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SCOPE AND CONTENTS 

A theoretical solution for the progress of consol­

idation of a saturated soil layer subjected to cyclic 

loading is obtained. A comparison between the theoretical 

solution and the experimental results of Kaolin samples 

consolidating under cyclic loadings is presented. 
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CHAPTER I 

INTRODUCTION 

When a sustained pressure is applied to a satur­

ated soil, the entire pressure is carried initially by the 

water in the pores of the soil as excess pore water press­

ure. If drainage is allowed, the gradient of the excess 

pore water pressure causes flow of water out of the soil, 

and consequently dissipation of a part of the excess pore 

water pressure. The process of dissipation of the excess 

pore water pressure, and the gradual squeezing of water 

from the soil, is called "Consolidation". 

As consoli~ation proceeds, the excess pore water 

pressure dissipates, and the pressure is transfered grad­

ually to the soil particles. Finally, after the dissipation 

of all the excess pore water pressure, the entire pressure 

is carried by the soil particles. Consolidation is assoc­

iated with volume change, drainage of water and increase 

in the soil strength. 

Terzaghi (1925} developed the theory of the one 

dimensional consolidation of soils. The mathematical sol­

ution of the theory provides a procedure to enable eng­

ineers to predict pressures and settlements in a stratum 

of a consolidating soil at any time. This theory, although 

adequate for sustained loading, does not consider cases of 

cyclic loading. 

1 
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The progressive settlements of structures on com­

pressible soils, such as clay and peat, raise problems 

of practical importance in engineering practice. Highway 

engineers have had many problems as a result of cyclic 

loadings caused by the passage of vehicles along a road. 

A soil layer under traffic loading is subjected to a 

large number of load applications separated by intervals 

under the overburden pressure only. For highways, the 

duration of load application while the traffic is in 

motion is very short, usually a fraction of a second. 

However, at road intersections the duration of load app­

lication may reach several minutes, and in parking areas 

the·duration of load application can be several hours. 

The discrepancies between the values of settlements 

obtained from theoretical predictions based on the theory 

of consolidation under static loads and the values of 

settlements obtained from field measurements, have indicated 

the need for investigations and studies on the problem 

of consolidation under cyclic loadings. 

Cyclic loadings have other practical applications 

such as : water level variations due to tide, wave action 

against waterfront structures, moving loads across a 

factory floor or over a support of a bridge and wind 

action on a structure causing pressure variation in the 

supporting soil. The process of consolidation and the 

shear strength characteristics of soils are interrelated 
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topics and knowledge of them is essential to the under­

standing of the soil behaviour. 

The purpose of this research work is to invest­

igate the progress of consolidation of a soil layer sub­

jected to cyclic loading. As a starting point for such 

a study, the case of one dimensional consolidation has 

been taken, as it involves the essential physics of the 

consolidation process but requires the simplest mathem­

atical and experimental treatment. 


A theoretical solution for the progress of con­

solidation of a soil layer subjected to cyclic loading 

is obtained. This solution provides a set of curves des­

cribing the proce~s of consolidation of the layer. The 

influence of the different parameters affecting the 

process of consolidation such as the coefficient of con­

solidation of the soil, the thickness of the layer and 

the cyclic load characteristics is investigated. 

In order to compare the theoretical solution with 

experimental results, a series of tests was conducted. 

In these tests, ·the samples were subjected to cyclic 

loadings of different duration, frequency and magnitude 

in a specially modified consolidometer. The consolidom­

eter was provided with pressure transducers plac~d at 

different levels for pore pressure measurements along 

the samples. The settlements of the samples were meas­

ured using a dial gauge. The cyclic loadings were 
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applied hydraulically. 

The samples used in the tests were prepared from 

commercial kaolin known as Hydrite U.F, which is a uni­

form graded mixture of silt and clay. The kaolin powder 

was mixed with distilled de-aired water to form a slurry 

in the consolidometer. The reason for choosing kaolin 

was to obt,ain homogeneous saturated. samples. 



CHAPTER II 

LITERATURE REVIEW 

Terzaghi (1925) developed the cl~ssical concepts 

of consolidation. It was assumed that there exists a 

maximum effective pressure that can be supported by the 

soil particles for every void ratio of the soil. When 

an applied pressure exceeds the supporting capacity of 

the soil particles at a certain void ratio, the excess 

pressure is carried by the water in the voids of the 

soil, thus developing excess pore water pressure. The· 

gradient of the excess pore water pressure causes water 

to flow out of the soil according to Darcy's Law. Sub­

sequently, the void ratio of the soil decreases, and 

a bigger part of the applied pressure is carried by the 

soil particles, which relieves a part of the excess 

pore water pressure. As this process continues, all the 

excess pore water pressure is dissipated and the applied 

pressure is supported completely by the soil particles. 

The mechanism of the classical consolidation is the 

development and dissipation of pore water pressures 

resulting in a volume reduction and a decrease in the 

water content of the soil. 

The classical theory of consolidation as devel­

oped by Terzaghi deals only with cases of static loads. 

Terzaghi and Frohlich (1936) studied the progress of 

5 
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consolidation during and after the application of a grad­

ual pressure. In this case consolidation occurs simultan­

eously with the increase in the applied pressure. They 

assumed that consolidation due to every load increment 

proceeds independently of the consolidation due to the 

preceeding and succeeding load increments. They presented 

graphical methods for constructing time-consolidation 

curves for some cases of gradual application of the con­

solidation pressure such as construction loading of 

buildings or embankments. 

Gibson (1958) studied the progress of consolid­

ation of a clay layer increasing in thickness with time, 

by qssuming certain relations between the increase in 

thickness and the time. 

Schiffman (1958) extended the theory of consol­

idation to take into account the cases of time depend­

ent loading. Using an exponential approximation for the 

relation between the coefficient of permeability of the 

soil and the excess pore water pressure, he deduced exp­

ressions for the excess pore water pressures in a soil 

layer subjected to different types of time dependent 

loadings such as construction loading and harmonic load­

ing, taking into account the variation in the permeabil­

ity during the consolidation process. 

