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Abstract

We study a Ginzburg-Landau model for an inhomogeneous superconductor in the
singular limit as the Ginzburg-Landau parameter k = 1/e¢ — co. The inhomogeneity
is represented by a potential term V (ue) = +(a(z) —|uc|*)?, with a given smooth func-
tion a(x) which is assumed to become negative in finitely many smooth subdomains,
the “normally included” regions. For h., = O(|ln¢|) we study the Gamma-limit
of this inhomogeneous Ginzburg-Landau functional. The vanishing of a(x) near the
inner boundaries imply that the associated operators are strictly but not uniformly
elliptic, leading to many questions to be resolved near the boundaries of the nor-
mal regions. The method we use is an extension of many techniques including the
product estimate from Sandier-Serfaty, Jacobian estimates from Jerrard-Soner and
an appropriate Hodge decomposition adapted to our problem.

To resolve these problems, we first study the I'-limit in the simpler case when
a(x) is varying but bounded below by a positive constant ag. Second, we consider
singular limits of the three-dimensional Ginzburg-Landau functional for a supercon-
ductor with thin-film geometry, in a constant external magnetic field, where d(x) is
the thickness of the thin film. The superconducting domain is multiply connected
and has characteristic thickness on the scale € > 0, and we consider the simultaneous

limit as the thickness € — 0 and the Ginzburg-Landau parameter kK — co. We assume



that the applied field is strong (on the order of ¢! in magnitude) in its components
tangential to the film domain, and of order logx in its dependence on k. Finally,
we study the I'-limit of the inhomogeneous superconducting Ginzburg-Landau model

with a(x) vanishing on the boundary of the normal regions.

vi
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Chapter 1

Introduction

The history of superconductivity began with Dutch physicist Kammerling Onnes’s
discovery of superconductivity in mercury in 1911. He observed that the electrical
resistance of various metals disappeared completely in a small temperature range
at a critical temperature T,., which is a characteristic of the material. Since then,
many other superconducting materials have been discovered and the theory of su-
perconductivity has been developed. In 1950 Ginzburg and Landau introduced the
Ginzburg-Landau model with magnetic field as a phenomenological model to describe
superconductivity. They introduced the complex superconducting order parameter u,
which is such that |u|? represents the density of superconducting charge carriers (the
Cooper pairs). The ultimate justification for the Ginzburg-Landau model came in
1957, when Gor’kov and Eliashberg demonstrated that the Ginzburg-Landau equa-
tions could be derived as a limit of the microscopic theory of Bardeen, Cooper, and
Schrieffer [BCS]. The Ginzburg-Landau model has a great importance in the mod-
elling of superconductivity ( with Nobel prizes awarded for it: Ginzburg, Landau,

and Abrikosov). Through the influential work of Abrikosov [A], the Ginzburg-Landau
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model allows one to predict the possibility of a mized state in type II superconductors
where triangular vortex lattices appear. These vortices have since been the objects
of many observations and experiments.

In addition to its importance in the modelling of superconductivity, the Ginzburg—
Landau Model turns out to be the simplest case of gauge invariance, and vortices to
be the simplest case of topological solitons ; moreover, it is mathematically extremely
close to the Gross-Pitaevskii model for superfluidity, and models for rotating Bose-
Einstein condensates, in which quantized vortices are also essential objects, and to

which the Ginzburg-Landau techniques have been successfully exported.

1.1 The two-dimensional Ginzburg-Landau model

Let D be a smooth, bounded, simply connected region in R?* and v € H' (D, C) where
H'(D, C) is the Sobolev space W2(D, C) (see [E]). We define the superconducting

Ginzburg-Landau energy:

1

1
Ee(ueaAE) = _/D{|VAUG|2 +

sl = 1% + (h = hex)Q}dx. (1.1.1)

2

In this expression, D represents the section of an infinitely long cylinder. The
first unknown u : D — C is a complex-valued function, called an ”order parameter”
and it describes the material phase in the Landau theory of phase transitions: |u|*
is the density of Cooper pairs of superconducting electrons. The material is in the
superconducting phase if |u| ~ 1, while it is in the normal phase if |u| = 0. The two
phases are able to coexist in the sample. The second unknown is A, the electromag-

netic vector-potential of the magnetic-field, A : D — R2. The induced magnetic field
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points in the es direction and is given by h = V+A = 9,45 — 0, Ay, it is a real-valued
function in D. The notation V4 denotes the covariant gradient V — iA; Vu is a
vector with complex components. The parameter € is the inverse of the ”Ginzburg-
Landau parameter” usually denoted x, a non dimensional parameter depending only
on the material, and related to the ratio of penetration depth (scale of variation of h)
and coherence length (scale of variation of u). We will consider the regime of small
¢, corresponding to large-x (type-1I superconductors). In Chapter 3, we denote the
thickness of the thin film by e and the GL-parameter by x and we take limit when
both € — 0 and kK — oo.

The superconducting current is given by

J = (iu, V qu) (1.1.2)

where (.,.) = Reab, and the bar denotes the complex conjugation. Note that if we
identify C with R? via a = a; + ias € C and b = by + ib, € C corresponds to the
vectors (aq,as), (b1,bs) then (a,b) = (a,b) where (.,.) is the usual scalar product on
R2. The energy admits a gauge-invariance: it is invariant under the action of the
unitary group in the form v — uwe’, A — A+ Vf; we will explain this more in
Chapter 2. The parameter h., > 0 represents the intensity of the applied field which

assumed to be directed in ez direction.

In this thesis the energy F, that we are going to study is slightly different from
the classical Ginzburg-Landau energy in the sense that there is a term penalizing the

variations of the order parameter u. We denote this function by a(x) : D — R and
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the energy becomes

1 1
Fu(ue A D) = /D [V sl + gl = a@)? + (e — hea) pde. (113)

If the material is homogeneous, the function a in F, is taken to be a constant,
proportional to T, — T". Here T is the body’s temperature and 7, is the material’s
critical temperature. Inhomogeneous superconducting materials can arise naturally
due to material defects or the presence of grain boundaries. A consequence of having
material inhomogeneities is that they tend to pin or stabilize supercurrent patterns.
The classical Ginzburg-Landau theory can be modified to take normal inclusions into
account. This is done by having the critical temperature, 7., depend on position
which is equivalent to having a = a(z). It is possible that a(z) may vanish or change
sign within the domain (see [CDG96], [CR] and [ABP]).

In our work we define
Q:=D\Ujw, for j=1,....m (1.1.4)

where w; C D is smooth, bounded, simply connected, and we allow a(z) to be zero
on the inner boundaries Jw;, V j = 1,...,m for both superconducting thin film and
pinning Ginzburg-Landau. We require throughout the thesis that a(x) satisfies the

following:
(H1) a(z) € C*(D).
(H2) {z € Q,a(x) > 0}

(H3) Va(z) # 0 for all x € dw;, i = 1,...,m. More specifically, 30 > 0 s.t. there are
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non-negative constants m;, and M; such that

a(x)
i < ———— < M;.
"= Qist (x,0w;) —

for dist (z, dw;) < 4.

The Euler-Lagrange equations corresponding to the energy (|1.1.3)) are,

—(Vau)?u = Su(a(z) — [ul?) in §)
(GL)

—Vth = (iu, V 4u) in )

with the boundary conditions,

h = he on 0D

Vau-v =0 on 0D

(1.1.5)

(1.1.6)

where V+ denotes the operator (—d,,d;) and v is the outward pointing unit normal

to OD.

1.2 Vortices and critical fields.

The mathematical studies of the superconductors Ginzburg-Landau model started by

the pioneering work of Bethuel, Brezis, and Hélein [BBH| on the simpler Ginzburg—

Landau model

/{|Vue|2 —(Jucl* —1)*}da

(1.2.1)
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over the space H'(D), with u|gp = g, where g € L?(D). This model has been studied

by numerous authors (see e.g. [JS], [LM], [DM] and [SS04]), after the work of Bethuel,

Brezis, and Hélein [BBH]. In order to pass from (1.2.1)) to ((1.1.1)), it suffices to set the

magnetic potential A and the applied field A, to be zero in E.. The Euler-Lagrange

equation associated with (|1.2.1)) is

—Au = %(1 — |u]*) in D,
(1.2.2)

u=g on OD.

It is an important model problem in the Calculus of Variations as it contains different
length scales such as the vortex core, vortex spacing, and its space of solution has a

rich topological structure (see [BBH]|). For this problem we define the current of u by
Ju = (iu, Vu), (1.2.3)

where (a,b) = Reab, and the bar denotes the complex conjugation. Using differential

form, we can represents ju as
ju="Y(iu, dpu)dzy. (1.2.4)

k=1

It is related to the Jacobian determinants Ju of u through

Ju = %d(ju) _ %d(iu,du), (1.2.5)
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where

Ju = Z(iaju, Opu)dz; A dxy,. (1.2.6)

i<k

Bethuel, Brezis, and Hélein obtained in their book [BBH] a complete description

of the asymptotic behaviour of the minimizers of the functional with given
Dirichlet data g. They proved that asymptotically the minimizers have finitely many
singularities called vortices. Each of these vortices carries 7| log €| amount of energy
and the number of the vortices is determined by the winding number of the Dirichlet

data g. Their results indicate that a natural scaling for this functional is |loge].

In [JSO02] Jerrard and Soner studied the I-limit of (1.2.1)) divided by the scaling

Ge(ue)
? |logel

factor |loge| and proved that: for a sequence {u.} is uniformly bounded in e.
Then, the Jacobian of these functions is precompact in the dual of Hélder continuous
functions, and any limit J is an atomic Radon measure with weights equal to an
integer multiple of 7. The support of J is the asymptotic location of the vortices and
the weights of J at these points are related to the limiting degree of u.. In [SS04]
Sandier and Serfaty presented an optimal lower bound of . It is a product-type
lower bound on Ginzburg-Landau, a slight improvement of the existing lower bounds
by [JS02].

Previous works studied the vortices of the functional but with a pinning
term a(x) instead of 1. This functional with non-constant a(z) was proposed by
Rubinstein in [R95] as a model of pinning vortices for Ginzburg-Landau minimizers.
André and Shafrir [AS] studied the asymptotics of minimizers for a smooth a. One of

the first works to consider a discontinuous pinning term, which models a composite

two-phase superconductor, was [LM]. In this work, a single inclusion described by a
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pinning term independent of the parameter € was considered for a simplified Ginzburg-
Landau functional with Dirichlet boundary condition g on D where D is a simply

connected domain. Namely the pinning term is

1 ifxef)
a(x) =

b ifrew

with 0 < b < 1. Here Q = D \ w where w is a simply connected open set s.t. w C D.
The main objective of [LM] was to establish that the vortices are attracted (pinned) by
the inclusion w, and their location inside w can be obtained via minimization of certain
finite-dimensional functional of renormalized energy. Dos Santos and Misiats in [DM]
proved that for small e, minimizers have d distinct zeros (vortices) which are inside
the pinning domains and they have a degree equal to 1. The question of finding the
locations of the pinning domains with vortices is reduced to a discrete minimization
problem for a finite-dimensional functional of renormalized energy. They found the
position of the vortices inside the pinning domains and showed that, asymptotically,
this position is determined by local renormalized energy which does not depend on
the external boundary conditions.

Given €, the behaviour of minimizers and critical points of the Ginzburg—Landau
model for superconductors is determined by the value of the external field h.,.

There are three critical values of h, or critical fields H.,, H.,, and H.,, for which

37
phase-transitions occur. Below the first critical field, which is of order O(|loge|) (as
first established by Abrikosov), the superconductor is everywhere in its supercon-

ducting phase |u| ~ 1 and the magnetic field doesn’t penetrate. At H,,, the first

vortices appear. Sandier and Serfaty [SS] showed that there exists a constant H.,
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proportional to |log(e)| as € — 0, such that if h., < H., , then minimizers for E, are
purely superconducting, satisfying |u| > 0 in © where 2 is simply connected domain.
By the interesting case where a(z) = 0 at finitely many isolated points {x1, ..., z,}
where Q = D\ {x1, ..., x, }, André, Bauman, and Phillips [ABP] in this strong pinning
case were able to show that the transition threshold for h.,, denoted by H.,, is of
order 1 as ¢ — 0 instead of O(]loge|).

Between H., and H,., the superconducting and normal phases coexist in the sam-
ple, and the magnetic field penetrates through the vortices. This is called the mized
state and has been studied extensively (see [SS07]). When H,., = O(%), the vor-
tices are so densely packed that they overlap each other, and at H., a second phase
transition occurs, after which |u| ~ 0 inside the sample. In the interval [H,,, H,],
superconductivity persists near the boundary, this is called surface superconductivity,
and after H., = O(E%), superconductivity is completely destroyed and u = 0, so the
sample is completely in the normal phase (see [SS07]).

A mathematical study for the Ginzburg-Landau equations corresponding to the

energy ([1.1.1)) with variable a(z) was done by Aftalion, Sandier, and Serfaty in [ASS]

1

where the case 5

< a(z) < 1 was considered. In [JS] Jerrard and Soner proved the
compactness of rescaled current and Jacobian, and study the I'-limit in the critical
case when he, is of order O(|loge|). Sandier and Serfaty in [SS00] proved that the
induced magnetic fields associated to minimizers of the energy functional converge
as € — 0 to the solution of a free-boundary problem. This free boundary-problem
has a nontrivial solution only when the applied magnetic field is of the order of the

"first critical field” i.e O(]loge|). Alama and Bronsard in [ABO6] present two results

for different regimes of the applied field he, in the case where a(x) = 1. First, they
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show that when the applied field is fixed (independent of €) there are no interior
vortices in €2 but the holes w; act as ”"Giant Vortices”, with non-zero winding of the
phase of u for large enough h.,. Next, they show that interior vortices appear at
hex = O(loge). Another related problem, arising in the context of Bose-Einstein
condensates, is presented by Aftalion, Alama, and Bronsard in [AAB]. In [AAB] the
domain D is a disk, and a(z) is chosen to be radial with a positive in a symmetric
circular annulus €2 and negative in the hole. As in [AB06] they present two results
one concerning pinning for bounded rotations, and one concerning the breakdown of
pinning when the rotation w = O(|Ine¢|). In the second result, the vortices again
appear far from the hole, and accumulate along a finite number of concentric circles
with radii explicitly determined by the function a(z). Alama, and Bronsard combine
many aspects of both papers in [AB0O5], where they study the case of general multiply
connected domain where a(x) is positive in € and negative in the hole. Full Ginzburg-
Landau model with discontinuous pinning term a(z) was later considered by
Kachmar [Kacl0] and by Aydi and Kachmar [AK].

In [ABGS10] Alama, Bronsard, and Galvao-Sousa studied thin film limits of the
full three-dimensional Ginzburg-Landau model for a superconductor in an applied
magnetic field oriented obliquely to the film surface. They obtained I'-convergence
results in several regimes, determined by the asymptotic ratio between the magnitude
of the parallel applied magnetic field and the thickness of the film. In their other work
[ABGS13] they considered singular limits of the three-dimensional Ginzburg-Landau
functional for a superconductor with thin-film geometry, in a constant external mag-
netic field. They proved that the Ginzburg-Landau energy I'-converges to an energy

associated with a two-obstacle problem, posed on the planar domain which supports

10
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the thin film. The same limit is obtained regardless of the relationship between € and
 in the limit. A different type of thin film problem has been studied by Contreras
and Sternberg [CS10] and Contreras [Conll]. In their setting, the superconductor
is a thin shell, built from depositing an e-thick coating on a fixed two-dimensional
surface in R®. The limiting problem in this case is a Ginzburg-Landau model on
an embedded 2-manifold, and they obtain remarkable results connecting the lower

critical field and the appearance of vortices to the geometry of the limiting surface.

1.3 The mathematical methods for Ginzburg- Lan-
dau models

In this section we give a brief idea of the history of the mathematical methods used
to study the I'-convergence of the Ginzburg—Landau model.

Sandier and Serfaty [SS00] studied the Ginzburg-Landau energy of superconduc-
tors submitted to a possibly non-uniform magnetic field (applied fields of intensity
p()hes), in the limit of a large Ginzburg-Landau parameter x. They proved that
converges in a sense similar to ['-convergence to the limiting functional for
hez = A loge| for A >0

BN =5 [1-a0=-n+fl+g [ IVE-pP+if-of  (31)
defined over

V ={feH,(Q)/—A(f —p) + [ is a Radon measure}

11
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where Radon measure is the set of all bounded signed measure (see [E]). More pre-
cisely, they proved that the induced magnetic fields of minimizers of (1.1.1)) converge,
after a renormalization, to the minimizer of (1.3.1). For a definition of Gamma-

convergence see (Definition [2.2.1]).

Jerrard and Soner |JS] studied the I'-convergence of the Ginzburg-Landau energy

(1.2.1). Compactness results for the scaled Jacobian of u. are proved under the

assumption that G.(u.) < C|loge|*. In addition, the T-limit of % is shown to be

: L :
G(ja) = 5lallz + 11V X Gillom,

Jue
|loge|

where j, is the limit of and and ||.||on is the total variation of a Radon measure.
These results are applied to the Ginzburg-Landau functional ((1.1.1)) with external

magnetic field h., = A|loge|. The I'-limit of IIOL?TEEIQ is given by

1q,. .
E(u, A) = S[ll7- = Al + IV X Gillm + |V x A= A[5].
where j, as above and A is the limit of |1;4g€6|. Proving the I'-limit can be done in two

steps (see Definition [2.2.1)).

The main tool to prove the lower bound inequality is the vortex balls construction.
Each ball will contain amount of energy at least of 7|d|log  where d = deg(‘—Z', 0B),
and r is the radius of B. The vortex balls are not completely intrinsic to (u, A)
and not unique, they have a simple relation to the configuration (u, A), namely that
the measure ) . 27d;6,, is close in certain norm to the gauge-invariant version of the

Jacobian determinant of u, an intrinsic quantity depending on (u, A). We use this

relation to find a sharp lower bound of the Jacobian in term of the Ginzburg-Landau

12
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energy.

At the same period of time two papers, [Sa] and [Jer99], came with the idea
of constructing these balls. Jerrard in [Jer99] showed that the unbounded part of
the energy is concentrated on a small number of small sets called ”vortex balls”.
He and Soner later on [JS02] used these balls to find a sharp lower bound of the
Jacobian in term of the Ginzburg-Landau energy which they called the ”Jacobian
estimates”. While Sandier in [Sa] showed that given any arbitrary configuration
(u, A), one can describe it energetically as a collection of vortices glued together, as
long as its Ginzburg—Landau energy is not extremely large, but without assuming
that it solves any equation.

It is important to mention the work of Sandier and Serfaty [SS04] where they
proved a new inequality for the Jacobian associated to the Ginzburg-Landau energy
in any dimension. They proved the lower bound of in any dimension which is
a product-type lower bound called ”product estimate”.

The proof relies on the same ingredient as the other proof of lower bound , i.e. on
the ball construction method of [Jer99] and [Sal, but the main new idea is to use a
deformation of the metric, and thus a construction of growing ellipses instead of balls.
Ellipses allow the freedom necessary to "separate” the directions. This sharp lower
bound of the Jacobian in term of the Ginzburg-Landau energy was introduced also
by Jerrard and Soner [JS] to study the 2 dimensional case. In our thesis we modify
and adapt the ”product estimate” method to prove the lower bound.

The main tool used to study the upper bound is the Hodge decomposition method.

13
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With this method we decompose the space L?(D) into three subspaces

U={-V"y, v € H(D;R)},
V ={V¢(, ¢ e H(D;R)}, (1.3.2)

W={WeC(D;R?), V*:- W =0, V-(W)=0, W-v=0on dD}.

s.t. any j € L*(D) can be written as:

j=U+V+W

where U € U, V € V, and W € W (see Lemma in Chapter 3). Then we
construct a sequence which converges to the desired limit j.

Jerrard and Soner [JS] came up with the idea of using the Hodge decomposition
to construct a sequence of functions to obtain an upper bound that matchs the lower
bounds for the Ginzburg—Landau energy. This construction is very similar to the
construction given by Sandier and Serfaty [SS00] for the functional with applied
magnetic field. [JS] introduced this Hodge-decomposition so that it would be easier
to generalize to higher dimensions.

More details and informations on the methods used to study the Ginzburg-Landau

model can be found in the book of Sandier and Serfaty [SSO7].

1.4 Main results

In our thesis, we concentrate on the I'-convergence of Ginzburg-Landau energy is

related to (|1.1.3)).

14
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1.4.1 The Ginzburg-Landau model with a pinning term bounded

from below.

In chapter 2 we consider the I'-convergence of F,(u, A;€2) where Q is as in ((1.1.4)
with a pinning term a(z) that is bounded from below by a positive number. The aim
of this chapter is to introduce ”the methods” we will use to find the I'-limit in order
to be able to adapt them in the case where a(z) is allowed to vanish on the inner
boundaries (Chapter 3, 4). The fact that a(z) vanishes on the inner boundaries is
technically more difficult and will require several additional steps. We combine many
methods in a novel approach for these problems.

