
Analysis and Compensation of Nonlinear

Impairments in Fiber-Optic Communication

Systems



ANALYSIS AND COMPENSATION OF NONLINEAR

IMPAIRMENTS IN FIBER-OPTIC COMMUNICATION SYSTEMS

BY

XIAOJUN LIANG, M.A.Sc.

a thesis

submitted to the department of electrical and computer engineering

and the school of graduate studies

of mcmaster university

in partial fulfilment of the requirements

for the degree of

Doctor of Philosophy

c© Copyright by Xiaojun Liang, March 2015

All Rights Reserved



Doctor of Philosophy (2015) McMaster University

(Electrical and Computer Engineering) Hamilton, Ontario, Canada

TITLE: Analysis and Compensation of Nonlinear Impairments in

Fiber-Optic Communication Systems

AUTHOR: Xiaojun Liang

M.A.Sc., (Optical Engineering)

Huazhong University of Science and Technology,Wuhan,

China

SUPERVISOR: Prof. Shiva Kumar

NUMBER OF PAGES: xxi, 179

ii



To my beloved parents



Abstract

Fiber optic communications make the backbone of telecommunications. Optical fiber

is an excellent transmission medium due to its low loss, high bandwidth and robust-

ness. However, the dispersive and nonlinear effects of an optical fiber lead to signal

distortions. Propagation impairments accumulate over fiber distance and seriously

distort the signal in long-haul communication systems. Transmission performance

can be significantly improved by compensating for fiber dispersion and nonlinear ef-

fects. In this thesis, we carry out theoretical analysis of fiber nonlinear effects and

develop analytical models to characterize different kinds of nonlinearities. Moreover,

we investigate various digital and optical methods to compensate for dispersive and

nonlinear distortions, which significantly enhance transmission performance, spectral

efficiency and system capacity.

Fiber dispersion is a linear effect and can be well-characterized by the dispersion

coefficient and the transfer function. On the other hand, fiber nonlinearity is a much

more complicated effect. In most fiber optic communication systems, the major fiber

nonlinear effect is the Kerr nonlinearity that arises from the dependence of refractive

index on the signal intensity. We focus on the theoretical analysis of Kerr nonlinear

effects in optical fibers. Practically, most fiber optic links are dispersion dominant,

meaning that dispersive effect is much stronger than the nonlinear effect. Therefore,
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a perturbation theory is applicable which assumes the nonlinear distortion to be a

small perturbation to the linear field solution due to dispersion only. Based on a first

order perturbation theory, we derive analytical models for various fiber nonlinear

effects, including self-phase modulation (SPM), cross-phase modulation (XPM) and

intra-channel four wave mixing (IFWM).

Based on the nonlinear distortion field calculated using a first order perturbation

theory, we carry out statistical analysis to obtain the variance of XPM effects in coher-

ent wavelength division multiplexing (WDM) fiber-optic systems. For systems using

non-Gaussian pulses, the analytical XPM model is not available due to the difficulty

in evaluating integrals. We use a summation of time-shifted Gaussian pulses to fit

non-Gaussian pulse shapes so that the analytical model can deal with arbitrary pulse

shapes. The analytically estimated XPM variance is found to be in good agreement

with numerical simulations.

Moreover, we develop a novel recursive perturbation theory to model signal prop-

agation in fiber optic links. We express signal fields using orthogonal sampling func-

tions which allows recursive operation of perturbation calculation. The recursive

perturbation theory improves both the modeling accuracy and computational cost as

compared to the conventional first order perturbation theory.

Also, we derive an exact solution of nonlinear Schrödinger equation (NLSE) for

impulse input in the presence of pre-dispersion. It is found that if the complex weights

of a sequence of impulses at the input have a secant-hyperbolic envelope and a proper

chirp factor, they will propagate over long distances without exchanging energy. To

describe their interaction, a discrete version of NLSE is derived. The discrete NLSE

is found to admit fundamental and higher order soliton solutions in the presence

v



of high pre-dispersion. We have obtained the nonlinear eigenmodes of the highly

pre-dispersed fiber-optic system which may be useful for the description of signal

propagation, and signal and noise interaction.

For the purpose of compensation, we develop various digital and optical methods.

We investigate a digital back propagation (DBP) scheme with optimal step sizes to

compensate for fiber dispersion and nonlinearities. By optimizing the step size of

each section through minimizing the area mismatch between the exponential profile

of the effective nonlinear coefficient and its stepwise approximation, system reach is

significantly enhanced without additional computational cost and system complexity.

We study a digital compensation scheme based on the perturbation theory to

mitigate XPM distortions in dispersion-managed fiber-optic communication systems.

A hard-decision unit at the receiver is used to estimate data for the calculation of

XPM fields using the perturbation technique. The perturbation technique is shown to

be effective in mitigating XPM distortions. However, wrong estimations in the hard-

decision unit result in performance degradation. A hard-decision correction method

is proposed to correct the wrong estimations, which brings significant performance

improvements. The perturbation-based XPM compensation scheme requires much

less computational cost as compared with conventional DBP, since it only requires

one-stage (or two-stage when hard-decision correction is applied) compensation and

symbol-rate signal processing.

Also, we develop a multi-stage scheme based on a recursive perturbation theory

to compensate for intra-channel nonlinear impairments is investigated. In each stage

the first order theory is used to calculate the nonlinear distortions occurring in a

distance much shorter than the entire fiber-optic link, which improves the accuracy
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and the summation of the signal field and the first order field of the previous stage

is used as the unperturbed solution for the next stage, which further improves the

accuracy. Moreover, the accumulated dispersion in one compensation stage is much

smaller than that of the entire link which significantly reduces the computational cost

of perturbation calculation since the cost is proportional to the amount of accumu-

lated dispersion. Numerical simulations of a single-channel fiber-optic system shows

that the multi-stage perturbation technique brings significant performance improve-

ments and computational complexity reduction as compared with the single-stage

compensation scheme.

Other than digital methods, we propose an ideal optical back propagation (OBP)

scheme to compensate for dispersion and nonlinear effects of the transmission fibers

is investigated. The scheme consists of an optical phase conjugator (OPC), N spans

of dispersion-decreasing fibers (DDFs) and amplifiers, placed at the end of the fiber

optic link. It is shown that a combination of DDFs and amplifiers can compensate

for the nonlinear effects exactly. An analytical expression for the dispersion profile of

the DDF is derived. Numerical simulations of WDM fiber-optic systems show that

the proposed OBP scheme can enhance the system reach significantly as compared

to DBP. Moreover, it is hard to use digital techniques to compensate for nonlinear

impairments in fiber optic networks with complex mesh configurations, due to the

lack of path information of signal propagation. In contrast, OBP is applicable to

network systems by placing an OBP module after each transmission fiber and the

propagation impairments of each transmission fiber are compensated by the OBP

module following it.
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Chapter 1

Introduction

1.1 Fiber-optic communication systems

Fiber-optic communication systems are lightwave systems that transmit information

from one place to another by sending electromagnetic signals through an optical fiber

[1, 2]. A fundamental fiber-optic communication system consists of an optical trans-

mitter, a fiber-optic link and an optical receiver. The optical transmitter converts an

electrical signal to an optical signal using an optical modulator. After signal propaga-

tion in the fiber-optic link, the optical receiver converts the optical signal back into an

electrical signal. One significant advantage of fiber-optic communication systems is

the high bandwidth (and hence high transmission data rate) due to the use of a high-

frequency laser carrier (∼ 200 THz), which is five orders of magnitude higher than

that of the microwave systems (∼ 1 GHz). Fiber-optic communication systems have

been deployed worldwide since 1980s and have revolutionized the telecommunication

industry.
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1.2 Impairments in fiber-optic links

Optical signals will be distorted while propagating through an optical fiber, due to

fiber loss, dispersion and nonlinearity. The loss of silica fibers can be made as small as

0.2 dB/km. However, in long haul transmission systems, signal attenuation becomes

significant and has to be compensated in order to recover high quality signal. Fiber

loss can be compensated using Erbium doped fiber amplifiers (EDFAs) which add

amplified spontaneous emission (ASE) noise. Optical fiber is a dispersive medium

whose refractive index is dependent on frequency. As a result, different frequency

components of an optical pulse propagate at different speeds leading to pulse broad-

ening and intersymbol interference (ISI). Another origin of signal impairments is fiber

nonlinear effects [3]. The dominant fiber nonlinear effect in fiber-optic communication

systems is the Kerr effect, namely the dependence of the refractive index on the in-

tensity of the optical pulse. In a single channel fiber-optic link, the Kerr effect results

t

t

t

t

t
ch1

ch2

ch3

ch4

ch5

central pulse
intra-channel effects

SPM, IXPM, IFWM

inter-channel effects: SPM, XPM, FWM

Figure 1.1: Nonlinear interactions in a WDM fiber optic communication system
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in self-phase modulation (SPM), intra-channel cross-phase modulation (IXPM), and

intra-channel four wave mixing (IFWM) [3]. SPM and IXPM mean the intensity-

dependent nonlinear phase shifts added to an optical pulse due to the presence of the

same pulse and a neighboring pulse, respectively. Nonlinear interaction among signal

pulses centered at lTs,mTs and nTs leads to a ghost pulse centered at (l+m− n)Ts,

which is known as IFWM. As shown in Fig. 1.1, the intra-channel effects are due

to the nonlinear interactions of optical pulses of a same channel (e.g. ch3). In a

wavelength division multiplexing (WDM) system, the Kerr effect results in self-phase

modulation (SPM), cross-phase modulation (XPM), and four wave mixing (FWM)

[3]. As shown in Fig. 1.1, SPM, XPM and FWM correspond to the nonlinear interac-

tions of one, two and three WDM channels, respectively. Due to the power variance

of an optical pulse, SPM effect brings a phase shift to the pulse itself. This phase

change also leads to a change in the pulse’s frequency spectrum. In the case when

multiple signal channels co-propagate in a single fiber, the power fluctuations of one

signal channel produce a phase shift to another channel, which is due to the XPM

effect [4, 5]. Also, nonlinear interaction among signal channels centered at frequencies

f1, f2 and f3 gives rise to a fourth frequency (f1 +f2−f3) due to the scattering of the

incident photons, which is known as the FWM effect [6, 7]. In polarization division

multiplexing (PDM) systems, the two principal polarizations have slightly different

group velocities and also the birefringence varies randomly with distance along the

fiber. These polarization fluctuations produce linear (intensity independent) and non-

linear (intensity dependent) signal pulse broadening and distortions, known as linear

and nonlinear polarization mode dispersion (PMD), respectively [8, 9]. Moreover,

nonlinear interactions between signal and ASE noise will result in additional signal
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impairments, known as the Gordon-Mollenauer effects [10]. The amplitude fluctua-

tions resulted from ASE noise will be converted to a phase noise since the refractive

index is dependent on the signal intensity.

1.3 Compensation techniques for fiber dispersive

and nonlinear effects

Fiber-optic communication technology has been advancing rapidly for several decades.

The transmission capacity of a fiber-optic link is enhanced by a factor of 10 every four

years [11]. The technology breakthroughs starting from 1980s that promotes fiber-

optic communications include the development of low-loss single mode fibers, the use

of EDFA, the WDM technique, and the use of advanced modulation formats in co-

herent transmission systems enabled by high-speed digital signal processing (DSP).

Currently, the transmission capacity of fiber-optic communication systems is mainly

limited by the Kerr nonlinear effect in optical fibers. At low signal power, transmission

performance is limited by ASE noise, so the capacity can be enhanced by increasing

signal power. At high signal power, however, fiber nonlinear effects dominate and

make it impossible to enhance transmission performance by simply increasing signal

power. Various optical and digital compensation techniques have been investigated

to partially or fully compensate for fiber nonlinear effects, or the combined effect of

fiber dispersion and nonlinearities.

1.3.1 Optical dispersion compensation

The concept of compensation for signal distortions using optical techniques dates
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back to decades ago. In 1994, Antos and Smith [12] designed and fabricated a disper-

sion compensating fiber (DCF) with large negative waveguide dispersion for the LP01

mode to compensate for the dispersion of transmission fiber. The length of the DCF

is chosen to obtain a negative dispersion that is equal in magnitude to the positive

dispersion accumulated in the transmission fiber so that the net pulse broadening is

zero. Hill et al. [13] employed a fiber Bragg grating (FBG) to compensate for disper-

sion in fiber-optic networks. FBGs exhibit large dispersion when used in reflection

mode and the sign of dispersion is easily controlled. A relatively short Bragg grating

is shown to compensate for dispersion of an optical fiber that is tens of kilometers long.

1.3.2 Mid-point optical phase conjugation

Signal distortions due to propagation in an optical fiber result from the interplay of

dispersion and nonlinearity. Pepper and Yariv [14] showed theoretically that the signal

propagation distortions can be compensated by the use of a phase conjugation mirror.

Fisher et al. [15] demonstrated numerically that the temporal distortion and spectral

broadening of a pulse generated by the combined effect of group-velocity dispersion

(GVD) and SPM is removed by conjugating the signal near the mid-point of the fiber-

optic link. In WDM systems, Watanabe and Chikama [16] demonstrated the compen-

sation of FWM using mid-point OPC. In 2009, Martelli et al. [17] demonstrated OPC

for polarization multiplexed signals. In fiber-optic communication systems, mid-point

optical phase conjugation (OPC) can undo the distortions due to fiber dispersion and

nonlinearity, if the nonlinearity, dispersion, and power profiles are symmetric with

respect to OPC location. However, for systems using lumped amplification such as
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EDFA, the power profile with respect to OPC is not symmetric, which limits the com-

pensation performance of OPC. A much better symmetry of power profile is available

in fiber-optic systems with Ramam amplification. Solis-Trapala et al. [18] showed by

experiments that mid-point OPC brings a significant performance improvement in a

WDM system with dispersion-flattened non-zero dispersion-shifted fibers (NZDSFs)

and bidirectional Ramam pumping amplification.

