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for 0 <t < ®, with (0,0) and ®as the end-points p and e respectively,

(Fig. 32).

First we show that the arc A is of cyclic order three. Let
2 2
(3 l4-2.) X" +y +2px+2fy +¢c =0

be any circle. Then the points of A which are common with a circle

(3.44=2.) are the roots of the equation

6 L 3

(3.4-3.) 9 5t w28« 2ut% 4 o =

Now there can be at most three variations in the signs of the
coefficients in the equation (3.4-3.). Hence by Descarte's rule it
can have at most three real positive roots. Thus any circle meets
the arc at most three times. Hence A is of cyclic order three.

The £angent circle of A at p through a point (52,53) is given
by

2 + y2 - (s—sB)y = O.

ks 8-> 0 this circle tends to the point-circle

X BNy = O

Thus C(p) = p.
The circle C(t,u,e), t,u € A, which is a straight line, is

given by




AYy-axis

FIGURE %2

Ny
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As u—>e (i.e., as the parameter u-—»co ) this becomes a st, line

through the point t and parallel to the y-axis,
(5.14"5) x=£% >
Thus the circle C('ue,t) is given by (3,4-5), Hence

lim C(Te,t) = Cle) = oo, fus C(e) is also a point-circle,
t—>e i



CHAPTER IV

UNION AND EXTENSION OF ARCS OF CYCLIC ORDER THREE,

4,1. TUnion of Arcs of cyclic order three.

Let A, and A! be open arcs of cyclic order three with a common

5 5

end-point p, and let e, e' be the other end-points respectively.. Put

K': ¢ Al K:eUA
3 =TT O L
e A=A UpPpUAl; R=e'"UAve.
3 2
Let T,Te denote the pencil of tangent circles of A3 at p and e and
Tgte, of A% at p and e's Assume that K3 and Ké are also of cyclic

order three.
Thus

C(p,Te) Z C(r,e) and C(p,re') ZC(tt,e'),

Let C(p) and C'(p) denote the osculating circles of A3 and Aé
respectively at p. Ye may assume that e € C(p)*.
If A has cyclic order three, the following conditions will

hold.

(i) A satisfies Condition I at p (cf. Theorem 3.3.1.).

Thus the two pencils T and 7' coincide. Ve denote this common pencil

by T.
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(i1) c(r,e'), CC'(p),C C(p), T C(r,e),.
Thus

A%C C'(p),C C(p), and A, C C(p)*< C'(p)* (Fig. 33).

3
(iii) A3 ‘jAé] does not meet C(p,Te') [?(p,re;] (Fig. 34).

(iv) A UD [Aék)p] does not meet C(Te',e) [C(ev,tejj "

3
(Fig. 35).
Our goal is to show that Conditions (i) - (iv) are not only
necessary but are also sufficient for A to have cyclic order three.
We observe that A will also have cyclic order three if we

add the condition

Clrye') £ C(v_, e,

L,2, Remark. It is clear that Condition (ii) implies

Condition (i). However Conditions (ii), (iii) and (iv) are independent

as we shall now prove,

L,2-1. Conditions (i), (ii) and (iii) do not imply Condition (iv).

Proof. Let e' (-1,0) and q(1,0) be the end-points of the open

arc B of the lemniscate
>
(x*+y%)— - y2 = 0,
consisting of the origin and the subarcs A! and B, vhich lie in the

2 -

third and first qudrant respectively. Then B is of cyclic order three

(cf. Remark on Theorem 3.2.2.). Clearly A! and B, are of cyclic

2 3

order three,



Cc(p)

Ct(p)

FIGURE 33

C{¥,e)
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FIGURE 3l
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' FIGURE 35
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Now, we show that C(q), the oscnlating circle of B! at q is

3

not a point-circle. The radius of curvature R of the lemniscate in

the polar coordinates is given by

B gmlo
(ho2-1.) R = le“_..r,_g)_,___ ¢
r+2r! spr!
At q, R = %‘- Since R £ 0 at q, C(q) # q. Hence B3 can be extended

through q to a larger arc of cyclic order three (cf. Theorem 4.6-5.).

Let B3 be extended through q to e such that the closure A, of the open

3

arc A, with the end-points p and e is also of cyclic order three.

