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PRBFACE 

The first chapter of this thesis summarizes some properties of 
ti 

the conformal plane and, in particular, of Mobius trans formations . 

The second chapt er deetls with the differentiability properties 

of eeneral arcs in the conformal plane. 

In the third chapt er, properties of a rcs of cyclic order 

three are discus~ed . 

In t he fina l chapter , we give necessary and sufficient 

conditions for the union of two arcs of cyclic orde r three to be agRin 

an arc of cyclic order three. We also give conditions under which a n 

a rc of cyclic orde r three can be extended to a larger arc of cyclic 

order three . 
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CHAPrEH I 

FOUND!tTION.S OF CON FORMAI. GEOMETHY 

1.1. The Conformal Pla ne . 

In the Euclirlea n plane we can introduce an ' idea l ' point m 

which we cFJ. 11 the "point a t infinity 11 • The set of points in the 

Euclidean plane together with the point at infinity is cn. lled the 

conformal pla ne . We sha ll assume tha t every stra i ght line pas s es throuc;h 

the point Rt infinity. Every point in the conforma l pla ne ca n be 

r epresented by a complex number z = x+iy or by ro • 

1.2. Stereo~ranhic Projection. 


Consider the unit sphere S whose equa tion in t he Euclidean 


three dimens iona l spa ce is 

2 2 2 
x + y + u = 1. 

With every point on S, except N: ( O, O,l)l we can associate the complex 

number 

x + iv( 1. 2-1.) z = l - u 

and t his corres pondence is one-to- one . The correspondence ca n be 

complet ed by letting the point a t infinity corres pond to (O,O,l) . 

1 
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'rhus vie ca n regc~rd the sphere .s. s a r epr esent<:?. tion of the conformal 

plane. 

Let P(x,y,u ) be any point other tha n N on the sphere . Then 

the line NP meets the pla ne in the point P' 1 gi\·en by (1. 2-1 ). This 

nappine of the sphere onto the ( x,y )-pl ane is a central projection from 

the centre (O,O,l ). It is called a stereor,raphic projection (Figo 1) . 

~2 ,1. Theorem . Under stereor;raphic pro;jection ci r cles on the 

sphere are r.1apped into circles and straiF/ht lines of th~- and 

vice-versa . 

Proof. A circle on the sphere S is the i ntersection of the 

sphere with a pla ne 

(l. 2-2. ) Ax + By + Cu = D 

w:Lth A2 + B2 + c2 ~ D2 to ensure actual intersection. Let ( ~ , 11 , -c;) 

be any point on the sphere corresponding to t he point ( x,y ,O) in t he 

(x ,y) -pl ane . By (1. 2-1. ) we have 

-- 1 + i1Z , where z = x + iy.
1 - 1 

Thus 

(l.2-3. ) 

Now =..1~~2 2 2 2
But . \ + °1 + ) = 1. 

(1- 1 )2 

1 + ') 
= 

1 - \ 



3 

FIGURE 1 
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Solving t hi s for )" , and then computine; ~ a nd 'Y\ , we obta in 

z + z i CZ - z ) 
~·-- and

2 1= 2 . 
/z \ + 1 {z \ + 1 

Thus if ( \ , Y) , ~ ) a l s o l i es on the pla ne given by equa tion 

(1. 2-2. ) we obt3in 

A( z+z ) + Bi<Z-z ) + C( fz t 2- l) = D( 1z\ 2+1) o 
,/ 

or 

( D- C)( x2+y2 ) - 2Ax - 2By + C + D = O. 

I~r D ~ C, thi s i s the equa tion of a circle , a nd f or D = C it r epresents 

n stra i eht line . In the l a tte r case , t he plane given by ( l.2-2 . \ and 

hence a l so the circle on t he spher e , passes through (O, O,l ) . 

To prove the conver se , we s t art with the equa t ion ( 1. 2-4. ) 

with A2 + B2 + c2 ~ D2 and r etrace our s teps . Eqw'l. tion (1.2-4 .) 

r epresents all lines a nd circl es i n t he ( x , y ) ~plane . Using formul as 

(1. 2-3. ) to e xpr ess x and y i n t e r ms of ( "i', 1 , ) ) we s ee tha t the 

l att er point on the s pher e mus t l i e in t he pl ane (1.2-2. ) . 

'l'hus the stereogr aphi c pro j ection of a circ l e or a s tra i ght 

line in t he plane onto the s phere i s a l ways a circle , and t his ci rc l e 

passes through N: (O,O,l) if and only if the pre-image is a strn.i e;ht 

l ine . 

1. 3. The ~biur, Plane . 

I n gene r a l by a conformal tr.<tns f ormation we mean an a ngl e-

preserving Mappinr.; . Ther e a r e confor mal r epresenta tions i n which 
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circles are not necessarily transformed into circles, but we shall not 

consider t hese in this discussion. 

Ra ther , ,,,e shall restrict our a ttention to the ma ppings T of 

the form 

az + b ,(1 .3-1. ) w = 
CZ + d 

v1hose coefficients a, b, c, d are compl ex numbers. We assume tha t 

ad - be I- O, so tha t 1·1 i s not independent of z. This a l so makes w 

well-defined 1 except when c I- 0 and z = d A mapping of this form is 
c 

" ca lled a Mobius Transforma tion. ( It is also ca lled a c ircular trans­

formation and a linear ( fractiom.l) trans formation. ) Certain geometrical 

properties will remain inva riant under these transformations. 

11 

Definition. (Mobius ) Conformal Geometry is the study of the 

properties 1-1hich r emain i nvariant under the conformal m:lppings (1.3-1.) 

The equation (1. 3-1.) ca n be solved with respec t to z and yields 

dw - b 
z = -cw + a 

The r esul t ing transforr1ation i s inverse to T ; we denote it by 

m-1 
J . • The existence of an inverse shows t h2.t the correspondence defined 

by T is one-to-one. 

1.4. Cross-ratio. 


Given any t hree mutually distinct points z2 , z3 , z4 in the c onformal 


" plane , t here exis ts a Mobius transformation T which c a rries these points 

into O,l,oo. In pRrticular , if none o f t he gi ven points is m, T will 

be given by 
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Iz _ z z _ z ___2 3 2 
Tz = z - z4 z3 - .zL1- • 

If z2 , z3 or = ro, the trans f ormation r educes toz4 


z
3 

­ z - zz4 2 

r espective l y o 

De f inition . The cross-rat:lo ( z1 ,z2 , zyz4) i s the image o f z1 
If 

under a Mob i us trans f ormation T \ h ich c a r r i es z2 , z3 , zli- i nto O, l , oo . 
II

1-·4 .1. Theor em . Unde r a Mobius t rans fo rmation U, t he cross-

1·a tio of mw fo ur disti nc t c omnl ex nuf'lbers z1 ,z2 ,z3 ,z4 i s i nvarici.nt; 

i .e., 

(1 .4-1. ) 

Proof. If Tz1 = (z1 ,z2 ,z3 , z4), then TU-1 ca rries Uz2 ,uz3 ,uz4 

into 0,1,ro. By definition, we ha ve 

1• 2• Anp;l es in the _£o n fo r ma1 pl ane . 

Le t z1 ,z2 ,z3 a nd z4 be the c omplex numbers /.. ( with fi ni t e 

coefficients ), O,l and ro r espe c tive l y . Then ( z1 ,z2 ,z3 , z4) = /.. , and 

henc e 

( lo5-l.) 

( F'iG• 2 ) . 

~he r e l 8 t ion (1.5-1 . ) is unalte r ed if we int e r chanGe simultane o1wly z1 
II 

It i s likewise inva ria nt unde r a l-iobius trans ­

http:nvarici.nt
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formation on account of the r elation (1.4-1. ) . 

IJet c l and c2 be two circles inters ectinc at two points P· and 

R (Fie. 3 ) . Let Q be n point on c1 and S a point on c2, Q I- p I- s 

" and Q I- R I- s. Dy a Mobius transforma tion, we can rnap P, Q, R i nto 

O ,l~ro respectivelyo Let S be ma pped into a complex number /(A . Then 
, ~-

c1 and c2 \·Jill be mapped into the two straight lines through 0 and l 

and 0 and fo respectively (Fii;. 4) . ,,...-Let these lines intersect at an 

angle e. Then 

e = amp ( fa- ) • 

On account of the rela tion (1.5-2. ) and Theorem 1.4.1 , 

(P-Q) ( R-S ) 
e = amp (P-S )( R-Q) • 

Thus we can define an ane;le between two circles in the conformal plane 

ns follows. 

If t wo circles c1 and j.ntersect at P and R1 and if Q andc2 

S l i e on c1 and c2 respectively , where P , Q,R,S are mutua lly distinct, 

t hen the an~le between c1 and c2 i s the amplitude of the cross-ratio 

(P ,Q,R,S), where P, Q,R,S a re complex numbers . 

I n particula r , if the amplitude of the cross-ratio is 
n: 

, then
2 

we say that cl and c2 are orthor;on<i.l. 

" Since e t!obius trC>-ns formation pres erves the cross-ra tio of 

f our points , it preserves the anGle be tween two circles . 
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We define two circles to be tangent to each other if they have 

a singl e point in common . 

Remark . We observe that if R t ends t o P and S I P I Q, then 

lim amp(P, Q,R,S ) = amp( l ) = O, 
R~P 

S,iP/Q 

and hence 

whether or not the circles c1 = C( P, Q, R) and c2 =C( P, R, S) themselves 

converge. Thus we may define the angle between t wo tangent circles 

to be zer o. 

1.6. Orientation of a circle. 

An orientation of a circle C is determined by an ordered triple 

of mut uall y distinct points z1, z2 ,z3 on c. With respect to this 

or i entation a point z not on C is sa id t o li e to the left of C if 

I m( z, z1, z2 ,z3) ) 0 and t o t he right of C if Im( z , z1,z2,z3) ( o. If we 

or i ent t he circle C, t hen the region l ying t o the l eft of t he oriented 

circle i s cal led the "interior" of C, and the region to the right is 

called the "exterior" of C. Thus any proper circle C ( i . e ., not a 

point-circle ) divides the conformal pl ane i nto t wo open regions, t he 

"interior" .£. of c and the "ext erior" c• of c. 

We now show that there are only t wo different orientations ; 

i. e ., the distinction between left and right is the same for all triples , 

whil e the meanings may be rever sed . 

Because of t he invari ance of the cross-r a tio it i s su f fi ci ent 

t o consider the case where C i s a real -axis . We have then to examine 
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az + b with real coefficients,Im(z,z1,z2,z3). 
CZ + d 

we obtain 

Hence the distinction between left and right is identica l with the 

distinction between the upper and lower half-plane . 
II 

Since a Mobius transformation T carries the real axis into a 

circle which we orient through the triple Tz1, Tz2, Tz3, hence from the 

invariance of the cross- ratio it follows that the left and right of the 

real axis will correspond to the left and right of the i mage cir cle. 

In general there is no way or reason to compare the orientations 

of two circles. An exception occurs when the circles are tangent to 

each other. In this case they can be transformed into parallel lines, 

and the circles are said to be equally oriented if they correspond to 

lines with the same direction. Another exception occurs when we consider 

the circles through three points of an arc of cyclic order three 

(cf. 3.3.2). 

II 

1.6.1. Theorem. A Mobius transformation preserves the 

angles between oriented circles. 

Proof. Let C1 ·and c2 be any two oriented circles. Suppose c1 

and c2 intersect at two points P and R. If Q E c1 and S ~ c2 then we 

have defined the angl e between cl and c2 as the amplitude of the cross­

ratio (P,Q,R,S)(cf. Theorem 1.4.1). Hence we conclude that the amplitude 

of the cross-ratio is preserved, i.e., angle between the oriented 

circles is preserved. 
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In the geometric representation the orienta tion z1 ,z2 ,z3 

can be indicated by an arrow which points from z1 over z2 to z3 

(Fig. 5) . 