The physical nature of the consolidation process 

is one that has direct analogy with the theories of 
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rheology. Ishii (1951) analyzed the consolidation proc­

ess in terms of a visco-elastic mechanical model. On 

the basis of his work, the theory of consolidation must 

be restricted to loading conditions in which the loads 

are imposed on the soil mass with low frequency (Schiff­

man 1958). 

Experimental work by Wagener (1960) on repetit­

ively loaded consolidometer samples, indicated that 

the consolidation settlement expected from repetitively 

loaded sampies is equal to the settlement produced in 

statically loaded samples, provided that the cumulative 

time during which the repetitive load acts is equal to 

the time of application of the static load. 

Skempton and Sowa (1963), Knight and Blight (1965) 

showed that, when a sample of soil is consolidated under 

a certain vertical total stress, and if this total 

stress is removed without change in either the water 

content or the volume of the sample, negative pore water 

pressures are set up in the sample. The magnitudes of 

these negative pore water pressures depend upon the 

vertical effective stress before unloading, the pore 

water pressure parameter for the release of stress"As" 

and the ratio between the horizontal and vertical effec­

tive stresses"K". 

Knight and Blight (1965) showed that loading 

and unloading normally consolidated undrained triaxial 
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specimens produced a residual positive pore water pressure. 

When drainage is allowed, successive cycles of loading 

and unloading and dissipation of the pore water pressure 

reduce the magnitude of the residual pore water pressure 

as the density and rigidity of the soil increase. Event­

ually, the soil is so rigid that further loading cycles 

produce virtually no residual pore water pressure. At this 

stage the soil acts completely elastic, and the curve of 

the settlement against the number of load applications 

becomes asymptotic to a maximum value. 



CHAPTER III 

THEORETICAL SOLUTION 

To derive an equation representing the one dimen­

sional consolidation of a soil layer subjected to cyclic 

loading, the following assumptions have been made: 

Assumptions 

(1) The soil mass is homogeneous and isotropic. 

(2) The soil is completely saturated. 

(3) Both water and soil particles are incomp­

ressible, therefore the change in the volume of the soil 

mass is entirely due to drainage of water. 

(4) Water and soil particles movements are 

assumed to be along the vertical axis only. 

(5) Darcy's Law is valid. 

(6) The total pressure is the sum of the eff­

ective pressure and the pore water pressure. The soil 

comes to equilibrium under any given effective pressure. 

(7) 	 The Coefficient of Compressibility during 

-de
loading periods(avc= dp), and the Coefficient of Expansion 

d · un oad · ing perio· d s a de) to be equaluring 	 1 ( =~a are assumed ve - p 

and constant for a given pressure increment. 

(8) The Coefficient of Consolidation and the 

Coefficient of Swelling are assumed to be equal and con­

stant during the consolidation process. 

(9) The change in the thickness of the soil 

9 
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layer during the consolidation is insignificant compared 

to the thickness of the layer. 

The assumption of a linear relationship between 

the effective pressure in the soil and the void ratio, 

is a crude approximation for the relation between them. 

The only justification for its use is that a more correct 

relation other than the linear relationship would make 

the analysis very complex (Taylor 1948). The assumption 

that the Coefficient of Compressibility and the Coeff­

icient of Expansion are equal is a satisfactory assump­

tion for the reloading and unloadi"ng branches of the 

e-p curve for a preconsolidated soil. It is a good ass­

umption for soils subjected to high effective pressures, 

but it is a poor assumption for soft soils under low 

effective pressures. 

The assumption that the Coefficient of Consol­

idation and the Coefficient of Swelling are equal and 

constant is basically assuming that the variations in 

the permeability of the soil, the void ratio and the 

Coefficient of Compressibility or the Coefficient of 

Exp~nsion tend to cancel. This introduces some error,but 

it is believed to be of minor importance. 

The other assumptions involved in the theory are 

basically the same for most of the theories of consolid­

ation and discussions about them are available in Soil 

Mechanics texts. 
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Derivation 

Fig. (1) shows a section through a soil stratum 

subjected to cyclic loading. 

z = 0". : .·· 
, • ·, '. • • ., • • ~ • ·,: • I : 

-. . . . . .. . . ..... , .. ·.. . : .. ·.-..' .: ., I 
. ·. . .. . . ~ ..... 

.. . . . . . : . : ... ·..... .. - . . ••• • 4 

... _ . . . . ... .: . .. .·...... . . . . . . . 
_:. _-_- ·_.· __- ·.··. · :_H-._· ..._.": _-_· ·.:.:·-:·A -. ·....·B.: _: _:· ·."_ · : ...... 


... .. . 
 . .. . . .·· . . . . . . . . . . ' . . . . 0
I · ~ · · ..'· ·.. . . . .. · ..... ·. - c· · · · . ·D : . . . ·. ·. . . I 
" '. . . ... . . .. .. . .. . .. . . . . . . ·. . . .. . . . . 

.. . . . . . . . ..... . . . . . 
.. . . . . .. 

z = H 

Impervious layer 

FIG.(l), SECTION THROUGH A SOIL STRATUM, 

Flow of I
water 

c Ddy 

FIG,(2), FLOW THROUGH AN ELEMENT OF SOIL, 
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Consider an element of soil ABCD, through which 

is occurring a laminar flow of water in unit time q, due 

to consolidation of the soil stratum. 

