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INTRODUCTION

The theory of the effect of a low concentration of
defects on the lattice vibrations of a crystal has been
worked out by various investigators, including in particular
Elliott and Taylor (1964) and Maradudin (1963), who investi-
gated the problem of a single mass defect in a crystal, and
later extended the results to include a low concentration of
defects based on the multiple scattering of phonons off
individual defect sites (Elliott and Taylor (1967)).
Theoretical investigations of the phonon shifts and widths
were carried out by Lakatos (1967), Lakatos and Krumhansl
(1968) , and Kesharwani and Agrawal (1971), but no comparison
with experiment was done until Bruno and Taylor (1971)
calculated the phonon shifts and widths in the T(z00) and
T1(zz0) directions in a Cu-Au alloy and compared with the
experimental results of Svénsson and Kamitakahara (1971).
They found that the results could be fitted with nearest
neighbour force constant changes, but that the changes
required were excessively non-central. Kesharwani and
Agrawal (1973) have repeated the calculations using central
force constant changes calculated from the Krebs model and
have achieved some success in fitting to the experimental

results in these directions.

A



In this thesis the calculations of shifts and widths
in the T(zzz) direction for an alloy of 3% gold in Copper
will be undertaken using the perturbation technique of Bruno
and Taylor (1971). Three constant changes will be determined
by fitting to the elastic constants meésured by O'Hara and
Marshall (1971), and the shifts and widths calculated from
these changes as well as those of Bruno and Taylor (1971),
and Kesharwani and Agrawal (1973) will be compared with the

experimental results of Kamitakahara (1973).



CHAPTER I

THEORY

1.1 Green's Functions

1.1.1 General Theory

The Green's function relevant to the neutron
scattering problem is the double-time thermal Green's
function of Zubarev (1960). This is defined as follows:
if A and B are two operators, then the retarded Green's

function Gr(t,t') is:

G.(t,t") <<A(t);B(t')>>_

=i6(t-t")<[A(t),B(t")]> (I-1)
where 6(x) is the step function defined by:

o(x) =1 } x>0 (1-2)

0 X <0 ’

and A(t) is the Heisenberg operator, A(t) = elAt/hAe-LKt/h.
[A(t),B(t')] is the commutator for the phonon case, and
<A> is the thermal average of the operator A. This last is

1
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given by

<A> = Tr(e'wkTA)/Tr(e'WkT) (I-3)

where H is the Hamiltonian of the system and T is the

temperature. Similarly, the advanced Green's function is:
Ga(t,t') = 1i0(t'-t)<[Aa(t),B(t")]> . (I1-4)

The significance of the Green's function lies in its relation
to the correlation function <A(t)B(t')> which is used in
linear response theory to describe the response of the
observable A to a probe coupled to the operator B. This
relation will be shown below.

The method used to obtain the Green's function is
to form an equation of motion based on the equation
satisfied by the Heisenberg operators, i.e.,

i dA

ac = [A,H] -

Thus, by differentiating Gr(t,t') with respect to t, we get:

., dG _ i '
ih E‘E = 'h(S(t £ )<[A(t) IB(t )]>

+ <<[A(E) X1iB(E")>>] (1-5)



where use has been made of the fact that

= 45(t) .

The second term on the right represents a basically more
complicated object than the original Green's function, and
further differentiating generally leads to higher order
Green's functions; all of which reflects the difficulties
inherent in any general solution of the many-body problem.
However, in the particular phonon case, it so happens that
this equation of motion can be solved exactly as will be
shown below.

Certain general properties of the Green's function
are of interest here. First of all, if the Hamiltonian of
the many-body system is time independent (as is the case in
the phonon problem), then the Green's function depends only

on t-t'. This stationarity principle allows us to write:

Gr(t,t') = Gr(t-t') = Gr(r) T = t-t' (I-6)
and similarly
Ga(t,t') = Ga(t—t') = Ga(T) . (I-7)

The relation between the Green's function and the

correlation function can be seen explicitly by expressing



the Green's function in terms of the so-called spectral
representation. This involves choosing a particular set of
basis states, namely the eigenfunctions of the full
Hamiltonian, H, and expressing the thermal average in terms
of these states. The Fourier transform of the Green's

function is defined as:

1 (7 iwT _
B I G.(1)e dt (I-8)

-—Q0

G, (w)

E%I J 6 (1) <A(T)B - BA(1)>er®T dar . (I-9)

-0

In the representation generated by the above mentioned

basis states, the correlation function is:

—Bw
<A(1)B> = = I <m|A(1)B|me (I-10)
m

where 8 = fi/kT and |m> = Em|m> = fiw_|m>. Using the fact

that the set of states, |m>, is a complete set, we can

write finally:
<A(T)B> = I dwe” T¥Ts (w) =113

where

e ™ <m|A|n><n|B|m>6 (w-w__) (I-12)

S(w) = 2 nmnm

= §
Z mn



and

S(w) is called the spectral function, and depends on both
the excitation energies, Wom of the Hamiltonian as well as
on the operators A and B through the matrix elements,
<m[A|n>. Furthermore, the spectral function is simply the
time Fourier transform of the correlation function in

question. Similarly, we can write:

<BA(T)> = J dwe 19T 3 (u) {T-13)

-c0

where

s <m|B[n><n|A[m>8 (wtw ) . (I-14)

z
mn o i

These two spectral functions are related by:

S(w) = e Bu S(w) (I-15)

which can be seen by simply interchanging the indices m and
n in the expression for S. 1In terms of these spectral

functions, the Green's function becomes:



_ i i
Gr(w) = EFI'J B(t)e

- 00

x [1 - e PE;

or, by expressing the step fu

<o
wT -iw'T
dt J dw'e

-0

S(w'")

nction as:

. © =ixT
_ i = -
6(r) = 2T J x+ic 9% g+ 0
and using the fact that:
a1 [T —ixt
§(x) = 5 I dt e
the Green's function becomes finally:
oo -Bw'
o e J1 = e 1S(w')
Cplw) = 37 J Rl w - w' + ie
o0 S ]
== 2_ dw' [l - e Bw ]S(w')
27 w - '
-2 -ePIs

(I-16)

(I-17)

(I-18)

(I-19)

(I-20)

where P denotes the principal value integral. The advanced

Green's function has a simila

r form:



o —Bw'
_ 1 dw'[l - e 1S(w') .
Gt} = 5 J w - w' - ie Afmdd)
_ P (Tde'[1l - e B9 15w
T2 w - w'
+2-e s . (1-22)

Several points should be noted here. First of all, the two
Green's functions can be considered simply as two branches

of the function G(z) defined over the whole complex plane

T (I-23)

where there is presumed to be a cut along the real axis.
In this case, the retarded and advanced functions are
obtained from G(z) by approaching the real axis from above

and below respectively, i.e.,

Il

Gr(w) G(w + 1ig) (I-24a)

and Ga(w) Glw - ig) . (I-24Db)
Secondly, we obtain immediately the desired relation

between the Green's function and the correlation function

from the spectral representatives. Subtracting Eg. (I-22)

from Egq. (I-20) gives:



Glis + 1} = Bln ~ de) = = i[1L = o PP1a{w) (I-25)
— -Bw
or ZImGr(w) == [1-e 1S (w) - (I-26)

Remembering that S(w) is, in fact, the Fourier
transform of the correlation function, we see that all
physical information is céntained in the imaginary part of
the retarded Green's function and, in fact, the real part

is related to the imaginary part as follows:

© Im G (w")
N § . r/a -
Re Gr/a(w) = % = P J dw L (1-27)
which follows immediately from (I-20). Similarly, the
retarded and advanced functions are related by:
Re Gr(m) = Re Ga(w) (I-28a)
Im Gr(w) = - Im Ga(w) : (I-28Db)

1.1.2 Perfect Crystal Green's Function

We consider first the lattice vibrations of a
perfect crystal. By "perfect", we mean a crystal
consisting of n identical unit cells which has translational

symmetry. It is not necessary that all the atoms in the



crystal be identical, as for example, a crystal containing
more than one atom per unit cell. However, as a
consequence of the translational symmetry, it follows that
the eigenstates of the perfect crystal Hamiltonian are
plane waves. In general, the Hamiltonian for the vibrating

crystal is written:

l s pi(l) L s a (2a9)u (2)u. (2) (I-29)
— = —_— = ' u u L] —
2 0 M T2 g Pas e
IYe

where it is assumed that the oscillations of the atoms from
their equilibrium positions are small. In the above

equation % is the number of the unit cell running from 1 to
N, while a and B run over the three cartesian components

as well as the several atoms within the unit cell, if the
lattice is not a Bravais lattice. It is assumed that each
atom oscillates within a potential ¢ (r;, I,, .../, Iy,
dependent only on the atomic positions, but which may include
non-central effects due to the conduction electrons in a
metal, etc. Then, if ua(Z) is the o-compcnent of the
displacement from equilibrium of the lth atom, the
coefficients AaB(QQ') are simply those of the quadratic
term in the Taylor expansion of ¢ about the equilibrium
positions, i.e.,

524

aua(z)aug(z') » °

(I-30)

AaB(ll') =
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It is the stipulation of small oscillations which allows
us to neglect all other terms in the expansion.

