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In this thesis, we are concerned with the outstanding 

problem of ovarbinding of a A particle in the spin-isospin 

saturated nuclear medium. The suppression effect in nuclear 

matter due to the repulsive core has been examined carefully 

and the single-particle-energy s~ectrum of the. A particle is 

then derived. The two-channel formalism which takes account 

of the ~A conversion explicitly is used to study the binding 

o;f. A in nuclear matter and in AHe 5 • With phenomenological 

AN interactions which fit the low energy scattering data, it 

is shown that in this formalism the experimental binding 

5 energy of AHe can be reproduced. 
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CHAPTER I 


INTRODUCTION 


§1 Motivat.ion 

The classification of the fundame'ntal particles 

within the framework of the SU(3) symmetry or the "eight

;fold way"is now well established. Accordingly, the proton 

(p) and the neutron (n) belong to the octet which consists 

of p, n, A,t+ ,E - ,E 0 , - and ~ 0 • The proton and the 

neutron are referred to as the nucleons (N) while the rest 

of the particles in the octet are referred t6 as the hyperons 

(Y). The SU(3) symmetry implies that these eight particles 

are basically of the same nature. As the interaction among 

the nucleons is strong enough to form a bound state, namely 

the atomic nucleus, then it is only natural to expect that 

the interac~ions among members of the octet may also be strong 

enough to bind them together, provided the SU(3) symmetry 

holds or at least it is not strongly broken. Such systems 

are called hypernuclei. The earliest experimental evidence 

for the existence of a hypernucleus was revealed in a photo

graphic emulsion which had been exposed to cosmic ray radiation 

1at high altitude • Since then a number of hypernuclei con

taining one or two A particles have been identified and their 

l 
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binding energies determined. In this thesis, we confine 

ourselves to those which contain only one A particle. 

There are at least two motivations for studying 

hypernuclei. Firstly, we want to understand the basic 

features of the AN interactions, as a natural extension of 

the studies of the NN interaction. Secondly, we hope 

to get some new insight into the structure of ordinary nuclei 

by examining how the nuclei are influenced by the addition 

of one or more A's. Although the A particle is sim1lar to 

the nucleon in many respects, they are still distinctly dif

ferent from each other. There is no Pauli principle acting 

between A and N. Also A is neutral and thus the Coulomb 

interaction does not come into play in the AN system. All 

these features make A a convenient and effective means to 

probe the structure of the nucleus. 

§2 	 Experimental Basis and Theoretical Calculations in 
Hypernu~lear Physics 

A hypernucleus which consists of a A particle and 

an s-shell nuclear core is called an s-shell hypernucleus. 

The s-shell and p-shell hypernuclei have been studied extensive

ly in photographic emulsion for their rr-mesonic decay modes; 

the binding energies of those hypernuclei are thus determined . 

In Table I, ~e list the experimental binding energies for 

the well established s-shell and p-shell hypernuclei. Here, 

the symbol AXA is used to denote a hypernucleus formed from 

2 
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the nucleus X; A is the total baryon number of the system 

including ~hat of the A particle. Experimentally no evidence 

has been found for the existence of a bound state of An or Ap. 

This indicates that the two-body AN interaction is not strong 

enough to form a two-body bound state. 

For simplicity, theoretical investigations in the 

past have been done mostly on the s-shell hypernuclei314 • 

There, the AN interactions involved are mainly in the relative 

s-state for the s-shell hypernuclei; thus it i8 possible to 

link the AN interactions directly with the low energy AN 

scattering parameters - the scattering lengths and the effective 

range - which are now available experimentally6 . As for the 

p-shell hypernuclei, one requires a knowledge of the p-state 

5interaction which is only vaguely understood • 

In nuclear physics, studies of the deuteron and other 

bound states of nucleons provide valuable information on the 

nature of the NN interaction. Likewise, we may try to under

stand the AN interaction by analyzing the s-shell hypernuclei. 

In fact, before the AN scattering data were available, the 

s-shell hypernuclei were the only source of information on 

the AN interaction3 • A most extensive analysis in this respect 

4 was carried out by Herndon and Tang • Using a potential of 

exponential type, they found that the binding energies of 

5the s-shell hypernuclei, except for AHe , can be fitted by 

a two-body AN potential with a hard core. Their potential 
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parameters de not lead to a two-body AN bound state; thus 

it is consi~tent with the experimental findings. However, 

the potential reveals a peculiar feature, i.e. the calculated 

binding energy of AHe 5 was too large as compared with the 

experimental value. 

Recently, some experimental data became available 

for the AN scattering. A natural approach is to set up 

phenomenological potentials which fit these data, and then 

calculate the binding energies of various hypernuclei. In 

setting up phenomenological AN potentials, we can be 

88 . l 'd t' h' h h 

proved to be quite successful in the case of the NN interac

tion. 

For the NN potential, its long-range part is dominated 

by the one-pion-exchange potential (OPEP) • As the inter-

particle distance becomes shorter, exchanges of two or more 

pions and also heavier mesons such as n, w etc. will be im

portant. The most significant difference between the NN and 

AN forces is, perhaps, that the latter has no OPEP tail. This 

is due to the charge independence of the strong interaction. 

Hence the long-range part of the AN potentials arises from 

the two-pion exchange. Thus we expect that the range of 

the AN potential is shorter than that of the NN potential. 

With the above consideration in mind, one can set up 

phenomenological AN potentials with a "reasonable" range and 

guide dby some meson theoret ica consi era ions w ic ave 
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then adjust the rest of the potential parameters so that the 

available scattering data can be reproduced. In this approach, 

one finds that the theoretical calculation of the binding 

energies of the s-shell hypernuclei are again consistent with 

5the experimental value except for AHe • The calculated 

binding energy of AHe 5 in the literature falls into the range 

from about 6 MeV to 9 MeV, but its experimental value is 

3.08 	± 0.02 MeV. This discrepancy between the theoretical 

5and the experimental binding energies of AHe has provoked 

many speculation~ on the peculiar nature of the interaction 

between or among A and nucleons. Before delving into a de

tailed discussion on this problem, we shall digress for a 

while and discuss another interesting problem which is inti

5mately related to that of AHe ; this is the so-called A-

particle well depth which is in fact the ground state energy 

of a A particle in nuclear matter. 

§3 	 Overbinding of a A Particle in Nuclear Matter and Also 
in AHe 5 

Nuclear matter is an infinite system consisting of 

an equal number of protons and neutrons interacting via the 

nuclear forces. Such a system closely resembles the central 

part of a heavy nucleus. Because of the translational in

variance, the single-particle wave functions in nuclear matter 

are just plane waves. This makes theoretical calculation very 

simple. Of =ourse, nuclear matter is an idealized physical 



6 

system. The "experimental" binding energy of a A particle 

in this system has been estimated by extrapolating the 

b in, d'ing energies o f e k nown hypernuc1ei 7 , 71 ; this· th . is the 

same process used to estimate the nuclear binding energy of 

nuclear matter. 

There are essentially four methods used so far for 

theoretical calculations of the binding energy of a A particle 

in nuclear matter - namely: (i) the ordinary perturbation 

theory which is a series expansion in the strength of the 

potential, (ii) the Brueckner-Bethe-Goldstone G-matrix 

approach which replaces an infinite sum of diagrams by the 

reaction matrix, (iii) the variational approach of Jastrow 

which introduces a correlated form factor in the wave function 

for all possible particle-particle interacting pairs, and (iv) 

the Green's function approach which introduces a propagator 

at each stage of interaction. Whichever approach is used, it 

is found that a simple central potential which is in confor

mity with the low energy scattering data and/or the binding 

energies of the s-shell hypernuclei always yields a A-particle 

well depth of about 50 MeV or more; whereas the extrapolated 

experimental w~ll depth is 27 ± 3 Mev7 
r 
71 • Thus, just as is 

5the situation for the binding of AHe , we are confronted with 

the overbinding of a A particle in nuclear matter. 

Since the helium nucleus and the nuclear matter 

resemble each other in that their spin and isosµ,in are both 



7 


zero, the overbinding of a A particle in these systems may 

result from the same causes. Then any effective means to 

suppress the overbinding for one of the systems might be 

equally effective for the other. There are various proposals 

to account for the overbinding.: (i) The tensor force should· 

be included in addition to the central force. (ii) A repulsive 

core may be essential in the AN interaction. (iii) The ef

fective AN force may depend on whether the nucleon is in 

the free space or it is in a spin-isospin saturated system. 

(ivl The three-body ANN forces or other many-body forces may 

set in. (v) The rearrangement effect in the nuclear medium 

may be important because of the presence of the A particle. 

As noted before, the long-range part cf the AN force 

will be dominated by the two-pion-exchange potential, which 

90has been shown to be almost completely central . Hence the 

tensor force in the AN interaction can arise only from ex

changes of K-meson and heavier bosons. However, the strong 

40
tensor component of the NN force arises from the OPEP • 

Consequently, the range of the tensor component of the AN 

force will be much shorter than that of the NN force. The ef

feet of such a short-range AN tensor force on the s-shell 

9hypernuclei were considered by Buxton and Schrills , and Law, 

Gunye and Bhaduri10 ; and that on the A particle in nuclear 

11matter were investigated by Mueller and Clark , Bodmer and 

Rote12 , and Goodfellow and Nogami13 . All these calculations 

indicate that the suppression effect due to the tensor forces 
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is very smaJ..l. 

As for the repulsive core, its suppression effect 

8has been analyzed by Herndon and Tang 4 , and Ram and James . 

Their resu~ts show that the suppression due to the repulsive 

core is much more important than that due to the tensor force, 

but it is still not large enough to resolve the problems 

of overbind1ng in /\.He5 or of a A particle in nuclear matter. 

The isospin suppression effect was first pointed 

out by Bodmer: and his collaborators12 
r 
14 

r 
15 • In an isospin 

saturated system such as. AHe 5 or a A particle in nuclear 

matter, the isospin of the ground state is i = O. A very 

large excitation energy is required to attain the next excited 

energy level with I = 1. For example, the first excited state 

4 	 16of He is about 20 MeV above the ground state . Hence, the 

process AN~~N available in the free scattering is suppressed 

in the reaction: 

4 4*A + He ~ E + He . 


4*" .

Here, He J.s the excited state of the 	helium nucleus. Accor

14ding to a procedure suggested by Bodmer , the triplet scat

tering length in an isospin saturated system should be 20% 

less than that in a free AN system. As a result, the binding 

energy of AHe 5 is suppressed by about 2 Mev17 . Thus this is 

an appreciable effect. 

It wo~ld be nice if we could understand every physical 

system just ~hrough a simple model based on two-body interactions. 
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However, two-body forces alone do not seem adequate to pro

duce the required suppression in the binding energies for 

5either AHe or a A particle in nuclear matter. Inevitably, 

one has to examine the effect of many-body forces. According 

to the meson theory, all interactions are mediated by the 

exchange of mesons. For a system with three or more funda

mental particles, the mesons emitted by each pair of particles 

may lose their memory on their parent particles and the mesons 

may wander around to form a meson cloud. Certainly, this is 

a special feature of a many-particle system. In addition, the 

mesons themselves can interact strongly to emit another chain 

of mesons. The interaction picture will become more and more 

complicated in this fashion, and one has to resort to some 

kind of feasible approximation. Thus far, only simple models 

of three-body forces have been developed18119 It is difficult 

to draw any clear-cut conclusions about the effect of the 

three-body ANN forces, because it depends on the cutoff of the 

potential, the NN cbrrelations and also the specific choice 

of particular diagrams of interaction. The best estimates 

5 are that its suppression in the binding of AHe is likely to 

3.0 Mev17119120 •be 1.5 to 

To separate a A particle from a system of nucleons, 

the energy req~ired may not be equal to the A single-particle 

energy which we have derived from the energy spectrum of A 

in the energy denominator of the Bethe-Goldstone equation. In the 

absence of the A particle inside the nuclear medium, there is 
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a possibility for the nucleons to rearrange themselves to an 

energetically more favorable state and this will result in a 

release of the so-called rearrangement energy. The re

arrangement effect for pure nuclear matter was estimated to be 

89about 10 Mev • An effect of almost the same order of magnitude 

for a A particle in nuclear matter has also been indicated by 

the works of Dabrowski and his collaborators 78179 • 

§4 Scope of the Present Work 

The purpose of this thesis is to present a systematic 

study of the binding mechanism of a A particle in a nucleus, 

by using simple model potentials for the hyperon-nucleon interac

tion. The focal point of our analysis is the o~tstanding 

5problem of the overbinding of A in AHe and in nuclear matter. 

For the hyperon-nucleon interaction, we assume nonlocal 

21 . f h h' h . 1 fseparab le potentials o t e Yamaguc i type w ose simp e orms 

greatly facilitate the treatment of a many-body system. 

We shall carry out a detailed analysis on the well 

depth of a A particle and also on the binding energy of a A 

5particle in AHe by the use of the so-called two-channel 

formalism (TCF). Within the framework of this formalism, it has 

19been illustrated by Nogami that the isospin ·suppression effect 

and the ANN fcrces may be attributed to the same mechanism. 

Thus the TCF is very efficient in dealing with the problem of 

overbinding. The underlying idea of the TCF will be discussed 

in connection with the analysis on the AN scattering in Chapter 
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II. 

Since there are several methods to handle the many-

body problem, we shall outline the essence of each method in 

Chapter III. Bishop's claim of the superiority of the Green 

function method over the Bethe-Goldstone method will be 

critically e.xamined. In addition, the self-consistency problem 

on the energy denominator will be clarified. 

In Chapter IV, we shall study the suppression effect 

due to a repulsive core in the AN interaction. At the same 

time, the single-particle-energy spectrum of a A particle in 

nuclear matter is extracted from a self-consistent calculation. 

'l'he validity of various approximations such as the energy-gap 

approximation and the effective-mass approximation will be 

examined. As for the suppression due to the short-range repul

sive core, we find that it can be as large as 10 MeV for the 

binding energy of a /I. particle in 
i 
I

nuclear matter. 

The two-channel formalism is employed in Chapters V and 

VI to study ·i:he binding energy of a A particle in nuclear matter 

and in helium. In this formalism, the suppression of the well 

depth in nuclear matter due to the ~A conversion is found to 

5be about 15 MeV. As for the binding energy of /I.He , we are 

able to produce its experimental value with some of our model 

potentials. This is indeed a prime success of the two-channel 

formalism. 
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Table I 


Experimental binding energies of A particle 


Hypernuclei Binding energy (MeV) 

0.06 ± 0.06 

2.02 ± 0.05 

2.31 ± o•. o3 

3.08 ± 0.02 

4.28 ± 0.15 

5.56 ± 0.06 

5.09 ± 0.12 

6.80 ± 0.05 

6.81 ± 0.07 

8.25 ± 0.13 

6.63 ± 0.04 

8.62 ± 0.20 

10.19 ± 0.10 

11.06 ± 0.10 

11.32 ± 0.15 



CHAPTER II 

ON THE AN SCATTERING 

§1 Introduction 

In order to understand fully the mechanism of 

interaction between particles, we have to study the interac

tion of the particles when they are at a distance, i.e. 

the scattering in free space, as well as when they are in a 

bound state if it exists. Normally, the interaction poten

tial of a two-particle system is derived from scattering 

phase shifts. Its validity is subject to a further test on 

its ability to reproduce physical quantities such as binding 

energy, excited state energies, magnetic moment etc. of a 

system of particles. Unfortunately, the phase shifts at very 

high energies are generally not known. Thus a potential 

derived in this way is not based on the entire knowledge of 

phase shifts and hence is not devoid of ambiguity. However, 

even if the phase shift is known for all the energies, exten

sive works on t~e potential scattering theory reveal that the 

potential is still not uniquely determined84 • Therefore, a 

check on its consistency with other information is always 

essential. 

Thus far, the phase shift analysis has been applied 

most extensively in the studies of nucleon-nucleon forces. 

13 
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The phase shifts for the NN scattering are known in the labora

tory energy up to about 350 MeV. There are now several sets of 

"realistic" potentials, such as the Hamada-Johnston potentia181 , 

the Yale-potentia182 and the Reid soft-core potentia183 , that 

can reproduce these scattering data. As for the AW scattering, 

only scanty scattering data in the centre of mass momentum range 

110 ~ 330 MeV/c and a few more at higher momenta are available. 

These data are scarcely enough to determine the low energy 

scattering parameters: the scattering length and the effective 

range. 

Currently, there are two sets of experimental data 

available for the AN scatteringG,ss. Analyses were done using 

the s-wave scattering cross-section 

a (A p) = 37T 

where as' at, rs and rt are the singlet and triplet scattering 

lengths and effective ranges, respectively. The best parameters 

obtained by Alexander et al. 6 are 

as = -1. 8 f m ; = -1.6 fm 
( II-1) 

r = 2.8 f m r = 3. 3 fm s t 

and that by Sechi-Zorn et al.SS are 

a = -2.0 f m ; at = -2.2 f m s (II-2) 

rs = 2.8 f m . rt = 3.3 f m I 

l0-13where 1 f m = cm. 



15 


As was pointed out by the experimental groups themselves 

.and others 25126 , there is a large ambiguity concerning the 

experimental values of the scattering parameters. This 

ambiguity can be removed if. the AN scattering experiment is 

done with polarized A particles so that the singlet and triplet 

25 27interactions can be analyzed separately ' • 

In our analysis on the AN interaction, we shall take 

the set of parameters given by Alexander et al. 6 • Since these 

parameters are nearly spin independent, we shall use their spin 

average a and r such that the total scattering cross-section 
0 

dcr a and its deriva.tive with respect to the energy E, dE , at E = 0 

remain the same. Thus, we have the relations 

which yield 

-a = -1.6523 fm 
(II-3) 

3.1717 fm 

Now, we can try to relate these parameters to the 

potential parameters. A phenomenological potential is then 

established. The various potentials that we use to analyze the 

5A-particle binding energy in nuclear matter and also in AHe 

will be derived in Chapters IV and V. Meanwhile, we shall 

discuss some general aspects of the AN scattering ~n the one

channel formalism and the two-channel formalism. 
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§2 One-chann;;l Formalism 

When the only open channel in a scattering process is 

the entrance channel, we can work within the frarr.ework of the 

so-called one-channel formalism where the wave function consists 

only of a single component. The studies of the AN scattering 

in this formalism do not include the inelastic processes expli

citly. 

