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PREFACE

- In recent years, many attempts have been madé to
calculate the stfuc£ure of real nuclei starting from first
principles, using two-body forces which accurately describe
~ the interaction of tﬁo free nucleons. Rmong these,

T. T. S. Kuo and G. E. Brown (l),‘C. W. Wong (2),

H. S. Kohler (3), A. D. Mackellar and R. I.. Beckar (4),

A. K. Kerman et al (5), and M. K. Pal and A. P. Stamp (6)
have used methods derived from the theory of nuclear matter.
The procedure consists in the determination and evaluation
of the G-matrix. This G-matrix takes the tWo-body inter- -
action ihto account to all orders of perturbation theory

in the presence of other particles (Pauli and dispersive
Effecté). Of course, all the theories ?eferred to above,
maxe some approximation in their evaluation of the G-matrix,
and the crux of the matter is to decide which of these
approximations is the best.

On the other hand, there is also considerable
ambiguity in the theory of the potential V(r). Starting
with the Gammel-Thaler potential, which was fitted to low
energy data and to Stapp's phase shifts at 310 MeV; there
has been a éteady increase in thg accuracy with which

phienomenological potentials reproduce observed scattering
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data. There has also keen a steady increase in the amount
and quality of the data to be fitted. 6K Presumably the
modern phenomenological potentials such as Hamada-Johnston
(7) , Yale (8), Reid (9), and Bressel-Kerman (10) are of
comparable validity. The best phenomenological potentials
fit nearly one thousand pieces of n-p and p-p scattering
data with a x2? ratio approaching 2.0 or slightly more.
This figure, of course, depends somewhat on.the selection
of data employed. A potential fitted to one data selection
would not seem very good when tested égainst another set
of data. P. Signellt for example, has computed x2 for a
large number of the more recent potentials and he might

be considered an unbiased umpire in this field. Without
going into the validity of particular models, we believe
that there is not a great deai to choose between them on

the basis of "goodness of fit". At the present time, the
main progress is in the area of n-p triple scattering
experiments (as evidenced, for example, in the Flofida
Conference report (24)) and in careful analysis of low
energy experiments which now seem to yield definite results
even for the P-waves in p-p scattering in the ten to fifty
MEV range (11).

Finally there is the question of whether the short

range, repulsive two-body force is better described as an

infinite hard core, a finite square core, a Yulawa core,

=
Private communication from Professor Sprung.
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a separable non-local core (12), or an energy independent
boundary condition (13). The scattering data by itself
is unable to resolve this ‘ambiguity.

To try to avoid the preceding uncertainties, in
the force and in the method of calculation, Elliott,
Sanderson, and Mavromatis (14) have proposed an elegant
alternative to the construction of the nuclear potential
V(r) for use in nuclear structure calculations. The
required matrix clements of G between finite nucieus, single
~particle eigenstates would be evaluated directly as a
weighted sum of integrals over the two-body scattering
phase shifts. These phase shifts can be taken from various
>fits to the data, for example, those of G.\Breit et al (15).
or R.‘ A. Arndt and M. H. HMacGregor (16).

Actually, Elliott's method is based on the following
two assumptions. The first is that the wave functions
for the finite nucleus are taken to be those of the
harmonic oscillator. More general ones, such as.Wéods~
Saxon, coﬁld be expanded in oscillator states héwever.
Secondly, Elliott's formulation relies to some extent on
the assumption that the lhasic two-body interaction can be
represented by a weak, finite, and local interaction V(r).
In this case, the present derivation, like Elliott's is
based oh a Born approximation. D. S. Koltun (18), however,

has been able to derive a very.similar formula on the
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opposite assumption that the nuclear force is very strong
and short ranged. This indicates, possibly, that the method
has a wider range of validity than the Born approximation
would suggest. However, only V(r) and not G is considered.

A different way of looking at this theory has been
discussed, for example, by D. M. Brink and R. E. Peierls (26).
We assume some two-body potential exists which may have
any degree of complexity in strength and non locality.
According to the Brueckner theory, one should solve for
the finite nucleus reaction matrix GN by the following

equation:

GV =v-v 2" :
e

Here the operator Q is the Pauli operator which prevents
scattering of particles into occupied states. The guantity
e is the.energy denominator which, in a many-bkody systen,
includes both kinetic and potential energy effects. It
is possible to relate G to the free two-nucleon reaction

F

matrix t

P » Principal value
tt =V -V

o

F P _F
e

o ey Kinetic energies only

by the following relation.

