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also calculated. TFor the "moving' vehicle responses for the cases o
worn wheels are obtained. Effect of creep and wheel tread profiles is studied.
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CHAPTER 1

INTRODUCTION

Ll B Background

~T?e dynamics of railway vehicles have been of interest for many
decades. This interest is motivated by a desire to improve riding
qualities and to reducs wear and damage to vehicles and track. One
of the.greatest problems in this arsa is that railway vehicles, under
certain conditions, experiencs sustained oscillations in a horizontal
plane; this behaviour is commonly referreé to as hunting and is the

main cbstacle to the increase of train speed.  Hunting is accompanied

l

‘

by large dynamic loads between the vehicle and rails since unstable
oscillationa are limited only by flange contact of tbe wheels; under
certain conditions derailment of the vzhicle will cccur. Extensive
analytical and experimental studies that have attempted to explain
this phenomenon have been reported in the literature using simplified
models. '

Another importsnt problem is the dynamic response of railway
vehicles te rail irvegularities. This problem arises from the fact
that scme track '"shapes" sre more structurally damsging or more
operationally dangerous than others. A six-axle locomotive of the
type coumnonly used in Worth America experienced éxtensive vaw oscill-
aiions when it was used in another country.

Clearly the "shape" of the surface over which a vehicle runs

plays an important role in the movements of the vehicle in svace.

Yool
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The tracks may possess a variety of horizontal and vertical irregul-

arities which affect the vehicle performance in various ways.

1.2 Literature Survey

Ever since trains have been running, there have been studies on
the lateral oscillations of railway vehicles. These motions are due to
lateral rail irregularities, coned wheel profiles, and the parameters
of the contact condition between wheels and rails.

Carter [1,2]* was one of the first to recognize the importance
of the contact mechanism between the wheel and the rail and he indicated
the existence of critical velccities above which hunting takes place.
He treated the two dimensional case of two cylinders with parallel axes
rolling together with creep in the direction of rolling. Poritsky's
work [3] is similar to. Carter's.

An approximate theory for the three dimensional problem with
elliptical contact is given by Johnson and Vermuellen [4]. Another
theoretical treatment is given by Haines and Ollerton [5] for the
three dimensional case of elliptical contact but for creep in the
direction of rolling only. More work including spin has been done
by Johnson [6], dePater [7] and Kalker [8].

To study the stability of a four-wheeled railway vehicle,

dePater [9,10,11] derived the non-linear differential equations of

motion and solved them using the method of Krylov and Bogoljubov.

* Numbers in square brackets designate references in the Bibliography



Later Van Bommel [12,13] was able to numerically integrate these
equations.

The trend towards higher speed trains demanded a better
understanding of the behaviour of this complex system with many degrees
of freedom. Two approachés can be distinguished in the further devel-
opment of the theory of lateral motions of railway vehicles:
1y By Linearization of the Equations and using the Well-Known

Matrix Theory:

The investigations of Bishop [14], Brann and Bishop [15], Wickens
[16,17,18], Van Bommel [19] and Shaghaghi [20] have given a considerable
amount of information about the stability of the systems with different
parameters such as the mass, the position of the mass centre, the moments
of inertia, the total load, the ratio of wheel gauge and wheelbase and the
types of profiles of wheel and rail.

The influence of lateral and longitudinal stiffness has been
studied by Wickens [17,21,22], Van Bommel [19] and Matsudaira [23].

The first two investigators also introduced the theory of rolling
contact including spin according to Kalker [24]. Many of the investi-

gators have, with considerable success made great use of digital computers.

- Considering the Non-Linear Problem:
Non-linearities are essentially due to the non-linear profiles
of wheel and rail, the presence of the flanges, the clearance between

the wheelsets and the bogie, and the non-linear creep forces. dePater



[9,10,11] and Van Bommel [12,13] studied the effects of each of these
parameters. The influence of non-linear features of the suspension
and the forces arising between rail and wheel were described by Gilchrist,
Hobbs, King and Wasby [25].
Van Bommel [13] was the first to consider track irregularities
in studying the performance of railway vehicles., He considered the
dynamic response of a four-wheeled vehicle running on a sinusoidal
shaped track.,
Birmann's [26] theoretical and experimental work showed the
~effect of the vertical and horizontal track elasticity on the response
of railway vehicles.
Nakamura [27,28] applied covariance functions to describe the
vertical irregularities of the track and hence determine the response
of the system.
Research work describing the lateral irregularities of rails
in a statistical sense was done by Stassen [30, 31]. In his doctoral
thesis, Stassen [31] studied the dynamic response of a simplified
model of a bogie with two degrees of freedom having the lateral deviatioms
as input, and the generalized co-ordinates which describes the move-
ments of the bogies as output; the problem is non-linear with random

inputs.

1.3 Scope of the Study

In this study three models for a six-axle locomotive are

considered:



a - a simplified model, assuming no springing or damping of trucks

or motors, and no creep forces.
b - a full model for the "stationary" vehicle, assuming no creep forces.

¢ - a full model for the "moving" vehicle, including slip and corr-

esponding creep forces.

The steady state response of the body to varying input frequencies
is calculated in each case. A one inch amplitude lateral sinusoidal

' vehicle the input

track irregularity is considered. For the "movirng'
frequency is a function of track sinusoidal wave length and vehicle
speed.,

In practice the variation in the position of the rail is random,
but in many cases it could be considered sinuscidal. Morsover tha
response to a sinusoidal alignment function is worth considering, as
mentioned by Hobbs [32], ba2cause power spectra and autecorrelation
functions obtained from field measurements indicate the existence of
periodic functions.

In this study the assumption is made that guidance is achieved
by the creep forces acting on the.wheel treads. The design sheuld
include this assumption as a goal thus avoiding flange contact in
normal running conditions. With this assumption being made, it is

appropriatc to consider a

Transient responze consliderations are outside the scope of this

.

study and discussion will be limited tc the steady state response

and natural frequencies.
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The direct application of such a study would be in the field of
the design of railway vehicles; the main problem being: how to design
a guided vehicle which is stable and has optimum damping such that the
‘response to economically attractive track imperfections is satisfactory

up to very high vehicle speeds?



CHAPTER 2

EQUATIONS OF MOTION

2.1 Introduction

In this chapter the three mathematical models are described:

a - the simplified modei,

o
!
t
=
(6]

full model - "stationary" vehicle,

¢ - the full model - "moving" vehicle.

The differential equations of motion of each are derived using Nawton's

method.

2.2 Description of the Full Model

The first step in the analysis is setting up a mathematlical
nodel. A couplete mathematical model for an actual six—-awle locemotive
is set up with the following simplifving assumptions:

1. The vehicle components are regarded as perfectly

rigid and their elasticity is lumped, in the

suspension elements.

2. The axles are assumed to run freely in the
journal besrings, without bearing friction, at

constant speed.

3. lateral play (due to clearance) between the wheel-

sets and the frame is neglected.

4, All disniacements are small.

i~
e
ix
cr
beda
©
0]

5. All springs have linear character
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The accuracy of the results obtained directly depend on the
accuracy with which the mathematical model approximates the actual
railway vehicle. Figures la, 1b and 2 illustrate the full mathe-

matical model, which is composed of fifteen rigid bodies:

— the locomotive body,
- two frames (bogies)
- six motors

- six wheelsets.

The primary suspension, which is the suspension between the
wheelsats and the frames consists of coil springs and sheck abscrbers,

Wheelsets are restrained in beth the longitudinal and lateral divect

[N

A traction motor is supported on the axle from one side and cop
a rubber nose support on the other side. A rubber nose support is
used to prevent motor nose lug failure due to sudden torque impulses,
This assembly is such that rotation of the motor about the axle
center line is the only allowable relative motion between the motor
and the vheelset.

The locomwotive body is supported on rubber side bearers fixed
to the front and rear frames. A resiliently mounted centre pivot is

used in conjunction with the eide

(o)
el
{0
L]
®
Pt
«
T
4
(4]
o
<!
o]
e
fu
e
1
6]
=}
0]
+
[s53
=
[
e
0

contact betweern the body and the trucks. Lateral and rotational moticn
of the body is resisted by a set of lateral and rotational shock

absorbers.,

.ONE

8
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Because the body is supported freely it can oscillate in all
six coordinates, i.e. along the three principal axes through their

centres of gravity.

i - longitudinal or "fore and aft" oscillation

(in the u direction).

ii - lateral oscillation (in the v direction).

iii - vertical or "bouncing" oscillation ( in the

w direction).
and rotate about these three axes:

i - about the longitudinal u-axis or "rolling"

(in the o directisn).

ii - about the lateral v-axis or "pitching"

(in the B direction). -

i - about the vertical w-axis or ''yaving"

[N
e

(in the v direction).

For the fifteen rigid bodies, the total number of degreecs of

freedom is ninetv. This number can be reduced to seventy-eight degress

&

of freedom and hence seventy-eight equations of motion only thirty-six

of which are independent. This reduction in the number of degrees of

)

freadom can be effected if one combines th

o

> equations of motion £for the
wheelset and the corresponding metor in the u direction and in the o
direction.

The relation between all the variables and the independent cnes
will be given by the trangformation matrix D which is based on the

equations of counstraints.
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2.3 Description of the Simplified Model

e

Figure 3 illustrates the simplified model. The wheelsets and
motors are.assumed to be rigidly connected to the trucks. The locomo-
tive bolly is, as described for the full model, supported freely and
can oscillate in all six modes.

In this study we will consider frae vibration and the steady

state response of the body to varying input frequencies.

2.4 Derivation of the Equations of Motion for the Simplified Medzal

The equations of mection for the simplified model are given in

‘detail in Appendix II. The six equations have the

[A] {X}+ [c] {X}+ [B] (X} = [C

bt bt of o1
C (v. 1+ {y, 1 2.4.1
[Lbr]tybr d {Kbr]‘]br‘ (2.4.1)
where A is the inertia matrix (diagonal) (6x6)

C is the damping matrix (symnetric) (6x6)
B is the stiffness matrix (symmetric) (6x&)

v is the displacement excitation vector at
the front base (6x1

is the displacewent excitation vector at
the rear base (6x1)

b4 is the displacement vector (€xl) wheve
elements are

x(1) = u, x(2) = v, x(3) = v
x(4) = a, %(5) = 8, x(6) = v


http:Append.ix
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For the free vibration problem, the right hand side of equation

(2.4.1) will simply be a column of zeros.

2.5 Derivation of the Equations of Motion for the Full Model -
"Stationary" Vehicle =

The equations of motion for the "stationary" vehicle are given

in detail in Appéndix LA

The system of linear differential equations is written in the

form:

[aA] (X}
78x78 78x1

where A - is the
B - is the
C - is the

R - is the

Eliminating

we get a system of

[cl {x} [B] {x} , {R)

t 5 {
78x78 78xi T 78x78 78x1 T 78x1 = ° (2.5.1)

’

inertia matrix,
stiffness matrix,
damping matrix,

vector of interral reactions.

the internal reactions by the method of substitution

36 equations in 78 unknowns. Thirty-six of the

unknowns are independent.

2.5.1 Elimination

of Internal Reactions

The vector of internal reactions is given by the following

column matrix (78x1):


http:Equati_.9n
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VAR. EQN.NO. REACTION
u 1 0
a
v 2 0
a
w 3 0
a
o 4 0
a
Ba 5 0
¥s 6 0 '
- +
ubr 7 (RAl + RA2 RA3)
L. 8 —(RB1 + RB2 + RB3)
L 9 0
+ RB -
ubr 10 221(RBl R‘Z + RB3)
11 - ¢ A, + RAL)
3 - - ' 2, (RB.) - (R A 5
(b 12 224(R31) 226(RB2) + v23(KB3, ( 1 + RNZ + Rxs)
' - + + RA,)
ubf 13 (RA4 RAS “A6}
7 4 -(R
be 14 (IBA + RBS G RB6)
3
Ve 15 0
B 2
@ ¢ 16 +5L21(R_,4 + RBS + RB6)
ebf 17 -lzl(RAa + RAS + RA6>
- B) + (RB:)+ ¢, (RB.) - (R M, + RM.
Ybf 18 223(R 4) 226(RBJ)+ 224\RP51 (BMé + R 5 RHb)
10 —(BV )
Vel 12 LB )
wcl 20 +(RW1)
B 21 ~%,, (RW
Pel e k34(P 1)
Y1 22 U3, (®Yy) - Gyy)
udl 23 (RAQ - (RXir + Rxli}
Vay 14 \A“t;+ (“:l)



EQN.NO. REACTION

25 -(RY, )

26 0

o g (BEj, + RXp)

28 (RM) + (Ry)) - @ 0/D(RX) = RX)))

29 | - -V,

30 +(sz)

31 —234(RW2)

32 25, ®RV,) - (®Y,)

33 (R4,) - (RX, + RX, )

34 (RB,) + (RV,)

35 -(RW,)

36 0

37 “2o0 RXy, + Riyp)

38 (RM,) + (Ry,) -(218/@(szx - RXy,)
| 39 -(RV3)

40 +(RW,)

41 24, (RW )

42 %5, (BV,) - (Ryj)

43 (RA) - (RXy + RX3£)

44 (RBB) + (Rv3)

45 —(Rw3)

45 4]

47 - (RX., -+ RX..)
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VAR. EQN.NO. _ REACTION
Y43 48 (RM,) + (Ry,) -( g/2) (RX ;- RXy))
A 49 —(RV4)

LAVA 50 +(RW4)

Beos L . Hig ()

Yes 52 +q, (RV,) - (Ry,)

U 53 (RA,) - (RX, +RX, )

Vs 54 (RB,) + (RV,)

Va4 55 —(Rwé}

44 56 0

Bas 57 8,0 (X, + RX,,)

Yau 58 (RM4) - {Ryé) —(218/2)(Rx4r - RX4£)
Vs 59 —(RVS)

Vs 60 +(RW,)

B.s 61 g, (RH,)

s 62 +h,, (RV.) = (Rys)

Uis 63 (RAS) - (Rx5r + Rx5£)

Vys 64 (RB) + (RV)

e 65 - (R)

¢se 66 0

Bas 67 Lo (RXs, + RX5))

Y, 68 ®1,) + (Ryg) —(218/2)(RXSr - RX)



s EQH N0, ~ REACTION
Ve6 69 —(RV6)

Ve6 0 +(RW, )

Bt 71 +134(RW6)

Yoo 72 4, (RV) = (Ry,)

Yd6 73 (Ra) - (RX, + K{M)

Vi6 74 (RB6) + (Rv6)

Va6 75 - (RH,)

%46 76 0

Bas 77 2, (RKg  + KX )

Yae 78 @) + ®Ry,) - o/2) R - RX)

To eliminate the vector R the procedure described belcw is

adopted where numbars refer to equations in Appendix I:

)

w0

9

(23 - 25y 4 @3 - 2Ly 4+ @3 - 2
“20 20 20

19,



10

11

12

13

14
15

16

17

18

19
20
21

22

I

10

11

12

13

14

15

16

17

i8

he )
(&)

-+

+

2, [(19+24) + (29+434) + (39+44)]

[2,,(19424) + 2, (29+34) -

e
+ 221[(23 )

7

Z

).+ (33 -
0

L

20

%93

375 & (g =21y

%90

(39+44)] +

[-234(19+29+39) + (22+32+42) + (28+38+48)]

[(53 ~-%Z~9 + (63 -

20

27

2

20

) +

(49+54) + (59+64) + (89+74)

77
(73 = -]
50

8,5, [(49+54) + (59+64) + (69+74)]

+ 221[(53 -

T QL5 — Q-4
+I_223(4_/ 54) 9,26(59

+

L

20

5

21y & (63 -

4)

(524+62+472) + (58+66178)1

2,,(20)

20

- 2., (20)

34

30

(40

£34(50)

67

20

%94

5 77 . -
)+ (73 - E‘_JJ
20

(62+74)] + [&

34

20.

(49+59+€9) +



29
30
31
32
33
34
35

36

In

stiffness

where [A],

55 + (50)
56

61

2 4(60)
65 + 60
66

71 (70) -

34

75 (70)

76

and damping matrices successively, giving:

[A] {Z}+ [C) {Z}+ [B] {z}=0

[C], [B] are now 36x78 each.

To eliminate the dependznt variables, we use the transforna
matrix [D]. [D] iz a2 78x36 matrix which relates all the varizblec
the independent variables and which is based on the esquations of
constraints: i.e.,

iz} _ [pl X}
78x1 78x36 36x1
where X are the indepecdent variables., Therefore (2.5.2) becomes

. L]
YRR S SR (U Y N e S S €T R e S
36x78 78x36 36x1  36x78 79x26 361 | 36%7E& 76x36 36x]
vhich after carvying the matrixz multiplication gives the following

68233]

the computer program, this proceduré is applied to the me

21.

»

tion
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system of 36 equations in 36 independent variables.

It should be noted that the original mass stiffness and damping

matrices (A, B and C) are symmetric and positive definite as well
as the reduced mass stiffness and damping matrices AD, BD and CD
respectively.

the resulting reduced matrices is made.

the definition of the transformation matrix [D] are given.

]

In the following sections the equations of constraints and

[aD] {X}
36x36 36x

In the computer program a check on the symmetry of

1

[cD] {X}

36x36 36x1

Equations of Constraiuts

(A)

[BD] {x}

Constraints Botween Wheelsets and Frames

Y41

Y42

u

d3

li

u

e T Foy

be ¥ to1

+ L.

Bbr

2]
"br

Bbr

36x36 36x1 - °

22,

(2.5.3)

(2.5.2.1)

(2.5.2.5)

(2.5.2.6)

(2.5.2.7)

(2.5.2.8)



Vaa T Vor = Muy S ¥ Bug Mg

Vas T Vbe T %21 % T %26 Yor

Va6 = Ybr T *21 %r T *as4 Yor

Ya1 = Yobr ‘

Ya2 = Ypr

Ya3 = Yor

Yas T Vg

Yas 7 Vbt

Yae = Ybr

(B) Constraints Between Motors and Wheelsets

Yar T Ye1 Y44 T Yes
Y42 T "e2 Y45 T Yes

Ya3 T Yes3 Y46 T Yeb
a1 - ‘a1 “as4 = %es
“a2 T %2 %35 T %5
“a3 T %3 %36 T %t
Thess relaticns are already £

and moter equaticns.

235

(2:5.2.10)
€2.5.2.11)

(2.5.2.12)

(2.5.2:13)

(2.5.2.14)

(2.5,2,15)

~
N
U
N
»
[
(o)}

st

{2.5.2.%7)}

(2.5.2.18)

catisficd by combinirg the wheelsat


http:2.5.2.18
http:2.5.2.15
http:2.5.2.14
http:2.5.2.12
http:2.5.2.10
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zZIabr S TR A O (2.5.2.19)
221abr + 226Ybr - 234Yc2 5.5.2.20)
boi%e = *aaVur ™ *557ea (203221
221%s T Fa3Yps T FasVes (2.5.2.22)
B30 o = Sy o F oy o (2.5.2.23)
291%¢ T Y24Yoe T %346 (2.5.2.24)
ZaBel (2.5.2.25)
L3489 (2.5.2.26)
234803 (2.5.2.27)
348 c4 (2.5.2.28)

9’345c5 (2.5.2.29)
23486 (2.5.2.30)
(2.5.2.31)

(2.5.2.32)

(2.5.2.,33)
(2.5.2.34)
(2.5.2.35)

~
N
i
.
L=
C
N
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) Additional Constraints

The assumption of pure rolling yields the following constraints:

8. =1 4 (2.5.2.37)
d1 fy “al
By = = 7= Uy (2.5.2.38)
. bo 2
Bin ® = ne B (2.5.2.39)
3 ) d3 +5.2.
20
Byy = - 2_1._ uy, (2.5.2.40)
20 '
Bys = - . ue ' (2.5.2.41)
20 |
= - -—1—-—- b ] D \
Ba6 T Yae (2.5.2.42)
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'2.5.3 'The Transformation Matrix [D]

In this section we define the transformation matrix D which gives
the relation between all the variables and the independent variables
based on the equations of constraints. The matrix D is defined in the

following pages where:

Py ™ Aoy = Rgy Py = 295 ~ 23,

Py = ~(hy3 + 43,) Py = Ro3 ¥ Ry

P5 = =296 T 25, Pg = ~Hgy F %y
o1 Lo

Py ) Pg )



1 2 3 45 6

7 8 9 10 11 12

13 14 15 16 7 18

19 20 21

22 23 24

25 26 27

28 29 30

31 32 33

35

3

6

u v_w_ a B
a Va¥a %a %2 Ya

“br Ybr ¥br %br Bbr Tbr

Ye Vor Ybe “bg Ppe Yoe

Bea Ya1 “m

Bea Va2 a2

Bes ¥a3 %a3

Bes ¥as %as

Bes a5 a5

cb

dé

a

dé

Y oo N[ s W

[
N = o

HoR e e e e
® uw oUW

N RN NN N R
© N oS WS P O W

21 P

21
21 24

P37 g

34

W W W W W WwWwWwWwWN
® N O R W N = O W

21 2

21
21 26

Py Py

%34

*LT



1 2 3 4 56

b

9 10 11 12

13 14 15 16 17 18

13 20 21

22 23 24

25 26 27

28 29 30

31 32 33

34 35 36

u v v _a
a a a aeaya

Ybr br “br %br Bbr Ybr

Yt Vbt ¥bs %be Pbf Yof

Be1 ¥a1 %a1

Bea Yag %ap

Be3 ¥a3 a3

Bes Yau %as

Bes ¥as %as

Bes Va6 a6

39
40
41
42
43
44
45
46
47
48

Ya3

Pz

1

-

21

P

3

49
50
51
52
53
54
55
56
57
58

P7

-£

21

21

21

g

Py

23

59
60
61
62
63
64
65
66
67
68

f7

21

21

21,

g

Ps

69
70
71
72
73
74
75
76
77
78

p7

21

21

21

Py

43

A4

34

‘8¢



2.6  Derivation of the Equations of Motion for the '"Moving" Vehicle

In making the transition from the "stationary' vehicle to the

"moving" vehicle, two major effects have to be considered:

a) creep and the corresponding creep forces between
wheels and rails

b) conicity of wheel treads.

In railway vehicles non-conservative forces arise from the
pheﬂomenon of creep. When é'wheel exerts a tractive force, the distance
travelled by the wheel is less than the pure rolling displacement.

This effect Is known &s longitudinal creep-creep is the state between
pure rolling and pure sliding. Also, if a wheel is rolling and a
lateral force is applied, a lateral displiacement cf the wheal occurs

which is proporticnal to the distance travellead.

[at}
&
rt
s
.
(8]

The equations cf moticn are set up in a similar wanner
previous section with the introduction of these creep effects and the
"eravitatioanal stiffness"” effect. This effect arises because the latasral
cemponent of the change in the normal reactions between wheel and
rail a2s a wheelset is displaced, is proportional to the lateral displace-
ment.

