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CHAPTER 1
INTRODUCTION

1.1 Purpose and Scope of the Investigation

In the field of Sanitary Engineering, many types of water
and waste treatment facilities incorporate some type of reaction
vessel to carry out the purification or treatment process.

In most cases the reaction vessels are designed to conform
to conventional, empirically derived, design criteria and as
such, these reactors can be expected to embody something less
than ideal fluid flow properties.

To better understand and describe the reactions which
take place in non-ideal flow vessels, a method 1s needed
to measure and evaluate the hydraulic characteristics or fluid
flow properties of these vessels. The method chosen should,
ideally, be an accurate and easily applied technique to measure
system response, Further, to aid in the prediction of system
response under varying conditions, it would be advantageous
to be able to describe the vessel's behavior in terms of well
known and easily defined ideal components or reactors.

The frequency response technique is a method of analysing,
testing, and controlling various networks and systems. This
technique was first applied in the Electrical Engineering
field of servomechanisms and has since become a useful and
widely accepted technique in that field. As well, the

frequency response technique has been successfully applied in

1



Chemical Engineering process control work. However, to date,
there has been very little study or research done to inves-
tigate the potential of applying this technique to Sanitary
Engineering systems.

The purpose of this research project is, therefore, to
explore the feasibility of adapting this technigue to analyse
and describe reaction vessels commonly utilized in water and
waste treatment processes.

To successfully apply this method of analysis, it initi-
ally had to be proven that specific cyclic disturbances could
indeed be successfully produced and monitored. This involved
construction and testing of several types of apparatus before
suitable equipment was developed and refined to a point
where data could be gathered. The data then had to bve
evaluated to determine if it was meaningful and whether it
could be represented utilizing methods commonly employed in
frequency response analyses.

Based on the experimental data, the next and final stage
in the study was to investigate the feasibility of modeling
conditions in the test reactor by means of a simple network
of ideal, mathematically describable, components.

1.2 Possible Applications of this Work

To successfully describe and predict the conversion in
a continuous reactor, both the kinetics of the reaction

involved, and the hydraulic characteristics of the recaction



vessel must be known. If only the reaction kinetics are

known, then by measuring the conversion that takes place,

some insight can be gained into the fluid flow properties of

the vessel. Conversely, if the hydraulic characteristics of

the vessel are known, an understanding of the reaction kinetics
involved can be gained by studying the properties of thc efiluent
produced..

Unfortunately in many waste treatment applications
neither the reaction kinetics nor the hydraulic charac-
teristics of the reaction vessel are completely understood.
This lack of basic information has resulted in the use of
empirical design standards or "rules-of-thumb". These design
criteria are based on observed performance of various, often
unrelated facilities, and as such are relatively inflexible
in that they cannot be tailored to meet the requirements
of a specific waste or a specific degree of treatment.

It is therefore evident that a more rational approach
is needed both to evaluate and describe the performance of
existing waste treatment facilities and to develop and refine
design practices to optimize process efficiency. The
frequency response technique shows promise of being a method
of analysis well suited to the accurate measurement and
description of the hydraulic characteristics or fluid flow
properties of waste treatment reaction vecssels.

If application of this technique proves to be feasi-le,



it could be used to investigate and analyse the performance

of many types of commonly used waste treatment processes.

One such application could be in studying the performance of
aeration tanks, which are the core of the widely used "activated
sludge process" and modifications thereof. Several theories
or opinions have been voiced as to the actual working
characteristics of such reactors and as to how installations
should bc designed to provide optimum treatment. These
opinions have, at one extreme, described aeration tanks as
plug flow vessels while others maintain that completely mixed
conditions exist in the reactor. By applying frequency
response analysis, it should be possible to accurately measure
the system response from aeration tanks and describe this
response in terms of ideal fluid flow vessels. Tnis measure-
ment and description of system response would make possible
both. the development of more refined design practices and the
prediction of what changes are necessary to optimize process
efficiency of existing installations.

Partially mixed treatment systems such as oxidation
ditches or aerated waste stabilization ponds could also benefit
from frequency response analysis. By application of this
technique to measure the response from existing reactors,
it should be possible to describe the mixing characteristics
in terms of percentage of reactor volume waich is completely

mixed, percentage which is dead space etc. Such a model or



description would give an insight into the reactions taking
place in the vessel and further, provide a basis to evaluate
the effectiveness of design alterations.

A third majecr application for frequency response tech-
niques could be in the field of stream or river assimilation
studies. By injecting cyclic disturbances of a tracer into
a stream and analysing the response, it should be possible
to model the stream with a system of ideal components which
produce an icdentical response when forced in the same manner.
Since the reaction behavior of the ideal components in the
model are all defined mathematically, it would be possible
to prredict the conversion which would occur if a waste with
known reaction kinetics were introduced into the stream.

In this way, stream assimilation capacity and downstream
quality of a body of water could be easily and accurately

predicted.



O~

CHAPTER 2
REVIEW OF RELATED WORK

2.1 General Statement

The problem of adequately measuring and describing the
flow characteristics of reactors used in sanitary enginecring
treatment processes 1s not a new one. A great deal of research
has been carried out to try and resolve this problex. To a
large extent, this research work has centred around the inves-
tigation of the aeration tank of the activated siudge process,
since this is one of the most popular methods of waste treat-
ment. The following brief reference to past work in thec
field is therefore concerned mainly with aeration tanks.
However this review is useful in that it is indicative of the
general technicues and methods of analysis which have been
usea to date.

