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Preface

It has become clear in the past five or six years that the categories
of algebras arising from triples are a natural generalization of the
equational classes of Birkhoff~type universal algebra. From their discovery
_ about ten years ago (by Godement), triples have been studied mainly with
a view to their homological apﬁlications; In fact, as far as I know, thé
only péper to appear up to this time which concerns itself with the detailed
universal algébra of triple algebras is the doctoral dissertation of
E. Manes.

This thesis is an attempt to give a reasonably complete intro-
duction to the study of triple algebras, together with an analysis of
algebras which arise from triples in the category of sets. The material
in Chapters 0, 1, 2 represents a collection of results from various papers
appearing in the literature. The material in §3.1 and §3.2 can be found
in a more general setting in Manes' dissertation, but the approach used
here (through congruences as in classical universal algebra) is, as far
as I know, original. The tripleableness theorem in §3.2 has been around
for some time but the only proofs appearing in the literature are somewhat
incomplete, and are readable only for avid category-theorists. Therefore
I have included a complete, felatively clear proof most of which was
learned from J. Beck, and the rest_of which follows from the material on
congruences in §3.1. Finally a short appendix has been included to give
an idea of the notion of rank of a triple and its importance with respect
to classical universal algebra. For reasons of space and time it was not

ii



feasible to make a detailed study of this within the text of the thesis.
Finally I should like to emphasize that in Chapter 3, the techniques

of classical universal algebra are employed wherever possible. In certain

places (for example in the construction of colimits) more elegant purely

category theoretical arguﬁents are ignored, but as pointed out above, this

paper is meant to be in the spirit of universal algebra rather than pure

category theory.
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Chapter 0 BASIC THEORY OF ADJOINT FUNCTORS

§0.1  Preliminary Comments

0.1.1 The reader is expected to have a grasp of the calculus of func#ors
and natural transformations ("'Godements cinq ragles", etc.). Beyond this °
only elementary category theory is required,bfor example the basic theory
of types of morphisms, limits and colimits. In particular none of the
theory of additive categories will be needed. The above knowledge is in
probably its most accessible form in Mitchell [10], and we will refér the

reader to this book for any unexplained concepts.

0.1.2 We will now lay down some notational conventions with the inevit—
able warning that such rules are made to be broken.
(1) Upper case script letters for categories: A ,53 ,j( etc.
(2) The letters K, L, X, Y, Z for objects of categories.
(3) Lower case Roman letters for morphisms: f, g, h etc.
(4) Upper case Roman letters for functors (except for XK, L, X,
Y, Z): F,. G, T etc.

(5) Lower case Greek letters for natural transformations: n, u

F

etc. If we have }l——-——gKS functors, then by saying F—gnéG
G

is a natural transformation, we mean ¢ is a family of maps

$X
(¢X)XejL y, FX——>GX satisfying the usual requirement,

(6) For the value of the functor F at the object X (resp. morphism
f) we write FX (resp. Ff) rather than F(X). Similarly we
indicate composition of arrows by concatenation except where

this is confusing, in which case we use the composition



“eircle" e.g. we write fh but ¢Tou rather than 9Tu.
£
(7) The set of all morphisms X——>Y in A is denoted A(X,Y).

(8) We use the symbols W and M for product and coproduct,

respectively.

§0.2 Adjoint Functors

0.2.1 The notion of an adjoint situation is fundamental to the study of
triples. Indeed the latter may be'regarded as the investigation of the
algebraic content of adjoint pairs. For this reason we will give a cursory
review of the relevant concepts.

U
Given a pair of functors Ae——=2¥ we say that F is left adjoint to U

F
(U is right adjoint to F) iff there is a natural equivalence

(F-,~)—__5(-,U-). We note that the two functors involved here
have domain ¥ xA and range S (category of sets) and that they are contra-

variant in the first variable and covariant in the second. We write
X : F~4U (R,B) to describe this situation (following Eilenberg-Moore

(3.
An entirely equivalent formulation of adjointness arises from considering

(in the above situation) pairs‘of natural transformation (n,e) where

)

Such pairs are in one-one correspondence with natural equivalences

1dTlpUF and FU-—&—pid, , satisfying e¢F o Fn = idp, Ue o U = idy.

described above. Specifically, given ® define (n,e) by nX = BL(X,FX)(idFX)

-
and eL = w(UL,L) (idUL). On the other hand, given (n,e) define
¥ (¥%,L)

(FX,L) - (X,UL) by w(X,F) (f) = Uf o nX. One then checks that

~
the inverse to ®(X,L) is given by (X,L) (g) = eL. o Fg, It is then



an easy exercise in the calculus of natural transformations to check that
the above passages effect a bijection of the proper type. We write

(F, U, n, ¢,R,B) or FHU (n,¢) when making reference to an adjoint-
ness given in this second way. N and € are called the front and back
adjunctions, respectively, of the adjointness. We observe that this
second formulation lends itself more readily to computations than the
first, and our subsequent considerations will generally take this line

of approach.

0.2.2 The notion of conjugaf:e transformations will also be needed.
Given adjoint situations w®w: F--U | (A,B) and x': F'—tU' (R,B)
and natural transformations F'——fwyF, U=ty U we say ¢ is conjugate

to y, written ¢ -4 ¢, if the following diagram commutes:

(Feym) —B S (—,U-)
(¢9") . ("‘,‘]})
(Floy) o 5 (=,U'-)

This means, of course that for any X 6“6_3 and LeA and for any FX--f—-aL

in A, YL o (X,L)(f) = »'(X,L)(f o ¢X)

If we have w2~ (n,e) and ' ~ (n',e') it is straightforward to verify that
¢y ¥ iff the following two diagrams commute:

'n B
iq =3 UF F'U——tU__ yU

o !

U'F 'y U'F . F'U——————— id
U'¢ , E'



Every transformation F'el 3 F or U—L3U' has a unique conjugate,

Given ¢, put ¢ = ULUyyrpryUlel, yrppUleyy

given ¥, put ¢ = F'EN prup. EVF prytp-£ Eyp,
For example, suppose we are given ¢ and wish to construct Y, For such a
¢ we must have ¥ = U'e' o n'U'o ¢y = UW'e' o U'F'y o n'U = ti'e o WU o n'U
: (since ¢~ty). This shows uniqueness of ¥, given ¢. Next we show ¢— Y
with ¢ given by the above formula. YF o n = U'eF o U'¢UF on'UFon-=
U'eF 0o U'4UF 0o U'F'non"' =U'eF o U'Fn o U'¢ o n = U'¢ o n. Further-
more, €' o F'y = €' o F'U'e 0o F'U'¢U 0 F'n'U = €0 €'FU o F'U¢U 0 F'n'U =
€ 0 ¢U o €'F'U o F'n'U = € o ¢U. The proof that ¢ exists and is uniqﬁely

determined by ¢y is entirely analogous.

The reader can easily check that the above correspondences are functorial.

*
That is, if FY ¢ F'e® 4F and b= Py 0"t P’ then ¢¢'—AyY'Y. Moreover

the formulas for computing conjugates show idF ~4 idy. From this it
follows that for ¢-4y, ¢ is an equivalence iff ¢ is an equivalence, For
example if ¢ is given and has inverse wﬂ then the conjugate of ¢ is
¢ = ¢'Fo F'YF o F'n and the conjugate of ' is ¢ = eF' o F y~ F' o Fn'.

. ' . * . - -} -
Since functorial correspondences preserve isomorphisms we must have ¢ = ¢ .

0.2.3 Another fact about adjoint situations is the fundamental existence
theorem of P. Freyd. This theorem (usually called the "Adjoint Functor
Theorem'") gives a partial answer to the question of when a given functor
has a left adjoint. We recall a basic property of adjoint functors if

F -4 U then F preserves all existing colimits and U preserves all existing

limits.



Definition: Let ﬁ,—-y-»?( be a functor. Then a set of objects

(Ai)j ¢ 7 of is said to be a solution set for K e relative to U if for
each A €A and map K-——f—)UA there is an index iy € I and maps K-—j—-yUAiO

and Ai-——i—)A with £ = Ua o j.
0

Theorem (P. Freyd): Let A_—-—q-y}( be a functor with A complete
and locally small. Then U has a left adjoint iff it preserves limits and
every object of K has a solution set relative to U.

Proof: See Mitchell [10], pages 124-126,

0.2.4 Finally we say a subcategory 3 &« ¥ is a reflective subcategory
iff the inclusion functor 'y\'--—-‘l—y’i( has a left adjoint R, say R—J
(¢,e). In this situation e is pointwise epi and =K' is a full sub-
category iff ¢ is natural equivalence. (In a general adjoint situation
F—~U (n,e) U is faithful i.ff e is pointwise epi and ¥ is full and faith-

ful iff ¢ is an equivalence).

Equivalently (modulo a suitably powerful axiom of choice) 24' is a reflect-
ive subcategory of K iff for each X €K we have an object RX € K' and a

" . " SX f . rest
reflection” map X *~—»RX such that for any X ——>Y with Y e K,

¥
there is a unique RX=————3Y in 7K' with f = ¥o gX.

if a diagram in ' has
a colimit in XX, then following this colimit by its reflection in <K'

gives the colimit of the diagram in XK',



Chapter I TRIPLES

§1.1 Triples and their Algebras

o
1.1.1 A triple in a category K is a 3-list T = (T,n,u) where K=——3 K

is a functor and n,u are natural transformations id N »T, TT LI
satisfying uoTn=ponT = idT and poTp = uouT. That is, the following

m
diagrams compute:

nT uT
T —':[‘—:F TT TT T sy T'T
l u Tu 1 lu
H
T ' I R

n,u are called the unit and multiplication respectively of the triple T
and the above axioms are referred to as the unitary and associative axioms.

Cotriples are defined dually.

The history of and motivation for the notion of triplé can be found in

Beck [1], or in the introduction of {11].

1.1.2 Of principal interest to us is the category 'KT of algebras arising
from a triple T inX. The objects of K¥ are pairs (X,9) where X ¢K
and 9: TX————pX is a map in K satisfying the following unitary and assoc-
iative laws:
X | | X
X—tby TX T X 3TX



9 is called the operation of the algebra (X,9 ).

For objects (X,9) and (Y,&) in %Y the hom set ?fr (X,9), (Y,&)) consists
of all maps f € K (X,Y) satisfying the following homomorphism rule:

TE
TX =y TY

31 l £ commutes.
f
- Ky Y
g c . T
In general, when considering such a map f as a morphism in X~ (a
"T-homomorphism'") we will write it as [f] for emphasis. It is easy to
verify that the composition law [gl[f] = [gf] makes ﬁ<T into a category,
which we call the category of T-algebras. The following proposition

more or less justifies the terminology "algebra'.

1.1.3 Proposition: In the above described situation the following
facts obtain:
(1) For each X ¢ X, (TX,uX) is a T-algebra. Furthermore this
assignment together with X———ﬁ—-»Y nmv}(TX,UX)—~£E£1-§(TY,uY)
defines a functor P ’3(.——-—9‘3(T~
(2) TFor each XeX , ﬁ?X is the T-algebra freely generated by
X in the following sense: )
(a) if we have a monomorphism (Y,g)-—lfl_g(TX,uX) and a

factorization -——E——Q-TX then f (and hence [f]) is an

Y

t
g ) n

|

X X .
isomorphism. That is, if we think of X-2~—+TX as the embedding

of generators then this fact may be interpreted as "X generates

Fox",
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, £
(b) For any T-algebra (Y,f) and any map X———>Y there

is a unique T-homomorphism (TX,pX)—Lfl—y(Y,g) with ;nX = f,

This is the familiar extension property of free algebras in the

classical universal algebra sense. T

(3) We have a built-in functor 4(?-—-:L-91( defined by

UT(X,S ) = X and UT[f] = f, Moreover FT--i UT via (nT,ET) where‘

nT = 1 and eT(X,Q) = [9]: (TX,uX)=——=>(X,9). |
Proof: (1) That (TX,uX) is a T-algebra is expressed by the original triéle
axioms. That Tf is a homomorphism is simply the naturality of u. That FT
is functorial is a consequence of the functorialness of T.

