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CHAPTER 1 

Introduction 

1.1 Introduction 

A beam composed of a concrete slab and a steel I-beam 

inter-connected by shear connectors in such a manner that they act 

as a unit is a well defined composite member . By the same analogy, 

a reinforced concrete beam consisting of a rectangular concrete 

section and reinforcing steel which act together through the inter­

connection of bond can be considered as a composite member with 

incomplete interaction, a deviation from the conventional concept . 

In the light of his investigation Robinson(!) suggested 

that a reinforced concrete beam may well be considered as a composite 

beam with incomplete interaction . He further illustrated that owing 

to the influence of breakdown of interaction in a reinforced concrete 

beam, a reduction in mid-height strain and an increase in the lower 

strain along reinforcement would result . A reduction in mid-height 

strain has been observed experimentally by Plowman( 2) . By considering 

the reinforced concrete beam as a composite beam with incomplete inter­

action, it is hoped that a rational explanation of the occurrence of 

the diagonal cracking in the shear span, can be achieved. 

- 1 ­
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1.2 	 Literature Survey 

The so-called "shear-failure" in reinforced concrete beams 

has been an intriguing problem. In the early 1900's, the widely-used 

nominal shearing stress equation v • bJd had been developed by 

Morsch. He further explained and argued that shear failure in beams 

was due to diagonal tension, not horizontal shear. 

With the acceptance of Morsch's proposed tensile phenomenon, 

design specifications were adopted in the United States. This nominal 

shearing stress, related to the cylinder strength of concrete, was 

considered to be a measure of the diagonal tension in reinforced concrete 

beams. Talbot(3), however, as early asl909 suggested that the value of 

nominal shearing stress would vary with the amotmt of reinforcement, 

the length-to-depth ratio and other factors which affect the stiffness 

of the beam. 

Since 1950, after Clark(3) introduced Talbot's notion by 

a mathematical equation which involves variables such as percentage of 

reinforcement, length-to depth ratio and concrete strength, research 

workers have attempted to explore the failure mechanism of reinforced 

concrete members in this respect. 

In recent years, the research group at the University of 

Illinois C4) reported significant contributions to the so-called "shear­

failure" problem. They described diagonal tension failure as diagonal 

tension cracking, followed by a redistribution of internal stresses, 

usually associated with increasing load and with a final failure in 
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bending under special conditions that have been termed as a shcar­

compression failure . 

Although there is a trencl to design for bending according 

to the ultimate load method, the working stress design is still used 

for shear . For this reason it is an urgent necessity to estimate the 

shear failure load more precisely, as for bending . The subject of 

shear failure of reinforced concrete beruns has drawn the attention of 

many research workers. 

The ACl-ASCF. Committee 326(3,S) reported the investigations 

into this unsolved problem over the last 50 years, and proposed a new 

empirical design procedure. They indicated that the problems of shear 

and diagonal tension have not been fundamentally and conclusively solved 

and further research work is encouraged for the establishing of a more 

rational theory .to describe the effects of shear and diagonal tension 

on the behaviour of reinforced concrete members .. 

Kani (6) in his paper "The Mechanism of the so-cal led Shear 

Failure" used the "concrete teeth" concept to exp 1ain the mechanism 

of failure and. suggested that the so-called shear failure is a problem 

of diagonal contpression failure, a deviation from earlier diagonal tension 

failure concept . In his next paper "The · Ri.ddle of Shear Failure and Its 

Solution", (7) he further emphasized the process of transformation of a 

reinforced concrete beam into a tied arch due to redistribution of internal 

stresses, to explain the mechanism of shear :ind diagonal failure. 
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Leonhardt and Walther(S) pointed out that for failure of 

the concrete, the principal tensile stresses govern the crack forma­

tion of the brittle concrete . These principal tensile stresses depend 

on the combination of moment and shear force, and the shear stress is 

neither decisive for the crack formation nor for the carrying capacity . 

Ferguson(4) described the failure pattern in terms of 

the conventional theory of combined stresses . He further emphasized 

the possibility of applying the theory of combined stresses more 

constructively in connection with diagonal tension so that a more rational 

solution could be attained. 

It has been well known that diagonal tension is a combined 

stress problem. The location and inclination of diagonal tension cracks 

indicate that the principal tensile stress exceeds the tensile strength 

of the concrete . However, by using the principal stress equation: 

a 2 2j o 
(1 - 1) T 1 '2 = -f :, C-f) + t xy 

difficulties arise in expressing both the bending stress and the shear 

stress in rein forced concrete members . Owing to cracks occurring in 

the tensile zone, there will be a redistribution of interior stresses, 

at different sections, that depend on the crack pattern·, the tensile 

J;"einforcement and the condition of loading . Without knowing the redis ­

tribution of these internal stresses, any theoretical treatment of this 

problem is a rough approximation . The analysis is thus limited to a 

certain extent . 
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In his preliminary investigation on composite beams 

having a cellular zone between the concrete slab and steel I-beam, 

Robinson ( l , 9) discovered that in spite of the fact that there was 

no distinct interfacial plane between the concrete slab and the 

steel beam, the strain distribution at any section had been observed 

to be essentially linear in the elastic range . He further suggested 

that the total slip between the concrete slab and the steel beam 

could be considered to consist of an interfacial slip between the 

lower part of the cellular zone and the steel beam and a larger 

slip, particularly after cracking, due to the rotation of the concrete 

ribs formed by the cells. This could be considered to be analogous 

to the rotation of the cantilever or teeth referred to by Moe (lO) 

and Kani ( 7) . 

Wong(ll) in his analytical study stated that in spite of 

the fact that a cracked reinforced concrete beam does not have a 

distinct intcrfacial plane between concrete and steel, through a slight 

modification of the approach taken by Newmark for a conventional 

. b (lZ) h h ill b l' d . f dcomposite eam , t e t eory can st y app ie to a rein orce 

concrete beam provided a pseudo-interface is assumed. The application 

of the modified theory to the reinforced concrete beam enabled the 

computation of potential crack profiles which were inclined upward 

towards the load point. Furthermore, the estimated slip and strain 

variation along the tensile steel for incomplete interaction had 

characteristics which were qualitatively similar to those observed by 
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Evans and Robinson (l4), and Manning(l 3). The results indicated that 

reinforced concrete beams may well be considered as composite beams 

with incomplete interaction. 

1.3 Objective and Extent of Investigation 

The primary objectives of this investigation is to study 

analytically, the strain pattent and strain trajectories in the shear 

span of a reinforced concrete beam subjected to a two point load. 

Through preliminary investigation, the modified Newmark composite beam 

solution was used to estimate the bending strain and shear strain redis­

tribution in an tmcracked berun. The conventional combined strain equation 

was used to calculate the principal strains and their directions so that 

strain trajectories could be constructed, and their effects on the 

diagonal crack studied. After observation that the strain trajectories 

did not lead to further clarification of the problem, the investigation 

was extended to the study of visible crack profiles for an assumed cracking 

strain. The visible crack profile in a reinforced concrete beam 

subjected to various degrees of breakdown of interaction was studied. 

Furthermore, different degrees of interaction at the locations of two 

major cracks occurring in the shear span as well as its variation in 

between were assumed. The estimated steel strain and slip distributions 

were qualitatively compared with the measured values of other research 

workers. 
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An extension of the studies made by Wong(ll) were carried 

out . The degree of interaction is dependent upon the load-slip 

characteristics of the connection, which in this case is considered 

to be the connection between the concrete and the steel reinforcement . 

An attempt was made to study the effect of various degrees of inter­

action determined from experimentally obtained load-slip characteristics . 

These characteristic curves were those obtained by Mathey and Watstein (lS) . 

Finally, three series of test beams are reported . The 

primary objectives of these tests were to investigate the cracking 

profiles of reinforced concrete beams through the influences of varying 

bond quality in the reinforcement . Results are discussed and compared . 



CHAPTER 2 

Estimation of the Principal Strains, in a Reinforced Concrete Beam 

After reanalysis and further experiments by investigators, 

it is believed that the diagonal tension cracks lead to the ultimate 

diagonal tension failure . As these diagonal cracks cause the failure 

of meat>er s subjected to combined flexure and shear, it is reasonable 

to use the principal stress equation (1-1), to compute the principal 

tensile and compressive stresses . Many investigators have attempted 

to use this fundamental formula before . No successful results have 

been achieved owing to the complication of stress redistribution after 

cracking . 
. (1 9)

Robinson ' in his investigation suggested that rein­

forced concret-e beams may well be considered as composite beams with 

incomplete interaction . 

Wong's (ll) analytical work demonstrates the validity in 

this respect . During his investigation, the Newmark composite beam 

theory with slight modification was used to ~urnish an estimated crack 

profile for both complete and incomplete interaction . This provides 

a more reasonable approximation of both flexural and shenr stresses 

after cracking. 

On the basis of this speculation, it is of interest to 

investigate the shear stress redistribution after the reinforced concrete 

beam subjected to two point load starts to crack . 

- 8 ­
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Figure (2-1) shows the loaded beam, the conventional 

shear diagram and the shea~ing stress distribution for a plain concrete 

beam. In the shear span, the vertical shear transmitted at any section 

should balance the externally applied load . Since there is no vertical 

shear inside the pure moment region, the resulting shearing stress 

distribution should be zero at any section . 

The shear stress distribution for a cracked reinforced 

concrete beam subjected to pure hending has been determined by Broms(l6) 

from equilibrium considerations of free body elements at a number of 

locations along the beam. These shearing stresses occurred because 

cracks cause different sections to have different de~ths. Figure (2-2) 

shows schematically the determination of shear stress and its distri­

bution in the pure moment region. It indicates that the total net 

shear force at any section within the pure moment region is equal to 

zero . 