This relation has been given by Bethe, Brandow and Petschek (29)
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who used it to relate the nuclear matter G-matrix to the
reference matrix GR. This approach to approximate the
nuclear reaction matrix by the free two nucleon reactibn
matrix has, in fact, been advocated for several years by
Kahana and co-workers. Provided the effects of % approx-
imately cancel the effects of %  the method will have
great merit. In binding energyocalculations, one certainly
cannot justify this. But for calculation of nuclear
spectra, one might expect reasonable results for those
nucleons near the top of the Fermi sea because they are

in a low density region. One may go further and include
correction terms to tF; this is being studied. To the
extent‘that ¥ approximates GN, the nuclear problem

reduces to evaluating matrix elements of tF between
harmonic oscillator states. Since diagonal matrix elements
of t¥ between plane wave states are related to the tangents
of the phase shifts, Elliott's method can be applied and
will then express the desired GN‘matrix clements as integrals
over the phase shifts. There is, however, one remaining
difficulty. V or £ must be local (26) for Elliott's
formulation to work. Undoubtedly £F is a very non local
operator in coordinate space. However, it may be possible
to approximate'tF by some local £F making errors comparable

to those in the previous assumptions. For example, in the

: *
work of Bethe and Siemens , it has been shown that the G-matrix in

Private communication from Dr. H.A. Bethe and Mr. P. Siemens.
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nuclear matter can be reasonably well approximated by a
local, effective operator é. Equivalent suggestions have
been made by R. K. Bhaduri and C. S. Warke (28), and by I.
Donnelly (30). It is reasonable to,ho?e that t¥ can be
similarly appréximated, and thus the use of Elliott's
method would be justified.

For simplicity in the following discussion, we
will write the equations>as though applying Elliott's
method for a weak potential V(r); however, this other
viewpoint of regarding V(r) as a local free two nucleon
reaction matrix should be kept in mind.

We now illustrate the application of Elliott's
method for reduced matrix elements in conjunction with
Moshinsky-Talmi (17) techniques. When the relative
matrix elements are known, thé two-body matrix element

can be computed as shown below (27).

Ly = L) 1Y+ LY+ "
<(2 %3 (2, 2)32 JMTTZIVeff|(23 5) 35 (2, %), JMIT >

_ 1 . 1 \
(L + 5§ § §. . )2 ° (1 + & § §. . )2
Nty 4% 3332 NaNy 3ty I3]0y
)\"l‘)\' . .',
X pX (-) (23" + 1) (2x + 1) {(2A" + 1) (25 + 1)
AATI 'an!
2'y NIL

x [j2j1+1)(2j2+1)(2j3+1)(2j4+1)] <n g n, 2, [ naNLA>

Zl 22 A 23 24 A
X <ngasnge, ' n' NI 4 % %S 5 % .8
3p 3, 9 33 34 9



-t L ! L A
lsag g sJJ'

X <nzSJ'|Veff|n 2'SJ'>

The above is obtained by transforming the two particle
state from j-j coupling écheme to the L-S representation
with inclusion of the Moshinsky transformation. Thé'
quantity we are interested in is the reduced matfix element
’<nlSJ'|Veffln'2'SJ‘>; all other factbrs are essentially
geometric in origin and contain no physics about. the
interaction. The usual method for obtaining the reduced
matrix element will now be described.

| Since the oscillator wave functions are partly
comprised of Laguerre functions which are polynomials in
the square of the relative coérdinate r, any relative
matrix element ‘evaluated in an oscillator representation
is expressed essentially as a weighted sum of terms.
These terms are integrals over vafious even powers'of r
- times the interaction potential and a gaussian in r. Hence,
according to Talmi (17), a two-body relative matrix element
can be written as

> =% B(n,e,n',e',p) I
p

R QIV(r)I‘Rn.l b

where

Ny

2
_ 2n! 2o =xT/2 _+1/2, 2
an(r) - [r(n+£+3/2)‘ : Ln‘ (x”)

(x)



is the radial part of the general oscillator eigenstate.

The Lﬁ+l/2(r2) are laguerre polynomials as defined by
Erdelyi'gg al (25) in the relative coordinate r. The.
B{n,¢,n',8',p) factors are Talmi coefficients and Ip

are Talmi integrals as defined as follows:

2 T 2p ~£? 2
(o]

The summation index p is always intcégral valued since

tha following inequality must hold

La+e') < p < L(e+2') + (n+n')

i+
N

and where ¢ = ' for diagonal matrix elements and % = &'

for off diagonal matrix elements.

In the present derivaﬁion, we continue to use the
above. formulation of Talmi, but follow the suggestion of
Elliott for evaluating Talmi integrals not as in their
definition but as in their relation to integrals over the
phace shifts. For g=2'=1l and n=n'=0, only one Talmi

integral is needed. Elliott et al have given for this case

) J e"E(l+4E~4E2) tan dﬁ(E) dE

0

_ 2 Aw
I, = 3b¢

where SQ are the known chase shifts appropriate to this
value of 2 and E is the laboratory energy of the nucleon

in units of the oscillator energy fiw. Since B{O,l,O;l,l) = l;
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it follows that the relative matrix element is equal to

<0,1|vy (£)]0,1> = 1,

The purpose of this thesis is threefold:

1) To generalize Elliott's method to all n and 2.
2) To find a convenient way to evaluate the Talmi
integrals -- a recursive method is derived.

