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SCOPE AND CONTENTS:

The purpose of this work 1is to calculate phonon
dispersion curves in metals paying particular attention to
the evaluation of a new electron~ion matrix element by use
of orthogonalized plane waves (OPW), The dynamic role of
the electrons in screening the electron-ion interaction has
been studied, Our formalism makes use of recent developments
in the theory of the many-body problem, Applications of
our theory have been made to aluminum, The pseudopotential
part of the OPW electron-ion matrix element produced an
overscreening of the frequency modes, Comparison is made
to the use of the Bardeen matrix element, Our results
strongly suggest that this calculation applied to lead would
explain the magnitude of Kohn kinks observed by Brockhouse

et al, (B 62a).
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CHAPTER 1: INTRODUCTION

1, BACKGROUND AND OBJECTIVE

In recent years phonon dispersion curvee for metals have become
available from the study of inelastic neutron scattering and diffuse
scattering of monochromatic X-rays (B 62a; B 62b; W 56), Before that,
the knowledge of the elastic constants determined only the slopes of the
curves in the long wavelength limit, Since there are only three elastic
constants in cubic metals very restrictive assuﬁptions must be made about
the nature of the interatomic forces (e.g. first and second neighbours),
On the other hand, the complete dispersion curves specify the range of
the interatomic forces, For example, the results of Brockhouse et al,

(B 62a) on lead indicate that the forces may extend out as far as eight
neighbours, The fact that these interatomic forces have such long range
‘strongly suggests that simple Thomas-Fermi screening cannot describe the
role of the electrons adequately, It has been recently shown that the
redistribution of the conduction electrons gives rise to oscillating long
range forces (LV 59), Thus it is not unexpected that the phonon
dispersion curves contain information on the electronic structure of
metals, It is the purpose of this research to make a detailed theoretical
analysis of the eff§ctive ion-~ion interaétion due to the redistribution

of electrons in their attempt to follow the ion motion,



The effective ion-ion interaction in & metal can be thought to
consist of three parts, The first is the repulsive coulomb interaction
of unscreened point ion charges, The second is the repulsive correction
due to the finite ion cores which may be treated with a Born-Mayer
potential (S 40), The third part of the effective ion~ion interaction
and the one of primary interest to us arises from the strong screening
effects of the conduction electrons, The recent observation of Kohn
kinks (B 62a) has stressed the dynamic role of the electrons in the
screening process: the screening depends on the phonon momentum q,
One major reason for this research project is to investigate the
megnitude of these observed anomalies,

The process by which the electrons screen the ion charge
involves both the electron-ion interaction and the electron~electron
interaction, Recent progress with the many-body problem has provided
a mgthod of treating the electron-electron interaction, This thesis
is concerned with calculating a new electron-ion matrix element by use
of orthogonalized plane waves (H 40) and applying the result to the
problem of lattice vibrationms,

| The electron-ion interaction describes the scattering of an
electron between single particle Bloch states by the unscreened
perturbation caused when an ion is displaced from its equilibrium
lattice position, The electron-ion interaction renormalized by the
‘electron-electron céulomb interactions is called the electron-phonon
interaction, The static ﬁart of the electron-ion interaction defines
the Bloch electron states which are the basis eigenfunctions in our

calculations,



Chester (C 61) has written a complete review discussing the
present status of the theory of lattice vibrations in metals. Here we
describe the background material relevant to our calculation,

The first fundamental paper on the electron-ion interaction was
written by Bardeen (B 37)., 1In a study of the conductivity of monovalent
metals Bardeen calculated an electron-phonon interaction matrix element
which gave results in satisfactory agreement with experiment, Using the
Hartree approximation and a method due to Mott and Jones (MJ 36) the
electron-ion matrix element was evaluated, Allowing this interaction teo
perturb the Fermi sea of Bloch electron states to first order, he found
a self-consistent conduction electron distribution, The net effect was
that the electron-ion interaction ﬁas screened by the conduction electrons,
Bardeen stressed the fact that his approximations were valid only for
monovalent metals, No‘calculation comparable to this has been published
for polyvalent metals,

Nakajima (C 61) has given a field-theoretic treatment of this
problem again in the Hartree approximation, He found that the electron-
electron coulomb interactions screened the electron-ion matrix element
with results identical to Bardeen's, When this effect is taken into
consideration in calculating the lattice frequencies he discovered a
large change from the frequencies obtained from the direct coulomb ion-
ion interaction, This change is extremely important for the longitudinal
mode since the coulomb lattice frequency dées not go tg gero in the long
wavelength limit as if must to agree with_the elastie properties of

metals, Nakajima did not pursue this problem as he was primarily concerned



with understanding the effective electron-electron interaction arising
through an exchange of virtual phonons suggested earlier by Frohlich
(F 50) as the mechanism in producing the superconducting state,

Toya (T 52; T 58) extended Bardeen's self consistent field
method to include Hartree-Foch exchange via the Slater approximation
and calculated the normal mode frequencies of the alkali metals,
Brockhouse et al, (B 62b) has found agreement with Toya's (T 58) sodium
calculations, Toya's expression for the frequency is similar to the one
which we derive, However, we do not use his type of exchange or include
any ion core overlap repulsion via some Born-Mayer potential,

Bardeen and Pines (BP 55) extended the Bohm-Pines collective
coordinate description of an electron gas to take into account the
electron-ion and electron-electron interactions in metals, Their phonon-
dispersion relation is identical to that of Toya (T 52) and Nakajima
(C 61), The elastic constants for sodium were calculated (without
exchange) and were found to be in reasonable agreement with experiment,

Kohn (K 59) pointed out that in phonon dispersion curves for |
metals anomalies, often referred to as Kohn kinks, should appear for
certain values of the phonon momentum corresponding to the scattering
of electrons across the extremums of the Fermi surface, These anomalies
reflect an image of the Fermi surface in metals., The only Kohn kinks
that have been observed to date occur in lead (B 62a), Attempts to
observe these anomalies in sodium (B 62b) and aluminum (YW 63) have been
unsuccessful, |

The magnitude of the Kohn kinks in lead cannot be explained on

the basis of the Bardeen electron-ion matrix element (WK 62). For this



reason we decided to make a new calculation of the matrix element,

Recent success in other calculations with the method of ortho-
gonalized plane waves (OPW) (H 57; KP 60; CH 61) has led us to use this
approach in the calculation of a new electron-ion matrix element, This
calculation is applied to aluminum for three reasons, First, Heine's
extensive OPW work (H 57) on aluminum has provided the self consistent
field potential and the_knowledge that one OPW wave function is a good
approximation except ét points of symmetry, Further, this means that
we can use spherical energy bands for aluminum, This has been
corroborated by the more extensive work of Segall (Se 61), Secondly,
the number of core states in aluminum simplifies‘our calculation to the
barest essentials, In contrast a calculation for a complicated material
like lead would be much more involved, Thirdly, lattice frequencies
can be calculated with.this new electron-ion matrix element and compared
to the measured values of Walker (W 56),

Our calculation of lattice frequenciés requires the use of the
usual adiabatic approximation (BH S54; Z 60) and the fundamental assumption
that the effective ion-ion interaction can be determined from a pertufbation
treatment, The fixed constants in our theory are the lattice constant
ar, and the ion valence 2',

The magnitude of the screening process of the electrons varies
strongly with the metal, In sodium (B 62b) the experimental values of
the frequency squaréd at the Brillouin zone boundary are about 3/L4 the
value found using only the coulomb ion-ion interaction, In contrast, for
lead (B 62a) and aluminum (W 56) these ratios are respectively 1/20 and
2/5.
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In chapter 2, a reformulation of classical lattice vibrations
in reciprocal lattice space is given, An expression for the normal mode
frequencies is developed in terms of an effective ion-ion interaction,
fhe rest of this chapter is concerned with establishing the general
formalism of the calculation, The adiabatic approximation is made and
the notion of the screening frequency introduced, Standard many-body
theory is applied in chapter 7 to develop an expression for the effective
ion-ion interaction energy which arises from the interaction of the
‘electrons with the ions, This energy is calculated to second order in
the electron-ion interaction and extended to all orders in the electron-
electron interaction by use of the bubble approximation, The procedure
for calculating frequencies from this perturbation energy is given after
normal mode coordinates are introduced, Chapter 4 contains a general
discussion on the evaluation of the electronfion matrix element, The
electron-ion matrix element is evaluated using orthogonalized plane
waves (H 40) and compared with the Bardeen result (B 37), The description
of our numerical procedure in treating the orthogonalized plane wave
matrix element is given in chapter 6, The calculation is applied at
this stage to aluminum, A discussion on the magnitude of the Kohn
anomalies is given at this time, This chapter concludes with an analysis
of the frequency curves calculated for aluminum using the Bardeen matrix
element and the orthogonalized plane wave electron-ion matrix element,
The results are not too similar, In the conclusions, chapter 6, we
stress the possibility of our method being applied to lead to explain
the size of the Kohn anomalies observed there (B 62a), Our conclusions

are summarized here, and other ideas for further research afe listed,



Table 1
Constants for Aluminum
(-]

Lattice constant ap, : L ok A
Wigner-Seitz cell radius ro 2,99 a,

1 2R
Fermi wave-vector kF 927 = =1,127 ~—

8 &

» o
14

Plasma Frequency w, 1.88 x 107" r,p.s.

ao is the Bohr radius



CHAPTER 2: FORMULATION OF PROBLEM

1, LATTICE VIBRATIONS FROM AN EFFECTIVE ION-ION INTERACTION

As pointed out in the introduction, an effective interaction
between ions will be obtained by use of many-body perturbation theory,
Since the results are most accurately expressed in momentum space, to
have a basis of comparison with a classical treatment of ion vibrationms,
a reformulation of the classical theory is gifen_in terms of reciprocal
lattice space,

Consider a metal with one ion plus Z' conduction electrons per
lattice point, The lattice vectors,'i: are the ionic positions at
equilibrium, Small ionic displacements from equilibrium, 53;, will be
treated,

Assume there exists an effective ion-ion interaction
V('f + b_i;L --i-\' - G?L,) between the ions at pointe-L\ and _I'.l' depending only
on their separation, This potential, V, includes the direct coulomb
interaction between the ions, which throughout are assumed to be point
charges, and effects due to the screening by the conduction electrons
displaced by the small ionic motions,

For N ions, the total Hamiltonian is

d V(L-L )

g&%] %%4%9‘(Eﬂﬁ Gaéin (2-1)

L,L!
(L#L')
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The first term is the kinetic energy; M is the ion mass, The second term
is the change in the potential energy for harmonic motion displacements,
This Hamiltonian is invariant under an arbitrary linear translation of the
lattice, that is, for all tfﬁL equal a constant,

To diagonalize the Hamiltonian H, one makes a transformation of
coordinates, Define normal coordinates Q(‘;z, o), where (‘1.:,6') specify the

coordinate which is time-dependent, by
= N
IR N
R, = 0m* z UK, ER,0) oL T
:)Z)U'