The same approach is applied in analysing the shear stress 

distribution in the shear span. Owing to the influence of the bending 

cracks, it is assumed that the shear stresses are limited to the compression 

zone . The distribution of shear stress at different sections in the 

remaining compression zone is estimated as described and is shown in 

fiugre (2-3) . By rough approximation, it is noted that the vertical 

shear stress resultant transmitted along the remaining uncracked sections 

varies . 'Ibe magnitude of this shear stress resultant is much less than 

the externally applied shear and increases along sections away from the 
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load points . In other words, for a section close to the load point 


where the largest crack height, crack width and slip are likely to 


occur, the vertical shear transmitted in the remaining uncracked 


section is about 15 percent of the total externally applied shear . 


And for a section away from the load point near to extremity of the 


cracked zone, the shear transmitted in the t.mcracked section is about 


19 percent of the total shear. The only reasonable explanation to 


offset the remaining vertical shear force is the possible dowel effect 


. 	 (10 17 18) (10)·	as described by a number of investigators ' • • Moe in his 

development of the vertical cantilever theory, suggested that shear 

forces are transferred by the interlocking of grains in the concrete 

across the flexural cracks and possibly includes some dowel effects. 

According to Moe, the shear force allotted to the cracked zone in the 

shear span may be as high as 70 percent of the total shear. He further 

predicted that the amount of shear transmission across the flexural 

cracks decreases gradually as the widths of the cracks increase, and 

said that the amount of shearing stresses in the tmcracked section 

increases accordingly. The estimated shear forces attributed to the 

remaining uncracked sections were found to have a different distribution 

· from those assumed by Moe. At design load, the uncracked section close 

to the load point carries about 15 percent of the total shear, while 

for a section away from the load point, the concrete carries about 19 

percent of the total shear. If the remaining shear force is assumed 

to be carried by the steel, then for a high degree of breakdown of inter­

action (represented by 1/C ~ 2.0 at a section close to the load point; 

where l/C is the interaction coefficient which depends upon the load slip 

characteristic between the reinforcing bar and the surrounding concrete 

with given length of the beam and cross sectional are~) ~ 
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the estimated dowel force may be as high as 85 percent of the total 

shear. 

The significance of the shear force on the tensile 

reinforcement (commonly termed as dowel force) has been demonstrated 

experimentally by Mathey and Watstein (l 7) . Their results appear to 

show that the dowel force becomes large after the diagonal crack is 

well formed, and then falls off to zero as the diagonal crack extends 

tmder the load pad during which time the beam is reaching a stage of 

complete collapse . Tile magnitude of the dowel force was computed from 

the strains measured at the lower fibre of the steel at the location 

of the crack in the shear span . The dowel force reached a maximum 

when the tip of the diagonal crack approached the edge of the loading 

plate . It was estimated that the dowel force on the steel may be as 

high as 75 percent of the total vertical shear . Under increasing 

load, the tensile strain in the steel increased rapidly while i t was 

estimated that the dowel force decreased as the diagonal crack progressed 

to the inside of the loading pad . This is based on theoretical reasoning 

since there is no shear within the pure moment region . 

In the comparison of the estimated shear force and the 

dowel force estimated from measurements by Mathey and Watstein, it is 

noted that they are in qualitative agreement . 

Since the formation of the diagonal tension crack is believed 

to cause the ultimate diagonal tension failure in a reinforced concrete 

beam, it is suggested that the study of the principal strain trajectories 
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due to the influence of loss of interaction and the principal tensile 

strain magnitudes may lead to a more rational explanation of this 

problem(3,4,S,10 ,ll) . 

The location and inclination of diagonal tension cracks 

tend to indicate that they could be caused by excessive principal 

tensile strains . A rational analysis of the principal t ensile 

strength should logically be based on the conventional combined strain 

equation . During the course of this investigation, two sets of curves 

were constructed . They are the isoclinics and isostatics defined as 

follows : 

Isoclinics are curves connecting points at which the 

principal directions of strains are the same . 

The isostatics are lines parallel or perpendicular 

to the two principal strain directions at all points 

through which they pass, and as such they give a graphic 

representation of the directions of the principal 

strains, thus indicating the flow of strains . These 

are commonly called strain trajectories . 

These two sets of curves are closely related owing to strain trajectories 

being constructed by a purely graphical process from the isoclinics . 

Figure (2-4) shows one of the methods for the construction of the 

strain trajectories . 
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By using the combined strain theory, it is noted that 

at most points of the berun one of the principal strain is tension 

and the other is compression . Since these two systems of strain 

trajectories are orthogonal to each other, they are referred to as 

tensile and compressive strain trajectories . 

For preliminary investigation, a plain concrete beam 

with cross section as shown in figure (2- 1) is analysed by using 

the conventional combined strain theory . For a beam subjected to 

a two-point load, the shear span is divided into various sections 

and each section is subdivided into different levels . The bending 

strain, shear strain, principal tensile and compressive strains as 

well as their directions at various levels at different sections are 

calculated. For purposes of illustration , only the compressive strain 

trajectories above the neutral axis are constructed . Figure (2-5) shows 

the compressive strain trajectories above the neutral axis in the 

shear span for a plain concrete beam by conventional approach . 

An tmcracked reinforced concrete beam with the same cross 

section was then investigated. Owing to the effect of steel in the 

section, the neutral axis would be in a different position in the case 

of complete interaction . During this investigation the Newmark 

conventional composite beam solution is used to compute the concrete 

strain both at the top and the bottom fibre . The derivation is outlined 

in reference 11 . The shearing strains at different levels in various 
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sections were estimated as described by Broms{l 6) . The strain 
( 11)

equation for concrete has the form 

E'A z 1- (S Z + -- )) Mt (2-1)
c F. AET c c 

The above strain equation shows that the strain depends 

on. the applied moment, the properties of the reinforced concrete 

section and the degree of interaction F/F' at the particular section 

at which strains are desired; P/F' depends on the value of l/c, the 

· interaction coefficient . 

In the light of his observations and speculations, Wong(ll) 

arbitrarily assumed that for a cracked beam with varying sections, the 

value of l/c would vary linearly from 200 at the supports to 0.4 at the 

load points where a crack is most likely to occur. 

The same procedure as mentioned above is employed to com­

pute the principal strains and their directions . Figures (2-6) and 

(2-7) show the compressive strain trajectories in an uncracked rein­

forced concrete beam by composite beam theory for both cases of complete 

(l/c • 00), and incomplete (l/c • 200 to 0 . 4) interaction. 

By comparing the strain trajectories of an uncracked beam 

for both complete (l/c • oo) and incomplete (l/c = 200 to 0 . 4) inter­

action, no marked difference can be obtained. They merely show a path 

through which the principal tensile or compressive strains pass. The 

similar explanation holds true for the strain trajectories of a cracked 

beam. These strain trajectories provide inadequate information in the 

study of the so-called diagonal cracking phenomenon. 
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Consideration of the strain trajectories did not appear 

to give much ins ight into the nature of the development of diagonal 

cracking, the investigation was then extended to further study of the 

principal tensile strains . Based on the speculation that the location 

and inclination of the diagonal tension crack is an indication of 

excessive principal tensile strain, it is assumed that the diagonal 

cracking would start to occur whenever the principal tensile strain 

exceed; 100 micro in/in. However, from the computed principal strains 

in the remaining uncrackcd section of the beam, resulting from various 

degrees of breakdown of interaction, is is noticed that no principal 

· tensile strain magnitude exceeds 100 micro in/in . The principal tensile 

strain in the remaining uncracked section i s governed by the concrete 

cracking strain (100 micro in/in) which in turn detennines the extent 

of the flexural cracking. If the diagonal cracking ever occurs at 

100 micro in/in, it would probably crack at the extremities of the 

potential cracking profile at an angle of 90 degrees . The assumed 100 

micro in/in cracking strain only furnishes the potential cracking 

profile . Various potential crack profiles were estimated for different 

load increments. 

It was observed in a number of test beams subjected to an 

increasing load , that there were no cracks visible to the naked eye 

at half times the design load . At design load, cracks begin to appear 

inside the pure mon~nt region . At 1. 5 or even 2. 0 times the design 

load , the first crack began to appear in the shear span at about two 
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to three inches away from the load points . However, one should bear 

in mind that these are only the visible cracks at that load intensity . 

For the same loading, it is likely that the actual cracks extend 

some distance heyond the visible part . Tiiese micro-cracks are 

assumed to extend up to the limit of the potentinlly cracked zone . 

The potential crack profile is assumed to be that profile at. which 

the tensile strain is equal to 100 micro in/in. It is then reasonable 

to assume that at the same lond intcnsi ty, the tensile cTacking strain 

for the visible crack profile would be higher than that for the 

potential crack profile. 

Por purposes of illustration. a cracking strain of 200 

micro in/in was arbitrarily chosen for computing the visible crack 

profile, and the principal tensile strains based on the visible cracking 

strain were computed. It was hoped that by increasing the cracking 

strain, it would be possible to induce higher shearing strains within 

the remaining uncracked section. This in tum would affect the principal 

tensile strains as well as their directions, and a more rational 

explanation on the so-called diagonal tension crack could be obtained. 

It was found, however, that the increase in shearing strains is very 

small and insignificant. 