(2) (2) We will show f is split epi. In the presence of the fact
that f is mono, this ensures f is an isomorphism. By consulting the axiom
which is required for a map to be a homombrphism, one can immediately see
-UT reflects isomorphisms, so [f] will be an isomorphism. In our situation f
has a right inverse, namely £ o Tg, for f 0o £ 0 Tg = uX o Tf o Tg = uX o TnX =
idpy.

(b) We claim % = £ o Tf 1is the unique extension. E is a homo-
morphism since fo X = & o Tf o uX = £ o uY o TTf = £ 0o T o TTf = Eo TE.

~

Also f o nX =teTf on¥=E&Eo0onYof=~¢Ff, f is the only possible extension

[g]
since given (TX,uX)————3p(Y,£) with g o nX

ft

f, we must have g = g o pX o TnX =

~

EoTg o TnX = £ o Tf = £,

(3) That 9 is a T-homomorphism from (TX,uX) to (X,8 ) is a consequence

of the associative law for algebra structures. For each X € ¥ , (eTFT o FT X =
, : T
eT(TX,pX) o [TnX] = [uX] o [TnX] = [idTX] = id _ For each (X,9) e ?&T,
- : F*X
(UTE:T o nTUT) (X,8) = Do nX = id_ = id . This verifies the adjoint-

X v (x,9)
ness assertion.

§1.2 Triples as Invariants of Adjointness

1.2.1 Consider an adjointness (¥,U,n,e,A,K). Then this adjoint-



ness generates a triple in X, namely T = (T,n,p) where T = UF, n is
the front adjunction of the adjointness, and y = U ¢ F, That this is in-
deed a triple is a consequence of the two properties of the front and back

adjunction as given in 0.2.1.

In the above situation we have a canonica} functor jl—jl—+7?- given by

= (UX,UeX), of = [Uf]. UeX is a T—opefation since UeX o nUX =
(Ueoe nUDX = idUX and UeX o T(UeX) = UeX o UFUeX = U(e o FUe)X = U(e o eFU)X
= UeX o UeFUX = UeX o pUX. Furthermore if X-——E——+Y in A then
(UX,UsX)~—~lE£l~—>(UY,UEY) since Uf o UeX = U(fvd eX) = U(eY o FUf) =
UeY o UFUf = UeY o TUf.

It is also clear that we have » o F = fT and d? o ¢ = U,

ﬁ-———-—-—»’x

X7/

Since we will find categories ¥ particularly appealing objects, it is
natural to inquire about the properties of the functor ¢ above. Before

we can do this conveniently we require some additional machinery.

1.2.2 Definitions: TFor a éategoryd(wuzdefine a new category AD(K)
as follows: The objects of AD(X) will be adjoint situations (F, Us,v »
€, A,K). The morphisms between two such will be the functors C

commuting with the right adjoints in the following way:

A—L A"

AN

o
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It is clear that functorial composition makes AD(¥) into a (large)
category.
We also define a category Trip ('K) where objects are triples in K.
¢
For¥. = (T ,n , ¥ ) and®¥ = (T ,N ,M ) a morphism T ———3T
Y Uy p = Tty P 1 2

will be a natural transformation Tf———i——;Tz satisfying the following

laws:

unitary law: T£—-9~——+ T

commutes, where

1 =T T =¢T oT
$¢ 2¢ °o ¢ ) ¢ ) o 1¢

Composing two such as natural transformations again gives a triple map

(quite trivial with the observation that for T1 ¢ ;T2 L4 ;Ts, one has

(W o &)W o‘¢) = Yy o ¢¢). This is, indeed, the composition we use for

Trip (K).

1.2.3 We have seen (1.2.1) how objects of AD(K) give rise to objects
of Trip (3(). We will now extend this to a contravariant functor
AD(S{)—wmg—-gTrip (3(5, the "structure" functor of functorial semantics
(Lawvere [5],‘Linton [61, [71).

We accomplish this in the following wayi Suppose we have (Fi,Ui,ni,ei,
Jli,ﬁ() i = 1,2 objects of AD(K). We will refer to them by their right

C
adjoints Ui' Now suppose we have an AD(X) morphism UI——--—aUz. Say

K
Ui generatesﬂri = (Ti,ni,ui). Define a system of maps U2F2K——;£-——)UIF1K,
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for each Ke , byyK = U ¢ CF K o U,F,n;K (we have
: ‘ 22 1 272
UFnK UeCFK
UVFK..22! (UFUFK=UFUCFK)_._22 15UFK)
2 2 2211 222 1 11

Proposition: The system of maps (-XK) defined above constitutes
a triple map't;—:[——+fl. If we put R(C) =Y then R becomes a contra-
variant functor.
Proof: (a) Naturality of ¥ : This is immediate since y = U2£ZCF10 Uéanl
the composition of two natural transforma;ions. .
(b) Unitary law:yo n - UeCF oUFn on
2 2.2 1 221 2

=UeCF onUF on =(Ue onU)IF on = (d_)CF on =1
2 2 1 211 1 2 2 2 2" 1 1 Uz2" 1 1

(éS Multiplicative law: Consult the diagram on the following
page.

(d) TFunctorialness of R: If we have a third adjointness U3'and
a map Ui———2—~§U3 with corresponding ¢ = U3€3DF2 0 U3F3n2 we must show

UeCF oUFn o Use,DF, o UgFynp = U,e,DCFy o UgFang.
2 2 1 2 21 3¥37°2 373 3%3

This is a straightforward but complex naturality calculation:
UeCF oUFn oUeDF oUFn =UeCF oUeDFUF oUFUDFn oUFn
22 1 221 33 2 3 2 2 1 33 211 333 21 33

3 2 2

UeDCF oUFUDeCF o UFnUF oUFn
3 3 1 333 2 1 33211 331

" UeDCF oUF (Ue onU)F oUFn =UeDCF oUFn
33 1 33 22 2 2 1 331 33 1 331

1.2.4 The structure functor R above roughly speaking assigns to an
adjointness its algebraic structure. We will now define a semantics

M :
functor Trip(K)———>AD(X) which interprets a triple as its category

of algebras.



Diagram for Proposition 1.2.3

T ’ T
2Y Yl
UFUF.n UFUeCF ]‘ UFnUF Ue CFUTF -
UFUF——221 1l yFPyFrur—=2222 1l yFUF——22llLyFUFUF—22_1l1lyyFuUuTF
22 2 2 222211 2211 v 221111 1111
UFUeVF
22111
UeF I UeFUF II
222 22211
~
UF Y UFUF
2 2 2 211
UFn U e CF
2 21 22 1

I commutes by naturality of €,

IT commutes by naturality of e,

IITI commutes since ezc o FoU,ey = eZC ) FZUZCe1 = Ce. o EZCF1U1 (by naturality)

1
Since in IV we have U,FUje F; o UzF2niU;F; = 1d, the large "triangle” on the right commutes,

hence the outer diagram commutes

(A
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) . .
Specifically, for a triple T put MT = (¥, U¥, e sT,'x" ,K). For a
Mé
triple map ‘tl—i—-)"tz in Trip (X) put ’.K-';‘ —_—3K' by M$ (X,9) =

X, ®a ¢X), Mo [£] = [f].

Proposition A: M is a contravariant functor.

T .
Proof: If (X,®) 63(" then Do¢ X is a‘l'l—structure on X, for
§’0.¢X on = Non =1id
1 2 X ,
Do tXo0T (Do ¢X)= Do TYO 0T XodTX= QouXoT o I¢IX
1 2 2 1 2 -2 1
= .3c>¢K o uIX.
T,
Also if (X,9 )-—_Lil__+(Y,g) in K* then f is a homomorphism from
Mo(X,9 ) to Mé(Y,E), since f 0 Do & =¢ o T2f.o X =¢o0 ¢Y o Tlf.

Thus we have M4 is a morphism in AD(K). It is quite clear that M is

functorial (contravariantly of course).

M¢ is called semantical interpretation of ¢ . Because of the "Hom"

nature of Mé on structures we write sometimes M¢ = '3(.4).

Before exploring the connection between M and R we need to extend our

R
concept of adjointness to contravariant functors. Suppose ﬂ,?-:‘::’_?@

M

¢
are contravariant functors. Then we say R-=— M (¢ ,e) for id.a—-——)MR,

€
idi-—;-}RM iff ¢M o Me = idM, eR o R = id . VWe calld the front
R .

adjunction and e the back adjunction.

The motivation for the above definition is simply that according .to this
we have R — M (n,e) R¥ =y M* (n,e*) (covariant functors) using
the notation of Mitchell [10] page 50. That is, if R and M are considered
as having codorﬁain and domain BOP respectively, R is left adjoint to M

as in §0.2. It is clear that the remarks of §0.2 can (and will) be
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interpreted anew in the situation of contravariant adjoint functors.

R
Proposition B: With respect to the situation AD(K)T=2Trip(XK)
M
the following facts obtain:
1) RM = 4id_ .
(0 Trip(K)
(2) The maps ¢ defined in 1.2.1 constitute a natural transform-
E; .
ation id MR
() u
3) T and idTrip(’K )——-—)RM are front and back adjunctions

for an adjointness of contravariant functors Re—— M,
Proof: (1) Take a triple T = (T,n,u)- in X . Then RMF is the triple

' T
generated by (FT,UT,nT,eT,KT,'}(). But this is (UTFT,nT,UTe F).

T
We have UIF! =T
nT=n
UTsTFT(K) = UTe (TR, 1K) = vT[uK] = uK

all of these facts follow from Proposition 1.1.3.

Given a map Tl——¢—-)'l‘2 in Trip(¥K), put ¥ = RM$. Then from 0.4.3,

i

T
(UTqeq MOF 2 o U Lptln
L F -

)X
2

YK T

U

2K o ¢?2K o] TlnT K

2

K 0 TznTzK o ¢K

Y2
= ¢K
This shows RM is the identity on morphisms as well as objects.
(2) Let us have (Fi,Ui,ni,ei,Ai,ﬂ() i =1,2 objects of AD(K) and
,Ql-—g-—-)ﬂz a map between them in AD(K). To show ¢ is natural we must

establish the commutativity of the following diagram:
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¢y
A, > K.
lMR(C)
AZ 2 \‘j(

h = (T , R(F ,U K
w ereTi ( 1 ni’ui) ( i i9ni$€i’ﬁ. )

Let X e-lll. Then @20 X = (UZC X, Uzech) = (UIX’UZEZCX)‘ On the other
hand MR(C) o X = (U)X, Ue,X o R(C)le). Now these two algebras are

equal since

Ulelx o R(C)X U € X ) U £ CF U X o U.F.nUX

2211

1

U2€2CX

For a morphism f inAl, MR(C) o ¢, f MR(C)[Ulf] = [U,f]

$ oCf
2

[U,cf] = [U,f].

(3) Since the back adjunction is the identity the laws expressing
the adjointness take the simple form

™ =4id , R¥ = id .
M R

To establish the first take any triple¥ inX . Then
MT: MT—p MRMT = MT

i.e.
'5&-————-—)*}(
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6(x,8) = (U (x,9), 1T (x,9))
- (%,9)
o[£] = [U'[£]] = [£].

Hence ¢ = ide qed.

¢

To establish the second identity, t‘ake'(F,U,n,e,ﬂ.,fK) in AD(K), generating

a triple T = (T,n,)\&).

¢ T R(®)
Then we have A and T————eeyT
U U’
K

- YK
Putting R(¢) = y we have, for each K ¢ X , TK————TK defined by

YK = UTsT¢FK o UTFInK
= ﬁTsT(UFK,U;FK) o TnK
= UeFK o TnK
= yK o Tnk
= 1dTK'
This completes the proof of the proposition.