Using Darcy's Law, we get 

Flow into the bottom of the element q =kt a 

Where 

k is the permeability of the soil in the z direction 

L is the hydraulic gradient 

a is the area of the bottom face 

Then we can write 

q = k 
· · ·a h
(- -) dy dxa z 

Flow out of the top of the element= 

a k
ck+ az 

Where h is the total head 

The net flow into the element= ~q = 

Flow into bottom - Flow out of top 

a h a k ah a 2h~q = k (- -) dy dx - (k+ a- dz) (- - - -2 dz) dy dx a z z a z a z 

ak ah a 2h:;: ( k !.E. + 2 + a k dz 
3z2) dx dy dz a z az a z 

For constant permeability 

The volume of water Vw in 	the element is 

S e 
= + e dx dy dz1 

Where 

S is the degree of saturation of the soil 

e is the void ratio of the soil 
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For complete saturation S = 1, so 

V e dx dy dz w = 1 + e 

The rate of change of the water volume is 

a v a e
L\q = a tw = at( 1 + e dx dy dz) 

dx dy dzBut ~~----~=Volume of solids in the element and it is
l + e 

assumed to be constant, so. 

_ dx dy dz . a e 
L\q - 1 + e IT 

Equating the two expressions in L\q, we get 

a2h = dx dy dz a e( k dx dy dz'az2) 1 + e at 

c32h - 1 a ek az2­ 1 + e ~ 

Introducing the relation between the effective 

pressure and the void ratio given by Terzaghi(1943) 

= ­

we get 

I. 

Since 

h = h + ~ = h + 
e Yw e 

Where 

he is the elevation head 

uss is the steady state pore pressure 

u is the excess pore pressuree 

Since the elevation head and the steady state pore 

pressure vary linearly with depth, 



14 

Hence 

. k (T + e)
The quantity is the Coefficient of Consolid­

av Yw 

ation C , hence v 

This equation can be modified by expressing the pore 

water pressure in terms of the total pressure and the eff­

ective pressure 

u (z,t) = Pt(t) - P(z,t) 

Where Pt is the total pressure; since the total pressure 

is a function of time only, so 

Thus the equation governing the one dimensional con­

·solidation of a soil layer subjected to cyclic loading is 

,r 2P (z, t) _3 P (z ,t) 
z 2 (1)CV a a t 


The initial and boundary conditions are 


(1) p = 0 for O ~ z ~ H t = 0 (2) 

(2) ~ ; = 0 for z = H t ~ 0 (3) 

(3) p =P.::: 4>(t) for z = 0 t ~ 0 (4)t 
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Where ~(t) is the uniform cyclic wave loading rep­

resented by 

~(t) P' rT < t < rT + Tl r=0 , 1 , 2 , • • ( 5 ) 

= 0 rT +Tl< t < (r + l)T (6) 

Which means that the pressure is "on" for a period (Tl) 

and "off" for a period (T - Tl). 

This problem is a one dimensional boundary value 

problem with nonhomogeneous boundary conditions. The 

solution is obtained using the integral transform tech­

nigue. 

The integral transform and the inversion formula 

of the pressure function P(z,t) with respect to the 

space variable z in the region are 

H 

P p,m,t) = f k(Am,z).P(z,t).dz (7) 
0 

P(z,t) = k(A ,z).P(A ,t) (8)mI1 m m 

Where k(A ,z) is called the transform kernel, and it m 

is the normalized eigenfunctions of the auxiliary eigen­

value problem defined by 

in O ~ z ~ H (9) 

with boundary conditions 

a 'i'(z) = 0 z = H (10)a z 
'i'(z) = 0 z = 0 (11) 
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The types of the kernels and the eigenvalues to 

be used in the integral transform and the inversion for­

mula depend upon the boundary conditions of the problem. 

Applying the integral transform equation (7) to 

equation (1), we get 

C
.fH a2P(z,t} ' } a P(z,t} dk( (12)kO.. ,z}. a z 2 .dz /\m,z • a t • zv m

O 

Which can be written in the form 

dP( m,t} (13}
d t 

Where the quantity (P} refers to the integral transform 

according to equation (7}. 

The integral on the left hand side of equation (13) 

a2P(z,t)is the integral transform of a . z 2 • This integral 

can be evaluated using Green's function, which can be 

written in the form 

a2P(z,t) a2kma? .dz+km. a z2 .dz 

. fH [J k ~ - P ~ ]ds . (14)
1=1 man. an. 10 1 1 

Where and P = P (z, t) ; and the ·summation 

is taken over all the continuous bounding surfaces 

i = 1,2,3, •••• s. 

The first term on the right hand side of equation 
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(14) is obtained by multiplying the auxiliary equation 

(9") by the pressure ;function P and integrating over the 

region O ~ z ~ H 

.JHa2 km . a"zT .dz = - A2 • 0 k • I> •dzm m
O 

(15) 


The second term on the right hand side of equation 

(14) is evaluated using the boundary conditions (3), (4), 

(10) and (11), which can be written in the form 

a P (z·,t)L. + h. P(z,t) = f.(z,t) (16)
1 a n. 1 1

1 

a 'l' (z)L. + h. '¥ (z) = 0 (17)
1 n. 1a 

1 

Where i represents the boundary under consideration. 

For the boundary condition· (3) 

f 1 (z,t) = 0 

and the boundary condition (4) 

L = 0 h = 1 f 2 (z,t) = ~(t)2 2 

From equations (16) and (17) we get 

[ k ' aP• akm ·1 dk nm' z ) f ( t)--P--]= (18)""1i-:- • • . z'm a n. a n. d n. 1
1 1 1 1 

Substituting from equations (15) and (18) into (14) 

H 

f ·a2p
km az2·dz = 

s ·f· ·--1.._ dk(Am,z)
.i:1 h • d • f.(z,t).ds, (19)
1= . n. 1 1 s. 1 1 

1 

0 

http:f.(z,t).ds
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0 

.. Substituting equation {19) into {13) 

. JH a2P(z,t) A2kO.m,z). a .dz = m P {Am,t) +zz 

.. 1 
[ dk ( Am, z) I • <I> (t) ]!11. d z · z=O 

·- - A2 • P (Am ,t) +m 

[ \dk O.m,z) I <I> {t) ]d z · z=O 

Then 

d P (Am,t) + c A2 .P {Am,t) = A{Am,t) (20)
d t v m 

Where 

A{Am,t) = cv [ jdk{Am,z) I . <I>{t) ]d z z=O 

Thus the second partial derivative with respect 

to the space variable z is removed from the problem 

and it is reduced to a first order ordinary differential 

equation with respect to the time variable t for the 

integral transform of the pressure function P{Am,t). 