N
The sum on K (N values) is over the first Brillouin zone; the polarization

(2-2)

index o has three values, which in symmetry directions are the longitudinal
mode and two transverse modes; and 2(‘77,0') are the eigenvectors of the

normal frequencies problem and are orthonormal,

-— ~—

€ X,&) .€W,0') = I (2-3)
Using the relationship,

13.T
e = Nogg (2-4)

A
where G is a reciprocal lattice vector,

e -~ A
xK,&) = (M/N)% g‘ 6R; « €k,s) e-iak' L (2-5)
L

~
We choose €(K,5) real and
- N - .
€ (K, o) = E(-Ko)
so that,

QK,s) = QK | (2-6)



11
Substituting (2) into (1) gives

-Z WRe) o) + AR PR, ") E.c(%—)
L%0

ml.(.(?( ') {l-cos -A}‘J (2-7)
OL

This ion Hamiltonian is now the sum of N uncoupled phonon Hamiltonians
N - N '
labelled by K . The sum over L is extended to include L = O,
e
Introduce the Fourier transform of V(L), v(a), by

-
L

179

V(D) q) e (2-8)

where £ is the volume of one unit cell, If V() = V(':L), we have that
V() = V(Zq) so that the sum over"a is symmetric with :a.
ol o
Using (4), (7) and defining the K ~phonon Hamiltonian H(K) by
H = ) HER) (2-9)
T— B
q(

one obtains

BR = 3 D ) E R + = R @ &, ") z v fede 3

s, ' q

EG (‘7(,0' ) . qJ {6-:-'--\ - 6.\3‘1] (2-10)

Since we have chosen Q(%,&) to be the normal coordinates in (2),
which satisfy
A 2 —
QxK,e) + W (o) AKe) = © (2-11)

s —
where u.)z(‘K,S ) are the phonon frequencies, and e("i,c') are the corresponding

eigenvectors, H(%X ) becomes diagonal in o-and s',
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HE) = 3 7 \AKe) &) + i AR,e) T R,e) %__V(ﬁ)
[+

c
Rao .3} ( (2-12)
» P A d - -
SRR IR U Rt 12
and we have
2 1 - A — b 2 e
w (._‘. * Ta E {E(‘k,tf) '{?(-0-(5]\"5 V(K +G)
0 =
G
: 2
- {?Gﬁ‘,a) .34 v(ﬁ‘)] (2-13)
In symmetry directions the polarization vectors 7E(§acd are known

from inspection, Thus, from an expression of V(d) we may calculate the

phonon dispersion curves,

2, GENERAL FORMULATION: ADIABATIC APPROXIMATION

Consider a metal composed of N non-overlapping ions and Z2' N

conduction electrons in a volume N\ = N-S%, with one atom per lattice

point,
The total Hamiltonian for this system is

2 =42

2'N () N (F)
i L - — Y -
H = S + s 2 wE R 4V (R, ..., Ry
= Tom = AR = e U RN
- - '

+ Voo (xl, ceos xZ'N) (2-14)

The first two terms are respectively electron and ion kinetic energies,
the third term is the bare electron-ion interaction, The term VI-I

represents the bare coulomb interactions between the ions; and V the
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electron-electron coulomb interactions, Since our system is neutral, we
consistently neglect all'ﬁ:O components of the Fourier Transforms of
potentials, In other words, we add different uniform background charges
which add to zero (BP 55),

In the adiabatic approximation, we first suppose that the ions
are in some fixed configuration, at positionsfﬁL --f'+ bfl. We calculate

the electron energy, E(e;ﬁ), which dependes on the ion coordinates,

R 2N (5))2 .
H(G'R) = Z 2:; + 2 v (;i-RL) + ve.,e (;1' erey ?ZCN) (2‘15)
i=1 1,L |

Assune the function Po(T) is a solution of
H(e,R) #(F) = E(e,R) #(F) | (2-16)
Then, if we suppose
aled g ] - = [vd g | (2-17)

the adiabatic approximation (2 60) results in ¥(R) satisfying

N (?L)a = f - =3 =3
2 + V7 g (R1.4 eeey Ry) + E(e,R) [¥(R) = E ¥(R) (2-18)

The function V(ﬁi, ...,'ﬁk) + E(e,R) is the total potential energy
function for the ionic motion, It could possibly be equal to a sum of the
two=body effective potentials discussed in section 1,

Since in symmetry directions the effective potential enters the
calculation of ula linearly, we can separate Loz into parts each

corresponding to one term in the total ion potential energy,
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We take vI-I to be a sum of coulomb interactions and a uniform
background of neutralizing charge, The potential vI-I is expanded to

second order in the 6§i's: the corresponding part of Loz we denote by

2

2 .
W oulomb ® W e Because of the long range coulomb potential, the

calculation of \dzc requires use of the Ewald construction method, For
some symmetry directions, Clark (C 58) has published the coulomb
frequencies for a BCC lattice and Vosko (unpublished, 1958) has
calculated them for both FCC and BCC lattices, The results for the FCC
lattice are shown on graphs 1 to 7,

The coulomb frequency, uic, is the phonon dispersion curve for a
lattice of point ion charges immersed in a uniform fixed background of
the opposite charge, This fixed background does not shift with the ionic
motion, whereas real conduction electrons willlvery nearly follow the
ionic motion (the adiabatic approximation: electron state is always just
a function of the instantaneous ionic coordinates), Therefore, the
conduction electrons will decrease the effective ion-ion interaction and
80 lower the phonon frequency curves from the couloﬁb frequency values,
In other words, the contribution to the phonon frequencies from the

2

electron energy E(efﬁ) will be - W, the so-called screening contribution,

2 2 2
W o= wh - wl (2-19)

The main problem is the calculation of the electron energy E(e;ﬁ).
The energy E(e{ﬁ) can be separated into two parts: the first, a constant
EB’ which commutes with the ion conjugate momentum7$£ and hence does not
affect latfice frequencies, and a second part, & E, which we shall

calculate using many-body perturbation techniques,
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Define
H(e,R) = Hy + AH (2-20)
Zz'“f(?*)zzc""*) 2o (2-21)
= ———— 4 v(x, - L) = i 2-21
2 T 1,1 i &
av(®,-L)

Y — = i
4H = ve-e (xl’ eee xNZ') - iZI: 6RL ' m_

+ electron-ion parts to be neglected (2-22)

‘ -
The potential function Z v(;-L) is periodic in the lattice,
L

Eigenfunctions of hB(i) are Bloch waves B(k;x).

2 - —~r - -t -
Kgﬁ D vG:'-L)] B(k;x) = E(k) B(k;x) (2-23)
L

We have used the extended zone scheme so that'l_z is not necessarily in the
first Brillouin zone, With the usual periodic boundary conditions, there
are N discrete values of k per zone, These Bloch waves, B(ﬁ;?), will form

the basis set for the perturbation treatment of AH,

Write
AHB = V__ +V (2-24)
where
1 e2
ve-e = -2- Y (2-25)
if3 (xi-x :])
and
av(?i-f)

Ve-I =z - - 6RL . m (2-26)

i, i



CHAPTER 3: CALCULATION OF PERTURBATION ENERGY AE,

1, INTRODUCTION

We must calculate the shift in ground state energy of our electron-
ion system to second order in the electron-ion interaction, that is, to
second order in Sﬁi. Thus, only harmonic terms are retained,

To use many-body perturbation techniques, the perturbation AH is
first expressed in second quantized form, Bloch waves are our basis

functions and we rewrite (2-23) in the notation
ny |B®) = ER)IBTR (3-1)

FaS
The unperturbed Hamiltonian HB is

A

H, = kZ E(k) a7 & (3~-2)

The symbol k = (k s) where k is the electron wave vector and s 1s the
electron spin, The quantities ak and a, are respectively the creation
and annihilation operators for the Bloch electron |B k ) and obey the

usual Fermion anti-commutation law,

Laeral, = o220 (3-3)

Define the electron-ion interaction h(ep),

h(ep) = = EE; 53; av(x L; (z=4)
X-L

16
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In the Schrddinger picture, (2-25), (2-26) give

A \ +

Vor = % (B k' | h(ep)IBk) &, o (3~5)

-~ 1 2 + +

Voo = 3 :E:: (B k,£ | :_; | B n,m a a,a a (3-6)
k,£,m,n X~y

Since the wave functions of the electrons are plane waves over
most of the crystal volume in which electron-electron interactions occur

(not near the nucleus), we approximate

2 - 2> 2 A e s D
(B x,£ | _: I Bnm = —17 de dy o~lkex =iley -_-?-_—_\— o1y ginex
| x=y Q I=x=y|

~u

2
kne
= 6£:§, m+n -ILIE:;IZ

— : A
Introduce the notation k+q = (k+q, 8), Then the expression for Ve_° is

<>

1 me? t  *
=2 jzz; nez ak+q ak'-q B 2 (3-7)

e-@ k,k',-a nq

However, for the electron-ion matrix element of (5) Bloch waves
will be employed for it is more important near the nucleus,

The usual U-operator (Sch 61; H S7a) is now introduced,

t t
% n ¢ 1 n-l
-1
U(t,t) = 1+ 2 (?r S‘ at, S dt, ... S dt
n=l t t t
(] [»] [e]

A A A
v(t,) V(t,) v(t) (2-8)
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where i

i .
S H - S Ht
$e) - o B L’G +’Ge_x_] o 1B (3-9)

e=e

A
The perturbation V(t) is in the interaction picture, Note that in the
form of U(t,to) chosen no time-ordering operators appear,

Define the frequency
w(k) = E(k)/ | (3-10)

A A
Expressions for V,_, (t) and Voo (t), the interaction picture

perturbations, are easily written down,

1wk - wx)] ¢

Pal . .‘..

