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ABSTRACT 


't!or k ing within the framework of the linearizeff Boltzmann eq_m,tion 

for the conduction electrons the existinz t heoretica.l treat ments of 

ul trasonic attenuation in metals are extended to i nclude realistic 

descript ions of the el ectronic structure and electron-latt ice 

interaction . A variational solution of the 3ol tzmann ea m.tion which 

a l lows the inclus ion of phonon dr ag effects i s derived . An anisotropic 

s ca ttering time solution i s also presented . 3oth of . these solutions 

a r e ap~lied to calcul ation of the attenua t ion coeff icient in pure metals 

and dilute alloys . 

The theory of the eff ects of electron- electron collisions on the 

ul trasonic attenua tion in metals is also examined . 
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CfIAFTER I 

L TnODUCTIJN 

Ultrasonic vibr ations in solids are observed to sho1,1 e. s i ::iple 

exponential a ttenuation over a large r ange of f requencies and applied 

stresses (i , 2) , At l east ten d i st inct physica l mechan isms t hat 

contrioute to this a ttenuation have been postulated fo r dif:erent types 

of solids under various conditions (J) . In l a rge single crystals of 

reasonably pure non-nagnetic netals , however , it is bel i eved that just 

two of these mechan i sns a re i:'!:;iortant . Si nce the attenuation in such 

cr ystals is :::-educ ed by anneal ing and i ncr eased by neutron irrad iat ion , 

nart of the attenuatio'1 is attributed to the interaction o.: t~e 

ultrasonic vibrations with dislocat i ons . There is a vast literature 

0.ealins with exneril'lental and theo r eti:::a l invest i~ations of t his· 

contribution to the attenuat i on (4) . The other inportant cause of 

attenuation in metal s is the direct i nteraction of ultrasonic vib::-ations 

with conduction electrons , That this ef:ect i s inportant is sug'(';ested 

by experiments which show that the attenuation in the superconducting 

state of such metals as l ead , tin a nd a luminum i s dramatically lower 

than that in the normal state of the :>a::ie metals a t the same temperature . 

In ·:iost netci.ls this d irect inter<J.ction with the conduction electrons is 

(8)iriportant £'0:-:- temperatures below about 20 K Previous theoretical 

tr~atments o~ this contribution to the ~ttenuat~on have used very 

si,nlified ~odels for nany of the details of the physics of the ,etals 
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considered (9 , lO , ll) The prime purpose of the present thesis is to 

extend the theory of ultrasonic attenuation in metals due to 

conduction electrons to include realistic descriptions o: the electronic 

structure and the electron-lattice interaction , Sane proposals for 

nu~erical calculations of the attenuation in real ~etals ~ill also be 

"lade . 

Chauter II of this thesis is a brief review of the theory of the 

electron- phonon interaction in the orthogonalized plane wave 

pseudopotent i a l foTilalism . The theory of scattering of electrons by 

substitutional inpurities is also examined . 

Chapter III is a discussion of the current state of the theory o: 

ultrasonic attenuation due to conduction electrons . In section J . 1 

the 3o ltz~ann equation for the electron distribution :unction in a 

"T\etal which is distu::cbed by an ir:lpressed acoustic ;,1ave is derived . 

Sections J .2 and J ,J are examinations of bw aprroxinate methods which 

have been used to solve the 3o ltznann equation and obtain results for 

the attenuation . In section J .2 the isotropic scatterinc time 

apuroximation (
8 

, lO) is used to define the range of frequencies which will 

be o: interest in this work ( "lo·t1 frequency rec;ime") and to <lerive 

certab apnro xir.1ate results that wil1 be needed in Chapter IV . Section 

J . J is a brief revie•,; of the 2.pprox i nation :proposed. by Jhatia and 

·· ( l l ) t so1 ve the J o1-'-~~nannr, - t. Th . . -'- . . 11. Jore o Rqu~ ion . . is approx1ma~1on w1 

serve as the b~sis of the more sonhistocatcd troatnent to :;e presentc~ 

in Chapter'! . 

In 8ra')ter IV a v;i.ri:i.tion3.l thc:oren for the 'lolt?,:.iann eauation is 
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derived and then used to investigate several aspects of ultrasonic 

attenuation in ~etals . Section 4 .1 is the derivation of the variati0nal 

solution to the Boltz:riann eciuation . This V'lriational solution is a 

cistinct in:provement over the existin~ theory because it allo•,,s the 

inclusion of realistic treat::ients of tte electro:1ic structure a:-id 

electr on - lattice scattering processes . Section 4 . 2 presents the 

8.DDlication of the variatio!1al :ornalis:i to the zero temper ature 

at-:enuatio"'.! i n dilute alloys . The varic.tional nethod is applied to the 

attenuation in i deal cr ystals in section 4 .J . Consider at i on is given 

to both the temperature and volu'.1e dependence of the attenuation . 

Section 4 .4 is a treatTilent of tlie effects of phonon drag on the 

ultrasonic attenuation . 

In Chapter V an "anisot:conic sc.~tterin~ time " solution to the 

Joltznann eciuat i on is proposed . Sections 5 . 1 and 5 . 2 examine this 

solution i n ideal crystals anC. dilute alloys respectively . 

Chapter VI presents a theory of the effects of electron- electron 

collisions on the ultrasonic at-':-enuation . 

Throughout this thesis SI units are employed . 

http:volu'.1e


CP-"1.PTER II 

8LSCTRGf~ -lATI I CS LTSRACTION 

b the orthogonal i zed plane wave pseudopotential :'.:or::ialis:n ( 12 ) 

one d istinguishes between core e l ectrons , which a r e describabl e oy 

wavefunctions local i sed on the a tomic sites , and conduction electrons 

Hhose 1·1a ve:::'unctions a r e 1·1ritten as linear comb ina tions of plane '~aves . 

In principle the conduction electron wa.vefunctions can be determined 

by solving a Sc hrod.i ne;er eo_uat i on with a r ea listic e lectron- ion 

uo tential. The '.·:ave:::unction determined in this way r:mst a lso be 

0rthogonal t o the core states . It turns out that the ef:ect o: th i s 

ortl-i.of;onalization c::i.n be accou;ited :::or by adchng a renuls i ve term to 

t he e lectron-ion otential used in the Schrodi nser e qua tion . ~hen this 

t er:n is added tte new t ot2.l ' '?otential" is called the pseudo:rotential . 

The o!'.'thoe;onaliz3-tion ter;n tends to ne2.rly cancel the a ttra ctive 

e lectron-ion potentia l and the r esulting pseudopotent i al is vreak enou-:-;n 

that the electron-ion interaction can '.Jo treated in :ir st orde:!:' 

perturb2.tion theory . It is also Heak enou,r;h that the conduction 

electron (pseudo) '.!avefunct i ons can be ade1u".te ly described by a 

r~la~ively ~cw plane waves . 

~ne can attc~pt to c ~lculate ~scudorotentia ls for v~ri0us ions 

fr0:n. first :irinci ;)les ~1ut a :11ch sin-:;kr ;.:ay or: O ;)tainin ~c:; "'- u:::.efu1 

~.seudo:iotential :or a rar ticu.:t::i.r -:t".!tal is to b.ke ?. para:ietrized :iode l 

f0n ar.d fit the -,3.r:..neter:3 to so•:te measur1')le pro::'erty of -'.:.he :1eb.l 

4 
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concerned . An exar:rnle that is of sof.le interest in the pr esent wor'-:: i s 

the onen core Ashcroft nodel pseui opotent ial which has the rea l space 

forn 

::. 

\ ,·:; c ' 
(2 .1) 

wher e Z is the valence o: the ion , e is the elenentary charge , f "' is the 

per::iittivity of f ree space and rt is a paramet er to be fitted . I t has 

~ ~ \ = 

c 

the :natrix ele::ient 

(2 .2) 

wnere .f'L 0 is t he atomic volu::ce . Ins i de the rnet2. l , of course , the 

conduction electrons screen H(g) and the effect ive fo rf.l factor is 

(2 . J)'vJ( l) = 

where L~ is the dielectric funct ion . Jor a metal with a spherical 

(1J)
f~rT'li surface one c2.n write 

l . ~ 
·z_ 

(2 .4)c \ - ~· l (\ ) ]_ 

Jl~ '["- \ ?. 

wf'ere 
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\ '+ /( ,/- - (\ <.. (z .5) 

~ \<f c\ 

crnd S'"' and k"' are the : er:n i ener::,y and ·.ia vevector . The factor :(q_) 

i s a functj.on 1~hic!-_ ccc::;-y,.cs for exchange a nd correlation ef::'ects . 

Theoretical for~ulae for f(q_) a re available at different levels of 

sophistocc.tion . The sirnplsst :orm for t.. }. is the Eartree for:n -.-1h ich 

• 1 J.. n() 0 A ~· t • • .l. ' ' ,.., . • t 1 (i4 )simp_y se~s I q = • ~ mor e r eaiis i c ~rea~men~ oy ~1ngw1 e a . 

e;i ves 

(2 . 6) A l
/ 

i ­

where A and 3 are Hea'.~ly depenC.ent on t'.-:e density o: co:'lci.uction electrons . 

The pseuC.o;:iotent i al for;-ialism can be used to calcu ate t:rn 

-'-,::cansition r ates of clectro!1s sce.tter eC. 'Jy phonons or by subs-'.;itut2.o:tal 

i::ipurities . The derivc::.tions 2.re straic;ht::'orwarC.. and. only the results 

will be presented here . 

F'irst consider electron-phonon sc2tterinG u::.der the .:issu:1ption 

th3.t the electron wavefunctions are descri':Ja':Jle by :i ortr_o-::;om.J.i~cd 

plJ.ne Haves , i . e . 

(2 . 7) 

;.1here the :~ are reciprocal lattic(; vec-'.:,ors and the ~L J.'.!:'e cx:'ansion 
-11 

....:.,., 

coefficients . ~lso assune ttat the pho~on states , l~~elled hy 

1nv0vector n :c :-.r'. branch index )... , :·.::::-2 -;-:o<ulaterl ?.S ti:.r::,r ;·rou ld 1
; •" i:i 

.c.:-:0r:ia l e uil; ::r~ u:-i , i . n . 

http:ccc::;-y,.cs
http:functj.on
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(2 . P,) 

;-1here 

\3 = ( \< \3- \ 
\ 
) 

- \ 

a nd w ,l C1 ) is t he angul ar : r eq_uency of the phonon \ '"\ f.) . ~hen t he 

i ntrins ic t r 2.nsit i on rc;d:. e :or an e l ectron i n the state i( to 'Je 

,·. (15 \)
s ca tter ed i nto a n empty state k i s 

,....., 
"-:...: \<: \( I ( c: -f - t lJ .<_q 1)

I '- ' I<. ' ' L 

~ ( - ­
u \. t:: \<' - t 'S (2 . 9 ) 

:·rher e 

a nd 

- L 

it 
o, ,<. , (':::') 

- "' 

< \< \· \< I \ \ 1'1 \ ( 2 . ~ 'J)
- f\ 
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In (2 . 10) ~ {_ <-~A.) is the nonn2.li zed J.!O le..risa tion vector of tre :node 

\q "}\ \ , 1'i is the ionic mass and there are a tota l of f~ . i ons in the 
I l 

crystal . 

The ·'.-,ra nsition :rates fo r s catterinc; by su"c.Jstitutional i~1puriti~s 

c2.n also be calculated. using pseudo potentia ls and first order 

r-erturbation theory . The -:!,, , applicab le to s cattering by a s i nt;le 
·~r:: - ­

ir.rpurity is sbply 

\ < \< \ '1 ~ (_ «.\ '° \ \(, () \ ?__ ~ l E \.: - c ~I ) (2 . 11) 

where V tt is the c hange i n t he total pseudo potential o: t. e cr;stalsea· 

when the i::1:!_mrity is added . It is e3..sy to show th2.t for one- iJF:I 

electron states (l6) 

\ 

l\J . c 

't1here =\ is the total numbe r of e l ectrons in t'.-le crysta l and :·I) :0 and. 

