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RAMSEY NUMBERS

INTRODUCTION

The history of Ramsey's theorem and the Ramsey numbers may

be considered to have 3 starting points -~ 3 pioneer works:

(1) Ramsey's paper [17] in which the Ramsey theorem is
for the first time stated and proved as an auxiliary combinatorial

theorem for certain logical considerations (see $1).

(2) Greenwood-Gleason in (117 noted that one of the
problems on & Putnam competition has deep combinatorial roots,
phrased the general problem of determining the Ramsey numbers and

found the first numbers using finite field theory (see § 2).

(3) Schur's work [18] originating from number theory gave
rise to a series of number-theoretical results which provide some
estimates for Ramsey numbers, as was observed by Moser and

Avbott, [11.

In this thesis S1 and 2 are deveted to a survey of
the first two approaches and then in 33 and 4 the last approach is
followed. A neﬁ number-theoretical problem is introduced (r-problem)

which in its special case (s-problem) is shown to be equivalent

(v)



with cyclic Ramsey's problem. Using some estimates of the numvers

r and s, Ramsey numbers are estimated.

Except Schur's theorems 6 and 10, all theorems and proofs

of §3, 4 are original.

(vi)



§1. RAMSEY'S THEOREM

In December 1928 F, P. Ramsey formulated the following
theorem and used it for finding a procedure to determine the

consistency of the logical formulae:

Theorem 1 (Ramsey's theorem)

Given any r, n and eu(integers), we can find an m, such that if

m 2 m and the r-combinations (subsets with exactly r elements)

of any 1, (set with m elements) are divided in any manner into [
mutually exclusive classes Ci,i =1,2,.. #., then ‘:k must contain
a subset A (subset with n elements) such that all the r-combinat-

ions of members of An belong to the same Ci'

This theorem became very important in graph theory,
especially for fhe case r = 2 (we are interested mostly in this
case), For this case we may reformulate the theorem in graph-
theoretic language. We call a complete graph with n vertices an

n-clique and denote it by Kn'

Theorem 2 Given any integers k > 2, L 2 2, there exists an L
such that if m > m, then each graph with m vertices has either

a k-cligue or a set of { independent vertices.

Proof One of the simplest proofs of Ramsey theorem when stated in

this form is by Erd8s and Szekeres { 81:
1



Obviously if k = 2, then each graph with at least { vertices has
either an edge (i.e., a 2-clique) or does not have.any edges and
hence has a set of { independent vertices.

For fixed x  and arbitrary L let m (L) be as desired in the
theorem, When m z‘K(mo(K,) + 1), then each graph G with m
vertices has either a set of [ independent vertices, or the
maximal number of independent vertices is N <{. Thus from a
set S of N independent vertices there goes an edge to each

of the remaining vertices., Then there is a vertex v € S from

which at least m;N edges are going out of S. Since
m=-N m-f{ >m () ), there is a k¥ _-clique in the neighbour-
N> 1 o o

hood of v . Thus there is a (Ko + 1)-clique in G.

The following is a natural generalization of this theorem:

i

a maximal integer R = R (Kl’KZ""'Kp) such that Kp can be divided

into p mutually edge~disjoint subgraphs Gl’Ga""Gp in such a way

Theorem 3 Let Kl-’KZ'“"Kp be integers, k., = 2., Then there exists

that Gi does not contain a k -clique for i = 1,2,..,p.

i

Theorem 2 is a special case of theorem 3 for p = 2.

Many proofs are known, using various inductive inequalities.

Greenwood and Gleason in [11] used

R(xl,xz, .. ,xp) < R(“l'l"‘a' .o ,xp)+R(x1,1:2-l, .o ,xp)+. .+R(x1, .o .xp-1)+p-1 :

a stronger form of this inequality is available however - proved by



Kalbfleisch in [12]:

Lemma 1 R(xl,..,xp) < R(xl-l,xz,..,xp) +oot R(xl,xz,..,xp-l) +1
for K, 2 3.
We shall prove theorem 3 and lemma 1 together with theorem 1 in a

general form of Ramsey's theorem:

Theorem 4 Let k 1KopeeesK and r be natural numbers, kK, > r. Then

1 P i
there exists a maximal natural number S = S (r;xi,...,xp) such that
all the r-combinations (suvsets with r elements) of a set with S
elements can be divided into p mutually disjoint classes Tl’TZ""’Tp

in such a way that Ti does not contain all the r-combinations of any

subset with Ki elements.,

Proof (According to Erd8s and Szekeres [87]):

