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CHAPTER 1 

INTRODUCTION 

1.1 	 Background 

The dynamics of railway vehicles have been of interest for many 
) 

decades. This interest is motivated by a desire to improve riding 

qualities and to reduce we.ar and damage to vehicle~ and track. One 

of the . g!"eatest problems in this area is that railway vehicles, under 

certain conditions, experience sustained oscil16tions in a horizontal 

plane; _thi.s behaviour is commonly referred to as hunting and is the. 

main obstacle to the increase of train ·speed. j Hunting i _s accompanied 
l 

by large dynamic loads betweeh the vehicle and railB since unstable 

oscillation;:; are limited only by flange contact of the whe els _; under 

ce:rt3in conditions de:-ailment of the v-::::hicl":.:: wiJ.l oc.::.ur. Exten.:;;1ve 

anElyti.cal and exper.imei1tal studies that h n•re a.tteL1pted to expla.in 

this phenomenon have been reported in the literature using si~plified 

models. 

Another im.port~_,.nt problem is the dynamic response of railway 

vehicles to r a il irregulari ties. This problem arises from the fact 

that scr:;e tr.s.ck "shapes" a.re TihJrc structurally da!TI..s. ging or more 

opexational1y d.cmge.rous th.e.n :)+..:hers. A six-azle locomot1.vt-:~ of the 

type commonly us ed in North Ar1~c'L· i ca £xperienced extensive. yaw ·osc.ill,

a t ions when it was us ed in ano ther co untry . 

Clearly the nsha pen of the 3 u1·f a c.e ove r v/hich. a veh i.c.1.e runs 

plays aG j_ rnp ortan t ro le in t he nmv2ments of the vehicle in s pa.ce" 

, 
.!. 
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The tracks may possess a variety of horizontal and vertical irregul

arities which affect the vehicle performance in various ways. 

1.2 Literature Survey 

Ever since trains have been running, there have been studies on 

the lateral oscillations of railway vehicles. These motions are due to 

lateral rail irregularities, coned wheel profiles, and the parameters 

of the contact condition between wheels and rails. 

Carter [1,2]* was one of the first to recognize the importance 

of the contact mechanism benv-een the wheel and the rail and he indicated 

the existence of critical velocities above which hunting takes place. 

He treated the two dimensional case of two cylinders with parallel axe s 

rolling together with creep in the direction of rolling. Poritsky's 

work [3] is similar to . Carter's. 

An approximate theory for the three dimensional problem with 

elliptical contact is given by Johnson and Vermuellen [4]. Another 

theoretical treatment is given by Haines and Ollerton [5] for the 

three dimensional case of elliptical contact but for creep in the 

direction of rolling only. More work including spin has been done 

by Johnson [6], dePater [7] and Kalker [8]. 

To study the stability of a four-wheeled railway vehicle, 

dePater [9,10,11] derived the non-linear differential equations of 

motion and solved them using the method of Krylov and Bogoljubov. 

* Nwnbers in square brackets designate l"'e f erences in the Bibliography 
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Later Van Hommel [12,13] was able to numerically integrate these 

equations. 

The trend towards higher speed trains demanded a better 

understanding of the behaviour of this complex system with many degrees 

of freedom. Two approaches can be distinguished in the further <level

opment 	of the theory of lateral motions of railway vehicles: 

1. 	 By Linear-ization of the Equations and using the WeU-Known 

Matrix Theory: 


The investigations of Bishop [14], Brann and Bishop [15], Wickens 

[16,17,18], Van Bommel [19] and Shaghaghi [20] have given a considerable 

amount 	of information about the stability of the systems with different 

parameters such as the mass, the position of the mass centre, the moments 

of inertia, the total load, the ratio of wheel gauge and wheelbase and t he 

types of profiles of wheel and rail. 

The influence of lateral and longitudinal stiffness has been 

studied by Wickens [17s21,22], Van Bommel [19] and Matsudaira [23]. 

The first two investigators also introduced the theory of rolling 

· contact in.eluding spin according to Kalker [ 24]. Many of the inves ti-

gators 	have, with considerable success made great use of digital computers o 

2. 	 Considering the Non-Linear Problem: 

Non-linearities are essentially due to the non-linear profiles 


of wheel and rail, the presence of the flanges, the clearance between 


the wheelsets and the bogie, and the non-linear creep forces. dePater 
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[9,10,11] and Van Bonnnel [12,13] studied the effects of each of these 

parameters. The influence of non-linear features of the ' suspension 

and the forces arising between rail and wheel were described by Gilchrist, 

Hobbs, King and Washy [25]. 

Van Bommel [13] was the first to consider track irregularities 

in studying the performance of railway vehicles. He considered the 

dynamic response of a four-wheeled vehicle running on a sinusoidal 

shaped track. 

Birmann's [26] theoretical and experimental work showed the 

effect of the vertical and horizontal track elasticity on the response 

of railway vehicles. 

Nakamura [27,28] applied covariance functions to describe the 

vertical irregularities of the track and hence determine the response 

of the system. 

Research work describing the lateral irregularities of rails 

in a statistical sense was done by Stassen [30, 31]. In his doctoral 

thesis, Stassen [31] studied the dynamic response of a simplified 

model of a bogie with two degrees of freedom having the lateral deviations 

as input, and the generalized co-ordinates which describes the move

ments of the bogies as output; the problem is non-linear with random 

inputs. 

1. 3 Scone of the Study_ 

In this study three models for a six-axle locomotive are 

considered: 
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a - a simplified model, assuming no springing or damping of trucks 

or motors, and no creep forces. 

b - a full model for the "stationary" vehicle, assuming no creep forces. 

c - a full model for the. "moving" vehicle, including slip and corr

esponding creep forces. 

The steady state response of the body to varying input frequencies 

is calculated in each case. A one inch amplitude .lateral si.rlusoidal 

track irregularity is considered. For the "movi.r~g" vehicle the input 

frequency is a function of track 3inusoidal wave length and vehicle 

speed. 

In practice the varia~:ion in the position of the rail is n:n -:l.Jm , 

but in many cases it could be .:-.onsidered si!msoidal. More.over th2 

response to a sinusoidal alignment function is worth considering, as 

mentioned by Hobbs [32], b.=cause p0wer spectra and autocorrelation 

functions obtained from fie.id measurements indicate the existence cf 

periodic functions. 

In this study the assu:np tion is made that guidance is achieved 

by the creep forces acting on the wheel treads. The design shoul.d 

include this assumption as a goal thus avoiding flange contact in 

normal run::ing ccndition.s . Wi.th this assumption being made, it is 

appropri.atc to con3ider a li..n·Er.ixi.zed ana1y£ds. 

Transient r esponse c0ns!derations are outside the scope of this 

study and discussion will be limited ta the steady state response 

and natun;il fr.::~que.n c:i.es. 

http:fr.::~que.nc:i.es
http:n:n-:l.Jm
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The direct application of such a study would be in the field of 

the desi.gn of railway vehicles, the main problem being: how to design 

a guided vehicle which is stable and has optimum damping such that the 

response to economically attractive track imperfections is s.atisfactory 

up to very high vehicle speeds? 



CHAPTER 2 

EQUATIONS OF MOTION 

2.1 Introduction 

In 	this chapter the three mathematical models are described: 

a - the simplified model, 

b - the ft.:.11 model - "stationary" vehicle, 

c - the full model - Hmoving" vehicle. 

The differential equations of motion of each are derived using Newton's 

method. 

The first stt!p in thf: aaalysis is setting up a ma.therw.tlca1 

model. A c.01Epletc mathematical model for an actual six-aY.le lo..:..~omot Lve 

is set up with the following simplifying a:;sumpti.ons: 

L 	 The vehicle components are rt.~3arc1ed as perfectly 

ri.gid and thei:-:· elasticity is lumped, in the 

suspension elements . 

.2. 	 The axles are assur.ned to run freely in the 

journal be.:; ri.ngs, without bearing friction, at 

constant sp2ed. 

3. 	 I.ate.ra.1 play (due to clearance) between the wheel-

sets and the frame is neglected. 

Li. 	 All displacerneuts are s mall. 

5. 	 All springs hc:.:n:re l:i.near characteristics 

7 
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The accuracy of the results obtained directly depend on the 

accuracy with which the mathematical model approximates the actual 

railway vehicle. Figures la, lb and 2 illustrate the full mathe

matical model, which is campused of fifteen rigid bodies: 

the locomotive body, 

two fraIT.es (bogies) 

six motors 

- six wheelsets. 

The primary suspension, which is the suspension between the 

whee1.s2ts and the frames consists of coil sp r ings and shcck ab sor~)ers. 

Whe.elsets are restrained in both the l~mgitudinal and lateral di!:ecti.ons. 

A traction motor is supported on the axle fron one side an.d c-n 

a rubber nose support on the other side. A r:ubber nose support ts 

used to prevent motor nose lug failure du e to sudden torque i_mpl.!lses. 

This assemvly is such that rotation of the motor about the az:J t:. 

center line is the on ly allouable relative motion between the motor 

and the wheelset. 

The loco~otive body is supported on rubber side bearers fixed 

to the front and rear frames . A resili211. t ly moun ted centre pivot is 

used in conjunction with the side bear e r&, thus avoiding metallic 

contP.ct b e tween · t b s ho dy an d the trucks. Le.t e r a l a nd rotational motion 

of the b orly i s res i ste d by a s e t of lateral and n1 t ational shock 

:-:ibsorbe rs. 

http:contP.ct
http:fraIT.es
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Because the body is supported freely it can oscillate in all 

si.v;: coordinates, i.e. along the three principal axes thro_ugh their 

centres of gravity. 

i - longitudinal or "fore and aft" oscillation 

(in the u direction). 

ii lateral oscillation (in the v ·direction). 

iii vertical or "bouncing" oscillation ( in the 

w direction). 

and rotate about thes e three axes: 

i - about the longitudinal u--axis or "rolling 11 

(in the a direction). 

ii - about the lateral v ·-axis or "pitch ing" 

(in the a di rectio~). 

iii - about the vertical w-axis or "yawing" 

(in they direction). 

For the fifteen rigid bodies, the tota.1 numbe r of degress of 

freedom is ninety. This number can be reduced to seventy - eight d2gre;;:: s 

of fre.edom and hence seventy-eight equations of mot i.on only thirty-six 

of which are indepQndent. This reduction in the numb2r of degre.~:3 of 

freedom can be effected if one comb ines the equations of mo tion for the 

wheels e t and the c.orre.sponding motor in the u direction and in t he a 

direction. 

The r e lation bet~een all the variables and t he independent ones 

will be gi'.rE..n b y t he t rc:.ns for rna tion matrix D '\~h ir:h is bas ed on the 

equations of cons tr·ain ts . 
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2. 3 Description of . the .Simplified ·Model_· 

Figure 3 illustrates the simpli.fi.ed model. The wheelsets a.nd 

motors are assumed to be rigidly connected to the trucks. The locomo-· 

tive bo'fiy is, as described for the full model, supported freely and 

can oscillate in all six modes. 

In this study we will consider fr2e vibration and the steady 


state response of the body to varying input frequencies. 


The equations of motion for the simplified model are given in 

· detail in Append.ix II. The six equations have the 3e.n·2ral form: 

[A] {X} + [ c] G{ } + [ B] {X} ( cb..f--
·] 

1. 
r•7- ·b f ; 

l + [ 
K,or -

]f
-", -

~ t +Joi: 

(2.Li.1) 

where A is the inertia matri:i~ (diagonal) (6x6) 

c is the damping matrix (symmetric) (6x6) 

B is the stiffness matrix (symme tr:tc) (6x6) 

is the displacement excitation vector at 
the front base (6xl) 


is the displac.er1~ent excitation vector at 

the rear base (6zl) 


x is the di.splacemer~t vector (6xl) where 
ele.ments are 

~.,x(1) u x(2) x(3) w 
a a a 

xU+) -- a x(5) x(6) v 
Ci. 

f\ 
c ' a 

http:Append.ix
http:simpli.fi.ed
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For the free vibration problem, the r_ight hand side of equation 

(2.4.1) 	will simply be a column of zeros. 

2.5 	 Derivation of the Equati_.9n!? ·of Motion .for the Full Model 
"St2_tionary" Veh~~~e 

The equ3.tions of rr.otion for the "stationary" vehicle are given 

in detail in Appendix I. 

The system of linear differential equations is written in the 

form: 

[AJ {x} [cJ {x} + [B] {x} + {R} 0 	 (2.5.1)78x78 78xl + 78x78 78xi 78x78 78xl 78xl 

where A - is the inertia matrix, 

B - is 	the stiffness matrix, 

C - is 	the danping matrix, 

R - is 	the vector of intercal reactions. 

Eliminating the internal reactions by the method of substitution 

we get a system of 36 equations in 78 unknowns. Thirty~-six of the 

unkn~~ns are independent. 

2.5.1 	 Elimination of Internal Reactions --··-···.....,_.____,.__....i .- ·---~----- -·--· ·--·-·---- ·--..·- --------..-·--··---~-

The vector of internal reactions is given by the following 

column matrix (78x~. ): 

http:Equati_.9n
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VAR. EQN.NO. .REACTION 

u a 


v 

a 

w 
a 

CL 
a 

$~ 
d. 

Ya 

~r 

vbr 

w
br 

CLbr 

6br 

Ybr 

~f 

vbf 

wbf 

a.bf 

sbf 

1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 . 


0 

0 

0 

0 

0 

0 

- (RAl + R..\2 + R.1\3) 

-(RB + RB + RB )
1 2 3


0 


1 (RB + RB + RB )

21 1 2 3


_ .1 f o A + Rf· -·-1 -.:-,A \N21. .... ~. ·1 -·'2 l:\.! .··3/ 

-Q.24 (R.Bl) - 126 (RB2) + .Q,23 (RB) - (RHl + RM2 + f<l·13) 

-(RA + RA. + RA )
4 5 6


-{RB4 + RBS + RB6) 


0 


+~ 21 (RB4 +RBS+ RB )6


-t (Rf\ + RAS + RA )
21 6
 

18
ybf 

v 19

cl 


w 20

cl 

? 1
p ... .1

cl. 

·v 22
1 cl 


23
udl 

v .J, 24 

L \ .i. 

(TY\' ' 
-.,.i:',\' l) 

+(RW.,) 
.L 

- .i . , (RW.. )
3~~ l. 

-·Q,.,L, (RVJ) 
..) ' - ' 

(RA) - (r~X -
lr 

( ?..'.' -i) 
.l 

(H.y ., ) 
J.. 

+ R.:Z.. . ) 
J_X, 
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VAR. EQN.NO. .REACTION 


25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

3.5 

36 

37 

38 

39 

40 

e ... L~l 
C.J 

42 

43 

44 

45 

Ir+::> 

P. 47°""d3 

-R.20(RXlr + RXH) 

OU\) + (Ry1) - (J.,18/'j) _(RXlr 

-(RV2). 

+(RW )
2
 

-9,34 (RW2) 


-i34(RV2) - (Ry2) 

(RA2) - (RX2r + RX2~) 

(RB ) + (RV )
2 2


-(RW2) 


0 

- 220 (RX2r + ~:u) 

(RH ) +(Ry) -(t /7J(RX,,~ 
2 2. 18 .1..l. 

_ +(RW )
3 

-X.3. (RW3)
l~ . 

-.Q,34(RV3) -· (Ry3) 

(RA ) ·-· (RX + RX ,, )
3 3r 3x, 


(RB,.,) + (RV ) 

..) 3

0 

- RXH) 

RX 20,(, 
) 
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VAR. EQN.NO. 


v 
c5 

wc5 

a , c: 
0.J 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

60 

61 

62 

63 

65 

66 

67 

68 

. REACTION 


(RM3). + (Ry3) -(tl8/2)(RX3r - RX32) 

-(RV )
4

+(RW )
4

+234 (RW.4) 

+.t34CRV4) - (Ry4) 

(RA4) - (RX4r + RX4~) 

{RB ) + (RV )
4 4

-(RW )4

0 

-i20(RX4r + RX4£) 


(IDf4) + (Ry4) - (R,v/2) (RXltr - RX,._9) 


-(RV )
5

+(RU )
5

H .. ~ 4 (RW~)- .) 

+l34(RV5) - (Ry5) 

(RA ) - (RX + RX )
· 5 Sr 5,Q, 

(RB ) + (RV )
5 5

-(RW )5

0 

-t (RX.. + RX_,,)
20 .::>r ),., 

(RH5) + (Ry 5) - (Q, .18/2) (RX5r ·- F.Xsx) 
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VAR • . EQN.NO. .REACTION . 

v 69 -(RV )-: c6 6


70 +(RW )
wc6 6


f3c6 71 +i34(RW6) 


Yc6 72 +i34(RV6) - (Ry6) 


73 (Pu\) - (RX6 r + RX Q.)
ud6 6


74 (RB ) + (RV )
vd6 6 6


75 -(RW )
wd6 6


76 0
cx.d6 


8 77 
 -i20(RX6r + RX6i)a6 

! yd6 \ 78 (RH ) + (Ry ) - {J_, / 2) (RY.6 - RX6 n)6 6 18 r . Jlv 

\_. 

---- ---------·----- -· 

To eliminate the vector R the procedure described below is 


adopted "t-rhere numbers refer to equ~tions in Appendix I: 

" 

1 = 1 

2 :d 2 


3 :::: 3 


5 -· 5 


6 -- 6 


7 I + ( 2 3 - ?,-L--) + (3 3 - ?7 -) + (4 3 - ~:_z._ ) 
~20 N20 )1.,20 


8 = 8 + (19~24) + (29 +34) + (39+44) 


9 :;-; 9 
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10 = 10 - 121[(19+24) + (29+34) + (3~+44)] 

2711=11+1 [(23 ·:. ·. ) ..+ (33 - ·E_) + (43 - Q_)]
21 ~26 120 120 

[-1 (19+29+39) + (22+32+L~2) + (28+3e+48)]
34 

13 = 13 + [ (53 - .~?--) + (63 - ~ ) + (73 - 7_7_)]
1 1 120 20 20 

14 = 14 + (49+54) + (59+64) -:- (69+7Lt) 

15 = 15 

16 = 16 - 121((49+54) + (59+64) + (69+74)] 

17 ::-: 17 + 1 [ (5 3 - ~]__ ) + (6.3 - 6 7- ) + (73 - fl__) ]
21 i20 220 120 

(52+62+72) + (58+68+/ 8) J 

20 = 25 + 20 

21 = 26 

23 = 35 + 30 

24 -= 36 

25 = 41 + 134(40) 

26 :.-:: 45 + (!iO) 

27 == !+ 6 
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29 55 + (50) 

30 56 


31 61 .Q,34(60) 


32 = 65 + 60 


33 = 66 


34 71 .Q,34(70) 


35 75 + (70) 


36 76 


In the computer program, this procedure is applied to the. rn.ass:. 

stiffness and damping matrices su~cesa.iVt~ly, giv:i.ng: 

[A] {Z} + [C] {Z} + [B] {Z} ~ o (2. 5. 2) 

where [A], [C], [BJ are now 36x78 each. 

To elimina te. the dep end·:mt varia.ble~, , we use the tram-;fo -rm.n. tion 

matrix [D]. [DJ is 2 78x36 matrix which relates all the variables and 

the independent variable.s and which i s bas ed on the 2quation 3 of 

constraints: i.e., 

. {Z} [DJ {X} 

78xl 78x36 36xl 

where X a;.-e the :incL~p r:-·r:den t v·ar iable.s . Therefo r e (2. 5. 2) becou es 

•t 
r n 1 ~ 'T, ·r \.j 1[Aj [D] {X} l l> .... [D] {x [ B) [D] _ ),_ J+ + - 036x /8 78x36 36x1 36x78 78x36 36 .'::J 36 Y: 78 78x36 36x1 

http:giv:i.ng
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system of 36 equations in 36 independent variables. 

[AD ] . { X } [CD ] . { X } [BD ] . { X} 
36x36 36xl + 36x36 36xl + 36x36 36xl 0 '(2.5.3) 

It should be noted that the original mass stiffness and damping 

matri.ces (A, B Rnd C) are symmetric and positive definite as well 

as the reduce<l mass stiffness and damping matrices AD, BD and CD 

respectively. In th2 computer progra.n a check on the symmetY-y of 

the resulting reduced matrices is made. 

In the following sections the equations of constraints and 

the definition of the transformation matrix [D] are given. 

u
br + .Q,21 sbr (2. 5. 2. J.) 

( ? - 2 <')'.•.. • .:::>. _.. ~) 

(2..5.2.3) 

ud4 

udS 

'tl -1 r ao 

-

ubf 

ubf 

ubf 

+ .Q..21 '\r 

+ n Q. 
:(,21 :- bf 

-!~ .Q. . - '\1..1 . ·I 

(2.5.2.4) 

(2.5.2.5) 

(2.5.2.6) 

vdl 

vd? 

vd3 

vbr 

-..,rbr 

'lbr 

£: 
21 

:) 

-~?1 

9 ·21 

Ci. br 

nbr 

Ci, or 

+ Q,2/i ·v 
1 1r 

+ !'/
"26 Yh,,. 

. J J . 

