upon inability cf the structure to de­

form further elastically. 

Support for the critical strain, fracture hypothesis, 

is found in the experiments of Philippoff and Ga.skins- (J8) 

with solutions of polyisobutylene. Recoverable, elastic shear 
' 

strain of these solutions increased linearly with stress up to 

10 or 12 units: Hooke's law in shear applied in this range. 

Beyond this limiting strain, shear strain increased sharply with 

stress to a level of about 600 units. Apparently, polymer 

molecules in solution disentangle and uncoil at strains above 

a critical strain. In bulk, rupture or fracture appears to 

result instead. 
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3.2 Influence of Extrusion Variables 

The workers cited above generally agree that stream­

lining the die entry reduces the tendency for turbulence. 

Tordella (3) reported that there was a 12-fold increase in 

critical rate in changing from a flat entry to one of 20° in­

cluded angle. Other people have not found such a large improve­

ment, and in particular Metzner et al. (24), and Metzger et al. 

(41), have reported that in the angle range 180°-40° there is 

virtually no improvement. However, in the former work (24), re­

sults between 40° and 20° showed a marked increase in critical rate. 

Hammond (42) and Ferrari (43) have carried out very de­

tei1~d ~Yp~~1mP.nts to optimize die design for wire coating. 

Hammond worked with low-density polyethylene and determined 

critical rates for various entry angles with different flow 

grades. He concluded that for best results a multiple angle 

die, such as 20/8/3°, with a land length of about 10:1 should 

be used. Ferrari carried out similar work with high-density 

polyethylene, polypropylene, foamed polypropylene and PVC. 

He found that polypropylene was very sensitive to entry angle 

but that PVC was relatively unaffected by changes· in angle 

although very sensitive to changes in land length. Foamed 

polypropylene showed a 10 to 20 per cent higher critical rate 

than normal polypropylene. The best die design was concluded 

to be one with an initial entry of 60°. changing in a conical 

manner to the final parallel section. This die gave 15 times 

the critical rate of a single taper die of the same length. 
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Tordella (J) reports that apparent critical stress 

values were higher for smaller length/diameter (L/D) ratios; 

later work does not mention the effect on stress but there is 

general agreement (24, 41) that the critical shear rate for 

melt fracture is increased by increasing L/D and also that the 

severity of turbulence is reduced for longer dies (8, 9, 39). 

Metzner et al. (24) report an interesting experiment in which 

they extruded from an "infinite" tube with no entry region, 

previously filled at low pressure and allowed to relax for 

about 10 hours. Under normal extrusion conditions turbulence 

was obtained at 135 sec-1, but with the entry-free experiment 

the extrusion at this shear rate was completely smooth. From 

this it was concluded that the entry provided the site for 

melt fracture. 

In view of the dependence of apparent critical stress 

on ratio L/D, it might appear desirable to do all experimental 

work in long capillaries wherein inlet losses are negligible. 

There are va.lid reasons for working in short capillaries. First, 

the degree of distortion of the emerging stream decreases with 

increasing L/D. Consequently, critical rate may be difficult 

to detect using long ca.pillaries with the result that use of 

short capillaries can be more convenient. Secondly, short ca­

pillaries are technologically important, and knowledge of the 

variation of critical stress with L/D may be desired. 

The influence of die diameter has not been evaluated 

thoroughly but Westover and Maxwell (12) and Tordella (39) 
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report that larger diameters are more prone to turbulence. 

Several workers have examined the influence of die 

finish and material of die construction on melt fracture. It 

is agreed (JO, 44) that finish has no effect, although small 

but apparently significant differences in critical stress were 

found for capillaries of different materials of construction 

(JO). Branched polyethylene was found to have a critical 

stress of about 1.5 x 106 dyn/cm2 in brass, nylon, and copper 

capillaries, 1.J x 106 dyn/cm2 in capillaries of nickel, silver, 

and steel, and 1.o:x:106 dyn/cm2 in capillaries of phosphor 

bronze, and "silver steel". 

Stua.t es by '1'ordella ( 3. 22) and Spencer and Dillon (2) 

on fracture of a variety of polymers showed that the critical 

shearing stress corresponding to incipient occurrence of irregu­

larities was temperature-independent for polyethylene from 

130° to 240°, for polystyrene from 210° to 260°, and for metha­

crylate from 140° to 220°c. For PVC the reverse relationship 

has been found (45). There is, however, general agreement 

that increasing temperature gives a higher critical extrusion 

rate before "turbulencre". 

J.J Effect of Molecular Structure 

J.J.1 Molecular weight 

The idea that melt fracture is caused by a failure ot 

the elastic network suggests that it should occur more readily 

the higher the molecular weight, since longer molecules form a 
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more entangled network which, because of the restrictions to 

flow, caused by entanglements points, is broken down at a 

lower rate of shear than would be the case for a low molecular 

weight. Most workers (2, 27, 37) have found that as molecular 

weight decreases, critical stress increases; in fact, the pro­

duct of molecular weight and critical stress is approximately 

constant (2, 37). For PVC, however, Sieglaff (45) does not 

support this conclusion. Also Barnett's (46) data on poly­

propylene show that the product of molecular weight and critical 

shear stress is not a constant but the critical shear stress is 

constant. So far as processing goes, it will always be true 

that as molecular weight decreases, viscosity decreases and 

~ne 0~1t.1oal ext!'1ision r~te fer ~clt fractur~ inc~ea~~B. 

3.3.2 Molecular weight distributio~ 

Most investigators (6, 47) of the i~fluence of poly­

dispersity of polymers on melt fracture find that critical 

stress is independent of polydispersity, but Mills et al. (27) 

find, for high-density polyethylene, that as polydispersity 

widens, the critical stress is increased. So far as the cri­

tical rate is concerned, there will generally be a considerable 

increase with increasing width of distribution. 



4. CAPILLARY FLOW 

4.1 Theory 

The basic equations which describe the flow of a fluid 

in a capillary are the equations of continuity, momentum,and 

energy, which are mathematical formulations of fundamental 

physical principles of conservation of mass, momentum and 

energy, respectively. These equations in their most general 

form are: 
\ 

Continuity equation~ 
DE: ­= - e('Q.V) 	 (4-1) 
Dt 


Momentum. equation­

(4-2) 

Energy equation~ 

DT - (=S<:Jp) - = ­eCv - = - (V.~) - T -:---T e' (\"J. V) + (T.:VV) (4-3)
Dt 

The vector form in which the continuity, momentum and 

energy equations are written above has the adva.ntage of making 

the equations concise and independent of coordinate systems. 

In analyzing flow problems, however, one must usually select 

a coordinate system and resolve the vector and tensor quantities 

into components. The choice 	of a coordinate system depends 
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primarily upon the geometry of the boundaries of the fluid. 

The geometry of the problem and the coordinates used are given 

in Figure 3. 

c 
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I 

CD--1­~ro-1 

FIG. 3. SCHEMATIC ILLUSTRATION OF THE FLOW 
IN A CAPILLARY TUBE . 

In cylindrical coordinates (r, 0, z}, equation (4-2) 

may be represented in terms of-C, by the following equations, 

assuming gravity to be the only field force present: 

r-component­

(4-4) 
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-0-component-

CJv6 ~v9 Ve- ~v0 vrve v;Jv0 )
e<-+vr -+- -+ - + - = 
· ~t ~r r ~a r <;;}z 

= -	 .!.. ?P _f~ :J (r~re> +.!..<;)Lee + 'JcezJ +l:_ge (4-5) 
r ~ l r or 	 r ~e ~ z J 

(4-6) 

The shear rate dVz/dr is always negative, since r is measured 

from the center line, and'lrz is always oositive. i.e •• the 

momentum is transferred from the center line towards the wall. 

Therefore, to define an apparent viscosity which will not be 

constan.t, we have 
dVz)

'l:rz =-~a(­	 (4-7)
dr 

where1_a is the true apparent viscdsity. 

For the purpose of mathematical development the follow­

ing assumptions are made: 

1. 	 The flow is steady (all partial der1vat1Yes with respect to 

time are zero). 

2. 	 The axial component of the velocity (Vz) is assumed to be 

a function of the radial distance r alone. The radial and 

~angential components (Vr, Ve) of the velocity are assumed 
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zero. CVr is assumed to be negligible in comparison to 

Vz, and v9 is zero because of axial symmetry.) 

J. 	 End effects are neglected with respect to the development 

of the velocity profile. 

4. 	 External forces,s~ch as gravity, are neglected. 

5. 	 Laminar flow prevails throughout. 

6. 	 There is no slip at the walls. 

7. 	 The non-Newtonian nature of the fluid can be taken into 

account by using the ordinary Newtonian expression for the 

momentum flux, but with the coefficient of shear viscosity 

taken to be some assumed function of the local shear stress. 

8. 	 The flow is isothermal. 

m 1 • J.. 	 It t '\h.1.;;1en tnese assump1.1io:ns are made, t e equations \4-4J and 

(4-6) reduce to: 

CVP 1 ~ ·-zee 
0 = 	- - - - ( r1.'rr> - - {4-8) 

~r r ~r 	 r 

{4-9) 

From equation (4-9) 

~ 	 ~p 
d (r'trz> = - - r~r 

~z 

that is, r dp 
'Lrz =- - (4-10)

2 dz 



At the wall, r = and "t'rz ="t'wr 0 

dpr 0 (4-11)L'w =-­
2 dz 

Dividing (4-10) by (4-11) we get: 

r 
·-.:: rz = - '-c'w (4-12) 

ro 

The boundary condition is V z = 0 at r = r 
0 

for no slip at the 

wall. 