' vehicle (creep

Evaluation of the pavamcters of the "moving'
coefficieats, conicity of vheel treads,...etc) is given in detail in

Appeadix IV. The follcowiug notation is used for the crecp cos2!

and creep forcaos:
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coefficient relating longitudinal creep force to longitudinal
creep,

coefficient relating lateral creep force te latsral creep,
coefficient relating creep torque to rotational creep,

coupling coefficient relating creep torgue to lateral creep
and lateral force to rotational creep,

creep force in the longitudinal direction for the right
wheel number 1,

creep force in the longitudinal direction for the left wheel
number i,

creep force in the lateral direction for the right wheel
number i,

creep force in the lateral direction for the left whee
number i,

crezp torque (about the vertical axis) for the right wheel
number i,

creap torque (about the wertical axis) for the left wheel
number i

where i = 1, 2, 3, 4, 5, 6 from rear to front.

It should be noted that the longitudinal creep forces 4o not

include the steady state propelling force, they are variatiomns irom

this force.

The equations c¢f motion for the "moving" vehicle are given in

detail in Appendix III. Notation wused is the same as for the

"stationary" wvehicle.

form:

The system of differential equations is written in the following


http:relati.ng
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[A] {Z} [c] {2} [B1 {z} , {F} _
78x78 78x1 T 78x78 78x1 T 78x78 78x1 T 78x1 = © (2.6.1)

where A,B, and C are the inertia, the stiffness and the damping
matrices, respectively,

and F is a column vector of reactions.
Eliminating the reactions by the method of substitution_we get

a system of 26 equations in 78 unknowns (only 36 of the unknowns are

independent).

2.6.1 Elimination of Reactions

The column matrix of reactions is given by:

VAR, EQN.NOC. REACTION
u 1 0
a
v 2 0
a
W 3 0
a
o 4 O
a
Ba 5 0
.Ya 6 0
-(RA, + + RA
v, _ 7 \Pkl RA2 R 3)
& -(RR, - RI + RB
vbr (IRl RBZ RPB?
4 Q
V\.br - 0
& i0 2 (1‘\?’: 4+ RB, p\é,\>
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VAR.  EQN.NO. REACTION
By, 11 -2, (RA; + RA, + RA,) |
Ybr 12 ‘—zza(RBl) - 2,6 (RB,) + 2,1 (RB) - (RM, + RM, + RM,)
ubf 13 —(RA4 + RA5 + RA6)
- 14 -(RB, + RB; + RB,)
Vg 15 0
o ¢ 16 +2,, (RB, + RBg + RB,)
By ¢ 17 -2, (RA, + RA, + RAJ)
T 18 -2, (RB,) + £, (REQ+ 2, (RB.) - (RM, + RM, + RM,)
v 19 -(va)
v 20 (@A)
By 21 -2, (RH,)
Ye1 22 -234(RV1) - (RYl)
Uy 23 (RA)
Va1 24 (RBl) + (va‘) + eo(er - NM)
Va1 25 —(Rwl)
18 N
% 26 G5 = 2y 8 Wy~ Nyy)
Bay 27 0
Ya1 28 () + (Ryp)
V.o 29 —(RVZ}
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VAR.  EQN.NO. REACTION
LAY 30 ; +(Rw2)
Be2 . 234, (RY,)
Y, % 1y, (RY,) - (RY,)
Uio 33 (RA2)
Vi, 34 (RB,) + (RV,) + 8 _(N_, - N )
Va2 35 -(RWZ)
18
%42 =6 57 = 2y 8 (g = Mg
By 37 0
‘de 38 (RMZ) 4 <RY?.)
Vs 39 -(RV3)
v 40 +(RW)
Bea e 3, (RW5)
Yes 42 “2y, (RV,) - (Ry,)
vy, 43 (R2,)
Vi 44 (BB,) + (RV,) + 0 (N 5 = N, )
V43 45 —(Rw3)
8., 45 cféﬁ - 88 )N . - N )
d3 v 20 0 3 23
B4s 47 5
Yy 4e (R + (yy)
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VAR, EQN.NO. REACT10N
'/ - 4
Vo 49 (RV4)
LV 50 +(Rw4)
J
B 51 +z34(m«4)
" I
Y ol 52 +2,34(R\’4, (RY4)
Uas 53 (RA4)
V4 54 (RB4) + (va’) 3 eo(Nr4 - N;,)
LETA 55 —(RWA)
i8
o 36 (57 = 2908 ) N 5 = Ny )
a4 57 0
Yas 58 (RM4) + (RY4)
V.5 59 —(RVS)
J
wc5 60 +(Rh5)
g
Ecs 61 +JL34(RR5)
R Y R
Uys 63 (RAS)
Vys 64 (RBS) + (RVS) +e O o - st)
wdS 65 -(RWS)
18
%5 68 5= = 2508,) Ty — Nys)
6d5 67 0
¥ 68 (}1:45) + Rys)
vc6 69 w(Rvé)
WCG 70 +<R\}\76}
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VAR. EQN.NO. REACTION
Beg o 0, (R
Y6 72 e, (RV.) - (Ryy)
Uis 73 (RA6)
Vd6 74 (’RB6) + (R‘J6) + Oo(Nr6 - N26)
Y6 75 —(RW6)
%46 7 | (%_g " 220%) Mg ~ Nyg)
8d6 ' 0
Y46 78 (RM) + (Ryp)
Elimination of the rcactions is done in two steps:
(A) Elimiration of (Nri—Nii)(i = 1,...,6)

.

To do this, the following procedure, which is implemented in

the computer program, is followed:

Equation 24 = Equation 24 + p < Equation 26
Equation 34 = Equation 34 + p * Equation 36
Equation 44 = Equation 44 4+ p ° Equation 46
Equation 54 = Equation 54 4+ p . Equation 56

Equation €4 = Equation 64 + p * Equation 66

Equation 74 = Eguation 74 + p * Equation 76
_ec
)
Where g = e


http:Eq-uat~.on
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(B) Elimination of the Internal Reactions

To eliminate the internal reactions by substitution the
procedure described below is used; for simplicity we designate
the equations by their corresponding number as given in

Appendix III.

1=1
2 =2
3=3
4 = 4
5=25
6 =6

7 =7+ 23 + 33 + 43
8 = 8 + (19+24) + (29+34) + (32+44)

10 = 10 [(19+24) + (29+34) + (39+44)

-y
11 = 12 4 B, €23 # 33 4 43)

12 = 12 + 224[(19+24) ¥+ 226(29+34) = 223(39+44)] - %

4{(19+29+3

3
(224-32+42) + (28+38+48)]
13 = 13 + (53 -+ 83 + 73)

14 = 14 + (49+54) + (59464) + (69+74)

15 = 16 - 2,.[(49454) + (59+64) + (69+74)]

e
h
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18

18 4+ [223(49+54) - 226(59+64) . 224(69+74)] + 234[(49+59+69) +

(52+62+72) + (58+68+78)]
19 = 21 + 334(20)
20 = 25 + 20
21 = 27
22 = 31 + 234(30)

23 = 35+ 30

25 = 41 + 2, (40)
26 = 45 + 40

27 = 47

30 = 57

31 = 61 - &, (60)
34

32 = 65 + 60

33 = 67

34 = 71 - 234(70)

35 =75+ 70

v

In the computer program, this procedere is applied to the mass,
the stiffness and the danping matrices successively and the expressicn

(2.6.1) becomes
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[A] (£} 4 [c] {Z} [B] {2}

36x78 78x1  36x78 78x1 36x78 78xl (2.6.2)

To eliminate the dependent variables, we use the transformation matrix
[D] which gives the relation between all the variables and the independent
variables. [D] is based on the equations of constraints for the "moving"

vehicle. Therefore (2.6.2) tecomes

[A] [p] (X} , [c] [p] (X} _ ([B) [D] (X} _,
36x78 78x36 36x1 = 36x78 36xl  36x%78 36x1
Which after carrying the matrix multipiication gives the follcwing

system of thirty-six equations in thirty-six independent variabless.

[p] (X} , [cp] {&}  [BD] (X}

36136 36x1 | 36x36 361 © 36x36 36x1 (2.6.3)

It is worth noting here that by introduvcing the non-coaservative forces
which are due to the plienomenon of creep, the inertia, damping and
stiffness matrices are nc longer symmetric and there is thus no rezascn

for the reduced matrices (AD, BD, CD) to be symmetric.

2.6.2 FEquations of Constraints

(A) Constraints between Wheelsets and Frames
= u - n S 2.6.2.1“
Ya1 o br T “217br ( ’
=y + %..8 2,6.2.2)
udZ br 2ibr ( )
Ueo = 0+ 0.8 (2,6.2,3)
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2218bf - (2.6.2.4)
2’218bf (2.6.2,5)
9“218bf (2.6.2.6)
22labr + 224Ybr (2.6.2.7)
Y (2.6.2.8)
221abr - 223Ybr (2.6.2.9)
QZlabf -+ 223Ybf (2.6.2.10)
RZlabf 226Ybf (2.6.2,11)
o 2 2
221abf 224Ybf (2.6.2.12)
(2.6.2,13)
(2.6,2.14)
(2.6.2.15)

(2.6.2.156)

(2.6.

)
fa
<

(2.6.2.18)
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(B) Constraints Between Motors and Wheelsets
Ya1 T Ve Ya4 T Yes
Ya2 T Ye2 Ya5 T Yes
Ya3 T Ye3 Yd6 T Yc6
%41 T %1 “a4 T %eq
%42 T %en %45 © %5
%43 T %3 %36 = %c6

These relations are already satisfied by combining the

wheelset end motor equations

Vel ™ Ve~ Roi®he T PagVpe ~ fagler (2.6.2.19)
Yer ™ Y ™ Rat%e T PogTae T %3400 (2.6.2.20)
v .=V, - - (2.6.2.21)

63" Yor = *o1%se ~ YasThe T %g4Y¥as

= o i T 2.6.2 2:’
Vi = Vbg T *21%e t Fa3Vpr T ¥34Ycs ( )

- T 2.6.2.23)
Yes T Yor ™ Yo% T Fog¥ue T Pag¥es (

= vy - - -4 .6-202\
Vet = % = Los%r ™ PoVue T %34¥c8 (2 4)
.. m 2.6.2.25
Wog ™ Way F 2458 ( )

= + 2,8 6.2.26)
Wiy =V, ! 234;502 (2.6 6)

. 5 3 2.6.2.2
Vo3 T Yas T Eagfes 2 7
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Additional Coanstraints

d4
d5

dé

Ycl
Yc2

Ye3

- 23

c4
= dgiPes

= 23486

The constraint between the wheelszts and rails (dua to the

conicity of the wheels) yields the following constraints:

d3

dl

a2 =

41.

(2.6.2.28)
(2.6.2.29)

(2.6.2.30)

(2.6.2:35)

(2.6.2.37)

(2.6.2.33)

(2,6.2.39)
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d4 2 d4 (2.6.2.40)

as - T 1. Vas (2.6.2.41)

a6 = " %, 'd6
Where Vi1 (i =1,...,6) is the relative lateral displacement
between the wheelsets and the rail. Contact must be maintained
between the wheels and rails, requiring that w,, = 0 (i = 1,

di
-n.,6)a

The Transformation Matrix [D]

This matrix gives the relation between all the variables and

the independent variables, based on the equatiocns of constraints for the

"moving' vehicle.

The matrix [D] is defined in the following pages whare

P = = '2'—)\"‘ o) = E..).\ 22,%.
1 - £ T
22 2
24
B W e o, =2, - 4,
3 i, &= o~ *u
= e = - + i
g = Log = Fay e = ~(Ly5 + 25,)
= { = -f - 2
Py = Ygyt 2y, g 26 ¥ "33


http:2.6.2.42
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http:2.6.2.40
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CHAPTER 3

STEADY STATE RESPONSE TO RAIL IRREGULARITIES

Jied. Steady State Response of a General Mulridegree of Freedom
Systen Using the Method of Complex Algebra

The use of complex algebra simplifies the procedure for solving
the system of differential equations. For forced vibration whera the
impressed force is harmonic, the steadyv state solution is also harmonic
with the same frequency. In the presence of damping in the system,
phase-differences batween the resulting motions and the input excitation
exist.

Let us first consider a single degree of freedom system with
viscous damping. The impressed force and the resulting Jdisplacemeut
are the vectors FO and X, the latter ilagging the former by the angls ¢,
as shown in Figure 4, and the two rotating tocgether with a common

angular speed w.

Figure 4: Vector Represeatation of Forvced Vibration with Viscous Damping

45
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If such vectors are represented by the exponential function, we can

write
iwt
F = Fo e (3.1.1)
x =X eiCMt—¢)= X e-1¢ e OF . (3.1.2)

where Fo and X are absclute values equal to the length of the

vectors.

It is also possible to write equation (3.1.2) as
x =Xt (3.1.3)

== =1 - & : .
where X = X e ¢ is the complex amplitude designating its angular
position with respect to Fo'

Applyving this type of complex notation to the forced vibratien

e

of a viscously damped spring-mass system excited by a harmonic force

Fo sin ot, we can write the differential equation of moticn in tha

form
.o . iwe
my + cx + kx = Fo e (3.1.4)
; - st ) e . e
Letting x = X e , the preceding equation becomes
; . = dwt g iwt
(~nw? + iwec + k) X e =F e (3.1.5)

Q

The commlex amplitude is then determined as
P I

(3.1.6)
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From which the amplitude and phase are found to be:

FO
X = - (3.1-7)

Yk - mw2)2 + (wc)?2

wC

-1
(b = tan m

(3.1.8)

int

The quantity F ™" could be called a "complex force'" and the

quantity x a "complex displacement" related as in equation (3.1.5).

v = 1 F eiwt
) (k - mw?) + iwc "o

13:1.8)

which states that

Complex Displocement = o x complex force,

where the expression

1
T (k- mw2) + iwe

[+

3

relates the complex displacement and force.

We shall now consider a system having a number of degrees of
freedom and find that the results obtained for the system having one
degree of freedom may be extended quite paturally. It will be shown
that a convenient way of allowing for this is to use matrices having
conplex elements. There is no reason, in matrix thecry, why the

elements should not be complex, provided that the mathematical rules


http:de:grt.'.eS
http:Zcr.cema.ni

for manipulating complex numbers are observed. Hence for a multi-
dégree of freedom system the equations of motions could be written

in the form:

M] {X3} + [c] {X}+ [K] {x} = {F}

where F and X are the vectors representing the complex forces and

‘cbmplex displacements respectively.

48,

(

Equation (3.1.10) can be solved by means of the trial soluticn:

>

J

{x} = {X} 3"

|

where column matrix X represents the complex amplitudes. Knowing

that

leads us to the equation
[(K - w2 M) + iwcl {X}= {Fo}

The guantity in squave brackets is a square matrix whose elements
are complex. Let us denote this square matrix by 7. Provided that
o . . : ; ~J .

Z is non-singular it will have an inverse Z = and the solution of

(3.1.13) will be:

a1

It should be noted that the derivation was done for a multi-

degree of freedom system related te am arbitrary set of periodic

(

s

—~

3.1.10)

Sudald)

L

b

3.1.14)
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forces all having the same frequency. The use of complex quantitites
allows us to relax the latter restriction. If the system is acted
upon by forces of different frequencies then the resultant displace-
ment vector will be the sum of the displacement vectors due to the
forces at each frequencytaking one frequency at a time. 1In this
study, however, the excitation forces have the same frequency.

The method outlined above provides the simplest way of findiﬁg
the displacements due to an applied set of forces with or without
damping.

For a system having a large number of degreég of freedom the
method is ideclly suitable for solution on an electronic digital
computer which has the important capability of automatically observing
the rules for manipulating connlex numbers.

Although the result given by equation (3.1.14) is siwple in
principle, it should be pointed out that even for a small number of
degrees of freedom the inversion of a complex matrix is a very lengthy

and tedious process requiring the use cf a digital computer.

3l Steady State Response for the Simplified Model

The simplified model was intended to give an approximate response
to track irregularities. Irrvegularity of the track is assumed to be
sinusoidal and the track width assumed constant.

As described before, for the purpose of this simplified

investigation, the following assumptions are made:


http:dampi.ng
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1. Wheelsets and motors are rigidly connected to the
frames,

2. The primary suspension has negligible effect on
the dynamic behaviour of the system,

3. Creep forces have negligible effect on the steady
state response of the system.

The steady state respoﬁse for the body is found in the case of
two out of phase displacements excitation at the two bases (the trucks).
The forcing vector (the R.H.S. in equation 3.2.1) is derived for the
case of input excitation in both the lateral and the vertical direction.
To study the steady state response due to lateral track irregularities
only, the elements of the input displacements vecitor will simoly be
replaced by zeros except for lateral displacements,

Equaticons of motion are given in datail in Appendix II. The

system of equations has the form:

X C]{X} 4 {(%x}=1 £ PR Vi .
[AMX} + [cHX} + [B]{X [,y 1+ (K My, .} 4
e, 165, 1+ [¥, My, ) 3.2.1)
where:
X - ceomplex vector of unknown displacements {6x1)

Ypr = excitation displacement vector at the front base
(6x%1 complex)

T - excitation displacement vecter at the rear btase
br L
(6x1 complex)

=
!
=N

nertia matrix (€xH real diaronal matriz)
o

s
!
7]

tiffness matrixz (6xf rool symmebtric matrix)
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C - damping matrix (6x6 real symmetric matrix)
be - stiffness matrix for the front frame (6x2)
be -~ damping matrix for the front frame (6x2)

Kbr - stiffness matrix for the rear frame (6x2)

Cbr - damping matrix for the rear frame (6x2)

Using the method described in section 3.1 for solving (3.2.1) we get:

[(R - w2 M) +10C] {X}= [K  +iw Gl {y, 3 + [K _+ dw cbr]{§br}

i.e.: [z] {X}= {F_} (3.2.2)

in which the quantities between brackets are complex square matrices,

this could be rewritten as
= -1
(X} = [27MF ) (3.2.3)

in which Fo, Z—l and X are complex.

To get the steady state response equation (3.2.3) is solved
for increasing values of the input frequency (w), knowing the ampli-

tudes and phase shifts of the elements of the forcing vector.

3.3 Steady State Response for the Full Model - "Stationary' Vehicle

The steady state response for the full model - "stationary"
vehicle is obtained due to a lateral displacement input of the wheels.
This excitation is equivalent to the input displacement that we would

obtain if the vehicle was moving on an irregular track without relative
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displacements between the wheels and the rails. In other words, for
the "stationary" vehicle certain generalized coordinates are '"locked".
These coordinates relate to motions of the wheelsets.

For the full "stationary" model the equations of motion are

given by equation (2.5.3):

[A] (¥} , [c] X}, [B] {x} _
36x36 36x1  36x36 36x1 = 36x36 36x1

For the "stationary" vehicle, the variables defining

a) the lateral displacements of the frames (vbf and Vbr)’
b) the yaw displacementof the frames (Yb‘ and Ybr)’
c) the vertical displacements of the wheelsets (wdl to wd6) and

d) the rolling of the wheelsets (adl to‘ad6),

are known since the wheels are assumed to follow the track (without
relative displacement). Consequently thase input displaceneunts

should be taken to the R.H.S. of the equations and equation (2.5.3)

becomes:

(Al XY}, el X} . [B] {x} _ [aR] (¥} , [R] {3} _ [BR] {y}

20x20 20x1 = 20220 20x1 = 20x20 20x1  20x16 16x1 = 20x16 16x1 = 20xlé 16xl

where (3.3.1)
vfy} - is the input ezcitation displacement (16x1 complex)

and fX} - is the solution vector {20x1, complex)

A - reduced inertia matrix (20x20, real symmetric)

B - reduced stiffness matrix (20x20, real symmetric)
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C - reduced damping matrix (20x20, real symmetric)
AR - excitation inertia matrix (20x16, real)
BR - excitation stiffness matrix (20x16, real)

CR - excitation damping matrix (20x16, real)
Using the method described in section 3.1 for solving we get
[(B - w? A) +in C]{X} = [(BR - w? AR) + iw.C]{y} (3.3.2)
this could be rewritten as
[z] (X} = {F_}

or _ 1.
{X}= [z ]{Fo} {3.3.3)
in which all matrices are complex.

To get the steady state response for the full model, "staticnary’

vehicle equation (3.3.3) is solved for increasing values of the

excitation frequency.
Formation of the R.H.S. inertia, stiffness and damping matrices
from the original (36x36) inertia, stiffness and damping matrices

respectively is done by the following procedure:

i - first, neglect all rows in the original inertia
(stiffness or damping) watrix A (B or C) corresponding
\ NY
to the known displacements (row numbersz: 8, 12, 14,

18, 20, 21, 23, 24, 26, 27, 29, 30, 32, 33, 35, 36).
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ii - the elements left in the columns corresponding
to the known dizplacements constitute in fact

the columns of the R.H.S. matrices respectively.

The reduced mass matrix is obtained by contraction of ;he elements

left in the original mass matrix after formation of the R.H.S. inertia
matrix. Similarly for the stiffness and the damping matrices. It is
important to note that the procedure described above is only valid
because the original inertia stiffness and mass matrices are symmetric
and that the reduced inertia; stiffness and mass matrices should remain
symmetric,

-

3.4 The Steady State Response for the '"Moving" Vehicle

When the vehicle is not stationary on the track, it is no longer
true that certain of the coordinates are "locked", but it remains true
that certain relationships exist between them. These relaticnships
are those governed by the laws of '"creepage'". And the simultaneous

equations may be expressed in the following form, representing a 36x36

matrix equation. .

[AJ{X} + [CH{X)}+ [BI{X} = F(X,X,X) + ¢(y,¥,) (3.4.1)

where

F(Y,‘ ,X) represents the constrzint imposed by the tracks
(due to creep forces, counicity of the wheels
and gravity DtlELueSc effect).

¥,Y,¥) is a column matrix of fcrces, dus to rail irreg-
) )
ularities, for a perfectly straight track ¥ would
simply be a columm of noughts.
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The force F depends on the instantaneously prevailing values of X, X and X.
In the linear case, the function form F(X,i,i) may be expressed as

a sum of column matrices of the type

- ([al{X}+ [c]{X} + [BIXD)

where: the square matrices [al, [b] and [c] are determined
by the process of creepage and by the speed "S" of the

railway vehicle.

These square matrices are not symmetric, and the system is non-

conservative.Equation (3.4.1) is rewritten in the form:
[AX }+ [CHX} + [BUHX} = v(¥,¥,¥) (3.4.2)

where [A], [B] and [C] are no longer of the original positive definite
type, and are no longer symmetric.

Since we are assuming that the wheels are following the rails
in the vertical direction (no creepage in this direction) it follows
that Wiy ™ 0 i4d4=1,...,6), and rows and columns corresponding to these
variables should be deleted and the system of equations (3.4.2)
becomes:

[A] {X} ' [C) {x} , [B] {x}

= v ae /
30x30 30x1 t 30x30 30x1 T 30x30 30x1 = ¥(V¥s¥) (3.4.3)

The rolling motion of the wheelsets [a =1,...,6)] are not indep—

ai @
endent variables, but they do exist implicitly in the equations due to

the lateral displacement of the wheelsets and the conicity of the wheels

(see equations of constraints (2.6.2.37) to (2.6.2.42)).
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Determination of the Forcing Function ¥ (y,V,V)
In the linear case the forcing function ¥(y,y,y) which is the

R.H.S. in equation (3.4.3) has the form

-[ARI{¥} - [CR1{y} - [BRI{y} (3.4.4)

where {y} is the vector of known input displacements due to rail
irregularities.