The initial condition for equation (20) is obtained 

by taking the integral transform of the initial condition 

{2) , then 

= fHk{A ,z).F{z).dz
O m 


Where F(z)= P{z,O)= 0 


Thus (21) 

Then the solution of the equation {20) subject to 

http:z).F{z).dz


19 


the transformed boundary condition (21) is 

' ' A(A ,t} .dt ]m . (22} 

Substituting the integral transform -equation (22}­

into the inversion formula -equation (8)- we get 

-c A2 t C A 2 t ' , ,vmP(z,t) 
00 v m e .A().. ,t) .dt (23)= m~l e m 

Where 


A (Am, t) = Cv [ jdk O.m, z) I qi (t) ]

d z z=O 

The kernel and the eigenvalues are obtained by 

solving the auxiliary differential equation (9) subject 

to the bound~ry conditions (10) and (11). So, 

k ().. , z) = SIN )..mzm· j H 
2 

The eigenvalues are the roots of 

COS Am H = 0 


So 


· (2m + 1) 1r m = 0,1,2, ••••2H 

Then we get 

' [ jdk(Am,z> I qi (t) ' A()..m 1 t) = c ]
v d z z=O 

= c qi (t)
v °Ir . '-m·I+ 


Then applying in equation (23), we get 

2C -C ).. 2 t ft C ).. 2 tv vm vm , ~ P(z,t) = 'f e • A • SIN A z • e • qi ( t) • d tH m=O m m O 
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-c A2t Jt C A2 t 
P(z,t) = ! A .SINA z. e v m e v m .~(t).dt (24)

m=O m m O 

-c A2 t. Jt C A2 t' 
To evaluate the quantity e v m e v m .~(t).dt 

0 
andderive the expression for the pressure function P(z,t), 

the values of the loading function ~(t) in (5) and (6) 

are introduced. 

Putting 	 t = rT + t1 0 < t1 < Tl 

, thenand 

t ' -a. m t exmt , , 
e f e • ~ (t) •dt = 

0 
(r-l)T+TlJrT+t1a.mt , 

...... +J + e .dt] 
(r-l)T rT 

-ext ex Tl ex T r-1 sa. T a. (rT+t1) 
m [ ( e m e m ) "' e m - 1 + e m ]s~O 

exmTl ex T rex T -ex t 	 ex tp" m e e m ) ( 1 - e m ) m 
:;:; --	 - 1 ]e [ 	 + eex Ta.m 

( m } 1 - e 
a.m(Tl-t) a.m(T-t} ex (Tl-ti} a. (T-t 1}

p' 	 m m - e 	 e - e= - [ e 
a.m 	 a.mT a. m T 


1 - e 1 - e 


-ext 
+ 1 - e 

m ] 

Then substituting in equation (24) we get 

' 
P(z,t} = 4 p- ­

1T 

-a. (t-Tl) -ex (t-T}. . m . -ex te m . - e 	 m ]+ 	 - ea T 
1 - e m 

( 2m+l) ,r 	 z M2
Where 	 M = z = (l =C2 	 Ii m v IP" 

http:r-l)T+TlJrT+t1a.mt
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Since 

· · ·4 · · · ·1 - f .SIN(MZ) = 1 
'IT m=O 2m+l 

Then the effective pressure during periods of 

load applications is 

a. (Tl-t 1) a (T-t 1)
' . ·4 p" 00 ... l' e m -e m 

p (z It) = p - ~ m~O 2m+ 1 .SIN(MZ). [ a T m1 - e 

-a. (t-Tl) -a. (t-T) -at. ·e . m .... - e . m. 
+ e m ] 

1 
(25) 

and the consolidation ratio Uz is 

a. (Tl-t1) a (T-t1)
4 00 . 1 em. -em 

1 • SIN (MZ). [Uz = - ---;.- m~O 2m+l 

-a. (t-Tl) -a (t-T)m -ate m - e + e m ] (26)
a. T m1 - e 

The average consolidation ratio in the soil layer 

is given by 

1 fH U. dz (27)uav = H O z 

substituting equation (26) into equation (27) we get 

a (Tl-t 1) a (T-t 1)m m8 e - e= 1 - 7 a. T m
1 - e 

-a. Ct-Tl) -a (t-T)m -ate m - e + e 
m ] (28)a T m1 - e 
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In order to get the value of the effective pressure 

during a period of load removal, we follow the same proc­

edure. Putting t = rT +Tl+ t2 where 0 < t2 < T-Tl 

in equation (24) I and evaluate the quantity 

-at ft ' ..m eamt ' e <I> (t) .dt = 
0 

... 
-at fTl · fT+Tl f(r-l)T+Tl+ frT+Tl a t 

p' e m= [ ·+ + ••••• + em dt ] 
0 T (r-l)T rT 

-ext 	 sa T a (rT+Tl)p ' 	 an?l amT r-1 
= -- e m [ ( e e ) . r e m 

- 1 + e m ]
s=Oam 

= 
' -a tp m -e 

am 
[ 

( 
a Tl m e - e 

( 1 

a T 
m ) ( 1 -

a T 
- e m ) 

ra T 
m )e - 1 

a (rT+Tl) 
+ e m ] 

-a (t-Tl)m -a (t-T)m 
+ e -e 

a T 
1 - e m 

-a t 
e m ] 

Thus the effective pressure during periods of 

load removal is given by 

= 

...
4 p 	 1 

p (z It) 
00 

= ~ m~O 	 2m+ 1 .SIN(MZ) [ 

-a (t-Tl) -a (t-T)m -at - e e m ] (29)+ 	
e m 

a T 
1 - e m 

and the consolidation ratio u is 
z 
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a (T-Tl-t2)
m e 

a T m1 - e 

-a (t-Tl) -a (t-T)m m -at e - e e m ] (30)+ 
1 

After the elapse of theoretically infinite time, 

equations (26) and (30) become 

a (Tl-ti) a (T-ti)m . m .4 oo 1 e -e ] (31)Uz = l - --ir- m~O 2m+ 1 .SIN(MZ) [ a T 
m1 - e 

] (32) 

for periods of load application and load removal resp­

ectively. 

