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A number of questions are examined concerning many-
body correlations in connection with the electron gas at
metallic densities (2 § X § 5.7) and the annihilation of a
positron in simple metals, by means of a technique involving
the two-particle correlation Green's function. Estimates
are made of low temperature contributions to angular corre-
lation data, which describe the momentum distribution of
annihilating electron-positron pairs, in the form of smear-
ing at the sharp cutoff corresponding to the Fermi momentum
from electron- and positron-phonon interactions, and in the
form of broad tails beyond the cutoff resulting from the
high-momentum components introduced into the electron wave
function by the presence of a periodic crystal lattice.

Phonon effects are introduced into the perturbation
expansion of the two-particle Green's function describing
an electron-positron pair. A calculation of the lowest-order
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phonon contribution seems to indicate that such effects do
not explain the smearing at the Fermi momentum.

A Green's function calculation of the first-order
enhancement of the lattice tails, due to the positron-
electron correlation, is made by introducing particle-
lattice interactions explicitly in a model based on a simple
metal such as sodium. It considers a weak potential and
treats as zero the lattice components corresponding to other
than nearest-neighbours points in reciprocal lattice space.
The enhancement for rs=4, which is almost a constant, is
very similar to that for the main part of angular correla-
tion data. This indicates that, for simple metals at least,
angular correlation data can be interpreted directly from a
free-particle model.

Short-range correlations among opposite-spin elec-
trons are examined by field-theoretic techniques as a step
to obtaining a fundamental understanding of the correlations
among electrons at metallic densities. A calculation of the
p.d.f. for opposite-spin electrons is positive over a wide
range of metallic densities and seems to account for short-
range correlations of‘the Coulomb hole through the multiple

scattering of particle-particle ladders.
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CHAPTER I
INTRODUCTION

1.1 Historical Introduction

The many-body problem presented by a solid has found
its solution in a variety of model approximations. One
widely-employed technique has been to regard the system as a
collection of interacting ions and electrons and to make fur-
ther simplifying assumptions within that framework. Many of
the properties of metals, for example, have been understood

(l). In

in terms of the free electron theory of Sommerfeld
this model, it was assumed that one could neglect the strong
interactions among electrons and between electrons and ions.

The Hartree-Fock (2)

approximation replaced free particles
by quasiparticles. It handled the interactions between elec-
trons in an average way and, by taking account of the Pauli
exclusion principle, ied to the concept of an electron moving
with an accompanying exchange holé. The exchange nature of
the quasiparticle went part of the way towards explaining the
binding of alkali metals (3).

Various attempts to account for Coulomb correlations
through a second-order perturbation-theoretic calculation led
to a divergent result related to the long range of the inter-

(4)

action. In the 1930's Wigner proposed a solution based
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on an interpolation between high- and low-density
calculations of the energy. Then, in the early 1950's,

(

Bohm and Pines 5,6) developed a collective description of
the electron gas as a quantum plasma which exhibited collec-
tive behaviour in the form of screening and long-wavelength
oscillations or plasmons. Within the Bohm-Pines theory,

the random phase approximation provided a nontrivial model
of the interacting electron system. From RPA, also described
in terms of dielectric response theory, it was possible to
calculate various properties of the electron gas at high
densities (rs << 1) (3) such as the ground state energy,
plasmon effects and a more suitable quasiparticle picture.
In 1957 the perturbation-theoretic approach was finally

(7)Wmswm

(8)

applied successfully by Gell-Mann and Brueckner
med entire sets of divergent terms using the Feynman
propagator method to obtain finite sums. Their result for
the ground state energy confirmed the RPA calculation for
high densities. :

Nonetheless, RPA failed to give a proper description
of the electron gas in the metallic density range
(9,10)

(2 s % 5.7)

” where interactions become important.

In particular, the approximation ignored exchange in its
treatment of correlations so that short-range effects were
inadequately described. This large momentum difficulty was

(11) (12)

pointed out by Nozieres and Pines and Hubbard who,

in 1957, proposed alternative solutions to the problem.



Hubbard introduced a particular infinite set of exchange
diagrams which he approximated. This led to a modified
expression for the dielectric screening function which was
equivalent to RPA for small momenta but which had the effect
of cutting in half the contribution to the correlation ener-
gy from large momenta. A number of modifications of Hubbard's
approximation have since been suggested by Heine and

(13) (14) (15)

Falicov Rice ; Geldart and Vosko and

Geldart (16)

which maintain the essential momentum dependence
of the average potential used by Hubbard but adjust a para-
meter to satisfy some additional constraint.

y
In a series of publications (17-20)

Singwi et al.
introduced and refined a theory which improved upon the short-
range aspect of Hubbard's approximation by accounting for

the local-field correction associated with the Coulomb hole.
They included the short-range correlations specifically, in
an approximate way, by making the dielectric function a func-
tional of the Fourier transform of the pair distribution
function (p.d.f.) g(r) which describes the probability that
there is a particle at position r if there is one at the
origin. Their approach was a semi-classical one, based on

an ansatz relating the two-particle distribution function to
the one-particle distribution function and the p.d.f. The
effective field felt by a particle then involved a local

part through the p.d.f. which was contained in the dielectric

function. There resulted a set of equations involving £ (q,w)



and S(q), the Fourier transform of the p.d.f., which had to
be solved self-consistently. This method led to a good
description of the p.d.f. for small r and of the compressi-
bility which is a long-wavelength phenomenon.

The annihilation of positrons in solids has become
a major tool in the investigation of many-body effects in
solids. The angular correlation technique first carried out

by de Benedetti et al. (21)

measured the momentum distribu-
tion of the photon pair resulting from the annihilation of
a positron with an electron.

Lee-Whiting (22)

suggested that a high-energy posi-
tron incident on an electron gas quickly lost its energy to
the electron system by the creation of electron-hole pairs
and was thermalized at the time of annihilation; that is, at
zero temperature it was in the lowest energy state possible
and at finite temperature it was in thermal equilibrium with
the electron gas. At low temperatures, then, the momentum
of the annihilating ﬁair could be assigned to the electron.

. 2
In the case of a metal, it was argued by de Benedetti (21}

(23) that a thermalized positron would be exclud-

and Ferrell
ed from the cores so that annihilation would occur only with
the valence electrons. Indeed, extensive measurements of
angular correlations by Stewart (24), for example, agreed
with a free-electron distribution, which took the form of a
parabola with a sharp cutoff at an angle corresponding to

the Fermi momentum.



The aforementioned arguments provided the basis for
the analysis of positron annihilation experiments but they
failed to account for a number of characteristic features
of angular correlation data such as the broad tails, the
smearing in the vicinity of the Fermi momentum and the large

(23)

total annihilation rates. Ferrell showed that a con-

sideration of the screened Coulomb interaction between a
positron and an electron would enhance the electron density
at the positron by an order of magnitude. Detailed calcula-

(25) and Carbotte and Kahana (26) by means

(27,28)

tions by Kahana
of a zero-temperature Green's function technique
which took into account the Pauli exclusion principle and
positron-electron correlations led to an enhancement factor
that was reasonably constant across the Fermi sea. The para-
bolic shape of Sommerfeld theory was left largely unchanged,

but the corresponding increase in the total annihilation rate

was more in line with experimental results (29’30).

(31)

The independent work of Daniel and Berko and

Plaskett (32)

on the positron wave function provided evidence
that the major part of the broad experimental tails was due
to annihilation of the positron with core electrons. Esti-
mates have since been made of annihilation with core elec-
trons, which included enhancement effects, by Carbotte and
Salvadori (33). More recently considerable attention has
been.given to a determination of the positron wave function

in order to study core contributions (34), as well as



(35)

anisotropies in angular correlation data and defects

in metals (36).

Part of the angular correlation tails has also been
shown to come from high momentum components introduced into
the conduction electron wave function by the periodic lat-
tice. Most estimates (32,37,38) have neglected Coulomb
correlations, which are necessary for a gquantitative measure

of this effect.

Angular correlation data has also been characterized
by smearing at the Fermi cutoff. Measurements over a wide

(39,40)

range of temperatures showed that this smearing

increased with temperature, an indication of increased posi-

(41)

tron motion. Now, Carbotte and Arora pointed out that

positrons were not always thermalized when they annihilated.

(40) who fitted angu-

This fact was borne out by Kim et al.
lar correlation data with calculated curves based on a free-
particle Boltzmann distribution for the positron into which
was introduced a parameter Teff’ the effective positron tem-
perature. At high temperatures, the effective temperature
was linear with the sample temperature, suggesting thermal-
ization. At lower temperatures, however, Teff was larger

than expected for a thermalized positron and had a non-zero

value at T=0.
It can be seen that, since the positron perturbs
the many-body system of a metal and obscures much of the

information about the electrons, it is necessary to



understand the details of the problem. Certainly, there is
also much valuable information such as the Fermi surface of
a metal or alloy that is readily accessible in terms of even

the simplest approximations (32).



1.2 Scope of Thesis

The work of this thesis falls into three separate
parts. The first two parts, in Chapters II and III, deal
with problems related to positron annihilation in simple
metals. The third part, in Chapter IV, examines correla-
tions in the electron gas at metallic densities.

Woll and Carbotte (42) described the energy loss of
a positron through interactions with the electron gas. Their
estimate for the minimum (T=0) average positron energy was
appreciably lower than interpretation of experimental evi-

(40) would indicate. It seems that part of

dence for metals
the smearing could represent an effect not described by that
theory. For annihilation in a metal there is an additional

feature to be considered, the presence of a system of vibrat-

(43,44) that positron-

ing ions. It has been pointed out
phonon correlations provide an additional mechanism for ther-
malization of the positron. However, phonons can also lead
to smearing at the Fermi cutoff.

The positron annihilation rate can be related to the
electron-positron Green's function Gep' which describes the
propagation of an electron-positron pair in the medium. Gep

has a perturbation expansion in terms of free-particle pro-

pagators described by Feynman diagrams, which can be extended

8



to include phonon effects through additional diagrams
involving positron (electron)-phonon correlations. The
smearing from the lowest-order diagrams is calculated in
Chapter II.

A periodic lattice potential has the effect of
destroying the simple picture, valid for an electron gas,
of free electrons in plane wave states by introducing higher
momentum components into the conduction electron wave func-
tion. This leads to tails in the angular correlation data.
There have been a number of estimates of this effect based
on an independent-particle model (32'37’38). The purpose of
Chapter III is to calculate the enhancement of the lattice
tails due to first-order positron-electron correlations for
a model based on sodium. It involves an additional set of
diagrams in the perturbation expansion which account for the
lattice explicitly through electron-ion interaction lines.

The third part of the thesis examines correlations
between opposite—spiﬁ electrons in an electron gas at metal-
lic densities from a perturbation-theoretic approach. Vari-
ous approximations based on such an approach have the problem

(16). The

of a negative value for the p.d.f. at small r
difficulty is that they all assume a weak interaction and use
the Born approximation in estimating Coulomb correlations,

while at small r even a screened potential is'large. A solu-
tion for opposite-spin electrons, which suggests itself from

(25)

the analysis of positron annihilation and from a
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(45) of the charge environment of a

calculation by Carbotte
light negative charge in an electron gas, is to sum the
complete set of ladder diagrams in the perturbation expansion
of the particle-particle Green's function Gee' This quan-
tity is simply related to the spin-up-spin-down p.d.f.

gy (X) .

In section 2.1 of Chapter II the positron partial
annihilation rate is related to the positron-eleétron
Green's function and the perturbation expansion for Gep is
discussed. In section 2.2 the motion of a positron in an
electronic medium is described. Phonons are introduced and
it is shown how they modify the thermalization rate, the
momentum distribution and the perturbation expansion. In
section 2.3 the electron-phonon and positron-phonon coupling
constants are derived. In sections 2.4 and 2.5 the contrib-
ution to the smearing from three first-order phonon diagrams
in the perturbation expansion is calculated. The experimental
smearing is also recalculated from the experimental value for
Teff' A discussion of the results of the calculations is
given in section 2.6.

In section 3.1 of Chapter III reference is made to
previous work on lattice effects. Section 3.2 describes how
the lattice can be included in the perturbation expansion
for Gep by introducing Bloch functions into the free-particle

Green's functions and derives the contribution to R(p) from

the zeroth- and first-order ladders. An alternate derivation



e

in section 3.3 takes explicit account of the electron-ion
interaction Ve by introducing an additional infinite set of
diagrams. In section 3.4 a first-order enhancement factor
is calculated and discussed.

Section 4.1 of Chapter IV relates the p.d.f. to the
two-electron Green's function. In section 4.2 the RPA spin-
up-spin-down p.d.f. g++(r) is derived and the contribution
g?f(r) of the remaining ladder graphs is formulated in terms

(46)

of a Bethe-Goldstone function . Particle-hole contribu-

tions to this function are discussed in section 4.3. In

section 4.4 the Bethe-Goldstone function and g?f(r) are
calculated by making an angle-averaged approximation and the
(20)

resulting g¢+(r) is compared with Singwi et al.

In section 5.1 of Chapter V conclusions are drawn
about phonon smearing. In section 5.2 conclusions are drawn
concerning enhancement of lattice annihilation rates. Con-
clusions about correlations in the electron gas are offered
in section 5.3.

In Appendix A the positroﬁ—phonon matrix element is
calculated. In Appendix B the first-order ladder contribu-
tion to R(p) is derived in terms of electron Bloch states.

. A formulation of the equation for a Green's function propa-
gator is given in Appendix C, which accounts for the lattice
through electron-ion interaction lines. In Appendix D an
equation for the angle-average of the Bethe-Coldstone func-

tion is derived.



CHAPTER II
PHONON EFFECTS IN POSITRON ANNIHILATION

2.1 Theory of Positron Annihilation

The partial annihilation rate of a low-energy

positron in an electron gas has been shown by Ferrell (23)
to be given by the expression
3, .3, TiBET) 4 +
R(p) « f d’x d7y e <d (Mex)V (Vv x)>
(2.1}

where VY (x) and ¢ (x) are the electron and positron field
operators, respectively, and the expectation value is taken
in the fully-interacting ground state for the initial sys-
tem of electrons and positron. In terms of the zero-
temperature electron-positron Green's function defined as

.f.

Gep (x,yix',y") = i cx oo’ v x>, (2.2)

where T is the Wick (47) time-ordering operator, the partial
annihilation rate can be written (23) as
A 2 [ .2 .3 "1 izF) P
R(p) = o] (-1) I d'x d7y e Gep(xt,§t;¥t ,zt Y s

(2.3)

12



1.3

The constant A is given by the spin-averaged positronium
annihilation rate AO divided by the electron density, Ny,
at the positron in singlet positronium. It can be seen
from equation (2.1) that the total annihilation rate is
proportional to the electron density at the positron, aver-
aged over all positron positions.

