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INTRODUCTION

Background |

The objeét of a band structure calculation is the
theoretical determination of the Single particle ehergies
of the electrons in a solid. This involves two main éteps:A
the choice of a realistic one-bédy crystélline potential -
and, in the non-relativistic case (which is the"onlyAcase
with which this work in concerned), thé SQlufion of
Schradinger's eﬁuation for a solid with that potential.

The completely localized,.of core lévg}s, Qf the
potential are easily determined by the‘methcdskof atomic
physics. One method of solution for the band levels is a
variational calculation wusing a completebset‘of'planeiwavés,‘
eii';. Because of ﬁhe lagtice pefiodicityLonly those wave
vectors which reduce to the k value_of the desired Bioch
state need be included. If the plane wéves are orthqgonalized
to the core levels, and a variational calculation is performed
using a limited number of these orthogcnalizedfplane waves
(oPW's), then the lowest roots of7the secular equation will
converge fo the lowest band levels‘as‘the[numper of OPW's is _
increased. This is the orthogonalized plane wave (OPW) method,
'first proposed by Herring in‘1940 (H40). This method is use-
ful if proximity to cqnvefgenceiis reached'with a s@allynumber

1



' 6f trial‘functioné. 4
’ | In 1959 Phillips énd Kleinman (PK59) showed that the
OPW method iskequivalent to sblving the Schr5dinger,equation‘
with an effective state-dependent potential, the pseudo-
pdtential, by expanding the solution of the variational cal-
culation in piane waves. If convergence is gocd in an OPW
calculation then the méjor contribution to the‘Wave function
comes from a single OPW. This correépbnds to a pseudopoten-
~tial whose solution is dominated by a single plane wave, that
is, a pseudopotentiai which nearly vaniéhes. ‘This*clarif;es
the free election type of behavior present in the simple
metals, for which the OPW method is successful. The one-OBPW
approximation is useful because it provides a:-simple form for
the conduction wave functions, Which can then be used to cal-
culate many physical properties'bf tﬂe'SOlidf(e.g..ﬁotal
binding energy, vibration spectrum, positron~énnihilation
characteristics). The pseudopotential method also permits
good approximate calculations»of the band structures of simple
metals and semi-conductors by adjusting~only a few parameters
to fit experlmental results (such as de: Haas—van Alphen data)
Another modified plane wave approach for band struc-.
ture»calculatlons is the augmented»plane wave (APW) method;
Here the procedure is to solve exactly for the wave*functions
~in a sphere céntred on each lattice point and employkthe .
variational princip1e>with plane waves to construct;the_wave

functions in the interstitial regions.



A band strﬁcture calculation‘should‘be doné‘selfQ
kconsiétently, that is, the core and conduction states should
be the solutions for akpotehtiéi which is constructed from
the waﬁe functions of these states. ‘In practice the
diffiqulty is twofold: first, it ié not clear what pre-
scription to use on the-ane functions to construct a poten-
tial which takes good account of correlation effects;
secondly, the computational problem ié great since it is
necéssary to use the wave functions at many pdints of the
Brillouin zone, at each of which they are‘de5cribed by a
different combination of a numb¢r of tfial functions. The
first attempt at several iterations~wés'that of Loucks and
Cutler in 1964 (LC64) for beryilium, in which the potential
was constructed using as conduction wave functions the one-
OPW solutions of the précedingyﬁbtential in thé iterative .
procedure. Golin (G65) performed a more extensive self-
consistent OPW calculation for arsenic in 1965. His work
also contains a simplified methodqur:handling non-muffin-

tin potentials.

Objectives

The convergence of the OPW méﬁhod;haS‘been found to
become poorer as the dominant angular,momentum component of
the band under consideration increases. AcCordingly;it has
‘been usefully applied to the s- and p-like bands of metals

and semi-conductors but has not~beenksuccessfulﬁ(in its



S
unmodified form} in calculations of d-bands such as occur
inkiransition metals. In the latter cases thé difficulty
of orthogonalizinq to the outermost s and p core states is
added to the problem of slow convergence. Neither of these
difficulties is restrictive in’the APW approach which has
been sucdessfullykapplied to the firét‘transition series
(M64) . | | | |

In comparison with the OPW metﬁod the APW approgch T .
has some disadvantages: 1In the vatiational procedure many
radial wave functions must be integrated for each trial
énergy in solving the secular equation.  (It‘a1so'fo11ows
from this that it contains no.simple"équivalent to’the‘one—
_ OPW.approximation.) The trial wave functions'havé a dis-
continuous slope at the surface of the APWfsphere. Also,
APW applications thus far have been restricted to muffin—tin
potentials only and with this restriction Self—consiétency
'cannot be attained.

The object of the present work is to modify the OPW
- procedure to permit'its application to transition metals
while at the same timé retaining its advantages in comparison
to other methods of band structure computation. The initial
aim was to find a simple approximation to the wave funétions,
(The specific problem at hand was a'first brinciplekcalcula-
tion of phonon dispersion relations in niobium fcrkcomparison;,
with experiment. Such calculations for simple métalé have,

made use of the one-OPW approximation.) . The specific topic



of ﬁhis thésis is the design and application of suitable
modifications to the OPW apprdéch; HThefemphasis in this
work has been on the dévelopment of the method.

in the first chapter the OPW and APW methods will
be reviewed. The_following chapter will contain a descrip-
tion of modifications to the OPW method. The application
of the modified method to the transition metal niobium and

the resultant band structure will thenybe presented.



' CHAPTER I

STANDARD PLANE WAVE METHODS

OPW Method

The requirement is to solvé Schradinger's equation
‘ Blv> = E[v> | (1-1)
for the conduction‘wave functions w, where the one elect:on
Hamiltonian in atomic units is ; ‘ | |
BE=-v2+v(@. @-2)
(A word first on notation: will always denote a solution
of (1-1) and the trial functions to be used in a variational
vcalculation‘will be denoted by ¢. Radial wave functions will
be designated an(r), while the term 'radial wave function'
will also be used loosely to mean Pnk(r) = fan(r); which of
4the two is meant will alwé&s béfcleaerrOm the context or
from the R-P notation. By 'core states' will be meant the
completely localized solutions of (1-1) with the crystalline
potential which is to be used to'determine the conduction

states¥*.)

*Elsewhere these are sometimes called ‘pseudo-core
states since they differ from the true core states of the
solid. The latter represent the true charge. distribution
near the core and are the solutlons of a different’ one-body
potential. .



The potenﬁial'is periodic in the lattice

vEE) = V@ o @-3)
for all lattice vectors ﬁ:. In the following discussion
the 501id will be assumed to have a Bravais lattice structure.
By the Bioch theorem.the solutions will be of the form

@ = Ry @) -

where uk(f) is‘pefiodic in the lattice. It follows hirectly
that for any functions of this form

<wk,|H|¢k> = <wk,|¢k>= o for k' F EjTE (1-5)
for some reciprocal lattice vector gy(including ﬁhe zero
vector), where the matrix element implies integration over
the‘entire crystél. '

The contributions to the matrix element'of the
Hamiltonian (or unity) from each cell in directlspace are
equal. This is easily shown as follows: Let f denote the

. . . > . . , R
integral- in which r varies over one cell centred at-r =‘§2

and [ denote the integralawith T varying over one cell
centred at T=o. Then the contribution to the matrix element

of the potential from the cell centred at;ﬁz is

1 -
j Vi (BIV(E) oy (B)aE

_ Ile-i(ﬁia)-r uk+G(f)V(§)eik'r ﬁk(;)dg-

~ By changing the»variable of'intégration, this equals v

!e-i(k+G).(r+R2) u (E;EZ)V(Elﬁi)e

ik* (T+R. )
ik (xr g
k+G L7x

s —
uk(r+Rz)d(r+Rz)

Using the periodicity of uk(f){and V(f) and noting that



ela'ﬁg =1, this equals
-i (KF8) -7 EOIT S 123 T,
je uk+G(r)V(r) e uk(;)dr,
which is the same as the contribution from the'cell‘at r=o.
The same result holds for the matrix elements of Vz and

unity. Hence in evaluating these matrix elements it is
sﬁfficient\to limit the range of integration to the cell at
the origin of direct space only, assuming the functiqns to
be of the Bloch fdrm and remembering that conditions (1-5)
apply.

Let 1¢c> = > denote the orthonormal set of

¥
core state solutions of (1-1) for a specific wave vector.
The following discussion will deal with this single wave
vector only. Define a'projection operator, P, by

P =1 - é |¢c><¢c|

Acting on an arbitrary function this opérator,deletes that
part of the function which is in the Hilbert space of the
core states. An orthogonalized plane wave is defined by

le(k)> = Plk> = |k> = §<wc!k>|wc> | (1-6)

where |k> denotes a plane wave of wave,vector~i, Since the.
plane waves constitute a complete set, the OPW's are
sufficient to represent any function ih the Hilbert sub-
épace of the conduction states. The <¢é]k>'s’are the
orthogonality coefficients specifying the amount of each
core function which must be subtracted fromvthe_plane wave

to attain orthogonality.