'd (1_) are the host a nd impurity pseudonotentfo. l fo r m :actors . 3 (n_) is
1 

the s tructure fac tor and it accounts fo r the effects of d.is tortion of 

tte latt ic ~ about the ir;ipu~ity . S(n_) is def ined as 

whe r e l i s the eriuili'oriuni rosition of ;-en .!. on in the i)en'ect 13.ttice 

l:::.nd. u is the d.L-,nlac8l'lent o-~ tl:c i on oYi 3b1l ly 2.t 1 d.uo to t!:e 

nrescnce of t~e ~2fcct . 



'-.:EAF'TS~ I II 

T;-13 301TZi-iAl'~iJ 89,UATIOH Alfil IT3 SLZ!EilTA~Y SOLCTI0::.3 

In U:is sect ion the basic phys ics of the interaction of sound \;e.ves 

Hith conduction electrons will be exanine'.l . The 3oltz:nann equation :or 

the electron d istribut ion anci an expr ession :or t:--.e a,ttenuation in 

terrns of this distribution will be c1.erived . In sections J . 2 and J . J 

si:nple attenpts a t approximate solutions o: the 3oltzmann ea uation wi l l 

be reviewed with an en::;::'.1as is on results tha t ~·rill ae of value in 

formulat ing tr:e mo r e realistic solut ions to be pr esented in Cl:apters 

rr and v. 

The £'irst co::rplete t heory of ultr2.soCJ.ic a.ttenu::i.t i on C..ue to 

(9)
conduction e l ectrons H'J.S :presented by ?i)::;::c:i..rd :ie nointecl out 

-:hat uhen a longit uC.inc:.l sou!1d Have passes through a metal the 

electron and i on c har ge densit i es nay not fo l low each other exactly . 

'::'hus ther e will be a non --z.ero space char[~e dens ity i·rhich will nove Hith 

the sound •Bve and pro6uce a per iod ic e l ectrostatic : i e l d within the 

met 2.l. A tro.nsverse sound wave c,:i,uses no bu~ldup oi' e l ec t ric char [.;e 

out the electron and ion current c~ensi ties associo.ted with the '.10.ve 

rHy not exactly canc e l and the net curron".:, th2.t r esults c.::..n produce 

an electric f i eld oy i nc.uction. 'l'hese e1ectric fie l ds a ccelerate t=-:e 

c onduction electrons and this a c celcrltion is o~Tiosed by v~rious 

scatterin~ nech~nisns ( c . '": . ~c1tte rin5 by phonons , i~'puri tiE:s 2.lcd 

http:ultr2.soCJ.ic
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electrons) . Hhen the electrons a r e scattered they may tra nsfer ener13:y 

:::ron the sound Have to random therma l excita tions o: t he l;:dtice . I:1 

?im\9.rd
1 

s original paper he tre2.ted these ef.:ects by following the 

·-t · · ( 18) _,_ . . , , notion of individual electrons . ::> ein!Je r E; r ecasc. ii:-:ca.ra. s uork 

in ter:'ls of a J oltzna nn eoua,tion for the conduction electrons . In 

both of t hes e uaners the conduction electrons were treated in the :ree 

e l ec+..ro:i a:p:pro:<i:::.at i o:1. A. d.er i va t ion of the i~eq_uired -~oltz:ian:i eq_uation 

for a metal with a non- spherical fern i surface i s ;;resent ed below . 

De:ine a distribution function f k (_E , t) to be the nunber of 

electrons 1·1ith wavevector !<: :me. so:-r:e particula r spin at the }JO int r at 

the t. I: t her e i s no distl.ir°Jance o: t'.1e metal :, (r , t ) will be c; iven 

by the fan ilia,r .?ermi-Dir a c law 

( ~· l< 

(J .1. 1) -\-
<., 

\( 

where is the ener cy of ~n electron in the state k anf , L1... is the 

chemical :potentia l , The d i stribution f unc t i on must , of course , satis:::y 

the Bo lt zmann eouation 

"" \" [_ t .) -() t'--• \ ~ \- L -­-
· l 

- - ~ - '}__ \( \]_ ~- t \( \ \]_ '; \- \11, \ \ <. \ 
:= 

<... ( J ' 1 . 1su._\-\ 
~, t --..., -t_
0 C..} 

where ~,. is the v~locity o: an electron in the state ~ . i i~ the electric 

:' i eld , -;;_ i:::. t~c local fermi cner::;y ( 1·1hich nt.cy v::;.,ry bec"1.u::>e of 

fluctu::Ltions in the elect:.con <l1'nsi ty: , the cbar::::;c on tr.c ·:: lectron is 

-;:) 'l~i . 
- ~ o.. nd -. - -s(t.\ ~ lG scatteri~3 by the 

~\ .....:. 

r 

http:ii:-:ca.ra
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5ol-':, ::;mann eq_ue.tion oy 2.SSUming that f 1 is different from f,~ only for 
, { K 

I~ nee.r the fermi surace . This allows one to ·.irite 

~ .... () 

~· ~r-
I \C 

-- \( 
(..' ~ \<. (J . 1.J ~ 

- 4~ 
-, 

-0 f1, 
- , 

Then 

-..... 
()'YI'-- \\~ ~t: f I< = t"'- '2: ~0 \i \<., (J . 1. !.o.)\<., 

..... --..... \ . 
0 t: \<. u ::. C'iE1c: 

-

If 

then eauation (J . 1. 2) becones 

!1· '?_, ~' .___\<. 

: .......... -+­
L u '­

(J . 1._5 ) 

':Jhen a long sinusoidal acoustic ~·rave t:!'.'ain moves throue:h a :-:eta l one 

expects the ion ve locity , the electric field and the deviation funct~or. 

'-f: ~ to all va ry as 

L ( \.;..' ·~ \:._ - ~ <:. • ~ J 
I(_ (J . 1 . -s; 

·;1here a and L'-'::. are thG w0,vevector and anVJlar f:!'.'eci_uency o: the sou:~d 
...=s 

wave . Thus (J . 1.5) can be 1-1ritten 2.s 

n.. -



1,_? 

where the number of e l ectr ons pe r unit volume, tr , i s equal to the 

number :ier unit volune in the undisturbed metal , ·"c , plus n . As sho;m 

in reference (lO) all ef:ec ts due to temperature gr ad i ents can ~e 

isnored fo r present purposes . 

The current r.ens i ty , ~- ' at any point is eq_ual to the su!'l of the 

current dens ity carried by the ions and that carr ied by ~he e lectrons . 

Th3.t is 

t~ ~\~ c,l s" (J . 1. 8) 

\ "l. \~ \ 

r,.;here u is the velocity of the ions and dS, i s a n e l ement o:::~ area on the 
:~ 

:ermi surface . The current dens i ty can be r elated to the electric f i eld 

by t·'.::i.x1·Tell ' s equations . ?or -:ransverse sounct waves the releva nt 

enuations are 

...._, ­
\ 0 l: (J . 1. 9) 

(_'- 0 t 

(J . 1. 10) 

Hhere 3 is :,he m;::.r,ne tic .c ield and /-- " is the pe r:1eabil i ty of :ree space . 

Tabnc t he ti:ne de rivative o: (J . 1 .9) and the curl of (J . 1 . 10) pro(luces 

----...(j (_ \] x \) ) \ '(:-. '- t ,(.)._ (_. ~ -\. ~/ (1 . 1. 11)G 

(_1..(J l " C) 
\_L -t_---..::; 



---
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and 

o \'{><B ) (J . 1.12) 

(_; t 

~quating the right hand sides of (J •. 11) ~nd (J . 1. 12) gives 

-..... -,_ .­·v ')( \1 x:. t: \ 0 t -
./ 

;ll. 
'-' 
·- ""C"· -::r (J .1. 1J) 

-......c'- \_'- (Jtc 

Jor an electric field and a current density that vary like plane 

sinusoidal waves (J . 1. 1J) beco:'1es 

(. 

(_.__) ::, (.:__ (J . 1.14; 
L 


(_ 


Since the speed of sound is ~uch less t~an c the second term on the left 

hand side of (J . t . 14) is negligible and the electric field is given by 

(. L\..! ' J-l o JE (J . 1. 15) 
2 


c\':i 


?or longitudin~l waves 

and the only s i l'.;nificant electric field is an electrostatic field . 

t here is a net char3e dens ity r~ then 

(J . 1.16) 

c 
'-c 



By continuity , however , 

(J . 1.17 ~ 

where v is the sounc. velocity . Putting (J . 1 . 16) and (J . 1 . 17 ) togethe~·-s 

yields t he expression relating ~ a nd J for longitudinal waves 

E L j ( ../< • 1 • 1 ~\_J j 

Squations (3 . 1 . 7) , (3 . 1 ; 8) , (3 . 1 . 15 ) and (J .1 .18 ) ~rovide a 

prescri~tion for calcula ting the distr i but ion fu~cti on of the conduction 

e l ectrons in the presence of an acoust ic wave . All that re11ains is to 

find an expressi on for the scattering term that a llows ( J . 1 . 7' to be 

solved . If only scattering oy the lattice i s considered then the 

scatterin;:: ter:'l has the Hell !-'.noHn for:n 

Q I<. 1< ' (J . 1.:. ?) 

where Q'-:'{ is the tra ns i tion r CJ.te of electrons ·f r om a f illed state k to 

a n empty state ~~ The r el a t ion 

()~~ - - \3 ~~: (\ - t\~') 

c1f 1" 

allows (J . 1 . 10) to be written ~s 

~ ~ ) r ~ \C.. I c\ \ ( ( (3 . 1. 21, 



1
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where 

( \ (J . 1.22)\. Q \<. '' f 

ri,, ; ~ ' is , of course , the su:;i o: transition rates due to phonons and ot~er 

lattice inperfections (such as inpurities or dislocations) . In a n 

und i sturbed metal these transition probabilities can be calculated 

using the ::'ormulae of Shapter :::I . '.'fhen considering the sc3..ttering of 

e lectrons by a lattice that is disturbed. by an bpressed ultrasonic 

wave , however , it is phys ica lly reasonable to suppose that the 

scattering will ca use the electron distribution at each ~oint to relax 

towards the d. istribution that ·11ould be in local eq_uilibriun with the 

movin5 and dilated l attice . Indeed s ir.ce the ex~eri::Jentally obtain2,ble 

wa velengths of ultrasonic waves are !ilUCh lar c;er than either the 

wa velengths o: most thermal phonons or the dimensions of :1ost other 

13.ttice i'1perfections , the tra:0si tion ra.tes o: Charter :::I can ·Je used 

as lone as the equilibriun electron distribution which occurs i:tplicitly 

in enuation (J . 1 . 21) is taken to be the dist ribution that i s in local 

equilibrium with the disturbccl lattice . In other words the collisions 

nus t be vie:-1ed in loca.l fra!iles of refere nce movinc; ·.-1ith the ions . T .L 

is referred to in the liten.ture es the "col1ision tlrae; assu:iptior." . 

In the c;:i.se of i:1Tlurity scatterin,s it is hnedbtely ap-:>arent that this 

"l.S"'u;:iption is rroJ..sonablc . ~h'?. :orn:1l justific.J.tion (~i von in 

refe rences (i?) and ( l A)) wher. considerin~ scattering by ther~l nhoncns 

is J.. nuch nor2 suntle problen since it involves constructin0 

•-Hv":functions tr.at localise th~ c'Jnduct:on elec:.rons to rei:::;io r.s -.ri.. :.h 
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diwens i ons much snaller than ultrasonic wavelengths . All previous 

theoretical treatments of ultrasonic a ttenuation have nade the collision 

(o 1n 11 11)
drag assu'1-ption ' ' ' - ' · . The practical consequence of 2.ssu:iing 

collision ~rag is the ~od i:ication of (J . 1. 21) to read 

~~{) J Pii::\(' u -~ \< (J . 1.2J) 

where t he E\ 1_1 a r e those that would be ca lculated for an undistur8ed 
<.'-. 

met2.l and '~"' is the devia tion function that bri ne;s the d ist ribution 

defined ~y (J . t .4) into eouilibrium with the :iovin~ l~ttice . ?or 

transverse Haves 

---.,,_ , ­\ ,: t0 l ~) - () \ ,: ""'· (') L-: t<- Ll\< <> 

---... Eu - l( 0\J_\<. 

