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SCOPE AND CONTENTS: 

This thesis describes the behaviour of iron ore-water suspt:nsions 

under turbulent flow conditions. 

This work is divided into two parts. Part I deals with the 

horizontal ducts. The heterogeneous flow regime is extensively 

analyzed; a sequential discrimination of models with an oriented 

design of experiments have permitted the determination of the best 

model to correlate hydraulic gradients for these suspensions. A 

critical discussion on the limit deposit conditions is also included. 

Part II describes the behaviour of clear water under oscillatory 

flow conditions. The study demonstrates that the quasi-steady state 

hypothesis, i.e., fully developed flow assumption, applied to pulsatile 

turbulent flow under the conditions studied. Observations on the 

behaviour of iron ore-water suspensions under pulsatile flow are also 

included. The experiments were carried out using a new air-pulsing 

technique. 
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PART I .STEADY STATE FLOW STUDIES 




1 

.1.1 INTRODOCTION 

Many industrial processes and natural phenomena involve some form 

of solid-liquid interaction. The understanding of these interactions is 

basic to the control of these systems. 

Solids movement through pipelines is now a commercial reality and 

has some advantages over other forms of overland transportation. These 

are: continuous operation, irrununity to adverse weather conditions and 

relatively low capital and operating costs per unit mass transported. 

The first part of this thesis deals with one of the main factors which 

must be considered in the optimization of a solids pipeline design, 

i.e., tl1~ energy requirements for slurry flow unde:::- ste::.'.!y state 

conditions. The main emphasis is focused on the study of the 

heterogeneous flow regime, because this regime is normally identified 

with economical operation, that is to say, the amount of material 

transported per unit power consumption is at a maximum. Due to its 

importance, great research effort has ben concentrated in this regime, 

but unfortunately no generally accepted criterion to describe head loss 

under various flow conditions within this regime has yet been established 

as the following analysis of this thesis will show. For this reason, 

the author has carried out a statistical discrimination between the 

most-used models which describe this regime using the Bayes theorem, and 

a design of experiments using the Roth criterion for the optimal 

choice of experimental conditions, on the basis that this is the best 
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strategy for efficient experimentation. 

All tests were carried out with aqueous slurries of hematite 

(size passing 30 mesh and specific gravity 5.17) in concentrations of 

solid up to 25% by volume. 
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1.2 BASIC ASPECTS 

Two phase solid-liquid flow has been analyzed theoretically and 

experimentally by many investigators, and most of these investigations 

are concerned with the pressure drop of the two phase flow in a pipe 

using the,.same methods as in ordinary hydraulic research, that is, of 

one-dimensional treatment with simple assumptions regarding the flow 

pattern. However, general conclusions on this subject have not been 

obtained, because the nature of this flow depends on many complicated 
) 

factors such as particle size, particle form, concentration, pipe diameter, 

density of solid and fluid, flow velocity and so on. Nardi (1959) has 

ind1c1tect e1zht phys~ca: cnaractcr1st1cs or the so11ris, ten pnys1cat 

characteristics of the slurry and about fourteen factors in the design 

data, all of which should be considered in the design of a slurry 

pipeline. 

The theoretical study of the behaviour of a particle in turbulent 

flow poses immense difficulties. Ayukawa (1968) et.al. indicate that 

the motion of a solid particle in a pipe is governed by a drag force 

caused by the difference of velocity between fluid and the particle, a 

friction force at the pipe wall, a gravitational force, a force resulting 

from collisions of particles or between a particle and the wall, and a 

lift force caused by asymmetry of pressure distribution on the surface 

of the particle. Because the ratio of the density of solid to that 

of water is in general comparable with unity, these forces have about equal 
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significance in determining the motion of a particle. On the other hand, 

the physico-chemical forces acting between pairs of particles also depend 

on particle size and shape but, more important, they arise because of 

the electro-chemical nature of the particle surface, the chemical 

environment in the suspending liquid and the physical interaction arising 

out of collisions of two or more particles. It is outside the scope of 

the present thesis to detail the exact nature of the inter-particle 

forces, except to mention that they vary from material to material and 

are very sensitive to small changes in ionic and surfactant concentrations 

in the liquid surrounding the particles. While it is convenient to 

distinguish between the factors considered above, in practice, further 

interactions between them are possible. Thus, a large particle may be 

supported by the mass of smaller particles held together by the inter­

particle forces as if it were a homogeneous flow. Or the aggregates of 

particles, flocculated by the interparticle forces, will immobilize the 

suspending liquid within the floes and the electrical double layer 

outside, and behave as larger particles. And again, when the relative 

velocities between the liquid flow and particle movement are large, the 

drag and lift experienced by the particles may overcome the gravitational 

pull and suspend the particles which would otherwise settle. 

Therefore, each particle moves along very complicated trajectory 

with mutual interferences, and the pressure drop may be affected by 

these circumstances. Only a small number of significant contributions 

to this theoretical problem appear to have been made since the 
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pioneering studies of Tchen (1947). Whether the solution has been via 

analytical, numerical or stochastic methods it has generally been 

necessary to make numerous simplifying assumptions, which may be 

unrealistic in many practical situations involving the transport of 

solids. 

In view of the inunense difficulties, it is customary to resort 

to alternative semi-empirical theories in order to model slurry 

behaviour. This aspect is discussed in the following sections of this 

thesis. 
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1. 3 REGIMES OF MOTION OF PARTICLES IN HYDRAULIC CONVEYING 

From the point of view of behaviour during flow, solid-liquid 

mixtures may be divided into two groups. Some mixtures can be transported 

successfully even in laminar flow without appreciable deposition of solid 

on the pipe bottom. On the other hand, there are mixtures from which 

solid particles separate rapidly unless the flow is highly turbulent. 

It is convenient to refer to the mixtures in these two groups as "non­

settling" and "settling" mixtures or slurries. 

According to Brebner (1962), mixtures with low settling velocities 

.fp,:::.t- nA-r ~Ar-r-inrl ~oh~::nro ~c: ' 1nl"'\'Y'°'-.cn.f"t-·1-i ,..,,,-If 
- - - - ~ -- . ----·· -- --- ·- - - -~----.::, 

pseudo homogeneous fluids at a.lnost all velocities, whereas mixtures 

with settling velocities greater than the mentioned value behave as 

"settling" mixtures. Williams (1953) and other authors have noted that 

"non-settling" mixtures with particle diameters less than 10 microns 

exhibit a clear non-Newtonian b~haviour. The behaviour of these ''non­

settling" mixtures will not be considered further here: information 

concerning them is given by Gay (1969). 

The present thesis deals with the flow in horizontal pipes of 

"settling" mixtures. Because of the interaction between the tendency 

of the solid particles in a "settling" mixture to settle out and the 

drag and lift exerted by the flowing liquid on them, four different flow 

patterns are possible in horizontal pipes. These arc shown in Figure (1.1), 

where a plot of the hydraulic gradient versus the m~an flow velocity, 
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on double logarithmic paper, yields a straight line, in pure water for a 

pipe with the same relative roughness in the turbulent flow regime. When 

the hydraulic gradient obtained with a liquid-solid mixture of a given 

concentration is plotted on Figure (1.1), the divergence decreases as 

the transportation velocity decreases. Or, in other words, for a given 

particle size and concentration, a certain flow velocity of the mixture 

is necessary to assure flow. But the flow of the mixture takes place 

in various forms, as shown in Figure (1.1). At very high velocities 

the solid particles can be more or less uniformly mixed with the carrier 

liquid and this results in a "homogeneous" flow pattern; thus, the 

vertical distribution of solid particles is nearly uniform. At somewhat 

lower velocities the vertical particle concentration gradient is not 

uniform, but all solids are in suspension. This flow pattern is termed 

"heterogeneous" suspension and this is probably the most important regime 

of hydraulic conveying because it is normally identified with economical 

operation. At still lower velocities, some of the solid particles move 

as a sliding bed on the bottom of the pipe. This flow pattern is termed 

"sliding bed with heterogeneous suspension". At still lower velocities, 

part of the pipe area is occupied by solid particles which do not move. 

Above these, there may be particles which slide, although most of the solid 

movement is by saltation. This flow pattern is termed "stationary bed 

with saltation" and will not be discussed in this thesis because it is 

essentially a rigid boundary problem not pertinent to solid transportation 

in pipes. The relative extent of each of these flow regimes in any pipe­

line flow situation depends on many factors such as particle size, particle 
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form, concentration, pipe diameter, density of fluid and solid, flow 

velocity, configuration of pipes and so on; however, the solid-fluid 

flow interactive mechanisms are sufficiently different from regime to 

regime that this classification is really justified. 

Durand (1952) proposed a classification of solid-liquid mixtures 

based on the particle size. Mixtures with particles less than 25 microns 

were considered intermediate; and particles greater than 50 microns, 

heterogeneous. The variation of flow characteristics with particle size 

and mean velocity are shown diagrammatically in Figure (1.2). 

1. 3 .1 THE HOMOGENEOUS FLOW REGIME 

Zandi (1968) has indicated that this type of flow occurs when 

solid particles are tine and light, or the mean veiocit:y of t:he fiow is 

high enough to keep the particles uniformly in suspension throughout 

the pipe cross-section. The mixture usually, but not necessarily, 

exhibits a shear stress-shear strain relationship different from that 

of the conveying liquid. When water is used as the conveying fluid, the 

behaviour of the slurry may become non-Newtonian, as indicated by Clarke 

(1967). This non-depositing, non-stratified flow is encountered in the 

transport of many materials as indicated by Metzner (1964), Newitt (1962), 

Durand (1953), etc. 

However, the homogeneous regime comes into being as the result 

of the combination of particle size, solid and liquid densities, and 

the mean velocity of the flow. The only criterion is the uniformity of 

solids' distributions in the cross-section of pipe. Newitt (1955) 
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proposed the following relationship for this regime, 

1800 g D w > l (1.1)u3 

where g is the acceleration of gravity in ft./sec. 2, Dis the diameter 

of the pipe in feet, w is the free settling velocity of particles in 

ft./sec., and U is the mean velocity of suspension in ft./sec. 

Unfortunately, this criterion has not been tested extensively against 

experimental work, therefore it should be used only as a guideline 

rather than a hard and fast rule. 

The homogeneous flow may be further subdivided into those regimes 

in which the particle-liquid interactions <lo not alter the rheological 

properties of the conveying 11qu1d, and those in wn1cn it tloes. It is 

becoming more and more apparent that water carrying a small amount of 

fine particulate matter produces less pressure-gradient than when water 

alone is flowing, all other conditions being the same. Under certain 

conditions the supression of head loss may be considerable and increased 

efficiency of pu1nping may be realized. Publications pointing to this 

unexpected phenomenon are now many. A recent paper by Zandi (1967) 

indicates that this phenomenon is observed when low concentrations of 

either fine coal, fine charcoal, or fine ash is added to the flowing 

water, however, this effect cannot be predicted quantitatively in the 

present state of knowledge. 

When the solid-liquid system is such that because of the 

combination of concentration, particle size and mean velocity the flow 
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is still homogeneous but not of the type of decreasing head loss and 

when the slurry does not exhibit strong non-Newtonian characteristics, 

the energy loss can be computed with the following formula which is due 

to Newitt (1955): 

4> = s - 1 (1. 2) 

where 

4> = 
h m - hw 

(1. 3) 
h c w v 

h is the hydraulic gradient due to the slurry in feet of water per
m 

foot of pipe, h is the hydraulic gradient due to pure wa.ter, s is the
' w 

specific gravity of solids and C is the volumetric concentration of 
v 

solids. 

It should be emphasized that there is no way to differentiate 

a priori between those suspensions which may exhibit pressure gradient 

suppressing action and those which would not. Those homogeneous 

suspensions which exhibit non-Newtonian behaviour will not be considered 

further here. 

1.3.2 HETEROGENEOUS FLOW REGIME 

This type of flow occurs when the concentration of solids varies 

from a minimum at the top of the pipe to a maximum at the bottom due to 

the tendency of the particles to settle at a velocity proportional to 

their fall velocity, or in other words, there is a concentration 

distribution across the pipe cross-section. It is, however, important 
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to note that as defined by most of the investigators in this regime 

there is no deposit on the bottom of the pipe and the particles do not 

interact chemically with the conveying fluid. Examples of heterogeneous 

flow can be found in the transport of sand (Bennington, 1958), nickel 

(Round, 1963), coal (Durand, 1954). This non-depositing flow regime 

has wide application in industry. Therefore, it has been the subject 

of many experimental, theoretical and review studies. Despite all these 

investigations, however, the main useful body of available knowledge is 

still empirical and in many aspects not internally consistent. The 

theoretical work, because of the complexity of the phenomenon, has been 

mainly directed toward very dilute suspensions, which are not of great 

industrial significance. On the other hand, the flow of concentrated 

suspensions, which is of industrial significance, is treated experiment­

ally for the most part, and mainly aimed at deveJoping some kind of 

correlation for the prediction of pressure gradients. Ir. addition, most 

available data are for slurries consisting of uniform particles. Figure 

1.1 shows a typical variation of pressure gradient with velocity when 

the concentration of solids is constant. From this figure it is apparent 

that as the mean velocity decreases, the head loss of the suspension 

decreases and then increases, passing through a minimum point. Through 

observation it is established that this minimum coincides with the 

appearance of a bed load on the bottom of the pipe indicating a change 

of the regime from heterogeneous to saltation. The velocity associated 

with the minimum point is defined as critical velocity or minimum 

deposit velocity. 
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Many attempts have been made to develop a relationship for the 

prediction of the head loss when the velocity is above the critical 

point. In general, the investigators have assumed that the pressure 

gradient required to maintain the flow of a slurry is composed of two 

parts. First, the pressure gradient required to maintain turbulent flow 

of conveying liquid, and second, the pressure gradient required to keep 

particles in suspension. Consequently the total p~ess. gradient is: 

h h + h (1.4)m w s 

where h is the p~ess. gradient for suspension, h is the head loss for 
rn w 

pure water flowing with the average velocity of suspension, and h is 
s 

the excessive amount of energy loss as a result 0f suspended mattAr~; 

all in feet of water per foot of pipe. 

Several equations have been proposed to correlate pressure 

gradients in the heterogeneous regime. By far the most extensive 

experimental work has been carried-out in France by Durand (1952, 1953) 

and his co-workers. They used particles up to 1 inch in diameter in 

concentrations up to 22% by volume in horizontal and vertical pipes 

varying in diameter from l~ to 22 inches. They found that all their 

results could be correlated with reasonable accuracy by the formula, 

1.5h - h g D(s-1) w m w 
= e

1 
[---- x . J (1.5) 

c h u2 Jg d(s-1)
v w 

where U is the mean velocity of the mixture, C is the volumetric v 

concentration of solids, s is the specific gravity of solids, w is the 
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14· 


terminal falling velocity of a particle, g is the acceleration due to 

gravity, d is the diameter of the particle, D is the pipe diameter and 

e is a constant evaluated by experiments. The value of this constant 

reported by Durand, op. cit., in his original paper fo 121. However, 

values of e = 60, 120, 150, 180 and 380 have been reported in the
1 

literature. With a little algebra equation (1.4) can be expressed in 

terms of friction factors, 

u2 
h = (£+ "1) (I. 6)

m 2g0 

where f is the friction factor of pure water and 

,,0.75 1.5 
r~ '·' ..., + c (I )'.: -'·::~.~~.:..L r.....:~-)x _, t I . l)"l' v -1 1.5 ' F Jgdr 

and F is the Froude Number defined as 
r 

u2 
F = (1. 8)
r gD 

Charles (1969) indicated that Durand's equation tends to under­

estimate the hydraulic gradient due to slurry h in the homogeneous flow rn 

regime. In a plot of the parameter ij versus U or the Froude Number, in 

double logarithmic paper for a given value of e and s, for both1 

equations (1.5) and (1.2), the line representing equation (1.5) has a 

negative slope, while the line representing equation (1.2) is horizontal 

with the value of ~ directly dcpendcint on s. The intersection of 
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equations (1.2) and 1.5) sugg?st that there is a sudden transition 

from a regime in which equation (1.5) applies to one in which equation 

(1.2) applies. In fact, this sharp transition is physically unrealistic 

and is not supported by experimcnta 1 data. · (See figure 1.13 or 1.14) 

According to Charles, op. cit., a much improved relationship is 

obtained by combining equations (1.2) and (1.5) to give, 

h - h gD (s-1) w 1.5 

_m__w_ = e2 [ 2 'X J + (s-1) (1. 9) 

c h u /gd(s-1)v w 

and thereby providing for a smooth relationship between ~ and U 

throughout the heterogeneous and homogeneous regimes. Charles, op. cit., 

has summarized about 500 individual tests in this way and has also 

indic~tcd that cqi..1ati0n (I .~J) snot~1d De 

25% by volume. Equation (1.9) is known as the Charles equation while 

equation (1.6) is known as the Durand-Condolios equation. e2 should 

be identical to e according to the original paper of Charles.
1 

Newitt et.al. (1955) using an energy approach developed th~ 

following expression to describe the head loss for heterogeneous flow, 

h - h m w w ---= (s-l)gD x U (1.10) 
c h 

63 3 
v w 

where 6 is a constant evaluated by experiments. Newitt, op. cit.,
3 

conducted tests with sediment diameters ranging from 0.005 to 0.235 

inches and ·sediment concentrations ranging from 2% to 35% by volume, 

specific gravity of solids ranging from 1.18 to 4.60, but all his 
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experiments were carried out in a 1 inch diameter pipe. The value of 

e3 reported by Newitt, op. cit., is 1100~ It should be noted that both 

equation (1.10) and Durand's equation (1.6) indicate that the parameter 

¢, as defined in equation (1.3), is inversely proportional to. the cube 

of the mean velocity U. \'Jit~ a little algebra, equation (1.10) can be 

expressed in terms of friction factors, 

h (1.11)m 

where 

1 5 w
A.., = f c__ e~ (s-1) (F_J- · x (l. 12)"'..J v J J_ ~v 

Kriegel and Brauer (1966) have studied theoretically and 

experimentally the hydraulic transport of solids in horizontal pipes 

for some suspensions of coke, coal and ore granulates. They used particles 

from 0 .115 to 1.67 mm in diameter in concentrations up to 42g.; by volume, 

and specific gravity of solids ranging from 1.38 to 4.62. This 

investigation was especially concerned with the conveying mechanism 

in the turbulent fluid. By means of a semi-theoretical model for the 

turbulent mixing of mass the friction factor caused by mixing of materials 

could be derived and was experimentally confirmed up to volumetric 

concentrations of 25%. 

u2
\n = (f + >~!~) (1.13) 

2gD 
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where 

3 1/3 -4/3 

>- = e c (s-1) (~) (F ) (1.14)4 4 v gv r 

' 
v is the kinematic viscosity of the carrier fluid and all other symbols 

have the same meaning as explained before. The value of e reported by
4 

Kriegel and Brauer, op. cit., is 0.282 and the settling velocity w should 

be multiplied by a form factor, which depend on particle size and kind 

of material, whose value ranges from 0.5 up to 1.0. For concentrations 

higher than 25% by volume, equation (1.14) was extended empirically. 

According to Kriegel and Brauer equation (l .llJ..) would be also valid for 

multi-particle size suspensions if a mean diameter of the grains is 

used. The effect of kinematic viscosity was not checkeri since all 

experiments were carried out with clear water as ca~rier fluid, 

Ayukawa and Ochi (1968) derived a formula for the pressure drop 

in a flow with a sliding bed of particles through a horizontal straight 

pipe by equating the dissipation of energy of solid particles caused 

by sliding on a pipe wall to ciie work done by the additional pressure 

drop due to the conveying of solid particles. However, the range of 

velocities covered by these investigators indicates clearly that this 

equation should be valid for the entire heterogeneous regime, not only 

for velocities near the limit deposit velocity. The total pressure 

drop is expressed as 

h (1.15) 
m 
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where AS is the additional friction factor caused by mixing of materials, 

which is given by 

2.0g (s-1) DC 
v 

(1.16)
2 w 

where e5 represents a coefficient of friction due to a friction between 

a pipe wall and particles, which could eventually be determined using a 

plate of the same quality as the pipe. n is the modification factor 

which is determined as a function of parameters obtained from the 

similarity conditions for particle motions and is a compensating factor 

to the effect of the existence of floating parts of solid particles 

caused by their complicated motions. According to the experiments 

carried uut by Ayukawa, op. cit., this mcdific~tio~ factor}~ givP.n by: 

(1. 17) 

where Fd is a modified version of the particle Froude Number defined as, 

(1. 18) 


The critical velocity U or the limit deposit velocity for solid 
c 

liquid-mixture is the velocity below which solid particles settle out 

and form a stationary bed (not a sliding bed). It is important to note 

that some authors appear to be confused with this definition and indicate 

that the limit deposit velocity is ;hat at which solids begin to settle 

to the bottom of the pipe forming a moving bed. However, Durand (1952), 
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Carstens (1969) and most other authors consider that this velocity is that 

at which the solids form a stationary bed, and they hydraulic gradient 

due to slurry can be fairly well correlated by any of the equations 

indicated in this section at velocities greater than the limit deposit 

velocity. From the practical point of view, this velocity is not 

precisely defined and usually corresponds to a "region" whose boundaries 

can be determined experimentally. 

There have been many attempts to present a generalized correlation 

of limit deposit velocities. Perhaps the best known is that due to 

Durand (1952), which can be expressed as follows: 

Uc= FL j 2.0 gD(s-1) (1. 19) 

where FL is a function of particle size and slurry concentration. 

Spells (1955) determined the following relationship from literature data; 

D
0.816 C (s-1) 0.633 

U = 0.075 [(s-l)gd] [l + v J (1.20)
c 

µ 

where ii is the viscosity of the fluid. Recently, Charles (1970) 

recommended the following expression as an estimate of critical velocity, 

4 • 8 0 C v 
1/3

j gD (s -1) 
u = (1.21)

c C l/4[C (s-1) + 1]1/3
D v 

where c is the drag coefficient for the largest particle present.
0 

Finally, the simplest relationship is the one proposed by Newitt (1955), 
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u = 17 w (1.22)c 

Unfortunately, this equation has not been verified extensively. 