The consolidation ratio for cyclic loading given 

by equations (26) and (30) is a special case of the 

classical consolidation ratio for sustained loadings; 

it can also be refered to as the normalized effective 

pressures. 

The values of the consolidation ratio Uz given by 

equations (26), (30), (31) and (32) were obtained using the 

computer CDC/6400 at McMaster University. The number of 

terms used in the series and consequently the accuracy of 

the numerical values of Uz are dependent upon the values 

of the parameters used and the computer capacity. 



CHAPTER IV 

DISCUSSION OF THE THEORETICAL SOLUTION 

The theoretical process of consolidation of a 

soil layer subjected to cyclic loading is described by 

equations (26) and (30), which represent the c~nsolidation 

ratio for the layer during periods of load application 

and load removal respectively. These equations have been 

plotted in figs. (3) to (8) using a representative range 

of values for the stratum thickness, the soil properties 

and the loading characteristics. 

The two equations can be represented by two sets 

of curves; one set of curves for periods of load applic­

ation and the other set of curves for periods of load 

removal. These curves show that, in the early stages of 

consolidation the soil adjacent to the drainage boundary 

is consolidating, while the soil adjacent to the imper­

vious boundary has not experienced any change in the 

effective stress. Even though the consolidation progr­

esses most rapidly in the soil adjacent to the drainage 

boundary and least rapidly in the soil adjacent to the 

impervious boundary, pore water pressures must exist 

within the soil adjacent to the drainage boundary to 

provide the necessary gradient for the flow of water and 

such pore water pressures must persist as long as there 

are pore water pressures within the soil layer. 

24 
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As consolidation proceeds, the positive pore water pres­

sure during periods of load application decreases, and 

the negative pore water pressure during periods of load 

removal i~creases. 

As time.goes on, the consolidation ratio at every 

point in the soil layer increases. Finally, after the 

elapse of theoretically infinite time, the consolidation 

ratio re.aches a maximum value throughout the soil layer; 

which means that the pore water pressures in the layer 

reach a steady state condition.This indicates that, 

in the steady state condition the positive pore pressures 

in the layer reach their maximum value at the begining of 

the loading period, and then decrease during the period. 

It also indicates that, when the soil is unloaded the 

negative pore water pressures reach their maximum value at 

the begining of the period, and then decrease during the 

period. When the soil layer is loaded again, the positive 

pore water pressures will have the same maximum value at 

the begining of the period and then decrease, and when it 

is unloaded again, the negative pore water pressures will 

have the same maximum value at the begining of the period 

and then decrease again, and this process will continue 

indefinitely. 

The decrease in the positive and negative pore 

water pressures when the soil is loaded and unloaded in 

the steady state condition depends upon the stratum 

, 




26 


thickness, the soil properties and the cyclic loading 


characteristics. 


The physical process of consolidation of a soil 

layer subjected to cyclic loading can be explained as 

follows. When the load is applied to the saturated soil 

in the first application, the entire load is carried 

by the water in the pores of the soil as excess pore water 

pressure. The gradient of the excess pore water pressure 

causes flow of water out of the soil, and consequently 

there is a decrease in the excess pore water pressure. 

Thus a part of the load is transferred to the soil struc­

ture causing an increase in the effective pressure bet­

ween the soil particles according to the effective pres­

sure principle. When the load is removed, the total pres­

sure is reduced and consequently negative pore water 

pressures are set up in the soil. These negative pore 

water pressures cause water to flow into the soil, which 

results a decrease in these negative pore water pressures 

and consequently a decrease in the effective pressure. 

When the soil is loaded again, a part of the load is carried 

by the residual effective pressure and the rest is carried 

by the water as excess pore water pressure. As consolid­

ation proceeds, the excess pore water pressure decreases 

- and the effective pressure increases when the soil is 

loaded; and the negative pore water pressure increases when 

the soil is unloaded. 
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As the cycles of loading and unloading continue, this 

process continues until the soil reaches a state in 

which the amount of water flowing out due to the pos­

itive pore water pressure is equal to the amount of 

water flowing into the soil due to the negative pore 

water pressure. In this state the pore water pressure 

and the effective pressure have final equilibrium val­

ues , and this is the steady state condition under cyclic 

loading. 

The consolidation ratio during the consolidat­

ion process depends upon the thickness of the soil 

layer, the soil properties, the cyclic load character­

istics and the elapsed time. The influence of these 

different parameters is investigated. Figs. (3) and (4) 

show the progress of consolidation in two soil layers 

having different coefficients of consolidation and sub­

jected to the same cyclic loading. It can be seen that 

consolidation proceeds more rapidly in the soil layer 

which has the greater coefficient of consolidation. 

The equilibrium consolidation ratio depends upon 

the load characteristics. Figs. (4) and (6) show that 

the equilibrium consolidation ratio is proportional to 

the cycle ratio (Tl/T) which is the ratio between the 

duration time of the load and the total time of the 

cycle. The relation between the equilibrium consolid­

ation ratio and the cycle ratio (Tl/T) is shown in 
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Fig. (7). It can be seen that the equilibrium consolid­

ation ratio corresponding to the cycle ratio (Tl/T) 

equal to unity-which in fact is the case of a. sustained 

load- is 1.0 . This can be also seen by putting Tl=T 

in equation (26), as the result will be the consolid­

ation ratio due to a sustained load as derived from 

Terzaghi's consolidation equation. 

1.0 

0.5 

sustained 
load 

0 0.5 1.0 CTl/T) 

FIG,(7), RELATION BETWEEN THE EQUILIBRIUM 

CONSOLIDATION RATIO AND THE CYCLE RATIO (Tl/T). 