The Hamiltonian for the system of electrons and

positron in the Heisenberg picture is

H

J a®x v (x) (VA uix) + J a®x o7 (x) (-v%) 8 (x)

+ 1 [ @k vTeen T v v s
[
+ %—J d3>~<d3>§' ¢+(§'t)¢+(X)V(§;>~<')¢(§)¢(§'t)
- [ @z vireeT v emvate |, (2.4)

where V(§;§') is the.Coulomb potential. In order to set up
the perturbation series for a propagator, one derives the
equation of motion for the propagator and then solves this
equation by making a perturbation expansion in powers of the
potential. Such a formulation has been carried out by
Carbotte (37), for example, and a similar derivation is
presented in Appendix C. The latter involves the additional

complication of a periodic crystal lattice but is otherwise

the same.
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The electron-positron Green's function Gep satisfies

the equation
G (% yX, %! ,x1) = Go(x ;X1)G (x,3x!)
ep 1'72'71'72 e 11" p*T2"2
_ 4 4 -4 TN ;| .
i J d'zd'z' v(z;z )G (x472)

1 . 1 + 1 1
[Geep(g torZixX,i2't ,x{,X%))

— 1 - 1 + 1 L
Gpep(g tz,z,xz,g tz’xl’x2)] -
(2.5)

The positron Green's function Gp and the three-particle
. . . _ g .
Green's functions Geep and Gpep satisfy similar equations;
in fact, the general n-particle Green's function G 7
PPy --P,
where the subscript p; can be either "e" or "p", satisfies
an integral equation relating it to (n-1)- and (n+l)-particle

Green's functions.

If interactions are neglected, Gep reduces to

0 0
e e iy e
Gep(xl,xz,xl,xz) Ge(xl.xl)Gp(xz,xz) ’ (2.6)
where Gg and Gg represent electron and positron free-particle
propagators, respectively, which can be expanded in terms of

plane waves as
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0 0
G (xix") e Fimcend G (k;w)
e _1 o, D ey cseeeen [0
=goe 27 © ’
0 (x;x") . a2 (k;w)
G ; ~ ;
pXX p '
where (2.7)
6 (k-p.) 0 (p.-k)
Gg(k;w) = ; L (2.8a)
~ k“-w-1i0 k“-w+i0
and
G s} = 2e(k) o+ e(“ki ) (2.8b)
P~ k“=w-10 -w+i0

With the expression (2.6) for Gep’ the annihilation rate

reduces to the form

R(p) = % D8 o (2.9)
P Y
k<pp

In this approximation, then, the partial annihilation rate

is proportional to the free-electron momentum distribution.
The quantity that is usually measured by the angular

correlation technique is the number of photon pairs having

a particular momentum P, in some fixed (z-) direction; that

is, to within a proportionality constant one measures

R(pz) = I R(p) . _ {2.10)
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In the limit of infinite volume the annihilation rate

described by equations (2.9) and (2.10) can be written as

Il
o

R(pz) for P, > P

F

?gi%% (pg & pi) for p, < pp , {2.11)
which includes a factor of 2 to account for spin. The result
of equation (2.11) is illustrated in figure (2.1) and is
essentially the shape of experimental correlation data.

For a fully-interacting system the equation (2.5)

for Ge couples Gep to Green's functions having fewer and

P
greater numbers of particles which satisfy similar equations.
The solution of the resultant infinite set of equations

leads to a perturbation expansion for Gep in terms of the
potential v(x;x') and the free-particle propagators Gg and

Gg. Kahana (25)

and Carbotte and Kahana (26) have shown that
the major contribution to the annihilation rate comes from
the infinite series of ladder diagrams of figure (2.2),
represented by the equation

.||=0.|O.|
Gep(xl'XZ’Xl’XZ) Ge(xl’xl)Gp(XZ’x2)

- 44| .-.IO . 0 ez !
i J d zd z"' ulz;z )Ge(xl,z)Gp(xz,z )

X Gep(z,Z';Xi,X§) ’ {2.12)



Figure 2.1 Scmmerfeld positron partial annihilation
rate as a function of the electron-positron

momentum P, in a fixed (z-) direction.
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Figure 2.2

(a) Infinite set of ladder diagrams in
the perturbation expansion for the electron-
positron Green's function Gep' The single lines
represent the free-electron propagators Gg and
the double lines represent the free-positron
propagators Gg. The interaction line describes
the static limit of the effective potential in
the random phase approximation. (b) The effec-

tive potential in the random phase approximation.
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where u(z;z') represents an effective electron-positron
potential, taken in the static limit, that takes into
account the effect of the medium on the Coulomb interaction
between an electron and a positron. The correlations lead
to an enhancement of the partial annihilation rate (25,26)
but do not modify appreciably the parabolic shape described
by equation (2.11) and figure (2.1).

The interpretation of angular correlation data for
metals in terms of the electron momentum distribution is
obscured by a number of features. There are, for instance,
broad tails superimposed on the "parabolic" shape. Carbotte
and Kahana (26) have examined the tails introduced into the
electron and positron momentum distributions by the inclusion
of interactions with the medium and have found a strong
cancellation between these self-energy contributions and
ladder contributions. The experimental tails must come from
the presence of the crystal lattice. The lattice, in fact,
introduces tails thréugh annihilation with core electrons.

It also leads to higher momentum components in the conduction
electron single-particle wave functions, which form the

subject of Chapter III.



2.2 Positron Motion

Angular correlation data is characterized by
smearing at the Fermi cutoff. Extensive measurements over

(40) show that the

a wide range of temperatures by Kim
smearing increases with the temperature of the sample.
Thermal smearing can be readily estimated. The smearing of

the electron momentum distribution, Ak, is described by

k. + AK)2 X E. + k.T , (2.13)

KgT
B o B (2.14)
F F

At room temperatures in sodium, for example, this is negli-
gible. Thermal smeafing due to positron motion is of the

order k, given by

2 ~n 3
k.« 5 kBT ’ (2.15)
which, in the same system, yields
k 3k.. T
= A A, (2.16)
kF ZEF

20
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This effect is observable.

A high-energy positron entering a metal loses its
energy essentially by collisions with valence electrons.
The first estimate of the energy loss by Lee-Whiting (22)
suggests that the positron is thermalized at the time of
annihilation. Carbotte and Arora (41) have applied Green's
function techniques in order to calculate the rate of energy
loss in terms of the imaginary part of the positron self-

energy operator M(k;w) defined by the Dyson equation (48’49),

0 0
G 5 = G_(k; + G : ;w)G_ (k; 7 2.1
p (ki) plkEiw) p (Kiw)M(k;0) G, (kiw) (2.17)

illustrated in figure (2.3a). The calculation took into
account the simple self-energy diagram of figure (2.3b),
with the effective potential taken in both the random phase
and Hubbard approximations. The results of Carbotte and
Arora indicate that the positron is not always thermalized
on annihilation. On.the other hand, estimates by Perkins

(43) (44) of an additional mechan-

and Carbotte and Mikeska
ism for energy loss, phonon excitation, indicate that it
becomes significant at lower positron energies, resulting
in a shortening of the thermalization time.

Experiments designed to examine positron motion have

(39) and Kim (40). Kim assumed

been carried out by Stewart
a free-particle Boltzmann distribution for the positron in

terms of a parameter Teff’ the effective positron



Figure 2.3

(a) Dyson equation for a positron
(electron) Green's function propagator. The
heavy lines represent true propagators, the
light lines represent free-particle propagators
and the shaded circle stands for the self-energy
operator. (b) The lowest-order positron
(electron) self-energy operator with the inter-

action given by an effective potential.
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temperature, which he fit to experiments. This involved a
comparison of the slope of the angular correlation data
with calculated curves which were convolutions of an en-
hanced free-electron distribution, the optical resolution
and the function

452k2/2kaT
e e

f£

describing the positron motion. At high temperatures, the
effective temperature was linear with the sample temperature,
as shown in figure (2.4). This was taken to signify that
the positron was thermalized, with a Boltzmann momentum
distribution

; —hzkz/zm*kBT
e ’

where m* is the positron effective mass. The effective mass
obtained in this way.from the slope of the curve plotting
effective temperature vs sample temperature was considerably
larger than theoretical estimates of the effective

(50,51) (44)

mass . Mikeska (52)

and Bergersen and Pajanne
have since argued that the positron-phonon interaction leads
to an additional contribution to the momentum distribution.
If the real distribution is replaced by a Boltzmann distribu-
tion, the Boltzmann distribution has an apparent effective

mass greater than m*, one which fits the experiments of



Figure 2.4 Variation of positron effective tempera-

ture with specimen temperature for positrons in

Na (from Kim et al. (40)).
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(40) a (39;53)

Kim and Stewart and Shan to within the
experimental limits.

As the temperature of the sample was lowered, the
effective temperature was no longer linear with the temper-
ature. Thermalization was apparently incomplete, and at
T=0 the positron still had some minimum non-zero energy on

annihilation, which in sodium corresponded toc 160°K motion.

from a
(42) des-

A theoretical calculation of the minimum Teff
Boltzmann equation approach by Woll and Carbotte
cribed the positron decay in terms of its screened Coulomb
interactions with the electrons and yielded a considerably
lower value. It would seem that part of the experimental
smearing may represent a temperature-independent effect not
described by the theory outlined thus far.

Smearing at the Fermi surface can result from posi-
tron (electron)-phonon effects. As in the case of thermal
smearing of the electron momentum distribution, the smearing

due to electron-phonon interactions is quite small. Written

as Ak, it is given by
(k. + Ak)2 = E_, + ho , (2.18)

E E

so that for sodium

"‘"":t v = 0002 . (2‘19)
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The positron-phonon interaction, on the other hand, leads

to smearing, say k+, given by

~

= % (%ﬂ)l/z = .1 . (2.20)
F F
This is roughly the extent of the smearing that is of
interest at T=0.

The perturbation expansion for the electron—positron.
Green's function propagator can be easily extended to include
positron (electron)-phonon interactions, as shown, for

example, by Schrieffer (54).

A new set of Feynman diagrams
results from replacing Coulomb interaction lines by phonon
propagators with positron (electron)-phonon coupling con-
stants at the vertices. This is illustrated in figure (2.5).
Carbotte and Kahana (26) found a strong cancellation of tails
from the lowest-order self-energy and ladder diagrams in the
perturbation expansion for an electron gas. However, in the
case of the lowest—-order phonon diagrams of figure (2.6),
such a cancellation is not expected since the extent of
smearing is quite different. A more detailed analysié
appears in the remaining sections of Chapter II, based on

the results of a paper by Hede and Carbotte (55).



Figure 2.5

(a) Coulomb potential. (b) Phonon
propagator with positron (electron)-phonon
coupling constants at the vertices. It can
replace the element (a) in a perturbation dia-

gram in Gep for a system that includes phonons.
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Figure 2.6 Lowest-order diagrams in the phonon
propagator in the perturbation expansion for Gep'
The single lines represent electron propagators,
the double lines represent positron propagators,
the wavy lines represent phonon propagators and
the shaded circles represent positron (electron)-
phonon coupling constants. (a) Positron self-

energy diagram. (b) Electron self-energy diagram.

(c) Ladder diagram.
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2.3 Electron-Phonon and Positron-Phonon Interactions

In this section, the positron- and electron-phonon
interactions are formulated. The rigid ion model (56) is
assumed and the potential seen by a positron (electron)

is written as a sum over ionic potentials as

T V(r - R,)) , (2.21)
3 = =
where r is the positron (electron) location and R, is the
position of the 2th ion. Expanding the potential about the

ion equilibrium position Rg, one has, to first order in the

. _ _ nl
displacement gz = 82 Bz,
- 0 C)
V(r-R,) = V(xr-R,) + £ U,, * ==— V(r-R,,)
- . el OR & 5 mifieie) il
L bt ) gg,—gz,

_ : 0 0

= V(r-R,) - U, VV(r—Rz) . {2.22)

The first term leads to the crystal potential for a perfect
lattice, while the second term leads to the positron (elec-

tron) -phonon interaction described by the Hamiltonian

= % U

_ 0
Uyt WW(r; - Re) o (2.23)
1% .

Hpos(el)—ph -

where the subscript i refers to the ith positron (electron).
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In second-quantized notation this becomes

- e . — 0
HPos(el)-ph = . <E+§|§92 iz 52)|E>

5 L

~

-f.

X c c (2.24)

ko °

~

k+go

c+, c are the positron (electron) creation and annihilation
operators and the complete set of states |k> is taken to be
the set of Bloch states defined by

k> = (r)e ' {2.25)

where @ is the crystal volume and uk(r) has the periodicity

~

of the perfect lattice.

U2 can be expanded in terms of the normal coordinates

Q(k,A) as
L ik'-Rg
U2 = —— ¥ I Q(k',k)ek(k')e e i (2.26)
~ /MN k' A T e =

where the sum on E' extends over the first Brillouin zone
(FBZ) . Ex(k') is the polarization vector for a phonon of
polarization A and wavevector E', M is the ionic mass and
N is the total number of ions. From the periodicity of the

function Uy and the relationship



3L

§ - (2.27)

where g is a reciprocal lattice vector, the positron

~

(electron) -phonon Hamiltonian (2.24) can be seen to reduce

to

= -/ 5 al@ne, (@ <keg| TV
kg ox T ThTom mmow

~~

Hpos(el)—ph

..I.