When the unextended complex plane (Euclidean plane ) is 

considered as part of the extended plane, (conformal plane ) the point 

at infinity i s distinguished. We can there fore define an absolute 

pos itive orientation of all finit e circles by the requirement that point 

at infinity should lie to the right of the oriented circleso 

On a Riemann sphere there i s no reason to call one side of a 

circle the interiorc 

1.7 . Reflection 

1.7 .1. The points z and z are symmetric \vi th r espect to the 
II 

r eal axis. A Mobius transformation with real coefficients c EJ rries the 

rea l axis into itself and z,z into points Hhich are again symmetric:. 
II 

More eenerally, if a l·iobius trEJnsformation T carries the r eal axis into 

a circle C, we shall say that the points w and w' defined by w = Tz and 

w' = Tz are syr.irnetric with respec t to C. 

:=r -1 IThe relation T w = T w between w and w' and C does not depend 

on the particular choice of T. For if S is another transformation which 

carries t he real axis into C, then S- lT is a r eal transformation and 

hence 

-J -1 -1 _, 	 ­
S -w = S Tz = ~ and S ·w 1 = S 	-Tz = ~ 

- -1 S-1are also conjugate. Thus w - S ~ and w' = S ~ and so S w' = w. 
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Suppose T carries O, 1, co into w1 , w2 , w3 on the circle C. The 

trans forma tion defined by 

maps w1 ,w2,...,3 into 0,1,co respectively. Hence 

Thus 

Then symmetry can be defined in the following terms : 

Definition. The points w and w' are said to be symmetric with 

r espect to the circle C through \-11 ,w2 ,w3 if and only if 

(w1 , w1 ,w2 ,w3) = (w, w1 , w2 , w3). 

The points on C and any only those are symmetric to t hemselves . 

The mapping which carries w into w' is a one-t o- one correspondenc e 

and is called r eflection with respect to c. A reflection is i sogonal 

but not conformal , i.e. , it preserves angles in magnitude but reverses 
II 

the signs . Two r eflections will evidently r esult in a Mobius trans­

formation . 

1.7.2. In this 
l 
subsection we would revert to . t he notation 

z , z 1 , z1 ,z2,z3 ins tead of w, w1 ,w1 ,w2 ,w3 and invest i gate the geometric 

significance of symmetry. Suppose first tha t one of t he points 

z1 , z2 , z3 is the point at infinity. Then choos ing z3 = ro , the 

condition for symmetry b ecomes 
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-z' z- zl - zl 
(1.7-1) = 

z2 - zl z - ­
zl2 

Taking absolute values, we obtain, 

I z t - zl I = iz - zl I0 

Here can be any finite point on C, which in this case is a straichtz1 

l ine. Thus we conclude that z and z' are equidistant from all points 

on C. By the r e1ation (1.7-1. ) we have further 

- zIm z ' 
z - z12 

Hence z c:md z' are in different half-planes determined by C. 

Now we consider the case tiliere z1 , z2 and z3 all are finite. I.et 

a be the centre and R the radius of the circle C through z1 ,z2 and z3• 
II 

Since cross-ratio is inva riant 1mder a Mobius transformation we have 

1 
= c--~ z- a 

<z3-a) ( z3-n ) · 
- - ---- )

(z-,:-;:i. )
::; 

R2 
-- (-:::.--::- , z1-a , z2-a , z3-a )z-a 

R2 
= (=-= + a , z1 , z2 ,z3 ) . z-a 
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~~his equation shows t hat the symmetric point of z is z ' = +a or 
z-a 

that z and z ' s a tisfy t he relation 

from which we obtain 

which sh0i·1s t ha t z and z ' lie i n di f ferent r egions determined by C. 

z ' -ci. .Also t he r a tio --· is rea l and positive , say z ' - a = k ( z-a ) which 
z-a 

means t hat t he amplitude of z ' - a is equal t o t he amplitude of z - a 

and hence z and. z ' are situated on t he snrne hal f l ine from the centre 

a . There is a simple geometric cons truction of the symmetric point of 

z (Fig . 6) . We note that the syMmetric point of a is ro . 

II 

Theo~. I f a No )iUS tra ns formation T carries l'l circl e cl 

into a circl e c2 , then it transforms any :eai r of syMmet~c points 1ith 

r espect to int o a nair of symmetric points with res pect to c2 , i.e. ,c1 
fl 

tlobi us transforP.".ation nerserves svmmetrv . 

Proof . I f or c2 is the r eal axis t he t heorem follows fromc1 

the definition of symr~etry . In t he genera l case t he assertion fol lo\/s 

by t he use of an interme d.i a t e t ransformation U whi ch cnrri es c1 into 

-1the r eal axis . Thus 'l'U - t akes t he points Uz and Uz ' \vhich a r e 

symmetric with r espect to the r eal axis into the syr.nnetric points Tz 

and Tz ' on c2 • 
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" 1.7.3. Consider a Mobius transformation of the form 

where k f. 0 is a constant , say k = 1. Here z = a corresponds to 

w = 0 and z = b to w = ro • It follo ws that the straight lines through 

the o·rigin of the w-plane are i mages of the circles through a and b 

in the z-plane. These circles in the z-plane have equations of the form 

z - a 
amp z - b = e, -n ~ e ~ n. 

On the other hand , the concentric circles about the origin in the 

w-plane , ,jw / = .P (where f > 0 is a constant ) correspond to the circles 

in the z-plane •~th the equRtion 

\~ =~ \= ? • 

These are called circles of "Apollonius", with limit points a and b. 

Denote by c1 the ci rcles throur;h a and b and by c2 the circles 

of "Appolonius" with these limit points (Fig . 7 for w-plane and Fig. 8 

for z-plane ) • 

The configuration formed by all the circles c1 and c2 is called the 

Stein.er Confir;uration determined by a and b. This Steiner Confi guration 

has many interestinr; properties . 

(i) There is exactly one c1 and one c2 through each point 

f. a,b, in the plane. 

Proof. Any point of the plane , tor;e the r with the point a a nd 

b determines a unique circle c1 • Any fini te point c in the plane 

http:Stein.er
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determines a unique j = I ~:~ Iand the unique circle c2 : 

1 ~-~ J = f· 

( ii ) Every meets every c2 a t r i ght an1;l es .c1 

I! 

Proof o This follows from the fact that a Mobius trci.nsfori;iation 

preserves the angl es betwe en two circleso 

(iii ) Reflection in a transforms every c2 i nto itself andc1 

every into another c1 • Reflection in a c2 t ransforms eve ry c1 intoc1 

itself and everv c2 into another c2 . 

Proofo I,et z be any point on c2 and z2 be on cl (Fi e; . 9). Let 

z' be the ir~age of z wi th r espect to a r e f l ection in cl. Then the 

following r el a tion holdso 

z ' - - a I 
z' - - b 

Hence 

z ' 
z ' 

-
- ~ 1 I ~ - a 

- b 

and 

= r ' say . 

This shows t hat z ' lies on c2 • 

Since points on are a h mys syr:1rie tric to t hemse lves wi thc1 

respect to c1 hence by reflection the poi nt a i s mapped i nto itself and 

b into i tself. Thus a ci r cle t hrough the point a and b is transformed 

into a circle through the point a and b. 
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For reflection in a c2 consider the w-plane. Then the 

circles c2 are the concentric circles about the oriGin and c1 are the 

f;traisht lines thraugh the ori r,in. Let z by any point on c1 • Then by 

1~flection in a c2 , z is ma pped into the symmetric point z '. But by 

the dif1ctission in the subs ect:Lon 1.7.2 we know that z and z ' are 

s itua ted on the s ame half-line from the centre of the circle c2 • 

Hence z ' lies on c1. Thus is ma pped onto itself by a r e fle ction inc1 
II 

a c2 • By a Mobius tra nsforma tion we can extend t he property (iii ) to 

the Steiner configura tion. 

( iv ) The limit points a re svmMe tric with r es uect to each c2 , 

but not \·rl th r esnect to a ny other circle. 

Proof. Let the point a be symmetric to b · with respect to a 

circle C, Then for any points z1 ,z2 ,z3 on C we have 

Or 

Hence 

z - zlz2 - zl 2 
z ­= I: -:~ 1 /1 :-:~ 1/ z2 - z3 z32 

and 
1a - zll lb - zl l 

= la z;J lb z3/ 

Finally 
D. - z3z I p , s ay.b - z1: - z: = 

3 I" 
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But this relation holds if and only if z1 and z3 lie on the c2 given 

by 

cf. 1.7. 3. 

Hence the point a i s sym~etric to b wi th respect to c2 but not with 

r espect to any other circleo 

The points a and b are ca lled the fundamental points of the 

pencil cl, and cl is called a nencil of the first ki nd. c2 is called 

a pencil of the third kind (Fig . 8). 

A l imiting case of a pencil of the fi r st kind as a tends to b 

i s a pencil of t he second kind. It pbssesses only one fundamental 

point and is identical with the set of thos e circles tha t touch a 

Given ~ircle at that point (Fig. 10). 

1.8. 'l'he closure property of t he conformal plan~. 

We know that the conforrnl plane may be represented on the 

surface of a sphere in t hree dir.1ensional Euclidean space . Hence every 

infinite s equence of points in the conformal plane possesses a t l eas t 

one accumul a tion point, ,,,hich a l s o lies in t he plane. Thus the 

conformal plane is closed and compact. 

Theorem . Every i nfinite sequence of circles i n th~ conforrnEt l 

plRne possesses at least one limit circl e . 

Proof. Let l Cn \ be an i nfinite sequence of circles in the 

conforma l plane . Then there exists a subsequence , lCr~ \ C [en\ of 

circles which contains an infinite sequence of points possessing an 
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accumulation point. Again there is a subsequenc e lC~~ C [ c~1 of 

circles \.vhich c oni~ains n different sequence of points posses.sine; an 

accumula tion point. Finally there is a subsequence lC~' ~ C fc~ 1 of 

c ircles which contains yet another sequence of points possessing an 

accumu l ci tion point. Thus we have a sequence C111 of circles Hhich 

possesses a limitinc; circle, the circle deter['lined by three ci.ccmnult:tti_on 

points. 

We ca ll a l imit circle an accumulation circl e of the ori r;i nal 

sequence . 

1.9. Conver~~· 

A sequence of points P1 ,P2 •• o is snid to be c onverr;ent to P , 

if there exists a number n = n (C) for every circle C with P c C* such 

t ha t P c C* if v > n. y 

I n t he same way , conver0ence of circles to a point is defined. 

Such a point i s called a _E.oint-circl~o 

A sequence of circles c1 ,c2••• in the conformal plane is said 

to be ~-nve_rp:ent--l£._q_ if there exists a number n = n (C ',C") , for ever::. 

pa ir of circles with c' c c* and C 11 c C*' such tha.t c I c c * ar.d 
y 

C11 C C* for eve r y V > n o 
y 



CHAPTER II 

CONFORW~L DIFFERENTIJ\BILITY 

2 .1. /'.res. 

An arc A is the continnous imac;e of a rea l closed interval. 

nrns if a sequence of points of t hat parameter interval convere8s t o 

a point p, then their imaee points converge to the ima~e of p. We 

shall use the sRme l etters p ,t, ••• to denote both the parameters and 

their imac;es on A. The end ( interior) points of A a re the images of 

the end (interior ) points of the parameter i nte.rval . 