~~ x.23 Ybr 

(2.5.2.7) 

(2 t . 5 I 2 o 8) 

(2.5.2.9) 
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(2.5.2.10) 

(2 .5. 2 .11) 

(2.5.2.12) 

(2~5.2~· 13)y dl = Ybr 

(2.5.2.14)Ya2 = Ybr 

(2.5.2.15) 

('"' - ,.. 16'L. . ':J,L • . )yd4 yl)f 

(2 .. 5.2.17)Yds ybf 

(2.5.2.18)yd6 ybf 

= 11 
c2 

a. = Cl a. p ::. 
c J_ cl adL1- c4 


ad2 0:
c2 ad5 a 

c.5 


-- a a · -- Cl 
O'.d3 e3 d.6 c 6 

These r0Jations are already s ntisfied by co~Jinirg t lIB wheelset 

an d mater eq~ations. 

http:2.5.2.18
http:2.5.2.15
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(2.5.2.19) 

(2. 5. 2. 20) 

(2.5.2.21) 

(2.5.2.22) 

(2..5.2.23) 

V = V - 0 rv 0 ~ n (2.5 .. 2.24)c6 bf "'2l'""bf" - ~24ybf -.· N34yc6 

(2.5.2.25) 

w - "T + " B (2.5.2.26)c2 -	 ~d2 k34' c2 

(2.5.2.27)wc3 	:::: wd3 + Q. 3LJ5 . c.3 

(2.5.2.28) 

(2. 5. 2. 29) 

(2.5.2.30) 

(2.5.2 • .'31) 

(2.5.2.32)y d2 	 ::: Y c2 

= v (?..5.!.33)
'd 

(2.S.2.3 L~) 

y 	 - · y (2. :, .2.35)d5 -.. 'cS 

y ::::: y (2 ·-5. i. 36 ) d6 c6 

http:2.S.2.3L
http:2.5.2.32
http:2.5.2.30
http:2.5.2.28
http:2.5.2.27
http:2.5.2.26
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(C) Addi.tional Constraints 

The assumption of pure rolling yields the following constraints: 

s
dl 

8d2 

:: 1 

R.20 

1 

R.20 

udl 

ud2 

(2 .5. 2. 37) 

(2.5.2.38) 

sd3 = 
1 

R.20 
ud3 (2.5.2.39) 

s
d4 

6d5 

:::. 1 - -
.Q,20 

1 

i20 

udlt 

ud5 (2. 5. 2. Ld.) 

$d6 -- 1 
.Q,20 ud6 (2.5.2.li.2) 



26. 

· 2~5.3 -The Transformatiou Matrix [D] 

In this section we define the transformation matrix D which gives 

the. relation between all the variables and 	 the independent variables 

based on the equations of constraints. The matrix D is defined in the 

follQwing pages where: 

P3 -(.Q.23 + 2 34) 	 P4 9
'23 + 2

34 

_o + .'L4 	 -iP5 "'26 .) 
p6 	 24 

+ R-34 

R,211 
= ~- ---P7 	 Pa~20 	 i20 



5 

10 

15 

20 

25 

30 

35 

1 2 3 4 5 6 7 8 9 10 11 12 

ua 17a wa eta 6a ya '\r 17br wbr ~r 6br Ybr 

1 u 1 
a 

2 v 1 
e 

3 w l 
a 

4 Ct 1 a 
fl 1 a 

6 Ya 1 

7 '\r 1 

8 vbr 1 

9 wbr 1 

~r 1 

11 l\r 1 

12 . 
Ybr 1 

13 '\f 
14 vbf 

wbf 
16 ~f 
17 13bf 
18 ybf 
19 vcl 1 -9.ll pi 

wcl 
-21 13 c1 
22 Ycl " 1 
23 udl 1 R.21 
24 vdl 1 -R.21 R.24 

wdl 
26 (ldl 

27 13 dl P7 PS 
28 ydl 1 

29 vc2 1 -.i.21 p2 

wc2 
31 13 c2 
32 Yc2 1 

33 ud2 1 R.21 
34 vd2 1 -R.21 R.26 

wd2 
36 (ld2 

37 13 d2 P7 Pa 
38 yd2 1 

13 14 15 16 ~7 18 19 20 21 

~f vbf wbf ~f flbf ybf 1\1 wdl etdl 

I 

I 

1 

1 

1 

1 

1 

1 

R.34 . l 

1 

1 

1 

22 23 24 25 26 21 T28 29 30 

13 c2 wd2 (ld2 13 c3 wd3 (ld3 6c4 wd4 ad4 

R.34 I 

1 

1 

1 

31 32 33 

6c5 wd5 etd5 

34 35 

6c6 wd6 

36 

(ld6 

N 

"' 



1 2 3 4 s 6 7 a 9 10 11 12 13 14 lS 16 17 1a 

ua va wa aa 13 a Ya 'i>r vbr wbr ~r 13br ybr 'i>f vbf wbf ~f 13bf ybf 

39. ve3 1 -.e.21 P3 
40 we3 
41 13 e3 
42 Ye3 1 

43 ud3 1 .e,21 

44 vd3 1 -.e.21 -.e.23 

4S wd3 
46 ad3 
47 13 a3 P7 Pa 
4a yd3 1 

49 ve4 1 -f.21 P4 
so we4 
Sl 13 e4 
S2 Ye4 1 

S3 ud4 1 121 
S4 vd4 1 -.e.21 .e,23 . 

SS wd4 
S6 ad4 
S7 13 a4 P7 Pa 
sa yd4 1 

S9 veS l -.e.21 PS 
60 weS 
61 6 es 
62 Yes 1 

63 udS 1 .e,21 

64 vdS 1 -.e.21 -.e.26 

6S wdS 
66 adS 
67 6 as P7 p,a 

6a Yas 1 

69 vc6 1 -.e.21 p6 

70 we6 
71 13 e6 
72 .,e6 1 

73 ud6 1 .e,21 
74 vd6 1 _.e,21 -.e.24 
7S wd6 

l 
76 ad6 
77 13 a6 p7 Pa 
7a yd6 1 

19 20 21 22 23 24 2S 26 27 2a 29 30 

6c1 wdl adl 13 c2 wd2 ad2 13 c3 wd3 ad3 13 e4 wd4 ad4 

.e,34 1 

1 

1 

1 

-.e.34 1 

1 

1 

1 

I 

I 

I 

31 32 33 

13 cs wdS adS 

-.e.34 l 

1 

1 

1 

I 

34 3S 36 

13 e6 wd6 ad6 

1-.e.34 1 

1 

1 

N 
co 
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2 .6 Derivation of · the Eauations of Motion for the _~}1oving" Vehicl~ 

In makipg the transition from the "stationary" vehicle to the 

"moving" vehicle, two major effects have to be considered: 

a) 	 creep and the corresponding creep forces between 
wheels and rails 

b) 	 conicity of wheel treads. 

In railway vehicles non-conservative forces arise from the 

phenorr,enon of c.reep. When a wheel exerts a tractive force, the distance 

travelled by the wheel is less than the pure rolling displacement. 

This effect is known .ss longitudinal c1:e1?p-·cre2p is the state bet:1,,;een 

pure rolling a::ld pure sliding. Also, if a wheeI i;3 rolling and a 

lateral force is applied, a lateral displacement of the whe2 l occurs 

which is proportional to the distance. trave1-l2d. 

Th2 equations of moti.cn are set up in a similar E1anne r c.s th2 

previous section with the introduction of these creep effects and the 

"gravitation2l sti.ffne :~-) s " effect. This effect arises because the 1<.1t2ra l 

component of the cha nge. in the normal reactions between wh ee :!. and 

rail as a v.~heelset is d i splace.d, is proportional t o the lateral dis plac.e 

ment. 

Evaluat :Lo.n of the p e.ran-~-~ t:-P: r s of the "moving" vehicle (creep 

coefficients, conici t y of vheel tre ads, .•. etc) is given in detail in 

Appe nd i x IV. The f o l Jow:h~g nota U .on i.s us2d for the cre.Lp c o2ffj_cien ts 

and creep fo r ces : 
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f 	 coeffici.ent relating lo.ngi.tudinal creep force to lo.ngi.tudinal 
creep, 

coefficient relati.ng lateral cre.ep force to lateral creep, 

coefficient relating creep torque to rotational creep, 

coupling coe fficient relating creep torque to lateral creep 
and lateral force to rotational creep, 

u. 	 creep force in the longitudinal direction for the ri.ght
J.r 	

wheel number i, 

creep force in the longitudinal direction for the left wheel 
number i, 

v. 	 creep force in the lateral direction for the right wheel
ir 

number 	i, 

- creep force in the lateral direction for the left whee l 
numbe.r- i, 

T. 	 creep torque (about the vertical axi.~) for the right ·whe el 
1r 

number :L, 

-	 cree.p torque (&bout the ver t ical axis) fo r: the left wheel 
number i. 

where i 1, 2: 3, 4, 5, 6 from rear to front. 

It should be noted that the longitudinal creep fo r ces do not 

include the steady state propelling force, they are variations from 

this force. 

The equations of motion for the "movingn vehicle ar,-= given in 

detail in Appe11dix III. ~'!'ot ation used is the same. as . for the 

"stc..tionary" ·vehi cle . 

The sys tem of di ffe rential equa.tions is written in t be following 

form~ 

http:relati.ng
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[A] '. {Z} [C] {Z} + [B] {Z} +. {F} 
(2. 6 .1)78x78 	78xl + 78x78 78xl 78x78 78xl · 78xl = O 

where A,B, and C are the inertia, the stiffness and the damping 

matrices, respectively, 

and F is a column vector of reactions. 

Eliminating the reactions by the mP.thod of substitution we get 


a system of 36 equations in 78 unknowns (only 36 of the unknowns are 


independent). 


2.6.1 	 Elimination of Reactions 


The column raatrix of react::i.ons is given by: 


·-·--·-·------------ --
VAR. EQN.NO. REACTION 


u 1 0 

a 


v 2 0 
a 


w 3 0 
a 


Cl. 4 0 

a 


5 0
Sa 


6 0 
. Ya 

7 -· (RA + RA )ubr 1 
+ RA2 3


8 -·(Rl\ + RB
2 + RB )
vb ·1· 3


w 9 0
br 


Cl. 10 2') (KB, + F~E ~l + RB")
br 	 1 
.L L .:J.!..J. 
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VAR. EQN.NO. REACTION 

11 


12 


13
~f 

14 


15 


16
°bf 

17 


18 


19 


20
wcl 

21 


22 


23 


24 


25 


26 


0 


+(RW )
1


-(RWJ_·) 

27 0ed1 

28 (Fl\) + (Ry )1


29 -(R1:l )v c2 2
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VAR. EQN.NO. .REACTION 

30 


31 


32
yc2 


33 


34 


35 


36 


37 


38 


39 


w 40

c3 

41 


42 


43 


45 


-(RW )
2


. R,18 

C-z-· - i20 6o) (Nr2 - N_~2) 


0 

(RM ) + 1 R )2· \ y 2 


-(RV )

3


+(RW )

3
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-------·--·- --·----
VAR. EQ.N.NO. REACTlON 

vc4 

wdr:.,) 

wc6 

49 


50 


51 


52 H,34 (RV 4) -· (Ry4) 

53 (RA4) 

54 (RB4) + (RV4) + 8o(Nr4 -

55 -(RW
4

) 

56 
R-18

<-z- - i20 8o)(Nr3 - N23) 

57 0 

58 (RM
4

) + (Ry 
4

) 

59 -(RV5) 

60 +(RW 
5

) 

61 +i34(RW5) 

62 +t34(RV5) - (RyS) 

63 (RAS) 

Ni4) 

64 (RB ) +
5 

65 -(RW )
5

R,18
66 (-

2 

67 0 

68 

69 ·-(RV _). b 

71J +(RW )
6
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.VAR. EQN.NQ. .REACTION 

H,34 (RW6)6c6 71 


yc6 72 +.t3l• (RV6) - (Ry6) 


ud6 	 73 (R.•\) 

vd6 	 74 (RB
6' ; + (Rl/6) + 6o(Nr6 - Nl6) 

75 - (R.W6)wd6 

.Q,18

76 (-- - 2 ?Q 8 ) (N - N£6)
ad6 2 '" o r 6 

77 	 0ed6 

78 - (RM ) + (~y6)yd6 6 

·-----· ...--·- ··----------------·- ·----------------

Elimination of the reactions is done in two steps: 

(A) ElimiLation of (N .-N .. )(i = 1, ... ,6)
ri Jn 

To do this, the following procedure, which is implemented iri 

the computer program) i.s followed: 

Equa.t:Lon 2lf Equatj_on 	2l• + p . Equation 26 


,., .
Equation 34 = Equation .J!l. + p . Equation 36 


Equation ft/7 Equat:i.on 44 + p Equation 46 


IEquati.on 5!;. Eq-u at~. on 54 ·r· p Equation 56 


Equation 64 Equation 6ll + p . Equation 66 


Equation -,
J q. 

I F.quat.ion 74 + p EqtJat.ion 76 


-e 
Where p 	 ·----...---·-

0 
·· · ···· ----~·--

(l 

"'18 - n f'''' 2 ..... )02 !....• 

http:Eq-uat~.on
http:Equati.on
http:Equat:i.on
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(B) 	 Eliminatfori. .of . the Internal Reactions. 

To eliminate. the internal reactions by substitution the 

procedure described below is used; for simplicity we designate 

the equations by their corresponding number as given in 

Appendix III. 

1 1 


2 = 2 


3 = 3 


4 4 


5 5 


6 6 


7 7 + 23 + 33 + 43 


8 - 8 + (19+24) + (29+3Ll) + (3'.H-L~/i) 


9 9 


10 = 10 2 ( (19+24) + (29+3Lr) + (39+41.;)

21 


11 11 + 121(23 + 33 + 43) 


(22+32+!~2) + (28+38+L~8)] 

13 = 13 + (53 + 63 + 73) 

14 = 14 + (49+5 L} ) + (59··t-64) + .(69+74) 

15 1.5 

I16 Q, '""11 [ Ut9+54) (59+GLt ) + (69+ 7!1)] 
0::...1. 

11 -./ -',- \ -; ·3 _,_ (-, ,.,.) -:.- 7 ? ) (l17 ~. 21 .~ . v _ , ; 
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18 = 18 + [223(49+54) - Q,26(59+64) Q,24 (69+74)] + .Q,34[(49+59+69) + 

(52.+62+72) + (58+68+78)] 
=::: 

19 = 21 + 1,31+(20) 


20 25 + 20 


21 = 27 


22 -= 31 + .Q,34(30) 


23 = 35 + 30 


21.:. 37 


25 41 + 23!~ (40) 


26 45 + !.}O 


27 47 


28 =" 51 - .i34 (50) 


29 55 + 50 


30 .5 7 


31 61 Q.34 (60) 


32 = 65 + 60 


33 67 


34 71 x,3/:. (70) 


35 75 + 70 


36 77 


In the co:J.1pute r program;)> this pro c•.:dert~ is applied to the mass> 

(2.6.1) becorw~s 
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[A] . {z} + [C] {Z } [B] . { Z } 
0 (2.6.2)

36x78 78xl 36x78 78xl 36x78 78xl 

To eliminate the dependent variables, we use the transformation matrix 

[D] which gives the relation between all the variables and the independent 

variables. [D] is b-'.lsed on the equations of cons traints for the "moving" 

vehicle. Therefore (2.6.2) becomes 

[A] [D] . {X} [C] [D] {X} + [B) [D] {X}+ 036x78 78x36 36xl 36x78 36xl 36x78 36xl 

Which after carrying the matrix multipiicntion gJ.ves the follcwing 

system of thirty-six e.quations in thirty--six independent variables. 

[AD] . {X} + [CD] . {~:} + [Bn] {X} :::: 0 (2. 6 . . 3)
36:~36 36xl 3Gx36 36xl 36x36 36xl 

It is worth noting here th~t by introducing tte non-conservative forces 

wldch are due to the phenomenon of creep, the inertia, da:Jtpil~g and 

stiffness matrices are no longer symmetric and there is thus no re. aso~ 

for the reduced matrices (.AD, BD, CD) to be symmctri c. 

(2. 6. 2. 1) 

u, + Q,,.. ~ Bb (2.6.2.2)
or Li. r 

u + 2 B (2. 6. 2. 3)u. '" Qj br 23- l br 
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(2.6.2.4) 

(2. 6. 2. 5) 

(2.6.2.6) 

(2. 6. 2. 7) 

(2 .• 6.2.8) 

v ... 
d~ 

=vbr -2 a~21 or -t y
23 br (2.6.2.9) 

{2.6.2.10) 

(2.6.2.11) 

(2.6.2.12) 

(2. 6. 2 .13) 

(2.t.2.14) 

(2.6~2.15) 

y
'd!~ 

:<:; y 
.bf (2.6.2.16) 

(2. 6. 2 .17) 

(2.6.2.18) 
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(B) 	 Constraints Between Motors arid ·wheelsets 

udl = u ud4 = uc4cl 


= = u
uud2 	 ud5c2 c5 


= u
ud3 	 c3 ud6 = uc6-, 

= a /J.c. 


a "' 
c.·. 

These relations are already satisfied by 

whcelset c.nd motor equations 

combi.ning the 

vcl 

vc2 

v
c3 -· 

vbr 

vhr 

vbr 

- Q,21°'br + 224ybr 

- 221abr + 22'" Yb .o r 

- 221abr - 223Ybr 

£3LY "1. .'

2 34Yc2 

- 234yc3 

(2.6.2.20) 

(2.6.2.21) 

(2. 6. 2. 22) 

"'lb~I - .£<")la, -
L. D 1: - .'l2 'ybf + 1,34Y ,... 1.~ • • . C 0 

(2.6.2.23) 

(2.6.2.24) 

wcl 

w
c2 

w
c3 

·-· Wdl + Q 0·31 p .,
4 C . .!.. 

- wd2 + 0 ~ 

""3!.~ c2 

-· ·wd3 + .Q.,3 ,}\3 

(2.6.2.25) 

(2 I': "' ?" '..0.1.,_o; 

(2. 6. 2. 27) 
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(2. 6. 2. 28) 

(2.6.2.29) 

(2.6~2.30) 

ydl 

yd2 

yd3 

= 

= 

= 

Ycl 

Ycz 

yc3 

(2.6.2.31) 

(2.6.2.32) 

(2.6.2.33) 

~, d4 y c4 (2.6.2.34) 

(2.6.2.35) 

(2.6.2.36) 

(C) Additional Constraints 

The constraint between the wheelsc.ts and rails (due to the 

conicity of the wheels) yields the folJowi.ng constraints: 

adl 
2A- --v 
R,18 dl 

(2. 6. 2. 37) 

a.d2 - 2:\ 
- ·--- v 
,Q.18 d2 

(2. 6. 2. 33) 

a.d3 - 2f. 
- ·--· v 
Q.18 d3 

(2:.6.2.39) 
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2).= --v 	 (2.6.2.40) 
. R,18 d4 

2). 
= - --v 	 (2.6.2.41)

R,18 d5 

n- --- v 	 (2.6.2.42)
i18 c;I6 

Where vdl (i = 1, ••• ,6) is the relativ·=. lateral displacement 

between the wheelsets and the rail. Contact. must be maintained 

between the wheels and rails, requiring that: wdi = 0 (i = 1, 

•.. '6) • 

This matrix gives the relation between all the variables a:i<l 

the independent variables, based on the equa tions of 	constraints for the 

"moving" vehicle. The matrix [D] is defined in the 	following pa.g <~.s whs.re 

2A 9,2l}
- -·-	 = ----P2

il8 	 R,18 

v. x, 
24 --· -..·--· ..----	 p = ·22'1 -· .Q,3449,18 

--	 -· -~ +· 9, P7 .~·23 + .Q,24 	 Ps 26 33 

P9 -· -9,')l + ,Q, ·3 1.. 
'" t 

http:2.6.2.42
http:2.6.2.41
http:2.6.2.40


5 

10 

15 

20 

25 

30 

35 

1 2 3 4 5 6 7 8 9 10 11 12 

u v w a. 
a 8a Ya ubr vbr wbr a.br 8br ybra a a 

l u 1 
a 

2 v 1 
a 

3 w 1 
a 

4 a. 1 
a 

Ila 1 

6 Y_a 1 

7 ~r 1 

8 vbr 1 

9 wbr 1 

~r 1 

11 13
br 

1 

12 Ybr 1 

13 ~f 
14 vbf 

wbf 
16 ~f 
17 13bf 
18 yb...f. 
19 vcl 1 -.2.21 P4 

wcl 
21 13 cl 
22 ycl 1 

23 udl 1 .2.21 

24 vdl 1 -.9.21 .9.24 

wdl 

26 a.dl pl p2 P3 

27 13dl 
28 ydl 1 

29 vc2 1 -.2.21 P5 

wc2 
31 13 cz 
32 Yc2 1 

33 ud2 1 .2.21 

34 vd2 1 -.2.21 .9.26 

wd2 
36 (ld2 pl p2 P3 

37 13 d2 
38 Ydz 

1 

13 14 15 16 17 18 19 20 21 

ubf vbf wbf a.bf 8bf ybf 8cl wdl 13 dl 

I 
I 

1 

1 

1 

1 

1 

1 

.2.34 1 

1 

1 

1 

22 23 24 25 26 27 

8c2 wd2 13 d2 13 c3 wd3 8d3 

I 

1 
34 

1 

1 

1 

1 

28 29 30 31 32 33 

8c4 wd4 13 d4 13 c5 wd5 8d5 

34 35 36 

8c6 wd6 8d6 

~ 
w 



1 2 3 4 s 6 7 8 9 10 11 12 

ua va wa o.a 13 a ya l\r vbr wbr abr 13br ybr 

39 vc3 1 -R.21 p6 

40 wc3 
41 13 c3 
42 y C3 I 

1 

43 ud3 1 R.21 

44 vd3 1 -R.21 -i23 

4S wd3 
46 ad3 pl p2 P3 

47 8d3 
48 yd3 1 

49 vc4 
so wc4 
Sl ec4 
52 Yc4 
S3 ud4 
S4 vd4 
SS wd4 
S6 ad4 
S7 13 d4 
S8 yd4 
S9 vcS 
60 wcs 
61 Iles 
62 y cs 
63 udS 
64 vdS 
6S wdS 
66 adS 
67 eds 
68 ydS 
69 vc6 
70 wc6 

I 

71 13 c6 
72 Yc6 
73 ud6 
74 vd6 

75 wd6 
76 ad6 

77 ed6 
78 yd6 

13 14 lS 16 17 18 19 20 21 

~f vbf wbf '1,f 13bf Ybf 
I 

1\1 wdl 8dl 

1 -i21 P7 

1 

1 1
21 

1 - 121 R.23 

pl p2 P3 

1 

1 -i21 Pg 

1 

1 R.21 

1 -R.21 -.e.26 

pl p2 P3 

1 

1 - 1 21 P9 

1 

1 1
21 

1 - 121 -R.24 

pl p2 P3 

1 

22 23 24 2S 26 27 28 29 30 

13 c2 wd2 ed2 13 c3 wd3 13 a3 13 c4 wd4 13 d4 

IR.34 l 

1 

1 

1 

-.e.34 1 

1 

1 

1 

I 

I 

31 32 33 

8cs wdS 13 ds 

-t34 1 

1 

1 

1 

34 3S 36 

13c6 wd6 13 d6 

-.e.34 l 

1 

1 

1 

..p.. 

..p... 