The consolidation ratio for the periods of load 

application and load removal is shown in Fig. (8). It 

can be seen that the consolidation ratio in the equil­

. ibrium condition is the same for periods of load app­

lication and load removal. 
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A comparison between the progress of consolidat­

ion due to a sustained load and due to a cyclic load 

is shown in Fig. (9}; which shows that the consolidation 

due to the sustained load proceeds more rapidly than 

the consolidation due to the cyclic load. This is due 

to the fact that, while consolidation due to the sust­

ained load proceeds continually, the consolidation due 

to the cyclic load proceeds only when the soil is loaded 

and swelling takes place when the soil is unloaded. 

This process delays the progress of consolidation due to 

the cyclic load because a part of the expeled water 

during consolidation is sucked back into the soil during 

swelling. The succ~ssive cycles of consolidation and 

swelling under the cyclic load prevent the equilib­

rium consolidation ratio due to the cyclic loading 

from reaching 1.0, while the final consolidation ratio 

due to the sustained load is 1.0. Fig. (10} shows the 

average consolidation ratio versus the elapsed time for 

a soil layer subjected to a cyclic load or a sustained 

load. It can be seen that the final consolidation ratio 

for the sustained load and the equilibrium consolidation 

ratio for the cyclic load are reached at approximately 

the same time. 

The term"equilibrium"was used to denote the con­

solidation ratio at the steady state condition; other terms 

can be also used such as "stationary" or "stable". 
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CHAPTER V 


EXPERIMENTAL APPARATUS AND PROCEDURE 


Experimental Apparatus 

The consolidometer used in the experimental work 

is a modified version of Rowe's consolidometer; the total 

stresses were applied to the samples using hydraulic 

pressures. Pore water pressure measurements were taken 

at various levels in the samples using pressure trans­

ducers. Settlements of the samples were measured using 

a dial gauge. Fig. (11) shows the consolidometer. 

A) The Consolidometer: The consolidometer con­

sists of a lucite·cylinder, a brass base and cover. 

The lucite cylinder is 12" high, 3" diameter and 

1" thick. For pore pressure measurements at various-,. 
levels in ·the samples, three transducer housings were 

fixed to the cylinder wall. 

The stresses were applied to the samples using 

the self-compensating Mercury cylinders used for applying 

the confining pressures in the triaxial testing; cyclic 

loadings were obtained by alternating from one Mercury 

cylinder to another using a three-way valve. The stresses 

were transfered to the samples through a thin rubber 

diaphragm. The centre of the rubber diaphragm was att ­

ached to a brass spindle passing through the cover, so 

that settlements of the samples can be measured. 
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The housing of the spindle in the cover contains an "O" 

ring which grips the spindle tightly to minimize the 

leakage, but not so tightly that the friction affects 

the settlement readings considerably. 

The cylinder was tightened to the cover and the 

base by three screwed rods. An "O" ring provided the 

seal at the base, and the rubber diaphragm provided the 

seal at the cover. 

B) Pressure Transducers: Pore water pressures 

and total pressures were measured using pressure tran­

sducers. A displacement of the diaphragm of the tran­

sducer occurs when the pres.sure is applied, the disp­

lacement changes the length of four strain gauges con­

nected. to the diaphragm and wired in the form of a 

Wheatstone Bridge. Any change in the lengths and cons­

equently in the resistances of these gauges alters the 

electrical balance of the bridge. 

The model number of the transducers used in the 

tests is PA-208-TC-25-350, from Statham Instruments 

Inc.California. A typical transducer housing is shown 

in.fig. {12).The excitation voltages were fed to the 

transducers from Fylde D.C bridge amplifiers model 

number FE-392-BBS built by Fylde Electronic Laboratories, 

England. The power supplies were allowed to stabilize 

for one day before use. After this stabilizing time, the 

fluctuations in the excitation voltage observed were in 
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the order of 0.01 percent of the correct setting and were 

therefore insignificant. The signals from the transducers 

were passed through the bridge amplifiers to a Digital 

Voltmeter and recorded on a Digital Recorder, both man­

ufactured by Hewlett Packard, California. Direct readings 

of the pressures in lb./sq.in. were obtained by choosing 

the appropriate value of the excitation voltages. 

FIG,(12). TRANSDUCER HOUSING 

CONSOLIDOMETER 
WALL 

http:lb./sq.in
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Preparation of the samples 

The samples used were prepared from Kaolin pow­

der (Hydrite U.F.), mixed with distilled water. This 

Kaolin has a uniform gradation; it is a fine silt with. 
8% clay sizes. The Atterberg limits changed depending 

on the time after mixing with distilled water; this 

was an indication that the Kaolin required a certain 

time to stabilize. Therefore, the Kaolin powder was 

mixed with distilled de-aired water in the consolid­

ometer at a water content of approximately 200%, then 

the mixture was allowed to stand for one week to stab­

ilize. 

Before the cyclic loadings were applied to the 

samples, they were consolidated under a certain pressure. 

The purpose of this step was to duplicate the field 

condition, and to obtain samples as homogeneous as 

possible. 

Testing procedure 

After the samples had been prepared, certain 

precautions were taken to prevent the existence of air 

bubbles in the system. The trapped air in the transd­

ucer housing, was released using, a bleed screw placed 

in the housing. The air trapped between the upper.por­

ous stone and the loading diaphragm was released using 

a bleed screw in the consolidometer wall. 

All the tubing connections were flushed with 
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distilled de-aired water before connecting. Prior to 

starting the tests, all the ·1ines and valves were chec­

ked for leaks and the presence of air bubbles. 

A_preliminary experimental check indicated that, with 

no drainage allowed, increases in the applied pressures 

produced an equal increase in the pore water pressures, 

indicating that the sample and the apparatus were 100% 

saturated. 

The duration, frequency and magnitude of the 

pressure were changed for different tests. The labor­

atory temperature during the tests was 24±1°C, how­

ever the change during any test was very small since 

the duration of the tests was short, and the correction 

for the temperature effect would be very small 

(Yong and Warkentin 1966). 