Corollary: The following facts hold:

(1) M is a dual isomorphism onto the full subcategory generated by
the images of objects of T‘rip(‘.‘K) under M.

(2) Suppose (F,U,n,e,A,K) e ap(K), generatiing T = (T,n,u). Let
H be any triple and fb—ﬁ—*“){.u any map in AD(X). Then there is a unique

functor D, a map in AD(HK) making the following diagram commute?
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Namely take D = MR(C).
Proof: (1) M is 1-1 on.objects since it has a left inverse,
M is full and faithful since the back ajunction is an
isomorphism.
(2) This merely expresses the fact that Alg(K) is a reflective
subcategory of AD(9) with reflections ¢ (because of the

adjointness and the fact that M may be viewed as the inclusion

of Alg(K)).

Two remarks are in order. First, the semantics functor R is full. Prop-
osition B above shows that R is full when restricted to Alg(‘X) but the
more general assertion seems to require a highly technical proof, which
will be omitted here. The second remark is that what we have done here
is by no means the whole story on structure-semantics. The study of
these concepts was initiated by Lawvere [5] and generalized by Linton [7].
Their approach was through algebraic "theories" (see Linton [6]) which
are equivalent to triples but whose theory of structure-semantics lends
itself more readily to generalization. We will ignore this notion of
algebraic 'theories" since we find the machinery of triples more efficient
than (if not quite as intuitive as) that of "theories'. For a full (but

sketchy) account of the relationship between "theories" and triples see
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Linton [7]. For the somewhat messy details of the crux of this relation-

ship see Davis [2].

§1.3 Tripleability

1.3.1 The functors ¢ discussed in the above sections are called (for
now obvious reasons) the semantical comparison functors.
Given a functor jl——li—§ﬁ( with a left adjoint and semantical comparison
functor ¢ we say that U is

(1) of descent type if ¢ is full and faithful,

(2) tripleable or of effective descent type (E.D.T.) if ¢ is
an equivalence

(3) precisely tripleable if ¢ is an isomorphism.

The fact that U enjoys any of the abo%e properties is indepéndent of the
choice of left adjoint and ajunctions. Moreover if U' = U (néturally
equiv.,) then U' has (1) or (2) iff U has (1) or (2) respectively. This

is an immediate corollary of the following proposition. (Observe that

if U is precisely tripleable then U' is E.D.T. but‘not necessarily‘precisely

tripleable).

Proposition: Let (F,U,n,e, A,/ K) and (F',Uf,n',a',]l:j() be

¢
objects of AD(K) with F'——sF, U——E—éU' conjugate natural equivalences.

If we denote the triples generated by the adjointnesses by ¥, ¥' respect~
. oo

ively, with semantical comparison functors ¢, ¢' then UF > U'F' is
a triple isomorphism and the following diagram commutes up to natural

equivalence.
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T
X
/
-1
K Mo )
o' T!
X
If U=U' and ¢ = idU then the natural equivalence is the identity trans-
formation and the diagram commutes absolutely.
Proof: w¢-1 satisfies the unitary law: wlons= U'¢—1 o UF o n
= U'¢-1 oU'¢ on' (since ¢— Y) = n'.

Multiplicative law: consult the diagram on page 20.

Commutativity of the diagram: On objects M(w¢-l) o ¢' X =
(U'x,U'e'X o w¢—1U'X). Define a natural equivalence ¢-—E-9M(w¢—1) o o'
oX -
by (UX,UeX) ——meeed (U'X,U"eX 0 Y9 1U'X), aX = [¢X]. First we must check

that each aX is a homomorphism:

U'e'X 0 vo~lU'X o T(aX) = (U'e' o ¥6 SU' o UFP)X

(U'e' o YF'U' o Us~lU' o UFY)X

(W o Ue' o U~ LU o UFPX

(W o Ue' o F'y o ¢~ 1U))X

(Y o Ufe o ¢U o ¢"1U))x

yX o UeX

T
also each oX is an isomorphism (it being clear that the functors U

preserve and reflect isomorphisms).
Thus to complete the proof we need only check that o is natural: Suppose

f
we have X=———3Y in A . Then we must establish commutativity of



Illustration that w¢'l is multiplicative

UFye "t _ vo " ly'E’
UrFUs -1 UFYF' U¢-]‘U'F' YF'U'F!
UFUF > UFUF' » UFU'F' —»UF'U'F’ >U'F'U'F'
I 11
UF'yF'
U'F'YF'
YE'UF’
— @
UUF' U'oUF' -
UeF VI v III U'e'F'
[}
v :
UeF' , U'eF!
- VII
v . , (U L
UF > UF' > U'F'
i ' YF!

The breakdown of the diagram should be attacked in the order in which the squares are numbered.:

All squares but III commute by naturality: III commutes by one of the laws expressing ¢=4y¢ (see 0.2.2).

02
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oX _
(UX, UeX) »(U'X,U'e'X o vo U'K)
[u£) | [U'f]
(UY, UeY) » (U'Y,U'e™Y o yo~lu'y)
aY

But this is just naturality of .

o s = 1 .
(Note that for U = U' and ¢ 1dU we have oX ld(UX,UeX)’

that U'e'X o w¢-1U'X = UeX is a consequence of the proof that oX is a

the fact

homomorphism.)

1.3.2 Before proceeding further with general concepts we will give

examples of tripleable functors.

Example 1: The '"canonical" example is that of the:underlying set functor

of a primitive class of universal élgebras of some type (with possibly
infinitary operations -- see Slominsky [12]). Such functors are in fact
preciseiy tripleable. This will follow immediately from a tripleableness
theorem we will prove later., However, assuming an elementary knowledge of
;his kind of algebra, as in Slominsky [12], we can indicate how the inverse
of the semantical comparison functor is constructed: Namely let (X,9) be
an element of S where T is generated by the standard adjointness of an
equational class of type A = (ag)g(a. Let FE be the corresponding operation
on FX, and define operations fg on X by fg((xn)n<a€)=!ﬁKFE((xn)n<a€)), This
gives an algebra (X’(fg)5<a) of the proper type which one then shows, using
tﬁe properties of © , is a homomorphic image of (FX,(F€)€<Q) and hence is

in the original primitive class. Finally one proves ®(X’(f£)£<a) = (X,9 ).‘
The extension of this construction to an inverse for ¢ is then straight-

forward to carry out.
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Example 2: The following are several functors JL-H——>S which are triple-
able, but which do not fall into the class of examples given above.
(a) A is the category of compact T, topological spaces,le
the usual underlying set functor.
(b) A is the category of complete atomic boolean algebras
and complete boolean homomorphisms, U is the usual under-
lying set functor.
(c) A the category of compact left (or right) unitary R
modules with R a discrete ring with unit, and morphisms
are éontinuous module homomorphisms., U takes such a module
to the underlying set of its abelian group}
) A ﬁhe category of compact universal algebras from some
specified equational class (e.g. compact groups, lattices,
etc.) and U the obvious underlying set functor. Note: I
know of no result which states that such functors are never
of the type considered in Example 1, but it seems to be true
in many non-trivial cases (i.e. when £ contains algebras with
more than 1 element). I know of no couﬁterexample to such a
‘conjecture.
Remark: We will indicate in the appendix how one can determine whether or
not a tripleable functor falls into the class of examples given by Example 1
above, (a) of Example 2 will be established later. Proofs of (b) and (c)
are indicated in the appendik. (d) is true in a more general setting,
namely that of "compact‘r—algebrés" for triples ‘T in sets. To give an
adequate discussion of this (whichAwe will not attempt) one requires the
notion of tensor product of triples and related machinéry. We refer the

reader to Manes [9] for details.
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Example 3: A-—L-)'J is tripleable where A is the category whose

objects are all pairs (A,® ) where A is an algebra of some primitive

class ¥ and ® is a topology on the underlying set of A which is compatible
with the algebra operations. Morphisms in A are continuous algebra
homomorphisms. U is the obvious functor to J, the category of top-
ological spaces and continuous maps. J is called the category of topological
'?—-algebras.- One observes that the free topological ?—'algebra on a space |
(X, ®) is obtained by forming the free '0 -algebra FX and endowing this
with the finest tOpclo'gy on FX which is compatible with the operations of
FX and whose restriction to X is coarser than £ . Once this is noted,

one can mimic the proof sketched for Example 1, inserting the word

"continuous" in the appropriate places.

Example 4: 1Inclusion of full reflective subcategories are tripleable.
Proof: Suppose we have 7' -——{-»'.K such an inclusion with left adjoint
(which we know exists) R. By comments made in 0.2.4 we can see there is no
loss of generality in assuming the back adjunction is the identity. Let

p be the front adjunction:

K

For X ¢ *K' we have ¢X = (X,idx).
For f: X——pY in K', of = £,
It is clear ¢ is full, faithful and 1-1 on objects.

Now take (Y,9) € ¥. Then RY——s—-—)Y in K.
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pY
Then Jo pY = idY and we have  Y~e—————3RY commutes.

oY Y09
RY

By uniqueness of reflection-induced maps, we must have
-

oY 0d = 14 => pY =4 Then we have the commutative diagram
RY

RY > RY , which shows (¥,9 )———3(RY,1dyy) is an
isomorphism, i.e. (Y,S ) is isomorphic in
D idpy
5" to ORY.
Y > RY
oY

This shows ¢ is representative and hence an equivalence. [J

Evidently a replete (closed under isomorphic images) full reflective

subcategory inclusion is precisely tripleable.

Remark: Recalling 1.2.4, Proposition B, we note the appealing fact that

for any category K , the dual of Trip (HK) is itself tripleable over AD(K).

This set of examples is intended only to give an idea of what triple-
ableness might entail, In general it is safe to say that most functors
which are in some sense forgetting an algebraic type of structure (loosely
speaking) are tripleable. A notable counterexample to this rough general-
ization is the underlying set functor for complete Boolean algebras. This
functor does not even have a left adjoint (Gaifman [4]) and hence has no
chance to be tripleable. To express the algebraicity of this category one
needs to generalize even further to the notion of equationally definable

class as exposed in Linton [6].
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We will close off this chapter by mentioning a counterexample to two

U
obvious conjectures. Namely suppose one has functors A;T" R—=

Ul

- F'

with F — U, F' —4 U', Then it is well-known that one has

FF' ~

Re (1):

Re (2):

U'U. Now three statements can be made:

(1) In general U and U' tripleable 5 U'U tripleable.

(2) U'U tripleable 55> U' tripleable.

(3) If U' is faithful, U'U tripleable = U tripleable.

A = Torsion free abelian groups

B = Abelian groups

&= Sets

U = obvious inclusion
U' = obvious underlying set functor

U is tripleable since it is the inclusion of a reflective sub-
categoxy.,

U' is tripleable since it is the underlying set functor of an
equational class of universal algebras. However U'U is not
tripleable. We will not give a proof here, but we remark that
it can be shown that if an additive category is tripleable over
sets via some functor it must be abelian. But the category of

torsion free groups is additive and not abelian.

]

A

compact T2 spaces

B = al1 topological spaces
G = sets

U = inclusion
U' = usual forgetful functor.
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U is tripleable since it is the inclusion of a reflective sub-
category. U'U is tripleable as we have remarked above, and will
prove later. However U' is not tripleable since the triple it
generates (with left adjoint forming the discrete space on a
set) is the identity triple (all components are the relevant
identities; such a triple exists in any category) and the
semantical comparison functor is essentially U', evidently not

an equivalence of categories,

Re (3): This will be a simple corollary of Beck's tripleableness

theorem, given in 2.2.3,
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Chapter 2 BASIC CONSTRUCTION PRINCIPLES IN X

§2.1  Linmits in 3

2.1.1 Limits and certain kinds of colimits can be computed in 1{7
from knowledge of construction of the same kind of thing in XK. We
will now elucidate this, working throughout this chapter with a fixed

but otherwise arbitrary category K and triple T in XK.