1.3.3 Optical back propagation

Optical back propagation (OBP) has been proposed for the compensation of fiber dis-

persive and nonlinear effects by Kumar et al. [19–21]. In Ref. [19], an OBP module

is designed and placed at the end of a fiber-optic link to compensate fiber dispersive

and nonlinear effects. The OBP module consists of DCFs and nonlinearity com-

pensators, which undo distortions by reversing signal propagation. The nonlinearity

compensator imparts a phase shift that is equal in magnitude to the nonlinear phase

shift due to fiber propagation, but opposite in sign. The effective negative nonlinear

coefficient of the nonlinearity compensator is realized using a pair of highly nonlin-

ear fibers (HNLFs). This OBP scheme provides good transmission performance, but

it requires pumps and polarization alignment of the pumps with signal, which in-

creases the complexity of the receiver. In Ref. [20], an improved OBP scheme that

does not need pump is presented, wherein the OBP module consists of an OPC fol-

lowed by short lengths of high-dispersion fibers (HDFs) and HNLFs, concatenated in

a way analogous to the split-step Fourier scheme (SSFS) used for solving the non-

linear Schrödinger equation (NLSE). The HDF provides the accumulated dispersion

that is the same as the corresponding transmission fiber section and the set of HDF
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and HNLF provides a nonlinear phase shift that is the same as the corresponding

transmission fiber section. It is shown that the OBP scheme provides better trans-

mission performance as compared with mid-point OPC when the lumped amplifiers

are used [20]. In Ref. [21], the OBP scheme is further improved by optimizing the

accumulated dispersion of each section of FBGs and the nonlinear phase shift of each

section of HNLFs in the OBP module. The optimization is achieved by minimizing

the mismatch between the area under the exponentially increasing nonlinearity profile

and its stepwise approximation provided by the OBP module and is shown that the

minimal area mismatch (MAM) technique leads to significant reach enhancement as

compared to uniform spacing for the given step size [21].

1.3.4 Phase-conjugated twin wave

Recently, Liu et al. [22] proposed to compensate for Kerr nonlinearity using phase-

conjugated twin waves (PCTWs). They showed that the nonlinear distortions of

a pair of phase-conjugated twin waves are anticorrelated and as a result, nonlinear

distortions due to signal-signal nonlinear interactions are canceled by coherent super-

imposition of the twin waves. In experiments, the two orthogonal polarizations are

used at twin waves and the data modulated on one polarization is the conjugation

copy of that of the other polarization. The PCTW approach reduces the nonlin-

ear distortions significantly, but halves the spectral efficiency since the data on one

polarization is only a conjugated copy of the data on the other polarization. The

PCTW approach provides a method of trading spectral efficiency for transmission

performance. Yoshida et al. [23] proposed a method based on joint processing of two
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pairs of PCTWs to improve transmission performance without loss of spectral effi-

ciency. The single set PCTW is modified by combining two sets of PCTWs in a single

carrier so as to increase the spectral efficiency. A quadrature pulse shaping technique

is introduced to reduce the crosstalk between the two sets of PCTW signals. In Ref.

[24], Liu et al. generalized the PCTW concept to twining two signals in orthogonal

dimensions, such as two waves that propagate along an orthogonal spatial path or

occupy two different carrier frequencies. Yi et al. [25] employed optical orthogonal

frequency-division multiplexing (OFDM) sub-carriers as twin waves. They showed

by experiments that signal tolerance to both laser phase noise and XPM phase noise

is improved in an optical OFDM system by the PCTW technique.

1.3.5 Digital dispersion compensation

Recent advances in DSP have enabled the digital compensation of signal impairments

in coherent fiber-optic communication systems [26]. Coherent detection provides the

amplitude as well as phase information of the received signal, allowing compensation

of linear and nonlinear impairments using DSP in the digital domain. Taylor [27]

demonstrated the compensation of chromatic dispersion using coherent detection and

DSP, without using the optical phase locked loops (OPLLs). Dispersion is compen-

sated by an off-line equalizer which divides the spectrum of the received signal with

the dispersion transfer function of the transmission fiber. Savory [28] showed that

dispersion compensation can be realized in the time domain using a finite impulse

response (FIR) filter, which has a non-recursive structure and can be implemented

using a tapped delay line. The number of FIR taps required grows linearly with ac-

cumulated dispersion, which results in high power consumption in long-haul systems.
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Alternatively, Goldfarb and Li [29] demonstrated the compensation of chromatic dis-

persion using an infinite impulse response (IIR) filter. IIR filters are shown to be more

computational efficient as compared to FIR filters but requires buffering. For systems

with large accumulated dispersion, it would be more efficient to compensate for chro-

matic dispersion in the frequency domain using fast Fourier transforms (FFTs) rather

than using time domain filters. Ip and Kahn [30] investigated a digital equalizer for

compensation of chromatic dispersion and PMD in polarization multiplexed coher-

ent fiber-optic systems. They found that the digital equalizer can fully compensate

chromatic dispersion and first order PMD distortion, provided that the oversampling

rate is at least 3/2 and sufficient number of equalizer taps are employed. The op-

timal tap settings are derived based on the minimum mean-square error (MMSE)

criterion, which is shown to be a valid performance criterion despite the potential

non-Gaussianity of crosstalk and ISI. Tsukamoto et al. [31] experimentally demon-

strated the compensation of dispersion using DSP in a coherent fiber-optic system

with homodyne detection.

1.3.6 Digital back propagation

Signal propagation in an optical fiber is well described by the NLSE, which is an

invertible equation. In the absence of ASE noise, distortions due to signal-signal

nonlinear interactions can be calculated by solving NLSE and as a result, the trans-

mitted signal can be exactly recovered by propagating the signal in the backward

direction in a virtual fiber in the digital domain, which will undo all deterministic

distortions. In digital back propagation (DBP), the optical signal is converted into a

digital signal and then passes through an virtual fiber that has loss, dispersion and
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nonlinear coefficient the same in magnitude but the opposite in sign as those of the

transmission fiber. Roberts et al. [32] proposed a nonlinear pre-compensation method

based on DBP in a single-channel fiber-optic system. The desired signal waveform

at the receiver is used as the input to DBP. Pre-distortions are added to the signal

during back propagation in the virtual fiber. The back propagated signal is then used

to determine the nonlinear filter coefficients in the transmitter. The pre-distortions

in the transmitted signal cancel with the distortions accumulated in the real fiber

propagation. DBP can be also implemented as post-compensation by putting the vir-

tual fiber after coherent detection and using the distorted signal as the input to DBP.

Post-compensation has better flexibility than pre-compensation since it allows various

adapative compensation techniques. Li et al. [33] and Ip and Kahn [34] applied DBP

using post-compensation in WDM systems. In Ref. [33], Li et al. used FIR filters

for the dispersion step and a parallel architecture was designed to facilitate real-time

implementation. They showed by numerical simulations that two samples per symbol

hardware sampling with up-sampling in the digital domain are sufficient to achieve

significant nonlinearity compensation. In Ref. [34], Ip and Kahn investigated a non-

iterative asymmetric SSFS for solving the inverse NLSE in DBP. Simulations showed

that three samples per symbol are required for DBP to achieve good numerical ac-

curacy. Mateo et al. [35] investigated the impact of XPM and FWM on electronic

impairment compensation using DBP in coherent WDM systems. Coupled NLSE and

total-field NLSE are used to study the impacts of XPM and FWM, respectively. The

inverse NLSEs are solved using symmetric iterative SSFS. Simulation results show

that XPM is the most important source of nonlinear distortion and is much stronger
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than FWM. As compared with coupled NLSE, DBP based on total-field NLSE pro-

vides more precise compensation since it compensates for FWM distortions. However,

FWM effect is phase sensitive, so that its compensation requires the phases of received

signals in different WDM channels to be preserved. This is difficult to achieve since

different WDM channels have different LO lasers. To maintain the phase relation in

different WDM channels, the LO lasers must be phase-locked. On the other hand,

DBP based on coupled NLSE can maintain high accuracy with better computational

efficiency and low system latency. Also, it is shown in [35] that for DBP based on

coupled NLSE, the step size is determined by the walk-off effect between two sepa-

rated WDM channels. The compensation of FWM requires implementing DBP based

on the total-field NLSE, which needs enormous computational resources. Although

FWM effect is negligible as compared with XPM effect in long-haul systems with large

accumulated dispersion, FWM distortion becomes substantial in the low-dispersion

region or in dispersion-managed systems due to the increased degree of phase match-

ing. Mateo and Li [36] proposed a DBP scheme based on an enhanced coupled NLSE

for full compensation of XPM and partial compensation of FWM, where only sig-

nificant FWM interactions between neighboring channels are included. A significant

reduction in computational complexity is achieved as compared with the total-field

NLSE based DBP, while good compensation performance is maintained. Mateo et al.

[37] investigated an advanced split-step DBP based on the coupled NLSE to reduce

the computational cost by factoring out the dispersive walk-off effect between WDM

channels, which sets the limit to DBP step size. This advanced SSFS method relaxes

the computational load by a factor of 4. The computational cost of DBP is an impor-

tant issue for real-time implementation in practical systems. For single-channel and
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WDM systems, the required number of steps per fiber span varies from a few steps to

tens of steps in DBP. Du and Lowery [38] proposed a filtered DBP scheme to reduce

the computational cost. In filtered DBP, a low pass filter (LPF) is used to filter the

signal before nonlinearity compensation in each DBP step and the position of nonlin-

ear compensation in each step is optimized. They found that the required number of

DBP steps per fiber span can be less than one in a single-channel fiber-optic system.

In fiber-optic communication systems, signal distortion is usually dominated by

fiber dispersion and nonlinear distortion can be considered as a small perturbation.

For the case of dispersion managed (DM) systems, signal distortion due to fiber dis-

persion repeats itself with every dispersion period. This periodic behavior of signal

distortion may be employed to simplify the implementation of DBP. Zhu and Li [39]

proposed a folded DBP scheme for DM communication systems. In folded DBP, non-

linear distortions accumulated in multiple (K) fiber spans are approximated by the

nonlinear distortion accumulated in a single span with the same dispersion map and

K times the nonlinearity. Simulation results show that for DM transoceanic transmis-

sion systems, folded DBP reduces the computational complexity by up to two orders

of magnitude as compared to conventional DBP, with negligible penalty. However,

the advantage in computational cost and compensation performance of folded DBP

degrade when the residual dispersion per span (RDSP) increases, due to the break

of periodicity of signal waveform evolution. Later, Zhu and Li [40] investigated an

improved folded DBP that works even when RDSP is large, called dispersion-folded

(D-folded) DBP. In D-folded DBP, the dispersion map is divided into multiple divi-

sions according to the value of accumulated dispersion. Multiple (M) fiber segments

of different fiber spans may have a same dispersion map division, that is, they have
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the same accumulated dispersion. Therefore, the nonlinear distortions of these fiber

segments can be compensated using a single fiber segment with M times the non-

linearity. However, in the split steps, the power levels and effective fiber lengths are

different due to the loss of periodicity. To solve this problem, weighting factors are

introduced to modify the nonlinear phase shift at every DBP step. The weighting

factors are calculated off-line and stored in look-up tables. Liu et al. [41] experimen-

tally demonstrated efficient mitigation of intra-channel and inter-channel nonlinear

impairments in dispersion managed WDM fiber-optic systems using dispersion folded

DBP.

In polarization multiplexed WDM systems, signals on different polarizations rotate

differently due to PMD. Nonlinear interactions among different channels are depen-

dent on their polarization status, indicating that PMD may affect the compensation

performance of DBP. Yaman and Li [42] investigated the implementation of DBP in

PDM transmission systems. They showed by simulations that PMD substantially

impairs the DBP technique. In order to effectively compensate inter-channel nonlin-

ear distortions, rotations of the polarization status have to be followed at every fiber

span in DBP implementation. Mateo et al. [43] reported an improved split step DBP

for PDM transmission systems. DBP is implemented on a channel-by-channel basis

based on a system of coupled equations derived from the Manakov equations which

describe the average polarization evolution of the vector NLSE. The inter-polarization

mixing effects are included by introducing new terms in the split step formulation.

Moreover, the effect of dispersive walk-off between WDM channels is factorized by

including the relative delay between different channels, which substantially increases

the DBP step size.
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1.3.7 Perturbation-based digital compensation

DBP provides a universal compensation technique for signal impairments in fiber-

optic links, which is able to remove all deterministic impairments provided that the

DBP step size is sufficiently small. The implementation of DBP is based on solving

the inverse NLSE numerically in the digital domain using SSFS, which demands enor-

mous computational resources and limits the most implementation of DBP to off-line

signal processing. Alternatively, analytical or semi-analytical solutions of the NLSE

may be employed in digital compensation schemes in order to substantially reduce

computational complexity. In fiber-optic communication systems, dispersion is the

dominant effect and nonlinearity can be considered as a small perturbation. There-

fore, perturbation theory can be applied to find analytical or semi-analytical solutions

to the NLSE. Mecozzi et al. [44] presented a first order perturbation analysis in time

domain for intra-channel nonlinear effects for highly dispersed systems with Gaussian

pulses. The signal field propagatin in an optical fiber is divided into two parts: the

unperturbed solution which is the solution due to fiber dispersion and loss, but in

the absence of nonlinearity, and the perturbation correction which is the first order

field due to nonlinearity. Nonlinear interaction among optical pulses results in time

jitter and echo pulses. Kumar and Yang [45] developed a second order perturbation

theory to study the SPM and XPM effects in fiber-optic links. They found that if the

dispersion distance is comparable to or larger than the nonlinear length, the accuracy

of first order perturbation theory is not adequate to describe nonlinear effects, while

the second order theory still provides good accuracy in this case. Analytical expres-

sions are derived for SPM and XPM distortions for both first order and second order

perturbation theories. Poggiolini et al. [46] provided a Gaussian noise (GN) model
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based on a perturbation theory to describe the nonlinear distortions in dispersion un-

compensated (DU) transmission systems. In the GN model, the nonlinear interaction

distortions in DU links are assumed to be additive Gaussian noise. Based on this

assumption, a semi-analytical expression is obtained for the power spectral density

(PSD) of nonlinear distortions. The GN model is shown to provide good agreement

with both simulation and experimental results. In Ref. [47], Dar et al. compared

the time domain perturbation theory with the GN model. The nonlinear distortion

is shown to be not additive Gaussian, but rather it depends on the data modulated

on the channel of interest and on the modulation format of the interfering channel.

