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This thesis describes an analytical study of the dynamics of
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Two mathematical models; an articulated vehicle with self
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rough road surface.

The natural frequencies and the damped eigenvalues for

both models are calculated.
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the response curves are computer plotted in each case. For the self-
steering semitrailer, the effect of varying the spring stiffness at
the fifth wheel is studied. The dynamic loads imparted to the pavement
due to the dynamic action of the vehicle in response to road
irregularities, are also calculated. A discussion of the conclusions

drawn from the analysis is given.
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CHAPTER 1

INTRODUCTION

When a tractor-semitrailer vehicle, travels along a road the
irregularities of the road-surface impose continuously varying dis-
placements at the points of contact of tires and road, and so give
rise t6 responses in the form of stresses or accelerations in the

various components of the vehicle.

To determine the response characteristics of the vehicle to

road surface undulation requires a complete dynamical description of the

vehicle and this is only possible if sufficient degrees of freedom are

considered.

Axle dynamics can be expected to affect the behaviour of the

vehicle significantly when the vehicle is operating on bumpy roads.

1.1 Background

A brief historical discussion of research on the dynamic

behaviour of vehicles is desirable in developing a basis for this work.

The previous investigators have shown the effects of applying
mathematical techniques and the computer to increasingly sophisticated

and more complete linear and non-linear models.



Slibar and Pasly [1]* studied the lateral behaviour of a
semitrailer having a constant forward velocity. The king pin was
assumed to have a small periodic lateral velocity and displacement,
and the frequency of the lateral oscillation was proportional to the
forward velocity. The results of this analysis showed that the damping
of the lateral oscillations was inversely proportional to the forward

velocity and that self-excited motion never occurred.

The same investigators [2] considered the motion of a tractor
when a sinusoidal force and moment excitation acted at the fifth wheel.
The heading angle and the steering angle required to keep the velocity
of the centre of mass constant and without a lateral component, were

determined.

Janeway [3] has researched driver comfort and has found that
the fore-aft motions of the tractor are of utmost importance to driver

comfort.

Clark and Huang [4] simplified the model by completely
ignoring the bounce of eabh axle and the fore-aft motions of the tractor

and trailer.

E111s [5] studied the riding qualities of an articulated
vehicle and concluded that fore and aft shake is a significant factor
in determining driver and load ride conditions. This shake is due to
the relative positions of the centres of gravity of the two units and

the height of the fifth wheel. First approximations to the various

*
Number in square brackets designate reference in the Bibliography



natural frequencies were obtained and a comment on the probable effects J

of spring friction was given.

LeFevre [6] discussed qualitative aspects of vehicle ride and

also considered the effects of axle vibration on vehicle ride.

The paper of Walther, Gossard and Fensel [7] has taken a
quantitative approach to the problem. Parameters studied included spring
and damping rates for different axles of the combination, laden mass of
the trailer, vehicle speed, coupler position on the tractor and cab
mounting. The vehicle was treated as a linear dynamic system with seven
degrees of freedom. These degrees of freedom are: vertical and rotational
displacements of both tractor and trailer, and vertical displacements of
three axle-suspension assemblies. The fifth wheel was considered as a

high rate spring.

Van Deusen [8] described techniques that predict and analyze

dynamic response of a vehicle traversing random rough surfaces.

Chiesa and Rinonapoli [9] developed a mathematical model of
seven nonlinear differential equations, three of which involve lateral,
yaw and roll movements of the car and four of which involve the relative
movements between the tread of the tires and the wheel due to lateral
flexibility of the tires. Lateral and vertical stiffnesses of tires
were investigated. Calculations showed the damping effect of lateral
stiffness and the need for increasing both cornering and lateral

stiffnesses.

Walker and Potts [10] developed and discussed a computer

solution of the linear vibration of a 3-axle semi-trailer truck. An



adjunct program which provides a spectral density analysis of the output
of each coordinate given random road surface input was described. The
mathematical model used is of six independent coordinates; vertical
displacements of the tractor and the three axles, and pitching of both

tractor and semitrailer.

In 1968, Mikulcik [11] presented a more detailed and general
nonlinear mathematical model of a tractor-semitrailer vehicle. The
model included eight degrees of freedom. Both the tractor and the
semitrailer were free to yaw, pitch, roll, and translate in the
forward, lateral, and vertical directions, except as constrained by
the fifth wheel. The model also had the capability to include
stabilizing elastic and damping moments at the fifth wheel. The truck
model was used to study the effects of steering, braking, and fifth |

wheel devices on the behaviour of the vehicle.

McHenry and Deleys [12] presented an eleven degree of freedom
computer model of a passenger vehicle. In this model one degree of
freedom was included for each of the two unsprung masses and two degrees
of freedom were included for the rear unspruhg mass, a beam axle. The
-degrees of freedom for the unsprung masses were included so that

simulations of violent vehicle maneuvers could be performed.

Potts and Walker [13] investigéted the nonlinear vibratory
motions of a three-axle semitrailer truck. They also described
an experimental vibration study, performed on a model truck. The
analysis allows any shape of suspension force-deflection curve (including

wheel hop, suspension stops, and dry friction damping) and a similar



Yiberality of truck absorber force-velocity characteristics.

1,2 Objective of the Research Program

The objective of this research is to investigate the dynamics
of the tractor-semitrailer vehicle as it is affected by the road profi]e.
To accomplish this work two mathematical models, tractof—standard
semitrailer and tractor-self-steering semitrailer describing the
Tongitudinal, lateral, vertical, pitching, rolling and yawing

motions-of the vehicle are developed.

The three dimensional study of the mathematical model would
consider the entire vehicle as a vibrating system and analyze the problem

as a multiple input-output system.

The steady state response of the vehicle components to a
sinusoidal input profile of varying frequencies is calculated. The
input frequency is made dependent on vehicle speed and expansion joint

spacing of the road.

Results obtained in the computer study are discussed and
presented graphically. Finally, some suggestions for future research

are presented.



CHAPTER 2

THE PHYSICAL CHARACTERISTICS OF THE MODEL

In this chapter the self-steering bogie for the semitrailer,
the characteristics of the tractor-semitrailer mathematical model are

described and the simplifying assumptions are presented.

2.1 Self-Steering Bogie For Semitrailer

The aim of providing, at the rear of a semitrailer pulled by a
road tractor, a bogie that has a steerable front axle is to improve the
stability of the semitrailer when rounding a curve and to reduce the
tendency for the tractor and the semitrailer to "jackknifé" relative

to one another.

A self-steering bogie for a semitrailer, Figure 2.1, has a
bogie frame (6) with at least one fixed rear axle (5) and with a front
axle (1) having, at its ends, steerable wheel-carrying stub axles (7)
connected to the front axle by king pins (8). Above the frame is an
intermediate slide (4) that can be adjusted longitudinally along the
underside of the semitrailer body. Fixed to fhe slide is‘a first
swivel, consisting of a vertical shaft (3) on which said bogie frame
is jounalled. This swivel is connected to the stub axles by a suitable

links(13, 12, 11, 2, 10, 9) so as to steer the wheel-carrying stub axles
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FIGURE 2.1 SELF-STEERING BOGIE FOR SEMITRAILER



in accordance with the relative swivelling of the semitrailer body and

bogie frame.

2.2. General Description

a) The Tractor-Semitrailer

e o e O -y o O S o B e 0 s o =

The tractor-semitrailer is considered to be operating on a
rough road. Both units are allowed to translate in the forward, vertical
and lateral directions, and roll, pitch and yaw --- except as constrained

by the fifth wheel.

- . ———— - o o ot B g o B m o

The self-steering bogie is capable of turning relative to the
semitrailer body about a swivel axis in the vertical direction, but roll

and pitch with the semitrailer.

c) Vehicle Dimensions

Overall vehicle dimensions are shown in Figures 2.2, 2.3 and

d) Fifth Wheel

The motions of the tractor and the semitrailer are related by
the constraints imposed by the fifth wheel, Figure 2.5. It allows the
semitrailer to rotate with respect to the tractor about two mutually
perpendicular axes. Fifth wheel stabilizing elements, such as torsional

springs, torsional dampers can exert moments about the axis of this pin.



FIGURE 2.2 TRACTOR DIMENSIONS



FIGURE 2.3

SEMITRAILER DIMENSIONS
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——————————————————————————

A mass beam axle suspension, Figure 2.6, is used for the
four axles of the vehicle. Each axle assembly is connected to two
spring-shock absorbers in both vertical and lateral directions; these

units are attached to the sprung mass at two points.

In practice, the suspension, fifth wheel and the vertical
torque shaft are attached to the chassis at many points. However, the
reactions associated with the suspension, fifth wheel and the vertical
torque shaft can be represented by force and moment combinations and
are taken to act at single points on the chassis. Each point is denoted
by a subscript used in reference forces and moments when written in

component form as shown in Figure 2.7.

The subscripts are defined as follows:

mall

tractor, left front
tractor, right front
tractor, left rear
tractor, right rear
bogie, left front
bogie, right front
bogie, left rear
bogie, right rear

tractor, fifth wheel

O W 0O N O o1 AaWwN

—t

semitrailer, fifth wheel

e
w——d

semitrailer, vertical torque shaft

—t
N

bogie, vertical torque shaft



FIGURE 2.6 AXLE ATTACHMENT GEOMETRY, DYNAMIC ANALYSIS

For Axle 1,
For Axle 3,
For Axle 5,
For Axle 7,
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FIGURE 2.7  AXLE AND WHEEL LABELING CONVENTION

(1) Tractor front axle
(3) Tractor rear axle
(5) Bogie front axle
(7) Bogie rear axle
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The tires are considered as a system having vertical and

lateral springing and damping characteristics.

The axle can translate relative to the sprung mass in the
vertical and lateral directions and can rotate about the longitudinal

axis.

The input to the mathematical vehicle model is the

perturbations of the road surface.

2.3 The Assumptions

The simplifying assumptions used in order to keep the

mathematics tractable, are the following:

1) The vehicle is moving in a straight line with a constant

forward speed.
2) A11 the displacements are small.

3) The sprung masses of the tractor, semitrailer and the

bogie are assumed to be rigid bodies.

4) Forces and couples are transmitted to the sprung masses
through the suspensions, fifth wheel and the vertical

torque shaft.

5) Springs and dampers are considered to be described by
linear functions of displacement and velocity, respectively.
Also, the springing and damping of the tires have linear

characteristics.



7)

The input displacement function of the road is considered
to be applied to a point at the centre of the tire

contact patch.

The wheels must remain in contact with the road surface

at all times.

Camber effect is neglected.

17.
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CHAPTER 3

EQUATIONS OF MOTION

3.1 Coordinate Systems

The coordinates as shown in Figures 3.1 and 3.2 are chosen to
describe the vibrational motion of the articulated vehicle. The components’
of the vehicle (tractor, semitrailer, bogie and four axles) are three
dimensional objects and are allowed to translate (vertical, longitudinal
and lateral) pitch, yaw and roll. Then each component has six degrees
of freedom, but the constraints of the fifth wheel, and the constraints
between the semitrailer and bogie, and between the axies and the sprung

masses reduce the total number of degrees of freedom.

X, ¥, z: this coordinate system is fixed to the body (tractor,
semitrailer, bogie and each axle), the origin of the

coordinate system is at the centre of mass of the body.

The x axis points forward, the y axis points to the right (from the point
of view of the driver) and the z axis points directly downward.

u is the 11near.disp1acement in the x direction.

v is the linear displacement in the y direction.

w 1is the linear displacement in the z direction.

¢ is the angular rotation about the x axis.

B is the angular rotation about the y axis.

vy 1s the angular rotation about the z axis.