The volume flow rate in a laminar steady state flow 

through a circular tube or capillary of radius r is related 
0 

to the velocity Vz(r) by: 

ro 

Q = j 2qr Vz(r) dr (4-13) 

0 

We have from equation (4-12) that: 

r0"trz 
1 

r = 

Equation (4-13) becomes: 
2 "Lw 

(4-14)Q = 21\(~) JLrzVzd'l:"rz 
0 
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r~ 
The velocity may be given by: 


dV )
__.z. drVz = 
4r 

r 
that is, 

'"tw 

(4-15)J(- ::> d'trz 

-Crz 

Combining equations (4-14) and (4-15) we have 

dV) · ~ d"t'rz<tt'rz 
dr 

that is, 
'""t'.w 'tw 


4Q 8 

(4-16) 

\l r 
0 

3 = 'tw3 fcrz I ~ 
o Lrz 

Integrating by parts: 

4 dV )~ d'_, (4-17)Lrz 

'twfTrz(­= 'tw3 dr 
o 

Equation (4-17) is the general equation which relates the flow 

to the velocity gradient in the system. 
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dVz ) , and equationsFor a Newtonian fluid ( ­
dr 

{4-15) and (4-16) integrate to: 

2 2 r dp r 
Vz = - ....£_ ( 1 - - 2 ) (4-18)

4\' dz · r 
0 

and 

r dp4Qr ... __'l_r_3_ =--0 (4-19) 
2 \'- dz0 

The latter equation can be used to define a capillary shear 

4Q '-r'diagram as J versus t. w· 
ro 

For a non-Newtonian fluid, it is possible to define 

an apparent viscosity as: 

'L~ 
t, ,.... I-! I.j1 '+""ll qr0 If 

;> 

dVz)
= ,,.._, = J-Crz(- dL.rz (4-20) 

"T.w4 dr'1_ap '-w 
0 

where1ap may be distinguished from''la as defined by equation 

(4-7), i.e., 

The term\ = 4Q/qr 3 is sometimes called the pseudo-shear rate.
0 

Rabinow1tsch (48) obtained a simple relation between 

the flow rate and the wall shear rate (or between'la and'"Y£.ap>• 

Differentiation of equation (4-17) gives: 

http:Crz(-dL.rz
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(4-21) 

that is, 
4Q 1 . 2 l: 3• ·w.Jt + w

-~-r-03- 4~2 w 4Tw2 
(4-22) 

(4-23) 

Equation (4-2J) can now be used to obtain the basic 

shear diagram, 1.e;. for any given value of'~w• the value of 

4Q/tir0 3 may be obtained from the data, and the slope of the 

curve m.q,y Rl Flo bP. ohbl1 nP.n th':" roint. hence (- -~V~-)w !!!.~Yi:it; 
' U...I. , 

be calculated. Both Lw and (- ~Vrz)w are obtained at the same 

point and hence are the terms of the basic shear diagram. 

There ls no need to assume any kind of rheological law for 

this calculation. 

4.2 Errors in Capillary Flow 

4.2.1 Slip at the wall 

The equation (4-14) may be modified for slip-at-the­

wall conditions by allowing for a slip velocity V8 : i.e., the 

new boundary condition at the wall becomes Vz =Vs as opposed 

to Vz =O. So, 
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r 
vz = v + --2.. (4-24) 

s Tw 

Combining equation (4-24) with equation {4-14) we have a rela­

tion similar to equation (4-16), that is, 

LW Tw 
4V8 8 

= - + .--"J 'Lrz
f f (­ro t"w 
0 l:rz 

Integrating by parts, as before, we have an equation similar to 

equation {4-17) 

(4-26) 

Oldroyd (49) defines: 

'tw 
( , 2 (- dVz )and J t rz dr 

0 

Substituting the above relations into equation (4-26) we have: 

{4-27) 

A· plot of 4Q/\')r0 3 versus 1/r0 will determine both ·~ and~· 

With this information we can then obtain the true basic shear 

diagram. 



As can be seen from equation (4-27) at any constant 

~Lw• for a system with slip, increasing the diameter will de­

crease 4Q/~r03, but there is no effect of length if steady 

state is obtained. Hence, a plot of 4Q/~r03 versus'Lw will 

determine the existence or the absence of slip. If slip is 

present then the slip velocity may be easily determined from 

Oldroyd's parameters. 

4.2.2 End effects· 

This analysis of flow in a capillary, described in 

section (4.1) is based upon the assumption that a simple shear 

flow exists. This is achieved in steady state, laminar, 1so­

thermal flow in a tube of constant cross section, as long as 

one does not consider regions near the entrance and exit of the 

tube. If these end effects cause an appreciable amount of pres­

sure drop, the estimation ofl:'w by equation (4-10) is in error. 

The accuracy in calculating the end effects for pipe 

flow is far from satisfactory, even for Newtonian materials. 

The treatment is complicated by the fact that pressure-drop 

measurements are usually made between two reservoirs, and thus, 

there may be both an upstream entrance effect and a downstream 

exit effect. These in turn involve frictional losses and ki­

netic energy corrections associated with the change in velocity 

and the development of the velocity profile. It is preferable 

to design a capillary instrument so that end effects are neg­

ligible. But this is not always possible, for the case of 

molten polymers. 
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It will prove convenient in the discussion to refer 

to the various regions shown in Figure (4 ). Region 3 is 

designated the region of steady flow. The development of the 

steady flow velocity profile occurs in region 2, the entrance 

region. The length of tube required for the complete develop­

ment of the steady flow velocity profile is designated as Le. 

This length is generally a function of tube diameter and some 

dynamic parameters. For example, for Newtonian fluids, the 

"entrance length., depends upon the Reynolds number (4) 

Le/D = 0.035 

where Re represents the Reynolds number for the flow in the 

tube. 

Obviously, if one applies the equations developed for 

region 3 to the over-all tube, the entrance region will intro­

duce certain errors. 

One method of minimizing the effect of the entrance 

length is to use a viscometer tube so long that the pressure 

drop over the entrance region is very small compared with the 

drop over the entire tube. This means that if L is the total 

tube length, then Le/L must be small, perhaps of the order of 

0.01. Because of the high viscosity of polymer melts, however, 

it is difficult to work with long capillaries. 

An empirical method of correcting for entrance effects 

has been developed by Bagley (50). In Bagley's technique, the 

equation for shear stress is modified by assuming that the 
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FIG. 4. REGIONS ASSOCIATED WITH FLOW THROUGH TUBES. \ 
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entrance effect is a function of the capillary dimensions. 

If experimental data from a series of capillaries are avail­

able, the correction term can be obtained by extrapolating 

to zero pressure the linear plot of pressure versus L/D (at 

constant shear rate). This correction term is strongly de­

pendent on the shear rate and it also varies from one polymer 

to another. If the correction terms are determined and the 

shear stresses re-calculated, flow data from different capil­

laries reduce to a single curve. 
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The procedure developed by Bagley is outlined below 

(4). In the entrance region, fluid particles entering the 

tube from the reservoir are accelerated to their final steady 

flow velocities. The energy consumed in this process causes 

the pressure to drop more rapidly in this region than in the 

steady flow region. As shown by Figure S , the pressure 

gradient decreases throughout the length Le of the entrance 

region and eventually reaches a constant value that is main­

ta1ned over the length L8 of the steady flow region. 

p 

t 

L 

FIG.5. CORRECTION OF THE TUBE LENGTH BY THE ADDITION OF LENGTH 

ND IN ORDER TO CALCULATE THE PRESSURE GRADIENT . 
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. 
In the steady flow region the shear rate~w at the 

tube wall can be calculated w1th equation (4-23) if the shear 

stress'L'w at the tube wall is known. Hence, the entrance 

correction problem is essentially one of determining the true 

value ofTw from the over-all measurements of flow rate and 

pressure drop. 

Noting from equation (4-2J) that l'w is a unique 

function of the parameter r = 4Q/nro3• we have 

lw = D/4 PS = gCr> (4-28) 

where Ps is the pressure gradient in the region of steady flow. 

It is clear that 

p s = ( AP ) (4-29) 
L+ND 

where ND, as shown by Figure 5 , represents a fictitious tube 

length, that when added to the actual length enables one to 

use the over-all pressure drop in calculating the gradient in 

the steady flow section. 

The expression for the shear stress at the wall in 

the steady flow section of the tube (equation (4-29) ) can riow 

be written 

= D ( bP ) = 1:'w rcr> (4-JO)
4 L'\'ND 
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Upon rearranging, equation (4-JO) becomes 

L AP 
N + 	 (4-Jl)= ­

D 4f (f) 

which suggests that the value of N might be determined from 

flow measurements made with a series of capillary tubes having 

different L/D ratios. For each tube, the pressure drop b.P, 

giving some specific value of r = 4Q/f')ro3, would be determined. 

Then, by plotting L/D versus 6 P, a straight line having -N 

as an intercept would be obtained, and from equation (4-JO) 

corrected values of shear stress would be calculated. 

4.2.J 	 Heat effects 

Deformation gives rise to frictional forces within the 

and this friction dissipates a part of the kinetic energy 

of the fluid and causes it to appear as heat. This generation 

of heat can lead to significant temperature variations across 

the shear fields. One concludes from this that no flow is iso­

thermal, despite any precautions of thermostating the boundaries 

of the system. 

Because fluid properties such as viscosity are rather 

strongly temperature dependent the shear stress-shear rate 

relation is considerably altered by non-isothermal effects. 

