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In order to investigate the formation of different types 

of pit shapes on the crystalline surfaces, a mathematical model 

has been considered, which does not take into account surface 

diffusion and which defines the removal or transformation of 

different characteristic sites on the surface according to a 

set of frequencies. The characteristic sites are defined 

according to Terrace-Ledge-Kink model for the simple cubic 

crystal. With the help of the geometry of the step systems, 

specific conditions have been obtained under which the step 

systems considered could be obtained for a pit of monoatomic 

thickness. The dissolution of a simple cubic crystal has been 

simulated according to a set of probabilities. 
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Introduction 

When a close-packed crystal face is considered in contact with 

an etchant, dissolution of the crystal sets in since the chemical potential 

of the crystal substance in the etchant is lower than the chemical potential 

of the crystal. Dissolution takes place by step movement. The sources of 

steps will be screw dislocations, two dimensional nuclei of dissolution 

(hollows of monoatomic thickness in the surface layer of tte lattice), sub­

grain boundaries and the crystal edges. 

The theoretical analyses of crystal dissolution that are most 

widely accepted today can be grouped into two categories: (a) those which 

invoke a mechanistic approach as first rigorously applied by Burton, Cabrera 

and Frank (l); (b) those based upon phenomenological or kinetic arguments 

such as the topographical theory of Frank (2). Both types of theories 

follow the concepts of Kassel (3) and Stranski (4) who developed the currently­

accepted geometric model for vicinal crystalline surfaces. This model of 

the surface with the various characteristic sites on the surface is called 

TLK model. If the crystal is exemplified as a regular simple cubic latti ce , 

the sites of which are occupied by atoms depicted as cubes, then the typical 

sites on the surface which may arise may be schematically illustrated as 

in Figure 1. Ledges and especially kink sites along the ledges are ener­

getical ly preferred sites for removal of atoms from a crystalline surface . 

Hence, dissolution occurs by the recession of a train of monoatomic ledges 

across the surface (5). The localized dissolution rate will be proportional 

to the product of the ledge velocity (v) and the concentration of ledges (k) 

in the given vicinity. The theoretical analysis of the dissolution processes 

then involves an interpretation of the dependence of v on k. The significant 

l 
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difference between the mechanistic approach and the topographical theory is 

that in the former, Burton, Cabrera and Frank invoked the ledge model of 

dissolution and derived v equal to v(k), whereas in the latter, Frank 

assumed a form for v(k) and then developed his theory. 

In practice, the etch pits have been found to have varying 

shapes from conical to pyramidal. Even for the same crystalline material, 

different types of pit shapes are obtained on the surface depending on the 

process variables (6,7). The sununary of the experimentally-obtained pit shapes 

forNaCJiS shown in Figure 2 and Figure 3 along with the conditions under 

which they were obtained. Ives (8) tried to explain qualitatively the 

different pit shapes on the basis of undersaturation of the solution and the 

inhibitor concentration in the solution. It was postulated that kink 

nucleation is primarily controlled by the undersaturation of the dissolving 

species in the solvent and the principal effect of etchant inhibitor is in 

the retardation of kink motion. The present study has been made to pin-point 

the values of the process variables at which a transition can take place from 

one type of pit shape to another. 

In order to study the different pit shapes, a mathematical 

model was considered which took into account the removal of the different 

characteristic sites from the surface and the transformation of a particular 

characteristic site into another characteristic site according to a set of 

frequencies. The solution was obtained by considering the process as a 

stochastic process of birth and death type. From the solution obtained, 

conditions were derived in terms of the frequencies for obtaining the 

different pit shapes. 

Also, since the processes occurring on the surface of a crystal 

are random in nature, computer simulation of the dissolution process was 
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thought to be appropriate in order to verify the conditions under which the 

different pit shapes are obtained. The computer simulation technique has 

previously been successfully used in the surfaces field by Moore (9) to study 

surface diffusion, by Chernov (10,11) to investigate random walk processes 

and kinetic order disorder transition in crystal grett'lth and by Bertocci (12) 

to estimate the relative importance of random nucleation and step motion on 

the growth rate of crystals. 

The model for computer simulation was that of a section of a 

crystal surface from which dissolution took place through the removal of 

different atomic units according to a set of parameters defined initially 

for each of the characteristic sites. 

Mathematical Analysis 

Introduction 

A very simple model has been used for studying the distribution 

of the different characteristic sites on the surface. The model does not 

take into account surface diffusion. For the simple cubic crystal, there 

are five characteristic sites on the surface, the atoms at these sites have 

less than their full complement of neighbouring atoms, and these are 

characterized in chemical terms as having lower coordination than atoms in 

the interior of the crystal. According to the notation of Nicholas (13), 

under the assumption that only the effect of the first nearest neighbours 

is taken into account, a surface atom with j nearest neighbours will be said 

to have coordination j and will be referred to as an atom of typejorCS The 

five sites can then be defined according to Table 1. 
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The Model 

Consider a system containing the different characteristic 

sites on the surface of the crystal and undergoing statistical fluctuations 

in the density of the different characteristic sites. Two processes 

which take place on the surface are postulated: (i) whenever a parti­

cular characteristic site is removed from its position on the surface 

(independent of the number of nearest neighbours it may have) it gives 

rise to an in-terrace site; (ii) Due to the effect of (i), the number 

of nearest neighbours of the neighbouring sites to the site removed is 

modified and a transition to a lower next nearest neighbour site takes place. 

The process as depicted above is a multi-dimensional process, 

there are five phases in the present case and the frequency of the 

removal µj (j = 1,2,3 and 4) of the five characteristic sites will be 

different from each other as the different characteristic sites on the 

surface have different energies. Also, the frequency of a change of 

site from a particular coordination {j) to the next lower coordination 

{j-1) is Aj {j = 2,3,4 and 5) and is different for different j's. 

The above process is sketched in Figure 4 and the different 

frequencies are designated accordingly. The tail of the arrow indicates 

a decrease by one in the species toward which the tail is and the head 

indicates an increase by one in the species towards which the head is. 

The stochastic development of the process will be fully 

described once the function 
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is known, which is theprobability that at time t the number of individuals 

of the jth characteristic sites is nj (14). At t =0, aj (j = 1,2,3,4 and 5) 

denote the number of the characteristic sites present on the surface of the 

jth type. In order to derive the differential equation describing the 

course of fluctuations, it is necessary to consider the possible transitions, 

in the interval of time (t, t + ~t) which lead from the state 

into other state; and the transition which bring the system from other states 

into 

ns 

The differential equation describing the process can be written if we adopt 

the convention that p = 0, whenever any of the nj are negative. It will 

then readily be seen that 
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If we introduce the generating function 

t) = ' x1n1 x n2 x n3 x n4 x ns t) (2)l 2 3 4 5 

it will follow that when (2) is applied to (1), (2) must satisfy the partial 

differential equation 

"'P 5 4 
a \ , ( ) 1!: + \ ( ) aP (3)IT = .l /\J· xJ. -1-xJ. ax. .ll µ. X5-x. ax.

J=2 J J= J J J 

the associated boundary condition is 

( 4) 

The final system of differential equations for the variation 

of mean value of the number of each characteristic site with time as obtained 

in Appendix I from equations (3) and (4) are 
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(5) 

where"J{t)designates the mean value of the number of the jth characteristic 

site present on the surface at time t. Up to now, it has not been possible to find the 

nature of the distributions for the different characteristic sites, although 

the different equations (5) for the mean value of each of the characteristic 

site have been obtained. 

For the general process Aj and µj are generally unknown and a 

straightforward solution of (5) is not possible. However, if Aj and µj 

do not depend on time, then one can express the solution of the equations (5). 

The solution of the system of equations(5) along with their initial 
conditions 

m.(O) =a. (j = 1,2,3,4 and 5) have been obtained in Appendix II and 
J J 

Appendix III for two cases. In both the cases, Aj and µj have been taken 

independent of time. 

Solution for Multilayered Pit 

In Appendix II, the solution for the general case was tried. 

The complete solution was not possible, although it can be obtained by 

numerical techniques. The final result would be of the form 

j = 1,2,3,4 and 5 (6) 

The constants cij' cj 5 and si are not known at the present. This case is 

applicable when multilayered pits are obtained on the surface, in other 
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words, when the sources of steps are screw dislocations, subgrain boundaries, 

and the crystal edges. 

Solution for 	a Pit of Monoatomic Thickness 

In Appendix III complete solution was obtained for the equations (5) 

under the assumption 
5 

l m.(t) =A= constant (7)
j=l J 

which means that the sum of all the characteristic sites on the surface is 

constant at any time. This is possible when the sources of steps are two­

dimensional nuclei of dissolution (hollows of monoatomic thickness in the 

surface layer of the lattice). This is an idealized case. The final 

results for this case as obtained in Appendix III are: 
A2 	 A2

A2A3A4A5A -(µr~lf")t -(µ1+-ii-)t 
m1(t) = N [1-e ] + a1e 
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The above equations 	have the same form and can be written as 

-X.t 
m. = L. + (a.-L.) e 	 J j = 1,2,3,4 and 5 ( 8) 

J J J J 

where 

A3A4A5µ1A 
L2 = N 

A4A5(A2+µ2)µ1A 
L3 = N 

A5().2+µ2)().3+µ3)µlA 
L4 = N 

It has been verified that irrespective of the values of Aj and 

µj' N is always positive. Therefore Lj (j = 1,2,3,4 and 5) will always be 

a positive quantity. 