Based on the assume<l tensile cracking strains of both 

100 micro in/in and 200 micro in/in, the p-0tential crack profile 

and the visible crack profile were estimated at both 1.5 and 2.0 time! 

the design load in the case of incomplete interaction; represented by 
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1/c = 3 . 125 constant and l/c varying linearly from 200 at the supports 

to 0. 4 at the load point . The principal tensile strains were computed 

based on the remaining uncracked sections above the visible crack 

zone. Figures (2-8), (2 - 9), (2-10 ) and (2-11) show the visible crack 

zone, potential crack zone and the principal cracking boundary (at 

which the principal stra.in is equal to 100 micro in/in) for both 1. S 

,and 2 . 0 times the design load in the cnse of incomplete interaction. 

It is noted that the locus of these principal tensile strains {or the 

$O·called diagonal tensile strains repr esented by 100 micro in/in) 

is located within the two cracking extremities of both the potential 

crack profile and the visible crack profile . Tn most cases, the 

diagonal cracking boundary is very close to the potential crack 

extremities .. The i nclination of these p rincipal strains vary from 

85 degrees to 90 de grees. In other words, the diagonal cracks would 

begin to form almost "at a right angle . Un<ler increasin g load , these 

assumed diagonal cracks would eventually extend upward and meet the 

existing potential crack boundary . This would give rise to another 

potential crack p1.. ofile Ni th which the problem ha<l started. From 

t ho strain pattern in the remaining uncracked section, the above 

cracking behaviour is quite logical. The cracking strain of 100 micro 

in/ i n is being used as a basis to compute the potential crack profile, 

· any cracking strain equal to or greater than 100 micro in/in should 

· ·. · t herefore occur below the potential cracking limit. In othe r words, 

there should not be any <lingonal crack with a magnitude o f 100 micro 

in/in occurring above the potential crack zone. The increased shear 
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strain in the remaining uncracked section estimated from the assumed 

visible cracking strain affects the principal tensile strain only to 

a limited extent . This would cause a tensile crack to fonn at about 

2 to 5 degrees difference from a vertical crack. This difference 

is insignificant as far as the diagonal tensile crack is concerned. 

In order to explain the behaviour of the diagonal cracks which occur 

in reinforced concrete beams. a different approach other than the 

principal strains has to be established. 

After the study of the intental strain redistribution in 

a reinforced concrete beam where cracks are present. it is believed 

that the principal tensile strains alone could not provide a rational 

explanation of the diagonal cracking behaviour. In the comparison of 

the theoretical potential crack profile with the actual crack profile 

which could visibly be observed in test beams. it is noticed that the 

assumed potential cracking strain ( Ep • 100 micro in/in) is comparativeJy 

lower than the cracking strain visually indicated by visible cracks 

in an actual test beam. For example, with ep • 100 micro in/in at 

design load. the beam starts to crack at about the mid-shear span ~ 

(see figure 2-12). At 1.5 and 2.0 times the design load, the cracks 

would occur further out towards the supports G However, results of the 

tested beams showed that in most cases, cracks were limited to within 

the pure moment region at design load or below. The first crack 

appeared in the shear span at about 1.5 to 2. 0 times the design load 

somewhere about one to three inches away from the load point. Since 

these are visible cracks in a test beam, their cracking strain should 
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Figure 2 .12 

Estimated Extremities of Potential Cracks of a Reinforced .Concrete 
Bemn at Design Load (Incomplete interaction. l/c varying along the 
he.am) 
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be higher than the potential cracking strain . For purposes of 

illustration, various cracking st r ain values are arbitrarily chosen 

to compute the corresponding visible crack profiles at design load, 

1.5, 2.0 and up to 3.5 times the design load for cases of complete 

interaction (1/c c 00 ) and incomplete interaction (1/c • Oe4 constant). 

Figures (2·13),(2-14) and (2-15) show the crack prcfiles for 

cracking strain 250, 300 and 350 micro in/in respectively. 

In the case of cp = 250 micro in/in, it is estimated that 

the visible crack appears at 1.5 times the design load at about 3 

inches away from the load point in the shear span. At 3.5 times 

the design load, (approximately the failure load of the test beams) 

it is estimated that the crack profiles extended outwards towards 

the supports to about 18 inches away from the load point e In the 

case of €p = 350 micro in/in, cracks initiated in the shear span at 

2.0 times the design load at about 1 inch away from the load point. 

At 3.5 times the design load, the final visible crack profile occurs 

at about 13 inches away from the load point . Figure ( 2-16) shows tested 

beruns which have the similar a/d ratio as the analysed beam. The 

cracking strain of the beam is not known a However, it could be seen 

t~ at at the final failure stage, the outermost crack is located at about 

the mid-shear span . Therefore, the assumed visible cracking strain 

may be considered to lie within the range of 300 to 350 micro in/in . The 

cracking strain as well as the crack profile changes quite markedly among 
I 

test beams owing to the fact that there is a large number of parameters 
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involved;- such as the concrete strength, reinforcement ratio, shear 

span ratio, size of ~ggregate, etc . These could not be determined 

by MY simple mathematical formula . 

By estimating the probable range in the cracking strain, 

the investigation was extended to ~tudy the effect due to breakdown 

of interaction for a reinforced concrete bea.J!l subjected to various 

loadings . As observed in all the test beams, the diagonal crack tends 

to . start somewhere near the mid-depth, in between two existing vertical 

cracks . This has been reported by other investigators(4 ,lO) . In 

recent years, many research workers have attempted to analyse the 

diagonal failure mechanism by introducing the spacing and the length 

. . (7 10)
of cracks as governing parameters ' . Moe's "cantilever beam" 

theory and Kanis ·"tooth" theory are the classical examples . These · 

effects are more pronouncc<lly ob served in t est beams. It has been 

noted(B) that the cracks are wider and longer under or close to the 

load point . Away from the load point in the shear span, cracks become 

shorter and narrower . 

When the composite beam concept is applied, it indicates 

that when the length of the crack is longer, the breakdown of interaction 

is greater . Based on this speculation, crack profiles are estimated 

for both complete interaction {l/c ~ oo) and incomplete interaction 

\1 / c • 0 . 4 constant). For purposes of comparison, concrete tensile 

strain of 350 micro in/in is chosen to compute the crack prof iles as 

shown in fi g. (2-15). This particular strain magnitude is chosen mainly 
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because at 3. S times the <lesign loa<l, it would produce nn appropriate 

crack profile which is believed to be the ultimate crack profile, as 

observed in a tested beam. Inside the shear span. it is assume<l that 

there are a number of. flexural cracks. These cracks are further 

assumed to have a constant crack spacing between them, and the outer­

most crack occurs somewhere near the mid-shear span (at about 3.5 times 

the desi&'Tl load). It is reasonable to speculat·e that the degree of 

breakdown of interaction would be highest at the section of a crack 

under or close to the applied load. It would decrease gradually at 

. the 	section of cracks away from the load point. 

ror purposes of illustration, two hypothetical cracks with 

a certain crack spacing in the shear span are arbi t ratily chosen. At 

the same load intensity, these two cracks have different width and 

length. In other words, the crack closer to the applied load is 

subjected to a higher degree of breakdown of interaction (repres
1
ented 

by a smaller l/c), and resulted in a wider and longer crack. For the 

other one, which is further away from the applied loa<l, a _tomparatively 

higher degree of interaction and a shorter and naTrower crack are 

... . · . assumed . In between these two cracks, the variation of degree of inter­

. . k !~ • 1 1 (l 3 ,l4) . d. . thaction is not nown. cxper1menta resu ts in 1cate tnat e 

magnitudes of the steel strain and the slip are higher at sections 

. -:. . 	 where major cracks are present. In between these two cracks, there is 

a section where the steel strain and the slip are the lowest. Slip 

can be defined as tho relative movement of the steel with respect to 

the concrete. By using the composite beam theory, the slip is inversely 
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proportional to the vnlue cf l/c; the interaction coefficient . In 

other words, the measured slip at any section can he consi.dered as 

an indication of the degr<!e of interaction at that particular section. 

· For the two hypothetical crncks, the degree of breakdown of interaction 

is arbitrarily assumed to be n.2 for the one which is closer to the 

. ~ loa<l point and o. 8 for the other. The crack spacing is assur1e<l to 

.,, ·· be 4 inches . For purposes of computation, it is further assumed that 

. the degree of interaction is very high bet\-Jccn the cracks. The degree 

'Cf interaction is assu.-ned to vary linearly fror.1 0 .. 8 at one crack to 

·. 100 at the mi<l section, and then from 100 to O. 2 at the other crack. 

The stee l strain and slip dist rihutions based on both the cracked and 

uncrackcd sections were computed by composite beam solutions as out­

.. 	 lined in reference 11. Fig. (2-17) shows the two hypothetical cracks, 

the l/c distribution, the steel strain distributions for both cracked 

and uncracked section and the computed slip distribution in between 

these two cracks at 2.5 times the design loa<l.. These theoretical results 

are compared qualitatively with the experimental observations and 

. 	 . (13,14)·.. measurements per f.orme dby other investigators • 


-: .... · Figure {2-18) and figure (2-19) show the steel strain 


·distribution and the slip (or crack width) measurements at the level 


4 3
·' :. · 	 of reinforcement performed by EVans and Robinson (1 ), and Manning(l ). 

It may be seen that the steel strain was the highest where the -cracks 

nccurred l.mder or close to the applied load. It docroased curvilinearly 

· t.mtil the lowest strain was reached at a particular section in between 



39 

< a J I 

J 

( b) 

'""' 
- ~ 

- ~ 

"'\ 
~ 
..... ..., 
'­

. I:_­
( c ) ~ 

~ 
") 

......... 