X ck+qc c (2+28)

ke °

~

The g-vector appearing in the normal coordinate Q and the
polarizétion vector € is the reduced value of q. which is
permissible since phonons are described in the first
Brillouin zone. The Kronecker delta is non-zero for only

one value of the reciprocal lattice vector g, given by

E' =g + g which reduces q to the FBZ. If the normal caor—
dinate is expressed in terms of phonon creation and annihila-

tion operators aék, a in the form

~

ai

Qiligit] = wwesimees (5 o + aq (2.29)

where wl(q) is the frequency of a phonon of polarization A

and wavevector ¢, equation (2.28) can finally be written in

the form
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t t

ko(a—qk

~ ~ ~

H _ =% I g x C
pos (el) -ph kq ok §+g,5,k k+qo

~ ~

o
(2.30)
gk+q k. A! called the positron (electron)-phonon coupling
7 ¥

constant, is given by

_ 1/2 :
Ik+q, kA T (hN/2Mu, (@))% €, (@) "<k+q|WV[k> , (2.31)

~

and can be seen to satisfy the condition

g k" T Tk (2:32)
In the vicinity of an ion a valence electron experi-
ences a strong Coulomb potential. It is also restricted by
the Pauli principle to states that are orthogonal to the
core states so that the wavefunction has rapid oscillations
which are manifested as a large kinetic energy in the core
region. The net effgct of these various contributions to
the valence electron energy is equivalent to a weak poten-
tial, called a pseudopotential, écting on the electron. It
allows one to use perturbation theory and a plane wave basis
for the electron wavefunction. In the medium of all the
other conduction electrons this bare pseudopotential seen
by an electron undergoes screening which can be described
in terms of a dielectric function, by analogy with the

screening of a bare charge in an electron gas.
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The electron-phonon matrix element Me(q) is given

in the plane wave approximation by

M, (q) - <]5+g|yve[}5>
: -ig-r
R § 2% 3
=~ g4 J i Ve(E)d -
-’

=g Ve(g) , (2.33)

assuming the electron-icn potential’Ve(r) vanishes at large

- r -

The effective electron~ion interaction is repre-
sented here by a one-parameter model pseudopotential pro-

(57), which is zero out to a core radius

posed by Ashcroft
Rc and is the Coulomb potential beyond Rc. The potential
is screened and the parameter RC is determined by a fit to
experimental band gaps. The screened pseudopotential form
factor takes the form

V()=_4_mcﬁcos R/(1+4—T'-P-e—2f<)> (2.34)
e'd 2 R 2 = ’ )

q d

where f£(q), the static limit of the Lindhard (58) polariza-

tion part given by

£ 4. 4p§ B q2 2PF ¥ I‘ 2 2.35
= e ————— i — B &
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describes screening in the random phase approximation. The

screened electron-phonon coupling constant §e shown
k+qg,k, A
in figure (2.7) can then be written as
—e e i 1/2 .
Terq,k,n = ~ih/2Me, (@)™ ey (@ g V(@ . (2.36)

~ o~ o~

Evaluation of the positron-phonon matrix element is
based on a self-consistent calculation of the electron-

(59). It explicitly

phonon matrix element by Bardeen
accounts for the shift of conduction electrons due to the
ion displacement and the resultant screening of the ions.
A derivation of the positron-phonon matrix element Mp(g)

given in Appendix A yields a result similar to equations

(2.33) and (2.34), namely
_ =i
Mlg) = 5 @ V) (2.37)

where Vp(q) is given by

2 2
V_(q) = Glqry) (ATBE 4 B - w(r.) /(1 + 4T £(q)) ,
P 0 2 0 0 2
q q
(2.38)
with the function G defined as
G(x) = i% (sin x - x cos xX) . V (2.39)

X



Figure 2.7 Positron (electron)-phonon coupling
constant with the interaction screened in the

random phase approximation.
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Figure 2.7
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£, in equation (2.38) is the radius of a Wigner-Seitz sphere

about the ion, w(r) is the effective positron-ion potential
of equation (A.2) and E0 is the energy of the k=0 positron

state. The screened positron-phonon coupling constant

py &

gk+q,k,k then takes the form

§p+g,lg,x - ’i('h/ZMN‘*’x(q”l/z ex(@ g Vyla) . (2.40)

~



2.4 First-Order Phonon Smearing

If positron-electron correlations are ignored, the
electron-positron Green's function Gep can be written as

the simple product of single-particle Green's functions
o 1 s P oixaid
Gep(xl’XZ’xl’xz) Ge(xl'xl)Gp(XZ'XZ) . (2.41)
The contribution to the positron annihilation rate of

equation (2.3) from the uncorrelated product (2.41l) has the

form

Q1>
A ™M

R(p) =

~

P (p-k)P (K) (2.42)

where Pe(E) and Pp(%) are, respectively, the electron and

positron probability of occupation of a state |k>, given by

; +
T dq . 1w0
Pe(E) = X J 7? Ge(E,w)e (2.43a)
and
aqn iw0+
PP(E) = 1 J oTy Gp(E;w)e . (2.43Db)

The first-order terms in the expansion of the product
(2.42) represent the self-energy effects described by
figures (2.6a) and (2.6b). For the positron self-energy dia-

gram of figure (2.6a) one can write
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r ; + ‘
X)) = duw 50 (k. ) el®O
Pe(g E) = i o Ge(g E,w)e (2.44a)
and
_ [ dw de .0 2 .0

Pp(ﬁ) = é i | 77 77w [GP(E:w)] GP(E“g:w"E)

x D, (qie) (-i) % |GP ¢ (2.44b)
oA*=’! ~,E'qu i :

where Dox(q;e) is the phonon Green's function defined by

20 (a)
D,, (g;e) = —
R, 55 2 - wig) + io0*
P 1 - - L ~ . (2.45)
e - wk(g) + 10 e + wx(g) - i0
Pe(p—k) reduces by contour integration to
0 (pp - IE—§|). The w- and e-integrations in equation (2.44b)

can also be performed by contour integration to give the

contribution to R(p) .,

RP%e(p) = 25 5 o(p, - |pk|) 5P 2
T Mgy - R
6 (k) 6 (-|k-q) 0 (-k) o (|k-q]) :
X - .
&%+ w (@)% (Jk-q|® + w, (@)?

(2.46)
The sum over Kk vields two terms. The second is negative

and contributes only for P<Pp- It represents a decrease in
the probability of finding a positron of momentum k=0 as a

result of interactions between the positron and phonons.
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The first term is positive and contributes for arbitrary p.
It represents the probability of finding a non-thermalized

positron with momentum k#0. The contribution for momentum

P greater than Pp/ written Rgse(p), is then given by

6 (p-Pg) 0 (Pp ~ |p-q])6(q)

pse —p 2
RY - ( | < .

P =gl 2 2 9q,0,1
¥ A (@ + v, (9)) E

uQ ™

(2.47)
For the electron self-energy diagram of figure

(2.6b), PP(E) is simply

. o5
_ do 0 4y iw0
Polk) =i f o7 Gplkiv)e
= 6(-k) (2.48)

so that the contribution to R(p) from this diagram reduces

to

ese
(

Q) >
d
)

p) =

_ A dw de 1600112 60 (poqsum
-0 é i f 57 3m Gg(Riw)1™ G (p-giw-e)
R P . 2
x Dy, (gie) (1) Igg,g—g,ll
P 5  8(p-pp)6(pp - |p-g|)

[

uQ ™

(02 - |p-q|® + w, (@))?

6 (p-p) 6 (|p-a| - pg)
- i l; l Li 51 . (2.49)
(” - |p-q|” - w,(q))
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The contribution, Rfse(g), for p>pF is given by
2
6 (p-p..) O - |p-ql)e gc
o , (p-pp) @ (Pp - |p-q|) (q)lgE'E"g'Al
Ro(p) =Ll 3 7 5 .
g A (P” - [p-q[” + v, (q))
(2.50)

In addition to the two phonon self-energy diagrams
discussed, there is another diagram of first order in the
phonon propagator. This is the ladder diagram of figure’
(2.6c) in which the positron and electron scatter off one
another by exchanging a phonon. Its contribution to the

positron partial annihilation rate is given by

dw dw' de .0
q i J 2m 2w 2® Gp(E’w)

AT ™M

D et s i N D Lismic s ¥ $.09 S e
X GP(E qiw e)Ge(g E,w )Ge(g+g E,w +g)

. Ay e =P -
x DOA(g’E)( i) gk,k—g,k gp—k,p+q—k,l' (2.51)

~ o~ A A~

On performing the angular integrations, one obtains the

lad

contribution for p>pF, R, (E)' given by

6 (p-pg) & (q)

A
R (p) =3 L I
s 5 Q q X q2 + wx(g)

I =8
6(pgp - p=a1)95 o,) Ip-q,p,2
% | 1 R
p? - lg—gl2 + w,(q)

- —p =@

4 ] o« (2.52)

3 2
p° - lp+gl® + v, (@)



2.5 Calculation of Various Contributions to R(p)

In order to calculate the quantities of equations

(2.47), (2.50) and (2.52) it is necessary to go to the limit
of infinite volume where it is possible to replace the sum
over q by an integration. The angular integration is
complicated by the presence of the reduced wavevector g in
the phonon frequency wx(g) and the polarization vector Ek(g)
which appear in the coupling constants. The integrand then
contains quantities which involve the angle between g and g

~ ~

as well as the angle between q and p. Furthermore, for q
outside the FBZ both longitudinal and transverse phonon modes
contribute to scattering of positrons and electrons.
Reciprocal lattice space is illustrated in figure
(2.8). For P near the Fermi surface, q can have a magnitude
extending out to about 2pF which, in terms of the lattice
constant a, is given by 1.24 x 2n/a. The region of g-values
contributing to umklapp processes is of the same order of
magnitude as for normal processes. However, it is important
" to notice that q does not extend as far as a reciprocal
lattice point, which means that the frequency denominator
wx(g) is never small for q outside the FBZ. On the other
hand, frequencies become small in the region of small q.

Certainly, umklapp processes do not contribute disproportion-

ately to the quantities expressed by equations (2.47), (2.50)

41



Figure 2.8 x-y plane in fcc reciprocal lattice
space showing the FBZ and a sphere at 2pF. g'

is a vector in the FBZ. g is a vector outside

~

the FBZ which reduces to the FBZ as dred®



Figure 2.8

zone boundary
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and (2.52) and it should not be a serious approximation to
replace wx(g) by an isotropic longitudinal mode frequency
w(g) . The phonon frequency w(g) is approximated by a
representative sine function which reduces at small q to the
screened jellium frequency vq, where v is the longitudinal
sound velocity giveﬁ by

v = (m/3m /2y (2.53)

F 4

where m is the electron mass and v, is the velocity at the

F

Fermi surface. w(g) has the form
w(g) = ¢ sin gb , (2.54)

where b is chosen such that the phonon frequency goes to zero

at the nearest-neighbour reciprocal lattice point; that is,
w(q) = —= v sin - S (2:.55)

The sum over the polarization A then takes the form

e, () ql® = . (2.56)
. 39

Taking the qz—direction along the direction of P,
the equations (2.47), (2.50) and (2.52) reduce, respectively,

to the expressions
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+ 1 2 =] 2 2
ik T 188 1% a® ag au a9

RPSe(p) = A [ f J - :
g (2m) 3 (@ + wiq)?
PPy Hp O (2.57)
p+pF 1 2T lgglp_q|2 q2 dg du dé
3% () = — J I f AT 7
(2m) (2pgu - g + w(q))
pP-p. M
B F (2.58)

p+pF 1 2T

lad 2\
R (p) = J I f
g (21r)3

P~Pp Hp 0

—P > 3 . b du d
9g,0 9p,p-q" 4 dq du d¢

x o 5 . (2.59)
(@™ + w(q)) (2pgu - g~ + w(qg))

o]

The quantity Up is the value of y determined by the condition

that p-q lies on the Fermi surface, as shown in figure (2.9),

~ o~

and is given by

2 2
Up = (e + o° - Pp)/2pPq . (2.60)
The quantities Eg’o and ESIE_g have the forms
g o = ~ith/2mu(@) 2 g v (a) (2.61a)

and



Figure 2.9 g-space showing the limit Up for the

py-integration of equations (2.56) through (2.58).



Figure 2.9
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= ~ith/amnu (@) q v () . (2.61b)

o4

'P=q

Performing the angular integrations in equations (2.57) to

(2.59) yields the quantities

p+p
—_— v Faq ¢ lvp(q)l2 (pﬁ - (p-a) )
RI77(p) Q 2 2 2
16T “Mnp w(g) (@© + w(q)) ‘
P-Pp (2.62)
pt+p 2
ese A H £ dg q3 Ive(q)I
R;77(p) = 7 2 J w (q)
l6m"Mnp
P~Pg
(p2 - (p-a)?)
. 2 2 '
(p” = pp + w(@)) (2pq - g” + w(q)) (2.63)
Rlad( ! N J dq g Vp(q)ve(q)
D A
* 87T2an w(q) (q2 + w(q))
p—pF
2pq - g% + w(q) |
x n [=55 : S (2.64)

2
p° - pp *t wlq)

A simpler approximation to the positron-ion and
electron-ion interactions than is described by'the form fac-
tors of equations (2.34) and (2.38) is the screened Coulomb
potential. Taking the static long-wavelength limit of the
RPA screening function f(gq), the form factor V(g) can be

written
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¥ig) = stmnesla® + &%) ' (2.65)

where A is the Fermi-Thomas screening parameter given by

12

= 4pF/'rra0 . (2.66)
The various form factors are plotted in figure (2.10) in
units of Rydbergs. The value of Rc in the electron pseudo-
potential is taken to be 0.82089 i (60).

In order to make a direct comparison of the quantities
of equations (2.62), (2.63) and (2.64) with the smearing
described by a positron effective temperature, the results

(40) and Woll and Carbotte (42)

of Kim are reformulated.

The smearing at the Fermi cutoff due to positron motion can
T

be described by a partial annihilation rate, R eff(_p), of

the form

T
£
R e f(E) _

o) >
VR

Pe(E—E)Pp(E) . (2.67)

Pe(E_E) represents an enhanced free-electron distribution,

and can be described by the function ee(pF - lE‘El)- PP(E)
is described by a Boltzmann distribution for free particles
at an effective temperature Teff' given by

“h%k?/2mk Tefs
F(k) = c e i (2.68)



Figure 2.10

Comparison of the Ashcroft pseudopotential
form factor (dashed curve) and the Bardeen "form
factor" for the positron (solid curve) with the
Coulomb form factor in the Fermi-Thomas approxima-
tion (dotted curve) (for Na). The vertical scale
is to be read as positive for the Bardeen form fac-
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The normalization constant c is determined by the condition

r P (k) =1 , . (2.69)

which yields

(2m) 3 H2

( )
O T2k T oo

3/2 (2.70)

CcC =

Since positron-electron correlations have not been
included in the analysis of phonon effects, for purposes of

comparison the unenhanced free-electron distribution is used

in equation (2.67). The contribution for P>Pp is then given
by
R (p) = 21 0(p-p)0(p, - |p-k)F(K) (2.71)
> = Qk F F 2~ : *

This reduces in the limit of infinite volume to the form

) , PPy
eff A h 3/2 1 J
R (p) = = (=) dk k
> o ‘TR T_.; o
p_pF
“+2k2/2mk_T
x e Breft o2 - 0% . (2.72)

The integrals in equations (2.62), (2.63), (2.64)
and (2.72) were solved for sodium using a six-point gauss

integration for a number of values of p greater than the
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Fermi momentum and for the theoretical and experimental
values of Teff' The results of the two self-energy terms
are compared in figure (2.11l). In figure (2.12) the sum of
the three phonon contributions is compared with the differ-

ence between experimental and theoretical positron smearing.



Figure 2.11

Smearing of the positron partial
annihilation rate in Na from the phonon self-
energy effects of figure (2.6). The solid curve
is for the positron self-energy and the dashed

curve is for the electron self-energy.
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Figure 2.12

Comparison of first-order phonon smearing
of the positron partial annihilation rate at the
Fermi momentum with the difference between exper-
imental smearing (Kim (40)) and theoretical

smearing (Woll and Carbotte (42))

(for Na). The
upper dashed curve representing phonon smearing is
based on a screened Coulomb interaction while the
lower dashed curve includes the Ashcroft pseudo-
potential and the Bardeen-type formulation. The
upper solid curve gives the difference between
smearing from positron motion corresponding to

160°K and that for 110°K. The lower solid curve

gives the difference between 110°K and 49°K motion.



52

—

et 4 4=+ —T | B T I I 1

3
O

N
)

.wv_
O O

(siun w.\_o:_fcv (d)y cﬂ

.20

115

110

.05

P/Pe

Figure 2.12



2.6 Discussion of Calculations

In evaluating the positron-phonon interaction,
careful account was taken of the scattering of the conduction
electrons by a displacement of the ions and the resultant
enhancement of the screening of the ion from the positron.
The weakness of this repulsive interaction which tends to
exclude the positron from the vicinity of the cores can be
seen from figure (2.10) by comparing the positron-ion inter-
action obtained in the Bardeen approach with the simple
Coulomb potential screened in the Fermi-Thomas approximation.