A neic;hbourhood of p on A i s the i mage of a neighbourhood of 

the parameter p on the parameter interval. If p is an interior point 

A, t his neighbourhood is decomposed by p into two (open ) one-sided 

nei~hbourhoods. 

From the definition , different points of A, i.e., points 1.-1ith 

different parameters 1 may coincide with the s ame point of the conforr1al 

plane . However , we shall assume that eci.ch point p of A has a nei r;hbot~r::­

hood such that no othe~ point of tha t neir;hbourhood coincides with p 

(cf. condition I, Sec . 2.3). 

2.2. Support and Intersection. 

Let p be an interior point of A in the conformal-plane . Then 

Jl i s cr:tllecl a po2.nt of support ( intersect"i on ) 1.fi th r espect to a circle 

C, if a sufficiently small neighbourhood of p iri A is deconposed by p 

27 
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into two one-sided neichbourhoods Hhich lie in the same region (in 

different re~ions ) bounded by C. The circle C is tt~n aalled a support­

ing ( intersectinf") circle of A at p. Thus C supports A at p even if 

p { C. By definition, the point circle p ah.rays supports A at p 

(Fig. 11). 

It is possihle that every neighbourhood of p has points I p 

in common with C. Then C neither su_pnorts nor-intersects A at p. 

2.3. Differentiahle points of an arc in the conforma l plane. 

Suppose p is a fixed point of an <WC A and t a vnriable point. 


If P I Q are points different from p, t11e unique circle through these 


points will be denoted by C(P,Q,p ) . 


An arc A is called once conformallv differentiable at p if 


it satisfies the follo~dng: 


Condition I. To every_ no·nt QI p and to every secuence of 


points t --+ p, t I p, t t: A there exists a circle C' such that 

. C(t, p ,Q) _,,. C'. 

The linit circle C' is called a tangent circle at p and is 

denoted by C(T, Q). By our definition this limit tangent circle is 

independent of t he choice of the sequence of points t. The poi nt p 

i tself is the tangent-point circle of A at p . The family of tangent 

circles together with point circle p will be denoted by T. 

We call A conforMally differentiable at p if it satisfies 

Condition I and 
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Condition II . l im C(• , t ) exists. 
t- p 
t I- p 

The limit 9sculating circl~ is denoted by C(p) . 

Remark. Condition I does not imply Condition II. 

(c f . 4, Sec . 7, P. 516 ) . 

2.3.1. Theorem . The set 'T = •(p ) of all the t ane:en t circles 

of A at p i.s a pencil of the second kind with the funclar11enta1 point P• 

Proof . Let P, Q,R be three nmtu3lly distinct points. I f the 

point R' f- R convere;es to H, then the angle between the circles 

C( R' , H,P) Rnd C( R' , R, Q) converges to zero ; cf. 1.5 . \1e choose R = p 

and R' = t. Since the angle betwe en two circles depends on them 

continuousl y , we conclude tha t any two t angent circl es at p touch each 

other at t hat point . Thus two t anr;ent circles of A at p thot have 

another point i n common a re identical . In particula r , there exists 

one and only one t angent circle at p through each point different 

from p . 

Theorem. ?_uppose A is once conformally differentiabl e 

a t p . Let 7t be a pencil of second kind with p ns its fu ndamenta l 

poin_!:. ; 7t I­ '· If the points t I- p coverp:e to p then C( n,t ) ~ P• 

Proof. Let us assume tha t the stater.1ent in the theorem is 

fa l s e . Then there exi0ts a circle C such tha t p ( C* and ?-. sequence 

of points t -- p, t I- p such that C(n , t ) cj C* for each t. Let c1 

and c2 be hro circles of 7t tha t touch C. l:le r.iay assur:ie tha t n is 
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oriented such tha t C lies i n the clos ure of Ci (\ c2*. Then this 

closed doMain a l so contains the circles C(n,t) and therefore the points 

t (Fie;. 12). 

Let Q be any point of c1 ; Q f-. p. If a sequence of points R 

converges to p through the above domain , then the circ l es C(p, C~; R) 

converf,e to c1 o Choos ing R = t, we obtain c1 = C(•, f~ ), while 't f-. n. 

Thi s i s a contradiction. 

2.4. In the foll01v:i.ng p can be either an interior point or 

an end point of A. 

We call C a fl'.:.nera l t angent circle of an arc A a t a point p 

if there exists a sequence of triplets of nutually dis tinct points 

t 1 u.,Q such tha t 

lim 
t,u ~p 
t1/-v/-Q 

I f in addition, Q E A a l s o converees to p, th en we call C a general 

2sculatin8 circ~~ of A a t p. 

A is s aid to be once stron5l y conformally differentiable a t 

p if the foJ.lo wing condition is satisfied: 

Condi t ion I'. Let Rf-. p, Q ~R and t,u be two distinct 

]~ints on A. Then 

E m C(t ,u,Q) exi s ts. 
t,u.~p 

Q -'rR 

http:foll01v:i.ng


----C(n , t ) 

c• 
2 

c 

FIGURE 12 
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2.4.1 Lemma. Condition I' implies Condition I. 

Proof. Condition I ' implies that the limit circle given by 

the relation (2.4-1. ) depends on p and R but not on the choice of the 

particular sequences t and u. Specializing Q = R and u = p, we see 

tha t Condition I' implies Condition I and therefore , 

lim C(t,u, Q) = C(T,R). 
u,v_,,.p 

Q ~R 

'rhus t he general tani:;ent circles of a point \·1hich satisfies Condition I' 

are identi.cal with its ordinary ones. 

Vie c"all A stro~31_y conformally differentiable at p if it 

flat i sfies Condition I' and 

Condition II'. Let t,u,v be three mutually distinct poi nts 

on A. Then 

l im C(t, u,v ) exists . 
t, u,v .-,,, p 

2.4.2. Lemma . Conditions II' and I imply Conrlition II. 

Proof. Suppose a sequence of points conver ges on A to 

p. By choosin~ a suitable subseqnence of ~ un ") we may assume that the 

sequence ~C(•, u )} converges . Each C(T,u) can be approximRted by
n n 

a circle C(p,u ,v ) such that the sequence lc( p 1 u ,v >1 has the same 
n n n n 

limit circ l e and such tha t the sequence i v11 \ also converges to P• 

On ac~ount of Condition II 1 1 lim C(t,u,v) and in pa rticula r 1 

lim C( p , u ,v ) is independent of t he choice of t he sequences t,u 1 v 
D n 

convcqi;ing to p. Hence the same will hold true of lim C(•,u ),
n 



Condition II is satisfied~ ci.nd we have 

lim C(p,u,v ) = lim C( T,u) =C(p ) . 
t, u,v_,..p u ,v-p p 

lim 
u ~

Thus strone; differentiability implies ordinary differenti2bility 

and C(p ) is one and only one gener a l oscul ating circle . 

2.4.3. 	 Theorem. Conditio.1 II ' 1:1ith lim C(t,u,v ) I- p, 

or with 	p an end-noint or with Condi t ion I i mplies Condition I '. 

Proof. Assume Condi tion II' and l e t RI- P• 

Case I : l im C( t , u,v ) f P• 
t ,u,v_,,.p 

Choose a point S on C( t,u,v ) such tha t S does not tend to p 

as t ,u,v converge top ; thus C( t , u,v ) = C( t,u ,S) . Then the angle 

betwe en C(Q,t,u) and C(S,t,u ) is g..i.ven by the amplitude of the cross-

r atio (u,Q , t,S ) . This aMplitude t ends to ze ro as t and u conver ge top . 

Hence any accumul a tion circle of the circle (Q, t,u ) is the 

nni que circle throursh R, which is t aneent to C at p . Thus A satisfies 

Condition I ' a t p , (Fig. 13) . 

C0:1.se II : l im C( t ,u , v ) = P • 
t, u, v_,,. p 

I n this case we can choose a subarc B of A with p € B such 

that R ¢ c ( t,u,v ) for every choice of t , u,v on B. This implies tha t 

C( t , u,R) does not meet B el sewhere ; t hus B has "R-order" two , i.e. , 

no circle throur;h R rieets B r.iore than twiceo 
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We first prove that if p is an end-point of B then B and hence 

A satisfies Condition I at p. 

Suppose Condition I is not satisfied. Then there are two 

sequences of points s 2k and s 2k+l different from p and O::mverging on 

B to p such tha t the circles c2k = C(s2k ,p,R) and c 2k+l = C(s 2k+l ' p,R) 

converge to different limit circles C0 and c1 r espectively. Since p 

is an end-point of B vie may assume tha t s lies between p and s •1 nn+ 

close to C0 [ c1} Let C and C' 

lie two circles through p and R which separate C0 Rnd c1 • Then CUC' 

will seJ)arate C and C 1 and therefore also s and s for every
· n n+ n n+1 

l arge n. Hence the subarc of B bounded by s n and sn+l will meet 

C IJ C1 in at le~st one-:r)Oint. Thus ·B will meet C U C1 infinitely many 

t imes . This is impossible. llence Condition I holds at p. 

We now prove tha t case 2 and Condition I imply Condition 1 1 

whether or not p is an end-point of A. 

Since B has "R-orcler" two, as x moves continuously and 

monotonica lly from p to v C(R,t,x) moves continuously and monotonically 

from C(R, p ,t) to C(R,t,v). Thus 

C( H,t ,u) c [ c(R ,p,t )/\ C(R,t,v ) ~ u [c(R,p,t)*(\ C(R,t,v)* JURut, 

(Fig. 14). 

( cf. 3, 2.7.) 
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J,et D denote any accumulRtion circle of the C(R,t ,u ) . Letting t,u _,,. p 

we conclude that D lies in the closure of 

for each choice of v on A. Hence let ting v---'>- p we obtain 

lim C( R,t,u) = C(•,R). 
t , u -+ p 

../' 

Thus Condition I' i s satisfied . 

Remark . If Condition II' holds with lim C(t,u,v) = p 
t,u,v __,,.. p 

and if p is an interior point of A, then Condition I' need 

not hold. 

For example , consider the arc A = A_3 v p \) A3 where A3 and 

A_3 are given by 

x = t 2 , y = t 3 , 

and 

x = -t3 , y = t 2 , - 2 1 
~ t < o, 

respectively (Fig . 15). 

Now A satis fies Condition II' a t the origin p, and 

lim C(t,u, v ) = P• 
t,u,v -+ P 

However Condition I, and hence Condition I' does not hold. 

Proo f. Since A3 and A_3 ar8 of cyclic order t hree they are 

strongly differentiable a t p; cf. Theorem 3. 3.2. 

Let 't and •' denote families of t angent circles of A3 and A3 
r espective l y . 

lim C(s,t,u) = lim C(•, s ).Hence 
s ,t ,u t_: A s __,,. p 
s ,t,u-+ p 
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But C(• , s ) i s given by equa tion 

Thus as s ~ p (i.e., s ~ O) this circle t ends to the circle 

2 2 
x + y = O, 1.,rh ich is the point-circle P• 

Hence 

lim C(s,t,u ) = lim C(T,s ) = po 
s,t,u~p s~p 

s , t ,u i:. A3 

Let R I- p be a fi xed point. \-le first show that no circle 

t hrout5,h R ~an m~t A3 and /\.3 twice each near p. 

A circle t hrough Q near R and two points of A3 near p i s close 

t o C ( 't' 1 R) , while a circle C' through R and t\-10 points of A3 near p 

i s close to C ( T~R ) , where T and T 1 denote the family of t angent circles 

of A3 and A3 a t p, r espec tively. But T f- because , in fact , circles 

belonging to T are ortho~onal to circles belonging t o T 1 • Hence we 

obtain that CI- C'. 