U D
Definition: Let A—>XK be a functor and A—— a
diagram (i.e. A a small category, D a functor). Suppose limit UD exists.
Ts
Then we say U creates the limit of D if for any model (K~————=3UDS I S & A)

of 1imit UD, with projections Tes

there is a family (A-—f§——§D6 I 8§ e A)
with thé following two properties: ’ |

(1) U¢6 =T all § ¢ A (entailing UA = K) and the family

(ys | 8§ € A) is the only one in A with this property.

(2) The family (y§ | 6 € A) is model for limit D.

In the obvious way we also define "U creates the colimit of D". We say U
creates isomorphisms if U creates limits of diagrams over the one point

scheme . i.e. for any A € A and isomorphism X-——i;-yUA in X there is

a map AL———E-éA in.}L such that Ug = f, g is unique with respect to this

property and also g is an isomorphism.

A weaker notion than creates is also useful. Namely in the above situation
we say that U effectively conétructs the limit of D if for any model
(kR—T185UDs | 6 € A) of limit UD there is a family (A—S-3D5 | § < &)
with the following two properties:

27
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(1) The family (UyS | 6 € A) is a limit for UD.

(2) The family (46 | 6 € A) is a limit for D.
Similarly "U effectively constructs colimits" may be formulated. It is
quite clear that this is a weaker notion than that of creation of

constructions.

Examples:

(1) The underlying set functor for topological spaces effectively

constructs limits and colimits but does not create them (the

uniqueness condition fails, for example there are in general many top-

ologles on the cartesian product of the underlying sets of a family

of spaces which make the projections continuous).

(2) The underlying set functor for compact 'I‘2 spaces creates

limits (e.g. there is only one compact T, topology on the cartesian

product of the underlying sets of a family of compact T, spaces making

the projections continuous).

-
U
Proposition: ey W, creates limits of arbitrary diagrams.

Proof: TFirst of all we treat fhe case of an empty diagram. It is actually

quite obvious that 0% creates a singleton injir from 1 € ¥, TFor there is

exactly one map Tl——-g——91 which must be an algebra map making (1,0) into
a singleton in fﬂ: simply beéause_every square with 1 in its terminus
must commute.

Let A-——E——+0<r be a non-empty diagram., Put D(§) = (X6,436). Then
suppose (X—Iﬁ—-)x6 | 6 € A) is a limit for U'D. Let a: §——3§' be any

map in A say Da = [fa]; Then we have
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J 2
$
T y TX » X
X 8 8
T'n'é‘- Tfy lf“
. v
TXG' > st
56'
Q. .oTw

Since this diagram commutes, (T)(—i----—(s—--‘)BI(S [ § e A) is a compatible

family for UTb, hence there is a unique 9 : TX~—%X with T 09 =
,95 o TTI'G all 6. Hence to complete the proof we must show 9 is an
algebra structure and that (X, 9 )-—[—1-r-§-]-—-b(X6, 96) is a limit for D.
(The defining equation for 9 say that the maps TI'G will automatically

be homomorphisms).

We simply make use of the fact that the projections T are "jointly

It

monomoxrphic" in X i.e. “Gf ™8 all § = f = g.

odouX=9_ o Tn ouX=$60uX60TTn

s s EGOTSGOTTW

s 5 8

=$5°T-<“6°5)=“603 0TY forallsen => QouX= 907T9

Alsonsoﬁonx=.SGOT'nGonX=ééonX60ﬂ6=n6foralld

=P Do nX = id_ .
Hence 9 is an algebra structure.

[vg]
Finally suppose (Y, § )y (XG’ 86) is a compatible family. Then there

f
is a unique Y—e————3X in K with néf = "’5 all 6§ € A. Claim f is a homo~

morphism. But s O fof=y o= D 0 Ty = '9,6_0 Trg o Tf

=T 0D o0 Tf. Hence f o £ =90 Tf and £ is a homomorphism
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§2.2 Contractible Coequalizers

2.2.1 We now define a concept (originally introduced by Jon Beck) which

is fundamental to the study of triples;

C f
Definition: Let X=———"R%Y be maps in a category K. Then the
g
pair (f,g) is said to be contractible, with contraction d if d: Y——3X

and fd = idY, gdf = gdg. For Jﬁr~—2—93< and A:::%::$B, (h,k) is said to

be U-contractible if (Uh, Uk) is contractible in K.

It is not simply contractible palrs which concern us, but coequalizers

of such pairs.

f h
Proposition: For X=——3Y————37 in a category K, the follow-
: 8

ing are equivalent:

(1) (f,g) is contractible and h = coequ(f,g).
d d
0 1
(2) hf =hg and 3 Z yY »X with hdy = id , £d; = id_,

‘gd; = dph.
Proof: (1) == (2) Suppose (f,g) is contractible with contraction d,.

Then since gd;f = gdjg A unique dy: Z——Y with djyh = gd; (since h is

coequ(f,g)) f h
) s | (R /
g /
gd1 / do
v
Y

Now hdgh = dgd; = hfd; = h =phd; = id, (since h is epi).

€2) ==§;(l) Claim d; is a contraction for (f,g). fd; = idY by

hypothesis and gdyg = dghg = dghf = gd;f. Claim h = coequ(f,g).

L
Suppose we have Y————3pW with 2f = 2g X::::::ﬁY——————#Z
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Then Q,doh = ILgdl = Lfd; = 2.
Moreover, R,do is unique with this property since oh = £ = ahdo = ldo

2.2.2 This last characterization shows that any functor preserves c;)—
equalizers of contractible pairs. This is important because of the follow-
ing result.
D

Proposition: Let A=——sKT be a diagram such that colimit
U'D exists and such that T and T2 preserve this colimit. Then i
creates the colimit of D. ’
Proof: First of all suppose A is empty. Then the hypothesis is that

K has a cosingleton ¢ and T@, T2¢ are also cosingletons. Then there

is exactly one map TP ——>@ and

nf , WP
) ey TP T4f =T
\ Y TYl ‘(Y commute since all
¢ T ey
Y

objects in the diagram are cosingletons. Then (8,y) € 'J{rand is a co-

f
singleton in ’J{T because V (X,9) the unique map § X in K is

forced to be a homomorphism since T is a cosingleton. Next suppose

G
A % ¢ and put DS = (XG’ 86) for 6§ €« A. Let (X-"5—=-------‘-§-----)X)6eA be a model
for colimit UTD.
We require TX-——%—)X with 9.Tu_=u_ .9 , all 6§ ¢ A. Since (Tu)
) 8 8 6 §e A

are the injections of a colimit, 3 is uniquely determined if it exists,
But it does exist in view of the fact that (ué. 96) is clearly a compat-

ible family for the diagram TUD:



That 9 is a *¥-operation follows from the following two diagrams:

nX(S
-——-—,-———-.—.é
XG*%-..-J——-‘ TX
8
Tu
8
2
XE& 3 TX
nX
Do nX o u6= Do Tu(S o] anS
= ug © 96 0 nX‘S
| =u, all s¢€
=» D o nX = id
X
Now we have a family ((XG,'Q

Tz,u 2
'r?-x(S § - T°X
[ {
i ]
WXs |} T8 T I} X
| T J
u LU A
'f)'(‘; § > TX
Ds 9
v u v
8
Xs »X

Do THo T2u5=feoT($oTu6)

=r90Tu60T96

= ug o -36 0 T95
= u(S 09(5 o uX
=9o Tu, © u}xa
=9 o uX o T,zu5
= Do0TH =IJ0o X
[U5] -
) ———3 (X, 3 )) in K ; all that
8 [vs ) € A

remains is to show that if ((Xa,-as)——-——-"(Y,g))’ is a compatible

family for D, the map X

Consider the following:

$
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all 6 € A

—Y induced in ¥ is actually a homomorphism:
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Tva
,”?;;; “E;\‘\“
TX6 »TX »TY
9
95 ) ¥
hg v v
XG D> X »Y
u6 f»
v

wehaveEjonoTu(S=£;oT\)6=\>60,3(S=fou(50,3(5=fo-9()Tu6

since this holds for all &6 € A, we have ETf = £9 .

U¥ creates coequalizers of U U¥ —contractible pairs.

[uX] [8]
% (TX, pX) ————3(X,9 )

Corollary 1:

Corollary 2: 1In '&(, consider ('12X uTx)
[T:)]
Then [Q] is the coequalizer created by UT from the contractible co-
uX
equalizer diagram TZX_____.,TX————)X 1n’_K

N e

Proof: (1) The hypothesis says that for we have a diagram D on the
scheme ':.;' and that UTD is contractible .and has a coequalizer.
By the characterization of Proposition A, any functor (in particular T
and Tzl) will preserve this coequalizer and hence the proposition above
applies.

(2) We have only to check that the described diagram in K is in

fact a contractible coequalizer. But pX o nTX = idTX and Do nX = idx.

Further, T9 o nTX = nX 0 ) by naturality of n.
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2.2.3 The motivation for the study of contractible coequalizers is
embodied in Corollary 2 above. For guppose we have an adjointness
(F,U,n,e, R, K) with generated triple ¥ and semantical comparisbn»functor
$. Further suppose we are attempting to construct an inverse to Q; ‘Take

an arbitrary (X,9 )e3€r and consider the following:

In A JILS&:T
-1 ¢
eFX o [9] [UeX] [9]
FUFX =3 FX e e = = 207 (x,9) €D * (UFUFX, Ue FUX) % (UFX,UeX) ——> (X 3)
FO [UF—9]
» In I
UeFX S
UFUFX =B UF X 3 X Note: (eFX,F$ ) is
RL‘-\_,,//,K;“«—/// U-contractible.
nUFX

if ¢

exists we will have ¢ [§ ] = coequ(eFX,F9 ). Hence it makes sense

to insist that U create coequalizers in this kind of situation. We will

now state two theorems regarding tripleability (due essentially to Jon Beck).
Since we will not require them in this paper, no proof will be given,

although the crux of the method of proof has been outlined immediately

above.

U
Theorem: Let A>3 be a functor having a left adjoint.
The following are equivalent.
(1) U is precisely tripleable.

(2) U is tripleable and creates isomorphisms.
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(3) U creates coequalizers of U-contractible pairs.

Theorem: Let A-—-‘-’-——-»'x be a functor having a left adjoint.
The following are equivalent.

(1) U is tripleable.

(2) U reflects isomorphisms and éffectively constructs coequal-

izers of U-contractible pairs.

(3) A has and U preserves and reflects coequalizers of those

pairs (f,g) for which (Uf,Ug) is contractible and has a coequalizer.

For detailed proofs see Manes [9] or Davis [2]. For a breakdown of the

effect of various operating parts of the conditions see Linton [8].

§2.3  Subalgebras and Epimorphisms in 'K,T

2.3.1  If (X,9) 6'3(1.', a subalgebra of (X,9 ) is any monomorphism

(1] :
(Xl,'Sl)——--—)(X,%). Observe that [i] is a monomorphism iff i is a
monomorphism in K [UT reflects monos since it is faithful, and preserves

them since; being a right adjoint, it preserves limits. Recall that in

any category, u is mono <& id I : ¢ is a pullback].

i
Proposition A: Let (X,9) ¢ 'J’(,T and X;=———3X a monomorphism

in K . Then X; has a T-structure making i a homomorphism (i.e. X; "is"
A

a subalgebra) iff we have TX;—————X, with i 31 = 9Ti. Moreover 31

is uniquely determined.

Proof: Clearly 31 is uniquely determined since i is a monomorphism,

Suppose we do have 1 -31 = ¥Ti. Then iSInXI = STinXI " OnXi = 1

9 uXTz i

=) nX, = id, . Similarly 191X, = BTipX,

: 1
= 978 T'i = YTiTH, = 19,79 =P BuX;, = HTI;.
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The above theorem does not hold in general for efximorphisms but it does
hold for split epimorphisms (those having a right inverse, i.e.,

retractions).

T P .
Proposition B: Let (X,9)¢ XK and‘ X wwweeedY a retraction in

XK . Then there is a T-structure on Y making p into a homomorphism iff

3 &: TY—uu)Y with £Tp = p9 . £ is uniquely determined by this.