For the neutron scattering problem, the relevant
Green's function is the displacement-displacement Green's
function:

: 1. = 2T . i, -

Gas(zz ’T)r/a R <<ua(2,r),u8(2 ,0)>>r/a . (I-31)

Using this function and the Hamiltonian (I-29), the equation

of motion (I-5) becomes:

: d '
ih o= GaB(zl';T) = 2ﬂ6(T)<[ua(£,T),uB(l ,0)1>
+ -?hir- <<[ua(2'rT)r ]7u8(2'10)>>
(1-32)

a bt o 201 3 -
or: a? Gas(lﬂ, iT) = £ Ma(z) <<pa(2'lT)luB(’Q'"0)>> . (I 33)
A second differentiation with respect to T gives:

d2 2T
. V. - el 5 '
1B g B (A5) = gpiy A (ThSlRg () g (17400 1P

2T ) .
¥ M _(2) <<lpy (L,1) /i 15ug (2750)>>

(I-34)
and finally an equation consisting entirely of the Green's

function:



kB &

a_
2

- M ()
% dt

GaB(Ql';T) = 28 (T)8(2L"') S (a,B)

+ AaY(£2 )GYB(Q ¢ 5%

2
Y
” (I-35)
It is convenient at this point to use the Fourier transformed

Green's function:

GaB(QR';T) = f dwe_in GaB(ZQ';m) (I-36)

00

and secondly, to define the mass reduced quantities:

gas(ll';w) = /Ma(Q)MB(R') GaB(ll';w) (I-37a)

Aas(ll')

aaB(QZ') = (XI-37b)

/Ma(l)MB(IL')

Equation (I-35) then becomes:

wlg g (20170) = 6(22")6(a,8) + T ay (28")

.Y
2’"

X gYB(!L“,z' 1 1 B (I-38)

Up to this point, the assumption of a "perfect”
crystal has not been used, i.e., the masses of the atoms
have keen allowed to vary from one position to another

and no stipulation has been made concerning the force
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constants Aae(zz'). Therefore, Eq. (I-38) is completely
general and will be used below to derive the defect-crystal
Gréen's function. To solve for the case of the perfect
crystal, it is convenient to transform to the so-called
"normal coordinates" by means of the uﬁitary matrix defined

by:

1

U(sksak) = N1 ol (k) exp (ikR)) (1-39)

where 03(5) is the eigenvector of the dynamical matrix

associated with the force constant matrix:

o w0 9 3 - - -
Dag (k) = E agg(s-t'explik: (R, - By)] (I-40)
and R, is the position of the 2* unit cell. It follows

from the translational symmetry of the perfect crystal that
aaB(ll') depends only on the distance between the unit

cells:

aaB(z,R') = aaB(Q-l') . (I-41)

Then the ca(g) satisfy the eigenvalue problem:

B

J — J -
I Dy (K)o] (k) = wi(ko)(k) . (I-42)
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It is assumed throughout the following that a Bravais lattice
is being considered. Then j numbers the three eigenvalues of
the above equation. Finally, since the eigenvectors can be

chosen to satisfy the relations:

J 3" _ "
i oa (&)ca (k) = ij. (I-43a)
and
j j _ &
§ ca (k)cB(k) = 6&6 (I-43Db)

{(Maradudin, Montroll and Weiss (1963)) it can be seen that U

is the matrix which diagonalizes the matrix a:

z U(j§;a2)aa6(£l')U*(j'£';82')
ap
2%
= 6.1 1Byyr02 (k) (I-44)
s b Al -l R '
where k and k' run over the N values within the first
Brillouin zone, and j, j' run over the three branches

corresponding to the eigenvalues of (I-42). That the matrix

U is unitary follows from the relation:

L expl[ik°'R
%

o1 = NA(k) (I-45)
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where A(k) = 0 unless k is a reciprocal lattice vector.

Thus, if Eg. (I-38) is written in matrix form:

wzg =1 + ag (I-46)

" then the transformed equation becomes:

w?ugut = 1 + vautugu’ (I-47)
2~ _ ~ ~
or w’g =I+ ag . (I-48)

In the case of the perfect crystal, we know from Eg. (I-44)

that

a(3j';kk') = 6..
a(jj ) 35

So the equation reduces to:

2
'6kk'wj (]i) . (1—49)

w?B (33" 5kK") = 855180 + w5 (R)B(33' ikk") (1-50)

343

where the perfect crystal Green's function is written as 5.

This equation may be solved to give:

§.:40

jj' "kk'
m2 - w?(&)

plii*skk") =

(I-51)
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showing that the perfect crystal Green's function is
diagonal in normal coordinate space, as expected. Finally,
by performing the inverse transformation, the Green's

function in real space is:

p=U puU (I-52)

: . -ik*(R,-R,,)
3 3 = =g S
oI (ol (ke

3k i = w§ (k)

or: Pog (A" 50) = 1 i (T~53)

N

1.1.3 Defect Crystal Green's Function

The defect crystal is one in which certain atoms of
the perfect crystal are replaced by atoms of a different
mass and possibly a chemically different species. The more
numerous atoms are called the host, and the others are called
the impurity or defect. No assumption is made at this point
concerning changes in the relative positions of the host or
defect atoms, as a result of the substitution. However, these
changes will become relevant in applying the formalism to the
study of the neutron-scattering problem as will be seen
below.

If the mass of the host atom is M, then the change
in the mass of the atom at site 2 as a result of the impurity
substitution is conveniently written in terms of the

parameter e (%) as:
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M(2) - M=-¢e(2)M , (I-54)

(where Bravais lattice is assumed). Similarly, the force

constants BaB(ZR') of the defect crystal are written:
] = ' ' L
Bae(lz ) = Aas(ll ) + AAaB(ll ) (I-55)

where AaB(QQ') are the force constants between the host

atoms in the perfect crystal. It should be observed that

the force constants between host atoms of the defect crystal

may be changed due to the deformation of the crystal about

an impurity. In general, the matrix AA has non-zero elements

clustered on and about the defect sites and this set of

sites around a given defect is called the "defect space".
With these definitions, the equation for the defect

crystal Green's function may be obtained, using Eqg. (I-38)

in the form:
M(l)szaB(JLJL';w) = §(28") S (aB)

+ BdY(ll")GYB(l",k';m) (I-56)

z
Y
2'"

or, using (I-54) and (I-55),
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L < e(z)]szcaB(zz';w) = 5(22') 8 (aB)

+ I AaY(zz“)GYe(z“,l';w)

Y
2"
+ E; AAaY(JLR, )GYB(K &0 s w)
5" (I-57)
Introducing the defect matrix:
‘ T = ] 2 ] .
CaB(QE T w) (22 )SGBMe(z)w + AAaB(zz ) (I-58)

and reverting to the mass-reduced quantities:

g = MG and a = % ’ c = % (I-59)

we get the equation in matrix notation:
2
w'g=1I+ ag + cg . (I-60)

But if p is the perfect crystal Green's function, it must

satisfy

wzp =1 + ap (I-61)

or P = (w21 - a)_1 . | (I-62)
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Then Eq. (I-60) becomes finally:

g =p + pcg (I-63)

which is in the form of a Dyson equation for g.
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1.2 Solutions of Dyson Equation

The starting point for the defect problem is the

Dyson equation (I-63):

G

P + PVG ., (I-64)

The solution of the problem depends on the precise nature

of the matrix V, which is given by Eq. (I-58):
1y — ' 2 ' -
VGB(RZ ) = A@as(zl ) + Me (Q)w GGBS(QZ ) (I-65)

In general, this matrix of dimension 3Nx3N, consists of a
series of blocks down the diagonal with zeros at other
points. There is one block for each defect centred at the
defect site and the size of the block corresponds to the
"defect space" defined above. As is obvious from Egqg. (I-65),
it is the force constant changes which cause the off-
diagonal disorder, i.e., off-diagonal non-zero elements of
V, and because of this, the possibility exists of overlapping
blocks. Furthermore, the precise nature of V depends on the
configuration of defects in the crystal. Since this is
generally unknown, a configurational average must be
performed, in the same way that unknown variables are

averaged in statistical mechanics.
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Several special cases are of interest: First, the
single mass-defect; this corresponds to replacing a single
host atom by another atom of different mass, such that the
force constants throughout the crystal remain unchanged.
Although this is obviously an artificial problem, it is
important for several reasons: (a) the single defect is
the only problem which can be solved exactly and shows the
general nature of phonon scattering off defects; (b) it 1is
believed that the mass changes account for most of the
phonon scattering, while the force constant changes produce
secondary corrections; and (c) the scattering of phonons
off low concentrations of defects can be approximated by
multiple scattering off single defects, thus involving the
t-matrix for single defect scattering.

