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Abstract:

An expression for the semiclassical density of
states for a particle in a smooth potential well is ob-
tained from the Kirkwood expansion of the partition func-
tion. This expression for the semiclassical density of
states is then shown to be essentially equivalent to the
expression obtained from the Green's function method of
Balian and Bloch.

The Strutinsky shell correction to the nuclear
binding energy is then analytically shown to be equivalent
to the shell correction obtained from a consideration of
the semiclassical partition function if certain restric-

tions on the Strutinsky smoothing parameter can be met.
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CHAPTER I

INTRODUCTION

Although the nuclear binding displays a smooth de-
pendence on mass number and proton number that is well re-
produced by the liquid-drop mass formulae (von Weizsgcker,
1935, and Bethe, 1936) there is a small systematic struc-
ture superimposed on this smooth trend due to the grouping
of singlé-particle levels. These deviations are called
shell corrections to the liquid-drop model and greatly affect
the stability of heavy and superheavy nuclei.

The shell corrections are usually calculated by
means of the Strutinsky prescription (Strutinsky, 1967, 1968).
In this method one first considers the single-particle quan-
tum mechanical density of states. One then finds a smoothed
density of states by replacing each delta function in the
single particle quantum mechanical density of states by a
Gaussian multiplied by a curvature function. The shell cor-
rection is found by taking the difference between the energy
calculated from the single particle quantum mechanical den-
sity of staﬁes and the energy calculated from the smoothed
single particle density of states.

Other methods have been proposed for finding the
shell corrections. These methods include an extended W.K.B.

method (Balian et al. 1970, 1971), an extended Thomas—-Fermi



method (Tyapin, 1970, 1972, Gross, 1972) and the entropy
method (Ramamurthy). Another method, the partition func-
tion method (Bhaduri et al. 1971) is somewhat similar to
the Strutinsky method in that they both deal with the single-
particle density of states. In the partition function method
one finds the smoothed density of states from the corres-
ponding semiclassical single-particle partition function.

In chapter two of this thesis we find an expression
for the semiclassical single-particle partition function for
the case where we have an infinite potential that is a
smooth function of the position. The single-particle semi-
classical density of states is then calculated from this
partition function. This expression for the semiclassical
density of states is then shown to be vaiid for the case
of a finite well if the energy being considered is below
the top of the well. The equivalence between this semi-
classical density of states and the one obtained by Balian
et al. (1971) is demonstrated.

In chapter three we first describe the Strutinsky
method of finding shell corrections and then show analyti-
cally that the shell correction obtained by the partition
function approach is the same as the shell correction ob-
tained by the Strutinsky method. This was demonstrated
numerically by Bhaduri et al. (1971) for a few model cases
where the semiclassical partition function is analytically known;

chapter three is a general proof of this equivalence and



lends some insight into the Strutinsky smoothing procedure.



CHAPTER 1II

THE SEMICLASSICAL SINGLE-PARTICLE DENSITY OF STATES

2.1 The Semiclassical Single-particle Partition
Function.

The single-particle partition function, qu(B), is
-BE

given by, qu(B) = % e I where e, are the single particle
energy levels and B is the reciprocal of kT where k is the
Boltzmann constant and T the temperature. The sum runs over
all energy levels including degeneracies. The single-particle
partition function is thus just the Laplace transform of

single-particle density of states as can be seen by writing

the partition function as follows:

) —Bg
j e gqm(s)de ’

_ {7 -Be - .
qu(B) = ] e [Z 8(e-g )]lde =

n
0 0

This equation also defines the quantum mechanical density
of states, gqm(e).
Now we want an expression for the semiclassical
single particle partition function. It is convenient for this

purpose to express qu(B) in the following form (Grossman,

po 302) .

->

i >
- —p.r
Zm(8) = ” e D v(g)a’pddr , (2.1)

= |
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where E and ¥ are the momentum and the position respectively

and v(B) is given by the Bloch equation (Bloch, 1932):

EAY

i > >
\ - g Pr
subject to the boundary conditions lim v(B) = e and

g8-+0
V goes to zero in the limit as the absolute value of ¥

goes to infinity. In the above equation H denotes the
Hamiltonian operator for the system. The Hamiltonian must
have a discrete spectrum for this discussion to be valid.
If the potential is finite the spectrum will not be dis-
crete and thus this case must be discussed separately.