~ 
~ 
V) 

·'""' t 
"';' " 

~ 
'­

( d ) 
·~ 
......... 


~ 

/00 . . 

0 - ~ 

o-Z. ......______._______ 

20 
crac.ied 

15 I -__,,,, 

I -­-­,_ ,.,,,,.. _____ 
Jo 

v17craclecf. 

5 

0 

\ 
 ' 
I 
I15 

\ I 
\ I 
\, I/0 
\ I 
\ I 

/
./. 5 '', ........ _., .,,,, 


0 

Figure 2.17 

Es.~imated Steel Strain Distributions for Both Cracked and Uncracked 

Sections, and Slip Distribution in Between Two Cracks. 



160 

120 

IQ 

40 

-40 

-IO 

£• 

1.7SO-of.--a 
/';. 1"""[' 

~ 

INCHES 

DISTRIBUTION OF SLIP 

:BuM Alo 
(One 0·2'-dia wir f" ) 

_.,,,. 

~ 

tH 

r 
I" • I :=:; 

2 

~ 

INCHES 
OISTlllUTION OF CONCaHt STAA INS 

c.n ...... ..... 
"'O ~ «I! I I I/ -,< I /J .< I I I1.. I I 
0 ..... 
U> 
rt 

"i
..... 
r:T INCHES
c DISTallUTION Of STEEL ST'llAINS 

rt ..... "'Tj 
0 

(c)..... 
::s OQ

c: 
"i 

0.. m
c: 
m .N 

rt ...... 
0 00 

m 
< 
§ i 

:; l .OCIOU> 
~ 
~ LOCIOI I~ ::s .. 
r0.. ; 

:::0 $ ·•.oool I 
0 
er = 
1-1• .i -1.000, I 
::s ~ 
U> 
0::s 

2 

~ zol I 

~ 
~OL-.L.~-1..~~L-~...l....~~~~-'-~-L~~'--~~-' 

INCHES 
OISTR1tuTION Of ~IP 

B•AM A4. SLIP, 8TRAU18, AND !iTB'ES!li:~ 
(Six 0-08'-dia witts ) 

INCHES 

CU.CK '"'TTE~N 

INCt<ES 
OIS'nllUTION Of &ONO STRESS 

(•) 

401--+---+---+ · 

I I JLJ I o4 I I 7f /II 

.. 40 

I 

20 

I 

~ 

J I 
~ 

"' I<:> .. ~ 
=: 
~ 
.;o

E­
~z -· 
~ _, 

. 

0. 
i 
v 
~ 

~ 

-120 

~~ 

(o) 

~ 
Li,6 ~ ~~ 

V / ~2..00 ........

L 1· 

~~-t-~~~l.7S~O+-~~ 
INCHES 


DISTRIBUTION OF STEEL STR,t,INS 


- (b) 

'TT. 
Centre-line of bum 

INCHES 
CRACK PAmRN 

(c) 

INCHES 
O!STP.18UT!ON OF BOND STRESS 

(d) 

~ 

I ,VJ I I ' ;>I I I 

V I I )I I 

I I '&' I ~ I I I I I 

0 



41 

8 

3·01 tons 

8 
DISTANCE FROM CENTRE 

OF BEAM : INCHES 

Failure at 11 j" 

~------...........------"-------1 

•I 
-o- - - c- Slope of slip distribution curve 0 

11 11 II II 
-+---~- " x 
-><---){.­

'4 ·03 tons 
l: 
< w 
a:> 

~ 

0 
~ 3·01 tons 

..... 2·29 tons w·~=-==k~==~c~==::t:c::~:::r=~=t=:~=:::::t:c:===~~::jt:::::J
8 6 2 0 2 6 8 

It II II " II 

3·65 tons t-t=;_,'f"C---+--__....,-+----+-,."---~-'k 

x-r-~---i----t 

DISTANCE FROM CENTRE OF BEAM : INCHES 

STEEL STR AIN DISTRIBUTION FOR BEAM X2 

--- 3·65 tons 
~ o ~ '4·03 tons .______._________________ ,2.._____ 

CRACK WIDTHS AT LEVEL OF REINFORCEMENT 

O·OOSO 
0·0220 

6-3' ' 0·0022 
O·O In 

ST' 
0·0010 
0·0088 
0·0208 

3·8'' 0·0028 
O·O134 

7·7" 0·012 
0·()-465 

: SLIP DISTRIBUTION FOR BEAM X.2 

Figure 2.19 

Slip Distribution, Due to Manning 



42 

" 

two cracks. Then it started to increase again in a similar manner 

until another higher strain value was reached at another crack, 

the one which was away from the applied load. Tiie distribution of 

slip had a similar behaviour. The magnitude of slip was largest 

where the crack occurred (would reach a maxililUDl tmder the load point) , 

and diminished with distance away from the crack. 

Theoretically, by the assumption of two different l/c 

distribution in between two cracks, two characteristic steel strain 

curves could be obtained. The lower steel fibre strains were much 

higher when computed by "cracked section" theory than by "uncracked 

section" theory. These two curves (as shown in figure (2-17)) differ 

quite markedly from those measured experimentally as in figures (2-18) 

and (2-19). The computation based on the "uncracked section" theory 

could not be justified owing to the strains in steel and concrete 

increasing uniformly until the tensile strain of the concrete is 

reached . After the section has been cracked, the steel strain is 

increased because the tensile reinforcement carries the addit i onal load 

which was previously taken by the concrete. The steel strains between 

the two cracks can be computed on the basis of the t.mcracked section . 

However, the portion in between the two existing cracks might have 

cracked . 

The possible occurrance of micro cracks in between two 

major cracks could be reasoned by considering a reinforced concrete 

beam as a composite beam with incomplete interaction . Figure (2 - 20a) 

shows a portion of the beam with both uncracked (1-1) and cracked (3-3) 
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sections . If section {l-1) is tmcracked, the section is in complete 

interaction . The strain distribution of the composite member has 

the form as shown in figure (2-20b). At an infinitesimal distance 

away from section {l-1), a major crack occurs at section (3-3). In 

this section, the strain distribution would have a form as shown in 

figure (2-20d), resulting from a high degree of breakdown of inter­

action . By observing the steel strain distributions at both the 

crack and uncracked sections, it is noticed that the steel strain at 

section (3-3) is very high, and the steel strain at section {l-1) 

is very low .. However, in between these two sections, it is improbable 

for the steel strain to drop abruptly from a very high magnitude at 

the cracked section to a very low magnitude at the uncracked section. 

Possibly there will be a gradual transition taking place in between 

these two sections. Based on this speculation, it is reasonable 

to assume that in between the uncracked (1-1) and the cracked (3-3) 

sections, there would be a section (2-2) where the value of steel 

strain is comparatively lower than that at a cracked section, and 

comparatively higher than that at an uncracked section . The strain 

distribution at this particular ~ection would have a form as shown 

in figure (2-20c) . From the composite beam concept, the strain 

distribution at section(2-2) indicates that there is a loss of inter­

action at that section, resulting in a possible crack formation . For 

the remaining sections in between two major cracks, more cracks 

could be formed in a similar manner . Those may be micro cracks which 
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cannot be d~tected by the naked eye. The ~ain difference in the 

steel strain distribution between the theoretical computation based 

on the "cracked section" theory and the experimental measurements 

is probably governed by these micro-cracks; which in tum .is linked 

to the degree of breakdown of interaction . The value of l/c at the 

crack, as well as its linear variation is an arhitrary assumption. 

A more likely variatiqn of l/c along the len~th of a reinforced 

concrete beam subjected to an increasing load is not clearly known; 

neither is the variation between two existing cracks. From the 

assumed 1/c variation and the computed steel strain distribution, it is 

noted that the strain is greatly affected by the corresponding 1/c; 

the degree of breakdown of interaction . At the section of a crack 

where the degree of breakdown of interaction is larger (represented 

by smaller l/c), the higher steel strain is obtained. The steel strain 

computation is affected to some extent by the external moment variation. 

In between tw.o major cracks, there may he a section with high degree of 

interaction (represented by a large l/c) . With this speculation, it 

could be reasonable to assume that for two hypothetical cracks, the 1/c 

would be very high somewhere between the cracks . It would degenerate 

rather rapidly i.n some curvilinear manner unti 1 it reaches a very low 

value at the crack close to the load point; and to a slightly higher 1/c 

value at the other crack . (The one which is away from the first) . This 

would result in a comparatively lower steel strain in between the two 

hypothetical cracks. The degree of breakdown of interaction occurring 

in a reinforced concrete beam affects the slip distribution in a similar 
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manner . Th~ magnitude of slip computed by the composite beam solution 

is related to the steel strain at a particular section.. The suggested 

steel strain distribution and the probable slip distribution based 

on the modified 1/c variations (curvilinear) in between two hypothetical 

cracks are shown in figure (2-21). This ~ill have a shape more like 

that of the steel strain and slip measured by Evans and Robinson (compare 

figures 2-18 and 2-21). It is likely that the magnitude of the estimated 

slip and the measured slip may be different. The different approaches 

employed to measure the slip at any section of a bear.t accotmt for the 

difference ., The slip distribution measured radio-graphically by Evans 

Robinson was th~ rel a.ti ve movement of the steel wi th respect to the 

adjacent concrete . This slip would be the actual sliF at any section 

provided the boam is not crnckccl.. \'ihenever the beam sta.rts to crack, 

there will be a series of cracks along the length of the beam, or a 

beam with concrete "teeth" has been formed as described by Kani (6 ' 7). 

