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CHAPTER 1

INTRODUCTION

A process consisting of a series of events occurring
in continuous time when interest is concentrated on the in-
dividual occurrences of the events themselves constitutes a
point process. The emissions from a radioactive source or
accidents occurring in time are examples of a series of point
events, with the events being distinguished only by their
positions in time.

In this thesis stationary processes, in which the
time origin is an arbitrary point, will be dealt with, and
for simplicity it is assumed that there is zero probability
that two or more events occur simultaneously. There are basi-
cally two ways of looking at point processes; in terms of the
number of events occurring in fixed time intervals or in terms
of intervals between events.

The purpose of this thesis is to study various methods
of analysing point processes by means of the square wave trans-
formation. Figure 1l-1 and Figure 1-2 are examples of a point

process and the square wave transformation of it.



Fig. 1l-1 Point Process X(t)

Fig. 1-2 Sqguare Wave of. the Point
Process X(t)

A point process can easily be transformed into a

square wave by means of a flip-flop device at each pulse.
The resulting square wave can be fed into an analyser to cal-
culate the auto-covariances and spectral density function.
The ease of instrumentation for calculation of information
from the square wave makes it very practical to work with.

In chapter (2) of this thesis the basic'definitions
and notations are described. Probability analysis of point
processes is dealt with in chapter (3) and spectral analysis
in chapter (4). The square wave transformation is introduced
in chapter (4) and is analysed using spectral analysis in
order to extract the statistical properties of the original
point process. In chapter (5) the computational results and

conclusions from utilizing the methods discussed in chapters



(3) and (4) are summarized. Appendix A gives a detailed
account of the experimental time series employed and the com-
putational results from using the methods in chapter (3).

Appendix B consists of the corresponding spectral analysis

of the different point processes. All computations were done

on the I.B.M. 7040 computer and the FORTRAN 1V programs used

in the time series analysis are exhibited in Appendix C.
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CHAPTER 2

DEFINITIONS AND NOTATIONS

A stochastic process is defined as a collection
{X(t) ,teT} of random variables. The set T is called the index
set of the process. No restriction is placed on the nature of
T. The two important cases are when T={0,*1,%*2,....} or
T={0,1,2,....} in which case the stochastic process is said to

be a discrete parameter process or when T={t:-w<t<e} or

T={t:t20}, the continuous parameter process.

A special case of a stochastic process is the point
process which can be defined in the following manner. Let a
sequence of events occur at the instants tj where iz1,
tij+1>ti and t1>0. Then, this time sequence will be denoted by
X(t), te'{tl,tz,.,..}, a discrete parameter process, so that if
X(t) is a stochastic process which describes the time of occur-

rence of events which are considered to occur for an infinitesi-

mal duration, then X(t) is a point process. For example, con-

sider events occurring periodically in time with period B. Then

X(t), té{tl, t2,.... t.= i«B}is a point process.
In the analysis of any process only a finite record of
observations is available, so that the index set of the process

can be considered as the time interval (0,T]. The truncated



-sample function is defined by Xm(t) as Xp(t) X(t) O0<tsT

0 elsewhere

Let n be the number of events in the observation
period T, and let t be any fixed time interwval length. Then
n(t) is the number of events occurring in the time interval
(0,t] and ni(f) is the number of events in the interval
((i-1) T, inl,

Unless otherwise stated, the time series is assumed
to bé stationary. This means that all statistical properties
depend upon differences XT(ti)—XT(tj) rather than on the time
points XT(ti) and XT(tj) themselves. Let A, Az, PP o 1<
arbitrary sets on the real axis, and ThAl, ThAz, «ssessbe the
sets obtained by translating through h. Let N(A) be the number

of events in A. The point process is stationary if the two

sets of random variables

N(A,), N(Az),...........,N(Ak);

N(T, A1) N(T Ap) seveeee s,/ N(T,AL)
have the same joint distribution for all initial sets A;, Aj, ...
A, and all real h and all k=1, 2,ccceeesee

k
The time series XT(t) has the sample mean value function

T
L '=l
O

T

=1 g Xq (¢)

t=1



for the continuous and discrete value case respectively.

The sample autocovariance function Rp(k) is defined

by
‘Rp(k) = E{[Xqp(t)-ul* [Xp(t+k)-ul}
T-| k|
=1 | [Xp(©)-ul-[Xg(erk)-ulat  |k|<T
o
=0 |k| 2T
and T- | k|
Rp(k) = % ; [Xp(t)=ul * [Xp(t+]|k]|)-u] k=0, *1,..,%(T-1)

= 0 k=iT’ t(T+l)’..o-

The sample spectral density function is defined by

T T
FT(“’) =211T e "1k Rp(k)dk = %r cos kuw Rnp(k) dk
~T (o]
T T
or
F (w) = 1 =ike g (k) = LR (0) + i cos R (k)
T 2n k=-1 © T o R T R= kw Rp

for the continuous and discrete parameter cases respectively.
Let_x(t), the number of eventé per unit time, be the

(probability) rate of oeccurrence of an event. The Poisson

process is an important stochastic process which serves as a

mathematical model for empirical phenomena like the arrival of



calls at a telephone exchange, the emission of particles from
a radiocactive source, and the occurrence of serious coal-
mining accidents. Consider point events occurring singly in
time with the rate of occurrence A(t) = A, a constant. If
N(t,t+at) is the number of events in the interval (t,t+at]

then assume that, as at-0t

prob {N(t,t+at) 0} 1-xat+0(at),

prob {N(t,t+at)

1} = aat+0(at),

so that prob ({N(t,t+at)>1} = 0(at),

where 0(At) denotes a function tending to zero more rapidly
than aAt. Also assume that N(t,t+at) is independent of occur-

rences in (0,T]. A stochastic process of point events satis-

fying these conditions is called a Poisson process of rate A.




CHAPTER 3

PROBABILITY ANALYSIS

In this chapter various methods of analyzing the inter-
vals between events and the number of events in fixed time in-
tervals are considered in order to determine if the point pro-
cess is random, or generated by some probability mechanism or
follows some pattern which can be determined from a sample of
the process.

GRAPHICAL METHODS

(1) The intervals between successive events x;

i are

plotted as a function of i or against the time at the mid-
point of the interval. Trends in the interval length will be
indicated. This is equivalent to plotting the time interval
between pulses of the square wave. Fig. 3-1

(2) If the intervals between events are independent
of time then x; versus i will form a scatter diagram. Then a
frequency polygon or histogram can be formed to determine the
probability distribution (if it exists) of the interval lengths.
Fix a time interval length x such that mx = max xj, where it is

i=l;....,n

suggested that 12img25, depending upon the sample size n.



Then count the number nj(x) of interval lengths x; that
belong in the interval ((3j-1)x,3x], j=1,......,m. Plot

nj(x) versus j for a frequency polygon or form a bar graph
of nj(x) as base for a histogram. The histogram approximates

the density function for large n. Fig. 3-2

RANDOM SERIES

If thé series of events is random, that is the times
of occurrences are independently and identically distributed
from the uniform distribution, then it is called a Poisson
process since the number of events in a fixed time length has
the Poisson distribution. The Poisson process when graphed
reveals the following,

(1) x; versus i will be a scatter diagram showing
that x; is independent of i,

(2) the histogram formed for the interval lengths
between events will approximate an exponential density function.
This is proved as follows. Assume that X(t) is a Poisson pro-
cess with rate of occurrence A. Take a new timé origin at t,.
If t,+Z is the time of the first event after t,, the random
variable Z is independent of whether an event occurs at t, and

of occurrences before t,.

Let P(x) = prob{Z>x}. To determine the distribution of Z,

let P(x+Ax) prob{Z>x+Ax} Ax>0

prob{Z>x and no event occurs in (t +x, t,+x+Ax]}

prob{Z>x}prob{no event occurs in (t,+x,tq+x+4x]|2Z>x}
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Fig. 3-1 Interval lengths x; versus i for a point process X(t)
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Histogram of interval lengths of a point process X(t)
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P(x+Ax) = P(x) {1-AAx+0 (4x)}

= P(x) - AP(x)Ax + P(x)0(Ax)
Then
lim P(x+Ax) = P(x) = P"(x) = -AP(x)

Ax~+0 Ax
dP(x) = =-adx
P (x)

1Qgg P(x) = fo+k

P(x) = Ke ¥

Since P(0) = prob {z>0} =1 , P(x) = e ¥

The distribution function of Z is 1 - e~*¥*, the probability

density function is d (l-e"AX) = Ae X (x>0)
dax

PROPERTIES OF RANDOM PROCESSES

If the time series is random then inferences can be
made about A. The intervals between successive events have
the exponential distribution with probability density function
F(x) = re"*X, and rate of occurrence A.
| Let X3+ X25¢c00., X, be m intervals from this distribu-
tion. Let s = i& and X = s/m. Then s has the probability

iz

density function

Fs) = A(as)M1lg=As s>0
(m-1)! ‘

a gamma distribution, and X is distributed as
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g(x) = mA (mAx) "L TMA
(m-1) !

x>0

These results are verified by finding the moment generating
function of the random variables s and X,
Mg (t) = E{etS} is the moment generating function of the random

variable s.

M = = 4 2 . -
s (t) M;xi (t) ];[Mxi (t) since s is the sum of m indepen

‘dent and identically distributed random variables xj.

Now o
M () = E{e*t) = g e*tre M *ax
_ A j (a-tre” P TE Xy
A-t o
= A
I
Then

Mg (£)

Ieri (0 = (X%E)m

Now, if two random variables have the same moment generating
function then these random variables have the same probability
distribution (by the uniqueness theorem for moment generating
functions).

The random variable y with the distribution
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nh(y) = 1 y*~le=¥/B  0<y<w
{=)B" Y

0 elsewhere

where «>0, B>0, I (=) = (=x=1)! has the gamma distribution,

My(t) = (1-Bt)™* , t<1/B.

Now  Mg(t) =( 1 )m= (1-t¢/x) "0
1-t/x

and is the moment generating function of a random variable

with the gamma distribution where «=m, B=1/A

F(S)

Then

1 gM-1 o728 0<s<»
(m-1)! (1/0)©

A(as)Mml TS 0<S <e
(m-1) !

Mg (t) = Mg (t) = Mg (t/m) is the moment generating function for

the random variable =E.

M (t/m) = (1-t/mA)™ , then « = m, B = 1/m
and |

g(R) = mA(mAR)m'l e—mAR
(m-1)!

