DIAGONAL REPRESENTATION OF THE DOUBLY STOCHASTIC LIMIT



DIAGONAL REPRESENTATION OF THE DOUBLY STOCHASTIC LIMIT

By

BISWANATH DATTA , M.Sc.(Cal,)

A Thesis
Submitted to the Faculty of Graduate Studies
in Partial Fulfilment of the Requirements
for the Degree

Master of Science

McMaster University

April, 1970



MASTER OF SCIENCE ' McMASTER UNIVERSITY
(Mathematics) Hamilton, Ontario.

TITLE: Diagonal Representation of the Doubly

Stochastic Limit

AUTHOR: Biswanath Datta
SUPERVISOR: Professor J. Csima
NUMB::R OF PAGES: iv, 26

SCOPE AND CONTENTS:

The main result of this thesis is the following theorem.
If A is a non-negntive symmetric matrix, then there exists a
diagonal matrix D such that D A D is doubly stochastic, if
and only if A has total support. The relevant theory is discussed
and some other results of similar nature are also obtained,
including a sufficient and necessary condition for the uniqueness

of D above,

ii



ACKNOWLEDGEMENTS

This thesis was written under the supervision of Dr. J. Csima
while the author was a graduate student of the Department of
Mathematics, McMaster University.

The author is deeply grateful to Dr. Csima for suggesting
the topic of the thesis and for his valuable criticism and
unfailing guidance throughout the whole work. It was Dr. Csima
who aroused the author's interest first in this subject and
whose enthusiasm and tactful persistence made the work successful.

The author also expresses his gratitude to Dr. T. Husain,
who as a chairman of the Department of Mathematics gave the author
an opportunity to study in his Department and provided an adequate
financial assistance during his period of study.

The author's sincere thanks are also due to Miss Claudia Truesdale

who typed the manuscript with a great patience.

iii



TABLE OF CONTENTS

CHAPTER
I Introduction
II Nonnegative Matrices
2.1 Decomposable and indecomposable matrices
242 Perron-Frobenius theorem
2.3 Primitive and imprimitive matrices
2.4 Support and total support
2.5 Fully indecomposable matrices
11T Stochastic Matrices
3.1 Some fundamental results on doubly
stochastic matrices
3.2 Doubly stochastic limit and its diagonal
representation
3.3 The diagonal equivalence of non-negative
matrices to non-negative matrices with
prescribed rows,
iv Diagonal Equivalence of a Non-negative Symmetric

Matrix to a Doubly Stochastic Matrix
4,1 The DAD theorem

L2 Uniqueness in the DAD theorem

iv

PAGE

Y

NN & F

10

10

15

15

17

20

22
22

23



CHAPTER I

INTRODUCTION

After estimating the entries in a strictly positive doubly
stochastic matrix, Sinkhorn observed that the row and column sums
of the matrix A of the observed values are not equal to 1 due to

the inherent errors of the experiment.

To remedy this situation he scaled the rows of A to obtain

a row stochastic matrix A, and then scaled the colums of A, to

1 1
obtain a column stochastic matrix AZ' Continuing this procedure,
he generated a sequence A1, A2, A}... by alternately scaling the rows

and colums of matrices. He observed, and eventually proved [5]

that S = 1lim A  exists and is doubly stochastic. The doubly
Neycoll

stochastic matrix S can be directly obtained from A by a single

scaling of each row and column of A, This is equivalent to pre

and post multiplying A with properly chosen diagonal matrices D1

and D2.

Later, Sinkhorn and Knopp [7] proved that if A is a non-

negative square matrix and the sequence A A2’ A3... is generated

1’

as above, then S = 1lim A_ exists if and only if A has at least one
n 3cen

positive diagonal, Furthermore, S can be represented as S = D1 A D2,

where D1 and D2 are diagonal matrices with positive main diagonals,



if and only if A has total support. They alsc proved that D1 and
D2 are unique up to a scalar multiple if and only if A is fully
indecomposable.

