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INTBODUCTIOB 

In What follow I hav s leet d b few problems arising in Atathematical 

Pbyeias and olve¢ thom bJ muthods which are general in their applieatio~. 

S1noe all but the 1mpl at problema giv rise to p rtial differential equa'

ions l hav included one chap,er only, tho first, in hich the quations 

arisi~ ~re or~in ry ~1tterent1al quations. Thi t+rst ohapt r is composed 

ot a group of problems on th motion ot helical springs, and is included 

beo·u e it illustrates tne· applio~tion ot operational methods to ordin· ry 

~itterential equations with constant ooetficionta. 

ln treating the olution of partial ditfer&ntial quations no g ner~l 

or complete solution nas b en obtained %Cept in Ch pter 2 , and in probl m 

ot the type treated tne particular olution which satisfies the initial ud 

oundclry conditiona of th problem can usually be obtained without first 

deriving a general or complete solution. 

l have cboaen problems to illustrate variou met oda of solution , 

Thus Ch pter 2 illustrate• th ~pplic tioa ot Fourier Series and ~lso the 

method ot elution of partial differential equations by oper tors. This 

chapter aerv a to compare operationai m thoda ot solution of partial ditt

renti 1 equ~t1ona 1th otner &n older methods. Ch piers 3 and 4 

illustrate the application ot Beisel Punctions and Legendre Polynomials. 

In eaon of chapters a. 4, ~nd 5 I have assumed that particular sol

ution x1sts in tbe torm of a product of two functions, each of which is a 

function of 6 differ nt independ nt vari ble. This assumption is often 

auooeastttl in problems of the typ treated an is justified by its success. 



l have derived the ~itter~nti l eq~tions studied and included those 

~asumptiona made trom the theory ot Physics aa well aa atutementa ot an.y 

approximations to actuality d sirabl for th solution of the equation. 

Some of the initial and boundary condition have been ehos n so as to imp

l ity solution out I h ve a tteap tad to cho oondi tions comps Uble wi tb 

/ ctuality nd to simplify the probl ms by neglecting t~etors ich have a 

neglig1blo bearing on the result. Solutions obtained hould t11er fore 

bear to actuality a r lation con iatent with the reasonableness ot sump

Uons made an approximation included. 1 the rking. 

l hav inclucleu the pure 1il1&maU.e l treatment ot funct1ona applied. 

to the proble by footnote reterencea to the souro ot the result us d or 

by a statement ot the reeUlt in appendic to the Chapters. · er ver 

poasibl I hav ireat d '-lch aoluUon fully, app1J1Zl6 well knOwn re ults 

only where 4 1irabl tor brevity and oth rwi e obtaining the olution from 

a tull study of the particular functions arising. BJ so doing I h ve 

attempted to alee ch ell pter, ihough de ling only with a p · Uoular prob

lem• illustrative of a large body ot aimilar problems. 

11. 




COl~BTS 

( Page number• are g1••• in brackets after sub-beadings. ) 

Chapter 1 1- Application ot operational method.I ot soluUou to ordinary 

differential equationa with constant coetticienta. 

liotion ot hel1oal spring• --- Fr e •ibration ( p.2 ) ---

Forced. Y1braUon ( p.7 ) -- Re onance ( p.IO ) ----

Linlted springs ( p.12 ) --- Analogous electrical problema 

( P• Io ) • 
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Appendix B a- Briet explanation ot the operational methods 
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ot aol·.t-;;ion to partial differential quaUon1. 
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Vibration of a string initially plucked at its middle point 

( p.28 ) --- Alternative method of solution ot the preceeding 

p~Qblem bJ operational methods ( p.31 ) --- D1acusaion of the 

shape assumed. bJ tblt string at 111q time ( p.36 ) 
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Chapter 3 a- Application ot Be ael Functions to the solution of partial 

d1tteren\1al equations of the second order. 

Small ~1brat1ons ot a light circular membrane ( p.39 ) 

ppendix A a~ Transformation ot the d1tterent1al equation 

of motion from Cartealan to cyl1ndrioal co

ordlna• •· ( p.40 ). 

Appendix s- Bo'e on roota ot .Beaael 1'\Ulct1ona. ( p.47 ) 

Append1• c :- .a.aael Function• - Some important reaulta 

pplled in the chapter. p.48 ). 

Chapter 4 :• Application of Legendre Polynomials to the solution ot 

partial dift rential quations of the second order. 

Conduction ot heat in a aol1d bodJ { p.50 ) ----------

flow ot hat in a •olld aphere ( p.63 ). 

Appendix :- Statement ot the DiTergenoe Tbeore• use4 in 

the chapter. ( p.oI )• 

Chapter 6 :- E::r.aa1pl ot S1mult n• us art1 l Diff r nt1al ~quatio • 

'!'he flow of electricity in a long imp rtectly insulated 

cabl ( p.62 ) ---- logous proble of th flow ot 

h at in rod of small unltor croea eotion ( p.69 ). 
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ppllo tion ot oper tlo l method.a to ord1n ry a1tt@ront1 l eq tions 

O&n ru ~113 e etfeot a by oper~tional thoda which re tull~ explained 

in • Opere.Uo 

J. 0. J g-er ( 

l · tboda bl .Applied 

O:lfoi-d University 

thema.Uos .., by • s. 
1 

} • et reno shou.1'1 be 

Oarala• ond 

de to 

t la boo~ tor compr hen&i• trot nt ot tie ope~ tional thoas used 

in ln1a en pter. Som important r aul' na briot x,plan· tion ot the 

'l'h follo 1 proo ma a concern Cl W1 th th.tt moUoll of light 

lo l spr1ng • m y r repr aent tiv of l rg nu b r ot s1m1l r 

proole t4"1 1 1n t tt variou br noho.a ot \hemnUo l l>hys1cs . 

\ 
i 

1. Rere f tur hie booK ill e r@for d to o•• in.. 

1. 
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Motion of a helicul spring. 
A

Suppose that one end of a light helio·l spring 

( or light elastic chord j is attached to a 

tixed point of support at f.. and that the spring 

hangs vertiOlilly in a state of static e uil1brium 

with a mass ft1 attached to the other end of the 

sprlng, :S', the el.ongaUon of tne spring being $ • 

It an add1Uonal torce is applied to M to 

pruduce a further e:xtensiQn cl ~ t.he mass 

being displaced to .B lpld~r the ao Uon of this0 

force and held in at tic equ1li"br1um at B
0 

, and 

at time t =o this torce is removed, then the 

-B'' 

maas M will start to moYe. 

In order to simplify discussion of the ubse11uent motion ot M , 

whil t at the sam time retaining conditions whic1, .ill approxim&te to 

those ot actuality, l shall rna~e t he follo ing assumptions :

(i) 	 That 'he mass ,\1 ~ttacned to tne spring is large oom~red witn 

the mass ot the spring, and hence t J, t t he mass of tne spring rnay 

be neglectuci in comparison with f'J . 
{ii) Th.at t he spring is perfectly elastic, so that material stresses 

and frictions my be neglected, ana Hooke's Law holds for the 

spring. Hence the extension ot the spring is proportion l to the 

aypli d force. 

(U1) 	 Tbat th medium in hich the spring moves is such that resistance 

to the moUon ot the mass fl1 1s proporUonal to the velocity, and 

th t the dium otters neglig1 le resistance to tne flexing of the 

i.o. Viscous d&mping occurs,the damping force being 

proportional to the velocity of ~ and opposite in direction to the 

direction of isplacement of /\1 . 



1.1 

1.2 

3. 


In the original state ot at6i1c equilibrium we have trow (11) abcve 

Mt == -k.s 
where .,/;:, is the modulus ot elastic ity of th spring. 

I 
At time l: >o let ihe displacement of M below :S be :JC , 

reckoned poa1Uve in a d.ownw1:1.rds direction. At Ume t :: o we have 

~= d. ' 

At Ume t >O the toroes acting on M re 

(a) ~,, aoti vertically d.ownw<rds. 

(b) fens1on T in the spring hC ting ver Ucally upwards. 

(c) Viscous d.a111pilijl proportional " d:r ,to the velocity; say /l\f aF 

a.cUng in the direction opposite to 'he displacement ot M. 
Hence applying Newton'~ second Law ot ~otion we get 

M d.2 x A.A T 11 dre 
'"'ct.b2 = 1··1- - """aE 

Mt- k(re+S)- -k~ 
- -.1e~-..km 

Since Mj = .&s trom 1 •. 1 • 

1.~. (.])2+*])+!)x = o 

or (-:b2+ ~J,.]) + ~2) ~ - 0 ' I:> 0 . 


II ~ ~ _£

where ..b" = - ) O ""nd a.- = ->o.

.2M M 

Uo:n in a va.ouurn. 

It the motion talt s pl oe in a vacuum, or it the damping force :is 

negligible, equation 1.3 becomes 

I;> 0. r.4 
with ~= d. , ]):)C = 0 , when t= 0 • 

1.Ultiplying l . 4 by Jl..
-)'t 

( f>o) and intergraUng with respect to t 
2 

trorn O 'o (%:) , we get thtt Subs1dary li:q'W!t1on 

2 See Appendices A and B. 



(+1+ a1) ~ = .pti 	
4. 

Thus % :: ,{ [ f2! o." J 
Therefore 	 'X. = cl ~ a...t l.5 

fhe moUon ia therefore simple harmonic motion with amplitude tl and 

period given by 

1.6T-
Thus tile period. dependa on the modulus ot elaat1cUy of the spring; /c • 
the larger k is the smaller being the period and the greater the 

trequenoy. 

Viscous damping. 

lt viscous cl.amping 1• not negligible equ tion 1.3 is 
# 

(])2.+~A.])+ ai.) ~ :::0 I C > 0 

with '%= "- , bx..= O , Whan t:: 0 • 

Th Subaid.~ar;v 	1'qus.Uon is

ct2 + :;i.art+ a-'·)~ - {-r+ ;,~)a.. 
'fbus _ J.., { ++ :J.L J 

~ - .P.,_+ :,;i.t,..~ + (l.2

~ee possible oases aria tor consideration determined by t he nature 

of the roots of t 1 + ~.b-t + a}· = 0 

(1) .fl- a!> O , roots being re 1 and distinct. 

(11) ff- a,'2.: O , roots being real and equal. 

(111) 	 .J/"- a?' ~ 0 , roots being eoaplex and cUst1nct. 


,,, 2 

oaao (1)----- -e-- ~ >0 

Let the roots be tm. ,= -.£.+J,tl-ar and IM~=-£..-J-61-a'1. so that 

/J'l-1..2. ~ IWJ I ~ 0 

The Subsidiar1 	~quation is 



Hence 

- d { - /t'l'l.:z.. + /Wl r } 

- """ ' - l}t1 '1. 1='- '\/Mt ~-~2-

Therefore 

- --
<o 
 tor t ) 0 , s1n.ce IWlz(-.... ,<o. 


:0 tor t ==O • i -t--.1: Mf,_l:1 
-;b:tx. """'"""":z. &.- ~. - .M.t:z, .,_ 

IM1 • - M":2,. 
-1!...~,_f;-- 0 tor M41 ~ ...,1: == M-12 


I ~~,_
t = '1rU. - ""',, """"' ' 

The grap.n of the displacement of M l:lgainst I; is of the form shown 

in the f ollow1ng diagram. 

The displacement tX!, 6.ppro ches (o,tl) 

zero as t incr ea.sea. 
I 

i.e. M approache .B t a 

ate dilly deer 1ng apee and 

ul .
1ts diat&nce trom .v becomes · 

Point ot 
inflection. 

~~w--~~-L-·.-~~~- t 
intinH aJimallv mall s t~oo • C= ---1- .l..a_ .,,... .zT ., ....,-IMJ. ~ ;;;;, 

-'2_ a? /)H I=: /J'Uz. = --Ir< 0 case (11) ----- ~ , · • 

1!he Su sidiary (';t:~).:i ;r:" :: (f'+ ;i.1,) d 

Hence 

~ e d { +~ $- + (::~yl } 



~ = i:t I[-'t J.l; _£~1Therefore 

= J, (1+~)-t-~ 
Lim c:i. ( 1+ ~) := 0 , 

Hence tor /;)o , % )o and '=~"° .e., .trl;

lso tl f .£,- -L.M-- .b- ..L .l_.,t(_1 + ~)J= - d .!.~t .-

-

])~ - l ~:;2M .t_ ~ 

~ 0 tor /:. > 0 · 


O tor t = 0 ·
-
- d l_.y2 f .e:~ _t,./; .fl"'=l = J>,_x - 1 -'labe J 

- 0 for I= :::: Y.J,-
< 0 tor 0 ~ b c( 4 
> O tor t, > ~ 

The graph. ot the displ cement of ~ a ainst /:; is of a form s1m11 r 

\o that tor case {1), the point of ini'laction being at t :.~. 
X remains positive nd. appro cbes zero as I:; incre aea. 


B 1
/v1 pproachea a t ~ increa ingly slow speed. 