CHAPTER 3 

STEADY STATE RESPONSE TO RAIL IRREGULARITIES 

3 .1 _§_!~_?d.z:. State Response ·0.i___? General Multid.~~e ~f Freed~~ 
Si':s~.I'.l Using t~~ Hethod_of__f_~1~lex AlgebrC!_ 

The use of complex algebra simplifies the procedure for solving 

the system of differential equations. For forced vibration wher2 the 

impressed force i.s harr.wnic, the steady state solution is also harmonic 

with the same frequericy. In the pr~sence of damping in the system, 

phase-differences b2twcen the resulting motions and the input e xcita tion 

exlst. 

Let us first consider a single degree of freedom system with 

viscous damping. The impressed force and the resulting displa:::emeut 

are the ve.ctors F and X, · the latter la.gging the former by the:. angJ.2 9,
0 

as shown in Figure 4, and the two rotating together with a cmr~mon 

angular speed w. 

Figu r e 4: Vec ~or R2presenta ti on o f Fo rced V ib ra~ion with Vis co~s ~amping 

ii5 
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If such vectors are represented by the exponential function, we can 

write 

iwt
F = F e (3 .1.1)

0 

iwt 
x e (3.1.2) 

where F and X are absolute values equal to the length of the 
0 

vectors. 

It is also possible to write equation (3.1.2) as 

iwt x X e (3 • .1..3) 

- -i4>where X = X e. is the complex amplitude designating its anguJ..a.r 

position with respect to F . 
0 

Applying this type of complex notation to the forced v.ibration 

of a viscously dan~ed spring-mass system excited by a har~ouic force 

F sin wt, we can write th~ differential eq'L'ati.on of motion in the 
0 

form 

iwl.: mx + cY. + kx F e (3.1.4)
0 

.,, j_:..._\t
Letting x A e the pre ceding equation becomes 

2 iwt iwt
(·-r:w ' + i. il) C + k) X e -- F e (3.1.5)

0 

The comp lex a niplitude is t~1en dett::rmined as 

-H
F F e . 

x 0 (3.1.6) 

http:eq'L'ati.on
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From which the amplitude and phase are found to be: 

F 
x - 0 

(3.1. 7) 

-1 WC 
cf> = te.n (3 .1. 8)

k - mw2 

The quantity F eiwt could be called a ncomplex force" and the 
0 

quantity x a "complex displacementH related as in equation (3.1.5). 

1 iwt
F e (3.1.9)

itLlC 0 

which states that 

Corrrt? tex Disr Zcr.cema.ni; - a x comp lex force, 

where the expression 

1 
mw2) + iwc 

relates the cornpJ..cx displacement and force. 

We sha..11 now co .c.s id2 r a sys tern having a number of de:grt.'. eS of 

freedom and find that t h e results obtained for the system having one 

oegre.e of freedom m.e.y be extended quite na turally. It will b.c shown 

that a convenie nt ·way of allowing for this is to use matrices having 

complex clements. There i s no reason, in matrix theory, why the 

e.lemEDts should not b e c.o r:1p le ~~ ~ p r ov i de d tha t the mathematical rules 

http:de:grt.'.eS
http:Zcr.cema.ni
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for manipulating complex numbers are observed. Hence for a multi-

degree of freedom system the equations of motions could be vr£itten 

in the form: 

[M] {X} + [C] d{} + [K] {X} = {F} (3.1.10) 

where F and X are the vectors representing the complex forces and 

complex displacements respectively. 

Equation (3.1.10) can be solved by means of the trial solution: 

J 

. {X} (3.LlJ) 

where column matrix X represents the complex amplitudE:s. Know1:ng 
I 

that 

iu.>. t 
( 'l ., 1 r})

.L.J../.. ·{F} == {F } e .J • 

0 

leads us to the equation 

w2[ (K - H) + fa1C] {X} = {F } (3.1.13)
0 

The quantity in square bra cke t s is a squar e matr1.x whose elerl1ents 

arc: complex. Let us denote this square matrix by Z. Provide d tha. t 

Z is non--sing uJ ar it ~dll have an inve rse Z-l and the solution of 

(3.1.13) will be: 

(3 . 1.14) 

It should b e n ~) t ed tha t the dE.ri va tion we.3 done fo r a multi-· 

deg:-e.e cf free d01r. sy s t e'):'l r elat ed t o a :o. a.~l:i t rary of pe riodic 
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forces all having the same frequency. The use of complex quanti.tites 

allows us to relax the latter restriction. If the system is acted 

upon by force.s of different frequencies then the resultant displace

ment vector 't·lill be the sum of the displacement vectors due to the 

forces at each frequency taking one frequency at a titTJ.e. In this 

study, h ow2ver , the e:xci t at i on ' £ orces have the same freq uE~ ncy . 

The method outlined above provides the simplest way of finding 

the displacements due to an applied set of forces with or without 

dampi.ng. 

For a systen~ having a large number of degree-:; of freedom the 

method is ide .::!.lly suitable for solution on an electronic. digital 

coPlputer which has the important capability of automatically observir~g 

the rules .for manipulating ccmr>J E'}.: numbers. 

Although the result gi~12n by equati on (3.1.ll;) is simple in 

prind.ple, it shou ld be pointe.d out that even for a small mm.ber of 

degrees of freedom the inversion of a coniplex matrix is a very· lengthy 

and tedious process requiring the use cf a d i gital computer. 

3 • 2____?t ~ad.y__?_t a ti:_!~§J2.on~~L<?_~:~.b-~. Simp 1ified Mod t::l 

The simplified model was intended to give an approximate response 

to track i r :r.egu l<tri ties. Irregularity of the track is assumed to be 

sinusoidal and th e track width assumed constant. 

As des cribe d befo r e, for the purpos e of this simplified 

invesd.gation , the following assump tions a.re mad e: 

http:dampi.ng
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1.. 	 Wheelsets and motors are r_igidly connected to the 

frames, 


2. 	 The primary suspension has negl_igible effect on 

the dynamic behaviour of the system, 


3. 	 Creep forces have negligible effect on the steady 

state response of the system. 


The steady state response for the bodydis found in the case of 

two out of phase displacements excit:ition at the two bases (the trucks). 

The forcing vector (the R.H.S. in equation 3.2.1) is derived for the 

case of input excitation in both the lateral and the vertical direction. 

To study the steady stat2 response due to lateral tin~k irregularities 

only, the eleu:ents of the input displacements vector will sim~)ly be 

replaced by zeros except for lateral displac~ments. 

Equations of motion are give n in d .~ tail in Appendix II. The 

system of equations has the form: 

[ ] {•• } 1· ] { • 1. [ ] r "\. r 1 ' • · } ( l .f }A X + .. C X _, + B 1.X > :-.: 1.Cbf- tybf + ~f- ~Ybf + 

(3.2.1) 

where: 

X - corrip lex vsctor of unknown displacements (6xl) 

ybf - excitation displacement vector at the front base 
(6xl conpl.ex ) 


ybr - excitation ai splacement vector at the rear base 

(6xl cmr1plcx ) 


M - inertia ma tri x ( 6;·::6 :-eal dLJ gonal ma trix) 


http:conpl.ex


51. 


C - damping matrix (6x6 real symmetric matrix) 


~f - stiffness matrix for the front frame (6x2) 


cbf - damping matrix for the front frame (6x2) 


~r - stiffness ·matrix for the rear frame (6x2) 


Cbr - damping matrix for the rear frame (6x2) 


Using the method described in section 3.1 for solving (3.2.1) we get: 

[ (K - w2 M) + iwC] {X} = [~f + iw + [~r+ iw Cb ]{y.b. .,.} r .i. . 

[Z] {X}= {F} (3.2.2)i.e.: 0 

in which the quantities between brackets are complex square matrices, 

this could be rewritten as 

{x} [Z-l]{F } 
0 

-1 in ·which F , Z and X are comp lex. 
0 

To get the steady state response equation (3.2.3) is solved 

for increasing values of the input frequency (w), knowing the ampli

tudes and phase shifts of the elements of the forcing vector. 

3.3 Steady State Response for the Full Model - "Stationary" Vehicle 

The steady state response for the full model - "stationary" 

vehicle is obtained due to a lateral displacement input of the wheels. 

This excitation is equivalent to the input displacement that we would 

obtain if the vehicle was moving on an irregular track without relative 
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di,splacements between the wheels and the rails. In other words, for 

the "stationary" vehicle certain generalized coordinates are "locked'1 
• 

These coordinates relate to motions of the wheelsets. 

For the full "stationary" model the equations of motion are 

given by equation (2.5.3): 

[A] . {x} + [C] . {X} + [B] . {x} = 036x36 36xl 36x36 36xl 36x36 36xl 

For the 	"stationary" vehicle, the variables defining 

a) the 	lateral displacements of the frames (vbf and v., ) ' or 

b) the 	yaw displacementof the frames {ybf and ybr)' 

c) the vertical displacements of the wheelsets (wdl to wd6) and 

d) the rolling of the wheelsets (adl to ad6), 

are known since the wheels are assumed to follow the track (without 

relative displacement). Consequently these input displacements 

should be taken to the R.H.S. of the equations and equation (2.5.3) 

becomes: 

[A] . {X_} + [C] {X} + [B] {X} [AR] . G } [CR] {y } [BR] . { y } 
+ +20x20 20xl 20x20 20xl 20x20 20xl 20xl6 16xl 20x16 16xl 20xl6 16xl 

{3.3.1)where 

{y} - is 	the input excitation · displacement (16xl complex) 

and 	 {X} - is the solution ve ctor (20xl, complex) 

A - reduced inertia matrix (20x20, real symmetric) 

B -· reduced stiffness matrix (20x20, real symmetric) 
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C - reduced damping matrix (20x20, real symmetric) 


AR excitation inertia matrix (20xl6, real) 


BR - excitation stiffness matrix (20xl6, real) 


CR - excitation damping matrix (20xl6, real) 


Using the method described in section 3.1 for solving we get 

[ (B - w2 A) + iw C]{X} = [(BR - w2 AR) + iw C]{y} (3.3.2) 

this could be rewritten as 

[Z] {X} {F }
0 

or 
(3.3.3) 

in which all matrices are complex. 

To get the s tP.ady state response for the full model, "s tationary 11 

vehicle equation (3.3.3) is solved for increasing values of the 

excitation frequency. 

Formation of the R.H.S. inertia, stiffness and damping matrices 

from the original (36x36) inertia, stiffness and damping matrices 

respectively is done by the following procedure: 

i - first, neglect all rows i n th2 original inertia 

(stiffness or damping) matrix A (B or C) corresponding 
I} V\k>t1•~\1'J (\ 

to the t known displacements (row numbers: 8, 12, lli-, 

18, 20, 21, 23, 24, 26;, 27, 29, 30, 32, 33, 35, 36). 
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ii - the elements left in the. columns corresponding 


to the known displacements constitute in fact 


the columns of the R.H.S. matrices respectively. 


The reduced mass matrix is obtained by contraction of the elements 

left in the ori.ginal mass matrix after formation of the R.H.S. inertia 

matrix. Similarly for the stiffness and the damping matrices. It is 

important to note that the procedure described above is only valid 

because the original inertia stiffness and mass matrices are syrnm.etric 

and that the reduced inertia, stiffness and mass matrices should remain 

symmetric. 

3. 4 The Stead_y State Re~onse for the "Moving" Vehicle 

When the vehicle is not stationary on the track, it is no longer 

true that certain of the coordinates are "locked", but it remains true 

that certain relationships exist between th2m. These relationships 

are those governed by the laws of "creepage". · .And the simultaneous 

equations may be expressed in the following form, representing a 36x36 

matrix equation. 

[A]{X} + 	[C]{X} + [B]{X} = F (X,X,X) + tJ; (y ~Y. ,y) (3. 4 .1) 

where 

F(X,X,X) 	 represents the constraint imposed by the tracks 

(due to creep for·ces, coni.city of the wheels 

and grav:i.ty stiffriess effoc.t). 


lJJ (y ,y ,.Y) 	 is a column matrh: of fcrces, due to rail irreg
ularities, for a perfectly straight track ~would 
simply be a c.olumn of noughts. 

http:grav:i.ty
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. .. 

The force F depends on the instantaneously prevailing values of X, X and X. 

In the linear case, the function form F(X,X,X) may be expressed as 

a sum of 	column matrices of the type 

- C[a]{x} + [c]{X} + [b]{x}) 

where: 	 the square matrices [a], [b] and [c] are determined 

by the process of creepage and by the speed "S" of the 

railway vehicle. 

These square matrices are not synnnetric, and the sys_tem is non

conservative.Equation (3.4.1) is rewritten in the form: 

[A]{x} + 	[c]{x} + [B){x} 1JJ(y,y,y) (3.4.2) 

where [A], [B] and [C] are no longer of the original positive definite 

type, and are no longer synnnetric. 

Since we are assuming that the wheels are following the rails 

in the vertical direction (no creepage in this direction) it follows 

that wdi 	= 0 (i = 1, ••• ,6), and rows and columns corresponding to these 

variables should be deleted and the system of equations (3.4.2) 

becomes: 

[A) {x} +' [c] {x} + [BJ {x} 14J(y,y,y) 	 (3.f.i~3)
30x30 30xl 30x30 30xl 30x30 30xl 

The rolling motion of the wheelsets [adi (i = 1, •.• ,6)] are not indep

endent variables, but they do exist implicitly in the equ'ations due 'to 

the lateral displacement of the wheelsets and the conici.ty of the wheels 

(see equations of constraints (2.6.2.37) to (2.6.2.42))~ 

http:2.6.2.42
http:2.6.2.37
http:conici.ty
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·Determination of the Forcing FunctiOn tjJ (y ,y ;y) 

In the linear case the forcing function ~(y,y,y) which is the 

R.H.S. in equation (3.4.3) has the form 

-[AR]{y} - [CR]{y} - [BR°J{y} (3.4.4) 

where {y} is the vector of known input displacements due to rail 

irregularities. 

To determine the forcing function we have to go back to the 

original equations of motion (2.6.1) up to the point where creep 

forces are substituted for reactions. These are valid for any 

displacements whether free or induced. Let us assume that all displace

ments have the general form 

x 

x = displacement relative to the track due to creep
r 

x. = induced displacement due to track irregularities.
1 

All x. are zeros except for the variables describing the motion of the 
1 

wheelsets, and for the frames in the longitudinal, lateral and yaw 

directions. :F'or convenience, we rewrite equation (2. 6. l) in the. 

following form 

.. 
[A] {xr } + [ C ] {~ } + [Bf {x } + { F } 

78x78 78xl r r 

.. 
+ [AR] {Xi} + [CR] [BR] 1. 

r 
x.} 

~ 

= 0 {3.4 . 3)
l78x78 78xl 
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In the equations of motion for the wheelsets, ' the terms ·due to creep 

forces and the terms including (Nr - N.R.) and W are functions only of 

the x components; and the induced motion matrices AR, CR and BR have 
r 

the same form as the "relative" motion matrices A, B, and C respectively 

except that the following elements are zeros: 

BR(24,24) 0 
BR(24,28) :::: 0 
BR(26,24) 0 
BR(26,28) 0 
BR(28,24) = 0 
BR(28, 28) 0 

for Wheelset 
No. 1 

etc. for other wheelsets. 

CR(23,23) 0 
CR(23,27) = 0 
CR(24,24) 0 
CR(24,26) 0 
CR(24,28) 0 
CR(26,24) = 0 
CR(26,26) = i (Cl7+Cl8) + 0 

019CR(26,28) 
CR(27,23) 0 
CR(27 ,27) = 0 
CR(28,24) 0 
CR(28,26) 0 
GR(28 ,28) 0 

We now apply the process of eliminating reactions as given in 

section (2.6.1) operating on AR, BR and CR as it was previously done 

for A, B and C. Equation (3.4.5) becomes 

[A'] {Xr} + [C']{x ' }+ [B'){x }= 
36x78 78xl r r 

[AR'J {Xi} - [CR' ]{x.} - [BR:Hx~} 
36x78 78xl 1 1 

where the forcing function~ is the R.H.S~ of (3.4.6). 

To obtain the right hand side as a function of -the independ~mt 

displacements~ the transformation matrix T (78x42) given later in 

this section is used. This matrix T is based on similar constraints 
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as those used to. get the transformation matrix D (in section 2. 6. 2) 

except that the relationship between vd and ad does not apply. 

ship 

To eliminate dependent displacements we have the relation

. {Xi} = 
78xl 

[T] 
78x42 (3. 4. 7) 

Substituting (3.4.7) in the R.H.S. of (3.4.6) we get 

VJ =  [AR] [T]
36x78 78x42 

{Yi}
42xl 

- [CR][Tj{y·.} 
1 

- [BR][T]{v.} 
~i 

VJ = 
•o 

[ART] {Yi} 
36x42 42xl [CRT]{y.}

1 
[BRT]{v.} 

J 1 
(3.4.8) 

The only non-zero elements i.n {y.} are those describing 
. 1 

induced motion of: 

a) lateral displacement of rear frame (vbr) ·- y (8) 

b) yaw moti.on of rear frame (ybr) = y(l2) 

c) lateral displacement of front frame vbf y(l4) 

d) yaw motion of front frame ybf = y (18) 

e) vertical displacements of wheelsets (wdl to wd6) 

y(20), y(24), y(28), y(32), y(36), y(40) 

f) rolling motion of wheelsets (adl to ad6) 

y(21), y(25), y(29), y(33), y(37): y(41) 

the 

The transformation matrix [T] is given on the following pages. 
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The Transformation Matrix [T] 

This matrix gives the relation. between all the variables and the 

independent variables which describe the portion of the generalized 

displacements due to rail irregularities (the R.H.S.). 

The transformation matrix T (78x42) is defined in the following 

pages, where: 
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Steady State Response 

Substituting from (3.4.8) after eliminating rows corresponding 

to the relative vertical displacement of the wheelsets in the vertical 

(wd) and rolling directions (ad) in the system of equations (3.4.3) 

it becomes: 

cRJ . {x l + [C]{X} + (B]{X} = - [ART] {Yi} - [CRT]{yi} - [BRT]{y ·.} (3.4.9) 
30x30 30xl 30x42 42xl 1 

where: 

A - inertia matrix (including creep terms) 


B - stiffness matrix (including creep terms) 


C - damping matrix (including creep terms) 


-[ART] - "induced motion" inertia matrix (u.o creep terms) 


-[BRT] - "induced motion'.' stiffness matrix (no creep terms) 


-[CRT] - "induced motion" damping matrix (no creep tenns) 


y - induced disr.lacernents vector (42xl, comp l ex) 


X - is the solution vector (30xl, complex) 


It should be noted that A, B and C va.ry with the forward speed of 

the vehicle. 

To solve for a certain value of fo1v1ard speed, i.e., a certain 

value of excitation frequerrcy, the following procedure is adopted: 
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Using the method described in 	section 3.1, we let 

i(wt-ljJ)
Y = e 

i(wt-<j>) -i<j> iwtgetting 	 x = x e = x e e 

• -i<j> iwt 

.. 
x iw x e e 


-i<f> iwt 

x = - w2 x 	e e 

Substituting in the system of 	equations (3.4.9) we get: 

(-[AR]w 2 + icu [CR] + [.BR]){y e-i.ip} 

OR 

([B] - [A]w2 + iw [C])-l ([BR] - [AR]w 2 + iw [C]) {y e -ilJ;} 

3.5 Damped Natural Frequenc~es 

For free vibrations the R.H.S. of the equations of motions is 

simply a column of zeros. Hence the system becomes: 

[A] {X} + [C] {X} + [B] {X} 	 0 (3.5.1) 

where 
A - is the inertia (or mass) matrix 


C - is the damping matrix 


B - is the stiffness matrix 
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Equation · (3.5.1) could be rewritten as: 

(3.5.2) 

where all the above quantities are submatrices, except D which is the 

differential operator. Now we let 

{y} =(:} 
and G [_A:lB -A:lc] 

Equation (3.5.2) becomes 

D {y} [G] {y} (3.5.3) 

We assume a solution in the form 

(3.5.4) 

and we substitute in (3.5.3) getting 

S{Y} [G] {Y} 

or 

(S[I] - [G]) {Y} = 0 {3.5.5) 
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The roots of [G] (the eigenvalues) may be obtained using a library 

subroutine. The solutions will be complex in the form: 

S. µ. ± iw. (for the ith root)
1 1 1 

where µ. represents damping
1 

w. is the . damped natural frequency.
1 

Equation (3.5.4) becomes: 


µ.t

1 

e A cos (w.t + ~) (3.5.6)
1 

If any µi is positive, the displacement yi becomes unstable. 

The natural frequencies for the simplified model and the full 

"stationary" model were found. 

Hunting for the moving vehicle could also be investigated by 

determining the eigenvalues of the matrix [G]. The procedure is to 

solve for all eigenvalues for increasing values of forward speed until 

a µ. becomes positive, indicating instability and the critical speed
1 

of the car. It is obvious that the state of the track plays an important 

role in the analysis. For the case of sinusoidal track having amplitudes 

· of 2-3 nnn it was shown by Van Bommel [13] that the critical speed is 

already appreciably reduced. 

Stability analysis for the "moving" vehicle on an irregular 

track is more complicated than the same study on a straight one, and 

is beyond the scope of this research. 



CHAPTER 4 

RESULTS AND CONCLUSIONS 

4.1 Introduction 

In this chapter, the results obtained for the three models considered 

are discussed. For the "moving." vehicle responses for the cases of new 

wheels and worn wheels are compared. This is followed by a discussion of 

the conclusions that can be drawn from the analysis, including the applica

tions to the design of high speed railway vehicles. Finally, possible 

extensions of this analysis are given, and suggestions for further research 

in related areas are made. 
I 

I 


The results given in this chapt2r are for the case of lateral track 

irregularities only. It should be noted however that the nethod, as wE.11 

as the computer programs, are general enough to allow also for 7ertical 

track irregularities. The sinusoidal irregularities of the two rails can 

be in-phase or out-of-phase, but are of the same maximum amplitude. 

The steady state responses of the vehicle components to varying 

input frequencies is computed. The input frequency is increased from zero 

to 3 cycles per second. For the "movir1g" vehicle the input frequency is a 

function of the wave length and the vehicle forward speed and is given in 

terms of the vehicle speed. 