Some of the results of Sinkhorn and Knopp quoted above
were also obtained by Brualdi, Parter and Schneider [1] who
used different techniques in their proof.

A similar problem was considered earlier.by Marcus and
Newman [}J. Given a non-negative symmetric matrix A, under what
condition does there exist a diagonal matrix D such that D A D is
doubly stochastic?

Marcus and Newman[jﬂ gave the following sufficient
conditions: A is strictly positive or A is positive semidefinite
without a zero row.

Brualdi, Parter and Schneider [1] gave the weaker sufficient
condition: A has a strictly positive main diagonal.

None of the above conditions is nesessary, as illustrated

0 1
byA=(1 o)‘

In this thesis we prove that the condition: "A has total
support" is sufficient and necessaryj)

In Chapter II we review the relevant theory of non-negative
matrices and present a theorem which serves as a tool in the proof

of our main result in Chapter IV, Chapter III deals with stochastic

matrices and also contains some other results which may be of

1) After this thesis was writtem and the main result published
in [9] , it was brought to our attention that Marshall and Olkin [10]

obtained yet another sufficient condition, namely that the matrix is
copositive,


http:earlie~.by

independent interest. Here we also explain how to construct all
pairs (D1, DZ) of diagonal matrices such that D, A D, is doubly
stochastic, from a single given pair with this property, and

2

In Chapter IV, we prove our main result, the DAD theorem

establish the relationship between D1 and D, when A is symmetric.

for symmetric matrices and give a necessary and sufficient condition

for the uniqueness of D,



CHAPTER II

NON-NEGATIVE MATRICES

2.1 Decomposable and Indecomposable matrices

Definitions. 4 real square matrix is positive (non-negative)

if its entries are all positive (non-negative)., We write A > O
(A % 0) to indicate that the matrix A is positive (non-negative).

An n-square matrix P = (pij) is a permutation matrix if there exists

a permutation g of the first n natural numbers such that P is defined

by
1if j= o (i)

Pi] 0if j £ o(i)

A permutation matrix P = (pij) with all p;; = 1 is called an

identity matrix and is denoted by I. It follows from the definition
of a permutation matrix that (i) The transpose of a permutation matrix
is a permutation matrix. (ii) The product of two permutation matrices
of the same order is again a permutation matrix., (iii) The inverse

of a permutation matrix is equal to its transpose.

A square matrix A is said to be decomposable if there exists

1 2
A, A
3

are square matrices and O is a matrix of zeros.

a permutation matrix P such that P A PT = (A1 0 ) where A, and A
2

If such a permutation matrix P does not exist, then A is

indecomposable.




Decomposable and indecomposable matrices are also called

reducible and irreducible respectively in the literature.

2.17.17 If A» O is an n-square indecomposable matrix, then

(I + A)n—1 > o.

Proof. It suffices to show that (I + A)* y > 0 for any

non-null n-component vector y ) O.
Let z = (I + A) y.

We will show that z has more positive components than y does.

Assuming the contrary, from 2z PR (component wise) follows
that the it component of z is positive if and only if the i
component of y is positive. Choosing a suitable permutation matrix
P, we can write P y =( ;)1) and P z =<32> s Where Y4 and y, are

strictly positive vectors of the same dimension, say k. Let us

A11 A12

Ay Ao

are square matrices and A is of order k.
0 0 A A 0 \
Then we have( 3 = < >+ A“ A‘IZ) ( ) .
T2 ¥ 21 “22 1

This gives A

) , where A_, and A22

write the matrix P A PT in the form< 11

1299 = 0. Since Y4 ) 0, we must have A12 = 0,
violating the indecomposiblity of A. Since ¥y has at least one positive
component, (I + A) y has at least two, and by induction (I + ni y

has at least i+1 for i = 1, 2, veey n=1. In particular ‘we have

(1 + a0t y > 0O for arvitrary non-null y.