The second case is that of a low concentration of
mass defects situated randomly throughout the crystal. The
random configuration ensures that the averaging will restore
the translational symmetry of the crystal, while the low
concentration ensures that coherent scattering off groups
of defects will be negligible and only the single defect
scattering described above need be considered.

Finally, we will consider the case of a low
concentration of defects with force constant changes, under
the assumption that the concentration of defects is

sufficiently low and the defect spaces sufficiently small
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that the probability of two defect spaces overlapping is
taken to be zero. Under these assumptions, this problem is
essentially the same as the mass defect problem above,
while the increased difficulty is due to the short-ranged

off-diagonal disorder.

1.2.1 Single Mass Defect

Equation (I-64) is easy to solve for the case of a
single mass defect at the origin. The V-matrix can then be
written:

2

VQB(QZ') = Mew SGBG(ZQ')6(£0) . (I-66)

Equation (I-64) then becomes:

2
] = v + 1 o -
Gas(ll ) PaB(QZ ) $ PaY(ZO)Mew GYB(OQ ) (I-67)
It is well known (Maradudin et al. (1963)) that the Green's
function for the perfect crystal must transform under the
operations of the crystal point group in the same way as the
force constant matrix, i.e., if SaB represents an operaticn

of the group, then:

PaB(LL') = ig Saypyﬁ(lll)SBé | (I-68)
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where the operation S takes the atom at %' into the new
position L' and the atom at & into the position L. By
applying Eg. (I-68) to those elements of the crystal group
which leave certain atoms unmoved, various relationships
among the elements of the P-matrix may be deduced. This is
shown more explicitly for the F.C.C. case in Appendix I.
Here, it is sufficient to note that for the case of cubic

crystals, the following result can be shown: (Taylor (1964))
Pas(ll;w) = PaB(OO;w) = GQBP(O;w) . (I-69)

Eguation (I-67) can then be solved to yield the

Green's function for the single mass-defect case:

B ;
Py (20)Mew P, o (0L")

G ,(28') =P _(20') + 3 XX . (I-70)
aB op Y 1l - Mesz(O;w)
In particular, the defect-defect Green's function becomes:
w .
Gyg (00) 2010 g § (I-71)
1l - Mew“P(0;w)

From Eq. (I-70), we can see that the guantity

Mewz
1 - Mesz(O;w)

is the single-defect scattering t-matrix referred to above

(Klein (1963)).



23

We will be considering correlation functions like:

u®> = 3<ua(2,T=0)ua(2)> (I-72)
- U RN - Y PO P (X-73)
27 Bw _ 4 aQ !

where <u2> is the mean square displacement of the atom at
position 2 from equilibrium. The last equation follows
from the relation (I-11) between the correlation function
and the spectral function, along with Eg. (I-26) relating
the spectral function and the imaginary part of the Green's
function.

At the defect site, the displacement spectrum

<u2(w)> is proportional to

InGy, (05w) = 2 S 2
[(1-Mew™ReP(0;w)]” + [Mew“ ImMP(0;w)]
(I-74)
showing a resonance at that value of w = wp satisfying:
1 - Mew2ReP (0juw,) = 0 (I-75)
R "R
with a half-width at half-maximum given by
MeszmP(0°w ) 3 {I-76)
R "R

if o

R is contained within the range in which the density of
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states of the perfect crystal is non-zero. It can be shown
that Wp is within this range only if the defect is heavier

than the host atoms, i.e., € < 0 (Taylor (1964)). Then wp
can be thought of as the frequency at which the defect
naturally tends to resonate, while the finite width is due
to the decay of the mode into the nearby perfect crystal
ques. In fact, for the case of a light defect (0 < ¢ < 1),
the value of w satisfying (I-75) may be outside the perfect
crystal band. In this range the imaginary part of P, which
is proportional to the density of states, vanishes, so that
ImG contributes a pole to the integral (I-73). This mode

is called a "local mode" as it can be shown that the
spatial extent of this vibration decays exponentially with
distance from the defect.

For the atoms neighbouring the defect, the

displacement spectrum <u2(w)> is proportional to:

R . = 2
ImGaa(Rl,w) = Im{P(0;w)

PP

+ 5 Pay (100 — MeZgP(O;w) P o (02)} .
(I-77)

This equals ImP(0) plus a correction term due to the

presence of the defect which contains the resonance

denominator multiplied by P(Ol)z. This can be expected to

get smaller as ¢ gets larger, since P(02) measures the

correlation between atoms 0 and 2.
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Thus the main feature of the heavy-defect
spectrum is the resonance which predominates at the defect
site and becomes less important for increasingly distant

neighbours.

1.2.2 Low Concentration Theory

The aim of the low concentration theory is to solve
the Dyson equation to the first order in the concentration,

c. As outlined above, the underlying assumptions are:

(a) defects are randomly situated throughout the
lattice, so that the probability of finding a
defect at any given site is equal to the

concentration c.

(b) effects due to the overlapping of defect
spaces or the coherent scattering of phonons
off pairs or other clusters of defects, enter
as second and higher order corrections in the

concentration and may be neglected.

Several approaches have been used to arrive at the
low concentration result. In particular, the diagrammatic
analysis outlined by Langer (1961l) for the one-dimensional

lattice and subsequently extended by other investigators
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(e.g., Maradudin (1963), Aiyer et al. (1969)) has the
advantage that higher order corrections can be included in
a fairly straightforward'way. However, it is convenient
for this analysis to outline the algebraic approach of
Taylor (1967).

Since the defect spaces do not overlap, we can

write the matrix as:

v =73V} (1-78)
n

where Vn is the contribution from the defect at the nth
crystal site. 1In principal, the summation is over all sites
but the matrix V" vanishes if the site n does not contain a

defect. A non-zero V' consists of a single block centred

on the nth position on the diagonal, and may be written:
', = n ' 2 v -
vgs(zz jw) = A0 (28") + Me(n)w 8 (R27)6 o . (I-79)
The Dyson equation becomes:

G=P+ I PVG . (I-80)
n

It is convenient to separate out the scattering due to the

impurity at n by writing:

@ - Ve = {I - pvYHe = G° ‘ (I-81)
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where, obviously:

"=pP+ 3z PV . (I-82)

m#n

Thus G" is the Green's function representing the scattering
of phonons off all the defects except that at n. From
(I-81), the final Green's function is:

G = (I - v Lgh (I-83)

so that (I-80) becomes:

G=P+ 3 PVNI - PV L G (I-842)
n
and: P=p+ 1z PV -V 1™ . (I-84b)
m#n

We can now define the T-matrix, Tn, by:

™= v - pvH) L . : (I-85)

T is a matrix of dimension 3Nx3N, with a single block on

th

T
the diagonal at the n site if there is a defect at n,
and equals zero otherwise. To see that ™ is the usual
t-matrix for the scattering of phonons from a single defect,

it is sufficient to assume that Vm = 0 for all m#n, and

then Eq. (I-84a) becomes:



G=7P + prp .

In terms of the t-matrix, the Egs.

(I-84b) become:

G="P + 5 pTc"
n
and ®=p+ g prc"
m#n

(I-84a) and

28

(1I-86)

(I-87a)

(I-87b)

It is now necessary to do a configuration averaging.

For this purpose, it is assumed that all defects are

identical. Then, since P is independent of the configura-

tion of defects, it is necessary to evaluate terms like

<« = L spfg

where the sum is over all configurations and Nc is the

number of possible configurations consistent with the

(I-88)

s . 5 n . .
given concentration. Since T vanishes for all configura-

tions which do not have a defect at n,

<tc?> = ctn<Gn>n

it follows that:

(I-89)

where t" is identical with Tn,'except that it is independent

of the configuration, i.e., it assumes there is a defect at

n. <Gn>n is the average over all configurations subject to
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the condition that a defect exists at n. The fact that all
defects‘are identical ensures that t" is a matrix
consisting of a single block centred at n, and that the
only dependence on n is the position of this block.

Finally, Egs. (I-87a) and (I-87b) become:

<G> =P + I Pctn<Gn>n (I-90a)
n
and <¢"> =P+ 3§ Pet™ac™ . (I-90Db)
n m,n
m#n

Here, the quantity <Gm>m,n is the Green's function averaged
over all configurations subject to the condition that a
defect exists at positions m and n. Obviously the quantity
<Gm>m,n - <Gm->m is related to the correlation between the
defécts at m and n. Taking this latter quantity to be zero
is equivalent to the assumption that the phonon scattering
at the site m is independent of where the other defects are,
i.e., the scattering off the several sites is incoherent.
This assumption was pointed out at the beginning of this
section, and is now seen to be necessary in order to solve
the Egs. (I-90a) and (I-90b). Any quantity which depends

2

on the positions of two defects must be proportional to c

after the averaging procedure. Hence, by setting
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we are neglecting terms of second and higher orders in c.

