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ABSTRACT 

This report presents a numerka l metftod wfrtch can oe used 

to solve the advection equation 

il + a[u(x,t)p]_ = S( t)
at ax x, 

where: 

~ _ concentration field 

ufx,t) - velocity field 
I.5(x,t) _ source term 

Central to this method are the concept of particle path and 

the Eulerian interpretation of the time rate of change of the concen

tration field ~· 

In actual comparison tests for particular cases with known 

solutions this method proved to be at least two orders of magnitude 

more accurate than the usual one sided upwind finite difference ·method. 
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CHAPTER l 

INTRO DUCT ION 

This report presents a numerical method for integrati_ng the 

advection equation 

; 2j_ + a(u<t>) = S(x,t) (1.1.1)at · ax 

where: 

<f> - concentration field 

u = velocity field 

S = variable source term 

The method employed here is similar to the 10 version of 

Lei th' s method1 , which was first presented by Noh and Protter2 in · 

1963. Both of these methods use the concept of particle path and an 
. . 

Eulerian interpretation of the time rate of change of the variable 

<t>(x,t) between two points connected by this path. However unlike 

Leith's method which can only be applied to cases of constant 

velocity field, the method presented here is quite general and can be 

used to solve the advection equation for the case of a velocity field 

that is a function of both x and t. 

·u = u(x,t) 

Another advantage of this method is its accuracy. All approxi

mations which are made here are of the order of: 

1 



2 

(1.1.2) 
. ( 

In comparison tests made for problems with known solutions 

this method consistently proved to be a least two orders of magnitude 

more accurate than the one sided upwtnd ·finite difference scheme which is 

commonly used for the solution of advective type differential equations. 
~: 

1.2 	 Motivation for the Work 

The containment and storage of radioactive substances is a 

topic of central importance in nuclear engineering today. 

During operation, the radioactive material is mainly held 

in the fuel. In case of an accident its migration in the fuel, 

primary ciruit, containment and atmosphere is of interest. Af~er 

removal of the fuel from the reactor it may be stored for some period 

in water filled pools after which it may be buried in stable and 

impervious. geologic formations. While the fuel waste forms that are 

buried either before or after reprocessing, are expected to be highly 

resistant to leaching~ still migration due to contact with ground water 

must be considered in the safety analysis of a nuclear wastes disposal 

site. 

In general the fluid velocities transporting radionuclides are 

assumed to 
. 
be known. Therefore their 

. 
migration can be modelled by 

advection type equations that .take diffusion and dispersion due to 

non uniform velocity fields into account. One way of mode1lfog 

dispersion is by a diffusion type coefficient that may be a function 

of position in the media, as well as of the velocity field itself.· Also 
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decay of radionuclides must be taken into account.. In its one dimen

sional form the advection-dispersion equation becomes: 

. j_t ~ .a [ u ( x ~ t) p] ~ .L [ D ( t j . ~] = k qi + k (1.2.1)at ax ax x, ax . l 2 

There is no known analytical solution for the general equation 

described above and it must be solved by means of numerical techniques. 

Our· ultimate aim is to develop a very accurate numerical 

scheme which could be used to solve equation 1.2.1. rn particular, 

numerical diffusion and dispersion effects are to be minimized. 

The method we have developed can now be used to solve the 

advection equation 

2-t + a(up) = S(x t) (1.2.2)at . at , 

However it is written in such a manner that with little effort 

it can be generalized to solve equations of the type given by equation 

1.2.1. Therefore it can become a useful tool in the analysis of . 

advection-diffusion problems in nuclear engineering (and other fields} 

where high accuracy is needed. 

The generalization of this method for the solution of multi

dimension advection dispersion equation is also possible by using the 

method of fractional time steps3 



CHAPTER 2 

METHOD OF SOLUTION 

2.1 the ·case ·of ·constant · v~1otity · Fi~ld 

Consider the adve~tion equation in conservation law form: 

~ + a(up) = 0 (2.1.1)at ax 


Expanding the spatial derivative and re-arranging we obtain: 


~ + ~ = -<t> ~ (2.1.2)at ax ax 

If the velocity field is constant the right hand side of the 

above equation is zero and equation (2.1.2) reduces to: 

.£i+u~=O (2 .1. 3)at ax 

where u is constant. 

The solution of equation (2.1.3) is well known and is given by 

the general equation: 

<1>(x,t) = F(x-ut) (2 .1.4) 


Which leads to the following relations: 


<1>(x,t+bt) = <t>(x-ubt,t) {_2. l • 5} 


<1>(x+ubt,t) = <t>(x,t-bt) {_2.1.6) 


Let us now construct a grid in the solution domain (the x- t 

plan~). Let bx be the increment in the x direction and let bt be the 

4 
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time increment, so that each point on the discretized plane will be 

uniquely defined by an ordered pair of 'int.egers j and n 

i.e. 

Furthermore let the solution domain of interest be finite 

and have the following bounds: 

O ~ j ~ J + 0 ~ x ~ J6x 


0 ~ n ~ N + 0 ~ t $ N6t 


Based on these conventions a graph can be drawn for the 

particle· paths expressed by equations (2.1.5) and (2.1.6). Without 

loss of generality we assume that the velocity is positive. For con

venience the courant number is introduced as: 

_ u8t 
a. - - (2.1.8)

8X 

Referring to figure 2.1.1 equation 2.1.5 indicates that 

n+1 -n+ lcp. =cp.
J J 

and equation 2.1.6 indicates 

"n-1 n-1 
c[> • . =cp.

J J 

Again referring to figure 2.1.1 consider a value cp which is 
0 

situated a distance ~8x to the left of cp~. cp(x,t) can be expanded
J 

in a Taylor series about the position of cp • In particular, 
0 

in the spatial direction only,the expansion is: 
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CX> 1 i . 
<t>(x, t) = <t>

0 
+ I (y) a <1> [x - (j-~)ilx] 1 

(2.1.9)
i=l · ax1 

Equation 2.1.9 can be used to evaluate .__Some of the 

neighbouring values of <f>. The following expansions can be constructed: 

(2.1.10) 


"n-1 (S-l) 1 ~ . i 
<f> ~ <f> + ~ ._1 (-.-r) · . [ (y~J +a+~ ) ilx] {2.1.11)Y o l1- 1. ax1 


-n+l (S-1) 1 -~ i 

<f>. ~ cf> + l ·-l {_,,-) · . [(~-a)ilx] (2.1.12)J o 1- x .. ax 1 


The unknowns in the above equations are: 


i-n+1 a cf> 
cf>. , cp and 1 (i=1 ., 2, ..._, (S-1)) (2.1.13}0J · ax 

. ... 

0 

l 

¢t: ·--- -· -·'"

~ 

¢,."11+.l I 

¢;j. _ J~ 

so '~Ax I 

<A7!-' ' '¢t'J-1 I 

~!AX 
't 

¢~H 
:>+J (1Jfl].4t 

¢;, 
17/Jt . I

[ 

l
</J-r>-r

jtt t .(1/7-J) l'.1f 
l 
r 

(j-i)L1X jllX (j+i)&X. 

Figure 2.·1.1 :. --Particle paths for the case of constant velocity 

http:1Jfl].4t


] . 

:. + (S+l) unknowns . 

The highest ~ number of values of e and y that we can have is 

the total number of nodes in the grid. Thus it is possible to con

struct (2J+l) equations which are linear in the unknowns. In addition 

if 

a r ~ and 0 < (a,~) < 1 

and s + 1 = 2J + 1 (2.1.14) 

then the system of equations is linearly independent and it will have 

a unique solution. From equation 2.1.14 the value of Scan be found: 

{S+1) = 2J + l 


:.s = 2J (2.). 15} ' 


Thus by solving the system of equations as presented we can 

get a value for ~j+1 • Referring to equations _2·.l.10, .·2_.l.ll a.nd 2.1.12 

.it ·can be seen that the.. largest distance · from the origin is ·_-. ·· , 

given by: 

DMAX =· {M6X[(s-j+~); (y-j+a+~)]} 6X (2.1.16) 

Thus the maximum error involved in these expansions can be 

calculated by 

(2.1.17) 

where 0 < ~ < (J~x). 

The maximum value that DMAX can ever have have cannot exceed 

(J+l)6x, this is an upper bound value, which happens when: 

http:2�.l.10,.�2_.l.ll


8 

j = 2 and y = J 

. DMAX < (J+ l)llx (2.1.18} 

Substituting for DMAX into equation 2.1.17 

IE I ~. , (J+~ )s ·i.P_ [llx]s I (2.1.19}. 
MAX S! axs 

But according to equation 2.1.15 s = 2J, thus the final expression for 

the maximum error becomes: 

2J 2J 
IE I ~I (J+l) ~ [llx] 2Jj {2.1.20)

Ml\X (2J)! · ax2J 

To get an idea of the magnitudes involves in the above 

equation, let us consider the case where 

J = l 0 , flX = 0. l 

IE I ~·1(11)20 a2o<P . [o.1]2ol~ 2.76*10-1sl· (a20¢)I 

ML\X ~,O ! ax20 ax20J 


And clearly this is an upper bound for the ma~nitude of the error. 

Thus in theory we can solve for ~~+l {j = 1, 2, ..... ,J)
J . 

with the accuracy just discussed. But according to the relation of 

equation (2.1 .. 5), which is reproduced below 

~(x,t+~t) = ~(x-uflt,t) 

n+l -n+l 
+ ~j = ~j 

Thus we have in fact solved for ~j+l (j = 1, 2, ..... ,J). So in 
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. 
theory at least it is possible to solve tb.e advection equation very 

accurately by this method if tne velocity field is constant. Our 

next step wi 11 be to try and generalize this .idea for the case of 

variable velocity. 

2.2 · ·Generalization ·to ·variable ·velOcity 

Let us now try to generalize the concept developed in the last 

section for the case when the velocity field is a function of both 

time and space. Following the same convention as before we can agai~ 

draw a graph of the particle path as in Figure 2.2.1, however unlike 

the previous section <t>~+l is not equal to ;~+j in this case'°. Altho_ugh
J J 

the fluid particle originally situated . at the location ~~+l does move 

to the position of <f>~+l at the end of the time increment ~t, the right
J 

(11+1)4~ 

( 'J-3.) !J IJ(_ 

Figure 2.2.1: The particle path for the ·case of variable velocity. 

I 
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hand side of the equ~tton 

· ·~+ ~·.£.t= -~ · au (2.2. l} ..at ax ax 

has changed the value 4> ·-associated with this particle. The left hand 

side of equation 2.2.1 is the material derivative of the f~nction $. 

·Equation ·2·.:2 ~ 1 can be· _rewritten. as: 

.Qt = -4> .2-'! (2. ·2.2) .Dt ax 

A Lagrangian inter~~etation tan no~ be · used :in orde~ to · r~late · the value 

. of <P~~l to that of ;~+l. 1'Inte.grating equation 2~2.2 with ·respect
J J .·· ,;· 

to time along the particle path 

t t 


.·:.; J d<t> = - J (<P 2-'!)dt . {2.2.3) 

1 t=t · t=t ax 

. . 0 . ' 0 

For t = nflt and t = (n_!l )flt · · · 
0 

J
... 

(n+l)~t aun+1 --:n+1 
<P j - qlj = - (<P -)dtax 

nflt 

. (n+l)~t 

<P~+l = ;~+l - J (<P 2-'!)dt (2.2.4)
J J ax 


nflt 


The integral expression of equation 2.2.4 repre~ents the amount 

by which ;j+1 changed before it got to the 1 ocati on of <P ~t1• This 

integral must be performed along the particle path which in general 

is not a straight line. If we could calculate the value of this 

integral we would then be able to generalize the idea developed in 
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the previous section so that "it could be applied for the solution of 

the advection equation 1n general. 

Three pieces of informatio~ .are; needed to e~aluate this 

integral: 

(i) 	 ·an equation for the particle path about the point 

(j!lx, Mt) 

(ii) 	 A functional relationship fo~ · ~~(t) along the particle 

path 

(iii) 	A functional relationship for ~(t) along the particle 

path 

In this section we will outline briefly how the above infor

mation can be obtained in general with high accuracy. In the next 

section we will go through the details for the case of a chosen order 

of accuracy. 

In order to construct an equation for the particle path we 

must first have a functional relationship for the velocity as a 

function of~ and t about the point (jllx, (n+l)~t). let U~ be the 

velocity near the point {jllx, Mt) and let it be given by: 

(2.2.5) 

where 	z and w are not necessarily integer numbers and: 

ICz-j)f<l and l(w-n)j<l 

The coefficients_>..im of equation 2.2.5 can be found by solving the 

linear system of equations: 
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(2-.2.6) 

where 	 k = 1, 2, 3, ..• , J 

t = 1, 2, 3, ••. , N 

For the above system of equation to have a unique solution set 

·we must have the same number of linear indpendent equations as 

unknowns 

:.J*N = 	 I*M 

- -J*N:.1 =-ir 

.J*Nand 	 M=-
I 

.. . 	 . 

For ·the rparticular · case· when I i ~ M 

. 	 I 
. « I = M ::!, /J*N (2.2. 7) 

Thus if we know the velocity at every point on the grid we 

can in theory get an expression for the velocity field about the point 

(j~x, n~t) which is 

I I 
u~ ~I l . Aim[(z-j)~x](m-l)[(w-n-l)Lit](i-l) {2.2.8) 

i=l m=l 

where I 	is given by equation (2.2.7). 

Let us how try to construct an equation for the particle path 

about the point (j6x, (n+l)~t). Consider figure 2.2.2 below. Along 

the particle path we have the followi_ng relation 

· dx(t) 	= 
dt u(x,t) 	 (_2. 2. 9} 
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Integrating the above equation along the particle path between . . 

t = t 1 and t = tk we get 

(2. 2 .10) 


where n~t ~ t 1 and tk ~ (n+2)~t. Let xk denote x(t=tk) • . The above 
' •· 

-·equation c~n be,.rewdtten as: 
t . 

xk = x1 + k 1u(x, t)dt (2. 2.11) .J 
t=t l 

Let us assume that the equation of the particle path is 

. given by: 
. , 

x(t) = Ip a t{p-1) (2 .. 2.12)
p=l p 

_ _...,_______---11r-T-------.---- {?H-l)~t 

Figure 2.2.2: Limits of integration along the particle path. 
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I; , 	 , I , \ j · . • -· • . - - ---• ' --• • 

Consider figure 2.2.3 below~ ·· rhe time interval is divided- - 

into K sub-i nterva1s as ·shown. ~ Each of these points on -the parti cl~ 

path must be related by the particle path equation: 

. p 	 ( 1)
xk =I · aptkp- ; k =1, 2, •.• , K (2. 2 .13) 

p=l 

NOw if P = K then the coefficients ap {p = 1, 2, •.. , K) can be 

uniquely defined as a linear function of xk (k = 1, 2 ••• , K). 

(2.2.14} 


We thus have the coefficients that we needed in equation 2.2.12. For . 

p = K 

,K 	 ) (p-1)x(t) = 	 l ap(x1, x2 •.• , XK t (2.2.15) 
p=l 

We have an expression for the velocity which is given by': 

(2. 2 .16} 

f I 

I _J_ _ _ _ 

-' _L__, -

' 

~ • ·~ f 

tK- ~(&'L) &f . , i 
. l 

I 
(n-1-1) tJt

.__ _ 

Figure 2.2.3: Subdivision of the par~~le path into k segments. 
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A 1 o.ng the particle path. tfie aoove equation can be represented 

as a function of t only. Let: 

.. 

(w-n-l)~t = t and (z-j}~x = x(t) 

(2.2.17) 

Substituting for x(t) from equation 2.2.15 we get 

I I K · (p-1) . (m-1} ' ( i -1) 
Li(t) ~ l l . A;mO: ap(x,,x2, ... ,xK... )t ] .. * [t] , .. (2.2.18)

i=l m=l p=l 

where u(t) is now a polynomial in t only, 
.. 

thus it cari be rewritten as: 

u' ' ( t ) -- l\ s y
5 
(x1 ,x2, •.. ,x~ ')t ( s - l ) (2.2.19)

s=l , 

where S = K(I-1) and y is no longer linear in the xk' k = 1,2, ... ,K . . 
5 

Substituting for 'if(t)_ from·, equation 2.2.18 into equation 2't2.ll 
\ 

' {2. 2. 20} 

Evaluating the integral on the right · 

- S (y~(xl,x2, ... ,xk~) s .s 
xk - xl + l 5 [tk-tl] (2.2.21) 

s=l 

where k = 1,2,3, .. ~,K. The only unknowns in equation 2.2.20 are x1, 

x2, ... ,xK and thus it can be solved for. This can be done by solving 

a system of K equations which are non-linear in the unknowns. · The 

magnitude of K has no theoretical limitation and in principle can be 

as high as desirable. After ·solving for xk (k = 1,2,3, ... ,K) we can 
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go back and calculate the valu~ of · the coefficients a (o=l. p . ' 

2, .•. ,K) 

(2.2.22) 

Thus we now have an equation for the particle path about the point 

(j8x, n8t) which is: 

. K . 
x(t) = l ,.la t(p-l) . (2.2.23) 
. ·p=l p 

A functional relationship fo~ · ~~(t) can now be easily constructed. 

Along the particle path the velocity field is given by equation 2.2.17 

which is reproduced below: 

:. ~xu(t) =LI LI (m-l)L [x(t)](m-2)[t](i-1) (2.2.24)
0 i=l m=l · im 

Substituting for x(t) from equation 2.2.23 and simplifying 

l!l_(t) = { f3.t(i-1) (2 .. 2.25)
ax i=l , 

where R = (I-l)(l+K)-K . 

The last piece of information that we need is an expression for 

$(t) along the particle path. Consider figure 2.2.4 below. Let $k 

be the value associated with the point t = tk on the particle path. 

Furthermore let $(t) along the particle path be given by: 

(2.2.26) 
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We can thus construct K equations 

K (i-1}
~k =I ~-tk (k = 1,2,~ .. ,K) (2.2.27}

• 1 1i= . 

and solve for the coefficients t 1 as linear functions of the values of 

~along the.particle path: 

(2.2.28) 


where i ~ 1,2,3, ... ,K. Substituting for the above expression into 

equation 2. 2. 26 · , 

(2.2~29) 

Multiplying the above equation by equation 2.2.25 

... , 

;....__~___:._____ _._~-~-,.----..---- tk =: (11+2} (ff- . 

- f;k-! 

<f/JLrfi£., t2__ 
. i ! 

_.,.___--lfl--_ _._________ t~= .'I] d 1

{jl-t)J~ 


Figure 2.2.4: Values of ~ along the particle path. 
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which can be s1mpltfted to: 

(2.2.. 30) 

where Q = K+ R - 2 and the ni are linear f~nctions of <f>k (k = 1,2, ••• ,K}. 

Consider equation 2.2.4 which is reproduced below: 

n+l -n+l J(n+l)~t ·· au 
<P • = cf>. - {<f> -)dt
J J ·ax . 


t=Mt . 


If we change the upper bound of the definite integral to t = tk we 

then have: 

tk 
-n+l J ~u 

cf> k = <f> • .· - (cf> -") dtJ ax 
t=n~t 

substituting for the integrand from equation 2.2.30 we get 
t 

-n+l J k Q (i-lL
<Pk = <f>j - [ ~- n;C<t>1,<f> 2, ... ,¢K)t ~dt 


t=t =n~t l-l · 

1 

Performing the definite integration 

(2.2.31) 

where k = 1,2,3, ... ,K. The above equation prepresents a system of 

equations which are linear in the unknowns <f>k (k=l,2,3, ... ,K). Since 

the number of equations is equal to the number of unknowns then a 

unique solution set can be obtained. 

Referring to figure 2.2.5 below it can be seen that the solution of the 

system of equations represented by equation 2.2.31 will give <1>j+l and 

:~+l . 
't'J • 
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~j
n+l 

= ~j=~ where t 
1 

= (n~l)bt 

We have thus shown that the method introduced here can at 

least in theory be generalized to solve the advection equation for the 

general case of variable velocity field. In the next section we will 

describe in detail a working version of this method·. 

2.~. A · Fu~ctional Stheme 

The method described in the previous section is theoretically 

valid and great accuracy can be achieved in the solution of the 

advection equation for any given velocity _field. 

However from a practical point of view the scheme may be too 

c;:umbersome to develop and economically prohibitive to use. 

We tried to strike a balance between the accuracy achieved 

and the complexity involved. A functional scheme was developed which 

can solve the general advection equation with good accuracy and at 

th~ ~ame time it is not extremely expensive to use, we will come 

~n+J 
-------------------.,...-------- -t1 == ('n+I) IJf 

Figure 2.2.5: Selected values of ~ along the particle path. 
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back to 	this point in chapter 5. 


Let the velocity field near the point (j6x, (n+1} ~t) be 


. giyen 	by the double power. series expansion: 

(2.3.l) 

The reason for choosing the above expansion is purely 


economical. A third degree expansion for each variable would imply 


solving 	a 16 x 16 matrix at each node for each time step, thus it 

would not be in accordance with the balance. we_are tryfog to achieve. 

Let u~ represent u(x=j6x, n6t). By choosing the point (j6~,J 	 . 

