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ABSTRACT

Quantum dot infrared photodetectors (QDIPs) have emerged as a
promising technology in the mid- and far-infrared (3-25 pum) for medical and
environmental sensing that have a lot of advantages over current technologies
based on Mercury Cadmium Telluride (MCT) and quantum well (QW) infrared
photodetectors (QWIPs). In addition to the uniform and stable surface growth of
[II/V semiconductors suitable for large area focal plane applications and thermal
imaging, the three dimension confinement in QDs allow sensitivity to normal
incidence, high responsivity, low darkcurrent and high operating temperature. The
growth, processing and characterizations of these detectors are costly and take a
lot of time. So, developing theoretical models based on the physical operating
principals will be so useful in characterizing and optimizing the device
performance.

Theoretical models based on non-equilibrium Green’s functions have been
developed to electrically and optically characterize different structures of QDIPs.
The advantage of the model over the previous developed classical and semi-
classical models is that it fairly describes quantum transport phenomenon playing
a significant role in the performance of such nano-devices and considers the
microscopic device structure including the shape and size of QDs, heterostructure
device structure and doping density. The model calculates the density of states
from which all possible energy transitions can be obtained and hence obtains the
operating wavelengths for intersubband transitions. The responsivity due to
intersubband transitions is calculated and the effect of having different sizes and
different height-to-diameter ratio QDs can be obtained for optimization. The dark
and photocurrent are calculated from the quantum transport equation provided by
the model and their characteristics at different design parameter are studied. All

the model results show good agreement with the available experimental results.
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The detectivity has been calculated from the dark and photocurrent characteristics
at different design parameters. The results shows a trade off between the
responsivity and detectivity and what determines the best performance is how
much the rate of increase of the photocurrent and dark current is affected by
changing the design parameters

Theoretical modeling developed in the thesis give good description to the
QDIP different characteristics that will help in getting good estimation to their
physical performance and hence allow for successful device design with
optimized performance and creating new devices, thus saving both time and

money.
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CHAPTER 1 INTRODUCTION

High performance Infrared photodetectors in the mid- and far-infrared (3-
25 um) wavelength range have attracted much interest due to their important
sensing applications [1]. They are used in medical and environmental sensing,
optical communications, thermal imaging, night vision cameras, and missile
tracking and recognition. It is required to obtain a technology that gives high
performance at high operating temperature and with low cost. Current
technologies based on Mercury Cadmium Telluride (MCT) [2, 3] and quantum
well (QW) infrared detectors (QWIPs) [4-15] have some disadvantages that lower
the overall performance of the sensing devices. The MCT’s epitaxial growth
problems limit the manufacturing yield of large area focal plane arrays (FPAs)
applications [16, 17]. QWIPs do not support normal incidence detections and so
need complicated optical coupling in addition to the requirement of operating at
very low temperature [15].

The advance in epitaxial growth of heterostructure semiconductors allows
for the fabrication of devices at nano scale dimensions. These nano-devices have
new physical operating principles and novel performance characteristics.
Quantum dots (QDs) grown by the self-assembled epitaxial technique have
attracted much interest in recent years for laser [26-32] and photodetector
applications [18 -25]. In addition to the low cost, stable and uniform surface
epitaxial growth of the III/V semiconductors, suitable for large area FPAs
application in thermal imaging, the three-dimensional confinement in QDs has
many advantages such as the intrinsic sensitivity to normal-incidence light which
simplifies the optical configuration for any application, reduced electron-phonon

scattering, long-lived excited states, low dark current and high temperature
|
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operation [18, 19]. These advantages make quantum dot infrared photodetectors
(QDIPs) emerge as an alternative technology to replace QWIP and MCT infrared
detectors. Therefore, improving the QDIP performance by optimizing the device
design through accurate modeling 1s useful for obtaining the required
characteristics. In this research work, theoretical models based on non-equilibrium
Green’s functions will be developed to describe the electrical and optical
characteristics of QDIPs. The model results will be compared to the available
experimental results and the models will be used for optimizing the device

performance.

1.1. OPTICAL ABSORPTION

Semiconductor materials typically used for photodetectors in the visible
and near infrared (< 2 um) ranges are shown in Fig. 1-1. For longer wavelength
detection, smaller band gap semiconductor materials are used for interband
transitions. Alternatively, the intersubband transitions between the bound states in
quantum nanostructure detectors such as QWIPs and QDIPs can be used for

detection as shown in Fig. 1-2.
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Figure 1-1 — Absorption coefficient as a function of wavelength for various semiconductor

materials in the visible and near infrared domain
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\
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Figure 1-2 — Intersubband transition in quantum nanostructure systems vs. interband

transition in narrow band gap materials for infrared detection

1.2. INFRARED PHOTODETECTORS

Near infrared wavelengths (< 2.0 pm) are extensively used in optical fiber
communications due to their low attenuation compared to the visible range. The
attenuation loss for single mode fiber at 1.55 pum is less than 0.2 dB/km and this
leads to the need for fewer repeaters [33, 34]. This attenuation is very small
compared to attenuation in the visible range which exceeds 5 dB/km [35]. The
development of non-silica fibers allows having smaller attenuations at longer
wavelengths in the mid-infrared [36] which makes the development of mid-
infrared detectors important for telecommunications [37]. There are some
important environmental and medical sensing applications that make the
development of infrared detectors very attractive. For example, the remote
sensing of gases in the atmosphere such as, for example, O,, H,0O, CO, CO,, CH,,
and NHj; can be done using infrared detectors since the principle absorption lines
of these gases lay in the range 0.6 to 2.5 um [38, 39]. In particular, the monitoring
of CO; can help in solving the global warming problem by identifying the regions
where the emission of CO, is big and needs to be decreased. Mid-infrared

detectors can be used to monitor forest fires, thermal and gas pollution from
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industrial sources. An example in the semiconductor industry would be the
monitoring of HCI used in the plasma-etching of poly-Si but there are many
others [40]. Mid-infrared detectors are also used in biomedical applications [41]
and can be used for sensing biotoxins such as smallpox, sarin gas, ricin, and
anthrax and monitoring water contamination with bacteria. Also, they can be used
in molecular imaging which is the visualization of specific molecules in vivo. The
term “molecular imaging” reflects a change in thinking about the noninvasive
visualization of disease progression and response to treatment [42-44].

The detection of mid- and far infrared wavelengths can be done through
the interband transition process in narrow band gap semiconductors or through the
intersubband transitions in quantum nanostructure detectors such as QWIPs and
QDIPs. Semiconductor materials with narrow band gap materials such as InAsSb
(III-V), PbSnTe (IV-VI), and HgCdTe (1I-VI) are used for mid- and far-infrared
detection. In addition to narrow band gap material detectors, Schottky barrier
photosensitive detectors and doped silicon detectors are used. Photodetectors
based on interband transitions in narrow band gap materials have some
advantages such as high optical absorption, high quantum efficiency, high
mobility and less thermal generation compared to extrinsic detectors and Schottky
barriers [15]. The compositions of these materials in the alloy can be controlled
for band gap engineering which allows detection of specific infrared regions.
Amongst the interband transition detectors, the MCT-based are the most used as
the other semiconductor based detectors suffer from less mature technology and
their performance is much lower than the MCT photodiodes [9]. Although the
MCT photodetectors have many advantages, the problem of the epitaxial growth
and alloy instability make it difficult to produce a homogenous composition over
a large area. These problems have limited the manufacturing yield of large FPAs
which makes the final imaging system very expensive. The performance of the
long wavelength infrared InAs/InGaSb superlattices (SL) photodiodes is

comparable to MCT photodiodes. The InAs/InGaSb strained layer SL detectors
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employ interband transitions across a fundamental energy gap. The band
alignment in the structure is based on a type II interface where the conduction
band of InAs is lower than the valence band of the InGaSb. Because of this band
alignment the SL can have a band gap smaller than that of either constituent
material. The presence of coherent strain due to a small lattice mismatch (< 5%)
shifts the band edges such that the SL energy gap is reduced. This reduced band
gap is advantageous because longer cut-off wavelengths can be obtained with
reduced layer thickness in the strained SL, leading to even higher optical
absorption coefficient. The resultant effective bandgap is dependent upon the
composition, well width, and strain within the SL. The substrate difficulties and
immature technology in addition to high dark current are some disadvantages that
need further developments.

As an alternative, the intersubband transitions in QWIPs can be used to
detect infrared light. QWIPs are based on III-V technology and mostly on
GaAs/AlGaAs system. The dependence on the mature GaAs technology results in
highly uniform and stable surface growth which is suitable for large area FPAs.
Other advantages are the high control on the heterostructure design which gives a
good control on the operating wavelength in addition to compatibility with high
speed GaAs electronics and the low cost. However, QWIPs do not support normal
incidence light detection which complicates the optical coupling. Also they have
low quantum efficiency and high dark current and need to be operated at low
temperature [15].

Recently, QDIPs consisting of self-assembled QD active regions have
emerged as an alternative technology to replace quantum well and HgCdTe
infrared photodetectors [24]. The intersubband transitions in the QD can be used
to detect incident infrared radiation in the mid- and long-wavelength ranges (3-25
um) [35]. The advantages of QDIP over MCT and QWIP will be discussed in the

next section.
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1.3. QUANTUM DOT INFRARED
PHOTODETECTORS

The QDIP consists of a stack of QD arrays (layers) separated by wide
band gap material layers. It is similar to the QWIP structure but replaces the QW

layers with arrays of QDs as shown in Fig. 1-3.

Infrared radiation

Emitter

Collector

Quantum Dots

Figure 1-3 — Schematic of planar QDIP structure.

The QDs are formed by the self-assembled epitaxial technique. For
example, a QDIP can be formed using QD layers of InAs or InGaAs separated by
barrier material layers such as GaAs which have a higher conduction band edge.
The QD material 1s deposited over the substrate and due to the lattice mismatch
between deposited material and substrate, the strain is build up and after a critical
thickness 1is reached, the two-dimensional growth changes into a three-
dimensional one and dislocation free QD islands start to grow. The QD islands are
covered with a layer of the substrate material and three-dimensional confinement
of charges inside the QDs are obtained. The QD arrays play the role of the
photosensitive base for the QDIP where photoexcited electrons are obtained

through intersubband transitions. The QD active region of the QDIP is
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sandwiched between heavily doped contact layers which can be viewed as the

emitter and collector of the detector.

1.3.1. ADVANTAGES OF QDIPS

QDIPs fabricated using III-V semiconductor self-assembled QD layers
show advantages over other infrared photodetector technologies such as those
based on MCT and III-V based QWIPs. The main disadvantage of the MCT
technology is the MCT’s epitaxial growth problems, such as non-uniformity and
instability of the growth surface, which limits the manufacturing yield of large
area FPAs. The I1I/V semiconductors allow low cost, stable and uniform surface
epitaxial growth, hence are suitable for large area FPA applications in thermal
imaging. A problem with QWIPs is that they do not support normal incidence
detection and so need complicated optical coupling in addition to the requirement
of operating at very low temperature. However, the three-dimensional
confinement in QDs has many advantages:

e The intrinsic sensitivity to normal-incidence light which simplifies the

optical configuration for any application.

e Reduced electron-phonon scattering due to the large separation between

the QD energy levels which exceeds the longitudinal optical phonon

energy (phonon bottle-neck effect) [52, 53].

e High responsivity and high photoconductive gain due to the long-lived

excited states [68].

e Reduced thermionic emission and low dark current and hence possible

high operating temperature.

The main disadvantages are (1) the reduced absorption coefficient which can
be overcome by increasing the absorption volume, through increasing the number
of QD layers, and (2) the variable uniformity of the QD shape and size which
needs to be minimized in order to enhance the absorption in a narrow wavelength

range and (3) the non-uniform distribution of QDs in the layers [20]. So
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optimizing the growth conditions to produce a high density of uniformly
distributed QDs with a narrow size distribution within the layer will improve the
absorption coefficient and give high detectivity values at a high operating

temperature.

1.3.2. QDS FOR PHOTODETECTORS

For photodetectors applications, QDs should fulfill some requirements in
terms of size, uniformity and material quality in order to be useful for good

performance at room temperature.

1.3.2.1.Size

The size of the QD should be sufficiently large to have at least one energy
level for an electron or hole inside the QD but should not be too large such that
the separation between the energy levels inside the QD is below KT for high
temperature operation. For example, the minimum diameter for a spherical QD of
InAs/Alp4GageAs to give one energy level inside the QD is about 3-5 nm. The
upper limit in size is determined by limiting the population of higher energy levels
and to get room temperature operation, the size for InAs/Aly4GagsAs QDs is 20

nm [54].

Figure 1-4 — Atomic force microscope image of InAs self-assembled QDs on GaAs,

Courtesy: S. Tavakoli.
8
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1.3.2.2. Uniformity

The nonuniform distribution of QDs in the layer affects the dark current
characteristics. The dark current density increases in the regions where there are
lacks of QDs in the QD layer due to the low potential energy at these punctures.
So a high density, uniform distribution of QDs in the layers will reduce the dark
current density of the detector. Also the minimum variance of the size variation
of the QDs will increase the responsivity by enhancing the absorption at specific
wavelength since the variation of the positions of the energy levels of the QDs
will be small and then the photon energy to induce intersubband transitions will

be almost the same for all QDs.

1.3.3.QDIP CHARACTERISTICS

The QDIP using intersubband transitions have been studied and characterized
experimentally [55- 63]. The following are the main operating characteristics of
interest for QDIPs
e The operating wavelengths corresponding to the peaks of the responsivity
of the detector. By calculating the energy eigenvalues corresponding to
both bound and continuum states of the QDs, the photon energies
corresponding to all possible intersubband transitions between the energy
states can be obtained and hence the operating wavelengths of the
detector.
e The dark current due to thermionic emission and field assisted tunneling
e The responsivity which is the photocurrent, L, per unit watt of incident
light
R =1, /o, (1.1)
where i is the photon energy and @ is the intensity of the incident photon
flux, 1.e. the number of photons per unit area per unit time.
e The detectivity which is a measure to the signal to noise ratio and is given

by
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where R, is the peak responsivity, S, is the noise density spectra, where

S =I_./\JAf and Afis the band width of where the noise current is

measured, and 4 is the detector area. The noise density is related to the dark

current, as shown experimentally, through the relation [49]

. 13
4ql,,. 2N’ (1.3)

where g is the photoconductive gain and N is the number of QD layers. For a large

g

value of N, the second term can be neglected compared to the first term and the

noise density can be approximated by

S,.lf2 =,/4ql,.8 (1.4)
e The photoconductive gain and quantum efficiency
The photoconductive gain can be given in terms of the carrier life-time which
is the time the photocarriers have after photoexcitation until capturing or
relaxing back to the QD and the transit time which is the time the carrier needs

to be collected by the contacts such that g =7, /7., .- The photoconductive
gain of QDIP can be extracted experimentally from the measured dark and
noise currents as shown in Eq. (1.4). The quantum efficiency is related to the
responsivity and photoconductive gain through the relation [15]

eg
B ot 1.5
S (1.5)

The quantum efficiency describes how well the detector couples to the

detected light. It is defined as the number of photoexcited carriers per incident

photon.

10
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1.3.4. QDIP STRUCTURES

There are different QDIP structures according to the heterostructure
design of the detectors. By careful design of the QDIP heterostructure the
performance of the QDIP can be improved. The design can improve the
responsivity, reduce the dark current, and improve the absbrption coefficient by

increasing the number of QD layers and the absorption volume.

1.3.4.1. 70 layers planar array

The QDIP reported in [24] has a planar structure of 70 layer QD arrays to
increase the absorption volume. The barrier width between the QD layers has
been controlled to allow growth of this large number of layers, with a minimal
amount of dislocations. A relatively wide barrier between the QD layers of 50 nm
was used. Substrate temperature cycling was applied during the growth of the
GaAs barriers to allow this large number of QD layers to be grown with minimum
dislocations [24]. A variation of QDs was obtained with larger dots located at the
top of the QD stack and the smaller ones located near the bottom of the stack. The
peak responsivity of the detector obtained at 2 V applied bias was 0.12 A/W and

the dark current was 1.83x107 A/ecm*at T=175 K which is low at this

temperature due to the large width of the GaAs barrier.

1.3.4.2. Quantum Dot-in-a well detector QDWELL
The QDWELL structure reported in [45] is a hybrid between QWIP and

conventional QDIP. In this device, the InAs QDs were grown inside an
Ing5GaggsAs QW which was covered by GaAs barriers as shown in the
schematic of the conduction band offset profile in Fig. 1-5. It combines the
advantages of a QDIP and QWIP such that it allows for normal incidence
operation, as for the QDIP, and also provides better control of the operating
wavelengths through bound-to-bound transitions instead of bound-to-continuum
transitions. The electrons are photoexcited from the ground state of the QD to a

set of bound states provided by the QW. The measured peak responsivity at 1 V
11
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was 0.0125 A/W which is low due to the small number of layers (15 layers) and

the non optimized thickness of the barrier layers [45].

GaAs
E,
93 meV
Ing ,sGaggsAs | Es
477 meV
E,
InAs -

Figure 1-5 — Schematic of the conduction band offsets and the energy levels of the QDWELL

structure.

1.3.4.3. Superlattice SL-QDIP

The SL-QDIP structure reported in [24, 46] is a modification of the
QDWELL. InAs QDs were directly grown on AlAs layers as shown in Fig. 1-6.
The AlAs barriers form a QW structure. The width of the QW can be controlled to
change the positions of the minibands formed for wavelength tunability. The
growth of InAs on AlAs instead of GaAs leads to increasing the density of QDs
by an order of magnitude due to the low mobility In on AlAs compared to GaAs
[24]. The SL-QDIP shows high peak responsivity of about 2.5 A/W at 78 K due to
the large QD density which allows increased absorption of IR light. A high
responsivity detector is suitable for low level signal detection. However the
measured dark current [46] is high due to the thin active region of the detector

which requires operation at low temperature.

12
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Figure 1-6 — Schematic of the conduction band offset profile of the SL-QDIP demonstrating
the energy levels in the QD and wetting layers and mini-bands in the QW (in meV) relative to

conduction band of GaAs.

1.3.4.4. Resonant tunneling RT-QDIP
The RT-QDIP reported in [24, 47, and 48] consisted of InGaAs QD layers.

Associated with each QD layer are a double barrier Aly3Gag7As/ Ing 1 GagoAs and
a single barrier Alp;GagoAs forming a resonant tunneling structure as shown in
Fig. 1-7. The widths of the double barrier and QW are chosen such that the energy
levels in both of them coincide allowing for resonant tunneling through the
structure. Resonant tunneling will enhance the photocurrent by allowing
photoexcited electrons with the resonant energy to be transmitted, while the dark
current will be reduced due to the blocking of the broad distribution of the thermal
excited carriers. A dark current density as low as about 1.6 A/em’ is measured at
300 K and 1 V applied bias. This low value of the dark current allows the
photoresponse to be detectable, even at room temperature, due to the almost two
orders of magnitude reduction compared to that measured in conventional QDIP
and the measured responsivity is about 0.15 A/W at a long wavelength response at

17 um at room temperature. The detectivity measured is about 10’ cmHz"%/W at

13



| PhD Thesis — Mohamed A. Naser | McMaster — Engineering Physics |

17 um. Further improvement of the detector design can give higher values of peak

responsivity and detectivity making it suitable as a room temperature IR detector.

Al, ,Ga, ,As
Al, Ga, gAs R?:‘?;:"t
l Cy
o L s
-40
403 Ing, (Gag gAs
-172
b
InGaAs/GaAs

Quantum dot

Figure 1-7 — Schematic of the conduction band offset profile of the RT-QDIP demonstrating

the energy levels in the QD and the QW (in meV) relative to conduction band of GaAs.

1.4. THEORETICAL MODELING OF QDIP

1.4.1. CLASSICAL MODEL

The electronic transport model is based on a balance equation between the
thermal and photoexcitation rates of electrons from the QDs and the capture or
relaxation rate into the QDs [16, 25, 64-69]. The balance equation at steady state is

given by [65]

—ij—>—P=Gk+G'+O']<N> (1.6)
€Zyp

The L.H.S is the capture rate and (J) is the current density; P is the capture
probability and Z;, is the QD density. The R.H.S is the thermal and photexitation
rates per QD where G, 1is the thermionic emission rate, G, is the field assisted
tunneling rate, and o is the cross section of the photon induced electron escape

from QDs, I is the photon flux intensity, and (N) is the average number of

electrons per dot.

14
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Figure 1-8 — (a) Schematic of cross-sectional view of the QDIP; arrows indicates possible
trajectories of electrons, (b) schematic of the conduction band profile illustrating QD capture,
field-assisted tunneling, and thermionic emission processes used in the balance equation
under dark conditions [65][25].

Electrons escape the QDs by thermal excitation from the bound states of
the QDs to the continuum states above the QD barrier as shown in Fig. 1-8 (b)
Electron in the excited states can also escape the QDs by field assisted tunneling
through the triangular barrier of the QDs due to the electric field of an applied
bias. At steady state response, electrons escaping the QDs by thermal excitation,
field assisted tunneling or photoexcitation in the presence of light are balanced by
electrons captured by the QDs as described by Eq. (1.6). The average current
density in Eq. (1.6) can be expressed as [65]

w‘—(N)] (1.7)

B

<J> = Jmax z:QD_[dr2 exp{

where J_ . is the maximum current density provided by the emitter and ¢, (N) is

max
the potential energy distribution in the QD layer adjacent to the emitter as a
function of the average number of electrons per dot which satisfies the balance
equation (1.6). The average potential energy through the device satisfies Poisson
Equation and the Dirac delta functions are used to represent the average 2-D

charge density of the QD layers. The average potential energy is given by
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The thermionic emission current density of the emitter and the average potential
energy are solved simultaneously such that they satisfy the balance equation given
by Eq. (1.6). The thermionic emission and field assisted tunneling rates and the
capture probability are given in [25, 65, 69]. The relations used to calculate these
rates contain fitting parameters that need to be extracted by comparisons with
experimental results. The analytical solutions based on this model shows good
agreement with experimental results for dark and photocurrents for QDIPs at low
applied biases (< 1 V) as shown in [65, 69]. The model can be used to fit the dark
current results at < 3 V with modification of some of the fitting parameters as
shown in [25]. The dependence of fitting parameters in obtaining the transition
rates, instead of the actual calculations of these rates, limits the use of the model
for optimization to get the best designs. Moreover, the model does not take into
consideration the microscopic device structure including the shape and size of
QDs and the heterostructure design including quantum wells or tunneling barriers

that have a big effect in determining the device characteristics.

1.4.2. SEMICLASSICAL MODEL

Microscopic models such as those reported in [70, 71], provide a better
description of the QDIP relevant parameters by taking into consideration the QD
shape and size to calculate the QD wavefunctions, which in turn can be used to
calculate the transition rates. The current is calculated using a semiclassical
Boltzmann equation. At steady state under dark or light conditions, the population
of QD energy levels and consequently the dark current and responsivity are
calculated.

The model considers the simplest possible periodic arrangement of the QD
layers. Instead of the random arrangement of QDs in different layers as appeared

in Fig. 1-9 (a), QDs in all layers are chosen to be aligned as shown in Fig. 1-9 (b).
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This simplification is chosen because the transport properties are believed not to
depend on the QD arrangement since the transport of electrons from one QD layer
to the next one is done through the continuum states and not the direct transport
through the QD bound states. Therefore, electrons are exited from bound states of
QDs to continuum states, mainly localized in the QD region, and then they are
transported via continuum states to the next QD layers until they are collected by
contacts or captured by QDs in the next layers and relaxed from continuum states
to QD bound states. Fig. 1-9 (c¢) shows a cylindrical volume in which the
Hamiltonian eigenvalue problem is solved to obtain the energy eigenvalues and
the corresponding wavefunctions. An orthonormal wavefunction expansion

method is used to get the eigenenergies and the corresponding wavefunctions [70,

71].
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Figure 1-9 — Schematic view of QDIP periods: (a) realistic structure and (b) structure used by
the model. (c) The region in space in which the Hamiltonian eigenvalue problem is solved

illustrating conical shaped QDs [70].