For the potentials used in this thesis, we assume that 

they are represented by nonlocal separable potentials so that 

the scattering problem is greatly simplified. Now the Schrodinger 

equation in momentum space takes the form 

(II-4) 

whereµ is the.reduced mass; and the separable potential is 

taken as: 

(II-5) 


Here, A is the strength of the potential and g(e) is called 

a form factor. Unless otherwise specified, the units 

-fi = c = 1 will be used. If g(~) is a function of the magni

tude of the relative momentum p only, we will show later that 

the scattering amplitude is spherical symmetric. Thus we are 

in effect considering an s-wave interaction. 

By imposing appropriate boundary conditions, the 

scattering solution of (!I-4) can be written as 
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k 2µ tII-6)4> (~) + . 2 2 . 
k -p +J.£ 

kwhere cp (p) = o{p-k) corresponds to the incident plane wave 
...... - 

with momentum~ and £.is a positive infinitesimaJ. just to ensure 

an out-going scattered wave in our final solution. 

According to Lippman and Schwinger28 , ·the T-matrix 

is defined as 

(II-7) 


Now, we can use either the Lippman-Schwinger equation 

(II-8) 


or (II-6) directly to obtain 
<pjVjp'><p' ITJk>d3p• 

<pJTjk> = <pJVJk> + 2µ (II-9) 
(k2-p t 2+i£)f 

where E is the energy of the system and H is the kinetic
0 

energy part of the Hamiltonian operator. This integral equation 

is readily solved by introducing an auxiliary function 

3gCf')<p' JTjk>d p' 
x = (II-10) 

k2 ,2 . -p +J.£f 
We obtain finally from (II-9) and (II-10) 

).g(f)g(~) 
<pjTjk> = - (II-11)1 + ).J(k) 

where 
f g2(~)d3p

J(k) = 2µ 
k2-p2+ie: 

The scattering amplitude f (k) and the phase shift o are re
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lated to the T-matrix by the following expression: 

f ( ·.,.) io . ~;k
n. :::..; e sinu 

2= -4ir <k!Tlk> 


= 4ir
2Ag(k) 2/Il + AJ(k)] (II-12)
-

Thus it is independent of the scattering angle if g(~) = g(k). 

In this case, we have picked up a purely s-wave scattering 

amplitude. 

Now we can relate the scattering length a and effective 

range r by the relation
0 

l l 2kcoto = - - + -2 r k + .... (II-13)a o 

For simplicity, let us take the Yamaguchi-type 21 form factor: 

(II-14) 

then we obtain 

and finally (II-12) and (II-13) yield 

l-a = 2.@. (1 - (II-15) 

(II-16) 

Since the Fourier transform of g(p) gives 
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we shall inte~pret l/S as the range of the potential. The 

strength A and the range l/S for the AN scattering may now be 

determined by combining the results of (II-2), (II-15) and (II-16). 

Here the fitting of the potential parameters is done 

phenomenologically and only the low energy scattering phase 

Shifts have been taken into account. However the high-energy 

behaviour of the phase shifts is important if we want to get 

a more realistic potential from the scattering data. In fact the 

off-the-energy-shell matrix element of the scattering ampli

tude can be quite different for potentials with different 

phase shift behaviour at high energies. This poses a serious 

problem in the studies of interaction potential by a phenomeno

logical approach because the off-the-energy-shell matrix 

element is essential to determine the bound state properties of 

a many-body system. 

Of course, there are many other fundamental problems 

in the analysis of potential scattering, even if the_ experimental 

phase shifts are known to all energies. It is known that phase 

shift alone does not guarantee a unique potential. However it 

is possible to obtain a unique potentia184 provided we restrict 

ourselves to a one-term nonlocal separable potential. The 

procedure to deduce a potential in this fashion is called 

the inverse problem. A general discussion of the inverse 

problem for a nonlocal separable potential may be found in the 

works of Tabakin84 • 
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§3 'l'Wo-channe~ Formalism 

The discussion of the AN scattering is incomplete if 

we ignore the inelastic processes. AN~<~~> EN which involve a 

mass difference of about 78 MeV. Even if the AN system is 

at an energy well below the E-production threshold, the virtual 

processes could play an important role because the form of the 

AN scattering matrix will be modified by these processes. 

In order to take into account the EN channel, we 

have to introduce a two-component Schrodinger equation29130 : 

(T" + V) '1' = E '1' ( II-17) 

where '1' is a two-component wave function which will repre
-"' sent the mixture of AN and EN components in the system. T 

consists of the kinetic energy operators of AN and EN and the 

potential V contains diagonal as well as nondiagonal terms. 

The diagonal terms VAA and VEE are responsible for the pro

cesses AN + AN and I:N + EN respectively, and the nondi~gonal 

term VAE converts a A into a E and vice versa. To be more 

specific, we write 

2 
VA 
2µ A 

0 
0I\ TA 

;:::: v 2T = 
 E0 TI: 0 - ~µE 
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and 

mass of the E particle. It is now possible to write (II-17) 

as two coupled equations: 

(II-18) 


and 

(II-19) 


where EE andgA are the energies of the EN and AN systems. 

Conservation of energy requires that 

EA - EE = ME - MA = ~. 

Below the E-production threshold, Fast et ai. 31 have 

shown that one can obtain an effective one-channel potential 

for the AN system. To see the effect of a two-channel poten

tial, we shall derive such an effective one-channel potential. 

From (II~l8) , we get 

Substituting this into (II-19), we obtain the effective one

channel Schrodinger equation 

(II-20) 
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where 

( II-21) 

Let us introduce the free-particle Green's function 

Then we have the following expansion: 

(II-22) 

Consequently we can interpret the effective interaction VAN 

in terms of a family of Feynman diagrams. The graphical 

representation of this effective interaction is shown in Fig. 1. 

Here, the over all AN interaction is represented by a blob and 

NN A AN 

+....+ E + 

A N A N A N A N 


Fig. l 
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a dashed line is used to include interaction of AN other than 

the process of the At conversion. In addition we have used a 

wavy line to r&present the interaction which causes the AE 

conversion as well ·as that which gives rise to the elastic tN 

scattering. 

For a A particle in a many-body system, such as 

nuclear matter, (II-22) is slightly modified. The effective 

OCF (one-channel formalism) potential VAN becomes 

= E v<i) V(i)GV(i) v<i>G v<j)-E - E + . . . (II-23)VAN AA AE E EA AE E EAi i i;i'j 

where the superscript i is to identify the nucleons with 

which the A or E particle is interacting. The first and the 

second term are just interactions involving two-body forces but 

a three-body ANN force appears in the third term. The various 

N's AA N A N N N 

. . . . + E ++ 

l 

1 
A N's A N A N A N 

(a) (b) (c) 

Fig. 2 
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interactions are shown graphically in Fig. 2. In this 

diagre_m we •1se a heavy line to represent the many-nucleon 

system. We see, therefore, from Fig. 2 how a three-body ANN 

force comes into play in an effective OCF potential. Figs. 

2(b) and 2(c) contain new features of an OCF potsntial derived 

from a two-channel formalism. They serve as correction terms 

to the normal OCF potential where only the A particle appears 

in the intermediate states. 

Let us examine the second-order term of (II-23) more 

closely. From the field theoretical point of view, we have to 

include the isospin of the nucleon in the representation of 

VAr and VrA • The modifications are as follows: 

and 

- -+ -+where A A and r, E are the annihilation and creation 

'\' t. 1 . 1 d (i) .operat ors f or A and ~ par ic es respective y ; an T is 
. 

the isospin of the ith nucleon. With this in effect, the second 

term of (II-23) remains the same but the third term becomes 

where we have omitted the annihilation and creation operators. 

For an isospin saturated system such as He4 or nuclear matter, 

the ANN force contributes only from the exchange term because 
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expectation value of 't'(i).'t'(j) vanishes for the direct term. -
Therefore we have a repulsive ANN force which is essential for 

getting the suppressive effect that we are looking for. 

We have seen, therefore, that the two-channel formalism 

includes in essence the three-body forces. We shall use this 

~ormalism in our studies on the binding of a A particle in 

5nuclear matter and also in AHe • 

Of course there are other three-body forces which 

result from intermediate states involving Y1 * (1385) etc. One 

particular diagram is shown in Fig. 3. The contributions from 

N A N 

N A N 


Fig. 3 
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the various types of three-body forces may be estimated by 

calculating the S-matrices of the corresponding Feynman diagrams; 

the Feynman rules for evaluating the s-matrix can be found in 

the works of Miyazawa, Fujita and Miyazawa32 In particular, 

one can calculate the contribution from a two-pion or a three-

pion exchange potential of the three-body ANN force. This 

has already been done by Bhaduri et al. and Loiseau20 in a 

static approximation. For the binding of AHe5 , their findings 

show that as much as 3 MeV suppression can result from the 

two-pion-exchange three body ANN forces. 



CHAPTER III 

MANY-BODY PROBLEMS 

§1 Introduction 

The treatment of many-body problems in a finite 

system has encountered many technical difficulties. In par

ticular, it is by no means simple to obtain the exact wave 

tunctions of the system and hence a knowledge of the exact 

correlation of the particles is normally not available. Con

sequently, various models and approximations have been in

troduced. For example, we may like to study the central 

portion of heavy nuclei. It will consist of almost equal 

number of neutrons and protons which are distributed uniformly 

inside the nucleus. A generalization of this configuration 

of the nucleons leads to the concept of nuclear matter. 

Nuclear matter is defined as a system containing 

equal numbers of neutrons and protons which fill the infinite 

space with uniform density. The normal density of nuclear 

matter is taken to be 0.17 nucleons/fm3 which yields a Fermi 

momentum kF = 1.36 fm- 1 • Of course, we have to switch off 

the Coulomb force. Otherwise a configuration of nucleons 

with mass num}jer much larger than 200 will be unstable. 

The many-body problem of an infinite system such as 

nuclear matter has some very simple characteristic features. 

27 
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There will be no surface effect, and translational invariance 

of the system implies that the single-particle wave functions 

are just plane waves. We can then use the methods described 

in Sec. 3 of this chapter to calculate the physical properties 

of the system. 

Although our works will be guided by those on pure 

nuclear-matter calculations, we will not study nuclear matter 

as a problem by itself. In fact, we assume that it has been 

solved by pure nuclear-matter calculations. Our main concern 

will be to investigate the nuclear-matter system with an imbedded 

. A particle. We hope that the studies of .this hypothetical 

system will provide further information on the basic AN in

teraction as well as the many-body effect in finite hypernuclei. 

The experimental basis of such a system will be dis

cussed in Sec. 2. We show that the binding energy of a A 

particle in nu~lear matter is around 30 MeV. In Sec. 3, we 

present various approaches to the many-body problems. It is 

interesting to examine the relation between the Bethe-Goldstone 

approach and the Galistskii method. Recently Bishop50 has 

claimed that these two methods are not equivalent. However, 

we shall show that they are essentially the same. 

§2 Well Depth of a A Particle in Nuclear Matter 

The Weizsacker semi-empirical mass formula can be used 

to deduce the binding energy of a nucleon inside nuclear matter, 

but for a A particle in nuclear matter an equivalent formula 
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is not available to extrapolate its binding energy. To circum

vent the difficulty, we make use of the following simple 

physical property of this A particle system. Since we are 

considering only one A particle inside the nuclear medium and 

besides it is distinguishable from the nucleons, the lowest 

energy leve~ available for the A particle will be at kA = O, 

where kA is the momentum of the A particle. Thus for the 

ground state, the A particle will stay at the bottom of the. 

potential generated by the interaction of the A particle 

with nuclear matter. Therefore, its binding energy is just 

equal to the well depth of this potential. Based on this 

observation, one can invoke the following procedures to extract 

the binding energy of a A particle in nuclear md.tter. 

One may try to reproduce the binding energies of 

various known hypernuclei by using a model potential for the 

A-nucleus interaction. The well depth of this model potentiai 

for a very large nucleus will then be identified as the A 

particle binding energy in nuclear matter. The procedures, 

which have heen used in the literature, are based mostly on the 

assumption that the range of the AN potential is much smaller 

than the radius of the nuclear core and the shape of the 

potential will therefore vary roughly according to the nuclear 

density. 

34Let us consider first the model of Walecka • Here, 

we assume that the depth of the potential well ia independent of 

the mass number and the adding of extra nucleons into the system 
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only causes the increase of the range of the potential, R, 


which is given by 


R;::; r (A-l)l/3 
0 

where A is the total mass number including that of the A 

particle; and r 
0 

= l.12 fm is a size parameter determined from 

the electron scattering of atomic nuclei such that 3/(4Tir 3)0 

. 9ives' the average nuc eon densi y • B so d ' we h1 •t 35 y oing, . ave 


generated a square-well potential and the binding energies 


of the hypernuclei will be given by34 


2·-2/3 
E(A) = D +TI A (l - ±. + L) (III-1)

A · 2 · 2
2MAro s s 

where S = [2ro 
2A213MAE(A)] 112 

• This equation was employed 

by Lagnaux et al. 7 to analyze the TI--mesonic decay of the spal

lation hypernuclei resulting from the K- capture of silver and 

bromine in nuclear emulsion. The events which they observed 

correspond to the hypernuclei with mass number 40 < A < 100. 

'l'he energy released by the process of TI-mesonic decay could 

then be used to calculate the binding energies of these hyper

nuclei. The best fit to their experimental data yields 

DA = 27±3 MeV. A refined experimental analysis by Lemonne 

et al. 71 gives DA = 27 ± L.5 MeV. 

It is also possible to extract the value of DA by 

the p-shell hypernuclei4114125136138 •studying the family of 


In this connection, the A particle is assumed to move in a 


Wood-Saxon potential well: 
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It is found that the binding energies of the family of the p-

shell hypernuclei can be fitted by the foliowing parameters : 

= 30.0 MeVVo 

R = l.OS(A-l)l/3 f m 
0 

s = 0.50 f m . 
0 

Thus the extrapolated well depth is DA = 30.0 MeV which is 

slightly higher than the value obtained from the studies of the 

spallation hypernuclei with 40 < A < 100. 

In the methods presented above, we have assumed 

that the shape of the potential follows roughly the nuclear 

density. Hence, the uncertainties in the shape of nucleon 

distribution Will in turn affect the uncertainties in the shape 

of .the potential of A particle interacting with the nuclear 

core. Recently Downs and Kunz 39 estimated these effects by 

considering the hypernuclei with A = 45~90. They found that 

the well depth should lie within the range of the values given 

below: 

27 < D < 35 MeV •... 
This is a rather large uncertainty. In addition, if three-body 

forces are important,which may well be the case for ANN 

system, the A~n~cleus potential may not be well represented by 

a Wood-Saxon shape19141 • Furthermore, it has also been pointed 
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out by Bhaduri et al. 41 that the present extrapolation ·pro

cedure depends on the smoothness of the curve E(A) as a f unc

tion of A-213 • In fact, because of the spin and isospin de

pendence of the AN force and the presence of ANN forces, the 

curve may not be very smooth for the p-shell hypernuclei. 

Explicit calculations including ANN forces on heavier hyper

. 29 41nuclei Asi and Aca show that the binding energies lie far 

below the extrapolation curve of the uniform model. 

Currently, most of the estimated well depths are 

around 27 ± 3 MeV. As a basis for our theoretical investiga

tion, we will accept this value as the "experimental" binding 

energy of a A particle in nuclear matter. 

§3 Methods of Calculation in Many-Body Problem 

Our analysis on the problem of a A particle in 

nuciear medium has benefited by the extensive works so far 

done on pure nuclear matter. The techniques of calculation 

for nuclear matter can be employed to study the well depth 

for a A particle. Of course, here the A particle is distinct 

from the nucleons and the eigen-state of each AN pair need 

not be antisymmetrized. 

Before we proceed to calculate the A-particle well 

depth~ we shall discuss briefly the following methods that 

are available in nuclear matter calculation: (a) Rayleigh

Schrodinger perturbation theory, (b) Brueckner theory, 

(c) Jastrow correlation approach, and (d) Green's function 
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method of Galitskii and Migda142 

(a) 	 ~ayleigh-Schrodinger perturbation theory 

The Rayleigh-Schrodinger perturbation theory is one 

of the simplest of all perturbation theories. The 

method is v~lid on the assumption that the interaction 

potential is weak. To see this; we will work out the pertur

bation expansion of this theory up to the second order. 

Suppose the Hamiltonian H of our Schrodinger equation 

can be separated into two parts 

and 

(III-2) 


(III-3) 


where l'Y > is the exact ground state wave function and E the00 

ground state energy of the total Hamiltonian. The unperturbed 

Hamiltonian H is chosen to have simple form so that its 
0 

Schrodi~ger eguation can be solved exactly to yield 

(III-4) 


where l$n> is the eigen-wave function of the unperturbed 

Hamiltonian with· the corresponding eigen-value Wn. As usual, 

the state wi·th n=O will be taken as the ground state. To 

keep track of the order of perturbation, we introduce the 

parameter A into the Hamiltonian, so that
0 

and A w~ll eventuaily be set equal to 1.
0 
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The perturbed wave function and energy level will 

now be written as 

(III-5) 

where l~i> and Ai are the ith order correction to the wave 

function and the energy respectively. Substituting (III-5) 

into (III-3) and comparing terms of every order of the expansion 

coefficient A
0 

we get 

<¢olH1l¢n><¢nlH1t¢0> 
wo - wn + •••• (III-6) 

where the prime over the summation symbol is to exclude the 

ground state from appearing in the intermediate states. 

From (III-6), we can obtain the A-particle well depth 

by considering just the contribution from the AN pairs. 

Assuming that H contains the kinetic energy part only, the 
0 

ground state of a A particle in nuclear matter will then be 

given by 

D = /I. 

+ ••••• (III-7) 
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where k.F is the ~ermi momentum of the nucleons; WN and WA 

are the single-particle energies of the nucleon and A respec

tively; and lkNkA> is the product of plane waves for the 

nucleon and A' particle with linear momentum kN and kJ\. In 

arriving at (III-7), we have used the fact that kA = O for 

the ground state of the. A particle, therefore the term, W
0 

, 

corresponding to the kinetic energy does not appear there. 

In the Rayleigh-Sch.rodinger perturbation theory, the 

expansion is one in powers of the matrix 

elements of the potential, and hence the series will conv~rge 

rapidly, provided the interaction potential is very weak. In 

the case of a potential with strong repulsive core, the theory 

breaks down because the series of the expansion diverges and 

each of the matrix elements tends to infinity when a hard 

core is usec. This imposes a severe restriction on its appli

cation. Nevertheless, Bodmer and Sampanthar, ar1d Bodmer and 

Rote12118 did apply the theory to the problem of the well 

depth of a. A particle as an illustrative calculation by using 

Yukawa potentials. 