The curves are computer plotted from discrete data usi.ng a crude 

smoothing technique. This together with the corttracted horizontal scale 

and the amount of damping accounts for the sharp peaks that occur. These 

peaks are really rou~ded. 

66 
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.4~2 . ·Results for the SimElified Model 

Figures 5 to 7 show the response curves obtained for the body in 

the lateral, roll and yaw directions respectively using the simplified 

model. 

The horizontal axis represents the input frequency. The responses 

in the other three modes, i.e. longitudinal, vertical and pitch are coupled 

together but are uncoupled from the responses in the lateral, roll and 

yaw directions. Since the input is in the lateral direction only it follows 

that the steady state responses in the longitudinal, vertical and pitch 

directions are zeros. 

Natural frequencies for the si~~lified model ~re given on the page 

following Figure 7. 
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NATURAL FREQUENCIES FOR THE SIMPLIFIED MODEL 

_(_I~ C!CLES/SECOND) 

OMEGA 1 = .701 

OMEGA 2 = 1.277 

OMEGA 3 = 2.922 

OMEGA 4 = 3. v~s 

OMEGA 5 = 4. L~l6 

OMEGA 6 = 6.438 . 
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4. 3 Results for the Full Model - "Stationary" Vehicle. 

For the full model the primary suspension is not synunetric and 

the response curves are obtained for the body in all the six modes of 

oscillations. 

Figures 8 to 13 shows the response curves obtained for the body 

in the longitudinal, lateral, vertical, roll, pitch and yaw directions 

respectively. 

Figures 14 to 17 show the response curves for the front frame in 

the longitudinal, vertical, roll and pitch directions respectively. No 

steady state responses in the lateral or yaw directions were obtained since 
I 
i 

no slip was assumed between the wheels and rails. 

Figure 18 gives the pitch for motor No. 5 displacement. 

Natural frequencies for the full model are given on the page 

following Figure 18. Since there is no constraint or reaction preventing 

longitudinal motion of the system, the system is f~ee-frec in this 

coordinate. It is known that one of the modes of vibration must be at 

zero frequency with the whole system moving at constant velocity in the 

long:ltudi.nal direction. This automatically comes out of the solution of 

the full system. However this knowledge may be used to reduce the system 

of equations by one equation before solving. 
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NATURAL.FREQUENCIES . FOR THE STATIONARY VEHICLE 

{IN CYCLES/SECOND) 

OMEGA 1 = .ooo 

OMEGA 2 = .455 

OMEGA 3 = 1.096 

OMEGA 4 = 1.255 

OMEGA 5 1.626 

OMEGA 6 -·· 1.936 

OMEGA 7 = 2.130 

OMEGA 8 = 2.134 

OMEGA 9 == 2.298 

OMEGA 10 = 2. 298 

OMEGA 11 = 2.323 

OMEGA 12 = 2.435 

OMEGA 13 = 3.677 

OMEGA 14 = 4. 40l~ 

OMEGA 15 9.470 

OMEGA 16 - 9.780 

OMEGA 17 10. 477 

OMEGA 18 = 11. 470 

OMEGA 19 = 18.155 

OMEGA 20 = 18.707 
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4~4 	 Results for the Full .Model..;. "Moving" Vehicle 

For the "moving" vehicle response curves are plotted _against the 

forward speed of the vehicle. The input frequency is a function of the 

wave length and the speed of the vehicle. 

Because creep is considered, response curves for the body and 

frames were calculated in all six modes, and in the pitch direction for 

motors and wheelsets. Steady state responses for the two cases of new 

wheels and worn wheels are given. 

1. 	 For the case of new wheels: 

a) Figures 19 to 24 give the displacements for the body, 

b) Figures 25 to 30 give the displacements for the front frame., 

c) Figure 31 gives the pitch <lisp lac·emen t. for motor No. 5, 

d) Figure 32 gives the pi tc.h displacement for wheelset No. 5. 

2. 	 For the case of ·worn wheels: 

a) Figures 33 to 38 give the displacements for the body, 

b) Figures 39 to 44 give the displacements for the front frame, 

c) Figure 45 gives the pitch displacement for motor No. 5, 

d) ~igure 46 gives the pitch displacement for wheelset No. 5. 

Comparison of the response curves £or the cases of new wheels and 

worn wheels shows that the condition of the wheel does not affect the shape 

of the response curves in general except for peak responses. 

Compar:i.son of the response curvc~s for the "mcvi.ng" vehicle _and 

the "stationary" vehicle indic8.tes that creep forces have. a significant 

effect on peak responses. 
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4.5 	 Conclusions 

Three models were invest_igated: a simplified model which assumed 

no springing or damping of trucks or motors, and no creep forces, a full 

model for the "stationary" vehicle, in which creep forces are assumed 

negligible and a full model for the "moving" vehicle, in which creep forces, 

gravity stiffness effects and tread profiles are considered. 

Several conclusions can be drawn from the analysis pres.ente.d in 

this thesis. The accuracy with which the devised models describe the 

performance of the real railway vehicle is compared. 

The analysis and results show that: 

i. 	 The simplified model does not adequately approxi.m:lte the 

response of the railway vehicle. Since all vehicles hav2 

· finite pri!llary suspension stiffness, this conclusion 

means that the simplified mcdel is inadequate for 

simulating the performance of an actual railway vehic.le. 

2. 	 The comparison of the steady state respcnses f~r the 

"stationary" and the "moving" vehicles indicates that 

creep f orc2.s havC! a significant effect on peak respo i.:-1se.s. 

3. 	 Comparison of the responses in the ~ases of worn wheels 

and new wheels shows that tread wear have a :significP..nt 

effect on peak responses but generally not on the shape 

of the respo~se curves. 

http:vehic.le
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4. 	 It is recommended that slip and corresponding creep forces, 

wheel tread and rail profiles, and gravity stiffness effect 

be included in the steady state response analysis of railway 

vehicle to track irregularities. 

The study also shows that modern engineering techniques and use 

of a digital computer can contribute si·gnificantly to the analysis and 

design of a complex vehicle suspension. The direct application of the 

analysis outlined in this the.sis is in the field of design of railway 

vehicles. By successive computer trials for different system parameters 

as input data it is possible to determine the effect ~f these parameters 

on the performance of the railway vehicle and in particular on the steady 

state response to rail irregularities. It is then possible to: 

1. 	 Determine the optimum suspension to meet passenger cmirfort 

requirements and provide sufficient dam.ping to control the 

car body motion. 

2. 	 Optimize the suspension stiffness in order to maximize the 

critical velocity. 

3. 	 Choose an optimum tread profile. 

4. 	 Determine the response of the raj_lway vehicle to different 

track nshapes". 
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4~6 Suggestions for Further Research 

There are many problems in this area of high speed railway dynamics 

that need· attention. Theoretical work such as presented in this thesis 

should be extended as des.cribed below: 

1. 	 Refine the mathematical model to include the effect of cleara.nce 

between wheelsets and frames and include the nonlinear constraints. 

2. 	 Expand the analysis to a model for a cocrplete train and study 

the effect of rail irregularities on the train stability. 

3. 	 Introduce statistical properties of the track irregularities 

which results in random fluctuations in the response. 

4. 	 Introduce driving and braking traction into the analysis 

and its effect on the amount of creep in order to determine 

its influence on stability and performance~ 

5. 	 Consider the elastic deformation of the track when a. trai:1 

is passing and its effect on the adhesion mechanism. 

The: experimental adhesion study is important. At pr.ese.nt, there 

is still a large discrepancy betwe.en the results ir..easured in the laboratory 

and those experienced in railway operation. 

Experiments are needed ln order to find quantitative values and 

conduct comparative studies betw:~er: theoretical and e}..-perimental results. 

Experiments could be performed in the field by running real railway 

vehicles or in labor.-::t:orie. s by testing prototype models. 

http:betwe.en
http:pr.ese.nt


117~ 

.B IBL IOGRAPHY 

1. 	 Carter, F.W., "On the Stability of Running of Locomotives", 
Proc. Royal Society, Series A, Vol. 121, (1928), p.585-611. 

2. 	 Ca.rter, F .W., "On the Action of a Locomotive Driving Wheel", 
Procf Royal Society (London), Se'ries A~ Vol. 112 (1925), 
p.151-157. 

3. 	 Poritsky, H., "Stresses and Deflections of Cylindrical Bodies 
in Contact etc.", J. Appl. Mech., 17, (1959) 191. 

4. 	 Vermuelen, P.J. and Johnson, K.Z., "Contact of Nonspherical 
Elastic Bodies Transmitting Tangential Forces", Trans. 
ASME J. Appl. Mech. 86 (1964) 337. 

5. 	 Haines, D.J. and Ollerton, E., "Contact Stress Distributions on 
Elliptical Contact Surfaces Subjected to Radial a~d 
Tangential Forces tt, Proc. Inst. Mech. Engrs. (London) , 
177, (1963), 95. 

6. 	 Johnson, K.L., "The Ef feet of Spin Up.on the Rolling Motion of 
an Elastic Sphere on a Plane", J. Appl. Mech. 80 (1958), 
332-338. 

7. 	 dePater, A.D., "On the Reciprocal Pressure Between Two Elastic 
Bodies", Proc. Syrop. Rolling Contact Phenome~a Edited by 
J.B. Bidwell, Elsener Publishing Co., Amsterdant 1962, 

. pp. 24-75. 

8. 	 Kalker, J.J., "The Transmission of Force and Couple Between 
Two Elastically Similar Rotating Spheres", Koninkl. Ned. 
Akad. Wesenschap. Proc. Set. TI67, (1964) 135-177. 

9. 	 dePater, A.D., "Expose de la Th~orie de L'interaction Entre la 
voie 2t le Vehicule de chemin de fer. Mouvement sur une 
voie en Alignment Droit", Report published by ORE, Utrecht 
(1963)' 111 pp. 

10. 	 dePater, A.D., "Etude du mou.vement de lacet, d'in vehicule de 
Chemi.n de fer", Appl. Sci. Res. 6 (1957) p. 263-316. 

11. 	 dePater, A.D., "The App r oximate Determination of the Hunting 
Movement of a Railway Vehicle by Aid of the Method of 
Krylov and Bogoljubov", Appl. Sci. Res. 10 (1961) 
p. 205-228. 



118. 

12. 	 Van Bommel, P., "Mouvement de lacet d'un vehicule ferroviaire 
considere comme un phenome.ne non-linaire", Genova, 
Civico Institute Colombo (1962) 57 pp. 

13. 	 Van Bommel, P., "Application de la theorie des vibrations non
linaires sur le probleme du mouvement d'un vehicule de 
chemin de fer", Ph.D. Thesis, Delft Technological 
University, Delft, (1964) 305 pp. 

14. 	 Bishop, R.E.D., "Some Observations on Linear Theory of Railway 
Vehicle Instability", Proc. Congress on Interaction 
Between Vehicle and Track, Inst. of Mech. Eng. (1965), 
p. 93-99. 

15. Brann, R.P. and Bishop, R.E.D., "On the Yawing Oscillations 
. 	 of a Simple Trolley Having Fan Coned Wheels", Univ. Coll. 

Lond., Mech. Eng. Dept., Report 62/1 (1962). 

16. 	 Wickens, A.H., "The Equations of Motion of a Four-Wheeled 
Railway Vehicle", British Railways Board, Report E468 
(1963), 12 pp. 

17. 	 Wickens, A.H., "A Refined Theory of the Lateral Stability of a 
Four-Wheeled Railway Vehicle Having A Flexible, Undamped 
Suspension", British Railways Board, Report 1319 (1966) 
34 pp .. 

18. 	 Wickens, A.H., "The Dynamics of Railway Vehicles on Straight 
Tracks. Fundamental Considerations of Lateral Stability", 
Proc. Congress on Interaction Between Vehicle and Track, 
Inst. of Mech. Eng. (1965), p. 1-77. 

19. 	 Van Bommel, P., "Considerations Lineaires concernant le 
mouvement de lacet d'un vehicule ferroviaire. Partie I: 
Vehicule a deux essieitx sans roulis", Report published 
by ORE, Utrecht (1967), 71 pp. 

20. Shaghaghi, K.J., "Hunting Motion of High Speed Tracked Vehicles", 
M. Eng. Thesis, M.I.T. (August 1965). 

21. 	 Wickens, A.H. , "The. Equations of Motion of a Four-Wheeled 
Railway Ve.hicle", British Railways Board Report E468 
(1963)' 12 pp. 

22. 	 Wickens, A.H., "The Dynamics of Railway Vehicles on Straight 
Track: Fundamental Considerations of Lateral Stability", 
Proc. Congress on Interaction Between Vehicle and Track, 
Inst. of Mech. Eng. (1965) p. 1-17. 

http:phenome.ne


119. 


23. 	 Matsudaira, T., "On the Method of Preventing the Hunting of 
Railway Vehicles, Particularly of Tw:o.-Axle Cars"," Report 
published by ORE, Utrecht (1960) p. 99-171. 

24. 	 Kalker, J.J., "On the Rolling Contact of Two Elastic Bodies 
in the Presence of Dry Friction", Ph.D. Thesis, Delft 
Tech. University, Delft (1967) 160 pp. 

25. 	 Gilchrist, A.O., Hobbs, A.E.N., King, B.L. and Wasby, V., "The 
Riding of Two Particular Designs of Four-Wheeled Railway 
Vehicle", Proc. Congress on Interaction Between Vehicle 
and Track, Inst. of Mech. Eng. (1965) p. 17-32. 

26. 	 Birmann, F., "Track Parameters, Static and Dynamic", Congress 
of Interaction Bet-ween Vehicle and Track, Inst. of Mech. 
Eng. (1965), Vol. 180 Part 3F, p. 73-85. 

27. 	 Nakamura, I., "On the Relation Between Superlevation and Car 
Rolling", Permanent Way 5 (1962) 14, p. 10-17. 

28. 	 Nakamura, I., "Design of Track Inspection Car"", Quarterly 
Report, Japanese Railways 3 (1962) 4, p. 56-61. 

29. 	 Van Bo1nmel, P., and Stassen, H.G., "Determination de quelques 
Caracteristiques Stochastiques des deviations des fi.les 
de Rails, en vue de l'etude de mouvement de lacet", 
Revue Francaise de Mecanique (1965) 14, p. 65-70. 

30. 	 Stassen, H.G. and Van Bommel, P., "On the Interactions between 
Track and Railway Vehicle, 1.n particular with Respect to 
the Hunting Problem", Paper to be presented at the Fourth 
Conf. on Non-Linear Oscillations, Praag (196 7) 10 pp. 

31. 	 Stassen, E.G., "Random Lateral Motions of Railway Vehicles", 
Doctoral Thesis, Delft Tech. Univ., Delft, (196 7). 

32. 	 Hobbs, A.E.W., "The Response of a Restrained Wheelset to 
Variations in the Alignment . of an Ideally Straight Track", 
B.R.R.D. Report No. E542, (October 1964) p.13. 

33. 	 Bishop, R.E.D., Gladwell, G.M.L. and Michaelson, S., "The 
Matrix Analysis of Vibration", Cambridge. University Press, 
(1965). 

34. 	 Thom.son, W.T., "Vibration Theory and Applications", Prentice-
Hall Inc. (1965). 



120. 

35. 	 Carter, F .W. , "The Running of Locomo.tives with Reference to 
The:ir Tendency to Derail", Inst. of Civil ~ngr~., 
Selected Engineering Paper No. 91~ 1930. 

36. 	 Wickens, A.H., "Recent Developments in the Lateral Dynamics of 
High Speed Railway Vehicles", Monthly Bulletin of the 
International Railway Congress Association, Vol. XLIV, 
No. 12, (Dae. 1967), pp. 781-803. 

37. 	 Johnson, K.L., "The Effect of a Tangential Contact Force Upon 
the Rolling Motion of an Elastic Sphere on a Plane", 
J. Appl. Mech., Vol. 25, pp. 339-346 (1958). 

38. 	 Kalker, J.J., "Rolling with Slip and Spin in the Presence of 
Dry Friction", Wear 9 (1966) 20-38; 

39. 	 Clark, J.W. and Law, E.H., "Investigation of the Track Hunting 
Instability Problem of High-Speed Trains", SAE Paper 67 
Trans 17 (1967). 

: 
1 

40. 	 Dokainish, M.A. and Siddall, J. N. , "Dynamic Analysis of the 
Suspension for a Light Weight High-Seepd Railway Passenger 
Car", CARED Project 128 - McMaster University (1969). 

41. 	 Timoshenko, S. and Goddier, J .N., ·"Theory of Elasticity", McGra.w-
Hill Book Company, Inc., 1951, pp.378-379. 



A P P E N D I C E S 




121. 


APPENDIX I 


EQUATIONS OF MOTION :F'OR 

THE FULL MOD EL ("Sl'ATIONARY:i VEHICLE) 
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I.l INTRODUCTION 

In this Appendix equations of motion for the full model are 

derived in detail. The following notations for displacements -are used: 

u - linear displacement in the x direction, 


v - linear displacement in the y direction, 


w - linear displacement in the z direction, 


a. - angular displac.ement about the x direction, 

p " - a.ngular displacement about the y direction, 

y - angular displacement about the z direction. 

Subscripts are as follows: 

a - for the body, 


bf - for the front frame, 


br - for the rear frame, 


c.1,. ~. ,c~ -- motors numbered from rear to front, 


dl, .•. ,d6 - wheel.sets numbered from rear to front. 

For the "deforme d" configuration the following assumptions are made: 

1. u > u > 
a ~j > 

ci udi 
(j - f or r) 

v > > v > 
a vbj ci vdi 

(i 1, ... , 6)2' 

w > wb. > w 
J ci 

> wdia 

2. All a., S, y, rotations a r e posi t ive (an ticloch1ise). 
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In each equation the terms are wrj_ t ten in the f ollm:ving order: 

Front - Right 

Front - Left 

Rear - Right 

Rear - Left 

For the internal reactions the following notations are used: 

1. 	 Internal reactions between wheelse.ts and fr2me 

i - In the u direction RA. 
1 

ii - In tl1e v 	 direction RB. 
J. 

iii - In the 	y direction RH
i 

2. Internal reactions between motor and wheelsets 

i - In the u 	 direction RU. 
]_ 

ii - In the v 	 direction RV. 
1 

iii - In the 	w direction RW. 
]_ 

iv - In the a 	 direction Ra.
1 

v - In the y 	 direction Ry.
l 

Where i = 1, 3, 4, 5, 6 from rear to front.2' 

The reactions between wheels and rails are designated by: 

i - In the x direction RX ..
lJ 

ii - In the v cUrecti0n RY .. 
1J 

iii - In the w direction RZ •.
J_J 

Cont'd. 

http:wheelse.ts
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where i 1, 2, 3, 4, 5, 6 from rear to front 

j r for the right wheel 

j 1 for the left wheel 

The equations of motion for the wheelsets are first written in 

terms of horizontal reactions between wheels and rails. These are 

later rewritten with these reactions transformed to creep forces. 

For Spring K :
1 

i) Front 

(l.l) 

ii) Rear 

(I. 2) 

For Spring K :
2 

i) Front 

(I.3) 

ii) Rear 

(I. t~) 

For Spring K :3

i) F~ont Ri ght 

(I.5) 
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(I.6) 

iv) Rear Left 

ii) Front Left 

(I..10) 

(I.11) 

iv) Rear Left 

(I.12) 

For Spring K4 : 

i) Front Ri ght 

(I.13) 
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ii) Front Left 

(I.14) 

iii) Rear Rig_ht 

(Io 15) 

iv) Rear Left 

!l 7f, + £3 ._, B.b - £oy + !l9Yb r } {I.16)a _.., r .;' a 

For Spring K :
7

i) Fron t. Ri~ht 

(!. .17) 

ii) Front Left 

(I.18) 

(I.19) 

iv) Rear Left 

(I. 20) 
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For Spring K :
5 

i) Front Ri_gh t 

(I. 21) 

ii) Front Left 

(I. 22) 

iii) !tear_Right_ 

(I. 23) 

iv) Rear Le.ft 

F5r.Q, = K { ( v5 a ·- v )br - .Q, 
7

a a - R. 
3

jr at, r + ( ,Q, +£ ) Y3 4· a · 5L Y }4 br 

For Spring K
8 

: 
----·-

i) Front_~-ig_h t _ 

F8fr = K { (v ~- \ 

8 a vbe - .Q, a
7 a 

- .Q,33abf - (Q,3-Q.S)y a - £5ybf} (I. 25) 

ii) Front Left 

FSH = K
8
{(v 

a 
- vbf) - 9.,7aa - .Q,33abf - (.Q,-t)y

3 5 a 
- 9.,5 ybf} (I. 26) 

iii) Rear Right 

F8rr 
= K {(v

8 a 
- vbr) - .Q, a

7 a 
- g, 33abr + (.Q, -.Q, )y

3 5 a 
+ .Q,5ybf} (I. 27) 

iv) Rear Left 

F8d - K { (v
8 a 

- vbr) - .Q, Cl 
7 a - .Q,33abr + (t __  -Q, )y

.:; 5 a 
+ Q5 ybr } (l. 28) 



For Spring K :
11 

i) Front Ri ght 

iv) Rear Left 

For Spring K,'): 
----- --=-':. 

i) Front Right 

ii) Front Left 
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(I. 29) 

(I • .30) 

(I. 31) 

(L3i:.) 