1. 3. 3 STATIONARY BED WITH SALTATION 

Generally, head losses in transportation pipelines with a 

stationary bed are greater than those associated with the limit depost 

velocity. The scatter of data in this regime is considerable. According 

to Condolios and Chapus (1963) Durand's equation can predict the head 

loss in this regime if D is replaced by the hydraulic diameter. This 

equation appears to be the most suitable one but it could be used only 

as a guideline. Since in all applications under steady state flow 

conditions the systems are designed to prevent occurrence of this regime, 

this topic is outside the scope of this thesis and will not be discussed 

further here. 
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1.4 THE DISCRI\fINATION OF MODELS A:ND THE DESIGN OF EXPERIMENTS 

The most important problem in designing a hydraulic haulage system 

to transport solid materials is the prediction of the head loss and 

subsequent power consumption. For settling slurries, heterogeneous flow 

is the most important mode of solid conveying because it is always the 

most economical regime in which to operate, i.e., it gives the maximum 

amount of solid transported per unit energy expended. The models 

introduced in the previous section of this thesis, represent the most 

widely used to correlate pressure gradients in the heterogeneous regime, 

but there are many others such as the ones proposed by Wilson (1942), 

Worster (1954), Wayment (1962), Toda (1969), etc. However, the scatter 

between the predictions of the models is well known and indeed was so 

from the very beginning. lhis fact has not been uverluukeJ Ly ~ost of 

the previous authors. Now the obvious question is: how should a 

researcher who has to analyse many alternatives, determine beforehand 

the "best" model for a determined system? The question has no answer, 

a priori. The solution can be found only using an adequate strategy 

for efficient experimentation, with special emphasis on the analysis 

of those levels of the independent variables which show up differences 

between the models. On the other hand, it should be noted that for a 

given model the agreement between the values of the coefficients 

determined experimentally and those given by that model, does not 

necessarily mean that it is the best functional model. The mechanism 

for determining the "best" model requires a sequential discrimination 

between rival models. For these and other reasons, the author of this 
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thesis has been strongly urged to perform a statistical design of 

experiments. The Bayesian Approach has been selected for the discrim­

ination of models because of its proved capability. The Roth Criterion 

was chosen for the optimal selection of experimental coordinates to 

improve ulterior discrimination by Bayesian Analysis. A lucid description 

of these techniques is given by Reilly (1970) and only a brief summary 

is presented here. The models to be discriminated are presented in 

Figure 1. S 

The Bayesian Approach 

The models can be represented in the form 

i = 1,2 i observations (1.23) 

k = 1.2 k models 

j = 1. 2 j parameters 

where y. is the response or the value of the dependent variable at 
1 

the ith measurement, x. is the vector of the independent variables at 
1 

the i th trial, 8 j is the vector of the parameters for model k, ei is 

t he error associate w1t1 t1e i measurement, an k . , x. represen s· d · I I . th d f (e ) t 
-k 1 

the "true" value of the dependent variable at 8. and x..
J 1 

It is possible to linearize around a. for the k-th model (Box et.al.,
-J 

1967) as follows: 

(1. 24) 
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where a. is a prior estimate of 0,, the vector of the unknown parameters,
J -.!.{ 

. h . th .and ~ lS a vector w ose l element lS 

(1.25) 

X is a matrix defined as 

x. )l . 
-1 ~1 

J

(1. 26) 


()k;:a. 

. J 

and e· is the error vector, assumed to have the multivariate normal 

2distribution with mean 0 and covariance matrix ~ = Ia , where 0 and I 

are the null and identity matrices respectively. The application of 

Bayes theorem requires however some prior information, such as the 

2estimated variance of the experimental errors CJ , the parameters 

covariance matrix U. considering the possible range of the parameter
-J 

values reported in the literature and, also, an initial estimate of the 

parameters. The initial model probability could be taken as l/k, where 

E Pr(Mk) = 1, showing no initial preference for any model. 

Bayes' Theorem states: 

{Posterior model probability} a {Prior model probability} x Df(!:!/Mk) 
I 

or (I. 27) 

where Pr(~\) .is the known prior probability of model k and Df(!:/Mk) 

is the likelihood density function for µ given the model k, which can 

be evaluated as follows: 
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1 
exp(--}/ [vc_vJ-l µ) (1. 28) 

where n is the number of experimental points and v(..b!) is the covariance 

matrix given by 

= x. u. x: + v (1. 29)
-J -J -J 

Note that the superscript T indicates the transpose of X. and Iv(µ) I 
-.J ­

is the determinant of v (!;!). The posterior model probability is then 

calculated with equation (1. 27). 

After the initial set of ex~eriments, the known posterior model 

prooabi li ties become the pr.iu1· model prouabili ties for the next 

experiment. Also, the posterior parameter distribution becomes the 

prior parameter distribution for the next run. The posterior estimate 

of e. is given by
-J 

T -1 1 1 T -l -1(X. V X. + U.- )- (X. V X. B. + U. a.) (1. 30)
-J -J -J -J -J -J -J -J 

where B. is the least squares estimate of e. and a. is the prior estimate 
J J J 

of e.. Similarly
J 

(XT. -1 -1 -1 (1. 31)v x. + u. )
-J -J J 

becomes the new prior estimate of U.. The sequential application of
-J 

these equations allow to determine posterior model probabilities and 

to compute new estimates of the parameters. 
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The Roth Criterion 

After the initial set of experiments the problem is how to select 

the new set of experimental conditions, i.e., the values of the 

independent va1·iables, to achieve maximum discrimination. This objective 

can be attained using the Roth Criterion (Roth, 1965), which gives a 

weighted average of the total separation among the models, the weights 

being the.Bayesian posterior model probabilities. That is, once the 

point de:fined by the independent variables (x , x ) is chosen, the 
1 2

amount of separation Z is computed as follows: 

k 
Z (x

1
, x2) ::: L Pr(~) ck (1. 32) 

1 

k 
I

ITck = Iy. ex) - yk (~
J ­j=l 


j#k 


where Y. (x) and yk(x) are the predicted responses of model j and k 
J - ­

under the experimental conditions (x , x ) using the current best
1 2

least squares estimates of the parameters. A grid search is defined 

for which sets of (x , x ) are taken and the corresponding Z values
1 2

are calculated. The set (x , x ) that defines a maximum value for
1 2

Z(x , x ) is selected as the new experimental condition for the next
1 2

run. 

For the present case the two independent variabels are 

obviously the volumetric concentration of solids and the mean velocity 

of the mixture. 
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1.5 EXPERIMENTAL 

1. 5 .1 APPARATIJS 

A schematic diagram of the actual experimental apparatus is 

presented in Figure 1.3. 

The fluid was circulated from the reservoir R through the pipe­

line system, and then back to the reservoir by a rotary, positive 

displacement, Moyno pump type CDR, serial S-56275, equipped with a 

Lovejoy #3225 variable speed Pulley Drive, with a speed range from 

227 to 687 r.p.m. The pump capacity vs. 75 PSI is 50 USGPM (min.) and 

150 USGPM (max.). A Brooks Mag Electromagnetic flowmeter model 7300 

was used to measure the flow rate. It consists of two basic and 

separate components; a flowhead which develops an electri1.:al signal 

proportional to flow rate, and a signal converter which amplifies and 

converts the ac output signal into a de signal. This de signal is 

used to drive a meter on the signal converter that indicates percent 

of maximum flow. Also, this signal is used with a recorder for 

registering the instantaneous mean flow. The flow rate was doubly 

checked for the experiments with slurries by counting the revolutions 

of the pump wheel with a Strobocat stroboscope type 631081, serial 29213. 

Calibration charts are presented in appendix 1.10.2 

The pipeline system consists of a 80 foot loop of 2 inch internal 

diameter steel pipe. The U section with a radius of curvature 1.33 feet 

is, however, only l~ inch diameter in order to prevent the partial 

blockage of the system. The test section was situated in the upper part 

of the loop and for the investigation with slurries it was 20 feet long 
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but for the experiments with clear water it was 31.66 feet long. The 

instantaneous pressure drop in the test section was measured with a 

Pace Transducer model P7D. This transducer operates with a Pace 

Carrier-Demodulator model CDlO whose output signal is registered by 

the reco:rder. The recorder is a Rikadenk.i mode 1 B-241 with two 

independent input and pen systems and was used for regis·tering simultan­

eously the flow rate and the pressure drop in the test section. This re­

corder uses the principle of a null balancing servo potentiometer and the 

limit of error is less than± O.J %of full scale. The pen speed is 1 sec. 

travel full scale and the chart speed used in the experiments was 400 mm/ 

min. 

The reservoir (see Figure 1.3.a) is provided with a cooling jacket 

to keep a uniform slurry temperature. It also contains a sampling system 

for determining the delivered volumetric concentration of solids of the 

upper section of the loop (test-section). This is done by rotating an 

adjustable section of the pipeline in such a manner that a sample of the 

flowing mixture is collected in a calibrated vessel through a connecting 

line fixed to the reservoir. Two high-power stirrers were located in 

the reservoir in order to maintain a uniform distribution of solids 

and to prevent the partial deposition of particles on the bottom at low 

flow rates. 

1.5.2 PROCEDURE 

The initial set of experiments under steady state flow conditions 

was carried out with tap water. The pressure drop in the test section 

was measured at different water velocities, from 7.0 ft./sec. up to 

15. 4 ft. /sec. The purpose of these initial experiments was to 

ascertain the reliability and accuracy of the pressure measuring 

equipment and consequently to establish a correlation between friction 
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factor and Reynolds number which represents the "true" behaviour of 

water flowing in the test section. The experimental data is presented 

in Table I.1. 

The second part of the experimental work was concerned with the 

pressure drop under steady flow conditions with hematite slurries of 

different volumetric concentrations at different flow rates. The 

slurries were prepared by adding a determined weight of hematite 

mineral to water circulating in the system and allowing it to circulate 

for approximately half and hour in order to achieve constant distribution 

of solids and constant temperature. Visual observations were made in a 

2 ft. long glass tube of 2 in. internal diameter, which formed part of 

the test section. This made it possible to determine whether solid 

particles were fully suspended or in the bed transport regime. When 

the system achieved stability, the pressure drop and the mean mixture 

velocity were both recorded using the electronic device mentioned in 

the previous section. Almost simultaneously, samples of slurry were 

collected in a calibrated vessel to determine the true delivered 

volumetric concentration of solids. The flow rate was doubly checked 

by counting the speed of the pump using a stroboscope. See table 1.12. 

The procedure indicated above was repeated for different flow 

rates with a constant overall concentration of solids in the system. 

When the complete range of velocities was covered, the total concentra­

tion of solids was increased by adding hematite to the system and the 

entire process repeated. 

The above experiments with slurries oermitted the determination 
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of the modes or regimes of transport for hematite-water mixtures at 

different experimental conditions. The limit deposit velocity was 

estimated for five different concentrations of solids. The plane of 

the independent variables U and Cv was divided in a rectangular grid 

pattern having equally spaced length. The range of velocities was 

limited to 10.5-16. ft./sec. to make certain that the design of 

experiments covers only the non-deposition transport regime. The 

range of concentrations was 0.-0.25 on a volumetric basis. The procedure 

in the Bayesian analysis was started-up using the subjective prior 

information that the probability of each of the proposed models was 

0.25. The initial parameter covariance matrix was estimated considering 

values of parameters reported in the literature. The variance associated 

wit.h experiment.ai errors was select.ed on t.he basis of previous measure­

ments. Four experimental points were chosen initially and the procedure 

for discrimination of models and design of experiments was started-up. 

The Roth criterion selected the vector of experimental conditions for 

the following run. The procedure indicated above was then repeated 

for 5 experimental points. The sequential procedure continued until 

one model probability reached a value that caused acceptance of the 

model by a logic criterion. 

http:select.ed
http:experiment.ai
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1.5.3 .Estimation of exneri~ental errors. 

The estimated errors of the principal variables or their uncer­

tainities area 

- Pipe diameter. The nominal diameter of the pipe is 2.0 inches. 

Taking into account the deviations from ~oundness, caliper error, 

etc. the uncertainity in the pipe diameter is about ! 0.04 inch, 

- Water density. The estimated uncertainty in the water temperature 

is + 6° F corresponding to a density variation of less than 0,2%. 

Lens-th of the test section :t 0.5 inch. 

- Frequency. The frequency Has cletermined simply by c.easuring the 

time required for ten oscillations. This reproduced to ~·rithin less 

. ,. . ~ ,-./
i:,nan .L. '10. 

- Amplitude + 0.25 inches. 

- Suspension trou3hput. Approximately 1. 02 ~~ (flow in U,S, Gallon 

per Ti!inute) • The determination of the pump speed using the stro­

be-light gives a reproduction to Hithin less than 1. ;'0. 

- PaTJticle settling velocity± 0.0113 feet/sec. 

- Del:tvered volur.tetric concentration of solids + 3 'fo. However, for 

very low concentration of solids, say 2-5 % by volume, the error 

could be considerably large. 

- Pressure drop. Replication of experiments indicated that pressure 

drop is reproduced within 0.018 feet of water/foot of p1pe (over 

the test section of 20 feot) usin.z· the electro:iic device mcntio­

ne<l in section 1. 5.1. This corresponds to an erYor of a.pproxima­

tely 5 %. The relationship bet\rnen the pressure drop and the .sienal 
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in the recorder chart was of the type 

y - (1. JJ. l) 

where y is the pressure drop in inches of mercury and.xis the 

readinG in recordinG units. This type of equation change~ slighly 

with the span and/or the dlaphrai'.,'Til of the transducer, however, in 

all cases aslight non-linearity was noted in this relationship. 
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1.6 DISCUSSION OF RESULTS 

Pressure drop with clear water 

Pressure drop was measured for different fluid velocities under 

steady-state conditions. The experimental data is nresented in table 1.1. 

The friction factor was calculated from the data of tab le 1.1 using the 

well-known Darcy-Weisbach equation, 

(1. 34) 

Friction factors and Reynolds numbers were fitted according to the 

Blasius model and the Prandtl model (Streeter, 1966) using a least 

squares technique. The estimated regression equations were: 

Blasius model 

3844f = 1.5233 (Re)- 0 · (1. 35) 

Prandtl model 

-
1 

= 4.021 log(Re jf) - 9.195 (1.36) . 

In table 1.2 are tabulated the set of friction factors calculated from 

equation I. 34 and those predicted by equations I. 35 and 1. 36 along with 

the residuals associated with these models, as well as the corresponding 
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Reynolds number. Figure 1.4 shows the experimental friction factor 

as a function of Reynolds number on double logarithmic paper. The 

scatter of the data points is consistent with the experimental accuracy 

of the individual determinations of £. A slight difference is observed 

between the numerical values of Prandtl and Blasius parameters given by 

standard references and those obtained with the present experimental 

data. However, this fact is not really significant because very similar 

responses are given by these models when using the present parameters 

or those given by the standard references. 

Particle Size Distribution and Settling Velocity of Hematite 

The mineral used in the experiments with slurries was hematite 

~~hose spe':ific gra\'it)' is S.17. From prc\.rious cxpcrimcnt3 it w·as noted 

that the effect of particle attrition, due to prolonged recirculation 

of the slurry, tended to proceed towards a quasi-equilibrium size 

distribution after a few hours of recirculation. The mineral used 

in the pressure drop studies had at least ten hours of recirculation 

and the results of the screen analysis of this material is presented 

in table 1.3. The cumulative particle size distribution curve is shown 

in figure 1.6. The characteristic particle shape is shown in figtire 1. 7 

and it can be appreciated that the solid particles are not nearly 

spherical. However, as is customary in this type of work, the "mean 

diameter" of particles found on any screen is expressed as a mean 

length between the openings in the screen above and that on which the 

particles rest. The "equivalent diameter" of the mixture was calculated 
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according to the Sauter mean diameter definition 

d = (1. 37) 

where W,· is the fraction by weight of particles with <liar.leter di, and 

d is the ~quivalent diameter 0£ t!·:~ :r.tixture, The terminal settling 

velocities in still water were measured in a five-foot-long, six inch· 

diameter, vertical glass tube, by timing the descent of particles 

selected at random from each screen. These results are presented 

in table 1.4. On figure 1. 8 the terminal settling velocity has been 

plotted against the mean diameter on double logarithmic scale. The 

,...i., ..... _,.,. t"".c +-l-."' ......... .,....Pl"'\ ~ r- c-..;"""..; ,,...._ .,.._ +h .... + --'= C"'~'hn ..... n.c- ,..,+ c-.;,..,,...;1 .... -,.-. ...t; ..... .,,~+,.,....,...~ 

..J••-t'~ .................... --.L. .......... _. ~-··· ..... -- .............. -· ... -- -- ........ ---···------ ·---·
-r· .. -.Jlo -- ---···­

This cu;~ve has been taken from Perry (1969). The functional relationship 

between settling velocity and mean diameter was determined using the 

IBM Share-Program SDJ094 for non-linear least squares curve fitting, 

It was :found that data is represented well by the equation 

w == 0.0552 (1.38) 

where w is the settling velocity in feet/sec and d is the mean particle 

diameter in inches, This equation can be used for hematite particles 

within the range 0,002-0.06 inches with an standard deviation of 0.0113. 

http:0,002-0.06
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FIG. 1. 7 photograph of hematite particles. Courtesy 
:of Dr. K. Chan, McMaster University. 



Delivered Concentration of Solids 

The delivered volumetric concentration of solids C 1 defined 
v 

as the ratio of volume of solids to the volume of slurry, was determining 

by weighing the collected samples of slurry in a calibrated vessel. It 

was noted that the delivered .concentration of solids was a function of 

mixture velocity and it was not equal to the overall concentration of 

solids in the mixture loaded into the system. While the difference 

is quite small at high flow rates, it is appreciable at low flow rates 

especially those below the limit deposit velocity, at which a substantial 

portion of the solids is held-up in the pipe and particularly in the 

reservoir. This aspect can be observed on figure 1.9, where the delivered 

volumetric concentration of solids has been plotted against the average 

velocity of the mixture. There is a systematic decrease in C as the 
v 

average mixture velocity decreases, especially when the total 

concentration of solids in the system is higher than 10%. However, the 

error in the determination of C is relatively high when the mean 
v 

velocity is in the neighborhood of the limit deposit velocity, mainly 

due to the unstable characteristics of the flow pattern in this region. 

Pressure Drop with Slurries 

Three flow patterns were observed for the flow of hematite-water 

mixtures in the range 5.0-16.0 ft./sec. 

(a) 	 Continuous and discontinuous stationary bed with saltation. 

(b) 	 Intermediate flow regime. 

(c) 	 Non-depositing transport regime or heterogeneous flow 

regime. 
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These fJow regimes are indicated in figure 1.10, where the hydraulic 

gradient due to slurry h (feet of water per foot of pipe) is plottedm 

versus the mean mixture velocity U (the total rate of discharge per 

cross-sectional area of the pipe, ft./sec.) on linear paper. The 

points indicated on this figure are, of course, experimental values and 

the coo:rdinates of most of these are presented in tables 1.5. The 

clear-water-line has been also included on figure 1.10 for reference. 

The lines of constant delivered concentration (figure 1.10) h~e been 

drawn as the better representations of the experimental coordinates 

and consequently do not represent the responses of any specific model. 

The tendency of these curves is similar to those given by most of the 

authors in the sense that for a given concentration of solids, as the 

mean mixture velocity decreases from a rather high value, first the 

hydraulic gradient decreases and then increases, passing through a 

minimum point. At high velocities the hydraulic gradient lines are 

approximately parallel to the clear-water-line and the deviation from 

the slope of this curve increases with concentration. The heterogeneous 

flow regime is characterized by the full suspension of the particles 

and it occurs at any velocity greater than 10.5 ft./sec. when the 

concentration of solids is not greater than 25% by volume. 

The transition flow regime is characterized by the tendency for 

bed formation and the flow in this zone is unstable mainly due to 

incipient formation of a stationary bed. When deposition of particles 

occurs there· is a reduction in the free area available for flow, and 

the velocity in the free area is therefore greater than the apparent 
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mean velocity; consequently, the shear forces exerted by the flowing 

water are greater than the frictional forces at the pipe wall and the 

bed slides along the bottom of the pipe. Associated with this unstable 

regime is the limit deposit velocity or the critical velocity U . As 
c 

a consequence of this, the pressure behaves erratically and data is 

not reliable. The velocity U does not correspond to a unique number,c 

it is essentially a "region" whose boundaries can eventually be 

determined experimentally. In the present case, the limit deposit 

velocity shows a sensitivity to the volumetric concentration of solids, 

which is not always the case. For example, Round (1963) in his study 

on nickel (specific gravity 8.9) slurries observed no dependency 

between U and C . 
c v 

Several correlations have been proposed to determine the limit 

deposit velocity and some of these models were discussed in section 1.3.2. 

Figure 1.11 represents the critical Froude number versus the volumetric 

concentration of solids on double logarithmic scale, on which the 

predicted values of U due to different models are presented along with 
c 

the estimated experimental values of U . The scatter among the different 
c 

responses is very great indeed; however, all models with exception of 

the one proposed by Newitt show a dependency of the limit deposit 

velocity with the concentration of solids. Durand's equation appears 

to correlate best the experimental data, even if the shape of the curve 

predicted by Charles' model seems to be very similar to the one 

projected by the experimental data. About this, Charles (1970) recom­

mended using his correlation considering the drag coefficient of the 
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largest particle present. In the present case, a mean diameter of 0.05 

inches with an equivalent drag coefficient 0.55 was considered in 

using equation 1.21, but it seems better to use the drag coefficient 

of a particle with the equivalent diameter of the mixture rather than 

the original proposal. The equation proposed by Spells, which considers 

most of the characteristics of the system, including the viscosity of 

the carrier fluid, predicts values of U considerably in error, and no 
c 

definite reason for this effect can be advanced. Aside from the 

possibility of differences in the experimental data used to develop 

these empirical correlations, the wide deviations in their predictions 

suggest that the correlations themselves are in error. At the present 

time no comprehensive theory of the limiting deposit condition, in 

circular pipes, exists. Shen (1970) has developed an interesting 

approach, using the Shield's criterion for incipient sediment motion, 

which is only valid for rectangular closed conduit turbulent flow. 

There is no consistent data on hematite-water slurries published 

in the literature, with exception of some incomplete information given 

by Castro (1963). He determined the pressure gradients for slurries 

only 57% by weight of hematite and concluded that Durand-Condolios 

equation correlated the data well if the value of the constant is taken 

as 120. No attempt was made to determine the general characteristic of 

the system over a whole range of concentration. Some results on iron 

ore have been reported hy Watanabe (1958), Thomas (1961), Sinclair (1960) 

and Linford (1969). However, the physical and chemical properties of 

the solids studied are entirely different from author to author, 

consequently the present data cannot be compared with the information 
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already published. 

Discrimination of Models 

The purpose of this work was to determine in a scientific manner 

the best correlation for the heterogeneous flow of hematite-water 

slurries, as well as to obtain the best estimation of the parameters 

of each model. The regions of maximum separation between models and 

experimental data have been determined along with a critical discussion 

of the alternatives available at different levels of concentration and 

mixture velocity. 

The entire process of sequential discrimination of models with 

design of experiments was performed using a computer program (see 

Appendix 1.1) written in single precision Fortran IV language. The 

process is summarized as follows: 

1. 	 Four experimental points were chosen initially. These are 

indicated in table 1.5 from sequence 1 to 4 and they 

represent the wide spectrum of possibilities for the 

heterogeneous flow regime, i.e., low and high concentrations 

along with maximum and minimum velocities permitted by 

the constraints of this flow regime. Also, the initial 

probability for each of the 4 models was taken as 0.25, 

showing no specific preference for any model. The parameter 

covariance matrix was selected considering values of the 

parameters reported in the literature. The variance of 

the experimental errors was evaluated on the basis of 

previous experiments. 
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2. 	 A first estimation of the parameters is carried out using 

a least squares technique. Subroutine LEASQ repeats this 

operation for each model, considering initially only the 

4 experimental points. 