Variation of Mean Values with Time Under Limiting Conditions 

The mean value of the number of any characteristic site is 

dependent on the values of Lj, aj and Xj. By giving different values to 

Lj, aj and Xj, we can find how mj will vary with time. 

l. a. and L. both non-zero
J J 

(a) xj < 0, thenfrom (8) 

(i) when a. > L. at t = Q, m. = a.; t + large, m. + large
J J J J 	 J 

i.e. the mean value of the number of the jth characteristic 

site increases with time. 
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(ii) when a. < L. at t = 0, m. =a.; t +large, m. +-{large)
J J J J J 

i.e. the mean value of the number of the jth cht\racteristic 

site decreases with time and becomes negative. When mj < 0, 

this case does not operateas mj can never be negative. 

(iii) when aj = Lj at t = O,mj = aj;; any t, mj = aj 

i.e. the time average of the mean value of the number of the 

jth characteristic site is constant. 

(b) x. > 0, then from (8)
J 

( i) when a. > L. at t = 0 , m. = a. ; t + 1 arge , m. + L. 
J J J J J J 

i.e. the mean value of the number of the jth characteristic 

site reaches a limiting value Lj at large times . 

(ii) when a. < L. at t m. = a. ; t + 1 arge , m. + L.= 0 ' J J J J J J 

i.e. same as ( i ) . 

(iii) when aj = Lj at t = O, mj = aj; any t, mj = aj 

i.e. time average of the mean value of the number of the 

jth characteristic site is constant . 

( c) X. = 0 
J 

Irrespective of the val ue of aj and Lj , at t = 0 , mj - aj; 

any t, m. =a. i.e. the time average of the mean va lue of 
J J 

the nu~t.er of the jth characteristic site is constant. 

mj has been plotted schematically against t for the 

above cases in Figure 5. 

2. a.=O, then (8) becomes 
J -X. t 

m . = L . ( 1-e J )
J J 

( i) X. > 0 at t = 0 , m. = 0 ; t + 1 arge , m. + L . 
J J J J 

i.e. mj increases with time 
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(ii) 	 x.=O at t = o, m. = o;· any t, m. = 0 
J J J 

In this case, the jth characteristic site does not have a 

chance 	 to increase its population. 

(iii) 	 Xj < 0 at t = 0, mj = O; t +large, mj +negative mj 

This case is not possible, since mj can never be negative. 

The scherimtic plot of mj against t has been shown 

in Figure 6 for these cases. . . 
3. Lj 	 = 0, then (8) becomes 

-X.t 
m. = a.e J 

J J 

( i) XJ. 	 = 0 at t = 0, mJ. =a.; any t, m. =a.
J 	 J J 

i.e. the time average of the mean value of the number of the 

jth characteristic site is constant. 

(ii) 	 x. > 0 at t = 0, m. =a.; t +large, m. + 0 
J 	 J J J 

i.e. the mean value of the number of the jth characteristic 

site decreases till it becomes zero in the limit. 

(iii) Xj < 0 at t = O, mj = aj; t +large, . mj +large 

i.e. 	mj increases with time. 
Tht:! schematic plot of 1r!j against t has been shown 

in Figure 7 for these three cases. 
Discussion of Kinetics of Dissolution 

There are in all twelve different cases which can be applicable 

for the jth characteristic site. For the ad-atom and at-ledge sites (under 

the assumption of no surface diffusion) the energy with which these sites 

are bound in the surface is very small. We assume that as soon as these 

sites are formed, they are removed from the surface. The kinetics of 

dissolution of ad-atom site is then detenrrtrred by the case 3(ii) and 

the kinetics of dissolution of at-ledge site is determined by the cases 
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(l(a(ii))) and (3(ii)). For the in-ledge and kink sites, the processes are 

complex since none of these sites tend to a zero value. There is generally 

a net density of kink and in-ledge sites on the s.rrface. On this basis, 

we can say that kinetics of dissolution and formation of these sites are 

governed by all the cases considered except cases (l(a(ii))) and (3(ii)). 

The in-terrace sites decrease with time, but their number on the surface 

can never become extinct. The only case that determines the kinetics of 

the in-terrace sites is thus (l(b)(i))). 

Depending upon what has been said above, we can say that the 

kink and in-ledge sites are the only ones which are important in determining 

the shape of the pit. Thus it is necessary to determine the ratio m4/m3 

(which is the ratio of the mean number of in-ledge sites at any time to the 

mean number of kink sites at the same time) by considering the combinations 

of the different cases which are applicable for kink and in-ledge sites 

respectively. 

Conditions for Pit Shapes 

In order to study the conditions under which different pit shapes 

are formed, it is necessary first to subdivide the cases whose solution 

can be expressed by the equation (8). It simply means that we should sub­

divide the cases which fall under the general area of the pit of mono­

atomic thickness. There are two such cases: 

(i) Perfect surface 

(ii) Surface with a system of steps. 

By perfect surface we mean that initially the surface consists of 

only the in-terrace sites and by surface with a system of S::eps we mean 

that there is already a hollow of monoatomic thickness on the surface with 

an i nitial distribution of kink and in-ledge sites. 
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Using equation (8), we next consider different surface 

conditions and find the limiting values of m4;m3 fortiem. 

A. Perfect Surface 

Perfect surface means at t = 0, only the in-terrace sites are 

present. The initial surface conditions are then = 0, = 0, = 0,a1 a2 a3 

a4 = 0 and a5 = A. Nucleation of a two-dimensional hole is necessary for 

the dissolution to take place. From (8), for the initial conditions, we 

obtain 
-X.t 

m. 
J 

= L . ( 1-e 
J 

J ) j = 1,2,3 and 4 ( 10) 

Therefore, 

dm3 
cit = L3x3e 

-X3t 
and 

( lOa) 

dm4 _ -X4t 
dt - L4X4e 

and 
-X t 

m3 = L3(1-e 3 ) and ( 11) 

m4 ; 
-X4t 

L4(1-e ) 

From (ll) we can write 

(12) 
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which on simplification gives 

(13) 

Ives and Hirth (5) measured pit widths as a function of etching 

time. Their results as obtained for dissolution of LiF in the etchant 

obtained by adding 2.5 ppm ferric ion as ferric fluoride to distilled water 

which had been slightly acidified to prevent the precipitation of ferric 

hydroxide, are shown in Figure 8. At 32°C in the linear region, it was 

estimated that 25 microns pit width took place in 5 minutes, and in 6 x 10-3 

seconds only one atomic layer (4 x 10-8 cm) was removed from the pit. 

Assume the pit to have a square shape, ~ 10 13 particles were removed in 

6 x l0- 3 seconds from the pit surface. Xj are also very small since µj and 

Aj are fractions. To a first approximation, then we can write 

2 
X.t- (Xjt) + ~ X.t j = 3,4 

J 21. J 

and (13) becomes 

m4 
which says ii]" will have a constant value for any 

I 

pit shape, and it can be 
3 

said that the value of m4;m3 depends upon the values of x4 and x3. From 

(lOa), the rate of change of kink and in-ledge sites reduces with time till 

it becomes zero or is always zero depending on whether x3 and x4 are 

greater than zero or x3 and x4 are equal to zero. As discussed before 

for this case, x3 and x4 can never be negative. From (11) we can put down 

the three possible cases in Table 2. 



--------- -- - -- -

.. 16 


B. Surface with System of Steps 

The steps on the surface can give rise to different surface 

conditions at time t = 0. The dissolution from the surface now takes place 

by the movement of the steps and nucleation is not the limiting process. 

In general, we can say that a3 1 0, a4 1 0 and although a5 1 A, it is greater 

than L5 . For the kink and in-ledge sites following surface conditions 

could be possible 

a. > L. , a. < L. and aj = L. j = 3,4
J J J J J 

In general from (8) we can write 

-X 3t 
m3 = L3 + (a3-L3) 	 e 

-X4t 
m4 = L4 + (a4-L4) e 

As discussed for the case of perfect surface, to a first 

approximation, we can write 

and (15) 

The rate of change of kink and in-ledge sites is 

(16)and 
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Following different 	cases can be obtained from (15) and (16). 

l. 	 For x3 < 0 and X ~ 
4 

The surface condition which is applicable in this case is 

a3 > L3 and a4 > L4, then from (15) 

( 17) 


dm4 dm3
where Q = - - I ­dt dt 

When the steps are already present on the surface i n the form 

of a hole, then for a 25µ hole, there are ~1 0 13 particles on the steps of 
m4

the hole. On this basis, m3 ~ aj and m4 ~ a4 and (17) transforms to m = Q3 
and from (16) Q is 

Different pit shapes can be obtai ned depending on the value of Q. 

2. For x3 < 0 and 	x4__::__,Q_ 

The surface conditions wh i ch are applicable are a3 > L3 and 

a4 ~ L4. Then from (15) 

and 

when t is large irrespective of whether a4 > L4 or a4 < L4. 
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Under the condition x3 < 0 and a3 > L3, m3(t) increases with 

time. When a4 > L4, and x4 > 0, the mean population of in-ledge sites 

decreases with time, and becomes constant at large time and reverse is 
m 

possible when a4 < L4 and x4 > 0. Then we can write m4 tends to zero 
3 

when t tends to a large value. 