2:1.2 Let A )'O be indecomposable. Then for any given i



(m)

and j, there exists an integer m ) O such that aij > O where
a, (m) denotes the (i,j) entry of Am.
Proof. First consider the case when i £ j. Let
B= (b ) = T+ aa e (MH A cee (1)
Since by 2.1.1 the (i,j) entry of B is positive, at least
one term in the above expansion has a positive (i,j) entry. Hence
a, .(m) > O for some 1 \\( m.\\< n=1,

1)

It remains to show thnat for arbitrary 1 § ign, aii(m) > 0
for some m. The case when as, > 0 is trivial. Suppose that aij >0
(A being indecomposable can not have a zero row). Let m' be such

]
that aij(m ) > O, Then choosing m = m' + 1 we have a(?i ) 0.

2.1.3 Let A » O be an n-square Indecomposable matrix
with strictly positive main diagonal. Then Pl > O.
Proof. The nonzero places of a product of non-negative matrices
are determined by the nonzero places of the factors, Hence the
1

nonzero places of A"1 are those of (I+A)n-1 and hence A" ) 0.

2.2 Perron-Frobenius theorem

We now state (without proof) some fundamental results on non-
negative matrices. Perron proved these results for positive matrices
in 1907 and Frobenius extended them to non-negative matrices in 1912,

Theorem 2,1 (Perron and Frobenius)

Let A ) O be an n-square indecomposable matrix, then

(1) A has a positive eigenvalue o of multiplicity one.

(ii) The moduli of all other eigenvalues of A are less

than or equal to A .



(iii) There exists a positive eigenvector X corresponding
to o.

(iv) If the number of eigenvalues of A of modulus A
is h and h?) 1, then there exists a Permutation

matrix P such that

0 A, O ...0
0 0 A23 ves O

PAPT = ees(1)
0 0 0 Ah_,',h

Ah,1 0 0o vee O

where the diagonal zero submatrices are square.

2.3 Primitive and Imprimitive matrices

Definitions: The quantity o defined in theorem 2.1 is

called the maximal root of A. Let h be the number of eigenvalues

of modulus 2 .
Then A is called primitive, if h = 1 and imprimitive otherwise.

In the latter case h 1is called the index of imprimitivity.

By definition, primitive and imprimitive matrices are necessarily
indecomposable,
An imprimitive matrix with index of imprimitivity h ) 1

is sometimes called 'cyclic matrix of index h',



2.3.1 Every positive integer power of a primitive matrix is
primitive.

Proof Let A be aprimitive matrix with maximal root A
and let m be any positive integer. Then, since o is a simple eigen-
value of A and is the only eigenvalue of A of its own modulus,
/Om is a simple eigenvalue of A" and is the only eigenvalue of A"
of modulus /om. Thus we need to prove only that A" is indecomposable.

Assuming the contrary, let us suppose that for some 1, A"

is decomposable. Then we can assume that

/A A
V- ( 1 2 ... (1)
0 A

3

where A1 and A3 are square.

Since A is indecomposable, by theorem 2.1, there exists a
positive eigenvector y corresponding to the maximal root 2 such
that

Ay = pv.

Then AUy = P”y ... (2)
Y4

Let y = s where y,)> O and y,> O.
Y5 1 2

Then from (1) and (2) we have

v
A3 y2 = P yao
This shows that /DV is an eigen-value of A3'
Since AT is also indecomposable and has P as its maximal

root, again by theorem 2.7 we have ATz = p 2z, for some 2Z > O,



Repeating the entire process on AT, we conclude as before

that /zﬁv is also an eigenvalue of A? and hence of A1.
Being an eigenvalue of both A1 and A3, /§U must be a

multiple eigenvalue of AW, which is a contradiction.
2.32.2 If A is primitive, then there is a power of A which
is positive:
v
A ) O for some V)1
Proof Since A is primitive,by definition it is indecomposable.

Hence by 2.1.2, there exists a positive integer m such that
m (m ) (m )
1 LS has a,, 1

A ij 11 7 0.

= (a

m
Again, since A 1 is primitive by 2.3.1 and hence indecomposable,

for some m

2 m1)m2 : (m1m2) (m,m.)
(A = (b, .
ij ) has b > 0
(m,m.,)
172
as well as b22 > 0.
Continuing in this way, we see that there exists a positive
integer m such that AT = (aigm)) has all aigm) > O.