3. 	 The Bayesian Analysis procedure is started. Subroutine 

Bayes computes the posterior model probabilities and 

the maximum likelihood estimates of the parameters. 

However, it should be noted that for the first iteration, 

in which 4 points are being considered, the values of the 

maximum likelihood estimates are identical to the least 

squares values as a condition jm~osed hy thP techpj~u~. 

Also, the parameters covariance matrix is updated for the 

next iteration. 

4. 	 The new set of experimental conditions, i.e., the values of 

the valumetric concentration of solids and the mean 

velocity of the mixture, is determined by Subroutine Roth. 

The process was then repeated at step 2 with 5 experimental points. The 

sequential procedure was continued until sequence 16, where the 

probability of Ayukawa-Ochi model reached the value 70~. The posterior 

model probabilities for each sequence are presented in table 1.17 and 

figure 1.12 is a graphical representation of this data. It is important 

to note that the Roth Criterion gave always the coordinates of experimen­

tal conditions at the maximum value of. concentration (25 ~ by volume) and 

at the minimum or the maximum velo~ity impossed by the boundaries of this 

flow regime. However, it was not always possible to run an experiment at 
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the conditions indicated by the Hoth Criterion, and the nearest exrJeriment...\l 

condition::; were, taken (for some of the cases) from experimental da.ta. that had 

been previously collected when the boundaries and the general operation curves 

of this regime were determined. This fact is fcequently encountered in the 

practical design of experiments but the final result is not altered, only a few 

more iterations are necessary. The design of oxperir.ients ·was terminated at se­

quence 16 because of the evidence that one of the models (Ayukawa-Ochi) gave 

the best correlation of the data. This fact can be readily appreciated by figu­

re 1.12 where the tendency of the probability curve for model 1 is steadily in­

creasing and significantly better than thb curves of other models. Figure 1.12.a 

shows the posterior probabilities of Ayy.kawa-Ochli model for different values of 

the error variance, Asdexpected, when the error variance increases the ponterlor 

proo1bilities decrease. However, the initial estimate of the error variance appears 

to be correct: the ratio of the error variance to the residual variance (for Ay)fl­

"~,_ .... ,.... "'-'-·' ._...,,..:i_,\ .•>'Jo ..., ________ ,1_....,.1..~,--., J, fll'..-- ,.....,,. ___ ~ ............... ..a.~1 ...... ,...t-+- ..1-..:i..;"!:'li..J.~~ )...,..,:p ~n __ 
.l.~-,,~VV-J.J..J. Jl\V......_~...L./ J.:J1 -};'!"'.J-V.,,'-..t..l••-"''-'~J ...... •• .&.. .. ,...., -•·,.t;'- ..... ..-•1•-••--- .t" ..... .- .... -- _ .... -.---·--- '-tJ _.._. 

quence l'i' to 27w2re rar:idomly chosen (not considered in the design of experiments) 

and they are representative of those level of concentration not considered of sig­

nificant importance in the general desivi of experiments. See table 1.5. 

The equation proposed by Ayukawa-Ochi correlates the experimen.tal 

data well and for high concentrations of solid and low velocities it 

can predict the hydraulic gradient.with an error no greater than 6% 

(using the parameters here estimated) while Durand's equation predicts 

the data with an error no lower than 10°& for these conditions. The 

region around 13 ft./sec. is correlated well by any of the models 

with exception of the one proposed by Charles. The separation in the 

responses of the models increases again when velocity is high, 15-16 

ft./scc. This fact points out the importance of the design of 

experiments because if measurements had been carried out over equally 

spaced intervals, including high and low levels of concentrations, the 

result would have been si~nificantly different. 



The coefficient ijl has been plotted versus the Froude number in 

figure 1.13, using a double logarithmic scale. The responses of different 

models a.re also shown, with exception of the one due to Kriegel and 

Brauer in order to reduce congestion. Experimental points tend to be 

ordered in two straight lines, one following the other, with a slight 

inflexion.point around¢= s-1 = 4.17. The model proposed by Ayukawa-

Ochi gives a dependency of ¢ on the Froude number and the friction factor. 

the same for Kriege 1 and Brauer, while Durand's mode 1 does not consider · 

the effect of change of the friction factor with the velocity. For 

these reasons, Durand's model gives a straight line on this plane and 

consequently _cannot fit those points at high velocities. The response 

of ll1t: Ayukawa-Clchi rnotlt:l., aJJu i..11t: :::.aJl1t: ~or i(r.it:gt:l-u.taut:i, is :>lightly 

curved, with slope directly dependent on the value of the friction factor 

for clear water at a given Froude number. However, the effect of the 

friction factor may not be significant for large pipes, when the 

Reynolds number is large and the friction factor is practically constant. 

Figure 1.13 also indicates that differences in the responses between 

Ayukawa-Ochi and Durand equations are significant at high or low Froude 

numbers, while at intermediate flow rates, say 13 ft./sec., both models 

correlates the data well. Since the presentation of data on the ¢-F r 

plane is presented here for first time, it is not possible to make compar­

isons with other references. 

The equations due to Durand and ~harles are always 

represented on the¢-~ plane (figure 1.14). Durand's equation appears to 

fit the experimental data better on the ¢-$ plane than in the ¢-F one,. r 
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This has been noted by Babcock (1970), who has shown, using Durand's 

original data, how the experimental data .looks when it is plotted in 

different coordinate systems. However, the ¢-Fr plane is completely 

general while the ¢-ijl one is only valid for Durand or Durand-Charles 

equations. From figure 1.13 it would seem that the Durand-Charles 

model iri no way represents the experimental data. Charles (1970) 

indicated that the intersection of Durand's equation and equation 1.2 

suggests that there is a sudden transition from a regime in which 

Durand's equation applies to one in which equation 1.2 applies. He 

also pointed-out that this sharp transition is physically unrealistic 

and is not supported by experimental data. However, this statement 

0£ Pi:-n+-ec:sor Charles does not appear entirely correct. Indeed, the 

. " n,data presentedby Round (1963 J, Newitt. c·----i~;,;,J, 1~u:ca. uJ.a • .. c .. 'I. r1nn'}'1
\.&.Jv-.1, 

Durand (1952), Babcock (1970), Hayden (1970) etc., do not show the 

tendency indicated by Charles. On the other hand, some data (Babcock, 

1970) indicates that when specific gravity of particles is not large, 

say 2, then the systems app.ear to behave as stated by Charles. 

Positively, the modification of Durand's equation proposed by Charles 

is not a good alternative for the present data. 

The fact that the Ayukawa-Ochi equation does not fit the lower 

concentration data as well as it does the higher concentration data 

could be interpreted in the following manner: the parameter in this 

model represents the friction factor due to a friction between particles 

and the pipe wall; it is correct to assume that this effect of friction 

becomes significant when the volume occupied by particles also becomes 
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large, i.e., when concentration of solids is large and/or the velocity 

of the mixture is low. 

Durand's equation has been widely used since it was proposed 

in 1952 and apparently the most representative value of its parameter 

is 121. The Ayukawa-Ochi Tiodel, proposed in 1968, has been used only 

by its authors and its parameter depends directly on the kind of pipe 

and material to be transported. However, this equation takes into 

account the factors that govern the mechanism of transport in a more 

detailed form. ~~ile Durand's equation is valid at any velocity greater 

than the limit deposit velocity, the Ayukawa-Ochi model does not 

predict the pressure gradient at high velocities well, as indicated by 

U ~ 2 . 9 JgD (s -1) (1. 39) 

For the present system this velocity is approximately 14 ft./sec. but 

the correlation was extended up to 15.5 ft./sec. without detriment 

to the model. However, this fact is not important because from the 

practical point of view it would not be economic to transport hematite 

at 14 ft./sec. 

The equation proposed by Kriegel-Brauer represents a good 

alternative when its parameter is fitted by experimental data, otherwise 

it is advisable to use Durand's equation. 
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1.7 	 CONCLUSIONS 

The studies on the turbulent flow of hematite-water suspensions 

indicated that this mixture behaves as "settling slurries". 

The hematite mineral can be slurried and conveyed in a 2 inch­

diameter and horizontal duct. Three flow regimes were observed: 

(a) 	 stationary bed with saltation at velocities below 7.0 ft./sec., 

depending on concentration of solids. 

(b) 	 intermediate flow regime with unstable tendency of bed 

formation. (7. - 10. ft./sec.) 

(c) 	 heterogeneous flow regime with full suspension of particles 

at velocities greater than 10.S ft./sec. when the-

delivered concentration of solids is lower than 25% by 

volume. 

The limit deposit velocity shows dependency on the delivered 

concentration of solids. 

A sequential discrimination of model using the Bayesian Approach 

and a design of experiments using the Roth Criterion indicated that 

the best model to correlate hydraulic gradients for these suspensions 

in the heterogeneous flow regime is the one proposed by Ayukawa-Ochi 

(1968). These experiments also showed that the difference between 

experimental and predicted data increase with the increasing concentra­

tion of solids and are significant at velocities near the limit deposit 

velocity. 
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i. 9 snrnor.s. 

A Posterior mean estimate of Q. 

B Least square estimate of parameter Q. 

CD Drag coefficient. 

Cv Delivered volumetric concentration of solids. 

d Particle diameter 

D Pipe diameter, 

Df likelihood density function. 

f Friction factor. 

Fr Froude Number. 

g Acceleration of gravit~. 

~ Hydraulic gradient due to suspension, 

!\, Hydraulic gradient for clear water. 

rte neynol.UB Hwnber. 

s specific gravity. 

Pr Probability. 

U Mean velocity. 

Uc Limit deposit velocity. 

Uj Covariance parameter matrix, 

w particle settling velocity. 

v Kinematic viscosity. 

x Independent variable, 

X differential matrix, 

y Dependent variable. 

Z Aux.iliar variable (Roth Criterion). 
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Prior estimate of parameter G. 


Difference between experimental and predicted value of
f the dependent variable. 

cr ~ Variance. 

? Density of clear water. 

(...) Fraction by weight. 

9 Parameter to be determined by experiments. 
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TABLE 1.1 


EXP~RIMENTAL DATA UNDER STEADY STATE CONDITIONS, 

FLOW USGPM u FEETLSEC ~p PSI GRAD. Ft, :·iATER/100 Ft. PiEe• 
68.]7 6.'J67i.J l. 2 ·-; '·.J7 'J.4677 
68.17 6.9670 l.3175 ') • '.;)') 7 4 
68.62 7ovl33 1.3068 9.5196 

6b.62 7 • (., 1~ 3 l.3140 ':1.5711+ 

60.62. 7. Ji;;;. l.317~ ~.?lJ74 

68.62 7.Jl33 1. ~H v4 'J.5455 

7 (J •It 3 7.1984 l.33'J3 9.-u11 

70.43 7.1984 1.34'+2 9.7'?19 
70.43 7.1984 1.?"i"'l 0 .R568 
74.96 7.6611 1.5134 ll.'.1240 
74.96 7of>611 1. 50lt':> l:J.9592 
74.96 7.6611 i. ')045 lJoG)92 

74.'76 7oo6ll .... ?':>2':> ll.3J93 

7'+.96 7.6611 l.i:i668 11.4131 

7 Lt• 9 6 7.6611 1.5597 lle3bl2 

7 Lt• C) 6 7.(,611 1.s::n2 l 1 • 1 ') 3 7 

74.96 7.6'.111 l.5?..41 11.1018 

- 4 ~)8 1. li() s.~7(11 l.73~Y l 'i c_ 

- - .-~e. l ... ·..: ·J L~ei.iU.i .i eooL.:i i.2. e.2.::>bl 
81.00 s.2781 l.7?..70 :i.2.5803 
<Jl.Jl; 8.L/(Jl 1.7j77 u:.6'J81 

81.CO 8.2781 1.7448 12.7101 

Sl.UO s.2781 le8v89 13.1769 

81. 00 8.2781 1.7947 13.0732 
81.00 8.2781 1.7377 l?.A581 
9 0. (J 5 9e.:'.v35 2 • 011- -, , :i.,,.. <J 148 

9v.U5 9.2UY::> 2.uo30 i 1'.+.5':J06 


9v.u5 9.2035 2ev920 l'J.2j';}l 

'.:h.·.u5 9.2C35 2.0297 14.7051 

90.u5 9.2035 2.(J226 llte7332 

90.05 ().2035 2.029'/ ll+.7352 

9v. u5 9.2035 2. 0·195 l'J.l 1+b3 

90.05 9.2035 2.U653 15 .C 1'.+45 

<Ji..,.L5 9.2li35 2.Li938 i:.i.2~20 


96.u9 9.oi.'.u5 2.2700 16.5360 

96.G9 9.d205 2. 23't4 lG.2766 

96.U9 9.ci2U5 2.2612 16.4711 

96.09 9.8205 2.2362 16.2096 
06.09 g.~L205 2.2220 16.1858 
96.09 9.8205 2.2932 16. 70'+6 

96.U9 9e8ZU5 2.2790 l6.60Li9 

96.09 9.82J5 2.26'+7 16.4971 

105.14 10.7460 2.1.1261 19.1299 
105.14 10.746\.J 2.~121 lH.7'+08 
105.14 lC; • fl1-6J L•b~bl l<.t.ll'.'.99 

l.J:'>.14 10.746U 2.':5994 lb.93':>3 
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1 () 5. 14 10.7460 2.5567 lB .62'd 
1 0 5. l '• 1Q.7L160 2.5638 18.6760 
lU:>.14 10. -/ 46(., 2. 6 56'+ 19.3504 
1J5.14 l J • ­( 46U 2.67()6 l<.J.4:)41 
105.14 
111.18 

1() .7l16 0 
11.:%29 

2.6635 
2.G'+87 

1 <) • '· 02 2 
20.7510 

111.18 11.3629 2.7686 20.1674 
111.18 ll.~629 2.83 C9 20.6214 
111.18 Jl.3629 2.RLi]6 20.699? 
111.18 ll.?629 ? • 77 7 r::., 2 1) .2123 
111.18 11.1629 2.8131 2 0 • '+91 7 
111.18 ll.'3629 2.8487 20.7511 
111.18 11.3629 2.7917 20.3360 
12 v .24 12.2Hd4 3.2'+93 2j•6692 
12 iJ .24 1 2 . 288 4 3. 2 5 8 2 23. 73'•0 
120.24 12.2884 3.1692 23.t)855 
12 v .24 12.2884 3.2Cl•8 2 3 .3449 
12 0 .24 12.2884 3.2333 23. 5 525 
120.?4 1 2 . 288 4 ·3 .1692 23.C855 
12J.24 12.2 Ho4 3 .j4 J l ;u•• 3301 
120.24 12.28U'• 3.2190 23.4487 
12 0 .24 12. 2884 3.2333 23.?:>25 
12 9 .29 13. 2 139 3.6?b8 26. 6j 21 
1?9.29 13.2139 3 .5164 25.6146 
12 9 .29 13.2139 3.7122 ? 7. '.) 41"2 
129.29 l?. 2 139 3. 6'-+6 3 26.5614 
129.29 13.2139 3.5609 25.9388 
129.29 13. 2 i39 3 .1U 3'J i6.9764 
1 29 .29 13.21::39 3.7 36 9 2 7.2356 
135~3 3 l 3 • >< 3 (_l 8 3.'/'i71 / C) • 1 ~ (-.. ~. 

; A,:::,,33 1 3 .;. !:~'-'~ 
' J ,, ....,,,.""\..J. u ,_ , 7 21.Eo~•i 

135.33 13. E3 08 4.0950 29.8297 
135.33 1 3 . l~ 3UB 4.J u 6;...1 29.1812 
1 35 .33 13.o3Uo 3.9098 2 8 . '+ cl 09 
135.33 13.03G8 3.c457 28.0140 
135.33 l j . ~) 3 0 8 3. 9 (J98 28.4809 
135.33 l ·3. 0 3 v (j 4.u5 9 4 29.570"j 
135.33 1 3 . il3 08 4.0238 29 .3109 
141.36 14. 4 t. 7 8 4.3621 31.7750 
141.36 1 4 .4 4 78 4 • 326L1 3 1.?156 
141.36 l4.l;478 4. 09 50 29. C.2 97 
lid. 36 l Lf e ~ 4 18 4.2:;:.;3 30.8.i.53 
141.36 14.4478 4.47 9 6 "32.6310 
141.36 14 .447d 4.41 55 32.1642 
141.36 14.'+47b 4.408lt 32.112:;) 
15 v • '• 2 l?. 3733 <•.6576 3:;.9,c(}(J 
15u.42 15.;;}jj 4.ul'.<.t.i. 3:;.r~J':J 

15G • 42 15. _?7 33 l•• 8? 17 3 5.3416 
15 0 .42 15. 1733 4. 8 1 6 1 35.0822 
15 (; .42 15. :?·733 4. 51~ c 1 ~3.0720 

l 5 0. 4;;' 15. 3 73~ 4.i:;L;Ol 33.C720 
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f EXP. 

.1.:2v 923 


. d 2121 G 


.u2v761 


. 0208 75 


.02 093 1 


. U2U8lb 


. J2Ul3 7 


. u2u21 1 


. G2v4u5 

• 02\.J148 
. 020030 
. c201.;.3u 
• 0 2 'J6 7 0 

• () 2 C8 r:, 9 

• c:2'.J765 
. u2u385 
• li2 J29J 
. (ll q7qc; 

. 01Si1b6 
• :: 1969 3 

. Oi9tl l5 

• () 1 C/396 

. C;2\Jn'; 7 

. 020 465 

.ul9 81~ 

• L' l b8b (:j 


. CU34 7 8 


. u l92 99 


. Ul8 724 


. 018658 

• ~; 18 7 2 4 

• J 1918 ,, 
.01 90'.:12 
• ;)19 3 15 

. 0 183 93 

. 0lolU 4 

• () 18 3 2 u 

. 018 119 

. 0 1b 0u3 

. Olc5b0 

.0lb4b5 

. Old3Lt9 

. 017 771 

• (j 1 7409 

. J l7771 

.Ol759U 


TABLE 1.2 

FRICTION FACTORS. 

, 
PRANDTL MODEL BLAUSIUS MODEL 

f 

• G2 v988 
. v2J988 
.0 20932 

. Jt'.\..1932 

• (} 2 093 2 

. 0 2 0 932 

e \..::2u7 14 

• (._, 2 'J 7 l 4 

. J"LU 714 

. l.i 2 iJ205 
• (,2 02 (.) 5 

. ,;2\J205 

.C2 1)2'.)5 

• ~ 2U2e5

•··~· ? ')2 ~) 5 

• ,; L. v 2. U 5 

• i_; 2 '-: 2 ~) 5 

. -! l '1C:. ()t:_ 

- · ­• u .L ';t:; ';I'.:) 

•r:19? 9 5 

• ~! 19 ':: 9 5 

. i'. 19595 

. Jl959 5 

. 0 19595 

. 1,,1 '; ')<;5 

• v l ooG 3 

e vlb003 

. ~; 188'.)3 

. 0 10 803 

. CUHJ•J3 
· '-1~0~:i3 
. ultibJ3 
. uiLldv3 
. Ulo803 
. 0idj39 
• ,) 1 tl J 3 '-j 

. ~; 18339 


. 018339 


. 0 10339 


. u l 8339 

el.. lb j39 

• G 1 c.i::>3 9 

. 0 17723 

•. u l7723 

. Ci17723 

. 0 17723 


DIF. 


.-:.JG0Jo5 
e u0C222 

-. GJ(; lll 
- • ~) 0 () u 'j 0 
-. l\ ('l(\ 'J (Jl 

1
-. • . :001 14 

-. oJ0577 

-.000443 

-. ,.;OU3i~9 

- • (, (J 0 v :> 6 

-. j U0175 

- • ~: (; 0 175 


• ' :0 0455 
. i 006!J5 
. c 1 C056.~:· 

• ,; l) (Jl cl 1 

. :.1GG v b6 
• . '- r: ,., 1 c; o 

-. uUU 1 t i..J 

• • ::·Cl c :J 9 6 

• ::: DO 2 2 0 

. CJ03Jl 

. ~O l U32 

• ,;()0869 
. 0i.JG<:'£'.J 
. J0U0u:J 

- • i;t,.; iJ 3 2 '.:> 


• \)()04 S16 
-. U 00 '~) 79 

- • , j (J 0 144 

-. u OO ·"J19 

.vU iJ:iol 

. JCJCt'~v 

e GGC51::5 
• vVC·v· ~:)j 

-. ;Jl)U2Y:i 

- • r:DO D19 

- • , , (j () 2 2 1 

- • . .JCt.J3::i6 


• . , (; '.) 2 41 

• vllvl2:i 
• 0(J(.;vl0 
• (; JllJ48 


-. [i(J03 13 

• :.;G() ·j 4c 

- . 1;1) 013 ~ 

\ 

f 

.L"c.v97t. 

• ~, 2 u9 7 2 

. i . .:209 19 

• i...'2U':119 
•c:;z G9 l 9 

. u289 19 

. :..,2 0710 

. J20 71 0 

. ~;2U 71 U 

• v2v22U 
. 020220 
. ~ . 20220 


. ".i 20220 


. ('20220 

• ~: 2 () 2 2 (} 

• v~u220 

. \.LG22J 
~ .. 1~f-.. "J7 

.ul.'ib2t 

. c: l9627 

. (•19627 
• ;j 1 96 27 

• ~: 1962 7 

. ~: 1 962 7 


• u i 'J62 7 

.;..doo44 

• -..1i3844 

. :JlSl:l44 

. ; ·18 844 

• i.)18844 
• c: ll:H344 
• •..) l 0 ti4 4 
. vlb844 
ai lld 8Lt4 
• vlcl33J 
nd bJUIJ 
. ()18380 
9'-116380 
..... lb3d () 
a J l83GG 
a l. ld38Q 
. ~loJ bu 

• ~1l7754 
• ~.17754 
• ,; 177 5 4 

•'-'17754 

DIF, 


-.0Q00'+':1 
.u uJ23c 

-.0(.;Jl57 
-. cr,or.44 

. r:lon12 
-. 000 1 ~:,i 

-.G Ou5 7::> 
-.O rJU4'.":> 
-. co:n o::i 
-. J8UiJ 7 2 
-. ocvl'.JC; 
-.C CJJ 190 


•c;cc .+sc 
. OC063S· 
. ()00544 
•vv0l6 '.J 
. JGOJ 7 U 

,-, '. ,.... ' , --.. 
.., 1 '' , , l I ,.....• -

-.uuv4~L 

. OOC '.J66 

. OG ·ll88 
• ()JJ 26'.I 
.001 o c:.; 
. CCC837 
.u CUl8o 
. CJu(Jt,.,44 

- • LGC36o 
. cco455 

-.oco 12 c 
-.GC018'.i 
-.u uC l ZC 

• •:Ju G340 

.v oo2c~ 

• i..J(J~4 7 C.. 

•vvv l.Jl~ 
-. (;0(.)~ 1 ':.> 

-. C00()5 ~i 

-.(,\JJ26l 

-.t,.; U0.3 7 6 


euUJ2) l 

• vC Gvb5 


-·J0 003C 

. uJUQ 16 


-. GCU3 4 ? 