>0

The following properties can be established:
(1) g(%) has mean 1/) and variance 1/(mr2),
(2) as m increases 9 (X) becomes normally distributed,

(3) R is a sufficient estimator for 1/A,
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(4) 2)\X is distributed as x? with 2 degrees of freedom,
(5) 2mAX is distributed as x2with 2m degrees of freedom.

Using this information a confidence interval for A

with probability 1-2« is
X2 == am <A< X2ciam
2mxX 2mX

If there are two random series of events with m; and
m, intervals and means X; and X, respectively, then the hypo-
thesis that A; = A, can be tested by the F distribution with
2m,; and 2m, degrees of freedom. Then F = A\ X, /(X X,) with
2m; and 2m, degrees of freedom. If there are more than two
rates of occurrence then the F test can not be used to test
the homogeneity of the A A special application of the x2
test, known as Bartlett's test, may be applied.

Considerable computation can be saved by applying an
F test to the largest and smallest variance before Bartlett's
test. If the F test indicates that the largest variance is
not significantly different from the smallest one,then it is
reasonable to assume that the variances lying in between do
not differ significantly from the smallest one. The applica-
tion of the y2and F tests to the analysis of the time inter-
vals depends on the assumption of homogeneity (A is not a
function of time). There are several tests of homogeneity,
one of which is the g test, another is the previously mentioned

Bartlett's test that all A are equal. These tests, which are
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based on interval lengths, can be used as tests of randomness.

TESTS OF RANDOMNESS

(1) g test

Let ¥y be the largest among m independent intervals
and let X be the mean interval length. The‘statistic_g = *m_
has a probability relation which has been compiled by nx
Fisher!. To determine whether the length of an interval is
significant under the hypothesis of randomness, a signifi-
cance level « is selected and g, is computed from tables?.

g is calculated and if g>g, then the longest interval between
events is significant and the series is not random.

Since this test is based on the largest among the m
independent intervals, then it is possible that measurement
errors or some other conditions have created an interval
length which is an outlier. If the graph of x; versus i
indicates an interval length much larger than any other, it
is possible that the g test will reject the hypothesis of
randomness if this value is used for x,; even though the sample
is homogeneous. If the sample containing such a large devia-

tion is not representative, or if the occurrence of such a

2 Fisher, R.A. Contributions to Mathematical Statis-

tics, Chapman and Hall, London, (1950)
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large deviation is unlikely in a sample from the population
in question, then it is necessary to reject this observa-
tion. However, if large deviations occur in a number of
samples the presence of additional factors of intermittent
character may be responsible.

(2) Bartlett's Test

If the sequence of intervals is divided up into K
sets of mj successive intervals where v;2? is the estimate of

variance from sample i, and ¥2 is the estimate of the pooled
2 _ .i.miViz
= £

——————_———

flni

o

variance, ¥

then Bartlett's test requires the calculation of

X
%2 = 2.3026 {log;,¥2 J_ (mi-1) - ) (mi-1)log,(vi2}/C
_ ® l _ l = _ 480 _ " '
where C = 1+(£“ mi-l n-K )/3(K 1), m = gml

The distribution of ¥? is approximately x% with K-1 degrees
of freedom and the approximation is reasonably accurate if
the mi-l-;s, i=l’ 2- v oy K-

When all samples are of the same size m,then
K

Y2 = 2.3026[(m-1)Klog;o¥2 - (m-1) 2_ log;ovs2 1/C
[X]] A

where C = 1+(K+1l)/[3K(m-1)]
If X2<x? with K-1 degrees of freedom, then the hypo-

thesis of homogeneity is acéepted.



17

If a set of interval lengths are independent and ex-
ponentially distributed with parameter A, then the mean and
variance of the interval lengths are 1/A and 1/A% res-
pectively. Divide a sequence of interval lengths up into K
sets of m successive intervals. Let ii be the mean interval
length of the ith set, and let the intervals be independent
and exponentially distributed with parameter A;. The vari-
ance,vj?, of this set can be estimated by §~2 since X; is a
sufficient estimator for l/Ai. Now, under the hypothesis that
all the A; are equal, the K sets will constitute a set of Km
interval lengths which are exponentially distributed with
parameter A. The variance of this pooled series, Vz, can be
estimated by (_l_ ;x)51nce the parameter A will have 3] _ Z;x

T -
as an estimator of 1/xA. X
The hypothesis that all the )\ are equal can be tested

by computing X2 and

72

I3
2.3026 (2 (m-1) Klog(l ) %.)- 2(n-1) >~ 1og %,1/C
K =i X7 .

2.3026(2m-2) K [log l: - _J:_-i log X;1/C
. K & K i=

where C 1 +(K+1) /[3K(m-1]

DEPARTURE FROM RANDOMNESS

TRENDS AND CYCLES

There are two types of sequences in time. One is a

slowly moving function of time which is often called a trend,
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and is exemplified by a polynomial of fairly low degree,
S(t) = ao+ alt +noo¢+ aqtq r t=t1, tzycno., tnt
Another type of sequence is cyclical, such as a finite

Fourier series,

%
s(t) = b + z::(bicosxit + c¢jsinajt), t=t,, t,,..,/tn.

i3

Trends or cycles in the rate of occurrence or number of
occurrences can occur as functions of time and the interval
lengths between successive éventé as a function of the inter-
val index. |

Consider a point process, where the time interval be-
tween the evepts occurring at time tj; and tj4;3 is Xj;] = 2%j
and X; = B, a constant. Then the interval lengths of the pro-
cess are X; = B, X, = 2B,..., Xy = 2j_lB,.....
For eﬁents occurring at the times tys tz,.;., tj,.... then

the time of the 3Jjth event at ty is

j = S 2673 = B(23-1) ‘

$1)

t

The jth event occurs at time ty so that n(ty) = j.

Then
ty = B(2n(tj) -1) or
n(t) = [log,{(B+t)/B}]
where [log, { (B+t) /B}] denotes the largest integer less

than or equal to log,{ (B+t)/B}.



19

Then, n(t) [log,{(B+t)/B}] and

1 1g,

g(t)

If a function s(t), which is a polynomial in t of
specified degree g, is assumed, then the problem is to estimate
the coefficients ag, aj;s...., 8g on the basis of observations
X(ty)s X(t2)seeeny, X(tn) of the sample serieé. In the case
of the Fourier series the problem is to estimate the coeffi-
cients by, bj and ¢j,i =1, 2,..., g.

In either case the estimation can be done by the
method of least squares, the estimates of the parameters being
the values of the constants which minimize Ei:{x(ti) - s(ti)}2

(32

INTERVALS WITH PROBABILITY DISTRIBUTIONS

If the sample from a point process is independent of
time then it can be specified by the intervals between events,
and these intervals'{xii; can be used to construct a histogram
in order to infer information about the probability distribu-
tion of the X4 A xz test can then be used to determine the
goodness of fit of the theoretical distribution 'to the sampled
data.

SUPERPOSITION OF PERIODIC SERIES OF EVENTS

If the series of events is periodic with period B be-
tween successive events, then ni(f) versus i will approximate a
straight line with constant ordinate value, and n(t) versus t
will be n(t) = [t/B], where the square brackets denote the

largest integer less than or equal to the argument. The
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graph of Xj versus i will be a series of points with
constant ordinate value B.

Now if the series is generated by the superposition
of several periodic sources, then only the pooled output can
be used to determine the periods B;. If the series is long
and the number of sources is small, it is possible to deter-
mine the B; exactly and to assign each event to its appropri-
ate source. |

This can be done by forming the histogram for the in-
terval lengths between successive events. This will be boun-
ded by a point concentration about B;, the smallest of the Bj.
The graph of x; versus i will give the exact value of the upper
bound B;. Next, find an interval of length B; and from it
build up the output of the first source by repeated additions
and subtractions of B;. Delete this set of events from the
pooled series of events and analyse the remaining events to
find the next smallest period.

As soon as the frequencies become very émall or if
two or more of the smallest frequencies are very close together,
then this method is not practical. The frequency distribution
of intervals is insensitive since the frequency curve is very
nearly exponential except when the number of frequencies is
small, or the frequencies are far apart. In order to detect
whether the interval distribution is exponential (Poisson pro-

cess) or merely a pooled output from periodic sources, then
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the variance time curve analysis is necessary.

VARIANCE TIME CURVE

Let V(t) be the variance of the number of events
oécurring in time (0, T]. If the series is random with meah
rate of occurrence A then V(t) = At. To find V(t) for the
pooled output of periodic sources first consider a single
source with period B;. Let vi= 1/Bj. Then vjt = nj+ aj
where n, is an integer, O;ai<1. Taking observations at equi-
distant intervals s toreee. then an interval of length t.

J

contains either n; or ni+l events from this source and the

limiting frequency of intervals containing nj+l events is @y

since Yity = Yitj-1 + of - Let Y = 1 be the occurrence of

n;+l events and Y = O the occurrence of n; events.

Prob {y=1} = s, Prob {Y = 0} = l-0j and Y has the bi-

nomial distribution with mean «j and variance aj(l-aj)-.
Since the different sources are independent, then for

N

N sources V(t) = Zai(l—ai) . If t is very large compared

(XY

with Bi then ai(l-ai)<<tyi so that .
V(t) << jt:tyi = tA where 1/) is the mean interval between
\=4
successive events.
As t increases, o; takes each value between 0 and 1
equally often giving oj;(l-a;) an average value of /6. For
large t, V(t) oscillates about an average of N/6. Therefore

a graph of V(t) versus t will differentiate between a random
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process and a pooled series from N periodic sources.

In order to calculate V(t) the series is divided
into m intervals of length 1 (t=2T/n provided good results.
in estimating the number of sources for the examples in
Appendix A) such that ni({) is small.

Let Yi = ni(f)

r
Let Ul y1+.y2+.onooooooooo+yr

r ’ .
U2 Y1+‘y2+oo-o-oo.ooo.‘+yr+l

r -
U m_r+l = Ym_r+l+o¢¢.oooovoo+ym

Calculate i(Uir)z, i:Uir, ( f: Uit )2
i‘l “'A_—M

=

and s = z(uir)z - (tUir/M)2 where M = m-r+l
i=

[¥]]

Now calculate V(rt) = ( 3M )s
3M“=3Mr+r<-1

V(rt) is the estimate of the variance of the number of events
in an interval rrt. Now plot V(rt) versus rt or r for a

number of r to obtain an estimate of the wvariance time curve.