Therefore by 2.1.3, ™1y o,

Taking ¥ = m(n-1), we have the desired result.

2.3.,3 If A ¥ O is an imprimitive matrix with index of
imorimitivity h > 1, then h = 2 if A is symmetric.

Proof By the Perron-~Frobenius theorem, there exists a

T has the form 2.2(1).

permutation matrix P such that PAP
If A is symmetric, then so is PAPT and the form matrix

in 2.2 (1) is symmetric only if h = 2.
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2.3.4 Let A )% O be an imprimitive matrix with index of
imprimitivity h > 1. Then there exists a permutation matrix P such

h, .
that PAhPT = X Ai’ where each Ai is Primitive, (Here 3 designates

direct sum as inlfgj);
Proof The direct computation of the powers of PAPT of
2.2(1) gives us palpT - ﬁ%, A, + It can be shown that each A; has the
i=1
same set of éigenvalues. We need to prove that each Ai is primitive.

Assuming the contrary, let some Ai be imprimitive. Then

Ah has at least (h+1) eigenvalues of modulus ;F, where o is

the maximal root of A. This implies that A has at least (h+1)
eigenvalues of modulus ,© which contradicts the hypothesis that A
is an imprimitive matrix with index of imprimitivity h,

2.4 Support and total supvort

Definition Let A = (aij) be a non-negative n-square matrix.

We say that A has support if there exists a permutation & of the
n

first n natural numbers such that T a3 0¢4) > 0, A has
i=1

total support if it has at least one nonzero entry and for each

aij > O there exists a permutation o such that j = (i) and

a

r o(r) | O

G

2.5 Fully indecomposable matrices

A square matrix A ), O is said to be Partly decomposable

if there exist permutation matrices P and @ such that PAQ

can be written in the form:
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where A, and A, are square matrices and O is a matrix of zeros.

1 3

If no such P and (¢ exist, then A 1is said to be

fully indecomposable.

It follows from the definitions that every decomposable
matrix is partly decomposable and every fully indecomposable matrix
is indecomposable.

Obviously, if a n-square matrix A ) O is partly decomposable,
then it contains a p by (n—p) zero sub-matrix, for some positive
integer p.

2+%.1 Let A Dbe a n-square partly decomposable matrix with
total support, then there exist permatation matrices P and Q such

that

k.
PAGQg = Z Ai
1=1
where each Ai is fully indecomposable.

Proof By definition there exist permutation matrices P1

A 0

1
and Q1 such that P1 A Q,] =(A A) where A, and A,

3 2
are square, Since A has total support and A1 and A2 are square,
A3 = O and both A1 and A2 have total support.

’
Thus P1 A Q1 = A1 + A2 where A1 and A2 are square

matrices with total support (A1 : A, is the direct sum of A, and
Az). If either A1 or A2 is partly decomposable, it can be decomposed

similarly.



12

Thus the repeated apnlication of the above argument shows that there
exist permutation matrices P and Q such that P A Q has the
desired form.

2¢5.2 A symmetric primitive matrix A with total support
is fully indecomposable.

Proof. Sunpose that A is not fully indecomposable. Then
there exist permutation matrices P and ¢ such that P A Q = A1 + AZ’

where both A1 and AZ are square.
T 2 T « T

Let S= PAG. Then S8 = P& PT=A1A1+A2A2.

This shows that A2 is decomposable, which is a contradiction, because
from the primitivity of A follows the primitivity and indecomposability
of A2.

Corollary. If A is a symmetric partly decomposable matrix
with total support, then A is either decomposable or an imprimitive
matrix with index of imprimitivity h = 2.