. OC00 16 


-.Gu\Jl64 


Re 

69520·d4 

6'J52\Je84 

699ti<:'..Sd 


69982.58 

69 982 .58 

59982.58 

71 d2 ·;1. 54 

71 82<:t .54 

7ll:l29·54 

76446 .96 

76446196 

76440.96 

76446.96 

764li6.96 

76 41.6 .96 

76446.96 

76446.96 

;..;.-;i,:... ;... ~~:\ 1 · 

b<'.'.bU j •, i 

8260J .51 

82603.51 

82603 .51 

826(;3.51 

82603 .51 

b 26Jj. 51 

~lojt.3::. 

9 18 J c .33 

9 lo:? d .33 

9 l b3c .33 

9 1H3o ·33 

'11836·33 

(_/lb3b.3'.j 

Sibj o.33 

9 lbjb.33 

97994 .138 

':17994.88 

97'J9L1- e88 

') 7 9 :) l •• 8 8 

;17':1':14 .ao 
97tJS.4.U8 
~7994.66 

'i7994ad'O 
10722 9 ·71 
l C7229.71 
10 7229-71 

1G7229.71 

http:1G7229.71
http:C7229.71
http:97tJS.4.U8
http:17994.88
http:Sibjo.33
http:826(;3.51
http:82603.51
http:b<'.'.bU
http:76446.96
http:76446.96
http:764li6.96
http:76446.96
http:76440.96
http:59982.58
http:69982.58
http:�vvvl.Jl
http:ocvl'.JC
http:cr,or.44
http:c201.;.3u
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.Ul73Ul .011123 -.vU0422 .1..17754 -.v0u<+':>4 .1U72i9.7l 

. c;1 7349 .J1 ru.3 -. uJ0374 • J 177 5 't -.uJU4ll5 1072.29.71 
e L' l 7975 . 01 7723 . (.:•CU 2S3 . l. l 77S4 • u CiGL2 1 10722 9 .71 
• (1 l 8U7 2 .017723 . vUu349 • \., 17754 .(,0 J310 l u7 L. 2 ') • 7 l 
.LloJ24 . 0 17723 . U:jU3v l • .-l 77'.:J4 el:Uv .26') i ,j -1 2 2 9 • 7 l 
. 0 17240 . 0 17355 - • ~· G.C 11 5 • ._; 173 77 - • 0 ~)() 13 7 113 3b 6·26 
.016755 .017355 -.·~00600 . r: 17377 -.DC ·J6 22 113386.26 
• (J 111-~2 .017355 -. u U0222 • ..,17377 -.()00245 113~66.26 
. 017 197 .01735 5 - • (, () 015 b • (.. l 7 3 7 7 -.LC 0180 113386e26 
.016809 • 0 l 7 '55 5 - • ..:uv546 .017377 -.0(JJ ~6b 113.,b6.26 
• i.d -/ L2 '-j • v l I 35 '.; - • 'J() U;:, ::.u • (., l 7 3, -, -.uo03:d 113-'b6e2o 
e 0 l724U .OlF:SS:J - • L: Uv115 • vl 73F/ - • GiJJ 13 7 ll3Ju6e26 
. J l6895 .Ul7355 -. ,,uU459 evl 73 -17 -.(JJU482 113306.26 
.016814 . u l6857 - • ;· ijQ (,: 43 . ~Jl6862 -·L· CiJC 4d 122621.• oa 
.016860 . 0 16857 • ;_; J 0 L <J 3 . J l6 862 -.Gu JlJ-...2 122621.08 
•. Gl6399 . u l6o57 -. :_i (J01•':>1 evlbo62 -.C,C(; L+63 U2o2leUb 
• •) 16 584 e iJ16o57 -. UU0273 . (,16862 -.C 0J2 7 t 122621.()8 • 
. 0 16731 . Dl6 B57 -.C' U0 126 ··Jl6bb2 -.O CU131 122621.crn 
. Jl6 4Uu • ~ ) 16 b 5 7 -. <;UO'•'.J7 . ~JlGU6L'. -.G ·JOL.63 li.2621.08· 

. • CJ 17284 . Cl6 8S7 • _,UCL.2 7 e l.· 16662 • l!C042 2 L::262l.Qo 
. 0 16657 . Dl635 7 -. ;C0199 . r: l6c62 -.oo r.: 2:=)5 122621.08 
. 0 16731 . ;.Ji6 8 57 -. CU C126 • ..; l6 b62 -.U JC 131 L:'.2621.08 
. Cl6374 . 8 16413 - • :; (j Ci :; 3 9 . ~J l639 8 -.oc cc 24 1318 55.91 
. 01573 7 . Ul6t+l3 -.1 ; UD676 • '-' 163':.I ~ -.vGU 66.2 13lb'.::>5.<Jl 
. ul66 13 . u lb4l3 • '-' () 0 2 v (J • ,, 1b3 ') 0 .0 vvLl5 1:::.1055.91 
. ;..:163 lb eu l6'd3 -· v ll0u95 • '..! l639d -.J:.:OJ 8 G L:>lo 55.91 
. ul5936 • \,) 16 '1 l 3 - • . J ...:u4 7 7 . 0 16398 -.OJ 0•+62 1311355.91 · 
. ul6S 73 • v lb t+ l :;. . ~..1 vUlou .0ltd9b .(, (;!Jl7 '.J 13ll55.?e9l 
. 0 16733 . :Jl6hl3 . U8032C . -., 1639 8 .J JJ3 34 lJld~:;.91-· 

. (1 16J 28 • '-' 16 l 'f? • ·:.' CHl l 8A • :·i 1 A 1 1 ·~ • I l '.I , l? l r.:, 1 -~ ~ () 1 ') - '· i:;, 

-"' , r. _I" "') -, 

• \ I .J.. ,..J lJ _.I f 
I"" ., I' ., • '"" 

• \. l l. t) 1. ""+ C. 
,.-.. " ,.... r­ ..... ,.. 

- • l ;\_l 1...I'.) . ):..J . C l6li3 - • () ;) '·; 4 ·1 6 L:HiU1Le4~ 

. 016 728 . 016 142 . 0 0051:36 •vl 6 113 . Ovv6 15 138012.45 

. Jl636 4 . 0 16142 • l.;J GLL2 ev:i.611~ • v0CJ251 ii 8() 1£'..4:1 

.vl5971 .v l6 .L42 - • . ~100171 . 0 16113 -.0JGl42 1Jou12.45 

. u1:- 109 . Gl6 l42 -. (_,:.) ()4j3 .ul6ll:, -.Cv J4\.,t+ 1:.ealL.4'.:> 

. Gl5971 • () 161Lt2 - • :_. u 0 1 7 l • '.J l61l3 -.:J \L l4 2 L •LlG 12.45 

. () 16582 ~ n161t.2 • (~ :)044<) . ·') 16113 . or;C469 13 WH2.45 

. Cl6437 . 016142 • '>:- 0 2 9 s · •-16 113 • GOG 3.<'+ 138012.45 · 

. (-'16329 • (; 15 8 8 9 • .; U0 .44 ~; • ,_, 15 845 .(:l.; d484 144169.00 

. J l6196 . Ul5o89 • , .' 0 03 J 7 • :) l 5d4 5 . GGU351 144169.uO 

. ~15329 . Gl5U 89 -. G0 0~16:J • ;:) 15 84 s -. (;()0516 144169.0U 

. 015836 . Ul5 889 -· 2G0JS3 • \..: l 5E45 - •CO O O l~ '7 144169.QO 
• (; 16 769 
.-.. 16;)29 . 

.UlSS8 S 
e vl:.ibtJlJ 

eU(;Ucbv 
• l.1.JU64v 

. (; 15845 
• \j 15b4:> 

.L CC1'J24 

.uJ CGd4 
1<+4169.0Q 
1-+ 't 16 ') • \) (J 

. Ul65 0 2 . 0 158 89 . 0;)() 613 e Cl5845 .OJ i_i658 l-+4169.0u 

.015'399 . Gl5539 -. GJ0 139 . Cl5'+71 - • () '.) ~ ) u 7 2 153'+U3.83 

. c 1s3._.5 • :; ls 5 3 9 - • ,j() U2 33 • ;_: 154 71 -.0C ul 66 153403.83 

. 0 16041 . 015539 • . ) ~0503 .__;15471 . 000 570 1531.+U3.83 

.ul5923 . ul5539 • GJU 3 ciS .i..,15471 . 0coi..::i2 153'+U3.d3 

.vl5vll e 1Jl5537 -. :J(Jl)'J LC • c J. ;;,471 -·uv0.+6u l'.J3403·o3 

.u1so11 .Ul?53S. -. ·juiJ5L8 • i • ..l'.>'+71 -.uj046U l?:?.403.83 
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TABLE 1. 3 


PARTICLE SIZE DISTRIBUTION OF HEMATITE. 


U.S. STANDARD MESH WEIGHT % Cffi.iULATIVE % 

+ 18 16.24 16.24 

+ 25 16.92 33,16 

+ 40 28.67 61,83 

+ 50 13,96 75.79 

+ 70 9.28 85.07 

+ 100 7,24 92,31 

+ 140 4.44 96,75 

+ 170 1.13 97,88 

+ 200 1.32 99,20 

+ 270 0,35 99.55 

+ 325 o.34 99,99 

- 400 O,ol 
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TABLE 1.4 

SETTLING VELOCITY AND MEAN PARTICLE DIAMETER. 

w {feet/sec) ~i (inches) 

0.7690 0.0501 

o • .5944 0.0336 

o.4250 0.0215 

0.2905 0.0141 

0.1985 0.0100 

0.1349 0.0071 

0.1100 0.0050 

0.0761 0.0038 

0.0634 0.0032 

0.05357 0.0025 

o.044 0.0019 



---------------------------------------------------------

TABLE 1.5 


EXPERIMENTAL COORDINATES. 


SEQ. c u-V­ ......Em­
1 .1120 11.360 .3249 
2 .0110 15.370 .3891 
3 .2530 12.280 .4841 
4 .1960 15.980 • 509U 
5 .2416 10.520 .4615 
6 .2510 10.520 .4735 
7 .2500 10.520 .4729 
8 .2490 10.256 .4701 
9 .2530 10.830 .4736 

10 .2530 11.050 .4752 
, c r·10n i:: ., ~ Qil .2480 J......., e V7V • """-J oJ 

12 .2480 15.380 .5321 
13 .2500 13.210 .4950 
14 .1910 15.010 .4782 
15 .1900 13.520 .4439 
16 .1880 10.570 .4008 

17 .1520 15.340 .4541 
18 .1500 12.570 .3864 
19 .1480 11.000 ·3612 
20 .1000 10.350 .3127 
21 .1110 13.390 .3643 
22 .1140 14.860 .4081 
23 .0685 9.950 .2642 
24 .0100 11.890 .2901 
25 .0110 13.260 .3231 
26 .0100 14.490 .3598 
27 .0120 15.660 .3987 



----------------------------------------------------------

TABLE 1.6 


PREDICTED PRESSURE GRADIENTS USING LEAST SQ, ESTIMATES.* 


SEQ, EXP, M-1 M-2 M-J M-4 

1 .3249 .3304 .3072 .3194 .3203 

2 .3891 .3865 .4356 .3933 .3928 
3 .4841 .4893 .4928 .4802 .4811 
4 .5090 .4953 .6557 .5174 .5157 
5 .4615 .4738 .4241 .4507 .4526 
6 .4735 .4813 .4481 .4649 .4664 
7 .4729 .4783 .4539 .4659 .4670 

.4701 .4783 .4475 .4638 .46518 
9 .4736 .4762 .4769 .4738 .4742 

10 .4752 .4747 .4856 .4761 .4761 
• 54 '19 .. ':>42611 ""i/':\R ,.5041 .. 7129 

.548712 .5321 .5108 .7324 .5519 
13 .4950 .4805 .5977 .5028 .5013 

14 .4782 .4625 .6186 .4904 .4883 
15 .4439 .4332 .5330 .4509 .4497 
16 .4008 .4066 .3914 .3921 .3934 

17 .4541 .4421 .5761 .4652 .4634 

18 .3864 .3820 .4329 .3895 .3891 

19 .3612 .3615 .3631 .3547 .3553 
20 .3127 .3085 .2944 .2978 .2987 

21 .3643 .3624 .4184 .3722 .3716 

22 .4081 .4015 .4915 .4172 .4160 
.244723 .2642 .2535 .2384 .2439 

24 .2901 .2906 .3048 .2915 .2915 

25 .3231 .3242 .3582 .3300 .3296 
26 .3598 .3572 .4075 .3661 .3654 
27 .3987 .3943 .4623 .4057 .4048 

* The models are presented in figure 1.5 



TABLS 1. 7 


SEQ, EXP. M-1 M-2 M-J M-4 

1 .3249 .1304 .3072 .3194 • 3 203 

2 .3891 .3865 .4Vi6 .3911 .1928 

3 .4841 .4891 .4928 .4802 .4811 

I+ .5090 .4953 .65C,7 • 5 l 7 '• .5157 

5 • 4f:. 15 .4847 .3822 .4435 .4466 

6 .4735 .4820 .4398 .4651 •'+664 

7 .4729 .4768 • 45l~8 .4678 .4685 

8 .4701 .4773 .4493 .4663 •'f 6 71 

0 , b"7?.f. .• /, 7?. c. " 'i pc; 7 ~ 477'! . '· 77.., 

10 .475 2 .4 7 2 0 e4 9 25 .47 88 • 4 n3 ·1 

11 .5238 • 5018 e7l4A .549? .54S?. 

12 • 5 "'2 l .c;l 19 • 7?.,/4 .c;i;1c; e'i4~J 


13 .4950 .4854 .5963 .4991 .4980 

14 .47132 .4662 .6170 .4878 .4860 

15 .4439 .4390 .5306 .4469 .4463 

16 .4008 .4158 .3867 .3866 .3886 


------------------------------------------------~~-----------------
17 .4541 .441)6 • '17 46 .4630 .4616 

18 .3864 .1876 .4318 .3860 .3861 

19 .3612 • 'l.6 79 • 'l.f-.?7 .1r;n1 •'l.')lQ 


20 .3127 .1130 • 29?..") .2954 .2Q66 

21 .3643 .3656 .4189 .3715 .3710 

22 • '+081 .4042 .4929 .4160 .4150 

23 .2642 .?566 .2404 .2424 .2434 

24 .2901 .2935 .3078 .2916 .2917 

?5 • 'l, ?11 • ?..?6"> 0 ?..'i<?R .1?.(I() .1?97 

26 .3598 • 1591"l .4082 .3657 .3651 

27 .3987 .3961 .4623 .4050 .4043 


* The models are presented in figure 1.5 
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TABrn 1.8 

ESTIMATE1J VALUES OF PARAMETE.:RS AFT3rt EACH ITERATION,* 

DURAND CHA.1LES KRIEGEL AYUKAWA~· 
A B A B A B A B 

122.91 1?2.91 9el6 9.16 1)4.43 r;4.43 • oi:. 1?4 .nr;124 

117.28 113.59 28.~9 41.04 56.67 58.14 • ()'5296 .054()9 

115.71 113.98 34.60 41.43 ')7.44 58.~4 eO'J357 .0'3427 

115.13 114.20 37.34 41.65 57.82 58 els.5 .05387 .05438 

114.23 112.40 39.92 45.18 58.06 58.57 ·05405 ·05442 

114.24 114.26 38.57 35.10 57.85 57.29· .05386 .05338 

114.55 115.54 36.83 31.47 57.68 57.12 ·05372 .05328 

117.44 128.65 35. 74 31.47 56.~5 51.20 e01i266 .04856 

119.78 1~().71 34.0R ~1.47 i:,c;.44 c;1.~4 • 0c, 19') e04R74 

120.59 124.88 34.42 ~l.47 'J5.28 c;4.49 • QC, 18'5 .oi;131 

121.98 ]30.50 34.01 31.47 'i4.82 'J2.12 • 0 cq c; () .n4942 

122.43 125.rs2 33.69 31.47 c;4.70 53.89 eO'il41 .05081 

121.50 114.63 34e56 41.04 55.16 58.48 ·05177 ·05441 

---------------------~----

A Posterior mean estimate. 

B Least Squares estimate. 

* The models. are presented in figure l.S 

http:i:,c;.44


------- -----------------------------------------------------------

?6 

TABLE 1.9 

PREDICTED COEFFICIENTS ¢ USING THE POSTERIOR MEAN ESTIMATES,* 

SEQ. EXP. M-1 M-2 M-J M-4 

1 5.3675 5.6103 4.5882 ").1247 5.1643 

2 2.3736 2.2652 4.3389 2.5529 2.5315 

3 4.3515 4.4415 4.5011 4.2847 4.2999 

4 2.2121 2.nl55 4."l.?(')"l. ?.~3~() ?.~087 


5 6.5288 7.0644 4.6966 6.1127 6.185? 

6 6.5i;1~ 6.741".l i;.Rn?n 6.".l6~~ f.. 3Q?7 

7 6.5641 6.6508 6.1587 6.4t;()4 6.466"l. 

8 6.9723 7.1414 6.4861 6.8825 6.9025 

9 ~ ~ 0 :!. 0".l f..._()l/7 ~:2'?1 6.0qq8 t:... not.?
-- . - ­

10 '::lef307 'J .66')8 6e08ltl ?e8037 "1 e 79.'36 

11 2.5055 2.2310 4.8873 2.8225 2.7723 

12 2.4043 2.1602 4.8273 2.6386 2.5978 

13 3.6253 3.4772 5.18"i5 3.6886 ~.6700 


14 2.5823 2.3863 4.8512 2.7389 2.1003 

15 3.3988 3.3030 5.0909 ".4576 3.4447 

16 6.4956 6.9376 6.0788 6.0763 6·1366 


17 2.4219 ;;>.?525 4.8107 2.5988 2.5697 

18 4.0942 4.]269 5.357q 4.0838 4.0860 

19 5.9185 6.1534 5.9715 5.5511 5.5935 

20 7.3445 7.3609 6.3268 6.42?,6 6.4886 

21 3.353? ".l.'3988 5.2()67 ')."i9R6 ".:l.S81R 

22 2.5926 2.48'39 4.9538 ?.8136 2.7860 

23 8.9814 8.3014 6.8529 7.0370 7.1237 

24 4.6737 4.8929 5.8300 4.7687 4.7765 

25 3.3329 3.5172 5.3117 3.7049 3.6890 

26 2.7223 2.6866 5.0079 2.9999 2.9737 

27 2.2370 2.1300 4.8077 2.4931 2.4623 


* The models are presented in figure 1.5 
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TABLE 1.10 


PREDICTED COEFFICIENTS ¢ USING LEAST SQ.. ESTIMATES 


SEQ. EXP. M-1 M-2 M-3 M-4 

1 5.3675 5.6103 4.5882 5.1247 5.1643 
2 2.3736 2.2652 4.3389 2.5529 2.5315 
3 4.3515 4.4415 4.5011 4.2847 4.2999 
4 2.2121 2.0155 4e3203 2.3330 2.3087 
5 6.5288 6.8133 5.6651 6.2781 6.3237 
6 6.5513 6.7253 5.9870 6.3601 6.3927 
7 6.5641 6.6850 6.1399 6.4()69 6.4323 
8 6.9723 7.1637 6.4446 6.8257 6.8552 
9 6.0193 6.0738 6.0883 6.0238 6.0309 

10 5.7307 5.7198 5.9431 5.7493 5.7499 
? 7'l.0711 2.5C55 2.2591 4.8662 2.7815 - • I ..; "' ' 

12 2.4043 2.1461 4.8276 2.6439 2.6046 
13 3.6253 3.4026 5.2078 3.7458 3.7223 
14 2.5823 2.3264 4.8774 2.7814 2.7466 
15 3.3988 3.1906 5.1380 3.5350 3.5113 
16 6.4956 6.6660 6.2189 6.2405 6.2786 

----------------------------------------------------------· 

17 2.4219 2.1842 4.8403 2.6421 2.6067 
18 4.0942 3.9726 5.3883 4.1811 4.1695 
19 5.9185 5.9276 5.9851 5.6887 5.7128 
20 7.3445 7.1205 6.3741 6.5547 6.6031 
21 3.3532 3.2891 5.1879 3.6229 3.6001 
22 2.5926 2.4078 4.9147 2.8457 2.8126 
23 8.9814 8.0288 6.6768 7.1726 7.2420 
24 4.6737 4.7050 5.6322 4.7658 4.7664 
25 3.3329 3.3919 5.2242 3.7058 3.6848 
26 2.7223 2.5997 4.9779 3.0185 2.9875 
27 2.237() 2.0600 4.9100 2.5214 2.4853 



----------------------
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TABLS 1,11 

POSTI::tIOR MODEL PR03ABILITIES AFIBR EACH ITZRATION. * 

SEQ. M-1 M-2 M-J M-4 

4 .3415 .oooo .3061 .3522 

5 .?580 .oooo .3159 .4?61 

6 .2506 .oooo .3119 .4376 

7 .2519 .oooo .3088 • '+393 

8 .2337 .oooo .3139 .4524 

9 .2391 .oooo .3108 .4500 

, I"\ .... ,.,I""\/. ",...I"\".LV • /..._ :1.., .... • \J\J\1\J """""'""'"""' .4?1~•"JU '1"' 

11 .?565 .000" .2243 .519? 

12 .2043 .oooo .1938 .6019 

11 .17?.6 .0000 .1°81' .6?81 

14 .1482 .oooo .1925 .6593 

15 .1428 .oooo .1924 .6648 

16 .1241 .oooo .1769 .6990 

* The models are presented in figure 1.5 



APPENDIX 1.10.l 

COMPUTER PROGRAM FOR DISCRIMINATION OF MODELS. 
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!i-0 

50 

~O 

95 

COMMON/UNO/RHO,VIStDIA,DtStW 

COMMON/DOS/HMC30>tU(3Ql,CV(3Q>,FRC30),Fl(30>tPSI(30),HW(30> 

COMMON/CUATRO/UU(5,30>,x(5,30>.vc5,5,5>,y(5,~o> 
COMMON/CINCO/ NMODELtALPHA(5>,BETA<5>,PRPRE(5l,PRPOST(5>,sucs>, 

lPHil tPHJ3,PHI4 
COMMON/OCHO/PHI(4,3n),SS0(5l,RATI0(4,3n),R(30) 

RFAncs,10> RHO,VI5,DIAtDtStW 

READ(5,20)(SU(M)tM=lt5> 

REA')(5,30) SIGMA 

READC5t35lCPRPRE(M), M=lt5> 


DO 40 M=lt4 

DO 40 J=l,4 

DO 40 I=lt4 

VCM,J,J) = o.o 

DO 50 M=lt4 

DO 50 J=lt4 

VCM,J,J) = SIGMA 

NORMA~IZATION OF AUXILIAR CONSTANTS 

D = D/1?. 