3. For x3 > 0 and x4 ~ 

The surface conditions which are applicable are a3 ~ L3 and 

a4 > L4• Then from (15) m3 = L3 when t is large irrespective of whether 

a3 > L 3 or a3 < L3 and m4(t) = L4 + (a4 - L4)(1-X4t). 

m4 always increases with time. The ratio m4/m3 at large t is 

m 
The value of~ tends to infinite as t tends to a large value. 

m3 

4. There are cases when only one of the species increases with 

time and the other is constant at its value at t = 0. The results obtained 

in this case would be the same as in part (2)and part (3) above. vJhen a3 > L3, 
x3 < 0 and a4=L4, x4: 0, part (2) is applicable. When a3=L3, x: 0 and a4>L4, 
5. For x3 > O and x4 .::...Q. X4<0, part (3) is applicable. 

From (8), as t tends to a large value, irrespective of the 

surface condition (a3 ><L3 and a4 ~L4), we obtain 

L4
Substitute the values of r-' we get, 

3 
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This is the condition that there is no net change in the 

population of kink sites on the surface. In other words, this case is 

obtained when there is dynamic equilibrium for dissolution. 

There are other cases which lead to the dynamic equilibrium 

for dissolution, these cases and all the ones discussed above are summarized 

in Table 3. The cases marked with stars are of no importance to us and 

they in fact do not have any physical significance. 

Until now we have only considered the conditions under which 

different pit shapes could be obtained, but we do not know what type of 

pit shapes will be obtained under different conditions. In order to under­

stand this, frrtte pitshapes obtained in practice, we consider a simple 

cubic crystal with a single pit on its surface. As the results obtained 

above are for a pit of monoatomic depth, a pit of only monoatomic depth 

is considered. It is assumed that the atoms are only removed from the 

step sites. Our interest is only in kink and in-ledge sites. The aim is 

to fi nd out how the population of the kink and in-ledge sites changes as 

the pit enlarges or as the time increases. 

In Figures 9 to 14, different step systems in simple cubic 

crystal have been considered. The figures show the minimum size of the 

pit that could be obtained (the innermost shape) and it follows the pit 

shape as higher removal take place. In doing this, care was taken to see 

that the pit shape was perfect. It can be visualized that a particular 

perfect pit shape can have only a discrete number of removals from the 

surface. In Figures 9 to 14, the kink sites are marked with crosses. 
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For determining the number of kink and in-ledge sites on the 

surface as a function of total removal of atoms from the pit of a 

particular size, the following quantities are defined: 

NR is the total number of atoms removed from the surface for 

obtaining a pit of particular size. N(C3} is the number of kink atoms 

at the perfect pit and N(C4} is the number of in-ledge atoms at the 

perfect pit .. Follav-1ing the above analysis, it was seen that for a 

particular system of steps, for different dimensions of the pit, NR is 

given as a polynomial of second order in degree L, where L is the number 

of the perfect pit obtained, the minimum sized pit being designated as L = 1. 

In order to get a better quantitative picture, the values of 

N(C3}, N(C4} and NR were calculated as a function of L. The resulting 

formulae have been collected in Appendix IV. For the pit size parameter, a 

dimensionless quantity drel was chosen, which is defined as the ratio of 

the diameter of a sphere with a volume equal to NR times the volume 

occupied by an atom in the unit cell, to an atom diameter dat· Therefore, 

drel = dsahere 
at 

=-1-(£.N VU}l/3
dat ir R N 

u 

where Vu = volume of the unit cell 

Nu= number of atoms in the unit cell. 

For simple cubic crystal nu = l and Vu = d 3at' which gives 

d = (§.. N }l/3 = l 241 (N }l/J
rel ir R · R 
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hence drel for simple cubic crystal is only dependent on the number of 

atoms removed from the pit. Figures 15 to 20 show the results as obtained 

in the form of a plot of N(C3), N{C4) and N{C4)/N{C3) versus drel' It is 

evident from these plots that N{C4)/N{C3) reaches a limiting value of R as 

drel increases or as time increases. Table 4 gives the summary of the 

results as obtained from Figures 15 to 20 and Table 5 gives the value of 

K for the different step systems. In the results shown in Table 4, a little 

modification has been made for the step system {100) [010]. In actual 

cases for this step system , there are always a finite number of kinks at 

the pit and their time average can be taken as constant. Then we can say 

that N{C4)/N{C3) increases with time for the system {100) [010]. 

Comparison of Table 3 and Table 5 gives the following 

conditions (Table 6) which are necessary for obtaining the corresponding 

pit shapes in the case of surface with steps. 

Having obtained the rough conditions for which different 

pit shapes are formed, our next aim is to find the exact values of x3 

and x4 or in other words, Aj and µj's for which different pit shapes are 

formed. For this, computer analysis was carried out. Our endeavour in 

this respect was to find the extent to which computer analysis could be 

used in obtaining A· and µ.'s.
J J 

Computer Analysis 

In the analysis that follows, we make the basic assumption 

that the dissolution of a crystal occurs by dissolution of characteristic 

sites at particular points on the crystal surface as defined by the TLK 

model. It is considered that the dissolution takes place from the 

characteristic sites irrespective of the molecule that is present at that point. 
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Depending on the sites the molecules occupy, the molecules on the surface 

are bound with different energies. It is also assumed that the forces of 

interactions of only the first neighbours are present. In keeping with 

the mathematical model, the line imperfections are neglected and also 

surface diffusion is neglected. 

The problem of dissolution of surface from characteristic 

sites can be reduced in the following way. The source of steps taken is 

a two-dimensional hole in the surface layer of the crystal of monoatomic 

thickness. The hole at t=O can have any shape or in other words, it can 
I 

have any distribution of characteristic sites. The atoms from the 

characteristic site can be removed one at a time according to a set of 

predefined probabilities called the overall probabilities and designated 

as e(Cj) where j = 1,2,3,4 and 5 for the respective characteristic sites. 

It means that the removal of the characteristic sites from the surface 

takes place at discrete moments of time. The removal of any characteristic 

site from the surface modifies the distribution of the other characteristic 

sites. For example, if a c5 site comes out, it produces four sites of c4 

type, which are formed from four c5 sites. In order to remove any character­

istic site, we will have to know the ease with which this characteristic 

site could be removed with respect to all the other characteristic sites 

on the surface. This makes it essential for us to know the count of the 

characteristic sites of each type on the surface after each removal of a 

particular characteristic site. If n(Cj) denotes the number of characteristic 

sites of type Cj on the surface at any moment, then the probability that 

any one type of characteristic site is removed before the others or at 
) 

that moment ,is given by 
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n (C.) e(C.) 
J J j=l ,2,3,4 and 55

l n(Cj) e{Cj) 
j=l ( 18) 

Computer Simulation 

The computer simulation of crystal dissolution from atomic 

sites was carried out in the following way: The surface was mapped onto 

a square array, the integers contained in each element of the array 

indicating the layer of the crystal exposed to the surface. Steps are 

present if adjacent places contain different numbers. The uppermost 

layer of the crystal to begin with is designated as 1. The program made 

use of the periodic boundary conditions in attachment of particles not 

only from row to row within a single layer, but also from layer to layer , 

the last row in one layer was regarded as a neighbour to the first row in 

the next layer. Each row and layer consisted of 49 particles each way . 

No limitation to the number of layers was built in the program. Geome t r i ca lly, 

this crystal under the periodic boundary conditi ons gives a toroidal shape 

to the surface. Before starting a run, the shape of the monoatomi c hole 

in the first surface layer was decided and was built in the program. 

The overall probabilities for each of the characteristic sites 

were selected at the beginning of each run. In the beginning of the 

process, the characteristic sites of each type were counted on the surf ace 

and the instantaneous probabilities P(Cj) were calculated. The choice of 

the random outcome as to which characteristic site was to be removed was 

made by using Monte Carlo Method (15,16,17) {Appendix V), which utilises 

the random number generator operating in the unit interval (0,1) 
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(see Appendix V). Once the characteristic site (Cj) to be removed was 

decided, a decision was required as to which one of the characteristic 

sites out of a total of n(Cj) sites existing on the surface is to be 

removed. The choice of this random outcome was made again by a random 

number generator operating in the unit interval (0,1) (see Appendix V) . 

At this stage, the integer contained in the element representing the 

characteristic site chosen by the above process was increased by one, 

to signify that the characteristic site has dissolved. Due to this 

removal, the adjacent characteristic sites to this characteristic site 

will have their coordination number lowered by one and these numbers of 

characteristic sites are deleted from n(Cj) and added to n(Cj-1). This 

gave the new count of the type of characteristic sites Cj and the 

whole process was repeated until a predetermined number of atom removals 

took place from the surface. Appendix VI gives the flow chart of the 

randomized model and Appendix VII gives the computer prograrmne written 

in Fortran IV language. The program was run on CDC 3600 computer and it 

took about 11 seconds for 400 atom removals from the surface. 

The dependence of the pit shape on the overall probabilities 

was determined in the experiments. In all the experiments e(c1), e(c2) 

and e(C5) were given the same value. The overall probability of the ad-atom 

site will be highest since it is bound on the surface with the least 

energy as compared to other characteristic sites and since we are neglecting 

surface diffusion, we want all the ad-atom sites to dissolve as soon as 

they form. On this basis, the value of e(C1) chosen was 1.0. On similar 

grounds e(C2)= 0.1. The removal of in-terrace sites is dependent on e(C5), 

that is the nucleation on the surface at new sites is dependent on e(c5). 
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As we are dealing with a very small surface, and we are interested only in 

seeing the development of the pit with time, it is necessary to restrict the 

value of e(C5) to a low value so that no surface nucleation takes place. 