(I. 33) 

F - K (v y ) (I. 35)12rr - 12 'a - br 

iv) Rear Left 

(I. 36) 
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For Spring K :
9 

(From rear .to front 1, 2, 3, •.• ,6) 

(I. 3 7) 

ii) 1 Left 

(I. 38) 

iii) 2 Right 

(I. 39) 

iv) 2 Left 

(I .l~O) 

(I. 41) 

vi) 3 Left 

(I. 42) 

vii) 4 Right 

(I. 43) 

viii) 4 Left 

(I.44) 
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ix) 5 Ri ght 

(I. 45) 

x) 5 Left 

(I. .46) 

(I. 47) 

xii) 6 Left 

For Spring K :
10 

(from rear to fron t 1, 2, .•• ,6) 

(I.49) 

-· w ) (I. 50)FlO 2 KlO { (wbr c2 
+ 227 6br - R-35 8c2 }

' 

FlO ,3 KlO { (wbr - wc3) + 22ssbr - Q.35S c3} (I. 51) 

-· w ) (I. 52)F10 4 KlO{(wbf Q.2ssbf + Q,,.,sB '}c4 .J C4
' 

FlO 5 KlO { (wbf - w ) 227 6bf + Q, 35 s'c5 } (I. 53)
c5' 

(I. 54)FlO ,6 KlO{(wbf -wc6) + £22Sbf + Q,35 8c6} 
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1.3 	 FORCES DUE TO DAMPING 

These forces are due to: 

A - Rubber springs (in parallel with stiffness) 

B - Shock absorbers 

(A) 	 D?-mping in the Rubber ~!"J-n g E: _ 

Equations (I.55) to (I.90) giving the fore.es P due to damping, 

could be obtained from equations (I.l) to (I.36) by replacing 

K by C and the variables by their first derivativ2s. 
n n 

(B) 	 Damping Due to Shock Absorbe r s (for CR and CV) 
----·- - --·- ·- ··-··-·----· 

a = tan-l (17.75/2.75)
2 

-1 	 . 
a. = tan ( 9 . 125 / 21. 2 5 ) 

1 

http:17.75/2.75
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B 
---->-- x 

y 

Initial Length Ll B..~.. ~ Ll
2 xl" + y2

l 

Final Length L2 = BA' L2 
2 x2

2 + y2
2' 

Assuming small u and v, 



133. 


Therefore: 


1 - 1 = u cos a + v sin a
2 1 


Hence: 


-
x component of displacement (u.cos a + v sin a)cos a 

y component of displacement (u.cos a + v sin a)sin a 

for small cSa. 

It should be noted that: 

1. 	 u and v are measured in the positive directions of x and 

y respectively. 

2. 	 The angle a is measured positive from the x-axis in a 

clockwise direction. 

3. = Displacement of A in the positive direction,UA 

= Displacement of B in the positive direction,UB 

= Displaceme.nt of A in the positive direction,VA 

VB = Displacement of B in the positive direction. 

http:Displaceme.nt


nt 
Right 

~------

Rear 
'Right 

Rear 
Right 

Rear 
Left 

Rear 
Left 

A 

B 

-

A 

I!-·--
I 

B 

A 

B 

( . u cos ~1 - v 

( u. cos :::tl + v 

(u cos a + v 
1 

(u cos ct, + v 
.L 

SUMMARY 

For the rotational and the lateral shock absorbers, componen ts 

at points A and B due to displacement of the center of gravity, and 

rotation about it are: 

vA and vB~OSIT_r_o_N_-+_P_o_r_N_T--+~~~---u-A_ a_n_d~u-B~~~~· ~ 
-- · -,.~--------

Fro.

* ~1 for CR and ~ 2 for CV 
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For the 	rotational shock absorber (CR)' we get the following: 

Displacements in the positive u and v directions 

J 
CJ Displacements of Displacements of(lj t:::POSITION ~ 0 . Points A Points B

E ·rl 
~J 

u u + .Q,1s 6a + .Q,l. ..)'"'y a l\,f - i328bf + ,Q,31ybfaFront 
-+-· 

Right 
v -v - ,Q,15cl.a - 9v, 2y vbf + ,Q,320'.bf ,Q,29ybfa 	 ..L a 

1--·~-·· ·-.-+· -	 ----~----1--·------
I 

u 	 II u -· Q,J 3y 	 -· - ,Q,11Y' fa 
+ X,1s 8a -- a I 

I 

l\£ ,Q,32 8b£ . ·-' D .I Front 
~----------··-·--I 

Left 

I v v - ,£, - i:; (). 
i_, a 	 ·\2Ya i vbf + ,Q,3zl\f - ,Q,29 ybf ja 

-	 ---~-------·-------; 
...,_ 	 ...l.u + 9	 6 + £, yu ubr 	 £2"'Yb,...'1s a 	 13 a I .e,32 8br ,'j •.aRear 

r------·-- ------·-- -- ·--·-----··--- -·-·---- --·L-. --------·----------.. ---------j' 
Right 


v 
 .Q_ y !
vbr + Q, 3 

L
') o:b---

-
+ 29 brv 

a - .Q,15aa + 2 12Ya 

--------. __.._________1I - - ---1 ---· 	 ·-·-t-· 

u u 	 2
a 

+ i 1 ..;i; B,. a. 
- 13Ya l1tr - 1328br - 231Ybr j

Rear 
··----. ~·- ..--·--··---· ~-- ILPf t 

i v -	 x. yv 
a 

21saa + · ,Q,12ya vbr + ,Q, 32abr -j-
29 br I 

I
"-· --- --------·...-· I 

http:Q,320'.bf


--------

1 " , . 
•I..) l) • 

Relative Displacements <]f A_~r. t .~ 

·-----·-----------
(+ve Directions) 

+9'32f\if+ £13ya - £31Ybf 

::: : :~;:~-~ ::::::-+1::::~::::£·-1 
________"___. - ·--·-·-·-1 

+ 21ss2 + 232Sbr + ~,~Y - i~,~ ~ I_,) a ..J.J.. b L. 

--------·----~---~ ____.....___"_'--) 

- X-,sa - 1 32abr + 9,12Ya - 129vbr 

_ 

I-'-- a 

+£32ebr - £13y:--{---::n_Y_:·--1 
l=._·;_~_-_____.....r--_--_~_--_-r~-~~--v--b_r_) ___i_l~-aa-·~-~~2:·-b-r_+_i_l_2_ya ~9, 2~·~---J 

,,_,_______~1-------------

POSITION Relative Displacement 

Front 
Right 

ul (ua - ''bf) +£1s 8a------
v rv 

' a 

~--~-:-~-~-t---.-+_--v-_ ~u-_-J-::: 
ll (u - u ) 

Rear a br 
.. 

Right 
v (v - vbr)a 

u l (ua - ub) +£1s 8a 



Forces in the Longitudinal Direction due to CR: 

i) Front Ri gh t 

Pl4,l = cl4{-[(ua~ubf) + £15Sa + £32Bbf + £13Ya - £31Yb£Jcos al . 

(I.91) 

ii) Front Left 

p lfi. 2 
' 

(I.92) 

iii) Rear Right 

+[ (-~ -v ) £ a 
a br 15 a 

~v) Rear Left 

. . 

£13ya + £3lybr]cos~l 

(I.93) 

Forces in the Lateral Direction Due to CR: 

i) Front Right 

(I.95) 
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ii) Front Left 

-[(v· -v· ) - 9. ~ - n ~ - n ~ + n y• ]sJ'nN } (I. 96)a bf "15v.a )(,32v.bf )(,12 'a .v29 bf · .. - ""1 

iii) Rear Right 

(I. 9 7) 

iv) Rear Left 

. . . . . . .. 
·~ [ (v -vb ) - ,'( .0. - i c1 b + 9.,

1
,.,,. y ·- 9.. ,) . y b . ]s 1nu , 

. 
} (J.. 98)

a r 1 j a 32. r La ~~ · r L 

Similarly we will get t he forces in the longitudinal and 

lateral direct ions due t ~:i (.:V . 

Forces in the Longitudinal Direction Due to CV: 

. . 
p

16,1 c16{-[ (ua--~bf) + 21s6a + 232 6bf + 211.Ya - £30YbfJcosa2 

(I. 99) 

ii) Front Left 

• . t 

+ Q,1s 6a + 132 8bf - 1 11~a + t30~bf ]cosa2 

-[ (~a-·~bf) - 115:., ~ - £ ~ - .Q. .Y + 7., y· J sina . } (I.100).

'""~ 32\"bf 6 ·a · 28 bf 2 
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iii) Rear Right 

(I.101) 

iv) Rear Left 

(I.102) 

Forces in the Lateral Direc~i bn Due ro ~_,V.· 
------·------------· 

i.) Front Right 

c {-[ (ti -~ )
15 ' a bf 

(I.103) 

ii) Front Left . 

. .. 
+ £1s 6a + Q,32 6bf 

iii) Rear_Rig~!_ 


P1s,3 = c1s{[(ua-U.br) + £15sa + £32sbr + £11.Ya + £3o)'br]cos a 2 


(I.105) 

http:c1s{[(ua-U.br


.i.40. 

iv) 	 Rear Left 

. . 
pl_ L + .Q,15f3a + .Q,32 8br 

.) ' } 

(I.106) 

Forces Due to Shock Absorber ell: 

pl7 1 
' 

pl7,2 

= pl7 3 
. ' 

PJ.7,4 

Forces 	Due to 

p
18,lr 

p 
18,2r 

p 18, 2.Q, 

pl8,3,Q, 

p
18,4r 

p 
18,Sr 

pl8,5.Q, 

pl8,6,Q, 

.. -- ....~ ) 	 +cl7{ (wbr dl Q.19abr ~19Cldl x,24f\r } 

. 
- () &cl7{ (r.~br - .wd3> "'19 br + i19&d3 + .Q,23 1\~r } 

, 
-c11{ <;,bf wd,) + .Q,19~bf .Q,19a:d4 22}\.:} 

.. 
cl7{(\~bf - r.:rd6) t19o_br + ,Q,19~d6 + iz4sbf 1 

Shock 	Absorber Cl8: 

. , • 	 + •1 
. 
- . }c1s{ (wbr -· wdl) x..19°'br "'191.ldl - ,i24 6br 

cl8{ (r.~br - wd2> 9'19<\r + £19c'.d2 .Q,26Sbr } 

. 
- }c18{(....:rbr - w d2) + il9abr - 219aa2 i26sbr 

. 
·- ;, ) -	 }c1s{ (wbr + £19<\r i19ad3 + i23sbrd3 

c1s{<;,bf - ;,d4) i19&b£ + .i19ad4 iz3sb£} 

. 
c1s{(r.{bf - was) Q,19~£ + Q,19;d5 + 

. 

2 26 6b£} 

- \~;rd~)cl8{(wbf :; + ·Q,190:bf 9,19°'as + 2262.bf} 

. 
= cl8{ <,:,bf - w d6) + i19;b f ,Q,19~d6 + Q,24sbf 1 

(I.107) 

(l.108) 

(I.109) 

(I.110) 

(L llJ_) 

(I.112) 

(I.113) 

(I.lJ.!+) 

(I. llS) 

(I.116) 

(I.117) 

(I. ll8) 
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I.4 EQUATIONS OF MOTION 

(A) For the Body (S ee Fi~. I.l) 

L:F = 0 
x 

mu +F a a lf +F
l r -'-· ' J;>· 1 f 

-i-P 
... lr 

+ p + p + p + p + P + P + P7rr + P
4fr 4fl 4rr 4r1 7fr 7£1 7rl 

- p - p + p + p
14fr 14H . 14rr 14rl 

+ (-K~ - 2~, - 2K7 )~ + (2 £K + 41 ~K4 + 4t~K-) S 
.1 · '+ or 1 1 / 1 1 a 

(-C 2C cos a. co~et \ ,"1+ 2CH - ·2Cl6 . ;:, 2''ub£J. 2C '• 7 1 

_,,..+ (-C - 2C - 2C 2Cl4 cosa - 2Cl6 cosa2 )~r1 4 7 1 

.. 
+ (1 + 21 + 21 cosa + 21 cosa ) Sbf2c1 + 2£ 33c4 33c7 32c14 1 32c16 2

+ (2C1 + 4C 4 + 4C 7 + cos a1 + .4c cos a 2 )~84c14 16 

0 



I I 
ta. 

Et I 

fi,. .. F6...t I F6FI" F6Ft 

WaWQ 

ta. 
o<a 

VaI,.. UQ 

Fjpt ' FjT{ F3p., J FaTr 

F6F! f=6,,l F6Fr F6Fl 

F,,Te 
 '•I I vf 

FIGURE (I. l)F.r,...,. 

v I-'FORCES ON THE BODY 
~ 
N 



143. 


EF = 0 
y 

= 0 


1· 

·/ ,r> { (I
- ~'-'-1 3 N,. ,;

.L .).!.. 

+ 2., n s :i!'.'): ..1 
i . 1.'J ... 
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EF = 0 
z 

= 0 


0 

rM = 0 
Ci. 

- i (P _+P ) - 2 (P 
5 

r: +Pr.:.-Fn+Pr: +P r.+P .c+P £,+P +P n)
1 2 f 2r 7 r r ~ _._ ;.., .) r r 5 r x, 8 .l.. r 8 Y~ 8r r 8r "' 

+ !9C-P3~ ;~P3.ci-P3 +P3.n) + 11.0(-?6£ +P,fn-Pc +P~ Q)rr i.X rr rx, · .r o .l orr br. 

- 115 (Pl3f -P13 - '+P. 3 -P ~ 3· g) - 9~1·- (Pl 5f· -·P., -f.+P., - - ·P 1 t· · .• )r . t i~ L r r 1. r ,.. . :::> _ . r J .'.L Jl 1 . .) r r ..L .) :- t 

::: 0 
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+ {il22K2+217233K5+217133K8-21§K3-21ioK6)abf 

+ (i~.12K2+217133K5+227133K8-21§K3-22ioK6) ~br 

+ (-11216K2-21714K5+21715K8)ybf + (11116K2+21715K5-21715K8)ybr 

sin a?)v.
- ·.;r 

I'' 2 ('
-~.x, 15_,15 s:tns.,J ii 

L a 

sin a .. ) 
.l. 

sin '1 )
1 

= 0 
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LMS = 0 

1a8sa + tl (Flf + Flr) 

= 0 


' .+ (2i.c +49--. c ..+4L7. c 7+4.t 1 _c~ _ cos !3 + it~..- _c t. cos a2 Jt~:~ 
J. 1 7 q. .'.) l li. 1 .I..:> 1 -, 

(Cont'd) 
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+ (-2 (Q,3+t4)C3 - 2 (.~3~25)C6)~bf 

+ (2(23+24)C3 + 2(23-25)C6)~br 

• 
2t7233C7 + 2il5232c14 cos al + 2il5i32cl6 cos a2]$bf 

+ [21t2c1-22 4 (~ 3+2 4)c3 + 22 (2 -2 )c6 + 22 7i +5 3 5 33c4 

22 cos a cos a 2]Sbr22 7i 33c 7 + 15232c14 1 + 2215 i 32c16 

0 

I:M = 0
_L.__ 

+ Damping Terms 
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+ 113 (-Pl4fr + P14H + P·l4rr - p14d) 

= 0 

+ 	[2(.Q.3+216 )2K2 + 4Q.§K4 + 42f0~7 + 4(.Q.3+9,4)2K5 + 

4(!3-15)2K8 + 4Kll + 4Kl2]ya 

s:Ln a, 

(cone a..) 

.l 
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+ 	[(23+216)22c2 + 2(23+24)233c5 + 2(23-25)233cs + 

2232<212c13 + 213cl4) sin al + 2i32<26c15+211c16) sin a2]~f 

(!6Cl5 + 111Cl6)]~bf 

+ [-!l16 <23+.t16)c2 - 21~c4 - nfoc7 - 2 <2 3+i4) 2 :~cs + 

0 
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(B) For The Rear Frame·(see Fig~ L2) 

EF = 0 
.X 

= 0 


:: 0 


EF = 0
_']____ 

.. 
m. vbr - (F2r) - (F' + F )' - (F t- F )t> • 5rr S:r.il 8rr · 8d 


- (P2r) - (PS-·+ p5-P) - (P8 +PB o)
... r ... ,., rr r,,... 


- pl 'l + pl3· ,n - p .. 5 + p., 5 n - (RB 1 + RB 2 + RB3)

~rr r~ i rr i r~ 



Wb.., 

S' 

plane 

L.S-L2:: '::.L:: ( ~ '., ' u,.,. 

~ .~.~.F, on this 

I 
__ 

I iw I ••z.ru I I I 1 -·1 I I 

tRAtRA2 RB,+ RB/RB1 

I .. . -- --- j ~ 'Wllr I 11. >.-. ~~~::i:~~~~9·-vb.,. 

~7 1~t ~71~1 

F, I,..,.~ ,"e 
(i.:: I, 2,3) 

I ., u,,.,. 
~J 

FIGURE "(I. 2) 

FORCES ON THE REAR FRAME 

I-' 
V1 
I-' 

v"t
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a_ ·-
l. 

= 0 


I:F = 0 
z 

+ (P +p ) + f D ..!'.p +p +~) ) 0. - "7 "\ t, J. .. n l I 1 8 ..., ~ 0 2 n .l - 8 ".' C :;:.::17 ,.1 .1, , "- Jr-;., r ~·, Lr .t.o, ;.., .l. , . .:.d, 
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+ 	[-n4c3+Z!l5C6+(-t24+Q,~3)Cl7 + (-Q.24-Z.Q.26+.Q,23)Cl8 + 

Ci2s + ~27 - 222)c1o]sbr 

0 

EM = 0 
Ct 

+ 	19 (F~ - F~ n) - F6r.0 )jrr JrN + i 10 (F6rr ~ 

+ 	1J7(-F9 1 + F9 ·l~ -F9 ~ + Fq 20 - F9 " + F9 30)·' ~-r ,.N ,Lr ~, N ,.:)r , N 

- 1 (P ) - 1 (P_ + P .,) - 1 (P_ + P )3.2	 2r 33 ~rr 5r~ 3 brr 8rN0 
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= 0 

+ (i29'1K2+ Zt33i 7K5+Z .t33 9,, 7 K 8-2 .Q, ~K3- 2 2 io,K6) a a 

+ (R.~K2+2 i~3~5+n33Ks+z.i§K3+2tfoK6+6£I7K9)abr 

• -1- 2" n C • )•sin a . ~ 32 N15 15 sin aa1 a 2 
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It 

+ [il9(-i24-223)C17 + il9(.Q.24+i23)Cl8]Sbr 

0 

I:M = 0
f3 

R,31 (PI +P4 n)qrr r .'<• 

n (i:;i ) t :1 ("L, ) ..I . r1 (F \ ,, (D \ + ·-· ;,,,2,..' "-10,_l . x, ,.......,,•.1:' 10 2' ,· x.,.., ... - in,.,) -- '" •)") rl() 1)

L. LI J, . :::'.) •J,.J .::.. t . , ~ 

o (P ) -'- n. {P 'JN27 10,2' I ;(,25 _. 10;3 
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L:M = 0
_Y__ 

Ib Yb + i (-F, +F, ) + i (-F +F n) + R. (-P ·, +P ) + y r. 9 !frr qr9. 10 7rr 7r)(, 9 qrr 4:rg; 

R.10 (-P 7rr+P 7d) . 

+ .Q, (-F -F ) + 9, (FBrr+F 8.....L n)4 . Srr .Sri 5 )(, 


9., 5 (P 8rr+P 8r.Q.) 
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= 0 


2 n C s1··.n a~ + L~ ° C ~1· a lvM~30 16 L ~2 8 15 ~ n 2J br 
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-~-~ell - 2Cl2 + (-213lcl4 - 2!29c13)(113 cos al+ 112 sin al)+ 

(-21 c - 21 c )(1 cos a + 16 sin a2 )]~830 16 28 15 11 2 


(2i30c16 + 212ac1s><~30 cos a2 + 128 sin az)l~br 

- 2 (RB ) - 2 (RB ) + 2 (RB ) - (RM + RM + PJ-! ) ~ 0 (:~
24 1 26 2 23 3 1 2 3


l:F = 0 
x 


~~bf - (Flf) - (F4fr + F4H) - (FUr + F 7£9.) 


- (RA, + KJ.\.~ + RA ) 
q => 6
 

0 



Wbf 

P,7 Fh 
P. 'E ·~ P,,/'I j,tc.. 

Ff,i't 

~l,3, P,,,e 

{t' :- 't, S,6) 

e, 
t31 .,._____..._ 

FIGURE (I. 3) 

FORCES ON THE FRONT FRAME 
f-' 

0°' 

vbf 
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a 
2
)s

a 

r;-;',0 
I:F = 0 

y 

= 0 


2c_ .- sin 
1..) 



162. 


= 0 

l:F = 0 
z 

:;:; 0 




• • • 

1.63 • 


• 
C-12s - 1 21 +122>c10 16bf 

+ 13sc106c4 + 13sc106cs + 235clOac6 

== 0 
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Di = 0 
ex 

= 0 


+ ( -·:l c - - ?£ ... sin al - sin a ) ·v ., 2 2 29,33c5 - 331..;8 - 2£32cl3 2£" ')cl r.:u.. :.J 2 a 

' .+ (.'l-;C2 + n3:.cs + 2Z3f3 +. 29-32cl3 sin al + u32c1s sin a2,l':;rb£ 
~-
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+ [-!l'">!ll .'C? - U 9-. C_. ·l- U.:,,... 2 c
8 

..,. 29, 9, . JCl~ cos a. 
.;.... 0 ·- .33 4 .) .) ..) 5 32 3 - ~ .l 

.. 
1b~Bbf + 12Flf + 1J3(F4fr + .F4ft) + 233(F7fi + F7fr) 

- 13?(Plhf + pl6~ 0 ) - Jl3?(P1Lf + pl6~ 0 ) _ .. r .. ~ .x., . • • -- ~> r .1-;., 
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. 
- x,23(P17, 3+Pl8 ~ 4r) + .Q,26 (Pl8, Sr+P18,5)) + 221+ (P17., 4+P18, 62) 

= 0 

rn2K- + 222 K i 2n2 IT ~ 2n21, ~ zn2K + z(n2 ~92 +~2 'K ~+ LN2 1 ·"33 4 .... · N33~7 ' N4~4 I NS 6 N23' "26 ""24·" ... 9 ' 

( o2 +n2 ~o2 )K lr
.v25 .,_,27T.v22 10J i-'bf 

+ [-!2- 1 ~sK1o]B l + [-!?_1 ~sK~ olS 5 + [!2?135KlO]S 6 ) .) c ~ ..... I ·-·- l. c ... c 
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+ 	<-2i 4c3 + z.i5c6);a + [u 4c3 - n5c6 - i23 (cl7~cl8) + 

ZR,26cl8 + R,24 (Cl7+cl8) + (-i25-9,27H22)ClO)~bf 

a 
2t c cos a + 2i i cos a2Jsa32t 

15 14 1 32 15
c16 

= 0 

l:M = 0 __..,.__._ 

1byybf + .Q,9(--F4f .+F,f~) + 210C-F7f" .+F_U: t } + ,ta(-P/.C.,...+P!Jf ·,) + 9"10(-P7f' .+P..,f ,.,) 
. I '"* ·"" ...... r / .1.. x.. :1 ~ ... ... . ;.., • . r J x, 
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-· 0 
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sin a 
l 

( - ·!l cos. a - 5l 6 sin a,.J ]-9. . 11 2 L 
1a 

= 0 
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(D) 	 For Motors _and Wheelsets (1,2,3) (See Fig. I.4) 

For Motor and Wheelset No~ 1 

I:F = 0_:t___ 

... 
m v -	 (RV ) 0 c cl 1

l:F = 0 z 

= 0 


0 ·'RW 	 )-· "'34 c.. l 

= 0 


Hf == 0 
-·-·_y__.__ 

0 




171. 