Proof. By 2.5.2 A cannot be primitive. Hence A is
either decomposable or an indecomposable matrix with index of
imprimitivity h > 1 and by 2.3.3, h = 2,

2.5.3 Let A >0 be a symmetric imprimitive matrix with
total support. Then there exists a permutation matrix P such that

0 A
P 1
PAP = )

T
A1 0

where the diagonal zero submatrices are square and A is fully

1

indecomposable,
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Proof Since A is symmetric, by 2.3.3 its index of imprimitivity
is 2. So, by the Perron-Frobenius theorem there exists a Permutation

matrix P such that

0 A
T 1
PAP = T
A1 0]
where A1 is a square submatrix and O is a square matrix of
zeros. We now show that A, is fully indecomposable.

1

Assuming the contrary there exist permutation matrices P1

and Q, such that P, A, Q = B1 +° B,, where B1 and B, are
square matrices with total support.
T o T
Then A1 = P1 (B1 + Bz) Q1 and
A, AL = (B+B)QQ (B +B)P
1815 1
_p (BBT B_BL)P,.
1 2271
This shows that A1 A$ is decomposable,
Since P A2 PT-(PAPT)2=A1 A’f . A,’T A, there exists a

permutation matrix S such that S A2 ST is the direct sum of more

than two indecomposable matrices. This contradicts the fact that
the index of imprimitivity of A is 2. .

2.5.4 Combining 2.5.2 with 2,5.3, we can now state the
following.

Theorem 2,2. Let A ) O be a symmetric indecomposable matrix

with total supvort. Then either A is fully indecomposable or else



1

‘0 A
1

there exists a permutation matrix P such that P A PT = (\ T
A 0]

1

where A1 is fully indecomposable.

As a corollary of the above theorem we obtain the following.
Theorem 2.3. Let A be a symmetric non-negative matrix with

total surport. Then there exists a permutation matrix P such that

P A PT is the direct sum of matrices A1, AZ"'°Ak' where each Ai

O B.

is either fully indecomposable or else is of the form Ai = . 1
T

B, 0,

i i

where Bi is fully indecomposable and Oi is a matrix of zeros.



CHAPTER III

STOCHASTIC MATRICES

Definitions: A non-negative square matrix A is called

row-stochastic (column stochastic) if all its row (column) sums

are equal to one,

A is doubly stochastic if it is both row stochastic and

column stochastic.

3.17. Some fundamental results on doubly stochastic matrices

The following theorem, due to Konig [3] forms the basis of
many results known about doubly stochastic matrices.

Theorem 3.1 (Konig). Every doubly stochastic matrix has a
positive diagonal.

Corollary 1 (Birkhoff). Every doubly stochastic matrix is the
convex combination of permutation matrices;

Proof. Let S be a doubly stochastic matrix. We then have
to show that there exist permutation matrices P1, Pz""Pk and
positive numbers fv,, /‘2"" /\k such thit S = A1 P, + /\2 P, +...+,(k P
where k1 + ]\2 tooot A’k =1,

Since S is a doubly stochastic matrix, it has a positive
be one such. If S is not a

di~rgonal. Let & coeB

10(1)* 52 3(2)***®n o(n)

permutation matrix, then taking A,] = min
1¢i¢n
is a permutation matrix having

. .y Wwe can write
8i o (i)

S = ,(1 P1 + (1 -A,]) R1, where P,
1's in the positions (i,cr(i)), i=12,..n and R, isa
doubly stochastic matrix.

15
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We observe that the doubly stochastic matrix R1 contains
more zeros than S,
We can then decompose R1 in the same way and get

S-A1P1+/L2P2+(1-L1-/42)R2, where P, and P

1 p) are

permutation matrices and R2 is doubly stochastic.

Continuing this way, we get finally

S= Ay Pyt b, Pyt /K Pe + Ry

where R, is a matrix of zeros and /\1 + /{2 toaet /(«k =1,

Corollary 2. Every doubly stochastic matrix has total support.

Proof. The proof follows immediately from the Corollary 1,
because every doubly stochastic matrix S is the convex combination
of Permutation matrices P,‘,...Pk and each Pi has total support.

Corollary 3. (Perfect and Mirsky). Let A be an arbitrary
matrix of order n. Then there exists a doubly stochastic matrix S
of order n such that the non-zero places of S are precisely the
non-zero places of A, if and only if A has total support.