CHAPTER 4

SPECTRAL ANALYSIS

Since the point process X(t) is defined only at the
time points ti;, t2,..+.., it is necessary to transform the
one-dimensional sequence into a discrete or continuous two-
dimensional stochastic process so that the autocovariance
function and corresponding spectral density function can be
calculated.

The sequence of intervals {X;, X2,.....} between
successive events can be used to describe the point process,
the time parameter being the serial number of the event. By
dividing the time axis into a large number of narrow intervals
of width dt, and counting the number of events in each inter-
val, a new process, dAN(t), is obtained. Another way of study-
ing the process is to convert the sequence of pulses or events
into a square wave by means of a flip-flop device at each
pulse.

INTERVAL LENGTHS

The sequence of interval lengths '{Xl, Xz,..,.;} has
the mean value function u(t) = E{Xi} = u and variance-

V(X;) = 02, This sequence is considered as a stationary

23
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real-valued process in discrete time. With a finite sample
{X;+ X54+...,X,} the sample autocovariance function Rp (K)
is defined as Rp(K) = z‘(x -u) - (X1+IK| -u)
. o
K—0, *l,...,*(n"l)

and the corresponding'spectral density function ﬁkw) is

defihed as

Frtw)

1 te-iKN R‘I‘ (K)
2T Ks=(n-) : '

= _1 Rp(0) +1 tcosKm Ry (K)

2 'ﬂ' Kz

where Rqp(0) = o2

OCCURRENCE RATE

Consider the process {dN(t)} where dN(t) is the

number of events in the interval (t,t+dt].
Let {dN(t)} = u(t) = u,

The covariance function for this stationary stochastic pro-

cess is defined by R(K) = E(dN(t) -dN(t+K)> - u2, k>0,
(at)?

For K<0 R(K) = R(-K) and for K=0, R(0) = ¢?2
where
c? = E( ggig)]z) - u?2. For all K, the complete
dt
covariance function is R(K) = 026 (K) + R(K) where & (K) is

the Dirac delta function, the probability density function

of a probability distribution located entirely at the point
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K=0. The spectral density function for dN(t) is defined by

Foy = 2 Xe'iK“’ R(K) 4K ,

However for any time interval (0,T], only a finite
number of intervals of length dt are used, transforming
{dN(t) } into a discrete valued process. The autocovariance
function and spectral density function would be calculated
as described for the sequence of interval lengths.

SQUARE WAVE

Y
a
4, t 4 t, €,
b

Fig. 4-1

The point process X(t) defined at t;, tz,...,t, in
the interval (0,T] can be transformed into a continuous pro-
cess Y(t) by a square wave. Then Y(t) takes the values a and
b alternately at each occurrence for the length of time until .
the next occurrence (Figure 4-1). Now the problem is to
derive informaﬁion about the original process X(t) by corre-
lation and spectral analysis of the square wave Y(t). 1In
order to determine if spectral analysis can yield as much in-

formation as probability analysis, a probability distribution

for the occurrence of interval lengths or sign changes can not

be assumed. Then, it is necessary to calculate the sample
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mean value function and autocovariance function and then the
spectral density function from the observed time series.
Without loss of generality, it can be assumed that the
transformation of the time series to a sgquare wave begins
with Y(t) assigned the value a. For the process Y(t), the

sample mean value function is easily calculated,

T

u = _]:SY(t)dt =1

aXq:_ + bXq4
T T 2i-1

A o

( n-[nfa) En/z)

where [n/2] denotes the largest integer less than or equal

to n/2. The sample autocovariance function Rp(K) is

=1k}
Rp(K) =1 [Y(t)-ul-[Y(t+|K|) -uldt | K| <T
T (-]
=%}
=1 SAY(t)'Y(t+|K|)dt - u? | K| <T
T » -

°
Since Y(t) and Y(t+|K|) only assume the values a and b

then Y(t)*Y(t+|K|) = | a2
b2 ’
a*b
T-ixl
and % Y(t) .Y(t+|K|)dt = %{fl(K).a2+r2(K).b2 +

[T-|K|-x; (K)-xr, (K) ] * abl}

where r;(K) and r,(K) are to be determined.
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The only problem in determining Ry (K) is that of

- calculating r, (K) and r,(K), which is computationally diffi-
~cult. r;(K) and r,(K) can be calculated for any particular
value of K or at equidistant intervals AK, where AK can be
taken as small as required. Then Rp(K) is not restricted as
in the discrete valued case of interval lengths, to a maximum
number of estimated values equal to the total number of point

events.

Hj+

T
" Rqp(0) SY(t) Y (t)dt - u?
-

n=[n/2) [n/z)
= l( t aZXp3y * ) by - w?
T i

]
where [n/2] denotes the largest integer less than or equal to
the argument n/2.

It is necessary to calculate the spectral density
function from the sample autocovariances without any assump-
tions about the distribution of interval lengths. Once a
method for estimating the spectral density function is deter-
mined, its effectiveness can be determined by comparing these
results to the spectrum obtained by taking the Fourier trans-
form of the theoretical autocovariance function.

In order to estimate the autocovariances of the square.
wave the following method is suggested. For 0<K<T fix a

value of K and determine the minimum value of the integers m;



m
and m, such that K<in and Kiix
| e

Lz
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n-i+1°

it} m
Let z::xi-K = Wy, and Zi:xn-i+l'K = Vn—m#l so that

L= L=

V= (x1’ X2'o-r-’ X

n-m,’ Vn—m%l )
W = (Wml ¥ lel'l‘l 7900 Xn)

(Vl 4 V2I .. 'Vn_m#.l)

= (Wm' r m‘_*_l 7 %000 ,Wn)

where , = X i =l,¢0¢¢, n-m
Vl 1 1 4 4

Wi = X4 j=m +1,...,

n

Now arrange the n-m,+1 and n-m, +1 elements in columns

Vi W,
V2 Wmﬁl
Vn—m;l-l W

The graphic representation of V and W is given by Figure 4-2.

Y(t)
M ALY
4 Xy
Ve -
X,
Y (t)
[
W,

Fig. 4-2 The square wave as

tively.

Vo-my

xﬂ‘m 2] K
v'l-"\.‘lH q

Xn
Wh

denoted by V and W respec-
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Take the two elements of the first row, Vi and Wy, ,
pick the smallest element and record it and the indices 1
and m, of these two interval lengths. Subtract the smaller
element i.e. min{Vy, Wro} from the two interval lengths in
the first row, V; and W L Either one element is now zero,
or both are if Vv, = Wm,' Any interval length in the first
- row reduced to zero by subtracting the smaller element from
it is replaced by the next interval length in that column.
If Vlﬂnin{vl, Wm? is zero it is replaced by V2, and if
th—mih{vl, Wm} is zero it is replaced by Wm+l and the new
interval index or indices are recorded. If Vi-min{vy, Wm}

or Wnl—min{vl, W.} is not zero then the index of this re-
]

duced interval length remains the same. For example

\'

(2.0,, 2.0,, 1.0, 2.0,, 2.0¢, 1.0, 0.5;)

W= (0.5, 2.0,, 1.0,, 2.0,, 2.0¢, 1.0,, 1.0, , 1.05)
are obtained from a point process with eight events
where Xi;= 2.0, X,= 2.0, X3=1.0, Xy = 2.0, X5= 2.0,

Xg=

1.0, X7= 1.0, Xg= 1.0 and K = 1.5.
Then \Y
' 2.0, 0.5,

2.0, 2.0,

1.0, 1.0,

2.0, 2.0,

2.0, 2.0

1.0, | 1.0

0.5, 1.0,

1.0,

min{V y, Wnﬁ = min{2.0, , 0.5, } = 0.5 with indices (1,1)

Vy-miniVy, W} = 2.0, -0.5 = 1.5,


http:min{2.01
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Wy, -min{Vy, Wy} = 0.5 -0.5 = 0, so that Wnt1 = 2.0,

replaces W = 0.5, .
'

The new array is v

=

B

Y

-

[oNoNoNoNoNe o]
“

-

v © oo ool
e N R

~

Now the procedure is repeated taking 1.5, and 2.0, as the
new entries in the first row.
‘min {1.5,, 2.0,} = 1.5 with indices (1,2),
1.5 -min{1l.5,, 2.0,} = 0, and element vV, = 2.0 is
moved into the first row.
| 2.0, -min{1.5,, 2.0,} = 0.5, , and this is the reduced

interval length for the second column.

The new array is .V W

2.0, 0.5,
1.0, 1.0,
2.0, 2.0,
2.0¢ 2.0,
1.0, 1.0,
0.5, 1.0,

1.0,

and the same procedure is repeated on the elements 2.0, and
0.5,. At each step the values of the smallest element and the
interval indices are recorded and are used to calculate rl(K)
and r, (K). If both indices are odd,>then both intervals were
from Y(t) = a, and if both are even they are from Y (t) = b.

The sum of these minimum lengths with both indices odd is the


http:min{1.51
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value of r;(K) and the sum with both indices even is the
value of r2(K). For a series with a large number of occur-
rences this method involves long tedious computations. With
the aid of a computer RT(K) can be easily calculated for
various values of K. A computer program for this is given in
Appendix C.

From the preceding example the following was obtained,

minimum wvalue indices
0.5 1 1 odd
1.5 1 2
0.5 2 2 even
1.0 2 3
0.5 2 4 even
1.0 - 3 4
0.5 4 4 even
‘1.5 4 5
0.5 5 5 odd
1.0 5 6
0.5 5 7 odd
0.5 6 7
0.5 6 8 even
0.5 7 8

and r, (K) = 1.5, r,(K) = 2.0 .

1
Then Rp(K) = 1{rj(K)a2+ry (K)b2+[T=|K|-r; (K)-x, (K)] ab}
T ‘

Rp(1.5) = 1 [1.5 + 2 + (12-3.5) (-1)}

!
1
(S,
~N
'._l
N

where a = =b = 1.



CHAPTER 5

COMPUTATIONAL RESULTS AND CONCLUSIONS

Probability analysis, using the methods in Chapter 2,
reveals that no single test for randomness is effective, but
that a combination such as Bartlett's test and the variance
time curve analysis is necessary. If the intervals between
events have a probability distribution, this can be effectively
determined by a histogram and a x? test of fit. The pooled
output from several periodic sources can be distinguished
from a Poisson process by means of the variance time curve,
and the number of periodic sources can be determined. Unless
the number of periods is small and the periods far apart, the
histogram analysis of the pooled output will not reveal any
information about the constituent periods. The computational
results for several examples appear in Appendix A.

