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Various analytical methods for studying the behaviour of shallow
conical shel}s on Euler-Winkler elastic foundation are presented.

To account for the nature of concrete and the geometric
properties of the shallow conical shell, Poisson's ratio and certain
radial and circumferential deformations of the middle surface are
neglected in deriving the basic differential equation. Analytical
methods employed in the solution of this shell problem are the GECKELER
and asymptotic types of approximations.

The presentations of various methods of analysis are made for
a representative case of dimensions and loadings of the conical shell
to make them as applicable as possible to the cases of thin conical
shell commonly encountered in industry.

The shell structure studied is a tank in the form of a
rotationally symmetrical cylindrical shell supported by a shallow
conical shell foundation. The construction joint between the conical

shell and the cylindrical shell is either monolithic or hinged.
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The analytical results of this water tank supported on Euler-
Winkler elastic foundation are compared with the corresponding findings
of W. Fliigge, who assumed a uniform soil bearing pressure acting on the
conical shell structure.

The method of analysis which possesses obvious advantages over the
other methods studied is selected to examine the effect of different
elastic stiffness coefficients of the soil. The validity of

simplifying the soil bearing pressure to a uniform distribution by most

designers can consequently be studied by
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pressures of an ideal elastic soil which is postulated to react to its

deformation like a bed of indépendent elastic springs.
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CHAPTER 1

INTRODUCTION

Even for the simplest types of shells, general solutions for the
associated differential equations are fairly complicated. Assumptions
are often made to simplify the differential equations and to facilitate
the integrations by approximations. Simplifications are further
justified on the ground that the minimum concrete thickness is often
controlled by the construction practice, by the buckling properties of
the shell, by the minimum reinforcement, and by the temperature and
shrinkage requirements.

Thin shell analysis is commonly based on the following assumptions:
(1) The material is homogeneous, isotropic, and linearly elastic.

(2) The system behaves according to the small-deflection theory, which
essentially requires that the deflection under the load be small
enough so that changes in the shell geometry do not alter the static
equilibrium. The usual measure of validity for this criterion is
that the transverse displacements of the shell be small compared
with the thickness of the shell.

(3) Only static loading and static structural responses are considered.

Many designers further simplify the situation by assuming that the
soil bearing pressure is uniformly distributed. This assumption
implies that the ground is similar to a bed of linearly elastic springs
whereas the shell is infinitely rigid. The validity of such an

assumption is very doubtful, especially in the vicinity of the



boundaries where the effects of the edge loads and edge displacements
are particularly pronounced. A study of this question might clarify
some aspects of this problem.

Based on various considerations, a number of differential
equations for shallow conical shells have been suggested.

The most simplified form of the solution is to consider the
shallow conical shell similar to a circular plate in its structural
behaviour. The longitudinal element of the conical shell can be

regarded as a beam of linearly varying width supported on elastic

foundation. The resulting fourth order differential equation has
the form:

“q2 2

d—-(EIi-‘i)+bkv=o

dx? dx?

where E is the modulus of elasticity, I is the moment of inertia,
k is the foundation stiffness, and b is the variable width of the beam.
Though this differential equation is not difficult to solve, its
assumption limits its application to very shallow conical shells.
The most general form of the differential equation for the shallow
conical shell can be derived from the first and second fundamental
linear shallow shell equations of KARL MARGUERRE:

bw - V2 F =
Dv*tw Vi F = P,

V4F + Ehvi =0

where V and v, are the two-dimensional differential operators, D is the
bending stiffness modulus, E is the modulus of elasticity, F is the
stress function, h is the thickness of the shell, P, is the normal 1load,

and w is the transverse displacement of the shell.



These two equations ought to be reduced to a shallow conical shell
differential equation of the eighth order, but it is apparent that the
differential equation of such high order is extremely difficult to
establish and to solve. Therefore it is more appropriate to
establish the simplified differential equation for the shallow conical
shells directly from the special equations for rotationally symmetrical

shells.



CHAPTER II

STRESSES IN CONICAL SHELL SUPPORTED ON

EULER-WINKLER ELASTIC FOUNDATION

2.1 EULER-WINKLER ELASTIC FOUNDATION

Euler-Winkler elastic foundation makes the assumption that each
point of the soil exerts an independent reaction on the foundation.
This means that the foundation is made out of discrete linear springs
and does not represent a linearly elastic continuum. One spring and
its deformation exerts no effect on the neighbouring springs. This
assumption, while ignoring the shearing stiffness of the foundation,
provides a great simplification to the extremely complicated soil
compression problem.

The reactive pressure exerted by the load can be given by means of
Euler-Winkler soil stiffness coefficient, k, and displacement,

Wiope = -kw.  The hypothesis of the Euler-Winkler foundation is
fairly acceptable for sandy soils, but is not well adaptable to clayey
soils. To determine the elastic stiffness constant, small plates are
loaded with a weight P in order to measure the displacement of the
plate,as k = P/(Aw) where A is the area of the plate. 1t ds

apparent that the perimetral shear effect is considerable because k
changes when larger plates are used in this loading test. For clayey
soils, the situation is further complicated by varying soil
inhomogeneities and by plastic flow, slips in soil grains, and many
other fortuitous properties.

As an approximate preliminary design criterion, the Euler-Winkler



foundation can be used with profit. However, it should be noted that
a soil with shearing stiffness would stretch out the boundary

disturbance zone of the conical shell.

2.2 STRESSES AND STRAINS IN ELASTIC SHELL OF ROTATION*

A shell can be considered a naturally curved thin plate. This
definition implies that the thickness of the thin shell is small
compared with its other two dimensions, but it does not require that the
shell be made of an elastic material. We generally assume that the
material is elastic according to Hooke's law.

The stress acting in a shell can be expressed by a system of stress
resultants with respect to the middle surface. If the shell is
sufficiently thin and the equilibrium condition due to elasticity holds,
the equilibrium problem of the shell can be made equipollent to the
equilibrium problem of the middle surface.

The derivations of stresses and strains in the shell of rotation
can be found in numerous standard works: (1), (2), (3). They are
therefore not elaborated here. The following is a summary of all the
forces and moments exerting on a shell element to serve as a background

for developing the equilibrium equations.

*For a critical historical review of the rotational shell theory,
see APPENDIX I.



shell element

middle surface

(s 79 stresses
P> external load
N,Q, stress resultants
M, stress couples
FIG. 2.1 Stress Resultants and Stress Couples'.

Force Components

Transverse Shear Stress Resultants:

Qez: Xx-component: —d¢deQle651n¢
z-component: d¢d6(BQez/86)r¢

¢Z: y-component: —d¢deQ¢Zr

z-component: d¢d9(3Q¢2/8¢)



Circumferential Stress Resultants:

N,,: radial component:

86

X-component :

y-component:

z-component:

d¢)d6N66r¢

dgde (aNg/90)r,

-d¢deNeer coso

¢

d¢deNeer sing

¢

Meridional Stress Resultants:

N  : y-component:

oo

z-component :

Shear Stress Resultants:

N_ . : Xx-component:

6¢

y-component:

N _: x-component:

$0

Moment Components:

Moment Resultants:

M, . : Xx-component:

66

y-component :

M
ol

M
0¢

y-component:

z-component :

X-component:

X-component :

d¢ds CBCNMI‘)/ )

d¢pdoN
$do6 ¢¢r

d¢deN of cos¢

$6 ¢
d¢de@(Ne¢r¢)/ae)

d¢de(3(N¢er)/3¢)

d¢deMeer cos¢

¢

d¢de(BMee/ae)r¢
-d¢de (M )
0] 8 ( ¢¢/ T¢)

d¢deMe¢r¢cos¢

—d¢de(&M¢er)/8¢)

-dpdeM
$do ¢er



Moment Components of Forces:

P, P¢, Pgy* X-component: 0

y-component: 0
Q¢z: X-component: d¢d8r¢rQcp
y-component : 0
Qez: X-component: 0
y-component: -d¢d8rr¢Qez
Ne¢: z-component: d¢d9rr¢Ne¢
N¢e: z-component: —d¢d6rr¢N¢8

In all cases infinitesimals of the third order are neglected as

comparatively insignificant in equations of equilibrium.

FIG. 2.2 Middle Surface Element Subject to Stress Resultants and
Surface Tractions


http:x-compon.e.nt

~
§/° :?:l (Mogray
(xdas

@
9GR)

P

s

v
*
:&
S~

FIG. 2.3 Middle Surface Element Subject to the Stress Couples and

Transverse Shear Stress Resultants

‘Local Force Equilibrium Condition

aNOe o(rN, )

, 90 : B
ZFX. r¢ == + 5% + r¢coseNe¢ - r¢51n¢Qez + rrq)pe =0 (2-1)
3(rN, ) oN :
. 0% 89 - "
ZFy. ——36———-+ r¢ Y r¢cos¢Nee - rQ¢z + rr¢p¢— (2-2)
aQez a(rQ¢z) .
ZFZ: r¢ - + ” + r¢s:m¢Nee + rN¢¢ + rr¢pZ = 0 (2-3)

Local Moment Equilibrium Condition

x-component (moment about x-axis):

oM " a(xM, )

¢ -
T - + r,cos¢M__ + rr Q =0 (2-4)
¢ 30 a¢ ¢ 06 ¢ ¢Z




y-component (moment about y-axis):

oM 3(xM. )
r¢ L. 8 T cosque - rr Qe =0 (2-5)
X 36 ¢ ¢ ¢76z

z-component (moment about z-axis):

rrq)Ne¢ - rr¢N¢6 - r¢ cos¢Me¢ - rM¢e =0 (2-6)
Equilibrium Equations for Rotationally Symmetrical Conical Shell

If LOVE's First Approximation for thin shells applies,

z/rx << 1 >> z/ry, then N6¢ = N¢6’ M6¢ o M¢e. For rotationally

symmetrical loading,

Py = Ngg/30 = M, /36 = O
Nyg = Ngy = Mg =M, = 0

and

1]

Qy, = 0 from (2-1).

Z

The remaining equations from (2-1) to (2-6) are:

d(rN, )
—?HTJEE— - rq)coschee - rQ¢Z + rr¢p¢ =0
d(rQ, )

¢z : =
——55——_'+ r¢51n¢N66 + rN¢¢ * rr¢pZ =0
d(rM, )

$d &=
—n r¢cos¢Mee - rr¢Q¢z =0

The soil reaction is Pe =-kw, and the tangential traction p¢ = 0.

As POISSON's ratio for concrete is negligibly small, Mee = vM¢¢ = 0.

Consequently the circumferential bending stiffness of the thin shell is
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neglected. Introducing the meridional co-ordinate s for conical shells
by letting ds = r¢d¢ when r¢+w as d¢~0, the equilibrium equations
become:

d(N__s)

Ss _ _
g = Nes =0 (2-7)
d(Q,s)

e Neetan¢ - skw + sp, = 0] (2-8)
d(M__s)

SS _ _

———— Qszs =0 (2-9)

FIG. 2.4 Meridional Section of the Middle Surface of the Conical Shell
with Co-ordinate s

Four unknowns in three equations make the system internally stat-
ically indeterminate ‘to the first order. . It is necessary to derive
the additional equation from the deformation of fhe shell. The
kinematics of deformation of the rotationally symmetrical shell are
based on KIRCHOFF's hypothesis, which states that normals to the middle
surface of the shell remain normals to the deformed middle surface and

undergo no stretching.



The displacement-strain relations discussed in various standard

works, (3, 4), are summarized as follows:

| MIDDLE SURFACE

FIG. 2,5 Convention for Deformations:Meridional Section of the
Middle Surface of the Shell

Curvature Change:

The change of slope of meridian at ¢:

Vo, 1 dw

o O

The normal curvature change of the meridian due to deformation:

_ dy _ d2w
Xo¢ ~ ds. =~ ds?
0

The circumferential curvature change:

XGB = xcos¢/r

The torsion of the middle surface:

Xoo = Xop = 0

Strain:

The linear strain in the meridional direction (y-axis) at the

point z:

12
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The linear strain in the circumferential direction (x-axis) at the

point z:

VCOoSd
T

W
b 3

€op(2) = "

The plane strain in the parallel surface:
=0
e¢e
The stress-strain relations for isotropic linearly elastic materials for

rotationally symmetrical shells are:

£ = (o

o6 - voee)/E

oo

o0 = (oee - vo¢¢)/E

£ e/2G =0

o
$0 ¢
Substituting these expressions for stresses, while the strains at z

are given by:

e, . (z) = ¢

99 o0~ X
€9 (2) = €45 = ZXgq

into the cross-sectional resultants of stresses yields the constitutive

equations:
Ny, = f?vz (55 = Vegq) M= DOy, * VXgo)
Mg © f?vz (egy * ve¢¢) Mg = Doy * vx¢¢)
Nyg = Ngy = Bhe,/2(1+) = 0 Mo = My, = D(I-v)x, = O
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where the bending stiffness or the modulus of flexural rigidity D is
Eh3/12(1-v2), POISSON's ratio is v, and the imposed LOVE's First

Approximation for thin shells is z/r¢<<1>> z/re.

2.3 DIFFERENTIAL EQUATION OF THE CONCRETE CONICAL SHELL ON
EULER-WINKLER ELASTIC FOUNDATION

Substituting the equilibrium equation (2-9) into (2-8) gives:

d rd _
a§~[a§-(Msss)] + Nggtand - skw + sp =0
From the constitutive equations and kinematic equations,

= . = _Dd2 2
MSS = M¢¢ = D(xss) Dd“w/ds

N Eh

ag = €0 = Keee = -Kwtano¢/s

Since the POISSON's ratio v = O is an admissible approximation for

concrete, the extensional stiffness of the conical shell becomes
K = Eh/(1-v?) = Eh

the equation above becomes

2
-4 Eé—-(g;ﬂa] -k tan?¢ - skw + sp, = 0
ds ds ds? s

where A* = Xtan2¢/D and k* = k/D, or
P

2
(S_Q_W) + (i-x“+ skt w = k]
ds2  ds? s D

2

The differential equation for the conical shell on Euler-Winkler
elastic foundation is:

u 3
2 LM 4 25 LM 4 %+ s2¢)w = (s%p /D) (2-10)

ds' ds3
where A" = 12tan?¢/h? and k* = 12k/(Eh3), the flexural stiffness of the

concrete shell with v=0 is D=Eh3/12, the modulus of elasticity of concrete
is E, the thickness of the concrete shell is h, the stiffness

coefficient of the EULER-WINKLER foundation is k, the normal loading is
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P, the meridional coordinate is s, the transverse displacement is w,

and the meridional angle is ¢.



CHAPTER III

SOLUTIONS OF THE DIFFERENTIAL EQUATION OF THE CONICAL SHELL

ON EULER-WINKLER ELASTIC FOUNDATION

3.1 APPROXIMATE COMPLEMENTARY SOLUTIONS

Differential equations derived in engineering mechanics may be of any
order and type. The solution of many engineering problems, however,
depends on the discovery of solutions of certain types of ordinary

linear differential equation which are generally of the second order.

3.1,:1 GECKELER TYPE OF APPROXIMATION

As in the region of the shell where ¢$>25°, cot¢ has a rather moderate
value and sk">>\% = 12tan?¢/h?, then the fourth order differential
equation (2-10) with one dependent variable can be reduced to two
conjugate second order differential equations. The solution of one
such conjugate second order differential equation yields all the

independent solutions of the fourth order differential equation.

2
Introducing the differential operator L = sé—-&—l
ds?
then
2 2
LL(w) = sd—— (si—‘i)
ds?2  ds?

and the differential equation (2-10) can be expressed in the homogeneous
form:

LL(w) + (s%¢* + \'")jw = 0

16
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To reduce the fourth order differential equation to the second order,
the assumption sk* >> A" can be made for the shallow, thin conical shell.
Hence,

LL(w) + s2k* =0 (3-1)

Setting A% = O means that the normal component of N66 for the shallow

shell (tan¢=sin¢ for small ¢) is neglected, as from Chapter II, (2.3),

-sNeetan¢/D = EhtanZ¢w/D = Atw
If the reduced equation has a form
L(w) + (as + b)w =0
then
L(w) = -(as + b)w and LL(w) = (as + b)2w
because
L(as + b) = O, consequently
LL(w) + s2¢%w = [(as + b)2 + s2 kt]Jw = O
The non-trivial solution,w$0, is satisfied if and only if
a2 + k* =0, 2ab =0 and b2 = 0

Hence

The differential equation of the fourth order can be reduced to the

solution of two conjugate second order differential equations:

L(w.) * sik?w. = 0
( J) J

where

k2 = y12k/Eh3 = 2K2
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or

d?w.
) . i2K2wj =0

ds?

Applying EULER's particular solution wj = ¢™ reduces the differential

to

m? + iX%*)e™ =0
as

™ £ 0
then,

m = /-1 /2 K
and

m, = /i /2 K

&

The solution is:

w o= wp(m) + wp(my) = e.Ks(Xele # Ze By o eKS(Ye_lKS + WelKS)

By the EULER formula and for complex X, Z, Y and W,

w = eKS(ClcosKS + Cosinks) + e-KS(C3cosKs + CysinKs)
As the e_’Ks terms are related to internal boundary near s = O and have
minimal effects on the outside boundary zone, the solution for the out-

side boundary zone is:
Ks .
w = e (CjcosKs + CpsinKs) (3-2)

Substituting (3-2) into (2-9), we obtain the transverse shear stress

resultant and the meridional stress couple as shown on the next page:
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Ehd d3w ! d?w

Q i Gy i P P e M B
5212 ds3 s ds?
3
=—EE—-(2}@eKs) {Cz[K(cosKs - sinks) + (cosKs/s)]
12
- C;[K(cosKks + sinKs) + [sinKs/s)]} (3-3)
and
3 2
M = - Eh” @111
12 ds?
3
= - Eh—-(ZKZeKS) (CocosKs - CjysinkKs) (3-4)
12

3:152 BAUERSFELD-GECKELER TYPE OF APPROXIMATION

Substituting the dependent variable w in the differential equation

(2-10) by w = ¢(s)u(s), we obtain:

L 3
D(w) = s2 B 5 2s Lk (A" + s2¢")w
ds* ds3
L 3 2 g
- 52¢ELJ£ # (4525§L_ + 256) dPu | 652(§_§l + gﬁg d7u
ds" ds ds3 ds2 ds ds?

3 2 i 3
¢ (45290 4 sl 8y Su 1 2478, 55459, (s2k*  + A")¢Ju=0
ds3 ds? ds ds" ds3

Setting 452é$-+ 2s¢ = 0, and integrating d¢/¢ = -ds/(2s) yields the
ds

expression ¢ = 1/Vs, which when substituted in the differential

equation above yields the normalized differential equation:

4 2 4
D(u)zg_l'lq.é.}_ii_é__d_}i.}.(__s_ +2\—+KL})U:O

1
ds* 2 s2 ds?2 3 ds 6 st s2


http:C1[K(cos.Ks
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By the normalizing transformation, a larger magnitude difference
has been created between the highest derivative d*u/ds* and the next
derivative d?u/ds?,and now d*u/ds“>>d?u/ds? for solutions in the form
of heavily damped oscillations, yet an additional first order
derivative (3/s3)du/ds and the function (45/6)u/s* have been added.
Inasmuch as higher order derivatives have larger magnitudes, lesser
magnitude quantities are neglected when (3/2s2)d?u/ds? - (3/s3)du/ds
is neglected in D(u) = O than when 2s(d3w/ds3) is neglected in D(w) = O.
This simplification represents the so-called GECKELER's approximation.(*)
The BAUERSFELD-GECKELER type of differential equation emerges by

introducing the GECKELER approximation in the differential equation

above, which gives:

Y 4
d_l'l.'.(ﬁ 1_+.>_\._.+K-’+)u:0

ds* 6 st s?
and by imposing the BAUERSFELD approximation for a narrow boundary

zone,

K
6 st s2 6 L* L2

The BAUERSFELD-GECKELER approximation differential equation is:

L %% b
du ., %™ u=0
ds"
where
* %L "
K = .l (£ 1__. 4 L +K'+)
4 6 L* 12

*

For cases when 45/6(1/L%)<<A%/L2, then K = 1/4(A\%/L2 + k%) = K , and,
thus
d*u
ds*

(*) see APPENDIX I for historical notes.

*
+4Kk % u=0
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The solution of this equation is similar to the solution of the
equation (3-1):

*
u = eK . (CicosK*s + CzsinK*s)

As
w = ¢(s)u(s) = u(s)/vVs
then
W = l—-[eK*S (C;cosK*s + CpsinK* s)]
s
where

N
K*h= 1 (_>‘__ +|<L*)
4 12

Considering the magnitude of the coefficient K* for some problems, a

further simplification becomes possible when A%/LZ<<k":

K% % K4/4

The transverse shear stress resultant is:

End XS SK** 9
R, %= = [ Ci{ [-2k**3 + == - Z—] cosK**s
12 /s 4s2  8s3
w [eaped® g B2 o 2. Jren sinK**s}
s 452
+ Cp {[-2K**3 + SK**-g——J sinK**s
4s2  8s3
* %
- [-2Kk**2 _ K -E—-]K** cosK**s }]
s 452

(3-6)
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The meridional stress couple is:

* %

3 S sk
- _Eh” e {ci ¢ - . K*%) cosK**s _ (_l.+ 2K**)K**sinK**s ]
= 12 /s 4s s s
3 * %
4 CZ[( 3 - K*¥) .Sﬂ_l.(__s.g. (_l & ZK**)K**COSK**S} }
4s s S

(3-7)

* *
3.1.3  ASYMPTOTIC SOLUTION FOR LARGE ARGUMENTS s( )

From (2-10)
L 3
52g~ﬂ-+ 2s i " % + s2kM)w =0
ds" ds3
@
‘b\

§*\\7_

FI1G, 3.1 Conical Shell:Meridional Section with Co-ordinates s and &.