VQ-I(t) = o (B k'I h(ep)IB k) a8 e (3-11)
e 1 me® ¥

ve-o(t) =2 fz: = ak+q ak'-q B B

k,k', 3 Q0

1[wlkeq) + wlk'=q) = wik') = wi)]t
e (3-12)

Let the ground state of HB be \Yo). Certain expectation values,

called contractions, are needed,

1 )
afa = laTa,|¥)

S A TS A,

bp 21 O, g OEE(kF) - Kk)|  (3-13a)

5'1?,?' 65’8, 0 Es(k) - E(kF)] (3~-13b)

The quantity kp is the Fermi wave vector; all electron states k such that

E(k) € E(ky) are occupied. @(x) is the unit step function,

0(x) = 1 x>0

a 0 x<0
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The stage is set now for the decomposition of the U-operator and

the calculation of contributions to AE,

2, SECOND ORDER DIAGRAM

0

The lowest order term in U(t,to) which contributes an energy shift

of order (5R)Z is one part of U(Z) (t, =),

t
(2) -1\2 1 A ‘
2 (e, = (£) S‘atl $ at, v V, (6

A
Inserting the expression (11) for V‘_I gives as one factor in the integral
the product
+ t
"k %k %0 %
To find the energy shift corresponding to the above Goldstone (or Feynman)
diagram, use Wick's theorem (Sch 61) to pick out only the one direct linked

(2)

vacuum term, ULV .
(2)
Uy (t,~=) = -~ zl.( \ Sdt S dat, (B k' | h(ep)\B k)

1fwer) - wli)]e 1{wier) - wiellt,
e

1 (B2'Inep) \B 2 e
3
Ber 82 8 Bor

Employing (13) and Hubbard's rule (H 57a) of inserting i 6(t1), the

corresponding energy shift AE(Z) i



20

agl® | (B k*\ h(ep) \B k) (B £'\ h(ep)\ B &)
[ NP §

—d
Kk, 2,2
8

’

2 Y fwier) - wie)] ¢
j‘%\ Siﬁb(tl) at, S at, e[' vl

-0

ilw(k') - wik)
R T o [B0kp) - 20 |

6&’,2" 68’8, 9@(1:) - E(kF)]
AE® . L. > (BEIn(ep)IBRY) (BRn(ep)\EK)

E(k) < E(kp) B(K*) - E(K)

E(k") > E(ky)

(%-14)

Note that spin has been summed over to give the factor 2,
A very important simplication would take place if the restriction
o i N
E(k*) > E(kF) could be dropped and the integration over k' be free, This
will now be proven,
— a—
Let k' = k+q in analogy with the case of plane waves, Consider

the quantity

z Z (B'ﬁ\h\BT:fq) (Bk+q ) h \BK)
- E(k+q) - E(ﬁ)

q

—

E(a+k) & B(ky) E(K) < B(kp)

[N § - i s
. Z 2 (B - k+q | h | B-k){B-k \h_\i - k+q) (3-15)
& E(k) - E(- k+q)

E(- k)< E(kp) () < Elkp)
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s RS Y IS § —
by putting k = = k+q 3 k+q = <k,

The Bloch wave function can be written as
BED = oFF @
where u(l?;;c:i) = u(k;x) .
We have that

P G
B(k%) = KX (%) w o HEX ue(iix) = BU(K;X)
(\.
Therefore,

. ¥ h
(B-K|h\B-Feq = Sd3x B(<k;X) h B(-Keq;x)
- -—
= Sdax olK X u(ﬁ;;) hed m °x u‘(m&)

» (BEIQ\h"’\B'f:) « (BErq\h|BK) (3~16)

since h is hermitean,

From time-reversal invariance we know that

ER) = E(5k) (3-17)

Therefore,

s (15) - ST S EElnisiee) (3 EEIn R
T E(¥K) < E(ky) E(k) - Ek+q)

=

E(#k) < E(kp)

= - LHS (15)

Hence, this quantity considered must be zero, We can thus write
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AE® . _o2 2 Z (B K Ih(ep)\B k+q){B k7 |n(ep)\B k) (3-18)
3 B(K) 4E(kp) E(i+q) - E(K)

3, THIRD ORDER DIAGRAM

We consider now the term in the U-operator which contains ve-I

A
to second order and ve-e to first order,

(3) 43 ¢ L < -~ g y
U2 (t,~») = 1;) 5; dt,y 5; dt, f; dt3 ‘:ve_l(tl) Ve-e(tz) Ve-I(t3)

ealX}

I\ A A A A A
+V () v (¢ ve-e(ta) +V,_(t) V(%) ve-I(t3) (3-19)

A A
Expressions for V__, and Vo_e 2T given by (11) and (12), Proceed as

with AE(Z), picking out the direct linked vacuum contributions, using

(13) and Hubbard's i 4r 6(t) rule, For example, for the first term of

u(® (t,==) there are two sets of contractions,
L iy Lg f iy
8gr 8 Biq %%'-q &' %k %' %m
5 b bsdiiiiond

It is straightforward to calculate the AE(;) corresponding to the first

term of (19).
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2
A3 . 4 E lme (Bk\n\B k+q)(B K7+q\h\B k') (3-20)
1 * 3 [_(ﬁ) - E(k)] Yi_z(k'+q) - E(ﬁ )]

E(K), E(k')<E(k)
E(k+q) E(k® +q)> E(k )

Note that spins have been summed over to give the factor &4,

Similarly for the second and third terms of (19),

2 —— - —_
A3 4 E‘ bre (BK\n\B k+q){B k'\h\B k'=q) (3-21)
2 2R 0 EEDEEED-aE)-eM) Ba)-2w)

E(k), E(E")AE(k)
E(k+), E(k'-q)>E(k)

E(i) I E lmez (Bk+q\h\ B‘l‘:) (B k'-q \h\ B'l_x\') (%-22)
Ary e p—————— =3 (>~
REE o (B9 +(E=0)-BE")-E®)] [B(RT=2)-E())

E(k) E(k )<E(k )
E(k+q) E(k'-q)>E(k)

Since the sum, AE(B) -_-AE(;) + AE(g) + OE(? is real, we have

AP . as®. L [an®" . AE(;] AE(g) +AE<5)] (3-23)

as AE(B) is real, Now N R
[AE(g) +AE(a)] _ Z lmei (B Rjg\h\B‘k)(B K=g!nlB k")
2 I, U BT -Ex) ) Y‘_E(k'-q)-E(k')]
E(k‘) E(k')<E(k )
E(k+q) E(k'-q))E(k )

-t -
Put k' -» -k' and use (16), (17) and (20) to show that
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a3, 253 . 4 2 lne® (B Faqlh\BR) (B k'Ih\B kivq)

2 > .;.E\' '.(_1\ _Q_qz [E(E:&)-E(R‘D [?(m)-E(T{" j]

E(k), E(k*) < E(iy)
E(RH), E(KT+a)> Bicy)

- AE(;) (3-24)

The contribution to our pertﬁrbation energy for the third order
diagram, AE(B), is given by (20), (23) and (24), Again using the
arguments of (14) to (18), the restriction E(ﬁ)&E(kF) can be dropped
from our sums,

The final expression for AE(B) is

ar® .83 e | ST @Elnep)) ko)

T 00 |E®R) LBk E(k+q) - E(k)

2 , (B g | h(ep) | BX) (3-25)
PR
E(i‘)cm(kF) E(k+q) - E(K)

4, EXPRESSION FOR PERTURBATION ENERGY AE

So far in the perturbation treatment of A H we have calculated
the energies AE(Z) and AE(B) for the two lowest diagrams containing

v twice,

e~I
We shall take as the total value of AE without exchange the sum

vax

0 +W6"‘6M ) ,Wo"Gw T e

of the following‘ diagrams,
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The y» line refers to a ve-I factor, and -~-- refers to a ve-—e factor
in the expansion of U,
In this '"bubble approximation", the series of diagrams may be

(%)
summed (L V 59) by replacing in the expression for AE 5 .

q2 q2 + 15(q)
where
2k q q+ 2
(@) = ——|1+ e ——)&1 “F (3-27)
%8 q hkF q - 2k

a, is the Bohr radius,
If one associates the factor -f;(q) with each bubble, O, and the factor
l/q2 with each photon line ---, a geometric series is formed,

An approximate way to include electron exchange has been given

by Hubbard (H 57b), One replaces fB(q) by fH(q) where

£(q) = ) (3-28)
H fB(q)

2(q” )

The quantity -fH(q) is associated with the approximate sum of the diagrams
4— + —\— v & o

Then in the "bubble approximation”, from (18), (25) and (4) the AE

expression is


http:1+---.tn
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(2) (3), < -
L' g

’

where

(2) . P — — a By oD
;Pw @ =-2 > BKlovGDIE ko)e EalyGIONBI (5 5
(D) < Eicy) E(krq) - E(K)

(3), w bxe® (B KINv(Z-1)I B Trq)
 SARITIY I |
FRTREACH E(K) L Eky) B(K7q) - EC(K)

Z (B Krqluv(3-1')\B &)

(2-31)
P 4
E(K) < E(ky) E(K+) - E(K)
and - D
V(D) « D) (3-32)
3(X=L) '

This perturbation treatment has produced a DE value which is not
zero when all the ions are displaced by an equal amount, Write (30) as

AE = 1% 6r, - b, - 6_1-le, | (3-33)

(2) (3, _
§Lm = ;&LL' @ + Pppe (q{] (3'34)‘
q s

where

To calculate this zero point energy, interpret first (33) noting
- -
that the sums are over all lattice positions -I:,L'; _I-: = L' included, The
KN
change in potential energy of the ion at position L' when it is displaced

=2
bRL,, from equilibrium is

8B, {% N {’—ﬁL\'l * KE‘ 6?1. Ry | - 6_;1."



Therefore, the change in potential of all N ions for a uniform ion

displacement is

1 = = 1
3 g GRLn '{% éL" Lo . 6RL" +3 Z

L"

TR &

L LL

] cohy,  (3-35)

The factors -;- are inserted since each potential change is counted twice
in summing over the lons,
A normalized value of AE, one which is zero for a uniform ion

displacement, is obtained by subtracting expression (35) from (33),

1 - - — —
AE =3 LZL' (6R; ~ 6R;,) - §LL. - (6R;, - 6R;) (3-26)
’
5, EXPRESSION FOR SCREENING FREQUENCY wi FROM PERTURBATION ENERGY AE

Normal coordinates, Q(%,o), discussed in section (2-1), are now
introduced into the AE expression, We proceed to find the screening
contribution, wi, to the phonon frequencies,

The AE value must be invariant under the translation group of
the lattice, S:QL}’ which acts on functions of the electron coordinate '::.
This will impose some selection rules on the electron-ion matrix elements
in AE,

From basic Bloch wave function properties,

— N
B(k; x+L") = T B(_lz;i‘) . olf

L B(k;x) (3-37)

-t
Using expression (2-2) for oR,,
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?'L,, % (6B, - 6R,) * Vv(z-1)

— %2 ——)" Fe
- % 2L D @) TR vvED) [ei (L) | AR
L Ky,

From (30) and (31), the quantity that must be independent of

N
" is

A —
T, | 2. BRIGE, - 6k, v\ 5
L L'

(8 W | (6B, - 6R)) - vv(?-i")\a'b]

= ;—N Z Z R, ') UER,E) (BRITE,o') *Vv(Z-L) \ B krg)
LL &K,
d’<')°.l

(B kg | 2X,0) - ¥ v 13T
why, -\ A —tn ) it -k Y - avad
[ew' S AR & 28 AR U U A S AR L VI TS A

T oo @Y o X ‘7?.-‘ et ,'A
iL &' +%) AKeL' 4K L ¥ L

(3-38)

-
For this expression to be independent of L" for all X and ?(' in the first

—h

Brillouin zone, the last factor becomes
b JRERNE. Y -
. U L ' .
. LS A A A

- A =
Ei"Ko (L'-L) N
t"'7'(' %', 0
~ Leead :
- 017(' o I 67—? o] (3-39)

In each of the matrix elements of (38), change the integration

o

-»

——t
variable X - L —» ¥, Using (28),
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BEITR, o) - TvED | B Toe)
. Y
« L BRIZE, &) - v @ | B Er) (3-40)

With (39) and (40), expression (28) becomes

A+ T @, e A BRIEG, o) vV | BT

KK, o, o . s
BElZRS) @ 1R D | L@ - AL N
L,L' Ky =K
1@ T+ e ) - T 1&D - T-17 T
+ e -6 652, o
*
o A - IR §
A °%, 0 :] (3-41)

The sum over L and L' is now easily done using (2-4), The last factor of

(41) becomes
2 R . .. N .
R e T I

Tog,%0 48 %43 %, o]
Sinceaz and :}'z' are restricted to the first Brillouin zone, and in (29)