Express the conductionksolution |y> in terms of
OPW's: | |

'|w> =3I a_ [¢(k)>
Akk

Then, by thé variational'principle,'the eXpectaﬁion §a1ue
of the Hamiltonian will reaéh its mihimum vélue W, with
the‘set of coéfficients ayr when,the‘following matrix
equation is satisfied: : ~ | . o
[[H - W[s]] [a]= o (1-7a) -
where square brackets denote matrices, ik ;
<¢(ki)|H|¢(kj)?
<¢(ki)|¢(kj)>

H,.
Tij o

S..
1]
and [g] is the column matrix with elements a, . Wis a

solution when the determinant of the’coefficients vanishes:

@ - ()

Evaluation of Matrix Elements

The matrix elements Hij’and Sy are now evaluated:

Hij = <¢(ki)lHl¢(kj)>

<ki|PHP|kj>

kil Q=2 vgro<vg DEA=2lve><ic]) [y

<ki‘Hlkj> - §,<kil¢c'><wé'lHlkj> = §<ki|Hl¢c><wc‘kj>
+ g' §<ki|wc.><wc.llec><wclkjé

= o0 (1-7b)
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= 6c'c, 

Using H|y > = Eglvg> and <vo.lvg>

Hij = <kiIH|kj> - g' Ec,<kilw¢;><¢c,|gj>
f g Eéfki|¢c><wc|kj> + 2 Ec<ki|w¢><¢clkj>
Hij = <ki[H[kj> - 2 Ec<ki|wc>é¢c|kj% . (1-8a)
Similarly, |
i3 = <¢(ki)|¢(kj)>

<ki|kj> - é<kil¢c><¢c'kj> P . | (1"'8b)

The plane waves and core functions are chosen to
have normalization unity in a unit cell of volume Jl(:'

The plane wavesin the r representation are then:

> >
<rlk> = —2— ik°T,
L

0

The OPW method as described is only useful if the core
functions are easily determined. This will be the case if
the potential is sphericéi about a 1attice site within a
sphere of some radius roland,the‘atomic—like coré"solutiohs
of this sphérical potential vénish at‘rsro. The core solu-
tions in the céll are thén readily calculated by the'methods
of atomic physics and are of the form: | |

Phe (¥

<rlp> = = Y6, (1-9)

It will be assumed below that the core electrons fill

closed shells.
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The matrix elements of‘(l—8)'ﬁill now be evaluated.
Recall that the integration is'only over the unit cell at
the origin of direct space and, by (1-5), the matrix
elements vanish unless they connect states,with wave

vectors differing by a reciprocal lattice vector.

. > i
<kilkj> = :?)_]:_o_ I é_lki.r elkj r d;
= §
> >
ki
: P> S >
<k; [H[ky> =_7%; [ e (v 4 vi@))e*yT az
= k. %62 3+ V(ED)
J i™5 1]
where
. . _s '+ )
v(&) = l T yiyar - (1-10)
s . . ' voa e
and Gij is the reciprocal lattice vector joining ki to kj‘
k P_.(x) x e
<¢c|k>'= 1 ng Y (e,¢)elk T a3
'/E-‘ r am
o :

Expanding the plane wave in spherical harmonics,

2!

. _ 4 Tr © . 2 [ ] . . * ‘ . P
<¢c|k> = = i':o é'=-z' i 32,(kr)Y2,m,$6k,¢k)Y£.m.(er,¢r)x
'dig
Pog () v (6,4) rParda
—— m

where do=singded¢ and ek’¢k’er and¢£'denoteathe direction of

 the X and ¥ vectors. Therefore,
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. * -
<bolk> = Fp (k) Yo (ek'¢k)
where ‘ e :
' P (r) : ~
F (k) = =L 3% | B2 5 (kr)rfar (1-11)
410

Hence, the second term in (1-8a) becomes

nim/Enl <ki”’nzm <"’nzm‘kj>
. ' L ok

= E (k ) F (k-) Y (e P10 )Y (e ' d )
£Fny Fng 37 pe-g MM k;"TkyTTam kj kj

Using the addition theorm fdr spherical harmonics, this

equals

v iz (22+1)En£Fn2(k ) F | (kj) Pz(coseij)

where eij denotes the angle between EZ and E; and Pz(x) is-

the Legendre polynomial. The OPW matrix elements are, then,

for the case'of a Bravais lattice:

S 2.1 | oy 1
Hij = kj 6E;E; Z? §2(22+1)En2Fn£(ki)an(kj}Pz(coseij) (lwlZa)

- 1 o S o f
Sij = GEZ_; y. s iz (2£+1)Fn2(ki)fn2(kj)Pl(coseij) (l-le)

. Pseudopotential Theory*

Phillips and Kleinman (PK59) showed that the OPW

*Only the Phllllps and Kleinman formulation of the
pseudopotentlal and its relation to the OPW method are dis-
cussed here. For a dlscu551on of more recent work see the book
by Harrison (Ha66).



13‘
method is equivalent to a pléne wave 6ariétional solution
of SchrSdinger's equation with fhe~po£ential replaced by'a’
pseudopotential. Expanding the solution in OPW's (an

infinite number if necessary),

lv> = £ a [¢(k)>.
r k

Substituting in SchrSdinger‘s equation,

I a, H|¢(k)> =E I a,|e(k)>
r Ok x k!

T a, H(1- z]y ><y |)k> = E ¢ a (1-z|v ><v |)k>
k k c © c k k c © c

Using H|¢c> = Ec[wc>.and'collecting terms,

 a, (H+ ¢ (E-E ) |v ><y_|)k> = E 'L a,|k>
Xk k ¢ c’'lvc c v x k
which is equivalent to assuming a plane wave trial solution

£ a,|k> to solve the equation with an effective Hamiltonian

vl av@ + Ve

where V, 5_2 (E—Ec)|¢c><¢c|

is an effective repulsive potential. The pseudopotential is
vV + Vﬁ. Since V is attractive, cancellation~willkoccur} If
the cancellation is such ﬁhat the pseudopotential nearly
vanishes then the single plarewave |k> is a*good-appfoximation
to the solution in the pseudopofential formu1ation; thislz

corresponds to a one-OPW solution. Note that the pseudopoten-



. .1'4‘
tial is state dependent throﬁgh E, ‘ | |
| Phillips and Kleinman havevccmparéd the Fourier

transforms of the attractive and effecﬁive’répulsive poten-
tials in silicon for the casés of an s-like state and a
p-like state, as shown in Figs. 1. In the s case the can-
' cellation is seen to be good atilargé: k; however, the same
is not true in the p case. They state that the orthogonal-;
‘ization procedure can be regarded as a way of including the
radial kinetic energy in the core:region, but not the
~angular kinetic energy. (In the p case, if the angular
kinetic energy % (2+1) /x> is explicitly added to the repulsive
potential, then the cancellationV(Fig. 1(b)) is seen to be as
full as in the s case.) Then, orthogonalization to the core.
states makes an OPW trial function a good approximation in ,
the case of an s-state, a poorer appfoXimation for a p-state
and a very poor one in thg d-band case.

There is a second problem hindering the'appliCafion
" of the OPW method to d-bands; The outer "core" functions,
such as the 4s and 4p in niobium*, do not vanish at a radius

less than half the nearest neighbdt distance, but typically

n

have values of P4s 0.1mand‘P4p z 0.2 for atomic—liké wave
functions normalized to J Pngzkdr=l}A These states are, then,
not completely localized but rather form very narrow bands.

This prevents proper orthogonalization of the‘planekwaves"to

*The outer atomlc conflguratlon of nloblum is:
(4s)? (4p) (4d) (5s )1



215k |
~ these states by the‘usuél techniques;~£he numerical error -
introduced by improper orthégonalization becomes important
when a large number éf dPW's are included in the secular
’equation. If no attempt is made to orthogonalize to these
states the lowest roots of the secular equation will

‘ corréspond to these levéls and the next highest solutions
will correspbnd to the qonduction bahd states. Such a
procedure is unsatisfactory for two reésonsi  First, OPW's
are plane wave-like in the interstitial regions and so are
not well suited to represent the:exponential4beha?ior of
core levels; seéondly, it is a well known fact (MM43) that a
small deviation from full convergence in the,lowest root of
~ a secular equation can lead to considérablyflarger devia-

tions from the correct solution in higher roots.