Figure (2.11l) gives the contributions to the partial
annihilation rate from the positron and electron self-energy
terms describing the smearing of the respective momentum
distributions by phonons. It can be seen that the electron
smearing is less than that for positrons, as expected.
However, the electron self-energy diagram cannot be ignored
in spite of its short tails. The sum of these two contribu-
tions and that from the first-order phonon ladder diagram,
employing the screened Coulomb potential to represent the
positron- and electron-ion interactions, is an order of
magnitude smaller than the effect we are looking for. When
the improved form of the positron-ion interaction and the
model pseudopotential are used, the results become even less

significant.
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All of the calculations depend on the plane wave
approximation to positron states and conduction electron
states, thereby ignoring their Bloch character. In the case
of simple metals, where the pseudopotential and screened
positron-ion potential are weak, this should not be a

serious limitation.



CHAPTER III
LATTICE TAILS IN POSITRON ANNIHILATION

3.1 Lattice Effects in Positron Annihilation

When a positron enters a real metal, it sees more
than just the simple medium consisting of an electron gas,
as has already been indicated in Chapter II. In addition to
the phonon effects described there, the situation is compli-
cated by the presence of core electrons with which the posi-
tron can annihilate. This leads to broad tails in the
angular correlation data. The periodic lattice also means
that the picture of conduction electrons as free electrons
in plane wave states is no longer valid. By introducing
higher momentum components into the conduction electron wave
function, it leads to further tails in the annihilation data.

A number of estimates have been made of this effect
for simple metals, based on an independent-particle model
which includes Coulomb correlations only in an average
way (32’37’38). The result is additional weighted contribu-
tions associated with Fermi surfaces about each of the
reciprocal lattice points. A paper by Fujiwara (61) goes
further than these by introducing a many-body theory which
treats the effect of a periodic field on the basis of nearly-

free electron theory and which includes electron-positron

correlations. It deals with models based on metals whose

55



Fermi surfaces intersect a zone face and restricts itself

to a treatment of the vicinity of a zone face.
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3.2 Bloch States in Annihilation Rates

When the lattice potential is included, the

Hamiltonian for the positron-electron system is given by
: 2
H = J x 97 x) -9 + H_ ()19 (x)

+ J d3§ 6T (x) =92 + H, (x) 14 (x)

R
N
N

J a’ d3§' w+<§'t)w+(x)v(§;§')w<x>w(§'t>

3% a3x oMot ) vixix') o (x) 6 (x"E)

+
NI
Wk
[N}
13

Q

- j a3x 3x vTxre T vixix vzt
(3,1}

where He and Hp represent some average potential seen by
the electron and positron, respectively. The equation for
the electron-positron Green's function Gep takes a form
equivalent to equation (2.5) in terms of zeroth-order elec-
tron and positron Green's functions that satisfy an equation

3

(-i 2 + H

2 (") = § 0m-u") . (3.2)

0
e (p) ¥))C¢ (p)
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The system is no longer invariant under an arbitrary
displacement but has the periodicity of the lattice, so that
the propagator satisfies the weaker symmetry described by

0

(§+Bg,t;§'+§£,t') = & Ity o (3.3)

Ge(p) e (p)

It is concluded that the propagator can be written in terms
of Bloch functions. In particular, the zeroth-order propa-

gators can be expanded in the forms

e e

O, ..1y - 1 '
Ge(x,x ) = S ﬁ e uE(§)u§(§ )
da _~iolt-t') .0, .
X f T Ge(].(.'w) (3.4a)
and

0 1 ik (x-x")

ok R e ,

Gp(x,x ) 5 i e vk(§)V§(§ )

dw -iw(t-t') .0, .
J '5'1—‘_' e Gp(]s'w) ’ (3.4b)

where uy and v, are periodic functions. Gg(k;w) and Gg(k;w)

~

k

are given by

8 (k-p.) 8 (p.—k)
Gg(k;w) = — Er —F (3.5a)
- E- - w - 10 E- - w + 10
k k
and = 2
Gg(k;w) I 0 (k) N 8 (k) : (3.5b)

P _ __.+ plal s At
Ek w i0 Ek w + 10
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and Eﬁ represent the energy of the electron and

~

respectively, in the Bloch states

e
where Ek
n,

positro

by (%) _ u (%)
) Lo~ " (3.6)

¢y (x) vy (%)
From equation (2.5) it can be seen that, if all

correlations are neglected, the positron partial annihila-

tion rate is given by

-ip- (x-x')
Rip) = & (02 [ @PxaPxte T 7T luuxeh

X Gg(x;g't+) " (3.7)

This describes the contribution of the diagram of figure
(3.1la). For simplicity it is assumed that the positron is

in a plane wave state, so that Gg is given by equation (2.7),
while Gg is given by equation (3.4a). If the Bloch function

uk(x) is expanded in terms of Fourier components, it takes

the form

(3.8)



Figure 3.1

Lowest-order ladder diagrams in the
perturbation expansion of Gep with a periodic
lattice taken into account through Bloch states
in the propagators. The heavy lines represent
electron propagators and the double lines posi-
tron propagators. The interaction line in (b)

represents the dynamic effective potential.



(a)

Figure 3.1

60



61

where g is a reciprocal lattice vector. The partial

~

annihilation rate described by equation (3.7) then reduces

to

g et (3.9)

Q

where the k-dependence of uk(g) has been ignored. This
equation is very similar to~the Sommerfeld result of equation
(2.9). IE R(g) is summed over Py and py, however, the P,~
plane no longer intersects just the Fermi sphere centred
about the origin, giving rise to the parabolic shape of
equation (2.11). It also intersects a number of spheres
situated at reciprocal lattice points, as shown in figure
(3.2). This leads to parabolic contributions centred about
these reciprocal lattice points weighted by the correspond-
ing factor Iuo(g)|2. The annihilation rate is now non-zero
for momenta greater than the Fermi momentum, as illustrated
in figure (3.3).

The effect of including the first-order electron-
positron correlation described by the ladder diagram of
figure (3.1b) is the contribution

-ip* (x=x"')
R(p) = & (-1)2(-1) Jd3>~<d3>~<'d4zd4z'e Y Y Tulziz")

o] g

) S o S R 0 . +
X Ge(x,z)Ge(z,§ £ )Gp(x,z')Gp(z',§'t ) - (3.10)



Figure 3.2 Projection onto the yz-plane of fcc
reciprocal lattice space with Fermi spheres

about reciprocal lattice points and a plane at

P,



o R

p,—plane of R

Figure 3.2
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Figure 3.3

Positron annihilation rate as a function
of electron-positron momentum component = for
an independent-particle model in a periodic
lattice. The respective parabolic contributions
centred about the reciprocal points at g are

~

weighted by the factors |u0(g)|2.
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where u(z;z') is the dynamic effective electron-positron
potential. Gg is again described by plane waves. Equation
(3.10) is calculated in Appendix B to be given, in the limit

of a static potential, by

R(p) = —Q— % z z = = = )
~ k k' gGG' Eyr = Ep + |k - k' + G'|
k<pp k'>pg 777 ~ ~ ~ -
x ' *
X uo(g)u0(§+§ )u (G)u (g G )6 k+g (3.11)

~

The sums on g G and §' represent sums over reciprocal

lattice vectors. Again the k-dependence of uk(g)'s is ignored.
When one takes correlations into account through a

term such as equation (3.10), one must be careful not to

include these same correlations in the average field He of

equation (3.1l) seen by an electron; that is, He must be

taken to be the bare ion potential. It leads to electron

Bloch states wk of energy E, which are not the same as the

k
Bloch states calculated, for example, by Callaway (62)

who
used a Hartree-Fock type of potential. Furthermore, it
appears that the triple sum over reciprocal lattice vectors
does not readily converge. An alternative approach to
handling the lattice, first presented in a paper by Hede and

(63)

Carbotte , is discussed in the following sections.



3.3 Enhancement of Lattice Tails From First-Order Ladders

It is possible to account for the effect of a
periodic lattice on the positron partial annihilation rate by
handling the electron (positron)-lattice interaction
explicitly rather than by employing Bloch states for the
wave functions. In the absence of a crystal lattice, the
electron-positron Green's function Gep has the well-known
perturbation expansion in terms of Feynman diagrams (37).

The crystal field leads to additional diagrams which are
modifications of the previous diagrams containing one or

more electron (positron)-lattice interaction lines. A
detailed derivation of the new perturbation expansion is
given by Appendix C. The lattice diagrams actually replace
the usual diagrams representing a uniform positive background
included to ensure charge neutrality. The latter cancel
against the set of bubble diagrams of figure (3.4), which
correspond to an electron (positron) interacting with the
electron gas.

The major contribution to the partial annihilation
rate in an eiectron gas is given by the infinite set of
ladder diagrams of figure (2.2) (25'26). The set of ladder

diagrams with modified electron lines is shown in figure

(3.5). If the plane wave approximation is made for positrons,
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Figure 3.4

Infinite set of bubble diagrams which
describe an electron (positron) interacting with
the electronic medium. The single lines stand
for electron propagators and the double lines

stand for positron propagators.
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Figure 3.5

Infinite set of ladder diagrams with
electron lines modified by the presence of a
crystal lattice. The single lines represent
electron propagators, the double lines represent
positron propagators and the dotted lines ending
in a cross represent the electron-lattice

interaction.
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as in section 3.2, it is just these diagrams that should
make the greatest lattice contribution to R(g), by analogy
with the electron gas. The lattice is considered to be a
weak perturbation, which is the case for metals such as
sodium, so that only the lowest-order diagrams in the lattice
potential V need be included. If, for simplicity, a calcul-
ation is made just of the enhancement from first-order
correlations, there are but a very limited number of diagrams
to be considered.

It is assumed that the potential field about an ion
is rigidly attached to it. The average crystal potential
seen by an electron is written as the sum of ionic potentials

about the equilibrium positions Rg; that is,

V(x) = I W(x-R))
=y e - )
ey

=izze W(q)

L q ~
ig-x

=nle T W(QS . (3.12)

99 B

The contribution to the partial annihilation rate

from the uncorrelated diagram of figure (3.6a) is given by

—ig-(x—x')

X Gp(x;x't+) P (3.13)



Figure 3.6 Ladder diagrams with a single electron-
lattice interaction line. These cancel against

bubble diagrams.
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where Gp is simply the free positron propagator Gg, while
Ge is given by

4

Ge(x;x') = J d 'z V(z)Gg(x;z)Gg(z;x') . (3.14)

On doing the space- and time-integrations, R(p) reduces to

Rp) = 3o 3 [ 52980 (60w ? dipkinn)

k

~

(3.15)
W(0) is the g=0 component of the lattice potential. It can
be seen from figure (3.6a) that g is actually zero, by
noting that the total electron-positron momentum coming out
and the total momentum going in are both equal to p. Such
a term cancels the equivalent bubble diagram. Similarly, a
correlation diagram modified to first order in the lattice,
such as that of figure (3.6b), leads to the g=0 component
of W and cancels against a bubble diagram. The lowest-order
lattice diagrams which have a contribution to R(Q) are those
of second order in V shown in figﬁre {3.7) «

The contribution to the partial annihilation rate
from the uncorrelated diagram of figure (2.2a), which is‘

referred to as R(O)(B), is given by equation (2.9) as

8 . (2.9}



Figure 3.7 Ladder diagrams of second order in the
electron-lattice interaction and up to first

order in the electron-positron interaction.
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) 3

R(o)(p) is zero for p>pF. The first-order correlation

diagram of figure (2.2a) contributes the rate

0 0 Ly
x G (kiw) G (k-gjw-e)
0 ' A0 L
x G, (p~kiu’) G, (prkiqiuite) . (3.16)

Taking the static limit for the Fourier transform of the
effective potential ul(qg;e), R(c)(p) can be reduced quite

easily to

2y _ 8 (Pp=pP)8(|p-g|-pp)ulg;0)

RIS (p) = 22 ; g s , (3.17)
2% g a” + |[p—g|® - p
or, alternatively,
k~-K":0)6
(c) 22 i Lok k/p
R (p) = 5 I z 5 5 > . (3.18)
~ Q° k kK k'“ + |k-k'|“ -k
, il
k<pp k'>pg

Like equation (2.9) it is zero for momenta P>Pp- Its con-

tribution to an enhancement factor ¢ (p) is given by

e(p) = R(C)(g)/R(o)(g) . (3.19)
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The lattice contribution to the partial annihilation
rate is mainly from diagrams of secqnd order in the electron-
' Pl

lattice interaction V. For the uncdfrelated diagram of

figure (3.7a), the contribution can be shown to be

ROV =g 0’1 3 Wit | 92 Sy

k g#0

~ o~

f dw dw'

x [6g(ksw) 12 6 (k-giw)G) (p-kiw') . (3.20)

The g=0 term cancels against a bubble diagram. In the
1
region P<Pps R(0 )(p) is negligible compared to R(o)(p)

]
since V is a weak potential and this part of R(O )(p) is

neglected. The contribution for p>pF, referred to as
(0")

R (p) i reduces on doing the angular integrations to
6 (p-pg) 0 (pp - |p-g|) [W(g) |2
(0") 1y P-Pp) 8 (Pp P-g g) |
R,© (@ =g I 2 7.2
g#0 (®" - [p-g|™
2
A |W(g) l Gplk'*'g (3.21)
= = z — . 3
Q K (IE+§|2 _ k2)2
k<pF
|k+g|>pg

The lowest-order lattice ladder diagrams involving
correlations are shown in figures (3.7b), (3.7c) and (3.74d).

Figure (3.7b) gives, on introducing an effective potential



74

1
in place of the Coulomb potential, a contribution, R(1 )(g),

of the form
. .
R ) =5 3 wgwi-g J d, fat e
X u(q'e)Go(k'w)Go(k—g°w)
47 e~l e~~r
x G0 (k-q-g;uw-e) GO (p-k;uw')
e~~~’ p~~l
X Gg(p-k+q;w'+ei . (3.:22)

The angular integrations can be performed, on taking the

static limit for u(g;e), to give the result for p>pF as

8 (p-pg) 6 (Pp -~ |p-g])

L |wig)|? 2 ;
2% g#0 q P - |p-gl

o (lp~q| - pp)é(pp - |p-g-gl)

(3.23)

]
2.2 2 2 2
(|p-ga| “+a”~|p-g|“) (|p-g| “~|p-a-g|“)
The two diagrams (3.7c) and (3.7d) contribute equally to

the partial annihilation, so that it is necessary to calcul-

ate just the contribution from figure (3.7c). The rate,
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R(1 )(p), from these diagrams, with an effective electron-

positron potential, is given by
2i)

) =
(p) =
= Q2

g i1 L W(g)W(-9g)

q a0 - -

A ™

X u(g;s)[Gg(lj;w)]2 Gg(g-g;w)

0 v ge e - U A TN, - -
X Ge(g qiw E)Gp(g kiw )Gp(g k+qiw'+e) .