Hence, a shear stress-shear rate curve obtained under non-iso­

thermal conditions does not reflect the basic fluid response 

independently of any temperature-dependent effect. In this 

case, one must be able to correct any calculations based on an 

isothermal analysis and separate that part of the response due 



41 


to non-isothermal behaviour from that part of the response due 

to non-Newtonian behaviour. This would require a knowledge of 

the temperature field in the fluid as well as a knowledge of 

the effect of temperature on fluid properties such as viscosity. 

Let us now consider the application of the basic flow 

equations to the problem of the extrusion of molten polymers 

through small capillary tubes of circular cross section at 

such high shear rates that the heat produced by viscous dis­

sipation is of importance (4). The same assumptions are made 

as in section 4.1, but now we allow for changes in density and 

temperature of the fluid. So equations (.4-1), (4-3), (4-6), 

become: 

(4-32) 

~Vz c:Jp 1 d l dVz 1£Vz(-) = - (-) + - - r'lla(-) (4-JJ)
Jz dz r dr C dr 

The boundary conditions are: 

T = To at z 0= 

~T 
-=0 at ~'.t:"· ·= 0 
dr 

T = To at r = ro 
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where T. is the reservoir temperature of the fluid, and K, e , 
0 

and Cv are the fluid thermal conductivity, density, and heat 

capacity, respectively. 

The total differential of the fluid density e, is 

written 

do = <'d@ ) dT.+ ( 'Je ) dP (4-35)
L ~T p ~p T 

which can be put in the equivalent form 

(4-36) 

. , 

by introducing the quantities k, and b, where k is the coeffi­

cient of thermal expansion and b the compressibility of the 

flu.id. These quantities are defined by the equations 

k = - i /~;.lp 

b = (:lg_)1 (4-37)t ~p T 

From equation (4-36) it can be shown that 

(~) (4-38)
b 

To consider the variation of the fluid density with the z 

position coordinate, equation (4-36) is written 

(4-39} 
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and upon introducing (4-39) into the equation of continuity 

(4-32) one obtains 

- c:.dT ~p J
= v k(-) ·-b(-) (4-40} 

z 'dz dz~ 
If one now introduces (4-38) and (4-40) into the equation of 

momentum and energy (4-33) and (4-34) one obtains 

2~ ~T Cjp ~ dP 1 J l- S)vz ] evz k(~) - b(o;-) = - (~) + - ~ r·1)a(c;:-) (4-41) 
~ oz dz r dr C dr 

(4-42) 

Equations (4-41) and (4-l~2) constitute a pair of simultaneous 

non-linear, partial differential equations. Solutions of 

certain special cases of these equations have been obtained. 
' 

For example, if the fluid properties are assumed constants, 

in which case the isothermal velocity profile is known, solu­

tions exist from which the temperature profile may be calcu­

lated as a function of axial position. Bird (15) gives solu­

tions for the case of the power law fluid with either the 

isothermal or adiabatic wall. Toor (51) solves a similar pro­

blem but allows for comp'ressibili ty of the fluid and its 

accompanying heating or cooling effect. Siegel et al. (52) 



gives solutions for the Newtonian fluid with boundary condi­

tions specifying constant prescribed flux at the tube wall. 

The simplest case studied was that of Brinkman (53), for the 

Newtonian fluid with temperature-independent properties, with 

either isothermal or adiabatic wall. 

None of the studies named accounts for the alteration 

of the flow field arising from viscosity variation across the 

radius of the capillary and so none of these studies may be 

used to correct viscometry data. The major use of the results 

of these workers is the estimation of the temperature rise 

experienced by the fluid. Capillary viscometry of highly 

viscous materials should always be accompanied by an estimate 

of temperature rise due to viscous heating. If the estimate 

of the maximum temperature rise is small, say from 1°c, then 

one might judge that the results need not be corrected at all 

for heating effects. If the estimated temperature rise is 

large, then one is faced with the problem of rejecting the 

data or accepting the results as subject to significant error. 

In order to calculate the temperature rise due to 

viscous heating, in our experiments we used a nomograph that 

has been prepared by Middleman (54). This nomograph yields 

the wall temperature at the outlet of a capillary (or at any 

axial position in the capillary) and it is based upon Bird's 

solutions for the power law fluid with adiabatic wall. (Ex­

perimental results (55) indicate that the wall of a capillary 

behaves in a nearly adiabatic manner under usual operating 
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conditions.) Figure 6 shows Bird's solutions, plotted as a 

dimensionless wall temperature as a function of a dimension­

less axial variable with n as parameter. The dimensionless 

variables are defined as: 

4Kk i/n
0 ( 3n + 1 )2eo = (T- T

0 
) (4-43)

02;Cn+1)/n 2n 

4 n+1 zz·
0 = (4-44) 

Pe ' 3n+ 1 D 

where l:w is the wall shear stress (for our experiments the 

corrected shear stress) and Pe''. is the Pe'clet number Pe' = 

D VfileCv/K). This nomograph neglects the effect of non-

approximations. In cases te:sted by Middleman (.54) it was found 

to be accurate to within a factor of 2, in comparison with the 

use of the exact relationships. 
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0.001 0.01 0.10 1.0 

FIG. 6. DIMENSIONLESS WALL TEMPERATURE RISE DOWN 
THE LENGTH OF A CAPILLARY DUE TO VISCOUS 

HEATING. 
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The nomograph shown in figure 7 is based upon the 

solution for fully developed capillary flow of a power law 

fluid (15). That solution gives the temperature rise at the 

wall of the capillary at some axial position z, under the 

assumption that the wall is adiabatic. To simplify the nomo­

graph, approximations were made which essentially remove any 

dependence on the power law index n. In examples tested, the 

nomograph yields a temperature rise within a factor of 2 of 

the analytical solution. Hence, it provides a rapid estimate 

of the order of magnitude of the effect of viscous dissipation 

in a highly viscous caoillary flow. 

All scales are in cm/g/sec units. A short table of 

thermal properties of polystyrene is also given. Note espe­

cially, that k must be in cm/gm/sec units. 

Move from left to right across the nomograph. For a 
•

given set of data, begin by connecting points on the·~ and i; 

scales, and find the intersection of this line with Reference 

scale 1. Connect that point, through D, to Reference scale 2, 

and so on across the other scales to the temperature scale. 

The value of b.T is an estimate of the temperature rise at the 

wall of the capillary, at the given value of z/D. 

!hermal Properties 

2
K ( g. cm ) cmK/ecv<->

sec'3°c sec 


Polystyrene 1. 2 x 104 6.2 x 10-4 
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Fig. 7. Nomograph for Estimation of Temperature 
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4.2.4 Laminar flow 

The flow of molten polymers is usually laminar. Be­

cause of their high viscosity one cannot reach the critical 

value of Reynold's number where turbulent flow is encountered. 

4.2.5 Expansion of the fluid 

The correction for the fluid expansion along the capil­

lary changes the value of Q. For polystyrene one can calculate 

this correction from the equation of state of the fluid as 

given by a Van der Waals type equation (56): 

. , 

(V- 0.882) (p+ 27,000) = 11.6T (4-45) 

where V is the snecific volume in cm3/g, !> thP. prP.~m.1,..-:- i!! :psi 

and T the absolute temperature. Differentiating, one has 

c<=Jv/Jp)T = - 11.6T/(p + 27,000) 2 cm3/g.ps1 (4-46) 

If the pressure drop is linear along the capillary, by measuring 

Q (and hence ~w) halfway along the' capillary, one has to 

correct Q by the following amount: 

(4-47) 


where p is the extruding pressure in psi. 



so 


4.J Normal Stress Effects 

To this point, the analysis of capillary flow has 

been limited to the measurement of the shear stresses, or 

the corresponding forces, required to maintain a simple shear 

flow in a capillary tube. It is known, however, that many 

fluids, when subjected to a simple shear flow, develop not 

only shear stresses but also normal stresses. The normal 

stresses are associated with both the static pressure P and 

a normal shear. For steady state capillary flow the normal 

stresses are (57): 
. 

Prr = - p+~rr (4-48) 

( lJ._lLO \ P-. ~ = - n+"L~- . . . ,, . 
"1:10' l:H1 

p =-P+L (4-50)zz zz 

In order to generate information specifically about 

the dynamic stress components, it is necessary to "remove0 the 

influence of p from the measurement. This is most commonly 

achieved by presenting results in terms of stress differences. 

So, for equations (4-48), (4-49), (4-50), we have: 

Prr - Pee = 'Lrr - Zee = 'l:rr = 0-2 (4-52) 

where all stresses are a function of both r and z. that is, 

Pzz(r,z). It is by no means easy to evaluate the normal stress 



terms, and there is considerable disagreement on how measured 

variables are to be translated into meaningful results (5, 58, 

59, 60). The first capillary jet experiments reported were 

by Philippoff and Gaskins (JS, 61, 62). 

The termo2 can be evaluated from a detailed knowledge 

of the conditions within the capillary tube. From the equation 

(4-8) we obtain 

or 

~Prr = -('1'.rr : Teo\= _ c>r2 (4-5J)
dr ) 

Integration of this between o and r gives 

r 

Prr (r, z) - P ( o , z) = - J<>2dlnr (4-54} 

0 

since by symmetry at the tube axis, ·?;l""{o,z) = o. At the exit 

of the tube z =L, and at the wall '<"" =r 0 • Thus, 

ro 

Prr(r0 ,L) = p(r0 ,L) - f <>2dlnr (4-55) 

0 

Differentiating with respect to ln't..;., and using the linear 

variation of'Lw over the radius (equation 4-12) gives: 

(4-56) 
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The expression (f2 (lw2 ) means that~ 2 will be a unique function 

11 ( -~) 2w. Sakiadisof the square of t he s hear rat e a t the wa , 0 

(63) assumed that the last term was zero because the system 

was open to the atmosphere; that is, at the center line, the 

stresses are zero by symmetry and only the pressure exists. 

