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ABSTRACT
This report presents a numerical method which can be used

to solve the advection equation

3, alulxathel . g(y,¢)

ot

where:
) = concentration field
u{x,t) = velocity field

S(x,t) = source term

Central to this method are the concept of particle path and
the Eulerian interpretation of the time rate of change of the concen-
tration field ¢.

In actual comparison tests for particular cases with known
solutiors this method proved to be at least two orders of magnitude

more accurate than the usual one sided upwind finite difference method.
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CHAPTER 1
INTRODUCTION
1.1 Definition of the Problem

This report presents a numerical method for integrating the

advection equation

28, 000) g hy | | (1.1.1)
where: |
¢ = concentration field
u = velocity field
S = variable source term

The method employed here is similar to the 1D version of

Leith's method1

, which was first presented by Noh and Protter2 in
1963. Both of these methods use the concept of particle path and an
Eulerian interpretation of the time rate of change of the variable
¢(x,t) between two points connected by this path. However unlike
Leith's method which can only be applied to cases of constant
velocityrfield, the method presented here is quite general and can be

used to solve the advection equation for the case of a velocity field

that is a function of both x and t.

u = u(x,t)

Another advantage of this method is its accuracy. Al approxi-

mations which are made here are of the order of:



O[ax'atd]; where (i+j)24 (1.1.2)

In comparison tests made for problems with known solutions
this method consistently proved to be a least two orders of magnitude
more accurate than ;he one sided upwind finite difference scheme which is

commonly used for the solution of advective type differential equations.

1.2 Motivation for the Work

The containment and storage of radioactive substances is a
topic of central importance in nuclear engineering today.

During operation, the radioactive materia]lis mainly held
in the fuel. 1In case of an accident its migration in the fuel,
primary ciruit, containment and atmosphere is of interest. After
femova] of the fuel from the reactor it may be stored for'some period
in water filled pools after which it may be buried in stable and
impervious geologic formations. While the fuel waste forms that are
buried either before or after feprocessing, are expected to be highly
resistant to leaching, still migration due to contact with ground water
hust be considered in the safety analysis of a nuclear wastes disposal
site.

In general the flufd velocities transporting radionuclides are
assumed to be known. Therefore their migration can be modelled by
advection type equations that take diffusion and dispersidnrdue to
non uniform velocity fields into account. One way of modelling
dispersion is by a diffusion type coefficient that may be a function

of position in the media as well as of the velocity field itself. Also



decay of radionuclides must be taken into account. In its one dimen-
sional form the advection-dispersion equation becomes:

24, Alubatle] 2 pp(x,e) 87 = kg 4k

X3 {1.2.1)

2

There is no known analytical solution for the general equation
described above and it must be solved by means of numerical techniques.
Our ultimate aim is to develop a very accurate numerical
scheme which could be used to solve equation 1.2.1. In particular,

numerical diffusion and dispersion effects are td be minimized.
‘ The method we have developed can now be used to solve the

advection equation

3¢ 4 A(ub) gy, t) - B

However it is written in such a manner that with 1ittle effort
" it can be generalized to solve equations of the type given by equation
1.2.1. Therefore it can become a useful tool in thevanalysis of
advection-diffusion problems in nuclear engineering (and other fields)
where high accuracy is needed.

The generalization of this method for the solution of multi- -
dimension advection dispersion equation is also possible by using the

method of fractional time steps3.



CHAPTER 2
METHOD OF SOLUTION

36 , a(up) _ o | ‘
AR 0 : R (2f1~1)

Expanding the spatial derivative and re-arranging we obtain:

99 4 2% o _, U
ot * u5§' ¢ X : (2.1.2)

If the velocity field is constant the right hand side of the

above equation is zero and equation (2.1.2) reduces to:

) | 9 _
3% +u 5%-— 0 (2.1.3)

where u is constant.
The solution of equation (2.1.3) is well known and is given by

the general equation:
o(x,t) = F(x-ut) . (2.1.4)
Which ]éads to the following relations:
o(x,t+At) = ¢(x-uat,t) (2.1.5)

o(x+uat,t) = ¢(x,t-At) | (2;1.6)

Let us now construct a grid in the solution domain (the x-t

plane). Let Ax be the increment in the x direction and let At be the



time increment, so that each point on the discretized plane will be
uniquely defined by an ordered pair of integers j and n
i.e. ¢? = ¢(jax, nat) (2.1.7)

Furthermore let the solution domain of interest be finite

and have the following bounds:

IA

0535d > 05 xS JAx

o
IA
ps
1A
ct
IA

N - 0° Nat

Based on these conventions a graph can be drawn for the
particle paths expressed by equations (2.1.5) and (2.1.6). Without
loss of generality we assume that the velocity is positive. For con-

venience the courant number is introduced as:
g HEE - | (2.1.8)

Referring to figure 2.1.1 equation 2.1.5 indicates that

n+l _ ~n+l
AT

I

and equation 2.1.6 indicates

“n-1 _ ,n-1
T

Again referring to figure 2.1.1 consider a value %o which is
situated a distance gAx to the left of ¢g. ¢(x,t) can be expanded

in a Taylor series about the position of 9o In particular,

in the spatial direction only, the expansion is:



o

o(x,t) = ¢, + Z (-r) $Ix - (3-p)ax]’ | | (2.1.9)

Equation 2.1.9 can be used to evaluate Some of the

neighbouring values of ¢. The following expansions can be constructed:

(s-1) ; i |
bg = g * 1 : ¢ )—‘k [(8-3+E)ax]’ - (2.1.70]
i= i
. (s-1) 4
¢$"1 = 0o * Lioy (—;—.) F [(y-j+are)ax] (2.1.11)
. (s-1) i :
¢3-'” = ég * Lio1 (11—!) :%’i [(-0)ax]’ - (2.0.12)
X

The unknowns in the above equations are:

“n+l ai¢ -
03", ¢, and " (i=1,2, ..., (s-1)) (2.1.13)
™H gérnl - ?+l 1
s ) M ) 4¢ |
~~ AKX N . ;
il ot S génq gﬁ“ §
ST AN W J e |
¢a-1 ,FXIJTL (25)’!//‘/ S Lt L ey
T 'oLdx / |
¢?H () et &5_71-' -l
o J M (n1) st
, EAX |
G-0ax jax r1)ax

Figure 2.1.1: -Particle paths for the case of constant velocity


http:1Jfl].4t

S > (S+1) unknowns

The highest’ number of values of g8 and vy that.we can have is
the total number of nodes in the grid. Thus it is possible to con-
struct (2J+1) equations which are linear in the unknowns. In addition
if

a # £and 0 < (a,g) < 1
and S+1=21+1 (2.1.14)

then the system of equations is linearly independent and it will have

a unique solution. From equation 2.1.14 the value of S can be found:

(S+1) = 23 + 1
S.S =2 (2.1.15)

Thus by solving the system of equations as presented we can
get a value for $g+]. Referring to equations 2.1.10, 2.1.11 apd 2.7.12
it can be seen that thef]argest‘distance’from the origin is -

given by:
Dy ax = {MAX[(B-j+&); (y-j+ot+g)]} Ax (2.1.16)

Thus the maximum error involved in these expansions can be

calculated by
£ = () [29) 1o, )] (2.1.17)
MAX S! S MAX e
X/ &
where 0 < £ < (JAx).
The maximum value that DMAX can ever have have cannot exceed

(J+1)Ax, this is an upper bound value, which happens when:


http:2�.l.10,.�2_.l.ll

j=2and y =4

y DMAX < (J+1)Ax (2.1.18)
Substituting for DMAX into equation 2;1.17
- S. .S : :
+
|Eyay | 5|(JS]|) 3% [ax]° (2.1.19)
. oX . .

But according to equation 2.1.15 s = 2J, thus the final expression for

the maximum error becomes:

2J 2]

J+1)°Y %Y 2J :

1B | <1< [ax] (2.1.20)
MAX I(ZJ)! 22 |

To get an idea of the magnitudes involves in the above

equation, let us consider the case where

(11120 ,20 20
(1) ¢ 20, . *1n-18 {a ¢]
> Eax! <P 20 [0.137)= 276410 l 20 l

And clearly this is an upper bound for the magnitude of the error.
Thus in theory we can solve for $g+] (=1, 2, ...,d)
with the accuracy just discussed. But according to the relation of

equation (2.1.5), which is reproduced below
o(x,t+at) = ¢(x-uat,t)

ntl _ $n+1

M ®; j

Thus we have in fact solved for ¢g+] (3 =1,2, ...,d). So in



theory at least it is possible to solve the advection equation very
accurately by this method if the velocity field is constant. OQur
next-step will be to try and generalize this idea for the case of

variable velocity.

Let us now try to generalize the concept developed in the last
section for the case when the velocity field is a function of both
time and space. Following the same convention as before we can again

draw a graph of the particle path as in Figure 2.2.1, however unlike

n+l
j -~

the fluid particle originally situated at the location ¢g+] does move

the previous section ¢ is not equal to ;2+J in this case. Although

to the position of ¢g+] at the end of the time increment At, the right

A
»e qu (ﬁ}y&f}lb&
g e it
"9 ~ =4 (M) 4k
o .
Qéfnfi
n Ak
/
( J-4 )% J4x : (Jr14%

Figure 2.2.1: The particle path for the case of variable velocity.
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hand side of the equation

Cag . 3 L BU ‘

ot * 4 X ¢ 9X _ (2.2.1)
has changed the value ¢ ‘associated with this partic]e: The Teft hand
side of equation 2.2.1 is the material derivative of the function ¢.
Equation 2.2.1 can be rewritten as:

| %% =4 U (2.2.2)

A Lagrangian interpretation can now be used in order to relate the value
n+l “n+l

of ¢j- to that of ¢j ‘Integrating equatioh 2.2.2 with respect’ :
to time along the partfc]e path
t t
I Rk J (6 Wyt (2.2.3)
t=t t=t
0 0 '
For t, = nat and t = (n+1)At -
nl ol L (n+1)at du
¢J - J W, J (4’ ﬁ)dt
nAt
(n+1)at
n+l _ Tn+l u
: A, j (6 W)at (2.2.4)
nat

The integral expression of equation 2.2.4 represents the amount

by which ;g+1 changed before it got to the location of ¢2+1.

integral must be performed along the particle path which in general

This

is not a straight Tine. If we could calculate the value of this

integral we would then be able to generalize the idea developed in



11

the previous section so that it could be applied for the solution of
the advection equation in general.
Three pieces of information are needed to evaluate this
'integré1i
(i) an equation for the particle path about the point
(jax, nat) X |
(if) A functional relationship fof.%;{t) along the particle
path | |
(iii) A functional re1ati6nship for ¢(t) along the particle
path
In this section we will outline briefly how the above infor-
mation can be obtained in general with high accuracy. In the next
section we will go through the details for the case of a chosen order
of accuracy.
In order to construct an equation for the particle path we
must first have a functional relationship for the velocity as a
function of x and t about the point (jax, (n+1)at). Let Ug be the

velocity near the point (jax, nAt) and let it be given by:

I M e
UVZV ) : i Aim[(Z-J)AXJ(m'1)[(W-n—1)At)](‘”” (2.2.5)
=1 m=

1
where z and w are not necessarily integer numbers and:

|(z-3)|<1 and |{w-n)|<1

The coefficients Xim of equation 2.2.5 can be found by solving the

Tinear system of equations:
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I M . ' .
=3 3o Ikad™ N annae] 01 2206
kK §=1m=1
where k=1,2,3, ..., J

£=1,2, 3, ..., N
For the above system of equation to have a unique solution set

‘we must have the same number of linear indpendent equations as

unknowns
SN = I*M
-oI"' M
and M= g%ﬂ

For the‘particulaf case when I.= M
1= M /IR | C(2.2.7)

Thus if we know the velocity at every point on the grid we
can in theory get an expression for the velocity field about the point

(jax, nat) which is

I- 1 e
I ) Aim[(z—j)Ax](m‘])[(w-n-l)At](‘"]) (2.2.8)

i=1 m=1
where I is given by equation (2.2.7).
Let us now try to construct an equation for the particle path
about the point (jax, (n+1)At). Consider figure 2.2.2 below. Along
the particle path we have the following relation

dx(t)
dt

= u(x,t) ‘ (2.2.9)
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Integrating the above equation along the particle path between

ﬁ = t] and t = tk we get

t S
J Kax(t) = J k' ulx,t)dt (2.2.10)

t=t] t=t-I

where nat £ t] and tk S (n+2)at. Let xk denote x(t=tk). The above

—equatioh can be rewritten as:
T .

= xp + J K u(x,t)dt [Z.2.51)
t=t

X
1

Let us assume that the equation of the particle path is

given by:
x(t) = J° o tP-1) (2.2.12)
p=1 P s i
Wl )4t
E n —"“"%k _
e 1+ A€
[
I N SR SRR - -
4 $ - ndat
LRE:
(H-14x \' 442 0 (Jr1)dzse

Figure 2.2.2: Limits of integration along the particle path.
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“Consider figure 2.2.3 below. The time interval is divided -
into K sub-intervals as shown. Each of these points on the particle

path must be related by the particle path equation:

P
X = ] atép']);k=l,2, s K (2.2.13)
p=1P

NOw if P = K then the coefficients o (p=1,2, ..., K) can be

uniquely defined as a linear function of Xi (k=1,2..., K).

o = dp(x], Xo5 ""XK)’ p=1,2, ... k | (2.2.14)

We thus have the coefficients that we needed in equation 2.2.12. For.

P=K
¢ _
-1
x(t) = g=]ap(x], Ry su sy xK)t(p ) (2.2.15)
We have an expression for the velocity which is given by:
e ;I]' n [(z=3)8x] ™D -1 01 (2.2.16)
1=1 m= -
ti=(m2) 4t
_; - - —8— ék—[
,» o et 21
. | P . (m+) ot
L '
NN -
C T :‘—L‘L S ,
4 e ? 3 ! 4 .'£ﬂ== Gﬂ¢11f"
Ly %s ~1" ===, %k . ' ‘
(5-1A8x " jax i ()8

Figure 2.2.3: Subdivision of the particle path into k segments.
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Along the particle path the above equation can be represented

as a function of t only. Let:

(w=n-1)At = t and (z-j)AX = x(t)

I I | . i
s ww =y 1 A D)1 ey (1) (2.2.17)

Substituting for x(t) from equation 2.2.15 we get

. (m-1)° (1)
1 = [t] \ '(2.2.18)

BT aol )ilp
u(t) = As 00 U ¢ 5 Ximgis: o 06K JE
=l m=1 Mpey P2 K
where u(t) is now a polynomial in t on]y; thus it can be rewritten as:
u(t) = zs (Xq % x,)t{s-1) (2.2.19)
S=_| YS ]a 2’---:K . Lo

where S = K(I-1) and is no longer linear in the X} 2 K= 1:25...5K,

Substituting for u(t) from equation 2.2.18 into equation 2.2.11

S
X = Xp t th[i ys(x],xz,...,xk)t(s—])]dt (2.2.20)
t=t - |
1

Evaluating the integral on the right

X = Kyt

: [ti-t?] ‘ (2.2.21)
S:

S {YS(X],XZ,...,XK§]
S

where k = 1,2,3,...,K. The only unknowns in equation 2.2.20 are Xy
Xose s e sXy and thus it can be solved for. This can be done by solving
a system of K equations which are non-linear in the unknowns. The
magnitude of K has no theoretical Timitation and in principle can be

as high as desirable. After solving for Xk (k = 1,2,3,...,K) we can
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go back and calculate the value of the coefficients % (p=1,

PO |

,ap = ap(X] ’XZ""’XK) | (2.2.22)

Thus we now have an equation for the particle path‘about fhe point

(jax, nAt) which is:

x(t) = 3 ]apt(p“” i3 (2.2.23)
p=

A functional relationship fof'%%(t) can now be easily constructed.
Along the particle path the velocity field is given by equation 2.2.17

which is reproduced below:

u(t) = z 5 A [x(t) J("“”[t]("'”

i=1 m=1
du _ 1 (m=2)r,+(i-1)
FAt) = 1Z=] EF] (m-1)a,,[x(t)] [t] (2.2.24)

Substituting for x(t) from equation 2.2.23 and simplifying
R .
U o (i-1)
5§(t) = §=] B;t ‘ (2.2.25)

where R = (I-1)(1+K)-K

The last piece of information that we need is an expression for
¢(t) along the particle path. Consider figure 2.2.4 below. Let ¢y
be the value associated with the point t = tk on the parfic]e path.

Furthermore let ¢(t) along the particle path be given by:

K . .
o(t) = ) g,tliD) (2.2.26)
i=1 '
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We can thus construct K equations

K . S e
b =1 Bt (K=1,2,.0,K) (2.2.27)
i=1

and solve for the coefficients gi as ]ineak functions of the values of

¢ along the particle path:

g5 = £5(01s 095 035 --es 0)) | (2.2.28)

where i = 1,2,3,...,K. Substituting for the above eXpression into
equation 2.2.26 -
(t) = ZK . ye{i-1) (2.2.29)
¢ of ¥ (075 095 -ens by o

Multiplying the above equation by equation 2.2.25

K .
OO = 1)_&i(s g0 oo 0t 1]

R R
[yt
i=1

. ¢K/—'¥L_£k= (n+2). &€¢
.-¢*',' i A
. s (ned )4
b/T "1
B Tl T |
<¢5L/ i e
(7-1)Ax TA% (24

Figure 2.2.4: Values of ¢ along the particle path.
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which can bhe simplified to:

P

ST - ] JRENCTEN p 2t 0 (2.2.30)

where Q = K+ R - 2 and the n; are Tinear functions of O (k =1,2,...,K).