Z = E , use of (2-6) gives the result
3 q

1 LZL. (B (68, - 6R,,) * Vv(3-D) | B Tea)(B K4l (68}, - 6R,) -Uv(FLNIB T

= % - z Q‘(ﬁ?.d") Q(’;?,C") <BT¢\2(¢7?' ') .vv(_x.\) \BT{.:;)
CK'O"O—'

(B ira | CR, o) +Yv(R) \BE) _"a‘,v‘?fé - 68’5*—] (3-42)
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Convenient expressions for AE(a) and AE(3) ' ® may now be written
in the form (2-10), From (30), (31), (34), (36) and (42) these expressions
are the following:

o, -t 4N
E (K, ') UK, :Z -%— 6;’?‘&"6 '6'6,73’]
o' Q

(2) 1
AE = 5

-

X

167

Z BRIZR ') -yv(@) | B Kog)(B TalT@s) YvENB )  (3-43)
E(ik+q) - E(K)

E(k) < E(kp)
(3), » 1 (30 e o 16N >
AE'D 3 E Q (K, &) QAUx,e) Z‘ N [6(.1.:.1-2;-6 - ba,G]
? y &, O" 1
Line> E BEIEE ") Yv@) | B g
ol pw) E(K) < E(kg) B(iE) - ER)
—— A ey Y -
E (B k+ql GS’_(;U) L V-SV(X) \ B k) ‘ (3_"}“)
E(K) £ E(k) E(k+a) - B(k) |

The arguments of (2-10, 11, 12) for normal coordinates require

that A E be diagonal in 6 and ¢'. The expression for AE becomes

AE = AE? a3 =

- 1 z @) Qo) w2 2 |F@) - F(v‘z‘+‘c:)] (3-45)
XK. ¢

The plasma frequency L\Jp is defined by

2 bn(Z* e)2

W =
P M'nb

(3-46)
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The dimensionless function F(§) is given by

FR) - 1 .13 —é-L-- (3 (3-47)
q +fB(q)
where
(2, a2 - S G (BTl ERe) Tz (5-48)
F

(3 1(B KrqlR®&.e) - Uv(R)|BR)

. = § & e — (3-49)
2Zm E(ﬁ)(E(kF) E(k+q) - E(k)

The screening contribution to the phonon frequency,(Aii , follows
from (45), Define

2 2 3
w xK,o) = w P X% FO<+G) - 2 F(G)\l

—

G

To use the usi values computed by Vosko (unpublished, 1958), we

—
must omit the G = O term from the second sum, Thus,

w? e« w2 |3 rEEe) - 2 @ (3-50)
6] 8+0
and we have
2 2 2
W = W - Wy | (3-51)

The terms G # 0 in (50) are called the Umklapp contribution to

w s « If the effective ion-ion interaction is central, then the

transverse frequency modes are screened only by the Umklapp processes,



CHAPTER 4: EVALUATION OF ELECTRON~-ION MATRIX ELEMENT

1., INTRODUCTION

From the results of the previous chapter, it is evident that the

important quantity is the electron-ion matrix element
RIS N
1 (Bkeq| €+ v v(® |B K (4-1)

To proceed with the calculation, this matrix element is required as a
reasonably simple function of'ﬁ,'a so that the integrations over'ﬁ in
(3~48) and (%=49) can be carried out in closed form, This is difficult
to calculate mainly because fhe Bloch states \B‘i) are complicated
functions of T. The potential v(®) can be calculated with some labour by
the self-consistent field method,

From first principles we know v(¥) for two regions, For r >0,
v(T) = -Zea/r where Z is the atomic number of the nucleus. For the region
outside the range of the atomic core states, v(F¥) = - 2' ea/r, where 2! is
the ion valence, In principle, the potential v(T) may be determined in
the intermediate region from Poisson's equation and a knowledge of the
atomic core wave functions, Note that this self-consistent calculation for
v(?) requires only the core-electron states,

A crude approximation is to use plane wave electron states and the
unscreened coulomb electron-ion interaction which is good for most of the

crystal volume,

)2
v@) a ‘zr‘* (4-2)

32
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With these approximations the matrix element (1) is

- S th'ez

. qu

(4=3)

This result is reasonable for small q,of order q f;(kF/h). For larger q,
Q7 kF' this result is invalid since plane waves are poor approximations
to the Bloch wave functions near the.nucleus and also the potential (2)
is not correct in this vicinity, Conductivity results (B 37; Z 60) show
that Umklapp contributions given by (3) are much too large,

To make a more accurate calculation, fhe first step is to improve
the potential within the region of the Wigner-Seitz cell, It is necessary
to assume that the core wave functions are négligible outside the central
cell so that their screening effect is complete and (2) holds for r$ T
where r, is the radius of the Wigner-Seitz cell, A one-body self-
consistent electron-ion (unscreened) potential v(r) for r < r, may be
determined as follows, The usual self-consistent potential calculated
for metals is the actual potential U(r) observed by an electron within
the central cell, This potential includes the interactions with |
conduction electrons, Although it is to be of Hartree form, it may include
"averaged' core electron exchange and correlation effects, We shall
exclude from thg pbtential U(r) the exchange and correlation contributions
due solely to the conduction electrons, < Then, this "Hartree" potential
U(r) is equal to the electron~-ion potential, v(r), plus the potential of
the conduction electron cloud within the cell,

If we assume the conduction electrons form a uniform background

charge, we have



2
E .7 vED + background

B * 2m L
2 o :
= %.T + %‘_ U(2-1L) (L=k)

Within the central cell of radius T the potential of a uniform

electron cloud is

32'e2 _ Z2'e"r

. {r_ v (4-5)
ar 3 ’ r o
0 2 o

If the potentials U(?Ji) are non-overlapping, the potential of ions in
neighbouring cells is cancelled by the potential of electrons within
those cells, Thus, we shall take

2 2.2
v(r) = u(r)-[“" Zer |, r<r,

2ro 2r2

(4=6)
Z'e2

r

= -

. r?ro

This i8 defined so that U(ro) = O, For convenience define the quantity

va(r)
v () = 32'e2 - Z'ezr2 r<p
a 2ro 2r2 » o
(4-7)
Z'e2 ,
= = ry>r,
Then, }
v(r) = U(r) - va(r) (4-8)

The next section contains a short discussion of the Bardeen

(B 37) matrix element, The rest of the chapter is concerned with the
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calculation of the electron-ion matrix element by use of the orthogonalized
plane wave representation of the Bloch functions, It is important in

this treatment that U(r) enter the Schrodinger equation for Bloch states
(cf, appendix B), For aluminum, Heine's U(r) (H 57; Se 61) (without

Bohm-Pines exchange) is used in this work,

2, BARDEEN MATRIX ELEMENT

In the calculation on conductivity of monovalent metals, Bardeen
(B 37) evaluated (1) with a potential of the form (8),
For the term involving A Bardeen assumed plane waves for his

Bloch states and by elementary methods found

o ,
~1(PV R BTy I B = T EEE Q(gr ) (4-9)
, P

with the normalization

(PWRIPWE) = 1 (4=10)

The interference factor 5 (x) 1is

M) S R ei?.? . 3sin x -ax cos x) (4-11)
J\b x

Bardeen used the Mott and Jones identity (MJ 36) for evaluating

the VU(r) term, The Bloch states were approximated by

-l ‘-\ - -
B(R;D) = of°T w0 (4-12)

where u(0;¥) is the lowest eigenfunction of the conduction band, The

function u(O;r) is spherically symmetric and Vﬁ(O,rs) = 0,



The Bardeen result is
1 (Bkrq 1 €.VUIBX) = €.7 —2—2° N (1-13)
N
The quantity E° is the energy of an electron in the loweat conduction

state,

Expressions (1), (8), (9) and (13) give the Bardeen electron-ion matrix

element,

,.2 Ur)-E
mIL L2 2) N(x)  (helt)
N

-

1 (BErQIC - Vv(®)IBX) = €.7

g
3, ORTHOGONALIZED PLANE WAVES

Although many properties of metals indicate that conduction
electrons behave like plane waves over most of the crystal volume, it is
known that near the nucleus there is a strong peaking of the electron
wave functions, It is in this region (perhaps, 1/10 of the crystal
volume) where the conduction wave functions are peaked that the electron-
ion interaction could be most important for large q values, The
orthogonalized plane wave (OPW) method makes it possible to take advantage
of the simplicity of plane waves while accounting for the peaking of the
Bloch wave function in the vicinity of the ion,

Recent calculations using the OPW method have found it to be
quite successful, Heine's OPW results (H 57) for the band structure of
aluminum are in essential agreement with the later results of Segall
(Se 61)., In particular Heine's results for aluminum indicate that one
OPW is a very good approximation, except at symmetry point'é where degeneracy

must be included, Kleinman and Phillips (KP 60) have used the OPW
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procedure to generate a repulsive core potential, When added to the
attractive nuclear potential, this gave an effective potential, a
"pseudopotential’, which was fairly constant and could be treated by
perturbation theory, Their germenium and silicon band calculations
using the pseudopotential give satisfactory results, Cohen and Heine
(CH 61) and later Austin, Heine and Sham (AHS 62) have discussed the
general theory of pseudopotentials and have indicated why OPW wave
functions are good representation of Bloch wave functions,

However, for our purposes it is best to work directly with the
OPW wave functions, This is due to the fact that we require matrix
elements between states of different energy and the pseudopotential is
defined in terms of the energy of the state in question,

An OPW wave function contains the ion core wave functions which
are strongly peaked at'the nucleus, Therefore, the use of one or a
combination of OPW wave functions could be expected to give a reasonable
electron~ion matrix element, For the case of aluminum, we expect one OPW
to be sufficient (H 57; Se 61),

For completeness, we introduce some standard relations from
Herring's classic paper (H 40) on the OPW method, Atomic units are used,
iam=-e =1, except that energies are measured in rydbergs, units of
(e2/2a°).