Spectral analysis of the interval lengths and occur-
rence rate yielded very little information. However, a spec-
tral analysis of the square wave produced some very interes-
ting results. While spectral analysis of the square wave did
not determine if a process was random or not, it d4did distin-
guish between the pooled output of several periodic sources

and a random or "near random” point process. The "near

32
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random" process was the result of splicing two random pro-
cesses with rates of occurrence A; over (0,t) and A, over
(t, 2t) to form a single point process over (0, 2t). While
spectral analysis of the square wave could not distinguish
between the random and "near random" series, no study was
made to find out if they could be distinguished, and if so,
under what conditions.

For the examples with the intervals having a proba-
bility distribution, spectral analysis of the square wave re-
vealed a function which closely approximated the density
function of the interval lengths. The autocovariance function
can be calculated in terms of the inverse Laplace transform of
a function involving the Laplace transform of the interval
lengths [3]. However, some examples dealt with in Appendix B
have truncated distributions, since the interval lengths have
to be positive, and the Laplace transforms of these functions,
as well as most density functions, have not been tabulated.
The spectral density functions for the square wave of time
series with the different density functions can be calculated
and graphed, and the resulting graphs used to identify the type
of point process.

The only available information from probability analy-
sis of a pooled series from several periodic sources is the
number of constituent periodic series. The method of spectral

analysis to determine constituent frequencies was then applied
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to the pooled series in order to see if this would locate the
periods. Spectral analysis of the interval lengths and occur-
rence rate of the pooled series revealed little information,
but analysis of the sgquare wave revealed peak frequencies wgr
located in the range (0, w). Furthermore,it was observed
that the peak frequencies wj/n corresponded to a linear com-
bination of the occurrence rates of the periodic sources and
that the number of peaks was related to the number of periods.
After examining the spectrum for many pooled series (almost
20, with some examples given in Appendix B) and encountering
the same results in all of them, the following conjecture was
made. It appears that for N periodic sources with periods Bj
and rates of occurrence Ay (i=1, 2,...N; N small), spectral
analysis of the square wave of the pooled output results in the

occurrence of 2871

jl
2N-l, If Aj = mj/ﬂ, then each ij is a function of Al,xz,..,xN

and is equal to the absolute value of a linear combination of

peaks of F&(w) at fregquencies w =1, 2...,

the ALy
l ~

Ay = |a111+a212+...+aNX

‘where 0, =1 and ag = +1 K=2,...., N.

j=1, 2, ...,2871

The 2N_1 possible sign changes for the age K=2,....., N account

for the 2N°1

peak frequencies.
The proof of this conjecture is hindered by the fact
that no one has produced a model to describe the superposition

series of several periodic sources. A model to describe the
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pooled output from two periodic sources with periods B; and
B,, B;<B,, is X(t) = Y(t)+R(t) where Y(t) is a periodic point
process with period (B1+B2)/(B2-B3) and R(t) is a point pro-‘
cess with the intervals between events having a uniform dis-
tribution over (0, B;). This was obtained by analysis of the
frequency of the interval length B; from the pooled output.
Further analysis in this direction may prove rewafding, but it
is possible that no closed expression exists to describe the
pooled series since the interval lengths tend to an exponential
distribution as the number of sources increaées [4]. The
effect of increasing the number of sources has not been inves-
tigated yet, examples with N=2, 3, and 4 periodic sources are
given in Appendix B, and all computational results pertaining

to Chapter 4.



APPENDIX A

In order to evaluate the information obtainable from
probability and spectral analysis, several types of point

Processes were generated and analysed.

TABLE A-1
EXAMPLE TYPE OF PROCESS NUMBER OF EVENTS
Pl Poisson process with mean rate
of occurrence i = 0.167 250
P2 .| Point process consisting of a

Poisson process withvi1=0.203
over the time period (0,600]

and a Poisson process with

A, = 0.297 over (600,1200] 300
P3 Poisson process with mean rate ‘

of occurrence A = 0.208 . 250
sl Superposition of 4 periodic point

processes with periods 2.00, 2.27,]
5.15, 8.23 250
S2 Superposition of 4 periodic point
processes with periods 1.93, 2.89,

3.83, 3.96 250

36
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EXAMPLE TYPE OF PROCESS NUMBER OF EVENTS

Gl Point process with the intervals
between events Gaussian distri-
buted with density function

: 2
Foo = 1 mxe(-1/20ew® 423
where u = 1.50 and o = 0.50 250
G2 Point process with the intervals
between events Gaussian distri-
buted with u= 6.0 and o = 2.0 250
R1 Point process with the intervals
between events having a Rayleigh
distribution with density function
Fx) = _x EXP{ -1/2(x/r)2} 250
where r2 = 2.0
R2 Point process with the intervals
between events having a Rayleigh

distribution with r2 = 5.0 " 250

Examples Pl, P2, P3, were generated using a table of
random numbers. In order to obtain a point process with
Gaussian distributed interval lengths, a computer subroutine
was used to obtain a series df random Gaussian distributed
numbers with mean zero and any standard deviation,oc. The sub-

routine generates two uniformly distributed numbers on (0,1),
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X and y. These are used to give two elements of the list as
(-2 log x)¥2cos 2ry and (-2 log x)¥% sin 2ry. By a transla-
tion of the origin to -3¢, negative numbers were eliminated
and a mean u = 30 was obtained. The interval lengths with
a Rayleigh distribution were gqperated by using the proba-
bility integral transform y =‘[F(t)dt

1 2 °©
where F(t) = e” 6“79 . This transformation maps the posi-

g
tive real line into the interval from zero to one, and y has
the uniform distribution. Then y = F(x) = F(t)dt and
y = l-e‘j/z(%é)zyields x = 2r%+log y. Rand;m numbers on the
interval (0, 1) were generated by a subroutine which computed

a string of pseudorandom numbers z; by the relation

z;= azj.] (modulo m). Values of x were calculated by solving

the equation x = |v2r2| log y|| (v takes on the values zj).

GRAPHICAL METHODS

For each example the interval lengths x; were plotted
versus i; but only for the first 40 or 50 interval lengths
since these were considered as a representative sample from
each point process. If the graph of x; versus i indicated
that the interval lengths were independent of time, then the
histogram of interval lengths was formed, (Figure A-1 to
Figure A-9).

Examination of the graphs for each example reveals
several examples which appear to be Poisson processes, Pl, P2,

. versus 1 is

P3, S1 and S2. For each one of these examples X4
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Fig. A-1l(a) Interval lengths versus index for example P1l.
—
Fig. A-1(b) Histogram of interval lengths for example P1l.
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FJ.g A-2(a) Interval lengths versus index for'example P2.
Fig. A-2(b) Histogram of interval lengths for example P2.
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Fig. A-3(a) Interval lengths versus index for example P3.

Fig. A-3(b) Histogram of interval lengths for example P3.
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Fig. A-4(a) Interval lengths versus index for example SI1.
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Fig. A-4(b) Histogram of interval lengths for example Sl.
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Fig. A-5(a)

Interval lengths versus index for example S2.

Fig. A-5(b)

Histogram of interval lengths for example S2.
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Fig. A-6(a) Interval lengths versus index for example Gl.

Fig. A-6(b) Histogram of interval lengths for example Gl.
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Interval lengths versus index for example G2.
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Fig. A-7(b) Histogram of interval lengths for example G2.
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Fig. A-8(a) Interval lengths versus index for example Rl.
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Fig. A-8(b)

Histogram of interval lengths for example Rl.
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a scatter diagram and the histogram of interval lengths
approximates the probability density function of the expo-
nential distribution. Tests for randomness were then tried
in an attempt to identify the type of process as Poisson or
not. The test based on interval lengths, Bartlett's test,
was tried first and then compared with other tesﬁs based on
the number of occurrences in an interval length.

TESTS FOR RANDOMNESS

BARTLETT'S TEST

Each example was divided up into K = 10 equal series
of m = n/K interval lengths, and

R; = ftgﬁ i=1l......, Kwas calculated for the K sets
Jo m

of interval lengths. Then x? was calculated and the hypo-

thesis that all the i; are equal was tested at the 5% level

by calculating_xi‘ ket with K-1 degrees of freedom.
K

x? = 2.3026[2(m~1) 1log (%Zi’i) - 2(m-1) t log X;1/C
(&1 i3l

C =1+ (K+1)/[3K(m-1)]

The results are tabulated along with the results from other
tests of randomness (TABLE A-3).

KOLMOGOROV-SMIRNOV TEST

This test for randomness is a measure of the maximum
deviation of n(t) from the straight line joining the points
(0, 0) and (T, n). For a sample of size n in a continuum

(0, T1
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n'Dp = max | n(t) - n*t/T| is calculated.
OstsT

To test the hypothesis- of randomness. a significance level o
is selected, and a critical value of Ep,, which is tabula-

ted for particular n and o, is selected. If n°D,>E the

no’

hypothesis that the series is random is rejected. Instead

of finding Ep,, for a particular n and © from tables the

14

approximations E_ g5 1.358"n
E .99 = 1.628"n
were used.

RECTANGULAR DISTRIBUTION TEST

The time interval (0,T] was divided up into m = 25
equal time intervals of length T for each example. Oi' the
number of events observed in the interval ((i-l)T, it]
i=l,...., m and E = n*7/T were calculated. Then

m
x? = Z(Oi--E)2 /E was evaluated.
The up;;r and lower limits of X? for a 95% confidence inter-
val and m-1 = 24 degrees of freedom are x2,975L24= 39.4 and

X%ozs’zq = 12.4 respectively.

VARIANCE TIME CURVE

In order to distinguish between a Poisson process
and the pooled output of several periodic sources the variance
time curve was calculated for the examples whose histogram of
. interval lengths appeared exponentially distributed. The
series was divided up into small intervals of length 1, and

y; = n; (1) was calculated.



Ui = Yityiel
and r=1, 2,¢..
Then

V(rT)

= [i(u.r)2 -
L

was tabulated and graphed (TABLE A-2, Figure A-10(a) to A-10(d))

14

15 where M =

T

100.