2.2 Methods of Analysis

The first atteupt to quantitatively snalyse zeration
tanks was carried out by Kessner (12) when he used a unit
pulse of salt or chloride tracer in a threce cell aeration
tank to determine if short circuiting were occuring. By
ovserving the resulting concentrations of salt throughout
the three cells he was able to conclude that no hydraudiic
short-circuiting was occuring but that mixing or "relative
short-circuiting" was an important parameter. Today Kessner's
"relative short-circuiting" mechanism is recognized as turbulent

¢ispersion.



This work was followed by Kehr (11l) who introduced a
step function of chloride to a longitudinally halved experi-
mental aeration tank. Comparison of the test data to a basic
equation relating concentration and time in a mixed tank
subjected to a step function disturbance enabled Kehr to
conclude that one compartment of the experimental tank
approached perfect mixing while an "around the end" arrange-
ment using the other half of the tank in series approximated
two perfectly mixed tanks in series.

The next tracer oriented work of significance was by (33)
Thormas and licKee who carried out extensive studies to define
longitudinal mixing in aeration tanks. A pulse input of
chloride was used with water as the carrier liquid. The con-
centration of salt in the test media was determined both Ly
conductivity measurements and titration technicues. Thc¢ end
result of this work was the development of an equation which
rclates pulse induced tracer concentration to time and distarnce
along a closed vessel. By varying the value of a turbulent
expression in this equation good correlation was achieved
between the theoretical curve and experimental pulse tracer
outputs. Tlie experimental data was also fitteco with a nodel
consisting of a number of perfectly mixed tanks in series.

It was noted that an increzcse in the number of mixed tenks
procuced a decrease in the degree of longitudinal mixing.

liore recently, research has been done in the Chemical
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Engineering field to define the flow characteristics and
dispersion in chemical reactors. The dispersed plug flow
model has been developed as a result of work done by Danckwerts
(6), Levenspiel (16, 18) and others. The basic assumption in
the development of the dispersed plug flow model is an equation
similar to Fick's second law for moleccular diffusion. By
analysing experimental results for variance and relating
this to a dispersion coefficient, a fit betweecn the experi-
mental findings and the predicted response from the dispersed
plug flow model can be achieved.

Aside from this, Pipes et.al (28, 29) have suggested that
a number of equal-volume perfectly mixed tanks-in-series could
be used for modeling purposes or that a mixed model consisting
of various combinations of complete mixing, plug flow, short-
circuiting, stagnant zones, and recycle might serve to rcp-
resent the hydraulic characteristics of mixing tanks. Iow-
ever, both the tank-in-series, and the dispersion model
have been questioned and Levenspiel (17) states that these

models are unsuitable

when the gross flow pattern deviates greatly
from plug flow because of channeling or
recirculation of fluid, eddies in the odd
corners, etc.
Timpany's (32) study of variations of axial mixing in
aeration tanks would seem to refute this last statement.
Timvany found that the dispersed plug fiow model can ade-

cuately describe the longitudinal mixing conditions in highly
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mixed spiral flow aeration tanks. This conclusion wes reached
using pulse tracer inputs of Rhodamine B in both a latoratory
scale aeration tank and a full scale aeration tank.

In summary, a somewhat confused picture is presented as
to how mixing tanks can best be described. Various researchers
have developed several different models to describe the
hydraulic patterns of mixing tanks. First, plug flow was
assumed, then a more accurate insight was gained using ideal
mixing. Next, a disiersed plug flow model, then a tank-in-
series model, and finally a mixed model were described as
being representative.

2.3 Discussion

Although these examples of tracer techniques and modeling
procedures are only indirectly related to the topic of this
thesis, it was felt that a brief survey of background infor-
mation in this field was necessary to effectively point out
the need for a more generalized and flexitle approach to
the problem of accurately describing the hydraulic charac-
teristics of reaction vessels.

The major part of this work has followed a fairly well
defined pattern -- that is in cach case an attenpt wes made
to arrive at a single equation which would completely des-
cribe the flow-through characteristics of the vessel under
study. To do this, researchers have first postulated &

theoretical model or equation and then have employed some type



10

of transient tracer technique to gather data. The data was
then used to verify the assumed model and to adjust parameters
in the postulated equation so that a close theoretical to
experimental correlation could be achieved.

This method of approaching the problem has merit and
there is no doubt that under certain conditions, each model
can adequately describe a specific system or reactor. Eow-
ever there are shortcomings involved in the one equation
approach in that once the equation has been postulated, the
subsequent experimental proof is restricted in nature to
conform to the limitations imposed by the assumed model.

It would seem that there is no need to initially develop
an equation to describe a system, but rather it should be
possible to use experimental findings to develop a model
consisting of a network of basic ideal components which would
respond identically when forced in the same manner. Such
ideal components as perfectly mixed tanks, plug flow reactors,
dead space, etc. could be used in the modeling network.