The "atomic" wave functions of the core electrons, ¢CC?),

¢ = (n,£,m), are eigenfunctions of the Schrodinger equation

-v2. un | 8@ = 8, @ (4-15)
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The crystal wave functions for the core electrons by the tight-

binding method are

- -

g, B - 2 ARl g @) (4-16)
L
These are eigenfunctions of the Bloch Hamiltonian hB

by = - W%+ S;_ u(E-1) (4-17)

with eigenvalues Ec'

An orthogonalized plane wave is defined as
21 op 3 % ikt P
(FIOPWX) = (N )™ e - Lo, 3 g () (4-18)
c y

The quantity bc;ﬁ is chosen so that the state (T \ OPW-ﬁ) is orthogonal to
?

all the crystal core wave functions ¢c (33,

(4-19)

We have the usual expansion of a plane wave in terms of spherical harmonics

and the addition theorem (CS 35)

[ ]

olkT cOBL Z (2£41) 1% 3p (er) P, (cos w) (4-20)
£=0
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, £ .

by
P, (cosw) = -27':1 mi;-;e Y; (8, @) Y; (A, (®) (4=21)
where

cosw = cos @ coso + sin 8 sin¢ cos (p-(@3)

Write the core orbitals as

- m '
B.F) = T (9,0) R ,(r)

where R ne is real, Then one finds

boi = [(tm)"" (2e41)7% r;' («,@)] b_p () (4=22)

c

\ ’ bn(26+1) 1 2 2 , .
b, (k) =\|—=540 4 dr " j, (kr) R_,(r) (4-23)

(]

For a simple Bravais lattice,

— -b * '
PR PR = bp gy = bp Ty nzz by (k") by (k) Pylcos 0 )
L

<opwi"|h3|opw'fc) e K% b
kR

+ bﬁ’m ‘\U(’é) - g_ Eﬁ@ b;e(k")_! bnz(k) P£(¢08 Qﬁ’ﬁ,)] (4=-25)

The Fourier transform, U(3), of the potential U(®) is defined by

=
w@d - L {um ET 3 (4-26)
{0, iy

Since U(r) = O for r > r,

by 1 3
u(6) = o, & \OY dr r U(r) sin Gr

(4-24)
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L4, OPW ELECTRON~-ION MATRIX ELEMENT

The electron-ion matrix element (1) is now evaluated using OPW
wave functions, The potential v(r) is given by (7) and (8),
For the Bloch state \BT{), we take one OPW, As has been argued,

this should work well for the case of aluminum,

|BR) = cﬁ\opw'f() (4-27)
(BLXI\BX) = 1 (4-28)

A rough calculation has indicated that for the Vv, term the OPW
wave functions may be approximated by plane waves, This Vva term is
then identical with that given by Bardeen (B 37), expression (9), except

»

for a factor Cﬁ+71‘ Ci(k.

However, since VU is large in the same region that the atomic core
states are peaked, the complete OPW wave function rmust be used, Sham
(Sh 61) has essentially made this calculation except that he has dropped

’ = -

terms which vanish for E(k +q) = E(k), A summary of the calculation is

given in appendix B for the general Bloch state
, RN
1B®) = 3 cpg |OPWK+E)
3 '

The result for one OPW is

1 (Bk+9)E€.VYUIB K

cd.acel L o s E(k+q) + E(k)
- =24 = e'qU(ﬁ)i»é‘qE_ -E[ b2 2b
N o P c] ¢c,k+q ¢,

o= a a1 a2 o a .
+ & (4D 3 {EE+D - E®) AL RN
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PlEded -] Towlpavp gat¢;. (1€.vg) | (4-29)

c c' ’ c)

For convenience, we define the following quantities

2Py E(-l; +'a) + E(E) .
gk +q,k) = ;L i - Ec] b, 2,3 b

E(k+q) + B(k)
Zg[ - M] bM(l +q) bM(k) Pz(cos 91'2+'<i,‘1‘<) (4=-30)

which follows from (22); and

S

T SEHRP TS by .3 be i Xd‘c g, (1€-Y8) (4-31)

c,c'
Combining expressions (9) and (29) produces the complete electron-ion

matrix element of (1),

1 (BX+al €.vvlB®)

- E(k‘*q;N" B 2. () g_ b, (IK+qh) b_,(k) P, (cos 63 A

- - - a -
_ E(k+q)N- E(k) E.-g(k +'3.k)] (4-32)

Note that U(Q) is negative so that the first two terms of (32)
interfere constructively, UR corresponds to the repulsive part of the
pseudo-potential as discussed by many authors (KP 60, CH 61, Sh 61),
The last two terms are peculiar to this problem since we require matrix

elements between states of different energy in contrast to phonon-electron

scattering where the electron energy is conserved (Sh 61),
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The coefficient

2
c, =|1- ME le(k)|] (4-33)

In aluminum, Ck is a monotonic decreasing function with Coﬁt 1,09, C, = 1,
In the following calculations, Ck is taken to be 1,
A more explicit form for the quantity S is developed in appendix

C. In particular, the result for aluminum is given in (c-6),



CHAPTER 5: NUMERICAL PROCEDURE WITH RESULTS FOR ALUMINUM

1, INTERPOLATION FORMULA FOR ELECTRON-ION MATRIX ELEMENT

The screening contribution to the lattice frequencies,u)i , 18

evaluated by the sum in (3~50) involving F(§), The function F(3),

@ 4 13

defined by (2-47), involves the integrals I of (3-48, h9),
These integrals require a knowledge of the electron-ion matrix element
SN, = - - N
i (Bk+ql €+VvIB k) as a simple function of k and q so that the
-
integrations over k may be carried out, The parts which are functions
only of 3 are easily factored out,

Computational difficulties arise in evaluating the integrals

(2) (3)

I and I with the analytic expressions for the bnz(k) of (A-8, 9, 10)
or for power series expansions of them, A reasonably simple yet accurate
approach is needed,

As has been discussed in chapter L, other OPW calculations have

suggested the use of a repulsive core potential, Define the quantities

- 1 -
TE+4K) = 3 2 b (Vk+Q1) b ,(k) P (cos %.32

ne
(-1)b, (IR +0 (-b, (&)
+% > L ZP..... b, (k) +—-———2-f’—bs(\k+‘€l) (5-1)
szls,28 k +q k
and

-

-
T =
3(k+q,k)

f-

b, (lk+gh) ib, (k)
> Qo] - —2 —— b (k) + —SB— b (1K +731)
s=lsg,28 \k +4q | e k 8

(5-2)
b3
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The matrix element (4-32) for aluminum is now written as ‘ésing (C-65jl

1(BR+3|S.UvIE®

LGN k. Z' U(a) URG?‘.'-E 1-1:) E(ﬁ -‘) E(T(‘) S oA
a €. u e %( r) - , -2l T,(k +9,k)

q
| N N 2
- - -
- € (Fean Hra) = B o g5 (5-3)

N

-
R T2 and ‘I‘3 are listed for selected ;'and k values

in tables 2, 3 and 4, An inspection shows that they are not independent

The functions U

-l .
of k for a fixed'a-value. We fit the functions by the following

expressions,
F.keq

Up(k +4,K) = A (a) + B,(a) —q;,_-i-ﬂ | (5-4)

4 a —h m——
T,(k+q,%) = Aya) +By(q) =524 (5-5)

q
> a0 .3 L k.l

Y - 2k g - -6

Ta(k+q,k) Aa(q) [1 + q2 ]+ BB(Q)X} + qa (5-6)

Note that the form chosen for these functions satisfies relation
(%3-16) which is essential for the dropping of Pauli exclusion principle
restriction in (3-14) (i,e, B(k")) E(kF) . Values for the functions

A A, and B, are found in tables 2, 3 and'l4, These values

10 Bys A0 By Ay 3

are weighted so that for each q-value the regions of integration in
(z2-48, 49) that are most important are represented best,

Expressions (4), (5), (6) inserted into (3) give an interpolation

formula for the electron-ion matrix element.
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2, THE FUNCTION F(q)

The electron-ion matrix element given by (3), (4), (5) and (6) is

now substituted into the expressions (3-48, 49) for the integrals 1(2)

and 1(3). The results are

(qr )
1(2) - (2 ) [)J - ‘f{U(q) + A (q)‘g] 4 (q)
q

-2 [)O(q:g) _ xf(iu(q) + Al(qﬂ I‘;Bl(q) 3;(a)
2 - 2
+ 2 ﬁ\z(q) + %(%) Bz(q)l + 2 gA}(q) +[1 + g (?)] Ba(q)}]

+ 5% B2(@) 1,00

+‘SB(q)[(-—- A(q)+{ (—-\ +-5-( \}B(q)
(—-\) As(q)+{2 (ZkF )}uq)]

2
| ‘ q 2 36
+ S‘(aoky)2{8 (-2-%\ A5(a) + 5 A,(q) B,(q)

.2
' 2k
+.‘e‘5£t B +} 2w () (820 24w 5w)

+§(3;I§ B§<q>]
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+ (aokF)alfl%{s A5(a) Az(a) + 20 Ay(a) B,(a)

a\? ’ '
+ 8.5 B,(q) Aa(q) + 5.3 B,(a) B5(q8 + 32(21%» Az(q) {Aa(q) + Ba(q)g

2k 2
-2 ( 5 B)(a) By(a) o k*") B2 4 B

20#
* 35 B,(q )A3(q) + == 35 B,(q) B (q)} ‘l
2
b ¥ a)? ia (53;\ {‘3“" . 33<q>3 + 4 {3 22(a) + 20 Agla) By(a)
2
+21 Ba(q)} + 2&( kF) ( 3(q) B,(q) + Bz(q)} 3{2(&’") Z(q)]
+ (€xD? {‘g (a k) [ 2(a) + (Zkl'") {" Ax(a) By(a) + 25 B(@)}
1 [ 2\ o |
+ Tg (—q—-\ B?_(q)] (5'7)

- m(qr )
13 . e.';[ =2~ £.(a) - (U(q) + A1<q>?5 f(a)

q

2
- ¥ 3@ 3, - 2 {ay + 2 (Z2) B, §

-2 {A}(«n ER (5?-)2] 33((,)} :( | - (58)

The functions U(q), Al(q) and Bl(q) are expressed in rydbergs in these
formulae,



The quantity

k7

(5-9)

~

) for FCC lattices

2
= (i) for aluminum
on

The special functions introduced are

2 2%
£.(q) = 25 d
B R ZS;F E(k:q) - E(®)
2k, (ZkF)2 - q° q + 2y
= = l+ ——————— fn | ——
() 2(2kF)q q - 2k
2 % -k
. + q
1 2 q° E(k+q) - B(K)
kLk.F
Zep (1 (27| 4 1
hid = == [‘5 (S5) | -3 @« §
[+
where
k02 (2 - qu
Bl *8 5 %4 Z(Z'I:F)q3

and

q+2kF

- 2

(5-10)

(5-11)

} (5-12)




48

L

(-) (k « k + q) 3
hla) = = — d
2 2 g X 2k E(irq) - E(k)

F

(3

2k 2k 2k 2 £.(q)
2B G

foq(q) £..(q) '
Bl B2
-3 * s (5-13)
where
~ 2 L
2kp 1 [ F 1 [ %r
fBZ(q) = ;;'o' 1+ "5" (T\ + -5- (T)
6 6
(2k)” - 2k
+ v 5q £n l i | (5-14)
2(2kF) q ; q - 2kF

In these integrals we assumed a spherical energy band,

2

272
E(k) = E, + > k (5-15)

The contribution from second order perturbation theory, 1(2)

o 18
divergent for small q, This is characteristic of coulomb forces and is

Z'ea

due to the long range part of v(r) which goes like =~ outside the
central cell, This divergence is eliminated by cancellation when summing
all orders of perturbation theory due to the electron-electron interaction,
Thus we see why the electron-electron interaction must be included, It

gives the screening of the long range part of the coulomb potential and

makes F(q),(5—h7htinite for all values of'q. The final result is
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q‘2 [qz + fB(q)l