3

Let A = A' {y pUA_,
% 5

curvature at p is infinite and hence C(p) is a straight line. Ve may

By (4.2-1.) we see that the radius of

take the direction of C(p) such that e € C(p)*.
Since A is conformally differentiable at p, Condition (i)
automatically holds. Also e'€ C(p), hence C(p) separates C(T,e)
and C(7,e'), i.e., C(1,e"'), C C(p), ¢ C(1,e),, where T denotes the
family of tangent circles of A at p. Thus Condition (ii) is satisfied.
Now C(p,fe') does not meet the right half-plane x > 0, hence
dces not meet AB. Since C(p,Te) will lie in the union of the right
half plane, the upper half plane, and.C(P)*, C(p,Te) does not meet
Aé. Hence Condition(iii) also holds.

But we see that Condition (iv) does not hold. Because

e € C{q)* (cf. Theorem 4.6.), C(Te',q) = C(Tq,e') we obtain

C(Te,,e)*CZ C(Te.,q)*

and hence C(Te,,e) intersects A3 (Fie. 36),



LA

A Y=axis

S

-

X=-aXis

FIGURE 36
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4,2,2, If A has a cusp at p, then the Conditioms (i), (ii),

_and (iv) do not imply Condition (iii),

Consider A! to be the arc of the lemniscate

5
(x2+y2)2 -2xy = O,

in the half-plane x = y ):O, with end-points p = (0,0) and e' =
1
(= ).

b}

V2 vz

Let A5 be the arc of the lemniscate

(x2+y2)2 +2xy = 0
in the half-plane x + y > O with end-points p = (0,0) and (-l—,- i

=z
Put
A = A5U pl}Aé.

Then A has a cusp at p (Fig, 37),

Obviously C(p), the osculating circle of A at p is the straight
line x = 0, Let ec¢ C(p)* and hence e'€ C(p),. Thus C(p) separates
Clx,e') and C(v,e), Hence Condition (ii), and therefore Condition (i)

holds,

Now the equation of C(?e',e) = C(Te,e') is

Up or A' U p, Therefore Condition (iv)

3

which clearly does not meet A

3

is satisfied,
But shall see that Condition (iii) does not hold, The circle
C(p,t%,) is given by the equation

x2 + y2 T X - e ¥ =9,

/2 E
. 2 ) 1ies on the line y. = x, and the radius
2V2 2yz2

is % . Also C(p,:%,) being a non-tangent circle, supports A at the

cusp point p, Since

Thus the centre (



ok

y=axis

X-axis

>
c(p)

FIGURE %7
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A3(: C(p,Te) while e € C(p,Te)*,

we obtain that C(p,Te,) meets A3 at some point. Thus Condition (iii)
is violated.

L4,2,3, Conditions (i), (iii) and (iv) do not implv Condition (ii).

Let A, be the arc of the ellipse

3
o .
(o221 55 + 15 o Vv iRl B
a b

with end-points e(0,b) and p(a,0); and A! be the arc of the same

3
ellipse with end-points e'(0,b) and p(2,0). Thus let

A:%UPUN,WM.%L

First of all we show that A, and A! are of cyclic order three.

> 3

The circle C(p,Te) has the equation

2 2

(h,2-3,) x2 + y2 + 2;.?;31_ y - a2 = 0.

Clearly this is not a tangent circle of A3 at p, which shows
that K3 is of cylcic order three.

The circle (4.2-3.) and the ellipse (4.2-2.) meet at two
points (#2,0) and touch at (0,b). Hence they do not meet elsewhere.
Thus C(p,Te) does not meet Aé. Similarly C(p,Te,) does not meet AB'
Thus Condition (iii) holds.

Since p is a conformally differentiable point of the ellinse

(and hence of 4), Condition (i) is satisfied.
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FIGURE 38



Finally, C(Te,e') — C(Te,,e) is given by

x2 + y2 = b2.

Now C(Te,e') does not meet A since a £ b. Hence C(Te,e')
does not meet A, Thus Condition (iv) holds.

From symmetry with respect to the x-axis

C(r,e) = C(r,e").
This implies that Condition (ii) does not hold,

4,3. Lemma. Assume Conditions (i), (ii) and (iv). Then

Condition (iii) is eguivalent to A having no cusp 2t p.

Proof, The following discussion is easiest to follow if we
designate p as the point at infinity.
By (ii)
A3 T cp)* () ¢(rye), and A% cc'(p), N Cclr,e)*.
Thus

A3 U A% C.C(v,e), N C(r,e')* = R say.