To see that eg. (2.1) is valid consider the solution

of the Bloch equation given by:

-B¢
v = I anfn(f) e n '

n
where fn(f)is the normalized eigenfunction, with eigenvalue
€nt of the corresponding time independent Schrgdinger equation:
> ->
an(r) = enfn(r) ’
The coefficients,an, defined by the condition at B=0, are
given by:
i > =

£ P 3

a = an(§')

Substituting this expression for a, into the expression for



v we cbtain:

-Be i E.?'
- ->
v = J(zfér)fn(r')e ny Gh a3e
n
i > >
. - F PeT
Now we multiply v by e r integrate with respect to
p and r and thereby obtain:
i > > i >, >
- = P.r = p.(r'-r) ~Be
”e B valpa’r = ”J'e'ﬁ (£ (HE (E) e 7
n

d3pd3rd3r' ’
The integrations can now be done by realizing that the p

integration gives a delta function and that the fn‘s are

normalized. The result is:

>

i -
”e_ B PF 4303 = nd : o "on _ n3z (g).
gm

Dividing by h3 we obtain eq.(2.1) and thus have shown that
it is valid. This proof of eqg. (2.1) shows clearly the role
of the condition at B=0. It also shows that the spatial
boundary conditions must be the same for both the Bloch
equation and the Schr8dinger equation.

A semiclassical approximaticn for 2 can now be
found by obtaining an approximate solution of the Bloch
equation valid for small AA. This was done by Kirkwood (1933)

for the case where the potential, ¢(r), is a smooth function


http:small..fi

of T. The following solution for v was obtained:

-

é‘-gr 2 2 2 3
vy & T BT g 8T gy L LB g2, | Boy(yy)2

4
+ 2@+ B Bon .y,

where m is the mass of a particle. When this expression is
substituted in eq. 2.1 the following result is obtained

(Rirkwood, 1933):

3/2
(g) =(2m)

=8¢ ‘h B 2, B
yA m(B) W Jd r e [1- Tom [v ¢"" (Vo) ]

AY
v
+o..uo|] .

The first term is just the classical partition function while

the next terms are semiclassical corrections.

2.2 The Classical Density of states

The semiclassical single particle density of states
can now be obtained by taking the Laplace inverse of the
semiclassical partition function. This will be done term
by term starting with the classical term.

The classical term is the first term in the semi-
classical expansion (Bhaduri et al. 1971) even when the

Kirkwood expansion is not valid. As such it holds



considerable interest and therefore we will work out what
the contribution from this term looks like in two specific
situations (where the Kirkwood expansion is not valid) as
well as its general form. A

To illustrate the way the density of states is ob-
tained for the second two terms we will obtain the classi-
cal density of states from the first term in Kirkwood expan-

sion, It is given by:

g, (€) =£-l[ (2mm) */2 f AR ] '
cl h3 83/2
where ﬁfl denotes the Laplace inverse. It should be noted
that the energy scale must be such that the minimum value
of ¢ is zero, If the potential goes to infinity as the
absolute value of r goes to infinity the Laplace inverse
can be taken inside the integral sign. The Laplace inverse

can now be taken and the following results obtained:

3/2

g g (e) = ﬁ%§i§—— fd3r Ve-4(F) ule=o(H), (2.2)

where u(e—¢(;)) is the Heaviside unit step function.
We will now consider two examples. The first is a

spherical well with sloping walls:

0 lr{<zr,

$(r) =
a(|Z|-r |z|>x

0’ 0 .



Substituting this expression for the potential into eq. (2.2)

and doing the integral we obtain:

2

/
(2m) 3/2 32 (2m)3/2 372 %
gcz(E)‘ 3 Ve g T 3 3 € a
37h h
L8 (m¥? 52 %0 16 (am3/2 72
i5 3 2 3 3
Th a ic5 1h a

The first term is the classical result for an infinite
spherical well., The rest of the terms are corrections
resulting from the sloping walls. The factor ro3 in the
first term shows that it is a volume term. The case of

the rest of the terms is not so clear. The powers of r,

in the next two terms cause them to look like surface and
curvature terms. The factor of 1/a, which has units of
length over energy, in the second term indicateé that this
term can be thought of as a volume term due to an effective
thickness of the surface. Similarly the third term can be -
thought of as a volume term. The final term is-just the
volume term that would arise if r, were zero. Thus in this
case the classical term can be thought of either as a volume
term or as a combination of volume, surface, curvature and’

constant texrm,

A similar situation exists for the case of a spherical



10

well with parabolic sides:

->

0 |z

¢(r) = .
% wzm({r|~r

| < Ty

2 |F] sk

0 0

The classical density of states in this case is given by:

(2m)3/2 372

3
SR A B “o
c 38 0 g3y 3wimow A
2
+ .
2w3"r’13

A similar ‘analysis to that given for the last example holds.