This is ta.ken as the ambient pressure P0 and does not change. 

= = 0 

Sakiadis then obtained a non-zero cr-2• White (60) has criticized 
. , 

Sa.kiadis' use of equation (4-56) for his data, so these results 

are open to question. 

The termt>1 co.n be evaluated from an integral momentTu~ 

balance written for the jet issuing from a capillary tube. 

This takes the form 

2 2 2Jo2'1r~V/dr - r'l..qrPzzdr +'l.Jir(rj - r 0 ) -<ir0 = \\rj e_vj =p0 


0 0 • 


2; 2 
= t Q "r j . (4-57) 

where the subscript j refers to the jet and p
0 

is the ambient 

pressure, usually taken as zero, without loss of generality. 

The third term accounts for surface tension effects, and is 

probably small at high exit velocities (58). This assumption 

is usually made in data evaluation (60, 64). It is easiest 

to assume a power law for Vz and differentiate equation (4-57) 
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to obtain an expression for Pzz{r0 ,L) in terms of the surface 

tension contribution and terms involving the jet contraction 

or expansion ratio (64). An equivalent approach (60, 63) is 

to use equations (4-51), (4-52) to give 

then combine this with equation (4-54) to obtain 

r 

Pzz (r, z) = p( o, z) - f(J" 2dlnr +<>1 -.r2 (4-58) 

0 

At the wall, equation (4-58) becomes 

ro 

P zz( r ,L) = p( o ,L) + <r1 ( ~wl -tli ( :.{w> - Ja-2dlnr (4-59)0 

0 

or, if we use equation (4-55) we obtain 

P (r ,L) (4-60)zz 0 

Sakiadis (63),in effect, neglects Pzz(r0 ,L) in equation (4-60) 

and calculates <S 1 from<>2 obtained from equation (4-56) and 

the pressure p(r
0 

,L). Because of existing questions of this 

measurement, White also questioned the use of equation (4-60) 

to interpret the data as measured. 

Gavis and Middleman (58) have considered the source 

for the axial normal stress Pzz• concluding that there is, in 

addition to the internal normal stress,a profile relaxation 
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stress occuring outside the tube. The profile relaxation 

stress occurs in any fluid and is associated with the change 

in the velocity profile from that within the tube to the flat 

profile in the jet. The external normal stress develops in 

viscoelastic materials because of the change in the rate of 

shearing during the velocity profile relaxation (an elastic 

reaction to the change). Of course there is also the effect 

of surface tension or surface traction. Clearly, the simple 

jet is a complicated tool and measurements should be made with 

caution; it is not surprising that there are differences re­
. , 

ported in the literature (63, 65). Savins (59), as still an­

other alternative, has suggested the use of a pitot tube 

within the pipe to obtain a measure of 

and thus, by equation (4-58), to obtain information anda-1 

and <l-2 • 



5. EXPERIMENTAL WORK ;) 
' 

5.1 A'Pparatus 

The equipment used in this study was a capillary 

rheometer (melt indexer·) purchased from Monsanto Research 

Corporation, which is shown in Figure 8 and consists of the 

following:­

1. Rheometer ram stand with pressure gauges 

2. Rheometer extruder barrel 

J. Temperature controller cabinet. 
; 

Nitrogen was supplied in the piston from commercial cylinders 

were obtained through the dual-stage pressure regulator and 

accurately measured by the Rheometer's gauges. The barrel is 

a stainless steel cylinder having three heater bands {top, 

middle and bottom) wrapped directly around the barrel, spaced 

evenly along its length. By means of a retaining nut, orifices 

of different dimensions can be installed at the bottom of the 

barrel. The geometrical characteristics of the capillaries 

used are shown in Table I. The temperature controller unit 

was operated over a temperature range of 170°-250°c and could 

be controlled to about t 1oc:at any temperature in this range. 

The procedure followed during a run was as follows: 

1• With the rheometer at test temperature, (with piston and 

oriface in place), about 10 gr of polymer were packed into 
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Table'!. Dia.meters and Length/Diameter 
\~ 

! 	 Ratios of Capillary Tubes 

Capillary Entrance 
Arigle 

Diameter L/D 

no. cm 

·~. 	 1 60° 0.172 10 

2 60° 0.104 'V 15 

J 
. ' 

60° . -0.0812 \~/ 19.5 

., 4 
" 60° 0.071 	 24 
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the 	barrel incrementally to minimize air entrapment. 

2. 	 Sufficient time was allowed to elapse (about 45 minutes) 

to insure that the material was at the desired temperature. 

J. 	 After the preheated time had elapsed, one inch of piston 

motion was extruded. Usually the first sample contained 

air bubb1es and was discarded. When a steady flow had been 

obtained, the extrusion rate was determined by weighing 

samples of the extrudate collected over timed intervals. 

4. 	 A higher pressure wa.s then built up through the dual pres­

sure regulator, and the above process was repeated to ob­

tain data at a second pressure. ln this way, data were 

obtained for extrusion rates at a series of driving pres­

sures but at a constant temperature and the same polymer 

(and of course the same capillary). The incipience of 

fracture was visually determined by the appearance of a 

pronounced waviness in the extrudate. For polymers samples 

with Mw under 400,000, the extrudate was smooth and straight 

right up to the critical shear stress. For molecular weights 

above 400,000 the extrudates showed a loss of surface gloss 

and a mild surface roughness (sharkskin) before critical 

conditions were reached, both for narrow and broad distribu­

tion samples. 

After the completion of the experiment, the remainder of the 

specimen was discharged and the orifice was pushed out through 

the top of the cylinder. The orifice was cleaned by dissolving 

the residue in a solvent {THF). A new orifice was adjusted and 
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the barrel was charged with a new polymer sample. This pro­

cedure was followed for all the samples used. 

5.2 Materials 

Five polystyrenes of narrow molecular weight distribu­

tion were obtained from the Pressure Chemical Co., Pittsburgh, 

Pa. Th.ey ranged in reported Mw/Mn from 1.06 to 1.20. Nine 

broad distribution polystyrenes were prepared by blending of 

fractions of narrow molecular weight distribution polystyrenes. 

The blending of fractions was done by dissolving components in 

tetrahydrofurane (at room temperature), then precipitating and 

filtering with purified methanol. The molecular weights of 

(5-1) 

- 1 
~= (5-2) 

where wi ls the weight fraction of the i component. 

The characteristics of the materials used are listed in 

Table II. 
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Table It Pol!mer Samnles Used 

--	 MzMz+1 
~ ~ 

~2 
Sources of Sample 

Mn Mw 

97,200 <::__ 1. 06 1.25 Pressure Chemical Company 

128,000 2.9 2.86 	 Blend 20,400 (0.40) 
+ 200,000 (0.60) 

200,000 c. 1. 06 1.25 	 Pressure Chemical Company 

204,430 6.9 9.02 	 Blend 20,400 (0.65) 
+ 498,000 (0.25) 
+ 670,000 (0.10) 

207,250 9.21 as.6 	 Blend 20,400 (0.895) 
+ 1,800,000 (0.105) 

. , 

207,300 2.78 6.15 	 Blend 51,000 (0.65) 
+ 498,000 (0.35) 

212,000 2.71 5~69 	 ~10~~ ..,/~1.... ' 000...... ....,._ (0 ~n\ ___....._ '...., ....,,,.,,,,,, 
+ 200,000 (0.06) 
+ 498,000 (0.34) 

355,000 2.92 	 Monsanto Research 

Serial DD-0353 


498,000 <:::: 1.20 1.25 	 Pressure Chemical Company 

600,000 2.32 8.42 	 Blend 200,000 (0.75) 
+ 1,800,000 (0.25) 

670,000 < 1.10 1.25 	 Pressure Chemical Company 

760,000 2.60 5.76 	 Blend 200,000 (0.65) 
+ 1,800,000 (0.35) 

1,060,000 2.31 3.10 Blend 200,000 (O.JO) 
+.498,000 (0.20) 
+ 1,800,000 (0.50) 

1,350,000 2.14 2.08 Blend 200,000 (0.20) 
+ 498,000 (0.10) 
+ 1,800,000 (0.70) 

1,800,000 <.l..20 1.25 Pressure Chemical Company 
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5.3 Treatment of Data 

In the present work, two macroscopic variables were 

measured: the pressure drop D.p in the capillary rheometer 

and the volume flow rate Q. The pressure drop in the capil­

lary rheometer is actually the sum of the following: 

1. 	 Pressure drop in capillary 

2. 	 Pressure drop in reservoir 

J. 	 Friction between piston and reservoir wall 

4. Conpressibility of melt. 


Without loss of accuracy, the observed pressure was considered 


to be the pressure drop through the capillary. Any other losses 


were lumped into the entrance effect. 


Appcrcnt Ghcnr Gtrc~a and pseudo-shear rate at the wall 

were calculated from these two quantities by using equations 

(4-11) and (~-.l~ ). Corrected values of shear stress (Bagley's 

entrance correction) and shear rate (Rabinowitsch correction) 

were obtained with the help of equations (4-JO) and (4-2J). 

r -------- In addition to these two quantities, the expansion 

ratio Ds/D was also measured. CDs is the diameter of the emer­

ging polymer from the capillary. D is the diameter of the 

capillary tube.) Although this last quantity was not used in 

the analysis, it has been measured for future reference. 