Since C(Te,p) # C(t,e) they intersect at e. Hence C(Te,e')

97

also intersects C(t,e) at e. Furthernore, since C(Te,e') does not meet

& 3

C(t,e') at e'. Symmetrically C(Te',e) intersects C(7,e') at e' and

C(r,e) at e.

A} y p and since A! is of cyclic order three, C(Te,e') will intersect



Orient C(T ,e!) [C(T ,,e)) such that Al CZC(Te,e')*

3
LA cclr ,,e).\

Thus

Aé & C(Te,e')* (1 Clr,e')*C' (p),

and

aycclr y,e)*nclr,e), NClp)*

Hence A, U A! has no points in common with

3 2

C(Te’e')* n C(Te',e)*(\R 4 RO Say.

The boundary of Ro decomposes R into three disjoint regions

of which Ro is one., Let Rl and R2 be the other two; thus

" t
A3 U ABC R1U R2.

Case I: A has a cusp at p;

- ' S i i .
Then A3 and A3 both lie in Rl or both of them lie in R2,

say in Ri' In this case, both e and e' will lie on the boundary

of Ri. Since C(p,Te) and C(e',Te) are tanpgent circles at e,

C(p,Te) vwill decompose Ri into two disjoint regions and A% will have
points in both of them. Hence C(p,Te) will intersect A} (Fig. 39).

3

Case IT: A has no cusp at p.

Here A, lies in Rl’ say, and A! lies in R.. Thus e[ e'] lies

2 3 2
on the boundary of Rl‘[Ré] « Then the circular arc C(p,Te) N\ R lies

in Rl and the arc C(Te,,p)ﬂ R lies in R Hence C(p,Te) [Q(Te,,pjl

e
S o \' '..l ar .
does not meet f3 \AB! (Fig 40 and 41)
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FIGURE 41
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Corollary. Conditions (i) - (iv) imply that A has no cusp

at p.

Remark. We observe that if the Conditions (i), (ii) and

- (iv) hold and A has a cusp at p, then C(Te,e') will have to coincide

“’ith C(Te' ’e)‘

Thus Conditions (i), (ii), (iv) and C(Te,e') A C(Te',e) imply

Condition (iii), and hence that A has cvclic order three,
e e e 3

L, L, Lemma, If Conditions (i) - (iv) hold and

o [0 I - AB’ gt ast € Aé then

Al Y e'cC(q,rys), and A,V eCC(q',r',s')*.

3 2

These results remain valid if two or all of q,r,s, coincide with one

another or with p or e.

Proof. Since e € C(p)*, Lemma 3%.3.3 implies fhat
6(q,r,5), DC(p), O Cp,T, ),

Since A = AB\)p\jA% satisfies Conditions (i) - (iv), A has no

cusp at p (cf. corollary of Lemma 4.1.1). Also C(p,Te) ¢,T. Hence

C(p,Te) intersects A at p. Now A C,C(p,Te)* and by Condition (1ii)

k.

Al does not meet C(p,Te). Condition (iv) implies that e"¢ C(p,Te).

e

" Thus Aé U e' does not meet C(p,Te). Hence

A% k)e'(:—C(PsTe)*'
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By Condition (ii), C(p) separates C(t,e) and C(r,e'). Also

e € C(p)*. Hence e' € C(p), and A% Ue'cC(p),. Altogether,

Ay Y e‘(:lé(p)* (iC(p,Te);k:AC(q,r,s)*

4,5, Theorem. Conditions (i) -~ (iv) are not only necessary

but are also sufficient for A to have cyclic order three,

Proof. Let t,u(?ABU Py B ute AéL)p. Using the Lemma k.4,
we prove successively that C(Te,,t) and symmetrically C(t‘,Te);

Ce',t,e) and C(e',t',e); Cle',t',t) and C(t',t,e); Cle',t,u) and

Cle,t'yu'); C(t',t,u) do not reet A elsewhere.

C(T,,t) 1

cle',t,e)

n

Ci(t)= 1C(tY,t,e) if i

Clezt' sut)

w & W

o] £ AN Y

Now Ci(p) does not meet A again., If t moves continuously
on A3 from p to e, Ci(t) cannot pass through p, cannot increase the
miltiplicity with which it meets e or e', and cannot suvport AB\JA'

)

at a new point. Hence Ci(t) does not meet A elsevhere,
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4,6, Extension of an arc of cyclic order three.