Tbi type of motion is called " dead bea t "• 1£ the retarding fore 

' ;:z .2is decre&sed 'by "'n arbritrarily s t ll amount, so that ~-a.~ c, we 

h ve tne third case for which the motion is oscillatory 

case (111 l ----- .£.-2-a,1.( O { 4 ~ f,,, >O1_ 
ib. roots &re complex &nd different. Tbe Subsi i ry q~tion is 

where C. = J41_Q , K :::: da 
c 



7. 

K A-.t,.I:,
The solution represents an oscillatory oUon with an mpli tude 4',, 

wnich decreases ezpone ti llN• ~he period is 
2-rr ;;:ur 

T :: c - J~_.1:,-z. 

])x - K ~.Mo { e e..s ~t+<£)-...b-~ &t+.c)J 

- O tor I:-= o 


-:::. O tor t >o when ~~t+ol.) = ~ = ~ "'
1.e. t'or t == ,..,1(, wb re$ is an integer.

(! 

The graph of the displ· c ment ot /V\ against t i ot the torm shown 

in the f ollowi diagram. 

'.ale amplitude ste dily deoreases 

as t incr~~sea nd approache 

zero as t hnd t.:> infin1ty. 

·ha period of oso1llat1on.~ , 
4J._ "'t. 

ramains constant. 

ln the undnmped case the periou as ;z.71' und o the eriod is 
~ 

seeu to be 1nor asod by d.aoping. 

Forc~d vibr~t1on of a halical spri g. 

ln the 11>."ece dirlg discu sion it w&a suoposed thut th.e point of support 

ot the spring, A , as fixed, but A may move in accordance with some 

law wnioh giv the displacement of A , a a function ot the time t . 

Suppose th&t tht;t d.lapl<:.cement of A is given by 

"\t = f(t) 
where ~ 1s measured positive in ~ do~inward ~ir ction. ~he r~sultilg 

motion ot t e spring is uid to be forced vibration. 

lt at tim t:: >O the d.1spl:.ioorr.ent of M trorn its osition of 

static equilibrium is X- t11en the actual exten ion of tl:le spring is 



a. 

eq.u..uon ot Uon of M 1 

14 '1:.. =M'J' --k(.s+x-1')-./..~ 

::=. - k('X- ",t) - t1f. inc Mj==-A.S from 1. 1 

=- -k(x- S&J) - -k ~ 
cl.l~ + .:!;_ ~ + k x == Jg_ ~/'=)• • c::Lt.J.. M &t- M M :J'""\..' 

1•• 2
( ])1+ :,i .t,..)) + a ) x. = o..2 f (l:), t >o 

101' ~ = ~ >o nd a.'-- k >o •:J.ty, M 
1nlere.aUng case arises when a?--.V-;:> o ( i.e. a..> .&. > o 

!2'fr 3
f(~) 1IJ a1ople t rmon1c r.10Uo ot period tAJ • l 11 

f(tJ = A~ wt Where the amplitude /\ is constant 

1·' co 
(:r>2.+~.(,...])+a.7.) ~ 

:r :::: ti. 1 }') :r. = O tor l: == o 

he $Ub81<il rs qunt1on 1 
"°( +2 + :J-.e,.t + a'.1) x :::: ll

1A ~- rL{A)tdt:: +(t+~t.JcL 

•• ~-

oond t rm on t o ·l h \ aid~ oontri~uta to tn olut1on 

\h t r l obt· 1 d tor ihu preo o 1 pro lem, Case (111) , nd this 

cont 1vut1on 1 du to tr ~ vior t1o • t beco :r • -; t he 

contribution of thl term beco s .and ~b re.att r rt:1 in mall id ~ 

ot motion ill be iraac d $0 1cn 1 ts oont:ribu ion. to 

n ligiUl • I!.. 
* rmineci by 

o oth r o ae ri a ~s in t.ne pr c ui ~roul 
no. be tr 4t aimilbrl;1 . 



logy •o a1.1ae {iill ot \he preeeeding problem 1ta 

sol• ion 1• ot \he torm 

K1 ..t.-_ .J,.t. ~ ((!,t + « 1) 

/
where K ud ol 1 iil'C cons tamts a&ld t!.. :: Ja. .z._ -1,.~ • 

N nee &s t becomee gre t th aontrlbl!Uon ot tbls terJn to th 

1. 

contr1hu\1ona due to tre vinr&tion b6Ve b ooaw ne 11g1ble. lt 1 

1n'.lso1d.·, l motion ot troqueo.c4 ;,, uud of smplitudtt ~ • lt /Al ls 

1l~rgu th ttlplltttdo 1a a~l nd the efteot of tn impruased toro is 

11. 

1t W=ll... th ampU~ud 1 

4 See Ap nuiz O. 
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Thus the ampl1tw1o mny becom large if the damping reelstance coetfic1ent 

~ is small when compared with -k M • 

For any given medium the maximum amplitude oocurs wnen 
1(_a?- tJ 2

) 
2 + 4l:r

2 
l'..> u a minimum. 

Since t\.. and .J,,. are positive coll8ts.nta tor any given medium we get a 

lllinimum tor L, f la>;__ ""
2

) 
1+ 4 .l.-~ 1 J= 0 

4t:.U (<Lz.....:.w2J+ 8k,_w = o 
w ( lL2._ LAJ 1 - ;,iV-) = 0 

W ::= O g1·na a manmum. tienee for re l w ( a..2 > :J.C- the 

Thus if the impressed frequency e~u&ls the natur~l trequenoy of Vibration 

ot the spring the amplitude may oeoome dangerously large and the displace

ment of M become so great as to break the spring. e.g. The natural 
2· I J .a. .t,:2 :l i .(;.,.

tre uency et the sprin considered ia T = a:- . , and. if t.J == (}..:,
. ;;l1r 2 

( Which is greater than the minimm given by {A.)~= a!-- ::i..J.r then the 

.El__ vra.~.Pimpressed trequenoy can equul • Nhen the impressed 
~~ :J..T 

trequency is equal to the natural frequency ot vibration we get the 

phenomenon of resonance. a is to obviate the possibility that the 

trequencJ of the impulses generated by marching men t:rJ:::J.y striKe ;hat of a 

part of the structure ot bridge QVer which they re marching that a 

column of soldiers is ordered to break step. The B1blioal ~ccount of 

the full ot the walls ot Jericho may also be explained it the seven 

priests blowing on seven trucipets struck sonic vibration identical 

with that ot a natural tre~uency of vibration ot the structure ot a 

part ot the walls. 



u. 

If the "fiscous damping is neglected ( 1.e.,,fu=" and th refore -fr.:t>) 

and 1t UJ = A- qu· Uon .t.8 becomes 

(J>,.+a?°)x = a.'"A ~al:-, t:>o 

X. =d. 1 ])~ = 0 for t =0 

The 8ubaidiary :3quat1on 1s s""- r(::; 
(t~ a?) ~ = a2

~ ~ ~at &~ + 
= a!-A a. + -ptt

t:J,+ 42 

a.a.A 
(t+41)'- + .p+a?

Ther tore 

- a~A ( ~ae- at= eso ac) + ti~ a.t 
~a:~ 

- 1-~ o.J; + (tl - A:z."'t) ~ a.f I. JI 

.Again if X = O 
1 

J)x.:: o when l:: =0 

~ - f(~al:-- a.L:~a~) 
Both 1.11 and 1.12 represent •1br t1ona compounded from a tirat term of 

const nt ampli tucle ~ and a second term the amplUude of -ehich 1nci-eases 

1th I:; and can exceed any preassigned 'Value 1t t ie taken sutt1clent11 

large. lt would therefore appaar t t it i possible to produc~ infinite 

ampl1ticat1on and henoe n 1ntinite tore • ln practice the resistance 

is never zero and although forced vibrations may become 1 rge When the 

real tance 1• mall the amplitu e can n~ver become in:t1nit 1¥ l rge. 
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Simultaneous Ordinary Differential -'guationa with constant coef:ficienh. 

Consider masses M1 and M1. suspended trom two light perfectly elastic 

springs aa shown in the diagram. The point A is tixed. A 
Suppose that the modul1 of elaaUoity of the springs 

are !, and -'z.z respectively, and let s, and s2. be 

the extensions ot 'he springs in the position ot static -- ~-- -
., ____ M,equilibrium. At time l: >O let the dJ.splaoements " 

of the masses trom this &~u111~rium position be ~ and 

~ respectively. At · time l::::::=o let - ~- --
AJ'~.::: ~o 1 _., _- - -M~ 

It the motion takes place in a medium Which o~ters negligible resis t ance 

to the motion we have tor the lower spring 

Mi J?~ = J\1.:i t- -k:i ( s.,.+lr-x) 
== -~2 (. ~-~) s1noe M:it = -k:i S:i. 

and tor the upper spr1.ng .. 

M,r>1
:e =- M,t+-k~("'f-xJ-k, (s, +rJ 

= -k:z.(-'f- ~J- Jz, '.r. since M 1'f = ~I :;, 
fheae equutiona can be written 

j ..}x - ( J>2+ .I,.~)~= 0 I.13 

( :r/+ tl2 + .ffMi\ ) X!. - JM J,.,~ :=:. 0 1.14 

where a2.::::: ~ J .),!-= ..k~ and ~ = .Mt.
}11, M,M2 

The Subsidiary qu....tiona are 

~2~ - {1'+.P)Ij ::: -f'j:, I.I& 

(1'2+ tl-2-+ t,2/M) ~ - ;m,/l* = +'~o I.I& 

MU.lUply 1.15 by 1Wtlr1
, 1.16 by (?2:+62} nd subtract 

(?1+PJ(p-i+ a?·+c!r~)~ - /k1.t,-4-;;-= f'{f2:,-A-1xo-f-4'UJ..f,1ft, 

[ 1"++ faz+ t"{t+-J}p~ a2.t2] Ii == t"~,,+t Y~+-4<t"JO) 
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••• 
Con 1 r tb.9 notl ot ' d.enoraiaator ot \be righ,-hsnd •148 abo•e 

,P4+ [ a.2·+ -1/'-{t+111n)} p1+ a:i..A-2 = o 

gh•• ? 	:i_ -fEZ.-1-../,.(t+""J+Jfa~J,.2.(i+tHtJf:.. 44~2-
lionce 'h•~e are 4 rooia 	waiob r equ;;.l in magnitude but oppoalte in sign 

.+· + . . r-;
1D pAbl• Le\ them be 	- ,1,,tiJ, .Qd - .L kl2 \there 4= v -/ and1 

@, =Ji[a"=t-"-,_{l+4H)-Jfa?-+~1(1+4MJ}2- 4tA.:z..~'7-J 
tJ2= /f[a?+.//{t+'"')+J[tr+./,?(i+-)]2 -1-a.2.cA.2.j 

H•DO• we !:Lave .3 

~ = TX!o+ t4-
2

{~+'"'~J 

(-f=>"+ <4';2°)(-P2.+ {.t)!) . 


- ' rs "'?'/!. _ ~:1:.] % LL e .i1 - ,.,._ c.:i:d;>:,..;,~ t'"+"': ~..+ .e.:(-r..+'l>lr-'z">'-+(AJ:-f.>>+ "''11 
= I IT_(w;:_/,.,z,-ttna=11f'J_ f(~!-'1-1.J:x:,-~1o1Jt · 

t.">,~ (.U:L +!to+ "",:a. +,+ "':a.1. 

= "'~~ ~ [A ttta,2 - :B .p~'"':J 
Wher 	 A == (_t.>t"- .VJ X'o - hn A-,_1/'o 

~ .::: (~:-.g..J X-o- t»i ..&-
11f'o 

'lharetor x = }. A (!as 6',t - B &$ ~il: 1.1?2 
II', - '4>~ 

aQd. t 1.14 ~::. ~ (:t?.+ 0-2+ b~)x 

:: 	 I 'AL"'~c..,.., -A>,2) e.es t..J,t - .B {i_2+ ~--~~e.os 61~i;1 
MA.IJ,?-({A)t-41f) ~ 	 <_LA J 

I A ( @':- .t/)Ors bl,C - B 1{A),:i_ &-2 ) eP 6J~i7 1 18 
= mtU(uJi'=-4':) l" / J . 

be moUona of M, n.4 M2. re et.icb compos d ot two alq>le harmonlo moUona. 


~he tr 	q\lency ot thoae tor M1 and M.:i.. re tne aa!Zll8 but th 1r amplitudes 

._r <litf r nt. 

http:t.>t"-.VJ
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X..= 
A-:S 

a,..bz- -1r2£ a2+ $-:L(t+MIL)}+ .f,._~ X - . _g.~x. 
hU "'-2 

110 •hen c= 0 

and J>x :::. J>t = O 

1.11 tatd. 1.18 ue th ratore aolu-Stona ot tho problem. 