The value of e(c5) taken was l x lo-12• The important variables are 

overall probabilities of kink and in-ledge sites. It was observed that 

the variations of e(C3) or e(C4) does not make any difference to the 

observed morphology on the surface as far as e(C3)/e(C4) had a constant 

value. On this basis, we also gave e(C4) a constant value and varied only 

e(C3). The value of e(C4) should be such that e(c3) could be varied over 

a large range. The value of e(c4) so chosen was 1.0 x lo-5. The value 

of e(C3) was then varied from 1.0 to 2 x lo-6• 

RESULTS 

As mentioned previously, the configuration at the pit does not 

vary as long as the ratio e(c3)/e(c4) is constant irrespective of the values 

of e(C3) and e(c4). Thus instead of using e(c3) and e(c4), we will use a 

new notation e34 = e(C3)/e(c4) which gives a better physical picture. 

Physically, e34 is the relative probability of removal of kink sites with 

respect to the inledge sites. 

For each of the e34 values twenty experiments were carried out. 

The number of experiments was limited to twenty because of the fact that for 

the same input parameters the spread in the values of SITE (j) between 

experiments was very small. In the case of each of these twenty experi­

ments, the starting random number for the string of the random number 

generator was different. This was necessary for complete randomization of 

the process. After each removal SITE (j) values were noted and for each 

experiment for a particular value of e34 , the sample mean of SITE(j) was 

obtained for 365 removals. The sample mean has been denoted as (SITEj) for 

McMASTE:R lJNl\lt.t?~ITY 1..fl:lt<AfQ 
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for the jth characteristic site. The population mean was obtained for each value 

of e34 from the sample meahs of twenty experiments. The population mean has 

been denoted as (SITEj) av. 

The values of (SITE3) av. are plotted against the square root of 

e34 for each value of e34 as shown in figure 21. It is observed from this 

figure that (SITE3)av. has a limiting value of 0.003. 

The structure of the pits are seen in figure 22 and 23, which are 

reproductions of the computer 1s printed output and show the locations of 

the atoms on the lattice surface. Numeral l stands for the particles in the 

first surface layer and numeral 2 stands for the particles in the layer just 

beneath the first surface layer. The lines drawn across the crystal indicate 

the boundary between the particles of the first and the second layer which 

are exposed to the medium and actually show the structure of the pit surface. 

Figure 22(a) and 23(a) show the portions of the crystal surface at t = O. 

Figures 22(b) and 23(b) show the same portions after 365 removals for e(C3) 

= 0.01. Also figures 22(c) and 23(c) show the portion of the crystal surface 

in 22(a) and 23(a) after 365 removals for e(c3) = 1.0 x lo-4. It is seen 

from the figures that irrespective of the initial shape of the hole or the 

initial distribution of the different characteristic sites on the surface, the 

end result for the same values of e(c3) is the same. When e(C3) = 0.01, the 

(100) [010] step system is obtained for the pit but when e(C3) = 1 .0 x l0-4 


there is no regular pattern at the pit surface and the configuration is 


rough. 


DISCUSSION: 


It is observed from figures 22 and 23 that irrespective of the 

initial shape of the hole or the initial distribution of the different charac­

teristic sites on the surface, the end result for the same values of e34 is 
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the same. This is the Morkoffian property on which the mathematical model 

is based. On the basis of this property, it seems that the computer 

simulation is representative of the mathematical model. 

As observed in the last section there is a limiting value of 0.003 

for (SITE3) av. The reason why the limiting value of (SITE3) av. stays 

finite is that there are always a finite number of kink sites on the surface 

at any time. During the dissolution process the fonnation of kink sites 

takes place by the removal of the in-ledge sites from the steps. The major 

part of the dissolution then takes place by the motion of the kink sites 

thus formed. If there is no fonnation of kink sites on the surface, then 

the dissolution cannot take place. Hence, for dissolution to proceed, 

there must be finite number of kink sites on the step surface. 

There are three ranges of behaviour of (SITE3) av. with e34 . 

(i) ~ > 50.0, the value of (SITE3) av. hardly increases at all 

with e34 i.e. (SITE3)av. is independent of e34 • This is the range where 

square morphology is obtained. At any moment the number of kink sites on 

the surface is very small. If at any instant there are no kink sites on the 

step, immediately an inledge site comes out to form two kink sites. The 

small number of kink sites helps to maintain the (100)[010] step system at 

the pit. 

(ii) ~ < 3.0, (SITE3) av. varies linearly with e34 in this rang~. 

This is the range where rough morphology is obtained. 

(iii) 	 3.0 < ~ < 50.0, this is the intermediate range. 

It is clear from the above that if the process variables are such 

that le34 > 50.0, then the step system obtained will always be (100) [010]. 

As mentioned before, for the simulation only one set of numbers, 

the overall probabilities were used as the input parameters. These probabi­
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lities were fixed throughout the simulation experiment. It means that the 

simulation was carried on for the deterministic model. In fact the input 

information we have put in the simulation part is not complete and is not 

representative of the mathematical model. This is so because of the fact 

that the mathematical model is probabilistic and not deterministic. We 

are completely neglecting the chance variations which are part of the 

mathematical model. 

The simulation was carried on for the deterministic model because 

up to now, it has not been possible to find the form of the distributions 

for the different characteristic sites. Once the form of the distributions 

for the different characteristic sites is known, we will be in a position to 

have two sets of numbers as the input parameters. The two sets of numbers 

will be (i) the mean and (ii) the standard deviation of the distribution 

function for each of the characteristic site. The overall effect of this 

would be that we will have different values of overall probabilities for 

each of the characteristic sites after each removal of any characteristic 

site. 

As mentioned before we have been able to obtain only the rough 

morphology and the morphology with (100)[010] system of steps during the 

computer simulation experiment. Up to now, it has not been possible to obtain 

the (100)[110] system of steps during the computer simulation experiment. 

A glance at the input information tells that the enthalpy and vibrational ' 
entropy are accounted for by the values of the overall probabilities whereas 

the configurational entropy is accounted for by the crystal matrix. The 

configurational entropy control will then be possible - provided we include 

back flow in the simulation experiment. 

Inclusion of back flow in the simulation experiment means that we 

should take into account migration of the atoms on the surface. We assign 
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probab i lities for the movement of the atoms towards East, West, South or North. 

In the simplest experiment we assign equal probabilities for all four directions 

and the atom site selected is allowed to move towards the direction selected 

by unit distance. We do not let the in-terrace, in-ledge, kink and ad-atom 

sites to be removed directly from the surface, but instead all these sites 

are transformed consequently to lower coordination number sites and removal 

of an atom from the surface takes place only when it fonTis an adatom site. 

Also as we approach the step system (100)[110], the positions of 

kinks in the steps are no longer the kinks of unit height as is the case for 

the system (100)[010]. This is because of the influence of the second 

nearest neighbor bonds. We can include the second nearest neighbour bonds 

for the kink sites in the simulation experiment. Two type of kink sites are 

obtained on the basis that the number of the second nearest neighbours for 

them is different. On this basis we have to define one more overall proba­

bility parameter as the input parameter. 

CONCLUSIONS 

1. The differential difference equation obtained by the stochastic 

development of the model, has been solved exactly for pits of monoatomic 

thickness. 

2. With the help of geometric considerations for the pits of the 

type (100)(010], (100)[011] and (100)[010] and (100)[011] and the results of 

the model, some of the necessary conditions for obtaining the corresponding 

pit shapes have been obtained. 

3. Computer simulation has been carried out to find the extent to 

which it could be used. It seems that with the additional infonTiation of the 

form of the distribution of the different characteristic sites and the modifi­

cation of the experiment to take into account the back flow and the second 
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nearest neighbour bonds, one should be able to find the conditions under 

which different pit shapes are obtained. This should be the next aspect 

of the simulation to be considered. 
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APPENDIX I 


To Find Differential Equations in Terms of the Mean 

Value of the Fraction of Each Characteristic Site 


Starting with the differential equation 

(3) 

and the boundary conditions 

X5 

P ( :: , x1•1 x2•2 x3•3 x4•4 x5•s ( 4)t) • 
xl 

where P is the generating function, we write xj = e0j which gives the 

corresponding moment generating function. 

(A 1 ) 


then (3) and (4) become 

aM - 5 -e .+0. l 
at ­ l "J· (e J J­

J'=2 
-

M 
l) :0 

j 

4 
+ l 

j=l 
JJJ· 

-0 .+05 
( e J - 1) 

aM 
a0. 

J 

(A2) 

with i nitial condition 

AI - l 
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(5 (a1e1 + a2e2 + a3e3 + a4e4 + ases) 
M e: = e (A3)·~02 


01 


Taking logarithm of (Al) gives the cumulant generating function 

ees

(:: ,t) = 
(:: .t) ("64 .t)K 0 log M 03 = log P ee3 (A4)3 

e8202 02 
eel0, 0, 

Then (A2) and (A3) become 
' 

s 4 -0.+0aK _ (e -0j+0j- l 
- 1) 2.L. + µ.(e J S 1) ~ (AS)at - l >.j ae. l J ae. 


j=2 J j=l J 


with the initial condition 

(A6) 

In order to find the mean values of the numbers of different 

characteristic sites, it is necessary to expand the cumulant generating 

function in (AS) in first powers of e1, 02, 03, 04 and es. To achieve this, 

the value of cumulant generating function must be knc:Mn in terms of 
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o1, 02, o3, o4 and i.e. for the five random variables, we are concernedo5 

with the joint probability distribution at time t given by 

P { x1(t) =b, x2(t) = c, x3(t) = d, x4(t) = e, x5(t) = f } = Pbcdef(t) 

(A7) 

for which we can define the probability generating function 

(!p X3 
x2 ~= l 

b,c,d,e,f 

b c d e f 
Pbcdef ( t) xl x2 X3 X4 X5 (AB) 

xl 

Applying (Al), we can write the moment generating function 

b,c,d,e,f 
(A9) 

and applying (A4) gives the cumulant generating function 

ebe1+ce2+de3+ee4+fe5(:: .t)
K 83 = log l Pbcdef(t) 
b,c,d,e,f82 (AlO) 

el 

Expanding 
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in powers of 01, 02 , 03, 04 and 05 provides the definition in terms of 

joint cumulants as 

00 0 u 0 v 0 w 0 x 0 y
l 2 3 4 5K =( .t)83 l kuvwxy(t) u! v! w! x! y! 