Crystalline Potential

No mention has yet ieen made of‘ﬁhe”exPlicit form of
the crystalline potential. It is oftenkmosf'convenient to
approximate it as a sum of sphérical potentials centredvon
lattice sites, |

V) =z v (TR, L @-13)
A

where V_, (r) is a spherical atomic-like potential. In the
present work'Vat(r) is constructed by overlapping free atom-
charge densities (see Chapter 3 for a more detailed dis-
cussion). Sometimes the_conduction‘electroné have been
approximatéd by plane waves and;their céntribution,converted

into a suitable spherical average about each lattice site.
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However, this sometimes raises the Prbblem of correcting
for the overlap (e.g. for the case in which the conduction
electrons are represented by a uniform charge distribution
in the Wigner-Seitz sphere). Sometimes V‘is‘apprOXimated
by a sum of non-overlapping potentials, as in the muffin-
tin form of Vat used to date in APW calculations. Overlap
is advantageous from the point of view of building more of
the correct directional asymmetry into the crystalline
potential inside a particular unit cell.

The potential explicitly enters an OPW caléulation
in two’ways: first, it is required in direct space to
solve for the_core.states; secondly, its Fourier tranSforms,‘
~v(8), are required in the OPW matrix elements. Golin (G65)
has divided the total potential into two contributions,
coré and valence. The core cdntribution is expressed in
the form (1-13); the valegce contribution“is hahdled prin-
cipally by its Fourier tranSforms. »This~is a pérticularly
convenient formulation for self-consistént calculations.
The core potential is not varied'throughout theKCalculation. 
After’the first trial the Fourief,transforms of the valence‘
potential are directly determined from the band structure;
this valence potential is then transformed into real space,
spherically aVeraging about a lattice site, to allow cal-

"culation of the core states.

E ) N s
Using (1-13) and expanding ela'r in spherical

harmonics, (1-10) takes the form (with or without overlap):
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¢ % o: - )
4 . > , ‘
v(a) = rv (r)SLn(a-r)dr : - {1-14a)
GJIO J at o o
[o]
& = o i |
vio) = =" | 2y (r)ar ~  (1-14b)
110 at : : _
[o]

 Symmetrized Combinations

As discussed above; the trial functions to be used
in the OPW band structure calculation at point k in the
first Brillouin zone are the OPW's of wave vector kK + G for
many reciprocal lattice vectcrs‘&._in praétice; however, |
the order of the secular equation can be greatly reduced atu
symmetry points of the zone: If the trial functions are
taken to be lineai combinaﬁions'of OEW's which transform
under rotation accordihg to the columns of the irreducible
representatiohs of the group of the wave vector K,,then, by
- theorems of group theory, e.g. (Ti64),fmatrix\élements,of
the Hamiltonian and of unity will vanish between functions
which do not correspond to the samé column of the same
irreduéible representation. Hénée thefsecular detérminant
is effectively reduced to’a number of lower 6rder deter-
minantal blocks along the diagonal, each of which can thén
be solved distinctly. The symmetrized~combinatidns for
many structures can be determined, for example, from
Schlosser's'generators (Sﬁzf,andahave also been tabulated

by Luehrmann (L66).
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APW Method

Consider first the augmented plane wave method
applied tb a muffin-tin potential, that is, a(potential
of the form (1-13) for which the sphérical potential contri-
butions on neighboring“lattice sites do not mutually overlap.
The ¥eaof the APW method is to solve for each band wave
function exactly in the muffin-tin sphere about each lattice
point and Variationélly by plane waves in the interstitialy.
regions. At each point kX in the fifst zone consider choosing
a trial energy value E, representing an eétimaté of the
energy at that point in the particular band under coﬁsidera-
tion. For that'energy the solution within the sphere is of -
the form: |

z

Y, (8,4) R (E,r)
L,m

Sm Yom

where the radial wave functions have beén‘integrated out-

wards from r=o for that energy and all values of £ and m are

to be included in the summation. The éoefficienﬁ;azm are’

chosen so that this interior solution will match continu-

ously to a plane wave at the sphere surface. The APW is then:

s . ,
o(k) = aos(r—ri)elk rs zzm a,m s(ri—r) Yzm(e'¢) Rz(E,r)
’ .

(1-15)

where € is a unit step function:

1 for xzo0

e (x)

o for x<o

e (x)
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and r, is the radius of the muffin-tin:SPhere;‘ Cénsidér
expanding the plane wave in spherical harmonics about ﬁhe"
lattice point; then each radial‘component, proportional to
jl(kr),‘must be matqhed to the interior radial solttion,
RE(E,;), so that the coefficients are: |

LR ¥ 3k ry)
apm = 4ni aoyzm(ek'¢k) §ITETEIT
Note that the slopé of each sphericél~harﬁonic component
is discontinuous, in general, at rzri;*only the amplitudes
have been matched.
| The set of APW's witthaverVeC£ors'= i#@; is formed
for a certain number of reciprogal lattice vectors 6; and
the trial solution is expanded in terms of these APW's.
~(In practice, symmetrized combinations of APW's are used at
’symmetry points; also, values of z“gfeater than about 12 are
ignored.) The desired solution E must satisfy a“secu1ar
determinant: - o |
| B -E[s] | =0 - (1-16)
where the notation is as in equatiohs‘(i-7), Note that ﬁﬂ
andvié] are dependent on E because of the form of the solu-
tion in the interior of the sphere and also throﬁgh the

matching coefficients a, . The determinant (1-16) is com-

im
puted as a function of E (involving radial integrations for
each value of E) and the zeros of the function are found.

This procedure is repeated as more reciprocal lattice vectors



~é; are’included and continués ﬁntilqthé s61uti6n is'c6nsidéréd
to be converged. This is donéfseparaﬁely for each vaiue of
ﬁyand for each band of intéréSt," _ |
| kThe problems which arise in applying the OPW method
tO'd—bands do not occur in the APW‘approach.' First; the ortho-
gonalization to the outer core levels is not é problem since
the core levels need not be éomputed; Secondly, the inappro-
priateness of plane‘wave components to represent d-bands is
lessened because in practiCebthe‘muffin~tin sphere is usuélly'
chosen to haﬁe a radius of haif’thé'nearest-neighbor distance
and sd the interstitial region to bé~répresented by plane
waves is quite small. _
No application of the APW method has yet been‘made'
- for a potential other than a muffin—tin;:'Slafer has propdéed
a perturbation approach for such a case (S165). It also
seems clear that in many cases the problem can be solved
exactly by considering the analogy between APW's and OPW's

(s165).



CHAPTER 2

. MODIFIED -OPW METHOD

As mentioned previously, difficulties arise in

applying the OPW method to transition metals. Such an
\ application would be useful, however, since the OPW method
is formally simplei than the APW and has also been the
basis of the self—consietent'band structure methods
developed so far} in addition, several applications of
band structures have made use of one—ofwyand pseudopotential/.
approximations for simple metals and it would be useful if
such work could be extended to transitioh metals.

| To the knowledge of tbe author the only successful
application of the OPW method in' the transition region is
that'of.Callaway (C55a, C§5b)»to the energykbands of iron.
In that case the s-bands were treated by the cellular |
method while the p- and d-bands were expanded in OPW'S. To
- obtain convergence for the d-band points it was found
necessary to add to the set of OPW's a function which 'is
atomic d-like near the lettiee site and vanishes in the
interstitial regions. The addition;of such cut-off functions
is the basis of the modified OPW method employed in the
present calculation, so Callaway's work will now be described
in a little.more detail. .

21



In iron the occupied conduction bands arisé '
prinéipally from the 3d énd 4s atomic lévels. For‘thoSe ~
d?like points in the Brillouin zone which contain ho s or
p character (e.g. P25,) the appropriate symmetrized combina-
tions of OPW's contain sphericalrharménic components of
222 only. Since there are no core states with 232, no
orthogonalization terms appear in these_symmetrizéd combina—.
tions; thus the OPW expansion is identical to a plane wave
~expansion for these states. Callaway found the convergence
to be_very poor ip such cases because it takes an exceedingly
large numbér of plane wéves torreprésent.the rapid variatioq
of the d-band wave functions near the core. kThis problem
‘was overcome by adding to the basis set a functionhwhich‘
represents the behaviorvwell'hear the nucleus AndZWhich
vanishes with vanishingvderivatives at the Wigner%Seitz'cell
boundary; this very much improved the d-band_convergence‘in
the iron calculations.