(b) 	 Brueckner theory and Brillouin-Wigner 
Eerturbation theory 

The best known method in nuclear-matter calculation 

is based on the Brueckner theory43 Its mathematical foun

dation is iaid by the Goldstone expansion44 which is a linked

cluster perturbation series for the. ground state energy of a 
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many-body system. The physical contents of the theory and the 

method of calculation have been investigated extensively by 

Bethe and his collaborators. Reviews on nuclear matter 

calculations are available in the literature45 , and the method 

will be discussed briefly in this subsection. 

To begin with, we assume that only the two-body interac

tion is effective and the Hamiltonian for our many-body system 

takes the form 

H ;:::; .E T·
l. 

+ 
i 

where 

H. - E ('I' . + u.)
0 l. l.

i 
= E v .. - E u.Hl l.J J.i<j i 

Here, T • and V. . are the kinetic energy operatcr and the 
1 l.J 

two-body interaction potential respectively. u. is the single
1 

particle poter..tial which is chosen in such a way that it may 

cancel some of the higher-order terms in the perturbation 

series72173 and thus makes the lower-order expansion a better 

approximation. 

In a simplified version of the Brueckner theory, 

there is a so-called independent-pair approximation in which 

each pair of particles is treated independently70 and the 

rest of nuclear matter is supposed not to affect the (virtual) 

scattering of the pair. The particles inside the Fermi.sea 
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will serve or.ly as a background for the interaction of the pair 

and their sole effect is to exclude the independent pair from 

scattering into the intermediate states with kN ~ kF because 

physically all these states are occupied. 

Basically, the method is similar to .that of Rayleigh

Schrodinger. But instead of treating each term of the infinite 

series of ladder diagrams shown in Fig. 4 separately, we sum 

the whole series by introducing the Brueckner G-matrix. Here 

in Fig. 4, a wavy line stands for G and a dotted line for each 

interaction that is induced by a two-body potential v. Formally, 

kl k3 kl k3 kl k3 kl k3 v '\---/ "\---.-/
I1 I 

- I + I + I 
I + ... 

I I 1 I I 

~kA4 n I 

4 k2 k4 

kl k3 kl k3 v 
I 

I
-- I + 
I 

~ 

k2 k4 k2 k4 

Fig. 4 
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the G-matrix is defined by 

(III-9) 

where Q is the Pauli operator which will ensure that the momenta 

of the nucJ.eons in the intermediate states are larger than kF' 

and e is the energy denominator which is given by 

e = H - W (III-10)
0 

W is the starting energy which will be defined as the sum of 

the single-~article energies of the initial state of the pair 

of interacting particles. In this respect, we aay that the 

G-matrix is evaluated on the energy shell. This definition of 

the G-matrix is related to the choice of the single-particle 

potential u.. We hope that the choice would result in the 
l. 

cancellation of some higher-order diagrams. In connection with 

the Hartree·,Fock variational calculation, we may choose Ui 

self-consistently so that 

I I I 

U(kN) = ~ <kNkNjGjkNkN-kNkN> ( III-11) 
kN~kF 

where jkNk~> is the product of the single~particle wave func

tions of the Hamiltonian H • 
0 

Brueckner and Goldman72 and also Bethe, Brandow and 

. 73


Petschek found that the third-order diagrams qiven in Fig. 


S cancel each other if U(kN) is calculated on the energy shell. 
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(b) 

Fig. 5 

Of course, there are other third-order diagrams such as those 

shown in Fig. 6. However, nuciear-matter calculation done by 

(a) (b) 

Fig. 6 

Dahlblom74 shows that they are unimportant. Since the contri

bution from the self-energy insertion of Fig. 6(a) is small, 

the single-particle potential in the intermediate state will 

be taken as zero in the so-called standard nuclear-matter 

calculation. Following this standard procedure, Banerjee and 

Sprung66 have recently carried out a calculation on pure 

nuclear matter by using Reid's soft-core potential. Their 

analysis shows that the single-particle potential for the nucleon 
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with momentum less than kF can be represented by the following 

expression: 

. 2
U(kN) = (85.17-12.08 kN) MeV (kN<kF) (III-12) 

-1where the nucleon momentum kN is in fm • This single-particle 

potential w!ll be adopted throughout our works on the A-particle 

well depth. 

There are many advantages of introducing the G-matrix in 

nuclear-matter calculation. The matrix elements of G are 

finite even if we are dealing with a hard-core potential, and 

each G-insertion will account for an infinite sequence of lad

der diagrams of ail orders for the two-body interaction, as it 

is clearly shown in Fig. 4. Besides, the second-order diagrams 

of Fig. 7 are in effect already included in the first-order 

diagrams of Fig. 8 by the very definition of the G matrices. 

(a) (b)
Fig. 7 

e 

(a) (b) 

Fig. 8 

http:85.17-12.08
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Thus there is no second-order diagram in the Brueckner theory. 

Furthermore, the single-particle potential Ui is at 

our disposal so that we can make the third-order contribution 

vanishingly small. Therefore a mere consideration of the first

order diagrams may have its validity well extended up to the 

third order. In fact, most works on nuclear-matter calculations 

are done on the line of the first-order diagrams corresponding 

to Fig. a. The binding energy up to this order is given by 

<k k !Glk k -k k >. (III-13)mn mn nm 

Since nuclear-matter density in the unit of nucleons/ 

£m3 is much less than 1, it is justifiable to consider only 

the first-order Brueckner-Goldstone expansion45 • Indeed, 

Day45 has shown that each additional hole line to a diagram 

reduces its ~ontribution by a factor proportional to the nuclear 

density. Consequently, higher-order diagrams which inevitably 

contain more hole lines are unimportant. 

Enough has been said on the underlying principle of 

the Brueckner-Goldstone expansion theory. We shall turn to 

the studies of a specific example by using the nonlocal separable 

potential in which the G-matrix can be solved exactly. First, 

let us derive some of the fundamental formulae. Here, the 

Hamiltonian is again split into two parts so that H = H + H1 •0 

H is now purely the kinetic energy operator and H1 = v. 
0 
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Then 
(III-14)

H let> > w W let> >o n n n 

and 

Hl'l' > = E l'l' > (III-15)
0 0 0 

From (III-l-4) and {III-15), we have for the ground state 

(III-16) 

If we choose the normalization, <ct> 
0 

l'l'
0 

> = l, then (III-16) 

becomes 

(III-17) 

In order to calculate the ground state energy, we have to know 

1'1' > • From (III-15), we may split the total Hamiltonian to
0 

get 

(III-18) 

As (H -W ) l<t> > = O, we can rewrite (III-18) to get the Bethe
0 0 0 

Goldstone equation 

W -H l 
l 'l' > = o o 1~ > - H l'l' > o H -E ~o H -E 1 o 

0 0 0 0 

= let> > - H ~E Hlj'l' > (III-19) 
0 0 0 0 

where O is the Pauli operator which may be defined explicitly 

as follows 
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By an iteration of (III-19), the so-called Brillouin-Wigner 

perturbation expansion of the wave ·function can be generated. 

Multiplying this expansion or (III-19) by the operator H1 , one 

. gets 

= G[<I> > (III-20)
0 

where in the last line we have used the definition of the G-

matrix 

Q
G = Hl - Hl H -E G. 

0 0 

Consequently, the ground state energy given by (III-17) becomes 

(III-21) 

where <<I> !Gl<I> > is the diagonal matrix element of G.0 . 0 

To obtain an explicit expression for the ground state 

energy E , we w~ll now evaluate the nondiagonal as well as
0 

the diagonal G-matrix elements. For the sake of clarity, a 

superscript will be attached to each eigen-state to specify 

its energy eigenvalue. Multiplying (III-18) by <<l>~IH1 , 
we get 

<•~IH1I':>= <<1>~IH1l<I>:> - <<1>~IH1 H ~E H1l'~> 
0 0 
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We may now insert a complete set to the above equation to 

(III-22) 

where W(p') is the energy of the intermediate state and we have 

explicitly written down the p' dependence of the operator Q. 

We are now ready to Solve the G-matrix with the non

local separable potential of the following form: 

;::;~}.g tp) 9 (p I) (III-23) 

In order to solve (III-22) , it is convenient to define 

(III-24) 

Then with the aid of (III-24), the exact solution of (III-22) 

can be obtained if we use the nonlocal separable potential 

of (III-23). The result of this manipulation gives 

(III-25) 

where 

(III-26) 

Therefore,. given the form factor g(p) of a nonlocal separable 
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potential, one will be able to calculate the binding energy 

by the use of (III-21) and (III-25) • 

Of course, here we have the G-matrix element for only 

one of the independent pairs of particles. When the total 

ground state energy of a many-body system is required, we 

have to take a sum over all the possible pairs. For instance, 

the binding energy of the A particle in nuclear matter will be 

(III-27) 

where we have used the fact that the contribution from the 

kinetic energy is zero in this particular case. Since 

the sununation over the spin and isospin of nucleons has to 

be inciuded, a factor of 4 appears in (III-27) • 
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(c) Jastrow Approach 

The self-consistent method of Hartree-Fock 

cannot be cpplied to a system of particles interacting with 

strong forces, because the matrix element involved in such 

a calculation will be very large and it tends to infinity 

when a potential with a hard core is used. The flaw of the 

method lies in its assumption that the total wave function 

is just a Slater determinant of the single-particle wave 

functions. In the presence of strong forces, the product of 

single-particle wave functions .could be a very poor approxi

mation for the total wave function. On physical grounds, 

we expect that the wave function will be drastically modified 

at short distances and hence a strong correlation should 

occur. 

To ~>vercome all these difficulties, a procedure has 

been suggested by Jastrow47 • According to his suggestion, 

the wave function of a system of N particles is written as 

(III-28) 

• 
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where SC:i···!N) is the product of single-particle wave 

functions with the appropriate symmetrization for the system 

of particles: f (r .. ) is the correlation function which depends-l.J 
on the relative co-ordinates r.. and some arbitrary parameters.

"'l.J 
Physically, the wave functions should vanish inside the hard 

core and r6cover as plane waves at infinity. Therefore the 

correlation will be chosen in such a way that .it is zero inside 

the hard core and tends to l at large distances. 

To obtain the ground state energy of the system, we 

do a variation.al calculation for 

(III-29) 

until a minimum is attained by varying the arbitrary parameters 

iri the correlation functions. Here, HC:1 ···:N> is the Hamiltonian 

for the N-particle system. In order to obtain a meaningful 

result and to make our variational calculation to converge 

faster, it was found by Emery91 that it is necessary to impose 
11restriction on the correlation functions, such as 

(III-30) 

Otherwise, the correlation functions are completely arbitrary. 

One unsatisfactory feature of the method is that the calculation 

depends on the choice of correlation functions. 

Instead of suppressing the binding of a A particle in 

nuclear matter the Jastrow approach has consistently yielded a 

http:variation.al
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8111148well depth of 60 MeV or more , whereas the independent

pair approx.imation (IPA) version of Brueckner theory gives 

values at about SO Mev12 • In particular, using the same 

central potential, Ram and James8 obtained DA = 62.3 MeV for 

the Jastrow approach and DA = 46.4 MeV for the IPA. Thus 

there is a discrepancy of about 16 MeV between the two approa

ches. Attempts have been made to resolve the discrepancy 

76177 •without mucn success Since the two approaches look 

completely different, one has to be very careful to place any 

~u~gement by.comparing just their final results. It remains 

to be seen whether the Jastrow approach has too strong a 

correlation among the particles or the IPA does riot have 

enough of this sort.of correlation. 

(d) Galitskii method 

The Green's function method of Galitskii and Migda142 

has recently been used to calculate the A-particle well 

depth49150 • We shall outline the method in this subsection. 

The Green's function for a A particle is defined as 

- -+G.A· (x-x') = -i<'i' IT(A(x)A (x'))l'i' > (III-31)
0 0 

-where A(x) is the annihilation field operator for the A 

particle in the Heisenberg representation; l'l' > is the true 
0 

ground state; and T is Wick's chronological ordering operator.* 

In this subsection, the co-ordinates x and the momenta P, p, 
p', p1 and p2 are vectors in 4-space, i.e. x=(x,t), p=(p,p) etc. 

- - 0 



49 


We have shown in Appendix E that in the energy-momentum space, 

it takes the form 

(III-32) 

where p is the energy part of the 4-vector p; rA(p) is the
0 

so-called compact or proper self-energy of the A particle; and 

£ is a positive infinitesmal. Of course, there exists a 

similar expression for the nucleon. 

Let us consider the Feynman graphs of Fig. 9 which are 

actually the ladder diagrams for the self-energy rA. At the 

moment we shall neglect the correlation of the particle in 

the intermediate states. Thus we shall use the free-particle 

Green's function propagators for the A particle and the nucleon 

N in the intermediate states, namely 
.2 

0 p -1
GA(p) = fp0 - ~ + iE] (III-33) 

A 

G~(p) (III-34) 

where 

= { +l 

-l otherwise 

To evaluate rA(p), it is convenient to study first 

the Feynman diagrams of the scattering process shown in Fig. 

10. Here, we have used r to represent the totality of scat
0 
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tering processes in our graph. Comparing Figs. 9 and 10, 

we note that we can close the nucleon line of the latter to 

. get the former. 

Schematically, we introduce an integral equation for 

Fig. 10, 

iro<P1•P2•P3•P4) - iV(P1•P2IP3•P4) - J 

(III-35) 

It has been shown by Migdal that the f 0(p1 ,p2 ;p3 ,p4) here is 

just the scattering amplitude42 • Since the total momentum is 

conserved for each pair of particles, f 0 can be expressed in 

terms of the total momentum P and the relative momenta p and p' 

in the ·centre ot mass system, where 

p = P1+P2 = P3+P4 

1p ~ (~pl-MAp2)~+MA 

' 1 (III-36)~+MA (~p3-MAp4).p = 

Furthermore, to be consistent with the requirement of conserva

tion of total momentum, we have 

which is a function of the relative momenta only. Then (III-35) 
I 

and (III-37) imply that r is independent of p and p • Hence 
0 0 0 
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I 

• 

we can introd~ce a new notation 

(III-38) 

Before we solve (III-35) , we have to evaluate the 


integral 


~dqo o o 

I ='t'T21Tf GN(p2+q)GA(pl-q) 

c 

where the contour c consists of the whole real axis and the 

iµfinite semi-circle on the lower half-plane; and the inte

. gration is performed in the clockwise direction. Explicitly, 

we have 

=t~~) 
+ ie:c 

and the only contribution comes from the pole 

<~2+~) 2 
qo = -p20 + 2~ - ie: sgnCl~2+~l-kF) 

provided l~~+~l>kF. Thus, (III-29) becomes 


d3 

__q...,.3 r (p-q,p' ;P) <plV!p-q> 

f (2~) 0 - - ' - 

(III-39i 
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where we have used ~-~ for the r~ative momentum of ~ -~ and1
~2+~, and the fact that p2+q = MN+MA P-p+q. The step function 

e is defined by 

e (x) if x>O 

otherwise 

and we have set 

(p-q)2 

2µ 

+ iE 

+ ie: 

where µ is the reduced mass of the AN system. By changing 

the integration variable and introducing 

p2 
& = p - .........~---,..,,.,,--.~ (III-40)

o o 2(MN+MA) 

we obtain from (III-39) 

(III-41) 

where ~ = ~/(~+MA) . If the nonlocal separable potential 

of (II-5) is used, we can solve (III-41) exactly to get 

(III~42) 

where 

(III-43) 
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The self-energy a(e1 ,e2> for the A particle of momentum el 

which interacts with the nucleon of momentum ~2 is now given by 

a-it~~~~ GN(P2lf o(P1•P2>P1•P2l 

A.9
2 Ce>eCkF-IP2 1> 

(III-44)= - l -A. J"(P )~ 
0 

where we have to close the contour c in the upper half-plane 

because here a nucleon hole line is involved. rn arriving 

at (III-44), the exact Green's function for the nucleon has 

been used. Since we have 

+ iE sgn([p2 i-kF)]-l (!II-45)-
of (III-44) takes on the valuep20 

p2 

P20 = 2~ + LN(p2). (III-46) 

In practice, ~he self-energy LN(p) of a nucleon inside the 

Fermi sea w~ll be taken from pure nuclear-matter calculation. 

To obtain the proper self-energy of the A particle 

in nuclear matter, we have to sum a(~1 ,e2 > over all the possible 

AN pairs. Therefore 

I 8 (kF-1 e2 I) g2 (~) d3p2 
(III-47)= - 4A 

1 -). J"(P) (27T) 3 
0 
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We can now close the external A particle line to get the 

binding en~rgy of the A particle. It follows that 

(III-48)-DAtfl) = -i.~~:;~ GA(pl)tA(fl) 

c 

where the Greer.'s function for the hole is given by 
2 

~l -1 (III-49)G~(pl) = [plO - 2MA - ~A(pl) - iE] • 

Consequentl~, we have 

(III-50) 

with 

(III-51) 

The well de;th can then be identified as 

(III-52) 

As for the energy denominator that appears in (III-50), 

we recall that 

J" (? )
' 0 = I 

d3g. 
(271')3 

(III-53) 

and 

£ 
0 

But from (III-·46) and (III-51), we have 
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p2 2 
p = -1 + e2 

r.A (pl) + r.N (p2)
0 2M1\. 2~ + 

2 p2e = -+ - + r.A(pl) + r.N<t:2)2µ 2 ™N+MA) 

which implies that 

(III-54) 


Hence J"(P ) of (III-53) and J' (E ) of (III-26) are exactly
0 0 

the same ex=ept for the normalization factor cf (2TI) 
3 • This in· 

turn implies that (III-27) and (III-52) are equivalent. We 

conclude therefQre that the well depths obtained from the method 

of Brueckner-Bethe-Goldstone and that of Galitskii-Migdal are 

identical. 

It ls possible to improve the Galitskii method by 

modifying the self-energy diagrams of Fig. 9. We may include 

the correlation of the. A particle in the inter~ediate states 

with the sea of nucleons. This can be done by considering 

diagrams of Fig. 11. In this respect; the G~(p) that appears 

--':loo..-- - ,,,__ 

-v'V"\.f\., :. VAN - -·).-

Fig. ll 
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in (III-35) should be replaced by the exact Green's function 

GA of (III-32). We find that the detailed calculation is 

exactly similar to the case with the use of free A-particle 

Green's functic:>n and all the formulae remain the same except 

for G' which now becomes 

(III-55) 

Thus the energy denominator is further modified by the ap

pearance of the self-energy rA(p) in the intermediate states. 

'l'o ca.lculate the A-particle well depth, we have arrived 

at a self-cGnsistency problem. If we do not consider correla

tion of the A particle with the nucleons in its intermediate 

state, we have to calculate J"(P) self-consistently only
0 

for the self-energy of the A particle in its initial state. 