F(Q) ™

2
%(qro) - ‘fqz YU(q) + Al(q)g]
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+
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q° + fB(q)

a3
e}
‘/
o]
n
~~
o=
St
L,—'J
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-+ (€eq) ‘f(aokF) [-5- {6 Az(q) A3(q) + 20 A (q) B3(q)
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2\ (2 2 2\ 2

can () {2 a0 s« @l + B(F) ]
- Zp\

+ (€x q)a‘f(aokF)zi 2 A+ (—ql"\ {-7- A,(a) B,(a)

2kF 4
+ -,7% Bg(q)} + T% (T\ Bg(q)j (5-16)

One feature of our calculation of the ion-ion interaction is the
(2 x'a)z term which is due solely to the second order diagram, This result
is general for an electron-ion matrix element of the form (4-32) in which
the scalar product —é .‘l'} occurs, Lehman et al V(L 62) have used such a
term in their axially symmetric model and obtained good agreement with
Walker's (W 56) measurements of the phonon dispersion curves in Al, The
force-constant parameters are obtained from the elastic constants and
Walker's results, Also, their phenomenoelogical model indicated that one
only needed to include first and second nearest neighbour interactions,

For later convenience, define

F__(q) 3 5 |,°a( ) - % 2{u( )+ A )E la (5-17)
q) = qr ) - ¥} 4q q/) + q -
ps qa [qz + fB(q)] o 1l
and
FUN(q) = F(q) - Fps(q) (5-18)

Fps(q) would be the answer if one used a k-independent pseudopotentialj

FWN(q)' the wave-number part, is what remains,
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- 2
The (€-q)° terms in (16) may be compared with the result that the

Bardeen matrix element (L-14) gives

(€)% £5(a)
a°[a® + £5())

where U(ro) - Eo is measured in rydbergs,

FB(q) =

2
Yl + ‘ng Q{U(ro) - Eci] 'ﬂqa(qro) (5-19)

This comparison is made in figure 10 for the cases U(ro) - Eo =0
and 3,7 ev, Further, we examine the change in magnitude of the Kohn kink

amplitude in the next section,

3, THE MAGNITUDE OF KOHN KINKS

One of the main reasons this research project was started was to
investigate the magnitude of Kohn kinks in metals, So far, the effect has
been observed only in lead (B 62a), This calculation shows that the OPW
electron~ion matrix element has the potential to explain the magnitude of
such kinks in lead,

By the amplitude of a Kohn kink, D, we shall mean the coefficient

of
1 ZkF 2k§ - q2 q + ZkF
2 ( \ fn | —— (5-20)
q” + fplq) N ma / 2kpq q - 2k
4° F(q)
in the expression for =53 evaluated at q = 2kF . This definition
(€ - q)

is used because it indicates the main -strength of the anomaly,
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For the Bardeen result (19), using (10) gives

2
D, = {1 + ¥ q2 {u(ro) - Eol_,l mz(qro) (5-21)

For the expression (16) this amplitude is

D = [jg(qro) - ¢ o {ua) + Al(q)'glz

-2 3‘12 Bl(q) {X\(qro) - xq2 gu(q) + Al(q)-gk% (E-?-Xz - 31

‘ TS ni(@[%;j 27 - 5(-2-:-‘352 + (_2?3“ }

+ Y;-sz %gu%(—?)a »+3 (fak-’i)ug 1 (5-22)

For aluminum,

-

= ,8719 (

Y (&)? = 2,255 , Y m,

From (21), for

UWr)-E = 0; " Dy(2kg) .0069 (5-23)
Ur) -E = .272‘:-5-; - Dp(2eg) = ,039 (5-24)

From expression (22), the contributions are

D(2k,) = .321 - .029 + ,003 = ,295 (5-25)



Sk

The use of a pseudopotential alone would give D = ,321; including the
‘k—dependent terms in the electron-ion interaction mekes about a 10%
correction to this, This OPW result, (25), is about eight times as large
as the Bardeen result (24),

In lead, one could expect the Kohn kink amplitude to be further
amplified by the additional number of core states, somewhat in the ratio
of the atomic numbers of the materials, These calculations strongly
suggest that the Kohn kinks observed by Brockhouse et al, (B 62a) in lead

can be explained by the OPW electron-ion matrix element,

L, DISCUSSION OF RESULTS

The results of our(;)i calculations have been summarized in
figures 1 to 7, and tables 5 to 7 for the symmetry directions (1,0,0),
(1,1,1) and (1,1,0), In turn, we discuss the screening contribution to
the frequencies uui for the Bardeen matrix element (4=14) and the OPW
matrix element (3,4,5,6),

The Bardeen screening contribution(AJ§ (B) is the result of
FB(q). expression (19), inserted into expression (3~50),
betine wi = Wi-uwie (5-26)
Good convergence of the sum over G-vectors in (3-50) resulted from summing
over six shells in reciprocal lattice space,

The value of U(ro) - E_ used in our calculations of‘hlg is
1,272 ry, obtained from (A-11) and Heine's potential (Se 61), Unfortunately
the results are rather sensitive to this quantity, ' If the value
U(ro) - E, = 0 is used, the Umklapp contributions (3#0 parte of (%-50))
are smaller by factors of 2 to 4 and the normal term (G = O for longitudinal

mode) is decreased by roughly 30% at the Brillouin zone boundary, Using
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this value of zero would increase ng by about 50% for the transverse modes
and by about 300% for the longitudinal modes, at the zone boundary, This
would completely destroy the rough agreement indicated in figures 1 to 7,

It may be noted that in five of seven cases that the tﬂg values
are higher than the experimental values of Walker (W 56), Some new
experimental values have been obtained by Yarnell and Warren (YW 63) but
are not yet available in sufficient detail to be used here, In general
we may say that the screening contributions derived from FB(q), (19), are
not quite large enough, Further, we have found that the Bardeen matrix
element will not give Kohn kinks of the magnitude observed in lead by
Brockhouse et al, (B 62a),

The screening function fB(q), (3-27), does not include any
conduction electron exchange, Exchange may be included in an approximate
way by using fH(q), expression (3-28), in place of fB(q) in (19), At the
zone boundary this increases uoi longitudinal by about 15% and so decreases
usg longitudinal by about 80%; \dz transverse is increased by 10%,
decreasing blg transverse by about 5%, Although the adjustment improves
the Bardeen results in general, we have not included these calculations
in the figures, since this phase of the problem is not our major concern,

The calculation of the screening contribution using the OPW
electron-ion matrix element was divided into two parts, a pseudoﬁotential
part which employed Fbs(q), (17), and a "k-dependent" part which employed
FQN(q), (18), The k-dependence refers to the electron-ion matrix element;
of course, it is integrated out in calculating FWN(q)‘

The contribution coming from Fps(q) is called h)is (on figures
1 to 7, w?)
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2 2 2
W o = We - W (Ps) (5-27)

To secure convergence of the G-sum in (3-50) it was necessary to sum
over nine shells of reciprocal lattice space,

The pseudopotential produced u0§(PS) which were too large and
overscreened the uoi values, The agreement with experiment for 002
curves does not afpear to be as good as the Bardeen result, However,
both calculations have not included the Born~Mayer core repulsive term
which would tend to increase the frequencies,

An attempt was made to calculate the screening uoz(WN) using
FwN(q) of (18), This is the part arising from the k-~dependent parts in
the electron-ion interaction, Unfortunately, the sum (3-50) did not
converge after nine shells of G-vectors, It seems that further terms are
needed in the expansions (4), (5) and (6) for Up, T, and T, and the

expansion coefficients A calculated for g-values out to about

g0 B

i
aq 10,

Even though the frequency curves are overscreened with the OPW
electron-ion matrix, the previous section has indicated that it could be

of the correct magnitude to explain Kohn kinks,



CHAPTER 6: CONCLUSIONS

As described in chapter 2, the calculation of phonon dispersion
curves in metals divides naturally into two parts, the ion-ion coulomb
contribution, and the electron screening contfibution, In some metals
such as lead and aluminum, but not in sodium, the screening contribution
almost cancels the coulomb part, This work has demonstrated the
importance of making a careful evaluation of the electron-ion matrix
element for such metals,

The pseudopétential part of the OPW electron-ion matrix element
appears to overscreen the frequéncies too strongly, The results are
quite different than those obtained using the Bardeen matrix element (L4-14),
This is not in agreement with comments made by Woll and Kohn (WK 62),
Perhaps the correct inclusion of the k-dependent parts of the electron-
ion matrix element will decrease the size of the screening contribution,
However, our §a1cu1ation strongly suggestslthat no further mechanism is
necessary to explain the magnitude of Kohn kinks, The OPW electron~ion
matrix element gives a Kohn kink amplitude about ten times what we could
expect using the Bardeen matrix element with U(ro) -E = 272 ry, for
aluminum, It is expected that this ratio would be even larger for a
material like lead, -

In evaluating the OPW electron-ion matrix element great care must
be exercised because there are strong cancellations between various large

terms, An earlier attempt went astray when cancellation effects were not
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considered early enough in the calculation, The function F(q), figures
10 and 11, has more structure than might be anticipated, 1In particulér
the hump somewhat centered about q;=2kF reflects the fact that the so-
called pseudopotential in real space Ups(r)EE U(r) + Up(r) (KP 60;

CH 61; Sh 61) is not constant within the central cell (for example see
figure 1 of CH 61), Thus this behaviour can be explained in terms of a
true pseudopotential, On the other hand FWN(q) which is not included in
a pseudopotential treatment becomes important for q)>3kF. The dominant
term in this result is due to the terms with the [E(E:a) - E(ﬁi] factor
in (4-32), which goes like q‘2 for large q, In the region considered in
this work the b (ﬁ: + E\l)'s have not started to fall off like 1/qb', and
thus one obtains the increase of FWN(q) for q> §kF. The fall off in the
b (|§?+-?f') will cut this off for larger values of q, This point requires
further investigation,

This calculation has produced a term involving (? x -a)a in the
expression for F(q), (5-16), When more reliable functions A, and B, are
calculated it would be interesting to see how this term affects the
frequencies, especially the transverse mode where now a normal process
(@ = 0) is possible, In general, an examination could be made of other
metals with extra core electrons to see what other combinations 6f the
polarization vectors enter and their relation to non-central forces and
elastic constants in metals,

The calculation of the OPW matrix element for'§7va, Va defined by
(4-7), has assumed that integrals involving the overlap betweenV? Ve and
core states could be ignored, This would be a good approximation as long

as there is not strong cancellation between other parts of the answer,
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Further investigation should be made at this point, Also, it would be
helpful if some estimate was made of the Born-Mayer ion core repulsive
term, Toya (T 58) has included this in his sodium calculation and it
gave a 10% correction, Percentage wise, this correction might be larger
in aluminum because the experimental haz are much smaller than Coi in
contrast to sodium,

It should be emphasized that the single OPW approximation has
been made, in all these calculations, In appendix B a general result is
given including a complete set of OPW's, The correction to the single
OPW would be important in metals which have a conduction band which is
strongly non-spherical, These terms could give rise to large non-central
effective ion-ion interactioms,

. The stage is now set for an interesting calculation in lead, This
application to aluminum has indicated which steps in the OPW electron-ionv
calculation negd to be treated with most care, It is hoped that the
procedure usedﬁin our treatment of aluminum will when applied to lead give
a safisfactory explanation of the Kohn kink amplitude observed by