.02 u,v,w,x,y>O 
(A11)

el 

where k00000 =o. 
Using (All) in (A5) and equating the coefficients of ej on both 

sides of (A5), the following differential equations are obtained 
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Solution of System of Differential Equations 


The differential equations are: 

(Bl) 

(82) 


(83) 


(84) 


with the initial conditions 

m.(O) = a. j = l ,2,3,4 and 5 (86)
J J 

The solution of these equations can be obtained as follows: 

Let Qj(s) = L {mj(t)} denote the Laplace transform of mj(t), 

then the subsidiary system of equations is given by: 

AII -1 




AII-2 


The above is a set of simultaneous equations whose determimant 

can be written down as 

0 0 0 

0 0 

->-4 0 

µ4+>-4+s ->-5 

Solving the system of algebraic equations (B7) we 

0 0 0 


0 0 

->-4 0 

µ4+>-4+s ->-5 

-µ4 '-5+s 

have 

D 

0 0 0 

0 0 

->-4 0 

µ4+>-4+s ->-5 

-µ4 '-5+s 

D 
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0 

0 

0 

0 

0 

D 

0 0 

0 

0 

D 

0 0 

0 

= D 

In each of the above the degree of the numerator is less than 

the degree of the denominator and hence we can expand in partial fractions 

to obtain a solution of the form 

5 c.. 
Qi(s) = l s-~~ i = 1,2,3,4,5 

j=l J 
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where s1, s2 •.• s5 are the roots of the determimant D, and the cij are constants. 

The determinant D on evaluation gives 

3+ S [A5A4+µ1{µ2+A2)+{µ3+A3){µ1+µ2+A2) + 

(µ4+A4+A5)(µ,+µ2+A2+µ3+A3)J 

+ s2 [A5A4(A3+µ1+µ2+A2)+µ1(µ2+A2)(µ3+A3) + 

(µ4+A4+A5)(µ1(µl+A2)+{µ3+A3)(µ1+µ2+A2)] 

+ s [A5A4(A3µl+A3A2+µ1µ2+A2µ1) + 

µl(µl+A2)(µ3+A3)(µ4+A4+A5)J = 0 (88) 

It is clear from the above that s = 0 is one of the roots of 

the determinant and if s1,s2,s3 and s4 are the other roots, then 

Taking out one s from (88) we can see that obtaining the roots 

of the quartic is a formidable task. Hence numerical techniques have to 

be used to obtain the roots. Nonetheless, once we know the roots, we can 

apply the inverse transforms and obtain 

s.tc.. e , + cj 5 j = 1 ,2,3,4 and 5lJ 
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The Solution of System of Differential Equations 

The differential equations are 

with the initial conditions 

m.(Q)
J 

= a. 
J 

where j = 1,2,3,4 and 5 (C6) 

The solution is to be obtained under the assumption 

5
l mj(t) = A 

j=l 
(Cl) 

From (C7) we can write 

Substituting the value of m1 in (CS), we have 
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(CB) 

The equations (Cl) to (C4) and (CB) are a set of simultaneous 

equations. If we substitute in these equations 

where j = 1,2.3,4 and 5 

i.e. Jt = D, we get the following set of equations: 

(C9) 


(ClO) 

(Cll) 

(Cl2) 

The value of m2,m3,m4 and m5 can now be obtained by the use of 

the determinants from the last four simultaneous equations (ClO) to (Cl3). Thus._ 

D+A.2+µ2 -A.3 0 0 0 -A.3 0 0 

(C l 4) 
0 

0 

D+A./µ3 

0 

-A.4 

D+>-4+µ4 

0 

-A.5 
m2(t)= 

0 

0 

D+A.3+µ3 

0 

-A.4 

D+A.4+µ4 

0 

-A.5 

µ1-µ2 µl-µ3 µ1-µ4 0+µ1+>-5 µlA µ1-µ3 µ1-µ4 0+µ1+>-5 



0+;..2+µ2 -/..3 0 0 

0 D+J..3+µ3 -/..4 0(Cl5) 
0 0 O+J..4+µ4 ->-5 

].11-µ2 ].11-µ3 µ1-µ4 0+µ1+"-5 

D+>-2+µ2 ->-3 0 0 

0 D+J..3+J.13 ->-4 0 
(Cl6) 

0 0 0+;..4+µ4 -/..5 

µ1-µ2 µl-µ3 µ1-µ4 D+µ1+"-5 

o+;..2+µ2 -J..3 0 0 

0 0+>..3+µ3 ->-4 0 
C( 17) 

0 0 D+J..4+J.14 -/..5 

µl-µ2 µl-µ3 µl-µ4 0+µ1+"-5 

m3(t)= 

m4(t)= 

m5(t) = 

AI II-3 

0+;..2+µ2 0 0 0 

0 0 ->. 
4 0 

0 0 0+;..4+µ4 - >- 5 

µ1-µ2 µlA µ1-µ4 0+µ1+ >- 5) 

0+>.2+µ2 -/..3 0 0 

0 0+>-3+µ3 0 0 

0 0 0 - >.. 5 

µ1-µ2 µl-µ3 µlA 0+µ,+>..5 

D+J..2+µ2 -/..3 0 0 

0 0+;..3+µ4 ->-4 0 

0 0 D+>..4+µ4 0 

µ1-µ2 ].l, -].13 µ1-µ4 µlA 

Solving the determinants in (Cl4) to(Cl7) we get the following 

equations: 

{[(0+;..2+µ2)(D+;..3+µ3){(0+J..4+µ4)(0+µ l+>..5) + {µ1-µ4)"-5} + 

>..405(µ,-µ3)}] + "-3"-4"-5 {µl-µ2)}m2 

= "-3"-4"-5µ1A (Cl8) 

(Cl9) 
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(C20) 

(C21) 

In the above differential equations, we have now the variables 

separated. These are non-homogeneous differential linear equations. The 

general principle on which the solution of such type of equations is obtained is : 

Any solution of a non-homogeneous linear equations L(m) = f is 

the sum of a particular solution of the non-homogeneous equation and a 

solution of the corresponding homogeneous equation (complementary function). 

Thus the solution can be written as 

where y1 = particular solution 

and v = a complementary function. 

The equations {Cl8) to {C21) have power of 4 for D. There will 

be 4 constants in the complementary function for each of these equations, 

since there will be four roots of the homogeneous linear equation . 

Thus the complementary function for equations {Cl8) to (C21) is 

v = C eAt + c e8t + c ect + c e0t
l 2 3 4 
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where A,B,C and Dare the roots which can be obtained in terms of A's 

µ's from the auxiliary polynomial 

for the cases (Cl8) to (C21), and c1,c2,c4 and c4 are constants which will 

have the same values for cases (Cl8) to (C21). 

The particular solution will be different for all of the 

differential equations (Cl8) to (C21) and can be obtained as 

A3A4ASµl has been multiplied by e0 t (since e0 t = 1) and by doing this, the 

calculation of particular solution becomes very simple. Now the procedure 

is to put down zero in the place of D and simplify the above. The final 

value obtained is the particular solution. Thus 

I A3A4A5µ1A 
Y2 = N 

I A4A5(A2+µ2)µ1A 
Y3 = N 

I A5(A2+µ2)(A3+µ3)µ1A 
Y4 = N 

I (A2+µ2)(A3+µ3)(A4+µ4)µ1A 
Y5 = N 
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Now we can put down the final solution for (Cl8) to C21) as 

(C25) 

We want to get rid of c1,c2,c3 and c4; this can be done by 

substracting m2 from m3 , m3 from m4 and m4 from m5• This choice was made 

so that the differences could be utilised for further solution. THus 

A4A5(A2+µ2)µ1A-A3A4A5µ1A 
m3-m2 = N 

A4A5(A2+µ2-A3)µ1A 
=------- (C26)N 

A5(A2+µ2)[A3+µ3-A4]µlA 
m4-m3 = N (C27) 

(A2+µ2)(A3+µ3)(A4+µ4-A5)µlA 
m5-m4 = N (C28) 

On rearranging these we can write 
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Substituting the value of m3,m4 and ms in (C2), (C3) and (C4) 

respectively, we get, 

Similarly, in order to eliminate m2,a3 and m4 from (C8) we find (m2-ms) 


from (C2S) and (C22), (m3-ms) from (C2S) and (C23) and (m4-ms) from (C2S) and C24). 


(A3A4As-(A2+µ2)(A3+µ3)(A4+µ4)JµlA 
m2 = ms + N (C32) 

(A2+µ2)[ A4AS -( A3+µ3)( A4+µ4) JµlA 
m3 = ms + N (C33) 

(A2+µ2)(A3+µ3)(As-A4-µ4)µlA 
m4 = ms + N (C34) 

Substituting the values of m2,m3 and m4 in (C8), we find the 

following differential equation on simplification 

To eliminate m2 from (Cl) we use the relation (C7) and substitute 

for m5 and m3 in terms of m2 from (C32) and ~26) respectively. The value 

of m4 can be obtained in terms of m2 by substracting (C22) from (C24) . 

