














































































































































































in C(p).. Since the area of C(p) is 1, 

( i) the class of points s for which 

1 
1 > f ( s ) 2 , 

has a t most 2 members. 

(ii) The class of points s for which, 

1 1 2 > f(s) 4 ' 

has a t most four i.e., 2 2 members . 

(iii) The class of points s for which, 

t > f( s ) )-

has at most eieht i. e ., 23 members . 

Thus in gene r a l, the class of points for Hhich 

1 1 
n-1 > 

2 . 2n 
(n=l,2,3 ••• ) 

does not have more than 2n members . 

Since every point s £ A3 .1ith f(s) > 0 is i ncluded in exac tly 

one of these classes , there i s only a countable set of points s with 

f( s ) > O. 

Remar k . There are arcs of cvc1ic or<ler three which have 

.Eoint-oscu.l?..t i nr; circle at both the end-1?.22:.:rit.s. 

For example consider the open arc A gi ven by 

x = t 2 , y = t 3 , 
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for 0 < t < ro, with ( O,O) and ro as the end-points p and e respectively, 

(Fig . 32 ) . 

First we show that the arc A is of cyclic order t hree. Let 

(3.4-2.) 2 2 
x + y + 2GX + 2fy + c = 0 

be any circ l e. Then the points of A which are common with a circle 

(3.4-2.) are the roots of the equation 

(3.4-3 .) 6 4 3 2 
t + t + 2ft + 2gt + c = o. 

Now there can be at most three variations in the signs of the 

coefficients in the equation (3 .4-3. ). Hence by Descarte ' s rule it 

can have a t most three real positive roots . Thus any c irc l e meets 

the a rc at r1os t three times . Hence A i s of cyclic order three. 

The tangent circle o f A e. t p through a point (s 2 ,s3) is given 

by 

J,s s -7 0 this circle t ends to the point-circle 

2 2 
x + y = o. 

'i'hus C(p) = P• 

The circle C(t,u, e ), t,u £ A, w~iich is a straight line , i s 

eiven by 

3 t 3 - u3 2 
y - u = ---2 ( x-u ) • 

t 2 - u 
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As u 4 e (i. e ., a s t he parameter u __:.,....m ) t his b ecomes a st. line 

through the point t and parallel to t he y-axi s , 

x = t 2 . 
'l'hu s the circle C( 1: , t) i s given by (3.4-5). Hence e 

lim 
t-+ e 

C(~ ,t) = C( e ) = 
e 00 . i'n.us C( e ) is also a point -circle . 
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CHAPTEH IV 

UNI ON AND EX'rEI~SION OF AHCS OF CYCLIC OIWER THREE . 

4.1. Union of Arcs of_cyclic order t hree . 

Let A3 and A3 be open arcs of cyclic order t hr ee with a c oMmon 

end-point p, and l e t e , e ' be t he other end-point s respec tivel y . I~t 

· a nd 
A = A3 i.J p u A3; A = e ' u A v e. 

Let T 1 ~e denote the pencil of tangent circles of A3 a t p and e and 

T ~Te, of A_3 -3.t p and e ' ~ Assume t hat K3 a nd A3 ~re a l s o of cyclic 

orcter t hr ee . 

Thus 

C( p ,T ) f C( T, e ) and C(p,T ,) I C( T1 1 e 1 ). 
e e 

Let C( p ) a nd C' (p) denot e t he os cula tine circles of A3 and A3 
r espectively a t p . 'de may assume t hat e f. C( p) * . 

I f A has cyclic order three 1 t he follo .-li ne conditions 1·Jill 

hol do 

(i) A satisfies Condition I at p (c f . Theorem 3.3.1 .). 

Thus the t wo pencils T and T ' coincide . 'vie denote t his coml'ion pencil 

by •• 
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Thus 

(ii ) C ('r, e ' ) * C C' ( p ) "' C: C ( p ) * C C ( i:, e ) "' • 

(iv) 

A3C C'( p ) * C. C(p)* and A3 CC (p )*C C'( p )"' (Fi g . 33 ) . 

A3 u p [A3 U p"J 

(Fi g . 35 ) . 

does not mee t C( i: " e ) [ c (e ',i: )] , . e e 

Our goa l i s to s how t hat Conditi ons (i) - (iv ) are not only 

nec essa.ry but are a l s o snffi cient for A to have cyclic or de r t hree . 