To determine the forcing function we have to go back to the
original equations of motion (2.6.1) up to the point where creep
forces are substituted for reactions. These are valid for any
displacements whether free or induced. Let us assume that all displace-

ments have the general form

b
]

displacement relative to the track due to creep

o
Il

induced displacement due to track irregularities.

All X, are zeros except for the variables describing the motion of the
wheelsets, and for the frames in the longitudinal, lateral and yaw
directions. For convenience, we rewrite equation (2.6.1) in the

following form

[A] (%} + [C] (& }+ [B] {x_}+ {F)
78x78 78x1

+  [AR] {331} + [CR] {x, }+ [BR] {x .} = 0 ¢
78x78 78x1 * .

(F5]
.

oI
(%]
~
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In the equations of motion for the wheelsets,'the terms due to creep
forces and thé terms including (Nr - Nz) anﬂ W are functions only of

the X, components; and the induced motion matrices AR, CR and BR bave
the same form as the '"relative" motion matrices A, B, and C respectively

except that the following elements are zeros:

BR(24,24) = O (CR(23,23) = 0
BR(24,28) = 0 CR(23,27) = 0
BR(26,24) = 0 for Wheelset CR(24,24) = 0
BR(26,28) = 0 No. 1 CR(24,26) = 0
BR(28,24) = 0 CR(24,28) = 0
BR(28,28) = 0 CR(26,24) = 0 X .
{ CR(26,26) = 2 . (C
CR(26,28) = 017 1718
CR(27,23) = 0
CR(27,27) = 0
CR(28,24) = 0
CR(28,26) = 0
| CR(28,28) = 0

etc. for other wheelsets.
We now apply the process of eliminating reactions as given in
section (2.6.1) operating on AR, BR and CR as it was previously done

for A, B and C. Equation (3.4.5) becomes

[a'] (5.3 + [C'HE T+ [B')x ) =
36x78 78x1 r

[AR'] {X } - [CR! ]{x } - [BR? ]{x } (3.4.6)
~ 36x78 78x1

wheres the forcing function ¥ is the R.H.S., of (3.4.6).

To obtain the right hand side as a function of -the independent
T

displacements, the transformation matrix T (78x42) given later in

L

this sectjion is used. This matrix T is based on similar constraints
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as those used to get the transformation matrix D (in section 2.6.2)
except that the relationship between vy and dd does not apply.
To eliminate dependent displacements we have‘the relationj
ship
| xgd= (1] {yi)
78x1  78x42 42x1 (3.4.7)

Substituting (3.4.7) in the R.H.S. of (3.4.6) we get

[AR] [T] {¥;}

V= = 36x78 78x42 42xi ~ LCRITIY,; } - [BRIITIMy, )

[ART] {?i}

= - - J'. - 3 { 2
V= - 36x42 42x1 - [CRTIy;} - [BRTIy,} (3.4.8)

The only non-zero elements in {yi} are those describing the
induced motion of:
a) lateral displacement of rear frame (Vbr) = y(8)

b) yaw motion of rear frame (ybr) = y(12)

¢) lateral displacement of froat frame Vog = y(14)
d) yaw motion of front frame Yog = y(18)
e) vertical displacements of wheelsets (wdl to Wdé) =

y(20), y(24), y(28), y(32), y{(36), y(40)

f) rolling mction of wheelsets to

{ag) to age) =
y(21), y(25), y(29), y(33), y(37), y(41)

The transformation matrix [T] is given on the following pages.
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" The Transformation Matrix [T]

This matrix gives the relation between all the variables and the
independent variables which describe the portion of the generalized
displacements due to rail irregularities (the R.H.S.).

The transformation matrix T (78x42) is defined in the following

pages, where:

Py = Hgy = Sgy By = hagg = 4y
Py = ~(hy3 *+ 3,) Py = a3t tyy
= -2, +% =%, + 2
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Steady State Response

Substituting from (3.4.8) after eliminating rows corresponding
to the relative vertical displacement of the wheelsets in the vertical
(wd) and rolling directions (ad) in the system of equations (3.4.3)

it becomes:

[E] (X} + [CH{X}+ [B1{X}= - [ART] {¥i} - [CRTI{y;} - [BRTI{y .} (3.4.9)
30x30 30x1 30x42 42x1
where:

A - inertia matrix (including creep terms)

B - stiffness matrix (including creep terms) .

C - damping matrix (including creep terms)
-[ART] - "induced motion" inertia matrix (uo creep terms)
-[BRT] - "induced motion'" stiffness matrix (no creep terms)
-[CRT] - "induced motion'" damping matrix (no creep terms)

y - induced displacements vector (42x1, coumplex)

X - is the solution vector (30x1l, complex)

It should be noted that A, B and C vary with the forward speed of

the vehicle.
To solve for a certain value of forward speed, i.e., a certain

value of excitation frequency, the following procedure is adopted:
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Using the method described in section 3.1, we let

_ ei(wt—t]))

getting x = X el(wt_¢) = X e-l¢ elwt

He
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€
N
bl

Substituting in the system of equations (3.4.9) we get:

-IKlo? + o [E]1+B) 1X &3 = (-[aRJw? + 1o [CR] + [BRD){y &7}

OR

(X e = ((B] - [(Alw? + dw [ED™ ([BR] - [ARJw? + du [CD{y e ")

3.5 Damped Natural Frequencies

For free vibrations the R.H.S. of the equations of moticns is

simply a column of zeros. Hence the system becomes:

[A] {X} + [C] {X} + [B] {X} =0 (3.5.1)

where
A - is the inertia (or mass) matrix

C - is the damping matrix

B - is the stiffness matrix



Equation (3.5.1) could be rewritten as:
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i b'e
(3.5.2)
el (4

where all the above quantities are submatrices, except D which is the

differential operator. Now we let

{y} =

and G =

Equation (3.5.2) becomes

D {y} = [G] {y}

We assume a sclution in the form
t
{y}=1{y *"}
and we substitute in (3.5.3) getting

S{Y} = [G] {Y}
or

(s[1] - [6D) {y}=0

(3.5.3)

(3.5.4)

3:.5.5)



The roots of [G] (the eigenvalues) may be obtained using a library

subroutine. The solutions will be complex in the form:

S, =y, * iwi (for the ith root)

where ui represents damping

wy is the damped natural frequency.

Equation (3.5.4) becomes:

y, t

i '
=
Yy e A cos (wit + P)

If any My is positive, the displacement v becomes umstable.

The natural frequencies for the simplified model and the full

"stationary'" model were found.

Hunting for the moving vehicle could also be investigated by

determining the eigenvalues of the matrix [G]. The procedure is to

65.

(3.5.6)

solve for all eigenvalues for increasing values of forward speed until

a ui becomes positive, indicating instability and the critical speed

of the car. It is obvious that the state of the track plays an important

role in the analysis. For the case of sinusoidal track having amplitudes

of 2-3 mm it was shown by Van Bommel [13] that the critical speed is

already appreciably reduced.

Stability analysis for the "moving" vehicle on an irregular -

track is more complicated than the same study con a straight one, and

is beyond the scope of this research.



CHAPTER 4

RESULTS AND CONCLUSIONS

41 Introduction

In this chapter, the results obtained for the three models considered
are discussed. For the "moving" vehicle responses for the cases of new
wheels and worn wheels are compared. This is followed by a discussion of
the conclusions that can be drawn from the analysis, including the applica-
tions to the design of high speed railway vehicles. Finally, possible
extensions of this analysis are given, and suggestions for further research
in related areas are made.
| The results given in this chapter are for the case of lateral track
irregularities only. It should be noted however that the method, as well
as the computer programs, are general enoﬁgh to allow also for wvertical
track irreguiarities. The sinusoidal irregularities of the two rails can
be in-phase or out-of-phase, but are of the same maximum amplitude,

The steady state responses of the vehicle components to varying
input frequencies is computed. The input frequency is increased from zero
to 3 cycles per second. For the "moving" vehicle the input frequency is a
function of the wave length and the vehicle forward speed and is given in
terms of the vehicle speed.

The curves are computer plotted from discrete data using a crude
smoothing technique. This together with the contracted horizontal scale
and the amount of damping accounts for the sharp peaks that occur. These

peaks are really rounded,

66
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4.2 Results for the Simplified Model

Figures 5 to 7 show the response curves obtained for the body in
the lateral, roll and yaw directions respectively using the simplified
model.

The horizontal axis represents the input frequency. The responses
in the other three modes, i.e. longitudinal, vertical and pitch are coupled
together but are uncoupled from the responses in the lateral, roll and
yaw directions. Since the input is in the lateral direction only it follows
that the steady state responses in the longitudinal, vertical and pitch
directions are zeros.

Natural frequencies for the simplified model are given on the page

following Figure 7.
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NATURAL FREQUENCIES FOR THE SIMPLIFIED MODEL

(IN CYCLES/SECOND)

OMEGA 1 = .701
OMEGA 2 =  1.277
OMEGA 3 = _ 2.922
OMEGA 4 =  3.148
OMEGA 5 =  4.416

OMEGA 6 = 6.438
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553 Results for the Full Model -"Statibnafy" Vehicle

For the full model the primary suspension is not symmetric and
the response curves are obtained for the body in all the six modes of
oscillations.

Figures 8 to 13 shows the response curves obtained for the body
in the longitudinal, lateral, vertical, roll, pitch and yaw directions
respectively.

Figures 14 to 17 show the response curves for the front frame in
the longitudinal, vertical, roll and pitch directions respectively. No
gteady state responses in the lateral or yaw directions were obtained since
ho slip was assumed between the wheels and rails.

Figure 18 gives the pitch for motor No. 5 displacement.

Natural frequencies for the full model are given on the page
following Figure 18. Since there is no constraint or reaction preventing
longitudinal motion of the system, the system is free-free in this
coordinate. It is known that one of the modes of vibration must be at
zero frequency with the whole system moving at constant velocity in the
longitudinal direction. This automatically comes out of the solution of
the full system. However this knowledge may be used to reduce the system

of equations by one equation before solving. .
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NATURAL FREQUENCIES FOR THE STATIONARY VEHICLE
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4.4 '~ Results for the Full Model — "Moving" Vehicle

For the "moving" vehicle response curves are plotted against the

forward speed of the vehicle. The input frequency is a function of the

wave length and the speed of the vehicle.

Because creep is considered, response curves for the body and

frames were calculated in all six modes, and in the pitch direction for

motors and wheelsets. Steady state responses for the two cases of new

wheels and worn wheels are given.

L, For the case of new wheels:
a) TFigures 19 to 24 give the
b) Figures 25 to 30 give the
c) Figure 31 gives the pitch

d) Figure 32 gives the pitch

2. For the case of worn wheels:
a) Figures 33 to 38 give the
b) Figures 39 to 44 give the
c) Figure 45 gives the pitch

d) Figure 46 gives the pitch

displacements for the body,
displacements for the front frame,
displacement for motor Neo. 5,

displacement for wheelset No. 5.

displacements for the body,
displacements for the front frames,
displacement for motor No. 5,

displacement for wheelset No. 5.

Comparison of the response curves for the cases of new wheels and

worn wheels shows that the condition of the wheel does not affect the shape

of the response curves in general except for peak responses.

Comparison of the response curves for the "mcving" vehicle and

the "stationary" vehicle indicates that creep forces have a significant

effect onm peak respouses.
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4.5 Conclusions

Three models were investigated: a simplified model which assumed
no springing or damping of trucks or motors, and no creep forces, a full
model for the "statiorary'" vehicle, in which cre;p forces are assumed
negligible and a full model for the "moving" vehicle, in which creep forces,
gravity stiffness effects and tread profiles are considered.

Several conclusions can be drawn from the analysis presented in
this thesis. The accuracy with which the devised models describe the

performance of the real railway vehicle is compared.

The analysis and results show that:

;. The simplified model does not adequately approximate the
response of the railway vehicle. Since all vehicles have
finite primary suspension stiffness, this‘conclusion
means that the simplified mcdel is inadequate for

simulating the performance of an actual railway vehicle,

N

The comparison of the steady state respcenses for the
"stationary" and the "moving" vehicles indicates that

creep forces have a significant effect on peak respcuses.

- Comparison of the responses in the cases of worn wheels
and new wheels shows that tread wezar have & significant
eifect on peak responses but generally nst on the shape

of the resporse curves.
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4, It is recommended that slip and corresponding creep forces,
wheel tread and rail profiles, and gravity stiffness effect
be included in the steady state response analysis of railway

vehicle to track irregularities.

The study also shows that modern engineering techniques and use
of a digital computer can contribute significantly to the analysis and
design of a complex vehicle suspension. The direct application of the
analysis outlined in this thesis is in the field of design of railway
vehicles. By successive computer trials for different system parameters
as input data it is possible to determine the effect of these parameters
on the performance of the railway vehicle and in particular on the steady

state response to rail irregularities, It is then possible to:

[P Determine the optimum suspensicn to meet passenger comfort
requirements and provide sufficient damping to control the

’ car body mocion.

2. Optimize the suspension stiffness in order to maximize the

critical velocity.
3. Choose an optimum tread profile.

4, Deternine the respense of the railway vehicle to different
P

track "shapes".
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4.6 Suggestions for Further Research

There are many problems in this area of high speed railway dynamics

that need attention. Theoretical work such as presented in this thesis

should be extended as described below:

1. Refine the mathematical model to include the effect of clearance

between wheelsets and frames and include the nonlinear constraints.

2. Expand the analysis to a medel for a complete train and study

the effect of rail irregularities on the train stability.

3. Introduce statistical properties of the track irregularities

which results in random fluctuations in the response.

4, Introduce driving and braking traction into the analysis
and its effect on the amount of creep in corder to determine

its influence on stability and performance.

5. Consider the elastic deformation of the track when a train

is passing and its effect on the adhesion mechanism.

The experimental adhesion study is important. At present, there
is still a large discrepancy between the results measured in the laboratory
and these experienced in railway operation,

Experiments are needed in order to find guantitative values and
conduct comparative studies between theoreticezl and experimental vesuits.
Experiments could be performe& in the field by running real railway

vehicles or in lakorsztories by testing prototype models.
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EQUATIONS OF MOTION FOR

THE FULL MODEL (""STATIONARY" VEHICLE)
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i 1 INTRODUCTION

In this Appendix equations of motion for the full model are

derived in detail. The following notations for displacements-are used:

u - linear displacement in the x direction,
v -~ linear displacement in the y direction,
w — linear displacement in the z direction,

a ~ angular displacement abcut the x direction,

(553
i

angular displacement: aboui the y direction,

vy = angular displacement about the z direction.
Subscripis are as follows:
a - for the body,
bf - for the front frame,

br - for the rear frame,

cl,...,c6 ~ motors numbered from rear to front,

dl,...,d6 - wheelsets numbered from rear to front.

For the "deformed" configuration the following assumptions are made:

ey u > . > u ., > ou,,
a ubj ci di

I
Hh
(o]
L]
=
o

(
a bj ei di i

2. All o, B, vy, rotations are positive (anticlockwise).



In each equation the terms are

Front
Front
Rear

Rear

For the internal reactions the

written in the following order:

|
v
e

{4)0]
=
pt

following notations are used:

1. Internal reactions between wheelsets and frame
i - In the u direction RAi
ii - In the v direction RBi
iii - In the v direction RMi
2. Internal reactions between motor and wheelsets
i - In the u direction RUi
ii - In the v direction RVi
iii - In the w direction RWi
iv = In the o direction Rai
v - In the v direction Ryi
Where i = 1, 2, 3, 4, 5, 6 from rear to front.

The reactions between wheels and rails are designated by:

i - In the x direction RXij
ii - In the v direction RYij
iii - In the w direction Rij

Cont'd.

123
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where 1 = 1, 2, 3, 4, 5, 6 from rear to front
j = r for the right wheel
j = % for the left wheel

The equations of motion for the wheelsets are first written in
terms of horizontal reactions between wheels and rails. These are

later rewritten with these reactions transformed to creep forces.

.2 CALCULATTIONS OF TLE FORCES TN SPRINGS: (See Fig.3)

For Spring Kl:

i) Front

Fip = Kl{(ua -u )t 28+ 4, Bbf} (1.1)
ii) Rear

Flr - Kl{(ua - ubr) ¥ glsa = 22 Bbr} (I.2)
For Spring K2:

i) Front

Bop = Rolly, = Wpgd = 430, = Sotpp = Wty + Syelpet - 3
ii) Rear

Fpp = Kpllv, = vy ) = fqa, = po o+ (gt 0y, = Ryovy ) (I.4)

For Spring K3:

i) Front Right

F = KB{(wa - wa) = Egua + ngbf + (z3+14)6a - 2,8 .} (1.5)

3fr 4°bf



125,

ii) Fl‘OI_l_I_Z__I_;eft

Farp = Kgllw, - 'wa) + 2ge, - zgc;bf +(gte,)8, - 8,8, ) (1.6)
iii) Rear Right

Fap = Kgllv, : Wi T g0, T Rga - (RtR DB+ zasb'r} (1.7)
iv) Rear Left

Fap = Kyl - w ) + 250 - zg'abr - (242,08 + 248,0?} (1.8)
f?r Spring K6:

1) P_r_o_z__}ilﬁf_t

Foer = KglOr, = w0) = Rgq0, + Sogie * (R-2)68, + L6, .3 - (1.9)
ii) Front Left

Fap = Kl =) + 050, = Lygo 0+ (gmt0)e + 058, .1 (1.10)
iii) Rear Right

F6rr - K6{(wa - Wbr) B llOaa d leabr = (QB_ZS)Ba - lSSbr} (I.11)
iv) Rear Left

Forn = Kl = ) + 2100, = 210y = (2508, - 258, 3 (1.12)

For Spring K4:

i) Front Right

Frer = Kglu, —up ) + 208, + 2348 0 + Loy, = Ryvye) (I.13)



ii) Front Left

Fren = Bylln, - g,
iii) Rear Right
F4rr - K4{(ua N ubr)

iv) Rear Left

For Spring K7:

i) Front Right

Fogr = K7{(ua - ubf)
ii) TFront Left
Fopy ™ Ryl - me)
iii) Rear Right

F =K {(u -u )

iv) Rear Left

F = K7{(ua - u

rs )

br

Y + 2.8 + 2.8
1 a

337bf

+

+ 2_8

7 8

0
g ¥ L3P

o LT
+ 2783 + 2.8

337br

*+ 2783 F Lgab

33"br

LBy ¥ Bggby,

= 2gYa ¥ LgYpe !

gy, ~ Agvp, )

+ 8 -5 v
210Ya ~ *10Vee!?

210Vpg !

- 1
10%a ~ *107%¢’

210 br 3

(1.

(1.

(T

(1.

(1.

(1.

14)

15)

1.16)

«17)

}.—I
o]
~

19)

20)



For Spring KS:

i) Front Right

Fopr = Kollv, = V) = S50, = 340,
ii) Front Left
Fogg = Ksllv, = vye) = oo, = Lqq00,

iii) Rear Right

J - .o = L.

FSrr - K5 {(Va = Vpe! 77a 33"b
iv) Rear Left

Fopg = Kellv, = vp) - 0, - *33%x
For Spring KS:

i) Front Right

Faee ™ Kgllv, = Wygd = by, — fguy
ii) Front Left

Foen ™ Bglly, = Wppd — 348, = Rty =
iii) Rear Right

F8rr = KB{(Va - vbr) - 27aa N 233abr
iv) Rear Left

Farp = Kgllv, - Vbr; R

- (gt )y, 2y )
_ (213-%9,!!)Ya + 24Ybf}
Pt gy - 2y )
(01,0, < .Y, )
= (gm0, = Loy )

(24=2)v, = %cvp g}
+ (23—25)Ya + ZSYbf}
+ (425)Y, + fovy )

127.
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21)

«2Z)

«23)

|« 26)

«27)



- Spri K, .2
For Spring 11

i) Front Right

fllfr =Rl = Yﬁf) (1.29)
ii) Front Left

Frlieg = K1 (rg = vy (1.30)
iii) Rear Right

e = 541 5s = Yo (1.31)
iv) Rear Left

Flies © Kll(Ya N {Lr) (X.32)
For Spring Klzz

i) Front Right

Frofr = Kip (v, = ¢! (1.33)
ii) Front Leit

Frage = K12(Va = Ypg) \ (1.34)
iii) Rear Right

Fioer = Kp2(¥, = V) (1.35)

iv) Rear Left

Flore = I‘12(Ya - Ybr) - (1.36)
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For Spring K9:

(From rear to front 1, 2, 3,...,6)

i) 1 Right
Fo,ar = Kol = wgp) = Ryg0p F 297041 = 25,8, ) (L+37)
i1) 1 Left

= ~ N ' - - g : '
Fo 10 = Kgllwy, = wggd + 2ype = 20047 = 2948, ) (I.38)
i11) 2 Right
r = . - C - 23 1 2
Fo,or = Kol = wyo) = fyqop  + Looagy = 2908 ) (1.39)
iv) 2 Left

= -— - - [ 1.40G
Fo,o0 = Kgllwy, = wgp) + 250 = 80040 = 2568, ) (1.40)
v) 3 Right
Fo,ar = Rolloy, = waq) = Bogop + 8y0045 + L5458, (I.41)
vi) 3 Left
Fg,3p = Kol = wyg) + Rpg0 = &yq045 + 2548, ) (I.42)
vii) 4 Right

— - - + - 1 s
Fo,ar = Kolliye = Wap) = L0 + Ly504, = LyqBe ] (1.43)
viii) 4 Left

e - - - 4
Fo g4p = Kollrpp = wgn) + 8gq0p 0 = 89504, = 2,58, ¢ (T.44)
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ix) 5 Right

Fo,50 = Kol lope ~ wys) = Byjap e + 205 + 2508, ) (1.45)
x) 5 Left

Fg 5 = Kol g = wag) + 2y90 0 = 2150, + 2968, ) (1.46)
xi) 6 Right

‘F9,6r = RolGryg = Wag) = 2yq% + %1706+ Loubpet (L:47)
xil) 6 Left

Fg o = Kol = wagd + Lppoy e = 2yo000 + 208, ] LB 8
For Spring KlO:

(from rear to fromt 1, 2, ...,6)

F10,1 = %10t O = Wop) — fofh,  23sBen ! D=4
Fro,z = Figltyy = Wt * by, - B4cB 0 (1303
Fio,3 = Kol 0y = V) + 2958, = 23585 (1.5
F10,4 = Kol Gpp = woy) = RosBpe + 255847 (T.52)
Fio,5 = Kol Ofpg = ¥eg) = 278 + 235850 LL.3)
F10,6 = K10l Whe = ¥eg) + 2ooBps + 23586 (L340
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1.3 FORCES DUE TO DAMPING

These forces are due to:
A - Rubber springs (in parallel with stiffness)

(Cl’ CZ’ Siaib 3 CS’ Cll’ and ClZ)

B - Shock absorbers

(Cygn Byge Cyns Cyps Cpy mnd Gygd
(A) Damping in the Rubber Springs

Equations (I.55) to (I.90) giving the forces P due to damping,
could be obtained from equaticns (I.1) to (I.36) by replacing

Kn by Cn and the variables by their first derivatives,

(B) Damping Due to Shock Absorbers (for C, and CV)
=1 e
¢, = tan (17.75/2.75)
C15 = CV sin a,
C16 = CV cos @,
|
o = tan T (9.125/21.25) L—2—3/4“—*1
= 1 / -
C13 CR sin a, —I_
C14 = CR cos oy CR C13
"
oy 9.125
i’ ]
o €14 ;



http:17.75/2.75

i

B
= v
$
L
1
52
ir
Y
Initi - L 2 o 22 4 o
nitial Length Ll 5 Ll 1 + vi
: - BN . ST
Final Length L2 BA" , L x5 -+ ¥5
Assuming small u and v,
(L2 - Ll)(L2 +'Ll) = 2(uxl + vyl)
or, taking L2 + Ll = 2Ll
-+ r
Lo . ux, + vy,
2 1 L
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Therefore:

L2 - Ll =u cos o + Vv sin a

Hence:

(u.cos o + Vv sin a)cos a

x component of displacement

]

y component of displacement (u.cos o + V sin a)sin a

for small 6Sa.

should be noted that:
u and v are measured in the positive directions of x and

y respectively.