Proof. If A has total suprort, then for such non-zero
place (i, J) of A there exists a permutation matrix which is non-zero
at (i, j). Taking such permutation matrices (one for each non-zero
entry of A) and taking their arithmetric mean, we obtain the desired
doubly stochastic matrix,.

On the other hand, we know from Corollary 2 that every

doubly stochastic matrix A has total support.
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3.2 Doubly stochastic limit and its diagonal represenation

Definition. Let A/ O be a square matrix with a positive
diagonal. Then the sequence of non-negative matrices { Akt}obtained
from A by alternately normalizing the rows and columns of A converge
to a limit S which is doubly stochastic. This limit is called the

doubly stochastic limit of A,

We recall Sinkhorn and Knopp's result that the diagonal

representation of the doubly stochastic limit S in the form D1 A D2,

where D1 and D2 are diagonal matrices with positive main diagonals

is possible if and only if A has total support.and D1 and D2 are
unique up to a scalar factor if and only if A is fully indecomposable [7].
The above result is used to prove the following,.

Lemma 3.1, Let a non-negative n-square matrix M be the

direct sum of k fully indecomposable matrices Mi’ i=1,..4k

k, k,
and let D, = ' S, and D, = =z T, be diagonal matrices such-
i=1 i=1
that D1 M D2 is doubly stochastic. Then if D; and Dé are diagonal
matrices with the property that D; M Dé is also doubly stochastic,

there exist positive numbers  of;, 0(2 cen ;(k such that

k, ,
* - L S
DF = = a(i S, and D} = §

i=1 i

Ti.

= #5%"

Proof. Since D, M D = =_ S, M, T, is doubly stochastic,
—_— 1 2 i1 ii‘i
80 is each Si Mi Ti.
k., ‘
let D* = =_ X. and D* = Y.
1 . i 2 . i
i=1 i=1

Then, since D; M D; is also doubly stochastic, we similarly
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conclude that so is each X, M, Y..
- T S 1

It follows that S, M, T, =X, M, Y., i =1, 2...k.
1r 1 1 1 1 1

Moreover, since each Mi is fully indecomposable, by the uniqueness

part of the theorem of Sinkhorn and Knopp [7] , there exist positive

numoers c(l. Ciz... K, such that X, = o(i 8,
1 i=1, 2...K.
and, Yi = G Ti

3.2.1. Assuming that A is a partly decomposable matrix with

1’ GZ) of

is doubly stochastic, given

total support, we will show how to generate all pairs (G
diagonal matrices such that G1 A G2
any pair (Dl, D2) with the same property.

There exist permutation matrices P and Q such that

A* = P A Q is the direct sum of k fully indecomposable matrices

Al, A2...AK.
Let S = Dl A DZ' then Di A* Dé is also doubly stochastic, where
K
T T :
" = [ i v -
D1 P D1 P” and 02 Q D2 Q. So, we may write D1 gil Si

are diagonal matrices of the

K
\ -
and D2 {éi Ti where Si and Ti

same order as the order of Ai'
Now, if (Dq, DS) is any other pair of diagonal matrices
such that D! A* DY 1is also doubly stochastic, then by Lemma 3.1,

1 2
there exists positive numoers A,, &,.-. oﬂK such that

K k
1] L4 l
M= 5 ;S and D= T /= T
1 o] i i 2 i Xi i
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k
T —_—
Now let G, = P ( 2._0\1 Si ) P and 1let

k
G, =q( 7 )T
2= ® '%1 ALy 179

Then G1 A Gz is doubly stochastic.

Theorem 3.2. Let M be an indecomposable symmetric non-negative
matrix with total support and let D1 and D2 be diagonal matrices

with positive main diagonals such that D1 M D2 is doubly stochastic,

Then D2 =pD

Proof. By theorem 2.2, either M is fully indecomposable

1 for some p > O.

or else there exists a p ‘rmutation matrix P such that

0]
PMP. = M - T where is fully indecomposable.
M1 0 1

We consider the two cases separately.
Case 1. M is fully indecomposable.