(n+l) 6t) as the origin of the expansion and usfng the convention 


above we can then rewrite equation 2,3,l as: 


3 3 
u~ = 	l l Aik[(i-j)6x](k-l)[(m-n-l)~t](i-l) (2.3.2)

i=l k=l 

R, = (j~l), j, j+l 

where 


m = n, (n+l ) , ( n+2) 


We then 	·have ·nine equations and nine unknowns. Since the equa~ions 

are linearly independent a unique solution for the coefficient~ Aik 

(i, k = 1,2,3) can be obtained. This is accomplished by solving a 

9 x 9 matrix at each node. The points surrounded by a circle in 

Figure 2.3.l represent the points of known velocity which are used to 

determine these coefficients. 

Let's a~sume that the particle path which goes thr~ugh 

the point · (j6x, (n+l) 6t) can be described by the function: 

(2.3.3) 
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We can sub.divide the time interva 1 'tnto five equal s_egroents as shown 

in figure 2. 3. 2. The reason for choost_ng five subdivisions here is 

again in accordance to our intenti'on of striki_ng a balance between the 

accuracy attainaole and the complexity involved, six subdivisions would 
-

add consideraoly to the complexity- of the solution. · Let xk represent 

x(t=tk) we can then construct five equations: 

x =Is a.tCi-1) {2.3.4)
k i=l 1 k 

whiCh can · be ,sol_ved for the coefficients ai (i = 1~2~ ••• ,5) as a·. 

linear ~utictfon of the ·position 'xk(k = 1,2, ... ,5). · The functional 

relationship in this case turns out to be: 

_ _._____......_--1-----+-----t----~- (1]-1)/ft 

C[f-1)4 x ({]-!) 4'X (Jf!) (J'X 

Figure 2.3.l: The chosen points of known velocity about the point 

(j~x, (n+l)~t). · 
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a.1 = 0 


"2 = (6!t} [-;5 + 8;4 - Sx2 + xl] 


"3 = (6lt2} [-x5 + 16;4 + 16x2 - xl] (2.3.5) 


. "4 = . (3~t3} [x5 - 2x4 + 2;2 - ;l] 

~5- = -(_1__4) [x5 - 4x4 - 4x2 .+ xl]
3~t J 

•j\The details o~ . the missing a 1 gebra can be found in Appendix l. 

§ubst'it'uting"for .x(t) into· equation 2~ ·3.l ':· 

3 3 
u[~(t),t] = u(t) = I I . AiJ.[~(t)]{j-l)[t](i-l) 

i=l j=l . 

which can be written as: 

{2.3.6) 


where the coefficients are: 

t 

------------------r-----T-l___ 

l- 1
I. -

~--.-~~~--.~~...---.~-.-~~~-t---:.~~nA~ 

i~(n+2)Jt 

f_q-= (IJ+ S/2)ilf 

--.-__ t3=(11+/) 4t: 

t2 ={1J1-r'h) tJt 

Figure 2.3.2: Subdivision of the particle path into five equal time 

· segments. 
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e2 =. ).21 +. Al 2a2 

e3 ~ A31 ~ Al2a3 ~ ~22a.2 + ~13a~ 
,.. 

. . . . 2 
e4 ~ ).12a.4 ~ A22a.3 + ·A32a2 + 2).13a2a3 ~ ).23a2 

. . 2 . . . . 
e5 ~ ).12a5 ~ A22a4 ~ ·A32a3 ~ ).13(2a2a4 + a3) + ~A33a2a3 

. - . ' . . . . . . 2 . . 
el~ ).22a5 ~~2a4 + ~A13Ca2a5 + a.3a4) ~ 123C2a2a4 + a3) + ~A33a2a4 

. . . 2 . . . . ' . .. 2 . 
eg =. ).32a5 +. ).13(2a3a5 + a4) + .2A23Ca2a.5 +. a.30.4) +. A33( 2a2a4+a.3 

Please refer to Appendix 2 for the details of the algebra. 

Substituting for equation 2.3.6 irito the integrand of equ~tion 

2.2.11 we get: 

Evaluating the definite integral 

11 .. e. . . 
xk = x1 + l [f (t~ - t~)] (2.3.7) 

i=l 

For k = 2,3,4,5 equation 2.3.7 rep~esents a system of four 

equations in which the only unknowns are x1, x2, x4, x5, since = 0.x3 
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However these equations are non-linear in the unknowns, we can con

struct a homogeneous function Hk: 
- . . .~ 

ll .ek(xi",x2,x4,x5}
Hk = xk - x1 - \ [ (ti - ti)] = o (2.3.8)l=l i . k 1 

The problem then reduces to finding the values of x1, x2, x4 
and x5 which will make Hk equal to zero. We can use the Newton

Raphson technique to solve it, The value of xk given by the pth 

iteration is given by: 

{2.3 .. 9) 

where 1 = 1~ 2, 4, 5. The above system can be rearranged into the 

following format: 

(2.3.10) 

where ~xk = xk - xk 
. . p p+l p 

Thus the value of xk after the pth iteration is given by 

{2.3.11) 

Where _. ~xk is the solution of the linear system of equation 
p

(2.3.10), the .matrix on the left is the Jacobian matrix and its 

elements ar.e: 
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. aH2 .. aH2 . . 0ff2;- .. 0~2 
ax1 ·ax2 ax4 - ax5 

.a~3 . . . aH3 . a~3 .. a~3 
. . aHk 

ax
1 

= 
ax1 

. . aH4 

ax2 

.. aH4 

ax4 

. . a~4 

ax5 

.. 3~4 
. (2. 3 .12) 

ax1 ax2 ax4 ax5 

aH aH .. aH .. aH
5 5 5 5 

ax ax1 ax2 4 ax5 

The expression for each element can be found in Appendix 3. 

The convergence criterium adopted here is to iterate until 

In the runs done to date the above condition is usually met 

with only a few iterations. The program puints an error message if 

more than ten iterations are required. 

Once the values of x1, x2, x and x5 are found then· the 
4 

coefficients of the particle path function cari be calculated since · .· ~ 

their 'functional · relationship .to xk · is already known .CEquatio~ 2.3.5). 

Now that the particle path equation of interest has been 

established it becomes a simple matter to find the point on the line 

t = n~t which the particle path crosses, as shown on Figure 2.3.3 . 
... n+l

The value of~ at this point is~· and will be needed for our
J 

calculation. 
· -n+lThe value of ~j can be found by interpolation. By expanding 
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-n+l 
<f> j and 0th.er known va1ues of <f> tn a Taylor series the fo11 owi_ng 

equations can be constructed: 

-n+ 1 4 .. 1··· · ·C) i~ · ·~ -- i 

<f>J· = <f> + l ("O:T) ~. [- - x1J (2.3.13}


0 2 · i=l 1. · .ax · 

$~ = $ + -/ (1,) a 
1t [":.JL\x]i . (2.3.14) 

J-2 0 i=l 1. ax1 2 

4n · · 1 · · ai cf> · · .:..l:lx i 
(2.3.15)cf>j-1 =<Pa+ ~=l (i!) axi [~~] 

$~ = $ + l4 (1,) ai$ ['"x]i (2.3.16)
J o i=l 1. ax1 2 

~~-21 = $ q4 <1-r> di$ [.:.Jt.x + d2. Ji (2.3.17)
J- , o i =1 1. ax, 2 . J -2 . 

(2.3.18) 


__._-----,-...--------_....._-· 0'J+i)~t- _: 
/'.J

<Pt' 

Figure 2.3.3: The intersection of the particle path with the line 

t = nbt. 
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Where the centre of expansion is taken to be Ax./2 to the left 

of the point (jax, Mt) as sho'lln on F.1gure 2.3.4. 

There are six unknowns in equations 2.3.13 to 2.3.18, namely, 

-n+l · ·a1cp • 
cf>j ; cp and 1 1 = 1, 2, 3, 4

0 ax 

and since we have the same number of independent equations the sol.ution · 

set will be unique. These equations can be written in matrix notations 

as: 

ti-1 i: 
' 
j 
:·. 

l (2x - "' xl) + .... .... _f.(liX - xl) 
4 


['. 
2 ' 

I 
' I. 
I 

0 T ·, (-3~x) + ............ ~ . +(~3~x)4

1. 

I 
i 4(-fix) . (-!ix)0 T + .....•..•.•.+ -22 


· fix
0 i!.- .}. <2) +•••••.••.•...• +<~x)4 
1 

•0 l ~ J c-3rix + d2. 2) + .. +(-3tix + 4 
. ' i .' 2 J- 2 d2j-2) _

'! 

0 l i (-!ix + d2. 1) + ... +(-fix + 4
2 . J- 2 d2j "".1 l 

'' 

, 

-n+l 
cf> •
J 

<Po 

~ 
ax 

in 

2!ax2 

l~ 
3!ax3 

l a4<t> 
414'ax 

= 


a 


n 

<f>. 2J-

n 
<I> • 1J-

cf>~
J 

"n-1 
<f>. 2J

"n-1 
cf> • lJ

. ~·~-... -·- ·

d~J·-~ JJ~j-t 

I 

I I 
I ~.,-1 ~: 

/\ 

~: (jl'~' 
' /J-2 

J-J 

4-. I ~ ~ 

{j-J)!J'! (J+t)4X 
(~-2)LJX 

Figure 2.3.4: Values of ~sed for the calculat;on of ~~+l.cf> 

. •···-------- ·· J 
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A matrix solution routine is used to solve the above system. 

If we do this for every value of j (1 ~ j ~ J) we will then have all 

the values of ;~+l along ~he line t =nat. 

A _functional relation~hip f?r ~~(t) along ·the partic_le path . ' 

tan now ·be constructed. The · spatfai 'dedvaHve·.of· equatio.n}.3~1 gives: 

3 3
au(x,t) =I I (j-l) A~. x{j~2)t(i-l} 


ax . i=l j=l . lJ . 


Substituting for the particle path equation for x· above 

3 3 
~ (t) = l l (j-1) A··[X(t)J(j-2)[t]{i-l)

ax i=l j=l lJ 


3 I3 {(j-1) i .. [Is a t<P-1>1<j-2)[tJi-11= I 
i=l j=l lJ p=2 p 

which reduces to: 

7
~(t) = l D.t(i-1) (2.3.13)
at i=l i 

where the coefficients are given by: 

01 = Al2 

02 = 2Al3a2 + A22 

03 = 2Al3a3 + 2A23a2 + A32 

= 2A 13a4 + 2A 23a3 + 2A33a~ (2.3.14)04 


05 = 2l13a5 + 2123a4 + 2l33a3 


06 = 2123a5 + 2133a4 


07 = 2A33a5 


http:dedvaHve�.of
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The mi~sing algebra can be found in Appendix 2. 

Now let's assume that $(x) along the particle path can be 

represented by: 

5 
•(x) 	= l e.x(i-l) (2.3.15) 

i=l 1 

Let $K be the value of • at the point xk = x(tk) on the 

particle 	path. We can construct 5 equations represented by: . 

5 
- (i-1) ~k - I aixk , k - 1, 2, ... , 5 (2.3.16) . 

1 =l 

We can again solve for the coefficients B;Ci=l,2, ..• ,5) as 

linear functions of :$k (k = 1,2, ... ,5). The details of the solution 

and the .f~nal format of theie functions are given in Appendix 1. 

So now we have an expression for •(x) along the particle 

path which is a linear function of •k (k = 1,2, ... ,5). 

5 
-	 . (i-1)•(x) -	 I e1c.1 , • 2 , ...•5)x (2.3.22) 

1 =l 
. 

Substituting for th~ particle :path equation 1nto · e~uatibn · 

2.3.22 	we then have •(t) along the particle path: 

5 
<1>[ x<t lJ = <1> <t > = I s; <<1> l' <1> 2 , •... , <1> 5> [ xct> J<1 

-
1 > 

i=l 
5 5

=I . {B;<•,, •2' ... , •s)[I apt(p-l)](i-1)} 
i=l p=1 

which can be 	written as: 

{_2.3.23) 
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The coefficients ~i (i = 1, 2, .. ~, 17) are given in Appendix 2. 

We can now find an expression for the function 

- F(t) = <t>(t)* ~ (t)ax 

along the particle path. This can be accomplished by multiplying 

equation 2.3.23 by equation 2.3~13 

, 17 ·,,; )t(i-1)][~/ D.-t(i-1)].'.'\ F(t) = (}: ~. _{cpl, ¢2, .•• , '1'5 l 
1 

,I i =1 1 - i =1 

which can be written as: 

... ' {2.3.24) 


The coefficients Ri (i = 1, 2, ... , 23) are also given in Appendix 2. 

We can now go back to the line integral developed in section 2 

(equation 2.2.3): 

t t 'Ldq, = - It=t (q, ;~)dt 
0 - 0 

Repfacing the lower bound of the definite integral by t = t - . 1 

as shown on Figure 2. 3. 5 and the upper bound by t = tk and substi tuti_ng 

-.----------jl!F---t----------__._- (11+! )flt 

(n-1-21.tJt 

i=if< 

U/-1)~'X-


Figure 2.3 ~ 5: The bounds of integration along the particle path. 
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tk 23 

<f>k = <f>1 - [L. Rl.(<f>l' <f>2, ••• , <f> )t(i-l)]dt
Jtl 1 =l 5 . ' 

After evaluating the definite i~tegral on the right we get: 

... ' <f>5) . . 
]*[tl - tl]} (2.3.25)k 1 

The above expression represents a system of linear equations 

in four unknowns, namely <f> 2, <f> 3, <t>4 and <f>s· If we take k = 2, 3, 4 · 

and 5 we can construct four linear independent equations with respect 

to the unknowns, thus a unique solution set can be obtained. To 

simplify the algebra involved we construct a homogeneous function Sk 

by transferring all the elements of equation 2.3.25 to one side: 

... ' 

·where k = 2, 3, 4, 5. Now sine~ Sk is linear in <f>j it can be seen 

that 

Using this concept the matrix representation of the system 

can now be written as: 
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3S2 3S2 3S2 .as2 
3<P2 3<P3 a<1>4 a<1>5 

353 3S3 as3 as3 
Cl<P2 34>3 3<P4 34>5 

(2.3 .27} . -
as4 
<P4a<1>3 

3S5,. 

()<f>3 

Where the partial derivatives used above are given by: 

(2.3.28) 

More details of the derivation above can be found in Appendix 3. 

The solution of the linear systemofequation 2.3.27 will give 
n+l An+lthe value of <P· and also <f>. since:
J J 


n+l 

<P . = 4>3J 


"n+l 

<f> • = <P5J 

as can be seen in figure 2.3.6. 

By going through this procedure for all values of j- (1 ~ j ~ J) 

the solution to the advection equation will be advanced by one time 

step. We will then have: 

j = 1, 2, ... , J 

and the value of ~~+l which will be used for the interpolation of 
-n+2 
<f>j at the next time step. 
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This procedure can be repeated for as many time steps as 

necessary_, such that at the end we have: 

j = l, 2, 3, .•• J 
for 

n = 1, 2, 3, ..• N 

which is the solution to the general advection . equation ·for the finite 

domain of interest which was estipulated at the beginning. 

-~ - <b~~Cf..J3 - . •. 
. - ~ 

(f}-1 )l1~ (j-1-l)A~ 

Figure 2.3.6: The position of <1>j+l and ;t1 on the particle path. 
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2.4 ·oescription ·of the ·computer ·Program 

A listing of the computer program is attached at the end of 

this report. The identification of the variables used, the function 

of each subroutine and a block diagram are presented in this section. 

Variable .Identification 

PHI ,. (J,N) = <P~J 

PHIBAR (J ,N) = ~n- j 

PHIHAT (J ,N) = ;~
J 

PHIUSED (J,N) =The concentration as given by the one-sided ·F.D. method 

PHITRUE (J ,N) =The true analytical solution 

RU (J,N) = The velocity field 

Dl (J,N) 

02 (J,N) 

DUDX (J,N) ' :: .Spatial derivative of the velocity field 

S (J,N) = Source term 

-RL , ~ .p; pe 1 ength 

= Total number of nodes 

DT =Time step _ 

DX = Node length 

TIME = Real time 

TIMEF = Total real time 

NTS = Total number of time steps 
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UCOEF (3,3,J) = Coefficients of the local velocity field expansion 

PCOEF (5,3) = Coefficients of the local ·particl~ path function 

SCOEF (3,3,J) = Coefficients of the local source function 

PHIPLOT -(*,*,*)= Array containing selected points to be plotted 

Description of ·subroutines 

UPDATE: 

It supplies initial and boundary conditions and updates all 

other variables in the three time level scheme. · 

FIT: 

It finds a functional representation for the local velocity 

field and source tenn by means of double Taylor series expansion. 

PPATH: 

It finds an equation for the local particle path by the method 

of Pickard and the method of Newton-Raphson for the solution of the non

linear system. 

PHI BARS: 

It finds the value .of ~~+l by a 5th order interpola.tion. 
J 

·soLVE: 

It solves the final equation and gives numerical values for 


n+l and "n+l

<l>j <l>j • 

PRINT: 

This subroutine simply prints the results in a prespecified 

format. 

PLOTR: 

Plots select results. 
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BLOCK DIAGRAM 

Start 

Specify: Pipe length 
- total number of nodes 
- time step 
- · total real time 
- type of solution _desired 

Calculate: Total number of time 
Steps 

- Node length (DX) 

Start External Loop . 

Increment External loop Index 

Set Real Time = 0 

Call Subroutine Update 

Call Subroutine Print 

Start Internal Loop 
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2 

~v 
.......... 

7 

Increment Internal Loop Index 

\jj 


Update Real Time 

\l! 


Call Subroutine Fit 

~v 

Call Subroutine _Ppath · 

\ v 

Call Subroutine Phibars 

Call Subroutine Solve 

Call Subroutine Update 

[ Save Results for Plotting 
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NO 


YES 


Call Subroutine Plotr 

NO 


Call System Routine to 
Terminate Plotting 

\ 

YES 

Stop 
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CHAPTER 3 

ERROR PROPAGATION ANALYSIS 

In the functional scheme outlined in section 2.3 power series 

expansions were used to approximate the value of several functions 

within some prescribed domain. A11 of these approximations carry with 

them an inherent error due to the finite number of terms used in their 

power series representation. In this chapter we will try to identify 

each error in particular and look at the total ~ompound effect that 

they all have in the final solution. 

· 3.1 · The Velocity Field Approximation 

Let f(x,t) be a continuous and differentiable function of x 

and t. Consider an arbitrary point (Ax, At) near the origin. If 

Ax and At lie within the radius of convergence of the Taylor ~eries 

expansion of f(x,t) then the value of fat the point (Ax, ~t) can be 

obtained by the relation: 

f(liX, At) 

where f0 = f(x=O~ t = 0) and the partial derivatives of f are 

evaluated at the origin. Expanding the first four terms in the above 

equation 

f(Ax, At) = f(O,Q) + [~~AX+ · ~~ At] 

2 2 2 
+ l.- [~ Ax2 + 2 _2__f_ AXAt + ~ At2J

2. ax2 axat at2 
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{3.1.2) 

Where R4(8x, 8t) stands for the remainder terms and is given 

by 

l ( ' a a 5R4
(8X, 8t ) = 5! ~X ax + 8t at) f(e8x, e~t) (3.1.3) 

and O ~ e ~ 1. 

Let UA(x,t) stand for the approximate local velocity field 

about the point (j8x, (n+l)~t) as given by equation 2.3.l which is 

reproduced below: 

3 3 
U(x,t) = l I , A. .x(j-l)t(i-l) (3.1.4) 

i=l j=l lJ 

Expanding the above equation for x = ' ~x and t = ~t 

(3.1.5) 

If f(x,t) is replaced by u(x,t) in equation 3.1.2 then it 

becomes the true velocity at (x = l':.x, t = ~t), let it be denoted by 
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uT{Ax, At). The error introduced in _the approximation of 

equation 3.1.5 can then be obtained by the equation: 

Eu(Ax, At) = uT(Ax, 	 At) - uA(Ax, At) 


3 3
1= R4(Ax, At) + 3•• [~ Ax3 + ~ At3]3 3ax at
4 . . 4 	 4 4 

+ 41' [a 4u 	 . u 3 AXAt3 + a 4u At4] (3.1.6)AX4 + 4 ~u3 AX3At + 4 d 
· ax ax at · axat at 

Equation 3.1.6 represents the amount by wMch the approximation 

to the velocity field about the point (jAx, (n+l)At) differs from the 

true value. 

Thus the approximate velocity field can be written in terms of 

the true velocity field by: 

(3.1.7) 


Where Eu(Ax, At) is 	given by equation 3.1.6. 

3.2 The Particle Path Approximation 

Let x(t) be a continuous and differentiable function of time. 

For some values of t = At which lie within the radius of convergence 

of its Taylor series expansion about the origin (x=O) we may write: 

Ax = x(At) (3.2.1) 


where the remainder Rn can be written as: 

1= 1 (a"+ x) Atn+l (3.2.2)Rn(6t) (n+l]~ atn+1J~6t 
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and O s ~ ~ L\t. 

Let the true particle path equation about the point (ji\x, (n+l) 

L\t) be given by equation 3.2.l. In section 2.3 we made an approximation 

for x(t) which was: 

(3.2.3) 

The error in this approximation for t = L\t is given by 

= _l ~ L\t55 J(S! at5 ~L\ t 

where 0 ~ ~ ~ 1. 

(3.2.5) 

If we now substitute for L\xA into uA(L\x,L\t) we will have an 

expression for the approximate velocity field about the origin point 

(jAx, (n+l)At) as a function of At only. This can be accomplished· 

by substituting for L\xA from equation 3.2.5 into equation 3.1.7. 