The angle o is measured positive from the x-axis in a

clockwise direction.

u, = Displacement of A in the positive direction,
up = Displacement of B in the positive direction,
v, = Displacement of A in the positive direction,
v, = Displacement of B in the positive direction.
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SUMMARY

For the rotational and the lateral shock absorbers, components

at points A and B due to displacement of the center of

rotatien about it are:

gravity, and

POSITION | POINT uA and ug VA and vB
Front - . ;
. gt ;i o COS -t O0SG -+ i .
Right A ( u cosc v s nwl)ﬂocal (-u co g v 51nal)snnal
Frent B ( U cosu, - v sina,)cosa (-u cosa, + v sina,)sina
Right PEREY R | 1 B! B T
Fror‘t ’ i . o . X B e Nl A
Left A (u c.osct_1L + v 51nal);gacl (u cosa, + v sing, jalno,
Front ’
B s+ 5ind_ ) cosd a, + v sin®, Jsinu
Left (u cos 1 v sin J)cu 1 (u cos 1 7 1/8indy
Rgar A (u cos® + v sina.)cosu (v coso, + v sina.)sing
‘Right 1, 1 i i 1 1
Rear B (u cos®, + v sina.)cosa (u cosa, + v sino.)sina
Right 1 1 1 1 i 1
g A (u cosa, — v sina.)coso (-u cosa., + v sina.)sina
Left 1 1 1 1 i 1
Segt B (u coso., - v sing,)cosq (-u cosg., + v sing,)sing
Left 1 1 i 1. 1 1
% i T
=1 for CR and %y for CV

fast
(5]
-




For the rotational shock absorber (CR), we get the following:

Displacements in the positive u and v directions

135,

1
4 i o Displacement f Displacements of
’ clog placements o isplacements
PRATLIGS e " Points A Points B
o 4
1 + -
u b T hygly * i Be ™ Pagbpe T EoyYyp
Front .
Right
- " + -
b T gl = Sqa¥y og ¥ Mag¥ue — FagTye
s T e L We = 239fpe < 231
Front
Left
- - 9 + .- L s
v Tl L Vor T Baafe = LagVie
" ‘ 5 = o L9 A
. B W, Rgeh, T Sy Wee ™ Fgobpy T Rag¥y,
ear ; i R (L hid
Right
= -+- 0 + " .,*. '
B Ty~ ysts F ¥, Vor T Lg% ¥ tug¥y,
" e T T B = Faefu = Bayty,
Rear o
Left
-2 ' .
% ¥y~ Ryl gy Yhe T g%y ¥ foo¥,
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Relative Displacements of

Aw.r.t. B

=
L

POSITION Relative Displacement (+ve Directions)
. 0 -
8 (u, = upg) + 2958, F BaoBet 2937, ~ g9V
Front
Right
' - ' - —- - L .
(v, = V) — S8, - Raptpe — Ryo¥, F Ragye
(u =) *+ 4B, F LgpBug= Lyqv, + Rayvye
Front
Left
= &3 - T
(Vo = Vo) 7 Rps®a T Fap%pe T RoY. t LoV
(v - f o8 4 8 Y - ‘
Uy =) F BBt BB, F RgY, < Ry,
Rear
Right
- ) = Q - 4 L -+ & Lo ‘«,- 57
(Vo = V) = Rs®y T Rgaly F Ry0Y, m foghy,
- - G - , o N
Qo —ug )+ g8 F 2358 = Ayqv, gy
Rear
Left
- i " - + _ “
¥ (Vo = V) = Rsfy T gty RyoY, m Lagryy




Forces in the Longitudinal Direction due to CR:

i) Front Right
Pig,1 = Cpql-lCh -8 ) + 0168 + 0308 o + 2557, - 25, (Jeos &)
FLO V) = Ryg8, = A8 e = &yo¥, + 2oty flsin g )
ii) Front Left
f14,2 = 014{~[(ﬁa—ﬁbf).+ 8158, + RapByc =S4T, + Lgy¥y leosa,
SO0 ) - b, = Rgpby = RyF 2y cleing ]
iii) Rear Right

P14,3°

H N = By®,
iv) Rear Left

Prs.4

—[(va—vbr) N 2lSaa -

_ . d % b
CppllCu vy )+ 248,

” Fin s 5
CrallCumuy ) + 2,8 + 2

32" br

: o owe B me e
32Bpr T L13¥4 = L31Yp lo08%y
br ™ 212Ya - 229Ybr]81na1}

328pr 7 Rp3¥a T YapVpleosey

LY, T lzgybrISLnal}

Forces in the Lateral Direction Due to CR:

i) Front Right

T B

H,Ve) - 250, -

Cl3{—[(ua—ubf) - Q_ Ba +

32%¢ = *12Ya T Fog¥ps

13Ya ~ F3p¥pgleosey

]sinal}

~]
.

(I.91)

(1.93)

(1.85)
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ii) Front Left
13,2 ='("13{"[("‘51“‘.%:?) +hysh + BB = BT, yg¥y Jeosy
—[(v vbf) = 91 g 232&bf - 212§a + 2 9ybf]<1nu } (1.96)
iii) Rear Right
Py3,3 = Cpaltl(o,-0p ) + 8158, PapByy * Eya¥, = Bay Ty Josoy
+[(Ga»6br) - Rls&a - 232&br + £12§a - 229§br]sinal} (1.97)
iv) Rear Left
P13, = CpyTHI(E, =0y ) + 21Séa * 23zébr = 8y5¥, * AgpYy Jeosey
o (A A R P C N U PPN De oW LE LI S C L L)
Similarly we will get the forces in the longitudinal and
lateral directions due to GV;
Forces in the Longitudinal Directicn Due to CV:
i) Front Right
P16,1 = Crel-l(0,-0yp) *+ 29 sPa * 3oy + 21p¥, - Ragtygleosa,
+[(v —v g =R - 232&bf =~ B, 2289bf]sina2} (1.99)
ii) Front Left
P16,2= Crel-TCU,-8 ) + LysBy * SagBpe = 2yq7, + bagTpeleose,
-[(Ga~&bf) - 215&8 - 232&bf - z6§a + 128§bf]sina2} (1.100)
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iii)  Rear Right

P16,3 = Clﬁ{[(ua—ubr) + 21583 + QBber + lllYa - RBOYbr]cosqz

4 . _. _ - B Py . _ . . .
[(va vbr) leaa 232abr + 26Ya 228ybr]s1na2} (1.101)
iv) Rear Left
Pro,s = CrellCu -ty ) + Ryg8, + Ry = 237, + L57; Jcose,
_ . ‘7- iy . _ » . _ ° gk 0
D) = 23q%, = 00 + 2eY, = Lyg7y Isina, ) (1.102}
Forces in the Lateral Direction Due to CV:
i) Front Right
F15,1 7 Cpgl-L0i, =y ) + 2y5f, + Roofy e + 217, - 830, Jeosa,
+[(va—vbf) - 215&3 - 232ahf - leya + 228chJ_Lngj (1.103)
ii) Front Left
= - L _‘o - L4 4+ » _ ) T
Pis g = CpsllC -0 0) & &y g8, + 3,80 = 8977, + £50¥ leose
_ . —: _ e _ L] _ b + » —~ .
[V, Vpg) = %58, = L350 = ¥e¥a ¥ LpgVpglsingy)
(1.104)
iii) Rear Right
= { 0 —Uu - 2 3 : > Z s
Pys,3 = Cpsllu-u ) + 2958, + 2,8, + L497, + La7; Jeosu,
LV = 2g50, = Laply, + BT, = Lygvy Jsina, ) (EL105)
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iv) Rear Left

_ - —q * . _ . _ . .
Pys,g = Cpst [Qu -0y ) + 2,8, + 2958, = 2437, = 25gVp 1008,

. ‘. 3 s .« ._". . -
[(va \br) leaa 232abrk 26Ya 228ybr]31na2} (1.106)

Forces Due to Shock Abscrber C_ . :

17
F17,1 7 CpplGiyy = Wap) + Rygby =S998y, = yu8y ) 107)
Pig,g = Coplli, = Wg9) = Agghy + Ryghgy + Byafyd (1.108)
P17,3 = Cpplle = vigpd + Rqg8p = g8, = 258y (1200
Prgg = CpplGig = Wag) = %108 0+ 21056+ Ly4Bos ] (11303

forces Dua to Shock Absorber ClB:
P1g,1r = %18t Oy = Vap) ~ 108y T Yyofar T YL tLedldd
Prg.or = Crgl®yy = Wgp) = Bygly + £yodyy = fy6B ) (.112)
Prg,on = CrglGhpy = ¥a) + 21l = 21980 = LoeBpy ) a0
P1g,30 = C1gl Oy = Vg3 + 2398, = fy9843 ¥ DL (Ea 1)
Prg,ur = C180Whr = Va) = Piofpr * 2igtas - fa3fhr ) (3139
Prg,sr = Crgl0p = Wys) = Rygip e + Ryg84s + LogBps ) AEiLL0s
P1g,55 = Crgl(pp = ¥y5) * Ayghp = £1g8gs LygBys) BT
Pro.6g = C18l s ~ Vge) + Lg%5 = Zyg8ge t LoyPog ) (%, 118
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(&)

EQUATIONS OF MOTION

For the Body (See Fig. 1.1)

IF, = 0

mu, ¥ P v Fp Pyt Py
+ F4fr + F4f2 * Férr T rérz F7fr + F7f2 * F"/'rr + F?r%
Y Pure Y Pupg t Fhpe Tt Bype Y Bpy Y ETEE By,
* Biuer ™ Poagn T Fidee ¥ Pidny
= Pyeer " Freen T Pieer T Pigrs d

ma:;a + (2K, + 4K, + iR Ju b (K - 3K, - 3K Jw,
(R - 2K, - ZKdu o+ (28K + GRK) ALK
(0K + 200K, + 20K )8+ (8K, + 200K, + 2z?317)3br
+ (-Cl - 2C4 - 2C7 - 2614 coso; = 2C16 cosaz)ﬁbf
+ (—Cl - 2C4 - “C7 - 2C14 cosa, - 2C 6 cosaz)ﬁbr
+ (ZZlCl + 432 C4 + 49 C7 + MLlSCl4 cosay + 1215C16 cosaz)éa
+ (8,C) + 2035C, + 28,50 + 20,,C., cosay + 20,.C. cosaz)ébf
+ (R)C + 204,C, + 20,,C + 20,.C;, cosay + 205,01, cosa)B,
+ (20, + 4C, + 4C. + 4C), cosay + 4C cosaz)&a
=0

O
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FIGURE (I.1)

FORCES ON THE BODY

At
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ger T toen ¥ Piser ~ Fraen T Fiser T Froen t Pisee T Fises

p - P
15ry 152

=0

mv_+ (2K2 + 4K5 + 4K8)va

+ (-K, - 2K_. - 2K8)vbf + (-K

2 5 2Kg)Vpr

g = Ay =

+ (=200, - 48K - 42K )a

= 28 aube = 2%..Ka \

+ (—22 2 - 22 - 22..K 33%5 3358

3355 33Kg’ abf + (2K,

- 24
+ (216K2 + 22,4K5 2% K )Ybi + (-2 6K2 24 KS + 2 S)Ybr

i1s Lo atne \\‘7
+ (ZC2 + 4C5 + 4C8 + 4C13 sina, + ()5 sina, )V

+ (—C2 - 2C_ - 2C_, - 2C,., sino, - 2C,. sinwa,)V

5 8 13 1 15 27 bf

- (—02 - 2C5 - 208 - 2Cl3 sinal - 2015 sinaz) §br
+ (—221C2 - 42705 - 42788 - 4% 15 3 51na - 4&15C15 sinuz}éa
+ (2,0, = 225,00 = 20,6, = 204,05 sina; ~ 20,5,C. ¢ sinaz)&bf
F(HyG, - 26,0, - 280, — B,,0, slan, - 2Wie,C, o sina,)e,
+ [216C2 + 7£,C5 - 293C8 + 2Cl3(231 coso, + 229 sina.)

+2C, (24, cosa, + L, sinc )1$bf
+ [( 216C2 2b,CS - "&SCS - 2C13(2 ; cosey Fodog ainv1)
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21(P2f+P2r) £7(.5, +P +P +F +P

- (P -P___ 4P % 7
15" 13fr ~13f2 " 13rr "13re
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6rr 6r

3fr 3f4 3rr 3re 6fr 6EL 6rr 6Tk

(4K3 + 4K6)wa

- - D - =
( 21(3 ._K6)wa + ( 21(3 21<6)wbr
(—2241(3 + 225K6)8bf + (2141(3 - 225K6)5br

(4C3 + 4C6)wa

=90, b -9 ‘
(-2C5 - 26w + (-2C4 5 oy

. & - :
(-22,C, + 20,C)8, . + (26,0, - 20.C)B,

- . Lo ™ v §nl _;_'l" —— g N
b FogtFy ) = R B e ¥ Mo e P s gy P o’
jz'9(—FBfr-'_F.'ifSL--F.'Srr-'_FSrIL) + 210(—Féfr+F6fl_F6rr+F6r£)

et Psen Py s PP TPar tPe o)

-P__ - ) - p__ -P ’
fg =By 4P +p ¥ Ly (B F B,

322 T 3 e 3p0/ 10
= N W

0
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(—221K2 - 427K5 - 427K8)va

(21K2+2£7K +2£7K8)vbf + (ZlK

+20_K +2¢_K
7 7

5 2 5 8 Vb

2g 4492 2 2 2
(221K2+427K5+427K8+429K3+4210K6)aa

—202Kx 9292 ¥
(2122K2+227233K5+227Z33K8 229k3 2210R6)abf

. —902% _902
(zlzzK2+zz7233k5+227233K8 229k3 2210K6)abr

-22.2,K_+22_2_K

(-2, 29 ¢Ky=2058 Ro+20,0 Ko) vy o

+ (21216K2+2£7£5K5-22725k8)7br

_/ _ " s - - . [
( 22,1C2 49_C_~44%_C sin a 4215C15 sin a2)v

/,
75 Hhgbg il ol g 1 8

(2,6,+22.C 420 Co+28, C 4 sin a; + 20,.C,, sin az)ﬁb

2 775 778 7715713 1 15715 £

(2,C,+28.Co+20_C 22

. ) = \w
2 7Cs 7Cg “lSCl3 sin alA+ 28 . 6 sin v

15715 29/ Yoy

(222C,+482C +422C +422
1’)

2 2 1 A0 Bz Y2
7Cs 7Cq 903+42 C_+404_C sina, + 424.C s¢n¢2)aa

1076 15713 1 15715

(2.2.C+22 C.+22.2

~202C. 202
1420512878 3305 20k 3305m20G03-20] (Ot 22

Ta T R gkqplyy B0 8y ¥

22 _2..C sin az)&

15732715 bf

: 292020 _902 T
(1122C2+227233C5T227233C8 229w3 2210C6+2115232C13 sin 31

+ 22, 5%4,C; 5 8in az)&br
(-21£16C2—2£724C5+2£71508—2215C13(231 cos a, + 229 sin al)
- 2015C15(830 cos @, + Byg sin 3))),
(21116CZ+22724C5-2Q725C8+2115013(231 cos a; + 229 sin al)

+ 2 (%.. cos a, T %,g sin az))Yb

%15%g7

0 (Z)

30



I_.8_ + 28

af a

146.

(F,_. + F

1 1f ix)

(23+24)(F3fr+F3f2_F3rr_F3r2) + (23_25)(Féfr+F6fl_F6rr-F6rl)

2 e T e arr T + 29 F e o0 F ot Forg)

2, (P + P

1Pye + Py )
Rgt,) (Bap P -Par Papp) + (Qgs) (Bep +Po e =P ~Pory)

e P P e P a7 50 P 76 70 B 7

(-

P o - P 3y
25 ner T e T 1arr T st T 168y L1651 C 16y L 16¢0

(20K, + 42.K

184 + 42 Kdu,

4

(-3.E. =~ S4.K, = 22;K

11 74 7z

(-2,K) - 22K, - 20.K)u

- K. - -2 1%
(20242, IRy = 2[8-0, K v
n . '2 o _‘
(+2[2 542, IRy + 208,-2 IR w,

2 . P 21 - 2 202 7.;
(ZZlKl + 4\£3+L4) k3 P 4(23 25) K6 + 4Z7K4 + 4£7K7)8a

“20, (0,42, )K, + 20, (.m0 K, + 200, K +2
(8K 720, (gt )8y + 285 (R3=Rg)Ke + 2050 33K, 420503587 ) Brg

(%.9.K_-2%

a 4 a0
l 2 l A(L3+Q4)E\3 + g3

(2~ K, + 208 K 4268 K )8,

5 773374 "77733

28 C. 442 _C.+49 C.+48. C. cos a. + &g. _C.. a)n
( 101 /Cq ./(/ avls(lq cos nl HLJClb cos 12,13
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(-21Cl—22,7C4—2£7C7—2215014 cos a

(-2,C_-22_C —2£7C7-7 cos a

157475, e Ty 1)

Dw

(—2(z3+24)c3 - 2(9,3f25)cb

bf
(2(23+24)C3 + 2(£3—25)C6)wbr

[£.2.C -22

1264 4(23+24)C3 + 225(£ -2.)C, + 28_4._.C,+

3 "5°76 773374

227233C +22..%..C., cos a, + 22._2..C.,. cos a2]8bf

7 15732714 1 15732716

[2,2,6,-22,(25+2,)Cy + 225(23—25)c6 +20.2,.C, +

2
alolagBy ¥ By ghagnlyy 1 15%32%16

2 Se 4 . 32 2 02
[283C, + 4(a5+2,)2C, + 4(2,-0)2C, + 422C, + 422C
2 . L02 2
487.C,, cos a; + 422.C, . cos az]Ba
0
116(-}2f + ¥, )+ 29(F4fr Fage © Frr Fdrl)
2167 ™ Fugg  Free = Free!

2 !Srr S5r4

- — o v
(Ag2g) (Fgp = Fgeo + Fo + Fgp)

- . + (F... +F +F
Flier ¥ Firep ¥ Frer ¥ Firen) ¥ Froer * Froen ¥ Froer

Damping Termus

{Cont*d)

1 = 28950 cos a)u,

1 = 28950y cos 3y,

cos a, + 22._2..C._ cos aZ]Bbr

+ F

12re

)
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+ 2. ,(-P

13 )

vigre T Bines T Pder ™ Bides

+ 211(—P )

1680 Fieee ™ Fieve ~ Yiomn

+

212CP136r F Prsgg ¥ Prgpr ~ Prapg)

+ L )

6('P15fr *Eern ¥ Pigpw ~ Pogp

=0
;?Yv; + [(2 16)Y + 9(23+04)K e 2(2 ,5)K8]be

+ [-(gh IR, - 2(~ 2K = 200 4-2 K vy

+ [ (gH 2Ky + 20040 )8 K + 2(05=20) 0, K lay

+ [—(23+216) -2 +z4)2331<5 - 2(23—9._5)2331\8]a

+ [2(23+216)2K2 + 42§K4 + 42§0K7 + 42t 4) s T
4(13—25)2K8 + AR )+ LK,y

+ [-2 (23+216)K zng4 - ~aioKy 2(z3+2 )8, K +
2(,-2 )0 Ko — 2K, = 2K 1y o

+ [0 (240, K, - 223K4 2250 - 202448, )0 K, -
200g Rt hky = 2Ky = By ln,

+ [(gt0, 0, + 2(2440, )0, + 2(84-25)Cq + 2(8,C, 4+2,5C, ) sin a;

+ 2(16 15 + 211016) sin aglvbf

{Cont'd.)
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[—(23+£16)C2 - 2(2,3+2,4)C5 - 2(23—25)C8 - 2(9,12C13 + 213C14)

sin a, - 2(2

1 ) sin aZ]Vbr

6%15 * %11%6
[(23+zl6)2202 + 2(z3+z4)23305 + 2(13—25)13308 +

29 c ) sin a, + 2232(2 C,_+%..C 6) sin az]abf

32219613 * 2950, 6=157%1 1%

[-(23+2,6)2,C) = 2(84+0,)25,Cc = 2(R3=25)%4,Cq +

- 2232(2 ) sin a, - 2232(2 C,.*+2..C__ sin az]abr

12%13t%13C14 1 he R R

2 2 402 ) Wfe =0 52
[2(04+2,)%C, + 483C, + 4823 .C. + 4(25H0,)2C + 4(R5-0.)2C +

cos a,+ £

' =
4C. . + 4C12 -+ 4(213 1 12

11 sin al)(Z C, 2 ) +

12513 *15%14

4(%,, cos a, + &, sin az)(z6c15 + 211C16)]Ya

= - 2 _ 902 -9 e
[-216(Lg¥2y50Cy ~ 225C, - 227,C) = 20840 DR, Cp +

2C,, - 2C,, - 2(%

8~ 11 12 €08 @

= e eq
2(23 25)250 31 tyq €in al)

1
(2.12C13 + 213Cl4) - 2(2,30 cos a, + 228 sin a,)

(26Cq5 + 211C16) Iz

. . ople  _ 552 _ . .
[-24 (238, )C, = 283C, - 282.C. - 2(84+2,)8,C; +

2(23-£5)£5C - 2C.. - 2C,, - 2(

8 11 12 cos a, + 22

231 1 sin al)

9

- (% -2 s 5 s
(£95C13 ¥ 294014 = 2(25 cos ay + £, sin a))

(26Cy5 + £15C16) v,

0 | G)
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(B) For The Rear Frame (See Fig. I1.2)

)

mbubr (Flr) B (F4rr + F4r£) B (F7rr v F7r9,

- (Plr) - (P4rr 2 P4r2) - (P7rr * P7r£)

= ®rarr T Prarg) - Crgpr T Prepg) ~(RA) + RA) + RAY

=0

mup, + (K = 2K, - 2R Ju 4+ (K + 2K, + 2K )

B (-211(1 - 29471<,_4 - zle.])sa + \—lzKl - 22331<4 - 25a331<7).8br

1s e . e s - - ; {' _.
+ ( Cl 2C4 ZC7 2C14 cos a; 2C16 cos az)\ua ubr)

+ (-zlcl -22.C, - 22.C, -~ 2

7% 7C7 = 2295Cy,, cos a; = 22,5C,, cos a,)B,

+ {-8.0. - 28..C, - 28..6

[ ]
- ~ - . e
241 33%4 3307 = 283501, cos @) = 28,5, cos a,)f

br

(R&, + RA, + RA,)

mbvbr - (FZr) B (FSrr = F5*:2) i (F8rr " FSrl)

LF

]
o

(€3

- (P.__+P. )~ (P, _+P, )

2r) 5 5rs, 8rr 8r

- - (BB
P (RB) + RB, + RB,)

1ie T Piges ~ Fiser ¥ Fisy 2
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mbvbr

IF_ =
z

mbwbr

(—K2 - 2K5

(lle + 227

- K, + (K, + 2K +

Ky + 28K o + (4K, +

152.