The I'-limit is obtained by finding an appropriate lower bound and then construct-
ing a sequence that gives us the matching upper bound. Most of the previous works
have considered the I'-limit of when a(z) = 1. Our main result in Chapter 2 is
Theorem [2.2.2] To prove Theorem for the lower bound we modified the method
of Sandier and Serfaty [SS04] which gives an inequality for the Jacobian associated to
the Ginzburg-Landau energy in any dimension. What we had to modify is the vortex
balls construction and this is due to the presence of a(z). For the upper bound we

use a Hodge decomposition method inspired by [JS] and [ABGS13].

1.4.2 Superconducting thin film

In Chapter 3 we consider the I'-limit of the 3D Ginzburg-Landau functional in a thin

film geometry

2 1
I.(u, A) ;:/ (Ve + 501~ Juf?)?)d + §/Rg h— hoffde. (1.4.1)

15
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This energy reflects the fact that the magnetic field is present everywhere. The
superconducting thin film is given by D, which we assume is multiply connected and
the thickness of the film is given by d(x) and is allowed to be zero on the boundaries
of the holes. Hence the superconductor domain is multiply-connected and has a
characteristic thickness on the scale ¢ > 0. We consider the limiting as the thickness
¢ — 0 and the Ginzburg-Landau parameter k — oco. As in [ABGS13| it turns out
that the relationship between ¢ — 0 and K — oo doesn’t affect the limiting problem.

The superconducting sample is represented by the domain D, C R?,
D.={(z,23) e R®: 2’ € Q, ef(2)) < w3 < eg(a')},

where Q := w\Ujw;, j = 1,...,m and w; C wy C R? is smooth and simply connected,
f,9:Q — R are smooth functions on Q with f(z') < g(2’) for all 2/ € Q, and € > 0.

We denote by

the thickness of the film for given 2’ € Q. We assume d(z) satisfies (H1)-(H3). We
rescale the domain by € in the z3 direction in order to recognize the correct scaling
for h, in terms of the thickness parameter and of the Ginzburg-Landau parameter

k. The energy transforms as follows:

I{2

- 1,o, . 1 .
I o (u, A) =: / (§|(V —iA)ul* + 52 (05 — iAs)ul® + 1 (1-— |u|2)2> dx
. €

1 exr|2 1 2
+§/RS (|h3—h3 | +€_2|h,_h:3m )d%

16
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We choose the strength of the exterior applied field to be related to the thickness

parameter €, and to be on the scale of the first critical field in & via,

log

h,, = <H’ , Hylog n). (1.4.2)

€

where H = (H', H3) = (Hy, Hy, H3) € R? is fixed constant vector (independent of
¢, k). For applied fields of the form |D the energy of minimizers of E’E,H will be on
the order of [log x]?. That leads to introduce the following normalization, and study

the family of functionals

1 ~
Ie,,{(u, A) = m];ﬁ(u, A)

and configuration (u, A) with bounded values of E. .

Define the space,
1
Z:={je L*(Q,R?: j=('(«),0), J:= §v x j € M(D,R?)},

where 9(D, R?) is the space of vector-valued Radon measures on D. Given j € Z
and B’ : R? — R?, we define the limiting functional I.(j; F) where F = V' x B’ as
below:

slld@)V Xl + 3 [ d@)|i' = B, ifjeZ

L(j; F) = (1.4.3)

00 otherwise

The main result is that the I'-limit of I is related to I (see Theorem [3.1.3]).

We prove this in the usual two steps: first, bounded sequences are compact and the

17
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energy is lower semicontinuous in the energies which yields the Theorem The
proof of Theorem is a direct application of [SS04] when n = 3. To get the lower
bound inequality, we integrate out the variable x3 in the energy to reduce the 3D
problem to a two-dimensional total variation, weighted by the film thickness function
d(x').

The second part of the I' convergence result is the construction of recovery se-
quences which is given by Theorem [3.1.4, We had many difficulties proving the
upper bound: first, we had to modify the Hodge decomposition Lemma to adapt it to
the case where d(x) is zero on the inner boundaries. We did this by introducing the
space H ( see Definition then we define the Hodge decomposition with respect

to the weighted inner product,

(v, w) = /ﬂ d(z)v - w da’

on L*(Q;R?).

1.4.3 Pinning in the Ginzburg-Landau Model for Supercon-

ductors

In chapter 4 we consider the I'-convergence of a two-dimensional Ginzburg-Landau

model

E.(¢,A) = %/D{\VAWQ + %[(!Mz —a(x))® = (a”)?*] +|h - hezf}dx (1.4.4)

€2

18
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for an inhomogeneous superconductor with finitely many “normal regions” in the

interior. The inhomogeneity is introduced via a potential term

[ (alz) = [0])* — (a7)?],

NN

V() =

with real-valued function a(x). The presence of the inhomogenity a(x) creates prob-
lems near the boundaries of the pinning sites. Indeed, under our hypotheses, \/a+—(x) ¢
H'(Q), and this results in a singular boundary layer as e — 0. Following [AB05], a
remarkable identity (see Lassoued & Mironescu [LM]) allows us to remove the singular

boundary layer part from the rest of the energy. Define a functional,

sty i= [ {5190+ g [0 - @) - @] b

and let . € H'(D;R) be the (unique) minimizer. With u = v /7. we have:
n: A 2 2 1 2
B A) = )+ [ LEITa b I 174 G0 | o
D € 2
=t Je(ne) + Fe(u, A),
and the object of interest becomes the reduced energy F.. We define

e = {z € Q:dist (z,00) >e%}

where we can show that

n? < (1+e3)a(x). (1.4.5)

In Theorem [4.2.1] we prove the first part of the I'-convergence which is the lower
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bound. We modified the method of the product estimate by Sandier and Serfaty
[SS04] to the case when a(z) vanishes. The lower bound of F, is defined in the whole
domain 2 but to be able to see the pinning term a(x) in the limit we have to be away
from the normal regions by any § > 0 for all 9.

For the upper bound which is given in Theorem [.2.2], using a result of Montero
[IMO7] we reduced the decomposition of the energy E. into the multiply connected
domain €2 and then we adapt an appropriate Hodge decomposition as in Chapter 3.
Having n? in the energy which depends on e complicate matters. Nevertheless we
apply the Hodge decomposition with a(z) in the full domain and adapt the steps of
Theorem in Chapter 3 on those functions.

1.5 Open problems

There are many open problems left. Finding the obstacle problem associated to the
[-limit in Chapter 3 and 4 is the next step. The solution of the obstacle problem gives
us the location of the vortices and hence tells us where they first appear. Previous
results (see [ASS], [ABGSI3] and [SS00]) found the obstacle problem when a(z) is
bounded below by a positive number, their results need to be extended to the case
when a(z) vanishes. One of the most interesting cases to study is the case where the
pinning term a(z) vanishes at a point in a simply connected domain. The problems
studied in Chapter 3 and 4 should be helpful in solving this problem. Indeed we hope
to be able to solve this question by shrinking the holes in our results. The problem is
that the associated elliptic problems are very degenerate. Finally, we hope to extend

the results of [ASS| to the case where a(x) vanishes at isolated points.

20



Chapter 2

['-Convergence of the
Ginzburg—-Landau Functional with
a Pinning Term Bounded by a

Positive Number.

This chapter is a warm up for the next 2 chapters. We introduce the methods needed
to solve the later problems and we do this by solving a new problem which is less

technically difficult but for which we combine the previous results in a new way.
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2.1 Introduction

Let D C R? be a smooth simply-connected domain, and define Q := D\ U™, w;,
where 7 is bounded by n, and w; C D is smooth and simply-connected. The Ginzburg-

Landau energy is given by:

2
dr  (2.1.1)

for € = % > 0, where x is the Ginzburg-Landau parameter, u € H(Q, C),

V4 :=V —iA, and |u|? represents the density of superconducting election pairs. The
function A € H'(D,R?) is the magnetic potential and h := V x A is the induced
magnetic field. The applied magnetic field h., is a vector field and we take it to be
of O(|loge|). The energy here is different from the original Ginzburg-Landau Energy
where a(x) = 1. In our case a : 2 — R is a smooth varying function which has a
minimum, the minimum of a(x) represents the pinning sites for the vortices and here

are more conditions we consider on a(z):
(H1) a(z) € C*(D).
(H2) There exists a constant ag > 0 such that ay < a(z) < 1.

The Ginzburg-Landau equations associated to the functional (2.1.1]) when minimizing
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for (u, A) € H := H(Q,C) x HY(D, R?) are:

—V3u+ 5 (Jul* = a(z))u = 0in Q; (2.1.2)
—V+th = j = (iu, V 4u) in Q; (2.1.3)

h = he, on 0D; (2.1.4)

h = H;(constant) in w;,j = 1,...,m. (2.1.5)

Integrating the second equation around each OJw; will give us an extra boundary

condition,

:—/ Im{ﬂVu}-7’ds+/ A-1ds
Ow;

Ow;

—QWdeg(u,awj)—i—/ hdzx

wj

= —2mdeg(u, Ow;) + Hj|w,|. (2.1.6)

The functional E, is gauge-invariant: if ¢ € H*(D, R) is any scalar potential, then
E (uexp(iv), A+ V) = E(u, A). The invariance of the Energy causes a problem for
the minimization of GL. Indeed, if {u,, A,}, is minimizing sequence, then for any
sequence of functions {f, }n, {(une/™, A, + V £,)}n is also a minimizing, for any f,,.
Thus no good bounds on {u,, A,}, can be deduced from the fact that GL(u,, A,)
is bounded independently of n. Using a particular gauge transformation, namely

Coulomb gauge, solves this problem.

Definition 2.1.1 Let D C R? be a smooth simply-connected domain. We say A :
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D — R? satisfies the Coulomb gauge condition in D if

divA=0 inD
(2.1.7)

A-v=0 on 0D
where v is the outward pointing unit normal to OD.
We will use Proposition 3.3 from [SS07],

Proposition 2.1.2 Let D be a smooth, bounded, simply connected domain in R2.
There exists a constant C' > 0 such that if A : D — R? satisfies the Coulomb gauge
condition, then

HA”%F(D,RQ) < C”CUTIAH%%D),

and

1Al 20 r2y < Cllewrl Allf ).

Now assume that |he,| is a function of € and the following limit exists and is finite:

A= lim ‘;Ziﬂ (2.1.8)
and suppose that for a sequence of functions (u., A.),
E(ue, Ac) < C(loge)®. (2.1.9)
Using and with our choice of gauge we have
H ] l;td HLOO(Q) <G (2.1.10)
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[
| log €|

2.1.11
L2(D) ( )

Hence there exist subsequence A, and h, which converge to A in L>*(Q2) and h in
L?(D) respectively as ¢ — 0. We will use these subsequences and their limits later
on.

We define the current and Jacobian as follow,

Definition 2.1.3 For a complex-valued u., the current of u. is defined as the 1-form:
J(ue) == (iue, due) (2.1.12)
where (a,b) = Re (ab). Using differential forms, j(u.) can be written as

Jue) = (itte, Opuc)day. (2.1.13)

k=1

It 1s related to the Jacobian determinant by:

1 1
Ju, = §d(ju€) = §d(iue,due) (2.1.14)
where

Ju, = Z(zﬁjue, Opue)dx; N dxy.

j<k

Definition 2.1.4 Consider f : Q2 — R.

1. If f s bounded and continuous, we write

1/l coy = sup | f(2)]
e
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2. the o''-Holder seminorm of f is:

and the o"-Hélder norm of f is:
[fllcoegy = lfllco@ + [f]coa@)-

Definition 2.1.5 For k € N, the Sobolev spaces W=5P(Q) are defined as dual spaces

(Wk4(Q)), where q is conjugate to p : % + % = 1. Their elements are distributions:

WRP(Q) := {u € D'(Q), u= Z g, for some u, € LP(Q)}.

|| <k

Naturally W="P(Q) is a Banach space with the norm:

u,v
[ullw-ro) = sup [, (2.1.15)

veEWRP(Q) ||U||W’€’P(Q)
HUHwk,p(Q)7AO

For any integer k, 0% is a bounded operator from WP to Wh-lalp,

Definition 2.1.6 A sequence {f,} in LP(Q) is said to converge weakly in LP(Y) to

f € LP(QQ) if for any ¢ € LI(S2) where q is the conjugate of p we have

li - fodx = - fd
1mﬂ¢f:c/g¢fx

n—oo

We write
{fu} = fin LP(Q)
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to mean that f and each f, belong to LP(Q) and {f,} converges weakly in L*(Q2) to
f-

Definition 2.1.7 Let (X, A, u) be a signed measure space. A € A is non-negative,

(respectively, non-positive) if

VE C A, for which E € A, we have u(E) > 0, (respectively, p(FE) <0.)

For each A € A we define

" (A) = sup{u(A), 0},
and
p(A) = —inf{—p(A), 0},

wt, respectively, u~, is the positive, respectively, negative, variation of u. For any

signed measure space (X, A, i), the total variation || is defined as:

VAe A, |ul(A) =p"(4) +p (A).

Definition 2.1.8 Let V' be an n-dimensional (n finite) vector space with inner prod-
uct g. The Hodge star operator (denoted by %) is a linear operator mapping p-forms
on'V to (n — p)-forms, i.e.,

QP QP (2.1.16)
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2.2 ['-limit and Main results.

The I'-limit was first introduced by E. de Giorgi and T. Franzoni in 1975 and since
then was much developed especially in connection with applications to problems in

the Calculus of Variations.

Definition 2.2.1 (T'-Convergence)
Let X be a topological space and F,, : X — RT a sequence of positive functionals
on X. Then F,, are said to T'-converge to I'-limit F : X — R if the following two

conditions hold:

1. Lower bound inequality: For every sequence (x,) € X such that x, — = as
n — +oo,

F(z) <liminf F,(x,).

n—oo

2. Upper bound inequality: For every x € X, there is a sequence (z,) converging
to x such that

F(z) > limsup F,(z,).

n—oo

Our main result is to find the I'-limit for the Ginzburg-Landau functional and this
is done by finding the lower bound and then the matching upper bound as stated in

the following Theorem:

Theorem 2.2.2 Let (H1)-(H2) be satisfied and assume that holds. Then
there exists j € L*(Q) and J € M(Q) N H1(Q) such that J}ELI) — jin L*(Q), and

—ﬁl =V x j;ng;) — J in the sense of measure. Moreover,
o Be(ug A 1 - 2 2
— T > — —
hrenlonf (log )2 Q[HaJHgm(g)+/Qa(j A) da:—{—)\/DW x A—1| da:]7
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where M(QY) is the space of vector-valued Radon measures on S, and A is the limit of

Ac
heCL'

in L>=(D). Finally, If Q is smooth and bounded, then for any given j € L* such

that V x j/2 is a Radon measure, there exists a sequence {u.} in H'(Q) such that

hji, hjz defined in and (2.1.14}) converge to j, and J respectively, weakly in

L? and in (C**(Q)) for every 0 < a < 1, and for this sequence the above limit is

achieved with an equality.

The proof of this Theorem will be done in many steps and we will need first to

obtain certain results.

2.3 Jacobian estimate and lower bound

In this section we follow Sandier and Serfaty to find a sharp Jacobian estimate in

terms of the magnetic Ginzburg-Landau energy, we do this by modifying Theorem 1

in [SS04].

Theorem 2.3.1 Let (u., A.) be such that E.(uc, A.) < C|logel* and h. = curl A,.

Then up to extraction the rescaled Jacobians % weakly converge to J, a measure-

valued 2-form, in (CO*(Q)), where 0 < a <1, % — aj in L*(Q), and

Lo 1
"o Tlog ef?

1
E(ue, Al) > 9|J|(Q)+—/a|j—A|2dx+5/ |h, — 12dz (2.3.1)
2 2 Jq 2 /p

where A and h, are the limits of A. and h. defined in and (2.1.11).

Proof:
We prove this Theorem in 4 steps as in [SS04] with a minor modification due to

the presence of a(x).
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Step 1. (Modified vortex balls). Sandier and Serfaty constructed their vortex
balls based on the fact that |u.| is an S* valued in the limit. Since we have |u.] is
close to a(x) when € — 0, we used the vortex balls constructed by Aftalion, Sandier,

and Serfaty [ASS|]. Define the domain
Qe :={x e Q: dist (z,00) > €},

and recall Proposition 1.1 from [ASS],

Proposition 2.3.2 Assume h., < A|loge| for some A\ > 0 and that (H1) to (H2)
are satisfied, then there exists a positive constant €y such that if € < €y and (u., A)

is a minimizer of E., there exists a family of balls of disjoint closures (depending on

€) (Bi)ier. = (B(pi, i))ier. satisfying.

{z € Qe [Va(@) = [u@)|| > i} € Vier B(pi, i), (2.32)
Dlier Ti < Tiogap (2.3.3)

3 [, IVulPde > ma(ps)|di|[log e| (1 — o(1)), (2.3.4)
where d; = deg(u/|u|,0B;) if B; C Q, and 0 otherwise.

Step 2. (Compactness of the Jacobian).

Using the points {p;} in Proposition we define the measure,

e =T Z d;6,,.. (2.3.5)

{i|pieﬂe}
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From Proposition [2.3.3] it follows that

Cllogel® > Ec(ue, A) > ma(p;)|d;||log | (1 — o(1))

> a9 " 7l log (1~ o(1)
where ag is given by hypothesis (H2) on a(x). Hence

/\ue!d Zld\<c

|loge| —

thus (u.) is a bounded sequence of measures, and we can assume that p. converges

to some i, in the sense of measures.

fte = s 1n the sense of measure, (2.3.6)
el =7 Z |d;| = || in the sense of measure. (2.3.7)
{ilp:€2}

We have, following [SS04] and proved in details in Chapter 4 Proposition m,

that
E(ue, Ae)

[ * Jue = pell ooy < C | log €|

(2.3.8)

where  is the Hodge operator with respect to the Euclidean metric (see definition

(2.1.8))). The compactness of |1gg€e\ in (C%*(Q)) for any 0 < o < 1 is true because

of its boundedness in (C°)" and the compact embedding of (C%*(Q)) in (C°). It

(C2())" to the same limit as pher,

i.e. to a measure J.
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Step 3. (Jacobian estimate).

Let X, Y be continuous vector field compactly supported in €2. It follows from

the energy bound ([2.1.9)) that

XV Y-V

]67X - E,Y -

(2.3.9)

|loge| ’ | log €|

are bounded in L? and therefore converge weakly subsequentially. Using Proposition

2.3.2] there exist a collection of balls {B;} satisfying (2.3.2)), (2.3.3)), and ({2.3.4)). Let

X,Y be continuous vector fields compactly supported in €2, we have

1
2| log €|

W S rap)ldl(1—o(1)  (23.10)

X - Vu* + Y - Vu,|?
J, e Ty O >

(as we see a(x) appears in the right hand side because of our vortex balls construction
which is different than the one in [SS04]). Using the definition of u. (2.3.5)), and

notting that a(x) is near a(p;) — o(1), we sum over ¢ and get

1 / 9 9 dl‘ldfbg /
—_ X -Vul”+|Y - Vu, 2’ 1 —o(1))adu.
%bﬁlw&| "+ HXAY| J (1))

. (2.3.11)

where o(1) is a quantity that tends to zero when ¢ — 0. Dividing the above inequality

by |loge| and using ([2.3.8]) we find

1
liminf—/ X - Vul + |V Va2 > X AY]
2 S0

/ 0.J(0s,,0,,)
Q

> / aJ(X,Y)|, (2.3.12)

Jue
[log el

where J is the limit of Using ((2.3.9)) we fix a convergent subsequence and let
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JUe
|ue||loge|*

J1x,Jy denote the weak limits of the normalized current Then

Jex* = lixP+vx, ey l” = v + vy, (2.3.13)

weakly as measures, where vy and vy are positive Radon measures, called the defect
measures of the sequences. Following [SS04], (proved in details in Chapter 4 Theorem
4.3.1)), we get

. (2.3.14)

1
Sl + oy ) 2

/Q 0J(X,Y)

Step 4. (Lower bound).

We first prove the lower bound of the gradient part fQ |Vu|? using the Jacobian
estimate (2.3.12). We choose ey, e5 an orthonormal (moving) frame that may depend
onz € Q, and f,g € CYQ) with |f| <1 and |g| < 1. Then, let X; = fe;, Xo = ges.