Let D1 M D2 =

Then since ST = D2 M D,l is also doubly stochastic and

D1 and D2 are unique up to a scalar multiple, it follows that

D2 = p D1 for some p >y O,

Case 2. M is not fully indecomposable,
Let D; and Dé are diagonal matrices with positive main

diagonals such that D; M* Dé is dcubly stochastic, where Di and Dé are defined as

follows: S o T 0]
pto= (] pr = ]
1 0 S2 ' 2 0 T

2

S M.T
DY M* D ( 112>
W
1

Then S

1 2 = 2M1TH 0

Here S1M1T2 and are doubly stochastic and so

1
is (SZM1T1) = T1M182.
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Since M, 1is fully indecomposable, it follows that

1
T, =pS, and T, =p S, for some p/ O.
Hence ' Dé N P Di for some p) 0.
. . T [] T ]
Now, taking D1 = P D1 P and D2 = P D2 P, we have the

required result,

Remark. When A is decomposable and D1 A D2 is doubly

stochastic, the relation between D1 and D? is exhibited as follows:

There exists a permutation matrix P such that P A PT is

the direct sum of indecommnosable matrices A1, A2’ eee A,

k
(1) (k) (1) (k)
1 9

Let D coe D1 and D2 con D2 be the diagonal

matrices such that Dgl) Ai Dél) is doubly stochastic. Then

v, K. () TS (1)
taving D, = P (=_D,”")P and D, =P (=_ D, ')P, we see that
1 i=l | 2 i=1 ¢

D1 A D2 is doubly stochastic and in view of the above theorem, each

Dél) is a scalar multiple of Dgl).

343 Pne diagonal equivalence of non-negative matrices to

non-negative matrices with prescribed rows,

In this section, we extend a result of Sinkhorn about
strictly positive matrices to the case of certain types of non-necative
matrices.
As a tool we use a sufficient condition of Brualdi, Parter
and Schneider E1] for the existence of a diagonal matrix D
such that D A D is row stochastic, quoted in Chapter I,
3¢3e¢1. In [6:]Sinkhorn proved that corresvonding to each

strictly positive matrix A there exist a unique row stochastic matrix of



21

the form D A D, where D is a diagonal matrix with positive
entries.

As a corollary he proved the following: Corresponding to
each positive n-square matrix A and each set of positive real
numbers - pl, Poy «c» Py there is a unique matrix of the form D A D
with row sums Pyv Poy - pn, where D is a positive diagonal
matrix.

We generalize this for non-negative matrices.

Theorem 3.3. Let A bpe a non-negative n-square matrix with
a positive main diagonal and let Pys --- Py be given positive
numvers. Then there exists a unique matrix of the form D A D
with row sums pl, Pys - pn. where D is a diagonal matrix
with positive main diagonal.

Proof. Let D, = dg (pl, Pys - pn) and let B = DIl A.
Then B has a positive main diagonal. By [1] » there exists a
positive diagonal matrix D such that D B D is row stochastic.
1 1

Let S =D B D. Then Dl S = Dl DBD= D1 D D1 AD= D1 D1 DAD-=

D AD,



CHAPTER IV

THE DIAGONAL EQUIVALENCE OF A NON-NEGATIVE SYMMETRIC

MATRIX TO A DOUBLY STOCHASTIC MATRIX

4,1 The D A D Theorem

In this section, we establish a necessary and sufficient
condition on a non-negative symmetric matrix A such that there
exists a diagonal matrix . D with positive main diagonal with the

property that D A D is doubly stochastic.

Definition. A non-negative matrix A has Property D if

there exists a diagonal matrix D with positive main diagonal such
that D A D is doubly stochastic,

Theorem 4.1. Let A7/ O be a symmetric matrix, Then A has
Property D if and only if A has total support,

Proof. Since every doubly stochastic matrix has total support,
it follows that if A has property D, then A has total support.

Now, let us assume that A is a non-negative symmetric matrix
with total support. Then we—distinguish between the two cases.