Under increasing load, these concrete teeth or strips are subjected to 

relative movement, or possible rotation with respect to the remaining 

uncra.ckcd zone of the beam. If, the slip measuretlent at any particular 

section is desired, the rolative movement of the steel with respect to 

the concrete in the remaining uncracked section of the main bo<ly of 

the member should be measured. This would he the relative movement 

of the steel with respect to the so-called pseudo interface, when a 

reinforced concrete beam is considered to be a composite beam with 
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(a) 

(b) 

(C) 


Figure 2.21 

Suggested 1/c, Steel Strain and Slip Distribution in Between Two 

Cracks (not computed). 
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incomplete interaction. Figure (2·22) shows , schematically the two 

different possible approaches in measuri.ng the slip at a particular 

section_ 

Experimental results are always reliable provided suitable 

techniques and devices are available . By inteI?reting the experi­

mental results performed by other investigators, it is hoped that the 

importance of the <legree of interaction in a reinforced concrete beam 

through the composite action would be demonstrated. 

http:measuri.ng
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O IAPTE R 3 

T~e Investigation ~f Degree of Interaction Based on E:cperimental 


Load-Slip Characteristics 


It has been fOl.md that the arbitrarily assumed linear 

variation of 1/c from supports to the load points is not applicable, 

the variation of degree of interaction needs to be readjusted . Figure 

(3- 1) shows the variation of upper, mid-height and lower strains along 

the tensile reinforcement of a cracked beam at both the design load 

and 1. 7 times the design load . The degree of interaction was assumed 

to vary from 200 at the supports to 0 . 4 at the load points e It had 

been suggested(Z,B) that for a reinforced concrete beam subjected to 

to increasing load, the strain distribution along the reinforcement 

does not necessarily follow the bending moment curve . 

Figure (3-1) shows an envelope for steel strain that could 

provide limits of strain along the reinforcement si~i lar to those 

measured by Plowman(Z) . The computed mid -height steel strain along the 

reinforcement is comparatively lower in magnitude, while the bottom 

fibre steel strain is higher than that predicted by the straight _line 

theory, eapecially in the region of the load points where the degree of 

breakdown of interaction is thought to be greatest . Prom Figure (3- 1), 

it is noticed that at about 1. 7 times the design load, the resulting 

steel strain under the load point approaches the yield value . OWing 

- 50 ­
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to the high degree of breakdown of interaction under the load point, 

the cracking path tends to upshoot rapidly towards the applied load 

(see figure 3- 2) . 

On the basis of this speculation, the assumed linear 

l/c is under investigation. From Newmark's composite beam solution(ll), 

the amount of slip permitted by the shear connection (or bond) is 

directly proportional to the load transmitted by the steel, (y • Q/k) . 

However, the load transmitted through the steel depends on the ratio 

of the horizontal force for incomplete interact ion (F) to the horizontal 

force for complete interaction (F') or F/F'. This ratio in turn depends 

on the degree of interaction (1/c) at any particular section and the 

applied moment . For purposes of comparison, the load transmitted through 

the steel at design load was computed for an assumed linear variation of 

l/c . From the geometry of the remaining tmcracked section, the modulus 

k was obtained . The slip distribution and the corresponding force in 

the bar was computed. Figures (3-3) and (3-4) show the l/c vs . Q and
5 

~vs . slip curves respectively . It is of interest to note that the 

computed load-slip curve has a similar form to those measured by other 

experimenters(lS) . In order to obtain a better distribution of l/c 

which would occur in an actual test beam, a load-slip characteristic 

curve, from a beam test, measured by Mathey and Watstein (IS) has been 

chosen e 

The load and slip from the chosen curve were obtained from 

test results of a beam specimen reinforced with #4 high-yield strength 
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Figure 3.2 

Estimated Extremities of Potential Cracks of a Reinforced Concrete 
Beam at 1. 7 times Design Load (l/c vatying along the beam) 
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defonned bars . Details of beam specimens, testing_~rrangements and 

location of strain gages due to Mathey and Watstein are shown in 

figure (3-5) . The beam specimens .were tested as simply supported 

beams subjected to a two point load . The load points were directly 

over the outer edges of the 3-in . notches which exposed the bar at 

the loaded ends ~f the reinforcement . A yoke was clamped into the 

drilled contact points in the exposed bar. Dial gages were attached 

to the yoke, permitting measurement of the slip of the bar directly 

under the concentrated Joads . The gages were mounted on steel angle 

clips which were attached-with screws to the concrete. Strain in the 

tensile reinforcement at about 7/8 inches from the inner edges of 

the 3-in. notches was measured with bonded wire electrical resistance 

strain gages . The computed force in the reinforcing bar versus loaded­

end slip curve is· shown in figure (3-6) . For purposes of computation, 

this characteristic curve is slightly modified as shown in figure 

(3· 7). The curve is so modified, so that for a small force exerted in 

the steel, a value of slip can be obtained and the iteration process 
. ,/" 

The process of computation is based on the Newmark composite 

solution (ll) and the chosen load-slip characteristic curve. A hypo­

thetical beam subjected to a two point load is under investigation . 

On the consideration of a beam with complete interaction, the F' and q' 

diagrams are as shown in figures (3-8) and (3-9). The F' is the 
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Modified Load-Slip Characteristic Curve 




60 

90 // . t 

U>.c 

_5 .o 

V') - 4 .0 
.~
' ~ 

_3 . o 
LL 

z.o 

/ .0 

0 
5 15 

L r /n . ) 

2.5 3.5 4.5 

Figure 3. 8 F' vs. Length of the Beam Curve 

Zoo --Q 

" I _50'­

' ~ 
/00 

_so 

0 ..5 15 Z5 -35 4..5 

L (In .J 

Figure 3.9 q' vs. Length of the Beam Curve 



I 

61 

horizontal direct force acting at the centroid of the cross-sectional 

area of the steel and q• is the horizontal unit shear. It is noticed 

that F' is a fwtction of the applied moment and thesection geometry 

Er as it varies along the length of the beam (F' • ..:.... Z M) j while q'
rr 

is a function of the vertical shear and the section geometry 

i:A
(q' =~ Z V) . After the beam ha.s been cracked, the remaining uncracked 

Er 
sections above the extremities of flexural cracks varied; causing 

variation in the section geometry . At this stage the beam is considered 

to be subjected to breakdown of interaction. Through the influence of 

varying degrees of interaction, the F' and ct' have changed to F and q; 

where both F and q are the horizontal force and shear in the case of 

incomplete interaction. 

The beam was first trea.ted as a cracked beam with complete 

interaction . The F' at various sections along the length of the beam 

were computed by the composite beam solution . With the known forces F', 

the corresponding slips were obtained from the load-slip characteristic · 

curve . Then .- values of q' were computed . Since there is no vertical 

shear between the load points, the values of q' within these sections 

should be zero . For purposes of computation, a constant value of q • 

was assumed along these sections inside the pure moment region in the 

first iteration .. With the known value of q' and slip at each section, 

the mo<lulus k could be obtained (k .~ ) . Once the values of k and 
y 

the section geometry were known at different sections, then C or l/c; 

the interaction coefficient could readily be computed. The beam was 
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; , .. ··,·' 

then considered to suffer a loss of interaction. With the known 


values of 1/c at the appropriate sections• F and q were computed . 


With the computed values of F, corresponding slips were obtained 


from the curve. Modulus k was estimated from the known values of 


q and slip at different sections, and l/c \<las again computed. The 


process was repeated for several iterations until a convergence of 


F had been reached. 


111e computed l/c values at 1.0, L 5 and 2 .o timos the 


design load are presented in figure (3-10) ru1d show that 1/c varies 


in some curvilinear manner along the beam. At design load, the 


' v~luc of 1/c is very high at the support' and decreases to about 

25 at the load point. From the composite beam notation, for 1/c • 25 

the interaction is practi.cally perfect . At 1. 5 times the design 

·. l9a<l, the l/c values dininished in a similar manner to a value of 

, 8 at the load point. Un der further loading, the value of l I c at the 

load point has been lowered to 5 at 2 times the design load . 

The computation of l/c by using the process described 


above gives reasonable results only in the shear spans. For a short 


<l i stance close to the supports and sections within the pure moment 


· re-gion, the l/c values could not be justified. For sections close 

to the stlpports, values of F and q were very smal 1 and the corres­

ponding slips were practically negligible . From the first iteration 

of the above described process, the ini tie.I values of q •· within the 

·pure moment r egion were assumed . After six iterations, it was found 

that no convergence was obtained for the region between the- load points . 



/000 

/0 

63 

\ 
\ / . o X De.s1jn Lood 

\ 

\ 
\ 
\ 
\ 

/ . .5 

2 . o 

x 

x 

D~.$'..Jn 

Des{._Jn 

Load 

l...ood 

\ \ 
\ 
\ 
\ 

\ 
\ 
\ 
\ 

\ \ 
\ 
\ 
\ 

\ 
\ 
\ 
\ 

\ 
\ 
\ 

\ 
\ 
\ 
\ 

\ \ 
\ 
\ 
\ 

\ 
\ 
\ 
\ 

\ \ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 

' ' ' 

rZJ?5~ j 
L ___ c:;o /'-----~ 

loo 

0 5 JO 15 2o Z5 30 3.5 4o 45 

L rin.J 

Figure 3.10 Values of l/c Obtained From the Beam Load-Slip 

Characteristics at Various Loadings. 