(3.24)

(1"

For p>pF there is the contribution, called R )(p), which

has the reduced form

R (p) =%— 2 W(g) 1% = u(g:0)
q
8 (p-pp) @ (Pp — |p-g I)e(lp-ql ~ Dg) e
X . .
(e - Ip-glH%a® + |p-qa|® - |p-g/? )

The sum of equations (3.23) and (3.25) can then be written

in the form
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1
R>(C )(E) = .2_21 5 |W(g)|2 5 :é :
i ko lk+gl® -k
k<pF
|k+g[>pp
u(k-k';0)
SRy . T 2 1.2
k' (k" |k-k ]2k (kg |+ kK F-k7)
k'>p ne ~ = =
F
|k'+g|>pp
u(k-k';0)
-— Z ~ o~
' (kP k-t 2k ?) (k2o [k teg| 2
. e o7 ~ ~
k >pF
[k'+g|<pg
u(k-k';0)
- Z ~ o~
k' (lkt+g] 2 kx| 262) (k+gl 2k ?)
! ~ M " = ~ ~
k <pF
X' +g]>pg
u(k-k';0)
¥ ; = 16 .
k' (krg] 2-k2) ([k'+g| 2+ [kk' | 2-k%) Brk*Y
Ik +gl>pg (3.26)

It is convenient, in the second term, to make the transfor-
mation of variable k' -+ k'-g in order to express the term

in the form

§
p’k+g
-2 5 g l? s IR
2" gro k |k+g}® = k k'
h R 1
k<pF k <pF
k+g|>pg |k'-g|>pg
u(k-k'"'+g;0)
g 5 S . (3.27)

(15" =g] 1% (= +g ] 2 [ =g *x%)
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It is also convenient to expand the last term in equation
(3.26) into a part for which the variable k'<pF and a part
for which k‘>pF.

In the present approximation the annihilation rate
and, hence, any enhancement in the region outside the Fermi
momentum is due to the effect of the.lattice. The contribu-
tion to the enhancement of the uncorrelated rate of equation

(3.21) from the modified first-order ladder graphs, denoted

by e'(g), is given by

e (@ =rC ) (/R (p) . (3.28)



3.4 Calculation of Enhancements

The various quantities of section 3.3 are calculated
by replacing the sums by integrals. An additional sum over

p.. and py means an integration in the pz—plane. For R(O)(g)

X
and R(c)(g) the integration is over an area in the pz-plane
subtended by a Fermi sphere at the origin. As a result,
there is no contribution for P,”>Pp- When the lattice is
included, as it is in equations (3.21) and (3.26), the By
plane intersects spheres located at a number of reciprocal
lattice points at g#o. This can occur for values of P,
greater than the Fermi momentum. A model calculation is
made which considers only nearest-neighbour reciprocal lat-
tice poiﬁts. For a face-centred cubic reciprocal lattice,
these occur at 2n/a(+1,0,1) and 2w/a(0,+*1,1) (ignoring those
RL points with negative z-component). These RL points are
equivalent in the present calculation, so that the sum on g

merely introduces a factor of 4.

The quantities which are actually calculated are

R(O) (pz) - it 5 J d3]§ 5(kz—pz) , (3.29)
(2m)
k<pF
(c) _ 2 3 a’k! U(lf-lg';O)G(kz—pZ)
R (p.) 3 d’k : 5 d ,
Z (2m) ~ k! + lk_k.l X
k<Pp k'>pg i (3.30)
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2
(OI) IW(g)‘ dBB G(kZ + gZ - pz)
R TR,) = ———3~ v S
(2m) k<pg (|k+g|® - k%) ( :
i 3.31
[k+g]>pp
: 2|wW(g) |2 3k §(k, + g - p.)
R (p ) = T ~ z z z
= (2m) k<pp |E+g|2 - k2
[k+g]>pg
a%k' ulk=k';0)
e [ o 4
kl>pF (k'2+|}5-]f'|2_k2)(I]f'+g|2+l]f—]f'|2—k2)
|k"+g|>pyg
k' ulk-k'+g;0)
k'<pp  (k'-gl?k'?) (Jx-k'+g] 2+ ]k -g] 2%
|k'-g|>pg
3 1 1
d 'k u(k-E ;0)
K'3py  (krrg| 2+ Kk | 22) ([ g | 2k )
[k'+g|>pp
A3t x (65057503
5 K =X
k'<pp  (Ik+gl?-k?) (k' +g] 2+ k-k" | 2-x?)
|k"+g|>pg
3 ] 1
a°k' u(k-k';0)
+ —~ = (3.32)

1
k|>pF (|E+gl2'k2)(IE'+§I2+|E‘E'l2—k2) ’

[k'+g|>pg

where the effective electron-positron interaction is expressed
in terms of the Fermi-Thomas screening parameter of equation

({2.865) ¢ that is,
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u(g;O) = 4Tre2/(q2 4+ Az) : {(3-33)

The overlap in the P, direction of the Fermi spheres
located at the origin and at g means that there is an overlap
of the main central contribution and‘the lattice contribution
which extends from 0.612 Pp to 2.612 Pp - The enhancement

factor for the region pz>pF corresponds to equation (3.28),

and is given by
e'(p,) =R (o y/rRO0 N (p ) . (3.34)

Since lattice effects are small, the enhancement factor for

the region p,<Pp is essentially given by
etpy) =R /RO (p) . (3.35)

However, it is helpful to calculate the quantity e'(pz) for
pz<pF. This quantity describes the enhancement due to
positron-electron correlations of the contribution to the
partial annihilation resulting from the presence of a crystal
lattice and associated with the Fermi sphere at g.

The regions of the 5— and E'—integrations are
described in figure (3.8). The E-integration is actually an

integration over a plane rather than a volume integral. All

but the simplest integrations in equations (3.29) through



Figure 3.8 Regions of various k- and k'- integra-
tions in equations (3.29) to (3.32). The shaded
area in (a) is the area subtended in the Fermi
sphere by a plane. The shaded regions of (a)
and (b) represent regions of integration. The
shaded areas in (c) represent the region of k¥ =

space excluded from integration.
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Figure 3.8
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(3.32) were done by means of the Monte Carlo technique
described, for example, by Shreider (64). This method,
which is useful for a multi-dimensional calculation, samples
at random a region of n-dimensional space which contains the
region of integration. An integral can be approximated by
the product of the average value of the integrand and the
volume of integration. Now, in the limit of a large sample,

v

=& (3.36)

2|8

where n and N are the numbers of sampled points in the region
of integration Vi and the sampled region V, respectively.

Therefore, the integral is given approximately by

T ax £(x) = F Vi
R
n
=5 I flx) . (3.37)
i=1

For those terms in which the E'-integration extends
to infinity, it is convenient to split the integration up
into two regions. For k' > 10 Pp it is assumed that k' is
much larger than quantities such as k and A, so that it is
possible to do the E'—integration analytically. The enhance-
ment factors € and €' are plotted in figures (3.9) and (3.10),

respectively, for various values of P, and B 4



Figure 3.9

First-order enhancement factor £ as a
function of electron-positron momentum P, for
annihilation in an electron gas (rs=4). The
error bars describe the uncertainties associ-

ated with the Monte Carlo integration.
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Figure 3.10

Variation with electron-positron
momentum component P, of the first-order lattice
enhancement factor €' associated with contribu-
tions to the positron annihilation rate centred
about the reciprocal lattice point at g (rs=4).
The error bars give the uncertainties in the

Monte Carlo integration.
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The positron partial annihilation rate in the
absence of all interactions is the inverted parabola of
equation (2.11l) and figure (2.1). The effect of electron-
positron correlations is to multiply this parabola by an
enhancement factor. The enhancement factor due to the first-
order ladder correlation, shown in figure (3.9) for a static
potential and calculated by Carbotte and Kahana (26) to
include plasmons, has a slight momentum dependence. This
results in a slightly distorted parabola that bulges out
from a true parabolic shape. Such an effect is explained by
the fact that electrons near the Fermi surface are more highly
correlated with the positron. It is easier to scatter an
electron near the Fermi surface. If all orders in the ladder
diagrams are included, the momentum dependence and the
distortion become slightly more pronounced (26). The main
difference, however, is just a greater enhancement. Experi-
mental observations have been made of the momentum dependence
for metals such as sodium (65).

The lattice introduces a contribution to the annihil-
ation rate that is connected with the Fermi spheres about
reciprocal lattice points, in particular those about the
nearest-neighbour R-L points, which extend from 0.612 Pp to
2.612 Pp- The effect of correlations is to enhance this

guantity in essentially the same way as the central parabola.

There is an overall difference of about 15% from the magnitude



of the enhancement factor €, but the momentum dependence

near the edge of the Fermi sphere is very similar.
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CHAPTER IV
SPIN-UP-SPIN-DOWN PAIR DISTRIBUTION FUNCTION AT
METALLIC DENSITIES

4.1 Short-range Correlations

The properties of the many-body system of an
interacting electron gas at high densities (rS << 1) have
been adequately described by the random phase approximation.
An outline of the properties is given by Pines (3’66), for
example. At metallic densities, however, the RPA is no
longer satisfactory, particularly in describing short-range

(9'10), and it is not hard to see why. For

phenomena
instance, RPA ignores exchange effects in its treatment of
correlations. Since correlations due to exchange act to
keep electrons of parallel spin apart, they are an important
feature of the small-r regime. Various attempts (13-16) to
correct this deficiency of RPA are based on an approximation

due to Hubbard (12)

of a particular set of exchange diagrams
in the perturbation expansion describing particle-particle
interactions. However, these estimates all possess the
feature of RPA at metallic densities of an unphysical nega-
tive value for the pair distribution function g(E).

The spin-dependent p.d.f. goc,(§—§') describes the

probability that, if there is an electron of spin o at
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position x and time t, there is also an electron of spin o'

at position x' and the same time t. It is defined by

(x-x') = <) (x,000 (x,00), x00, =0,

(4.1)

9501

where wo(g,t) is the field operator for an electron of spin

o and the expectation value is taken in the fully-interacting
ground state of the electron system. The two-particle
electron Green's function Gee’ which describes the propaga-

tion of a pair of electrons, is defined as
G (xo0,x'co';yo,y'c!') = (—i)2<T(w (%)
ee d PYO .Y o}

< b xDT yel >
(4.2)
In terms of Gee’ the p.d.f. takes the form

g O,(x--;s') = (-i)zGee(§to,§'to';§t+0,§'t+c') . (4.3)

o]
The plus sign indicates the proper ordering of equal-time
operators. The two-particle Green's function has the well-

(27) in terms of the free-

known perturbation expansion

electron propagator Gg defined by equations (2.7) and (2.8a).
The difficulty with Hubbard's approximation is that

it includes only local-field effects due to the exchange hole,

while continuing to ignore the local-field correction
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associated with the Coulomb hole. Similarly, RPA not only
neglects exchange correlations but also ignores the Coulomb
hole by treating the interaction in the Born approximation,
which assumes the potential is small. It can be seen,
however, that in the small-r limit even a screened potential
such as the simple Fermi-Thomas potenﬁial e—xr/r becomes

very large. At metallic densities, where correlations are
important and, in fact, interaction energies are comparable
with kinetic energies, it becomes necessary to consider these
correlations much more carefully than in RPA.

For a positron in an electron gas of metallic density,
there is a considerable improvement in the electron density
at the positron and, hence, in the total annihilation rate,
if higher orders are included in addition to the first-order
ladder correlation (25’26’67). These consist essentially of
the remaining terms in the set of particle-particle ladder
diagrams of figure (2.2). Such diagrams describe the
repeated scattering of the charged particle off an electron
in the presence of all the other electrons. In the problem
of a light negatively-charged impurity in an electron gas
examined by Carbotte (45), the Coulomb hole in the RPA resem-
bles that found by Ueda (68) for the spin-up-spin-down p.d.f.
g++(f) in the same approximation. This reflects the fact
that it is the Coulomb repulsion and not the Pauli principle

which keeps opposite-spin electrons apart. When the full set

of ladder diagrams is included, the Coulomb hole is much
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improved over RPA. As shown in figure (4.1), the displaced
electron density at the test charge is now reduced to a

value less than the actual average charge density in the
system over a wide range of the density parameter. It is
expected that a similar procedure for opposite-spin electrons
of including the complete set of particle-particle ladders

of figure (4.2) would lead to a more adequate description of
g++(£) at small r. The results of this problem, considered
in the following sections, are to appear in a paper by Hede

and Carbotte (69).



Figure 4.1

Displaced electron density at a light
negative impurity as a function of electron gas
density o = rs/(l.9l9 ﬂz). The dashed curve is
the RPA result. The solid curve is from the full
ladder treatment. The vertical scale is read as
negative for An(0) and positive for n_ . (from

Carbotte (45)).
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Figure 4.2

Members of the infinite set of ladder
diagrams in the perturbation expansion for the
electron-electron Green's'function Gee' The
interaction lines represent the static limit of

the effective potential in the random phase

approximation.
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4.2 Ladder Contributions to the Pair Distribution Function

The lowest-order term in the perturbation expansion
of the two-particle Green's function Gee involves a simple
product of Gg's. Its contribution to the spin-up-spin-down

p.d.f., denoted by g$+, is simply
O (x-x') = 2n (4.4)
g++ b ol 14 .

where n is the average density of single-spin electrons and
the factor of 2 accounts for the fact that Iyp is the same
as gy, -

The higher-order terms in the expansion of Gee
describe.correlations among the electrons; in particular,

the first-order ladder graph leads to the RPA result. The

contribution to g(x-x') from such a term is

(1

of ez = 020 [ataats wiziz)

x Gg(§t;z)Gg(>~<'t;z')Gg(zs>~<t+)Gg(Z' ;§'t+) .
(4.5)
u(z;z') is the dynamic effective potential taken in the
random phase approximation. Fourier transformation and
integration over the space and time variables leads to the
expression

23
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9y x) =

x Qy(qie)Qy(-gi-e) (4.6)

where Qo(q;e) is the polarization part given by

NPT | dw &0,y . Dt i
Qo(g.e) =3 i J 5 Ge(E,w)Ge(E qiw e) . (4.7)

It can be seen from equation (4.7) that Qo(q;e) satisfies

the condition

9y (-gi-e) = Q,(q;e) . (4.8)
Now, u(g;e) and Qo(g;e) depend only on the magnitude

of the vector g. If the sum is changed to an integration,

it is a simple matter to do the angular integration by let-

ting the qz—axis lie along the direction of r = §—§'.

Following the procedure outlined in the Appendix of reference

(67) , where the e-integration is transformed to one along the

imaginary axis, equation (4.6) reduces to

® de o Go(q;e)ﬁo(q;e)

B = :
git) () = —E; J dq q° SERdE f 5 -
STy o 97+ aQylase)

(4.9)

14
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where
1 1, 2 2., 6%+ (gq=2)°
Qp(qie) = 2m 11 = e 1 - 7(@"-e") in(= 5) ]
i e + (q+2)
- £ [tan'l(ggl) 3 tan—l(z—z—g‘)]} . (4.10)
o is related to the parameter ry according to
_ 2
o = rs/l.919 T , (4.11)

and all momenta in equations (4.9) and (4.10) are expressed
in units of Pp-

It has been found that the infinite set of ladder
diagrams in the perturbation of the particle-particle Green's
function are of considerable importance in describing short-
range correlations involving a charged impurity in an elec-
tron gas of metallic density. The ladder series of figure
(4.2) describing repeated scattering between opposite-spin

electrons is given by the integral equation
L 1 s 1 == 0 e 0 |
Goe (X/x"iy,y") Gy (xiy) G (x"iy")
- ijd4zd4z' u(z;z')Gg(x;z)Gg(x';z')

L
X Gee(z,Z';y,y') ' (4.12)
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where spin subscripts have been omitted. It should be
noted that the potential is static, so that By = tz. In
order to make the problem tractable, the dynamic potential,
which is taken to be the RPA screened potential, is approxi-
mated by its static limit.