--.... • 0 ....... 

Cl\\:: (} 

i_:· -0 \<
\<. \..A (J . 1. 2!.!.) 

0 C1, 0 \<. - u \J _ \\,-

Anrl thus 

(J . 1. 25) 


-.11tere :.1 i::; the effect ive i'las s tensor 11hose e lerients :ir e 

-t, -() \'( ~ (J . 1. ?6) 

--u (v I
-
()'

j 
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enuation (J . 1 .25) reduces to 

(J . 1. 27) 

?oc:- longitudinal Haves a terr!\ wust be adt'..ed to (J . 1 .25) to account for 

chane;es in the l ocal :~ermi enersy due to :i ilation 2.nd co:-:pr es sion of 

t he l att i ce , i . e . 

\J '\-\ . 
- \< -~ (J . 1.28) 

wher e nc is t~e nu~ber of electrons per unit volune in excess of K~ 

i~ the electro~s follow the ions exactly . The eauation of continuity 

gives 

~here J i s th9 electro~ current density . If the el ectrons followed the 
e 

ions exactly the eh;ctron current would be the ne ::'.:at ive of the ion 

current . ~hat is 

(J . 1. JC1) 

S0 

'i\ Q (J . 1.J1 ) 
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......._,. ­ . ;<. • z." ­n o c.' l: - /,/ .. U. t ) l::- ::: f\""\ V -::. u_ (J . 1. J2) 
, ~ 


0 f\J v 'S 0 A! -5 vs 


~- = 

It is now :lecessary to :iY"ld an expression relating the e l~ctron 

distribution function to the attenuatio~ . If the anplitude of an acoustic 

wave propagat i ng along the z- axis is pc:-o_?ortional to 

then <:)_ is called the amplitude attenuation coeff i cient a nd has un i ts 

of ne:;iers/u:!it length . Th ::..s is the definition of r:i... that shall oe 

used throughout this thesis . Ca re should be ta!rnn in corrparin5 the 

a lc;ebraic e xpressions for ~z 5.Yl th i s thes is with those elsewhere i n the 

l i-'::.erature because there a r e :i,"::lout hal: a doze n d ifferent def initions 

o:' c>'.- • Since the enerr;y density , ;~ , o: an a coustic wave is 

proportiona l to the square o: its amplitude the equation :or enerGY 

d issipation can be written 

or 

__\ - - c\ 'vJ -_ L cl\\./ (J . 1.JJ) 
2. ~· ck t: 2- \\] v::i (_,\ ~ 

where -d~·/ is the rate a t which e nergy 5..:; transferred .:ro'.'l the i'.'lrressed 
dt 

sound ·,;ave to ther r:ial excit2.ti0ns o f t!:e r:iediun t~rotnh v:hich it 
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10-/ 

travels . In the s ituation of present inter est the energy lost by the 

sounrl wave is that \:hich is given un to the l attice by the conduction 

e lectrons ~urinG scattering processes , i . e . 

i s the enerr::,y of a n electron in the state t. ·. rhen viei1ed i!'l 

a :ra:ne o .~ refe rence moving Hith the ions and 1·;here the anB;ular ·oracke:,s 

i ndicate that an average is to be taken over one comrilete cycle of the 

s ound wave . -"q_ua..,ion':;> • __, . . . is intuitively reasonc.ble and. a.1. ( 1 Ji.J.) :ornal'l 

(1 7) (1 3) just ification is given in refer ences and '.fo·,.1 to ..::"irst orC.e:r 

in i: 

.......... ­
C I< ( ~ ) - () t ~ .. \...\. .\- <=. 1.(. ( 0 ) 

~ 

u \ \~ 


\j_ \~ . tvl \( - l.l.. \- t: \ < ( C') (J . 1. J5 ) 

'Re'!lembering that the ener 1:sy d.ens ity in a sound wave is 

'/-z_ D \ \..,\. \ 2 

whore r is the dem;ity 1Jf the ~1ed iu:'l , rJ... can ';e written as 
\. 

<{ - '7_ \j .-
(_ ..., \~"u- ,, M\< ~ ~ ci ~I< 1s( ,..,_\;:\ ~\ \<) 

2 v .. (=> \LA-\ "b \\ , ·0 ·\. 
) 

r,..,, 1 '°)h'
\ _,.1 • - • _,,--1 
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is indi cated by the asteris k . 
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The simplest phenom~~ological approa ch to a so lution of (J . 1 . 7) 

involves assuming the existence of a relaxation time '7: such U1.at 

"""' ,,... <.: -~ 

6t1< :o= c' ~\<: ~'~c
C'" 4-' Is_ <Pi_c; (J . 2 .1) 

1 -sc <c"':-\ --- '"' ¢~ ­
........ ­

(J t 

& -

0[ -( • tl< 0 \.:.\<, l 

3uch an ass1ri:;Jt i on is familia r in the t:teory o: electric2.l cor:iuctivit:,' 

( 2 '.J ' 21 ) and has been widely used. in treatments of the ultrasonic 

(9 •10attenuation in :netals •19) . Clearly the values of 'C that ap:;ily 

t o the t;:o :"ro~lems nus t be of :::.bout the sa:te or:ier of !"lasnitude , 

( 11)
although th~y need not be i dent ica l Thus f or a particula r :tetal 

a t a narticular te~perature 

C ,..,,____ \"'l\. 'T 
(J . 2 . 2) N (::__,'­

whe re 1J" i s the electrica l conductivity . ':Ii t h the ass un pt ion (; . 2 . 1) 

t he liP-earized "3oltzmann eq_ua.tion bcc o:.ies 

--... - ~ 

t (~-,; ":..I 1:: -w~ ) q· i< ct s • Y~1~ <-' t: 1= (\ \- e_ C· \/
- \<. 

;:. ~)\l. - (~' 
I< (J . 2 . J) 

"6~ -c 

Si nce "'Joth n a.nd }. r'I e:;;ernl on inte;~rals of.' q) K over the fe rni ~~ ur:~:tce it:, 

is convenient to .J.t-'.;em t a solution of thi::J en t:i.tion by itcrat ~on . Tn 
,..___, 

p;.rticulc;.r 3. .:irst cstl;iate £'or <\J,2. can be made by su"Jstitutb.:s cp 1~ - <j',.., 

into the le:' t h__q,nr'. s i de Of (J , ~ . J) . i<'o r tn.nsverse \'12.VCS th~s c; ives 

.....__ 

\.. ~ <:\ s . \f_ \<._ - w <_, J ,.z +~ 
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Substituting q:-~ into the left hand side nroduces 

2..L. 
+- ~ i....'·- .: l 0. 'L' ~L u \ l \[ . '-1..\' \~ . "' 1(\I . \-1 . _, ' 0\ s,<_ (J .2.5)':;, - \~ ==- I<. - \~ 

1.. 

\ ~ ~ T\ 3 f S' ~ \''{ "S \ 

It is easy ':o see that t'.1e l ast terJll and hence the electric £'ield will 

be negligiole if 

and 

< < t-, ( \ <_, v 0 -c ) 
2... 

(J .2.6) 

where vn i s the ferni velocity . It is also clear that this iterative 
;.< 

procedure will co~verge if t~e ineaualities of (J . 2 . 6) are satisfied . 

In nractice (J . 2 . 6) is generally sat isfied by sound waves with :req_uencies 

of the order of 10- 1o-5 'Jl.Z . This is the fre1J_uency r ange of pri:'le 

interest in this thesis and '.-Iill oe referred to as the " lo;· ~ .:renuer:.cy 

re:si• "le II . 

It is convenient to dA:ine another devintion func ion ~y 

cp,< (J .2.7) 

U ... 

( ') ? 5) . ... i' c:.'."ro:'l e1J_uation ./ • - • lt.. - clear that in the low f~enuency regime 
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(3 .2.8) 
1­
\ \...'-.. 


< < 
. 

\ 
~ 

t \< 

This inequality will play an b31ortan-l:, :part in the derivation of the 

variational solution of the Boltznann eouation to be yresented in t!:e 

next chapter . An alt;ebra i c expr ession fo r t!le attenuation in the 101·1 

:req_ue:icy regi::ie for a metal Hi th J. spherical fer::ii surface can be 

obt a ined by substituting ~~ i nto e~uation (3 .1.36) 

d. - '2 Re ir(r\,· " ~. ~ )\ f\'\. )0. '! \< • ~)·­
. ""?"' 2 V. 

) 
() \ v-. \2 s \\ ~ \.... 

" 7.. 

J d
J. (\ l0 s - 'l·J · ' I - ~ \ T" ( -0 \: ~ ~ } (J . 2 .9) 

:_­

0 Ci~ 

The fa~i liar relat i on 

and the fact that 

c~n be u2cd to re~uce ( J . 2 .9) to 

-t_ \' . 
J 
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"( z. s L ·z .---., 

\1\ , , 

I 

f 
 \<f ~:\-~-~- (J . 2 . 10) 
- 'l. 

~ 0 \ \ \::..\I .:> D 

?or :rec electr ons 

\'!\. ._ \! .= 
. I \"A\l - .:: \:, \< f­

"r 

and 

3• 2.. tJ.
=:_) \\ D -- \< ­r 

so the exp:ression fo r .).._ can '.)e SiP'lpl i fied. t o 

'2- -i.<x ;\J .- ( Y\ V ;-: l .J. 'L (J . 2 . 11) 

l 0 v}
J 

p
', 

( ') 
Thi s :result o·l-3.S :i:rst ootained °8:I Fip:'._Jard ' 9, , 

In tr:e case of lon,~itudinal Haves the sane iterative proc edure c:rn 

be usea . ~he only difference is the existenc e of a non- zero fluctuation 

i n the density of electrons . The first two iterat i ons pr oduce 

,--.,,__, 

~ I< \- \. l t >. 'J \°';: - L•-..\ ) "-. ~ \~ l 1- .~ \~ ·-c 'I\ -:, (_1 ts­
'- N 

\'--\_ ,., • I...(.. L LL' S '[ i \ <:> ~~\ [° :- (J . 2 . ~2 )1

0 ~ 
and. 

..--...,+1_: t- L l l, '·-:1 IS - W .J 'C '!._ \'. · \°-' \ 1/ U, L LL' '_, ·~ \ \ , 0 t 1= 

c tJ 
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l \ ., . ''i ·~ - l-.: •j l 
L 

" --_, 1-­ -
.._ _L_C 

"2) N 

-\. ,--;-­t:., ­
- I 

.... y__ \< \..1.. \ \j \~ \v\ 'v' ..~ d S,<. (J . 2 . 1] ~ -==- \<., '-' -~ ­
<; t \\ ':, s
'--...C t, 1'i I_'.- l 

If 

1 

and 

(J . 2 . 1 L~) 

then it is easy to verify that the l ast term , and hence the e l ectric 

f i e l d , is neglic ible and tha t 

. ""'\...., 

ILu I 1' < <. • ¢ 1< (J . 2.15)
IT,_:. 1' ­

LL 

2.nd that 

(J . 2 . 16) 

anri ::inalJ.y that 

r 

-- L l <; I<.. ,( (. \(-:. 
2.. (J . 1 . 17) 

i 

Jr.~ I 
I 

\* ·~I 
Yrr

~.i-,, ~1 n 3 t, v =­/(:f/ r'> 1I TY: d 
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These 	inenualities Hill 'Je used in the n2xt chapter . 

Once again it is straic;htforward to use eq_u3.tion (J .2 . tJ) to 

obt~in an ex ression :or the attenuat io~ of lo~gitudinal sound waves 

in ":,1:.e low frequency :::-e3;i:-:te in a metal '..rith a spherical fermi sur:ace . 

\ 
\ 	 f2_ \) ~ {\\. >!- \ j_y..' ~;lcl. 	 -:. ...... .._ 


l t") \{ 
1.. 