FIGURE 3.2

TRACTOR FRONT AXLE COORDINATE SYSTEM

20.
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Subscripts are as follows:

t - for the tractor

s - for the semitrailer
b - for the bogie
i=1, 3, 5, 7 for the axles

The equations of motion are derived for the tractor-self-steering
semitrailer, and then modified to obtain the equation of motion for

‘the tractor-standard semitrailer.

3.2 Equations of Motion in General Form

In this section, the dynamic equations of motion for the tractor,
semitrailer, bogie, and the front tractor axle are obtained in general
form. The sets of equations for the seven bodies (tractor, trailer, bogie,
aﬁd four axles) are, of course, not independent, and the constraint

equations establishing their dependence will be developed in Section 3.3.

The second order differential equations which govern the motion

of the masses are written by applying Newton's second law.

'3.2.a___Equations_of Motion for_the Tractor

Referring to Figure 3.3 and equating the rate of change of lineal

momentum of the sprung mass to the external forces gives:

(3.2.1)
where

m, = the mass of the tractor



FIGURE 3.3 GENERAL FORCES AND COUPLES ON TRACTOR SPRUNG MASS
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Ut
Vi = Gt - the velocity of the tractor mass centre
Yt
f] = the sum of the dynamic forces of the suspensions on the
tractor sprung mass.
Fix * Fox * F3x ¥ F4x
f17 ) Pyt Ry tFythy
| Fiz * Fop v P3Py
f, = the forces which act on the tractor at the fifth-wheel.
F9x
f27] Foy
| oz |

Equating the rate of change of the angular mdmentum of the mass to the

-external moments gives:

%f (It g%) = mptm, tmgtm, (3.2.2)

where

[, = the inertia tensor of the tractor
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-Itxy Tixz
..I ’

tyy tyz
'Ityz T2z

0 “Lixz
Ityy 0
0 ItZZJ

the angular velocity of the tractor

the moments of f, about the centre of mass

- - - - r - - A
b, Fix by Fox
-a] X F]y + a] X F2y
hy Fiz hy Fas
S . L R L. - L -1
S T T
'b2 F3x 'b2 F4x
-ag X F3y + ag X F4y
hs F3, hs Fq




o

= hl(F1x+F2x)

1 (Fry*

2y

) -

ay(FyFox) + by(Fp #F

a1(F12'F22)

Zy)

3

3

(F

+ a,(F

3y 4y

3x Fax

) -

) -

a (F

- by(Fy#F,,) + hy(Fg +F, ) + by(F

b (F

25.

-y

32°Faz)

3z 42)

)

3y 4y

The moment m, is the sum of the dynamic moments, transmitted to

the tractor sprung mass at the suspension attachment points,

n

The moment m, is the sum of the moments of the forces which are

acting at the fifth wheel about the centre of mass of the tractor,

L—.-

—

M9x

ng

My, |

pm

F9x

Fay | °

F9z

-~ L.

0 b6
-b6 0

—

F

F

F

9x

9y

9z

.

the couples act on the tractor at the fifth wheel



3.2.b___Equations of Motion for the Semitrailer

Referring to Figure 3.4 and equating the time rate of change

of the 1ineal momentum of the semitrailer sprung mass to the external

forces gives:

where

Ms

d -
Hf'(ys) =

the mass of the semitrailer

Us
Ys
Ws
L N

£y +

the velocity of the semitrailer

(3.2.3)

the forces which act on the semitrailer at the fifth

wheel

F10x ]

F10y

F102

the forces which act on the semitrailer at the vertical

shaft from the bogie

Frix

Fi1y

Fl1z
S0

26.
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FIGURE 3.4 GENERAL FORCES AND COUPLES ON SEMITRAILER SPRUNG MASS
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Equating the rate of change of angular momentum of the semitrailer

sprung mass

where

about its centre of mass to the external moment gives:

d
T (IS QS) Mg + me + m, +m (3.2.4)
the inertia tensor of the semitrailer
—
Toxx “tsxy Toxz
'sty syy 'Isyz
Toxz 'Isyz L2z
&s
B the angular velocity of the semitrailer centre of
S :
mass
Ys
L

the sum of the moments of the forces at the fifth wheel

about the centre of mass of the semitrailer

- =1 -

F1ox

F]Oy

F102

- L

F1ox

FIOy

F

L 10z




me = the
whe

Me =

m, = the
tra

m, =

@8 = the

Mg - =

Similarly,

From Figure 3.5 an

My 4t

29.

couples act on the semitrailer at the fifth
el
M1 ox
Moy
M0z
N
moments about the centre of mass of the forces
nsmitted to the semitrailer at the vertical shaft
- — - ~ - ~ -
Bk F11x 0 -hyp O F11x
0 X F]]y = h10 0 b3 F1]y
Mo F112 0 -b; O F11z
o | ] L 4 L .
couples act on the semitrailer at the vertical shaft
M]lx
M1y
M1z

the equations of motion for the bogie can be obtained.

d by applying Newton's second law:

(V) = f

fg + f

e (3.2.5)

b)



FIGURE 3.5 GENERAL FORCES AND COUPLES ON BOGIE SPRUNG MASS
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where

and

where

é;"b

31,

= the mass of the bogie

the velocity of the bogie centre of mass

]
<< e
o

= the forces transmitted from the semitrailer to the bogie

at the vertical shaft

Fr2x

= F]zy = - f

F122

— -

the sum of the forces which act on the bogie at the

suspension points

B i
Fox ¥ Fex * Fox * F

F

n

5Y by

F52

T Iy ) =19+ mg *+ 1y (3.2.6)

is the inertia tensor of the bogie, and it is diagonal since

the axes xyz are regarded as being principal axes for the bogie.



This inertia tensor can be written as:

Ipex 0 0
I = |0 Ibyy 0
0 0 I,y
%

@y =1 By the angular velocity of the bogie mass centre

my = the couples act on the bogie from the semitrailer
at the vertical shaft.
M]2x

Mg = Moy | = - g
M2z

The moment m,, is the moment of fg about the centre of mass of

the bogie.
S S T
bg Fox by Féx
@10 = | -ag X F5y + ap | X F6y
hg Fs, hg Foz
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b | [F EY .
5 7x 5 8x
+ -2y F7y + 3z X F8y
hy F7z hy Faz
_-h5(F5y+F6y) B h7(F7y+F8y) B a5(F52—F62) B a7(F‘7z_F8z)1
hg(Fg,+Fgy) + hy(FyytFey) = bo(Fy5 *Fg,Fy,-Fg,)
ag(Fg,-Fey) * a7(Fg,-Fgy) + bg(Fg +Fg +F7 *Fgy)

P the sum of the dynamic moments, transmitted to the bogie at the
| suspension attachment points
™M1 Msx * Mex M7x Mex
Moy + Mgy + My * Mgy
M5, *+ Mg, 7z Mg,

3.2.d___Equations of Motion_for Tractor Front Axle in General Form

- e o G T G T e B W O e S G G o S e e G e e W e e o e M o

The equations of motion for tractor front axle can be written in

vector form in terms of the forces and moments which act on the axle.

Since all components of the suspension between the axle and sprung
mass are assumed massless, the forces which act at the suspension - sprung
mass attachment point can be regarded as acting at the associated suspension -

axle attachment point.



Figure 3.6 shows axle 1 and the forces and couples which act on

it. Definition for Z], 22, Y1 and Y2 are given in Appendix I.

~
1

g =+ Kip (Wytanoq=Go())+C,; (Wi +a,e, -6, (t))

Yo = Kip (vgryoq2p())4C5 (Ve -ryaq-25(t))
The moments Mx]and My]are added to the body free diagram of Figure 3.6

in order to maintain equilibrium about the x and y axes.

Moo= - (F

F
X

1y + Fay) 4

Myo= (P * Fad

where d] is the distance from the centre of mass of axle 1 to the acting

point of the dynamic forces of the horizontal suspension stiffness-damping

system.
By applying Newton's second law:
d -
m 9T (\_’]) - f7 + fg (3.2.7)
where

mo = the mass of the tractor front axle



FIGURE 3.6

GENERAL FORCES AND COUPLES ON THE AXLE

For Axle 1
For Axle 3
For Axle 5
For Axle 7
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where I, is

3.

%
= 01 the velocity of the centre of mass of the tractor
front axle.
W
1
L

the sum of the suspension forces which act on the axle

]
ot
=
o
%]
<
3
o
_h
‘—'-
>
(]
=
[e]
u
[=N
—da
=]

<
=
(—’.
—h
o
=
2]
(0]
wn

d ]
at (I w) =mp 3+ myy (3.2.8)

the inertia tensor for tractor front axle. It is assumed

diagonal since the axes xyz of the axle are regarded as being the

principal axes for the axle.

I]xx 0 0
= 0 lyy 0
0 0 I]ZZJ



= By the angular velocity of the axle

=1
§1
My, = the sum of the moments due to suspension forces
a(Fy, - Fp,) - dl(F1y * FZy)
Ty = S PR
2 (Fax * Fiy)
m3 = the suspension couples which act on the axle
Mix * Max
™3 © M]y * M2y
M, + M
1z 2z
. J
m4 = the sum of the moments due to road forces
Mg = 0
0
B !

A complete derivation of the equations of motion of the vehicle are given

in detail in Appendix I.
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Equations of Constraints

3.3.1.a Constraints Between the Tractor and Semitrailer

e w— — — — —— 4 T Y0 W e i W W 8 T e S e g S T - — T R

The position of the fifth wheel king pin on the tractor must be

coincident with its position on the semitrailer.

Let

and

1

the position vector from the centre of mass of the

tractor to the fifth wheel king pin

[T
Uy %¢
Wi Yt
X §
(hgthy )8
'b485

centre to the fifth wheel king pin

the position vector from the semitrailer mass

(3.3.1)

(3.3.2)

38.
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Let .
-b3'
the position vector from the semitrailer mass
r, = 0
-3 centre to the vertical shaft connecting the
h]O semitrailer to the bogie.
then
. .. _ _ -
Up Ug % -bs
Vol = | Vs + Bs | X 0
w W Y h
b S S 10
S B A N R
- - -
Ug h1065
= | Vg + -(h10us + b3ys) (3.3.3)
Wg b3Bs

Substituting from equation (3.3.1) into equation (3.3.3) we obtain:

up ug hgBy = (hg + hyp - hyg)8g
Vo | = [ V¢ | *+ | (hgthyq-hg=hyglay = bg vy = (by+by)vyg
W LWt bgsy + (bg + by)eg

(3.3.4)
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The bogie must roll and pitch with the semitrailer:

@y = oy T oy (3.3.5)
B, = B (3.3.6)

- - T . o e o e M - g . o -

A11 the axles can translate in the vertical and lateral directions
and can rotate about the longitudinal axis. The axle must yaw and pitch

with the sprung mass.

(a) Tractor Front Axle
U= gty e (3.3.7)
By = B (3.3.8)
1= Y (3.3.9)

(b) Tractor Rear Axle

ug = ug (h3 + 23)st (3.3.10)
By = By (3.3.11)
Y3 = v (3.3.12)



41.

(c) Bogie Front Axle

ug = up * (hg + 25)8y

= uyt h83t + (h10+h5+z5 9 h1])s (3.3.13)
B = By = B (3.3.14)
e = v (3.3.15)

(d) Bogie Rear Axle

Uz = up * (hy + )8y

= uy + hss + (h +h.‘0 7 h9 h]]) (3.3.16)
By = By = B (3.3.17)
Y7 T Y (3.3.18)

Since there is no stiffnesses or dampings in the longitudinal
direction, the vehicle moves as a rigid body in the longitudinal direction
and Uy is an ignorable coordinate and may be substituted out of the
differentia] equations of motion thus reducing the number of degrees of

freedom by one.