General 

It was originally intended that organic soils 

would be used in preparing the samples for the tests. 

Many problems have arisen in the tests in which these 

samples were used due to the difficulties encountered 

in attempting to obtain an acceptable degree of satur­

ation. The results of these tests were considered 

not to be reliable. 



CHAPTER VI 

EXPERIMENTAL RESULTS 

The test procedure previously described was used 

on a total of seven tests; a summary of these tests is 

given in Table B. Pressure measurements were taken during 

the consolidation process; the pore water pressures at 

transducers #1, #2, #3 and #4, and the applied pressure 

was measured by a separate transducer. Settlement read­

ings at the top of the samples were obtained. 

Pore water pressures versus time relationship 

Data from a typical cyclic loading test are shown 
. 

in Fig. (13). Curves of the pore water pressure dissip­

ation at different levels in the samples are shown in 

.Figs. {14) and (15). The first application of the pressure 

produces the maximum value of the excess pore water pres­

sure. The maximum value of the excess pore water pres­

sure is almost equal to the maximum value given by the 

theory which is the value of the applied pressure. It can be 

seen from Figs. (14) and (15) that the maximum value of 

the excess pore water pressure decreases with depth. 

This can be attributed to the effect of the side friction 

resistance which decreases the value of the applied pres­

sure with depth; this effect of the side friction resist ­

ance has been studied by Taylor (1942), Leonards and 

Girault (1961) and Lambe (1962). The effect of the side 
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friction resistance can be minimized by decreasing the 

ratio of the sample depth to the diameter. 

As the pore water pressures are developed, the 

soil adjacent to the drainage boundary starts to consol­

idate under the cyclic pressure, while the soil remote 

from the drainage boundary has not yet started to con­

solidate • The dissipation of the excess pore water pres­

sure starts at the transducer closest to the drainage 

boundary (#4) and progresses to the other transducers 

#3, #i and #1 respectively. 

Upon removal of the pressure, there are residual 

positive pore water pressures still existing in the soil. 

The existence of these residual pore water pressures can 

be attributed to the hydrodynamic time lag involved in 

the process of pore water pressure dissipation. Tests by 

Bishop and Henkel (1953) on normally consolidated undr­

ained triaxial specimens showed that immediately after 

applying and releasing a stress there are usually res­

idual pore water pressures which may be greater or less 

than the equilibrium pore water pressures in the soil. 

Successive cycles of loading and unloading and dissip­

ation of the pore water pressures reduce the magnitude 

of the residual pore water pressures; this was also 

found by Knight and Blight (1965). 

As the pore water pressures dissipate and the 

soil experiences increases in the effective stress, 
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negative pore water pressures are developed by unload­

ing, this was also found by Skempton and Sowa (1963). 

As consolidation proceeds, the positive pore water 

pressures during loaded periods decrease resulting in 

increases in the effective stress and, consequently, 

resulting in increases in the negative pore water pres­

sures during the unloaded periods. The rate of diss­

. ipation of the positive pore water pressures during 

loaded periods is approximatly the same as the rate of 

development of the negative pore water pressures during 

unloaded periods. Eventually, the soil reaches a state 

in which further cycles of loading and unloading do not 

produce any appreciable change in the pore water pres­

sure pattern. 


Settlement versus time relationship 


Typical curves for the settlement readings (dur­


ing loaded periods and unloaded periods) versus time 


for a consolidating sample are shown in Fig. (16). The 


dissipation of the positive pore water pressures during 

loaded periods causes settlement to occur according to 

the effective stress principle. The settlements incr­

ease with the increase in the number of loading cycles. 

During the unloaded periods the soil rebounds; the amount 

of rebound remains approximatly constant during the con­

solidation process. Eventually, after the pore water 

pressures reach the equilibrium condition, the soil acts 
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completely elastic and the curve of the settlement read­

ing versus time becomes asymptotic to a minimum value.­

Settlement readings versus time curves for three tests 

consolidated under the same cyclic loading pattern are 

shown in fig. (17). It can be seen that, for the three 

tests the settlements reach the equilibrium state at 

approximately the same time. 

The consolidation ratio versus time and depth 

By extrapolating the data obtained from transducers 

#1, #2, #3 and #4, the consolidation- ratio during the 

consolidation process is obtained. The curves of the 

consolidation ratio versus time and depth are shown in 

Pigs. (18) and (19), the experimental curves are shown 

as dotted lines and the theoretical curves as full lines. 

Examining the experimental curves, we can see that the 

consolidation ratio at a certain depth increases with 

time (i.e the increase of the number of load cycles), 

until finally the increase in the consolidation ratio 

becomes very small and the consolidation ratio reaches 

a maximum value under that particular cyclic loading 

pattern. Comparing the experimental curves with the 

theoretical curves, we can see that there is reasonable 

agreement between them; it can also be seen that the 

theoretical consolidation is slower than the consolid­

ation found from experimental data. 

Some discrepancies between the experiment and the 
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theory have arisen in the test on a very soft sample 

(Test #TS). Fig. (19) shows that the experimental con­

solidation ratio is greater than the theoretical con­

solidation ratio, which may be due to the fact that, 

for the soft sample, the coefficient of consolidation 

is greater than the coefficient of swelling. The better 

agreement between the experimental and the theoretical 

curves in the case of Test #T4 (fig. (18)) can be att ­

ributed to the higher preconsolidation pressure of 

this sample which makes the coefficient of consolidation 

and the coefficient of swelling approach the same value. 

The relation between the equilibrium consolid­

ation ratio and the cycle ratio (Tl/T) for all the 

tests is shown in fig. (20). It can be seen that a linear 

relationship exists between the equilibrium consolid­


ation ratio and the cycle ratio (Tl/T). 