Setting s=1/& (for s»>», &>0) to study the nature of the singularity

at s=» gives the transformed differential equation:

S 3 2 I N
___dw+_1_q____dw+2_4__dw+i6_d_w+()\_+K_)w=0

dg* ¢ dg3 g2 dg® g3 4 g6 g8

which has at £=0 (and, therefore, at s»w)an irregular singular point.

(*) see APPENDIX II for notes on asymptotic solution.
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The normalized differential equation from Section 3.1.2 is:

4 2 4

D(u) =d_1,l+§.1_d_u___3_£1£+[f1_5_i_+?§_+l<q] i = 0
2
s

dst* 2 s? ds? s ds 6 st
is derived from (2-10), it can be satisfied by THOME's normal solution
series as an asymptotic expansion about the irregular singular point at

S=co ,

u = AeQ(S)scé(s) = ep(S)SCQ(s)

where Q(s) is a polynomial in s and ¢(s) = a_ + g e g W

If the polynomial is linear and limited to a single term
P(s) = ms, (m = constant)

then the normal solution series is

ms -n+c ms -(n-c
u=-=ec I a.s = z ans ( )
n=0 n=0
where
s>0, ao+o

Substituting u into the normalized differential equation and shifting

the index,

D(u) =5 (m* +*)a s -3 4md3(n-1-c)a 1s_n
n=0 - n=1 A=
= 2 3 L -n
+3 {m [6 (n-2-c)(n-1-c) + =] \*|a__s
n=2 2 e
-z m{@m-3-¢) [4(n-2-c)(n-1-c) + 3] + 3} a_ s
n=3
- 3. . 45 o
+ I { (m-4-c) [(n-3-c)(n-2-¢)(n-1-c) + = (n-3-¢) + 3] + —J]a 45
n=4 2 6 "
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An inverse power series in terms of (1/s) vanishes, if and only if all
coefficients of (l/s)n vanish:
n=0: (mt + K”)ao =0

As a g f 0, the characteristic equation

m4 +k* =0

results, where the roots are

m1,2’3,4 =4/Tik = i/ZiK

All the roots of this indicial equation are distinct, therefore, the
normal series solution can be applied to yield all pertinent asymptotic

solutions for large arguments of s:
n=1; (m* + K”)a1 - 4m3cao = 0
As a%O, m+O, (m* + k") + 0, then ¢ = 0.

= 2 (mt + o%Va - Am3(1- 2 [owtioet .51 & 38ls =
n=2: (m*+g )a2 4m° (1 c)a1 + {m [-c(1-¢) + 2J + A }ao 0

then

N
ap = -+ 2y Ja = 2 «"Ja
8m

8m 4 m

BB ¢
1
& |3

where m is the conjugate complex of m.

n=3 (m*+ K“)a3 - 4m3(2)a2 + {m2[6(1)(2) + §]+ x”}al

1}
o

-m(0) (3)a,

then

2.8
81 1 _15 ., , ma Ja
128 m? 34 32
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n=4: (m*+c"a, - m3(3)a, + {n2[6(2)(5) + 21 % Aa,
2

-m{[4(2)(3) + 3] + 3}al+(é§930 - 0
6

then
751 ma®, .81 1 15¢%  m2a®
By & ss ) ( — - # Jag
24m 12 128 m 32 32
51 .,31 o 51
“EES -T2 s
2m? 8m 4 8 m3

N
ot =B = D
K -

This asymptotic solution is valid only for large values of s.
Consequently the boundary conditions at small s are meaningless and are
to be ignored. Therefore, only that part of the solution associated
with external boundary where s is large shall be retained. As the
external boundary conditions are associated with functions which
increases with increasing s, only the roots my and m, that yield
exponential functions e™ which increase with s are consistent with

this asymptotic solution, and therefore are pertinent to the bending

problem of the closed conical shell. As

m* = k%, (x>0)

Substituting my and m, into u gives

2



- = e(K/ 2)se(>1|</ /2—)3{1 N [§_1 1 — - (l_+ iy ]_1_
8 k(—+=—) 4 V2 V2 s
V2 2
L - 2.8
+[81 1 _].SOL 1KOL]L+ "}30
128 k%3 32 32 s
/2" -ik/V2
e = L
8 K'('—‘-*'*‘/—_) 4 /Z 1/5 S
V2 2
[_ 81 1 _ 150" . 1K2aSJ 1__+
128 «2i 32 32 s?

In EULER form,

= (K/ﬁ)sfcos(l(-s- + isin(3 11
R R

+e(K//2_)S[cos(K—s'—) - isin(ﬁ)]{l
V2

V2

: [3(1-1) : K(l—i)fjl

82k 42 s
L = 2.8
+-811___150.+1KOL]
128 «* 32 32
.
+ Jao
3(1+1 1-i)a 1
+[( ) x( )Ot]__
8v2k 4v2 s
S8 1 150 ic?a®y
128 «t 32 32

+|-.}bo

1

S

2

1

g2

26



In algebraic form,

u = e(K//E)S{[(

KS ; . KS
ao+ bo)cos(7§)+ 1(a0 - bo)SIH(—;)]

+[[(A - iB)a_ + (A +iB)b Jeos(5D)
o 2

+i[(A - iB)a_ + (A +iB)b ]sin(5§q]1-
o o />

S

+[[(c iD)a_ + (C + ib)b]coscﬁfa
0 [¢) /f

iD)a_ - (C + iD)QJsin(ééﬂ]—%
2-+s

+i[(C

Hence,
1, 3 kot 1.3 ko't
A—_(_'—-)’ B——(—+ );
Y2 8k 4 Y2 8k 4
=-150LL‘ D = 81 _ k20,8
32 128k2 32
If
a, + b = C1 and 1(aO +b ) = C2
then,
a = (C1 - 1C2)/2 and b0 = (C1 + Cz)/2

Substituting A,B,C,D,ao and bO into u and collecting cosine and sine

terms,

yme (K/Y/2)s A D

+ £ +---)cos(ﬁ) + (]—3- + — +---)Sin(§)]
5% 2 s s 2

f,fa -+

5

+C2[-(§-+ —2-+---)cos(5§J e L 424 E—-+---)sin(5§9]}
V2 52

s s2 2 s V2



As w = u//s_, k = V2K and a = A/x, then,
Ks y
w= S [Cl{fl————““(l-i Ly L2 0] cosks
/s 4 4 K2a% s 32s
I 2,8
f e 4 B A 5 h 3O B L sl s o Things ]
4 4 K%2a* s 16 16 K%a8® s2
N 2.8
CZ{-[Q_—(1+§ 1 )l_Ko‘(l_S_l 1 .1_+...]C05](5
4 4 K2a2 s 16 16 K*a8 s2
4 "
fi-Bg. 3 151 1o, ---]sinKs}] (5-8)
4 4 K2 s 32 52
Then the stress couple,
3 a2
M = . EhT d%w
- 12 ds?
- _ Eh” [?1{ B 2 & Kzuu}g+l{§§,_ 2K%a®) L &+ ...] cosks
i 2 4 s 16 8 s2
2.4
-[2x2 - —K-(i + K2 ) e LEE, 4 -"]sinKS}
2 4 s 16 s?
s K,5 9 K2at
+C2 {I:ZK - —(—+ KZOLL" ) = i —— % ...]cosKg
2 4 s 16 16 s?
+ 1<-(- 2. KZOLL*)l P | (1‘71 ” ZKL*ocs)——l + "']sinKs}-[
2 4 s 16 8 s2 -

(3-9)

28
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and the transverse shear stress resultant,

SZ

K3gh . (73 _ 13K2g4 _ Kig8I1 .. g 40

= - —-~— K cl{ [-2K2 + + (
12 /s s 128 16 8 s2
2.4 L8
faxz - Ko aplf o A L KRyl oo Tetuks |
4s 128 16 8 s2

++++]cosKs

2.4 L 8
+C2{ [2K2— .K__‘_ (73 i 13K o _ K o )L
4¢ 128 16 8 s2

+ [-2K2 + + (
s 128 16 8 s2

B3yl 2,4 b8
K3% 73 13K2a* K )1—-+---]sinxéq

(3-10)

(a) Second Order Asymptotic Solution

If the coefficient series in (3-8), (3-9) and (3-10) are truncated
to exclude terms with (l/s)n for n=3,4, ..., then it represents the
second order asymptotic solution of the differential equation.

(b) First Order Asymptotic Solution

Truncating the asymptotic solution to retain terms up to (1/s)
order gives the asymptotic solution of the first order.

542 PARTICULAR SOLUTION

John-Erik EKSTROM in 1932 demonstrated that the complementary
solution of GECKELER was quite accurate for thin shells, but that the
membrane solution as a representative of the particular solution in some
cases led to errors as large as 30 per cent.

The membrane solution can be considered as a simplified particular
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solution when in the differential equation the bending stiffness is

reduced to zero, and the resulting simplified differential equation

is solved for wp:

b, P 3 P
52 d_lv + ZSd wp x5 ()\Ll' + SZKLF)WP = 52 _Z

ds* ds3 D

This means that

N__tan¢ + 9—-[§—~(M )] -skw +sp =0
00 Ss Z
ds ds

if MSS = 0, the transverse bending is assumed vanishingly small, and

wP > W (wm is the lateral displacement).
m wh m
N .tan¢ - skw + sp_ = - Ehtan2¢— - skw + sp. =0
09 Z s z

As

Nee = Ehtan¢w/s
then

[(Ehtan?¢/s)+ sk]wm +sp =0
and

;o

Ehtan2¢ K
S2

As was pointed out by EKSTROM, the use of w=ws o+ W may occasionally
lead to large errors; it is therefore advisable to calculate

the particular solution from the original differential equation:

dy, 3P 4 P
d'w” 2 dw’ (A__+ oy gP = B

ds* s ds3 s2 D

D(wp) =
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Introducing the LAURENT series as an asymptotic particular solution

about the irregular singular point at s = =

k :
whk = ¢ aks =...+a454+ a353 + a252 + als + ao(a—l/s) - (agz/sz)

- (a_3/53)+(a_4/s”)+(a_5/s5)+(a_6/56)+-'-

Substituting wP into the differential equation,
DWP) =« o4 (ka,+e e -)ste (cta e - )53+ (ha,mata, ) s?

4 4 4 4 ' Y 4
+(kta +Ata ) s+(k'a_+A a,+72a,)+ [(x a_;+A a1+12a3)/s]

+[(*a_,+a*a )/s?]+[(x*a_sa%a_)/s3]+[(k%a_y+a%a_,)/s"]

+[(Kua_3+123_1+"')/55]+ [(72&_2+A”a_4+---)/56]+---

We want a particular solution for the domain s; < s s L, where s

is sufficiently large, so that all values of s > s, are large.

1

This series is semi-convergent and it is used in its truncated form
inclusive of terms k = -2 only as a rough approximation near the
boundary. As the hydrostatic load is almost uniform, the influence
of wP is of subordinate significance. Then the particular solution as

a truncated LAURENT series has the form:

Y bop_ b
WP o= ! [Cs%-Bs+(A—a“C) BB £l MY
4K* s s2
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in which
A
o = —,
K
and
k* = 4K (3-11)

As for hydrostatic loading,

P
- 1g—-y (d -s sin¢g ) = 2= A+ Bs + Cs?
Ehd W © D
hence,
A= - 12—-Y d , B = L1 8 Y. sing, cC=20
gpd M © Eh3

where Yy is the specific weight of the liquid and dO is the height of

liquid column.



CHAPTER 1V

SOLUTIONS OF CONICAL SHELL UNDER UNIFORM SOIL BEARING
PRESSURE AND OF ROTATIONALLY SYMMETRICAL CYLINDRICAL SHELL UNDER

HYDROSTATIC PRESSURE

4.1 TRANSFORMED EQUILIBRIUM EQUATIONS

From Chapter II (2.2),the three remaining equilibrium equations are:

d(rN, )
b
s N,, - =0
o r¢cos¢ 06 rQ¢Z + rr¢p¢
d(rQ, )
————EE—-+ T, SsingN + TN + TY =0
b
dé ¢ 66 66 oF z
d(rM, )
b
—— - 1 cos¢M - rr,Q =0
dé ¢ 66 ¢z

Multiplying the first equation by sin¢ and the second equation by cos¢,

and then adding and integrating with respect to ¢ gives,

E(9) AT

- 1
N¢¢ = COt¢Q¢z +

To
where
F(¢) = C - fr¢r651n¢(p¢51n¢ + chos¢)d¢
This equation represents the axial equilibrium of forces of a
finite free-body of the rotational shell isolated by a horizontal

section at any ¢. Multiplying the second equation by sin¢, and setting

T = resin¢, and substituting from (4-1) yields,
dirsQ, )
Nog = - = 2L o L) (4-2)
T do T
¢ ¢

533



where

F(9)

sinZ¢

H(y) =

+ r. e P
Z

%0
(4-1), (4-2) and the third equilibrium equation form the transformed

equilibrium equations which are more appropriate for applications.

4.2  COMPATIBILITY CONDITIONS FOR SYMMETRICAL
DEFORMATION OF THE ROTATIONAL SHELL

From Chapter II, the kinematic equations of deformation are:

e =1 dv_w_
ooy de
c - cospv W
60 - By

_ Vv 1 dw
T

Multiplying €¢¢ by r¢

another, multiplying the result by the integrating factor (1/sin¢),

and €50 by Ty subtracting one equation from

and then integrating and solving for v yields:

TLE, =T -E
= sin¢( f_dl_(bc_b._?__.e_ed(p e C)
sing

Substituting v into ¢, _and solving for w, gives

66

W = VCOS)-T.€

666
The compatibility condition of the kinematical quantities €¢¢,
€40° and y is insured if a differential equation can be derived by
combining the three displacement definitions into one relation. The

compatibility condition for consistent deformation can be obtained by
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substituting (dw/d¢) and (dv/d¢) into ¥,

X = ——1—-{[N (r, + vr,) - N (r, + vr,)]Jcotp + fg-é-ll(N - WN, )
e ¢ 79 0 R ¢ h dp 6
¢
L v, - wN )T} (4-3)
ap 00 99
as
I‘¢ I‘e
= —2(N,, -uN d = N, . =
To%0 T, Mo Noo) 209 Tefap T T (gg = Wyy)

4.3 MEMBRANE THEORY OF ROTATIONALLY SYMMETRICAL SHELL

If the rotationally symmetrical shell is so thin that its bending

stiffness may be neglected, then,

M¢¢ = Mee = M6¢ = M¢6 =0
and from (2-4), Q¢z = 0. Consequently (4-1) becomes
N$ - E(9) ()
¢ resin2¢

(4-2) becomes

N = (‘b) (b)

and (4-3) becomes

m
Yoo,
6 6

*p =g (c)

=
=
N

where

T = resin¢

Conical shells represent limiting cases of the general rotational shells

when r d»ds = ds, r

$ ¢ ¢ ¢

2o and ¢> constant.
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Q
\\‘ -

A
—

g
r L
e‘g'

global
convention

FIG. 4.1 Meridional Section of a Conical Shell.
From (4-1) and (a)

_ U m m
NSS = - cotq>re + NSS =(-U/s) + NSs (4-4)

from (4-2) and (b)

1 du, .m m
N =- = —+ N__=(-dU/ds) + N (4-5)
66 ré do 86 06
where
= - = ____F(Cb) = i = = =
N¢¢ Vag? N¢¢ r_sin2¢ Nogr U= TgQs,= scoteQg, . Nge H(¢)/r¢

6

4.4  SOLUTIONS OF THE CONICAL SHELL UNDER UNIFORM SOIL
BEARING PRESSURE

Substituting (4-4) and (4-5) into (4-3) and introducing the
MEISSNER differential operator,

2 2
N red ( )+ [recot¢ . Q__(fQJ] ac) ) r¢cot o( )

d2
r¢ ) r¢ d¢ r¢ d¢ T

S
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into this equation gives

dh(yeotgu - —e— D= Ehr, o-x™ )

hds 5 40

L(U) + vU +

The second equation is obtained from the equilibrium equation in
Chapter II, (2.2),

d(rM, )

¢o” _ - -
y r¢cos¢Mee rr¢Q¢Z 0

where
T = resin¢

Substituting from the constitutive equations

Mpp = = DXy * VXgg) and My = -Dlxgg * vxy,)

and

U= reQ¢

then, introducing the MEISSNER differential operator, L, gives,

r_dy r U
L(x) - vy + 3 dh (vcotoy + 3 — ) = . (B)

h d d D
¢ Ty O

For conical shells the MEISSNER differential operator becomes,

L, = lim [L()/r ] = cot¢ [5——E—J+ i), 1_{ 1]

r¢+oo ds ds S
In order that the limits of the MEISSNER equations (A) and (B)
be finite, it was necessary to multiply both equations by the

reciprocal of r¢ before proceeding to the limit r¢+w. For the

conical shell with constant wall thickness h, dh/ds = 0, the
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homogeneous equation for the boundary perturbation is obtained for Xm=0,

L (U) = Ehtang (A)

Ly(x) = -tangu/D (B)

which can be uncoupled into two higher order differential equations,

0 (A)

"
LSLS(U) + 3y

1}
o

L.L (V) + ptv (B)
where
u* = EhtanZ?¢/D = 12(1-v2)tan¢/h?
As
L.L (2) + pte = LS[LS (0)+ip2e J+ip? [LS(Q) + ip2¢9] = 0
where ¢ represents either U or x, then (A) and (B) can be reduced to
second order equations
LS(U)iiuzU =0 (A)
L O)xin?x = 0 (B)
Introducing a new independent variable n = 2u¥s, these uncoupled

equations become:

2
dn?  dn
2
n2 S s (22 1 in2)y = 0
dn2  dn
The differential equation
2
n2 S0 nf (22 4 in2)u = 0

dn? dn

is satisfied by the KELVIN functions (berzn + ibeizn) and (kerzn +ikei2n).
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Applying the recurrence relations of KELVIN functions to a shell closed

at the apex gives,

U = cot¢sQSZ = Cl(bern— Z-bei'n)+C2(bein + g-ber'n)

n n
From (4-5),
Nee - - §2_= - Ui[ Cl(é—-bern = Z-ber'n o B bei'n)
ds nz n n3
+C2(£—-bein - g—bei'n + §—-ber'n)] (4-6)
n? n nd

and from (4-4),

N =-Y=y2[c (-2 pern + Ebei'n) + C. (2 bein - & ber'n)]
SS S 1 9 3 2 2 3
S n n n n
(4-7)
From (A),
1 d2v  du U
X = (s iy e o =)
Ehtang ds2 ds s
as
n=2us/§
and

By = v (12(1-v?%) tang)/h!

The meridional rotation:

Ex = - ’131152—1- [Cl(bein) + z-ber'n) - C, (bern- g-bei'n)] (4-8)
h n n

The transverse shear stress resultant:

o SEL [C, (bern - 2 bei'n) +C, (bein + 2 ber'n)] (=2
s n n

Q

SZ
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The meridional stress-couple:

.. =D + VX
SS

ds S

& tan¢ . . 2

= 2 {Cl [nbei'n - 2(1-v)(bein + =ber'n)]
ne n
-c, [nber™n - 2(1-v) (bern - Zbei'n)]} (4-10)
n

The circumferential stress-couple:

M — D(.)i + \)_d_&)
60
S ds

,tand {Cl [vnbei'n + 2(1-v) (bein + zber'n)]

T]2 n

-C, [vmber'n + 2(1-v) (bern - Zbei'n)]} (4-11)
n
The radial displacement:

A E = mNee
Eh
= - pZEEgég-{ Cl[ - Zher'i # Yhern - Sbedits]
Ehn n n?

+C,[ - 2bein + Fpein + _§5er,n]} (4-12)
n n

where v = 0 and

SCos s
2 ¢ y B0 ¢
Ehn 4h
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The meridional displacement:

I—»A > 0

global
convention

A = - vcos¢ + wsing

as

v = 0, and eee> 0

then

Nee
-Vcos¢$ + wsing = -scos¢ ——

Eh

or

- Eh
Nee = (v-wtang) .

From equilibrium equation (2-8) in z-direction:

Ny tang + i;'(qszs) + (p(s) - kw)s = 0

Thus, the meridional displacement can be calculated by successive

approximations from the formula

2 Y 3 2
V(S)=h—(52§_‘i+25dw)+( k +tanq5)w-——5'——p(5)

12tan¢ ds" ds3 Ehtan¢ Ehtan¢

(4-13)
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For membrane state neglect bending stiffness

2 ; 2
LR Vvi(s) = (——li——— + tang)w" - —>— p (s) (4-14)
12 Ehtang Ehtang¢ z

4.5 SOLUTIONS OF ROTATIONALLY SYMMETRICAL CYLINDRICAL
SHELL SUBJECT TO HYDROSTATIC PRESSURE

If a rotational shell has a cylindrical surface, then r -,

¢

re+R, ¢>m/2, and r¢d¢ +ds¢ = ds

FIG. 4.2 The Longitudinal Section of a Cylindrical Shell.