By adding the equations of motion of all the components of the

vehicle in the x direction we obtain:

tut+msus+mb b+m1 ]+m3 3+m5u5+m7u7 = 0 (3.3.19)
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Integrating twice with respect to time, we obtain:

mtut+msus+mbub+m]u1+m3u3+m5u5+m7u7 = E]t + E2 (3.3.20)

where E] and E2 are constants to be determined from the initial conditions.

For the velocity:

(mtut+msus+mbub+m]u]+m3u3+m5u5+m7u7)lt=0 = E, (3.3.21)
For the displacement:
(mtut+msus+mbub+m1u]+m3u3+m5u5+m7u7)l = E2 (3.3.22)

t=0

But Uy describes only the oscillatory motions of the tractor

centre of gravity. Thus E] must be equal to zero, otherwise u, would grow

t
with time. E2 may also be equal to zero by assuming that Uy is to be at

the centre of gravity of the tractor when all of the independent

coordinates are in their neutral positions.
By substituting from the constraint equations, we obtain:
myuptm (upthgsy-(hgthyy) Bls)

#m, (uythgsi-(hgthyy-hyg)8g)
my (u +(hy+2,)8,)
g (u +(hate,)8,)
g (uy+thgsy+(hy gthgtag-hg-hy )8 )
g (upthgBy+(hygthytey-hg=hyy )8g)

- 0 ~  (3.3.23)



thus,

Ug
where:

1 =

02=
and

M:

-t - - -

P1 By = pp By

[(ms+mb+m5+m7)h8+m](h]+21)

+ ma(hytes) I/M

[(mg(hg+hyq)my (hgthy 1 -hy )

+ m5(h9+h h

107"5%5)
+ My (hgthy ) =hy o-ho=22) /M

11

Mg Hmy,+my Fmatm 4

43,

(3.3.24)

In this section the transformation matrix D which gives the

relation between all the variables and the independent variables based

on the equations of constraints is defined in Table 3.1.

Where

°3

hg + hyy - hg
py = (hg * hyy - hyg)
hg + hyp = hyg - hg



TABLE 3.1
THE  TRANSFORMATION MATRIX [D%o
2

9 twMn

18 19

20

Yt

“

%

By

Tt

Ts

AT B |

V7 H7

%7

°

f2

o4

n

14
15

17
18

*b
"
1Y

°7

°3

°s

19

2

Y
"

4]

N

4]

°2

Yy

Y3

°10

°2

3

32

35
3%

3

1

37

39

40

L)}
2

i

°3

°12

44,



pg = ey * (hy+ )

Prp = o7 * (h3 * 23)

pp + (hyg *+ hg + 25 - hg - hyq)

P12 = Py * (hyg * hy + 25 - hg = hyy)

3.4 Manipulation of the Equations

-3.4.1 _ Tractor-Self-Steering Semitrailter

- 0 - —— et ot s o o D o e W v e g

The system of second order linear differential equations is

written in the form:

[A] {Z3 + [C] {2y + [B] (I} + R} = {Q} (3.4.1)
42x42 42x1  42x82 42x1  42x42 42x1  A2x]  42x]

where

| = Inertia matrix

= Damping matrix

= Stiffness matrix

= Vector of the internal reactions

= Vector representing the input to the system

N OO X O om O >
)

= Vector representing the coordinates of the various degrees

of freedom.

We eliminate the internal reactions by the method of substitution

and thus we get a system of 20 equations in 42 variables; twenty of these



variables are independent.

M e T e A e e W e S U W e o M e i (o 8 S W e o e B .

vartagLE | EQURTION REACTION

Uy ! “ (PP Fay Py ) -Fisy

Vi 2 -ng

Wy 3 '%z

oy 4 ngf gy Moy

By 5 “hy (PP, ) -hg(Fy #Fy )
~hgFgx~DgFoy~(Myy Moy il +Y, )

Yt 6 'al(F]x_FZX)'a3(F3x'F4x)+b6F9y

Us 7 FoxF11x

v 8 Foy~Fi1y

Ws 9 FazF112

s 10 ~(hg*thy 1) Fgy Mg #hy0F 1y M1

Bs 1 (Hig+hy 1 )Fg,-b4Fg,=h1oF115P3Fy1,
'Mlly

Y, 12 b4Fay P3P 1y

uy, 13 Fx g Fox FrxtFay)

vy 14 Pty

46.




variagLe | EQURTION REACTION
W, 15 FH 7
- 16 M
By 17 -h (F5x 6x) -h (F 8x)
Miy y'(M5y+M6 y+M7y+M8y)
Yb 18 "aS(FSX-FGX)'a7(F7x 8x)
Uy 19 FixtFox
vy 20 0
Wy 21 0
oy 22 0
By 23 -4 (F] x+F2x)+(M1y+M2y)
T 24 a7 (Fyy-Fay)
Uy 25 FarFa,
Vs 26 0
Wy 27 0
s 28 0
B3 29 ~23(Fa, g, )+ (Mg My )
Y3 30 a3(Fax-Fay)
ug 31 e *Foy




vaRIABLE | FLURIEON REACTION
Vg 32 0
We 33 0
ag 34 0
Bg 35 -25(F5x+F6X)+(M5y+M6y)
Y5 36 35(FgyFex)
Y7 37 F7x+F8x
V4 38 0
Wo 39 0
oy 40 0
By 41 —27(F7X+F8X)+(M7y+M8y)
Y7 42 a7(F7X - Fax)

48.

To eliminate the vector R the

adopted where numbers refer to equatio

1 = 2+8+14

2 = 3+49+15

3 = 4+10+ 16+ (h9+h]]—h8) (8)
+ (h9+h] (14)

17Mo™hg!

procedure described below is
*
ns in Appendix I:

*For simplicity Equations 1, 2,
(1.10%5), , (1.145).

, 42, refer to Equations (I.104),



10
11
12

13

14
15
16
17
18
19
20

49,

5 + b6(9+15)+h8(7+13+31+37)
+(h]+z]) (19) + (h3+23) (25)

+ 23 + 29
6 + 24 + 30 - b (8 + 14)

11 + 17 + 35 + 41 + b4 (9) + (b3+b4) (15)
+ (h]O-hg-h]1) (13) - (h§+h1]) (7)

+ (h10+h +2.-h,-h

5*257Ng=Nyq) (31)

+ (h]0+h7+z7—h9-h]]) (37)

12 - b, (8) - (bgb,) (14)

18 + 36 + 42

20

21
22
26
27
28
32
33
34
38
39
40



This procedure is applied to the mass, stiffness and damping
matrices successively, and it gives:
[Al 3y + [C] {23 + [B] Z}= (P} (3.4.2)
20x42 42x1  20x42 42x1  20x42 42x1  20x1

To eliminate the dependent variables, we use the transformation

matrix [D] which gives the relation between all the variables and the

independent variables and which is based on the equations of constraints.

Let

{7} = [D] {X}
42x1 42x20 20x1

Therefore, equation 3.4.2 becomes:

[A] [D] X} + [c] [0 <% + [B] [D] (X}
20x42 42x20 20x1 20x42 42x20 20x] 20x42 42x20 20x1

= {F} (3.4.3)
20x1

[AD] {X} + [CD] {X} + [BD] (X} (F} (3.4.4)
20x20 20x1  20x20 20x1  20x20 20x1  20x1

The above matrix equation gives twenty simultaneous second order

differential equations in twenty unknowns.

50.
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3.4.2 Tractor-Standard Sem1tra11er

" o 8 S e e = e e e e s

If the bogie is locked to the semitrailer we obtain the

standard semitrailer. In this case, there is an extra unknown reaction

M]22 between the semitrailer and the bogie.

we use the method of substitution as described below where the numbers

refer to equations in Appendix I.?
1 = 2+8+ 14
2 = 3+9+15

3 = 4+ (h9 + hyy - h8) (8) +10

11

* (hg * hyy - hyg -

To eliminate the reactions

h8) (14) + 16

4 = 5+ hg (7 +13 + 31 + 37) + be (9 + 15)

+hy + 17) (19) + 23 + (hy + 1) (25)

+29

5 = 6 - b6(8 + 14) + 24 + 30

6 = 11 - (h9 + h1]) (7) + (h]0 -

(g * hg + 25 - hg -

hg - h]l) (13)
+ b4 (9) + (b3 + b4) (15) + 17

h]]) (31) + 35

+ (h]0 *hy + 49 - hy - h]]) (37) + 41

< .
For simplicity Equations 1, 2, ...., 42 refer to Equations (I.104),

(1.105), ...., (1.145).

51,
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7 = 12+ 18 + 36 + 42 - b4(8) - (b3 + b4) (14)
8 = 20
9 = 21
10 = 22
11 = 26
12 = 27
13 = 28
14 = 32
15 = 33
16 = 34
17 = 38
18 = 39
19 = 40

In the computer program this procedure is applied to the mass,

stiffness and damping matrices successively, giving:

[A] 7y + [c] (3 + [B] (73 = (F} (3.4.2.1)
19x42 42x1 19x42  42x1 19x42  42x1 19x1



53.

Using the transformation matrix [D] which is defined in
Table 3.2 to eliminate the dependent variables, we obtain a system
of nineteen second order linear differential equations in nineteen

variables.

Let

{7} = [D] {X}
42x1 42x19  19x1

Equation (3.4.2.1) becomes

[A] [p] (X} + [c1 [D]1 3 + [B] I[D] (X3

19x42 42x19 19x1 19x42 42x19 19x1 19x42 42x19 19x1
= {F} (3.4.2.2)
19x1
or
[AD] (X} + [cD] (X} + [BD] (X} = {F} (3.4.2.3)
19x19 19x1 19x19 19x1 19x19  19x1 19x1

Note that the equations involving the thirteen variables Vis
Gps Yis Yg» Yp» Vs Ops V3s 035 Vps aps Vys 0y in case of self-steering
semitrailer and the twelve variables Vis s Ygs Yoo V9o 975 V3o 03, Vg
@ps Vs Oy in case of standard semitrailer, are coupled to the equations
involving Wes Bis Bos Wps Was Wps Wy only be the products of inertia,

I I . The lateral and vertical motions are, hence, uncoupled for

sxy’® “syz
situations in which the semitrailer and its load are symmetric in the xy

and yz planes.



TABLE 3.2
THE TRANSFORMATION MATRIX (D]

42x19

{Articulated Vehicle With a Standard Semitrailer)

[

7

10

u

12 n

4 15 16

17 18

19

Vg Wy oy B

Tt

B

Ys

Y1

!

)

3

Y3 %3

Vs Y5 25

V, H7

%7

°1

°2

10
n

°3

b

16

i

18

°3

bg

3

6

-0g

19

21
22

2

24

&

P2

25

26

"10

°2

3

32
33

35
36

3

°11

37

38

39

41

2

°3

°12

.54,
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CHAPTER 4

THEORY OF SOLUTIONS OF THE DIFFERENTIAL

EQUATIONS OF MOTION

For an n-degree of freedom system the equations of motion

could be written in the matrix form:
[M] (X} + [C] (X} + [K] (X} = {F} (4.1)

where M, C and K are the mass, damping and stiffness matrices respectively.
F and X are the vectors representing the complex forces and complex

displacements respectively.

The general solution of Equation (4.1) is composed of a

complementary function and a particular solution.