Since all of these ideal components are well defined mathe-
matically, their reaction to any forcing function can easily

be found and it should then be possible to build a network

that would respond in the required manner. The only assumption
requircd in this approach is that the test system can be
described either by a CSTR or a PFIR or by some arbitrary

netwerk combination of the two. Using just these two ideal
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components, an infinite variety of networks can conceivably

be postulated to predict the response from a partially mixed
test system. Model development is therefore very flexible.

No initial assumption is necessary as to how the system should
react so that moceling is not limited to thc confines of a
specific preselected equation. An added benefit would be

that any such model could be easily understood since the tasic
components are all well defined and commonly encountered in
the sanitary engineering field.

The first step then, in describing a system in this
manner, would be to gather reliable data from the system
under study. To do this, an accurate tracer technique is
required. For ease of modelling the tracer technique chosen
should produce a predictable, well defined output from the
basic comronents which are to make up the model. Any of the
transient tracer techniques previously mentioned, such as
delta, step or ramp functions, fit this criteria to some
extent in that their theoretical output Irom a given ideal
component is well known. However, in application to a real
system these forcing techniques vary somewhat from their
tiueoretically assumed properties. For example, the pulse or
deltz function is theoretically described as a disturbance
of infinite magnitude and zero time duration. Fhysiecally,
suchh a disturbance is inipossible to create. Tiie same is true

of step or ramp functions which are idealizations that can
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never be exactly created physically. (27) This shortcoming
may be a matter of little importance when the duration and
magnitude of the disturbance is much smaller than the time
constants of the system under study, but this limitation does
detract from using transient techniques in that some res-
trictions have been placed on the typé of system that can be
studied using this technique.

Another property of transient tracer techniques 1s that
in most cases, the response to any type of discontinuous
forcing function vears little if any resemblance to the input
function. (27) For example the response to a step function
introduced into a CSTR is not a step function but rather an
exponential function. In modeling on the one equation approach,
this would not be a limiting factor since the output from one
component is all that is requircd. Ilowever, in this study,
where it is proposed to model using networks of ideal com-
ponents, it is possible that several components in series
or in parallel would be required to adequately describe a sys=-
tem. In this case the output from the first component would
become the input to the second component, the output frowm the
second would become the input to the third, etc. In this
regard, harriott (9) has commented that:

eesescalculations of the transient respounse
are quite tedious with only three components

in the system and are too difficult to be
worthwhilie for four or more components.
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From the foregoing it can be appreciated that transient
tracer technicues have several undesirable aqualities which
limit their usefulness as'analytical or experimental technicucs.
By contrast, frequency response analysis of a system or
component avoids many of the limitations imposed by transient
techniques and offers several advantages. Irequency response
is a technique that was developed within the field of servo-
mechanisms and has since been found to have a very direct
application in any area of automatic-control analysis. This
technique is both an experimental and analytical tool consis-
ting of a study of the response of components or systems
to sinusoidal inputs of different frequencies. (20)

The popularity and widespread use of this technique in
electrical engineering and process control work stems from
besic inherent qualities of the sine wave. The sine wave is
the only periodic signal which maintains its waveform when it
is differentiated, integrated, or multiplied by & constant.
This is important when it is realized that any linear system
operates on signals in such a way that they are differentistec,
integrated or multiplied by a constant. Thus, a sinusoidal
waveform can pass through a linear system with its basic
characteristics intact and emerge as a sinusoidal waveforn.
This is not true of any other periodic function and the only
aperiodicvor transient signal which has this property is the

exponential function. (19) This property lends itself well
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to a multi-component modeling procedure. With transient
response technicues there is no continuity in input charac-
teristics from one component to another in a series. However,
with frequency-response analysis, the output from one com=-
ponent and therefore the input to the next component in a
series, will retain the basic sinusoidal characteristics of
the original input function. This fact should simplify multi-
component analyses and avoid some of the difficulties in
calculation which are associated with transient tracer tech-
niques.

Another important property is that the sum of two sine
waves of equal period is also a sine wave. It is therefore
vossible to take two sine waves with arbitrarily chosen
ampiitudes and initial phase angles, and, provided the periocds
are the same, the two waves can be added to form a sinusoidal
wave. This can, of course, be extended to include any number
of sinusoidal components of equal period.

A third useful characteristic of the frequency response
technique is the fact that only the steady state portion of
the sinusoidal response curve is of value in analysing a
system. (21) Therefore any initial transient behavior can be
disregarded and so the effects of initiel conditions need
not be taken into account.

The use of this technique is well docunented in both

clectrical engineering and chemical process control and many
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textbooks such as those by Harriott, (9), Murrill, (20),
Coughanowr and Koppel, (5), Perluutter,(27), Lynch and
Truxal, (19), etc. have been published which give evidence
that frequency response is a "potent and widely accepted tool
for the analysis of control systems." As well, Murrill (2.)
stated that frequency response is useful:

1. For the analysis, synthesis, design and
comeensation of systems or components.

2. For the experimental determination of
characteristics and working equations
to describe systems without relying

entirely on a theoreticel derivation
of the analytic equation.