The MEISSNER differential operator becomes,

mL () _lim o 20, o, 4 70900 1 a0 g0
A 2 2
r¢+m r¢ r¢+m ds r¢ ds r¢ ds re

for h = constant, the MEISSNER equations are:

d2u
R = Eh x-x") (A)
ds
2
R d__)_(_ = - _Ll (B)
ds? D

where U = RQSZ



The uncoupled equations are

4 2,
_C1__L_J.+4)\!‘+U=_&§_X__
ds* r2 ds?

N m
_Cl_)_(__’_ 4)\14)( = K
ds* R2D

where
srt = _Eh_ 3(1-v2)
4R2D  R2h?
as
dw
X ==
ds

the homogeneous equation when xm = 0 is:

dw

ds*

1
+ 4\ "w =0

which has the solution

1 ot 1
w® = eA S(Clcosx's + Czsinl's) + e A S(CgcosA’s + C4sinA s)

Long enough cylindrical shells with A'd>6 can be considered as
semi-infinite. In such a thin cylindrical shell one boundary effect
does not appreciably affect the other boundary. For this reason the
boundary effects of this cylindrical shell can be separated, which
results in considerable simplification of the boundary conditions of
the cylindrical shell. The lower edge effect can therefore be
studied separately from that of the upper edge. The part of the

homogeneous solution which is pertinent for the lower edge is,

<X 1
we o= e . s(Cscos)\'s + C4sinA's)
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For most practical loads

= 2 3
Ps(S) =P, + pys + p,s® + pgs
where p; are constants, the particular solution in the form of

P _ 2 3
woo=a_ + + + a,s
o T3S * a,s ay

is adequate, as d“wP/ds"* = 0,

wP = R3ps(s)/Eh

As the differential equation is exact for rotationally symmetrical
cylindrical shells, there are no approximations involved in this
solution.

The complete solution is:

w(s)

wc(s) * wp(s)

-A's . R2
= e (Cscosx's + C451nk's) - Ssng (d-s) (4-15)

Eh
where Y denotes the specific weight of the liquid.

The longitudinal stress-couple:

d?w d2w
+ Vv

2 2

ds dse

=
i

- D( )

SS

cosi's) ] (4-16)

3 =) 1
- B [2)'% . (Cssinx's - C

12 i

where
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The transverse shear stress resultant:

3 2 3
SZ ds3 d52 ds3
3 -
- _ Eh” [2xn13e Als [Cs(cosk's—sinx's) + C4(sink's+cosx's]}
12 (4-17)
as

2 7

v dw _ _ 0, as v=0.

ds?

The meridional rotation:

- dw

)
= Ae A s[—Cs(cosA's + sin)l's) + C4(cosA's - sinA's)] (4-18)
ds



CHAPTER V

CASE STUDY: WATER TANK

5.1 GENERAL DESCRIPTION OF THE PROBLEM

A cylindrical concrete tank with interﬁal radius of 30 feet and
wall thickness of 12 inches is supported by a conical concrete shell
with wall thickness 8 inches and meridional slope of 17.59 degrees as
shown in Fig. 5.1. The tank is filled with water and rests on a gravel
bed foundation. The specific weight of concrete y= 150 pcf and the
modulus of elasticity of concrete E = 30 X 10° psi. The specific weight
of water Ty & 62.5 pcf. The well-graded gravel bed foundation is
assumed to respond to loading in two different ways: firstly, it is
assumed to behave like an Euler-Winkler elastic foundation with the
foundation stiffness constant k = 500 pci, and secondly, it is assumed
to exert uniform soil pressure as if the conical shell were infinitely
rigid. The analytical solutions used for the conical shell on the
Euler-Winkler foundation are the asymptotic and the Geckeler type of
approximation. Different analytical results on the transverse bending
of the tank are compared. The effect of different foundation stiffness

constants on the bending of the tank is examined.
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A;'—{a:‘

4 300
WATER LevEL  [||, | CONCRETE
+#h=12" | CYLINDRICAL
» SHELL
*
" CONCRETE
- CONICAL
| SHELL

GRAVEL BED

«—

NON-MONOLITHIC MONOLITHIC
JOINT DETAIL JOINT DETAIL

For Concrete v,

EIGs S5u1

Gravel

Water

E,
k,

L%

Specific Weight = 150pcf

Modulus of Elasticity = 3 X 10°psi

Foundation Stiffness Constant

Well-Graded Gravel k = 500pci

Specific Weight = 3.617 X 10 “pci
= 62.5pcf

Meridional Cross-Section of Water Tank
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5.2 WATER TANK WITH MONOLITHIC JOINT

5.2.1 CONICAL SHELL SUPPORTED BY EULER-WINKLER ELASTIC
FOUNDATION

In the case of a water tank, the conical shell constituting the
structural base or foundation of the tank may rest on an approximately
elastic foundation. The simplest assumption for the response of the
supporting soil is that the stiffness of the subgrade is proportional to
the deflection w of the conical shell. This assumption is analogous
to presuming the shell to rest on a bed of distributed discrete linear
elastic springs. All such springs are regarded as compressive because
the soil's capacity to resist tensile stresses is negligible. The soil
reaction intensity is then given by Pe = -kw. The constant k, the
elastic foundation stiffness constant, is expressed in pounds per square
inch per inch of deflection. The numerical value of the stiffness
constant depends largely on the properties of the subgrade. These
values may be roughly estimated by means of the table of the elastic
stiffness constants of the soil foundation.

In this analysis the tank is filled with water. The water
pressure produces a circumferential stress resultant in the cylindrical
shell, which increases from zero at the water level to the maximum at
the bottom of the shell structure. The corresponding deformation of
the lower edge of the rotationally symmetrical cylindrical shell is

described by its radial displacement, AC and by its meridional

yl

rotation, chl
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The conical base as the structural foundation of the tank carries
two loads: the water pressure and the weight of the wall of the
cylindrical shell. It may be assumed that the water pressure on the
tank bottom is transmitted directly across the shell wall by transverse
compression of the wall to the ground, and hence does not create
membrane forces in the conical shell. The weight of the cylindrical
shell is applied to the conical shell as a vertical distributed edge
load P. The conical shell is supported by the elastic reaction of the
ground.

Owing to the continuity of the deformation, the resultant
horizontal displacements and the rotational deformations of the
cylindrical shell and of the conical shell are assumed to be equal at
the intersection of the two shells which represent the compatibility
conditions of the deformation of the structure and determine the
redundant quantities: the radial reaction H and the transverse stress-
couple M of the statically indeterminate shell structure.

(A) COMPLEMENTARY AND PARTICULAR SOLUTIONS FOR ROTATIONALLY
SYMMETRICAL CYLINDRICAL SHELL

Transverse Displacement:

-A's ’ R2
w(s) = e (C.cos\'s + C,sin\'s) - —y (d-s) (4-15)
3 4 w
Eh
where

At = %/3/(Rh?)



Boundary Conditions for Complementary Solutions

_ : Mss
f e )
> T active face,
| N
[ %)o L'_“’A,W,Z
Gg_ o
H, i i s .
T Qe AN l ayo0 reaclive face
b Mss
FIG. 5.3 Boundary Forces: Cylindrical Shell Section

Boundary Force H at s = O:

(a) -Q. = -H

SZ

3
D= D[2A13(Cy * €;)] = -H

2
L D[2a'3(-C)] = 0

ds?

From (a) and (b), C4 =0, C3 = -H/(2r'3D).

Displacement due to Boundary Reaction H:

-A's
1R2
WH(S) = _(M_e. _COS)\'S)H

Eh
Stress Couple due to H:
-A's

MH s sinA's)H
cyl( ) = A'e )

Influence Coefficients for H=1 at s=0:

Ho _ Ho_ o voou o

Acyl = w = -2X'R4H/(Eh)
H

L = & . 95 12R2h/ (En)

cyl ds

51
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Boundary Moment M at s = O;

(a) —MSS = -M
2. C
pe¥_ = p(ax12 ) =M
ds?
(g} =Q.. =0
a3uw©
D——=D[2a'3(C, + C,)] =0
ds3 3 4
From (a) and (b), Cjg = -2\ '2R2M/ (Eh) , €y = 21 '2R2M/ (Eh)
s M’:‘)
e N
! active face
M I M . ?4 Y0
L %,w, [ ‘ \) &y0 Qsz'
global
convention “Meg
FIG. 5.4 Boundary Moment: Cylindrical Sectional Shell
Displacement due to M:
yBng _~A'S .
wM(s) = —[ZA——EL:i———— (cosA's - sini's)] M
Eh

Stress Couple due to M:

_ =A"S. .
Mfyl(s) = [e (sinA's + cosA's)] M

Influence Coefficients for M=1 at s=0:

A?yl . W = -2X '2R2M/ (Eh)
M de
egn = 41 '3R2M/ (Eh)

ds



The influence coefficients should satisfy the BETTI Reciprocal Work

Principle, and the MAXWELL's Reciprocal Displacement Principle:

Eta” = (_H)@llfoMl,= B ket
Eh Eh

(M)XH _ M(2A'2R2H) _ (ZA'ZRZ)MH
Eh Eh

Let M = 1, and H = -1, then AM = XH.

Boundary Conditions for Particular Solution

Boundary deformation at s = O:

P =P = -p2¢ (d- Eh
Acyl w R yw( s)/ (Eh)
2 _ 2
b i awP __R ywd(d s) ) R Yy,
Xeyl -

ds Eh ds Eh

Case Study Numerical Values

Al = _2A'R2H/h = -432.0H 1b/in
cyl
EAM - _2at2R2M/h = -8.650M 1b/in
cyl
P _ 2 - 4 :
EaP | = -R2dy /h = -9.375X10" 1b/in
Exl = 20'2R2H/h = 8.650H 1b/in2
cyl
M - 13p2 = o
EXgyy = 41'3RAWh = 0.346M 1b/in
P _ p2 = .2
Excyl R Yw/h 390.6 1b/in
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where

At =4/3/(R2h2) = 2.00X10™2 in‘l, R = 360 in, h = 12 in

v = 3.617x1o'21b/in3, d = 240 in, H = 1b/in, M = in-1b/in
w

(B) COMPLEMENTARY AND PARTICULAR SOLUTIONS FOR CONICAL SHELL

(a) GECKELER APPROXIMATE SOLUTION
Transverse Displacement:

From equations (3-2) and (3-11)

w=w o+ wh
4 n
:eKS(ClcosKs + CzsinKs) + it (Bs + A - '8 -5145)
4K" s 52
where,
I 3
A 1WM%/@h)
B = 12ywsin¢/(Eh3)
and
-5
a = &
K T
P %
s G“%, %o |
H |
NE a0 |
ONU '

i Global Convention

F1G. 5.5 Boundary Forces and Moments: Meridional Section of the
Conical Shell
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Boundary Conditions for Complementary Solutions

Boundary ForcesH and P at s = L:

1l

(a) Q

i Hsin¢ - Pcos¢

(b) M =0

From (a) and (3-3)

3 -
- B pope By {-C, [K(cosKL + sinkL) + 210Kl
1
12 L
+C, [K(cosKL - sinKL) + SEél-g-]}::Hsin(p - Pcos¢ (1)
L
From (b) and (3-4)
3
- B ox2e®ly [ sinKi-C.cosKL] = O 2)
12 2 .

Substituting (2) into (1) yields,

C1 = alH - blp and C2 = a2H + b2P
where
a; = 51nq>/B1
b1 = —cos¢/B1
with
3
By = - ER” 2x2eXly [_K(cosKL + sinKL tanKL)]
12
and
a, = 51n¢/B2
b2 = cos¢/32
with
3
B, =ED”  2x2eKly [_K(cotKL cosKL + sinKL)]

12
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Displacement due to H and P:

From (3-2)

wH’p(s) = eKS [(alcosKs + a.sinKs)H + (blcosKs + bzsinKs)P]

2
Stress Couple due to H and P:
From (3-4),

MH’P(S) = - Eh3—-(21(.2eKs) [(-alsinKs +a

o " cosKs)H + (—b151nKs+b2cosKs)P]

2

Influence Coefficients for H = 1 at s = L:

H
EAH = Estin¢ EXH = Eéﬂ—
con s

Dead weight of wall section per linear inch is P=thd,where y is the specific
weight of concrete, d is the height of the cylindrical shell wall, and hc
is the depth of the cylindrical shell wall.

Influence Coefficients for Deformations due to P at s = L:

Pp
BFP = et Peing Bl = g
con con dS

Boundary Moment at s = L:

3 g2
() M=M= - Eh® d°w

SS 12 ds?

() Q. =0

SZ

From (a) and (3-4),

3 7
_ Eh—-(szekL)(-ClsinKL + C,coSKL) = M 1)

12

From (b) and (3-3),

3
= &_ (2Kze

12

KL) {—C1 [K(cosKL + sinKL) + (sinKL/KL)]

+C, [K(cosKL - siﬁKL) + (cosKL/KL)]} =0 (2)
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Substituting (2) into (1) yields,

C, = c.M and C, = c.,M

1 1 2 2

where

S Foty

Eh 3 KL KsinZKL
By =& 5= @) = FETo
12 K(cosKL+sinKL)-+——f——
K(cosKL-sinKL) + COiKL
€3~ KL
K(cosKL+sinKL) + 2

Displacement due to M:
From (3-2)

wM(s) = eKS(clcosKs + czsinKs)M
Stress couple due to M:
From (3-4)

3
M (s) = - Eh—-(ZKzeKL) (-c,sinKs + c.cosKs)M
Ss 1 2
12
Influence coefficients for M = 1 at s = L:
M
EAY = Bw sing By =gl
con con ds

According to MAXWELL's Reciprocal Displacement Principle, influence

coefficients EAfon and Exzon should be equal in absolute numerical values.

Boundary Conditions for Particular Solution

From (3-11) at s = L,

l 4 y 8
wp(L) -1 (BL + A « & B _o'A _a'B oA o)

4K L L2 L3 L
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where
A= - 12ywdo/(Eh3)
B = 12ywsin¢/(Eh3)
a = Ak
\ = /T2tanZj/h2
Y U]

Hence influence coefficients are:

dwp
ds

EAP = EwP sing Ex? = E
con con

(C) COMPATIBILITY EQUATIONS FOR CYLINDRICAL AND CONICAL SHELLS

To satisfy the continuity criterion, the corresponding resultant deformations
of the cylindrical shell and the conical shell, i.e. the horizontal dis-

placements and the rotations, should be equal at the joint of the two shells.

Conical Shell: Cylindrical Shell:
Ea:  EAD o+ EATP 4 maM 4 AP = B s M 4 EAP
con con con con cyl cyl cyl
. H Pp Mo p _ H M P
Ex:  BXcon * BXeon * BXeon * BXeon T EXcyl * EXcyl * Excyl
From the above linear equations, H and M can be found. Substituting H

and M into previous equations, it is possible to determine stress
couples, transverse shear stress resultants, displacements, and rotations
along the generators of the cylindrical and the conical shell.
Calculations for various approximate solutions have been worked out
by a computer programme written in PLC language. Results for the case

study and descriptions of the programme are summarized in APPENDIX III.
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5.2.2 THE CONICAL SHELL SUPPORTED BY A UNIFORM SOIL BEARING
PRESSURE FOUNDATION (W. FLUGGE'S SOLUTION)

As the water tank now rests on a foundation postulated to exert a
uniform soil bearing pressure, the conical shell is supported by a reaction
of the ground which is a uniform load P, normal to the shell. In order
to provide compatibility of the cylindrical and conical shells at their
juncture, interactive reaction forces and moments must be applied to the
edges of both shells in the exploded structure. For the cylindrical
shell, there is a radial load Hl and a moment M. For the conical shell,
we have the same moment acting in the opposite direction and a radial load
H2 of such magnitude that H2, Hl and external force Pcot¢ satisfies the
action-reaction principle. The external force Pcot¢ is created by the
weight of the cylindrical shell. As the conical shell cannot carry a
vertical edge load P by membrane forces alone, a radial load Pcot¢ is
introduced so that the resultant force (P/sin¢)acts in the direction of
the meridian. As this additional radial load does not actually exist,

it is compensated by the appropriate difference of the radial reactive

forces Hl and Hz.

(A) COMPLEMENTARY AND PARTICULAR SOLUTION FOR ROTATIONALLY
SYMMETRICAL CYLINDRICAL SHELL

The influence coefficients for the rotationally symmetrical

cylindrical shell were calculated in Chapter V, (5.2.1),
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(B) COMPLEMENTARY AND MEMBRANE SOLUTIONS FOR CONICAL SHELL

From Chapter IV, (4.4):

Ngo= -u2 [c (ﬂ—bern— Zber'n- §—bei'n) + C (—Ebei'n— gbei'n+—§ber'n)]
s 1' 5 3 2 o 3
n n n n n n
(4-6)
_ "3 4 8, . 4, . 8
N = -u?2 [C.(—bern- —bei'n) + C,(—bein+ —ber'n)] (4-7)
Ss s 1* 5 3 2" 5 3
n n n n
Qs I [Cl(bern - gbei'n) + C,(bein + Eber'n)] (4-9)
S n n
_ 2tan¢ E _ s 2 1
Mss_ = {Cl [nbei'n - 2(bein + ﬁber )]
-c, [nber'n - 2(bern - ;]zbei’n)]} (4-10)
=
Ex - _r12 [c (bein + Zber'n) - C,(bern - zbei‘n)] (4-8)
con 2 1 2
h n n
gA = _ Ncos¢ {c, [-2ber' + Hpern - —Sbein ]
con 1 2
4h n n
. 4, . . 8. w1}
+C, [-2bei'n + =bei + =—ber'n ] (4-12)
n n?
where
"
n=2u/s; u= V12tan2¢/h2
and

R

v 0 for concrete
Tabular values of KELVIN functions for n > 10 are obtained from "TABLES
OF THE BESSEL-KELVIN FUNCTIONS ber,bei,ker,kei, AND THEIR DERIVATIVES

FOR THE ARGUMENT RANGE 0(0.01)107.50" by H. A. LOWELL, NASA TR R-32, 1959.
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Boundary Conditions for Complementary Solutions

3\\\\ Qsz dr
iy Z b
Y xro .

Ayo

l Global Convention
FIG. 5.9 Boundary Forces: Meridional Section of the Conical Shell

Boundary Force H2 at s = L:

(a) Q H,sing

(34 2

() M =0

From (b) and (4-10),

2tan¢[cl[nbei,n - 2(bein + zber'n)]-Cz[nber'n-z(bern - gbei’n)]}: 0
2
n

n n
(1)
From (a) and (4-9),
e [C, (bern - %bei'n) + C,(bein + %ber'n)] = H,sing (2)
S

Substituting (1) into (2) yields:

(@]
1}

a.H, and C2 = a, H

1 12 22
where

= sing

E . . 4

tan¢ 2 e (nbei'n- 2bein- pber'n) .. . 2 ;
{ L [(bern- ﬁbel ¥ (nber'n- 2bern+ bei'n) (bein+ Eber m 1
(nbei - 2bein- %berfn)

82': a

(nber'n- 2bern + %bei'n) %



Normal Displacement due to HZ:
From (4-12),

H

A
W 2(5) _ _con

sing

= _._I_(M) [3_1
sing  4hE n n2

+ a (- 2bei'n+ Tbein+ §-ber'n)]H2
2

n n

Stress Couple Due to H2:

From (4-10),

M (s) = 25208 {a [nbei'n- 2(bein+ Zber'n)]
n n
&3
- Tho = 1
az[nber n- 2(bern ﬁbel ]} H,
Influence coefficients for H2 =1 at s = L:
From (4-8) and (4-12),
H2 0s 4 8
EA s - HE030 [al(—Zber'n+ —bern- —bei'n)
con 4h 5 e
+a2(—2bei'n+ ﬁbei + —§ber'n)]
2
n n
iy /12 2 2
Ex = - ———-[al (bein+ —ber'n)—az(bern— “pbei'n)]
con h2 n n

(- 2ber'n+ ibern- —§bei‘n)

65
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M ' M Ao -

s 4

Global Convention

FIG. 5.10 Boundary Moments: Meridional Section of the Conical Shell

Boundary Moment at s = L:

(a) MSS =M

() Q=0

SZ

From (b) and (4-9),

t

an 2 . . 2
2 ¢ [C; (bern- Thei'n) + Cy(bein+ “ber'n)] = 0 (1)

From (a) and (4-10),

ZEEEQ-{Cl[nbei'n- 2(bein+ Zber'n)] - Cz[nber'n— 2(bern- gbei'n)]}=M
n® n n )
Substituting (1) into (2) yields

C, = c,M C, =c¢c.M

1 1 2 2
where
1
c, = 5
- 1!
[ELARY (. ted vy Zbein- Shewty) - ADSTY gbel ) (hber'n-2bern+beitn) ]
n? n (ber'n+;ber‘n) n
2. .

(bern- Hbel'n)

c, =l Je)

(bei'n+§ber'n)
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Displacement due to M:

From (4-12),

st (A9 ¢ (-2ber '+ dhern - Sbeitn)
sing 4hE n n?