~ \\ "':, 


' 	
l f\ '-'- \ 	 t-'- \\ i~ \ 'l, " 	 \- s 

l) ~. I ( '• / - i . t ) ,....._, "l. • )4. \ / 1.. - sLJ » 
\ 
l v-\ , ~ s • ~ ,~ u..--:. 1... 'fr, ~ : l ct r:­

.] \/ s 

(J . 2 . 1 ,~) 
Re::iembering tb2..t 

allows ol to be writ ten as 

(J .2.19, 


?or free electrons this is 

'2__ "1c(Y\ V/=-2._U....__ :.._' ..--._c_1 	 (J .2.20) 
• I 3 0 I [ "";) \; r 	 \­

.) 

(o , 1')) 
wl:. ich 	is the st~~dard y~sult 
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It is interesting to note that the linear dependence of -::..... on 'l.. 

in (J .2.10) and (J .2.19) has a simple physical interpretation C22 ,2J ) 

':lhen an ultrasonic Have with a frequency in the low :req_uency reg ime 

t::-avels throu.:;h a metal it may be cons i d ered as :pro:poga tint?; t hrough the 

conduction electron gas wit h the lattice entering the problem only as a 

cause of electron scattering . The acoustic attenuation in a fluid is 

proportional to the fluid ' s vis cosity and elementary kinetic theory s ho·,;s 

that the vis cosity of a dilute gas is proportional to the mean 

scattering ti:ne·~ C 24 ) . Such a treatr:i.ent of the attenuation by this 

sb1ple- minC..ed a!1a lo -::;y "::letween the electron e;as a nd a classical fluid 

breaks down at hic her f requencies , however . :·/hen the electron :;iean 

free path "::lecomes comparable to the wavelength of the ultrasonic wave 

(a v.:,c.. "-'1) a small nur:i.'::ler of electrons which have velocities al:nost 
-s ~ 

perpendicula r to q_s ('.:.s· v1: = v-'.J travel in a way that always keeps them 

at the same pha se o: the 1:a ve . Thes e electrons are accele rat ed. b y t'."i.e 

electric fielC.. and a'.Js or'::l ene r z y from the sound wave in a resonant 

fe.shion . As the f r en_uency of the ultra sonic Have increa ses these :'ew 

electrons a ccount f or a l a r zer s ha re of t he attenua tion until in t he 

li:nit 

cf·, 
) 
V-c "> r -1_,­

the a ttenu:i.tion coeff icie n-':. becomes ind ependent of~ . 

If 'T:· in t !le e xpressions f or t he at t2nu:i. tion (J .?.10) J.:id (J . '2 .1?) 

i s t a ken t o b e the r e l a xa t:.on ti '.'l e t hat ,:ave i:s the electric:;.l 

c on1uct ivi ty t~en cle1r l y , f or free elec t r onG , 



28 


·X. / :l 


(J . 2 . 21~ 


The pred iction o: (J .2 .21) t~at ~/er should be virtually independent o: 

te~perature has rece ived experi~ental verification in tin , aluminu~ aI'-d 

•27 •28potassium (25 •26 ) but the ~easured va lues of ,-;J..Jr tend to be 

c:tbout 1. 5 tbes la:::-ger than those of (J . 2. 21) . In the follo-.,ring 

chc.pters it will be shoHn that there i s no co::t:pelling theoretical 

reason to believe that d must be exactly pr oportional to cJ and it 

would oe o: intere:.:ot to per.:orm numerical calculations o: ~/I <) us in; 

the :tore realistic theory to '.:le pr esented belo1-1 . 
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The isotropic scatteri::".g tili1e that a:rrcears in the 301tz~1ann 

e'l_Ua.tion for the electrical cond.uctivity in the stanc1.arJ. tre'l.t~ents h:i,s 

an express i on i n ter;-1s o~ an intee;r:il over the transition r ates P__ r 
~:: 

which i s exact i f F, .,r depends only on the r:iagn i tude of (_t-}SJ (ZO) . :·-o 
!'. :: ... 

s uch express i on can be found :or the 'C that a_pears in eauation (J .2.J) 

even :or t~e case of i sotropic sca.tteri n6 . In order to avoi~ this 

:prob lem 3hat ia a nd I-'ioore (ll) so lved the 3olt zmann equation fo r a metal 

with a s:pherica l fern i surface 'jy assumine:; that the scattering term 

could be 1-Iri t ten 

(J .J.1 ) 
;\ ,­

'-' c1< 

where 

(J .J .2) 

(J .J .J ) 

and the Y:,:.: are spher i cal harmonics . It is convenient to cle:'ine the 

(11) -i r;

Yl:t: ci.s in reference ' --- · --· . 

·- L ~ ~\ <o 

:ire a:::soci:::.ter1 Lec;er,dre ::::olynoC1ials COSL 
( 

, 
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? 
~20 =(J/2)cos- & - 1/2 etc . ) . This definition means that 

·-v ) ----._L' ~ \(. - ~ ( C... h - (.Lt., \( L'\\ ( ~) "'2:." ( (_L~ - CLh) ~ l. (~- \ - ..- L \'-\ .__t--1. 
........... ' ' c....\ .... 


(.,; -\"- $;~"1,t ,,
'-L- l t \ \, ­

1­

x I_('{ L" l; )-'("' cI?' )) •) 

\ <. I clSt<.' (J .J .4) 

j t-~ 
' \< 

~·~ow i f Fl _ , de-pends only on the ':la3ni tud.e of (_t-_'.i~1 t hen it can ~Je sho1-m 
<!<: ­

t hat (ll)­

\' [ V I~ \I _._ · )1J_ \;_h \.~ ) - \L.t-t \Y:;_ j 

\';, 

~ [ '(n l~) (J .J .5) 

f S 

S 0 

__fL _, I))- 0\: (3 - eL 0l I< • \<, vi 
~~)' 

, cl S\s.' (J . J . 6)---· s_-(, 
\ 

()Ek 'L. . 55- 3 t vL. . \ \ \ i:: ·~ 

"f, is ,just +,he usual r:::lax:-'..tion ti:w use'-l in the theor~' of elcctric3.l 

co nciuctivi":,y . 

fieJd c::.n ':'.:e ner_·J ecte(l <".nd 

< < 
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so ~he Jo ltzmann Rnuation ca~ be written 

( - :- \
0(_ L ..... ( I 

' ' Lh 

Clearly t~e only non- zero C,..~ ~or a :·;ave crith o a1ong the z- a.xis and 
!.... . J 5 

( ') .... 7\
_; • _;, • I 

(J .J .3) 

~~inz the i dentity (l l ) 

(_ u ':l \S '(l-\ (t'.9;~) - ( Li-t l ~t..~ l ( L~ {'.' (J , J . 9~I 
J 

2- L-t l 

equation (; .J .7) ca~ be writtGn ~s ?n infinite set of cou~Jed li~ear 

enuc.tions , i.e . 

~ 
(_s; \\ - -,y\ Vr- L:... ·- 1~ VI:::. 1 c.

~ 
J 

\ 

,.-... 
(_ s-

I 

4. +(_ l \ (·~I 
3 7 

(J .J .10) 

2L + \ 

~l s.~. rJ.y ~- ~ust r~pidly ~~crea3e 
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with i ncr easin:; L . If one sots a ll the c =0 :'or L ,~reater than h:o
11

":-he re:ia i ning h~o eauatio:is c-:i.n be easily so1ved to yield 

--v 
G.,, ( . 

I I 

C, (J .J . 11) - 1 

::ow 

2... J( . 
~/c - c. )\( - \v\ \{:: .. l 1 

J 

"'1... ~\I..<-,..,-., 
'{Y\ V -:= <f 9, '.. L ?. (J . J .1 2)1

~C: l\1- 1\ V, 
.) 

D 

h . h · · t (1 ? 1r' ·,-1i th C::: re:pl2,ced by l z. .W lC lS JUS ~ · - · U) 

'!'he sa.r:le :;roceduye ca,n Oe used for lon;:;itudinal 1-:aves and t~e 

r esult is si::~:rily 

(J .J .1J) 


wh :..ch is just (J . 2 . 19) -.iith c l. rerilacinc; 'C 

It is 2.nr:a.rc:-tt tb~.t ::y t:runcatir..; the e"u:itions at ;::, hi,_;her 

v:.,.1ur:: of l one c::i.n o'JtJ.in solu":.ions that are v-:i.lid i'or hi.r~her 

frcaucncies . These solutions take the for1 of products of factors of 

The first ;e~ ten1s o~ these solutions for both 

. . ~ (11)
tr2..~sv~rse are c1ven in reierence . 

'T'hb ·::::rief cl. 5-scuss i on o"'.: the 3hati3. 'lr..d ::oore ;o•.rnlysis '.'cA.s heen 

http:o'JtJ.in
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i r:cluded here because 

( . '\ 
l ; for ttc case of isotropic scatterin; it g ives exact results in the 

lOc·1 I ::'.:' '3Q_Uency regir.e ~1hich C2.n oe co;1pared to thOS•? OOt<:.ir:ed oy the 

variatio '1al nrocee'.ur c; descri-'.)ed in the next chapter 

~nd (ii) it will serve as the bas is for the anisotropic scattering ti~e 

a.p:proxi:iation t o be presented b Chapter if . 

http:nrocee'.ur


CPAFTER IV 

TSl!j VARIATIOFAL ~::;OLUTIOl-i O? THE 30LTZ?·-:A:iII EQUATI0:·1 

One of the most powerf ul t ec hn iques for the study of tr.e electrica l 

conductivity o: !".et a ls i s the use of the variational princ iple for the 

~ lt t . ( .~ 1 ' 29) Th . . l ... t \.... lt ... I. .I. ­.:: o zman:'.1. equa ion . . e simi ari l,,y 0.1. r,e r esu s .1. or Vl. 2nd <T 

in the ele~entary solutions pr esent ed in the preceding cbzpter sugges t 

that there may be an a nalogous variational :principle applicable t o the 

3oltzmann equation for ultr2.sonic attenuat i on , at least in t he loH 

frequency reg i me . To a:p!J lY the va.ria tional princi!Jle it is necessa~y to 

force the Joltzmann equat i on into tte fo r m of a linear inho~o:eneous 

btegrc. l eq_uation with a nos itive def init e '.~er!lel and to relate U :e 

kerne l to the quantity o: i nterest , i n this C2.Se -'.:,he attenue.t i on 

coefficient . This is done belo ~·r , fi r st :::or transverse wave and then .:or 

lonc;itud ina l Haves . 

The :Soltzmann equat ion for tr.:i:1sve r se waves in the low f r equency 

re~ime can be written 

cl\<.. I 

--u~: (4. 1.1 ) 

oCi._ 
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who.re t he e lectric :ield hJ.s been neglected a.no the usual JoJ.tz:-i;:::.nn 

eou;i.tio:-: \-:as 'Jecn cl i vided by u . Under the fa:iiJia r "'Hoch assu<p":.io :J" , 

i. . e . "th3.t the :?hO:Jcrn r~istri~mtio:J is unaf::'octed '!J elGctr')n- nhonon 

sc2.t teri '1[ (see section 1
- , I+) , ti:e tn.ns i ti on r ;;.tes P

1
,- n rill be real. 
.· ..< 

~he real nart o~ eo ua tion (4 .1 . 1 i s thus 

-.- (4 .1. 2) 

1·rrere t11e super script 
rt 

denotes the r eal ~art . d. is cive:1 oy 

' C} ("T 
I< 

- - \ ((_~ · V -uJ) V . u \;--'\ • ~ 
I ii ~\~C' c.\ \( (L~ . 1 . J)·- '::> - k '., - 1.':: ::::::-l'- - ~~< 

-.....0 EJ~\\:,~Vs I<-

The imaginary "8R.rt of ('" . 1. 1) i s 

. r ) -;) '+. , ~ 
~p.fL I ( tf 1<--C - ~< ' \ ',( i< I cl \< ' -·- ( 1 ') -'{ i~ - L0 :, J I< d \:I: 

<+-Tl 5 "0 c: \'­

-

( ci . v - t_,_; -, ') \' .. \'-\ . -~ (4 . 1 . 4 ~· 
- \ ( \J-, '> - '5 = \~ 

http:JoJ.tz:-i;:::.nn
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o i.1:_ 1~ (I I \? rom ( J . '2 . n, r._ is i nsi.=snifi.ca.nt and +. 1.4) canoe written as 

pf
1< 

I - x \< 
(4 . 1.5 ) 

where 

x~ -- - ( c+ ~. V - cJ. ) v .. \V\ \~. u._ d t~ (!.1 .1. 6)-i:. J - I<: 

0 E,<
and 

0 . '.) I--t lf:.. - t3 fL J( i.f'k t,<' I !..~ I< cl k (u . i.7 )I 

IT,,' ~ 

If one defines 

<t J ) -- ·- - s lf-'1< ?,, dk 
~Ti 1 

The n the fam i liar properties of the scat~ering orer2.tor F 

and. 