2.4 Frequency Response References

To date, very littlLe work has been done to determine if
this technique could be beneficially app.ied to systems and
components commonly used in environmental engineering work.
In fact, actual experimental use of the frequency response
technique has not been widespread as the major portion of
its application has been limited to "the pencil and paper
study of control systems or components'. (20)

In 1953, in Chemical Engineering Progress, Wilhelm (34%)

illustrated that the frequency response technique could be
vhysically applied to study diffusion in packed beds. This
technique was used since it was realized that while passing
a single concentration or temperature pulse through a bed
is very simple experimentally, it produces mathematically

complex results. Using gas as a tracer, it was found that



axial diffusion between particles and diffusion within par-
t.cles could be measured by gudying the decrease in amplitude
and shift in vhase angle of the sinusoidal function as it was
acted upon by diffusion mechanisms within the bed. The
rescarchers concluded from this work that frequency-respo:nse
was a useful experimental procedure and offered the advantage
of allowing simultaneous investigation of several procesces
or components so that the final piece of industrial type
equipment could ke investigated in place.

Similarly, Kramers and Alberda (13) experimentally applied
the frequency response technicue to investigate the dispersion
model. It was found that the phase lag and attenuation of
a sinuscidal input signal as it passed through a vessel
yielded the desired information concerning the dispersion
coefficient.

Lee and Hougen (15) used frequency response analysis to
investigate a steam-jacket heat exchange. A sinusoidal
variation in pressure was appliied to the outlet control-
valve stem, thus causing a similar variation in the fiow of
water through the exchanger. Steam pressure and inlet water
temperature were maintained constant. The effluent water
temperature and value stem position, both varying sinusoidally
were rccorded as functions of time. By testing the system
over a range of frequencies sufficient data was gathered to

accurately correlate valve stem position and effluent tempera-
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ture.

Geerlings and Kramers (8 ) used frequency response
testing to study the sodium hydroxide-carbon dioxide neut-
ralization in a continuous flow, pilot size apparatus.
riechanical agitation was used to intimately wix pure carbon
dioxide feed with the liquid. The pure gas was introduced
at a sinusoidally varying rate and the solute concentration
in the effluent ligquid was continuously monitored. The
frequency response data gathered in this way was used to
develop a first-order transfer function which successfully
modeled the experimental findings.

A considerable amount of actual physical testing with
frequency response techniques has been done in evaluating
the controlL of pH and blending processes. In this work, the
"mixing delay" or the time required to realize a change in
feed concentration is often the second largest lag and thus
has a large influecnce on the system perfori.ance. Kramers (1k)
was the first to use frequency response tests to determine
the mixing delay for a continuous-flow stirred tank. By
mounitoring the exit pH while the system was sinusoidally
forced, the mixing delay was accurately calculated. In a
similar study, Colucci (4 ) determined mixing delays for a
3 foot taffled tank with a flat paddle stirrer. As well, it
was found that the mixing delay varies inversely with a

fractional power of the stirrer speed and decreases with
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decreasing gross fluid residence time.

In addition to the relatively few times that frequency
response testing has actually been physically applied, sevcral
authors, (3), (10), (31) have developed techniques for
converting transient data into frequency response data.

These techniques in general require a great amount of com-
putational effort and are best suited to reduction on a
digital computer. In this vein, Adler (1) and Rooze (30)
have deveioped a numerical technicue to transform residence
time distribution information to the s-plane. I'rom the
transformed information a particular model consisting of a
number of stages was developed to represent the fluid flow
characteristics of any reactor. Each stage of the postulated
model is made up of a pair of equal volume CSTR's linked in
parallel.

In summary, this review of work done with frequency
response analysis indicates that this technique has becn
successfully applied to investigate the properties of a wide
variety of systems ranging from a heat exchanger to a cate-
iytic bed. It therefore appoears feasible to use this testing
method to gather data to characterize reaction vessels such

2s are commonly used in water and waste treatment processes.


http:residen.ce

CHAPTER 3
THE CONCEPT OF FREQUENCY RESPONSE

3.1 Theory

The underlying principle involved in utilizing the fre-

quency response technique is that:
when a stable linear system is forced sinu-
soidally, it shows transient behavior for a
limited time depending on initial conditiomns,
and then it responds sinusoidally.
(27)

This proverty, as indicated previously, arises from the
fact that linear systems alter a signal by differentiation,
integration, multiplication by a constant, or by a linear com-
bination of these operations, and since a sine wave maintains
its waveform throughout these operations, then the steady-
state system response must also be sinusoidal.

Although a sinusoidal forcing function passes through all
linear operations with its basic charactéristics intact, the
wave does change in dimension and position on the time axis.
(27) The changes in dimension and position provide valuable
information on the system involved and form the raw data with
which frequency response studies can be made. These properties

can be test understood and explained by means of a diagram

such: as is shown in Figure 1.
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In this diagram the excitation or variation in the input
variable to the component or system is a sine wave of amplitude
Ro and frequency w. For a linear system, the output response
or variation in the output variable wiil be another sine wave
of amplitude Co and of the same frequency as the input wave,
However, the output wave will be displaced from the input wave
by a phase angle "&". Frequency response analysis is based on
studies of the variation in the amplitude ratio Co/Ro for vari-
ous values of the frequency of the input wave w, and on studies
of the variation in the phase angle "&" for various values of w.

3e2 Linearity and Stability

The restriction. placed on the use of frequency resconse
analysis is that it is applicable only to stable time invariant
linear systems. By a linear system it is meant that the system
can be described by a differential equation in which no terms
exist of degree greater than one in the dependent variable. The
stability criteria is satisfied if all of the roots of the
characteristic equation have negative rcal parts.