Consider equation 2.2.4 which is reproduced below:

3 (n+1)at .
= [T e Be

J J
t=nAt

If we change the upper bound of the definite integral to t = tk we

then have:

o = 40 - J (6 2t

t=nAt

substituting for the integrand from equation 2.2.30 we get
t
- k Q :
_ n+l (i-1
¢k - ¢j - J [ §=] ni(¢]a¢2,---,¢K)t hdt
t=t]=nAt

Performing the definite integration

[t-t1]) (2.2.31)

n+] ZQ {ﬂi(¢]:¢2,»-->¢K)
bk L 3

where k = 1,2,3,...,K. The above equation prepresents a system of
equations which are linear in the unknowns bk (k=1,2,3,...,K). Since
the number of equations is equal to the number of unknowns then a
unique solution set can be obtained.

Referring to figure 2.2.5 below it can be seen that the solution of the
n+l

system of equations represented by equation 2.2.31 will give ¢ and

n+l
¢j i
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n+l _ =

b5 b=y where tz = (n+1)At
UL = ¢, where t, = (n+2)at
®5 ®5=k = %k K

We have thus shown that the method introduced here can at
least in theory be generalized to solve the advection equation for the
genéra] case of variable velocity field. In the next section we will

describe in detail a working version of this method.

2.3. A Functional Scheme

The method described in the previous section is theoretically
valid and great accuracy can be achieved in the solution of the
advection equatibn for any given ve1oéity,fie1d.

However from a.practical point of view the scheme may be too
cumbersome to déve]op and economically prohibitive to use.

We tried to strike a balance between the accurécy achieved
and the complexity involved. A functional scheme was deVe]oped which
can solve the general advection equation with good accuracy and at

the same time it is not extremely expensive to use, we will come

-
. f,f: (n+2) &t
T 'é ::('7)'1"/)4(~
f,:'nat

(§-1)4% Jd% (+1)ax
Figure 2.2.5: Selected values of ¢ along the particle path.
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back to this point in chapter 5.

Let the velocity field near the point (ij; (n+1) at) be
- given by the double power series eXpansion:

u(x,t) = Z? zf_ gl g1 (2.3.1)

i=1 J—]v_ ;

The reason for choosing the abbve ekpansion is purely
economical. A third degree expansion for each variable would imply
solving a 16 x 16 matrix at each hode for each time step, thus it
would nbt be in accofdance with the balance we are trying to achieve.
Let ug represent u(x=jAx, nat). By choosing the point (jAX,

(n+1) At) as the origin of the expansion and using the convention

above we can then rewrite equation 2.3.1 as:

3 3 3 .
UEDI n L(-3)ax1 K D (men1)ag1 G- (2.3.2)
L 3 .
L = (J'])a j, \]+]
where
m=n, (n+1), (n+2)

We then have nine equations and nine unknowns. Since the equations
‘are linearly independent a unique solution for the coefficientsAkik
(i, k = 1,2,3) can be obtained. This is accomplished by solving a-
9 x 9 matrix at each node. The points surrounded by a circle in
Figure 2.3.1 represent the points of known velocity which are used to
determine these coefficients.

| Let's assume that the particle path which goes through

the point (jax, (n+1) At) can be described by the function:

5 )
x(t) = ] 1 ait(“” (2.3.3)
1=
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We can subdivide the time interval into five equal segments as shown

in Figure 2.3.2. The reason for choosing five subdivisions here is
again in accordance to our intention of striking a balance between the
accuracy attainable and the complexity involved, six subdivisions would
add considerab1y to the comp]eiity of the so]ution; Let>‘>A<k represent

x(t=tk) we can then construct five equations:

WL astii=1) (2.3.4)
¢ . .

which can be solved for the coefficients oy (1 =152, 5..55) as 2
linear function of the position'xk(k = 1,2,...,5). The functional

relationship in this case turns out to be:

i3 ) (71+3)4¢
@ /C} | (@Z)Jt
| & O (N+1) At |
< @ i At
7 ' _ (n-ndt
(4-2)4% (J~1) A% Jh% CJtr) 4 (Jt2) L%

Figure 2.3.1: The chosen points of known velocity about the point

(jax, (n+1)at).
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ap = 0
' %.i:L— [-x. + 8%, - 8x, + x.]
%2~ |eat 5 4 2"
S N
ag = —-2-] [-xg + 16x, + 16x, - ;] - (2.3.5)

6At

: r.zn ] : " i
o, = |—=| [xp - 2x, + 2%, = Xq]
4 ‘3At3 5 4 2 1
f42 )

o = |-2—| [xe - 4x, - 8x, + x,]
5 ~3At4J 5 4 2. 1
"The details of the missing algebra can be found in Appendix 1.

Substituting for x(t) into equation 2.3.1

3 , . »
ulx(t),t1 = u(t) = § ] ag;xe)18 VgD
'I:

1

3
)
=1

which can be written as:

11 .
u(t) =3 el (2.3.6)
i=1

- where the coefficients are:

Le=n+2 )4t
- ty=(n+32) 4t

2a= (n+) &t
- £y = (mep) AE

* ' ' =gt
ﬁ, 2z Zy e _

(J-1)4% JAx =% (J+)4 2

Figure 2.3.2: Subdivision of the particle path into five equal time

segments.
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€5 5 A1 ¥ A%

- 2
€3 = Azp t A0 i Ap0ns A5,

] 2
€y = Mooy * App03 + Aggun + 2hyqas05 + Ayg0,

_ - 3 2 & w
€5 = Ajgug * Ayt + Aggag + Aq3(2ag0y +az) + 2h33a504

- i . = . . ‘ _2 - . 2
€6 = Modg * Appy * Agpug + Ag3(2050, + a3) + 2hps0005 + Agz0,
€7 = Appeg + Rpay + 2hy3logag + agay) + Aps(20504 + a3) + 2hz3050y

€g = Agnp * M3(2uzu5 + op) + 2rp3(apag + agay) + Azs(20yaptes
] A B -

= 2 ‘ 2
€19 =Mq3%5 + 2hpquga5 + Ag3(Zageg + )
_ 2
&1 7 A33%5
Please refer to Appendix 2 for the details of the algebra.

Substituting for equation 2.3.6 into the integrand of equation

2.2.11 we get:

ty

LIRS LRy
X = Xyt J [} e; t' 7 1]dt
t=t, 17!

Evaluating the definite integral
s PR
X =X * ) : [—.~~(tk - tl)] : ' (2.3.7)

For k = 2,3,4,5 equation 2.3.7 represents a system of four

equations in which the only unknowns are X1s Xp5 Xgs Xgs since Xg = 0.
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However these equations are non-linear in the unknowns, we can con-

struct a homogeneous function Hk:

11.ek x],xz,x4,k )

_ _ 5 i iV 2
Hk = X = X §=][ : (tk - t])} 0 (2.3.8)
The problem then reduces to finding the values of X1 Xgs Xg
and X which will make Hk equal to zero. We can use the Newton-
Raphson technique to solve it; The value of X given by the pth
iteration is given by:
LI 23.9)
X =X, - : 2.3.9
o1 ko | M
sz p
where ¢ =1, 2, 4, 5. The above system can be rearranged into the
following format:
2] (. (2.3.10)
. AX = =H 2.3.]0
X, kp kp
where AX, = X - X
koo kg Ky
Thus the value of X after the pth iteration is given by
X = X, + AX (2.3.11)
kp+] kp kp

Where Axk is the solution of the linear system of equation
A . ,
(2.3.10), the matrix on the left is the Jacobian matrix and its

elements are:



75H2 ‘.éﬁz ..aHé; ,.BHQT
ax] ax2 ax4~ ax5
.éﬂé. 4.aHé ..553 ...éﬂé
aHk ax] ax2 8x4 ax5

™ . "

) A.aH4 ..aH4 ..8H4 ..8H4
ax] 8x2 8x4 8X5
LaH5 __aH5 ..aH5 .AaH5

ax] 8x2 3x4 ax5 J

The expression for each element can be found

The convergence criterium adopted here is to
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(2.3.12)

in Appendik 3.

iterate until

In the runs done to date the above condition is usually met

with only a few iterations. The program pwints an error message if

more than ten iterations are required.

Once the values of X{s XZ’ X4

and x. are found then the

coefficients of the particle path function can be calculated since *

their functional relationship to xk*is already known (Equation 2.3.5).

Now that the particle path equation of interest has been

established it becomes a simple matter to find the point on the line

t = nAt which the particle path crosses, as shown bn Figure 2.3.3.

The value of ¢ at this point is $2+] and will be needed for our

calculation.

“n+1

The value of 5

can be found by interpolation. By expanding



“n+1
&

equations can be constructed:

“n+l
)
RN i

1:4
Hiee
"E 5
1

i=1 ax
4
¢2=¢0+12=1 (])”[ SE
' 4 ;
815 = 4 . () 24 x1 ["3AX d2; ,1'
-l Lyt iﬂ‘['-é’h d2. .]
b5-1 7 % §=] G 1
" /
71251
|
N
(751\*1“
j i
——
GRVIN'G 4 58%  (J0hx

0+ 2) o

'Gnujdf.'»

m 4t
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and other known values of ¢ in a Taylor series the following

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)

{2.3,17)

(2.3.18)

Figure 2.3.3: The intersection of the particle path with the 1line

t = nAt.
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Where the centre of expansion is taken to be Ax/2 to the left
- of the point (jax, nat) as shown on Figure 2.3.4.

There are six unknowns in equations 2.3.13 to 2.3.18, namely,

-

1

oty .
3¢ and — 1 =1, 2, 3, 4
0 s

“n+1
®5

and since we have the same number of independent equations the solution

set will be unique. These equations can be written in matrix notations

as:
=] 1 2 -x) o, HSE - x)t] o] o
0 FHER # i =" % 03
e -Ax LI
0 1 () + L +H— = 95-1
‘ - 2
L (AX Ax 4 13 n
0 T+ +(5E 23 |9
3
-3AX , -3AX 4 12 ~“n-1
0 T 5+ d2._2) +.. +( >+ dzj_z); 31;;% ¢j-2
4
-AX -AX W4 13°% “n-1
O Gy ) e )t Ll Lefhl
A;L—/;—“"““ ki I ] M+2)4+¢
J-QJ_Z dc?‘j—, +—E[
F—F 74-4L | *L_7‘ '
| I Uh+))4a¢
| Ly ' :
B i L nH 7
QS-’" KON ¢ 73‘-// @ di Q§J |
NG U R RI V% : |
._6 3 (o {\ 4t
_ o d4x (J+)4% (J2)8%
(5-2)d0 (4-NAX

Figure 2.3.4: Values of ¢ used for the calculation of ;g+1.
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A matrix solution routine is used to solve the above system.

If we do this for every value of j (1 £ j £ J) we will then have all
the values of ;g+1 a]ong'the line t = naAt.
A functional relationship for %%(t) a16hg the particle path

can now be constructed. The'spatfal‘derivativé_of'équation 2.3.1 gives:

3 g & &
X L, 4 (3-1) 245 «(3-2)(i-1)

3U(X.t) = 23 2
J
Substituting for the particle path equation for x above

3 3 ; ¢ Lpa
=) 1 e T e 10 AR,

3 3 5 : :
X {(j‘]) Ais.s [2 o t(p—])](J-z)[t]1—]}_
j=1 ) 1 =2 p

o .
Wyy =3 p,tli-N (2.3.13)

where the coefficients are given by:

% A

Dy = 2hy305 * Xy

Uy = Bhygfiy ¥ Bhogiy * Agp

Dy = 2050, + 2Apg05 + 2A33a'2 | (2.3.14)
Dg = 2Ay305 * 2hp3uy + 2h3304

By = Ehgug + Shagty

Dy = 2Agg0p


http:dedvaHve�.of

29

The missing algebra can be found in Appendix 2.
Now let's assume that ¢(x) along the particle path can be

represented by:
' 5 .
8(x) = J : Bix(1"]) (2.3.15)
'|=

Let ¢, be the value of ¢ at the point Xy = x(tk) on the

particle path. We can construct 5 equations represented by:
- 25 8 L0 o 5 (2.3.16)
¢k iz] i k £ Y 9 ese f -

We can again solve for the coefficients Bi(i=1,2,...,5) as
Tinear functions of‘¢k (k = 1,2,...,5). The details of the solution
and the final format of these functions are given in Appendix 1.

So now we have an expression for ¢(x) along the particle

path which is a linear function of bk (k = 1,2,...,5).
() =T 8ulors 8 )x(i-1) - (2.3.22)
¢ 1=] i ¢]9 ¢2""¢5 i .

Substituting for the particle path equation intoﬁequatidn :

© 2.3.22 we then have ¢(t) along the particle path:

: (i-1)
¢[X(t)] = ¢(t) = Z 1 Bi(¢]3 ¢2, R ) ¢5) [X(t)]
1=] -
9 E )
- =1 ( oy
= %::]{B.i(d’]: ¢2s cens 4)5)[%:] apt(p )] 1 )}

which can be written as:

17 . '
o8 =] gl s oo 3t 1) (2.3.23)
= ) :
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* The coefficients &, (i=1,2, ..., 17) are given in Appendix 2.

We can now find an expression for the function
_ au
F(t) = o(t)* 55 (t)

along the particle path. This can be accomplished by multiplying
equation 2.3.23 by equation 2.3.13

17 ; 7
B _ -1 -1
R = Tyl g s ¢5)t(f )1[%?:] p, {713

which can be written as:

23 :
F(t) =) ] Ri(675 ¢p5 -0 ¢5)t(’"” . (2.3.24)
'|=

The coefficients Ri (i=1,2, ..., 23) are also given in Appendix 2.
We can now go back to the Tine integral developed in section 2
(equation 2.2.3):

t t
dg = - J (¢ g—i)dt
t=t, b=t |

Replacing the lower bound of the definite integral by t = t,
as shown on Figure 2.3.5 and the upper bound by t = tk and substituting

/ - n+2)48F

L v i, e et e il
1) 4

l
¢i// 112 N4t = Ay

(9-1) 4z Jie =25 L (gr)ax

|%

Figure 2.3.5: The bounds of integration along the particle path.
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for F(t) from equation 2.3.24 for the integrand

t G "
k (k23 (i-1)
d¢ - T [z R'l(cb]’ ¢2a ceey ¢5)t ]dt
Tt t i=1
1 1
t
. k 23 "
-1
e ¢k = ¢‘] - [t [§=] R1(¢]’ ¢2= ceey ¢5)t(1 )]dt

1

After evaluating the definite integral on the right we get:

R gi:,{[Ri(¢1, ¢2; P ¢5)]*[t; -4y .3 053
" The above eXpression represents a system of linear equations
in four unknowns, namely ¢2, ¢3, ¢4 and ¢5. If we take k = 2, 3, 4
and 5 we can construct four linear independent équations with respect
to the unknowns, thus a unique solution set can be obtained. To
simplify the algebra involved we construct a hohogeneous function Sk

by transferring all the elements of equation 2.3.25 to one side:

R'I(¢'|’ ¢29 LR

e Bed” -4 -
S : 5 [t - t;]} =0 (2.3.26) .

K=o ot LAl

where k = 2, 3, 4, 5. Now since Sk is Tinear in ¢j it can be seen

that

S, =V {[=X] 4.} =0
S B L

Using this concept the matrix representation of the system

can now be written as:
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N\ 7 . N
25, 35, 95, .35, ] 33,
3, 303 3%,  9%g 93 5$]'¢1
353 853 ‘353 333 353 ‘
3%, 34 30, 3¢ 03 - 53? é1
- {2.3.27)°
35, 35, 3S, 354 ‘ ¢ .954_¢
3%, 365 3, 8¢5' 4 3, 1
dSg 3Sg 35 355 3Sg
¢ ETY
99, 994 39, 3¢ 1 5/ [ 3% 1)
Where the partial derivatives used above are given by:
aS, 98¢, 93¢ 23. . . 3R, : y
k k 1 = | i i i
= g + 7 fer LIt - 13 (2.3.28)
a¢j a¢j a¢j fug 1 a¢j k 1

More details of the derivation above can be found in Appendix 3.
The solution of the Tinear system of equation 2.3.27 will give

the value of ¢2+1 and also $g+] since:

n+l

i T3
“‘n+l _
¢j - ¢5

as can be seen in figure 2.3.6.
By going through this procedure for all values of j- (1 £ j £ J)
the solution to the advection equation will be advanced by one time

step. We will then have:

o(x,t+at) = ¢2+] j=1,2, ...sd

and the value of $2+] which will be used for the interpolation of

i

j at the next time step.
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This procedure can be repeated for as many time steps as

necessary, such that at the end we have:

1,2, 3, ... d
1,2,3, ... N

d
o(x=jax, t=nat) for

n

n

which is the solution to the general adVection.equation'for the finite

domain of interest which was estipulated at the beginning.

.