-Proof: We make use only of the fact that Tp and sz are again split epi.
Then since Tp is epi £ is uniquely deter;nined. If we do have £ Tp = p9,
then &nYp = ETpnX = pOnX =p = nY = id, since p epi. Also

ngsz = (TpTd = pdTH = pQuX = ETppX = EuYsz = ETE{ = EuY since

sz is epi. @

If X is locally small and has intersections, ‘KT will have intersections

i
l---—-—-—)X a monomorphism in :K, one

can define the subalgebra generated by X1 to be MN{(A,8) € 7(,1": (A,8) is

by 2.2.1. Then for (X,9) € KT and X

a subalgebra of (X,9 ) and i factors through the injection of A}. With
reasonable hypotheses on X , one can recapture many classical theorﬂems
about subalgebra generation. Somehof these we will consider where K =9
(the category of sets) in the next chapter., For a fairly general analysis
(where R is a "regular" category and T is a "regular" triple) consult

Manes [9].



Chapter 3 - TRIPLES IN THE CATEGORY OF SETS

§3.1 Constructions in ST.

3.1.1 In this paragraph we will be concerned with construction of limits
and colimits in categories ST where § is of course the category of sets
and mappings. Construction of limits is totally settled by 52.1. To

deal with colimits we will introduce the notion of a congruence and proceed
in a manner eﬁtirely analogous to that of classical universal algebra.

We will work with a fixed triple ¥ in 8.

3.1.2 Regarding limits in ST we recall that U creates them, which

implies first of all that s is complete, and that we have canonical

models for limits, since S has. In particular this means that for any two
[£] ,

maps (X,-&)""""‘“‘—*I(Y,g) in ST, {xe X | f(x) = g(x)} has a unique algebra
[s] '

* structure making its inclusion into X an algebra homomorphism, and this
subalgebra of (X,9 ) is in fact the equalizer in ST of ([£],[gl]l). In the

same way, given a family (Xi’ Si)i of algebras in ST there 1s a unique

€I
“T-structure on iIe‘IXi’ the cartesian product in §, making the projections

into homomorphisms. With this structure i‘e‘I x’i becomes a model for

(Xi,Si) in ST From the fact that UT creates intersections we see

TT

iel

that for (X,9) e s¥ and A € X the subalgebra generated by A exists and

its underlying set can be taken to be { Y{X'& X : X' has a structure

making it a subalgebra of (X,9) and A € X'}. This is of course familiar

in the context of universal algebra. A less familiar example is the case

of compact T, spaces (which will later be shown to be of the form

: U

s-‘:---a——-as). Here subalgebra generation consists of forming the topological

37
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closure. Later we will give an explicit construction for subalgebra

generation.

3.1.3 1In classical universal algebra congruences are usually defined
to be eqﬁivalence relations sat;isfying certain substitution laws with
respect to the operations. It is well known that in this setting
congruences may also be described as equivalence relations which are
"subalgebras of the product" in the obvious sense. This latter approach

works admirably well in the study of categories s,

Definition: Let (X,9) e ST. A congruence relation on (X,9)
is an equivalence relation R € X x X such that R is the underlying set
of a subalgebra of (X,9) x (x,S) (in the sense that the inclusion
R—?—-)X x X is to be a homomorphism).

Since the intersection of subalgebras (resp. equivalence relations)

is again a subalgebra (resp. equivalence relation) intersections of

congruences are congruences, i.e. the congruences on an algebra form
a closure system and hence a complete blattice.

We will now establish the fundamental classical results about congruences.

Proposition A: Let R € X x X be a congruence on (X,9d) € s¥,

Then there is a unique T-structure S/R on X/R such that the canonical
v

R
map X-———-—-»X/R is a homomorphism. In fact [vR] is the coequalizer in
fmyr] '
S¥ of the U'-contractible pair (R, 8')?(}(,3 ). (111,1r2 are the
2

projections of (X,9) x (X,9) and r is the inclusion R——3X x X).

Proof: Since R is a congruence (in particular a subalgebra of the

[x [7y]
product) we have a diagram (R, .9')y——(X,9) x (x,ﬁ)ﬁ?“(&%)
[n2]

in S%. By Corollary 1 of 2.2.2 we need only exhibit dO’ d. such that

1
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Tyr Tox
RT3 X :X/R is a contractible coequalizer diagram.
d, dy

Take d any section of vR, i.e. any map with \)Rdo = idxl . Define d,

R
by dy(x) = (x,dyv (x)). Then we clearly have v d, = id wyrd, = id
y 1() ( s OR( )) y RO X/R: 1 1 X’
m,rd; = dOvR. By Proposition A of 2.2.2 we do in fact have a contractible
coequalizer diagram.
1]
Lemma A: Let x,9 )y (Y,£) be a diagram in S
[g]
@,%) £

. Xommeep ¥
with f onto. Suppose we have a factorization g \'z/ h din S.

Then h is a homomorphism.
Proof: hETf = hfd = g9 = = {ThTf = hf = ¢Th since f onto
wd f split epi =% Tf split epi ==% TI onto. —

[f]
Proposition B: Let (X,9 )=———3(Y,£) in ST Let R be the

kernel relation of f, i.e. R = {(x,x') g X x X l f(x) = f(x")}. Let

v
R i
X %X/R 9Y be the canonical splitting of f in S. Then R is a

congruence, i is a monomorphism in ST, f(X) € Y admits a subalgebra
[i]
structure &' so that (X/ 9/ )-———-——)(f(‘{) £') is an isomorphlsm, and
{v] Rk
X, )——--13—4(}(/ S/R)——-—-—)(Y,g) is the categorical image factor-

ization of [f] in s¥,
Proof: The inclusion of R in X x X is the equalizer in S of
f‘l\'l
X x X::‘.’;Y. Since UY creates this equalizer (see 1.1.2), R admits

a subalge%ra structure and hence is a congruence., By the previous

lemma i is a homomorphism since Vp is onto. Now X/ﬁ—-—-}—-ef X) is 1-1

*
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Ti
onto ==Y TX/R —e BT (X) is 1-1 onto and we can transport the

structure S/R to f(X) by £' = 1 3/RTi"'“. Then denoting the inclusion
3
f(X)=————3Y we have j&'Ti = ji 8/RT1" Ti = 1 9/ = €71 = £TTL =» &'

= (Tj = (f(X),£') is a subalgebra of (Y,£). Clearly

X/gs «9/R%h]——[—i-]-—-)(f(x)[l,j') is an isomorphism. Now finally if
x,9) >(Z,C) —p(Y,E) is a factorization of [f] thrpugh a
. monomorphism [k], at the level of sets we have x/R-——L-—)z with kg = 1
and v = h. By the lemma again % is a homomorphism and this shows we
‘R

have an image factorization of [f].

Corollary (Explicit subalgebra generation): Let (X,9) € T

and X'&€ X. Then the underlying set of the subalgebra generated by X'

Ti
is the set theoretic image of TX" Y TX 2 »X where X'———-E——)X
is the inclusion map.
eri]
Proof: We have a homomorphism FUx' —————(%,9 ) (which is the free

, i
extension of the inclusion X'e————23X). By the proposition the set

theoretical image Y of this map carries a subalgebra structure, say §.

First of all X'€ Y: Consider Ti
X' $TX

nX' nX 9

X!

»

i

i(x) = dn¥i(x) = QTinX'(x) € Y.

[

Then V¥ x € X' we have x

k3
Next let (Z,0) be any subalgebra of (X,9) with X'g Z € X with inclusion

maps k,j as shown. Claim Y & Z.
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Consider Tk Tj
X! 3T2 »TX

Xt 7 P X

Take any y € Y. Then y =9 Ti(x') some x' € TX'
= D TiTk(x")

= 3 o Tk(x') € j(2) = Z.

Example: In the category of groups the algebra structure associated with
a group G is the extension of the identity F(|G|)=——>GC where |G| is the
underlying set of G, i.e. D Takes strings Xlel ces xnen e, = +1 and
"multiplies" them in G. Then the above corollary givés the basic fact
that for X' € |G|, the subgroup of G generated by X' is obtained by
"multiplying" all strings xisl e xnen of elements of X' (i.e. all

elements of TX' are multiplied by the action of O restricted to TX').

Next we establish the familiar "isomorphism theorems' of universal

algebra. First we need a lemma.

A [£)
Lemma B: Let (X,9 )———3(Y,£) be a map in SV and suppose

Y' € Y carries a subalgebra structure £'. Then £V (¥') (the set-theoretic
inverse image) carfies a structure making it a subalgebra of (X,9).

Proof: It is sufficient by Proposition A of 2.3.1 to show we have a

factorization
1 Ty
TE " (Y') = TX
‘
| D
Y i

f-‘(Y')--—-—~—§ X where i is the inclusion.
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Equivalently Im(9oTi) < ff" a"

or In(f 09 o Ti) < Y'.

Let j be the inclusion of Y' in Y. We have the following diagram in

which all squares commute:

T (Y") > TY"
Ti. Tj
Tf
TX »TY
g€ : g’
£
X -3 Y
i |
-t ?
£ (Y') > Y'

T is the restriction of f to £V (Y').
Then f 9 Ti = ETETi = ETJTf = § &' Tf.

Hence Im(f9Ti) = Im(FE'TE) € Imj = Y'. [}

Proposition C (First Isomorphism Theorem): Let (X,9) € S¥ and

suppose X' & X carries a subalgebra structure -9'. Then for any congruence
R on (X,9), the restriction of R to X', say R', is a congruence on the
subalgebra (X', D'). Then we have a monomorphism i': X'/R, --'*X/R by

i'[x]R, = [x]R. i is a homomorphism and the following diagram commutes
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[i]

&',AaN —(X,9)
[vgi] (gl
(i'] :
(X'/R" 'S'/Rt) ;(X/R$ 'S/R)

(i is the inclusion X' € X)

Proof: R' is clearly an equivalence relation. Consider the map
(i1 x [i]
x',9") x (X', 9") »(X,9) x (X,9). R' is the inverse

image of R under this map and since R is a subalgebra of (X,9) x (X,9),
by Lemma B, R' is a subalgebra of (X', 9') x (X', 9'), therefore a
congruence. The commutativity of the diagram is by definition of i',

and the latter is a homomorphism by Lemma A.

Proposition D (Second isomorphism theorem): Let (X,9)e st

and R a congruence on (X,9). Then the sublattice of congruences on

(X,8 ) which contain R is isomofphic to the lattice of congruences of

the quotient algebra (X/R-, SIR). Namely to a congruence ¥ on (X,9),

¥ ® R, we associate a congruence w/R on (X/R, '9/R) defined by [X]R w/R [y]R
iff x ¥ y. Then we have the following commutative diagram:

fvp]

(X, 9) (/g ST

[vw] , [vw/R]

/s 3/w>—[-j—]——5-><X/R, %

with [j] an isomorphism defined by j([x] ) = [[x],]
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[vg] % [vg]
Proof: Consider the map (X,9) x’/(X,Q)———-—.—-_’-)(X/R, S/R) % (X/R’ S/R)'

It is a basic set theoretical fact that we can establish an order
preserving bijection of the set of equivalence relations on X which contain
R, and the set of equivalence relations on X/R by assigning, to v & X x X,
(\vR X vR) W) = tp/R and to I & X/R x X/g, (\)R X \)R)—l(Z). Proposition B
and Lemma B ensure that' this correspondence effects an order preserving
bijection of the congruences on (X,8) which contain R and the congruences
on (X/g, S/R). The commutativity of the diagram is by definition of j;

j is 1-1, onto by basic set theoretical ;:onsiderations; j is a homomorphism

by Lemma A. [}

3.1.4 Ve can now construct coequalizers and coproducts (and hence all
colimits).
[£]

First of all suppose we have (X,9 )‘—""""’i (Y,£) in sT, put &= {Q congruences

' [g]
on (Y,E)lQ 2 {(f(x),g(x))lx € X}}. Observe & # @ since the congruence

[v,]
YxY €€. Put R= NG . Then we claim (Y,E)-—-——R—Ja(Y/R,&:/R) is
(h]

coeq([f),[g]). But if (¥,&)w~———3p(Z,z) with [h][f] = [h][g] then clearly
the kernel relation of h is in € which means R € Ker(h) and hence we have a

v
unique factorization Y ———L._;Y/R at the level of sets.