Clearly S(l;gl,xz,...,xp) =Ky o+, bt koP,

S(i;i,xa

Now the proof is ready by an induction if we prove the following

,...,xp) = S(iz;x ,...,xp) and S(ij;k) =k - 1.

lemma:

Lemma 2 S(i;xl,Kz,...,Kp) < S{i-1;5(i;zk —l,xz....,xp) + 1,

1
S(i;xl,xa-l,...,xp) + 1,...,S(i;x1,...,xp-l) + 1) + 1.

Since S(Z;xl....,xp) = R(xl,...,xp), lemma 2 implies lemma 1.

Proof Take a set with

s(i-1; S(i;xl~1,...,xp) +1,...,8(ix ..,Kp—l) +1) + 2

1

elements, denote by A one fixed element.

Let the i-combinations be divided into mutually disjoint sets



Ty Tp0ee Ty
The i-combinations containing the element A may be considered as
(i-1)-combinations (by removal of A).

Define a partition of all (i-1)-combinations of S{i-1; S(i3k=1,..,
k) + 1en,80hky 00k m1) + 1) + 1 elements into sets Tj,..aT) bY
(A}, A0k 1) € T Af and only if (A,A,.. A, ,A) € Ty,

Then a certain T& contains all the (i-l)-combinations of some
S(i;xl.xz...,xj-l,..,xp) + 1 elements and hence there is either a
set of k) elements with all the i-combinations in Tp for

L 43, or a set of (xj-l) elements with all the i-combinations

in Tj and thus together with A a set of Kj elements with all the

i-combinations in T,.

J



§2., THE RAMSEY NUMBERS

Let us note some properties of the Ramsey numbers

(similar ones hold for S(r;xl,....kp)):
(R1) R(Kl,..,xp) is invariant under a permutation of the
]
K 's )

(R2) R(2kp00eepk) = Rlkyyoon k)
(R3) R(k) = k-1

(R4) For each n < R(Kl.x2
Kn into p edge~disjoint subgraphs G1’G2""'G

,..,Kp) there is a partition of

p

such that no Gi contains a k,=~clique.

i
The precise determination of the Ramsey numbers is a
difficult combinatorial problem. The first estimates of these
numbers were obtained from the proofs of Ramsey's theorem.
For example, Szekeres [ 87 noticed in 1935 that if
R(k, X ) < R(k-1,2 ) + R(k, 2-1)
then R(k,y L) has to be smaller than the binomial coefficient, i.e.,
1) mk,2) <(* A3
In [ 6] (1952) it was proved that
(2.) R () < ple-2).p + 1

where we write Rp(x) instead of R(gK,...,Kk).
p times

In 1947, Erdlds proyed a lower bound in r213]:

(3.)  Rlkk) = 2°

The formulation of the problem - to find R(xl,xz,...,xp) -
5



was introduced by R. E, Greenwood and A, M. Gleason in 1955. They

gave also the first exact values:

R(3,3) = 5, R(3,4) = 8 , R(3,5) = 13 , R(4,4) = 17 and R(3,3,3) = 16.
They also obtained

(4.)  R(3) s [p! o]

‘which is better than thé value pp+1 of (2.) and in a weaker

form will be proved in §4, using different methods.

Since then only two new Ramsey numbers have been evaluated:

R(3,6) = 17 and R(3,7) = 22 see [10], [15]. From [10], [13], [14], M

we obtain the following table of present estimates of R(x, L ):

3 4 5 6|7 8 9 10 4 2 15 %
58 15 v |22 Bm Ve U ks Y Ve s
8 |17 g ¥
13 %4s %6 %5 (lower estimate/

‘ ; upper estimate)
17 ‘3‘%4150/955101/@_

New general estimates include

2 log log i
(5.) R(3, L)ISC.L . Tog

(k23)R(x, L) <C. KK°1‘}255%§EEL_ for suitable constant C,

o v A A

proved in [10], and

2
6.) R, 1) > S
logZ

We shall illustrate thé non-constructive lower estimates of Ramsey

(see (47, [5], [7D)-

numbers by proving (3.).

