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ABSTRACT

Both the theories of differential geometry and
of Lie groups and their algebras have been invaluable to
the physicist. 1In the theory of fibre bundles and in
the symplectic formulation of mechanics, these fields
coalesce to provide a rich structure that enables her/him
to obtain a more unified overview of the modern theories
in physics. In this short work, we introduce this struc-
ture and examine its consequences in general relativity and

guantum mechanics.
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INTRODUCTION

The formalism of fibre bundles has become popular in
many areas of physics recently. There are many reasons for
this phenomenon, and it is hoped that in this short survey some
of these will become apparent. In particular, the notion of
a connection in a fibre bundle is extremely useful. For the
theory of general relativity, the connection, which is related
to the matter via Einstein's equations,determines the geodesics
of spacetime - the parameterized paths of uncharged test par-
ticles. In geometric quantization, a connection provides a
homomorphism representing observables as skew hermitian opera-
tors on a Hilbert space, and in gauge theories such as electro-
magnetism and Yang-Mills particle fields, the connection ap-
pears as a continuous choice of gauge at each point in space
time. Here, connections in general relativity and geometric
guantization are dealt with briefly; for a discussion of
gauge theories, see [5].

An elementary knowledge of the exterior calculus on mani-
folds is assumed, and an excellent introduction to this vast
subject is given in the two volume series entitled "Foundation
of Differential Geometry" by Kobayashi and Nomizu [1]. It is
the major source for the introductory chapters.

After a somewhat detailed excursion into some of the

basic definitions and results of fibre bundles and connections,



a proof of Weil's theorem is presented. This result is the
foundation of geometric quantization, a prescription initiated
by Kostant and Souriau for quantizing classical theories in
physics. Prior to the description of quantization, a brief
introduction to symplectic mechanics is given, and this forma-
lism emerges as a focus for the theories presented here. 1In

the framework of symplectic mechanics, the correspondence be-
tween classical and quantum theories is seen more clearly,

and this connection becomes rigorous through the work of Kostant
and Souriau.

In the section on general relativity, the motion of a
test particle is investigated with reference to symplectic
theory. It is shown how the fibre bundle formalism is useful
in the question of singularities, and a brief discussion of some
versions ©f Mach's principle in relativity illustrates some
unsolved problems in the theory. This last section introduces
the question of uniqueness of solution to Einstein's field
equations, and a related problem is discussed, with particular
recourse to the holonomy group as a tool, in the last chapter.
Some limitations of the method outlined there are described when
ihe connection is not metric, as it is in Einstein's theory.

Finally;b an appendix detailing some notions introduced

in the section on Weil's theorem is given.



1.1 FIBRE BUNDLES

Let M be a manifold and G a Lie group.

Definition A principal fibre bundle is a manifold P, together

with an action of G on P, (u,a) - uaeP, satisfying:
(1) G acts freely on P on the right: ua = u&e a = 1.
(2) M is the quotient space of P by the equivalence induced
by G, M = P/G. The projection m: P - M is differentiable.
(3) P is locally trivial: yxeM, HU,a neighbourhood of
x, with w_l(U) = UXG. By this isomorphism is meant a dif-
feomorphism w:w—l(U) + UXG and a map ¢:n-l(U)+G such
that $(u) = (1(a),é(u)), and ¢ (ua) = ¢(u)-a Yuem T (U) and acG.
A principal fibre bundle P, with its base space M and
structure group G will be denoted P(M,G) or sometimes more
simply as P, when no confusion will arise.
For each xeM, ﬂ-l(x) is a closed submanifold of P.
As ﬂ-l(X) = {ua;aeG}, where u is any member of P with w(u) = x,
each fibre is diffeomorphic to G.
The action of G on P induces a homomorphism ¢ of the
Lie algebra § of G into the Lie algebra of differentiable vector
be the one«paramater‘subgroup of

t
G with tangent A at 1. Then G(A)u is the tangent to uag

fields on P. If Aeg, let a

at t = 0. For Ae&, o(A) = A* is called the fundamental
vector field corresponding to A. As G maps each fibre in-
to itself, (A*)u is tangent to the fibre through u. Since G

G acts freely on P, A* never vanishes if A # 0. Thus the



dimension of each fibre dim g and the map that sends
A > (A*)ueTu(P) for any ueP in a linear isomorphism of § onto
the tangent space of the fibre through u.

For later use, we will relate our definition of a prin-
cipal fibre bundle here to the definition and construction by
means of an open covering. We can choose an open covering {Ua}
of M such that ﬂ—l(Ua) is diffeomorphic with U xG via
w > (m(u),0,(w)), with ¢ (ua) = ¢ (u)+a. On = (U aUg),
¢B(u)(q>0‘(u))—l depends only on m(u) and not on u. We can
thus define a map wBa:Ua9UB + G by weu(ﬂ(u)):=¢B(u)(¢u(u))_l'
The maps wBa are called the transition functions for the bundle
P(M,G) corresponding to the open cover {Ua}’ It is easy to

check that

(*) Yoo (X)) = Yyg (x) g (x) vxe U,nUgalU,

We shall later prove a converse of all this, namely, given M
with an open cover {Ua}’ with maps LpBu:UOLnUB + G, a Lie group,
such that the relations (*) hold, then we can construct a dif-
ferentiable principal fibre bundle P(M,G) with transition
functions wBa' We will in fact only prove this in a special
case in the section on Weil's theorem, but the general case
is similar. For a proof, see [1].

An example of a principal fibre bundle that will be
useful later is the so-called bundle of linear frames of a

manifold M. Suppose the dimension of M is n. A linear frame



u at xeM is an ordered basis (Xl,---,Xn) of the tangent space
TX(M), Let L(M) be the union of all linear frames u at every
point of M, and 7 be the map that sends ueL(M) to its base

point xeM. The general linear group GL(n;R) acts on L(M) in

the following manner. If a = (aij)eGL(nJR) and u = (xl,-..,Xn)
at X, then ua by definition is the frame (Yl,---Yn) at x where
Yi = ; ajixj' This action is then free, and m(u) = w(v) if

and ogly if v = ua, for some aeGL(n,R). L(M) is locally

trivial and thus can be given a differentiable structure:
let xl, i = 1-..0 be a local co-ordinate system in a neighbour-

hood U of xeM. Define fa:UXGL(nﬂR) -+ L(M) by

3 3

fU(X'aij) = (? ajl ‘5?{—3-', e ¢, )X ajn .5?{5) at x.
One can verify that fU is 1-1 and onto and ﬂ(f(x,aij)) = x.

This shows that L(M) is locally trivial, and it can be given a
smooth structure by making the fU's diffeomorphisms. This

makes L(M) a principal fibre bundle: the bundle of linear

frames L(M) (M,GL(n,R)). Note that if m(u) = x, u can be viewed
as an isomorphism of R" onto TX(M): select a basis (ei) i=l--+n
for R", then define u(e;) = X, if u = (X,+++ X). If acGL(nR),

n u_>TX(M) )

the map ua is then the composition of the mappingsiRn E:m
Given a principal fibre bundle P(M,G) and a manifold F
on which G acts on the left, we construct an associated fibre

bundle, with base space M and standard fibre F. On the manifold



PxF, let G act on the right as follows: aeG sends (u, £)ePxF

-1 . - .
to (ua,a “&)ePxF. Denote the quotient space of PxF under this
action by E = PXGF. The projection PxM*M that sends (u,£) to

m(u) induces a projection 7_:E -+ M, which is onto M. Again,

E
n;l(x) is called the fibre of E over x. Now each xeM has a
neighbourhood U with W—l(U) = UXG. Exploit this isomorphism

to write the action of G on 7 1 (U)XF as (x,a,g)lﬁ (x,ab,b—li)
for xeM, a,beG and &€F. Then it can be seen that ﬂél(U) = UXF

by checking that i _ :UXF -~ ﬂ;l(U) defined by

U
iy6x,8) = ;8,079
is one to one and onto. (Here fU is as defined before, and the
bar denotes the coset containing this element of PxF). Again

we make E a manifold by defining the i_'s to be diffeomorphisms.

U
E is said to be the fibre bundle over the base M with standard
fibre F and structure group G which is associated with the
principal fibre bundle P. It is denoted E(M,F,G,P). Note
here also that each ueP can define a mapping from F onto
wgl(x), if m(u) = %, by letting uf, for E&cF be the image of
(u, £) ePxF under the projection PXF - PXGF = E. These maps
satisfy (ua)§ = u(ag) for all ueP, aeG and &eF.

Two examples of bundles of the sort introduced above are
the tangent bundle T (M) and the tensor bundle TZ(M), both of

which are associated with L(M). The tangent bundle has standard



fibre R™. The action of GL (n JR) on R" is the usual one: If

{ei} is the standard basis for R™ and v = % V.e., then
n

ijvj. The fibre of T(M) over xeM is diffeomorphic

(av)i = ? a
to TX(M)jby the map f£_: T (M) ~ Tr;l(x) defined by f£_(V) = (w,u tw)).
Here u€ﬂ_l(x) is considered as a map from R onto TX(M) as

before. It is easy to show that fx is independent of the choice

of u€ﬂ—1(x), and that it is one to one and onto. The smooth-

ness of fx follows by looking at local trivializations of E.
Similarly, let TZ(M) be the bundle associated with L (M) with
standard fibre Tz, where T: is the tensor space of type (r,s)

over R". The action of GL(n,R) on TZ is as follows: With {ei}as a

. n i . .
the standard basis for IR™ and {e*l} its dual basis, a tensor AST;

may be written as ) . . .
-1 J J

A= 3 A r jl...js e; @---®e, se* le...gex .
ll'..lr"’Jl‘..JS 1 r
If a = (aij)eGl(nﬂR) has as inverse a_l = (alj) then the action

of Gl(a,R) is determined by

k oook i ...i
(aA) l rl eoed = 5 Al rj "'j x
1 s foeeedi Roeeeg 1 8
1 r’'’1 s
217 L3
Xa . “ e . ll s-’s
e PR
klll krlr a

A similar argument to the one used in the case of T (M) shows that
the fibre of Tz(M) over X may be viewed as the tensor space of
type (r,s) over the vector space'Tx(M). Bundles of this sort,
that is, when the fibre 1s a vector space and G acts as a dgroup

of linear transformations, are called vector bundles.