In this case, so far as the. A particle is concerned, only its 

. ground state ~nergy will appear in the energy denominator. The 

. ground state energy in this approximation is usually referred 

to as the en~rgy gap parameter. 

Certainly, a correct treatment of the problem should 

be such that correlation in the intermediate states be included. 

Then a self-consistent calculation of the self-energies for 

both·the initial and the final states is required in the 

energy denominator. 



CHAPTER IV 


SINGLE-2ARTICLE-ENERGY SPECTRUM OF A A PARTICLE 
IN NUCLEAR MATTER 

§1 Introduction 

The extr.apolated experimental well-depth of a A 

particle in nuclear matter is found to be 27±3 Mev7171 , but 

model calculr.t.ions using simple central potentials without 

short-range repulsion that fit the low energy AN scattering 

data or the binding energies of the s-shell hypernuclei have 

invariably yielded values of well depth in betweEm 50 and 60 

Mev12 • This discrepancy has provoked many theoretical specu

lations. As w~ have mentioned in Chapter I, the disparity may 

be caused by ~verlooking the following effects 

in our simple model: (i) tensor forces; (ii) repulsive core; 

(iii) isospin suppression; (iv) three-body forces and 

(iv) rearrangement energy. The prospects of arriving at a 

reconciliation be·::ween the theory and the experiment by im

posing these r~~pective effects in our calculations have al

ready been di~cussed in Chapter I. we shall in particular 

study the effe<:t of a repulsive core in this chapter. 

From the analysis of the NN scattering phase shifts, 

we learn that there exists a repulsive core in the basic NN 

interaction. If ba~yon-baryon interactions possess a universal 

58 
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feature in their interactions as is suggested by the SU(3) 

invariance, it is natural to include a repulsive core in the 

AN interaction~ We shall use a two-term nonlocal separable 

potential to e-::arnine the effect of a repulsive core on the 

A-particle w~ll depth. 

In t.he preceding chapter, we have shown that the 

calculation of the well depth of a A particle in nuclear matter 

is a self-consistency problem. In a crude approximation we 

may ignore the correlation of the A particle with the nucleons 

in the intermeaiate states, the energy denominator should then 

be calculatec1 self-consistently with the presence of a gap 

parameter. 'J1~1is gap parameter is just the well depth because 

it corresponds to the single-particle-energy of the A particle 

in the ground state. On the other hand, the intermediate 

states of the A particle may be modified through a correlation 

of the particlas inside the nuclear medium. In this respect, 

the single-pc..rticle-energy spectrum of the A particle will 

also have to be. calculated self-consistently in the inter

mediate states. 

Before discussing the problem of the /\.-particle well 

depth, we shall express the scattering length and effective 

range in terms of the potential parameters of a nonlocal separable 

potential of r~nk two. Then we can use the low energy scat

tering parameters to determine a potential for t~e. AN interac

tion. 



60 


§ 2 AN Scatt.~ring: in a Nonlocal Separable Potential of Rank 'I'Wo 

Let us assume that the AN interaction is represented 

by a nonlocal se?arable potential of the following form: 

(IV-1) 

where the for~11 factor g. (k) is taken to be 
J. 

, i = 1,2 

and Ai and Si are constants to be determined by the AN scat

tering data. 

Accoruing to Appendix A, the wave function is given by 

2 A. Z. g. (p)
1 1 11/Jk (p) = o(p-k) - 2µ I 

2 
(IV-2) 

i=l k 2-p + ie: 

where 

z = {gl(k) [B22 (k)A +1] - g (k)B12 CkP. 2}/Ll' {IV-3a)
1 2 2 

Z2 = {g2 (k) [:B1.l (k) Al+l] - 91 (k)B21 (k) A2}/Ll I (:i:V...;3b) 

and 3 g. (p) g. (p} 
B.. (k) = 2µ d p 1 J (IV-3d) 

J.J k2-p2+ie:I 
Consequently, we obtain for the scattering amplitude 

···> ia . ~ " f {k = e s1nu1 :-:. 

:1;:r 2-µ r 
2 

.<Z.g.(k) (IV-4)
i=l ..:.. 1 1 

2= 2'1T N/D 



61 


where 

and 

R ..
1J = Rij (k) 

The reduced mass of the AN system is denoted by µ, and the P in 

front of the integral stands for the principal part of the 

integral. Using the relation kcoto = -1/a + r k2/2 for the 
0 

scattering ler.gth a and effective range r , we get
0 

B1+B2 
a = 2 a S .~ (IV-6)

1 2 z 

(IV-7) 


where 

2 4 4 y = yly:?(S1-B 2) - (S1+B 2) (y1 B2 + Y2B1) 

. 2 2 3 . 3 3 z = Y1Y2lB1-B2) - CB1+B2> {y1B2 + Y2B1 - \$1B2> } 

2 2 6 6y' = Y1Y2<B1-B2> {2(B1+B2> -3B1B2}-2CB1+62) (y1B2 +y2Sl) 

I 2 2 2 5 5Z I = Y1Y2·e1-S2) {3CB1+B2) -2S1B2}-3(S1+B2> (y1B2 + Y2B1) 

and 

, i = 1,2 • 



62 

The potential parameters A and a can now be fitted to 

the average scattering length and effective range of (II-3) • We 

have four parameters at our disposal. We first assume some 

reasonable value~ for the range-parameters a1 and a2 • Al and A2 
are then deteniined. We take A1 > 0 and A2 < 0 so that they 

correspond tc, attractive and repulsive part of the potential, 

respectively. For S's,we assume < so that the range ofa1 a2 
the attractive part is longer than that of the repulsive part. 

In our calculation, we take ~ = 938.9 MeV and 

MA = 1115.6 MeV. The values of the potential parameters are 

displayed in T~ble II. In the last column of the table, we 

indicate the energy Es at which the AN scattering phase shift 

changes sign ln the centre of mass system. Thus far, experimental 

value of Es is still not available because the scattering data 

are too meagre to yield a definite value for Es. Once Es is 

known experimentally, we have less ambiguous choice among the 

phenomenologic.-11 potentials. 

§3 A Particlo in Nuclear Matter 

In nuclear matter, all the states of the nucleons 

below the Fermi momentum are not available for scattering, 

therefore we have to impose a restriction due to the Pauli 

exclusion principle in the intermediate states. In this con

nection, the ~ethe-Goldstone wave function may be obtained by 

a slight modiflcation of (IV~2). We should have therefore 
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/...Z!g. (p) 
1 J. J. (IV-8)e(p,k) 

where Zi' is obtained from (IV-3) by replacing B.. (k) everywhere
l.J 

by 

(IV-9) 


Here Q(p) is the Pauli operator and e(p,k) is the energy denomi

nator to be dP.fined later. 

We can now solve the G-matrix to get 

(IV-10) 
= N'/D' 

where 
. 2 I 2 I I 2

N' = -t..l/..2[glrk) B22(k)+g2(k) Bll(k)-2gl(k)g2(k)Bl2(k))+t..lgl(k) 

+. A2g2 (k) 2 

and ~k is the relative plane wave state of the AN system. 

Thus the single-particle energy of a A particle in 

with 

nuclear matter is given by 

(IV-ll) 

(IV-12) 


Here ~ and KA ~re the momenta of the nucleon and A particle 
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respectively. Hence the relative momentum k cun be written ,.. 

as 

where 

The ground Etate of the A particle can now be ).dentified as 

(IV-14) 

I 

'l'o calcu.late the G-matrix, we have to evaluate Bij (k) 

of (IV-9). I~s integration can be done with the help of the 

~esult work&d out in Appendix B, ie. 

-kF+XNK 2 
+ 6(-kF + XNK) p dp]

J 
0 

where ~ = ~ + ~A is the total momentum. 

Now, the energy denominator that appears in (IV-9) has 

to be specified. We define 

(IV-15) 

where AUN and AUA are the differences between the intermediate 

and initial single-particle potential energies of the nucleon 

and A particle respectively. As for AUN, we adopt the standard pres
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cription in r.uclear-matter calculation by setting UN~O in the inter

mediate states. In accordance with (III-12) ,we have 

lUN = (8S.17-12.08 ~) MeV 

~ {0.4316-0.06122 ~)fm-l (~<kF) (IV-16) 

Now the A particle may be treated in the same way. By so 

doing, we have 

which is refarred to as the gap parametsr. Certainly, this 

has to be calculated self-consistently. 

In addition we may like to include correlation in the 

intermediate states for the. A particle. Then the result of 

(III-SS) indicates that the single-particle-energy spectrum 

EA(kA) will al~o appear in the intermediate states. Consequent

ly, EA(kA) or ~A(kA) must be evaluated self-consistently in 

the energy dsnominator for the initial states as well as the 

intermediate states. It is rather difficult to achieve an 

exact self-consistency. However, we find that DA(kA) can be 

well represented by 

(IV-18) 

where n is a {•Onstant. The error involved is about 1% or less 
2 . -2for kA < l.S ~m • For larger values of kA' the form of (IV-18) 

is less accurate, but DA' the binding energy of A particle, is 

http:8S.17-12.08
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not sensitiv~ to DA(kA) at large kA. Hence we shall use (IV-18) 

in our calculation. In this case, we get 

-npA2 -nk2 
= -D e + D e A {IV-19)A A 

where pA is t~e momentum of a A particle in the intermediate 

states. 

§4 Results of Calculations 

We have considered two sets of potentials. "rhos·e of 

the first set fit a and ro of (II-3) , while those of the second 

set were given by schick80 , who chose to fit a = -1. 95 f m 

and r 
0 = 3.SC fm. The values of the potential parameters, S's 

I 

i 

and r's, are listed in Tables II and III. As is seen from the 

energy where the phase shift changes sign; the strength of the 

short-range repulsion becomes weaker in the order of I, II, III 

and IV in the first set, and A, B, ••• and Nin the second set. 

Potentials IV and N are of rank one and have no repulsive part 

at all. 

Thesfl potentials can now be applied to (IV-12) to cal

culate PA(k/I.). We first consider the case where AUA is given 

by (IV-19). In the representation DA(kA) ,= DAexp[~nk~], the 

first approximation of DA is obtained by setting AUA = 0 in 

(IV-15). In the next and subsequent iteration 

. 2 2


AUA = DA{exp(-nkA) - exp( -npA)} is used. DA and n are adjusted. 

until a self-~onsistency is achieved within 1% for the range 

k2 < -2of A 1.5 fm • Normally, about three iterations have been 
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enough for our purpose. 

We have iisted the values of DA and n for various po

tentials in T~ble IV. As a reference for comparison, we include 

also the va:.ue B which is the well depth of a A particle in
0 

the case wh~re ~UA = O. B is of course the crudest approxi
0 

mation for the well depth because the A particle is taken to be 

free both in the initial and the intermediate states. Because 

n is quite small, we may expand UA(kA) of (IV-18) with respect 
·~ 

to n for small values of kA. The single-particle energy of 

the A particle then becomes 

where 

(IV-21) 

In this context, we have obtained an effective-mass approxi

mation for the single-particle-energy spectrum. Certainly, 

a Gaussian approximation in the form of (IV-18) is better than 

an effective-mass approximation. As we expect physically, 

EA (kA) at higl, energies should be dominated by the kinetic 

energy term~ Notwithstanding, the value of the effective mass 

MA* for various potentials are listed in Table IV. 

In Table v, we show the values of the well depth B
9 

obtained from an energy-gap approximation. Here,we assume 
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that ilUA = DA. 

There is another version of the methods of approxima

tion. One t~kes the effective masses that appear in the single

particle-en~rgy s~ectra literally50 and replaces all the 

physical masses in the Hamiltonian as well as in any relevant 

formulae by these effective masses. Of course, the effective 

mass is only meant to be a convenient approximation for the 

shape of the single-particle-energy spectrum. Assigning a 

definite physical content to this value may overstress its 

importance. Nevertheless, calcuiations in this fashion are 

often found .n the literature. To see the outcome of such an 

approximation, we have calculated the well dep~h Bm by setting 

e (p, k) - 0.4316+0.06122 ~) (IV-22) 

Here M~ will be calculated self-consistently. According to 

(IV-22), ~ * = 0.6319 ~ when the nucleons are below the Fermi 

sea. In the intermediate state, we have ~ = ~ because 

we assume that the nucleons are then free. The results of our 

calculation for Bm and M~ are shown in Table V. 

§5 Conclusion 

Our results of Table IV indicate that B -DA is larger
0 

for stronger i:·epuls i ve core. For a weak repulsive core, B - DA
0 

is negligibly small. Therefore whenever we are dealing with 

a strong repulsive potential, the single~particle-energy spec
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trum has to be treated properly. With reference to a simple 

one-term nonlocal separable potential such as ~otential IV or 

N in Table IV, the suppression effect of the repulsive core 

can be as large as 10 MeV which suggests·that this effect may 

play a very important role in the status of a A particle in 

nuclear mattar. A further detailed analysis on the AN scat

tering phase shift is necessary to confirm such an indication 

because its effectiveness depends on where the phase shift 

changes its sign. 

The ~~11 depth calculated with the energy~gap approxi

mation is on the average about 0.5 MeV smaller than that calcu

lated with toe use of single-particle-energy spectrum. This 

can be seen by comparing DA and Bg of Tables IV and v. Thus 

a self-energy insertion in the intermediate state of a A 

particle does not make a major contribution. A similar con

clusion has also been reached in pure nuclear-matter calcula

tion74. 

In a.n effective-mass approximation, a drastic 

suppression effect is possible to attain,provided we take the 

effective mass literally. For instance, comparing the well 

depths Bro' s of P'.>tentials A and N in Table V, we obtain a 

suppression cf about 30 MeV. However, we mentioned before 

that this apFroximation procedure is not justifiable. 
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Table II 


Potential parameters of the AN interacticn 


-1Potentials al (fm ) s2 Cfm-1 ) J. (fm-2) ->.2(fm-2) Es (MeV)1 

I 3.27 4.0 51.133 2842.9 82.8 

II 3.20 3.5 36.126 55.848 84.9 

III 2.80 3.0 10.948 13.915 93.4 

IV 1.4663 0.033867 o.o 00 

Table III 

Potential parameters.of the AN iuteraction adopted
from Schick~rn 

>. -2Potentials S (fm-1 ) S (fm-1 ) >. Cfm-2) - 2 (fm ) E (MeV)1 2 1 s 

A 3. ).250 10/3 363.77 2146.l 65.8 

B 2.9851 10/3 59.745 151.48 66.3 

c 2.8571 10/3 22.364 57.588 67.0 

D 2.1053 10/3 0.66242 3.2609 77.4 

E l.6260 10/3 0.098660 0.63519 116.6 

00N. 1.3060 0.024462 0.0 

http:parameters.of
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Table IV 

A-particle well depths and parameters for the 
single-particle-energy spectrum 

Potentials B (MeV) DA (MeV) 
0 

I 

II 

III 

IV 

A 

B 

c 

0 

E 

N 

45.80 

49.78 

52.22 

so.as 

44.69 

47.50 

49.54 

55.25 

55.18 

53.99 

41.53 

47.55 

51.68 

50.48 

38.38. 

42.21 

45.21 

54.60 

54.98 

53.60 

0.190 

0.171 

0.155 

0.116 

0.264 

0.255 

0.239 

0.193 

0.163 

0.138 

0.689 

0.682 

0.685 

0.749 

0.633 

0.618 

0.618 

0.623 

0.661 

0.702 
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Table V 

A-particle well depths in the energy-gap and the 
effective-mass approximations 

Potenti~is B (MeV) *Bm (MeV) MA/MA9 

I 41.13 27.84 0.770 

II 47.26 39.62 0.741 

III 50.91 48.56 0.744 

IV 49.95 47.42 0.838 

A 37.95 17.07 o. ·1oa 

B 41.93 23.82 0.679 

c 45.00 29.90 0.656 

D 54.53 52.75 0.644 

E 54.72 53.04 0.717 

N 53.14 50.43 0.795 



CHAPTER V 


A-PARTICLE WELL DEPTH IN THE TWO-CHANNEL FORMALISM 

§1 Introduction 

In this chapter, we will examine another aspect of 

the supprescion effect in the well depth of a A particle in 

nuclear matt~r. Here, we will study the effect of EA con

version in the so-called two-channel formalism. In this for

malism, the inelastic process. AN ~EN is treated explicitly. 

In addition, it takes care of not only the isospin suppression 

effect in an isospin saturated system but also the effect of 
. 19

three-body A~'!N forces • Some detailed discussion on this 

point has already been given in Chapter II and it. will not be 

elaborated here. 

As we know, in the one-channel formalism, only the 

scattering data of AN ~ AN have been used to fit the potential 

parameters an~ nothing can be said on the process AN ~EN. 

When we are working in the two-channel formalism, besides the 

scattering data of AN ~ AN, the potential parameters must now be 

consistent with the scattering data of AN-<--> EN a:id EN -+- l:N • 

Therefore, by so doing, we can derive a less ambiguous phenomeno

logical potential. Since the scattering data for the hyperons 

are scarce, especially at high energies, we are still left with 

some uncertainty on the potential parameters. However, this 

73 
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difficulty has been relieved to a certain extent by the recent 

discovery oi a 3s Ap resonance below the EN threshold61162 , 

though the n1ass M* and the width r of the resonance have not 

yet been determined very accurately. 
61 62Currently, there are two sets of A p resonance data ' 

namely: 

i 

(A) M* = 2126 MeV , r < 10 MeV 

(B) M* = 2110 MeV r ~ 20 MeV 

The ambiguity in the potential parameters is greatly reduced 

by the requireme,1t that the resonance be r~produced by the 
' 

potential. In passing, we would like to mention that the Ap 

resonance is the first baryon-baryon resonance ever observed 

experi:mentallf. It may be interpreted as a quasi-bound state 

of EN due to a strong EN attractive interaction. Indeed, 

meson-theoretical potential models which reproduce the Ap reso

nance as a quasi-bound state of EN in the 3s state have already 

been proposed33 
r 
63 • 

Since it will be interesting to investigate the outcome 

of various models with different physical boundary conditions, 

we shall present the results on the calculated A-particle well 

depth with and without the Ap resonance being taken into ac

count. In the following, we shall follow essentially the works 

of Nogami and Satoh22 • 
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§2 Model Potentials in the 'I'wo-channel Formalism 

We will use a simple one-term nonlocal separable po

tential for each stage of the interactions: Nl + AN, AN~ EN 

This simplified feature of the potential will 

enable us to have a clear picture on the effect of a potential 

in the two-channel formalism. Thus the potential in momentum 

space is taken as 

<k!VArlk'>[<klVAAlk'>
<k!Vjk'> = 

<kjVEAlk'> <klvrrlk'> l (V-1) 
I 

-AAgA(k)gA(k') .-AxgA(k)gE(kE) 
= I 

-AxgE(kE)gA(k') -ArgE(kr)gE(kE) 

Here, AA' AX and AE are the strengths of the potential; 
: 2gi(k) = l/(k +Si) with i =A or E. The Si appearing in the 

form factor g1 (k) is the inverse of the range cf interaction for 

the respective channel. One should also note t~at k stands for 

the relative momentum of the AN system and kz for that of the 

EN system. In our calculation, the potential parameters will 

be chosen in s~ch a way that the calculated scattering cross-

sections for the various channels are compatible with the 

experiment data. Furthermore, if we consider the Ap resonance 

as well, the potential has to reproduce the resonant data. 