SR sy e

— 3 BE =Ay

= A1

T nat =

(J-1)d2 | Jha =25 Qi

Figure 2.3.6: The position of ¢g+] and $g+] on the particle path.
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2.4 ’Description'of'the'computer'Prpgram

A listing of the computer program is attached at the end of

this report. The identification of the variables used, the function

of each subroutine and a block diagram are presented in this section.

Variable Identification

PHI  (J,N)

PHIBAR (J,N)
PHIHAT (J,N)
PHIUSED (J,N)

PHITRUE (J,N)

RU (J,N)
D1 (J,N)
D2 (J,N)
DUDX (J,N)
S (J,N)
-RL

JJ

DT

DX

TIME
TIMEF

NTS

il

" m 1 m 1 m 1 (11 m 1 " 1 m I "

The concentration as given by the one-sided F.D. methodv
The true analytical solution

fhe velocity field

X1

X5

Spatial derivative of the ve]ocity field
éource term

Pipe length

Total number of nodes

}1me step

Node length

Real time

Total real time

Total number of time steps
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UCOEF (3,3,J)

Coefficients of the local velocity field expansion

PCOEF (5,3)

Coefficients of the local particle path function

SCOEF (3,3,J) Coefficients of the local source function

PHIPLOT - (%% *

Array containing selected points to be plotted

UPDATE: |

It supplies initial and boundary conditions and updatés all
other variables in the three time level scheme.
F1T:

It finds a functional representation for the local velocity
field and source term by means of double Taylor series expansion.
PPATH: _

It finds an equation for the local particle path by the method
of Pickard and the method of Newton-Raphson for the solution of the non-

Tinear system.

PHIBARS:

It finds the value of ;g+] by a 5th order interpo]ation.
:§QL!§: ' -

.It solves the final equation and gives numerical values for
¢g+] and $g+].
PRINT:

This subroutine simply prints the results in a prespecified
format. |
PLOTR:

Plots select results.



BLOCK DIAGRAM

( Start )

\%

Specify: Pipe length

- total number of nodes

- time step

- total real time

- type of solution desired

/

Calculate: Total number of time
Steps
- Node length (DX)

Y

Start External Loop

/

Y

Increment External Loop Index

\4

Set Real Time = 0

/

Call Subroutine Update

Call Subroutine Print

¥

Start Internal Loop

36
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\'%

\%

Increment Internal Loop Index

Y

Update Real Time

Y

Call Subroutine Fit

\

Call Subroutine Ppath

Y

Call Subroutine Phibars

Y

Call Subroutine Solve

\'%

Call Subroutine Update

Y

Save Results for Plotting

37
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Is the
Internal Loop Index
= (NTS+1)?

NO
)

Call Subroutine Plotr

Is the
Internal Loop Index
= ISOL2?

Call System Routine to
Terminate Plotting

Y YES

{ Stop )
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CHAPTER 3
ERROR PROPAGATION ANALYSIS

In the functiona] scheme outlined in seétion 2.3 power series
expansions were used to approximate the value of several functions
within some prescribed domain. A1l of these approximations carry with -
them an inherent error due to the finite numbér of terms used in their
power series representation. In this chapter we will try to identify
each error in particular and look at the total compound effect that

they all have in the final solution.

3.1 The Velocity Field Approximation

Let f(x,t) be a continuous and differentiable function of x
and t. Consider an arbitrary point (Ax, At) near the origin. _if
Ax and At lie within the radius of convergence.of the Taylor series
expansion of f(x,t) then the value of f af~thé point (Ax, At) can be

obtained by the relation:

p
. p ' f r..(p-r)
f(Ax, at) =+ g_] {(—.) 'Z . [[r] Xy (P Ax” At (3.1.1)

where fo = f(x=0, t = 0) and the partial derivatives of f are
evaluated at the origin. Expanding the first four terms in the above

equation

f(ax, at) = £(0,0) + [— AX + g€ At]
2 2 2
2 f 2 f
2. [—~2 BX" + 2 5 tAxAt-l-————At]

X at2
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3 3 : , 3 .3
+ %T-[ﬁ—g axS + 32 Z ax2at+3-2 fz axate + ﬁ—g at3]
: ax“at axat at

4 4 4 -4
1 9 f 4 o' f 3 9 f 2 .7 9 f 3
+ ET—[—;E-AX + 4 3 X At + 6 —5—5 AX AtS + 4 3 AxAt

P ax“ ot ax ot axat

4

3 E——Z-Ata’] + Ry (ax,At) (3.1.2)
at

Where R4(Ax, At) stands for the remainder terms and is given
by |

=] a_ 335
R4(Ax, At) = ET-(AX =5+ At at) f(oax, eAt) (3.1.3)

and 0 < 8 < 1.
Let UA(x,t) stand for the approximate local velocity field
about the point (jax, (n+1)at) as given by equation 2.3.1 which is

reproduced below:

- g gl (3.1.4)

Expanding the above equation for x = Ax and t = At

UA(AX, At) = Aqq + [aypax + 2,q0t]

\

2 2
+ [A]3Ax t ApohXAL + Ag At ]

+ [0Ax3 + 123Ax2At + A32AXAt2 + 0At3]

+ [oax* + oax3at +'A33Ax2At2 + oaxat> + oath] _ {3:7.5]

If f(x,t) is replaced by u(x,t) in equation 3.1.2 then it

becomes the true velocity at (x = Ax, t = At), let it be denoted by
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uT(Ax, At). The error introduced in the approximation of

equation 3.1.5 can then be obtained by the equation:

EU(AX, At) = uT(Ax, At) - uA(Ax, At)

' 3 3
1 2°u ,.3, 3°u .3
= R, (ax, At) + =+ [ Ax” + == At”]
4 3. ax3 at3
4 4 4 4
+ -};. [3——% axt v 8 3—“—',"——— axat + 4 3 3 axatS + §—2At4] (3.1.6)
* o AX ax ot axot ot '

Equation 3.1.6 represents the amount by which the approximation
to the velocity field about the point (jax, (n+1)at) differs from the
true value.

Thus the approximate velocity field can be written in terms of

the true velocity field by:
uA(Ax, At) = uT(Ax, At) - Eu(Ax, At) (3.1.7)

Where Eu(Ax, At) is given by equation 3.1.6.

3.2 The Particle Path Approximation

Let x(t) be a continuous and differentiable function of time.
For some values of t = At which 1ie within the radius of convergence

of its Taylor series expansion about the origin (x=0) we may write:

P )(Eiéo at! + R (at) (3.2.1)
. v i n i
i=1 *oat o

where the remainder Rn can be written as:

1 an+]x n+l
R (at) = . [ ) at (3.2.2)
j (n+1)! atn+1 EAt



42

and 0 < £ < At.
Let the true particle path equation about the point (jax, (n+1)
At) be given by equation 3.2.1. In section 2.3 we made an approximation
for x(t) which was:
5

_ (p-1)
Xy (t) = r2>=1 apt .(3.2.3)

The error in this approximation for t = At is given by

EX(At) xT(At) = xA(At)

5
Tt eat

< 1.

~

where 0 < £
S axy = xA(At) = xT(At) - Ex(At) (3.2.5)

If we now substitute for AXp into uA(Ax,At) we will have an
expression for the approximate velocity field about the origin point
(jax, (n+1)at) as a function of At only. This can be accomplished

by substituting for AXp from equation 3.2.5 into equation 3.1.7.
uA(t) = uA(AxA,At) = uT(AXA’At) - Eu(AxA, At) (3.2.6)

The expression for uT(AxA, At) can be obtained by substituting

for Axy into the true expansion for u(ax, At):

_ u au
ur(axy, at) = u(0, 0) + [53 axy + <% At]

2 2 ' 2.
2 9 u 9 u 2
+2———AxAt+——~—At]

5% axat T7A at2
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A

3 3 .3 L
1 r3°u ,.3 d°u 2 3°u 2 ['37u...3
+ o7 [5 Axy + 3 —— Ax,At" + 3 AXpAtT + 5 At7]
3. ax3 A axat2 A axat2 A at3
4 4 alb, 4
+ %T-[E—E-Axg 44 2.4 3 AxAAt3 +62 ; 5 AXEAtz $.4' 20 3 AxAt3
toAX axat ax ot axot
3% .4
+ = at ]+ R4(AxA, At) , (3.2.7)
ot
If we now substitute for AXp from equation 3.2.5 into the
above equation and re-arranging we get:
,yT(AxA, At) = UT(AXT, At) + su(AxA, At) : (3.2.8)
where Su is given by:
‘ o el Po(p 5Py r (p-r)
sulaxgot) = 1 () [[) -ty o' Taxdat P
R p=1 P r=0 rJ ax'at\PT
p
- 32U Py (3.2.9)
atP

and the operator Dr[Ax] is defined as:

r r
Dr[Ax] i [AxA - AxT] For r # 0
1 - Forr =20

Substituting for UT(AXA’ At) from equation (3.2.8) into
equation 3.2.6 we have: |

uA(t) = uT(AxT, At) + Su(AxA, At) - Eu(AxA, At)

The first term on the right hand side of the above equation is
in fact the true Qelocity along the particle path as a function of

time only; thus the error in A(t) can now be expressed by:

Eup = uA(t) - uT(t)
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Eu

= Su(AxA, At) - Eu(AxA, At) (3.2.10)

Where Su(AxA, At) and Eu(AxA, At) are given by equation 3.2.9
and 3.1.6 respectively.

Equation 3.2.10 expresses the total error of the approximation
used for u(t) along the particle path about the point (jax, (n+1)at).

The approximate expression for u(t) can thus be written as:
UA(At) = uT(At) + EuA (3.2.11)

where EUA is given by equation 3.2.10.
The particle path calculation arises from the solution of the

integral equation:

xR k
dx, = J up(t)dt
X=X, t=t]
ty
Lxp =g * J u(t)dt (3.2.12)

1

Now since At and Ax were assumed to be arbitrary values we can
replace them by t and x respectively in equation 3.2.11. We can then
substitute for UA(t) into equation 3.2.12.

t
k
+ J [u(t) + Eupldt (3.2.13)

We know that by definition the true value of X is gfven by



xo= o | Lu(e)lat
t
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(3.2.14)

Subtracting equation 3.2.13 from equation 3.2.14 we get:

t
k
(xT - Xy ) = (xT - X ) - J [EuA]dt
k k 1 1 _ .
t_t'l

which can be written as:

ty
Sxk = Sx1 - J [EuA]dt
t=t]
where: Sx, = X~ - X
k Tk Ak
Sx] = xT - xA

and EUA is given by equation 3.2.10.

(3.2.15)

(3.2.16)

Equation 3.2.16 is an expression for the discrepancy between

the true value of Xk and its approximate value. If k = 3 then the

left hand side of equation 3.2.16 is identically zero since:

Thus the value of Sx1 can be obtained directly

Sx] = I [EuA]dt
t=t]

(3.2.17)

Substituting for the above equation into equation 3.2.16 we

have:
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t3 tk v
s = | lEgdat - | [ewylat (3.2.18)
=t] t=t]
but:
b By~ b
J [Eu,Jdt = j [Eu, Jdt + J [Eu, Jdt
t=t] t=t] t=t3
tk | .
5%, = - j [Eu,Jdt - (3.2.19)
t=t, -
Now since t3 =0
ty
5 Sx, = - j [Eu ,]dt (3.2.20)
. |

Substituting for EJA from equation 3.2.10
t, | |
5 St = - [suepet) - (xut)1dt
0
Substituting for Su(xA,t) and Eu(xA,t) from equations 3.2.9
and 3.1.6 respectively into the above equation and performing the

integration

Sx, = - z°_° [%’T]{;po () -ar—“’:;‘m n‘”[x][(,',—t'{j)

p=1 X 9
p+l
P ["k ) L1 2% 3 12% e
JcP (p+] T3 T 3%
4 4 4
+—]—.—'{3—§‘rx4tk+2 L x3ti+ e ”3xtﬁ
X ax ot axat
4
13°u.5
tg it - (3.2.21)
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where " 5
Dr[ ] ,{(xA - xT) forr # 0
x =
1 forr =20
ltk| <At
|x] £ ax

Equation 3.2.21 expresses the total error in the position Xy
found by this method. The operator Dr[x] is fifth order in x thus the
second term in the above equation becomes the dominant one in the

Timit of small x and t.

" Sx, = oO[ax atd] | : (3.2.22)

1V

where- (i+j) 2 4

3.3 Error Due to Interpolation

The value of 52+] is found by solving the Tinear system given

by equations 2.3.13 to 2.3.18 which are reproduced below:

O = 0o * 24 [%T) 32%-2; + Ri | (3.3.1)
i=1
where:
T
bp = ¢§-2 g zp = [- 3%5
93 ~ ¢2-1 > 23 = 77
¢y = ¢g 5 zy = [—%5
b5 = $2:; iz [ d2; 5]
¥ = 5311 sz [ gt d2y ]
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The remainder term Rk is made up of two terms. The first one
is the normal Taylor series remainder, the second one is the error

introduced by the wrong values of x,, d2j_2 and d2j_]. Let:

2y = sz + Sx, k=1,5,6 (3.3.2)

where Zr stands for the true value of z) and sxk stands for the dis-

k _ . ,
crepancy in X, as given by equation 3.2.21. The general remainder term

of equation 3.3.1 can then be written

5

5_1 2% 5

where 0 2 6 £ 1 and

R
b ] ity k=1, 5.8
i=1 R
Sk (3.3.4)
0 k=2, 3, 4
Di[zk] = 0[2'T<k Sxi] where k + ¢ = i
Equation 3.2.22 gives:
S o[ax™at"] where (m+n)>4
D'[2k] = o[zF (ax"at")*] (3.3.6)
k

where: (m+n)Z4 and k + & = i

In the Timit of small x and t the lower powers become the

dominant terms. For i = 1 the expression in equation 3.3.4 becomes
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1]
—tl
-
o
-
(=)}

9%
5 Sxk for k
Sk = . , (3.3.7)
0 for k

1]
N
-
w
-
Y

where Sxk = O[AxmAtn], (m+n)24

For Courant numbers smaller than unity

(x> d2; 5, 42 5) < bX

3AX
> Izkl <5

Thus the total error in the approximations of the selected

values of ¢ can be written:

39Ax _
Regpayl < lip 28 (25595 Ju|s, | (3.3.8)
where Sk is given by equation 3.3.7.

“n+1

The value of ¢ will be given by the solution of the linear

system of equation 3.3.1. Thus the total error in ¢" #l

will be a
linear combination of the error for each equation which are bounded

by the expression of equation 3.3.8.

“n+1

The approximate value of ¢ can then be written

“n+l n+1 .
¢A ¢TJ KRtota] (3.3.9)

Where the subscripts A and T refer to the approximate and true values
respectively and K is a constant which arises from the solution of the

lTinear system.
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3.4 The Calculation of the Liné Integral

The value of ¢g+]

is found by solving equation 2.2.4 which is

reproduced below:
n+l)at
du
= ¢ zyJdt (3.4.1)
nAt

Q+1 - ;n+1

4’3 J

Each term in the above equation contains an error.. The error -
in the first term is given by equation 3.3.9
i+l _ ontl

¢Aj - ¢T. +K Rtota]

(3.4.2)
j

The integrand of equation 3.4.1 is made up of two terms. The

first one is obtained by assuming that on the particle path:

5 g
-1)
o) = 7 poxd
A 3o 0
when in general

R € DR %) '

op(x) =} LBy X + Rg , (3.4.3)
'|=

Thus the approximate value of ¢ can be represented in terms of

its true value
¢p(x) = op(x) - Rg(x) (3.4.4)

where R5(x) is the usual Taylor series remainder and is given by:

5
R (%) ='%T {3—%] x° , " (3.4.5)

oX ™

where 0 < 6 < 1.
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The approximate particle path function which is given by equation
3.2.5 I8
1 85x 5 '
Xp(t) = x(t) - [—%| t (3.4.6)
A T 5 at5 :
gt
where 0 £ £ S 1. The approximate value of ¢ along the approximate

particle path can be obtained by substituting for xA(t) from equation

3.4.6 into equation 3.4.4:

op(t) = olxa ()] = o7lxy (£)] - Rglxy ()] (3.4.7)
o7lx, ()] = Zm] si{xT(t)](i']) + D(i-1)[xA(t)]} (3.4.8)
]:

where . D'[x,(t)] = [xy(£)]" - [xp()]’

Equation 3.4.8 can be separated into two distinct parts:

HENEI D IRPHEMO) RRLES BFR A SNEY
i= i=

The first term in the equation above is in fact the true value
of ¢ along the true particle path, substituting for this equation into

equation 3.4.7 and rearranging

> op(t) = op(t) + Ry paq (3.4.9)
" x : :
where R:otal = §=0 %T-Ni;%i [(xA(t))] - (XT(t))1]
1 Fﬁhﬂ 5 (3.4.10)
5T (.5 ity

oX
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where 0 £ 6,n = 1.

These approximations are used only in the domain
-Ax £ x £ Ax and -At St <At
Thus the order of the remainder of equation 3.4.10 can be written as:

-+

Rtota]

= 'O[AtsAx] + 0[Ax°] - (3.4.11)

The spatial derivative of the velocity was approximated by:

3. 3 ’ .
au) ¢ (3-2) .(i-1)
[ )A 22 g (3-1) Aij B t

+ [2A13x + Azzt]

2
+ [2A23xt % x32t ]

2

+_2A33xt

(3.4.12)

The true spatial derivative of u can be found from

8,1, D e 7 €9 e
ou

- B,

(o5




4 4 .
‘au .3 P 2 3 4
4 X+ 12 —3— X t+12 5

1
+ — [4
4 aX ot

+ R5(x,t)

ax at

53

= 4
xtz +4 du 3't3]
axat

(3.4.14)

The coefficients of equation 3.4.12 are identical to those of

equation 3.4.14 for the same powers of x and t.