Nonetheless, substituting the values of m3,m4 and ms in terms of m2 in 

(C7) yields 
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Substituting the value of m2 in (Cl) and simplifying we get 

(C36) 

Thus we have succeeded in obtaining equations (C36), (C29) 

to (C31) and (C35) from equations (Cl) to (C7). The equations obtained are 

linear differential equations of the first order and hence it is possible 

to give the complete solution explicitly. The complete solution of these 

linear differential equations can be written as 

A2 A2 
-(µl+tf)t A2A (µ +~)t 

m, (t) = e [ J 4N AsA4A3( 4µl+A2) e 1 4 dt+Kl] 

(C37) 
(A2+µ2-A3) t 

e dt+K2J 

(C38) 

(A3 +µ3-A4)t 
e dt+K3] 

(C39) 

-(A4+µ4- A5)t AS(A2+µ2)(A3+µ3)(A4+µ4-A5)µlA (A4+µ4-A5)t dt+K ] 
m4(t) = e [ J N e 4 

(C40) 

= e-{ 4µl-µ2-µ3:µ4+A5)t [jµlA(A2+µ2)(A3+µ3)(A4 +µ4){ 4µ1-µ2-µ3-µ4+ A5) X 

N 

e-( 4µ1-µ2-µ3-µ4+A5)t 
dt+K5 ] 

(C41) 
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where K1,K2,K3,K4 and K5 are arbitrary constants. The value of these 

arbitrary constants can be determined from the initial conditions at t = 0. 

Thus integrating (C37) to (C41) and substituting (C6), we obtain the 

following solutions: 
A2 A2 

- A2A3A4A5A [l e-(µ1+""'4°)t -(µl+~)tm (t)l - N - ] + ale 

A3A4A5µ1A -(A2+µ2-A3)t -(A2+µ2-A3)t 
m2(t) = N [1-e ] + a2e 

A4A5(A2+µ2)µ1A -(A3+µ3-A4)t -(A3+µ3-A4)t 
m3(t) 	= N [1-e ] + a3e 


A5(A2+µ2)(A3+µ3)µlA -(A4+µ4-A5)t -(A4+µ4-A5)t 

m4(t) 	= N [1-e ] + a4e 

(A2+µ2)(A3+µ3)(A4+µ4)µlA -( 4µ,-µ2-µ3-µ4+A5)t -( 4µ,-µ2-µ3-µ4+A5)t 
m5(t) = N [1-e ] + a5e 



;. 

.\ 

APPENDIX IV 

Case 1 

L N(C4) N(C3)NR 

1 l 4 0 

2 4 8 0 

3 9 12 0 

4 16 16 0 

4 25 20 0 

., .
L2Formula 4L 0 

Case 2 

L NR IHC4) N(C:3) 

l 36 24 0 

2 140 40 4 

3 312 56 8 

4 552 72 12 

Formula 2L( 17L+1) 8(2L+l) 4(L-l) 

Case 3 

L 

1 

2 

3 

4 .. 

NR 

45 

249 

617 

1149 

r· 

N(C4) 

20 

36 

52 

68 

N( f. 3) 

4 

16 

28 

40 

Formula 2(41 L2-21 L)+5 

AIV­1 

4(4L+l) 4(3L-2) 
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Case 4 


L NR N(C4) N(C3) 

l 32 16 4 


2 120 24 12 


3 264 32 20 


4 464 40 28 


Case 5 


Formula 4l (7L+1) 8(L+1) 4(2L -1) 

L N(C4) N(C3)NR 

l 52 16 8 


2 196 24 20 


3 432 32 32 


4 760 40 44 


Case 6 


Formula 2l(23..+J) 8( L+1) 4(3L-l) 

L N(C4) N(C3)NR 

l 5 4 4 


2 13 4 8 


3 25 4 12 


4 41 4 16 


Formula 2L ( L + l)+l 4 4L 
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MONTE CARLO METHOD 

The Monte Carlo Method, in general, is used to solve problems 

which depend in some important way upon probability; problems where physical 

experimentation is impracticable and the creation of an exact formula is 

impossible. Thus, the application of Monte Carlo Method is very essential 

to our problem. 

During the simulation of the process, it is necessary to obtain 

simulated statistics of the process which is entirely numerical in nature 

and is carried out by supplying the pseudorandom numbers into the process 

or system under study and obtaining numbers (random variates) from it as answers. 

The degree of success with which a computation may be made by 

the Monte Carlo Method on electronic computers is determined by the quality 

of the source of random numbers, which depends upon the choice of the method 

of generation of random numbers. 

The uniformly-distributed random numbers which are required 

during the simulation can be obtained in various ways on a computer. 

The first technique which is used comparatively rarely is to 

read a table of uniformly-distributed random numbers into the computer 

storage. The main disadvantage of this method in addition to the extra 

computer storage it takes is that for the solution of the problem for one 

set of input of overall probabilities, we frequently require ~ 104 random 

numbers, which is many times greater than the size of existing tables of 

uniformly-distributed random numbers. 

The second technique for generating random numbers consists of 

using special apparatus on the computer -- a 11 random number device" which 

AV-1 
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transforms the results of some random physical process into random numbers. 

The register in which the random numbers are generated is usually assigned 

an address within the general system of addresses in the computer storage. 

Then a reference to the random number device reduces to a reading from that 

storedin the machine. The disadvantages of this method are (i) there is a 

risk of instability in random number devices and hence, they need periodic 

testing; (ii) it is impossible to reproduce exactly the results of the 

computation of a problem. Although this method increases the speed of a 

computation, for occasional use, the maintenance in working condition of 

random number device demands a considerable amount of work. 

The last technique and the one we have used and which is being 

wide ly used is to find a random number, by means of a recurrence relation. 

Each successive number aj+l is fonned from a preceding number aj by applying 

some algorithm consisting of arithmetic and logical operation. Such a 

sequence of numbers is not random but nevertheless, it may satisfy various 

statistical criteria of randomness. These numbers are thus called pseudo-

random numbers. The main advantage of this method is the random numbers 

are reproducible and hence we can check their randomness . A subroutine was 

available for generating pseudo random numbers at the computer section of 

the McMaster University and it could be used on CDC-3600 computer. In this 

case, the first hundred numbers produced were destroyed in order to improve 

the randomness of the pseudo random numbers. 

The aim is to use the random number generated at a particular 

instant to choose which characteristic site c. should be removed from the 
J 

surface of the crystal. As it is known that only one type of characteristic site 

can be removed at any discrete moment of time, then the events pertaining 
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to the removal of a characteristic site Cj are mutually exclusive events 

with probabilities P(c1), P(C2), ••• P(C5) respectively and 

5 
L P(Cj) = l 

j=l 

then 

P(C1) + .•. + P(C. 1) < y < P(C1) + •.. + P(C.) j = l ,2 ,3 ,4 ,5
J- - J 

determines the type of the characteristic site (Cj) to be removed. y is 

a uniformly-distributed pseudo random number. The following is the flow 

diagram which schematizes the procedure 

-r rri -r 

The box containing y always denotes reference to the subroutine 

FRANDN generating the next random number of the sequence. 

In the case when we have to choose one characteristic site for 

removal out of a set of a particular type of characteristic sites, the pro­

cedure is still shorter. Here, we multiply the random number generated with 

the total number n(Cj) of that particular type of characteristic site at that 

instant. The resulting number gives the location of the atom site to be 

removed, i.e. 

location of atom site to be removed = y * n(Cj) j = 1,2,3,4 and 5 
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FLOWCHART 

( S°TART) 

+ 
Input Data I 

+ 
Start the string 

of the random 
number generator 

+ 


Define 
ISIT = (Depth of the site) x 100 

+ coordination of the site 

+ 

Count the number of all types
of characteristic sites on 

the surface 

+ 

Calculate 


x e(Cj) 

, j=l,2,3,4 and 5 

(C.) e(C.) 
J J 

+ 

A random number determines 
the type of characteristic 

site to be removed 

+ 

® 

continued ..... . 
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A random number determines 
the location of the site to 

be removed 

Remove the site selected I 
+ 

Count the number 
of sites removed 

Modify the coordination 
of neighbouring sites 

Modify the value of ISIT 

of the neighbouring 


sites and the site removed 


Number of sites 
removed = 365 

Yes~ (----.
-+­~ ~ STOP) 

+ NO 

® 
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COMPUTER PROGRAr+1E 
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(. i\ L L r 1--: /1 i\i i.J. 1 ( l ..:i 1 T , l l, u ' I I 

C...\LL .,..'(;i..(r-. (I~ l l ,1 .• l 

Cf\ LL ....>[ <_v,~U < Ti\v \·~ l 

T : T i·.:U .-; - T L /\ ~T 
P~IhT 2'.1 l i Utlitf,IT 

G CCNT I f•!i.ff 
STOP 

u F 01~;.~i\ T ( 2 I 5 l 
•) 	 FuR1·aid (-;(-._,j l1 ·1c. lh ..:it(v:~i...1:.:; r01< ~LT*,IJ t ;(· .~ r1 ~*,fc..le::>,j;\9 ><· ~l i-\i\l i1H:; 11-11 L 