A similar method of using eigenfunctions expansion to obtain the
eigenstates of the QD-in-a well detector is shown in [45, 72]. The eigenfunctions
of the Hamiltonian of a cylindrical volume encompassing a QD can be written as
a superposition of basis functions formed by the product of the Bessel function of
integer n with the sine function assuming zero boundary conditions on the

cylindrical surface. The eigenfunctions can be written as [72]
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v, (r.2.0)= > 4,¢(r,z.6),
i>0,7>0 (l 9)

£7(r.2.0)= B1J, (K R)e™ sin(K z)
where k'R is the i zero of the Bessel function of order », R is the cylinder
radius, K, = jz/Z and Z is the cylinder height and S’ is the normalization

constant. The choice of the Bessel and sine functions forces zero boundary
conditions on the cylinder surface enclosing the QD which gives good results for
the ground state of the QDs; however, assuming zero boundary conditions is less
accurate for the higher excited states near the QD barrier and not suitable for
getting the wetting layer energy levels or continuum states. Other theoretical
models used to calculate the QD energy eigenvalues and the corresponding
wavefunctions are based on the eight-band k.p model [73]. Most of these models
predicts a separation between the ground state and the first excited of about 50-60
meV (20-25 pm). However, many experimental groups report intersubband
QDIPs with photoresponse in the range of 4-7 um [49, 50]. The wavefunctions are
used to calculate the transition rates due to interaction with longitudinal optical
(LO) phonons and interaction with light. The electron-LO phonon interaction was
considered in the strong coupling regime where the carrier lifetime is determined
by the decay of a LO phonon into two longitudinal acoustic phonons. The details
of the model are shown in [70, 71]. The interaction with light is treated using the

first order dipole approximation and the Fermi golden rule and the optical cross

section of the transition from initial state |1> to a final state |f> is given by

2T

<it1?’}f>r5(E_, ~E ~ho) (1.10)

r (a)) - ne,cawA’
0

where H' is the Hamiltonian due to interaction with the electromagnetic field.
The occupation of the energy levels and the current density are obtained from a
semiclassical Boltzmann model where systems of rate equations are formed and

given by [70]
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0 < n, <2 including spin degeracy

where the energy levels of the QDs are denoted by i = (M, P) representing the pt
level of the QD of M™ layer, W, is the total transition rate from the state i to the
state j due to interactions with phonons, o (w) 1is the optical cross section

between the states i and j due to photon absorption of energy #®, and @ is the

flux of incident radiation. Equation (1.11) is solved under steady state conditions

(d/dt=0)by imposing a condition on the total number of electrons in the

system. It was assumed that on the average there is 1 electron per dot which is a
typical QD occupation at relatively small applied biases. After solving the system

of equations in (1.11), the current density can be obtained from [70]

n
Jy = —e(w,f +0',.f(D)n,.[l—7fJX[P, (l—Pf)—P_f (I‘P,-)] (1.12)
where J, is the current density due to the transition from the state 7 to the state /.

A reference plane is chosen perpendicular to the growth direction where electrons

can be counted when passing through the reference plane; p, is the probability
that the electron in state / is located to the left of the reference plane and p, is the

probability that the electron in state fis located to the right of the reference plane.

The probability calculation and details of the model are given in [70].

1.4.3. QUANTUM TRANSPORT MODEL

A quantum transport model can be used to produce a better description of
the electron dynamics in QDIPs. The semiclassical models based on Boltzmann
formalism combine Newton’s law with a probabilistic description of the
interaction with random scattering forces. However, the non-equilibrium Green’s

functions (NEGF) is a quantum transport model that combines Schrodinger
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equation for quantum dynamics with statistical description of dissipative
interaction [79]. The advantage of such a quantum transport model is that it gives
a general framework to deal with quantum structure under non-equilibrium
conditions such as high applied biases and in the presence of internal interactions.
The interactions inside the device can be electron-electron, electron-phonon or
electron-photon interactions. According to the type of interactions included,
electron scattering can be elastic, which causes no energy transitions between
different energy states or inelastic which leads to energy transitions. The
straightforward way of including interactions in the system gives considerable
flexibility in the types of interactions to be included and the degree of
approximations to be used depending on the accuracy required in the results and
the complexity of the calculations. The model should take into consideration the
microscopic device structure such as, the shape, size and composition of QDs,
density of QDs, and doping density as well as the internal structure design which
1s useful in device design optimization as it describes the realistic device structure .
and physical operation. The internal parameters such as density of states (DOS)
and electron density, in addition to the transmission function and current, can be

obtained.

1.5. THESIS OBJECTIVE

The objectives are to develop theoretical models to well describe the
electrical and optical properties of QDIP which can be used for device design
optimization for better performance. Improving the device performance
experimentally by fabricating and testing devices using combinations of different
design parameters are very costly and time wasting. Hence, it is desirable to
develop theoretical modeling based on the physical operating principals that can
be used in characterization and optimizing the device performance through
recommending the best design parameters suitable to achieve specific

characteristics. In addition, the models can be used as a design tool to create new
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device structures and making comparisons between different structures to
establish the best structure for a specific characteristic, such as a high operating
temperature, a high responsivity or a high signal-to-noise ratio. Each can be

suitable for certain operating conditions.

The research objective is to develop theoretical models based on NEGF
that can be used for electrical and optical characterization of QDIPs and give a
good physical understanding of the device operation in order to have a guideline
to improve the device design. Unlike classical and semi-classical models that are
based on fitting parameters or depend on classical physics, the NEGF models
developed in the thesis are quantum mechanical models that fairly describe
quantum transport phenomenon where energy quantization and tunneling have
significant role in the performance of such nano-devices. For any QDIP structure,
the model considers the microscopic detector structure including the shape and
size of QDs, number of QD layers, the separation between the layers, and the QD
doping density. A summary of the results obtained by the NEGF models

developed in the thesis are given below

o The density of states of the QDs that gives both the discrete energy

levels in the QDs in addition to the continuum states outside the QDs.

e The energy levels provided by the density of states give information
about the possible energy transitions and therefore the operating

wavelengths of the detector.

s The corresponding calculated wavefunctions are used to calculate the
dipole moment between different energy states which indicate the
strength of the transition rates between the energy states and therefore
gives information about the relative peak of the responsivity of the

detector.

e The effect of changing the shape and size of QDs has been studied to
establish their effects on the operating wavelength and the
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corresponding value of the responsivity.

o The dark current characteristics at different applied biases have been
obtained for different design parameters such as the barrier separation
between QD layers, the number of QD layers and the QD doping

density to test different design performances.

o The photocurrent characteristics at different design parameters have
been obtained for comparison with the dark current characteristics to

get the best device performance.

o The detectivity of the detector with different design parameters has
been calculated using the dark and photocurrent results to obtain the
best operating conditions and the best design performance, and can be

used for comparisons between different QDIP structures.

To achieve the research objectives, a detailed theoretical model based on
NEGF has been developed [74, 75, 76]. The model takes into consideration the
microscopic device structure such as the shape and size of QDs, density of QDs,
doping density in addition to the internal structure design. The model is fully
quantum mechanical, including interactions with the lattice and with the light. The
model uses the potential energy and electron effective masses based on a single
band effective mass approximation. The governing equation of the Green’s
functions is obtained in the cylindrical coordinates to be suitable for conical
shaped QDs that have a cylindrical symmetry around its axis. Making use of the
cylindrical symmetry and assuming local interactions allow reduction of the size
of the problem to 2D instead of 3D which simplifies the numerical solution. The
differential equation of the retarded Green’s function in cylindrical coordinates is
discretized using the method of finite differences and the retarded Green’s
function matrix is obtained by a matrix inversion. The localized DOS of the QD is
obtained from the retarded Green’s function and from which both the discrete

energy levels and the continuum states above the QD barrier are obtained [76].
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The DOS shows all possible energy transitions which indicate the operating
wavelengths of the detector. The model is used to calculate the spectral function
and density of states of different QDIPs such as the quantum dot in a well [76],
superlattice and resonant tunneling QDIPs [75]. Information of electronic states,
operating wavelengths and allowed energy transitions are obtained and they are in
a good agreement with experimental results. The responsivity of QDIPs is
calculated using the first-order dipole approximation and Fermi-golden rule, and
the results obtained by the model are in a good agreement with the experimental
results. The model is used for optimizing the responsivity with respect to the
shape and size of QDs to give an insight into the growth requirements needed to

give the best responsivity values. [75].

The quantum transport equation of the NEGF is solved numerically to
calculate the dark and photocurrent of the RT-QDIP [74]. The dark and
photocurrent results by the model are in good agreement with the experimental
results over a wide range of applied biases and temperatures. The model has also
been used for theoretical predictions of the dark and photocurrent characteristics
at different design parameters for detectivity optimization. The effect of using
different design parameters such as the number of QD layers, the barrier
separation between the layers and the QD doping density on the dark and
photocurrent has been obtained. The interaction with light for photocurrent
calculations has been done using the first order dipole moment and the Fermi-
golden rule. From the dark and photocurrent results, the detectivity of the detector
has been calculated for different design parameters. The model has been applied
to the RT-QDIP structure for dark current, responsivity and detectivity modeling
and the result obtained by the model was in good agreement with experimental
results. The model has been used to test different design parameters to get their

effect on the RT-QDIP characteristics to get the best design performance.

The electrical and optical characterization by the model is very helpful,
because after getting good matching with the experimental observations, the
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model can be used to test different alternatives of design parameters to get the

best design without the need of the actual fabrication of trial devices. The

simulation tool provided by the model will be helpful to predict and design a

detector with prescribed characteristics suitable for specific applications in the

biomedical and industrial fields, saving money and time.

The research work presented in this thesis has resulted in the following

publications:

Journal papers

M. A. Naser, M. J. Deen and D. A. Thompson, “Photocurrent
modeling and detectivity optimization in a resonant tunneling quantum
dot infrared photodetector,” IEEE J. Quantum. Elect., 11 pages,
Submitted (October 2009).

Shahram Ghanad-Tavakoli, M. A. Naser, David A. Thompson, and M.
Jamal Deen, “Experimental characterization and theoretical modeling
of the strain effect on the evolution and inter-band transitions of InAs
quantum dots grown on In,Ga;(As (0.0 < x < 0.3) metamorphic
pseudosubstrates on GaAs wafers”, Journal of Applied Physics, Vol.
106, # 063533, 8 pages (28 September 2009)

M. A. Naser, M. J. Deen and D. A. Thompson, “Theoretical modeling
of dark current in quantum dot infrared photodetectors using non-
equilibrium Green's functions,” Journal of Applied Physics, Vol. 104,
#014511, 11 pages (1 July 2008).

M. A. Naser, M. J. Deen and D. A. Thompson, “Spectral function and
responsivity of resonant tunneling and superlattice quantum dot
infrared photodetectors using Green's function,” Journal of Applied

Physics, Vol. 102, # 083108, 12 pages (15 October 2007).

The paper has also been chosen to be in the Virtual Journal of

Nanoscale Science & Technology, Vol. 16, Issue 19, (Nov. 5, 2007).
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M. A. Naser, M. J. Deen and D. A. Thompson, “Spectral function of
InAs/InGaAs quantum dots in a well detector using Green's function,”
Journal of Applied Physics, Vol. 100, #093102, 6 pages (Nov.1, 2006).

The paper has also been chosen to be in the Virtual Journal of

Nanoscale Science & Technology, Vol. 14, Issue 21, (Nov. 20, 2006).

Conference papers

M. A Naser, M. J. Deen and D. A. Thompson, “Photocurrent

Modeling of Resonant Tunneling Quantum Dot Infrared
Photodetectors,” submitted to 217th ECS Meeting, Vancouver, Canada
| April 25-30, 2010.

M. A. Naser, M. J. Deen and D. A. Thompson, “Theoretical Modeling

of Quantum Dot Infrared Photodetectors,” 14™ Canadian

Semiconductor Technology Conference (12 August 2009).

M. A. Naser, M. J. Deen and D. A. Thompson, “Modeling and

Optimization of Quantum Dot Infrared Photodetectors,”

Electrochemical Society Conference, (1 July 2008).

1.6. THESIS ORGANIZATION

The thesis contains seven chapters. Chapter 1, above, discussed the

different applications of infrared detectors in medical and environmental sensing.

The QDIP is a promising technology with advantages over current technologies

based on QWIP and MCT. A literature review of QDIP modeling, including

classical and semi-classical methods, has been discussed in addition to an

overview of the NEGF modeling that has been developed in the thesis.

Chapter 2 gives a review of the NEGF. The different Green’s functions,

the self energy, and scattering functions are presented as they will be used

intensively in the following chapters of the thesis. The kinetic equation of the

NEGF has been shown. The method of finite differences is presented and applied
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to solve one dimensional problems as simple examples of the way of solving the
differential equation governing the Green’s function in the later chapters. Some
applications of Green’s function have been presented such as solving the wave
equation, the transmission function and the current.

Chapter 3 shows the development of theoretical modeling to obtain the
DOS of the QDIP. The localized DOS is obtained from the retarded Green’s
function. The retarded Green’s function is obtained numerically by solving the
governing Kinetic equation using the method of finite differences. The model was
applied to calculate the DOS of three different QDIP structures such as
QDWELL, SL-QDIP, and RT-QDIP. The chapter is based on the published
journal papers [76] and [75].

Chapter 4 shows the development of theoretical modeling to calculate the
responsivity of the QDIP. The first order dipole approximation and the Fermi-
golden rule were used to model the interaction with light. The bound states of the
QDs have been obtained by solving the eigenvalue problem of the QD
Hamiltonian, while the continuum states have been obtained using the retarded
Green’s function. The model has been applied to the SL-QDIP and RT-QDIP. The
effect of changing the shape and size of QDs on the calculated responsivity has
been studied using the SL-QDIP structure. The chapter is based on the paper [75].

Chapter 5 shows the development of theoretical modeling to obtain the
dark current characteristics of QDIP. A uniform self-energy model corresponding
to a constant scattering rate has been used to simplify the calculations. A self-
consistent solution of the potential energy and charge density has been obtained.
The model has been applied to the RT-QDIP and good matching with measured
data has been found for a wide range of temperatures and applied biases. The
model was used to obtain the dark current characteristics at different design

parameters for design optimization. The chapter is based on the paper [74].
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Chapter 6 shows the development of theoretical modeling to obtain the
photocurrent of the QDIP. The dark current model of chapter 5 has been upgraded
to include the interaction with light to calculate the photocurrent. The interaction
with light is added using the first order dipole approximation and the Fermi-
golden rule. The model has been applied to the RT-QDIP and the responsivity
obtained by the model was in good agreement with that measured. The detectivity
of the RT-QDIP has been calculated using the dark and photocurrent
characteristics and different design parameters have been tested for detectivity
optimization.

Finally, chapter 7 concludes the thesis with the major findings and the
recommended improvements and extensions for future research. Appendix A
shows application of the finite difference method to numerically solve the
governing kinetic equation of the retarded Green’s function in the cylindrical
representation and the conversion to matrix equation. Appendix B shows detailed
calculations to the Green’s function in the lead outside the QD cylinder which is
used to calculate the self-energy added to the QD Hamiltonian due to coupling

with the surrounding lead.
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CHAPTER 2 NON-EQUILIBRIUM
GREEN’S FUNCTIONS

The Green’s function is a powerful concept that gives the response at any
point due to any excitation at any other point. The excitations can be due to waves
incident from the contact leads or due to the internal interactions such as electron-
electron, electron-phonon or electron-photon interactions. For non-interacting
transport, the excitations are only from coupling with the leads and then the
transport is coherent and the Green’s function is equivalent or related to a
generalized Scattering-matrix approach that can be used to calculate the
transmission function and describe the electronic transport. For interacting
transport, where the internal interactions within the device exist, the transport is
non-coherent and hence the Green’s functions are very powerful in describing
quantum transport including dissipative internal interactions [80-95]. Simple
treatment of the problem using the S-matrix approach or the semi-classical
Boltzmann equation is not sufficient to give good results.

The concept of Green’s function can be used in many physical topics, and
whenever the response R is related to the excitation S by a differential operator

Dy
DOPR =y, 2.1)
the Green’s function and the response [79] can be expressed in the form
— DO - 6w o
R=D_ S =GS where G=D,, (2.2)
For a Schrodinger like equation with a source term in the right hand side,

[E-H,|¥=5, (2.3)
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where H,, is the Hamiltonian operator, ¥ is the wavefunction and § is the

excitation term due to a wave incident from the leads, the Green’s function is

defined as

(ihV +ed)’

G :[E o h , where H = +U(r) (2.4)

The Green’s function defined in (2.4) is not unique, as the inverse of a differential
operator needs to have the boundary conditions specified to give a unique
solution. For example, the Green’s function for a simple ID problem with a

constant potential energy U ,

2 ‘;2 -1
G=[E—U+-h—f,} (2.5)
2m Ox~
which can be written as
2 2
E-Dra e ¥ - late i Bre o5 (2.6)
2m Ox”

Equation (2.6) is just like the Schrodinger equation except with the delta function
source term in the R.H.S, and the Green’s function gives the wave function at

x due to a unit excitation atx’. There are two solutions for (2.6) referred to as the
retarded Green’s function ( G") and the advanced Green’s function (G“) and are

given by

G(x.2)= —%exp [ik|x ~x'|] and G*(x,x') = +hLvexp [ —ik]x—x]

/ _U 1
wherek=w and VEﬂ

m

2.7)

Physically the retarded solution gives an outgoing plane wave originating
at the excitation point x" and going away to+co, while the advanced solution
gives an incoming plane wave from +co and that disappear at the excitation
pointx’. The boundary conditions can be incorporated in the differential equation

to make one solution a valid and finite one while the other one is growing to
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infinity when going away from the source term. This can be done by adding an
infinitesimal imaginary part to the energy. The sign of this imaginary term

specifies which solution is the finite one. Equation (2.6) can be rewritten as

2 A2
[E—U +-h—%ii77JG“’(x,x') =d(x—x") (2.8)
2m Ox*

The small imaginary part added to the energy causes a small imaginary part of the
wavenumber, and according to the sign of this imaginary part, only one solution

will be finite and the wavenumber is given by

e J2m(Exin-U) \2m(E-U) L

h h E-U 29)
\2m(E-U) in (2.
K~ 1+ = k(1£i5)
n 2(E-U)

2.1. EIGENFUNCTION EXPANSION
For any structure, if the eigenfunctions of the Hamiltonian operator are

available, the Green’s function [79] can be obtained as

g ’ a X ; x' -
G (x,x) :Z—WE—(_;—WJr(I—,]) where H ,, (x) = &, (x) (2.10)

Equation (2.10) can be derived easily by knowing that the eigenfunctions of the
Hamiltonian form a complete orthonormal set of states and hence the Green’s

function can be expanded in the form

G (xx)= Z C,(x")Ww,(x), where Iy/;(x)y/a (x)dx =6, 2.11)
By substituting (2.11) into (2.10) we get
[E —H gy # i)]] G (x,x)= ;(E —&, +in)C W, (x)=6(x—x') (2.12)

Multiplying both sides of (2.12) by . (x) and integrating we get
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¥ !//‘(x,)
L, =t 2.13
E-& +in el

and by substituting back in (2.11) we get the definition of the retarded Green’s

function using the eigenfunctions expansion defined in (2.10).

2.2. ZERO TEMPERATURE GREEN’S FUNCTIONS

The zero temperature Green’s function, using the language of second

quantization and field operators is defined as [80]

GA,1-1)==i(|TC,(0C)()) (2.14)
where T is the time order operator that arranges the operators with the earlier time
to the right, the quantum number A can be anything depending on the problem of
interest and for example, it can be taken as the quantum number of the free
electron gas 1 =(k,o)as k is the wavevector and o is the spin, Ci(1")is the
creation operator that creates an excitation at the state A at the time ' and C,(¢)

is the annihilator operator that destroys the excitation at the state A at the time 7.
At zero temperature, the only state that can be occupied is the ground state, so the

bra ({ and ket l) in (2.14) represent the average over the ground state of the

system. The time evolution of the creation or annihilation operators are given in
the Heisenberg picture and are given by

C,(1)=e"C.e™ and C}(t) =" Cle™ (2.15)
where H is the total Hamiltonian of the system including interactions and the

Hamiltonian can be written as H = H +V . The non-interacting part of the
Hamiltonian H, is simple and can be diagonalized and its eigenstates can be

obtained. The interaction part V is usually complex and so the eigenstates of / are

not easy to obtain. C, and C] are defined in terms of a complete set of

eigenstates of the non-interacting Hamiltonian H,, whose eigenstates are known.
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For the simple form of the Green’s function where there is no interaction, H = H,,
2 will be an eigenstate to H and H|)=¢,|) and HC]|)=¢,C}|). Then, the

Green’s function will have the simple exponential time dependence

G(21 > 1) ==i(|C,(OC} (r')|> = —iexp[-i(i—1')(&, - &,)] (2.16)
The Green’s function in the energy representation is obtained by the Fourier

transform of the Green’s function in the time domain and is given by

% . o e 1
G(A,E)= | dte® G(,1) = —i| dre'E& 57 = 7
(4.E) i (2,1) ! g 2.17)

where a small infinitesimal imaginary part was added to the energy for the
integration to converge. In the real situation, where the interactions exist, A is not
an eigenstate to the Hamiltonian and the particle in the state A gets scattered,
shifted in energy during the interval(r—7"). The magnitude of the Green’s
function at a later time 7 will not be unity as in the case of non-interaction, but it
will have a smaller value due to the decay of the state. To correctly calculate the
Green’s function, the average should be done on the ground state of the total
Hamiltonian A and not the ground state of the non-interacting Hamiltonian H .
An S-matrix operator method can be used to relate the two ground states to each
other. The idea is that at 7 = —oo the system is assumed to be in the non-interacting

state where the ground state is})o, the ground state of /,,, and after the interaction

1s switched on, the state at 7=0 becomes the ground state of H. So the S-matrix
operator brings the ground state of the non-interacting Hamiltonian from —w to

the current moment where it becomes the ground state of the total Hamiltonian

) =5(0,-)[), and (= ,{|S(x,0) (2.18)
Equation (2.18) means that the ground state at a very far time in the future is
assumed to be back to the ground state of the non-interacting Hamiltonian after
the interaction is switched off. Using the S matrix expansion, it can be shown that

the Green’s function defined in (2.14) can be written as [80]
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GOt —1) =i 0<lTéZ(t)(’AI(f')AS'(::',—OO) [>0
PR =-—1
0<| TS( :’_3:) |>0

In this definition of the Green’s function, the field operators are defined in the

(2.19)

interaction picture and not the Heisenberg picture and are given by

C,(t)= €™ C.e™™ and C(f) = ™ Cle™™ (2.20)
So, both of the field operator and ground states are related to the non-interacting
Hamiltonian. The time order operator 7 in the numerator will order the operator
from the earlier to the later starting from the right to the left, such that if 7 > #', the
sequence will be S(7',—x), (AT,T_(I’), S(,1"), C (1), S(0,1). When the interaction
V=0, then the S-matrix S(oc,—0)=1, and the non-interacting, or sometime called

the free propagator Green’s function, is then simplified to

Gy(41=1) =~ {|ITC, (1)), (2.21)
The S matrix is related to the interacting Hamiltonian ¥ in the interaction picture

and is given by [80]

'
S(t,t'):Texp|:—i;[dtlI}(tl )} and —_—
S, =1, 8", t")=S8(,1), St,1)S(t',1")=S(t,1")
and T is the time order operator. The last form of the scattering matrix using the
time order operator is compact and its solution can be obtained by some
diagrammatic techniques like Feynman diagrams that can be used to calculate
some terms of the expansion according to the level of approximation required
[80]. By expanding the S-matrix S(o0,—) in (2.19) and applying The Wick’s
theorem as shown in [80], we obtain the Dyson equation which is shown here

below in energy representation by taking the Fourier transform of both sides:

G(A,E) =G, (A,E)+G,(A,E)S(A,E)G(A,E) (2.23)

and X(A,E) is the self-energy due to interaction.
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2.3. MATSUBARA GREEN’S FUNCTIONS

At nonzero temperature, other states can be occupied in addition to the
ground state. The Green’s function should be calculated using a statistical average
over all possible configurations of the system weighted by the thermodynamic

factor ¢ ” and # =1/ KT . The Green’s function is then defined as [80]

Te[ e C,(NC)(1)]

G(A,t-t')= Tr[e‘ﬂ”]

(2.24)

where the Trsz<n|«--|n> over all possible states n. The total Hamiltonian

n

including interactions appear in two different places in this definition of the
Green’s function in (2.24). It appears in the thermodynamic factor ¢#” and in the
e"™ in the operator definitionC,(r)=¢"C,e™ . So instead of using two S-
matrix expansions in order to express the time evolution and the thermodynamic
factor with respect to the non-interacting Hamiltonian, the time 7 and £ can be
considered as the imaginary and real parts of a complex variable, which is known
as Matsubara technique. Thus, only one S-matrix is required and the Green’s
function can be written as [80]

Tr[e’””Tre’HC',:e'(”')HC:e”""]

Tr[e'ﬂ = ]

where 7=it, C,(r)=¢™C,eand T, is a r- ordering operator that arranges

G(4,7-7)=~{|1,C,(7)C} (r')’> . (2.25)

operators with the earliest 7 closest to —/f to the right. Using the cyclic properties
of the trace, the Green’s function can be shown, as in [80], to be periodic in 7
such that

G(A,t)=-G(A, 7+ f) (2.26)

and then it can be expanded in a Fourier series
ﬂ .
G(Liw,) = [dre® G(,1) (2.27)
0
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where iw, is an odd multiple of 7/ . Using the S-matrix expansion to use the
non-interacting Hamiltonian instead of the total Hamiltonian, we end up with the
Dyson equation which is shown here in the energy representations:

G(A,iw,) = Gy(A,im,) +Gy(4,iw,) Z(4,iw,)G(4,in,) (2.28)

where G,(4,iw,) is the energy representation of the free propagator Green’s

function G,(4,7)=- 0< Tréi(r)f'g (O)’>0 and (‘7’i (1)=& C.e™,

The advantage of the Matsubara Green’s function is that it gives a simpler way to
get the retarded Green’s function in both zero and nonzero temperature, as the S-
matrix expansion is simpler in the Matsubara method than in the real time
method. So it can be used to calculate some measurable equilibrium quantities

such as the conductivity or the susceptibility.