+C (-Zbei'w+£bein+ —§ber'n)]M
2 2
n n
Stress Couple due to M:

From (4-10),

Mgs(s) - 2tang {Cl[nbei'n— 2(bein + Zber'n)]
ne n
C,[nber'n- 2(b Zpeit) ]} M
-C,Lnber'n- (bern - - ei'n) M
Influence Coefficients for M = 1 at s = L:
From (4-8) and (4-12),

EAM - _ ncos¢ [C. (-ber'n+ ébern - §—bei'n)
con 1 2
4h n n

+C, (-2bei'n+ < —§ber'n)]
2
n n

M Y12

e B 2 .,
o - —;E-[Cl (bein+ Ebe* n) C2 (bern Ebel n)]

tri
>
|



Boundary Conditions for Membrane Solution

FIG. 5.11 Soil Pressure Distribution

Soil Reaction:

fo (p?cos¢)2n5cos¢ds = nng2c052¢

Applied Load:
2w (Lcosg)P

Equilibrium Equation:

2ﬂ(LCOS¢)P—ﬂng2COSZ¢ =0

Hence,

P _ 2P _
pf Lcoso pz

Equilibrium Force Components:

Nmss Nmee
+

T T
S 0

As for conical shell,

*p, = 0 (From Chapter IV,(4.3))

Ty = scot¢ and T, =

then

= - p.r, = -p_S cotp
Nge z 0 z

68
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and

i S27s cos¢(pzcos¢)ds p,s

Nos = - 2rs sing cos¢ i i

or in terms of P,

m P

Ss sing

The membrane meridional rotation from (4-3)

T
m_ 1r..m m 6 ,.m m 1 d m m
Ex" = gl(Ngg - wNgg) - T (Ngg = Ngg)] cote - ?;HE'[re(Nee - W )]
an’®
cotd m m 66
= " h |:(Nss - Nggd* 535 ]
As s = s(¢), T, = %%»w for conical shell, and v = O for concrete,
- d _ _d
Ty S coto, 35' —rs s
Substituting for N?S and Nge, the meridional rotation is
g o3 scot?¢
Xcon - 2P; h
Membrane horizontal displacement:
From (4-12),
m SCos¢ ,m p,s”
c
EAconz u 558 Nee = - —%——cos¢cot¢
(C) COMPATIBILITY CONDITIONS FOR CYLINDRICAL AND CONICAL SHELLS
Cylindrical Shell: Conical Shell:
H H
. P 1 M N m 2 M
o S E(Acyl " Acyl d Acyl) B Acon * Acon " Acon) (1)
H H
. p 1 Mo m 2 M
Ex E(chl * chl ¥ chl) Bl Xcon * Xcon * Xcon) (2)
I, = H - Pcot$

The results for the case study are ;ummarized in APPENDIX III.
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5.2.3 EFFECTS OF FOUNDATION STIFFNESS

Since various approximate solutions lead to similar results, we

select the more accurate second order asymptotic solution to study the

effects of foundation stiffness. The formerly assumed well-graded
gravel elastic foundation with k=500pci is now changed to poorly-graded
with k=250pci. Results for elastic foundations are then compared with
those of the uniformly varying soil bearing pressure foundation.

Numerical values are tabulated in APPENDIX III.

5.2.4 SOIL BEARING PRESSURE

In this section, we attempt to study the soil bearing pressure
distribution over the conical shell. The results derived from second
order asymptotic solution are compared with the uniformly varying soil
bearing pressure foundation assumed by FLUGGE. At this stage, we are
in the position to check partially the validity of our differential

equations since the total soil bearing pressure should agree closely

with the total s

For elastic foundation:

Pp = -kw

where w = w" + wP is the normal displacement and k is the elastic
foundation stiffness (k = 500pci for well-graded gravel and k = 250pci

for poorly-graded gravel).

For uniformly varying soil bearing pressure foundations:

Pg = Pg * Pg
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where

P 2P
P = Tcoss

is soil reaction due to edge load and

pe " =, [d - (sing)s]

is reaction due to the weight of water transmitted directly to the
foundation.

The results are summarized in APPENDIX III.

FIG. 5.18 Total Soil Bearing Pressure: Conical Shell, Meridional
Section

Total soil bearing pressure is estimated by SIMPSON's rule:

For interval xQ to x2 = XO + 2h
X. + 2h S
/° pedx = [h-(pf +4pe + p. )] 2 -~
X, 3 0 1 2 L
For interval x2 to X4 = x2 + 2h:
x2+2h h S
f pedx = [Z (p. + dp_+ p.)] 2nr =
X £ 3 Iy £, Ty ]
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and so on. Adding all such expressions from x, to X s where n is

0

even, we have,

0 h
f pedx = 2mr ——{(P + 4p +p.) S, +
XO f 0 o f0 f1 f2 1

(P +4p, *p.] 8, *
£, £, £, 73

(p. + 4p,. +p,.J)s....]
f4 f5 f6 5

5.3  WATER TANK WITH NON-MONOLITHIC JOINT

The analysis of water tank with non-monolithic joint is

similar to that of monolithic joint described in Chapter V, Section 2.1.

The same equations are applicable as in the monolithic case, except
that M=0 and there is no Ex compatibility equation. Results are

summarized in APPENDIX III.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

INTRODUCTION

The underlying theme of this project is to study the validity of the
uniformly varying soil bearing pressure assumption employed by engineer-
ing designers as a simplification to the complex elastic foundation on
which the conical shell is supported.

This assumption is exemplified by Flugge's approximation, which, as
noted previously, suggests that the conical shell is infinitely rigid and
suffers no relative normal displacement while generating the soil bearing
pressure. On the basis of this idea, the soil bearing pressure can be
determined directly from the equilibrium equations without relating it to
the soil stiffness. This idea however contradicts the general under-
standing of the behaviour of the conical shell which implies that the
state of stress at the boundary region is dominantly transverse bending
and therefore requires that normal displacements at the edge of the
conical shell cannot be neglected. It is therefore worthwhile to
examine the significance of the foundation stiffness in the design of
the conical shell.

COMMENTS ON THE DIFFERENTIAL EQUATION (EQ. 2-10) FOR
CONICAL SHELL ON THE EULER-WINKLER ELASTIC FOUNDATION

In the process of reducing the order of the differential equation to
a manageable degree, we have made several assumptions following KANN (40)

which should be taken into account in the study of calculated results:
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Since the circumferential moment, Mee, is assumed to be negligibly
small, the differential equation of the conical shell represents
the shell as one which is less stiff than is actually the case.
Both the magnitude and the rate of change of the displaéement along

the meridian can be expected to be slightly exaggerated.

The Euler-Winkler springs of elastic foundation are considered to
be discrete units. Hence, the presence of any shear resistance
between the springs, i.e. between the contiguous soil, will tend to
smooth out the rate of change in the reactive soil bearing -

pressures.

The differential equation does not take into account the
deformation effects of meridional stress resultant at the
boundary. We have assumed that u = o even though du/ds is not

necessarily a small strain:

N g = i (e + vsee) = EheSs = Ehég-
= 1-v2 53 ds

At s = L

du NSS Hcot¢ + Psind

—— e = e SPO

ds © Eh Eh
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CONCLUSIONS

A conical shell with ¢ < 10° behaves in some respects somewhat
similarly to a circular plate, whereas a conical shell with

¢ > 30° behaves in some respects similarly to a cylindrical shell.

The differential equation (2-10) becomes most accurate for
conical shells with ¢ > 30° since the circumferential moment in
the theory used was assumed to contribute little to the stiffness

of the shell.

The various approximate solutions for the differential equation
(2-10) yield quite similar results. Using Maxwell's Reciprocal

Displacement Principle:

as a theoretical criterion, we can establish that the asymptotic
solution best satisfies this relation. For the case with well- .

graded gravel elastic foundation and monolithic joint:

5 : M H M H
Approximation IEAcon! |Exconl ([EAcon I—IExconl )
Geckeler 3.350 3.308 0.042
Bauersfeld-Geckeler 3.701 3.681 0.020
1st Order Asymptotic 3,778 3.740 0.038

2nd Order Asymptotic 3.660 3.676 0.016
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Lowering the soil stiffness coefficient causes a stress
redistribution to balance the applied loads. The result of this
is a lateral shift of the positive maximum bending moment towards
the apex. For extremely soft foundation, we can expect the

momentless region to be very narrow.

By neglecting the dead weight of the conical shell, it is found
that the total soil bearing pressure of the elastic foundation
derived from the second order Asymptotic Solution agrees with the
estimated total applied load. This can be considered as a partial

corroboration on the validity of the differential equation (2.10)

Total applied loads:
water loads 4,54 x 105 1b  (vertical)

wall load :
(cylindrical shell) 5.80 x 10° 1b (vertical)

LP, = 5.12 x 106 1b  (vertical)

Total vertical resultant soil bearing pressures for the elastic found-
ation (second order asymptotic solution) is 5.41x10° ib (normal) or
5.16 x 10% 1b (vertical). Assuming the base is wet, hence frictional
force, ps=0; and the soil bearing pressure from s=0 to 3 ft. can

be estimated by linear extrapolation.

Instability has not been considered in the study. It is only
appropriate for conical shells which are very thin, flat or

made of a low-modulus concrete. Concrete creep may also contri-
bute to larger deformation, but this aspect of the problem has not

been considered in this report.
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RECOMMENDATIONS

s

The Asymptotic Solution can be approximated by the simpler Geckeler

approximation when higher degree of accuracy is not required.

The accuracy of the Asymptotic Solution can be improved by retaining

P A e I—
N1gner Ordaer terus.

The uniformly varying soil bearing pressure foundation corresponds
to the case with low foundation stiffness coefficient. This
assumption however does not necessarily lead to a conservative
design. Reviewing the structure with monolithic joint in the case
study, it is apparent that for some occasions both the stress and

the deformation at any point can be underestimated.

Well-Graded Uniform Soil Difference
Gravel Elastic Bearing
Foundation Pressure
Foundation
(A) (B) (B-A)x100
A
Bending Moment
(in 1b/in)
Max. + 1427 (s=336") 1327 (s=276") -7.0%
Max. - -2387 (s=377.2) -5485 (s=377.2") 129.8%
Transverse Shear
Force (1b/in)
Max. + 31.9 (s=312") 17.6 (s=228") -44.8%
Max. - -263.5 (s=377.2") -147.9 (s=377.2") -43.9%
Normal Displacement .
(in/1b)
Max. - -4.09x10-2 -1.94x1071 -52.6%
(5=377.2") (s=377.2")
Rotation*
Max. + 3.95x107° 3.614x107° -8.5%
(s=264") (s=377.2")
Max. - -5.27x107" -7.54x107" 43.1%
(s=360") (s=324")

*Neglecting results where s < 120 in.



86
The meridional stress resultant derived from the equilibrium
equation is extremely difficult to integrate as the displacement
w has factors such as eKS, 1/(sK), cosKs, and sinKs. As from

equilibrium equation

d _ _ _ Ehtangw
g5 (8 = Ny = s

then,

N = - Ehtand = [ M ds + C
SS s S

However, K it is possible to obtain some good estimates for NSS by

successive approximation methods.
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APPENDIX I
HISTORICAL NOTES: THEORY OF SHELLS

Leonhard EULER [1776] postulated the shell to consist of
individual rings of a double layer of meridional and tangential beams,
but correct results were not reached by such theoretical models.

The first theoretical analysis of thin shells based upon theory
of elasticity was given by the French engineer Emile CLAPEYRON and
Gabriel LAME in 1828 (4). They considered the rotationally symmetrical
shell under axially symmetrical loading, and made the assumption that
stresses are virtually uniform across the small thickness of the thin
shell. In such a case, the constitutive equations are not necessary
and the shell can be analyzed on the basis of equilibrium equations alone.
This theory of momentless equilibrium of thin shells is now called the
"membrane'" theory of shells. However, the '"membrane' state of stress
creates a deformation in shells that ordinarily cannot be made to
conform to the support conditions of the shell, and as a result
transverse bending near the support of the thin shell is induced.

A consistent theory of the bending of plates was presented by
German theoretical physicist Gustav KIRCHHOFF in 1850 (27) which was a
great improvement over the theory of plates as given by the French
enginecers and mathematicians Henri L. NAVIER in 1821 (1), Augustin
CAUCHY in 1828 (2), and Denis S. POISSON in 1829 (3) as it established
the proper boundary conditions associated with the bending and
stretching of thin elastic plates. KIRCHHOFF maintained that normals

to the middle surface of the thin shell remain normal to the deformed

92



93

middle surface and suffer no deformation.

In 1862, German mathematician Alfred CLEBSCH (7) adopted
KIRCHHOFF's hypothesis and established equations of equilibrium for
plates which fall into two separate sets of equations: one set
describes the equilibrium of stress-resultants and applied loads; the
other set stands for the moment equilibrium of stress couples and
transverse shear stress resultants.

In 1874, the German electrical engineer and industrialist Heinrich
ARON (8) gave the first general elastic theory of thin shells. He
described the geometrical properties of the middle surface and the
deformation of the middle surface of the shell in terms of two Gaussian
parametric coordinates and analyzed it as a problem of differential
geometry of surfaces. ARON incorporated KIRCHHOFF's hypothesis of
plates in bending and adopted the method of CLEBSCH in thin plates
theory to the analysis of thin elastic shells. ARON arrived at an
expression for the potential energy of the strained thin shell which
is analogous in form to that obtained by KIRCHHOFF for thin plates.

In 1882 Lord RAYLEIGH proposed an inextentional theory of
vibration for thin shells (9), which was based upon the assumption that
the middle surface of the deforming shell in vibrating motion remains
essentially unstretched, an idea obtained from physical reasoning. In
1883, the French mathematician émile MATHIEU, in contrast to RAYLEIGH,
adopted the method used by POISSON in the vibration of thin plates in
1829, and assumed that stretching of the middle surface is mainly
important in the vibration of thin shells (11). MATHIEU's fundamental
equations could be deduced from the ARON's potential energy quantity if

only the middle surface stretching terms are retained.
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A great progress within shell analysis was achieved by the English
mathematician Augustus E. H. LOVE in 1888 (10). LOVE applied the
KIRCHHOFF Hypothesis and derived the basic thin shell equations
together with the associated boundary conditions (5). LOVE's potential
energy expression for thin shells had a form similar to that of ARON.
LOVE attempted to make the various approximations used in the
construction of the constitutive equations and the kinematical
descriptions of strains more systematic by introducing the so-called
LOVE's First and Second Approximations, and he corrected some faults and
inconsistencies in the shell theory of ARON. LOVE demonstrated that

RAYLEIGH's inextensional theory does not permit proper satisfaction of

the boundary conditions of the vibrating thin elastic shell.

In 1889 LOVE published his theory of thin elastic spherical
shells (12).

Before the epochal memoir of LOVE in 1888, German engineers Emil
WINKLER in 1860 (6) and Franz GRASHOF in 1878, had made attempts to solve
thin shell problems of industrial importance without the aid of general
theory of thin shells with some success.

In 1890, English mathematician Albert B. BASSET (13), and
Australian mathematician Horace LAMB (14) both had demonstrated that
A.E.H. LOVE's [1888] "extensional' strain in the thin shell in most
cases is confined to a rather narrow region near the edges of the shell
as it is implemental in satisfying the boundary conditions of the shell.
The rest of the shell beyond this narrow boundary zone may be considered
approximately to be "inextensional' as Lord RAYLEIGH had assumed in 1882.

These facts led engineers to the concept of the "boundary disturbance"
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or '"perturbation' zone in the deformation of thin shells. The
boundary condition can be satisfied by superimposing the deformation
efforts of the transverse bending and of the membrane state of stress
at the boundary. This approach to shell analysis represents a method
of successive corrections. It has been found that the thinner the
shell, the narrower is the so-called boundary disturbance zone.

LOVE's general thin shell theories (9) led to such complicated
differential equations and intricate solutions that only shells with the
simplest middle surface geometries could be analyzed at all by its means.

After LOVE's general theory of thin shells had been published,
many German engineers made elaborate attempts to apply the ideas of
LOVE's general theory of thin shells to important industrial problems,
such as pressure vessel and tank problems: W. SCHULE in 1900 and
1911 (16), Carl RUNGE in 1904 (19), L. MAURER in 1904 (18), C. PFLEIDERER
in 1908 and 1910 (23), Heinrich MULLER-BRESLAU and Hans REISSNER in
1908 (26), R. LORENZ in 1908 (21), Phillip FORCHHEIMER in 1904 (20) and 1910
(9), and Karl FEDERHOFER in 1909 (24) by a graphical method.

These investigators were able to obtain some approximate solutions
for the industrial shell problems, and exact solutions for the
cylindrical shell problems.

An accelerated interest in thin rotationally symmetrical shell
problems was given by Aurel STODOLA, professor at the Swiss Federal
Institute of Technology in Zurich, Switzerland, with the publication of

the fourth edition of his famous book Steam Turbines in 1910, as it

contained a stress analysis with numerical results for the conical
pressure vessel head by ZIEGLER, an assistant and student of Professor

STODOLA. ZIEGLER derived two simultaneous differential equations of
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the second and third orders for the thin conical shell from LOVE's
general shell equations, and he integrated these equations by elaborate
method of series. STODOLA's doctoral students, Huldreich KELLER in
1912 (21) and Eduard FANKHAUSER in 1913 (28), developed similar
solutions from LOVE's theory for spherical and conical pressure vessel
heads and dished heads with variable wall thickness and meridional
curvature, but their methods were intricate and extensive as they used
methods of finite differences and step-by-step integration. KELLER
published fully calculated results for a large number of different
cases of thin shells.

At the time KELLER and FANKHAUSER were working on their thesis,

a new era in thin shell theory began with the publication of the epoch-
making paper (26) of Hans REISSNER on thin spherical shells in 1912,
Hans REISSNER demonstrated how two symmetrical second order differential
equations can be constructed for the rotationally symmetrical problem
of the thin spherical shell on the basis of LOVE's theory of thin

shells when two parametric variables, the transverse shear stress
resultant and the meridional rotation, are introduced as dependent
variables.

In the same year, Otto BLUMENTHAL (25) showed how asymptotic
integration of the REISSNER differential equations, the reduced
differential equation of which contains a large scalar parameter, can
be carried out. Moreover, BLUMENTHAL also established the numerical
bounds for the error committed by any truncated asymptotic solution of
a differential equation containing a large scalar parameter when the

solution represents the parametric asymptotic expansion.
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Ernst MEISSNER, a co-supervisor of KELLER's doctoral thesis,
suggested to the latter to try to take advantage of the symmetrical
construction of the differential equations of thin shells in the manner
of Hans REISSNER, and then to construct the reduced differential
equation which could be integrated by conventional methods, but KELLER
was not successful in this effort. Consequently MEISSNER took up the
study of the rotationally symmetrical shell problem himself.

MEISSNER was able to establish the general symmetrical equations
to rotationally symmetrical shells in 1913 (29). He demonstrated how
these equations, which can be reduced to a fourth order differential
equation in one dependent variable, can be reduced to two conjugate
second order differential equations for shells of constant meridional
curvature, such as spherical, conical, and toroidal shells. He showed
that in this case the solution of one second order differential equation
yvields all the solutions of the problem. In 1915 (30) MEISSNER showed
that the symmetrical form of the differential equations can be achieved
for arbitrary rotationally symmetrical shells with an appropriate choice
of the dependent variables.  MEISSNER reduced the differential equation
of the rotational shells with constant curvature to hypergeometric
differential equations which possess notoriously slow-converging series
solutions that have small radii of convergence.

MEISSNER directed a research of a number of his doctoral students,
who produced a series of theses on the rotational shell problems:
R. ZOELLY wrote a thesis on buckling of spherical shells in 1915 (31),
L. BOLLE a thesis on the bending of spherical shells in 1916 (32),

E. WISSLER a thesis on toroidal shells in 1916 (33), F. DUBOIS a thesis



on conical shells in 1917 (34), and E. HONEGGER a thesis on conical
shells with linearly varying wall thickness in 1919 (39).

In 1916, Karl FEDERHOFER wrote a paper on the stability of shallow
spherical shells, published in 1916 and 1917 (37), in which he reduced
the shallow spherical shell equations to a BESSEL differential equation,
the solutions of which were given in terms of BESSEL functions. For
large arguments, FEDERHOFER introduced the first term asymptotic
approximation of the BESSEL functions.

In 1917, Hans REISSNER's doctoral student, Edmund SCHWERIN (38),
wrote a thesis on the asymptotic solution of the spherical shell under
symmetrical and antisymmetrical loadings, which was carried out to
numerical results. He published this work in 1919 (38).

In 1917, W. EFFENBERGER (35) introduced the solution of cylindrical
shells with slightly varying wall thickness in the form of the
perturbation series in powers of a small parameter e:  h(x) = h0 + eX
and h(x) = ho + ex2, In the perturbation method, the solution is

expanded into a power series of a small parameter e:

w(x) = wo(x) + eWp(x) + e2wy +.......

EFFENBERG obtained a simple differential equation with explicit
solutions wo(x), wy(x), wp(x)...., to be determined from the solution
of a set of differential equations. The solution converges rapidly
for small e, and already the first term approximation w(x) = W o+ ew)
was sufficient for applications.

There was a need to have simpler, yet for engineering applications

sufficiently accurate solutions for shell problems. In 1921, F. KANN
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published an investigation (40) on the conical shell problems which
admits BESSEL series solutions for a simplified differential equation,
the dependent variable of which is the normal displacement w. KANN
assumed the POISSON's ratio v = 0, the circumferential displacement

u = 0, and the meridional displacement v to be negligibly small and,
furthermore, he neglected also the circumferential bending stiffness of
the conical shell. These simplifications enabled kANN to transform the
conical shell equation into a BESSEL differential equation in which the
transverse displacement w is the dependent variable. These
simplifications are also used in the present work.

In 1925 (42), MEISSNER was able to demonstrate that for a very
thin shell of rotation, the boundary bending of which diminishes
rapidly with the distance from the shell's edge, the form of its
meridian and its meridional curvature are of minor significance to
its boundary deformation problem.