Thia method of aoluUon ma7 be extended to problems where there are more 

than two aprlngs connected in the manner ot the above problem. mhere 

•ill be 1 many equaUons a.a springs. V1acous damping fJJ/iJ also be 

oonaldered. These extenaiona lead to equations whioh ma7 be solved 

be more arduoua. 
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El ctr1oal problems a1milar to the preoeeding mechan1qal probl~'!!· 

A problem analogous to that of th motion of a helical spri11g 1n li medium 

which otters negligible resistance to the motion is that ot the discharge 

ot the condenser in the imple electric l olrouit shown, the resistance 

ot the circuit being negligible. 

A cond.enaer ot cupaci ty C: 
is discharged through an induction ,_ 
coil ot induct~nce L. wh n the 

circuit is olosed. The circuit 

ia assumed to otter negligible resistance to tne passage of curr nt. 

The charge ~ on the pl tes of the condenser and the potenUal 

difference V ot the plates ar• connected 01 the ei.iuuUon 

~ = c'V 

The current I riowing through the con is given by I = - ~ 


de 

Since the resistance ~ has been assumed to ba negligible and tbe E,u.r. 
dI _v- I'>te .naveia .... d.t-0 

1•• 9. ~ 
(!, + L clt:1 = o 

1.19(_:r?·+a?-)~ ::: 0' 
'2. ___, __.. 

,.here a :=: -CL 

When t; :: 0 , q = 4'o & 1>q> = 0 · 

. JSqu· tion 1.1~ is similar to I.4 above and it has the solution 

'tl=/.l~c 
'"fD J~L 

with period ot oscillation given by T :::: ~1rJc I

~ problem analogous to that ot Tiscoua damping of a helical spring 

ari ea it the r aiatance ~ is not negligible. The Toltage equbtion is 

V- Lg_ rR = o 
de 



I.20 

'J'here ...b-- == ~ ' a?-.= e' 

When C:, 0 J (j> .: Q~ I 1> Q =: C) f 

~quat1on 1.20 1• similar to equ~tion I.3 above and its solution w1ll be 

similar to that of I.3 

A problem analogous to that of forced vibration ot a helical apriiig 

is that ot a cond nser placed in ser1ea w1tb a source ot ll.l • .11..:r. and which 

diaohargea through an induction 0011. Tbe volttig equaUon is 

tiIV- L dt - IR  5(t} 
which gives 

where f(fJ 1a the impressed E.u.1. 

given as a tu.nation ot I:; • 

It the impressed E.M.F. ia alternat1zig and of the form 

w have 

(]) 
1+ :::z.~:P -f- a..-z..) <f> = a.z. t='o ~ t.:lc, 1.21 

When t:: O J 'f>::::: <Po 1 J>(\> = o 

Equation 1.21 is similar to 1.a aboYe and loads to ·a solution similar 

to 1. 9 • 

n example in electrical theory ot a problem giving rise to ord1n~ry 

simultaneous ditterent1al equ&tions with constant coefficients is 

provided by currents :I:, and l:z flowing in coupled circuits ~a shown 

in the diagram. The curr nts 

!., and I.,_ satisfy the tollowir.ig 

L,differential equations 

http:tollowir.ig


I?. 

M ))I,+ ( L21'
2 
+ 'R11'+~)I~ = o 


M :c>"I:i + (.L,1',,.+ 1<,J> +-t,) I, = o 


If U is aaaumed that 'R.1 and Rz r negligible the aoluUon of these 

equations is similar to the solution ot equations I.13 and 1.14 above. 

lt will th.eretore be seen t.h&t electical pro~lema and mech&nioal 

problems often lead to similar ditterential equationa. 

·.. .,. : ~ .. 



18. 

AfP~l])IX A 

Laplace 1J:anatormatioua, 

It .%! 11 a tuncUon ot I: and f is a real poaitive number large enough 

to male:e lhe 1nbgral converge 
5 f (J:J -tt 

~(-t) = ~ x(t-) dt 


4M("' " /.)
def1nea ~ t'J , the Laplace Trautorm ot ~l.t • 

~be following lable list& aome torma ot x(~) and the corresponding x(tJ . 

II 
l-+ 

·~·.._._.....______...,1--...................--...-----..----....------....--,---~--..-----....---...-------------,,.·--~ 
I t~~ 

2 /+~ f'>1.- I 

--~--------~~~--~~---·--~~~~~--~~--~~-----t------~~~~-~~-~----------~---~ 

a ~a. . ,e, 
4 c (.-P> R(tt)) 

_____________________:J:_____·-------------~-----------------------------1 
a . t 

·------~---------------:r.:-t_~:-------------~-----~-~----------------
~ ~ 

s t,,,+ a.,_ . . eos a.. 
~-----~~-----~~~~--....~~----·"~~~---~..-~~~-~~~-~---------------------~----

_______:____'1---~~-~-t:'.:~~~----~--~-------~~~~-(~_'-'..:~-}~ 
. 7 t d~ ~ a.t (t> al ) 

1---------- ---------~-------------------~------------·-·--------------
i=' l. _t_ ~ Al=

+···--~----1--------':t:-t_'!°:!_____________ ~--_.:._'!-_______________________ 

9 

In the aboTe table lhe par&mfter tl. 1• i-eal except in 3 where 1 t may be 

complex. Results l to 7 may be obtained direotl7 by integration. 

8 is obtained by d1tterent1ating both s1dea of 5 with reepeot to a. t 

ad 9 ia similarly obtained from 4. 

al; 
5 Thua it a:(t) =.(., then tor the Laplace TJ-anatorm 

to exiat we 111'18t bave.;>a.., 1->ut- it ~(C-J = <. r/:: 1 

the Laplace lr?'anatorm doea not exist. 

~-k 
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xqo+a) 6 
U oan be abown tllat lf t+A >o • 'beu ealata attd 

~(-t+a.) = ~-tt-.a--ab x{t-J dl
Rene• a table 11 Uar lo " the abo'fe a l oan cle oormecU 5C" {f>+a) 

-a f- /.a .,J.,
nd .{l ~l't/ • In taoa the above t bl.e •111 1ern U - ii replao d1 

b7 1='+4- in the tuat ool antl • ah result in b aecon4 colum ta 
-al::

Gal Upl1e4 b;v ~ • 
I 

• 

!he tno4 ot appl1oat1on of the abo•• t7anatormatioai. la bri•tl7 expla1ne4 

1-n ppendiz .e. 

• comp.- h.u1ve \N t nt ot ihtt \hods ot e>luUo together •Uh proofa 

ot tn val141t7 ot aaaum.ptloraa 4• 1u \be tollo•t121 ooadenaed trea•men' 

1• 1ven 1 O. in A. , Clhapter l. 

L•' Je be • tuncUon ot b ar.td. t .~ real poaiUve nu er. 


auml tb.a• ~{e.- -~~ ctt e;llals vmen t
-'*~J ==" ancl that s;
~~~ ~ 

la gnat~ •han aome tixed. poaU1Ye nwaber, then
'-' ~ r. _IJ- ., r'°- ...,_ I er)'.r~ ::. L~ rx,J+ f) e t'~ ~ =- - x"+ pX (1) 

0 ~ ~ 

•r• ~" 1• •h• 'f&lu• ot !t!_ when l: =o • 
0• a1n uauming· tna• ~ {_ll-f'5,~)=, w ha•• 

e~~ ~ . 
:-tr]>~dl- = ~-tt-:t>,.J'+ t .ct':i>:k! Jt: 

o a o 

= -x,+t(- ~+tre) 
~-;::::. - {, "+ ~.)+ t ~ (11) 

•r• X1 1• tne • luo ot J>x en t' ~ O • 
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Benoe b7 1n4\30Uon, mait1 similar aaawapUona as to ~/~-f~~) eic.,
/;.~col, 

WO 0 

~ I'~ -t- /, ..f"'-1 J...+-Z k ) ~,.,.."J~- :b~<J& ==-cpx"+r~,+ ·-- +rz,r-,_+~, + r x uu1 
• ona1 r the 	41tter n,1 l equuilon 

( 1'"" a., ])'tt--1+ -~- - --+4--1))+ ll..) X! -= Flt;) (iTJ 

Wbel'e a, a.z. - • - -• -a'J(.. &I' conatants and ~o X 1 • - - • ~-I lb Y&lUt8 

ot ~, )~, · ,. . · · }-14.~ when t =O • 

Upl7 (1•) l»J 	 -L--tt • int ~ ie lit! r apeot 'o t trom O 

to 00 and "PP11 roaUl. •• (1), (11) and {111 h et 

(+""+ a.t1l-+ ·	---+ a«-1t + a'k) ~ 
= {f'"-!r,,+ t"'-:i:r,+ -----+ -P~...-2+ x,.._,) 
+ 41 (_-p"'-~o + - - - - . +.'f='~-a+ XM-~) 
+-- -	--- --- --- - - ------- 
+ dlk.- Z ( t~"+ ~,) 
+ lLM--1 :x!c 

+ f"'[ t t:-	 F(l:) J.f:: 
0 

!h18 11 c· lled th 3qb \4lf!£Y &foqtUen. The into r l on the rlgbt-ho.nd. 
? 

110.. 1a o a.lwlted trom a table ot lapl•o• bane. orma Uons. StJy U la 

J?ben w nn.ve 

(t1l-•~"+-- " + ~1t-1)+ a, (+""-~+. -·+ x...-~)+- - -.. - - -- +a"'_z(t'J(!o+x,) + '\.-,~" + (.-P) . 

t JM,.+ a, t""-' + - - - - - - ·+ a.-u-1++ a.'k.. 

T • ri ~t-h w.l aide 1 now aplU into pQ'U 1 tr cuona aoh ot Wh1c ia 

ot t • torm et know l&pl oe ?ranator tton. and h nee X 1• n·alu , ..u.. 

e. 	• for tbe type ot equ&t1on 1.1 de lt with in tnia cnept r 

(_1>,_+ ~Jr)) + 4./ X = a?· 5(1:) 
we ge' 'be Suba1dia.ry ~quat1on 

• , ..a.ppencUx v.7 V.O a ' ble 18 1T D i 0• 

http:Suba1dia.ry
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(-P= 

d' 

:r.,+ a.'-j.itt":f(l:) di: 
Heno 4 

')!, 
-p~+ :;td,--p+ {l1 

The right-hand aide may be split into p~rtial traotiona each ot 

ot one ot th Laplace Tranatormat1ons listed 1n Appendix A, or of the torm 

ot these tranatormaUons with t replaced by t+a ( f'+tl. 0 )• 

00 (t.J can then be evaluated aa the sum of these aeperated transforms 
a 

from tne table given ln ppon'11x A. 

1or proot se& O.U.in A.M., Chapter 1, para.a, Theorems I to IV. 



APPENDIX 0 

( See page 9 

Write 

H8%lC8 . 
' .:B+J) - 0 

~.t-:S + C + E - o 
a.2 B+ OLf,.C'+ d-JJ = o 

<C<:t + (...)2. E = I 

'the determinant arising from the matrix of th• left-hand aide of thia 

ayatem ot equaiiona 11 

1 0 0 -:lb- I 
2~ 1 :2J .c :z. 2 u 2 ' = t..:> w-a ++ 6'- a.: u.>-IL~.e,.. I 0 J ' d-£- 0~fr-

Q.(,. (,,)2 0a: (l.'.1 0 wz. - (w=!_4~}2+ 4~~2 > o.(',.:)0: 0 
1 

0 

o a I o 
o l o I 
0 :>..I,. /A.>~ 0 

I a..1 o GJ2 

0 6 0 I o I 
o I 0 I ::::  a&- o o 

(,.;)%. 01b- 0 0 o..i I ~,_ 
0 a.2- I L..l 

Hi nee 

B - -:0 

I 0 I 0 

~ () " r 
(J.,'2 0 "'2. 0 

w200 I 

O -:J.lr I .2 1 a.-w 
0 ~'1.-(1..1 0 

I o ~:z. 

C-
Again (1.::»-"-1 ).,.+ +ffw>

1- a1c! I f {e.s~a.2)~ 4-J..:.,:._ a2(.C..,/l := 4,e?+ {t.>~a.1)
E 

wz =t..:>2.l ~J.-a/)·'-+ 4-.J,"2.co~ J ~~a->J:.t.+ +t~i. 
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CHAP9?.ER 2 


Applica,1on ot Fourier Series and ot operational method.a ot solution to 

partial d1tterent1al equations. 

§mall •ranave£&8 vibrations of a light elastic atrtpg. 


Oona1cter a pertectl7 elaaUo string ot length ,,l teei and weight W lba. 


per unU Of length Which ia stretche4. taut oetwe•n two fixed points,, the , 


o:rJ.gin and the point L (/,. o) on the X..-axia. 


Suppose that the string otters no reaiatance to bending and that it 

Af = f(::) 
where f~) 1& a single valued tinite and continuous tuncUon of ~ tor 

o-'. ~<..t. 

1 ab.all assume ;

(1) tha' the displacement ot the string 1• eo small compared with 

the length of the :string ~ that the length of the string may be talten 

aa ~ tor any poait1on ot the atri11g. 

(11) that the tension T ot the string 1• ao large compared wUh 

the Weight of the siring wL that gravuauonal forces aeUng on the 

string can be neglected. 

22. 
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23. 

fbe component ot T in the direction ot the X -axis •1 be considered o 

be constant, and the diaplacement ot a point --P(r,~) ot tlw string in the 

d1reotion of the ~ -a%11 1a negligible compared with 1te d1aplaoement in 

the direoUon ot the -"6 -axis. fhwl the vibr tion c J1 be oonsiderecl. aa 

com)lehl y det rmined by the component vibl'&tion parallel to the Q" -axta. 

t time t cotua1cler 

a segment of string ot lez:igth 

A$ between the point• 

1'('.X'.1f) and 'P(x+~, 'j'+Aj) . 
Let t.b.e tens1ou d "'P 

and "P1 
be T and T+AT 

reapacUvely and let th line ot aouon Of T be inclined at an tmgle e 
to the positive direction ot the ~ -ax11. 

Since the horizontal component ot th• tensions at T and T 1 
&re 

aenaiblf equal the dit£erenoe 1n tena1ona at ~ and l'1
, AT , equals 

the d1tterence 1n the verUoal oompouenta ot the tens1ona at T and Y 1• 

Al•o the "(t -coord1nat• ot ¥ 11 a continuous function of t he distance 

~ and time t . 
Th• 	ftrUcal component of the tension at T 1• 

( T ~e)1' = ( T ~0 ~~) = I <7J'f2(;tJ 
I 

and the vertical component of the tension a t ~ ia 

(T~{)) ,= T'°~(:x+~,~J
-P 	 (dS 

Since Ule displ~cement of t he string from the equilibrium position 
.:i. 


along the X -axis ia small the square ot the slope ('~t) a t any point 


ot the atrlng can be ne lected in comparison with unity. Hence 

~~'~' 
0% 

Simil rly 
c?'f{x+-A%,l) ~ lO'J"{X-t.41:1 ~) 
Q~ 	 ('2)X 

http:1'('.X'.1f


24. 

The resultant torce on the el ment 'P-P 1 
of the iring i• theretore 

l:h~ j>J(t}Mciof 
By Jewton•a second law ot motion this r sultant force qualsAthe mass ot 

the element r'P / ( bich was ini t blly of l ngtb A~ and 'therefore of 

maaa 1.d~ and has 1t centroid at a point X 1 midway b tween X. and 

x.+.Ax.) and the aocele.raUon in the direction of tha ~-ax1 • Hence 

. .. 

aa(-x+4x, t) _ ')if~, t->l~Q~~ 
and a /l!J!,,~ o , r, -;.~ nci n>~ co~ j Q~ ..{ 
Pa~ai:ng to ~he limit wu get 

.2. 2.

'°"if< = (.1.2. ~ b 0 2.1 
G t:,,. a :r,'1. ' 

L 2. ·~wh re "r ia a oonUnuoua function of ~ nd ~ and a.:= W • 

fhi diftere~tial equation is tharet~re that of tba vibrating string. 

11ubstttute ll :::: x.+a..t , V = ~ -A-t- in 2. 1. haTe 

~ =~j! +\~~ -~+~ 
~,c.. ca"'~~ <") v <D~ - <iJ""' Gl v 