The equations become:

<G> = P + ¢ I ptP<c™> (I-91a)
n
n 5
<G> =P +c r Pt™c™ . (I-91b)
n m
m#n

Switching indices in (I-91b) and substracting (I-91b) from

(I-91a) gives:
m _ m__m 5
26> — <G >m = cPt <G >m (I-92)
m i

or: <G >m = (I + cPtm)_ <G> . (I-93)

Finally plugging this result into (I-91la), we get:

<G> =P + c I Pt™(I + cpt™) L <G> (I-94)
n

=P +cziPV™(I- (opv) L 0 (1-95)
n

where v" is defined in analogy with tn, i.e., for every n,
v? consists of an identical block centred on the diagonal
at the position n. Since the summation is over all crystal
sites, it can be seen that the quantity:

X =% v?(I - (1-¢)pv™) L (I-96)

n
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has the same translational symmetry as the perfect crystal,

s -
XGB(QQ') = XGB(R - ") (I-97)

a property which will be used in the neutron scattering
problem below.

The Dyson equation in this form:
<G> = P + cPX<G> (I-98)

can be transformed to normal coordinates using the
transformation (I-39). Since X has the translational
symmetry of the perfect crystal, it follows that the

transformed quantity is diagonal in k. We can write:
+
Z(w) = cUX(w)U (I-99)
or explicitly

ij'(k’w) =c¢c I U(jksal)X (22')U*(j'k;BL") (I-100)
= gt T i -
aB

giving for the Dyson equation:

& it z " o Soe
GJJ (]j_lw) = 633 lPJ (_k_rw) + - & Pj (_}Srw) ZJJ (]_Slw)GJJ (}irw) .
!

(I-101)
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If k is in a symmetry direction, it can be shown (Appendix
T
II) that z3J (k,w) is diagonal in j. Then the equation can

be solved immediately to give:

ko) = lo? - Wi - 2w (1-102)
where use has been made of the fact that:
Pl = ¥ - el (1-103)

Thus the quantity I appears as a phonon self-energy
due to the scattering of phonons off the defects. The
defect crystal phonons have energies shifted from the perfect

crystal ones by an amount

Rezd (k,w. (k))
n, ===
= 2w (k)

with a finite lifetime related to

mz (0, (k)
20 (k) )

These results will be used in the neutron scattering problem
below.

The self-energy can be evaluated most readily for
the case of a low concentration of mass-defects, since the

defect matrix v is diagonal. In fact,
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n 1y — 2 ' £
VaB(QZ ) = Mew“8§ (22 )GaBS(l,n) . (I-104)

The self-energy in coordinate space is given by Eg. (I-96):

. n n
] = n nwot I-
xas(zz ) g yi" vaY(zz )YYB(Q ') (I-105)
where
¥ = [ - (1-c)pv?17t . (I~106)

To evaluate Y", we note that by definition of the inverse it
must satisfy:

¢ - (1-c)pvYP = 1 (I~107)

or using the definition (I-104) for vt

2

n v = = n ' 1
YaB(RQ ) = (l-c)Mew” I PaY(Zn)YYB(nK ) * SGBG(QZ | S

Y
(I-108)
But, if we make the replacement %2=n in the above equation and

use the cubic crystal result

PaB(nn) = PQB(OO) = GGBP(O;w)

we get:
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n ' - o 2 - n ! !
YYB(nQ ) (1l-c)Mew P(O,w)YYB(nm ) + 6a86(n2 ) .
(I-109)
This can be solved to give:
6.6 (ne")
¥R (ne') = Xe : ) (I-110)
Y 1 - (l-c)Mew“P(0;w)
So that Eg. (I-108) becomes finally:
; (l-c)MeszaB(ln)S(nl')
YaB(QZ') = > + § 86(22') "
1 - (1-c)Mew P (0;w) o
(I-111)

Inserting this result into (I-105) and using the definition

(I-104) for v gives after some rearrangement:

2
Mew
X (22') =% § ,6(22")68(2n)
af nl- (1—c)M€w2P(0;w) ag
Mewz

= § .8(28Y) 5 (I-112)
1 - (1-c)Mew2P(0;w) B

We see that for the case of the low concentration of
mass defects, the X-matrix is diagonal and has the transla-
tional symmetry of the perfect crystal. Furthermore, the
fact that it is proportional to the identity matrix means
that the self-energy I as calculated by Eg. (I-100) is
independent of both j and k, and is given by:

o
233" (k,0) = — Sawgs o o (1-113)

1 = {l~¢)Mew“P{0sw) 33
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That the self-energy is independent of both the branch and
the wave-vector reflects the fact that the defect has no

spatial extent, i.e., isotropic.

1.2.3 Perturbation Theory

When the low concentration of defects includes force
constant changes, the problem is much more difficult to
solve. For example, in the case of an F.C.C. lattice with
only nearest neighbour force constant changes, the defect
space has dimensions 39x39. Evaluating the X-matrix by
Eg. (I-96) is facilitated by transforming to symmetry
coordinates which block diagonalize the matrices (Lakatos
and Krumhansl (1969)). However, a further approximation is
possible which eliminates the necessity of inverting matrices
and hence greatly reduces the calculations involved. This
procedure assumes that the defect matrix v may be split

into two parts:
n
v = v, + vp (I-114)

where it is assumed that the X-matrix corresponding to vg

can be calculated exactly:

n_ n.. _ _ fiy=1 o
Xy = volI (1-c)Pv,] . £X=115)
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It is obvious from the preceding section that this will be

the case if vo© includes mass changes only. Furthermore, it

0

is assumed that vg can be considered a small perturbation

whose effect need be included to first order only.

If v@ is
P

taken to include the force constant changes, then since

Yo

= Mewzl, it would appear that this last condition is not

satisfied for low w. This point will be discussed later.

Equation (I-115) can be inverted immediately to give:

n _ _ Rs =L N
Vg = [T + (1 c)XOP] X0 2

Inserting (I-114) and (I-116) into Eg. (I-96) gives:

n n..—-1 _n n
XH{I - (1-¢)P[ (I + (1—C)X0P] Xg + vp]}
_ _ A ™l o0 n
= {[T + (1 c)xoP] x0 + vp} 4

This can be manipulated to give:

X1 - (l—c)Pv;(I + (1—c)pxg)1

n

_.n _ n
= VP[I + (1 c)PXo] + X0 -

(I-116)

(I-117)

(I-118)

Assuming that v; is a small perturbation allows us to write

to first order in vg:
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n _ n n B n _ n _ n
X [X0 + vp(I + (1 c)PXO][I + (1 c)Pvp(I + (1 c)PXO)]
(I-119)
., | n _ n_..n , n_. n
= x0 + vp + (l c)vaX0 + (1 c)XOPvp
2 Jh. N N
+ (1-c) xonpr0 . (I-120)

The simplification introduced is obvious since the first and
fifth terms have entries only on the diagonal of the defect

site, while the third and fourth terms are simply column and
row matrices connecting to the defect site. Furthermore, the

necessity of inverting matrices has been eliminated.
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1.3 Neutron Scattering

The low concentration theory can be used to solve
the problem of the scattering of thermal neutrons from
crystals with low concentrations of defects. The formalism
relating the neutron scattering cross section to the defect
crystal Green's functions is well known (Lakatos (1967)) and
it is sufficient here to present the results for the coherent
inelastic scattering which is the concern of this thesis.

If the crystal is bombarded with low-energy neutrons,
they may be considered a weak time-dependent perturbation of
the crystal system and the differential cross section for the
scattering of neutrons through solid angle dQ with energy

change E is given by Fermi's golden rule:

d”o ' m 2 2
=2 (—=)° I pP. I |<k'v'A"|V|kvAr>|
dQdE k Zﬂﬁz - A Vytys
x §(hw + EK - EX') (I1-121)

where k' and k are the final and initial wave vectors of the
neutrons, p, is the probability that the initial crystal
state is 2, Py is the probability that the initial neutron
spin state is v and hw = E. We take as the effective
potential between the neutron and the crystal, the Fermi

pseudopctential:
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V(r) = & a26(£ « B (I-122)

) .
. %

ap is the scattering length which may change from one atom to

another; in particular a, may be different for host and

| 4

impurity atoms. With these changes, the cross section may

be written in the form:

s kx' , m
=%

dQdE 2mh

2 1 (7 .
T [ dt exp(-iwt) i Py

-0

x zi' a¥a, <A|exp{-iQ-R, (0) Jexp{iQ-R . (t) }[A>

where Q = k' - k. (I-123)

I~

At this point, the cross section still contains the complete
information about the defect configuration and an averaging
must be done. What is required is the configuration average

of the gquantity:

<aza2,<llexp{—1g'52(0)}exp{lg-gg,(t)}|A>>CONF . (I-124)
However, for simplicity this will be approximated by:
<a§a£.>C0NF<<)\|exp{-1Q_-§2(0)}exp{lg'gz.(t)}|>\>>CONF .
(I-125)

The second factor is related to the defect crystal Green's
function as will be seen below and the averaging is done as
in the preceding sections. Assuming a random distribution

of defects, the first factor may be written:
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<afa > = <a£><a2.> if 2 # %'
(I-126)

= < 2 3 -— T

= <|a,|*> if L =&

or, assuming that all sites are equal after the averaging:

<a*a > = <a>2 + §

2 )
229 {£a™> = <a>™} ., {I=127)

23!
Since we are interested in the coherent scattering,
we will retain only that term proportional to <a>2 in the
cross section.
Finally, for small vibrations, the usual expansion
of the exponential terms yields the expression for the

coherent inelastic scattering cross section

2 2 Bw
d“c _ a’k' e A o
dQdE =~ 27k (f8_1) aze Q,QgIMG o (22" 7 w)
29"

where HiQ and hw are the neutron momentum and energy transfer
respectively, and a2 has absorbed the Debye-Waller factor
which is assumed constant for all atoms.