(4 .1. 10) 

insure th::Lt the solution to (11. • 1 .5) is :.he one that ; ives 

<y·Lr 'f' L) 

~ <fi:-x; ] 

2 


t:ow note E'ro'1 ( ', . . 1)' 

http:nsi.=snifi.ca.nt
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(IJ. , 1.11)<f r x I - 0 v. 
.) 

,x_ 

1~ llS the variation2.l nri :icinle for (L~ . ,5) can ~)e 't1ritten 2.S 

() \[ . <~ · [ p f T ) _ 
. ) .l <f'rX) ~ 1-

- 0-

[ 
\ 

)) Ti 3 

v . \ 
~ 

. cl. ~ c'L I~ r 6. ~, <f'.: ( t,T - '+:o~) f'~ ·~' 
-n ~ 

(4 .1. 12) 

?or longitudinal waves the 3oltzmann eouat io;i. can '' e written 

0 

L ~:, ''11:_ -w~)[+~ + \(~ i ~\ \~ c,J a~;( 

() C:,~ 

U-' . 1 . 13~ 


The real :cart is 

I '.)- \ ­o\v, 1(\. 
- k3 J'L c\ \<. 

( (_ lf 1<. t,:~ )- I<. \ i<. \<. ( 
-- - s 1..,;\-\ 

Ll. 0 t-.,_ ); n3 



JS 


(4 . 1.14) 

The ineque.lity (J .2. 17) shoHS ·Lat the lo.st term ca.n be neglected. The 

inaginary part of (4 .1 . 1J) is 

- l t -~ .<y_ ' i< - Lu·:, ) f\... ·+·,<r_< 

- (9 'V - w \ (4 . 1. 15)1: s - j( <, ) 

The in~q_ualities (J . 2 . 15) a nd (J . 2 . 16) show that t he terr.ts proportional 

to cf1::_ R. and. \_r..~f\ .,rcan be neglected . Thus (4 . 1 . 15 ) can be written in 

the for::i 

'? 't' T ;:: x (4 .1.1 6) 

where 

ot: 1< 

......., \_ 6
+ w 5 6c 7 1'\ 'l 0-I 

-
\-(.~ 

N u ... 0 c 1 .. 

Now fror.i (4 , 1 . 1 L~) 

r "-.- -, ~cl. - \ 

f d. \( - Lu.>) '~i<.- <- ' I( 

0 

. rt \..l(C:\ ~'\j_~ '},..,- -"'-
# 

~ ~-..,,:) \/- \ \ OEI 

' 
:> K 

- r a 
0\ }· . ,.. 
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'"\ - ' r<x lf T> + c_\ \< Lu < ul:- / { \ --- f' -:. 
(L1 . 1.13)() I <. 

..> ----1-- I ~) 

;) \,/ . 
~- ") 

~fl 3 \ V-; .\ "uN \_ u __ 
~/< 

'""" ­oe,~ 

Jy (J .2.17) the l as t ter~ i n th i s e xpr ess ion i s neglig i b l e a nd onc e 

again 

\ (4 .1.19; 


and 

rJ_ 
- \ 

It i s inte r est ing t o note that equa tions (4.1. 12) and (4 .1.20) 

derrtonstra t e the va lid ity of 2.n e q_uiva l ent of Matthie s sen ' s r ule f or 

t he ult r ason ic a t tenuation i n meta l s , i. e . for a T.iarticula r sample 

\ \ (4 . 1. 2 1 ~ 

wher e rl. \' <?..') is the attenuat i o n a t zero temper a ture ( when the electron 

f r ee pat h is linite:J. only by s t atic latt ice i n-pe r fec t i ons) :ind r./._ \ j.. ;:"·-' 

i s t he attenuat i on i n a per:ect c r ysta l o: t he meta l i n question (in 

whic '.1 the electron ::'ree re.th is li:'1 i ted only °Qy phonons) . In nr:l.ctice 

enuation (1~ . 1 . 2 1 ) ·,,r ill not be sat i sf i ed ex3..Ctly bCC3.USe the tro.nsit i on 
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probabilities due to ?honon and i mpurity scattering do not add in a 

sirrple way and because the addit ion of impurities into an ideal 

crystal will so!Tlewhat modify the functional form of the cf 1 that solves 

(4 . 1 .5) or (4 . 1. 16) . An investigation of deviations fro!Tl the 

equival ent of Viatthiessen ' s rule (Dg·rn) will be undertaken in the next 

chapter . 

Reasonable first orde:::- t:::-ial functions to insert into (4 . 1 .12 ) 

and (4 . 1 . 19) are those obtained from the isotropic scattering time 

analys i s of Chapter III , i . e . 

. r 
(transverse)lf 15_ 

( longitur°.inal) (4 . 1. 22) 

For a metal with a spherical fermi surface the first ore.er trial 

function fo r longitudinal waves is 

lf-1 
I< 

r- -~ (4 . 1. 23; 

where terns of the order of v /vn have been negl ected . In order to s i' 

obta in results for a r andomly ordered polycrysta l the va lue of 

·z..{ f· ! - Y-,·< ; ). (') I 
\_ I< i< I< 

mus t be renlaced by its averaEe over a ll orientations of a . 
;.'§ 

Int uitively one ~icht a l so expect this replace~ent to produce quite 

~ood results for single crys tals with cubic ~y~~etry ~s well . The 
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reauired a ver c.ge i s evaluated in Append ix A. Hak i ng the s ubstitutions 

(L~ . 1. 22) a nd (A . 1) one ootains 

1, • ~\ - . 1 . "".'.< ( 

,)._ ' \ < ~'t 
r 

?or transverse waves it is easy to show that 

.., . 

.JIi- I~ \ ..::, ,. , .::.- /I.
J 

Equations (4 . 1.24) and (LJ. . 1 . 25) a re the analogues o: the standard 

f irst order variationc.l forlula fo r the e l ectrica l resistivity of a 

s i~ple meta l (Zl) . If the scattering of electrons is isotropic then t~e 

integral over t in (lJ. .1. 24) ar.'.ounts to a mult i plicat i on by a constant 

:actor and it i s easy to veri:y that the variatior..al method outlined 

in thi s section r eproduces the results o: the 3hat i a and ~oore ar..alysis . 

http:averc.ge


In this section the zero te:nperature attenuation in a met a l tl':at 

conta i ns di lute subst itut ior.a l i:tpurities or si:npl e va cancies wil l b e 

exa::iined . The theory 1ill ~)e p~csentecJ only fo r electrons cescribable 

by the one-OP~ / airroxb2.tion but the gene r a lisation to a netal 1-1ith a 

non- sr:heric2.l ferm i sur::"ace is obvious . ?o r a cr:i'stal co:'ltainin c; a 

s in r.- l e i::rpurity 

.J.., ~ J.. (...,..where qkT-: , is g iven by ( 2 . 11) e.nd includes L-ne IaCL-Oru .:!,, - The 
K 

factors f 1,(1 - fl:11 and ~( ~k - J;k,) restrict scattering proc es ses to 
-

electrons on the fer:ti s utiace and eouation (4 .1. 24) can be written 

<'­
d. \t:..·.':J 

1X I ( \ - ( () ".>-L (_ ~ \~ t ) ) \ \JJ l \5_ - ~ ) \ (_ (4 .2 . 1) L ~l 
t~ 

T'.1e st~rncard for.~ula 

J_ (L~ . 2 . 2~ 

,·';:. 

anrl the fac t th:tt 

u~ . 2 . J) 

http:substitutior.al


l 

where 

I(, t 

can te used to write (h . 2 . 1) as 

\ 

G\. 

(4 . 2 ,IJ.; 

;,:ult iply i ng by the nuriber of i :-:i:purities and c hang i ng the variao l e o:::' 

i n t ev,r at i on t o 

yields 

2... . 
( ) ')- :::i VJ n~ (L· 2 .:; }

( • 4 .... /j' d ' Q \ \JJ ( \( \- ~) \ (_ q f)< ...... l. "!. • td 32 N-:. ' \ .... ~-.J v \ ~ \\\\(?_ 

where n is the i mpurity concentrat i on (atomic fraction) . r'or a metal
1 

;.,rit'.1 a par abolic conduction band this becomes 

\ , , l: \ Y\'f ( Ll- . 2 . 6'<
' t, l \< ~'­

" 
This expression is in -':-he same .:'.'orr'! as th;it used by Popo v ic et a l. (JO) 

t o calculate the residua l resistivity of d i lute a~~1li alloys . 

The in~erestin~ thin~ about (h .1.5) is that it weishts sc~tteYi~g 

events with la.r['e nollen-tun tr-1ns-::'crs :11ch :ioye beavily th:.rn do~s the 

111cOrT\P"rable ex~rossion .:or the electric::::.l resistivi:.y ( 1-:!'o-\.ch !'o·1s :io 

http:1-:!'o-\.ch


tern in the inte;";r and) . Thi s means that a measurement of i:1-. r e veals 

infor;;iation about the :pseudo-;:otentials o: the host and i:n:uri ty ato'.'ls 

that very usefully co-rnlements 2.ny infor:o:ation ava.ila.ble cro1 

"leasurements o::~ the electric21l r:::sistivity P~. :::ndeed it is easy for ... 

a theoretician to envisage a progra~ o: :'itting several parameters 

speci:'ying the fo r m o: the ion ~seudopotentials to measurements of ol 

a:i.d ci ~ i:i ::::. 13.rge ve.:dety of host - ir.rpuri ty syste!!!S . It would also be 

most interesting to compare the results obtained using the 

pseudopotent i a l forr1alis!!l wiU: those obtained. by the use of realistic 

ion ?Otentials for the i::ipur~ties and the Friedel su~ rule for the phase 

shi:'ts of the scattered electro:is . Such a proc:ra::i would see::i -to be 

i~practical at the ~o~ent , however , because na:iy of the r es istivity 

'Tle"l.suref'l.ents tha-':. have been r ::;.de are >·lildly contradictory and because 

Pv:;re a re no !'le"l.sure:aents of t'.!e lo,.; tern.-=1erature <.,l.. in dllu·:.e alloys of 

~nown co~position . 



4 .J The I leal Attenuation 

In a perfect crystal the only contribution to the transition r3..tes 

? _ , / co:'les £'ro11 el-::ctron- c:Jho:1on s cattering . '3uhstHution of ":.he
'< ­

-I 
expr ess ion (2 .9) for ~'--:k~ produc es a foriula fo r r;1._ that is ro ort2.o:'1al 

to 

( -i.~ T . T )l... ("c e: )J \~ I c'f',( . - ~I ~~ I\( ( l - -\ \\ ,· 1JA1< J 
\ ~\5 !,s· A \ 

(iJ. .3 .1 ) 

'This can be transfor:ieci i~to c-~n inteGral O'ler c.S_ ' dSk, I d:S,_' a:id. d w 
'.-( K 

where 

The result o: s uch a nrocedure i s well '.mown (Jl) a nd C2.n be written 

d_ Si\,'fir Scl w c\. S ~ 

t\. I '1 1_: I t._ ( ~·I<' \ 

where 
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(L1 ,J ,J) 


Thus , makinr-; use of the first order t rial :unction (4 . 1.22) , the 

varia:,ional expr ess ion f or the a t tenuat ion of transverse waves is 

.( 'L TT '."J \, . .J;_ ,f c~ (...LJ Rl'-u ) j' c\ s,( f.. cl s.I< I 
\ 

\~ 
..... 