3) To generalize to the case of a tensor force
where matrix elements which are ncn-diagonal

in the orbital angular mcmentum 2 occur.
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CHAPTER I

MATHEMATICAL FORMULATION

Since most functions found in physics can be'
expressed in hypergeometric expansions, it would be
desirable to obtain an integral over hypergeometric
functions whose value is also expressed as a hypergeometric
series. This expression was obtained from Slater (18)
and is given in equation (1.1). This is useful since we
desire an integral over spherical Bessel functions to be
equated to various powers of rz. These powers of r2 will
then yield a relation between Talmi integrals and integrals
over the phase shifts. The general hypergeometric function
AF, with A arguments of type (a) and B arguments of type (b)

A"B

is defined as follows:

AFp [(ays ay «ev @) 5 (b, by we. bp) ;5 ox]
- (a3} (@) ... (ay) y
= I . - = Z .
v=0 (bl) (bz) « e (bB) V.
\Y v v

Here,

(a)v = ala+l) (a+2) ... (a-1l+v) .

When A < B, the above hypergeometric function is absolutely



convergent for all values of the factors a; of type (a)
and bi of tvpe (b) provided that x is finite and none of
the bi is zero or a negative integer. Ve begin with the
following expression:

J efkft gd-1 AFp [!(a): (b); ktJ 1¥1 [a': b ke ] at
o ' ' v ‘

-d r(d) r(b') r(b'-a'-4)

= KD T ETmET T

(1.1)

X

g U Fey R - | I l,k
’A+2FB+1,[ (a), 4, l+d-b ; (b); l+d+a'-b'; £,

In equation (1.1), we now make the following substitutions

which are consistent with the requirements for its validity:

k' = q2 1 ko= - r2
d = w+3/2 ; t = k2
a' = -g-1-y ; Db' = 1/2-2 .

Here u, & are positive integers or zero. The form of the
hypergeometric function is chosen to have the following

construction:

AFp (@7 ) xt] = F, [+l 24372, 2042; -k°r? ]

Equation (1.1), with the new variables, appears below.

" 2.2

2 J e kg k2£ lF2(2+1; 2+3/2, 2.+2; —kzrz)
o]

x | Fy(=a=1-y; 1/2-2; kg% kak

1 r(z+3/2) r(l/2-2) r{u-2)
(q)2£+3 r(u+3/2) T(-2¢-1)




X 3F3_C 2+1, 2+3/2, 2242: 2+3/2, 28+2, 4+1-y; —rz/qzj (1.2)

Since we will require the hypergeometric function 1F>
in equation (1.2) to éventually have the form of the

square of the spherical Bessel function, the choice of
a' and b' in 1

However, an improper choice for these variables will lead

Fl(a'; b'; k't), appears to be arbitrary.

to an infinite series for the hypergeometric function
A+2FB+1 which would present a great inconvenience from
a nunerical point of view. DBut for the selection of a'
and b' that has been made, the hypergeometric function
A+2FB+1 is reduced to 1Fy as well as becoming a polynomial
of low order. The polynomial lFl(a', b', k't) with the new
variables is actually a member of the family of Laguerre
polynomials but is identical to neither of the common ones
associated with the wavefunctions of t?e hydrogen atom nor
the spherical ﬁarmonic oscillator. It is immediately

apparent that the hypergcometric function reduces in Eq.(1.2) to

3F3
lFl since the_two factors which are common in both the
numerator and denominator will cancel out in all terms of

the series. One must now investigate the behaviour of

L) e (el atleu; 353)
T(-22-1) 171 ‘ i 72

which appears in right side of equation (l1.2). Since the
gamma function of zero or a negative integer is infinite

and the hypergeometric function contains a factor f£+l-yu.in



the denominator, a zero will appear in some term and all
succeeding ones. We now study two cases.

Case I: where 2-u>o

Now the term t+l-uy can never be zero or a negative integer
so that the hypergeometric function is well behaved.

The factor %%%%%%iy outside consists of the ratio of two

gamma functions of negative integral arguments. Abramowitz

and Stegun (19) give for gamma function of negative integers:

.
lim T (-z) = i%%~ 1im(E%H)

zZ-n Z>n
where n is zero or a positive integer.

Therefore

M(=(a=p)) | _ybul (2041)!
r(={22+1) (a=u) 1

and is no longer indeterminate.
Case II: f-u<o

Now the hypergeometric function containes a term
2+1-p which will yield zeros in the denomninator but T (u=-2)
is now well behaved. Here one must take the ratio of the
limit of each term as one of its factors approaches zero
with ﬁhe limit of the gamma function [ (-22-1). It will be
found that those terms in the hypergeometric series which
contained no singularities are now zero and those which
did are now finite.