PHil = (W/SQRTC32el74*Dll**l•5 

PHT3 = W 

PHI4 = (D/DIAl**(-0.707>*CSQRTC32·174*D*<S-1.> >>**C2.72l/W**2 

REA0<5t70iNEXPtNINITtNTOTAL,NCOUNTtNMODEL 

ITFP = 1 

IFCNTOTAL.NE.NINIT> ITER=NTOTAL 

READ(5,80l CCV< I) ,U( I l ,HM( I>, I=ITER,NTOTAL> 


CONTINUE 

IFCNTOTAL.GT.30) GO TO 150 


SUBROUTINE LEASQ RETURNS THE BEST ESTIMATES OF THE PARAMETERS• 
CALL LEASQCNINITtNEXPtNTOTAL> 

SUBROUTINE GRAD RETURN5 VECTORS X AND UUa 

CALL GRADCNTOTALtNFXPtNINTTl 


WRITEC6tl00) 
1*M5*, I/) 

WRITEC6tllOl(BF-TACMl, M=l,NMODEL> 
WR I TE ( 6, 111) (ALPHA (M) , M= 1, NMODEL )_ 
WRITEC6tl14l(SU(Mlt M=ltNMODEL) 
WRITE(6,112lCPPPRECMl, M=l,NMODfL) 

SUBROUTINE RAYF5 PFRFORMS BAYE5IAN ANALYSIS. 

CALL BAYESCNTOTALtNEXPtNINITtSIGMAl 


WRITEf6tl13lCPRPOSTCMl, M=l,NMODEL> 

WRITEC6tl20> 

WRITEC6tl30l(CVCI>,U<Il,HM(Jl, (Y(M,1>,uufM,1>, M=ltNMODEL>, 


lT=-ltNTOTAL) 

SUBROUTINE ROTH RETURN5 THE NEW EXPERIMENTAL COORD NATE~. 


CALL ROTHCNINITtNEXPtCVEXP,uExP> 


http:IFCNTOTAL.GT.30


80 

WRITE(6,140> CVEXP, UEXP 

IFCNCOUNT.EO.l>GO TO 60 


150 CONTINUE 

10 FORMATC6F10.0) 

20 FORMAT<5Fl0e0) 

30 FORMAT<Fl0.0) 

35 FORMAT(5Fl0.0) 

70 FOR~~ATC5I5> 

80 FORMAT<3F10.0) 

100 FORMATC1H1,///,5~x. *Ml*• 13X. *M2*• 13X. *M3*• 13Xt *M4*• l~x. 


110 FORMATC/tX•*R~TA*,36Xt ~fl5.5l 

111 FORMAT(/,Xt*ALPHA*,35X,5El5.5> 

114 FORMAT(/,X,*SU*•38X, 5fl5e5l 


·112 FORMAT(/,X•*PRPRE*t 35X, 5El5.5l 
113 FORMAT(/,X,*PRPOST*, 35Xt 5E15.5> 
120 FORMAT(/,8Xt*CV*,9X,*U*•8X,*HM*l 
130 FORMATC3F10.4, 8X, 4(2F8.4, 4Xl) 
140 FORMAT(//,2Xt*NEW EXPERIMENTAL COORDINATES*· 1ox. *CV*• Fl0.4, 

11 nx, *U*, F1n.4) 

STOP 

END 


SUBROUTINE GRADCNTOTAL,NEXP,NINtT> 

COMMON/UNO/RHo,vrs,DIA,D,s,w 
COMMON/DOS/HM(30l,uc3ol,cvc~o>,FR{30l,Fl(30l,psJ<30l+HW(30) 
COMMON/CUATRO/UU(5,3ol,X(5,30>,vc5,5,5l,yMoDEL(5,30l 
COMMON/CINCO/ NMODELtALPHA<5l,BETAC5l,PRPREC5l,PRPO~T(5>t5U(5l, 

1PHI1 ,PHI3,PHI4 

COMMON/OCHO/PHJ(4,30),55Q(5l,RATI0(4,30),R(30l 

f'>IMFNSTON F(30l 


'IFCNTOTAL.GT.NINIT) GO TO 15 

DO 10 M=l,NMOOEL 

ALPHA(Ml = BETA(M) 

SSQ <M) = O. 


10 CONTINUE 

15 ITER = NTOTAL 
IFCNEXP.EQ.NINIT> ITER = 1 
DO 20 l=ITER,NTOTAL 

YMODEL(l,J) = HW<Il + ALPHA(ll*CV<Il*HWCI)*((S-leOl**0•75l*PHI1/ 


1FR(I)**le5 

UU(l,Jl = HM(Jl - YMODEL(l,J) 

XCl,I) = CVCil*HWCil*C(S-1.>**0•75>*PHll/FRCI)**l•5 

PHJ(l,J) = ALPHA(ll*((S-lel**0.75l*PHI1/FRCil**le5 

SSQ(l) = SSQ(l) + UU(l,Il*UUCl,I> 


YMODEL(2,I> = HWCI) + ALPHA(2l*CVCil*HWCil*C<S-le0>**0•75l*PHil/ 
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1FR<I>**l•5 + CV(!)*HW<I>*<S-leO> 

UU(2,I> =HM(!> -Y~ODEL(2,t> 


X ( 2 , I ) = X<1 , I > 

PHI(2tI> = ALPHA(?)*PHI<ltI>/ALPHA<ll + S-1. 

550(2) = 550(2) + UU(2tl>*UU(2tl> 


YMODEL(3,J) = HW(l) + ALPHA(3l*0.282*CS-l.>*CV(Il*((PHI3**3/ 
1(32.174*VI5>l**<l./3.>l*<FR(l>**<-4•/3e>>*<UCil**2)/(2.n*32el74* 
2DIA) 

UUf3,Il = HM(J) - YMODEL(3,J) 

X(3,J) = Oe282*(S-1.>*CV<I>*<<PHl3**3/(32el74*VI5>>**<le/3.>>* 


1CFR<Il**<-4./3.)l*U<I>**2/(2e0*32el74*DIA> 
CALL FRICCFCI),U(!)) 
PHI(3tI> = ALPHA(3l*Oe282*CS-l.>*<PHI3**3/(32el74*VIS> >**Cle/3e>* 

lFR<I>**C-4./3.> 

PHIC3tI> = PHl(3tI>IF<I> 

550(3) = SSQC3) + UUC3tl>*UU(3,J) 


YMODEL(4tI> = HW<Il + ALPHA(4l*I.8n*32.174*(S-1.>*DIA*CV(I)* 
l(U(J)**(-2e72)l*PHI4*U(I)**2/(2.0*32el74*DIA) 
UU(4,J) = HM(J) - YMODEL(4,J) 
X(4,I) = le80*32·174*(S-lel*DIA*CVCl)*(U(I>**(-2e72>>*PHI4* 

1U(l)**2/(2.0*32.174*DIA> 
PHIC4til = ALPHAC4l*l•80*32.174*CS-l.>*DIA*U(l)**C-2·72l*PHI4 
PH I ( 4 t I ) = DH! ( 4, I ) /F ( J > 

SSQ(4) = 550(4) + UU(4,Il*UU(4,Il 
., I'\ 
LV C:ONT!NUE 

PF TURN 

END 


SUBROUTINE BAYES<NTOTALtNEXPtNINJT,SIGMA) 

COMMON/CUATRO/ UU(5,30>,xc5,30>.v(5,5,5),YMODELC5t30) 
COMMON/CINCO/ NMODELtALPHA<5>t BETA<s>, PRPREcs>, PRPOSTC5>tSU(5) 
DIMENSION AUX(5,5), Aux1c5,5,5>, VAR(5,5,5l, Aux2c5,5,5), 

1AUX3(5t5t5>, DETVARc5l, DETAUX(5lt DF<5>, AUX4(5,3o>. AUX5(5), 
2VAR1<5t30) 

IFCNEXP.NE.NJN!Tl GO TO 65 

DO 10 M=ltNMODEL 

DO 10 I=ltNINIT 

AUX(Mt!> = SU<Ml*XCMtI> 


10 	 CONTINUE 
DO ?O M=ltNMODEl 
DO 2 0 I =1 , N J N I T 

f"JO ?O J=l ,NTNTT 

AUXlfM,J,J) = AUXCM,J>*XfM,j) 


20 	 CONTINUE 
DO 30 M= ltNMODEl 
DO 30 I=l tNINIT 
DO 30 J=ltNINIT 
VARCMtltJ> = VCMtf tJl + AUXlCM,f,J) 
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~0 

50 

60 

65 

66 

70 

BO 

90 

CONTINUF 
no 40 M=l,NMOOEL 
DO 40 I=ltNINIT 
DO 40 J=ltNINIT 
AUX2(M,I,J) = UU(M,fl*UU(M,Jl 
CONTINUE 

DO ~O M=l,NMODEL 
DO 50 I=l,NINIT 
DO r:;() J= l, Nl='XP 
AUX3(M,J,J) = VAR(M,ItJ> + AUX2(M,I,J) 
CONTINUE 

SUBROUTINE DETFR RETURNS THE DETERMINANTS OF VAR AND AUX3 

DO 6J M=ltNMODEL 

CALL DFTER(N!NIT,DFTAUX<M>,AUX3,M) 

CALL D~TERCNINTT,DFTVARCMl,VAR,Ml 


CONTINUE 

GO TO 66 

CONTINUE 

DO 66 M=l,NMODEL 

VARlCM,NTOTAL) = X(M,NTOTAL>*SUCM>*XCM,NTOTAL> +SIGMA 

DETVARCM> = VARlCM,NTOTALl 

DETAUX(M) = VARlCM,NTOTALl + UUCM,NTOTALl*UU(M,NTOTAL) 

CONTINUE 


CALCULATION OF THE LIKELIHOOD FUNCTIONS. 

DO 70 M=l,NMODEL 

Z = -0.5*(DETAUX(M)/DETVAR(Ml - 1.o> 

DFCMl = EXPCZl/SQRTCDETVAR(Ml) 

COMTINIJF 

EVALUATION OF UNORMALIZED POSTERIOR MODEL PROBABILITIES. 

ANORM = o. 

n0 Rn M=l.~MnOFL 


PRPOSTCM) = PRPRECMl*DFCMl 

ANORM = ANORM + PRPOST(M> 
CONTINUE 

NORMALIZED POSTERIOR MODEL PROBABILITIES 
no on M=l,~MnnFL 

PRPOSTCM) = PRPOSTCMl/ANORM 
PRPRE(Ml = PRPOST(M) 
CONTINUE 

POSTERIOR PARAMFTERS DISTRIBUTION. 
DO 100 M=ltNMODEL 
DO 100 I=ltNTOTAL 
AUX4(M,Il = X(M,Il/~IGMA 
CONTINUE 

DO 110 M=ltNMODFl 
AUX5CM> = o.o 
DO 110 l=ltNTOTAL 
AUX5(Ml = AUX5(M) + X(M,Il*AUX4CM,Il 
CONTINUE 

100 

110 
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120 

10 

20 

Z = 1.0/CAUX5(Ml + 1.0/SU<M>>
ALPHACM) = Z*CAUX5<M>*BETACM) + ALPHACM>/SU(M)) 
SU(M) = Z 
CONTINUE 
PF TURN 
FND 

SUBROUTINE ROTH<NINIT,NFXP,CVEXP,UEXP) 

COMMON/UNO/PHO,VT~,nTA,n,~,w 

COMMON/CINC0/NMODEL,ALPHA(5>,BETAC5),PRPREC5>,PRPOST(5>,suC5), 
1PHI1 ,PHJ3,PHT4 

DIMENSION GRADW(30>,F(30) tYMODEL(5,30,30>,cvc30>,uc30>,ccs>, 
1ZC30t30l,ZMAXC30t30) 
DI~:NsION FR(30) 

IFCNEXP.NE.NINIT> GO TO 20 

CVMY-N = 0.03 

CVMAX = 0.25 
UMIN = 10. 
U~AX = 16.0 

IDELiA = IFIX(lOO*CCVMAX-CVMIN>> 

JDELTA = 2*IFIXCUMAX-UMIN> 

DO 10 t=ltIDELTA 

CV<I> = CVMIN + FLOAT<I)/lOOeO 

CONTINUF 

DO 20 I=l,JDELTA 

U<I> =UMIN+ 0.5*FLOAT(I) 

CALL WATERCU(I>,GRADW(I>> 

FR<I> = U<I>**2/C2.0*32.174*DIA> 

CONTINUE 


DO ~~ L=l,JDFLTA 
no ~n K=1,JDFLTA 
YMODELCltKtLJ = GRADW<K> + BETA<l>*CV<L>*GRADWCK)*((S-1.>*~0.75>* 

1PHil/FRCKl**l•5 

YMODEL<2•Ktll = GRADW!K> + BETA(2>*CV<L>*GRADW(Kl*CCS-l.>**0•75)* 
2PHI1/FRCKl**l•5 + CV(L>*GRADW<K>*CS-1.> 

YMODEL(3,K,Ll = GRADWCK> + BETAC3l*0.282*CS-l.>*CVCLl*((PHI3**3/ 
3(32.174*VIS>>**Cle/3.>l*(FR<~>**(-4e/3•l)*(U{~l**2)/(2.0*32el74* 
4DTA) 

YMODEL(4tKtll = GRADW<K> + BETAC4l*le80*32.174*(S-l.>*DIA*CV(Ll* 
5(UCKl**(-2.72)l*PHI4*U(Kl**2/C2.0*32.174*DIA) 

DO 25 !=ltNMODEL 

C<Tl = i. 

oo· ?'i J=l ,NMOf)FL 

IFCJ.EQ.t) GO TO 25 


---·····---· .... ·' 

http:BETA<l>*CV<L>*GRADWCK)*((S-1.>*~0.75


25 

'30 

15 

40 

10 

15 

20 

25 

CONTINUF 
ZCK,L> = PRPOST(ll*C(l) + PRPOST<2>*C(2> + PRPOST(3l*C(3) + 

1PRPOST(4)*C(4l 
CONTINUE 

ZMAX(l,1) = 7-(1,1) 

L = 1 

J = 1 
DO 40 K=l,IDELTA 

DO 40 I=l,JDELTA 

IF<Z<l,K>.GT.ZMAXCJ,L>> GO TO 35 

GO TO 40 

J=I 

L =K 

ZMAX(J,Ll = Z<I,K> 

CONTINUE 


CVEXP = CV(L) 

llfXP = tlCJl 

RETURN 

END 


$UBROUTINE DFTER<N,DET,A,M~ 

THIS SURROUTINF CALClJLATES THE DFTER~INANT OF A SQ ARE ~ATRIX OF 
ORDER N BY THE METHOD OF PIVOTAL CONDENSATION. 

DIMENSION A(5,5,5) 

K = 2 
L = 1 
DO 1n l=K,N 

RATTO = A(~,J,Ll/A(~,L,L) 


DO 10 J=K,N 

ACM,I,J> = A(M,I,J> - A(M,L,J)*RATIO 

IF!K-N)l5,20t20 

L=K 

K = K + 1 

GO TO 5 

DfT = 1.0 

l"\O ?5 L=1,N 

DFT = DFT*A(M,L,L) 
CONTINUE 

RETURN 

END 


SUBROUTINE FRIC<FtU> 



THIS SURROUTINE WILL COMPUTE THE FRICTION FACTOR F R A PURE FLUID 
UNDFR LAMINAR OR TURRULFNT REGIMF. FOR TURBULFNT LOW THF FRICTION 
FA.CT OR IS FVALUA Tffl ACCORD I NG WI TH VON-KA RMAN-PRAN TL FOUATION AND 
THE NEWTON-RAPHSON ITERATION METHOD IS USED FOR FI DING THE ROOT 
OF THIS EQUATION. 

REFERENCES. 	 V.L. STREETER. FLUID MECHANICS. CHAPT R 5. MC GRAW-HILL 
ROOK COMPANY. $OURTH EDITION (1966>. 

B. CARNAHAN ET. AL.. APPLIED NUMERIC L METHODS. CHAP­
TFR '• J0HN WILfY AND ~ON~ INC. (197 >. 

GLOSSARY OF PRINCIPAL SYMBOLS• 

A•B = EMPIRICAL COEFFICIENTS IN VON-KARMAN-PRANDTL EQUATION. 
C,D = EMPIRICAL COEFFICIENTS IN BLAUSIUS EQUATION. 
VIS = FLUID VISCOSITY, LBM/FT.SEC. 
DVIS = DYNAMIC FLUID VISCOSITY, LB.SEC.ICU.FT. 
U = MEAN FLUID VfLOCITY• F~FT/SEC. 


F = FRICTION FACTOR, DIMENSIONLESS. 

DIA = PIPELINE INTERNAL DIAMETER, FEET. 
RHO = FLUID DENSITY, LRM/CU.FT. 
RE = REYNOLDS NUMBER, DIMENSIONLESS. 

DATA DIAtRHO,DVIS/O.l667t 62e4t 0.0000300/ 

DATA A,s,c.D/-9.1947749t 4.0212147, 1.523312, -0.3843671/ 


TRANSFORMATION OF DYNlMIC VISCOSITY (LA.SEC/CU.FT. INTO THE ENGLISH 
ENGINEERIN7 UNIT SYSTE~ <LB/FT.SEC> 
VIS = nvIS*~?.174 
FVALUATION OF REYNOLDS NUMBER. 

RE = DIA*U*RHO/VIS 


CHECK FOR TURBULENT FLOW 

IF<RE.GT.2000.0> GO TO 10 

F = 64.0/RE 
RETURN 

THE BLAUSIUS EQUATION IS USED TO GET A FIRST ESTIM TE OF F. 
10 F = C*RE**D 

BEGIN NEWTON-RAPHSON ITERATION. 

DO 20 I= 1, 50 

PRO = Rf*SOPTCF) 

FNEW = F - (l.O/SORT(Fl - R*ALOGlO(PROl - Al*(2.0*F*~ORTCF))/ 


1(-1.u - 0.4342944819*A*SORTCF>> 

CHECK FOR CONVERGENCE. 

IF<ABS<F-FNEW>.LT.1.0E-6> GO TO 40 

F = FNFW 


20 CONTINUE 

http:LA.SEC/CU.FT
http:LRM/CU.FT
http:LB.SEC.ICU.FT


30 
WRITEC6.~0) 
FORMATC//, 
CALL EXIT 

5X, *NO CONVERGENCE FOR FRICTION FACTOR ) 

40 RETURN 
END 

SUBROUTINE WATER(U, GRADW> 

THIS SUBROUTINE WILL CALCULATE THE HYDRAULIC 
ACCORDING WITH DARCY-WEJSRACH EQUATION. 

GRAD! NT FOR PURE WATER 

REFERENCE. VeL• 
ROOK 

STREETER. FLUID MECHANICS. CHAP 
CO~PANY. FOURTH EDITION (1966>. 

ER 5. MC GRAW-HILL 

GLOSSARY OF PRINCIPAL SYMROLS• 

DIA = PIPELINE DIAMETER, FEET. 
F = FPJ(TJON FACT0P, nJMFNSTONLFss. 
GRAD~ = HYDRAULIC GRADIENT FOR PURE WATER, 
U = AVERAGE FLUID VFLOCITY, FFET/SEC. 

FEET OF WATER PER FT. OF PIPE. 

DATA DIA,RHO,DVIS/0.1667t 62.4, 0.0000167/ 

SUBROUTINE FRICTION RETURNS THE FRICTION 
CALL FRICtFtUl 
C,RAnW = (F/n!A)*U**2/(2.0*,?.174) 
RETURN 
FND 

FACTOR. 
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APPENDIX 1.10,2 Calibration of Electromagnetic Flowmeter, 

Figure 1.16 represents the calibration curve for the 

electromagnetic flowmeter (see l.~.l). The electronic 

calibration given by the maker (also indicated on fi­

gure 1.16) certifies an error no greater than 1.05 % 

on the flow rate. The water displacement of the pump 

(as percent of maximum flow) as a function of the pump 

speed is given in table 1.12. 

T A B L E 1.12 

Percent of maximum flow Pump speed (~.p.m.) 

31 188 

36 228 

41 256 

45 280 

51 314 

56 352 

61 J86 

~ ~3 
73 458 
78 480 
84 515 
90 .549 
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FIG. 1.16 CALIBRATION CURVE FOR ELECTROMAGNETIC FLOW?'.ETER. 



PART II OSCILLATnRY FLOW STUDIES 



2.1 	 INTRODUCTION 

Part II of this thesis deals with the behaviour of clear water 

under pulsed turbulent flow. Some preliminary observations on the 

behaviour of settling mixtures under oscillatory flow conditions are 

also included. 

The behaviour of particles in pulsating flows is of interest in 

such diverse fields as fluidized-bed technology, atmospheric dispersion, 

transport of solids, etc. When pulsations were applied to solid-fluid 

systems, increases of up to 13-fold were reported in the mass-transfer 

coefficients (Lemlich, 1961) and up to 4-fold in the heat transfer 

coefficients (Hogg, 1966). But the enhancement of heat and mass 

transfer are not the only advantages gained by the application of 

pulsations to particulate systems. It was reported that pulsations 

enhance the stability of fluidized beds (Massimilla, 1964), decrease 

the viscosity of dispersed systems (Mikhailov, 1964) and increase the 

settling rate of flocculated suspensions (Obiakor, 1965). It has also 

been discovered that under the influence of pulsations it is possible 

to force bubbles to move downwards against the net buoyant force 

(Buchanan, 1962, Jameson, 1966) and to suspend particles against 

gravity in liquids (Houghton, 1963). 

Pulsations are not necessarily externally superimposed on the 

system. Many solid-fluid systems will themselves generate macroscopic 

pulsations which otherwise will not exist in the fluid alone. This 

was reported during the hydraulic transport of solids (Lamb, 1932) and 
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in fluidized beds (Kang, 1967, Klein, 1971). 

2.2 THE BEHAVIOUR OF CLEAR WATER UNDER PULSED TURBULENT FLOW 

Theory, results and comments on pressure drop, air consumption, 

fluid velocity and power dissipation for clear water under pulsatile 

flow are presented in appendix 2.5.1. Some complementary results are 

presented in appendix 2.5.2. The computer program listing for 

determining Fourier coefficients by numerical integration is included 

in appendix 2.5.3. 

2. 3 COMMENTS ON THE BEHAVIOUR OF SETTLING MIXTURES UNDER PULSA.TILE 

FLOW 

When a solid-liquid mixture flows in a horizontal pipeline 

under steady state conditions at velocities below the minimum deposit 

velocity, partial or total deposition of solids will occur, depending 

on concentration of solids and mean velocity of the mixture. The 

objective of these observations was to estimate the effect of including 

an oscillatory component in the liquid flow when partial or total 

deposition of solids exists. 

The apparatus used was the same indicated in appendix 2.5.1 

and the slurry was prepared by adding a determined amount of hematite 

to the system, obtaining an overall concentration of solids of about 

10% by volume. 

Three flow regimes were visually observed when pulsations are 

applied to the system above mentioned: 
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1. 	 At low amplitudes a stationary bed exists on the bottom 

of the pipe at all times. 

2. 	 At intermediate amplitudes a transition region exists, 

in which a stationary bed of solids exists for part of 

the time only. 