K
Theorem 5 R(x,k) 2 22
K
Proof by [2]: Take N g 2 vertices. There are (2) k~-cliques in

Ny (k
Ky and if we take one fixed k-clique there are still 2(2)-(2)


http:ti"ma.te

subgraphs of KN containing this k-clique. Hence the number of all

the subgraphs containing a x-clique is less than

: N
N, (k N, (k (5)
(-3 ¢ _N° (-5 22"

N
(K).a 2 —2 5
) 3
(since NT < -2 2 for N < 22, Kk > 3),

i.e., less than half of the numver of all subgraphs of KN’ Thus

there exists a subgraph without k-clique such that its complement

is also without k«clique.



§3, NUMBER - THEORETICAL PROBLZMS

While investigating the solvability of the congruence

O+ ym = 2" (mod p),I.Schur proved the following theorem, [18]:

Theorem 6 (Schur's theorem)
Let N> m! e. In any partition of the numvers 1,2,..,N into m
disjoint sets there is a set which contains two numvers together

with their difference.

Def. A. A set S of natural numbers is called sum-free if aeS,beS,
a>b implies a-b ¢ S

Def, B. A set S of natural numbers is called sum-free if aeS,beS
implies a + b § S

Obviously definitions A and B are equivalent; the term sum-

free was introduced in [1]. Schur posed the following problems:

What is the greatest natural numoer Nm such that one cén divide

the set (1,2,..,Nm} into m sum-free sets?

From his theorem this number exists and N <[mle].

Proof of Schur's theorem: Let 1,2,..,N be partitioned into sum-

free sets 21,62...,Zm and let Z1 be the largest set, Z1 =

(xl,xz,..,xnl}, say, where x; <X, < .. < xnl. Thus N < n, m.
Let Z2 contain the greatest number of the (nl-l) differences

xa-xl,.,,xnl-x1 (these differences do not lie in Zl)’ say

-xl,..,xK -X;. Thus nl-l €n

X =X >
n,
8

X
’
Ky

(m-1).
Ky m

1



Continuing this procedure we obtain a chain n, >0, ... > np =1
, o

n n
1114 - - oy 2+l 1
fulfilling B, 1< np+1(m p), i.e., m=py ¢ ‘(m-p—l)! * Ta-p)! for

b= 1'2"'oP°'1'

1 1 1
TGyt <@L *(@2)T *(mpy: < ° and Nsmpm<umie

5. Znam in [20], [21] generalized Schur's problem as follows:

A set S of natural numpers is k-thin, (k23) if al,va S

sree08, 1 €
=a1+a2+...+ax_lds V
Thus 3-thin sets are the same as sum-free sets. From [16] it
follows that the following number exists:
f(x,p) is the maximal natural number such that one can
partition {1,2,...,f(k,p)} into p disjoint k-thin sets.
Thus £(3,p) = N

Schur also proved a lower estimate for Nm’ viz., Nm 12 3. Nm + 1,
301

2 L]
In [20] this was generalized to f(k,p+*l) » k.f(k,p) + (k-2) and thus

see §4. This gives us N 2

K=2 P
(7.) £k,p) =2 —=5~ (x*-1)

Already for k = 3, this estimate was improved in {1]. It was proved

there, that
E-C.log P
(8.) f£(3,p) > 89 for some constant C and

sufficiently large p.

ZnAm's problem is a generalization of Schur's problem based on
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definition B >of a sum-free set, If we look at definition A
it seems to be natural to generalize Schur's problem in another
way:

A set S of natural nﬁmbers is said to be k-poor (k>2) if in

every (k-1)-tuple 81185000098 4 € 5 with a <a<...<a there

k-1’

is a couple a 8y (is3) with (ai-aj) ¢ s.

i

Note 1. 3—péor = sum-free = 3~thin.

Note 2. Only the empty set is 2-poor, and if we extend Zndm's
definition of a k-thin set to k=2, then obviously 2-poor = empty

= 2-thin,

Note 3. While in k-thin sets we have to check all the (k-1)-tuples,
in k-poor sets Qe consider only (k-1)-tuples of different elements.

Moreover the following is true:

Proposition 1 Eiery k-thin set is k-poor

Proof We have already noted this for k = 2,3. Let k=2l and
suppose S is not k-poor, i.e., the elements xl<x2< eee < xx_i
of 5 have all their differences in S,

Then x, + (xz-xl) + (x3-x2) + ..e + (xx-l-xx-z) =x__, is a sum
of k-1 elements of S vpelonging to S. Thus S is not k~-thin.
Note 4. Every k-poor set is obviously (k + 1)-poor,. while there
are k-thin sets which are not (k + 1)-thin - for example, {1,k)}

is such a set.