In Chapter 4 the errors encountered in a capillary 

flow were discussed. No further corrections were made because: 

1. 	 The flow was laminar. A maximum value of Re = 10-2 was 

calculated at the incipience of fracture. 



2. 	 The flow was isothermal. A maximum temperature rise of 

2°c was calculated, and so corrections for heat effects 

were considered negligible. 

J. 	 The compressibility of polymer was negligible as calculated 

from equations (4-46) and (4-47). 
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6. RESULTS: AND DISCUSSION 

The results of the experimental measurements, i.e., values 

of AP, tap' 4Q/'1r0 3,"rw• 'Aw' Ds/D'·are given in Appendix I". Typical 

flow curves for monodisperse polystyrene with Mw = 670 ,000 at 250°c 

are shown in Figures (9),(10), (11),(12),(1J). Figure (9) shows .... 

the uncorrected flow curves for different capillaries with L/D = 
10, 15, 24, while Figure (12) shows true shear stress·Tw versus 

shear rate ~w· Table III summarizes values of '1:'.:.cr• -~er• "'lcr• ''lo 

and lcr x Mw· Values of~ er' ·i er' i"'[cr were directly measured. Val­
• 

ues of~a vs.~ were also obtained. However, estimations of'Yl.o by 

extrapolation from high shear rates are subject to large errors. 

For this reason"'l.0 w-as determined using the formula (66): 

log."(,o = J.4 log Z + 2. 7 x 1016/T6 - 9.51 	 (6-1) 

where Z 	= Mw/52. 

From the experimental part of this work, one may observe: 

1. 	 The critical shear stress is independent of the capillary 

dimensions if end corrections are applied. 

2. 	 The critical shear stress varies between .68x 106 dynes/cm2 

and 2.15 x 106 dynes/cm2. The product 'tcr x Mw ranges from 

1.88x1011 to 12.9x1011 , and the ratiolVlcr/.'1_0 takes values 

from 0.0007 to 0.055. These results are therefore in con-· 

tradiction with Spencer and Dillon's (2) and Bagley's (J7) 

. conclusion that lcr x Mw is a constant. Also Barto• s (67) cri­
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TABLE III CRITICAL CONDITIONS OF POLYSTYRENE 

MW i1 /M T y• 
'•" 

T xM Temperaturew n er er ~l "er . /Yjo er w oc2(dynes/em ) (sec ) 

101197,200 <1.06 1.92 x 106 1.88 x 158 

101197,200 <1.06 2.15 x 10 6 2.08 x 170 

128,000 2.9 1.6 x 10 6 2.05 x 1011 170 

200,000 <1.06 1.37.x 106 105 0.0076 2.76 x 1011 170 

1011200,000 <1.06 1.34 x 106 2.68 x 194 

204,450 6.9 1.36 x 106 2.78 x 1011 180 

207,250 9.21 1.3 x 106 2.69 x 1011 180 

1011207,300 2.78 1.17 x 106 2.42 x 170 

1011212,000 2.71 1.4 x 106 182 0.0035 2.97 x 170 
6355,000 2.92 1.03 x 10-, 27 0.0034 3.66 x 1011 170 

io11355,000 2.92 1.06 x 106 1,090 0.0022 3. 76 x 210 

1011355,000 2.92 1.12 x 106 3,000 0.0027 3.98 x 230 
11 .... , ?n498,000 ......... -- i.11 x io-" 4.21 0.055 5.ts3 ~ l.U 194 


498,000 <1.20 1.28 x 106 so.o 0.0162 6.37 x 1011 210 

1011498,000 <1.20 1.30 x 10 6 135.0 0.0196 6.47 x 230 
6 11600,000 2.32 1.14 x 10 100.0 0.0021 6.85 x 10 : 200 
6 1011670,000 <1.10 0.73 x 10 30.0 0.022 4.90 x 230 

1011670,000 <1.10 0.82 x 106 180.0 0.0086 5.5 x 250 

760,000 2.60 0.97 x 10 6 85.0 0.0007 7.36 x 1011 200 
6 . 

x 1011 2001,060,000 2.31 1.06 x 10 19.0 0.0012 11.2 

1,350,000 2.14 o. 70 x 106 9.45 x 1011 170, 

1,800,000<1.20 o.68 x 106 3.6 0.0055 12.2 x 1011 230· 
. 6 111,800, 000<1. 20 o. 715 x 10 12.80 0.0034 12.9 x 10 250 

http:1,800,000<1.20
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terion that ~cr.h\o = O. 025 does not seem to hold. 

J. 	 The critical shear stress is practically independent of 

temperature. within the limits of experimental error. 

However, some carefully controlled experiments were 

carried out using the broad distribution sample of Mw= 
355.000. The result is shown in Figure (14). The shear 

stress at the onset of fracture seems to increase only 

slightly with temperature. 

4. 	 The influence of polydispersity on critical shear stress 

is negligible, in full agreement with the results of the 

bulk of literature (6, 47). 

In Figure (15), "tcr (average) is plotted against 1/Mw. 

It is seen th~t the rcGulta fer all the samples are well repre­

o. 785 x 106 + 1.14 x 1011 	 (6-2) 

sented by a single straight line. A least squares fit yielded 

the expression 
1 

Lcr 	= 
iw 

From equation (6-2) one may obtain 

(6-J) 

This is also shown in Figure (16), and it is clearly in contrast 

with Bagley's (37) conclusion that 'tcrxMw =constant. However, 

Bagley's result was supported by Spencer and Dillon's (2) data, 

who have carried out experiments for a rather limited range of 

molecular weights (196,000 to 527,000). 
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It is interesting to note that when't"'cr 1s plotted 

against 1/~ for the present set of data and the data given in 

References (2, 46), as shown in Figure (17), the discrepancies 

do not seem really large and may well be attributed to experi­

mental errors. In fact, the straight line which is the least 

squares fit for our data falls between the data of Spencer and 

Dillon (2) and Barnett (46). In addition, it must be noted 

that the experimental range of the present work is extended 

from~== 97,200 to·~== 1.8:x:10 6 which is a much larger range 

than in any previous investigation. 
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7. ANALYSIS 

Bagley (37, 68) and White (35) conjectured that the 

onset of melt fracture occurs at constant value of' "recover­

able shear strain" 

(Hooke's law) (7-1) 

where J is the steady-state shear compliance. Bagley has 

taken the value of J as 

!\rJ = -
Whi i;e ( 35) 

has taken the value of J as the value of the steady state shear 

co~pliance of a monodisperse collection of Rouse chains. This 

value 1s given by Ferry (70) 

- 1 

v~::r 

1n which v is the number of chains per unit volume, keis 

Boltzmann's constant and T the absolute temperature. For the 

case in which there are no entanglements 

2 
so J = 

5 fRT 
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White has used this expression to prove that 

·i::er x Mw = constant 

By substituting the value of J into the equation (7-1) 
.­

2Mw"
8R = L'crx-­

5eRT 

and therefore, it follows that 

- 5
lcr x Mw= - eRT SR = constant 

2 

if we suppose that the experimentally observed value of re­

coverable shear strain is constant. 

Recently, it has been shown that the non-Newtonian 

properties of long-chain polymers are associated with the pre­

sence of entanglements (71). According to this theory (71) 

the entanglements provide a network which is able to store 

elastic energy, in much the same way as a deformed specimen 

of cross-linked rubber. Because the recoverable strain repre­

sents the amount of elastically stored energy, it is reason­

able to associate the phenomenon of melt fracture with the 

presence of a network due to entanglement (72). According to 

Graessley' s theory {73) there is a. characteristic time~ 0 , 

constant for the polymer, and its magnitude controls the time 

for formation of molecular chain entanglements between any 

molecule in the system and other molecules. Its value is of 

the order of the Rouse relaxation time AR where 
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Graessley (73) found that the ratio ) 0 /Aa_for monodisperse 

systems is a simple function of molecular weight Mw which is: 

2.00 
(7-2)

1 + 0.17E 

where E = 
16,500 

The same form of variation holds for the relaxation time assoc­

1ated with normal stress. At low shear rates: 

( 7-J) 


where kN.· is the normal stress coefficient. 


For a polydisperse collection of Rouse chains we have: 


(7-4) 


Graessley evaluated an experimental time constant AN:· 

(7-5) 


where kN represents the experimental values of normal stress 

coefficient given by the equation, 
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lim l;z -1;.r
kN"' = 

~2~-+0 

The ratios, ).
0
;>.R andAN/)\R measure the deviation of any poly­

mer from the liouse theory. Graessley found that \N/~ for 

monodisperse systems obeys a relation of the form of equation 

(7-2) which is: 
),N 2.2 
-= 
)..R 1 + O.J4E 

where E= 
16,.500 

For the case in which the chains behave like a Rouse chain 

and there are no entanglement points in each chain, we can 

combine equation (7-3) with the equation (Reference 35) 

to prove that (Appendix II) 

(White criterion) 

But in real systems, however, the properties are changed as 

entanglements are introduced randomly and successively between 

the chains. Chompff and Duiser (74) proved that the equili­

brium compliance of a cross-linked network of Rouse chains is 

given by: 
2 

J = 
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where Va is the number of active network elements per unit 

volume. Graessley (73) shows that: 

JR 
J 

= 1 ( E"""1) 

JR 

J 
= 

1 
-E 
5 

(E>>1) 

The first equation gives J = JR so from equation (7-1) we 

obtain Lcr x Mw = constant. The second equation gives 
5JR

J = ~ = constant. This case was supported experimentally 
E 

lately (75). If w~ substitute this value into equation (7-1) 

we obtain't'cr = constant. This has been observed by Barnett 

(46) for polypropylene. 