1.2 CONNECTIONS IN FIBRE BUNDLES

Suppose P(M,G) is a principal fibre bundle. For
ueP, let Gu be the subspace of Tu(P) consisting of vectors

tangent to the fibre through u.

Definition: A connection, T (P,Q), is an assignment of a

subspace Qu of Tu(P) to each ueP that satisfies
(1) T,(P) = G, @ Q, VYueP (Direct Sum)

(2) Qua = a*Qu, where a*:Tu(P)+Tua(P) is the tangent map of u+ua.

(3) Qu depends differentiably on u.

Gu and Qu are called the vertical and horizontal subspaces

respectively. By (1) each XsTu(P) can be written uniquely as

X = vX + hX where VX€Gu and hXeQu. The vector vX (respectively

hX) is called the vertical (respectively horizontal) component

of X. If X is a differentiable vector field, then so are vXand hX.
I' can be characterized by a §—valued l1-form w on P

called the connection form, as follows. The homomorphism ¢

taking Asa to (A*)u mentioned before is a linear isomorphism of

§ onto Gu’ the vertical subspace. Given XsTu(P), define w(X)

to be the unique A€§ with (A*)u = vX. Clearly w(A*) = A, and

by considering the two cases when X is vertical or horizontal,

1

— *
it can be verified that a*w = Ad(a T )w. [Here, a w(X)=w(ayX),

and (Ad(a—l)w)(X)=Ad(a~l)-w(x) where Ad denotes the adjoint



representation of G in §,] Conversely, given a l-form w satis-
fying these two conditions, if we set Qu = {XeTu(P);w(X) = 0},
then this assignment will be the connection with connection’
form w.

The projection m: P>M induces its tangent map, denoted

also by m, m: Tu(P) )(M). Since (V) = 0¢&> V is vertical,

” Tn(u
T maps Q. isomorphically onto Tu(M). This allows the notion
of a horizontal lift of a vector field (or vector) to be de-

fined.

Definition: The horizontal 1lift of a vector field X on M

* .
is the unique vector field X on P which is horizontal and

*
satisfies (X ) = X .
u m(u)

It is easy to see that X* is invariant by right multipli-
cation, is differentiable if X is, and that any horizontal vector
field on P which is invariant by the action of G is the 1lift
of sdme vector field X on M.

Let T = Xy s 0 <t <1lbea piecewise differentiable

curve of class Cl on M., A horizontal 1lift of t is a curve

t* = ut, 0 <t <1l, in P, whose tangent is everywhere horizon-

tal, and ﬂ(ut) = X, . To ensure that, given U

T* starting there exists, note firstly that the local triviality

a unique 1lift

of P guarantees the existence of a curve v 0 <t <1, with

tl
m(vy,) = x, and vy, = uy. The curve desired will then be of the
form u, = vtat, Where a, is a curve in G with ag = 1- After
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demanding that the tangent be horizontal (w(ﬁt) = 0, where ﬁt
denotes the tangent to u.), we only need to solve (a;l)*ét = w(ét)’
a, = e, for 0 < t < 1l. This is not difficult, and the standard
theorem for first order differential equations guarantees exis-
tence and uniqueness.

Parallel displacement of a fibre along a curve in M can
now be defined. Suppose T = Xy 0 <t<1lis a Cl curve in
M. Let uj
Then the unique 1lift 1* of T through u

eP be an arbitrary member of the fibre above xogM,

has end point uy in the

0
fibre above X, - By varying the starting point u0€ﬂ_l(xo),
we then obtain a mapping T: ﬂ_l(xo) - ﬂ-l(xl). The map is an

isomorphism because (1*a = a-1)VaeG, (horizontal curves are
mapped by a to horizontal curves) and because T* is unique.
Evidently, if a curve is Cl, the parallel displacement is in-~
dependent of the specific parametrization.

Given a curve T = Xer 02 t < 1, the inverse T . Yigr

0 <t < 1 is defined by X, = Clearly the parallel dis-

F1-¢
placement T—l is the inverse of T, and if T. is a curve from x
to y and u is a curve fromy to z (all in M), then the parallel
displacement u*t is the composite of the parallel displacement
of T and yu.

We now introduce the holonomy group of a connection. Let
C(x) be the loop space at a point xeM, that is, the set of cl

curves in M that begin and end at x. The set of isomorphisms

of ﬂ—l(x) induced by C(x) forms a group by virtue of the pre-
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ceeding remarks. This group is called the holonomy group of

I' with reference point x, and is denoted ¢(x). If we restrict
attention to curves that are homotopic to X, =X, we obtain a sub-
group of ®(x), called the restricted holonomy group at x which
is denoted @O(x).

These groups can be realized as subgroups of the struc-
ture group in the following manner. If u€ﬂ_l(x), then each
1eC{x) determines a unique aeG with 1(v) = ua. It can be seen
that the set of elements aeG that is . determined by all t1eC(x)
forms a subgroup of G,which we denote ¢ (u). It is called
the holonomy group of I' with reference Qoint u. Similar re-
marks hold concerning Co(x). It is also clear that ®(u) =
{aeG;uvua}l, where uvw &> u and v can be joined by a horizontal
curve. Using this fact, it can be shown that if M is connected,
then the holonomy groups ®(u), ueP are all conjugate and hence
isomorphic. The holonomy group is a Lie subgroup of G. For

a proof of this see [1l], Theorem 4.2, page 73.

Curvature Form, Structure Equations

Let P(M,G) be a principal bundle with a connection T
with connection form w. Let Qu and G, be the horizontal and
vertical subspaces of Tu(P) respectively. Suppose h:Tu(P) - Qu

is the horizontal projection. Define a 2-form Q@ on P by
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(X,Y) = dw(hX,hY)

The form @ is called the curvature form of w. Two important

properties of @ are noted:

(1) Q(X,Y) = 0 whenever either of X or Y is ver-
tical. Any r-form v which is zero when any of its arguments
is vertical is called a tensorial r-form.

* -1

(2) a 2 = Ad(a ).

This last property follows from the transformation rule
of the connection form  w.

For the sake of completeness, the structure equation

will Dbe proven here.

Theorem (Structure Equation). If w is a connection form and

2 its curvature form, then

a(X,¥) = - $[0(X),0(0)] + 2X,¥)  VX,YeT_(P).

Proof: As both sides of the equation are bilinear and anti-
symmetric in X and Y, and as each vector ZsTu(P) can be written
uniquely as the sum of its horizontal and vertical components,

only 3 special cases need be considered.

Case (l). X and Y are horizontal. This amounts to nothing more-
than the definition of &, as w(X) = w(Y) = 0.

Case (2). X and Y are vertical. We may assume X = A:, Y = Bu
where A,Bea. Then,
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2dw (A*,B*) = A% (w(B*))-B*(w(A*))-w([A*,B*])
Since w{(A¥*) = A, w(B*) = B and [A*,B*} = [A,B]*, this reduces
to 2dw (A*B*) = -w([A,B]l*):=-[A,B] . But as X and Y are verti-

cal, Q(X,Y) = 0.

Case (3). X is horizontal and Y is vertical. Extend X to

a horizontal vector field on P, and let Y = A* at u, where, as
before Ae& and A* is the fundamental vector field corresponding
to A. As the right-hand side of the equation vanishes,

(wW(X) = 0 and Q(X,Aa*) = 0 as A* is vertical) it is sufficient
to show that dw(X,A*) = 0. Again,using the normal expression
for dw(X,A*), and noting that w(A*) is constant we need only
prove that w([X,A*]) = 0.

The fundamental vector field A* is induced by “HJ where

a, is the l-parameter subgroup of G generated by Asa. Now we
have
L1
[X,A*] = lim =+ [(at)*X—X] .
>0 t

If X is horizontal, so too is (at)*x, and so [X,A*] is hori-

zontal. This proves that w([X,A*}]) = 0 and we are done.
Corollary If both X and ¥ are horizontal vector fields on P,
then w([X,¥]) = -20(X,Y).

Proof. Use the usual expression for dw in the structure

equation just proven.
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If

€ ...r © is a basis for the Algebra g and cr.  are
4

r jk
the structure constants relative to this basis, so that

_ i
[ej,ek] = ; Cjkei

write w = wlei and © = I Qle. (wl
) i ;

i
i and Q are now real
5 _

valued forms on P). The structure equations can now be written

as follows.

t L 5 ot wJAwk + ot ’ i=1,°+",r.
2 . Jjk
J.k
Bianchi's identity follows easily from this expression.

o .

Il

Theorem (Bianchi's Identity) DS

Proof: Apply the exterior derivative to the last equation.
By the definition of @ it is sufficient to show dQ(X,Y,Z2) = 0
when X, Y and Z are horizontal. We have

i k

0 = ddw' = - % z cjk dw Aw™ + z c;k ijdw
jk jek

k 4+ aot.