Case 1. A is indecomposable.

By theorem 3.2 there are diagonal matrices D1 and D2
with positive main diagonals such that D, A D, is doubly stochastic

1 2

and D, = PD1 for some P7 O.

If we now choose D =Y\ P D1, then D A D 1is doubly stochastic.

22
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Case 2. A is decomposable.

Then there exists a permutation matrix P such that

k
[4
Pa PT = = Ai’ where each Ai is a symmetric indecomposable

i=1

matrix with total support.

By Case 1, there exist diagonal matrices Dl' D2h... DK

such that Di Ai Di is doubly stochastic, for i =1, 2, ... ke

T k, T, k, "k X,
Now let D=P (= D) P, Thes DAD="P (X D 5 a4 D.)P
i=1 {=1 i {57 1 -7 1

is doubly stochastic and the theorem is proved.

Remark. It is easy to see that the result of Brualdi, Parter
and Schneider quoted in Chapter I about the existence of a non-negative
diagonal matrix D such that D A D is doubly stochastic, follows
as a special case of theorem 4.1.

For, if a symmetric matrix A = (aij)z& O has a positive
main diagonal, then every non-zero element aij(iﬁj) is associated
with a positive diagonal consisting of aij’ aji and all other main
diagonal entries of A excepting s and a,..

JJ
4,2, Unigueness in the D A D theorem

Let A7/ O be a symmetric matrix with total support and
let D)0 and G%0 be diagonal matrices such that DA D and G A G
are doubly stochastic. Then, since the doubly stochastic limit of
A is unique, it follows that D A D =G A G,

It is therefore natural to ask when D is unique. We deal

with this problem in the present section.
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Lemma 4.1. Let A7/0 be a symmetric fully indecomposable
matrix. Then there exists a unique diagonal matrix ID77 O such that
D A D is doubly stochastic.

Proof. The existence of D is a part of theorem 4.1, We
prove only uniqueness here.

Let D7/ 0 and G 7/ 0 be two diagonal matrices such that
DAD and G A G are both doubly stochastic,.

Let B=DAD.then GAG=GD ' BD ) G. Since A is
fully indecomposable, so is B and by the theorem of
Sinkhorn and Knopp, there exists a positive number °< such that
6D ' =1 anda D 'a =°% I, where I is an identity matrix of
the same order as the order of B.

The above equalities are satisfied only if *{:= 1 and
therefore D = G.

Theorem 4.2. Let A7 O be a symmetric matrix with total
support and let D// O be a diagonal matrix such that D A D is
doubly stochastic, Then D is unique if and only if there exists
a permutation matrix P such that P A PT is the direct sum of

fully indecomposable matrices.
T .

Proof. Let P AP = A1 + A2 + eee + AK and let
D="P (D1 + D2 +oees + Dk) P, where the order of Di is the same

as the order of Ai'

Now, D A D is doubly stochastic if and only if

PDADPT = (PD PT) (P A PT) (PD PT) is doubly stochastic.
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But this is doubl& stochastic if and only if each of the matrices
Di Ai Di is doubly stochastic, for i =1, 2, .. ke

Clearly, D is unique if and only if each Di is unique.
If each Ai is fully indecomposable, then the uniqueness of each
D; follows from Lemma 4,1,

If some Ai is not fully indecomposable, then by theorem 2.3.
o Bi
A, =
1 BY 0
i

a matrix of zeros. We may then write Di = Di‘l H Diz’ where

, where Bi is fully indecomposable and 'O' is

Di 1 Bi Di2 is doubly stochastic,
In this case for an arbitrary X >0 we can define
e 1
6 = & Dy ¥ g5 Dy, and
G = PT (D, +D, + 'D, . +G, +D, . % )P
= 1+2+'°'+i—1+i+1+1+"'+q<

Then G A G is doubly stocnastic.

Remark. From the proof of the theorem 4.2 we can see that
if D is not unique, then there exists a simple relationship
between D and all other diagonal matrices G 7/ 0 such that G A G

is doubly stochastic.
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