We now desire the expansion of a product of two



ordinary Bessel functions in terms of a hypergeometric

series. From Rainville (20), we obtain
% n+m '
&

I (n+l) T (m+l)

Jn(X) Jm(X)

n+nm+l  ndm+2

X A S

n+l, m+l, n+m+l, —x2 J. (1.3) -

The spherical Bessel functions, which are the eigenfunctions
of a free particle in spherical coordinates, are related,

according to Schiff (21), as follows

-
3 ) = oy Tean(x)
Hence for n=m=2+%
(5)
2£+l

(e 22
[r(z+3/2))2

3,7 tkr) =

2.2 :
x 1Fp [ 2+l 2+3/2, 2042; -Xx J . (1.2)
The hypergeometric function 1F2 in equation (1.4) is
exactly that obtained under the integral in equation (1.2)

and is thus replaced by the spherical Bessel function

squared to yield

q .
e 222+2

2N

P 2 2 (k )
j K Jy E [r(2+3/2)]
o

2 2 2
x Fy [ -2-1-w; 1/2-2; kg ] x%ax

= 1 r(a+3/2) r(1/2-2) r{u-2) . _r
= G203 T(F372) ACYIES) iFq [ a+1; 2+l-u; ;f ]

. (1.5)



It is now desirable to convert the hypergeometric function

on the right side of equation (1.5) into a new hyper-

geometric function times an exponential which when

multiplied by r22 begins to appear like a product of

oscillator wavefunctions. From Slater (18), we have that

e F, [aib; x] = F [b-a; b;

It can also be shown that, for &¢-u>o

28+2+y

r(l/2-2) riu=-2) _ w2
= ~(-) hFD T (2+1/2)

I (u+3/2) r(-22-1)

where

=<7 .

2.

(25u57

(2pu+1) 1! = (2p+1) (2u-1) (2p-3) ... 5.3.1

The resulting equation takes the following form:

T 2 2
-k"q” . 2

I e 3y (kxr) 1F1

° 2

r
1)y g ‘q“i’A R G

q3 r(a+%) (2u+l) (2=u)
2
X F, (-yu; 2+1l-u; £~)
1'1 ! ! 2

q

The general procedure to be followed in the

chapters will now be explained. Both sides of equation

(-2=1-y; 5-2; k2q%)k2dk

succeeding

(1.6)

(L.6) are multiplied by appropriate nuclear potential and

integrations performed over r. The integral over the

square of the spherical Bessel function is replaced by a

phase shift and the integrals over the finite number of



terms of the hypergeometric function become Talmi integrals.
The number of integrals obtained depends on the value of

u, as well as 2. To get the appropriate Talmi integrals,

for u=u _, one needs to know the Talmi integrals corresponding
to u=uo—l. Hence one always begins at u=0, in which case

the single Talmi integral may be evaluated numerically,
and procedes by recursion to obtain all Talmi integrals
required for the maximum value of p. When multiplied

by Talmi coefficients and summed, these Talmi integrals
vield the two-body relative matrix element. What makes
one matrix element different from another is the number of

terms which are summed since this depends on p and where

Ogugn+n’,



CHAPTER II

DIAGONAL MATRIX ELEMENTS

" We now consider the factor

L 2, 2
T?éiTT lFl(—u; L+1l-u; r°/q”)

in equation (1.6). Since u is a positive integer,

hypergeometric function is a polynomial of degree u and

the

if L-u>o the expression is well behaved. When f-u<o

then “““”77 vanishes alone but when multiplied by the

hvpergeometric function, cancellatlons occur which yield:

a non zero result. Specifically,

(2.1)

1
. 2
YT 1Fp (e a+low, v2/g7)
r2 r2 5
(“5) (—ﬁ)
st [y ) gt ) burl) o qf )
TEME (z—p+1) "17 (o=u+2) (g=pu+1y 27
r2 r2 2
: (*7) (—7)
= ! [ 1 + (-n) q (-u) (~p+l)  g° ]
' (2=u). (e=-u+1)7T 1T p p+2)‘ 21
(~—)V
N S T VI
v'=a (u=v') e (a—p+v') s Vi
where
a = max {0, u-2}
We now make the substitution v' = p-v to obtain
n=v
r2
g - '(—W)
u (=) ui 2! g” o . '
(=) ZO TS H S B where g8 = min {u, 2} .