N| =~

As wi(X)==O whenever X is horizontal, the result follows.

.The statement of a theorem that relates the curvature
and the holomony group will be given. It will be useful later
a uniqueness result. For a proof of the theorem, see [1]
Theorem 8.1, p. 89. Let P(u) = {v|juw}. As before, uw & u

and v can be joined by a horizontal curve.

in
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Holonomy Theorem: Let P(M,G) be a principal fibre bundle,

where M is connected and paracompact. Let I be a connection
in P, @ the curvature form, ©&(u) the holonomy group with
reference point u and P(u) as above. Then the Lie algebra
of ®&(u) is the subspace of § (the Lie algebra of G) spanned
by all elements of the form QV(X,Y), where veP(u) and X and Y

are arbitrary horizontal vectors at v.
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1.3 LINEAR AND METRIC CONNECTIONS

We will now define parallel displacement in any associa-

ted bundle E(M,F,G,P), when a connection is given in P(M,G). In

the case of the standard tensor bundles over M, it coincides

with the usual notion of parallel displacement of vectors and

tensors.

E(M,F,G,

Given a connection T in P(M,G), and an associated bundle

P), the horizontal and vertical subspaces TW(E), weE,

are defined as follows: The vertical subspace Fw is the tan-

gent space to the fibre through w. Recall the map induced by

uep, u:F > T_

of (u,f)

that is

El(x),where x = m(u), defined by u(g) = the image

€ PXF under the projection PxF + E. Choose any (u,&)

mapped to w. With this g, consider the map P » E that

takes vEP to v (§). Qw’ the horizontal subspace, is then the

image of Qu under this map. Clearly Qw is independent of the

choice of (u,&), and it is not difficult to show that TW(E) =

Fw ) Qw.

The definitions of horizontal curves and horizontal 1lifts

are as in the case of P(M,G). Again, given a curve T = X_,

0 < t<

horizontal lift t1° = w starting at w

a point

t

1, in M and w €E with wE(wO) = x there is a unique

0 0’

N To see this, choose

(uo,g) € PxF with uO(E) = w

0"

0’ and let ut be the 1lift
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of T beginning at x, (in P). Then w_ = ut(E) is a 1lift

0 t

starting at w It is clearly unique.

0"
A cross section of any associated bundle E(M,F,G,P)

is a map 0: M > E such that Mgt O is the identify on M. Sup-

pose that F is a vector space (over some field K), and that

G acts on F as a group of linear transformations. In this

case, each fibre of E has the structure of a vector space

over K, and so we can define addition of sectjions, and multi-

plication of sections by K-valued functions on M. Explicitly,

if ¢ and ¥ are sections of E and £ is a K valued function on

M, we define

(0+9) (m) = u(u T (o(m)) + u T (v(m))
(£+¢) (m) = u(£(m)-u"t(¢(m))
where méM and u & ﬁ_l(m). It can be checked that the expres-

sions on the right are independent of u Gﬁ_l(m). We can define
local sections of E in a similar manner. If UCM, we de-

fine I'(U) = {¢|¢ is a local section with domain uyl}. In the
case when E is a vector bundle T (U) is a vector space.

For example, sections of T(M) are just vector fields over M.

Covariant differentiation can be defined in any vector

t+h -1 -1
bundle E(M,F,G,P). Let Tt .ﬂE (xt+h) > WE (xt) be the paral
lel displacement of fibres from Xi+h to Xy along a curve T = X

0 <t <1 in M. Let ¢ be a cross section defined along 1. The
covariant derivative of ¢ with respect to T (or along T) V& o)

is defined by
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6 = Lim TrvoT (0 ()0 - 0 (x) 1

Xe h>0

Again ét denotes the tangent to T at x Let X TX(M), and ¢

e
be a cross section of E defined in a neighbourhood of x. We
define also the covariant derivative, VX¢, of ¢ in the direction
X as follows. Choose a curve T = X, —estce with X = io.
Then set

Ve ¢ is independent of the choice of 1. If X is a vector field

and ¢ is a local cross section on UcM, then
V : T(T(U) x T(U) » T(U) .

We now relate these definitions to the notion of the
horizontal lift. Given a cross section ¢ defined on UcM, we
define an F-valued function on ﬂ—l(U) as follows:

For v ﬂ-l(U), let £(v) = v-l(¢(ﬂ(v))). (Remember,
v:F - E is an isomorphism of F onto ﬂ;l(ﬂ(v).) Note that if

X TX(M), and X* is its horizontal 1ift to P, then we have

u(X*£) ﬂ;l(X), if 7(u) = x. We now prove the useful
Lemma : Vb = u(X*f)
Proof: Choose a curve T = x,, & = € 2 t < g, with
X = io. Let t° = u, be the horizontal 1ift of T to P beginning
* .
at u. Then X = u,. So,

0
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= lim

1
Z[£(u) - £(u)]
h-+0 h

h

Loy - u e .

= lim

h0 h “h

w(x*£) = lim i[u- u (¢(xh)) - d(x)1 .

Set § = u

h-o D

then sufficient to prove that

Yo(x)) = th(e(x))  for |n| < e.

zontal in E.

placement of uO(E) = u-u,_

is,

as required.

(¢(x )). As u, is horizontal in P, ut(i) is hori-

t
Thus ¢(xh) = uh(g) is obtained by parallel dis-

1
h (¢(xh)) along 1T from X, to X that

R (06, )) = uut(o(x))

This lemma tells us that, under the correspondence

between sections and F-valued functions introduced before, if

¢ corresponds to f, then Vx¢ corresponds to X*f.

enjoyed by VX

Standard properties of type preserving derivations are

If ¢, ¥ are cross sections and X,Y are vectors

(or vector fields), then

(1)

(2)

(3)

(4)

X+Y
VX(¢+w)
vAX¢ =

v, (14)

¢ = Ved + Vi

= Vo + Ty
AVX¢ if A is a K-valued function on M

XVX¢ + (X,A)+9 1if A is a K-valued function on M.
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We now consider linear and metric connections briefly.

Definitions (1) A connection in the bundle of linear frames

L(M) over M is called a linear connection of M.

(2) A fibre metric in a vector bundle E is an
assignment, to each xeM, an (a) hermitian (symmetric) inner
product g.: ﬂgl(x)Xﬁgl(x) -+ K. (It is hermitian if K = ¢,
symmetric if K = IR) such that if ¢ and Yy are differentiable
cross sections of E, gx(¢(x),w(x)) is differentiable on M.

(3) A connection in P is called metric if there
is some fibre metric in E(M,F,G,P) so that parallel displace-
ment of the fibres in E preserves g. That is, for every curve

0 -1

T=xXx 0<t <1 in M, the parallel displacement T, = 7" (x

1 E )

0

g

> (xl) along T is an isometry.

(4) The canonical form 8 of L(M) is the R" va-

lued 1- form on L (M) defined by

0(x) = u"l(w*(x)) for XeTh(P),

where dim M=n and mx is the tangent map of the projection
T:L (M) > M.
(5) Given a connection I' in L(M), the torsion form

®is defined by
®= Do
(Here, DO(X,Y) = dO(hX,hY). DOis the covariant derivative.)
It follows quickly from these definitions that ©
1

tensorial l-form, ® is a tensorial 2-form and a*p=a" -G,

a*C) = a_l-Cl for a ¢ GL{n,R). We will now state, without
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proof, the structure equations.
Theorem (Structure Equations).

Let w,&®, be, respectively, the connection form, the
torsion form and the curvature form of a linear connection T

of M. Then,

(1) do (X,Y)

- %(w(x)-e(Y) - w(¥)+0(X)) + ® (x,Y)

(2) dw(X,Y)

lI

- 2l (X),6 (V)] + 2(X,¥)
¥X,Y € Tu(L(M)) and u &€ L(M).
The second equation has been seen already. In addition

to the Bianchi identity

D

!
[en]

we now have

D@ (X,Y,2) = @ Q(X,Y)0(2)
X,Y,Z

where 'GSI indicates a cyclic sum over X,Y and Z. This follows
quicklgrzégm (1) by applying exterior differentiation to both
sides. For use later, we will now introduce the more familiar
curvature and torsion tensors, and restate the Bianchi iden-

tities in terms of these.

Definitions (1) For X,Y, & TX(M), set

T(X,Y) = u(2@(X,¥))

i
<

where 7m(u) = x, X and Y. € T_(L(M)).with m,(X) = X, m,(¥)
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(2) For X,Y,Z & TX(M), set

R(X,Y)Z = u(20(X,%) -u"Lt(z))

where u, X, Y are chosen as before.

It can be verified that the above definitions do not
depend on the choice of X, ¥ or u. T is called the torsion
tensor of the connection, and R is the Riemann curvature
tensor of the connection. We note here that the definition (2)
may be made in a slightly more general setting, and in fact
we will make use of this extended notion in the section on
geometric quantization. Explicitly, for ¢ a local section of
some vector bundle E(M,F,G,P) defined around xéM, and X,Y & TX(M),

define the section R(X,Y)¢ by
R(X,Y)¢(x) = u(22(X, %) u  (4(x)))

Here the action of § on F is inherited from the action of G

on F: it is an algebra of linear transformations. Here u,X,Y¥
are chosen as before, and it can be shown that R(X,Y):T(u)-T(Uu)
depends only on X,Y and not on X,Y, or u & w-l(x).