2.3 Semiclassical Corrections to the Classical Density of
States.,

The contribution to the density of states from the
second and third terms in the Kirkwood expansion will now
be calculated. The second term in semiclassical density of
states is:
3/2 p-1 L =BY
(2mm) L {sz a3y & 2,y (2.3)

g,(g) = = r = v
2 96w3mh B3/2

The Laplace inverse in this expression is difficult to do
because of the 82 factor in the numerator. We will first
consider the situation when the 82 factor is absent. Then

the Laplace inverse can be taken inside the integral and
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done explicitly, giving the following result:

_ 86 ' |
L l{:[d r -§7§~V {}— 2 Jd3r¢s—¢vvz¢ u(e=¢) - (2.4)

/T

To obtain the Laplace inverse of the expression given in
eq. (2.3) consider the second derivative with respect to ¢
of the expression on the right-hand side of eq. (2.4),
take the Laplace transform (Abramowitz et al. p.1020) of

it with respect to € and hence obtain:

2
L [../2: 2_..2. J a’r ve=g v24 u(e-d))]
m €

B
2 3
B J —~7—-V ¢ - 2 BJd r V ¢ YeE'=¢ ule'—9¢)
a +
e'=0

72-_- . Jd3r V2 /EF ule-9)
T

e=0 .
In all cases the second term in this expression will be zero
because u(e=~-¢) will equal zero unless ¢=e'=0. The first term
is just the expression we want the Laplace inverse of. There~
fore we solve for the first term, take the Laplace inverse

of both sides and substitute into eqg. (2.3) thereby obtaining:

1/2 2
gyle) = - L2 [ 25 % Ve 9% utemw)
24770 o€

+6(e)§9—rfdrmv¢u(e—¢)

e'=0 .
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The third term in the semiclassical density of

states is given by:

3/2 —-B¢

-1
1927 mh B

The Laplace inverse can be taken by the same method as the

Laplace inverse in the second term, and the following re-

sult obtained:

1/2 3
gyle) = ‘zmé [ 33 Jd3r (V$) 2 VE<F ule-9¢)
481N d9€ :

+ 6'(8)5%7 jd3r (V$) 2 VET=§ u(e'=d)
sf=0+
9% .3 2
+ 6(8)a = Jd r (Vo)< Ve'=¢ ule'=9)
€

The contribution to the density of states from the
second and third terms can be combined by the use of Green's
first identity. To do this we will apply Green's first
identity to the integral in eq. (2.3) and get the following

result (Landau et al., p.97):

3 _ _143. (V4) (Ve )
2

- 3. (V¢9) ~B¢
B372



13

This is valid when V2¢ is continuous and V¢e—8¢ goes to
zero faster than l/r2 as the absolute value of T goes to in-

finity. If we now take the Laplace inverse of both sides

we have the following result:
3 2
Jd r Ve=¢ V¢ ule—-9)

- 2 ja3r /=T (98) 2 ule-9) (2.6)

The second term in eq. (2.3) contains the right-hand side of
eq. (2:5) evaluated at e=0, but this must be zero because as
we have seen the left-hand side of eg. (2.6) evaluated at

e=0 is zero. The use of eq. (2.6) allows the sum of the first
three term in semiclassical density of states to be written

in any of the three following forms:

3/2 | 1/2 3
genl€) = ig%li__ Jd3r Ye=¢ ule-¢) + (2m£ % 9 5
s¢ 4th 2471 “h 3¢

2
Jd3r(V¢)2¢e—¢ u(e=¢)- 3—5 Jd3r V2¢ Ye=¢d u(e=9¢)
. ,

Qo

2

+ a(e)<% 25 [P o 0 ? utemn-
3¢’ 3¢’
J 3 ’ 2 \ )‘
d’r VYeT=¢ V5 u(e'-9)

s'=0+

3/2 1/2 2
- 12 a3 /e utemp) - L2 [32 fa3r V2o /g
' 9

an 3 487 %R e
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ule-¢) + &(e) 5—’-’—- Jd r V%% VET=% ule'~¢)

e'=Q

1/2

3/2
= —-L%n_.)_____ jd r ‘/e_d) u(e ¢)__ (2 )

%53 48T h

[ 3 [d3r(v¢)2¢€—¢
4T%R e

2
u(e=¢) + §(e)

. Ja%cvq;)-’-/zr':a a(e'=b)

oe!