Let us state now the following problem:

r-Problem What is the maximal integer r = r (Kl'KZ""Kp) (Kizz integers)
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such that the set (1,2,...,r] can be divided into p pairwise

4 i8 xi-poor?

The existence of such an r(xl,xa,...,xp) is guaranteed by the

disjoint sets Al,AZ,....Ap in such a way that each A

following theorem:

Theorem 7 r(xl,xz,...,kp) < R(Kl.xz,...,xp) -1

Proof If the set {1,2,...,r} is partitioned into disjoint sets

Al,AZ,...,Ap and each Ai is k, =poor, then the complete graph with

the vertices 0,1,2,...,r can be divided into p edge-disjoint sub-
graphs Gl'Ga""’Gp by definning (i,J) to be an edge in G, if

1<% L
form a k,~-clique in Gy. Then (ia-il) < (13-11) < ... <(ix1-i

and only if |i-jl € A; . Suppose the vertices i oo <

1)
are elements of AZ and so are all their differences, contrary to

our assumpfion that AI is Kk, =poor.

The idea of thisbproof is very similar to that of (1], [20], where
f(x,p) < Rp(x) - 1 is proved. Since

(9.) f£(x,p) < rp(x)
by proposition 1 (we denote r(k,k,.k) by r (x)), our theorem 7

Fiimes

implies theorems of the type f(k,p) < gp(x) - 1 from (17 or [20].
Theorem 7 or the theorems of the type f(k,p) s Rp(x) - 1 from
(13, [20] and [21]) also allow us to bound the Ramsey numbers from

below,

Properties of the numbers r

(r1) r(Kl....,xp) is invariant under permutation of the k,'s
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(r2)' r(2‘x2,...xp) = r(xa,...,xp)
(r3) r(k) =k - 2
(r4) For each n « r(xl,xz,..,xp) there is a partition of the set

{1,2,...,n)} into p disjoint sets Al,A Ap such that

2'100.

each A, is Ki-poor.

i

Theorem 8 Let M be a k-poor set of natural numbers.,

1= max M, M2= min M .

-Ma, then N=My(M+d) y (M+2d) U ... y(M+nd) is

Define M + d = {m+dlmeM} and M
If 4 >_2M1

- also k=-poor for an arbitrary natural number n.

Proof: Suppose the distinct natural numbers bl’bZ""'b eN

k-1
fulfill Ibi-bjleN for all i4j.
The sets M,M+d,...,M+n.d are pairwise disjoint in view of the

following inequality:

max (M+t.d)=M1+t.d<2Ml+t.d<M2+(t+l).d = min (M+(t+l).d),
t = o'l.ooo.n-lo

We now define C, = b

j j - tod- fOr bj e M + tod (t=0,l,...,n)o

Since
max (M+(t-1).d)sM,+(t-1).d + (M;-M,) < t.d < min (M + t.d),
we have t.d ¢ N for t = 1,2,...,n, and hence bi-bj§t.d:whenever

i#j. Thus the C, are again pairwise different. Moreover,

i
ci c H’ i = 1.0.-,&'1.
Take Ci < CJ arbitrary. Then there are two cases:
(a) C,=b,~-t.d & C_=b_~-t.d, i.e., bi,bje(M+t.d) and the difference

ii J
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C.,~C.=b_~b,eN, Since b,=b, < M, ¢+ td - M, - td < aMl-M2 < d,

J i3 1 joi 1 2
it follows that Cj - Ci e M.
(b) C;=b,-t.d & Cjzbj-s.d, i.e., bie(M+t.d) & bje(M+s.d) for s$t.

Here necessarily t<s, since if t>s, then bi>bj(since M+t.d and

M+s.d are disjoint)and b, -t.d<b J-s.d; thus

max (M+(t-s-1)d)=M1+(t-s—l)d < MZ;M1+(t-s)d < bi-bj<(t-5)d<min(M+(t-5)d),

i.e., b bJ ¢ N, contrary to our assumption.

i~

Now the difference C -Ci=bj-bi-(s-t).d, where bj-b eM+(s-t).d, since

J i
(s=t).d < bj-bile-M2+(s-t).d<(S-t+1).d and we assumed
bj"'bieNo

Thus Cj-CieM, and we have shown that if N is not k-poor, then

neither is M,

Corollary If the set M can be partitioned into p disjoint sets
Al'AZ"°"Ap where each Ai is k,-poor, and if d>2M1-M2, then the set
N=My M+d) U ... U (Mtn.d) can also be partitioned into p disjoint

sets B, ,B ....,Bp such that each B

i

Proof Put Bi;Aiu(Ai+d) U ... U (A;+n.d) and use theorem 8;

d>2M1-M2>2 max A, -min A, for all i=1,2,...,p.

i i

Put ft(m)=rm(t) and define gt(n) to be the smallest number of t-poor

sets into which {1,2,...,n} can be partitioned.