The following theorem, which follows from earlier re-
sults quickly, illustrates that these torsion and curvature
tensors are the familiar ones associated with the covariant
- differentiation defined by the connection. We note also that

the second identity holds in the more general context, Z then

understood to be a section.
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Theorem

Let T and R be the torsion and curvature tensors of

a linear connection of M, Then VX,Y,2 € Tx(M),

T(X,Y) = VY-V X - [X,Y]

R(X,Y)Z

[VX,VY]Z - V[X,Y]Z

6 {(rR(x,v)2} = G {T(T(X,Y),2) + V,T(¥,2)}

© {(V4R) (¥,2) + R(T(X,Y),2)} = 0

Here G; denotes the cyclic sum with respect to X,Y and Z. In

particular, if the torsion vanishes,

& {r(x,U)2} = 0
6{VXR(Y'Z)} = 0 .



WEIL'S THEOREM

A result of fundamental importance to the theory of
geometric quantization is considered here. We ask the ques-
tion: For an IR-valued 2-form w on a manifold M, is there a
principal fibre bundle P(M,n,G) with connection, such that
the curvature  satisfies ﬂ*w = Q2 In the setting of geome-
tric quantization, an affirmative answer to this will allow
us to 'guantize' certain observables.

Suppose there was P(M,n,G) with connection T as above
for w. As we can always reduce a connection on P(M,7,G) to
one on the holonomy bundle, and, as the Lie algebra of the
holonomy group of the connection need only be IR, it will suf-
fice to study the case when G is abelian, with its Lie algebra,
§ = IR. Then, in that situation, G =R or Sl. We fix now a

. 1 .
representation of Sl: 8™ = {ze¢/|z| = 1}. When &n(z) is de-

2mi
o r

fined, define n(z) ¢n(z)/2ni, and define exp(r) =
for zeS' and r&éIR. In the following discussion, we will consi-
der functions f: U ~» Sl where UcM. We will have been able to
choose U so that f£(U) is simply connected, and thus there will
be a continuous single valued branch of the logarithm on £ (U).
Suppose that o is the connection form on P(M,G). We ob-
serve that w must be closed: da = Do = §{, as G is abelian,

* *
and so 0 = d (dog) = dQ = dmn w = 7 dw. Choose a local section s:

24
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U > P, so we have T+*s = idU and s*1* = idT*(U)' This implies

that dw|; = s*nr*dw = 0. Now, choose an open contractible

cover {Ui} for M. (This will mean that UiAUf\U = @ or is

k
contractible.) We can choose this small enough so that
n-l(Ui) = UiXG. Let wj: ﬂ_l(Uj) > UjXG be the diffeomorphisms.
-1
Defin ections s.:U, » P by s.(x) = ¥. (x,1)). Let {c..} be
e s 5:Y5 y ]( ) WJ ( i3

the transition functions for this system. We then know that

, = 8.,C, ., AU, d c,.c,, =g, . NU . Defi
Sj sl i3 on Ul\U] an i5%5k Clk on UfnU] Uk efine
* "
l1-forms on U; by a, = s;a. Then da, = wIUi, and, on Uf\Uj,
a. -a, = df,., for some function f£..:. UAU. - IR. We now show
i j ij ij i
that we can choose f.. to be -4nc,..
1] 1]
On Uf«Uj, sj = Sicij SO
.. = (c..) *s. + (L s (c..) *d(Lnc. .).
SJ* ( 13)* Lk ( Si) 13)* ( 1]
*
Here (c ) is the tangent map of u - uc.., (Ls.)
l:] * 1] 1 *

is the tangent map of a - si(m)-a, and other symbols have their

usual meanings. Hence,

(ai—aj)(x) i

. X - .
als; (X)) = als,, (X))

= a(si (X))—xx((cij) S,

(X))
* x L1x )

- a((Ls, )-c..
Ly 174

'd(zncij)(X))
- *

= a((dﬁncij(X)) )

= -d lﬁcij(X).

*
Here, as usual, (dﬁﬁcij(x)) is the fundamental vector field on

P corresponding to danij(X)Gﬁ. Of course, we have used
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the commutativity of G here: Ad invariance means invariance, and so

*
a o = o. Thus fij can be chosen to be - zﬁcij. Now, as

R o O i = . ey, = i = . i
d(flj fjk flk) 0, flj + fjk flk aljk is constant on
. ’ -1 . . .
~ ¢ =
UKNUj Uk. But, as Cijcjkcik 1 there, aijk is an integer if
G = sl or zero if G = RR. Employing the notions in the appendix,

this means that {[w] is integral. The converse of this is the real
content of Weil's theorem: If w is a real valued closed 2-form on M,
there is P(M,G) and connection with connection form a satisfying
Do = T w if and only if [w] is integral. We have shown the
necessity of the condition on w. Now we prove it is sufficient.
Suppose then, that [w] is integral. Then we know that
there is an open contractible cover {Ui} of M, l-forms a, and
functions fij as in (2) in the appendix. Let Cij = exp fi..

]
. . 1 . . . .
Define P = U ijS /p where p is an equivalence relation defined

J .
by (x,g)p(u,h) < > x=y and g = cij(X)-h where eri, yer, and
1 > . . . . .
g,h€S" ., (U means the disjoint union). Define the projection
T:P > M by T(x,h)) = x, where the bar denotes the p-equivalence

class. We now show that P(M,W,Sl) is a principle fibre bundle.

The local triviality follows easily by defining diffeo-
morphisms
-1 1
LT U.) = U.xS b
w] ( 5 j g

Wj((§7§)) = (x,9) .
That these are good definitions is quickly checked. wj is
(1-1) and onto, and we can give P a differentiable structure
by making the wj's diffeomorphisms. That the transition func-

tions behave is a consequence of the fact that fjk+fk2_fj2
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is an integer. The action of G on P is defined in the obvious
manner: (X,g) » (x,ga), and is readily seen to be free. The
smoothness of ™ and the fact that P/G = M follows from the
(differentiable) local triviality.

We now define the desired connection on P. Let 8 be

the left invariant canonical 1-form on Sl, i.e., 6(A) = A,
~1
YAES . We know that d6(X,Y) = - % [6(X),0(Y)], and so as Sl

is abelian, 6 is closed. Define projections P/Py

1
: U. xS » U.
P1 j j

P, ijsl + sl by

p,((x,9)) = x and p,((x,9)) =g .

With the l-forms oy defined on Ui and the diffeomorphisms wj,

define a l-form B on w'l(uj) by

* % *
Bj = wj(plaj + p26) .

By calculations similar to those done before, one can show

and thus we can define a real valued

I

that B. on U.NU
J ’ J

Bk k ¥ 2
l1-form a on P by a[U = Bi. Finally we check that o is a
i
*
connection form, and that Do = 7 w.
Clearly, as Sl is abelian and 8 is left invariant, a

*
is Ad-invariant. That o(A ) = A for A&él follows from the

defining properties of 6. Now
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da |U,
J

and so we are finished.

a * * *
(V5 (pyay + Pyo))

* %

.p,do. dée = 0
vypydoy ( )
*d (
i aj T o= plow
*
T w|U,
J

)
J

28



SYMPLECTIC MECHANICS AND GEOMETRIC QUANTIZATION

The concept of a phase space is a very useful one

in physics. Momentum phase space and velocity phase space are
two common examples, and we will see later that these are,
respectively, the cotangent and tangent bundles of the confi-~
guration space of the classical system. These are not the
only kind however, for the phase space of an elementary rela-
tivistic particle with non zero spin 1is not of this sort. The
salient features of a phase space are summarized in the defi-
nition of a symplectic manifold. It is here that the geometri-

cal formulation of classical mechanics begins.

Definition: A symplectic manifold is a pair (M,w), where M

is a 2n-dimensional manifold and w is a real 2 form on Msatisfying
(1) dw =0
(2) w is non degenerate : w(X,Y) =0
VY <= X = 0.
w is called the symplectic form of the manifold.
Observables, in the classical sense, are functions
¢: M »IR. The set of observables on M,C?i can be given the
structure of a Lie algebra in a natural way, as follows. If
w is the symplectic form, and ¢ is an observable, associate

with ¢ a vector field X¢ on M which is determined by

29
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1X¢w + d¢ = 0.

Here, (ixw)(Y) = 2w(X,Y). The Lie bracket of ¢,y € Ca/is
then defined by

{¢o,v} = 2w(x ) .

X
o'y
This is just the classical Poisson bracket. The map {,}:C?%CT+C3/
is clearly antisymmetric in its arguments; all we need show is

that the Jacobi identity holds. That is,

G/ {{¢,1P}1X} =0
¢,¥,X

Note firstly from the definition that

{o,0} = X¢(W) .

We also have

[X.,X,] = X for o,v € &

oY {o,9}

This is proven in two .steps. To begin, observe that

L, w=1i, dw + di_ w
X X X
¢ 0 ¢

=0 + d(-do)

Then, if X = X Y = X,, we. have

¢’ v
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l[X,Y]w = LXle - lYLXw

= iXdiYw + diXiYw
= iXd(—dw) + d(2w(Y,X))
= 'd{¢l¢}
and so
(X /Xyl = X443,

We can now prove the Jacobi identity. As w 1is closed,

0 = dw(X¢,Xw,XX)

= [X¢(w(x¢'xx))‘ - w([XwIXX]IX¢)]

¢,¥,X
= % [{¢,{¢,X}} = {{wlx}l¢}]
b,¥0,%
= <E; {¢,{¢,X}} *
¢,¥,X

This proves that (£,{,}) is indeed a Lie algebra.