2K8)vbr

2% . K. + 22 K8)a br

3375 33

[- (23 16)K - 2(23+£42K5 - 2(£3—25)K8]Ya

(2, K, + 28K = 20.Ko)y,

(-6, - 205.- 2Cg - 2C 4 sin a; - 2C;, sin aZ)Ga

(C2 + 2C5 + 2C8 + 2C13 sin a, + 2C15 sin az)\'rbr

(2 C + 227C5 + 2% C8 + 29]5 13 sin a; + ZQ‘SC15 sin
(R,C, + 205,C + 20,4C0 + 284,C 5 sin a) + 22,,C, si
[-(25+2,)C, = 2(25%2,)C. = 2(25-24)Cq = 24, ,C;, coS
2212013 sin a; - 22,0, cos a, - 28..C. 5 sin az}Qa
(21602 + 29,4CS - 22508 + 2£31C13 cos a; + 222 C13 sin
2230015 cos a, + 2228 15 sin aZ)Qbr

(RB1 + RB2 + RB3)

0

Wapr F3r2) = Bgpr * Fgpp? + (F9,1r+F9,12+F9,2r "
g 3 Fg 3p)

(F10,1 * Fi9,2 * Fi0,3

Care ¥ Pard = Corr ¥ Porg? ¥ Crg,1%P10,2%%10,3)
(17,1%P17,2) ¥ Cug 1:%P15,2: 15,291 15,30 = O

a2)aa

al +

O

9,22



nlbwbr

(-2K

(K0)¥e1

[2($3+2

[-22

[-2 35 10]

(-2c

(-€,;7C1g

(Clo)w

+ [-22

(-245C1 )81

= Ly(Fy,) = 833 (Fg  *+F

T 2,9(F3rr -F_ )+ 4L

3

4

3

4

~2K)w_ + (2K 2K

K +29 K _-2(- 223+226+224)

377576

Bl

—2C6)wa +* (2C3+2C

Ww.. + (- -2¢,

dl

-+ (—Clo)wc2 +

C.+22

gt2RCeH (=2, 0y 5)Ch 5

18

5%r
3rs 10

-F + P
9.1r 9,12

6

- (-—Klo)wc2 + (=K

+ [-Lyq Kyp!

6

gVay * (-C177C1g)ys

.0 ~
+ (- %BSC 0)8 + (-2,.C.,)8

£

(F

_Fg,

+6K9+3K10)wbr

10793

4)K3 + 2(23—25)K6]8a+ (-—2K9)wd3

B ¥ [-2 B

35 KlO]

+2Cl7+4C18+3C10)wbr

(-C. dw . + (+2

10’ "e3 19( 17”7

[2(2442,)C, + 2(2,-2)C 18,

(2,20,

27 = 2281018,

see) = %33Fgy ¥ Fay
6rr F6r2

2r 9,20 ~ 79,3r

+ (—2K9)wdl

g = (o597t

c3

)

+ [-2

"8

153,

- (-2K9)wd2 +

)K1018pr

.

))&d3

C

18

16C177Crg7 Iogg



ae

bo br

2 (P3rr - P3r1

9

230(Fy3p, *

219

%51 (RB; + RB,

e R s

17,1517,

) + 2,

6rr

Prapg) + 43P

) + 219(—P

2 18

+ RB3)

- P

6r

i5pp T

,11'-P

154.

2)

PlSrl)

18,2r' T18,2¢ 18, 32

v

=22, K \v 5 (2 K +22 K_+22,.K )v

338

335 338

(L 2. K 420, L K 428 K 2z2K -222 K

21 2 33

2r 4932 %
(2 K +, 33k54

775 77337778

9

105670,

282 K rzzZK ¢2£2 K _+622_K

33 8

0%
(222 Kg)a + ( 2£17K9)ad

[-2 (95+£16)K

(22216K2 + 2%

9, ! .
2 33(93+94)

10 6
+ (-

K. -
b}

17 Q)abr

?217K9)a

2 (2 RS,K ]\

33%4Ks = 223205K )Yy,

(-21.C. ~ 24,0 ~ 2.0

279 33”5 33Cg = 22

(2,0, + 28,,C

(£2£1C2 + 248,

sin al + 22 32

[2)9(-Cy; A

5 + 29 08 + 2%

-
32 C 2%, £7C

l 15 sin az)a

32°

3201

8

a

(9]

Cigdlvgy + [25(C,

13 8in 8y - 224,C44

sin a. +

3 g F HgaCie

? - 292
205C, - 205,C, +

Cig71Wy4

)

sin az)

o )'
sin a,)v

2249%15%13

L
v
a

br
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2 2 2 2 2 2
+ (2202 + 205,05 + 225,C, + 2119c3 + 209,Cc + 223,044

sin a + 222 ¢C sin a, + 292

32%s 9%y + 4

239C18)%, .

+ X ) +(22 )a , + (= )a

239017 — 234C1g 1918 -234C177239C1 5

109 (05,053)C 7 F 209 (R H53)C 618y,
Iy (Rt )C,) = 20,5 (0.48,0C, = 204, (2,-8,)Cg
22322 3013 cos al 2232212013 sin al - 2232211015
cos a-Z 223226C]5 sin az]y'a
+ [2 2 16C2 + 2133 5 22332508 + 2132231Ci3 cos a, +
2232129C13 sin a; + 2”“2 30 15 cob.a + ,£392?QC] sin az]«?br
+ Ezl(RBl + RB, + R33) = 0 | ) (EEZ)
M, = 0
ngbr By (Fopd b gy (ot Frng? * 231(F7rr-r7r2? VISP
231 ChrrtPare)
i 2'31_(P7r:-!"P7rSL) + £4(F3rr+F3r£) - QS( 6rr'F5r£) 4
b P Papy) ~ 25(P6r§+96rz)
= %94 Fg 107Fg 1) 7 Y26 Fg 2.7 Tg 250 * 493 (Fg 37Ty 3)
" 250,10 F 27 Fr0,20 T R Frg,s) T TP )
27®10,27 T 425 0,3



b i

B

bB br

s Py e ¥ Prass

%54F17,1™P18, 11

156.

)+ 23 Brgrr ¥ Pigry)

) -2 ) + 223(P )

26®18,2:r7F 18,22 17,21%18, 3¢

o [ =
21(RAl + RA2 + RA3) 0

+ (2 +29 .. K, 429 Jug + (-2.K,-24 h 2233 7)ub

1 773374 33 7 21 33

[224K3—22 K ]w + (2 )w + (- w o, + (- lstlo)w

22590 ~*97%107% 2

)w + (-2%..K)w

(2%, ,Kg)wyy + (2 33%9Yg3

220659

[—2£4K +28 K6+2( -% )K + (- 2

gl 244961t oty 5 K oIy

-

[2,8,K +20,,2K 420,02 K K I,

%Ky t2hgq oK+ 205 0 K =20 (2oL K H20 (242

7 5

2 2 7 29¢02 2 2 -,
[20K +202 K +203 K +207K +20EK +2 (25 +23 422 )R, +
2 492 4
(525745 50K 16y,
- a9
[250%35%1018c1 * [-227%35K10 802 * [255235K 018 4

+ ( 2.C.+22._.C,+28. .C.+2%.. . C., cos a; + 2% C g cos a, )u

271 773374 773377 732714 32

. (—£201—22 c,-22..C_-22_.C cos a; - 2232C16 cos az)ubr

3374 773377 32714

(20,C,-20,C 0w + [-22,C420,C =0, (C, 4T, o) ~20,,C, 0 +

e i e T 187 “*6C10
(- 2 -227+125)C10 q3(Cl7+C18\]w
24 (C7¥C 907 gy + (ZhyCighiiyy + (-R55(Cy 40y 0))0 g
(GppCigd¥ey + (Rp3Ce00W0 0 + (Hi55CydW g



+ L.,8%..C + 2,..2

F (29,2900 7 F 204019818 T £23%19%17 T Fa3tyg

+ (2 + (L

24%19177%24%19%18)%q1

18

157.

)abr

23%19%177%23%19%187%3

+ (2.0.C.H428. 0.C.+28. % C_—2£4(23+24)C3 + 225(23-25)C6 +

27171 TU33777°4 TU337777

22..%2__C cos a, + 22..%2..C cos az)é

32715 14 . 32715716 a

2 2 - 2 2 2
+ [22Cl+2£33C4+223307+224C3+22,5C6+2,Q32014

1

cos a, +

2 2 2 2 2 22
2835C16 €08 a5 25,01 405,01 872056C 18125401 755018

2 2 2 o
(82 ;H22. 422 )C, 18

23 727 br

5 oo ‘ .
FRoolasCi8 ; + (358950 9)8p + (F255245Chg

221(RA1 £ RA2 + RA3) =0

+ 2 (- :
¥ 29( FérrTFérﬁ

-P
jz'10( ‘7rr+P7r£)

¥ 216(MF2r) + Zlé(_PZr)

s . ., 4 s ol - = =
b 24( FSrr ESrZ) 1 25(F8rr'}8r2) N 24( PSrr E

L. (P )

Wo)
5 Brr%‘SrR

B,

~

o ot .
) + 210(L7rr+F7r2) + 29( By HE, ) ¥

4rf,

Srd

) +

1

(ifi)



(

231(P14rr_P14r2

299 C®1 3y P13rg) = 23

‘Fllrr'Fllrz

) +

)

158.

( ) + (-P ) + (

“Fe 0w 1950 e 115

= 230®6rrF16r2)

(

‘P15rr—P15r£)

994 (BB = 2,0 (RB)) + £,,(RB,)

de
! 225K8)va
- 28K vy

X5 = 2852.Ko)a,

LK, + 22,2, K. - 20_8,..K))a

(RM1 + RM2 + RMB)
0

+ (-2 K, - 28K
+ (8K, + 28K,

+ (20K, + 20,0
+ (216%5K, 4

+ [-208%, - 2,

e "’573378" "br

_ 2 v 92 1. = 4 A
25 K, 216(23+216)Y2 224(234L4)lb *+

= {_ - 2K . '
225(23 zs)kg ~Y11 2K12]Ya

2

+ [229
+ [-2
sin

+ [

.

16%2

a

216%2

4=

2
+ 2210K_

- 22,4C5

224001

+ 2¢,C_
475

2£30Cl6 sia a,

2 2 592w .
+ 216K2 + 2£4K5 + ;lSRS g ZKll + 2

+ ZQ,SC8 ~ 2231C14 sin a1 - 2229C13

sin a, - 2

6 9 228C15 sin a2]va

- 225C8 -+ 2231C14 sin al + ZSLZQC13

& 90 > .'.
¥ 22..C,. sin a,}v
*28715 2" 'br

—P12rr—P12r2

sin a_, +
1

)



159,

+ [&..2.C, + 22,8.C. - 28,.8.C, + 22,2 __.C sin a, +

167172 . 47775 57778 31715 14 1
_2&29215C13 sin a; + 2230215C16 sin a, + 2228215C15 sin az]aa
+ [21622C2 + 224233C5 - 225233C8 + 2231232C14 sin al +

22,..2..C._ sin a, + 2%..2..C., sin a, + 22._..2..,C.. sin az]&

29732713 1 30732716 2 28732715 br

.

2c - 992 - = : . =
+ [-224C, 2210C7 216(23+216)C2 224(23+24)C5 + 225(03 zs)c8

- 2C - 2C.,, + (-22

a, + sin +
11 12 cons a 3 sin al)

31814 = 229¢C13) (295 1T

(-22 - 2%..C )(R,ll cos a2-+.£6 sin az)]Ya

30%16 28%15

4 2 2 2c_+ 222C_+ 2C,. + 20+
+ [ 2205¢c, + 205 c, + e3.c, + 20%C, + 203C, + 26, + 2C

8 2 ( - !
(2231014 + b£29C13)(231 cos a, + 229 sin al) +

(2230C16 + 2228C15)(:7.30 cos a, + 228 sin a2)]ybr
- B - K + - + R )Y=0 /12
224(Ru1) 226(RB2) 223(RB3) (RMl + RM2 Qxa) \\_
©) For The Front Frame (See Fig. I.3)
tF_ =0
X

WUy — (Fyg) = (Fue + Fupep) = (Fopp ¥ Fop)

= (i) = By ¥ Be) - (Byp FPoe))

) + (P * By o

.
Ciuer T Praee 168¢ T Fisen

(RA4 + RA; + RA6)

5

=0



|
k)XbF wa
by ¥or
i | k)zf/y
&FrtFéff Z Grrd Fare 17
B zl Fe N lss Be
- ;l ¥ 1 :l_‘bf == I'%/ va
o - M | — 1 . TR ) -
F J | o | F L.,J | = L J ' - T +RB*RB
L‘_I:,’lg‘""s v 105 EsyFruse Flo, 1567 RA,+RA¢# RA % Vol e
/] ' ( Fslée e., Pl;
laa . £a2 P ';,t’( "’n
lis ’ iy ' Ry, <r
(1 4.5.6)
f Pm& a‘tQ Rsre
N PrT)
Fr!p " / Ry i
N Y n
A _IZ, R ARRL 7
RB, /11 Fir LRBg
IT ;ﬁg ﬁ Eﬁ'; Em;iF;r 'y
5Fr P,
i FBT? EY(J -I . 7.
B [__/ ?ﬁe,sr l Byg TREr
£ N
RM,* RM#RM, at FIGURE (I.3)
FORCES ON THE FRONT FRAME .
v 2



mb bE + (—K - 2K, - 2K_ )u + (K1 + 2K + 2K )u

161.

%
gy = BBy ~ IR, Ry - 2233k4 2033808y
(—C1 -.2C4 - 2C7 - 2C,, cos a, - 2Cl6 cos az)ﬁa
(C, +2C, + 2C, + 2C;, cos a) + 2C,, cos az)"‘pf
(-2,C; = 286, = 28.C, - 28, C,, cos a) = 20,,C ¢ cos a2)éa
(-22 1 —'22.33(34 - 2i33 7 2232Cl4 cos al - 2232Cl6 ceos a )ﬁ
(RA, + RA, + RA)) = O @

= g = (g * Figp) = Tgpy + Fgy)
(Bop) = Copp * Pogy) = By ™ Py
Pragr ¥ Paapy < Prse T g, = 00, BN, 4389
0
(~K2 - 2K5 - 2K8)va + {K2-+ 235-4 QKé)ybf

+
+
+
+
+
IF =0
Vbf
B b T
+

0
(,QlK2 + 2~7

[(2.3+x,16) 2 + 2(4

(-2

b

(—Cz

bK2

- 2C

5

- 2%,K
4

5

-!29,3

8 Ypr

K5 + 2271(8)0( + (2, K

2

335

o 3 0. Y -
578 0Ky + 2(L5-R K Ty

4 20 K. 28 K

338

)a

bf



4

4

+

2

2

162.

(C2 +‘2C5 + 208 + 2613 sin a; + 2C15 sin az)vbf

o : i e
(RlC2 + 2£7u5 + 252,7C8 + 2215013 sin a; + 2215C15 sin a2)aa

(2,8, + 22,4C. + 28,,Co + 22,,C. 5 sin a, + 22,,C. . sin a Yo

335 3378 32713 1 32715 2° bt

cos a, +

[(,Q,3 +216)C2 + 2(£3+24)C5 + 2(£3—25)08 + 22,13C13 1

212C13 sin a, + 2£llC15 cos a, + 22,6C15 sin az]ya

sin a, -

- D
08 8y = AkoyCyq 1

[-2.,.C, - 22,C. + 28.C_, - 2

162 255 5Cg = 2%3:Cy3

24505 cos a, - 2228015 sin aZ]Ybf

+ R + -
(RB, + RB, + RB)

5

@

SF =0
¥ £
+
+
-i.
+
+

= (Fypp * Fapp) = (Fop + Fepy)

B 4c * Ty ag ¥ 5. * Ty 5o * Fo 5 + g, 00/

+ ¥ + F

10,4 ¥ F10,5 * F10,6)

(F
Paer + Pagg) = Peer + Pegy)
®10,4 * P10,5 * P10,6’
17,3 % P17,4

(®18,4r * Pig,50 + P18,50 ¥ T1s,60)

0



163.

(-2K; - 2K )w_+ (2K, + 2K, + 6K

6 g T 3Kyghve

(—Klo)wc4 + (-K + (—Klo)wc6

10°¥¢5

(—2K9)wd + (- 2K )w + (-2K )wd6

[-2(2 442, 0Ky = 2(R3-2)K 1B

[20,K, = 20K + 2(=, 8, H) IRy + (-2 22)K 018

556 23 %2624 257 %2714 Bot
(g5 K1glBey + (a5 KyglBes + (g5 Fig)Bee
(-2C,-2C, )% + (20 #2C,+2C, +4C) )%,
(-C177Cy @)Wy, + (-2C; Vg + (-C1g=C )0y
(=G, + (Cyghvis + (Cig)i g
(-299C17 + 219019004, + (19017 = 2940108
[-202442,)C, = 2(2,-2.)C 16
[25&4 3 2250 + (- @?3 24) + (-223 + 2’0“26 + 224)C18 +

(L35 2,5, +222)C10]85f

£35C108%¢4 * %35C108c5 T a35C10Pcs



164.

C

2, (Fyg) = FaerFary

Latse ~ %3 Fqe Pyg(For tFseg) = 235 )

w 22(P ( )

28) = %33@5e,tPopy) = L33 (Pgp tPoy

) + )

- D s
930 CP 136 13500 + 230 (P55

F RlO -P

29 (e ~Fagy) FerrTore) T Y9 (PagPagg) + 290 Fge"Pogy)

27CF9 ur Y Fo 40 " Fo 50 T Fo 50 = Fo 6r T Fg 6

nEE )

210®17,37F17, 19¢P18,4r ~ P1s,5¢ * P18,50 T F1s,60

+ 221(RB4 + RB5 + RB6)

=0

+ (—22K2—21, K

-0
3355722 35Kglv, + (&

4 ) 3
+2233k +22 v

Le%hs ) 5¥2834Kg) vy e

4 K+ 20 - 222 - 222 )0
+ (2221F2 + 2233Q7K5 Q3327K8 29K3 QlOKéjta

+ 23 ; 2 + 2 + 2 + 2 z 2_
(22 9 + 2233K5 2233K8 229K3 2210Y6 + 621/K9)abf

._2" __rvv‘ —2~
+ ( 2217&9)Qd4 + ( 2217m9)ad5 + ( 2217K9)ad6

+ [22(23+£16)K2 - 2233(z3+24)K5 + 2233(z3—25)g8]ya

il B T R o R T

-2.C. - 29 - 20..C -2 in a. - siy -
+ (-2,.C 22,6 £33b8 ?132C13 sin a 2%..C.. 8in aZ)Ja

+ (8,0, + 204,Cc + 20,,C, + 20

3303 ,C13 sin a; + 245,C, ¢ sin a PR A

32713 I 32715 2" bf
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[219(-Cy#C) g g, + [219(C15=C ) Nirgg

[2,2,C, + 20,2.Cc + 20550.Co - 223 Cy + 22§0c6 +

20508, 5C;q sin a; + 22,8, C; 5 sin a2]&a

[120 + 2z§3c5 + 22330 + 22503 + 22ioc6 + 223 C, 4 sin aj+
22§2C15 sin a, + 2219c17 + 4219C18]a ‘
T 219C18)°‘d4 F 20500 Diys + (-R1C) =210y )dye
(219 (-2p3729,)C17 + 219 (g 542y 0C) 618,

[2,(058,0)C) + 284300478,)C + 2845 (84-25)C +

22,32213Clq cos &, + k232212 13 sin a; + 72“)2]1 15

cos a2 + 2

[-2,%14C5

2232229C13

. »
L..%.C._ sin aZ]Ya

327615

- 22,.,2,C. -+ 22
: 5,

sin a, - 2%

1

32%30%15

2..(RB, + RB_ + RB,) =0
21 4 9]

QZFlf +

+ (R )

5

Laq(Fup,
+ by By HE

+Py,0) -

}7
239 Paer ¥ Prugy

b3
TLEQ

%fo) T

-2
53%5Cg ™ “232%3:644

) + 2

(P’6fr

cos By 3272815

33F 752

EEIG T T

cos a, -
i 8

- 22.,2,,C sin a, 'Yhf

®

t Fogp)

)

1652)



+ [-28,K, + 22

) - &, (P

473 5 6] 3 56

-— — \ 1
(=Ly5=2gyt0g 90K g 1wy

o ysK )Wy T K W s + (22958
o o

+ (2&23K0)w +{ 2R26K9)wdS + { 2224L9

+ [22 154 + 22 33Q7K4 + 21 7 7~ 214(

+ [22K. + 202 K, + 202 K_ + 282K, + 22

21 3374 337 474

)X

2
(23525 405,0K, 18, ¢

Lo -: 4'r._. I
[-255%35% 10184 + [7297%45K 0185 F

+ [22Cl 4 28..C; + 28..Cs + 28 ; €O

3374 3377 32 lf

w_ o+ [29,R - 22K+ 2(-¢

166.

)u
)w
£3+24)K3 + 22

P B ey + el o Mopyd = By Pue?Pap) + 25 (RrrPipy
223CFg 4xFg 4g) T %26 Fg 5:Fg 50 T 254 Fg 6T 60

225 10,47 = *27CF10,5) ¥ 4210, 60 ~ F25CP10,4) -
%27®10,57 + 22219 6)

293®17 518,410 + %26 F15,5:F18,500 * 224(P17,4+P£8,6£)
221(RA4 + RAS + RA6)

0

+ (2 K + 2233K4 + 2933 7)u + (—QzKl - 22331‘(4 - ZlﬂgK )u Of

9., 48 YE o+
23361294 %g

2K + 2083492 422 IR

56 z4”

18

(255255510186

al+ 2£32Cl6 cos az

14

a

5(By-25)Kg IE,

-1
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+.(—2201 - 223304 - 284,C, - 20,,C,, cos a; - 2232c16 cos az)ﬁbf
+ (—22403 + 225c6)&a +[22,C, - 22,0, - ‘ (Cl7+C18) +
2096C g ¥ 24 (C17%C19 + (Ro52y7#0,))C 0 ¢
+ (93 (0 40 I iy, + (220500 )0y o + [-8,,(Cy #4C D T
+ QygCyg)Vey + (yC10) s + (=550 00
* L=l 8. C. ...+ L..0%. C + %.;%.,C )

23719717 23719718 ~ 24 19 17 24719718

= R0 G )a (

)
(243 16%17 = *a5t100 0% T Yait19%y = *24* 168187 %s

1 = ’) N -' Y
# [0,8,C, + 20,0 C, + 20556Co = 20, (342,005 + 20, (8,-2)C, +
'
20.35215C1, cos 2y + 205,0, Log cos 2y 1B,
: )
M T T I G ~BystaBi0)B g Basla LandB

+ [220 +222 ¢ +222 C_+222C_+222C,4222.C., cos a

33°4 “Fagt T 3T s T e 32 14 ;

2 2 2 2 02
235C10" £37010%22C16+ 245,806 05 3y * 9330177995018 *
092 2 22 ¢ 13
2026C18 * 124017 T 29,C181%¢

- 221(RA4 + RA_ + RAG)

5
—
IM =0
. A
i = b} 1) % v S o e et £ e
LovYos ¥ RoCFup o) + 2o T e FF o) + 2P e #Pyp0) + 290(F o,
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) + 216(P2f) + QS(-Psfr - P )

216 T2 859,

) + 25(—F8fr - stz) + ZA(Psfr +P__.)