The homogeneous matrix equation

[M] (X} + [C] Xy + [K] {X} = {0} (4.2)

could be rearranged into the form



This equation, often referred to as the "reduced" form of

(4.2) can be written as:

[A] {a} + [B] {q} = {0} - (4.4)
where l
M1 ! [o]
[A] = |----- 1-z---
[c] 1 M
[0] 1-[4]
[B] = pF--c-f-o-o-
[k1 i [o]

{q}

n
[\t
P T
> 1 <
[ e

1
—

The column matrix {q} is of order 2n.
In general, [A] is a nons%ngu]ar matrix, and its inverse

is: _
M1 [0]
(A7 - (4.5)
v lreimn Tt !
Premultiplying (4.4) by [A]™! yields

gy + (A1 [BY (q} = 10} (4.6)

56.
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Let _
(6] = -[A1"" [8]
Lo] [1]
= (4.7)
S s I R (% |
where [G] is a 2nth-order matrix.
Equation (4.6) can be written as:
{q} - [6] {q} = {0} | (4.8)
We assume a solution in the form
fq} = &'t {4} (4.9)

where {¢} is a column matrix of 2n constants and X is a parameter.
When {q} is substituted into (4.8) the exponential factors cancel out,

and a set of homogeneous equations 1in 95 is obtained:

(11 + [6]) (¢} ={0} (4.10)
Equation (4.10) can be put in the form

[G] {9} = a{¢} (4.11)
which is a familiar form for the statement of the eigenvalue problem of
the matrix [G]. Here X is the eigenvalue of the matrix [G]. Equation
(4.10) is a system of homogeneous algebraic equations which have non-
trivial solutions if and only if the matrix (-A[I] + [G]) is singular.
Therefore, we have

|- A[11+[6]]= 0 | (4.12)

which is the characteristic equation of the matrix [G]. The eigenvalues
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-Ai of the matrix [G] are the roots of the characteristic equation,
which for stable system are real negative or complex with negative

real parts. The complex roots occur in a pair of conjugates.

If the roots are complex, the eigenva]uesvxi will be in the
form

Ae = pe + i (for the ith

root) (4.13)
where: |
u: represents the damping rate for the particular

mode arising for that eigenvalue

w. represents the damped natural frequency for the

same mode.

For each root or eigenvalue Ay @ set of values for ¢ can be
calculated from the system of equations (4.10). {¢}1 is called the modal

column or the eigenvector of the matrix [G]. Each modal column satisfies
[G] fo}; = A5 {o}y (4.14)

Since complex roots occur in conjugate pairs, the modal columns associated
with the complex roots must also form conjugate pairs in order that the
motions {X} be real. It is evident that by combining these complex
functions, the motions can be expressed as sine and cosine functions with
amplitude diminishing exponentially. To each eigenvalue A corresponds a
principal mode of frequency Wi s whose relative amplitudes of oscillation in
each coordinate are given by the elements of'{¢}i. The reason that {¢}i

gives the relative magnitude instead of the absolute magnitude is that



(4.10) is a system of homogeneous equations in d5 -

Let
(Xt = (g} e
then
X} = ALy et
and we have
_ {X} {yp}
{q} = d-—oc- = i M
{X} v}
Consequently
_ {w}i
{¢}i = Qe
Ai{w}i

Hence, the elements of {y} can be computed from those of {4}.

(4.15)

(4.16)

(4.17)

(4.18)

Alternatively, by combining the modal columns {y} to obtain

the modal matrix [y], the complete transient solution to the

general problem is given by:

Xy = [v] [ ()
nx1 nxZn 2nx2n 2nx]l

where =
At
e 0 --- 0
0 MU0
At €
[e”] =

A

0 0 ---- g 2N

(4.19)

(4.20)
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The constant {C} may be determined if the initial conditions on
displacements and velocities for all the coordinates are known, i.e. {X}

and {X} must be known for time t = O.

b) Particular Solution

- - ——— - ————— - -

The matrix formulation for the particular (steady state)
solution is:

[MICK) + [CIeXy + [KIOG = (F(£)} = (Fre'® ® (4.21)
A solution for {X} is assumed as some function of F(t)
Let

3= (et (4.22)
where the column matrix {X} is allowed to be complex - that is, to

contain complex elements. This leads to the equation:
[(K - w?M) + iuC] {X} = {(F) ‘ (4.23)

in which the quantity in square brackets is a square matrix whose
elements are complex. We denote this square matrix by Z. Provided that
Z is non-singular it will have an inversé Z'], and thg solution of
(4.21) will be: | |

M o= 217 R (4.24)

We may caH'Z"'I the "complex receptance" matrix of the system.

A1l the theory for systems having n degrees of freedom has so

far related to an arbitrary set of forces, all having the same frequency.

If the system is acted upon by forces of different frequencies then the

60.

resultant displacement matrix will be the sum of the displacement matrices

due to the forces of each frequency taken one frequency at a time.



Solution of equation (4.24) is obtained by using the

digital computer.

For the problem in hand, the irregularity of the track is assumed

to be sinusoidal, and the equation of motion takes the form:

[M1X} + [CI{X} + [KI0X3 = [CFI{V} + [KFI{Y}

where

M - 1inertia matrix

C - damping matrix

K - stiffness matrix

X - complex vector of unknown displacements

Y - excitation displacement vector

CF - Forced damping matrix

KF - Forced stiffness matrix
Now

vy = (et
then

{).(}ei“’t

{X}
and the equation (2.25) will be

[(K - «®M) + iuCI{R} = [KF + 1uCF1(T}

[z] (X} = {F}
or
%y = 217V Ry

(4.25)

(4.26)

(4.27)

(4.28)
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Thus, the solution for a particular value of frequency w results
in a complex solution vector {X}, whose individual elements represent the
steady state frequency response of the various coordinates of the various
degrees of freedom. Each individual complex part can then be written as

a magnitude and as a phase angle.
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CHAPTER 5

RESULTS AND CONCLUSIONS

5.1  Input to the System

The road profile that.is presented to the vehicle tires is a
function of the constructional details employed in building the highway.
The full joint and the saw cut in the concrete highway construction
allow differential settling along the length of the slab; resulting in

a small but regularly spaced wave forms.

For this study, a sinusoidal input profile of a one inch
amplitude peak to peak in the vertical direction and 0.2 inch amplitude
peak to peak in lateral direction is considered to be applied to the
vehicle from the road through the tire contact point; The phase angles
of road displacement application due to the tractor rear axle and the

bogie axles offset from the front tractor axle, are taken into account.

The input frequency of the forcing function is made dependent
on the vehicle forward speed and expansion joint spacing. For the left
and right track, the sinusoidal irregularities can be in-phase or out-of-

phase and the input displacement function may be assumed unequal.

5.2 Results

The results of this section were obtained with the vehicle
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dimensions and parameters listed in Table 5.1.

The digital computer was used for computational analysis of the
derived equations and for plotting the steady state freguency response

curves.

O - % T - S ne et S S e et W N e A e e e e B e e B e e g v

In general, the response of multidegree of freedom system is
quite complex. However, two characteristics of the dynamic systems which
give some indication of the overall response of the vibratory system are
described in the following paragraphs, along with the méjor analytical
ideas behind each description. The effect of adding a spring at the

fifth wheel is also discussed.

l.a The results of undamped natural freguencies of the system,
which are the frequencies at which the system could oscillate
when displaced from its equilibrium position, are presented

in Table 5.2.

1.b The dambed eigenvalues are next presented in Table 5.3.
They are generally complex numbers arising in conjugate
pairs and are roots of the damped fortieth degree
characteristic equation. The real part of a complex
eigenvalue represents the damping rate associated with
the decay of the amplitude, and the imaginary part is

the damped frequency of oscillation.



.. TABLE

VEHICLE

5.1

PARAMETERS

65.

General

Tractor weight

Trailer weight

Bogie weight

Tractor front axle weight
Tractor rear axle weight
Bogie froﬁt axle weight
Bogie rear axle weight
Tractor inertia tensor

(inertias in in.]b./secz)

Trailer Inertia tensor

(inertias in in.]b./secz)

Bogie inertia tensor

(inertias in in.]b./secz)

14200

33500

2000

800

3200

1600

1400

9600

0

2400

0

-
100800

25200

-

650

0
0

1b.

1b.

1b.

1b.

1b.

1b.

0

30000

0

0

1344000

0

0
6500
0

2400
0
90000

25200
0
1440000

0
0
8130




——————————————
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Tractor Front axle inertia tensor

(inertias in in.]b./secz)

Tractor rear axle inertia tensor

(inertias in in.]b./secz)

Bogie front axle inertia tensor

(inertias in in.]b./secz)

Bogie rear axle inertia tensor

(inertias in 1n.1b./sec2)

IT. Dimensions
3 19.00 in. hg
a, 36.50 in. hg
a3 20.50 in. h,

a, 36.00 in. h8

189

470.5

228.3

200

0.36 in.
9.50 in.
9.50 in.

-12.00 in.
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IT1.

ag 17.00 in. hg
ag 37.00 in. hio
ay 17.00 in. h]]
ag 37.00 in. 9
by ~50.00 in. %3
by 80.00 in. L
bs 156.00 in. %9
by 180.00 in. | "
bg 36.00 in. r
6 55.00 in. rg
h] 8.00 in ry

Suspension Characteristics

Ky 1100.00 Ky
K3 1800.00 Kg
K 900.00 Ke

Ky 900.00 Kg

40.00 i

45.00

3.00

4.00 i

11.00

11.00

11.00

20.50

19.70

19.70

19.70

in.

in.

in.

in.

in.

in.

in.

in.

in.

22000.00

36000.00

180040.08

18000.00




Table 5.1 (continued)

68.

Suspension_Damping Constants (1b
o 33.50
C3 84.00
Ce 42.00
C7 42.00

- . T . o - T T . G - - n

- 794200.00
Kpa 1512900.00
K.s 520200. 00
K, 520200.00

o  me o e i e B vt s e - ot e e e

Cr 24187.00
Cr3 70602.00
Crg 24276.00
C 24276.00

-sec./in.)

CZ 8.5
C4 21.0
C6 10.5
C8 10.5

- o o ——
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http:24187.00
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http:1512900.00
http:794200.00
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IV. Tire Characteristics
Tire_Spring_Constants_(1b./in.)
Kt] 4500.00 Kt2 2750.00
Kt3 20000.00 Kt4 7000.00
Kt5 10000.00 Kt6 4000.00
Kt7 10000.00 Kt8 4000.00
Tire _Damping Constants (1b.sec./in.)
Ct] 5.00 Ct2 2.00
Ct3 20.00 Ct4 4.00
Ct5 - 10.00 Ct6 2.00
Ct7 10.00 Ct8 2.00

V. Fifth Wheel Parameters

Fifth wheel spring constants

"Fifth wheel damping constant

0.0 1b.in./rad.
0.0 1b.in./rad.

‘Vertical torque shaft damping constant 0.0 1b.in.sec./rad.
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TABLE 5.2

- e Ep B e A e em o S M . S Pe W A A g

e T e T R P

OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA
OMEGA

0 N O O B W N~

N md et e d emd ek d et d
O W O Ny O P W NN~ O W

W N NN -~ - O

11
11
11

14

15.
15.
16.
18.
19,
.085
25.

21

.449
.292
.493
.130
.539
.925
.493
171
.392
.522
.603
12.
.989
303

295

758
847
242
207

678

70.



TABLE 5.3

S WD G N WS R G B G T W S 46 G e W Y e M D W R 8 = BE e A v e o .