An e¢xample of a linear system would be a CSLK which has a
constant volume as well as equal and constant rates of input
and output. Such a reactor can be described by the differen-
tial equation:

Vday/dt

ax = qy eesesll)

reactor volume

input concentration
output concentration
flow rate

time

where V

Qg M
W un
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This is a lincar difrerential equation in which there
are no terms of the dependent variable, y, greater than one.
Also the coefficients, in this case q and V, are constant and
independent of time. If the flow rate were to vary with time
this would still be a linear system but could not be analysed
using frequency response methods since the coefficients of the
equation would not be constant.

The restricted appiication of frequency response analysis
to only stable time invariant linear systems should pose no
problem with regard to modeling since it can be shown that botn
a CSTR and a PFTR, to be used in the modeling network, are
linear in nature. Also, since during the experimental phase oI
this work flow rate and reactor volume were kept constant over
a range of frequencies, no problems should be encountered with
non-constant coefricients. Knowing this, in order to apply
frequency rcsponse analysis to this work, it would remain to
be proven that the actual test vessel could be described by
& linear diiferential equation with constant coefficients. This
was not done directly but can be partially shown by the fact
that the actual output from the experimental system was defi-
nitely sinusoidal in nature (Appendix III). The experimental
systen, therefore, satisfied the criteria that a stable linear
system, when forced sinusoidally, will respond in a sinusoicdal

manner.
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3.2 Data Analysis and Representation

Frequency response analysis of a system or component is
basically a study of the amplitude attenuation and phase shift
which result when a sin® wave is passed through the systemn.

To theoretically predict the response of any system to a sinu-
soidal input, it is therefore necessary to calculate the sys-
tem output with time. Such calculations can beccme time con-
suming and tedious especially as the differential equation des-
cribing the system becomes more complex. To avoid these com-
putational difficulties, to some extent, it has become common

practice to use Laplace transforms which can be difined as:

Fis)= {_[#(v)] = 5?(t)e'5t qt
o

where f(t) represents a time function
F(s) is a function of the complex variables
(Note: s must be chosen so that conver-
gence of this improper integral is
guaranteed)
I; denotes the transform process
By using this transform a differential ecuation can be
reduced to an algegraic equation with the couplex variable s
rcplacing time as the independent variable. The algebraic
equation can then be solved and returned to the time demain
by means of an inverse transform.
This procedure can be illustrated by using Equation (1)
V/q dy/dt

or dy/dt +y = x sunmala)

X =y

which is the linear differential equation describing a well
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mixed vessel. When transformed this equation becomes:
Ts ¥Y(s) + ¥(s) = X(s) assuming Y(0) = O

or Y(s) = X(s) (1/(7s+1)) PPN

or Y(s) = X(s)G(s) ceoosllt)

where G(s) = 1/(Ts+l) is defined as the system or transfer

function. Equation (4) can be shown in block-diagram notation as:

liow if the input concentration is forced sinusoidally by

the function x(t) = a sine wt or when transformed
X(s) = aw/(s? + w?)
then Y(s) = G(s)X(s) = aw/(s®* + w?) G(s) coossl5)
When this is expanded by partial fractions
Y(s) = (K,w+K,s)/(s® + w2) + Kg/(s+h3) + Kq/(s+hg)+eeraa(6)
where: Az, Aq.. are the poles of the transfer function G(s)
If the inverse transform of this is taken the system
output is found to be:

y(t) = K, sinwt + K,coswt + K3e‘x5° + K4e'x*t :

L

or y(t) Ksin(wt + ¢) + Kse‘hit + K4e'x¢t + RPN &5
It is evident from equation (7) that the exponential terms

must represent the transient behavior of the systen wnich will

die out as t becomes large, if Xs, X+ have positive real parts,

thus lcaving the sinusoid as the only time varying function.

Also looking at the terms K and ¢ in equation (7) it Lecomes



evident that K recresents the output wave amplitude while ¢
represents the phase lag.

To evaluate K and ¢ (or what amounts to the same K,& K)
equation (6) is multiplied by (s*+ w?) to yield:

aWG(s) = K,w. + K;5 + (s2+W2)K;/(s+A3) + ceoed(8)

Now evaluating this expression when (s?+ w?) = 0 or

when & = jw it is found that:

G(jw) = Ki + Kaj esssntd]
a a
If the particular transfer function G(s) = _1
representing a well mixed tank, is treated in tﬂzi+éanner it
gives G(jw) = — %w , or by rationalizing the denominators:
G(jw) = R A suswnkdl)

Twz7z  TweTs)
by comparison with equation (9), it can be seen that the term

corresponds to 1
1+w

3 S‘J‘?!

and Kg corresponds to - __ W7
a T+wzT*

If equation (9) were plotted as a vector in the complex plane,

then,

magnitude = |G(jw)l|

VKZ +K2

a

and angle =2ﬁ:G(jw) arctan.cgg)

Ky
Similarly for equation (10)

G(ijw)| = i}
EL2) I s Sy



and 2§TG(jW) = - arctan w7T
By inspection it becomes evident that the outnut amplitude
is smaller than the input by a factor E 1 |§ and is delayed
(1+wT9)%

oy the phase angle¢= -arctan Ww7. It is also apparent that
if T (or really V and q) is kept constant, then output
amplitude and phase lag are only functions of irequency w.