..) -- ·­.
d_ f) i.\' 1< \ \~ \ ~ ~· \ 

x 

(4 .J .4) 

If one rle: i nes 

_Jt (_~ s \( c\ S-.;1~ FS \ \!_ I< \ 

(!1 < 5)
' • ...J • 

_, 
tben it ;)~comes apparent t~at , J., c.-:Ln be wri~ten .J.S ., cor.stant f::i.ctor 

tirLS 



':'he advant:::.ge o: th i s fornulation of the problem is that all the 

ten?erature dependence is conta~nen in the facto r s f3 and R(w) . The 

tine consuming calculation of p~c.. F( w) needs to be done only once and 

t he eva l uation of r:X... at any temperatur e can be done by a s i mple integral 

over \.0 , Oovi ously the s:::.ne procedure can be used to obtain~ si~ilar 

f irs t order variational expression f or the a t tenuat i on of longi tudinal 

wa ves . 

For a metal with a spherical feIT.li surfac e one can use (4 . 1 . 24) as 

a starting point c..nd quic:<.ly a r rive at 

I 
~ 

• <._ •.~ 
y.. c\.. _Il_ I<:" L\ )_\<.I \ L \ J ~ i~ I A \ ul ~ - l J ,\ (~-~ / ))~ J }... 

~ 

{_· 
)( l \ - C ul) l'S, I_<:_() 1 (Li-.3 .6) 

Define 

-- Jl.-~"' \<. f- Cl \[_
....) \~ 

·2 \\ -z. t \ -i. l tt IT ) '­ . f)f 
2 1 ( L~ 1 ~ ' X l \- Lo ~ l \S_ \S ) ] ~ 1 \j ~ 1 ;:_ ; l LL - l~ ,\ (-~ - \~ '~ 1 ,\. \ ) ) ._,, . ( 

http:quic:<.ly
http:advant:::.ge
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then 

<. (4 .J .8) 
' 

?or free electrons this is 

\ 15 ,'.) v.1 
<
'- 2. 

~ 

cl :> 

2.
L. (_,J, '(\'\ \i'r-: 

and the appropriate value of~ in (J . 2 . 20) is 

l (4 . J . 18) 


The function ,.)._7...u..c... f (w'l is very s i milar to the functions d... L f (w) useci in 

the theory of superconductivity and ~~ 1-F (w J familbr fron the theory 

o: electrical conductivity (J2 ) . 

Since both the phonon frequenc ies and the pseudoyotential for:i 

factors are volume dependent it would see!'l that a treatment of the 

pressure dependenc e of r:l would require a detailed recalculation of ol..L-...~ \- (~ '\ 

at each lattice volume of interes t . There is a much s i mpler scaling 

pr ocedure , ho1·reve::- , which can '::le used i±' c ertain a ssu:iptions are me.~. e 

about the physics of the metal considered . A si~ilar method has been 

a plier:l to 
1.. 

scalin0 d_ 
~ ' 

1- (w 1 
2 

::.nd ,1 -\< f \..~) 
(y) )
' ~ To see hoi the method 

v:ork:; one :irst o: a ll us es (L:- . 2 . 2) and (L~ . 2 . J ) 7,o write cl...'-u.."'-l=(w) 

as 
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l.. 

\~~ ·~ Al~) \ (4 . 3 . 1~; 

~>-.l~) 

wher e C is a constant . Then one assumes that a volume cl:.ange scales 

up the f r equencies of all the phonons by the same fc.ct or r er,ardl ess of 

the wavevector or branch index , i.e . 

(i.J, . J .1 2~.:: 

where 

A - I­ (4 . J .1J ) 

a nd ~ pl ays the role of an a verage Gruneisen constant . It is easy to 

show that i f the form factors W(q) were independent o: volune t~en 

(4 . J . 1!.J,) 

To investigate the effects of chances in the pseudopotent ial fori:1 

L ­
factors one assumes that any alteration in ·l... "'-"- \- l_,..i) can be accou;itcd 

for by a nultiplication by a constant , i . e . 

(4 .3 .15; 
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l~oH it is useful to evaluate 

The nor.,alization of the pol::;.risation vector g ives 

(4 . J . 16) 

s o 

where !< 7 and H(q) 

a l so be eoue.l to 

a re evaluated for a l att ice volu::ie .fL . 3ut this ::mst 

So 

(iJ. . J . 19) 
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Since 

anc s ince :or many pseudopotentials o: interest (such as the As hcroft 

pseudo pot ential) 

(4 .J . 19) ca n be simplif i ed to 

(" J """ \\ ­ • • L 'J / 

It has been fo und t hat a simi lar s cal ing proc edur e produces r esults :or 

1. - ' 
.-1. \-\ \- Lu.:.) tha t are very close to those of a det a iled recalculc:.tion even 

for very l a r c e volume changes (JJ) . 

::umerical ca lcula tions of the temperature a nd volume dependence 

of the 10:·1 :' r eq_uency ultrasonic a.ttenuation in the alkali metals could 

~e underta ken us inG equations (l+ . J .9) and (4 . J . 20) . It has been : ounci 

that calcul::ltions employing the one O?':I approximation f or the electror.s 

a nd the Ashcroft :pseudopotential to clescribe the e lect r on- ion 

interaction can account quite well for other transport pro :rert i es of 

the alkalis as lone; a s a rea lis tic descriritio!1 of the lat tice dynami cs 

(J' ' ') - \
i s a l s o us ed ., ,_;); . For a nu:neric;il calculation of 1) in the 2.l:~a lis 

the phonon frequencies and po l<;.risat ion vectors cou l d be tal<en :::-roi:l 
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(36)3orn- von ~armen models f it to measured phonon dispersion curves in Li 

r:a (J?) , K (JS) and ~b (39) The core radii fo r the Ashcroft 

:pseudopotentials could be fitted directly to experimentally measured 

values of ,-)_ or they could be taken :rom reference (40 ) ,,:here t'.-!ey we:!'.'e 

-<' . J.. ' d J.. 1 t . 1 d J.. . • t ' (41) ' 1 ' ­_i~te ~o ~ ec rica con uc~1v1 y weasure~ents at se ected 

temperatures . The nu~erical techniQues for computer calculation of 

L - • ( 42)phonon distrioution :unct i ons such 2.s cZu.."-':lu) are well develoned 
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4.4 	 Phonon Drag 

r~u:nerical co. lculations o:: the electrical resistivity of the al~ali 

metals 	show tha.t pho non dr ag effects are i mporta nt below about JO IC in 

(4J)Li , 10 K in Na and K, and 2 K in Rb Since the temperature rans e 

of present interest is about 0- 20 K it is clear that any r ea listic 

treatment of ultrasonic attenuation due to interactions with conduction 

electrons nust include phonon drag effects . In this section the 

variational fornalisi:l Hill be extended to allow for the consider a tion 

o: phonon drag . 

'::'he descript ion of phonon drag effects Yequires t he us e of t:-10 

coupled 3oltzmann eauat ions for the electrons and phonons . I f 

te~perature grad i ents and phonon- phonon processes are i gn8r ed then the 

bro (l ine2.rised) eauations : or t r ansverse waves in t he low .:_eq_uency 

(Lil!.)
regi me 	a r e · · 

-..,.., (' c 
c.: 1 \<_ 

( - l l c\ s . ':!. \<._ - Ld,... ) c.\i \~ l-
~ E\._ 

'"""-­-	 ) "" - t 
-- t3 .FL ~ c.l \<; i 	 ... (q) I - ·~' )][,­

}... 	
l ~i~ 4' ~ i if- \( l<. l Ii 1 '\ 

- - ·~ 
b \ \ ~ 	 ­

. '-	 ~' ) 1 	\<;- IC',_\ - ' ) 	 (4 1~1:- l l 	14--1< ( )JI < - (~-\~ i ~ \ \~ . Li . ~ -l '' ­ l 
a::'ld 

..... 

0 ' ' 

('

"
, 

\..'\ ~- ( '\ ~ "j_i:: A - W-~) \rt),\ 

\ 

(' l: " }.
1 
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. I
-'--' ·~ /) 15 -- t~ _; l_ ~- [ + ~ -q' I<- \ "I,\ -

"- '\' i~ ( - c\•I<;' .) l \ \5 ('\ /\. I (4 .4 . 2; cl.. ~ 
\ 

t TT~ 

where v is the velocity of the phonon (q~) ,
-q_>-. 

I 
\< - l< 

and Hhere 

' (:.

2\ \\ c1A 1st .\ (iJ. .4 . J) 

(_. t~ 1\ 

iJ k ' 
~he expressions fo r ·1'.k~ and Pkg are 

G(_ C ~, - Ei< - ~ uJ ;\ ( cj-))1
( L;. . iJ. . L1) 

A great s i mplif i cat i on results i f one makes the usual assu~pt ion 

(h LL 6 
' ' ' I 

It i s a l so convenient to assume fo r the mo~e nt that 

It 11ill become clear 12.ter that assunution (J . Li.,.'3 !:.'.l.s no effect on 

the : inal r P.sult:::; . It is heb:'u l to C.e:ine 
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t 
. ' p \'.: } ~ 

f 

":\ ~ I -= ~ /\n ·~ ~2: CJ_ v-. .:.J -- 2: ,- i.< (Lt.4 .2-)
\~ '-1 ,\ '-:C ':\-1' ' \(. ;.. 

An estimate for t!:e magnitude of ~~ can -~e ::iade by taking the 

(20)limit of comulete phonon drag This means that the phonon 

d i strioution i s dis placed the same amount from its equil i brium in q 

space as the electron d i stribution i s d i splaced from its equilibrium in 

~ space. The displ acement of the electron d i stribution i s 

ff\ 6, V "-' fY\ \ 5 \' F -C U.. (LL .4.9) 

~ ~ 

The phonon distribution function is 

0 
" • C> '""\ ­-\\ ~ )-. - If\ '-t A o"\\ ~ i\. u t. '1 '\. 0, \( 
~-' 
~ Le. 1\ ~ C• 

T I 

\..:, 

\\c:, \ r 6n~,\ f, \, .) i'Y\ (cl ;'\/F I ) Ll_ 
r ' 

6 c ,\ ~ 1
or 

( '~ • 4 • 1n~I\ 

Substitutin~ (J . 4 . 7) ani (J .4 . 10) lnto (J .4 .1 ) and (J .4 .2) , then 

dividing both eriu.J.tions by u ccnd takini; the bac;in.::.,ry p:irt produses 

" ­
C• I.: ic:. 
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and 

~-
Hhere 

[. Cf V 
15 ',) 

f [ti-fl 
<-t-)/( 

. , 
'f I~ - -

T x_c 
-+ 

- ~r 
k I ] I< Ie­

' ( -
!._ -1 cl \< I 

( U, lJ_ 1~ ~ . ' , , C:.; 

and 

The equations (4 .4 . 11) 2nd (4 .4 . 12) can be 

where t he vector functions Y and X are 

'( - \.ff ):_ r (.
l !_'J ,J 

Hritten in the fo"" 

u~ . 4 .1 3) 
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and 

The expressions fo r Fr: and. P2 are 
n 

cl \21 

.5' I cl\< IP' ~ 
'

S'\ 

~he properties of the· scattering operator insure th~t the solut ion ~ of 

(1r,4 . 1J) is the function that gives 

(L!. . 1.14) 

(45)i t s minimum va lue Here the inner :rroduct is rlef ined by 

\ (4 .4 . 15) 

where t he integral o·rer a extends throu:-;hout the f irst :3rillouin '.:'.one . 