THzZ ZIG=NVALUZ NO. 1 = =.54%633656c+ul «16124L4L3E+03
THE ZIGEZNVALUZ NO. 2 = =.54b633662+01 , ~¢1612L43E+D3
THE ZIGZNVALUZ NO 3 = ~,5267394z+(2 , e 1323754E+03
THz ZIGZNVALUz NO, L = =45267394z*¥¢1 ~¢132375LE+03
THEZ ZIGEMNVALUZI NG« 5 = =.43356981Z+l1 , e1200233E+D3
THE ZIGINVALUZ NG. o = =.4335981z¢(1 , -+1236U3G3E+03
THE ZIGZINVALUEZ NO. 7 = =—e4lHl3263+51 ¢11454335+03
THe ZIGENVALULZ NUJ. 6 = ~.ulii32botel ~e11454335+03
THE ZIGINVALUZ NO, 9 = =,91625762+c1 ¢i0EL57CE+E3
THE ZIGENVALUZ WO, 10 = =.9162576z+01 , -«1054570E+03
THE ZIGzNVALUEL NO. 11 = =,11317140Z+52 , ¢3349694 402
THE ZIGINVALUZ NJs 12 = =4113173108+5c ~+393459594E402
THE ZIGoZMVALUZ NGes 13 = =~=,94150S69z+ul +35€8064L15+02
THE cIGENVALUZ HJe 1% = =~.9%13099c+i1 -+35€cd041E+02

Z ZIGZINVALUZ NOs 15 = =~,83334132+01 +3868260E+02
THE ZIGEZINVALUZI NO. 16 = =~.80333413E+51 ~«3863260E+32
THE ZIGINVALUZ NOs 17 = =.1943418Z+¢02 ..73249625+ﬂ2
THE ZIGEINVALUZ NOe 13 = =.19434138:=+02 , -«702LG62E+492
THE ZIGEINVALUZ NOe 13 = =4314524048+02 5 - o7587008E+402
THE EIGENVALUZ NO. 25 = =414526{0E+0G2 , -e7587008E+02
THE ZIGeNVALUE NO. 21 = =~,1323513:z+32 , o TU3G4772E+402
THE ZIGENVALUZ NO. 22 = =413205138+452 ~o703L772E482
THE ZIGINVALUE NQO. @23 = =.126914Jz+i2 e 71272425402
THE ZIGENVALUL NO. 2+ = =.12891&40z2+32 -e71275422+032
THE ZIGENVALUZ NO. 25 = =,2398468c+.l ¢ 2024851 E+]2
THE ZIGeNVALUZ NO. 25 = =¢2393468Z+4u0 ~e2623851E+02

G
THE ziGz=NVALUZ NO. 27 ~2512373148+2C «2194263E4+82



=e5123711=+20 ~e21S45260E+02

THZ ZIGINVALUZ NO. 238

THEZ ZISZNVALUEZ NOe» 29 = =.1385315c+T0 «10637458E+22
THE CIGINVALUZ NO. 3§ = <=.1384d315Z+CC -+1837458E+02
THe <iIGINVALUZ NOe 31 = =eilbublbz+il +13382300E+02
THE EIGENVALUZ NOs 32 = =e11436662+00 -+1333206E+02
ThHE ZIGeNVALUZ NOs 33 = =,iou8lolztiil «2B815148E+G1
THo cIGZMVALU=Z NO. 34 = =.16080612+20 -« 2815148E+01
THE ESIGINVALUZ NOs 35 =  =,4455582232+.1 +15c8695z+42
THZ ZIGINVALUEL NOs 30 = =,43553223z+01 ~+¢1528590E+32
THZ ZIGoNVALUZ NG, 7 = =e1221i1yb:z4+il «3328223z+C1

3
THe ZIGZHNVALUL N0« 3
z

3 = =.122i146C+01 ~¢8028223E+01
THo ZIGZINVALUZ NO. 3 = =41511328z+.1 «32414222+01
THZ CISENVALUZI NO. 43 = =6321132%9c+ii -e32414228+01



The frequency responses of the system, which are the

amplitude responses of the system when it is forced to oscillate

at various excitation frequencies, are next considered. With

a constant wave Tength of 30 feet and varying speed of the
vehicle, the following graphs are obtained.

Figures 5.1 to 5.6 show the response curves for the tractor

in the longitudinal, Tateral, vertica],'roll, pitch and yaw
coordinates respectively.

Figure 5.7 to 5.11 show the response curves for the semitrailer
in the longitudinal, lateral, vertical, pitch and yaw

coordinates respectively.

Figure 5.12 gives the response curve for the bogie in yaw

coordinate.

The frequency response curves in the lateral, vertical and
roll coordinates for the tractor front axle, tractor rear
axle, bogie front axle and bogie rear axle are given in

Figures 5.13 to 5.24 respectively.
Spring at the Fifth Wheel

A modification has been made to the articulated vehicle
by incorporating a torsional spring into the fifth wheel

mechanism.

Figures 5.25 to 5.27 show the effect of varying spring

~+3ffnnce nn tho vaw anale difference of tractor and

73.



effect on the vehicle peak response in the yaw mode, since
part of the available moment has been used to deflect the
torsional spring. The spring stiffness has a very little

effect on all other modes.
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5.2.2 Results for Tractor-Standard Sem1tra11er

= 0 0 o e et e O P

| Since the semitrailer is assumed to be symmetric in the xy
and yz planes, then the three modes, longitudinal, vertical and pitch
éfe coupled together and they are decoupled to the other three modes,
lateral, roll and yaw. Thus, the vertical motion for the articulated
vehicle with a standard semitrailer is the same as the one with self-

steering semitrailer.

The undamped eigenvalues are presented in Table 5.4 while

the damped eigenvalues are presented in Table 5.5.

The steady state response curves are drawn for each

generalized coordinate concerning the lateral motion of the vehicle.

Figures 5.28 to 5.30 show the‘response curves for the

tractor in the lateral, roll and yaw coordinates respectively.

Figure 5.31 gives the response curve for the semitrailer

in yaw coordinate.

The frequency response curves in the lateral and roll
coordinates for the tractor front axle, tractor rear axle and bogie

rear axle are shown in Figures 5.32 to 5.37 respectively.

]02.
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TABLE 5.4

NATURAL FREQUENCIES OF THE VEHICLE

OMEGA 1 = -449
OMEGA 2 = 1.292
OMEGA 3 = 1.493
| OMEGA 4 = 2.135
OMEGA 5 = 2.539
OMEGA 6 = 2.938
OMEGA 7 = 3.495
OMEGA 8 = , 11.392
OMEGA 9 = 11.521
OMEGA 10 = 11.603
OMEGA 11 = 12.295
OMEGA 12 = 14.989
OMEGA 13 = 15.303
OMEGA 14 = 15.775
OMEGA 15 = 16.764
OMEGA 16 = 16.865
OMEGA 17 = 18.401
OMEGA 18 = 19.418
OMEGA 19 = 25.678
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TABLE 5.5 (continued) )

THZ ZIGZHNVALUZ 0, 28 = =.13817(6z+ul ~el84K5C305+G2
Tric ZIGEMNVALUZ NJe 29 = =~.11506902+410 2136124 4E402
THE ZIGaNVALUZ NO., 30 = =.115.6G02+0 ~el36124L4454+37
THZ ZIGENVALUZ HO. 31 = =.100clE3zZ+30 ¢ 23154955+01
THE ZIGENVALUZ NOe. 32 = =.1i5ullB7iI+oi ~+2815435E+31
Trac ZIGENVALUZ NU. 33 = =e45532232+.1 «1523595E+032
Trg CIGINVALUZ NOs 24 = =e4353223:+.1 ~“+15c25c355+02
THZ ciGEINVALUz NO. 35 = =4i2211cbz+l1 «30LZB2235%31
THZ ZIGeNVALUZ HOs. 30 = =.1223ii45:zZ+.1 , ~e03¢82232+31
Trc ZIGeNVALUZ NO. 37 = =41cli328z+.1 «3241-2222+01
Tro IGZNVALUZ NOe 38 = =.20113289zZ+4.1 ~e32461L225+31
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It is well known that the road loading problem is one of the
important aspects of the overall objective of building adequate life

into vehicular highways.

The vehicle and highway have the resonating characteristics at
certain frequencies, thereby magnifying the peak dynamic road Toad
forces exerted by the vehicle on the road, and the peak dynamic
deflections and bending moments that are induced in the road by the

vehicle.

The excitation of the road profile limited:.to that eauses -
vertical motion of the axles and consequently pitch and bounce of the
vehicle. Since the forcing frequency may vary due either to a change
in the speed of the vehicle or to a change in the frequency of the road
input sinusoid, a Bode surface may be defined for this problem.
However, section plots of this surface, one for each axle coordinate

at speed of 40.0 m.p.h. are plotted.

The ratio of the steady-state dynamic load to the static
load is plotted as a function of frequency (the ratio of vehicle speed
to road wave length) in Figures 5.38 to 5.41. These plots represent
the dynamic loads imparted to the pavement at tractor front axle, tractor

rear axle, bogie front axle and bogie rear axle respectively.
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Conclusions

A digital computer simulation has been used to study the

dynamic of a tractor-semitrailer vehicle. Two mathematical models;

a tractor-standard semitrailer and a tractor self-steering

semitrailer have been developéd to describe the Tongitudinal,

lateral, vertical, pitching, rolling and yawing motions of the

- vehicle on a rough road surface.

1)

2)

3)

“The results obtained in this thesis indicate that:

The peak responses in the lateral and roll coordinates in

the case of standard semitrailer are higher, compared to the
case of self-steering semitrailer, while the peak responses

in yaw coordinates are lower.

It should be mentioned that the non-conservative forces which
are the side forces acting on each tire at the tire-road
interface were not inc]qded'in the derivation of the equations
of motion, i.e. the vehicle was considered as stationafy one.
In other words, for the stationary vehicle certain generalized

coordinates relating to the motions of the axles were locked.

Introducing a spring at the fifth wheel reduces the peak response
in the yaw modes, but to be effective, large spring forces are

needed.

The vehicle and highway are dynamic.systems, i.e. mechanical
resonance occurs at certain frequencies and magnifies the
transmitted loads imparted to the pavement due to the dynamic

action of the vehicle in response to road irregularities.
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The program with some modifications may be applied in the

following areas:

The vehicle designers could determine the optimum suspension
to satisfy driver comfort, acceptable cargo ride and an acceptable

level of suspension wear.

The program can be used to determine the influence of road
and vehicle dimensions on the amplitude of sprung masses motions and

dynamic wheel loads.

The pregram might be utilized to reduce the vibrational
difficulties encountered in pulling small trailers (i.e. boat trailers,

utility trailers).

5.4 Suggestions for Future Research

There are many vehicle characteristics, surface factors, and

specified control inputs which may be 1nve$tigated.
Some of the areas which should be explored are:

For Vehicle Ride

1) Random road surface should be applied to the vehicle to
determine the response of the vehicle components to the
undulations of the road surface over which it passes. The
random vibration theory allows a set of compromise parameters

in vehicle design to be developed.



2)

3)

- —
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Study the effect of fifth-wheel position on the tractor and
the spring and damping rates of the different axles of the

vehicle.

A nonlinear model needs to be developed to consider the
nonlinearities of the suspension springs, the shock
absorbers, the pneumatic tires, the coloumb friction in
the suspension and the wheel hop. Thus, it would be able

to gauge the inaccuracies present in a linear analysis.

- — - — -

A mathematical model for the self-steering semitrailer should

be developed to include the vehicle speed as a parameter and to study:

1)

2)

3)

The stability of the semitrailer when rounding a curve.

The response of the vehicle to steering and braking input
to determine the influence of design parameters, operating
conditions and the environment on the directional behavior

of the vehicle.

The tiré rolling resistance, the side force and the slip

angle.

Finally, actual vehicle tests should be performed in order to

vertify the analytical studies which would be.performed.
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APPENDIX I

DERIVATION OF THE EQUATIONS OF MOTION
OF SELF-STEERING SEMITRAILER

1.1 Introduction

In this Appendix equations of motion for the articulated vehicle
with self-steering semitrailer are derived in detail. The following
notations for the displacements and angular rotations are used,

Figures 3.1 and 3.2:

u - linear displacement in the x direction,
v - linear displacement in the y direction,
w - Tlinear displacement in the z direction,
a - angular rotation about the x direction,
B - angular rotation about the y direction,
y - angular rotation about the z direction.