In 1924, German engineering physicist Walther BAUERSFELD of the
firm ZEISS in Jena based his reasoning on the fact discovered by
BARNARD and LAMB that for a sufficiently thin spherical shell the
boundary effect is limited to a rather narrow boundary zone around the
edge of the shell. He reasoned that the coefficient cot¢ of the
pertinent differential equation does not change appreciably over the
boundary zone defined by ¢o - ¢*, therefore, ¢ = ¢* = ¢ and

o

cotd = cotop* = cot¢0.

SHELL MivpLE
SURFAGE

MERIDIONAL SHELL SECTION
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On this basis the differential equations of the spherical shell can
be approximated by one with constant coefficients, and, therefore, they
could be easily solved by standard methods of integration. This type
of solution of thin shell by BAUERSFELD was patented and therefore was
not published.

In 1926 (45), physicist Joseph W. GECKELER, who collaborated in
the design of the ZEISS dome with BAUERSFELD and a well-known shell
design pioneer Franz DISCHINGER, saw another possible simplification.
GECKELER reasoned that if the boundary zone of transverse bending is
small, then the solution must consist of strongly damped functions;
hence the derivatives of higher order are numerically much larger than
the derivatives of lower order as long as their coefficients are of
comparable orders of magnitude in the differential equation. Therefore
GECKELER was able to neglect all first order derivatives in his two
second order differential equations for non-shallow thin rotational
shells. This method of integration is called the GECKELER
approximate solution.

Peter L. PASTERNAK (43, 44) gave several simplified methods for
the analysis of rotational shells and tanks in 1925 and 1926.

In 1928 and 1929 (46) ,MEISSNER pointed out that a toroidal shell can be
used as a replacement U)thé actual shell for the purpose of the boundary
effect calculations. He demonstrated in his paper how HORN's asymptotic
method could be used to integrate approximately such toroidal shell
equations, and how their solution can be given in terms of BESSEL
functions. MEISSNER also showed how the spherical shell solutions could
be given in terms of LEGENDRE's polynomials and approximated by

asymptotic series restricted to one term.



In 1930 (47), GECKELER published a solution for shallow
rotationally symmetrical shells.

In 1932 (42), E. LICHTENSTERN published his investigations on the
bending of conical shells with linearly varying wall thickness.

In 1933 (49), the Swedish engineer John-Erik EKSTROM studied the
general problem of various shells of rotation, among others the
conical shell. In 1935 (50), EKSTROM investigated conical shell
frustrums and their use in finding foundation pressures under circular
foundation plates.

Since 1944, a number of papers (51, 52, 53) and many others have
been published on rotational shells and conical shells, but none of

these works dealt with conical shells on elastic foundation.
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APPENDIX II
HISTORICAL NOTES: ASYMPTOTIC SOLUTION

Asymptotic integration methods emerged from the efforts of the
mathematicians and scientists to find approximate solutions to ordinary
differential equations with error estimates for large values of the
independent variable or for a large parameter present in the differential

equation.

Solutions About the Singularity Points

Lazarus FUCHS in 1866 launched the basic construction of solutions
for general ordinary differential equations.

d"u + P )dn_lu +P )§2:32.+ “++ + P (xu=0
n n-1"%7" 11 - 2 0 -

dx dx n-27 gt

P (x)

where Pr(x) are polynomials

m m-1
Pr(x) =ax + am_lx # Sen kg (r=0,1,....,n)

According to FUCHS' theory, the differential equations can have
singularities at the roots of Pn(x) = 0 and at x = O, FUCHS
demonstrated that the solution of the differential equation around a
regular point x = O possesses a formal power series solution at and
around this point. This series is absolutely and uniformly convergent

and its circle of convergence extends to the nearest singular point of

Pn(x).
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This equation can be put into the form:

My . P () a1, e P (X)u _
n Pn(x) PR Pn(x)

0
dx

A regular point is a point at which all the coefficients are
analytic (finite, single-valued and possess a unique derivative at x,
and in its neighbourhood).

A shift of variable x = £ - go gives a differential equation:
n

du d

2 () —=g+  +p,(E)u=0

+p
dgn n-1 dgn-l

in which the coefficients can be expressed in the form,

P_(€)

p.(g) = ——— r = n-1, n-2,...,0

n-r
(e-¢,)
The singular points at & = £, are points for which any

. _ 2 n-r
lim p (&) = 1lim P_(£)/(&-£)) o B
g T g F ©

o 0

Regular singular points are points where n>n-r (r = n-1,n-2,...,0),
e.g., the coefficient ps(g) has the first order of singularity at & = go:
ifr=3,n=4, n-r = 4-3 = 1. Irregular singular points are points
where n-r>n.

FUCHS considered the properties which the differential equation
must have in order that its solution at the singular point & = go has
the converging series solution of the form:

+o
_ C: ~ k
u(g) = (E-Eo) l_Zwbk(€ EO)
+

where I bk(5~€o)k is a convergent LAURENT series.

= =00
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Py substituting the derivatives of the given u(£) into the
differential equation and collecting terms with like powers, the

indicial equation is obtained for n = O.

[cl +Icl _;p, () * --- P (E) =0

where

[c]ﬂ =C(C-1) *++ (C -k + 1)

If the roots Ci of the indicial equation are distinct and no two
roots Ci and Cj(j+i) differ by an integer, then the fundamental solution
set of differential equation contains the above solution. In all other

cases the solution may have the form:

+co +co
u(e) = (a—ao)c{i Co (B85 + T ¢y (-5 ) 1n(E-5 )
+co k p-]_
Fowwa & i:—g[p_ljk(g'go) [1n(€-50)] }

where p < 7,7 denotes the multiplicity of roots or the number of roots
which differ by an integer. At a regular singular point the
differential equation of the n-th order has a set of n linearly
independent solutions of either of the above solutions. At a regular
singular point & = Eo’ the LAURENT series in these solutions have a
finite number of negative power terms.

At regular singular points with finite number of negative powers of
(g—go), all the coefficients of the LAURENT series can be determined by
recursion equations obtained from the differential equation after formal
substitution of the series.

However, at irregular singular points, all solutions contain an

infinite number of negative powers of (g—go) in the LAURENT series in the
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solution, and therefore the aforementioned method is not valid, as
the coefficients of the LAURENT series cannot be determined by
substituting the series into the differential equation and equating
equal powers of the variables. A method of determining these
coefficients at an irregular singular point was first given by the
German mathematician Ludwig Wilhelm THOME in 1877. A differential
equation of the n-th order has the regular singularity at £ = « if it

has a form:

n n-1
du+lfﬂ_1(3)d u+...+_1__f‘(_1_)u=o

& g ggt el

when its coefficients fi(l/g) are analytic functions at § = o,
THOME showed that in addition to the possible convergent series

solutions, a differential equation with an irregular singular point at

pw =S8, p @By e v p (Eu =0
n " Pn-1 =1 pl

dg ag™

in which the coefficients are developable into a descending power series,

has normal series solutions about & = « of the form:

Q, (&) C. _ i
Ui(E) = er(g) v(E) = e K g 1(ao + ajk % g asg 24 .9
Q. (E) C; =
se® ETE BED
w2
igk k-1
where Qk(E) = C ii_ w Ci1£ = Cikg is a polynomial of degree

k in & and the leading coefficient Ci is a root of the characteristic
equation obtained by substituting u(&) into the differential equation,
collecting like terms of ami-m and setting m = O. k is the order of

the normal solution and is the integer equal to, or immediately larger
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than, the largest difference:
Nr = (Mr - Mn)/n—r = maximum (r =0, 1, 2,...,0)

where Mr denotes the degree of the polynomial pr(g).

The normal series solutionsusually diverge at an irregular singular

point of the differential equatiom. If the roots of the characteristic

equation differ bv an integer then the logarithmic normal series solutions

apply:

Q (&) €,
u®) = et g T ¢ gy ¢ ee + In'Ey (@)

where the integer r is to be determined.

If the indicial equation has 7 multiple roots among all its n roots

Cl""’ci""’cn’ then the differential equation has the anormal series

solution of order k,

Q (1/m/E) ¢, (1/m/E)
u, (g) = e £y

where(%él/m/g)is an increasing power series of 1/mvE and the integer
m ¢ 7. If the degree of Qk(l/m/E) is greater than (k-1)m and less than

km, then this series is an anormal series solution of order k. The

anormal series solution was first given by Charles-Eugene FABRY in his
doctoral thesis, in 1885.

Each normal series solution of the differential equation

a"u dn_lu
___+p_(g).____+...+pu=0
dgn n-1 dgn 1 0

though it diverges, constitutes asymptotically one integral of that

differential equation for large values of x.

Any irregular singular point can be transferred by a linear
transformation, the so-called translation, to x = « without altering the

differential equation.
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In general, the normal, anormal and logarithmic normal series
solutions diverge, and therefore no important advancement in the solution
of differential equations with irregular singular points was made until
Henri POINCARE through his introduction of the theory of asymptotic
series succeeded in isolating the essential property of these semi-
divergent series that furnishes useful approximations to the solutions of

differential equations for large values of the variable.

Asymptotic Expansions
Any functions, such as the solution of the differential equation,

u(g), can be represented by asymptotic power series for large values of &,

m
n
u(e) ~ ¢ a /g
n=0
Af
1 n n
limg [u(g) - = a /g J]+a
2 2 n = = med
g n=0
This series, in general, is divergent, but may, in special cases,
be convergent. The order of the magnitude of the error at any truncation

of the series is less than the magnitude of the first term omitted:

m
[u(g) - an/gn|<|a

n=0

m+1
m+1/g |

German mathematician Adolph KNESER showed from 1896 to 1899 how
the normal solutions of certain differential equations can be used to
construct the actual solutions. His results were of fundamental
importance, but limited in scope, as it is necessary to prove that the
normal series solutions are asymptotic to the actual solutions without
actually integrating the differential equations exactly, a task that may

be very difficult or even impossible.
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The most important results in the asymptotic solutions of
differential equations for large values of the independent variable x,
and for a large parameter, were established by a German mathematician
Jakob HORN (1867-1946) in a sequence of papers from 1897 to 1910.

" In these papers HORN made use of a number of methods in various
combinations whereby he was able to bring POINCARE's ideas on asymptotic
integration to their full power.

In 1897, HORN employed KNESER's method to find asymptotic solutions
for differential equations of the second order and higher rank irregular
singularity. HORN used an idea of Heinrich WEBER in 1890 by assuming
that the actual solutions of this differential equation can be expressed
in terms of finite sums of the normal series solutions and some other
functions vin(x):

Qk+l(€) pi

u, (g) = C g e + e v BT Qe v " (4 = 1,2)

where

k

E + s 4+ Q

_ k+1 =1
QE) = a8 (kD)L + 0y,

ix®

Then, vin(x) must be the solution of a certain differential equation.
By the study of this differential equation he was able to show that the
normal series solutions are the asymptotic series solutions of this

differential equation.

For differential equations with equal characteristic roots a; = as,

HORN used KNESER's transformation for variable

v(g) = g[u(®) - o]

in the differential equation to which the previous results apply, except
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that now & must be replaced by /E.

In 1§OO and 1910, HORN was able to prove that his results applied
to the n-th order differential equations, and that its normal series
solutions are in fact the asymptotic series solutions for large real £.

HORN was also the first mathematician to apply asymptotic series
methods to the solution of differential equations containing a large
parameter in 1899. He demonstrated that the concepts of the large
independent variable problem can also be applied to the asymptotic
methods of solution of differential equations containing a large
parameter. HORN made use of successive approximation methods in the
construction of actual solutions for his normalized differential equation;
that was a novel approach, and proved that the normal series solutions in
terms of inverse powers of the parameter represent the asymptotic
solutions of the differential equation with a large parameter. In the
asymptotic integration of differential equations containing a large
parameter, HORN was a pioneer.

POINCARE proved that the sum, the difference, the product, and the
quotient of two functions are represented asymptotically by the sum, the
difference, the product and the quotient of their individual asymptotic
series, provided that the constant term in the divisor series expansions
can be integrated and differentiated term by term.

For large positive &, the normal series solution of the differential
equation of the n-th order represents its asymptotic solution in co-

ordinate expansion:

u(g) ~ eQ(g)ASC T a /e
n=0 o
where

1imgm+l[Ag'Ce'Q(E)u(g) - Zan/an]+am

>

+1
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POINCARE noted that if any asymptotic series represents the same
function in a complete neighbourhood of £ = «, then it is convergent.

In the case of differential equations which contain a large
parameter, the asymptotic solution requires an expansion in terms of the
inverse of this parameter and represents its asymptotic parametric
expansion. As the shell problem studied here is not related to a large

parameter, the historical review of this type of solution is not included.
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COMPUTER PROGRAMME AND CALCULATED RESULTS

FLOW CHART

<:;INITIATION
COMMON BLOC%‘ -1
— - EQUATIONS
PRINT
TITLE BLOCK
READ
DATA
CONICAL
SHELL LOOP

L

s |
|
i

+

|
|
|
|
|
|
|
|
|
|
READ
Ist INDICATOB/Z_4—%*"—"
I
l
|
|
|
|
|
|
|
|
|

I
|
l
l
|
|
|
l
|
l
|
|

l
i |
,__J CALCULATE |
AND PRINT

e

INFLUENCE |
COEFFICIENTS |
\\AND C, ng// {

- l

CALCULATE -

AND PRINT

M,H,P AT
\\ EDGE JOINT /

l

o o o— ——— — St ot s o . s et

e e

|
|
h d

‘__..__.______.._._.___.__ — ——p—— {— —— - —_ oo o Doy, i

13.1



N
l
I
|
l
I
|
I

-

b CALCULATE |——
AND PRINT /

-

CYLINDRICAL
SHELL LOOP

PRINT
TITLE,),H

CALCULATE
AND PRINT

Mcyl

PRINT
DATA INPUT

112



115

PROGRAMME AND CALCULATED RESULTS

The programme is written in PLC computer language.
Inputs: 1. Approximate Method Indicator
2. Kelvin Functions: bern, bein, ber'n, bei'n
for n = 14.38 to 0.0

3. A, K, E, h, s at edge joint, ¢, P, o,

4. Influence Coefficients:
EAP ExP EAP ExP T
con, con, cyl, eyl cyl,
H M M
Excyl, EAcyl, Echl.

Outputs: Influence Coefficients for Conical and Cylindrical Shells,
(A) Conical Shell:
1. Cl’ C,
2. M, H, P at edge joint

3. Bending Moments
MH con, Mp con, MM con, M_ _con
ss Ss Ss Ss
4. Transverse Shear Force
H P M
Qszcon, Qszcon, Qszcon, Qszcon
5 Normal and Horizontal Displacements and Soil
Bearing Pressures
wH wP wM pr

w A p.-con
con, con, con, con, con, con, f

6. Rotations

H p M pP
Xcon, Xcon, con, con, con



(B)

Additional results for Flugge's Approximation:

Circumferential Shear Force

60 66

Meridional Shear Force
H P M

N¢¢con, N¢¢con, N¢¢c 60

Cylindrical Shell:

1. A
2y H at edge joint
3 Bending Moments
1
Miyl' MEYI’ Mcyl
Data Input

k, E, h, s, ¢, P, a?, K, K**

NH con, Ngecon, NM con, Nggcon, N

on, Nppcon

eecon

N, , con

b

114
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¥ PLC RLSLE 7e35s MOUNITOR, VERSTION 3C *
5 Ks CHUNG %*
¥ TUESDAY UCTUBER 30, 1979 6:37 PM X%
o sk Ao ok ok ok A Nkl ok Ao ok ook ok g A ok ok e 3k A e ok ok ol ok ok ok A ook e o siokok e ok ol ko ok ke ook ok okok ok kb ok Ak
D='Ke CHUNG?
ROCEDURE CPTIGHS (MAIN); PL/C-R7.5-326 10/11/79 23:10 PAS

Levil NEST SLOCK MLVL SOURCE TEXT

XNAME :PROCEDURE UPTIONSIMAINI:

i 1 OLCLARZINAMYNAMES(9) JCHARACTER(4O)VARYINGS
1 i DECLARC{I LI L #sFH#)FIXEDS
1 i DECLARZ(GHCONs QPLON s GMCUN s GPPCUNy QCON 21K »
WHCON s WPCCNs WMCUN s wPPCUN s WCON
XiACOGN s APCON» XMCCN 2 XPPFPCUONs XCON
CHUCON» CPCON, CMCUNSsCPPCUNs CCUN
NHCON s NPCON MMCON s NEPPCONs NCUN
DCUNoPF 2sHHH)FLUAT 3
1 i DECLARUC(A 3330 1E+sF 3G atisKaMsP a5 THZIFLOATS
1 i DECLARC{(AABB L CoDUsEL s FrF sGG oMMl I 90U s KK LLsaMMaNNIRRSUUSVV Wl e X XYY ZZ)FLOAT S
1 1 DECLARE(EO»ES 2o K59 KKE5 A4 s KO HO 2 KKK)FLOAT S
1 i DECLARE(EDHCUNs EAHCEN s EODPCUN S EXPLUOMs EDMCUN»EXMTON »
COMHCYLsEXHCYL s EUPCYL SEXPCYL »EDOMCYLSEXMCYL)IFLOAT S
1 i DECLARE{LSHEKSHSERKKS)FLUAT
1 1 DECLARC(LAMDA)FLGAT;
1 & ODECLARCI MMCYL s MHCYL s MCYL) FLOAT 5
1 i DECLARC(SPRIME)FLOATS
1 1 DECLARE(LOCPIBIT(1)
1 1 DECLARE (A1sAZ25A3) ENTRY{FIXEC)RETURNSI(FLOGAT) S
1 i ULCLAR&(GLR(J YoBEI(32)yBERI(32)+BEII(32))FLOAT S
1 i ON eNOFILE{(SYS5IN) LOUP='0'E;
2 2 ' Al:PROCEDURE (F#) RETURNS(FLUAT) ;
2 3 DECLARE(A)FLGAT,;
2 b DEeCLARE(F#IFIXEDS
2 3 BUGINS
3 4% DLUCLARE CASE(20) LABLL:
3 % DECLARE(LSHIFLGAT S
3 4 L=EgQ) H=HO
o 4 GUTO CASE((E# = 1) * 4 + F#)s
3 4 CASE( 1):
A=EKSS
3 4 GGTUO END_CASES
3 4 CASE( 2) 3
A==t X H¥x%x3EQ0 % K*¥xK % BEKS / 6E0S
3 + S0TC END_CASES
3 4 CASE( 3):
A=—Z % Hx%3E0 % KxK ¥ (K5 / 6EOQ; -
3 4 GOTO END_CASE; =
3 & CASBE( 4):
A=K #%* EKS}
K. 4 SUTU END_CASES



& 4 CASEL D)
3 & IF S=0EJ THEN A=0EOQ;
_CEDURT OPTIUiiS(MAINI S PL/C—-R7e5—326 10/11/79 23:10 P,

veL NCOST 2LolK HMLVL  SCOURCE TEKT

3 4 CLSE
A=EKKS / SQRT(5);
3 4 GATL ENU_CASE;S
2 4 CASEL 613
3 4 IF 5=0E0 THEN A=0LEO0;
3 4 CiLSE
A=-E£ % H%%3EQ % CKKS / (12E0 * SURT(S));
3 3 30TL END_CASE;
3 4 CASE( 7):
A=—E % H%%3C0 % EKKS / (12E0 *%* SQRT(S));
3 & SG10 END_CASE;
3 4 CASE( 8): -
3 4 [F 5=0C0 THEN A=0EQ;:
3 4 ELSE ;
A=EKKS / SQRT(S) S
3 4 SGTGC ENU_CASL;,
3 4 CABE( 9):
A=EK3 / SGRT(3);
3 4 GJUTO END_CASE;
3 % CASC(10):
A=—E % H*%*3EG *¥ CKS % K / (12E0 % SQRT(S));
3 % GOTU ENO_CA3E;
3 4 CASC{(i1):
A== % H*#3E0 * K5 / (12E0 * SQRT(S));
3 4 GUTU END_CAS5L;
3 4 CASE(12):
A=EKS / 3QRT(S);
3 4 GUTG ENO_CAS3SE;
3 4 CASEL13)7
A=EKS / SGRT(3)3
3 % GOTO END_CASE;
3 4 CA3E(14):
A=—L % H*%#3E0 % EKS % K / (12E0 * SQRT(S));:
3 % GUTG END_CASE;
3 4 CASE(15):
A=—£ * H%%320 % cKS3 / (12E0 % SQRT(S)):
3 A GUTGC END_CASE;
5 & CASE(16): -
A=EK3 / SCRT(S); e
3 4 GUTGC ENO_CASE; o
3 4 CASE(L7)3
A = —2E0 % U % SURT(53) % COS(T) / (4EO0 * HGC % EO % SIN(T));
: . COTO END_CASE;

|
\



PRUOCEOURE CRPTIGHS (MATIN) S PL/C-R75-326 10/11/79 232310 PA

LeVviel NEST BLOUK mMivVe SUURCE TEXT

3 + CASE(18):
3 4 IF 53=0E0 THEN A=0t0;
3 4 ELSE
A = TAN(TY 7/ 535
3 % SUTE END_CASES
! & CASc(135):
3 + 1F 3=0L0 THEN A=0EOQ;S
3 “y (o) BCY =
A = 2EB0 % TAN(T)Y) /{2E0 * U *x SQRTI{(S))*%xZEQD;
3 4 SOTO END_CASLE,
e e L.ASE(20):
A = —=SART{1Z2E0) 7/ (HG % HG * EQG) 3
3 r GUTO END_CASLCS
5 + END_CASE:
3 %4 END;
2 3 HETURNLA) S
s 3 END 3
1 1 A2 PROCEODURE(F )ﬁLTUpNJ(FLbAT)I
2 5 QLCLAHC(A)FLUA
2 7 ULCLARE(F#)FIXEQ.
2 5 DLCLAREC CASZ{20) LABELS
2 5 GUTU CASE((E# — 1) = 4 + #);
2 5 CASE( 193
A=CU5(K53)
2 £ SOTO END_CASLES
2 5] CASE( 2):
2 b} IF 5=0C0 THLEN A=0EQOS
2 7 EL5E
A=—-K % {(CO5{(KS) + SIN{KS)) + SIN(KS) 7/ S
2 ] SOT0 END_CASES
Z 5 CASZ( 3):
A==SIN(K3) ,
2 5 G0TU END_CASES
2 o CAGEL 4):
A=C03(KS3S) — SIN(KS) ;
z 5) SUTO END_CASES
2 > CA3E( 5.
2 O GUTG END_CASES
2 L5 CASE( ©): 5
2 9 irf 5=0£290 THEN A=0&03 —
Z 5] ELSE ~