On the basis of the previous discussion, it is easy to 

arrive at the conclusion that neither the l:cr x Mw nor "ter are 

constants because both represent extreme cases. Incipience of 

fracture however, can take place and at intermediate entangle­

ment densities. 
'J ~NAt the limit of zero shear --- = z- (as it is shown 

JR .l'R
in Appendix1II). So at finite shear rates one might expect 

J A 
= (7-6) 

JR 1 +BE 

J 
The ratio represents the deviation in the behaviour of any

JR 
sample from the Rouse theory. 

Then, setting 
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and, for a monodisperse system 

one obtains a linear relationship between Lcr x Mw and 1'fw , 
that is, 

= 5 e_RSgT (l + __B_ 
Mw> (?-7) 

2 A 16,500 

which is of the same form as equation (6-3) obtained by a 

least squares fit of the experimental data. 

For a polydisperse system, Rouse's expression is (70): 

- - - 2in which the factor M2Mz+i1Mw implies a large dependence on 

the molecular weight distribution, especia.lly in the high 

molecular weight tail. The fact, however, that the same type 

of equation is obeyed by both narrow and broad molecu~~-weight 
- -· M M +1distribution samples suggests that fl~ rather than Mw( :_ z )2Mw 

should be used in JR when Graessley's expression for J/JR is 

applied, which also has ~ - as the correlating variable. 

By comparing with equation (6-J) which is a least 

squares fit of the experimental data we obtain 
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A= (7-8) 

B = 0.113 (7-9) 

The values of .A, and B were calculated by taking an average 

temperature T = 473°K. Graessley's constants were A= 2.2 

and B = 0 • .34 respectively at the 11mi t of zero shear. 

At finite shear rates one might assume 

A 
= 

(7-10) 

Then 

where E0 is the entanglement density at 1= 0 and E is the 

entanglement density at finite shear rates. The ratio 
• 

E/E0 = g{~) is the entanglement density ratio given by 

Graessley's entanglement theory (76). 

Setting Graessley' s value for ~= 0 • .34, one obtains. 

Ec:/E'.o = 0. 332, which means that melt fracture occurs at 

sufficiently high shear rates when the entanglement density 

is reduced to one third of its value at zero shear. Therefore, 

melt fracture is due to the relatively large loss of entangle­

ment points. It is interesting to note that this result is 

related to Bartos' criterion that melt fracture occurs at 



tYL
'Yl..cr = 0.025. Graessley (73) gives E/E0 = o.486 for - = 
""Lo 'YL "1.o = 0.0302 and 	E/E0 = o.415 for ~ = 0.0148. The large range 

tYLcr ~ of values of fYlo shown in Table Ill is probably due to the 

fact that small changes in E/E0 correspond to large differences 
l'flin ~ , which was also pointed out by Malkin and Vinogradov 

(77) in a similar way. Moreover, the equation (6-1') which 

was used for the calculation ofrri_ 1,s not always accurate.
0 

In Graessley's paper (73) an experimentally determined 

constant A = 	2. 2 is given and therefore, using Sn = A x 1. 16 

one obtains Sn = 2.56. This means that fracture occurs at a 

value of a recoverable shear strain of 2.56 units. This is 

different from Bagley's result (Sn~7.0) because of the factor 

2/5 used in the expression for JR· 

In Figure 18,"t0 r/T vs. 1/Mw is plotted and the solid 

line through the points is the least squares fit 

'Lcr 
-= 

T 

A comparison 	with equation (7-7) yields 

A = and B = 0.0845 

Therefore for A = 2.2 and k2 = 0.34 we obtain Ecr/E = 0.254
0 

and SR = J.12. 
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8. CONCLUSIONS 

1. 	 The melt fracture .is ultimately molecular in nature and 

seems logical to correspond to the breakdown of the mole­

cular entanglement network. 

2. 	 The critical shear stress is a linear function of 1/Mw. 

J. 	 The critical shear stress increases slightly with tempera­

ture. 

4. 	 The critical shear stress is independent of polydispersity. 

5. 	 The behaviour of polystyrene at the onset of melt fracture 

can be well described using Hooke's law for constant re­

coverable shear atrain and the results vf Gra~8~ley'~ 

entanglement theory. 
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9. NOMENCLATURE 

A constant 

b compressibility of the fluid 

B constant 

CV heat capacity at constant volume 

D capillary diameter 

u­
s diameter of the emerging polymer from the capillary 

E entanglement density at finite shear rates 

Eo entanglement density at zero shear rates 

Ecr entanglement density at incipience of melt fracture 

f (M} molecular weight distribution function 

F force tangentially applied to a flowing surface 

gr r-component of the gravity vector 

gz z-component of the gravity vector 

gg 0-component of the gravity vector 

J shear compliance 

JR House's shear compliance 

k coefficient of thermal expansion 

kBr Boltzmann's constant 

kN normal stress coefficient 

ko power law constant 

kR normal stress coefficient for a polydispersed 
collection of Rouse chains 

kz constant 

K thermal conductivity 

, 
86 




L 
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n 

N 

Po 

Pe' 

Prr'Pzz•Pae­

- s "' 
q 

Q 

r, e, z 

ro 

ff 

Re 

s: 

SR 
~T 

To 

v 

v 

Vm 

tube length 

entrance length 

length of the steady state region 

number average molecular weight 

weight average molecular weight 

z-average molecular weight 

z+1-average molecular weight 

power law constant 

Avogadro's number 

ambient pressure 

Peclet number 

normal stresses 

heat flux vector 

volumetric flow rate 

cylindrical coordinates 

capillary radius 

ideal gas constant 

Reynolds number 

surface 

recoverable shear strain 

temperature 

reservoir temperature 

volume 

velocity vector 

average velocity 
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Greek letters 

~ . 
~er . 
~w 

~ 

""\_a 

"'1.ap 

'1,cr 

"1_o 
et> 
Ao 

Aw 
)\n 

\-'­

" 
Va 

J 
~ 

<Jl' Oz 
rr 

scalar components of V in cylindrical coordinates 

slip velocity 

weight fraction of the i-th component 

number of monomer units in the polymer chain 

dimensionless length 

shear rate 

critical shear rate 

shear rate at the wall 

viscosity 

true ~pparent viscosity 

critical viscosity 

zero shear viscosity 

dimensionless temperature 

viscosity relaxation time 

relaxation time associated with normal stress 

Rouse relaxation time 

Newtonian viscosity 

number of polymer chains per unit volume 

numb.er of active network elements peruni t volume 

Oldroyd's paramet$r 

density 

normal stress coefficients 

shear stress 



-
-

shear stress tensor 

't:'ap apparent shear stress 

critical shear stress 

'L rr '1:°9EPLzz • 
scalar components of 1: in cylindrical coordinates 

T re ''Trz •Lez 


shear stress at the wall 


Oldroyd's parameter 


Mathematical Symbols 

"del" vector operator 
D substantive derivative 

derivatives 

summation 
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Table I-1 

Polystyrene 

Mw = 200,000 

MW/~ = <1.06 

Temperature: 17ooc 

~/D 

10 

AP 

(psi) 

1,600 

L.ap x 10-5 

dynes/cm2 

27.50 

. , 

4Q/t'\ro3 

(sec-1 ) 

76.0 

'Lw x 10-5 

dynes/cm2 

13.60 

' 
~w 

(sec-1) 

105.00 

D8 /D Remarks 

Fracture 

15 

24 

I 1 135... ' 
1,470 
1,790 
2,000 

1,265 
1,600 
1,880 
2,300 
2,710 

. 

13 00• 
16.90 
20.60 
23.00 

9.10 
11.50 
13.50 
16.60 
19.50 

'7 8( . 
26.80 
57.50 
75.50 

2.26 
7.20 

16.30 
40.7 
75.70 

('\ 907• 
13.20 
14.00 
13.80 

·1.3? 

9.75 
11.10 
1'J.OO 
13.70 

.. 0 ""J. .vv 
34.80 
79.00 

105.0 

3.00 
9.60 

21.80 
56.00 

105.00 
-. 