~~~ ::::: IJ~='f + 2 <l?t + ~~ 
<"'~ ClJ«.,.,_. ()u.~V ~V2--

~ = ().,(~-~)
{a t Q~ G v 

~:,: c ,_(~?¥ Q~ Ct)~)
(31::,.,,_ a. "'"",_ - :2.9u.'3V + Q V 1 

.'4.- ~2.Q\: = ~ 4 '()~ 
G) t:: 2.- ca x -s.. ~u.'()v 

~heretore 2.1 becomes 
' - o , l:: > o 



Integrating 2.2 	with respect io y gives 

'2!i- = F(u)
~'4-

and integrating with respect to U gives 

~ =JF(u) &u + f(v) = tp(u) + <p(v) 

i.e. ~ = 4f' ( x.+ al:;)+ q> (_x- at) 

wn.er ~ and q:> are arbitr&ry tunoUons. 

a.s is tbe general solution of 2. • For our particular probl m 

w 11 ed to find tunotions l/1 and 'f hich satisfy the tollo ing initial 

and boundal"Y' conQltions 

(a) 	 /:..=O~ =f(x) 	 •' 
(b) 	 t=o~=o t • 

2.4 
.hen. 	 C,~o •(o) --0=0 	 x=o • 

(d) <f=O when X.= .t • t~o • 

A p rticular solution ot 2.1 is giv n by writing 

\f' (~+ aJ::) - A ~ -k(x+a.E::)
f (x-A-t) - A ~~(~-a.t) 

The 	 quation f = A~.kx represents & ainu old.al ave ot amplitude 

' :27"A 1:1.nd ave length I\ = ./e • 

!ieplaoing x. by x-ttt moves the ourve a.i=. units in tu: positive 

direc tion of th X, -axis, and replacing X by X..+a.t. moves the curve 

o.,f;; units in the negative direction o:t' tin X.- xis. 

!bus 1'= A ~ -k (X..- a_t) and if= A ~ k {x+tti:)repre nt 

sinusoi · l "aves rr.oving towards the posi tiv and th 4egat1ve directions 

or thtt x.--a:lls reap ctively each •Nitb speed {.\..,. 

'l'he quaUon 

1' - A ~Je[re.+a.c)+ A ~-k(.r-a.l:) 

= :i.A ~ ~x. CBS .ka.t

results from the superimposition of the above two sinusoidal waves and 
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represent& a a tanding wav ot ampli tu e 2 A ~ .A. '1t varying ~ 1th the 

time I; in simple harmonic manner, nd tor which staUonary points are 

giv :n by 
M,,1('-k l 

(-u -o I 
- I I 

2 
I 
·--·") 

The solution 2.5 can be made to satisfy the boundary condition 2.4(c) and 

2.4(d) by writing 

( Where ~ is an integer }~-
Then 2.5 beoomea 

and olution in the form ot &n int'init series can b obtained by suaming 
l 

soluUons ot th type 2.6 for values of M..- from I to oo • 

"° 
.AV - ~ A~e.os ~Tra. t ~ 1J!JI"~ 

(J /)L: I -{_ .£ 
is a solutions tistying 2.1 a.11d the ooundary eond1tioll3 ot our problem. 

!hon t/::o the initial conditions 2.4(a) and 2.4(b) have lso to 

b satisfied. .From 2.7~ = - L A~l)t,!"4. ~~t 
~ I; -'M= I .£, 


= 0 · when l:=O 


1 .From 2.7 .it la seen th \ the 
string can viorate in an intinite 
number ot •inuaoidal shap&a, 

bCh s.i:'lape corre ponding to a 
certain trequenoy. 
~e lol st fr quency, given by 
~= I is callad the 

fundamental ton of the string 
~nd the higher frequencies are 
known a ov rton s or n rmonics. 

t 
Rough sk t)l s to illustrate 

the fundamental nd fir t four 
ov rtones are taoing. The rapid 
~ crease in waTe length it very 
noticable. 
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~ua 2.? aatiat1es initial condition 2.4(b). It remains to ensure that 

when t=o . When (/=() 2. 7 becomes4f= ~) 
"" :: ~ M-'1T'X 	 2.aL A 

~ 	 ""' ..e,
IU.= I 

ow ~) was d fined to be l.i single valued finite and continuous tunction 

It tu.rt er f{:~J h s onl1 a tin! t number of 

maxima and minima ill th1s interval then :f{%) can be expanded 1n s convergent 
. 2 

half r anse Fourier Serles of the torm ot 2.a. Thu.a if 
"° 

f(x) = 2:_ A-r ~ ,..,.,~ 
tf-=1 , K..'T~ 

and each term of thia series is multiplied by "-"' --Z- e ge~ on integr Ung 

between tb l1m1'8 0 to .£ at -i. 

SK~) ~ /)tl1ret: ~ == .L. sA+~ ±11"~ ~ tJt,1r'X &x. 
0 .,£, ~=I~ ~ .£, 

The term QD the right-hand aide cont~lning f\""-' 1a 

A,..,('(~ .i;.~xf&x = ~J(1- &rs ;i...,:~)&x 
0 	 ~ ~ 

A~ [:r, _L ~ :!M-- 'ir:x!] - -:!:. A~= - DM.,1T' -l., . - ;z, z 	 " 
,,,h.Ust the term on ibe right-band side containing any other coefficient ~ is 

t L 

A r~ s(/r% ~~r;r" J.x = ~f{CD-stJt-sJtr~_ ees(tU+sJrr~ldx.S'J .e .e, 2 .L 	 ~ J 
c I) 	 ,f, 

_ A" · L ~~-s)trx. _ -l ~ l'"+s)trx_7 
- Z (~-$') 1r' .(_ ~+s) fr .£, j_ 

0 

- () , since 1V and 8 e integ~rs.-
• ..t A .' -

~ 
~-

0 

i •• A""" = 

2 	 1hese oondi tiona imposed on i(x) 1re sufficient out not necessary 
tor the expanaion in a halt range Four1 r er1es. They are 
satisfied in pr4ot1oe tor all physical problems ot thi nature. 
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Thus e h~ve a solution o our problem which satisties 2.1 and initial 

nd boundar1 conditions 2.4 ln tne form ot th infinite aeries 

AJ' == 
'° l 

~LJfflx)~~1~ k}c.s14~t~~;x 2, 1o 

Mt: I 

Th function f-{~J which det rm1nes the 1nit1ol diatoriion ot the 

s.tring may ass a numer u forms consistent i tl1 th ooncii Uons placed 

upon it. ,,n inter sting oss .arises wn&n the string 1• plucked or 

bow ~ initially. !hia can is ot pr ctical importance also. 

ppoae that the trotche4 atr1Jl8 is pluokeJ at its middl po1•t• 

( Pl~Clti th otring t ~~ other polni leads to similar aolution 

with slightly more involved w~rkine The initial · istol"tl'~n will 

be consi ered a determin d by 

the quaUona 

for 

tor 



, • A~== ~ f- -l '- ~~+ .t., 2. ~~ 
-l~ ~'1r .2 ~.,,..,, :l> 

- £_ ~ ~+ £_ ~ M.1t' 
1"""'1r 2 ""''"11"' z 

+ £. &TS 44.-1f' - -l .1 ~ u.1f + .t.2. t!bS ~ } 
11.t.'lr' lfA11 lf,t.'11" ;t 

- 14.. ~.t'). ~~ = Jd. ~ M.11 e /k..,"J.'lt',. z ""'"''1-1f2.. ~ 

.... A, = A~ = o , Aa= - flcL A = o . . . • c • 
3 1-rr.>. ' 4- 1 

TA• requlr•4 olut1on 18 therefor 

"' ~ C>-s '"''lra- t: ~~~: '° A 
o L ""' .L ~ 

--

"' >\\.-I 

- 'S'*- \ (-•) e,,.sl~-i)'Ua..t- ~(~"i-t)tr~ 2.11 

'TI"',_ L (_Q.'1-l-•) ;i -e ..i, 
1(::, 

.,. ' 

J'hOll •1'1iI,. (""1-0"' whial> 1•co oonnrgent rle , U o 11 b 

anown ihat 2. II 1a oonv i-ge11\ tor " ~ 'X. 4 .(. and c>O. 

~e tirat lerm ot 2.u 18 9~ ~7ra.t~7r~ ,
'11 ../... ~ 

hich ;r p:rea nu 

vloraUon ot wave length ~'-., ·n<i tllplUu e 8~tr1 • n1 18 \he 

tun ntal •1b~auon ot •he string and ivea the tund.amen,al tone. 



30. 


The aeoond term repreaenta & vibration ot wave length~..( and amplitude 

s~...........-~ 

~'ff • and is therefore a third harmonic. The third term 1a a titih 


harmoµ1c ot amplitude ~~. succeeding terms represent seventh, 

ninth, ele•enth, etc. harmonica with rapidly deoreasil:lg ampl1tud~s .! th, 
at at 49 

1 , ! , etc. of that ot the tun.d.amental vibration. ~. rapid 
81 121 
decrease in U1e ampli tud.o ot succ eding overtones leads to a predominance 

ot the tundamental 'one. The displacement ot the atri?Jg at &»¥ 'ime 

• ·determined by 2.11 will therefore appro~mate to that given by the 

fund.a.mental vibration a _v ry rough tirat approximation. The exact 

shape assumed b1 the vibrating string t any time ti is discussed below 

on page 36 • 

Solutions can be found to comply with initial d1atortion into many 

other curves, or when the initial conditions are different to those of the 

above probleia. Thus it initially every point of the stretc~ed string is 

giv n an initial velocity normQl to the string and ot tnagnitude f'"(':rJ , 

f"(x:..) being finite continuous function ot ~ • then the initial conditions 

~ = Ff:r) when t.= 0--1'= 0 "'t; 'I \:' 

will lead to tb expansion ot F(x) in a con•ergent halt range Fourier 

Series. 