3.4.12 from 3.4.14

Equation 3.4.1 can be rewritten as:

(n+1)aAt

AR [ e [ ] Jdt
nat

ntl _ n+1

¢Aj N [¢ total]

Subtracting equation

3
gg} {au) =1 p3au,2
> o (28] e 3 2 5
[ax T oxJ 3! xS
4 4
+%,—[49——}x3+123g xPt + 4 2 3
: X ax"at axat
+ R5(x,t) (3.4.15)
Which can be written as:
S_U] _ [@2} P (3.4.16)
[ax A OXj 1 total
3
* o1 r3au 2
where Rtota] = = [3 X 3 X ]
| X
4 4
1 ou 3 2 u 2 U 3
- [4 =— x” + 12 x“t + 4 t”]
4l ax4 ax3at axat3
& 1)< ) sl (3-1) ,(i-3)
. [._]z J[] N & L) (3.4.17)
i=5 U1 5207 W) 5xdagli-d
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(n+1)at _
, + ;
(Lor(t) + Ry 1L[2Y

. tota]]}dt (3.4.18)
nat

Where the substitutions above were obtained from equations 3.4.2,

3.4.9 and 3.4.16 respectively. Equation 3.4.18 can be expressed as:

(n+1)at

¢R+] ¢?+] - J [¢T(t)[ ] 1dt + S¢ (3.4.19)
nat
(n+1)at
. *
Wiska: - = KRtotal - ik {Rtota1[¢T(t) i Rtota]]
+ au
* Reota [[SQJT]}dt (3.4.20)

The first two terms in equation 3.4.19 represent the true value

of ¢ n+l (by definition) we can thus write:
+ +
¢R L ¢¥ Vyose (3.4.21)
The above equation states that the approximate value of
n+l

¢j differs from its true value by an amount S¢.
The expression for S¢ (equations 3.4.20) is very complex.
An idea of its behaviour in the Timiting cases of small x and t can be

obtained by considering the order of each of its components

= K[0(ax°) + 0(ax'atd)]
+ 0[atT+(0[ax*1[0[¢;] + O[at’ax] + O[ax]]
+ 0[at%ax] + 0[ax>1} ‘ © (3.4.22)
where (i+j) =
| The important parameter here is not so much how big S¢ is but

rather how big it is in comparison to the true value of ¢. Let



b5

I¢T| = 1, in the T1imiting case of small Ax
5 54 . -
> 0[¢T] + 0[at7ax] + 0[ax™] = 0(1) =1

. se = K[0(axD) + 0(axiatd)]

o[ax2at] + o[atdax] + o[axat] where (i+j) =4  (3.4.23)

Equation 3.4.23 represents the order of the relative error

n+l

in the value of ¢j obtained by this method.



CHAPTER 4
COMPARISON TESTS

4.1 Modes of Comparison and Results

The method developed here has been used to solve the equation:

ﬁ a(u = i
ot " X 0 (4.1.1)

The results were compared to two other solutions of the same
equation:

(1) The true analytical solution

(2) The solution obtained by an upwind one sided finite

difference scheme.

This comparison was done for three different problems:

(1) Velocity function of time only

(2) Velocity function of space only

(3) Fully variable velocity

The following parameters were used for all problems:

pipe length = T m

number of nodes = 10
mesh size = 0.1 m
time step = 0.1 secs

number of time sfeps = 50
The solution of equation 4.1.1 as given by the upwind one sided
finite difference scheme used is:

n+1

%

—_ n _é__t__ n n _ n n n _ n

56
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The nature of the boundary and initial conditions will be
specified for each case.
Ten plots were produced for each problem. Some of the points

used to produce these plots are shown in Appendix 4.

4.2 Ve]ocity_Function‘of'Time’Only

For the velocity field:

u(t) = 0.4 exp [0.180%t] - (4.2.1)

The solution of the homogeneous advection equation can be expressed as:

o(x,t) = k exp[0.5*%(x - u(t)/0.180)] (4.2.2)
The boundary condition is:

¢(x = 0,t) = k exp[-0.5 u(t)/0.180] (4.2.3)
The initial condition is:

¢(x,t = 0) = k exp[0.5(x - 0.4/0.180)] (4.2.4)
The value of k was chosen to be:

6

k=1.0*10 (4.2.5)

The results obtained in this section are shown on Figures 4.2.1

to 4.2.10.
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»346E+06
FIGURE 4.2a1
CONCENTRATION AT NODE 2 VS. TINE
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1
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= 382E+06
FIGURE 4.2.3
CONCENTRATION AT NODE 4 VS. TINE
«321E+06 _L { VELOCITY FUNCTION OF TIME ONLY} -+
»260E+06 _L ol
«1398E+06 L -
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«423E+06 -
FIGURE 4425
CONCENTRATION AT MNODE 6 VS. TIVE
»395E+06 L ' _ { VELOCITY FUNCTION OF TIME ONLY) -+
«287E+06 _L B
«219E+06 _L i
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«467E+06

FIGURE 4 a2 w7
: CONCENTRATION AT NODE 8 VS. TINE
«392E+06 . L ( VELOCITY FUNCTION OF TIME ONLY) -+
«317E+06 | Eh
=C42E+06 _L £
»167E+06 L aNALYTICEL SOLUTION -+
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FIGURE 4243
CONCENTRATION AT NODE 10 VS, TIVE
+ ( VELOCITY FUNCTION OF TIME ONLY) +
4+ ©  ANALYTICAL SOLUTION 4
< ONE SIDED DIFFERENCE
THIS WORK
O «10E+01 «20E+01  «30E+01 -4UE+01. «50E+01L
TIME (SECS«)
FIGURE 4%2e10
RATIO OF SOLUTIONS AJ/NODE 10 VS. TIME

(VELOCITY FUNCTI

OF TIME ONLY)
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< INE SIDED DIFFERENCE
o THIS WORK
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TIME [(SECSa])
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4.3 'Velocity Function of Space Only

For the velocity field:

u(x) = exp[ 0.4x] | (4.3.1)
The solution to the homogeneous advection equation can be expressed as:

o(x5t) = k exp[1.0/u(x) + 0.2(x-t)] | (4.3.2)
The boundary condition is:

¢(x=0,t) = k exp[1.0-0.2t] . (4.3.3)
The initial condition is:

o(x,t=0) = k exp[1.0/u(x) + 0.2x] (4.3.4)
The value of k was chosen to be:

6

k=1.0%* 10 (4.3.5)

The comparison of the different solution schemes for this

particular problem can be seen in Figures 4.3.1 to 4.3.10.
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FIGURE 4 .31
CONCENTIATION AT MODE 2 VS. TIVE
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RATIO TO ANALYTICAL SOLUTION

=307E+07

«268E+07 .

«229E+07

»191E+07

« 152E+07

= 113E+07

1.00318

1.00254

1.00191

1.00127

1.00064

1.00000
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FIGURE 4.3.3
CONCENTRATION AT NODE 4 VS. TINE
- (VELOCITY FUNCTION OF X ONLY) -+
+ © ANALYTICFL SOLUTION o
< ONE SIDEC DIFFERENCE
o THIS WORK
0w « 10E+0 1L 20E+01 «30E+0L »40E+0 L «D0E+0L
TIME (SECS:)
/[, < < <t < 1
FIGURE 4.3s4
TIO OF SOLUTIONS AT NODE 4 VS. TIME
-+ { VELOCITY FJUNCTION OF X ONLY) -+
= O aNALYTICAL SOLUTION -+
< INE SIDED DIFFERENCE
o THIS WORK
@ @ & sy
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RATIO TO ANALYTICAL SOLUTION

=»334E+07

«292E+07

«249E+07

=207E+07 .

+ 165E+07

«123E+07

1.00533

1.00431 .

1.00324

1.00216

1.00108

1.00000
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FIGURE 4 .35
CONCENTRATION AT MODE 6 VSa. TINE
+4 (VELOCITY FUNCTION OF X ONLY3 -+
4+ ©  ANALYTICAL SOLUTION ‘ —+
< ONE SIDED DIFFERENCE
o THIS WORK
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TIME (SECS:)
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FIGCURE 4.3s6
RATIIO OF SOLUTIONS AT NODE 6 VS. TIME
+ VELOCITY FUNCTION OF X ONLY) 4
-+ ©  aNRLYTICAL sOLUTION -/
< INE SIDED DIFFERENCE :
o] THIS WORK
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RATIO TO ANALYTICAL SOLUTION

«363E+07

«317E+07

«27 1E+07

= 226E+07

=« 180E+07

= 134E+07

1.00769

1.00615

1.00462 .

1.00308

1.00154

1.00000
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FIGURE 43«7

CONCENTRATION AT NODE 8 VS« TIME
( VELOCITY FUNCTION OF X ONLY)

«50E+01

4 © ANALYTICFL SOLUTION
< ONE SIDEC DIFFERENCE
O THIS WORK
Ce «JOE+01 «c0E+01 «30E+01 «40E+01
TIME (SEZSs)
FIGURE 4 .38
RATIO DF SOLUTIONS AT NODE 8 = VS« TIME
4 { VELOCITY FINCTION OF X ONLY)
4 QO  aNALYTICAL SOLUTION
< INE SIDED DIFFERENCE
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RATIC TO ANALYTICAL SOLUTION

’

=396E+07

«346E+07

«296E+07

«246E+07

»196E+07

« 146E+07

1.01008

1.00807

1.00605

1.00403

1.00202

1.00000

68

FIGURE 4s3s3
CONCENTRATION AT NODE 10 VS. TINE
+ (VELOCITY FUNCTION OF X ONLY) -+
4+ ©  ANALYTICFL SOLUTION -+
< ONE SIDEC DIFFERENCE
THIS WORK
Ca »10E+0L .20E+01 #30E+0L #40E+01 50E+0L
TIME (SECSa)
< < < —<1
FIFURE 43«10
RATIO OF $OLUTIONS AT NODE 10 VS. TIME
-+ ( VELOGITY FUNCTION OF X ONLY) -+
-+ Q  aNALYTICAL SOLUTION -+
< INE SIDED DIFFERENCE
o THIS WORK
ég/ & @ @ — ©
Ca «»10E+01 «20E+01 W30E+01 «40E+01 450E+01

TIMVE

(SECSa )
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4.4. 'Fully Variable Velcoity

For the velocity field:

“u(x,t) = 375 (4.4.1)

The solution to the homogeneous advection equation can be expressed as:
k x2

¢(x,t) = T10-t] (4.4.2)

The boundary conditon is:
¢(x=0,t) = 0 (4.4.3)

The initial condition is:

2
o(x,t=0) = KX (4.4.4)

10
The value of k was chosen to be:

k=1.0* 10° (4.4.5)

These results are shown on Figures 4.4.1 to 4.4.10.



RATIO TO ANALYTICAL SOLUTION

«100E+06

»900E+05

=800E+05

«700E+05

«600E+05

«500E+05

- 1.26132

1.20306

1.15679

1.10453

1405226

1.00000
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FIGURE 4.4al

CONCENTRATION AT NODE 2 VSa. TINE

(FULLY VARIABLE VELOCITY)

4+ ©  ANALYTICFL SOLUTION =
< ONE SIDEC DIFFERENCE
o THIS WORK
' + } }
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FICURE 4.4.°
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RATIO TO ANALYTICAL SOLUTION

«900E+06

«810E+06

»720E+06

=630E+06

»540E+06

=« 450E+06

1.08711

1.06968

1.052286

1.03483

1.01741

»939988
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FIGURE 4 24«3
CONCENTRATION AT NODE 4 VSa. TIVE
4- (FULLY VARIABLE VELOCITY} +
4+ ©  aNALYTICFL SOLUTION o
<0 ONE SIDEC DIFFERENCE -
=1 THIS WORK s
= = ; ' - ®
Cs »10E+01L 20E+01 «30E+01 «40E+0L «50E+0L
TIME (SEZSe])
1
FIGURE 444 a4
RATIO OF SOLUTIONS AT NODE 4 VS. TIME
+ {FULLY VARIABLE VELOCITY) <}
+ O - ANALYTICAL SOLUTION -
<0  ONE SIDED DIFFERENCE
o] THIS WORK
& D B D D : &
Ca «10E+01 «20E+0 1 «30E+0L +40E+0 L H0E+0L

TIME (SEZSa)



RATIO TO ANALYTICAL SOLUTION
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«250E+07 '
FIGURE 445
CONCENTRATION AT NODE 6 VSa TIME

»225E+07 L (FULLY VARIABLE VELOCITY) =
»200E+07 L 3
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«150E+07 L @ANALYTICAL SOLUTION R (N
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FIGURE 4 .44«6

RATIO OF SOLUTIONS AT NODE 6 . VS. TIME
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RATIC TO ANALYTICAL SOLUTION

=430E+07

=44 1E+07

«392E+07

»343E+07

2 294E+07

«245E+07

1.03733

1.02986

1.02239
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Em
FICURE 4 a4a7
CONCENTRATION AT NODE 8 VS. TIME
-+ (FULLY VARIABLE VELOCITY) ..
N
4 O ANALYTICAL SOLUTION ., .
< ONE SIDEC DIFFERENCE -
o THIS WORK
d
} 1 t } 2
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FIGURE 4 .4.8
RATIO OF SOLUTIONS AT NODE 8 VS. TIME
=L (FULLY VARIABLE VELOCITY) 4
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RATIO TO ANALYTICAL SOLUTION

«810E+07

=729E+07

«648E+07

«567E+07

=486E+07 .

«405E+07

1.02304

1.02304
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1.00504
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FIGURE 4«49
CONCENTRATION AT NODE 10 VS. TIVE
-+ (FULLY VARIABLE VELOCITY) -
4+ @  ANALYTICFL SOLU:ION | iR
<0 ONE SIDEC DIFFERENCE
THIS WORK
{ .L : : =
Cx «10E+01 «20E+0 1 »30E+01 «40E+0 1 «50E+0L
TIME (SEZS:)
, . )
FICURE 4.4.10
RATIO OF SOLUTIONS AT NODE 10 VS. TIME
+ (FULLY VARIABLE VELOCITY) as ™
o} Q  aNALYTICAL SOLUTION -
INE SIDED DIFFERENCE
] THIS WORK
g g
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CHAPTER 5
CONCLUSIONS

The method developed here has been used to solve the advection
equation with a high degree of accuracy. |

Although this method in theory does not have any Courant number
Timitation, its accuracy will fall drasticalTy for Courant numbers
greater than unity. This is due to the fact that the method uses
local power series expansion which are obtained by considering known
values of the function in the surrounding nodes. If CN is greater
than unit then any value obtained by these expansions will be by extra-
polation rather than interpolation and its accuracy in that case will
fall tremendously, thus defeating the purpose of this method.

In the runs that were done in the McMaster University Computer
Centre (CYBER 170) the time required was about 0.25 CPU seconds per
node per time step. Thus for a ten node pipe the program required 2.5
seconds CPU time per time step.

Clearly this method is consideraly more expensive than most
conventional numerical methods of lower accuracy, and should only be
used for those cases where high accuracy is the governing criterion.

In actual comparison tests for particular cases with known
analytical solution this method proved to be at least two orders of
magnitude more accurate than the conventional upwind one sided
difference scheme.

This method can now easily be extended to solve the general
advection diffusion equation.
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A1.1

'APPENDIX I

Coefficients of the Particle Path Function

Let the particle path equation about the point (jaX, nAt) be

given by:

8 . s
X(t) = Z ait(1-])
'l:

(A1.1.1)

Let's choose five points in this particle path equally spaced

in time as shown in Figure Al.1.1.

i (n+2)at
s dul o
I
i (n+1)at
|
T T T T et
l <
a \ not
xX, Zo Ly
()-1)8% Jox=24 (I = Xs

Figure Al1.1.1:

Fqually spaced points in the particle path.

We can then construct five equations, as follows:

where:

5

i=1

-At

-At/2

77

b et k=,2,005

(A1.1.2)
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t3 =0
t4 = At/2
t5 = At

If we consider the point (jAX,(n+])Atftovbe‘the origin of expan-
sion then clearly d] = 0 and we are left with only four equations:
X = Z -1, 4 -1, 2,4,5 (A1.1.3)
i=2 1

' '
Where the corresponding tks are given above. In matrix notation

‘we have ,
[ -t at? -at3 at? 7] —aé ] "x] ]
ol 1,3 1 4
-At/2 At -§At Tgﬂt ag ) x2
P2 1,.3 10 .4
At/? +At gﬂt » Tgﬂt o X4
2 3 4
| At At At st | Loy | Lxg

We can apply elementary row operations to reduce the above

coefficient matrix to upper triangular.