(3.2.6) 

The expression for uT(L\xA' L\t) can be obtained by substituting 

for AXA into the true expansion for u(Ax, lit): 

au auuT(L\xA, lit) = u(O, 0) + [ax AXA+ at At] 


1 2 2 2 2. 2 

+ ,,.,.- [!_l! AX + 2 ~ L\XAL\t + ~ L\t ]

2. ax2 A axat at2 



43 

"' l 3 3 , 3· 2 ,3 2 . -d3 3 
+ ~. [2-.!! AX + 3 a u ~x At + 3 a u AXAAt + ~~ At ]

3· ax3 A axat2 A axat2 at3 

(3.2.7) 


If we now substitute for AXA from equation 3.2.5 into the 

above equation and re-arranging we get: 

,,, 

~,4'T(AxA, At) = Yr(AxT' At) + S~(AxA, At) (3.2.8) 

where Su is given by: 

- aPu AtP} (3.2.9)•
atP 

and the operator Dr[Ax] is defined as: 

r { [Ax~ - AX~. ] For r r 0 

D [Ax] = ·. 1 : ( · For r = 0 


Substituting for u1(AxA, At) from equation (3.2.8) into 

equation 3.2.6 we have: 

The first term on the right hand side of the above equation is 
-

in fact the true velocity along the particle path as a functton of 

time only; thus the error in A(t) can now be expressed by: 
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(3.2.10) 

Where Su(AxA, 6t) and Eu(6xA' 6t) are given by equation 3.2.9 

and 3.1.6 respectively. 

Equation 3.2.10 expresses the total error of the approximation 

used for u(t) along the particle path about the point (jAx> (n+l)At). 

Ihe approximate expression for u(t) can thus be written as: 

(3.2.11) 

where EUA is given by equation 3.2.10. 

The particle path calculation arises from the solution of the 

integral equation: 

XR tk 
J dXA = J uA(t)dt 
x=x 1 t=t1 

(3.2 .. 12) 

Now since 6t and 6x were assumed to be arbitrary values we can 

replace them by t and x respectively in equation 3.2.11. We can then 

substitute for UA(t) into equation 3.2.12. 

. tk 
XA = XA + J [u1(t) + E~A]dt (3.2.13) 

k 1 t=t 
1 

We know that by definition the true value of xk is given by 
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{3.2.14) 

Subtracting equation 3.2.13 from equation 3.2.14 we get: 
tk . 

(x1 - xA ) • (x1 - xA ) - J (E~A]dt (3.2.15) 
k k 1 l t=t . 

l 

which 	can be written as: 

tk 
Sxk • sx1 - f [EuA]dt (3.2.16} 

t=t l 

and E'uA is given by equation 3.2.10. 

Equation 3.2.16 is an expression for the discrepancy between 

the true value of xk and its approximate value. If k = 3 then the 

left hand side of equation 3.2.16 is identically zero since: 

Thus the v~lue of sx can be obtained directly
1 

t3 

Sx1 • 	f [EuA]dt (3.2.17) 

t-t- 1 

Substituting for the above equation into equation 3.2.16 we 

have: 
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J [EuA]dt J [E~A]dt + J [EUA]dt 

(3.2.18} 

t=t1 t=t
1 

but: 
tk t3 tk 

= 
t=t1 t=t1 t=·t3 

tk 

,Sxk = - r [EuA]dt p.2.19) 
t=t3 

Now since t 3 = 0 

(3 .2. 20) . 

Substituting for E ~ ~ from equation 3.2.10 

tk 
Sxk = -J [~1 (xA' t) - Eu (xA' t)]dt 

0 

Substituting for Su(xA,t) and Eu(xA,t) from equations 3.2.9 

and 3~1.6 respectively into the above equation and performing the 

integration 

4 4 4l 4 3 2 a u 4+ - · {~ x t + 2 a ~ x tk + -- x t41 ax4 k ax at axat3 k 
4 

+ l ~ t5} (3.2.21)
5 at4 k 
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where 
(x~ - x~) for r 1 0

= { 

1 for r = 0 


ltkl ~ tit 

lxl ~ 6X 

Equation 3.2.21 expresses the total ~rror in the position xk 

found by this method. The operator Dr[x] is fifth order in x thus the 

second term in the above equation becomes the dominant one in the 

limit of small x and t. 

:. Sxk 	= 0[6Xi6tj] (3.2.22) 

where · 	 (i+j ) ~ 4 

3.3 	 Error Due to Interpolation 

The value of ~~+l is found by solving the linear system given 
J 

by equations 2.3.13 to 2.3.18 which are reproduced below: 

4 
<Pk = <Po + l (1...-,) ~ . zki + Rk5 (3.3.1) 

i. az 1 
i =l 

where: 
-n+l 

<1>1 = <I>.	
J zl = [~x - xl] 


n [- 36X]
<t>2 = <Pj-2 z2 = 2 

n 
 z 	 [-6X]=<1>3 = <l>j-1 3 2 


[6X]
<1>4 = 	 <I>~ z = 
J 4 2 


"n-1 
 [-36x + d2. ]
<I> = <P. 	 2 z = 
5 J- 5 2 J-2 


"n-1 z = 6X . 

<1>6 = cpj-1 6 [- 2 + d2j-l] 
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The remainder term Rk is made up of two terms. The first one 

is the normal Taylor series remainder, the second one is the error 

introduced by the wrong values of x1, d2. 2 and d2. 1• Let:
J- J

k = 1, 5, 6 	 (3.3.2) 

where zT stands for the true value of zk and sxk stands for the dis
k . . 

crepancy in xk as given by equation 3.2.21. The general remainder term 

of equation 3.3.l can then be written 

(3.3.3) 

where 0 ~ e ~ 	 1 and 
{ . 4 i .;• q 

[H ;4o1 [zk] k = 1, 5, 6l 1 
i=l az 

(3.3.4)sk = ( 
0 	 k = 2, 3, 4 

Equation 3.2.22 gives: 

Sxk = O[~xm~t"J where (m+n)~4 

{3.3.6) 

where: (m+n)~4 and k + i = i 

In the limit of small x and t the lower powers become the 

dominant terms. For i = 1 the expression in equation 3.3.4 becomes 
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for k = 1, 5, 6 

{3.3.7) 
for k = 2, 3, 4 

For Courant numbers smaller than unity 

(x1, d2.
J-2, d2.

J-2) < ~x 

3tix<
2 

Thus the total error in the approximations of the selected 

values of ~ can be written: 

5 
·IR I < 1-1 Lt [3e~x]5 l+ISkl (3.3.8)total - 5! ax5 2 

where sk is given by equation 3.3.7. 

The value of $j+l will be given by the solution of the linear 

system of equation 3.3.1. Thus the total error in $j+l will be a 

linear combination of the error for each equation which are bounded 

by the expression of equation 3. 3.8. 

The approximate value of $~+l can then be written 
. J 

-n+1 '."n+1 {3.3.9)~A. ~ ~T. + KRtotal
J . J 

Where the subscripts A and T refer to the approximate and true values 

respectively and K is a constant which arises from the solution of the 

linear system. 
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3.4 	 The ·caltulation·af ·the Line ·Integral 
n+lThe value of <f>j is found by solving equation 2.2.4 which is 

reproduced below: 
n+l}tit 

n+l -n+l ~u
$. = <f>. - <f> 	 -

0 ]dt (3.4.1)
J J J	 ax 

ntit 

Each term in the above equation contains an error. The error 

in the first term is given by equation 3.3.9 

(3.4.2) 

The ·integrand of equation 3.4.1 is made up of two terms. The 

first one is obtained by assuming that on the particle path: 

~ {x) = l5 s.x(i-1) 

A i=l 1 


when in general 

<f>T{x) = 	 l5 s. x(i-1) + R{x) (3.4.3)
i=l 1 5 

Thus the approximate value of <f> can be represented in terms of 

its true value 

(3.4.4) 

where R5(x) is the usual Taylor series remainder and is given by: 

(3.4.5) 

where 0 ~ e ~ 1 . 
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The approximate particle path function which is given by equation 

3.2.5 	is 

x ( t) = x ( t) - l (a
5 

x) t 5 (3.4.6)
A 	 T 5 at5 

~t . 

where 0 ~ t ~ 1. The approximate value of+ along the approximate 

particle path can be obtained by substituting for xA(t) from equation 

3.4.6 into equation 3.4.4: 

•A(t) = •[xA(t)J = •r[xA(t)J - R5[xA{t)] 	 (3.4.7) 

• [x (t)] = I 
00 

B-{X (t)J(i-l) + D(i-l)[x (t)]} (3.4.8)
T A i=l 1 T 	 A . 

Equation 	3.4.8 can be separated into two distinct parts: 

The first term in the equation above is in fact the true value 

of • along the true particle path, substituting for this equation irito 

equation 3.4.7 and rearranging 

+
•A(t) = •r(t) + Rtotal (3.4.9) 

where R;ota l = { ~ (a i t1 [ ( XA( t) ) i - (XT ( t) ) i ] 
i=O i. 	 ax1J 

__, (n~ 5 (3.4.10}5! 5J x 
ax ex 
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where 0 	~ e,n ~ 1. 

These approximations are used only in the domain 

Thus the order of the remainder of equation 3.4.10 can be written as: 

(3.4.11) 

The 	 spatial derivative of the velocity was approximated by: 

au) - l 3 l 3 
(j-1) ). .. z(j-2) t(i-1)[axJA i=l j=2 lJ 

(3.4.12) 

The true spatial derivative of u can be found from 

(3.4.13) 

2 21 a	u a u 
+ 2f [2 	 '"'XClt t + 2 -2 X] 

• 
0 ax 

3 3 31 2 + 6 a u+ - [3 ~ x xt + 3 a u t 2]

3! ax3 ax2at axat2 
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(3.4.14) 

The coefficients of equation 3.4.12 are identical to those of 

equation 3.4.14 for the same powers of x and t. Subtracting equation 

3.4.12 	from 3.4.14 

3
[au1 ~ · (au1 = _1 [ 3 a u x2]
axJT axJA 3! ax3 

4 . 4 2 4 
+ -1 [4 2-...!!.

4 
x3 + 12 a u x t + 4 a u 3 t

3]
4! ax ax3at axat

(3.4.15) 


Which can be written as: 


[au1 _ (au1 + R* (3.4.16}
ax) A - axJT total 

* 1 a3 
u 2where· Rtotal = - 3T [3 ax3 x ] 


4 4 4 

- _l [4 ~ x3 + 12 a u x2t + 4 a u t3]

4! ax4 ax3at axat3 

oo (1 ) i . (i) aiu. . . x(j-1) t(i-j}-2 "Tl j. () 	 (3.4.17}
i=5 1 · j=O J axJat l-J 

Equation 3.4.l can be rewritten as: 

(n+l)~t 

<l>n+l = ;n+l _ J [<1> (t) · (au) ]dt
A. A. 	 A axJA 

J J n~t 
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(3.4.18) 

Where the substitutions above were obtained from equations 3.4.2, 

3.4.9 and 3.4.16 respec~ively. Equation 3.4.18 can be ~xpressed as: 

n+l -n+l J(n+l )l\t (au)
cpA. = <Pr. - . [cpT(t) ax ]dt + S<f> (3.4.19) 

J J nl\t T 

(n+l)l\t 

where: Sep = KRtotal - J . {R;otal[cj>T(t) + R~otal]
nl\t 

(3.4.20} 

The first two terms in equation 3.4.19 represent the true value 

of cp~+l (by definition) we can thus write: 
J 

cpn+l = n+l
cpT. + Sep (3.4.21)A. 

J J 

The above equation states that the approximate value of 

n+l 


cp. differs from its true value by an amount Sep.
J 

The expression for Sep (equations 3.4.20) is very complex .. 

An idea of its behaviour in the limiting cases of small x and t can be 

obtained by considering the order of each of its .components 

Sep = K[O(l\x5) + O(l\xi~tj)] 

+ 0[8t]*{0[8x2J[O[c1>T] + 0[8t58x] + O[l\x5]] 

+ o[ht5l\x] + 0[8x5]} (3.4.22) 

where {i+j) = 4 

The important parameter here is not so much how big Sep is but 

rather how big it is in comparison to the true value of <f>. Let 
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l<t>rl ~ 1, in the limiting case of small Ax 

~ O[q,TJ + O[At5Ax] + O[bx5] ~ 0(1) = 1 

:. Sq, = K[O(Ax5) + O(Ax i Atj)] 

where (i+j) = 4 (3.4.23) 

Equation 3.4.23 represents the order of the relative error 

in the value of cp~+l obtained by this method. 
J 



CHAPTER 4 

COMPARISON TESTS 

4.1 	 Modes of Comparison ·and ·Results 

The method developed here has been used to solve the equation: 

~ + a ( ucp) = 0 	 (4.1. l)at ax 

The results were compared to two other solutions of the same 

equation: 

(1) The 	 true analytical solution 

(2) The 	 solution obtained by an upwind one sided finite 

difference scheme. 

This comparison was done for three different problems: 

(1) Velocity function of time only 

(2) Velocity function of space only 

(3) Fully variable velocity 

The following parameters were used for all problems: 

pipe length = 1 m 

number of nodes = 10 

mesh size= 0.1 m 

time step= 0.1 secs 
.. 

number of time steps = 50 

The solution of equation 4.1.1 as given by the upwind one sided 

finite difference scheme used is: 

<I>~+ l = 	 <t> ~ + r. ~t) [u~ ( <P ~ l - cf>~ ) + cf>~ ( u~ 1 - u~ )] (4.1.2)
J 	 J luXJ J J- J J J- J 

56 
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The nature of the boundary and initial conditions will be 

specified for each case. 

Ten plots were produced for each problem. Some of the points 

used to produce these plots are shown in Appendix 4. 

4.2 	 Velocity Function of .Time ·only 

For the velocity field: 

u(t) = 0.4 exp [0.180*t] (4.2.1) 

The solution of the homogeneous advection equation can be expressed -as: 

•(x,t) = k exp[0.5*(x - u(t)/0.180)] (4.2.2) 

The boundary condition is: 

•(x = 0,t) = k exp[-0.5 u(t)/0.180] (4.2.3} 

The initial condition is: 

•(x,t = 	0) = k exp[0.5(x - 0.4/0.180)] (4.2.4) 

The value of k was chosen to be: 

k = 1.0 * 106 (4.2.5) 

The results obtained in this section are shown on Figures 4.2.1 

to 4.2.10. 
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4.3 	 ·velocity ·Functian ·of ·space·only 

For the velocity field: 

u(x) = exp[ 0.4x] (4.3.l) 

The solution to the homogeneous advection equation can be expressed as: 
. . 

$(x,t) = k exp[1.0/u(x) + 0.2(x-t)] (4.3.2) 

The boundary condition is: 

$(x=O,t) = k exp[l.0-0.2t] (4.3.3) 

The initial condition is: 

$(x,t=O) = k exp[l.0/u(x) + 0.2x] (4.3.4) 

The value of k was chosen to be: 

k = 1.0 * 106 (4.3.5) 

The comparison of the different solution schemes for this 

particular problem can be seen in Figures 4.3.1 to 4.3.10. 

http:exp[l.0-0.2t
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4. 4. ·Fully · Vari ab1 e ·Ve koi ty 

For the velocity field: 

u(x,t) = 3[1~-t] 	 (4.4.1} 

The 	 solution to the homogeneous advection equation can be expressed as: 

2k x
cp(x,t) = [10-t] {4.4.2) 

The boundary conditon is: 

cp(x=O,t) = 0 (4.4.3) 

The initial condition is: 

k x2cp(x,t=O) == 10 (4.4.4) 

The value of k was chosen to be: 

k = l. 0 * 10
6 (4.4.5) 

These results are shown on Figures 4.4.l to 4.4.10. 
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CHAPTER 5 

CONCLUSIONS 

The method developed here has been used to solve the advection 

equation with a high degree of accuracy. 

Although this method in theory does not have any Courant number 

limitation, its accuracy will fall drastically for Courant numbers 

greater than unity. This is due to the fact that the method uses 

local power series expansion which are obtained by consideri_ng known 

values of the function in the surrounding nodes. If CN is greater 

than unit then any value obtained by these expansions will be by extra

polation rather than interpolati.on and its accuracy in that case will 

fall tremendously, thus defeating the purpose of this method. 

In the runs that were done in the McMaster University Computer 

Centre (CYBER 170) the time required was about 0.25 CPU s~conds per 

node per time step. Thus for a ten node pipe the program required 2.5 

seconds CPU time per time step. 

Clearly this method is consideraly more expensive th.an most 

conventional numerical methods of lower accuracy, and should only be 

used for those cases where high accuracy is the governing criterion. 

In actual comparison tests for particular cases with known 

analytical solution this method proved to be at least two orders of 

magnitude more accurate than the conventional upwind one sided 

difference scheme. 

This method can now easily be extended to solve the general 

advection diffusion equation. 
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. APPENDIX I 

Al.l · Coeffitiertts · of . th~ Pattitl~ Path · Fo~ction 

Let the particle path equation about the point -(j6X, nAt) be 

given by: 

X(t) = Is a.tli-1) (Al.1.1)
i=l l 

Let's choose five points in this particle path equally spaced 

in time as shown in Figure Al.1.1. 

-J~---_;,__.---J~___:r-------~~- (7J+l)&t-

X, X2 X'I 

. JAtt.:X3 

Figure Al.1.1: Equally spaced points in the particle path. 

We can then construct five equations, as follows: 

5 - ' (i-1) xk ~I a- tk , k - i,2, ... ,s . (Al.1.2) 
. l ll= 

where: 

= -Att 1 

= -At/2t 2 
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t 	 = 03 


t4 = 6t/2 


t = At
5 

. ,:")" ;. ' 

If we consider the point (jAX,(n+l)!lt)'tb·be· the ·origin of e~pan-

sion then clearly a.1 = 0 and we are left with only four equations: 

5 - \ (i-1). . XR 	 - L a .. tk , 1; - l , 2, 4 , 5 (Al.1.3)• 2 	1 Ii= 	 . 

Where the corresponding t~5 

we have 

-6t At2 -At3 6t4 

-6t/2 kAt2 J_At3 LAt4 
8 16 

At/2 ~At2 . !At3 ~t4
8 16 

At L\t2 At3 L\t4 

We can apply elementary row 

are given above. In matrix notation 

a.2 

a.3 

a.4 

a.5 

= 


xl 

x2 

X4 

X5 

operations to r~duce the above 

coefficient matrix to upper triangular. 

Rl 	 = Rl 

= 2R2 R2 R1 
= 2R3 +R3 R1 

R4 = R4 + Rl 

Rl 	 = Rl 

R2 	 = R2 

L\t2 	 L\t4-At -At3 
x, 

0 ~tllt2 ~t3 28t4 2X2-x14 8 
~t2 2At3 ~t40 2 4 8 2X4+x1 

0 2At2 0 2ilt4 
X5+Xl 

-At 8t2 -6t3 L\t4 x, 
0 --!-6t2 ~6t3 ~t4

4 -8 . 2X2-x1 
= R3 + 3R2 r 0 0 ~t3 2llt4 2X +6X -2x ·R3 	 2 2 4 2 1 

· -~t4R4 = R4+4R2 l 0 0 36t3 
2 x5+sX2-3~l . 
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-lit 6t2 -6t3 tit4 
xlRl = Rl 

. l8t3 ._?_6t40 --!lit2 
4 8 2X2-x1R2 = R2 

. _l8t4 0 0 . ~8~3 2X4+6X -2x .R3 = R3 2 2 1 

0 0 0 l6t4 I x -4x4;.4X2+x=  2 5 1R4 R4 2R3 

We can now solve for the coeffici~nts directly: 

. 1 
a2 = (68t) [-X5 + BX4 - BX2 + Xl] 

a 3 = (~)[-X5 + i6X4 + i6X2 - x1J 
68t 

2 
a
4 

= (-
3

){x
5 


38t 

2 
4 )[X5 a 5 = (~

38t 

2X + 2X - x ]
4 2 1

4X4 - 4X2 + x1] 

(AL 1.4} 

(A1.1.5} 

(Al..1..6) 

{Al .i 1·.7) 

Al.2 ·coefficiertts of · ~(x) · A10~9 · the · Pattic1e · P~th 

Let the value of the variable ~(x~t) along the particle path be 

given by: 

5 . 
¢(x) =I s.t<i-l) (Al.2.1) 

. l 11= 

+ 
I 

. I 
I 
I 

-f 
I 

Figure Al.2.1: Values of ~ . ~t selected points along the particle data.· 
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We chaos~ five points along the particle path as shown ·on Figure Al.2.1. 

We can again construct five equations: 

5~k = ~(xk) = ~ s t~i-l); k =1,2, .. ,5 (Al.2.2) 
l=l 1 

Where the points (xk, tk) ~ are: 

tl = -6t 


t = -6t/2
2 . 


t = 0
3 


t4 = 6t/2 


t = 6t
5 

and 
- 5 (i-1)

xk - l m. tk 
i=l l 

Where the summation above is the particle path equation. 

If we choose the point (j6x, (_n+1)6t) as the or_ig"tn of tfte expanston 

of equation (Al.2.1) we then get the value of s1 directly. 

The matrix representation of equation (Al.2.2) becomes: 

2 3 4 
x, x, x, x, 

2 3 4
x2 x2 x2 x2 

2 3 4 
X4 X4 X4 X4 

2 3 
X5 X5 X5 x~· ,; 

S2 

f33 

B4 

- S5 

= 


<1>1 - 4>3 

<1>2 - ¢3 

<1>4 - <1>3 

<f>5 - <1>3 

Performing elementary row operation on the above system we 

get: 
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1st Reduction 

Rl = . Rl 

.R2 .= .x1R2 ~ x2Rl 

a21 = O 
2 2 


a22 = xlx2 - x2xl 

3 3 


a23 = xlx2 - x2xl 

4 4 


a24 = xlx2 - x2xl 

b2 = xl(~2-~3) - x2(~,-~3) 

... 