The inequality

Vu? > | X1 - V| + | Xs - V| (2.3.15)
holds. Since ‘Xi Cgue| < |Xz- - Vue||ue|, we have
Since that Ilj;gd is bounded in L?(£2), hence weakly compact, and that
(1% - jue] = v/a| X - Vu] )
£ =0 (2.3.16)

|log €|
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as € — 0 in L'(Q2). Tt follows that denoting by ¢y, the weak L? limit of

Va|X; - Vu|

=19
|log €| T

and by (2.3.13) we have v/a|X; - j| < ¢x, almost everywhere, where j is the weak

limit of the normalized currents. Denoting by vx, and vy, the defect measures of

| X - Vu, | X - Vu,
|loge| | log €|

respectively, it follows from (2.3.15)) and the definition of defect measure that

o 1
limip s [ (Va2 o+ sl + [ o+ lox,P
[ loge* Jo Q

e—0

using the above result, we are led to

e—0

1
liminf—2/|VuE|222 /CLJ(Xl,X2> +/a|X1-j|2+a|X2.j|2
[logel* Jo Q

+ [ alsP
Q

+ [P = 1)als €1 + (9P = )als - esP
Q

(2.3.17)

Q
> 2 fgad(ey,es)
Q

Taking the supremum over all such frames eq, e; and all compactly supported |f| <

1, |g] <1 proves the lower bound of the gradient part of the energy.
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To prove the lower bound ([2.3.1)) we expand the energy as follow:

1 1 1
EE(U,A>:§/§'2|VAU|2+@(|U|2_G)QCZZE+5/;‘h_he$’2dx

1 1
—/|Vu—iAu|2d:17—|——/ |h = hey|*da
2 Ja 2 Jp

1 1
— —/ [|Vu\2 + | AP |ul® — 2A{iu, Vu)} dx + —/ |h = heg|*d.
2 Q 2 D

v

The lower bound of first integral is given by (2.3.17)). For the rest, we use the

energy bound (2.1.9) and letting A, and h. be the convergent subsequences followed
from (2.1.10) and (2.1.11)) to A in L>=(Q) and h, in L*(Q) respectively and using the

fact that |u|?> — a(z) a.e. in Q, we have

hmlnf; [/ (|Ae|2|ue|2 - 2Ae]ue)dl‘ + / |he - hex|2dx]
Q D

0 2|loge|?
1 1
> 5/9 (a(:zc)|A|2 - 2a(x)Aj> dx + E/D h, — \?*dx

(2.3.18)

(2.3.17) and ([2.3.18]) yield the full conclusion of the Theorem [2.3.1]
&

2.4 Upper bound

We first define the space Z by

1
Z:={j e (R : Ji= 5V xje MR}
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Proposition 2.4.1 Let j € Z and consider any sequence €, such that €, — 0. Then

there exists a sequence {u,, A, } C H'(Q; C) x HY(D,R?), satisfying

| log €,
Jun 1 . . 2 . 1% /

Toge,] — J = §V x 7 weakly in M(Q;R7), and strongly in (CF(Q))', 0 < a <1,
A,

[log e[

— j in LP(Q), for all p < 2,

— A in L®(D),
with j(uyp) == (i, du,) and Ju, := 3dj(u,). Moreover,

Ee(unyAn) S %/

g {a(x)d,u +a(z)(j — A)? }dyc + % /D |V x A— \*dx.

To prove this proposition we follow [JS] and [ABGS13]. We require the following

Hodge decomposition with respect to the weighted inner product ,

(v,w) = / a(x)v-w dx
Q
on L*(Q;R?). We define the following subspaces:

U={~ V"6, v eHOR)),
V={V¢, (e H(Q;R)}, (2.4.1)

W={WeC (QR?), V- W =0, V-(aW)=0, W-v=0on dQ}.
Recall Lemma 3.1 and its proof from [ABGS13].

Lemma 2.4.2 Any Z € L*(;R?) admits a unique orthogonal decomposition 7 =

U+V+WwithU eld,V €V, and W € W, with respect to the inner product (., .).
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The space W is a finite dimensional where dim(WW) = m.

Proof of Lemma [2.4.2| First, we assume Z € C*(2,R) .We define ¢ and ( as

the solutions to the boundary-value problems,

-V (ﬁvw) =curl Z in Q, V- (a(x)V() = div[aZ] in Q,

Y =0 on 09, %:Z-V on 051,

the existence of solutions to these boundary-value problems is standard because a(z)
is bounded below. Then, it is easy to verify that W = Z + éVLw — V( satisfies
curl W =0 = div [aW] in Q, and W -v = 0 on 0€2. Moreover, by integration by parts
we see that W L 2V+y L V( in the inner product (., .).

To identify the space W, we apply Lemma 1.1 of [BBH] and note that any W €
W may be written as W = %Vlf with & constant on each component of 02, and
AR %VLf =0 in Q. Our domain Q@ = D \ Ujw; is multiply connected, then we
follow the treatment of [ABGS13]. For each fixed j = 1,...,m we define functions

& € H(Q) which solve

1
V- av& = 0, in Q,

fi]awj:cij, jzl,...,m

£i|8'D = 07

(2.4.2)

1 10¢;

21 Jou, a Ov

d:(::(Sz-,j jzl,...,m,

V

where ¢;; are constants (determined by the solutions,) and 9, ; is Kronecker’s delta.

We got the last equation by integrating around each w; as earlier (2.1.5)).
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We can obtain the existence of such &; by minimizing

1 1
RO = [ 4IVePda+ 2mel,
2 QO a
over W where
W := {¢ € Hy(D) with &|.,, = constant}. (2.4.3)

By the Poincaré inequality and the trace inequalities, F; is bounded below on H}(2),
and by convexity it attains a unique minimizer &;. A simple computation shows that
minimizers give weak solutions to the boundary-value problem ([2.4.2)). Indeed, the

first variation yields,

0=DF,(&)u= /[%V& - Vuldx + 2m€|.,. (2.4.4)

Q

for all u € H}(€). The equation and boundary conditions then follow from choosing

u with values either zero or one in the appropriate domains w;.

§= ;‘Di&(ﬂf), ;= (% fgwj é%dx).

Thus, W = Vi€ € W is parametrized by the m constants ®;,7 = 1,...,m, and W

which is a finite dimensional space of order m. The general result for Z € L*(Q2; R?)

is obtained by density.

¢

Proof of Proposition [2.4.1

Let 7 € Z be given, as well as ¢, — 0. From the energy bound , the
potential \I?geel is bounded and hence has a limit that we call A. We choose the vector
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potentials A,, = |loge,|A, and construct a sequence of order parameters u, to satisfy
the demands of the theorem.

We apply the Hodge decomposition given in Lemma to our j € Z, and write
1
j=U+V+W:—5vi¢+vg+W

with v € H}(Q), ¢ € HY(Q), and W € W, a mutually orthogonal splitting in the
inner product (.,.). Since V.x (V+W) =0then J =3V xj=1iVxUand V+W
doesn’t contribute to the weak Jacobian. We need to construct sequences w, and u,
which converge to V + W and U respectively. As in [JS] we may associate to V, W an
Sl-valued map w,. The singular part of the Jacobian is contained in U; for this part
we construct a family u. with points vortices via an appropriate Green’s function.
Putting these two parts together, the desired recovery sequence will have the form
Up = Ue, We,, -

Constructing the sequences is an adaptation of the proof of Theorem 1.2 in
[ABGS10] since they worked with a(x) is bounded below, the main difference is that

we work on the full Ginzburg-Landau Energy where a(x) is shown only in the part

Joo 2= (lul? = a(2))*.

Step 1. (Recovering V + W)

From the proof of Lemma we may write V = V(, ¢ € HY(Q) and W =
L—llVLﬁ with &(x) = Y it & (), for & as in (2.4.2) with ®; real constants. Let
M;,, = [®;]loge,|], i = 1,...,m, where brackets denote the integer part, Set

1

m
" = E Mi,ngh Wn = —av .
i=1

39



Ph.D. Thesis - Sara S. Alzaid McMaster University - Mathematics

We note that

W, — Wloge|ler < C, (2.4.5)

for constant C' depending on W (but independent of n.)

Since
- 1
W, =Y M,V =V =0,
cur ; 7 . £
= 1 0¢;
W, -Tds = M;, ds =27M.;,,,
Ow; T z_: 7 »%;w a v i
an integer multiple of 27 for each j = 1, ..., m, it follows that W, is locally a gradient,

W, = Vn, for n, possibly multiple valued, but for which e is smooth and single-

valued in 2. We may then define the complex order parameter

Wy, = expi(n, + loge,).

By construction,

J(wn) _ (iwn, Vwn) SV4+W (2.4.6)
log e, loge,

in CY(Q). Since |w,| = 1, we may easily calculate the contribution to the energy

using the orthogonality:

1 1
—/|an|2dx:—/|V7]n+V§logen|2d:}:
2 w 2 Q

1 | n)?
:—/|Wn|2+£/ V¢ da

< o) 10%6 /{|W|2+\V| Ve + O(1), (2.47)
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using ([2.4.5) in the last line. This completes Step 1.
The treatment of the component U = —%VLw € U will require several steps.
First, we restrict to ¢ € C5°(2); the result for general ¢ € H}(Q) will follow from a

diagonal argument.

Step 2:  Approximating the measure y := curlU = —V X %VHD by Dirac masses
(representing vortices.) As p is smooth, and absolutely continuous w.r.t. Lebesgue
measure, we will use the notation p or p(z)dz interchangeably.

We will need the result of Lemma 7.5 of [JS] and recall its proof.

Lemma 2.4.3 There exists families {pf-}f-vgl of points and integers o = %1, satisfying

p = |10g6| Z F0pe z)dr weakly in M(Q) and strongly in WP(Q) Vp < 2
and in (Cy*(Q)) for0<a <1 (2.4.8)

|| = |10g6| 25 ‘ z)|dr weakly in M(Q) and strongly in W HP(Q) Vp < 2
and in (Cy*(Q)) for0<a <1 (2.4.9)

5 — pS| > colloge| ™2 Wi #,  dist (pf,0) > colloge| 2 Vi (2.4.10)

where ¢y is small constant that depend on ||p|le, and M is the space of all bounded

Radon measures.

Proof: . Write Q2 = U, where for each i, {2 is a set of the form Q2N Qf, and Qf is

a cube of side length |loge|~1. For each i, let

[[loge| [ [p]da] dist (Q5,00) > 0

0 otherwise.
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Also let of = sgn( fﬂi pudz). In each Qf select Nf points {pg}ﬁvjl that are roughly
equally distributed. Note that Nf = [|u]ls|loge|z for all i. This implies that the
points can be chosen so that the distances are bounded below as in . Finally,
define

N§
€ ._ €
Q= E g 0 Op, -
=1

(]
Upon relabelling, this collection of points has the same form as in —.
By construction it is easy to see that this sequence of measures has uniformly
bounded mass, so weak convergence in 91 will follow from strong convergence in
WP p < 2. For the latter, since functions in W4, ¢ > 2 are Holder continuous,

it suffices to verify that for 0 < a < 1,

sup —0 (2.4.11)

4llco,a <1

/Q iy ~ [ o((a)da

as € — 0. To verify this, note that if dist (Q25,0Q) > 0 and ||¢[/co.« <1 also the

number of sets Qf such that dist (QF, ) > 0 is bounded by C|loge|z, then

‘ / o [ otz

Similarly, one can show the limit at the boundary vanishes.

%

< C|log e[~ /2~(e/4

We go back to our problem of approximating the measure y = VxU = V x iVLw,

let N,, € N be any sequence of whole numbers with

Ny,

— 1
log €,
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where €, is a subsequence of ¢ which goes to zero when n — oo.

.....

supp ¥ and associated integers o € {—1, 1} with the following properties:

Ipi — P}l > coN7Y% for i # j, for constant ¢o = ¢o(||ptl|os) and dist (p*, dQ) > ¢ N /2%

(2.4.12)
. . [log |py — p}|
il_)l% R(a) =0 where R(a)= hflf:.}p ; o (2.4.13)
P2 o7 <a
2 o
[ = FZO’? Sy — Hy (2.4.14)
" i=1
2 o
il = 5 D G = lul, (2.4.15)
" i=1

the convergence in ([2.4.14]),(2.4.15)) is weakly in the sense of measures, and strongly

in (Cy*) for all 0 < o < 1. By |u| we mean the total variation of the measure
= curl U which is smooth and compactly supported in K C ).

As in [SS00] we modify the measures p, by regularizing the Dirac mass. Let
1= enH' 6B c,), the element of arclength on S} := dB(p}, €,), normalized with

mass 27. We define the measures

1 ZN"
n n
Nn‘1 LA
1=

with pj € K, of € {0,1} as above. Since each yj' — Jpn strongly in (Cy™(Q))" for

all 0 < a < 1, and weakly in 9(Q2), we may conclude that (2.4.14]),(2.4.15)) hold as
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well for v,

Vp — I, lun| — ||, strongly in (C5*(Q)) and weakly in D(Q). (2.4.16)

By Fubini’s theorem we also note that the product measures also converge,

Up Q@ Up — 4 Q [, (2.4.17)

strongly in [C*(Q x Q)] and weakly in 9(Q x Q).
Now for the general u € H™1(2) N 9M(), we get approximating measures u™

tending to p as m — oo in H™! norm and in sense of measure which satisfy properties

(2.4.14), and (2.4.15)). As in Lemma we define the sequence

2 e
[ = N, ;U? i (2.4.18)
and we define
1
Y = A Z T (2.4.19)

For fixed n as m tends to oo, ;' — p, and v)* — v, from the convergence of ™ — L.

We have for fixed m as n tends to oo, u* — p™ and vJ* — p™ from(2.4.14)), (2.4.16))

and (2.4.17)). We take a diagonal sequences , call it u, and v, which will tend to u

weakly because of the stronge convergence in H™!.
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Step 3: We introduce the Dirichlet Green’s function, G,(z,y) in €, which solves

-V, - a—VmGa(x,y) = 0y(x), 1in Q,

Ga(-,y) =0, on 0Q,

for each fixed y € Q. By standard elliptic theory (see [GT] and recall a > 0 is smooth
in Q) we may conclude that G,(x,y) is smooth in Q x Q\ {y = 2}, and
a()

Ga(‘r?y) = _W lOg ‘LC - y‘ + ’y(x,y), (242())

where the regular part v has the property that for every compact set K CC €2, there

exists C'(K) < oo with

sup v(z,y)| < C(K).
zeﬁ

Given U € U, we then obtain the potential function ¢ € H}(Q) from curlU =

by solving
—V-ﬁvwzu in €,
=0 on 0f,
and we recover U = —éVLw. Using the Green’s function representation, we have

b(z) = / Gl ) duly).

Since p € H1(2) NOM(Q), we may calculate the weighted norm of U in terms of the
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measure f as follows:

/Qa(m)|U|2dac:/Qé|V1/J|2 da
= —/quL lew) da
_ / b(@) dya

- / / Gala.y) duly) dp(z). (2.4.21)

Step 4: There exists a sequence ¢, € H}(Q) for which —2V+¢,, — U strongly in
LP(Q) for all p < 2, and

1
limsup/ —| Vb, |? dx §/a(3:) d\u|(x)+/a(:v)]U|2dx. (2.4.22)
n—oo Jo @ Q Q
For each n, we define ¢, (z) = [, Go(x,y) dv,(y), and so 1, solves

-V 1vwn:yn in Q,

Yy =0 on Of).

By (2.4.16]) and elliptic regularity, we have 1, — v in W?(Q) for all p < 2, and thus
—1iV+ty, — U in LP(Q) for all p < 2 as claimed.
To estimate the energy we use the Green’s representation. Since v, € H~(Q) for

fixed n, by (2.4.21)) we conclude that

/Q T / / Ga(w,y) dva(y) dva(a).

For any 0 < a < 1,let A, = {(7,y) € A x Q: |z —y| < a}. Fix xo € C°(Q x Q)
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with 0 < x, < 1, and

1, ifzeA,,
Xa(z,y) =
O, if x ¢ Aga.

For any a € (0,1), Gq(z,9)(1 — xa(,y)) is smooth, and hence by the strong (Co*)

convergence v, — [, we have:

tin [ [ Gule ) 1=xale. i) o) = [ [ Gulep)(1=xalo )ty duto).
(2.4.23)

For the complementary integral, we use (3.3.16)) to observe that

Gal(, y)Xa(z, y)dvy(y) dvy(z)

N
-[/ ) [azfj) log ,xiy,ﬂ(gg,y) Yoo i (y) d ()
g/ /A2 a;i) log |xi |dyn(y) dv,(z) + Ca

N'IL

- — Z //A log iy| dpl (y) dpi (z) + Ca. (2.4.24)

nzy 1

To evaluate the remaining integral, we consider the contribution due to distinct
points p;" # pj in Ay, separately. We adapt an argument in Proposition 7.4 of [SS07).

Define the index set

Let R, = %CONH_UQ, where ¢y = ¢o(1)) is the constant in (2.4.12]). We also define balls
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B = B(p?, R,),i=1,...,N,. By the choice of R, they are disjoint, as is the union

(2

U (BixB;) c s

(L])Ejn

We also observe that for any R < R, and (i, j) € Jy, since R < 1|p; — p;|, we have

|z —y|

1
Lo ool o3 e e B R B(p", R). 2.4.25
3 S o g orellee (v}, ), y € B(pj, R) (2.4.25)

For (i,7) € J,, we then have (recalling that S! = OB(p?, €,) = supp u?,)

3 2
// log dz dy > // log —————dx dy
BPx B} |z —y| BpxB? P} — ’

= 1°R} log

7 TL
lpi — |

/ / log ——d i () dp (y)

"XS" z ]|

> fin log dpi’ () dp (y),
4 //gxs; Ix—yl (=) a5 ()

using (2.4.22)) in the first and last lines. Summing over all pairs (i, 7) € J,, and using

the disjointness of the union of the BZ-" X B;-L, we obtain:

1 1
il 1 n n
N Z // x e —y!d‘”(”d‘”(y)

])ejn

< c//A alog ey =i R(). (2420

As |log |z — y|| is integrable, the remainder R(a) — 0 as a — 0, and so this term
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will not contribute to the limiting energy.

Finally, we consider the contribution from the self-energy of the vortices p'. We
parametrize the integrals over SI' = 90B(p},€,) using complex notation, that is we
write z,y € OB(p, L) as © = p + e, y = pi + €, 0 < 0,7 < 27 Then we

have:

i [ 5o ,dm )yt (2

27r
/ / pl“” B+ ) e+ o 6107 — 1[0 dr

:Fn/o a (g + ene™) b+ O(N2)

_ NL / alx) d|p|(x) + O(N,2).

Summing over all : = 1,..., N,, we arrive at

1 a(z) 1 -1
Fg;//g o log P dp (y) dul(x N / ) d|vn|(z) + O(N, )
:/Qa(x) dlp|(z) + O(N, ). (2.4.27)

Passing to the limit €, — oo, we thus obtain from ([2.4.23)),(2.4.24)),(2.4.26)), and

2.4.27), that

limsup/Q/QGa(a:,y)dl/n(y) dv,, (z)

n—o0

< [ a@ @+ [ [ Gule.s)1 = xalo.)uty) du(o) + Ca + OR(a),
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By hypothesis, the measure p is bounded, and so we may apply dominated conver-

gence to pass to the limit o — 0 and obtain the desired bound (2.4.22)), as

limsup/ —|Vbn|? dz —hmsup/ / Gao(z,y)dv,(y) dv,(z)
oa

n—oo n—oo

g/ﬂ ) dlyl //Gazydu ) dyu(x)
:/Qa(x) d|,u|(w)—|—/ga(x)|U|2dx,

by ([2-4.21)).

Step 5:  Let U, = —N,1V*¢,. Then, V*U, = N,V - (1V¢,) = 0 locally in

Q\ UM B(p?, €,). Moreover, if C is a simple closed curve in Q\UN"B(p}, €,,), we have
/ U, -1ds € 2n 7,
c

by the normalization |dul| = 2. Thus, we may write U, = V¢, in Q\UN"B(p?, €,),
with ¢, which is multiple valued, but for which V¢, and e are single-valued in
Q\ U By, €n).

To remove the singularity at each vortex core we define,

;

0 if |z —pP < %,
pi(a) = 2 (jg —pr| 1) if G < |z - pf| < e,
a(a’:) if |ZL‘ —pm > €p,

\

and p,, =[]\ p*. The function pP*(x) here is defined differently than the way Alama,
Bronsard, and Galvao-Sousa did in [ABGS13].
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A simple computation shows that

[t s - <

with constant Cy independent of n. Also p2 = [[X(pP)? < a(z) for all z € Q.

(p2 —a(z)) — 0 in L9 for all ¢ < oo, indeed

J

s}

pn2 - CL(:E)

q
- [ [Tty - ato
@y
2 2
= a(x)(—l|z; —pi| —1)" — a(z)
Ax69| F<|z—pi|<en} 1:[ (En )
2 2 q
< a(x)(—e, — 1) — a(z)
/{er| 2 <la—pil<en} H & )

q

= 0.

Now define u,, = p,e'", with p,, ¢, as in the preceding paragraphs. We then

have:

1w 1, )
/9{2|Vun] + 2 (1wl = a(a) }daz
(I e e vz 2~ aia)?
= [{3av0 4 51T+ (= atw) e

<N3/ (z) L IVapn|? do + CyN,
= 2 anCL(I')Q n xr 04Vn

N2 [ o1
< _n/ VP dz + CoN,.
2 Jqa(x)

From (2.4.22)) we then conclude that

' 1 1 o 1, )
hinf;fp—aogen)?/gz{ﬁ’w”‘ +E(\un\ —a(:zc)) }dm

< %/Qa(m) d|,u|(x)—|—%/ﬂa(x)|U|2dx. (2.4.28)
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Since (p2 — a(z)) — 0 in L9 for all ¢ < oo, we also conclude that

]53 ) = F(anewnavpnewn)

1
- _Fn (pn)2v¢n

1 2
= _E(Pn) Un
1

a()

Vi, + van —s a(z)U in LP(Q) for all p < 2.