Theorem 9 ft(x.m + gt(x.ft(m)» 2 (Z.ft(m) + )% - 1



14

Proof Llet X = 2.f,(m)+1 and write the numbers 1,2,...,X"-1 in

vase X,

- k-1 -

Define A = (a +a)X+...+a, X" | a,sf (n), 1 = 0,...,k-1} and
_ -1 :

By=(a,*a X +...+aK_1XK | a;<f (m) for i<j and aj>ft(m)}

j = o’l’ oee 'K-’lc

Partition the set {1,2,....K.ft(m)} into g=gt(K.ft(m)\ disjoint

t-poor sets MI’MZ""’Mg and the set (1,2,...,ft(m)] into m

t-poor disjoint sets Nl'NZ""’N . L
k-1 K-
Then A = U A, where A= { X% a; e | © 4 €M ,} is clearly
L= 1 i=o i=o

a partition into disjoint sets. Each Ai is t-poor, since if

zl<22<"'<zt-1’ elements of Ay, have all their differences in AL

K=1

andz, = L a XJ then a® < a° < ... sa’ ! for all j=0,1,..,k-1
i j=o J J J J
K=l 1 k-1 P K=-1 t-1
and hence I aj < I aj <,..< X a. are elements of M, with
J=0 j=o0 j=o0

all their differences in M;, contrary to the assumption that M
m K=1

is t-poor, Furthermore B.,= (] B{, where B! = { = a, xt e B |
I 5l 3 i=o

there is a (uniquely determined) b = EjeNQ, such that a_ =-a (mod X)},

J 3
is a partition into disjoint sets. If gl<z <, .. <2 , elements of
¢ K-1

By, have all their differences in Bj and zs = v afxi, then
al<ale...<at™! for all 1<j and £ (m)<at~l <t 21 1 the
ay=a,<.. .58y t j oo By3

b/

r s _
difference ay - aj_- Cog e-N(, (r<s), for a suitable C.s < ft(m).
Thus we have al < a% <...<at-1, elements of Ny, such that their

4 3 J

differences a.s-e\:j = C (mod X). Since a°

J

Z¢-1

ar and C are elements

J’
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of Ng, and therefore are smaller than or equal to ft(m), we have

j-aj = C 8° So, all the sets Bg are t-poor.

Theorem 9 and its proof are generalizations of [17], where this
theorem is proved for t=3.

We shall make use of this theorem later.



§4, SYMMETRY AND CYCLICITY

Let us look at Schur's proof of the theorem:

Theorem 10 Nm+1 > 3, Nh + 1

Proof Suppose {1,2....,Nh} is paritioned into sum-free and pair-
wise disjoint sets Al’AZ""Am'

Then, putting Bj = (3a|aeAj} U (Ba-1|aeAj} for j=1,2,...,m

and Bpep = {3a-2la = 1,2,...,Nm+1},

we obtain a partition {1,2,...,3 N +1} = mﬁlsj. The sets B, are
=1

obviously disjoint and sum-free (e.g., if 3aij and 3b-1 ¢ Bj’
then 3(a + b) = 1 ¢ Bj implies a + b ¢ AJ contrary to the sum-
freeness of Aj)'
This construction has an interesting property: If the sets Aj
fulfill the condition

acA_ sN+l-aeA,

J m J

then the sets Bj fulfill the condition

ae Bj EN (3Nm +1l)+1-ac€ Bj
Proof B, fulfills the condition, since 3N +2 - (3a=2) = B(Nm+2-a)-2 .
For j = 1,2,¢..,m 38 +2-3a-= 3 (Nm +1=-a)-1

and - 3Nm +2 - (3a-1) = B(Nm+l-a)

A set Mc {1,2,...,n} fulfilling aeM = (n+l) - a ¢ M is called

n-symmetric.
16
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p
A partition {1,2,..,n} = U AK is called a symmetric partition
- K=l ’

if all the sets Ai are n-symmetric.