The atomic configﬁration of niobium is (13)2(25)2
(2p) ®(35)2(3p) ¢ (30) 1% (45) % (4p) 8 (4a) * (55) L.  The occupied
conduction bands arise principally from the 4d and 35s levels.
The 4s and 4p states are the ﬁroublesome coreplévels: the A
atomic functions on adjacent lattice sites overlap slightly
but enough to prevent proper orthogonalization of the plané
waves to these ététes.‘ A differenée from the case of iron

. is that d-like symmetrized combinations of OPW's contain
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terms representing orthogonalization to the 3d level;
however, as discussed in the preceding chapter,‘ﬁhis'does ,
»’not provide much help because the OPW method doeé not work -
well for d-like states. As in Callaway's case this problem -
was overcome by adding to the set of OPW's a function which
is similar to the 4d atomic state near the iattiqe site but-
which vanishes before half the nearest'neighbor(disténce.

It is necessary to orthogonalize this cut-off function to
the 34 core level sihce the'variational priﬁciple is to be
used. The problem of the troublesome 4s and 4p.core levels
was ovércome in a similaf.waY$ .Cut-oﬁf functions similar
bto 4s and 4p atomic stétes;'buf Qrthcgonalkto the lower
states, were also added to the basis set,‘whileithé plane
waves were orthogdnalized tQ'thé“levels up to and includihg_
the 3d only. For an s-like point, then, the lowest root of
the secular equation corresponds to the 4s core level and
the next lowest ioot is the desired s-like conduction band
level. This was found to be a successful way of Handling
the outer core states. Since the,atomicflike'4s and 4§,
solutions of the crystalline potential have small amplitudes
at the cell boundary they need bnly be ﬁddifiedfslightly'£0‘
“be converted into cut-off functions. The variational calcu-
lation then quickly convergés to these levels; since the
solutions of the secular equation corresponding to different

roots are mutually orthogonal, the proper orthogonalization
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is thereby introduced into the cOnduétiOn band‘solutiéhs.

In summary, then, the baSiS~set consists of 4s-,
4p~- ana 4d-like cut-off functions and plane waves which
have been orthogonalized to the core levels up to and
including the 3d only. The formulation of the cut-off
functions_and the derivation of the additionalkmatrix.
élements requifed by the introduction of the cut-off

functions are now given.

Lattice Harmonics and the Cut—Off'Functions_k

Define a cut-off function

co ‘ :
o PZ(x) : S
co >y _ 'n& s _
®nem (r) = r Yom (6,4) ?(2 1
Pgi is to be similar to the atomic-like solution near the
lattice site; ¢§im must be orthogdhal to the lower core
o

states and Pg must vanish at some radius less than half

L
the nearest neighbor distance. Also define

co :
G . (r) . o
co > _ CO ni e : g
Hopum (F) = By =7 Yy (849) : (2-2)
. . L @CO ~CO : PR
This defines only the product Enz an. For the present

this is sufficient; its usefulnéss will be clarified'later;,-
‘In principle it is neceésafy to include in the ’

basis set all values of m corresponding to each ng value.

In practice, however, the problem is simplified: Symmetriied,‘

combinations of spherical harmonics of different m values can

. be formed which transform according to the columns of the
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irreducible representations_of the group of'thé wave veCtor;k
By'group theory the matrix elements of the Hamiltbnian and
of unity vanish between coﬁbinations'unlesswthey belong to
the same column of the same irreducibie representation.
These linear combinations are calied’lattice harmonics.

For example, in solving for the level Toes it is necessary
to include only thg combination I%% (¥21+Y241) with
symmetrized combinations of OPW's chosen to transform as yz.
The lattice harmonics have been tabulated at all the :
symmetry points of several structures by Bell (354).

Since the lattice harmonics are real it is conven-
ient to derive the cut-off matrix elements in terms of rgal
angular wave functions which are herefdefined’by:

For mfo:
(-1)3

Py ul
1

. . _ j » _
(6,4) (o) + DIy, e,0) o3

y2.mj

where j takes on the values o and 1 only.
For m=0:

(6,6) = ¥, (8,¢)

Y500 L0

The real angular wave functions are listed in Table 1l.. The
lattice harmonic combinations of these real angular wave

functions are given in Table 2.

As an example,

» _ -1 — 3 R e 3 vy
Y110 = 75 (Y11+Y1 1) = ./4:1? sin® sin¢= -/ 3= ¢

N | -
Y311 /3 (Yll - l) /Zin sine cos¢ =‘/§§ %_
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Tt is convenient that the matrix elements of the cut-off
 functions with the OPW's be real. To this end the

normalization of the cut-off functions is chosen in the

following way:

" ,CO
P_-(r)
€O _ iy =L TN _
: ¢nzmj = (1) T Yomj (2-4)
Using (2-1) and (2-3),
co' A_ (i)-g(;i)j ( co + (= 1)3 co ) (2-5)
¢nzmj - i /3 ®ngm ®ng-m

The desired matrix elements are then§ 

co

“énrgime 3'|H|¢nzmj

<¢g?2'm'j'l¢nzmj

<¢n£mJ|HI¢(k)>
n2m3|¢(k)>

where ¢(k) is an orthogonalized plane wave given in the unit

cell by e e
o) = =2 T - By, (B) (2-6)
/0. nim
. ° (core)
» L 1
where an(k): —_— F_ (k)

Vo vx & s I

and F_ (k) is defined by (1-11).
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Matrix Elements

Consider first the case m+o. ‘It is convenient to

evaluate
co
<¢n'z'm'!Hanm
co : o c
Prorge < co Gng(r)* 2
= T ,(6 ¢) E . T Y m(6,¢)rkdrda

(where do = sinsdedé)

co cOo coO . 1o
- co , co A L
where I(Pn 1 an) = J Pn'l’ (r) an(r)dr : ‘ (2‘8)H
[0}
Similarly,
co
<¢n'2fm'|¢n£m = o0 Sum' I(Pn rev!? Pnz) : (2-9)

Using (2-5), (2-7) and (2-9),

co - : _ -
<¢n'n'm'j'lH|¢nzm3 = Sypr Sumr 8557 ES I(Pn jL,,GM) (2-10a)
and

co co - - NN _
bnrgmrit onemi” = Segr Smmr 8540 I(Pn T rr Pog)  (2-10D)

It is easily seen that equations (2-10)‘hold also for the

case m=0.
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In order to evaluate the matrix elements of the

Hamiltonian between the cut4off functions and the OPW's

first consider

nsamlHl"’(k)>
= nzmIH|k> - n'g'm' ntgr (k) <¢nzm‘HH’n 'y m'
(core)
But, <¢ nzmIHIwn'z'm7> = En'z' nzm|wn rg'm'> T °

"because the cut-off functions have been éxplicitly

orthogonalized to the core functions. Hence,

nzm'Hl¢(k)>‘= n2m|H|k>
Cco i
G- (r) L
_ @CO ng * 1 ik.r
= Enl ——-—f—- _Yﬂ.m (le,d-)) e r-drda

Expanding the plane'wave in sphérical harmonics this reduces
to

ng .4 * co  . 4, .
i Yoo (o0 T @R m,0) 0 2alD)

co . . | .co oL
where I<Gn9,' rjz(k)> = I Goe (r) rjl.(kr)drj ;

~

Using (2-5), (2-1), (2-3) and (2-11) it follows that for

m$o

_ (\& _4m _co co _.
boomg|Ble0)> = (1) AT (ot ) T (G55,T3, (k)

4
o9 ng < 4mj
(2-12a)



Similarly,
. 4y
lo(k)> = ()¥ 2T
nnm
3 N

It is easily seen that equations (2-12) hold also for the

ymj(ekmk) 3 (P °,ri, (k) (2-12b)

case m=o.

 Form of Cut-Off Functions

The explicit form of the cut-off radlal wave

function, co(r), has not as yet been mentloned The pro-

cedurekis to integrate the radial Schrodinger equation out-
wards from.réo for the correct i-value for some appropriate
energy Eco. This function is then cut off at some r=r,

and a tail is joined smoothly to it; the tail is chosen to
.vanlsh at some r=r, which is less than or equal to half the

L

nearest neighbor distance. Let the product of r-and the radlal wave
function co : :

for this En. be denoted by in(r).‘ In this work the tail

has been chosen so that the unorthogonalized cut-off radial

wave function, denoted by Sgi(r), is given by:

co - co S 7 ' - :
Spe (B)=) Q) (r) for o<r<r : ; o (2-13a)

a(l + cos q(r-ro)> for ¥ <I<r (2-13Db)

L
The three parameters a, q and rdiare chosen to satisfy the

three conditions that the tailcmatch,Qﬁi continuoﬁsly with

continuous first derivative at r=r and vanish identically
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at r=rz. Specifically,
: co ~
o, (r.) %
1l + cos q (rm—ro)‘ o L
= (2-15)

and ry is determined by a trial and error precedure:'
For each trial value of r_, q is determined by (2-15) and
then a is found by>(2—l4).- The slopes of (2-13a) and
(2—13b) are compared at r=r. and the trial and error pro—
cedure eontinuee until the slope of (2—13b)'equals that of
(2-13a) . | | |

| S;fﬁr) must then be orthogonalized to the core
functions of the same angular momentum g, so the‘finai,-

(orthogonalized) cut-off function is

CcO

co . co ' : ~
nt (r) - a P (r) - (2-16)

P ;
ng o' n'z n'g

(r) = 8

_ .CO
= J Pn,l(r) Snz(r) dr
o

and I is a sum over core states of angular momentum ¢£.
n _ .