«eeet+yYityr-1 Wwas calculated for i=1, 2,...,M

(iitH?Mf]'[3M/(3M2-3Mr+r2-l)]

50

TABLE A-2
Vi(rt) V(rT) V(zrT) V(rT) V{rT)
r gx P1 | Ex P2 | Ex P3 | Ex si | Ex 82
1 2.11 2.61 2.43 0.56 0.89
2 3.68 6.47 5.46 0.68 0.59
3 5.43 10.3 8.17 0.63 0.67
4 6.61 14.9 10.9 0.61 0.61
5 7.88 20.9 13.8 0.54 0.54
6 9.19 27.9 17.1 0.78 0.69
7 11.3 35.3 20.0 0.67 0.90
8 13.4 43.9 23.1 0.24 0.37
9 15.9 53.0 25.4 0.58 0.80
10 18.2 61.4 26.8 0.67 0.58
11 20.0 70.2 28.1 0.81 0.77
12 22.2 80.4 29.4 0.75 0.88
13 23.2 91.5 30.3 0.52 0.46
14 25.0 102. 30.4 0.88 0.83
15 26.8 113. 31.5 0.76 0.84

MILLS MEMORIAL LIBRARY
McMASTER UNIVERSITY.
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Variance time curve for example Pl.
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Variance time curve for example P2.
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Fig. A-10(d) Variance time curve for example S2.
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The results for the various tests for randomness are

tabulated in order to compare their accuracy. (TABLE A-3)
TABLE A-~3
Example |Bartlett's | Kolmogorov-Smirnov Rect. Variance
Test Test Dist. Test|Time
x 2 n*D,. .95 1lim..99 lim. x 2 Curve
Pl 6.80 13.2 21.5 25.7 14.8 Linear
p2 19.58 35.0 23.5 28.2 29.2 Linear
P3 5.96 15.7 21.5 25.7 20.8 Linear
Sl 0.26 2.31 21.5 25.7 1.40 Oscil-
lates
S2 0.22 2.70 21.5 25.7 2.40 Oscil-
lates

The .95 upper bound for Bartlett's Test is 16.92 and the .95

bounds for the rectangular distribution test are [12.4, 39.4].
It is quite apparent that there is no single test of

randomness that is effective for all point processes, and

that a combination of tests such as the variance time curve

and Bartlett's test is necessary.

INTERVALS WITH PROBABILITY DISTRIBUTION

The histogram of the following examples indicate

that the intervals may have a probability distribution.
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TABLE A-4
Probability |Density
Example| Distribution |Function Mean Variance
—'Ax
Pl EXPONENTIAL Fix) = 2e 1/x 1/22
x>0
= 0
otherwise
P2 EXPONENTIAL | F (x) where A=Ay | 1/A, 1/)?
on (0,600]
EXPONENTIAL | F(x) where A=A, | 1/i, 1/22
on (600,1200]
P3 EXPONENTIAL - - -
1, KR 2,
Gl GAUSSIAN glx) = ¢ TLETY 62
;E'ITO'
x>0
=0 x120
G2 GAUSSIAN - - -
-/ 2 (51
Rl RAYLEIGH h(x) = x e cevn/2 | r (2-7)
x>0
= 0 x50
R2 RAYLEIGH - - -
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The sample mean X and sample variance sz were calcu-
lated for the sequence of interval lengthS{xi}il for each

example where
n

% =) x5,

izl n
sz = i(xj -x) 2 7
: # n-1

The statistics ¥ and sz were used as estimates of
the mean and variance respectively of the theoretical distri-
bution. A y2test of fit was then used to determine the good-
ness of fit of the histogram to the theoretical distribution.
Example Pl is worked out in detail. |
Ex. Pl X =5.996, A =1/ = 0.167, sample size n = 250
The exponential curve to fit the histogram would be
fo) = 0.l67e-0'l67x .. For the interval length L = [a,b)
let P(L) equal the area under ;%x) for agx<b.

Then b

P(L) = fF(x)dx

a

-ia_ _=-Ab
e -e

= e-0.167a _e—0.167b

The expected number of interval lengths L is calcula-
ted as nP(L), and the observed number of interval lengths of

length L are recorded. (TABLE A-5)
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TABLE A-5
Interval Length|Probability of L] Expected Observed
1LLL=Tflab)y |~ pP(L) o Number E Number O
(0,1.0) 0.154 38.5 44
[1.0,2.0) 0.130 32.5 29
{2.0,3.0) 0.110 27.5 29
[3.0,4.0) 0.093 23.3 26
[4.0,5.0) 0.079 19.3 18
(5.0,6.0) 0.067 16.8 21
[6.0,7.0) 0.056 14.0 12
[7.0,8.0) 0.048 12.0 16
[8.0,9.0) 0.041- 10.3 5
[9.0,10.0) 0.034 8.5 11
{10.0,11.0) 0.029 7.3 4
{11.0,12.0) 0.024 6.0 2
[12.0,13.0) 0.021 5.3 3
[13.0,14.0) 0.017 4.3 7
(14.0,15.0) 0.015 3.8 4
[15.0,16.0) 0.013 3.3 3
[(16.0,17.0) 0.011 2.8 2
[17.0,18.0) 0.009 2.3 3
[18.0,19.0) 0.007 1.8 1
[19.0,20.0 0.007 1.8 3
[20.0,21.0) 0.005 1.3 0

O, E and lO-EI are tabulated in K cells.

When the

- class frequency E is less than five the adjoining cells are

added to ensure a class frequency of five or more.

(TABLE A-6)
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TABLE A-6

Observed
0 44129129126{18f21}12|16} 5]11{4 | 2| 3|14]5 |7

Expected
E 39133{28|23|19l174114|12{10| 917 |6 | 5] 8|6 |7
|o-E| 54 4 11 3} 1} 4 2| 4] 51 2|3 l4al2)6}1}oO
K = 16 cells Calculate x?2 = Z(O-E)2 = 16.5

E

If X2>X2K—p-l,.95 the hypothesis that the interval
lengths are exponentially distributed is rejected at the 5%
level. The number of degrees of freedom, K-p-1l, consists of
the number of cells K, minus the number p of parameters esti-
mated, minus one.

x?14,.95 = 23.7

The results for all examples were tabulated. (TABLE
A-7).

Under the hypothesis that the point processes have a
probability distribution, the x2 test of fit accepts the
hypothesis that the histogram of the interval lengths is a

good fit to the theoretical distribution.
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TABLE A-7
Sample|Sample Test of fitg
Example| Mean Variance|Mean |[Variance | y2 .95 lim.
Pl 6.00 36.0 6.00 29.35 16.5 23.7
P2 1 4.93
over (0.600] 24.3 4.00 13.86 18.7 21.0
3.37

over (600,1200]]11.4

p3 4.81 23.1 4.79 | 22.69 13.6 22.4
Gl 1.50 0.25 |1.48 | 0.22 8.8 15.5
G2 6.00 4.0 5.93 3.46 9.3 22.4
R1 1.80 0.86 |1.74 0.84 16.2 26.3
R2 2.80 2.15 | 2.93 2.34 12.6 19.7

SUPERPOSITION OF EVENTS

Consider the point process constructed by pooling
three periodic point processes with periods 1.40, 3.63 and
7.81. The graph of x; versus i is bounded at x; = 1.40
and the histogram of interval lengths reveals a bound at one
end, maximum of the x; (Fig. A-11l). The series of events
with period B = 1.40 can be deleted from the pooled series.
Then the graph of x; versus i is bounded above by x; = 3.63
and this series of events with period B = 3.63 can be deleted

from the pooled series. The constituent periods can be deter-

mined and each point can be assigned to its proper source,



Fig. A-11l(a) Interval lengths versus index for a

pooled series.

Fig. A-11(b) Histogram of interval lengths for the

pooled series.

359
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but only if the periods are not close together.

Series S1 and S2 are not bounded by a particular
value of xj, so that the periods can not be found in the
above manner. However, the number of periodic sources can be
found by employing the variance time curve. Sl oscillates
about 0.65 and S2 about 0.68. Since N/6 = 0.65, S1 is the
pooled output of N = 4 périodic sources and S2 is also the
pooled output of 4 periodic sources. This is the only infor-
mation that can be derived from these processes by this method

of analysis.



APPENDIX B

SPECTRAL ANALYSIS

INTERVAL LENGTHS

The sequence of interval lengths {Xi}g with mean

u and variance 02 = Rp(0) has the sample autocovariance

function
n-iKi
Rp(K) = 1 E (X3-w) (Riq|g| = w)  [K[=0, 1 ...,n-1.
n-|K| = :
n

Rp(K) was calculated using the statistics X = ;_Z:Xi

n &t
and

n

S22 = 1 Z:(Xi-}-{)2 as estimates of the mean u and variance

n-1 is
o2 respectively. Then the spectral density function

FT(w) = 2; Rp(0) + lzt:cosKwRT(K)
T m K

or frw =_l_{l+ ZZcosKwRT(K)}
2w Ba(0)

0’2 Kzl RT(O)

was estimated at equidistant intervals of w for 0Zwlw, so
that values of T(wj) were recorded for wy = 273y/n, j=0,1,..,n/2.
RT(K) was estimated for k=1, 2,..,n/5 and K=1, 2,...,n-1.
Using n-1 autocovariances resulted in negative values of

FT(“j) for values of w4y near m, while using only twenty per

61
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cent of the autocovariances reduced this variability of
F&(wj). The estimate of ‘ﬁﬁw)ﬁsz versus w was graphed for
several of the examples. (Fig. B-l1 to B-6)

Spectral analysis of the interval lengths of the ex-
amples revealed very little information about the frequency
distribution of the interval lengths. For the superposition
of several periodic sources one or more peak frequencies was
located. For example Fig. B-5, the superposition of two
periodic sources with periods B; = 2.0, B, = 2.27, and
Ay = 0.500, A, = 0.441 where Aj = l/Bi i=1,2 had one peak
frequency at w5 where j=117, n=250. Then wj/ﬂ = 0.936 and

A3+A2 = 0.941. However, no relationship between the peak
frequencies and rates of occurrence of the constituent
periodic sources could be determined for the pooled output of
three and four periodic sources. For example, Fig. B-6 records
two peak frequencies and wj/w= 0.704 j=88 (n=250).

0.952 j=119
This example is the superposition of three periodic sources
with B;=1.93, B,=2.89, B3=8.27 and A;+Xx,+A13=0.985,
A1+A,-13=0.743. Example S1 (Fig. B-2) with four periodic
sources has only two peak frequencies revealed and
mj/w =f0.704 j=88 (n=250) .