= . . ~R4 X 1 R4 X5R1 

a41 = O 

2 2 


a42 = xlx5 - x5xl 
3 . 3 


a43 = xlx5 - x5xl 

4 4 


a44 = X3X5 - X5Xl 

b4 = x,(~5-~3) - X5(~,-~3) 

2nd Reduction 
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a31 = 0 

a32 = 0 
2 . 2 3 3 . 

a33 = (xlx2-x2xl)(xlx4-x4xl) 

-(x x2-x x2)(xlx~-x2x~)
l 4 4 1 

2 3 . 2 2 2 3 2 2 
= XlX2X4(XlX2X4-XlX2-X1~4-XlX2X4-XlX4-XlX2) 

2 2 4 4
a34 = {xlx2-x2xl)(xlx4-x4xl) 

2 2 4 4
-(xlx4-x4xl)(xlx2-x2xl~ 

. 3 4 2 3 3 4 2 3 
= XlX2X4(XlX2X4-XlX2-XlX4-XlX2X4-X1X4-XlX2) 

2 2
b3 = (xlx2-x2xl)[x1(•4-•3)-x4<•1-•3)] 

2 2
-(xlx4-x4xl)[x1(•2-•3}-x2<•1-•3)] 

2 = •1[X1X2X4(X4-X2)] + •2[x1x4(X1-X1X4)] 

2 4 3 2 2 2 2 
+ •3[X1X4-X1X4-X1X2X4+X1X2X4+X1X1X2-x1x2] 

2
+ •4[xlx2(x2-xl)] 

R4 = a22R4 - a42R2 

a41 = 0 

a42 = O 
2 2 3 3

a43 = (xlx2-x2xl)(xlx5-x5xl) 

~(~ x~-x~x~)(x x~-x2x~)1 1 
2 3 2 2 2 3 2 2 = xlx2x5(xlx2x5-xlx2-xlx5-xlx2x5+xlx5+xlx2) 

2 2 4 4
a44 = (xlx2-x2xl)(xlx5-x5xl) 

2 2 4 4
-(xlx5-x5xl)(xlx2-x2xl) 
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3 4 2 3 3 4 2 3 = x1x2x5(x1x2x5-x1x2-x1x5-x1x2x5+x1x5+x1x )2


= (x x
2 
2-x2x

2
)[x1 (~ 5-~ 3 )-x5 (~ 1 -~3 )]
b4 1 1 

-{xlx~-x5xi)[x1(~2-~3)-x2(~1-~3)J 

= ~ 1 [x 1 x2x5 (x5-x2 )] 

+ ~2 [x
2 
x5 (x -x5 )]1 1 

+ $3[x1(x2x5(x2-x5)+x1x2(x1-x2)+x1x5(x5-x1))] 


2 

+ ~5[xlx2(x2-xl)] 

We now have a system which has the following format: 

all a12 al3 al4 

0 a22 a23 a24 

0 0 a33 a34 

0 0 a43 a44 

132 

133 

84 

135 

The solution is given by: 

= 


e = 1 l * [a b 

bl 

b2 

b3 

b4 

- a b ] (Al. 2 .3)[5 (a33a44-a34a43) :J 33 4 43 3 

e4 = [ a~3 ]*Eb3 - a34fl5] -(Al .2.4) 

B = · (Al.2.5)3 [ a! ] *[b2 - a2465 - a23fl4]
2 

e = (Al.2 .. 6)2 [ a~ l }Eb, - a14fl5 - a, 3fl4 - a12e3J 

where 
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a22 = xlx2(x2-xl) 

2 2
a23 = xlx2(x2-xl) 

3 3
a24 = xlx2(x2-xl) 

b2 = $1[-x2] + •2[xl] +.•3[x2-xl] 

2 3 2 2 2 3 2 2 
a33 = XlX2X4(XlX2X4-XlX2-XlX4-XlX2X4-XlX4-XlX2) 

3 4 2 3 3 4 2 3
a34 = XlX2X4(XlX2X4-X4X2-XlX4-XlX2X4-XlX4-XlX2) . 

2
b3 = •1[x1x2x4(X4-x2)] + •2[x1x4(x1-x1x4)] 

2 2 
+ $3[x1x2x4(x2-~4)-x1x4(x1-x4)-xlx2(x2-xl)] 

2 
+ ~4[xlx2(x2-xl)] 


2 3 2 2 2 2 2 

a43 = xlx2x5(xlx2x5-xl x2-xlx5-xlx2x5+xlx2) 

3 4 2 3 3 4 2 3 
a44 = X1X2X5(X1X2X5-X1X2-X1X5-X1X2X5+x,x5+x1x2> 

2 
b4 = •1[xlx2x5(x5-x2)]+$2[xlx5(xl-x5)] 

+ $3[x1(x2x5(x2-x5)+x1x2(x1-x2}+x1x5(x5-x })]1

2
+ •s[xlx2(x2-xl)] 



.. ·APPENDIX .A2 

A2.l The ·caefficients·of au/ax(t) 'Along ·the ·Particle Path 

The velocity field near the point (jt'.lx, (.n+l)t'.lt is. g_iven oy: 

(A2. L l) 

The partial derivative of the velocity field w.v.t. x is 

given by: 

~ = l3 l3 A.. (j-l)x(j-2)t(i-l) (A2. l. 2) 
ax i=l j=2 lJ 

If we substitute for the particle path equation (x(t)) we then have an 

expression for au/ax along the particle path which is a function of 

time only. 

~ = ··/ l3 . A. .(j-l)[x(t)](j-2)t(i-l) 

ax i=l j=2 lJ 


. d . . 7 . . ( )
.·: ·. °[--~](t) = l D. t j-l (A2 .. 1.3), . dx . . J 
. . J=1 

where the coefficients Dj are given by: 

Dl =. A.12 

D2 = 2Al3a2 + A22 

D3 = 2Al3a3 + 2A23a2 + A.32 

D4 =. 2A13a4 + 2A23a3 + 2A33a2 (A2.1.4) 

D5 = 2Al3a5 + 2A.23a4 + 2A33a3 

. D6 = ·2A.23a5 + 2A.33a4 


D7 = 2A.33a5 


85 


http:n+l)t'.lt
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A2.2 · Th~ · co~ffiti~nts · of · •(t) · A1ong · th~ · Pattitl~ Path 

The value of <P near the point (j8u, Cn+l}At is. given by 

~{x) = ls fl.x<i=l) 	 (A2. 2 .1) 
. 1 1i= 

Substituting for the particle path equation into the above 

equation we have: 

ci>[x(t)_J= ~{t) =ls fl·[ ls a.t{j-1) J<i-1)
1' . . 1 • 2 J1= J= • 

25 .· ] .[ 5 . . ]3
[ l a.t(J-l) + B l a.t(J-l) . 

4j=2 J 	 j ,=2 J 

5 . 4 
+ 	e [ l a. t (J- l ] (A2.2.2) 

5 j=2 J 

Expanding the expression inside the square brackets and 

simplifying we get: 

. . 2 

[ ls a.t{j-l) J = r9 A.t(j-1) 
j=2 J j=3 J 

3 

ls a.t(j-1) J = l13 B.t(j-1)


[ 
j=2 J 	 j=4 J 

ls a.t{j-1) ]4 = l17 C.t(j-1)
[ 

j=2 J . j=5 J 

Where the coefficients of the above series are: 
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= 2a2a 3A4 

. 2 


A = 2a5 2a4 + a
3 


= 2a2~
A6 5 + 2a3a4 

. 2


A7 = 2a3a5 + a4 

A = 2a4a8 5 


Ag = a5
2 


B5 = a2A4 + a3A3 

B6 = a2A5 + a3A4 + a4A3 

s9 = a 2A8 + a 3A7 + a 4A6 + a 5A5 

810 = a2A9 + ·a3A8 + a4A7 + a5A6 
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=c9 a2B8 + a3B7 + a4B6 + a5B5 

ClO = a2B9 + a3B8 + a4B7 + a5B6 

Equation A2.2.3 tan be rewritten as: 

<t>(t) = s + B [ J.
5 

a t(p-1) ].. 
1 2 p=2 p 

+ B [ t C .. t{j-l) J (A2.2.4)
5 j=5 J 

The above equation can be further .simplified by collecting 

equal powers of t and expressing <1>(t) by only one power series in time. 

•<ti = I11 ~.t<J-11 (A2.2.5) 
j=l J 

Where the coefficients ~- are: 
J 

~, = s, 
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~6 = f33A6 + f34B6 + f35C6 

.f:.7 = B3A1 + 8487 + 65C7 

(A2.2.6)~8 = e3Aa + 8488 + 8sca . 

~ = 83Ag + f34Bg + f35C99 

· f:.lo = B4810 +?f35C10 


f:.11 = 84811 + 85Cll 


~12 = 648l2 + f35C12 


~13 = 84813 + 65C13 


~14 = f35C14 


~15 = f35C15 


~16 = f35C16 


~17 = f35C17 


A2.3 ·rhe ·coeffitients of [~ au/a~J(t) Alo~g the Patticle Path 

If we multiply equation A2.l.3 by equation A2.2.5 we get an 

expression for <f> -~~~ a 1 ong the particle path as a function of time only. 

The new expression becomes: 

23 . . 
[~ ~]{t) = l R.t{J-l) (A2. 3 •.1)· ax j=l J 



90 

Where the coefficients are: 

Rs = 01~5 + 02~4 + 03~3 + D4s2 + 0sal 

R6 = 01s6 + 02~5 + D3~4 + D4s3 _+ D5s2 + 06~1 

R7 = 01s7 + 02s6 + D3~5 + D4s4 + 0s~3 + 06~2 + 01~1 

Rg = D1s9+ D2sa + D3s7 + 04s5 + D5s5 + o6~4 + D7s3 

RlO = 01s10 + 02~9 + 03sa + 04s7 + 0ss6 + 05s5 + D7s4 

Rll = 0,~,, + 02t10 + 03~9 + D4ta + D5s7 + 06~6 + 01~5 

R12 = 01s12 + 02s11 + 03t10 + D4t9 + D5~8 + 06~7 + D7t6 

Rl3 = 01t13 + 02s12 + 03~11 + D4s10 + 0s~9 + · 06~8 + D7s7 

R14 = 01s14 + 02s13 + 03s12 + 04s11 + 0s~10 + D6t9 + D7sa 

Rl5 = D1s15 + D2~14 + D3~13 + 04~12 + D5~11 + D6~10 + D7~9 

Rl6 = 01t15 + 02s15 + D3s14 + D4s13 + 0ss12 + 06s11 + 01tio 

Rl7 = 01t17 + 02s15 + 03s15 + 04~14 + 0s~13 + 05s12 + D7s11 

Rl8 = 02~17 +. D3t16 + D4s15 + 0ss14 + 06~13 + 01s12 

Rl9 = 03~17 + D4~16 + 05~15 + D5s14 + D7~13 

R2o ;; 




92 


+ 2a
4
a

5
t 7 	+ a~t8]}t(i-l) 

+ 	 u{t) = I1
i e.t{j-l) (A2.3.3)

j=l J . 
'--

Where: 

e2 = ).21 + l12a2 

. 2 

e3 = ).31 + 1 12a3 + ).22a2 + ).13a2 


. 2 

e4 = ).12a4 + 1 22a3 + ).32a2 + 2).13a2a3 + ).23a2 


e5 =. ).12a5 +. 1 22a4 + 1 32a3 + ).13( 2a2a4+a~) + -2A23nza3 + A33a~ 
2

e6 = ).22a5 +. A32a4 + 2).13(a2a5+a3n4)+).23(2a2a4+a3) + 2).33a2a3 (A2.3.4) 

e = ). 32a5 + ). 13 (2a3a5+~~) + 2).23 (a2a5+a3a4 ) ~+ ). 33 (2a2a4+a~)7 


ea = 2~13<l4<l5 + A23C 2a3a5+a~) + 2A33Ca2a5+a3a4) 


2 2 

eg = A13a5 + 2A23a4a5 + 133(2a3a5+a4) 


2 

elO = A23a5 + 2A33a4a5 


2 

ell = 133a5 



. . APPENDIX 3 


The elements of the Jacobian matrix of equation 2.3.12 can 

be found by differentiating equation 2.3.8 which is reproduced below: 

(A3.1. l} 

(A3. l. 2) 

where 

ae 
and~ can be evaluated by taking the partial derivatives of en· as

oXj 

given by equation A2.3.4 in Appendix 2. 

Now 

axi . l if i = m 
-= { 
axm O if i 1 m 

where .e., m = 1, 2, 3 and j = 1, 2, 3, 4, 5. Thus the partial derivative 

of ei with respect to xj is given by: 

(A3. l.3) 

aa. 
Where the partial derivatives ax~ can be found by differentiating 

J 
equations Al.1.4 to Al.1.7. 

j = 1, 2, 4, 5 

93 
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And the partial derivatives of e. w.r.t. an can be found by
1 ~ . 

. differentiating ei as given in equation A2.3.4 in Appendix 2. 

ae. 
_ ._1 = 0 i = 1, 2, ... , 11. aa, 
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And the partial derivatives of e. w.r.t. the other alphas
1 

can be easily computed by the formula 

ae.e, 
for i > 

- J 
. 

aa.2 
ae. 

1 
aa.. (J 0 for i <j 

where i = 1 , 2, 3, ... , 11 

j = 3, 4, 5 

and t = ( i+2-j) 

A3.2 The Elements of the Linear.System of <Pk 

The elements of the linear system of equation 2.3.27 can be 

found by differentiating the homogeneous function sk w.r.t. <Pj 

A3.2.l 

where: 
1 if R, = j 


. acpt = ( 

a<P . 0 if t :f j


J 

aR. 
and a<P~ can be found by diffe_rentiating the coefficients R; given in 

J 

Appendix 2. 
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As it can be seen in Appendix 2 (Section 3) 

(A3.2.2) 

where j = 1 , 2, .... , 7 and t = 1 , 2, ... , 17. . 

and (A3.2.3) 

Thus the partial derivative of R1 w.r.t. the variable ¢j will be 

given by: 

aR. 
_1 = (A3.2.3)acf>.

J 

where: 

1 if j = 1 

0 if j 1 0 

The abov·e'. expressions were obtained by differentiating equations Al.2.3 

to Al.2.6 in Appendix 1 (Section 2). 

The partial derivatives of ~t w.r.t. Sm can be found by 
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differentiating the expressions for ~m as given in equation A2~2.6 

in Appendix 2. I turns out to be: 

1 if i = 1 and m = 1 

aR, if 2 < R, :: 5 and m= 2 

a~t At if 3 ~ R. :: 9 and m= 3 
aem 

if 4 ~ t ~ 13 and m = 4Bi 

cR, if 5 :: t ~ 17 and m = 5 

And finally the partial derivatives of R; w.r.t ~R. are_ given by: 

which can be verified by inspection if one refers to the expressions for 

= R1 (~m) as given in Appendix 2 (Section 2). R2 
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{\ gT L E 1 

C 

f 

NOOF .A N AL YT I C '' l
NUM BFP SOLUTION 

1 .3zg1gzggE+06 
2 .3L~6071i17E+Oo 
3 • 363!H452Er06 
4 .7:i324676gEtOn · 
? .40207722E+OFi 
f; . • 422 o 92:16H· Of:, 
7 • 44436405£-.. 06 
PS • I~ 6 7 1 lt °1 0 g f. t 0 6 
g • Lt q 1 0 q 8 ? 3E ... 0 6 

10 .51027737Et-06 

0 M P .ll H I S 

TOTnL TIME 

THIS 

WOR k' 


• .3 2 ~11 92 gg E+0 S 
.2P-+607107E+06 
• 3 6 313 14 5 2 Et 0 6 
• 382~676'3E+06 
.40207722F+OS 
• 42?5g(16f.+06 
,444364 0 ? E +O~ 
• lt 6 71 4 7 ug F +0 6 
,4g10982SE+06 
• 51627737Et06 

VELOCITY 

() N • • • AFT ER 0 TIME STfPS 

ELAPSED = o.ooao SECS. 

RATIO TO ONF 
ANALYTICf.\L SIOFO 

SOLUTION OIFFf.RENC:: 

.10000000E+01 .32g1g2ggE+OG 

.10000000E+01 .3t+607107F+06 

.10000000Et-01 .3o3814S2E+Ofi

.1oooooonEto1 .3"-124676gE+D6 . 

.1ooouCOOE+Ol .402077Z?Et06 

.100000DOE+01 .4226g216E+Ofi

.10000GOOE+0 .1 • '• It l+ 3 6 4 0sF t 0F'

.1ooooooofto1 .46714709EtOS 
.1DOOUOOOE+01 • 4 9 1 ug 8 2 3E t 0 Fi
.1oooaoooE+o1 .51627737Ft06 

FUNCTION OF TI~E ONLY 

RATIO TO 
ANALYTICAL 

SOLUTION 

.10000000Et01 

.10000000F+01 

.10GOOCOOE+-C1 
• 10000000F+01
.1oooooour.+r.1 
.10000000E+01 
• lOOOOOOOF+01 
.10000000 E+n1 
.1ooooooo c•n1 
.10000000E+01 

__, 
0 
0 



T A 8 L E ?. 

"l 01 E 
NUM8 C.:- P 

1 
2 
3 
4 
? 
0 
7 
8 
g 

10 

A t\'A l VT IC AL 
SOLUTION 

.264lt133gE+06

.277970.16E+06 

.2g2221qqE+06 
• 3 0 7 2 0 4 r) 4E +0 6 
.322gss?5t+os 
• 3 :~ g 513 S 2 E + 06 
• 356g2Q7SE+06 
• .HS220t+7ft06 
• 3CJ44S84 ~F.+ Oo 
.4146~27St+06 

C 0 M P A f,;, I S 0 N • • • A F TE R 1 0 T IM~ S T EP S 

TOTAL TIME ELAPSED = 1.0.000 SECS. 

THTS Rt\TIO TO ONF. 
,.J 0 PK ANALYTICAL SI OE n 

SOLl!TIOt-~ OIFFEPENC:: 

.2644133gE+u6 .1000DGOOE+01 .2n441 .-ngE+os
.27797018E+Oo • 1() 0 0 0 0 0 1[ + 01 .2132907CJE+- 06 
• 2922 2203E+06 .10000001Et01 .29289251Et06 
.307~04S7E+06 ·.10000001Et01 .3 0:322.~gOF. +06 
• 3223S525E+06 .10000000Et-01 .3242g566E+06 
• 3J 9 31352E tOS .gggggggg[+Ou .• J4109~57ft-QFJ 
. 3563207?E+06 .1000UOOOE+01 . • 3'3867727Et0n 
• ·3 7 s 2 2 0 t+ 7 E +0 6 .10000000f+01. . :~7710082Et06 
• 394!+?84!fE+JS .1J OdOOOOE+01 .39644384£t0f) 
• 41458248F.:+06 ,gggqgq3 5E+OO .ft1677129Et06 

VELOCITY . FUNCTION OF THH: O\JLY 

RATIO TO 

ANALYTICAL 


SOL UT ION 

.tODOOODOF.:.+01 

.10011S35 E+01 
• ioo2zg4sFt-01 
.10033345 E + O1 
.100Lt1S05f+01 
• 10046686Ft·01~ 
.1004g213 f+01 
.100?011~~t01 
.10050 332 Et01 
• 10 0 SU 3 6? E +0 1 

__. 
__. 0 



T A 8 L E 3 


N Qr} F 
NUM3CP 

1 
2 
3 
4 
5 
6 
7 
8 
g 

10 

ANALYTIC/\L
SOLUTION 

.2033984qE+06
• 21332695E+On 
.2247CJ0 09E +06 
.2 .363153 .1E+-06 
.24 8 43147E+Oo 
.26116883E+06 
• 27 l+Gsg24E+06
• 2gH6 36 F ff +OS 
• 30 3431-.R,'3[+ 06 
.31899?.32F+06 

C 0 M 0 A R I S 0 N ••• AFTER 20 TIME STEPS 

TOTAL TIME ELAPSEO = 2.0000 SECS. 

fHIS 
rJORK 

.2033984gE+OS

.21.382697Ef-0S 

.22479011E+06 
• 2 .3631S35EHo 
.24'143150E+06 
• 26116 8 85 E +0 6 
, 2745 5g26f +-06 
.?R'\636?2E+On 
• 3 0 3 4- 3 4 9 3 E tO 5 
• 31R9g230E •06 

Rt'.TIO TO 
ANALYTICAL 

SOLUTION 

.1000DDOOE+01 

.1000D001E+01 

.1fJOOOOO 1E+01 
,10000001Et01
.10u00001E+01 
.10000001E+01 
,,10000001E+01 
.10000001E+01 
.10000'001E+U1 
,gggggg93E+OO 

ONE 
SI0 £ 0 

0 I F FC REN r; :: 

.2033G84qE+05 
• 21401+ 8 0 Sf t 0 n 
.22526073£+06 
.23706n41Et06 
.24949610Et0f,
,2625805gEtO&
.27634817Et06 
.•2goB21anEtOn 
.306018~7E+06 
,321g544?E+On 

RATIO TO 
ANALYTIC AL 

SOLUTION 

. • 100DOOOOF+l11 
.10010341[+01
• l0020g37 E .. 01 
• t0031783Ft01 
• 1 0 0 l+ 2 AS 4 E +0 1 
, 10 0 5 40 S 6 E + 0 1 
.100651S6E+01 
.1007572!+[-t-01
.100851tJRE+01 
• 1009285gEt01 

VELOCITY FUNCTION OF TIME ONLY 

__, 

N 
0 



NOD!'.:" ANALYTICAL 
NUMllf.R SOLUTION 

1 .14B573 68E +06 
2 .1?61g121E+OE 
3 .16419S 3 1E+06 
4 .172617C)gE+06
s .1814S83 0E+06 
6 .190772~8E+06 
7 .200SS349Et06 
8 .210836 0gE+06 
9 .• 221545 -~ 8F t 06 

10 .233GQgg1E+06 

T A B L f 4 

C 0 M P A F~ I S 0 N ••• AFTER 3() TIHE STEPS 

TOT~L TIME EL~PSEn = 3.JOOO SECS. 