The particular c&ae where the stretcbed string la initially pluck d 

at Us middle point may lao be solv d by operaU.onal method.a. OporaUonal 

methods applied to partial ditter ntial equations are very extensively 

treated in O.J&.in Aell• h which book l am indebted tor the following 

tr atment ot th1• particular problem. The methods used illustrate the 

power ot thia method of treatment to solve particular problems without 

resource to any generalised result aucb aa 2.10. 



OperaUonal method ot solution ot U1e problem of a stretch d light 

elastic string ot length....l, initially plucked at its m1ddl point. 

~quation 2.1 nd th 1nit1al and boundary con'1t1on 2.4 aa pplied 

to our particular problem may be rest ted as follows 

, .~ 

~ - a:-~ & >o'4l b2. - 'O!e, ' 

AJ' = :J.j; !I:! ' : < ;J:. L. ~ , I::== 0 z 
2 13~ == ~[t-~), 2 <: x < .e 1 e =o j 

~t=0 J 0 " X- < -i., ' t: == 0 

""(f =0 tor X= O and X =.l, C > o 2.15 

-tt
lUpl;y a.12 by £ ( +> o } and integrate wUh re pect to t trom 

o to eo .• Uabig 2. 13 and 2.14 we get the Subsidiary quaUon 
$ 

a:~ ~-
~2 ct1;1 - +"'¥ = - t ;{x)' 

where S{x) =¥ro' tor 0 ' !X?- ~ ~ 

S?(-;r,)=¥(-i-:Jt) tor f 'X ~ -l, 

tet ~ = A~ i-x + :B ~t~ 2.11 

wh re i== ~ , and A and :S are tunot1ona of ~. 
D1tte:rent1at 2.17 wUh rea,pect to ~ • We get 

~ = i-(A ~t~+ B eesl--q,~) 
it 4.d.~1ro+ ~~a-~= o 

d~ dre. y 

D1tterent1aUng again with respect to X give 

!~ = t'{!i~'JX+ ;e_~'f~)+tjt(~~'lt!t:+J!~'f:z:) 

3 See Appendio a A and B to Chapter 1. 
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Hence 

and so 2.16 is satisfied by 2.17 it 

From these last two equationa we get 

2.18 


BUt trom 1.15 when X.=O , .:ij= 0 . Hence from 2.17 when %.=o , A== O; 

and from 2.18 ~ 

A{':ie) = ~ f f(z) ~'V dz 2.19 
d 

Again from 2. 15 when ~=.l. , f =0 ; and hence from 2. I7 

A(.t) ~ tfL + :B{t) ~ q,,L = o 
,4,, 

.'. :S(~) = - ;!:-~iLJf(z) ~i7. dz 
and from 2.18 O 

:s(:c) = -;tisf&J ~'t/ dz - ~i~JftzJ~pdz] 2.20 


Then from 2.17, 2.19 and 2.20 we get 


(1.1' = ~'f?t!J~z) ~ p Jz ~ 

. "fL ~ 


+ SoJ.,'f,:kltJi{!) {ML fzdz -~:~fflz) ~;~L 'JzJ.z 

" 
:. 4 cw./.,q,l:Jj- = { ~'J/l!~'fl-~'l"!~'Ji}ff(z)t.:lfzd2 

+ Su-Jvt?CJ-f&J(6'J.tz ~11. -~iz~1e}Jz 
% ~ 

= ~tj,(f-~JJHzJ ~1zJ:z + ~i:ff(=)s..J.'/f?~"' 

http:f&J(6'J.tz
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~quatiou 4.22 UJJ!iy be obtQined from 2.21 by replacing ~ by .l-Cl: • and 

so in order to find 1 we need consider 2.21 only. From ~.21 we have 

i+-'"" 
)./; .n ' I ~'X

1-'f_x- tt ~ ~a-
2.33

~tl 	 ~ l7r' ~~ eesL g 
;;i..a 

where t ne first term on t he right-hand side is ob t a i ned by tl1e me thods of 

Chapter I and the second t erm by using an Inversion 'i1heorem, viz. that if 
tP 

~ (+) = J.e.,-t"x(.~) ,A.t , "R( t) >o 
then 	 " f+'A' 

..£, ).t ~ (>.) ~" 'JC,, ( t} 

1--ite 
where S 	is a constant greater t.1.:.an t .be roal part of c:a.11 the singulari ti t:ts 

4 
ot x{A) . 

t 1dteu ovt:r tbe clos.;d circuit shown i the <liagr!i r . tht: cir cle ue ing of 

r adius 2JH.'lt'a. • 
# .e. 

The poles 	of t he integrand are at A=O und 

4A::: ± ~~-t) 71 ( M.-= 1,z131 • • - ) • 
.e.. 

Henc the circle do~a not puss throu :h &ny 

pole of tne int grand• 

.As IJ1...-;.03 the integral over the arc .:SCA 
5 

tends to zero. Hence the integral can be replaced by the li~it when lH.:~OD 

of t his lntegrQl over the closed circuit l\J5C'J\ • 

F..a-r-. t he cond1 tions to be sa tisfied by thtt functions and formal 
proofs ·of this theoren. see o • .w. in A.11. , Chapter IV, paras. 28-30. 

5 For proof see o. M.in b.~•• cnapter V, para.43. 

http:t.1.:.an


36. 

W now obtain tne v~lue of the integral us an intin1te aerie by applying 

the Theory ot 1 1due • 

~e pole at )\ =0 gives 

The pole at ~ = .i.{at»-t)'lra gives
:(!; 

..i{~-1)7T'aC A • . A ~f'l1M.-t)?r:x:, 
_£, .,£. ' ~ ..£

Hence the pair of pol a at ± ..J' ~-I) 114. give..e., 

(-1)-K ~ ~~ - !17T'x. L{e.;{llu;_1Jrra - -cl".,.._;<'Fd-Z 
(a..,- I) 2. 'It' a,. ..£ :L + -e_ J 

= t=-1>"' +.t ~~-1)1r':X! ~ r~-,)1ra..e 
(a'"-- •J:i c-n>~ ~ ..e... 

Therefore from 2. 21 we have "" .ft. 

IJ.LV -f + 1;!; \ (-I) ~{1J.K-1}1i~ &s f;l,,-1J1rat 
~ == x 11: .,,,,L-(?u-1)'>- -e -e 
~~ M~I 

"° . = M \ (-1r-1 fWv [pM,-1J1rx &sfi.t-1 )7"i t 2 • 24 
.. ':f rn'~/_ I ~-1)1 -l.,, -L 

411-=1 ~ 
thiel 1& th.e sarn result as 2. Il • 

For :£ t, 'X f, f, r place ':x! i n 2.2, oy f -x. . 
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Th• shape aaaumed by the string aa t e engea. 

b'rom 2.24 it iB seen that "( is perio'1io in t ot period :l~ • 

Hence the torm ot the moUon for the interval o 4 a.-t ~ :J.L ill be 

l· pc t d periodically an .. 1 t ;;;111 be su.ftioient to d.iscu the changing 

snap ot the &ttiug during one interval only. ~quation 2.23 gives 

0 

forllll.y convt.:trgent it canoe integra~ed term by term and the rig it-hand 
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6 

It can be prov d that 

--
when a.) 0 

when a. "'- "-
The re ult 2.27 is no applied to successive terms of tn series 2.26 • 

Consider f; (1) in th int .t'V&l 0 ~ a.f; 6 ~ 
and (ii) in the inhrval .g 4.. at L.. 1 

:2 - ..£
~(tl-C-T+x]

For the int rval (1) applying 2. 27 the term _.e,, in 2 . ~ & 

gives z ro for re~ ~ -a..t • and ~ ( a..t-~ + .r) when z >~ -a..t. 
'rhe term ..e_,~[at--~-~J. giv a zero, ancl all other t rma give zero • . 

Henc fro 2. 23 

Theretor e 

.t(at--£+~)
For the interval (11} the term ~ g1ve 

A-(ac-~-x) 1 1, /; ~ )
The t rm ,./!,A.- > giv s 7.Lla - 3=- x 

ant 1t g.\.ves zero 11•hen l!. ~a..1::--L • AlJ. other tierms give zero. z 
Renae from 2.23 

-:.i~= :x!-{(at-ff:i!)-01--i -xJ} When x~a - J_ 
= :t-{at-~+~) nen x~a.c-..£.

;L 

6 See O.M.1n .p., Chapter lV, P ra.44. 
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There:f'ore 

~ =: - ~~ 	 ~ ~ a.l::-i_hen 

= :f( i - 4b) Wh n ~ ~ al;-- i 
- _ 	 ~~ when al:== .L 

L 

or .L~ a.b ~ :JL the motion takes place in tne reverse order. 

Prorn 2.28 and 2.2i:l the form th.e string sosumes as I:: changes is seen 

to b as sk tched in the diagram belo • 

~:mept for t:. = f;,, or a multiple of :a. 
th torm ot the string is made up ot three 

sir ight parts. ~he outer paris hav the 

a m gradients as th t .o parts ot the 

string at tim I== o , and the 1tidule 

part is parallel to tne ~ -a¥1n • 

Thia middl• part moves p rpend1oular to 

:k?- -axis with velocity ~~ , whilst 

its ends move 1th velocity a parallel 

to tne ~ -axis. 

2 

~fi..=0 except t the anghs fo~med. by t e parts of the string as it 

ohang a sha:tf , and tli = 0 everyt~her • lienca the quation 2.12. , 

or 2.1 , is satisfiea. except nt these points. 

it the string is 91uclteu at a point ~=e ( c..t( .I!., l th same method 

as above may oe uaed with int rvals 

o ~ a.t ~ c! c < a.b ~ i-c .£-d <.al; ~ -R, 
t ' • 

In t g eral oa e ..: to m assumed by the tring cons_ists of t 10 or more 

str ight p rt at any ti e /:::; ., except when it is passing through the 

position of static equilibrium. along the X-axis • . 



Application ot B••••l Punctiona to the solution ot partial differential 

equation• ot the second order • . 

Small vibrations ot a circular membrane • 

Consider a thin pertectly elastic oircular membrane ot radius A.- and 

denaitf J' units per unit of area • Suppose that it is fixed at its 

dgea, 18 under a tension .,- and ls stretcndd taut nd tlat 1n th 

X.f -plane with its eentre at the origin • fb.e tendon T will ~· 

uniform if the force exerted across a straight line ot unit length in 

the plane of the membrane i& 1ndependant ot t e orientation of that line. 

Suppose that initially each point ot the membrane is slightly 

displaced through a small distance Z normal to the X.~-plane • 

Air resistance to subsequent motion will be neglectea • 

By reasoning similar to that used to derive the differential equation 

satisfied by a light elastic string tor small vibrations it can be shown 

that it the membrane is distorted from th~ position ot static equilibrium 

and released at time I;:: 0 then the subsequent motion ot any point ot 

the membrane may be conaidered aa consisting entirely of vibration normal 

to the ~f-plane • A consideration ot the forces acting o &n element 

of the membrane leads to the ditferenti&l quation ;

39. 
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3.1--

' 19 need to find function Z (:c,'f) which satisfies 3.1 nd a set ot boundary 

and initial conditions • In order to ai~plity the problem. in addition to 

neglecting 41r reai tance, I shsll assume that 

(1) 	 •he initi l distortion is suoh that the m mbrane has tne form of 

a surface ot revolution with the Z. -a~is 1 its g ometrical axis. 

(11) 	 for all v lues of t>o the aurtace ot the membrane 1• a aurtace 

of revolution syrnrnetric~l about ihe z -axia • 

Th se aaumptiona suggest th u~ of cylind.r~oal co-ordinate , and ~iting 

~ = ·¥eo-s l) 

- -¥ ~9"¥ 
z - z 

I 

Since tbe mbrane is of radius tl. ~nd is fixed at its edg s, Z = O for 

tt'= a., , b~o • 

Since th form of the membrane has be n aesum d to b b urface of revolution 

ywmetricul abov.t the Z -axi at D3 time t its eq"Q.Qtion must be u function 

ot -+' a1one and independant ot 8 . 1 t u bu z = F(..,.., b) nd 

uppose that ·...n n t=o its equ tion becomes Z-= f{-+-) • ..e will 
L- (JZ

also us um tn t ..4 i U , '-' ~ 0 , ~ = 0 • 

~ uation 3.2 , reduced since -Z. 1 indep~ndtint ot tJ , and th initial bnd 

boundary conditions of our problem may be restated as tollows 

--
l See 	appendix A to this chapter • 
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(a) z = 5-(+) hen l:-= 0 • 
~z(b) - ::.0 When &= o • 3.4 
ti)~ 

(c) ~ = 0 tor .-t'- a. and t~O • 

Asaurne th t a solution ot 3.3 exists which ia th product ot two functions, 

'he first ot which 11 a function ot ~ alone an tbe econd a function ot 

(::. alone. 