Ry = Ry ~ooat o at? st xy ]
- 2 8.3 7,.8
R, = 2R, - R, 0 -3At 7it gt l 2X5=X;
- ' 3,,2 3.3 9.4
Ry = 2Ry + R, 0 Fit it git | 2X g +Xy
- 2 4
Rp =R, +R L 0 26t 0 2at” | XetX
Ry = Ry Tt at? -at3 at? | X ]
- 2  3,.3 7,.4
R, = R, 0 -3At 7it st | 2X,-X
- 3.2 3,.4 :
Ry = Ry + 3R, 0 0 St —SAtT | 2X,+6X,-2X,
" 3 3,,4
Ry = Ry*R, 0 0 3at -5t7 | Xg+8X,-3X,
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R, = Ry Tt at? A st | ox N
. g 4.3 7

R, = R, o -mt2 W Lt axx
_ 3,3 3,44 H

Ry = Ry 0 0 3 Bart | axgrex,2x,
_ 3.4 .

Rg=R, -2 L 0 0 0 3t | xgaxgeaxx,

We can now solve for the coefficients directly:

a, = (grp) [-Xg + 8%, - 8X, + X;] ' (A1.1.4)
ay = (g—l-?)[-x5 + 16X, + 16X, - X1 8 (A1.1.5)
0y = (5Z§§)[X5 - 2%y + 2Ky = Xy] (A1.1.6)
og = (SZ%I)[X5 - A%, - 4%, + X;] (A111.7)

A1.2 Coefficients of ¢(x) Along the Particle Path

Let the value of the variable ¢(x,t) along the particle path be

given by:
S ;
o(x) =} ]eit("1) - (A1.2.1)
1=
& AR
_. 45 = (nez) &L
5 Yt (e
! A ,
" v L (L) Ak
SPAE A
/] ' ty e b
{ i - '
S EMER el P
(-1YAx 'jA'K (i) ax

Figure A1.2.1: Values of ¢ at selected points along the particle data.
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We choose five points along the particle path as shown on Figure A1.2.1.

We can again construct five equations:

§  piy
b = o(x) =] ]sit,(("”; k=1,2,..,5 (A1.2.2)
1=

Where the points (xk, tk)-are:

t] = =At
t, = -At/2
ty=0
7 At/2
tp = At
and 5
Xy = §={a.t£1-])

Where the summation above is the particle path equation.

If we choose the point (jax, (n+1)at) as the origin of the expansidn

of equation (A1.2.1) we then get the value of By directly.
i.e. B-l = ¢(X3) = ¢3

The matrix representation of equation (A1.2.2) becomes:

- — —

J

& "% X? X? By by = 43 ]
X2 xg Xg "g B3| _| %27 %3
Ay Xzzt Xi "2 Bg g = 03

L %g Xzzs "g xg”— -85l L ¢5 - ¢3

Performing elementary row operation on the above system we

get:



Tst Reduction

Ry = R

Ry = X;Ry = X,R,
> 421 =

42 x1x§ - szﬁ

323 © xlxg - sz?

424 © x1xg - sz?

b2 = X](¢2—¢3) = X2(¢]"¢3)

R3 = %Ry = X,;R

| i i
* az; = 0
B 2
Bap T Hq¥y = Xpky
3 3
Bug = KXy — g%
4 4
A3 = X1Xg XXy
b3 = X](¢4-¢3) - X4(¢]'¢3)
. Ry = iR, - XgRy
> 37 =0

a44 = X3X
b4 = X](¢5—¢3) - X5(¢]'¢3)

2nd Reduction

Ry = Ry

R

2= Ry
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Ry = ayR3 - agR,
a3]—0
a32—0
WU TN
333 = (XXg=xxq) (X9 4' X4%7)

3
~(x, 4-x4 ﬁ)(xl 2 XoX7)

23 22 2 3 22
x1X2x4(X1xzx4'x1x2‘x1X4‘X1X2X4'X1x4‘xlxz)

4

34 = (xx 2 %2 1)(X1x4 4%

3}
I

O ) i)

3.4, 23 3 _ A& 23
XXX (Xg XXy =X Xo=X X=Xy XX =X Xg =X X))

o
I

3 - (X]XZ-XZX])[X](¢4'¢3)-X4(¢]"¢3)]
(kg xX ) Iy (6,833 -%,(81-05)]
d0xx5%4 (x4-%5) 1 + ¢2[x]x4(x2—x1x4)]

2.4_3 20 2 L 2
$30XXg=X] X=Xy XX Xy XX Xy X XpXa%,]

+

*

NEACA

Ry = ag9Ry - aoR,
=0
g0 = 0
353 = (xgx 2 2o 1)(X1 5 Xg 1)
oo 3 .8
‘(X1X5‘X5X1)(X1X2‘X2X1
) N 5 R MR B
= XXX (X XX g =X Xp=X] X g =X XXX Xp+X X))
. 2 4
A4 ~ (Xlxz‘xzx1)(xlx5'xsx1)

2
- (g 5 X5 1)(X1X2 2 1)
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- 3 .4 2.3 3 4 2.3
= x]x2x5(x]x2x5—x]x2-x]x5-x]x2x5+x]x5+x]x2)

4 - (X]XS-XZX%) [X] (¢5"¢3)'X5(¢] "4’3)]

L=
|

-(x]xg-x5X$)[x1(¢2-¢3)—x2(¢1-¢3)]
= 41 Dxpxoxg(x5-x,)]
* 4,0 0xq x50
+ ¢3[x](x2x5(x2-x5)+x]x2(x]-xé)+x]x5(x5-x]))]
+ 95 Dxx, (xp-x;)]

We now have a system which has the following format: '

S VI E I T B, by
0 3, a3 Ay By | _| B2
0 0 233 ay, By bs
L0 0 a3 3l Legl Lby
The solution is given by:
_ [ 1 ']*
Br = [a,.b, - a,.b.] (A1.2.3)
5 L (a33a44—a34a43) 3374 4373
[T | | |
g, - __Egg'_*[bs - ay,8,] (A1.2.4)
1] _
83 = __a_2_2' -*[bz L a2485 - a2384] (A-I.Z.S)
[ - 3 _ :
B2 7 | 3, |¥Iby = 2485 - ay384 - a5,83] (A1.2.6)
where
941 = &
2
42 = X
. 3
ara = N
o <
o VRS
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b] = (¢]'¢3)

859 = x]xz(x =X )
_ 22

353 = XXy (x5=x7)
_ 33

3y = XX (x5-x7)

bz = ¢]['X2] + ¢2[X]] +.¢3[x2—x]]

B 2 3 22 2
333 = XqXoXg (X XoXg =X Xo=XXp =X XX - 1*4'*1*2)
) 34 23 3 &
B3 = XXXy (X XXg KXo X Xg-X XoX4 =X X4 X3X3)
by = 43 Dxxpg (55001 + dlxyxg(x3-x124)]

* ¢3[x1xzx4(xz‘¥4)‘xlx4(x1“x4)'x1x2(xz“x1)]

¥ ¢4[X$X2‘X2‘X1)]

_ 2 3 28 B DB
A3 ~ Xlxzxs(xlxzxs‘x1 X=X Xg =X X X5 X X5)

) A 23 3 .8 B3
354 = XqXXg (XXX 5 X X=X X=X XX X1 Xp X1 X))

2
by = ¢ DXy xoXg (xg=%o ) THo, [x X5 (X7 -x;) ]

+

¢3[X1(xzxs(xz'x5)+xlxz(xl‘xz)+xlxs(xs‘x1))J

+

¢5[X$X2(X2—X])]



" APPENDIX A2 :
A2.1 The Coefficients of du/sx(t) Along the Particle Path

The velocity field near the pdint (jax, (n+1)At is given by:

u(x,t) = Z 2 R (1-1) y (A2.1.1)
i=1 j=1

The partial derivative of the velocity field w.v.t. x is
given by:
3 3 f .
oy F a3 , (A2.1.2)
A=t jed W
If we substitute for the particle path equation (x(t)) we then have an

expression for 3u/ox along the particle path which is a function of

time only.

g g1 TfE} 1Rt

> | [ ](t) Z Lt £(3-1) | to (a2.1.3)
J= .

where the coefficients Dj are given by:

17 M2
2 = Zhjzup t Ay
3 = PAq3eg * Zpguy + Az,

4 = 2Aq30g t 2hpg0q + Z2hgqa, : (A2.1.4)
5

6

7

= 2A13a5 + 2A23a4 + 2A33u3
2 + 2A33a4

X235

= 2A33a5
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A2.2 The'CoefficientS'of‘¢(t)'Along‘the'Partic1e’Path
4 The value of ¢ near the point (jau, (n+1)At is given by
_ 5 B
o(x) =} ] Bix(‘"‘) (A2.2.1)
'l:

Substituting for the particle path equation into the above

equation we have:

5 5 : .
= = (J-]) (1—])
olx(t)]= o(t) = ] 8, [§=2 ast }

i=1
= B] - 32 [giz otjt(j_])]
+ B4 [gi aJt(J 1) ]2+ B [g:i aJt(J-]) ]3
‘8 [25 a,t03"] ]4 | (A2.2.2)
s [ 1, | 2.

Expanding the expression inside the square brackets and

simplifying we get:

2

(10wt N o aeli-D)
‘J=2 J B .]‘:3 J
-.25 (3-1) .7 213 (3-1)

t Bst
Lj=2 aJ B j=4 J
DT R MNP B Y
Lj_—_z J i j=5 J




= 2a2a3
= 2a2a4 + ag
= 2a2&5 + 2a3d4
= 203a5 + az
= 2a4a5
. 2
%5
= agfs
= aohy +oaghs

azAs 4 a3A4 + a4A3

1}

aghg + azhp + aphy + aghs

]

a2A7 + G3A6 + a4A5 + a5A4

2A8 + a3A7 + a4A6 + a A

= a2A9 + a3A8 + a4A7 + a5A6

a3A9 + a4A8 + a5A7

= a4A9 + a5A8

= aghq

= azB4

= aZBS + a3B4

a286 + a335 + a4B4

a287 + a336 + 0435 + a584
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C o,B, +

9 = %Bg
C10 = 2289

Ci1 = %28y
Cr2 = 298y
Cy3 = wgbyp
Cyg = dgByg
15 =

C6 =

T

Equation A2.

¢o(t) = gy +

B3

Bg

a3B7 + a486 + a585

a,B, + 0B, + a,B, + o B

378 4~7 576

+ a3Bg + a488 + asB7

B, + a.B

toagB g * ogBg

%10t g

toagByy +oyByg + agBg

*oagBis FoyByy * gy,

B

3By3 + o8

4% T @

2

7 a5813

88

2.3 can be rewritteh as:

: .
(p-1)

a t
& [ Lo ]
. ’

(3-1)
ALt

bos s | h
2‘]7 Ct(‘]—]) ]
j=5 !

(A2.2.4)

The above equation can be further simplified by collecting

17 :
o(t) = 7 £t
=1

5

Where the coefficients gj are:

equal powers of t and expressing ¢(t) by only one power series in time.

(A2.2.5)



A2.3 ‘The coefficients of [¢ du/ax](t) Along the Particle Path

"

Bty

Byog + Byhy

Byog + Bah,

82a5 + 63A5
B3A
B3A
B3A
B3A

+

+

B

B4Pq
84Bs + B:Co
8,85 *+ BsCc
8487 + BcC,
84Bg + BsC
8484 * 85C,q
84810 * BsC
BBy * BgC
BByp + B5C
88,5 * BsC
B5C
BC
B5C
BC

8.

10

11

12

13

14

[ £

16

17

89

(A2.2.6) '

If we multiply equation A2.1.3 by equation A2.2.5 we get an

expression for ¢5%% along the particle path as a function of time only.

The new expression becomes:

Lo

9
3

. 2
”;J(t) = §=

® D)

1

J

(A2.3.1)
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Where the coefficients are:

Ry = Dy

Ré = DyE; + Dogy

Ry = DyEg + Dok, + Dyt

Ry = Di&g + Dpkg + DaEy + Dygy

Rg = Dy&g * Doty + DgEg + Dyt, + Dy,

Rg = DyEg + Dyt + D3fy + DyEs + Dk, + Dk,

Ry = Dy&y + Dy + Dykg + Dy + Dgtg + Dty + Doty

Rg = Di&g *+ Doby + Datg + DyEgi+ Dpgy + Doeq + Dug,

=
1

D]gg +D + D3g7 + 0456 + Dsgs + D654 + D7g3

Rio = Dy + Dpkg + Dgtg + D&, + DgEg + DgEg + Digy

Ryp = Dy&qq * Dptyg + D3tg *+ Dyeg + Dgiy + Dgig + DyEg

Ryg = Difyg + Dofyy + Dagyg + Dyig + Dgig + Dgiy + Dytg

Ryz = D&y * Dpfyp + D3Bgq + Dyiyg + DgEg + DgEg + Dyt
Rig = Dy8qg * DpByg + Dgiyp + Dyfqy + DgEyg + Dgig + Dyig
Ris = Dyfys * Dolqy * D3iyg + Dyiyy + Dgkyy + Dgiqg * Dykg
Ri6 = D1816 * Dpfys + D3lqq ¥ Dgiy3 * Dgiyp *+ Dgiqq * DyEqg
R17 = D187 * Dolyg * Dafyg * Dylqy + Dgiyg + Dgiyp + Dfyy
Rig = %2817 * Dgf1g * Dafys * Dsfig * Dgfrz * Dfyp
Ryg = D3t17 * Dyt + Dgiys + Dgiyy + DyEy3
Ryg = | L Dyt Dgtys * Dgts + Dykyg
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2.2 ‘ 3
+ AiB[azt + 2a2a3t + (232a4+a§)t4
# 2(02a5+a3a4)t5 ¥ (2a3a5+a§)t6

+ 2a4a5t7 + agts]}t(i-])

11 . |
S ou(t) =) et  (A2.3.3)
3=t 4

Where:

o Bl

€ = A1 ¥ Ayp%

) 2
€3 = Agy F Aqpug * Agpap * Aqqmp

3 2
€ = Mgog * App03 * Agpay + 2hyguza3 F Agsa,

- 2 . 2
@5 = Ao + Agpuy + Agpaz + Ay3(2ajagtaz) + 2430503 + Ag30;
2
g = A22a5 + A32a4 % 2%13(a2a5+a304)+kz3(202a4+a3) + 2X33azu3 (A2.3.4)
2 ) 2
e7 = 132a5 + A]3(2a3a5+a4) + 2A23(a2a5+a3a4)v* X33(2a2a4+a3)

2
eg = 230405 + Ap3(2agugtay) + 2ag5(ajagtagay)

- 2 _ 2
@ = Mzup * 2Apzugag + Agz(Zuzagtey)
. 2
' S1g = Rggiy T Mgty
€11 = Ag93%5



"APPENDIX 3

A3.1 'The Elements of the Jacobian Matrix

The elements of the Jacobian matrix of equation 2.3.12 can

be found by differentiating equation 2.3.8 which is reproduced below:

11 [ei(x],x?,x4,x5)

3 (t;—t{)] =0 (A3.1.1)
et |

1 .3

b 3% - 3% - 3 - §=] ——ﬁ?—__'axj (A3’?‘2)
X, lifae=m
e 5*5'_ Oif ¢ #m
%€y : : A
and sig-can be evaluated by taking the partial dgr1vat1ves of e, as

given by equation A2.3.4 in Appendix 2.

Now

e.

i e'i‘(llm’ (!J-(X-l ,X2,X4,X5))

where ¢, m=1, 2, 3and j =1, 2, 3, 4, 5. Thus the partial derivative

of e, with respect to xj is given by:

aei 5 aei do.

%
—L1=7y 1_= (A3.1.3)
axj 0=1 Sa2 axj
Ba2
Where the partial derivatives 3%, can be found by differentiating

J
equations Al.1.4 to Al1.1.7.

1
J

oa :
e 0 i=1,2,4,5
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ke B

ax1 At
. 30.2 -l =_4

ax2 6At  3At
S S

ax4 6At
o

Xy gat?

e -8 . 8

™y gat?  3at

3 _ 16 _ 8

X5 gat?  3at
X3

X5 gat?

Eii =2

Xy 33

o _ 4

Xy 3pt3

=y

Xy 3543

4 _ 2

Xy 33

S5 _ 2

x] 3at
Eiﬁ =8
Xy 3t
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And the partial derivatives of e, w.r.t. o

3at

o can be found by

differentiating e; as given in equation A2.3.4 in Appendix 2.

i=1,2, ..., 11.

Aoy + 2hy305

Azp t 2hqgu3 + 2h530,

+ 2X,,0

2Xy30g + 2hpq03 33%2

Ehygg * Bhogty T Zhgqty

2hpqu5 + 2330,

2A33a5
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ae

i 10 . g
o

it

oa. =0
2

And the partial derivatives of e; w.r.t. the other alphas

can be easily computed by the formula

where

and

oe

aa
2
Je

954 0 for i <j

o
n

1y 25 35 wnng L)
3, 4, 5

(i+2-3)

(SN
1}

P
]

A3.2 The Elements of the Linear.System of Or

The elements of the linear system of equation 2.3.27 can be

found by differentiating the homogeneous function Sk w.r.t. ¢j

where:

oR.
and —L

3S 3¢ 3¢ 23 9R. . ; y
k k 1 _— i i i
= - + 2 {= — [t -t ]} A3.2.1
a¢j a¢j a¢j j=1 1 a¢j k 1
a¢1 1Tif 2 =3
a¢j - 0if 2 #3J

can be found by differentiating the coefficients Ri given 1in

Appendix 2.
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As it can be seen in Appendix 2 (Section 3)

R; = Djsl(s], Bp> -+ Bg) | (A3.2.2)
where j=1,2, ..., 7 and 2 =1, 2, ..., 17.

and B = sm(¢], o5 wevs ¢5) , (A3.2.3)

Thus the partial derivative of Ri w.r.t. the variable ¢j will be

given by:
L 217 oR; 5 9, 38 “j ( )
il 88 1 — " W : A3.2.3
a¢j g=1 %%y m=1 %8y a¢j

where:
38, 1if j=1
05 0ifj#0

e 1 IEE s, a_b;]
a¢j (a33a44 - a34a43) 33 a¢j 43 a¢j

B (L] [i*_’;_ _ ?E]

y& = [ .]_]*[?_b_z_ - a 8_85.. - a ﬂ]

39, L3y, 171785 7 %8 5, " %23 5,

Ty a1 205~ 1495 T 13 995 T %12 By

The above expressions were obtained by differentiating equations A1.2.3
to A1.2.6 in Appendix 1 (Section 2).