THIS Of\TIO TO ONE . 
../ORK ANALYTICAL SIDED 

SOLUTION 0 I FFERENCE 

.14R57368E+06 .10000000E,.01 .1485736REi-06 

.1S619122E+ iJtS .1uooooo1E+o1 .15632g?1E+O~

.16419932E+06 .10000001E+01 .1644g420E:1-Q'.) 

.172S1ROOE+06 .100D0001E+01 .17308951Et0o 

.1H.146832f+U6 .1IJOOD001E+01 .1821383~E-1-0S 
• 1go1724DE+os .10000001E+u1 .19166497E+-06 
• 2003 53S1E+D6 .10000001Et01 .201694 7SE+06 
• 210~l3611E+OS .10000001Et01 .2122544gEt06
• 22164591Et06 .10000001Et-01 .22337224Et06 
.233QQggQEtOS .gggggqg?E+OO .23507708Et06 

•,.. •. • r • '~· ·~~ • •' •• 1> .... .·~·.' ' • - •• " ... 

~ELOCITY FUNCTION OF TIM~ ONLY ) 

PATIO T~ 

ANALYTICAL 


SOL UT IOf\! 


.1ooooooor~o1 

.10008854Ft01 

.10017gsqEt-Ol 

.10027316[+01

.10036q?5E+Ol

.10046788[+01 

.10056CrnoE+O1 

.100G727?Et-01 

.10077888Ft01 

.10088716Et01 

..... 
w 
0 



T f\ B L E ? 

C 0 M ~ A R I S 0 N ••• AFTE~ 40 TIME STEPS 

TOTAL TIMl ELAPSED = 4.ouoo SECS. 

NOOE ANALYTICAL fHIS RATIO TO ON E ~ATIO TO 

NU '18E R SOLU'fION IJ () R K ANALYTTC!'l SI CEO ANALYTICAL 


SOLUTION DIFFERENCE SOLUTION 

1 • 1 0 2 0 0 5 o· 5 F + 0f, .102008CSE+06 .1u000000E+ 0 1 .10200805Et06 .1oooooc0 E+o1 
2 .1072 3Pi11f t-06 .1072 ,3,q1zE t-06 .10000001c:+o1 .1U731407E+06 .100070"?;3 F +01 
3 .11273Ei ~nF+ os .1127 .~S3 3E +05 .10000001E+01 .1128g37gE+OE • 1 0 0 1 44 1 1[ + f} 1 

.11851644ft-0f; .118?16t+5 E +06 .1ooooon1E+o1 .118776ggE .. 06 .10021gP,4[+01~ 
'.} • 124S92 q 1 E .. 06 .1243g2gzE+06 .10000001E+01 .1z4q542sEtu o .10029804~t01 
6 .1 30 980 g 3 E +0 6 .• 13098094E+OS .10000001E+01 .131476g7E+05 .10037872[+01 
7 .1376g6l+6 E+ 06 .1377:> C)f;48f +06 .1oooono1Et-01 .t3833246Et-06 • 1 0 0 it 61 85 [ +0 1 
8 .1447?6 .3 1 E+ On .14475~31E+ 06 .10000001Et01 .14554891ftOn .100S47'34f.+D1 
g .1S217813E +06 .1521781SEt06 .10000002Et01 .153145?3Et06 .10063S71Ct01 

1 0 .159980t+6E+0 6 .15g98046E+05 .gggggggfJEt-00 .16114?.?4Et06 .10072639Et-01 

{ VELOC'JTY FUNCTION OF TIME ONLY 

_., 


2 



~~ 0 0£ Al~ AL YT IC A L 
NU : ~ tJF f.( SOLUTIOM 

t .6S030925E+OS 
2 .G.'33651 32E+OS 
3 .71 8702811[+0? 
4 .7SS551t;JF)E+OS 
? • 7g4z.9g52E+05 
6 .>.!3 5013r:i1E+OS 
7 • 877n25f18E+05 
P. • gzz11:s2?6E+ o~ 
g .g7Q1Lt7LdE+05 

10 .10198879ft06 

T A 

c . 0 M p A R I s 

TQTnL TIME 

PHS 
WORK 

• f":iS030925E+u? 
• ~~36 ?135E +OS 
.71870291E+03 
• 75555161[+05
• 7g 1+28g6QE+05 
• 83501372EtDS 
.g7782?f\3E+O?
,g22 83?goE+-OS
.g?Q1476SE+OC5
.10198873c+QS 

VELOCITY 

f3 l f 
,. 
:l 

0 N • • • A F TE~ ') 0 T IM E s r Ep·s 

ELAPSEn = s.o~oo Sf CS. 

Rfl.TIO TO ONE 
11NALYTICAL STOFO 

SOLUTION OIFFERENC~ 

.l. OOOOOOOE-t-01 . - .o503Qg25Et05
• 1 IJ O· 0 0 0 0 0 E +0 1 .6133gg1 ~32E~· OS 
.100000 OOE+-01 .71943491Et05 
.10000001Et01 .7S67330'3E+05 
.10000001c:+o1 .7g?g~367ftDS 
.10000001E+01 . .B372<100SE+OS 
.10000002E+01 .880760?\gEt-OS
.10000002Et01 .92651072EtOS 
.10000003E+-01 .g746601gf.t05
.ggggg99g[tOO .1025336t+Et0o 

FUNCTION OF TIME ONLY 

RATIO TO 

AMALY Tif.AL 


SOLU nor~ 


.1DOGOOOO E +01 

.10004g73 F.•0 1 

.1001018?E.-G1 

.l 001S637E+01 

.10G21329E+Oi 

.10G27262F+01 
• 10033437E+G1 
• 10 0 39R 5SE+O 1 
.10046'316t+ 0 1 
.100S3422E+01 

__, 

0 
01 



NOOF ANALYTICAL 
NUMBER SOLUTION 

1 • 2 71B2 818E+07 
2 .28297867F.+07 
3 .294706 ,!\0EtG? 
!+ • . 307048H1E+07 
s .320043 f. 1E+07 
s .33373zg4E+o7 
7 .34316170[+07 
8 • 36 .3 3 7813E +-07 
g • . 37gLt3415Et07

10 .3963 -~563E+07 

T A 


C 0 M => A R I S 

TOTAL TIME 

THIS 
,{Q~K 

.271S2818E+07 

.28297867E+Q7 
• 2 g ld 0 6 8 0 E tO 7 
• 30704881[+07
• ~>20043ntf.+u7 
.333732g4E+07 
.34816170£+07 
• .3633 7813Et07 
.37343415(+07
,Jgo38S63E+J7 

VELOCITY 

8 l E 7 

0 N ••• .AFTER 0 TIME STEPS 

ELnPSED = o.oaoo SECS. 

RATIO TO ONE 
ANflLYTICAL SIDFO 

SOLUTION DI FFE !~ENC~ 

.10000000E+H1 .271828BE+07 

.10DOOOOOE+01 .28297867Et-07 

.10000000E+01 .29470680E+07 

.10DOOuOOEtD1 • . 3J7048B1E+07 

.10000000Et01 .32004361£+07 

.10000000E+01 ,33373zg4ft07

.1oonooooE+o1 .34816170Et07

.1oooucooEt01 .3f>33'7813ff-07 
·10000000Et01 .37g43415E+07
.10000000E+01 • 3 g 6. 3 B? 6 3 E t 0 7 

FUNCTION OF POSifIJN ONLY ) 

RA.TIO ro 

ANA l Y TI C~L 


SOLUTION 


.1ooooooor+o1 

.10000000F+01 

.10000000£+01

.1oooocooF..01 

.10000000Ft01

.1ooooooor.+01 
. • 10000000E+01 
.10 GOOOOOE+01 
.10000000Et01 
.10000000F.+01 

..... 

°' 
0 



T A P. L E 8 


t,JOOE ANP,LYT'ICAL 
NUMBEh· SOLUTION 

1 
2 

.222ss4ogE+07 

.2316~3~4E+07 
3 .2412H5S2Et-J7 
4 .2S139031f.+07 
5 
6 

.262Q2gS4E+07
• 2 7 .3 2 3 7 4 2 'f._" t 07 

7 .28?0?069£+07 
P: 
g 

.?.q7508B5Et07 
• 31065Lt41Et07 

10 • 32415.331OE:+07 

.C 0 M P A R I S 

fOTA~ TIME 

THIS 
t-1 OPK 

.22255409F+07 
• 23158334E+07 
• 2412 .95 5 4 Et 0 7 
• 2513 g 0 3 6 E +0 l 
.262Q2g62E+U7
.273237S7E•07 
,28505087E-t07 
.zq7:;og14Eto7
• 31 0 6 s Ii? 6 E +0 7 
• ·3 2 4 5 3 3 8 0 E +07 

VELOCITY 

0 N ••• AFTER 10 TIME STEPS 

ELAPSED = 1.0000 SECS. 

RAT I 0 TO 	 ONE 
ANALYTICAL SIDED 

SOLUTION DIFFERENCE 

.100000 OOE+01 .2225540gEt07

.1oooooocE+G1 .231gz446£+-D7

.10000001E+01 · .2417921qE+07 

.10000002Et01 .2r.; 21ag22Et07
• 1 0 0 0 0 0 0 3E + .0 1 .26314991E+07 
.1000000SE+01 .2747111&E+D7 
.10000006E+01 .286g12~2Et07 . 
• 1 0 0 0 0 0 1 OE+ 0 1 .• 2997926gEt 07 
,10000011E+01 .31337lt47E+07 
.10000021€+01 .32763427Et07 

FUNCTION OF POSITION ONLY > 

RATIO TO 
ANALYTICAL 

SOLUTION 

· 	.10000000F+01 
.1 C010407r::+01 
.1002aggqE+01
,1003178GE+01 
.1Q0427?7E•01 
.100?3936Et01 
• 10065312F+01 
, 	1007G76?E+-01 
• 1008 75 S 9 Et 0 1 . 
.100955'.JBE+Ol 

,,...., 

""-l 
0 



fJ.. t_ ""'T B L '1 

~-J 0 DE ANALYTICAL 
NUMBER SOLUTION 

1 • 1 ~ 2 2 11 .~ 8 E + 0 7 
2 .18CJS8628E+07 
3 .1g7547~8E+07 
l~ .205 .~?017Ei-07 
s • 21453164E+-0"7 
~ .223707~8E+07 
7 • z3337g ·77f +07 
~ • ?.t.+3S79Fi5E+07 
=3 • 254342J2(+ 07 

10 .26570523E+07 

C 0 M P A R I S 

roraL TIME 

THIS 
W()PK 

.1.9221U38E+07 

.13q:,fSF)2 ,Sf:~07 

.197?47~9E+07 
• 20'33 2102ft07 
.21453171E+07 
.2237Q .>j{)Jf+07 
• 23J37992E+07 
.24357988Et07 
.25434261Et07 
.26570579Et07 

( VELOCITY 

0 N ••• AFTER 20 TIME STEPS 

ELAPSFn = 2.0000 SECS. 

RA TI 0 TO ONE 
ANALYTICl\l S IOF D 

SOLUTION OIFFEWENC::: 

.10000000E+-01 .18221188Et07 

.10000000Ei-01 • 1 3 9 d 8 .3 6 g E • 0 7 

.10000001n-01 .1g7g6270E:+-07

.10000002Ft-01 .20647S07E+07 

.1000GOD3Ft01 .21544892Et07 
• 10D000 0 SE-... 0 1 .224914*gff-07
.1oooaao6Fto1 .234gQ433Et07
.1.000000gE+01 .2454?3?0Et07 
.10000012Et01 .25659979E•07 
e10000021Et01 .2683839SE+07 

FUNCTION OF POSITION ONLY 

RATIO TO 
ANALYTICAL. 

SOLUTION 

.1oooocooE+o1 

.10010407[+01

.10020gggE+-01 
• t0031780f.+01 
.1C0427S7E+01 
.10053g37[+01 
.10065 .32SEtD1 
• 10 0 7 5g 3 0 E +0 1 
.1008~757f+01 
.1010081?£-t-01 

__, 

co. 0 



NODC ANAtYTICAL 
~~UMq:: R SOLUTION 

1 .14118247E+07 
2 .15530199E+07 
3 .161738S2E+07 
4 .16851196E+07 
c:
'/ 
· • 17564365[+ 07 
s .1~31SSS2Et07 
7 • 1910751 gE+07 
8 .1gg42615E+07
g .2082~7 H ~E+07 

10 • 217541 ;~ SE+ 07 

r A 

C 0 M ? A R I S 

TOTAL TIME 

THIS 
../ORK 

.14:-HR 247E f-G 7 

.1?S3019qE+07 

.1617 3853E+iJ7 

.16~51200E +07 

.17534371E+07 

.1g1156E2E-t-07 

.1g107532E+u7 

.tg942633E+07

.20323812[+')7 
• 2175415uE+O 7 

VELOCITY 

B l E 10 

0 N. ••• AFTER 30 TIME STEPS 

ELAPSED = 3.0000 SECS. 

Rr~rro ro ONE 
ANALYTICAL SIDED 

SOLUTION DIFFER ENC~ 

.10JOOOOOE+01 .14g18247F.:f-07

.10000GDOE+01 .15S463S?.E+07 
• 1 0 0 0 0 0 0 1E + 0 1 .16207d15Et07 
.100000Q2E+01 .16go4·7 .4gEt07
.1Q000003E+01 .1763gL•6oEt07 
-10000005E+01 .1P.414441E+07 
.10000007Et01 .19232340Et07 
.1oocoooqE+o1 .2QfJg6033E+07 
.t0000012Et0l .21008614E+07 
.100D0021Et-01 .2197341CJEt07 

FUNCTION OF POSITION ONLY 

PATIO TO 

ANALYTICAL 


SOLUTION 


.1ooouooof+-01 
• 1D 010407E+D1 
.100?.0999[+01
.100317P,OE+01 
.100427r:;7E•01 
• 10053Y~7E+01 
.10065325E+rJ1 
.10076q30E+01 
.100887S7E+01 
.10100815E+01 

_, 
o · 

"'° 




T A --- 8 L f 11 

NO Of 
NUM BE R 

1 
2 
3 
4 
5 
s 
7 
8 
g 

1 0 

ANALYTICAL 
SOLUTION 

.12214028E+07 

.1271SO S1E.+07 

.13242D30E+07 

.137g65 9 2E+07 
.• 14 38 0I~8 6 E +07 

·14995 5(3 8Et07 
• 1S 6 4Jg 1 4 E + 07 
, 1 6 3 2 76 32E t07 
.170 t.+90 75 E+07 

. • 1?tHO7S4E+ 07 

C 0 M 3 A R I S 

TOTAl TIME 

THIS 
WORK 

.122140 28E+ O7 

.12·7150S1E+07 

.13242031E+D7 

.L37:J65g5E+07

.143304g1 E +07 
• 1 '•-g CJ 5 S g ? F +07 
• 15 64 39 24[ +O 7 
.16327 6 47F+·07 
.11ottgoqsE+o1
.17'.310 .792Et u 7 

( VELOCITY 

0 N ••• AFTFR 40 TIMF STEPS 

ELAPSED = 4.0000 SECS. 

RA TI 0 TO ONE 
!\NALYTICAL SIDEn 

SOLUTION DIFFERENCE 

.100 0 0000E+01 .1221lf02i'ff+07 

.10000000E+01 .12728284E+07 

.10000001Et-01 .13269837Et07 

.1aooooo2E+o1 .13840438E+07 

.10000003r+ot . .... .14441973[+07

.1oooooosE+o1 • 1507646gE+07 

.10000007 E +01 .157461.0P..Et07 

.10000DOgE+01 .16453 2 40F+07 

.10000012Et01 .1720Q3g8F. .. 07 

.10000G21E+01 ,17ggQ311iEr07 

FUNCTION OF POSTT!ON ONLY 

RATIO TO 

ANALYTICAL 


SOLUTION 


.1000000GE+01 
• 1 0 0 1 0 4 .O 7 E !- 0 1 
• too2ogggF•o1 
.100317R0Et-01 
.100427S7F+01 
.10053~37[4-(!1 
.1{)0653?.S Et01 
.10076930 f +01 
.10088757Eil-01 
.1010081?f1-0l 

__, 
__, 
0 

http:157461.0P


--

NOO~ ANALYTICAL 
NUM t:IER SOLUTION 

1 .1ooonn ooE tO? 
2 • 10410 2 O ltE t O 7 
3 .10 8416S 7E+07 

.1129S6g'JE.+07~ 
? .1177 .37l•6E+ 07 
6 .1227734g f +07 
7 .1280fl1 53E +07 
·~ • 1 BG791Sft-07 
q .1395'16 IJ 2Ft.07 

1 0 , 1tt5g22 .12Et07 

T .~ 

C 0 M => A R I S 

TOTAL TIME 

THIS 
~/ORK 

.10000000E+07 

.1041020lfE+07 

.10Blt16S8E-t-07 

.112956g?E ·+0 7 

.11.77 375lJ F. t07 

.1227 7355 E t07 
.12f\08152Et-07 
.t33S7947E+07 
.13g3861gE+07
.14532243[+07 

C VELOCITY 

'"I 

B L E 12 

C N ••• AFTER ?O TIHF STEPS 

ELAPSED = 5.0000 SECS. 

RA TI 0 TO ONF 
,~Nll.L YT ICL\L SIDED 

SOLUTION DIFFtRENC~ 

.100DOOOOE+U1 .10000000E+07 

.1000 0000£+01 .10421038Et07 

.10000001E+C1 .10864£+23£~07 

.1Q000002E+01 .1.13 :H592Et07 

.10000003E<t-01 .1182i+087F+07 

.10000005E+01 .12343?6gE+07

.1aooooo1Eto1 .12~91823Et07 

.1oooooogE+o1 .13470774E+07 

.10000012£+01 .14oa24g?ft07 

.10000021Et01 .14729223Et07 

FUNCTION OF POSITION ONLY 

RATIO TO 
ANALYTICnL 

SOLUTION 

.10000000E+01 

.10010407E+D1 
, 1002D99'.3Et-G1 
.100317~0F+01 
, 100427?7FtlJ1 
.10053g37f+01
.1006?325£+01 
.10076930 Et-01 . 
• 1008f37S7 E+n1 
.1010081SF+01 

~ ...... 



NIJOF 
NUMB FR 

1 
2 
3 
4 
5 
0 
7 
R 
g 

10 

• • .. • • : • • ·• .. ~ •. ' .~ · l ·, .. .. • •.• ·- · ' ' ,... • • -~ • •;. • . • 

· r A B L . E 13 · 

C 0 M ~ A R I S 0 N ••• AFTER 0 TIME STEPS 

TOTAL TIME ELAPSED = 0.0000 SECS. 

ANALYTICAL -- - · THIS RATIO TO ·· , · ONE 	 RATIO TO 
SOLUTION 	 ~WRK ANALYTICAL SIOFD ANALYTICAL 

SOLUTION DI FFERENC~ SOLUTION 

Q. 	 0. ~10000000E+01 o. . .10000000E+01 
.1234?c?gE+06 .12345679E+06 .10000000E+01 ,12345679Ef-0n • 10000000E+01 
.4g382716E+06 • 493f\2716E+06 .100000D0Et01 .4g3a2116E+06 .1ocoooooF+o1 
.11111111E+07 .. ,- • 1 U . 11111 Et 0 7 · .10000000Et01 ·· ~11111111F+07 .1GOOOOOOE+01 
.1CJ7530116E+07 .. , 1g7530 86Et07 . • 100UOOOOE+01 . • 1g7s10R&E+07 .1ooouoooF+u1 
.30864-191\EtO? .~rna;41gaE+07 .tOOOOOOOEt01. · .J086419~f.t07 • tOOOOODOE+01 
• 4 4 4 t+ 4 4 lt 4 E +07 • lf 4 lt 4 4 4 4 Lt [ i- lJ 7 .1ooaooonE+o1 .44444444Et07 .10000000Ft01 
, f, 0 4 g 3 a ?. 7E t 0 7 • 6041 :rn?.7Et07 .10000000£t01 . ,6Q4g3B27Ft07 . ,!OLGOOOOf+Ol 
• 7 g 0 1 2 3 l+ 6 E +0 7 ,7go12346Et07 .10 000000£+01 .79012346£+07 .10000000F+o1 
.10000000Et08 .tOOOOOOOE+O~ .10ll00000Et01 .10000000E+08 .10000000E+01 

'... :'0. 1 .... 	 I'!·',~ : · : "•f; 'r. I l ~ ·' • " *' • ~ ' • " I 

.. . 
FULLY VARIARLE VELOCITY : )\ '. 