It is convenient at this point to write the Green's

function in the normal mode coordinates using the transforma-

tion (I-39):
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' 1 : : ‘i9°(5 - Bg')
InG o (44') = 3§ o*d(q)oy (q)e
q
x I3 (q,w) (I-129)

where the translational symmetry of the averaged Green's
function has been used. Inserting (I-129) into (I-128), we

get for the cross section:

dzc _ a2k' eB“u

= s z Q'cj*(g_)Q-oj'(g)
dQdE 2Tk (eP¥ =g Qg

-1) 33
- §

x ImGI3 ' (g, w) A (k-q) (I-130)

where A(Q-g) 0 unless k-g is a reciprocal lattice vector

(the summation on g is over the first Brillouin zone, while

there is naturally no such restriction on Q).
Experimentally, the scattering by a given phonon

branch j may be examined if the experiment is arranged such

that
063’ (@) =0 for ' #3F . (T-131)

In particular for g along a symmetry direction,

de _ azk' eew

dQdE 2rk " Bu_y)

Imé3 (q,0) R0 ()12 . (I-132)
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From Eq. (I-102), the imaginary part of the defect
crystal Green's function is:

L mz? (g, w)
ImGJ(g,w) =

[wz—wg(g)-Rer(g,w)]2+[Im2j(g,w)]2 '
(I-133)

Thus the peak in the neutron scattering cross section for
momentum transfer fig can be used to determine the shift in
the phonon energies, while the width of the cross section
peak can determine the phonon lifetimes. In the case of the

perfect crystal, we have:
J 2 2

so that in principle, the neutron should scatter at precisely
the energy ﬁwj(g) given by the perfect crystal phonon
dispersion curves, with a peak width equal to zero, i.e.,
the phonon has infinite lifetime. This is a consequence of
the fact that the normal modes of vibration are exact
eigenstates of the perfect crystal Hamiltonian. On the
other hand, the eigenstates of the defect crystal

- Hamiltonian are expressed as linear combinations of the
single-phonon states whose energies have been renormalized
by the real part of the self-energy I, while the imaginary
part of I reflects the spread in the single-phonon states

which have been mixed into the eigenstate.
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In practice, the perfect crystal cross section peaks
will never have zero width, but will have some finite width
due to anharmonic effects, random isotopic impurities, etc.
Furthermore, a basic width will be introduced due to the
resolution limit of the experimental apparatus, involving
experimental error in the measurement of neutron wave vectors
and energies. When these effects are taken into account,
the shifts and widths measured may be compared to the

predictions of the low concentration theory presented above.



CHAPTER II

CALCULATIONS

2.1 Single Mass Defect

The details of the calculation of the perfect crystal
Green's functions have been described in detail by Bruno

(1971) . The real and imaginary parts are calculated by:

|
2w

R L L -
Im P o (L2';w) Vg (42" iw) (II-1)

and
R “max Vog (48"
Re PaB(ER ) = g J wz —— dw (II-2)
0 w
where
: - v 3 3 | -ik-(2-2")
V o (22';w) = z f d"k o*’(k)joz(kle — ‘= =
a8 (2n)3 3 a 8
x §(wg(k) = @) . (II-3)

The symbol P indicates the principle value integral, and the
integral over k in Eg. (II-3) is performed by the method of
Raubenheimer and Gilat (1966) involving a summation over a

44
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mesh of points in the irreducible part of the Brillouin
zone.

The mean square displacements given by Eq. (I-73)
have been calculated for the case of a single gold impurity
in a copper host crystal. The parametér € has the value
-2.1, so a resonance is expected in the perfect crystal band.
Figures 1 to 4 show the graphs of <u2(w)> which are simply
proportional to Im G for the particular atom. In Fig. 1
we see <u2(w)> at the defect site; also plotted on the same
graph (dotted) is <u2(w)> for an atom in the pure host
crystal. Here the resonance can be clearly seen and in
fact, since the resonance frequency is low enough that the
perfect crystal density of states is relatively small at
this frequency, the result is that the resonance peak is
high and narrow indicating that the resonance mode is long-
lived with little decay into the band modes. Figures 2 to 4
show <u2(w)> for first, second and third nearest neighbours,
respectively. In each case, it is the displacement in the
plane of the line joining the defect to the neighbour.
Figure 2 shows that the effect of the impurity dies off
drastically and is already only a minor correction at the
first neighbour. The behaviour of <u2(m)> at the resonance
frequency is easily understood by reference to Egq. (I-77)
where the correction term is seen to change sign as w goes
through Wg thus giving the characteristic wiggle in the

spectrum. By the time the third neighbour is reached,
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Fig. 4 shows the effect of the impurity to be negligible.

The total displacements <u§a(2)> are shown in
Table 1 for the defect and the first four nearest neighbours.
Since the defect is heavier than the host it is natural that
the amplitude of vibration of the defect should be smaller
than the host. However, what is surprising from this table
is that the effect of the impurity is so small even for the
nearest neighbours. Of course, if force constant changes
were included in the calculation, then the effect would be
somewhat greater. Reference to Fig. 2 indicates that even
though the spectrum is significantly altered for the first
neighbour, the changes are more or less symmetric about the
perfect crystal spectrum and so these effects tend to cancel
out in the total integral. Thus, if we take this change in
the vibration amplitude as some rough measure of the extent
of the impurity effects, we may conclude that these effects
are of very short range, and this result may support the use
of the low concentration theory even at fairly high random
concentrations since the assumption is that the defects
scatter incoherently.

The same results can be seen for the case of a light
defect. Figures 5 to 8 and Table 2 show the calculations for
€ = .575 corresponding to an Al defect in Cu. In Table 2,
the contribution due to the inband integral has been shown
separately from the local mode contribution in order to

compare the two contributions.
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TABLE 1

MEAN SQUARE DISPLACEMENTS

(DEFECT) >
(1)>
(1)>
(2)>
(2)>
(3)>
(3)>
(3)>
(4)>
(4)>

(HOST) >

T = 50°K

2

(ANG™ x 10

1.5287

¢« 1317

2.1330

2+1335

2.1320

2.1343

2.1353

2.1353

2.1329

2.1321

2.1383

51
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TABLE 2

MEAN SQUARE DISPLACEMENTS

A A A A A A A A A A
= = (=T =] = = e o =

A
[+
XN NDXNONDNDK DX DX ODNNDNNNDX DXDN

e = .575 T = 50°K
INBAND LOCAL MODE

CONTRIBUTION CONTRIBUTION TOTAL

(anG?) x 1073 (anG?) x 1073 (ane?) x 1073
(DEFECT) > 1.3018 1.60116 2.9029
(1)> 2.1118 .00267 2.1385
(1)> 2.1335 .00017 2.1352
(2)> 2.1367 1.2 x 10°° 2.1367
(2)> 2.1333 2.98 x 1074 2.1336
(3)> 2.1361 1.86 x 104 2.1363
(3)> 2.1363 2.45 x 107% 2.1365
(3)> 2.1363 2.45 x 107% 2,1365
(4)> 2.1342 6.90 x 1074 2.1348
(4)> 2.1330 7.67 x 107> 2.13a1
(HOST) > 2.1383 0 2.1383

9S
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The local mode contribution has been calculated by
evaluating the imaginary part of the Green's function at
L Since wr, is above the perfect crystal density of
states maximum, it follows that Im P(wL) = 0, and Im G can

w=uw

be found from Eq. (I-70) by adding a small imaginary part

to : w > w+id, where § - 0+. Then Im G can be shown to be:

2

-Tew. 6 (w-w.)
Im GaB(lz';w) L L
-2 3 viw')dw'
[w—L- + ZEUJL [ ( 2 2 2]
wp, T W )

. V. =
X I Re PaY(RO,wL)Re PYB(OQ ,wL) (II-4)

and the contribution to the local mode is, from (I-73):

2
hewL coth(BwL/Z)

<ua(2)u8(2')> =

=2 3 V(nw')dw'
[— + 2¢ew f ]
w, L (wi _ w'2)2

X I Re PaY(RO;wL)Re PYB(OR';wL) .
(II-5)

Once again, the spectrum is drastically altered at the defect
site. In fact, Fig. 5 and Table 2 show that the contribution
from the single local mode frequency outweighs the whole
inband contribution. However, as we go down through the
neighbours, the local mode contribution becomes negligible
(.1% at the first neighbour) and the spectrum looks like that
for € = -2.1, except that the resonance effect is missing for

the light impurity.
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Thus, for both the light and heavy mass defect, the
effect of the impurity dies away so quickly that it is felt
significantly by only the first neighbour. In fact even for
the first neighbour, when the total displacement is changed
by 30% at the defect site, the change in that neighbour's
' displacement is about .3%. The changes in the spectrum can
be seen at the first neighbour, especially in the region of
the resonance, but then changes will tend to cancel in
calculating any physical property involving the integral over
frequency.