Suppose 
lim C( t , u , t ', u ') = C I- P• 

t, u , t ' , u '_,,. p 0 

Take S e: C , S I- p. Let Q f C(t , u , v ), Q ~ S as t , u,v ~ p. Then 
0 

C( t ,u , t ', u '.) = C(t,u ,Q) = C(t ', u ',Q) 

uhich contradicts the fact that TI •' · Hence it fo l loHs tha t a circle 

throut;h t wo points of A3 near p a nd t>.-10 points of A_3 near p i.s close 

t o the point-circle p . 
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I t is r eadily verified (cf. eq . ~.4-2. ) tha t C(•,R) sup9orts 

A = A3 u p u A_3 a t P• Hence the end-points of a small neighbourhood 

M =N V p U Tl' of p lie on the same side of C(• , R) . Hence a circle c1 

through R and two points of N c A3 will meet M with an even multiplicity 

and hence twice or four times . From the above, cannot mee t M fourc1 

t imes . Hence meets M exactly t ·1ice , i.e . , meets H twice andc1 c1 

c1 \\ N' = .¢. Symmetrically a circle CJ_ through R and b-10 points of 

N' C A3 	 will meet N' exactly twice and S n N = .¢. 

Finally , a circle through three points of a sufficiently sriall 

neiGhbourhood of p on A cannot pass through a point Q near R if 

Rf- p. 	 As above , this implies tha t 

lim C( t,u , v ) = P• 
t, u,v_,,,..p 
t, u,v E: A 

2 . 5. tJon-tanrrent ci rcles . 

Let p be an interior point of A. Suppose that p satisfies 

Condition I (cf . 2 . 3). 

2 . 5·1· The0rem. Every non-tanr;ent circle either ·sU1morts 

or intersects A at P• 

Proof . 	 If a circle C neither supports irnr intersec ts A a t p 1 

t hen p E C Rnd there exists a sequence of points t - ~ such that 

t ( A n C and t I- p. Let P f c, PI- p. Then C = C( t , u,P) for each 

t, and Condition I i mplies that C = C( • , P), which is a c0ntradiction 

to the fact that C is a non-t angent circle. 
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z.5.2. 	 Theorem. Non-tcrngent circles throug1_·~-E-~Jl intersect 

or 	 all support. 

Proof. Let c1 and c2 be two non-tangent circl es through P• 

Suppose tha t cl and c2 have another point p in COM~on . Let cl intersect 

and c2 support A at p. Thus A n Cl* a nd A n Ci are non- void. We 

may assume tha t A C C* 
2 

(:F'ig. 16 ) . 

I f t £ A n c1., then 

By having t ~ p, we conclude that 

(2.5-L ) 

Considerin3 now a sequence of points , t 1 _,,. p, where t ' (; A 0 Ci 'de 

obtain symmetrically the rel~tion 

(2. 5-2.) 

Hence by the relations (2.5-1. ) and (2.5-2. ) we see tha t C(T,P) lies 

i n the intersection Cl U C2 of these two doMains , i.e. 1 C(T, P) is 

ei ther or c2 , contra ry to our assumption. Thus c1 a nd c2 eitherc1 

1ioth inter sect or both support. 

I f c1 and c2 meet only a t p , then they touc~ a t tha t point. 

Choos e any non-tRngent circle c3 t hr ough p t ha t does not belong to 

t he pencil throu~h c1 and c2 • Fror'l above , c1 and c3 , and al s o c3 

and c2 , either both sup~ort or both intersect. Hence our statement 
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re~ains va lid for c l and c 2 e l s o in this case. 

De finit ion : IJe ca ll an interior lJoint of A which satisfies 

C01di tion I a cu~ point if the non-tanGent circles of A a t q a ll support 

A at q. 



CHAPTER III 

fl. RCS OF CYCLIC ORDER 'l' l !Rl•~E 

3.1. Arcs of fi ni te cycli c order. 

An a rc A i s said to be o f f inite cyclic orde r if it has only 

a fi nite numbe r o f poi nts in common wit h a ny circl e . If the l east 

upper bound of these numbers i s f inite , t hen it i s ca l led the c:vclic 

order of A, and A i s s a i d to be of bounded cyclic order . The order 

of a uoint p o f A t hen i s t he minimum o f t he order s of a ll t he 

nei ghbourhoods of p on A. 

3.1.1. Le~ma . Let A be an a r c of fi nite cycli c orrler , and 

let ci. circl e C i ntersec t A a t a Eoint p. Then any circle C', sufficientl ;y 

close to C, a l s o i ntersec t s A, and does s o in a n odd number of points 

close to P• 

Proo f . Since C intersects A a t p, the end-poi nt s of a 

s 11fficiently small nei ghbourhood M of p, lie in opposite r egi ons wi t h 

r espect to c. Hence t hey l ie on opposite s i des of C'. Since C' 

mee t s ~I a finit e number of times , it mus t i nt er sec t N an odd numbe r 

of times . 

45 



46 

3.1.2. ~~· Let A be an arc of finite c~lic orde~. If 

the p~rameter t t ends to one of the end-points of the £Urameter 
n 

interval, then the corresponclin~ sequence of poi nts t .£!:. A _£,onve..r~e.~. 
n 

Proof. Let lim t 2 = p and lim t 2 +l = q be any two 
y - oo -Y v ~ 00 y 

accumul a tion points of the sequence t • We may assume t hat t 1 lies 
n n+ 

between t and t 2 for a ll n. If p J q, l et C be a circle separating
n n+ 

,/'" 

these t wo points. Thus t here is a number N = N(C) such tha t t 2y and 

t are separated for all v > N. But t his implies t hat A meets C
2y+l 

an infinite numbe r of times, which is not t rue . Hence p = q. 

3.i.3. Theorem . Let p be an end-point of an a rc A of finite 

cyclic order. Then thE>~ A i s conformally differentiable at p. 

Proof. Suppose Condition I of section 2.3 i s not sa t is f ied . 

Let t 2k and t 2k+l be two sequences of_ points converging top such tha t 

some point R J p)C2k = C(R,t2k , p)~ C0 and c2k+l = C( R,t2k+l'p ) -----7- c1 , 

We r'.lay assume t hat t 1 lies between t and t 2 on A.
n+ n n+ 

If k is l a r ee ' c2k [ c2k+l] will lie close to co[ctj • Let c and c I 

be tl-10 circles through p and R which separat e C0 and c1 , (Fig. 17). 

Then, for each n sufficiently l arge , C and C' separate C(R,t , p ) 
- n 

and C( R,t 1 ;p). Hence t he sub-arc of A bounded by t and t 1 will
n+ n n+ 

neet C UC' i n a t l east one point. Thus A will rieet C V C' infinitel y 

rBny times . This i s i mpossible. Thus Co~dition I holds. 

Let us now suppose t hat Condi tion II of section 2.3 does not 

hold. Let t 2k and t 2k+l be t wo sequences of points converging to p 
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on A such tha t C(-r,t2k) ~ and C(-r;t2k+l) - C.l /: C0 • As before weC0 

assume that t 1 lies between t and t on A. Both of the circles2n+ n n+ 

and ~ beinG the limit of sequences of tan~ent circles a re them­C0 c1 

selves tangent circles , and since family of tan gent circles at p form 

a pencil of second kind , t hey touch a t P• 

Suppose first of all, that C0 and are both proper circles •c1 
./' 

We may assume that c1 c. C0 * u p and C0 c Ci Up. Cons j.der a circ l e 

C ~ T 1 C /: p, Cc (C0 * (\ Ci ) u p. \-le may assume c1 c C* u p and 

C0 c C* \.J p (Fig . 18). Then for sufficiently l arge k, C(•,tzk+l) C C.,u p, 

and C(-r,t2k) CC* u p. Here again the arc A c rosses C an infinite numbe r 

o f times , which is impossible. 

If now , is a point circle p, consider t wo circles of ­c1 

T ,C and C' 1 C c Co * \J p and C' c C~ v p. Also He may as~:;ume tha t 

co c (C* n c!.) \.) p (Fie. 19). Then for B l f fici ently l arge k , C( T, t2k) c 

(C * (! C~) p •1hil e Since these two r egi6ns 

are separated by C and C', one or hath of these circles will mee t A 

between t 2k and t 2k+l· Thus CUC' will meet A an infinite number of 

times . Since this too i s impossible by our hypothesis, Condition II 

holds , and the poi'1t p i s differe ntiableo 

.2..!_~. Arcs of Cvclic Order Three . 

Since any three dis t inc t points deter~ine a circle , the cyclic 

orde r of any a rc is at leRs t three . An arc A i s s a i d to have cyc~_ic 

order three if no circle Meets A rnore th::i.n three times . Le t A3 denot e 

an open arc of cyclic order three o 
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.2.!.2ol. Mult.i plicities. 

Let 

We introduce multinlici ties by countine an end-point p of A3 

t~ice on a ny non-oscul a t i ng t angent circle a t p , and three t imes on 

C( p ) . ';/e count an interior point q of A3 t hr ee times on a ny gene r a l 

oscula ting circle Rt q and twice on any other general t a nc;e nt circle 

a t q . 

Let p a nd e be t he end-points of A3. 

Te denot e the fami ly of t a ngent circles of A3 a t e. The goa l of t his 

s ection i s to prove that: 

If C(•, e ) I- C( p ( re ), then no circle mee t s the cl os ure of A3 

more t ha n three t imes . Thus the i nclusion of the end-poi nt s of A3 

and the i ntroduction of mul tiplicities do not alter the cyclic orde r 

of A3 (c f . Theorem 3. 2.12). 

Remark . Any circle t hr ough q tE A3 will ei ther support 

or i nter sect A3 ther e , becaus e of the finit eness of t he 

cycl ic order of A3 • 

3 . 2 . 2 . Lerima . A gene r a l os c~lating circl e a t a n i nt eri or 

J>oint q of A3 i nte r sects A3 nt q whi l e R!]-Y othe r gener a l t ;:i nr,ent circle 

~ A3 a t q SUJ)ports A3 then~ . 

Proof . Let q he an interior point of A3• Let C be a gener a l 

oscul a ting circl e a t q . Then for s ome triplet s t , u , v , 

l i m C( t , u ,v) = C. 
t, u ,v ~ q 
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Consider a neighbourhood N of the point q. If t,u,v a r e sufficiently 

close t o q, then , the end-points of N lie in opposite reBions with 

respect to C(t,u,v); otherwise the e re A3 meets C(t,u ,v) onc e more , 

because any circle rieets an arc n even number of tiMes if and only if 

the end-points of the arc lie i n the same region with r espect to the 

circle. Hence the end-points of N lie in opposite regions with respect 

to the circle C. 

Let R 4' Q J. q and let t, u ---?> q. Choo Ge any neir,hbourhood N of 

q on Ay Let be a genera l tanr;ent circle of fl.3 at q which is notc1 

an oscul a ting circle of A3 a t q; 

lim c(t, li,Q) ·­
t,u ~ p 

If t,u are sufficiently close to q , then the end-points of N will lie 

in the same r egion with r espec t to C( t ,u,Q) and hence will lie in the 

s ame r egion with r espect to cl. Hence cl supports A3 Rt q. 

3.2.3. Lerima . No circle throug"l p a nd t wo uoints of A3 

intersects A3 a t another point . 

Proof. Suppose a circle C t hrough p intersects A3 at q and 

mee t s A3 i n bro more poi11ts r and s . Choose dis j oint neighbourhoods 

tr of p and M of q 1t1hich do not conta in r or s. If t t. N and t~ p , 

then C(t,r,s) ~ C. By Lemma 3.1.1 C(t,r,s) sepa rates the end-points 

of M if tis Sl.:fficiently close top. Thus C(t,r , s ) r:ieets A3 again in 

the neighbourhood of q (Fig. 20). Thus C(t,r, s ) meet s A3 i n not l ess 

than four points , which i s impossi bl e . 
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3.2.4. Lemma . A circle t hrour,h three points of A3 U p cloes 

not sunnort A3 at any of them. 