Mecozzi et al. [48] developed a general first order perturbation theory for signal

propagation in fiber-optic links. The perturbation theory applies to optical pulses

propagating in a fiber-optic link in the presence of ASE noise and Kerr nonlinearity.

An analytical expression is obtained to calculate the deviation in complex amplitude

of the distorted signal at the center symbol slot of a given channel.

Perturbation theory has been applied in digital compensation schemes in fiber-

optic communication systems. Tao et al. [49] investigated a perturbation based

digital pre-compensation scheme to mitigate intra-channel nonlinear distortions. At

the transmitter, the nonlinear distortions are calculated based on the first order per-

turbation theory using the input data and the perturbation coefficient matrix. The

perturbation coefficient matrix is calculated off-line and stored in a look up table. The

transmitted signal is obtained by subtracting the nonlinear distortions from the input

signal. Fiber dispersive and nonlinear effects introduce distortions to the transmitted

signal, and these distortions cancel with the pre-distortions added in the transmitter.

15



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

Therefore, the output signal of the fiber-optic link become the same as the input sig-

nal at the transmitter. This perturbation based pre-compensation scheme provides a

transmission performance similar to that of a DBP with step size equal to the fiber

span length. Perturbation based compensation scheme can also be implemented at

the receiver side. Oyama et al. [50] proposed a decision-aided compensation scheme

based on perturbation theory for compensating intra-channel nonlinear effects. The

information data required for perturbation calculation is lost at the receiver side, but

the estimated data obtained by hard-decision is used instead of the input data for

perturbation calculation. This scheme uses one-stage compensation and symbol rate

operation. They found that the receiver-side perturbation based scheme has similar

compensation performance as the transmitter-side perturbation based scheme. In

the perturbation theory, the first order correction or the nonlinear distortion of a

given symbol is calculated by considering its nonlinear interaction with neighboring

symbols, where single and double summations involving the perturbation coefficient

matrix Xmn needs to be calculated. The coefficient Xmn corresponds to the nonlin-

ear interaction of the mth, nth, and (m + n)th symbols which produces a nonlinear

distortion to the symbol at the 0th symbol. The computational effort for the double

summation is substantial in long haul transmission systems where the accumulated

dispersion is high resulting in a large number of interacting neighboring symbols.

Therefore, the reduction of implementation complexity of perturbation based com-

pensation schemes is of great research interest. Gao et al. [51, 52] reduced the com-

plexity of perturbation based pre-compensation using symmetric electronic dispersion

compensation (EDC) and pulse shaping. Using symmetric EDC, the perturbation co-

efficients Xmn are calculated based on half of the entire fiber link length indicating a
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reduced accumulated dispersion as well as the number of interacting neighboring sym-

bols. Also, with symmetric EDC, complex multiplications in perturbation calculation

become real multiplications. Therefore, the computational complexity is significantly

reduced. In Ref. [53], Gao et al. showed that the computational complexity of the

perturbation based compensation can be reduced using joint pre-compensation and

selective decision-aided post-compensation. In practice, perturbation compensation

only needs to be applied to the symbols that are close to the decision boundaries as

these are most likely related with error symbols. Such a selective compensation is

hard to be implemented at the transmitter due to the difficulty of identify distortions

before pre-compensation. In Ref. [53], part of the perturbation compensation is per-

formed at the transmitter and the other part is applied at the receiver with selective

compensation, which results in a reduction of the effective number of multiplications

by a factor of 4. Zhuge et al. [54] investigated a coefficient quantization method to

reduce the complexity of perturbation based compensation schemes. In perturbation

calculation, the nonlinear distortion is calculated by the multiplication of three data

symbols and one perturbation coefficient. For quadrature phase shift keying (QPSK)

systems, the multiplication of three data symbols still produces a QPSK symbol, and

hence the multiplications can be replaced using a digital logical operation. Also, the

number of distinct values in the perturbation coefficient matrix can be substantially

reduced using quantization. Therefore, the majority operations in perturbation cal-

culation become a large number of summations and a small number (equal to the

number of distinct values in the perturbation coefficient matrix) of multiplications.

Experimental results show that three distinct perturbation coefficients are sufficient

in a per-distortion scheme for a fiber-optic system with symmetric EDC, which still
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brings substantial transmission performance improvement.

1.4 Contributions of the thesis

This thesis focuses on the theoretical analysis and compensation techniques of signal

impairments due to fiber dispersive and nonlinear effects in fiber-optic communication

systems. In Chapter 2, analytical modeling of XPM effect in coherent WDM fiber-

optic communication systems is investigated. XPM distortion is calculated using a

first order perturbation theory and then statistical analysis is carried out to calculate

XPM variance based on quadrature amplitude modulation (QAM). For systems with

non-Gaussian pulses, the XPM variance cannot be calculated analytically, due to

the difficulty in evaluating integrals explicitly. We introduced a method of using a

summation of time-shifted Gaussian pulses to fit non-Gaussian pulse shapes so that

the analytical model can deal with arbitrary pulse shapes. The analytically estimated

XPM variance is found to be in good agreement with numerical simulations.

In Chapter 3, we studied a digital back propagation (DBP) scheme with optimal

step sizes for the compensation of fiber dispersive and nonlinear effects. The optimal

step sizes are obtained by minimizing the area mismatch between the exponential pro-

file of the effective nonlinear coefficient and its stepwise approximation. Numerical

simulations show that system reach is significantly enhanced without additional com-

putational cost and system complexity. To simulate randomly changing birefringence

in PDM systems, the vector NLSE is used for signal propagation and an adaptive

least mean squares (LMS) equalizer is employed at the receiver to compensate for

PMD.

In Chapter 4, we investigated a perturbation-based digital compensation scheme
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to mitigate XPM distortions in dispersion-managed fiber-optic communication sys-

tems. The data information required for the perturbation calculation of XPM fields

is obtained using a hard-decision unit at the receiver. The intra-channel nonlinear

distortions are removed by intra-channel DBP based on split-step Fourier scheme be-

fore the hard-decision unit. The perturbation technique is shown to be effective in

mitigating XPM distortions. However, wrong estimations in the hard-decision unit

result in performance degradation. A hard-decision correction method is proposed to

correct the wrong estimations. Numerical simulations show that the perturbation-

based XPM compensation scheme brings significant performance improvements. The

perturbation-based XPM compensation scheme requires much less computational cost

as compared with conventional DBP based on the coupled NLSE, since it only re-

quires one-stage (or two-stage when hard-decision correction is applied) compensation

and symbol-rate signal processing.

In Chapter 5, a recursive perturbation theory to model the fiber-optic system is

developed. Using this perturbation theory, a multi-stage compensation technique is

investigated for the mitigation of intra-channel nonlinear impairments. The input sig-

nals of different compensation stages are expressed using the same basis functions so

that the coefficient matrix Xmn for perturbation calculation is the same for all stages.

The multi-stage compensation is implemented recursively, the output signal of one

compensation stage is used as the input of the next compensation stage. In each

stage the first order theory is used to calculate the nonlinear distortions occurring in

a distance much shorter than the entire fiber-optic link, which improves the accuracy

and the summation of the signal field and the first order field of the previous stage

is used as the unperturbed solution for the next stage, which further improves the
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accuracy. Moreover, the accumulated dispersion in one compensation stage is much

smaller than that of the entire link which significantly reduces the size of the coeffi-

cient matrix Xmn, leading to reductions both in computational complexity and the

required memory for storing Xmn. Simulation results show that the multi-stage per-

turbation technique brings significant performance improvements and computational

complexity reduction as compared with the single-stage compensation scheme.

In Chapter 6, we studied an OBP scheme that employs dispersion-decreasing fibers

(DDFs) to fully compensate for dispersion and nonlinearity in fiber-optic links. The

scheme consists of an OPC, N spans of DDFs and amplifiers, placed at the end of the

fiber optic link. In order to compensate for the nonlinear effects of the transmission

fibers exactly, the nonlinear coefficient of the back propagation fiber has to increase

exponentially with distance or equivalently the power in the back propagation fiber

should increase exponentially with distance if the nonlinear coefficient is constant.

We find that a combination of DDFs and amplifiers can compensate for the nonlinear

effects exactly. An analytical expression for the dispersion profile of the DDF is

derived. Numerical simulations show that the proposed OBP scheme can enhance

the system reach significantly as compared to DBP.

In Chapter 7, we derived an exact solution of NLSE for impulse input in the

presence of pre-dispersion. The phase factor of the exact solution is obtained in a

closed form using the exponential integral. It is found that if the complex weights of a

sequence of impulses at the input have a secant-hyperbolic envelope and a proper chirp

factor, they will propagate over long distances without exchanging energy. To describe

their interaction, a discrete version of NLSE is derived. In the context of discrete

NLSE, if the effective dispersion length is much longer than the effective nonlinear
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length, we have obtained the nonlinear eigenmodes of the highly pre-dispersed fiber-

optic system which may be useful for the description of signal propagation, and signal

and noise interaction.
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Chapter 2

Analytical modeling of XPM effect

in dispersion-managed systems

2.1 Introduction

The modeling of cross-phase modulation (XPM) distortion in fiber-optic systems with

direct detection [45, 55–61] and with coherent detection [46–48, 62–68] has drawn

significant interest. Poggiolini et al. [46] and Carena et al. [62] have modeled the

nonlinear interference noise (NLIN) in dispersion-uncompensated (DU) transmission

systems as excess additive Gaussian noise and its variance is calculated using a per-

turbation technique. Dar et al. [47] have analyzed the properties of NLIN in a DU

fiber-optic system with large dispersion and found that the NLIN is not additive

Gaussian, but rather it depends strongly on the data transmitted in the channel. In

this chapter, we develop an analytical expression for the XPM variance of a probe

Gaussian pulse due to its interaction with other channels of a wavelength division

multiplexing (WDM) system [69]. Then, we extend the analysis to arbitrary pulse
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shapes and study the scaling laws of the XPM variance with residual dispersion per

span, the number of WDM channels and transmission distance [70].

For a non-Gaussian pulse, the XPM variance cannot be calculated analytically

without additional approximations. In DU systems, the stationary phase approx-

imation can be used to circumvent the difficulty in explicitly evaluating integrals

and analytical expressions are still available for the variance of nonlinear distortions

[47, 69, 71]. However, the stationary phase approximation technique requires a large

accumulated dispersion, which becomes inaccurate for dispersion-managed (DM) sys-

tems. The modeling of XPM variance in DM systems has become a challenging

problem and in this chapter, we develop a simple analytical expression for the XPM

variance in DM systems with arbitrary pulse shapes. We use the summation of time-

shifted Gaussian pulses to fit a non-Gaussian pulse, which not only provides a good

approximation of the non-Gaussian pulse but also allows analytical derivation of the

XPM variance. We note that a similar method has been successfully applied in quan-

tum chemistry, where a summation of Gaussian functions (
∑

k exp(−akx2)) is used to

approximate an exponential function (exp(−bx)) [72]. The summation of Gaussian

functions is used in modeling electronic orbitals, named as Gaussian type orbitals

(GTOs) [73]. Despite the fact that Gaussian functions are not mutually orthogonal,

GTOs form a complete basis set and have gained dominance in calculating electronic

wave functions due to its simplicity in explicitly evaluating integrals. In this chapter,

we use a similar technique and approximate a non-Gaussian pulse by a summation

of time-shifted Gaussian pulses. The fitting parameters are calculated using the least

squares method (LSM).

The analytical expressions developed in this chapter are used to study the XPM
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impairments in DM systems based on quadrature phase shift keying (QPSK) and 16-

quadrature amplitude modulation (16-QAM). Scaling laws of the XPM variance with

launch power, residual dispersion per span, number of channels and number of spans

are studied. We found that the XPM variance depends on the power levels of the

probe channel for 16-QAM, i.e., the variance is higher for constellation points close

to the edge than those close to the center. This is the consequence of strong phase

noise due to the XPM [48] and the manifestation of the non-additive nature of XPM

noise [47]. The frequency-domain approach of [46, 62, 63] treats the XPM variance as

white noise whose variance is independent of the signal power levels. Although such

an approach is acceptable for systems in which amplified spontaneous emission (ASE)

noise is the dominant penalty, it could lead to inaccurate results when XPM variance is

comparable to ASE variance. The XPM variance is highest for the resonant dispersion

map with zero accumulated dispersion per span (Ψres = 0 ps/nm) and it decreases

monotonically with |Ψres|. The XPM variance increases almost quadratically with

the number of spans when Ψres = 0 ps/nm due to the coherent addition of XPM

distortions. However, when |Ψres| is large, the XPM variance scales almost linearly

with the number of spans since the correlation between XPM distortions occurring

in different spans becomes close to zero. Typically, the XPM variance scales as N r
s

where Ns is the number of fiber spans, and r ∈ [1, 2] for different values of residual

dispersion, similar to the intra-channel four wave mixing (IFWM) variance [71].