Subscripts are as follows:

t - for the tractor,
s - for the semitrailer,

b - for the bogie,

i=1, 3,5, 7 - for the four axles.
1.2 Calculations of the Forces in Springs
a)______ For_Tractor Front Axle:

For Spring K]:
i) Left
P



ii)  Right

Prp = Kyllwy-wp) + 2y ap - 2y aq - by 8y)

For Spring Ky:
i) Left
Py, = Ky {{vi-vq) = hy oy - dy oy + by vy}
ii) Right
Por = Ky {lvi-vq) - hy ap - dyoag ¥ by vyl
For Spring Kt]:
i) Left
Plie = Ky 0 - 33 09 - Gt
ii) Right
Prir = Ky Wy 25 0p - Gp(t)2
For Spring Kt2:
i) Left
Prag = Kealvp =1y o - ()

i) Right

f

Prop = Kiplvy = 1y ap - 25(2))

(1.

(I.

(I

(1

(1

.2)

4)

.6)

.7)

.8)

128.
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b) For Tractor Rear Axle:

———————————————————————————

For Spring K3:

i) Left

P32 = K3{(wt-w3) -3z oy tagagt b2 Bt} (1.9)
ii) Right

Py = K3{(wt-w3) *ag oy -azoagt b, Bt} (1.10)
For Spring K4:
i) Left

Py = K4{(vt-v3) - h3ap - d3 a3 - b2 Te) (1.11)
ii) Right

P4r = K4{(vt—v3) - h3 o - d3 a3 " Yy bz} (I.12)
For Spring Kt3:
i) Left

P]32 = Kt3 {w3 -3y 09 - G3(t)} (I.13)
i) Right

P, = Kt3‘{w3 tay og - G4(t)} (I.14)
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For Spring Kt4:

i) Left

Plag = Kealvs - g0 - A5(t)} (1.15)
i) Right

Prap = KiglVg - g o - 24, (1)} (1.16)
¢)______For Bogie Front Axle

For Spring K5:

i) Left

P, = K5{(wb—w5) - ag op +ag o - b5 By} (1.17)
ii) Right

P = K5{(wb-w5) tag a - ag g - b5 By} (1.18)

For Spring K6:

i) Left
Ps, = K6{(vb-v5) - h6 o - d5 o + b5 vy} (1.19)
i) Right

+

P6r = KG{(Vb-VS) - h6 o = d5 ag b5 Yb} (1L20)



For Spring Kig?

i) Left

P15, = Kis (W5 - ag a5 - G5(t)}
i) Right

P15y = Kig (W5 * a5 ag - Gg(t)}
For Spring Kt6:
i) Left

Pr6r = Kig V5 = 15 a5 - A5(t))
i) Right

Prer = Kig 1V5 - V5 a5 = Aglt)]
d) For Bogie Rear Axle

For Spring K7:

i) Left
Pro = Ky Llwg=wy) - ag op +a; ap + bp 8}
i) Right

Pre = Ky Lwy-wy) + 3y 0 + 2 a; + by gy}

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

( 1.26)
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For Spring K8:
i) Left
sz = K8{(vb—v7) - h6 oy

i) Right

Pg. = Kgllvy-vy) - hg oy -

For Spring Kt7:

i) Left

Pi7a = Ky Wy - ag oy -
ii)  Right

Pr7zp = Kiy Wy +ag oy -

For Spring Kt8:

i) Left

Pige = Kig lvp - 179y

i) Right

1]
[}

Pigr Keg Tv7 - 77 oy

-d7 ay

d7 a5

G,(t)}

Gg(t)}

x7(t)}

rg(t)}

-b

- b

5 Yp!

5 Yp?

(I

(I

(I

(1

(1

(I

.27)

.28)

.29)

.30)

.31)

.32)
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1.3 Forces Due to Damping

Equations (1.33) to (1.64) give the damping forces, N, that
could be obtained from equations (I.1) to (I.32) by replacing K, by C,

and the variables by their first derivatives.



1.4 Dynamic Reactions of The Suspension
a)____._In_the Vertical Direction
Fiz = Kpllwgwy) - aqop + aq0) - bygyl

+ C1{(wt—w]) - oy tagog - b]st}

Foy = Killwp-wy) + aqay - aj0 - byl

+

F3, = Kgllwimwg) - agay + azas + bysy}
+ Cé{(Wt—W3) - a3&t + a3&3 + bzét}
Frp = Kgllwgwg) + agoy - agog + byl
+ C3{(Qt—w3) + a3&t'— a3&3 + bzét}
FSZ = K5{(wb—w5) - agay + agag - bssb}
+ Cgl(Wy-Wg) - agay + agog - bghy}
F62 = K5{(wb-w5) +agay - agag - be8y}

Cyl(wy-wg) + agay - agag - bghy}

(1.65)

(1.66)

(1.67)

(1.68)

(1.69)

( 1.70)
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3y

Sy

1y

1}

F7z

K7{(Wb'w7) - asdb

+ Colwy-wy) - agay

Fop = Kytlwy-wy) + ajay

+ Cotlwy-wy) + aj0,

In the Lateral Direction

4y

by

8y

K4{(vt—v3)
+ C4{(0t—03)

KG{(Vb_VS)

+ CB{(Vb'V5) -

= K8{(vb-v7)

+ CS{(Ob—Q7)

11

11

b8y}

beBy }

byvi?

byt

bzyt}

bovyl

beyp?

bgvy}

bgvg}

bgvp?

(1.71)

(1.72)

(1.73)

(1.74)

(1.75)

(1.76)



.5 Dynamic Reactions of the Tires

In the Vertical Direction

Rt - o - S n W R R v G G e e -

Kﬂ{m

Cﬂ{m
K1t

Ct]{w]

Kyg{Ws
Ce3is
Kt3{w3
Ce3t3
Kts{w5
CglWy
Ky (Ws

- G](t)}

- G](t)}
- Gz(t)}

- Gz(t)}

G4(t)}

G5(t))

1
[ep]
.
—~—~
(—*
S
e

1
()]
~
~~
(—’-
N
[

1
[p]
[$)]
—~
‘-1-
~
—

(1.77)

(1.78)

(1.79)

(1.80)

(1.81)

(1.82)



Z; = Kt'7{w7
+ Cygliy
Z8 = Kt7{w7
+ Cypliy

4

+

6,(t)}

6,(t)}

- GS(t)}

- GS(t)}

In the Lateral Direction

Y] = KtZ{V]
+ Cplvy
Y2 = Ktz{v]
+ CyplVy -
Y3 = Kiyglvg -
+ Ct4{\'/3 -
Yy = KtA{v3 -
* Cpqliy -

A (£)3
()3
Ap(t)}
A5(t)}
A3(t)3
A ()3

A (£)3

(1

(1

(1

(1

(1

(1.

.83)

.84)

.85)

.86)

.87)
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Y5 = Kt6{V5 - rgog - )\5('[:)}
+ Ct6{95 - r5&5 - is(t)} (1.89)
Y6 = Kts{vs - r5a5 - Xe(t)}

+ ct6{95 - Tgop - i6(t)} (1.90)
Y7 = Kt8{V7 - T7a7 - A7(t)}
+ ct8{07 - rj0y - i7(t)} (1.91)

g = Keglvy - rpay - 2g(t)3

+ Ctg{v7 - ryoy - A8(t)} ( L.92)
1.6 Definitions and Relations of Other Reactions
a) Since both the axle and the sprung mass are rigid, then
Mlz - MZz - M32 - M4z - MSz - M6z - M7z - M8z =0 (1.93)
b) The moments at the suspension connection points in the x-direction

For the Tractor Front Axle

M]x + M2x - (Kr]

+(Cq - 227 Cy) (&t - &]) (1.94)



For the Tractor Rear Axle

M3x

For the Bogie Front Axle

M5x

For the Bogie Rear Axle

M7x

where

rl

r3

r5

r7

ri

139.

_ 2
Mgy 7 (Keg - 25 Kg) (o = o)
2 - [ 3
+(CY‘3 - 2a3 C3) (cxt - oz3) (1.95)
P M= (Kp - 232 K.) (o - o)
6X r5 575 b 5
2 . .
+(CY‘5 - 235 C5) (c:,b - as) (1.96)
+ My = (K -ZaZK)(oc-a)
8x r7 7 7 b 7
2 . .

is the overall roll

tractor front axle

is the overall roll

tractor rear axle.

is the overall roll

bogie front axle.

is the overall roll

bogie rear axle.

is the overall roll

tractor front axle.

stiffness coefficient,

stiffness coefficient,

stiffness coefficient,

stiffness coefficient,

damping coefficient,



tractor rear axle.

rs
bogie front axle.

bogie rear axle

c) The forces and couples at the fifth wheel:

r3 is the overall roll damping coefficient,

is the overall roll damping coefficient,

7 is the overall roll damping coefficient,

By assuming negligible weight and inertia of the fifth wheel, then from

Figure I.1,

for forces

Frox 9x

Foy] = - |F

F102

and for couples
Mle M9x 0

10y

Moz 9z 11

— - — -1 — —_

ng

bearing.
M10_z = Kplvg = vg) + Colye - )

M = -|M + |0 X

9x

9y

9z

(1.98)

(1.99)

= 0 since the fifth wheel is affixed to the tractor frame through

(I.100)

140.
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“10x

“Floz2 = Moz
10y
1 Ove—t - : ]
2 d
, L ¢
~Fgz> M,

FIGURE 1.1  FORCES AND COUPLES ON FIFTH WHEEL
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where
Kh the spring stiffness at the fifth wheel.
Ch the viscous damping at the fifth wheel.
d) The forces and couples between the semitrailer and bogie:

The balance of forces,

Fyox

Froy

F]22

and the balance

M]Zx

M]Zy

M2z

M]22 is

11x
= - F]]y (1.101)

Fi1z

of the couples,

M11x

= - M]]y (1.102)

Miyz

usually very small because the area where the bogie

rotates about the vertical shaft is well lubricated with grease.