The new form of equation (1.6) is as follows

T 22

—x 2 2, .2
J S j12(kr) Fq(=2=1-u; %-2; k"q") k7dk
o

1l
r2 * r2 Y
L (=) _.2, 2 (=5
_ (_-f) 2H q2 e * /9 g (=) Vulg! q2 (2.2)
- q3 rCe+s) (2u+l)T0 0 C4 (u=v) 1 (2~v) ! v! ,

where the factor (—)2“ drops out since it is always positive.
We wish to make the terms in the sum in equation (2.2)

into Talmi integrals. The Talmi integrals will now be
defined in a slightly more general manner as given in the
introduction. We consider an uncoupled partial wave with

a definite 2, 8, J, and set
L+u

2,2 2
-xr“/q r” dr
e v, (r) — e (2.3)

2 T 2)

I(e, ) = (==
' YEEEEY) f 2

' q q

where Vl(r) is the effective potential appropriate to the
value of ¢ and a relative matrix element is now expressed
for g=3'

<nZ[V2(r)|n'£>==ZB(n, L, n', &, 2+u) I(2, u)
]

and the former P is written as

P = X% (g+2")+u

so that in the summation, we have

0 < u < ntn' .
This just reflects the fact that each oscillator wavefunction

contains a factor rz.Arxexplicit calculation of a diagonal
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matrix element g2=4' = 1 and py= 1 will be performed below.
In this case, the reduced and rearranged form of equation

(2.2) is

’

. 22
("'1‘?‘) I‘(2+l/z)q3 J e kg jzz(kr) lFl (-2-1-u; %-2; kzqz)kzdk
o

L. U [T
u 2 2,2 2 2
= ey G e/ [ <q£—2> - <q£-2) ] (2.4)
d

where the explicit g and y dependence is shown. Equation

(2.4) is nultiplied by

2 J vV {(r)
(o}

P
»QqHM
:-er%

T (e+p+3/2)

and the order of integration over k and r is interchanged

to obtain

~-2 ) 2 ~k"q . 2, .2
(—=) r(2+1/2) T3/ J e [ [ 3, (kr) Vz(r)l dr]
‘ 0 0
x Fy [ -e-lews 1/2-0; k%q% ] xax
2 H
2H < r2 L _rz/qz (;;:—2-)
(L) T 2 [‘;f’ ° ' [P(2+u+3/2)
o)
2 w7l
r
U 2 (aﬁ) r2 dr
(Tt T/3) T arariyay | Ve (F) Z . . (2.5)

Inside the integral over k of the left side of equation (2.5),
an expression appears which is identical to the first

order Born approximation for the phase shift which is given
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in Schiff (21).

= J jzz(kr) Vl(r)rzdr (2.6)
0

where M is the nucleon mass, #ik is the momentum of one

2
_ ,ﬁz 62(k )
Mk

nucleon in the center'of mass frame, and dz(kz) are the

phase shifts appropriate to the value of ¢ for various

values of the energy which is proportional to the square

of k. The energy of the nucleon projectile in the laboratory
frame is

I
LAB M

) . . 2h2 £ . .
and the oscillator energy is —5 = how. The factor 2 in
™mqg
the preceding equation occurs because the usual size

ﬁZ,

mb2

The relative coordinate is expressed for this definition

parameter b is related to the oscillator energy by fw =

of b as r = ry - r,. However, in Moshinsky's notion

v
q2 = 2b2. An additional parameter E is introduced which

- fz) so that the size parameter squared is

is equal to the laboratory energy in units of the oscillator

energy Aw.

The factor

T (2+1/2)
T (24+u+3/2)

can be shown to be equal to

oML o1yt
(22+1) (2e+2p+1) ! ‘
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Thus the left side of equation (2.5) becomes

o«

_~(2)“+-1 (22+41)11 4 e—k2q2 ~§E 5 ( )]
(21~ (2a+2p+L)TT T ) TR R

0

X lFl

(=2-1-u, %1, k°q°)kdk - .
We observe that the right side of equatién (2.5) is just

a combination of two Talmi integrals and that

dE_ = xak | )
2q
The final expression for the case £ = &' = 1 = y is
I(e, u) - S I(e, u-1)
! (2+utis) !
_2(2u+) 1 (2241) 1! Aw ~E N (2.7)
T o(241) (2e+2p+1) 1 = J ¢ Gz(L)_ .
[o]

x.lFl(~2-l~u; 5-2; L)dE

By substituting y = 0 up to p = n+n' in equation (2.7),

one obtains the required Talmi integrals which when

multipliea by the appropriate Talmi coefficients and

sunmed provide the relative matrix element. It may be noted
that for y = 0 in equation (2.7) one obtains the same

formula as given by Elliott et al for 2 = &' = 1 and

n+n' = 0. The general expression for arbitrary p and & follows

Syvop!ogt 2V (2242u+1=2v) ! ! )
0 N ) RN e RV e Py ey ey LT

I 1w

v

(2.8)

= TorD T (haTanrT () §,(B) Fy (-2=1-yu; %-¢, E)AE’.

_2uA)t (22400 %! fw e~n'
[
[0}
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The method presented here applies equally well to
the diagonal matrix elements (2=2') in the case of coupled
states of angular momentum J and parity (—)J+1. The

off~diagonal matrix elements with 2=2'42 are considered

next.