Fracture 

Fracture 

L'er = 1.3. 7 x 1o5 
11

rt"cr x ~ = 2. 76 x 10
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Table I-2 

Polystyrene 
-Mw = 212,000 

Mw/Mn = 2.71 

Temperature: 17ooc 

RemarksL/D l>P 'Lap x 10-5 4Q/I'\ r 0 :3 '(wX 10-5 ~w D
8 
/D 

(psi) dynes/cm2 (sec-1) dynes/cm2 (sec-1) 

600 10.~0 20 8.75 26.0 1.78 
840 14. 0 35 10.15 46.50 1.80 

1,000 17.20 48 11.45 64.00 2.06 
10 1,220 21.00, 70 12.35 96.00 2.26 

1,420 24.40 99 13.55 1J5.0 2.33 
1,580 27.20 130 14.00 182.00 2.47 Fracture 

600 6.90 15 6.45 19.50 1.80 
i I 800 9.. 20 21 8.30 28.00 1. 86 I 

1,020 11.70 JO 9.50 40.50 2.06 
15 1,700 19.50 85 13.00 110.00 2.30 

1,880 21.60 112 13.80 150.00 2.36 
1,950 22.40 128 14.00 182.00 2.40 Fracture 

540 4.78 10 4.52 13.50 1.75 
960 8.50 18 7.25 23.80 2.00 

1,540 13.60 42 10.90 57.00 2.20 
19.5 2,020 17.90 77 13.00 105.00 2.J.5 

2,260 20.00 110 13.90 149.0 2.42 
2,380 21.00 127 14.05 182.00 2.50 Fracture 

Tcr = 14 x 105 


Tcr x Mw = 2.97 x 1011 
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Table I-J 

Polystyrene 

Mw = 355,000 

Mw/Mn = 2.92 

Temperature: 170°c 

L/D C> p ~ x 10-5Lap 4Q/ t\r0 3 LwX 10-5 

(psi) dynes/cm2 (sec-1) dynes/cm2 
~w D6 /D 

(sec-1) 

Remarks 

316 5.45 1.6 5.30 2.10 
407 6.95 2.0 5.8 2.90 
600 10.3 J.8 6.7 4.30 

10 805 13.9 8.50 8.15 11.20 
928 16.0, 12.40 8.80 14.oo 

1,060 18.2 19.00 10.00 27.00 Fracture 

15 

---..,,..,, 7• JO 
794 9.15 
927 10.70 

1,025 11.80 
1,240 14.JO 
1,312 15.20 

• v3 5" 6 60 • 
6.10 7.70 
8 • .50 8.20 

11.50 8.60 
17.50 9.JO 
20.00 10.50 

8 ("\(\.vv 

10.20 
10.80 
11.40 
13.00 
27.00 Fracture 

805 5.75 1.36 5.20 6.30 
927 6.63 2.72 ·6.15 7.20 

24 1,240 8.85 7.00 7.90 9.50 
1,670 11.90 16.30 9.JO 14.00 
1,880 1J.40 19.50 10.40 27.00 F.racture 

'Lcr = 10. 3 x 105 


'lcr x Mw = 3.66 x 1011 
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Table I-4 

Polystyrene 

MW = J55,000 

Mwl~ = 2.92 

Temperature: 230°c 

IL/D 

10 

AP 'tap x 10-5 

(psi) dynes/cm2 

180 J.10 
280 4.8 
405 6.95 
630 10.80 
780 13.40-, 
930 16.00 

4Q/()r
0 

3 

(sec-1) 

15.5 
48.J 

154 
535 
952 

1,875 

rc:w x 10· 5 

dynes/cm2 

4.20 
5.30 
6.40 
7.50 
8.40 

11.2 

' 
"}, w 

(sec-1) 

22.00 
62.00 

220.00 
705.00 

1,500 
3,000 

D5 /D 

-----­
-­

Remarks 

Fracture 

I 

15 

410 
! 550

Boo 
1,0JO 
1,200 
1,320 

4~95 
/ -..­
u • .).) 
9.20 

11.80 
13.80 
15.20 

11.? 
-1" I • •·­

89.0 
340 
825 

1,370 
1,870 

/J. R":I... -~ 
6.8 
7.65 
8.5 
9.35 

11.J 

II.A Art•-•VV 

130.00 
490.00 

1,200 
2,100 
J,000 

·­-. ----

I 

Fracture 

i 

24 

510 
800 

1,210 
1,430 
1,630 
1,820 

J.70 
5.73 
8.65 

10.20 
11.60 
13.00 

30.2 
105 
.370 
725 

1,180 
1,890 

J.2 
5.5 
7.9 
'8.95 
9.15 

11.2 

42.00 
135.00 
502.00 

1,020.00 
1,680 
J,000 

-
---
-
- Fracture 
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Table I-5 

Polystyrene 

-~ = 498,000 

~/~ =<1.20 

Temperature: 194°c 

~p RemarksL/D 'I: ap x 10-5 4Q/flro3 L:w x 10-5 Ds/D~w 
(psi) dynes/cm2 (sec-1) dynes/cm2 (sec-1) 

384 6.60 0.20 6.05 0.25 1.0 
475 8.15 o.475 7.80 0.65 1.03 

10 605 10.40 1.00 9.45 1.30 1.05 
770 13.25 2.01 10.30 2.70 1.10 
850 14. 60' J.00 11.70 4.21 1.17 Fracture 

6.15 0.25 5.90 0.30 1.06g35
05 6.95 0.36 6.85 0.49 1.07 

700 8.05 0.58 7.75 0.79 1.09 
15 870 10.00 1.15 9.30 1.55 1.16 

1,086 12.50 2.20 10.90 2.94 1.27 
1,200 13.80 2.95 11.65 4.21 1.27 Fracture 

24 

'Ter = 11 • 7 x 1 o5 

FrcrXMw = 5.8Jx1011 

McMAS l t:.H UNtVtrl::il L't &.ltstCAta 
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Table I-6 

Polystyrene 
.-­
MW = 498,000 

~/Mn = <1.20 

Temperature; 210°c 

L/D 

10 

I 

15 

I 

bP 

(psi) 

362 
496 
600 
724 
850 
925 

lt.?" 
543 
632 
850 

1,130 
1,310 

'Lap x 1o-5 

dynes/cm2 

6.24 
8.55 

10.30 
12.50 
14.60 
15.90 

c:: he: 
...,, •• .,JI 

6.25 
7.25 
9.75 

13.0 
15.0 

4Q/\'\ro3 

(sec-1) 

1.50 
4.oo 
7.70 

13.70 
24.20 
37.00 

0 4n. .., 
0.60 
1.30 
5.20 

18.00 
36.00 

r-rwx 10-5 

dynes/cm2 

6.12 
8.30 

10.00 
11.70 
12.10 
12.80 

I! ,, " v 

6.20 
7.15 
9.30 

12.10 
12.85 

" ~w 
(sec-1) 

1.90 
5.40 

10.00 
18.50 
33.00 
50.00 

,.., ,. ,., 
V•.J'­
0.82 
1.75 
7.10 

24.00 
50.00 

Ds/D 

1.00 
1.09 
1.15 
1.17 
1.20 
1.23 

.. .. "' v.1. • .1 

1.10 
1.11 
1.15 
1.17 
1.20 

I 

Remarks 

Fracture 

Fracture 

24 • 

I(: er = 12 • 8 x 1 o5 


1:cr x Mw = 6.37 x 1011 
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Table I-7 

Polystyrene 

Mw = 498,000 

Mw/Mn = <1.20 

Temperature: 230°c 

L/D 

10 

I 

15 
I 

b..P 

(psi) 

415 
543 
606 
724 
815 

1,020 

815 
905 

1,085 
1,240 
1,360 
1,400 

T x 10-5ap 

dynes/cm2 

9.35 
10.40 
12.40 
14.o-, 
17.50 

9.16 .. 0 j, I"\ 
J. • "t'V 

12.50 
14.JO 
15.60 
16.10 

4Q/11r
0 

3 

(sec-1) 

4.oo 
11.00 
15.80 
29.00 
42.50 

104 •. 

10.0 
14.90 
30.00 
54.oo 
85.20 

102.0 

TwX 10-5 

dynes/cm2 

8.90 
9.70 

11.10 
11.70 
13.00 

9.05 
9.90 

11.50 
12.10 
12.80 
13.00 

' 
1w 

{sec-1 ) 

14.70 
21.00 
39.00 
57.50 

135. 

14~10.... .,, -
19.50 
40.50 
74.oo 

115.0 
-135. 00 

D8 /D 

1.02 
1.09 
1.12 
1.15 
1.19 
1.22 

1. ~ 19 
1.21 
1.22 
1.25 
1.25 
1.26 

Remarks 

Fracture 

Fracture 

24 
' 

·t:cr = 13. Ox 105 


'Lcr x ~ = 6.47 x 1011 
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Table I-8 

Polystyrene 

MW = 600,000 
'i 

Mw/Mn = 2.32 

Temperature: 200°c: 

. Remarksb.P T ap x 10-5 4Q/'lr0 .3 "Lw x 10-5 D8 /DL/D ~w 
(psi) dynes/cm2 (sec-1) dynes/cm2 (sec-1) 

690 11.85 20 8.30 26.00 1.68 
836 14.40 27.4 9.05 36.80 1.82 

10 928 16.00 JJ.5 9.52 45.90 1.95 
980 16.40 38.0 9.80 52.00 1.96 

1,150 19. 80' 56.o 10.75 77.00 2.24 
1,270 21.80 72.0 11.40 100.00 2.30 Fracture 

836 9.65 16.5 21.50 1.67 
980 11.'30 22.0 B~50 ~9.00 1- ...?4 

I I 1 1 c:r. 
.I. t _jV 13.25 31.0 9.,30 41.80 i.82 
1,221 14.oo 36.0 9.70 48.70 2.061.5 
1,460 16.80 .57.5 10.72 78.70 2.10 

Fracture1,590 18.30 71.50 11.40 100.00 2.18 

1,130 10.00 22.0 8.50 29.00 1.96 
1,335 11.80 28.50 9.20 JB.20 2.04 
1,460 12.90 J4.50 9.55 47.00 2.10 
1,590 14.00 43.00 10.10 58.70 2.1519.5 
1,830 16.20 65.50 1'1.12 90.00 2.20 
1,890 16.70 71.80 11.40 100.00 2.21 Fracture 

'L'cr = 11.4 x 105 


'tcr x Mw = 6. 85 x 1011 
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Table I-2 

Polystyrene 

MW = 670,000 

MW~= <1.20 

Temperature: 250°c 

IL/D 

10 

bp 

(psi) 

4JO 
596 
680 
814 
975 

1,010 

·--cap x 10-5 

dynes/cm2 

7.40 
10.30 
11.70 
14.00 
16. so. 
17.40 

4Q/t\ro3 

(sec-1) 