A= (- ZEO*KK**3LO+J50*K”/(4EO*S*S)—9EO/(8EO*S*S*S))*COS(KKS)+



MOCLOJVRE CRPTIONS(MALN) S PL/C-R7 «5~-326 10/11/79 23:10 PA

LEVEL NEST oLUOCK MLVL SUURCE TEKT

(2503 KK¥®3E0 +KK X3 2C0/5-5L0%KK/{ 4E 05 %S ) I*SIN{KKS) 3
2 o 30TO END_CASE;S
2 5 CASE( 7):
A=(275/5 — KK) * CUSIKKS)/S —(~1E0/S + 2E0%KK) * KK %x SIN(KKS) 3
2 5 SUTO END_CASL
2 i CASE( 8)3
é 5 IF 35=0E0 THCN A=3LEQ;S
2 5 ELSE
A=(KK — 1EO/Z{(2E0%3)) % CUS{(KKS3) - KK * SIN(KKS):
2 o SUTO END_CASE:s
2 5 CASE( 9)3
A={1ED — K¥A4G/4EOF (1EQ — +7S/7(K¥K*xA4)1/53) % COS(KS) +
{K¥AY/4EOQ% (1E0 + o75/(K%K%A4))/5) ¥ S5INIKS) 3
2 > SUTO END_CASE;S
2 %) CAS=(10):
A={—-2F0 % K%K + K*%3E0 % A4/5) ¥ CUS(KS) -
{ 2E0 % K%K — K/7{(4C0%S)) % S5IN(KS)
Z 5 GUTO END_CASLCS ’
2 51 CASE(11):
A=( K/Z2E0 ¥ (—1 .25 + K*K*A#)/S) * CUS(KS) -
(2E0%KRkK—=K/2E0 * ( 125 + KxK%XA4)/35) * SIN(KS)
2 5 G0TO END_CASLZ
2 ] CASE{(12)2
A=(K — 2125/5) % CUS{KS) = (K = KxKXA4/{2E0%S5)) % SIN(KS)3
2 3 GUTOU END_CASE::
2 5 CASE(13):2
A={ 1EQ — K¥AG/4ED % {1i0 = «75/(K%xK*A4))/5 — 15E0/32E0 *
A4/7({5%5)) * COS{KS) +
(K¥ALG/4ED ¥ {(1iE0 + o75/7(K¥K % A3))/5 — K:xK¥A4*%A4/16E0 *
{1EO0 — BIEQ/(IGEQ * K¥X%*4EQ *A4%A4))/(5%5)) * SIN(KS) S
2 57 GOTO LNOD_CASES
2 0 CASE(14) 2
A=( -2EQ0 = *K + K*%3EQ0 % A4/S +
(73E0/128E0 — 13E0 % K*K % A4/16ED — KX*X4EOQ0 % A4%A4/7BEO)/(S5%5))
* CUS(KS) -
(2L0 % K%K — K/Z7(4E0%x5) +
(73C0/128E0 + 1300 % KK ¥ A4G/16E0 — K¥%4E0 * A4¥A4/8EQ)I/(5%S))
* SIN(KS)S
2 5 SUTU LiHD_CASES
2 653 CASE{(15)3
A= (K/ZZ2E0 * (—1e25 + K¥*K % A4)/5 + 1EO/16ED *
(33CE0/78BL0 =20 % KEAX4EO % A4%A4)/(5%5)) % COS(KS) -
({2E0 % K%K — K/Z2E0 % (le25 + K¥K X A%)/S + QEO/LIBED *
K¥K * A4/7(5%5)) * SIN(KS3)3 —
2 O GOTOU END_CASL S ;



PRUCLEDURE CPTICHS(HMAIN)DS

LEVEL NEST BLOCK aLVL
2 8]
2 >
2 ¥
2 o
b 3]
2 o
b o
% &
2 £
2 ]
pad 5
2 L2
pid 5
2 5
< 3
5, :
& 9
= g
2 53
2 9
z 2
- =
e £
o )
2 21
1 i
4 O
& e
pa O
< O
<l (9
2 O
2 O
2 8]
Z O
2 o
2 O
- 7
2 O

SUURCE

Aol

12875 K¥A4/716E0 * (145

¥ CUS{KS)

“K % A4/ (28
A4 )/ (5%5))

_CASE ; L

- 4
0%5) -
* S1

N{KS) 3

4E0 * BERI(L
2E0 %

-3

END_CASE;

CASCE(13):
- S5=0EQ THEN A=0&0:
ELSE

A SER(L)
SUTO END_CASES

20

CASE(19):

IF S5=0E0 THEN A=0E0Q:
ELSE
A = 2E0 % U % SQRT(S) * BeEII(L) -
{2E0 % U * SORT(S5)))s
GOTO END_CASES
CASE(20)
if 35=0E0 THEN A=0EOQ:
EL3E
A = BEI(L) +
SUTO END_CASES
END_CASE:S
RETJURN{A)
END S

PRUCEDURE(F# )RETURNS(FLUAT) S
OLCLARE(AIFLUAT 5
UDLCLARE(F#)IF IXED;

DECLARE CA3E(20) LABELJ

K%A4/ 16E£0 x

)
U % SGRT

(1.5 + SEO/(1B6EQ0 * K%K % A4)

220 %

GLTU CASC((E# — 1) % 4 + F#)s
CASE 1)
=S IN{KS)
GOTU END_CASES
CASE( 2).
IF 5=0E0 THEN A=0EOQ;
ELS5E
A=K * (COS5(KS) — SINI(KS)) + CUOS(KS) 7/ S
GUTO END_CASE;S
CASe( 3) s

PL/C-R7.5-326 10/11/79 23:10 pP*

GEO/(1HED % K¥K ¥ A4) + KxK % A4) /

—

* SQRT(S5))

¥ BEII(L) /(2E0 *U%SART(3))

(BEI(L) + 280 * BERI{(L) /

61T



RUCEDURI CPTIGHSUIMAIN) S ' PL/C-R75—-326 10/11/79 23:10 PAG

LEVEL MOST LGLOUK +mMLVL SOURCE TEXT

A=CO5{(K5);

2 O SGUTU ENU_CASLS
2 O CASE( 4
A=CO353(KS8) + SINIKS)
2 O GOTU END_CASES
2 O CASE( 5)a

A=51IN(KKS) 3

ped O aOTO END_CASES
2 ) CASC{ ©):
2 8] IF 5=0E0 THEN A=0EOQ;
2 ) CLSE
A= —2EO*KK*xkJEO+S5E0XKK/(4EQ*S4S )-9EC/(BEQ0¥*S%5%S5) )X(kSIN(KKS )+
= (=2E0%KK®%JE0+KK*R2C0/5-5E0%KK/{4E0%5%5) )*CUS(KKS) 3
2 O SUTOU LCND_CASKES
< 0 CASE( 7)3
A={ 27575 = KK) % SIN(KKS3)/S +{—1E€0/S5 + 2E0%KK) * KK % COS{KKS3)3;
2 O GOTU END_ CAJE;
2 5 CASE( 8):
2 O IF S=0E0 THEN A=0LOQ,
2 O ELSE
A={ KK - 1E0/{2E0%3)) # SIN(KKS) + KK % COS{KKS)3
& O SOTOU END_CASES
2 O CASE( 9)3
A= —{K*AG/4EO0X{1EQ + 275/({K*¥K¥*A4))/5) % CUS{(KS) +
(1EQ0 = KXA4/4E0%{1C0 — 475/7{K*¥K*A4))/75) * SIN{(KS) 3
2 ) SOTU END_CASES
Z O CASE(10):
A=( 2E0 % K¥xK — K/(4E0%5)) * CUOS(K3) +
(=2E0Q % K%K +K%*3C0%A4/S5)%SIN(KS3) 3
Z O GOTO END_CASE;
2 [9) CAszE(11)3
A= (2E0%FKkK~=K/2E0 % { 125 + K#K*A4)/5) ¥ CUS5(KS) +
( K/2E0 % (—1425 + KxK%(A4)/S) % SIN(KS)
2 O GOTU END_CASE;
2 O CASE(L2) S
A={K — 125/5) % SINIKS) + (K — KxK*xA4/(2E0%35)) % CO5(K5) 3
s ) SOTU END_CASES
2 O CASE(13):
A=(1ED — KXAG/4E0Q0 % {(1EQ0 — #7535/ (K*xKXA4))/5 - 15E0/32E0 *
A4/ (5%3)) * SIN(KS) -
(K¥AG/74E0 ¥ (100 + #75/7(K%K % A4))/5 - K¥K*XA4%A4/ 16E0 *
(1lED — BlEO/(1EEQ * KX¥4EQO *A4%A4))/(S%5)) % COS(KS);
e O GOTO END_CASC,

ozt
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16ED0 % (15 — SEO/(16ED x K¥K * A4) + K&K % A4) /

} = K*A4/16E0 % (le5 + GEO/(16E0 % K¥K % A4) -
COS(KS) 3

o~ i

SOTL

7)

&
;.
(%]
iRl L

=QEQ THEN A=0£0;

Fme

%)

J + 4EO0 % BEI(L) J{(2E0 * U % SQRT(5)) +
/ {2EQ0 % U % SQRT(53))*%2E03

¢
G
-4
[
|
N
Imi
(&}
el
3
M
—~

A
I
v
[

r e

(03] -
Crrmue o I’mb“

= CA(L) + 2B0 % BERI(L) /{2E0 x*Ux%S5ART(5));

G
C
-

0ED THEN A=0L0;

A =—2E0 % U % SURT(5) % BERI{L) + 2E0 * (BER{(L) - 2E0 *x BEII{(L)Y /
(2E0 % U % SQRT{(S)));
GOTU END_CASE:

5=0C0 THEN A=0EQS

=—-BER(L) + 2E0 % BEII(L) /(2E0 % U % SQRT{(S));
CND_CASE;
23
)3
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CHD S

1 :PROCEDURE
PUT 3SKIP(2) LIST(‘ S IN INCHES?)
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FOCEDURE CPTLOHSUMALIN)

LevkL

N DS

fLohotoe

e
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MLV L

SUURCE

TEXT

1=03

S5=SPRIME S

L=1§

DG I11=372 TO 1 BY
N=Z2E0%U%SQRT(5) 3

YCHCINY »
» As X i730A9}(( 15) s A X(l\))'AQX(lQJQAsX( 15)s,A) %

-123

PLZC-RT7 «5-326 10/11/779 23:10 PAGI

*CPCOUN?® » *CMCON? s Y CPPCON? , *CCON?)

CUMFERENTIAL FORCEC IN POUND ZINCH®') 3
_
9

X=4CORBER (L) /Z{N*N)—~2E0%BERI(L)/N-BEO*BEII(L)/( N¥N G 3
1(L)7d NxEN) 3

(=4 COXBET{ L) /{NFNI—2E04%Be 11 (L )/ N+BEO*BER

Z==U%U5
CPCON=0EDS

PUT

<
c
- -

GO W
Chses Yo il [T

CrWmMmer T
ol [T {1 Rl 3 o

4
=

CHCON=Zx{ AXX+DxY)*

CMCON=Z*(F¥X+GHY ) #]

CPRPRPCUON==PFX5/TAN(T

CCUN=CHCUN + CPCON + CMCONFCPPCONS

DUT oKIP EDIT(S5sCHLUNs CPCON o CMCUN CPPCONs CCON )

0:3);/(( 1O0) o LE{ 100 3) o X{10)sE{10+3) K1
0+3) )3

P ek
-
RAFC wirm o~
Ll SRS SR N

IR LK B

i

-

[ R N [

~

T(2 S 1IN INCHES?*) S
AL £ ONML FCRCE IN PUUND/INCH® )
CNHCUNT s "NPCON®Y 5 * NMCON? »
s As X{1701+sAsX{15) AKX

wp-qm-u-r)«QL}
N & t-a

T UVVUU

X
i

-

<
d
/4

N&NFN)
N*ENEN)

— e~

e we

;:=_\J*LJ *

NPCON=0E03

NACON=ZX { ARX+D%Y ) #H 3

MIACON=Z%R (FxX+0G%Y ) *M 3
NPPCON==PF %3/ (TAN(T)*2L0) ;

NCUN=SNHCUON + NPCON + NMCON+NPPCUONS

PUT S5KIP EDIT(SsNHCONs NPCTUN s NMUCN, NPPCONy NCON)

(X{5) (10
A{LO)eE2(10,3) i3
53=1113
L.=L.+1 %
D S

Z1l;

0)+E{10+3)sX{10)+E(10+3)»

PNPPCONY» *NCONY)
15)0AsX(15)sAsX{15)sA};

93) o X(LO0)»E(1093)sX{10)sE(1033)+X(10)+E(10+3)sX{(10)+,E(10:3)>»
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LOCLEDURLE CPTLIGHSHALND S PL/C-R7.5-326 10/11/79 23110 PAGu

_EVEL NEST BLGCK MLV L SCURCE TEXT

1 1 NAM=* ORDER ASYMPTOTIC SOLUTION?;
1 1 NAMLS(1)='GECKELER APPRUXIMATION? §
1 i MAMLES({2)='BAVERSFELD—-" || NAMES(1)3;
1 1 NAMES(3)=*15T? )1 NAM 3
1 i NAMLS(4)=12ND? NAi 3
1 1 NAMES(S5) =1 FLUGGE APPRUXIMATIONT';
1 1 NAMESIB3)=? CONICAL SHELL: '3
1 1 NAMLS{9)=*CYLINDRICAL SHELL';
1 1 Do L=1 TO 323
1 1 1 GLT LIST(BERIL) sBEI(L)28BERI{L)BEII(L))
1 1 i “HND 3
1 1 GET LIST(LAMDA)
1 i LOUP='1183;
i i GUT LISTIKO+EDsHOs S TsPsAG) S
1 1 GET LISTUNNsHHsTII s JJsRRyKKKsLL 9MM) 3
1 1 GET LIST(E#.F#) 3
1 i IF E#=5 THIEN
1 1 GET LIST(AFsDsGeMs  HHHIPF sWW s XX YYsUUy HK ) 3
i i IF Mi4=0EO THEN
1 i HAMES{6 )= "NON-MUHOLITHIC JOINT':
1 1 EL5E
NAMES(O6)="MONOLITHIC JUINT?;
1 1 IF LE#=5 THEN
1 1 NAMES(7)='UNIFORM S50IL BEARING PRESSURE FOUNDATION?® ;
1 1 ELSE
IF KO=500E0 THEN
1 i NAMES(7)='4ELL-GRADED GRAVEL ELASTIC FOUNDATIONs?;
1 i ELSE

NAMESI7 )=*'PCORLY-GRADED GRAVEL ELASTIC FOUNDATION?';
S5PR IME 53
DU WHILE(LGOP) S
S=8PHIMCES
LO=E0;)
RLU=KJ3
HU=H03
U = (120 % TAN{(T)*%2EQ0 / HUX*2E0)%¥025;
PUT PAGLE LIST(NHM&S &) )
PUT LIST (NAMES{T7))
PUT SKi1iP(2) L[JT(NAM& (8))s
PUT LISTINAMES{ER) )
I+ E#=5 THEN DUj
EVHCON=WW S
EAHCGH=XX}
EUMCUON=YY
EXMCUN=UU,
EUPPCUN=0L0
EAPRPCUN=0C0,
P=00%
B=0E0;
E=0Z0s
£D s
E£iS5E DO
K={3E0 % KO/Z(LCO * HOXx%3ED))*%0.25
KE=(0225 ¥ (75/5%%4E0 + 1220 % TAN(T)**ZEO/(HO*HO * S5*5) +
1250 % KO/Z(ED * HOU%%3E0)))*x%x0253

P gt et Bt s pod et P st n et P fon Bt B s ek pad s B ek s (st et
i S S T Tl T R o o iy Sy N GP Sy oy

IDIPI VR VR U N VISl U S e e ek
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HUCLEDURE CPTIGHSIMAIND PL/C—R7 5—-32€ 10/11/79 23:10 PAG

cievel NEST tLGOK MLYL SOURCE TEXT

i 2 i H=HHH
1 2 i ENDS
| i l cLBE DAs
1 2 1 1 MM=0L0« THEN
1 e 1 M=0L03
1 2 i ELSE
M=((EXPCUON + EXPPCUN = EXPCYL) + (EXHCON — EXHCYL) *
(EDPCON + EOPPCUN — LEDPCYL) / (EDHCYL - EDHCONI}) 7/
((EXMCYL — EXMCON) — (EDMCON — EDMCYL) / (EDHCYL - EDHCUON) )
1 2 i ={(EDPCUN + EoPPCON — EOPCYL) + ({ EDMCON - EOMCYL) % M)
Z{EDHCYL - EDHCON)
1 P2, I END S
1 1 1 PUT SKIP(2) EDIT{ "M==, Me "H=? sHtP=1,P)
(X(5) s AsE(10+33)sX{10)sAE(10+3)9X(10)sA+E(10+3))3
1 1 i PUT SKIP(2) LIST(? S IN INCHES');
1 1 i PUT SKIP LIST(? BENU ING MOMENTS IN INCH-POUND/ZINCH?®')
1 1 i PUT SKIP(2) EOIT(*S?, " MHCUN? s "MPCUN?*, *MMCUN? « * MCON? )
(X(9) s As XK {17)sAsX(159)+sAsX(15):AsX(15)sA)
1 1 i PUT SKIP LIST(* ')
1 i 1 iF E# = 1 THEN
1 1 1 i=—12,
1 1 i ELSE
=03
1 1 i L=13
1 1 i IF E#=5 THEN DO;
1 2 1 K=0z03
1 2 i KK=0z03%
1 2 1 END 3
1 1 i DO I1i=372 TG I BY —-123%
i 2 1 Z=A1(3);
1 2 i AHCON=Z% (AXAZ (3 ) +D%A3(3) ) *Hs
1 2 1 HPLUN Z¥(BRAZ2{3)+EXA3(3) ) %P3
i 2 1 AMCON=2Z% (F*AL(J)*U*HJ(J))*M;
1 2 1 MCDN:MHCDN + MPCON + MMCONS
1 2 1 PUT SKIP EDIT(SeMHCONy MPCUONsMMCON MCON)
(X(5)+E(10+3)sX(10)s(1053)sX(10)sE(10+3)sX(10)sE(10+s3)9sX{10)+E(10+3))3
1 b i 5=1i1s
1 2 i L=L+1
i 2 i KS=K % 53
1 2 i KKS5=KK % S5
1 2 1 ERKS = EXP(KS) s
1 2 1 EKKS = EXP(KKS)
1 2 1 END S
1 1 1 AA=-0.3021/7E0:
1 1 1 BE=0e OOOZJGZ/GU;
1 1 i PUT SKIP(2) LIST(? S IN INCHES?');
1 1 1 PUT SKI1IP LIST{*TRANSVERSE SHEAR FURCE IN PCOUND/ZINCH®');
1 1 i PUT SKIP(2) EDITL25% » QHUUN?  *QPCUN?® » * QMCUON? »2 QCON?®)
(X{9) A'X(l7)v QX(lS)vA’X(IS)yAQX(iS)oA);
1 1 1 PUT SKIP LISTL* *)3
1 j 4 i IF E# = 1 THEN
1 1 1 I=-123
1 1 i ELSE =
1 =0 &
1 1 i S5=5PRIME,



FOCEDURE UPTIUNS(MAIN)

LEVEL NEST CLOCK MLVL
1 1 1
1 1 i
1 1 1
1 1 1
1 i 1
1 1 1
1 2 1
1 2 1
1 2 i
1 2 i
1 2 1
1 2 1
1 2 1
1 2 i
1 2 i
1 2 1
1 pad i
1 e i
1 2 i
i 1 1
i 1 i
1 1 i
1 1 i
i 1 1
1 1 1
1 1 i
1 1 i
1 1 i
1 i X
1 1 i
1 1 i

+ 1 1 1
1 1 1
1 1 1
1 1 i
1 2 1
i 2 1
1 2
X 2 i
1 2 i
1 2 1
1 2 1
i 2 i
1 3 1
i 3 1
1 3 i
1 3 1

S|
e

vuU

PUT
PUT

PUT
PUT

e

[ I i | s et

wowl

U7 e [T 0 e T

-

cr
G0

XT
KS3=K ¥ 53
KKS=KK#%® 33}
EKS = EXP{KS);
LKKS = EXPIKKS) S
s
I111=372 TGO 1 BY -123
Z=A1(2) s
WHCUON=Z¥ (AFAZ2(2)+D*A3(2) ) xH3
QPCON=Zx (BxAZ{2)+EXAS(2) ) %P3
QMCUN=ZH(F3AZ2{2)+GHFA3{(2) ) =M,
GCUN=UHCON + GQPFCUON + QMCGN,
PUT SKIP CEDIT(SsGHCON, QPCUNLQ
{X(D)sE(10s3)eX(10)+E(1D0+43)+X
5=111,
L=L+1,
K=K % S3
KKS=KK % S}
CKS = EXAP(KS)
EXKKS = EXP(KKS)
ciND 3
SKIP(2) LIST(? 5 IN INCHES?')
SKIP LIST('W PREFIX FUR NORMAL
SKIP LIST('D
SKIP LIST{*PF FUR
SKIP(2) EDIT(*S', "WHCON?®,
(K())gAsX(lZ)tAgX(lO)n
X{10)+A)
SKIP LIST{* )3,
E# = 1 THEN
1253
c
’
PrIMES
K53=K % 353
KKS=KK%53
CKS = EXP(KS3)
EKKS = EXP(KKS)
3
1I11=372 TG I BY -123
PF=1+391,
Z=A1(1)s
HHCON=Z*%(A*A2(1)+DxA3( 1) )*Hs
APCON=Z%(BxA2(1)+ExA3(1) )*P3
WMCON=Z*{F*A2(1)+G*xA3(1))*M3;
IF E#=5 THLEN
APPCUN==PF*%COS({T)*S*%%2L0/ (HU
ELSE DUS
1F E#=2 THEN K=KKj3
Lo K=Kj3
IF 5=0L0 THEN WPPCUN=0E0;
ELSE

TWPCON' s * WMCON?®

PL/C-R7 5-326 10/11/79 232110 PAC

MCUONs GCON)
(10),E(10+3)sX{10)sE(1053)sX(10)+E(1053));

DISPLACEMENTS IN INCH/INCH?')