' co
e
wher aprg

The application of the Hamiltonian to the cut-off

function is now shown-.
co

o ,
co _ ‘ni(r) ,
(r) = H ————~ Yzm-(9,¢)

H¢n2m r



Y. 0g<reg :
Fo £r I'm

From (2-16) and (2-13a),

: co
0 P_,. (x)
Hq,co (r) = H (nﬂ, (r) -3 aCO .—u—__> Ylm (6,9)

nim r n' n'sL r
co :
Q- (r) P_,,(r)
co ng co n'g
Epg (8) —— - Izl, Enve 3nryg r Yom(0re)
Then, from (2—2),
co _ ~CO _ 1 g co ., : _ .
an(r) - an(r) EEE z' En'z,an'z Phryg (r) (2-17a)
' ng ©
“Fo:‘rm S
From (2-16) and (2-13b), _
co _
H¢n£m(r) = A + B
where R
a(l + cos q(r-ro)) e
A=H = Ym(e.cb)
and v
‘ P_,,(x)
_ _ co “n'y
B=H ( .i, nty r Yzm(e'¢))
Immediately, : ‘
P_, (r)
- _ co n'g :
B = i. Envg @nvg r Tom(8r9) L
2 al(l + cos q(r-ro))
A= -V + Yat(r) - . Yzm(e,tb)

Y, (6,¢) 2 :

= _Am - (_ Zrz + Z(i;l) + Vat(r)) (a(l+cosq(r-ro)))
Y, . (8,9) = |

= —————— 4 aqg cos q(r-ro)+a(1+cos q(r—ro))x

r
(1‘_‘_’%9_ + Vat(r))}
r N
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8o,
o,y 1 2 (2 e41)
an(r) = EEB?;;-{aq cos q(r,ro)+a(1+cos~q(r—ro))(——;i——+vat(rb

- I By, Al Pn,z(r)} (2-17b)

It should be noted that only the first derivative of
the tail of the cut-off function has been matched at r=rp .
AThis means that, in general, the second derivative is dis-

continuous at r as well as at r (At the latter point

2.
the tail is a cosine function at its extremum and therefore
has a non-vanishing second derivative.) These discontinuities

must be kept in mind when applying the kinetic energy operatOr‘

cO

to the cut-off function. Specifically, G,

is'discontinuous
at these points and so the integrals involving‘Gﬁi must be .
evaluated accordingly. |

It should also be noted that there is no restriction
to a muffin-tin potential ih this modified OPW method.
However, if the potential is of the form (1-13) with over-
lapping spherical contributions then the cut-off,functions_
must be made to vanish at a radius such that they do not

extend into the overlap region; only then wiil‘the cut-off

matrix elements as described above be correct.

"



CHAPTER 3
APPLICATION OF THE MODIFIED OPW METHOD;

BAND STRUCTURE OF NIOBIUM

The modified OPW method aescribed in the preceding
chapterrhas been applied to the.tranéition metal niobium.
The details of this application and the‘resulting‘bahd
structure are now presented.

| The lattice strucfure of;niobium,is body-centred
cubic. The lattice constant has been taken, after
Wyckoff (W48), to be 3.30§. The'first Brillouin zoné fpr
the bcc structure is shown in Fig;'3, with the symmetry
points and lines labelled in the notation of Bqudkaeff,

Smoluchowski and Wigner (BSW36).

The Potential

A one-body potential used-tc calculété the con-
duction electron states shbuld cohtainythe followingicon—
tributions: |

the direct potential contribution fromkthe ion

¢

the self-consistent direct potential of the con-

cores;

duction electrons; : e
the exchange interaction between the conduction and
core electrons;

32
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the correlation intefactibn'between the'conduction'
- and coré electrons; |
the exchange and corrélation‘interactions aﬁbng
the conduction electrons;
| .spin orbit coupling and other.relativistic,éffects.
It is ﬁncertain how to appropriatély treat the exchange;
and correlation interactions. Instead of considering each
contribution in detail, the prescription used by Mattheiss
(M64) and other authors in APW calculations is adopted.r
In this approximation free atom charge denéities élaéed on
neighboring lattice sites are considered to overlép: The
direct potential'contributionskare‘then sﬁherically a&eraged,
the core-conduction and conduction-conduction-exchange
‘interactions are represented by the Slater free electron
approximation and correlatioﬁ'and relativistic effects are
ignored. This approach has been found to yield reasonable
 results when applied by Mattheiss in APW calculations for
the first transition series. .Thé proéedure is now described.
The charge'density used'ié calculated from the free
atom wave functions computed by Herman and Skillman (HS63) in
the Hartree-Foék—Slater approximation; The direct and
exchange contributions are treated separately. An approxi-
mate crystal direct potential and charge density in a given
cell is obtained by expanding the neutralyatom direc£ poten-

tials and charge densities of neighboring atoms about the
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origin, using Lowdin's alpha funetion expahsion (Lo56) ,
keeping only the =0 terms ih these expansions. The ex-
change potential is taken in the Slater free-electron
approximation to be proportional to the cube‘root of the
oﬁe;lapped»charge density. |

" Let Pil denote the Herman and Skillman free atom
wave functions for Nb. Then the (sperﬁically averaged)

‘atomic charge density, 0%, is given by:

a(r) - o(r%
dnr

. . _ _ 2
' _ a
where o(r) = I an(Pnz(rg
ng
.and an is the occupation number for the orbital nt.
(Note that an .
44 shell and 1 for the 5s.) The direct atomic'potential,

= 2(20+1) for the closed shells, 4 for the

Vda, is then -

r ®
va=-.-3?-—-2-[ s(t)at - ZJ—-—-—“(t)dtk
o A'r

These direct contributions are then superimposed and
spherlcally averaged to give the crystal direct potential,
Vd' The charge den51t1es p (r) are similarly superimposed
and spherically averaged to give the crystal charge density
p(r). The crystal exchange potentlal is taken to be

Vexv = -6 <- 5o ° (r)) . The totalkcrys’;al potentlal, V(T) ,
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is thén defined as:

R ;

V(r) = ¢ Vat (Ir |)
. ” 2
where Vg t Vex -c¢ for ogrsr,

Vat(r)-= : |

o for r <x
: L

where rzvis half the nearest neighbor distance, the constant
c is chosen so that V t(r) vanishes at x=r, and, as in the

precedlng chapters, the . subscript "at" is to be read. "atomlc—
llke" |

The resultant r V_, (r) is listed in Table 3. A
Herman and Skillmah mesh (H863) has been‘uSed; Table 3,lists
the value at each fourth mesh point only. (This potential
includes the overlap frOm the first five sets of neighbors.)
| This form of the potential'was chosen mainly because
it is a simple prescription which hAS'lead»to reasonable
results in other transition metal band structure calcula-
tions. Relativistic effects were ignored to simplify the
calculations, pérticularly in'viewkpf'thevfact"that the
principal object of this work has been to modify the OPW
method. (The effect of relaﬁivistic corrections is men-
tioned later in this chapter, 1n the section "Discussion of"
Band Structure Results".) 6f course 1t is to be. remembered
that, in theory, a self-consistent band structure calcula- -
tion should be made; a potential constructed as above would

provide a suitable starting point in such a calculation.
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Since the general featufes,of bana‘sﬁruéture calculations -
have usually been found to be relatively insensitive to '
small changes in the potential, itIW6uld éppear that the
approximations made in éonstructing this potential are
reasonable. However, as discussed later in this chapter
(see "Discuésion of Band Structure Results"), the Fermi
level in the group V transition meﬁals‘lies in a position
such that relatively smail chanqesyin fhe band structure
can lead to lérge variations‘in thé-shape of the Fermi
surface. The dependeﬁce of the Fermi surface,dn_the‘

potential is, then, quite sensitive.

The Core and Cut-Off Functions .

The bound state solutions of the atomic—iike
problem with the potential Vat(r) have;been found; thé
energy levels ére listed in Tablé 4. The 4s and 4p functions
have been cut off as show; in Figs. 2(a) and 2(b); the
dotted lines represent the tail portion of‘the function
before cut-off, while the solid lines represent the cﬁt—off
function after orthogonalization to iower core states. The
cut-off parameters, as discussed in the preceding chapter,
are given in Table 5. It was'foundkthat there is no bound
state solution corresponding to'the atomic 4d level for
thié potential, so the-radial SchrSdinger equation was inte-
grated_for‘2=2 and E= +1.25 rydbergs; this energy was chosen

because the resulting wave function was qualitatively of the
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"desired form. (Of course, the wave function near the core
is insensitive to small changes inkenergy.) The 4d-like

cut-off function is plotted in Fig. 2(c).