3. 	 At large amplitudes all particles are moving in water 

at all times. 

Figure 2.1 gives some indication of the effect of pulsations 

on the flow regimes involved when the mean velocity of the mixture is 

changed. It would appear that the pulsatile component of velocity is 

as effective as the mean flow velocity in keeping particles in 

suspension. Thus, in pulsed flow a high solid concentration can be 

transported by a relatively small flow of water. 
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Friction Factors 1n Pulsed Turbulent Flow 

M. H. I. BAIRD', G. F. ROUND' and /. N. CARDENAS2 


McMaster University, Hamilton, Ontario 


An apparatus for investigating pulsed turbulent liquid flow 
in a 2 in. diameter, 80 ft. pipeline is described. The pulsation 
unit was powered by compressed air with a consumption of up 
to 2.7 std. cu.ft./min. at 35 lb/in2 gauge. The pressure drop for 
water flowing at mean velocities of 7.66 to 12.28 ft./sec. has 
been measured, both for steady flow and for pulsed flow, at 
frequencies between 0.48 and 0.82 Hz. The experimentally 
measured pressure versus time curves for pulsed flow can be 
matched fairly closely by a solution of Euler's equation em­
ploying the friction factors measured under steady flow 
conditions. 

P ulsating flow of fluids occurs widely, both in 
nature and industry. One area that has interested 

chemical engineers for many years is the improvement 
of processes by the deliberate application of pulsed 
flowm. The present authors have begun a program of 
research on pipeline conveying of slurries in a pulsed 
flow of water, using an air pulsation technique<•,•·•'. 
Such a technique has an advantage over pistons or 
flow interrupters which would be adversely affected 
by suspended solids. 

The equipment, which is described in detail follow­
ing, has first been operated with pure water alone. 
The objective of this work has been to obtain data on 
instantaneous pressure drops and friction losses in 
pulsed turbulent flow. The operating characteristics 
of the pulsation unit are also given. 

On decrit un appareil pour etudier un courant liquide 
turbulent et pulsatoire dans un pipeline de 80 pieds de lon­
gueur et 2 pouces de diametre. On a actionne le dispositif de 
pulsation avec de l'air comprime a raison de 2.7 std. pieds cubes 
a la minute a une pression de 3 5 livres au ponce cane. On a 
rnesure la chute de pression de l'eau qui coule a des velocites 
rnoyennes de 7.66 a 12.28 pieds a la seconde et ce dans les cas 
d'un courant stable et d'un courant pulsatoire et ades frc'\quences 
variant entre 0.48 et 0.82 Hz. Les graphiques reproduisant Jes 
rnesures experimentales de la pression vs le temps, dans le cas 
d'un ecoulernent pulsatoire, s'harrnonisent assez bien avec la 
solution d'une equation d'Euler OU I'on emploie les facteurs 
de frottement mesures dans des conditions correspondant acelles 
d'un ecoulement stable. 

Pulsed laminar flow in pipes has been quite thor­
oughly investigated<5

,•·
1 

' and it has been found that 
above a certain limiting frequency friction factors 
are greater than the values for steady flow. Conse­
quently the energy losses are greater than would be 
expected using a quasi-steady modeJ<1

'. In the case of 
turbulent flow, Schultz-Grunow<., found that a quasi­
steady state model was satisfactory, i.e., the instanta­
neous frictional pressure drop could be predicted from 
the instantaneous velocity using the steady-flow fric­
tion factor values. This early work<8

' was at frequen­
cies up to only 0.25 Hz, but more recently Streeter and 
WyJie<9

l have successfully used the quasi-steady model 
oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooc in analyzing the hydraulic transients from a recipro­
'Department of Mechanical Engineering.
•Department of Chemical Engineering. cating pump at frequencies in the order of 10 Hz. 



0025 

er 

t 
1t. 0.020 
z 
0 
;::: 
u 
ii' 
u. 

0.015 

RECORDER
,-§---------------, 
! : 

TRANSDUCER: : 

:MAGNETIC FLOWMETER 

PUMP 

Figure 1 - Schematic diagram of test loop. 

IRELA+--_6_V~Pf~----
I 

I 

I 

115"1 
AC: 

I 

: 
I 

PULSA~LOW 

PROBE 

STEADY FLOW FROM 
- PUMP 

Figure 2 - Pulsation unit. 

>X VON KARMAN - NIKURADSE 

~ EQUATIONI 
! ~:::::::~::x--__
7 x---~--){-.~ 

­
BLASIUS EQUATION x-~x 

x x 
x x 

0012s~u""o•">-~'-----'------'---,1c!co•.--'---'---'--~-1~s.J..(10~•~>L.....J 

REYNOLDS NUMBER 

Figure 3 - Friction factor under steady flow conditions. 
0.9,---,---.---.---.------.---. 

08 

:i! 
>. 0.7 

u 

z 
:::> "' 
ff:e: 06 

0.51------~ 

AVERAGE VELOCITY 

0 7.67 FEET/SEC. 1-------"----~ 
8 9.82 FEET/SEC. 

0 12 28 FEET/SEC 


lll 15.0 
:I: "' u 
~ 

~ IQO 
:::> 
>­
~ 
:E 
.. 50 

0~~0:---0~5;---,1~0--~1.5.---~2~.o--~2.~5---='30 

AIR CONSUMPTION, S.C.F M. 

Figure 4 - Effect of air consumption on frequency and ampli· 
tude at different average velocities. 

However this analysis was valid for flows with only 
a relatively small oscillatory component. Recently, 
Brown and others0 •i studied the response of turbulent 
flows to small-amplitude oscillations at acoustic fre­
quencies (50 - 3000 Hz). At these high frequencies, 
the observed attenuation agreed with calculation based 
on "constant turbulence", i.e. the flow pattern and 
turbulence did not have time to adjust to the rapid 
fluctuations in velocity. The present investigation con­
cerns pulsed turbulent flows at frequencies of 0.48­
0.82 Hz with flow fluctuations of up to ±50% of the 
mean flow. 

Apparatus 

The circulation loop used is shown schematically in 
Figure 1. Water from the reservoir was pumped at a 
steady rate to the 80-ft. loop of 2-in. internal diameter 
steel pipe by a rotary, positive displacement pump 
(Moyno, type CDR). The pump speed could be varied 
to give a flow range from 6.7 - 20-cu.ft./min. 

Shortly downstream of the pump, the water line 
was connected to the pulsation unit, the purpose of 
which was to impose an oscillatory component on the 
flow. The pulsation unit, which is shown in detail in 
Figure 2, operated on the self-triggering principle(2 3

•
4
'.• 

This principle has been useful in pulsing gas absorb­
ersm, extraction columns(•) and hydraulic test tanks(0 

• 

The present investigation deals with a new application 
of the principle to a continuous turbulent flow system. 
The water rising into the vertical section of 2-in. bore 
glass tubing activated a conductivity probe which 
operated a solenoid valve, supplying compressed air 
(normally 35 psi). As the water level receded past the 
probe, the solenoid switched to the "exhaust" position 
and the air space was connected to atmosphere. In this 
way the cycle repeated itself, with the water level 
oscillating about the probe. Previous investiga­
tions(•.•.•i have shown that such a pulsator tends to 
operate at the natural frequency of the system, giving 
a smooth waveform and a relatively efficient use of 
compressed air. The pulsation frequency could be al­
tered by adjusting the probe vertically, and the am­
plitude could be adjusted by varying the air supply. An 
air shut-off valve was also provided to permit un­
pulsed operation of the loop. 

The water flow continued along the lower part of 
the loop, then via a U-section with a radius of curva­
ture 1.33-ft. to the upper part of the loop in which 
the pressure-drop test section was situated. The test 
section began 3-ft. from the U-Section. The pressure­
drop between two points 31.66 ft. apart was measured 
by a diaphragm transducer (Pace Engineering Co., 
type P7D) and transmitted to a high-speed recorder. 
Downstream of the test section, an electromagnetic 
flowmeter (Brooks Instruments, model 7300) meas­
ured the fluid velocity which was recorded on the same 
chart as the pressure drop signal. 

The measurements taken in a typical pulsed-flow 
test included the pressure drop and velocity as func­
tions of time, the frequency of pulsation (by stop­
watch timing of ten cycles), the stroke (amplitude) 
of the water level in the pulsation unit, and the air 
consumption. This latter measurement was made by 
connecting the exhaust air line to an inverted water­
filled measuring cylinder for a known number of cy­
cles. The air consumption was obtained as the volume 
collected per cycle multiplied by the frequency. 

??1 



Friction in steady flow 

The friction factor in steady flow was calculated 
from the experimental pressure and velocity data us­
ing the well-known Darcy-Weisbach equation: 

!e>P = f · (; ) · (P 2~: ) · · · · · · · .. · · · · · · .. · · (1) 

The experimental values of f are shown in Figure 3. 
Also shown are the Blasius equation and the von Kar­
man-Nikuradse equation for the friction factor in 
smooth pipes: 

Blasius: f = 0.316 Re-0 • 25 •••••..•.•.. .. (2) 

Von Karman-Nikuradse: l/yf= 0.86 ln [Rev7J - 0.8 ... (3) 

The scatter of the data points on Figure 3 is consist­
ent with the experimental accuracy of the individual 
determinations of f. Although the measured values of 
f are in reasonable agreement with Equations (2) 
and (3), the effect of Reynolds number appears to be 
slightly greater than expected; no definite reason for 
this effect can be advanced. 

In interpreting pulsed-flow data, it was necessary 
to consider a Reynolds number range greater than 
that over which data (Figure 3) could be obtained in 
steady flow. The Blasius-type equation for f, though 
simple, should not be applied at Reynolds numbers 
greater than 105

• Accordingly it was decided to use a 
form of Equation (3) with coefficients adjusted to fit 
the data on Figure 3. 

11.YT= 1.746 tn [Rev71 - 9.195 .................. (4) 


Pulsed flow operation 

Figure 4 shows the effect of air flow rate upon 
frequency and amplitude, at three different liquid flow 
velocities and a single position of the probe. A volum­
etric efficiency may be definedc•l as the ratio of the 
volume of liquid displaced per cycle, divided by the 
volume of air (standard conditions) supplied per cy­
cle: 

211" AwS 
...................
11 = Q 	 (5) 

The values of n obtained in the present work are be­
tween 0.25 and 0.4, a range somewhat lower than that 
obtained'") in pulsing systems with no net flow. The 
friction due to turbulent flow undoubtedly contributes 
heavily to damping effects. 

The negative effect of air consumption upon fre­
quency, shown in Figure 4, is also characteristic of 
heavily damped systems. The curves resemble the curve 
obtained by Baird and Garstang01 l for the pulsing of 
water through a bed of Raschig rings. 

Quad steady state model 

If the velocity u as a function of time is known, and 
assuming the dependence of f upon u given by Equa­
tion (4), the pressure gradient variation may be cal­
culated. 

The equation of motion may be written in terms of 
the instantaneous flow velocity u (averaged across the 
pipe section), taking a length of pipe as the control 
volume. Incompressible flow and rigid pipe walls are 
assumed. 
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p . iJX + at + 2D = O...... . ..... (6) 

It was apparent from chart records of the velocity and 
pressure gradient that a simple sinusoidal approxima­
tion was not sufficient to describe the velocity varia­
tion. However it was found that the velocity-time 
curves could be empirically fitted in any particular 
case by a five-term Fourier series: 

u(t) = A 0 + A 1sinwt + Azsin2w! + B1cosw! + B2~os2w! .. (7 

The lower portion of Figure 5 shows a typical curve of 
this type, fitted to experimental points taken from the 
chart. The pressure drop, calculated from Equations 
(6), (4) and (7), is shown in the upper portion of 
Figure 5. According to the quasi steady state hypo­
thesis, the experimental pressure drop points should 
lie on the calculated curve. The agreement is not very 
good at the peaks and troughs of the pressure curve 
which correspond to the maximum acceleration (at t """' 
0 and 1.5 sec.) and deceleration (at t """' 0.9 sec.) re­
pectively. 

The deviations are consistent with a response time 
T of about 0.1 sec., based on a velocity measurement 
lag of T(du!dt). This corresponds closely with the 
manufacturers' estimates for the magnetic flowmeter 
response. In other words, this investigation leads to 
the conclusion that the fluid behavior at the frequen­
cies and amplitudes studied is "quasi-steady". 

Brown et al00
) found that at frequencies of 50 - 3000 

Hz the behavior was not quasi-steady, as the turbu­
lence level and flow pattern did not have time to ad­
just to the rapid fluctuations. They suggested tenta­
tively a relationship for the transition between quasi 
steady and non-quasi steady behavior: 

wR2 Iv "" 0.025 Re 
i.e. 	 w ""0.1 U/D .................. (8) 
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TABLE 1 

POWER DISSIPATION IN TEST SECTION 

Fower dissipation 1---:ft lbIs 
Velocity Amplitude Frequency 
U,ft/s A, inches Hz (ob~erved) (calculated) 

2.5 0.621 12.52 12.49 
7.67 5.0 0.650 12.77 12.78 

7.95 0.580 13.35 13.21 
10.55 0.541 14.08 13.94 
12.8 0.482 14.29 14.28 

2.8 0.701 23.49 23.41 
4.2 0.741 24.47 24.35 

9.82 8.0 0.662 25.33 25.16 
9.55 0.629 25.92 25.77 
11.5 0.588 26.80 26.70 

-
2.9 0.759 42.88 42.76 

0.799 42.98 42.803.95 
5.0 0.815 43.44 43.22 

0.741 44.88 44.757.9 
0.692 46.23

I 
9.55 56.66 

Thus for the present conditions the transition fre­
quency would be in the order of 6 radians/sec or 1 Hz. 

Although the frequencies used in this work were of 
the order of 1 Hz, the response lag was no more than 
may be expected from the magnetic flowmeter, so the 
transition frequency must be somewhat greater than 
that given by Equation (8). 

Further support for the contention of a higher tran­
sition frequency is given by the successc"' of the quasi­
steady model for frequencies up to 10 Hz in a 3-in. 
pipe. 

Power dissipation 
The power dissipation averaged over a cycle is an 

important factor in the design of pulsed flow equip­
ment. It is given by: 

211' 

"-' ! wTD2 u D.P dt . ................. (9)
J = 211' . 
0 

Experimental values of this quantity are obtained 
from the values of u and t::,.P on the chart record. The 
value of J may also be estimated from the experimen­
tal measurement of u and a value of t::,.P calculated 
from u using Equation (6) in conjunction with the 
steady flow friction relationship of Equation (4). In 
both these calculations of J, due attention is paid in 
the integration to that period in which 6.P has a neg­
ative sign, in which case there is a net recovery of 
energy from the water as it decelerates. 

The results of the tests are summarised in Table 1, 
and it will be seen that the observed and calculated 
values of J agree within 1%. The small error due to 
velocity measurement lag, apparent on Figure 5, is 

largely cancelled out when integration over the com­
plete oscillation cycle is performed. 

Conclusions 
This investigation has confirmed that the quasi­

steady state hypothesis (i.e., fully developed flow as­
sumption) applied to pulsatile turbulent flow in the 
conditions studied. The air-pulsing principle<•,3

•4 > can 
be applied for turbulent water flow in a 2-in. pipeline. 
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Nomenclature 
A amplitude (stroke) rr.easured at pulsation unit 
Ao, 1 ••• Fourier coefficients 
Bo, 1 •.• Fourier coefficients 
D pipe diameter 
f friction factor 
g, gravitational constant 
J power dissipation (average over 1 cycle) 
L length of test section 
p pressure
Q = volurr.e of air supplied per cycle 
R radius of pipe
s cross-sectional area of r:ir:e 
t tirr:e 
11 velocity (instantaneous) 
u velocity (average over 1 cycle) 
x axial distance 
D.P pressure drop 
p water density 
T tirr.e constant 
w angular frequency 
11 volurr.etric efficiency 
v kinematic viscosity 
Re Reynolds number = UD/v 
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RESULTS CF RUN NUMBER 271 

EXPERIMENTAL CONDITIONS 

FACTOX :: 

AMPLITUDE <FEET) = I 270 83 
FRECUENCY <11SEC> = .66666 
AVERAGE VELOCITY CFt:ET/SECl = 
NUMBER OF EXPERitENTAL POINTS 

1.00000 FACTOY = .40000 

13,?1iJOO 
= 11 

FACTOZ = 

INOEPENDfNT COEFFICIENT AO :: 13.124500~ 

COEFFICIENTS CO~RESPONOING TO SINE SERIE ANO VELOCITIES CALCULATED HITH THEM 

Al 

AJ 

= 8<1,1> 

= 9 <1, 3> 

= 
= 

1. 06%5gl 

-. 008E3S3 

AZ 

1\4 

= 8 ( 1, 2) 

8(1,4) 

= 

= 

,08G1216 

.3'391010 

SUH 

TIME UEXP uo,1,11-------­0.00000 13.21000 13.12't50 
.15000 13,6f201 13,75323
.30000 13.87732 14.14181 
.1+so o o 13. '3171+4 14.14181 
.60001 13.<31611 13.75323 
.75001 13.80511 13.12't50 
.gooo1 12.%0 28 12.49577 

1.0'5001 11.89'343 12.10719 
1.20001 11.77907 1?.10719 
1.35001 12.27388 12.49577 
1. 500 02 13.:?tflOO n.1?1+'50 

ABS VALUE' OF DIFFEPENCf = 
HEAN OEVIATION = 

STANOARO DEVIATION = 

0<1,1,Il-------­
.08550 

-.og122
-.26448 
-.22436 

.16287 
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.47351 
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.zse,90 
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• :rn 37L 
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12. C55C.2 
12.42778 
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, fJ8 55D 
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-.18235 

• 24 72g
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,3Rq1L 

-.24'37~ 
- • 27S9f­
-.15'91 

,fJ8S5G 

?.~2'5£\5 

• ?%% 

.30324 
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11•• 04993 
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l3.44J11 
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:OEFFICIENTS CORRESPONDING TO COSINE SERIE AND VELOCITIES CALCULATED WITH T~EM 

81 = 8(2,1> = -.2951035 82 = Bt2,2> = .35C4604 

93 = l"l(2,3> = -.11+73822 84 = B!2 7 4) = .1317f>4G 

TIME UEXP Ul?,1,Il-------­ 1)(2,1,Il-------­ LC2,2,Il-------­ oc2,2,1> 
-----··-­

U!?,3,!)-------­ 1(2,3,I> 
-------­

L.d2,4,!l 
-------­

l ( c '..,, Il 
-------­

0.00000 
.15000 
.:rnooo 
.4501)0
.60001 
• 75001 
.900IJ1 

1.05001 

11.21(\(1(;
13.66201 
13.87732 
13.g1744
13. 91E:11 
13.80'.'11 
12.96CJ28 
11.89'?43 

1<'. 8291+0 
12.88576 
13.01331 
13.21569 
13.36324 
13. 41%0 
13.36324 
13.21569 

.38060 
• 77626 
.84401 
.70175 
.55286 
.38550 

- • '393% 
-1. 31627 

13.17986 
12.gg1+06
12.74978 
12.91216 
13.47154 
13.77006 
13.47154 
12.93216 

.03014 

.6 67'Jt 
1.127')4

.9115?6 
• 441+'56 
.0351]4

-.51J2U 
-1.03274 

13.03248 
13.C3%0 
12.869(12 
12.~12~3 
13.42600 
13.9174<;
13.42blJC 
12.81293 

.17752 

.':l2?4c 
1.00b31 
1.1G451 

.49G11 
-.11234 
-.45672 
-.91"'-5C 

13.H424 
12.CJ~3iJO 
12.%LJ7? 
12.t536-~ 
1 3 • 31 :l'• ·1 
14.f.49?1 
13.31'34J 
12.b53n5 

.04Slfo 
• 7?-10 z 
• CJ~, 7 :;g 

1 • l' ': i ~ ,­
• i: :1 <0 71 

.... ~441~ 
-.'3~ul2 
-.9? ... ."?? 

1.20001 
1.35001 
1.50002 

11.77C307 
12.27388 
13.21000 

13. 03331 
12.88576 
12.82940 

-1.25424 
-.fi1188 

.38060 

12.74978 
12.99405 
13.17986 

-.97071 
-.721JJ.8 

• 0301" 

12.86%1 
1~. 03%0 
13. rJ32<t8 

•1.J8995 
-.71'i"i72 

.17752 

12.9Ci973 
12 .':33::J I)
13.16424 

-1.13 .. 67 
-.f."i912 

.f457€. 

)UM ABS VALUE OF DIFFERENCE = 7.59795 6. 54 65E1 6 .'H 8n3 r.. 71•. ':J/Hi 

MEA"' DEVIATION = .69072 .59514 .0211g7 .t1c9Y 

STANDARD DEVIATION ::: • 761 g] .717e.r .7234€ .7?.39r 

·~I .. t • ' ' I' I ~. I ' ' I ..... : \ 

• a "~OC'5SIH1i AND r.OMPUHR CENTRE 
I-' 
0 
0 



-------- -------- -------- -------- -------- -------- -------- --------

RESULTS OF RUN NUMBER 272 

EXPERIMENTAL CCNOITIONS 

AMPLITUDE <FEET> = .42708 
FRECUENCY (1/SEC l = • 711J D 0 
AVERAGE VELOCITY !FEET/SEC> = 1~.21000· 
NUMBER OF EXPERI~ENTAL POINTS = 11 


FACTOY = 1.00000 FACTOY = .38350 FACTOZ = .356C9 


:NOEPENOENT CnEFFICIENT JlO = 13.1952125 

:OEFFICifNTS COPRESPl-ND!NG TO SINE SERIE ANO VELOCITIES CALCULATtO WITH THE~ 

Al = Af1,1> = 1. 639'1574 A2 = 8(1,2) = .o&ec;331 

AJ = Bf1,3l = .0199063 114 = 8<1,4> = • 517011.? 1 

TIME UO:P uc1,1,r> 0<1,1,I> U!1,2,Il 0(1,2,!) U(l,3,J.) '1l1,2,I> Ull,4,Ii f1 <1, 'i, Ii 

0.00000 13.21000 1:!.19521 .01479 13.19521 .01479 13.19521 .01470 13.19321 .G.!.471 
.14085 14.03058 14.15853 -.12805 14.22380 -.1'3322 14.24274 -.?1210 14.511:''3 - • ~ L+t.J .'31 
.281!=;9 1r..3gc;9g 14.75405 -.3580'3 14.79433 -.391\34 14,?eC:~3 -.3flE:64 14.c5fJ!\3 .1451 .. 
.42254 14.52"21 14.754rJ5 -.22984 14.71?:77 -.1R95b 14.70207 -.17786 1s.z33~4 -.7JY63 
.50338 14.54088 14.15%3 .38225 14.09345 .44743 14.11238 .421l5C 13.78373 • 7 ':> 71::;
.70423 13.90108 13.1gs21 .7051:!7 13.19521 .71)587 13.19521 ,70587 13.1g?21 , 7G O; fl 7 
.84507 12.77S35 12.231.80 .54355 12.29698 • 4 7 83 7 12.27805 • 1+'3 n c 12.E.0670 .16tloS
• 98592 11. 46627 11.63£:38 -.17011 11.67656 -.2103'3 11.68836 -.2220'1 11.1565'3 .::"096>\ 

1.12676 11. 22907 11.63638 -.1+0731 11.5%09 -.%702 11.6iJ779 -.37fl73 12 .1395 7 -.'H J30 
1.267F.i1 11.<?61131 12.23180 -.26549 12.16662 -.20031 12.14769 -,18138 u. a1 go 3 .1'+72g
1.40845 13.21000 13.1<;1521 .01479 13.1'l521 ,0147S 13.195?1 .n147g 13.195?1 • ; l '+ 1 :; 

JM· ABS VALUE OF DIFFTPENCf = 3.2201)9 3.220G9 3.22009 41424r~9 

MEAN DEVIATION = .29274 .?9274 • 292 74 .4~221 

STA NOA RO DEVIATIOM ::: • 35 713 .35401+ • 354U .51il27 

-
:'II \I 1•:1 ti\ I '\,i'. l·R~ITY 

~... 