In the present case 

d I< 

" ­0 L:: j<., 
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.....,, c, 

-\ i (__ C y,.""( ) ~...,,, vs (:) \\C\ ':> V.::. \ ":, i- (4 . 1.1 6)j' ~ 1 -~ d i­'6 \\ '.> 0 c ~ 

T3y using the esti::a.te (4 .4 . 10) for ~i- one can easily convince oneseF 

that the second ter7t on the right is neglic;ible . It is thus easy "'.:.o 

show that 

(L~ . 1 . 17 ) 

It can also be shown that (45) 

(4 . 1.1 3)~· cl\< 

where it i s u:'.lderstood that (J_s.
1 

- Js) reduced to the first Brillouin 

The 1Jro-ol e::i of calculatin; the attenuation of transverse waves 

including.phonon d r aG has _been reduced to one of mini ':1 i s i nc the 

exuression (4 . 1 . 14) . The only extra co ;iiT'lication over t'.!e va riation2.l 

:or:;ialism without phonon drag i s the necessity of mininisint; with respect 

to variations of two :unctions , lf" a nd X-1. A s i :.i ila r e xr r css ion 

::12.y be found f or t ne a ttenu2,tion of lonc; itudina.1 'd.:J.v2s ; <l_Pl ) 

r e:-ia ins the sane .,.s in (l~ . 4 . H3) but (/.XY 7) 2 becomes enu::i.l to :'our tiries 

the denomina tor o: (4 . 1 . 20) . 

In t he c.:::.se o-: lonGitur. ir::il 1:2.V2S re~.son:l.ble first ore.er t ri::i.l 

functions : or a nctal Hith a sphcric :::. l fer:r?i sur C:'ace :i.re 

http:c.:::.se
http:esti::a.te
http:i-(4.1.16
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and 

( L ~ . 4 . 1 9) 

wtere 

i s k - l ti:-:1-::?S (,t - Js.) reduced -':,o t~e first 3riEouin zone 2.~d ~, i s to7 

1Je deternined by a ri ini!nisation . It can -oe sho1m that the res ult o.: 

t~is riini~isat ion i s 

., " l_ 

\ -- l - \ I l. (/J. • lJ. . • ?.":\ - \... I( \ 
d \') ,'.)rJo )

L. L \ \\ 

11here d.., i s the :irst order va riational val ue f or cl.. without :r;honon d::a.3 , 
0 

(iJ, ,4 ,21) s 
and 

Fccu) ­
• __J l_ '''"" ' ( \.=-­. , t '-( ).L '2. TT - -\ _lf-TT 
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2. 

L,:J_ U.c. \ L f l LU ) - __a_",, \<. :: d .JL I<­
<.. . ?.. L 

2 TI 1,, ( '+ rr) 

l'he intee;r2.nd in tl;e e xpression fo:c 

of 

i --

~. s :"'ol2-o~ ·iS . !·1ote 

[ (t 1?. ·~) 
<. 

-

\( -
-

that 

Y-~ l 

t< 
I 

-

[ ( ... , ....., '\ 2. 
~<. ~ 'J 

1. \­ · ( )-:.t u..- 'L - "-' can 

( 
,, ·"- )~ -1 
'5 - l:S J 

be 1·rri t ten in te::::::is 

::. l(°\11. 'Q.lz._ 

,.., ' .:ic.ncc: 

0I I~I_< 

V1l (\u~ )1....'"" 

only on ( T.- i - ·, ', 
• ! "'" I - __ J 

( [';CJ_ ) - \ 1< \' f
\ - ~ 

( 
- ~. \I ) 

(h .I-~ . 22) 
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l.. _;L_ 1Y\F( l.0) ::.. l c\]~- (o( lJ...C..... \ l Q­
3 

i') tl 
(. 

l<i: (_ 'f 1t'3 ) I( ,_ - i 

I 
\ '\ \ ( 1.. \(, ,. 

. \-i_ 
\ ( . I (4 .4 .2J) J~\~ ,\ 

\ 

;<. (4 . 4 . 2LJ.~ 

r:.nd 

<.. 
J F 1.__._:i )=­u.o... I L.. \... 

CLrn -------·­

( /J. 4 ?­
' ' ' --)I 

~n 1 ·".tions (1L.4 , 20 , 21 , 23 , '2'-~ and. 25) all011 :.!... Tor l onr.;ituc!inal i;a ves 

t0 ':;e c ::.J.c".Jl:,ter1 with the inc lusi on of :;; ..onon clr1.z e[fect s . .3i'.1i1.<J.r 

e r.u·;tions r:oul.i be.; founcl for the 'J.t tenuJ.tion o: t.ransvcrse ·.-:1.ves . 



C:-!AFTER 1 

SCATT:::rnr;c TEE A:F-fROXI:·lATION 

5 .1 The Anisot:co~ic Scatterin~ Tine Solut ion ----- · ·-- -· - --- - -- - -· · ------~-------------

~he trial solutions given by (Lt- . 1 .22) are clearly def icient in 

one irnporte.i'..t res.::iect . They a r e taken from the isotropic scatter:n0 

t::'.le a "'.)Drox:'.'".e.tion ::enc i cno:ce any anisotropy of the electron Qean free 

paths over the ferr.ii surface . In reality the phonon li::iited mean free 

n"lth o: an electron i:i the state l'.: can depend on the position of r. in 

3rillouin zone because 

(i) tte phonon :reauenc ies W~l~' which apnear in the expression for 

:?rz;-:' r'lef;end on the orientation of q as '.·Tell as its nac;nitude 

2 nd. (i i) the phonon 1·ravevcctors involved in Umklapp processes depend on 

the position o.: ~ 1rith respect to tl:e zone boundary . One approc..ch to 

includi~~ this anisotropy would inv~lve usin~ as a trial function a 

linear expa.nsion in terms o.: cubic hari.lonics and. then mini ::i isine; cl- i 

wi tt respect to the e xpansion coefficients . 3uc'.1 a procedure Hould 

be laborious and prohe, -:ily not very eriii'yinc . :;>ortunately a !'luc h 

more trans:r:·arent "a.nisotronic scattering time " solution l-.Ets been 

(11-6)
Tlropo ed by Sohinson ;rnd :Uow for the 3.n;tlocous problem in the 

theory of e l ectric::',]_ conct.uctivi ty . In 'rh3.t :'ollo1·1s a si::iil:1r "scattcri!!':',; 

ti11e '' solution -':.o the Boltznvrnn eauation Hill be derived for the 

ultrasonic -3.ttenu.J.tion in the law :-c?<"Uency :!.":FTine . Atten-tion ,.;ill be 

restricted to :iet~ls with S;Jh'2ric3.l L'er.:ii ~ur:aces . 
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Suppose t hat the :Sha ti2. e.nd Moor e solution for ¢~ applicabl e to 

t r a ns verse 1raves , g ive n by (J . J . 11) , was mod i f i ed t o a l lo•r fo r 

ar: i sotro9ic scatte :c i!'l~ t i nes L' , \~) and -C ,_(?) • Supnose fur ther tha.t 

these r e l ax2.tion ti'.".es five the syr:r :'.etry o~ -':, he :Br i l louin zo ne . Then 

\\\"' \{ - U. l cl·,s V,:: ) ' '[ l c~ ) ·~ "L l'\; ) -\- \ l .'(.\\ (\;) 
s 

(5 . 1 .1 ) 


And 

......_ 
I'- <. •'.) tl 1 \( = ( Y\ "' \i. "" L.\... c~ "> \J ;- Jl. (3 sl \<, 

\ 1< \( I-- l ., (< ,­---'1 \ --r 
Q -i:: :i 

~ 

'b \ \ 

l {\\."' ,.; - LI.. ri'-1~ / ["CL l. Gi \c_,l ~ ) ---c z_ c~ , ) 't\cis, ~--·--·-- --r-----­

(5 . 1. 2 \ 

ifo w 

-.. (5 . 1. J) 


http:ti'.".es


- - -

Since the T r.. ;<) have the syri:netry of the Brillouin zone t he J.ast ter:'l
'- ­

will :pq,ss through zero whenever k a nd '.".: 
1 
a r e r elated by a sy'.iletetry 

oyerat ion . In a cub ic crystal this will occur at a total or 48 points 

on the ::'eY'.ili s urfa ce . Thus it i s r e2.sonable to s u r::;:Jose that '.,rr.en 

• t • • ' -'- h • , 1 • ( ~ 1 " ) ' h • -'- . ll T l • • i....1ins er ea. l!YLO " e E1L. egr a El :; • • G t,_ is 1,erm wi _ naree a neg~igi e.J 

contribution . The same argument may be applied to the second i ntegral 

in (5 . 1. 2) . I gnorin6 the s~all ter'.ils one obt a i ns 

I Z.
\J ­1­

A s ubstitut ion of t he s olut ion (_5 . 1.1 ) into the right hand s i de o.: the 

3oltzmann equation (3 .3 .7) yields 

"(:.\ \( 1 
--- '> ccA-\""" ot. 

. '- 7- .j_ ' I ( 'I ,_ . ) ) - . (' v , ~ ~)\ " -r l.l \ ,;) . <__ .L l \::._ 
v ( (( "] ·""o~- ~ 

\ l.\ - ) -­

'"'""' ­- C.: C I<­

2Tl.- t t . 1 (.J. \r:e ern _, ro~or iona ~o q v,_.,; '( \: is clear ly negliGible and 
S -' t L 

i. 
3 
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r:J I it .,, I< I c\ k 

(5 .1. 4) 

(5 .1.5 ) 



So (5 . 1.5) can be written 

c ~ I< ::: [ (_I v - en -v.. v~ LL 'i1.1 c_£)rJ<; C<<.:\-\ 
(. t 

1.:> 

- l 7- ...,, ~ \Ir\" V ,~ LL '-'t ,__ l-; )1
J 

Divi dir:g each of the two expressions for ~~1:] ((5 .1. 4) and (5 .1. 6))c -t- Su..:\-\­

by u and equating the i magi nary par ts produces 

The 'Cz..u?i defined by (5 . 1. 7) does not precisely have the sy'.1'lmetry of t!:e 

Brilloui!"l zone . The enuation Robinson and Jaw found for their 

r e laxation tir:\es is very s i r.iilar and can be written 

i~ d - I r ,.., 
\ \( \<.I \<_ \5 •1 • ::: /"\\ol\"~) 

·-z:_ ( G:) 

Robinson and Dow replaced the intesral in (5 . 1.8) by 

This is strictly correct onJy for isotropic sci.tterin1; . In practice , 

however , there is very little dif~erencc betwee n the results of 

cal-:::ulations of the ideal r e::>ist ivity usin:::; the Robinson a nC. Jow 

a-p-;;roxbation and those usin :::- the exact. soJ ution to (5 . 1 . 3) (/t?) T'.--'.us 

http:T'.--'.us
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i t s eems reasonable to replace (5 .1.7) by 

This Ttl~J does hAve the required symmetry . 

The phonon li~ited (~(~) can easily be deternined fro~ (5 .1,9) by 

substituting expression (2 . 9) for P1 k' and i ntegrating both sides ·,,rith 
!< ­

r espect to ~k ' The energy integrals on the r ight hand side are then the 

same as those encountered in sect i on 4 .J and so it is straightforward 

to obtain 

(-~~ \ 
u \:. \~ J 

\ (5 . 1. s:: 

iZLw) dw } 


(5 . 1.10: 

Define 

, 

o(_ :.c.c \= ( w ~ ~ ) -:.'L (\'\ \< ;: I cLfl _. l l - ' oS' (Is , •.<' )) 


<6' n:. 1, V -:­
1 

\' -i f \ J \~ ~ 'A\ 2. ~ (le ,. l t..: ,\ l LS - ~ ' ) ) (5 .1 . 11 ) 

Then the :act that 

?_( ""' :"r ) (O~I - r.,l 0 k • I<. 
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alJows (5 .1.10) to be written as 

_l _ -1- i< - (5 . 1.12)
~ 

Y\\ v;::: 

The solution (5 .1.1) can now be used to obtain an expression for 

the attenuat ion coefficient by a d irect subst itution into (4 .1.11) 

r ( Cd ':dJ ~ ,:\ 6 .__cs f') '(i. J B1 4-' ) 

• 'i- iT 

(5.1.1J) 

This reduces to 

where 

The Game approach may be used for lonGitudinal waves and. the 

result is 

o( - (5 . 1.15) 

where 



68 

rLTd pf's' i\ 6 &B [t_,oo' (, 11,) L, lG ~ 
0 u 

?·Tumerical calculations will have to be petiormed be::ore it C2.n be 

said with certainty that the scattering ti~e solution pr esented in this 

section will produce smaller (and hence better) values for -x._- 1 than the 

f irst orde r va riat ional solut i on . 