2.2 Analytical XPM model for Gaussian pulses

The evolution of the optical field envelope in a fiber-optic link is described by the

nonlinear Schrödinger equation (NLSE). Ignoring the higher-order dispersion and
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higher-order/delayed nonlinear effects, the NLSE can be written as

i
∂q

∂z
− β2(z)

2

∂2q

∂t2
+ γ0|q|2q = −iα(z)

2
q, (2.1)

where q is the optical field envelope; β2(z), γ0 and α(z) are the dispersion, nonlinear

and loss/gain profiles, respectively. Using the transformation

q(z, t) = exp[−w(z)/2]u(z, t), (2.2)

where w(z) =
∫ z

0
α(s)ds, we obtain

i
∂u

∂z
− β2(z)

2

∂2u

∂t2
+ γ(z)|u|2u = 0, (2.3)

where γ(z) = γ0exp[−w(z)]. Let us first consider the nonlinear interaction between

two channels of a WDM system. The total field envelope can be written as

u = u1 + u2, (2.4)

where uk is the field envelope of the kth channel, k = 1, 2. Substituting Eq. (2.4)

into Eq. (2.3) and ignoring the four wave mixing (FWM) terms, we get

i
∂uk
∂z
− β2(z)

2

∂2uk
∂t2

= −γ(z)
[
|uk|2 + 2|ul|2

]
uk, k = 1, 2 and l = 3− k. (2.5)

Without loss of generality, we consider the interaction between a pulse of channel 1

(probe) in symbol slot 0 and multiple pulses in channel 2 (pump) modulated with

random data. We assume that the leading order solution of Eq. (2.5) is linear and

27



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

treat the nonlinear terms on the right-hand side as perturbations. The input fields

to the optical fiber can be written as

u1(0, t) =
√
Pa0g(0, t), (2.6)

u2(0, t) =
√
P

N∑
n=−N

bng(0, t− nTs)exp(−iΩt), (2.7)

g(0, t) = exp

(
− t2

2T 2
0

)
, (2.8)

where P is the power, (2N + 1) is the total number of symbols, Ts is the symbol

interval, Ω is the channel separation in radians, T0 is the half-width at 1/e-intensity

point of the Gaussian pulse. For QAM format, the data a0 and bn are given by

a0 or bn =
xn + iyn√

2
, (2.9)

where xn = 1, 3, 5, · · · , (X − 1); yn = 1, 3, 5, · · · , (Y − 1). X and Y are the number

of amplitude levels of the in-phase and quadrature components, respectively. When

X = 2 and Y = 2, we obtain QPSK format. Using the perturbation technique, we

take γ0 as a small parameter and expand the field in channel k into a series

uk = u
(0)
k + γ0u

(1)
k + γ2

0u
(2)
k + ..., k = 1, 2, (2.10)

where u
(m)
k denotes the mth-order solution. The linear solution satisfies Eq. (2.5)

with γ0 = 0,

i
∂u

(0)
k

∂z
− β2(z)

2

∂2u
(0)
k

∂t2
= 0. (2.11)
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Solving Eq. (2.11), we find the linear solution as [69]

u
(0)
1 (z, t) =

√
PT0

T1

a0exp

(
− t2

2T 2
1

)
, (2.12)

u
(0)
2 (z, t) =

√
PT0

T1

∑
n

bnexp

[
−(t− τn)2

2T 2
1

− iΩt+ iθ(z)

]
, (2.13)

where

T1 =
√
T 2

0 − iS(z), (2.14)

τn = nTs + S(z)Ω, (2.15)

θ(z) = S(z)Ω2/2, (2.16)

S(z) =

∫ z

0

β2(s)ds. (2.17)

To find the first-order solution, we substitute Eq. (2.10) into Eq. (2.5) and collect

all the terms that are proportional to γ0. We find the governing equation for the

first-order solution as

i
∂u

(1)
k

∂z
− β2(z)

2

∂2u
(1)
k

∂t2
= −e−w(z)

[
|u(0)
k |

2 + 2|u(0)
l |

2
]
u

(0)
k , k = 1, 2 and l = 3− k.

(2.18)

Before solving Eq. (2.18), consider the following differential equation

i
∂f

∂z
− β2(z)

2

∂2f

∂t2
= F (z, t), (2.19)
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where the forcing function F (z, t) is in the form

F (z, t) = η(z)exp

{
−

3∑
k=1

[t− Ck(z)]2Rk(z)

}
, (2.20)

The solution of Eq. (2.19) is given by [45, 69]

f(z, t) = −i
∫ z

0

η(s)√
δ(z, s)R(s)

exp

[
−

3∑
k=1

C2
kRk +

C2

R

]
exp

[
(D + it)2

δ(z, s)

]
ds, (2.21)

where

R = R1 +R2 +R3, (2.22)

C = C1R1 + C2R2 + C3R3, (2.23)

D = iC/R, (2.24)

δ(z, s) = [1− iRA(z, s)] /R, (2.25)

A(z, s) = 2[S(z)− S(s)]. (2.26)

For the first order correction for u1 due to the XPM term 2|u(0)
2 |2u

(0)
1 in Eq. (2.18),

the corresponding forcing function F (z, t) is

F (z, t) = −2e−w(z)|u(0)
2 |2u

(0)
1

= 2P 3/2a0η(z)
∑
m

∑
n

bmb
∗
nexp

{
−

3∑
k=1

[t− Ck(z)]2Rk(z)

}
,

(2.27)

where

η(z) =
−T 3

0 exp[−w(z)]

T1(z)|T1(z)|2
, (2.28)
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C1(z) = τm(z), C2(z) = τn(z), C3(z) = 0, (2.29)

R1 = R3 =
1

2T 2
1

, R2 =
1

2(T ∗1 )2
, (2.30)

Using Eq. (2.21), the first order correction for u1 due to XPM is obtained as

u
(1),XPM
1 (Ltot, t) = i2P 3/2a0

∑
m

∑
n

bmb
∗
nXmn(Ltot, t), (2.31)

where

Xmn(Ltot, t) =

∫ ∞
−∞

Umn(Ltot, t
′)hRX(t− t′)dt′, (2.32)

Umn(Ltot, t) =

∫ Ltot

0

−η′(s)√
δ(Ltot, s)R(s)

exp

[
(D + it)2

δ(Ltot, s)

]
ds, (2.33)

η′(s) = η(s)exp

(
−

3∑
k=1

C2
kRk +

C2

R

)
, (2.34)

Here, Ltot is the total transmission distance and hRX(t) is the impulse response of the

receiver filter. The integrations in Eqs. (2.32) and (2.33) are evaluated numerically

using Simpsons 1/3 rule with step sizes dt = Ts/8 and ds = 0.1 km.

From Eq. (2.10), we see that the first order XPM distortion is

δu1 = γ0u
(1),XPM
1 . (2.35)

The XPM variance can be calculated by

V ar{δu1} = E{|δu1|2} − |E{δu1}|2. (2.36)
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For QAM signals, we define

K1 = E{|bn|2}, K2 = E{|bn|4}. (2.37)

For QPSK, K1 = K2 = 1, while for 16-QAM, K1 = 5, K2 = 33. Using Eqs. (2.31),

(2.35) and (2.36) and applying statistical analysis to the data a0 and bn, the XPM

variance is found as [69]

σ2
XPM = 4γ2

0P
3|a0|2

(K2 −K2
1)
∑
m

|Xmm|2 +K2
1

∑
m

∑
n

m6=n

|Xmn|2

 . (2.38)

2.3 Analytical XPM model for non-Gaussian pulses

A non-Gaussian pulse h(t) is approximated by a summation of time-shifted Gaussian

pulses as [70]

h′(t) =
K∑
k=1

ξkexp

[
−(t− µkTs)2

2(θkTs)2

]
, (2.39)

where ξk, µk and θk are fitting parameters; K is the number of time-shifted Gaussian

functions. We use the least squares method (LSM) to optimize the fitting parameters.

The detailed derivation of the LSM is given in the Appendix A. As an example, Fig.

2.1 shows the Gaussian fitting of the two most commonly used pulse shapes in optical

communications: a Nyquist pulse x1(t) and a raised cosine pulse x2(t), which are

respectively defined as:

x1(t) = sinc

(
t

Ts

)
cos(aπt/Ts)

1− (2at/Ts)2
, (2.40)
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x2(t) =


1, |t| < 1−a

2Ts

1
2

[
1− sin

(
πTs
a

(|t| − 1
2Ts

)
)]
, 1−a

2Ts
≤ |t| ≤ 1+a

2Ts

0, |t| > 1+a
2Ts

(2.41)

where a is the roll-off factor, 0 < a < 1. The fitting parameters optimized by LSM

are given in Tables. 2.1 and 2.2. This example shows that only a few (K = 6)

time-shifted Gaussian pulses are enough to achieve good fitting of the Nyquist pulse

and the raised cosine pulse. We found that the required number of Gaussian pulses

increases when the roll-off factor decreases. For example, the required numbers are

10 and 16 when the roll-off factor is 0.2 and 0.1, respectively. When the roll-off factor

is greater than 0.6, six Gaussian pulses are sufficient.

Figure 2.1: Fitting a Nyquist pulse x1(t) and a raised cosine pulse x2(t) using a sum-
mation of time-shifted Gaussian functions. (roll-off factor = 0.6, number of Gaussian
functions = 6)

Using Eq. (2.39), the XPM variance for systems with non-Gaussian pulses can

be derived following the similar procedure as the Gaussian pulse case. The XPM
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Table 2.1: Fitting parameters optimized by LSM (Nyquist pulse, x1(t))

k 1 2 3 4 5 6
ξk 0.5342 0.5342 -0.2588 -0.2588 0.0289 0.0289
µk 0.0042 -0.0042 0.9884 -0.9884 1.8314 -1.8314
θk 0.5909 0.5909 0.4932 0.4932 0.3781 0.3781

Table 2.2: Fitting parameters optimized by LSM (Raised cosine pulse, x2(t))

k 1 2 3 4 5 6
ξk 0.0350 0.0350 -0.0632 -0.0632 0.9106 0.9106
µk 0.0482 -0.0482 0.7283 -0.7283 0.2542 -0.2542
θk 0.0470 0.0470 0.0931 0.0931 0.2239 0.2239

distortion for the case of non-Gaussian pulse is given by (see the Appendix B)

u
(1),XPM,NG
1 (Ltot, t) = i2P 3/2a0

∑
m

∑
n

bmb
∗
nYmn(Ltot, t), (2.42)

where

Ymn(Ltot, t) =

∫ ∞
−∞

Vmn(Ltot, t
′)hRX(t− t′)dt′, (2.43)

Vmn(Ltot, t) =

∫ Ltot

0

K∑
k1=1

K∑
k2=1

K∑
k3=1

−η′(s)√
δ(Ltot, s)R(s)

exp

[
(D + it)2

δ(Ltot, s)

]
ds, (2.44)

where the parameters are the same as those defined for the Gaussian pulse case,

except for the following ones:

T1,k =
√

(θkTs)2 − iS(z), (2.45)

η(z) = −e−w(z)ξk1ξk2ξk3
θk1θk2θk3T

2
s

T1,k1T
∗
1,k2

T1,k3

, (2.46)

C1(z) = τm,k1 , C2(z) = τn,k2 , C3(z) = µk3Ts, (2.47)
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R1(z) =
1

2T 2
1,k1

, R2(z) =
1

2(T ∗1,k2)
2
, R3(z) =

1

2T 2
1,k3

, (2.48)

τn,k = (n+ µk)Ts + S(z)Ω. (2.49)

The XPM variance for systems with non-Gaussian pulses is

σ2
XPM(t) = |a0|2G(t), (2.50)

where

G(t) = 4γ2
0P

3

(K2 −K2
1)
∑
m

|Ymm|2 +K2
1

∑
m

∑
n

m6=n

|Ymn|2

 . (2.51)

So far we assumed that there is only one symbol (at the symbol slot 0) in the probe

channel and Eq. (2.50) provides the variance as a function of time t for this case.

Here, we consider the modification of Eq. (2.50) for the case of a known symbol a0

in the symbol slot 0 of the probe channel and random symbols in the neighboring

slots of the probe channel. Since the Nyquist pulse x1(t) has a pulse width larger

than the symbol period, the XPM variance given by Eq. (2.50) has non-zero values

even when t is larger than the duration of the symbol slot 0, which means that the

interaction of a pulse in symbol slot 0 of the probe channel with the symbol sequence

of the pump channel introduces distortion on the pulse in the neighboring symbol

slot k, k ∈ [−M,M ], k 6= 0, and M is the number of neighboring symbol slots up to

which the XPM distortion is significant. In the case that multiple random symbols

present in the probe channel, the calculation of the overall XPM variance at the

center of any given symbol slot (eg. symbol slot 0) needs to take into account both

contributions from the interaction of the current symbol with the pump as well as
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those from the interaction of the neighboring symbols with the pump. As the data on

the neighboring symbol slots of the probe channel is random, the variance contribution

of the neighboring symbols needs to be averaged over the random data |an|2. The

overall XPM variance at the center of the symbol slot 0 can be calculated as

σ2
XPM,overall = |a0|2G(0) + E{|an|2}

M∑
k=−M
k 6=0

G(kTs). (2.52)

The first term in Eq. (2.52) represents the XPM variance of the pulse in the symbol

slot 0 of the probe channel with the pump and the second term represents that of

the pulses in the neighboring symbol slots of the probe channel with the pump. For

QPSK, E{|an|2} = 1, while for 16-QAM, E{|an|2} = 5. The first term in Eq. (2.52) is

proportional to |a0|2, which implies that the XPM variance could have multiple levels

as an M -QAM constellation has multiple power levels. For example, the 16-QAM

system has three XPM variance levels, i.e., |a0|2 can take any one of the values [1, 5,

9]. The capability of estimating multiple XPM variance levels rather than only one

averaged level will permit more accurate bit error rate (BER) estimation in practical

fiber-optic communication systems.

In summary, the analytical XPM model can be applied in both DU and DM

systems, and can deal with arbitrary pulse shapes. Also, the model is valid for M -

QAM modulation formats and can be used to estimate the multiple levels of the XPM

variance.
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2.4 Simulation results and discussions

To validate the analytical model, we carried out Monte-Carlo simulations of DM

coherent fiber-optic systems. The numerical simulations are done by self-developed

Matlab codes. We build subroutines for different components of fiber optic commu-

nication systems, including optical transmitter, fiber link, optical amplifiers, filters

and coherent receivers. We also implemented Matlab codes for various digital signal

processing (DSP) algorithms such as carry phase recovery (CPR). To simulate signal

propagation in optical fibers, we use the standard split-step Fourier scheme (SSFS)

to numerically solve the NLSE. The step size is chosen to ensure that the maximum

nonlinear phase change within each step is smaller than 0.0005 radian.