In order to derive a relationship between the scat

tering cross-sections and the potential parameters, we have to 
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solve the Schcodinger equation 

"' (T + V) 'l' = E'l' CV-2) 

with 

; T = (TA ol 
o Tr 

and 
'ii 2 

'I' = - E 
E 2µE 

Next, the 2x2 matrix equation of (V-2) can be written as two 

coupled equations 

(V-3)(TA + VAA)~A + V AE~E = EA~A 


{'I'r + Vrr>~r + VEA~A = (EA-A)~E (V-4) 


where t:. =Mr-·MA. When a nonlocal separable potential of the 

form given by (V-1) is used, (V-3) and (V-4) bscome 

(~ E )11.k(p) ' g (p' J gA(p')•'•kA(n')d3p'~- A ~l . - AA A l . ~ ~ 

(V-5) 

I kL I, 3 I 

- "r9 r<P>:> gr<Pr>~r <Pr'd Prf 

(V-6) 
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k2 
According to Appendix C,where EA = ·- and EA -!::. = 

2JJA 
the scattering solution of equations wit.h AN as the 

entrance channel will be 

"'~ (p) = (V-7) 

{V-8) 

where 

TEA(pE,k) = 4~ 2JJrAxgA(k)gr<Pr)/D(k,kr) 

d(A) ~ AAAE - A~ 

with 

and 

Here, the energy denominators for scattering are defined by 

~A(p,k) = (p2-k2-iE)/2µA 

er<Pr,kr) = (p~ - k~ - iE)/2µr • 

The physical meaning of TAA(p,k) and TEA(p~,k) can be 
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better understood if (V-7) and (V-8) are Fourier transformed 

into the· co-ordinate space. -Then the asymptotic wave func

tions becorre:: 
ik•r 

- -A (V-9)1J> A "' e 

In getting ('7·10) ,we have assumed that k~ > O. We see that 

TAA(k,k) ani 'l'EA(kE 1 k) are just the scattering amplitudes of 

AN -+ .11.N and. AN + EN respectively. 'I'hey are related to the 

total scattering cross-sections by64 

. 2
a(AN+AN) = 41T ITAA (k I k) I (V-11) 

a(AN+E~) = 41T!TEA(kE,k) j 2 CvE/vA)0(EA-~) (V-12) 

where vE ane vA are the relative velocities of EN and AN 

respectively; and the step function 0(EA-~) will ensure that 

the scattering process of AN -+ EN can occur only when the 

total energy of the system is above the EN threshold. 

Suppose EN is the entrance channel, we then arrive 

at another set of total scattering cross-sections: 

2 
a (':N-+EN) =4'11' I TEE (kE ,kE) 1 (V-13) 

2a(EN-+AN) =4w!TAE(k,kr) 1 <vA/vr) (V-14) 

Here, TEE(kE,kE) and 'l'AE(k,kE) are obtained from TAA(k,k) 

and TEA(kE,k) by changing A into E and vice versa. In the 

above manipulation, one should note specifically that k actually 

stands for kA. 
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At lcw energies, the phase shift o for the entrance 

channel AN ~s real and is related to the AN scattering amplitude 

by 

(V-15) 

This will allow us to obtain the scattering length a and the 

effective ran~e r by the relation
0 

kdoto = - l/a + 2 
1 r k·2 + ••.

0 

If we assume that the ranges of the interactions are equal, 

i.e. SA = Br = a, we have from Appendix c 

i l a3[a(e+K'>2-rrl 
- = 2 S{l - 2 } (V-16) 
a yAS{S+K') -d(y) 

3 4 µry~SS(S+K') 
(V-17) 

ro :=a- aS2 - µAK' [yAS(S+K')2-d(y) ]2 

2 2 2 ~ 
where YA = 27T µAA.A' Yr = 27T µr'Ar, Yx = 27T (µAµr) A.x' 

d(y) = 'YAYr-Y~ and K' = (2µrti)~. Again, we will fit the low 

energy scatterjng parameters a and r 
0 

by their spin average 

values given by {II-3). The masses are taken to be~= 938.9 

MeV, MA = 1115.6 MeV and Mr = 1193.l MeV. Besides the scat

tering cross-section of the entrance channel, the potential 

parameters must also be chosen in such a way that they are 

consistent with the experimental scattering cross-sections 

a{rN + rN) and.cr(EN +AN). 
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Thus far only meagre data on the scatt~ring cross

sections for L-P and E+p are available. Most of the data analysed 

are within the range of the momenta pE = 110 ~ 170 MeV/c 

in the cent~e of mass system. Let us quote the values for 

PL = 150 MetJ/c. 

cr(E-p+ E0 n)= 111±19 mb 

cr(E+p+ E+p)= 203±117 mb • (V-18) 

However, some of these are not pure isospin scattering cross

sections. Under the hypothesis of charge independence, there 

are only two independent amplitudes which describe the scat

tering in all the charge states of EN scattering. 'l'hese are 

the isospin I = 2l and 2 
3 amplitudes, because the E-hyperons 

belong to tr.e I = l multiplet and the nucleons to the I = 1 
2 

multiplet. Since the AN system consists only of the isospin 

lI = ~ state, the contribution to the total scattering cross-

sections of (V-18) from the I = ~ state should be abstracted. 

Therefore, we sha.ll analyze the scattering in terms of the pure 

isospin scattering amplitude. 

First 4et us consider the scattering process 

E -p+ E p. 
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Its total scattering amplitude<I:-pj'I'EEIE-~may be expanded 

in terms of the isospin state jI,Iz>' thus 

<Cp!TEI:IE-p>= EI' <E-P!I,Iz><I,Izl'I'tEII 
1 

,I~><I' ,I~IE-p> 
I I I 

Iz,Iz 

Since the ia~spin is conserved in the scattering and the scat

tering amplitude does not depend on Iz' we write 

E p>= E<E -, i<E -,p TEE 1- p I,- l
2 ><I ITEE II><I,-2lt - p> (V-19) 

I 

In this equation1 we have put down explicitly I of E-p, which z 

is -j. The v~lues of the Clebsch-Gordon coefficients <E-plI,-~> 

can be founct in Condon and Shortley87 • Then (V-19} becomes 

(V-20) 

A similar procedure leads to the scattering amplitudes for 

- 0 + +E p+r n and I: ~+ E p. The results are: 

(V-21} 

(V-22) 

Since the scattering cross-section is proportional to the 

square of the absolute value of the scattering amplitude, we 

get 

(V-23) 

where a 2I = l<IjTI:EII>j 2 is the pure isospin scattering cross
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section. From (V-22) and (V-23), we obtain the I = ~ scat

tering cross-section, 

(V-24) 

If we ignoro the errors for the moment in (V-18) , we get 

O'l = 362 mb • 

Because of the errors in (V-18), o1 may be as small as 200 mb, 

or as large as 500 mb. such a large uncertainty on o1 will 

induce a con&iderable uncertainty in the potential parameters. 

One can only hope that more scattering data on the hyperon-nucleon 

scattering will be compiled in the near future so that the error 

is reduced. 

§3 Nuclear Matter 

After the potential parameters have been fixed by 

using the free scattering data, we can proceed to solve the 

Bethe-Goldstone equation in the two-channel formalism. We 

write down again some of the basic relations for the G-matrix. 

'l'hey are: 

and 

G~ = V'l' I. 

Of course, we are now dealing with a two-component wave function. 

Hence 
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and 

where ~A is. just the plane wave state of the AN system and 
I I .

$A and $r are the AN and EN components of the Bethe-Goldstone 

wave functions. Except for the presence of the Pauli operator 

Q, the Bethe··C':ieldstone wave functions tak~ the form of (V-7) 

and (V-8). To be explicit, we have 

(V-25) 

(V-26) 

The scattering amplitudes T~A(p,k) and T~A(pr 1 k) are obtained 
I 

from TAA(p,k} and TrA<Pr 1 k) by changing JA and Jr into JA and 
I 

Jr· And we define 

I 
'J

A 

I = f d3P 2 ( ) I I ( k ) (V-27)Jr O gr P er _p, r 

The angular integration of these integrals can be evaluated 

by using the .":."esults of Appendix B. As for the energy denomi

nators, we take the same UN(k) as in the preceed1ng chapters. 

For simplicity; the A and the r hyperons are taken to be free 
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in the initial and final states. In view of our calculation 

demonstratej in Chapter IV, it is justifiable to make this 

simplification, because the potential considergd here con

tains no repulsive part. Thus we have 

We •::an now evaluate the G-matrix. It may be written 

as 

<kjGjk'> <~kjGj~k'>= 
I 

= <~kjVj\f'k > 

k k . •k'I •k' . (V-29)""'<c? A VAAIV>A > + <<PA IvM: I1JJ l: > 

Together with (V-1) , (V-25) and (V-26) i it yields 

(V-30) 

with 

When we sum thG G-matrix over all possible nucleon states, 

we get the A-particle well depth 

4 3I <kjGjk>d k (V-31);-;: 
k<xAkF 
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where xA = MA/(~~+MA). To obtain (V-31), we have used the 

relation k = ~~/(~+MA)~A + MA/~+MA)~ and the fact that 

k = 0 for the ground state of a A particle in nuclear matter.-A 

§4 Results of Calculations 

We display the potential parameters in Table VI. 

Here, potential III and IX are adopted from Schick and Toepfer23 • 

We do not ta:ce into account the 3s resonance of Ap in potential 

to IV. If in addition we have to consider the Ap resonance 

just below the EN threshold, the triplet scattering phase shift 

will have to. satisfy kcoto = 0 at the resonance energy ER. 

And the width of the resonance is obtained by exP,anding kcoto 

around the resonance energy. 

To achieve this, we start with the expansion 

kcoto = Co(EA-ER) + ..... (V-32) 
dwhere co = 2µA dk2 (kcoto)jk=kR 

and ER :: k~/2µA • 

Next,we have for the total scattering cross-section 

4'TTcr(AN ~ AN) = (V-33) 
(kcoto) 2 + k2 

According to the Breit~Wigner formula, the scattering cross

section near the resonance can be expressed in terms of the 

width r and the resonance energy ER as follows 

-1 
cr(AN~AN) ~ 'TT(f/k) 2{(EA-ER) 2 + (f/2) 2 } (V-34) 
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Comparing (V-33) and (V-34), and making use of (V-32), we get 

(V-35) 

Wit~ the use of (V-35) and the condition kcotoj = 0, 
k=kR 

we deduced :=>otentials V and VI as shown in Table VI. 

Likewise, potentials VII and VIII have been obi:ained recently 

by Satoh65 with the additional as.sumption that f:SA7'13r. The 

calculated well depths for the various potentials listed in 

Table VI are shown in Table VII. The suppression energy ADA 

with respec~ ~o the OCF potential is also indicated in the 

last column of Table VII. It is obtained by the following 

definition: 

(V-36) 

It i& r.lear from Table VII that the suppression effect 

is appreciab.1.e when the TCF potentials are used except for 

potential II which is spin independent. We find that potential 

II yields a suppression of only 3.38 MeV. On the other extreme, 

we get a suppression of 27.74 MeV for potential IX. In this 

particular potential, it has been deliberately assumed that 

AA = Ar = 0 iu ~ts triplet interaction so that the EA-conver

sion process ).S predominant in the triplet state. For the 

rest of the TCP potentials, the suppression falls into the 

range 

14 MeV < ADA < 20 MeV 
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which indic~t~s that we can attain a large suppression by 

working in ~he two-channel formalism. 

We conclude, therefore, that the EA-conversion can 

play a decisive role in bringing into accord the experimental 

and the calculated A-particle well depths. Hence it is clear 

why all the previous calculations of the A-particle well depth 

by using oc~· potentials did not yield satisfactory results. 

Some furthe~ studies on this particular aspect will be dis

cussed in the next chapter for the binding of AEe5 • 
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I 

Table VI 

Potential parameters in the two-channel fo.1='malism 

Potentials Singlet Triplet Remarks 

S (fm-l) 1.4663 OCF 

A(l0-2 fm-:~ 3.3867 

II a(fm-l) l.4402 TCF 

AA 

A (l0-2fm- 2)
x 

Ar 

2.8596 

2.5 

3.5 

O' (EN-+AN) (mb) 

a (rN-+EN) (m.b) 

183 

105 

III S (fm-1) l.1428 1.0685 OCF 

A(l0-2fm- 2) l.7102 1.2563 

IV S(fm-1 ) l.4623 1.3233 TCF 

AA 3.3030 0.7222 

Ax(l0-2 fm-~) 1.0 5.5 

Ar 4.0 l.O 

O' (rN+AN) (mb) 143 

. .a. (EN-+rN) (mb) 121 

V S (fm-1 ) 1.4295 1.3179 TCF 

AA 2.5949 1.2491 MW=2126 MeV 

Ax(l0-2fm- 2) 3.3 3.5671 r =9. 7 Mev 

Ar 1.0 7.5 

O' (tN-+AN) (mb) 124 

O' (EN-+EN) (mb) 477 

(continued next page) 
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Table VI (continued) 

Potent.i.als Singlet Triplet 	 Remarks 

VI l3 (fm-l) 1.2854 1.3252 TCF 

AA 

Ax (l0-2fiit- 2 ) 

0.5290 

4.8 

1.6413 

2.4926 

M*=2110 MeV 

t =8. 7 MeV 

Ar 4.0 ll.02 

a (EN+AN) (mb) 90 

a {l.:N+EN) (mb) 484 

VII f3A (fm-1) 1.4456 1.3239 TCF 
-1

f3E(fm ) 	 0.7228 0.6619 M*=2126 MeV 

2.9979 1.3982 r =9. 9 MeVAA 


A (l0-2f:vt 2) 1.2 2.0161 
x 

O.l 	 1.45Ar 


a (EN+AN) (mb) 125 


a (EN+EN) (nlb) 613 


VIII f3A(fm-l) 1.3807 1.2774 TCF 

-1Sr ( fm ) 	 0.6904 0.6387 M*=2110 MeV 

1.9159 1.2078 	 r =11.9 MeVAA 


A (10-2fm- 2) 2.2 1.6039 
x 

A. 	 0.2 2.4r 
a (l:N+AN) (mb) 	 84.7 

a (EN+EN) (mb) 	 724 

(continued ~ext page) 



90 

Table VI (continued) 

Potentials Singlet Triplet Remarks 

IX a(fm-1 ) . 1.1364 0.9803 TCF 

1.5963 o.oA.A 


. A.x (l0- 2 fm- 2 ) 1.0199 3.1978 


. ). L: 1.5963 o.o 

cr (L:N-+AN) (thb) 139 


cr (L:N-+L:N) (mb) 120 
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TABLE VII 

Binding energies of a A particle 
in the two-channel formalism 

Potentials DA(MeV) llD , ~ .. (MeV) 

I 50.85 

II 47.47 

III 53.82 

IV 34.17 

v 36.32 

VI 34.38 

VII 36.0l 

V~II 32.17 

IX 26.08 

3.38 

16.68 

14.53 

16.47 

14. 84 

18.68 

27.74 



CHAPTER VI 
5BINDING OF AHe

§1 Introduction 

In tne last two chapters, we have discussed the 

problem of ~he overbinding of a A particle in nuclear matter. 

We found that both the two-channel formalism - wpich includes 

in effect the E-suppression and the three-body ANN forces 

and the repulaive core give substantial suppression in the 

well depth o2 the A particle. Hence it suggests a very 

promising procedure to handle the problem of overbinding in 

AHe 5 where suppression effects are also being sought to ac

count for the disparity between the theoretical and experi

mental binding energies. Especially, we know ti1a.t the AHe5 

system is very similar to the system of a A particle in nuclear 

matter. Both cf them are spin-isospin saturated systems 

which may have rather important consequences in the effective 

forces that are operating among the particles. For instance, 

the inelastic channel AN ~ EN is open in the free scattering 

if the energy of the system is above the EN threshold, but 

isospin conservation hinders the occurrence of this process in 

a spin-isospin R~turated system. 

The pr•Jblem of overbinding in AHe5 is of long standing. 

When a two-body central potential derived from the free AN 

92 
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scattering data is used, it is found consistently that the 

calculated binding energy of AHe5 is larger than the experi

mental value by about 2 MeV or more. However, for the other 

s-shell hyper~uclei, the central potential deduced from the 

AN scatteri~g phase shifts is capable to reproduce their 

respective experimental binding energies. This indicates that 

a spin-isospin saturated system such as the AHe5 may require 

a special treatment. 

As the =entral potential fails to yield a correct 

binding for 1Jie5 , the first remedy one may suggest is to 

include the tensor force. This aspect has been examined quite 

thoroughly by Law et ai. 10 using a Hartree-Fock calculation. 

Since the tensor force component of the AN force has not been 

extracted from the meagre data of the AN scattering and it 

has only been-indicated from the theoretical studies of the 

K-meson and n-meson exchange forces that it has a range of 

the order of 0.4 fro or less, Law et al. have used in their 

calculation the Yukawa potentials and also the cut-off Yukawa 

potentials corresponding to the exchange of th~ K-meson and 

n-meson which have masses of 493.8 and 548.7 MeV respectively. 

In their calculation, deformation of the nucleus He4 in the 

presence of th~ A particle is allowed so that the effect of 

the tensor force shows up even in the first order. With 

reasonable ranges and strengths for the tensor forces, they 

find that the tensor forces do not play any important role in 



94 


AHe5 , and the overbinding in AHe5 persists. A similar con

clusion has also been reached for the studies of a A particle 

in nuclear ~atter11112113 • 

Thua it becomes necessary to seek an alternative ap

proach to the problem. We shall proceed to consider the 

effects of the r.A conversion and the three-body ANN forces. 