2.4. NON-EQUILIBRIUM GREEN’S FUNCTIONS

At non-equilibrium conditions, the temperature of the system is not
defined and so the thermodynamic average over all possible states cannot be done
as shown before for equilibrium Green’s function. Thus, the starting point by
calculating the Matsubara Green’s function to get from it the retarded Green’s
function is not suitable. In fact, real time calculations have to be used when

dealing with systems out of equilibrium. In equilibrium, the S-matrix S(o0,—0) is

constructed such that the system is in the non-interacting states at/ =—oo. The
interaction is switched on and off again and eventually the system goes back to be
in the non-interacting states atf =«c. At non-equilibrium, actually the system is
not expected to go back to the non-interacting state after a long time. Instead,
Schwinger (1961) suggested a different way of handling the asymptotic behavior
at’ =oo [80, 81]. The time integral starts at # =—oo until a moment 7 =7 and after
that it starts from 7 and goes back to —co again and eventually 7 — o as shown
in Fig. 2-1. So, the start and the end points of the contour is at — and then the

system can be in the non-interacting states at the two ends of the contour.
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Figure 2-1 — The contour integration path.

The S-matrix defined in the contour shown above will be from —o to —oo

and using the contour time order operator, it is given by

S¢ = 8(—00,—0) =T exp [-i!df ln’(l)} (2.29)

The contour time-order operator arranges the operators with the earliest time to
the right. So, the time evolves from —oo to 7 through C; and then from 7 to —
through the C,. The contour Green’s function in the space representation is given
by
’ s o ’
G(1,1)=-I<Tc [V/H(I)WH(I)D (2.30)
where (1)=(r.4,)and w,and y,, are the field operators defined in the

Heisenberg picture and the total Hamiltonian of the non-equilibrium system can
be divided as

H=h+H'(t)andh=H,+H, (2.31)
The total Hamiltonian consists of an equilibrium and time independent part A,

which can be divided into a non-interacting and simple part 7, and another part
due to interaction /,, and a non-equilibrium and time dependent Hamiltonian
H'(t) like an external applied bias, for example. The non-equilibrium part is
assumed to be zero before a specific time 7 <, and #, > —o for steady-state

problems where the transient response is not important. In order to define the
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Green’s function in terms of the non-interacting equilibrium part of the
Hamiltonian as done before, two S-matrix expansions are needed. The first one is
to express the time evolution according to / instead of H and another S-matrix

expansion is needed to write the time evolution with respect to H, instead of A.

The transformation is complicated and as shown in [94] is given by
Te{ T [ SeSewy, Owh, (1]
Tr [pOTC (565, ):I

The thermodynamic function p, and the two contour S-matrices S and S, are

G, =-i and y,, (1) =™y (0)e™™ (2.32)

given by

B exp(-BH,)
0 Tr[exp(—ﬁHo)]

S, = exp[—i [, (1)}, and Hy, (1) = ¢ H' ()™ (2.33)
C

Si. =exp [-i j diH}, (z)}, and Hy, (1) =" H'(0)e™
(43

The previous definition of the contour Green’s function seems complicated but it
is exact and all the time dependences are governed by the non-interacting
Hamiltonian. The contour Green’s function has similar definition as the
equilibrium Green’s function and hence it can be expanded using the S-matrix
expansion and applying the Wick’s theorem to get the Dyson equation. According

to the positions of the times # and f,on the contour defined in Fig. 2-1, four

different Green’s functions can be obtained as follows [80, 83]

G'(L)  1,4eC

Gl t1eC,teC
(}(l, ll) — ’( ) 1 2 ‘l 1

G(LIY t#eC, teC,

G'(LI) 1.,1eC,

(2.34)
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The Green’s functions are called the time-ordered, the greater, the lesser, and the
antitime-ordered respectively. Using the field operators in the Heisenberg picture,
the four Green’s function are given by

G' (1Y) = =60, = 1) (v O}y (1) + 160, = 1) (w3 (17 (1)

G (L1 = +i{y,, Oy} (1))

G*(L1) = =i{y}, ()

5 (1,1) = =60, = 1)y w3, (1)) + 60, = 1) (w3 (g (1)

Two other Green’s functions can be derived from the previous four Green’s

(2.35)

functions and although they are not independent, defining them simplifies the
equations and they are used directly to calculate some physical properties. These
Green'’s functions are called the retarded and advanced Green’s functions and they

are given by [80]

G (1) ==i6(, - ) ({ya Op5 (1))
=G'(LIN)-G*(LI=G(LI)-G(LI)
G .1y =60 1) ({w (D.w3 1))
=G (L1N-G (L) =G(LI)-G (LI
A Dyson equation of the contour Green’s function defined in (2.32) by expanding

(2.36)

the S-matrices and applying the Wick’s theorem can be obtained, and by using the
four Green’s functions shown above, the Dyson equation can be put in a matrix

form derived by Keldysh (1965) [80, 83]

G=G,+G,>G ((2.37)
where the matrices for the four the Green’s functions and interaction self-energy

functions are given by

é:[G "G.J, i=[z _Z.J ((2.38)
G> _Gl Z> _ZI
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The general definition of the four free propagator Green’s functions matrix G, is
given by
Tr{p T [, O}, (1) ]

Tr[p,] (2.39)
==iTr{piT. v, (w3, )]

and according to the potions of ¢, and ¢, on the contour, the four free propagator

G,(L,1) =i

Green'’s function can be obtained from the previous general definition.

2.4.1. LANGRETH THEOREM

In order to resolve the Dyson matrix equation to get the retarded and lesser
Green’s function and their relation to each other and to the self-energy functions,
the Langreth theorem gives a simple way to do that using the analytic
continuation rules. The rule can be explained by this simple example. For a

contour integration given as,
C(h,11) = [deA(,0BL) ((2.40)
(e

if ¢, is in the upper half of the contour, while ¢, is in the lower half, then C is a

lesser function. The contour can be split into two parts and the integration can be

done in the real time integration as shown in [94] such that

C(1,,1) = j di[ A1, .0)B(1.,) + A°(1,)B° (1.1,) ] | -

and in a matrix form: C~ =(4B)" = A"B"+ A"B"*
If #, is in the upper half of the contour, while #, is in the lower half, then Cis a
greater function. The greater function in a similar way for the contour integration
defined in (2.40) is given in the matrix form as
C"=(ABy =A'B"+ A" B* (2.42)

The retarded function can be obtained from the lesser and greater function as
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C(1,1,) = 61, =) € (1,1) - C(1,,1,) | = ]’dt[A”(zl,r)B"(r, 0] (2.43)

or("=(AB) =A'B’
In the previous example, A and/or B can be a multiplication of two functions. By

applying these simple rules, The retarded and lesser Green’s functions can be

obtained from the generic Dyson equationG =G, + G, > G.

2.4.2. DYSON EQUATION

The kinetic equation that governs the dynamics of the Green’s function is

the Dyson equation [80]

{I, 0 _[_;__Vf+(/(;f]):'}G(1],}"2;tl—t2)=5(l—2)+
m

o, (2.44)
H 2(r, it —0G(r, r5t— 1, )dtdr

The dependence on the time difference for both the Green’s function and the self-

energy (¢, —t,) 1s for steady state response. The Fourier transform to (2.44) gives

[E-H,, |G(r.1:E)=8(r=1)+ [[Zr,r EYG(r, 1 E)dr

B,
Hop =_2m vV, +U{#R)

(2.45)

In Equation (2.45), the Hamiltonian in the L.H.S is the free or the non-interacting
Hamiltonian while all sources of interactions are included in the self-energy in the
R.H.S. Equation (2.45) can be written in a simplified matrix form, where a matrix

multiplication can be used instead of integration over the internal variables

[EI-H|G=I+XG (2.46)
The Dyson equation can be put in another form which is useful to get the different

forms of Green’s function. By multiplying both sides of (2.46) by[El - H ]_l , we

get
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G=g+g2G
. 247
andg:[El—H]l W7

where g is the Green’s function of the system without including interactions. The
last form of the Dyson equation, it is known also by Keldysh formulation, is
generic and using Langreth theorem and the analytic continuation rules, different
forms of Green’s function can be obtained such as the retarded, advanced, less

than, greater than, time ordered and anti time ordered Green’s functions.

2.4.3. KINETIC EQUATION

The Dyson equation mentioned above can be used to get the retarded and
lesser Green’s functions and get the relation between them which is called the

kinetic equation. Applying the analytic continuation rules on (2.47) we get
G =g +(gZG) =g"+g' ' G (2.48)
and so
A, .
[gl ] Gl — [ + Z} Gl
‘ - - -1
G’ =[[gf] — } =[EI-H-%']

The less than Green’s function can be obtained from (2.47) by applying the

(2.49)

analytic continuation rules

G<:g<+(gZG)<:g<+gr(ZG)<+g<(ZG)u
=g<+grzl' G<+ng<Ga+g<zd Ga

(2.50)

The function g* represents the initial occupation of the device before coupling
with the surrounding leads. It can be set to zero as the steady-state occupation of
the device cannot depend on the initial occupation. It can be proved that g=equal

zero as shown in [94].

Multiplying both sides of (2.50), after settingg™ =0, by[g”:l_] , we get
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[¢] 6=z G +2G° (2.51)
and so

[¢]' -z e =zc

[EI-H-%' ]G =%°G*

The kinetic equation relating the lesser and the retarded Green’s function is then

{2.52)

given by
G=G"YXG (2.53)

2.4.4. REPLACING THE LEADS BY SELF-ENERGY
The retarded Green’s function for a conductor connected to a semi-infinite
lead contact as shown in Fig. 2-2 is given by
G =[(E+in)-H]" (2.54)
where H is the total Hamiltonian representing the conductor and the lead. The

isolated conductor, with no coupling with any surrounding contacts, is H,. and

the Hamiltonian of the isolated semi-infinite lead is H g

Lead p ~  Conductor

.

r

Figure 2-2 — A conductor in contact with a contact lead

Equation (2.54) can be rewritten in sub matrices and is given by

G, G| [(E+ip)l-H ®
p O | _[(EHIDI=H, 7 (2.55)
g, G T EI-H,
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where 7 is the coupling matrix whose elements are zero except at the interface
points 7(p,,i) =t. By solving equation (2.55) as shown in [79], we end up with
r = # s
G, = [EI—HC —Zlmd] , where 2, =7'g.T

g, =[(E+imI-H,]"

Although the dimensions of the matrices to be inverted to get the retarded Green’s

(2.56)

function inside the conductor taking into consideration the coupling with the leads

is finite due to the small size of the conductor, the dimensions of the matrix H e

the Hamiltonian of the semi-infinite lead is still infinite. Thus it needs to be
inverted to get the Green’s function of the lead used to calculate the self-energy.
So, the reduction in size obtained by replacing the leads by self-energy and so get
smaller matrices to be inverted to get the Green’s function does not help much
unless the Green’s function in the semi-infinite lead can be calculated
analytically. In most cases, the lead can be approximated in simple shapes and the
Green’s function of it is easy to get. Then the numerical solution is needed to
solve for the Green’s function in the conductor which has a complicated potential
profile and cannot be solved analytically. The self-energy is complex, so the real
part shifts the energy eigenvalues, while the imaginary part is proportional to the
decay rate of the states, whether by being lost in the leads or scattered to a

different state.

2.4.5. SELF-ENERGY

The retarded self-energy is a non-Hermitian Hamiltonian that describes
the effect of coupling with the leads or internal interactions within the device on

the electron dynamics.
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2.4.5.1. Interactions with leads
As shown in the previous section, the leads can be replaced by a self-

energy 2. :r*g;z' and g, is the retarded Green’s function of the isolated

semi-infinite lead and. For a 1D problem the retarded Green’s function of the lead

and the corresponding self-energy is given by [79]

I3 ' 1 ika i3 ¥ 5 ika
(x=x'=a)=—e"™ and 2|, =7 g 7=—te"
B )==7 ad =% By (2.57)

E =U +21(1 — cos(ka))
In equation (2.57), the Green’s function of the lead is calculated at one lattice
point from the interface with the conductor, where zero boundary condition is

assumed for the isolated lead. For 2D semi-infinite lead as shown in Fig. 2-3, the

Green’s function and the corresponding self-energy are given by [79]

Pi‘
®
n® |7
@

Ll
Zero B.C -~ &

Figure 2-3 — Schematic of 2D semi-infinite lead

Lead p

. 1 . ,
gp(a; pi’p}') = —;Z)«(m(pi)exp[lkma]lm(])j)
m (258)

eread = zjg;r = eread (17 .]) = —IZ Zm(pi)exp[ikma]lm(pj)

The transverse wavefunction 2, appearing in the Green’s function and self-

energy satisfies the eigenvalue problem:

hl 62
- 2 +('](~v) lm (.y) = gmlm(.«v) (259)
2m Oy
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and the dispersion relation is now given by

E-¢g, =2t(1-cos(k,a)) (2.60)
The in-scattering and out-scattering self-energy functions due to the coupling with
leads can be obtained from the retarded self-energy assuming that the leads are in
thermal equilibrium with a specific Fermi function. The total transition rate or the
decay rate of state due to interactions is related to the retarded self-energy such

that:

F s = i[z;;ad - Z;Iead] = Ziead + Lot (2.61)
The decay rate of a state equals twice the imaginary part of the retarded self-
energy. This decay rate of a state equals the summation of the in-scattering and
out-scattering rates from and to the leads. The reason that the decay rate equals
the summation of the in-scattering and out-scattering rate and not only the out-
scattering rate is that the new incoming electrons from the lead will be blocked by
the current electron occupying the state, but this interaction already contributes to
the decay of the state. The state remains evolving without decay as long as no
thing happens that disturbs the coherence and causes the state to decay whether by
the loss in the leads or the scattering to a new state. The in-scattering and out-
scattering are related to the total transition rates by the Fermi function of the

thermal equilibrium lead and are given by

it (E) = F(EN 1oq (E)

(2.62)
Z;end(E) =(1 _f(E))r[ead(E)

2.4.5.2. Internal interactions

The internal interactions such as electron-electron and electron-phonon
interactions affect the dynamics of electrons inside the device through the self-
energy term. The imaginary part of the self-energy gives the rate of decay of a
state due to the scattering occurring by the interactions within the device. The
electron-electron interaction in the Hartree-Fock approximation does not give rise

to energy transitions through in-scattering or out-scattering processes, so the
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while P means the principal part of the integral. The previous relation between the
real and imaginary part of the retarded self-energy is to have a causal function
such that when we take the Fourier transform to get the function in time domain,

it becomes proportional to the time step function and so vanishes for times less

than zero and in time domain the retarded self-energy is >, (1) ~ KNI, (¢).

2.5. GREEN’S FUNCTIONS APPLICATIONS

Calculations of the Green’s functions are very useful for device modeling.
The retarded Green’s function allows us to describe the electrons while they are
inside the device and it can be used to calculate the wavefunctions for open
boundary conditions. The transmission function of electrons through the device
can be expressed in terms of the retarded Green’s function. The correlation or the
lesser Green’s function is a generalized density matrix and from which the
probability of states occupancy and the phase correlation between different states
are known. The correlation function is important to calculate the current in the
non-coherent transport regime. Usually in most cases, a numerical solution is
needed to calculate the kinetic equation describing the retarded or the correlation
Green’s functions as obtaining analytical solutions are very hard for a complicated

potential profile of the device.

2.5.1. TIGHT BINDING MODEL (FINITE DIFFERENCES)

To solve a differential equation like (2.6), a common way is to discretize

the spatial coordinate such that the Green’s function becomes a matrix:

G"(x,x") > G'(i, j) where i, j denote points in a discrete lattice (2.71)

The differential equation becomes a matrix equation

[(E+in)I-H]|G =1 (2.72)
where [/] is the identity matrix and [H] is the matrix representation of the
Hamiltonian operator H . So, from this matrix equation, the retarded Green’s
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function equals[(E +i77)1—H:|_1. One way to discretize the Hamiltonian

operator and to get the matrix / is the method of finite differences or the tight

binding model.
a
<
0 1 2 3

Figure 2-4 — Discrete lattice space

For ID problem with zero magnetic vector potential, the Hamiltonian

operator in (2.4) can be discretized as follows:

n* &°F
[HOPF],\'zja - [—E dxz J.":jn +UJF; (2'73)

where a is the lattice constant and the second derivative can be expressed as

d°F 1 [dFJ [dF] } 1
= e— — =] — :—,)- F-+ —2F-+F-_
l:dxz J\:fa a{ dx e=(+112)a dx x=(j-1/2)a a { = r l}

So (2.73) can be written as

[HoF],, =W+ 20F, ~iF, =i, (2.74)
where #=1/"/2ma’ and is called the hopping matrix element or the overlap
integral between neighboring sites, while the term (U, +2¢) represents the

energy of the localized orbital. So the matrix representation of the 1D

Hamiltonian in (2.74) can be shown in the matrix form

—t 0 0 0]
-t U +2t 0 0
H=|0 — U +2t =t 0 (2.75)
0 0 ~t U +2t =
K 0 0 = |

This can be used to calculate the Green’s function matrix in (2.72).
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2.5.1.1. Dispersion relation
For a free electron moving in a constant potential in 1D space, the wave
function is a plane wave and the relation between energy the wavenumber is a

parabolic dispersion relation [96]:

¥, (x) =exp[ikx] where E=U+ h;’l;z (2.76)
In a discrete space, the Schrodinger equation can be written as
Ey,=(U+20y, -1y, —ty,, satisfied by y, = exp[ikxj] (2.77)
provided that
E=U+2t(1-cos(ka)) (2.78)

The parabolic dispersion relation in (2.76) is modified to (2.78) in discrete space
and the possible values of energy in the discrete space £ <U +4¢ . The velocity is

then given by
2
hv = —(:E =2at sin(ka) (2.79)
Ok

At the limit @ — 0, we recover back the parabolic dispersion relation and the

velocity v="nhk /m

A
E
Continuum
’/
4t
<3 v
3 ,’
k. ’
/ Y 4
3 » 7
Discrete

Figure 2-5 — Dispersion relation between E and k in both continuum and discrete space
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2.5.2. WAVEFUNCTIONS CALCULATIONS

For 1D time independent Schrodinger equation

i d’y(x) N
Sl TP = L) (2.80)

Using the discrete space shown in Fig. 2-4, the discrete wavefunction satisfies the
difference equation

[~y +Q+U)y, -1y, |=Ey, andi=123,. N (2.81)
To solve (2.81), the boundary conditions at i = 0 and i = N + 1 should be

specified.

2.5.2.1. Eigenvalue problem

Figure 2-6 — Potential energy profile of bound system

For zero boundary conditions where the wavefunction vanishes at the boundaries
for a closed system as shown in Fig. 2-6, the energy eigenvalues and the

corresponding wavefunctions are obtained by solving the eigenvalue problem

(U, +2t =t 0 - 0 v, v,
-t . : : :
Hy=Fy=| 0 -t U, +2t —t 0 v, |=E| vy, (2.82)
: —t : :
0 0 -t Uy+2t||yy | 123
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2.5.2.2. Open boundary conditions

ika -
le . s —— Tel]\ :a
i a ——
e Ol - Q-0 Q- 8o @@ OO O O S mmmmm——
0o 1 2 3 N-1 N N+1

Figure 2-7 — Device in contact with leads in discrete space

When the device is in contact with leads, the system is not confined and
the energy states become continuum. Assuming incident, reflected and transmitted
plane waves at the contact interfaces as shown in Fig. 2-7, the discrete wave

equation near the left contact at (/=1) is given by
EY, -[-1¥,+(20+U,)¥,-1¥,|=0 (i=1) (2.83)
In equation (2.83), ‘¥, is the value of the wavefunction inside the contact. By

applying that the wavefunction at the interface point should be continuous, we can
get (2.83) expressed as only wavefunctions inside the device. The wavefunction
inside the left contact can be expressed as ¥(x) =1 +re™* x<0. Equating
the wavefunctions of the device and leads at the interface points we get
Y(x=0)=Y¥ =1+r
Y(x=-a)=Y¥,=e™ +re" (2:84)
From (2.84), ¥, = ¥,e" — (" —¢™), and so equation (2.83) can be expressed
in terms of wavefunctions inside the device as
EY, —[(21 +U, —1e" ), —/lP:] =1 -y (i=1) (2.85)
The effect of the coupling with the left lead appeared through adding a self-energy
term —r¢"“ to the device first point (=1), and instead of having zero in the R.H.S,

we have the broadening term 7(e™ —e ™) which is the excitation term. The self-

energy due to coupling with the right lead can be obtained in the same way.
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Figure 2.8 shows the added self-energy terms due to the coupling with the left and

right lead contacts in addition to the excitation term in the R.H.S arise from the
wave incident from the left lead.

[E] H Z Z]W:S=i§

f -te"‘ a
é
; ;

>R

g

O

Hamiltonian - Device

L e W, (5,105,000
\-t U|+2t "t ) § lg’ 0_ i
0 e \ ™~ f | l’ : |
SN I

0 %
é § ["" J Broadening

-te'k,? "
2 Wavefunctions
Self-energies - Contacts

Figure 2-8 — Self-energy terms and excitation term to express the effect of lead coupling

The wavefunction can be calculated from the Green’s function as

w=[EI-H-%,-%,] §=G'S (2.86)
At every energy value, the self-energies at the left and right contacts are
calculated. The broadening or the excitation term in the R.H.S is obtained from
the self-energy. The wavefunction at specific energy is then obtained by
multiplying the Green’s function matrix times the excitation vector. The discrete
dispersion relation between the energy and the wavevector is used to get the

values of the wavevector and hence to calculate the self-energies.

2.5.3. TRANMISSION FUNCTION

After calculating the retarded Green'’s function of the device, including the
| coupling effect with the contact leads, it can be used to calculate the elements of

‘ the scattering matrix and from which the transmission function can be obtained.
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The transmission function between two contact leads p and q through a device can

be obtained in terms of the retarded and advanced Green’s function as [79]

P P49 M

T, ,(E)=Tr[T,G TG | (2.87)
The Green’s function in (2.87) gives the dynamics of the electrons inside the

device taking into consideration the effect of the leads and is given by
G=[EI-H -3,-%.] and Z, =-1" (2.88)
and I, and T, represent the coupling of the device with the leads and are given
by
[, =i, —2;,) =2sin(ka) (2.89)
and the dispersion relation is given by

E =21(1-cos(ka)) (2.90)

2.5.4. CURRENT CALCULATIONS

The terminal current per unit energy from the contact lead p to the device
in terms of the correlation Green’s functions, the lesser and the greater, and the in-

scattering and out-scattering self-energy functions is given by [79]

. e ® > > <

IP(E)=;Tr[ZPG ~%,G" ] (2.91)
The in-scattering rate from the lead p to an empty state in the device is given
byZ  and G~gives the probably of a state to be unoccupied. So, the term
Z G gives the in-scattering flow of electrons going from the lead p to the device,

while the /G~ gives the out-scattering flow of electrons from the device to the

lead p. The difference of the two terms gives the net current per unit energy

flowing from the lead p to the device. The integration of i,(E)over all energy

values gives the terminal current. The internal interactions inside the device,

which leads to a change in the energy and phase of electrons, can be modeled as if
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the device is connected to an external virtual prop (reservoir) such that the device
and the virtual reservoir exchange electrons where the energy channels of
electrons are changed and the electrons phases are randomized. A schematic of

particles exchange between a device and a reservoir is shown in Fig. 2-9.

Lead p Lead g
/

Surface, S

Reservoir

Figure 2-9 — Non-coherent transport is viewed as exchange of particles between the device
and a reservoir where the energy and phase of electrons are changed

The flow of electrons into this reservoir is given in a similar formula as the

one of the terminal current and is called the vertical current:
. e < > 3 <
i,(E) =}—1Tr[ZwG ~%,G7] (2.92)

where X, and X are in-scattering and out-scattering self-energy functions from

and to the reservoir, respectively. There is no net loss or gain of particles from the
device, but what happens is that electrons leave the device to the reservoir with a
specific value of energy and are re-injected back with a different energy value. So,
the vertical current may have some positive values for some energy channels and

some negative values for other channels and the net current after integration over
all energy channels should give J' i,(E)YAE =0. Although the integration over all
energy channels of the vertical current gives zero, but it does not equal zero at
every energy channel unless there are no interactions. The interactions affect the

terminal current through G”and G©as the correlation functions depend on the in-

scattering and out-scattering self-energy functions which can be from coupling
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with leads or internal interactions. Assuming they are independent, they can be

written as
b =Z‘p+ZZ; and X~ =Z¢+ZZ; (293)
P p
and
G =G'ZG and G =G"2°G* (2.94)

Equation (2.91) can be written as

» e < > < < = < > < e < <
iy (E) = Tr[ 3,67 +3,G° - £;G" - 3;G ]z—h—Tr[ZpA—FPG ] @95

and by writing the scattering function as
Z=Z,+) Z-and[=T,+> % (2.96)
q q

The total terminal current can be separated into two components, coherent from

leads and non-coherent from interactions
["p Lhm = %ZTF[Z;G"QG" - r,,c;fz;c;a]
q
[ip :Inon-coherent - -e_ Tf I:Z:;JG’I'(PGH - FPG’ZWGH ]

h

If X, and X, are zero at the case when we do not have electron-phonon or

(2.97)

electron-photon interactions, then the transport is coherent and the formula is
simplified to the Landauer-Buttiker formalism. For equilibrium contacts, the in-
scattering and out-scattering functions are given by

2, = fprp and 2, :(l'fp)rp (2.98)

where f, 1s the Fermi function in lead p and by substituting back in (2.97), we get

[i-”]coherem - %ZTr[I‘pG"FqG":[(fP 'fq) =,_£;Zqu (fp 'fq) (2.99)

So, for coherent transport the current formula is simplified to the Landauer-
Buttiker formalism and the Green’s function is then used to calculate the

transmission function.
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CHAPTER 3 QDIPS DENSITY OF STATES
MODELING

QDIPs can be used to detect infrared light in the mid- and far-infrared (3-
25 pm) through the intersubband transitions in the conduction band of the
quantum dots. Both of the bound-to-bound and bound-to-continuum transitions
can be used for detection. In order to obtain the operating wavelengths
corresponding to these transitions, the positions of the quantum dot energy levels
relative to the quantum dot conduction band edge should be obtained. A
theoretical model based on Green’s function has been used to calculate the
spectral function and the density of states (DOS) of the quantum dot [76]. The
kinetic equation that governs the Green’s functions is solved numerically using
the method of finite differences [79]. The model considers the microscopic device
structure including the shape and size of QDs and the device heterostructure.
From the calculated density of states, all possible energy transitions can be
obtained, and hence, the corresponding operating wavelengths for intersubband
transitions are determined. The model has been applied to three different QDIP
structures which are quantum dot-in-a-well detector QDWELL, resonant
tunneling (RT) QDIP and superlattice (SL) QDIP [75] and good agreement with

experimental data has been found.