Y.1. 
F,,,.,. 

P,,,,,,. 

RY1t 

FlGURE (I. 4) 

FORCES ON MOTOR AND WHEELSET NO. 1 




x 

172. 


EF = 0 


EF = 0_y____ 

- EF == 0 
z 

n1 = o 
a. 
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I:M = 0 
-~--.. 
1ds 8dl - i2o (RX1r + RX19._) 0 

n1 = o 
y 

For Motor and Wheelset No. 2 

EF = 0_y___ 

m ~ - (RV ) 0 
. c c 2 2 A'--· 
EF = 0 

z 

EM = 0 
s --
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rn = o y 

I:F = 0 
x 

I:F = 0_y____ 


md!;dZ + (RB2) + (RV2) - (RY Zr + RY2 ~_) n 0 


n·.,, = o 
,,... 

- (RW ) - (RZ... + R.Z ,>") 02 Lr L-)., 

E:t-1 = 0 a 

= 0 




•• 

8 

175. 

IM = 0 

L."1 = 0 
~Y___ 

For Motor and Wbeelset No~ 3 

- EF = 0 x 

m v c c3 

EF = 0 z 

+ ( C ) & + (C ) • ' ( ,, ' Q + t n C ) r·I) 

- 10 wbr 10 wc3 -r ->..25vl0 1 1-'br 'N35 10' '\~3 

- 9..'"I. (RW ) 0 
..)4 3
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ll1 = 0 y 

I:F = 0 x 

tF = 0 
y 

l:F = 0 
z 

= 0 

HI = 0 
a 

+ r ( ·E•V ~ ny ))(., ') 0 . \.;... " ' J:\. . r 0 . + (Z, 8 /2)(RZ~ - RZ n)
.:.. .5r Jx. .l. , -'r .3 )I,, 

:::: 0 
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I:M = 0
8 


1dSSd3 - 220(RX3r + RX3!l) = O 


LM = 0___y___ 


0 


(E) 	 For Motors and Wheelsets (4,5,6) (See Fi8_:__!_.5) 

For Motor and Wheelset No. 4 

I:F = 	 0 
y 

.. 
mcvc4 

EF = 0 
z 

m \.[ + 
c c4 

+ (.RW
4

) = 0 0 
EMS_~ 0 

I ~· 1
cSPcl~ -.

( n K )
N35 io · wbf · -: ( n K )·-""35... 10 wc-4 • 

·-r· 
( n n T( )
-"'J5x,25-~10 

C1 • 
~)bi -r 

t' !l ? K ) p
,h35~ 10 •-'c4 

+ x, 3_ ~(R\.J;) ::: 0 
--1 -·· 



178. 

----.:i~--1---=~~~i.-&-:~-......~_..., Ua¥ 

Pn, 

Uct 

RZ.,..,. 

RY. 

,,41r 

P,,,I(.,. 

RY1tt 

_ _.____.,_..____ RY¥r 

FIGURE (I.5) 


FORCES ON MOTOR AND WHEELSET NO. 4 
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I:M ;::: 0 
r 

LF = 0 x 

0 
EF = 0 

y 

EF = 0 
z 

0 
l:M = 0 

a. 

wr ' n tR~ :· + 
1.,, '-')o \. '!.. /J..r 

= 0 
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I:M = 0
_B_ 

1dSsd4 - i20(RX4r + RX4i) 0 

I:M = 0 _y__ 

. For Motor and Wheels et No. 5 

I:F = 0 
__L__ 

m v - (RV ) = 0 
c c_5 5 G 

I:F = 0 
z 

G 

mw + c cS 

G 
I:M =-- 0 __L_ . 

EM = 0 
-- y 
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EF = 0. x . 

I:F = 0 
__J__ 

md;dS + (RB5) + (RV5) - (RYSr + RY52 ) 0 

EF = 0 z 

r'\ 
= 0 (,65)__ 

EM = 0 
a 

(I +I )~ + ( 2n2 K '" ~ r~n2 v ),ca. do. '""d5 - ;r..17 9' -·'bf · , '-""17~9 '·\15 

= 0 

~M = 0 
-~----
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LM = 0 
y 

For Motor and lfaeelset No. 6 

LF = 0 
v 
.. 

m v - (RV ) 0 
c c6 6

I:F = 0 
z 

. . . .,.., 

+ (i35ClO)wbf + (-Q,35clO)wc6 + (Q,35;,22ClO)Sbf + (tL35c1o)Sc6 

+ Jl (RW ) = 034 6 0 
i::l·I = 0 _y___ 



x 

183. 


I:F = 0 


I:F = 0 
y 

I:F = 0 z 

+ c-c11-c1s)wb£ + <c11+c1s)wd6 + [R,19<c11-c1s)Jabf 

+ [R-19 (-C1/C18) )ad6 +' [£24 (-Cl7-cl8) ]Sbf 

- (RW6) - (RZ6r + RZ .Q,) = 0
6

I:M = 0 
a 

+ (R,19 (C17··C18) J{.;of + (Jc>,19 (-·C1/C18) J~d6 + [x,i9 (-C1Fc18) ]{;bf 

+ [.Q,19(cl7+c18);d6 + [Zl9i24(cl7-cl8)]Bbf 

+ 220(RY6r + RY6i) + (218/2)(RZ6r - RZ62) = 0 ~ 

~M == 0_J__ __ 
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I.5 	 DEFINITION .OF THE ELEMENTS OF THE MATRICES 

All elements which are not defined below are zeros. All 

matrices are symmetric [i.e. A(J,I) = A(I,J), B(J,I) = B(I,J) and 

C(J,I) = C(I,J)]. 

(A) 	 Elements of the Inertia Matrix [AJ 

A(l ,l) = m A(4 ,4) = I 
a aa 


A{2,2) = 11 .· A(S ,!i) = I 

a a$ 


A(3, 3) = m A(6,6) I 

a 	 ay 

-A(7,7) = A(l3,13) = m~ 


A(8,8) ~ A(l4,14) = Db 


A(9,9) ; A(lS,15) = nb 


A(l0,10) = A(16~16) 


A(ll,11) = A(l7 ,17) 
 IbR 
..... 

A(l2 ,12) = A(l8,18) Iby 

A(19,19) = A(29:29) = A (39 ,,39) ... A(49,49) = A(59,59) ·- A(69 ~69) - ff' c 

A(20,20) - A(30,30) = A(40,40) ·- A(50,50) = A(60,60) = A(70,70) r-1 
c 

A.(21,21) :::: A(Jl,31) - A(41,41) - A(Sl,51) - A(61,61) = A(71, 71) I cp 

A(22,22) = A(32,32) = A(42,42) = A(52,52) = A(62,62) = A(72, 72) I 
cy 

A(23,23) = A(33,33) - A(43,43) ·-· A(53,53) ··- A(63,63) = A(73,73) = m +m 
c d 

A(24 ,24) = A(34,34) = A(!f Li , 4l~) = A(54 ,5~- ) = A(64,64) = A(7L~~ 74) == md 

A(25>25) ·- A(35,35) -· A( 45, l;5) = A(55,55) = A(65,65) = A(75,75) = 1:\l 

A(26,26) = A(.36,36) -· A(l!.6 ,46) -·· A{56,56) = A(66,66) ·- A(76,76) I +I 
ca c~a 

A(27 ,27) = AC37,37) - A( 47, l~ 7) = A(.57,57) -- A(67 ~67) ··- A(77,77) T 
~dB 

A(?R...,.J !; ?Q\.. \,..... , = A(38>38) = A.(48' 48) -- · A(68"68) -· l\.(78, 78) •- _ 	 A(SS,58) -· T 
.J• 

cty 
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(B) · Elements of · the· Stiffness ·Mattix· [BJ_ 

B(l,l) = 2K + 4(K + K )1 4 7

B(l,5) = 21 K + 41 (K + K )
1 1 7 4 7

B(l,7) = -K - 2(K4 + Kj = -B(l,1)/2.01 

B(l,11) = 12K + 2133 (K + K7)1 4 

B(l,13) = B(l,7) 

B(l,17) = B(l,11) 

B(2,2) = 2K + 4(K + K )2 5 8

B(2,4) = -2t - 41 (K5 + K )1K2 7 8

B(2,8) = B(2,2)/2.0 

B(2,10) = -2 - 22 CK5 + ~8)2K2 33 

B(2l'l2) = -2 K -· 22 K + 22 K
16 2 4 5 5 8 

B(2)14) = B(2,8) 

B(2,16) = B(2,10) 

B(2,18) = -B(2,12) 

B(3,3) 4(K + K6)3 

B(3,9) -B(3,3)/2.0 

B(3,ll) = 21 K - 2Z K
4 3 5 6 

B(3,15) == B(3,9) 

B(3,17) = -B(3,11) 

B(4,4) = 22fK2 + 42~(K5 + Ka) + 41~K3 + 4tfoK6 

B(4,8) ~ B(2,4)/2.0 

I 

B(4,12) = 1 1 K + 21 (1 K - 1 K )
1 16 2 7 4 5 5 8
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B(4,14) = B(4,8) 

~(4,16) = B(4,10) 

B(4,18) = -B(4,12) 

B(5,7) -B(l,5)/2.0 

B(5,13) = B(5,7) 

B(5,15) = -B(5,9) 

B(S,17) = B(S,11) 

B(6 ,lO) -~,Q,3+Q,16),Q,2K2 - . 2 (Q,3+.Q,L~)X,33K5 - 2 (Q,3-.Q.5).Q,33K8 

B(6,12) -Q,16(Q,3H'J6)K2 - n§K4 - 2ifoK7 - 2(Q,3H'L~)9;4K5 + 

B(6,14) = -B(6,8) 

B(6,16) = -B(6,10) . 

B(6~18) = B(6,12) 

Bf7 7)· = K + 2(K + K )' ' - 1 [~ 7. 

B (7, 11) = -fl. K.., - U , _. ( R + K )
2 l . 3 _) 1t 7
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B(8,8) = K + 2(K + K )
2 5 8

B(8,10) = ~ 2K2 + 21 (K5 + K )33 8

B(8,12) = t K + 2t4K - 2!5K
16 2 5 8 

B(9, 9) == 2 (K + K ) + 6K + 3 K
3 6 9 10 

B(g ,ll) =-2 ,Q, 4K3 + U,5K6 - 2 (-,Q,23+,Q,26+2 24)K9 - (-.Q.25-22il-.Q,22)Kl0 

B(9 ,20) = -K
10 

B(9,21) = -1 K
35 10 

B(9,25) = -2K9 

B(9,30) = -K
10 

B(9,31) = -1 K35 10 

B(9,35) = -2K9 

B.(9,40) = -K10 

B(9,41) = -1 K
35 10 

B(9 , 4 5) == - 2 K
9 

B(l0,10) = 1~K2 + 2i~3 (K5 + K8) + 2!~K3 + 21~0K6 + 62i7K9 

B(l0,12) 1 K + 21 Ct K - ! K )2i 16 2 33 4 5 5 8

B(l0,26) -2~ 17K9 

B(l0,36) - B(l0,26) 

B(l0,46) = B(l0,26) 
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B(ll,20) 

B(11,21) 

B(ll,25) 

B(ll,30) 

B(ll,31) 

B(ll,35) 

B (11,40) 

B(ll,41) 

B(ll,45) 

B(12,12) 

B(l3,13) 

B(l3,17) 

B(l4,14) 

B(ll~,16) 

B(lS,15) 2(K~ + K~ ) + 6K + 2K
~1 0 0_, 10 

B(l5,17) 
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B(15 ,50) = -KlO 

B(lS,51) i35Kl0 

B(l5,55) -2K
9 

B(15 ,60) -KlO 

B(15 ,61) = 135Kl0 

B(15,65) -2K9 

B(l5,70) -KlO 

B(l5,75) = -2K
9 

B(l7,17) = B(ll,11) 


B(l7,50) 


B(l7,51) 


B(17 ,55) 


B (17, 60) 


Q n .,· B (1 7 , 61) --'- - .., r 7x, " r- f, ·1n
L J.J _.'..1 
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·..... 

B{20~20) = K10 


B{20,21) = .t K.lO

35


B(25,25) = 2K9 


- B(31 31) = i 2 K 
, 35 10 


B(35,35) = 2K

9 


B(40,40) = K10 


B(45,45) = 


B(46,46) 
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B (50 ,50) = KlO 

B(50,51) = -235K10 

B (51,51) = 2 ~5K.10 

B(55,55) = 2K9 

B(56,56) = 22i7K9 

B(60,60) = KlO 

B(65,65) = 2K
9 

B(66,66) = 2if 7K9 

B(70,70) = KlO 

B(75, 75) = 2K
9 
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(C) Elements of the Damping Matrix · [CJ 

The elements of the dampi_ng matrix will consist of two parts: 

i - Elements due to damping in rubber springs: These are 
obtained from the elements of [B] by replacing the 
stiffnesses K's by their corresponding terms C's. 

ii 	- Additional damping terms: These are damping due to shock 
absorbers and are given below. 

C(l,11) 	 cos cL cos2 9,,32(Cl4 + c16 a2)
l. 

C(l,13) - c(1, 7) 

C(l,17) C(l,11) 

,..., 
~C{2,2) -·· · L1 (Cl3 sir, '-• 1 + si.n a2)'-"15 

c (2, 4) -4~_(c1 ~ sin a + c sin a ) 
. J.) 	 .] 1 15 2

c (2'10) -Z.Q. 32 (C13 sin al + c.s sin a2)
.l 

C(2,l2) 	 cos sin al) cos a2 + ,Q,28 si.n a,.J-2Cl3 U-31 al + £,29 ZC15(.Q,30 L 

C(2,1L~) c(2) 8) 

C(2,16) -c (2'10) C(2,18) c (2'12) 

C(4,4) 1,f1.2. (C13 sin al + c1s sin a2)-. ·1s 

C(4,8) 2.Q. ~ r· (CJ" sin al + C., r.:' sin a2)
J._) 	 . J .L.) 
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·c(4,lO) = 29Jl5i32 (Cl3 sin al + cl5 sin a
2

) 

c (4 ,12) 2i1sc13 (.Q,31 cos al + i9 sin al) + 221sc1s<230 cos a2 + R- 28 sin a

C(4,14) = C(4,8) 

C(4,16) C(4,10) 

C(4,18) = -C(4,12) 

cosc (5 ,5) 4.Q,~5(Cl4 cos al + cl6 a2) 

c (5 '7) = 2.Q,15 (C14 cos al + cl6 cos a2) 

C(S·,11) cos al+ c16 cos a )2 \s.Q.32 (Cl4 2

C(S,13) = c(5, 7) 

C(S,17) c (5, 11) 

C(6,6) = 4 (2,13 cos al + .Q.12 sin al)(t12cl3 + 213c14> + 

4(.Q,ll C0S a2 + x,6 sin a2)(16Cl5 + Q..11Cl6) 

C(6,8) = -2(tl2cl3 + 213c14)sin al - 2(i6Cl5 + 111Cl6) sin a2 

C(6,12) 

C(6,14) -C(6,8) 


C(6 ,16) ·-C(6}10) 


C(6,18) C{6,12) 


C(7,7) = 2(c . . cos a + C , cos a 7)
14 1 Io 

+ c' ~ C. 08
l. b 
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C(8,8) = 2(c sin a + c sin a )
13 1 15 2

·c(8,10) = 2.Q. (c sin a + c sin a )
32 13 1 15 2

C(8,12) 2(.Q. cos a1 + .Q.2 13 sin a + i cos a31c13 9c 1 30c15 2 + 

R,28Cl5 sin a2) 

c (9 ,9) = 2Cl7 + 4Cl8 

C(9 ,11) = (-Q,24+ ,Q,23)C17 + (-224 - 2226 + i23)Cl8 

C{9 ,25) -Cl7 - Cl8 

C(9,26) 219(-Cl7 + Cl8) 

C(9,35) = -2Cl8 

C(9 ,45) = ·-Cl 7 - Cl8 

C(9,4-6)  219(Cl7 - Cl8) 

C(l0,12) 2i32 c1 c cos a + i sin a + i c cos a +
31 13 1 29c

13 1 30 15 2 

£28Cl5 sin a2) 

C(l0,.25) = ·\g(-·C + c )17 18

C(l0,26) =-1~9 (c17 + c )18

c(l0,36) -21f9 cc18) 

C(l0,45) 1 (c - c )19 17 18

C(l0,46) C(JOj2 6) 

http:C(l0,.25
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c (11,11) = 2i~2 (c14 cos a1 + c16 cos a2 + . i~4 (cl7 + cl8) + 

21~6cl8 + 2~3(cl7 + c1a) 

c (11,25) = i24 (C17. + Cl8) 

c (11,26) 124219(Cl7 - Cl8) 

C(ll,35) 2126c18 

C(ll,45) = -!23(C17 + Cl8) 

C(ll,46) = i23119(Cl7 - Cl8) 

C(l2,12) cos a + 1 sin al) += +<2131c14 + 2129c13><131 1 29 

(21 c c15)(1 cos a + 1 sin a )
30 16 + 2i

28 30 2 28 2

C(l3,13) = +2(c cos a + c cos a )14 1 16 2

C(l3,17) = -2i (c cos a + c cos a )32 14 1 16 2

C(l4,14) = +2(c sin a + c sin a )
13 1 15 2

C(l4,16) = +z1 cc sin a + c15 sin a )
32 13 1 2

C(l4,18) -21 c cos a - 2i c sin a - 22 c cos a 
31 13 1 29 13 1 30 15 2 

2i c sin d28 15 2 

C(lS,15) = +2c17 + 4c18 

CLS,l 7) = (-!23 + 124)Cl7 + (-!23 + 2126 + 124)Cl8 

C(lS,55) -c - c17 18 

C(l5~56) i c-c + c )19 17 18



c(15 ,65) 

C(l5, 75) 

C(l5,76) 

C(l6,16) 

c(16, 17) 

C(l6,18) 

C(l6,55) 

C(l6,56) 

C(l6,66) 

C(l6,75) 

C(l6,76) 

C(l7 ,17) 

C(17 ,55) 

C(l7,56) 

C(l7,65) 

C(l7,7.5) 

C(l7,76) 

C(l8,18) 

C(25,25) 

C(25,26) 

C(26,26) 

C(35,35) 
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= -·2C18 

= -C18 - Cl7 

= 119(Cl7 - Cl8) 

= C(l0,10) 

= C(l0,11) 

= -C (10, 12) 

= C(l0,25) 

= C(l0,26) 

= C(l0,36) 

= C(l0,45) 

= C(l0,46) 

= C(ll)ll) 

= i23(Cl7 + Cl8) 

= 223tl9(Cl7 - Cl8) 

--'">1 c - ..... '"'6 ' }Q
~ ~ i..) 

~ -l24(Cl7 + Cl8) 

= 1z4119(Cl7 - Cl8) 


C(l2,12) 


= cl7 + c1s 

- Q, tr. - c )- . 19 '· -'17 18 

- 12 (~ i r )
- 19'•-'17 Vl8I 

2c
18 
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C(36,36) = ui9c18 

C (45 ,L~S) = c17 + c1s 

C(45,46) = 219(-Cl7 + Cl8) 

C(46,lf6) = 2f9<c17 + c18) 

C(SS,55) = c1s + c17 

C(SS,.56) = il9(-Cl8 + Cl7) 

C(56,56) = ti9<c17 + cl8) 

C(65,65) 2Cl8 

C(66~66) 2,Q,f9Cl8 

C(75s75) (Cl7' + Cl8) 

C(75,76) ,Q,19 (-Cl 7 + Cl8) 

C(76,76) = 2f9<c1; + c18) 

http:C(SS,.56
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· ..... 

APPENDIX II 

EQUATIONS OF MOTION FOR THE 


SIMPLIFIED MODEL 
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11.1· INTRODUCTION 

Equations of motion for the simplified model (shown in Figure 3') 

are derived in detail in this appendix. In the equations the following 

.notations for displacements are used: 

u linear displacement of the body in the x direction,
a 


v linear displacement of the body in the y direction, 

a 

W linear displacement of the body in the z direction, 
a 

a - angular displacement of the body about the x direction, 
a 


$a angular displacement of the body about the y direction, 


y - angular displacem~nt of the body about the z direction, 

a 

~f - linear displacement of the front frame in the x direction, 

vbf - linear displacement of the front frame in the y direction, 

wbf - linear displacement of the front frame in the z direction, 

~r - linear displacement of the rear frame in the x direction, 

v - linear displacement of the rear frame in the y direction,br 


wbr - linear displacerr.ent of the rear frame in the z direction. 