N
PREFIX FUR HORIZGNTAL DISPLACEMENTS IN INCH/ZINCH®')
NORMAL SOIL REACTIGNS IN POUND/INCH SQUARE?)S

» P WPPCONT" s *WCON' s *PF?* 3 'DCONT)
2 X{10)2 A X(10)sAs X(10)+sAsX{(10)sAs

APPCUN=1EO/(S4E0*K*%4L0 ) *(BB*5+AA-A4%BB/S- A4 *AA/S*%2E0+A4%BB/S**3E0+

AGXALKAA/SHX4ED) 5
END 3 v

ACUN=WHCON + wWPCUON + WMCON+WPPCONS

ozl



ROCEDURE CPTL1UHSAAIN) PL/C=R7+5-326 10/11/79 23:10 PAC

LEVEL NEST BLOCK MLVL SCURCE TEXT

1 2 i DCUN=WCUNXSIN(T)

i 2 1 9[—1.391,

i 2 b IF E#=5 THEN PF=PF+0.03617%(354E0-5IN(T)=xS3);

1 2 1 ELSE
PFEF=—-WCOUON®KUJ

1 c 1 PUT SKIP EDIT(Ss WHCONs wPCUNWMCUNy WPPCON;s WCONs PFsDCUON)
(X{5)svE(10933sX(S JI»E({10+s3)9X(5 J)sE(10s33sX(5 I)sE(10:3)+sX(5 ) sE(10+3)»
X5 YoBEL1D93)aX{5 )EL10:3) XD )»E(1053))

i 2 1 5=1113

1 & 1 L=L+1,

1 2 i KS=K % 353

1 pd 1 KKS=KK % S

1 2 k| EK5 = EXP(KS3) S

i 2 i EKK3 = EXP(KKS)

1 2 1 EiND »

1 i 1 PUT SKIP(2) LIST(? 5 IN INCHES'Y);

3 1 1 PUT SKIP LIST{'RUTATIUNS IN RADIAN/ZINCH?')3

1 1 1 PUuTl SKIP{2) EDIT('SY s ' XHCUN? 3 * XPCONT o " XMCUON? 3 " XPPCON?Y 3 * XCUN"' )

(X(9)0A9K(17)OA’X(1J)QA:X(1J)9A!X(lJ)vA)X(lS);A):

1 1 i PUT SKIP LIST(* ),

1 1 1 ir €4 = 1 THEN

1 1 i I=—-12,

1 1 i EL5E

1=03%

1 1 i S=SPRIMES

i 1 1 Ks=K % 53

1 1 i KKO=KK%*5 3

i 1 1 K5 = EXP(KS)

i 1 i EKKS = CEXPIKKS) S

i 1 1 L=13

1 1 1 DG I111=372 T0O I BY -=123%

1 2 1 Z=A1(4);

i 2 1 XHCUON=Z%{ A¥AZ{4)+DXxA3(4) )%H,

i & i XPCON=Z%{B¥A2(4)+EXA3{4))*P;

1 2 i XMACON=ZX%(FX*A2(4)+G*xA3(4) ) %M3

1 pis 1 PF=1¢63915;

1 2 i IF L#=5 THEN

1 2 i XPPCUON=15%PF25/{EO0%TAN(T)*X2E0%HG ) 3

1 2 i ELBE B03

1 3 i iF E#4=2 THEN K=KKj

1 3 i CLSE K=K,

1 3 1 iF 5=0C0 THEN XPPCUN=0ED;

1 3 1 ELSE
XPPCON=1E0/({4ED0¥K*¥4EQ ) *(BB+A4RBB/S*X*2E0+2E0%A4XAA/SHR3EO0+
BEO*A4%BB/ 0% %404 E0X%A4¥%A4%AA /5%%5EQ) 3

1 3 1 CEND S

1 2 i XCON=XHCON + XPCAN + XMCUON+XPPCON;

& 1 PUT S3KIP EDIT(Ss XHCUONs XPCON» XMCUN XPPCON s XCUON)

(X(S5)sE{1093) 9 X(10) sE(10+3)2X{10)sE(10s3)sX{10)5E(1053)+sX(10)+,E(10+3),
X{10)+sE(10+3) )3

1 2 b 5=111,

1 ol 1 L=L+13

1 P i K5=K * 35,

1 e 1 KKS=KK % 53 I

1 2 i EKS = EXP(K3) N



KROCEDUKRL CPTIUGNS(HMALIN)D

LEVEL NEST iL0CK MLVL
i 2 i
1 2 1
1 1 1
1 1 1
1 1 1
1 1 i
1 1 i
1 1 i
1 1 i
1 1 i
1 1 1
1 1 i
1 2 i
1 2 1
1 2 i
1 2 i
1 2 1
1 < 1
1 2 1
1 1 i
1 1 i
1 1 1
1 i

HARNINGS 0ETLC

ARNING: MNO FILE 5SPEC

IFIED

SOURCE

PL/C—R7 «5—-326 10/11/79

= EXP(KKS);

HU7

Cies U3

KK
= N
E#

nﬁlm

IF THEN CALL 21
PUT SKIP(10)LIST(? ] {NAMES{9)
PJUT SKIP(2) EDIT{LAMDA=Y LAMDA) (X
IF C#=5 THEN H=HK;
PUT EDIT('H=T 901 J{X{5)sAE{10,3))3
1IN

)
{5)sAsE(10:+3)) s

PUT SKIP(2) LIST(? 5 INCHES" ) 3
PUT SKIP LIST(?* BUNDING MOMENTS IN INCH-POUNKD/INCH?');
PUT S3KIP(2) EDIT('S? *MMCYL?* 3 MHCYL', "MCYL?)
(X{9)»As X(17)sAX(15 ’OA)K(IS)'A)‘

PUT S5KIP LIST(Y ')
OO I11I=0 70O 240 BY 123

5=111; »

L3=LAMDAXS

MMCYL= tXP( LJ JX{SINILS ) +COS(LS) I*xM;
MHCYL=EXP{—-L3)*S5IN{LS) *H/LAMDA
ACYL=MMCYL+MHCYL
PUT SKIP CEOIT(SsMMCYL s MHCYL s MCYL)
{(X(B5)sE{10+s3)aX(10)2E{1003)sXI10)+E(L103),X(10)+E(10+3))3
END

PUT SKIP(2) EDIT('KU=Y sKU s '"EQT'" sEQ 9 "HO=1 yHO 9y ' S= 145, 1T=1,T, ' P=

VALPHAG =1 3 A4 K=" K9 P KK=? 4KK)

(X{D5)sAsE(1093)sX{10)sA+E(10s3)
X{1G) 2o AsE(1U0s3) 9 X(10)sASE(1D0:3)sX(10)sAE{10+3),
AK{10)+sA»E(10s3)s X(10)+sAsE{(1093)»
X(10)sAsE(10s3)sX{10)AsE{10+s3)) 3

GET LIST(E#F#)

LinD 3
CD ANAMES

TED OURING CUDE GENERATIONZ
SYSIN/SYSPRINT ASSUMED. (CGUC)

TPy

23:10 PAG

8CI1



MONOLITHIC JCINT

CONTCAL SHELLS

S

BLNOT 4o

Cl= 143875-10H

mn m

Ti

EOMCON=-

coPPLON=-2435C04C+04%

EAACONT 33C8BE+30

SOHCON= 3.180C+0

1

DRPLCUN=—1.C38E+04

2e350E+C0

EXPCIN= Se485E+01

EXMCUN=-7212E-01

CXPRACUN=—=2+4€609E+03

H=—2.150E+0

i L iciie s

MOMEN

e +ul
230+ 02
75L0u+02

[AVH (VI (W U4

hpeffe
e 8 & € e s s s s e e s v e o0 v e

TR T O CRUPOTOL Sy §

34 000C+01
2e4Juz ¥ Ol

&5

WELL-GRADLD GRAVEL LELASTIC FOUNUATION,

GLCKUELER APPRUXIMATION

«He 952E=10P #

EDHCYi =

=38 19E=]11M

EDRPCYL=-9.375E+

~44320E+02

Qo4

EDMCYL=~8+050C+00

EXHCYL= 3050+

EXPCYL= 3+9006C+

EXMCYL= 3.4460E~

H=—9,022C+01

MACCN

Ue OUOEFTD
1eD300402
242906432
ZeS4ULEv02
2113E+02
1.490C0+02
71000401
GeGULOLFUL
1.C830E+01
-1+ QOVEFVDD
-9 « JQUL +0.0
~1Le LGBEHRCY
-5« 5O UE+0O
~7+e0ule+dg
—Q.uduifud
—Z2.0U0L+UD
=1 0UGL*FCU
VealU0E+00
CeQUulLTUO
Os0UCL+0D
OsCulZ#y0
Ue T LL#CO
Ue Ouil*ul
Ve COLETUO
VeOOLE#4GO
Ja OULUFCOD
[FRRVIVEGICE JURV]
JeuUulI+LO
JedUVE+CO
U«000UC+CO
0e000L+00

INCH=-PCUND/ INCH

Q0
02
Ol

MPCCN

C2=-1e622E~10H +

04000E+30
92 LUAEF0O2
260355LE+03
03
1340+ 03
1303+ 23
Be010C¢02

2

4

a

22

« VL0

c+02
1edl0L

+o2

=1 s 1300+ 01
~5.000T+01 .
7 k:v:-+\‘)]
—onu)uu+41

-S,

E® REVISEOTag S030)
—10J3C+00

1s300E+00
DeVIdIL+uUl
VeDUICHVO
Qa0I3C+I0
CeUJIJE+DO
GaOUCE+TO
Q.030E+00
Qe 00JC+U0

MMCCN

—2.160E+03
— O‘t(x[ 33

—0-94uc+02
=2e370E+02
—l.OJUE+J2

—3.0002+00
—wao Y OE+JQ
«O000L+00
—& DY ILFI0
= 1e000E+0VD
—14000L+00
0402010+ J0
Ue 000 +00
0eJ0OCL+3O
Oe30QLE+O0
0e 003+ CO
Qe000L+00
0« 00CL+00
0«00 0L+00
0« COOE+CD

Sell6E=1LOP *

~4e179E~12M

MCON

—2+160L+03
-1 021e+03
6.490L+02
1+308BE+03
1.362L+03
lel21t:+03
7a d}”'POZ

-l.O PJL
4.100.+Jl
-5 30
= ) 4
—~3 s 300E+01
—224005+01
—130CE+01
—5.,000Z 430
-1.030+00
2¢C00E+Q0
2+000L+00
2.000£+00
2+000L+00
1aGU0E+00
G2000+00
0« 300+02
De200U+00
Je UVCE+00
Ve VS0 +0C
Qe 0J0LL+00
0.00CZ+00

621



5 I
TRANSVERSE

14230t12+01
Q«0002+00

LHCHES

>

T T2t +02
720E+32
SIVE+QR
439c£+02
359E¥02

-
-
.
.
.
.
.
o
.
.
-

e e N e (YRt (VI S VO B VR N R O SR VR YR R

.
.
C
o
>
o
S
+
(&)

120T+#02
3sJU0nt+02
2e030u%02
27505402
2.540L+02

ShLAR FCRCE

QOVE+CO
QVVE+CO

mm
co

Ue
Ge

I PCUND/ZINC

QHC TN

—Z e 720LE+01
1eG45LE+01
-0 e253C+00
1e2C00+00
4 «%300#00
el 3L #00
HGeswGU+C0
e 292L +00
7

>

—3 e Q0 9E 2
=69 21 VE=0 3
3e744C-03

—3e554E—-04%
=S5« THEIE=Q X

UeU0UVULZH00

CISPLACEMEN

HIURIZONTAL UILPLACEMIN

VORMAL SUILL ARCACTICHS IN POUND/ZINCH SQUARL

Be255:~C3

H

5 IN
TS IN

1 NCH
INCH

wPCUN

~2¢706CE-02
=232 1E~02
=1« 334L=02
=6e729L-03
=24 Q¢ IE~DI
Se210C-04%
1e03%E-03
1e3%0—-33
1.582E-03
l1el49E-03
7e2106LL-3%

wcC
oo
M
++
cc
oo

QPCON

-2.3383E+02
—1.704E+02
~Se405E401
1e049E+01
3.%16E+31
4.D3SE+G1
3.210E+01L
2.573E+01
1.821C+01
9.836E+00
3.935C+00
348S1E=-01
~1e361C+00
~143255+00
—1.5235+00
~1e423E+00
—5.633E-01
~5.687L-01
—240S0E=01
~7el177C~02
3.273E-02
7.636E-02
6e2%GE=02
7+080E-02
5.206E-02
3el70E-02
1.84%1C-02

03

—1.017E-33
~34456E-03
~5.043C-03

0.0J3E+00

/LNCH
/ INCH

WHMCON
74983E~03

Db d5E~03

led30E—-U3
—7e077L-04
~1eb6548-0C3
=1le746E-033
—1e451L—-03
=1 eQ28E~03
=06 280E~-04
=3« 130L-04%
—1e0%9E~04%

—3.722E+01
—3e238E+01
=3e270E#01
-2+31SE+01
=1.421C+01
~7e231E+00
—2«950E+30
142864c-01
1e6357C£+00
1.6652+00
1.484E+00
14109E+00
Tel 77801
30 ?54EE-01
l1ed340~-01
3026E-02

~6+260

—4.,9C8%E-02
=34 02E~IJ2
~2e:Q23E—02

w3 el . BE~0J
=1.5901C-C4
1.265C-03
led72:~03
1.102£~-03
- 54508E~04
—9«403E-06
0«0002+00

WPPCON

=1e.0697C-02
~1 ¢ TOHE=V2
~1e TEBE~02
~1¢7492-02
~1e7H69L~02
=1 TEI9E-02
—1e808LE-02
~1+326E~02
—le8B44E-CLZ
=1e360E-02
=1+ 878E~02

QCON

—2.056E+02
~2.069E+02
—9.812E+01
—2.769C+01
1e024E+01
2,706Z+01
2.943E+01
2. 434E+01
1.7356+01
10209401
5e7420+00
2.09%E+00
-3.282¢€-02
—1.037L+00
~1e3140+00
—1.192E+00
~9,051E-01
—5.940E-01
~3.326E-01
~1.439E-01
—-2.5615:-02
3.540E-02
50842002
SeB8066L—02
40 TISE=D2
3.3935-02
2.0920-02
1.073E-02
3.634E~03
~7.008L-04
~3.301E=-03
~5.629E-03
C.000E+00

WCUN

=3 e9B31E-02
~3.740E-02
-3«126E-02
—24576E~-02
~2.1566E-02
=1 «906E~02
=la/771E-02
—=1.724E-02
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e 5 8 5 8 & & 6 & ¢ & o

Ge JIVL +01
4e 3002
3.9200e+01
Z2e4%J0E+01
1e230E+01

S IN

ROTATICNS IN

LEQE

e me s ms e PRI RORNRDRNGCLUWWWL L
noo.o-t¢-o¢¢-o.~::noo-o

49038

N
L

230C+02

S530L+02
SLOE+02
0L €02
32CE+02
290 +02

+01

INCRES

RADIAN/INCH

S20E +02
400C+02
r4 3\4‘. +02

+302
o%CL+02
9e3E+ 02
3JUE +02
6802 +C2
22GLE+02
4405i2+32
320C+02
200E+32
JsCC+22
Lo #01
+01
220E+01

$e03CL+31
4000001
e LODE+OL
2e4400E+0T1
1.200C+01

S IN INCHES

CIRCUMFERENT

IA

1«259L-02
1662 +02 lel3uC-02
V40 +02 LevUZ2L—-02
2200 +02 U¢24}L—uj
3262+02 Ve24 —J3

v-%quu—v3
2e854E-03

-9 339C—-035
—2e¢45IL—-05
JelduUuUC+300
Je03uUc+00

XHCUN

-3« 274E~03
"Jul4)L uJ

2w 29 HPE=0T
w2 e 25 85-0Jd
~§ s B 9IE-03
=1 ¢ HEOLC=0J
=1« I T7YE-0I
~Se7LLLE-04
~0 e JO5L-04

—J.777€—04

U-OJOL—Ob

3.37/L~04

Q-OOOLch

PUOUND /INCH

GsOIIE+0D
0« 000E +u0
0+ 000( +00
UeDJVE+U0
0+000C+00
0+000L+00
04030L+00
0+ 000L +00
0.000L+00
0.000E+00
QeDIVE+UD
0e000C+00
04 0JOE+00D
0+003C+00
Ga0IOE+00
0+4000E+30
0+ 000E+00
0+03J0E+00
C+000E+00

=25645L-07
~it o 30LE=03
=3.1%0e-0%
2.311E-04
SeuY%0L—046
2eb47L—064
60 273C-04
4%9798-064
3a%30E-04%
le384E-04%
8.834-095
1e694C—05
=11 30E=05
0. 003L+00
GeQVOE+D0

XBPCOoN

Qe 0VCE+VD
Ve 5IGE+00
Qe JUOUL+DO
Ve JVOUE+I0
Oe0J0C+00
0. 000L+30
eV JIJEFIT
Qe 00c0CL+V0
Ce0uU0E+30
Qe DJOEFID
Qe I0CE+VUD
Ca0JOL+00
0.029C+00
Je D JOL+UO
Je 0 IJE+IO
Qe OCOL+VU0
[CR RV IRV L Jeke]
OeudJC+u0
Use 0JUC+T0
0.020Z+00
0«0J02+C0O
0e00CEF+UD
JeJJICc+ 00
O« Q0OCE+UO
DeUUUET

Je
0e0UTL#+VO
O« UQ2E+ 00
G0« 000C+00
0« 00CEH+OD
0e000C+00
0« 000LC+00

—-2958L-02
—2.090E-02
—2.400E-02
=2« 126502

=1.868z-02
—1.626L-02
~16403C—-02

—i.156C~-02

~2.985C-03
~2.076E-03
~1.329C-03
7 AT4E-D4

—8.304L-05

Xi4CON

3.309E-03
5-000[ 03
2e094E-03
1« G31E
16221E~03
8eHLO51E-04
T 5e406E—J%
269035C2-04
e 9O1LE-35
—44551E&--35
=1.461c-04
—2+062Z-04
-2+ 353E-04
=2« 3FTC—I4
—2.254E-04
—1s9Y62-04
—1.66CE-04

=le2%3C—04

~9¢5992—05
=6e IVIE~D5
—3474&i-05
-1+ 683E~05

G.IAuﬁ—J/

1.258E-006
0. CO0C+00
0.000L+00

=29342-02
—2e441E5-02
~2+056E-02
=1e THOE=0Q2
—=1509E-02
—14313E-02
=1.150E-02
-1 s Q0 7E~-0Q2
~8+760S-03
=7 e317E-03

—64333C-03

=5« 187E-03
—44055E2-03
-3+062E-03
~2e174E~-03
—14400CE-03
—~7.837&-04
-3+ 322E-04
~B8e304E-05

XPPCUN

3.2062E-04
3e21l3L—~U%
3.114E-04
3010E-0%
20906C—-04%
2.803C-04
2.69%9-04
2435952 -04
2.491E-04
2e3B37C—04
24234C—-04
2.130E-06
076c-04
G72c—-04
BOdLE—=-J4
765_—04

ouoslcsoo;a.n

kfuh&mcﬂ\,ul)ww-—n-nn.-.-».—m

Zég—ua
76€—05
38&£-05

1e170E+01
lalu3C+01
iel%7L+01
1e210E+01L
le225c+01
1.236E+01
1249C+01
1e202C+01
14275C+01
1e280E+01
1.301E+01
1s310E+4+01
1328C+01
1e341E+01
1.304E+01
1.307£+01
1.3380E+01
10 393E+01L
1.406C+01

VD L e b s pe e et o s

~3866L-03
=Te3VTE~-D3
~0e212£-03
=5 289~-03
—%e30UE—-03
—=34907L-03
=Je&7LE~-D3
=34043L-03

~2e649E-03
—b.hllh 02

*l-237g—03
—9Y9¢313-04
~HeD70L~04%
—4e231E~-0%
—23C38E-04 .
—1e004E—0%
=2+ 508E~-05

XCON

3.614E~-04

—CeD02II-V%
~Te437E-04
~7«530E-0%
=7e092C-04%
—Ce20LE-04
~5.275L-04
—4s133E-04
—2e95E-04
~le30JE-U%
=846 LTE~DDS
-1 .825E-08
He931—-05
1e210E-04%

5.-04

-'60“—v4

Se135C-03
3a931E~Q5
BY1E-05
2+4070E-05
1.038=Z-05

IST



P

b}

34 77LE5402
3e 720+ 02
Je 6OGOE+02
365500¢02
Je 3EUC +02
Je 2402402
Je120I+32
JeOuClL+02
2eBHIUC+C2
267602 +02
2.0L4VUE+ 2
2eH2UEF 02
26 400E+

Ze230Z+02
2162=Z+02
04JL+02
iev20I402
16 80632+02
le63ILE+O2
1e500i2+02
le4aGU+02
e
1.
1.
'l‘

LV
.