3.1. GREEN’S FUNCTION MODEL

The method of Green’s function is used to calculate the spectral function
or the localized density of states (DOS) of the quantum dots. The spectral function
can be integrated over an arbitrary selected volume enclosing one quantum dot to

get the DOS or the number of states per unit energy inside this the arbitrary
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selected volume. The DOS gives the positions of the discrete energy levels inside
the QD in addition to the continuum spectrum of states outside the QD. Thus from
the DOS, the positions of the discrete energy levels relative to the continuum
states are known and so all possible intersubband transitions bound-to-bound or
bound-to-continuum are obtained; thus the operating wavelengths for both
transitions are determined. The retarded Green’s function of the system in

cylindrical representation is given by [79, 80, and 96]

[E-H, ]G (r.,6,0:2,2) = la(r —r6(6-6)8(z-2"), 3.1)
p

where £ is the total energy of electron and /_,, the Hamiltonian operator of the

system, is given by

10 & 1 @
AL T . r ) e 3 _»f— + V(", 9’:) (32)
rorm(r,z)or m'(r,z)r- 068~ 0zm(r,z) 0z

Hopz—hz(la r 9 1
2

where V(r,6,z) is the potential energy seen by the electron, m" and m” are the
in-plane and out-of-plane effective masses, respectively. If the potential energy of
the QD has an azimuthal symmetry around the z-axis, which is the case for
cylindrical and conical shape QDs, the potential energy is not a function of @, thus
the z-component of the angular momentum and the Hamiltonian commute, and

hence, the Green’s function can be written as

7

3 1 ’ ’ 1 in(6-6') ;~r ’ » .
G'(r,r.6,8"z2,z"E) =5—Ze "G (r,r";z,2" E), n is an integer. (3.3)

n

The diagonal elements of the spectral function [79] is given by

A(r,z; E)=-2Im [G’(r, r.8,8:z,z; E):I = —%ZIm[G{,’(r,r;:, :;E)] ) (3.4)

The density of states, which is the number of states per unit energy, is obtained

from the spectral function and is given by
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D(E) =2—lﬂ_-Tr[A(r,:; E)]= % [27rdrdz v,z E). (3.5)

The trace or the integration is done over an arbitrary cylindrical volume enclosing
the QD. This model will be applied to three different QDIP structures to calculate
the DOS and from which the discrete and continuum energy levels can be
obtained. The intersubband transitions obtained by the model are compared with
the available experimental responsivity of the detectors and good matching is
obtained. The details of how to apply the model to obtain the DOS will be given
for the DWELL structure and then the results of the models will be given for the

other two structures

3.2. QUANTUM DOT-IN-A WELL MODELING

The quantum dots-in-a-well (DWELL) detector is a hybrid between the
conventional quantum well and the emerging quantum dot detectors. The DWELL
detectors are advantageous over quantum well and quantum dot photodetectors in
that they can detect light at precise wavelengths since their detection is based on
bound-to-bound rather than bound-to-continuum transitions. Moreover, they
demonstrate normal incidence operation and low dark current [45]. The nature of
the potential profiles of these detectors makes the theoretical modeling
challenging. Different approaches have been used in the literature for theoretical
modeling of pyramidal, cylindrical and hemispherical quantum dots [97-101]. A
theoretical model of pyramidal-shaped InAs quantum dots placed in an InGaAs
quantum well, which is buried in a GaAs matrix, is shown in [72]. The model of
the DWELL is based on a Bessel function expansion of the wave function. The
model can estimate the ground state of the quantum dot. For the higher states in
the quantum well, the model has to be modified to account for the free motion of

electrons perpendicular to the growth direction.
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The DWELL detector grown by molecular beam epitaxy, reported in [45],
consists of a ten-period active region of 6 nm Ing ;5GagssAs, 2.4 monolayers (ML)

of InAs, 6 nm Ing15Gag ssAs, and 49 nm of GaAs, as shown in Fig. 3-1.

0.2 ym GaAs (n=1-2x10" cm?)

50 nm GaAs
6 nm Iny ;Gag goAs
2.4 ML n-doped InAs QDs
6 nm In, ;;Ga, 5;As
50 nm GaAs
0.5 pm GaAs (n=1-2x10' cm?)
S.| GaAs Substrate

x10

Figure 3-1 — Schematic of a 10-layer InAs/InGaAs QDWELL [45].

The TEM image of the DWELL heterostructure is shown in Fig. 3-2 [72].
The darkest region is the InAs quantum dot. The quantum dot is placed in
Ing15Gag gsAs quantum well which is surrounded by the GaAs region, as shown in
Fig. 3-2. The image shows that the quantum dots are positioned in the top half of
the quantum well and have a pyramidal shape with base dimension of 11 nm and

height of 6.5 nm.

Figure 3-2 — Cross-section TEM image of a single QD layer of the DWELL [72].
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From the information of the TEM image, a schematic for the potential
profile of the DWELL can be defined as shown in Fig. 3-3. The potential profile
has a cylindrical symmetry about the z-axis and consists of a conical shaped InAs
quantum dot with a diameter of 11 nm and height of 6.5 nm placed in the top half
of an 11 nm quantum well. There is 2.4 ML (~ 0.5 nm) of InAs (wetting layer)
between the first half of the quantum well and the quantum dot. The numerical
method used to get the energy spectrum of the DWELL is described in [45, 72].
The approach is to enclose the region that contains the quantum dot by a cylinder
of radius R and height Z where the wavefunctions are forced to vanish on the
surface. The structure is shown in Fig. 3-3. The coupling between quantum dots is
neglected and the cluster inside the cylinder is treated as isolated. The ground
state of the quantum dot is confined inside the quantum dot and vanishes outside,
so it can be estimated fairly well by this model. However, for the higher states,
especially those in the quantum well, the electron has no confinement in the
lateral direction perpendicular to the z-axis, so the zero boundary condition on the

cylindrical surface has to be changed.

GaAs
Ing 15Gag gsA 65 M‘l
Z; InAs
A 24 M
Ing 1562y gsAS o I
GaAs

Figure 3-3 — Schematic of the DWELL structure to be used to formulate potential profile.
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To get the potential profile, the band offset between the different materials
in the structure must be known. The conduction band offset between InAs and
GaAs 1s about 60% of their band gap difference [102, 103]. The calculated band
offset used in [72] is 477 meV between InAs and Ing;5GapssAs and 93 meV
between Ing5GaggsAs and GaAs. The zero level is chosen to be the conduction
band edge of the Ing;sGagssAs. The band offset profile is shown in Fig. 3-4.
Using the conduction band offsets between the different heterostructure material
and the schematic of the cylindrical volume enclosing one QD, the potential

energy profile of electrons in the conduction band is shown in Fig. 3-5.

GaAs
EZ
93 meV
Ing 45GaggAs | Es
477 meV
EO
InAs -

Figure 3-4 — Conduction band offsets and the energy levels of the QDWELL.
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Figure 3-5 — Potential energy profile used by the model plotted as a function of » and z [76].
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It represents the variation in the conduction band offsets between the
different materials in space. It is drawn in a plane passing through the axis of the
cylinder shown in Fig. 3-3, where » varies from 0 to R and = varies from 0 to Z.
The figure shows the InAs quantum dot and wetting layer, the InGaAs quantum
well and the GaAs barrier. The variations in effective masses are described in the
same way as that used for the potential energy. Since the potential energy is not a

function of @, the Green’s function can be defined as in Eq. (3.3), and by

substituting Eq. (3.3) into Eq. (3.1) and usings(6-6)=>) """ / 27, the
problem can be reduced to two dimensions instead of three, and we get
[E-H,]G,(r,r;2,2")= l(S(r ~)6(z—£), (3.6)
r

where H, is given by

0 1 0
+—— — [+V(r,z 3.7
0z m™(r,z) 6:] (n2) B9

wlie r o 1 (=)
! 2\ rorm'(rz)or m(r,z) P

Equation (3.6) can be solved numerically using the method of finite differences to
convert the differential equation into a matrix equation. The Hamiltonian in Eq.
(3.6) is transformed to a matrix form by discretizing the space in the r-z plane
using a grid with a lattice constant ¢ such that we have N, points in the r-direction

and NV; in z-direction. A schematic of the grid is shown in Fig. 3-6.
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Figure 3-6 — Schematic of the lattice grid in »-z plane used in the numerical simulation

At every lattice point in the grid shown in Fig. 3-6, the value of the
potential energy V(ia, ja), where i and j are integers, are obtained as shown in
Fig. 3-5. The effective mass value of electrons at every lattice point in the grid is
obtained in the same way. The derivatives with respect to r and - are
approximated by finite differences, for example, (0F/ 6::)|j — (F,—F;)/a. The
delta functions in the RHS of Eq. (3.6) are transformed to the identity matrix, and
the details of the Hamiltonian discretization are shown in appendix A. After
discretizing Eq. (3.6), the differential equation is transformed to a matrix equation

which is given by
[EI-H,]|G. =[r]", (3.8)

where H, is the matrix representation of the Hamiltonian operator and its

¥
form is given in appendix A, / is the identity matrix and [r] 1s a diagonal matrix
where its diagonal elements take the » component of the total position vector. The
matrix A, has infinite dimensions since it represents the Hamiltonian of the

whole system inside and outside the cylinder. By adding appropriate boundary

conditions at the cylindrical surface, the size of the matrices can be finite. In order
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to truncate the matrix and consider only the Hamiltonian inside the cylinder, we
can consider the Hamiltonian inside cylinder as if it were isolated, and then
compensate for the coupling to the outside region by adding an additional
effective Hamiltonian at the cylinder’s surface, to simulate the coupling between
the points inside and outside the cylinder. This effective Hamiltonian is not
Hermitian, which means it has real and imaginary parts and it is called self-
energy. The real part of the self-energy shifts the energy eigenvalues and the
imaginary part of it determines the decay rate of the electron state. The matrix
representation of the total Hamiltonian and Green’s function can be divided into

sub-matrices such that [79]

EI-H r G, G rn o]
. nL nL nlLD - £ , (39)
T EI-H nD GnDL GnD 0 rD
where H,, and H ; are the Hamiltonian matrices outside and inside the isolated
cylinder, respectively, and 7 is the coupling matrix where its elements are zero
everywhere except at points adjacent to the interface (L,,7). For such points,

7(L,,i)=t and ¢ is the hopping or tunneling parameter. This concept is

described in detail in [79, 104]. Equation (3.9) can be reduced to

[EI—HnD—Zr]GnD =[”D]_l, (3.10)
where H, is the matrix representing the Hamiltonian of the isolated cylinder
(without coupling) and X"is the self-energy term that gives the interaction
between the points at the interface inside and outside the cylinder and is given by
2 = r[EI -H, ]"r*R , where R is the radius of the cylinder. The self-energy

term is obtained from the retarded Green'’s function outside the cylinder, with zero
boundary condition at the cylinder’s surface. The retarded Green’s function
outside the cylinder satisfies Eq. (3.6); however, the potential energy and the

effective mass are functions only of z .
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Now if we take an average value of the effective mass in the radial part,
we can solve for the Green’s function analytically by the method of separation of

variables. The Hamiltonian outside the cylinder is approximated by

3 3 5 -~ 2 -
H:_"’_[L{lﬁri_"—z}+0 . a]+V(z), (3.11)

! 2{m, \ror or r 0z m*(z) 6z

where m_, an average effective mass of the electron and its value is chosen such

that 1t gives the same lowest eigenvalues obtained by solving [-D problem which

has the same potential and effective mass variation in z-direction.

Using the Hamiltonian in Eq. (3.11), the retarded Green’s function outside
the cylinder with zero boundary condition at r=R, calculated at » =+'= R+aand

at specified energy £ is given by

r ., 2m. 7w Jn [km(R + a)] Y;r(ka) -
Im(z)zm(:) h;‘ E J k R % k R X
n( m ) [ m( + a)] Bsg

n
> m

" H}l (km (R + a))
H,(k,R)
. 2m | K, |k, (R+a)|1,(k,R
(z,,,(:)zm(z-')—%"— [fu(R ) ) x
" =K, KR [k (R+a)]) |

Z i - m

o Kl7 (km (R + a))
Kn (ka)

G, =5 (3.12)

\

The details of the calculations are shown in appendix B. In Eq. (3.12), «a is the

lattice constant of the grid, J,,Y, and H are the Bessel, Neuman and Hankel
functions of order n, respectively, /, and K, are the modified Bessel functions of
the first and second kinds, respectively, y, (z)and &, are the eigenvectors and the

corresponding eigenvalues obtained by numerically solving the eigenvalue

problem
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wie 1 o
[_T(EWE)+V(~)}ZY,’(£)_8'"1’"(&)’ (313)

and assuming zero boundary condition at z=0 and z=Z_, and %,, is related to the

energy of electron by the dispersion relation [79, 96] given by

E =¢, +2t(1-cos(k,a)). (3.14)

Equation (3.14) is the modified version of the parabolic dispersion relation

between E and k due to discretization and 7 is the tunneling or the hopping

parameter given byz:(hz/ 2mm,a2). The self-energy is related to the Green’s

function in Eq. (3.12) by the relation

Y =z[EI-H,| r*'R=aR’’G,,. (3.15)

The self-energy matrix is zero everywhere except at the points of interface
where we have coupling between the inner and outer points at »=R. The lattice

constant a appeared in Eq. (3.15) is used since the Green’s function G, , solved

analytically in Eq. (3.12), is for a continuum semi-infinite lead and is used to
calculate the self-energy in the discrete space to give the correct result when using
the matrix multiplication instead of doing integration over the intermediate
variables. By substituting Eq. (3.15) into Eq. (3.10), we can get the retarded
Green’s function inside the cylinder by doing a matrix inversion at certain values
of E and n. The height of the cylinder is taken to be 44 nm while the radius of the
cylinder is 30 nm. The grid step is 0.2 nm, and hence the matrix dimensions
are 33000 x 33000 . The spectral function is calculated from Eq. (3.4). The series
converges and for the energy ranges used in the calculations, the first 10 terms in
the series corresponding to »=0, 1, 2,..., 9 are enough to produce the required
DOS for both the discrete and continuum part of the spectrum near the top of the
potential barrier surrounding the QDs. The contributions to the DOS from the
terms corresponding to negative values of » are equal the ones corresponding to
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the positive values due to the Hamiltonian degeneracy with respect to n.
Therefore, there is no need for further calculations of the negative terms and
instead the terms corresponding to positive values of # are multiplied by 2. The
measured responsivity of the QDWELL of a sample having pyramidal quantum
dots with 11 nm for the base and 6.5 nm for the height is shown in Fig. 3-7. The
resulting three-color response has peaks at wavelengths 5, 10 and 25 pm. The
corresponding energy transitions AL due to photon absorption at these

wavelengths are ~ 250, 124 and 50 meV.
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Figure 3-7 — The measured multicolor responsivity of the QDWELL [45].

To interpret the appearance of these peaks (Fig. 3-7) at these wavelengths
in the responsivity curve, we need to calculate the density of states of the

QDWELL. The matrix representation of the spectral function can be used to

N, N.

obtain the density of states such that D(E) = ZZaix A(ai,aj; E) . The calculated

i=l j=I
density of states of the DWELL is shown in Fig. 3-8. From the density of states
shown in Fig. 3-8, we notice three quantized levels of the DWELL - E,, E; and E;
at the energy values -178, -60 and 65 meV, respectively. The sharp peak at E=-
178 meV is due to the ground state of the quantum dot and the electron is

completely confined inside the quantum dot. There are no more quantized levels
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inside the quantum dot as seen in the density of states for these quantum dot
dimensions. For quantum dots with larger lateral area, such as the ones obtained
by growing InAs on GaAs, the quantum dot has a base of ~20 nm and a height of
~3 nm, and so more than one quantized level can be found inside the quantum dot
as shown in [105]. The two quantized levels E; and E; are in the InAs wetting
layer and in the InGaAs quantum well, respectively. They appeared in the density
of states as two steps of constant values, as expected when the electron is confined
in one dimension and free to move in the other two dimensions. Due to the
quantum dot potential, the two steps have some deformation and we get a peak at
energy £ =-60 meV.

The Density of states

D(E) (meV™)
L. E S B R EE B

o
4

7150 100 -50 0 50 100
E in meV

.
o
o

Figure 3-8 — The density of states of the QDWELL [76].

In Figure (3-8), the increase in the density of states for £ > 93 is due to the
continuum states above the quantum well. The density of states for £ > 93 meV
should vary as E£'?, as the electron is free above the quantum well. When the
spectral function was calculated for £ <-60 meV, an infinitesimal imaginary

part was added to the energy in Eq. (3.10) such that E — E +in . The addition of

this small imaginary part is necessary because the self-energy term has only a real

part for these energy values, and to do the matrix inversion we have to remove the
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singularities at the values of energies which are equal to the eigenvalues of the
Hamiltonian. However, we do not need to worry about that for E>-60 meV since

the self-energy has already an imaginary part.

The spectral function at E=-178 meV

150

za rla

Figure 3-9 — The spectral function at the ground state in the QD at £= E,[76].

The transition between the ground state in the quantum dot E, to the
second excited state £, gives AE =243 meV. So, it is expected to have a peak in
the responsivity at (A=5 pm, AE=250 meV). The peak at (A=10 pm, AE=125
meV) can be interpreted as the transition between £, and E; which gives AE=118
meV or the transition between E; and £, which gives AE=125 meV. The peak
appeared at the long wavelength (A=25 um, AE=50 meV) and has width from
2=19 um to 29 um can be due to the transition between the level of the quantum
well at £, and the continuum states since the difference between this level and the
top of the quantum well is around 30 meV.

The spectral function calculated at the energy values £=-178, -60 and 65
meV are shown in Figures 3-9, 3-10 and 3-11. It is shown that for the ground state
of the quantum dot, the electron is completely confined inside the quantum dot as
the spectral function is non-zero in the QD region and almost zero elsewhere. For

the peak at £=-60 meV, corresponding to the energy level localized in the wetting
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layer, the electron is mostly confined in the wetting layer outside the quantum dot.
For the energy E=65 meV, the electron is confined in the quantum well which

shows that the energy level lies inside the quantum well as expected.

The spectral function at E=-60 meV

zla tla

Figure 3-10 — The spectral function at £= E; [76].

The spectral function at E=65 meV

0.
300

zla rla

Figure 3-11 — The spectral function at £= E, [76].
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3.3. RESONANT TUNELLING (RT) QDIP

The RT-QDIP grown by molecular beam epitaxy, reported in [47, 48], is
schematically shown in Fig. 3-12. It consists of a ten-period active region, where
each period contains a double barrier structure formed by a 4 nm layer of
Ing 1GagoAs surrounded by a 3 nm layer of Alp3Gao-As, 1 nm GaAs layer for
surface smoothing, 6 MLs Ing4GagsAs for quantum dots formation, 4 nm GaAs
and finally 4 nm Al GagyAs barrier layer. The growth of the 4 nm barrier layer
of Aly.1GagoAs opposite to the double barrier structure forms a quantum well that
creates a well-defined quasi-bound final state for the photoexcited electrons. The
double barrier and the quantum well are designed such that the ground state
energy levels in both of them coincide. The eigenfunctions in the double barrier
and the quantum well overlap and hence the corresponding energy level split
allows for resonant tunneling through the structure. The shape and size of
individual quantum dots, as observed from high-resolution images of transmission
electron microscopy [51, 106], are pyramidal with a base dimension of ~ 25 nm
and height of ~6 nm. Measured values of dark current of the RT-QDIP is as low
as 1.6x10™° A/em” at 80 K and 1.55 A/em”at 300 K for 1V applied bias have been
reported [47] which is very low compared to other QDIP structures. The double
barrier is designed such that the resonant level inside the double barrier coincides
with the energy of the photoexcited carriers and hence enhances the photocurrent
transport across the structure. Thus, the dark current is reduced since the
thermally excited carriers have a broad energy distribution where the transmission
probability across the double barrier is low. The calculated energy levels in the
quantum dot of the resonant tunneling QDIP using the eight-band k.P model
estimated an energy separation between the ground state of the quantum dot and
the resonant energy level in the quantum well as AE=161 meV [47]. However, it is
expected that this energy separation is larger since the observed peak at A==6 pm in
the responsivity curve corresponds to an energy transition AE=206 meV [24]. It is

estimated from the model developed in this chapter that the energy of the ground
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state in the QDs is -178 meV while the energy of the resonant levels in the
quantum well are 15 and 30 meV, as shown in Fig. 3-12. Therefore, the center of
the peak in the responsivity is estimated to be due to AE~200 meV which is in a
good agreement with AE=206 meV observed experimentally. The responsivity of
the detectors can be qualitatively understood from the information provided by the

density of states which gives an insight about the possible energy transitions.

%
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( 4 nm Al ,Ga, ,As
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6 ML In, ,Ga, ;As

%0 { 1 nm GaAs

3 nm Al, ,Ga, ;As
4 nm Iny ,Ga, As
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0.5 ym n* GaAs
S.1 GaAs Substrate

(a) Al, ,Ga,,As
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—l_?’ e levels
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(b) InGaAs/GaAs
Quantum dot

Figure 3-12 — (a) Schematic of the RT QDIP heterostructure. (b) Schematic of the conduction
band profile demonstrating the energy levels (in meV), relative to CB bottom in GaAs, in the

quantum dot and quantum well [47, 48].
The numerical approach used to obtain the energy spectrum of the RT

QDIP is to enclose the region that contains the quantum dot by a cylinder of
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radius R and height Z- as shown in Fig. 3-13. The radius and height of the
cylinder are chosen such that the cylinder encloses one quantum dot, including the
double barrier, the quantum well and the single barrier (AlyGagoAs) opposite to
the double barrier, as shown in Fig. 3-13. The model physically approximates the
problem by considering one quantum dot, which is uncoupled to other quantum
dots, and lies on an infinite wetting layer. The spectral function and the density of
states, which is defined as the number of energy states inside the cylindrical
volume which contains one quantum dot, can be calculated. Both the discrete
energy levels inside the quantum dot and the continuum energy levels in the
wetting layer, the quantum well and the double barrier structure will appear in the
density of states and hence the possible energy transitions for electrons can be
determined. The density of states of the structure is obtained by solving for the
retarded Green’s function. To describe the potential energy profile of electrons
inside the cylinder, the conduction band offsets between the different materials in

the heterostructure need to be calculated.

T e N\
.

Al, ,Ga, 4As

GaAs
2 “o.aGao.sAg\ j 2 ML
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Figure 3-13 — Schematic of the RT QDIP structure used for formulating the potential energy
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The conduction band offsets of AlAs and InAs compared to GaAs are
taken to be 60% of the band gap differences [46, 107]. The band gap of AlyGa;<As

and In,Ga,.xAs can be calculated from the simple quadratic formula [108]

E,(4,,B,)=(1-x)E,(4) +xE,(B)~x(1-x)C, (3.16)

where C is called the bowing parameter to account for the deviation from the
linear interpolation and is 0.477 for InyGa;.<As and -0.127+1.310x for Al,Ga;As.
The zero level is chosen to be the conduction band edge of GaAs. The calculated
band offsets for Aly3Gag7As, Alo1GagoAs, Ing4GagsAs and Ing1GagoeAs are 250,
95, -333 and -92 meV, respectively. A linear interpolation is used to calculate the
effective masses in the different materials. The effective masses used for GaAs,
Alo3GagsAs, AlpGagoAs, IngsGagsAs and IngGagoAs are 0.067, 0.092, 0.075,
0.048 and 0.062 respectively. The band offset used for InAs is -500 meV and its
effective mass is 0.026, while the band offset for AlAs is 500 meV and its
effective masses in the radial- and z- direction (growth direction) are 0.22 and
0.97, respectively [108]. From the calculated band offsets, the potential energy
profile for the RT-QDIP, V(r, =), can be obtained and it is shown in Fig. 3-14. It is
drawn in a plane passing through the axis of the cylinder, where r varies from 0 to
R and z varies from 0 to Zc. Figure 3-14 shows the Ing4GapsAs quantum dot (with
a base of 25 nm and a height of 6 nm), the wetting layer (2 MLs thick), the
quantum well and the double barrier structure. The variations in effective masses
are described in the same way as that used for the potential energy. The retarded
Green’s function is calculated numerically from Eq. (3.10) by doing a matrix
inversion at certain values of £ and n. For the RT QDIP, the height of the cylinder
is taken to be 20 nm while the radius of the cylinder is 30 nm. The grid step is 0.2
nm, and hence the matrix dimension is15000x15000. The spectral function and
the DOS are calculated the same way as described before for the QDWELL

structure.
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Figure 3-14 — The potential energy profile of the RT QDIP used for the theoretical modeling
is plotted as a function of » and z.