The study of the finite t emperature transport properties of alloys 

is , i:'.1 £.:eneral , a comnlicated subject . This i s largely because 

inelast ic scattering of electrons from i!'lpurities i"lust be cor..sider ed . 

4?ortunately in very dilute alloys Y.us and Carbotte ( B) found that the 

electrical conductivity can be treated by a sim-r:·le extension of the 

Robinson and DoH tb.eory . In this section a completely analoGous t1:1eory 

applicable to the ultra sonic attenuation is considered . 

If one i gnores i nelast i c scattering fro~ impurit i es and any 

changes the i~purities may cause in the spectrum of ther~al phonons then 

the transition rates :for the electrons may be written 

0 
l 1< 1<' 

c:iCJ • th "d 1 tr;,nsi"+i· on t d t l ' h t' · 

and. P~1 1 arises from elastic scatterinc frol'l hrpurities . The relaxation 

where ~ Y:.~';: , is , e i ea c "' ra e ue o e ec-r,ron- :p onon sea -r,erini::; 

-{{ 

ti~es of section 5 . 1 beco~e 

\ \+ (5 .2 . 1 ) 

v ~ )whe::.e 'L"Ll~ ) is de:' ined by (5 . 1.10 and 

'"""' (, \) ,, ) r_J L -- ~ 
\ 

.Jl. ( \ - "LO c. ~ ' ~ I ) t\: 
1 ~ 

~I cl \< (5 .2 .2)- c '<( I<.) ~ - n 1OE,( t - ~ 
J.. t . - b . l . t . ";)~ . J i... • t .The · s ea i., ering pro :n. i i ies ~ ..,J c-.re , in r:encra . , somc:-11:'1. J.. 

i., ;;.niso ro _ic 

( L~~ 

but Xus c.:.nO. Carbotte , ~ound. th?.t riui te :?;OOd results c:i.n he 0b7.a i ned 
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oy ignoring this anisotropy . In the present case this amounts to 

setting 

l 
( ~ 2 ..,\
:J . • .n 

or equivalen-':,ly 

. . . -'- h t . -'- 11 . ~ R ' bThe ad vantage of tlns assu::i:ption is t- a i., a _,_ows <- i.. t-o e deternir.ei 

fro~ a ~easure~ent of· the zero tefilperature attenuation . ?or transverse 

waves 

(5 . 2 .5) 


and, of course ,.i..\"«-s :or lonzitudinal waves is just 4/J tines (5 .2 .5) . 

Under the assumptions (5 .2.1) and (5 .2.J) the finite te~perature 

at":.enuation for transverse waves i s given "by 

" :. -....
'2 '(\ \."' \[ :: \< ".'- c\· 'l.\__)_ 

< 
(5 .2 . 6) 

'f ~ T(L 1, \,/ ·~ () 

It i3 convenient to express this in terns of deviations :ror1 the 

er:_ui nlent of '.-'.atthiessen ' s rule (4 . 1 . 21) , i.e . 

http:deternir.ei
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\ 
-~ 

,.J. CT) 

( ,.. ? 7 \ ::> . - • ) 

?ro:-". (5 .2 . 6) 

,....... I ~ 

. Li_ 

\- \ '-~ li< ~ \ 

rul1leri cal c2.lculations of the D3I~~ using (5 . 2 . 6) would provide an 
(:::. p'\_./ . 2 . - ; 

ind i cat i on of how confidently one can use (L~ . 2 . 21) to seperate out tb.e 

id~al attenuation . 



CHAPI'ER VI 

ELECT~Oi'Y- ELS~T:.:tOr: SCATI':!:RH:G 

Throughout the previous ch2.pters of this thesis it h2.s been 

tacitly assuned tha.t electron- electron scattering processes can be 

neglected in the 3oltzmann eauation . It is well known (49) t~t the 

contribution of electron- electron collisions to the electrical 

T2resistivity varies as The extreme difficulty in finding any T2 

dependence of €~experimentally is good evidence of the insignificance 

(40)
of electron collisions / • The situation for the ultrasonic 

attenuation is rather different , however . Only Um.'.<lapp electron-

electron processes contribute to ~~ but , as will be shown below , :iornal 

pr ocesses can contribute to cl. 
-1 

• A rough theoretical calculation has 

been performed by 3hatia a nd. i·'.oore (ll ) wno found that the effect of 

electron collisions may become important at tenperatures belo·d about 

2° K in monovalent metals . Though this contribution to the attenuat i on 

may be signi::icant over only a sna.11 temperature range it is 

interesting in its own right as a many- body effect in metals th.3.t is 

- 2 (in princi?le) observable . In fact a measurement of the T dependence 

of ol. would essentialJy be a determination of the intrinsic viscosity of 

the conduction electron gas . In this er.apter the theory of the 

contribution of electron- electron scatterin8 to ex. will be presented . 

The treat~ent will be r estrict ed to free e lectrons . 

The effect of electron- electron scattering can be included. in t.~ 

72 




73 

(11)3hatia anC. '.foore analysis in a si:nple way ?or transverse waves 

\ ( 6. 1) 

'~ 

where T is the 3hatia a.ncl !·'.oore \::<- calculated by considerin,~ on:y 

el ectron-lattice scatterin~ anc~ where 't\~ is 'tL evaluated with only 

electron- electron scattering . The attenuation coe:ficient :or longitudinal 

waves is just 4/J tines that cive:1 by (6 . 1) . 

The ex:!.Jression for ~e.-:. can be written 

\i r\( ·)
\ <.., '- - J t 1< "' 

" kk"'.where ~. is the intrinsic transition rate of the two electron process 

I '\( ,-, ·'- \,• I 11
\ (. \:- \ < --":> -.-- \~ 

If ooth sides of ( ~ . 2) are lntesrated with respect to E. 
.( 

the result is 



l 
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\< ., 1<. ''f 

{___! '.'.:-' !': ', \£. ' '.. 1(' ' ' c :,\:' 
(6.J ) 

·.r " r... " ' 
whe:re the fact th3.t '.)/7-, d.enends only on the angle between k and :/' has been used. . 

";< •( ­

The inte~rals apr-earing in (6 .J ) are very si~ilar to t hose in refe:rence (49) 

where it is shown that they can be reduced to 

2... _ <_ ~ f.-12.. 

\<. i? \ \< - \ (.__ 

--~------l~-:..~----

<t "b rT i.f f:. j \.: -:."3 

where 

..._ \(I I \.C. /I ( ,- \ < ti\< ii t 

~ \ <-\(-; G l t.:,< 'v\J \; li--; 

and where it is under tood that the vector 

must li8 on the fer:':'"ti surface . 

The :'our di!'.lcnsional i.nte::;ral in ( iS .L~ ) r,;in be further reduced to 

...... ;o.... I 

a two d il7lens ional i nte t::;r al as Ol OHS , ?ir~ure 6 ~ 1 shows the vectors .....: , k 

A 1, ..-\. it I 

and J.:., . " r,,. " is the ~ Hhich .:o:::- :;i ven .'.'.=. and '-< -1akes the b.r-:est ~11'.:;le OM .- , 

All ossible •1ectors -~" h?.ve th2L ho."..ds 0:-1 the r.2.shed circle sho•m 



A.. . ..... , .. ,, ,

Fi .g . 6.1 The vectors Js. , k and Js. M· 
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,,, . 
- l gure 6 . 1 

A 

,,-~'' 
-M 

...... 
I<. 



Fig . 6.2 The def inition of the angles /?, and ¢ . The notation is 

the same as in Fig . 6 . 1 . 
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Fi gure 6 . 2 

.~,, 

- '" -M 

A 

L:. x.. 
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in : i e;ure 6 . 2 . J:'hus the intecr al over .~L~· is equivalent to one over cJ.. 

and the integr a l over .::1,<.. is eauivalent to one over ¢ . i·'.o re :precisely 

(6 .5) 


and 

, . c\. ..)L ,, ·· (6 . 6) 
j fS 

The angle 0 can be found by noting that 

..-'\_I A. 

b\ -\-- (_ <.:.: ·:; ,J.. \< ( \~ -\- ~· ) (C S (6 . 7) f3 
J2­ -2... 

~'.ow oose:rve t !:at in the (x , y , z) system of f i gure 6 .2 the coordinates o: 


........ """', ,., •' 

~ . T: and k are 


\< \ () ) 'S \ '(\ l ~ - c:). ) ' ) (._ Q ~ \ p - vi__ ) ) 

/'>- ' 

\< 

\( l­ (6 .8) 
-" ,, 

"'\. "'I ~ "" '' )so 'C · I~ and k • k can both be ev.:i.luated sir.]ly . :Bqm.tions (6 .5) , (6 .6 , 

(6 ,7) and (6 .8) allow (6 .'~ ) to be written :is a c o::i:p ic3.ted cxpress.:..on 

1 hic h , i1oweve:r , only involves ci. b-10 d. ir:i.cr..sional inte:;n.l. 
,,_ ,,,

l.- f 

7o evaluate ·,.~~'the £'or.1 o~' -:he ele~tron- electron _::io-:enti:'.l is 

http:d.ir:i.cr
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needed . The collective coordinates :nethod of treating many body effects 

in a ch3.ri:;ed :e::cr:ii lif!.uid ::_;reduces a poteYitial which may to a good. 

• ' • , • ' .j. (50)
a~~rox1~a~1on oe wr1~0en 

\2 X O (-? \C - \ \)
\ ~ - \ -2 

;·rhe r e 

and where a '3 is the Bohr radius . ~-"or electron densities of real 

metals the potential (6 .9) is too strong for the 3or n approxination to 

be used (50) . In ::'2.ct the Born ap:!_)roxhation n2.y overestbate the 

tot al scatterin~ cross-section ~ya factor o: about 5 (5l) . It can 

be shoHn (5 2) that a p::cope::c :;i:::.rtial :·1a.ve analysis of -;-,he scatteriYJ. ~; gi · es 

'":1. , - "3 I - l (6 . 10) --"-.)-"L.-'--'\'-\ ---~~--­

'(\\ z _n_l.. 

where U is the an:;le betwee:-i k and 1/'and 

r- \ 
-S \ i'\ C°:I L\< ­\­

, 
whe::!'..'e the .::..L are the usual m rt i<J.l wave uhase sh i fts (5Lt-) .-:i.nd the ? _ 

L 

are 1egendre :!_)olyno::b.ls . The nhase shi:'ts can ':Je deter nincd fron the 

. 1 ( / 9' . -'- h ~ . l . ~ h . (54)~otent1a o . J in 0. e [a~1_11r :as ion . 

The results uresente1 iYl ~his cha~ter would allow a n1~eric2l 

c~.lc~1lation of;"- a s a :ur..ction o: elect::!'..'on der,sity t'.-.3.t ;..ioulcl be very 

http:olyno::b.ls
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nearly exact for f ree electyons . Such a calculation would provide 

use:ul guidance to experir:'.entalists who 01ight wish to engage in a se2.rch 

2for a T- dependence in the low temperature()( . 
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Appendix A 

In this appendix 

\ ./ \( 

\ '-- \ \. <. \ 


wi ll oe evaluated . The angular brackets indicate an a verage over all 

orientations of q . '"1ithout loss of generality .i c.3.n be taken to lie 

along the z-axis and k can oe taken to lie i n tr.e xz- plane . The 

cartes ian components of ~ . k and a can be written a s 

\( (~) Ol \) 

"" 1 
\< 

) 

where (:) and c:f are the polar coord inates of q . The required a vera;e 

can t hus be written 

\< ) 

l 1.. ("· 

x I.. 0 • .) 0 ­
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- t.f­- ( l- ( 
l. 

Q ') ~ )
IS 

-- <-+ \ I ­
( 0 :/- ( (~ !: I ) ) 

I s­
(A . 1) 
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