9.4 
19.50 
27.50 
46.o 
86.o 
95.0 

rcw x 10-5 

dynes/cm2 

5.10
6.oo 
6.J4 
6.95 
7.96 
8.20 

~w 
(sec-1) 

12.80 
42.00 
52.00 
84.00 

160.00 
180.00 

D8 /D 

1.02 
1.12 
1.16 
1.19 
1.90 
1.90 

Remarks 

Fracture 

I 

15 
I 

860 
"""~'7 (:; 

1,040 
1,150 
1,245 
1,270 

9~90 
11.20 
12.00 
13.20 
14.JO 
14.60 

26~50 
41.0 
50.0 
68.50 
88.0 
94.o 

6~20 
6.82 
7.10 
7.56 
8.oo 
8.20 

4~_{){)-_,--­
76.00 
94.00 

126.00 
163.00 
180.00 

1 1 R 
- • - -
1.32 
1.40 
1.40 
1.40 
1.40 

I 

Fracture 

24 

602 
705 
975 

1,110 
1,450 
1,700 

4.JJ 
.5.08 
7.02 
a.oo 

10.45 
12.20 

4.40 
5.50 

14.o 
21.0 
55.0 
93.0 

J.50 
4.05 
4.90
·6.oo 
7.21 
8.20 

5.10 
7.20 

21.0 
42.00 

100.00 
180.000 

1.06 
1.10 
1.15 
1.20 
1.27 
1.40 Fracture 

re.er = 8.2 x 105 

"Lcr x ~ = 5. 5 x 1011 
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Table I-10 

Polystyrene 

-~ = 760,000 

MwfMn = 2.60 

Temperature: 2oooc 

L/D b.p 'Lap x 10-5 4Q/'lro3 'Lw x 10-5 . 
'i>w Ds/D Remarks 

(psi) dynes/om2 (seo-1) Dynes/om2 (seo-1) 

10 

452 
679 
836 
974 

1,192 
1,360 

7.78 
11.70 
14.40 
16.75 
20.00' 
23.40 

4.oo 
10.00 
16.00 
23.00 
40.00 
60.20 

5.40 
6.90 
7.30 
7.60 
8.75 
9.65 

5.47 
13.00 
21.50 
.31.50 
55.0 
85.00 

1.46 
1.58 
1.70 
1.86 
2.12 
2.18 Fracture 

It;: lLf\ ~ ?(\ 1 cir.679 7~?6 6 .. oo _, .. - -• ...... "' ... • .,r• I I 
733 8.50 7.15 6.oo 10.00 1.66' 
980 11.20 13.80 6.80 18.70 1.76 

1,242 14.25 25.40 7.80 33.20 1.94 
1,460 16.70 39.80 8.70 55.0 2.04 

15 

Fracture1,680 19.30 59.50 9.70 85.0 2.12 

980 8.62 .7. 50 , 6.10 10.80 1.74 
1,175 10.35 14.10 6.70 19.20 1.89 
1,242 10.91 17.50 7.00 24.o 1. 92 
1,460 12.85 27.70 '8.oo 37.0 2.00 
1,560 13.70 33.00 8.35 45.0 2.10 
1,880 16.50 59.00 9.75 85.00 2.40 Fracture 

'L er = 9. 7 x 105 


't.cr x Mw = 7. 36 x 1011 
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Table I-11 

Polystyrene 

~ = 1.06 x 106 

Mw/Mn = 2.31 

Temperature: 200°c 

L/D DP 

(psi) 

'1:" x 10-5ap 

dynes/cm2 

4Q/\"\ro3 

(sec-1 ) 

'L x 10-5 w 

dynes/cm2 
21 w 

(sec-1) 

D8 /D Remarks 

10 

557 
750 
841 
930 
987 

1,080 

9.60 
12.90 
14.50 
16.0 
17.0-' 
18.6 

3.30 
5.28 
6.70 
e.50 

10.10 
13.50 

7.~o
8. 2 
9.15 
9.85 

10.20 
10.55 

4.10 
7.30 
9.20 

11.50 
14.o 
19.00 

1.29 
1.48 
1.50 
1.51 
1.54 
1.72 Fracture 

I 

15 

605 
750 

I 836 
1,038 
1,250 
1,400 

6.95 
8.62 
9.6J 

11.95 
14.40 
16.10 

2.50 
1.20 
J.80 
5.80 
9.60 

1J.JO 

5.00 
6.?0 
7:36 
8.72 

10.1 
10.65 

J.O 
4.20 
5.20 
8.00 

13.20 
19.00 

1.29 
1. JO 
1.40 
1.45 
1.58 
1.79 

1 

Fracture 

' 

'l er = 1o.6 x 1o5 
11'Lcr x Kw = 11.2 x 10 
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Table I-12 

Polystyrene 
- 6Mw = 1.8 x 10 

Mw/Hn = <1.20 

Temperature: 230°c 

tL/D 

10 

.6,.p 

(psi) 

360 
430 
496 
540 
650 
710 

'Lapx10-5 

dynes/cm2 

6.20 
7.40 
8.53 
9.30 

11. 20, 
12.20 

4Q/t\ro.3 

(sec-1 ) 

0.50 
0.72 
1.00 
1.22 
1.96 
2.50 

'Lw x 10-5 

dynes/cm2 

4.35 
4.96 
5.50 
5.73 
6.30 
6.80 

• 
~w 

(sec-1 ) 

0.63 
0.95 
1.30 
1.65 
2.70 
3.60 

D8 /D 

1.10 
1.15 
1.18 
1.24 
1.35 
1.40 

Remarks 

Fracture 

15 

4S2 
540 
632 
740 
840 
900 

5.20 
b.20 
7.27 
8.52 
9.65 

10.40 

o.. 46 
0.62
o.88 
1.26 
1.91 
2.54 

4.05
4 o;..

oOJ 

5.43
6.oo 
6.35 
6.83 

0.60 
o.85 
1.20 
1.75 
1.65 
3.61 

1.1'l
1 ...,-;..

.GV 

1.32 
1.35 
1.40 
1.43 

I 

Fracture 

I 

24 

800 
900 

1,040 
1,150 
1,221 
1,250 

5.75 
6.50 
7.50 
8.JO 
8.80 
9.00 

o.6 
0.86 
1.30 
1.84 
2.30 
2.47 

4.87 
5.34 
5.91 
6.25 
6.62 
6.79 

o.83 
1.18 
1.79 
2.54 
3.45 
J.60 

1.12 
1.17 
1.24 
1.30 
1.37 
1.40 Fracture 

'L er =6. 8 x 1o5 


'Lcr x Mw = 12. 2 x 1011 
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Table I-13 

Polystyrene 
- 6
MW= 1.8x 10 

i\r!J\i = < 1. 20 

Temperature: 250°c·. 

L/D bP 'Lap x 10-5 4Q/l:\ro3 'lwX 10-5 \ D8 /D~w 
(psi) dynes/cm2 (sec-1 ) dynes/cm2 (sec-1 ) 

340 5.85 2.18 4.55 3.00 1.05 
496 5.55 3.80 5.72 5.20 1.19 

10 588 10.10 5.20 6.10 7.30 1.20 
680 11.70 7.20 6.66 10.00 1.25 
700 12.00, 7.75 6.867 10.50 1.25 
730 12.60 8.70 7.15 12.80 1.25 

465 5.35 2.10 4.47 2.95 1.25 
557 6.40 2.80 5-30 "i_QO 1~<7 

I I 705 8 • ...LV " 4.35 5.92 6:io 1.30 
15 750 8.63 5.00 6.oo 8.30 1.32 

841 9.65 6.50 6.46 9.00 1.32 
930 10.70 8.60 7.10 12.80 1.32 

605 4.33 1.3 3.70 1.75 1.07 
836 6.02 2.6 5.32 3.50 1.12 

1,080 7.78 5.0 6.07 8.30 1.19 
24 1,192 8.60 6.6 6.53 9.20 1.24 

1,245 9.00 7.4 6.80 10.80 1.26 
1,330 9.60 8.80 7.25 12.80 1.26 

-. 

'Lcr = 7.15x105 

'tcrXMw = 12.9x1011 

Remarks 

Fracture 

Fracture 

Fracture 



APPENDIX II 

At low shear rates according to White (35) 

(Ir-1) 

Also at low shear rates 

(II-2) 

Combine equations (II-1) and (II-2) and we obtain 

(II-J) 

IT"r ...,\"l"oi-oeBut __ ..,""'_. Sc equation \ ..i...i..-J I 

or (II-4) 

But for a monodisperse collection of Rouse chains 

-
4 2 Mw 

(II-5)So 
= -;10 f RT 
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Substituting equation (II-5) into (II-4) we obtain 



APPENDIX DI 


At low shear rates 

cm-1> 


where k"is the normal stress coefficient. 


For a polydisperse collection of Rouse chains 


cm-2> 


where CM-J) 

An experimental time constant associate with the normal stress· 

can be evaluated as 

cm;..4) 

where cm·-s> 

(at low shear rates). 

But. according to White (35), 

( :nI-6) 

So equation(m:-5) becomes 

(lD:-7) 

111 
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where 

Combining equations (llI-7) and {IlI-4) we obtain 

-2
Mw <m-a>--· 

MzMz+l 

If we divide equations Cm-8) and (:DI-J) we obtain 

= 

But for a polydisperse collection of Rouse molecules the steady­

state shear compliance is {70) 

JR = 
2 

5 

MzMz+1 
Mw2 

Mw 

fRT 

So equation (llI-9) becomes 

AN- J 
= 

~R Jn, 

for low shear rates. 
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