I'd
LalFser * Fopy 5£4

+ (-F ) + (-F ) + (-Pll )} + (-P )

-F -F -P -p
11fr  11£2 12fr " 12£8 fr 11£2 12fr  12£%

+ 2. (P

31 )

) + 2,30(1’

ey " Frage 168 — Pige

¥ L. (P

29 T Pisgg)

13fr ~ T13fs 8P1ser ~ Pisgs

- (RB ) + 2 (RBS) + £24(RB6) - (RM4 + RM

23 + RMG)

5

=0

Ibebf + (2 Ky + 20K = 20K )+ (-2 (K, - 22, Re * 20KV o

(-2,2.K, = 22,2.K, + 22527K8)a + (22K, -

22 L K + 2%, K \&

473375 5 33 8 'bf
90217 _ 2 -2 y o N
+ [ 2£9h4 2210L7 ,(13+216) 2 224(l3+24)K5 +

- - 2K - 9K
205232 Kg - 2Ky = 2K, )y,

+ [202K, + 222 oks + 22 R, + 222K + 222K, + 2K,, + 2K, Iy

974 10 16 475 58 ll 12°'of

+ <£16C2 + 124C5 - 22,5C8 - 252,31C14 sin a; + 2229 13 sin al +

22 sin a, 2%. .C sin az)xa

30%16 28715

216C2 28,05 + 2805 = 2231C14 sin a1 - 29 Cl sin al
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(-% - 2R, 0.0, + 20.8.C ~ 20,.%,.C., 8in 8, -

16*1% & 7" 5*7Cg 31%15%14 1

2229215013 sin a; - 2230215016 sin a, - 2228215015 sin az)aa

(-2 £2C2 = 2%.2..C_ 4+ 28%_%&..Cs = 2%,..%.,.C a, -

16 4*35°5 5¢33C8 gr5%g 590 Ry

- > . L
2229232013 sin a, - 2230232016 sin a, - 2228232015 sin az)abf

[-2z§c - 292

- 9 -
6~ 2087 7 R (BgthyelC, - 2, (A5R,)05 +

ZZS(QB-lS)CS = 2C11 - LClz + (29,31C14 + 2229Cl3)

+ 20,5.C

30%16 28%15)

- - : (
( 213 cos a; 212 sin al) +,\22

(-2 cos. a.

=y 2 = g sin ay)lv,

< 232 2.0, 2% 2¢c, + 2C., + 2C
[22904 -+ ,]'0c7 ~+ 21_6(*2 b 2405 - 22508 + 2(_11 2 19 +

3 e 'S . E
+ 2%..C (L31 ces a, + 2. sin al)

(224,Cy, 29%137 17 %y

: g . S A S ) v
(2244Cy g + 28,401 5) (ko cos @,y + Ly5 s1n ay) ]y,

n £ Y
223(“34) + 226(RB5) + 22&\@%6)

(12114 + RM_ + R.M6)

5



170.

(D) For Motors and Wheelsets (1,2,3) (See Fig. I.4)

For Motor and Wheelset No. 1

Y1 = Y41~ %35 Ya1

w =W + 2 B

cl dl 34 Tcl

IF =0

g
(2]
<3
(]
'—J
I
~
Z
~
il
o

IF =0
e S
m¥We (- KIO)W T (Kpgweg T (KB + (3K 0)B
e v » (9 2 3
(v, F (Cypdv g + (R0 008+ (255C10)8
+ (RW))
-0 20
M oih
M. = 0
B
g X A r (22 _¥ B
TegBer T (FRggXygvy + (gekypdw g + (oK 08+ (255K, 0)8 4

r. 2 3
+ (—2.35Clo)wb + (235C10) + (2 2%:(,,0) br T (235 0)

!

0 (R
%54 (RY)

=0 | <:§E:>
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We,
w
Zss =
£z
?Fﬂll F’,[-r
Baa 1T R"‘L Pug,ir
"4 \_| ARE, “
LY
Uei_[ ___:_Y__ Yy - — o Ve
Ud, S o — T Voi
N
AL RVERE}
RY, \( RY,,
RZ,. le RZ|,r
Ue:
udi

FIGURE (I.4)

FORCES ON MOTOR AND WHEELSET NO. 1



IF_= 0
(m_+ md)ﬁdl + (RA)) - (RX+ RXlQ) ' <:::>
IF =0
mdvdl + (RB)) + (RV)) - (RY, +RY ) =0 . . (:::)
o, - 0
mdahl + (2Kgdw,  + (Kgdwy, + 2(8,,K)B,

(€ g=Cydw, + (Cp G )iy + 2y (<0 48 by

+ 21900 =G Ry + [8,,(C 40 D TR

+ (RZ = 0 @

- (RWl) - (RZ l)L

1r

M7 0
(1.a+1da)6 gt ?’17\Q)a + (2:22 Koda sy
L9 (0pgmC B + [0 (-C €y Ty + [136-C o€ D ey
+ 12250 g¥C )16y + [21g0), (<C gm 17”B
+ 8,0 (RY, 4 RY ;) + (2,4/2) (RZ) + RZ, )



IdBBdl Lgg Ry, + RX ) =

(1] _ - _ ' X )
TyyYar = (g/2) (RX . = RX ) + @M)) + (Ryy) = 0

For Motor and Wheelset No. 2

o ] , 5
c c2 ( K1O)Wbr L ‘KlO)WCZ . °7 10)Bbr " (235K10)b

+ (=Ciw,  + (C NG ﬂvclo)s + (25:C,4) 3
+ (sz) =0
g = 0
cgfez * (RygKigdWy + (R dvy + (g, Ky OB
Ry (RoCl W )+ (=2408,0C1 0B,
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®

M =0
s

LoyYez = 434 ®Vy) - (Ryy) =0

SF =0

_x

20 4 4 _ 5 -
(mc+md)ud2 \RAZ) (Qer + RXZZ) 0

IF_ =20

Vo + (RBZ) * (RV2) - (RY . + RYZQ) =0

2

SF = 0
*® » 7Y: \ '? } S 5
mW iy + (-2 2V 1 + (2&9)wd2 +(29,26K9)Bbr
B o (00 Yo 3
F 200w, + (20,900, + (20,0, 005,

- J - 7 1 7 = 35
®W) - (RZ, + KZ,) = 0 <:::>

M = 0
o
e e (002 © 2 v !
(Icu+1dq)ad2 + ( Lxl7k9)abr + (2117k9)ad2
‘_002 B ) :
+ (-2099C gy F (2274C  gd0y,

2 o 3 ra 2 - 7 hY
+ NZO(Rer + PYZR) + (218/4)(P22r RZZE)
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My = 0 ,
TagBar = 2a0 Xy * RXpy) = 0 | @
™M =0

Y

Tay¥az = (415/2) (B%y, = RRpp) + (RM)) + (Ry,) = 0 '

For Motor and Wheelset No. 3

IF =0
_x
mV 5~ (RV3) =0 @
SF =0
<
o - ( K > \.Q
mWeg + CKpdwp .+ Kpgdw g+ (20K 008, + (25:K,0)8 5
- - 2 . , . \:’
(Sl (C )W g F (<2550, 28, + (25501008 5
+ (RW,) = O 4 ' (@,
3 \_/
M =0
M
g v + (22 K
Tegbes t ClgsKgdvy, + (UggKi v 3 4 (2508, K )8+ (25K 008 5
w0 W > -0 ‘. 2 \.
* £ ’“35010) * (B350 g0V 5 + (#R45055C )8 + (255C, )8 5

(RW.) = ' 4i
8.4, (RH,) = 0 \\~>
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X
os _ _ - 2
Tertey ~ By BV =~ GRig) = 0 (E{:)
SF =0
X
(@ tm U , + (RA) - (RX, +RK,) = 0 (:::)
5F =0
Yy
nVas + (333) + (RV3) -(RY3r + RY32) =0 <ﬁ+
SF =0
_Z
- o \ (-
ded3 + ( 2K9’wbr + (2K9)wd3 + ( 2223 9)3
-C. _-C. v ( o o, .~ )8 W O o R T
+ €y Cyghvy . F (G iC Wy + 25(CyChgdey + 4,9 (-Cr 70 iy,
- % ) LE‘ — (‘:' e &
+ [-2,5(C 40 18, - (RY) - (RZ; + RZ,,)
~
=0 45
M =0
a

I + &
(1 Idol.)ad3

ca

4

<082 ® 3 - (222 K
(-2274Kgda, . + (229.Kg)ayq

o -C bl + 2 e - 1
+ 180 57Cr T+ [8,9(=C) 40, Iy + [82(-C,=C 16,
5 L
+ [23(Cy4C g lagq + [2y98,5(Cy5m C o) B .
=+ ZZO(RY.%I‘ + ) G (,(, I?)(RZ = ‘8232‘)

: (4e)

.’
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™ = 0
TagBaz = %90(RX3, + RR3p) = 0 _ <:::)
M =0
. |

o . _ _ 48
TapYas = Unp/2i Ry, ~ BRap) + (By) + (Ryg) = 0 . (:::)

(E) For Motors and Wheelsets (4,5,6) (See Fig. 1.5)

For Motor and Wheelset No. 4

Voh = Y T Fguiog

Voo = Yas ~ F3Bes
IF =0

v “

e - ';.\
V., - (RV ) = Q?/)
5F =0
.
mw o, b R Iw et Rygdw F (BygK )8 + (25K )8,

O N+ (gl + (yeCi)E e ¥ (Rl Of
+ (Rw4) =0 (}; )
M
MmO
e IR |
- W - o X e n - & (.-‘,
LoaBesy T AasKydvye T (25K dw y  (FR358, K )8 -+ (5K 0)E

+ (855000, + (~258,:C1 008, - + (2% Cig08
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FIGURE

(I.5)

RZy~r

FORCES ON MOTOR AND WHEELSET NO. 4
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IcYYclt *+ 2,34(RV4) - (RY4? S @

(mtmgduy, + (RA,) - (RX,, +RX,;) =0

®

Va4 ¥+ (RB4) + (RV4) - (Rthr + RY42,) =0 @

mWag T (2w + (2Kgdw,, + (22,K)8, .

+ (~C )%b + (C, 4C. dw., + [&

18 C17 1857 5 19€C187C1 77 g

¥ [8,40-C, #0318, + (8,500, 46, IR

(RWQ) - (RZ4r + Rzl}l) =0 @

1
o

M
o

; e 902 v 2
(Ica.llda)adl.t + ( 22,171\9)cebf + (22171(9)&

g ) . o .
+ 1019 (CogCi ) T e + [2)9(-Cog¥Cy DTy, + [879(-Cyg=Cy )]0,
+ [0350C g0 )18 g, + [Ryg0,5(-CogtC ) 18y

(RY, + RY. )+ (2../2)(RZ, - RZ
i RY )+ (ygf 4r = Rog)
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=0
XMB.___ :
o Ldohm g e )
IM =0
Y

TagYas ¥ R/ (-RX, + RX, ) + (RM,) + Ry,) =0

. For Motor and Wheelset No. 5

ZF = 0
Sy
nV.s - (RVS) =0 ‘ <:E€>
IF = 0

Z
B Vo5 b (Kyghipe ¥ Bygdwc * (R plfpe * (25K578 5

+ (=C Yo+ (-25.C,0)3,

10 T (€105 + (255010

g = o @

my oo
TgBes * (LasKyp)oye + (Ragkygdw s + (La58) K )8 o+ (BK )8
ML CPTTL N G 10)w o+ (RyshynC B + (B0 0B
234(RW5) =0 <}§:>
M =0

b A
TeyVes * 23y (&V5) = (Rvg) @
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IF =0
X
(mc+md)ud5 + (RAS) = K'RXSr + RXSR,) =0
LF =0
. S
mdvds + (RBSJ + (RVS) - (RYSI' + RYSQ,' =0
F =0
z ——
. . . o .
mVys + ( 2K9)v~bf -+ \2K9)wd5 + ( 22’26 9)8
. ’ 2 > »
(20 )0+ (20,0 0 + (-20,,C, B
- (Rws) - (str + RZS,V,)
=0 &5
\55)
IM =0
a e
& 2 K Yo %+ (222 !
(Ica+1do.)ad + (=223 17 9’ - (‘"217‘<_h
-222 o 3¢ 2
+ (20758, 900, ¢ + (22740, )ay
. _ 5
+ on(RYsr + Rfs,‘l,) + (218/2> ('RZ5I‘ RZSQ/
N =
Mg = O
.q‘ X ! 'S =
I4aBa5 = £9g(RX, + RX ) = 0 @)
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IM =0
N, (S
TyVas * (2,4/2) (-RX, + RX. ) + (RM.) + (Ry,) = 0 @

For Motor and Wheelset No. 6

IF = 0
Y N
mV.e - (RV6) =0 @
IF = 0
-z
se _ ) - ; %
mWoe T (Kyppdvpe F Kghvg + (SRR )8 e + (F5K06)B ¢
o > R . 2 Y
+ (Cpplvye T (Cgdv g+ (F255C10)8 ¢ T (FR55C, 408 ¢
+ (RW,) = 0 - (70\
6 N
IM = 0
B
LogBeg ¥ (QasBgdvye + (-25aK W o+ (R358,0K )8 ¢ + (E3K 008 o
¥ (RgsCpiwy e+ (RagCi W o F (R3ehy)Cig)By e + (#0108 ¢
+ ] W) = ]
2'3_,*(R¥ 6’ 4] 7]//
$M = 0
Sy

-e . _ ) - ] )
TaoYen ¥ gy BV ~ (Byg) = 0 <EEZ>
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SF =0
x
(mc-l"md)u.c16 + (RA6) - (RX6r + RX6£,) =0 @
5F = 0
Ty | .
Va6 + (RBG) + (RV6) - (RYGr + RYM) =0 @
¥ F =0
sl T
m¥ae T (2Kglwp e + (2Kgdwge + (=20, ,Ko)B, ¢

+ (8- 18) g+ (€5%C )W + [2yg(Cy,Cr ) 1ay ¢

t [8yg 0y 77C g0 1oge ¥ 1Ry, (-Cpym €19 Ty

- (Rw6) - (RZ61_ + RZGZ) =0 QE)

(Togtlggtgs + (201 Kgde e + (207 Kgdayg
* 189 (C15mC ) oy o ¥ [0y (-C 10y D Jivy + [R5 (-0 4=Cy D TG
+ 1934(C 40 byg + [2)92,,(C)=C IR

+ ZZO(RY6]: + RYB»?,) + \52,18/2)(1’\’261_ - Rzéz) =0 \i-()

IM, = 0

b
LigBag = op(RXg, + RXg)) = 0 (:::)
IM_ =0

oe . ™~ DY o 1. kX ( - o
Ided6 4 (nl8/2){ RX, + .LLX',)‘Q) + (Pul6) + ‘R'6) 0 @



L.5

matrices are symmetric [i.e. A(J,I) = A(1,J), B(J,I) =

c(J,I) = c(1,7)].

(a)

DEFINITION OF THE ELEMENTS OF THE MATRICES

All elements which are not defined below are zeros.

Elements

of the Inertia Matrix [A]

A(1,1)
A(2,2) =

A(3,3)

il

A(7,7)

A(8,8) =

A(9,9)

A(10,10)
A(11,11)
A(12,12)
A(19,19)
4(20,20)
A(21,21)
A(22,22)
A(23,23)

A(24,24)

A(25,25) =

A(26,26)
A(27,27)

A(28,28)

A(13,13)

A(14,14)

(15,15) =
A(16,16)
AQ17,17)
A(18,18)

A(29,29)

. A(30,30)

A(31,31)
A(32,32)
A(33,33)

(3

(93]

4)

e
I~

A3

(9]
(V8]

»35)
A(36,36)
A(37,37)

A(38,38)

ACh,4) = T
"A({5,5) = IaB
A6,6) = T
[ba
Tog
IbY
A(39,39) = A(49,49)
A(40,40) = A(50,50)
A(41,41) = A(51,51)
A(42,42) = A(52,52
A(43,43) = A(53,53)
A(Lé,b4) = A(54,54)
A(45,45) = A(55,55)
A(L6,46) = A(56,56)
A(47,67) = A(57,57)
A(LB,48) = A(58,58)

A(59,59)
A(60,60)
A(61,61)
A(62,62)
A(63.63)
A(64,64)

A(65,65)

866 ,66) -

A(67,67)

A(68,68)

184.

All

B(1,J) and

= A69,69)

A(70,70)
A(71,71)
A(72,72)
A(73,73)
A(74,74)
A(75,75)

A(76,76)

= A(77,77)

A(78,78)



(®)

185.

" 'Elements of the Stiffness Matrix [B]

B(1,1) = 2K; + 4(K, + K.)

1
B(1,5) = 20K, + 42 (K, + K.)
B(1,7) = K, - 2(K, + K) = -B(1,1)/2.0
B(1,11) = zzKl + 2233(1(4 + K7)
B(1,13) = B(1,7) '
B(1,17) = B(1,11)
B(2,2) = K, *+ 4§K5 + Kg)
B(2,4) = -20.K, - 48 (Kg + Kg)
B(2,8) = B(2,2)/2.0
B(2,10) = -2,K, - 205,(K + Kp)
B(2,12) = -2 (K, - 28 Ko + 20.Kg
B(2,14) = B(2,8)
B(2,16) = B(2,10)
B(2,18) = -B(2,12)

B(3,3) = 4(K3-+ K6)

B(3,9) = -3(3,3)/2.0
3(3,11, = 20K, - 22K,
B(3,15) = B(3,9)
B(3,17) = -B(3,11)

= 2221 .92 (R X . 402 2
B(4,4) 229K, + 427(15 + KS) + 423K, + 4£10K6

B{4,8) = B(2,4)/2.0

4 .10) =9.2
B{4,10) lesz + 227233

4 = K, + 20_(2, % - 2.K
B(4,12) = 2.8, K, + 20 (1,%, - £.K)

! + X - 2‘ _ 12 -
(I\S ) _8) 2)3,91(3 29101\6



B(4,14) = B(4,8)
B(4,16) = B(4,10)

B(4,18) = -B(4,12)

= 542 . 2 _0 )2 2
B(5,5) = 207K + 4(85H0,)%K, + 4(Ry-0.) 7K, + 423(K, + K.)

B(5,7) = -B(1,5)/2.0

B(5,9) = 2(24+8,)K, + 2(85 -2)K,

B(5,11) = 2,8,K, = 20, (2448 IKy + 20 (24-25)Ke + 28

121 7 3

B(5,13) = B(5,7)
B(5,15) = -B(5,9)

B(5,17) = B(5,11) '

V2K, + 402K, + 487 Ko+ 4(igHe, )7K

B(6,6) = 2(agtt) )K, 9% 1087 4 Ks 3

-+ 4(Kll + Klz)

= - - . = 2(2.-2.)K
B(6,8) (Ryt DK, = 2(R 40, 0K, = 2(2,-20)K,

B(6,10) = —(.23+216)22K2 - 2(234-.?,4)2,331{5 - 2(2 -2 )233 8
1 = - A \ - 2 2 K ;
B(6,12) = -2, (2442, IK, - 203K, - 202K = 2(8,+2,)% K +
2(2 )25 8 Z(Kll + KlZ)

B(6,14) = -B(6,8)
B(6,16) = -3(6,10)

B(6,18) = B(6,12)

b

+ 42 —QS)“K

186.

3K, + K))

8
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B(8,8) = K, + 2(K5 + K8)

2

B(8,10)

22K2 + 2233(K5 + K8)

B(8,12)

116K2 + 22,4!(5 - 225K8

B(9,9) = 2(K3 + K6) + 6K9 + 3K10

¢ =- R, - - K, = (-2,.-
B(9,11) 2% K, + 22K 2(=2, .+, 42 )K9 ( 225 227+£22)K10

43 576 23 726 24
B(9,20) = K
B(9,21) = ~2,.K
3(9 ,25) = —2K9
B(9,30) = K,
B(9,31) = ~25K 0
B(9,35) = -2K,
B(9,40) = X0
B(9,41) = ~23.K
B(9,45) = ~2K,

p - 02 2 T . gl o
B{10,1C) 22K2 + 2£33(K5 + K8) + 229&3 - 2210K6 + 6217K9
B(10,12) = 2,2, K, + 28,5(2,Ks = 2.Kp)

B{10,26) = -24, K
3(10,36) = B(10,26)
B(10,46) = B(10,26)



B(11,11)

B(11,20)
B(11,21)
B(11,25)
B(11,30)
B(11,31)
B(11,35)
B(11,40)
B(11,41)
B(11,45)
B(12,12)
B(13,13)
B(13,17)
B(14,14)
B(14,16)
B(14,18)
B(15,15)

B(15;17)

"

22K+ 202 (K

188.

+K) + 202K + 202K + 2(z§4+22 +22 YK

21 337 4 473 56 26 723779

2 2 2 yi
+ (0% L +£25)k

22727 10

%22%10
292%35K10

“Loi¥g

~*97%10

“259%35%10

o . 4 '

202K, -+ 202 K_ 4+ 2%

1 2 K, + 282K + 222K + 2(
gy + 23Ry F Mgy T 2Ry + 2R + 2K

1’4
iy 588 11t Kyp)

% (s ]
&1 + L(K4 + K7)

-2.,K

oKy - 2% 3(K4 + K7)

K, + 2(K, + Kg)

22K2 + 4233(K5 + K8)

-, K. - 20K 4
215K2 hlams + ZQShS

I ) - 6K 2
2(k, + K.) + 6Ky + 2K

L4 (0. %
Fho)Kg F (Lo 5=ty 00K



B(15,50)
B(15,51)
B(15,55)
B(15,60)
B(15,61)
B(15,65)
B(15,70)
B(15,71)
B(15,75)
B(16,16)
B(16,18)
B(16,56)
B(16,66)
B(16,76)
B(17,17)
B(17,50)
B(17,51)
B(17,55)
B(17,60)

B(17,61)

10

235510

22K + 222 (K + K8, + 2£2K + 292 X+ 622 X

33 9

—2?2,16.1(2 - ‘Z I\ + 22,33251(8

—22,1 K9

2
-29% 1 71\9

2
~2hs 7%y

B(11,11)

%5890

“25% 35510

106

i7’ 9

189,
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B(17,65) = -28,.K

69
B(17,70) = -£,,K;,
B(17,71) = £,,8..K

= -22. K
B(17,75) = -2L,,K

B(18,18) = B(12,12)

B(20,20) = K,

B(20,21) = ,.K,.
- G2
B(21,21) = 23K,

B(25,25) = 2K,

o 2
B(26,26) = 205K

B(30,30) = K

10
v -
B(30,31) = 235K10
; — o2
B(31,31) 235K10

B{35,35) = 2K9

= 292 ¥
B(36,36) = 227X,
B(40,40) = K
B(40,41) = ¢ DK

B(41.41) = zg.K )

B{45,45) = 2K

B(46,46) = 222 K



B(50,50)
B(50,51)
B(51,51)
B(55,55)
B(56,56)
B(60,60)
B(60,61)
B(61,61)
B(65,65)
B(66,66)
3(70,70)
B(70,71)
B(71,71)
B(75,75)

B(76,76)

]

10
“235%10

2
*35%10
2K

2
2217K9

10
235890

235540

2K

2
22175

10
~%35%10

>
35510
2K

202
o

191.
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(c) Elements of the Damping Matrix [C]

The elements of the damping matrix will consist of two parts:

i - Elements due to damping in rubber springs: These are
obtained from the elements of [B] by replacing the
stiffnesses K's by their corresponding terms C's.

ii - Additional damping terms: These are damping due to shock
* absorbers and are given below.

cos a. + C., cos a.)