J :• 'I ' 'l .- '. ' '. A • ; I ~ ,..... ;. ! •• ',•' "t .° , •, ' ~I .,., .~:" ' '•1 •t·• '' ~ • •I 	 o 

1 

.... • ,'\- .,~. ' , ... . . ~ 1 

. ' 	 ' 
. : · . , .. !'' ' t, ~, . , . t f \) ., ..... ,' 1; ~ 11 1• ¥"'1/1' -. j l i~ r1 • ' \; 1- ' ' I' ., ,. :·,\: ., 	 1 

,, 
~ . 	 I 

' .;. . '•' ~ , '"" •••• • ·· ::.( . '.,t • f, 
• \· '. 

( 

_, 
--' 
N 



NOfJE ANl\LYTICAL 
N!J MS ER SOLUTION 

1 
2 
3 

0..goooooooE+os
.36000000F+06 

4 .810 00 Ou OE+-06 
3 .14400000£+07 
6 .22SOOOOOE+07 
7 
B 

• 324000 iJ DE+ 07
.441 oou ocr+o7 

g .5?6 .D OOOOE+07 
10 , 729GDOOOE+ 07 

T r... 

C 0 "'1 => A R I S 

TOTAL TIME 

THIS 
WORK 

o. 
.90000024E+OS 
• 36 0 0 0 0 0 8 E HI 6 
.H099'39S8E+06 
.14~00014E+07 
.zz43gg56E+D7 
• '32!+00121Ei-07 
.4y.oggs<:i1E+07
.57600674E+07 
.728£+6191E:r07 

( FULLY 

8 L E 14 

0 N ••• AFTER 10 

~LAPSED = 1.0000 

RA TI 0 TO 
ANl\LYTICAL 

SOLUTION 

.100GOOOOE+01 

.10000003E+-01 

.10000002E+01 . 
• g<3gggg4 REt- 0 0 
.10000010E+01 
• 9 gg g g 8 0 4£ f- 0 0 
.10000037Et-01 
.ggggg2ggE.-QO 
• 10 0 0 0 117E+0 1 
.99926188E+OO 

VARIABL E VELOCITY 

f IMf STEPS 

SECS. 

ONE 
SIOEO 

nIF FERENC~ 

0 • 
.932~8t+93E.-05 
.36645700[+-05 
.~1g68549E+06 
.1452CJ140E+07 
.22661425Et07 
.325g3710Et07
.!+432?9qSEt07
,57858280F+07 
.731go565E+07 

J 

RATIO TO 
ANALYTH~A.l 

SOLUTION 

.10000000E+01 
• 10 3S8722E+O1 
.10179361E+01 
.10119S74F.Y-01 
• 1008%80£+01 
.10071744F+Ot 
, 100c:;g78 7 Et 0 1 
.10051246[+01
.10044840::+01 
.1.003gasaEto1 

....J ..... 
w 



T fl B l E 15 

NOD~ ANALYTICAL 
N!J M3f R SOLUTION 

1 o. 
2 .800DOOGOE+05 
3 .320000COEtOo 
!+ .720000 0 0E+06 
5 .12a OOOGOF.+- 07,. 
0 .200DOOGOF+07 
7 .2A8000 00E+07 
8 .3gzoODIJOE+07 
g .:d200D lJ OEt07 

10 .G4800000Et07 

C 0 M ~ A R I 5 

TOT4_ TIME 

THIS 
WORK 

c. 
.30000125E+OS 
• 32000033[+06 
.71999823£+06
.12sooosg;:-+01
.19999822E+07 
.28R00474E+07 
• 39 B 8 B3 2 E i- 0 7 
• S1202612Et07 
.64733250E+07 

FULLY 

0 N ••• AFTER 20 

ELAPSED = 2.0000 

RATIO TO 
AN~LYTJCAL 

SOLUTION 

.10000000E+-01

.1ooooc15E+o1

.1oooac10E+o1 

.ggg9g754E+Un 
• 10 0 0 0 0 4 6E + 0 1 
,ggggg111E+oo · 
• 1 0 0 0 0 1 o5E f- 0 1 
.9'3997021E+OO
.1oooos10E+o1 
,gggsg583E+OO 

VARIABLE VELOCITY 

TIME STEPS 

SECS. 

ONF 
SIDfO 

OIFFEPENC:.: 

0. 
.~620135gE+OS 
.332402"72E+On 
.738604u~Et-05 
, 1304 8 0? '+Ft 0 7 
.203100 68E-t-07 
.zg1720R2E+07
,39531,.QCJ?E+-07 
.51696109E f- 07 
.65358122.EtOl 

RATJO TO
ANALYTICAL 

SOLU TI O~J 

.10DOOOOOF+01 

.1077517GE+O1 

.10387'38SE+01 

.102583gQE+01 
, to1g37g?.F.:+01
.10155034£+01 
.1012g19SFf-01

·.t011073gFt01
• .10096896F.t01 
.10086130E+01 

....., 
__, 
.;:::. 



NODE ANALYTICAL 
NUMB ER SOLUTION 

1 0 • 
2 _.700000 0 0f+-05 
3 .280000 fJ OEt06 
!+ .630QOOOOE+D6 
5 .112000 0 0E+07 
~ 

0 , 17500 0 C 0 E +07 
7 .2S200UOOE+07 
,g • 343000 0 0E+07 
g .44HODO OOE+07 

1J .?670DD J UE+07 

T A 

C 0 M P A R I S 

TOTA~ TIME 

THIS 
vJ09K 

0. 
.70000347E+05 
.28000071E+06 
• 6 2 g g g 64 5 F. +0 6 
.11200102[+07 
, 1749g7t•1E+0 7 
.25200415E+07 
.3Lt?.9g615E+07
.44799153[+07 
.S6735g17E+07 

t FULLY 

B L E 15 

0 . N ••• AFTE~ 30 TIME STEPS 

ELAPSED = 3.0000 SECS. 

RATIO TO ONE 
ANALYTICAL SIDED 

SOLUTION DIFFERENCt 

.10DOOGOOE+01 a • 

.10000050£+01 .78374g52Ef-05
• 1 0 0 0 0 0 2 t;E + 0 1 .29774990E+06 
.ggggq436E+-OO .65662486E+06
.1oaooog1Ef-01 .11554998Et07 ......
• 99998535Et- ·G 0 , • 17g4371+~E+07 
.10000165E~01 .25732497E1-07 
.gggga877F~+-OO .• 34g21247E+07
.gggg8110E'+·OG .L+55oggq6ff-07
.1000S33SE+01 .57498746Et07 

VARIABLE VELOCITY 

~ATIO TO 
ANALV TTCAL 

SOLUTION 

.1DOOOGOOE+C1 

.11267~SOE+-01 
.10633g25E+ 01 
, 104 2 26 17E+0 1 
.10316g63E+01 
.10253570H·01 
.10211~08[t01 
.10181121E+01 
.101'584R1F+01 
• 10 14 0 p. 72 E+0 1 

..... __, 
(J'1 



NO ·lr: ANALYTICAL 
NUM8FP SOLUTION 

1 0 • 
2 • 6000DOCOE+OS 
3 .240000 COE+06 
4 .S40000 DOE+06 
5 .g6QOOO OLlE +06 
0 .15000000E+07 
7 .216000 0 0[-f-07 
.~ .2940 0Ll UOEt-07 
9 .384000 00E+07 

1. 0 .48600000[t07 

T A B l E 17 

C 0 MP AR I~ 0 N ••• AFTER 40 

TOT~L TIMC fl~PSEO = 4.0000 

THIS RATIO TO 
~IOR.K ANALYTIC .AL 

SOLUTION 

0 .. .10000000E+01 
.600007F12E+OS .10000127F+01 
• 24 0 0 0 118 Et 0 6 .1uOOD04gf+U1
• 5 ·3 g 9 94 6 lt E+ 0 6 ,gggggoo?E+OO 
.96001222E+06 .10000127[i-01 

-" '. "'.14gggso1E+o7 , ggggfH 12F+ 0 0 
• 21o0 0 0 8 OF t U 7 • 1000 0 0 3 7E t 0 ·1 
• ~ g 4 J 0? 81 E+!) 7 .1000019PiE+Ot 
.38117816E+07 ,gggg431"3E+ilO 
• lt86078SOE+07 .1000161?£+01 

FULLY vnRIARLE VELOCITY 

TIMF STEPS 

SECS. 

ON!: 
'3 IDF 0 

0 IF FER ENC= 

0 • 
• 7 1 19 0 G 5 7 E t 0? 
.2S2381.31E+O~ 
.57 ,1571 g7Et06
• 1 0 0 Lt 7 6 2 flt t 0 7 
,1555g533E+07
,22271431FtC7 
.301 .~3346E+07 
.3y2gs2?.3Et07 
.4g5071r:;gE+07 

DATIO TO 
ANALYTICl\L 

<::OLUTION 

.10000000E+01 

.11865110[+01

.1iJ932555E+G1 

.10621703f.t-i)1

.10466277Et01 

.10 37 3022r+o1 

.10 3108 S2Et01 
, to 266444E1-01 
.. 102331.3gf:+-01
.10207234E+01 

__, 
__, 

°' 


http:ANALYTIC.AL


NOOF 
NUMBF:R 

1 
2 
3 
4 
3 
G 
7 
fl 
9 


1 0 


AMALYfICAL 
SOLUTION 

0. 
.50000000E+05 
• 2 0 0 0 n0 !J 0 E +OE)
.450000 ,JOE+Do 
.800000 '~0E+06 
• 12500 OOOE+07 
.1 .~000000Et07 
.. ·2 4 ~j 0 0 0 !J 0 E ·t- 07 
.320 OOOGOE•07 
.405000DOE+07 

T A 

C 0 M ~ A R I S 

ror~L TIME 

THIS 
WORK 

o. 
.50001497E+iJ5 
~ 2D00016'3E+Oo 
.44ggg3ogE+Oo
.800011.fi:)E+OS
.124gggQ6E+07
.17g3g334[+07 
• 2 4 S 0 G 5 7 0 E +O 7 
.319gg6g?E+:J7 
• t• 0 4- g g 6 0 0 E t 07 

{ FULLY 

B l E 1 0, 

0 N ••• ~FTE~ SO 

~L~PSEO = 5.00JO 

Rll TI 0 TO 

.~ NCt LY TT CAL 


SOLUTION 


.10000000E•01 

.100002gg£+01
• 10 0 0 0 0 8 4E + 0 1 
.9999846?Et00 
• 1 0 0001 4 E:E +0 1 
.99999249Et00 
.gggggo?REtOO
.10000233E+01 
• gggggo4 7F+OO 

.gg97zt320Et00 


VARIABLE VELOCITY ' 

TIME STEPS 

SECS. 

ONE 
SIDED 

DIFF.E!~EN~E 

0 .. 
.63066202E+05 
• 2 26 13 2 4 0Et 0 6 
.!+8<319~61E+-Of 
.85226481Et06 
.131?.3310 Et 07 
.10 7 8 3 g 7 2 Et 0 7 
.2~)4141;3£+Et07
.3.30452g6Ef-07
.tr1675gS8Et07 

) 

RATTO TO 
ANALYlICfll 

SOLUTION 

• 10000000F+01 
.12613240EHJ1 
.11306520Et01 
• 1 0 8 71 0 8 0 E + 0' 1 
.10653310[+01
.10522n48Ft01 
.10ldSS40E+O1 
.10373320E+01 
.t03266??Et01 
.102gQ3F,OE•01 

__. -
......, 



APPENDIX 5 


118 
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c PROGRAM A S A E 

c AUTHOR DURVAL DUARTE 

c DEPT. OF ENGINEERING PHYSICS 

c MCMASTER UNIVERSITY 

c HAMILTON, ONTARIO,· 

c CANADA LBS 4Ml 

C TEL. C416) 525-9140 EXT.2010 

C SUPERVISOR DR. S. BANERJEE 

C SAME ADDRESS AS ABOVE . 

C TEL. C416) 525-9140 EXT.4545 

C PURPOSE •••• THIS PROGRAM CAN BE USED TO SOLVK THE GENERAL ADVECTION · , 

E .( c EQUATION • THE MA.IN FEA.TURES OF THE :METHOD EMPLOYED HERE AR

c 1 • HIGH ORDER ACCURACY 

2. LOW DISPERSION AND DIFFUSION c 
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c ************************************************************************** ~ 

. PROGRAM ASAEC INPUT, OUTPUT, TAPES= INPUT, TAPE6=0UTPUT) 

COMMON / BLOCK1 / PHIC50,3) ,PHIBARC50',3) ,PHIKATC50,3J, 


. 2 PHIUSEDC 50, 3) , PHITRUEC 50, 3) , .RUC 50, 3) ~ D1C 53, 3) , D2C 50, 3) 


3,DUDXC50,3l,SC50,3) 


COMMON / BLOCK2 / RL,JJ,DT,DX,TIME,.TIMEF,NTS 


COMMON / BLOCK3 / UCOEFCS,3,50) ,PCOEFC5 .~50) ,SCOEFC3,3,50) 


COMMON / BLOCK4 / PHIPLOTC5,3,51) 


C BRIEF DESCRIPTION OF THE VARIABLES USED ·: ••••• 

C PHICJ,N> . ••••• VALUE OF PHI AT THE JTH NODE GIVEN BY THIS. llORK 

C PHIBARCJ,N) •• VALUE OF PHI AT THE INTERSECTION OF THE PARTICLE PATH 

C WITH THE LINE N*DT 

C PHIBATC J, N> • • VALUE OF PHI AT THE INTERSECTION OF ·THE PARTICLE PATH 

C WITH THE LINE CN+2>*DT 

C PHIUSEDC J, N> • VALUE OF PHI AT THE JTH NODE GIVEN BY THK.ONE SIDED 

C PHITRUECJ,N) • THE TRUE VALUE OF PHI AT THE JTH NODE AS GIVEN BY THE 

ANALYTICAL SOLUTION C 
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C RUCJ ,N> •••••• VELOCITY AT .THE JTH NODE · , 

c DHJ ,N) THE D.ISTANCE FROM THE INTERSECTI()N OF TBE 1PARTICLE 

C PATH WITH THE LINE N*DT TO THE POINT J*D&· 

C D2CJ,N> •••••• THE DISTANCE FROM THE .INTERSECTION OF THE :PARTICLE 

C PATH WITH THE LINE <N+2l*DT TO THE POINT J*DX 

C DUDX<J ,N> • ~ •• THE SPATIAL DERIVATIVE OF THE VELOCITY AT THE JTB. NODE ::· 

C RL ···~·······THE TOTAL LENGTH. OF THE PIPE 

C JJ ••••••••••• THE TOTAL NUMBER OF NODES .IN THE PIPE 

C DT ••••••••••• THE TIME STEP 

C TIME • • • • • • • • • THE REAL TIME OF THE CALCULATION 

C TIMEF • • • • • • • • THE TOTAL REAL TIME OF THE CALCULATION 

C NTS •••••••••• TOTAL NID'IB.ER OF TIME STEPS 

C UCOEFC3,3,J) • COEFFICIENTS OF THE LOCAL VELOCITY EXPANSION 

C PCOEFC5,J) ••• COEFFICIENTS OF THE LOCAL PARTICLE. PATH FUNCTION 

C PHIPLOTC*,*•*> ARRAY CONTAINING- SELECTED VALUES OF PHI TO BE PLO'ITED · 

C RL IS THE LENGTH .·OF THE PIPE 
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RL= 1.0 

C JJ IS THE TOTAL NUMBER OF NODES:· 

JJ=10 


DX=RL/FLOATCJJ) 


C DT IS THE TIME STEP 

DT=0.1 

C THIEF IS THE REAL TIME OF THE CALCULATION· 

TIJ1EF=5.0 

C IFLAG DESIGNATES THE TYPE OF SOLUTION 

C 1 •.• PHI FUNCTION OF . TIME ONLY 

C 2 •.• PHI FUNCTION OF SPACE ONLY 

C 3 ••• PHI FUNCTION OF BOTH SPACE AND TIME:··. 

C 4 • • • ALL TiffiEE SOLUTIONS 

IFLAG= 1 

. ISOLl= ISOL2= !FLAG 


IFCIFLAG.NE.4> GOTO 5 


ISOLl=l 


ISOL2=3 


CONTINUE 5 
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NTS=IFIXCTIMEF/DT+1~0E-5> 

JH=JJ/2 

DO 10 	 ISOL=ISOL1,ISOL2 

NN=t 


TIME=0, 


CALL UPDATECISOL> 


CALL PRINTCISOL,NN) 
I 

NTl=NTS+l 


DO 20 NN=l,NTl 


IFCNN.EQ.1) GOTO 15 1 

TJME:TIME+DT 

CALL FIT 

CALL PPATH 

CALL PBIBARS 

CALL SOLVE 

CALL UPDATECISOL> 

CALL PRINTCISOL,NN> i 

15 	 CONTINUE 

DO 30 IP= 1, 5 

IP2=2*IP 

PHIPLOTCIP,1,NN>=PHITRUECIP2,1) 

PHIPLOTCIP,2,NN>=PHIUSEDCIP2,1) 

PHIPLOTC IP,3,NN>=PHH IP2y 1> 

30 	 CONTINUE 

CONTINUE 20 
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CALL PLOTRC I SOL> 

10 	 CONTINUE 

CALL PLOTC 1.0, 1.0,999) 

STOP 

END 
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SUBROUTINE UPDATE( ISOL> _· 

COMMON / BLOCKl / PHI<50~3) ,PHIBARC50,3> ,PHIHATC5~,3) ,. ., 

.2 PHIUSEDC50,3) ,PHITRUEC50,3) ,RUC50,3) ;D1C50,3) ,D2C50~3) 

3, DUDXC 50, 3), SC 50, 3) 

COMMON/ BLOCK2 / RL,JJ,DT,DX,TIME,TIMEF,NTS 

COMMON / BLOCK3 / UCOEF<3,3,50) ,PCOEFC5~50) ,SCOEFC3,.3,50) 

DO 10 N=t,3 

RT=TIME+FLOATCN~l>*DT 

DO 20 J= 1,JJ 

C THE SOURCE -TERM 

SCJ,N>=0. 

30 

c 

RX=FLOATCJ-ll*DX 

GOTOC30,40,50) , ISOL 

CONTINUE 

******************************************************************-******** 
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c VELOCITY FUNCTION OF TIME ONLY 

RJ{t=z t .0E+6 

RK2=0.5 

RK3=0. 180 

RK4=0.400 

RUCJ,N>=RK4*EXPCRK3*RT> 

DUDXCJ,N>=0. 

PHITRuE< JIN> =RKl*EXPC RK2*< RX-RK4*EXPC RK3*RT> 'l'RK3)) 

c ************************************************************************** 

GOTO 60 

40 CONTINUE 

·c *********************************************************************~ 

C VELOCITY FUNCTION OF POSITION ONLY 

RK1=0.2 

RK3= 1.0E+6 

RK4=-0.2 

RUC J, N> =EXPC RK4*RX> 

DUDXCJ,N>=RK4*RUCJ,N) 

DUMMY=-RK1*EXPC-RK4*RX>/RK4-RK4*RX 

PHITR.UEC J, N> =RK3*EXPC DUMMY -RKl*RT> 

c *************************************************************************' 

GOTO 60 

50 CONTINUE 

c ************************************************************************* 
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C FULLY VARIABLE VELOCITY 

RKl: 1.0 

RK2=10.0 

RK3= 1.0E+6 

. RU< J, N> =RKl*RXI' C3. 0*( RK2-RX1*RTH 
DUDXCJ,N>=RUCJ,N)/RX 

PHITRUEC J, N> =RK3*RX*RX*< RK2-RKl*RTl 

c *********************************************************************~ 

60 . CONTINUE 

18 

IFCTIME.EQ.C0.>> GOTO .18 

DUDXCJ,3)=UCOEFC1,2,J) 

IFC N. EQ.. 3) GOTO 18.. 

PHIHATCJ,N>=PHIHATCJ,N+l) 

D2CJ,N>=D2CJ,N+l) 

IFCN.NE.1> GOTO 18 

PHICJ,N>=PHICJ,N+l) 

PHIUSEDCJ,N>=PHIUSEDCJ,N+l) 

CONTINUE 

IFCTIME.GT.C0.)) GOTO 20 

D1CJ,N>=D2CJ,N>=PHIBARCJ,N>=PHIHATCJ,N>=0. 

I.FCN. GT. 1> GOTO 20 

PHICJ,1>=PHIUSEDCJ,l>=PHITRUECJ,1) 

DUDXC1,3>=DUDXCJJ,3>=0. 

20 CONTINUE 

PHIC1,N>=PHIUSEDC1,N>=PHITRUEC1,N> 
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10 CONTINUE 

RETURN 


END 




2 
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SUBROUTINE FIT 


COMMON / BLOCKl / PHIC50,3) ,PHIBARC:50•.3> ,PHI·HATC50,3> , _" 


PHIUSEDC50,3) ,PHITRUEC50,3) ,RUC50,3> ,DlC50,3) ,D2C50'~3) 

3, DUDXC 50, 3> , SC 50,3) ' 

CO:MMON / BLOCK2 / RL,JJ,DT,DX,.TIME,TIMEF,NTS 


COMMON/ BLOCKS/ UCOEFC3,3,50>,PCOEFl5;50),SCOEFC3,3,50) 


DIMENSION AC 9, 9) , BC 9) , XC 9), WORKMC 9, 9), C(.9), YC 9> 


JJl=JJ-1 

DO 10 J=2,JJ1 

DELTAT=-DT 

DO 20 N= 1,3 

DELTAX=-DX 



130 

DO 30 1=1,3 

DO 40 L=l,3 

DO 50 K= 1,3 

DXP=DTP-=0. 