The measured responsivity of the RT QDIP is shown in Fig. 3-15 [24]. The
figure shows two strong peaks at A ~ 6 um and A ~ 17 um, in addition to a weak
response at A ~ 9 pum. The corresponding energy transitions AE due to photon
absorption at these wavelengths are ~ 206, 113 and 73 meV. It is also shown that
the peak centered at A=6 pum is split into two peaks at 2=5.8 pum and 2=6.2 um

with an energy separation AE=14 meV.
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Figure 3-15 — The measured responsivity of the RT QDIP [24].
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To interpret the characteristics of the responsivity curve (Fig. 3-15), we
need to calculate the density of states of the RT QDIP. The matrix representation

of the spectral function can be used to obtain the density of states such

N, N

thatD(E)=Zi jax A(ja,ka; E). The calculated density of states of the RT

j=1 k=1
QDIP is shown in Fig. 3-16. The figure shows three peaks at E=-178, -109 and -
45 meV corresponding to the three quantized levels inside the quantum dot in
addition to continuum of states for E>0. The peaks look like delta-functions which
is the case for a 3-D confining potential. When the Green’s function is calculated
for E<0, a small (infinitesimal) imaginary part (7) is added to the
energy, E — E +in in order to remove the singularities before doing the matrix
inversion. Physically, the addition of this small imaginary part is attributed to the
disorder in the shape and size of the quantum dots, as we consider only the

average values in the calculations, which broadens the delta functions in the

spectrum.
The density of states
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Figure 3-16 — The density of states of the RT QDIP.
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The main contribution to the ground state at £=-178 meV comes from
n=0, while the other terms in the series for n # 0 are very small. The first excited
state at £=-109 meV is from n=1 and n=-1 as they are degenerate. The second
excited state has contribution from n=0 at £=-45 meV and from n=2 at E=-40
meV. The spectral functions corresponding to the three eigenstates of the quantum
dot are shown in Fig. 3-17. It is shown that the states are mainly concentrated in

the region of the quantum dot since the spectral function is almost zero outside the

QD.

n=0; E=-178 meV n=1; E=-109 meV

n=0; E=45 meV n=2; E=-40 meV

b ¢ rla

2la 00 rla 2la

Figure 3-17 — The spectral function of the RT QDIP in the quantum dot at (a) the ground state
at =0 and £=-178 meV; (b) the first excited state at =1 and £=-109 meV; (c) the second

excited state at =0 and £=-45 meV; and (d) the second excited state at »=2 and £=-40 meV.

In the continuum part of the spectrum, there are two peaks at E=15 and 20
meV superimposed on two step functions whose edges are at £=15 and 30 meV.
To illustrate this part of the spectrum in detail, the contribution of the density of

states from n=1 and »=3 are shown in Fig. 3-18. It is also shown in the figure the
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density of states for the structure in the absence of the quantum dot, but the
wetting layer is included. The two peaks at £=15 and 20 meV in the density of
states in Fig. 3-18 are from »=1 and »=3. The spectral function, in the presence
and absence of the quantum dot, is also shown in Fig. 3-19 at a point in the
continuum spectrum where £=32 meV. The figure shows the variation of the
number of states inside the cylinder between the first barrier of the double barrier,
z=3 nm, and the barrier of the quantum well, z=Z~4 nm. The effect of the
quantum dot appears in the deformation of the spectral function and in the

existence of the two peaks that correspond to n=1 and 3.
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Figure 3-18 — (a) The density of states at n=1; (b) the density of state at »=3; and (c) the
density of state in the absence of the quantum dot.
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K]
x 10

A(r,z:E)
FS

~N

PR e e T
e Y ; 30
” 50 70 6 S0 o

rla z/a
Without QD; E=32 meV

ria Zla

Figure 3-19 — The spectral function of the tunneling QDIP at £=32 meV (a) with and (b)

without including the quantum dot potential.

The two step functions in the spectrum (Fig. 3-18(c)) are due to two levels
at £=15 and 30 meV in the quantum well above the quantum dot. These two
levels are formed as a result of the interaction between the wavefunctions in the
double barrier and the quantum well. Due to this interaction, the energy level
splits into these two levels, corresponding to two distinct eigenstates which are
symmetric and anti-symmetric in the z-direction, allowing for resonant tunneling

through the structure, as shown in Fig 3-20.
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Figure 3-20 — The resonant levels and the corresponding z-component wavefunctions of the
RT QDIP.

The calculated DOS shown above was done at zero applied bias. For non-
zero bias, we have to modify the potential energy profile in Fig. 3-14 to include
the electric field effect throughout the structure. An additional potential energy
term will be added to the Hamiltonian of the system in the formV'(z)=-eFz,
where F is the electric field strength which is assumed to be uniform. The self-

energy 2’ is modified through the new eigenvalues and eigenstates, £, and y,,,

obtained by solving Eq. (3.13) and taking into consideration the modified
potential. Figure 3-21 shows the variation of the eigenvalues inside the quantum
dot and of the resonant levels in the quantum well with the electric field. The
eigenvalues shift to lower values with the increase of the electric field. The
separation between the eigenvalues are nearly constant, which means that the
peaks in the responsivity curve will be nearly the same as in the zero bias

condition for these electric field values.
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Figure 3-21 — Variation of the theoretically calculated energy levels in the quantum dot and

resonant levels in the quantum well of the RT QDIP with the applied electric field.

3.4. SUPERLATTICE (SL) QDIP

The SL-QDIP is a modified version of the dot-in-a well (DWELL)
structure. The InAs QDs are embedded in a GaAs/AlAs superlattice barrier. It
benefits from the increased carrier confinement due to the AlAs barrier and the
spectral response tunability due to the multiple transitions between the QD energy
states and the minibands in the SL quantum well. The growth of the InAs QDs
directly on the AlAs barrier increases the QD density by one to two orders of
magnitude relative to that of conventional InAs/GaAs QDs, and this is due to the
low mobility of In on AlAs compared to GaAs which affects the adatom kinetics
[51]. The responsivity of this detector is high due to the high density of the QDs in
the layers. A peak responsivity of 2.5 A/W measured at T= 78 K for a bias of -1.5
V was reported in [46]. The high responsivity allows the detector to be sensitive to
low level optical signal. The dark current is also high due to the small thickness of
the active layer and hence it has to be operated at low temperature. The schematic
diagram of the heterostructure in this detector is shown in Fig. 3-22. It consists of
a ten-period of 1 nm AlAs, 2 ML of InAs and 14 nm GaAs. The quantum dot
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shape and size are taken to be similar to that of InAs quantum dots grown on
GaAs. It is estimated that the quantum dot has a pyramidal shape with a base

dimension of ~ 18 to 20 nm and a height ~3 nm [105].

0.2 um n* GaAs contact
50 nm GaAs
14 nm GaAs barrier

2 ML InAs

=10

1 nm AlAs barrier
30 nm GaAs
0.2 pm n* GaAs buffer
n* GaAs Substrate

(a) AlAs Minibands

430
35//

1 GaAs

Wetting
layer level

-195

N
QD energy

(b) levels

Figure 3-22 — (a) Schematic of the SL QDIP heterostructure. (b) Schematic of the conduction
band profile demonstrating the energy levels (in meV) in the quantum dot and the wetting

layer as well as the formation of the minibands in the quantum well.

From the calculated conduction band offsets between the different
materials, the potential energy profile for the SL-QDIP, V(r, z), can be obtained
and 1t is shown in Fig. 3-23. The variations in effective masses are described in
the same way as that used for the potential energy. The retarded Green’s function,
the spectral function and the DOS are calculated numerically in the same way as

described before for the DWELL structure.
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Figure 3-23 — The potential energy profile of the SL QDIP used for the theoretical modeling

is plotted as a function of » and z.

The measured responsivity of SL is shown in Fig. 3-24 [24]. The
maximum peak of the responsivity is observed at A=4.3 um corresponding to

AE=288 meV.

Period=15 nm

Normalized Spectral Response

Wavelength (um)

Figure 3-24 — The normalized spectral response of the SL QDIP [24].
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The density of states of the SL is shown in Fig. 3-25. There are two energy
levels inside the quantum dot at £=-195 and -60 meV corresponding to #»=0 and 1,
respectively. The step function appearing at £=-5 meV is due an energy level in
the wetting layer. The step functions starting at £=35, 120, 245 and 430 meV are
the minibands formed between the double barrier structure. There are two sharp
peaks due to the QD potential, corresponding to #»=0, that appear in the spectrum
at £=40 and 110 meV superimposed on the step functions. The energy levels in
the quantum dot and wetting layer and the minibands in the quantum well were

shown schematically in Fig. 3-22.
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Figure 3-25 — The density of states of the SL QDIP.

The spectral functions for both the ground state and the first excited state
in the quantum dot are shown in Fig. 3-26. The states are concentrated in the
region of the quantum dot and nearly zero outside as expected. The maximum
peak in the responsivity curve at A=4.15 um occurs due to the transition from the
ground state to the second mini-band in the continuum states. The peaks in the
responsivity at A=6.2 and 5.75 um are assigned to the transition from the ground
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state to the wetting layer level, the peaks at A=5.1 and 4.6 pum are assigned to the
transition to the first mini-band and the peaks at A=4.15 and 3.7 um are assigned
to the transition from the ground state to the second mini-band. Assigning the
peaks of the responsivity to these transitions mentioned above will be clear after
including interaction with light and calculating the dipole moments and the

responsivity in the next chapter.
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Figure 3-26 — The spectral function of the SL QDIP in the quantum dot at (a) the ground state
at n=0 and £=-195 meV; and (b) the first excited state at »=1 and £=-60 meV.
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CHAPTER 4 QDIPS RESPONSIVTY
MODELING

The DOS of the QDs gives an insight into the possible intersubband
transitions whether between the bound states of the QDs, bound-to-bound, or
between the bound states and the continuum, bound-to-continuum and hence the
corresponding operating wavelengths. However, the DOS does not explain why
some peaks in the responsivity are bigger than other peaks and why some other
peaks are very small or disappear. In order to get a better description of the
responsivity, the interaction with light is required. In this chapter, a theoretical
model [75] to calculate the responsivity is given. The model has been applied to
the RT-QDIP and the SL-QDIP described before in the previous chapter. The
model gives a good qualitative agreement with the responsivity experimentally
measured for these detectors. A quantitative description of the dark and photo
current using NEGF [74] will be given in the next two chapters. In the calculations
of the responsivity, the first-order dipole approximation and Fermi-golden rule are
used to get the selection rules for the possible transitions and the relative strength
for all transitions. To calculate the dipole moment, the wavefunctions for the
bound states in the QDs and for the continuum have been calculated. The bound
states are calculated by solving the eigenvalue problem using the method of finite
differences assuming zero boundary conditions on the cylindrical surface
surrounding the QD, while the continuum states localized in the QD region are
calculated using the Green’s functions in a similar way that described in chapter
2. The theoretical model is then used for studying the effect of changing the
quantum dot height- to-diameter ratio on the normal incidence responsivity of the

SL structure for responsivity optimization.
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4.1. THEORETICAL MODELING

The interaction with the electromagnetic radiation is treated within the
first order dipole approximation and Fermi’s golden rule. In terms of the dipole

moment, the absorption coefficient is written as [109, 110]

12 (£~ 1) 4.1)

nw 2
i Z' (E E, —hoy +(T/2)

0

where /o is the photon energy, E, and E_ are the energies of the initial and

final states, ¢ is the polarization direction of the incident light, 4, = e<t//c Ir| t//,,}

is the electric dipole moment and I" is the linewidth of the transition representing
the inhomogeneous broadening due to the size inhomogeneity of the quantum
dots.

The absorption coefficient defined in Eq. (4.1) gives the ratio between the
number of photons absorbed per unit volume per second and the number of
photons injected per unit area per second, so that the responsivity which is the

photocurrent per Watt of incident radiation, can be written as [109]

r/2
(E.—E, —-hw)’ +(T'/2)?

T(E)(f- 1) (42)

R(w) = <S/hw)————Z| &bty

where S/hw is the optical intensity divided by the photon energy which gives

the number of injected photons per unit area and 7(E,) is the transmission

probability of the photoexcited electrons at the total energy E, .

4.1.1. WAVEFUNCTIONS CALCULATIONS

To calculate the dipole moment in (4.2), the wavefunctions corresponding
to the initial and final states of the transitions should be obtained. The
wavefunctions corresponding to the discrete energy states in the QDs are localized
inside the QDs. Therefore, assuming zero boundary conditions on a virtual

cylinder surrounding the QD, the bound wavefunctions and the corresponding
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discrete energy eigenvalues can be calculated. In the continuum states above the
QD barrier, the assumption of zero boundary conditions is not suitable for
obtaining the wavefunctions in this part of the DOS. Instead, the method of the
Green’s function is used to calculate the wavefunctions in this part of the
spectrum. A self-energy term is added to the Hamiltonian at the cylinder surface
to simulate the proper boundary conditions representing the coupling with the
surroundings outside the cylinder.

The wavefunctions in the bound and continuum states, due to the

cylindrical symmetry of the Hamiltonian, can be written as

¥ (r,0,z)=e"p,(r,z), (4.3)

where 7 is integer and represents the quantum number of the z component of the
total angular momentum. The bound state wavefunctions in the quantum dots are

calculated by solving the eigenvalue problem

[EI—HHD]an =0’ (44)

which gives all the eigenstates and the corresponding eigenvalues at the quantum

number » and H,, is the Hamiltonian matrix of the isolated cylinder that contains

the QD at specific quantum number n. This procedure is suitable to calculate the
bound states since they are localized inside the quantum dot and hence we can
assume zero boundary condition at the cylinder radius.

To get the wavefunctions in the continuum part of the spectrum, the
Green’s function method has been used to simulate the free motion of electrons
above the quantum dot and to add an additional self-energy term at the cylindrical
surface to simulate the open boundary condition. The retarded Green’s function
gives the response at any point due to a unit excitation at any other point. So from
Eq. (4.4), the Hamiltonian of the isolated cylinder is modified by adding a self-
energy term to simulate the interaction with the surroundings in addition to the

excitation term in the R.H.S. The wavefunctions [79] satisfy the equation
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[EI-H,-X ]p, =5, (4.5)

where S is the excitation term due to propagating waves incident from the lead at
the cylinder’s surface. The retarded Green’s function of the system in the

cylindrical representation and in the matrix form is given by

[EI-H,, -3 |Gy =[], (4.6)
From (4.5) and (4.6), the wavefunction can be related to the Green’s function by
the relation
r ! ¥ 5
0, =|EI-H,, -] S=Gplr,]S. (4.7)

If we write the self-energy x in the compact

formX" =3 £,(R)| 2, (2)){2n(2)

, then the excitation S is given by

S=Y (K ®-1{R)

m

Zu(2) (4.8)

which gives the contribution from all propagating modes at same total energy E.
The equations (4.5), (4.6), (4.7) and (4.8) are the multimode version of the 1-D
single mode problem discussed before in chapter 2. The detailed form X" was
shown before in Eqs. (3.12) and (3.15) in chapter 3.

In normal incidence operation, the electric field is polarized in the in-plane
directions, that is, x- or y-directions. Therefore for the x-polarized electric field,

the dipole moment will be given by

€'i"9(f),, (r’ . >

i, = e<;1/c 1| y/b> = e<ei’9¢, (r,2)|x
=e <ei D0 o (r,z)|rcos b€ p,(r, :)>
which indicates the selection rules for allowed optical transitions. The electrons

can be photoexcited from the bound states of quantum number » to the continuum
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states which differ in this quantum number by +1, otherwise the integration over
6 will make the dipole moment vanish.

The transmission probability function 7'(E,) as a function of the z-
component of energy E. and neglecting the quantum dot potential, is calculated

using the relation for 1-D case given by
T(E.)=Tr[T.GIT.G! ], (4.9)

where G! =[E:1 -H, —Zi_']_l , 2. 1is the self-energy due to coupling with the
leads and for  Hamiltonian matrix of  dimensions NxN

(L) =X (N,N)=-1" and zero otherwise. The transition rate matrix
[ =i(X]-X?) which is zero everywhere except at the interface points with the

leads T'.(L1)=T.(N,N)=2rsin(ka) and E.=2t(1-cos(ka)). Calculating the
transmission function as a function of the z-component of energy E,, assuming
that the effect of the quantum dot potential can be neglected for the energy values
higher than the QD barrier potential, simplifies the solution. At applied bias, the
photoexcited electrons will drift in the electric field in the z-direction toward the

contact. For the RT-QDIP and the SL-QDIP structures, 7(E.) has non-zero
values only at £, corresponding to the resonant levels in the RT-QDIP and to the

miniband energies in the QW in the SL-QDIP as shown in Figures (4-4) and (4-7).
The transmission function in the z-direction as a function of the total energy will

be equal to 7(E.) at the resonant levels for £ > (E, =¢,), where ¢, are resonant

levels in the quantum well, and zero for E<¢,, .
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4.2. RT-QDIP RESPONSIVITY MODELING

The wavefunctions of the bound and continuum states are calculated using
Eqs. (4.4) and (4.7) respectively. The excitation in the R H.S of Eq. (4.7) is
calculated using the two modes of the resonant levels shown in Fig. 4-1. The
responsivity of the device is calculated using Eq. (4.2) and the transmission
probability as a function of total energy is 7(E)~1 when E exceeds the first
resonant level value and zero otherwise, since £, coincides with one of the two
resonant levels. The inhomogeneous broadening factor I is assumed to be 5

meV.
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Figure 4-1 — The resonant levels and the corresponding z-component wavefunctions of the
RT-QDIP

Figure (4-2) shows the calculated responsivity as a function of wavelength
at different temperatures for the RT QDIP. The splitting of the peak at 6 um is
due to the transition probability from the ground state to the resonant levels in the
quantum well. This is shown in Fig. 4-3 through the dipole moment between the
ground state at »=0 and the continuum states with »==1. The peak at 9 pm is due
to the transition from the first excited state in the quantum dot at n=1 to the

continuum states at #»=0 and »=+2. The peak centered at 17 um is due to the
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transition from the second excited states in the quantum dot at n=0 to the
continuum states at n=+1, and the bound state at n=2 to the continuum states at
n=%1 and n=£3. As the temperature increases, the peak at A=17 um becomes more
pronounced, as shown in Fig. 4-2. This can be interpreted by the occupation of the
higher states in the quantum dot increasing with the temperature increase. The
second excited state is more degenerate than the ground state since it has
contribution from #=0, £2 in addition to the spin degeneracy, while the ground

state has only spin degeneracy.
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Figure 4-2 — Responsivity of the RT QDIP in a.u. at different temperatures

The calculated responsivity by this model is in good qualitative agreement
with the experimental results, shown before in Fig. 3-15 in chapter 3, as it predicts
the peak splitting at 6 pm due to the transition from the ground state, the weak
response at 9 pm due to the transition from the first excited state in addition to the
increase in the magnitude of the peak at 17 pm with temperature due to the
increased filling of the second excited state. The increase of the peak at 17 um,
predicted by the model when the temperature increases from 280 K to 300 K, is
due to the increase of the filling of the second level in the quantum dot which

does not appear clearly in the experimental results. This can be interpreted as the
93



[ PhD Thesis — Mohamed A. Naser McMaster — Engineering Physics |

increase in temperature leading to reducing the relaxation time of the electron due
to the interaction with the lattice, which leads to increasing the probability of
capturing the electron in the quantum dots and hence reducing the photocurrent.

This effect was not considered in the model.
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Figure 4-3 — The dipole moment of transition between the ground state of =0 and the

continuum states of n==1.

Fig. 4-4 shows the transmission function for the structure. The
transmission has two peaks at the values of E; that corresponds to the two resonant
levels. The separation between the two peaks is ~ 14 meV and is the same as the

separation between the resonant levels and comparable to the separation between

the peaks appearing in the responsivity.
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Figure 4-4 — The transmission probability function of the RT structure without including the

quantum dot potential.

4.3. SL-QDIP RESPONSIVITY MODELING

The transmission probability function across the double barrier above the
quantum dot of the SL structure as a function of the z-component of energy is
shown in Fig. 4-5. A biasing electric field of 1 MV/m is used in the calculations.
When the total energy exceeds the first band energy (E>35 meV), T(E)~1, while
T(E)~0.2 when E exceeds the wetting layer level and is less than the first mini-

band energy.
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Figure 4-5 — The transmission probability function of the SL structure without including the

quantum dot potential.
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The normalized responsivity is calculated and shown in Fig. 4-6. The
dipole moments of transitions from the ground and first excited states in the
quantum dot to the continuum states are shown in Fig. 4-7. It is noticed from Fig.
4-7 that the peak maximum in the responsivity curve at A=4.15 pm occurs due to
the transition from the ground state to the second mini-band in the continuum
states. The peaks in the responsivity, in Fig. 4-6, at A=6.2 and 5.75 um are
assigned to the transition from the ground state to the wetting layer level, the
peaks at A=5.1 and 4.6 um are assigned to the transition to the first mini-band and
the peaks at A=4.15 and 3.7 um are assigned to the transition from the ground

state to the second mini-band.

Normalized Responsivity

2 3 a 5 6 7
Wavelength 4 in um

Figure 4-6 — Normalized responsivity of the SL-QDIP.

96



[ PhD Thesis — Mohamed A. Naser McMaster — Engineering Physics |

Transition between the ground state and the continuum

2000 -

dipole moment

@ 2 26 3 35 4 45 & 65 6 665
x 10‘ Transition between the excited state and the continuum
2 2.5 3 3.5 4 4.5 & 556 6 6.5

(b) Ain pm
Figure 4-7 — The dipole moment of transition between (a) the ground state of »=0 and the

continuum; (b) the first excited state at =1 and the continuum.

4.4. SL-QDIP RESPONSIVITY OPTIMIZATION

To study the effect of changing the shape of the quantum dot on the
normal incidence responsivity, the responsivity is calculated for different height-
to-diameter ratios as shown in Fig. 4-8 such that the ground state energy level is
kept almost constant and the Fermi level is taken to be 90 meV above the ground
state energy level in all shapes to keep the occupation of QDs the same equivalent
to same doping density. Figure 4-9 shows the calculated responsivity versus
wavelength for various quantum dot shapes while the other parameters in the
structure are kept the same, such as the QD density and the heterostructure design.
Increasing the height-to-diameter ratio leads to increasing the responsivity. So
taller quantum dots is more sensitive to normal incidence light than shorter ones.
This is expected since when h/D—0, the quantum dot layer transforms to a
quantum well which is insensitive to normal incidence light. Figure 4-10 shows
the amount of increase in the peak responsivity as a function of the height-to-

diameter ratio.
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Figure 4-9 — The responsivity in a.u. for the SL QDIP for different quantum dot shapes.
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Figure 4-10 — The peak responsivity as a function of the height-to-diameter ratio
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To investigate the increase of the height of the quantum dot with a fixed
diameter as shown in Fig. 4-11 and with the same doping density, the normal
incidence responsivity is calculated for three quantum dots with the same
diameter but having different heights. The doping density is kept constant and
hence the Fermi level is taken to be above the ground state by 90 meV in all
cases. Figure 4-12 shows the calculated responsivity for the three quantum dot
structures. From the figure, the responsivity decreases with height increase which
means the quantum dots with smaller size give higher responsivity than the ones
with larger sizes. So the optimum solution for normal incidence peak responsivity
is to maximize the height-to-diameter ratio of the quantum dot, such that the

ground state position is kept constant.

Figure 4-11 — Fixed diameter with different height QDs
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Figure 4-12 — The responsivity in a.u. for the SL QDIP for different quantum dot heights at

fixed diameter size
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CHAPTER S DARK CURRENT
MODELING

Theoretical modeling of the dark and photocurrent in QDIPs is very useful
since it allows studying the dark and photocurrent characteristics at different
design parameters such as doping density, barrier separation between QD layers
and the number of QD layers to establish the optimized detector design. Reducing
the dark current of the QDIP will improve the detector detectivity or the signal to
noise ratio (SNR) and the photoresponse of the detector can be still detectable at
higher operating temperature. In this chapter, a theoretical model [74] describing
electron dynamics in QDIPs is presented to obtain the dark current characteristics
of the RT-QDIP. The model is based on the non-equilibrium Green’s functions
formalism (NEGF) which provides a general framework to study electron
transport in a non-equilibrium quantum system and in the presence of interactions
[111, 112, and 115]. A self-consistent solution of the charge density and the
average potential energy through the device by satisfying Poisson’s equation has
been obtained; hence, the Hamiltonian of the QDs is established. The self-
energies due to coupling with the contact layers and due to internal electron
interactions are calculated and then the Green’s functions of the QDs are obtained
by numerically solving their governing kinetic equations using the method of
finite differences. A quantum transport equation using the Green’s functions is
formed to calculate the current. The model [74] has been applied to simulate the
dark current and to extract microscopic information about the density of states and
carrier distribution in the quantum dot bound and continuum states. The simulated
dark currents with this model are in good agreement with experimental results

over a wide range of applied biases and temperatures. The model was also used to
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study the effect on the dark current and the average number of electrons
occupying the QDs due to changing the QD doping density, the barrier separation
between QD layers and the number of QD layers. The model is general and can be
applied to any QDIP structures as a tool in design and for predictions of their dark

current characteristics.