— —a(a)

(2.4.29)

Step 6: Putting it all together.

This follows as in [JS]; with the modification needed due to the presence of a(z).
Write j e Zas j=U+W withUeldand W=V +W,V eV, W e€W. Let w,
be as defined in Step 1 and u,, as constructed in Step 5, and define v,, = u,, w,,. Since

|wy,| = 1, we have
G(vn) = j(un) + p2j(wy,) — a(x)U + a(aj)VV = a(x)j. (2.4.30)

in LP(2) for all p < 2.

To estimate the energy, we again use the fact that |w,| = 1 to expand:

1 1 . )
m/ Vo, |*de = m/ {|Vun|2 + p3L|an|2 + j(uy) -j(wn)} dr.
n JQ n JQ

We claim that the last term is negligible. Indeed, from Step 1 glwn) V&, with

’ logen
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®, =n, + Cloge, and V®,, — W in C!, and therefore,

1 1
— / J(uy) - j(wy,) de = —/ —Vtiy, - inCI)n dx
NZ Jo Q

b a(z)

= / Vi, - Vo, =0.
Q

We calculate, using (2.4.28)), (2.4.7), and (2.4.30)) and that p2 < a(z)

n

1
limsup — E, (v,; Ay)

: 1 1 2, 1o 2 - L2 2
_hmsupﬁg/ﬂ{ﬁww F SRV = Ay () + P4

n—0o0

4€?

1 1
+ gzl = a@)P o+ 5 [ 1V x 4, b
2Jp

. 1 1 1 ) 1
= l1msup—/ {§|Vun|2 + 5pi|VU)n|2 — A, - j(u,) + §p2|An|2
Q

1 9 9 1 9
+ gl = a@)P bz + 5 [ 195 4, = hofda

5 | @ il + @R+ 5 [ a@) (WP =24-5+4R)da

IN

2
1 2
+- | [VXA=)de
2Jp

1

1 3
—/a(:c)d]m+—/a(x)(|U|2+|W|2—2A~j+|A\2)dx
2 Ja 2 Ja

IN

+1/|V><A—A|2dx

2Jp

1 1 . 2 1 2

=~ [ a(@)dul + = [ al@)lj— AP+ 5 | |V x A— APda,
2 Ja 2 Ja 2 Jp

This completes the proof of the I'-convergence result.

%

Remark 2.4.4 The multiply connected domain didn’t affect our lower bound since

the method of [SS04|] used vector fields X and Y which are compactly supported in
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Q. On the other hand the boundary conditions will be involved in the equations the

magnetic field satisfiy as will be seen in the following section.

2.5 Generalization to the case when a(x) is rapidly
oscillating

In this section we give an idea how the holes affect the problem in the case a(z)
oscillates between £ and 1 in the domain. [ASS| studied this case in a simply connected
domain and to generalize it to a multiply connected domain we follow directly the
method above and the only different will be the extra conditions of the magnetic field
h on the inner boundaries.

Since ac(z) is rapidly oscillating function describing impurities, as in [ASS] the
frame work for passing to the limit when ¢ is small is that of homogenization theory.

When passing to the limit in,
di <1Vh)+h 2r > dy
—div ( —Vh, e =2m O, -
e i Di
we obtain a different limiting operator, that is
—div (.Ath*) + h* = Hx,

where p, is a positive measure which is supported in an inner domain 2, and A
is the homogenized limit of the matrix A, = aiI in sense of H—convergence, (see

definition below)
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Define the space V
V = {h € Wy (D) s.t. h|.,, = constant}.

Definition 2.5.1 We say that the family of 2 x 2 matrices A, H—converges to Ay

when € — 0, if and only if, for any f in H™1(Q), the solution v, in V
—div (AVu) +ve=f  in Q
satifies

ve — vg weakly in 'V

ANV, — AV weakly in (L*(Q))?,
where vy 1s the V solution of
—div (AgVg) + v9 = f.

As above we assume that h., is a function of € and that the following limit exists

and is finite,

s | log €]
)\—lli% hel2)’

Moreover, we make the following hypotheses on the function a.(x):

(H1) There exists a constant ag > 0 such that ay < a(z) < 1.

(H2) There exists a constant C' and a sequence 7, (which may tend to 0 with €) such

that i &K hey and |Va | < n—(’:
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(H3) There exist a continuous function a(z) and a nonnegative functions f,(z) such
that a.(x) = a(z) + Bc(z) and for any € > 0 and any x € Q, ming ) Be = 0,

where
1

5e) €« ———
(log | log €])2

(H4) The family of matrices A, H—converges to Aj.

2.5.1 Deriving the limiting equation

For any (p;, d;) satisfying Proposition [2.3.2] we can define

2T
pe =15 > didy,, (2.5.1)

€T jel.

a measure of vorticity per unit of applied field. It will remain a bounded family of

measures by the following Lemma,

Lemma 2.5.2 (Lemma 2.1 from [ASS])
Let (u, Ae) be a family of minimizers of E. with h, = curl A., we can extract a

sequence €, — 0 such that there exists h, — 1 € V, and u. € M(Q) with

he ,
he’;—l—\h*—l m V,

e, — s 1n the sense of measure.

The following Proposition gives the equations that h, satisfies.

Proposition 2.5.3 (Proposition 2.1 from [ASS)]).
Let p, and h, be the measures and fields defined in Lemmal[2.5.9. then there exists

ro < 2 such that p, € W= (Q) YV r € (0,79), and h, is the unique solution in W1 (Q)
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—div (AgVhy) + he = ps in Q

h, =1 on 0D
4 (2.5.2)

h, = H; on Owj, j=1,...m

fwj AoVh, -v==2m0; + Hj|w;|, j=1,..,m.

Proof: The proof of this proposition follows exactly [ASS|] except for the boundary

conditions and we are going to include it for convenience.

Stepl. We prove that h, satisfy

1 . (Vhe B ,
e ( — div ( 6 ) + hg) =fo inQ, (2.5.3)

with f. = pe + @¢, where ¢, — 0 strongly in (Wol’q)’ for ¢ > 2. We start from

the second Ginzburg-Landau equation:
—Vrhe = (iue, V4, u,),

divide by a. which is positive and take the curl:

—div (Vh€> = curl (—(we’aevm) — A, |1;€€ ),

a€
hence

(1te, Vue)

Qe

— div (Vh€> + h, = curl

Qe

+ curl (Ae<1 - —)) (2.5.4)
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Step2.

Step3.

Now consider a test-function & € W,(Q), q > 2

‘/Qﬁcuﬂ(/le<1 '“'2 ‘ ‘/v% A, 1_ |Z|2>)‘

< Ol Al @ IVEN L2 llae — [ul? || 220y

The bound (2.1.2)), || Acl| o) < 0(hey) and the energy bound, ||ac—|ul?||r2() <

2
’ /Qgcurl (A1 - %))’ < o(1)[|€]l 12

consequently, curl (Ae(l |“‘ )) — 0 strongly in (W)’ for ¢ > 2. Combining

Ceéhey, yield

this with (2.5.4) and lemma we get the desired result.

We prove that f. converges to pg, the weak limit of u., in W=b7(Q) for any

r<2.

Indeed, from the upper bound of the energy E., —— Vh, is bounded in L*((2),

€ ac h
hence, using implies that f. is bounded in H™!, hence in W~ for p < 2.
But f. = pe + ., where ¢, is bounded in W~ for p < 2 which means that
fe is also bounded in W~1P for p < 2 and in the sense of measure too, then
as in [ASS] we can apply the theorem of Murat which implies that p, must be
compact in W~ for r < p. Since it is also the case of ¢, which converges to

zero, this implies that f. is compact in W~ for » < p. In addition, its limit

in the sense of distributions is jg, hence it must converge to po in W=7,

As in [ASS] to pass to the limit in (2.5.3)) directly we require a right-hand side
in H='. So we are going to pass it in the duality sense as in [ASS| for a fixed

right-hand side. Let g € W~19(Q) for ¢ > 2. Using the hypothesis (H4) on a(x)
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we can use Meyers [M] and Berestycki and Brezis [BB2] : there exists a gy > 2,

such that if g is in W= with 2 < ¢ < ¢, then equation

(
—div (Z—”) +v.=yg mn
ve =10 on 0D
(2.5.5)
ve = H; on Ow;
[ L2 = 278, + Hj|lw|, j=1,...m
\ Jwj e ov J J1a 0 PRERR] .
has a unique solution v, in V. Thus, we have
he
\Vd h — 179 = W_17QI(Q)<f€ — 1’U€>V’ (256)
ex W-14(Q)

where é + i = 1, and we want to pass to the limit.

More precisely, Meyers’ theorem yields that the operator R, which maps g to v,
is a bounded linear operator from W=19(Q) to V (for2 < ¢ < ¢y), hence up to

extraction of a subsequence, v, has a weak limit vy in V. vy is the solution of:

—div (AOVUO) + vy = qg in Q
vo =10 on 0N
(2.5.7)
vy = H; on Ow;
\fwj Ao = —276; + Hjlwj|, j=1,..,m.

Since this possible weak limit vy is unique, the whole sequence v, converges to
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vy weakly in V. In addition, f. converges strongly to s, in W~1¢ thus we have

W*l’q/(Q)<f€ - 17 UE>V — <M* - 1,U0>.

On the other hand, :; — 1 converges weakly to h, — 1 in V. Thus

he
V,<hex - 17g>W71,q(Q) — <h* - 1,g>-

Therefore, we pass to the limit in (2.5.3]), and we are led to

v (e =1, @lw-ta@) Fw-ra (o) (e = 1, 00)v- (2.5.8)

Meyers’ aforementioned theorem, also yields that for ¢, < ¢ < 2, (2.5.2)) has
a unique solution in W' (Q). Since (2.5.8) holds for any g in W~14(Q), it

implies that h, is this solution.

¢

2.5.2 Main result

The I'-limit for the Energy when a.(x) is rapidly oscillating is given by the following

Theorem,

Theorem 2.5.4 Let’s assume that (H1) to (H4) are satisfied. Let (u., Ac) be a family

of minimizers of E., and h. = curl A, the associated magnetic field. Then, as e — 0,

he
h'ex

—1—=h,—1 weakly inV,
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where h, 1s the minimizer of

A

B() =5 [ o] = div (Vi) + fl+5 [ Vr-avs+g [ 15 -1p,

Moreover,

. E(ue, A) A 1 1 9
lim =\ 2 _ ppy =2 dt= [ b AV 4= [ |he =112, (25.
ing = = E(h) Léwu+2£ AoV +2A| 2 (259

1 |Vh]?
Qe ’hem|2

— Vhy - AgVh, + Aap,, in the sense of measures. (2.5.10)

The proof follows exactly [ASS].
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Chapter 3

Singular Limits for Thin Film
Superconductors in Strong

Magnetic Fields

In this chapter we study the I'-limit of the 3D Ginzburg-Landau functional with a
constant external magnetic field in a thin film geometry where the thickness of the
film which is given by d(z) is allowed to be zero on the boundaries of the holes. The
superconducting domain is multiply-connected and has a characteristic thickness on
the scale ¢ > 0. We consider the limit as the thickness ¢ — 0 and the Ginzburg-
Landau parameter x — oco. This model has been studied by Alama, Bronsard, and
Galvao-Sousa (see [ABGS13]) when d(z) is strictly positive in a simply-connected
domain.

The superconducting sample contains the domain D, C R?3,

D, ={(2',23) e R*: 2/ € Q, ef(2)) < 23 < eg(2')},
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where Q := wp \ U™, w; C R? is a bounded multiply-connected domain in the plane
and w; C wy for all i@ = 1,...,m are simply-connected domains, f,g : 2 — R are

smooth functions on Q with f(2') < g(2’) for all 2’ € Q, and € > 0. We denote by

the thickness of the film for given 2’ € . We assume that d(z) satisfies the following

conditions:
(H1) d(x) € C’Z(D).

(H2) d(x) > dp in Q5 where
Qs = {z € Q s.t. dist (z,00) > §}

for 6 > 0 i.e. d(z) vanishes only near ow; V j=1,...,n

(H3) Vd(z) # 0 for all z € Ow;, i = 1,...,m. More specific, 3§ > 0 s.t. there are

non-negative constants m;, and M; such that
d(x
(z) < M;.

<
"= Qist (x,0w;) —

for dist (x, Ow;) < 9.

Note that it follows from the above hypotheses that d(x) is bounded away from zero

on the exterior boundary 90D.
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3.1 Introduction
The energy of the configuration (u, A) is given by:

1 2 1
I (u, A) = 5/ (|vAu|2 +Ta- |u|2)2> dr+ /R h— heo2de,  (3.1.1)

where, h., € R? is a constant external magnetic field.

3.1.1 Rescaling

Since we have three parameters in our problem, €, k,and he,, we need to identify
limiting regimes. We rescale the domain following Alama, Bronsard, and Galvao-
Sousa (see [ABGS13]) by € in the z3 direction in order to recognize the correct scaling
for h., in terms of the thickness parameter.

Let,

with this scaling we could define u in a fixed (e — independent) domain
D:=D; ={(a,23): f(2) < z3 < g(a), 2’ € Q}.
The magnetic field in the new coordinates is h(x) = (¢7'h/(z), hs(z)). The energy is

I .(u,A) = elzey,ﬂ(u, A),
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where

. 1., 1 , K2
I o (u, A) = / (§|(V —iA)ul* + 52 (05 — i Az)ul* + Z(l - |u|2)2> dx
D €

1 exr|2 1 2
+§/Rs (|h3—h3 | +€_2|h,_h:3m )d%

where V' = (04, 0») and the rescaled external field takes the form
hew = (BT", h5", h5") = (ehi®, eh3®, hy")

3.1.2 Introducing the problem

We consider the I'-limit of the energy as both ¢ — 0 and x — oo. We choose an
exterior applied field related to the thickness parameter €, and on the scale of the

first critical field in &,
log

h,, = <H' ,Hglogﬁ).

€

In the rescaled functional fw this means
hex = Hlogk (3.1.2)

where H = (H', H3) = (Hy, Hy, H3) € R? is fixed constant vector (independent of
€,k). It is natural for the Ginzburg-Landau Model to choose applied field of order
log = (see [SS07], [ABOG], and [BJOSI1I]) for both the 2D and 3D cases. Since the
cost of a vortex p is in an annulus A = B(p, R) \ B(p, <) is of order log x in 2D and
3D. For applied fields of the form , the energy of minimizers of im will be on

the order of [log x]?. That leads to introduce the following normalization, and study
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the family of functionals

1

[E,R(U, A) = W

I (u, A)
and configuration (u, A) with bounded values of I .

3.1.3 Spaces and gauges

We introduce our spaces for the configuration (u, A).
u € H'(Dy, C). For A, we first choose a fixed A with Vx A = H = (Hy, Hy, Hs).A

convenient choice is :

- 1 1
A= (H2$3 — §H3£L'2, §H3x1 - Hlﬂjg,O). (313)

which fixes a gauge for A. Then, we take our A in the following space

Ae A:={AecH (R*R®:A—- Alogk € H}, (R* R%)}, (3.1.4)

loc

where H}._ (R? R?) is the closure of the space of smooth, compactly supported

divergence-free vector fields F € C*(R3 R?) in the Dirichlet norm (see [GP99)),

2
(- [ / |DF|2dgs] |
RS

Next we define the weighted Sobolev space W

m,k?

Definition 3.1.1 Consider a real number 1 < p < oo, an integer m > 1, and a real

number k > —1 satisfying k + p > m (so in particular this condition holds for p = 2
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and k =m since m is a positive integer). For such m, k and p, we define the norm

1

|| sl km = {/Q{dm\VsV’ + dk|s|”}dx};, (3.1.5)

for s € C=(Q), we define Wklf;l(Q) to be the closure of C*(Q) with respect to ||.||x.m-

We also define LE(Q) to be the closure of C*°(2) with respect to the norm

1

s = {/ﬂdk|s\”d:€}p. (3.1.6)

The following Theorem gives us facts about Wklf;l(Q) It is taken from [MO7]

(Theorem A.1).

Theorem 3.1.2 Forl < p < oo, k > —1 and a positive integer m > 1 so that k+p >
m, the space Wklf;(Q) is reflexive, and embeds compactly in LY(Q2). Furthermore,
Poincaré inequality holds for functions s € Wklfl(Q) with zero average, that is, there

is a constant C = C(Q) such that, for any s € Wklf;(Q) with

/dksd:v:O
Q

one has

/dk|s|p dr < 0/ d™|Vs|Pdz.
Q Q

Recall the current and the Jacobian. The current (or momentum density) is:

j =j(u) = (iu, Vu), where (a,b) = Reab,
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and the weak Jacobian, J = 1V x j. For v € H(Q;C), j € L*(Q;R?), and so J is
defined in the sense of distributions, and we will see that it will also be measure-valued
( see [JS02].)

The limiting behaviour of I, will be described in terms of the limit of j and J
rather than the order parameter u. The choice of using j and J to study the limiting
problem is due to the high increase of the number of vortices in the limit which in
fact becomes unbounded.

It will be convenient to represent j and J as differential forms,

j = jidz' + jada® + jsda® € A*(R?) (3.1.7)

J =dj = Jida® A da® + Joda® A dat + Jzdrt A dz® € A*(RP) (3.1.8)

as the natural mapping between forms and vector fields is an isometry in Euclidean
space R3.

We define the following domain,
1
Z:={j e L* (R : j=(j(),0), J:= §V x j € M(D,R?)}, (3.1.9)

where 9(D, R3) is the space of vector-valued Radon measures on D. For j € Z, the

corresponding Jacobian takes the form J = (0,0, J5(2')). we define the functional

Ld(2")V x j + L d(a)|j — B, ifjeZz
LG F) = @)V < jllame) + 3 Jo d(@)] | j (3.1.10)

00 otherwise
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where

/ /
F=V' xB =h§ — (h{*, h§") - v’<—f(x ) ;gm)
with B’ : R? — R?. This is the vortex density functional which was suggested by
previous work of [CRS96]. In this limit, the magnetic field is predetermined by the
strength and direction of the original applied field h., € R? and by the geometry of

the domain D, and is part of the variational problem for the thin film limit.

3.1.4 Main results

Our main result is that the I-limit of /., is related to I, when we allow d(z') =
0 on Ow;. We prove this in two steps: first, bounded sequences are compact and the

limit is lower semicontinuous in the energies:

Theorem 3.1.3 For any pair of sequences €, — 0 and k, — 00, assume {(uy, Ap) tnen C

H' (D, C) x A satisfy the norm bound,

sup I, s, (Un, Ap) < 400,
neN

and define j, = j(u,) = (upn,duy,) and J, = %djn as in . Then there exists a
subsequence (which we continue to denote {e,,r,}) and j € Z, with J = iV x j,

such that
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1. along the subsequence,

lun|* — 1, in L), (3.1.11)
A, y
ogr A—0, in H;, (R? R?), (3.1.12)
Og K
Jn : .
alogn — 4, in L*(D,R?), (3.1.13)
In ‘
i — in the weak-x topology on (C* (D)), (3.1.14)
og K

for all0 <~ < 1.

2. Furthermore,

1 d3 /
liminf I, ., (1, 4,) zloo(j;F*)Jré/Q%m/‘zdx/’

and F, is defined by

Fu(a') = Hy — (Hy, Hy) - V/(M), (3.1.15)

and I, is defined as in (3.1.10).

Note that: Following Alama, Bronsard, and Galvao-Sousa [ABGS13] in the case
where the applied field is of order |h.,| = O(log k) the same limit is obtained regardless
of the relationships between ¢ — 0 and k — oo.

The second part of the ['-convergence result is the construction of recovery se-

quences:

Theorem 3.1.4 Let j € Z and consider any sequences €,, Kk, such that ¢, — 0 and
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Ky — 00. Then there exists a sequence {(u,, A,)} C HY(D;C) x A, satisfying

In — jin LP(D), for all p <2
log K,

In 1 : : .
1 —J = §V x j weakly in M(D; R?), and strongly in (CY(D)),0 < < 1,
08 Kn

with j, = (iuy,, du,) and J, := %djn. Moreover

1 [ B
limsup L. x. (un, Ay) < Lo(j, F.) + _/ ) 2y
nsup [, 2 ), 12

with F, as in :

3.2 Compactness and lower bound

In this section we prove the first part of the I'-convergence. As usual when we deal
with the Ginzburg-Landau functional, the gauge invariance is an issue. The choice of
A we made fixes a gauge. We consider the case where the thickness d(z) = 0 on Jw;.
The proof of lower bound is not different than the one in [ABGS13]. They used
the method of Sandier and Serfaty [SS04] which works with compactly supported
functions and so works for multiply connected domains. We are going to recall the

proof for completeness. We recall Lemma 3.1 in [GP99]:

Lemma 3.2.1 Let g € L*(R3 R3) such that divg = 0 in D'(R?). Then there is a
unique B € HY(R?, R3) such that V x B = g and div B = 0. As a consequence, it

follows that

1Bl = | [ 17 x BPas] (321)
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is equivalent to the usual (Dirichlet) norm on the space HL. (R3 R3).