As an example of a symplectic manifold, we consider
the momentum phase space of a classical system, exhibit its
symplectic structure and identify the Lie algebra (G, {,1}).

Let X be the configuration space of a classical system
with finitely many degrees of freedom. We assume that X is
a manifold. ' The mechanics is formulated on T*(X), the co-

tangent bundle, in the following manner.
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If T(X) and T(T*X) denote the tangent bundles of X
and T*(X) respectively, 1w and 1l the projections associated

with these bundles, and 7, the tangent map of 7w, we have the

diagram
T(T" (X))
/ N
il L
¥ \
T (X) T (X)

We define 6, the canonical one form on T*(X), natural-
ly by
o(V) = <ml(V)) , m(V)>

where V is a vector in Tm(T *(X)), m e T*(X) and <, > is the
natural pairing between TX(X) and (TX(M))* (its dual), for

x e X. If iqi, i=l,...,n} is a local co-ordinate system in UcX,
we define local co-ordinates in {(qi,pj), i,j = 1,...n} in T* (U)

where the Py are determined by

These co-ordinates are said to be canonical. We can then write
6 in these canonical co-ordinates as
n

6 = = p.dgq- .
. 1
i=1

The symplectic structure on T*(x) is obtained by set-

tingw= dbf; w is clearly closed and can be seen to be non-

degenerate by noticing that, in canonical co-ordinates,
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n
w = X

dpi /\-dql .
i

1

In Hamiltonian formulation, the system is described
by the observable H: T*(X)-+Zm1 the Hamiltonian. The vector

field XH has physical significance, as the integral curves

of XH are the states of the system. In canonical co-ordinates,

n
v = p BH 3 _ 3H 3

B 521 %P3 3¢t agt %Py

and so integral curves are generated by solutions of

+i 0" i

4 = gp, = lHa
i

- _ _ 0H _

Pj = T = eyl
ag

Vs d i
where gt = ?%; , etc, and s is the parameter along the integral

curve. These are the familiar Hamiltonian equations.
To identifythe Lie algebra (C?:{,}), observe that,

in canonical co-ordinates,
n
1£,9) = w(X_,X.) = X (g) = 3 -0 2% - 3L Jg
El i=1 °Pi 3q aq- °Pi

This is just the classical Poisson bracket.

Geometric Quantization

Given any classical system, we can associate with it its
phase space, a symplectic manifold, and a Lie algebra of obser-
vables. Suppose that (M,w) is the phase space and A= (7, {,})
is the Lie algebra. The program of guantization is to set up

a Lie algebra homomorphism between Ci_andva Lie algebra of
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skew-hermitian operators on some Hilbert space. One way to
achieve this is the geometric quantization scheme of Kostant
and Souriau, which is described briefly below.

A symplectic manifold (M,w) is said to be quantizable if
[w] is integral. The reason for this is that in that case the
homomorphism mentioned above can be constructed. Let's see
how. If [w] is integral, we know by Weil's theorem that
there is an Sl principal bundle P(M,Sl) with connection such
that ﬂ*w = ), where m: P > M is the projection and { is the
curvature form of the connection. Now, Sl acts on € on the
left naturally by multiplication: f(a,z) > a-‘z , aesl, ze€. We
can then form the associated bundle E to P with standard fibre
c. E(M,C,Sl,P) is then a complex vector bundle. As described

before, the connection in P induces a connection and hence a

covariant differentiation in E.

We now define an inner product ( , ) on I'(E) as follows.
Each uc;_l(x) is an isomorphism from € to ﬂgl(x): u@E) = @,2)
as before. If <,> is the usual inner product on C, <zl,22> =
and if xeM, ¥ ¢ e[ (E), then <« wx), v t(¢(x)> is inde-

pendent of uen—l(x). For if u,veﬂ—l(x), u = va for some a Sl,

Z1Z 51
and so

L))

), u x> = <a v i), a Tty

Il

v Ly, v ) s

as Sl is the isometry group of <,> .
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Finally, if ¢, ¢ & T(E), define (¢,¥),when it is fi-

nite, by
-1 -1
(¢,w) = <u T¢,u w>wn
M
(W = wAeeeenw)
n times

The vector space of sections for which (¢,¢) is finite
will be the pre-hilbert space.

We now wish to associate with each observable ¢ €<fh
an operator 6¢ which is skew hermitian on a subspace of T (E)
so that this association ¢ = 6¢ is a Lie algebra homomorphism.

To this end, we define

and check that this is an association of the sort required.

To begin, we will calculate the curvature R({X,Y). We

know R(X,Y) = [VX,VY ] V[X,Y] .

where X* is the horizontal 1lift of X to P and f is the C-valued

As before Vy¢ = w(x*s),

function on P defined by f(u) = u—l(¢(n(u))). We shall prove
here that R(X,Y) = 2i-w(X,Y)- ., as we would expect by a
previous theorem. ‘
* * * *
Now, [VX,VY]¢ = u([X ,Y ]f) so that R(X,Y)¢ = u(([x ,¥ 1 -
* *
[X,Y] )f). Remembering that the horizontal component of [X*,Y ]

* * *
is [X,Y] , we have R(X,Y)¢ = u(v[X ,Y 1f), where v is the ver-
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tical projection. Now we may choose A in the Lie algebra
* * * 1
of S' so that Au = v[X ,Y ]. Then, let at be a curve in S
. *
with (ua. ) = A . So
Y t=0 u

1
A = lim = [f(ua ) - f(u)]
s E t

= lim %

-1
- [a, £f(u) - £(u)l
>0 t t

= -Af (u).

The action of A on € here is that of a linear trans-
formation (inherited by the action of S' on ¢). Because of

the simple nature of this action, we have

*
A f = —-iA<f(u)
u

where now A is a real number, (the Lie algebra of S' is isomor-

phic to the reals) the dot indicates multiplication in €, and

.2 ; . .
i = -1. To proceed, observe that if a is the connection form,
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then

* * * * *
a(lx ,Y 1) = a(v[X ,¥ 1) = a(Au) = A .
* * .
Further, as X and Y are horizontal,
* % * %
20(X ,¥Y ) = - a([X ,¥ 1) = -A .

This shows that A:f = 2iQ(X*,Y*)-f(u), and so R(X,Y)¢ =
u(ZiQ(X*,Y*)f).' Now we use the fact that ﬂ*w = Q, which
means

2" Y = riex Y

* *
w(m, X , LY )

Il

| w (XIY)

and we have proven

R(X,Y)d

2iw(X,Y) «¢ .

We can now check that ¢ - 6, is a Lie algebra homo-

¢
morphism: If ¢,w€2631 and x is a differentiable section of E,

[ 1 x = [V, ,V, Ix = iX (¥)x + ixw(¢)'x

8470y

Xo' Xy b
= Ziw(x¢,xw)'x LAY 2i{o, v}y
oY
=V x - il¢,vly
[x¢,xw]
= VX X - l{fb,‘P}X
{o,v}
= Og, X

as is desired.
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To complete the association, we must show that each
-~
6¢ is skew hermitian. This is done below. If ¢é;C7, and
¢, Y& T(E), we need

o,¥) = -(2,8 ¥) .
(8, ) ( ¢ )

Using the definition, and noting that ¢ is real, this is just

(V. @,%) + (9,V. ¥) =0 .
Xy X,

Consider for a moment the fibre metric in E defined
by

((e,f)) = <u'l(e).u_l(f)>

where e and £ are in the same fib;e, and u is in the fibre

(in P) above WE(e). We know that this definition is indepen-

dent of u e n_l(ﬂE(e)). The connection in E preserves this
metric: if e and ft are horizontal 1lifts to E of a curve
Xy in M, then we know that there is a horizontal curve ut in P,

and two complex numbers £ and n such that

e, = ut(E) and £, = ut(n) .
Then,
<g,n> = <uttu (), uit ())>
= «tey) L outEe
= (leg £L)) -

Thus we have
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X¢((®,W))(x) = ((VX¢@(X),W(X))

+ ((2(x),V, ¥(x)))
¢

Recalling the definition of (¢,Y¥Y), we see that all we need

show is
X ((e,¥))w" =0 .
o
M
Writing £ = ((9,Y)), we proceed. As w™ has rank equal to 2n,
dewn = 0. So
0 =i, (dfAw™) = X, (£) -0 - afai_ @ .
X ¢ X
o 0
Also,
d(fi, Wty = dENi W o+ £edi W™
¢ ) )
= Xq)(f)wn + f(LX w4+ i dwn)
X
) 0
n
= X (flw .
¢( )

(Remember, L_ w = 0.)
%5

This shows that the integrand is exact, and so, if f

has compact support, and is sufficiently differentiable, then

[ (
{ X¢(f)wn = J d(fi W) = fFi_ o =0
¢ ¢
M oV

M
where V is chosen so that it contains the support of f.
We have thus defined, for each observable ¢eé% an

operator §, which is skew hermitian on a subspace of T (E).

¢
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(For instance this subspace may be taken as all those sections
of E which are infinitely differentiable everywhere and have
compact support.) The completion, #f, of this inner product
space will be the Hilbert space of the quantum system. As
usual, the operators' domain of definition may not be the
whole of J#, but where they are defined, they will still be
skew hermitian.