2.4 The Case of a Finite Potential

We now have the first few terms in the semiclassical
expansion of the density of states for a particle in a smooth
infinite well. Next we will extend the results to the case
of a finite well. 1In this case the integrals in the express-—
ion for the partition function do not converge. To avoid
this difficulty we replace the finite potential, ¢, with the
infinite potential ¢a = ¢ = (1-e%F). If we are dealing with
energies below the top of the well the Heaviside unit step
functions limits the r integration to a finite region of
space. If a is small enough ¢a and ¢ will be approxi-
mately equal in this region.

Consider for example the first integral in the first

part eq. (2.7). Upon substitution of ¢a for ¢ in the original
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Hamiltonian, this integral becomes:

JdBr V€—¢a u(€—¢a)k= Jd3r /%—¢+(l—ear)u(s—¢+(l-ear)).

If € is an energy below the top of the well we can take
limit of this expression as a goes to zero and obtain the
original expression. If e is above the top of the well,
¢, the integral diverges as a goes to zero. A similar
analysis holds for the other terms. Thus we have unam=-
biguously defined a semiclassical density of states for
energies below the top of the well. This is of some in-
terest in obtaining a smoothed density of states for shell
corrections to nuclear binding energy as other methods of
finding the smoothed density of states run into diffi-
culties (Ross et al, 1972). The semiclassical result how-
ever is difficult to use if there is a spin orbit inter-

action.

2.5 Comparison of Results of Kirkwood Expansion and W.K.B
Approximation.

The Kirkwood expansion used to obtain the semi-
classical partition function is similar (Kirkwood, 1933)
to the W.K.B. solution of the Schrddinger eguation. Tt
will now be shown that the density of states obtained here

is the same as that obtained by the extended W.K.B. solution
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of Balian et al. (1970, 1971). We now consider part one

of eq. (2.7) and take only the smooth part (i.e. we neglect
the terms containing delta functions). Instead of having

the Heaviside unit step functions limit the range of integra-
tion we can take the real part of the square root before

integrating. The result is:

3/2 1/2 2
Jge (€)= 12%l§—— Jd3r Re (Ve=¢) + (2m; - 32
41 ™h 2417h 1>

3 -

jd3r Re (VE=3) v2¢+%- -9-3— Jd3r Re (Ye=9) (V) 2| ,
de

where Re denotes the real part of the quantity in brackets.
Next we replace ¢ inside the square roots by e+iy where vy

is a real number and take the limit as y goes to zero. The
limit can be takén outside integral and done after the deri-
vative because both the limit and the integral are uniformly

convergent. The following result is obtained:

g..(e) = lim i%‘—’-j-—- Jd3r Re (Ve+iy-¢) + __..__._(2‘“)2

s¢ Yy>0 \41"h 241 "h
32 [,3 2. . 1 3° .3 )
€ €

Re(/e+iy—¢)] .
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For non-zero y the derivatives can be taken inside the
integrals and done explicitly. Replacing e+iy by =z and

combining the second two integrals we have:

3/2
gsc(e) = 1ig izgi§—~ Jd3r Re(vVz=¢)
Y+ u
1/2 2 2 7
(2m) J 3 4 V% 3(V9)
+ =2l 1d°r Re + e .
3sar’n [(z-¢)3;2 (z—¢)5/2]

This result is now the same as that obtained Balian et al.
(1971). The two methods are thus equivalent at least to

this order.



CHAPTER III
STRUTINSKY SMOOTHING AND THE PARTITION

FUNCTION APPROACH
3.1 The Strutinsky Method.