Brockhouse et al., (B 62a),



APPENDIX A: CORE WAVE FUNCTIONS FOR ALUMINUM AND OPW COEFFICIENTS

In an extensive OPW calculation, Heine (H 57) determined the
crystal self-consistent potential of aluminum, He calculated various
contributions to the potentials for angular momentum states £ = O and 1,
One minor correction was made later by Behringer (Be 58), We shall
exclude the Bohm-Pines exchange energy, Vgo(k), since we require a Hartree
form of potential, |

With atomic units, # = m = e = 1, and energies in rydbergs, the

potential U(r) in terms of an effective charge Z(r) is

Wr) = -?-Z-(r-rl (A=1)

Segall (Se 61) has tabulated the Heine values employed in this work, We
used the same potential for s and p states, the differences being asmall,
Note that Heine's U(r) becomes negligible at the Wigner-Seitz radius

To = Bao‘

The radial part of the core state ¢c of (4-15) satisfies the

equation
£, %E -U(‘).g £££;tl.); rR (r) = O (A-2)
dra !Le r - ra ner =

with normalization

é\ 2 an(r) dr = 1 (A-3)

60



61

The numeridal integration employed the Runge-Kutta-Nystrom method, Our
radial wave functions agree well with those calculated by Heine (H 62)

although the En£ values are slightly different,

Ela = =-109,7 r

Yy
E,, = - 6,950 Ty (A-b)

Eap s - 3,982 ry

The following are normalized analytic fits to the wave functions (LA 56),

R, = 26,22 71057 | 64 608 o~13.931F (A-5)

Ry, = (,16523-r) [}0.952 e 2:3110T | en 4m o~5.1621r

+ 60,597 e9.2122r 1 (A-6)

~2,7004r

Ry = T [4.9235 e + 32,591 o= t6287T | o 133 ¢79-0059F ] (4 oy

From (4-23), analytic forms for the bnz(k) are easy to calculate

bls(k) = _];gil.ze_.r... __ﬂaﬂ__ (A.g)

[210.3+%?] [i93.8 +x2)°

5471 Lz 864
b = 7.3584 1,2471 -
28 3 [( 2 2 2 3 ‘l

k© +10.97) (x“ +10,97)
+ b5, 332 _].'a.§232__ T—‘ELB
(k% + 26 65) (k< + 26,65)

+ 40,714 2,022 _m_3h6 } (A=9)
[(x@ +84.86)°  (k2.+84,86)



62

61,892 k + 702,24 k + 1191,2 k

- ~ (A-10)
2 (k%4+7.292)0  (kP+21.42)0 (2 +81.106)7

-1 b

The quantities b are dimensionless, k is in units l/ao.

The energy of the lowest conduction state, E , given by (h-2l,25),
is |

E = - .31y (A-11)



APPENDIX B: EXTENSION OF SHAM'S OPW MATRIX ELEMENT

Sham (Sh 61) has considered the matrix element

1 (B k) S VUIBE | (B-1)
where (B-lt\ﬁf:) s 1 (B-2)

The potential, U(r), discussed in chapter 4, satisfies the

equation
. a B N
[-va r 2 U(?-LZI B(K;E) = E(R) B(k;T) (B-3)
L .
where B(K;T) = (F \Bk), Also, U(r) is chosen so that U(r) = O, for
r>r., where T, is the W-5 cell radius,
The Bloch ;tate I Bk) for the conduction electron can be .

expanded in terms of orthogonalized plane waves

\BR = S cpg o k+G) (B-4)
._G; )

Then, we have
(Bk'12.VUIBY)

» — —_—
a ..E_. %@ °323 (OPW k'+G'\ €. V U | OPW k+G) (B-5)
G,a"

*

Each term in this double ‘aum can be separated into four parts, if we

write (4-18)
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. PR, N Y
(RIOPW K0 = (Nao)"é ol(k+G) - T

—
- ic:bc,m g_(k+Gir) (B-6)
—T——ﬁ = | TRy L2
| S ST EY) o7 X_Vn(r)] SEFC) T 3

NOY NG

Integrate by parts to get

2 D - - .2 - -3 S
' L. - - - ).
I i(k'+G' -k = G) S 2 u(p) i(k+tG-k'-G ).
N N QU
[}
Al' _‘t - - - -— -l -—
i{k'+G' = k - G) U(k'+G*' = k = G) (B-7)

N
where U(f:‘) is the Fourier transform as in (4-26). ,

% S 3. i(kK+8) T . O S
-II = (NY) oF e (W) g;bc,’i-:,;a, Pkt +a15T)

N
. o

Using the expression for ¢;(§;?) from (4-16) and neglecting overlap terms
like
| Vuo] .G, T 40
gives
s e =L Y Vo 1ED) T oy & (@)
m_ ot c' k'+@G' roe et ¥
)

N
°

From (4-15), we have

-v% +0) VO, + (V) B, = E, VO, (B-8)
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Inserting this, doing an integration by parts, and using (4-19), provides

1(k +Q)
- .
~Io= N 2 Eer bc',ﬁ'fé" ber k4G

c!

3a i(t-fﬁ) ‘? 2 . _
+ -I‘Lﬁ Z L k'+G' S a’r e (v -U)Vﬂ!c.('x\‘) (B-9)
o | |
Similarly, |
11 = (N S i o) F gy S b p2 8.(kGT)
= ° -~ roe < c,k+@ “e i
' 2]

1(?;:1!') g B,

*
bc,ﬁﬂ- g bc,l? +G

1 R 32 ~4(k'+8%) T 2 s
a’ Z:bc,ﬁm nog d“r e (v=-0)vg () (B-10)
(o]
W = S ¢t \ T b, Beadr P (kc'+ G';r] Emr)]
N-ﬂ6 c!

Using (4-16) and neglecting overlap terms as above with -II,

-1 E
o (D 5 b 2,3 Y i3 Sak g2, (YU) g

]
€, ¢ Q
[«]

Employing (8),

-1 L ] ]
o 7 b RuE il a7 g, (v2-wen) Ve
c,c o) c | c c
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Integrate the E_ term by parts and use (4-15) to find

-1 1 > »
IV = (N) Z bc ko+go bc,k+G K*ﬂog aJF ¢c, (V2~U)V¢c

ce!

QU
o

+ g o (vg,) (V2 - g, ] | _.(B-11)

Combining the second terms of II and IV, we get from (6)

> 2 .
NIL"’ %bc 2 ng 97 \:(v - ) (v¢c.)]

-]

1(1? '(i)-" % o 2
X‘e relE -9 gbc,kiﬁ ¢c(r)1

% NN 3 2 _ 2 > <A
= - (N) Ec:'_ b;',k'+G' n& a’f (v¢;.) (Y° - U) (T|OPW k+G)

[}

From (3) and the assumption of non-overlapping potentials U(r), the function

(FIBK) within the central cell satisfies

[.\72 £ () | BED = B BGD)

From (4), (6), and (4-19), and an integration by parts,

d . Ivznd o ('N)--yﬁ S: b;, ‘ﬁu'é"' ng’d3f{v¢;:lm('ﬁ) (?\OPW Tc‘ia)
C' L
: °

P .Y
-i(k +G) E(k) . -
N OX bc,'ﬁ'fé' bc k+G

L

c,c' '

- Egk} Z b;',i"a--G" e k+3 _nSdB? P (V¢;.) (B-12)
o
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" Similarly the second term of III and the first term of IV are cdmbined

rr2nd , polet | 1(k%E') E(EY) T bt o b o
N S c,k'+G' “c,k+G
E(K") 32
- »
TN czc. bc','l:'+§" bc,-lz;(; agd r ¢c' (Vgc) (B-13)
’

[}

From (9), (10), (12), (13) and the relation

Sa3i-*(v¢;.) g, + S&s‘ g, (VF,) = ©

II + III + 1V

R _
i L3 = 5 B(k) + E(k') « 4 4 ’
=N(k +G' -k - G) £ 5 - E, b 2 bc'-l-(‘+-‘

, (Vg) (B-1k4)

- -
E(k) - E(k') R S‘ 3 o
+ N cSc;, et k048 P k4B JETY
o

From (5), (7) and (14) the final result is

1 (Bk'NC.VU(r) BR)

C'2 3y Cp g B ™ Y | = =\ |
- - Z k .g k,G e (K'+G'«k - G) 4 U(k'+G" -k --a)
-

G,G'

[E®) + BEY) . .
* ZL 2 -Ec] De, k148 bc,ﬁ+G}

c

> a1

- - - i -
€ o L 1) - ] - E
* ('+3" + k+6) 2 Ek") E(ﬁ)] 5 bc,l:'fé' bc.’ﬁfé

+[E(i:') -E(ﬁﬂ Z b;',‘fm'd' bc,fir-a Sd5? ¢:=' (12?V¢c) (B-15)

c,c'



APPENDIX C: CALCULATION OF S

1 Sdt ¢;, 1€-Vg (c-1)

’

. L]
S = E; b b

The symbol ¢ denotes the atomic quantum numbers n, £, m, The \V-operator
is a dipole type operator. The best way to treat this integral is to use

the identity
-
P/ n = ,% ER ’ ‘?
and the relation -ﬁ = - IV , Combining these we have

2 [t

In atomic units f = m = e = 1, with energies in rydbergs, units of

iv

e2/2a°, this becomes

: L T
iV = -2- [r, (}el
and we have
* L4 i - * -Ac-; -
Xd“c ¢c, ie V¢c =5 (Ec Ec') gdt ¢c, €T ¢c (c-2)
z
T
- Py '\9& :
e f
- : Lpe = 0 by choice,
7 S '

L RN
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Write 8 o™ = Y’; (0,#) R ,(r)
and
Z-? = r\LcosG cos 9‘E + sin 9 sin 9\, cosqu]

rL\)—? cos ee Y°(e) + sin @ {Y-l(e,\e) - 11(9,«9)31

We employ Condon and Shortley spherical hé.rmonics and Gaunt's formula

M iml m, \[(2.€1+1) (2£2+1ﬂ
Y'e Y =

Yy, ¥, T (31e1)

1 2
(zl /32 my me/LM) (el ea 00/L 0)

The latter two factors are the usual Clebsch-Gordan coefficients,

It is straight forward to find that

Sdtﬂ,’e,m,z'? B = S‘ drraRn,e, R,
(o]

. N \
(L-m+1) (L+m+l) (£-m) (L+m)
Sy me c08 8, {6,8',,84-1 \} 23y (26:1) * "z',e-l‘J 22-1) (26+1) }ﬁ

o f j
+ 6 sin 9 \l (L-m+l) (L-m+2) _ 5 6 (£+m) (Lem=1)
m', m-1 ,e' 2+1 \ k(22+1) Zae+3$ £, 8-1 L(22+1) (27-1)

S I omel) (Lome2) \i Co=m) (2=m1)
* Onr,me 810 9 g 2, el §2ea)(22+3) . P e\ W(2en)(22-1) }]“‘“‘5’