As it has been shown by Nogami19 , we can account for most of 

the effects by working in the two-channel formalism. We have 

already seen in Chapter V that the calculated well depth 

in the two--c:hannel formalism is very close to the experimental 

A-particle well depth. Hence we expect that the r.-suppression 

effect and the ANN force may be equally important in the 

5binding of fl:He • Indeed, our calculations ind.:i.cate that the 

problem of the cverbinding of AHe 5 may be resolved if these 

factors are ~aken into account. 
24Recently, Law and Nguyen have studied the effect 

of r.-suppression in their free G-matrix expansion model. We 

will discuss their model and results in Secs. 2 and 3. The 

model will be modified in Sec. 4 so that we can study the 

binding of AHe ;.J with use of the two-channel nonlocal separable 

potentials. 

§2 The Free ~-matrix Expansion Model 

The motivation for the proposed free G-matrix expansion 

model was originally to calculate the well depth directly 

. t' 51f rom the AN seatt. ering cross-sec ion • This approach has the 
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advantage that it does not rely on any phenomenological 

potential. Calculation can be done by using the given scat

tering phase s~ifts alone; the normal procedure of extracting 

a potential from the scattering data is avoided. In the 

original work of Bhaduri and Law, it is essential to assume 

that the forces are nearly spin independent, so that they can 

work with the total scattering cross-section in their calcu

lation. If, however, the singlet and triplet scattering cross

sectiorts are known separately, the restriction on the model 

owing to the assumption of spin independence can be removed24 • 

The ~alevant equation for the free G-matrix expansion 

series is obtained by solving the G-matrix in the nuclear 

medium and the G-matrix for free scattering sin1ultaneously. 

The G-matrix for free scattering is given by 

K=V-V~K (VI-l) 
eo 

where P stan1s for the principal part and e is the energy
0 

denominator for scattering, which is just the difference of 

the kinetic energies of the intermediate and the initial states. 

As for the G-matrix in nuclear medium, we have 

O'G=V-V-G (VI-2)e 

where Q' is tne Pauli operator for finite nucleus and e is 

the energy denominator defined to be the difference of the un

perturbed energy of the intermediate state and tbe perturbed 

energy of the initial state. 
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From (VII-1) and (VI-2) , we can deduce the relation 

p Q'G = K + K (~ - ~) G 
e e

0 

p Q'= K + K (~ - e-) K + ..•.• (VI-3) 
eo 

When K is small, the expansion series will converge rapidly 

and G can be determined quite accurately by doir.g a calcula

tion up to the second order. 

In ord~r to see the magnitude of K and the relation 

of K to the s~attering cross-section, we follow Otter53 to ob

tain the dia~onal elements of the s-wave free reaction matrix, 

thus 

tano 
0 

k 

where k is the ~elative momentum; o
0 

is the s-wave phase shift; 

and µ is the reduced mass. Assuming o is small,
0 

we can write 

<kjKjk> =  41T1°i2 -rµ (VI-4) 

Next, we note that the total cross-section is given by 

411' . 2.['(k)crT sin= k 2 u 0 

Therefore, 

(VI-5) 

and the last step follows by the assumption that cr'I, is small. 
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It is now clear that the free G-matrix expansion may be good 

for the AN system but not for the NN system, b;cause the 

scattering cr~ss-section of the latter is very much larger than 

that of the former. 

§3 Applicacion of the Free G-matrix Expansion in AHe5 

The free G-matrix expansion in the 	one-channel for

51malism was first applied by Bhaduri and Law ~o calculate the 

A-particle well depth and, more recently, similar calculation 

was extended to the two-channel formalism to include the 

E-channe152 • All of the above caiculations are done with the 

assumption ~hat the forces are nearly spin independent. This 

spin independent model is not an unreasonable approach for 

the AN system in the sense that the singlet and the triplet AN 

scattering phase shifts have not been well differentiated. 

However, as a theoretical model, it is also interesting to in

corporate the spin dependence in our calculation. Therefore 

in this section a model, in which the spin dependence and the 

E-channel ara included, will be discussed and applied to the 
5AHe system. We will not present here the full details of the 

results and the calculation, as they can be found in the works 
. 24

of Law and Nguyer. • 

Let us introduce a superscript y(y = s;t) in (VI-3) 

to distinguis~.the singlet and triplet reaction matrices, 

then we have 
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p Q'
GY = KY + KY (~ - e-) Gy (VI-6) 

eo 

where Gy and Ky are 2x2 matrices. For example, we can write 

explicitly 

with its respective matrix elements corresponding to the 

processes: AN ~ AN; AN~ EN; and EN ~ EN. In this represen

tation, we ha-.re 

To obtain the singlet and triplet free reaction matrix 

elements, we :t-roceed with the following argument. The total 

scattering cross-section is given by 

Since no detailed experimental information on the singlet and 

triplet scattering cross-sections separately is available, we 

shall assume that they are related by a scaling factor ~, such 

that 

We have then 
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cr (k) 	 (VI-8)s 

cr t (k) (VI-9) 

Next, it is f~und that the AN scattering data of Alexander et a1. 54 

SSand Sechi-Zorn et al. can be reasonably fitted by the following 

.expressionSl 

{VI-10) 

TIf we assume t-.hat the total free reaction matrix KAA is local 

and energy independent, thenSl 

T -rl2 
<klKAAlk> = - 2µ 14ncrT 

= f ~r 	j~(kr)K~A(r) (VI-11) 

0 

'I'where j (kr) is the spherical Bessel function. Now KAA(r)
0 

can be 	determined by the inversions 6 of (VI-11) to give 

T 2 2KAA{r) = 25.8(1-1.061 r )exp(-0.5305 r) MeV (VI-12) 

Because of tha relations given in (VI-8) and (VI-9), we have 

finally 
s

KAA(r) 

t 	 (VI-13)KAA(r) 	 = 

Similarly, KT (r) can be derived by fitting the 
AL 	 57 

E p-+ AN scattering data of Engelmann et al. • l ...ccording to 

Law52 , it is given by 



100 

K~r.(r) =t1 x 18.6 Q~,(~0.7 r) MeV (VI-14) 

It is found thnt the binding energy of AHe5 is not sensitive to 

the spin dependent factor ~ in the r.-channel hence we will 

work direct,Ly on the total free reaction matrix K~r.. 

'I'o ~alculate the binding energy of AHe 5 , we will use 

harmonic oscillator wave functions as our basic states. Let 

us first estimate the contribution to the binding energy 

5
B(A = 5) of AHe from the kinetic energy alone. 'I'he kinetic 

energy operator with the correction for the motion of the 

centre of mana will be 

P24 p~ 4 
T = r. 2~- + ~~ - ( r. p. + ~A)2/(2~) (VI-15) 

i=l -""N A i=l - 1 

where p. and ~A are the momenta of the nucleon and A particle
-i -J'

respectively~ and M = 4~ +MA. Rearranging terms in (VI-15), 

we get 

4 M-~~ pi 
2 

M-MA 
2 

'I' = r. M- . PA r. (p. •p. + p. •pA)/(2M). (VI-16) 
i=l 2~ + 2"M""" 2MA i~j -1 -J -1 

Its matrix element with respect to the ground state oscillator 

wave function yields 

M-~ 3 M-MA 
<OjT[O> = 3 -M-- -riwN + 4 rr--~WA (VI-17) 

A 

where WN and 1,;i A are the oscillator frequencies of the nucleon 

and A particle respectively. To obtain (VI-17) I we have used 
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the fact that the expectation value of a kinetic energy opera

3tor in harmQnic oscillator representation is 4 i'lw , and 

<O!P·•P· lo>= o when i~j 58 • 
-1 -J 

The binding energy can now be written as 

(VI-18) 

where $N and $A are the ground state oscillator wave functions 

for the nucleon and A particle respectively; ai~d G~N is the 

G-matrix for the nucleons. For the AN pair, the proper weight 

3 to 1 appear~ for the triplet and singlet states as indi

4
cated in the formula. However, for the nucleons inside He

nucleus, each pair of nucleons can only be in either a spin-

singlet-isospin-triplet state or a spin-triplet-isospin-singlet 

state. Hence,· a factor of 3 appears for both the spin singlet 

and the spin triplet G-matrices. 

In th~s calculation, the nucleon-nucleon reaction matri

ces are approximated by using Volkov's soft-core effective 

potentia159 , 

r 2 r 2 
~ -83.34 exp(-1:6) + 144.86 expC- 0 • 82) MeV (VI-19) 

which will lead to a binding energy of 27.89 MeV for He 4 with 

~wN = 22.0 MeV, As for the AN reaction matrices, retaining up 

to the second-order terms of (VI-7), we get 
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(VI-20) 

We notice that the second-order terms are independent of the 

scaling factor ~. 

We can now solve (VI-18) with 

the aid of (VJ-19) and (VI-20) by a variational calculation. 

The oscilla~or frequencies wN and wA are varied until a minimum 

is attained for B(A=S). The A-particle binding energy (or 

5 more appropriately the separation energy ) in 1,He is then 

identified as 

BA = B(A=S) - B(A=4) (VI-21) 

Where 

-B(A=4) = :-tlwN + 3<$N$NIG:N + G~l$N$N> (VI-22) 

4which is the ground state energy of He • 

The final results of the above calculation show that 

if the E-channel is not included,a large spin dependent force 

with ~ ~ 11 is required to bring into accord the theoretical 

and the experimental values of the binding energy of the A 

5particle in Alie • However, if the E-channel is introduced, 

the spin dependence is reduced to ~ ~ 4.5. 

The calculation using free G-matrix expansion is not 

devoid of any criticism. For instance, the off energy shell 

matrix elements of K have to be obtained by the Born approxi
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mation with the assumption that the matrix is local and energy 

independent. It is also found that the results are sensitive 
.T 52 

to the choi~e of the range of the reaction matrix KAr • 

As a remedy, we will modify the free·G-matrix expansion 

model in the following section so that it can be adapted to 

the nonlocal 3eparable potentials discussed in Chapter V. 

The binding energy of AHe 5 will then be calculated by using 

this new modsl. By so doing, we are able to compare the 

suppression effects in the two-channel formalism for the binding 

energy of AHe 5 and that of the A particle in nuclear matter. 

§4 Binding Energy of He5 with Two-channel Nonlocal 
Separable Potentiais 

We wj.11 continue to use the model with the harmonic 

oscillator w~ve functions as the basic eigenvectors, and hence 

we still have the following expression for the binding energy 

5of AHe : 

-B {A=S) 

{VI-23) 

Again, G:N and G~N are approximated by the same expression 

as given by (VI-19), but GXA will be obtained by solving the 

Bethe-Goldstone equation in a two-channel nonlocal separable 

potential. 

The relevant matrix elements of the 2x2 Bethe-Goldstone 



104 

equation 

Q'G=V-V-G e 

are given by 

(VI-24) 


Here we have dropped the superscripts s and t for simplicity. 

We shall restore them whenever it is necessary to distinguish 

the singlet and triplet G-matrices. Now if we assume that the 

nonlocal se~arable potential takes the form 

(VI-25) 

the G-matrix can readily be solved in the momentum represen

tation. As 5.-:. is shown in Appendix D; we can insert inter

mediate states in (VI-24) to get 

(VI-26) 

where 

2o \A) = AAAr. - Ax 

)') (K) = 1 .... AAJA - Ar.Jr. + d(A)JAJr. 

Q~(~,~)
J = I d3p g~(p)A eA(~,~) 
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and 

The Pauli opP-rators which appear in the above integrands have 

the followin~ properties: 

= 0 otherwise 

and 

Q\' (p, K) = 1 if.. ~ 

= 0 otherwise 

where K 	is the total momentum. 

As for t.he Fermi momentum kF; it may be obtained in two . 
86 ways In the first method, we can define an equivalent 

density of t~e He4 nucleus by p = 4/[(4TI/3)R3], where R is the 

root-mean-square radius such that R = {5'h/(2~wN). Now, 

using the relation kF = [(3TI 2/2)pJ 113 from the uniform model 

of the nucleus, one gets kF = (9TI/2) 1/ 3 • {2~wN/(5H). In the 

other method, w~ note that the kinetic energy of an s-shel1 

nucleon is ~ ~~N , which can be equated, in the Fermi gas model, 

to.the avera~e kinetic energy of a particle, (3/10) (~2k;/~). 

This gives kF = {S~wN/(2B) which is numerically almost iden

tical to the value obtained by the first method. 
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For the energy denominator, we assume that the single-

particle potential is zero in the intermediate state. As 

long as we are not considering an interaction with a repulsive 

core, we have demonstrated in Chapter IV that our assumption 

is reasonable. Thus we take (in the units of .-fl= c = 1), 

~2 K2 
eA(p,K) + W= 2µA 2(~+MA) 

and 
2 

p
= ... + 
~ 

where µA and µE are the AN and EN reduced masses, respectively; 

and W is th~ starting energy which corresponds to the self

consistent sum of the A and N kinetic and potential energies 

in the ground state. In our calculation, the starting energy 

can be writte1. as 

(VI-2 7) 

Now we can proceed to evaluate the matrix element 

(VI-28) 
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For the s state, the harmonic oscillator wave function is given 

by 

where 

3/ 2N = (afi) 

2 a. = mw/-M 

and 

To simplify (VI-28), we introduce the transformation: 

K = ~ + ~A 

Sin.ce the total 

momentum is conserved, we have 

Also we note that ~ = ~ + XN~ and ~A = -~ + XA~ ; therefore 

the product of the nucleon and the A particle wave functions 

may now be written as 

where 

A = l(L + L>
2 a.2 a2 

N A 

x2 x2 
B = ~cl 2 a2 

+ +>
a A N 
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and 

Thus (VI-28) can be reduced to 

<kiGAA{K} !k'> • {VI-29) 

With further rearrangements as shown in Appendix D, the 

matrix element <cflNcfl AIGAA IcpNcp p,_> can be simplified so that it 

takes the form 
oo 

f {q}H{q)exp{- 2
1Aq2)dq {VI-30) 

f 
0 

where 

2 2{p+q/2) +SA 
H(q) pexp(-2Ap2 ) R.n ___...,,.._..__..,,.. ~ r dp2 . 2 

(p-q/2) +~A 
0 

(p2+ <1> 2+$~) 
and 

= J.00 AA-d{A)Jr exp{-2BK2)dKf (q) K sinh{2CKq) D(K) ~ 

0 

Now we have everything ready for carrying out a de

tailed calculation. In the last chapter, the two-channel non

local separable potentials deduced from the AN and tN scattering 
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have been applied to the problem of a A particle in nuclear 

matter. Th~y can now be cast into our formulae for the He 5 
A 

system. 
. 5

The process of getting the binding energy of AHe 

from (VI-23) ~s to minimize B(A=S) by varying i'iwN and-tiwA 

and insert the starting energy of (VI-27) self-consistently 

into the energy denominators. In most cases, we find that 

J'iwN's is not very much different from...riwN = 22.0 MeV which 

corresponds to the oscillator energy of He4 nucleus alone. 

In fact, minima are attained with-HwN = 22.0 MeV for all 

the TCF poten~ials except potential II of Schick and Toepfer23 • 

This indicates that the He4 nucleus is rigid in the sense that 

the core of the nucleus does not deform in the presence of a 

A particle. 

After we have found the binding energy of AHe5 , the 
C' 

separation energy of the A particle in the AHeJ system is 

obtained by using the definition given in (VI-21). The re

sults of our calculations are displayed in Table VIII. We 

see that there is a tremendous overbinding of the A particle 
5in AHe when the OCF potentials I and III are used in the 

calculation. This result is consistent with all the previous 

calculations given in the literature4 ,l?, 36,60. Here, poten

tial III of Schick and Toepfer yields slightly better results 

than potential I because the potential parameters of the 

former is modPrately spin dependent. 
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Worki~g with the TCF potentials, we obtain about 2 

MeV suppression for potential II but a tremendous amoun~ 

for the rest of the two-channel potentials. One could ascribe 

the discrepancy to the way in which the potentials are being 

fitted. In potential II, the singlet and the triplet potentials 

are assumed to be the same, whereas the other TCF potentials 

are derived with the assumption that the singlet and the 

triplet states are interacting differently, even though only 

the spin average scattering length and effective range of (II-3) 

have been used. In addition, one may be tempted to ascribe 

the difference as due to the "weak" and the "strong" coupling 

of the AN channel to the EN channel. However, this is some

what misleading. On the contrary, at PE = 150 MeV/c, the 

scattering cross-sections o(EN+AN} are i83 mb for potential II 

and 143 mb for potential IV - the experimental value is 

147±19 mb; therefore one would describe potential II to be 

stronger than potential IV and not vice versa. Nevertheless 

our analysis indicates that a spin dependent force is neces

sary in order to get the right amount of suppression. 

We hava also examined the special case of TCF po

tential of Schick and Toepfer23 with AA=AE=O. However this 

potential produces so large a suppression as not to bind the 

A particle to the core of the He4 nucleus. In fact, we have 

seen that this particular potential has a drastic suppression 

effect in the case of a A particle in nuclear matter. The 
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suppression is 27.74 MeV as compared with about 15 MeV for 

the other TCP spin dependent potentials listed in Table VII. 

If the 3s AP resonance is included to fit the paten

tial parame~ers as has been done for potentials V and 

VI , we can obtain reasonable value for the binding energy of 

AHe 5 • Moreover, when the ranges SA and SE of the potentials 

are allowed to be different, instead of overbinding, we may 

underestimate the binding energy of AHe5 as we can see from 

the results of Table VIII for potentials VII and VIII. How

ever, these qualitative results are obtained with the sacrifice 

of the accuracy of fitting cr(EN+J\.N). For instance, potential 

VIII is fitted with cr(EN+AN) = 84.7 mb, whereas its experimen

tal value is 147±19 mb. 

In summary, we note that there is a close correlation 

for the suppr~ssion effects in the binding of AHe 5 and that 

of A-hypernuclear matter. Within the accuracy of our method, 

a potential which gives almost the correct experimental bin

ding energy of AHe5 will produce a suppression of 15 to 16 

MeV for the A-particle well depth in nuclear mat.ter. 

Thus within the framework of the two-channel formalism, 

when the E-suppression and the ANN forces are incorporated 

implicitly, we are able to reproduce the experimental binding 

energy of AHe 5 from the scattering data. Hence we conclude 

that those effects are indeed important for this particular 

s-shell hypernucleus. 