The XPM variances obtained by numerical simulations are compared with the an-

alytical results calculated using Eq. (2.52). The WDM fiber-optic system considered

in this chapter is shown in Fig. 2.2. Unless otherwise specified, the system config-

uration is as follows: symbol rate per channel = 28 Gbaud, modulation = QPSK

or 16-QAM, pulse shape = Nyquist pulse (x1(t)) with a roll-off factor of 0.6, num-

ber of WDM channels = 5, channel spacing = 50 GHz, amplifier spacing = 80 km,

number of fiber spans = 10, number of symbols simulated = 32768 per channel. The

dispersion, loss, and nonlinear coefficients of the transmission fiber are DTF = 16.5

ps/nm/km, αTF = 0.2 dB/km, and γTF = 1.1 W−1km−1, respectively. For the dis-

persion compensating fiber (DCF), DDCF = -117.7 ps/nm/km, αDCF = 0.5 dB/km,

and γDCF = 4.4 W−1km−1. Gain of the first and second stages of the amplifiers are

G1 = 16 dB and G2 = 5.2 dB, respectively. The residual dispersion per span (defined

as: Ψres = DTFLTF + DDCFLDCF ) is 100 ps/nm. Half of the accumulated residual

dispersion is compensated in the digital-domain at the transmitter, and the other half
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at the receiver. We ignore the ASE noise, laser phase noise and polarization effects,

since the primary focus is to validate the analytical model for XPM variance. The

central channel is demultiplexed using a 50 GHz optical filter. The received signal

passes through the coherent receiver front end and then through the digital signal

processing (DSP) unit with four samples per symbol. The intradyne receiver selects

the channel of interest (middle channel in our case). In the DSP unit, digital back

propagation (DBP) is followed by a post- dispersion compensation filter and then

by a noise limiting filter. The intra-channel distortion is removed by DBP at the

receiver [33]. The step size of DBP is 0.1 km. DBP compensates only for disper-

sion and intra-channel nonlinear effects of the fiber-optic channel. To compensate for

pre-dispersion, post-dispersion compensation filter is used. A second order Gaussian

filter with a 3-dB bandwidth of 28 GHz is used as a noise limiting filter. Without

loss of generality, we consider only the XPM variance of the central channel. The

numerical variances are calculated for various power levels of QAM.

Fig. 2.3 shows the overall XPM variance as a function of average launch power

per channel, Pave. Pave is related to P (the power defined in Eq. (2.6)) by the pulse

shape and the modulation format. For the Nyquist pulse (x1(t)) with a roll-off factor

of 0.6, Pave(dB) = P (dB) - 0.71 dB for QPSK, and Pave(dB) = P (dB) + 6.27 dB

for 16-QAM. The XPM variance is proportional to P 3, as shown in Eq. (2.51). For

16-QAM, the overall XPM scales linearly with |a0|2, as shown in Eq. (2.52). Fig.

2.3(c) shows the mean XPM variance for 16-QAM, by taking an average over |a0|2.

The analytical results agree quite well with the numerical results for both QPSK and

16-QAM systems. In the analytical calculation, the XPM variance contributions of

six neighboring symbols are included, namely M = 3 in Eq. (2.52). In the systems
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Figure 2.2: Schematic of a dispersion-managed WDM fiber-optic transmission sys-
tem. Tx: transmitter, Rx: receiver, MUX: multiplexer, DMUX: demultiplexer, DCF:
dispersion compensating fiber, ADC: analog-to-digital convertor, LPF: low pass filter.

considered here, symbols further than M = 3 have negligible impact on the overall

XPM variance. The discrepancies are within 7% and 8% for QPSK and 16-QAM

systems, respectively. The discrepancy is defined as

discrepancy =
|σ2
XPM(numerical)− σ2

XPM(analytical)|
σ2
XPM(numerical)

× 100%. (2.53)

Fig. 2.4 shows the constellation of the received signal, after compensating for

the average nonlinear phase rotation. As can be seen, the XPM noise on the edge

constellation points of 16-QAM is higher than those close to the center since larger

power leads to larger XPM variance (see the first term of Eq. (2.52)). The phase

noise component in the case of 16-QAM is significantly higher than for QPSK, in

accordance with the findings of [47, 48]. From Fig. 2.3(b), we see that the XPM

variance depends on the power levels of the probe pulse.
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Figure 2.3: XPM variance vs. average launch power per channel (Pave). (Number of
WDM channels = 5, transmission distance = 800 km, residual dispersion per span =
100 ps/nm, amplifier ASE noise is ignored.)
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Figure 2.4: Constellation of received signal (Pave = 4 dBm, number of fiber span =
1, Ψres = 0 ps/nm).

Fig. 2.5 shows the overall XPM variance as a function of residual dispersion per

span. The XPM variance reaches a peak value in the case of resonant dispersion

map (i.e., Ψres = 0 ps/nm), since the XPM fields of different fiber spans add up

constructively in this case. The XPM variance decreases monotonically with |Ψres |.

The discrepancies are within 7% and 8% for QPSK and 16-QAM systems, respectively.

Fig. 2.6 shows the overall XPM variance as a function of the number of WDM

channels. As the number of channels increases beyond 5, the variance increase sub-

linearly, similar to the results obtained for the direct detection systems [55]. The

discrepancies are within 5% and 8% for QPSK and 16-QAM systems, respectively.

Fig. 2.7 shows the overall XPM variance as a function of the number of fiber spans

Ns. For 16-QAM, the results for the case of |a0|2 = 5 are plotted. The discrepancies

are within 8% and 10% for QPSK and 16-QAM systems, respectively. Using a curve

fitting to the simulation results, we find that the XPM variance for the QPSK system

scales as N1.99
s , N1.71

s and N1.56
s when the residual dispersion per span is 0, 50 and 100

ps/nm, respectively. For the 16-QAM system, the XPM variance scales as N1.96
s , N1.82

s
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Figure 2.5: XPM variance versus residual dispersion per span. (Pave = 0 dBm,
number of WDM channels = 5, transmission distance = 800 km, amplifier ASE noise
is ignored.)
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Figure 2.6: XPM variance versus number of WDM channels. (Pave = 0 dBm, trans-
mission distance = 800 km, residual dispersion per span = 100 ps/nm, amplifier ASE
noise is ignored.)
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Figure 2.7: XPM variance versus transmission distance. (Pave = 0 dBm, number of
WDM channels = 5, residual dispersion per span = 100 ps/nm, amplifier ASE noise
is ignored.)
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and N1.72
s when the residual dispersion per span is 0, 50 and 100 ps/nm, respectively.

For a resonant dispersion map (i.e., Ψres = 0 ps/nm), the XPM field of every fiber

span is identical and will coherently add up so that the XPM noise scales linearly

with distance and hence, the variance increases quadratically with distance. As the

residual dispersion increases, the degree of correlation between XPM noise occurring

in different spans decreases and hence the total XPM variance scales linearly with

distance for large |Ψres |. Typically, the XPM variance scales as N r
s where r ∈ [1, 2]

for different values of residual dispersion, similar to the IFWM variance [71].

2.5 Conclusions

We have developed an analytical model for the XPM variance in coherent fiber-

optic systems. A first order perturbation technique is used to calculate the XPM

distortion and then statistical analysis is carried out to calculate XPM variance for

systems based on QAM. For arbitrary pulse shapes, the XPM variance cannot be

calculated analytically, due to the difficulty in evaluating integrals explicitly. We

have introduced a method of using the summation of time-shifted Gaussian pulses

to fit arbitrary pulse shapes. Using the LSM to optimize the fitting parameters,

a good approximation of the Nyquist pulse and the raised cosine pulse is achieved

by using only a few time-shifted Gaussian pulses. As a result, analytical derivation

of the XPM variance becomes possible for arbitrary pulse shapes. Moreover, the

analytical model can be used to estimate the multiple levels of XPM variance in

an M -QAM system rather than only one averaged variance level, which will permit

more accurate BER estimation. The analytical XPM model has been validated by

extensive numerical simulations of dispersion-managed coherent WDM fiber-optic
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systems. The discrepancies between the analytical XPM variances and the numerical

results are within 10% in all the simulations.
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Chapter 3

Digital back propagation with

optimal step size for polarization

multiplexed transmission systems

3.1 Introduction

Linear and nonlinear fiber impairments due to dispersion and nonlinearity can be

compensated using digital back propagation (DBP) [35, 38, 42, 74–77]. In DBP,

typically split-step Fourier scheme (SSFS) is used to solve the NLSE in digital domain

and it provides significant performance improvement if the step size is sufficiently

small. In practice, the choice of step size is usually determined by the trade-off

between performance and implementation complexity. In [74], the step size used to

solve the NLSE is chosen equal to the amplifier spacing and in [35, 42], sub-amplifier

spacing step size is chosen, but the step size is uniform. In this chapter, a DBP scheme

with non-uniform step size based on minimum area mismatch (MAM) is investigated
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[78]. For the ideal compensation of dispersion and nonlinearity, the power in the

virtual fiber should increase exponentially with distance if the nonlinear coefficient is

constant or equivalently the nonlinear coefficient should increase exponentially with

distance if the power is fixed. This ideal exponential profile can be approximated by a

stepwise increasing profile. The nonlinear coefficients of these virtual fiber sections (or

steps) are obtained by minimizing the area mismatch between the ideal exponential

profile and its stepwise approximation. The dispersion and nonlinear coefficients of

each virtual fiber section are optimized using the Lagrange function. For the given

number of virtual fiber sections, the MAM scheme outperforms the uniform spacing

scheme without additional computational cost. In [38], the step size is chosen larger

than the amplifier spacing so as to lower the computational complexity and power

consumption. However, the method proposed in this chapter is not valid for such

cases.

3.2 DBP and SSFS

Let us first consider a single-span system with constant fiber dispersion, nonlinear

and loss coefficients. The evolution of the field envelope in a fiber is described by the

NLSE (see Eq. 2.1 in Chapter 2),

∂q

∂z
= (N +D)q, (3.1)

where D denotes the fiber dispersion effect,

D = −iβ2

2

∂2

∂t2
, (3.2)
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and N denotes the nonlinear and loss effects,

N(t, z) = iγ|q(t, z)|2 − α

2
. (3.3)

The formal solution of Eq. (3.1) can be obtained as follows:

q(t, L) = Mq(t, 0), (3.4)

where

M = exp

{∫ L

0

[N(t, z) +D(t)]dz

}
, (3.5)

and L is the fiber length. Multiplying Eq. (3.4) by M−1 on both sides, we find

q(t, 0) = M−1q(t, L), (3.6)

where

M−1 = exp

{
−
∫ L

0

[N(t, z) +D(t)]dz

}
(3.7)

In Eq. (3.6), q(t, L) represents the received field envelope which is distorted due to

fiber dispersion and nonlinear effects. If we multiply the received field by the inverse

fiber operator, M−1, distortions due to fiber dispersion and nonlinear effects can be

completely undone. Eq. (3.6) with M−1 given by Eq. (3.7) is equivalent to solving

the following partial differential equation,

∂qb
∂z

= −[N +D]qb, (3.8)
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or

∂qb
∂(−z)

= [N +D]qb, (3.9)

with the initial condition qb(t, 0) = q(t, L). Since Eq. (3.9) is nothing but Eq. (3.1)

with z → −z, this technique is referred to as back propagation. Eq. (3.8) may be

rewritten as

∂qb
∂z

= [Nb +Db]qb, (3.10)

with qb(t, 0) ≡ q(t, L) and

Db = −D = iβ2
∂2

∂t2
, (3.11)

Nb = −N = −iγ|qb|2 +
α

2
. (3.12)

The NLSE with reversed signs of dispersion, loss and nonlinear coefficients is solved

in digital domain to undo the distortion caused by the transmission fiber. Figs. 3.1

and 3.2 illustrates the forward and backward propagation.

Tx.
Rx.

front end

( ,0)q t ( , )q t L

fiber 2, ,  

Figure 3.1: Propagation in a single-span fiber (Forward propagation). Tx: transmit-
ter, Rx: receiver.

2, ,    

DBP

virtual fiber

qb(t,0)= q(t,L) qb(t,L) = q(t,0)Rx.

front end

Figure 3.2: Backward propagation in the virtual fiber. Rx: receiver.

Eq. (3.10) can be solved numerically using the split-step Fourier scheme (SSFS)

[3]. In Eq. (3.10), the operators Nb and Db act simultaneously and Nb changes with
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z, which makes it harder to realize the operator M−1 numerically. However, over a

small propagation step, ∆z, Db and Nb may be approximated to act one after the

other. Hence, this technique is known as split-step technique. Let us first consider the

unsymmetric split-step scheme. The received field q(t, L) = qb(t, 0). We wish to find

qb(t,∆z) which corresponds to q(t, L −∆z). The operator M−1 in this propagation

step can be approximated as

M−1 = exp

{∫ ∆z

0

[Nb(t, z) +Db(t)]dz

}
∼= exp

{∫ ∆z

0

[Nb(t, z)]dz

}
exp

[
Db(t)∆z

]
.