IFC L. EQ. 1. AND. DELTAX. EQ. C0.)) DXP= L 0 


IFCK. EQ. 1.AND. DELTAT.EQ. C0.)) ' DTP= 1.& 


IFCDXP.EQ.Ct.0)) GOTO 52 


DXP=DELTAX**CL-1> 


52 CONTINUE 

IFCDTP.EQ.Cl.0)) GOTO 54 

DTP=DELTAT**CK-1> 

, 54 	 CONTINUE 

KL=3*C L-1) +K 

IN=3*C N-1> +I 

AC IN, KL> :;DXP*DTP 

50 CONTINUE 

40 CONTINUE 

http:DELTAT.EQ
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. . · ' .: ~ . 

30 

.i ! 

20 

KB=3*CN-1>+1 

BC KB> =RU< J-2+1 ~ N> 

CC KB> =SC J-2+I, N> 

DELTAX=DELTAX+DX 

.CONTINUE 

DELTAT=DELTAT+DT 

CONTINUE 
/ 

CALL MVCA,9,9,B,X,.DET, IDET, WORKM> · 


CALL MVCA,9,9,C,Y,DET,IDET,WORKI'D 


DO 60 N=l,3 

DO 70 1=1,3 

IN=3*C N-0 +I 

UCOEFCI,N,J>=XCIN> 

SCOEFCI,N,J>=YCIN> 
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70 CONTINUE 

60 CONTINUE 

CONTINUE 

RETURN 

END 



2 
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SUBROUTINE PPATH 

COMMON / BLOCKl / PHIC50,3), PHIBARC50,3) ,PHIHAT<59~3>, ., 

PHIUSEDC50,3>,PHITRUEC50,3>,RUC50,3),D1C50,3),D2C5013> 

3,DUDXC50,3>,SC50,3) 

COMMON / BLOCK2 / RL,JJ ,DT,DX:, TIME, THIEF,NTS 

COMMON/ BLOCK3 / UCOEFC3,3,50>,PCOEFC5950),SCOEFC3,3,50) 

DIMENSION EC 11) , DEDAC 11, 5), DEDXC 1l,5), DHDXC U, 5), RC 5) , AC4,4):, B<-4> • 

2WORKMC4,4>,XC4>,XX<5> 


DIMENSION RLAMBDAC3,3>,ALPHAC5>,DADXC5,5l 


RR= 1 • 0/C 6. 0*DT> 


DADXC 2, 1) =RR 


DADXC2,2>=-8.0*RR 


DADXC2,4)=+8.0*RR 


DADXC2,5)=-RR 


RR=RIVDT 


DADXC3,ll=DADXC3,5>=-RR 


DADXC3,2>=DADXC3,4)=16.0*RR 


RR=2.0/C3.0*CD1'**3)) 


DADXC 4, 1) =-RR 


DADXC4,2>=2.0*RR 


DADXC4,4>=-2.0*RR 


DADXC4,5>=RR 


RR=RR/DT 


DADXC5,1>=DADXC5,5>=RR 


DADXC5,2>=DADXC5,4)=-4.0*RR 


DO 5 I= 1, 5 


DADXCl,3)=DADXC1,1)=0. 


CONTINUE 


JJl=JJ-1 

5 
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, DO 10 J=2, JJl 

DO 17 I= 1, 3 

DO 19 N=l,3 

RLAMBDAC I , N> =UCOEFC I , N, J) 

19 CONTINUE 

17 CONTINUE 

XKCl>=-DT'~RUCJ,2> 

XKC2>=-0.5*D'f*RUCJ,2) 

XX< 3) =0. 

XX<4>= 0.5*D'f*RUCJ,2) 

XX< 5 >=DT*RUC J , 2 > 

ALPHA< 1) =ALPHA< 3) =ALPHA< 4) =ALPHAC5) =0. 

ALPHA< 2) =RUC J, 2> 

DO 30 ITER=2,5 

IF< ITER.GT.2> ALPHA< ITER>=10.0**<-rrER> -: 

DO 20 K= 1, 10 

_ EC 0 =RLAMBDAC 1, 1) 

EC2>=RLAMBDAC2, lHRLAMBDAC 1,2>*ALPHAC2) :· 

EC 3) =RLMIBDAC 3, l >+Rt.AMBDAC 1 , 2) *ALPHA< 3) +RLAMBDAC 2-~2> *ALPHA< 2) + : 

2RLA~IBDAC1,3>*CALPHAC2>**2> 

- EC 4) =RLMIBDAC 1, 2) *ALPHAC 4) +RLAMBDAC 2, 2) *ALPHAC3) +RLAMBDAC 3, 2> * 
2ALPHAC 2> +2. 0*RLAMBDAC l, 3) *ALPHA< 2) :MLPHAC3> +RLAMBDA< 2, 3) * 
3CALPHAC2>**2> 

EC 5) =RLAMBDAC 1, 2) *ALPHA< 5) +RLAMBDAC 2, 2> *ALPHAC 4) +RLAMBDAC3, 2) * 



C 
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·2ALPHAC3)+Rl..AMBDA<1,3>*C2.0*ALPHA.C2>*ALPHAC4>+CALPHAC3>**2))+ 


32.0*RLAMBDAC2,3>*ALPHAC2>*ALPHAC3>+RLAMBDAC3,3>*CALPHAC2)**2> 


E<6>=RLAMBDAC2,2>*ALPHAC5>+RLAMBDAC3,2)*ALPHAC4)+2.0*RLAMBDAC1'.,3>* 

2C ALPHA( 2) *ALPHA< 5> +ALPHA< 3) *ALPHAC 4> >+RLAMBDAC 2, 3) *< 2. 0*ALPHAC2) * ~ i. 

3ALPHAC4>+<ALPHAC3>**2))+2.0*RLAMBDAC3,3>*ALPHAC2>*ALPHAC3> 

EC7>=RL.AMBDAC3,2>*ALPHAC5)+RLAMBDAC1,3l*C2.0*ALPHAC3>*ALPHAC5>+ 

2CALPHAC4>**2>>+2.0*RLAMBDA<2,3>*<ALPHAC2>*ALPHAC5)+ALPHAC3>* 

3ALPHAC4>>+RLAMBDA<3,3)*(2.0*ALPHAC2>*ALPHAC4>+CALPHAC3>**2>> 

EC8>=2.0*RLAMBDAC1,3>*ALPHAC4>*ALPHAC5)+RLAMBDA<2~3>*C2.0*ALPHAC3) 

2*ALPHAC5>+cALPHAC4>**2))+2.0*RLAMBDAC3,3>*CALPBA<2>*ALPHAC5>+ 

3ALPBAC3>*ALPHAC4>> 

EC9>=RLAMBDAC1,3)*CALPHAC5>**2)+2.0*RLAMBDAC2,3>*ALPHAC4>*ALPHA.(5) 

2+RLAMBDAC3,3>*C2.0*ALPHA<3>*ALPHAC5)+CALPHA<4>**2>> 

EC10>=RLAMBDAC2,3>*<ALPHAC5>**2>+2.0*RLAMBDAC3,3>*ALPHAC4>* 

2ALPHAC5) 

EC11>=RLAMBDAC3,3>*<ALPHA<5>**2) 

THE PARTIAL DERIVATIVES OF THE VELOCITY COEFFICIENTS 

DEDAC 1,2) =0. 


DEDAC2,2>=RLAMBDAC1,2> 


DEDAC3,2>=RLAMBDAC2,2)+2.0*RLAMaDAC1,3)*ALPHAC2) 


DEDAC 4, 2) = RLAMBDAC 3, 2) +2. 0*RLAMBDAC l, 3) *ALPHA< 3) +2. 0*RLAMBDAC2, 3)* 


2ALPHAC2> 


DEDAC5,2>=2.0*CRLAMBDA<l,3>*ALPHAC4)+RLAMBDAC2,3)*ALPHAC3)+ , 


2RLAMBDAC3,3l*ALPBAC2)) 


DEDAC 6,2>=2.0*CRLAMBDAC 1,3) *ALPHA< 5l+RLAMBDAC 2,3>*ALPHAC4)+.· 


2RLAMBDAC3,3>*ALPHAC3)) 


DEDAC 7, 2> =2. 0*< RLMIBDAC 2, 3) *ALPHA< 5) +RLAMBDA< 3, 3) *ALPHA< 4)) · 


DEDAC8,2)=2.0*RLAMBDAC3,3)*ALPHAC5> 


DEDAC9,2>=DEDAC10,2)=DEDAC11,2>=0. 


DEDAC 1, 1) =0. 
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DO 6 INDEXl=2, 11 

DEDACINDEXI,1>=0. 

DO 8 INDEXJ=3,5 

DEDAC1,INDEXJ)=0. 

DEDACINDEXI,INDEXJ>=0. 

IFCINDEXI.LT.INDEXJ) GOTO 8 

DEDACINDEXI,INDEXJ>=DEDACINDEXl+2-INDEXJ,2) . 

·a CONTINUE 

6 CONTINUE 

DO 50 KK= 1, 11 

DO 50 LL= 1,5 

DEDX<KK,LL>=0. 

DO 50 MM=2, ITER 
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DEDXCKK, LL> =DEDXC KfC9.LLl +DEDAC KK, MM> *DADX( Mtwl; LL> 

50 CONTINUE 

RT=-DT 

DO 60 KK=2,5 

RT=RT+0.5*DT 

DO 70 LL= 1,5 

DHDXCKK,LL)=HCKI0=0~ 

DO 70 MM= 1, 11 

DUMM"r~CC-DT>**MM-CR'I'**MM>>/FLOATCMM> 

DHDXC KK, LL> =DHDXC KIC~ LL> +DEDXC MM, LL> *DUMMY ·.i 

HCKK>=BCKK>+E<MM>*DUMMY 

70 CONTINUE 

DHDXCKK,l>=DHDXCKK,1)-1.0 

DHDXC KK, KIO =DHDXC KK, KIO+ 1 • 0 

H< KK> =BC KK> +XX( KK>-XKC 1) 
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60 CONTINUE 


DO 80 II= 1,4 

90 

KK= 11+1 

DO 90 I 1= 1,4 

LL=I1 

IF<Il.GE.3) LL=Il+l 

ACII,Il>=DHDX(KK,LL> 

CONTINUE 

BC II>=-HCKlO 

80 CONTINUE 

C SOLVE FOR NEW VALUES OF XX 

CALL MVCA,4,4,B,X,DET,IDET,WORKM> 

XXC 0 =XXC 1HXC 0 

XXC2>=XXC2>+XC2) 

XXC 4> =XX< 4> +XC 3) 
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XX< 5)=XX(5>+XC 4) 

c RE-DEFINE COEFFICIENTS OF PARTICLE PATH ··: 

DO 18 III=2,ITER 

ALPHA.C II I) =0. 

DO 18 JJJ= 1,5 

ALPHAC IID=ALPHA< III>+DADX< 111,JJJ)*XXCJJJ> 

18 CONTINUE 

RINC=ABSCXC l>/XXC D )+ABSCXC2)/XXC2) >+ABSCXC3)/XXC4H+ABSCXC4)/ · 

2XXC 5) > 


DELTA.= 1. 0E-12 


IFCRINC.LT.DELTA> GOTO 22 


20 CONTINUE 

WRITEC6,9050) 

9059 FORMA.TC///,30X, 11 W ARN l NG ITERATION OF PARTICLE, PATH H 

2AS NOT CONVERGED"> 

22 CONTINUE 

30 CONTINUE 

C DEFINE THE INTERSECTION OF THE PARTICLE PATH WITH THE X-AXIS 
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DlC J, 1> =-XXC 1> 


D2( J, 3) =XXC 5) 


DO 16 I= 1, 5 

PCOEFC I , J) =ALPHA< I) ' · 

16 CONTINUE 

10 CONTINUE 

RETURN 

. END 
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SUBROUTINE PHIBARS ·. 

COMMON / BLOCKl / PHIC 50; 3) , PHJ.BARC 50, 3l , PRIHATC 50, 3), 

PHIUSEDC50,3) ,PHITRUEC50,.3) ,RUC50,3) ,D1C50,3) ,D2C50,3) 

3,DUDXC50,3) ,SC50,3) -' 

COMMON / BLOCK2 / RL,JJ,DT,DX,TIME,TIMEF,NTS 

COMMON/ BLOCK3 / UCOEFC3,3,50),PCOEFC5t50J,SCOEFC3,3,50) 

DIMENSION AC6,6),B(6),X(6),WORKMC6,6) 

JJ1=JJ-1 

TI'=2. 0*DT . 


IFCTIME.LE.TI'> GOT0100 


DO 10 K= 1,5 

A< 1, K> =C-0. 5*DX> **( K-1> 


AC 2, K> =C0. 5*DX> **< K-1) 


AC 3, K> =<0. 5*DX+D2C2, Ol**CK-1> 


AC4,K>=Cl.5*DX>**(K-1) 


A<5,K>=Cl.5*DX+D2C3,l))**CK-1) 


AC6,K>=C0.5*DX-D1C2,l))**CK-1> 


ACK,6>=0. 


CONTINUE 

AC 6, 6) =-1. 0 


BC 1) =PHIC 1, 1) 


BC 2) =PHlf2, 1) 


BC 4) =PHH 3, 0 


BC3) =PHIHATC2, 1) 


BC 5) =PHIHATC 3, 0 

BC6>=0. 

CALL MVCA,6,6,B,X,DET,IDET,WORKM> 


PHIBARC 2, U =XC 6) 


http:IFCTIME.LE.TI
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DO 20 J=3,JJ1 

DO 30 K= 1,5 

35 

AC 1 , IO =C-1. 5*DXl **C K-1) 

AC 2, IO = C -0. 5*DX> **C K-1 > . • 

AC3, IO=C 0.5*DX>**CK-U 

AC 4, IO= C-0. 5*DX+D2CJ-l, I> >**<K-1> 

AC5,K>=C-1.5*DX+D2CJ-2,1>>**CK-1> 

IFCJ.NE.3) GOTO 35 : 

AC5,K>=C0.5*DX+D2CJ,l>>**CK-t> 

CONTINUE 

AC6,K>=C0.5*DX-D1CJ,1>>**CK-l> 

ACK, 6) =0. 

BCK>=PBICJ-3+K,1) 

. 30 CONTINUE 

45 

AC 6, 6) =-1. 0 

BC4>=PBIHATCJ-1, D 

BC5)=PBIHATCJ-2,l) 

IFCJ.NE.3) GOTO 45 

BC5) =PBIHATC J, 1) 

CONTINUE 

BC6)=0. 

CALL MVCA,6,6,B,X,DET,IDET,WORKl'D 

PHIBARC J, 1>=XC 6) 

20 CONTINUE 

GOTO 200 

100 CONTINUE 
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DO 110 K= 1,5 

AC 1 , IO =C-0. 5*DX> **< K-1) 


AC 2, K> =C0. 5*DX> **< K"'.'" 1) 


AC3,K>=Cl.5*DX>**CK-1> 


AC 4, K> =C2. 5*DX> **< K-1> 


AC 5, K> =C3. 5*DX> **< K-1) 


AC 6, IO= C0. 5*DX-D1C2, 1) >**<K-U 


ACK, 6> =0. 


BC K> =PHI CK, 1> 


· 110 CONTINUE 

AC 6, 6 >=-1. 0 


BC6>=0. 


CALL MVCA,6,6,B,X,DET, IDET,WORKPD; 

PBIBA.RC2,1>=XC6) 

DO 120 J=3,JJ1 

DO 130 K=l,5 

AC 1, K> =C-1. 5*DX> **< K-1> 

AC 2, K> =C-0. 5*DX> **< K-1) 

A< 3, K> =C+0. 5*DID **C K-1> 

, AC 4, K> =C+ 1. 5*DX> **C K-1) 

AC6,K>=C0.5*DX-D1CJ,l>>**CK-1> 

ACK,6>=0. 

B<K>=PHICJ-3+K,1> 

IF< J. NE. JJ 1. OR. TIME. NE. TT> GOTO 140 
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AC4, IO =C-3. 5*DX> **CK-1> 

140 CONTINUE 

IFC J. NE. 3) GOTO 500 :: 

AC 5·, IO =C 2. 5*DX>**< K":"' 1) 

GOTO 130 

500 CONTINUE 

AC 5, IO= C-2. 5*DX> **< K-1> 

130 CONTINUE 

A<6,6)=-t.0 


BC6>=0. 


IFC J. NE.JJl .OR. TIME. NE.:1T) COTO 648 


BC 4) =PHH J-4, 1> 


640 CONTINUE 

IFCJ.NE.3> GOTO 600 1 

BC 5) =PBIC J+2, 1> 

GOTO 630 

600 	 CONTINUE 

BC 5) =PHIC J-3, 1) 

630 	 CONTINUE 

CALL MV< A, 6·, 6, B, X, DET, JDET, WORKM> 

PHIBAR< J, 0 =XC 6) 

120 	 CONTINUE 

200 	 CONTINUE 

- RETIJRN 

END 
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SUBROUTINE SOLVE 

COMMON / BLOCK! / PHIC50,3) ,PHIBARC50,3): ,l'HIHA.TC-5&,3), ' . 

2 PHIUSEDC50,3) ,PHITRUE<50,3) ,RUC50,3) ;D1C50,8) ,D2C50,3l 

8, DUDXC 5.0, 3) ,SC 50, 8) 

COMMON / BLOCK2 / RL,JJ,DT,DX,TIME,TIMEF,N'IS 

~ .COMMON/ BLOCK3 / UCOEFC3,3,5&>,PCOEFC5;50),SCOEFCS,3,50) '· 

DIMENSION AAC4,4) ,BBC4,4) ,XC4>, 'WORKMC4,4) ,ACl2) ,BC 16) ,CC l'Z) 'D<'n~· · 

2DRDEC23,17),DEDBC23t"5>,DSDPC5,5>,DRDPC23,5), 

3AA.AC 6, 6), BBB< 6), XXXC 6), WORKMMC6 ,6) 

DIMENSION DBC4,5),DGC5,5) 


DIMENSION RLAMBDAC3,3),ALPBAC5) 


DIMENS ION TJC 5) 


JJl=JJ-1 

DO 50 J=2,JJ1 

DO 17 I= 1, 5 


DO 19 N= 1,3 


IFCI.GT.3) GOTO 19 


RLAMBDAC I, N> =UCOEFC I, N, J) 


19 CONTINUE 

ALPHACI>=PCOEFCl,J) 

17 CONTINUE 

DCl>=RLAMBDACl,2) 

DC2>=2.0*RLAMBDA<1,3>*ALP11AC2l+RLAMBDAC2,2> 

DC3)=2.0*CRLAfIBDAC1,3>*ALPHAC3>+RLAMBDAC2,3)*ALPHAC2)) •+ 

2RLAMBDA< 3, 2 > 
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DC4>=2.0*CRLAMBDAC1~3>*ALPHAC4)+RLAMBDA<2,3>*ALPHAC3l+BLAMBDAC3,3> 

2*ALPHAC2> > 

DC5)=2.0*CRLAMBDAC1,3)*ALPHAC5)+RLAMBDAC2,3)%ALPHAC4>+RLAMBDAC3,3) 

2*ALPHAC 3) > 


DC6>=2.0*CRLAMBDAC293>*ALPHAC5>+RLAMBDA<3,3)*ALPHAC4)) 


DC7>=2.0*RLAMBDAC3,3>*ALPHAC5> 


ACl>=AC2>=ACll>=AC12>=AC10)=0. 


AC3>=ALPHAC2>**2 


AC4)=2.0*ALPHAC2>*ALPHAC3> 


AC 5 > = 2. 0*ALPHAC 2) *ALPHA< 4) + C ALPHA< 3 > **2>

AC 6>=2. 0*ALPHAC 2> *ALPHAC 5>+2.0*ALPHAC 3) *ALPHAC 4) 


AC 7) =2. 0*ALPHAC 3) *ALPHA< 5) +c ALPHA< 4) **2> 


AC8)=2.0*ALPHAC4>*ALPHAC5) 


AC9)=ALPHAC5>**2 


BC1>=BC2>=BC3>=BC14>=BC15>=BC16)=0. 

DO 3 1=5, 13 

BCI>=ALPHAC2>*ACI-l>+ALPHAC3>*ACI-2>+ALPHAC4l*ACI-3>+ALPHAC5>* 

2ACl-4) 

CONTINUE 

BC4>=ALPHAC2>*AC3) 

CC1)=CC2>=CC3>=CC4)=0. 

3 
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DO 5 	 1=5, 17 

CC l> =ALPHA< 2>*BC 1-1) +ALPHA< 3) *BC I-2>+ALPHAC 4)*B< 1-3)+ALPHA(5) * 
2BCI-4l 

5 	 CONTINUE 

W=-0. 5*D1< J, 1> 


Z=0.5*D2CJ,3) 


TW=W/RUCJ,2) 


TW=-0.5*DT 


TZ=Z/RUC J, 2) 

TZ= 0.5*DT 


DO 16 ITER= 1,50 


Hl=H2=DH1=DH2=0. 