We observe t ha t A will also ha ve cyclic orde r t hre e if we 

add the conrlition 

C(i: , e ') f C(i: ,, e ). 
e e 

4. 2 . Rem:?. r k . It i s c l ear tha t Condition (i i) i mpli es 
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Condition (i). However Conditions (ii ), (iii ) and (iv ) are independent 

HS we shall now prove . 

4. 2-1. Condi t i ons ( i) , (ii ) and (iii ) do not i ripl y Con<li ti o12 ( iv ) . 

Proof . Let e 1 (-1, 0) and q (l, O) be the end-points of the open 

a rc B of the l emni scate 

cons isting of t he oriGin and t he subqrcs A3 and B3 which l ie i n the 

t hi rd ~nd firs t qudr ant r espectivel y . Then B is of cyclic or der three 

(cf. Rena r k on Theorem 3 . 2 . 2.). Cl eci.rly K3 and TI3 a r e of cycl;i.c 

orde r three . 
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NoH, we show that C(q) , t he osc11lating circle of B3 a t q is 

not a point-circl e. The radius of curvature R of t he l emniscat e in 

t he pol ar coordinates is given by 

( 4.2-1. ) 
( 2 ,2)3/ 2 

H = r +r 
2 2 • 

r +2r ' -rr" 

At q, R }.;_ .. 
= 3 Since R f 0 at q , C( q ) f q . Hence B3 crin be extended 

t.hrour,h q t o a l ar8er arc of cyclic order three ( c f. Theorem 4.6-5.) • 
.. /" 
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J,e t B3 be extended through q to e such that t he closure A.3 of t he open 

a rc A2 with the end-points p and e is also of cyclic order three . 
:.> 

Let A = A' U p U A • By (L~. 2-1. ) we see t hat the radius of 
3 3 

cur vat ure a t p is infinite and hence C(p ) i s a straight line . 'vie may 

t ake the direct:Lon of C(p ) such that e E C(p ) * . 

Since A i s conforrrially differentiabl e a t p , Condi tion ( i ) 

automatical ly hol ds . Also e ' ~ C( p ) * hence C(p ) separates C(• , e ) 

and C(• , e ') , i. e . 1 C(T 1 e 1 )* C C( p ) * CC(• , e ) . , where • denotes the 

farriily of tangent circl es of A at p . 'l'hus Condit ion (:Li ) i s satisfied. 

No .; C(p, T 1 ) does not meet the right half -pJ.ane x > O, hence 
e 

does not meet A3. Since C(p ,• ) will l ie in t he union of t he r ight e . 

hal f pl::me , t he upper hal f plane , and C(p) * , C( p , • ) does not meet 
e 

A3. Hence Condition(iii ) also holds . 

But we see th=i.t Condition ( iv ) does not hol d . Because 

e f C( q ) * (cf . Theorem 4.6.), C(• 1 1 q ) = C(t' , e ' ) we obtain 
e q 

C( • e ' , e ) * C C(•e , , q ) * 

ctnd hence C: (t'e , , e ) intersects A3 ( Fi~ . 36 ) . 
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4.2 .2. If A has a cusp at p, then the Conditions (i), (ii), 

and (iv) do not imnly Condition (iii). 

Consider A3 to be the arc of the l emniscate 

(x2+y2)2 -2xy = o, 

in the half-plane x - y ) 0, with end-points p = (O,O) and e' = 
( __!_ _ l ). Let A3 be the arc of the lemniscate 
v2 ' V2 

(x2+y2)2 +2xy = 0 
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in the half-plane x + y ) 0 with end-points p = (O, O) and (l ,- - 1 - ). v2 i12 · 
Put 

Then A has a cusp at p (Fig. 37). 

Obviously ~(p) , the osculating circle of A at p is t he straight 

line x = O. Let el C(p) • and hence e ' £ C(p ) . . Thus C(p ) separates 

C(~, e ') and C(~,e). Hence Condition (ii), and t herefore Condition (i) 

holds . 

Now the equation of C(~ ,, e ) = C(~ ,e') is 
e e 

2 2 
x + y = 1, 

which clearly does not meet A3 up or A3 \J p. 

is sat i sfied . 