0.800 j=100
However, no linear combination<qxl+d2x2 +eo..otaygdry, where
aj = {ti and N is the number of periodic sources,

was close to the values of wj/n.
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Fig. B-1 Spectral density function of the interval lengths

- for example Pl.
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Fig. B=-2 Spectral density function of the interval lengths

for example Sl.
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Fig. B-3 Spectral density function of the interval lengths

for example Gl.

Frtw

W\/W/\A/\/\«/\/\M W,

v i

m

——

Fig. B-4 Spectral density function of the interval lengths

for example R2.
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Fig. B-5 Spectral density function of the interval lengths

for a pooled series from 2 periodic sources.
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Fig. B-6 Spectral density function of the interval lengths

for a pooled series from 3 periodic sources.
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OCCURRENCE RATE

The process {dN(t)} was obtained by dividing up the
point process X(t) into n intervals of equal length{ and coun-
ting the number of occurrences nj(r) in the ith interval i=1,

2,.+0.,n. Then

{gg%)} - {niml"

T

02 = 1 n (ni(T)— u)z = RT(O)
T

n-{Ki
Ry (K) 1 0 (1) =0y le) -w
A [ )( -r

Nt
F (w=) 1 1+2 cosw.KRT (K) ws = 27j/n
and T s] 5?_'{ Z; 3 — J
0, 1,..,n/2

o g

]
were calculated. The estimate of [p(w)? versus w was
~graphed for several of the examples (Fig. B-7 to B-9). Very
little information was obtained by this method of analysis
other than the observation that the spectrum of the occurrence
rate resembled the spectrum of the interval lengths for the

superposition of several periodic sources.
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Fig. B-7 Spectral density function of. the occurrence rate

for example Pl.
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Fig. B-8 Spectral density function of the occurrence rate

for example S1l.
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FT(w)
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Fig. B-9 Spectral density function of the occurrence rate

for example Gl.

SQUARE WAVE

‘The spectral density function

FT(wj) = 1 '1+2ZRT(K)°°SK‘° wy = 2ri/n, 3=0,1,2,...n/2
0_2 2“_ K 0-2

was calculated using n=250 values of Rp(K) at equidistant
intervals of length AK=T/5n. This was done for square wave
values a=1, b=-1 and a=1, b=0 for all examples. There was no
significant difference in the spectral density estimates ob-
tained except about very low frequencies. This was attribu-
ted to the mean yu which dominates the contribution to ka) at

zero frequency as well as frequencies close to zero. The
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effect is reduced by subtracting the sample mean from the
autocovariances but some effect still persists. When a=1,
b=-1 the sample mean tends to be closer to zero than when
a=l and b=0. For this reason only, the results of spectral

analysis are given for a=1l, b=-1.

FT(wj) was calculated using the first 16 autocovariances only,
(Fig. B~10 to B-16)

Spectral analysis of the square wave transformation
appears to yield more information about the point process and
the frequency distribution of its interval lengths than the
other two methods of spectral analysis. Some of the experi-
mental results can be compared with the theoretical results.

- The autocovariance function R(K) can be written as

M

R(K) = lim -1 J\T(X)T(X+K)dx
M-+ 21T
-M
where T(x) is the square wave. It has been shown by F. Brooks
and N. Diamantides that

RO = L. 1 {1 Fis) }
2 SZ(1+F(s))

where F}s) denotes the Laplace transform of the density
function F}x) of the interval lengths,u denotes the mean of
F(x), and L~! denotes the inverse Laplace transform.

SUPERPOSITION OF PERIODIC SERIES OF EVENTS

For the examples of the superposition of periodic

sources, peaks were observed in the square wave spectral
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Fw
v
Fig. B-10(a) Spectral density function of the square wave
for example Pl.
FT(w)
e
- W

Fig. B-10(b) Spectral density function of the square wave

for example Pl (16 autocovariances).



FT(“)

71

/>
o

——
-
et
N

\ \\] \w )

Fig. B-11l(a) Spectral density function of the square wave

for example Gl.
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Fig. B-11(b)

Spectral density function of the square wave

for example Gl (16 autocovariances).
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FT(w)
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Fig. B-12(a) Spectral density function of the square wave

for example R2.

(w)

T

Fig. B-12(b) Spectral density function of the square wave

for example R2 (16 autocovariances).
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B-13 Spectral density func:iZn of the sguare wave

for a periodic process.
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B-14 Spectral density function of the square wave

for the pooled series from 2 periodic sources.
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Fig. B-15 Spectral density function of the square wave
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for a pooled series from 3 periodic sources.
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Fig. B-16 Spectral density function of the square wave

=

for example Sl.
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estimates as was the case with interval and occurrence rate
analysis, but more peaks were obtained. In order to discover
the relationship (if any) of these peaks to the constituent
periods, the superposition process was studied for examples
with one, two, three and then four periodic sources.

For a single periodic source with period B ahd,rate
of occurrence X = 1/B, the sguare wave can be copsidered as
an approximation of the sine curve Z(t) = sinwt where

w = 7/At radians per unit time. Then the occurrences at the

time instants B, 2B,....are the zeroes of Z(t) = sinwt,t>0
where w = 1/At = ©/B = 7TA. - (Fig. B=17)
Y(t)

Fig. B-17 Square wave approximation of a sine wave.

For a single periodic source of period B the spectrum F(w)
consists of a single peak at w = 7/B, and information about
the rate of occurrence and period is directly available.
Fig. B-13 is the spectrum of the periodic point process with
B=1.83, calculated for values of ®w where w = Z%i,

j=0,1,....,n/2 and n=250. The peak occurred at j=68 and

since w = TA A =2.68 = 0.544. Then B = 1/0.544 = 1.84
250
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and the period can accurately be estimated.

For two periodic sources with periods B; = 2.00 and
B, = 2.27 and mean rates of occurrence A; = 0.500 and
Ao, = 0.441, spectral analysis of the pooled output revealed

two peaks at wj where j=7 and j=118. (Fig. B-14)

Let &, = wy/7, 3=7, and Ap = wj/7, j=118. Then ;= 0.056
and i, = 0.944
and A;*A;=A = 0.059

Ap=A1ti, = 0.941

since wy = 2my o, 3=0, l,...ey n/2, n=250,
n

Fig. B-15 1is an example of three periodic sources
pooled together: B; = 1.93 Ap = 0.518; By, = 2.89, Ay = 0.346;
By = 8.27, A5 = 0.121. Spectral analysis of the square wave
of the pooled output revealed peaks at frequencies wj where
5=6, 37, 93 and 123 (n=250). Then i, = 0.048, A, = 0.296,
A3 = 0.744 and A, = 0.984.

A+FAgtAg = 0.985=),

AltA,—Ag = 0.743=i3

Ap=ApFAg = 0.293=1,

A=Ao—Ag = 0.051=;\1
Since w = 7\ and w can be measured by;F(w) only in the range
[0,7] then A can be measured for 05)=1l. Since values of A>1
are possible, then the original time series X(t) of length T
can be converted to time c¢T, where c¢ is‘a positive constant.

Then each periodic series of period B;j is transformed into a
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periodic series of period CB; with rate of occurrence
Xi = l/cBi. For c>l, there exists a number ¢, such that A<l
for all c>c,, so that any rate of occurrence can be decreased
in magnitude by lengthening the period of the original time
series. Similarly, any rate of occurrence can be increased
for c<1. Since g Z::Ai is the largest frequency obtained in
spectfal analysis éf the square wave of the pooled series,
then if z::xi>l this frequency is outside the measurable

{
range [0,q]. Then, it is necessary to convert the pooled out-
put in time T to a pooled output in time ¢cT. Then each con-
stituent periodic series is converted to time c¢T, so that ¢
can be taken sufficiently large to ensure that c"lwz: Aj<m.
For example, consider the two periodic series with p;riods
B1=1.21, B2=1.38 and mean rates of occurrence 11=0.826 and
A,=0.725 respectively. Then X;+i, = 1.551 and -1, = 0.101.
Siﬂce Z::Ai>li then only one peak frequency should be dis-
covered‘initially. Spectral analysis of the sguare wave re-
vealed a single peak at Wy s j=13, so that i1= 2%(%%5)
= 0.104. However, the variance time curve indicated two
sources so that the other peak must be at a near zero fre-
quency or greater than w=w. Converting the original series

to time ¢T where c¢c=2.0 revealed two peaks at o j=6 and 97.

jl
Then c™lx, = 0.048 andc i, = 0.776 so that A; = 0.096 and

~

A, = 1.552. Once again x1+12=i2

A1TA2=%A1
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Since the frequency j=6 is very close to zero, then c ixng

5
will not give a value of,i1 that is as accurate as that ob-
tained in time T. To determine A; and A, the equations
A=A, = 0.104
A+Ay, = 1.552
should be used. The constituent periods B1 and B2 can then
be determined.
Spectral analysis of the square wave of example S1 in
time T revealed peaks at wj where ij=17, 32, 47, 78, 109,
(Fig. B-16), Peaks were found at j=8, 16, 24, 39, 54, 63, 79
for the series in time ¢T with c=2.0 (Fig. B-18(a)and at

j=7, 66 for time cT with c=0.25 (Fig. B-18(b)). The corres-

ponding values of A = wj/ﬂ (n=250) were

3 c~1a A

7 0.056 0.014
66 0.528 0.132
32 - 0.256
47 - 0.376
78 - 0.624
109 - 0.872
63 0.504 1.008
79 0.632 1.264
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Fig. B-18(a) Spectral density function of the square wave
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for example S1 in time 2T.
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Fig. B-18(b) Spectral density function of the square wave

for example Sl in time T/4.
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Then

A1 = 0.014 = |A1=Aa=Ag+A,| = 0.015
A = 0.132 = A =\ +A =\ = 0.131
2 1 2 3 [

A = 0.256 = |A -A =2 -A | = 0.255
3 1 2 3 L

A = 0.376 = A=A +X +A = 0.375
I 1 2 3 4

A = 0.624 = A _+A -A -\ = 0.625
5 1 2 3 L

A = 0.872 = A +A -\ +A = 0.869
6 1 2 3 4

A = 1.008 = A +A +A —A = 1.013
7 1 2 3 4

i: . 2}\+)\+)\ A = .
Ry = 1.264 =AM 4A4d = 1.257

It appears that for N periodic sources, N small, with

periods B1<B2<....<By and rates of occurrence A1, A2 ... AN

respectively, then spectral analysis of the square wave of the

pooled output results in the occurrence of peaks of‘F(w) at

A

frequencies wy, wzs.... If A3 = wi/w then each Aj is a

function of Xy, A , ...., Ay and A; is equal to the absolute

value of a linear combination of the A., j=1, ...., N;

J
A o= laidi+azda+. .. ooyl
where a; = 1 and ay = {+l K=2,...,N.
-1

There are 2N %

possible combinations of a;,..., ay which
-1
accounts for the occurrence of 2N peaks of f}w) at wy, woy
W3 ,eeee, WoN1: ocach frequency corresponding to a ii' i=l,..,2N—1.