By introducing a damping at this location, then:

where

Mo, = cp(&X - ;b) (1.103)

C. is the viscous damping at the vertical shaft.

p



1.7 Equations of Motion
a)______For_the Tractor
I Fx = 0
MUy = (le Ryt t F4x) B (ng)
= 0
)3 Fy
mv, - (F1y + F2y + F3y + F4y) - (ng)

mv, + 2(K2 + K4)vt
+ 2(-K2)v] + 2(-K4)v3
+ 2(-h]K2 - h3K4)at
+2(-diKy)oq + 2(-dgK,)ag
+ 2(b]K2 - b2K4)Yt
+ 2(C2 + C4)Vt
+2(-Cy)vy + 2(-K4)\'/3
+2(-hiCy - hyCyla,
+ 2(-diCy)aq + 2(-d3c4)&3

* 2(byCy - byly)vy

-+

(;ng) = 0

(1.104)

(1.105)
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mtwt " (F1z * F22 * F32 + F4z) - (F9z) = 0

m

-+

+

+

Wy o+ 2(K] + K3)wt

t
+ 2(-K) Wy + 2(Kq)w,
+ 2(-byKy + byK3)B,
+2(Cy + Cy)w,
+ 2(-Cy)wy + 2(-C3hy
+ 2(=byCy + byCaley
*(-Fg) = 0
L
txx %t txz ;t * hl(F]y ¥ FZy) ¥ al(F1z - FZZ)
+ hy(Fay + Fyy) +ag(Fy, - Fyp)
. 9 - (M * My + Mg+ M4x)
- = 0
txx “t 7 “txz ;t * 2('h1K2 B h3K4)Vt

2(h]K2)v] + 2(h3K4)v3

2

2
2(h]K2 + hiK, + 0.5 Kr] + 0.5 Kr3)ut

34

2(hndiKo = 0.5 K_y)oq + 2(hadaKy = 0.5 K o)ag

144,

(1.106)



-+

2(~hybiKy + haboK, )y,

372 /Y
+ 2(—h]C2 - h3C4)vt
+ 2(h]c2)\'/1 + 2(h3c4)\73
+ 2(h]c2 ¥ h2C4 +0.5C 0 +0.5C o)
+ 2(hd €, - 0.5 C )&
+ 2(hgdaCy - 0.5 C 5)aq
+ 2(-hybyCy + hgb C4)yt
+ (h7 9y) = 0
Z =
M, 0
Ityy By - h1(F1x * F2x) * b1(Flz * FZZ)
= ha(Fgy + Fp) - by(Fy, + Fy)

~(hgFgy * bgFg,)

+ M+ M+ M) = 0

-(M 2y 3y 4y

1y

Ityy By + 2(—b1K] + b2K3)wt

+ 2(b]K])w] + 2(-b2K3)w3

+ 2(b7K; + bKy)e,

2(-b]C] + b2C3)wt

145.
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-1

+ 2(b]C])Q] + 2(-b2c3)v'v3

-(M

+ 2(b$c] + b§c3)ét
- (Fyy + Foy) = hg(Fgy + )
~(hgFg, * bgFgy,)
ly * MZy ¥ M3y * M4y) =0
Ltzz ;t - (le B F2x)
by (Fy * Foyd = a3(Fg, - Fyp)

txz %t

+ 1

by(Fyy + Fay) + bgFg = Mg,

(Mlz + MZz * M3z * M4z) =0
tzz Tt
2(b-|K2 - b2K4)Vt

2(-b]K2)v] + 2(b2K4)v3

2(-hybqKy + haboKy)ay

2(-b]d1K2)a] + 2(b2d3K4)a3

2 2

2(byK, + boK, + 0.5 Kp)vy

146.
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+2(b1Cy = byC)V,

+ 2(—b]C2)v] + 2(b2C4)v3

+ 2(-hybiCy + hyb,C

172 37274

+ 2(-bydy 2)&] + 2(

2

2 :
+2(bJC, + byC, + 0.5 Cp)¥,

244
+ 2(-0.5 ch)§s

b

)iy

- aq(Fyy - Fp) - a5(Fy
+ b6 ng 0
----..FOr_the Semitrailer
pF, =
msas Fhyy Py = 0
D F, =
mvg + Foy = Fr1y = O
tF, = 0
msws tFgg-Fyp =0
I Mx = 0
Toxx s - sty Bs =~ Ioyz ;s

- (h9 + h]])ng + h

10

F

11y

243C4) 03

+ M

9x

- M

11x

(1.109)

(1.110)

(I.111)

(1.112)

0 (I.113)
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> My' = 0
Isxy % * lsyy és T lsyz Ys
+ (hg + hyq) Fg, - by Fg, - h
" b3 Py Mgy = 0
IM, = 0
" Toyp s - Is_yz Ea.s t sy ;s
+2(-0.5 K, )1, + 2(0.5 Ky )vg
+2(-0.5 )%,
+2(0.5 C, + 0.5 cp)§s
+ 2(-0.5 Cp){(b
+ b, Foy * b3 Fipy - 0
) N For_the Bogie
DF, = 0
Myl *+ Fryy = (Foy + Fge + Fry * Fg,)
z Fy =0
my¥y = Froy = (Fy + Fgy + Fpy + Fy)

(I1.114)

(I.115)

(1.116)
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2(K6 + K8)vb
2(—K6)v5 + 2(-K8)v7
2(~hgKg - hoKg)ay
2(~dgKg)og + 2(-dsKg)a
2(bgKg - bgKg)v,,

2(Cg + Cg)vy

2(-Cg)Vg + 2(—c8)\'/7
2(-hgCq - h.Co)ay

2('d5C6)0L5 + 2(—d7C8) a

2(bgCq - bgCg)yy

7

7

Flyy = O

0

Floz = (Fg, * Fgp + Fyy
Z(K5 + K7)wb

2('K5)WS + 2('K7)W7
2(-bgKe + bgK.)8,

2(C5 + C,)w

7°7b

2(-Cg)wg + 2(-Cy)Wy
2(—b5C5 + b507)8b
F]]z = 0

149,

(1.117)

(1.118)



Thxx %

+

h5 (FSy + Fﬁy) + h7 (F7y + ng)
ag (F52 - F62) +ay (F7z - F82)
Migx = Mgy + Mg + My + Mg))

2(—h5K6 - h7K8)vb
2(h5K6)v5 + 2(h7K8)v7
2

0

2
2(h51<6 + h3K, + 0.5 Kr5 + 0.5 Kr7)ub

78

2(h5d5K6 - 0.5 Kr5)u5

2(h7d7K8 - 0.5 Kr7)u7

2(-h5b5K6 + h7b5K8)yb

2(-h5C6 - h7C8)vb
2(h506)v5 + 2(h7C8)v

2
7C8 + 0.5 C‘,,5 + 0.5 Cr

7
2

2(hzCq +

2(h

5d5C6 - 0.5 Crs)oz5

2(h;d,Cg - 0.5 C )3,

2(-hgbgCq * hybsCo)y,,

7

)

b

150.
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byy Bb

+b

- M

- hg(Fg, +F

+ M

F

5( 5z 6z 7z 8

12y ~

+ 2(-bKp + bK

55 + bgKy)wy

+ 2(b5K5)w5 + 2(-b5K7)w7
+ 2(bE(Ks + Ky)) 8y
+2(-bgCe + bCo)w,
+ 2(b5c5)v‘v5 + 2(-b5C7)W7

2 .
+ 2(b5(C5 + C7))eb

h,(F

6x) - 7( 7x

- (M. + M. +M

My 5y 6y 7y

+ F

+

8x)

M8y

)

0

151.
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bzz b

2(bg(Kg-Kg) vy

2('b5K6)V5 + 2(b5K8)V7

2(-b5d5K6)u5
2(b5d7K8)a7
2(b2(K. + Ky))

5'%6 g/ /p
2(b5(C6 - C8))vb
2(-b5C6)V5 + 2(b5C8)V7

2(—b5h506 + b5h7C8)ab

2(—b5d5C6)u5 + 2(b5d7C8)a7

» .
2(bg(Cq + Cg) + 0.5 C )Yy

2(-0.5 C )7,

ag(Fg, - Fg) - az(Fy - F

For the Tractor Front Axle

8x)

0

(1.121)

(1,122)
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£F, = 0
Yy
myy = (Vg +Yp) + Fyy + Fpy = 0
mvy + 2(—K2)vt + 2(K2 + KtZ)V]

-+

+

2(-byKy) vy

+

ot

+

2(‘b] CZ)Yt

+

(-Kep (Ag(2) + 2,(1)))

+ ('Ctz(il(t) + iz(t))) = 0 (1.123)

mwy + (Fy, + Fp)) - (Zy + ) = 0
mywy + 2(-K])wt + 2(K] + Kt])w]

+ 2(b1K])Bt

+ 2(—C])wt + 2(C1 + Ct])w]

+ 2(by )8y
+ ("Kt](G](t) + Gz(t)))
+ (-Cq (G () + 6,(1))) = 0 (1.124)
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1
o

Ixx @1 = 21(Fyg = Fp ) + dy(Fyy + Fpl)

\

My M) - ay(Z, - 7)

+ r](Y] + Y2) = 0

Lixx @1 F 2(=diK)ve + 2(diK; - rKep)v,

+ Z(d]h-lK2 - 0.5 Kﬂ)ozt

2 2 2
+ 2(d]|<2 + athl + v‘]KtZ + 0.5 Kr])a]

+ 2(d1h - 0.5 cr])&t

162

+ 2(d$02 + azc + rz

2041 * Gy ¥ 0.5 C e

1

+ 2(-d]b]c2)§,t

+

(aZKt] (G] (t) - Gz(t) ))

b (ayCy (& (1) - Gy()))
+ (r]Ktz()\](t) - Az(t)))

+ (10U (1) - (1) = 0 (1.125)



I1yy B]

I

12z M1

= 4q(Fpy + Fppd + (Mg + M)

- a1(F2x - F]x) =0

For the Tractor Rear Axle

(F3y + F4y) -(Y;+Y,) =0

2(-K4)vt
2(Ky * Kig)vy
2(Kghg)a, + 2(-rgky, + daKy)as
IO

2(-Ca)vy + 2(Cy + Cog)Vg
2(h3c4)&t

2(-r3Cigy T d3Cy)ay

1
o

(1.126)

(1.127)

(1.128)
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+ 2(b2C4)~}t
+ (-Kt4(K3(t) + A4(t)))

+ ('Ct4(i3(t) + X4(t)))

maWy + 2(-K3)wt + 2(K3 + Kt3)w3 + 2(-—b2K3)st
+ 2(-03)v'vt +2(Cq + ct3)w3
+ 2(—b203)ét
+ (’Kt3(G3(t) + G4(t)))

+ ('Ct3(G3(t) + G4(t)))

Iogx @3 = 33(F3, = Fpp) + d3 (F3 + Fp )

+ (M3X + M4X) - a4(Z4 - 23)

+

r3(Y3 + Y4) = 0

+

<+

2(d3K, - rakig)vy

+

2(d3hK, - 0.5 K ),

354

2 2
2(d3K4 kgt 0.5 Kr3)a3

+

(1.129)

(I.130)
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157.

+

2(d3boKy) vy

+

2(-d3C4)vt

+

2(dgCy - r3Cig)vy

+

2 2
30q * 35045

+

2(d + 0.5 Cr

3les

+=

2(d3byCq)vy

-+

(a4Kt3(G3(t) - G4(t)))
+ (a4Ct3(G3(t) - G4(t)))

+v(r3Kt4(A3(t) + A4(t)))

+ (r3ct4(i3(t) + i4(t))) = 0 (1.131)

% My = 0
13yy B 23(F3 + F4X) + (M3y + M4y) = 0 (1.132)

T Mz = 0
I3,, Y3 + ag(Fy = Fp) = 0 (1.133)
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Lt R R o e e L e R R

P Fx = 0
meUg + (F5x + F6x) = 0 (1.134)
F, = 0

=Ty
mevg + (F5y + F6y) - (Y5 + Y6) = 0

mgVg + 2(—K6)vb + 2(K6 + KtG)VS
+ 2(h5K6)ab
+ 2(-rgkig + dgKgleg

+ 2(-06)0b +2(Cg + ct6)\‘/5
+ 2(C6h5)&b

+ 2(-r C

5016 * d5Cg)og

+ 2(-b5c6){(b

-+

("Kt6()\5(t) + )\G(t) ))

+ (-Cgligt) + ig(£))) = 0 | (1.135)
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mgwg + (Fp + Fg,) - (Zg +Z5) = 0
mpWg + 2(-K5)wb

*+ 2(Kg + Kyglwg

+

2(b5K5)Bb

+

2(-05)v'vb

+

2(Cg + Cyglwg

+

2(b5c5)sb

-+

(-Ky5(65(t) + Gg(t)))

+ (-Ceg(Bs(t) + Gg(1))) = 0 (1.136)

I F

5xx %5 ~ ag(Fg, - Fgz) + d3(F5y * F6_y)

+ (Mg, *+ M,) - ag(Zg - Zg)
- 0

+ rg(¥g + Ye)