The Band Structure Program

A band structure program for a Bravais lattice
using the modified OPW method has been written in Fortran
for the McMaster University IBM 7040 éomputer. .The'input
data to this program consists of:

the r-mesh and mesh parameters;

the voiume of the unit cell;

the potential V_, (x);

the values n, 2, E and the functions‘Pn for the

ng )
completely localized (inner) core states;:

co

co
ng 3

the values n, &, E N

and the functions. and

coO

Gnl

for the cut-off functions;
the value of thé wave vector, ﬁ,fin the first
Brillouin zone; | | ’ _
the reéiprocal'lattice vectors, 5, for:which the
OPW's of wave vector k+G are to be used;
the symmetrized combinations of OPW's to be formed
‘for the specific band level cdncerned; |
the required real angular wave functiong of thev
"cut-off functions and the lattice harmonic‘combinaticns'of

.these which are to be formed.

The program first calculates the orthogonality
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yéoeffiCieﬁts, Fni(k); £hé’pctentia1 qurier transforms,
v(G), and then the matrix elements given bykequatiqns
‘(1—12), (2-10) and (2-12). This;(unsymmetrized) matrix
is then reduced by taking the'latticé;harmonic combinations
of the real angular waﬁe func#ions and the symmetrized
combinations of OPW's and forming fhe matrix elements
between these linear cbmbinations; 'The.matrix equation

(1-7a) is then solved by the follow1ng technique:

[[H] - W [s]] [a] = 0o (2-7a)

Multiply on the left by the inverse of [g]

[[s'l] [a] - w [I]] H o

where [I] denotes the unit matrix. Thisis now a 51mple
elgenvalue problem for the (non-symmetric) matrix [? %]
(The inverted matrix and the elgenvalues are found by the

McMaster computer library subroutines.)

Convergence

The objective has been to aftaingconvergence of
the band structure to 0.01 rydbergs. The maximum possible
number of OPﬁ's have been included Subject‘to the conditions
- that the dimension of the unsymmefrized matrix not;exceedv
200 and the dimension of the symmetrized;matrix not exceed
'50. 'This means that in most cases 150 to 200 OPW's have

been included. Of course these conditions simply reflect
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- computer time and stérége rest;ictiéns.

Tables 6 show the degree of ébnvergence at a few
typical points: Table 6(a) lists the two lowest solutions
of the sécular equation as more OPW's are added to the
basis set for rl,an s-like combination. ‘The IOWest root,
-3.106 ry, is the 4s outer core level, which is a narrow
band arising from the 4s atomic-like solution which, from-

Table 4, has an energy of -3.092 ry. The second lowest
| solution, 0.318 ry, is thé bottom of the conduction band.
The convergence of theée two lévels appears to be complete
to the number of significant figures shown. Table 6(b5 |
is a similar listing for Hig, a p-like combination. The
lowest root, -1.517'ry,Aarises from the 4p atomic~-like
solution of energy_—1;498 ry. The seéond lowest root is
the desired conduction band sblufion.' Tables 6(¢) and 6(d)
list the results'for the d-like combinations'fés, and A2,
2

T (%,0,0), the halfway point of the

the latter shown at k= 3

A line. At first sight the level Az'might_appear to be
-completely converged since the(robt.does not change in the
third decimal point as 168 to 196 OPW's are included.
However, this can obviously be misleading, since the same’
- situation occurs as 84 to 116 OPW's are included and yet
the level.dropé by élmost 0.01 ry from 116 to 168 OPW's.
Perhaps all that can be said about the d-levels is that

‘they might lower by a further 0.02 to 0.03 ry if an infinite
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number of OPW's were included, althougheit is prebable.
that they are better converged than that. 1In thie WOrst’
case the d-baﬁd levels relative to each other would be
correct to the desired aecﬁracy of 0.01 ry but, if the
s-band is as fully converged as it-appears,.then the s-d
band gap at ', for instance, would be in error by 0.02 to
0.03 ry.‘.The p-band convergence appears to be similar to
_ that of the d-band. (Better convergence for the higher
bands, including the p-llke levels, could probably be
obtained by including 5s, 5p and 5d cut-off functions in

the baeis set.)

The Band Structure

!

The band structﬁre has been computed at the points
r, H, P and N and along the lines,A,Jxeand I. The results .
are listed in Table 7; the roots corresponding to the outer -
core solutions have been omitted and oniy those eneréy
values which lie below 1§soo ry (that is, within 1.282 ry
of the bottom of the conduction band) have been tabulated.
These bands are also plotted in Figs. 4(a), (b) and (c).
As discussed in the next section, the Fermi level is

expected to lie slightly below Togre

‘Discussion of Band Structure Results E

Non-relativistic APW band structure calculatlons
have been done for the following bcc transition metals.

In the first transition series: bcc J'._ron,\(3d)6 (4s)2
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vanadium, (3d)? (45)1; chromium, (34)> (4s)!; in the thira
',tfansition series: tungsten,‘(Sd)sy(éé)l.‘ The iron
calculation was done by Wood (Wo62) élong all the symmetry
directions and at several general pOints.”'HeAalso calculated -
_the corresponding density of states. The potential used was
one'preVibusly employed in cellular éalculations;' The
vanadium and chrémium calculations were performed by
Mattheiss (M64) along the A directidn only; The potential
was constructed in the same manner as the éresent niobium
>potentia1 except that the conétant value of the potential
outside the APW sphere was taken to be slightly différeht
from the/value at the sphere radius. The results were not
sufficiently compléte to permit a density‘of states computa-
tion.h The tungsten calculation also was done by Mattheiss
(M65) ; it ﬁas sufficiently coﬁpléte to permit a calculation E
" of the density of states.. The'prescription for the potentiai_
was the same as that used in the vanadium énd chromium cal-
culations. In addition, a limited APW calculation waébdone
by Mattheiss for the second transitiohvseries metal
molybdenum, (4d)° (5s)1, to determine the d band&idth‘(MGS).

The‘results of the above band structure calculations
have been compared by Mattheiss (M65); they have been found
to be very similar. The most notable change is an increase
‘in_the d bandwidth from the first-to the third transition
series: Ay = E(Hyg,) - ﬁ(Hiz) is taken as a measure of

the d bandwidth. Matheiss' results are that chromium,


http:employed.in
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molybdenum'and‘tungsten‘have d/béndwidthsfof 0.51, 0.68 and
0.77 rydbergs respectively. Tﬂis'progressive increase is‘
ekpected'from tight-binding theory because the 3d, 4d and
’5d free atom radial wave funcfions extend out progressively
further so that the overlap of the functions on neighboring'
sites is progressiﬁely greater; this is ¢lear, for instanée,
from the Hartree-Fock-Slater free atom wave functions of
Herman and Skillman (HS63). .

The tungsten band structure is compared with the
present niobiumvresults in Figs. 6: The solid lines are
the niobium resplts as presentedvin Figs.4 and the dotted
lines are the tungsten bands. The degrée of similarity is

"evident. The d bandwidth, is 0.67 ry, which fits well

Ad,
into the bandwidth pattern discussed above.

Because of the similaiity,ambng the becc transition
metal calculations it is uSeful;to'assume a rigid band
model: ' In this case, the density of states for theSe_ﬁetals
is approximated by the density ofkstates‘which has been
calculated for iron or for tungsten. The Fermi level is then
determined by filling these states with the required number
- of conduction electrons.v This has been done by Mattheiss
for five and six conduction electrons, (M65), corresponding
to, respectively, the group V’mefais vanadium, niobium and
~ tantalum and the group VI metals chromium, molybdenum and

tungsten: Using the rigid band approximation, Mattheiss has

calculated the Fermi level and presented cross-sections of
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the Fermi surface for the group V and group VI casee, both
based on the iron and on the tungsten band structures.