¢, ClL 1 16 2°

4(

Cc(1,5) = 4£15(Cl4 cos a

1 +_Cl6 cos a2)

C(1,7) = —2(C14 cos a, + C16 cos a2)

c(,11) = 29.32((314 cos a, + C16 cos a2)

c(1,13) = ¢(1,7)

c(1,17) = c(1,11)

c(2,2) = 4(C13 sinr a, 4 C15 sin a2)

c(2,4) = -4%5(C13 sin a; + ClS sin az)

Cc(2,8) = —2(C13 sin a, e C15 sin az)

c(2,10) = —2232((213 sin a; + C15 sin az)

C(2,12) = —2C13(5’.-31 cos a, + 229 sin al)-— 2C15(230 cos a, + 228 sin az)

C(2,14) = C(2,8)

c(2,16) = -C(2,10) ; €(2,18) = - C(2,12)
+ C,_ sin 32)

sin a, + C,. sin a,)
i5 2
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Cc(4,10) = 2215232(013 sin a; + C15 sin a2)
c(4,12) = 15 13(Q cos a; + £9 sin al) + 2215 15(230 cog a, + 228 sin a,
C(4,14) = C(4,8)
C(4,16) = C(4,10)
C(4,18) = -C(4,12)
- 402 (o

Cc(5,5) = 4215(Ll4 cos a, + 016 cos a2)
c(5,7) = leS(C14 cos a, + Cl6 cos a2)
c(5,11) = 2215232(C14 cos a; + Cl6 cos a2)
C(5,13) = €(5,7)
c(5,17) = c(5,11)
C(6,6) = 4(213 cos a; + 212 sin al)(SleC13 4- l” 14) +

4 s a4 3

,(£ll cos a, 4 26 sin a )( 6 ]5 ll l6)
c(6,8) = —2(.9,12C13 + 213014) yin a; - ‘(26 15 11016) sin a,
€(6,10) = -284,(%;,C 5 + 2,4C;,) sin 2y = 205, (8,C, 5 + 29,0, 0) sin a,
c(6,12) = -2(231 cos a; + 229 sin a )(£1? 13 + 213C11) -

2\230 cos a 228 sin az)(26C15 11 lo)
C(6,14) = -C(6,8)
C(6,16) = -C(5,10)
c{(6,18) = C(6,12)

7Y = : 56
c(7,7) = 2(C1d cos a; + C16 cos az)
= - % o 4+ O o oA )

€{7,11) 2232(L14 cos a. + Cie cos 2,
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c(8,8) = 2(C13 sin a, + C15 sin a2)

C(8,10) = 2232(C13 sin a;, + C;; sin a2)

c(8,12) = 2(2,31013 cos a; + 229C13 sin a; + 230C15 cos a, +

228C15 sin a2)

€c(9,9) = 2017 + 4018

CG(I,11) = (Lo & 5508, . % (By, = 20y 8,00,

€(9,25) = —C17 - 018

c(9,26) = 219(;C17 # By

C(9?35) = —2C18

C(9,45) = -Cy5 - C18

C(9,46) = 2,19(C17 - Cls)

€(10,10) = 2x§2(c13 sin a; + C;5 sin a,) + 2219 iz F 4z§9c13

€(10,11) = &,5(%,, + £,3)(~C 5 + C )

€(10,12) = 2232(231013 cos a; + 229C13 sin a; + 230015 cos a, +
228C15 sin a2)

€(10,25) = 219(--C17 + C18)

C(10;26) == (C]7 18)

€(10,36) = —?zz (6,5

C(10,45) = & 9(Cl7 C18)

C(10,46) = C(10,25)


http:C(l0,.25
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c(11,11) = 22,:232(Cl4 cos a; + C16 cos a, +.&§4(Cl7 + C18) +
202, 0 +.83,(C 0 + C )

c(11,25) = 224(Cl7’+ C18)

c{11,26) = 224219(Cl7 - 018)

c(11,35) = 22,26C18

C(11,45) = —223(C17 + C18)

C(11,46) = 223219(C17 = C18)

c(12,12) = +(2231C14 + 2229013)(231 cos a; + 229 sin al) +
(2.’1,30C16 + 2128C15)(230 cos a, + £28 sin a2)

€(13,13) = +2(C14 cos a; + C16 cos az)

Cc(13,17) = —29,32(C14 cos a; + Cl6 cos az)

C(14,14) = +2(C13 sin a, + ClS sin az)

C(14,16) = +2232(Cl3 sin a, + 015 sin a2)

€(14,18) = —2231Cl3 cos a; - 2229C13 sin a; - 2230015 cos a, -
2228015 sin a,

C€{15,15) = -:—2c17 + 4018

CL5,17) = (=%, + 2,,)C 26 © *24’%18

€(15,55) = -C._ -

€(15,56) =

|
b=
~

!
a
+
(@]



c(15,65)
c(15,75)
c(15,76)

©(16,16)
c(16,17)
c(16,18)
Cc(16,55)
C(16,56)
C(16,66)
c(16,75)
C(16,76)

c(17,17)

€(17,55)

]

n

i

€(17,56) =

c(17,65)
c(17,75)
c(17,76)

€(18,18)

€(25,25)
€(25,26)
€(26,26)

C(35,35)

It

%19(C17 = C19)
c(10,10)
c(10,11)
~¢(10,12)
€(10,25)
£(10,26)
C(10,36)
C(10,45)
C(10,46)

c(11,11)

.
%93(Cy; ¥ €1g)

293%19(C17 = Cig

% )
2256C18
“294(€q57 * Cpg)
294%19(C17 = Cig
c(12,12)
C17 7 Cig

\C - "_
219¢C17 ~ €19’
22 _(C._ + C..)

196,



Cc(36,36)
C(45,45)
C(45,46)
C(46,46)
€(55,55)
C€(55,56)
C(56,56)
C(65,65)
C(66,65)
€{75,75)
c(75,76)

c(76,76)

2
2279C1 8

%19(=Cy7 * Cyg)

2
219(C17 * Cyg)

Cig T Cyy

%19(-C1g + C17)

" 279(Cy7 T Cg)

9

502
T

(Cy; + Cpg)

219(-C17 + Cyg)

2 n
279(C1; ¥ C19)

197,
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APPENDIX II

EQUATIONS OF MOTION FOR THE

SIMPLIVIED MCDEL

198.



IL.1° INTRODUCTION

199.

Equations of motion for the simplified model (shown in Figure 3')

are derived in detail in this appendix. In the equations the following

notations for displacements are used:

the body in the
the body in the

the body in the

U, - linear displacement of

L linear displacement of
W - linear displacement of

@ - angular displacement of the
Ba - angular displacement of the
Ts angular displacement of the
U linear displacement of the
Vg T linear displacement of the
Vg T linear displacement of the
UL linear displacement of the
Vip = linear displacement of the
Vo T linear displacement of the

x direction,
y direction,

z direction,

body about the x direction,

body about the y direction,

body about the z direction,

front frame in the x direction,

front frame in the y direction,

front frame in the z direction,

rear frame in the

rear frame in the

rear frame in the

P

y

Z

direction,
direction,

direction.

For the deformed configuration the following assumptions are made:

where j

f for the front franme

r for the rear frame.

2. All rotations are anti-clockwise.



I1.2

In each equation terms are written in the following order:

CALCULATION OF THE FORCES IN SPRINGS (See Figure 3)

iii

i

B 8

iv

Front - Right
Front - Left
Rear - Right

Rear - Left

For Spring (Kl)

Fie=K {ua + zlsa}

Fip = Ky (o + 448,

For Springs K2

Fap = BKglly, = W) = 840, - (bl v,
B = Kllv, = vy ) = 2j0 + (8,07, }
For Springs K3

Fag, = Kyl = wp ) = go + (454038 )
Fyg = KalGw, - wpp) + hga, + (234208,
F3rr - KB{(wa T Ve T 29aa - @ +24)8 }
F3r2 - K3{(wa T Yor + Q9aa ~ k& +£4)B }

200.

(11.1)

(1I1.2)

(I1.5)
(1X.86)
(I1.7)

(11.8)
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For Springs K6

Feeo = Kl —w ) - 250 + (03-2.)8 ) (I1.9)
Feeo = 1(6{(wa - wa) + 2,00, (23-25)5a} (I1.10)
F6rr - K6{(Wa - wbr) - Zloaa - (23—15)8a} (I1.11)
Borg = Kol =Wy ) + 290, — (052508, } (11.12)
For Springs K4
Frer = K4{ua + z7sa + Zgya} (11.13)
- - ’ 4
F4f2 Ké{ua + £7Ba lgya} (I1.14)
= 1
Foop = Klu +2.8 + zgya} (I1.15)
Fog = K4{ua + 2.8, - zgya} (11.16)
For Springs K7
Foeo = Kiu + 27Ba + zloya} (11.17)
Fogg = Kpluy + 4.8, = 2,07, } (FT-18)
F7rr = K7{ua + z7sa + zloya} (11.19)
= - \
F7r2 K7{ua + £7Ba Qloya} (11.20)
For Springs K5
w K - -9 -
FSfr KS\(va vbf) 27aa (£3+z4)ya} (11.21)
Foep = KS{(Va - vbf) - 20, - (9,3+2,4)ya} (11.22)



5rr

5r2

For Springs K

LS{(va

KS{(va

8

F8fr

Forg

F8rr

F8r2

For Springs K

- KS{(va

= K8{(va

KS{(va

KS{(Va

Fyier
Fliee
Byt

Fllr!l,

For Springs K

Ky Y5

K11 Y2

K11 Ya

Kiy Ty

Tyagy

Fiofe

Fiorr ™

Fiore

= K Y

12 "a

= K Y

12 'a

s
N

12 Ya

=K Y

12 'a

+

+

e

(£3+24)Ya}

(z3+24)ya}

(23—25)Ya}
(23—25)Ya}
(23-15)Ya}

(9'3—2'5)‘\'3}

202.

(I1.23)

(11.24)

(1I1.25)

(I1.26)

(I1.27)

(11.28)

(11.29)

(I1.30)

(I1.31)

.(11.33)

(I1.34)

(11.35)

(I1.36)
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II.3 FORCES DUE TO DAMPING

(A) Damping in the Rubber Springs

and C will work in

C?’ CS’ Cll 12

€1a €y €45 Cp Gy G
parallel with the force due to the springs: Kl’KZ""’KB’Kll

and K12 respectively . Equations (II.37) to (II.72) could be

obtained by replacing Kn and Cn and the variables by their first

derivative w.r.t. time.

(B) Damping Due to the Shock Absorbers CR and CV

Details for this are the same as given in Appendix I for the

full model.

Forces in C14

P " { [u + 2 B + 213Y lcos a, + [(V -V bf) - ﬂlsaa - leya]sin al}

14,f |
(11.73)
L) 4 » . . - » . 1

Bra,e0 = Cpalolug + 2958, = 2y5¥,leos ap = [(vmvyg) = 2958, = &g,p¥,lein 2y )
(I1.74)

Prgee = Py tliy * 8ye8, b bygy Jous &) # [(v v, ) - 85008, ¥ &7, Jein & )
(11.75)

Pl&,rz = C.  {[u 1584 = %p3¥glces a; - [Gv v, ) - zlaaa + 2,7, Jsin a;}
(I1.76)

Forces in C13

= Clé{_[ﬁa + 0. B + 37 lcos a; + [ (v ~vbf) - 2. .4 »Y ]sin a; }

P13, er 15% = *12

(I1.77)
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B3 g = Cpal-[a + 2,8 - 13Y leos a; - [(V -¥, ) - 2,6 - 12Y ]sin al}
(1I1.78)
P13,rr = Cl3{[ua + 2,58, * 213Ya]cos a; + [(va-vbr) - llSaa + lléYa]sin al}
(I1.79)
- L] L3 ’ . .
P13,r2 = C13{[ua + 2,58, - 13Y lcos a; [(va-vbr) - llsa + zle ]sin al}
(11.80)
Forces in Cl6
Pl6,fr = C16{-[ua + llSBa + lllya]cos a, + [(Va—vbf) - leaa - ZGYa]sin az}
(11.81)
P16,f£ = Cl6{--[ua t 4,58, - %11Y,)cos a, - [(Va—vbf) - 850, - RGYa]Sln a,}
(I1.82)
P16,rr = Cl6{ [ua + 2158a + zllYa]Cos a, + [(va—vbr) - 215aa + £6Ya]51n az}
(11.83)
Pl6,r2 i 016{[ua + 2,8, - lllya]cos 2, - [(Ya-vbr) - 20 + 26Ya}51n a,}
(I1.84)
Forces in C15
= re . - . e 4 . e g . o
PlS,fr ClS{ [ua + 1583 + »llYa]cos a, + [(va be) 15% = 6Y ]sin 5
(I1.85)
PlS,fz = Cls{-[ua + 8,58, lllYa]cos a, - [(va—vbf) - L8, - 2675]51n a2}
(11.86)
- « ¢ . i . i : ! s s _ N L .
PlS,rr C15{[ua : 21568 4 illva]cos a, [(Va 'br) fi58, + £6ya]31n a2}

(I1.87)
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Pis,re = Cpsllug + 2958, = 2yyy,Jeos ay = [(v vy ) = 2,50, + &Y lsin a,}

(11.88)
II.4 EQUATIONS OF MOTION (See Figure I.3)
IF._ =0
X ____
mu_ + [2Kl + 4(1(4 + K7)]ua
+ [200K) + 40 (K, + K))]8,
+ [2Cl + 4(C4 + C7) + 4(Cl4 cos a; + C16 cos az)]ua
+ [22,1Cl + 427(C4 + C7) + 4215(C14 cos a; + C . cos az)]Ba
X ®
IF =0
—

.: l
mv, + [2K2 + }(K5 + Ks)]va

+

[—221K2 - 427(K5 o+ KS)]Ga

+

3 - . 9.3
[2C2 + 4(65 + C8) + 4(613 sin a; + C15 sin 32>Jva

- [—22,1C2 - 427(C5 + C8) - 4115(C13 sin a; -+ C15 sin az)]aa

]

[C2 + 2(C5 + CS) + 2(C13 sin a, + C,_ sin az)]vb

i 15 f

+

4 . { in a.)]v
[C2 + ?.(C5 t CB) ¥ z(C13 sin a, + C;¢ sin az,]vbr

[K2 + 2(1(5 + KS)]be + [K2 + 2(1(5 + KS)]Vbr @

-+
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m_+ [4(Ky + K)Iw_ + [4(C, + cé)]&a

[2(K3 + K6)]wa + [Z(K3 + K6)]wbr

+ [2(Cq + Ce)]"”bf + [2(cy + Clw, @
IM_ =0
Iaaaa + [-zle2 - 427(K5+K8)]va

+ [ZZiKz + 42§(K5+K8) + 4ng3 + 42i0K6]aa

+ [—ZQICZ.— 427(C3+C8) - 4215(013 sin ai + C15 sin az)]\'la

+ [22%02 + 42§(c5+c8) + 42503 + Azioce + 42%5(c13 sin a, +

C15 sin az)]aa

= & K - ) ¥ . - { - 7
[ zl& -27((5+K8)]vbf + [-2.K 227(’c:5+08)]\br

2 172

- [ILlC2 + 227(CS+08) + 2915(C13 sin a, + C._ sin az)]

| 15 Vof

1

[£.C., + 227(C5+C8) + 29 (C,, sin a, + C sin az)]v

12 157713 1 15 bz:::>

IaBBa + [221Kl 4 427(K4+K7)]ua

a2 / 2\_ Lo — 2 -+ 2 -
+ [2~lK1 * ;(23+24) Ky + .(,‘,3 15) Kg + 427(K4+K7)]Ba



+
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[22.C. + 427(C4+C7) + 4%

11 cos a, + C,_ cos az)]ua

15C14 T

2 2 _o0 )2 2
[zzlcl + 4(23+14) Cy+ 4(23 25) Ce + 427(C4+C7) -

2 [
4215(014 cos a, + C16 cos a2)]8a

1
[202440, 0K, + 222K Tw o+ [=200 442, )Ry = 2(2,-2 DK Tw,

[2(2.3+2,4)C3 + 2(23—25)06]wa + [—2(13+24)C3 - 2(23-25)06]wbr

O,

IM =0
. S
. & fg 2 2 2 5
LY, + (20,042, %K) + 47K, + 487 K. + &(L+0, ) %K, +

- 2
4(23 25) Ky + 4(Kll + Klz)]Ya

[28, (442, )2C, + 482C, + 422 C. + &{ayte,)2C, +

974 1077

-9 )2 g
'4(13 2)2C5 + 4(Cyy + C )1y,

-2, K, + 2(13+£4)K5 + 2(23»25)K8]vb£

[ (gt 2 K, + 2(25+8,)Kg + 2 (5= 25)Kg vy

1

£ .0 = - e 2, %,
[(442,)C, + 20448, )Cy + 2(25-2)Cg + 2(8,C 5 + £14C; Isin a)

+ 2(2,6C15 + Rllclﬁ) sin a2]vbf

[(23+216)C2 + 2(23+24)C5 +’2(52,3--25)CB + 2(2 + 2..C 4)sin a

12C13 1371

+ 2(26C15 + Qllclé) sin az]vbr ‘ (:E:)

1
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DEFINITION OF THE ELEMENTS OF THE MATRiCES

All the elements which are not defined below are zeros.

Elements of the Mass Matrix [A]

[A] is the mass matrix (diagonal matrix)

A(1,1) = m_, | A(4,4) = Iaa
AQ2,2) = m, A(5,5) = T,
A(3,3) = m_ s A(6,§) = IaY

Elements of the Stiffness Matrix [B]

[B] is the stiffness matrix (6x6 and symmetrical)

B(1,1)

]

2Kl + 4(K4 + K7)

= 4 {
B(1,5) = 20K, + 48, (K, + K.)

= {
B(2,2) 2K2 + 4\K5 + KS)

B(2,4) = -2¢.K

9 427(K5 + KS)

B(3,3) = 4(K, + K)

= 21 -4- 2 T . 2 2
B(4,4). 28K 427(K5 + KS) + 402K, + 48

2 93 10K6

- 2y 2 - 2 2 (%
B(5,5) = 221K1 + 4(23+14) K3 4+ 4(23 25) K6 + 427((4 k- K7)

B(6,6) = 2(Rgth )%K, + 482K, + 442 K_ + ORTIPL W

i6° 2 4 107 5
-2 )2k
4(23 25) RS + é(Kll + KlZ)

Elements of the Damping Matrix [C]

[C] is the damping matrix (6x6, symmetric)



c(,1)
c(1,5)
c(2,2)
c(2,4)

C(3,3)

C(4,4)

c(5,5)

C(6,6)

Elements of the Forcing Stiffness Matrix (at rear frame)

]

1
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2Cl + 4(C4+C7) + 4(C14 cos a; + 016 cos az)

22.1C1 f 427(C4+C7) + 4215(Cl4 cos a; + C16 cos a25

2C2 e 4(C5+C8) - 4(013 sin a; + C15 sin az)

~22.C, - 42.(Cg+Cq) - 48,(C;4 sin a, + C ¢ sin a,)
4(03+c6)

2zic2 + 4z§(c5+08) + 42§c3 - 4z§0c6 + 4zis(c13 sin a; + C
22%01 + 4(z3+z4)203 + 4(23-25)206 B 42§(ca+c7) +

4%%5(Cl4 cos a, + C

2

L
(23-9,

i 16

1675 4

- 2
4(23 25) 08

cos a2)

2c_ + 4zgc + 432 C. + 4(z3+z4)2c

1077

5

+

[8, ]

B(2,2)

B(3,3)
B(4,2)
'3(5,3)

B(6,2)

]

]

Il

= stiffness matrix for the rear frame

K, + 2(K5+K8)

2(K3+K6)

-2,X, - 227(K5+K8)

—[2(23+24)K3 + 2(23—25)K6]
216K2 + 2(23+£4)K5 + 2(23—25)K8

15

sin a

2



Elements of the Forcing Damping Matrix (at rear frame)

[Cbr] = Damping matrix for the rear frame

c(2,2) = C2 +.2(C5+C8) +,2(C13 sin a; + C15 sin a2)

C(3,3) = 2(C3+C6)

C(4,2) = -[2102 + 227(C5+C8) + zzls(c13 sin a, + c15 sin az)]

c(5,2) = —[2(23+24)C3 + 2(23—25)C6]

C(6,2)‘= 216C2 + 2(l3+24)CS + 2(23-25)08 + 2(212é13 + 213014)
sin ai +2(8,C 5 + 2,,C )sin a,

Elements for the Forcing Stiffness Matrix (at front frame)

[Bbf] = stiffness matrix for the‘front frame

B(2,2) = K2 + 2(K5+K8)

B(3,3) = 2(K3+K6)

B(4,2) =—2%K2'— 20 (Rg+K)

B(5,3) = 2(§3+24)K3 + 2(23—25)K6

B(6,2) = —{(23+216)K2 + 2(23+24)K5 + 2(23—25)K8]

Elements for the Forcing Damping Matrix (at front frame)

[be] = Damping matrix for the front frame

€(2,2) = C2 + 2(CS+CS) + 2(C13 sin a, + C15 sin az)

C(3,3) = 2(c3+c6)
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2 = o 1 .
c(4,2) [szlc2 + 227(C5+CS) + 25&5(c13 sin a; + c15 sin a2)]
c(5,3) = 2(23+z4)c3 + 2(23-25)06
C(6,2) = -[(234-216)02 + 2(23+52,4)CS + 2(23-25)08 +

2(!2,12C13 + 9,13014)sin a; + 2(26015 + 211Cl6)sin aZ]
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APPENDIX III

EQUATIONS OF MOTION FOR THE

"MOVING" VEHICLE
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ITI.1 INTRODUCTION

For the "moving" vehicle the effect of creep forces (described in
detail in Appendix IV) is introduced. The effect of the "shape" of
wheel treads is consideréd.

The equations of motion, except those for the wheelsets, are the
same as those derived for the "stationary" vehicle. But the eauations
describing the motion of the wheelsets have to be derived taking into
consideration the effects of creep forces and conicity of tﬁe wheel
treads.