Proof of Theorem [3.1.3

Let K := sup,en Le, s, (Un, Ay) < +00. From the energy bound

K (log K, )?
/(|un| ~1)idz < /(|un|2 —1)%dz < M ~0 (3.2.2)
D D Ky
In particular, |u,| — 1 in L*(D).
Also from the energy bound,
hl

" — H — 0in L*(R* R?). (3.2.3)

log Ky,

and
1

3 /R3 (\hg - h§m|2)dx < K(logk)?

thus along a subsequence, we may conclude the weak convergence,

h3n

log K,

— H3 — lin L*(R?). (3.2.4)

As the vector [— — H] — H := (0,0, 1) in L*(R? R?), and each div h,, = 0 in the

log kn

sense of distributions, we may conclude that div H = 0.

As a consequence of Lemma [3.2.1) and (3.2.4)), we conclude that there exists A €

H. (R3 R?) with Vx A= H = (0,0,1) and

An

~ A A 2.
og . — A, (3.2.5)
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weakly in HL (R3 R?), and in the norm topology on LP(D), 1 < p < 6. Since
H :=(0,0,1) in L*(R3,R?) with div H = 0, we conclude that 95 = 0 (in the sense of
distributions,) and thus [ = 0, and also H = 0 = A (by Lemma[3.2.1]) In particular,
implies

] — A— 0 weakly in H..(R? R?), and in the norm on LP(D), 1 < p < 6.
0g kn

(3.2.6)
In particular h = h,, in D°. To obtain the lower bound we adapt the method of

[SS04]. Expanding the quadratic term in the energy bound, we obtain:

2K > 21, x5, (Un, Ay)

> (log /in)Q/(]V/unF C QA (i, V'un) + [un 2| AL [2)da
D

UV, 2 | AL Y
/D<§ log k|  |log log k., ) .

“(ual? — 1) —

By (3.2.5)), the last term is bounded, and

/ ‘logfsn

log /in

2
|[tn|* = 1]dz < H

2
10g/€ ||| n| _1HL4§C

dx < C, (3.2.7)

V'u,, |2
/D )log Kn
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with constant C' depending on K. we may also obtain

/1
DE%

and we have strong convergence in x3-direction,

2
de < C

aSUn

log Ky,

Ot () in [2(:C). (3.2.8)

log Ky,

We now work on the currents, j, := (iu,, Vu,). Following [JS] we normalize the

current as follows,
ji= = )
un|log kin  [un]log ki

each component of j, = (J1.n, Jo.ns Jan) is (for fixed n) pointwise (a.e.) bounded,

|akun|
< 1Dkl

k=123 2.
_logﬁln’ )y Sy (3 9)

|5k,n‘

s0 J, is well defined almost everywhere in D. Moreover, from (3.2.7) and (3.2.8) it

follows that there exists j = (j/,0) € L?(D; R?) such that (along subsequence)

Jn—=4' Jh.—0

in L*(D). Writing
Jn
log K,

we recall that (|u,| —1) — 0 in LY(D) (see (3.2.2))) and thus obtain that

. -/
In o q j3,n

log K, > log Kk

— 0 in L3(D). (3.2.10)
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We continue as in the proof of Theorem 2 of [SS04]. Let ey, e5, €3 be the standard
basis in R?, and define vector fields X = hpex, k = 1,2, 3, with hy, € C°(D) and |hy,(z)] <

1 forall x € D,k =1,2,3,. By (3.2.7)), we have

. /
[ X - Vittn| O —~ by, k=123, (3.2.11)
log k., log i '

weakly in L? and pointwise a.e. in D. By (3.2.8)), ¢x, = 0. we define the defect

measure vy, corresponding to the weak convergence in (3.2.11):

2

X - V'uy,
‘k—u — |px,|* +vx, in the sense of measures (3.2.12)

log K,

for k=1,2,3. Because of the strong convergence in (3.2.8)), it follows that vy, = 0.

For the compactness of the Jacobian we recall Theorem 1 from [SS04]

Theorem 3.2.2 Let (u,, A,) be a family of H(Q, C) x HY(R?, R3) such that

Ien7ﬂn(un7 An) < |10g ffn|2.

Then, up to extraction sequence

JUn
| 1og iy

—J in (Cy7(D)),
where J is a measure-valued 2-form. Moreover, for all continuous vector-fields X and

Y compactly supported in D,

| X - Vu,| Y- Vu,|
[log kn| * |log ky|
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are bounded in L? and if we let vx, vy be their defect measures, we have
losliFol = | [ 7067, (32,13
We apply Theorem [3.2.2} by the energy bound,
E., (un; D) := /D <%|Vun|2 + %(|un|2 - 1)2>da7 < Cllog kn)?,

with constant C' independent of n (using the estimates (3.2.7)), (3.2.8), and (3.2.2))),

we may conclude that
In

=J
log Ky,

in the weak* topology on (C57(D)), for 0 < 4 < 1. Moreover, the limiting Jacobian
is a Radon measure-valued two-form. Furthermore, the same theorem relates the
limiting Jacobian to the defect measure vy, via a product formula (see Lemma [3.2.3]

below.) Recall Lemma 2.2 in [ABGS13]:

Lemma 3.2.3 The limiting Jacobian J = %dj has the form J = Jsdx' A dx? with

J3 = J3(2'), and the limiting current j € Z.

Proof: We make use of the product formula from [SS04] in the case where N, =
O(log k), which we review here. Let E be a bounded smooth domain in R3, and

v, € H'(E,C) satisfying

1 2
E.(ve; E) = / (é\V”U,JQ + %(|U,§’2 — 1)2) < Cllog /{]2,
E

for constant C' independent of k. Let X, Y be continuous, compactly supported vector

fields in E, and vy, vy the defect measures (defined as in[3.2.12)) for v, as k — oo.
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Then, the normalized Jacobians 2= = J in (Cy"(Q))’ for all 0 < v < 1, and the

log k

defect measures are related to the limiting Jacobian via:

2

x| () vy |(E) = ‘/E J(X,Y) (3.2.14)

Here we denote by |v|(E) the total variation of the measure v over the set E.
We note as above that for any £ C Q, E,, (un; E) < [log kn)*Ie, s, (Un, An)) <
Cllog k)% Let E be any open ball contained in Q, and X}, = hy e, with hy, € Co(E)

and |hg| <1, k =1,2,3. Applying the product formula we then obtain,

v, |2 (B) v, |2 (E) > =

/EJ(Xl,XS)

/ hi hs J(€1, 63)
E

Taking the supremum over all such hj, hg, and from (3.2.8) we have vy, = 0, we
conclude that, as a Radon measure, J(e1,e3) = 0 in the ball E. By an analogous
computation with X, and X3 (as above), we also have J(ea, e3) = 0 in the ball E.
This holds for any ball E C €2, and thus these measures vanish identically in €2, and
thus the Jacobian has the form J = Jsda' A da?.

Furthermore, since J, = %djn for each n, it follows that d.J, = 0 (in the sense
of distributions.) Normalizing by log k,, and passing to the limit, we retain dJ = 0,
and hence 03J3 = 0 in D'(Q2), so J3 = J3(a’). This also implies that (in the sense of
D'(£2),)

0= Jl = (92]'3 - a3j2 = _83j27

0= Jy = 0351 — O1J3 = O371.
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Thus, the limiting current must have the form j = (5/(2'),0) and J = 1V xj € M(Y),
and hence j € Z.
¢

It remains to verify the lower bound inequality. First from the definition of the
defect measures and the product formula from Theorem 1 of [SS04], we have

lim inf / ‘ Viun
n—oo og Kn,

2

2 3 i [Py
> ux, (D) + vz, |(D) + /D (% + %)
22\/DJ(X1,X2)\+/D(X1-j)2+(X2-j)2

_2‘/h1h2J(61,€2)
D

The above estimate is valid for any hy € Co(2) with |hg(z)| < 1, & = 1,2. We

+/(h§yj-e112+h§\j-62\2). (3.2.15)
D

choose these functions to obtain an estimate in terms of the total variation of the
measure J; = J(ep, e3). By the Hahn decomposition, we may write J3 = py — p_ for
mutually singular, nonnegative finite measures ., u_, supported on the disjoint sets
E. E_ € Q, respectively. Take sequence hy;, ho; € Co(2) with || < 1,k = 1,2,
such that

hl,i —1 h27i — XE+ — XE7

pointwise a.e. in €. Since that hyhy;.J(e1,e2) — J and by |7 - ex]* — [j]* a.e. in D
for k = 1,2 also hyhe;J < J and hi,|j - ex]* < |j|* then we may pass to the limit

i — oo on the right hand side of (3.2.15) (using Lebesque dominated convergence
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theorem,) and we conclude that

lim inf / Vv
n—oo  Jp 1

0g Kn

/un

2
> 217/(D) + [ 111 (32.16)
D
Finally, we derive the form of the lower bound for the full energy. First,

1
liminf I, ., (u,, A,) > liminf
n—oo n—oo  2[log k,]?

o (unl? = 1|4, ) da

[ (190l = 28,3+ 14
D

1 . i
> |l + 5 [ P =24+ 5+ AP)da
D

. . 1 2 /2

the last integral on the right will tend to zero as n — oo, indeed using Cauchy

Schwartz inequality with the energy bound and (3.2.6) we get

. . 1 2 712 . . 2 2 % / xln 4 %
- - — < —
hnm inf Mo i / (lun|” — 1)|AL|“dz hrzgnmf </ (Ju|*=1) dx) ( A ‘ Toz ] ‘ dx)

C
< liminf —|log k,| — 0.
n—oo  Kp

Now to reduce the 3D functional to 2D since both J5 = J5(2’) and 7' = j'(2’) we
may integrate out the variable x3, to a two-dimensional total variation, weighted by

the film thickness function d(z’),

|3/l = [ld(2") J3]|me,

The limiting vector potential A (defined in (3.1.3))) is x5 — dependent, but this de-

pendence may be averaged out (to produce the desired effective field F,.) Indeed, we
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decompose A’ as follows:

N 1 1 A
A, = < — §H3[E2, §H3I1) + (HQ!IJ?,, —Hll’g) = AL + (HQ!IJ?,, —Hll’g).

Expanding the energy and integrating out x3, we have:

/ i — AP = / i = AL — (Hy, —Hy)as|*dx
D D

R R g(z’)
:/d(x’)|j’—AL|2—2/(j/—AL)'(h2,—H1)/ vydasda’
0 0 @)
g(z’)
+ / (Hos—H)? [ 22dusds’
Q f(a)

_ I A2 z (f"“Q) Y - I
_Kﬁ(ﬂj Ayl ZAd() 5= AL) - (Hy, —Hy)d

2 2
+/Qd(xl>(f +j;g+g)‘<H2,—H1)|2d$/

/ ./ N _'_ / d3 ! ! /
:/d(:ﬁ)|j - A - (%)(H%_Hl)ﬁdaf +/ 1(;:)|H‘2da:.
Q Q
(3.2.17)

We conclude that

1 d?(a'
i 0f T, e (i, An) 2 () 5] (@) + / @) (17— B+ CS )
Q

n—+00 12

with

BQ:A¢+<L§£xH@—HQ (3.2.18)

Since V' x B!, = F, with F, as given in (3.1.15)), this concludes the proof of Theorem
B.13
&
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3.3 The recovery sequence

In this section we prove the existence of a recovery sequence and the I'-limsup in-

equality (Theorem 3.1.4)).

We introduce the space H,

Definition 3.3.1 We define the space H to be the closure in the norm

1
11 = / Vi

of the linear subspace of C3°(2) consisting of all functions which are constant in a

netghbourhood of w; for each i =1,...,m.

Note that: Since d(x) is locally integrable, this norm is well-defined and H defines
a Hilbert space. This follows the work of Trudinger [T] as in Alama-Bronsard [AB05].
As d(z) is bounded above in €2, the H-norm dominates the usual H'-norm on €2, and
so the Poincaré, trace, and Sobolev inequalities hold for functions in H.

Now we define the Hodge decomposition with respect to the weighted inner prod-

uct,

(v,w) = / d(z)v - w da’
Q
on L?(2; R?). We define the following subspaces:
1
U= (-1t v cHO:R),

VY ={V¢( ¢ H(QR)}, (3.3.1)

W={WeC (R, VI .- W =0, V-(dW)=0, W-v=0on 0Q}.

Given what is known regarding Hodge decompositions, the main issue for us is
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the regularity of ¢, (. Assuming that ¢ € H will guarantee the existence of a unique
solution in H. For the subspace V, we use a result by Montero [M07] which proves

the existence of a unique solution ¢ € H(22, R).

Lemma 3.3.2 Any Z € L*(Q;R?) admits a unique orthogonal decomposition 7 =
U+V+W withU e,V €V, and W € W, with respect to the inner product (., .).

The space W is finite dimensional space where dim(W) = m.

Proof.
As we saw in Chapter 2, following |JS], the only subspace which is affected by the
multiply connected domain is the space W. First, we assume Z € C*(Q2; R?). we

define v and ( as the solutions to the boundary-value problems,

1 .
-V - (mvzﬂ) =curl Z in Q, V- (d(x)V() = div[dZ] in Q,
o¢
b =0 ondQ, 5, = 2 v on o,

Due to our case where d(x) is zero on inner boundaries, the existence and unique-

ness of the above systems of equation are not straight forward.

We recall Lemma 2.2 in [MO07].

Lemma 3.3.3 Consider an integer m > 1, and assume that d(x) satisfies (H1)-(H3).

For every ¢o € C%%(Q) such that
/ A" dodz = 0
0
there is ¢ € W% (Q) (defined as in ), unique up to a constant, that satisfies

— div (d"V¢) = d™ (3.3.2)
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weakly in §2, that 1s,

/ d™"Vs-V( = / d™dos  for all s € W2 (). (3.3.3)
Q Q

Furthermore, ¢ € C**(Q) and V{-v =0 on Q.

We conclude that for the second system of equations, there exist a unique solution

¢ € C%%(2). Indeed, using the above Lemma, we choose m = 1 and let ¢y = diVT[dZ] €

/Qdd)oz/gdiv[dZ]:/de-u:O,

by the boundary conditions on aZ (i.e. Z-v =0 on 0f). We can get the general

C%(Q2), then

¢ € H! by density.

Now for the first system where 1) € H, because of the definition of our space with
the weighted norm the system is well-defined and it has a unique solution by Reisz
Representation Theorem.

tw =2+ ﬁVqu — V(, then it is clear that W satisfies curl W = 0 =
div [dW] in Q, and W.v = 0 on 092. By integration by parts, we could see W L
1V+y 1 V¢ in the inner product (., .).

Finally, applying Lemma 1.1 of [BBH] to identify the space W , any W € W can
be written as W = %ZVLS with £ constant on each componant of 02, and V - %lVf =0
in Q. In our case where = wp \ U/ w; is multiply-connected domain, we follow the

treatment of [ABO6]. For each fixed i = 1,...,m we define functions ¢; € H(S2) which
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solve

1
V- EV@ = 0, in Q,

§i|8wjzcij; jzl,...,m

gi’awo = 07

(3.3.4)

1 10¢;

% dw; daV

dI:(Si’j jzl,...,m,

J

where ¢;; are constants (determined by the solutions,) and 9, ; is Kronecker’s delta.
We got the last equation by integrating around each w;.

We can obtain the existence of such &; by minimizing

RO = 5 [ 41VePdr -+ 2m¢

Wi

2

over the class of { € H(w) with &|,, constant. By the Poincaré inequality and the
trace inequalities, F; is bounded below on H, and by convexity it attains a unique
minimizer &. A simple computation shows that minimizers give weak solutions to

the boundary-value problem (3.3.4). Indeed, the first variation yields,

0 = DF/(&)u / %vgi Vuldz + 2], (3.3.5)

Q

for all v € H. The equation and boundary conditions then follow from choosing u
with values either zero or one in the appropriate domains w; where each &; is smooth

in the interior and on the boundary as in [AB05)].

- 0
£ = ;%@), 2= (o fg L ).

Thus, W = éVLé’ € W is parametrized by the m constants ®;,2 = 1,...,m, and W
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is finite dimensional of order m. The general result for Z € L?(€2; R?) is obtained by
density.

¢

We are now ready to construct the recovery subsequence,

Proof of Theorem m (Upper bound part of the I'-convergence)

Let 7 € Z be given, as well as the sequence x,, — 0o. We choose vector potentials
A, = Aep where h,, = V x A.,, and construct sequence of order parameters u,, of
the form u,(z) = v,(z’") which gives us the desired result. As noted in [ABGS10], for
configurations of this form, the three-dimensional energy INQ,{ reduces to,

/ ]' - !/ H;?z’l, d x/ 2 / /
Gl F) = [ )51V =il + 2l = 1)+ L g Py,

Q
(3.3.6)

with B, defined as in and F, = V' x B,. We will drop the prime since we

will be working in two dimensions from now on. We apply the Hodge decomposition

above to our given j € Z. and write

1

dVL¢+VC+W-

J=U+V4+W=—

where ¢ € H(Q2) € H)(Q), ¢ € HY(Q) and W € W.

We will deal with V' and W first. Since they are irrotational, they won’t affect the
weak Jacobian J = %V X j, and carry no vorticity. As in [JS02], we may associate to
V, W an S'-valued map w”. For the singular part of the Jacobian which is contained
in U, we first consider smooth U and we construct a family u* with points vortices

via an appropriate Green’s function then use a diagonal argument to get the general
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case. Putting these two parts together, the desired recovery sequence will have the

form v,, = u"rw"".

Step 1:  The components V + W € V @& W. This step follows [ABGS13] and we
recall the proof for completeness.
From Lemma,3.3.2] we can write V = V(, ¢ € H'(Q) and W = 2V+¢, with {(z) =

Yo ®&i(x), for & asin (3.3.4) with ®; real constants. Let M, ,, = [®;log k], i =

1,...,m, where brackets denote the integer part, Set

- 1
=, = § M &, W, =—-=-V*zZ,.
, ' d
=1
We note that
|W,, — Wlog knllcr < C, (3.3.7)

for constant C' depending on W (but independent of n.)

Since
- 1
W, =Y M,V -V =0,
cur ; 7 pi 13
. 19¢;
b W, -1ds = ZMM 7({%’ p 01/d8 =27M;,,
J =1 J
an integer multiple of 27 for each j = 1,...,m, it follows that W), is locally a gradient,

W,, = Vn, for n, possibly multiple valued, but for which e is smooth and single-

valued in 2. We may then define the complex order parameter

Wy, = expi(n, + (log k).
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By construction,

Jwn) _ (wn Vn) (3.3.8)
log K, log Ky,

in CY(Q). Since |w,| = 1, we may easily calculate the contribution to the energy

using the orthogonality:

5 [ dIvu s = [ dwIva,+ Tclogr,?ds
_%/ ()| W2 + M/Qd(fﬁ)lvwdx
<& gz) / d(z) {|W* + [V} dz + O(1), (3.3.9)
Q

using (3.3.7) in the last line. This completes Step 1.
The treatment of U = —éviw € U will be done in several steps. First, we start

with ¢ € C§°(Q2), then use a diagonal argument for ¢ € H.

Step 2:  Since U € U then there exists a sequence {¢'m} C C5°(Q) with K' =
supp '™ CC Q and dist (K',09Q) > t,, with t,, — 0.
Define
dy,, (x) = max{t,,,d(z)}
then d;, (x) is positive and d(z) < d;,, ().

For this t,, we define the measure

1
pim = —V x —Vtyim
dy

m

87



Ph.D. Thesis - Sara S. Alzaid McMaster University - Mathematics

since '™ is compactly supported in K C € then by (H3) on d(x), we have

’utm — _v % évL¢tm

Let @, = {rv € Q s.t. dist (z,09) > t,,} choose t,, small enough s.t. ming, d >
tm, and to start with we follow proof of Proposition in Chapter 2 with minor
modifications since we have a positive d;,, .

Let N,, € N be any sequences of whole numbers with

Ny,

— 1.
log k.,

We apply Lemma in Chapter 2 (see [J9]), there exist family of points {p}'};i=1._n,
in the set K'™ = supp '™ and associated integers o € {—1,1} with the following

properties:

Ipi =P}l > coN; Y2 for i # j, for constant ¢y = co('™) and dist (p}, 9Q) > o N, V/?;

(3.3.10)
. . |log |p} — p7|
il_)l% R(a) =0 where R(a)= hffjjp ; N (3.3.11)
PP o7 <o

27
= S > ol by — pt, (3.3.12)

" oi=1

2
nl = Spn — |ptm 3.3.13
] = 7 Zl p = e, (3.3.13)

where the convergence in (3.3.12) and (3.3.13]) is weakly in the sense of measures.

and strongly in (C97) for all 0 < v < 1. By |u'"| we mean the total variation of
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the measure p'm = curl U (see Definition 2.1.7). Since ' € C§°(€2) then p'm is
smooth and compactly supported in Kt C .