:t>G[ i..: Fvi\ io..A1~0u r· 1 l •lJ!·. lj C:h~ l;i:..-.;.;.1-<Mlv•' \·;t\;:;,><,ilvl 
i: ND 

suur<uUT l 1-..L »•vi'" (Is IT t. , ,., l 

c:.;•.;/.C1-i I'.::il T ( 1...,:..,.-.,v l 

((;r.. ,.:u,./1<A1»L/"1 °' ( ~ l t 1~.::> ( :i l t1 ;1'. M1't (:;) •l~ l'..1 LL ( '.:::) 

lJ I 1'1 t:. ;'i;:.; I vi~ I ..;, I I i::. ( ,., , , .. , l • I :.:.. l ( l v v l ' f-' ( :, l , ;.. ( :; l 

;) I 111t. I~ -::, I J :-.: .::; ;J I'\ v i.) ( :::i ) ' y ( ? ) 

j\·~ ;·l=j ·· i * 1 ·1 

JR Ei·.;: J 

i·J.::.i ( l l : .'J ;:; ( .:.'. ) : ;., .::i ( j l = ,'~ S ( '+ l :.: ·-· 

l)iJ 14 l=l• '..J 


t 	c~l~~u ~ ~i: ,~l!:,v 
D 	 l~lT(l)=1,.- :; 

;'iS ( j) -= ,,,.,·;
I 

i-<i:.1\U 1 --,v•,, "~, J t·.1\X 
p F iJl \i.: 1\ T ( l If I '..; l 

p I\ I i~ T 2 '.J L' ,; ' I ' 


FOkhAT(""'l i ;J.- ., ~C:i<: ~A- ~· lll;_, 1<i:'.1•.vV;...ij I ; ~ITU\LLY*ti':.il 


I 
~ 

l~C.A~i l lhl', I , J 
: ~=f"~ -1 
IJ=l+(J-ll~~, ·I 

C/\LL• l<lr-" ~iVt ( I J ""· l 

lF( N .GTe vl 0~ TU l~ 


uo l ~ I: 1 ' '-' 

) 	 i·; 1.;; (I l =,'j. :1 ,t, r,t... (I l = ;\j ,.._ I LL (I I= ·. 

k c{\ l.> l 1 -.. u t t·> 

J 	 F Ul\ i··11\ T ( '.> F lih l l l 

.'.:l P "- u • ,, 


I.JU J vu I:.:i, '.1 

1 	 ~ P :: ~) IJ H >! I l 

I y ( I ) = l l ( l ) I :, f' 

XX = Y<ll/Y( .5 ) 


http:ITU\LLY*ti':.il
http:1<i:'.1�.vV


XY=YUl/Y(j) 

XL=Y(L1)/YDl 

.l(L.i=Yl,..1)/Y(;,) 

Pi-< I 1lT l l:'. t; ~,,I, 


_, 	 Fu1<. .•, /\ I ( kl,f-'l, ,JL,;,0IL1 I l L ::. ul 1<L1·..J\/ I ,·.l, 1._v-01,u 1,.,. ,\ I 1u 1, 1,LJ,·1uLl\J 1 iv '..> ,,,.; 

J; t:: ·ll· ' :::; x ' ~ f_ l'• • j ) 

IJf~lf~T l4UvtY 
.) f(J f\; ·. , /,T( lt~ ff;t.:. V/;Lul ::) 1....+ t-'(l)/(JL... 1·i vf- ;'.\ LL P(l)) ··~! f i· I ! V/>, i-<Yl1-i0 f- 1,v··· 

~l TO ~ ARE*tjXt5ll2.~l 


PI~ I rJ T 1 3 u · . , XX , X Y , XL , 1, .._; 


FJl"<t '.i-d( 'k "i,i,vf..'~ 1 11::.iiilt::.:..i v·dTr; r<t..:.;f-'C:LT 1u i'..li,i'.. ~li t. ::, ;'.\1'\ L: '~ , j/\ ,'+ t..l'+ e:..il 


P l~ I I'~ T 3v 1_: u 
-' Ful-<1·1AT( lril,///,27Xt*l1\ I 111\L ~ulffAU:.X-//) 

DO JU J=l•··• 

[)0 2U I=lth 


• I~T<I l=I ~ IT c (I,Jl/l vu 

J PI< I i'~ T 4 v .:., ,, ' ( I ::, T ( I l , I =l ' 1'-i l 
; F 0 1~ 1.. /\ T ( 11X,1,:. u I l ) 

(;.\ L c0 L /~ l l 1i' .::> 1 I~ i'l T ;''' l vu :) ;-> '\ u;; j\ L) 1 L i T i t.: .'.) 


S=U. 

uO 4u I=ltS 

.S=~+P ( I ) •~i·JS ( I l 

DO 5J I= l t? 

X( I l=f-l( I )-111\J::i( I)/::., 

I SPROLl(Il=SPkOb(! l+X( Il 
CALL FRA~UN( ~ ,1, u J 
IF( i-<.Lt::.X(.i.Jl lJO Tu bv 
X(2l=X(l)+X(£;) 
!F(k.LE.X(2)) 00 TU 7 v 
XDl=XU)+X(_;;) 
IF ( h •L E • X ( j l l l;U Tu o0 
x ( 4 ) = x ( _: ) +x ( ... ) 
IFl ~ .L E . Xl4)) uU TU ~v 

,\ ( = :.· :,.; i.:lv l li l ~,u 
.';(= .l. i ' ....i...: T-.; luv 
•C= L .. I.JI.... I v l \.Jv 

... c= J ± \.J I..; Tv lvv 


.~( =4 i· G(.: TO lv~ 


CALL Ff~ 1\;wi, ( r\ ' 
, 
.I. ' u ) 


I '' = 1-\ -!:· 1·~ S ( NC ) + l • 

1-.i·~="i1·· i I 2 

i..JO 12 u IJ=i, , - :;~ 


I F ( '.,CJ J ( I .:..d T ( l +,.,I l- I j ) ' l vu ) • l !J. I~ \... ) I h; =I ·~ -1 

IFCIKI lj u , l3u ,liv 


1 	 r F c....0 u c r ~' 1 r ' . , , .J+ r J i , i u ~ i • : ...... '"c i 1 1-\ =r1, - l 

I F ( I I~ l l '+ l ; , l 4 1., , 1 2 u 


CONT I f·W E 

I J =,.i, ..J ~· l J v Tu 1 S u 

lJ=1+ 1· 1f·-i-IJ :1, (Ji....' TU i '.>U 

IJ=lJ+hN 

(/\LL id.~ ··iuVL ( 1.i ' '"· l 

j J< L.1·1;;:; .) I ~ LI' I + l 

I f CJ 1-: l.i · . • L'.>i . :J u l 1,u TU 1;) v 

IF ( J l,L. l·1el t.;>. l v\, l u U r (; l d" 

IF< Jl,L I·"· bJ .1 '.>u l liu TC 1 du 

l F ( Ji~ U··1 . L lJ . 2. Liv l G lJ T() l ~ \I 


I F ( JI<L i"1 • t:. i_.:· • .::. 5 u ) Gu Tu l Ou 

IF (J1:./Lr·1.L u . 27? l0G TU ld v 

I F ( J 1~ CJ·I • l '-' . j u u ) liv TU 1 ti v 


IF (JI~ C:1-: . i:::,~ . 3 i? l ~)v TU 1 ::.u 

IF<JR LM . E~ . 35vlG0 T0 l vl. 

http:J1:./Lr�1.Lu
http:i-<.Lt::.X(.i.Jl


l F I J :-\ U . • L f • ._, .;\ X ) i.J U I u 3 ':i 
L;O 161..- l=:,,.,, ., 

., I:..ilT<Il=I::.Jflll/lv1,, 
J ? I"< h!T '::i u U'v , f, i" J [-<Li 
, Fu 1"<• ., ; , 1( -,i- ._, ,.,J, ·1 l,l: ;·< 0f .Jllc-~ 1-. u -,....;v.._1., '1;ll11 Cv-v1<:.Jli. 1·\llu1~ 1'<u11u l" '.J .1. Tv:.;, 

~, Al<t:.'' ''.:.I':; t j,\ , -i;-T v JAL l • Ln'1l)LI\ 1-.:L1·1vVLLJ •'If~\;_,-::'~ :J) 

j-l f·d I l T 7 '"" "' ' .~ I';{\ i.:. t. 

f)l~I1~T tlJ'-"., frn, lL i.. 

f;j j..( :,,4T(-i~_, f>1J 11 :..:.E1' uF Silt<.) u,i::.1\ILU ..-dTli c0-G :-< u I 1J/\T lU1'i " '-Ji •1 :...,t. ~ -;;s l Tu '.;; 


:5 1\REJ,515! 
, Ful-< 1 , ,J\T( 00 1_,i~ln·1i:. i l:. 1-< '--1- Sllt..:;, 1_•t.::ST l,uYcu .• !Tri (.v-() 1,...; i i,,cdlv i'i .~ u i· ,Gc:. r\ ;:, l Tv 

j, s J'.l<i::.*,'.:llj) 
PJ..;! J~T DvV v tiL.) 