5xx %5

+ 2(-dK

- %5 (F5x * F6x) * (MSy tM

5K6)Vp
2(dgKg - rgKig)vi
2(dghcK, - 0.5 K g)ay

2(d K + a2k, + 0.5 K

6 t5 rs)“5

2(-dgbgKe)vy

2(-d5Ce)vy,

2(dgCq - rgCiglvg
2(dghsCq - 0.5 C o)ay

20 +0.5¢

2
2(dgCq + agCyg

r5)a5
2( -dgbsCe) vy

(asKt5(G5(t) - GG(t)))

(a6ct5(G5(t) - Gﬁ(t)))

(r5Kt6(15(t) + xﬁ(t)))

(r5Ct6(i5(t) + i6(t))) =

by

)

(1.137)

(1.138)

160.
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IM, = 0
Iy, 5 - a5(Fey = Fg) = 0 ( 1.139)
--...For_the Bogie Rear Axle
DF, = 0
mptiy + (Fpy + Fg,) = 0 ( 1.140)
BF, = 0

m,v, + (F7y + ng) - (Y7 + Y8) = 0

myv; + 2(-Kg)vy

+ 2(Kg + Kiglvy

+ 2(hgKg)oy + 2(dsKg - rKig)ay
+ 2(bgKg)vy

+ 2(-08)9b

+2(Cg + ctg)\?7
+ 2(h5c8)&b

+ 2(-rCog + dslg)oy



+ 2(b508){(b

+ (K g(ay(t) + 2g(£)))

+ (-Ct8(i7(t) + i8(t))) =

mow, + (Fy, + Fg,) - (Z; + Zg)

mow, + 2(-K7)wb + 2(K7 +

+ 2(-bgk

Kiz)wy

7)8p

+ 2(-c7)v'vb

+2(Cy + Cygplvy

+ 2(b5c7)éb

+ (Kyp(6,(t) + Gg(t)))

+ (’Ct7(é7(t) + G8(t))) =

I7xx %7

+ 2(—d7K8)vb + 2(d7K8 -
+ 2(d7h5K8 - 0.5 Kr7)ab

2

2
+ 2(djKg + agKy,

0

= 0

0

r7%¢g) V7

K, + 0.5 Kr7)0.7

(1.147)

(1.142)
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+

2(d;bgKg)vy,

+

2(-d7C8)Vb

+

2(d7C8 - r‘7Ct8)v7

+

2(h5d - 0.5 Cr7)ab

7%8

2
8

-+

2
2(d7C8 + a Ct7

<+

2(dbsCo) v,

-+

(agki7(67(1) - Cg(t)))
+ (agct7(G7(t) - G8(t)))
b (rKog(g(8) + (1))

+ (rsC (5 (1) * 3g(t)))

+ 0.5 Cr7)a

+ M

7

8y

)

0

(I1.143)

(I .144)

(I.145)
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1.8 Definition of the Elements of the Matrices

A1l the elements which are not defined below are zeros. A1l
matrices are symmetric [i.e. A(J,I) = A(I1,d), B(J,I) = B(I,J) and
Cc(J,I) = C(1,d)].

a)______Elements of the Inertia Matrix_[A]
A(1,1) = A(2,2) = A(3,3) = my
CA(8,8) =1,
" A(4,6) = Ligy
A(5,5) = T,
A(6,6) = ItZZ
A(7,7) = A(8,8) = A(9,9) = mg
A(10,10) = ISXX
A(10,11) = - sxy
A{10,12) = -ISXZ
A(11,11) = Loy
A(11,12) = -ISyz
A7) = I,
A(13,13) = A(14,14) = A(15,15) = My
A(16,16) = bex
A(17,17) = Ibyy
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A(18,18) =1

bzz
A(19,19) = A(20,20) = A(21,21) = m
A(22,22) = I]xx
A(23,23) = I]yy
A(24,24) = I]zz
A(25,25) = A(26,26) = A(27,27) = My
A(28,28) = I3XX
A(29,29) = I3yy
A(30,30) = I3ZZ
A(31,31) = A(32,32) = A(33,33) = mg
A(34,34) = I5xx
A(35,35) = ISyy
A(36,36) = ISZZ
A(37,37) = A(38,38) = A(39,39) = m
A(40,40) = I7xx
A(41,41) = I7yy
A(42,42) = 1

712z
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Each element must multiply by 2.0 to obtain the exact one.

B(2,2) = K, *K,

B(2,8) = -hyK, - hyk,
B(2,6) = biK, - byK,
B(2,20) = -k,

B(2,22) = -diK,

B(2,26) = -K,

B(2,28) = -d,K,

B(3,3) = K + K

B(3,5) = -byK; * bk,
B(3,21) = -k,

B(3,27) = K,

B(4,4) = hiK, + h3K, + 0.5 K o + 0.5 K
B(4,6) = -hibK, + habyK,
B(4,20) = hK,

B(4,22) = dqhyK, - 0.5 K|
B(4,26) = hoK

374
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B(4,28) = h,d.K, - 0.5 Kr

393" 3
2 2

B(5,5) = bjK; + byK,

B(5,21) = b,k

B(5,27) = -byK,

B(6,6,) = bZK, + b2K, + 0.5 K
20> 102 7 DRy T U0 Ry

B(6,12) = -0.5 K,

B(6,20) = -b;K,

B(6,22) = -bydK,

B(6,26) = b2K4

B(6,28) = b,d.K

293"
B(12,12) = 0.5 K,
B(14,14) = K¢ + Kg
B(14,16) = -h;K; - h.Kg
B(14,18) = bg(Ks - Kg)
B(14,32) = -Kg
B(14,34) = -dcK,
B(14,38) = -Kg

B(14,40) = -d.K
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B(15,15) = K; + K,

B(15,17) = -by(Ks - K;)
B(15,33) = -Kg

B(15,39) = K,

B(16,16) = HEKg + Hikg + 0.5 K o + 0.5 K
B(16,18) = -bghoKe + beh K
B(16,32) = hgk,

B(16,34) = hydeKe - 0.5 K
B(16,38) = hKg

B(16,40) = hyd Ky - 0.5 K _
B(17,17) = b2(Kg + K;)
B(17,33) = bgK;

B(17,39) ~bgK,

B(18,18) = bZ(Kg + Ky)
B(18,32) = -bgK,
B(18,38) = bk
B(18,40) = bgd;Kg
B(20,20) = K, + K,,
B(20,22) = diK, - 1Ky,



B(21,21) = K * Ky
B(22,22) = d2K, + a’K,, + 12K, + 0.5 K
\22, 1Kp + agkeq + TyKep + 0.5 Ky
B(26,26) = K, + K.,
B(26,28) = d3K, - raK.,
B(27,27) = Ky + K4
B(28,28) = d°K, + a°K., + r2K,, + 0.5 K
» 3Kg * agKpg + gk + 0.5 Kig
B(32,32) = Ky + Ky
B(33,33) = Ky + Ky
B(34,38) = d2K. + a2K.. + r2K.. + 0.5 K
, 5Kg + 2gKes * Tk * 0.5 Kig
B(38,38) = Ky + K.
B(38,40) = d;Kg - ryK,g
B(39,39) = K, + K,
B(40,40) = d2K, + a2K,, + r2K., + 0.5 K
' 7% * 3gke7 * r7keg * 0.5 Ky
EZ ______ Elements_of_the Damping Matrix_[C]

The elements of the damping matrix are obtained from the
elements of the stiffness matrix by replacing the stiffnesses K's by

their corresponding terms C's.

There are three additional terms due to the damping in the
vertical torque shaft,

c(12,12) = 0.5 Cp
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Zeros.

c(12,18)

€(18,18)
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-0.5¢C
P

0.5 Cp

The Force Vector {Q}

A1l the

Q(20)

Q(21)

Q(22)

1

Q(26)

Q(27)

Q(28)

Q(32) =

Q(33)

Q(34)

Q(38)

elements which are not defined below are
Keo(ag (£)+3,()) + Coy Ry (£)45,(1))
Keq(Gp(£)+6,(t)) + Cyq(6q(£)46,(t))
ayKy(6o(t)-61(t)) + ayCeq(Gy(t)-Gy(t))
-r]KtZ(A1(t)+A2(t)) - r]CtZ(i1(t)+iz(t))
Keg(A3(£)+r, (1)) + Cop(Rg(t)+i,(t))

Kea(85(£)46,(£)) + Cg(8(6)38 (1))
K3 (Gg (£)-85(£)) + 2, (E4(£)84(8))

rykea (3 (£, (1)) = raCyy(i5(1)41,(2))

Kig(Ag(t)hag(t)) + Cop(Rg(t)+ig(t))

= Ke5(65(t)+6g(t)) + € o(G5(t)+64(1))

agK,5(66(t)-65(t)) + acC,o(Gg(t)-G5(t))
-reKeg (A5 (t)ag(t)) - relyg(Rp(t)+ig(t))

Ky (£)4ag()) + Cglis (t)4ig(t))
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Q(39) = Ky7 (G, (£)4Gg(t)) + Coy(B,(t)4+Eg(t))
Q(40) = agKy;(Gg(t)-Gs(t)) + agly,(Gg(t)-G,(t))

'r7Kt8(A7(t)+7\8(t)) - r7ct8(5\7(t)+i8(t))
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APPENDIX 1II

FLOW CHARTS FOR THE COMPUTER PROGRAMS

This Appendix includes flow charts of the main programs that
were written to solve the linear equations of motion for the tractor-
self-steering semitrailer. The main steps of the program for tractor-

standard semitrailer are the same as for tractor-self-steering semitrailer.

I1.1 Flow Chart 1:

Natural Frequencies for the Self-Steering Semitrailer

‘ Read the Data;:)

Check the symmetry of the inertia [A], the stiffness [B]

and the damping [C] matrices.

Eliminate the internal reactions for the inertia, stiffness

and damping matrices.

y

Eliminate the excess variables for inertia, stiffness and
damping matrices, e.q.

[AD] = [A] *  [p]
20x20 20x42 42x20
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Store [AD], [BD], [CD] matrices in tapes 1, 2, 3,

!

Check the symmetry of the reduced matrices.

!

Form the dynamic matrix [G]

Lol [1]

respectively.

[e] =

~[AD]7'[B] -[Ap1 '] J

|

Find the eigenvalues of the matrix [G]

v

Print out the Results

Steady State Response for the Self-Steering Semitrailer

II.2 Flow Chart 2:

s - =



(: Read The Data :)

Y

Read the inertia matrix [A], stiffness matrix [B] and

damping matrix [C] from tapes 1, 2, 3.

L ]

Define the forcing stiffness [FKL], [FKR] and the
forcing damping [FCL], [FCR] matrices for left and

right tracks respectively.

l

OMEGA = 0.001

/

Define the excitation vectors {YL} and {YR} for -right

and left tracks respectively.

!

Define the complex matrix [CD]

1. 0OC

OMEGA * C(I,J)

2. OB B(I,J) - OMEGA * OMEGA * A(I,J) ~

3. €D(I,Jd) = Cmplx (OB, OC)

i

Define the complex matrices [CNL], [CNR]
1. OCF

OMEGA * FCL(Z,d)

2. OBF- FKL(I,Jd)

[}

3. CNL(I,J) = Cmpix (OBF, OCF)
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4. OCF

OMEGA * FCR(I,J)
5. OBF FKR(I,J)

6. CNR(I,J) = Cmplx (OBF, OCF)

l

Invert the complex matrix [CD]

Y

Get the solution vector
For left track:
1. [CDNL] = [CD]-1 * [CNL]

2. {XL} = [CDNL] * {YL}
For right track:
1. [CONR] = [cD]™! * [CNR]

2. {XR} = [CDNR] * {YR}

l

Get the .amplitude for the solution vector

CX(I) .= CABS [XL(I) + XR(I)]

|

OMEGA = OMEGA + Aw

175.



Yes

NO

Plot the response curves

K=K+ 1
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