Comparison between the consolidation due to cyclic and 


sustained loading 


It is possible to make a direct comparison bet­

ween the consolidation due to cyclic loading and due to 

sustained loading by considering the consolidation ratio 

for the summation of the time when the load is applied 

to the sample. A comparison between the progress 0f con­

solidation due to cyclic loading for Test #T4 and the 

theoretical process of consolidation due to a sustained 

load is shown in fig. (21): the curves for the cyclic 
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loading show the elapsed time of the consolidation process 

and the summation of the time of load application only. 

During the early stages of the process, the consolid­

ation due to the sustained load proceeds more rapidly 

than the consolidation due to the ~yclic load in the 

upper part of the Sfu~ple; while in the lower part of the 

sample, the consolidation due to the cyclic load proceeds 

more rapidly. H~wever, in 1the later stages of the process, 

the consolidation due to the sustained load proceeds more 

rapidly than the consolidation due to cyclic load in the 

upper and lower parts of the sample. It can also be seen 

that the final consolidation ratio due to the sustained. 

load is 1.00, but the equilibrium consolidation ratio 

due to the cyclic load is a function of the cyclic load 

pattern. 
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TABLE A 

Basic· Properties of Kaolin 

Atterberg 	Limits 

Liquid Limit 

Plastic Limit 

Plasticity Index 

Grain Size Analysis 

= 

= 

Coefficient of Uniformity = 

Specific Gravity = 

Coefficient of Consolidation = 

(load increment 1.0 psi to 10.0 psi) 

71 

40 

31 

0.0066" 

0.0022" 

3 

2.6 

-2 21.72Xl0 cm /Sec. 



TABLE. B 

Summary of the Tests 

TEST NO. PRECONSOLIDATION CYCLIC 

PRESSURE PRESSURE 

p.s.i. p.s.i. 

Tl 1.09 3.57 

T2 4.66 5.23 

T3 1.23 2.26 

T4 9.63 3.12 

TS 0.98 2.63 

T6 3.61 3.91 

T7 7.52 5.14 

LOAD CYCLE 


Tl (min) T 


0.75 1.0 
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CHAPTER VII 


CONCLUSIONS AND RECOMMENDATIONS 


Conclusions 

Terzaghi (1925) developed the theory of the one 

dimensional consolidation of soils. This theory.does not 

consider cases of consolidation under cyclic loading. 

In this research work, the equations governing the process 

of the one dimensional consolidation of a saturated soil 

layer subjected to cyclic loading arederived in a form 

sufficiently general for most practical applications, 

using the fundamental equation of consolidation. 

The eqqations governing the process show that, 

when a soil layer is subjected to cyclic loading, pos­

itive pore water pressures are developed when the soil 

is loaded, and negative pore water pressures are devel­

oped when the soil is unloaded. As cycles of loading and 

unloading continue, the positive pore water pressures 

decrease and the negative pore water pressures increase. 

Eventually, the soil reaches a steady state condition 

in which the positive and negative pore water pressures 

have final equilibrium values. 

In the steady state conditions, the equilibrium 

consolidation ratio is a function of the cylic loading 

pattern, and it is always less than 1.00 • This means 
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that.only a part of the applied pressure is transferred 

to the soil particles, and the rest of the applied pres­

sure is still carried by the excess pore water pressure. 

At this stage the soil acts completely elastic, and the 

settlement reaches its maximum value. 

The progress of consolidation due to a sustained 

load proceeds more rapidly than the consolidation due to 

a cyclic load. This is due to the swelling that takes 

place during the periods in which the soil is unloaded 

under the cyclic loading. Thus the soil increases in 

strength when consolidated under a sustained loading 

more rapidly than when consolidated under cyclic load­

ing. 

Recommendations 

The solution to the problem of consolidation under 

cyclic loading in terms of linear· parameters has been 

necessary because an exact mathematical solution is then 

possible. For solutions to be of any practical use, they 

must involve a minimum of parameters, and not be too comp­

licated for general use. However, it would be of interest 

to investigate a nonlinear treatment of the problem 

involving the minimum number of parameters necessary to 

describe the basic nonlinear nature of the process, and 

try to produce sufficiently accurate numerical solutions 

for practical use. 
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The composition and structure of soils vary widely 

due to difference in their formations and stress history. 

Therefore, determination of the consolidation character­

istics of a wide range of soils is necessary to determine 

the applicability of this approach for different types of 

soils. This can be done by performing a large number of 

tests with a variety of soil types and cyclic loading 

patterns. 
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APPENDIX A 

SYMBOLS 

English 

a = Area of soil element. 

a =a = Coefficient of Compressibility.vc v 

a =a = Coefficient of Expansion.ve v 

= Coefficient of Consolidation. 
k ·(T +. e) 

Yw· ave 
= Coefficient of Swelling. 

k (1 + e) 

Yw· ave 

e = Void ratio of the soil. 

h = Total head. 

= Elevation head. 

= Initial thickness of the soil 

stratum. 

,. = Hydraulic gradient. 

i = Index. 

k = Coefficient of Permeability. 

= Transform Kernel. 

m = Summation index. 
(2m + 1) 1r

M = 
2 

n = Normal to the boundary surface. 

66 




67 

P=P(z,t) 	 = Effective Pressure. 

p 	 = Applied Pressure. 

= Total Pressure. 

= Integral Transform. 

= Flow of water in unit time 

r = Index. 

s = Degree of Saturation. 

t = t' = Time. 

= Time during "ON" period. 

= Time during "OFF" period. 

T = Length of Load Cycles. 

Tl = Duration of Load Application. 

'!'-Tl = Interval between Load Application. 

Tl/T = Cycle ratio. 

u=u(z,t) = Pore water Pressure. 

= Excess Pore Water Pressure. 


= Steady State Pore Water Pressure. 


= Consolidation Ratio. 


= Average Consolidation Ratio. 


= Volume of Water. 


z = Depth. 
. z 

Z=-­	 = Depth Ratio.H 
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Greek 

M2/ H2=o:m 	 CV 

= Unit Weight of Water.Yw 

). = The Eigenvalues.
m 

l: = Sum. 

q, (t) = Loading Function. 

'l'(z) = Auxilary Function. 
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