1.e. 

I 

T 

The le:tt-hand member of this la t equation is a tuno Uon ot t alone and 

the l'igbt-hand. member is a function of ~ alone • 'l'berefore the equation 

can hold 1n general onl7 it the member• on either aide each are equal to the 

same con•tant, say - ~ 
~ 

t and we have 

and. 

~2R + .J_ciR 
~~2. ,r &.,..., 

+ £R 
c '2. 

= a 

J 2
R + _Lei~ + 

tt....-~ ;y cL.r 
fl...1 R 
JV 

== o 3.7 

where f!,= -./e • .&quaUon 3.o haa the complete solution 

•· Hing ~z=fo-t-- in 3.7 w n Te since 

JR. 
'· J...~ ) 

that 3.7 oecomes 
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5.9 


which is a Bessel eq.uation ot order 1 ro, and the form ot solution ls well 

known. In this p:roblem bo ~·ever l shall war out th oluUon 1th.out 

r terence to known results dnd trom first pr1noiplea. 

4 ume that a solution of 3.9 e.JJ.sts in the torm of an infinite power 

series 

batituti in 3.~ e g t 

"° Cl'"" oi+'U-2 \; ri+'lt -1 ~ «+«+I 
[_(i+tiit){~+M-1)a.,.1! + L&+IKI)~ x + La'k ~ = o 
/k :O 41 =o 1( :::-o 

Equating t ne ooe:ftic1 nt of t ne low t po er ot X. to zero ( i.e Xti-I ) 

we g~t the 1ndic1 -l equation 

a" tl { ol. - 1) + llo "'- = o 

a""' 
2 

= o 

and it t10 f O • then cl = 0 • 

.isquating t he ooettloient ot t · e ne At power of X to zero. we g t 

(#l+1)ti a,+ (ol+1)a 1 = o 

al (ti,+ I ) 'l- = 0 

,
• , . a,=" • -u.+I 

The gell! r l quat1on obta ined bV equaUl)8 the oo t:fioi nt ot .r to zero is 



43. 


(AA+ ~)(M+ •)a....+~ + ( u + 2)a4k+2 + a""' _ o 

.·• a~2 = - a.,...
(M +.:1):.z.. 

which iiold for M = o, 11 2-, • - - - - Hence, since 0 ,• 4 1 = 


a3 = "'-5 = "1 = - - - - - - a:z--, = - - - -- = o 

a" A t:lz ao "k,.. a.()- "~=-- - /_A,---' '' 2;z. 4~ - .2:~ 4,_ ' • - - - tl:i-M.=L-'J-2-::tM._0_1_'"'_)_2 

:. R = a..[/-~+,;: -:l~:,~+ ···1= aoJ:('.X'.) = t1,,J;: {pt-) a.10 

•
" . 

where t he tl6 h s been sorbea in the n w constant• C: and ~ • 

Applying initial condition 3.4{b) to 3.11 we get 

.. . c
:2. 

= 0 

and 3.II reduces to 

z --
The boundhr1 condition 3.4(c) glv a tor all valu s ot 

c, J;, ( /!"~) ~ tJLt :::: () 
Therefore fo must be chosen so t hat ::r,{foA) = ~ . 1... (!,a.. 

. 2 
must b~ one of the infinite number of positive roots of ::r;,(~J == 0 • 

fl.. t h . a 
Suppose that 1vl1, ia the ~ rooi ot J;[xJ=o , nnd denot it 'b7 /"fu.a. , 

t h. . 
where foM-a.. = 0011.t. root ot J;{r)lk. 

(j~ = ~~ 

No (A.::: f. ' o{,= cfoM. and 3 .12 become s 

·z = c; J;,(13*+-) ~ efiM-c 3.14 

w,..r-e ~ is a.ow used 'o denote the ar 'b itrary constant • 

2 Se App ndix B to t his chapter • 



3.14 8 tisfies 3.3 wnd tne initial and boundary condition 3.4(b) and 3.4(c). 

~he sum of Et.try number ot auoh solationa tor different integral valu s ot ~ 

will also satiaf'y th ae conditions , · nd the tollowiDg is ther tore Q solution 

hich atisti s them 

"° 
Z = [ c',.._ J;{~+) C6-s c_f3~/:: 3.Ie 

4'= 1 

The initial condition 3.4(a) remains to be sat1 fled. . hen /:;:::o 3.15 becomes 

z = L
00 

c~ x c~IU+) 
1V'"f 

which must be identical 1th f(:t') • 1.e. the eoetf1o1ents C must be 
'"' 

o ohos n that it (3~a, 1 ~ny one ot the intinite nu!liber ot positive root• 

ot J';(foK') =0 then 

fl~J = L c'"' J: ~~~J 
~· =I 

~~lt1ply both side3 ot t his last equ ' 'ion by 
th. 

1 tll ~ root ot ~(x) .::O • ~hen integrat bet een the limits ~ero 
3 

to -t' • e have 

=t ~~:;; f~,f'~~. ))~.t) -~.iJ;(~-t-) ~(/!~+) 

now put .-r- tL , nd since :J;,(f!,44-4) =. O = J;,{~.;_A) we hs.ve 

a.sf(tt') Yo(}?>IM-<t-) ~J.+- = 0 tor ~-:/: l 
c 

3 See Appendix C to \hi• ohaphr • 
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quaUon z.1a gives ~ t» 

(fo/-fo;) f r.C.._,W J.:(fo.:K). ~ J.:(13;) d-4" 

=-r [;:r~~~~~~).To~~-r)-(.i-~(At)t(/i·i-)} 
..i=t 

Ditterentiattng both sid~s of this last e~uation with respect to we get 

¥;ff c~r.t=~(fo;1").fi-IJ;$.t)b +@:-~~1~~_,JJ;'~~)~(~~!Jt'
::::: ,... if....~~~@.;-r) J.;(~~-t') _ J~)~(/).<t')- ~.;~[flt') J;(/3i-+')} 
Now pu1=

1

j3
4 

• = ~.., ·nd ti-'== a... • Sinee 4,-qt,~J =-0 we get .2. 

~f.>_.,{fd..fF:Jo(A-r).JF J;(A...+)J+ = a ~+'CA[Jb~,,.,aJ] 

" ~' "° [ \7~ a ld [ ' t 2
1.... J'E. c...:r r.;{13.t-~ ll+- = -"i ,... rc {!!>.i..aJ 3.xa 

" IJi;: I tor ..t= l'J1.,, • 

f5c-r) X{t&'"'-r).y tl<t- = -f 
" z 

and the tollowing is the require~ solution of the probl m 
a. 

= ,,.., { 2off{~) Jc(~~)~d~] 1113 ....-) Crs ./1 t 
z L I ll 'l. ""V ~ ~"14-

3.19 

,u::/ tJ! [ J.,{1)4'-a)J 

It the initial distortion is into cone symmotrio l about the Z -axia, th n 

f(~) = d,(t - f) 
wh r cl is the U.isplaoement of the centre ot the membrtan in the dir ction 

!IMY 
ot the z -axis • A light memltrane;\ be so distorted by pressure applied 

normally t its centre. ,..gain unitorw pressure acting in the d1rec Uon ot 

the z -ans and exert d equally all over t :i.e surf&oe ot t.ne i;:embrane would 

appear to give n 1n1ti&l distortion of the form ot a catenary ot revolution. 

http:Jo(A-r).JF
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APPENDIX A • 


Consider the equation 

~=-i""cneTite 

'f=~~e 
z. ='%. 

~ = ~~ +Cdz~ 
~'l!. Q.r ~~ ~B <O:JC

~...=Tu f1t:f'"+ ;z, o~ <?:trJ9 + ~?~ + TI:Afl t:+- <Jz a"b 
<Dro ~~x ~n6Q,cca~ co-r-qx.-:i. ae 1~x.J ci8 q;;r_.,. 

<J9- = 


Similarly co; ")~ ~.,.$ +a Cl~ &le Slu.....G + ~~ &>2e 
a~,__- ~...,...,_ ..,.. ~~& CtJ ~ -t

2. 
+ '.!=- en2{} _ ~'dz f\ "' · ~. f)

~82. ~1 rr1 00 ~Cf ~C1 • 

and the &bove equation becomes 



Hence 
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APP.8NDlZ !. 

The :Be•a•l FWl.Ction of order ;tt, is detined by 

A rough graph ot "'<f = Jo ('r) follows. ~e equation "Jo(.x.).::: O h a 

an infinite nw.nber of positive roots and the appro1imate values of the first 

four ot these roots a.re shown on the ar ph. It is worth noting that the 

roots 1;1rti1 spuceu. at approximately 7r' units apart. 
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A.PP&~DlX C 

The following theory ia used on p~ges 44 and 45. 

(1) :r~~)= 0 has intinitelf Wb.Dy po it1ve roots, s 1 A,, "l.', , , A.,..···, 

(ii) -'(f' =~ J;.,(ArJ is a soluU011 ot th e ur.Uon 

14£-r'+ (41'""~2-~+ ')~:::: 0 

Putting ,(,L=Ji; :J;.,(_>t"J and V = ~~x} us two ouch solutions 

4~_u!1+ ( +~'-~"':...4JIC+ t) LL = () 

and 4 x,')_v'' + (_4r'-~':_ +u:+ 1) v = 0 

ulUply the first of th se equatioi.11 by Y un<i the econd bf ,LL.; n<l sub

-tr"'et. -.a get 

- l >.?-f) .LLV = a'' v - v"a 

Put ,\ .. >.1 •r= :>--:; • here \ nd >.;;.re roots ot ~(x)=o and)..;/= j .. 

Th n :;r

f JX J4'-(_A~:iJ J2: ""(_.\jx) k 

" ZJ,!. f:i.. I '".x1r11,b:J- ~.:r,/A.i :eJ r!(Ai3C)
1 

,\~ - .xJ ['i ..,l'. .. '"'~ ~ "" l'. ~1 

http:equatioi.11
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I\ow put X! .::: I • ince J-u.L,\..;) = J«.(~jJ =0 w l>.ave , 
SJZJ.;.&\;_x)&J;.(,\_;x)&_x_ =': 0 1t -i =F-:i (Bl 

" DitferenUate equation ( ) partially with respect •o A • get 

2>. x 
~ 

:r.._(A:i>J :rvx;,u+ {A~,_,f~
x 

,..tif:rJ ~{"%J~ 
=()x ,~ J~(>.x) :r.:r,,)- J.iF) xlLA~J- >. x ~) :t.'(A:r:il 

ow put ~ = r = >-1 and ~=I • Since ~{_A;)::=" we Wive 

Jr l .r: I '() n J"14,(A:x).JXJ~A;J:)dx :::; ~ LJ.,,..(.\:) it ..(, = j (Cl 

R sult• (A), (B) and (C) bove are ot importance in applic tion to pagee 


44 and 45. 


http:r.:r,,)-J.iF


Applio Uon ot Leg ndre 	 olynomials to th oluUon of partial <liff' re!ltial 

equations ot the second order. 

Conduction ot he t in o •Gl1d body. 

Consider a solid body of unitorm den 1ty .f composed ot a aubatano of 

ur+itorm specific he t C • t tit. t mper... tur Qt u point ~ (x,"t, z.) 
in the body be J.L degre a a:it time l;>o . It will e aasum d th&t ..U.. 

a continuous function of po ition ~nd tim , und that no ourc or ink 

ot heat exists in the body. 

;:.xperiment s110 ttat b.e t f'lov•s from points ut higi1er temperutur 

to voints at low r temperuture. 

Consider an arbi tr rilly chosen volume V of t .u body bounded by a 

closed urfao ~ • ~h mount ot heat A H which crosses n l~ment 

ot urt ce A'/t in time At will be .,.. sum d to e proportional to th 

greatest rat of deer .i..se of the temperature ...LL • 1.e. 

AH - l~I 
where Jt. is the co ttici nt t th~rmal oou uctivity ot th substance of 

0 /).£,(. 
t e body (C lorles/cm.seo.c. in C.G. s. uni ts) ncl ~ is the rate of change 

ot """' in the dir etion ot the normal to that level surf' ce, a= eo.ut. 