(3.13)

And

qb(t,∆z) = M−1qb(t, 0) ∼= exp

[ ∫ ∆z

0

Nb(t, z)dz

]
qlb(t,∆z), (3.14)

where

qlb(t,∆z) = exp[Db(t)∆z]qb(t, 0). (3.15)

The linear solution qlb(t,∆z) is obtained using fiber linear transfer function [3]

qlb(t,∆z) = F−1
[
q̃lb(ω,∆z)

]
, (3.16)

where

q̃lb(ω,∆z) = q̃lb(ω, 0)exp
[
−iβ2∆zω2/2

]
, (3.17)

q̃lb(ω, 0) = F
[
qlb(t, 0)

]
, (3.18)
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F and F−1 indicate Fourier transformation and inverse Fourier transformation, re-

spectively. For the nonlinear operator, Eq. (3.14) is formally equivalent to the fol-

lowing equation

∂qb
∂z

= Nbqb =
(
−iγ|qb|2 +

α

2

)
qb, (3.19)

with qb(t, 0) = qlb(t,∆z). Let

qb = A exp(iθ). (3.20)

Substituting Eq. (3.20) into Eq. (3.19) and separating the real and imaginary parts,

we find

dA

dz
=
α

2
A, (3.21)

dθ

dz
= −γ|A|2. (3.22)

Solving Eqs. (3.21) and (3.22), we find

qb(t,∆z) = qb(t, 0) exp(−iγ∆zeff |qb(t, 0)|2 + α∆z), (3.23)

where

∆zeff =
exp(α∆z)− 1

α
, (3.24)

qb(t, 0) = A(t, 0) exp[iθ(t, 0)]. (3.25)

With qb(t, 0) = qlb(t,∆z), Eq. (3.23) becomes

qb(t,∆z) = qlb(t,∆z) exp(−iγ∆zeff |qlb(t,∆z)|2 + α∆z). (3.26)

Fig. 3.3 illustrates the unsymmetric SSFS. This technique can be summarized as

52



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

follows:

(i) Initial field qb(t, 0) is known. First, the nonlinear and loss effects (Nb) are ignored

and the output of a lossless, linear fiber qlb(t,∆z) is calculated using the Fourier

transformation technique.

(ii) Next, fiber dispersion (Db) is ignored. The NLSE is analytically solved with

the initial condition qb(t, 0) = qlb(t,∆z) and the field envelope at ∆z, qb(t,∆z) is

calculated using Eq. (3.26).

(iii) qb(t, 2∆z) is calculated by repeating steps (i) and (ii) with qb(t,∆z) as the initial

condition.

This process is repeated until z = L. The step size ∆z should be chosen sufficiently

small so that the absolute value of the nonlinear phase shift accumulated over a

distance ∆z should be much smaller than π.

( ,0) ( ,0)l

b bq t q t
Dispersion only

exp( )bD z

( , )l

bq t z Nonlinearity only

0
exp ( , )

z

bN t z dz
 

  

( , )bq t z
Dispersion only

exp( )bD z

( ,2 )l

bq t z

Nonlinearity only
2

exp ( , )
z

b
z

N t z dz




 
  

( , )bq t L z
Dispersion only

exp( )bD z

( , )l

bq t LNonlinearity only

exp ( , )
L

b
L z

N t z dz


 
  

( , )bq t L ( ,2 )bq t z

Figure 3.3: Unsymmetric split-step Fourier scheme for backward propagation.

A disadvantage of the unsymmetric SSFS is that the step size has to be really

small as the error scales as ∆z2 [3]. The step size can be made significantly larger

using the symmetric SSFS which is described as follows. From Eq. (3.10), we have

qb(t,∆z) = exp

{∫ ∆z

0

[Nb(t, z) +Db(t)]dz

}
qb(t, 0). (3.27)
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qb(t,∆z) can be approximated as

qb(t,∆z) =

{
exp

[
Db∆z

2

]
exp

[∫ ∆z

0

Nb(t, z)dz

]
exp

[
Db∆z

2

]}
qb(t, 0). (3.28)

The above scheme is known as symmetric SSFS. Fig. 3.4 illustrates the symmetric

SSFS. First, the NLSE is solved with Nb = 0 over a distance ∆z/2. The linear field

qlb(t,∆z/2) is multiplied by the nonlinear phase shift and amplified. The resulting

field is propagated over a distance ∆z/2 with Nb = 0. It may appear that the

exp( / 2)bD z
0

exp ( , )
z

bN t z dz
 

   exp( / 2)bD z
( , 2)l

bq t z ( , )bq t z( ,0)bq t

Figure 3.4: Symmetric split-step Fourier scheme for a single step ∆z.

computational effort for the symmetric SSFS is twice that of unsymmetric SSFS. But

the computation efforts are roughly same when the step size is much smaller than

the fiber length. This can be understood from the propagation of the field from 0 to

2∆z, as shown in Fig. 3.5. The linear propagation operator, eDb∆z/2 shown in the

exp( / 2)bD z
0

exp ( , )
z

bN t z dz
 

   exp( )bD z
( , 2 )bq t z( ,0)bq t 2

exp ( , )
z

b
z

N t z dz




 
   exp( / 2)bD z

Figure 3.5: Symmetric split-step Fourier scheme for the propagation from 0 to 2∆z.

last block of Fig. 3.4 can be combined with eDb∆z/2 corresponding to the first block of

the propagation from ∆z to 2∆z, leading to a linear propagation operator eDb∆z, as

indicated by the third block in Fig. 3.5. For the given step-size, the symmetric SSFS

gives a more accurate results than the unsymmetric SSFS. This is because the error

in the case of symmetric SSFS scales as ∆z3 whereas it scales as ∆z2 for unsymmetric
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SSFS [3]. Alternatively, for the given accuracy, a larger step size could be chosen in

the case of symmetric SSFS.

2,1 1 1, ,  

q(t,0)
Tx.

Rx.

front end

Fiber 1 Amp. 1

2,2 2 2, ,  
G2

Fiber 2 Amp. 2

2, , ,N N N  
GN

Fiber N Amp. N

G1

Figure 3.6: Propagation in a N-span fiber optic system. Tx: transmitter, Rx: receiver.

2,1 1 1, ,    

virtual fiber N

2, 1 1 1, ,N N N      
2, , ,N N N    

Rx.

front end
Loss

1/GN

Loss

1/GN-1

Loss

1/G1

virtual fiber N-1 virtual fiber 1

Decision

circuit

DBP

Figure 3.7: Digital back propagation for a N-span fiber-optic system. Rx: receiver.

For multi-span systems, Fig. 3.6 shows the propagation in a N-span fiber-optic

system. To undo the propagation effect, amplifiers with gain Gn are substituted

by loss elements 1/Gn in the digital domain and a real fiber with parameters (β2n,

γn, αn), n = 1, 2, ..., N are replaced by a virtual fiber having parameters (−β2n, −γn,

−αn), as shown in Fig. 3.7. Note that the signal distortions due to the last fiber in the

fiber-optic link is compensated first in the digital domain. Although the digital back

propagation can compensate for deterministic (and bit-pattern dependent) nonlinear

effects, it can not undo the impact of ASE and nonlinearity-ASE coupling such as

Gordon-Mollenauer phase noise [10].
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3.3 DBP with optimal step sizes

In polarization division multiplexing (PDM) systems, the evolution of the electric

field in the fiber can be described by the vector NLSE

∂Ax
∂z

= −β1x
∂Ax
∂t
− iβ2

2

∂2Ax
∂t2

− α

2
Ax + iγ

(
|Ax|2 +

2

3
|Ay|2

)
Ax, (3.29a)

∂Ay
∂z

= −β1y
∂Ay
∂t
− iβ2

2

∂2Ax
∂t2

− α

2
Ay + iγ

(
|Ay|2 +

2

3
|Ax|2

)
Ay, (3.29b)

where Ax and Ay are the electric field in x- and y- polarization, respectively; β1x,

β1y, β2, γ and α are inverse group velocities for x- and y- polarization components,

dispersion, nonlinear and loss coefficients, respectively. To model polarization mode

dispersion (PMD) in the fiber, we employed the method of [79, 80] in which fibers

with randomly varying birefringence are approximated by multiple short fiber sec-

tions with constant birefringence in each fiber section. The power transfer between

the polarization components and the random phase changes due to refractive index

fluctuations are accounted for by introducing a matrix

F =

 cosθ sinθeiφ

−sinθeiφ cosθ

 (3.30)

between the fiber sections. Here, θ and φ are the random variables with uniform

distribution in the interval −π < θ < π, −π/2 < φ < π/2.

Since the residual birefringence in the transmission fiber changes randomly much

faster than the nonlinear interaction, by averaging the vector NLSE over the Poincare

56



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

sphere, Manakov equations are obtained as

∂Ar
∂z

= −iβ2

2

∂2Ar
∂t2

− α

2
Ar +

i8γ

9

(
|Ax|2 +

2

3
|Ay|2

)
Ar, r = x, y. (3.31)

Consider a single span of a transmission fiber of length La. The output field of the

fiber in two orthogonal polarizations may be written as [3]

Ar(t, La) = exp

{
i

∫ La

0

[D(t) +N(t, z)] dz

}
Ar(t, 0), r = x, y. (3.32)

where

D(t) = −β2

2

∂2

∂t2
, (3.33)

N(t, z) =
8

9
γ
(
|Ax(t, z)|2 + |Ay(t, z)|2

)
+ i

α

2
. (3.34)

After coherent detection and analog to digital conversion, the distorted field passes

through the virtual fiber in digital domain. The virtual fiber in DBP has loss, dis-

persion and nonlinear coefficients with the opposite sign of the transmission fiber,

i.e.,

DDBP (t) =
β2

2

∂2

∂t2
= −D(t), (3.35)

NDBP (t, z) = −8

9
γ
(
|Ax(t, z)|2 + |Ay(t, z)|2

)
− iα

2
= −N(t, z). (3.36)

Then, the digital signal after the DBP may be written as

Ar,out(t) = ei
∫ La
0 [DDBP (t)+NDBP (t,z)]dz · ei

∫ La
0 [D(t)+N(t,z)]dzAr(t, 0)

= e−i
∫ La
0 [D(t)+N(t,z)]dz · ei

∫ La
0 [D(t)+N(t,z)]dzAr(t, 0)

= Ar(t, 0). (r = x, y)

(3.37)
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Thus, the transmitted electric field can be fully recovered after the DBP if there is

no noise. Eq. (3.37) can also be expressed in the following form

∂Ar,b
∂z

= i [DDBP +NDBP ]Ar,b = −i [D +N ]Ar,b, (3.38)

with Ar,b(t, 0) = Ar(t, La). Using Ar,b = eαz/2ur,b, Eq. (3.38) can be written as

i
∂ur,b
∂z
− β2

2

∂2ur,b
∂t2

+
8γ′(z)

9

(
|ux,b|2 + |uy,b|2

)
ur,b = 0, r = x, y, (3.39)

where γ′(z) = γeαz is the effective nonlinear coefficient. In DBP, if the step size is

small enough such that the effective nonlinear coefficient has an exponential profile,

it provides the ideal compensation of dispersion and nonlinearity. However, this ideal

case is unfeasible due to the enormous computational cost. One realistic method to

implement DBP is to divide the virtual fiber into M cascaded sections, which can

compensate for the signal distortion from the transmission fiber by solving Manakov

equations using SSFS [3]

ur,b(t, zj−1 + lj) ≈e−iD(t)lj/2 · e−i
8
9(|ux,b(t,zj−1)|2+|uy,b(t,zj−1)|2)

∫ zj−1+lj
zj−1

γ′(z)dz

× e−iD(t)lj/2ur,b(t, zj−1),

(3.40)

where r = x, y, lj is the length of the section of the virtual fiber, and zj =
∑j

k=1 lk,

z0 = 0 and zM = La. In this chapter, we investigate the DBP scheme by optimizing

the accumulated dispersion and nonlinear phase shift of each section, and compare

its performance with that of the uniform spacing scheme.

For the uniform spacing case, the virtual fiber is divided into M sections with

equal length lj = La/M , j = 1, 2, ,M (see Fig. 3.8a). The accumulated dispersion of
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Figure 3.8: Effective nonlinear coefficient and its stepwise approximation for the
number of sections M = 3. (a) Uniform spacing, (b) MAM.
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each section is ξj = β2lj, and the nonlinear phase shift imparted by the jth section is

ϕj =
8

9α
γ
(
|ux,b|2 + |uy,b|2

)
eαzj−1

(
eαLa/M − 1

)
. (3.41)

It is easy to see from Fig. 3.8a that because of the limited number of steps in DBP,

there is a mismatch between the area under the exponential curve (solid line) and

its stepwise approximation (dashed line) and the total absolute area mismatch is

∆ =
∑6

j=1 aj. If the area mismatch is minimized, the stepwise curve is expected to

provide the closest approximation to the ideal exponential curve. A similar idea was

investigated in the context of soliton communications to approximate the exponen-

tially decreasing dispersion profile by stepwise decreasing profile with an additional

constraint of soliton average condition [81]. The technique of MAM has been used

in Ref. [21] for the scalar NLSE in the context of optical back propagation (OBP).

Let M = 3. In this case, we have 5 unknowns, l1, l2, γ1, γ2, and γ3. The DBP can

compensate the linear and nonlinear distortions if it satisfies the following conditions,

l1 + l2 + l3 = La,
3∑
j=1

γjlj = γ

∫ La

0

eαzdz = γ

(
eαLa−1

α

)
. (3.42)

We construct a Lagrange function

L(l1, l2, γ1, γ2, γ3, λ) =
6∑
j=1

aj + λ

[
3∑
j=1

γjlj − γ
(
eαLa−1

α

)]
, (3.43)

where λ is the Lagrange multiplier. Setting the derivative of L with respect to each

of its arguments, we obtain a set of nonlinear equations and their solutions yield the
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optimum values of l1, l2, γ1, γ2, and γ3. Then the dispersion in the jth section is

ξj = β2lj, (3.44)

and the nonlinear phase shift in the jth section is

ϕj =
8

9
γjlj

(
|ux,b(t, zj−1)|2 + |uy,b(t, zj−1)|2

)
. (3.45)

The Lagarange multiplier method is effective when the number of unknown parame-

ters is not too many. For the case of a large number of steps, the number of unknown

parameters become large and the least squares method (LSM) together with the

steepest descent method is used to optimized the lengths and nonlinear coefficients

[82]. The detailed derivation of LSM has been given in Chapter 2 for the optimization

of Gaussian function coefficients. Table 3.1 shows the optimum section lengths and

their nonlinear coefficients for various M .