5.1. QUANTUM TRANSPORT MODEL

Theoretical models to study the current of QDIP performance under dark
or light conditions have been made [16, 25, 64-69]. In these models, the current is
obtained from a balance equation between the carrier capture rate and the thermal
and photoexcitation rates. The calculations of these rates contain fitting
parameters obtained by comparisons with the experimental results. Microscopic
models such as those reported in [70, 71], provide a better description of the QDIP
relevant parameters by taking into consideration the QD shape and size to
calculate the QD wavefunctions, which in turn can be used to calculate the
transition rates. The current is calculated using a semiclassical Boltzmann
equation.

A quantum transport model [111-115] can be used to produce a better
description of the electron dynamics in QDIPs as it takes into consideration the
microscopic device structure such as, the shape, size and composition of QDs,
density of QDs, and doping density as well as to the internal structure design. The
advantage of such a quantum transport model is that it gives a general framework
to deal with quantum structure under non-equilibrium conditions such as high
applied biases and in the presence of internal interactions. The interactions inside
the device can be electron-electron, electron-phonon or electron-photon
interactions. According to the type of interactions included, electron scattering
can be elastic, which causes no energy transitions between different energy states
or inelastic which leads to energy transitions. The straightforward way of

including interactions in the system gives considerable flexibility in the types of
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interactions to be included and the degree of approximations to be used depending
on the accuracy required in the results and the complexity of the calculations. The
internal parameters such as density of states (DOS) and electron density, in
addition to the transmission function and current, can be obtained.

In next sections, a theoretical model [74] based on non-equilibrium
Green’s functions (NEGF) is given. The model is used first to calculate the DOS
of the QDs, which then is used to calculate the electron density. A self-consistent
solution of electron density and the average potential energy satisfying Poisson’s
equation has been achieved, allowing determination of the average potential and
the estimated quasi-Fermi level throughout the structure. After obtaining the
potential energy, the Hamiltonian of the QD is obtained and then the Green’s
functions are calculated. Using the quantum transport equation of the Green’s
functions, the dark current of the device is calculated. The model is applied to the
RT-QDIP device discussed before in the previous chapters to calculate the
dependence of the dark current on bias at various temperatures and compare with
the experimental data. This device structure shows better performance in terms of
dark current and operating temperature compared to other conventional QDIPs
since the measured dark current values are two orders of magnitude less than for
conventional QDIP structures [47]. A Green’s function model to calculate the
responsivity of RT-QDIP has been shown in chapter 4. In this model, the retarded
Green’s function contains all the information we need to calculate the DOS and
the electron density since equilibrium conditions are assumed at low applied
biases. The retarded Green’s function is used to calculate the DOS in addition to
the wavefunctions in the continuum part of the spectrum. However, at non-
equilibrium conditions at high applied biases and in the presence of interactions,
the NEGF formalism should be used which combines quantum dynamics with
dissipative interactions. In NEGF formalism, the retarded Green’s function
describes the dynamics of the electrons inside the device, while the correlation

Green’s function is needed to calculate the current and the electronic occupation
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of different energy states at non-equilibrium. The calculated dark current
determined by the given model shows a good agreement with the experimental
results. The model is also used to study the effect of varying the barrier widths
between the QD layers, QD doping density and number of QD layers on the dark
current. The details of the model and the dark current characteristics results are

presented in the following sections.

5.2. STEADY-STATE NEGF

For steady-state transport in a quantum system, The Green’s functions can
be obtained as a function of the total energy. The retarded Green’s function
describes the dynamics of the electrons and its imaginary part gives the localized
density of states of the system. At equilibrium, these states are occupied according
to the Fermi function. However, at non-equilibrium, the states are filled according
to the correlation or the lesser Green’s function. The relation between the retarded

and lesser Green’s functions are through the kinetic equation. The correlation

functions, lesser (G*) and greater (G” ) Green’s functions are given by [79]

G< o GI‘Z(GO and G> sy G)'Z>G(l , (5.1)
where £ and X~ are the lesser (in-scattering) and greater (out-scattering) self-

energy functions of electron due to coupling with the contact layers and

interactions. The electron and hole densities per unit energy are given by
n(r;E)=(-i/27)G*(r,r; E) and p(r; E)=(i/ 27) G* (r,r; E), (5.2)

and the local density of states A(r; E) = n(r; E)+ p(r; E) = -2 Im[G"(r,r; E)] .

For a cylindrically symmetric system as in the case of conically shaped
QDIPs, the potential energy in the vicinity of QDs is invariant under rotation
around QD axis. By considering only local interactions in the system, the self-
energy can be considered independent of rotation angle&. Therefore, the

dimensions of the problem can be reduced from 3D to 2D problem. In cylindrical
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coordinate’s representation, the retarded Green’s function of the system including

local interactions is written as [111]

r r ’ ’ ¥ l ’ ’ ¥
[E—HOp —Zlm(r,z;E)]G 7.7 8. 85,8, K) =—;5(r—r )6(6-6")o(=-12), (5.3)

where the Hamiltonian operator of the system in cylindrical coordinates is given
by
r & 1 18 a8 1 08

(1o
op =T 5 AL r =k r _’_’ An2 +T = + V(I',:) : (54)
2\rorm(r,2)0r m'(r,z)r- 86° 0O0zm(r,z) 0z

and X is the retarded self-energy due to localized interactions. In Eq. (5.4),
V(r,z) is the potential energy seen by the electron and it is given by the
summation of the conduction band offsets shown in Fig. 3-14 and the average
potential energy satisfying Poisson’s equation at the specific applied bias, and m”
and m" are the in-plane and out-of-plane effective masses, respectively. Since the
potential energy and the self-energy are not a function of &, then the z-component

of the angular momentum and the Hamiltonian commute, and hence, the Green’s

function can be written as
iy ’ ’ ' 1 in(6-0 r ' ’ . .
G'(r,7;6,0";z,2",E) =2——Ze"” G (r,r';z,z";E), nis an integer. (5.5)
ﬂ' n

By substituting (5.5) into (5.3) and following the same procedure used before in
chapter 3 to replace the contact layers by self-energy, we end up with
[EI-H,-%,-%;, |G, =[r]", (5.6)
where H_ is the matrix representation of the Hamiltonian obtained using the
finite differences applied to H,, defined in Eq. (5.4) after replacing (62 / 662) by

(—nz) as shown in chapter 3. The subscript » associated with the Green’s

functions, Hamiltonian, and self-energies means that the calculations of these
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matrices are done at a specific value » which is the quantum number of the =-

component of total angular momentum. The Hamiltonian matrix A represents
the non-interacting Hamiltonian of an isolated QD inside the virtual cylinder
enclosing the QD. The coupling between the QD inside the cylinder and the
surrounding, contact layers at specific »n is given by the self-energy 2. . The
localized interactions are given by the self-energy >\ which is independent of ».

The term [#] is a diagonal matrix whose diagonal elements are the radial part of

the position vector of the electron inside the cylinder.

- The diagonal elements of the localized density of states are given by

A(r,z; E)=-2 Im[G'(r,r; 0, 6;:,:;E)]

1 : (5.7)
=—— ) Im| G (r,r;z,2,E) |= ) A (r,z;FE
”;m[ AR )] Zn: (r )
The density of states is obtained from A4 and is given by
D(E) = LTr[A(r, z,E)]= = [27r A(r.z:E)drdz . (5.8)
2 2
The electron and hole densities are given by
n(r,z;E) = (—i/ZE)ZG: (r,r;z,z;E) and
" (5.9)

p(r,z;E)=(i/27)Y G, (r,r;z,z;E)

where G = G;(Z,, % )G: and G, =G, (Z; +z{:n)G:

nt

5.2.1. CALCULATING THE SELF-ENERGY
The self-energy (Z’) and scattering functions (Z< and Z) used in

calculating the retarded (Gr)and correlation Green’s functions (G‘ and G:') are

due to the coupling with the contact layers and internal interactions. Assuming
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that they are independent, then they can be respectively writtenas >" =X/, + 2!,

LT =2+ and 27 =20+ 25

5.2.1.1. Contact layers self-energy

The Hamiltonian used in Eq. (5.6) is for an isolated QD and hence the

contact layers are replaced by the self-energy which is given by [74]

¥ =ot [EI-H ] 1], (5.10)

where 7 is the coupling matrix whose elements are zero every where except at
the interface points inside the contact layers adjacent to the points inside the QD

cylinder and H; is the Hamiltonian of the isolated contact layer.
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Figure 5-1 — Schematic of the lattice grid in -z plane used in the numerical simulation. The
surrounding contact layers are replaced by self-energies at the interface planes of the QD
cylinder

Figure 5-1 shows a schematic of a discrete lattice-grid of an r-z plane
passing through the axis of a QD containing one QD layer including the barriers
that separate it from the previous and adjacent layers. The GaAs barriers above
and below the cylinder in addition to the semi-infinite contact layer for »>R are

replaced by self-energies at the interface points at z=ZL, z=ZL+Zc and at r=R.

106



[ PhD Thesis — Mohamed A. Naser McMaster — Engineering Physics |

The self-energy due to the semi-infinite contact layer is calculated analytically

and shown before in chapter 3 and is given by
T =1'GyR, (5.11)

and G, are the elements of the retarded Green’s function of the contact layer at

r=R+a, t=h*/2ma’is the hopping parameter and « is the lattice grid constant.

The self-energy for the upper barrier is calculated numerically using

: . T "
e =t [EI-Hyc =S | dAnl=rGye| . Inl, (5.12)

where H . is the Hamiltonian of the isolated upper barrier, .. is the portion
of self-energy of the semi-infinite layer >, , from z=ZL+Zc to ==2ZL+Zc, coupled

to the upper barrier at ¥=R-a and G .|  are the elements of the retarded
.2 =a

Green’s function of the upper barrier at the interface points with the QD cylinder.

The self-energy of the lower barrier is given by

r r e 2r
An0=z-?|:EI—HnL0_ZnRO:| fn]=1Gy,

iz} (5.13)

z,2'=Zl-a
where H ;, is the Hamiltonian of the isolated lower barrier, X ;. is the portion
of self-energy of the semi-infinite layer X, , from z=0 to z=ZL, coupled to the

lower GaAs barrier at r=R-a and G | | ., are the elements of the retarded
Z,2=4L-a

Green'’s function of the lower barrier at the interface points with the QD cylinder.
After coupling these self-energies to the Hamiltonian of the QD, it becomes easier
to obtain the retarded Green’s function and the spectral function by inverting a
relatively smaller matrix dimension, instead of dealing with the very big matrix

required by including the QD and the barriers, in a single matrix Hamiltonian.
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By assuming quasi-equilibrium conditions in the contact layers, the
scattering rates are directly related to the self-energies calculated above by the

expression [79]

Zo(E)=if(E),(E) and X; =—i(1- f(E))T,(E), (5.14)
where f(E)is the Fermi function where the states are occupied according to the
quasi-Fermi level of the contact layers and [ (E), the transition rates, is related to

the self-energy by

r,=i(Z,-Zi). (5.15)

The determination of the quasi-Fermi levels of the contact layers, which
represents the boundary conditions of the problem, should be obtained by a self-
consistent solution between the charge density of the device and potential energy

as will be shown in the next section.

5.2.1.2. Interactions self-energy

The self-energy due to interactions depends on the types of interactions to
be included and the degree of approximations to be made. The scattering
functions due to electron-phonon interactions in the first order self-consistent

Born approximation are given by [111]

Y (E)= [ D(EG*(E-E')dE' and ¥;,(E)= [ D(E)G*(E+E)dE'  (5.16)

where D is the correlation Green’s function of the phonons. For localized
interactions, we have three cases for D(F),
e D(E)~S(E) for elastic scattering where there are no energy transitions,
o D(E)~S(Exhw,) for Longitudinal optical scattering where haw, is the
optical phonon energy, and
e D(E)~ E*6(hw,—E) for acoustic phonon scattering where hw, is the

acoustic phonon energy.
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The dependence of the scattering functions and hence the self-energy on
the Green’s functions leads to the requirement of an iterative solution of the
interactions and Green’s functions. It is expected to have a reduced electron-
phonon scattering in QDIP (the phonon bottleneck effect) due to the 3D
confinement and large separation between the energy levels of the QD. The
electron-electron interactions will be treated classically by including the average
potential obtained by solving Poisson’s equation at specific applied bias and
including the QD layer’s space charge, in the total potential energy used in the
Hamiltonian. So for simplicity, in this model, the interaction is chosen to be
constant, independent of energy and position, which broadens the energy levels
equally according to the same scattering rates. The self-energy used in the model

due to interactions is given by

. h
Eo =i (5.17)
4

where 7 is the scattering time. The corresponding scattering functions are given

by

L (E) = (E)iy (E) and 25, (E) =—i(1= f(E)Ty (E) (5.18)

where I',, =i(Z], —z;t)=:—’.

®

5.3. POTENTIAL ENERGY & QUASI-FERMI
LEVEL

The potential energy of the electron in the Hamiltonian is obtained by the
summation of the band offsets of the conduction bands in Fig. 3-14 and the
average potential energy due to the applied bias and the space charge of the QD
layers. The average potential energy satisfies Poisson’s equation with specific
boundary conditions at the contacts. The Poisson’s equation of the average

potential can be expressed as
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d*U
dz=*

(Np(2)-n(z2)), (5.19)

o | %,

where N, and n are the doping and electron densities inside the QD array. The

boundary conditions at the n"-GaAs contacts are 0 and eV, where Vi is
applied bias. The electron charge density in the device is composed of the QD
charge density localized in the QD layers and the charge density due to coupling
with the contacts. The doping and QD electron densities are concentrated in the
QDs and the wetting layers and hence can be approximated by ¢ functions at the
positions of the QD layers. The electron densities due to coupling with the left and
right contacts, n;, and nj respectively, are obtained from the average density of
states due to the coupling with the contacts which are occupied according to the
Fermi levels of the corresponding contacts. So the doping and electron densities

can be written as

M M
Np(2)=D %, 8(z—kW) and n(z) = n (2)+ mg (2)+ Y Zop N, S(z— kW), (5.20)
k=1 k=1

where W is the separation between QD layers, M is the number of QD layers, >,
is sheet doping density, X, is the QD density and »~, is the average number of
electrons per dot in the k-layer. Since the charge densities », and n, depend on

the average density of states which depend on the average potential energy
through the device, a self-consistent solution between the charge density and
potential should be obtained. The average number of electrons per dot is obtained
by integrating the product of the density of states of the QD, which is assumed to

be the same for all QDs in all layers, and the Fermi function, and it is given by

N, = j D(E)f,(E)dE . (5.21)

The states are occupied according to a local quasi-equilibrium Fermi level.

According to the discussions of the capture rates and average occupations of QDs
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by electrons in different QD layers in [69], when the energy relaxation length of
electrons in the QD array is comparable to or longer than the array length, the
average electron energy and capture rates are determined by the average electric
field throughout the device. So in the model described in this chapter, the quasi-
Fermi level during the iterative solution of the potential and the charge density
will be adaptively modified such that it keeps uniform electron occupation
through the QD arrays and be continuous with the equilibrium Fermi levels at the
contacts. So in the middle of the device, the quasi-Fermi level will follow the
average potential energy keeping the separation between them constant value.
This constant value is taken to be the same as the separation between the
maximum value of the potential, and the value of the Fermi level in the contact
that has the higher potential. However near the contacts, the separation between
the average potential and quasi-Fermi changes such that they equal their
corresponding values in the thermal equilibrium contacts.

Assuming a constant Fermi level in the contacts leads to having zero

current inside the contacts J =-oVE, while there is a current inside the device

which is injected from the contacts. This non-conservation of the current is due to
fixing the values of the Fermi levels at the device-contact interface and deeply
inside the contacts. Actually the Fermi level is not constant at the interface and the
current decays exponentially deep inside the contacts. However, assuming
equilibrium boundary conditions simplifies the solution. More discussion on
boundary conditions can be found in [112, 115]. Therefore, the current will be
calculated in the central period of the QD array where the electric field equals its

average value E =V, .,/ L

device *

The charge densities due to coupling with the contacts are given by [115]

m (2) = [ f(E)( AP (= E)ME and g (2) = [ S (E)(42 (zE)E,  (5.22)
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where <AéD(E)> and <A,'1D(E )> are the average density of states due to coupling

with the left and right contacts respectively, and f, and f; are the equilibrium

Fermi functions of the contacts. The average density of states is given by [111]
m E
ID /.. _ 1D . ’ ’
(AL,R(a,E)> =" [ A 5 (2 EVE (5.23)

where
A{i = ﬁerrL.RGlaD' (5.24)

The 1D Green’s function is given by

n d? 3 o | ar " ,
I:E-'-_T_(J(:)—ZL—ZRJ(JID :’:;E)’—‘-é(:—z), (525)

2m d-

where X[, and I',; are the 1D self-energies and the corresponding transition

rates due to coupling with the left and right contacts and they are defined and
calculated before in chapter 4 when the 1D transmission function was calculated
in Eq. (49). So the coupling between the Green’s function and Poisson’s
equation through the potential energy and the charge density leads to the
requirement of a self-consistent solution, as shown in the flow-chart in Fig. 5-2.
The equations of Green’s function and Poisson are solved numerically using the

method of finite differences.
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Initial values of U(z) and E(z) “linear drop”

+ Calculate the 1D Green’s function

Calculate the electron charge density
of QDs and due to contacts

Calculate U(z) using Poisson’s equation

Check convergence of the updated
U(z), n(z) and Ef(z)

No/
C

onverged?
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Figure 5-2 — Flow chart of the numerical solution of the electron density and average potential

energy.

5.4. CURRENT CALCULATION

The terminal current per unit energy injected from a contact L in terms of

the spectral function and lesser Green’s function is given by [79]

i (E) =%Tr[(—fz;)Au -Ty (-iG;)]. (5.26)

Equation (5.26) can be used to calculate the current that exits the QD cylinder to
the contact layer at z=0, crossing the double barrier structure adjacent to the QD.
Since the interactions used in the model are constant, a simple form for the current

can be obtained by substituting

)G, .G, =G, (i(r,, +Fm,)fd)G: and X7, =i ,f, in Eq.

mt

ford,=G. (T, +T

(5.26), after which we get
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i (E) =%Tr[(ﬂ)rno)(0,;(rn +T,)G)-To (G (T, +TW) £)G2)], (527)

and this can be written as

iw(E) =7 Tr[TG, (T, +T) G, |(fo = o) = S LE)A(E) - fu(B)).  (5:28)

Equation (5.28) is the Landauer formalism which can be used to calculate the
current. For constant interactions where we do not include electron-electron or
electron-phonon interactions that cause transition between energy states, the
NEGF gives a straightforward way of calculating the transmission function and
hence the current which can be calculated from Eq. (5.28). When including non-
constant interactions, the current should be calculated from the general equation
(5.26). In equation (5.28), f, and f, are the Fermi functions corresponding to the
quasi-Fermi level of the contact layer at z=0 and at the QD. From the wetting
layer to the top of the cylinder, through the QD height, the quasi-Fermi level of
the dot is kept the same as its average value in the middle of the QD. The
transition rate I' | used in Eq. (5.28) includes the transition rates of the contact
layers from the wetting layer to the top of the cylinder at /=R and z=Zc. The total
current per unit energy and the transmission function are obtained by the sum over

all the values of the quantum number » and is given by

iy(E)=2 in(E) and T(E) =) T,(E). (5.29)
The total current exit the cylinder and the current density of the device are given
by

Iy = [iy(E)dE and J = {gz . (5.30)

T
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5.5. RT-QDIP DARK CURRENT RESULTS

The self-energies of the contact layers coupled to the QD Hamiltonian at
the interface surfaces at =R, z=Zc and z=0, which are X ., >’ and X, are
calculated from Eqs. (5.11), (5.12) and (5.13) respectively. The self-energy of the

semi-infinite contact layer >'. has an analytical solution as shown in chapter 3,
while X'. and X are calculated numerically. The interaction self energy
2, =—i[, /2 is taken the same for all points inside the cylinder where
[,=h/t,=2 meV corresponding to scattering timer, =3.3 ps. The matrix

representation of the spectral function can be used to obtain the DOS such

‘N” A’:
that D(E) =ZZ jax A(ja,ka; E). Figure 5-3 shows the calculated DOS of the

j=l k=l
QD in both bound and continuum energy ranges. As shown in the inset of Fig. 5-
3, there are three bound states lying below the conduction band edge of GaAs,
zero level, and the continuum part of the DOS contains the contributions of the

resonant levels in the quantum well in addition to localized states due to the QD

potential.
T 7
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Figure 5-3 — The DOS vs energy E of the QD. The inset illustrates the position of the bound

states of the QD and the resonant levels in the quantum well relative to the CB of GaAs.
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The DOS shown in Fig. 5-3 is used to calculate the average number of
electrons per dot from Eq. (5.21) which is used in calculating the average

potential energy using Poisson’s equation. The Fermi levels in the (n+ GaAs)

_( E.-E ]
contacts are obtained from n,, =N.e " " ’, wheren

contact

=2x10" cm™is the
doping density, N, is the effective density of states in the conduction band of
GaAs, which is temperature dependent, and E. is the conduction band energy of

GaAs which is taken to be zero. At all applied biases and temperatures, an
iterative solution of the average potential energy, quasi-Fermi level and electron
charge density is obtained as described in the model according to the flow chart of

Fig. 5-2.
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Figure 5-4 — (a) The average potential energy including the band offset variations and the
quasi-Fermi level profile through the device at an applied bias of 3 V and T = 160K. (b) The
average electron charge density of the QD array, including charge density due to coupling

with the contacts, is given at an applied bias of 3 V and T = 160K.
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The average potential energy, quasi-Fermi level and electron charge
density are shown in Fig. 5-4. The results presented in Fig. 5-4 are obtained at a
temperature 7 of 160 K and the applied bias of 3 volts. The results show that the
QD layers are uniformly occupied by electrons and the QD layers near the right
contact are in thermal equilibrium with the contact as their quasi-Fermi level
equals the Fermi level of the contact to satisfy the boundary conditions and to
have the charge density at the device contact interface equal to the electron charge
density just inside the contact for charge continuity. The variation of the band
offsets is added to the average potential energy to illustrate the positions of the
QD layers. In the central QD layer, the electric field almost equals its average

/L

device *

valueV,, The average potential energy and quasi-Fermi level of the

plied
central QD period calculated at a specific value of applied bias and temperature
are used to calculate the total electron potential energy and scattering functions of
the contact layers and interactions. The average potential energy is added to the
band offset variation shown in Fig. 3-14 to obtain the potential energy used to
calculate the Hamiltonian of the QD cylinder. The quasi-Fermi level is used to
calculate the scattering functions >° and X~ of the contact layers and interactions

from Eq. (5-14) and Eq. (5-18) respectively.

Dark Current Density (

2 0 2
Bias Voltage (V)

Figure 5-5 — Measured dark current density as a function of bias in the temperature range 80-
300K [47].
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Figure 5-6 — Comparison between the calculated dark current density by the model and

experimentally measured ones at various temperatures.

Experimental results of the dark current density of RT-QDIP as a function
of applied bias and temperature are shown in Fig. 5-5 and are from Ref. [47]. A
slight asymmetry of the measured dark current with opposite bias polarities can be
due to the asymmetry of the dot heterostructure. The dark current density
calculated from our model as a function of the applied bias and various
temperatures are compared with the experimental results in Fig. 5-6. The
experimental data used in Fig. 5-6 are extracted from Fig. 5-5. The results of the
model show good agreement with the experimental results, especially for bias
values above 0.5 Volt. The sensitivity of calculating the average potential energy
and quasi-Fermi level on the electron charge density is larger at small bias values
than for large biases. The average electron charge density in the device is
calculated from Eqs. (5.21) and (5.22) using numerical integration with respect to
energy. The energy step used is 1 meV and since increasing the temperature
makes it small compared to k7, the accuracy of the numerical integrations used to

calculate the charge density and the dark current increases with increasing
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temperature. Also the convergence criteria chosen in obtaining the average
potential energy and quasi-Fermi level using the flow-chart in Fig. 5-2 is to have a
relative error of 1 percent in the calculated quantities. The same tolerance, grid
step and energy step are used in the calculations of the dark currents for all bias
values and temperatures. Improving the accuracy of the results can be achieved
by decreasing the values of the tolerance and grid step used in addition to using
smaller energy steps. This enables calculating the dark current and electron
density at more energy values which improves the accuracy, but this requires

significantly more memory usage and longer processing/computation time.

5
35X 10 | -
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1
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0 : 2 .
0 50 100 150 200

E (meV)

Figure 5-7 — The current exiting the QD cylinder per unit energy at T=160 K and bias=0.5 V.
The inset shows the transmission function and the DOS at the same bias and temperature
values.