To extend this argument to the case of a point defect
with small nearest neighbour force constant changes, it would
seem reasonable to assume that the effects of the impurity
would be felt significantly at the defect and neighbour with
slight perturbation at the second neighbour. However, this
calculation has not been done here, so all that can be
argued is that physically, one would expect the force
constant changes to shift the resonance, and to extend the
effect of the impurity due to the larger defect space, but
not to extend these effects much beyond the defect space,
since the mass defect is incapable of doing this, as has
been shown. The significance of this result is to lend
support to the use of the low concentration theory, which
will break down when the coherent scattering of phonons off
clusters becomes significant. We conclude that these clusters
must be extremely close together to cause coherent scattering,

which means that the concentration must be fairly high.
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2.2 Copper-Gold Alloy

The low concentration theory has been used to
calculate the shifts and widths of the phonons in an alloy
consisting of 3% gold in copper. This system has ¢ = -2.1
so no local mode exists, and the low concentration makes it
suitable for this theory. Furthermore, the shifts and
widths have been measured experimentally by Svensson and
Kamitakahara (1971) for g in the directions T(z00) and T1(zz0)
[eigenvector (1/V2, -1/V2, 0)]1, and in the T(zzz) direction,
though this result is not published as yet. Calculations
have been done on this system by Bruno and Taylor (1971) and
most recently, Kesharwani and Agrawal (1973) for the T(z00)
and T1(zz0) branches. No calculations in the T(zzz) direction
have yet been reported.

The self energy is calculated using the perturbation
theory, Eg. (I-120), as described in Appendix I, where it is
assumed that only nearest neighbour force constant changes
are involved. The pure copper force constants fitted by
Svensson and Kamitakahara (1971) were used, as modified by
Bruno and Taylor (1971) to account for the overall expansion
of the lattice, which is about 1.6% at c¢ = 3%. The imaginary
part of éj(g,m) was then calculated using (I-133).

It has been shown, (I-130), that the neutron
scattering cross section is propdrtioﬂal to Im éj(g,w). In

fact, it is the peak in Im G? which determines the peak in
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the scattering cross section. It can be seen from (I-133)
that Im G would be Lorentzian in w if Zj(g,w) were
independent of w. In the lowest approximation, we set

w = wj(g) in I, and there the peak can be shown to occur at

- Re I9(q,u,(q))
w Rl + i (II-6)

ij(g)

while the half-width at half-maximum is given approximately
by:

Im £3(q,u, (q))
r v = . (II-7)

2wj(g)

However, since I is not independent of w, the peak tends to
be more assymetric and it becomes necessary to define the
peak to be the center of the half-maximum points of the full
function (I-133) in order to conform with the experimental
method of Svensson and Kamitakahara. This procedure involves
calculating the function G(g,w) at many values of w for each
q and performing some kind of operational measurement of the
peak position and size, so it is obviously more time
consuming. The approximation (II-6) involves the value of
L on the energy shell and will be referred to below as the
"on-shell calculation", while the operational procedure will
be referred to as the "off-shell calculation”.

The two procedures are compared in Figs. 9 and 10

which show the on-shell and off-shell calculations of the
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frequency shifts in the T1(zz0) and T(zzz) branches
respectively. The force constant changes used are those of
Bruno (1971) (see below). The off-shell results were
calculated by evaluating Im é(&) at 100 points within a
window of about 5T centred on the peak; where the peaks and
I' were calculated with the on-shell method. Im G was then
interpolated linearly and the shifts and widths were
measured. We can see from the figures that in both direc-
tions, the two methods differ somewhat especially in the
regions where the shifts are largest in magnitude. However,
as w >+ 0, the two methods converge. These differences
reflect the asymmetry of the peaks due to the w-dependence
of I, and are sufficient to warrant the use of the off-shell
method for comparison with experiment at high w, while the

on-shell method should be satisfactory for w - 0.
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2.3 Elastic Constants

The frequency shifts for k - 0 can be used to
calculate the elastic constants of the alloy, as has been
done by Kesharwani and Agrawal (1972) for dilute Mo-Re
~alloys. In the symmetry directions, the elastic constants

are related to the velocity of sound by

C_ = pv (Rittel (1968)) (I1-8)

nwN

where p is the density and L is the velocity of the
acoustic wave in the mode appropriate for the elastic

constant required. In particular, for cubic crystals:

2 2 -
Ca4 = PVr(200) = PVT2(220) (II-9)

2 ' -
€11 = PVL(200) (II-10)

2

1
] -— - - V4 -—
© 2 (?ll c12) PV11(zz0) (FE-d1}

The sound velocities can be determined from the dispersion

curves of the crystal:

dug (k)

Vs_ = "'—a-}—{-—' ’ _]E - 0 (II-12)
wg (k)

o for long wavelengths . (IX-13)

k
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In the dilute alloy, for small changes in the parameters
involved, we can write:
Av,  Bw, (k)

Ak
_ _ Ak (II-14)
¥y wg (k) k

But the change in wave vector is related to the change in the

lattice parameter by:

e 22
a
which gives:
Ak _ _ ba -
% = = . (II-15)

so that from Eq. (II-14), we get finally:

Ac Aw_(2z)
s Ap s Aa
—— D e—— + — - -
i > + 2 [—_;TET (II-16)

As z > 0, Aws(z)/ws(z) becomes independent of z. To
see how low it is necessary to go in order to get linearity
in the shifts, Table 3 shows Aw/w calculated using the force
constant changes of Bruno and Taylor (1971). We can see from
the table that Aw/w is linear to about .003% by the time w is
down to about 10-3 THz. This accuracy is limited by the

numerical methods used in computing the shifts. However, in

view of the approximations inherent in the perturbation



TABLE 3

Aw/w FOR z + 0

w Aw/w = T1(110) - w Aw/w - T(zz2z)
.629 ~.037762 1.02 ~.03428096
.613 x 107t ~.03628096 .103 ~.02937061
.613 x 1072 -.03627197 .103 x 107t -.02932597
.613 x 1073 -.03627201 .103 x 1072 ~.02932590
.613 x 10”4 ~.03627201 .103 x 1073 -.02932607

99
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approach, especially at low w, this accﬁracy is obviously
sufficient.

The elastic constants of Cu-(2.8 at.%)Au have been
measured by O'Hara and Marshall (1971) at various tempera-
tures and can be used to compare with the predictions of
| the low concentration theory. The results reported by
O'Hara and Marshall are shown in Table 4 where the elastic
constants for pure copper are those reported by Overton and
Gaffney (1955), since O'Hara and Marshall have not reported
these. The other reclevant parameters for Egq. (II-16) have

been given by O'Hara and Marshall as:

4.7 x 1072 at ¢ = .028

Aa/a

and
Ap/p = .044 .

Before using Aw/w from Table 3, it is important to
account for the finite frequency shift due to the overall
expansion of the lattice, as evidenced by the change in the
lattice parameter a. In fact, the shifts in Table 3 are
measured with respect to the frequencies calculated at the
new lattice parameter and not with respect to those of pure

copper. The additional shift due to the lattice expansion
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2.348
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2.186
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can be expressed in terms of the mode Gruneisen parameter

Y by:

ij(z) = wj(z)yj(z) %; | (II-17)

where

3 2 .
n wj(z)

Yj(z) = 3 n V (II—]-B)

These have been measured in the limit z - 0 by Daniels (1965)

for copper and have the values:

YTl(zzO) = 1.49
YL(zOO) = 2.48
and YTZ(ZZO) = 1.92

for the modes which will be of interest here.
It was decided to assume that the force constant

changes were central, satisfying:

Al1XX - A1XY = AlZzZ (II-19)

where AlXX is the change in the force constant between the

defect and the nearest neighbour at & = a/2 (1, 1, 0). These
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are related to what Agrawal (1973) calls the central and

non-central force constants A and B respectively by:

AA A1XX + A1XY (II-20)

AB = Al1Z2Z . (TI=21)

There are two reasons why central forces were
assumed. First, the c11 elastic constant can only be
calculated by knowing the frequency shifts along the
longitudinal brancheé, and it is precisely along these
branches that it might be expected that second and third
neighbour force constant changes play a significant role,
making this simple calculation unreliable. Secondly, the
experimental results of O'Hara and Marshall show that C11
is not a monotonic function of concentration, which, if not
casting suspicion on the results, at least rules out the
possibility of explaining it with a theory linear in the
concentration. So this leaves two elastic constants which
can fit unambiguously the two central force constant changes.