Therefore Condition (iv ) 

But sha l l see that Condition (iii) does not hold . The cir cle 

C(p,~e,) i s given by the equa tion 

2 
x 

2 
+ y 

1 --
{2 

1 x - - y = o. 
\[2 

Thus the c entre (- 1- , - 1-) lies on t he line Y. = x, and the r adius 2n· 2 f2 
is~. Also C( p ,~e,) being a non-tangent circle, supports A at the 

cusp point p . Since 



. y-axis 
'1' 

x-axis 
·~~~~-~~~~~~~~===~~~_;:__~~~~7-~~-t-~~~~? 

' 
C( p ) 

y =-X 

FIGURE 37 



we obtain that C(p,Te,) meets A3 a t some point. Thus Condition (iii) 

is viob.tcd. 

95 

L~o 2.3. Conditions ( i ), (ii i) ancl. (iv ) do not ir~ply Condition ( i i ) . 

(4 .2-2.) 

Let A3 be the arc of the ellipse 

2 2 
: 2 + ~2 = 1, a l- b, 

with end- points e (O, b ) and p (a,O); and A_-3 be the a rc of the same 

ellipse with end-points e '(O,b) and p (a. ,O ) . Thus let 

A = A3 V p IJ A_-3, (Fig. 38). 

First of all we show tha t P.3 and A_3 are of cyclic order three o 

The circle C(p,T ) has the equation 
e 

(4. 2-30 ) 2 x 2 
+ y 

2 
a 

+ --b-- y -
2 

a = o. 

Clearly this is not a t a.ngent circle of A3 a t p, wliich shows 

tha t K3 i s of cylcic orcter three . 

The circle (4.2-3 .) .:i.nd the ellipse (4. 2-2. ) mee t at two 

points ( ±a , O) and touch a t (O, b ) . Hence they do not meet elsewhere . 

~'hus C ( p , Te) noes not mee t A_3. Similarly C ( p 1 Te 1 ) does not meet Ay 

Thus Condition (iii) holdso 

Siilce p is a conformally differentiabl e point of the ellinse 

(and hence of A), Condition (i) is satisfi ed . 



C("t, e) 

e• 

FIGURE 38 
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Finally, C( T , e ') = C(-r 1 ,e ) i s eiven by 
e e 

Now C(• , e ') does not meet A since a t b. Hence C(• , e ') 
e e 

does not r1eet A. Thus Condition (iv ) holds. 

From s ymmetry with respect to the x-a""<is 

C(-r, e f = C(-r, e ') . 

This i r1pl ies tha t Condition (ii ) does not hold . 

4. 3. J,ernmR . Assume Conditions ( i ), (ii ) n.ncl (iv). Then 

Condition (iii ) i.s equivfllent to A having no cusp ('t t p. 

Proofo The following discussion i s easi est to follow if we 

designa te p as the poi nt at infinity . 

Hy (ii) 

A3 c c ( p) .. () c ( L ' e ) .. and A3 c c I ( p ) .. n c ( L ' e ' ) * . 

Thus 

Since C(T , p ) t C(-r, e ) they intersect at e . Hence C(-r , e ') 
e e 

a l so intersects C(-r, e ) at e . Furthernore , since C(-r , e ') does not meet 
e 

A3 \) p a nd s i nce A_3 is of cyclic order three , C(•e, e ') will i ntersect 

C(-r, e ') at e '. 

C(T, e ) at e o 

Symmetrically C(T 1 , e ) intersects C(-r, e ') ate ' and 
e 



Orient C(•e,e') [c(•e 1 ,e)] 