Consider all n < r (Kl"”xp) such that there is a symmetric partition of

(1,2,...,n} into disjoint sets Al’AZ""’Ap where A, is x_ -poor.

i i
Then there is a greatest such n and we denote it by s(xl,xa,...xp).
Clearly

s(xl,xa....,xp) <r (xl,xa,....,xp)

" Since Schur's construction preserves symmetry (as we proved) we

can start with N1 = 1 (which division is trivially symmetric) and

obtain the lower bound
P

(10.) s (3) 22573

P 2
From Zndm's construction in [20] one can easily see, that it also
preserves symmetry and
K=2 )
1 (k°-1)

An example of a non-symmetric division is that of Baumert, published

(llo) BP(K) 2

in [1] for r,(3) = 44
Aj: 135151719 26 28 ko h2 bk
A, 27 818 21 24 27 33 37 38 43

A3: 4 6 13 20 22 23 25 30 32 39 41
Ah: 9 10 11 12 14 16 29 31 34 35 36
Note, that only 2 pairs 12 and 33, and 15 and 30 are destroying

the symmetry.

It will be proved later that there is no symmetrical division of

(l,2,...,#h] into sum-free sets, thus the same example also provides
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a case where S(Kl""xp) < r(xl,...,xp).

The construction in the proof of theorem 9 does not preserve

symmetry (1 ¢ A while X*-1 e Bl).

Most of the xnown Ramsey numbers have been reached by very regular
parition§ of the complete graph; Kalbfleisch calls them

"regular colorings", see [12], [14]. Actually, these partitions are
strongly connected with the symmetrical partitions of natural numbers.
A graph G with n vertices is called h-czclic if there

is an (n-1)-symmetric set S such that if we identify the vertices

of G with the natural numbers modulo n, then (r,s) is an edge

in G if and only if |r-s] ¢ S .

A cyclic graph (defined also by Graever and Yackel in {10] is then
completely described by the couple (n,M) where n is a natural number
and M is an (n-l)-symmetric set of natural numbers.

A cyclic partition of Kn is a partition into n-cyclic subgraphs.

The cyclic Ramsey number C(Kl,xa,...,xp) is the greatest number n
such that Kn has a cyclic partition into edge-disjoint subgraphs

Gl’GZ""’Gp such that no Gi contains a Ky
Remark C(Kl,xz,...,xp) is identical with Kalbfleisch's L(Kl'KZ""’Kp)

=clique,

(see [12], [147).

The connection of symmetry and cyclicity may be seen from the follow-

ing theorem:
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Theorem 11 C(xl,xz,..,xp)-1=s(xl,x2,..,xp)sr(xl,xz,..,xp)sR(xl,xa,..,xp)-l

Proof We only have to prove the first equality.

To prove s(xl,xa,..,xp) < C(Kl,xa,..,xp)-l ;e can repeat the proof

of theorem 7 and note that if ({1,2,..,8} = U Aj is a symmetrical
J=1

partition, then the subgraphs Gl’GZ""’Gp are (s + 1l)-cyclic.

Also C(xl,xz,...,xp)-l < s(xl,xz,....xp), since having a cyclic

partition of the complete graph on the vertices 0,1,2,...,C~1 into

edge~-disjoint subgraphs Gl'GZ""’Gp where no Gi contains a Ki-clique,
we may define the partition {1,2,...,C~1} = U Ai by putting neAi if
| i=1

1
and only if (O,n) is an edge in Gi' This is a symmetrical partition

into disjoint sets and each Ai is xi-poor, for if n:l.,na,...,nxi_1

are distinct numbers from Ai such that all their differences are in

Ai' then Gi contains the k,-clique on the vertices O,nl,na,....n

i -1°

Ky

Properties of s-numbers and cyclic Ramsey numbers

(sl) s(xl,x2

(s2) 8(2,x2,..,xp) = s(xa,...xp)

,..,Kp) is invariant under permutation of the Ki's

(83) s(k) = k-2
There does not hold any property similar to (r4). A counter-example
follows from the next proposition:

Proposition 2 There is no (3k + 2)-symmetric sum-free set.