Mattheiss has found that the Fermi level for the group V

25‘l 14
shape of the Fermi surface on this basis. It is pointed out

metals lies slightly below T and he has computed the
by him, however, that a small change in the band structure :
might lead to a vastly different Fermi surface. Thﬁs,
although the band structure itself mey be reletively insensi-
tive to a change in the potential (or to the effect of
relativiseic corrections), the shape of the Fermi surface
may alte; considerably. This question cen only be answered
by a self-consistent band structure calculation or by ex-
perimental determinations of the Fermi surface. (Experi-
mental data for the group V transition metals is limited
due to the lack of pure single crystals.) |

'No relativistic corrections have been made to the
niobium band structure. The nature of spin-orbit coupling
corrections is clear from Mattheies"t:eatment for tungsten(M65).
The results both of a relativistic APW calcuiation for
tungsten by Loucks (Lo65) and the spin-orbit coupling .
corrections by Mattheiss show, for exemple, that the rela-
tivistic splitting of the st, level in tungsten is less
than 0.03 ry; of course, it is expected to be less for
niobium, which has atomic number 41 compared to 2z=74 for

tungsten.
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The present\calculaticn for niobium tehds to con-
firm the validity of the rigid band~approximation'for:the
bce transition metals. Because of the close similarity
to tﬁe tungsten results, the dénsity of states and Fermi
surface of niobium that would follow from the present cal-
culations are probably well apProximated by the group V .
calculation based on tungsten. It is to be emphasizéd,
however, that both the inaccuracy in the potential and
relativistic corrections could be causes of disagreement
between the above Fermi surface predictions and future

experimental Fermi surface measurements.

Low Order Approximation

In Fig. 5 the energies for the case in which only
one symmet;ized combination of OPW's is used are'shown in
dotted lines for three I bands. The converged values for
these‘bands, as shown in Fig. 4(c); are,reproduced in
Fig. 5 in solid lines for.the purpose of comparison. In
the dotted line results the basis set consists of the cut-
off functions plus one symmetrized combination of OPW's,
and a secular equation of order 2 o:—mcre‘(depending on the
number of lattice harmonic combinations of cut-off functions)
is solved at each point in the band. |

Theerror in this low order approximation is seen tc
be a maximum of about 0.2 ry for‘the occupied bands. .This
"is an order of magnitude worse than the one-OPW approxima-
tion in simple metals: From Heine's results for aluminum

(He57) , the one-OPW approximation gives éwresult,within‘
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0.03 ry of theléonvergedAvalueQ' Oh ﬁhe other hand, this
low order approximation is a considerable improvemeht over
the one-OPW approximation for transition mefals: For
_examéle, at k = (1/4, 1/4, 0) on the 22 band for niobium
- the one-OPW energy would be 1.3 ry, the low order approxi-
mation (cut—off + OPW's) is 0.75 and the converged value
is 0.68. |

This approximation for the wave functions is

obtained by computing the matrix elements between the
lattice harmonic combinations of the cut-off functions and
the first symmetrized combination of CPW's for the band
under consideration, solving the resulting secular equation
for its eigenvalues and eigenvectors. The eigenvectors
denote the amount 6f admi#ture»between the cut-off functions
and the OPW's. These eigenveétofs for the fhreé I bands
of Fig. 5 are listed in Table 83’ a, denotes the coefficient
of a cut-off function with angular momentum 2, and b denotes
the coefficient of the first symmétfized combinaﬁion of
OPW's. The normalization of the eigénvectors is chosen so
that b=1.00 in all cases. As an example, for the case of Iy
the only cut-off function to be used is the d‘function with
the lattice harmonic combination (&mj). = (211) + (210) (see

Table 2). Denote this function by ¢co and the first
OPW >

symmetrized combination of OPW'S by ¢ (k). The solution

is of the form:
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From Table 8, the coefficients ay and b for k = (1/4,1/4,0)

are 7.03 and 1.00 respectively. (Note that for the I, band

1
an s, p and two‘d lattice harmonic ‘combinatjions of cut-off
functions are to be used (see Table 2).)

For a band having a symmetry which is dominantly of
one'sphericai harmonic component thrbughout the band it is
expected that the admixture of cut-off and OPW functions
will be relatively constant across the band. This is pre-
dicted on physical grounds since in such a case the wave
function near the cbré will not change appreciably as the
energy changes ‘across a band, and the cut-off fﬁnction |
represents the wave function near the core. The band I,
is of this type. Although, from Table 8, the coefficients
ag take on the values 7,96, 7.03 and 6.56 at_three con—~
secutive points along the band, the effect_of this variation
of coefficieﬁts on the energy is very'small: A calculation
has been done for this band in which the céefficients at

>

kK = (1/4, 1/4, 0) (that is, from Table 8, a,=7.03 and

d
b=1.00) have been used at the points k = (1/8, 1/8, 0) and
(3/8, 3/8; 0). At both points the expectation ﬁalue of the
energy for this combination agregd to within 0.01 ry with
the result using the correct coefficients df.Table‘B.

‘It should be emphasized that the primary purpose of
fhe present work has been a complete band structure calcula-

tion and the above is a low order approximation which is

present in this modified OPW method. If the interest is
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especially in a simple approximation'to the wavé"functions
, ﬁhere are two obvious impro&ements to be made to the above
approéch: First, a tight-binding combination of the 4
atomic states could be used instead of the d cut-off
function; although numerical approximations would have to
be made ih computihg the ﬁatrix elements between the
tight-binding function and the OPW's, the d bands would
probably be better represenged. Secondly, thefe.would be
no_need‘to use cut-off s and p functions; the plane waves
could be 6rthogonalized to the;outer‘core functions inlan

approximate way.



CONCLUSION

The OPW.method has been successfully modified to
permit band structure célculationé in_transition metals.
The iate of convergence 1eavessométhing'tb be desired;
this disadvantage is felt mainly in cbmputation ﬁime.

The band structure'of niobium coﬁputed ﬁy this method is
similar to APW calculations in other Ecc transition metals;
‘comfirming the validity of a rigid band aéprdximation. It
is still an open question whether a modified OPW method,
the APW method or some other.approach~will prdve most
successful in the self—consistentkband structﬁre cal¢ula—
tions which will probably be performed in the»hear future.
| A secondary result is a first prinéiple low order
approximation to the wave functions in transition metals.
"Although its error is in the range of 10% to 20% it may
be a step in the direction of more accﬁfate‘approximations.

In summary, it is believed that this work provides
a proven alternative to the augmentéd pléne wave approach
and also opens up the‘possibility'of applications in Which~

the conduction electrons in transition @etals are repre-

sented in.a relatively simple way.
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Fig.

CAPTIONS FOR FIGURES

Fourier transforms of the attractive and
effective repulsive potentlals for: Sl after
Phillips and Kleinman (PK59). ‘ :

(a) s-like point

(b) p-like point

The radial cut-off functions, Pgi.
(a) 4s
(b) 4p
(c) 44

Brillouin 2zone for the body—centred cublc
lattice.

Energy bands in niobium.

The low order approx1mat10n (dotted lines) is
compared with the converged results (SOlld
lines) for three @ bands. :

APW energy bands in tungsten (dotted lines),

after Mattheiss (M65) are compared to the
niobium bands.
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REAL ANGULAR WAVE FUNCTIONs'ylmj

(2m3j)
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TABLE 2
LATTICE HARMONICS IN TERMS OF THE REAL ANGULAR WAVE
FUNCTIONS OF TABLE 1. COLUMN 1 SHOWS THE BSW NOTATION;

COLUMN 2 IS THE NOTATION OF D. G. BELL .(B54); COLUMN 3
- CONTAINS UNNORMALIZED LATTICE HARMONIC COMBINATIONS OF

2$2 ONLY.
. BSW DGB | LATTICE HARMONICS (2mj)

ry (1) A (000)

Tys (x) A, - "~ (111)

Tys (x2 -y 2 Ay s (220)

Iyg (v2) | Ay, , (210)
H same as T
,bl (1) B ' (000)

P, (x2 -y 2y By ' - (220)
P, (x) By, (111), (210)
N, (1) Gg (000), (200), (221)
N, (z(x-y)) Ggqr (211)+(210)
N, (z(x+y)) Gqr (211)-(210)
N4 (x2 -y 2 Gq “ (220)

Nyo (x+y) Gp (111)-(110)
Nj, (2) G, 7 - (100)
Ny (x-y) Gpr (111)+(110)

8, (1) E_ (000),(111), (200)+/3(220)
8, (y2-2%) Eg. | (220) -/3(200)

8, (yz) Eg (210)

Ag (y) Ep (110), (221)
N (1) I, (000), (100)+(111)-(110), (211)-(210)- (221)
£y (x-y) I, (111)+(110), (220), (211)+(210)
g, (1) Lg (000),(111)-(110), (200), (221)
£, (z(x-y)) Ly (211)+(210)

£y (2) Lo (109),(211)-(210)

gy (x-y) L, (111)+(110), (220)