From the definition of equation (4.2), both
Gee(ft,f't;§t+,§'t+) and g(§—§') are independent of time and

depend only on the space variable x-x'. Denoting by gL the

ladder contribution to the p.d.f., its space Fourier trans-

: L
form can be expressed in terms of Gee as

L e dw _iw0 L .
g (@ = (-1) J 57 © G (giw) . (4.13)
It is convenient to introduce a new amplitude o according

to

+
Gge(xt,x't;xt+,x't ) = Id4zd z!

X QL(xt,x't;z,z')Gg(z;xt+)G2(z';x't+) .

(4.14)

This definition is consistent with equation (4.12). G can

be shown to satisfy the integral equation

3z"u(z;z')

~ o~

Qv = 80 63 eroy ) - ifataa

X Gg(x;z)Gg(x';z') QL(z,z';y,y') " (4.15)
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and its Fourier transform satisfies the equation

L _ -
"mamt a7 fmnn,nt T P () Py (0]
L
X kiuuTln7klk' Qk,k"m n,(uu) s (4:16)
where the quantities p+ (u) and p_. _(w) are given, respec-
w0 m,n
tively, by
6 (m-p) 6 (n-p.)
+
py _(0) = —— L. (4.17a)
~Ta m- + n° - w-1i0
and
- =6 (pp-m) 6 (pp—n) . ;
p w) = : .17b
w il m2 + n2 - w + iO+

This leads to the expression

L -i dw _iw0 L
= — I -— Q
HEIE R i PG
x [pr _(w) + p_ _(w)] (4.18)
pT’Q w pIB’r~1 w . o

In order to do the w-integration in equation (4.18),
the product QL(p+ + p-) is expanded to obtain terms in the
integrand which have the symbolic form

. +
2 ot s Tyt + 2Ty ..ot P . (4.19)
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In the case of the term involving only a single factor
et + 27y, just P~ contributes through contour integration
in the upper half plane. For the other terms a further
expansion leads, in the case of n factors (P+ + P ), to a

sum of 2" products
PUP ,.: BP (4.20)

where each of the P's can be either p* or P°. The product
P+UP—, say, describes the scattering of two particles in the
Fermi sea to states outside the Fermi sea, as illustrated by
figure (4.3). Depending on there being another P+ or P~ fac-
tor, there can then be a scattering to other excited states
or to hole states, respectively. Now, the number of hole
states is restricted, while the number of states outside the
Fermi sea is essentially unlimited. From this simple phase
space argument, it is expected that the contribution from
terms containing more than one P factor is negligible com-
pared to that from terms where all but one of the P's is P+.
The significance of making such an approximation is the neg-
lect of hole-hole scattering.

An amplitude QO and its conjugate QO+ are now
introduced by the>equations

% = 1 + pTuR® (4.21a)



Figure 4.3 Various scattering processes associated
with a pair of electrons initially in the Fermi
sea. Process A describes the scattering of the
two particles outside the Fermi sea. Process B
scatters the two particles to other states out-
side the Fermi sea. Process C involves scatter-
ing of the holes left in the Fermi sea by the

electrons.
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(Ve

a0t = 1 4+ o0fyp™ . (4.21b)

Ignoring hole-hole scattering, as discussed above, means that

the product 9 (Pt + P7) can be approximated by a%p~ 0T,
Equation (4.18) can be rewritten as
L 1 dw in+ 0
= = L z S w
L J o m+g,n-grm' ;' ()
X p_ (w) (2% 7 (w) (4.22)
m'in* m'sn';m;n ! :

where QO ,» according to equation (4.2la), satisfies

m,n;m',n
the equation

Y b (W) =8 '8  + P
’

0
m,n;m m,m" n,n

~

0 B
X QIB+q|'n_q|;m|’n|(U)) o (4.23)

The w-integration is performed by means of a contour integra-

tion to give

1 1 0 2 2
== I 5 % Q0 * g
. (g) ¥ mn mnm' n T’Q;T"E'(m o
m'<pp n'<pg
x § m'? + n'? - (4.24)
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The zeroth- and first-order terms in gL(q) are
handled easily, as in section 4.2, so these contributions
are subtracted from gL(q) to leave a quantity which is

referred to as ng

(g). It can be derived by keeping one of
the Qo factors to zeroth-order and the other to second- and
higher-order or by taking both factors down to first-order

in u. ng(q) can be written in terms of a new quantity X as

L2 _ 1 (2) (2)
@y L, Umengma T fngnrgimn
m<pp N<Pn
-~
oo ¥mqrq' n-g-g'imn X' n-gtimen!
- (4.25)
where Xm+q,n—q;m,n is defined by

8 {|m+q|-pg) 8 (|n-g| -pp)

X = ¥
B L |mtq| 2+|n-q| 2-m3-n2 DFLD-im,n 7
N iy (4.26)
while Ym+q,n—q;m,§ satisfies the.lntegral equation
=1 ; 1 i}
m+q,n-g;m,n  V u(qi0) + g é, u(g-q';0)
T el
) 6 (|mtq' |-p,) 6 (In-q'|-py).
mtq'| %+ |n-g* | *-n®-n?
X Y 1 . (4027)
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(2)

~ o~ N AN~ o~

in equation (4.25) is the second- and higher-

The first two terms in equation

~ A~ N A A

(4.25) are equal.



4.3 Particle-hole Scattering

The Bethe-Goldstone (46)

the scattering of the ladder diagrams of figure (4.2).

contribution to the scattering amplitude Y

equation (4.27) describes
The

from
mtq,n-q;m,n

~ A AN A A~

these diagrams is described in equation (4.28) as follows:

for figure (4.2b),

<=

u(gq)

for figure (4.2c),

1 6 (|m+q"'|-pp) e (|n-q'|-pp)ulg')ulg-q")

2

z
V2 g g ~,|2 22

-m”~-n
for figure (4.24d),

1 8(|m+q"|-pp) 6 (|n-g'|-pp)

4. 2 3
| “-m“-n

|mg | %+ |n-q"

0 (|m+g" |-py) 6 (|n-g" |-pg)lulg')ulg"-g")ulg-gq")

X

.
’

" [202n2

Imeg" | %+ |n-g" | *-non

(4.28a)

(4.28b)

(4.28c)

The ladder approximation ignores hole-hole scatter-

ing events, as discussed above. In addition, it fails to

account for scattering between a particle and a hole.

theory can easily be extended to include such events by

103

The
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following the proceduré of Kanazawa et al. (70)

who included
positron-electron hole interactions in a calculation of
positron annihilation rates. An additional infinite set of

diagrams is introduced in figure (4.4). The contribution of

these diagrams to the scattering matrix YT+§'§—§7T'§ 1s given
as follows:
for figure (4.4a),
1 6 (|m+q|-pL) @ (In-g+q'[-p)ulg')ulg-q") |
- = A > > ) ; (4.29a)
ve g [m+q| “+[n-g+q" | “~[m+q" | “-n

for figure (4.4b),

=== X u(g')ulg
V qlqll

8 (|m+q|-pg) @ (In-g+q' | -pp) @ (|m+g|-pg) 6 (|n-g+q" | -pg)

X
2
|

~e

2
_n)
(4.29b)

(Jmeg| *+|n-g+g" | 2= [m+q | 2-n?) (|mrg” | *+|n-g+g" | *-~|m+g"

for figure (4.4c),

- § ) u(gq')ul(g"-g")ulg-q")

3 - 2 2
V© gq'q

~ o~

uQ

Otlmg"|-pp) 6 (ln-g™+g" |-pp) 6 (lmtql -pp) 6 tIn—g*g" [-pp)

X

2
(Imq" |+ |n-g"+q' | *-|m+q' | 2-n?) (|mrq| *+|n-gtq' | *~mq" [ 2-n?)
(4.29¢)

~e



Figure 4.4 Members of an infinite set of diagrams
in the perturbation expansion for the two-
particle Green's function Gee describing

particle-hole scattering.
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for figure (4.44),

- _3_ Z u(g|)u(g|l_gl)u(g_gll)
V qlqll

~ o~

6 (|m+g" [~pg) 0 (|n-g"+q" [-pp) 6 (|m+q" [-pp) 6 (|n-g" | -pp)

-
’

(lm+g" |2+ n-g"+q' | *~Imrq’ | °-n%) (|mtq"{ *+|n-gq" | 2-m®-n%)
- . T S A (4.294)
for figure (4.4e),
1 . O(mtg-q'|-pp) 6 (In-g|-py)ulg")ulg-g")
- b3 5 7 5 . (4.29e)
ve g |m+g-g* [“+[n-g| “-m"~[n-q"|

The Bethe-Goldstone equation can then be rewritten as

~ o~ N A A A

utg-q") 68 (|mtq'|-pp) 6 (In-q' | -pp)

'y ' lmg |2 lnmg’ | 2-mPn? “megtn-g'imn
1 s u(g') 0 (|m+g|-pg) 6 (|n-g+q' |-py) , |

bd q' |T+g[2+|§—g+g'|2—|T+g'|2-n2 Itg aegvg rmigt n
e u(g") 6 (|m+g-q' |-pg) 6 (|n-g|-pp)

Vg Imtg-g'|%|n-q|%-m%-|n-gq'|2 WY .a-gima-g’ C

(4.30)
where the last two terms are new terms introducing particle-

hole interactions into the scattering problem.



4,4 Calculation of Pair Distribution Function

In order to make a calculation, the limit of infinite
volume is taken in equations (4.25) and (4.30). The contribu-
tion to the p.d.f. from second- and Higher-order terms is

then written in the form

2p ig-r r
L2(r) = FG [ d3q e ~ 7 J J a3m an
(2m) m<py n<py
(2) 3.4
* [2Xm+q,n—q,m,n + 149

m+q',n'-q"'m’n Xm+g+g|’n_q_gl;r‘g'n] ’ (4.31)

~

where Xm+q,n—q;m,n is given in terms of Ym+q,n-q;m,n by
equation (4.26) and Ym+q,n—q;m,n satisfies the equation

~ o~ e o~ o~ o~

Ym+ ,n-q;m,n U(g)

uQ

3

 &°q'0{g-g") 6 {imha’ [=pg) ol mgt {op)

Y
’ |m+g'|2+[§—q'|2—m2—n2 m+q',n-q';m,n

- @n'U(mem') 8 (mhg| -py) 0 (|m' -mtn-g| -pp)

- -_cfem'
‘ |mtq | %+|m' -mtn-g| Z-m* 2-n? TR T ™ o
J d3n'U(n-n')6(|n'-n+m+q|—pF)e(ln—ql—pF)
— o i -] ¢ B N P Y l— _ . -
|n'-n+mtg| %+ |n-g| *-m®-n'2 SRR

107
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U(g) now has the form

U@ = a/(a® + aQy(@) (4.33)
with
Q@ = 2r[l + 5= (1 - 3 ah)yamED? . (4.34)

All momenta in equations (4.31) through (4.34) are in units
of Pp+

In their present form, equations (4.31), (4.26) and
(4.32) present a considerable numerical problem. It is noted
that in the case where m and n are both zero vectors,

Xm+q,n-q;m,n and Ym+q,n-q;m,n depend only on the modulus of

~ o~ N A AN~ ~ o~ A~ A o~

g. For finite m and n, the situation is complicated by the
presence of vectors mtq and n-q but it can be simplified by
making the approximation of an average over the angles of m

and n. Such an angle-averaging process was carried out with

(25,71) (67)

considerable success by Kahana and Carbotte in

a similar problem. The angle-averaged quantity xm+q,n—q;m,n

~ AN~ N A~ A~

is then described by

. 8 (|m+q|-pp) 6 (In-q|-pp)