In this appendix we derive in detail the equations of motion for
- wheelset No. 1 (equations 23, 24, 26, 27 and 28). For the rest of
}wheelsets (No. 2 to 6) the equations will be similar.

Before proceeding with the equations of motion for the wheelsets,
it is necessary tc consider the effect of wheel tread prcfiles on the

reactions.

III.2 MOVEMENTS OF WHEELSETS

In order to derive expressions for the forces acting between wheels
and rails it is neceasary to consider the mutual geometry of wheel and
rail. We also now include gravity forces.

When the whaels are centralized, both tread circles have the

same radius & When the wheelset is displaced laterally, contact

20°

occurs at new points. Figure (III.1) shows the reactions between wheels

and rail for a laterally displaced wheelset, where



% ? ' : oy (negative)

— dr.._ __-_____-;_»_\j______

- —

= B T & . Qwheel‘s‘et : ] }
track 2 .
l ' 2’20
S 7/
Nyd f‘;\\ ) / N‘Y
\7 } T'Q T _— 0
¢ o r
e
2‘18

FIGURE (III.l): REACTIONS BETWEEN WHEELS AND RAIL FOR
A LATERALLY DISPLACED WHEELSET

4
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’I‘Y and T, - are the lateral creep forces,

N and N, - are the normal reactions, including
Y the component due to gravity force

in the car,

L
W - is the gravity force per wheelset,
There is a complex non-linéar constraint between rolling motion

of the wheelset (ad) and'its lateral displacement (vd). Following

Wickens [18] this is linearized as follows:

‘ 2 ' ;
0 =0_+tev,, — (I11.1)
2.
i o dl 18
6, =€ —ev B
2 o dl 218 (I11.2)
where 60 - is the angle between the contact plane and
horizontal when wheelset is in central position.
er,el‘- angles between contact plares and horizontal
wheelset displaced laterally.
Va1 T lateral displacement cf wheelset 1.

e - rate of change of contact plane slope with
lateral displacement of wheelset (for new
wheels € becomes 1).

From Equations (ITI.1) and (II1.2) we see that er and 82 are both

equal to 80 if the lateval displacement of the wheelset (vdl) is zero.

We a2lso have that


http:later.al

% 20 dl
where 220 - wheel tread circle radius, wheelset in central
position,
T T, - radii of tread circles, wheelset displaced
laterally,

A - effective conicity which is defined as the rate
of change of rolling radius with lateral displace-
ment of wheelset,

The distance between the wheelset center line and contact points is

2 given by:

2
18

—2 +
5 fnv

dl

where n is the correction factor. For straight coned wheels
n=1.

We should also ncte that er and 92 are small angles so that:

R
@

sin 6_ = 6_, sin 6
T

cos §_ 1, cos € =1

And the equation for lateral motion of wheelset 1 is (equation 24

in Appendix I)

av,. + (RB.) + (RV.) ~ (RY R
mgVqy + (RE)) + RV)) - RY, 4 RY,) =0

216.

“LEEL,3)

(I11.4)

(IL1.5)
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where RBl’ RV1 - are internal reactions,

Rer’RYll — are lateral creep forces at wheels.

Substituting for the creep forces (from equation (IV.3.7) we get:

2f
. 2,
mdvdl *+ (RBl) <+ (RVl) + (2f2)\d:L + (-—-—--S ) Va1 +

2%, f 2f 2e v
2072, . 23, = dl
(-—5 D ag + C5) (g TV T =57
18
2e v
- N, (o - _37_529 = (111.6)
© 18
2e v 2¢ v
But, N _(8 + ____Ql_) - N .(6 - ——‘~41L ) can be rewritten as:
rl o 118 217 o 118
2¢e Vi1
(Mg = Hgle, + (M, +Ny) iy

However, er + N21 = W (weight/wheelset)., Hence, Equation (III.6)

can be rewritten as:

: 2f2 2220152 .
mdvdl “+ (RBl) + (RVl) + (2f2)ydl + (mgm)vdl + (- ~—-~—)adl
2f
23, ¢ 2V<e T . -
im— Lo (e + (N -N = i o/
g gy vy T N8 =0 (LIL.3)

18
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where the quantity %EE is the so called "gravitational stiffness" and
18

for new wheels € = X = 0.2,
Now the equation of motion of wheelset 1 in the o direction can

be obtained using Equation 26 in Appendix I after substituting for the

creep forces using equation (IV.3.7)

In the o direction: IM = 0.
—_

(Ica + Ida)ad + (-222 Kg)a + (29, Kg)a

* [y gCy DTy + [ (=CpghCy gy + [85(-CogCp )18y,
+ 1039 (C ) D16y + [8198,, (-CpgtCy DR

t RE Nyt Efg%fzoédl * (2£§0f2) + (- iz-("s)“zg‘){(cu
+ (f%§ - v N - (—l§-+ N,

* 25000, - zezzzl)Nzl " 8, t EE_ZQl)er =0

18

Combining the terms in er and NZl as was done before, we get

(I + I, )0, + (-2:2

22
ca do’ "d1l 17 9)a -4

+ [2.,(C )].

19(CgCy P T+ [hg(C

+C17)]wc_1 + [2 ( C

18 J]

2 . 5 0 . ' ) 3 i 5
+ 279 (C gty Tayy + Thygl, , (=G gtCy )18,
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28, f 222 f 28 f
2082 . 202, . - 2ha0ta3. .
20,080 g F vyt g ey vy
L 20, €W
18 - 20
(v, F T R0 (N - N o) (“’E;;")‘dl
= 0 (1II.8)

To eliminate (Nr - NZ]) from equations (III.7) and (III.8), the

1

following procedure (which is implemented in the computer program) is

followed:
-€
Equation (III.7) = Equation (III.7) + -----w===-— x Equation (III.8)

‘18 .

"7~ *a0%
and we use the constraint

.
Lo Y
%41 [

to reduce the number of variables by one (a,,).

dl

In the y direction, the equation of motion for wheelset {(after

substituting for the values of creep forces from Appendix IV) is:

IM =0
Y P £
92 f o f
) isf1.. 1851
$ + . T I O o Lo s
ToyTap ¥ R + Ryp) + Gy, + ( Ty Va1
2f 2f 20 f

3. N 32, -
) REN .
T egIvgy t Qg vy + ( %41
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2¢ v 2 . 2w L
dl 18 dl 18 . -
-, - 5 Wyglvgy F 6+ == 5 Mgl
18 18
=0 (111.9)
€Vyy
Substituting for Nll + er = W, and neglecting (Nﬂl—er)_IIg
Equation (II1.9) becomes:
L. f L
1871 18
¥ lm iy T iy = R B
20
2
.o oo Zaofa. | Mt Zfa)i
S dl S dl A S dl
= 0 (I11.10)

Some typical values for the parameters €, A and eo are given by

Wickens [18].

For the analysis the following values are used for the parameters,

it

A= 0.05, €= 0.05, 6

]

0.05 and n=1 (for new wheels)

A =0.2, e = 25.4, ¢} 0.04 and n=1 (for worn wheels)

III.3 EQUATIONS OF MOTION FOR WHEELSKETS

For Wheelset No, 1:

2f, B o Fy -
(mc + md)udl + (RAL) + (~§_9ud1+6"?$~“vpdl =0 23
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IF =0
e
es ° 2f2 .
Vi 4 (RBl) + (va) + (2f2)yd1 ks (-—s-—)vdl
28, £ 2f
2072 23, « 2We
+ "E"“) TSV (lls)vdl W, N8,

g | @

+ .
(ICG 3 )a

ao %d1 + (- 222 Kg)a + (22, Kg)a

s . ° 02
219 (C gCi I W, + [R)g(-CrghC) DTy + [274(-C,om 17)]“
2 ]
+ [825(C, g#C, ) 164y + [R1g8,, (-Cpg¥Cy 16,
225089 . 2’Léofz Y20f23
(F20,0F)vgy ¥ TV Yag, + (' 5 Va1
22 eW 2

20 18
L Sl e AT S i S LA S R R

18
™ =
M, = 0



1 + (RMl) 3 (RYl)

dyY¥a1

2f32

+(S

.o + (-

dl

222.

)

For other wheelsets (2 to 6) we will have similar equations with the

proper indices (2 to 6) respectively.

ITI.4 ADDITIONAL ELEMENTS FOR MATRICES

In addition to the elements defined in Section (I.5) elements of

the stiffness and damping matrices for the moving vehicle are defined

below (for wheelset No. 1).
(A) For the Stiffness Matrix
B(24,24) = 205
18
B(24,28) = 2f2
= 28 eW
B(26,24) = —— — W
18
B(26,28) = - 2220f2
L..E.A
B(28,24) = - —o
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successively by incrementing the indices by 10 respectively). 0 SN

(B)

W218

B{28,28) = 2f,,. ~ —==2

32 2

0

(e}

223,

We have similar terms for wheelsets 2,3,4,5 and 6 (easy to obtain

B(34,34)
B(34,38)
B(36,34)
B(36,38)
B(38,34)
B(38,38)

etc.

B(24,24)
B(24,28)
B(26,24)
B(26,28)
B(28,24)

B(28,28)

For the Damping Matrix

€(23,23)

C(24,24)

C(24,26)

C(24,28) -

C(26,24)

I

i

|
i
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292 ¢
€(26,26) = ——%Q-—z— + C(26,26)
20, £
2
C(26,28) = (- go 3)
20 f
c(27,23) = —201
S .
222 f
c(27,27) = _22__1_
2f
C(28,24) = —éﬂ
-28. f
C(28,26) = —22 2
22 f 2f
T
c(28,28) = 5L+ 2

We have similar terms for wheelsets 2, 3, 4, 5 and 6. Thesa terms can
be obtained in a similar way as described in part (A) for the elemenrts

of the stiffness matrix.
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APPENDIX IV

DETERMINATION OF CREEP FORCES AND EVALUATION

OF CREEP COEFFICIENTS
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Iv.1l INTRODUCTION

The phenomenon of creep between wheel and rail is of fundamental
importance in the sﬁudy of the lateral dynamics of railway vehicles.
Complete slip of the wheel on the rail, which is simply the limiting
case of creep, is important for studies of traction and braking.

If the contact area between a wheel and a rail has insufficient
contact ﬁressure to maintain friction adhesion, an effective forward
slip or creep will be present.

Longitudinal or transverse creep velocities are generated

~between the two bodies roiling together when any tangential force
'is transmitted, either in the direction of rolling or transversely.
{If, in addition, there exists a relative angular velocity, or spin,
between the two bodies about the normal to the contact plame, then a
transverse creep velocity is producad.

Many theoretical and experimental studies have been carried out

to explain this phenomenon. In this appendix we will review briefly

the progress of theoretical work up to the present time.

Iv.2 SURVEY OF CREEP THEORY

The problem of creep was first treated by Carter [35] who
recognized its importance in the rajilway field. He treated the two-
dimensional case of two cylinders with parallel axes rolling together
with creep in the direction of rolling.

An approximate theofy for the three dimensional problem with

elliptical contact was given by Johnson and Vermuellen [4], who
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approximated the area of adhesion by an ellipse similar to the contact
ellipse. The theory treats the case of longitudinal and, transverse,

or lateral, creep for all values of creepage. According to Kalker [24],
the error due to the approximation is never more than 257%. Johnsén [6]
provided a solution to the creep problem which for the first time includes
spin; however, the theory is only valid for vanishing creep and spin and
for circular contact areas.

Similar but more recent work has been published by dePater [7]
and Kalker [8], dePater's solution being for vanishing Poisson's ratio,
and Kalker's being extended later to cover elliptical centact.

The most recent advance has been made by Kalker [38] who has
given a numerical method for the calculation of the three dimensional

case with any value of creep and spin.

Iv.3 CREEP FORCES

Carter [35] originally proposed the following relationship to

predict creep forces

Creep or Relative Slip Velocity In
_F( Direction of Force )
Horizontal Velocity of Wheel Axis

Tangential Creep Forces = (1v.3.1)

where the coefficient f is defined empirically. The selection of its

value will be discussed below.
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Similarly for rotational creep we have:

Creep Torque About An Axis_ _f Rotational Creep in Direction of Force
Normal to Creep Surface Horizontal Velocity of Wheel Axis

(Iv.3.2)

In addition there may be coupling between lateral creep and spin [36].
The relation between creep and spin was first investigated by
Johnson. As previously defined:
fl — coefficient relating longitudinal creep force to 1ongitudipal

creep,
f2 - coefficient relating lateral creep force to lateral creep,
f3 — coefficient relating creep torque to rotational creep,
f23 — coupling coefficient relating creep torque to lateral creep

and lateral force to rotational creep,
uir - creep force in the longitudinal direction for the right wheel (i),
Uiz - creep force in the longitudinal direction for the left wheel (i),
Vir - creep force in the lateral direction for the right wheel (i),
Vil - creep force in the lateral direction for the left wheel (i),
Tir - creep torque in the y direction for the right wheel (i),
Til - creep torque in the y direction for the left wheel (i).

where i = 1, 2, 3, 4, 5, 6 from rear to front.

Tangential forces Uir(i=l""’6) do not include the steady state
pr0pelling force. They are variations about this force. Correspondingly
we omit the steady state creep force in the longitudinal direction due

to the propelling force.
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i) Longitudinal Creep - Right Rear Wheel
We let S = forward speed _ 1 -1\1\\\\£i\\
' -1
. . 220 : A = tan ¢
“and A = coning ratio of the wheel.

e

Longitudinal creep was defined by Carter [35] as:

CR- _ Actual Forward Displacement - Pure Rolling Forward Displacement
L Forward Displacement Attributable to Rolling

In a small interval of time dt, the actual forward displacement at the

wheel tread is:

L

: 18
Sdt +duy + ~§—.d(dl

The pure rolling forward displacement is:

(220 + del)

i S dt - (220-+ vy )dB gy

Hence the forward creep displacement in time dt =

%18 S dt

' \ # B gy - g B8 3.
(go * Wa)dBqy * Qg ¥ 7T Ny T Ma1 T (F3.5)

The first two terms represent slip induced by the difference between
the axle longitudinal displaéemant and the displacement corresponding’

to the angular rotation of the axle. The third term is slip induced
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by angular displacement and the fourth term is slip induced by the
forward steady state displacement S dt due to the rolling radius
deviating from the mean 220.

To get the creep velocity we divide the terms in equations

(Iv.3.3) by dt and get the limit as dt approaches zero.

2
. ' 18 « S
= [ S —— = -
Creep Velocity = (Lyy + Mg )Byy + 8g) + 5 Ygy = Wy - (1V.3.4)
The nonlinear term is assumed negligible and equation (IV.3.4)
becomes:
. %18 s
B _ . . _ . 2
Creep Velocity 250841 T Ya1 * 2 Ya1 - Ma1 % (Iv.2.5)

N
(]

It should be noted that References [1], [36] and [39] do not have the
first two terms, but reference [40] has them. Using equations (IV.3.1)

and (IV.3.4) we get for the creep force.

. . *18 S .S
Usr =~ £1C0Pa ¥ Y1 * 7 Yar T Mar T, /5, Pa0™Var
20 720
The denominator is the local velocity of roll. However SAV /220
considered second order small and will be neglected. Hence
f 2
- -1 : : _18 . _S_
Uir =5 Cpofar * %1 ¥ 5 Yo = Mar 7)) (E¥. 3460

20
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ii) Lateral Creep - Right Rear Wheel

The actual lateral displacement in time dt is given by

d Vg 7 Ay dog;
The pure rolling lateral displacement (which is the lateral component
of the forward speed) is -S dt Y41 Finally the rotational creep at
the contact point is §dl' Hence the lateral creep force at the right

rear wheel is given by

Vi = UEplvgy # 87y = £pq0gq] = 29574, VS

iii) Rotational Creep - Right Rear Wheel

The rotational creep torque T B is given by:

1

T }/s

1r = g lvgy * 874 = Lotar! - 37

In a similar manner we get the creep forces at the left wheel.

iv) Longitudinal Creep - Left Rear Wheel

. "t S
U = F1C0fa e T Yt A Va7 08
v) Lateral Creep - Left Rear Wheel
Vig = 1-,0Vgy  8vgqq = 250010 = £y374p /8

(1V.3.7)

(1v.3.8)

(1v.3.9)

(1v.3.10)
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vi) Rotational Creep - Left Front Wheel

T, = {-f

12 32lVa1 * SYq1 ~ Fpplqnl - f

3 g V8 (1v.3.11)
The other wheelsets will have similar ekpressions.

Some writers [36] include a "gravity stiffness" due to rising of
the wheelset c.g., when there is lateral displacement. Its amount will
depend on the shape of the wheel tread and the track profile. Gilchrist
et.al. [25] indicate that the effect is negligible for unworn straight

coned wheels. Clark and Law [39] neglect gravity stiffness completely.

IV.4 EVALUATION OF CREEP COEFFICIENTS

i) Longitudinal and Lateral Creep Coefficients

The creep coefficient f was defined by Carter [35] in an empirical

equation
1
£ = 3500(28,, wa)2 1b. /wheel (IV.4.1)
where Wa = axle lcading in 1b.
- g(ma + Zmb + 6mC f 6md)/6n
190 = wheel radius in inches.

This assumes £, = f_ and neglects f, and £,
1 2 3 2

3
Clark and Law [39] used this evaluation. However Wickens [36]

and Gilchrist et.al. [25] do not. They appear to use the work of
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Johnson and Vermuellen [4] and Kalker [24] for longitudinal and lateral
coefficients and of Johnson [6] for the rotational coefficient. A
similar practice was adopted by Dokainish and Siddall [40]. The same
is followed here and specific values are given below.

Let a and b be the semiaxes of the elliptical area of contact
between the two surfaces. The relations between tangential contact
forces and the creep velocities are given by the following expressions

(reference 4, equations 21 and 23):

T
_ 3 uwN x.1/3
e, -2l - a-HY (1v.4.2)
3 N Lo 1/3
ey = ooy Ll - @ - HY (1v.4.3)

where Tx - is the tangential force in the direction of rclling,

T - is the transverse tangential force,

N - is the normal force between the two surfaces,
G -~ is the modulus of rigidity,

u - is the coefficient of friction,

&€ and £ - are creep ratios,

X y
g = AU _ Creep Velocity in the Direction of Rolling
x S Steady Rolling Velocity
E m AV _ Creep Velocity in the Transverse Direction
y S Steady Rolling Velocity

¢ and ¢1 - functions of the ratio %-and vV (Poisson's Ratio)
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FIGURE (IV.1l) - Area of Contact Showing Tangential Force Components

Tx and Ty. Creep Velocities are Dencted by AU and AV.
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Equation (IV.4.2) can also be rewritten in the following form:

=2 g i x (L x5 (xs gy (1V.4.4)
b'e Gmab ¢ 3uN 9 “uN 81 “uN’ Y7 L

If the tangential force is small compared with the limiting friction

T
force (i.e. for small values of E%- say 0.5), equaticn (IV.4.4) can be
expressed as
£ s e B x5
X Gmab 3uN
=_T ¢ (IV-["QS)
x Gmab

|

To get the longitudinal creep coefficient f. we use equation (IV.4.5).

1
We know that
. - AU
Longitudinal Creep Force = - f1 3 (1v.4.6)
we get:
_ Gmab _ Gmab 2
f1 = Tx T 4 = o (Iv.4.7)
P
T
Similarly for small values of E%— we can get the lateral creep
coefficient f2
¢ = Grab (1V.4.8)
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As tangential force approaches the limiting frictional force the creep
T

coefficient can be obtained by substituting ;§-= 1 in equation (IV.4.2)
i

and ;§-= 1 in equation (IV.4.3). The limiting values for the creep

ratios will be

3 uN 3 Tx
% = " Gnab * = " Gwab ¢ (IV<4:2)
and the longitudinal creep coefficient will be given by
= Grab (TV 3
fl = T34 (IV.4,10)
Similarly the lateral creep coefficient
_ Gmab e g A
f2 =5 wl (1v.4.11)

T

These values are one third of the values obtained for small (;%) and
i

C;%). Experience of some of the researchers working in this area

indicates that the values of creep coefficients determined for small

T T
values of (;% and E%—) should be multiplied by a correction factor.

The value for the correction factor n has been suggested as 0.5.
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ii) Creep Coefficients Relating Spin with Transverse Tangential
Force and Moment About the Spin Axis

Johnson [6] considered the effect of spin upon the rolling motion
of an Elastic Sphere on a plane. Equations 26 and 27 express the following

relations:

2(2 - v) «C
= IvV.4.12
536G -29 5 E0F 120
and
= - 3202 - v) 3
Mz 9(3 = V) G C°p (Iv.4.13)
where vy - Angular velocity due to spin,
S - Velocity in the rolling direction,
P - A non-dimensional spin factor = %E-,
v - Poisson's ratio,
C - Radius of the circular area of contact,
Ey - Transverse creep ratio,
Mz - Moment about the spin axis.
The expressions given by equations (IV.4.12) and (IV.4.13) have been
obtained for a circular area of contact. For an elliptical area of
contact, we can have the following approximation:
C = Yab (Iv.4.14)

where a and b are the two semiaxes for the ellipse. Moreover for the

area of contact between wheel and rail, the ratio of the two axes is


http:followi.ng
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approximately one. Therefore equations (IV.4.12) and (IV.4.13) are
considered to be quite satisfactory. Equation (IV.4.13) can be

rewritten as:

o 32(2 ~ v) B Y
Ay = 9(3-2\))GC S

Substituting for v = 0.265 (the value of Poisson's ratio for cast

steel) we get:

__ 32(2 - 0.265) b Y 6 )
Mz = 9(3 = 0.530) 11.3 C S x 10° 1b.in.

]

28.2 c* (%) x 108 1b.in.

-1 2 =
where l-in the creep ratio in inch ~. But, the creep coefficient, £

S 3’

is defined by:

Mz = . f3 % (Iv.4.15)
Therefore
£, = 28.2 x 108 c* 1b.in? (IV.4.16)
and equation (IV.4.12) gives us
:, - g—g———-—: ;\))) -g—c = 0.469 C % (1V.4.17)

The coupled creep coefficient (f or f32) is defined by:

23

Lateral Force = - f %

OR M == f
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But, the lateral force is = - £, Ey

Therefore f23 = f2 (0.469) C 1b.in. (Iv.4.18)

From Equations (IV.4.7), (Iv.4.8), (IV.4.16) and (IV.4.18) we note that
to determine numerical values for the creep coefficients, the semiaxes
of the elliptical area of contact must be determined. To do this, the

method described in Timoshenko and Goodier [41] is used.

iii) Determination of the Semiaxes of the Elliptical Area of Contact

wheel R
= g = radius of wheel

Rl and R2 are the principal radii of curvature at the point of contact

for the rail and the wheel respectively. For the present case, the
other two principal radii of curvature for the two surfaces are infinite.
Therefore equation (d) on page 378 of Timoshenko and Goodier [41] gives

us

1 ,1
A+B—'é- (R +

1 2

W'H
N

(Iv.4.19)

where A and B are constants depending on the magnitude of the principal
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curvatures of the surfaces in contact and on the angle between the
planes of principal curvatures of the two surfaces.

R, and X (where R, is the radius of the

The relation between R2’ 3 3

wheel) is given in [40]:

- 2
Ry = Ry V1 + A
= 20[1 + (%6)211/2
' (