NV

Since Ve is onto h is actually a homomorphism, showing that [vg] has the
required universality property. Since R 2 {(f(x),g(x))!x e X}, clearly

vgf =‘ng and thus [vp] = coequ([f],[e]).

Now to form the coproduct of a family (Xi,ai)_:L e I in ST we recall the
construction familiar from universal algebra. Namely if (Ai)i ¢ 1 is a

family of algebras of an equational class S , one forms the disjoint union
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of the underlying sets ﬁAi, then the free algebra in. A on this set, i.e.
F(!'JAi;A). Then one factors out the smallest congruence R with the

v

R
-—-—+F(UA1;A)——-——->F(UAi;_R)/ is a homomorphism for
R

property that Ai

all i ¢ I.

. T
We will follow this procedure in constructing coproducts in S . Namely
denote the disjoint sum of the Xi by .L\.X:L with injections u;. Then

we have the embeddings of the underlying set of the given algebras by

nX; T.T
Xi —> UTFTXi UF Ui, UTFT.LLXi. Let @ be the set of all congruences Q
on F‘T.\_LXi with the property that vp © UTFTui o nXi is a homomorphism
from (Xi,Si) to (TAX: ,u.l..lXi ) for all ie I .b € is not empty since

o
Q /Q
TUX; x '1‘..LI.X:.L (the congruence identifying everything) is in it. Put

R =NE€. Claim first that Re G .

If not, for some 1 € I the following diagram does not commute:

2

nX, T"u Tv
i 2 i 2 R .
TXi__________> T Xi ;T'lei _;T(TL1X1/R)
}
| .
si | u.\.LXi uuxi/R
i .
Ty ™ R > TLLX
i T i i ? i
o /R
f T T X # ullx T Tz TnX, (x)
=» for some x ¢ Xi,vRo uioniosi(x) u i/Ro Vg © uio nX, (x
= v o uiX, o Tzu o TnX, (%)
R i i i

) .
== for some Q eﬁ’ vQ 0 Tu, o nXi o—si(x) # VQ ) u.nxi oT u, o TnXi(x)

i

2
=u_LLXi oTv,  0oTu

o TnX, (x)
/Q Q i i

is a homomorphism,

But this contradicts the fact that \)Q o Tui o nXi
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[vy]

Thus we have homomorphism (Xi’ .S )-—————)I‘Tux s Vi = vR o Tui o nXi.

/R .
Claim the [vi] form a coproduct scheme in sT, Suppose we have maps
¢i’]
(Xi"sj_) ——%(Y,E). Then at the level of sets we have a unique
_ [T¢] [g]
Xi..._.L)Y with ¢ui = ¢ , Then we have maps FT_LLXi )FTY (Y, £)

in ST. Let the kernel relation of [£],[T¢] be Q. Consider the following

diagram:

nX

i

We claim that Q eG. Observing that i 1s a monomorphism, i \)QTuinXi Si =

Tv T2u (InX

i
Q
jIX; = ETET? ¢;Tng = ET¢, = ‘1’191'

£T¢TulnX 9y = £To nX, 8 = EnY¢;8; = ¢.9, and iullXy i =

ETiTv TzuiTnX = £TeT25 T?u

Q i

Q i

=¥ Q ¢ G =» R € Q. Hence we have a factorization VQ = xpvR. Since VR

is onto ¢ is a homomorphism and [iy] has the property that [iy] o [ vi] =

y 2 ]
Hence \)QTuinXi.ei = u.l.l.ki QTv T u TnXi => VQTuinXi is a homomorphism

all 1 € I. Moreover [iy] is unique for having this property. Suppose we

had [w] @ (TUX; ,u.u.Xi ) ———3(Y,£) with this property. Then ¢

/R /R
m\)RTuinXi = WV n.‘l.l.Xiui all i € I;similarly itpv inX = iq;an.LLXiui = ¢i
all 1 € I. Since uj; are injections of a coproduct in S, vanJ-LX =
: [wv,] i
R
vannxi. But then we have FTuxi_;'—:r_.—?;,(Y £) homomorphisms agreeing
[iyv,]

on the generators (see Proposition 1.3.2) and hence wp = ilpvR. Since v

is onto, w = iy. @
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§3.2 A Tripleableness Theorem

3.2.1 We are now in a position to prove a very useful tripleableness
theorem for the category S. This theorem was originally proved in a
restricted form by Lawvere [5], then generalized by Linton [6]. The
Lawvere-Linton theorems were proved in the context of algebraic theories
but as we have noted before theories are in a sense equivalent to triples

and theorems can be translated.

fheorem: Let jL-—E——bS be a functor having a left adjoint. Then
U is tripleable iff the following three conditions hold:

Ll: A has coequalizers and kernel pairs.

L2: A map A——-f-—-)B in A is a coequalizer & Uf is onto.

L3: For a pair of maps A:::izng in A, (Uf,Ug) a kernel pair

=>» (f,g) a kernel pai%‘.

Remark: In the notation of the theorem statement, the pair of
maps (f‘,g) is a kernel pair iff 3B-——h-—)C with A—-f—-)B a pullback.
(f,g) is called the kernel pair of h. g h

B ey
, h

One can easily establish the following for categories with kernel pairs

and'coequalizers:
(1) 1If a pair of maps is a kernel pair, it is the kernel pair of
Iits coequalizer,
(2) 1f a map is a coequalizer, it is the coequalizer of its
kernel bair.
(3) x:::é::sy, maps in S, are a kernel pair &3 the map Xm—p¥ x Y

g
by X a~dp(f(x),g(x)) is 1-1 and has an equivalence relation

as image.
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If one interprets kernel pairs as being embedding of kernel relations of
maps, i.e. 'congruences", then L3 is simply saying that congruences are
"equivalence relations which are subalgebras of the product", loosely
speaking. Following the proof of the theorem we will give an example

where L1, L2 hold but L3 fails, which will elucidate this somewhat.

Proof of the theorem: (=) Supposing U is tripleable, the ‘semantical

comparison functor is an equivalence of categories and it is clearly
: T
sufficient to show L1, L2, L3 hold for the functors ST-—-—U—-—)S.

L1 : Categories ST do have qoequalizers: a construction waé given

in 3.1.4. Kernel pairs follow from 3.1.2.

L2 Suppose (X, 9 )-—E-]—a.(Y,E) is a coequalizer, say of
(Z,m)""'——-—‘?-g.ga(x,ﬁ). Then by 1.1.4 we can construct a coequalizer

of these maps as a quotient (X, 9 )«E-\)—RL»(X/R, S/R). By the universality
properties we have an isomorphism [q] with [q][vR] = [f]. But then q is
1-1, onto and Vr is onto == f is onto. On the other hand if [f] 1s onto

we have [£] with R = Ker f and [i] an isomorphism.
x,9 ) ——(,8)

[vg] / [1]
(K/gs 1)

But [vg] 1s coequ(] Trlr], [ ﬂzr]) as in Proposition A of 3.1.3. => [f] is

also ‘coequalizer of this pair.
(f) T
L3 : Suppose we have (X, 9 )==——==3(Y,£) in S with (f,g) a kernel

(g]
pair in S, That means the image of X—Y——aY X Y by x ~ap(£f(x),g(x)) is

T
an equivalence relation, say R. But in S° we have the "same" map

[y]
(X,S)—“‘—'#(Y,E) X (Yag)-
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Its set theoretical image is R and by Proposition B of 1.1.3, R must then

»

carry a subalgebra structure and hence is a congruence. Thus we have

[£]

X,9) ———mm—» (Y,8) commutes in ST.
(e] l | [vg]
. v .
(Y,E) » (Y/RSE/R)
[vgl

Now when we apply UT to this diagram it is easy ﬁo see we get a pullback.
Since UT creates limits, in particular it reflects them; showing ([f],[g])
is thé kernel pair of [vR];

(&)

(The following proof is one given by J. Beck in an invited lecture at
McMaster.University in the spring of 196%. It has its roots in theorems
by Linton, Lawvere and Freyd). This proof will make use of the fact,
proved above, that vT has properties L1, L2, L3, and also of the fact that

oF = FT.

1. ¢ is faithful: Now U is faithful since the back adjunction ¢

is pointwise epi by L2 (Ue is split epi with section nU, hence & must be

a coequalizer and therefore epi). Since UT¢ = U, & must also be faithful,
2, ¢ is full: First note that ¢ is full on Hom sets of the form
RA(FX,A) for we have the following bijective correspondences:

(FX,A) = (X,UA) = (X,U0A) = (FIX,0A) = (0FX,0A) by

f ~aUEfnX ~~»Uf.nX ~~>UeA o T(UE.nX) ~ Uf = of
’ i

Ut
[f]
Now we look at an arbitrary Hom set A (A,B). Take any ¢A~——30B
k
and put A':::%:QFUA = kernel pair of eA. Then €A is a coequalizer
k

2
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=» €A = coequ(kl,kz). Apply & to this obtaining

ok deA
PA' T GFUA ey 9A
~Q [f]
¢h .
~
N~ B

Since ¢ is bijective on (FUA,B) we have a unique h: FUA-——3B with

oh = [£]ocA. Then ¢ faithful =3 hk, = hk, =% 3 ! A—Y _oB with

yeA = h., But then ¢ydeA = oh = [f]ocA =» ¢y‘= f since ®cA is onto
(actually a coequalizer since UrésA = UeA which is onto). Thus ¢ is
full.

3. ¢ is representative: This is the most technical part of the
proof and will be split into several steps for readability. The diagram
on the following page is what the argument centres around and the proof
Qill consist of constructing the diagram and then collapsing it (by
proving certain maps are isomorphisms) in an intelligent way.

[c]
Take any (X,9) € sT ve must find A €& and an isomorphism (X, )———> 0A.

(1) Construct p11, [p2] to be the kernel pair of [9 ] and [tll, [t2]
the kernel pair of [o0]). Since ¢ is full and faithful there are unique
fys 8y with ¢fi = [pio] and ¢gi = [tiT].

= ' = =
(2) Put q = coequ(fl,fz) and q coequ(gl,gz). Put (kl’kZ), kernel

pair of q. Then since qf, = qu 3! FR——-r--—-)K with k,r = fi'

1 i

Now since UT¢ = U and since U,UT satisfy L2, L3 we have the following
observations: (¢k1,¢k2) = ker pair ¢q and &q = coequ(@kl,ékz).

(3) 1[z] is uniquely determined by [z] [9] = ¢q since [8] = coequ([plc],[pzc])

(because [0} is epi) and ¢q[plo] = ¢q¢fl = ¢q¢f2 = Qq[pzo]. Similarly



Diagram to Show ¢ is Representative

[x] [t;] | [o] [p,] [
(TW,uW) —————> (W,7) ————3 (TR,uR) >(R,0) ————= (TX,uX) > (X,R)
[t,] / p,]
[&]
[y
0Q
p
de
oq' \ v 1 [z)
1)
¢r1 ¢k1 : .
¢I>k2
V | of | | v
-4 —
OFW 1 5 OFR L % OFX > 0X
%, : v of, | - %q

TS
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]

we have a unique £ with [5][6] = ¢q'. We have a unique [y] with

ok;[4) = [p,] since 6qlp;1lo] = 6alp,)lo] => oqlp,] = ¢qlp,] and
(¢k1,¢k2) is the kernel pair of ¢q. Observe that [¢][o] = &r since
¢ki[w] [c] = [pi][o] = of; = ¢ki¢r. Finally e arises, uniéuely deter-
mined by eq' = r since ¢rogy =/[w][0][tl}[T] = [¢][0][t2][T] = @r@gz
= rg) = I8y, but q' = coequ(gl,gz). It follows that de o [E] = {w]
since they agree when preceeded by the epimorphism [o].