64 

These computations indicate that values of 1/c do not 

degenerate too much; especially in the case of the l/c value under 

the load point. At 2.0 times the design load, a value of l/c = 5 

is still conside ·rod to be a high degree of internction. The value 

of 1/c is proportional to the modulus k; which in tum is inversely 

proportional to the slip: 

k s qs/yc = k
s 

A high value of l/c .indicates that the modulus k is high and the 


corresponding slip is srr,al 1. In other words from the beam specimens 


loa<l-slip characteristic curve, the slip under the load point at 


2. O times the design load is not high enough to generate what is 


considered to be an appropriately small value of l/c; small enough 


to push the cracked zone upwards. 


It has been suspected that the instrumentation used by 

(lS)
the authors would account for the relatively low slip rneasure­

ments • 1110 loaded-end slip was measured by the movement c;f the 

· exposed bar directly under the load point. Since there is no adhesion 

in the exposed bar, the measured slip would not be the true slip as 

· would be the case when the steel bar is totally surrounded by concrete. 

Furthermore, the measured slip was the relative movement of the steel 

with respect to the adjacent con crate. The "concrete teeth" or 

· ''concrete st rip" between two cracks may be subjected to a small rotation 



or relative displacement with respect to the remaining uncracked zone 

(or the main body of the member). Then the slip measured from the 

relative movement of the steel with respect to the adjacent concrete 

would he smaller than the relative movement of the ste~l with respect 

to the main member, or the so-called pseudo-interface. 

l\ comparatively higher slip would result from a pull ..out 

test than for the beam specimen test. For purposes of compari.son, a 

pull-out specimen load-slip characteri~t1 c curve lneasured by the same 

authors (lS) wns chosen. It was hoped th3t hy such a loa.d-slip curve, 

a v,reater degree of bren.k<lown of interaction would be obtained,, and 

the importance of hand slip characteristic could he. further demonstrated. 

The measured values were obtained from the tested pull­

out specimens. These specimens were reinforced wi.th the same size-

strength bers. The specimen, loaded as shown in figure (3·11), was 

seated on a leather cushion on two segnents of a 2 in. hnsc plate 

attached to spherical bearing blocks. Slip of the bar was measured 

with microrneteT dial gages. At the loaded end of the specimen, two 

di al gages were attachcc.1 to the steel bar mounted on the face of the 

concrete. The average of the two gaee readings indicated the amount 

of movement of the point on the reinforcing 1'ar with reference to the 

face of the concrete. 

rigure (3-12) shows the pull-out specimens load-slip 

characteristic curve measured by M~they and Wat stein (lS). In computing 

the degree of breakdown on interaction (values of l/c), the same 
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procedure for the computations of the beam specimen as described above 

was e1~1p loyo<l. 

The computed l/c values at l.'J, 1.5 anJ 2 .0 times the 

design load are presented in figure (3-13). TI1es c coraputatecl l/c 

distributions were generally similar to those from the beam-spccinen 

test . At design load, the degree of interaction (represented by l/c) 

is about 4 . 5. At 1 . 5 times the design load, tl-\e degree of interaction 

decreases to 3. 'J. At 2 . ~) tbics the design load, it decreases further 

to about 2 . 5 . 

In the com;: :Jrison of the two sets of l/c values computed 

from both the be am specimens and pull - out specimens load-slip characteristic 

ct1rves, it has been not ed that with a higher magnitude of slip, a higher 

degree of breakdO\m of interaction would result. The slip values measured 

f rom the pu l 1-out S!)ccir.icns are higher than those from beam specimens. 

The greate1· Jispa r i ty Le t w(;cn them is due to the di fferent testing 

.con<li tions and the effects of flexural cracks . Since the bcar.1-specimens 

are usually t ested by a point-load syste m, both the steel reinforce ment 

an<l the surrounding concrete would be in tension when the beam is subjected 

to the applied load . In the pull-out tests, the steel rod is suhjected 

to a pulling force at the lou<lccl cn<l . The steel rod would be in tension 

while the surrounding concrete would he in compression. Furthermore in 

the beam specimens, flexural cracks develop wj thin the shear spaT'l. The 

cffocts of fl exural cracking would tenJ. to distribute the elongation of 

the steel in several placos where cracks are present, resulting in a 

smaller load-end slip . It has been pointed out(l9) that pull-out and beam 
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specimens yield comparable results only when the length of the pull - out 

specimen is comparable to the distance from the free end of the bar 

in a beam to the nearest crack within the shear span . On this basis, 

the flexural cracks at a given steel strain might well be narrower 

than the slip at the loaded end of a pull-out specimen . It would be 

reasonable to observe that a more reliable loaded-end slip could be 

obtained from the beam specimen, provided that the instrumentation is 

capable of measuring the actual total slip at that particular section $ 

Based on the l/c values computed from both the beam and 

the pull-out curves, potential crack profiles were es:timated at 2 . 0 

times the design load as presented in figure (3-14) . It is noted that 

in both cases, the values of l/c at the load point are not small 

enough to push to crack significantly upwards into the compression 

zone . From both the beam and the pull-out load slip curves, it is 

further noticed that at the lower load stage, slip i ncrease with load 

is small . At the higher load stage (approximately above 2 . 0 times the 

design load), the slip increases more rapidly . At 3. 5 times the design 

load, it is found that no slip values could be obtained from the curves . 

However, it is speculated that for a load about 3 to 3. 4 times the design 

load, a smaller value of l/c could be obtained . The small l/c indicates 

a very high degree of breakdown of interaction, resulting in the 

extension of the crack into the compression zone and bringing about 

the final failure of the member . 
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It is believed that the variation of l/c along the 

length of the beam from supports to load points plays an important 

role in determining the failure modes of reinforced concrete beams . 

The degree of breakdown of interaction at any section depends 

upon the load slip characteristic of the reinforcing bar. For the 

beam reinforced with steel of poor bond, the major crack is expected 

to occur in the vicinity of the load point. Under increasing load, 

owing to the inadequate -bond resistance, the slip and the length 

of the crack under the load point increases rapidly. The degree of 

· breakdown of interaction would be very high (represented by a very 

small l/c), and causes the flexural crack to propagate rapidly into 

_· the compression zone. Eventually the stress in the compression zone 

. re;iches the compressive strength of the concrete, resulting in the 

flexural failure of the beam before the premature diagonal crack 

can be developed . For the beam reinforced with steel of better bond, 

cracks are still expected to occur close to the load points . However, 

· · with better resistance the slip and the ext ension of •these cracks 

could be reduced. The trigger mechanism of the so-called ''diagonal 

cracking" phenomenon of reinforced concrete beams has not been known . 

By interpreting the test results obtained by other investigators, the 

measured steel strain and slip distributions show qualitative agreement 

· with the estimated values when the composite beam concept is applied . 

It is further reasoned that micro-cracks would occur in the shear span, 
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resulting from the localized breakdown of interaction effect . The 

extremities of these flexural cracks, depending upon the degrees of 

interaction, goveTil the shape and possibly the formation of the 

matured diagonal crack . 



CHAPTBR 4 

Load Tests on Reinforced Concrete Beams 

4.1 Objectives of Investigation 

The primary purposes of these tests were to study 

experimentally the cracking profiles of reinforced concrete beams 

subjected to a two point loading systern, Through the influences 

of loading condition and the varying quality of the bond in the 

tensile reinforcement. 

From Newmark's conventional composite heam results, 

it has been fotmd that the reduction in the interaction is a 

( 1 9) (11)localized effect . Robinson ' and Wong further suggested that 

the najor loss of interaction occurred at the section under the 

applied load, resulting in an estimated crack profile with an 

upshooting portion close tp the applied load . In this series of tests, 

two beams were reinforced with plain bars nn<l welded washers as shown 

in .figure (4-1) . The main purpose of the welded washers was to 

ensure hetter bond performance along the stee1. Furthermore, by 

welding washers di rect ly tmder the load point, it was hoped that the 

localized slip could be reduced .. This in turn would increase the 

degree of interaction and decreased the height of the crack under 

the load point 
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Figure 4.1 Details of Beam Specimens 
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4.2 Reinforcement 

Six beam plywood forms were constructed. Three different 

types of reinforcement were used . Beams Bl, B2, B.3 and B4 were 

singly reinforced with 5/8 inch diameter plain bars . In beams B3 and 

B4, five steel washers were welded along the reinforcement . They 

were so distributed that in B3, washers were equally spaced along 

the reinforcement, while in B4 the two washers in the two shear spans 

were placed 3 inches away from the two load points. Beams BS and B6 

were singly reinforced with the same size galvanized steel bar . All 

beams were of the same cross-section and reinforcing ratio . Figure 

(4-1) shows the details of beams, loading positions and the location 

.. of washers along the reinforcement . 

4.3 Concrete 

11te concrete used was a nominal 3500 psi commercial 

:teady..mix concrete, containing a maximum aggregate ~ size of 3/4 inch . 

· Before pouring the concrete, water was added to the mix so that the 


concrete had a one-inch slump . Twelve standard 6'* x 12" cylinders 


were made. The concrete was then poured into the forms un l. formly 


in layers, and was vibrated internally with a conunercial vibrator. 


· After all beams ancl cylinders were m::ioe, they were covered with wet 


burlap . The burlap was kept wet for seven days and then removed. 
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These beam specimens were cured in the laboratory until time of 

The cylinders were tested elther on the 28th day, when 


the first beam was tested, or at the time when the last beam was 


tested . TI1e average compressive concrete strength and the modulus 


of elasticity were obtained . 


4. 4 Loading Arrangements and Test Procedure 

All six beam specimens were tested with a two-point 

load. Beams Bl to BS had the same "shear arm ratio" while B6 had a 

smaller a/ d ratio • (see figure 4-1). The beruns were simply supported 

by two roller type supports which were mounted on a steel I-beam. 