[ A3 c. C ( 'e ' ' e ) *J . 
~'hus 

and 

He nce A3 \J A3 has no points in c ommon with 

C ( • , e 1 ) * () C ( • . , , e ) * (\ R = R say. 
e e o 

The boundary of R decomposes R into three disjoint recions 
0 

of which R0 is one . Let \ and R2 be the other t wo ; thus 

A3 \j A3 C R1 U R2 • 

Case I: A h.:i.s a cusp at P• 

Then A3 and A_3 both lie in P'l or both of them lie in R2 ; 

say in R.. In this case , lJoth e and e ' will lie on t he boundary 
l 

of R .• Since C(p,•) and C(e ',•) are t ancent circles a te, 
J_ e e 

C(p, • ) will de compose R. into t wo disjoint r egions and A31 ~·iill have 
e l 

points iri both of t heM . He!1.ce C (p, • ) will intersect A31 (Fig. 39). 
e 

Cafo;e II: A has no cusu a t P• 

Here A3 lies i n R1 , say ~ and A_3 lies in R2 • Thus e [ e 1] lies 

Then the circul n. r arc C(p, • ) (\ R lies 
e 

in \ and t he arc C(•e ' , p )n R lies in R2 • Hence C(p, •e) [ cC • e ' ,p)j 

does not meP. t A3 [ A31 (Fig 40 and L~l). 
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CoroDaq~. Conditions ( i ) - ( iv} i rlply tha t A has no cus P. · 

a t P • 

Renar k . Vie observe tha t if the Conr1itions (i) 1 (ii ) and 

( i v) hold and A has a cusu at p 1 then C(Te 1 e ') Hill have t o coi ncide 

with c ( T I I e ) • 
-- e 

Thus Condit ions ( i ), ( ii), ( iv ) 11nd C(• , e ') I- C(• ,, e ) i mpl y 
- - e e - -

Condition (iii ) , a nd hence ~1at ~has c~clic or tler t hr ee . 

4.4 . Lemma . If Conditi ons (i ) - (iv ) hold and 

q ,r , s E. A3 , q ' 1 r 1 , s 1 £ A_3 then 

A_3 V e 'c C(q ,r , s ) * and A3 \.l e C C(q ' , r ' , s ') *. 

S'hese r esults r ema in valid if t ·10 or all of q,r , s , coinc i de ·1i t h one 

another or with p £!: e . 

Proof. Since et C( p )* , Lemma 3.3 . 3 i mplies tha t 

Si nce A= A31J p UA_3 sa tisfies Conditions (i) - (iv), A has no 

cus p a t p (cf. corol l a ry of Le!"lma 4 .1.1). Al so C( p ,• ) rf •. e y-· Hence 

C( p ,•e ) i nte r sec ts A a t p . Now A3 C C( p ,•e) * and by Condition (iii ) 

A3 does not Mee t C( p ,•e ). Condition (iv ) i Mpl i es tha t e ' ¢ C( ~ ,•e). 

Thus A.3 U e ' rtoes not mee t C(p ,•e). Hence 



By Condition ( ii ), C( p ) sepqrates C(T, e ) and C(T, e '). Also 

e E:: C(p) *. Hence e ' (. C(p )* and A3 V e ' cC ( p ) *. Altogether, 

A~ \J e ' c fc ( p ) * r. C(n,-r )°)c C( q ,r, s ) * :J \~ ~, ~ e ~ 

4.5. Theorem . ConditionR ( ii) - (iv) ~~re not only necessa::t 

but are also sufficient for A to have cvclic order thre e . 

Proof . Let t,u ( A3u p , t ' , u ' E.. A3L} P• Using the Lemma 4.4, 

we prove succ~ssively that C(-r 1 ,t) and symmetrically C(t ',-r ); 
e e 

C( e ', t , e ) and C( e ', t ', e ); C( e ' ,t' 1 t ) and C(t ' ,t,e ); C( e ', t ,u) and 

C(e , t ',u'); C( t ', t,u ) do not r.1eet A elsewher·e . 

rcc~,, t ) 

_) C( e ' ,t, e ) 

Ci (t) = (. C( t' , t , e ) 

C( e ,t 1 , u ') 

C(t' ,t,u) 

if i 

Now C.( p ) cloes not meet A a13ain . If t rnoves continuously 
l. 

on A3 frori p to e 1 Ci ( t) cannot pass throu 13h p 1 cannot increas_e the 

rml tiplid. ty with which it meets e or e ' , and cannot suriport A3 \J A3 
at a new point . Hence C. ( t ) does not r'lee t A elsewhere . 

l. 



4. 6. ExtP.nsion of a11 n.rc of cyclic or<l.er three . 