Figure 5-7 shows the current per unit energy that exits the QD cylinder at
an applied bias of 0.5 volts and a temperature 7 of 160 K. The inset shows the
transmission function from the wetting layer to the cylinder surface at z=0 through
the double barrier structure and the DOS. The current curve has its peak at the

position of the resonant levels in the quantum well above the QD. The splitting of
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the peak of the current density per unit energy is due to resonant tunneling
through the energy levels of the QW above the QD. The separation between the
two peaks is comparable to the separation between the energy levels of the QW
appeared as two step functions in Fig. 3-18. The QD bound state appeared in the
continuum part of the spectrum of the DOS in the inset has also contributions on

the shape of the current density peak.
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Figure 5-8 — The average number of electrons per dot as a function of applied bias at different
temperature values.

To improve the performance of the detector, the dependence of the
responsivity and dark current on different design parameters should be obtained
and optimized. Concerning the dark current, quantitative theoretical predictions of
the dark current characteristics for different design parameters are given. The
model has been used to study the effect of changing the design parameters on the
dark current and to extract internal information about carrier distribution in QDs
at different bias voltages and temperatures. The effect of varying the applied bias
and temperature on the number of electrons occupying the QD is shown in Fig. 5-
8. The results show an increase of the average number of electrons per dot with

the applied bias, however there is no significant change with temperature at a
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specific value of bias. From the dark current results of Fig. 5-6, there is significant

increase of the current with bias and temperature.

10"

107
10° T=160 K

o -

¥ ¥ ¥ £ 1 S T 4 ¥ ¥ 1
<100 -50 50 100 150 200 250
4 E (meV)

10 T=300 K

Occupancy of QD states

T M T ¥

-1'00 ’ -5:0 ' 0 50 1 160 ' 1%0 ‘ 260 2&0
E (meV)
Figure 5-9 — Occupation of QD states as a function of electron energy at bias=1 V and T=160
K and 300 K.
In order to illustrate how the average number of electrons per dot almost
does not change with temperature while the dark current increases significantly

with temperature, the occupancy of QD states or the number of electrons per unit

energy which is given by n(E)=)_>" jaxn(ja,ka;E) is calculated. Figure 5-9

J=1 k=1
shows the occupancy of the QD bound and continuum states at an applied bias of
1 V and at 7=160 K and 300 K. The total number of electrons is almost the same;
however, increasing the temperature leads to redistribution of electrons among the
states such that the bound states of high energies and the continuum states become
more occupied at higher temperatures, which leads to an increase in the dark
current. The peaks appeared in fig. 5-9 are corresponding to the bound states of
the QD as appeared in the DOS in Fig. 5-3. However, the positions of the peaks in
Fig. 5-9 are shifted due to the applied bias which increases the average potential
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energy and hence shift the energy levels of the QD. Figure 5-10 shows the

occupancy of QD energy states at a temperature of 160 K and bias values 0.5 V

and 3 V. Increasing the applied bias leads to an increase of the occupancy of all

bound and continuum states as a result of the shift of the QD Fermi level toward

the conduction band edge. The broadening of the Lorentzian shape of the

occupancy of the QD states is dependent on the value of I',,. The value of

I';, used in the model is 2 meV. Using larger values makes the shape of the levels

broader and smaller values gives narrower levels. The broadening of the levels is

related to the scattering time.
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Figure 5-10 — Occupation of QD states as a function of electron energy at T=160 K and

bias=0.5 Vand 3 V.
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Figure 5-11 — The average number of electrons per dot as a function of applied bias at

different doping densities.

The model is also used to study the effect of varying the doping density,
barrier separation between QD layers and number of QD layers on the dark
current characteristics. Figure 5-11 shows the effect of using different doping
densities on the QD average occupation number of electrons. Four different QD
sheet doping densities are used. The doping densities used are defined relative to

the QD density such that >, /> ,,= 0 for undoped layers in the experimental
results shown in Fig. 5-5. Also given are the occupation numbers for 2., /2, =

0.5, 1 and 2. The dark current density at the various doping levels as a function of
bias is shown in Fig. 5-12. The dark current at 0.5 V shows an increase of almost
one and two orders of magnitude corresponding to increasing the relative doping

density from 0 to 1 and to 2 respectively. The increase in the current becomes less

for higher applied biases.
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Figure 5-12 — Dark current density vs. applied bias at T=160 K and at different doping
densities.

Figures 5-13 and 5-14 show the variation of the dark current density vs.
applied bias with varying the barrier separation between the QD layer and the
number of QD layers respectively. Increasing the barrier separation between QD
layers or increasing the number of QD layers leads to a decrease of the dark
current due to the decrease of the average electric field inside the device. The

variation of the dark current becomes more pronounced at higher applied biases.
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Figure 5-13 — Dark current density vs. applied bias at T=160 K and at different barrier
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Figure 5-14 — Dark current density vs. applied bias at T=160 K and at number of QD

layers=10 and 15.
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CHAPTER 6 PHOTOCURRENT
MODELING

Improving the responsivity and detectivity of QDIPs will enhance the
detector performance and allow for the detection of low level optical input signal
and operation at higher temperature. Optimizing the responsivity and detectivity
requires obtaining the dark and photocurrent characteristics of the detector for
different design parameters such as the QD doping density and the separation
between QD layers. Theoretical models to study the current characteristics of
QDIP under dark and illumination conditions have been made [64-69]. The current
is calculated from a classical transport equation that includes balanced thermal
and photoexcitation rates, and capture rates that are calculated classically with
fitting parameters obtained by comparison with experimental results. The semi-
classical Boltzmann equation model was used in [70, 71] to calculate the dark
current and responsivity of a planar array QDIP structure. The microscopic device
structure was used to calculate the electronic wavefunctions for calculating the
thermal and optical transitions which are used to determine the current. Using a
quantum transport model to obtain the current characteristics in QDIPs is
preferable since it fairly describes the quantum transport phenomenon playing a
significant role in the performance of such nano-devices, such as resonant
tunneling and quantum interference, and considers the microscopic device
structure including the shape and size of QDs, heterostructure device structure and
doping density.

Theoretical modeling of the photocurrent of a resonant tunneling (RT)
quantum dot infrared photodetector (QDIP) based on the non-equilibrium Green’s

function (NEGF) is presented in this chapter. The interaction with light used in
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the model is based on the first order dipole approximation and the Fermi-golden
rule which is used to obtain the transition rates due to photon emission or
absorption. The bound states of the QD are obtained by solving numerically the
eigenvalue problem of the Hamiltonian of the QD, while the continuum states are
obtained from the retarded Green’s function. The in-scattering and out-scattering
self-energy functions due to photon interactions are calculated from the total
transition rate and the quasi-Fermi level of the QD. The Green’s functions of the
QDs are obtained by numerically solving their governing kinetic equations using
the method of finite differences. A quantum transport equation using the Green’s
functions is formed to calculate the dark and photocurrent. The model has been
applied to simulate the dark current and responsivity of the RT-QDIP at different
temperatures and applied biases. The simulated dark current and responsivity with
this model are in good agreement with experimental results. The model was used
to study the effect on the dark current and the responsivity due to changing the
QD doping density and the barrier separation between QD layers. The detectivity
of the detector is obtained for different design parameters to get the best

performance

6.1. GREEN’S FUNCTION MODEL

In cylindrical coordinates representation, the retarded Green’s function of

the system including local interactions is given as [111]

[E-H, - (r.5E) |G (r,r":6,8'2,2,E) =%5(r ~r)8(6-6)8(z-="), (6.1)

where the Hamiltonian operator of the system in cylindrical coordinates is given

2 3 5
pileE r B L 1P 0.l e @D
rormr,z)or m(r,z2)r¥r° 86 0zm(r,z) o0z

For a cylindrically symmetric system as in the case of conically shaped QD-based
RT-QDIP, the potential energy in the vicinity of QDs¥(r,z), in Eq. (6.2), is
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invariant under rotation around QD axis and can be considered independent of
rotation angle @. By considering that the interactions with the light and the lattice
are only local, the self-energy>’ (r,z;E), in Eq. (6.1), can be considered
independent of rotation angle 8. Therefore, the dimensions of the problem can be
reduced from 3D to a two-dimensional problem which simplifies the numerical
calculations. In Eq. (6.2), V(r,z) is the potential energy seen by the electron and
is given by the summation of the conduction band offsets between the QD
material and the surrounding barrier materials, and the average potential energy
satisfying Poisson’s equation at a specific applied bias as shown before in chapter

5. The Green’s function can be written as

g4y d g ]

. | ; e ’ .
G (10,0, E)= 2—Ze""”“’)G,' (r,r",z,z",E), nis an integer. (6.3)
g

n

The retarded Green’s function at a specific quantum number » can be
obtained by substituting (6.3) into (6.1) and following the same procedure used

before in chapter 5 to replace the contact layers by self-energy, we get

|EI-H,-%,-%;, |G, =T, (6.4)
where H_ is the matrix representation of the Hamiltonian obtained using the
finite differences applied to H_ defined in Eq. (6.2) after replacing (62/0192)

by(—nz). The subscript » represents the quantum number associated with z-

component of total angular momentum and all matrices corresponding to the
Hamiltonian, self-energies and Green’s functions are calculated at a specific value

of n. The term [r] is a diagonal matrix whose diagonal elements are the radial
part of the position vector of the electron inside the cylinder. The Hamiltonian
matrix H, is the non-interacting Hamiltonian of an isolated cylinder
encompassing one QD. Zero boundary conditions are taken forH  at the

cylindrical surface, and so the coupling between the QD inside the cylinder and
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the surrounding contact layers at specific », is compensated by adding the self-
energy >, at the cylindrical surface. The internal interactions inside the cylinder,

electron-photon interaction and interaction with the lattice, are assumed to be
localized. The interaction with light is modeled using the first order dipole
approximation and the Fermi golden rule, and it depends on n, while the
interaction with the lattice is taken to be constant, independent on energy and
position as assumed before in chapter 5. The localized interactions are given by

r

the self-energy 20, =2 ;o + Ziuice » Which is the summation of the interaction

with light and lattice respectively. From the retarded Green’s function, the

localized density of states is calculated from

A(r,z; E)=-2 Im[G"(r, ¥:0,6;z z; E)]

6.5
=—lZIm[G;(r,r;z,z;E)]=ZAn(r,z;E) W
iz’ n n
The lesser and greater Green’s functions are given by
Gn< = Gr: (Z; +z:—lighl +Z;;nice )G;
5 (6.6)

Gn = Gl: (Z: + Z;-lighl + Z i;ttice ) G:

where the >° and X~ are the lesser and greater self-energies corresponding to the
in-scattering and out-scattering processes, respectively. The calculations of these
functions will be given in the next section. The electron and hole densities per unit

energy are related to the lesser and greater Green’s functions, and are given by

n(r.z;E) = (—i/ZE)ZG; (r,r;z2,2,E),

and (6.7)
pr,z;E)=(i/27)) G, (r,r;z,z,E)
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6.1.1. CALCULATING THE SELF-ENERGY

The self-energy (Z") and scattering functions (Z< and Z) in the

cylindrical system that include one QD inside have contributions from the
coupling with surrounding contact layers outside the cylinder, and the internal
interactions with the lattice and the light. Assuming that these sources are

independent, the self-energy and scattering functions can be written as

. , .

Z = Zn~v:l + z;-light + Z;anicc ’

and (6.8)
< < = >

2" = o * s ¥ Totiice and X7 =3%",+ Zontiie F Liics -
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Figure 6-1 — (a) Schematic of the conduction band profile of the RT-QDIP demonstrating the

(a)

heterostructure of one QD layer and the energy levels of the QD and the quantum well (in
meV), relative to CB bottom in GaAs; the QD composition is Ing sGag ¢QAs . (b) Schematic of
the lattice grid in »-z plane used in the numerical simulation. The surrounding contact layers

are replaced by self-energies at the interface planes of the QD cylinder.
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6.1.1.1. Contact layers self-energy
The self-energy due to coupling with the contact layers at a specific value

of n at the cylindrical surface as shown in Fig. 6-1 is given by [74, 75]

o=t [ET-H ] #n], (6.9)

n-cl —

where 7 is the coupling matrix whose elements are zero every where except at
the interface points inside the contact layers adjacent to the points inside the QD

cylinder and H; is the Hamiltonian of the isolated contact layer. The calculations
of the self-energiesX;, X, and>;, at the cylindrical surfaces
z=0,z=Z., and r = R respectively, from Eq. (6.9) have been shown in chapter

5. By assuming that the contact layers are at quasi-equilibrium conditions, then
the scattering rates are directly related to the self-energies calculated above by the

expression [79]

Z:-CI(E)':if(E)rn—cl(E) and Z:—al :_i(l_f(E))rn-cl(E) > (610)

where f(E)is the Fermi function where the states are occupied according to the

quasi-Fermi level of the contact layers andI"__(E), the transition rates, is related

n-cl

to the self-energy by

rn—cl =5 (Z;-cl - Z:—cl ) (6 11 )

The determination of the quasi-Fermi levels of the contact layers, which
represents the boundary conditions of the problem, should be obtained by a self-
consistent solution between the charge density of the device and potential energy

as shown in chapter 5.

6.1.1.2, Interactions self-energy

In this model, for simplicity, the self-energy due to interactions with the

lattice is chosen to be constant, independent of energy and position, which
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broadens the energy levels equally according to the same scattering rates. The
self-energy used in the model due to interactions with the lattice is the same at

every lattice point of the grid in Fig. 6-1, and is given by

. h
I_’
22’¢

Z{anice = (612)

where 7, is the scattering time. The corresponding scattering functions are given

by

Z:'mice (E) = if(E)rlam'ce (E), and

; (6.13)
;mice (E) = —1(1 - f(E))rhmce (E),

lattice

where T —i(Z,'am-ce—Zf;m)=i. This simplified way of modeling the self-
T
14

energy and scattering functions for lattice interaction inside the cylinder simplifies
the calculations, since the self-consistent Born approximation of modeling the
interactions with optical and acoustic phonons requires an iterative solution
between the Green’s function and the self-energy functions. The model assumes
elastic scattering, since there is no energy transition between different energy
states, and the transition between energy states through the in-scattering or out-
scattering processes are assumed to be due to interaction with light through
photon absorption and emission respectively.

The interaction with light is treated within the first order dipole
approximation and Fermi golden rule, and the transition rate between an initial

and final state due to photon absorption or emission is given by [109, 110]

2
S(E, —E,—ho), (6.14)

I—mn =a ‘g'<'//m IC_I_’_| l//n>

m
where #ho is the photon energy, E_ and E, are the energies of the initial and
final states, e is the polarization direction of the incident light,

M = g.(t//mle_r_| !/I"> is the electric dipole moment and « is the proportionality
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constant which relates the transition rate to the imaginary part of the self-energy.
The width of the broadening of an energy state described by the imaginary part of
the self-energy gives the decay rate of this state. For a cylindrically symmetric

problem, the wavefunctions can be assumed in the form

¥ (r.0.2)="p lr,5). (6.15)

Therefore, for normal incidence light, the electric field is polarized in the in-plane
directions, that is, x- or y-directions, and for example, for the x-polarized electric

field, the dipole moment is given by

= X, <l//m ler| y/m> = <ei'"6q)m (r,2)|ex|e™ o, (r, z)>

. 6.16
= e<e’""i”‘9q)ﬂI (r, z)lr cos 0| "o (r, :)) (6.16)

Equation (6.16) gives the selection rule for optical transition for normal incidence.
The allowed energy transition between the bound and continuum states differ in
the quantum number n byz+1, otherwise the integration over € will make the
dipole moment vanish. The bound states in the quantum dots are calculated by
solving an eigenvalue problem assuming zero boundary conditions at the
cylinder’s surface, while the Green’s function method is used to calculate the
wavefunction in the continuum part as shown in chapter 4. The transition rate,
which is the summation of the in-scattering and out-scattering rates, of the state

with quantum number » and energy E, is given by

'S5(E-E,, —ho), (6.17)

rn-light(E) = a'E-<Wn(E)IeK| V’..ﬂ)

which gives the summation of the in-scattering transition rate (—iZ; ) to the
state (n, E) from the bound state in the QD, y,,,, due to photon absorption, and
the out-scattering rate (iZ; ) from the state (n, E) to the bound state y,,, due to

a photon emission. The corresponding scattering functions, assuming that the QD

is occupied according to a quasi-equilibrium Fermi function are given by
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nlmh((E) nhc,hr(E)f( 11)
and (6.18)

nhgh!(E) nhght(E)(l —‘f(Enil))‘

The in-scattering function is the multiplication of the transition rate and the Fermi
function at the bound state that gives the occupancy of the bound state assuming
that the continuum state is empty, while the out-scattering function gives the
capture rate from the assumed occupied continuum state to the empty bound state.
The summation of the in-scattering and out-scattering functions gives the decay

rate of the state, which is the total transition rate such that

rn—lighl (E) = _iz:-light (E) i iz;-ligh: (E) > (6 1 9)

Equations (6.17), (6.18), and (6.19) show that the decay rate or the total transition
rate of the state due to interaction with light is dependent only on the dipole
moment and independent of temperature, while the in-scattering and out-
scattering parts of the total transition rate depend on temperature through the
Fermi function. The absolute value of the proportionality constant & was found to
not affect the actual value of the responsivity which mainly depends on the ratio
between the in-scattering and out-scattering functions and the total transition rate.
Increasing the magnitude of this constant leads to a smoother responsivity curve
without actually affecting its magnitude significantly. So choosing a suitable
value fora, corresponding to decay rate of around ~100 meV, gives very

acceptable results. The self-energy due to the interaction with the light is given as

Z g (E) ==Ly, (E)/ 2. (6.20)

The self-energy and scattering functions X ;. , X500 Zoygn> and Iy given by

equation (6.17), (6.18), and (6.20) are assumed to have non-zero values only at
the gray area representing the QD, where photoexcitation and capture occur, and

are zero elsewhere.
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6.2. CURRENT CALCULATION

The terminal current per unit energy injected from a contact L at a specific
quantum number » in terms of the lesser Green’s function and the spectral

function or the greater Green’s function [111] is given by

i, (E) =§Tr[(—i2;)4, -, (-iG;)]
=21 (=125 )(16;) - (222 ) (-i65)]

Equation (6.21) gives the terminal current per unit energy that enters the QD

(6.21)

cylinder from the contact layer L. It can be explained using simple arguments. In

the first term (—i Z;L) is the rate of in-scattering into an empty state from the

contact layer L, and (iG: ) is the density of empty states. Therefore, the first term

gives the actual rate of in-scattering and in the same way, the second term gives
the rate of out-scattering and the difference gives the net inflow of electrons.
Equation (6.21) can be used to calculate the current that exits the QD cylinder to
the contact layer at z=0, crossing the double barrier structure adjacent to the QD.

In the absence of light, the terminal current is the dark current

andX®

n-light

=Y. =0. Since the interactions with the lattice used in the model are

n-light
constant, the Landauer formula can be obtained from Eq. (6.21) to calculate the
dark current as show before in chapter 5. The dark current per unit energy at a

specific value of n at the contact layer at z=0 is given by

ok () = L (E)(fo(E)~ £ E)).
and
Tu (E) =Tr I:rn()GrIl (rn + rlamce )G: ]

(6.22)

In Equation (6.22), f, and f, are the Fermi functions corresponding to the quasi-
Fermi level of the contact layer at z=0 and at the QD respectively.
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In the presence of light, Eq. (6.21) can be used to calculate the total terminal
current in the contact layer at z=0. The photocurrent part can be obtained from Eq.
(6.21) by using the in-scattering and out-scattering function due to light

interactions in the lesser and greater Green’s function, and is given by

inO-photo (E)= %Tr I:(_i Z:L )(’G:: Z;-lighl G: ) . (i Z;L ) (“’tiZ z:—ligh( G: )} : (6.23)

The photocurrent given by Eq. (6.23) is the total current minus the dark current,

and the total terminal current is given by

inO(E) = inO—dark (E) + inO-photo (E) - (624)

The total terminal current flowing from the contact layer to the cylinder is

obtained by the sum over all the values of the quantum number » and the

integration over all energy values, and is given by
I, = [iy(E)dE and iy(E) = Y i(E). (6.25)

6.3. DETECTIVITY

The detectivity of the detector can be calculated from [47]

RAI/Z Hzl,fz
R, l:cm. } (6:26)

D=—gm| Ty
where R, is the peak responsivity, S, is the noise density spectra and A is the

detector area. The noise density is related to the dark current, as shown
experimentally, through the relation [49]
S. 1

= J +-———,
IR (6.27)
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where g is the photoconductive gain, and N is the number of QD layers. For a
large value of N, the second term can be neglected compared to the first term and

the noise density can be approximated by

S = [agl,. g . (6.28)
6.4. RT-QDIP PHOTOCURRENT RESULTS

The model is applied to the RT-QDIP reported in [47, 48]. A schematic
diagram of the conduction band profile of one QD layer of the RT-QDIP is shown
in Fig. 6-1(a) and its description was given before in the previous chapters.

The measured responsivity of the RT-QDIP at 2 V applied bias and at
different temperatures [48] is shown in Fig. 6-2. The detector has a response at 6
wm, a far-infrared response at 16 um in addition to weak responses at 8 and 11
um. The peak detectivity measured is 2.4x10' cm.Hz"* /W for the response at 6
um at 80 K and 2 V applied bias [48]. The responsivity at 16 pum increases with
temperature due to the increase of the occupation of the second excited states and
disappears at low temperatures. The 300 K responsivity at 16 pm is 0.16 A/W and
the detectivity is~ 10" ecm.Hz"* / W [48].
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Figure 6-2 — The measured responsivity of the RT QDIP [48].
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The response at 80 K as a function of bias is shown in Fig. 6-3(a) [47]. The dark
current characteristics of the detector are shown in Fig. 6-3(b) [74]. The 6 um
peak increases with bias from 0.05 A/W at 2 V to 0.3 A/W at 3 V, while the
corresponding dark current increase is much larger at the same temperature and
applied bias. Increasing the applied bias will improve the responsivity, but will
decrease the detectivity due to the bigger increase of the dark current.
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Figure 6-3 — (a) The measured responsivity of the RT-QDIP at the bias range from 2 to 4 V
[47]. (b) The dark current of the RT-QDIP at various bias and temperatures by both the model

[74] and measurements [47].
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To interpret the responsivity curve in Fig. 6-2, the number of states per
unit energy in the cylindrical volume shown in Fig. 6-1(b), is calculated and
shown in Fig. 6-4. The retarded Green’s function at each value of » is calculated
from Eq. (6.4) using a matrix inversion, and from which the localized density of
states is obtained at different values of » from Eq. (6.5). The density of states
shown in Fig. 6-4 is then obtained by integrating over the space of the cylindrical
volume of the localized density of states. The details of the calculations are
described before in chapter 3. The QD has 3 bound states. At zero applied bias,
the ground state is at E=-178 meV, relative to the CB edge of GaAs,
corresponding to #n=0. The first excited state is at E=-109 meV corresponding to
n=1, while the second excited state is at E=-45 meV, corresponding to »=0 and 2.
The transition between the three bound states and the continuum states gives the

peaks appearing in the responsivity curve.
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Figure 6-4 — The density of states of the RT QDIP. The bound states are from the
contributions of the terms in Eq. (5) corresponding to #»=0, 1, and 2. The second excited state
has contributions from »=0 and »=2 as they are degenerate. The continuum states for £>0 has

contributions from all terms in the series in Eq. (5).
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Using the model described above, the calculated responsivity at 2 V
applied bias and at three different temperatures is given in Fig. 6-5. The model
gives peak responses at 6 pum and 16 pum in addition to two smaller peaks at 8 pm
and 11 pm. The positions of the peaks as well as the relative amplitude of the
peaks show good agreement with the experimental data in Fig. 6-2. The
responsivity curve in Fig. 6-5 is obtained by the summation of all photocurrent
components at different values of » due to the optical transitions between the

bound states of the QD and the continuum states.
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Figure 6-5 — Calculated responsivity by the model at different temperatures and 2 V applied
bias.
The in-scattering functions due to the transitions from different bound

states to the continuum states at 2 V and 300 K are shown in Fig. 6-6. For photon

hc s ‘
energy hw = the transition from a bound state corresponding to » and energy
E, will be to a continuum state corresponding to #7+1 and energy E such

he : . .
that7 = E-E,. The in-scattering function 2;, from the ground state at »=0 to

the continuum states at #=1 as a function of the photon wavelength is shown in

Fig. 6-6(a). The mid-infrared contribution of the responsivity at the 6 um is due to
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the transition from the ground state of the QD. Figure 6-6(b) shows the in-
scattering functions from the first excited state at n=1, to the continuum states
corresponding to »=0 and »=2. The two transitions give the peaks in the
responsivity at 8 um and 11 pm. The far-infrared peak at 16 um is obtained due to
the transitions for the second excited state at »=0 to the continuum states at n=1

and the transitions from the second excited state at n=2 to the continuum states at

n=1 and n=3 as shown in Fig. 6-6(c) and (d). The in-scattering functions X;, and
25, are added together since the excited states corresponding to #=0 and 2 have

the same energy and the transitions from both of them to the continuum state at
n=1 are correspond to the same photon energy. The in-scattering, out-scattering

and total transition functions >°, >~ and I' are calculated using Equations (17)

and (18).
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Figure 6-6 — In-scattering rate functions, as a function of the photon wavelength, due to
electron transition from (a) the ground state at #=0 to the continuum at n=1, (b) the first
excited state at »=1 to the continuum at »=0 and 2, (c) the excited states at »=0 and 2 to the

continuum at #=1, (d) the second excited states at »=2 to the continuum at »=3.
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The photocurrent components corresponding to the transition from the

bound states of the QD to the continuum states at 2 V and 300 K are shown in Fig.