The beams were loaded by the testing machine through two knife edge 

assemblies. In beam B2, two load distribution steel plates (nominal 

di.mension = 4" x 6" x 3/4") were placed directly lttlder the load points 

i n order to study their effect on the cracking profile. 

During this testing programme, the Universal Testing 


· Machine with a capacity of 120 ,000 lb . was used. In preparing the 


berur~ for testing, they were white washed so that any IT~nute cracks 


···:could be traced by the naked eye. In addition, dial gages with magnetic 

bases wore mounted at various locations under the testing beams to 

measure the de f l ections. The beams were then ready for testing. 

Figure (4-2) shows the general test arrangement. 



Figure 4.2 General Test Arrangement -...J 
00 



79 

The testin g beam was l oaded at P. constant rate (0 . 1 inch 


pe r nin) in 250 pound increments . At e ach load increment, di. a l 


· readings were recor ded and t he surface of the be am wRS examined so 

that t he deve l opment of the minute cracks could be care fu lly traced 

and marke d. 

4. 5 Tes t Observations 

Figure (4-3) shows the crack profile of beam Bl. The 

fiTst flexural crack was observed at the tension surface of the beam 

at about design loa<l. As load increments were added, more and more 

flexural cracks occurred in the pure moment region. They all progressed 

vertically upward, passing the tensile reinforcement and extending 

towards the neutral surface of the beam . With forther increase in 

load, flexural cracks in t he pure moment region propagated upward 

towards the compression zone . The final characteristic Y-shape cracks(l6) 

were formed. 

Cracks in the shear span developed rather di f ferently from 

· 	those in between the load points . As observed from the test, cracks 

in the shear spans started to appea1· at about 1 . 5 times the design 

load. Under increasin,g load, the crack close to the applied load 

propagated rapidly into the compression zone . The crushing of the contact 

·· ·"· concrete Wlder the applied load brought about the flexural failure 

of the beam. 
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The crack profiles of beam B2 are shown in figure (4-4). 

Cracks in the pure moment region and in the shear span developed in 

a similar manner to those observed in beam Bl. The only noticeable 

difference observed between Bl and B2 was the spacing of cracks in 

the shear span. 

The crack profiles of beam B3 with washers equally 

spaced along the reinforcement are shown in figure (4-5). The flexural 

cracks within the pure moment region had a pattern similar to those 

observed in beams Bl and B2. At about 1.3 times the design loadt cracks 

began to show in the shear span. As the load increased, these flexural 

cracks extended upward. At about 2.2 times the design load, a 

characteristic inclined crack (or the so-called diagonal crack) began 

to form. It appeared at the existing flexural crack about 6 inches 

away from the applied load in the shear span. With further increase in 

load, this diagonal crack propagated, inclining upward t.owards the 

applied load. Close to the ultimate test load (about 9000 pounds), 

the inclined crack extended into the compression zone and backward 

towards the reinforcement, resulting in tho final failure of the member. 

Figure (4-6) shows the crack profiles of beam B4. It 

had been observed that the developments of the flexural cracks and the 

characteristic diagona.l crack had a similar pat tem to those observed 

in beam B3, The same type of final · foi lur~ '~as noticed. 
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The crack profiles of beam BS reinforced with galvanized 

steel are shown in figure (4-7) . Flexural cracks began to appear 

inside the pure moment region at about one-half times the design load . 

The later developments of these flexural cracks were similar to those 

observed in the other beruns. The first crack in the shear span 

appeared at about 1. 4 times t he design load . At about 2. 5 times the 

design load, the crack started to incline from an existing flexural 

crack at about 8 inches away from the applied load. Under increasing 

load, this inclined crack propagated into the compression zone towards 

the applied load . At the same time, the inclined crack extended 

backwards towards the tension zone . At about 3. 6 times the design 

load, the crushing of the intact concrete above the diagonal crack 

and the splitting of the concrete at the level of the reinforcement 

led to ·. the ultimate failure of the member . 

Figure (4-8) shows the crack profiles of beam B6 which 

was loaded with a smaller "shear arm ratio" as shown in figure ( 4-1) . 

It was observed that a diagonal crack also formed from the existing 

flexural crack in the shear span (at about 1. 9 times the design load) . 

When load was increased, the existing diagonal crack propagated upward 

towards the compression zone, flattened under the load point and 

extending into the pure moment region. At the same time, a backward 

extension of this diagonal crack into the tension zone brought about 

the diagonal failure of the beam. 
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Figure 4. 3 Crack Profiles of Beam Bl 
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Figure 4.4 Crack Profiles of Beam B2 
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Figure 4.5 Crack Profiles of Beam B3 
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Figure 4.6 Crack Profiles of Beam B4 
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Crack Profiles of Beam BSFigure 4.7 
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Figure 4.8 Crack Profiles of Beam B6 
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The steps in the development of the flexural cracks and 

diagonal cracks which led to the final failure of the beams are 

shown schematically in figure (4-9) . 

Summary of test results are given in Table (4-1) . 

4.6 Discussion 

Both beams Bl and B2, reinforced with plain bars failed 

in bending . As observed in figures (4-3) and (4-4), it is noticed 

that a very small inclined crack occurred at the existing flexural 

crack . It has been suggested(4,S) that such a diagonal crack rarely 

becomes critical until further load is applied, causing it to propagate 

back towards the steel . A true moment failure may occur without the 

premature diagonal crack starting to form . In other words, owing to 

the local effect of a load applied on top of a beam, it is likely that 

the propagation of the crack under the load point reduced the remaining 

compression area . This effect may be further illustrated by considering 

the reinforced concrete beam as a composite beam with incomplete 

interaction . When a beam reinforced with a plain bar is subjected to 

a high loading, the largest crack length and crack width occurs close 

to or \Ulder the load point, resulting from the reduced bond brought on 

by breakdown of interaction. This crack propagates rapidly upwards into 

the compression zone . The stress in the remaining uncracked zone eventually 

reaches the compressive strength of concrete and brings about the 

flexural failure of the beam. 
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Table 4-1 

Summary of Test Results 

Beam 
No. 

a/d I Design 
Load 

(lb) 

Maximum 
Capacity 

(lb) 

Reinforcement M Design 
(in-lb) 

M measured 
at failure 

(in-lb) 

r..oad at which Load at which 
1st crnck occurred crack began 
in shear span to incline 

--+--­ r-­ -t--------+­ ------­+-­--­-

Bl 4. 3 I 2575 8640 5/ gu diruneter I 38625 
plain bar 

129,600 3000 

B2 4.3 I 2575 8540 5/8" diameterF 8625 
plain bar 

128,100 3000 

B3 

B4 

4.3 I 2575 

4. 3 I 2575 

9040 

9100 -­

washers 

5/8" ~~ - plainl1 

38625 
bar + 5 · , 

sis" di•. -_-­ 1 ;s62s 
plai n bar + 1 

S washers 

13St600 

-- -r~36 ,soo 

3000 

3250 

5500 

6000 

BS 4. 3 I 2575 9640 I 5/8" diameter i 38625 
galvanized 
bar 

144~600 3000 6500 

-

B6 2.9 I 3680 13240 5/8" dial$eter I36800 
galvaniz~d 
bar 

132400 4000 7000 

Ultimate 
failure 

Flexural 

Flexural 

I Diagonal 

Diagonal 

Diagonal 
(Anchorage}_ 

Diagonal 

0 "'° 
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In the comparison of the crack profiles of beams Bl and B2, 

there is no noticeable difference observed . 

Both beams B3 and B4 showed a diagonal failure . The 

flexural crack lengths and widths under the load points were comparatively 

smaller than those observed in beam Bl and B2, owing to the presence 

of the welded washers. These washers did produce a resistance to slip 

in the reinforcement (or the relative movement of the concrete and the 

steel) . This in tu111 indicated that there was a better bond quality 

along the reinforcement, resulting in the diagonal failure of the 

member . 

It is believed that, for beams reinforced with deformed 

bars, an initial diagonal crack forms somewhere near the mid-depth of 

a section in the shear span . This diagonal crack proceeds upward into 

the compression zone with a slight inclination and backward in the 

tension zone. Under increasing load, it extends further into the 

compression zone and flattens towards the applied load. At the same 

instant, owing to the increased bar tension and increased bond, this 

diagonal crack propagates downward into the zone around the steel. 

Finally, a sudden failure by the extension of the crack close to the 

load point and the splitting of concrete because of bond causes the 

mature diagonal failure of the member . Figure (4-10) shows the 

diagonal failure of beams reinforced with deformed bars reported by 

Leonhardt and Walther(S). 



Figure 4 . 10 
Crack Profiles of Beams with Deformed Bars, due to Leonhardt and Walther 

N "'° 
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Tile diagonal crack pattern observed in figures (4-5) 

and (4-6) differ from most of the tested beams performed by other 

investigators . It is thoughtthat the behaviour and effect of different 

bond quality in the tensile reinforcement account for the major 

difference. Up to the present time, deformed bars are used by 

investigators in order to achieve a better adhesion between steel 

and concrete (or a better bond), resulting in the general diagonal 

crack pattern so often observed in test beams . However, it is thought 

that the upset perimeter of these deformed bars merely serves as a 

mechanical resistance to slip . In beams reinforced with plain bars 

and welded washers, the slip would be reduced considerably under the 

load point. These washers were large in size. If smaller washers 

were used and they were evenly distributed along the steel, it would 

behave in a similar manner as the upset bar which provides a mechanical 

slip resistance. 