CHAPTER III

OFF-DIAGONAL MATRIX ELEMENTS

In this chapter, we apply the techniques for
obtaining diagonal matrix elements to off-diagonal matrix
elements where |2-2'| = 2. Coupled states due to the tensor
force consist of two triplet states with the same total
angular momentum but whose orbital angular momenta differ
by 2. What we have to work with are the part of the total
phase shift that would be produced if the tensor force
alone acted for each member of the coupled pair as well as
a coupling parameter which describes the strength of the
interaction. One might have expected that only the coupling
parameter would be required, but this is not the case.

Té get a useful formula for this case, it will
become apparent that one must use equation (2.2) with
the value of & being numerically identical to the total

angular momentum J of the coupled state. Thus for the

3Sl - 3Dl coupled state equation (2.2) with 2=1 was used and
the notation changed from % to J to obtain
° 2 2
2 3 -k . 2 - 2 2 2
~ (=) T(I+4)q J e ™ 4 jg7 k) jFy [ -I-1-u; %-3; k% ] k“dk
(o}
J . u u—-1
= 2} (EE) e”‘rz/q2 [ (EE - rd (rz) ] (3.1)
(2u+1) ! 2 2 1T 7 '
a q q

14
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where the p and J dependence is maintained but is valid
only for J=1. (General J is ccnsidered helow). We wish
to convert the square of spherical Eessel function jJ
into a product of Bessel functions jk—J~l(kr) and
jz—J+l(kr) which are related to the component states of
the coupled one. To achieve this, we operate on equation
1 (3.1) with r >
ar

occurs in the Bessel function and the terms on the right

obsexving that the only r-dependence

hand side. Since

3 . 2 T N
r a=(i;7 (kr)) = 2kr j;(kr) a(kr)[jJ(Lr)]

and from Schiff we obtain the derivative of the spharical

Eessel function to achieve

3 (. 2,
r 5—5{3.] (}‘r)]

.. 2 2, . .
J Jo_¢ (kr) - (J+1) 3. (kxr) = 3 (kx) j._, (kr)
(2J+l)2 [ J-1 J+1 . J+1 J-1 ]
. (3.2)

2k2r-2

Using this expression and carrying out the differentiation

of the right side, the new form of the equation is:
2.2 2.2
_(%) AREERPE j o k'q ,.2..};3:”.~7 [J‘ jJ_lz(kr) - (J+1)jJ+12(kr)‘
(20+1)

[--]

Q

. . _ 2219 2.
= 35y (k) ]J+1(Lr)] 1Fy [ -9-1-ws %35 x%q* ] x%ax

J M p—-1
ol 29 20 [ 22 .2
= gy ) e f (=) + (uI+d+u) ()
2 - l . 2
(2t q q® q
2 W72, 2 '
- W @D G } E | . 3.3
q q |
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In a completely analogous manner to that in Chapter II,
we now write down the Born approximation to the phase shifts

T, and T

. o= 42 due to the tensor force for both part;al

waves and the coupling parameter eJ as follows:

.2 ® ‘
-f 2 . 2 2
Mg Tg-1 ) = J Jgoqp (kr) Vplr) rdr
: g
B0 = [ 3,20 vy
i Toer ) = | Jg4p (kX)) Vo) xridr "
(o) .

and

w

~h%eJ - 6 VI (J+1) | . . 2
T (k ) = S % = j Jgoq (ke) Jpq (ke) Vi(x) rrdr
(o]

VT(r) is the radial part of the tensor interaction and the
J-dependent factor is the matrix element of Sio¢ Again we
wish to make Talmi integrals out of the terms on the right

side of equation (3.3), so we multiply equation (3.3) by

o«

1 dr
F(TFa7372) J Ve () 57

o]

and interchange the order of integration over k and r on

the left side. Hence

L= ]

N (] U+l -
.‘2;¥l?f°,? 3 (E%) J e B [0 17 1 (E) = (J+1) g, (E)
(20+2pu+1) 'Y (2J0+1) :
(3.5)
B f—izgj£)~ (h)] 1Fq (=J-1-u; %-J; E) EQE
6 VYJ(J+1) 2J +u 2 Jtp-1

g ~ (=) (=)
_ 2" 2 -r“/q o (uJ+J+p) g
= BuwiD T € F(d+n+3/2) (TFu+rl/2) T (G+u+1/2)
0 2 \j+u~2 '
(5—7) , )
p J{I4+p=-1) ’ v (r) r- dr
(J+u+1/2) (J+u-1/2) F(J+u -1/2) "7 q
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where we have replaced k3dk by = T -
The Talmi integral for the tensor potential is defined

analogously to that in Chapter II.
] 2 2 J+u

VT (T, u) = 2 -x*/q (=) V.. (r) r? dr
R N ey N B o p o2 a

[¢]