; 	 F0 i·-.'.,. i/1f(-X· u1~ ,;.-1~: i;_I-; vF 1·;t_;· ,AI ; ,l1·H.J ~.dl't:..::i •'< lfr j 1...v-u1-\U l 1• ;1, llu"' 1~U1 ·1:..., t • '..:; .i. ''"'· 

.J :;, ;:,,:~L-i~,sr:.ii 

Pi\ I ;~ T 7 :, ~ J "J , :.~ PF~ t) ;5 
' Ful(,.,/,f(·::·u~ ,.i · · · Ui- Ih.:., T/1. 1~Tf\ i ';Luu:.... r-'.<uwA:.:ili...l r ll· ::.i I UI\ fGl1;L 1-\l..1·l l.J V i\L r :.:,-k , 
;;,jF14.~//I 

I F ( J h: f> •L T • J .. ,i\ X l G\..' f U 3 :;; 

f.' In i, T d Su •., 

Fv1, ,·,Al(J.Hl,///,17Xt'.<-_,v i'\l-/'.11...L 1'.,Fltl\ 1'<L1· .vVhL uf .:>u:.i ...>lTc.:.;-li//) 


[;J 170 J= .;_'' ' I 
; 	 tJ !<I 1·1 T 4 '-· u " ' I l .:.; I r C. ( l ' J l ' I :: l 'i 'I l 

1-<ETUIUl 
ENl.J 

::iuLj1~0uTI1.L ;~ L1 .. 0Vl( IJ, .. 1 ) 

COi·'> 1' 1v1• I:.iITClG ':tuu) 

((.,1 '11-. U. ; / 1·,;\i-d::./ 111' ('JI, ... ~ ( '.)) , ;.,. ,,,.,("C. ( :.i I "' '" .i. LL ( ) I 

i ·:=l~IfllJl 

i ;( = i·UIJ( i 1' l'J ·_, ) 

I L ='"I 1 ~.i v 

. ,.'.:J ( ;,( l =.~ ~ I ;,c l-i 

,\ i\ ( \ ~ ) = I'; 1-: ( ' ;c )+ ~ 


"'";, L. 1... ( ;\(.I"°"'' l L1... (I\(_)+ l 

lL 1, :::( iL+.i.)~- .. v...,+U 


.,( =-1 

: ,1 \ =I :: I T I I .,; + l l 

lr( ;, ,~.G~.IL."l :-iC =1 \'-. -l 

l F ( I • : .. I 1 ,; \.. • :• i.. • I I. ) cI 1• ; I :_; l '­

' ;Ci"•=;,, \.) t.:· ( i ~; ' ' ~ ') u ) 

J j ,_) ( ; •c I' I ::0 j ·J .: ; ( .• L f,, ) - 1 

I'~ r, ! LL ( ;"U •1 l =1, I • l L. L ( "u ,J l + l 

;~:.> ( .~ (11; -l) =1Li ( n(1-.!-l) + l 

l, 1< i\1,C: ( IH..l'J-1 I::, , ·: /''"L ( t'• '-·•-1) -t-1 
I:::iIT(iJ+ l J=,, \ -1 

N ,'~=IS!T( i J-~ l 

I F ( f'~ 1\ • (, L• l L;·.. ; ,·-.. ~ = r.~ \.~ - l 

IF( ,\111 /LH_,.r, L .Ill CUT ·..; f:'. _ 


r~ CN="·· uu ( i Jh , .L v l
·v 

:'L.) C: -..U ~ I =i-.J~) ( 1,u., I -1 

,· ~r, I LL c !'JC;·~ l =,.r, ILL< ,,e r, I+ l 

111 ~) ( 1~l1i -l l = 1"•0 ( 1·1(: ,-l I+ l. 

i·-.1 1· 1M~ L ( ikt ·1-l I :::i«1 · i/ILL ( I<•... ·i -1 I + l 

I .1 1 r Cl .J - .I. l :o- 1li .J - l 

; l 1 ~ = l :_, I I ( l _) +I ' ) 

11-· ( :.;I j • (; L • I L '' l d l =:-. l.. - i 

1 F ( W~ / l·_, >. J e i<L . I L l ( ; l ; I '.; __ 

d(f-. -'-1'.VL) ( :~ ll t l v •)) 

http:Fv1,,�,Al(J.Hl,///,17Xt'.<-_,vi'\l-/'.11
http:L-i~,sr:.ii


f'\ s ( I K f~ ) =[\ ~ (l'J (.i..; ) - l 
NK I LL ( iKIJ) =I d , I LL ( iKi ·j ) + l 
:~ S ( IK fj - l ) =i~ .::i < 1\i Glj -1 ) + l 
1•,·1A«~l:. ( ;iulj -1) = h.·i,1\1'..l ( 1\( .,-1 l +:;. 
I s I T ( I j + 1<1 ) =I hlj - 1 

v 	 ;m =I ~ IT ( I J- ,·1 l 
I F ( i·~ ;~ • Gc::. • I Lr·, l ;, C =t'K- l 
!F( ifr~ /lvvel ·J'.:. .lL) 00 Tu 4 1., 
i~ CN=i· ·,\.;[; ( f,\, l 1, v) 

~S ( fKN l= NS ( 1KN l-l 
Ni<. I LL ( i'K l'l ) =•i.-... I LL ( h C /' j l + l 
~~s < rK1J-l l =,,.:.i < J',(1J -l l +l 
Ni·iAK.E ( NC.~ -1 l = f•1·1/\i<-c ( :\(, ,-1 l +l 
ISIT( IJ- iv', )=1 ~i\ -l 

J ISIT<IJl=lL~+NC 

r..; s ( 6 + NC l =r·J~ ( t, + ill C l + l 
;~;·,lAr<.E ( 6+ NC l : ;fr,AKE ( 6+iK l +l 

i~ E TUI~ f'~ 

E ND 



Table 1 


Definition of Characteristic Sites for 

Simple Cubic Crystal 


Surface atom Number of Notation used for 
First Neighbours(j) the atom site 

In-terrflce 

In-ledg~ 

Kink 


At-Ledge 


Ad-atom 


5 C5 5 

4 C4 4 

3 C3 3 

2 c2 2 

1 cl 1 



Table 2 

IT''4
Behaviour of n;-when a3 = 0 and a4 = 0 * 

3 

Condition for 
x4 and x3 

x4 = 0 and x3 > 0 zero 

x4 > 0 and x3 = O infinite 

finite and constant 

* Applicable for short times 



Table 3 

Behaviour of m4(t)/m3(t) and Q 
with Different Surface Conditions ~ 

Q
Surface Condition 

(i) x3 < 0 and x4 < 0 constant 	 finite and constant 
(ii) x3 < 0 and x4 ~ 0 tends to zero zero 
(iii) x3 ~ 0 and x4 < 0 tends to infinite infinite 

(i)* x3 > 0 and x4 = 0 tends to constant 
(ii) 	 x3 > 0 and x4 > 0 tends to constant condition for 

dynamic equilibrium 
( i i i )* x3 = O and X4 > O tends to constant 
(iv) ~ 0 and x4 < 0 tends to infinite 	 infinitex3 

(i) x3 > 0 and x4 > 0 tends to constant condition for 
dynamic equilibrium 

(ii)* x3 = 0 and x4 > 0 tends to constant 
(iii)" x3 > 0 and x4 = 0 tends to constant 
(iv) x3 .< 0 and x4 ~ 0 tends to zero 	 zero 

(i) x3 > 0 and x4 > 0 tends to constant condition for 
dynamic equil ibrium 

(ii)* x3 =0 and x4 > 0 

(iii)* x3 > 0 and x4 = 0 


L3 and a4 = L4 x3 <
> 

O and x4 <
> 

O constant at t = 0 dynamic equilibrium 
L3 and a4 > L4 (i) x3 : 0 and x4 > O tends to constant condition for 

/ dynamic equilibrium 
(ii) X ~ 0 and X 0 tends to infinite i nfi ni te3 < 4 < 

>( i) x3 , O and x4 < O tends to constant condi ti on for 
dynamic equilibrium 

(ii) ~ 0 and x4 ~ 0 tends to zero 	 zerox3 

tends to constant condition for 
dynamic equilibrium 

tends to constant condition for 
dynamic equilibrium 

* Applicable for short times 



Step System Number of Kink Sites Number of in-ledge sites 
N(C 4) 
N{C 3J 

00)(010] 

DO)[Oll] and 
00)(010] 

DO)[Ol l] 

(i) zero 
(ii) finite and constant 

with time 

increases with time 

increases with time 

( i) increases with time 
(ii) increases with time 

increases with time 

constant with time 

(i) infinite 
(ii) increases with tim 

(tends to infinite 
at large times) 

constant at large times 

decreases with time 
(tends to zero at 
large times) 

Table 4 
Behaviour of N(C3), N(C4) and N(C4)/N(C3)for 

Different Step Systems* 

e 

* Applicable for short times 



Table 5 
-
K For Different Step Systems 

Case Step KNumber System 

1 {100)[010] zero 

2 {lOO}[Oll] and 
{100}[010] 4.0 

3 { l OO}[Ol l] and 
{ 100}[010] 1.333 

4 {100}[011] and 
{ 100}[010] 1.0 

5 {100)[011] and 
{ 100}[010] 0.6666 

6 {100}[011] infinite 



Table 6 


Conditions for Obtaining Pit Shapes * 


Step System Condition 

( 100)[010] a3>L3 and a4>L4 
X3>0 and X4<0 

a3<L3 and a4>L4 

a3=L3 and a4>L4, x3: O and X4<0 

( 1 OO)[Oll] 

(100)[010] and (100)[011] 

* Applicable for short times 
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Figure 23(a) - Initial distribution of sites on 
the surface. 
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Figure 23(b). Distribution of sites on the surface after 
365 .removals for the overall probability of kink sites 
of 0.01. 
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Figure 23'(c). Distribution of sites on the surface 
after 365 removals for the overall probability of 
kink sites of 1 x io-4. 