GO. 
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Let -t e the v ctor representing th maximum rate ot flow ot he t at an.y 

point of the oody. Then 

4' = --k grad.LL 

here s rad .Ll l or Vu. ) 1s dbeoted normally to the level surtaee 4 =&ust'
in the direction of increasing ..U., and the ueg"1tive Si·n is taA:.en to direct 

4 in t dir otion of decref.i&ing a. 
~e total amount ot' ueat ff flowing out 4'.l'ds croas the closed surface 

S trom the volume V in u1ne tic is siven trom 4.1 by 

H 	 - · AtI.k ~ J.,$ 
"jJ CUM-

:=. ~t	f4M-&.S 
%_ 

\vher ty~ is tl.ie component ~f 'tr normal to $ at any point on it. 

ow, to inore e t.r e tt!mper ture ot an lement of' volum ~V uy Att. a:.n 

amount ot heat equal to tb product of the mass of the element. its specific 

n &t and tha inor a e in t mper&ture must oe supplied. Hence 

AH.:: 	f •WC. Au. = jC AV~ At 

and the 	total loss ot ~aat from t.lle volume V in time At ia th refore 

H = _ Litf~ c..f dV 
v 

~quating the right-hand ides of 4.2 and 4.3 g t 

-- -J1t~.fdV 

v 

and upplying the Divergence Theorem to the left~hand side of this equation 
I 

we get 

1 For st tem n t of th .Divergenoe Th or rn us d. h re e .t.ppendi Ju 
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But ~ :::. - ~ gr d LL- nd so 

ff c11Y (-.k grad .u.) + cg~ Ji!V = o 

1... v sf - -k v1- + ~f ~~ JdV = o 
v 

Now 1/" aa ohoeen rbitrbr1lly, n4 since th int gr~nd above is ~ contin

-uous tunction the int gral can only vanish it th~ int grand equals zero. 

It this were not so V co\llci e Go c o en as to enolo r gion tnroughout 

whicn the integr nd ha con t~nt si~n. Hence 

-k Va + (!j' ~ = o 

~ - .;e v~ 
(()b C-f 

2 
r b th oonat~nt 

·2,c-ou. a..'· V _,u, , 
at:. 

where a..l-= k_ =~
C..j' 

For a st&&dy a.istribution of temper.tur 4.4 re uc s to the Laplac 6quaUon 

.2V..u.=O 
J. ~:1 ~ 
~+·~+~ 0

1•• )~ x ~ "' !:1 2.. a z."'

The 4 wnption thQt c,., end J' re oonst nt, nd t er for in ep nd&nt 
ot the temp r .. ture ..tL • cannot be uoc .P il in generc.l but is r . son"'ble 
in cert1:1in caaea. !n tact (!.., and f' V"-ry slowly 1th th temp ruture 
nd if the t mp r~ture rbnge 1 not l~ge tti T ri-tion ill b n glig

-able. In th pro lem studied l t r 1n tbis c upt r a B all t~mperature 
rang is considered and th assumption is ther tor r asonabl • 

Again ~Wition 4.4 ill not hold if sourc s or inKs ot h ut ar 
contained in th body, Thu it ourc~s ot neat are continuously dist
-ributod througu.out tile body ::s. term must oa .-dded to tne ri ht-hand side 
giving ~u :l. ·f{x, '31 z, i:;)(,ff = tJ.,2. v .LL + - (!_'i 
wher -f- is & funetion repre enting the strength ot the sources. 



Equuiona 4.4 ~nd .a !lIU.st be solved sul:>Jeet to the initial end bounda:ry 

conditiorus of a particular pro l w •' For xampl if the surfac of the 

body ia so insulated that no boat leave the bod3 then at t.ne surface~= O • 

~'8 in the ood.y may r~dlate i t trom its urt~c nd o~ enolo3ed in ~n 

evacuated cent in r, th 1:nner urtacg ot ·nicb is~ pt · ta constant temper

-ature.· Then applying Stephan' Law A v at t~a surtaoe 

'llnere tr is Stephan •s surface constant for the Dody and 14..1 the constant 

tewp ruture 0£ tt inn~r surface ot t~e cont~iner. 

It t11e initial anU. surf ce conditiona are £tnown it can be proved 

th t the problem ot £ina.1ng the temperature at ny point ot the body at time 

f:, >o n unique solution • In practice tne appl icat ion of initial 

nd uoundary con~itions pre out con 1deraole difficulty in ny out the simpler 

proDlemst/ ~o illustr~te the pplioutiou of Legendre r olynomiala l have 

enos n tDe following probl~~ :~ 

Flo of beat in a solid. sp~ 

Conaider solid sph :r of unit rb.diua nd uniform density ; apeoitie heat 

and thermal conductivity. suppose that th re exists a steady state of 

temperature distribution, the sphere being immersed 1u media which maintQin 
Q 

one nemi pheric~l nalt of its urfaoe ~t b constant temp rature ot 0 o. sn4 
0 

the other half ot the surf~ee at b constant temperature ot I c. 
Since the t'low ot heat is ste dy t ,e t mperature IA 1s indep nd ·nt of 

and therefore ~::: 0 , and U is a solution ot .5 • 
<t)t;, 

We re d sling ith ·· sphere c:.n this sugg sts the usa ot sphurio..:.l 

co-Qrd.inate • 

equation 4.5 b come 
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C.n 	 t ie plane '<'.hic.h 1Jeperates tu unequ!1.lly i'leS. ted i emi ph re .s.s the 

~r-p &ne. 'ihc te111perc.otur t any 

point ~ {-+-1 f)-1 f ) will •e independ

-ant of 'f , '*nd the temperature distrib

-ution to tlle r igbt "'11d l ft ot th :rz 
plane ill u 3 im trical. 

It will th r for uffieit1.nt to 

z 

oonaider only that part of the spn. re :h.1011 

lies to th right of the l:Z -pl&na. Since IA. is independan~ of <f 
e~uution 4.~ o oom s 

nu 	 solution ot .1 LLU~t · be found to s tisfy the bound ry conditions 


\ ) ..h. ~ tY"= l t .U. =I for o~ ~~f • /:; ~ 0 

4.8 

(b) llntt':/ ' ..tt=O tor :['4'8<'11' • k- ~ 0 

.1t.SSWD th<l:lt b elution of 4.7 c~n be found •nich h the product of tv.o 

tunoUo.ns , one o -..u1lc.u ia ~ fl4llctlon of -t" ~ion a..n th ot !Jer - function 

ot 8 ulOllt#• 

Substituting this .olution i~ 4.7 we gat 

--
Th l ft-hand ide of this e LU<ition is function ot --+-' ulone ·nd tn 


right-n nd 1 e i function of e lon • 
 'l1hu 	 t ~~lity c n only 

hold 	it' tis ;nembers on either side ar 
e~en 	e uel to the same constant. 

http:tunoUo.ns
http:uffieit1.nt


2 
Suppose that this constant is a • ~hen we .have 

,-r tA%(R+J - a-1R - o 
c{.-t"l

-r tc~+i+-1~)-a.2~ = 0 

+' I 2, ~ + ,.,_ o{.~R ) - a.2-R = o
L OA-' c:i....-2

::z. d?R + " &R 2 ~ x;:-,. "'~ c:(..+-' - ct.: R = o , t >o 

Substituting 	in equ tion 4.10 we lave 

tl21C - c;!E + 2 dR - a.2R - o 
ti. z 2. J..z. ti.z 

d.%1C + cl'R. _ £1,.Z'J< = 0 

ct.z.%- dz 

The general 	solution ia 

~:::A ~1'J>1'Z+ :BJL.'tM.z.'"Z. (A andB are constants) 

- A ~ ,,,. , + .B -t--..,.,,z since .L 
'%. == + . 

where h\l&i =-f + Jt +a..~ and lttlz = - ;-J~+ a_2

Theretore MA 1+ Mil,_ = - f and ;tn2- = - ( 'l'Yt 1 + I) 
'"'11"'411. =t-lt+A~) = -a..2. 

• '• 0..,'1- = - il"'1 I 11'1.t l. := M'l I ( "4-t t + I) 

Hence the gener 1 solution can be written 
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where /)M. (Mt.,... ' ) .:: a2: 
The right-hand side of 4.9 gives 

Wri Ung a.1 ="""(MA+ t) triis becomes 

I ssw.,eJ.:1·~+ ~e@] +M1.(MA+t)@ =O 
sw.-e l tte2. c1.e 

Write e4) g =X. . We have 

Hence the e~uation become 

sw.~ ~..- ~ane~+ IWl.(Mt+t)@ = o 

(1- x2) ~~~ - h~ ~~ +~(~+1)@ = o 

hicl, is a Legendre ~quation with a singularity ~t X = I -a.,,a a~ ~=-I 

Asswne a solution of 4.12 in the form of & power series 

~/ . 
~ l ~+a,x + - - - -··+a..;, :r.~+ .. -.....) 
~ f::::. L a....._ x ol+ ... 

.;, : 
lXJ 
" 

f 

= L a.;,,{o1.+.l.) x,ot+.1.- I 


-t' =" 

ao 

= L~(~+J.){"'-t.L-1) x,i>l+.L-.z 

..411/l" 

4.12 
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Subat1tu,1ng in 4.I2 we get 
00 • a) 

l•- x.2-J~.i{Dl+.lJ{°'+J,-1) tctt+"-:... ~xL4"·{1X+-4'J ~«+.t.-1 
~=o ~;o 

(JO 

+ mv{~+ t} L_ a~· ~ot-1--i -= o 
..; ==o 

~ ~ 

.[ a;{ct+-')(ot+.i.- t} ::c ~+"-·-:_ L_a-'(l(,+.i.){"'+"-·-t} x"'-+"-· 
;.,s " . .;,::: " 

~ f ¢ ' 

_ J [a~{«.+.1.)-Jeti++ ~{IWl+t}L_a~.tt<+~ o 
. 4=" .;,::: " 4.14 

qua.ting 'he coefficient of the low at power of ~ to zero ( i.e. the oo
«.-Z 


etticient ot X. ) we get the indioial quation 

Hence 1f' a"=f:. 0 then either ul=O or I • 
()l.-1 

Taicing ol = 0 nd quaUng tho ooetticient ot X in 4.14 to z ro giv 1 

since «= 0 • 

a 1 is ar bUr ry. Take tJ.1=/= 0 • 

~qwtting t he coetticient ot ~ ""' in 4.14 to zero gives 

d+i+:i { 1H,+:i){111-+1) - tl,,,., [ :21',+ 111;{'1f,-1)- '1n{"«+I) }= O 

1.'. aM+2 { 111.+~)(41-+~ = - 4,M-{tJ..# -1- 1111/ - /Jt.IZ..-/H.t) 
: - a/Jt- { /J1't.- - JU,){#'-+ /K, + I) 

.". tlJK,+:l =- &n- /Jf.,) {#I + 41. +I) a..._ 
{_/J't+ :1,){ /J1., + I) 

Hence ~ M-t+ 1)
a::z... ;::::. - z a" 
4,._ = (11n - :i){M1+3) az == ""'itt1--:z~+1 4" + 3} tld 

-,- "f . 3 

- e-tc • 



- - - .. - - - - - - - - - - - - - - - - - - - tc. 

The tirst aer.ies on the right-l".iand side of 4. lb is an even function ot X 

and th second is ~n odd function of~ • ~heee two series are ther 

fore linearly indcpendant ~nd a.., Qnd ti, re arbitr ry oonGtante. 

Th series conver e for -I <~ ..( I <ind 4". 16 is thus a general soluUon 

of 4. 12 for f':t!f 4' I • 

Por ti.= I we get t he s :t8 olu.tlon but with a'= 0 • ~us the 

solution 4. Io includes the olution giv~n by tak i ng et = / • 
It """ 1s an even integer the first series in 4.16 terminates ~nd 

r duces to a poly11omii:.l , whilst it ;1H., is an odd integer the second a ries 

similarly reduces to a polynomi l • It a" and ll1 ur ao dJusted as to 

ma..ce tb Se polynomials uni ti" when re = I we get a set of Legendre poly

nomials .~ X= G1'S e. aIW\.-(%) or ~~{_&se) Since 

3 	 ~he subecript.J of the -P 'a indicate t he valu of Mi.I , nd e<itctJ is l.i 

particular olution of 4.12 tor ~ the value ot the subscript . 
Thus from 4.16 z I 

'Po(-x)= I ' -P, (-x.} := oc' -p'3 x).= % x - ~' 
~(x}E '%~3- 3h.~ l -Ptt.~) =3~x+_ 14~~ 3~ 1 