For the deformtd configuration the following assumptions are made.: 

>1. u 
a l\,j 

where j - f for the front frame 
v > vb.a . J 

j - r for the rear frame. 


w 
 > wbj3 

,., 
Lo A.1.1 rotations are auti-cloc:kwise. 
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3. 	 In each equation terms are written in the .followi?g order: 

i - Front - ~ight 

ii - Front - Left 

iii 	- Rear - ~ight 


iv - Rear - Left 


II.2 	 CALCULATION OF THE FORCES IN SPRINGS (See Figure 3) 

For Spring (K )1

(II.l) 

(II.2) 

For Springs K
2 

(II. 3) 

(II. 4) 


For Springs K
3-------·

F = K3{ (wa 	 - wbf) ·- Q, CL + (i3+2 4) Sa } (II.5)
3fr · 9 a 

F 3f!l - K3{(wa - wbf) + i 
9

a a + (23+i4)Sa } (II.6) 

F = K { (w -· w ) i a - (!l3+9-4)Sa } (II. 7)
3rr 3 a br 9 a 

F = (II. 8)K {(w - wb ) 	 + ,'l9aa - (9,3+!l4)Ba}3r.Q, 	 3 a r 
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For 	Springs K6 

F6fr 	= K~{(wa - wbf) - R,10°a + (R,3-R.5) Ba } (II.9) 

F6fi 	= K6{{wa - wbf) + R,lOaa + (R-3-R.5) Ba } (II.10) 

= K6{(w - wb ) - i a - (X,3-Q,5)S~ } (II.11)F6rr a r 10 a 


F6r£ = K6{(wa - wbr) + 210°a - (i3-25)Sa } (II .12) 


For 	Springs K4 

F4f = K4{u + R,_$ + igY } (II.13)·r a I a a 

(II.14) 


(II.15) 


(II.16) 


For Springs K
7 

F7fr = K7{ua + i7Sa + 210Ya} (II.17) 

F7f9., = K7{ua + i7Sa - ilOya} (II.18) 

(II.19) 


(II.20) 


For Springs Kc 
J 

(II. 21) 


(II.22) 
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F = K. { (v - v ) - 2 a. + (2 +i )ya} (II.23)
5rr 5 a br 7 a 3 4

(II.24) 

For Springs K
8 

F8£r = K8{(va - vhf) - i a. - (23-iS)ya } (II.25)7 a 

F8H = K8{(v a - vbf) - i a. - (R,3-25)ya } (II. 26)
7 a 

= K8{(v - vb ) - i a + (23-iS)ya} (II.27)F8rr a r 7 a 

- v - Q, a. + (2 -Q, )y } (II. 28)F8d = KB{ ( v a br) 7 a 53 a 

For Springs K11 

(IL 29) 

(II. 30) 

F = K y (II. 31)
llrr 11 a 

F = K y (II. 32)
lld 11 a 

For Springs K12 

(II.33) 

(II. 34) 

(II.35) 

(II. 36) 
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II.3 	 FORCES DUE TO DAMPING 

(A) 	 Damping in the Rubber-springs 

c
1

, c
2

, c
3

, c
4

, c
5

, c
6

, c
7

, c
8

, c and c will work in
11 12 

parallel with the force due to the springs: K ,K2 , ••• ,K
8

,K
1 11 

and K respectively • Equations (II.37} to (II. 72) could be12 

obtained by replacing K and C and the variables by their first 
n 	 n 

derivative w.r.t. time. 

(B) 	 Damping Due to the Shock Absorbers CR and CV 

Details for this are the same as given in Appendix I for the 

full model. 

Forces in cl4 

p
14,fr c14{-[ua + i1ssa + i 13.Y)cos al+ £<va-vb'£) - ·\.J...aa 

(II. 73) 

0 • ]
Pl4,H = cl4{-[ua 

- . 
+ 11s

. 
6a - "'13ya cos al - [(~a-vhf) - i 

1)
_a 

a 

(II. 74) 

p cl4{[ua + r, s + i 13ya]cos r, + [ (~a-vbr) £.. sci + i 12)')sin al}c+l14,rr .....5 a 	 J. a 
(II. 75) 

•p 	 = dl4{[ t1a + c i3 - i y)cos al - [ (~ -~b ) - ·\-a + £ ya ]sin al}14,rQ. "'15 a 13 	 a r ::> a 12 

(II. 76) 

Forces in c
13 

Pl3,fr::: cl3{-[tia + Q,15Sa + ,Q,13Y)cos al+ [(va-~bf) - .Q.15 1\ - 212.Y)sin al} 

(II. 77) 
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Pl3,fi = cl3{-[ua + 21s8a - 213ya]cos al - [.(va-vbf) - 21scia - 212Y)sin al} 

(II.78) 

, P13,rr = cl3{[~a + 21ssa + .tl3ya]cos al+ [(va-vbr) - i1saa + 21zYa]sin al} 

(II. 79) 

(II.80) 

Forces in c
16 

P16,fr = cJ.6{-[ua + ~· 1sBa + 211Y)cos a2 + [(va--vbf) - 21sa.a - x,6ya]sin a2} 

(II. 81) 

(II. 82) 

pl6,rr = cl6{ [~a+ .Q.15sa+ 211)~)cos a2 + [(va-vbr) - 21saa + Q,6ya]sin a2} 

· (II. 83) 

(II. 84) 

Forces in c · 
15 

p = c .· {-[~ + 1 ~ + t ~ ]cos a + [(~ _; ) - 1 ~ - 1_ ya]sin a . } 
15,fr 15 a 15 a 11 a 2 a bf 15 a 6 2

(II.85) 

Pl5,H = ClS{-[~a + 1 15Sa - 1 ur)cos a2 - [(va-vbf) - 21.saa - 16Y"a]sin a2.} 

(II. 86) 

p l.J,rr 

.(II. 87) 
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. . .. . 
p = c { [u + R. s - R. y ]cos a ... [ (va-vbr) - t 15aa + R- ya]sin a }15, d '15 a 15 a · 11 a 2 6 2 

(II. 88) 

II.4 EQUATIONS OF MOTION (See Figure L 3) 

l:F = 0 x 

+ [2R.1Kl + 4R.7(K4 + K7)]Sa 

+ [2C1 + 4(C4 + c ) + 4(c cos cos a2)]ua7 14 a1 + c16 

+ [2t1c1 + 41 7(c4 + c ) + 4t15 (c cos cos a2)]B
• 

7 14 a1 + c16 8 

= 0 

l:F = 0 
y 

[C2 + 2(C + c ) + 2(Cl3 sin al + cl5 sin a2) ]vbf5 8

+ [C2 + 7.(C5 + C8) + 2(Cl3 sin al + cl5 sin a2,,'f·vbr 

+ [K2 + 2(K5 + K8)]vbf + [K? 
'-

+ 2 (KS + K8) ]vbr G 
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I:F = 0 z 

EM = 0 
a 

sin 

EM = 0_f3__ 
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~ ..; - .. . 

l:M 0 
y 

2 ) • 
,4 <23-25) CB+ 4 <c11 + cl2 ]ya 

= ·-\6K2 + 2(X-3+9,4)K5 + 2Ci3-·25)K8]vbf 

[ (i3+ 216)K2 + 2 (i3+9,,4)K5 + 2 (9,,3-9,,5)K8Jvbr 

-·· [ (Q,3+il6)C2 + 2(Q.3+£4)CS + 2 <z3-.i5)C8 -• 2 <212c13 + 21f14)sin al 
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II.5 	 DEFINITION OF THE ELEMENTS OF THE MATRICES 

All the elements which are not defined below are zeros. 

Elements of the Mass Matrix [A] 

[A] is the mass matrix (diagonal matrix) 


A(l,l) A(4,4) I 

a CL 

A(2,2) m , 	 A(S,5) = 
a 

A(3,3) = 	 A(6,6) 

Elements of the Stiffness Matrix [BJ 

[B] is 	the stiffness matrix (6x6 and symmetrical) 

B(3,.3) 


B(5,5) 	= 21fK1 + ~(13+1 4 ) 2K3 + 4(1 -t ) 2K + 41~(K4 + K )
3 5 6 7

B(6,6) 2(.Q.3+216) 2K2 + 42§K4 + 41foK7 + 4(13+24) 2Ks + 

4(23-Z5)2K8 + 4(Kll + K12) 

[C] is the damping matrix (6x6, sy"'TI'.metric) 
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c ( 3 , 3) 4 <c
3
+c

6
) 


C(4,4) = 2tfc2 + 41~(c5+c 8) + 41~C 3 + 4if0c6 + 4if5 Cc13 sin a1 + c15 sin a 2 


C(6,6) 

Elements of the Forcing Stiffness Matrix (at rear frame) 


[Bbr] = stiffness matrix for the rear frame 


B(2,2) K2 + 2(K +K )

5 8

B(3,3) 2(K +K )
3 6
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Elements of the Forcing Damping Matrix .. (at rear .frame) 

[Cbr] = Damping matrix for the rear frame 

c(2' 2) 

c (3 ,3) 

C(4,2) 

Elements for the Forcin.:.g Stif~~§SS Matrix (at front frame) 

[Bbf] = stiffness matrix for the front frame 

B (3, 3) 

B(5,3) 

B(6,2) 

Elements for the Forcin_g_Dampihg Matrix (at front frame) 

[Cbf] = Damping matrix for the front frame 

C(2,2) 

c(3' 3) 
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C(4,2) -[.\C + 2·2 cc +c r+ n (c sin a + c sin a )]
2 7 5 8 5 13 1 15 2

' C(S,3) 2(2 H. )c + 2(.!1, -i )c
3 4 3 3 5 6 


C ( 6 , 2) = - [ ( i -H ) C + 2 ( Q, +2 ) C + 2 (.t -2 ) CB +

3 16 2 3 4 5 3 5

2(i c + t c )sin a + 2(i c + t c )sin a ]12 13 13 14 1 6 15 11 16 2



212. 


APPENDIX III 


EQUATIONS OF MOTION FOR THE 

"MOVING" VEHICLE . ~ 
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111.1 INTRODUCTION 

For the "moving" vehicle the effect of creep forces (descri.bed in 

detail in Appendix IV) is introduced. The effect of the "shape" of 

wheel treads is considered. 

The equations of motion, except those for the wheelsets, are the 

same as those derived for the "stationary" vehicle. '.•But the equations 

describing the motion of the wheelsets have to be derived tak~ng into 

consideration the effects of creep forces and conicity of the wheel 

treads. 

In this appendix we derive in detail the equations of motion for 

wheelset No. 1 (equations 23, 24, 26, 27 and 28). For the rest of 

· wheelsets (No. 2 to 6) the equations will be similar. 
I 

Before proceeding with the equations of motion for the wheelse t:s, 

it is necessary to consider the effect of wheel tread profiles on the 

reactions. 

III.2 MOVEMENTS OF WHEELSETS 

In order to derive expressions for the forces acting between wheels 

and rails it is ne~essary to consider the mutual geometry of wheel and 

rail. We also now include gravity forces. 

'When the wheels are centralized, both trea.d circles hc.ve the 


sarr1e radius £ . When the whe.elset is displaced laterally, contact

20
 

occurs at new poin ts. :Figure (III .1) shows the reactions between wheels 


and rail for a late. r211y displaced wheelset, whe re 



r1 . . . 1· . ·I . "d (negative) 

l L____:-:f:J -+---r- ·~-=-=-t. --=-=j----- -	 - ·- Cf_ 1 Cl~heelset :· . · i. II I 	 I lizotrack 

i 
__bJ... ~ 	 I~ 

T 
yN1~6t~~--1-·~~-:-~~-· 

.£18 

FIGURE (III.l): 	 REACTIONS BETWEEN WHEELS AND RAIL FOR 
A LATERALLY DISPLACED WHEELSET r-v 

t-' 
~ 
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Ty and Ti - are the lateral creep forces, 

N and Ni - are the normal reactions, including 
y the component du~ to gravity force 

in the car, 

W - is the gravity force per wheel.set, 

There is a complex non~linear cons tralnt bet·ween rolling motion 

of the wheelset (ad) and ·its lateral displacement (vd). Following 

Wickens [18] this is linearized as follows: 

2e = e + £ v - .- (III .1)
r 0 dl ,Q,18 . 

2e £ vdl -2
0 (III. 2)

18 

where e - is the angle between the contact plane and 
0 horizontal when wbeelset is in central ~osition. 

er,6.Q, .- angles between con tact planes and horizontal 
whee.!.set di.Jplaced l a terally. 

vdl - lateral displacement of wheelset 1. 

E - rate of change of contact plane slope with 
later.al displacement of wheel.set (for new 
whe e ls E becomes ),) . 

From Equations (III.I) and (III.2) we see that er a nd e are both1 

equal to 8 if the l.a ter a1 displacemEmt of the wheelset (vdl) is zero . 
0 

We ~ls o have t hat 

http:later.al


216. 

· (III. 3) 

(III. 4) 

where i - · wheel tread circle radius, wheelset in central20 position, 

rr,ri - radii of tread circles, wheelset displaced 
laterally, 

A - effective coni.city which is defined as the rate 
of cha.nge of rolling radius with lateral displace
ment of wheelset. 

The distance between the wheelset center line and contact points is 

given by: 

1
~r rr 18 	
\.~ · ..),..)-2- ± n vdl 

where n 	 is the corre ction factor. For straight coned wheels 
n = 1. 

We should 	also note that er and e are small angles so that:
2 

And the equation for lateral motion of wheelset 1 is (equation 24 

in Appendi x I) 

.. 	 )"""•·d'-'dl + (RBl) 4.· ("Q·n ') (R"7 + "!""\y 0•·-" • 	 - ... ... VJ • •.. \..!. - :.."\. 1 () 
. ir ~ 
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where RB
1 

, RV - are internal reactions,
1 

- are lateral creep forces at wheels.RYlr'RYH, 

Substituting for the creep forces (from equation (IV .3. 7)' we get: 

2f . v 

mdvdl + (RBl) + (RVl) + (2f2)ydl + (-I-) vdl + 

0 (III. 6) 

2E vdl 2£ vdl 
But, N (e + ) - N (8 - ) can be rewritten as: 

r 1 o 11 o ~118 11

However, Nrl + N !:::: W (weight/wheel.set). Hence, Equation (III.6)
11 

can be rewritten as: 

.. 
mv +

d dl 

2f23 • 
+ (--·-)y + 0 (III. 7)s d.l 
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. 2WE · 
where the quantity -Jl- is the so .called "gravitational stiffness" and 

18 

· for new wheels E = A = 0.2. 

Now the equation of motion of wheelset 1 in the a direction can 

be obtained using Equation 26 in Appendix I after substituting for the 

creep forces using equation (IV.3.7) 

In the a direction: EM = 0. 
a. 

2E Vdl 
+ Jl20 (80 - ---)N - Jl (8 +i Zl 20 o

18 

Combining the terms in Nr.l and N!ll as was done before, we get / 

0 
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2.Q,20£2 • 222 f 2~20f23 •
20 2) • +· (- )( 2 ) ( ) (+ - 22of2 Ydl + - S vdl + S adl S ydl 

= 0 (III. 8) 

To eliminate (Nrl - N ) from equations (II,I. 7) and (III. 8), the
21 

following procedure (which is implemented in the computer program) is 

followed: 

-e 
Equation (III.7) Equation (III. 7) + ·:;--·-·--5!...___ x Equation (III. 8) 


.x.-18 

2 - 2 20 8

0 


and we use the constraint 

to reduce the number of variables by one (ad ).
1

In the y direction, the equation of motion for wheelset (after 

substituting for the values of creep forces from Appendix IV) is: 

l:M = ·o 
y 
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= 0 . (III. 9) 


Substituting for Nil + Nrl 

Equation (III.9) becomes: 

11sfl 11a 
+ (- --)v + (2f32 - w - eo)ydlR,20 dl . 2 

- 0 (III.10) 

Some typical values for the parameters e::, >.. and 8 are given by· 
0 

Wickens [18]. 

For the analysis the following values are used for the parameters. 

A - 0.05, e: :.:: 0.05, 6 - 0. 05 and n=l (for new wheels)
0 

A. s:: 0.2, e: = 25. l~' 8 0.04 and n=l (for worn wheels)
0 

For ~I'neelset No. 1: 

EF = 0 
· X 

2f 2i,., £ .. 
•• 1 • / 0 J .. 

(me + md) udl + (RA.. ) + (---) u + (--.--;::-·----=-) S . O _
1 5 dl ~ d1 
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I:F = 0 
y 

222of2 • 2f23 • 2W+ ( ) ( ) (-e:)v + (N N ) 8 - 5-- adl + -S- ydl + R. dl rl- il o 
18 

= 0 

I:M = 0 . 
a 

= 0 

~M = 0-1.__ 

0 
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l:M = 0 
y 

= 0 

For other wheelsets (2 to 6) we will have similar equations with the 

proper indices (2 to 6) respectively. 

III.4 	 ADDITIONAL ELEMENTS FOR MATRICES 

In addition to the elements defined in Section (1.5) elements of 

the stiffness and dampi.ng matrices for the moving vehicle. are defined 

below (for wheelset No. 1). 

(A) 	 For the Stiffness Matrix 

B(24,24) = 2WE: 
~18 

B(24,28) = 2f2 

E:W- Z.Q,20 

B(26,24) - Wn 


.Q,18 


B(26,28) 2.Q,20f2 

Jl18f1A 
B(28,24) 

2
20 

http:dampi.ng
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W.Q,18 
B(28,28) = 2f - - - 8

32 2 0 

We have similar terms for wheelsets 2,3,4,5 and 6 (easy to obtain 

successively by incrementing the indices by 10 respectively). e .• g., 
... 

B(34,34) B(24,24) 

B(34 ,38) B(24,28) 

B(36,34) B(26,24) 

B(36,38) B(26,28) 

B(38,34) B(28,24) 

B(38, 38) B(28,28) 

etc. 

(B) 	 For the Dampin_g_ Matrix 

2f
lC(23,23) = s 

ZR.20fl 
C(23,27) -·· --s 

2f2 
C(2l.,24) = s 

... ') I": 

- · '- ~• 20 1 2 
C(2L~,26) = ----s 

2f23 
C(24,28) - s 

-2.i20f 2 
C(26,24) ::: --s 
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2t~0f 2 
C(26,26) = - -- + C(26,26)

8 

C(26,28) 

C(27,23) 

C(27,27) 

2f32 

C(28,24) =-s 

- 2t2of 32 
C(28,26) =--s 

We have similar ter-:ns for wheelsets 2, 3, 4, 5 and 6. These terms can 

be obtained in a similar way as described in part (A) for the elemen ts 

of the stiffness matrix. 
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APPENDIX IV 


DETERi.~INATION OF CREEP FORCES AND EVALUATION 


OF CREEP COEFFICIENTS 
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IV.l INTRODUCTION 

The phenomenon of creep between wheel and rail is of fundamental 

importance in the study of the lateral dynamics of railway vehicles. 

Complete slip of the wheel. on the rail, which is simply the limiting 

case of creep, is important for studies of traction and braking. 

If the contact area between a wheel and a rail has insufficient 

contact pressure to maintain friction adhesion, an effective forward 

slip or creep will be present. 

Longitudinal or transverse creep velocities are generated 

between the two bodies rolling together when any tangential force 

is transmitted, either in the direction of rolling or transversely. 

\ If, in addition, there exists a relative angular velocity, or spin, 

between the two bodies about the normal · to the contact plane, them a 

transverse creep ~elocity is produced. 

Many theoretical and experimental studies have been carried out 

to explain this phenomenon. In this appendix we will review briefly 

the progress of theoretical work up to the present time. 

IV.2 S~RVEY OF CREEP THEORY 

The problem of creep was first treated by Carter [35] who 

recognized its importance in the railway field. He treated the two-

dimensional case of two cylinders with parallel axes rolling together 

with creep in the di.rect:ton of rolling. 

An approximate theory for the three dimensional problem with 


elliptical cont~,.,_ ct was given by Jolmso:.."i c.nd Ve.rmuellen [4], who 
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approximated the area of adhesion by an ellipse similar to the contact 

ellipse. The theory treats the case of longitudinal and, transverse, 

or lateral, creep for all values of creepage. According to Kalker [24], 

·the error due to the approximation is never more than 25/~. Johnson [6] 

provided a solution to the creep problem which for the first time includes 

spin; however, the theory is only valid for vanishing creep and spin and 

for circular contact areas. 

Similar but more recent work has been published by dePater [7] 

and Kalker [8], dePater's solution being for vanishing Poisson's ratio, 

and Kalker's being extended later to cover elliptical contact. 

The most recent advance has been made by Kalker (38] who has 

given a numerical method for the calculation of the three dimensional 

case with any value of creep and spin. 

IV. 3 CREEP FORCES 

Carter [35] originally proposed the follmdng relationship to 

predict creep forces 

Creep or Relative Slip Velocity In 

Tangential Creep Forces = -f( J?irection °[ Force ____ ) (IV.3.1)
llorizontaZ Velocity of Wheel, Ax·is 

where the coefficient f is defined empirically. The selection of its 

Ve.11Je- wi.11 be dis cussed below. 

http:Ve.11Je-wi.11
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Similarly for rotational creep we have: 

Creep Torque About An Axis_ -!(Rotational Creep in Direction of ~orce ) 
Normal to Creep Surface - Horizontal Velocity of Wheel Axis 

(IV.3.2) 

In addition there may be coupling between lateral creep and spin (36]. 

The relation between creep and spin was first investigated by 

Johnson. As previously defined: 

f 1 - coefficient relating longitudinal creep force to longitudinal 
creep, 

f - coefficient relating lateral creep force to lateral creep,
2 

t - coefficient relating creep torque to rotational creep,
3 

- coupling coefficient relating creep torque to lat eral creepf 23 
and lateral force to rotational creep, 

u.. - creep force in the longitudinal direction for the right wnee..L• 1 (_L) ~ 
i.r 

UH I•'- creep force in the longitudinal direction for the left wheel \l), 

v. - creep force in the lateral direction for the right wheel (i)'i.r 

creep force in the lateral direction for the left wheel (i),vu, 

T. - creep torque in the y direction for the right wheel (i)'ir 


- creep torque in the y direction for the left wheel (i).
Tii 

where i = 1, 2, 3, 4, 5, 6 from rear to front. 

Tangential forces U. (i=l, ..• ,6) do not include the steady state
ir 

propelling force. They are variations about this force. Correspondingly 

we omit the steady state creep force in the longitudinal direction due 

to the propelling force. 
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i) Longitudinal Creep ~ Right Rear Wheel 

We let S = forward speed 

r and_ ~ = coning ratio of the wheel. 
-1= tan t,; 

Longitudinal creep was defined by Carter [35] as: 

= Aatual Forward Displacement - Pure Rolling Foi'Ward DisplacementCR 
i Forward Displacement Attributable to Rolling 

In a small interval of time dt, the actual forward displacement at the 

wheel tread is: 

The pure rolling forward displacement is: 

(i20 + AVdl) 
------·-

R,20 

Hence the forward creep displacement in time dt 

" . 

\s s dt 
(IV. 3 • .3)+ dudl + -2- dydl - ).._v dl 2 

20 

The first two terms represent slip induced by the differencebctwe2n 

the axle longitudinal displacem2r.t and the displacement corresponding · 

to the angu l a r r o t a t:Lon of t h e ax le. The third term is s l i p induced 
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by angular displacement and the fourth term is slip induced by the 

forward steady state displacement S dt due to the rolling radius 

deviating from the mean ~ .20 
To get the creep velocity we divide the terms in equations 

(IV.3.3) by dt and get the limit as dt approaches zero. 