This example serves to point out the fact that the
transfer or system function is a fundamental way of describving
the dynamic properties of a linear system. Linear system
analysis is, to a large extent, built around the transfer
function and it is frequently possible to deduce important
characteristics of system response merely by inspection of
the nature of the various terms comprising the transfer
function. (19) Also, from a practical viewpoint, the
derivation and exact meaning of the Laplace transform ne«d
not be understood but rather it can be used just as a
computational tool ( 9).

It has been seen that the systems effect on amplitude
and phase angle is a function of the frequency w. & con-
venient graphical representation of the dependence of these
two parameters on frequency was develeped by H.W. Bode (2)
who did a great amount of early work in the field of servo-
mechanisms. The Bode plbt which has received very widespread

acceptance consists of a set of two graphs which show the
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variation of amplitude ratio (IG(jw)l) and phase leg

amplituée ratio as plotted against the logarithm of frequency
wvhile on the sccond graph the phese angle versus the logaritinm

of frequency is plotted.

A typical Bode plot for the well mixed vesscl example

can be representcd as in Figure &, (9)
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On inspection, this diagram illustrates a facet of Bode
plots which makes their construction much simpler and more
useful. The log magnitude plot is very closely approximated
by two asymptotes, one for low frequencies and one for high
frequencies. (20) To find the asymptotes, it is necessary
to consider that as the frequency becomes very small, or

conversely as the period increases

lim |6Giw)| = 1im 1__ =
W—> 0 w—>o0 (l1+w2T2)%2

this is the low frequency asymptote, which in log scale is
rcpresented by a line of slope O.

Also since

lim log |G(jw)| = lim (-logV1+w?7%= -log w7

W—> o0 W0

= log W - log7T
Therefore for each tenfold increasc in w, there will bte a
-1 change in log|G(jw)| so that the curve approaches a
straight line of slope = =1,

The low frequency and high frequency asymptotes with
slopes of O and -1 respectively intersect where W= lﬁr
which is called the corner frequency.

By treating the phase lag curve in a similar manner,
it can be shown that

lim aﬁ;(jw) = lim arctan (-wT)
w0 w-» 0

OO

and 1lim X G(jw) = lim arctan (-w7) = -90°

Wy Wep o0
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Also at the corner frequency where w = 1/
4(}(3«4) = arctan (-1) = -4y5°

Another advantage of utilizing a Bode plot for data
presentation and modeling purposes becomes evicdent when
considering a number of systems or elements in a series.
Since the overall transfer function of a system composed of
several elements is simply the product of the individual
transfer functions for each element, then the overall amp-
litude ratio can be found by multiplying the individual
amplitude ratios. Similarly, the system phase lag is obtained
by adding all of the individual lags of each component. The
overall system response is therefore independent of the order
of the various elements in the system. This property arises
from the rules for multiplication of complex numbers. The
real parts of the numbers which represent the amplitude
ratios can be multip.iied while the imeginesry parts, repre-
senting the phase angles, are added.

Since, on a Bode plot, amplitude ratios are plotted in
logarithmic scale, then scveral amplitude ratios can be
combined merely by graphically adding the distances from the
line where amplitude ratio equals one. This greatly sinm-
plifies analysis of multi-component systems. Rather than
multiplying all ihe individual transfer functions and
algebraically solving an unwieldy equation, it is often

simpler to shcw the Bode plot for each element and arrive
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at an overall Bode plot by graphical means. Since, in
essence, the Bode piot of each individual element represents
the transfer function of that element, then the composite
Bode plot is equivalent to the total system transfer function.
The ability to graphically analyze a system is of var-
ticular importance when modeling. Bode plots for ideal
components such as CeS.T.Re's, P.F.T.R's, by-pass and dead
space can be plotted individually and then a composite »nlot
arrived at which corresponds to the experimentally obtained
Bode plot. 1In this way, it is not necessary to deal with
complex differential equations or Laplace transforms until
the correct model has been found and even then little purpose
may be served in describing the model in terms of a single

equation.
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CHAPTER %
EXPERIMENTAL METHOD
4,1 Experirental Egquipment

A flow through vessel of arbitrary configuration was

used in this study. It consisted of a rectangular metal tank
as shown in Figure (3). The weir at the discharge end of

the vessel was fixed in position while the influent weir was
moveable so that the length of the vessel could be altered
and thereby at a constant flow rate, fluid residence times
and hydraulic characteristics could be varied.

The licuid used in the flow through reactor was Hamilton
tap water. The flow rate could be varied so that any tank
configuration could be investigated over a range of fluid
residence times. During any specific test run, the flow rate
was regulated by means of a constant head tank with the
actual flow being measured using a volumetrically calibrated
2.5 litre container. Although no attempt was mace to main-
tain the test liquid at a constant temperature, continuous
monitoring with a Tele-Thermometer produced by the Yellow
Springs Instruiient Company revealed that temperature was a
near constant at 19 degrees centigrade.