"TABLE 3
THE ATOMIC-LIKE POTENTIAL AS A FUNCTION OF x,

WHERE r=0.25675x

X r Vat(r) X ; r Vat(r)
0.00 , -82.0000 1.10 , -33.2288
0.01 -81.1273 . 1.18 . =31.5998
0.02 ~-80.2358 ' 1.26 . =30.0856
0.03 ' -79.3396 1.34 f ~28.6767
0.04 ~-78.4481 . 1.42 ‘ -27.3651
0.05 -77.5670 1.50 . ; -26.1435
0.06 -76.6998 1.66 . =23.2930
0.07 -75.8485 1.82 -22.0204
0.08 -75.0137 ‘ -~ 1.98 ) -20.3254
0.09 -74.1957 2.14 -18.8158
0.10 -73.3943 ‘ 2.30 ' -17.4598
0.12 -71.8392 o 2.46 -16.2355

0.14 -70.3457 B 2.62 -15.1284
0.1l6 -68.9114 2.78 ' =-14.1278
0.18 .=67.5350 2.94 . -13.2236
0.20 -66.2149 3.10 : - =12.4039
0.22 -64.9487 S 3.42 - =10.9685
0.24 -63.7328 3.74 . = 9,7337
0.26 -62.5628 : 4.06 - 8.6434
0.28 -61.4342 . 4,38 - 7.6678
0.30 -60.3431 4,70 -'6,7904
0.34 -58.2605 - ' 5.02 - 6.0001
0.38 -56.2955 ) 5.34 - 5.2876
0.42 =54 ,4355 ‘ -5.66 - 4,6449
0.46 -52.6711 5.98 - 4.,0643
0.50 : ~-50.9944 6.30 , - .3.5391
0.54 -49.3982 S 6.94 - 2.6324
0.58 -47.8761 - . 7.58 -1.8875
0.62 -46.4229 . 8.22 -.1.2785
0.66 -45.0343 ) 8.86 -.0,7872
0.70 ‘ ~43.7070 : 9.50 - 0.4009
0.78 -41.2258 10.14 -0.1108
0.86 -38.9603 10.46 © - 0.0000
0.94 -36.8886 : )

1.02 -34.9857



TABLE 4

THE BOUND STATE SOLUTIONS OF THE

ATOMIC-LIKE POTENTIAL OF TABLE 3

Core - ng

E

ng

ls  -1358.5

2s - 187.66

* Inner 2p - 173.03
3s - 30.719
3p - 25.034
3d - 14.519
| 4s - 3.092
Outer  4p 1.498

TABLE 5

THE CUT-OFF FUNCTION PARAMETERS

B CcO '

ng En2 rz ‘rm rO
4s  -3.092  2.6856  1.5765  0.6571
4p -1.498 2.6856 1.5765  1.1440
44 +1.250 2.6856 1.4121 1.3350



No. of
OPW's

CONVERGENCE OF ry (s=1like)

Dimension of
Reduced Matrix

13
19
43

79
87
135
141
153
177

WO 0~ OVUL B W N

= et
DO

TABLE 6(a)

‘ Loweét
Eigenvalue

-3.018
-3.085
-3.085
-3.089
©-3.093
=3.093"
-3.100
© -3.102
. =3.106
-3.106
- -3.106
-3.106

TABLE 6 (b)
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ASecdnd Lowest
_Eigenvalue

0.330
0.328
0.326
0.325
0.325
0.321
0.320
0.318
0.318
0.318
0.318

 CONVERGENCE OF H,g(p-like)

Dimension of
Reduced Matrix

,Lowest ,
Eigenvalue

-1.335
-1.468
-1.473
-1.489
-1.490
-1.495
-1.495
-1.503
- -1.507
-1.514
=1.517

 Second Lowest

Eigenvalue

1.479
1.447
- 1.429
1.424
2 1.424
1.421
1.415
1.414
1.409
1.406



TABLE 6 (c)

CONVERGENCE OF rzS'

Dimension of
Reduced Matrix

SO

10

13
14
16
18

(d-1like)

. Lowest

Eigenvalue

1.486
0.786
0.785
0.781
0.775
0.772
0.770
0.769
0.767
0.764
0.760
0.758



152
156
160
168
176
184
192
196

TABLE 6(d)

CONVERGENCE OF Azi(d—like)'AT (%,0,0)

Dimension of
Reduced Matrix

WO ds N

N
=

L
WRN NN NN NN N Rt b e et o fod o et
CLVONAUBWNHOVONOURWNHO

wwww
=W N -

68
/a

27

- Lowest
Eigenvalue

1.486
0.671
0.668
0.655
0.651
0.650
0.648
0.648
0.648
0.647
0.642
0.637
0.637
0.637
0.635
0.634
0.634
0.634
0.634
0.634
0.634
0.633

- 0.631
0.631
0.631
0.630
0.628
0.628 .
0.628
0.627
0.627
0.627
0.627
0.627



TABLE 7

CONDUCTION BANDS OF NIOBIUM

>
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k . Lowest - :
_ Units of No. of Band Root Second Third
"~ Symmetry 2t /a OPW's (rydbergs) Lowest Lowest
o (0,0,0) 177 0.318

F12 (0,0,0) 192 0.932
Tosg (0,0,0) 180 0.758

'H15 (1,0,0) 156 1.406

’le (1,0,0) 196 0.434
Hygo (l,Q,Q) 184 1.106
Py (4, %, %) 192 0.998
P, (%,%,%) 192 0.645 - 1.563
N, (%,%.0) 194 0.460 0.956
N, (%,%,0) 192 0.612
Ny (%,%,0) 196 1.159

Ny (%,%,0) 192 -0.990
Ny, " (%,%,0) 198 0.873 |
& (1/8,0,0) 193 0.340 0.949
Ay (%,0,0) 193 0.400 0.982
Ay (3/8,0,0) 193 0.480 1.025
84 (%,0,0) 193 0.543 1.068
8, (5/8,0,0) 193 0.551 1.131
Ay (3/4,0,0) 193 0.507 1.236
8y (7/8,0,0) 193 0.458 1.352
A, (1/8,0,0) 196 0.900
4, (1/4,0,0) 196 0.819
A, (3/8,0,0) 196 0.721
A, (%,0,0). 196 0.627
a, (5/8,0,0) 196 0.546
a, (3/4,0,0) 196 0.486
A, (7/8,0,0) 196 0.449
a,, (1/8,0,0) 196 0.768
Ay, (%,0,0) 1196 0.797
454 (3/8,0,0) 196 0.844

/cont'd..
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(continued)
iv‘ LowestA~.
Units of No. of Band Root  Second Third

Symmetry 2n/a OPW's (rydbergs) ' Lowest Lowest

By (%,0,0) 196 0.905

By (5/8,0,0) 196 0,974

By (3/4,0,0) 196 1.040

By, (7/8,0,0) 196 1.089

Ag (1/8,0,0) 162 0.762

Ag (1/4,0,0) 162 0.759

Ag (3/8,0,0) 162 0.769

Ag (%,0,0) 162 0.800

Ag (5/8,0,0) 162 0.860

Ag (3/4,0,0) 162 0.946

Ag (7/8,0,0) 162 1.050

Ay (1/8,1/8,1/8) 189 .0.381 0.842

Ny (r/4,1/4,1/4) 189 0.522 1.059

Aq (3/8,3/8,3/8) 189 0.652 '1.332

A, (1/8,1/8,1/8) 126 0.733 0.934

Ag (1/4,1/4,1/4) 126 0.654 0.959

g (3/8,3/8,3/8) 126 -0.623 ~1.000

Iy (1/8,1/8,0) 139 0.361 0.758 0.918

Iy (%,%,0) 139 0.453 0.722 0.922

Iy (3/8,3/8,0) 139 0.476 0.792 0.959

g (1/8,1/8,0) 172 0.733 : :

Z, (%,%,0) 172 0.678

I, (3/8,3/8,0) 172 0.632

Iy (1/8,1/8,0) 174 0?804

Ly (%,%,0) 174 0,922

I, (3/8,3/8,0) 174 1.078

Iy (1/8,1/8,0) 166 0.940

Iy (%,%,0) 166 0.953

L4 166 0.981

(3/8,3/8,0)
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TABLE 8
TYPICAL EIGENVECTORS FOR THE LOW ORDER APPROXIMATION :
(CUT-OFF FUNCTIONS + ONE SYMMETRIZED COMBINATION OF OPW'S)

: ‘ ; k-value
Symmetry Coefficients (1/8,1/8,0) (%,%,0) (3/8,3/8,0)

£, a_ = 2.35 2.22 2.03
a, = 0.466 0.862 1.16
ag = 0.186 0.828 2.12
ag:= 0.322 1.43  3.68
b= ©1.00 . 1.00 1.00

z, ag = 7.96 ~7.03 6.56
b= 1.00 - 1.00 - 1.00

Iy a, = 0.690 0.739 - 0.766
ag = -16.4 -16.5 ' -20.2

b= 1.00 1.00 1.00
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