The partial derivatives of g, w.r.t. B, can be found by



differentiating the expressions

98

for g, s given in equation A2.2.6

in Appendix 2. I turns out to be:
(1 if 2=1andm=1
o, if 222X5andm=2
% _J A if 354 Soandn-3
. B, if 454 513andm =34
¢, if 5<gS17andm=5

And finally the partial

Diyq, if 12

L 0 if i<

derivatives of Ri w.r.t g, are given by:

L

2

which can be verified by inspection if one refers to the expressions for

R2 = Ri(gm) as given in Appendix 2 (Section 2).
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PROGRANM A S A E

AUTHOR .... DURVAL . DUARTE I
DEPT. OF ENGINEERING PHYSICS
MCMASTER UNIVERSITY
HAMILTON, ONTARIO,
CANADA L8S 4M1

TEL. (416) 525-9140 EXT.2010

SUPERVISOR DR. S. BANERJEE
SAME ADDRESS AS ABOVE

TEL. (416) 525-9140 EXT.4545

PURPOSE ....THIS PROGRAM CAN BE USED TO SOLVE THE GENERAL ADVECTION
EQUATION . THE MAIN FEATURES OF THE METHOD EMPLOYED HERE ARE
1. HIGH ORDER ACCURACY

2. LOW DISPERSION AND DIFFUSION
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skeokeiesion skokskokaksk ok R kR kR kR R kR kol ok sk Rk sk kR kR R kR Rk kR ek R ek kR R kekk ok -

PROGRAM ASAE( INPUT, OUTPUT, TAPES= INPUT, TAPE6=0UTPUT)
COMMON ~ BLOCK1 - PHI(59,3),PHIBAR(50,3) ,PHIHAT(50,3),
2 PHIUSED(59,3),PHITRUE(50,3) ,RU(50,3) ,D1(56,3),D2(590,3)
3,DUDX(50,3),58(50,3)

COMMON ~ BLOCK2 / RL,JJ,DT,DX,TIME, TIMEF,NTS

COMMON ~/ BLOCK3 / UCOEF(3,3,50) ,PCOEF(5,59) ,SCOEF(3,3,50)
COMMON ~ BLOCK4 ~/ PHIPLOT(5,3,51)

BRIEF DESCRIPTION OF THE VARIABLES USED'.....

PEI(J,N) ..... VALUE OF PHI AT THE JTH NODE GIVEN BY THIS WORK

PHIBAR(J,N) .. VALUE OF PHI AT THE INTERSECTION OF THE PARTICLE PATH
WITH THE LINE N+DT

PHIHAT(J,N) .. VALUE OF PHI AT THE INTERSECTION OF THE PARTICLE PATH
WITH THE LINE (N+2)%DT

PHIUSED(J,N) . VALUE OF PHI AT THE JTH NODE GIVEN BY THE ONE SIDED

PEITRUE(J,N) . THE TRUE VALUE OF PHI AT THE JTH NODE AS GIVEN BY THE

ANALYTICAL SOLUTION



RUCJ,N) ...nee

DICI,N) weeunn

D2(J,N} ..o.ne

DUDX(J,N) ....
BRL vowovesisosis
JJ ceseececcas
DT ccceeeccces
TIME ..cccceee

TIMEF ..occo0cve.

NTS ceeceeceee

UCOEF(3,3,J) .

PCOEF(5,J) ...

PHIPLOT(*, %, %)
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VELOCITY AT THE JTH NODE -

THE DISTANCE FROM THE INTERSECTION OF THE:PARTICLE
PATH WITH THE LINE NxDT TO THE POINT J*DX-

THE DISTANCE FROM THE INTERSECTION OF THE PARTICLE
PATH WITH THE LINE (N+2)*DT TO THE POINT J*DX .
THE SPATIAL DERIVATIVE OF THE VELOCITY AT THE JTH NODE -
THE TOTAL LENGTH OF THE PIPE

THE TOTAL NUMBER OF NODES IN THE PIPE

THE TIME STEP

THE REAL TIME OF THE CALCULATION

THE TOTAL REAL TIP.'IE OF.THE CALCULATION

TOTAL NUMBER OF TIME STEPS

COEFFICIENTS OF THE LOCAL VELOCITY EXPANSION
COEFFICIENTS OF THE LOCAL PARTICLE PATH FUNCTION

ARRAY CONTAINING SELECTED VALUES OF PHI TO BE PLOTTED

RL IS THE LENGTH OF THE PIPE
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RL=1.0

JJ IS THE TOTAL NUMBEHR OF NODES

JJ=10

DX=RL/FLOAT(JJ)

DT IS THE TIME STEP

DT=0.1

TIMEF IS THE REAL TIME OF THE CALCULATION

TIMEF=5.0

IFLAG DESIGNATES THE TYPE OF SOLUTION

1 ... PHI FUNCTION OF TIME ONLY

2 ... PHI FUNCTION OF SPACE ONLY

3 ... PHI FUNCTION OF BOTH SPACE AND TINME..

4 ... ALL THREE SOLUTIONS

IFLAG=1

I1SOL1=IS0L2=1FLAG

IF(IFLAG.NE.4) GOTO §

ISOL1=1

ISOL2=3
CONTINUE



30

20

NTS=IFIX(TIMEF/DT+1:0E-5)
JM=JJ/2

DO 16 ISOL=ISOL1, ISOL2

NN=1

TIME=0,

CALL UPDATE( ISOL)
CALL PRINT( ISOL,NN)

NT1=NTS+1
DO 28 NN=1,NT1

IF(NN.EQ. 1) GOTO 151
TIME=TIME+DT

CALL FIT

CALL PPATH

CALL PHIBARS

CALL SOLVE

CALL UPDATE( ISOL)
CALL PRINT( ISOL,NN) :
CONTINUE

DO 380 IP=1,5
IP2=2%IP

PHIPLOT(IP, 1,NN)=PHITRUE( IP2, 1)
PHIPLOT( IP,2,NN) =PHIUSED( IP2, 1)
PHIPLOT(IP,3,NN)=PHI(IP2, 1)

CONTINUE

CONTINUE

123



10

CALL PLOTR( ISOL)

CONTINUE

CALL PLOT(1.0,1.0,999)

STOP
END
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SUBROUTINE UPDATE( ISOL)

COMMON - BLOCK1 / PHI(59,3),PHIBAR(50,3),PHIHAT(50,3),
2 PEIUSED(50.3),PHITRDE(50,3),BU£50,3);Dl(50,3),D2(50;3)
3,DUDX(50,3),8(50,3)

COMMON ~ BLOCK2 / RL,JJ,DT,DX, TIME, TIMEF, NTS

COMMON ~ BLOCK3 ~/ UCOEF(3,3,59),PCOEF(5,59),SCOEF(3,3,50)

DO 16 N=1,3

RT=TIME+FLOAT(N-1)*DT

DO 20 J=1,JJ

c THE SOURCE TERM
S(J,N)=0.
RX=FLOAT(J-1) *DX
G0T0(30,40,50) , ISOL

30 CONTINUE

C SRR RSB R KRR R Rk RNk kR Rk Rk ok Rk Rk R Rk sk ek ek kR ko sk ko kR ke
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VELOCITY FUNCTION OF TIME ONLY

RK1=1.0E+6

RK2=0.5

RK3=0.180

RK4=0.400

RU(J, N) =RK4*EXP ( RK3*RT)

DUDX(J,N)=0.

PHITRUE( J, N) = RK1*EXP ( RK2% ( RX~RK4*EXP( RK3*RT) #RK3} ¥

HRFACRRAORRRACRKB KR RRR KRR AR KRR AR R AR KRR R KRR RFCR R R R KRR AR ek ks

GOTO 60

CONTINUE

SRRk kR KRR ROk R Rk kR R Rk R kR ek Rk kR RRoR R kR Rk Rk Rk ok kR
VELOCITY FUNCTION OF POSITION ONLY

RK1=0.2

RK3=1.0E+6

RK4=-0.2

RU(J, N) =EXP(RK4*RX)

DUDX(J, N) =RK4*RU(J, N)

DUMMY=-RK1*EXP ( -RK4*RX) /RK4~RK4*RX

PHITRUE(J, N) =RK3*EXP(DUMMY -RK1*RT)

SRRk ek KRRk R kkskokkR Rk skskokkokekkok Rk ok ke sRsioR SRk R sk seRsoR ek ek ko R Rokkokeskek ks

GOTO 60

CONTINUE

skaskskRAR Rk R AOR AR KRk R Ak Rk kR ok kR R ek kR R KoK Rk R ks ok Rk kRSO Sk ek R kokkok:



60

18

20

127

FULLY VARIABLE VELOCITY

BK1=1.0

RK2=10.0

RK3=1.0E+6

RU(J, N) =RK1*RX/ (3, 0% ( RK2-RK1*RT))
DUDX(J,N)=RU(J,N) /RX
PHITRUE(J, N) =RK3*RX*RX*( RK2-RK1*RT)

SRR ORI KKK KRR R KKK KRR KRR KRR ARR KRR R KRR R KRRk Rk ek kR R Rk kR ek

CONTINUE

IF(TIME.EQ.(0.)) GOTO 18
DUDX(J,3)=UCOEF(1,2,J)
IF(N.EQ.3) GOTO 18.
PHIHAT(J,N)=PHIHAT(J, N+1)

. D2(J,N)=D2(J,N+1)

IF(N.NE. 1) GOTO 18

PHI(J,N)=PHI(J,N+1)

PHIUSED(J,N) =PHIUSED(J,N+1)

CONTINUE

IF(TIME.GT.(0.)) GOTO 20
D1(J,N)=D2(J,N)=PHIBAR(J,N) =PHIHAT(J,N)=0.
IF(N.GT.1) GOTC 20

PHI(J, 1)=PHIUSED(J, 1) =PHITRUE(J, 1)

DUDX( 1,3)=DUDX(JJ,3)=0.

CONTINUE

PHIC1,N)=PHIUSED(1,N)=PHITRUE(1,I)
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10 CONTINUE

RETURN
END
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SUBROUTINE FIT

COMMON ~ BLOCK1 / PHI(59,3),PHIBAR(50,3),PHIHAT(50,3),
2 PHIUSED(59, 3) , PHITRUE(59, 3) , RU(590,3) ,D1(590,3) ,D2(50,3)
3,DUDX(50,3),8(50,3)

COMMON - BLOCK2 / RL,JJ,DT,DX,TIME, TIMEF, NTS

COMMON ~ BLOCK3 / UCOEF(3,83,59) ,PCOEF(5,50) ,SCOEF(3,3,50)
DIMENSION A(92,9),B(9),X(9),WORKM(92,9),C(9),Y(9)

JJ1=JJ-1

DO 190 J=2,JJ1

DELTAT=-DT

DO 20 N=1,3

DELTAX=-DX



62

54

50

40

DO 39 1=1,3

DO 40 L=1,3

DO 50 K=1,3

DXP=DTP=0.

IF(L.EQ. 1.AND.DELTAX.EQ.(0.)) DXP=1.0
IF(K.EQ.1.AND.DELTAT.EQ.(90.)) :DTP=1.0
IF(DXP.EQ.(1.0)) GOTO 52
DXP=DELTAX*%(L-1)

CONTINUE

IF(DTP.EQ.(1.9)) GOTO 54
DTP=DELTAT*%(K-1)

CONTINUE

KL=38%(L-1)+K

IN=3%(N-1)+1I

A(IN,KL) =DXP*DTP

CONTINUE

CONTINUE

130
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30

20

KB=3%(N-1)+I
B(KB) =RU(J-2+I,N)
C(KB)=S(J-2+I,N)
DELTAX=DELTAX+DX

- CONTINUE

DELTAT=DELTAT+DT

CONTINUE

CALL MV(A,9,9,B,X,DET, IDET, WORKMD

CALL MV(A,9,9,C,Y,DET, IDET, WORKM)

DO 60 N=1,3

DO 70 1I=1,3

IN=3%(N-1)+1I
UCOEF(I,N,J)=X(IN)
SCOEF(I,N,J)=Y(IN)

131
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60

10

€ONTINUE

CONTINUE

CONTINUE

END

132



133

SUBROUTINE PPATH

COMMON ~ BLOCK1 - PHI(50,3),PHIBAR(50,3),PHIHAT(59,3), -
2 PHIUSED(50, 3) , PHITRUE(50,3) ,RU(50,3) ,D1(50,3) ,D2(50,3)
3,DUDX(50,3),5(50,3)

COMMON - BLOCK2 / RL,JJ,DT,DX,TIME, TIMEF,NTS

COMMON ~ BLOCK3 - UCOEF(3,3,50) ,PCOEF(5,50),SCOEF(3,3,59)
DIMENSION E(11) ,DEDAC(11,5),DEDX(11,5),DHDX(11,5),H{(3),A(4,4),B(4),
2WORKM( 4, 4) , X(4) , XX(5)

DIMENSION RLAMBDA(3,3),ALPHA(S) ,DADX(5,5)

RR=1.0/(6.0%DT)

DADX(2, 1) =RR
DADX(2,2) =-8. OXRR

DADX(2,4) =+8. 0¥RR

DADX(2,5) =-RR

RR=RE/DT

DADX(3, 1) =DADX(3,5) =—HR -
DADX(3,2) =DADX(3, 4) = 16 . O¥RR.
RR=2.0/(3.0%(DT*%3) )

DADX( 4, 1) ==RR

DADX(4,2) =2. 0%RR

DADX(4,4) =—2, 0XBR

DADX(4,5) =RR \ -
RR=RR/DT
DADX(5, 1) =DADX(5,5) =RR
DADX(5,2) =DADX(5 , 4) =—4. O¥RR

po 5 1=1,5
DADX(1,3)=DADX(1,1)=0.

CONTINUE

JJ1=JJ-1
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- DO 16 J=2,JJ1

Do 17 1=1,8

DO 19 N=1,83
RLAMBDA(I,N)=UCOEF(I,N,J)
CONTINUE

CONTINUE

XX( 1) =-DT*RU(J, 2)
XX(2)=-0.5%DT*RU(J, 2)

XX(3)=0.

XX(4)= 0.5%DT*RU(J,2)

XX(5)=DT*RU(J, 2)

ALPHA( 1) =ALPHA(3) =ALPHA(4) =ALPHA(5)=0.
ALPHA(2)=RU(J, 2)

DO 30 ITER=2,5
IFCITER.GT.2) ALPHACITER)=10.0%*(~ITER) :

DO 20 K=1,10

. EC1)=RLAMBDA(1, 1)

E(2)=RLAMBDA(2, 1) +RLAMBDA( 1,2) *ALPHA(2) -

E(3) =RLAMBDA(S3, 1) +RLAMBDA( 1, 2) *ALPHA( 3) +RLAMBDA( 2, 2) *ALPHA(2) + -
2RLAMBDAC( 1, 3) % ( ALPHA( 2) %%2)

E(4)=RLAMBDA(1,2)*ALPHA(4) +RLAMBDA(2, 2) *ALPHA(3) +RLAMBDA(3, 2) *
2ALPHA(2) +2.0%RLAMBDA( 1, 3) *ALPHA(2) ¥ALPHA(3) +RLAMBDA(2,3) *
S(ALPHA(2) %*%2)

E(5)=RLAMBDAC( 1, 2) *ALPHA(S5) +RLAMBDA(2, 2) *ALPHA(4) +RLAMBDA(S3, 2) %
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‘2ALPHA(3) +RLAMBDA( 1, 3) *( 2. 0*ALPHA( 2) *ALPHA(4) +( ALPHA(3) %¥2) ) +
32. 0*RLAMBDA( 2, 3) *ALPHA( 2) *ALPHA( 3) +RLAMBDA( 3 , 3) % ALPHA( 2) #%2)

E(6)=RLAMBDA( 2, 2) *ALPHA( 5) +RLAMBDA( 3, 2) *ALPHA( 4) +2. O*RLAMBDA( 1, 3) *
2(ALPHA(2) *ALPHA(5) +ALPHA( 3) *ALPHA( 4) ) +RLAMBDA( 2, 3) *( 2. 0*ALPHA( 2) *
SALPHA(4) +( ALPHA(3) %%2) ) +2. 0*RLAMBDA( 3, 3) *ALPHA( 2) *ALPHA(3)

E(7)=RLAMBDA( 3, 2) *ALPHA( 5) +RLAMBDAC( 1, 3) *(2. @%ALPHA( 3) *ALPHA(5) +
2(ALPHA( 4) ¥%2) ) +2. 0¥RLAMBDA( 2, 3) *( ALPHA( 2) *ALPHA(5) +ALPHA(3) %
SALPHA(4) ) +RLAMBDA( 3, ) *(2. O¥ALPHA( 2) *ALPHA( 4) +( ALPHA( 3) ¥*2) )
- E(8)=2.0%RLAMBDA( 1, 3) *ALPHA( 4) *ALPHA(5) +RLAMBDA( 2, 3) %( 2. 0¥ALPHA( 3)
2%ALPHA(5) +( ALPHA(4) %%2) ) +2. 0¥RLAMBDA( 3, 3) *( ALPHA( 2) *ALPHA(5) +
SALPHA(3) *ALPHA(4)) '

E(9) =RLAMBDAC( 1, 3) *( ALPHA(5) %%2) +2. 0*RLAMBDA( 2, 3) *ALPHA( 4) *ALPHA( 5)
2+RLAMBDA( 3, 8) (2. 0¥ALPHA( 3) *ALPHA(5) +( ALPHA( 4) *%2) )

E( 10) =RLAMBDA( 2, 3) *( ALPHA(5) %%2) +2. 0%RLAMBDA( 3, 3) *ALPHA( 4)
2ALPHA(5)

E(11) =RLAMBDA( 3, 8) *( ALPHA(5) %%2)

THE PARTIAL DERIVATIVES OF THE VELOCITY COEFFICIENTS

DEDA( 1,2)=0.