The association that we have made is unsatisfactory
for several reasons. Perhaps the first point that strikes one
is that these 'wave functions' we have constructed depend not
only on x, but also on the momentum p. In this situation it
is impossible at a glance to then associate (y,y)with a proba-
bility density, as is classically done. More important, how-
ever, is the fact that the representation of certain important
subalgebras of observables (for instance, those connected with
the Dirac problem) is not irreducible. The above problems are
related, in fact, and a method known as polarization of the
phase space overcomes them with some degree of success. When the
polarization is carried out, the representation becomes irredu-
cible, but it restricts the class of observables that can be
quantized, and the homomorphism constructed before breaks down
in general. We will not deal with this matter here. For a de-
tailed account, see, for example, Simms and Woodhouse [2 ].

To conclude this section, we will briefly show how the
symplectic formulation of mechanics embraces quantum theory

as well.
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The quantum phase space is the Hilbert space .f4 . An
association between observables as real-valued functions on ¥
and observables as skew hermitian operators on ¥ is estab-
lished as follows. The real valued function ﬁ on ¥ associated

with a skew symmetric operator A is defined by

A(Y) = i(ay,y) , 17 = -1,

To continue, we need to define vector fields on ®. A curve

) —
v:[0,1] ~F is differentiable at te(0,1) if ¢ = lim {‘P(“hh) v (t)
‘ h~+0
exists. This limit is taken with respect to the Hilbert space

topology. The tangent space at Yy & B can thus be defined, and,
as in the case of any topological vector space, (e.g.ﬂfﬂ
it can be identified with & itself. A vector field on ¥ then
is simply an association to each point Yy € # a vector ¢e ¥

Any operator A:f~# can then be viewed as a vector field
on ¥, and, in the case when A and B are skew-hermitian, the

vector field commutator [A,B] is identically equal to the

operator commutator [A,B]. That is, [A’B]W = [A,B]Y. Further-

more if A is viewed as a vector field, we have A(B) = i([A,Bly,¥)
I’

= - [A,B].

The symplectic 2 form on f is defined by

w(X,¥) = F(IX,¥] ,¥)

wl
[remember, [X,Y]w€ii9). Now, w is antisymmetric, and is closed -

and real-valued if we consider it only defined on the subalgebra

(of vector fields on#¥) generated by skew-hermitian vector

]
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fields. This is seen quickly from previous observations.
It is also almost non degenerate on this subalgebra: if
w(A,B) = 0 ¥B, then A = AiI, X&€IR, I is the identity operator.
This is not too much of a problem though, for given an obser-
vable of the form A, the vector field on # defined by AW = Ay

satisfies

iAw+dz§_=o

as it ought to. We could even restrict ourselves to a sub-
algebra of skew-hermitian operators that does not have any
centre ', and this often is the case. If H is the Hamiltonian
operator, integral curves of the vector field associated with
H are the states of the system. These can be described very
simply. The solution to y(s) = Hw(s) = H(P(s)),v(0) = WO is

sH sH

just Y(s) = e -wo. Here the unitary operator e is defined

by its power series

oo n
H
eSH = P (Snl) ’
n=0 -
which converges if H is continuous (as an operator). As usual,

the rate of change of an observable A along Y(s) is given by

da N ~ i~
s - H(A) = [A,H].



GENERAL RELATIVITY

In this section we will discuss very briefly Einstein's
general theory of relativity. The free test particle will be
considered through a symplectic formulation and this will
reveal the close relationship between the metric and the kine-
tic energy. An application of the fibre bundle formalism in
the study of singularities will be presented, and we will con-
clude the chapter with a discussion of Mach's principle and
how it might appear in general relativity.

Let M be the set of all spacetime events that we wish
to discuss. Assume that M has a smooth, 4 dimensional,
real manifold structure. As before, let T(M) and T*(M) be,
respectively, the tangent and cotangent bundles of M. We
will consider first how the motion of a free point particle can
be described by a symplectic formulation in T*(M). If 6 is
the canonical 1-form on T*(M), we again set w = d6 as the
symplectic form. We know then, from previous work, that
(T*(M),w) is the symplectic manifold. We now need a Hamiltonian
for the system.

In the special theory, M = Ii4, T*(M) = R4xR4, and the
Lorentz metric in T(M) (which is isomorphic toZR4>«]R4 also)

is given by

43
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nm(V,W) = VOW0—-V1W1—V2W2--V3W3

if v = (VO’Vl’VZ’V3) and W = (WO’Wl'WZ’W3) are vectors at m.

#

* g
This metric induces a metric n" in T (M) in the following

*
natural manner. Define #m: Tm(M) > Tm(M) by
nm(#m(p)v = <p,V>_ V¥V € Ym(M)

* *
H <, 0> i iri = .
ere is the éual pairing of T (M) and T_(M) (T_M)

As n is non degenerate, this is a good definition, and #m is an

#

isomorphism. Now we define no:

* *
T, xT (M) >R by

# —
nm(pl,pz) = nm(#m(pl) ,#m(pz))

*
for PP, € Tm(M).
This is also non degenerate and has the same signa-
ture as n. The free particle Hamiltonian for the special

theory is then defined by

*
H:T (M) ~ IR

*

H(m,p) = 5 1 (p,p).

In an obvious notation this is the familiar H = =- .

The Hamiltonian in the general theory for the free
particle is just a natural generalization of this. 1In the
special theory, the metric n, was independent of m. The
general theory allows M to depend on m: let g be a metric in
T(M) with signature (1,-1,-1,-1). Define, as before, a metric

*
g# in T (M). The free particle Hamiltonian for the general
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theory is then

#

1
H(m,p) = 3 I (P/P)
(oxr H = % gljpipj, in an obvious notation). Just as before
in the symplectic formulation, the integral curves of X  will

H
describe the states of the particle. In local canonical co-

ordinates, the equations of motion, {g,x'} = x*, {H,pi} = éi

(notation as before) are the familiar ones:

Py T 934% (1)
i isj.k
N (2)
_ 5 9 io_ 1 is _
W??re 9i5 T 9‘axi ’ axj)'agrjk 5 9 0950,k F ke T 94k, 0
i3 _oi _ %953
9 795k = 6} r and gij,k = axk .

Equation (2) is a geodesic, or parallel transport
equation: formally, if V is the covariant differentiation on

T(M) associated with the unique torsion metric connection in

L(M) that preserves g (that is, V 3 —27 = F#. _Q_), and we
— ] ij k
i 9x X
write X
X =5 x -2,
. i
i Ix
(2) is just
VX = 0 .

This is just the 'free fall' equation.
Thus we have seen that, given a metric in T(M), in
principle, we can determine the motion of free particles.

Einstein's theory links the metric in T(M) to the matter and



46

energy in the space time. Classically, the matter and energy
has been described by a rank 2 symmetric tensor T, called the
energy momentum tensor. An example of one of these wili be
discussed later. Now we see how Einstein related the metric
to this tensor

If R is the Riemann curvature of the connection V

above, that is,

R(X,Y)Z = [V_,V, 1Z -

X'y v[X,Y]Z

then the Ricci tensor, Ric is defined by

Ric(X,Y) = trace of Z - R(X,2)Y.
We may view‘Rich,-) as a covector: explicitly, for
Y € Tm(M), Ric(X,*)(Y) = Ric(X,Y). Recalling the isomorphism
#m defined before, we aefine the Ricci scalar curvature, also

denoted by R, by

R = trace of X ~ #;l(Ric(X,'))-
(In 'index' notation, if R%jh denote the components of R, then

Ric.

- - ij . C s .
i3 rRilj and R Rijg .) With these definitions, Ein

stein's equation relating the geometry and the matter is

Ric(X,Y) - -12- R g(X,Y) = € T(X,Y) (3)

Here Kk is a physical constant, the value of which can be deter-
mined by approximating (3) by a linear differential equation
(in the case when the velocities of particles are small
compared to the speed of light and the matter is scarce) and

comparing the approximation to Newton's equation for gravitation.
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~

Of course, one of the tests of the theory is that such a
procedure described above can be carried out. There are many
methods for 'deriving' this equation. The most common involve
either employing an action principle or by intelligently
generalizing the Newtonian gravitation equations. We will

not deal with that subject here.

The fibre bundle formalism is useful not only for the
setting of general relativity, but can also be exploited when
dealing with important guestions arising from the theory.

We will outline briefly the new definition of singular points
initiated by Schmidt in a 1971 paper ([6]).

In his work, Schmidt attached a boundary to any space-
time on which incomplete geodesics and inextendable timelike
curves of finite length and bounded acceleration terminate.

The germ of his idea is to define a Riemannian metric on L (M)
and to complete L(M) in the distance function associated with
this Riemannian metric.

Let 6 be the canonical l-form on L(M) (8 (X) = u_l(ﬂ*(X))
and w the connection form of the unique torsion free metric
connection associated to the given metric on M. 8 is RrR"” va-
lued, and w has values in MnGR) = {X|X is an nxn matrix with real
entries.} Note that Mn(Zm) can be identified with IR : every k
1 <k< n? can be written uniquely as k = (i-1)*n+j where
1 <1i,j < n. The identification is then

T(i-1)n+j - 2§ °

2
and it is an additive isomorphism. Now, both R and R’ are



48

inner product spaces, and, with the above isomorphism, so

too is Mn(ﬂt). So, for X,Ye,Tu(L(M)), we can define

Gu(X,Y) = (G(X),G(Y))n + (w(X) ,w(Y))
n
where ( , )n and ( , ) , are, respectively, the usual inner
n
products in R and IRn2 . As it is defined, G is clearly

symmetric and positive definite, and so is a genuine Reimannian
metric on L(M). If M is orientable, L(M) has 2 connected
components, each isometric. Let L' (M) be one of these. We
define the distance function on L'(M) associated with G;

d(x,y) = inf {j G(x,x)l/zds} whereél%%is the set of all para-

- CE€Cxy
meterized, piecewise differential curves from x to y, X is the
tangent to C:ef;wand s is the parameter along the curve. It
is easy to show that (L (M),d) is indeed a metric space.