(4) We now proceed to collapse the diagram. First [¢] is a monomorphism.
If for example [¢][a] = [y][B] then ok, [y]la] = ok;[¥][B] =% [pj]lla] =
[p;118] =% [a] = [B] since ([p3],[p,]1) is a kernel pair. |

(5) [t} is an isomorphism. & is onto since Eo = Uq' and the latter is
onto. & is mono, hence 1-1, since [¢] is (¢e[£] = [¥]). Hence E is iso
in § = [£] iso in sT. |

(6) e is an isomorphism. Since [£] is iso and [y] is mono, de is mono.
But ¢ , being faithful reflects monos =3 e mono. Also becausé [£] is
iso and ([pl],[pz]) is a kernel pair of [9 ], (¢k1®e, ®k2¢e) is a kernel
pair of [9]. But this means e is split epi since (k;e, kze) is a kernel
pair of ¢", say ﬁ}-q"kl = q"ky (e is mono) = I ! e: K——3Q with
kiég = ki‘ But (kl,kz) kernel pair =3 ee = id. Then e being split epi
and mono is iso,

(7) [z] is an isomorphism: This is now trivial since [¢] is iso because
fe], [E] are which means the kernel pairs (¢k1,¢k2) and ([pll,[pzl) are
isomorphic, which in.turn means their coequalizers must be isomorphic by

the induced map [z].

Corollary (to the arguments above): If U satisfies L1 and L2, U

is of descent type (i.e. ¢ is full and faithful).
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Remark: Linton [8] has made a detailed study of this theorem,
extracting the categorical essence of the above arguments, and has shown
that if one restricts the coequalizers required in L1 (to those of certain
special U-contractible pairs) and if one replaces "onto" in L2 by "epi"
then the theorem holds as stated for S any category with coequalizers and

kernel pairs, in which every epi splits (i.e. is a retraction).

Often when working in S we are interested in the case in which functors
U v
A———S are precisely tripleable. The following general lemma is of

use in this respect.

Lemma: let j{——2—§3( be a functor with a left adjoint. The
following are equivalent:

(1) U is precisely tripleable.

(2) U is tripleable and creates isomorphisms.
Proof:
1) =3 (2). Clearly U must be tripleable and since UT¢ = U, if ¢ is
an isomorphism U creates isomorphisms since UT does.

(2) = (1). ¢ is 1-1 on objects. For if %A = ¢B, since & is full and faith-

L f
ful 3! iso A——B with ¢f = idQA‘ Then Uf idyp but B—~£g—>B is the unique

isomorphism created from idyp in A = B =A and f = id,.

T {z]
To show ¢ is onto, take any (X,9 ) ¢ ¥ and isomorphism ¢A———m—35(X,8).

g f
Then, in K, UA——>X is iso == there is exactly one map A——3A'

T
o
inA with Uf = ¢ and f is an isomorphism. =) @A-—-—E——QéA' is iso in K.,

but ¢f = [z] and since UT creates isomorphisms we must have ¢A' = (X,9). B

3.2.2 Examples.

Compact T, Spaces: Let R denote the category of compact T, spaces and

2



54

continuous maps and U the usual underlying set functor, then U is precisely
tripleable. First of all U has a left adjoint, namely S-—--F—-)ﬁ. given by
FX = Stone Céch compactification BX of X made discrete and Ff = ugual
extension of X——f-%Y—-—rlY—st to continuous BX——I‘E—MSY. It is clear U
creates isomorphisms, A inherits completeness and cocompleteness from
'Jop, of which it is a reflective subcategory (limits are computed as in
Jop, colimits are computed in Jop, then followed by the Stone-C&ch
compactification). Hence L1 is satisfied. L2 holds since the epimorphisms
in A are precisely the onto maps (by a simple ''pasting over closed sub-
spaces" argument). Hence coequalizers are onto. Onto maps are coequalizers
since they are quotient maps and the arguments of Proposition A of 3.1,3
can be used almost verbatim. Regarding L3, Suppose X=———=Y in A with
Uf,Ug a kernel pair. Then the map X————3Y x Y by x M%f(x),g(x)) in A

is an injection onto an equivalence relation R, which then must be closed

in Y x Y. This means Y/p is compact T,. Then X f »Y is
g 1 lVR
Y —— /g
R
‘ h
a pullback in L. For suppose we have ZmY with ka = \)Rk. Then in
k

S the above diagram is a pullback and we have a unique Z-—g—)X with foa = h,

goa = k. But then o is automatically continuous since fa is really (up
1r
1

to isomorphisms in L) z—f—-)x <Y x Y————3Y and similarly go = nza.

But nla = h and 1r2a = k are continuous, hence a must be (since the product

of topological spaces is an initial structure).

Stone Spaces: Let SS be the category of Stone spaces (compact and O-dimensional).

Then SS is a full reflective subcategory of A. The reflection consists
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¢

of factoring by the component relation (i.e. identifying exaétly those
elements which are in the same component). Let SS-—JL-)S be the usual
underlying set functor. Then this still has the Stone-Céch compact-
ification functor described above as left adjoint, . — the Stone—Céch‘
compactification of a discrete space is always O-dimensional. Thus the
triple generated by this adjointness is again the B—-triple and U here has
no chance of being tripleable. We will show explicitly that L3 fails (one
can easily see that L1, L2 hold and that as a result U is odeescent

type).

For let X be any non-trivial (i.e. card X > 2) connected space and le

the underlying set of X made discrete., Now consider the map B(lX!)——EE-)X
the back adjunction (extension of the identity [X|——X). Let this have
kernel relation R. Then R as a subspace of B(|X|) x 8(]X|) is O-dimensional
and we have R:::i::gs([x[), the projections. Now (Uf,Ug) is a kernel pair
in S but the cla?m is that (f,g) is not a kernel pair in SS. For if

(f,g) is a kernel pair it is the kernel pair of its coequalizer. Coeq(f,g)
in SS is obtained by taking the component reflection of coeq(f,g) in A .
But coeq(f,g) in A is s(lxl)--ff__;x and the reflection of X in SS is 1,

the one point space in SS, since X is connected. Thus if (f,g) is a kernel

pair in SS, the following is a pullback:

R
R —————8 (|X])

g(|x|)y———1
. h
But this is not the case. For example define 1:::::36(|Xl) so that
k

(o) = x e [X| £ 8(|X]) and k(o) = x, < |X| g B(|X]) where x # x,.
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Then the pair (x,xz) ¢ R so (h,k) cannot factor through (f,g). B

Note that in this example ¢ is, up to categorical isomorphism, the

inclusion of SS € A .

Universal Algebra: Equational classes of universal algeﬁras (of possibly

infinitary type), equipped with their usual underlying set functors are
precisely tripleable. L1, L2 present no problems, and as pointed out
before, L3 simply says that "the equivalence relations which can be factored
out of algebras are precisely those which are subalgebras of the product".

With this in mind L3 can be established in the same way as was done for

compact T2 spaces above.
§3.3 The Triple~theoretic Birkhoff Theorem
3.3.1 The classical theorem of Birkhoff in universal algebra says that

the class of algebras of a given type which satisfy a specified set of
equations is closed under HSP (homomorphic images, subalgebras and products)
and that conversely if a class of algebras of a given type is closed

under HSP, it consists of precisely those algebras satisfying some set

of equations. We can récapture this theorem in the context of triples
provided we interpret "equations" as "triples'" and "adding equations" as
"exhibiting a new triple and a pointwise onto triple map from the original
tripled. The.precise formulation of the theorem will perhaps clarify this

suggested interpretation.

3.3.2, We require the following lemma, whose proof consists solely

of tedious naturality calculations and will be omitted.
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Lemma A: Suppose we have adjoint situations (Fl,Ul,n ,el,ﬁ.,'x)

1l
and (Fz,Uz,nz,ez,B,JL). Then we can "compose" these adjointness to
obtain (FZFl’U1U2’U1n2F1 0 Ny, 0 Fye Uy, B,X). Denoting the triples

generated by T, $, H respectively we have the following commutative

diagram:

where ¢ = UjnyFy, a triple map T——>H, and U is defined by U(A,9D) =

(UlA,Ul.S o UleanlA), ulf] = [u,f]. B

Note: in a certain sense Ul is acting on triples § inA. "pulling them down'
into triples H in X . This actually extends to a functor (for fixed Ul’
Fl etc.) Trip(R)——3Trip(XK), or more generally a contravariant functor
AD(R) ———apAD(K). Certain amusing results can be proved about these

functors but we shall forego this as it has no bearing on the task at hand.

Lemma B: For a triple T = (T,n,1) in S and a full subcategory

¥ ST, the following are equivalent: .
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(1) ¥ is closed under (all models of) pro&ucts and subobjects.
(2) Wis replete (i.e. closed under isomorphisms) and reflective
with pointwise onto reflections.

Proof:
(1) =» (2). B is replete simply because it is closed under all models
of unary products, also W will be closed under products and equalizers,
hence will be complete since ST is, "and the assumption says that the
inclusion functorB-——-—J—-) sT preserves limits. By the theorem of 0.2.4
we need only verify the solution set condition to establish the existence
of a left adjoint for J. Given any (X,d), let ¢ ={(X/g, /) IR a congruence
on (X,9) and (X/y, 3/R) eB }. & is then a set and we claim it is a
solution set for (X,8), relative to J. For any (Y,£) ¢ and
(X,r9)—-[-f-]-—-)(Y,£) in ST we have that £f(X) carries a structure {' making
it a subalgebra of (Y,£). Denoting the kernel relation of [f] by R, we
have (X/R, «9/R) 2 (£(X),£") and hence & ? (X/R’ 3/R). But [f] factors

through’ [vR] as in Proposition B of 3.1.3. We have

X, 9 ) —m———3I(X/g, 3/R)
J[i]
[£]
J(Y,8)
showing € is a solution set, and J has a left adjoint R. We have reflection
[e} ,
maps (X,9 )———3>R(X,d ). There must be onto, since the image of [p] will

also have the reflector property and hence the inclusion of the image of

[p], by uniqueness of reflection induced maps, must be an isomorphism.
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(2) = (1). ¥ , being replete and reflective, is closed under all limits.
We need only check that ¥ is closed under subobjects. Take x,9) e ®
[
and (X', §')——>(X,? ) a subalgebra. Then we have
{p]
(X's ’e') _— R(X',’&')
[1] (3}
x,3)

with [j] induced by the reflection [p]. Since [i] is 1-1, [p] must be

1-1. But [p] by hypothesis is onto =—§ [p] is an isomorphism. Since B

is replete, (X', 9 B . B

Before presenting the main theorém we give some convenient terminology.
If T is a triple in S ‘ and T—d)—)'[" a map in Trip(S) then we say T' is
a quotient triple of T with quotient map ¢ if ¢ is pointwise onto. A

subcategory ®e& sT is HSP if it is closed under products, subobjects

and homomorphic images.

Theorem: For a triple T in S, there is essentially a 1-1
correspondence between full HSP subcategories of sT and quotient triples
T-—g--)T'. Specifically, if Be ST is a full HSP subcategory then the
restriction of UT to d is precisely tripleable and the resulting triple
is a quotient of T, Conversely, given a quotient T-—L-)T', the semantical
interpretation ST'——-VST is an embedding onto a full HSP subcategory. More-
over, if we start with B, pass to the quotient triple and then take the

semantical interpretation we have a commutative diagram:
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J

B————s'
\ /S‘l’ with ¢ an isomorphism.
1
ST

¢
On the other hand starting with a quotient T~————3T' and applying the

constructions above, we will arrive back at a diagram

¢
T ey T !