The elastic constant changes Ac44 and Ac' were
calculated by Eg. (II-16) in the T1l(zz0) and T2(zz0)
branches for various sets of central force constant changes.
Table 5 shows some of the results used in the fitting. We

can see from the table that the elastic constant changes vary



7l

TABLE 5
CALCULATION OF ELASTIC CONSTANT CHANGES

CENTRAL CONDITION: AlZZ = A1XX-AlXY

AlXx Al1Z7Z Ac44/c44 Ac'/c!
('I'Hz)'2 (THZ) 2
50 -5.23 -.0412 -.0217
75 -5.23 -.0311 -.00306
100 -5.23 -.0210 .0156
125 -5.23 -.0109 .0342
50 -5 -.0411 -.0212
50 0 -.0391 -.0100
50 5 -.0371 .00118

50 10 =+ 0351 .01235
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almost linearly with the force constant changes, which

makes the fitting procedure straightforward. Table 6 shows
the final fitted force constant changes along with the
elastic constant changes calculated from them. The other
force constant changes included are those fitted by Bruno

and Taylor (1971), and those of Kesharwani and Agrawal (1973).

The fitted force constant changes are very large
compared with the other two sets. In particular AlZZ is a
change of 480% from the pure copper, while AlXX and AlXY are
120% and 138% respectively. These results seem very
unphysical, in view of the changes calcﬁlated by wvarious
authors using phenomenological models (e.g., Kesharwani and
Agrawal (1973)). Furthermore, the validity of the
perturbation approach becomes doubtful with such large
changes. It may be that the second and further neighbour
changes are significant at these long wavelengths and that
these large values result from trying to force the nearest
neighbour changes to account for all the elastic constant
change. Also, it may be useful to relax the central forces
condition, especially since the measured force constants of
the pure copper are non-central.

At any rate, it is obvious that neither the force
constant changes of Bruno and Taylor nor those of Kesharwani
and Agrawal come close to calculating the correct elastic
constant changes, although Kesharwani is somewhat better

Bruno. In fact, although the Cq11 elastic constant was not



TABLE 6

COMPARISON OF EXPERIMENTAL AND CALCULATED ELASTIC CONSTANT CHANGES

] ]
A1XX A1Z2 A1XY Ac44/c44 Ac'/c Acll/cll
(THZ) 2 (THz) ~2 (THz) ~2
FITTED: 137.3 -39.8 177l -.0199 -.034 -.0196
BRUNO: 22.28 5.21 41.99 -.0515 -.061 -.0695
AGRAWAL: 58.75 - 2.5 61.25 -.0394 -.,012 -.0540

£l
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used in the fittiné, it turns out that the fitted changes
give a much better result in this direction than either of
the other two. At any rate, the final evaluation of the
fitted changes must be the comparison with the shifts and

widths measured throughout the entire frequency range.



75

2.4 Calculation of Shifts and Widths

The shifts and widths have been calculated for the
three sets of force constant changes, and are shown in
Figs. 11 to 13 for the shifts in the T(z00), T(zzz) and
T1(zz0) branches respectively, and in Figs. 14 to 16 for the
half-widths at half-maximum in the T (z00), T(zzz) and
T1(zz0) branches. In these calculations the effect of the
volume change due to the impurities has not been included.

Figures 11 to 13 show that the shifts are
considerably affected by changing the force constant changes.
For the T(z00) and T(zzz) directions, the shifts due to
Késharwani's changes tend to follow quite closely those of
the fitted changes, while in the T1l(zz0) direction, both
shifts differ from those of Bruno as well as each other. It
can be seen that the stiffening of the force constants in
the case of Kesharwani and the fitted changes has resulted
in a general decrease in the low frequency shifts and has
moved the resonance to slightly higher frequencies (see
widths), while enhancing the resonance in general. The
effect on the low frequency end in the T(z00) and T1(zz0)
directions can be understood since it was necessary to
decrease the shift as w tended to zero in order to fit the
elastic constant data (cf. Table 5).

Since the shifts due to Bruno's changes have been

shown to fit the experimental data in the T(z00) and T1l(zz0)



SHIFT (THZ)

004

02

|
.
o
o>

I
.
o
(o)}

-,08

-« d0

= o dil

FREQUENCY SHIFTS

FIGURE 11

IN T(z00) DIRECTION (NO VOLUME EFFECT)

BRUNO

KESHARWANI

FITTED

A

9L



SHIFTS (THZ)

FREQUENCY SHIFTS IN T(zzz) DIRECTION (NO VOLUME EFFECT)

FIGURE 12

.05

BRUNO

FITTED

KESHARWANI

-.05

-+10

=+ 5

OMEGA (THZ)

L



SHIFTS (THZ)

FIGURE 13

FREQUENCY SHIFTS IN Tl(zz0) DIRECTION (NO VOLUME EFFECT)

FITTED

KESHARWANI

OMEGA

(THZ)

W

8L



WIDTHS (THZ)

«15

010

.05

HALF-WIDTHS AT HALF-MAXIMUM IN T(z00) DIRECTION (NO RESOLUTION EFFECT)

FIGURE 14

& § 1 3 L) L ] L L] L]

BRUNO

----- KESHARWANI
’\

S eae I \

FITTED I\

_ )
!

OMEGA (THZ)

6L



WIDTHS (THZ)

.16

.14

.12

.10

.08

.06

.04

«02

HALF-WIDTHS AT HALF-MAXIMUM IN T(zzz) DIRECTION (NO RESOLUTION EFFECT)

FIGURE 15

BRUNO

FITTED

KESHARWANI

e

®oe
| 3

T w0 ST T TV e

) 1

.
°

OMEGA (THZ)

2

08



FIGURE 16
HALF-WIDTHS AT HALF-MAXIMUM IN T1(zz0) DIRECTION (NO RESOLUTION EFFECT)
T T T T T T T T ) T
————— BRUNO Ea Y
FITTED H %
*°°** KESHARWANI 3
0.2 [

T T T R A A

18




82

directions using his calculated Gruneisen parameters, it
would seem to follow that the shifts due to the fitted changes
could only be made to fit the high frequency experiments by
using some rather fortuitous combinations of k-dependent
Gruneisen parameters. It appears that forcing the fit at
this low frequency end has distorted the results in the high
frequency range, indicating that the two-parameter model is
too simple to fit the results over the entire frequency range.
Referring back to Table 5 we see that changing the AlXX force
constant while holding AlZZ constant had the effect of
increasing both elastic constants, while increasing the AlZZ
force constant increased the C' elastic constant most
significantly while hardly affecting the Caa elastic constant.
Thus starting from the force constants of Bruno, it was
necessary to change both force constants in opposite
directions, in order to affect the change in the elastic
constants, and as a result the large force constant changes
have produced the distortion in the shifts at high w.

Although Kesharwani has not shown any calculations
of shifts without volume effect in his paper (1973), it is
obvious that the shifts calculated here using his changes
are somewhat larger than what he has shown even without the
volume effect. In fact, the discrepancy amounts to as much
60% in the T(z00) direction. On the other hand, the shifts

and widths calculated using the changes of Bruno and Taylor
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agree precisely with their results, which tends to support
the validity of these calculations.

The comparison with experimental measurements of
Kamitakahara (1973) in the T(zzz) branch is shown in Figs. 17
and 18. Figure 17 shows the shifts after including the effect
- of the overéll volume change using the mode Gruneisen para-
meters defined by (II-18). Both Bruno and Taylor (1971) and
Kesharwani and Agrawal (1973) include a calculation of the
mode Gruneisen parameters in their respective papers, and it
is these parameters which have been used. The widths shown
in Fig. 18 include the effects of the experimental resolution.
This has been done by folding the cross section function with

a Gaussian, i.e.:

Jp(3,gw) = J expl- (="29213(j,q,0") dw"
2w (q)

where

k! eBw

J(jrﬁ:w) i —k" eBw_l

Im éj(g,w) .

The value of W(g) is obtained by observing the widths of the
pure Cu groups in this direction. The shifts and widths for
the alloy are then measured offshell using Jb(j,g,w).
Kamitakahara has given the following values for these Cu

widths in the T (zzz) branch:
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z WIDTH (FWHM) -THZ

0.1 0.21
0.2 0.29
0.3 0.29
0.4 0.39
0.5 0.44

so that W(g) is an approximately linear function chosen to
give these widths.

It is obvious from both Figs. 17 and 18 that the
shifts and widths calculated with Bruno's force constant
changes follow the general shape of the experimental curves,
but are still rather far off. In the case of the shifts,
the calculations are consistently too low at low w, but the
positive shifts measured in this region would seem to cast
doubt on these results. The calculated widths are too low
over the entire frequency range which might indicate that
the effects of the resolution have not been properly
considered. As far as the shifts are concerned, it is
difficult to pinpoint any one cause of error since so many
approximations have been introduéed to handle the change in
volume of the crystal. In particular, the mode Gruneisen
parameters are crucial in determining the shifts, especially
such k-dependent parameters as those of Bruno and Taylor (1971).