The completion of (L'(M),d), in which L'(M) is dense,
will be denoted L(M), and the boundary of L')M), i(M)—L'(M),
will be denoted by i(M). The action of GLO(n,I{) on L'(M)
is uniformly d-continuous, and can be extended in a unique
fashion to E(M), where it reméins so. Define M as the
set of orbits of this group action on i(M), and extend T to
L(M) by letting m(x) = orbit of x. On M, put the finest
topology making m continuous. Schmidt then defines the b-boundary

of M to be M-M.
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To see how the b-boundary is related to inextendable

geodesics, consider the following. Suppose x 0 <t <1is

tl
a geodesic, with geodesic parameter t, such that lim Xy does
t>1
not exist in M. At x0 choose a frame u0 = (xO,XO(O),---X3(O))

so that g, (X;(0),X,(0)) = 1 if i=j=0, -1 if i=j#0, 0 if izj.
0

(That is, u, is orthonormal at XO') Parallel transport this

frame along X, s and call the curve in L(M) so generated ut.
If X, = Zai(t)Xi(t), where u, =

then know that Vs X.(t) = 0 , 0 < i < 3 and so a.(t) =
x, i - - i
t da. (t)

iy . . . l L3 [
£ g(xt,Xi(t)). This implies that —z— = % xsg(xt,xi(t))

(xt,xo(t),-'-,x3(t)), we

n
o

and so ai(t) is constant along x But ut(e(ut)) = Te(u) = x.,

£
by the definition of 8, and we then have
3

* * 2
<6(u),0(u)> = iio a; (t) =k,

which is a constant. Recalling that ut is parallel, so -that

w(ﬁt) = 0, the length of Lg(ut) of u, in (L(M),G) from t=0 to

t
t=a, (o < 1), is simply

[0
L (u,) = ] <e(ut),6(ut)>l/2dt.

0

Now choose {t_}€[0,1] with lim t = 1. Then u, 1is Cauchy in
n n>o n t

- t . . 1/2_ %
(L(M),d) as d(v, su < J m <6 (u.),0(u)> / dt| = /k. ltm—tn[.

n tm
t
—— n — —
As (L(M),d) is complete, ut +~ u€ L(M) and so we define, in M,
n
lim xt = q(u).
t>1

A similar argument will show that inextendable timelike

curves of finite length and bounded acceleration are extendable
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in M. It is interesting to observe that if the bundle
metric d is complete, that is, if (L(M),d) is complete, then
the connection of M is geodesically complete. The converse,
however, is not true. There is an example due to Geroch [6]
of a space time which is geodesically complete but contains
inextendable timelike curves with bounded acceleration and
finite length.

To conclude this chapter, we consider the relation
between Einstein's general theory and Mach's principle in
cosmology. Loosely stated, Mach's principle says that the
matter in the universe completely determines the physics of
the universe. We will attempt here to give some rigorous
meaning to "the physics of the universe", to see how Mach's
principle may be stated formally in the general theory,
and to investigate the consequences of some of these formal
versions.

To begin then, we must decide what we mean by "the
physics of the universe". There are several ways we can give
this meaning. If we are interested only in the parameterized
paths of test particles, then it is clear from earlier work
that we need only know the geodesics of spacetime. What do
we need in order to determine them? We know that the
energy observable, H, is sufficient, as integral curves of XH
are the states of the particle. To determine the energy, we
must know the metric tensor g, as we have seen. However,

any metric 5 related to g by a constant conformal factor will
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give the same energy and geodesics. Moreover, we may as

well just require knowledge of the connection V, for this
determines the geodesics. It turns out, in the generic case,
that all of these are equivalent: the connection will deter-
mine the metric to within a constant conformal factor. (Of
course, we must assume that V is a torsion free metric
connection to do this.) This equivalence is discussed in the
next chapter. In general relativity, all knowledge of the
matter in the universe is contained in the matter-energy
tensor T, so if we agree that "the physics of the universe"
is to mean knowledge of the geodesics, then Mach's principle
can be restated formally as: Any two spacetimes with the
same energy momentum tensor T should have the same connection
V. This of course amounts to the question of the uniqueness
of solution to Einstein's field equations.

There is another way of understanding "the physics of
the universe" that points to more than just the unigqueness
problem in general relativity. Free test particles are inte-
resting, but perhaps more important is the motion of particles
and extended bodies that constitute the matter in the uni-
verse. For the moment, we will consider 'motion' to mean only
the unparameterized paths of these bodies. Now it is clear
that if we can isolate a particle or a body, then we can
isolate its contribution to T, and hence in this simple way,
determine the motion of that body. (Remember, T is defined
over all spacetime.) In this form, Mach's principle, which

would state that any two spacetimes with the same matter tensor
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T should have the same unparameterized paths for particles

and extended bodies, would automatically be satisfied. This
is important to realize. More significant is the consistency
problem that it unveils: through the work of Einstein, Hoff-
mann and Infeld, it was shown, at least in some 'physically
reasonable' cases, that Einstein's equations once solved for
the metric g, allow the (parameterized) trajectories of the
matter constituents to be determined. This means that there

is another way, quite independent of the above prescription
involving only T, for determining the motion of the gravitating
bodies. To carry out this second procedure, we do need to
solve Einstein's equations for g, however. A priori, we do not
know whether these two methods will agree, and this is the
consistency problem. We point out that in this second method,
because we need to solve for g in Einstein's equations, there
is also the question of the uniqueness of the solution. This
means that for a fixed T, we may have to check several metrics
for compatibility.

The solution of the consistency question will be useful
in many ways. Firstly, it may tell us what 'physically rea-
sonable' matter tensors T will look like, for these should
only have compatible solutions g. Secondly, in the case
when non uniqueness occurs (and it will), and there is at
least one compatible solution, we can examine the non compatible

metrics and perhaps extract some criteria that will enable
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us us to restrict our attention to a subclass of metrics that
is to be considered as candidates for solutions. These cri-
teria may even be useful in the uniqueness gquestion.

Lastly we consider another interpretation of "the physics
of the universe", one that might come closest to what we all
really mean. Such an interpretation has at its core the symp-
lectic formulation of mechanics, and is in terms of observables
and the Lie algebra they form. As we have seen, this formulation
of mechanics embraces almost all physics.

In any physical problem, be it classical or gquantum,
the fundamental elements are the observables, for these deter-
mine not only the states of the system, but all the other rele-
vant information as well. 1In the chapter on geometric gquan-
tization, it was shown how we could obtain a representation
of the classical Lie algebra of observables as skew hermitian
operators (the observables there) on the quantum phase space.
This suggests that if we can isolate the relevant subalgebra
of observables on the classical level, the corresponding quan-—
tum observables that are of importance will also be determined.

Of course, any real valued function on the phase
space is an observable, but not all of these are significant.
What is the subalgebra that is important in a physical problem?
We have seen that the energy observable, which is connected
intimately to the metric, is of paramount importance for
determining the parameterized paths of test particles in

general relativity. There are others, naturally, that are
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relevant to particular problems, such as the angular momentum,
or the spin, for instance. Just what the momentum is, is not
entirely clear, as no co-ordinate free prescription for it
exists as yet. Angular momentum too, should not need symme-—
tries for its definition, and perhaps not even for its conser-
Vation (see [8]).

Attempts at defining angular momentum in general rela-
tivity have been made (see [ 9], for example) and these
suggest that the holonomy group could be very useful. Each
member of the holonomy Lie algebra at m (and, more generally,

each member of the full Lorentz Lie algebra Lm at m; where

Lm = {A/A:Tm(M) > Tm(M) and gm(A(V) JA(W)) = gm(V,W) vv,weTm(M)}),
via the action of the holonomy group on Tm(M), generates a
vector field on Tm(M). (In exactly the same way that the
fundamental vector fields A on a principle fibre bundle are
generated.) These vector fields can be mapped, via the tan-
gent map of the exponential map in differential geometry, to
local vector fields on M. Now each vector field on M is an
observable in the following simple manner. VeT, (M) maps

T*(M) into R by V(p) = p(V), for pé:T*(M). Thus each Lorentz
Lie algebra element, and in particular each member of the holonomy
Lie algebra, is associated with a locally defined observable

on the phase space. (In fact the map: Lie Algebra element -
locally defined vector field, is a one to one homomorphism into

the Lie algebra of vector fields on M.) In the case when M



55

is Minkowskii space, the Lie algebra of vector fields on M
generated by all of these locally defined vector fields (for
all meM) is finite dimensional, and its group is the Poincaré
group. The observables generated are the usual angular and
linear momentum. It must be pointed out in this case that
the holonomy Lie algebra is trivial, and it is the Lorentz
Lie algebra that generates these observables. However, in
the generic case, the holonomy Lie algebra is the full Lorentz
Lie algebra and this example gives us‘confidence in the meaning
of the observables generated then. For more details,see [9].

This shows us that the metric structure, in particular
the holonomy group, may enable us to determine the relevant
observables. The metric structure that we needed was the
connection V (which was used to define the exponential map).
This of course determines the holonomy group and the metric to
within a constant conformal factor in the generic case. So we
arrive at the situation encountered before. If Mach's prin-
ciple is to state that the matter in the universe determines
the relevant Lie algebra of observables, then the formal version
of this is again: Any two spacetimes with the same matter tensor
T should have the same connection V.