'P5'(~-="% x.5- 3~~3+ 'o/sx) ... '. ~ ~ ~,rte. 
Th 	 values ot L gendre ¥olynom1ls 4re tabulat d for variua valu s 
ot • Tbey are also called SUrtuce Zonal Harmonics. 

~~~~~~~~ 
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theretoro 

Honoe wi\h 4·11 we get a solution ot 4.7 given bJ 

-«- = [ A+.,,.._+ B ...--(m+1) }-P""" (Cl's e) 

or rather two p rticul r solutions 

.u - A +-'.,..._ T*" (C8S e) 

and ..u, = .:B .....,-(-m+•) -P'M4. (t!Ds B) 

The econd ot these p~l'ticular solutions is inapplicable sine it become• 

infinite &s ~ approaches zero. i'he _parUcular solution applicable is 

and th xpreasion tor the t mperature a• any point inside the apnere an.ist 

e built up from terms of th typ ot 4.17 1th a positiv integ r. 

~ach t rm of t e following ries tisties 4.7 
(JO 

~ = L A""' ,y~p~c~eJ 4.18 

11-t1=C 

Wben -t":: I 4.18 becomes 

'° 
.(.I.. = L A.,... -P"""' ( ews e) 

and if we determine the oonstants Altt so c.s to ~usty t e uoundary 


condi Uons 4.8 hall obt&in <.. solution ot our proble -.. 


If e write .U(9) = F(":X!-) the proolem becomes thet ot :ipcnding 


F&J in \he intel'Vul (-I , I ) in a series ot Legendre polynomials. 

40 

F(~J = ~A~~(x) 

wh r F{-x-) =0 for - I < .t<. 0 ~nd F{x).; I tor O < X. <. _I • 

Uultiply both sides ot 4.19 by ~(x.)dx.and integr&te between the li ts 

-1 to I for ~ • e get for 411 an integer 



oO. 
I I 

_,SF(:x:J1'1'-(~)d-~ ~ft.A,._~(x)-P,...(:ic)&x 


- ~AM. 
-
~+I

' I ~ ~A~ 
S1nco 11.,(x)1',.JcJ d.x. =0 if intf44.. nd fA""-[~(x)]dx =;uw+ I _, s- _, 

ITh refore 

AJK-

. 

= ~~+ 1JF{~J -P'k-(x) tLx 
' ,
= . 

2M-+fj~(xjd.x. 
2. 0 

He11Ce using th v lue~ ot -e~J . ~ (x) , ic. giv n in footnote 3 , page 68 

-- ----- -------  - - - - - tc. 

and substituting thdse v-luus in 4.IS w get 

u == ~ + ! -+'r;(eos&)- ;:~ r;{Ms) + d:!·.:~ ..r~J5(~ e) 
_ _ _____ - - - - - etc. 

which is the r quired solution to cur vi·oulem. 



61. 


co11aiaer · 111 cloHd s rf&c $ 111.og 111 the t1ttld of ~ vector 'i- , hic.b 

r pre enta the siBIUal r t ot tlo• of b •t =• -111 po1nl within $ • 
~ exc••• ot neat th t tlo oui ot S over tb. t h1cb tlowa 1nwards may 

b 

(1) 

$ • nd. 

( 11} u,v u 1ng tb olU·cea t.n4 

•lDtte or 41verBeDC s tor o• r1 

int1nit 11 l volumo ale nt 

oonhin• 1th1n S . 
iQt.tating (1) an~ (11) e b Te 

JiyfS =Jdiv~.tV 
$ -v 

or 

I~·tdS == f V·~ J.V 
15 - v 

w ere 1J1.. is e out rO.-d:r wn 1 t nor 1 to S . J..$ is U1e el want ol 

urt oe, tLV the ele nt ot volume ti.nd tyM-- or ;;;::, • tj, ia t1 outw rd-<lr wn 

OOUlJ?Onent ot 1' nor l to $ • 

fhua in a eotor fl ld th urt oe iutogr l of th nor l o pon n\ ot ihe 

tlux o r aey oloa d. surt ce $ qWils the volw.tie int gr l ot iru. i'fer ence 

lor formal proof of ti11 th orei;; a e ..:. .a . ..ob tar •a " D~1oa ·• or 
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Simult eous a.rti l Differential qua.tions. 

Flo ot electrieity i a loll§ i ~erfcctly insulated c ~ 

Consider a long im~crtectly ins lated c ble thro hout the ~hole 

length of vhioh curre11t le .s to earth. Suppose that the cable 

AB is of length .f miles . 

The end A is a.tt -ched to the 

positive pole of a gc erator. the 

l +negative pole of which is earthed. 

fhen the eire'Uit is closed th 

cable carries an electric current - _ 


which :f'lo\vs f rom A through a, -:

reee1 ing a.pp tus at ~ ( g, a tele r phic - ey ) to earth. 


Consider point f' distant ~ ilea fro A • th the 

volt e, Y volts, d the curren • I am a . • at -P a.re cont nuo e 

functions of the time and the distance :r of -P from A . 
I shall ssume that 

(1) 	 the resist ce of the c ble is constant thro'tlghout its 

le t and is 'R ohms per mile . 

(ii) 	the oonduot ce (inverse o esist ce) f o th i sul t 

ing sheath! of the eable to earth is co at _ t throughout 

the length of the cable e.nd ia ~ mhos p r mile . 

(111) 	 the cabl e acts as olectro~tatic condenser and that the 

capacity of the c ble d its induct ce are enoh constant 

Receiving 
apparatus 

-:

62 . 
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throughout the le t of the c ble,th capacity bei ~ r da 

per mile and the inductance ff Henrys pt;r mile. 

Consider an element -yyl of length A~ • ith e ••f. 

at '"P e.nd V+AV at i> 1 • The ch e in volt e cross 
I .l'fP is caused by the resistance of the wire o.nd decreased 

inductance. ge have 

AV= - IR.6.x+Jf H..1re.) 
--~ AV= - JR _ corfl . 

A~ ~t 

H~1 end Lim ~= ~v = - IR - 5.I 
~~oA~ ~~ ~t 

The deerease ourrent .....cross -PP1 is due to le . g· and 

the action Of the cable ~ a co do ser. ,e he.Ve 

a:ence 

quations 5.I and 5 . 2 are eimult eous differential . u tio s 

to determine V and I . 

In normal telegraphie IJractice the conductance G- end 

the inductance .H ·re small and it is ron.sonabla to neglect them, 

but this woul not be true tor hi ·h fre uency trana·iss1on. 

The capacity (!, of the cable cannot be no ,leoted. 

I sh ll consider the pl'oblem of low reque cy tr ission 

end negl ct ~ and H • so th t 5 . 5 . 2 become 

'£Y. = - IR 

QX, 

5.4t!! == - c~ 
<?>:JC, (') t 
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Differentiating 5.3 with respect to t d 5.4 ith respect to 

~ gives rl-V - - '1! 1{-~~t ~t 

q'1I qfVc - ~e~- ~- - QttQre."- Q)~'Ot 

Again, differentiating 5.3 iith respect to~ we h ve 

~ - -R~ c: R<!~
U):X:~ - Q:r.. rat. 

Thus \'1e have two simultaneous equatio.ns to determine and • 

--
5.5 


sho.ll suppose that before the receiving end of the cable at 

is earthed there exists a steady state of volt&t$e distribut

ion in the cable and that the volt o at A is \IA and the 

voltage a.t is Vi . The voltt\ge V at 1' will be a. 

i'U.nction o:f ~ a.lone. 

At time l: =0 the recieving end at is ea~thod and 

hence the voltage at beconcs zero. u.pposo that the .volt

e.ge at A is maintained a.t a volt e • ~hus for t= 0 

5.6 becomes 2 V ~ 
-2. =...,
dx 

.with \! = ~ for X=o , V= VB f o:r ~=-l . 
The voltage at 1' at time l:=o 1s 

5.7 


http:equatio.ns
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I 

To find the voltage at -P at time C> 0 we have to solve 

~>o 
l 

subject to the conditions that 

(a) When t=o, V =Z(V.s - \1ti) + ~ 

(b) When I: >o , V=~ for x. =" 
x=Land v= 0 for 

The voltage V ('r, I.:) for I:-) 0 can be considered as made up of a 

steady state distribution under the new conditions, say ~(~)since 

th steady state is a function of X. alone , and a transient voltage , 

VT (~. f: ) , which decreases rapidly with the time. Hence 

--
Atter a short time the transient effects will become negligible and a 

ateady state will be established where the voltage at ~ is \/,4 and 

the voltage at B is zero. Hence, similarly to 5.7, we have 

-	 5. IO- -zvA+~ 


and 	 5.IIV(3!, ll = VA(I-.~)+ \{.<"'· t l 

When ~=o we have from 5.9 for f;~ 0, V(o,t) =VA , and from 

5.II v (" ' t ) == ~ + \4< 0' t ) 

5.I2,. - ~( 0 ' f;. ) = 0 ' 

1. 	The method of solution used will be similar to that used in the first 
part ot Chapter 2 , but the equation may also be solved by operational 
'methods ( See O.M,in A.M.,Cbapter IX, paras.84-86, and in particular 
Example 4, para.84, which is similar to the problem here treated.) 

5.9 
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Again when l;>o we have from 5.9 tor 'JC-:£ , V(.l, t) =:: O , and 

from 15. II 

VTtl,t) =o • l::.>o , 6.13 

From 5. 9 we have V (re, o) :::::: i'(\ls- ~)+ ~ 1\fhen t =o , whilat 

from 5.Xl 

V tx,ol = ~(1 - ~)+ \{-1x,01 

•' • VT(!r,C) = ~ VJS 

Bo• \'s(.~) aatiafies 6.5 and so V,(~,l-)must eatisty 5.5. 

VT(~. f;,) 1a th refor a solution ot 5.5 Which satisfies the conditions 

6.12, 5.13 and 5.14 • 
I 

\IMitlng .II 1_ -- -o/fl • • 5 , 8-.· ~ "''"" equa.1on •uI:. oeoome 

-- 5.16 

Aaaumo a aplut1on ot 6.15 aa a product ot two functions , one ot which ia 

a function ot X. alone and the oth r a function ot ~ alon • i.e. 

Substituting 6.16 in 5.15 we get 

()..,2 T tl.,,,Xx<IT -cit da=.2.. 

I tLT I a'.2.X 
.' tCT dt x ~x:z. 

Tbe left-hand aide of the las' equation ie a tunct1on of I: ~lone and 

the right-hand aide is u function ot !X?- alone. Hence tho equation 

will held in general onlJ it the members on itber side are equal to the 

same constant , say -fo%. • !hen we have 
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5.17 

and 6.18 

Solutions ot 6.17 and b.IS ar 
. - a.'-f'"t 

T = ..k, -e 
and x = ~1~f:r + ~?>~fo~ 

where J,1 , .,k.,_ and ..ka are constants. The i-equired solution ot 6.16 

i th refore 

where ~, nd C~ are cons t "1.nts de t rmined by 5. 12, 5.13 nd 5. 14. 

Froin 5.12 Vr {o • t 1=o , /= >" . 	 ..-. c, =0 

~ ·. C1 s;..,...(/,re = OVrt .e.t) =o • t:>o . 
since thla would lead to no solution. Theretore 

Hone• 

'rbe condition 5.14 r mains to be s tistied. Since 6.19 satisfies 5.15 

tor M- = I, Z, 11 • • • • • • · thon 

'° -a''(1i'J '"!~ 
~(X,t):: [c.M-4, ~~X 5.20 

M.=I 

is also a solution ot 5.16. When t = " 5. 20 	beoomee 

"° 
VT(%," J -- L_c'K-~ ~x 

M.=• 
-~v fro m 5.14- -z .B 

. 
Write 	 "° s'TT' ~ - L C.s .I,,~ V.s - ~ 

S-=t 
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.wltiply ucll i d.e ot tnis equ Uon by ~. d,'X!. and integrate between 

th 11 1t ~: () to 'l!- = .f • have 

rt "" .e
~J~ s.:..., Al~tW =I. Cs ~ s:x fu.. -k!'"' h 

o Sz/4 

!Cll integral on the left-hand side is 

/1 A l. .t _el.= -~ ~ C6s '.!!:~ + I::!::..' ~ 1k1t'% = - - eo.s M 71"' 
[ ~'Ir' :e, ~'fr'} ~ /It,'1r' 

. -" 

.. 




I 

From 5.2I it is seen t as t incre se~ tho contribution of 

VT to V ra.vidly decrea.ses a.nd quio ly bocomoa nc~li 1ble 

hen ~ompared with VA (I - ~ ) • Thus if the ciro it e• 

me.ins closed ( 1.0. 11" tho receiving end at .:B is arthed ) 

for sufficiently _ ng period a stea st te ot volt se dio~ 
t~ibution is attained finally with 

\ 

The magnitude of the cUl"rent I' at a point ~ in the cable 

at ti I:. can be e loul.ated by si ilar ~orki:ng fro 

5.6 and no u.sefUl pur:pC'.'lse is served in doiDB so here. 

The above mothod ca.n also be applied to the problem ot 

vari bl he t flo in a rod of s all ixorm cross ~ection r 1oh 

1a co posed o~ a substance of uni orm. donsity• s:pecifio hea.t and 

th rme.l conduoti i ty; v1here the surface of the rod is inpervious 

to heet and no tr s~er of heat t- ea lace cross he s rfaco. 

the ends of the rod are ept at const t temp r~tu.re and the 

initial tem r ture at a:tJ3 poi t in the rod is thus a otion 

of the distance of the point a.lo the rod• The temperature 

.u ( %., t) s tisfiea the eq tion 

2 ./z. Lhere tl:= ~ , -R.- =thermal conductivity. c!== specific heat 

d j' == dens1ty 
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This equ tion till be subje t to the follo i initial d 

boundary conditions 

( l.) ..a, := f (X) ihen /;:::o • 

(ii) ..u., 'he a!=O, I;~ 0..u.. = 
(iii) u. = LL~ when 1':.=.f, ' b ~o .. 
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