The final form of eguation (3.5) is

2
2(1+2u) _ . 4y ~
VT(JI U) - (2U-+3T VT (J, U l) t+ (2u+3) (2u+l) VT(JI H 2)
FLOT
2 T -E (2T7+1) J oy
e 2T (E) + —tiiiee. g7 (E) ]
(2ut3) (9541)2 { J+l 6 VI (EF+L)

X lFl(—J—l—u; %‘-.'J, E) EJE

Ordinarily the term J TJ_l(E) would appear in the preceding

equation but for the 35, - 3p coupled state t (E) is

1 1 J-1
identically zero since the tensor force does not connect
the S~state to itself. However, equation (3.6) is not
useful unless one knows what VI'(J, -1) is, in order to start
the recursion. In the case of diagonal matrix elements,
the corresponding term vanished since it‘was multiplied
by p= 0. We can supply this deficiency by an alternative

deduction from equation (3.1). Setting u=0, we obtain
J
2 2,2
£ eTr/d

< 2 2

— 2 . —k q - 2 . e POy - — - '2 2 2

- _(?) T (J+%) j e 37 (ki) lFl [ J-1; %-J; k'q ] k~dk
o
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and from Schiff (21) we make the substitution

'2(1-)~-k2—-—-‘“=3———<' (kr) + ... (kr))>
g Wrr = (2741) 2 Jg-1 WX Jg+1 WKL

which also provides the convenient factor kzrz. Thus
J-1

r2 -xr"/a r2
(—j)' e = (*7)
q ad
< 2 2
2, T(J+%) -k q . 2 . 2
= -(2) T2 | e [ (kx) + 3 (kr)
T 1) 2 { J5-1 J+l |

. » 2 2 2, 4
™ 3 ( o ” ENE I/”L Y ! . .
+ 235 (kr) 3J+1‘L*i]lrl [ -0-1, %3, x“q r°k” dk (3.7)

Eguation (3.7) is multiplied by

-

~

VA iy
T (G=1+372) J Vple) 5~
[}

Da

2 2

and the analogous substitutions for k7q", k3dk, and the

Bessel functions were made to obtain

. (hﬂ) ol
VI, -1) = ———s J e F Fi [ 915 %3, E]
(2J+1)
° , (3.8)
x [TJ_I(E) +orsq () + 2(2911) eJ(E)] EAE
6 YJ(J+1)
Again Ty-1 is idehtically,zero for the 3Sl - 3Di coupled

state only. CICquation (3.8) is correct for all J. UNow
an expression will ke given for the general recursion

formula of the off-diagonal Talmi integrals.

VT(J.I H)
+ 8;1 (-)2" u Je 1 (2J+2u+1l-2v) 1! <
(WFI-v} T (T+1-v) T v T ETFZuFI) T

v=1
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x [ v (J+p+l-v) + 8 (p+l—-v) (J+l~v)] vT{(J, u-v)

v, B+l
2(2u+1) ! (23+1) 'Y ho [ ~E
T (~—) e ~J 1. (E) + (J+1) = ()
To(2J42pu+1) 1! (2J+1)3 m é [ J-1 J+1
+ -igiééérf €J(E)J 1Fq (=3-1-u; %-J; E) EAE 93.9)
6 YJ(J+1)

where g=min {un, J} and

8 =0 if y=6

= 1 otherwise | .
low we explicitlyvillustrate how the phases TQ(E) are
obtained from the total nucleon-nucleon scattering phase
shift, The general nuclear potential, which consists cf
central, spin-orbit, and tensor interactions, can be

written as
v{r) = Vc(r) 4+ L.S VLS(r) + S12 VT(r)

When matrix elements of the above potential are taken, one
obtains, in Eorn approximation, phase shifts which were

shown (22) to be in proportion to the respective matrix
elements. The coefficients of the respective matrix elements
are the expectation values of the spin-orbit (L.S) and tensor

(S,,) operators for each value of j in the triplet state.
12’ ©P J
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Thus
3 - _ _o2(e+1) o
a3y, =4 - & + 238
J=2 C LS T
3 _ __2%
B Rgegrr = 8 Aoig ziv3) O
where A3£J are the measured nuclear phase shifts. In order

to solve for the "component phase shifts" one requires the

following three conditions:
1 L+1 3

D gy L, (D) 205 = s

it
o

2) ) A AL, = §

3) X B AT, = §

where A B. are undetermined coefficients. We are

J' 73
interested only in 8 (which were called T, previously)

-so that we need calculate only B

g+ BY applying condition

3) above, one obtains

Bo-1 tBy v B =0

- (2+1)B, 4 ~ B, + B, =0
_2(e+1) , - 20 =

(2%=17 Be-1 T 2By T orasy Beer =1

By writing the first two equations in symmetric form, one

sees the contribution by each component of the triplet to
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the tensor phase shift.