To summarize, if we are to attach to Mach's principle,
in any of these versions, any significance at all, then the
uniqueness question in the solution of Einstein's equations

is a very real, physical one. It is not simply the abstract
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physically meaningless endeavour of mathematicians who like
to keep theories tidy. Physicists who believe in Mach's
principle should be just as concerned with the uniqueness

problem in general relativity.



PROBLEMS OF UNIQUENESS AND THE HOLONOMY GROUP

The question of the uniqueness of the solution to Ein-
stein's equations is a very difficult one and a vast amount of
literature is devoted to it. Here we consider the related,
and somewhat simpler question: what conditions on the curvature
of a connection guarantee that the connection is the only one
with the specified curvature?

In general, the answer is that there aren't any such
conditions. For instance, for any connection with connection
form w in any principal fibre bundle P (M.G) where the structure
group's Lie algebra has a non empty centre, if we choose an
arbitrary closed real valued l-form A on M, then the l-form
w' = w + (ﬂ*k)-I is a connection form, and it has the same
curvature as w for any I, a member of the centre. If we restrict
ourselves to torsion free connection in L (M), the above cons-
truction fails and the question is open again. However, when
dealing with the (smaller) class of torsion free metric connec-
tions, we can solve the problem. A paper by Ihrig [11] establi-
shes the following result: Suppose dim M > 4. Let R be the
Riemann tensor of a pseudometric. Suppose further that R is
broad and total at every point of M. Then this pseudometric is
the unique pseudometric (to within a constant conformal factor)
that has R as its curvature.

R is broad at m&M if for every vector XéTm(M) there are
vectors v, Z&T (M) so that {R(Y,2)X,Y,2} is a linearly indepen-
dent set. R is said to be total at meM if {Rm(x,Y).,{x,YeTm(M)},

57
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which is a set of endomorphisms of Tm(M), generates a vector
space V_ of endomorphisms of dimension n(n-1)/2. By the
holonomy theorem, we know that Vm is contained in the Lie alge-
bra of the holonomy group. The totality of R at m forces Vm to
be the Lie algebra of the holonomy group, which must then be the
whole group of the isometries of the metric I Then we
know the metric at m to within a constant, so that if R is total
at all points in M, g is determined to within a conformal fac-
tor. The condition of broadness forces this factor to be con-
stant. This result shows us that, at least in the case of torsion
free metric connections, 1if we force the holonomy group to be
as large as it possibly can be, as Ihrig's first condition on
the curvature did, then we obtain some information on unique-
ness. It is interesting to determine whether or not this method
is of any use in the problems considered before.

Consider again the question raised before when we stipu-
late that the holonomy group be as large as it can. In the
case of an arbitrary connected principal fibre bundle P(M,G),
a well known theorem [ 1] displays, if dim M > 2, a connection

in P with holonomy group equal to G the identity component

0’
of G. The constructed curvature does not have any analogous
properties to those in Ihrig's theorem, but it is interesting
nevertheless that, if we examine the construction, we see it is
possible to have two distinct connections, both whose holonomy

groups are G and both sharing the same curvature. Hence we

Ol
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obtain no information on uniqueness by this simple method.
However, in the case of torsion free connections in L(M), whe-
thér a similar failure occurs had not been considered, to the
author's knowledge. The above construction in L (M) does not
produce a torsion free connection there. To conclude this sec-
tion, we show that, indeed, in this more special case, the
same non-uniqueness occurs. To do this, we construct, for any
manifold M, with dim M > 3, a torsion free connection whose
holonomy group is GLO(n,IR)- (When the manifold is not IR orien-
table, the construction yields a holonomy group which is the
whole of GL(n, IR).) Then, by a glance at the construction,
one can see that the connection can be altered without changing
either the curvature or the holonomy group.

The construction is mainly technical. Choose any

mé& M and (U,xi) a local co-ordinate system around m, so
that lxil < 2n on U. (n =dim M here). Fix n real numbers

a,***0a_ so that
1 n

<o

|
N
NN

<eeo< <
1 OLn

and choose n C  functions 91°° "9, defined on (0,1) with

I

495 j
e, -7 % LTIk

Now consider the following sets:

U, = {xeu]|< x>

I 1. .
1 <2 ;x| < 5 if 3 # 3}
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and, for k # 1,

1 1 i 1 .
U = {x Ul |x=(k-2)]| < 53 x| < 5 for j # 1.}

F = {XG Ml% f X3

7 ] 1 .
1 <3 | %9 | <7 forj # 3}

and, for k # 1

\ 1 1 ' 1 .
Fk={xE.M| | x = (k-2) | 27 | % | 27 j # 1} .

Define n Ca>functions on U, £ ---.fn so that fi =1 on Fi’

1
f. = 0 outside U..
i i
Consider now the torsion free connections Pi defined

on Ui by their covariant derivatives Vi:

Vg X, =3 g (x' + (2-n)) X,

an n k
VnX_Xk = 0 otherwise
]
and, for j # n
i+1
V., X, =2 g, (x3 )X
ij 3j Kk k k
VinXh =0 otherwise
(B X, =
ere, X, = —7).
X
We calculate the Riemann curvature, RK’ associated with each FR:
RQ(Xi’Xj)Xh = [VQXi'VRXj]Xk , as

[Xl’Xj] = 0.



On U, L # n, RR(Xi’Xj)Xk is zero unless i =

Then,
. dgy
Ry (XprXg )%y = - 2 —37 %
k dx
For & = n,
dg
R (X, X)X = -2 —£ . X,
k dx
is the only non zero expression.
Define points P% e U, by
j: §_ * o e
Py (O,aj,2,0 0)
Pg = ((n=2)+0,,0,0,++0)

and, if 2 # 1 or n,

J -
P’ = ((2-2),0..0.a.,0+++0
g = ((4=2),0,,0 0y, )

where aj is in the (4+1)th place.

So, for & # n, at PJ,

Ry (XgeXgq1) Xy = X5,

and, in particular

) 0 for k # %.

Ro(XosXp ¥y =
If 2 = n, at Pj
’ n

R, (X /XX = X,

and, in particular

Rn(Xn,Xl)xk =0 for k # n .
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With these facts in mind, define a connection T on U by
n
r = % fir. (i.e. component-wise) .

As defined, T is torsion free, and the curvature R of T satis-

fies, by virtue of (1) and (2)

R(XQ,X2+1)X2 = xj
R(XR'X2+1)Xk =0 if k # 3
at pJ , % # n.
L
and
R(Xlxl)xl = X]
R(ngl)Xk =0 if k¥ # 3
at PJ .
n
Now consider the frame ue L(M) defined at x ¢ U by
u = (x,Xl-°'xn). It is not difficult to see that there is a

path in U, passing through all the points Pg, 1 <i, j <n,

along which u is parallel. By the holonomy theorem, we see that,
at Pz, the element Ez(E éE(n,]R) is generated (Eg is the only ma-
trix whose only non zero entry is a 1 at the intersection of the
ith row and the jth column.) This proves that the holonomy group
of I is GLO(h,ZB), and if M is not IR orientable, it is GL(n, IR).
Now extend the connection defined on L(U) to L(M), keeping it
torsion free. The reéulting connection will satisfy the require-

ments of our proposition, and we are done.
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APPENDIX

Let K be a ring. Here ﬁz(M,K) and H2(M,K) will
denote, respectively, the second Cech cohomology module and
the second singular cohomology module of M over K. Also,

Hg(M,IR) will denote the second de Rham cohomology module of

M over IR). The isomorphisms (in the case of paracompact M)

£ v
HE(M,I{) = H2(M,H2) g H2(M,IR) are well known. The inclusion
i: > R induces the homomorphisms i* : H2(M,Zﬁ > HZ(M:EQ) and
L * v2 v2
i, = H"(M,% ) » H (m,IR).

Definition: (1) [w](—‘;Hg(M,IR) is integral if f£([w]) lies

Lo * 2
in i (H"(M,% ).
There are several characterizations of this property.
We shall discuss three here. The first is the definition above.

the others are:

(2) [wIGLHg(M,IR) is integral if there is a
locally finite contractible open covering {Ui} of M, with
l-forms ai defined on Ui' smooth functions fij defined on

U in U. so that w = do,, oa,-¢¢. =df.. and £.. + £., - £. =
J U. 1 iy | 1]

i r ] jk ik

aijk is an integer when it is defined. (Note that the fij,aijk
depend only on [w]).

(3) [w]E:Hg(M,EQ) is integral if, for all 2-

cycles S, J w

S
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The implication 3 ==> 1 is a consequence of Rham's
theorem (the isomorphism £ above), 1 ==> 2 can be proven by
an argument along these lines: given Ke,[K]e;HZ(M,Z’), with

f([w]l) = [k], we know that K(S) = J we ? for S a 2-cycle.
S
We can then choose k'e [k] with k' (S) = k(8) for any 2-cycle

S, and also with k' (C)& Z for any 2-chain C. Choose a
contractible, locally finite open cover {Ui} of M, and choose
x;& U,. Let {hi} be a (smooth) partition of unity subordinate
. N
to {Ui}. Define 35k k ((xi,xj,xk)) whenever UintnUk # 0.
a,

Then define £, . h a, =% df,.h.. It can then be
ij . 13 3

= i ijkk’ i 3
checked that these functions and l-forms fulfill the conditions
in (2).

Fin ally, 2 ==> 3 follows by an application of Stokes
theorem.

We present these alternative descriptions here because

definition 3 is most often quoted in literature, but the

characterization 2 is essential in the proof of Weil's theorem.
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