Table 3.1: Optimum values of the parameters in DBP

M l1 l2 l3 l4 γ1 γ2 γ3 γ4

2 55.8 24.2 — — 5.13 26.3 — —
3 43.7 21.8 14.5 — 3.54 14.17 31.94 —
4 36.3 19.8 13.6 10.4 2.84 9.53 20.2 34.8

Parameters: α=0.2 dB/km, γ=1.1 W−1km−1, and La=80 km. lj has the unit of
km and γj has the unit of W−1km−1. (j = 1, 2, 3, 4)

So far we considered a single span system. Fig. 3.9 shows a fiber optic transmission

system consisting of K spans with an amplifier in each span. At the receiver, the

DBP consists of K spans of virtual fibers. It is followed by a least mean square (LMS)

equalizer to compensate for PMD.
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Figure 3.9: (a) Block diagram of a fiber-optic link with DBP; (b) The dispersion and
nonlinear operator in DBP. PBC: polarization beam combiner, BPF: band pass filter,
LMS: least mean square equalizer, LPF: low pass filter.

3.4 Simulation results and discussions

Monte-Carlo simulations of a single-channel dual-polarization fiber optic system with

DBP at the receiver are carried out. 25 Gbaud per polarization and 16-quadrature

amplitude modulation (16-QAM) signal is used in the simulation. Total number of

symbols is 32768 symbols per polarization. Standard single mode fiber (SSMF) is

used as the transmission fiber with following parameters, α = 0.046 km−1, β2 =

−21 ps2/km, γ = 1.1 W−1km−1, and the PMD parameter Dp = 0.04 ps/
√

km. The

amplifier spacing La is 80 km, the gain of the amplifier is 16 dB and the spontaneous

emission noise factor nsp is 1.5. Eight and two samples per symbol are used for optical

forward propagation and digital processing, respectively, unless otherwise specified.

A second order Gaussian filter with 50 GHz bandwidth (BPF in Fig. 3.9a) is used

before the coherent receiver. The polarization diversity coherent receiver provides
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four outputs I and Q components of each polarization. These outputs after DBP

pass through an adaptive equalizer based on decision-directed LMS algorithm. The

adaptive equalizer calculates the inverse Jones matrix adaptively and compensates

for the polarization rotation, phase shift and delay between polarization components

[28]. Number of taps of the LMS equalizer is 12 and the number of training symbols

per polarization is 15360. The symbol sequence after the equalizer is compared with

the symbol sequence at the transmitter and those symbols which have crossed the

boundaries are counted as error symbols.

The forward propagation is simulated in two different ways with vector NLSE

and random rotational matrix between fiber sections (case 1), and with Manakov

equations (case 2). For case 2, LMS equalizer is not required since there is no PMD

in the system. Instead a second order Gaussian low pass filter (LPF) with 20 GHz

bandwidth is used to limit the noise.

Figure 3.10: BER versus launch power when vector NLSE is used for forward propa-
gation and LMS adaptive equalizer is introduced to remove PMD after DBP. Trans-
mission distance = 2800 km. 2 samples/symbol is used.
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Figure 3.11: BER versus launch power when Manakov equation is used for forward
propagation. Transmission distance = 2800 km. Optical signal-to-noise ratio (OSNR)
is 24.2 dB when launch power is 3 dBm.

Let us first consider case 1. Fig. 3.10 shows the bit error ratio (BER) as a

function of the launch power to the SSMF at 2800 km transmission distance. The

number of steps per span M is 2 in DBP. The solid line and dashed line show BER

versus launch power when the MAM and uniform spacing methods are used in DBP,

respectively. As can be seen, the DBP with MAM method outperforms that using

uniform spacing method at the same computational cost. When the launch power is

less than 1 dBm, the performance of the two techniques are almost the same, but DBP

with MAM is better when launch power is large and nonlinearity becomes dominant.

Fig. 3.11 shows BER as a function of launch power at the same transmission distance

except that the Manakov equations are solved in the forward propagation (case 2).

Although the LMS equalizer can effectively mitigate linear PMD impairments, neither

LMS nor DBP compensates for the PMD-nonlinearity interactions. Hence, comparing
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Fig. 3.10 and Fig. 3.11, with 2 samples per symbol, we see that the performance is

slightly worse at larger launch power for case 1, for both uniform spacing and MAM

techniques. When 4 samples per symbol are used, the Q-factor is improved by 0.1 dB

and 0.4 dB for uniform and MAM schemes, respectively (as compared with 2 samples

per symbol).

Figure 3.12: BER versus transmission distance. Manakov equation is used for forward
propagation. 2 samples/symbol is used.

The minimum BER (such as the minimum point in Fig. 3.11) is plotted as a

function of the transmission reach in Fig. 3.12 with different M . As M increases,

the maximum reach increases. The MAM technique has a longer reach than that of

the uniform spacing case. When M = 2, the maximum transmission distance at the

forward error correction (FEC) limit of BER = 2.1× 10−3 is limited to 4300 km for

the uniform spacing, which can be extended to 5200 km with the MAM technique.

Also, the transmission reach of the uniform spacing case is 5600 km and 6480 km
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when M = 3 and M = 4, respectively, which can be increased to 6640 km and 6880

km, respectively, by using the MAM method. So, only optimizing the parameters of

DBP without additional computational cost and system complexity, MAM technique

can make a better compensation of the fiber dispersion and nonlinearity compared

with the uniform spacing method.

Figure 3.13: BER versus launch power per channel for a WDM system. Transmission
distance = 2000 km. 2 samples/symbol is used. OSNR is 22.5 dB when launch power
is 0 dBm.

Next, we consider a wavelength division multiplexing (WDM) system with the fol-

lowing additional parameters: number of channels = 5, channel spacing = 100 GHz,

a second order Gaussian filter with a bandwidth of 50 GHz is used to demultiplex

channels. Coupled vector NLSEs [42] without four-wave mixing (FWM) are solved

in digital domain with 2 samples per symbol. As pointed out in [35], the step size

of a WDM system has to be really small (of the order of 3 km for uniform spacing).

Therefore, we considered a relatively larger M in our WDM simulation. Fig. 3.13

66



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

shows the BER versus launch power per channel. As can be seen, the performance

improvement is larger with MAM, M = 8 as compared to the case of M = 3. Rel-

atively smaller improvement for M = 3 with MAM is due to the fact that WDM

nonlinear impairments are much stronger when the step sizes are larger and both

uniform and MAM schemes do not provide substantial improvements.

For the content presented in this chapter, my contribution includes: (i) deriving

equations and building a numerical tool to optimize the step sizes; (ii) implementing

Matlab codes to simulate the entire fiber optic systems including single-channel and

WDM systems; (ii) compiling and analyzing simulation results and plotting result

figures of Fig. 3.11 and Fig. 3.13.

3.5 Conclusions

We have investigated a DBP scheme to compensate for the dispersion and nonlin-

earity of the transmission fibers. By optimizing the step size of each section through

minimizing the area mismatch between the exponential profile of the effective nonlin-

ear coefficient and its stepwise approximation, a better system performance can be

obtained without additional computational cost and system complexity. The optical

forward propagation is simulated in two different ways: (i) vector NLSE with random

polarization rotation. (ii) Manakov equations. An adaptive LMS equalizer is em-

ployed after the DBP to compensate for the randomly changing birefringence when

the vector NLSE is used for forward propagation. The simulation results show that

the two approaches have almost the same performance, except that PMD-nonlinearity

interaction results in a slight degradation for case (i). In both the approaches, DBP
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with uniform spacing and MAM are simulated and results show that the MAM tech-

nique can increase the system reach significantly as compared to the uniform spacing.

68



Chapter 4

Digital compensation of XPM

distortions using perturbation

technique for dispersion-managed

systems

4.1 Introduction

The performance of fiber-optic transmission systems is mainly limited by intra-channel

[44, 83, 84] and inter-channel [48, 55, 57, 60] nonlinear impairments. Digital/optical

back propagation [20, 21, 33, 34] based on split-step Fourier scheme (SSFS) is an ef-

fective method to compensate for intra-channel nonlinear impairments. Digital back

propagation (DBP) requires computations of multiple fast Fourier transforms (FFTs)

and two or more samples per symbol. Alternatively, perturbation techniques can be
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implemented either at the transmitter [49] or at the receiver [50, 85] for the com-

pensation of the intra-channel nonlinear impairments. For quasi-linear systems, the

fiber-optic channel is considered to be linear to the leading order. The nonlinear in-

teraction among signal pulses leads to distortions in the first and higher orders, which

can be calculated using the perturbation theory. In transmitter side perturbation the-

ory based compensation technique, the signal field is distorted by subtracting the first

order field from the signal field at the transmitter. The fiber-optic system generates

the first order field which cancels the distortion introduced at the transmitter. How-

ever, if the first order field is large, nonlinear interaction between this field and signal

field causes additional distortions. In order to calculate the first order field, double

summations have to be performed and the number of terms in the double summation

grows quickly with accumulated dispersion. An interesting fact is that by employing

symmetric electronic dispersion compensation (EDC), complex multiplications in the

double summation become real multiplications which leads to significant reduction in

computational complexity [51, 86].

In a wavelength division multiplexing (WDM) system, a signal pulse in the given

symbol slot interacts nonlinearly not only with the neighboring symbols of the same

channel, but also with the symbols of the other channels due to cross phase modu-

lation (XPM). The distortion due to XPM can be compensated for using the DBP

[35], in which coupled NLSEs are solved using SSFS. This scheme is quite effective;

however, it requires huge computational resources since the step size should be about

3 km. The step size can be increased by factorizing the walk-off effect [43], however,

the computational cost is still large. In [45, 47, 48, 70], inter-channel nonlinear dis-

tortion due to XPM is calculated using a perturbation theory. In this chapter, we
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make use of the analytical expressions for the first order fields developed in Chap-

ter 2 to compensate the distortion at the receiver [87]. We first compensated for

the intra-channel as well as inter-channel nonlinear distortions using the perturba-

tion theory and the results showed that this compensation scheme brought only 0.5

dB improvement in Q-factor as compared to the case of linear compensation. Next,

we investigated the possibility of compensating inter-channel distortions using the

low-complexity intra-channel DBP (with a step size of 40 km) and inter-channel dis-

tortions using the perturbation technique. In this case, we found that the Q-factor

improvement is 2.4 dB as compared to the case of linear compensation for 2-channel

WDM systems. Constellation diagram revealed the existence of small islands drift-

ing away from the constellation points. These islands do not behave like amplified

spontaneous emission (ASE) noise and they result from the wrong estimations in the

hard-decision unit. Instead of choosing the closest constellation points for the received

signal, we replaced the decision with the second-closest constellation point. Using the

corrected hard-decision data, XPM distortion compensation is done again and now

the Q-factor improvement over the linear compensation scheme is 3.2 dB. We note

that this method is applicable not only for WDM systems, but also for superchannel

systems with multiple carriers [88]. The digital signal processing (DSP) technique

for superchannel systems is discussed in [88–90]. For simplicity, we have ignored the

polarization dependence of the signals and limited our study to single-polarization

WDM systems.
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4.2 Perturbation technique for compensating XPM

distortions

The nonlinear distortions of signals propagating in fiber-optic links can be calculated

using a perturbation theory, as discusses in Chapter 2. When there is a single pulse

at 0th symbol slot at the channel of interest (channel 1) and multiple pulses at the

interfering channel (channel 2), the intra-channel nonlinear distortion and the XPM

distortion can be respectively written as (see Eq. 2.42 in Chapter 2)

∆uintra,NG1 (t) = iγ0P
3/2a0

Nsym∑
m=−Nsym

Nsym∑
n=−Nsym

ama
∗
nYmn(Ltot, t), (4.1)

and

∆uXPM,NG
1 (t) = 2iγ0P

3/2a0

Nsym∑
m=−Nsym

Nsym∑
n=−Nsym

bmb
∗
nYmn(Ltot, t), (4.2)

where an and bn are the random data, Ymn is the perturbation coefficient matrix.

When there are multiple pulses at the channel 1, the nonlinear interaction between a

neighboring pulse of channel 1 (e.g. pulse at symbol slot 1) and the multiple pulses

of channel 2 leads to distortion on the pulse at the symbol slot 0 of channel 1. This is

because the neighboring pulses as well as XPM fields broaden due to dispersion and

walk-off effects such that they could appear at symbol slot 0 at various propagation

distances, leading to additional XPM distortions. Therefore, Eq. (4.2) is modified as

∆uXPM,NG
1 (t) = 2iγ0P

3/2

M∑
l=−M

al

Nsym∑
m=−Nsym

Nsym∑
n=−Nsym

bmb
∗
nY

(l)
mn(Ltot, t), (4.3)
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where al is the random data on channel 1, Y
(l)
mn is the matrix which corresponds to

the nonlinear interaction between the pulse at the symbol slot l of channel 1 and

multiple pulses of channel 2. M is the number of neighboring symbols up to which

the nonlinear distortion is significant. Similarly, for intra-channel distortions, Eq.

(4.1) is modified as

∆uintra,NG1 (t) = iγ0P
3/2

M∑
l=−M

al

Nsym∑
m=−Nsym

Nsym∑
n=−Nsym

ama
∗
nY

(l)
mn(Ltot, t). (4.4)

So far we considered the XPM distortion due to a single neighboring channel. If there

are Nnb neighboring channels, total nonlinear distortion due to XPM is

∆uXPM =

Nnb∑
k=1

∆uXPM,NG
1,k , (4.5)

where ∆uXPM,NG
1,k represents the XPM distortion due to the neighboring channel k

and is calculated using Eq. (4.3).