326E+92
200C+02
VEoE+ 02
GUUZ +01
d.@ﬂv_+uA

S

7726+02
720E+402
oGt +02
433+ 02
3609=Z+0Z2
240d+C2
120c+o2
JOut"+52
salc+u2
746CE #02
G40=+02
S2uL+U2
L00E+02
280C+02
2elC0E+02
2.0~u[+u;
le920c+02
lecdoc+02
le LiswE+ 32
le 56L0GE+02

wue Wy
s e e s 0

PRl
s e e

xS0 O (O (VI N )
e e 0 o o

CHCTN

—%e8320.403
—3s TEYUEHIS
=5e 035E+03
=2+5034+03
=1e%LOL+03
-1 % 3B LI +O3
=5 eBUVLTFOL
s CIRVIVAY NG J oAl
—1e757+02
7.230C+01
S«455E+G2
S TIFE+0Z
4G e252+02

4e3520+02

Gedo +02
Je 39 FE+02
S e 340l
Lu e vro2
2 135E 08
1.428L0+02
Ged0GL+0]
27 5_+01
425306L+01

—10%4LC+401

=3«00U0L+01

~Jw G2 IE 0]

=Je L 73401

=2« 396E+01

—lea4bOL+01

=504 7U+00
J«000Z+00
e JUuUubk+00

IN PUUND/ZLINGH

e 352 +01
edd lutul
«G2LiEE+OL
+SL L +02
/5 +02
e 3UNEYUZ
eG54l +02
«O22E+0 2
e 31cL+02
S 1L+02
=101 1E#0
—75487U401
=5« SUSGE 0L
=Se TYIEHD T
—1e077c+01
=3«891LF3D

| T I T A I |
o s e ot s G 4D e e e PO

|
o

i 8
-

CPCUN

Je 3OOC+U0
Je wOUE+ U
Ve UJJL+I0
0eJ33L+u0
Ve ouaL+ G0
O« 0COE+U0
Je JUIl+U0
Os00UCC+U0
0+3002E+00
J.00CCE+00
0200c+00
0« 003L+U0
0.000E+00
06 0JJE+VO0
OeUICL+CO
Us020E+00
Q. CICC+UD
Ce 003+ 00
Q. 003E+00
0.000L+00
Qe QJJE+UO
0«000C+00
0. UJ0E+00
Ce DVEHDLO
Ue GOILHUO0
Ue Cw0CZ+V0
0.000E+30
Q. Gu0C+00
0+ CUILHUO
0« JUVEH+GO
0.0JJIC+00
0.0350€+00C

NPCCN

CoQuJLE+00
Gs GO0+ GO
0:003.+00
Us UJUL+TD
Qs OICCHOO
UsUIVE+J0
QuUJIETVC
[VIPRVES BV IS SVEY)
[ PEVIVEV NG ZVRV)
0.023E+00
JeDJIILF+I0
Qe OUCLE+UO
0., 003C+00
0.020c+00
0.0uQC+00
0«.023C+u0C
GeOUOZ+30
0. COCE+UO
s 0V3L+QD
Qe UUOC+J0

CMCCN

—3e 588+ L2
~5.275Z+0C2
-5.992E+02
-6e1 775402
—5939c+02
—5.322L+02
=Se40592+02
—4e183C+02
=245067E402
—2¢502EF02
—1e821&+02
—1e235cC+02
~6e330c+01!
=1.633+01
16436C+01
34513C+01
1.313E+01
4eT2%C+01
46055L+C1
3e413C+01
2el 7GE+TL
14250E+01
3.08352+00
—2e496+00
0.000=+00
0e000C+00

MMCCN

=1630E+00
CulO7E+ UL
1.3492+02
1.815:+02
1e94CSC+02
levadl+02
leB47C+02
1e9430+32
1670632+02
led432C+02
lel51L+02
1.050C+02
7¢6355+01
Ge110C+01
3.685.+01
1.738C+C1
20337<+00
—8e%9YSTHT0
=1e585L+01
=1leG36L+0]

CPPCON

—1.6552+03
=1e632L+03
—~13530E#03
-1 «527TE#03
—1ed474L+03
~1e4220+03
—1le309E+03
—1e316c+33
—1e2064C+03
—le211c+03
=~} «:158E+33
-1« 10E:+03
=1.053+03
—1s000C+053
=9.477C21+02
~5eYS1E+02
~Be&24C+92
—7.63BE+02
~T e 3T 1LE +02
—6e8a5ctu2
—64318¢+02
=50 T92E +02
~=5.,2065C+02
=40 T39E+02
—4.212E+02
—3.CUOE #T2
—34159€+#02
—2.633E+02
—2e1006L+02
=1e530C+02
—1a033E+02
~5e265E+01

NPPCON

—B4274+02
—8¢1061Z+02
=7eb658BE+02
=7+0340402
=T o3 7T LE*¥22
=-7e138:+02
-0e845E+02
=6.531+02
-0+ 3L BEHR0 LS
~0e053L+02
~Se7v2L+02
=5+ 528E+ 02
=5.205E+02
=5.002E+02
~4e739L+02
~44475L+02
~4e212Cc+02
—3e949E+02
=3.636E+02
=34422E+02

CCuUN

—3.958E+03
-3+ 8382c+03
=3.0482t2¢03
=34051£+03
—3 249E+93

2 D220 +03
-2:bddﬁf05
—24345C+03
—2.0385.+03
—le/7b0C+023
—1e3597E403
~Y e IXTLH03
—1«131E+03
—9e7954C*02
~8.5010+02
—T.QthTJZ

—o.Ju)u*Od
—5e330L+02
=S+ 229c#+02
-De012E+02
=4 4 L30LY02
—46435L+02
—4%«107L+02
—3eTI0L+02

=34259L+02
—2.767E+02
=2+ 221%02
—1l.001E+02
=1.053cv02
—5265L+01

NCUN

~3e ISYE#Q2
—4.2852+02
=4 760E%02
~4.303C+02
—5e2410+02
=5.00d+02
—Ge330E+I2
—5.95y2+02
—GeVI0L+O2
~6el27c+02
-6.075c+02
6eQ01L+02
~5edi7L+02
~5¢BT2_+02
=5e380L+02
~5.050c+02
—4e0552+02
—4e413L+02
~H40322+02
=3 0650L+ 32
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1e440L+02
le32G6E8+02
le236E+02
1e3a0bL+02
GeuOCE+ O]
BedCUL+0L
7.220C+01
Cedivub+31
44303C+0
3¢0650E+O!
2e400c+31
le2VUVUE+DL

29 3C+80
3532401
70IC+01
Y9 3L +01
7526401
CI5E+01
S35L+01
59 0E+C0
73CE+G0
C73C+00
GOVEFOD

0J00E+UD

O rer ~Nrdes pa b pe = (o
S L € v s e s e e

=2 38 JEe+0Y
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—1e 69532+ 01
~1la722401
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~8012E+00
—~2e7406E+00
3.0 298801
2. 783E+00Q
4e174°+v00
0« 000LE+T0
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—3.159E+02
=2« 89CE ¥02
—2.633L+02
~26 365=E+02
—2.106LC+02
—1.8%532+02
—1e530C+02
= e 3] 6C¥ 02
— 1+ O33E+02
=T« 898EF0
—~5.2052+01

—2¢6338+01

-3« 335E+H2
=2.977E+02
=-2206312+402
=283 TEFD2
—2e0448%02
=l 755C+02
~1+501C.+02
=le237E+02
=1l

=2+633+04

CYL IMORICAL 3HCLL

t= 2.9uzes02 (This Input is incorrect see P. 153 for H= -2.992E+02)

S IN INCHES
BUNSING MUMENTS IN INCH-PCUND/INCH
e M mMriCyYL MCYL

~5e4
=521

—4.579C+03
Se707L4063

CeJVE+VO
20 745C+03

«27T2E+03
40 7ITCH0O3
YeLJSCEFVI

~5.430E+03
—-2.4230+03

1.03 O3
le7U0aiE+S3

=26 G2 IL+O3
~2e¢1JHEFOS
—144500+03
—5eCl 3L +02
=46 77CEYLE

2.C56C+03
2.001L+03
1.862C+03
1le5375E+03

Go L F2LFOS
Jevucit+ul

=i 16200L0+03
Se Y.4452¢02
N GeOLUIF G2

GelcHIv 2
2o Y IEFO2
11 43E+02
1.900E£+01
=206 7E%¥02 -4e107E+01
—-2e030l+02 ~7e4GUE+UL
=1 « 33202 —Bed31E+O1
—=1aH35E+02 -28.899E+0!
-1 219CH02 —8eil06E+U1

n r
Uusituz

e N R NS e
e ¢ ¢ o & & o

€ 6 % & s 8 &t o 0 v e 8

O
.

Ce550L401
Gebu1Z+01

NN N s bt bt e e et e e I NC & W N

o= £EQ J.000L+C0 HU= U»0C00Z+00 5= 2.400E+02 T= 3.070&Z-01L P= 0.000E+00
A K= Je000L+G0 KK= J.000E+00

IN STM™MTY S21 PROGHKAM RETURNS FRCM MAIN RHDCEGURC'

&SI


http:044-L+.02

CYLINDRICAL SHELL
LAMDA = 2.002E-02

S IN INCHES

H

-2.992E+02

BENDING MOMEMTS IN INCH-POUND/INCH

S

RN = == OO0 W N —=O

.000E+00
.200E+01
.400E+01
.600E+01
.800E+01
.000E+01
.200E+01
.400E+01
.600E+01
.080E+02
.200E+02
.320E+02
<440E+02
.560E+02
.680E+02
.800E+02
- 920E+02
. 040E+02
.160E+02
.280E+02
.400E+02

MMCYL

PO OUHFFNDNDNDDNDRFEW

.488E+03
.219E+03
.579E+03
.767E+03
. 928E+03
.136E+03
<455E+03
.019E+02
. 778E+02
.722E+02
. 244E+01
.561E+02
. 184E+02
.371E+02
.271E+02
. 004E+02
.656E+02
.291E+02
.477E+01
.495E+01
.061E+01

MHCYL

. 000E+00
. 796E+03
.272E+03
.797E+03
.686E+03
.192E+03
.508E+03
. 763E+03
.053E+03
.428E+03
.111E+02
. 089E+02
. 140E+02
.215E+01
.138E+02
.814E+02
.067E+02
. 036E+02
.832E+02
.539E+02
. 219E+02

MCYL

HNDNDNDWWWWN

.488E+03
.015E+03
.851E+03
.564E+03
.809E+03
.328E+03
. 961E+03
.665E+03
.530E+03
.600E+03
. 787E+03
.508E+03
. 400E+00
.250E+02
.409E+02
.818E+02
. 723E+02
.327E+02
. 780E+02
. 188E+02
.625E+02

ST



NUN-MONUOLITHIC JOINT WELL=GRADED GHAVLL E;AS?IC FUOUNUDATIUN »
COnICAL SHLbLL: 2N0ChULER ASYMPTSTIC SOLUTION

Cil= 4e155E-C%H + =14312E-U0P + (eJ00C+J0I C2=-44143c-09%9H + 1+3D7TE-D8P + 0.,000C+0CH
FURCULIN= 3.4 30E+01 EDHCYL=~4.320E+02
EOPCUN==1.532E+04% ) cDPCYL=-9.373E+04%
EDMCCN= 0,J00L+30 COMCY L= C«000L+00

EOPPCUNE~24757C+04

CARLUNS 3.076E+00 EXHCYL= 8.650E+00 .
CXPCUN= 5.4350+01 EXPLYL= 3.900E+02
EXMCUN= 00002+C0O CXMCYL= Q0000L+00

EXPRCLN==2.,85%E+03
M= Je000C¥U0 H==1.088E+02 P= 24500L£+02

S il INCHDS
BEMIING MUMENTS IN

5
TT2E+ 52
720t +32

LU U v U2

¢
"
+
P

e

[ M
)

) o
I

f
‘%
2
J

3
o
4

)
J

2

GeOUOFE+UL
4.000C+01
JeHA0L +UO1
2400+ 01

-J3+0J0L+00
—led4udiL+01
~1 s TOOC+U 1
—1430ucLtvul
loul+C1i
JJIL+Ud
(PR OISR 0 R0)
JOSE+0V

CeDulit+ud
Je UUULHOC
UeSUUL FOU
JeODOL*+GO
QedICL+UD
Je00OLFUO

“PCON

0«0C0E+00
1e04535+03
263C7C+403
24472433
Lo 78E+FQ3
164530403
el 70L+02
40L0EFO2
1«570E402
—262J30E+01
—1.U30L+02
=} s 230E+02
=14 100C+02
—Be2UVEFDYL
~5e2J0E+01
—2e80JE+01
-1« 000T+01
Qe UUIL+V0
Se DU OL+V0
Ha0IIZHI0
6eJIIEFUO
LGeddutUG
30 JIDI+I2
1euuldZ+ul
Qe UGE+UD
Ve GuUlEF+DQ
Je UUUC+UO
(S PRV I Fat JVIV)
06 003L+0O
Qe DUOE+UVO
Qe J0UVOLTLO

MMACON

0.000L¢+C

0.000c+00
(e RVECRVIOE SO TV]
Ja002L+00
GavLOU+LO
0.000E+#00
Qe0UUL+00
Qe 000L+00
0+000E+UGD
0.000=+00
QeUOLE+UO
Ve DAL+ 0O
G.000e+00
Qe000QE+Q0
C«00CE+QO
QeulUE+UY
Q.0C02+00
Ge0J0L+0O
0.U00L+UQ
Ue000E+D0
CeO0VL+UO
J«000E+0D
CeWTOL#+VD
06J00L+0D
CeUOQLE UV
0«0Q0Q3L+0O
0.000E+0V0
Qe U0OL+OO
Q0¢C0OCL+0Q
Ce0C0+00
CuCGOOL+VO

MCON

0. 000E+Q0
1e1B9E+03
20255403
2.813+03
24364403
16693t+03
1043403
5.290E+02
le780L+02
—2e509C+01
=14190E+02
—1+420Er02
~1e200E+02
—Ye30J0U+01
=5.%00E+01
=J3e100E+01
=1¢100E+01
Qe GO0+ 0Q
5.000+00
6.090LC+00
G4JJ0C+0Q
4o000E+02J
3.000-¢00
1.000L+00
DeUJCE+UO
0403 QL+#00
D«000Z+00
0.000E+0C0
0« QUUE+VO
0.000E+00
0+000L+00

SST
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"'“1(.:

DO R

>

TRANSVERSE

12001401

iN INCHES

2

Se 7 72L+02
Se720+02
e dIVE+02
3es5CI+02
3 300G +02
36243 fu;
1 E9E#5
uu'J fuL
343.+02
/’ s ¥ 0&
S¢S +32
32l +32
LR S gopal

SPhopapofe Ll

o
.
.
.
.
.
2e¢20BVE+ U2
2e¢160C+02
e &l 4C2
Lo 920 %02
1e8Bo0 +32
1o O30C # 02
15 3C0C+02
Le40u+02
1le 32IE #32
1a260C#02
1.056.+02
Se +G01
Ged JVEHDL
7200L.+0C1
Ge PIILEG L
SGeBJdLt Ul
ERRVIVEVERE ¢ B
Pe 43I+ 01
lie 200 01
! INCHES
F

&

Sw T TELH02
Je 720+ 32
3o DAIVE 402
3e4337+02
Je 3000 +0L
362505 +02
Je 120 +#02
JeduOl+02
2.JJU +02
24760E+02
2o Bz +32
243200402
244002+ 02

SHLAR FCRCu' I

N

IX FUR NUR
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TOTAL SOIL BEARING PRESSURE CALCULATIONS

(1) Uniform Soil Bearing Pressure Foundation (Fluigge's Solution)

From Chapter V.2.4,

P w
Pg = Pgp 7 Py
where,
P
Pe = 2P (Lcosd)
\ .
pg - v, (d, - s sing)

Using SIMPSON's rule:

h
Pe = 27 gi{(pfo + 4pf1 * pfz)sl+ (pf2 + 4pf3 + pf4)s3 +eon]

1]

23.99 x 210,137.76 1b

5,041,204.86 1b or 5.04 x 10% 1b (vertical)

Total Applied Loads:

Water Loads + Concrete Loads

4.54 x 10% + 5.80 x 10° 1b

5.12 x 10% 1b (vertical)
Note: (1) 1.5% error is related to the method of approximation used.

(2) The base is wet, hence no frictional force, P = 05


http:5,041,204.86
http:210,137.76

Simpson's Approximation

Monolithic Joint, Uniform Soil Bearing Pressure Foundation, Flﬁgge's‘

Solution
n s p 4p (p. +4p +p )s
fn fn+1 fn+2
(in.) (1b/in?) (1b/in2) (1b/in)
0 10.07
1 372 10.13 40.52 22,636.20
2 10.26
3 348 10.39 41.56 21,694.32
4 10.52
5 324 10.65 42.60 20,703.60
6 10.78
¥ 300 10.92 43.68 19,653.00
8 11.05
9 276 11.18 44,72 18,514.08
10 1i:41
11 252 11.44 45.76 17,297.28
12 11.57
13 228 11.70 46.80 16,005.60
14 11.83
15 204 11.97 47.88 14,649.24
16 12.10
17 180 12.23 48.92 13,208.40
18 12.36
19 156 12.49 49.96 11,690.64
20 12.62
21 132 12.75 51.00 10,098.00
22 12.88
23 108 13.01 52.01 8,428.32
24 13.15
25 84 13.28 53.12 6,693.12
26 13.41
27 60 13.54 54.16 4,874.40
28 13.67
29 36 13.80 55.20 2,980.80
30 13.93 ) ,
31 12 14.06 56.24 1,010.76
32 (14.06)
+) 210,137.76

Note: ( ) are estimated values by

linear extrapolation.
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(o))
i

(2) Elastic Foundation (Second Order Asymptotic Solution)

From Chapter V.2.4

Pg (normal) = -kw
where,

W=Ww + W

k

1]

500 pci

Using SIMPSON's rule:

h
pg (normal) = 2mr ———-[(pfo+4pf1+pf2)sl+(pf2+4pf3+pf4)s3 T

3L
= 23.99 x 225,477.72 1b

= 5,409,210.45 1b or 5.41 x 10° 1b (normal)

p. (vertical) Pe (normal) x cos¢ = 5.16 x 10° 1b (vertical)

Total Applied Load = 5.12 x 10% 1b (vertical)

Note: (1) 0.8% error is related to the method of approximation used
and the linear extrapolation required to estimate the soil
bearing pressures around the apex zone (s = 0 to 3 ft.).
This shall not be used to conclude that the Second Order
Asymptotic Solution is more accurate than Flugge's

Solution.

(2) The base is wet, hence no frictional force, P, = 0.


http:5,409,210.45

Simpson's Approximation

Monolithic Joint, Well-graded Gravel Elastic Foundation
Second Order Asymptotic Solution

n s 4 +4 + s
P o (pfn pfn+l an+2) il
(in.) (1b/in2)  (1b/in.?) (1b/in.)
0 20.48
1 372 19.24 76.96 42,214.56
2 16.04
3 348 13.12 52.48 27,645.12
4 10.92
5 324 9.50 38.01 18,691.56
6 8.76
7 300 8.50 33.99 15,385.50
8 8.54
9 276 8.73 34.91 14,465.71
10 8.97
11 252 9.19 36.76 13,884.69
12 9.37
13 228 9.51 38.02 12,991.67
14 9.59
15 204 9.63 38.52 11,779.78
16 9.64
17 180 9.62 38.45 10,376.82
18 9.56
19 156 9.49 37.95 8,876.40
20 9.39
21 132 9.27 37.07 7,339.46
22 9.15
23 108 9.07 36.28 5,896.48
24 9.17
25 84 9.81 39.24 5,074.61
26 12.00
27 60 18.98 75.92 7,852.80
28 42.96
29 36 (68.00) 272.00 14,614.56
30 (91.00)
31 12 (115.00) 468.00 8,388.00
32 (140.00)
+) 225,477.72

Note: () are estimated values by linear extrapolation.
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