As in [SS00] and Chapter 2 we modify the measures p,, by regularizing the Dirac
mass. Let pf == ko H'[0B(r.1/x,), the element of arclength on S} := dB(p}',1/ky),

normalized with mass 27. We define the measures

with pf € K, off € {0,1} as above. Since each y! — d,n strongly in (COY(Q)) for

all 0 < v < 1, and weakly in 99%(£2), we may conclude that (3.3.12)),(3.3.13]) hold as

well for v,
Vp — p'm, p| — |pt™|,  strongly in [C7(Q)]" and weakly in 991(Q).
(3.3.14)
By Fubini’s theorem we also note that the product measures also converge,
Vp @ Uy — pb™ @ p'm, (3.3.15)

strongly in (C57(Q x Q)) and weakly in M(Q x Q).

Step 3: We introduce the Dirichlet Green’s function, G4, (z,y) in €, which solves
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for each fixed y € ). By standard elliptic theory, since that the coefficient of the

elliptic operator f is smooth in €2 and bounded below we conclude that the solution

Gy, (2,y) is smooth in Q x @\ {y =z} (see GT), and

dy, (z
Gy (2.0) = =2 og o — g 14,0, (3.3.16)

where the regular part v has the property that for every compact set K CC 2, there

exists C(K) < oo with

ggh@wﬂﬁcﬁﬁ
zeﬁ

For Utm = L VLptm with supp Ut C K*», we may obtain the potential function
i y

im from curl U™ = p'™ where p'™ is smooth, by solving

VL it =yt in Q,

iy ()
Phm =0 on 012,
and we recover U'm = —fvlwt’". Using the Green’s function representation, we

have

0@ = [ Ga e 0) = [ G )t (1),
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We may calculate the weighted norm of U in terms of the measure pu'™ as follows:

tm o L tm |2
/thm(xﬂU |2dx—/9dtm V' |” da
__/wtm'vj_ (Lvlwtm) dr
) dt,,
= [ v (e dtn
Q
://Gdtm(x,y) du'™(y) du™(z). (3.3.17)
aJa

Step 4. In this step we prove that there exits a sequence v, € H}(S) for which

ﬁVﬂ/}n — U™ strongly in LP(Q) for all p < 2, and

n—oo

1
hmsup/—|V¢n|2d$§/dtm($) d|,utm|(:v)+/dtm(x)|Utm|2d:v. (3.3.18)
a d,, Q e

As you may notice dy,, (z) is positive, then this step follows step 2 of the proof of

Proposition [2.4.1] .

For each n, we define ¢, () = [, Gdy,, (x,y) dvy(y), and so ¢, solves

-V mV@bn = UVp in Q,

Y, =0 on 0f).

By (3.3.14) and elliptic regularity, we have 1, — ¥ in WHP(Q) for p < 2, and thus
_%qu/;n — U™ in LP() for all p < 2 as claimed.

To estimate the energy we use the Green’s representation. Since v, € H~(Q) for
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fixed n, following (|3.3.17)) we conclude that

1 9 B
/Q?m|v1/}n| dx_/Q/QGdtm(x7y>an(y)an($).

For any 0 < a < 1, let A, = {(7,y) € A x Q: |z —y| < a}. Fix xo € C°(Q x Q)
with 0 < x, < 1, and

1, ifzel,,
Xol(Z,y) =
0, ifz¢ Apq.

For any a € (0,1), Gq,, (2,y)(1 = xa(z,y)) is smooth, and hence by the strong (oY

convergence v, — u'™ we have:

JHQL/fMJ%wU—XA%wM%@M%@)
:AL@MNMMMMMMW@WWH

(3.3.19)
For the complementary integral, we use (3.3.16|) to observe that
éAG%@mewwwmmw
bm dtm 1
+ "}/(33, y)]Xa dv, (y) dyn(x)
AM — |
fin d 1
/ / b (2 dvy(y) dvp(x) + Ca
Aog — |
(3.3.20)
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/Q /Q G, (2, ) Xa (2, y)dVy (y) dv,(z)
N Z //A dtm log iz i g1 (W) i (@) + O

n’L] 1

(3.3.21)

To evaluate the remaining integral, we consider the contribution due to distinct
points pi' # pi in Ay, separately. We adapt an argument in Proposition 7.4 of [SSO7]

Define the index set

Let R, = iCONJIQ, where ¢g = ¢o(1)) is the constant in (3.3.10)). We also define balls

B!'=B(p!', R,), i =1,...,N,. By the choice of R,, they are disjoint, as is the union

U (BxB)c i

(4,4)ETn

We also observe that for any R < R,, and (4,7) € J,, since R < }L|pi — pj|, we have

|z — 9

1 3
< ———= < forallz € B(p}, R), y € B(pj, R). (3.3.22)
27 |pp —p} T2
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For (i,7) € J, we then have (recalling that S!, = 0B(p? ) = supp u',)

3 2
// log ——dx dy > // log ————dx dy
Br'xB? |z —y| BPxB? P} — Pj|

= 7T2Ri log ———
I — pjl

/ / og dpi' () dpf (y)
i XS] 2 p]’

s lo dp(z) dp (),
Z = //TXS? g|$_y| pi () dyi ()

using (]3.3.22)) in the first and last lines. Summing over all pairs (i, j) € J,, and using

the disjointness of the union of the Bi" X B;?, we obtain:

1 d;, ( 1
— n(®) | A () du”
e > //nxsn S 108 [k (z) du’ (y)

(4,7)ETn
C // 3
< log ———dz dy
R4 N2 Zj 1 B |;p—y|

< C// log dxdy— R(a).  (3.3.23)
Asa |ZU -

As |log |z — y|| is integrable, the remainder R(«) — 0 as @ — 0, and so this term

will not contribute to the limiting energy.
Finally, we consider the contribution from the self-energy of the vortices p'. We

parametrize the integrals over SI' = 0B(p?, Hi) using complex notation. We write
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x,y € 0B(p}, Ki) as x = pl + e, y=pr + ée”, 0 < 0,7 <2m. Then we have:

Kn

d,. ( 1
n du™(y) du?
77 [ S5 ton = ) (0
1 27 27Tdm ;l_i_ﬁ )
= m/ / %[log kin + log | — 1|]d6 dr
nJo Jo T

1 27 ei& )
=— | a4 (pr+=)d+0O(N;

_ Ni / i, (z) dli?|(z) + O(N72).

Summing over all : = 1,..., N,, we arrive at

N2 Z// du,, (x log iy| dpi' (y) dp (v) = Nin/gdt’“(x) dlvy|(z) + O(NY)

- /gdtm () || (z) + O(N, ).

(3.3.24)

Passing to the limit k, — oo, we thus obtain from (3.3.19),(3.3.20)),(3.3.23)), and

(3-3.24), that

liznﬁsip/Q/QGdtm(a:,y)an(y) dvy,(x)
< [an@du i@+ | [ Ga 501~ vl )i 0) it @)

+ Ca+ CR(a).
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By hypothesis, the measure p‘™ is bounded, and so we may apply dominated conver-

gence to pass to the limit o — 0 and obtain the desired bound (|3.3.18]), as

1mam/d|V%Px—hmwg//e%mwm%@m%@>
tm

n—oo n—o0

< [ @ dii@)+ [ [ Gt )dutn

Z/@A@ﬂWW@+/@A@WMM%
9] Q
by (3.3.17).

Step 5. Constructing a sequence u,, € Hj(Q).
Let Uy = —N,ug=V*4,. Then, V*U, = N,V - (7=-V,) = 0 locally in Q\

UM B(pp, Hn) Moreover, if C'is a simple closed curve in Q \ UM B(p?, E>’ we have
/ U, -17ds €2nZ,
c

by the normalization |du!| = 27. Thus, we may write U,, = V¢, in Q\ UM B(p}, é),
with ¢,, which is multiple valued, but for which V¢, and e¢*" are single-valued in
Q\ U B}, -)-

We now define an auxiliary function p,, as in [JS] and [ABGS13] to remove the

singularity at each vortex core,

0 1f|m—pl|<2ﬁj
pi (@) == 2k, |z — pt| — 1 if 5 <l —pp < - (3.3.25)
1 if |z —p?| > L,
\ |z —pj| > 7
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and p, := [[" pP. A simple computation shows that
>, Fn 2
[ @ {5Ivae + 2 - v far <
with constant C independent of n. Also
(p2 —1) =0 in LY for all q < oo, (3.3.26)

indeed from (|3.3.25)

q
RIS
Q0
2 n 2 q
< I S lei—mt=1)" =1 + 11
{z€Q| L<|o—pil<en} ' T, En {zeQ| |z—pi|>en}

2 2
< ‘ e —1) -1
/{xem B <fo—pi|<en) H (En )

Now define u,, = p,e'®", with p,, ¢, as in the preceding paragraphs. We then

=0

have:

1 Fn 2
[ ) {170 5 - 1)

1 2
= dtm {ﬁpn|v¢n|2 _|Vpn|2+ %(ﬂi - 1)2}d$
Q

N2

| —— V"> dx + CyN,,.

N
H/_/

<
-2

From (3.3.18)) we then conclude that
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) 1
s [ (T 1)

n—o0

1 1
< —/dtm(x) dlpu'™|(x) + —/dtm(ac)|Utm|2 dx. (3.3.27)
2 Jq 2 Jq
Using (3.3.26[) we also conclude that

35\1;:) — Nin(iun,vun)
Nin(lpn e’V (pne'™))
Nin(wn V€' + priV pne')
Nin(lpn, Vpn + paiVy)
Ninmpn,wn) (ipas iV bn))

the first part is zero since p, is real-valued and using the fact that U, = Vo,, we

have
J(un) 1 2
= %7 — 1iVn Un
N T W Py
2
— Pn VJ_Q/Jn

V4, — U™ in LP(Q) for all p < 2. (3.3.28)

Step 6. Putting everything together.
Write j € Zasj=U+V+WwithU eld,V € V, and W € W. Let w, be

defined as in Step 1 and wu,, as constructed in Step 5, and define v, = w,w,. Since

98



Ph.D. Thesis - Sara S. Alzaid McMaster University - Mathematics

|w,| = 1, we have

J(vn) = (v, Vuy,)
= (1UupWp, W, Vg, + 1, Vw,)
= (tup Wy, W, Vuy,) + (tu,w,, u, Vwy,)
= |wp [*(itn, Vi) + |un|* (1w, Vw,,)

= j(up) + p2j(w,) — U +V + W = jim (3.3.29)

in LP(Q) for all p < 2.

To estimate the energy, we again use the fact that |w,| = 1 to expand:

1 1 . .
N2 / d(z)|Vo,[* dz = N / d(z) {|Vun|2 + 05|V, * + j(uy) '](wn)} dz.
N2 Jq N2 Jo

We claim that the last term is o(1). Indeed, from Step 1, ? wn) — g, with @,

7 log kn

N + Clog Kk, and V®,, — V + W in C', and therefore,

Nig [ d@itun) - itw) e == [ o, i () )

n o d@) 5o
= /Q[V%Vcb (1 EIL PV, - VB, | da

= % + %k

% is zero by integration by parts and the definition of ®,,. Now to calculate *x we use

definition of p,, and split the integral,

/ / (1- p2)NV Y, - VO dx—/ I+ I
dtm O\ B {52 <la—pr|< L}
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The second integral, let B := {5— < [z —p}| < -}

d(z) i i
[ 0= e, Tt < Vol [ 0,

<19l ( [ 1940) VoD

< o(1)

The first integral we use the uniform bound of V&, and we know that a = d;

except for a small area around the inner boundaries then we use Holder’s inequality

d(z) 1
1-— V=Y, - V®,d
/K‘Z\UiBi ( dtm (l’)) w !

<o [ et ([ o)

1
d 2 2
< IV ®ulloc |l / (- <x>>dx
’ {zeQ;d(z)<tm }\U; B; dy,, (x)

< O(tm)

Next we calculate,

) 1 . L 1 1 5 1 9 . . .
llﬁsﬁngG“(U”’F*)_llinfogp Ng/ﬂd(:v){z\VuA +2|an] + 7(uy) - j(wy)
(z)*|H'|?

. K2 d
= Ba - j(on) + Bl + S (fun? — 1) + o2 da
4 24
_ 1 1 , 1 ) .
= lim sup d(a:){§|Vun| + §|an| + O(tym) — By - j(vp)
Q

n—00 Fﬁ
d(x)?|H'?

2
K
B*2 2 n n2_12

pi}dflf
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1 1 1 2
lim sup G (v; F.) < lim sup — dtm(x){§|Vun|2 + %(|un|2 12~ B, - j(uy)
Q

2
n—00 Nn n—00 n

1 .
+ |B*|2|un|2 + O(tm)} + d(:(]){§|an|2 — B, ](MN)

d(z 2 H' 2
18P+ T g

1
<5 [ @i+ 5 [ @I = B do +Oft)
Q

2 d*(x)|H']?
+ 1 }d:r.

[\Dll—l

+d(a:)%/g{\(V—l—W)—B*

where B, is defined as in (3.2.18), and d(z) < d;,, ().

Finally take the limit when ¢,, — 0. The first term will converge to 1 [, d(z)d|u|
by the uniform convergence of d;,, — a in Q and by the convergence of u'™ in sense
of measure and in H ().

To deal with the second integral, by definition of U'™

1 1
Utm - _ vJ_ tm . _ vJ_ tm
@ T aw
where d(z) = dy,, () in K', hence
hm ( U™ ? = llm / VLwt’""|2

— - 1 tm 2
m [ 519

tm—0 Q
1
= [ e = [ dwlor
Q Q

using the fact that '™ converges to ¢ in H.

1
@ = =3 i [ -Bp =3 [ @ - B
Q

1

N | —
SH
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Back to the upper bound,

iy < ) 1 o, P@IH
Hmsup G0 7)< 5 [ dwydpl + 5 [ d@HUE = B+ 1.+ S
1 1 . d?(x)|H'|?
< 5/d(x)d|u|+§/d(x){|]—B*|2+%}da:
Q Q
d2 Hl2
:]OO(j;F*)Jr/ Gl TCE (3.3.30)
0 24

with F, = curl B,. As in [SS07] to get the upper bound in terms of the general u €
H=HQ)NM(2). A diagonal argument together with (3.3.30), yields a sequence ny, —
0o, that we write in shorthand {n}, such that, writing {u,, 4, } instead of {u,,, A,, },
both and hold. This completes the proof of the I'-convergence result.
&
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Chapter 4

['-Limit For a Ginzburg-Landau

Functional with Normal Inclusions.

In this chapter we study the ['-Limit for the Ginzburg Landau Functional for super-
conductors with normal inclusions. We will study the full energy with holes, by first
decoupling the nergy using the decomposition of Lassoued and Mironescu which will
put a(z) in front of the gradient part of the energy. Then, we modify the method of
Sandier and Serfaty [SS04] and use it to find the lower bound. Finally, we modify the
Hodge decomposition we presented in Chapter 2 for the upper bound.

Let D C R? be a smooth simply-connected domain, v € H!(D, C) the complex-
valued order parameter, A € H'(D,R) the vector potential, h = curl A = 9,4, —

0yA,, and h,, is a constant applied field. We will study the energy

B, 4) = [ {%w AP+ o [ — a(e))? — (@] + 500 - hexf} dr,
(4.0.1)

Note that subtracting (a~)? alters the usual inhomogeneous Ginzburg-Landau energy
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by a constant, which would give the highest order term O(¢~2) as ¢ — 0. Note that
the energy density is still non-negative everywhere in the sample D. We assume the

following conditions on a(x);
(H1) a(z) € C*(D).

(H2) {z € D : a(z) < 0} = Ul_ wj, with finitely many smooth, simply connected

domains w; CC D.

(H3) Va(z) # 0 for all x € Jw;, j = 1,...,n. More specific, 3§ > 0 s.t. there are

non-negative constants m;, and M; such that

a(x)
i < ——— < M,
"= Qist (x,0w;) —

for dist (x, dw;) < 6.

(H4) we do not allow any isolated pinning points a(zy) = 0, we admit only normal

inclusions with nonempty interior.

We define
Q=D\{z: a(x) <0} =D\ (U@)

Note that it follows from the above hypotheses that a(x) is bounded away from zero

on the exterior boundary 0D.

104



Ph.D. Thesis - Sara S. Alzaid McMaster University - Mathematics

4.1 Preliminaries

4.1.1 Spaces, gauges, and equations

We define here the appropriate spaces and the Euler-Lagrange equations for the min-

imizers.

Definition 4.1.1 We define the space IZI}M(RQ, R?) to be the closure of the space of

the smooth, compactly supported divergence-free vector fields F € C°(R?, R?).

Definition 4.1.2 We say that (v, A) € H if v € HY(Q, C) and A € H' (D, R?) such
that
divA=0inD, A-v=0ondD. (4.1.2)

The functional E, is gauge-invariant: if ¢ € H*(D,R) any scalar potential, then
E (uexp(iv), A+ Vy) = E(u, A). The use of particular gauge, namely Coloumb

gauge as in (4.1.2) eliminates the degenercy.

Minimizers of E. satisfy the Ginzburg-Landau Equations in €2,

9%+ (6P — aw)) = 0 in D; (41.3)
~V+h = j = (i), V1)) in D; (4.1.4)

h = he, on 0D; (4.1.5)

h = H;(constant) in wj, j=1,...,m. (4.1.6)

4.1.2 Decoupling the density profile

As € — 0 we expect that the potential term in the energy E. will force || — a™(z).

The hypotheses on a(x) do not allow vat € H'(D), and so this creates a singular
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boundary layer near the zero set of a. Here we study this boundary layer, so that it
can be effectively removed from our energy calculations in the following sections.

Define a functional,

Jo(n) == /D {%|V77|2 + 4—12 [(772 — a(x))2 — (a‘)z} } dz, (4.1.7)

for real-valued functions n € H'(D;R). Critical points of J, solve the boundary-value

problem

Lo, . on
— An+ 6—2(77 —a(z))n =0, in D; Py 0, on OD. (4.1.8)
Recall Proposition 2.1 in [ABO5].

Proposition 4.1.3 (Proposition 2.1 in [AB05]).
Problem admits a unique positive solution 7., which is the unique minimizer

of J. in HY(D) up to a complex multiplier of modulus one. In addition,

(1) 0 < ne(x) < maxpa, and |Vn| < C/e;

(i)
Je(me) < Clloge| and n. is bounded in L>(Q). (4.1.9)

(i1i) There exists a constant C' independent of € so that

Ine(x) — \/a+(z)| < Ce3\/at(z) for every x € Q with dist (z,0Q) > €'/3;
(4.1.10)

(iv) For every j =1,...,n and x € w; with dist (z,0w;) > €'/3,

0 < ne(z) < Ce/Sexp [—dist (z, 8wj)/e2/3} : (4.1.11)
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where C' > 0 is a constant independent of €.
In particular, (iv) implies that n. — 0 locally uniformly in the holes w;. The
assertion (iv) implies that |n?(z) —a™ (x)| is small with respect to a™(x) itself provided

we remain at a small distance (€'/3) from the boundary of each Ow.

In addition we recall the result of Proposition 2.3 of [AAB] which implies that the
negativity of a(z) in the normal regions w; acts more or less like an imposed Dirichlet

condition:

Proposition 4.1.4 Assume |h.,| < Cy|lne| for some constant Cy > 0. Then, for

any minimizer (1, A) of Ec in H,

/(le2 — a)’dx +/ [¢[*de < Cré?|Inel?, (4.1.12)
Q Uw;

with constant Cy depending on Cy. Moreover, |¢(x)] — 0 locally uniformly in U;w,

and

()| < Cev/Bexp [—dist (z, awj)/GZ/?’} (4.1.13)

for all x € w; with dist (v, 0w;) > €3 and j =1,...,n.
We define spaces we need for the energy decomposition as follow:

Definition 4.1.5 We define the space H1173 to be
H,,17€2 = {u e WH{Q;C): ||u||i1;g = /an |Vul*dz < oo}
and the space H! to be
H! = {ue WH{Q;C): ||u||%{(1z = /Qa|Vu|2d:E < 00}
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We now apply the remarkable observation (see [LM]) that the energy of the profile
n. and the remaining complex order parameter u = 1 /n. decouple exactly into two

independent pieces. Recall lemma 2.3 in [AB05)]

Lemma 4.1.6 Let (u,A) € H. Then, u = 1 /n. is well defined, belongs to Hég, and
E.(,A) = J.(n.) + Fe(u, A) (4.1.14)
where
n? 2 e 2 2 1 2
FuA) = [ {1 e (u =12+ =(h— hy,)? b da. 411
) = [ {ETal 4 2 =17+ 0= e @19

Proof: Note that u is well defined in D, since 1. > 0. The decomposition and the
fact that u € H#(Q) follow exactly as in Serfaty [3].