The apparatus used to generate a sinusoidally varying
flow of tracer consisted of a 1/6 H.F. Westinghouse A.C.
motor (1725 RPM) coupled to a Zero-Max model 1li2-X variable
speed torque convertor manufactured by the Revco Corporation.

A 1-5/0 inch diameter V-belt pulley on the output shaft of



FIGURE 3
DIAGRAM OF EXPERIMENTAL EQUIPMENT
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the gear rcducer drove a 12 inch diameter V-belt pulley
mounted on a horizontal shaft. IFixed to the end of the
horizontal shaft was a 1% inch long acrylic plastic arm pin
connected to an acrylic plastic driving rod ten inches in
length. This driving rod was in turn pin connected to a length
of brass gear rack which was restricted in movement to the
horizontal plane by two plastic runner guides. The rack
engaged a brass spur gear connected to a circular rheostat
which varied the current supplied to a D.C. motor internally
contained in a Sigmamotor variable flow kinetic clamp pump.

The reciprocating motion of the gear rack alternately in-
crcased and decreased the pump motor speed, thereby producing

a sinusoidal flow of tracer. A schematic diagram of this
signal generating and the mathematical proof that this assembly
produced a sine wave is contained in Appendix 1.

The frequency of sine wave generation was controlled by
altering the reduction ratio of the variable speed gear reducer.
It was found that sine waves with approximate maximum and
minimum periods of 8 minutes and 30 seconds respectively
could be reliably produced. At frequencies lower than
1/480 cycles per second (period of 8 minutes) the gear reducer
tended to slip and produce distorted sine waves. The exact
period of each sine wave used in the experiment was measured
on the effiuent recording chart and cross=checked by timing

revoluticns of the drive pulley. Also, although it was not



done in this study, the amplitude of the sine wave produced
could be increased or decreased by using a smaller or a larger
spur gear respectively.

The kinetic clamp pump feeding the tracer was calibrated
to determine if fluid flow varied linearly with rheostat
settings from zero flow to one hundred percent flow. The
relationship between milliliters of fluid pumped and rheostat
setting was found to have a linear relationship between 10%
and 90 % maximum flow. The variations in flow from 20% to
80% as used in the experimental tests were therefore well
within the linear portion of t''e calibration curve for this
pump.

For this type of tracer study on a continuous flow
system a tracer is required which is miscible with the carrier
fluid, not naturally present in the carrier fluid, is not
created or destroyed by reaction and is not readily absorbed
or adsorbed by any of the constituents present in the carrier
fluid or by any of the materials in the vessel under study.
The tracer used in this work was Rhodamine Lissamine B-200
(colour index - 45100). The acceptability of this tracer
has been documented by Feuerstein and Selleck (7 ) in a study
which compared the behavior of fluorescent tracers Rhodamine
3, Pontacyl Brilliant rink B, and Fluorescien in waters of
various qualities. Although Rhodamine B was uiore subject

to absorption than Pontacyl Brilliant Pink B when suspended



solids were present, the latter exhibited a high rate of
vhoto-chemical decay and natural background level. For the
purposes. of this study, using Hamilton tap water, which
contains a very low amount of suspended solids, Rhodamine B
was chosen as an acceptable tracer.

A stock solution of 1.0 percent Rhodamine B was diluted
by adding 36 millilitres and 42 millilitres to 5 litres of
tap water to yield feed solutions of 72 and 8% milligrams per
litre respectively. Throughout the experiment the feed
solution was maintained at the same temperature as the fluid
stream entering the test vessel in order to minimize any
undesirable convection currents or density gradient effects.
The point of tracer injection was in the centre of the influs~
ent fluid stream at the inlet weir.

A G.,K. Turner and Associates model 111 fluorometer
fitted with a continuous sampling cuvette was used to measure
tracer concentrations in the effluent stream. Primary filters
1-60 and 58 were used with the secondary filter 23A. The
fluorometer was calibrated before and after each experimental
test using measured amounts of Rhodamine B in Hamilton tap
water. In addition during each test, with the tracer feed
pump set at a constant pumpage rate the actual measured con-
centration of tracer in the test vessel was compared to the
theoretical dosage being applied. Typical fluorometer cali-

bration curves are shown in Appendix 1V.
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Continuous sampling was achieved by fitting a syphon tube
to the fluorometer cuvette. This arrangement continuously
extracted a part of the effluent stream from the middle of
the opening in the discharge weir. At a syphoning rate of
227 cubic centimeters per minute there was an associated
time lag of three to four seconds for the liguid sample to
reach and activate the fluorometer.

A Honeywell Electronic 19 recorder was used to continu-
ously chart fluorometer readings in terms of millivolts ver-
sus time.

In addition to the mixing created in the test vessel by
entrance and exit turbulence, mixing was provided during cer-
tain test runs by placing a high speed electric mixer in the
micddle of the tank. The intent of providing this mixing was
not to simulate perfect mixing caonditions but rather to de-
termine what effect, if any, a greater or lesser degree of
turbulence had on test results.

The equipment that has been described was that actually
used during this study. Prior to developing this equipment,
several ather methods of producing and monitoring a sine
function were unsuccessfully tested.