The mode Gruneisen parameters of Kesharwani and

Agrawal (1973) have been added to the shifts due to the force
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constant changes of Kesharwani as well as the fitted changes
and are compared with experiment in Fig. 17. Here, both sets
give shifts much too large in the vicinity of the resonance,
but tend to follow the results of Bruno at the low frequency
end. Again, it would seem that the rather large force
constant changes involved have distorted the curves at the

resonance.
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2.5 Conclusions

It has been shown that the force constant changes
fitted to the elastic constant data were unable to calculate
the shifts and widths properly throughout the high frequency
range, while the force constant changes adequate for the
high frequency range failed to calculate the low frequency
result. The obvious conclusion is that the model is too
simple to cover the entire range. A more realistic calcula-
tion has to include the possibility of long-range changes,
and certainly non-central volume-dependent effects should be
included as is now known to be necessary for any calculations
in metals. At any rate, a model with several more parameters
seems essential to fit shifts and widths in all directions.
Furthermore, as has been pointed out by several investigators
(e.g., Kesharwani and Agrawal (1973)), the effects of the
change in volume must certainly be included in a more sys-
tematic manner than has been done in these calculations, or
in fact, any calculation to date. Especially in calculating
the shifts, the mode Gruneisen parameters play a crucial
part, and must be calculated from some realistic model. At
the low frequency end, the mode Gruneisen's are known
experimentally so that the elastic constant data should
provide some means of fitting the force constant changes
which bypasses this volume problem. However, as there are

only three elastic constants, the fit will be unambiguous
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only for simple models, which seem to be inadequate from
these calculations.

| The force constant changes of Bruno and Taylor (1971)
fitted to the T(z00) and T1l(zz0) branches have been shown to
follow in general the trend of the experimental shifts and
widths in the T(zzz) branch while deviating in some systematic
manner from these results especially in the case of the
widths. This seems to indicate that a more careful considera-
tion of the effect of experimental resolution is in order, and
of course, a more realistic calculation of the mode Gruneisen
parameters in this direction.

The shifts and widths calculated by Kesharwani and

Agrawal (1973) have not been reproduced in these calculations
which indicates that there must be an error someplace.
Possibly, the perturbation theory has broken down in the
presence of such large force constant changes, and a compari-
son with the full t-matrix calculation is necessary. On the
other hand, the results of Bruno and Taylor (1971l) have been
reproduced for all directions, and the effects of the changes
in force constant changes on the shifts and widths seems to
support the trends predicted by both Bruno and Taylor (1971)
and Kesharwani and Agrawal (1973). The discrepancy can be

resolved only by further calculations using the full t-matrix.



APPENDIX I

CRYSTAL SYMMETRY AND PERTURBATION THEORY

The point group of a crystal is the set of proper
and improper rotations which take the crystal into itself.
Each element of the group may be represented by the 3x3

h

matrix S such that if x(%2) is the position of the lt atom

aB’
in the crystal, then the operative S has the effect of

moving that atom to the new position x (L)

xa(L) = g SanB(l) ! (AI-1)
Maradudin, Montroll and Weiss (1971) show that the force
constant matrix ¢ and the perfect crystal Green's function

must transform according to:

@aB(LL') = Y% Says66¢Y6(ll') (AI-2)
and
PdB(LL'),= jg SGYSBG¢Y6(£2') (AI-3)

where the operation S takes the atom at 2 to the position L
and that at &' to position L'. 1In particular, if the

operation S leaves both 2 and %' unmoved, then the ¢-matrix

90
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must satisfy:
d(22') = S®(R")S (AI-4)

i.e., it must be invariant, and this can be used to limit the
" number of independent elements in ?.

The symmetry properties of the F;C.C. lattice, of
which copper is an example, are well known.
If there is a point defect in the crystal, then the operations
of the point group must be applied in such a way as to leave
the defect unmoved. Under these conditions, all matrices

must transform in the same way:
A(LL') = SA(22')S (AI-5)
where it is assumed that the defect is at £ = 0. Using the

operations of the Oh group which is the point group of the

F.C.C. crystal, the following general results can be shown:

A,g(0,0) = 8§ Ay . (AI-6)

For the twelve first neighkours:

AGB(O,Q) = Aa8(0,2+6) (AI-7)
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where 2 # 0, 2 and %2+6 are co-linear with the defect and on
opposite sides. Furthermore, the following properties are
true for all force constant matrices (Maradudin, Montroll

and Weiss (1971)):

@aa(u') = @Ba(z'z) (AI-8)
i' @ae(u') = , (AI-9)

and
zi' @as(u') =0 (AI-10)

Using these properties, the defect matrix for
nearest neighbour force constant changes only has the form
shown in Fig. Al. Each of the matrices c; is of dimension
3x3 as shown in Fig. A2. To calculate the self-energy x by

the perturbation method (I-120), it can be seen that since

Mewz

xée(zz') - 5 (aB) S (22') 8 (L0) (AI-11)
1 - (1-c)Mew’P,

the only elements of P required are those connecting the
defect to the nearest neighbours. We can, therefore,
partition P in the same way as c¢. Furthermore, it can be

seen by inspecticn that the matrices P and ¢' commute for
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each value of i. Finally, using the symmetry of the P and

ct allows us to partition the X-matrix as shown in Fig. A3,
where
1 ' 2
X" = t(w)I + 1+ (l-c)t(w)P(0;w)]” cl1
7o
+ 4(1l-c)t(w) I c P [1 + P(0;w) (1-c)t(w)]
i=2
9.2 74 i2 '
- 2(1=-c)“t“(w) I c°P (AI-12)
i=2
and

xt = ol + (o) e()P(0iw)] - (1-c)t(w)eiPl . (aT-13)

t(w) is the mass defect t-matrix:

tlp) = Mew ! (AI-14)

1 - (1-c)Mew P (0;w)

In terms of these partitioned matrices, the transformed self-

energy, %, can be written:

LU |
299 kW) = ¢ I U(Gk,0)X 0 (281U (5 'k, BL")
aB
2"
= ext 5 + 2c I Z {-cz
e 11" af 2=2 o.B

: 2 343 1 N
+ 2cos[k-R(2)1X g}o) (o2 (k) . (AI-15)
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APPENDIX II

MATRIX ELEMENTS IN THE SYMMETRY DIRECTIONS

If S is an element of the point group of the crystal,

the effect of this operation on the dynamical matrix follows

from the definition:

Dyg k) = zi' 2,8 (22 exp(-ik- (R, = Rj.))

where @aB(zz') is the mass reduced force constant matrix.

From Appendix I, we can write

_ -1, -1
Dog(k) = I I S, Sged o(s78,5R")

e ys &Y

x exp(-ik-(2 - ")),

and using the property of the scalar product that:

L s7lg - g7t

exp(-ik- (& - £')) = exp(-is” 2 ")

gives finally:

D(k) = 513(s'1l_<_)s'1 N
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We define the group of the wave vector k as the set of those
elements of the point group which leave k invariant.
Denoting this group by Gk’ its elements are those operatives

S,. such that

k

s.k=k . : (AII-5)

Equation (AII-4) shows then that D(k) commutes with all

elements of G, . It follows that the eigenvector OJ(E) must

transform according to some irreducible representatives of Gk
(Tinkham (1964)), and further if w§ is two-fold degenerate, i
then the two eigenvectors must transform according to the

two different columns of the same two-dimensional irreducible
representation.

1!
These results can be used to show that £7J (k,w) is

diagonal in j if k is in a symmetry direction. By Eg. (I-100):

430 pn o e - PR, L
I°- (k) = li' explik: (R) = Ry, 1o *X o (22" 03
aB
= <cj|x(5)|oj'> ; (AII-6)

But it can be shown that X (k) commutes with every element of
the group Gk in the same way as the dynamical matrix. Hence

it follows that the matrix element

<d|x|o3 ">
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A |
J and 0?7 both transform according to the

nust vanish unless o
same column of the same irreducible representation of Gk
(Tinkham (1964)). Now, for a general k, the group Gk has only
one element; the identity, and oj and oj' automatically
transform according to the identity representation, so nothing
can be said in this case. However, for k in certain special
directions (the symmetry directions), the group Gk has more
than one element and the result above may be deduced. The
three symmetry directions in a cubic crystal are (z,0,0),
(z,2,0) and (2,2:2).

In the F.C.C. crystal, for the (z,0,0) and (z,z,2)
directions the transverse modes are degenerate. These two
eigenvectors must then transform according to the two columns
of some two-dimensional representation of Gk‘ On the other
hand, the longitudinal mode must transform according to the
identity representation. Hence it follows immediately that
the matrix element is diagonal in k for these directions. For
the (z,z,0) case all modes are non-degenerate, and it must be
verified by inspection that the three eigenvectors transform
according to three different one-dimensional representatives

i
of Gk' yielding the result that £ is diagonal in j for all

three directions.
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