In this section the Strutinsky and Partition func-
tion methods of obtaining the shell correction are described.
The Strutinsky smoothed single-particle density of states,
denoted by g(e), is obtained from a density of states, g(e),

by Gaussian smoothing modulated with a curvature function:

de'g(e') S Ll/z[(€—€')2/Y2] .
0 vV n

- o -(e-s‘)Z/Y2
g(e) = f

(3.1)
In this expression g(eg) can be either the single-particle
density of states, denoted gqm(e), or the single-particle
semiclassical density of states, gsc(e). It should be noted
that in this chapter gsc(e) and the corresponding partition
function, ZSC(B), are considered to have more terms than
those discussed in chapter 2. The exact number of terms

1/2

will be discussed later. The L is an associated Laguerre
polynomial (Abramowitz et al. p.775); Y is the smoothing para-
meter., The Strutinsky smoothed gquantum mechanical density

of states is denoted by §qm(s), and the Strutinsky smoothed

semiclassical density of states is denoted by Esc(e).

18
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If the lower limit in the integral in eq. (3.1)
is replaced by =« and gf{(e') is a polynomial of order less
than or equal to 2n+l then g(e') will equal g(e') (Strutinsky
1967, 1968 and Tsang 1969). This is called the self-consis-
tancy condition for the Strutinsky method.

Two energies E and E are now defined by the follow-
ing equations:

u - ¥ :

E = f eg(e)de E = J eg(e)de . (3.2)

0 - 00
The lower limit in the second integfal must be minus infinity
because g(e)is non-zero for negative e. Energies calculated
from e) and g €) will be denoted E and E respectivel
gqm( ) gqm( ) qm qm p Y

while those calculated from gsc(s) and §sc(e) will be denoted
E and Esc' The chemical potentials p and § are defined by

sC

the two fcllowing equations:

u U
N = J g(e)de , N = J g(e)de , (3.3)
o) ,

=00

where N is the number of particles.

In the Strutinsky method the shell correction is
found by subtracting Eqm from Eqm‘ This difference must be
independent of Yy over a considerable range of y if the
Strutinsky method is to be valid. In the partition function
method the shell correction found by subtracting Egc from Eqm'

The name "partition function method" comes from the fact gsc(e),
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which is used to calculate Esc' can be found by taking the
Laplace inverse of the semiclassical expansion of the parti-
tion function.

To show that the two methods are equivalent we must
show that Esc equals Eqm' This is done in two steps. In
section 3.2 we show that g(e) and §sc(e) are equal if vy is
large enough and hence Eqm equals Esc' The proof is then com-
pleted in section 3.3 where it is shown that Esc and E_  are

equal if y is not too large.

3.2 Smoothing and the Partition Function.

In this section we show that Esc and Eqm are equal
by a consideration involving the gquantum mechanical and
semiclassical partition functions. We start by taking the

two-sided Laplace transform of g(e) (see appendix), obtaining:

Lige)] Je—se g(e)de
2

z(s)f Py e M2%ay (3.4)
) i

-0

where B is the transform variable and Z(B)is the Laplace
transform of g(g), thus it is Jjust the partition function
corresponding to g(e). The partition function corresponding

to gqm(e) will be denoted qu(B). 4
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The integral in eq. (3.4) is done in the appendix and

the following expression obtained:
_ 2.2
LIGe)] = z(pef Y/4 5 ()

Here pn(By) is the polynomial of order 2n in the variable RBy.

We now consider the identity:
-1 - -
L “ILig(e)1l =g (e) .

The inverse Laplace transform can be written as (Van der Pol

et al. p.1l6):

Lz =

[c+ioo

Be
21Ti . Z(B)e dB 14
C=]1>

where ¢ is a constant chosen such that the line of in-
tegration lies in the strip of convergence of the Laplace
transform. In this case c¢ can be any positive number.

Writing out the above identity explicitly we have:

ctice 2,2 .
J z(g) & Y /4 p_(sy)eftas.

3(=L7H L1G () 11=557

c—jiw
(3.5)

In eq. (3.5) we make the substitution B = c+ix and obtain:

2.2
- cY/b4ce ™ _2.2 . 2 .
3 (e) = e2Tr J 7 (c+ix)e x“y“/4 o 1xCyY /2 olxe

-0

x  pylletix)y] dx. | . (3.6)
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2.2,
xTy"/4 the only signi-

Due to the presence of the factor e
ficant contribution to the integral comes from x near zero.
(Gross, 1972). Also since the positive parameter ¢ can
be chosen as small as we like as long as it is not zero, we
see that the integral depends only on Z(B) near B=0.