6-7. The photocurrent at different values of n is calculated from Eq. (6.23) and it

is given as a function of the photon wavelength. The superposition of the entire

photocurrent component shown in Fig. 6-7 gives the responsivity curve in Fig. 6-
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Figure 6-7 — The different photocurrent components a function of the photon wavelength, for

the transitions from the bound states of the QD to the continuum states.

The mid-infrared peak at 6 um corresponding to the transition from the ground

state at n=0 to the continuum states at n=1, at 80 K and at different applied biases

is shown in Fig. 6-8. The splitting of the peak is due to the overlap of the

wavefunctions in the double barrier and the quantum well. The separation

between the two peaks at 6 pm and 6.7 um is ~ 21 meV which is comparable to

the observed one. The increase of the responsivity with applied bias is due to the
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increase of the occupation of the ground state which increases the in-scattering
rate from the bound to the continuum state and the increase of the electric field
that increase the transmission function.
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Figure 6-8 — The calculated responsivity of the RT-QDIP at the bias range from 2 to 4 V at
80 K.
The mid-infrared responsivity at 6 um and at T=80 K as a function of

applied bias is shown in Fig. 6-9. The responsivity shows an increase of almost
one order of magnitude when the bias increased from 1 V to 2 V and again from 2
V to 4 V. However, the rate of increase of the dark current is much larger, as seen
in Fig. 6-3, which means lower detectivity values will be obtained at large values
of applied bias. So, the increase of the applied bias to increase the detector
responsivity will be limited by having lower detectivity values.

The detectivity of the detector is calculated from Eq. (6.26) using the peak
responsivity and the noise spectrum. The noise spectrum can be approximated by
Eq. (6.28) and, obtained from the dark current characteristics and the
photoconductive gain. The photoconductive gain of the detector is obtained
experimentally from the measured dark current and noise spectra [49]. The
photoconductive gain used in the model 1is approximated by the
relation g =1+ Aexp(BV), where 4=10~ and B=4.6 V', Figure 6-10 shows the
approximate photoconductive gain used in the model and the inset shows the
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measured one from the dark current and noise spectra in [47]. The gain is almost

one for bias values less than 2V and increases almost exponentially for biases

greater than 2 V due to avalanche effect [47].
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Figure 6-9 — The peak responsivity at 6 jum as a function of applied bias at 80 K.
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Figure 6-10 — The photoconductive gain used by the model as a function of applied bias, the

inset shows the measured photoconductive gain of the 5.7 pm peak response at 80 K [47].

Using the peak responsivity values of the 6 pm peak at T=80 K, the dark

current characteristics, the photoconductive gain at 80 K, and Eq. (6.26), the

detectivity of the detector as a function of bias is calculated and shown in Fig. 6-

11. The detectivity initially increases with bias and reaches maximum value of
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3x10" cmHz"? /W at 2 V due to the increase of the responsivity with bias while
the dark current values are not large. However, increasing the bias beyond 2 V
will increase the dark current at a higher rate than the responsivity rate of
increase. In addition the increase of the photoconductive gain, which increases the
noise, will drop the detectivity of the detector as shown in Fig. 6-11. The

172

detectivity drops to 4.15x10” cmHz">/W at 4 V. The detectivity values

calculated by the model shows agreement with the calculated detectivity in [47].
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Figure 6-11- The peak detectivity by the model at 6 pm and 80 K.

The model is also used to test the effect of the doping of the QD layers and
the width of the barrier between the layers, on the photocurrent, dark current and
detectivity characteristics. The RT-QDIP modeled in the chapter is 10 layers and
the barrier separation between the layers is 40 nm and the QDs are undoped. In
the modeling, the barrier separation values used in the calculations were 30, 40,

and 50 nm. The relative doping density>, />, the ratio of the sheet doping

density to the QD density, were 0, 0.5, 1, and 2 corresponding to 0, 0.5, 1, and 2
electrons per dot respectively. Figure 6-12 shows the peak responsivity at 6 pm
and 80 K and an applied bias of 2 V as a function of relative doping density and at

different barrier widths. The average electric field in the detector and occupation
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of the QD bound states will be affected by the doping density and the barrier
width. As discussed in chapter 5, a self-consistent solution of the charge density and
the average potential energy through the device and satisfying Poisson’s equation has
been used to determine the quasi Fermi level and to calculate the in-scattering rates at
different design parameters. The responsivity increases with the increase of the
doping density and decreases with the increase of the barrier width as shown in
Fig. 6-12. Increasing the relative doping density beyond that corresponding to
more than 1 electron per dot produces only a small improvement in the mid-
infrared responsivity since the ground state of the detector is almost fully

occupied by 2 electrons per dot and the in-scattering rate does not increase.
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Figure 6-12- The peak responsivity at 2 V and 80 K as a function of the relative doping
density and at different barrier widths.
Figure 6-13 shows the dark current values at 2 V applied bias and 80 K as
a function of relative doping density and at different barrier widths. The dark
current shows a monotonic increase with doping density. The value of the dark
current increases almost three orders of magnitude when the relative doping
density changes from O to 2. The increase of the barrier width from 30 nm to 50

nm decreases the dark current more than one order of magnitude.
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Figure 6-13— The dark current at 2 V and 80 K as a function of the relative doping density and
at different barrier widths.

From the peak responsivity and dark current values shown above, the
detectivity of the detector can be obtained at different doping densities and barrier
widths. The mid-infrared peak detectivity at 2 V and 80 K is shown in Fig. 6-14.
The increase of the doping density reduces the detectivity due to the higher rate of
increase of the dark current above the photocurrent. Increasing the barrier width
increases the detectivity due to the decrease in the dark current. The responsivity
also decreases with the barrier width, but the decrease in the dark current is
greater. The results of the Fig. 6-14 show that a larger barrier width and small
doping density can give higher detectivity values, as the 0.5 relative doping and
50 nm barrier width gives higher detectivity than the undoped QDs with 40 nm
barrier width. The responsivity of the detector can be improved by increasing the
QD density in all layers and the number of QD layers, in order to increase the
light absorption. Also, increasing both number of layers and the QD density in all
layers results in a lower dark current. However, when we change the bias, the
rates of increase in responsivity and dark current are different. Therefore, there is

an optimum bias (see Fig. 6-11) at which the detectivity peaks, indicating the
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mass approximation. The governing equation of the Green’s functions is obtained
in the cylindrical coordinates to be suitable for conical shaped QDs that have a
cylindrical symmetry around its axis. Making use of the cylindrical symmetry and
assuming local interactions allow reduction of the size of the problem to 2D
instead of 3D which simplifies the numerical solution. The differential equation of
the retarded Green’s function in the cylindrical coordinates is discretized using the
method of finite differences and the retarded Green’s function matrix is obtained
by a matrix inversion.

The localized DOS of the QD is obtained from the retarded Green’s
function and from which both the discrete energy levels and the continuum states
above the QD barrier is obtained. The DOS shows all possible energy transitions
which indicate the operating wavelengths of the detector. The model is used to
calculate the spectral function and density of states of different QDIPs such as the
QDWELL, SL-QDIP and RT-QDIP. Information of electronic states, operating
wavelengths and allowed energy transitions are obtained and they are in a good
agreement with experimental results.

The responsivity of QDIPs is calculated using the first-order dipole
approximation and Fermi-golden rule. The bound states of the QD are obtained by
solving the Hamiltonian eigenvalue problem, while the continuum states are
obtained using the retarded Green’s function. The responsivity results by the
mode] are compared with the measured data and they are in good agreement with
the experimental results. The model is used for optimizing the responsivity with
respect to the shape and size of QDs to have an insight about the growth
conditions that give best responsivity values. QDs with larger height-to-diameter
ratio and small size QDs show high responsivity values.

The quantum transport equation of the NEGF is solved numerically to
calculate the dark and photocurrent of the RT-QDIP. The interaction with light for
photocurrent calculations has been done using the first order dipole moment and

the Fermi-golden rule. A self-consistent solution of the charge density using the
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density of states of the QDs and the average potential energy through the device
and satisfying Poisson’s equation has been done to obtain the quasi Fermi level
and the average potential energy through the device. The model results for the
dark and photocurrent are in good agreement with the experimental results. The
model has been used for theoretical predictions of the dark and photocurrent
characteristics at other design parameters. The effect of using different design
parameters such as the number of QD layers, the barrier separation between the
layers and the doping density on the dark and photocurrent has been obtained.

The detectivity of the RT-QDIP has been calculated at different design
parameters. The results shows a trade off between the responsivity and detectivity
and what determines the best performance is how much the rate of increase of the
photocurrent and dark current is affected by the different design parameters.

The models developed in the thesis show good matching with
experimental results. The models can be used as a tool of characterization of
different QDIP structures to get the operating wavelengths, the relative strength of
the responsivity peaks, the dark and photocurrent characteristics and the detector
detectivity at different design parameters. This allows the best design for final
device fabrication to be found saving money and time. In addition it is possible to
establish the characteristics of new structures to ensure that they will meet the
required specifications before their actual growth and processing. So, the
outcomes of this research will allow for efficient device design with optimized

performance with respect to operating wavelength, responsivity, detectivity, etc.

7.2. FUTURE WORK

The present research lays the foundation for developing quantum transport
models based on NEGF to describe the main characteristics of QDIPs. The goal of
these models is to understand the physical operations of these nano-devices in
order to have an insight of how the detector design can be improved such that it

gives the optimized performance efficiently fulfilling the required characteristics.
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There is a trade off between the accuracy of the model and its complexity.
Therefore, for good results a compromise between the accuracy and complexity is
necessary. More research is required to improve and upgrade the models
developed in the thesis to make them more accurate and to calculate more
physical quantities required in fully characterizing the QDIPs. Some of these

recommendations will be described in this section

7.2.1. INTERMIXING AND STRAIN EFFECT

The models developed in the thesis are based on a single band effective
mass approximation. The QDIPs modeled are unipolar devices and the values of
the conduction band offsets and electron effective masses are used to solve the
differential equation of the Green’s function. As described in chapter 3, all points
in the lattice grid associated to the QD have single values for the potential energy
and electron effective mass and the same thing for the QW and barrier regions.
This means that no intermixing is assumed between the QD material and the
material corresponding to the surrounding barriers. For example, for InAs QDs
grown on GaAs, the model assumed no intermixing between In and Ga to get a
simplified potential energy and effective mass profiles. The real situation is that
intermixing between different heterostructure materials [116, 117, 118] does occur
which will modify the values of the band offsets and effective masses [125]. Also
the strain field distribution in the QD region will affect the values of band offsets
and effective masses such that they will have a specific distribution in the QD and
the surrounding regions. The numerical model developed in the thesis is general
and can accept any input potential energy and effective masses profile if known.
So finding out the exact compositions of the QD and the surrounding barrier in
addition to the effect of the strain field distribution on the values of the
conduction band offsets and effective masses will allow the model to describe a

more realistic configuration of the QD region and hence giving better results.
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7.2.2. NON-UNIFORMITY OF QDS SIZE, AND
DISTRIBUTION

One of the assumptions used in the model to simplify the calculations is
that it actually describes a uniform distribution of QDs in the layers of the
detector in addition to using the average values of height and diameter of QDs in
the calculations. This gives symmetry that allows, for example, calculating the
portion of the current that passes through one QD and then the total current is the
QD density times this portion of the current. In addition it simplifies the
calculations of the DOS, energy eigenvalues and the corresponding
wavefunctions. The model used in the thesis considered the uncertainty in the
shape and size of QDs by using average values for the height and diameter of the
QDs by adding a small imaginary part to the electron energy in the equation.
Adding this small imaginary part causes broadening to the energy levels such that
they have a Gaussian shape instead of sharp delta functions obtained when all
QDs have the same shape and size. A better description of the random shape and
size of QDs can be done through a sensitivity analysis technique described in [119,
120, 121]. This technique gives an estimate about the rate of change of a specific
physical quantity as a function of one of the dimensional parameters, for example.
In this way there is no need of multiple simulations to scan all possible values of
heights and diameters of QDs and instead, the average values can be used one
time in the simulation and then the sensitivity analysis will give the corresponding
simulation values at other values of QD sizes. So including this technique may

save time of repeating the simulations in case other QDs need to be tested.

7.2.3. INTERACTION WITH THE LATTICE

The NEGF model gives a straightforward way of including interactions in
the system whether with the surrounding contacts or internally in the QDs and the
surrounding barriers. The types of interactions to be included and the degree of

approximations to be used determine both the accuracy and the complexity of the
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calculations. The interactions with the lattice are modeled in its simplest form.
The self-energy due to lattice interactions is assumed to be constant independent
on energy and position and corresponding to localized elastic scattering of a
constant scattering rate. This simple form of self-energy does not require a self-
consistent solutions between the Green’s functions and the self-energy as in the
case of considering the self-consistent first order Born approximation for
modeling electron phonon interactions. A realistic description of the interaction
with the lattice requires including self-energies corresponding to interactions
between electrons and longitudinal and acoustic phonons, but a self-consistent
solution is needed in this case. Assuming constant and uniform scattering rates
simplifies the calculations but it might not be valid for high applied biases and
high temperature. The electron-electron interaction is considered qualitatively in
the model through a self-consistent solution between the electron density and the
potential energy as shown in chapter 5. A better description of electron-electron
interaction can be done through the Hartree-Fock approximation to calculate the

self-energy due to the charges of the QD and surrounding QDs.

7.2.4. TEMPERATURE EFFECT ON RESPONSIVITY

One important aspect that should have further interest and focus in future
research is the effect of temperature on the responsivity of the detector [122- 124].
In chapter 6, the photocurrent model uses a simplified version of the interaction
with the lattice that does not include inelastic scattering and the energy transitions
are only due to interaction with light. Therefore the total decay rate of a state is
independent of temperature while the in-scattering and out-scattering transition
rates are a function of temperature through a quasi-Fermi function. This
assumption does not show a decrease of the responsivity with temperature for the
mid-infrared as expected, while the far-infrared peak is increased and not
decreased due to the increase of the occupation of the higher excited states with

temperature as shown in Fig. 6-5. Further research on interactions with the lattice
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and the temperature effect on the responsivity is recommended to give better

solution the problem.

7.2.5. TRANSIENT RESPONSE

Furthermore, there is one important characteristic of QDIP that has not
been discussed in this work which might be useful for some applications. The
transient response of the QDIP should be modeled for fluorescent applications
where the time decay of the received pulse is important. The models in the thesis
focus on DC applications such as thermal imaging and focal plane arrays where
the signal is in steady state. For time varying signal, the transient response for the
responsivity is needed. Some techniques to model the transient response in
QWIPs have been shown in [126-128] using Monte Carlo methods. For an accurate
description of the transient response in a quantum system like a QDIP, the real
time Green’s functions can be used to calculate the responsivity as a function of
time [129]. Further research is needed to solve the problem without adding a lot
of complexity due to the increase of the dimensions of the problem by adding an
extra time axis. One simple way would be to obtain a circuit model for the QDIP
in order to estimate a time constant RC for the detector. The time constant could
be obtained by calculating the resistance of the barrier material between the QD
layers and the equivalent capacitance between the contacts of the detector taking

into consideration the QD capacitance in the layers.
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APPENDIX A

The Hamiltonian in cylindrical coordinates assuming that the potential
energy has azimuthal symmetry and does not depend on the rotation angle & is

given by

hz(_l_érélléz_(zla
2 ~

—— —_—— —_——t - — |+ V(r,z Al
rorm(r,z)0r m'(r,z)r- 060° 0Oz m(r,z) 62} (r.2) )
Assuming that the eigenfunctions of the Hamiltonian have the form

Y, (r,6,2) ="y, (r,z2) (A.2)
Therefore

Hl}l" = Enq/n (A'3)

=

Substituting (A.2) into (A.3) and making use of aa;;" =-n"¥,, the angular part

dependence can be removed and we end up with

Hn(//n = Enl//n (A4)

and

A 5 —j +V(r,z) (A.5)

nw(le r 0 - 1 o 1 @
H =% "= r - 7 —2 EN z -
rorm(r,z)0r m'(r,z)r- 0Oz m'(r,z)0z

The differential operator in (A.5) can be discretized according to the grid

representation shown in Fig. Al as follows:
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I,,j+1

N,

A
- 4/[L 8J\12J\16\;\

Figure A 1 — (a) Schematic of a 16 points grid used to discretize the Hamiltonian operator. (b)
A lattice point and the 4 surrounding points showing the relation between the number of the
point in the lattice and the corresponding indices in the radial part i=1 to 4 and the z part j=1

to 4. (c) Schematic shows that each lattice point has 5 places of non-zero values in the

Hamiltonian matrix.

The radial differential part is given by

[[16 r 6) :l 1{ r 6) [r 0) }
o ey faoes lee ol [ oy O O
r or m'(r,z) Or ;o anL\m OF )i, \m" 0r ) i ;

L

i+172.j
— \Via,; Vi,
1 m i
- 2
a Ticing (’/’ w )
Ty ij— Vi-lj A6
mi—l;’?..j ( )

I (ri+l‘j+r;'.j)/2
1 (m",.H_j+m’,.'j)/2

ar (I;'j+l;_1'j)/2

—(m,.w e )/2 (‘/’i.j _‘//i—l.j)

('//i+l,j—yli,j)

i-Lj

and
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mr(r,z)r'.’ ; almr’j’;jZ i ( # )

The z differential part is given by

0 1 5} | | 0 1 0
ey | | —| | ——| v
z m(r,z) Oz i LM ijan 0z Jijun M ij-12 NOZ Jijan

2
1 m(V/f.JH _Wi,j) (A.8)
_ b ij+ i.j
s 2
_—m:i,j o, ('// i '//i,j—l)

and the potential energy part is given by

[V (r.2w], =V, (A.9)
By combining the equations A.6 to A.9, the Hamiltonian differential equation in

A4 is given in a matrix form as

[Hn‘//]y- =t I:Cll//,--u TOW aTCW T CW i n t csl//i+1‘j_—_| (A.10)

3

h , . , :
where 1= oo g and m,is the free electron mass while m" and m~ are the
m,a
o

electron effective masses in the materials in the radial and z directions and
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¢,(P)= By Flhuy Tp +1p_x,
i - r S r *
m;+m, ; Mptipy
2 2
e S e —
m,+m, . mp+my,
2 2
C4(P): z z = r 3
m,y,+m, ., Mptmp,
e (A1)
»J i+l j P PiN;
C5(P): r r - r 4 and
My tM; Mp+tMpy

V.. "
C;(P)=—%—[CI(P)+CQ(P)+C‘4(P)+CS(P)+ 2:'

mri.j’?.j
v, n’
=———1(P)+c,(P)+c,(P)+¢(P)+——
P PP

The Hamiltonian matrix elements for a grid of N, x N, points are given by

H,(P,P)=c,(P),

H,(P,P-N,)=H,(P-N,,P)=¢(P),

H,(P,P+N_.))=H,(P+N_.,P)=c(P), (A.12)

H (P,P-1)=H (P-1,P)=c,(P), and

H (P,P+1)=H, (P+1,P)=c,(P)
where P is from | to N, x N, . The rest of the elements of the matrix are zero. The
boundary conditions should be specified at the elements corresponding to /=1 and
i=N, and j=1 and j=N,. For zero B.C at j=1 corresponding to the points 1, 5, 9, 13
and j=N, corresponding to the points 4, 8, 12, 16, the Hamiltonian matrix elements
are given by

H, (P,P-1)=H, (P-1,P)=0forj=1
H,(P,P+1)=H,(P+L,P)=0forj=N, (A.13)

For zero B.C at i=N, corresponding to the elements 13, 14, 15, 16, the

Hamiltonian matrix elements are given by

H(P,P+N.,)=H (P+N.,P)=0fori=N, (A.14)
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Around the cylinder axis at i=1 corresponding to the points 1, 2, 3, 4, the zero
derivative B.C should be applied. The wavefunction value should be the same

around the axis and soy, (1) =, (0). By using this B.C in A.10, the Hamiltonian

matrix elements will be given by A.12 except that

H (P,P)=c,(P)= —Kt’-’——[cz(P)+c4(P)+c5(P) + rnzr z :l (A.12)
PP

For the corner points such as 1, 4, 13, 16, they have two B.C corresponding to
both the radial and = parts and both of the two conditions will be applied to the
Hamiltonian matrix elements as shown above. After obtaining the Hamiltonian
matrix including the B.C, the eigenvalue problem can be solved to get the energy
eigenvalues and the corresponding eigenstates. For the continuum part of the
spectrum, a proper self energy function should be added at the cylinder
boundaries to simulate the proper open B.C. After obtaining the Hamiltonian
matrix and the self-energy due coupling with the surrounding or due internal
interactions, the Green’s function of the system can be calculated and from which

the electronic and transport properties can be obtained as showed in the thesis.
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APPENDIX B

The retarded Green’s function in the lead satisfying the equation

-
[E-H,]|G, ==6(r-r)é(z-=") (B.1)
r
can be written as
G:r = Zlm(z)lm.(:’).f:m:(r’r’) (Bz)
where y, (z)satisfies the eigenvalue problem
h?. dZ
~———tV(3} | 1 (2) =8, 2.(2) (B.3)
2m dz
and
> D)2 () = 8(2—2) (B.4)
Substituting B.2 into B.1 and using B.3 and B.4 we end up with
(E-s,)f, +—,12— liri—n—2 f, —lé'(r—r') (B.5)
m nm 2m I 6" ar "’2 nm r b
This can be written as
1o o n 1 2m
—_—r— +HE—— ==8(r-r)x—- B6
L R TR SRR ®6)
Which is Bessel differential equation with a delta function source term in the
. 2m(E- o . : .
RHS and k] =w. ForR<r <, which is a point outside the cylinder

which has a radius of R and lies in the surrounding lead, the solution to B.6 is
given by

f;mr = (jl‘ln (kmr) £ C2Y;v(kmr) (B7)
For r>r', the solution should be finite at infinity, so it is given by the Henkel

function of the first kind
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j;rm = C3Hr(ll)(kmr) (B8)
The first solution should give zero B.C at » = Rand therefore

JeR)

=CJ (k,R)+C,Y (k, R)=0=>C,=-C
f;:m 1 n( m ) 2 n( ) 2 IYH(ka)

m

J (k R) (B85
-fnm = Cl I:Jn (kmr) - Y;: (kmr) m}

The two solutions should be equal at »=7" and therefore the solution can be

written in the form

— . . < J, (ka) ) >
f;mt Cl:‘]n(kmr ) Yn(l‘mr )Yn(k—mR)}H" (km}’ ) (BIO)

where 7 and »” are the smaller and greater of »and r'. By integrating B.6

around » = #’, the solution should satisfy the equation

Iom| _Ym
or or

Substituting B.10 into B.11, we get

gl B.11
rl h2 ( . )

r=r'+e r=r'-¢

B 3k k) )
Yn(ka) 1 2m
c LI (B.12)

' rV h..
—HO ()| Ty hr") L) 22l
7, (k,B)

Solving B.12 will give the value of the constant C. To solve B.12, the asymptotic
behavior for large value of » — oo of the Bessel and Henkel functions will be
used to do the derivative and the required substitution in B.12. The asymptotic

value of the Bessel function at very large r are given by
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J,(x)—> icos(x—ﬂ—E , x> 1
X 2 4

Y,(x) = isin(x—ﬂ—ﬁ),x»n (B.13)
X 2 4

HY(x) > iexp[z(x—ﬂ—zﬂ,x»l
X 2 4

Substituting B.13 into B.12, the constant C can be obtained and it is given by

p/a Y (k,R) 2m (nx Y (k,R) | 2m
=] — - X‘—z e grep— X 5 (B14)
2J,(k,R)+iY,(k,R)) h 2H(k,R)) h

So the radial part of the Green’s function can be written as

~ (7 Y (k,R) . J kB Ly
Sm(r,1") = ( HOUR) )J B {J (57" ) =T Rk F )Y,,(k,,,R)}H" (k,r) (B.15)

and r~ and r” are the smaller and greater of rand . Specifically the radial part
calculated atr=7"=R+a, which is one lattice constant inside the lead and

outside the cylinder is given by

Ak, (R+a HY(k (R+a
f;nn(r_’ =R+ )—;_T“Zﬂ ( ) . ((l)m( )) (B16)
2 1* | ~J, (k,R)Y, (k, (R+a)) H) (k,R)
and the Green’s function is then given by
=Y 222, (HEE J, ey (R+))Y, (K, R) | HY (k, (R+a)) (B.17)
= m m 2 hz (ka) (km(R+a)) H’f,” (ka) ¢

The previous derivation is obtained for propagating modes for E > ¢, . The same

procedure can be used to obtain the Green’s function for evanescent modes

where E < ¢, . And in this case, the modified Bessel functions / and K will be used

and the same procedure will be applied. So the Green’s function for all energy

values is given by
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7 2m [J" (km (R+a))Yn (k,R) }

;Im(z);(m (‘: )E? _Jn (ka)Y"(km(R-f—a))

H(l)
: (km(R+a))’ e
= Hfgl)(ka) >
G = (B.18)
5 ey 2 2] Kol R+ ) 6R)
w2 B K, (kR (K, (R +a))
XK"(]\'",(R'FCI))’ Y <z
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