~aa PROCESSING AMO COMPUTER CENTRE 

http:1.267F.i1
http:12.231.80


COEFFICIENTS CORRESPONDING TO COS!Nf SERIE AND VELOCITIES CALCULATED WITH THEM 

91 = ~•z,n = -. ~6%078 '3 2 = B<2,2J ~ .3647568 

BJ = 8 ( 2' 3) = -.11'3ltt70 84 = B<2,41 = .U.073<::(' 

TIME UEXP Uf2,1,I>-------­ D<2,1,I>-------­ l.!!2,2,Il-------­ D<2,2,r>-------­ Ul?,3,l)-------­ iJC2,3 1 Il -------­ u12, .... u -------­ r, <2, Y, r > -------­
0.00000 

.14G!!5 
• 2eu;g
.i..2'254 
.55338 
• 70-42~
.ei.so1 
.98592 

1:>:.21000 
14.03058 
14.3g5gg
14.52421 
14.54CR8 
13.90108 
12.77S35 
11. 46f27 

12. e251)0
12.E'3619 
13.09100 
u.3ag43 
1~.49423 
1~.564A2 
1:! .494?3 
13.:.:r0943 

.38440 
1.13439 
1.:.H500 
1.21478 
1.0Lt5E5 

• 33626 
-.718P8 

-1.84310 

13.1go3t­
13.[Jr)ll91
12.71l590 
13. 01433 
13.50695 
13.92958 
B.6ll695 
13.014~3 

.1!1964 
1.02167 
1.61C09 
1.5Q988

.93393 
-.02849 
-. 8310G 

-·1. 548u 7 

13.C70"4 
13. 0451'1 
12.11'3251 
12.91772 
13.57004 
.i.4 0 0£./399
13.57005 
12.91772 

.139Ct 

.99477 
1.5134!> 
1.f:i0~4g 

.97083 
-.1479~ 
-. ?91-70 

-1.4514? 

13.181,:.,~ 
12.95::,22
12.s::.:,n 
12.S<J194 
13.41lJ45 
14.l5'j73
13.41ld46 
12.951'l4 

.L..!_532 
t.0743fJ 
1.41'32·. 
1.5722! 
1.·~v,:.:.? 
- • ? s e f, -; 
- • ( ij '.J 1.:.. 

-1. 4 'l '.>'">'I 
1.12676 
1.26761 
1.'t08 .. S 

11.?2qo7
11.9H31 
13.21000 

1:."'.08100 
12.8%19 
12.e2soo 

-1.85193 
-.qz959 
.~8440 

12.78590 
13.008Cj1
H.19036 

··1.55Fi83 
-1.04260 

.01'364 

12.88251 
13.04581 
13.0709'4 

-1.65344 
-1.~7951:! 

.13906 

12.~1673 
12.95bZ2 
13.111165 

-1.t:dlnt 
-.C.'J':JSit 
.Ci.~832 

SUM ns VALUE f)f' OI!"Ff?ENCE = 11.1'>97? 10.1;>::'44 11 0 4AJr-g l' • 3' _....; ~· 

MfA~ DEVIATION = 1.01't52 .92022 .'35?7~ ,a.,c7? 

~TANOAR!'l OEVIHIO~ = 1.13635 1.10~2 .. 1.107~7 1. l • ..., ~ 

.. 

)-J 

N 
0 



-------- -------- -------- -------- -------- -------- -------- --------

RESULTS CF ~UN NUNB~R 273 

EXPERIMENTAL CONDITIONS 


IH1PL ITU DE <FEET> = • t35·t1 

FRECUENCY <1/SECl = • 70'>00 
AVERAGE VELOCITY !FEET/SEC> = 13.21~0G 
NUNBER OF EXPERI~ENTAL POTNTS = 11 


FACTOY = 1.00000 FACTOY = .3771ri FACTOZ = .35oG9 


-----------------------------------------------··----------------------­
INDEPENDENT cnrFFICTfNT 110 = 13.1539311£ 

COEFFICIENTS CO?P~S~ONOING TO SIN~ SEPIE AND VELOCITIES CALCULATED WITH THE~• 

A1 = f.!(1,U = 2.?g31%7 A" = p, ( 1 '2) .21S3Ci13" 
A3 = £l C1 '"'I) = .1r;s1513 A4 = 8(1,4) = • 77376fl7 

TIME UFYP U<1,1,I> D<1,1,I> U<1,2,Il 011,2,r> u11,3,u D ( 1, 3, I l Ul1,4,I> Cl!,4,I> 

0.00000 n.21"lDD 13.153°4 .05606 13.15394 .C560t- 13.15394 , C56% 13.15394 .C~bCG 
.11+1 Ill.+ 14. ui.17 14,495g7 -.?11e0 14.70073 -.41656 14,84829 -.%412 15.~~311 -1,[1S%
.283fi9 14. 61\fi81 15.32539 -.43858 !S.45194 -.56513 15.36074 -.47393 14.E::2i.+83 .2G1CJll 
.42553 15.2083r 15.32539 -.11708 15.1q8R4 .00947 15.10764 .10Co6 15. 84356 -.63525 
.5E-n8 14. q4:;-c;4 14.495'37 .44758 14.29120 .f>5234 14.4387b • 504 7e 13.953q4 .95q1:i'.J
.711922 13.94no 1:.15394 • 7.13982 13.15394 .78982 13.15394 • 78CJ82 13.15391+ .78CJl32 
.65106 12.45?54 11.e11q1 .641&? 12.01667 .43687 11.116CH2 .58443 12.32394 .12%0 
.99291 11.17387 1c.g1124g .191311 11.10904 .06483 11. ?::JC.24 - • 02f.3f; 10.46432 .7u95G 

1.13475 1(1.47415 10.98249 -.50834 10.85594 -.38179 10.<34713 -.472<.Jtl 11.68305 -1.2311% 
1.27661] 11.061:'41 11.81191 -.75150 11.60714 -.54674 11.45959 -.39918 11.C.0477 .c?t:.64 
1.41644 u.21noo 13.15~94 .05606 n.15393 .l15oo7 13.153<3 7 .05607 13.15393 .r 'ibH 

SUH ABS VALUE OF OIFHRENCF = 4.2C984 3.'37%7 4.0?840 ? , llfl144 

MEAM DEVIATION = .38271 .36!.4? .~662? ,?~4611 

<iTANOAR'l DEVI A Tif1N : .4b24q .44&03 .41+~4b .f773t 

\ 1 \ ~ I . I F\: l \, r \ ' .. ' . r't 

~ ~. ~ I ?q1H· l SS I rt G AND· C 0 MP UH R C [NT RE 



COEFFICIENTS COR~ESPONOING TC COSINE SERIE AND VELOCITIES CALCULATED hIT~ T~~M 

81 = 8(2,1> = -.?7:25'3% 132 = 812,2> = .2".;<J7001 

83 = ~<2,3> = .03g2801+ 14 = 8<:~,4) = .27:5242 

TIME UEXP Ul2,1,Il-------­ n12, 1 1 I l -------­ Lt2,2,Il-------­ 012,2,ll-------­ Uf2,3,Il-------­ !") ( 2' 3' Il-------­ uu,:.,r>-------­ ,. C?, 4, I> -------­
0.0001}0

.1'+1R4 

.28369 

.'+25S3 
• 5&73R 
.71)922
.851136 
• gg2c31 

1,13475
1.276€:0 
1.1+1644 

1:.!.211JOO 
14.28417 
14.1'1'3681 
1s.2ono 
14.94354 
13.'34376 
12.45354 
11.17367 
1(1,47415
11,06041
13.211JOO 

1?.~81)34
12. F-flg'lg
12. 0 7669 
13.3 7 119 
13.€-17'39 
1~.72754 
13.617qg
P,33119 
12.g7669
12,E8'389
12.58031+ 

• f.2%b 
1. 5942 B 
1.91012 
1.'17711 
t •.32555 

• ?1622 
-1.16445 
-2.1?732 
-~.51)253
-t.62948 

• 62%6 

12.8:'004 
12,77323
12.7584Cl 
l3,1t3'.JO
11,101·n
13.gg7z4
13.70133 
13.11300 
12.75849 
!2.7732J 
12.~5004 

,35ggr.
1.5U94 
2.12832 
2.09531 
1.24221 
-.053413 

-1.2477g
-1.g3913
-2.211434 
-1.71282 

.~5996 

12.8/lC3;:'
12.7b1UC:: 
1?.,72£:,72
13,14475
13.?1347 
13.'~57% 
13.71347 
13.1447/l
12.72072 
12,761C9
12.88932 

• 3 2 () '=' !l 
1.523G~ 
2. 1b:J !) g
2 • .; E; 75 3 
1.231)07
-.0142t' 

-1.?599~ 
-1.9789'.: 
-?,25;:>5iJ 
-1. 7u06e 

,32:ibP 

13.H4~i+ 
12.,391g
12.bl186 
13.22(J~2 
13.4~)57
14.<:334'l 
!3.4'1J57 
13. 22':l92 
12,811'\0
1.?,1):<111'3 
13.1b't~4 

,(•4?1.n 
1.7-15'.:J~ 
2,1,74'.iS 
!..C:163~,
1,452''8 
-,?tl•:i?'.! 

-t.J37J2 
-2,G5oJ4 
-2."'i3771 
-1.47773 

.c.:.;!,, 

SUH ABS VALUE OF DIFFtPENCf :: 15.6361+0 14.'33425 14.91641 14. 5.,;, ~I\ 

MEA~ DEVIATION = 1.lt214'? 1.3576i:' 1. :"l+E-95 1.~ilgu 

STANDAR!l OEVUTION = 1.?7360 1.55146 1.5492:'! l.!" .. 974 

'.I \1 I' I II{ ! 'I',' '"' : \ 

·t:A ?ROCESSING AND r.OMPUHR CENTRE 



-------- -------- -------- -------- -------- -------- -------- --------

RESULTS OF PUN NU~BEP 274 

EXPERIMENTAL CONDITIONS 

AMPLITUDE <FEET> ; .83200 
FRECUENCY <llSECl = .66660 
AVERAGE VELOCITY <FEET/SECl = 13.210GO 
NUMBER OF EXPEPIMENTAL POINTS = 11 

FACTOX = 1.00000 FACTOY = .38350 FACTOZ = .356(;9 

INOEPENOENT COEFFICIENT AO = 

COEFFICIENTS CORRESPONDING TO SINE SERIE ANO VELOCITIES CALCULATED WITH THEM 

Ai = BU,1> = 2.9095313 A2 = [l{l,2) = • 04::.:19549 

AJ = 8 <1, 3) = .0011266 A4 = El ( 1, 4) = .949741b 

TIME UEXP U<t,1,!) [)(1,1,!) L'lt,2,I~ 0(1,2,Il U[l,3,I) 

0.00000 U.211Jll0 13.11341 • 0%59 13.1134:. .o%sg 13.11~4! 
.15002 14.72".l::.:16 14.82359 -.094?4 14.86539 -.13604 14,8fJ647
.3000:! 15. 56660 15.813054 -.31394 15.90638 -.33977 15.90571 
.45005 15.8%12 15.i\13054 .01558 15.854711 .04141 15.854C4 
.6000fl 15.08836 14.82359 • 264 77 14. 7 817'3 • 3 0 65 7 14.7d2ti6.15ooe 13.27283 13.11341 .15941 13.11341 .15941 13.11341 
• 90 a o c:i 11.75475 11.40323 .3515? 11. 445 0 •• .30972 11.44397 

1.05011 1Q. 4302<3 10.34628 .08400 1o.3721 ;~ .05817 10.37278 
1.20012 9.6'3947 10.34628 -.44681 1[). 3204~5 -.42097 10.32111 
1. 35014 11. 26240 11.40323 -.14082 11.3t:14;~ -.09902 11.36035 
1.50015 13.21000 13.11341 .09659 13.11341 .0%59 13.11341 

SUM ABS VALUE OF DIFFEPENCE = 2.06426 2.06427 

MEAN DEVIATION = .18766 .18766 

STANDARD DEVIATION = • 22802 .?2564 

D<l,3,Il 

.fl9659 
-.13711 
-.33911 

.04?08 

.30550 

.15941 

.31!J7g

.05750 
-.42163 
-.097'35 

.0%59 

?.05427 

.111766 

• ?.2508 

Ul1,4,I> 011,1.+,Ti 

13.H."341 .09r;5''1
15.42471 -.F-c;c;3;:, 
1S.t.C2'+5 , S·641 :. 
lb./q31 -.P.611'1 
14.22'+62 .80374 
13 .11341 .15-142 
12.co221 -.?414rJ 

9.4fd52 • CJ;; c76 
11.22436 -1.324~1 
1C.80211 .4ou29 
13.11340 .0966:; 

b.33G43 

.~7~ .. q 

.f-':315 

\: ,\I hTI H l·>.;1YrnsnY 

O~~~ ?ROC£SSING AND COMPUTER CENTRE 



COEFFICIENTS CORRESPONDING TO COSINE SERIE ANO VELOCITIES CALCULATED WITH THEM 

81 = 8(2,1} = -.1863762 82 ::: 8(2,2) - .1219837 

83 ::: B ( 2, 3> = .11e6688 84 = fl ( 2, 4) - .Olf.4770 

TI"1E---­ UEXP 
---­

uc2,1,11-------­ 012,1,11-------­ Ut2,?,Il-------­ 0(~,2,Il-------­ u12,::.,r>-------­ 0(2,3,Il-------­ u<2, .. ,I>-------­ U(.?,4,Il-------­
0.00000 13.21fJOO 12.92703 .28297 13.04902 .16095 13.167E:9 .'14231 13.1B41f: .G2°.fi4 
.15002 14.72'336 12. %2»3 1.76673 1.3.00032 1. 7290:? 12.%365 1.76570 12. '::50:'2 1.77~0~ 
.30003 15.56660 13.05582 2.5107'3 1?.95713 2.60947 12.8611? 2.70S48 12.!!6o?2 2.7Ju19 
.45005 15. 8%12 13.17100 2.72511 13.07232 2.82380 1::. .16832 2.72780 13.1734!. 2. 7227: 
.60006 15.081\36 13.26419 1.82417 13.30189 1.78647 13.33856 1.74980 13.32523 1.H>n 
• 7501) 8 
.90009 

1.05011 
1.20012 

13.27283 
11.75475 
10. 430?g

9.89'147 

13.29979 
1:3. 26419 
13.17100 
13.05582 

-. 026% 
-1.50CJ44 
-2.74072 
-3.15035 

13.42177 
13.3C189 
13.07232 
12.<35713 

-.148'35 
-1.54714 
-2.64203 
-3.05766 

13.30310 
13.33856 
13.16832 
12.86113 

-.03028 
-1.58381 
-2.731104 
-2.%165 

13.31958 
13.3???3 
13 .17341 
12.IH:i622 

-.C4t:7': 
-1.57J48 
-2. 7t.-~1 3 
-?.<3tii:J75 

1.3501'4 
1.50015 

11. 26?40 
13.21000 

12.96263 
12. 92703 

-1.70022 
.28297 

13.noo32 
13.04902 

-1.73792 
.16098 

12. %365 
13.16769 

-1.70125 
.04231 

12.95032 
l3.18416 

-1.f.8fg?
.(?584 

SUH ABS VALUE OF DIFFEPENCF = 18.52641 18.40443 1s.G4842 18.::!1S5 

t1EAN DEVIATION = 1.681+22 1.67313 1. 640 77 1. e.3927 

STANDARD OEVI.ATION = 1.97676 1.97212 1. %.82 8 1.%1:Sl+S 

.\1 \I ·~·111\ I '\I\ :.t\~.iTY 

"".A PROCESSING AND COMPUTER CENTRE 
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PIPEL!f~E CG1!£::Ylr\G Pf\vJlCT. j.,(.../1.STt:>< 01.lVt.~::.-ITY, HA1·dLTu,., Ci:..!'U~l)r,. 

51_fri:::i,VISU:-.;s Gk.'-'.. c:;,"11-\U, Cr~.~:-/\(;., ,..,/\1J 1.•1<;. G. f-<GUi·iG, ;·-,1:::..Cri. t.:i;G. 
p ;-\(~::;r-.;A>; ·iE R Gr c+:GE Cf; f·'. [,,t-_;; ,-, s. Cr lt:.i·' l (_ ,,L ::...: ; (;I j';[ Li\ I r •.:::i 0f-YART "it.: :T. 

THIS PRCGi-\/~'·i ',ILL l...V;\LLJ/,Tt. li. f-'1dd C.•t:. THt: rGU1-dU-<S (..'-tfflClL:.TS 1,1,v Vt:.L•:;(l­
TI:::::O fi,(Ui·. /._,\j E.XPE:-\I -';i~id;'.:.L SLT ,JF 1Jf:_LuC.lTY ;,:.:;; T: ..~E \/r.Ll;C.:S. i1l p;:,:n 1.·.·IJ ,-,ILL 
c"' L l \ JL~ Tc v (_ U.J (_ 1 T I t. ~ h ( L (.) i"\ L) j_ j" \.J .. 1 T I I T 11 L ~ I. • lil.J ~u l \.) M L j .• c., v t. L • 1 d ;:; ,:, I\ T Th 1·, l:. L .-.r L 

Cv1·HJTE l;~-\LSSLi1'C-: ..J,--;,_n'~ ,iu:.u,,L/1,,L. ·::lT11 L1lrFL:-.i.t1iT 1'u:..1t.LS. 11. PA1'T FGui> \'.ILL 
PL(;T HH:. c.Ar't1-\l1·.l.i\T;,L ,_,~T;.,. LVLi\fJl-ILLY f... ru=·1H f),,f<T Ct\.< ut. k..lvt.lJ Ii~ 01-<lJt.k TL 
P l.J f.1 Ui T ~k U/~Ti, c_;, LC L) ~,,TC v • 

Ef1Ch LXPERI>.t.!·JT;\L POil.T IS E.Xf-'f~;t..SSt:G· I1-; Tc.l,Z;-':S CF VELOCITY, TI·,[ P..;·:::; P'-\i::.SS0i~t 


Of--:CP l~i:SPt:CTIVLLY. T:-lt .~lJ!-'bf:..;< Ur LXf:t<I:'i:..lT;,L ~Jli·;Ts uf- 2:_,'..,(ri SET OF L..l;,TA iv.us 

C0-\1~:~~P01,L,· Tu A ((..:,,~LtTL 1JC.,.;lGt.i /:;:,:.; ,.. u::.:iT i·L>'ii\Y..:i bl hi\ GL/1..: ;~0:-l:.,L1, lTtlL r·,r1/\J.1·1l.. 


i'<u:icl:f< CAI\~[ ':ill• Tr·,L: Tl:·,t. 11,Tc.1<.Vr'.L uLT;•Ll.- .:.;uLU::.:.:ilv::. -:-i.1·~ Vl-\LUt:.::i ,.,u::if i...,t. 


((\f'STt.~.'T. 


Tt1L. /li--;i-\i .. 1F~l 1/l,'d OF L-_,;(r ~LT Ut- Lu-IT;~ 12:> /.S r uLLU•· 

1.- 1..F~t. C'.~·'.u 1-.ITH Tnl C.U,ulTiui\.S vF T11:_ r-,,;:, 

2 • - T H E sE T ~~; r L--: x? r. :~~ I f":' t 1,: T h L ~ ~ i I ~ Ts 

3.- T:ii:.. ILC.rnl~IC\llu:; c,t~.JS CF T~i~ G:V;Pi~S 


14.- A cc,;,T;;GL (/1,;;;u. u: IT ~s 1:~.L 1\LS u.~E A:, 1___.THt:k Cud-°LETr_ SET GF L>!".TA i·'vST 
FULLC~.-. If lT IS :;0T L'-'l.i,L2:, u1,[ irH:. ~1~,.;::_11~;-. 1.lLL t.X:T. 

(~ L:J c, c. f.11-< v ,", F F' ;~ I ·. C" T.::· :: l c, v , , : ' Cii S , 
1-1,\c.n = IKr:..i~.::Ov:i\S1~.L .:J<-(11u1-. ur TH:... f-.J 1 f-'t, .:iu.rtt I. 
fl~c1;GT = Ll::.f\CjTri GF Tr:[ t""'l~l, Ft.C:.T• 
,L.\PL = : .. ~~PLITlJC:~, FEET • 
.__,p = Di~l:.SSUF\[ [)f?()P' p_c, l • 
'.JI/1 = [)lf'\:.:ET[f-\ ~'F PIPf, FEET. 

L;i-'cXfJ = EXPEi-< I ::,u,T ,.,[ f-ll.LS::iu1~c: 01\JP' f.-'S I. 

L.VlS = L.,y;~;,;.-.I( VISCO.'.)ITY 0F T:-lt FLulv, POui;u.:c,LC/Su.FC:C:T. 

L, Li-< i V = ~A ;.,; 1 V ;, T c.. C· r Vt:: L li (.. l T Y ~:,; c .::, t.=' d .. T Tu T l ·. t: • 

Ff.CTvY' Fi.;cTc;x., r,,(TuZ = U_;,.!'v'L:.J-<..Sl0:\ r1,C.Tv1-<::i FU1-~ \/tLuCiTY, Tht. Af\liJ PRc..SSui-.i.t:. 


Ul-<P F1-<.o:.1 [_~.X~El~L·1L::;n1,L lJ1dT::O Tu Ft:tT/St.C, St.C 1\i'lU P.SI. 
FRE = FRECU~NCY, l/S[C. 
F = FDICTI'.Ji' ;-:-.~crrp 

~~ = 1•LHbE1~ OF EXPL1,H-t:.id/'-1L PUH;TS. 
i-\ ri O = ~ENS I TY 0 F-- FL J l '--' , Pl Ji,,_, IC.. U • Ft t: T • 
f<i'-l = f\Ul·it3Ef-.-; Ct-' THt EXf-lt':l~l1".i:.iHP.L 1-\W,. 