We now consider an expansion of the quantum mechani-
cal partition function valid for small B. One such expansion

that has been used (Bhaduri et al. 1971) is the semiclassical

expansion given by:
_ 2
Z o (B) = Z_(B) (1#h ¥, (B) + %%, (B) + ...), (3.7)

where ZC(B) is the classical partition function and the YX's
are defined in terms of the one body potential. Other ex-
pansions valid for small B, such as a Laurent expansion, could
also be used, but we will use the semiclassical expansion in
this thesis for the sake of definiteness. If y is large
enough, the integral in eq. (3.6) has almost the same value
whether qu(B) or ZSC(B)is used in it. If qu(B) is used the
smooth density of states obtained is Eque) while Esc(e) is
obtained if Zsc(B) is used. Thus it follows that aqm(e)

and asc(e) are approximately equal, and hence the energy,

E calculated from aqm(e) is the same as the energy, E_ _,

qm’ sc
calculated from ESC(E). From eqg. (3.7) we see that ZSC(B)

and hence Esc(e) consists of an infinite number of terms.

Only those terms that do not make a significant contribution
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to the energy calculated from gsc(e) can be neglected.
For example, the first three terms must be kept for a harmonic
oscillator although the third term is a derivative of a delta
function. .

It should be noted that we have not implied that the
two partition functions are approximately equal for all 8, in
fact they differ considerably for large B.

The equivalence of Eqm and Es was checked numeric-

c
ally for the case of an axial symmetric deformed harmonic

oscillator well. The solid line in fig. 1 shows Eqm_Esc
as a function of y for three different particle numbers.

The lower bound on Yy in case is seen to be about lhw.

3.3 Strutinsky Smoothed Semiclassical Density of States.

In this section we will show that the energies
ﬁsc‘and ESc are the same. This is done in two steps; first
it is shown that the chemical potentials are the same in
both cases and then this fact is used to show that the
energies are the same,

From eq. (3.3) we see that the condition for the

chemical potentials to be equal is:

H H
Io gsc(e)de - J_mgsc(e)de =0 . (3.8)
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The second integral in this expression will now be consider-

ed. Let us denote it by IN' Substituting for asc(s) in IN

from eq:. (3.1) we obtain:

. H .oo ...(g__ E')‘Z/Yz .
Iy = I_m de J gsc(e')e Li/z[(e—a')z/yzlds'
0 yvm
We now change the order of integration and substitute y=(e-e')/y

to obtain:

(u=e') /v -y2

~ T

o

Iv = J de! gsc(e‘) J Li/z(yz)dy .

o

The €' integration is now done by parts and the following

result obtained:

2 )
e’ u=elyye™ 172 2
I = J g (e")de" y L (y7)dy
N o sC —oo /TT—_ n
o
" e R Ay 2,2
+ J dﬁ'Ude"gsc(s") L7 [u=e") "/y7]
o o) ‘Y\/-T?—

The first term is zero at the lower limit because the range of
integration of the first integral goes to zero when &' = 0.
The situation at the upper limit is not so clear. As e' goes
to infinity the second integral goes to zero but the first in-
tegral tends to diverge., Fortunately the second integral goes
to zero fast enough to make the term equal to zero in most

cases of interest.
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The second term is more interesting as it makes a
finite contribution to IN. Due to the Gaussian the only
significant contribution to integral comes from €' near yu,
th? size of the region determined by y and gsc(e"). If
JE gsc(s")de" can bévapproximated by a polynomial in this
rggion then it can be replaced by that polynomial everywhere
without affecting the value of the integral. Similarly the
lower limit can be replaced by -~ and the polynomial approxi-
mation extended to regions of negative €', If y is small
enough for the polynomial used in the approximation to be of
order 2n + 1 or less then the self-consistency condition for
Strutinsky smoothing gives us:

u
I, % J g (e')de’, (3.9)
0

thus proving eq. (3.8).
Now we consider the energies E__ and Esc defined by
eq. (3.2). As u and U are equal the condition for E . and Esc

to be equal is:

u oo
€ (e)de - J eg_  (e)de = 0 (3.10)
Io Isc —eo sc
As with eq. (3.8) we substitute for §sc(e) from eq. (3.1),
change the order of integration and make the substitution

y = (e=-e')/y to obtain the following form for eq. (3.9):
(u=e') /Yy —y?