In the comparison of figures (4-5) and (4-6), it is noticed 

. that the spacing of washers in the shea-r spans did not appear to affect 

the crack profile very much. It is thought that once the slip had 

been reduced by the washers under the load points, the washers inside 

the shear spans would serve as anchors. These washers were rather large 

and their distribution in the shear spans would be ineffective . 

By comparing be~ms Bl and B2 with BS and B6, it is noted 

that beams reinforced with galvanized steel <lid produce a better adhesion 

between steel and concrete, resulting in the diagonal failure of the 
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members . TI\e final shear failure of beams resulting from the better 

adhesion between steel and concrete (or better bond) could be further 

observed in other tested beams(S) as shown in figure (4-11) . EBl was 

reported to have failed in bending while EB2 failed in shear. The 

maxinrum carrying capacity of EBl was about 15 percent higher than 

EB2. It is suggested (S) that some adhesion between steel and concrete 

had developed which led to the final shear failure of the member. 

If this adhesion had been completely avoided, then failure under bending 

would surely have occurred. 

In the comparison of beams BS and B6 tested with different 

"shear arm ratio", the moment carrying capacity of beam BS (a/d = 4 . 3) 

i. s about 9 peTcent higher than beam B6 (a/d 2 . 9) • Th is showsis 

qualitat.i ve agreement with the test results obtained hy other. research 

workers ( 7) • 

4.7 Summa;:r 

The significant observations of the tested beams are 

summarized below: 

1. For beams reinforced with plain bars. less adhesion occurred between 

concrete and steel (or poor bond), resul ti.ng in the final flexural 

failure of the members . 

2. Steel washers welded along the reinforcement reduced the major 

slip occurrence: especially under the load point. These washers 
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insured better bond quality between the steel and the concrete, and 

led to the ultimate diagonal failure (or the so.. called shear failure) 

of the members at a higher cracking load. 

3. With galvanized steel, protection from corrosion afforded by the 

coating produces better adhesion between steel an<l concrete (or 

a better bond) than the plain bars. Diagonal failure occurred, · in 

these beams reinforced with steel of better bond quality, at a 

higher load . 



OIAPTER 5 

Summary and Suggestions for Future Studies 

The failure mechanism of a reinforced concrete beam has 

been studied both analytically and experimentally . The analysis was 

made on the basis of complete and incomplete interaction between 

the composite elements, the concrete and the steel . 

Consideration of the strain trajectories did not appear 

to give much insight into t he problem of the diagonal crack, the 

investigation was then extended to the study of the principal 

tensile strains, resulting f rom strain redistributions in the remaining 

uncracked zone . It is the author's opinion that the principal tensile 

strains alone do not provide a rational explanation of the diagonal 

cracking behaviour. 

In the comparison of the potential crack profile with 

the visible crack profile, a probable range of visible concrete 

cracking strain has been suggested. This cracking strain will provide 

a visible crack profile similar to that observed in test beams. Further­

more, it was reasoned that micro cracks are likely to occur between 

. two major cracks, resulting from the effect of breakdown of interaction . 

On the basis of the experimental load-slip characteristics, 

the degree of interaction along the length of the beam from supports to 

load points was investigated e It has been found that the interaction 

- 97 ­
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coefficient is likely to vary in a curvilinear manner . The degree 

of breakdown of interaction at any sect lon depends upon the load 

slip characteristic of the reinforcement. 

The bond quality which is thought to affect the failure 

rnE~ chanism o f reinforcfld concrete beams was f urther demonstrated by 

tests on benrn specimens with different types of re i n forccr1ent. 

The diagonal failure mechanism of a reinforced concrete 

he am is dependent upon a number of parameters. Further experimental 

works are needed to investi~ate the problem in this respect . The 

writer wishes to make tho following suggestions: 

1. 	 Obtain experimentally the slip distribution alonR the heam. The 

slip magnitude at any visible crack section shoul<l be measured. 

2 . 	 The localized breakdown of interaction effect close to the load 

point could he further demonstrated hy using thinner. and small er 

washers welded along the reinforcement# nnd by varying the distri­

bution of these Hashers. 



CHAPTER 6 

Conclusions 

The conclusions from this study are as follows: 

1. The estimated shear stress resultant carried by the remaining 

uncracked concrete in the case of high degree of breakdown of inter­

action is very small . 

2. The study of the strain trajectories, the principal strain 

magnitudes and their directions in the remaining uncracked zone does 

not appear to give much insight into the nature of the development 

of the diagonal crack . 

3. The estimated steel strain and slip distribution between two 

cracks show qualitative agreement with those measured by other 

experimenters . Assuming that loss of interaction occurs, it is 

reasoned that micro cracks nrust occur between two major cracks . 

4 . Consideration of a reinforced concrete beam as a composite beam 

with incomplete interaction, the reduced bond brought on by breakdown 

of interaction close to the load point causes the crack to extend 

rapidly into the compression · .zone . 

s. Tests on reinforced concrete beams showed that diagonal cracks 

occurred in beams reinforced with steel of better bond quality than 

that of tmcoated plain bars . 
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APPENDIX 1 


List of Sympols 


a Distant from the support to the applied load. 

A Effective cross-sectional area of the concrete c 

A Cross-sectional area of the steel 
s 

b Width of the concrete beam 

C Interaction coefficient 

d Effective depth of the reinforced concrete beam 

Ec,Es Moduli of Elasticity of concrete and steel respectively 

1 1 1..... 	 +E A E A EA c c s c 

tEI 	 E I + E I 
c c s s 

tEI + rA° z2 

F, F' Horizontal direct forces acting at the centroids of the 
concrete and the steel 

I ,I Second moments of area of concrete and steel respectivelyc s 

k Modulus of the shear connection (in. lb/in.) 

L Span length of the beam 

Extenial moment applied to the beam~ 
q, q' Horizontal shear per unit length 

Q Load on connection 

Force in the bar 

s Spacing of discrete connection 

YeSc 	 ........... 

Ibl 



v 

v 

Unit shear stress 

Vertical shear 

Ye Vertical distance from the centroidal axis of the concrete 

z Distance between, the centroidal axes of the concrete cross­
section and the steel 

£ Strain of the concrete 
c 

c 
p The tensile cracking strain of concrete 

tl' T2 Maximum and mininrum principal stresses respectively 

a 
x 

Bending stress 

txy Shearing stress 

y Slip between the concrete and the steel 
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. . APPE.mix 2 

Sample Calculations of the iteration process for the determination 

of 1/c from the load-slip characteristics 

For a cracked section at the location under the load point 

First iteration (Complete interaction) 

H :s 3. 28 in . E 
5 * 30 x 10

6 psi 

z ::a S. 36 in . E 
c = 3 . 5 x 10

6 psi 

A c 
II 4 x H = 13 . 12 in . 

2 A s 
:::a 0 . 31 in . 2 

1\ = 36200 in-lb 

v I: 1237.6 lb . 

1 1 1-a---+ 
EA EA EA s 	s c c 

1 1=---6--+ 6
30xl0 x . 31 3 . SxlO xl 3. 12 

I: 0. 126 x 10- 6 

6E'Aa 7. 93 x io



x 106 4C
3 


EI E I E I E I ~ 5 3. Zs) = 41 . 2 x 106 

I: = + = .c c = .j .. x l2 ­4 c c s 	s 

2 6 6 2 	 6ET = rnI +EA' .. z :s 41 . 2 x 10 + 7. 93 x 10 x s . 36 ~ 268 . 2 x 10

IT 	 6
7 . 93 x 10

F' = z ~\ = 	 x 5 . 36 x 36200 = 5703-----grr 
268 . 2 	 x 10 

7•93 	 6 
q' = 	EA" z v = x IO 

6 
x S. 36 x 1237 . 6 = 195 . 8 

rr 268 . 2 x 10

2nd Iteration 

With the value of F' 	 from the 1st iteration, a corresponding 

value 	of slip 1.CY) is obtained from the load-slip curve. 

195 • 8k ~ 267000= y =. 0007 3 = . . 

~ . 2

r.A ,, >:EI 	 • '11' 

c =----...--­2
k " L • 	ET 

7.93 x 106 x 41 . 2 x 106 x 3. 14162 . ------------~----------,.._---2 	 6267000 x 90 x 268 . 2 	x 10

SI • 	00565 
'If 1 LL 

- cosh - (- - - )
F a: V EA ZL [ ! - [§._ IC 2 L . h x 11'

sin - ­~ 	 L 1f } ('7.1' L\ L IC 
C J. 	 COS l 'JC 21 

6
7. 93 X 10	 ~9 25 J.00565

• i231 . 6 	----~- x s . 36 x go r­6 	 90 3. 1416
268.2 	x 10

3 • 1416 ( 	 s .. 75)cos ll • - • :> 
/ . 00565 3•1416 ) ] sinh ( . 375 x 

/:oos6scos'h ( . S 	~3.1416~ 

/ . 00565 


• 5560 



'!\' 1 u
cosh - (- - - ) rr 	 IC 2 L 

cosh fk t)]q • v - z [1­
ET 

h 3.1416 ( 5 375)6 	 cos j,4 00585 . - .7.93 x 10= 12~7 .6 x 6 x s • 36 x r1 -	 .. ­ 3 1416
268.2 	x 10 cosh (.5 x • ) 

/.00565 

3 1416
cosh (.375 x " ) ] 

).00565 

:: 98.41 

------------~------------~--~~-----~-~~-~~---·-~~~-------------------~-----~ 

AfteT six iterat ions, l/c = 25.8 
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