DEDA( 2, 2) =RLAMBDAC( 1,2)

DEDA( 3,2) =RLAMBDA( 2, 2) +2. 0*RLAMBDAC 1, 3) *ALPHA( 2)

DEDA( 4,2) =RLAMBDA( 3, 2) +2. 0*RLAMBDAC( 1, 3) *ALPHA( 3) +2. 0*RLAMBDA( 2, 3) *
2ALPHA( 2) '
DEDA(5,2) =2, 0%( RLAMBDAC 1, 3) *ALPHA( 4) +RLAMBDA( 2, 3) *ALPHA(3) +-
2RLAMBDA( 3, 3) *ALPHA(2) )

DEDA( 6 ,2) =2. 6% ( RLAMBDAC 1, 3) *ALPHA( 5) +RLAMBDA( 2, 3) *ALPHA(4) +-
2RLAMBDA( 3, 3) *ALPHA(3))

DEDA(7,2) =2, 0%( RLAMBDA( 2, 3) *ALPHA( 5) +RLAMBDA( 3, 3) *ALPHA( 4) )
DEDA( 8, 2) =2. 0¥RLAMBDA( 3, 3) *ALPHA(5)
DEDA(9,2) =DEDA( 10,2) =DEDA( 11, 2)=0.

DEDA( 1, 1)=0.
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DO 6 INDEXI=2,11

DEDA( INDEXI, 1) =0.

- DO 8 INDEXJ=3,5

DEDA(1, INDEXJ)=0.

DEDA( INDEXI, INDEXJ)=0.

IF( INDEXI.LT. INDEXJ) GOTC 8

DEDA( INDEXI, INDEXJ) =DEDA( INDEXI+2~INDEXJ, 2)

CONTINUE

CONTINUE

DO 50 KK=1,11

DO 50 LL=1,5

DEDX(KK,LL)=0.

DO 50 MM=2, ITER



50

70

DEDX(KK, LL) =DEDX(KK, LL) +DEDA( KK, MM) *DADX( MM, LL)

CONTINUE

RT=-DT

DO 66 KK=2,5

RT=RT+0.5%DT

DO 70 LL=1,5

DHDX(KK, LL) =H(KK) =0.

DO 70 MM=1,11

DUMMY= ( (—=DT) *¥MM—~( RT**IMM) ) /FLOAT(IMM)

DHDX( KK, LL) =DHDX( KK, LL) + DEDX( MM, LL) **DUMMY

H(KK) = H(KK) +E( MM) *xDUMMY

CONTINUE

DHDX(KK, 1) =DHDX(KK, 1)-1.0

DHDX( KK, KK) =DHDX(KK,KK)+1.0
H(KK) =H(KK) +XX(KK) -XX( 1)
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69 CONTINUE

DO 86 1I=1,4

KK=11+1

DO 90 I1=1,4

LL=11

IF(I1.GE.3) LL=I1+1

ACII, I1)=DHDX(KK,LL)

20 CONTINUE

B(II)=-H(KK)

80 CONTINUE

C SOLVE FOR NEW VALUES OF XX

CALL MV(A,4,4,B,X,DET, IDET, WORKMD
XX(1)=XX(1)+X(1)
XX(2) =XX(2) +X(2)
XX(4)=XX(4)+X(3)
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XX(5)=XX(5)+X(4)

C RE-DEFINE COEFFICIENTS OF PARTICLE PATH

DO 18 III=2,ITER

- ALPHACIID)=0.
DO 18 JJJ=1,5
ALPHACIII)=ALPHACIII)+DADX(III,JJJ) *XX(JJJ)

18 CONTINUE

RINC=ABS(X( 1) /XX( 1)) +ABS(X(2) /XX(2) ) +ABS(X(3) /EX(4) )+ABS(X(4) /
2XX(5))

DELTA=1.0E~12

IF(RINC.LT.DELTA) GOTO 22

20 CONTINUE

WRITE(6,9050)

9050 FORMAT(///,30X,"WA RN I NG ..... ITERATION OF PARTICLE. PATH H
2AS NOT CONVERGED")

22 CONTINUE

30 CONTINUE

C DEFINE THE INTERSECTION OF THE PARTICLE PATH WITH THE X-AXIS



16

16

D1(J,1)==-XX(1)
D2(J,3)=XX(5)

Do 16 I1=1,5

PCOEF(I,J)=ALPHACI)
CONTINUE

CONTINUE

RETURN
END

140



10

141

SUBROUTINE PHIBARS .

COMMON ~ BLOCK1 / PHI(50,3),PHIBAR(50,3),PHIHAT(50,3), -

2 PHIUSED(50,3),PHITRUE(50,3) ,RU(50,3),D1(50,3) ,D2(56,3)
3,DUDX(50,3),8(50,3) :

COMMON - BLOCK2 / RL,JJ,DT,DX,TIME, TIMEF,NTS

COMMON - BLOCK3 / UCOEF(3,3,59) ,PCOEF(5,50),SCOEF(3,3,50)

" DIMENSION A(6,6),B(6),X(6),WORKM(6,6)

JJ1=JJ-1
TT=2.0%DT .
IF(TIME.LE.TT) GOTO 100

DO 16 K=1,5

A(1,K)=(-0.5%DX) ¥x(K~1)

A(2,K) =(0.5%DX) ¥x(K-1)
A(3,K)=(0.5%DX+D2(2, 1) ) *k(K-1)
A(4,K) =(1.5%DX) *x(K-1)
A(5,K)=(1.5%DX+D2(3, 1)) *%(K~-1)
A(6,K)=(0.5%DX~-DI1(2, 1)) *%(K~-1)
A(K,6)=0.

CONTINUE

A(6,6)=-1.0

B(1)=PHI(1,1)

B(2)=PHI(2,1)

B(4)=PHI(3, 1)

B(3)=PHIHAT(2, 1)

B(5)=PHIHAT(3, 1)

B(6)=0.

CALL MV(A,6,6,B,X,DET, IDET, WORKI
PHIBAR(2, 1) =X(6)
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35

30

435

20

100

DO 20 J=3,JJ1

DO 36 K=1,5

AC1,K0=(~1.5%DX **(K~1)
AC2,50=(-0.5%DX) ¥*(K-1)

A(3,K)=( 0.5%DX *k(K-1) -

AC4,K) =(~0.5¥DX+D2(J-1, 1) ) x*(K~1)
A(5,K) =(—1.5%DX+D2(J-2, 1) ) ¥%(K-1)
IF(J.NE.3) GOTO 35
AC5,K)=(0.5%DX+D2(J, 1)) ¥%(K-1)
CONTINUE

A(6,K) =(0.5%DX-D1(J, 1)) **x(K~1)
A(K,6)=0.

B(K) =PHI(J-3+K, 1)

CONTINUE

A(6,6)=-1.0
B(4)=PHIHAT(J-1,1)
B(5)=PHIHAT(J-2, 1)
IF(J.NE.3) GOTO 45 *
B(S5)=PHIHAT(J, 1)
CONTINUE

B(6)=0.

CALL MV(A,6,6,B,X,DET, IDET, WORKMD
PHIBAR(J, 1) =X(6)

CONTINUE

GOTO 200

CONTINUE
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DO 110 K=1,5

A(1,K)=(-0.5%DX) *x(K~1)
A(2,K)=(0.5%DX) **(K-1)
A(3,K)=(1.5%DX)**k(K~1)
A(4,K)=(2,5%DX) **(K-1)
A(5,K)=(3.5%DX) **(K~1)

A(6,K) =(0.5%DX-D1(2, 1)) **¥(K-1)
A(K,6)=0.

B(K)=PHI(K, 1)

CONTINUE

A(6,6)=-1.0
B(6)=0.

CALL MV(A,6,6,B,X,DET, IDET, WORKID

PHIBAR(2, 1) =X(6)

DO 120 J=3,JJ1

DO 136 K=1,5

AC1,K)=(-1.5%DX) **(K-1)
A(2,K)=(-0.5%DX) **x(K-1)
A(3,K)=(+0.5%DX) *%(K-1)
A(4,K)=(+1.5%DX) **x(K~1)
A(6,K)=(0.5%DX-D1(J, 1)) *x%(K-1)
A(K,6)=0.

B(K)=PHI(J-3+K, 1)

IF(J.NE.JJ1.0R.TIME.NE.TT) GOTO 140

143
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A(4,10 = (8. 5¥DX) *%(K~1)
140  CONTINUE
IF(J.NE.8) GOTO 500
A(5,K) =(2. 5%DX) ¥%(K=1)
COTO 130
500  CONTINUE
A(5,K) = (-2, 5¥DX) %% (K- 1)
130  CONTINUE

A(6,6)=—-1.0
B(6)=0.
IF(J.NE.JJ1.0R.TIME.NE.TT) GOTO 640
B(4)=PHI(J-4,1)

640 CONTINUE
IF(J.NE.3) GOTO 600
B(5)=PHI(J+2,1)
GOTO 630

600 CONTINUE
B(5)=PHI(J-3,1)

630 CONTINUE

CALL MV(A,6,6,B,X,DET, IDET, WORKM)
PHIBAR(J, 1)=X(6)

120 CONTINUE

200 CONTINUE

END



19

17

145

SUBROUTINE SOLVE

COMMON ~ BLOCK1 - PHI(50,3),PHIBAR(59,3),PHIHAT(50,3),
2 PHIUSED(59, 3) , PHITRUE(50, 3) ,RU(50,3) ,D1(586,3} ,D2(50,3)
3,DUDX(50,3),S(50,3)

COMMON - BLOCK2 / RL,JJ,DT,DX,TIME, TIMEF,NTS

COMMON ~ BLOCK3 ~/ UCOEF(3,3,59) ,PCOEF(5,50),SCOEF(3,3,50) ¢
DIMENSION AA(4,4),BB(4,4),X(4),WORKM(4,4),A(12) ,B(16),C(17);D(7),
2DRDE(23, 17) ,DEDB(23,5) ,DSDP(5,5) ,DRDP(23,5), -
3AAA(6,6) ,BBB(6) , XXX(6) , WORKMM(6,6)

DIMENSION DB(4,35),DG(5,5)

DIMENSION RLAMBDA(3,3),ALPHA(S)

DIMENSION TJ(5)

JJ1=JJ-1

DO 58 J=2,JJ1

Do 17 1=1,5

DO 19 N=1,3

IF(1.€6T.3) GOTO 19
RLAMBDA( I, N)=UCOEF(I,N,J)
CONTINUE
ALPHA(I)=PCOEF(I,J)
CONTINUE

D(1)=RLAMBDA(1,2)
D(2)=2.0%RLAMBDA( 1, 3)*ALPHA(2) +RLAMBDA(2,2)
D(3)=2.0*(RLAMBDA(1,3) *ALPHA(3) +RLAMBDA(Z, 3) *ALPHA(2)) +
2RLAMBDA(3,2)
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D(4)=2,0%(RLAMBDA( 1, 3) *ALPHA(4) +RLAMBDA(2, 3) *ALPHA( 3) +RLAMBDA( 3, 3)
2:ALPHA(2))

D(5)=2,0%(RLAMBDA( 1, 3) *ALPHA(5) +RLAMBDA( 2, 3) * ALPHA( 4) +RLAMBDA(3, 3)
2%ALPHA(3))

D(6)=2.0%(RLAMBDA(2, 3) *ALPHA(S) +RLAMBDA(3, 3) *ALPHA(4) )

D(7)=2,0%RLAMBDA(3, 3) *ALPHA(S)

ACD=A(2)=AC11)=AC12)=A(10) =0,
A(3)=ALPHA(2) 42 '
A(4)=2. 0*ALPHA( 2) ¥ALPHA(3)

. A(5)=2.0%ALPHA(2) *ALPHA( 4) + ( ALPHA( 3) %%2).
A(6)=2. OXALPHA(2) XALPHA( 5) +2. 0%ALPHA( 3) *ALPHA( 4)
A(7)=2. 0*ALPHA( 3) *ALPHA(5) +( ALPHA( 4) %#2)

A(8) =2. 0XALPHA( 4) *ALPHA(5)
A(9) = ALPHA(5) %2

B(1)=B(2)=B(3)=B(14)=B(15)=B(16)=0.

Do 3 I1=5,13

B(I)=ALPHA(2)*A(I-1)+ALPHA(3) *A(I-2) +ALPHA(4)*A( I-3) +ALPHA(S) *
2A(1-4)

CONTINUE

B(4)=ALPHA(2)*A(3)

C(1)=C(2)=C(3)=C(4)=0.
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16

22

18

DO § 1=5,17
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C( I)=ALPHA(2)*B( I-1)+ALPHA(3) *B( I-2)+ALPHA(4) *B( I-3) +ALPHA(S) *

2B(I1-4)

CONTINUE

W=-0.5%D1(J, 1)
Z=0.5%D2(J,3)
TW=W/RU(J,2)
TW=-0.5%DT
TZ=Z/RU(J,2)
TZ= 0.5%DT

DO 16 ITER=1,50
Hi1=H2=DH1=DH2=0.

DO 14 I=2,5

H1=H1+ALPHACI) *(TWkx( I-1))
H2=H2+ALPHA( I) % (TZ%¥( I-1))

DH1=DHI1+FLOAT( I-1) *ALPHA( I) (' TWk*k(I-2)) )

DH2=DH2+FLOAT( I-1) *ALPHA( I) *( TZ*%*( I-2)) :

CONTINUE

Hi=H1-W

H2=H2-7Z

TW=TW-(H1/DH1)

TZ=TZ- (H2/DH2)
DUMMY=ABS(H1/DH1) +ABS(H2/DH2)
IF(DUMMY.LT.(1.0E-12)) GOTO 18
CONTINUE

WRITE(6,22)

FORMAT(5(/),30X," WA RNING ...
2CLE PATH HAS NOT CONVERGED")
CONTINUE

TJ(1)=-DT

TJ(2)=TW

THE TIME SEARCH FOR THE PARTI



TJ(3)=0.

TJI(4)=TZ

TJ(5)=DT

W=0.5%D1(J, 1)

All1=-2.0%W

Al12=4 ., 0% (Wkx2)

A13=-8.0%(Wkx3)

Al14=16.0%( Wkk4d)

A22=-2, 0% (Wk*2)

A23=6.0%( Wkx3) -

A24=-14.0%(Wx%4)
‘A33=8.0*(W**5)*Z+12.0*(W**4)*(Z**2)+4.0*(H**3)*(Z**3)
A34=-24 ., 0k (WkX6) ¥Z~28 .0k (WkkD) k(ZX%2) +4. Ok (Wkk3) k(Zxk4)
A43=8.0%(Wkx5) *Z+24 . 0% ( Wkk4) k(Zk*¥2) +16 . Ok ( (WXZ) k%3)
"A44=-24 OR(WKkKO) KZ—=56 . 0% (Wkk5) R (Z#%2) +32. 0% ( Wkk3) k( Z¥kk4)
DB(4, 1) ==2, 0k ( Wkk2) *Z—4, 0% Wk{ Zxx2)

DB(4, 2)=8.0%WxZXx(W+Z)

DB(4,3)=-2. 0%xWk(Wkk2+3. O WKZ+2 . Ok ( ZX%2) )

DB(4,4)=0.

DB(4,5)=2.0%(Wkx3)

DB(3, 1)=-2. 0XWkZX(W+Z)

DB(3,2)=4.0%WkZx(Z+2.0%W)
DB(3,3)=-2.,0%xWk( 2. 0X(Wkk2) +3 . OKWKZ+Zk%2)
DB(3,4)=4.0%x(Wkx3)

DB(3,5)=0.

DB(2,1)=DB(2,3)=-1.0

DB(2,2)=2.0

DB(2,4)=DB(2,5)=0.

DB(1,1)=1.0

DB(1,3)=-1.0

DB(1,2)=DB(1,4)=DB(1,5)=8.