) &1/ 2ty ay=o

[+2]

Y
J egsc(s)de - Jo
(o] -—C0
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This difference will now be denoted IE. Both the £ and the
e' integrations are now done by parts and the following re-

sults obtained:

ulce
IE = H gsc(e')de' - J [J gsc(e')ds{]da

pCO 8' R . ' 2 2
. U gsc(E'”dE'] A e 2R 12 e 20200
YVm n

+

of re! (u~e") /vy o2
J j g (e")de” j L 7Y LIll/z(yz)dy de!
0 - /T

0

Since the third term is just y times I eq. 3.9 shows that it

N

is approximately equal to the first term. The fourth term is
£ 1
q L} " n : :
IN with gsc(e ) replaced by J gsc(e yde" and thus it is seen

'
to be approximately equal to zhe second term if Js_gsc(e")dg"

can be approximated by a polynomial of order 1essothan 2n+l for
€' near u. Thus IE is approximately equal to zero and Es
and ESc are approximately equal. This was checked numerically

C

for the case of an axially symmetric deformed harmonic oscil-
lator and a plot of Esc—Esc against y for three different -
particle numbers is shown by the dashed line in fig. 1. The
upper limit on y is seen to‘be less than 3fiw and to increase

with particle number.

3.4 Conclusions.

It has now been shown that if certain restrictions

on y and gsc(e) are met, E v E and Esc ~ E__.. It follows

gqm sc sc
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immediately that Eqm and Esc are approximately equal, and
hence the Strutinsky procedure yields the same shell corrections
as the partition function approach.

There are two restrictions placed on y. The first is
a lower bound associated with part one of the proof. The
second is an upper bound associated with the second part of
the proof. If these two restrictions are met, the Strutinsky

shell correction will be independent of y and equal to the

shell corrections obtained by the partition function approach.
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Figure Caption

Fig. 1 A plot of AE, representing Eqm - Esc (solid line) and

E - E (dotted line), as a function of y for
sc sc

4,20 and 100 particles in an axially symmetric
harmonic oscillator well with a deformation para-

meter of 0.4, Both AE and y are expressed in units

of hw. The range of y for which E__ and E . are

equal can be seen by comparing the solid and dotted

lines.
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APPENDIX

Here we consider the Laplace transform of:

2, 2
- - ~(e-eM) /YT 15 2,2
gle) = J de'g(e’) = 1/ [(e-€") /Y
—C0 Yﬂ; n ( ’ ]

Taking the Laplace transform of both sides we have:

(o]

Llg(e)] = [ e7PE F(erae = J e Be dEI de'g(e')

0

2, 2 .
x e (e YL 2 eey 2y

where the two-sided Laplace transform is used because g(e)
is not zero for & less than zero. By changing the order of
integration and making the change of variable € = ' + vy

we obtain:

2
- ® N e - 1y 7Y
Li3(e)] = j 9(8')d€'J eBlryree 2 (1/2(,2) gy
‘0 -c0 Ve
= J gle') e P€ de'f e~BYY & T Li/z(yz)dy .
- ﬂ

(o] - 0O

The second integration is independent of e€'. The first integral
is just the one-side Laplace transform of g(e'), that is the

partition function Z(B8). Thus we have:

, ® -y
Li3(e)] = Z(B)J B e 112y 2)ay

- QO ™
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Now we consider the vy integral:

_[® -Byy e ¥ _1/2, 2
I = e e 1 av .

By using identities (Abramowitz et al. p.785)

associated Laguerre polynomial we obtain:

n
r 172k = 1l

m ’
m=0

n
and: Ln_}/z(xz) = =1)

These two equations can be combined to give:

o 1/2,.2, _ o (="
a0 U Tl gt

Substituting this in eq. (A.l) we obtain:

2
(-1)°" J By e7¥

H, (y)dy .
n=0 m!22m 2m

™

~.

The_integral is the two-~sided Laplace transform of
=Y

e

———am———

" HZm(y), given by Van der Pol et al. (p.83) to be
- [

: 2,2, _—

(YB)Zm oY B /4. We now obtain:

n

I = 7
Y  m=0 m!2

2 2;
v /4

m 2 2 |
e R VA

T Pn(YB)

wherexpn(ys) is a polynomial of order 2n in YB.

involving the
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