In Lemma the energy is decomposed in the full domain D we will require
the following Lemma to be able to reduce it to the multiply connected domain 2. We

recall Lemma B.1 from [MO07].

Lemma 4.1.7 There is f € Wy *(Q), global minimizers of in Wy2(Q). Pur-
thermore, there is €, > 0 such that f is not constant when € € (0,€). In this case,

one can choose them to satisfy the following properties:
(1) 0 < f <mnin.
(2) For some C > 0, 1. < \/a(z) + Ces for all x € D.

(3) For any a € (0,€3), there are constants C > 0 and 0 < e, < €; such that, for
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any 0 < € < €9, and all x € 2, one has
Va(z) - Ce* < f(a).
(4) For any 8 > 0 there are numbers €y, \g > 0 such that
f > Xa'™P(z)

for all z € Q and € € (o, €).

(5) There is a constant C' > 0 independent of € > 0 such that, for 0 < e < ey, one

has

0<J(f;9Q)—J(n:D) < C.

Proof: the proof follows exactly [MO7].

Using Lemma4.1.7|we reduce the decomposition to the multiply connected domain
to use it in the proof of the upper bound. Indeed, let f € I/VO1 2(Q) be a real valued
function defined as in Lemma m Define ¢y = fu in Q, and v = 0 in D\ 2. Then

we conclude that

f2 2 ‘ 2 2 1 2
{?|VAU’ +@<|U’ —1) +§(h—hez) } dx

o [Lwre e ik (07 - )

= F.(u, A;Q) + J(f). (4.1.16)

@A) = |

Q

We use the decomposition given in Lemma to decouple the energy in order

to be able to adapt our method we used in Chapter 2. Note that J(n.) < C|loge| so
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when we divide by |loge|? this term will tend to zero when € — 0 and we left with
the functional F, only.
Since E, (u., A.) < C(loge)? and F. < E, then

F.(ue, Ac : D) < C(loge)? (4.1.17)

Define Q. = {z € Q|dist (z, Q) > €3}, then using (iii) from Proposition we can

approximate 7. by a in F,(u., Ac) and get

F&(uf:? Ae) > Fea = Fe(uea Ae)

Qe

1 s 1 —e5)a? 1
> 5/ (1= a(a) |V g P+ L= (x)(|ue|2—1)2dx+§/(h—hm)de
Qe D

1— 12 1 12,2 1
_(I-e) / CL(-T)|VAUE|2+( ; )2a <I>(’Ue’2—1)2d1’+—/(h—hex)de
2 Q. 2e 2Jp

(4.1.18)

where F satisfies the bound (4.1.17)).
For the compactness and the lower bound, we will use F* as in (4.1.18]) instead of

F. and by taking the limit ¢ — 0 we will get the desired result in the whole domain.
For the upper bound and to match our lower bound we use the decomposition of E,
in the multiply connected domain {2 which is given by (4.1.16|).

Let,
hem

pr [loge|

>0, (4.1.19)

then

F(ue, Ae) < Ec(ue, Ac) < C|log 6\2
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With our choice of gauge (see Definition [2.1.1)),

<C.

L> (D)

s
| log e
From the energy bound (4.1.17)) we may conclude that,

<C.

L*(D)

h
_Ne —A‘
H|loge|2

(4.1.20)

(4.1.21)

Hence there exist subsequences A, and h, which converge to A and h, in L>(2) and

L?(D) respectively. We will use these subsequences later on.

4.2 Main results

For any regular complex-valued u, the current of u is defined as

2
Jju = (iu, du) = Z(zu, Opu)dxy,

k=1

(4.2.22)

where (.,.) denotes the scalar product in C identified with R? i.e. (a,b) = Reab. It

is related to the Jacobian determinant Ju of u through

1 1
Ju = éd(ju) = Ed(iu,du),

where

Ju = Z(@@ju, Opu)dx; A dxy,.

j<k
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Define the space

Z:={jel*(Q) st J:=VxjeMN} (4.2.24)

where M(Q2, R?) is the space of vector-valued Radon measures on €.
We define the functional

. sla(@) o) + 35 [oa(@)j — AP+ 5 [ IV x A= X2dz, ifjeZ
Fo(5; A) =

00 otherwise
(4.2.25)

Our main result is proving that F, I'-converges to F.,,. We prove this in two steps:
first, bounded sequences are compact and the limit is lower semicontinuous in the

energies:

Theorem 4.2.1 Let {u.} be a family such that F, < |loge|?, then for fized 6 > 0 up

to extraction,

Ju,
N,

— J, measure-valued 2-form in (C27(Q)),v >0

| JUe

1 1
liminf ——F, A > 2|J. (2 = AP+ = A — M?dx, (4.2.2
il o Pl 40 2 2@ + [ = AP+ [ [V A= 2P, (4220

| — j., in L*(Q),

where ju. is defined in . Moreover, for a fired 5 > 0 and Qs defined as in
we have

1
liminf ———F(ue, Ae) > 2a|J5|(§25)+/

1
is— A2~ A—)?dx, (4.2.2
c250 N€|10g€| Qéa|]6 | +2/D|v>< | €T, ( 7)
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where js 1s the limit of jue in $s.

The second part of the I'-convergence result is the construction of recovery se-

quences:

Theorem 4.2.2 Let j € Z and consider any sequences €, such that €, — 0. Then

there exists a sequence {(un, A,)} C H(Q; C) x HY(D; R?), satisfying

|10‘Z€ | — 7 in LP(Q), for all p <2
Tog el — J = EV x j weakly in M(Q; R?), and strongly in (Cj(R)),0 <y <1,
0g €y,

with j, = (iuy,, du,) and J, := %djn. Moreover

1
lim sup mFg < Fo(j, A). (4.2.28)

n—00 n

4.3 Jacobian Estimate

In this section we modify the method of Sandier and Serfaty [SS04] to find a sharp
Jacobian estimate in terms of the Ginzburg-Landau energy. In this section we will
be working in the domain €2, where we could use F given by (4.1.18)).

Let M (e) be any function of e satisfying

() — 0 T 108l
Va>0, 11_{%6 M(e) =0, ll—r%M(E)a_

0, and logM(e) = o(|loge|) as e — 0.

(4.3.1)

For example M (e) = exp +/|loge| satisfies this. For any § > 0, we define the space
Qs Dby,

Qs := {z € Q: dist (x,00) > ¢}, (4.3.2)
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and €2 by
Q= {x € Q: dist (z,00) > €5} (4.3.3)

Theorem 4.3.1 Let u, be a family of H'(Q, C) such that
F.(ue) < Ne|loge| < M(e), (4.3.4)

with M (€) as in . Then, for any given § > 0 up to extraction of a subsequence

Ju,

S i (CONQ)), VO <y <1,

where J, is a measure-valued 2-form. Moreover, for all continuous vector-fields X

and Y compactly supported in 2,

Va|l X -Vu|  Va|Y - Vu.|

VNllogel  \/Ne[log]

are bounded in L* and if we let vx, vy be their defect measures, we have

/ﬂ J.(X,Y)

Note that: in our thesis N, = | log €| most of the time. We will recall some results

1 1
x|zl > =

. (4.3.5)

needed to prove our Theorem and the proof will follow after.

4.3.1 Modified vortex-balls

We recall Proposition 5.2 from [AB05],
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Proposition 4.3.2 Assume . For any C > 0 there exist positive constants

€0, Co so that for any (u, A) satisfying there exists a finite collection {B; =
B(pi,ri)}i = 1,...,m of disjoint balls such that:

1] {z e Q:|ul <1-(2/M(€))} C UL, B;; (4.3.6)
2] Zr < 1/M(e); (4.3.7)
3] 1f B; C Qe

/ a(;") \Vaul*dz > wa(p;)|d;|| log €| (1 — o(1))  for all i. (4.3.8)
B;

where d; = deg(ue,0B;). The o(1) appearing in the lower bound is a function that

goes to zero with € and which depends only on K. Moreover, letting

pe=m Y diby, (4.3.9)

{’i|p¢€95}

| * aJu. — a,u€||(cg,1(9€)), <C (4.3.10)

where x is the Hodge star operator defined in .

Proof: The proof of the existence of these balls is exactly the same as [AB05] but
we are going to state it for convenience.

Let Usy :=={x € Q5 : f(z) <1—1t}, and 14 = 0Us;. Using the co-area formula
as in [SS00], there exists ty € (0, |loge|™) and a finite set of balls By, ..., By with
radii s1,...,s; which cover v, satisfying >, s; < Ce|logel®. In Qs \ Usy, we have
f =|u| > 1—t, and we may write u = f € for a (possibly multi-valued) H}. . function

loc
¢(x).
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We then let the balls grow continuously, using the process described in, [SS00], to

obtain a lower bound in the expanding balls,

a ) ) _
a > 1 (|Tog e| — 1
/BAUMO [2\V¢] } > (rrgna) |d;| (] oge| — Coo(] oge|)),

with constant C independent of e. Note that the minimum of a(z) over B; is non-
increasing as the radii increase and as balls are merged (when they touch in the
expansion process.) We terminate the process when the sum of the radii of the balls
equals |loge|™*2. By continuity of a(x) we may then replace the minimum of a on
each ball by the value at its center p;, making an error which is small compared to

a(p;) itself. This error can then be absorbed into the coefficient of o(1). Finally,

J, larwer]

a
- [ o G- niver]
1— C|loge|™ 2 rvel?
> (= Clogd™) [ 5[V
> (1= Cllog ™) (ra(p)|dil (| log | — Coo|loge))

> ma(pq)|dil([log e| — Coo(|loge])),

for constant Cj independent of €, which completes the sketch of the proof of the first

part of the Proposition.
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To prove (4.3.10)), we first consider y : Ry — R as follows

/

X

\

We then define

x(z) =z

x(z) =1

if ]:c—l\Z%

if lx—1]<1—M(e)™?

is continuous and piecewise affine otherwise.

~ Ue
e = X(|ue]) |

It is easy to check that ||ue — ||z < C/M(e) and defining ju. and ji. as in

([*.2.22),

IVa(jue = jiio) |72, < CM(e) *Fe(ue),

where |adz + Bdy|* = o* + 2. Tt follows that for any smooth compactly supported

function &

|/ al(Jue — Ju,)
Qe

IN

1

2

1
2

/Q (e — jiic) A d(at)

. " 1 : "
| = gag ) + 5| [ <G ji nda)

(1) +(2)

Since [, alVu* <n¢(uc), then

< OM(e)™ty Fé’(%)”ﬁ”cg’l(ﬂe)‘
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To estimate (2), let p(z) := dist (z,09) and in €2, you can always write a =
p(x)b(z) where 0 < by < b(z) and Vp = 1 because of (H3). For some fixed 6 > 0,

rewrite (2) as

/ €(jue_jﬂe)/\d(a) :/1 g(Jue_Jﬂe)Ad(a)+ g(juE_jaE)/\d(a)
Qe €3 <p<é

0<p
— (i) + (i)

Since a(z) is bounded below in {z € Q| p > ¢}, then

(il) = | €Gue — jio) Adla) < OM () VE ()€l g,

0<p

For (i), we write

‘/%< <6€(jue—jﬁe)Ad(a) = /3< . \/_éf(jue jiie) A d(a)

< </€§<p<a (%ﬁé (/e%,%; 52“)(j“6_jﬁf>Ad(“)‘2> 5

v EE (ue)
M(e)

1
/ —dx
€3 <p<d bp

< [log el "————I¢llco1 o,

Indeed,
<C

1
/1 —dx
e3<p<s P

1.2
— ) dx| =
/;Cl& <p<d (\/a)
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In the simplest case that Q. = B, (z;) we use polar coordinates

1 J 1
/1 —dz 27T/ ) rdr
e3<p<s P rides T T4

0

< 2w log(r —ry)

1
rite3

= 27T(5<1n(5 —r;) —In e%)

< Clloge].

In general, near the boundary, one can change coordinate frame to a frame with tan-
gential and normal components to d€, in this coordinate p(x1,x2) = x5 which implies

that [ - = logxy.

So (i) < % V(ga(u) ¢||, but by hypotheses % — 0. Therefore we have,
e—

< M) VE €l o

/ a(Jue — Jue )€
Qe

and therefore

V Fea(uﬁ) )

| % aJu, — *aJﬁ5||(Cg,1), <C MO

(4.3.11)

We wish to estimate the measure norm of xaJu, — ap.. Let & be a smooth com-

pactly supported function. Since || = 1 outside of Q. N (U;B;) we have Ju, = 0

there. Therefore

/ atic= Y / atic+ Yy / CaJi. = I + I (4.3.12)
Qe B;NQe B;

B; 7 B;CQe
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From the definition of 2. and since the Euclidean radius of any ball is less than M (¢) !

l€ll 0.
it follows that if B, ¢ Q. and « € B, N Q, then [£(x)] = 755k d(x, 00,) < — 8@
It follows that
F(u,
I < Cﬁancgl (4.3.13)

T M(e)
To deal with the second integral we define £ to be equal to &(p;) on B; = B(p;, ;) C Q.

and € = 0 elsewhere. Then letting U be the union of the B;’s which are included in
Q., we have | — &| < ||§||Cg,1/M(e) on U while

/U EaJic= )  £&(pi) / aJi,

=3 ) [ au.

B;CQ. B;

- Z Ta(p:)di§ (p:) Z/gad,u&,

B; CQe

where we used the fact that |i.] = 1 on 0B;. Therefore

‘12—/5616[#6

It follows from (4.3.11)), (4.3.12)), (4.3.13)), and (4.3.14) that for any compactly sup-

F(ue)
< 0D s (1314

ported smooth & with support on €2,

‘ [ caru~ [ o,

This conclude the proof (4.3.10)).
&

Fe(u)
M (e)

<C 1€llco.r-
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4.3.2 Proof of Theorem [4.3.1]

Let X, Y be continuous vector field compactly supported in €. It follows from (4.3.4)

that

ValX Vu Vajoy = valy - Vu (4.3.15)

V/N[loge| ’ V/Ne[log ]

are bounded in L? and therefore converge weakly subsequentially. Using Proposition

4.3.2] there exists a collection of balls {B;}; satisfying the properties (4.3.6)), (4.3.7)),
and (4.3.8). Then it follows from (4.3.8)) that

\/ajE,X -

dx dy
I X AY]|

1
logd /B alX - Vu > +alY - Vu|? > m|d;la(p:) (1 —o(1)).  (4.3.16)

By the definition of p. (4.3.9)), a(z) is near a(p;) — o(1) and summing over i, we

have
1 dx dy
aX-Vu62+aY-Vu62—Z)/ a(l — o(1))dp.|, (4.3.17
Mogel s | "+ al | XAV . (1—o(1)) ( )
Dividing the above inequality by N, we find
1
liminf ————— X - Vul? +alY - Va2 > X/\Y‘/d* 4.3.18
S o e UiBial Vul” +alY - Vu|” > | | et ( )

Note that: p. converges strongly i, in (C%7(€2))" in €, it follows that the rescaled
Jacobian subsequentailly converges in (C%7(2))" to the same limit as p. i.e to a
measure we call it J,. But to see a(x) in the limit we have to be away from the

boundary by § > 0. (i.e. % — aJs in €5). This note implies that

1
liminf ———— alX -Vu* +alY - Vu* > |X/\Y|‘/ aJs(0y, 0y)
Qs

4.3.19
0 2N loge| Ju,g, - { )
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where J; is the limit of N7 'Ju, in Q5. Note that

J5(X,Y) = |X AY|J5(8s,0,).

Using (4.3.15) we fix a convergent subsequence, and let jsy, jsy denote the weak

L? limits of ‘XIOZ:‘ and |Y10Vg1:|‘ respectively. Then
. 2 . 2 . 2 : 2
aljex|” = aljsx|” + vx, aljey]? = aljsyl? + vy, (4.3.20)

weakly as measures, where vx and vy are positive Radon measures, called the defect
measures of the sequence. We claim that

1
lim inf ————— alX - Vu* +alY - Vu|* <

4.3.21
=0 2N,|log¢| um B, (HVXH"{'HVYH) ( )

DN | —

Using (4.3.19)) we find
1
sl + ol 2 | [ asstx, )] (43.22
Qs

Also,

(sl + o) = | [ 257, (1323

N | —

4.4 Lower bound

In this section we find the lower bound of the energy F, (Theorem {4.2.1)) which is the
first part of the I'-convergent.
Note that: From Theorem we do have the lower bound (4.2.26]) up to the
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inner boundary (in the whole Q) but a(x) will not be shown in the inequality. To see

a(x) in the lower bound we have to be away from the inner boundaries by § where

0 >0 as in (4.2.27).

Proof of Theorem 4.2.1; The first part follows from Theorem [4.3.1] Since

777§|V,4u|2 and %(|u|2 — 1)? are positive quantities, we have

n 2 e 2 9 1 2
Fg(u,A):/ {E€|VAU| +4—€2(|u| -1) +§(h_heac) } dx
D €

772 2 774 2 9 1 2
> =V € -1 — h—nh d

(1—€3)2 (1 —€3)%a?

/ a(x)|Vaue* +
2 o,

1
¥ / (h — hey)2da
2 Jp

= F*(u, A). (4.4.1)

> @) (2 — 1)2de

Hence it is enough to prove the lower bound of the energy F*. We prove the second

part in two steps:

Step 1 We first prove the lower bound of the gradient part of the energy

1 1
liminf—/ \VuCIQEIiminf—/ alVu|?
0 2|logel* Jq 0 2[loge|* Jq,

22a|J5|(Q5)+/ aljsl?. (4.4.2)
Qs

and we do this by using the compactness result and the Jacobian estimate (4.3.23]).

Choose €1, e5 an orthonormal (moving) frame that may depend on z € 2, and
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f,g € C°Q) with |f| <1 and |g| < 1. Then, let X; = fe;, Xy = gey. The inequality
Vu* > 1X; - Vi (4.4.3)
i=1
holds. Since |X; - juc| <|X; - Vue||uc|, we have

() (1 - juel = 1X; - Vel ) < n2(fue] = DI - V.

77€2er

is bounded in
v/ Ne|loge

Using the bound on n? and |u.] < C, we infer directly that

L?(2), hence weakly compact, and that

() (1 - ] = 1X; - V)

V/ Ne| log |

0 (4.4.4)

as € = 0in L'(Q).
Note that in §2, we could approximate % by a, it follows that denoting by ¢, the

weak L2 limit of
ValXi - Vu|

VNloge]
we have v/a|X; - js| < ¢x, almost everywhere, where js is the restriction of the weak

limit j of the normalized currents in €25. Denoting by vx,, and vy, the defect measures

of
ValXi - Vu| ValXs - Vu|

VNJoge T/ Nloge]

respectively, it follows from (4.4.3)) and the very definition of defect measure that

1

liminf ——— Viu|? > 2 ,
minf i [Vl = o+ ol + [ Jox P ol
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thus using Theorem [4.3.1] and the above, we are led to

e—0

1
liminf—/ alVu|* > 2 / aJs(Xy, Xs) +liminf/ al X1 - jue* + a| X - juc)?
Nlloge| Jq, Q4 —0 " Jo,

>9 / aJs(X1, Xo)| + / aljsl? + / (1P = D)js - er]?
Qs Qs Qs

+ [ allgl - 1)l - esl
Qs

Taking the supremum over all such frames eq,...,e, and all compactly supported

|f| <1, |g| <1 proves the Theorem.

Step 2 Now to complete the proof of the lower bound for the functional F, (i.e.

E.), we will combine (4.4.2) and the compactness of h. and A, given by (4.1.21]) and
(4.1.20). For any sequence (u, Ac) s.t. (4.1.17) holds where (A.) and (h¢) are the

subsequences defined in (4.1.20) and (4.1.21)), we have

1 1
liminf ——F, > liminf ——— F*
= N|loge| ° — =y N|loge| ¢
Lo 1 (6%_1)2 2 - 20, |2
> _ )
> limipf i / (Pl =24+ 1A Plu)

1 1
liminf ——— h—thd
+limn N€|loge|2/p< ydo

by (4.3.22)), (4.4.4)), and (4.1.21)), we get

1

2 _1 2
—|—/ a|j5]2—|—lirri>ionf%/ a(—2A€-ju6
Qé € €

1
+|A6|2|u6|2>dx +5 / (hy — \)2da
D

> 2

/ an(Xl,XQ)
Qs
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By (4.1.20), we get

> 2| [ i x|+ [ a4 [ a( =40 js 414
Qs Qs Qs
1 2
2 (he = N)2da
2 )
>2

1
/ aJs(X1, Xs) —|—/ a|j5—A|2d:U—|——/(h*—>\)2d:c
o o 2Jp

(4.4.5)
We do have the lower bound (4.4.5) up to the inner boundary (in the whole )

but a(z) will not be shown in the inequality. i.e.