'I'able VIII 

5. d' . fBin 1ng energies o AHe 

1 1Potentials ~wN(MeV) .~WA (MeV) k; (fm- ) B \A=5) (MeV) BA {M.eV) 

I 24.5 ~3.2 1.2153 37.41 9.52 

II 24.0 21.7 1.2029 35.74 7.85 

III 23.0 18.5 1.1776 35.12 7.23 

IV 22.0 16.5 1.1517 30.63 2.74 

v 22.0 16.5 1.1517 30.88 2.99 

VI 22.0 15.5 1.1517 29.98 2.09 

VII 22.0 16.0 1.1517 30.36 2.47 

VIII 22.0 14.0 1.1517 28.64 0.75 

I-' 

I-' 

!\.) 



CHAPTER VII 

CONCLUSION AND DISCUSSION 

In this thesis, we have endeavoured to understand 

the basic AN and the A-nucleus interactions through analysis 

of the binding of a A particle in nuclear matter and also 

in the He 4 nucleus. The overbinding of the A particle in 

both of these systems is an outstanding problem which serves 

as a valuabl~ source of detailed information on not only 

the nature of the two-body AN forces but also the many-body 

effects in a many-body system. 

Of course, prior to our studies of the problem on 

the overbinding of a A particle, we have to seek.a reliable 

method of caleulation on many-body proplems. Therefore, we 

have devoted part of our effort to reviewing various calcu

lational methods. At the same time, we have at~empted to 

clarify some of the confusions concerning the approximation 

procedures that have been adopted by various authors. For 
. ·so .instance, Bishop claims that the Brueckner-Bethe~Goldstone 

method is an approximation which can be derived as a limiting 

case of the Galitskii-Migdal method. Thus he means that the 

latter is more reliable than the former. However, Bishop's 

assertion is based on a drastic approximation in his treatment 

of the Brueckne~-Bethe-Goldstone method. In a systematic 

113 
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analysis, we have demonstrated that, indeed, the two methods 

are equivalent. 

The Green's function method of Galitskii is further 

developed in this disseration to include the correlation of 

the particles in the intermediate states. As a result, we 

arrive at a sel=-consistency problem on the single-particle

energy spectra for both the intermediate and initial states. 

Thus the energy denominator in the Bethe-Goldstone equation 

becomes somewhat involved. However in a simpler approximation 

if .we do not take account of correlation in the intermediate 

states, only the single-particle-energy spectrum of the ini

tial states is calculated self-consistently in the energy 

denominator. We show that this crude approximation corres

ponds to introducing an energy gap parameter in the energy 

denominator for our calculation of the A~particle well depth. 

Also we point out that the so-called effective-mass approxi

mation which has been used quite conunonly in the literature 

can lead to a gross error. It is an approximation only for 

the single-particle-energy spectrum, and thus it is incorrect 

to replace th~ physical mass in the Hamiltonian by the effective 

mass deduced from this approximation. 

The single-particle-energy spectrum of a A particle 

in nuclear matter has been extracted from a self-consistency 

calculation. We show that the well depth is not very sensitive 

to the detailed shape of the spectrum at high energies and 

also that a self-consistent insertion of the single-particle
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energy spectra in the energy denominator is essential if we 

are dealing with a strong repulsive interaction at short 

distances. 

Guided by our analysis on the calculation methods of 

many-body problems, we investigate the effects of a repulsive 

core on the binding of a A particle in nuclear matter. We 

have found that the repulsive core in the AN potential can 

suppress the A binding energy by as much as 10 MeV. For in

stance, potential A of Table IV yields a well depth of 38.38 

MeV. This is e substantial suppression, though the value is 

still too la!:'~e as compared with the "experimental value" of 

about 30 MeV. 

The two-channel formalism has also been employed to 

study the /\.-particle well depth. This formalism includes in 

effect a part of the suppression due to the three-body forces 

and the isospin mechanism19 • Here the suppression in the well 

depth is founcl to be around 15 MeV which indicates that the 

three-body forces and the isospin mechanism are important 

factors to account for the overbinding~ 

In the light of these findings with nuclear matter, 

the overbinding of a A particle in /\.He 5 is investigated by 

using the two-channel formalism. The analysis is based on 

a modified model of Law and Nguyen24 . The basic states are 

represented by the harmonic oscillator wave functions. The 

reaction matrix element is calculated self-consi3tently until 
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a minimum i~ the binding energy of AHe5 is attained by varying 

the oscillator frequencies. We find that the oscillator fre

quency for th~ nucleon in the He4 nucleus remains almost the 

same before and after the A particle is introduced into the 

system; namely the He4 core remains rigid even with the 

presence of a A-hyperon. 

The best value which we obtain for the binding energy 
5of a A particle in AHe is 2.99 MeV as shown in potential V 

of Table VIII. This is very close to the experimental value 

which is 3.08±0.02 MeV. The success of our model calculation 

is indeed a great step forward in understanding the overbinding 

5of the AHe system. Now it is clear that tbe reason for the 

failure in producing the correct binding energy in the previous 

literature is due to the omission of the three-body forces and 

of the isospir.-suppression mechanism. 

http:3.08�0.02
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APPENDIX A 

NON.LOCAL SEPARABLE POTENTIAL OF RANK TWO 

The scattering from a nonlocal separable potential 

of rank two is discussed in this appendix. As usual, we 

shall work in the momentum space representation. The po

tential is assumed to have the form 

Here we are confining ourselves to the studies of s-wave 

interaction because a nonlocal separable potential which is 

a function of the magnitude of the momenta gives rise to an s-wave 

scattering araplitude. 

Let ~s substitute (A-1) into our SchrSdinger equation 

(k2-p2)iµ(p) = 2µ J (A-2) 

whereµ is the reduced mass. The units are such that...M'=c=l. 

We get 

2 
~ 

i=l 
A.Z.g. (p)

1 1 J. 
{A-3) 

where 

For the scattering of an incident plane wave, (A-3) takes 

the form 

iµ (p) (A-4) 
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This implies 

2 
z. = g. - L: )..Z.B .. (k) (A-5)

J. J. J J l.Jj=l 

where 

B .. (k) = 2µ f d 3p g i~p) ~j (p) 
l.J k -p +iE 

We can now solve (A-5) for zi. There are two simul

taneous equations to be considered here, namely: 

(B 11 (k)). 1+~z 1 + B (k)A z = g (k) (A-6)
12 2 2 1 

B (k) Alz + (B (k) A +1) z = g (k). (A-7)21 1 22 2 2 2 

Therefore, we have 

z = {g (k) [B (k)A +1] - g (k)B (k)A }/b.' (A-8)
1 1 22 2 2 12 2 

z = {g (k)[B11 Ck)A +1] - g 1 (k)B12 (k)Al}/A' {A-9)2 2 1

with 

2A' = l + B (k)Al + B22 (k)A + [B (k)B22 (k)-B12 (k) ]A 1 A2 •
11 2 11 

If g1 (k) = l/(k2+S~), we get 

22 k -s.s. 
B .. (k) = 47T µg. (k) g . (k) [ s +S J - ik] • (A-10)

l.J . J. J . . 
J. J 

Now the asymptotic form of (A-4) in the co-ordinate space 

is given by 

ik•r 2 2 eikr 
~(r) ~ e __ + 47T µ L: A.Z.g. {k) r (A-11)

i=l J. J. J. 
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Hence the s-wave scattering amplitude is given by 

f (k) = ei0sino/k 

2 2 = 4TI µ l: A. Z. g. (k) (A-12) 
. l 1 1 1
1= 

where o is the s-wave phase shift. To simplify (A-12), we 

introduce 

(A-13) 

which, according to (A-10) , gives 

R .. = 47T 2 µg. Ck) g. Ck) (k2-8. 8. >IC 8. +8. > (A-14)
1J 1 J 1 J 1 J 

Thus the s-wave scattering amplitude becomes 

f (k) = 2TI 2 N/D (A-15) 

where 

Now the scattering length and the effective range are de

fined by 

kcoto = -1/a + r k2/2 + •... (A-16)
0 

We can compar3 this equation with 

f (k) = l/[kcoto-ik] (A-17) 

to get 
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(A-18) 


cL· - ~> (A-19)y z 

where 

2 4 4 
y = Y1Y2<S1-S2) - (S1+S2) (y1S2 + Y2 S1) 


2 2 3 3 3
(z = Y 1Y2 s i -s 2 > - cs i + s 2 > {Yi s 2 +y 2 s i - <s 1a2 > } 

2 2 6 6
y'= Y1Y2 (S!-S2). {2 (S1+S2> -3S1S2}-2 CS1+S2> (y1S2+Y2 S1) 

2 2 2 s 5z'= y 1 y 2 ( s 1 - s 2) {3 ( s 1+s2) - 2 s1s2 } - 3 ( s 1+s2) ( y 1s2+y2s1) 

and 
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APPENDIX B 

ANGULAR INTEGRATION 	 IN THE PRESENCE OF THE PAULI 

OPERATOR 


When we have the Pauli operator in the integrand, 

the volume integral in the momentum space can be carried out 

in the following manner. 

Let u.c; denote the momenta of A and nucleon in the 
I I 

initial and intermediate states by ~A and ~, and ~A and ~N' 

respectively. The relative momenta in the initial and inter

mediate states will then be given by 

(B-1) 

(B-2) 

Here, XA = MA/(MA+~) and~= ~/(~+MA). The total momentum 

is conserved. Thus 

I I

I< 	 (B-3)= ~A + ~ = ~A + ~ 

From (B-1) and (B~2) 	, we obtain 

I 

(B-4)~N = k 
I 

+ ~~· 

Now we have to deal with an integration of the fol

lowing type: 

3I d k' Q(k' ,K) 

where Q(k',K) is the Pauli operator which requires that 

l~j>kF. If 6' is the angle between~· and I<, we should have 
I 
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the condition that 

(B-5) 

The integration over k' can be split i~to three parts, 

corresponding to Z>l, l>Z)-1 and -l>Z, respectively. 

(i) If Z>l, i.e. O<k'<kF-aNK' there is no contribution. 

(ii) If l>Z>-1, i.e. lkF-XNKl<k'<kF+~K, the integration becomes 

l 
1 

k 12dk dcos6' 

J 
z 

(iii) If -l>Z, i .• e. k' >kF+~K or O<k' <-kF+~K, we have 

2n[r k'2dk'dcose'r + 0(-kF+~K), 
kF+~K •l 

J.-kF+~K Jl k' 2dk'dcos6'] 

0 -1 

where 6(-kF+~K) is a step function such that 

6(x) = l if x > 0 

= 0 otherwise. 

Sununarizing the results, we get 
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2+rF+11iK rk' dk' 

jkF-~KI z 

J
-kF+~K Jl 

+e (-kF+~K) k 12dk' ]dcose'. (B-6) 

0 -1 

If the integrand is independent of e•, we have for (B-6), 

2k' dk' + 

l fkF+~K 
+ 4~K 

jkF-~KI 

(B-7) 

0 
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APPENDIX C 

SCATTERING MATRIX IN THE TWO-CHANNEL FORMALISM 

We shall present in this appendix a detailed calcu

lation of the scattering matrix in the two-channel formalism 

when a nonlocal separable potential is used. Subsequently, 

the expressions for the scattering length and the~effective 

range relating t.o the potential parameters are deduced from 

the scattering phase shifts. 

The two-channel coupled Schrodinger equations are 

(C-1) 

kl: I kl: I 3 II

EA+A)~E (pE)-AEgE(pI) gE(pI)~I (pI)d PE 

-1~1 Cp1 J f gAIP'>•:<p'Jd3p• = o (C-2) 

where µA and ~E are the AN and EN reduced masses; 
k2 k~ 

and A =ME-MA. For the AN energyEA = 2µA I EJ\ -A = 2µI 
2below the IN threshold, EA-A<O and kI<O. 

Let us introduce ZA and ZI. Thus 
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Then our Schrodinger equation becomes 

With AN as the incident channel, the physical solutions of 

(C-3) and (C-4) will be 

ijl~(p) . (C-5) 

(C-6) 

where 

eA(p,k) = (p2-k2-iE)/2µA 

erCPr,kr> = (p~-k~)/2µr . 

. 2
If kr<O, there is no pole in the energy denominator of 

er<Pr,kr). Otherwise, we have to introduce i£ into er<Pr,kr). 

From (C-5) and (C-6), we can solve for ZA and Zr to yield 

(C-7) 

(C-8) 

where 
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(C-9) 

with 
2 3gA (p)d p 

eA(p,k) 
(C-10) 

J E = 
g~(p) 3 

-e-E"7"'(p-,.....k-r-> d P • (C-11) 

J 
Thus we have 

k 
~A<P> = o{~-~> + 

(AA-d{A)JE)gA{k)gA{p). 
D(k,kr> 

l 

(C-12) 

and 

(C-13) 

where d(A) = AAAE-A~; and TAA(p,k) and TEA(pl:,k) are the 

scattering amplitudes for AN+AN and AN+EN, respectively. The 

scattering cross-sections are then given by 

cr(AN+EN) (C-14) 

with vr=kr/µE and vA=k/µA. Here, the step function e(x) will 

ensure that the inelastic scattering AN+EN is open if the 
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energy of the system is above the EN threshold. 

In the case when EN is the entrance channel, we have 

o(EN~J\N) (C-15) 

where TEE(kE,kE) and TJ\E(k,kE) are obtained from TJ\J\(k,k) 

and TEA(kE 1 k) by changing J\ into E and vice versa. 

Now, let us obtain the J\N scattering length and ef

fective range in terms of the potential parameters. The scat

tering amplitude and the phase shift are related by 

TAJ\ = ei 0sincS/k 

or alternatively 

-1
TJ\J\ = -ik + kcotc. (C-16) 

But from (C-12), we have 

(C-17) 

w~ere A
0 

= A.,\ - d (A.) JE, and for simplicity we have replaced 

D(k,kE) by D in the formula. Furthermore we have 

(C-18) 

and we can rewrite (C-17) as follows 

-1 1 l-A.EJE 
(C-19)TJ\J\ = 2 2 {Ji\ + A }

471" µJ\g J\(k) 0 
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Now 

oo p2g~(p) . 2 2 
= 4TIP dp eA(p,k) + i{4TI µAkgA(k)} (C-20) 

J 
0 

2Since we are considering the case where kL<O, JL and hence A0 

are real. ~hus we get 

-1
Im(TAA) = -k (C-21) 

and 
p gA(p) l-/,LJL-1 1 dp + (C-22)Re(TAA) = {-4nP r 2 2 

A }eA(p,k)41.2µAg~(k) 0 

0 

We see that (C-16) and (C-21) are consistent. Comparing 

(C-16) and (C-22), we have 

l r 2 2 
P gA(p) l-A.l:JL 

kcoto = {-4TIP dp + A } • (C-23)
2 2 eA(p,k)4TI µAgA(k} 0 

0 

We shall take 
l

gA,L (k) = 
k2+S2 

Here, we assu-:ne that = S for simplicity. Thus we getSA = SL 


r 2 2 
p gA(p) TIµA (k2-S2) 
p dp = (C-24)

eA(p,k) 2 22S(k +S 2 
> 

0 

(C-25) 
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where 


2
2µr;(Li-k /2µA) • (C-26) 

Substituting these into (C-23) , we have 

(C-27) 

·where 

(C-28) 

with A' = d{A)/AA· In order to expand the RHS of (C-27) 

in a power series of kA' we have to convert KE into a function 

of kA • To this end, we introduce K and KE as follows 

2 
Li ::: K2 - KL; 

2µA - 2µE 

from which we get 

KE= Kr;(l-x2)1/2 

1 2 1 4 = KE(l - 2 x 8 x + ••• ) (C-29) 

with 

X - k/K. 

Consequently, H becomes 
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(C-30) 

where 
2 2

Al = S(S+KL:) - 27T µL:A.L: 

]\" = s ( S+K ) 2 - 27T2).l AI 
~ L: L: 

2
al = SKL:(S+KL:)/A1; a2 = f3 KL:/4Al 

2 2 2 2
a3 = SKL:(S+KL:)/A2; a4 = s KL:(S+KL:) /A2+S KL:/4A2. 

Thus, the third term on the RHS of (C-27) gives 

(S2+k2)2 
--=----® = 
4TI2µAA.A 

+ (a3-a ) K 
4 

] x 6 + • • • • • } • (C-31)
1 

Now the low energy scattering parameters are defined by the 

following expansion formula 

1 ! r k2 3 4 5 6kcotc = - - + +Pr k +Qr k + .... (C-32)a 2 0 o o o o 

Comparing the coefficients of (C-27) and (C-32) we obtain 

1 .§. - = a 2 
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which may be written more explicitly in terms of the 

potential parameters as 
3 2 

1 s [ s ( S+K I -y L: l } 
a 

!
2 

{l 
) 

(C-33) 
YAs CS+K') 2_d (y) 

5 
(C-34)r 

0 

µL:yxS (S+K') 
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APPENDIX D 


REACTION MATRIX WITH A NONLOCAL SEPARABLE POTENTIAL 


We shall set up a model to calculate the reaction 

matrix eleme~ts of the AHe 5 system. Here, again a nonlocal 

seperable potential will be used. In the two-channel formalism, 

we assume that V takes the form 

-A g (k) g (k I)
A A A 

(D=l) 

- Ag (k)g (k') -A g (k) g (k I) 
x L: A L: A E 

where Ax and are the strengths of the potential andAA' /.. L: 


2 2
g. (k) = l/(k +Si), (i = A or L: ) ; S •IS is the inverse of
l. l. 

the range of the potential. Now we have for the G-matrix 

Q'
G = V - V e G. (D-2) 

From (D-1) and (D-2) ,we get 
I 

<klGAAik'>=<klVAA!k'>-<kjVAA~ GAA!k'>-<k!VAL: ~ GL:A!k'> (D-3) 
e e 

and 

Since V is separable, we observe that the G-matrix is also 

separable. By examining (D-3), (D-4) and the other matrix 

elements of G, we can write 
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(D-5)<k IGI k I> 

Where the X'a are to be determined. We can now make use of 

(D-2) and (D-5) to solve (D-3) and (D-4) by inserting a corn

plete set of intermediate states. For (D-3), we get 

I 

3 QA 2
dpt:. gA(p) 

e 

-).;gA(k)li:A(k') I d3p :~ 
I 

g~(p) 

or 

where 
r Q~(p,~)2 = d3p gA(p) (D-6a)JA 

eA(p,K)
J 

I r QE(~,~)
J E = d3p g~(p) (D-6b) 

el: (p ,K)
J 

K22A l2._ + e Cp '~) = w
2µA 2MA 

and 
K2 

L: e (p, K) --- + M -M -W 
2ML: L: A 

µ = MA = MA + ~ and ME = ME+~E 

Here, ~ is the total momentum and W the starting energy. 