Initially a commercially available function generator
such as is commonly used in Electrical Engineering work was
investigated. Unfortunately, the sine waves produced by the

generator were af too high a frequency to produce any useful



output from the system under study. At high frequencies, the
response from the experimental vessel was in the form of an
irregular line with no defineable peaks and depressions such
as are characteristic of the response to a cyclic forcing
function. The inadequacy of this method of signal generation
is thought to be partially attributable to the fact that the
pumping mechanism used was too insensitive to accurately
reproduce the signals supplied by the generator. That is,
the lag period required for the pump to respond and achieve

a new pumpage rate effectively damped out any variations and
so a near constant flow of tracer was produced.

An electrolytic pump, activated by a sinusoidally varying
current, was also tested as a means of introducing a sine
wave disturbance into the experimental vessel. It was found
that the compressible nature of the air in the tracer reser-
voir seriously damped fluctuations in tracer flow. Coupled
with this, the altering hydraulic head conditions, as the
tracer was forced from the reservoir distorted the signal
further and so rendered this equipment useless.

For effluent monitoring purposes, both a fluorometer
and a specific ion electrode werc tested. In terms of res-

ponse time and sensitivity the specific ion electrode showed
promise of being well suited for monitoring frequency response
output. A comiercially available (Qpion) chloride electrode

was used in connection with a calomel reference electrode and
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an expanded scale pH meter. In tests using sodium chloride
as a tracer and Hamilton tap water as a carrier fluid, this
instrument proved capable of registering cyclic output dis-
turbances. However in analysing and interpreting the output
data, it became evident that the results were erratic and
seemed to indicate unsteady state conditions in the test
vessel. rFurther investigations using only carrier fluid
without any tracer added showed that the system response
varied considerably with time. This variation with time was
not due to temperature fluctuation since the temperature of
the carrier fluid was monitored and remained constant.

4,2 Experimental Technigue

Three different reaction vessel configurations were
investigated in this work. At a chosen tank configuration
flow rate and degree of applied mixing were held constant
while other variables remained constant and ihe vessel was
again subjected to the same range of sine wave frequencies.
This procedure was then repeated at approximately one half
the original flow rate.

The vessel initially test:d was a rectangular metal
trough 97.5 centimeters long and 1Y.4% centimeters wide.
Depth of fluid in the vessel varied according to flow rate,
During subsequent tests, the length of the vessel was Iirst
altered to provide a tank of approximately twice the original

length and then one of approximately half the original
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length,.

At any one set of conditions the vessel was tested
using sine wave disturbances of varying frequency. At cach
chosen frequency, the system was forced through a sufficient
number of complete cycles to ensure that the transient portion

of the response curve had been surpassed.
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CHAPTER 5
DATA ANALYSIS

Hedt Amplitude Ratio

In all experimental tests, effluent concentration was
continuously monitored and recorded on the strip chart of a
Honeywell Electronic 19 recorder. The concentrations measured
in this way were in terms of millivolts versus time. The
resulting output curves were then used to get an average of
sine wave peak value and sine wave minimum value for each
particular frequency. The values in terms of millivolts
were converted to concentration of tracer by interpolating
from the appropriate fluorometer calibration curve. In this
way, values of sine wave amplitude were determined and sub-
sequently converted to a dimensionless amplitude ratio
through division by the input value of sine wave amplitude.
5.2 Phase Lag

During the testing procedure, the time of input of the
mean value of tracer concentration was noted on the efiluent
recording chart. IFrom the output curves the time for the
effluent concentration to reach this mean value was also
noted and the corresponding time difference was calculated.
This time difference, represcnting the relative displacement
of the output sine wave from the input sine wave, was used to
calculate the phase lag for the system at each particular
test frequency. To account for the time lag associated with

the delay in activation of the fluorometer, the phase angles
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were corrected by subtracting four seconds from the time dif-
ferential between the mean values of tracer input and outout.

In analysing the raw. data, the initial portion of the
sinusoidal response curve was disregarded as being non rep-
resentative. This was done to ensure that the transient
response portion of the system's output curve had been sur-
passed. For all practical purposes the transient portion of
equation (7) can be assumed to be negligiblec after a time
equal to three times the residence time of the system under
study. (5) Also the values of amplitude and nhase angle
which were determined from the experimental curves are average
values which were calculated, in each case, from at least
five complete sine wave cycles. The results of the data
analyses for all experimental tests are presented in
Appendix II.

95s3 Input Waveform

Since the input waveform was not monitored or recorded,
the values for input amplitude have to be calculated. The
three variables effecting the input sine wave amplitude are
flow rate of the carrier fluid, feed concentration of Ehoda-
mine B and maximum and minimum rates of tracer input. The
flow rate of carrier fluid and the tracer feed concentration
are both known quantities and therefore, by determining
the maximum and minimum rates of tracer input from the kinetic

clamp pump calibration curve, the input sine wave amplitude
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can be determined. Calculations of input amplitudes for ecach
experiment are provided in Appendix I.

S5¢4 Output Waveform

From strictly a theoretical viewpoint the output from
the experimental system is expected to be a sine wave, provided
the system has stable, linear characteristics and provided
no forms of distortion such as generating or monitoring
inadequacies are present. Therefore, in order to apply
frequency response analysis with confidence and as a means of
partially assessing the linearity of the experimental system,
it 1s necessary to study the characteristics of the output
waveforms. This is done by comparing the experimental wave-
form output td a calculated theoretical si<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>