Proof. If a circle C supports A3 a t q and also meets A3 V p 

at r and s, then a suitable circle near C t hrough r and s intersects 

A3 twice near q. This is impossible by Lemma 3.2.3 and the definition of A3. 

3.2.5. Lemma . No circle r.ieets A3 vp in four points. 

Proof. Lemr.ias 3.2.3 and 3.2.4. 

3.2.6. Lemma . No t angent circle at p meets A3 in more t han 

one point. 

Proof. Suppose a t angent circle C at p intersects A3 at q 

and meets A3 also a t r f q. Then t here will be a circle t hr ough p 

and r which inter eects A3 nea r p and also nea r q. Thus we have a 

circle which meets A3 u p in four points, which i s i mpos sible by 

],emma 3.2.5. 

Suppos e the circle C tangent a t p supports A3 at q. Then we 

he.ve ci.nother t Rngent circle C1 at p which intersects A3 t wice near q. 

This contradicts t he above . 

3.2.7. Lerima . C(p) does not ~eet Ay 

Proof. C(p) being the limit circle of tangent circles a t p 

is als o t angent circle a t p. By Lemma 3.2.6 , C(p) ca n meet A3 only 

once and that point is a point of inters ection . Suppo~e that C(p) 

inters ects A3 at q. Let H and H be disjoint neighbourhoods of p and 

q r espectively, and let t € 11 , t~p. Then C(t,T) 1 when clos e to C(p) 
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ldll meet M, this contradicts Lemma 3.2.6 . 

3 .2. 8. Le mma . No circle supports A3 at two distinct points . 

Proof. Suppose a circle C supports A3 at two distinct points 

q and r. \le riay assurne A3c C Uc•. Let M and N be disjoint nei ehbour­

hoods on A3 of q and r respectively. Choos e a circle D in C* and 

sufficiently close to C (Fig . 21). Since the end-points of Mand N 

lie in C*, they will als o lie in D*. On the other hand CC D* implies 

q r D* and r € D... Thus D separ a tes q [r] from the end-points 

M ( NJ, D \·dll intersect M[H] in not les s tha n two points, and thus 

D (\ A3 contains mo r e tha n three points, which is i mpossible by the 

definition of Ay 

3.2.9. Lemma . Let C _!? e a gener a l tanrsent circle of A3 at q 

I 

but not a gener a l os cula ting circle t here. Then C meets A3 v p at 

most onc e outs i de q and tha t point is not a point of support. 

Proof. By LemI"!a 3.2. 2, C supports A3 a t q . By Lemma 3. 2. 8 

any other point of A3 (\ C is a poj.nt of inters ection. By Lel!lma 3.2.4 

C meets A3 u pat' mos t once out s ide q. 

3.2.10. Lenma . A gener a l osculating circle at an interior 

point of A3 does not meet A3 v p els ewhere . 

Proof. Let C be a ger~ral oscula ting circle of A3 at an 

interior point q. Thus 

C = lim C(t,u,v). 
t,u,v~q 

t,u,v f A3 
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Suppose C meets A3 v p at a point r J q. Then the orthogonal 

circle of C through q and r will intersect C(t,u,v) at a point R 

converging to r. (Fig . 22). Thus 

C(t,u,v) = C(t,u,R). 

The circles C( t ,u,r) will not meet ·v p elsewhere byA3 

Lemma 3.2.5, and t hey will i ntersect A3 at t and u, by Lemria 3.2.4. 

Thus the end-points of any s mall neir,hbourhood of q will lie on t he 

s ame side of C( t,u,r), if this circle is close enough to C. Hence any 

limi t circle D of C(t,u,r) will support A3 at q. By the Remark of 1.5, 

lirn { [c(t,u,R), C(t,u,r~ = o. 

Since the angle between two circles depends on them continuously, it 

follows t hat ~ LC, D} = O. Since C and D have points q and r in common, 
I 

this i mplies C = D. However D suppor ts but C intersect s ( by 

Lemma .3.2.1) A3 at q . Hence C does not meet A3 U p outside q. 

3.2.11. Combining the Lemmas fro m 3.2.5 to 3.2.10, we obtain 

Lemma . No circle mee t s A3 U p more t han three t imes. 

3.2.12. Theorem. If p and e are the end-points of A3 then 

no circle meets A3 = e U A3 U p more than th ree times provided tha t 

C('Y.e 1 p) I C('t',e). 
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Proof. By 3.2.11 we know tha t A3 u p i s of cyclic orde r three 

count inG mult:i.plicit ies . Thus to prove tha t A.3 i s of cyclic order 

t hree we need to show tha t C( e ,t,p) where t e A3 , does not s upport A3 

at t Etncl does not mee t A3 el se1·1he r e a nd tha t C(i-, e ) and C(i-e,p) do 

not meet A3 .:i. gain, a nd the oscul a tinG circle ci. t one end-poi nt does not 

pass through t he other end-poi nt. 

Assume tha t C = C( e ,t, p ) mee t s A3 in q (Fig . 23 ). By 3.2.4 

t and q a r e poi nts of i nt ersection of A7... Then there exist s a circl e 
:> 

C' through p and t close to C which int ersects the a rc A3 i n neighbour ­

J... .hoods of the points q and eo Thus C' mee ts A3u p four l,imes . This 

contradicts 3.2.ll. Thus no circle t hrou r;h p and e i nt er sects A3 

at two di s t i nct noint s . 

Suppose C( p , t, e ) support s A3 a t t. Then a suitabl e circle 

t hr ough e a nd p would mee t A3 a t tl-10 points near q . This i s i ripossi bl e . 

Henc e no circle t hr our;h p and e s upports A3 at any poi nt. 

Let C(i-, e ) inter sect A3 a t R point r . Then there i s a circle 

C' through p a nd e a nd clos e to C(i-, e ) which riee t s A3 near p and r 

(F:i g . 24 ), contrary to t he ahove. Thus C(i-, e ) does not mee t A3 • 

Simi l a rly C(i-e 1 p) does not meet A3• 

Suppose C(p) 13oes t hr ough the other end-poi nt e . Then ther e is 

a circle C', clos e to C(p), w}dch i s a t a ngent circle of A3 a t p a nd 

inter .sects near e and p (Fi e; . 25 ). This contrn.dicts IJel'1l1'1a 3.2.11.A3 

Hence C(p) does not r.as_.s t hrour;_h e . Si .1ilRrly C ( e ) rl. 0 €-~s no!'.__~ 

throur,h P• 
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Remark. There exists an open a rc A3 of cyclic order three 

whose closur e A:3 is not of cyclic order three . lfo shall construct 

an open a rc A3 of cyclic order three with the end-points p and e of 

A3 such tha t C(•,e) = C(•e,p). Then K3 = pvA3 u e will not be of 

cyclic order three . 

Proof. Let p(-1,0) and e (l,O) be the end-points of an open 

arc A; passing through the third a nd first quadrant, of the lemnisca te 

r,iven by 

( 2 2)2 2 2(3.2-1.) x +y - x + y = 0 , (Fig. 26). 

Claim : The a rc A is of cvclic orrier three . 

(i) Tan~ent circles at p or e meet the arc A Rt most once. 

Proof. Different tangent ci rcles a t e a r e given by 

2 2 2(x-h) + y = (1-h) , for different values of h. 

Or 

x2 2 _(3.2-2.) + y - 2hx + 2h -1 = Oo 

Solving (3. 2-1. ) and (3 . 2- 2 .) for x we get 

(2hx-2h+l) 2 - 2x2 + 2hx - 2h + 1 = O. 

This equa tion being of second degree in x has at most two distinct 

roots . Hence the ci rcles given by ( 3 . 2-2.) meet the lemni scate a t 

nost two times . Because of symme try, the circles (3.2-3) meet the arc 

J, at most once. The symmetric result hol ds for p. 



C( -r,e ) = C(-;; ' p ) e 

- .... - ­

, ' 'I 
,

\ ep \ 

' ' ,, -.-­

FIGURE 26 




64 

(ii) Circles throur;h the end-points p and e meet the arc A 

a t 	 mos t once outs ide p and e. 

Proof. Circles pas sing through p and e are given by 

2 2
(3.2-3.) 	 x + y + 2fy - 1 = o. 

Solving 	 (3.2-1.) and (3. 2-3 .) for y we have, 

(l-2fy)2 	+ 2y2 + 2fy - 1 = o. 

This being a seco.nd degree equation in y has at most two ;:listinct 

roots . Hence the circles through p and e meet t he l emnisca te at mos t 

t wice . By symmetry , only one of these points lie on t he arc A. Thus 

the above circles (3.2-3.) meet A at most once outside p and e . 

(iii) Circles throueh p or e meet the a r c in at most two 

J>oints . 

Proof . Let r,s be two points interior to the arc A. Suppos e 

C(e,r,s) meets the arc A in t. Let e and r be fixed and let s move 

from e to p. Clearly t cannot coincide with e, becaus e then we have 

C( e , r , s ) E 'e' cont rary to (i). Also t does not coincide with p, as 

this would contradict (ii). Finally t cannot drop out a s a point of 

support, because in that case the circle woul d meet t he l emniscate 

five times and we know that any circle meets the l emniscate a t most 

four times . Hence C( e ,r, s ) always meets .A a t another po5.nt t. Let 
T" 

s --)'" p. Then we have a circle through both the end-points o f A which 

meet s t he arc in two interior points t his cont r adicts (ii). By symmetry 

C(p, r, s ) does not meet A aeain . 
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( iv) No circle throue;h three interior points o f A meets A 

elsewhere. 

Proof. Consider C(r , s,t ), where r, s,t are three int erior 

points of A. Suppo~e C(r,s,t) meets A in a fourth point say x. Let 

r,s be fixed and let t move on A. Then x cannot coincide with either 

of t he end-points , as this would contradict (iii ). Al so x cannot 

drop out as a point of support , otherwise, C(r, s , t ) would meet A five 

times. Thus x E C(r,s,t), has to r emain an interior point of A. Mow 

l et t ~P· Then we obtain a contradict ion to (iii ) . 

2 2
Thus A is of cyclic orde r three. But the ci rcle x + y = 1 

is a t angent circle of A at both the end-points. Thus 

C(•, e ) = C(T ,p).
e 

Hence A = p u Au e is not of cyclic order three . 

3. 3 . Strong differentiabi lity of arcs of cyclic order three. 

3.3.1. Theorem . Let A3 be .an o_pen B.rc of c:'-"clic orde r three . 

Then every point of A3 satisfies Condition I'; cf. 2.4. 

Proof . Let q , r c A3 and q I r. Choose t wo disjoint one­

~ ;ided neir;hhourhoods N1 and N2 of q such thRt r4 M = Nl U q \J N2. 

Let cl and c2 r<1eet A3 a t l eaGt t wice at q and a l together at l eas t 

three timeG. Hence C. ( i=l , 2 ) meets A3 exa.ctly twice a t q , once at 
1 

r and nowhere e l se (cf. Lemma 3 . 2 . 9 ). In particular, Ci ( i=l,2) 

supports A3 a t q ( cf. Lemm 3.3.1). :lithout l oss of generality 

we mny assume M1 U N2 C Cl* (\ c2• • 
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Suppose c1 f. c2 • 'rhen there is a t hird circle c3 through 

q and r which does not meet c1 * (\ c2*. Thus c3 will support A3 

at q. He may assur'le. that N1 \) N2 c c3,.. (Fig . 27). By Theorem 3 .1, 

the arcs N1 V q and N2 U q satisfy Condition I a t q . Thus they 

possess t wo well-de fined t angent circles at q through r. At l eas t 

one of the circles cl ,c2,c3 s ay the circle cl i s different from them. 