In this section we wish to prove that an open arc A3 can 

be extended through an end-point p to a lare;er arc of cyclic order 

three if and only if C( p) J p and ~3 , the closure of I . f 1. ,3 , H > o _ eye i c 

order throe . 

Let e be the other end-point of A3 and let T and Te denote 

the family of tangent circles of t,3 a t p and e respectively. 

4.6.1. We know that a r e flection in a circle followed by 

a r eflec tion in an orthoconal circle is a c onforr1al transformation 

which l eav es both t hese circ l P.s invariant; cf. section 1.6. 

l ie an open arc of cyclic orner three with an end-}_)Oint p 1 such tha t 

C( p ) J p and ~3 i s also of cyclic orrler three , 

i. e. , C( p 1 T ) f C(T, e) . 
e 

I ,et D be any circle thr0ugh p and orthogona l to C(p), such th<'l.t D 

I 
does not meet A3 \J e . \'le construct an arc A3 hy fi r s t refJ_ectint: A3 

i n C( p ) and t hen refl ectinc the r esulting arc i n the circle D. Then 

we choose a sui t,able subarc B3 c A3 with i mage B3 c A3 1 and t ake 

I\ B ' •. V A 
l = 3 v p 3 ' (Fit:; . 42). 

To 8chieve our 3oal we s o~ that the a rc A is a lso of cyclic 

order three . It suffices to sho•.-1 that Condi tions ( i) - ( iv ) of 

section 4.1 hold for A. 
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Since both reflections leave C( p) invRriant , t he 

arc A is conformally differentiable at p. Thus Conditions ( i ) a nd 

(ii ) H:i.11 hold. 

Let e,e ' , f and f ' be the end-points /. p of A3'A3, B3 and B3 

r espectively. \fo may asGume tha t e c D* . Thus 

A3 U eCC(p) * (I D* , 

and 

4.6.3. Condition (iii ) is RRtisfied . 

Let F be the circle orthogo~al t o the f amily of circles , T 1 
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through :J and any point of Ay Le t F ' be its i mage under the reflection 

i n C( p ) follo~·1ed by the reflection in D. Thus 

Choo.se 

and 

t hus 

~;i..nce A3 C C( p) * n ])* I while 

C(•r· ,p) c~CT, f ') . \J F! \j f ' v ~c C ( p). \) D*U p , 

A3 does not meet C(Tf 11 p) (Fig . 43). 
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By s horteni ng B_3 i f necessary , ( e. ~ . , choos ing B3 i n 

C(Te ' 1 p ) *) we can assume t hat B3 does not meet C( p, Te) ' (Fig. 44). 

4. 6.4. Condit ion (iv ) a l so hol ds f or the arc A. 

I n the follo wing i t is conveni ent to t ake e as the poi nt a t 

i nfinity . I f n3 i s chosen small enouGh , t hen C( f' ,Te ) will be close 

t o C (p , Te) , while a c i r cl e t hrough e and hJO points of B_-3 will b e 

clos e to C(T , e ). Since C(p, T) ~ C(T ,e ) , hence , C( f ',t) does not 
e e 

neet B3 v P• He may assume t hctt 

Next, C( f' ,p,e ) i s close to C(T, e ), 1-1h:i.le a circl e which 

meet s B3 af,Rin. Sinc e 

we have 

(Fir; . 45 , 46). 

But 

therefore C( f ' , p , e ) doe~ not meet Ay We m::ty assur~e t hat 

thus 

n3 c C( f ' , p , e )* . 
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Now C(• r 1 ,e ) is close to C(• ,e ) , whil e C(i:f 1 , p ) is close 

t o C( p). · Hence 

Since 

B_3 C C: ( f' , p , e ) * () C ( f ' , • e ) *, 

we obtain 

As 

\J C(f' ,• ). 
e 

A3 C C ( f' , p , e ) * fl C ( f ' , Te ) * , 

we obtain C(Tf 1 , e ) does not meet A3 ~ P• 

4.6. ~. CoMbining the subsections from 4 . 6 ~1 to 4.6.5 we 

obtain the fol lowinB Theorem . 

Theorer~. An onen arc A3 can be extencied throup;h an end-point 

p t o a l a r ger arc of cyclic order t hree j_f and onJ:Y..2.:f C(p ) f- p and 

A3 is o f c~lic order three o 
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