DO 8 K=1,5

DG(5,K) =(A33%DB(4,K)-A43%DB(3,K) ) /( AB3*%A44—A43%A34)
DG(4,K)=(DB(3,K)-A34%DG(5,K) ) 7A33

DG(3,K) =(DB(2, K) -~A24%DG( 5, K) —A23*%DG(4,K) ) 7A22

148
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DG(2,K)=(DB(1,K) ~-A14%DG(5,K)~A13%DG(4,K)-A12*%DG(3,K) ) 7A11l
DG(1,K)=0.
8 CONTINUE
DG(1,3)=1.0

DO 1006 K=1,23

DO 200 KJ=1,17

DRDE(K, KJ) =0.

INDEXI=K+1-KJ

IF(INDEXI.LT. 1.0R. INDEXI.GT.7) GOTC 2090:
DRDE(K, KJ) =D( INDEXI)

200 CONTINUE

IF(K.GT. 17) GOTO 100

DEDB(K, 1) =DEDB(K, 2) =DEDB(K, 3) =DEDB(K, 4) =DEDB(K, 5) =0.
IF(K.E@.1) DEDB(K,1)=1.0

IF(K.GE.2.AND.K.LE.5) DEDB(K,2)=ALPHA(K}
IF(K.GE.3.AND.K.LE.9) DEDB(K,3)=A(K)
IF(K.GE.4.AND.K.LE. 13) DEDB(K, 4) =B(K)
IF(K.GE.5.AND.K.LE. 17) DEDB(K, 5) =C(K)
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100 CONTINUE

DO 3606 K=1,23

DO 400 KJ=1,5

DUMMY2=0.

DO 500 M=1,17

DUMMY1=0.

DO 600 MS=1,5

DUMMY1=DUMMY 1+ DEDB(M, MS) * DG(MS;KJ)
600 CONTINUE

DUMMY2=DUMMY2+DRDE(K, M) *DUMMY1

500 CONTINUE

DRDP(K, KJ) =DUMMY2

400  CONTINUE
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300 CONTINUE

DO 1906 L=2,5

RT=TJ(L)

DO 1100 IP=1,5

DUMMY=0.
DO 1200 K=1,23
RRTT=0.
IF(ABS(RT) .LT.1.0E-10) GOTO 1250
RRTT=RT**K
1256 CONTINUE
DUMMY=DUMMY+DRDP(K, IP)*( BRTT-(-DT) **K) /FLOAT(K) ¢

1260 CONTINUE

DSDP(L, IP) =DUMMY

11600 CONTINUE

DSDP(L,L)=DSDP(L,L)+1.0
DSDP(L, 1)=DSDP(L,1)-1.0

1600 CONTINUE



1600

1500

50

DO 1500 K=1,4

DO 1600 L=1,4
AA(K,L)=DSDP(K+1,L+1)
CONTINUE

BB(K) =-DSDP(K+1, 1) *PHIBAR(J, 1)

CONTINUE

CALL MV(AA,4,4,BB,X,DET, IDET, WORKIMD
PHI(J,2)=X(2)
PHIHAT(J,3)=X(4)

CONTINUE

DO 2000 K=1,5

AAA(2,K)=(-1.5%DX) **(K~1)
AAA(4,K)=(-.5%DX) *x(K-1)
AAA(6,K)=(0.5%DX) *%(K~-1)
AAA(K,6)=0.

o
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2100

2000

2200

2300

IF(TIME.LE.DT) GOTO:2100

AAA(S,K) =(~.5%DX+D2(JJ-1,2) ) %k (K-1)
AAA(3,K)=(~1.5%DX+D2(JJ-2,2) ) *¥k(K-1)
AAAC1,K)=(-2.5%DX+D2(JJ-3,2) ) ¥*%(K~-1)
GOTO 2000

CONTINUE

AAA(5,K)=(~4.5%DX) *%(K~-1)
AAA(3,K)=(-3.5%DX) **¥(K-1)
AAA(1,K)=(-2.5%DX) %*%(K-1)

CONTINUE

BBB(2) =PHI(JJ-2,2)
BBB(4) =PHI(JJ-1,2)
BBB(6)=0.
AAAC6,6)=—1.0
IF(TIME.LE.DT) GOTO 2200
BBB( 1) =PHIHAT( JJ-8, 2)
BBB(3) =PHIHAT( JJ-2, 2)
BBB(5) =PHIHAT(JJ-1,2)
COTO 2300

CONTINUE

BBB(5) =PHI(JJ-5,2)
BBB(8) =PHI(JJ-4,2)
BBB( 1) =PHI(JJ-8,2)
CONTINUE

CALL MV(AAA,6,6,BBB, XXX, DET, IDET, WORKMM)-
PHI(JJ,2)=XXX(6)

N=2
DO 5000 I=2,JJ

PHIUSED(I,2)=PHIUSED(I, 1)-DT*(RUCI, 1)*((PHIUSED(I; 1) -
2PHIUSED(I-1, 1)) /DX) +PHIUSED( I, 1) ¢ (RU(I, 1)-RUCI-1,1))/DXD)
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5000 CONTINUE

RETURN
END
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SUBROUTINE PRINT( ISOL,NN)
COMMON ~ BLOCK! ~ PHI(50,3) ,PHIBAR(50,3),PHIEAT(50,3),
2  PHIUSED(50,3) ,PHITRUE(50,3) ,RU(50,3) ,D1(50,3) ,D2(50,3)
3,DUDX(50,3) ,8(50,3)
COMMON ~ BLOCK2 ~/ RL,JJ,DT,DX,TIME, TIMEF,NTS
COMMON ~ BLOCK3 ~ UCOEF(3,3,50) ,PCOEF(5,50) ,SCOEF(3,3,50)
WRITE(6,20) TIME
20  FORMAT(1H1,40X,"T I M E = ", F8.4,5X, "SECONDS ", /////):
WRITE(6,30)
30  FORMAT( 1X, "NODE NUMBER", 11X, "PHI", 10X,
1 "PHIBAR", 8X, "PHIHAT" , 8X, "DELTA1", 8%, °
2°DELTA2",7X, "VELOCITY",7X, "DUDX", 10X, "ALPHA", ///)
DO 10 1=1,JJ
WRITE(6,40) I,PHICI,1),PHIBARCI,1),PHIHATC(I,1),D1(I,1),D2¢I, 1),
1RUCI, 1) ,DUDX(I, 1) ,DUDX(I,3)
40  FORMAT( 7X,12,7X,8(E14.7,1X)
10  CONTINUE
I'TN=6%( ISOL-1) +1+(NN-1) /10
WRITE(6,3000) ITN
3000 FORMAT(1H1,10(/),47X,"T A B L E " 12)
WRITE(6,1100) (NN-1)
1100 FORMAT( 9(/),38X,"COMP ARIS ON ... AFTER",2X, I2,2X, "TIME
1 STEPS",//777)
WRITE(6,1150) TIME
1150 FORMAT(41X, "TOTAL TIME ELAPSED =",F8.4,8X, "SECS.",////)
WRITE(6, 1200)
1200 FORMAT( 15X, "NODE", 6X, "ANALYTICAL",7X," THIS ",6X," RATIO TO ",
27X,"  ONE ",6X," RATIO TO *,/,14X, "NUMBER",5X, * SOLUTION",B8X,
3" WORK ",6X,"ANALYTICAL",7X," SIDED ",6X,"ANALYTICAL®,5X,
4/,58%, " SOLUTION ",7X, "DIFFERENCE",6X," SOLUTION *,//)
K=1
DO 1400 I=1,JJ
DUMMY=FLOAT( I- 1) ¥DX
DUMMY1=(PHICI,K)+1.0E-20) /( PHITRUE(I, 1) +1.0E-20)
DUMMY2=( PHIUSED( I, 1) +1.0E-20) /( PEITRUE( I, 1) +1.0E~-20)
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1500

1400

2100
2150

2200
2250

2300
2350
2400
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WRITE(6, 1500) I, PHITRUEC I, 1), PHIC I, K) , DUMMY1, PHIUSED( I, 1) , DUMMY2
FORMAT( 15X, I3, 3X,E15.8,3X,2(E15.8,E15.8,3%)

CALL PLOTPT(DUMMY,PHITRUE(I, 1),21)

CALL PLOTPT(DUMMY,PHI(I,K) ,22)

CALL PLOTPT(DUMMY,PHIUSED(I, 1),23)

CONTINUE

COTO (2100,2200,2300) , ISOL

WRITE(6,2150) .
FORMAT(////,43X, "( VELOCITY FUNCTION OF TIME ONLY ) ™)
GOTO 2400

WRITE( 6, 2250)

FORMAT( ////,43X, "( VELOCITY FUNCTION OF POSITION ONLY ) ")
GOTO 2400

WRITE( 6 ,2350)

FORMAT(////,47X, "( FULLY VARIABLE VELOCITY )")

CONTINUE

CALL OUTPLOT

RETURN '

END
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204

206

SUBROUTINE PLOTR( ISOL)

COMMON ~ BLOCK1 ~ PHI(50,3),PHIBAR(50,3) ,PHIHAT(50,3), .
2 PHIUSED(59,3) ,PHITRUE(50,3) ,RU(50,3) ,D1(50,3) ,D2(50,3)
3,DUDX(50,3)

COMMON ~ BLOCK2 / RL,JJ,DT,DX, TIME, TIMEF, NTS

COMMON ~ BLOCK4 ~ PHIPLOT(5,3,51)

DIMENSION YMIN(5,2),YMAX(5,2),FACTORY(5,2),RATIO(5,3,51)
NT1=NTS+1

DO 200 L=1,5

DO 200 J=1,NT1

RATIO(L, 1,J)=(PHIPLOT(L, 1,J) +1.0E~10) /( PHIPLOT(L, 1 ,J) +1.0E~16)
RATIO(L, 2, J)=(PHIPLOT(L, 2, J) +1.0E~10) /( PHIPLOT(L, 1, J) +1.0E~10)
RATIO(L,3,J)=(PHIPLOT(L, 3,J) +1.0E~10) /( PHIPLOT(L, 1,J) +1.0E~10)
CONTINUE

XMAX=FLOAT( NTS) *DT

XMIN=0.

RNX=RNY=5.0

NXNY= IF IX( RNX+1.0)

DO 2 1G=1,2

DO 2 L=1,5

FACTORY(L, IG) =1.0E+100

YMAX(L, IG) =—1.0E+100

YMINCL, IG)=1.0E+100

DO 4 K=1,3

DO 6 J=1,NT1

GOTO (204,206) , IG

CONTINUE

IF(PHIPLOT(L,K,J) . GT. YMAX(L, IG)) YMAX(L, IG)=PHIPLOT(L,K,J)
IF(PHIPLOT(L,K,J) .LT. YMIN(L, IG)) YMINCL, IG) =FHIPLOT(L,K, J)
GOTO 6 ‘
CONTINUE

IF(RATIO(L,K, J) .GT. YMAX(L, IG)) YMAX(L, IG) =RATIO(L,K,J)
IF(RATIO(L,K,J) .LT. YMINCL, IG)) YMINCL, IG)=RATIO(L,K, J)
CONTINUE

SIZEY=3.00
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600

605

. 604

608
606
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DUMMY= (SIZEY+1.0E~20) /( ( YMAX(L, IG) ~YMINCL, IG) ) +1.0E~-20)
IF(FACTORY(L, I6) . GT. DUMMY) FACTORY(L, IG) =DUMMY
CONTINUE '
CONTINUE

SI1ZEX=4.75

FACTORX=S IZEX/TIME

CALL PLOT( 100.,10.5,60)

DO 10 1=1,5

DO 210 IG=1,2

XIG=-(0.75+4.7%(FLOAT( IG)~1.0))

CALL PLOT(XIG,0.0,40)

CALL PLOT(0.5,5.25,3)

CALL PLOT(3.5,5.25,2)

CALL PLOT(3.5,10.0,2)

CALL PLOT(0.5,10.0,2)

CALL PLOT(0.5,5.25,2) .
CALL LETTER(16,.10,90.,4.10,6.7,16ET I M E (SECS.))
IT1= ISOL+1

IT2=2%1+1G~-2

ENCODE( 10, 600, TITLE1) IT1

FORMAT(9HF IGURE 4., 11)

IFC(IT2.EQ. 10) GOTO 604

ENCODE(3,605, TITLE2) IT2
FORMAT( 1H., 11, 1H )

COTO 606

ENCODE(3, 608, TITLE2) IT2

FORMAT( 1H. , I2)

CONTINUE

RRR=7.6-1.8%(FLOAT( IG)—1.0)

CALL LETTER(10,.15,90.0,0.8,RRR, TITLE1)
RRR=HRRR+1.5

CALL LETTER( 3,.15,90.0,0.8,RRR, TITLE2)
IN=2%I

X=7.5-2.0%(FLOAT( IC)-1.0)

GOTO(250,260) , IC



250

700

260

710

270

1100

1200

1300
1400
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CONTINUE

CALL GREEK(2.0,3.70,0.59,90.0,21)

ENCODE(35,700,SUBT1) IN

FORMAT(23HCONCENTRATION AT NODE ,12,10H VS. TIME)

CALL LETTER(35,0.05,90.0,1.0,X,SUBT1)

GOTO 270

CONTINUE

CALL LETTER(28,90.10,180.0,3.4,4.10,28HRATIO TO ANALYTICAL SOLUTTON.
2)

ENCODE(39,710,SUBT2) IN

FORMAT(27HRATIO OF SOLUTIONS AT NODE ,I2,10H VS. TIME)

CALL LETTER(39,6.05,99.0,1.0,X,SUBT2)

CONTINUE

RRR=5.8+2.75%(FLOAT(1G)~1.0)

CALL LETTER(19,.05,90.0,3.0,RRR, 1I9HANALYTICAL SOLUTION )

CALL LETTER(20,.05,90.0,3.1,RRR,20HONE SIDED DIFFERENCE)

CALL LETTER( 9,.05,90.0,3.2,RRR, 9HTHIS WORK)
RRR=5.5+2.75%(FLOAT(IG)~-1.0)

CALL GRAF(2.95,RRR,0.1,1)

CALL GRAF(3.05,RRR,0.1,2)

CALL GRAF(3.15,RRR,0.1,3)

RRR=7.6-2.0%(FLOAT(IG)~-1.0)

GOTO (1100, 1200, 1390) , ISOL

CALL LETTER(32,.05,90.0,1.2,RRR,32H(VELOCITY FUNCTION OF TIME ONLY
2))

GOTO 1400

CALL LETTER(30,.05,90.0,1.2,RRR,30H (VELOCITY FUNCTION OF X ONLY))
GOTO 1400

CALL LETTER(390,.05,90.0,1.2,RRR,30H (FULLY VARIABLE VELOCITY) )
CONTINUE

DXL=SIZEX/RNX

DYL=SIZEY/RNY

DXN= ( XMAX-XMIN) /RNX

DYN=(YMAX(I, IG)-YMIN(I, IG))/RNY

XL=5.25-DXL
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490

495

500

15

XN=-DXN

YL=3.575+DYL

YN=YMINC I, 16) ~DYN

DO 15 M=1,NXNY

XN=XN+DXN

XL=XL+DXL

YN= YN+DYN

YL= YL-DYL

ENCODE(9,490,Y) YN

FORMAT(E9 . 3)

IF(IG.EQ.2) ENCODE(9,495,Y) YN
FORMAT(F9.5) "
ENCODE( 9,500,%) XN

FORMAT(E9 . 2)

XX=XL-0.525

IF(M.EQ. 1) XX=XL-0.2

CALL LETTER(9,.100,90.0,3.75,XX,X)
CALL LETTER( 9,.075,90.0,YL,4.490,Y)
IF(IM.EQ. 1.0R.M.EQ.NXNY) GOTO 15
CALL PLOT(YL,5.20 ,3)

CALL PLOT(YL,5.80 ,2)

CALL PLOT(YL,9.95 ,3)

CALL PLOT(YL, 18.05 ,2) -
CALL PLOT(8.45 ,XL,3)

CALL PLOT(3.55 ,XL,2)

CONTINUE

DO 20 K=1,3

CALL PLOT(SIZEY+0.5,5.25,3)

DO 30 N=1,NT1

X1=FLOAT(N- 1) *DT*FACTORX

Y1= (PHIPLOT( I, K, N) ~YMINC I, IG) ) *FACTORY( I, IG)

IF(IG.EQ.2) Y1=(RATIO(I,K,N)-YMINCI, IG))*FACTORY(I, IG)

X1=X1+5.25
Y1=3.5-Y1
CALL PLOT(Y1,X1,2)
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30  CONTINUE
20  CONTINUE
DO 120 K=1,3
NN2=NTS/5
DO 130 N=1,NT1,NN2
X1=FLOAT( N~-1) *DT*FACTORX
Y1=(PHIPLOT(I,K,N)=YMINC I, IG) ) *FACTORY( I, IG) -
IF(IG.EQ.2) Y1=(RATIO(I,K,N)=YMINC I, IG))*FACTORY( I, IG)
X1=X1+5.25 ’
Y1=SIZEY+0.5-Y1
CALL CRAF(Y1,X1,0.100,K )
130  CONTINUE
120  CONTINUE
210  CONTINUE
CALL PLOT(12.0,5.25,-3)
10  CONTINUE
RETURN
END
END



	Structure Bookmarks