Let n be the pencil of t he s econd l-<ind of the circles which t ouch C 

at q. 

<:tlso if s approaches q through N1 or N2 , 

l im C(Tt, s ) = q; 
s~q 

cf. Theorem 2.3.2. 

Since C(n, s ) depends contirn1ously on s , ther e are circles in n \·1hich 

are arbi trari1y sr1all and Mee t both N1 and N2 near q . Thus t hey me et 

Mnot less than three times. On t he othe r hand, th e end-points of M 

will lie on the sarie side of such a s mall circle. Hence it will mee t 

N with an even multiplicity and t he r e fore not l ess tha n fo ur tiraes . 

This being impossibl e we ob tain c1 = c2 • Thus t he general t a ngent 

circle at q through r i s unique . 

Let C' e.nd C11 be t he t wo one-sided t an[;ent circles of A3 

at through a point R Since 
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~ [c1 , cJ = o 
and 

it i s true tha t 

~ [c ' , c'!\ = o. 

Since C' and C11 hnve the point Rf q in co mmon they coincide ; cf. 

Theorem 2.3 .1. Hence the tcrnr,ent circle of A3 Rt q t h:rough R i s 

deterr1~_nedo 

3.3.2. Theorem. J,et p be an end-yoint of an £I.?_en nrc A3 

of cyclic orde r three . Then A3 IJ p i s s tron[Jl y differentiable a t P• 

Proo f o Let p \J A3 V e , and p,ci , r , s ,u , e be rnutu2.llyA3 = 

dis tinct points on >:3 in the indicated order. \-Je r•iay assume t ha t 

e E. C( p)* . Thus 

As q noves continuously and monotoni cally from p to v on A3 , 

C:( q , r , s ) !'1oves continuous ly and monotonically from C(p , r , s) t o 

C( r , s ,v). We orient C( q,r , s ) continuously. Thus 

( 3 . 3 - 1. ) C ( q I r I S ) C [c ( !J 1 r I S ) * (\ c ( r I S 1V) ~ u~ (p I r l S ) * C ( r I S IV) J 
U r V s 

and 

( 3 • 3- 2 • ) c ( Cj I r l S ) * ~ c ( p I r I S ) * n c ( r l S l V ) * 
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Since p is an end-point of A3'A3 \J p is conformally differentiable 

Rt p. It suffices to show that p satisfies Condition II ', in 

particula r 
lim C( q , r,s ) = C(p); 

q,r,s--"'>' p 

cf. Lemma 2.4. 2. 

Letting r ~ p in the r elation (3 . 3-1. ) we have 

C:( q , r , s )C [ cC-r,s)* n C(p,.s,v)=J U~(<,s)* n C(p,s,v)J U P U s . 

J,et D1 denote an a ccuPml a tion circle of the circle C( q , p,s ). Bv 
" 

choosinG a suitable subsequence of the sequence q ,r, s we may assur.ie 

t hat 
lim C( p,q , s ) = D1 • 

q,s-'>-p 

Hence 

Thi s hol ds for e very choice of v on A3 \J e Hhile Di i s i ndependent 

o f v. Lett inc v ~ p 1:1e obtnin 

Thus 
lim C(p ,q , s ) = C( p). 

q , s ~p 

Hence 

lim C(p,r, s ) = C( p). 
q~s ~ p 

As i n the r elation (3, 3-1.) 

C( q , r,v) c LC( p , q , v )* n C(q , s ,v)*] \J [cc p,c1 ,v)* n C(q,s, r )J 

u q u v . 

http:assur.ie
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Let D2 be an accumulation circle of the C( q,r ,v) as q and r tend to 

P• Hence 

This holds for every choice of s on A3 while D2 is independent of s. 

Letting s ~ p we have D2 C C(T, v). Since D passes throueh p a nd v 

we have 

= C(T,v).D2 

Hence also 

lim C(r,s,v) = C(•,v). 
r,s ~p 

Let D be an accumul ation circle of the circles C( q ,r, s ). 

By choosing the suitabl e subsequence of the sec:uences q ,r, s , we may 

assume 
lim C( q , r , s ) = D. 

q,r,s ~ p 

Hy lettine r a.nd s t end to p in the r elation ( 3 . 3-1) and recalling 

t hat 
lim C(T, s ) = lim C(p,r,s) =C(p), 

s_,,.p r,s-')op 

and 
lim C(p , s ,v) = lim C(r, s ,v) = C(T,v), 
s~p r, s~p 

we obtain 

D c [c (p ) * nc·cTIv) ~ u [ c ( p ) t< () c ( TIv)Juc ( p ) u c ( TIv) • 

But 

there fore C(p)* (\ C(T,v)* =¢. 
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Hence D lies in t he closure of [ c(p)* (\ C('r , v ) *J • In pa rticula r, 

D lies in the closure of C( • , v )* . Since p E. D we have D G. '· 

From the r el at ion (3. 3-2. ) 

D. "J C(p) * I\ C(•, v ) •• 

Let v -'> P• 

If C(p) J p , then DJ p and D = C( p). 

I f C(p) p , t hen D= = P• 

This implies t hat D = C( p), whether C(p ) = p or not. 

3.3. 3. Let ' e denote 
~ 

the penci l of t angent circ l es of A3 a t e . 

Lerirna . Let p and e be the end- point s of a n open a rc A3 ; 

thus = p V A3 \.) e . We may assume that e ~ C(p ) * . Then A3 

C(q , r , s )* :::> C(p) * n C(p, 't' ) .,
e 

whe r e q , r , s E: A3 i n t he indicc:i. t<Jd order . 

Proo f . By our a ssumptions , He have 

I f x moves continuously and monotonica lly on A3 f rom p to e , t he 

circl'e C( x , r , s ) moves continuous ly and monotoni ca l ly from C(p , r , s ) 

to C( r , s , e ). llenc e for any choic e of x on A3 we have 

(3.3-3.) C(x , r , s ) . ~ C(p , r , s ). {\ C( r , s , e ) •• 

I~nce put t ing x = q , we have 
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(3.3-4. ) C(q,r,s)* "=:::> C(p,r,s)* (\ C(r,s,e)* 

Let r ~ p a nd then put x = r in (3.3-3.). This yields 

C(r,p, s ) * ::i C(-r, s ) * n C(p, s ,R)* 

Sinil3.rly l e t r7 e a nd r epl a ce x by r. Then 

(3 .3-6. ) 

_,..,... 

usinr, (3. 3-5. ) and (3.3-6. ) we have from (3.3-Lt .) 

C(q,r, s )* :J [ cC -r, s )* n C( p , s , e )JU [c(p, s , e ) * (ic( s,te~' 

or 

(3 , 3-7.) 

Let rands both t end top in (3. 3-3. ) and then t ake x = s. 

~'hen 

(3 . 3-8. ) 

JJet r p, s ~ e i n (3 . 3- 3.) a nd. t hen put x = So l;/e obta in 

(3 . 3-9, ) 

Let r,s-..:;.- e in (3. 3- 9.) a nd put x = s . The n He ha ve 

(3. 3-10.) 

Us ing (3. 3-8.), (3. 3-9.) a nd (3. 3-10.) in (3. 3-7.) we get 
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or 

(3.3-11.) 

~inc e C(p ) *C: C(•,e) * and C(p, T ) *C:. C(e ) *, relation (3.3-11. ) reduces 
e 

to 

3.4. JJet q f Ay Let A3 = B3 U q U n3 such t hat if p and 

e are the end-points of A3 , then B3 i s bounded by p and q and B3 
by q and e. Let C denote a ceneral osculating circle of A3 at q 

and C(q) and C'( q ) the unique osculating circles of B3 and B3 
at q respectively. 

3.4 .1. Lemmst. If C(q)* CC* then B3 C C( q ) * and s;rr~metrically 

if C( q ) * C C* t hen n3 C C(q)* (Fie,-. 28 ). 

Proof. Since both C and C(q) are general oscuiating cirlces 

of A3 by Lemr1R 3 . 2.10, 

Also by Lemma 3 . 2.2, C and C( q ) both intersect A3 a t q. The general 

t angent circles of A3 a t q form a pencil 'q (c f . LemMa 2 . 3 .1 and 

?.4.1); thus C f T ,q C(o) E T , . q where T q denotes the fami l y of t angent" 

circles of A3 a t q . 

Suppose that B3 C C(q)*. ~hen 

(3.4-1.) 


o therwise , C(•q,s) could not converge to C(q) as s tends to q on B3• 
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Now (3.4-1.) implies that C(q) a nd C cannot both intersect A3 at q. 

Thus B3 C G(p)*. 

The folloHing theorem is a consequence of the above lemrna . 

3.4.2. 'l'heorem. If q is an interior point of A3 , then a~ 

gener a l oscula tinr; circle of A3 at q l ies between the two one-sided 

oscu1atinr, circles of A3 Rt q in the pencil t'q. 

Proof. Let C( q ) • C C*. Then B3 C C(q) * C C*. Since 

J,3 intersects both C(q) and C at q, we obtain 

B3cc*CC(q) * . 

By Lemr~a 3.4-1 applied to B3, if C(q ) * Cc., then 

wbei'e C' (q) is the os culatine circle of 133 at q , (Fig . 29 ) . This is 

a contradiction. Hence C' (q) * C C* . We note that then 

B3 c C' ( q ) *. 

Thus 

* n3 C C( q ).,. nnd B3 c C 1 (q) 

3. 4.3. 'l'heor em . If A3 sati sfies Condition II a t ci. n interior 

Eoint q , then A3 satisfies Condition II' ~t q . Thus if A3 is 

diffe r entiable at an interior , then it is strongly differentiabl e t her e . 
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Proof. Let q E: A3 and let A3 satisfy Condition II at q . 

Then from Theorem 3.4.2 any general oscula tinr; circle of A3 at q 

satisfies 

But C(q ) = C1 (q ) . Hence C = C(q) = C'( q ) . Thus there i s a uni~ue 

genera l osculating circle of A3 at q. Therefore Condition II ' holds 

at q. 

3 . 4 . 4 . Theorem. Two r:ener::i_l osculatinr; circles Rt distinct 

noints of A3 have no noints in COMMO no 

Proof . Let q , r € 1\3 and n3 be a s ubarc of A3 such that q 

and r are end-points of By Thus B3 hGs unique l y defined oscul at ing 

circles C( q ) and C( r ) at q and r , respectively . \Ve may assume that 

C( q ) f q and C( r ) f r . Let T and T denote t he families of tangent 
C\ r 

circles at q and r , respectivel y, cf . Theoreci 3. 3.1. Let s , t , u be 

mutually rlistinct points on A3 i n the i ndjcated order. Let B3 C C(q ) •• 

Thus 

B3 c c ( q ) * n c ( T q ' r ) * (\ c ( T r ' q ) * n c ( r ) * • 

Si nce C(T , r ) f C(T , q ), C(T , q ) intersects C(T , r ) at q and r . 
q r r q 

llence C(• , q ) a lso intersec ts C(q ) a t q and at another point . Simil a rly , 
r 

c:(T , r ) intersects C(r ) a t rand one other point , R, say . The points
q 

r and R deconpose C(r ) i nto tl-10 arcs C' and C" , such tha t 

(3. 4-1.) 
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C' C C( q,• ) ,. n C( T , r ) * r . q 

while 

C' c C( q ) .,. 