< Y .
~~~~~ m+q| 2+ |n-g|2-n?-n?  THID-GITD
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On introducing the variables p and n by

02 = |mtql|? (4.36a)

and

n¢ = |n-q|2 ? (4.36b)

the first averaged quantity on the right side of equation

(4.35), denoted by 1/4 f£(m,n,q), can be reduced to the form

J dnn f dop 5 5 .+ (4.37)

1
'Z f(mlnlq) — 2
N>Pn P>Pp

4mnq2 P~ n2 -m° - n

It is shown in Appendix D that the particle-hole contribu-

tions in the equation for Ym+q,n—q;m,n can be neglected to

~ A A A~ A~

quite a good approximation. Then, ¥ gt 0 satisfies

~ o~ A~ o~ o~

the equaéion

Y = . ” T! 1
Ymtq,n-g;m,n ulq) + 29 I dg'q'f(m,n,q")
R 0
la+q" |
) Ym+q',n—q';m,n dxxU(x) . (4.38)
T et e |

In this angle-averaged approximation, it is quite a
simple matter to the g-angle integration in equation

(4.31). ng(r) can be written as
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6
2p o el 1
ng(r) = —32 J dqq2 sin gr ] dnn2 J dmm2
TE o 0 0
"(2) [ 3 1
X [2X9+g,§—g;m,§ + ] d q
x % X 1 . (4.39)

. X
mtq'in-q'im,n “mtg+q’,n-g-q'imn

~

The quantity in square brackets in equation (4.39) can be

expressed in terms of ¥ as
RS 5 m+q,n-g;m,n

~ N AN N o~ o~

N

LIS EiELgLﬂl J dq'q'f(m,n,q")
q+q'

i . J © dxxU (x)
~ la-q' |

E(myn, g’ DY . (4.40)

A e R

In Xm+q+q',n—q—q';m,n' m and n are averaged with respect to
+ '

the direction of q'. On introducing the variable

~

X = gt+q', the second part of equation (4.40) reduces to

~

l ” | [P | 1 &
8q [ dg'q'f(m,n,q )Ym
0 a
a+q'
X J dxxf(m,n,x)§

la-q"' |

+q'/n-

uQ

Y.m,n

: (4.41)

~ o~ A~ A o~
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The integral equation (4.38) for ¥ . . . o nm,n Was

~ o~ AN~ o~ o~

calculated by introducing a grid of variable size up to 75
points extending from a minimum that satisfies the conditions
m+g>1 and n+g>1l up to 40. This led to a set of inhomogeneous
linear equations which were solved by the gauss elimination
method. The computation was carried out for electron gas
densities corresponding to a = .1, .2 and .3, in each case
for 11 values of m and n between 0 and 1. A 30l-point grid
between 0 and 40 was introduced for the g-integral in equa-
tion (4.39). For a particular density and g-value, the
corresponding m-, n-, q'- and x-integrations in equations
(4.39), (4.40) and (4.41) were carried out. Finally, the g-
integration was performed for 13 values of r between 0 and

2 by means of a program designed to handle an oscillating

(1
iy

and the same values of r.

function. )(r) was also calculated for the same densities

The RPA p.d.f. for opposite-spin electrons, g?EA(r),

is given by

) = g% ) + eV . (4.42)

The effect of including the full set of ladders describing
particle-particle interactions is to give the spin-up-spin-
down p.d.f.

gy, () = g$+(r) + gfi)(r) + gif(r) . (4.43)
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g?ﬁA(r) and g++(r) are plotted in figure (4.5) for o = .1,

.2 and .3 over the r-interval between 0 and 2. It can be
seen that RPA gives a p.d.f. that is negative at small r over
the whole metallic regime. The ladder p.d.f. on the other
hand, is slightly negative at small r only for a = .3. 1In
fact, its short-range behaviour is quite similar to the spin-

(20) which is

up-spin-down p.d.f. calculated by Singwi et al.
plotted in figure (4.6) for very similar densities corres-
ponding to ry = 2, 4 and 6. It appears that the set of
particle-particle ladder terms in the perturbation expansion
accounts for a large part of the short-range correlations
between opposite-spin electrons at metallic densities. An
extension of the theory to include hole effects in the form
of scattering of electrons off holes and holes off holes

seems to be an unnecessary complication to the short-range

effect considered here.



Figure 4.5

Spin-up-spin-down pair distribution
function Jypy @S 2 function of electron separa-
tion r for electron gas densities o = .1, .2
and .3 (a = rs/l.919 ﬂz). The dashed curves
represent the RPA results. The solid curves

represent full ladder calculations.
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Figure 4.6 Spin-up-spin-down p.d.f. as a function

of electron separation r for electron gas den-

sities By = 2, 4 and 6 (from Singwi et al. (20)).
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Figure 4.6



CHAPTER V
CONCLUSIONS

5.1 Phonon Smearing of Angular Correlation Data

This thesis has examined three separate and self-
contained problems dealing, firstly, with phonon smearing
of positron annihilation data at the Fermi momentum,
secondly, with the enhancement due to positron-electron
correlations of lattice tails in the angular correlation
data and thirdly, with correlations between opposite-spin
electrons in an electron gas at metallic densities. The
Green's function technique was emploYéd in all three pro-
blems, with attention being focussed on certain sets of
terms in the perturbation expansions of the respective two-
particle Green's functions.

In Chapter II the smearing at the cutoff of angular
correlation data, which describes the momentum distribution
of annihilating electron-positron pairs, was considered.

(42) made an estimate of the minimum

Woll and Carbotte
observable smearing in terms of positron motion through an
effective positron temperature, Teff’ which they obtained
from a Boltzmann equation approach by describing the posi-

tron decay in terms of interactions with electrons. The

discrepancy between their prediction for Teff and the
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experimentally-determined quantity led to a consideration of
phonon smearing, described in Chapter II.

The perturbation expansion of the electron-positron
Green's function Gep was extended to include phonon effects
by introducing positron- and electron-ion interactions and,
thus, positron- and electron-phonon interactions, into the
Hamiltonian for this many-particle system. The rigid ion
model, extended to account for the self-consistent screening
of the bare ions, led to a positron-ion form factor that was
similar to a pseudopotential form factor for conduction elec-
trons. The weakening of the repulsive ionic potential which
tends to exclude the positron from its vicinity was illus-
trated by the comparison with the screened Coulomb potential
in figure (2.10). In the long-wave limit the scattering
describea by the two potentials is the same, since there it
is the shift of the electronic charge, not the details of
the ionic potential, that is important. However, such
scattering similar to that from a screened impurity is wvalid
only in this limit. The positron sees more of the ions than
this simple picture would suggest.

The new terms in the expansion of Gep led to an
additional contribution to the partial annihilation rate of
equation (2.3) in the form of smearing at the Fermi momentum.
A calculation of the smearing from the three lowest-order
phonon diagrams of figure (2.6) ignored positron-electron

correlations, so that it was compared with thermal smearing
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that involved only the unenhanced free—-electron momentum
distribution. It was found that sucﬁ phonon smearing was

small compared to the smearing that remained unaccounted for
by previous theory (42). It should be pointed out that, even
with the exclusion of correlations, there remained an infin-
ite number of higher-order phonon diagrams that were neglected.
However, it is not expected that the inclusion of these terms
would change the qualitative result of the calculation, that
phoﬁon effects are too small to explain the smearing at the
Fermi cutoff.

Mikeska (44)

proposed the idea that the smearing and
the large minimum positron energies may be explained by the
deviation of the positron momentum distribution due to inter-
actions with phonons. He rightly suggested that the whole
question of thermalization rates, momentum distributions and
smearing would be answered by a proper Boltzmann equation
approach. However, it is not obvious that this would result
in drastically different conclusions from ours. It would

certainly be of considerable use if the experiments measuring

the smearing could be repeated with greater accuracy.



5.2 Enhancement of Lattice Tails in R(p) for Simple Metals

In Chapter III the effect of a periodic lattice was
included in the formulation of the positron partial annihila-
tion rate through the electron-positron Green's function
propagator Gep' firstly, by introducing Bloch states into the
zeroth-order Green's functions of the perturbation expansion
and secondly, by accounting for it explicitly through elec-
tron (positron)-lattice interaction lines. The new diagrams
resulting from this latter procedure actually replaced
diagrams representing interactions with a uniform positive
background usually included in the electron gas to ensure
charge neutrality.

fhe problem that was investigated was the enhancement
due to positron-electron correlations of the tails introduced
into the annihilation rate by the high electron momentum
components that result from the presence of a periodic lattice.
The enhancement factor for momenta less than the Fermi momen-
tum has been known, in the case of the electron gas, for some
time (25’26). It is essentially a constant factor, with some
momentum dependence near the Fermi momentum. The Sommerfeld
rate of equation (2.11l) and figure (2.1), which reflects the
free-electron momentum distribution, is but slightly distorted
as a result. The Sommerfeld parabola results from integrating

over the area of the pz—plane subtended by a Fermi sphere at
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the origin. A periodic lattice introduces a reciprocal
lattice space and corresponding higher momentum coﬁponents.
The pz-plane then intersects Fermi spheres located at a
number of reciprocal lattice points.

A calculation was made in Chapter III of the first-
order enhancement, by including lattice interactions expli-
citly, for a model based on sodium. It assumed a weak
interaction, as for sodium, and plane wave states for the
positron. This model considered only nearest-neighbour
reciprocal lattice points, assuming all other components of
the electron-lattice potential to be zero. The resultant
first-order enhancement factor of figure (3.10), associated
with lattice tails, showed a magnitude and momentum depen-
dence very similar to that of figure (3.9), associated with
the dominant central electron gas contribution.

Further correlations are not expected to change the
qualitative results of the calculation, any more than they
did in the case of an electron gas (25'26). They would, of
course, lead to a greater overall enhancement which, on the
basis of the first-order calculation, could be expected to
be roughly the electron gas enhancement. The greater enhance-
ment in the Fermi surface region, reflecting a higher degree
of correlation between electron and positron, would probably
become slightly more pronounced as well. Complicated inte-
grations render unlikely any further investigations along

that line. In fact, the Monte Carlo technique, which made
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possible the present calculation, imposes its own limitations,
as illustrated by the error bars in figures (3.9) énd (3.10) ;
by depending on a convergence of the results. Nevertheless,
the model calculation would seem to indicate that, for metals
such as sodium, the angular correlation data, excluding core
effects, can be considered to be esséntially a constant fac-
tor times the uncorrelated contributions, with subtle distor-
tions in the form of a slight bulging of those contributions.

(61)

A paper by Fujiwara introduced a many-body
theory which treated the effect of a periodic field on the
basis of nearly-free electron theory and included first-order
positron-electron correlations. However, it was based on
metals whose Fermi surface intersected a zone face and lim-
ited its treatment to the immediate vicinity of the zone
boundary. At the time of writing of this thesis, the author
received a preprint of a further paper by Fujiwara et al. (72),
presented in part at the Second International Conference on
Positron Annihilation, which extended the treatment to beyond
the vicinity of the zone boundary. It was primarily concerned
with interband transitions, which become most prominent when
the Fermi surface just intersects a zone face.

Fujiwara calculated a first-order enhancement factor
for a one-dimensional model that considered only R-L vectors
h and -h. For the case where the Fermi momentum lies below

the zone boundary, his expression for the first-order intra-

band annihilation rate could be derived from equation (B.7)
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by reducing it to the same one-dimensional model and
approximating the product of coefficients uk(g), efc. Such
a procedure, while obviously useful in obtaining a qualita-
tive understanding of the enhancement for interband transi-
tions is probably not sufficient for a quantitative calcula-
tion of the enhancement of lattice tails in simple metals,

such as that of Chapter III.



5.3 Correlations in an Electron Gas

In Chapter IV correlations between opposite-spin
electrons were examined by a field-theoretic technique as a
preliminary step to obtaining a fundamental understanding
of the correlations among electrons at metallic densities
and, indeed, the dielectric screening function. In particu-
lar, certain correlations important in short-range effects
were treated in an effort to improve upon the RPA spin-up-
spin-down p.d.f. at metallic densities. From the scattering
problem presented by a positron or a light negative charge

(25’45), the concept of

in an electron gas at such densities
multiple-scattering through high-order ladder diagrams was
introduced into the opposite-spin electron case to account
for the fact that at small r the potential between the two
particles is not small, as RPA assumes.

Scattering between particles was described in
Chapter IV in terms of a Bethe-Goldstone matrix element,

denoted by Y , which had its solution in the inte-

m+q,n-g;m,n

~

gral equation (4.32). The solution was obtained through an
angle-averaging approximation with respect to the angles of

m and n. Such an averaging procedure over particle momentum

was carried out with justifiable results by Kahana (25,71)

(67)

and Carbotte in the case of the Bethe-Goldstone function
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describing positron-electron scattering. In the case where
m and n are zero, the Bethe-Goldstone function does depend
only on the magnitude of g and not its direction. A further
approximation that was made in order to arrive at the Bethe-
Goldstone function was the static approximation for the
effective particle-particle interaction. It was made in the
same spirit as the angle-averaging, as a first approximation
in estimating the effect of multiple scattering on short-
range phenomena, specifically, the spin-up-spin-down p.d.f.
Particle-hole scattering was considered in addition to the
particle-particle ladder diagrams but its contribution was
negligible by comparison.

The spin-up-spin-down p.d.f. g++(r) at small r was
found to bear a close resemblance to g+¢(r) as calculated by

(20), who included local-field effects through

Singwi et al.
a semi-classical approach rglating a two-particle distribu-
tion function to the p.d.f. g(r). This led to an effective
field and a dielectric function which included a local-field
correction by involving the p.d.f; With e (g;w) a functional
of g(r), or more specifically, its Fourier transform, the
structure factor S(g), there resulted a system of equations
which were then solved self-consistently. It is not clear
what the relationship is between the Singwi mgthod and the
perturbation-theoretic approach. However, it appears that

the set of particle-particle ladders in the perturbation

expansion for Gep accounts for a large part of the short-
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range correlations between opposite-spin electrons at
metallic densities.

The problem of electrons with parallel spin involves
the additional local-field effect associated with the exchange
hole. It is a far more difficult matter to treat the exchange
terms, as evidenced by the approximafion Hubbard found
necessary for a particular set. Even the handling of the
first-order exchange bubble diagram in that set is an impos-
ing task (68). Of course, the most satisfactory description
of the electron gas would satisfy all of the consistency
conditions discussed by Geldart (16). The significance of
the above calculation, however, is one which has been ignored
until now, that the important effect of the Coulomb hole at
ﬁetallic densities is, to a large extent, accounted for by

considering multiple scattering through particle-particle

ladders.



APPENDIX A

POSITRON-PHONON MATRIX ELEMENT

The positron-phonon matrix element describing

scattering of the positron is given by
M = - <k+gq|VV_|k> A.l
o () k+q| Vv, [k> (A.1)

where va is the gradient of the positron-ion potential and
|k> represents the set of positron Bloch states. The deriva-

tion of this quantity follows a derivation of the electron-

(73)

phonon matrix element outlined by Ziman which was based

on the rigid ion model (56)

(74)

; the method of Wigner and

(59) to

Seitz and a self-consistent method by Bardeen
account for the shift of conduction electrons.

It is assumed that the ionic lattice is surrounded
by a uniform negative charge cloud. The usual Wigner-Seitz
cell about each ion is replaced by a spherical cell of equal
volume in order to simplify the potential seén’by a positron.
The ionic potential seen by the positron is not just the bare
potential, but is rather an effective potential that includes
the potential due to the uniform spherical charge distribu-

tion. This potential is necessarily zero outside the cell.

A positron inside the cell about a particular ion sees the
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effective potential due to that ion alone, which is given

by
3e2 e2r2
wir) =w, (r) - (57— - 3) (A.2)
0 2%
0
where wion(r) is the bare ion potential and ry is the cell

radius determined from the lattice constant a by the condi-

tion
4nr3/3 = a3/2 . | (A.3)

The Schroedinger equation for the positron in a

periodic potential w(r) is

[-7% + w(r) 14, (£) = B, ¢, (£) (8. 4)

~

where ¢k has the Bloch form (2.25). Differentiation of

equation (A.4) leads to

O, (VW) 6, = 6k, Vo, + 6k, (E,-w) Vo,

~ ~

(A'S)
where use was made of the fact that, since phonon energies

are small compared to electron energies, N Ek' Integra-

tion over the cell volume gives, by Green's theorem,
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; 1iksr
J ok (Yo dr = J (6%, Vie ™ ~ Vu)

- A *
e (Yuk)¢5,]ds . (A.6)
It is assumed that ukir) can be replaced by uO(E), the §=0
state function. Furthermore, in order to ensure periodicity,
the derivative of uo(g) must vanish at the cell boundary.

Then,

J ¢¥ 1 (VW) ¢y dr & (w(xry) - Ej) J Ox 1 ¢y ds

~ ~

= (wlry) - Eg) J Tof, &) dr . (A7)

Assuming that the positron is in a plane wave state, equa-
tion (A.7) simplifies to

i(k-k'") *r)
(w(ro) - EO) J V(e - ~ dr

~

R

f o, (Tw) 6, dr

= 1(k-k") (w(ry) = EyG(k-k'|r,)
(A.8)
where G(x) is given by
G(x) = 3 (sin x - x cos X) . (A.9)

|
x
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Equation (A.8) describes not just the scattering of
the positron by the ion itself but also the scattering effect
due to the displacement of the uniform spherical charge
distribution in the cell. In order to describe the scatter-
ing due to the ions alone, it is necessary to subtract the

terms

e2 3e2 e2r2
- % e - x —
out in 0 (A.10)
where the integrations refer to regions outside and inside
a particular cell. The matrix element describing scattering

by the bare ion is then given by

[

“k")G(|k-k'|xry) (w(ry) - E

~

M, (k',K) = S
(AL 11)
Up until this point, the conduction electrons have
been ignored. These occupy the lowest states among the
complete set wk which are taken to be plane wave states.
Scattering whi;h involves the creation or annihilation of a

phonon of wavevector g can only connect the conduction elec-

g

~

» ’ —
tron state wk with the states vk+q+g and wk—q— . The per
turbed set of electron states is then determined by first-

order perturbation theory to be

e TVt 2 By Viageg ¥ Pg Yiegeg) (A.12)
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where the coefficients akg and bkg are given in terms of

~ o~

the perturbing potential U by
—i(g+g)-r
[

~

SU dr

akg = i , etc. (A.13)
o k k+g+g

Ek is the energy of the unperturbed state wk As a result
of the perturbation there is a shift of charge, leading to

a new electron density n(r) given by

n(g) = ﬁ WE WE
“n+ =% % [(a, + b )ei(§+9)'f
- kg Eg Eg
~i(gt+g) -r
+ (akg + bkg)e -, (A.l4)

to first order in the coefficients. The shift from the
average density n gives rise to an electrostatic potential

energy Us(r) determined by Poisson's equation. It is written

i(g+g)-£ —i(g+g)'r
(U e + U* e R (A.15)

sg sg

U lE) = 2
g =

where the Fourier coefficients USg and Ugg are given by

~

47Te2

U e T + b* ) , etc. (A.16)
Sg Q|g+g|2

A ™
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Us must be included in the perturbing potential, so that the

perturbation coefficients of equation (A.l1l3) can be written

(Mi + Usg)

g T E

etc. (A.17)
k k+g+g

~ ~ o~ R

The self-consistent total effective scattering matrix Mp(q)

can be determined from equations (A.16) and (A.l17) as

2
Mo(q) =M/ + S8y L
o 9" k “k+g T Yk
41rne2
= Mi/(l + ——— f(@)) . (A.18)
q
f(q) is given, as before, by equation (2.35). 'In terms of a

form factor Vp(q), written

V_(q) = G( )(i“iei+E - (v))/(1+4“ne2 £(q))
p'd) = =ldr, 2 0o~ "% 2 H).,

q

(A.19)

Mp(q) is given by

= -1
Mol = FFa V() . (2.20)



APPENDIX B

FIRST-ORDER LADDER ANNIHILATION RATE

The contribution to the positron partial annihilation
rate from the first-order ladder diagram of figure (3.1lb) is

given by equation (3.10) as

R(p) = & (—i)z(-i)Jd3§d3>~<'d4zd4z' e

X GS(x;z)Gg(z;g't+)Gg(x;z')Gg(z';x't+) . (B.1)

It is assumed that the positron can be described by plane
wave states so that Gg has the Fourier expansion (2.7), while
Gg is expressed in terms of Bloch functions by equation

(3.4a). R(p) can then be expanded in the form

+31
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-ip* (x~x')
R(p) = & (—1)3Jd3§d3§'d zdlzt e ¢ 7
dw dw' de dE 4dE'
B 2 Jﬁ_—zwﬁﬁ_—zn

kk'gKK' gg'GG'

~ o~ ~ o~

ige(z-2') ik (x-2z) ik'-(z-x') .
*xa & 7 &7 T Ta” T

iKe* (x-2') iK'+ (2'-x') ig*x -ig'*z iG-°z -iG'-'x’'
xe~ 77 e” T e T e T Te T Te T T

x u (g)uf (g, (G uf, (G')

~

-ie(t -t ,) -iw(t-t) —iw'(tz—t+) -iE (t-t_,)

X e e e o
—iE'(tZ,—t+)

x e u(gie)
0 & 0 ¥ o O o 0 (WY o ' i

X Ge(g,w)Ge(g ,w)Gp(g,E)kag ;E') . (B.2)

Integration over the time variables tz and tz, leads

to

S(w~w'=€)S (e+E-E") . (B.3)

Integration over the space variables leads to the §-functions

§ (k+g+X-p) § (p~k '=G'=K') § (g~k-g'+k'+G) § (K'-K-q) .

(B.4)
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In the limit of infinite volume the d-function and the
Kronecker delta are interchangeable. The sums over K,K' and

q and the w'- and E'-integrations can be performed to give

~

z ¥
- kk' gg'GG'

~~ ~ ~

x w (glug(gh)u, (G)uf, (G")ulk-k'+g-G';0)

~ ~ ~ ~

J dw de dE _iw0® _imot
e e

X

0 0 0 0 0
. Yo —k—-q: =k '-G!' :E+
Ge(E’w)Ge(E sw—-e)G (E E g,E)Gp(g E § ;E+e)
(B.5)

where the dynamic effective potential has been replaced by
its static limit.
The E-integral can be performed by contour integra-

tion in the upper half plane to give

R(p) = 2% 5 I u (@urlg)u, (Guf, (G
kk' gg'gg' e s "
-1 ! -2 e
s U(E E *g=c 'O)Gg,g'-G+G'6p,k+g

~ ~ o~ ~ o~ A~

(ki w)G (k',w £)

0
y [ de de _iwot Ce
|p-k! G'l —e-i0"
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Contour integration over € and w leads to

R(p) = == I z = u,_ (g)u*(g')u,, (G)u*, (G'")
@ x k' gg'eer K7 kK= TkTTTKIS
1
k<pF k >pF
=] ! -2V ’
u(E E +g g 'O)Sg,g'—G+G'6p,k+g
x i el (B.7)
Eyr = Ep + llf‘]f'+§‘§'|

where p has been explicitly replaced by k+g in the energy

~

denominator.



APPENDIX C

PROPAGATOR EQUATIONS

The perturbation series for a Green's function
propagator is obtained by deriving the equation of motion
for the propagator and then solving the equation by making
a perturbation expansion in powers of the potential. The
positron Green's function propagator Gp is expressed in

terms of the positron field operator ¢(x) as
G, (xix') = 1 <T(4(x)6" (x'))>

i <B(t-t") ()0 (x') - Bt ~t) o (x') b (x)>.

(Ced)
Now, operators such as ¢(x) and the electron operator VY (x)
obey Fermi statistics. In particular they satisfy the

anticommutation rules

1l
o

o(xt), ¢ (x'0)} = 83 (xx") (c.2a)

Il
o

{o(xt), ¢(x't)} {C.2b)

Furthermore, a positron operator anticommutes with an elec-

tron operator. Differentiating equation (C.l) with respect
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to the time variable t gives

12 <r( oo (x))>

.jL I
ist Gp(x,x )

- St <o (x), 6 (x>,

12 <r(d o6 (x> - 8 (x-x")

(C.3)
The equation of motion for the positron field variable ¢ (x)
is

i ¢(x) = [9(x), H] (C.4)

where H is the Hamiltonian for the positron-electron system
immersed in a crystal lattice given by equation (3.1). It

follows that

. 9 _ 3 .
is¢ ¢ (xt) = Hp(X)¢(§t) + Jd z v(x;z)

< ozt o (zt) - v BV (zt) o (xt)  (C.5)

from the anticommutator rules discussed above. Substituting

this result into equation (C.3) gives
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ig% G, (xix') = Hp(§)Gp(x;X')—54(X’X')+ifd3§ wiZrz)

x <2 (6T (25 8 (zt) 0 () 0T (x>
- <e =ty e k1, (co6)

which can be written in the form

2
ot

- iz = 4 . 3 -
(=izgy + Hp(§))Gp(x.x ) &~ fx=x*) 1Jd z v(x;2)

X [Gpp(gt,x;§t+,x')

..I.
- Gep(gt,x;gt #RY 3T & 18T
An equivalent equation is obtained for the electron Green's
function propagator Ge by replacing "p" ("e") by "e" ("p").

In a similar fashion it is possible to derive the
equation of motion for the general n-particle Green's func-

tion defined as

(xl,...,xn;xi,...,x')

G
P1Pp---Pp S

n(xn)¢; (k1) . .o08 (x>, (c.8)

«N
o <T(¢p (x)...0 L m Py

1 P
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where ¢p refers to a positron (electron) operator if Py is
i
llpll (Ilell) B Then

9 T ' U '
7t [T (¢pl (xl) . .¢pn (xn) ¢pn (xn) - .¢p1 (xl) )]
o= 3 + 1 -]. L
= T[——atl (¢pl(x1) . v .¢>p (xn) ¢p (xn) oy .¢pl (xl) )]

n n

¥ D DI stk xD T () eaa0 (x )00 (k1) ...
j=l(Pj=Pl) L3 By 4 Pp 0 Py R
T ' T . T e
...¢pj+l(xj+l)¢pj_l(xj_l)...¢pl(xl)) . (C.9)

In the last term the sum is over the primed positron (elec-
tron) coordinates if Py is a positron (electron) index.
From the equation of motion (C.5) for the field operator,
equation (C.9) can be rewritten, on taking expectation

values, as

PiP;Pye By
n
. G (Zt 1 Xq g ,X ,Zt ’X AR X )] + Z

x (-1)3*st(x. -x!)e (Ko peenrX 3% een, Xt X1,
173 PPy« P, 2 n "l j=1"3+1

e .10)

rx;l) ’
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where pi stands for "p" ("e") if Pq refers to "e" ("p"). The

uantity G 6T I O < TR | w3 tand
q 24 plpz"‘pn 27 rXpiXy rXj-1%5+17 Ixn) standas
for
.n-1 T
i <Pl (X )eeeh,. (X I (X')o0s
P, 2 P, n''p, n
i o + +
A (xl..)%é (%L <dansh,. [HI))> &
Pi+1 y gt 1 Pyy I i p; 1 |
(C.L11)

In the absence of interactions in equation (C.7), the
equation of motion for the free-particle propagator has the

conjugate equation

. 0 2 =0 - _
(155 - Vx)Gpl(xl,x) = § (xl %) 4 Cal2)
where the symbol Vi indicates the Laplacian with respect to

the variable x. The variable Xq in equation (C.1l0) is

changed for convenience to x and the equation is multiplied
on the right by Gg (xl;x). Equation (C.12) is multiplied on
;&
- . ] 1
the left by Gpl...pn(x’xz""’Xn’xl""’xn) and the result
is subtracted from the first quantity. Integration over the

4-vector x then leads to the equation
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. 1 1
Gpl...pn(xl""’Xn’xl""’xn)

n
= z (-1
J=l(pj=pl)

G b
) By (xl ])

s 5! ] ] 1
Gpl...pn(X2’X3lﬁ ..’xnlxl’...’xj_lxj"‘l’. oolxn)

- in4xd3z V(x;z)G0 (isehys )
- Ry 1

+
x [G (ZE, 2,0 semp®. F2E T 32 eewmgXl)
P1P1Py. P, ~ P n'= 1l n

+
(Et,x,x ,...,xn;gt ,xi,...,xﬁ)]

G_
plplpz...pn 2

[d4x G0
p

(x,;x)V_ (x)G %, Rsijmowi X 3% joee i)
1 1 pl pl...pn 2 n’"1l n
(C.13)

which follows from the fact that

4 0 . _i8 a2 - .
Jd x[Gpl(xl,x)( ist Vx)Gpl...pn(x’xz’""Xn'xl”"’xn)
_ - 1y (10 _ g2ya0 .
Gp - (x,xz,...,xn,xl,...,xn)(J_at VX)Gp (xl,x)]
1 n ~ i
(C ..1.4)

can be shown to vanish by integration by parts. The positron

propagator then satisfies the integral equation
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4

ety = 0 TR 3 ] 0 :
Gp(xl,xl) Gp(xl’xl) 1Jd xd z v(§,§)Gp(xl,x)

- * | [ . + '
X [Gpp(gt,x.gt ,xl) Gep(gt,x,gt .xl)]

4 0 . -
- Jd X Gp(xl,x)Vp(x)Gp(x,xl) 7 {(C.15)

and there is a similar equation for the electron propagator
Ge' The two-particle electron-positron propagator Gep is
described by the equation

.l|=0.v —_—
Gep(xl,xz,xl,xz) Ge(xl'xl)Gp(XZ’x2)

. 4 .3 . 0 .
1Jd xd~z v(§,§)Ge(xl,X)

X

+
[G p(gt,x,x izt ,xi,xé

ce 2

» + T ]
Gpep(gt,x,xz.gt ,xl,xz)]

- Jd4X'Gg(X17X)Ve(X)

X

& 1 1
Gep(x,xz,xl,xz) 5 (C.16)

It can be expanded as a perturbation series in powers of v.
The only difference from the case of an electron gas is the
presence of additional terms in the expansion involving the
positron (electron)-lattice interaction Vp(e) which do not

completely cancel against the bubble diagrams.



APPENDIX D

BETHE-GOLDSTONE EQUATION

The amplitude X described by equations

m+q,n-q;m,n
(4.26) and (4.32) can also be written in the form

8 (|m+q|-pg) 6 (In-q|-pp)

X . = U(q)
I.P+g’1.3 gel.5 |m+q|2+|n—q|2—m2—n2 ~

3
- |[d"m'U(m-m') X
J o (~ 3t) m+q,m'-m+n-g;m',n

_ 3 1 -t !
Jd 13 0(1;1 {1 )Xn'_n+m+q,n—q;m,n']'

(D.1)

Xm+q,n—q;m,n is approximated by a quantity Xm+q,n—q;m,n’

obtained by averaging over the angles of m and n. In taking

the average of equation (D.l), the quantities

A

and X in t last two
Xm+q,m'—m+n-q;m',n xn'-n+m+q,n-q: i e

~

=

10% o

14

integrals are approximated by Xm+q,n—q;m,n which can be

removed from the m'- and n'-integrations The approximation
is equivalent to replacing m' by m and n' by n, respectively,

in these quantities. There results the integral equation
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A

X
n+qg,n-g;m,n

P S

o % £(m,n,q) [U(q)

~ A A e A w

Returning to the averaged Bethe-Goldstone quantity

Ym+q,n-q;m,n through the equation (4.35), written alterna-

tively as

’ (D3}

>
i

l A
Zf(mrn/q)Ym+q,m—q;mrn

~ A A A A o~

can be shown to satisfy the equation

B

= U(q) + 5= J dg'q' £(m,n,q")

m+g,n-g;m,n < 29
~~~~~ ; 0
a+q'
X Ym+q',n—q';m,n J dx x U(x)
la-q'|
-1 £(myn,q)
2 m m+g,n-q;m,n
1
1 m+m
X J dm' m' J dx x U(x)