T = T F~ [ , S l. C. 
UAVt.i~ = /,v'E_R,•,(JL VLLOlITY, r't:.t.T/St:.l. 
~EXP = EXPt.~I~~~T~L VELOC.ITY, Fi:.lT/St.C. 
\JSlfi = VEL()CITY (.LLCl,'lJTl~D 1,(((,l\L)I1-.:0 ,JITH sr:~C...il 1 S0IU1\L ,',_:_,J[i_, FEt.T/SEC. 
:J(L,i,1dl = VELC•CITY CALl.UL/,Tc.~_; ;:_,((()1~1... 1(,G 1;:lTr1 rOLJl<L:.. i~S ,.,C,.;,_,·c.L' Fe.ET/Sc.(. 
xr, YI, Zl = ~XPCRI>1f-f\Ti!'.L CvUR::...llJ,'.;,1l:.S h..-0'. TIH:., \/t::LCCITY ;\jjJ i=>1-\t.SSUl-<t. 01-<GP. 

u 11,·, t. f'-l s I 0 i\I x I ( 5 l ) ' y l ( '.:> 1 I ' 2 I ( 5 l I ' T ( 5 l j ' u c. i\ p { 5 i J ' L,. ? ;:._ "I. p ( '.") i ' , 
1XX(51), FT(51), b(5,;:;,1, SUI(:,.,'Jl, L • ..IF'.::iU{'.J,::,1, f\:1i...Ai.(':),5J, 
lS T AiW ( 5, 5 l, U ( 5, 5, ') 1), JI 5, 'J, 51 l 

r~ I ' ' ~ i~ S I 0 \l U S I :~ ( 2 l l , D I F F R ( 2 l l 
DH·iEr~~IC.'~ Si.HFF(l~.il, 5;~lrFS(5i, l!/~LJX(1Ch21'' uEkIVClCJOI, DP!l0,21l 

], DIFFC18,21), Zv[~NllOI, ZSTAND(lJI 
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u I I t: I~ s I () [\ T T ( 1 u v ) ' u /\ ( 1 \.) Gi ' .) p lJ { lC_) () ) 


Ri:./',l.J EXh.::id1·,f~f;T;,L._ i_,/:TAa lv,;v'Li'-SJ.0•• L.i C::.J:,Vu,Tiv1lhL L' l!TS. 

1 f-\ c ;, :,d :j , 1 u I iu I\ : .. F R L , I• ; . , ~ L , 0 ;, vu' , r- ;q__: I c x , F;\ Ch; Y , r ,., ::_ Tv L 


l u 	 F 0 I-\'. I h T ( I :> ' F :, • :~, ' • u F l v • lJ I 


l(=\J-1 

Uu 3 v I = 1 , ;~ 


i~ t: /\ lJ ( :; , 2 0 l X I ( I l , Y I ( I ) , Z I ( l l 

?' 	f(;~'1/\T!?FlS.('l

r ( l ) = F ,·, cTu x0-' ( l • ,_: I ( F 1-\ L -):- f LG;\ T ( r:__ ; I ; -:: x I ( l J 

~LXP(l) = FAlT0Y~(u.7v67o/2alL'*YJ.(l1 + u~v~R 
~~cXPIII = FACTOZ~Zl(ll 

3'..J 	 CU,'iT I iWt 

'v· r;; IT E ( 6 'L, () ) rn1 


Vl-(ITtC6,5C:l 

\·.'I'. IT E I 6, 6 0 l 

":\ I T t=: ( 6 , 7 \1 l 


i_-; f~ I T E I 6 , E ,., l A": P L 

·:: f;: I Tl ( 6 , 'J ._, I Ff-\ c 


~RITEl6,95l ~AVER 
v: I\ I T l ( 6 , 1 u •_, i j-; 
~kITL(6,ll .) FiCTCX, F~CTOY, F~CTOZ 


\». ~-.? 
 I r:=-	 ( 6 ' 1 ? r! ) 

4~; 	 r-Ck-·,,,T ( : rl l 55 >Z' ' 
~l, 	 r0i-;;: ,\ T ( lri 34X ' ,////)' 
60 	 f'(__,I<' I ( l t-i 14X ' ;;- f::_ xp [_I< l "I Li·, TM L ( ,,. j ~· I T I uj ~ s -;:- I" ' 7,__, 	 Fvi\·· A I ( i.ii l ·+X ' 'I J' t\_, 	 ;- l, ;-\ ' ;, 1 I 

\ l~ ~? l x ' -~ f. :•. f-' L I T ~; L. .::. ( F C.:: t T ! = +' , F 7 • '.> i 

\.-u 	 F 01-\ •I~ T ( 1 r1 ~ L-\ ' -,t F .-< c_ (_ u L . ( y ( l I 2 t~ '~ J = -~ ' F 7 • j )' 
s~ 	 r-U:-'.' ,/, 1 ( , ~..., 31X ' -;:,:.vc_-_, '-''- \':_L(.;'-ITY li--L:._1/S:_~_i = 00', F9.5J-'' 

.-..r,,. 	 I~ - ' T --, - ., 	 ·- t '. T ' 1 "'P" .- T .-,, Il ,_ ' 	 I v,\ ' 1-~. I ( l i ; l ·~ I f I- VJ , I...__. - ."' "1 	 I-'-" ' 
1 l '·~ 	 i~c:.;·.,;~ T ( 1 r: l4X ' '-) r : F f,. cT G x = ' r 7 • '.; ' G \ ' 9 t 1 r /-\ cT c y = ' ;::- 9 • ::, ' 6 x ' ' 

l'iHF,"CTCl = , FS:.5l 
l 2 -..: F CJ;.:::, AT ( 1 H ' I I I , ') X , 

lJ = r~. C + ;, l -'< S Ii'J ( X ) + ;. 2 -;: S I:, ( 7 X i -.. - ~ * S l :; ( 3 /. I + I 1+ -:r S I '\ ( 4 )\ 1 + i:. 1 *CiJ S ( X J 

+ L2*C~Sl2Xl + ~3*C0S(jXl + t.:~*C0514Xl 

l:_V,,Lln1Tlv1.; C~ T11t. l:-;_r.:i-'L1.._,;__:,;T l.vU-i--IClL:;T nv. Tn:: .'.::I .P2:ui1.:J i-q_,L[ IS lJ.'..>C.O 
J,,. 01\uU< TG ~~V/:LLJ,\TE Tr1t l_,_F-<1·,LSr'u: .....'1,-10 Il~Tt.u1·,,'..,L. 

SLJi'Lt = C.G 
su;:z = JaO 
J=~~-3 

f--1 IS TriE (C';'lSTl\;-;T TI'-T r::TCi..(Vf;L 

ti= IT(l~l - T(l) l/1-=-LcATlki 

~~ 2CC = z,J,2 

si_;:,14 = s0;:,4 + ~!EX~) (I) 


'.:;.J;·,z = .S.J'.;~ + <.;LXF ( I+ll 

2 ,,;:j 	 cur, TI MJE 

;\CJ= f--RE-~:-((i-1/:3 • .:_,l*ILCX1-)(li + 4 •.. ~(S,,}\'.4 + UEXP1<1i + 2.0*SU:·'.2 + 
lUtXF(l,)l) 

r:.v:,Lu:,Tic;, ~F CCL.Fr lCi[,;TS c::...f~<L~;i'v.,1.JI":J Tu SI .E ,';,v,'.,; C'JSli~L St:.f-dt.S. 
1< I S THE .SUL S Cf-\ I F T CF Tn t: F 0 0 f\ 1d; ~ C(:::: r r l C I t:.,, T • 
L = 	1 

2 1 o 	 r-~ = 1 
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22..J 	 su;:4 = c:..c 

~' '\SL;r:,2 = U•U 


UO 24C = 1 'j~ 


X X ( I l = F L Ci f. T ( ~ . i ·.·: ;:_ • :.i ' 3 • 1 ft 1 5 S' ~: :: r- ~: :. '·' T ( I l 

IF<L.fQ.2) ~C TC 23U 

rl(l)::: l)l:::_A~(Il;<di,(X,:<(l)J 


GO TG ?4C' 
L:L rT(Il = vLXP(Ilo'c(CJ.'::,(XX(l1i 

24u COiH I :JUE 

s~Jf:.4 = SU:-'.1f + FT (I l 
SU<2 = st;::z + FT (I +l l 

2j(; C:O~'.Tlr\U[ 

::;(L,;·i = 2 •.. -;;:=-1-;c-;<t(i./..:.0H:(f-'T<i' + :f.,;;}(::.,u .. ,4 + FTlr-,Ji + :'..o-:<.:.i~J'-~,:: 

l+ FT(f,)ll 

t. v;~ L U 11 T I Ci ;·~ c, r: v ~- LJ CI T I f:: .::, • 

l:' Ir- S :~ ( L , .·.: l = r. '.) 

S u I ( L , : -' l = ,: • ~J 


l: U -:< C ._; I = 1 , r~ 
IF<L·=G.2l GO TJ 26C 

cJ T;., ;... ; ' :._,, = L, ( L ' i -:,' .'..i 1 i \ ( ;\ ,>; ( l J J
1 ·, 

GG Tu 27v 
2 6 ,_,. u T1\ ;:,_I '5 = t_ {L ' i :, ) ·k ( (, s ( ;.., " ( i J I 

2~"' 	 lF(;'.'el:.uell '.:;LJ Tv 2LJ 

I J ( L ' . ~ ' I i = I j ( L ' .. I - 1 ' I l + l .1 T ·~: !~ i' s 

:)C TO ?'7G 


C: b 1., 	 U ( L ,-.: , I l = i,.:) + _, T;\,\i'..S 
-::_ 	 <J :. [: ( L ,-.: ' : l = : ~: X P ( I ) - ~: ( L , . , I l 

~) ~_.. I ( I_ ' I .. j = ](:•'I+.\,• r_ 1:._, ·~!ll 

u ~ I ._) ·~>ii i L ' I'·. J - v i r ~ u' ( L ' '.' J -r l L) t L ' 1 ' l ) J ~~- ~~ L 

3 VI' ((_;:·JT I ,';U[ 
,.,;.c_,,f~(1_,";1 = (S'-'I (L,i-,i 1/rL<...J/\T(1i' 

ST;"i.<;(L,.·:,) = S~~:·i.T( (,_,If-~,v(L,.· 1 1 /rL·-hT(i,11 


I F ( : '. [ (~. 4 l 0 c; T:., 3 1 C 

\~ = '-~ + l 

C:0 TCl 2~0 

::;lJ L =L + 1 
lf-(~.~~.31 Ge 10 ~20 

GO TO 21'.J 
320 •.• = 1 
; ? r~ c, D I ( L , '·1 ) = ·' • C: 

L; 1 F S 1....i ( L , \'1 l = 0 • :J 
3 4 G 	 [~ CJ 3 5 .J 1 = 1 ' I , 

u ( L , , :; ,J ) = u ( L - 2 , :: ,J ) + J ( L - 1 ' , ·: ' ~ i ,..., u 
~ <L , i· '. , I J = ~-- L.. X P ( I ) - ,__; ( i.... , ~: , I > 

.:ivltL'"' = .'._,._.,l(Lfr:l + i1u:...i(t.:(L,·:,I11 

ulf~)'-.,,(l,.",J = i_.,'IfS\d(LH·I + ([)(L,,•.,l ! H--~,c_ 

?s~·· 	 ccr,TI1\UE 
,\f.:c,:i,;~ ( L, /. i = ( s L; I ( L ' I ) I r-· L\... /\ T (;'.j I 

ST/, ;,J l: ( L , ·:, l = .S '.-1 :n ( ( [.:; 1 F SU ( L , : . J I If- L 0 I~";" ( f·l l ) 
I F ( ·.;. t. Ci. 4 l (,~~ T 0 3 6 U 
;:, = :-'I + 1 
GO T~l 33u 

3 6 .:! 	 ·,._ f.Z I T E ( 6 , 3 7 .J l A 0 
'.: 1-\ I T t. ( 6 ' 3 o v l 
\'i r.;: I T E ( 6 , 3 9 ...: l 
'wRlTE(6,4Gc:l 

http:lf-(~.~~.31
http:IF<L�=G.2l
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':: !\ I TE ( 6 ' I+ 1 ,1 l P ( 1 ' 1 l ' f. ( :_ ' ? l 

wRITl(6,t+2_,J h(l,3l, t:,(l,41 

11.' R I T E: ( 6 , t. 3 C' l 

':: ~~ I T F~ ( 6 , 4 4 C: l 


1= .::_ '~; 


1v. :< I T ~ ( 6 ' Lt 5 :; I T ( I ) ' u[:_ ,'< 1-.l ( 1 ) ' , ( 1 ' l ' l I ' .... ( 1 ' 1 ' 1 I ' .) ( l ' /~ ' I I ' ._) ( 1 ' 2 ' 1 l 
i, 0(1,3,11, ;,:;(1,3,J), l:(1,4,i1, )(:i,,,L.,Ji 

4 6 :; 	 CC~; T I [\ U E 
1: I~ I Tl:: ( 6 '4 7, s ._,; T ( 1 '1 ) ' ;:) c., 1 ( j ' ~ I ' ':d.' i ( l ' 3 I ' ~' _,, I (1 '4 l 
;·: :-\ I T E ( 6 , 4 (', l /: '·'. fJ :'~ ( l ' l ) ' /" '~/If·; ( 1 ':-' I ' ;, . .-:..J, .' i ( ::_ ':.;, I ' /\ :· r.J... , ( l '4 J 
:. :-.: I T t::. ! : , 4 <; ,J 1 ::, T1·,'' ~· ( l ' ::. ) ' ~ T ;, i\ J ( 1 ' ~· I ' s Tr' I; L..' ( ] ' 3 I ' ~) T ,, '. [.; ( 1 '4 / 
·;. I\ I T E ( 6 ' 5 Ll G ) 

"· I< I T c ( 6 ' 4 I,./ J l 
~kiTl(G,5101 b(2,ll, u(i,21 

:.RiTt.(6,52,·l ~(2,7.J, r-,(z,1,i 


·,, ~-\ I T L. ( 6 , ::> 3 ,, J 


i·'RITr::- ( c),t+L,:: l 

~-"·O ~·I+ G· I =· l '.~! 

. R 1 TE ( 6 ' 4 5 •:. ) T ( I ) ' u::. .-.: t:' ( I / ' '.; ( ,: ' l ' l i • C/ ( I. ' l ' l I 1. ! ( i ' c'.. ' 1 I ' u ( 2 ' 2 ' I 
l ' L ( 2 ' j • i ) ' ( ;,'. ' :: ' I ) ' (, ( L ' '+ ' I I ' v ( L ' 4 ' l Ii..; 

51+.:.. 	 CC\Tlf.'J[ 
. '.\ 1 T c: (6 ' '+ 7 v I ::; l..' I l ;:: , 1 ) , ~· ._: i ( : , ~ ' , ~-~ l ( 2 ~ ~: J , :-:- ~ l ( ~~ , 4 JL.--'. 

~· :< I 1 r: ( s ' I+ Q, /~. ~_' ~: ~-~ ( 2 ' 1 j ' ;' ' ; [,·,I··~ ( 7 '; ' ' ;. , ; L_ /. ,~; ( 2 ' 3 J ' /~ ''.'. c/': '-_ (2 'l-f J 

,, 1\ 1 Ti::. ( 6 '4 s: . S T:',i,~J ( 2, l i, :~ 1i.i.:. ( :~ ,2 1, ::iT :,:"'""' ( 2 • 3 I, ~~.T ,....·,.,: ( 2 ''+ l 

'·" h : T E ( /'..., , 5 5 : ; l 
':' ~ I Tr ( f:, 'It'.':; ) 
;·, 1·, ~ -;- r. ( (; ' 5 6 '· ) 
·:: i~ I Tf~ ( r-, , 4 4 'J l 

1 ''I 

·.. : < 1 I t. l I c ' '+ '~ '. I I ( I J ~.\_,..,,,L,1'' 


1 ' ·~; ( 3 ' ? ' I ) ' :_ ( :: ' 3 ' I } ' 1., ( 3 ' l+ ' i I ' :. ( '3 ' 4 ' I I 

>; 7 :) CC'< T I i :U [ 
I ' f,, I T i:. ( b ' 4 7 .. ~ L; j ( ::" ' l ) ' 21 I ( 3 ' c. ) ' ,) ,,, I ( :~ ' j I ' ::1 "' I ( 3 ' h )j 

. " !,: I T :::: ( :) , 1, ~~ 

'" .~: I Tc ( 6' !~ '.! ~ ; ..:1 T"i' ~,· ( :~ ' J i ' : l /!. !\:... ( _) ' :'. I • ~J T t' i' l.) ( j ' 3 I ' ,) l IC\:•, u ( ~ '4 ; 

;_/,J Fu1, ,;f(lr1 ,;;;, x, '~-11··.vLr·L.c...·1_:.T i....Jt_1r-11_1c:h,T 1·0 = *' Flie7l 

:;-; ~ r·- u I~ 1-." I ( l t 1 ' 0' Luc. f- t-- l l l L; 1 I .'.;, \.., 1_; h 1\:::.. :.::, P v, '• u I "u Tv ::., 
/fl 

I. . :::.. ::i::. I" I c ",-, L, v :::.. L... :..t C l 1 
1l t:. S C1\ L CU L ~\ T :_:: ') ,-: I T t I T r 1C: 1-.· {': I 

4 1A F -J ~..Z: '. r1 T ( l ' ~ , 

41:., 	 FGRi';.., T { l 1--1 ~y :,c ~\ 1 1 ) ~'- :::' I 	 __," = I·' ( ... ' l = f- 1:; .7 ' 1 '..; x' * /·~ ;~ = L) ( i ' 2 )' ' 	 *' ' 1Fl5 • 7 ) 

421:, 	 H.Jl-;i'·" T ( :h I SX ' -~- r\ j = ( l = ·;<- r- ...1 '· __, E•X, -'..tnq. = = -;..'­
~ ' 3 I 	 u ( 1 '.:+ I' 	 ' • 7 ' 1, fl:':;.7) 

43C FGl~t.;;i,T ( 11-i , / /, 7X, -:q F'.t:: ur::xr-i l)(l,l,JI 0(1,l,Ii Li(l,z 
l,l) ...i(l,z,:1 U(l,j,ll t.;{i,.;,11 L,(1,4,rJ ;_,,(1,4,lli~J 

}()f=-1}.<;) 

47._;· ;::c1~;:1\T(lH ,;,x, 1~st_:: ... M·,5 Vf;LLJ[ Ur 0lt-Ft'~LilCl:. = *' 2x, Fll.:i, '.:;FL:2. 
l 5 ) 

480 FL-1-\i.;/~T(lh, I~ llX' -;;-,,1Lf~1• Li:~VI,,TI'-. ·i = *• Vf.., i-l~e::i{ :lFl:2•:;11 

49v 	 Fu:-<;.;,\T(lri ,;, 7X, *ST/:J.,;~.:-~~ d~Vli·T!'J:\ = -x, 6X, ri1.:,., ~~F22.51 

) .J -.; FG i~ ;,·, ;\ T { 1 h 1 ' I ' X ' .;;- C. Uc:. r t-- ! \... I L I JT~ (_ \...· 1<:\ c:. S t-' v 1 • v 11 , ....: . T\.1 l 1,,, '.J i 1 , t. :':: L i' l L /\ i\ v V 
lC:LCClTIC:S G,LCJL;.F..., 'dTl1 TtlL.:.;.-; 

5lu i=-vr~:-J1T(lh ,;, sx, ·r·ol = l!2,11::: -~, Fl::,i.7, l:;x, *L·2 == ",,(2,zl = *' 
1 F l 5 • 7 l 
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::.:u: v r u;~. :/, T ' l h 

l, Fl5.7) 
5 3 .J ~ u :-\.-:id ( ~ r-1 , I I , 7 /" >d I. C: '--1 t. '!. ~) u ( L ' 1 ' I I LJ(:.:',1'1 1 U(2, 

l :::: ' I ) tJ ( 2 , i , I J l.J t 2 ' ·3 ' i i J(,,,3.11 l)(,2,4,11 _;(,_'o.'.j,JJ~-1 

s::.. r:-01d /\T( d11, 11, x, i:vi:~LGCIT!lS u.'-'-uL;.. ru, usr::.J 
H< [ /\ r: ._, S I '.; E S:: R I F 5-r, ) 

56,_; FC·l<r.'.1\T(lH ,;, 6X, -*Tlo'1E U[XP L1(3,1,11 U(3,l.I 1 U(3,z, 
l I ) l_; ( 3 ' 2 ' l } u ( 3 ' ? ' I I L,; ( ? ' ; • 1 I i -·' ( ;, ' 4 ' I I LJ(5,4,Jl*I 

p ;, .-\ T T 1·; U • - oc-,\- -;<--;; -~- -;< -k -;;. -;; -,.- -;, '~ -.;- ·" -,c -;c 1' .,., ; . .,_, ·;, -,- ;;- -"- .;;- -;. '"' ~ ·,; -,,- ',: -><- -;;- ,, oi- -;<- -;, ·fr-;<.;,".,,.-;, 0,,- ·h '~- -X- ·"- ',,--;;- -:<- -,< -;<- -:<--;; -" ii--,,-,;-*'>\' 

(f,LCUL/•.TlG1'• Gr \1!::.LlCITY ,.((vl·"-·l•H.J \;lTr1 SI1,uu~0lvihl .-.:_,Ji.:_L ,,,t_ t.Xf-·LJ\l1·L·•Tl~L 

= ('.(" 
·~' -	 "") ' u -	 L•' 

IC 6 1 J = 1 ''< 

U.SI!;(ll = 'J.'1V::..::<. + ···''-"··1-.PL-::-::,1 .(;;-;:T(l11 

~lrUd!J = ur..X::i(II - 0 ...'11;(i1 

S v I F t. i \ = ~' 1_; 1 F E :;· -r , ; S ( v 1 r :::. I-.; ( 1 J i1 •. 

s :.. 1 F s ;..;; = s '-' 1 r s •J + ( ,_: 1 r- t~ ,< ( 1 1 ' * * 2 
c 1 ·. 	 l 0 . ; T I i\ U i::. 

'.'<'.''[!,;.: = SC:.IFF'='/FLO/T(:!l 
XS T ;: ! 0 = S'.:. r:: T ( ~ ~ I F' :, (;I I- Li.):. T ( I; I i 

l0-.Pt~:.Z/\TIC1;, bcT'.·;t:U. ::x~Jl:_1,l;.r_11T/,:_ r1\~T\,,\ ;d ""l,; Ul-':-d"· 
L) p .-\ I '.'. = ... C~- ,; ·"' p L 

Xi.: I F = U? ;.;; I ::. H ( 1, 1 l 

1,·. ~' I T l:. ( 6 , 6 2 .! l 

,·, --; I T E ( 6 , 6 3 : J 

,.,----T..,...r--1 ... r• l ,,.....,,·,T•• '/'"~r-

'. I-, ..L I L ' '.) ' :J .• '' I \_) :-- I'\ .L '. ' /\ 1) ! j 


".' ;~ I T f': ( 6 , 6 5 (. l 

·.. !.;: I T L ( ') ' 6 6 ,J l 
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