In this section we wish to prove that an open arc A, can

3

be extended through an end-point p to a larger arc of cyclic order

three if and only if C(p) # p and A, the closure of A,, is of cyclic

D4 3
order three.

Let e be the other end-point of A3 and let T and ¥ denote
the family of tangent circles of A3 at p and e respectively.

L,6.1. Ve know that a reflection in a circle followed by
a reflection in an orthogonal circle is a conformal transformation
which leaves both these circles invariant; cf. section 1.6. Let A,
be an open arc of cyclic order three with an end-point p, such that

C(p) # p and A, is also of cyclic order three,

3

: T C(p,Te) Z Clr,e).

Let D be any circle through p and orthogonal to C(p), such that D

/

3

in C(p) and then reflecting the resulting arc in the circle D. Then

does not meet AB\;e. Ve construct an arc A, by first reflecting Ag

we choose a suitable subarc B,CA, with image Bé(; Aé, and take

b,

A= Bé'u‘ P UAB, (Fig. L2).

To achieve our goal we show that the arc A is also of cyclic
order three. It suffices to show that Conditions (i) — (iv) of

section 4.1 hold for A.



105

FIGURE 42
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k,6,2. Since both reflections leave C(p) invariant, the

arc A is conformally differentiable at p. Thus Conditions (i) and

(ii) will hold.

3, and B!

Let eye',f and f' be the end-points # p of A3’Aé’ 13 3

respectively. Ye may assume that e € D*. Thus

AsUe c c(p)* n D*,

and
A% Ve'cC(p), 0D,

L,6.3, Condition (iii) is satisfied.

Let F bhe the circle orthogonal to the family of circles, T,

through p and any pointof A Let F' be its image under the reflection

&z

3'
in C(p) followed by the reflection in D. Thus

P CD,CFRe

Choose

B, A  Ihe

g i R E
and =

B3 - pUBBU e LelP;
thus

B! Al ! Bl e 1 Vo P oL P,
3(;3(\,,‘za.nd3 pUBBUf,fC

Since ABCZC(p)* O D*, while

C('rf. ) C[C(‘r,f')*\,i RL Xy 0 uﬂc.C(p)* VDU p,

A3 does not meet C(Tf,,p) (Fig. 43).
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c(p)

e, £4)

FIGURE 43
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3

C(Te,,p)*) we can assume that B} does not meet C(p,Te), (Figo 4ly), .

By shortening B! if necessary, (e.g., choosing B3 in

4,6.4, Condition (iv) also holds for the arc A,

In the following it is convenient to take e as the point at
infinity. If B! is chosen small enough, then C(f',re) will be close

3

to C(p,Te), while a circle through e and two points of §§ will he

close to C(t,e). Since C(p,Te) Z c(1,e), hence, C(f',Te) does not

neet BY y pe Ve may assume that

3

t } = 1 %
B3 U pC C(f ,'re) .

Next, C(f',p,e) is close to C(7v,e), while a circle which
meets ﬁ; againe. Since

fr € C(r,e)*ﬂC(p,Te)u
we have
6(s7,pye) € 007,00, 11 0(p,7 )] U [ 0Cr,00% i oyt ) ] up Ues
(Fig. 45, L6). |

But

A3 ch(T,e)*(q C(p,Te)*,

therefore C(f',p,e) does not meet A Ve may assume that

3.
A3 C C‘(f' Sp’e)*;
thus

B%C Clf! ypye)*s



FIGURE 4k
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N
C(f',p,e)

FIGURE 45
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FIGURE 46
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Now C(Tf,,e) is close to C(T,e), while C(Tf|,p) is close
to C(p). Hence
C(Tf,,e) P C(Tf,p).
Since

B% C C(f',p,e)* ()Y C(£? ,'re)*,

we obtain
C(%y40) T [C(f' pre)*C(EY 7 ) U [C(f' pae), O clee ,re)]
U (e, ).

ABC, c(£',pse), N C(£ ,re)*,

we obtain C(Tf|,e) does not meet AB‘U De

L4,6.,5. Combining the subsections from 4.6.1 to 4.6.5 we
obtain the following Theorem.

Theorem. An onen arc A, can be extended through an end-point

3

p to a larger arc of cyclic order three if and only if C(p) # p and

A, is of cyclic order threeo.

3
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