0 | m-m" |



144

-1 f£(m,n,g)
2 n m+q,n-q;m,n
1
1 n+n
X J dn' n' J dx x U{x) . (D.4)
0 |n-n"|
The quantity Ym+q,n—q;m,n was determined from
equation (D.4) for 11 values of m and n between 0 and 1 for

¢ = .2. It was also obtained in an approximation which
involved omitting the last two terms (hole contributions) in
equation (D.4). The respective integral equations were
solved by introducing a grid of variable size up to 75 points
extending from a minimum which satisfied the conditions

m+g>1 and n+g>1l up to a maximum of 40. The resultant set of
inhomogeneous linear equations was solved by gauss elimina-
tion.

A

. g .
Ym+q,n—q;m,n s for the two approximations are plotted

~

in figure (D.1l) for several values of m and n. It can be

seen that particle-hole contributions can be neglected to a

good approximation. Ym+q,n—q;m,n is then given by the
simpler equation
N , . 1
— P S 1 sl 1
Ym+q,n--q;m,n Ulq) + 2q J dg* ' E£lm,.n,q%)
S 0
g+q'’
X Ym+q',n—q';m,n J dx x U(x) 5

|q"q'| (D.5)



Figure D.1

Ratio of the Bethe-Goldstone matrix
element Ym+q,n—q;m,n which includes particle-
hole interactions to that involving just particle-

particle scattering as a function of g for various

values of m and n for density parameter o = .2.
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Figure D.1
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