Following a similar procedure, we get from (D-4) 
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The simultaneous first-order equations of (D-6) and (D-7) 
-for XA(k) and XA(k) yield 

(D-8) 

and 
g A (k) 

X A (k) = -----------,2,,_--- • (D-9) 
[l-AAJA-ArJr+(AAAr-Ax)JrJA] 

Therefore, the G-matrix elements are given by 

(D-10) 

and 
Axgr(k)gA(k) 

(D-11)
D (K) 

where 

D(K) = 1-AAJA-AEJE + d(A)JAJE 

We can now begin to evaluate (VI-29). We have 


«PN<I> AIGAA l <PN<P A> 


3 3 3 2 2 2
= N~N~ J d k f d k' f d K exp[-A(k +k' )-2BK -2c( ·(~+~')Jx 

(D-12) 
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Since [AA-d(A)Jr]/D(~) is a function of K only, we have for 

the K space integration 

{ d3K -2CK• (k+k') [AA-d(A)Jl.:]
I e - - - D(K) 
J 

0 

Let us introduce the variable~= k+k' into (D-12). Conse

quently, we get 

00 

( -2BK2 
J dK Kt:: sinh(2CKq) [AA-d(A)Jl.:]/D(~' 

0 

2TIN~N~ [ ) z ( ) 3 f ( = - d q q q (D-13) 
c J q 

where 

oo -2BK2 
f (q) = dK Ke sinh(2CKq) [AA-d(A)Jz.:]/D(~)

J 
0 

Z(q) = f 

2 2Since gA(k) = l/(k +SA), we have 
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.q q 
. -A (q/2-p)z (q) = { d3p p)e-A(~+~/2)2 x e - gA(p+2)gJ\(~ 

J 

2 2
e-2A(p +q /4) 

= 2rrrp 2ap rdx 
2 g 2 2 2 ! 2 2[p+( 2 ) +BJ\+pqxJ[p+() +SA-pqx] 

0 -1 

2 2
(p+q/2) + sJ\ 

(D-14)in 2 2 
(p-q/2) +SA 

Finally, (b-13) can be written as 

oo l 2

l -2 Aq (D-15)= dq f (q) H(q)ec 
J 

0 

where 

H(q) 

2 2
(p+q/2) +BA 

R..n 2 2 
(p-q/2) +BA 
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APPENDIX E 

GREEN'S FUNCTION 

§1. Introduction 

The Green's function technique has been a very 

powerful and elegant method for the studies of many-body 

problems. The prescription is one that derived from 

quantum field theory. Therefore, we will use the language 

of second quantization and associate the process of scat

tering or propagation of a particle (hole) with the creation 

of a particle (hole) at a given space-time point and the annihi

lation of the same particle (hole) at another space-time 

point. 

Suppose now we add a particle to an N-body system. 

The new equation with N+l particles can be described by the 

state vector 

!'l.'(r,t)> = 1/J+(r,t) j'¥ > (E-1) 
- - . 0 

where we have assumed that the initial N-body system is 

in its exact ~round state 1'¥ >, and 1/J+(r,t) is a creation 
0 

operator, in the Heisenberg picture, for the particle under 

consideration. If the particle does not interact with the 

initial many-body system, it will propagate as a free par

ticle. However, when it is allowed to interact with other 

particles, it acquires self-energy through its interaction with 

the cloud of particles. A renormalized or effective mass may 
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have to be introduced to express the physical state of this 

particle. Usually, we refer to such a particle as a dressed 

particle, physical particle or quasi particle. Of course, 

we can alsc• nave a state with N-1 particles, such as 

i'l'(r,t)> = 1/J(r,t) j'l' > (E-2) 
- - 0 

where 1/J(~ 1 t) is an annihilation operator. This state may be 

interpreted as having a hole in the initial many-body system. 

It can be shown that the physical properties of the quasi 

particle (hole) are related to the single-particle Green's 

function 

which, apart from some constant factor, is closely related to 

the probability amplitude because it is proportional to the 

scalar product of (E-1) or of (E-2). In the above expression, 

Tis Wick's chronological ordering operator just to bring the 

physical contents of Green's function into conformity with 

the causality principle such that for the fermions 

T(1/J(~l'tl)1/JT(~2't2)) = { '!~1·t1l•+l~2·t2l if t1>t2 

(E-4)-i.J; (~ 2It2)1/J (~ l It l) if t1<t2 

Of course, for. the bosons we would have the positive sign in

stead of the negative sign when t 1 <t • In this appendix, we2 

will consider only the case of fermions. 

If we want to study collective modes of the many-body 

system, we have to introduce the many-particle Green's functions. 
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In particular, we may consider the two-particle Green's function 

which will be related to the density fluctuation in the many-

body system ar.d also to the pair correlation of particles. 

§2 Free-particle Green's Function and its Generalization 

It is important to get familiar with the free-particle 

Green's function because it illustrates some of the physical 

and mathematical properties of the exact Green's function 

which can be regarded as a straightforward generalization of 

the free-particle Green's function. 

Let us assume that the total Hamiltonian is given by 

where H0 consists of the kinetic energy and H1 the interac

tion. For the case with H1 = O, we introduce the free

particle Green's function 

Go<:1,t1;::2 1 t2) 	 = -i<<Poj'I'(ij;o(:1 1 t1)1/J~(:2rt2)) l4>o> 


= -ie(t1-t2 )<w0 JiJ; 0 (x 1 )iJ;~(x 2 ) /4> >

0 

+ ie(t2 -t1 )<4>~ij; ~(x2 )iJ; 0 (x1 ) J<P 
0

> (E-5) 

where e is the step function; j<P > the non-interacting
0 

many-body ground state and x = (r,t) is a 4-vector. Now, ij; (x)
0 

satisfies 

aiJ; (x) -h2-l1 0 'V2ij; (x) 0. (E-6)= i at 2M 0 

ae ct)Using the indentity = 6 ( t) , one findsat 
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Since the anticormnutator at equal time gives o(~i-fi), we get 

~o(x-x) (E-7)1 2 

0 2

sense. We can now generalize our definition of Green's function 

from (E-5). When H1FO, we define the one-particle Green's 

function as 

Thus, G (x1 ;x ) is indeed Green's function in the mathematical 

(E-8) 

Here, ~(x) is a field operator satisfying 

1 -~~x) - ~~ V
2WCxl + f W+(:' ,t)V(j:;-:;'llW(:;',tld3r'W(xl (E-9) 

where V ( I:-:' I ) is a two-body interaction potential. It is 

possible to obtain an integro-differential equation similar to 

that of (E-7) but we will do this after we develop a more corn-

pact mathematical operator in the next section. 

Let us now turn to the momentum representation of 

Green's function. We know that the field operator in the 

67Heisenberg picture has the following expansion

~(r,t) = (2n) 3/ 2 

0 
~ 
~ 

ik•r 
;k(t)e - - (E-10) 

where ;k(t) is the annihilation operator which can be obtained 

from the annihilation operator ;k in the Schrodinger picture 

by virtue of the transforrnation 
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(E-11) 


where ;k satisfies anticomrnutation relations: 

= (E-12) 


= 0 (E-13) 

Here n is the volume of the space under consideration. Thus, 

(E-8) can be rewritten as 

= 

In the last step we have used the equation 

If the interaction is to conserve the energy and momentum, 

Green's function can depend only on the difference of the co-or

dinates. Then, we can write 

Now, the Fourier transform of G(~ 1 t) with respect to the co
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ordinates yields the momentum representation of Green's func

tion 

-ik•r 
G(~ 1 t) = G(r,t)e d 3r . 

J 

Therefore, we get from (E-14) 

i(2rr) 3 + 
0G(~,tl-t2) = - n <'l'ojT(~k(tl)~k(t2))j'l'o> (E-15) 

For the ground state of a many-body system, all the single-

particle states below the Fermi momentum kF are occupied. If 

k = q>kF, we observe from (E-15) that a particle is created 

at and annihilated at t 
1 

, provided t 2<t1 . Otherwise,t 2 

Green's function vanishes because we have ~kCt1 ) j'l' > = 0.
0 

Alternatively, if k = ~ < kF, then at t 1 a hole is created 

and subsequently annihilated at t 2 , provided t 1 < t 2 . Otherwise 

G(~ 1 t1-t2 ) = O. 

We will now evaluate the free-particle Green's func

tion G0 (~ 1 t). If k = q > kF and t = t 1-t2 > 0, we have 

i( 2rr)3 iH t 1/~ -iHJt1-t2V~ + ~iH t 2/~G (q,t)=- n <'!' le o ~ e ~ e o 1~0> 
0 - 0 ~ ~ 

(E-16) 

where we have made use of the equation 

and e: is the ground state energy. Inserting a complete set 
0 
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of states ~l~n><~nl into (E-16) we obtain 

-i (e: -e: ) t/~
0G (q, t) =-ie q (E-17) 

0 

where e: q -e: 
0 

::: ~2q2/2M is the free single-particle energy with 

respect to the ground state energy. If k = i < kF and t < O, 

we will get 

-i(e:n-e; )t/"1 
. /(, 0

G (R.,t) = -ie (E-18)
0 

with e:i-e:o : -i'i2i2/2M. In summary, we have 

(E-19) 

The analytical properties of Green's function becomes 

more transparent if we perform another Fourier transform of 

(E-19) with respect to time. The full space-time Fourier 

transform of Green's function is defined by 

G(~,hw) = J~ G(k,t)eiwt dt. (E-20) 

-~ 

Now, the Fourier transform of 6(t)e-i~t should be 

(E-21) 


This identity can be justified by taking the inverse of 

the Fourier transform which will indeed regenerate the func

tion 6(t)e-i't. A rigorous justification of the identity 
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will require the use of generalized functions or distribu

tions 69. With the use of (E-21), the Fourier transform of 

(E-19) gives 

G (k ,-tiw)
0 -

(E-22) 


which is equivalent to 

where 

G (k,11w) 
0 -

(E-23) 

= { + l 
if 

- 1 

From (E-23) , we see that the contribution from the quasi 

particle to Green's function comes from the lower half of 

the w-plane and the quasi hole contributes only in the upper 

half of the w-plane. Thus, when we are considering a Feynman' 

diagram in the energy-momentum representation, an appropriate 

contour in the w-plane has to be chosen in accordance with 

the physical state. We have to close the contour in the 

lower (upper)' half of the w-plane, if we are dealing with a 

particle (hole) line of a Feynman diagram. 

When interaction is allowed, the one-particle 

Green's function is not as compact as the one given by (E-23) 
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though the general structure remains the same. The Green's 

tunction will be modified by the presence of spectral func

tions. However, in practice we normally employ the perturba

tion theory to evaluate Green's function by summing a relevant 

§et of diagrams. Thus, instead of studying its spectral 

representation, we will discuss the diagram technique. We 

Will show how this can be done. 

§3 Feynman Diagrams 

In this section, we would like to discuss the pertur

bation theory by using Feynman diagrams. It is often convenient 

to work with the interaction picture wherefore the interaction 

part of the Hamiltonian can be singled out. Following Roman67 , 

the Green's function in the Heisenberg picture can be transformed 

into the interaction picture to give 

<'i'olT(l/J' (xl)1/J'+(x2)S) 11/Jo>
G(x -x ) = - (E-24)1 2 i <'i'olSl'i'o> 

where 

-oo 
I 

is the s-matrix; 1/J (x) is the field operator in the interaction 
I 

picture and H1 (t) is defined by 

I 

H (t) 1/J+(r~t)1jJ+(r",t)V(jr'-r"j)1/J(r",t)1jJ(r',t)d3r 1 d3r".
1 

Expanding the. s-matrix, we can rewrite (E-24) as the following 

expansion series 
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00 

l: 
n=O 

1
iiT 

(~) n 
'"l1 

x 

J 

oo 

. . .. 
-co -co 

dtn .••. dt 1 (E-25) 

Hence, the ~eroth order of G(x1-x ) will be2

(E-26) 

where it is understood that <'!' jsj'l' > = 1 in the zeroth order. 
0 0 

But the matrix element of the time ordered Heisenberg operators 

and that of interaction operators have the relation 

+ . + +<4> jT(lj>(x ) •••• iµ (x ))j'l' >=<'!' js T(ijJ' (x ) •••• ijJ' (x )S) j'l' > o 1 n o o 1 n o 

and also 

l'l'>= sj~>
0 0 

it follows that 

(E-27) 


We have from (E-26) and (E-27) 

(E-28) 




147 


As for the first order, we have 

r<~0 IT ("' ' (xl) "' ' + tx2) H~ ( t ' )) I~ 0 >dt ' 

- QQ 

1 JJJoo <'i'ojT{V>' {xl)V>'+{x2).= - JH<'i' Is I'I' > 
0 0 

-oo 

ip 1 +(::',t')V>'+{:",t)V{j~'-:_:-"l>V> 
1 

<:",t')V>'{:',t'))l'i' > • 
0 

{E-29) 

To put this into a full space-time integral, we introduce 

w { x I -x II ) = v ( I:: ' -t'I )0 ( t I - t II ) 

then 

+ )j 4 · 4 IVJ' (x")V>' (x")V>' (x') 'I' >W(x'-x")d x'd x' • (E-30)
0 

As a consequence of Wick's theorem, we have 

<'l' ITN' (x )ip'+(x2)ip'+(x')V>'+(x"lV>' (x")V>' (x'))l'¥ >
0 1 0 

=<'I' jT(V>' (x )V>'+(x')) j'i' ><'I' ITCV>' (x")V>'+Cx )) j'l' ><'I' jT(V>' {x')
0 1 0 0 2 0 0 


V>'+{x"))l'i' > 

0 

- <'I' ITCV>'(x )ij>'+(x'))j'l' ><'i' ITCV>'(x")V>'+(x"))l'i'><'l' !T{V>'(x')
0 l 0 0 0 0 


ip·•+cx2»l'l'o > 
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- <1¥ j'I' (1/J' (:>r )1/J'+(x"))j'f ><'¥ jT(1/J' (x")V;'+(x
0 1 0 0 2 

1/J I+ (XI ) ) I'fl > 
0 

+ <1¥ j'I'(1/J' Cx1 )1/J'+(x")) 11¥ ><1¥ j'I'(1/J' (x")V;'+(xi)) 11¥ ><1¥ ITCV;' (x')
0 0 0 0 0 

1/J'+(x2>> 11¥0> 

- <1¥ol'I'(1/J' <x1)1/J'+tx2)) l'fo><'fo!T(1/J' (x")1/J'+(x')} 11¥o><'folTC1/J' (x') 

+ 

1/J'+(x"}) j'l' > 
·O 

<'¥ l'l'C1/J' Cx1 )1/J'+(x2 )) 11¥ ><'¥ jT('-' (x")1/J'+(x")) 11¥ ><'¥
0 0 0 . 0 0 

1/J'+(x'))l1¥o> 

jT(1/J' (x') 

(E-31) 

Therefore, the first-order term of G(x1-x2) can also be ex

pressed in terms of free-particle Green's function. One may 

proceed to show that this is true for any order and one can 

associate Green's function at every order with a set of Feynman 

diagrams. Once we have set up the Fenyman rules, we can 

calculate Green's function to any order by applying these 

rules to the Feynman diagrams. If we use a solid line to 

represent the free-particle Green's function and a dashed line 

for the interaction W(x'-x"), a diagramatic representation 

of the first-order Green's function is given in Fig.12. The 
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diagrams are arranged in the order of the terms appearing 

in (E-31) • 

x' x" _l'~ox' 

(a) 

x'x" Q.-P 

( f)(d) 

Fig. 12 

Since x' and x" are integration variables and W(x'-x") 

is symmetric, diagrams (a) and (d) as well as diagrams (b) and 

(c) give the same contribution to G(l) (x1-x ) ... For diagrams2
of order n, there will be nl topologically equivalent graphs. 

Furthermore, diagrams (e) and (f) are disconnected graphs and 
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the rest are connected ones. If we keep the connected graphs 

of a particular order fixed and sum over all the disconnected 

graphs, then the disconnected grap~s will yield a factor 

<'i'0 jSj'i'
0 

> which will cancel the same factor in the denomina

tor of Green~s function. If only one of the topologically 

equivalent connected graphs is taken, then we have to include 

a factor n1<'!'0 jSj'i' > in the Green's function. Therefore
0 

G(x1-x2) can be written as 

co 

G(x1-x2) =-i r ,-J.) T(iµ' (x1 )iµ'+Cx 2 )H~(t') ••• H~(tn))~ 

. n r r<~on=O 
-co -co 

'!' > dt' .•• dtn (E-32)
0 c 

' 
where the subscript c indicates that only the connected and 

topologically non-equivalent graphs will be considered. When 

the graphical technique is used, it is often convenient to work 

in the energy-momentum space. This can be achieved by taking 

a full s.pacE::-tirne Fourier transform of (E-32) • For example, 

the contribution from diagram (a) of Fig.12 in the energy-

momentum space would be 

with 
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Here, we have introduced a 4-vector p such that p = (p,p )=(p,~w). 
- 0 

As a result, diagram (a) of Fig.12 is replaced by Fig. 13. 

p 

' \ 
\ 
A qp-q 
I 

I 

p 

Fig.13 

Of course, there are infinite numbers of diagrams that 

have to be summed. For the self-energy type diagram, however, 

it is enough to consider only the compact graphs. A compact 

graph is defined as the graph which cannot be separated into 

two parts by just breaking a single propagating line. Formally, 

all the possible graphs could be included in a way shown by 

Fig. 14. The block E(p) consists of the totality of all the 

Go(p) 
_ _,,o(p)G ( ) Go(p)'::tt.p G~) E(p) .= + (p) + 

+ . . . . 
Go(p) G~- + l:.(p) 

Fig. 14 
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nonequivalent compact self-energy graphs. The mathematical 

equivalent of Fig. 14 is 

(E-33) 

This is the so-called Dyson's equation which may be rewritten 

as 

(E-34) 

or alternatively 

(E-35) 

where we have used (E-23) for the G (p). Thus we arrive at a 
0 

very simple relation for Green's function and the compact 

self-energy parts of the propagator, and the studies of Green's 

function reduce to that of E(p). An explicit example of 

summing compact ladder diagrams will be demonstrated in Chapter 

III. 

Before concluding this section,we would like to show 

that the generalized Green's function is indeed Green's function 

of an integro-differential equation. In space-time represen

tation, (E-33) takes the form 

G(x1-x2) = Gu(x1-x2) + I d4x•d4x• G6 (x1-x')E(x'-x")G(x•-x2) (E-36) 

~2 2~ aOperating this equation by <r atl 2M V1 ) and using the result 
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of (E-7), we obtain finally the desired integro-differential 

• 
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