DO 14 1=2,5 


Hl=Hl+ALPHACI>*CTW**CI-1>> 


H2=H2+ALPHAC I>*CTZ**C I-l)) 


DHl=DHl+FLOATC 1-1) *ALPHA< D*CTif**0-2)) I 


DH2=DH2+FLOAT< 1-1> *ALPHAC D*C 'I'Z**Cl-2)) ~ · 


14 	 CONTINUE 

Hl=Hl-W 


H2=H2-Z 


TW=TW-< Hl/DH1) 


TZ=TZ-CH2/DH2) 


DUNMY=ABSC Hl/DlID +ABSCH2/DH2> 


IFCDUMMY.LT.C 1.0E-12)) GOTO 18 

16 CONTINUE 

WRITEC6,22> 

22 FORMATC5C/),30X,"W ARN ING THE TIME SEARCH ,'.FOR THE PAR.TI 

2CLE PATH HAS NOT CONVERGED 11 
) 

18 	 CONTINUE 

TJ.( 1> =-DT 

TJ<2> =TW 
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TJC3)=0 •..--_, 

TJC4>=TZ 

.TJC5) =DT 

W=0. 5*DlC J, 1> 

Al l=-2.0*W 

A12=4.0*CW**2> 

A13=-8.0*CW**3> 

A14= 16. 0*< W**4) 

A22= -2. 0*< 'W**2) 

A23= 6. 0*C W**3> · 

A24=-14.0*('W**4) 

A33= 8. 0*< W**5> *Z+12~ 0*( W**4> *CZ**2>+4. 0*CW**3) *< Z**S> . · 

A34=-24.0*CW**6)*Z-28.0*C'W**5:)*(Z**2>+4.0*C'W**3>*<Z**4> 

A43=8.0*<W**5>*Z+24.0*C'W**4>*<Z**2>+16.0*CCW*Z>**3) 

A44=-24.0*CW**6>*Z-56.0*C'W**5>*<Z**2)+32.0*Cl'r**3>*CZ**4> 

DBC4,1>=-2.0*CW**2>*Z-4.0*W*<Z**2> 

. DBC 4, 2) =8. 0*W*Z*< W+Z) 

DBC4,3)=-2.0*W*CW**2+3.0*W*Z+2.0*CZ**2)) 

. DBC4,4>=0. 

DBC4,5)=2.0*CW**3) 

DB< 3, 1) =-2. 0*W*Z*< W+Z) 

DBC3,2)=4.0*W*Z*CZ+2.0*W> 

DBC3,3)=-2.0*W*C2.0*C'W**2}+3.0*W*Z+Z**2) 

DBC 3, 4) =4. 0*CW**3) 

DBC3,5)=0. 

DBC2,1)=DBC2,3)=-l.0 

DBC2,2)=2.0 

DBC2,4>=DBC2,5>=0. 

DBC 1 , 1) = 1 . 0 

DBC 1, 3) =-1. 0 

DBC1,2l=DBC1,4>=DBC1,5)=0. 

DO 8 K= 1, 5 

DGC 5 ,K> = C A33*DBC 4, K>-A43*DBC3~IO }/CA33*A44-A43*A34> 

DGC4,K>=CDBC3,K)-A34*DGC5,I0)/A33 

DGC3,K>=CDBC2,K>-A24*DGC5,K)-A23*DGC4,Kl)/A22 
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DGC 2, IO= CDB< 1, Kl -A14*DGC 5, IO-A13*DG< 4, IO..-A12*DGC 3~10) /Al 1 


DGC 1, K> =0. 


CONTINUE 


DGC 1 , 3) =1. 0 


. ; 

DO 100 K= 1 , 23 

DO 	 200 KJ=l,17 

DRDECK,KJ>=0. 

INDEXI =K+ 1-KJ. 

IFC INDEXI.LT.1.0R. INDEXI.GT.7> COT() 20&> 

DRDECK,KJ>=DCINDEXI> 

200 CONTINUE 

IFCK.GT.17> GOTO 100 

DEDBCK,1>=DEDBCK,2>=DEDBCK,3>=DEDBCK,4)=DEDBCK,5)=0. 

IFCK.EQ.1) DEDBCK,1>=1.0 

IFCK.GE.2.AND.K.LE.5> DEDB<K,2>=ALPHACIO 

~ 	 IF'C K. GE. 3. AND. K. LE. 9) DEDBC K, 3) =ACK> 


IFCK.GE.4.AND.K.LE.13>DEDBCK,4>=BCK> 


IFC K. GE. 5. AND. K. LE. 17) DEDBC K, 5) =CC K> 


http:IFCK.GT.17
http:INDEXI.LT.1.0R
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100 CONTINUE 

DO 300 K= 1,23 

DO 400 KJ= 1,5· 

. DUMMY2=0. 

DO 500 M= 1, 17 


DUMMY1=0. 


DO 600 MS=l,5 

DUMMYl=DUMMYl+DEDB<M,MS>* DGCMS,KJ) 

600 CONTINUE 

DUMMY2=DUMMY2+DRDECK,M>*DUMMY'1 

500 CONTINUE 

DRDPCK,KJ>=DUNMY2 

400 CONTINUE 
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300 CONTINUE 

DO 1000 L=2,5 


RT=TJCL) 


DO 1100 IP= 1 , 5 


DUMMY=0. 

- DO 1200 K= 1,23. 

RRTT=0. 


IFC ABSC RT) • LT. 1. 0E-10> GOTO 1250 . 


RRTT=RT**K 


.. 125& CONTINUE 

_DUMMY= DUMMY+DRDPC K, IP>*< RRTT-C -DT> **K> /FLOAT< IO 

1200 CONTINUE 

DSDPCL,IPl=DUMMY 

1100 CONTINUE 

DSDPCL,L>=DSDPCL,L)+l.0 


DSDPCL,l>=DSDPCL,1>-1.0 


1000 CONTINUE 
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DO 1500 K= 1,4 

DO 1600 L= 1, 4 

AACK,L>=DSDPCK+l,L+l) 

1600 CONTINUE 

BBCK>=-DSDPCK+l, l>*PHlBAR(.J, 1> 

1500 CONTINUE 

CALL MVCAA,4,4,BB,X~DET. lDET, WORK;M> 

PHIC J, 2) =XC 2> 

PHIHATC J, 3) =XC 4) 

50 CONTINUE 

DO 2000 K= 1,5 

AAA( 2, K> =C-1. 5*DX> **CK-1> 

AAAC4,K>=C-.5*DX>**CK-1> 

AAAC6,K>=C0.5*DX>**CK-1) 

AAA< K, 6 >=0. 
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IFC TIME. LE. DT> GOT0:..2100 


AAA< 5, IO= C-. 5*DX+D2CJJ-l, 2)) **CK-l) 


AAA< 3, IO= C-1. 5*DX+D2C JJ-2, 2) >**C K-1> 


AAAC 1, IO= C-2. 5*DX+D2C JJ-3, 2>>**< K-1> 


GOTO 2000 


2100 	 CONTINUE 

AAAC 5 , K> =C-4. 5*DX> **< K-1) 

AAAC3,K>=C-3.5*DX>**CK-1> 

AAA< 1, Kl= C-2. 5*DX> **<K-1) 

2000 · 	 CONTINUE 

BBBC2>=PHICJJ-2,2) 


BBB< 4) =PHICJJ-1, 2> 


BBBC6)=0. 


AAAC6,6>=-1.0 


IFCTIME.LE.DT> GOTO .2200 


BBB( 1) =PHIHATCJJ-3, 2) 


BBBC3>=PHIHATCJJ-2,2> 


BBBC 5) =PHIHATCJJ-1, 2) 


GOTO 2300 


2200 	 CONTINUE 

BBBC5>=PHICJJ-5,2) 

BBBC3>=PHICJJ-4,2) 

BBBCl>=PHICJJ-3,2) 

2300 	 CONTINUE 

CALL MVCAAA,6,6,BBB~XXX,DET,IDET,WO~ 

PHH JJ, 2> =XXXC 6) 

N=2 

DO 5000 1=2,JJ 

PHIUSEDC I ,2) =PHIUSEDC I, 1>-D'r*CRUC I, l>*C<PHIUSEDC I~ 1> - ·· 

2PHIUSEDC 1-·1, 1>) /DX> +PHIUSED< I, 1> *< CRUC I, 0-HUC I-1, D >/DX>> 

http:IFCTIME.LE.DT
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5000 CONTINUE 

RETURN 


END 




155 

SUBROUTINE PRINTCISOL,NN) 

COMMON / BLOCK! / PHIC50,3) .PHIBARC50,3l.PHIHATC5~,3), . 


2 PHIUSEDC50,3) ,PHITRUEC50,3) ,RUC50,3) ,.Dt.C50,3) ,D2C50,3) 


3,DUDXC50,3),SC50,3) 


COMMON / BLOCK2 / RL,JJ,DT,DX,TIME,TIMEF,NTS 

COMMON / BLOCK3 / UCOEF:C 3, 3, 50) , PCOEFC 5,50) , SCOEFC 3,3, 50) 

WRITEC6,20) TIME 

20 	 FORMAT< 1H1 , 40X, "T l M E = n ,F8.4,5X, "SECONDS",/////) ;_ 

WRITEC6,30) 

30 FORMA.TClX,"NODE. NUMBER",11X,"PHl",10X, 

1 8 PHIBAR II' BX, ,•PHIHAT" 'BX, "DELTAl. ~BX~ 

2"DELTA2",7X, "VE.LOCITY",7X, "DUDX", 10X, "ALPHA",///) 

DO 10 I=l,JJ 

. WRITE< 6 ,40) I, PHI< I, 1> ,PHIBARC I, 1>, PHIHATC I, t> ,DlC I, 1> ,D2( I! l>, 

. lRUC I , 0 , DUDXC I , 1) ,DUDXC I ,3) 

40 FORMA.TC 7X,12,7X,BCE14.7,1X>l 

10 CONTINUE 

ITN=6*CISOL-l)+l+CNN-l)/10 

WRITE< 6, 3000) ITN 

3000 FORMAT< lHl, 10( /), 47X, 11 T A B L E 11 ,12) 

WRITE< 6, 1100) CNN-U 

1100 FORMAT< 9(/) ,38X, 11 C 0 M P A R I S 0 N • • • AFTER11 ,2X, 12,2X, 0 TIME 

1 STEPS",/////) 

WRITEC6,1150) TIME 

1150 FORMATC41X, "TOTAL TIME ELAPSED = 11 ,F8:.4,3X, "SECS.",////) 

WRITE< 6, 1200) 

1200 FORMAT< 15X, "NODE" ,6X, "ANALYTICAL"' 7X, II THIS •,6X," RATIO TO ' 11 
, 

1127X, II ONE ,6X, II RATIO TO 11 ,/,l4X, "NUMBER",5X, II SOLUTION",8X, 

II t311 WORK ",6X, 11 ANALYTICAL 11 ,7X, II SIDED 6X, II ANALYTICAL u. 5X, 

4/' 58X, II SOLUTION II' 7X, "DIFFERENCE" ,6X, It SOLUTION 11 
,//) 

K= 1 

DO 1400 1=1,JJ 

D~=FLOATCl-l)*DX 

DUMMY1=CPHICI,K>+1.0E-20)/CPHITRUECl,1)+1.0E-20) 


DUMMY2= C PHIUSEDC I, 1) + 1. 0E-20) /C PHITRUEC I, 1> +1. 0E-20) 


http:FORMA.TC
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1500 

1400 

WRITE< 6 , 1500) I , PB ITRUEC I , 0 , PHI< I, IO , DUMMY!, PHI USED<l , U , DmmY2 

FORMAT( 15X, 13,3X,E15.8,3X,2CE15.8,E15.8•3X)) 

CALL PLOTPTCDUMMY, PHITRUEC I , 1) , 2 D 

CALL PLOTPTCDUMMY, PHH I, IO , 22) 

CALL PLOTPTC DUMMY, PHIUSEDC I, 1> , 23) 

CONTINUE 

GOTO (2100,2200,2300) I ISOL 

2100 WRITEC6,2150) 

2150 FORMAT(//// ,43X, 11 
( 

GOTO 2400 

2200 WRITEC6,2250) 

2250 FORMATV///,43X, 11 
( 

GOTO 2400 

2300 WRITEC6,2350) 

2350 FORMAT(//// ,47X, 11 
( 

2400 CONTINUE 

CALL OUTPLOT 

RETURN 

END 

VELOCITY FUNCTION OF TIME ONLY ) •) . 

VELOOITY FIDJCTION OF- POSITION ONLY ) n) 

FULLY VARIABLE VELOCITY)") 
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SUBROUTINE PLOTRCISOL> 

COMMON / BLOCKl / PHIC50,3) ,PHIBARC50,3) ,PHIIIATC50,3), 

2 PHIUSEDC50,3) ,PHITRUEC50,3) ,RUC50,3> ,DH50,3) ,D2C50,3) 

. 3, DUDXC 50, 3) 

COMMON / BLOCK2 / RL,JJ,DT,DX,TlME,TIMEF,NTS 

COMMON / BLOCK4 / PHIPLOTC5,3,51) 

DIMENSION YMINC5,2),YMAXC5,2l,FACTORYC5,2>,RATIOC5,3,51) 

NTl=NTS+t 

DO 200 L= 1,5 

no -200 J=1,NT1 

RATIOCL, 1, J) = C PHIPLOTC L, 1 ,J) +1. 0E-10)/CPHIPLOTCL, l ,:J) +l.0E-10) 

RATIOCL,2,J>=CPHIPLOTCL,2,J)+l.0E-10)/CPHIPLOTCL,t,Jl+l.0E-10) 

RATIO( L, 3, J) =C PHIPLOTC L, 3,J>+1.0E-10)/( PHIPLOTCL, 1,J)+.l.0E'.'"910> 

200 	 CONTINUE 

XMAX=FLOATCNTS>*DT 

XMIN=0. 

RNX=RNY=5.0 

NXNY= IF IXC RNX+-1. 0) 

DO 2 IG= 1, 2 

DO 2 L= 1,5 

FACTORY< L, IG> = 1. 0E+l00 

~~CL,IG>=-1.0E+100 

YMINCL,IG>=1.0E+100 · 


DO 4 K= 1,3 


DO 6 J= 1, NT1 


GOTO <204,206) , IG 


204 CONTINUE 

IFCPHIPLOTCL,K,J) .GT. YMAXCL, IG>) YMAXCL, IG>=PHIPLOTCL,K,J> 

IFCPHIPLOTCL,K,J>.LT.YMINCL,IG)) YMINCL,IG>=PHIPLOTCL,K,J> 

GOTO 6 

206 _ CONTINUE 

IFCRATIOCL,K,J) .GT. YMAXCL, IG)) YMAXCL, IG>=RATIOCL,K,J> . 

IFCRATIOCL,K,J>.LT.YMINCL,IG)) YMINCL,IG>=RATIOCL,K,J) 

6 	 CONTINUE 

SIZEY=3.00 

http:SIZEY=3.00
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DUMMY= CSIZEY+t. 0E-20) /( CYMAXC L, lG>-YI1HfC-L, IG)) + 1.0E-20) 

IFCFACTORYCL, IG> .GT.DUMMY> FACTORYCL, IC>=DUMMY 

4 CONTINUE 

2 CONTINUE 

SIZEK=4. 75 


FACTORX=SIZEX/TIME 


CALL PLOTC100.,10.5,60) 


DO 10 1=1,5 


DO 210 I G= 1 , 2 


XIG=-C0.75+4.7*<FLOATCIG>-1.0)) 


CALL PLOTCXIG,0.0,40> 


CALL PLOTC0.5,5.25,3) 


CALL PLOTC3.5,5.25,2) 


CALL PLOTC3.5,10.0,2) 


CALL PLOTC0.5,10.0,2) 


CALL PLOTC0.5,5.25,2) 


CALL LETTERC16, .10,90. ,4.10,6.7, 16HT I ME CSECS.)) 


IT1= ISOL+l 


IT2=2*1+1G-2 


ENCODEC10,600,TITLE1) ITl 


609 	 FORMATC9HFIGURE 4.,Il) 

IF< IT2. EQ.. 10) GOTO 604 · 

ENCODEC3,605,TITLE2> 1T2 

605 	 FORMATC1H.,11,1H) 

GOTO 606 

604 ENCODEC3,608,TITLE2l IT2 

608 FORMA.TC1H.,I2> 

606 CONTINUE 

RRR=7.6-1.B*CFLOATCIG>-1.0) 


CALL LETTER< 10, .15,90.0,0.8,RRR,TITLED . 


RRR= R.RR+ 1 • 5 

CALL LETTER< 3,.15,90.0,0.8,RRR,TITLE2) 


IN=2*1 


X=7.5-2.0*CFLOATCIG>-1.0) 


GOTOC250,260) , IG 
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250 CONTINUE 

CALL GREEK< 2. 0, 3.70, 0-.50, 90.0,21> 

ENCODEC35,700,SUBT1) IN 

700 FORMATC23HCONCENTRATION AT NODE ,12,10H VS. TIME> 

. CALL LETTER< 35, 0. 05 , 90. 0, 1 • 0, X, SUBTl) 

GOTO 270 

260 CONTINUE 

CALL LETTER<28,0.10, 180.0,3.4,4.10,28HRATIO TO ANALYTit=AL SOLlJTtOl'f ·- .; _ 

2) 

ENCODEC39,710,SUBT2) IN 

710 FORMATC27HRATIO OF SOLUTIONS AT NODE , 12, l0H · VS. TIME> 

CALL LETTERC39,0.05,90.0,1.0,X,SUBT2) 

270 CONTINUE 

RRR=5.8+2.75*CFLOATCIG>-1.0) 

CALL LETTERC19,.05,90.0,3.0,RRR,19HANALYTICAL SOLUTION) 

CALL LETTERC20,.05,90.0,3.1,RRR,20HONE SIDED DIFFERENCE> 

CALL LETTER< 9,.05,90.0,3.2,RRR, 9HTHIS WORIO 

RRR=5. 5+2. 75*< FLOAT< IG>-1. 0) 

CALL GRAFC2.95,RRR,0.1,1) 

CALL GRAFC3.05,RRR,0.1,2) 

CALL GRAFC3.15,RRR,0.1,3) 

RRR=7.6-2.0*CFLOATCIG)-1.0) 

GOTO C1100,1200,1300) , ISOL 

1100 CALL LETTER< 32, . 05, 90. 0, 1. 2, RRR, 32HC VELOCITY ·FUNCTION OF TIME ONLY 

2)) 

GOTO 1400 

1200 CALL LETTERC30,.05,90.0,1.2,RRR,30H <VELOCITY FUNCTION OF X ONLY>> 

GOTO 1400 

1300 CALL LETTERC30, .05,90.0, 1.2,RRR,30H CFULLY VARIABLE VELOCITY> ) 

1400 CONTINUE 

DXL=SIZEX/RNX 


DYL=SIZEY/RNY 


DXN=CXM..4.X-XMIN)/RNX 


DYN=CYI"IAXCI,IG)-Yft!INCI,IG))/RNY 


XL=5.25-DXL 


http:LETTER<28,0.10
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XN=-DXN 


YL=3.575+DYL 


YN=YMIN<I,IG)-DYN 


DO 15 M= l ,NXNY 


XN=XN+DXN 


XL=XL+DXL 


YN=YN+DYN 


· YL=YL-DYL 

ENCODE< 9, 490, Y> YN 

490 FORMATCE9.3) 

IF< IG.EQ.2) ENCODEC9,495,Y> YN 

495 FORMATCF9.5) 

ENCODE< 9,500,X> XN 

500 	 FORMATCE9.2> 

XX=XL-0.525 

IFCM.EQ.1) XX=XL-0.2 

CALL LETfER< 9, • 100, 90. 0, 3. 75, XX, X> . 

CALL LETfERC 9,.075,90.0,YL,4.40,Y> 

IFCM.EQ.1.0R.M.EQ.NXNY> GOTO 15 

CALL PLOTCYL,5.20 ,3) 

CALL PLOTCYL,5.30 ,2) 

CALL PLOTCYL,9.95 ,3) 

CALL PLOTCYL,10.05 ,2) 

CALL PLOTC3.45 ,XL,3) 

CALL PLOTC3.55 ,KL,2) 

15 	 CONTINUE 

DO 20 K= 1, 3 

CALL PLOT< S IZEY+0. 5 ~ 5 •. 25, 3) 

DO 30 N=1,NT1 

Xl=FLOATCN-l>*D"f*FACTORX 

Yl=CPHIPLOTCI,K,N>-YMINCI,IG>>*FACTORYCI,IG> 

IFCIG.EQ.2) Yl=CRATIOCI,K,N>-YMINCI,IG>>*FACTORYCI,IG> 

Xl=X1+5. 25 

Y1=3. 5-Yl 

CALL PLOTCYI,Xl,2) 

http:PLOTC3.55
http:PLOTC3.45
http:PLOTCYL,10.05
http:PLOTCYL,9.95
http:PLOTCYL,5.30
http:PLOTCYL,5.20
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30 	 CONTINUE 

20 	 CONTINUE 

DO 120 K= 1,3 

NN2=NTS/5 

DO 130 N=l,NT1,NN2 

Xl=FLOATCN-l>*D'I'*FACTORX 

Yl= <PHIPLOTC I, K, N>-YMINC .I, IG>) *FACTORYC I, IG> · 

IF< IG.EQ..2) Yl=CRATIOC I,K,N>-YMINC I, IG»*FACTORYC I,IG> 

Xl=X1+5. 25 

Yl=SIZEY+0.5-Y1 

• CALL GRAF CYl , Xl , 0. 100,K > 

130 CONTINUE 

120 CONTINUE 

210 CONTINUE 

CALL PLOTC12.0,5.25;-3> 

10 	 CONTINUE 

RETURN 

END 

END 
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