Using the variance time curve, the number N of

periodic sources can be determined and spectral analysis of
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the square wave could be used to locate the 2N—l peak fre-

quencies. Then a series of equations would have to be solved
for by ordering the Xi,-i=l,...., 2N-1, with N=4 and 8 peak

A

frequencies, then by ordering and relabelling A;sA,<.....<Ag4

where
Ag = A1+AgFAgtAy
),:7 = A1tAotAs3—Ay
Ag = AiFAo=A gty
is =l X1—A2tA sty

Or Ai+Ap=Ag=Ay and Ay = Aq=AFA gty
This yields two sets of possible equations, one of which is
linearly dependent so that another equation has to be substi-
tuted for_is = X1+A2—-A3-Ayu. As N increases the number of
possible sets of equations also increases, and the autoco-
variance function tends to an exponential function.
If the ii' i=l,....2N_l are ordered and relabelled

(1f necessary) so that i1<i2<,..,<i2”11<i2w, then

AN T AaN-1- AoN-1g
2

~

and Ag-1 = raN-l - Xqu_z.
2

All that is necessary is to determine the three largest fre-

guencies and to use these to calculate estimates of Ay and

An-1+ and then By and By.j;. Then by calculating the jth order

differences in interval lengths Xij where
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Xij = X(ti+j) - X(ti) i=l, 2, «..., n-j j<n
i=l, 2, +.e...

and comparing these with the estimates of B, and B the

N N-1
exact periods and occurrences corresponding to the time series

with these periods can be determined. Considering example S1

Ay = 1.264-1.008 = 0.128
p)
Aygo1 ® 1.264;0.872 = 0.196
By = /Ay = 7.81

Ne1 ° 1/Ay_q= 5.10

and the differences Xij were calculated to determine the
periods exactly. The 6th order differences X(ti+6)—X(ti)
located a period of length 5.15, part of the difference

table is given in TABLE B-1l.

TABLE _B-1

Xi4 4=6 OCCURRENCES
4.85
5.15 X(ts7) - X(ts1)
5.67
4.00
5.15 X(tg3) - X(tsy)
4.33
6.00
5.15 X(tgg) = X(tgs)
4.75
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The periodic series with period 5.15 can then be eliminated
from the pooled process. Although the estimate of By=8.23

is not very good this could be improved. Since i8=l.264

the original series could be converted to time cT where c=1.5,
yielding a more accurate estimate of Xs. Even this is not
necessary since one periodic source has been eliminated from
the pooled series. Spectral analysis of the deleted pooled
series will only locate 2N-2 peak frequencies now, and the
remaining periods can be found by working with successive de-
leted series.

It appears that a model to describe the pooled out-
put of several periodic processes would be helpful, but as
yet no such model has been found in the available journals.

A model to describe the special case of two pooled periodic
processes is now given. Future analysis in this direction
might prove rewarding.

Let X; (t) be a periodic point process with period B,
and X, (t) a periodic point process with period B,, where
B1<B, and B;, By are mutually irrational. Let X(t) be the
point process obtained by pooling X;(t) and X,(t). In the
case of a pooled output of two periodic point processes, it
has been observed that there is a pattern to the occuffencé
of the interval length equal to the smallest period Bi.

For example consider Xi(t), X,(t) defined at t;, to,..

such that Xl(tj) = j«Bj

i

Xy (t5) = 3By for =1, 2,eu...
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When B;=2.00, B,=2.27 and Xi=X(tj41)-X(t3;) 1i=1, 2,....

X15= 2.00
X30= 2.00
Xy7= 2.00
Xgo= 2.00
X5¢= 2.00
Xgy= 2.00
X109= 2.00

The first occurrence of X;=B,) is X;5, the next X3, -etc. so
that if n; and n, are the number of occurrences of X; (t) and

X, (t) between occurrences of X;=B; then the following is ob-

served

OCCURRENCE OF INTERVAL ni np

B,y
1 X1s 8 7
2 > 8 7
3 Xy 7 9 8
4 Xe2 8 7
5 X, g 9 8
6  Xoy 8 7
7 - X109 8 7
8 X126 9 8
9 ' X141 8 7

10 X158 9 8
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X15 = Xnjen,
- X30 = Xony+my)
Xu7 = X3n; #ny+2
Xe2 = Xuny +ny+2
X79 = X5 +n+ts
The Kth occurrence of B; is the interval length XK (n 1+1 9) +m
where m is a non-negative integer. It appears that some form
of periodicity exists which determines the index i=K(n,+n,)+m
of the Kth interval length with X;=B;
Xl(tj) = j*B; is the time of the jth occurrence of B; and
xz(tj) = j*By is the time of the jth occurrence of B,,
Consider Xj = Xp(tj;) - X;(t;)
Then X; = i*By~i*B; = i+(B,-B;) so that {X;} is an increasing
sequence of interval lengths, which increases by a factor of
By-Bj.
When X;>B; then  i(B,-B;)>B;
iB,>(i+1)B,
Xo(ty) >X1(ty4,)
Since B;<By, then X;(t;)<Xp(t;)
For X;>By, Xp(tg) <X (tie1) <X, (ty)
and for X;%B;, X, (ti-1) <Xy (tg).
Then the first occurrence of an interval length equal to B
occurs when X;>Bi,
i(B2-B1)>B;

i>B3/(B2-B1) ,
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Let a, = By/(B,-B;). Then i;% = [a,] is the smallest in-
teger which denotes the number of interval lengths from Xa(t)
before the first interval of length B;. The number of inter-
val lengths from X;(t) for an interval of length B; will be
the largest integer j satisfying j*B;<i-*B,.

Then

jeBy< {__By B,
B,-B,

3 < B, .'EE
By~B1 B

j < B2/(B2-B1)
Let oy = B,/(B,-B;). Then ilﬂ)= [0;] is the integer which
denotes the number of interval lengths from X;(t) to get the
first interval of length Bi.
Then i1 + i1® = [a;] + [a2] is the number of interval lengths
necessary to obtain the first interval length X;=B1, i=ifn+i1u{
Since @, = B,/(B,-B;) = 1 + B;/B,+ B;2/B2(By-B;) and

a2

B1/By + B12/B;,(By-B;) then,
a; = 0+l and [o;] = [a,+1l] = [a,] +1 .

The first occurrence of X; = B; occurs when X;>B; and
X;<2B;. If X;>2B; then X,(t;)>X;(tj4,) and the interval of
length B; has occurred at least twice.

i(B,-B;)>2B;

2B -

i»> = 20]
B,-B;

so that i,? = [2a,] is the number of interval lengths from



87

the process X,(t) before the second occurrence of Xi=Bl‘

In general then the Kth occurrence of an interval of length

B; will occur only when §i>KB1 and i> XB; = Kas.
By-B;
Then i£2)= [Ka,] denotes the number of occurrences of inter-

val lengths from the process X,(t) before the Kth occurrence
of X; = B; and ‘ifu = [Ka;] the number of interval lengths
for X; = B1. The occurrence of the Kth interval length Bj is

XiKm-Fin = X[Ka,]+[Ka,]:

Since [Ka;] + [Ka,] # [K(a;+a,)] in general then the occur-
rence of the interval of length B; is not periodic with period
aj+aps = (By3+B,)/(Bo-B;). However a; and ap can be written as
a; = ni+s and oy = ny+s where n;, n, are non-negative in-
tegers and 0ss<1l. Then
[Kay] + [Ka,] = [K(n;+s)] + [K(n,+s)] = K(n,;+n,) + 2[Ks]
[K(a;+a,)] = [K(n;+n,+2s)] = K(n;+n,) + [2Ks],
Writing Ks as Ks = n+r where n is a non-negative integer and
O<r<l then 2[Ks] = 2n and [2Ks] = [2n+2r] = 2n+[2r].
0<2r<2 so that [2r] =]o0 O<r< Y,

1 Ysr<l
Thus  [2Ks] = 2[Ks] or 2[Ks]l+1l
For all intents and purposes then, we can consider
[Ko;] + [Kap] = [K(ay+ay)] so that the occurrence of B; is
periodic with period (B;+B,)/(B,-B;).

Assume that the periods B, (i=1,...,N) from periodic sources
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are positive numbers and are mutually irrational in the sense
that there exists no set of positive or negative integers n.,
not all zero, such that gziniBi = 0. The generalized form of
Weyl's theorem? states that if {0} denotes the fractional
part of & and if &;, @j,...., 0y are irrational numbers them-
selves mutually irrational, then the sequences [{no;l}],.....,
[{naK}I are independently uniformly distributed over (0, 1)
for n=1l, 2, (ieceaens

For any pooled output of periodic sources the largest
interval length possible is equal to the smallest period B;.
If this upper bound B; is removed then the sequence of inter-
val lengths is uniformly distributed over the interval (0, Bj).

For the case of the superposition of two periodic
sources then the pooled series X(t) can be expressed as

X(t) = Y(t)+2Z(t)
where Y(t) is a periodic point process with period (B;+B,)/(B,-B;)
and Z(t) is a point process with the intervals between events

having the uniform distribution over the interval (0, B;).