P o with a an isomorphism.
Tll

(the reason for the somewhat unappealing intrusion of o is that when
generating a triple from the restriction of UT to the image of FST'—-—-—)ST,
we must make a choice of left adjoint, which is of course only determined
up to natural equivalence).

Proof: Suppose = s¥ is closed under HSP. Then by Lemma B above,

is a reflective subcategory of ST, with reflections [p(X,9)] which are

pointwise onto. Denoting the inclusion of B by J, then J has a left adjoint

R and hence UTJ has left adjoint RFT. This adjointness generates a triple

T T
T' and by Lemma A above we have a triple map T-—U—?-F——-) T' which is

pointwise onto since p is. It is clear that UTJ creates isomorphisms

so to show that UTJ is tripleable we need only verify conditions L1, L2,

L3 of the theorem of 1.2.1. Now ® has coequalizers and kernel pairs since
it is a reflective subcategory of sT which has them. Coequalizers of

T
maps in B are obtained by constructing the coequalizer in S, which is onto,
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and following this by the reflection which is onto. Hence coequalizers
in B are onto. On the other hand an onto map is the coequalizer of its
kernel pair in ST, but this kernel pair by construction arises from a
subobject of a product, hence is in ® and thus an onto map of B is a
coequalizer in ® . Finally if a pair of maps ([f],[g]) in B is such

- that (f,g) is a kernel pair, then ([f],[g]) is the kernel pair of its
coeqﬁalizer in ST, but this coequalizer, being onto, is already in B.
Thus ([£f],[g]) is a kernel pair inAB . From this we conclude that UTJ
is precisely tripleable.

¢ | : , s¢
Now suppose T———>T' is a quotient in Trip(S). Then ST-————>ST

is an embedding of a full subcategory. For S¢(X,8) = S¢(Y,£) =) X =Y
and ¢X = £¢Y =9 D = £ since ¢X is onto. Hence S¢ is 1-1 on objects.
Also S® is faithful. To show s? is full, take S¢(X,9 )—-[f—]-> S¢(Y,£)

=> £.9 ¢X = EGYTE = ET'£¢X = £9O = £T'f (since ¢X is onto) =P f is
a hiomomorphism from (X,9) to (Y,£) in ST', Let (Xi’ —91¢Xi)i €1 be a
family of objects from the image of S¢. Then form the product

TV %, 9;) in s¥'. This product is (T¥X;,9) where 7, 9 = si'r'wi
io: c]-*iach i. Then Sv¢T\'(Xi, 31) = (TTX;, %.MTX:[) and 1r19¢'nxi =

.aiT' niqs'ﬂ’xi = Si¢XiT T Hence the projections are homomorphisms from
S?\T(Xi, .Si) to S¢(Xi, -Si). But this uniquely determines SthT(Xi, -31) as
the product in ST of the S¢(Xi, 31).. This shﬁws the image of S¢ is closed
under products. Now let (X', .e')--—[i—)(X,Qd)X) be a subalgebra of S‘¢(X,$ ).

We claim ' factors through ¢X'. We have:
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v Ti
X! : - TX
¢X' oX
'
's T'l ¥
T'x' ST'X
9
R ' %
] 4
Take X15%, € TX' and suppose ¢X'(x3) = ¢X'(x3). Then S(Xl) = »9(x2)

because ¢X'(xl) = ¢X'(x2) = 3T'i¢X'(x1) = —9T'i¢x'(x2)=} $¢XTi(xl) =
D9XTLx)) =5 19Gxp) = 18'Gxp) = 'x)) = Blx,). Hence 9 does factor
through ¢X', say 9 = ©"¢X'. But then 19"¢x' = 19 = HT'i¢x' =

£8" = $T'i, vhich is sufficient for (X',9") to be in ST . But then
x',98") = s%X', 8" and the image of S% is closed under subobjects.

[f)
Suppose (X, 9 ¢X) e image ¢ and (X, 9¢X) ~———e—e3(Y,£) an onto map in ST.

We have
Tf
TX »TY
¢X A oY
¥ T'f
T'X 3 T'Y
g

A

A 4 f v

X T

Clainz1 £ factors 'through ¢Y. Since f is onto we can choose a section
Ye——3X with fd= id . Then Td, T'd are sections for Tf, T'f respect-
ively. Take Y129, € TY with ¢Y(yl) = ¢Y(y2). Then £(yq) = E;Tde(yl) =

£34XTd(y)) = £9T'd¢¥(y;) = £3T'd¢¥(y,) = £I9XTd(y,) = ETETA(yy) = £(y,).



63

Hence £ factors through ¢Y, say & = £'¢Y and E'T'f¢X = £I¢X = {'T'f =

f9. Since f is onto this is sufficient to guarantee that (Y,£') € ST'.
[£] [f]

Clearly (X, 9 ¢X)———>(Y,£) is the image under S? of (X,8 )——p(Y,E")

showing that the image of s? is closed under homomorphic images.

¢
Now suppose we start with W, generate a quotient T——T' and then
consider the semantical interpretation of ¢.

J

g —s'

$ S¢

]
ST

As above, say R =4 J with adjunctions (b,o) (recall ¢ will be a natural
equivalence). Then the triple T' explicitly is (UTJRFT, UTpFT o n,

T30 o ReTJ)RFT). The adjunctions of RFY —y UYJ are (UTo¥ o n,

o 0 Reyd). Then S ¢(X,9) = s*(X, tRI(0 o Repd) (%,9))

"

X, VI o RETJ) X,9) o UTpF".rX)

T
UT3(0(X,9) o R[.9]) o U pF¥X

But U (o o Re,d) (X,9) o UTprx

UT(36(X,9) o JR[9] o pFIX)

"

UF (30 (X,9) 0 p(X,9) o [S])
U (o 0 p1)(X,8) o [91)
9.

Hence S% = J on objects, Clearly this is also the case for morphisms.

: ¢
Now finally suppose we start with a quotient T————>T' then take the

s¢ v
semantical interpretation ST' ————3ST and construct the quotient Te——pT"

arising from the image W@ of 5. Then we have a commutative diagram:
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K q) T"

s™ - -» 5

.2
J
g l sV
T

S

s¢

= JK, the factorization through the image. Now since ¢K is an iso-
morphism, when we apply the structure functor to the above we get
o

T' a T"
with o an isomorphism. [}

3.3.3 Examples.

(1) If one knew that for any given type, the category of all universal
algebras of that type were tripleable, this proposition would show that
all primitive classes are already tripleable (since they are HSP sub-

categories of categories of all algebras of their type).

(2) By énaiogy with universal algebra Qe call a category ST equationally
complete if it has no non-trivial HSP subcategories (i.e.‘no HSP proper
subcategories containing algebras with more than 1 point). It is easy to
check that the category of compact T2 spaces is equgtionally complete,

For if an HSP subcategory contains a non-trivial compact space, it contailns
the two element discrete spaces, hence all closed subspaces of all products
of two element spaces. But this 1s already all Stone spaces, and every
compact T2 space is the hoﬁomorphic image of a Stone space (for example

look at the back adjunction of the adjointness).
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Categories tripleable over sets are more general than primitive

classes of universal algebras, even if infinitary operations are admitted.

Definition: Let T = (T,n,u) be a triple in sets. Then the rank

of T is the least regular cardinal o with the following property: For
i

any set X and x € TX there is a subset X' C——3X with card(X') < o and

x ¢ image (Ti). If such a cardinal does not exist, we say T has no rank.

The underlying set functor of a primitive class of algebras of a
type with dimension a (as in Slominski [12]) is tripleable, as we have
seen, and one can prove this triple has rank a. Conversely every triple
of rank o is isomorphic to a triple obtained in this way. These results,
unpublished, appear to be due to Linton. The mathematical tools required

to prove them can be found in Manes [9] and Linton [6], [7].

As examples, the triple describing compact Ty spaces has no rank.
The triple describing the category of complete atomic Boolean algebras
(the dual of the category of sets) has no rank. The triple describing
the category of Bx-algebras (the dual of the category of compact T
spaces), with underlying set functor "taking the unit ball", is triple-
able with rank 7L1. The latter two examples are consequences of the
following theorem which is for the most part a corollary of the triple-

ableness theorem of §3.2.

Theorem: Let A be a category with cokernel pairs and equalizers

65



66

in which every monomorphism is an equalizer, Supposeﬂ.hés an injective
cogenerator q together with all powers of q. Then AP is tripleable
over sets via the functor .R,OP(q,—) iff for all A"“‘_"'.__f._.,B in R,

( (£f,q9), (g,q)) a kernel pair =% (f,g) a cokernei pair. The triple
arisiﬁg is isomorphic to T = (T,n,u) where:

X = AlqX,q), Tf = .ll(qf,q)

nX: X-——-)A(qx,q) by X ~a T
. X
ks Alg A ’q),q)—-——-?ﬂ(qx,q) by uX = A(iX,q)

X
where jX: qx-——)qﬂ(q »q) by najx = a.
(All triples T in sets have the above form for a suitable cogenerator
q e (ST)OP, which in the general case need not be injective. One can take

. q the dual object of FT(l).)

The rank of the above triple is the smallest regular cardinal o
with the following property:

x f i
For any set X and map q¢ ————%q there is a subset X' €—pX

3 \
with card(X') < o such that f factors through the projection qx—-_q_JL._., qx .

The example of complete atomic Boolean algebras is obtained by
taking A = sets and q = 2 (a two-element set). The example of Bx-algebras
is obtained by taking A = compact Tz spaces and q = the unit ball of
the complex plane. One can also show, using this theorem, that for a
ring R with unit, the category of compact unitary right R-modules (the
dual of the category of all unitary left R-modules, by Pontrjagin dual-
ity) is tripleable, with usual underlying set functor. In this case

one takes A = category of unitary left R-modules and q = Ab(R,C) where
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Clis the mulpiplicétive groub of complex numbers of notm 1, and -
Ab(R,C) is the group of abelian group homomorphisms from R (as an
abelian group) to C, with its natural left R-module structure. One
can show that for non-trivial rings R, such triples never have a rank

(c.f. 1.3.2, example 2(d)).



(1]

(2]

(3]

[4]

(5]

(6]

[7]

[8]

References

Beck, J. M., Triples, algebras and cohomology. Dissertation,

Columbia Univ., New York, 1967.

Davis, R. C., Categorical universal algebra. Dissertation,

Tulane Univ., New Orleans, 1968,
~

Eilenberg, S. and Moore, J. C., Adjoint functors and triples.

I1l. J. Math. 9 (1965), pp. 381-398.

Gaifman, H., Infinite Boolean polynomials. Fund. Math. 54 (1964),

pp. 229-250.

Lawvere, F. W. Functorial semantics of algebraic theories.
Dissertation, Columbia Univ., New York, 1963. Summarized in

Proc. Nat. Acad. Sci. 50 (1963), pp. 869-872.

Linton, F. E. J., Some aspects of equational categories. Proc.
Conf., Categ. Alg. (La Jolla, 1965), Springer, Berlin, 1966,

ppo 84"'940

Linton, F. E. J., An outline of functorial semantics. Seminar
on Triples and Categorical Homology Theory. (Zurich, 1966/67).

Lecture Notes in Mathematiés, No. 80, Springer-Verlag, 1969,

Linton, F. E. J., Applied functorial semantics, II. Seminar on
Triples and Categorical Homology Theory. (Zurich, 1966/67).
"~ Lecture Notes in Mathematics, No. 80, Springer-Verlag, 1969.

68



[9]

(10}

(111

[12]

69

Manes, E. G., A triple miscellany: some aspects of the theory of
algebras over a triple. Dissertation, Wesleyan Univ.,

Middletown, Conn., 1967.

Mitchell, B., Theory of Categories. New York, Acad. Press,

1965.

Seminar on Triples and Categorical Homology Theory. (Zuriéh,
1966/67). Lecture Notes in Mathematics, No. 80, Springer-Verlag,

1969.

Slominski, J., The theory of abstract algebras with infinitary

operations. Rozprawy Mat. 18, Warzawa, 1959.



	Structure Bookmarks