Proof (x+1) + (x+1) = (3x+2) + 1 - (k+1)

Thus sp(}) $ 3.k +

V)

From proposition 2 it follows also that 34(3)=N4 is either 40 or 42 or 43,
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From theorem 11:
(c1) C(Kl,...,xp) is invariant under permutation of the k's
(c2) C(2,52,...,Kp) = C(xa,...,xp)
(c3) c(k) =k -1

and no property of type (R4) holds.

From theorems 6 and 11, Cp(}) < [m!e] + 1, which is a weaker
form of (4,). Kalbfleisch in [12] and {147 determined some values

of C(Kl’f"’xp) = s(xl,...,xp) +1

3 I 5 6 Vi 8 9 10 11 12 13 14

5 8 13 16 21 26 35 38 45 L8 =57 =62
17| 24| 33 |

13 | 24 ,%g’ ?g;

16| 33 {50, {0
% [

Table of C(k, 4 )

o U = W x
o
A%

Moreover, €(3,3,3) = 14 since s(3,3,3) < r (3,3,3) = 13,
and Kalofleisch [14] gives C(3,3,4) = 29, C(4,4,4) =279
€, (3) = 1, 05(3) 2 101, C.(3) = 277.
We know already that Ch(B) = 41, 43 or 44; other such results will

be improved in Corollaries 1,2.
Theorem 12 s(xl,xz,...Kp)z(xl~lls(x2,x ,..,xp)+(x1-2).[s(x ,..,xp)+1] , P>1

Proof Put s = s (xa,xj,...xp)
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: p
Let {1,2,...48} = U Ai be a symmetrical partition, Ai K, =poor,
i=2
pairwise disjoint.

Then let 4 = 2.s + 1 and define the sets B,,B ,...,Bp by

1'72
K, -2
B, = U (Ai +n.d) for i=2,3,...,p
n=o
K =3
and B,=U (A + n.d), where A ={s + 1,5 + 2,...,28 + 1}.
n=o

P

Since Ay U Ai = {1,2,...,28 + 1} we obtain a partition of the
i=2

set {1,2,...,(x1-1).s + (x1-2).(s + 1)} into p disjoint sets

Bl,Bz,...,Bp.

Take be B, (i=2,3...,p), then b = a + n.d for aeA,,Osnsk, -2 and
(xl-l).s+(x1-2)(s+1)+1-(a+n.d)=(x1-2—n).s+(K1-2-n)(s+l)+(s+l)-a=
=(K1-2-n).d +(s+1l)-ace By,

since Ai is s-symmetric. Similarly beBl, b=a+n.d, aei, Osnsxl-B, implies
(Kl-l).s+(xl-2)(s+1)+1-(a+n.d)=(xp-3-n).d+35+2-a € By, since A is

(35 + 1)-symmetric.

Thus we have a symmetric partition.

The sets B, are k,-poor (i = 2,3,...,p) by the corollary of theorem 8,

i
since d > 2.s-1.
Also the set B, is k ~poor, since for every (Kl-l)-tuple of distinct
elements of B1 there is a sequence A + no.d containing two of them,

say a and b (there are only (K1-2) such sequences) and |a-b]gs.

Thus |a-b] ¢ B,.
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‘Remark Obviously if we do not care about symmetry we may repeat
the above proof and obtain

(12.) r(xl,....xp) 2 (xl-l).r(xa....,xp) + (Kl-Z).[r(KZ,..,Kp) + 1]

Theorem 13 s - -
s(xl,xz....,xp) =z T (k-2). 1 (ij 3)

1=1 j<i

Proof s(xrxa,.',xp)z(xl-l).s(xz,..,xp)+(x1-2).[s(x2,..,xp)+1] =
=(2xl-3).s(x2....xp)+(x1-2)z
2(231-3)(2x2-5).s(x3,...xp)+(2xl-5)(x2-2)+(x1-2)z...z
2(2K1-3)(2x2-3)...(2xp_1-3)(xp-2) +
+(2K1‘3)(2K2'3)‘"(ZKP-2'3)(KP-1“2)+'"+(231'3)(K2'2)+(K1“2)'

In the last step we have used property (s3).

Considering property (sl) one may try to improve the above theorem

by ordering the xi's in such a way that the expression on the right

would be maximal, However, this does not give any improvement since

the following is true.

"2)0“ (2K

p
Theorem 14 ¥ (x
i 3

i=1

1 -3) is invariant under permutation of

the xi's.

Proof Since (xl-z) is trivially invariant we can continue by
induction on p.