Suppose C11 meets C(q ) ; t hus C11 meets C( q ) () C( q ,T )*. . r 

Then C11 decomposes the reg:i_on 

C(q ) * (\ C(q,T ) * (\ C( T ,r ) * , 
r q 

into three disjoint regions. 'l''·IO of these lie in the set 

C ( q , T ) * () C ( r ) * n C ( q ) * , = S say 1 r 

.and th eir bound<tries ha ve at most a single point in comnon \·thich lies 

on C( q ). The region of S \·those boundary includes an a r c of C(T , r ),
q 

contains points of B3 cloce to q, and the r egion of S whose boundary 

i ncludes an arc of C( • r, q ) conta ins points o f B3 close t o r . But 

t hen the continuity of B3 and the r e l a tion (3. 4-1.) i mpl y t h a t these 

t wo regions are c onnected . Hence C11 C C( q ) *, and the whole of 

C(r) = C' U C11 V [r,Rl lies in C( q),. . 

Thus C(q ) and C(r ) do not meet . 

Rer~ark . The followinc; Rlternativ~ me t'.lod of provinr, thRt 

C11 C C(q ) * is shorte r a nd direct , but it requires the full Jordan 

curve theorem. 

As above C11 C C( o, T ) * (\ C( • , r ) * . . r q 
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Since C(r) does not meet A3 , err even lies in the region in C(q,•r)* 

bounded by A3 and C(\,r). Hence C" CC(q)*. 

3 .4 . ~ . Theorem . All but a countable nuMber of points of 

A3 are strongly conforr:i::i.lly differentiable. 

Proof. Le t p and e be the end-points of A3. If C(p) = p 

and C( e ) = e, · ( cf. Rema rk at the end of this subsection) we can decompose 

A3 into two subarcs B3 and B3 such that A3 = B3 \J q \) s3, and conside r 

B3 and B3 sepnratly. Thus -there is no loss of generality if we assume 

that C(p) J p and A3 C C(p).. By taking the point at infinity in 

C(p) * , we can introduce a loca l coordinate s ystem keeping A3 C C(p) * 

and use the standard metric function don R2 ; thus if a= Ca 1 ,a2 ) 

and b = (b1 ,b2 ) are points in R2 , then d ( a , b) =J Ca1-b1 )
2 + Ca 2- b2 ) 2 • 

I 

By choosing this coordinate s~rstem suitabl y , we may even a5sume that 

C(p) is =i. circle o f a rea. 1. In fac t, a s uitable translation will 

move t he origin to the centre of C(p) and if C(p) has radius r, t hen 

x; ­x' = rJTt, y' = Y/r.fo will transform the equntion of C(p) into the 

form x2 + y2 = 1/n. 
Let s € A3 be a point at which A3 is not strongly conformally 

diffenmtiable; t hen A3· does not s a tisfy Condition II at s (cf. Theorem 

3.4.3.). Let C(s) and C'(s) be the one- sided 0sculating circles of 

1,3 ·at s. \Je may assume tha t C(s).c C'(s)*. Let f( s ) be t he area 

b etween C(s) and C'( s ) (Fig. 31). By Theorem 3.4.4, t he regions 

C(s)* ('\ C'( s )* a nd C( t )* (1 C'(t)* are disjoint ifs J t, and they lie 
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in C(p).. Since the area of C(p) is 1, 

( i) the class of points s for which 

1
1 > f ( s ) 	~ 2 , 

has a t 	 most 2 members. 

(ii) The class of points s for which, 

21 
> f(s) ~ 41 ' 

2has a t 	 most four i.e., 2 members . 

(iii) The class of points s for which, 

t > f( s ) )- ~ 

has at most eieht i. e ., 23 members . 

Thus in gene r a l, the class of points for Hhich 

1 1 
n-1 > f(s)~- (n=l,2,3 ••• ) 

2 . 2n 

does 	 not have more than 2n members . 

Since every point s £ .1ith f(s) > 0 is i ncluded in exac tlyA3 

one of these classes , there i s only a countable set of points s with 

f( s ) > O. 

Remar k . There are arcs of cvc1ic or<ler three which have 

.Eoint-oscu.l?..t i nr; circle at both the end-1?.22:.:rit.s. 

For example consider the open arc A gi ven by 

x = t 2 , y = t 3 , 



for 0 < t < ro, with ( O,O) and ro as the end-points p and e respectively, 

(Fig . 32 ) . 

First we show that the arc A is of cyclic order t hree. Let 

2 2(3.4-2.) x + y 	 + 2GX + 2fy + c = 0 

be any circ l e. Then the points of A which are common with a circle 

(3.4-2.) are the roots of the equation 

6 4 3 2(3.4-3 .) t + t 	 + 2ft + 2gt + c = o. 

Now there can be at most three variations in the signs of the 

coefficients in the equation (3 .4-3. ). Hence by Descarte ' s rule it 

can have a t most three real positive roots . Thus any c irc l e meets 

the a rc at r1os t three times . Hence A i s of cyclic order three. 

The tangent circle o f A e. t p through a point (s 2 ,s3) is given 

by 

J,s s -7 0 this circle t ends 	to the point-circle 

2 2 
x + y = o. 

'i'hus C(p) = P• 

The circle C(t,u, e ), t,u £ A, w~iich is a straight line , i s 

eiven by 

3 t 3 - u3 2 
y - u =---2 ( x-u ) • 

t 2 - u 
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As u 4 e (i. e ., a s t he parameter u __:.,....m ) t his b ecomes a st. line 

through the point t and parallel to t he y-axi s , 

x = t 2. 
'l'hu s the circle C( 1: , t) i s given by (3.4-5). Hence e 


lim C(~ ,t) =C( e ) = 00 . i'n.us C( e ) is also a point -circle . 

et-+ e 



CHAPTEH IV 

UNI ON AND EX'rEI~SION OF AHCS OF CYCLIC OIWER THREE . 

4.1. Union of Arcs of_cyclic order t hree . 

Let A3 and A3be open arcs of cyclic order t hr ee with a c oMmon 

end-point p, and l e t e , e ' be t he other end-point s respec tivel y . I~t 

· a nd 
A = A3i.J p u A3; A = e ' u A v e. 

Let T 1 ~e denote the pencil of tangent circles of A3 a t p and e and 

T~Te, of A_3 -3.t p and e ' ~ Assume t hat K3 a nd A3 ~re a l s o of cyclic 

orcter t hr ee . 

Thus 

C( p ,T ) f C( T, e ) and C(p,T ,) I C( T1 1 e 1 ). 
e e 

Let C( p ) a nd C' (p ) denot e t he os cula tine circles of A3 and A3 
r espectively a t p . 'de may assume t hat e f. C( p) * . 

I f A has cyclic order three 1 t he follo .-li ne conditions 1·Jill 

hol do 

(i) A satisfies Condition I at p (c f . Theorem 3.3.1 .). 

Thus the t wo pencils T and T ' coincide . 'vie denote t his coml'ion pencil 

by •• 

86 
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(ii ) C('r, e ' ) * C C' (p ) "' C: C ( p ) * C C ( i:, e ) "' • 

Thus 

A3C C'( p ) * C. C(p)* and A3 CC (p )*C C'( p )"' (Fi g . 33 ) . 

(iv) A3 u p [A3U p"J does not mee t C( i: " . e e ) [ c ( e ',i: )]e , 

(Fi g . 35 ) . 

Our goa l i s to s how t hat Conditi ons (i) - (iv ) are not only 

nec essa.ry but are a l s o snffi cient for A to have cyclic or de r t hree . 

We observe t ha t Awill also ha ve cyclic orde r t hre e if we 

add the conrlition 

C(i: , e ') f C(i: ,, e ).
e e 

4. 2 . Rem:?. r k . It i s c l ear tha t Condition (i i) i mpli es 

Condition (i). However Conditions (ii ), (iii ) and (iv ) are independent 

HS we shall now prove . 

4. 2-1. Condi t i ons (i) , (ii ) and (iii ) do not i ripl y Con<liti o12 ( iv ) . 

Proof . Let e 1 (-1, 0) and q (l, O) be the end-points of the open 

a rc B of the l emni scate 

cons isting of t he oriGin and t he subqrcs A3and B3 which l ie i n the 

t hi rd ~nd firs t qudr ant r espectivel y . Then B is of cyclic or der three 

(cf. Rena r k on Theorem 3 . 2 . 2.). Cl eci.rly K3 and TI3 a r e of cycl;i.c 

orde r three . 

http:Rem:?.rk
http:necessa.ry
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NoH, we show that C(q) , t he osc11lating circle of B3 a t q is 

not a point-circl e. The radius of curvature R of t he l emniscat e in 

t he pol ar coordinates is given by 

( 2 ,2)3/ 2 
H +r( 4.2-1. ) = r

2 2 • 
r +2r ' -rr" 

}.;_..At q, R = 3 Since R f 0 at q , C( q ) f q . Hence B3 crin be extended 

t.hrour,h q t o a l ar8er arc of cyclic order three ( c f. Theorem 4.6-5.) • 
../" 

J,e t B3 be extended through q to e such that t he closure A.3 of t he open 

a rc A with the end-points p and e is also of cyclic order three .2 
:.> 

Let A = A' U p UA • By (L~. 2-1. ) we see t hat the radius of 
3 3 

cur vat ure a t p is infinite and hence C(p ) i s a straight line . 'vie may 

t ake the direct:Lon of C(p ) such that e E C(p ) * . 

Since A i s conforrrially differentiabl e a t p , Condi tion ( i ) 

automatical ly hol ds . Also e ' ~ C( p ) * hence C(p ) separates C(• , e ) 

and C(• , e ') , i. e . 1 C(T 1 e 1 )* C C( p ) * CC(• , e ) . , where • denotes the 

farriily of tangent circl es of A at p . 'l'hus Condit ion (:Li ) i s satisfied. 

No .; C(p, T 1 ) does not meet the right half -pJ.ane x > O, hence 
e 

does not meet A3. Since C(p ,• ) will l ie in t he union of t he r ighte . 

hal f pl::me , t he upper hal f plane , and C(p) * , C( p , • ) does not meet 
e 

A3. Hence Condition(iii ) also holds . 

But we see th=i.t Condition ( iv ) does not hol d . Because 

e f C( q ) * (cf . Theorem 4.6.), C(• 1 1 q ) = C(t' , e ' ) we obtain 
e q 

C( • e ' , e ) * C C(•e , , q ) * 

ctnd hence C: (t'e , , e ) intersects A3 ( Fi~ . 36 ) . 
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4.2 .2. If A has a cusp at p, then the Conditions (i), (ii), 

and (iv) do not imnly Condition (iii). 

Consider A3 to be the arc of the l emniscate 

(x2+y2)2 -2xy = o, 

in the half-plane x - y ) 0, with end-points p = (O,O) and e' = 
( __!_ _ l ). Let A3 be the arc of the lemniscate 
v2 ' V2 

(x2+y2)2 +2xy =0 

in the half-plane x + y ) 0 with end-points p = (O, O) and (l ,- - 1 - ).v2 i12 · 
Put 

Then A has a cusp at p (Fig. 37). 

Obviously ~(p) , the osculating circle of A at p is t he straight 

line x = O. Let el C(p) • and hence e ' £ C(p ) . . Thus C(p ) separates 

C(~, e ') and C(~,e). Hence Condition (ii), and t herefore Condition (i) 

holds . 

Now the equation of C(~ ,, e ) = C(~ ,e') is 
e e 

2 2 
x + y = 1, 

which clearly does not meet A3up or A3 \J p. Therefore Condition (iv ) 

is sat i sfied . 

But sha l l see that Condition (iii) does not hold . The cir cle 

C(p,~e,) i s given by the equa tion 

2 2 1 1 
x + y -- x - - y =o. 