3 Weyl, H. (1916) Math. Ann. 77,313.



APPENDIX C

TO CALCULATE THE AUTOCOVARIANCES AND SPECTRAL DENSITY FUNCTION
OF THE SQUARE WAVE WITH VALUES W1 AND W2
TIME Ié THE LENGTH OF THE TIME SERIES X(T)s AND AUTOCOVARIANCES
WILL BE CALCULATED FROM 0 TO HMAX AT INTERVALS OF HK
TIME=370.43
HMAX=7440
HK=0430
Wl=1l.0
DIMENSION X(500}sA(1000)s B(1000)s C{1000)s D(1000)s SDF(500915),
1 V{1500)sT(600)
READ IN THE N INTERVAL LENGTHS X(I).
N=250
READ(592) (X{I)sI=1sN)
2 FORMAT(F843)
II=0
DUM=C.
DO 10 I=1sN»s2

10 DUM=X{(T1)+DUM
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SMEAN=(Wl*DUM+W2*(TIME—DUM))/TIME
VAR= (W1*W1*¥DUM+W2*W2* (TIME-DUM) ) /TIME-SMEAN#*SMEAN
WRITE(6515) SMEANSVAR

15 FORMAT(1H~920Xs7H MEAN =9F1045510Xs11H VARIANCE =,F1045)
WRITE(6+18)

18 FORMAT(1H-932X»3H K=510X»>7H COV(K))
CALCULATE M1=KPl AND M2=KP2
HH=HK

320 L2=0
RK=0.
DO 20 I=1sN
RK=X(I)+RK
IF(HHeGT«HMAX) GO TO 400
IF(HH«LT«eRK)} GO TO 30
IF(L2.EQeQ) GO TO 25
L2=0
GO TO 20

25 Le=1

20 CONTINUE

30 KP1=1
KMB=N=-KP1+1
B{1)=RK-HH
JJ=KP1+1

DO 40 JU=JJsN



K=J=-KP1+1
40 B(K)I=X{J)
S5K=0,
DO 80 I=1sN
M=N=1+1]
SK=X{M)+SK
IF(HH.LE«SK) GO TO 90
80 CONTINUE
90 Kp2=M
A(KP2)=5K=-HH
JJ=KPZ2~-1
DO 100 J=1sJJ
100 A(JUI=X(D)

CALCULATE THE AUTOCOVARTANCES AND STORE IN D(II)

K=1
Y1=0a
¥Y2=0.
Y1Y2=0.
R=A(J)
S=B(K)
200 Z=AMIN1(R»sS)
IF(L1.EQet2) GO TO 110
YlY2=Y1lY2+Z

GO 70 130



110

120

130

150

140

160

300

IF(L1+EQe0) GO TO 120
Y2=Y2+2Z

GO TO 130

Yl=Y1+Z

R=R~Z

§=5-2

IF(ReEQeOs) GO TO 140
K=K+1

IF(KeGTeKMB)Y GO TO 300
$S=B(K)

IF(L2.EQs0) GO TO 150
L2=0

GO TO 200

L2=1

GO TO 200

J=Jd+1

IF{J«GTeKP2) GO TO 300
R=A(J)

IF(L1«eEQeO) GO TO 160
L1=0

GO TO 200

L1=1

GO TO 200

COV=Y1#W1IHWI+Y2#¥W2HW2+Y1Y2¥W1*W2

COV=COV/ (TIME-HH)~SMEAN*#SMEAN¥ (1 0—-HH/TIME)
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http:IF(Ll.EQ.Ol
http:IF(L2.EQ.Ol
http:IF(Ll.EQ.Ol
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310 FORMAT(1H +20Xs2F2048)
II=11+1
ClIIY=HH
D(II)=COV
HH=HH+HK
IF(HH«GT«HMAX) GO TO 400
GO TO 320
TO COMPUTE ESTIMATES OF THE SPECTRAL DENSITY FUNCIION
IF WEIGHTING IS TO BE USEDs TO COMPARE WITH THE FIRST ESTIMATE
USING THE WEIGHTS 1 = K/M WHERE M IS IHE NUMBER OF LAGYs K=1sM

THEN PUT MAX=1 « LAGS FROM 2 TO LMAX WILL BE DONE IN STEPS

OF 2
400 MAX=1
LMAX =64
L=1

PIE=3.14159265
G=HMAX/HK
M=INT(G)
NN=126
430 DO 410 J=1sNN
SUM=0.
DO 420 I=1sM
R=(FLOAT(J=1)*C(I)*2.0%PIE)/250.0
5=CO0S (R)

SUM=(DI(1)1*¥S5)/VAR + SUM



420

410

490

440

450

460

470

480

CONTINUE

SDF(JslL) = (1le0+240%SUM)/(240%PIE)
CONTINUE

IF(MAXeLTel) GO TO 440

IF{(LeEQel) GO TO 490

[F(MeGE«LMAX) GO TO 440

M=8#L

L=L+1

GO TO 430

WRITE(65450)

FCRMAT(1H-915Xs4H J= 920Xs27H SPECTRAL DENSITY ESTIMATES)

WRITE(6s460)

FORMAT(1H=930X9+13H NO WEIGHTINGs5X9s15H WITH WEIGHTING)
DO 47C J=1sNN

JJd=Jd-1 .
WRITE(65480)JJs (SDF(Jselds I=1sL)
FORMAT(1H=915X914912X99F1045)

STOP

END
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http:IFCL.EQ.ll
http:IFCMAX.LT.ll

()

10

30

20
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TO COMPUTE THE MEAN VARIANCE AND AUTO-COVARIANCES OF A PROCESS
X(T)
N IS THE TOTAL NUMBER OF OBSERVATIONS OF X(T)
M IS THE NUMBER OF AUTO-COVARIANCES TO BE CALCULATEDs M = N-1 IS
THE MAXIMUM NUMBER,  COVI(N) = VARIANCE IN THIS PROGRAM
DIMENSION X(1000)s COV(1000)s SDF(400520)s V(2000)s T(500)
N=250
M=N/5
READ IN THE N INTERVAL LENGTHS OR OCCURRENCE RATES X(I).
READ(552) (X(I)sI=1sN)
FORMAT (F2048)
SMEAN=0.
DO 10 J=1sN
SMEAN=SMEAN+X( J)
SMEAN=SMEAN/FLOAT (N) .
DO 20 K=1sM
NP=N=K
DUM=0.
DO 30 J=1,NP
I=J+K
DUM = DUM + (X(J)=SMEAN)#*(X(I)=-SMEAN)
COV (K )=DUM/FLOAT (NP)

VAR=O .



96

DO 40 U=1»sN
DUM=X(J)~SMEAN
DUM=DUM*DUM
40 VAR=DUM+VAR
COVIN)=VAR/FLOAT(N)
WRITE(6350) ,
50 FORMAT (1H-»20X»12H THE MEAN 15s20Xs16H THE VARIANCE 15,20Xs20H THE
1 COVARIANCES ARE)
WRITE(6960) SMEANsCOV(N)
60 FORMAT(1H=910X9sF20e8510XsF20+48930X93H K=)
DO 65 K=1sM
65 WRITE(6s70) KsCOVI(K)
70 FORMAT(1H=990Xs1593XsF2048)
TO COMPUTE ESTIMATES OF THE‘SPECTRAL DENSITY FUNCTION
IF WEIGHTING IS TO BE USEDs TO COMPARE WITH THE FIRSI ESIIMAIE
USING THE WEIGHTS 1 - K/M WHERE M IS THE NUMBER OF LAGSs K=1.M

THEN PUT MAX=1 o+ LAGS FROM 2 TO LMAX WILL BE DONE IN SIEPS

OF 2
MAX=1
LMAX=16
L=1

PIE=3.14159265
NN=N/2+1

130 DO 110 J=1sNN


http:FORMAT(lH-,90X,I5t3XtF20.8l

120

11¢C

190

140

150

160

170

180

5UM=O .

DO 12C K=1sM

R=(FLOAT{J-1)*FLOAT(K)#2.,0#PIE)/FLOATI(N)

S$=COS(R)

SUM=(COV(K)I*¥S5)/COVIN} +SUM
IF(L.LT&«2} GO TO 120
SUM=(1.0-FLOAT(K)/FLOAT(M))*SUM
CONTINUE

SOF({Jal) = (1le0+20#SUM)/{(2.0%PIE)
CONTINUE

IF(MAXeLTel) GO TO 140
IF{L.EQel) GO TO 190
IF(MeGELMAX) GO TO 140

M=2%L

L=bL+1

GO TO 130

WRITE(65150)

FORMAT (1H=915Xs4H J= $20X»27H SPECTRAL DENSITY ESTIMATES)

WRITE(69160)

FORMAT(1H-»3CX913H NO WEIGHTINGs5Xs15H WITH

DC 170 J=1sNN
JJd=J-1
WRITE(69180)JJs (SDF(Jsl)s I=1sL)

FORMAT(1H=915X314912X99F10e5)

WEIGHTING)
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http:FORMAT(lH-,15X,I4tl2X,9Fl0.5l
http:IF(L.EQ.ll
http:IF(MAX.LT.ll
http:IF(L.LT.2l

(1]

[2]

(3]

(4]

(51

(6]

(7]

(8]

[91

[10]

98

BIBLIOGRAPHY

Bartlett, M. S. (1963) The Spectral Analysis of Point
Processes, J.R.5.5. B 25, 264-295.

Blackman, R. B. and Tukey, J. W. (1958) The Measure-
ment of Power Spectra, Dover Publications Inc., New York.
Brooks, F. and Diamantides, N. (1963) A Probability
Theorem For Random Two-Valued Functions with Application
to Autocorrelations, Siam Review Vol. 5, 1, 33-40.

Cox, D. R. (1954) On the Superposition of Several
Strictly Periodic Sequences of Events, Biometrika 40,
354-360.

Cox, D. R. (1955) Some Statistical Methods Connected with
Series of Events, J.R.S.S. B 27, 332-337.

Cox, D. R. and Miller, H. D. (1965) The Theory of Stochas-
tic Processes, J. Wiley and Sons Inc., New York.

Jenkins, G. M. (1961) General Consideratiéns in the
Analysis of Spectra, Technometrics 3, 133-166.

Maguire, B. A. (1952) The Time Intervals Between Indus-
trial Accidents, Biometrika 39, 168-180.

McFadden, J. A. (1962) On the Lengths of Intervals in
Stationary Point Processes, J.R.S.S. B 25, 413-431.
Parzen, E. (196l1l) Mathematical Considerations in the

Estimation of Spectra, Technometrics 3, 167-190.



[11]

(12]

99

Shapiro, H. S. and Silverman, R. A. (1960) Alias Free
Sampling of Random Noise, J. Soc. Indust. Appl. Math. 8,
225-2438.

Solodovnikov, V. V. (1965) Statistical Dynamics of
Linear Automatic Control Systems, D. Van Nostrand Co.

Ltd., Toronto.



	Structure Bookmarks