If the expression is invariant for p-l, then it is clear from
P p-1
T (kg-2). M (2kg=3)= % (g=2)e M (2=3)+(k =2) T (24-3)
i=1 i<i i=1 i< P s
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that it suffices to consider the transpositions Kﬁ‘”"t’

Since 1 + 2. T (xi-z). m (2xk.-3) =1+ 2(k, ,=2) +
t<i<p tejei 9

t+l

+ 2(k, , ,=2)(2k¢

t+2

gaq=3) teeot Z(KP_I-Z). n  (2x,=3) =

t<j<p=-1 J

=(2x, 1-3) +[(2c, -3)(2k, 3)-(th+1—3)]+...+[t<§<p(2xj-3) -

- n (x,-3)) = 1 (2«

j j-3), the difference of our expression
t<j<p-l t<j<p

pefore and after the transposition xp<—>ut is equal to

p-1
(x =2). 1 (2x -3)+(2x -3). ? (xi-2). n. n +k -2)(2xt-3) n. n -
i<t i=t+l jct t<j<di P j<t t<j<p
| o1
-(k_=2). m +(2x_-3). ¥ (Ki-Z). 7. 1 +(xt-2)(2x “3).m. ©w =
P gt P iatn j<t t<jcd Pt t<jop

=(k, ~k_). ﬂ(?.x ~3).f1+2. T (k.,-2). nm (2k.-3)=- 1 (2x
P e ( t<icp T t<jd 9 t<j<p 9

_3)3 =
Corollary 1 of theorem 13: Rp(x)-l > rp(x) > Cp(x)-1=sp(x) > %((2&-3)p-1)
Corollary 2  R(k,e)-1 2 r(k,0) = C(k,0)-1=s8(k,2) 2 2kl-3(k+L) + &

Corollary 1is an improvement of Znam's result Rp(x)-lzﬁf%(xp—l)(see {771

We can obtain some better estimates using theorem 12 on some xnown

values of r and s (or their lower estimates):
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So using Baumert's result r4(3) = U4 and the remark after theorem

12 we get
. p-lt ép.h-l |
Lstimate 1: Rp(}) > rp(}) +1 2 3 L4 o+ 3~ +1 for p2lt
Using s(4,4)=16 from [11],s(5,5)236 from {143 and s(6,6)2100 from [147:
p=-2
Estimate 2: cp(u)=sp(4)+1zsp'2.16 + 2= 41 pe2
2 P-2_y
Estimate 3: cp(5)=sp(5)+1z7p' 36 + 2—-—2-— +1 ,p22
p=-2
Bstimate 4: C (6)=s (6)+12972.200 + =k + 1 ,pa2.

Estimates l-4 improve the following presently known results:
R4(3) > 41 (see [19], [26]) to R,(3) 2 45
05(3) 2 101 and C4z(3) = 277 from {267 to 05(3) > 122 and
Cg(3) = 365, (R5(3) = 136 and Rg(3) 2 401),
03(4) 279 (see [267) to CB(#) = 83,
33(5) > 199 (see [24]) to C3(5) 2 256
Moreover they give C4(4) > 413, 04(5) > 1789, C3(6)>z 905, etc.

Finally let us improve the asympotical estimates. From [20]
(estimate (7.) here), Corollary 1 and estimates l-4 it follows that
Rp(x) > (2x-3)p.Const (from [207 only Rp(x) > kP.Const). Thus
our function gt(n) defined in §3 fulfills

(13,) gt(n) < log n

and ft(x.m + log (x.ft(m))) > (2.ft(m) 1) -
by theorem 9.


http:5)+1~7P-2.36
http:4)+l~P-2.16
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. g-C.log.k
For t = 3 and m = 4 this gives rK(B) s 89 , stated in

[1] (see (8.) above), and also for t = 4,5,6 and m = 2 the
following estimates:

N N g-C.log K v
Estimate 5 Rx( ) > rK( ) s 33 for a constant C and

sufficiently large Kk . ,

g-C.log K

Estimate 6 Rk(S) > rx(5) > 73 for a constant C and

sufficiently large k.

K
. §-C . log K
Estimate 7 Rk(G) > rK(6) > 201 for a constant C and

sufficiently large k.

These are obviously better than C.SK, C.7K, C.9K, respectively.

Estimates 1-7 can easily be improved if we find exact values, or

good estimates of rK(n) for small k.
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