{2 \[2 
Thus the c entre (- 1- , - 1-) lies on t he line Y. = x, and the r adius2n· 2 f2 
is~. Also C( p ,~e,) being a non-tangent circle, supports A at the 

cusp point p . Since 
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we obtain that C(p,Te,) meets A3 a t some point. Thus Condition (iii) 

is viob.tcd. 

L~o 2.3. Conditions ( i ), (ii i) ancl. (iv ) do not ir~ply Condition ( i i ) . 

Let A3 be the arc of the ellipse 

2 2 
(4 .2-2.) : 2 + ~2 = 1, a l- b, 

with end- points e (O, b ) and p (a,O); and A_-3 be the a rc of the same 

ellipse with end-points e '(O,b) and p (a. ,O ) . Thus let 

A = A3 V p IJ A_-3, (Fig. 38). 

First of all we show tha t P.3 and A_3 are of cyclic order three o 

The circle C(p,T ) has the equation
e 

2
2 2 a 2(4. 2-30 ) x + y + --b-- y - a = o. 

Clearly this is not a t a.ngent circle of A3 a t p, wliich shows 

tha t K3 i s of cylcic orcter three . 

The circle (4.2-3 .) .:i.nd the ellipse (4. 2-2. ) mee t at two 

points ( ±a , O) and touch a t (O, b ) . Hence they do not meet elsewhere . 

~'hus C ( p , Te) noes not mee t A_3. Similarly C ( p 1 Te 1 ) does not meet Ay 

Thus Condition (iii) holdso 

Siilce p is a conformally differentiabl e point of the ellinse 

(and hence of A), Condition (i) is satisfi ed . 



C("t, e) 

e• 
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Finally, C( T , e ') = C(-r 1 ,e ) i s eiven by
e e 

Now C(• , e ') does not meet A since a t b. Hence C(• , e ')
e e 

does not r1eet A. Thus Condition (iv ) holds. 

From s ymmetry with respect to the x-a""<is 

C(-r, e f = C(-r, e ') . 

This i r1pl ies tha t Condition (ii ) does not hold . 

4. 3. J,ernmR . Assume Conditions ( i ), (ii ) n.ncl (iv). Then 

Condition (iii ) i.s equivfllent to A having no cusp ('t t p. 

Proofo The following discussion i s easi est to follow if we 

designa te p as the poi nt at infinity . 

Hy (ii) 

A3 c c ( p) .. () c ( L ' e ) .. and A3 c c I ( p ) .. n c ( L ' e ' ) * . 

Thus 

Since C(T , p ) t C(-r, e ) they intersect at e . Hence C(-r , e ')
e e 

a l so intersects C(-r, e ) at e . Furthernore , since C(-r , e ') does not meet 
e 

A3 \) p a nd s i nce A_3 is of cyclic order three , C(•e, e ') will i ntersect 

C(-r, e ') at e '. Symmetrically C(T 1 , e ) intersects C(-r, e ') ate ' and 
e 

C(T, e ) at e o 



Orient C(•e,e') [c(•e 1 ,e)] 

[ A3c. C ( 'e ' ' e ) *J . 
~'hus 

and 

He nce A3 \J A3 has no points in c ommon with 

C ( • , e 1 ) * () C ( • . , , e ) * (\ R = R say.
e e o 

The boundary of R decomposes R into three disjoint recions 
0 

of which R is one . Let \ and R2 be the other t wo ; thus0 

A3 \j A3 C R1 U R2 • 

Case I: A h.:i.s a cusp at P• 

Then A3 and A_3 both lie in P'l or both of them lie in R2 ; 

say in R.. In this case , lJoth e and e ' will lie on t he boundary
l 

of R.• Since C(p,•) and C(e ',•) are t ancent circles a te,
J_ e e 

C(p, • ) will de compose R. into t wo disjoint r egions and A31 ~·iill have 
e l 

points iri both of t heM . He!1.ce C(p, • )
e 

will intersect A31 (Fig. 39). 

Cafo;e II: A has no cusu a t P• 

Here A3 lies i n R1 , say ~ and A_3 lies in R2 • Thus e [ e 1] lies 

Then the circul n. r arc C(p, • ) (\ R lies 
e 

in \ and t he arc C(•e ' , p )n R lies in R2 • Hence C(p, •e) [ cC • e ' ,p)j 

does not meP. t A3 [ A31 (Fig 40 and L~l). 
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CoroDaq~. Conditions ( i ) - ( iv} i rlply tha t A has no cus P. · 

a t P • 

Renar k . Vie observe tha t if the Conr1itions (i) 1 (ii ) and 

( i v) hold and A has a cusu at p 1 then C(Te 1 e ') Hill have t o coi ncide 

with c ( T I I e ) • 
-- e 

Thus Condit ions ( i ), ( ii), ( iv ) 11nd C(• , e ') I- C(• ,, e ) i mpl y 
- - e e - ­

Condition (iii ) , a nd hence ~1at ~has c~clic or tler t hr ee . 

4.4 . Lemma . If Conditi ons (i ) - (iv ) hold and 


q ,r , s E. A3 , q ' 1 r 1 , s 1 £ A_3 then 


A_3 V e 'c C(q ,r , s ) * and A3 \.l e C C(q ' , r ' , s ') *. 

S'hese r esults r ema in valid if t ·10 or all of q,r , s , coinc i de ·1i t h one 

another or with p £!: e . 

Proof. Since et C( p )* , Lemma 3.3 . 3 i mplies tha t 

Si nce A= A31J p UA_3 sa tisfies Conditions (i) - (iv), A has no 

cus p a t p (cf. corol l a ry of Le!"lma 4 .1.1). Al so C( p ,• ) rf •. Hence e y-· 
C( p ,•e ) i nte r sec ts A a t p . Now A3 C C( p ,•e) * and by Condition (iii ) 

A3 does not Mee t C( p ,•e ). Condition (iv ) i Mpl i es tha t e ' ¢ C( ~ ,•e). 
Thus A.3 U e ' rtoes not mee t C(p ,•e). Hence 



By Condition ( ii ), C( p ) sepqrates C(T, e ) and C(T, e '). Also 

e E:: C(p) *. Hence e ' (. C(p )* and A3 V e ' cC ( p ) *. Altogether, 

A~ \J e ' c fc ( p ) * r. C(n,-r )°)c C( q ,r, s ) * :J \~ ~, ~ e ~ 

4.5. Theorem . ConditionR ( ii) - (iv) ~~re not only necessa::t 

but are also sufficient for A to have cvclic order thre e . 

Proof . Let t,u ( A3u p , t ' , u ' E.. A3L} P• Using the Lemma 4.4, 

we prove succ~ssively that C(-r 1 ,t) and symmetrically C(t ',-r );
e e 

C( e ', t , e ) and C( e ', t ', e ); C( e ' ,t' 1 t ) and C(t ' ,t,e ); C( e ', t ,u) and 

C(e , t ',u'); C( t ', t,u ) do not r.1eet A elsewher·e . 

rcc~,, t ) 

_) C( e ' ,t, e ) 

Ci (t) = (. C( t' , t , e ) if i 


C( e ,t 1 , u ') 


C(t' ,t,u) 


Now C.( p ) cloes not meet A a13ain . If t rnoves continuously
l. 

on A3 frori p to e 1 Ci ( t) cannot pass throu 13h p 1 cannot increas_e the 

rmltiplid. ty with which it meets e or e ' , and cannot suriport A3 \J A3 
at a new point . Hence C. ( t ) does not r'lee t A elsewhere . 

l. 
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4. 6. ExtP.nsion of a11 n.rc of cyclic or<l.er three . 

In this section we wish to prove that an open arc A3 can 

be 	extended through an end-point p to a lare;er arc of cyclic order 

. f 1.three if and only if C( p) J p and ~3 , the closure of I,3 , H > o _ eye i c 

order throe . 

Let e be the other end-point of A3 and let T and Te denote 

the family of tangent circles of t,3 a t p and e respectively. 

4.6.1. We know that a r e flection in a circle followed by 

a r eflec tion in an orthoconal circle is a c onforr1al transformation 

which l eav es both t hese circ l P.s invariant; cf. section 1.6. 

l ie an open arc of cyclic orner three with an end-}_)Oint p 1 such tha t 

C( p ) J p and ~3 i s also of cyclic orrler three , 

i. e. , C( p 1 T ) f C(T, e) . 
e 

I ,et D be any circle thr0ugh p and orthogona l to C(p), such th<'l.t D 

I 
does not meet A3 \J e . \'le construct an arc A3 hy fi r s t refJ_ectint: A3 

i n C( p ) and t hen refl ectinc the r esulting arc i n the circle D. Then 

we choose a suit,able subarc B3 c A3 with i mage B3 c A3 1 and t ake 

I\ B ' •. V A (Fit:; . 42).
l = 3 v p 3 ' 

To 8chieve our 3oal we s o~ that the a rc A is a lso of cyclic 

order three . It suffices to sho•.-1 that Condi tions ( i) - ( iv ) of 

section 4.1 hold for A. 
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Since both reflections leave C( p) invRriant , t he 

arc A is conformally differentiable at p. Thus Conditions ( i ) a nd 

(ii ) H:i.11 hold. 

Let e,e ' , f and f ' be the end-points /. p of A3'A3, B3 and B3 

r espectively. \fo may asGume tha t e c D* . Thus 

A3 U eCC(p) * (I D* , 

and 

4.6.3. Condition (iii ) is RRtisfied . 

Let F be the circle orthogo~al t o the f amily of circles , T 1 

through :J and any point of Ay Le t F ' be its i mage under the reflection 

i n C( p ) follo~·1ed by the reflection in D. Thus 

Choo.se 

and 

t hus 

~;i..nce A3 C C( p) * n ])* I while 

C(•r· ,p) c~CT, f ') . \J F! \j f ' v ~c C ( p). \) D*U p , 

A3 does not meet C(Tf 11 p) (Fig . 43). 
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By s horteni ng B_3 i f necessary , ( e. ~ . , choos ing B3 i n 

C(Te ' 1 p ) *) we can assume t hat B3 does not meet C( p, Te) ' (Fig. 44). 

4. 6.4. Condit ion (iv ) a l so hol ds f or the arc A. 

I n the follo wing i t is conveni ent to t ake e as the poi nt a t 

i nfinity . I f n3i s chosen small enouGh , t hen C( f' ,Te ) will be close 

t o C (p , Te) , while a c i r cl e t hrough e and hJO points of B_-3 will b e 

clos e to C(T , e ). Since C(p, T) ~ C(T ,e ) , hence , C( f ',t) does not 
e e 

neet B3 v P• He may assume t hctt 

Next, C( f' ,p,e ) i s close to C(T, e ), 1-1h:i.le a circl e which 

meet s B3af,Rin. Sinc e 

we have 

(Fir; . 45 , 46). 

But 

therefore C( f ' , p , e ) doe~ not meet Ay We m::ty assur~e t hat 

thus 

n3 c C( f ' , p , e )* . 

http:1-1h:i.le
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Now C(• r 1 ,e ) is close to C(• ,e ) , whil e C(i:f 1 , p ) is close 

t o C( p). · Hence 

Since 

B_3 C C: ( f' , p , e ) * () C ( f ' , • e ) *, 

we obtain 

\J C(f' ,• ).
e 

As 

A3 C C ( f' , p , e ) * fl C ( f ' , Te ) * , 

we obtain C(Tf 1 , e ) does not meet ~ P•A3 

4.6. ~. CoMbining the subsections from 4 . 6 ~1 to 4.6.5 we 

obtain the fol lowinB Theorem . 

Theorer~. An onen arc can be extencied throup;h an end-pointA3 

p t o a l a r ger arc of cyclic order t hree j_f and onJ:Y..2.:f C(p ) f- p and 

A3 is o f c~lic order three o 
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