1 1
liminf ——F, = liminf ——F,
"0 NoJlog ] "0 Noflog ]

1
> 2/d|u*| +/ ]j*\2dx—|——/(h* A)da (4.4.6)
Q Q 2 D

4.5 Upper bound

In this section we find the upper bound for the functional F,(u, A).To match it with
the lower bound we found earlier we use Lemma where E, is decomposed into
F. and J(f.) in the multiply connected domain 2. We use the Hodge decomposition
introduced in Chapter 2 and 3. The main difficulty is a(z) near the inner holes. We
will apply the Hodge decomposition with a(z) in the full domain 2. For the subspace
U which contributes the Jacobian, we use one of the advantages of the space H where
any function 1 € H can be approximated by compactly supported smooth functions

'™, We apply the same steps of Theorem in Chapter 3 on those functions. We
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will get the upper bound of the energy with U™ = —1V¢f. Taking m — oo with

some regularity results we claim the upper bound in the whole domain 2.

Proof of Theorem [4.2.2. We have used f defined in Lemma to reduce to

the multiply-connected domain €2 and since f < 7. in 2 we have

2 4
Fe(u,A:Q):/fi]VAu\2+—(]u\2—1)2dx+/ Ih — heo|?dx
o 2 4 D

2
n? nt
< / e 17 quf? + 2 (Juf? — 1)%d +/ Ih — heo|?da.
Q 2 462 D

which allows us to work with 7. instead of f.
For any 5 € Z, by using the Hodge decomposition introduced by Lemma in

Chapter 3, j can be written as
1
j=U+V+W=—--V+V(+W. (4.5.1)
a

where

Ut = {~V", ¥ e HQR)} = {~- V-, 6 € Cih
Vev:.={V( ¢ e H(%R),
Wew={WeC(QR?), V:-W=0, V-(aW) =0, W-v=0on dQ}.

(4.5.2)

Since V x (V +W) = 0 then V +W doesn’t contribute to the weak Jacobian. We
need to construct sequences w, and u, which converge to V 4+ W and U consequently.
As in [JS] we may associate to V, W an S'-valued map w,. The singular part of the

Jacobian is contained in U; for this part we construct a family u,. with points vortices
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via an appropriate Green’s function. Putting these two parts together, The desired

recovery sequence will have the form v, = u,, w,,.

Recovering V+W. Constructing the sequence w,, is straight forward and it follows
exactly Step 1 of the upper bound in Chapter 3.

From Lemma, we can write V = V¢, ¢ € H{(Q) and W = 1V+¢, with £(z) =
Yo ®&(x), for & asin with ®; real constants. Let M, ,, = [®;1ne,], i =

1,...,m, where brackets denote the integer part, Set

m 1
= ._E :M W. = 1=

Sn ot = i,ngia n — _av —n:
i=1

We note that

W, — Wney||es < C, (4.5.3)

for constant C' depending on W (but independent of n.)

Since
- 1
W, =) M,;,V*"- -V =0,
cur ; i . I3
m 1 0¢;
W, -1ds = ZM”L?{ - § ds =27 M;,,
8wj i=1 80.)]‘ a 81/
an integer multiple of 27 for each j = 1, ..., m, it follows that W), is locally a gradient,

W,, = Vi, for ¢, possibly multiple valued, but for which e*" is smooth and single-

valued in 2. We may then define the complex order parameter

w, = expi(p, + (lne,).
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By construction,

J(wn) _ (iwn, V) SV4W (4.5.4)

log €, log €,

in CY(Q). Since |w,| = 1, we may easily calculate the contribution to the energy

using the orthogonality:

1

5 / nf(x)\anIQ dr = 02 (2)|Vn + V(Ine,|* dr
Q

(Ine,)?
2

/an {IW]*+ |V|*} dz + O(1)

ne (@) | Wal* +

(Ine)?
2

N~ N~

S— S—

/ (@) V2 da
Q

(4.5.5)

Recovering U. Constructing the sequence u,, is a little bit delicate since we don’t
know how 7, is close to a(x) near dw; and here we take one of the advantages of the
space H where every function in this space can be approximated by a sequence of
compactly supported functions in C§° i.e. since U € U then there exists a sequence
{wtm} C C§°(Q) with K' = supp '™ CC Q and dist (K, 0Q) > t,, with t,, —

0. s.t.

~1
U= lim —V*yhn

m—oo (4

Assume that t,, > €3 then by (iii) in Proposition we can write U as

—1
U= lim U™ = lim lim —V* gt

m—00 m—o0 e—0 776
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Indeed,

2
Nea

IN

IN

IN

IA
VRS VRS /N /N /N VS
o
Wl
S~—
P
(\]
|+
)
W
N—
N—
<
}_
<
<~
3
N—

We fix ¢, and we construct a sequence u,, as follow,

Step 1. we define the measure

1
pm™ = curlU = —V x Q—VLwtm
nZ ()

Let N,, € N be any sequences of whole numbers with

Ny,
log €,

— 1,

and €, is a subsequence of € which goes to zero when n — oo.

(ne = Va)(ne + \/E)> (Vletm)

(VAR + AN (00

Applying Lemma in Chapter 2, there exist family of points {p}};=1

the set K'™ = supp'™ and associated integers o € {—1,1} with the following
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properties:
F i coN7Y% for i # j, for constant co = co(yp'™); (4.5.6)
. . |log |p? — p7||

(llli% R(a) =0 where R(«a)= hinﬁs;ip ; Nz (4.5.7)

Ipf—pi-il<a

2 o
R n o tm
2

o = — Oon — tm , 4.5.9
] = 7 2 el (4.5.9)

where the convergence in and is weakly in the sense of measures and
strongly in (C5) for all 0 < v < 1. By |u'"| we mean the total variation of the
measure p'™ = curl U, Since that ' € C§°(£2) then p™ is smooth and compactly
supported.

We modify the measures i, by regularizing the Dirac mass. Let u?' := ¢, H! LoB(wr cn):
the element of arclength on S := 0B(p?, €,), normalized with mass 2w. We define

the measures
N,
1 - n n
Vp = § g, My,
N,, 4
=1

with pi' € K, of € {0,1} as above. Since each y! — §,» strongly in [C7(Q)) for
all 0 <y <1, and weakly in 9(Q2), we may conclude that (4.5.8]),(4.5.9) hold as well

for v,

Uy — ™, p| — '], strongly in [C97(Q)]" and weakly in 991(Q).

(4.5.10)
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By Fubini’s theorem we also note that the product measures also converge,

Vp @ Uy — p'™ @ p'm, (4.5.11)
strongly in [C97(Q x Q)] and weakly in D(Q x Q).
Step 2: We introduce the Dirichlet Green’s function, G, (z,y) in €, which solves

-V, -

—1 .
2(x>vane (r,y) = 5y(x), in €,
" (4.5.12)
G (-

(,y) =0, on 09,

for each fixed y € Q. By standard elliptic theory (see [GT]) (recall n?(x) is smooth in
2 and positive) we may conclude that G,z (,y) is smooth in @ x Q\ {y =z}, and
e ()

where the regular part v has the property that for every compact set K'™ CC €,

there exists C(K') < oo with

sup |y(z,y)| < C(K"™).
yeKtm
zeQ

If we are away from the boundary (i.e a is bounded below and positive), then we may

define

Go(z,y) = —% In|z—y|+v(z,y) (4.5.14)
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to be the solution of the Dirichlet Green’s function given by (|4.5.12)) with a(x) instead
of n?.
We then obtain the potential function ' € C5°(Q2) (by standard elliptic theory

and the smoothness of f2, see [GT]) from curl U = u'= by solving

Ptm =0 on 0,

and we recover Ulm =

. From uniqueness of the solution and using the

Green’s function representation, we have

wwwzé@ﬂmwﬁ@.

We may calculate the weighted norm of U™ in terms of the measure pu‘™ as follows:

e pas = [ o
/ Pim VL( )thm> dax
= [ v @@
_ /Q /Q Gy (2, y) dut () dpit (z). (4.5.15)

d.CE

Step 3. In this step we prove that there exits a sequence 1, € H}(Q) for which

f2 Vﬂbn — U'™ strongly in LP(Q) for all p < 2, and

n— o0 [¢)

limsup/Qn€< )lvwn\zdx</9a(x) d|utm\(:v)+/a(x)]Utm|2d:v. (4.5.16)
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For each n, we define ¥, (z) = [, Gy, (2, y) dv,(y), and so 1, solves

-V mv¢n = Up n Q,

¢n =0 on 0f).

By (4.5.10) and elliptic regularity (see [GT]), we have v, — ' in W?(Q) for all
p < 2, and thus — Vlwn Utm in LP(Q) for all p < 2 as claimed.
To estimate the energy we use the Green’s representation. Since v, € H () for

fixed n, by (4.5.15) we conclude that

/m V0L e = [ [ Gy (o) vy o) ).

For any 0 < a < 1,let A, = {(7,y) € A x Q: |z —y| < a}. Fix xo € C°(Q x Q)
with 0 < x, < 1, and

1, ifzel,,
Xa(T,y) =
O, if x ¢ A2a-

For any o € (0,1), G, (2, y)(1 — xa(x,y)) is defined away from the singularity so it

is smooth, and hence by the strong [C"]’ convergence v, — p'™ we have:

i [ [ Guleu)(1 = ol )i a) )

= tim [ [T g ol ()} (0 = b)) i)

since we are away from the boundary, then we may use the connection between a(z)
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and 7n? together with (4.5.14)) and get

/ / G, 9) (1 — Xl 9))dva(y) dvn(a)

lim
A0 B Nog [ — | + (@, ) (1 = Xal@, y))dva(y) dvn(2)

n—oo QJO

<pm [ [
() log |z — y|> (1 — Xa(z,9))dv,(y) dv,(z)

a
< 1im// Golx,y) —
Y x (4.5.17)

< / / G, y)(1 = Ya(2, 1))yt (y) dpit™ ()

For the complementary integral, we use (4.5.13) to observe that

Q)
Swim

/Q /Q G (2, y)Xal@, y)dvn(y) dun(z)
/ /A2 Vﬁn %z i g A, 9) | Xe dvn(y) dvy ()
dvn(y) dvy () + Car

/ L5
)
Ktm AQ _y|
(4.5.18)

1
SLy / / 1) 10 L du () dui () + Co.
Ao —

n’Lj 1

To evaluate the remaining integral, we consider the contribution due to distinct

points p} # p? in Ay, separately. Define the index set

Tn =10, 7) : Ipi —pj| < 2a}.

Let R, = zcoN, 2 \where co = co(7)) is the constant in . We also define balls
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B = B(p?, R,),i=1,...,N,. By the choice of R, they are disjoint, as is the union

(2

U (BixB;) c s

(L])Ejn

We also observe that for any R < R, and (i, j) € Jy, since R < 1|p; — p;|, we have

|z —y|

1
Lo ool o3 e e B R B(p", R). 4.5.19
3 S o g orellee (v}, ), y € B(pj, R) (4.5.19)

For (i,7) € J,, we then have (recalling that S! = OB(p?, €,) = supp u?,)

3 2
// log dz dy > // log —————dx dy
BPx B} |z —y| BpxB? P} — ’

= 1°R} log

7 TL
lpi — |

/ / log ——d i () dp (y)

"XS" z ]|

> fin log dpi’ () dp (y),
4 //gxs; Ix—yl (=) a5 ()

using (4.5.19)) in the first and last lines. Summing over all pairs (i, 7) € J,, and using

the disjointness of the union of the BZ-" X B;-L, we obtain:

e, ( 1
— n log dp (z) dp’t (y
)Zj// b @)
1 dx d
_R4 Z//an"0g|$_ |xy

YETn

< C’//Aalog T dy = (o) (4.5.20)

As |log |z — y|| is integrable in this region, the remainder R(«) — 0 as o — 0, and
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so this term will not contribute to the limiting energy.

Finally, we consider the contribution from the self-energy of the vortices p'. We
parametrize the integrals over SI' = 90B(p},€,) using complex notation, that is we
write z,y € OB(pP,€,) as x = pi' + .6, y = pP + ,¢7, 0 < 0,7 < 27w. Then we

have:

nz( 1
n 1 n n
Nz // Y P dui (y) dpi’ ()

| ny )
N_ﬁ/ / (v : )[logen—irlog}e 0-1) _ H do dr
1

F/ pl —|—ezeen) df + O(N,, )

1

=50 | ) dlutle) + 0,

Note that: we were able to use a(pl'+e“e, ) since that the vortex balls were constructed
away from the boundary. Also in the following computation we have p‘™ is away from

the boundary, far enough that again we can use a(z).
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Summing over all e = 1,..., N,, we arrive at

mn 1 n n . 1 2 -1
- Z / / 1og ) A o) = 5 / 72 (2) dlpa|(2) + O(N; )
=ijmﬂmwm+ow#>
=[}ﬁ@ﬂ—au»@ﬁﬂm>
+meﬂmwm+OWJy
:/u+émwmwwu>
Q
+Lw@ﬂwwm+OWﬁ>

(4.5.21)

Passing to the limit €, — 0, we thus obtain from (4.5.17)),(4.5.18]),(4.5.20]), and

(4.5.21)), that

iimsup [ [ G e, 0o (y) (o)
Sl;(MWﬂ //“ (2, 9) (1= xa (2, 9))d™ (4) dyi'™ (2) 4 Cat OR(a).

By hypothesis, the measure p'™ is bounded, and so we may apply dominated conver-

gence to pass to the limit @« — 0 and obtain the desired bound (4.5.16)), as

limsup/ %|V¢n|2dx :hmsup/ / Gy (z,y)dv,(y) dv,(z)
Q

n—oo n—oo

g/ﬂ( )|y |(z // o2, y)du' (y) dp' ()

= [ atwy @) + [ ato) U7 da,
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by ([E5.15).

Step 4. Let U, = —Noo5 Vb Then, VAU, = N, V- (5557 Ven) = 0 locally
in Q\ UM B(p?, €,). Moreover, if C is a simple closed curve in Q \ UM B(p?, L), we

Kn

have

/ U, -1ds € 2nZ,
C

by the normalization |dul| = 2. Thus, we may write U, = V¢, in Q\UN"B(p?, €,),
with ¢, which is multiple valued, but for which V¢, and e are single-valued in
Q\ UM B(p?, e,). We now define an auxiliary function p, as in Chapter 2 to remove

the singularity at each vortex core,

(

0 if |z — pp| < 5én,
pi(e) = 2o —p| =1 ifde, <z —p!| <e,
1 if [z — p}| > en,

\

and p,, := Hf\;"l pt. A simple computation shows that

[ { G+ 2y - v bae <,

n

with constant Cy independent of n. Also (p2 — 1) — 0 in L7 for all ¢ < cc.
Now define u,, = p,e'", with p,, ¢, as in the preceding paragraphs. We then

have:
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1 2(z 2
[ {59+ B8 1)} o
Q €n

1 1 n? 2
2 2 2 2 e (.2
— — 02|V l? + =|Voul® + —1)"%d
/9776(56){2pnl Ol 2| Pnl 462(% ) } Z
N2
- 2

1
/Q 20 |Vb|? dz + CoN,,.

From (4.5.16)) we then conclude that

lim sup / 772(30){1]Vun\2 + @(]u,ﬁ — 1)2}d9€
nsoo  (logen)? Jo € 2 4e?
1 1
<5 [a@ dii@) + 5 [ at@pds
0 0

(4.5.22)

Since (p2 — 1) — 0 in L7 for all ¢ < oo, we also conclude that

() _ 1 1

€

(1—-p2)
n?(z)

Vo, — U™ in LP(Q) for all p < 2. (4.5.23)

Putting everything together. Write j € Z as j := lim,,, o0 J™ = lim,,_00 U™ +
V + W with lim,, oo Ulm = U € U, V € V, and W € W. Let w, be defined as in
Step 1 and w,, as constructed in Step 5, and define v,, = u,w,. Since |w,| = 1, we

have

1
G (W) [N = 5= ((wn) + prj(wn)) — U +V 4 W = jn (4.5.24)

in LP(Q2) for all p < 2.
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To estimate the energy, we again use the fact that |w,| = 1 to expand:

1

1 . .
7 | @R de = 55 [ @) {1Vl + 2T ) s} de

N;

We claim that the last term is o(1). Indeed, from Step 1 iwn) — g, with

? logen

P, = ¢, + Clogk, and VO, — V + W in C!, and therefore,

1

Q Q

n

= —/ [V, - VO, — (1= p2)V'th, - VO, ] dz — 0
Q

by integration by part and the definition of ®,, the first integral is tending to zero
when n — oo and since that p? < 1 the second integral is tending to zero when

n — oo.

€

The energy bound [}, [ —heo|*dz < C|loge|* leads to [|;|| < C which implies

that A°/|log €| has a limit ;say A ,in LP, p < co. Let A,, :== |loge,|A and h,, = VX A,

then calculate,

1 1 1 1
hmsup mFe(Un; An; Q) = hmsup m (/szn<x>{§|vun’2 + §|vwn‘2 - An : J(Un>

n—00 n n—00

> (2)

+ ‘Anmq}n’z + =

1
e (Jun|* — 1)%} + 3 /D(hn — hex)2d$>

1 1 1
<1 2 1 2 1 2 4
< limsup Nz (/Qnen(x){2lvun| + 2|an| Ap - (o)

n—r00 n

2
AP+ T g 1y L [ - hex)de)
D

n
2
4e2
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Nn—00 N—00 46721

) 1 ) 1 2 1 2 7762”(55) 2 2 2
hmsup mFe(Un; An; Q) = hmsup m Qnen(z){§|vun| + —(lun| - 1) + |an|
1
— A, - jlvn) + |An|2ﬂi} + 3 / (hy, — hex)2dx>.
D

but

1 1
lim sup m/gnfﬂ(wﬂan\? = lim sup Nz Qn?n(a:)(\w? + W%

n—00 n—00 n

n—oo

_ lim sup / 2 (@) (VI + W)

€

+ Tim sup / 2. (@) (V]2 + W)
Q\ Q.

n—o0

< limsup/ (1+ 67%)2&(1')(|V|2 + (W)

n—00 .

+ Tim sup / 2 @)V + W)
Q\ Qe

n—o0

< / a(@) (V2 + W)

€

n—o0

—l—limsupHmDaXCLH (V]2 + W)
0

€

the second integral is vanishingly small since V' and W are integrable and Q \ €2, is a

small set which implies

limSUPﬁfgnf(x)(!VPHWIQ) SLG(%)(!V!2+IW\2)+O(1)-

n—o0
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Hence,

1 1
lim sup — Fe(vn; Ap) < 5/

a@)d|u |+ a(@) (U [P+ [V + W+ A1) do

1 1
+—/(v < A-A)?dx—hmsup—/nf (2) A, - j(vn)da.
2 J/p Nz Jo

n—o0

(4.5.25)

We estimate the last term

1 1
lim sup Nz / nZ (x)A, - j(v,)dr = limsup N2 / n? (z)Aloge, - j(v,)dz
n JQ n JQ

n—oo n—o0

We add and subtract the mix term 7? (z)j* in the integral

(Un : : :
[t 28— @) 2 @ — (o)

— /97762,1(@ (‘%:) _jtm> + <7752n($) - a(:ﬁ))f”‘dm

Since that j' is compactly supported in K'™ then we could use (4.1.10]) on the second

integral

< [ @5 - ) 4 2+ atwyds

using (4.5.24), the first part [, n? () (J(U—") — jtm> —— 0 which implies

Nn n—o0

n—oo

1
lim sup — / nfn(x)An j(vy)dx < / a(z)A - jimdx
Nn Q Q
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Hence

/Q (ACE j(NU:> —a(@) - j )dw 5 0, (4.5.26)

We substitute in (4.5.25))

lim sup

1 1
yale(vni dn) < 5 / a@)d|| + a(@) (U2 + V2 + W+ A2 4 24 - j* ) da
n—oo  INj 2 Jq
1
+—/(VXA—/\)2dx
2 Jp
1

— 5/Qoz(x)al|ut"‘| + a(x) (jtm - A)zdm + % /D(V x A — \)dx

Taking the limit when m — oo. We get the convergence of the first term to

3 Jo a(x)d|p| by the strong convergence of p'™ in (CoM)Y.

To deal with the second integral, we know by definition of U™ = lim,_,q —n%(m)VLwtm =

—ﬁVLz/ztm where a(z) grows linearly near dw; (i.e.|Va(z)| > & > 0) , we conclude

/Qa(x)|Um| —>/Qa(x)|U| | (4.5.27)

and

1
limsup — Fe(v,; Ayn) <

/Qa(:c)d\u] ta(e)(j - 4) dr + % / (V x A— \)dz

D

N | =

(4.5.28)

As in [SS07] to get the upper bound in terms of the general p € H~1(Q2) NIM(Q).
A diagonal argument together with (4.5.28)), yields a sequence ny — oo, that we write
in shorthand {n}, such that, writing {u,, A, } instead of {u,,, A,, }, both (4.5.28)) and
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[E5.3) hold.

Hence,
. 1 ' . 1 4 Q
hinjgp mEe(Um A,) = h?j}ip mFe(vn, n Q)
1 . 2 1 2
< §/a(a:)d]u| +a(a:)<] —A> dx+§/(v x A— N\ dx
Q D
(4.5.29)

This completes the I'-convergence result.
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