2-1 _ 72 N 5
2+l T - (22+1) L 2

where k 1s a common factor depending on 2. With the last

of the three equations} it can easily be shown that

Kk = - L (22-1) (22+43)
2 2 2(2+1) (22+1)
As an exanple, for =1
_ _ 10 _ 15 | __ 5
Bo =~ w3 i By =70 By =y
so that
T L L N e

o
~]
N
[l
~J
N
N

.



CHAPTER IV

NUMERICAL PROCEDURE

All calculations were made at the computation
centre of McMaster University on an IBM 7040 originally
and then on a CDC 6400. Diagonal matrix elements were
calculated for values of 2=0 up to =5 for various

combinations of n and n' such that

0 < n{or n'") <3
off-diagonal matrix elements were calculated up to the
3F4 - 3H4 coupled state for similar values of n and n'.
Advantage was taken of the fact that a symmetric inter-
change of n% with n'g2' in the Talmi coefficients leaves
them unchgnged., Thus, for the diagonal case only, matrix
elements were calculated dnly for n' > n. The T=0 phase
shifts of G. Breit et al (lS)iwere used in the calculations.
Interpolation in the phase shifts and coupling parameters
was achieved by using a ten-point Lagrange forﬁula evaluated
according to the Aitken iteration method. This produces
a ninth order polynomial.

In the hypergeometric function (=2=1-yu; %-2, x),

171
the order of the polynomial obtained is identical to the

negative value of the first argument. In our case,. the

22
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maximum value of £ was five and p equal to six so that

a twelfth ovder expansion must be evaluated. .A novel
procedure was employed to achieve this since by simple
addition of each successive term, one obtainé numbers of
unusually great maghitude with a resultant loss of sign-
ificance because each term is generally added with alternate
~sign. Eence, the poiynomial was calculated in the "nested"’

ay in which one bhegins with the coefficient of the highest

<
-1

power and procedes to the lower powers.

Ve npow must integrate a polynomial of maximum
order twenty-one for the diagonal matrix elements and of
twenty-second order for off-diagonal matrix elements where
an additional facﬁor of the variable of integration occurs:
Tor this, a fiftecen-point = Gauss-Laguerre cuadrature
formula was used wihich in principle will yield an exact
solution for a polynomial of twenty-ninth degree or less.
This proved more than adequatef Apart frem the inter-
polation in the phase shifts, the preceding calculations
vere made using approximately fourteen significant figures
for both the reduction of round-off and for better accuracy
in the numerical intégration. The Talmi coefficients were
also evaluated with a similar degree of accuracy sincé for

p 2 4 the magnitude of the coefficients are of the order
(n+n' , '
—5— - 1)

10 and for large n and n' can be quite large.

.
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These coefficients are then multiplied by the Talmi integrals
which are generally less than one and usually much less.
Since the Talmi coefficients appear with alternate sign in
the summation of Talmi integrals one may incur large
round-off errors particularly when p is large.

Elliott et al have compared the reduced matrix
elements obtained by their method with those obtained by
actual integration of the Tabakin (12) potential for the
three states of the triplet P partial wave. They have
‘found that the disagreement varies from within a few
percent to over one hundred percent. The method thus
appears to be méderately inaccurate. One source of this
discrepancy lies in the Born approximation of the phase
shift. It is known that one can expect the Born formula
to be accurate provided the wavefunction of the scattered
nucleon closely approximates the free particle wavefunction.
This is generally true for high values of the relative
kinetic energy of the two nucleon system. The requirement
that.the phase shift be small is insufficient to guarantee
a good Born approximation since, at low energies the phase
shift is small but the nucleon wave function is highly
distorted compared to the free nucleon eigenstate. Wﬁen
one compares the phase shifts calculated exactly and in
first Born approximation on the Reid (9) potential, it is

found that for lS0 waves, the disagreement at low energies



25

' *
can be as large as five hundred percent . At energies

greater than one hundred MeV (laboratory frare) for the
nucleon, agreenent is cbtained to within five or ten-

: 1 : . s ’
percent: For the D2 wave, similar accuracy was observed
b}

he Dorn approximation

for cnergies grea%ef than fifty MeV, T T
becomes hetter for la?éer values of the orkital angular
'momentum since, in these cascs, the scattered nucleon

'only sees the tail of the scattering potential. The
wavefunction is therefore less distérted. Another
consideration of Elliott's method is necessary since,
in'calculaéing nucleaf spectra due to interactions of
nucleons near the fermi surface, the reiativc kinetic
energy of two nucleons is émall. Tor two nﬁcleons in the -
lowest relative S-state, the relative kinetlic eﬁergy is of
order fiw, which for light nuclei is approximately ten MeV.

It was seen above that it is in this low energy region where

the Dorn approximation is least accurate.

* .
Private cowrmunication from Mr. M. K. Srivastava.
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