The quantities b 4 are given by (4-22) and (4=23), From (1),
*
(2) and (3) is obtained a general expression for S,
In particular, we write down the answer for the case when (n,£)

takes on values 1ls, 2s and 2p, Define the constant
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/S (8) = EE:—-E:-Z-E ar r? R(r) R, (r) (C-lt)
8 2p
2)3' Y |
. : ' —
5. 0> LW [-1 b, (IFFU) b (k) -\“ka_i_\—f
8 = 18,25 1
N [ NS\

by, () b KV SgE (c-5)

The quantity S will be real, For aluminum, the wave functions of
appendix A give the values A(ls) = - 2,31k, /&(25) = 0,5253,

In chapter 5, it was convenient to use the following symmetric

form of S
1b, (\K+q) 1b, (k)
s = 9 Ss) ﬁ:— 2 p (k) - —Z2— b (\E+DC
s=ls, 28 |?+q| s k 8
(Zk+3)E 1 b, (1K +3l) €.l |
———. 4 | b (k) + ——32—— b ( (lk+qD] —— (c-6)
2 \k +al 2



CAPTIONS

Figures 1 to 7

Various w2 are plotted in units of the plasma frequency, wi '
defined in (3-46), as a function of the phonon reduced wave vector G,
ZB refers to the Brillouin zone boundary, in the (1,0,0) direction at

(1,0,0), in the (1,1,1) direction at (,5,.5,.5) and in the (1,1,0)

direction at (,75,.75,0), wi is the coulomb frequency (cf, (2-19)),
ng is the Bardeen frequency, defined by (5-26), oaixp are Walker's

2

measured values (W 56), The curve for \A? (\nps of (5-27)) illustrates

our present results for a pseudopotential,

Figure 8

U(q) is the Fourier transform of U(r), defined by (L4-26), Al(q)
is the function in expression (5-4), Both quantities are in rydbergs,
Note that the sum U(q) + Al(q) forms the pseudopotential for one of our

calculations,

Figure 9

The radial core wave functions for aluminum are shown, Note that
they are essentially zero for r v r, where rovis the Wigner-~Seitz cell

radius,

71
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Figures 10 and 11

qzl“B(q)
Curves 1 and 2 illustrate the structure of z;g-f:;i , (5-19),
°q
plotted respectivelyzfor~the values U(ro) - E = 0 and ,272 ry, Curve
qQ“Fpg(q)
3 is the function -— p?} 3 (5-17), and curve 4 is the function minus
(e . 7q)
.E.._.;.._;_)..z. of (5-18) except that the (€ x'q)° is neglected,
€. q

Tables 2, % and 4

A sample calculation for Ai and‘Bi proceeded as follows (for

example A, and Bl)' A fixed q value was chosen, Then the function UR

1
of (4-30) was evaluated for different k-vectors within the Fermi sea
(aokF = ,927)., The value for k = 0 is in the second column, The next
‘three columns give UR for ‘ok.’ .75 and'i parallel, perpendicular, and
anti-parallel to the fixed value of'a. The values Al and B1 are chosen
to satisfy best the expression (4-%0),

Tables 5, 6 and 7

The phonon reduced wave vector is in units of 25,. The tui‘

values are the coulomb frequencies squared, The Bardeen column refers

to frequencies calculated using FB(q), (5-19), the pseudopotential column

uses Fsp(q)’ (5-17), and the k-dependent column has employed FWN(q)’ (5-18),
2 ’ 2 2

w_(N) is the normal term (G = 0) of the sum (3-50), w_(U) is the Umklapp

, 2
contribution, the G#0 terms,
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(1,1,1) Longitudinal
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Figure 6
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Figure 8
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Normalized Radial Wave Functions

I

r R

y

Yo
i

2 3

r (in units of ao) —>

6 ean3dtg

18



Figure 10
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Table 2
- . SN
UKD = Ae) + B (g Elra) o
. q
& ( ()
q U(d) Uy ; k= .,75 A, (q) B,(q
(atomic | k =0 E ALK 4 |En
units)
0,00. 0,662 0,662 0,000
0,60 0,634 0,644 0.6%29 0,000
1,00 0,596 0,586 0.593 0.591 0.590 0,000
1,20 0,566 0,559 0.539 0.555 0,545 0,000
1.k0 0.525 0.5%2 0,529 0.515 0,527 0,0075
1,50 0,517 0,518 0,518 0.495 0,509 0,018
1,75 0,474 0,482 0.476 0,468 0,473 0,014
2,00 0,433 0,4kg 0,436 0,%90 0,118 0,077
2,50 0,356 0,420 0,349 0,29k 0,330 0,208
3,00 0,287 0.331 0.293 0,22k 0,271 0,218
4,00 0,180 0,242 0,191 0,091 0,154 0,387
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Table 3
A o oA
Tz(ﬁ,‘ri) = Ay(a) + B,(q) k-tk+q) :§+ )
q T,(3) T, @ ; k=.75 A (q) B,(q)
(atomic k=0 'a“'l: 'ci.\.i? K| “--l?
units)
0.00 0,00752
0.60 0,00839 | 0,00%372
1,00 -0,00722 0,00842 0,00310 -0,011k -, 0042 .010
1.20 | -0.00644 | 0,0079% | 0,00188 | -0.0144 | -,0053 .013
1,40 ~0,00678 0,00721 0.00124 -0,0163 -,0064 .016
1,50 -0,00642 0.00677 0,00104 -0,0174 -, 0074 018
1.75 | -0,00627 | o,00567 | o0,00008 | -0,0188 | -,0050 .019
2,00 | -0.00625 | o0.00452 |-0,00086 | -0,0193 | -,006% .02k
‘ 2,50 -0,00646 0,00240 | -0,00239 -0,0188 -,0061 027
3,00 | -0,0067% | 0,00067 |-0,00%56 | -0,0172 | -,0071 .030
4,00 | -0,0069% | -0.00157 |-0.00474 | -0.0138 | -,o00u8 .029
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Table &4
3
Zk.d 2k .3
T (k,3) = A (q) |1+ 53 ]+B(g)\1 + S22
>3 ] q° ) q2
> T - o = A
q T3(q) 3 @) ; k= ,75 3(q) BB(q)

(atomic k=0 —:INT: 'Q.Lk ﬁ"-—?{
units)

0,00 0

0,60 0,00263 | 0,00115

1.00 0,00%13 | 0,00381 { 0,00170 | -0,00170 0,0020 | -0.000%

1,20 0,00422 | 0,00425 | 0,00284 | -0,00103 0,0025 -0,0005
1,40 0,00452 | o,00456 | 0,00339 | ~-0,00016 0,00%2 | =0,0007

1,50 | ©0,00500 | 0,00467 | 0,00%69 | -0,00001 0,0040 |=0,0010

1,75 0,00561 | o0,00485 | o,o0415 | 0©,00114 0,0056 | =-0,0011

2,00 0,00606 | ©0,00497 | ©0,00458 | 0,00220 0,00650 | ~0,00133

2,50 0,00643 | 0,00497 | 0.,00492 | 0,00381 0,00660 | -0,0015

3,00 0,006%8 | ©0,00483 | 0,00499 | 0,00466 | 0,00685 |=-0,00175

4,00 0,00587 | o,o0u43 | o,00471 | 0©.00497 0,00715 | -0,00225




TaBle 5

Bardeen Pseudopotential k-Dependent

a w2 w 2(W) Wi W3 w2 (1) w2 wim | Wi

Longitudinal, €, = X,(1,1,1)
'
¢.1,.1,.1) J99112 .96361 .01516 .97020 03887 -.00216 -,01333 .0077
(.2,.2,.2) .96813 36168 .061h4 88621 13755 -,0086Lk -.04154 .0313%
(.3,.3,.3) .93988 71334 .14013 .76089 .25362 -.01763 -, 07424 .0625
(.4, .4, 1) 91712 S4377 .25393 .60401 .39952 -.01431 -, 12224 .0359
(.5,.5,.5) .90837 .37769 .39938 JLh2h3 .56255 -,01081 -.16686 0955
Transverse, &y =& (1,-1,0) , €, =% (1,1,-2)
1 2 T2 {6

(.1,.1,.0 00436 .0017% .0073%5 -,00262 .0017
(.2,.2,.2) .01583 00614 .01765 -,00615 .0070
(.3,.3,.3) .02992 .01128 .02788 -.00086 .0120
(b, 4, 4) .04123 ,01581 04228 00376 ,0170
(.5,.5,.5) .O0k549 01772 L0u8h2 .01725 .0193
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Table 6

Bardeen Pseudopotential k-Dependent

a w?2 w3(m) w2(u) Wi wi(m w3 wim | el
Longitudinal, 3L = (1,0,0)
(.2,0,0) .97093 .95178 .00602 96047 .02481 -.00288 -.02466 .010
(.4,0,0) .89%28 .81963 02697 .85128 -,07018 -.01152 -.04809 .0%6
(.6,0,0) .79%82 .63570 07343 .68968 .17601 -,01611 -,08115 .058
(.8,0,0) .71035 42919 .15602 .50%66 .28765 -.01216 -.12856 .073
(1,0,0) 67752 26421 .28682 . 32249 L3492 -.00595 -.17971 .078
Transverse, €. = (0,1,0), 3T2 = (0,0,1)
(.2,0,0) R LTI .00930 02123 .00158 0032
(.4,0,0) .05322 ’.03434 - .07873 .00158 .0120
(.6,0,0) .10289 .06668 .153%9 00424 .0223
(.8,0,0) L4451 09352 .20%50 .01488 .0%18
(1,0,0) .16071 L1041k .22255 .03208 .0360
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Table 7
Bardeen Pseudopotential k-Dependent

a w2 L wim | Eo [ & [ ol Wi | Wi el

Longitudinal 2 =2 (1,1,0)
v oL =g b

(.15,.15,0) | .98055 | ,94590 | 01754 | ,95565 | .O4S90| -, 00324 |-,02208 | ,012
(.30,.30,0) | .91408 | ,79930 | ,05795 | .83436 | ,13868| -,01296 |=-,05210 | ,O4O
(.45,.45,0) | 78437 | 59975 | .09340 | .65639 | .16061| -,01541 |=-,09544 | 066
(.60,.60,0) | .58924 | .29369 | .09537 | .45856 | .175%0| -.01117 {-.13724 | .075
(,75,.75,0) | .36588 | .21905 | 06348 | ,26993 | .11902| -, 00669 |-.16449 | .061
Transverse, 21‘1 = ‘é-‘(l,-l,o)
(.15,,15,0) | ,002141 -.00096 ,00207 -,00755 | .0036
(.30,.20,0) | .01192 -.00026 . 00064 -,01622 | .014
(.45,.45,0) | 03556 .01125 02162 -.08878 | .0%2
( ;60, .60,0) | .o7us8 03731 07139 ,00586 | .053
(.75,.75,0) | .11978 07134 14023 .02795 { .071
Transverse, 2T = (0,0,1)
(.15,.15,0) | .01716 . ,01125 .02512 -,000262] .0025
(.30,.%0,0) | ,07378 .05069 .10471 -.00369 | .0081
(45,,45,0) | .17970 .1%059 .22737 -.00263 | .O1k4
(.60,.60,0) | .33556 .25675 39740 -,00722 | .023
( 0«75, 75,0 +51329 k0720 58951 -,01250 | .030
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