Creep Velocity 
(IV. 3. 4) 

The nonlinear term is assumed negligible and equation (IV.3.4) 

becomes: 

(IV.3.5)Creep Velocity 

It should be noted that References [l], [36] and [39] do not have the 

first two terms, but reference [40] has them. Using equations (IV,3.1) 

and (IV.3.4) we get for the creep force. 

u. - -ir 

The denominator is the local velocity of roll. However SAvd /i is1 20 

considered second order small and will be neglected. Hence 

u.
ir 

(IV. 3. 6) 
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ii) Lateral Creep - Right Rear Wheel 

·The actual lateral displacement in time dt is given by 

The pure rolling lateral displacement (which is the lateral component 

of the forward speed) is -S dt yd1 . Finally the rotational creep at 

the contact point is ydl" Hence the 'lateral creep force at the right 

rear wheel is given by 

(IV. 3. 7) 

iii) Rotational Creep - Right Rear ~il2_~e1 

The rotational creep torque Tlr i s given by: 

(IV.3.8) 


In a similar manner we get the creep forces at the left wheel. 

iv) Longitudinal Creep - Left .B-ear_ Wheel 

• t 9.,18 • s 
(IV.3.9)UH= -fl(i20Sdl + udl - -2-ydl + :\ vdl .Q,ZO )/S 

v) Lateral Creep - Left Rear Wheel 

(IV.3.10) 
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vi) Rotational Creep - Left Front Wheel 

(IV.3.11) 


The other wheelsets will have .similar expressions. 

Some writers [36] include a "gravity stiffness" due. to rising of 

the wheelset e.g., when there is lateral displacement. Its amount will 

depend on the shape of the wheel tread and the track profile. Gilchrist 

et.al. [25] indicate that the effect is negligible for unworn straight 

coned wheels. Clark and Law (39] neglect gravity stiffness completely. 

IV.4 EVALUATION OF CREEP COEFFICIENTS- . 

i) Longi_!:.udinal and La_t~ral ~~~oefficients 

The creep coefficient f was defined by Carter [35] in an empirical 

equation 

1 
2

f 3500(2i Wa) lb./wheel (IV.4.1)
20 

whe.re w = axle loading in lb. 
a 


= g(m + 211\i + 6m + 6md)/6
a c 

= wheel radius tn inches..2.20 

This assum2s f = f and neglects £ and £23 .1 2 3 

Clark and Law [39] used this evaluation. However Wickens [36] 

and Gilchrist et.al. [25] do not. They appear to use the work of 
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3 µN 
G1Tab 

Johnson and Vermuellen [4] and Kalker [24] for longitudinal and lateral 

coefficients and of Johnson [6] for the rotational coefficient. A 

similar practice was adopted by Dokainish and Siddall [40]. The same 

is followed here and specific values are given below. 

Let a and b be the semiaxes of the elliptical area of contact 

between the two surfaces. The relations between tangential contact 

forces and the creep velocities are given by the following expressions 

(reference 4, equations 21 and 23): 

(IV. 4. 2) 

t;,y = 3 µN (IV.4.3)
Gnab 

where T - is the tangential f oree in the direction of r c..11.i.ng,
x 


T - is the transverse tangential force,

y 


N - is the normal force between the two surfaces, 


G - is the modulus of rigidity, 


µ - is the coefficient of friction, 


t;, and ~ - are creep ratios,
x y 

bU Creep Velocity in the Direction of Rolling 

t;,x S = Steady Rolling Velocity 


t;, = bV = Creep Velocity in the Transverse Direction 

y S Steady Rolling Velocity 


~ and ~l - functions of the ratio ~ and v (Poisson's Ratio) 
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T 
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T 
x 

tN 
y~~ 


I 

____

U + bU 
2 

x,- --

b 
I 

i 
I 

I _y___ 

FIGURE (IV.l) - Area of Contact Showing Tangential Force Components 

T and T . Creep Velocities are Denoted by bU and bV. 
x y 
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Equation (IV.4.2) can also be rewritten in the following form: 

T T T 
_ 3 µN A, { l- [ l . . x 1 (. x) 2 5 (. x) 3 · ] } (IV. 4. 4)~x G7T ab 'fl - 3µN - 9 µN - 81 µN • • • . 

If the tangential force is small compared with the limiting friction 
T 

force (i.e. for small values ofµ~ say 0.5), equattcn (IV.4.4) can be 

expressed as 

T _4>_ 
x G7Tab 

! 
To get the longitudinal creep coefficient f 1 we use equation (IV.4.5). 

We know that 

Longitudinal Creep Force f 
1 s 

6U {IV.4.6) 

we get: 

G7Tab G7Tab
T --=fl -· x T 1> 4>x 

T 
Similarly for small values of J_N we can get the lateral creep

µ.i: 

coefficient f 2 

G7Tab 
(IV.4.8)

·iµl 
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As tangential force approaches the limiting frictional force the creep 
T 

coeffi_cient can be obtained by substituting ~ = 1 in equation (IV.4.2) 
Tµ* = 1 

µN 

and in equation (IV.4.3). The limiting values for the creep 

ratios will be 

3 T 
3 µN <f> x (IV.4.9)~x - - Gnab <1>Gnab 

and the longitudinal creep coefficient will be given by 

Gnab (IV.4.10 )
3<f> 

Similarly the lateral creep coefficient 

Gnab 
(IV.4.11)

3 l)Jl 

T 
These values are one third of the values obtained for small (- ;.) and 

T W'i 

<J)o Experience of some of the researchers working in this are.a 

indicates that the values of c r eep coefficients determined for small 
T T 

values of (~ and ~) should be multiplied by a correction facto r . 
µN 

The value for the correction factor n has been suggested as 0.5. 
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ii) Creep Coefficients Relating Spin with Transverse Tangential 
Force and Moment About the Spin Axis 

Johnson [6] considered the effect of spin upon the rolling motion 

of an Elastic Sphere on a plane. Equations 26 and 27 express the following 

relations: 

= 2(2 - v) yC (IV. 4 .12)~y 3(3 - . 2v) S 

and 
M __ 32(2 - v) G c3 p (IV.4.13)

z 9(3 - 2v) 

where y - Angular velocity due to spin, 

S - Velocity in the rolling direction, 

p - A non-dimensional spin factor = ~ 

v - Poisson's ratio, 

C - Radius of the circular area of contact, 

~y - Transverse creep ratio, 

M Moment about the spin axis. 
z 

The expressions given by equations (IV . 4.12) and (IV.4.13) have been 

obtained for a circular area of contact. For an elliptical area of 

contact, we can have the followi.ng approximation: 

C = /ab (IV. 4 • 14) 

where a and b are the two semiaxes for the ellipse. Moreover for the 

area of contact between wheel and rail ~ the ratio of the two axes is 

http:followi.ng
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approximately one. Therefore equations (IV.4.12) and (IV.4.13) are 

considered to be quite satisfactory. Equation (IV.4.13) can be 

rewritten as: 

M 32(2 - v) G c4 :r..• 

z 9 (3 - 2v) S 

Substituting for v 0.265 (the value of Poisson's ratio for cast 

steel) we get: 

32(2 - 0.265) 4 y 6
M 11.3 C - x 10 lb.in. 

z ( - 89 3 0.530) 

. 
c428.2 (~) x 106 lb.in. 

• -1 
where f in the creep ratio in inch • But, the creep coefficient, £

3
, 

is defined by: 

• 
M f 

~ 3 
y (IV. Lt .15)sz 

Therefore 
f 3 = 28.2 x 106 c4 lb.in2 (IV.4.16) 

and equation (IV.4.12) gives us 

•2 (2 - \)) y c y= 0.469 cs (IV. 4.17)~y 3 (3- - 2v) S 

The coupled creep coe.fficient (f or £ ) is defined by:
23 32

. 
= f y

- 23 s 

OR M = 
z 
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But, the lateral force is - f 2 t;,y 

Therefore f 2 (0.469) C lb.in. (IV. 4 .18) 

From Equations (IV.4.7)', (IV.4.8), (IV.4.16) and (IV.4.18) we note that 

to determine numerical values for the creep coefficients, the semiaxes 

of the elliptical area of contact must be determined. To do this, the 

method described in Timoshenko and Goodier [41] is used. 

iii) Determination of the Semiaxes of the Elliptical Area of Contact 

wheel 
A = 

-1 
tan t;, 


Sl,., = radius of whe.el 

L.. 0 

R and R are the principal radii of curvature at the point of contact
1 2 

for the rail and the wheel respectively. For the present case, the 

other two principal radii of curvature for the two surfaces are infinite. 

Therefore equation (d) on page 378 of Timoshenko and Goodier [41] gives 

us 

(IV. 4.19)A+ B 

where A and B are constants depending on the magnitude of the principal 
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curvatures of the surfaces in contact and on the angle between the 

planes of principal curvatures of the two surfaces. 

The relation between R
2

, R and A (where R is the radius of the
3 	 3 

wheel) is given in [40]: 

A2R /1 +R2 3 

(l_) 2] 1/2= 20[1 + 10 (IV.4.20) 

~ 20 

1 1 1 1
Therefore: 	 A+ B = - [10 + 20]2 

~ 

13 

Equation (d) on page 	378 of reference [41] also gives us the following 

R'relation (for RI and = 0):1 2 

B A (IV.4.21) 


where ~ is the angle between the planes containing the curvatures 

7fand For the present case ~ = 2 , hence 

B - A 
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And using equation (h) on pages 379 of reference [41] we obtain: 

Cos e -

~ 

B - A 
B+A 

13 
.32540 = 

(IV.4.22) 

and e ~ 12° 

From the table given on pages 379 reference [41] we have: 

m = i.202 + ~o (1. 284 - 1. 202) 

And n = 

= 

1.25 

0.846 

0.82 

6 
- 10 (0.846 - 0.802) 

Semiaxes of the ellipse of contact 

page 379 of reference [41]: 

are given by equations (224) on 

3(1-v)N 
1 1

2 (-- + -=-)G
Rl R2 

(IV.4.23) 

For cast steel we have 

\) = 0.265 

And G 11.3 x 106 psi. 
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Substituting for these ·values and values o·f m· and n found above in Equation 

(IV.4.23) we find the semia~es length of the ellipse in terms of the 

normal force between the wheel and the rail N. 

b
3a-~-· 0.0095 (N)l/ ] (IV.4.24) 

And 
- 0.0075 (N)l/3 

Note that the vertical component of N is the weight of the vehicle per 

wheel. Since the conicity of wheels is small, it is possible to show 

i that N is almost equal to the half we_ight per axle (see reference [ 41] 

: page A.21). Thus in our case 

Total Weight 34S,lOO 41295 lbs.N 12-=No. of Wheels 

iv) Numerica.l Values for the Creep Coefficient 


The contact area is elliptical as we mentioned, and the ratio of 


two semiaxes is given from equation (IV.4.24), 


a 

»- direction of rolling 

--b 
:: 

0.0075 Nl/ 3 

a 0 ~ 0096- N iT3 = 0 • 7 9 
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And from F.igure 2 of refere.nee [ 4] we get the values of cJ> and lJ;
1 

corresponding to the ratio ~ getting
a 

¢ 0.59 

"11 0.78 

Using equations (IV.4.7) and (IV.4.8),. we can determine the values of 

longitudinal and lateral creep coefficients respectively: 

Gnab 11.3 x 106 x TI x 0.0095 x 0.0075 N2/ 3 
f 1 = -¢--· = 0 . 5 9 lbs . 

2/ -~ 
::::: 4243 N- - lbs. (IV.!+. 25) 

') i "1 

G'!Tab 11.3 x 106 x TI x 0.0095 x 0.0075 N';. 1 

and f 2 = -~;- = - · 0. 7-8--------··-··_,__
J 
_ lbs . 

::::: 31'75 N2/J lbs. (IV. I+. 26) 

and from equation (IV.4.16) we get 

6 2/3 2 . 2£ = 28.2 x 10 x ~0.0075 x 0.0095 N ) lb.in.3 

,.., o 1' 1'14 I 3 ., b . 2- • ·+ ..~ • in. (IV.4.2;7)..l. 

Finally we get £ from Equation (IV.4.18)
32 

f 0.469 c f
32 2 

0.469 x (0.0075 x 0.0095 NZ/ 3)l/Z £
2 

--· 12 70 N lb tt in. (IV. l~. 28) 
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APPENDIX V 


FLOW CHARTS FOR THE 


COMPUTER PROGRAMS 
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FLOW CHART 1: 

NATURAL FREQUENCIES FOR THE SIMPLIFIED MODEL 

c READ THE INPUT DATA 

'V 
DEFINE THE ELEMENTS OF 

THE MATRICES 

~v II 

FORJ1 THE G MATRIX 

[ 0-1
A B 

I I
A-lcJ 

:1~ -· 

J_~_ 
FIND THE EIGEN-VALUES 

=--•- i:,..,.,,,_.., &"nw..,.,.~) 
PRI NT-OUT THE NATURAL 

( --=~E~crFr:_ 
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FLOW CHART 2: 

STEADY STATE RESPONSE FOR THE SIMPLIFIED HODEL 

C
. READ THE INPUT DATA ~ . .) 


·---~~: _I_:_-_---._n----
EFINE THE ELEMENTS OF THE MATRICES 

Mass [A], Stiffness [B], Damping [C]
[ 

-----------~------r----------------------_... 

:EFINE THE FORCING FUNCTION ~ 

w = 0 J 

NO 
>-........,.,.---.~--~-

YES 
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FLOW CHART -3: 

NATURAL FREQUENCIES FOR THE FULL MODEL - "STATIONARY" VEHICLE 

READ THE DATA 


CHECK THE SYMMETRY OF THE INERTIA [A], 

THE STIFFNESS [B] AND THE DAMPING (C] MATRICES 


J ;~ 

[ ~ ELIMINATE THE INTERNAL REACTIONS FOR THE 
INERTIA, STIFFNESS AND DAMPING MATRICES 

::: ::: =- :== t= 
FORNATION OF THE REDUCED INERTIA [AD] , 

STIFFNESS [BD] AND DAMPING [CD] MATRICES, e.g. 

[AD] (A] [D] 
36x36 36x78 * 78x36 

ELLGNAT ION OF ROWS AND COLUMNS CORRESPONDING 
TO ZERO DISPLAC EMENTS 

(AD] _,_ [M] . [BD] [K] • [CD] -+ [C] 
, 'l • - -r36x36 :?Ox.20 _.6x.3b 20x20 ' 36x36 20x20 

FOIU1ATION OF THE G MATRIX WHO SE EIGEN-VALUES 

ARE THE NATUR..AL FREQUENCIES 


G=-= [ ? I J 
. -M--lK -M-lC 

w-~-=---::: f =;==--_,,.,.___ ..~o 
FIND THE EIGEN-VALDES J[ 

~-....,-=i,·-·-

c~~~-ov~;E-~~~~ 
~~....... 


. . (::) 



248.FLOW CHART 4: 

STEADY STATE RESPONSE :FOR THE FULL MODEL - "STATIONARY" VEHICLE 

( . READ THE DATA ) 
t 

CHECK THE SYMMETRY OF THE INERTIA (A], 

STIFFNESS [B] AND DAMPING [C] MATRICES 


~IMINATE THE INTERNAL REACTIONS FOR THE 
L_~RTIA, STIFFNESS AND DAMPING MATRICES 

FORMATION OF THE REDUCED INERTIA (AD], 
STIFFNESS [BD] AND DA..l1PING [CD] MATRICES, e.g. 

[AD] [A] [D] 
36x36 36x78 * 78x36 

----------·~----~-<x-=----,_--_:-:=L~-:-=-
CHECK THE SY1'll1ETRY OF THE REDUCED 11ATRIC~ 

"~ . 

~~~ 
--......~&'li~~~Sll!iML •::ata~- Y~ ~Ii .:mtma1.1N;iaw1~~.;~,..~~. 

ELIMINATION OF ROWS A.t~D COLUMN S CORRESPONDING 
TO ZERO DISPLACEMENTS 

(AD] ->- [M] • [BD] -+ [K] • [CD] + [C] 
36x36 20x20 ' 36x36 20x20 ' 36x36 20x20 

....,..,___ .,__ •:l~l't--'PlWC:i.;am.~s:,......,.,..__.,,. -~..-.. ...~-·--~-n--......,,-=J 
~) :-;-~~, 

r.--~----' 
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FLOW CHA.c"'"\T 5: . 


STEADY STATE RESPONSE FOR THE FULL MODEL - "MOVING" VEHICLE 


c READ THE INPUT DATA ) 

I = -1 I 
K = 1 

OMEGA == 0 

.. 10 

I I + 1 

DEFINE TEE FORCING MASS MATRIX [AAR] 

1. Eliminate Internal Reactions 
[A] [T] , [AD42]

2 · 42x78 78x42 ~ 42x42 

3. 	Obtain [AAR] from [AD42] 
30x10 42x42 



f 
250. 

EL~MINATION O~-;_;ACTIONS J

FOR THE MASS MATRIX [A] . 

w 
·' 

~TORE THE MATRIX [D] 
IN TAPE 3 

,~ 

-
FORlvfATION OF THE REDUCED 

MASS :M.ATRIX 

[A] [D] [AD] 
36x78 78x36 

-+ 
36x36 

' BTORET-;;E ~TRlX [AD] 
IN TAPE 4 

-=-_T· 
STORE THE ~N~~-ss----~JSTIFF~
MATRIX [B] lH TAPE 5 

----c---=--· -··· 
DEFINE THE FORCING STIFFNESS 

MATRIX [BBR] 
' i 

1. Eliminate Internal Reactions. 

2. Read Matrix [T] from Tape 2. 

L~~~~m [BD~-]- -

::J . TH. . FFNE:JSE OR~CGINAL STI
"TRIX [B] FROM TAPE 5 

-- .--i---



251. 


c:
FINE THE ELEMENTS OF [BJ WHI CH 

PEND ON THE PARA11ETERS OF THE 


MOVING LOCOHOTIVE
___________________________________, 

'I 

ELIMINATION OF INTERi~AL REACTIONS 

FOR THE STIFFNESS MATRIX [B] AND 


THE DIF:FERENCE IN THE VERTICAL 
 J 
..__ ____~R-E.....A..,.CTIONS ATITHE Wl,_-IE_"'E_L_S_______ 

FORMATION OF THE REDUCED STIFFNESS 

MATRIX [BD] 


1. Read the Matrix [D] from Tape 3 

[B] [D] [BD]
2 · 36x78 78x36 ~ 36x36 

-----~·-1· 

""'""-'-·---1____'-""-'""--] 
STORE THE M.A.T.R~X [BD] 


IN TAPE o
[ 

NO 

------~~--·
,_,,,______.--'f__~ 

STORE TEE ORIGINAL MATRIX 
[C] IN TAPE 7 

. .L.___, 
DEFINE THE FORCING DAHPING NP.TRIX 

1. Eliminate. Internal Reacti.ons. 

2. Re.ad Matrix (T] from ':Lape 2. 

3 • [ C][T j + [ CD 42 J 

~.::_J::::R l_! ro~_J_:2:~),,...,...,..,,..,,,.,_,.,...,,,.,."_,,._...,_, ,..,._,,«-...,L"'""'·~-- .....,....,..,,,...,,.._,._,,,__---->1 

<:: 
I YES 
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_t 
READ THE ORIGINAL DAMP I NG 


MATRIX [C] FROM TAPE 7 


w 
~...-,;: 

DEFINE THE ELEMENTS OF THE DAMP ING VtATRIX WHICH 
DEPEND ON 'l'HE PARJ..J1ETERS OF THE HOVING LOCOMOTIVE 

w 

~NATION 	 [C~
OF REACTIONS FOR MATRIX 

~ -· i . 
/ 

J_Qfil"~J-:1.:Q~:l · OF THE REDUCED DAMPING MATRIX [CD] 

1. 	Read Matrix [DJ from Tape 3 

(C] [D] + [CD]


2 
· 36x78 78x36 36x36 

--•W•W-~ =-- __,_,_ 

[_.--;;;:T~.IX~._CD]IN 
TAPE 8 

_,,,__._.l .._.,, 
~ 

NO 

r-~~~HE EXCITATION VEC~oRj
-----f WWW > 

---~·=--....--------~--
ELIMINATIOi:\; OF ROWS AND COLL11-:fNS CORRES PONDING 

TO THE VERTICAL DISPLAC EMENTS OF THE WHEELSETS: 
[AD] _ T [AAD)

1 d 	 4• Rear 36x16 i: rom ape ·+ 30x30 

2~ Read [BD] from Tape 6 + [BBD] 

3. Read [CD] from T a :~ >e 8 -* [ CCD] 



~50?
. 

-~-
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DEFINE THE COHPLEX Mr'\TRIX CW 

1. OCL OMEGA * CCD (I,J) 

2. OBL BBD(I,J) - ONEGA* OMEGA* Af"l.D(I,J) 

3. CW(I,;.J) = ·CMPLX(OBL,OCL) 

DEFINE THE COMPLEX MATRIX CN 

1. OCR = OMEGA * CCR(I ,J) 

2. OBR = BBR(I,J) - OMEGA * OMEGA * AAR(I,.J) 

3. CN(I,J) CMPLX(OBR,OCR) --=r.-
[ IN\IER.T THE COMP LEX ~TRIX C\.'.] 

-----=: ]___ . 
GET THE SOLUTION VECTOR 

1. [cw1-1 * [CN] ~ [CD~] 

2. [ CDN] * {Y } = {X } 

-=-............-·--=I~=~ ·--=-~---
ET THE AMPLITUDES FOR THE SOLUTIOH '.'ECTOR 


L CX(I) ~ CABS[X(I)j 


--·------L 
. ~~, =·-;;~;GA-+ ~ 

A1, 

NO _r.~·~G~~: . TO 10 ] 
___._____,~-

. ...... 

"""~--.-~-~. 

PLOT THE RESPONSE CURVES 
~'-Wl'll.T.--.ll. .!;'f!!:1X'll~~"ftlm!lWJl!!!~··,YT- 4'........:t.)4{(~Jllll~~~-

[ 
· . 

c;j 
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