Using the perturbation technique, the distorted output signal of a fiber-optic link

can be written as

uout = uin + ∆uintra + ∆uXPM + ∆uH , (4.6)

where uout and uin are the input and output signals, respectively; ∆uintra and ∆uXPM

are the first order intra-channel and XPM distortions calculated by Eqs. (4.4) and

(4.5), respectively; ∆uH is the high-order component that is neglected by the first-

order perturbation theory [45]. To the first-order accuracy, the fiber nonlinearity can

73



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

be compensated by

ucomp = uout − uin −∆uintra −∆uXPM . (4.7)

Perturbation-based nonlinearity compensation can be implemented at the transmitter

side and/or at the receiver side [49, 50, 85]. In the transmitter side perturbation

scheme, the accurate input data (an, bn) is available for the perturbation calculation

of nonlinear distortions. However, due to the limitations of first-order theory, the high-

order component ∆uH will co-propagate and interact with signals in the fiber-optic

link which will introduce additional distortions. In the receiver side perturbation

scheme, the high-order component does not propagate; but the input data is not

available so that perturbation calculation has to be done based on estimated data

from the distorted signals. In single channel systems, transmitter side and receiver

side perturbation schemes have almost the same performance [50].

4.3 Simulation results and discussions

As the first case, we investigated a receiver side compensation scheme that mitigates

both intra-channel and XPM distortions using the perturbation technique. To reduce

computational complexity (i.e., the value of M and the size of the matrix Ymn), we

consider a dispersion-managed (DM) fiber-optic system, as shown in Fig. 4.1. Unless

otherwise specified, the system configuration is as follows: symbol rate per channel =

28 Gbaud, modulation = 16-quadrature amplitude modulation (16-QAM), channel

spacing = 50 GHz, Tx and local oscillator (LO) laser linewidth = 100 kHz, amplifier

spacing = 80 km, number of fiber spans = 20, number of symbols simulated = 32768
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per channel. The dispersion, loss, and nonlinear coefficients of the transmission fiber

are DTF = 16.5 ps/nm/km, αTF = 0.2 dB/km, and γTF = 1.1 W−1km−1, respec-

tively. For dispersion compensating fiber (DCF), DDCF = -117.7 ps/nm/km, αDCF

= 0.5dB/km, and γDCF = 4.4 W−1km−1. Gain of the first and second stages of the

amplifiers are G1 = 13.0 dB and G2 = 8.4 dB, respectively. The residual dispersion

per span (= DTFLTF + DDCFLDCF ) is 50 ps/nm. The standard split-step Fourier

scheme (SSFS) is used to simulate the signal propagation in the fiber-optic link. The

computational bandwidths are 0.22 THz and 0.45 THz for the cases of 2-channel and

5-channel WDM systems, respectively; and the maximum nonlinear phase shift per

step is 0.0005 radians. A Nyquist pulse with a roll-off factor α = 0.6 is used, defined

as

x(t) = sinc

(
t

Ts

)
cos(aπt/Ts)

1− (2at/Ts)2
. (4.8)

Six time-shifted Gaussian pulses are used to fit the Nyquist pulse, with the parameters

optimized by the least squares method (LSM) given in Table. 2.1 [70]. As the roll-

off factor decreases, the number of pulses required increases. However, this does not

increase the computational complexity of the compensation scheme, as the calculation

of Ymn matrixes are done off-line and stored as look-up tables.

At the output of the fiber-optic link, a demultiplxer (DMUX) separates signals

into different channels. Second order Gaussian band pass filters (BPFs) centered at

each channel with 3-dB bandwidth of 42 GHz are used as demultiplexing filters. The

output signals from the coherent receivers are then converted into the digital domain

using analog-to-digital convertors (ADCs). In the receiver digital signal processing

(DSP) block, two samples per symbol are used for the compensation of residual

dispersion. The output of dispersion compensator (DC) is down-sampled to one
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Figure 4.1: Schematic of a dispersion-managed fiber-optic WDM system using
perturbation-based nonlinearity compensation. Tx: transmitter, MUX: multiplexer,
DCF: dispersion compensating fiber, G1, G2: amplifier gains, DMUX: demultiplexer,
LO: local oscillator, ADC: analog-to-digital convertor, DC: dispersion compensator,
CPR: carrier phase recovery, Ymn: coefficient matrix stored in a lookup table, DSP:
digital signal processing.
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sample per symbol. After that, carrier phase recovery (CPR) is implemented using the

feed-forward method [91]. The output signal of CPR is used for hard decision which

uses a threshold device to make decisions based on the proximity of the signal to the

complex amplitude levels of 16-QAM. The rectangular regions about the constellation

points are used for hard decision. Perturbation calculations for both intra-channel

and XPM distortions are carried out using the hard-decision data, which approximate

the input data sequences an and bn required for perturbation calculation in Eqs. (4.3)

and (4.4). The coefficient matrix Ymn are stored in a lookup table. When the channel

separations between the probe and the pump channel are 50 GHz, 100 GHz, 150 GHz,

and 200 GHz, the numbers of neighboring symbols included (i.e., M in Eq. (4.3)) are

2, 1, 1, and 0, respectively. Then intra-channel and XPM distortions are compensated

using Eq. (4.7) and the output of CPR is used as uout.

For simplicity, we first consider a 2-channel WDM system. Figures 4.2(a) and

4.2(b) show the constellations of recovered signals by dispersion compensation only

and by nonlinear compensation of both intra-channel and XPM distortions using

the perturbation technique, respectively. We note that in simulations the signal

constellation becomes enlarged after nonlinearity compensation. Before calculating

bit error rate ratio (BER), the power of the compensated signal is normalized to

that of the input signal. The BER is calculated by error counting. Figure 4.3 shows

the Q-factor as a function of average launch power per channel Pave. The Q-factor

is converted from the BER using Q =
√

2erfc−1(2 × BER) and Q(dB) = 20log10Q.

Perturbation-based nonlinearity compensation brings 0.5 dB Q-factor improvement.

The relatively smaller improvement is mostly due to the inaccurate data after the

hard decision.
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Figure 4.2: Constellations of recovered signals in a 2-channel WDM system: (a)
linear compensation only, (b) nonlinear compensation of both intra-channel and XPM
distortions using the perturbation technique. (average power per channel Pave = -6
dBm)

Figure 4.3: Q-factor versus average launch power per channel in a 2-channel WDM
system. (Optical signal-to-noise ratio (OSNR) is 20.8 dB when Pave is -6 dBm. Trans-
mission distance is 1600 km.)
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As an alternative scheme, we choose to compensate for intra-channel nonlinearities

using intra-channel DBP based on SSFS [33], since the intra-channel DBP has high

accuracy and moderate computational cost. However, for XPM compensation, the

computational cost of inter-channel DBP is very large. The required step size is as

small as a few kilometers [35]. Perturbation-based XPM compensation requires much

less computational cost, since it only requires one-stage compensation and symbol-

rate signal processing. Therefore, we investigated a hybrid nonlinearity compensation

scheme, which compensates for dispersion and intra-channel nonlinearities using intra-

channel DBP and compensates for XPM distortions using the perturbation technique.

The scheme diagram is shown in Fig. 4.4. The ADC outputs with two samples

per symbol are launched into the intra-channel DBP units to compensate for intra-

channel nonlinear distortions. After that, second order Gaussian low pass filters

(LPFs) with 3-dB bandwidth of 19 GHz are used as noise limiting filters. Then, CPR

and hard decision are implemented using one sample per symbol. XPM perturbation

calculation and compensation are carried out based on the hard-decision data.

Figure 4.4: Diagram of a hybrid nonlinearity compensation scheme using DBP for
intra-channel impairments compensation and the perturbation technique for XPM
compensation. LPF: low pass filter.
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As intra-channel DBP provides more accurate compensation of intra-channel non-

linear distortions than the perturbation technique, the hard-decision unit provides

more accurate estimation of the input data. As a result, the XPM perturbation cal-

culation and compensation becomes more accurate than the aforementioned scheme.

Figure 4.5 shows the constellations of recovered signals. Comparing Fig. 4.5(c) with

Fig. 4.5(b), we see that the perturbation technique is effective to compensate XPM

distortions. However, the improvement in Q-factor by XPM compensation using the

perturbation technique is still relatively smaller (see Fig. 4.8). The main reason is

that the presence of XPM distortions results in wrong estimations in the hard-decision

unit. From Fig. 4.5(c), we see that in addition to 16 constellation points (enlarged

due to ASE noise), there exist small islands drifting away from the 16 constellation

points. The drifting islands do not behave as ASE noise and we found that they

result from the wrong estimations in the hard-decision unit. We employed a hard-

decision correction method (as shown in Fig. 4.6) to correct the wrong decisions and

re-compensated XPM distortions using the perturbation technique based on the cor-

rected data. The drifting islands were mostly removed by the hard-decision correction

method, as shown in Fig. 4.5(d).

Figure 4.6 shows the hard-decision correction method. The first step is to locate

the wrong decisions. This is realized by finding the drifting islands in the constellation

(Fig. 4.5(c)) of the output signals of the XPM compensation unit. We assume that a

wrong decision occurred if the distance between an output signal point and its closet

constellation point is larger than a certain threshold distance, that is

|sigout − sigconstel| > r, (4.9)
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Figure 4.5: Constellations of recovered signals in a 2-channel WDM system: (a)
linear compensation only, (b) nonlinearity compensation using intra-channel DBP
only (step size = 40 km), (c) nonlinearity compensation using intra-channel DBP
and the perturbation technique for XPM, (d) after hard-decision correction. (average
power per channel Pave = -3 dBm)

Figure 4.6: Diagram of a nonlinearity compensation scheme using hard-decision cor-
rection.
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where sigout and sigconstel are the normalized output signal and its closest constel-

lation point, respectively; r is the threshold distance. The circular regions about

constellation points are used for hard-decision correction. Then we trace back to

the hard-decision unit and replace the decision with the second-closest constellation

point (rather than the closest one) of that CPR output signal point. Using the cor-

rected hard-decision data, the perturbation calculation and compensation for XPM

distortions are implemented for a second time. In the second round XPM compen-

sation, corrected data from hard-decision correction is used to re-calculate the XPM

distortion (∆uXPM) using Eqs. (4.3) and (4.5), i.e., the input data sequence an

and bn appearing in Eqs. (4.3) and (4.5) are approximated by the corrected data

from the hard-decision correction unit. Then, the XPM distortion is removed using

ucomp = uout∆uXPM , where the CPR output is used as uout. In the hard-decision

correction unit, both the CPR output (uout) and the decisions of first-stage XPM

compensation are used as inputs to find the corrected data. The matrix Ymn calcu-

lated before is re-used in the second-stage compensation. In simulations, the optimal

threshold distances are obtained by sweeping the range [0 1]. The distance between

the nearest constellation points is normalized to 2. Figure 4.7 shows the Q-factor as a

function of the normalized threshold distance. It shows that the optimum threshold

distance is dependent on launch power and system configuration. In practical sys-

tems, the optimal threshold values can be pre-determined by numerical simulations

and then built into the DSP for transmission systems.

Figure 4.8 compares the Q-factors of different compensation schemes. The Q-

factor improvement is defined as the difference between maximum Q-factors of differ-

ent schemes. Figure 4.8(a) shows the case when the step size of intra-channel DBP
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Figure 4.7: Q-factor versus normalized threshold distance.

is 2 km. Intra-channel DBP (line with ‘x’) brings 2.0 dB Q-factor improvement as

compared with linear compensation only. Using the perturbation technique to com-

pensate for XPM distortions (line with dots), an additional 0.7 dB improvement is

obtained. Using the hard-decision correction method (line with triangles), the Q-

factor improvements are 3.7 dB and 1.7 dB as compared with linear compensation

and intra-channel DBP, respectively. We also investigated the case when a large step

size is used for intra-channel DBP. Figure 4.8(b) shows slight performance degrada-

tion when the step size is 40 km. The scheme with hard-decision correction shows

3.2 dB and 1.4 dB Q-factor improvements as compared with linear compensation

and intra-channel DBP, respectively. When the correct symbols are artificially used

(instead of the output of the hard-decision correction unit), the BER becomes very

small (< 10−6). This implies that the first-order perturbation based compensation

technique is able to effectively remove the XPM distortions and the performance

degradation is due to hard-decision error. This can be seen by the few islands in Fig.

83



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

Figure 4.8: Q-factor versus average launch power per channel in a 2-channel WDM
system: (a) intra-channel DBP step size = 2 km, (b) intra-channel DBP step size =
40 km. (OSNR is 23.8 dB when Pave is -3 dBm. Transmission distance is 1600 km.)

84



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

Figure 4.9: Q-factor versus average launch power per channel in a 5-channel WDM
system: (a) intra-channel DBP step size = 2 km, (b) intra-channel DBP step size =
40 km. (OSNR is 22.9 dB when Pave is -4 dBm. Transmission distance is 1600 km.)
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4.5(d) even after hard-decision correction.

For a more general case, we investigated a 5-channel WDM system with the chan-

nel spacing of 50 GHz. Figure 4.9 shows the Q-factors of different schemes. In this

case, the perturbation technique for XPM leads only to a slight performance improve-

ment. However, with hard-decision correction, the additional Q-factor improvements

are 1.2 dB and 1.0 dB as compared to intra-channel DBP only, for the cases of 2 km

and 40 km step sizes, respectively. Total Q-factor improvements as compared to the

case of linear compensation are 2.5 dB and 2.3 dB for the cases of 2 km and 40 km

step sizes, respectively.

4.4 Conclusions

We have investigated a digital compensation scheme based on a perturbation the-

ory to compensate for fiber nonlinearities in dispersion-managed fiber-optic systems.

The scheme uses the data obtained from a hard-decision unit at the receiver to do

perturbation calculation. In the scheme that uses perturbation technique to compen-

sate for both intra-channel and XPM distortions, the performance improvement is

small due to the inaccurate data after the hard-decision unit and the limitations of

the first-order theory. We then considered a hybrid scheme, where the intra-channel

distortions are removed by intra-channel DBP and the XPM distortions are compen-

sated by the perturbation technique. Better performance improvement is obtained

since intra-channel DBP provides more accurate compensation for intra-channel dis-

tortions which results in more accurate data in the hard-decision process. We also

studied a hard-decision correction method to correct the wrong estimations in the

hard-decision unit. We located the wrong estimated signals from the constellation of
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the recovered signal and then traced back to replace the hard-decision data of those

wrong estimations with the second-closest constellation point (rather than the closest

one). Numerical simulations show that the hybrid scheme brings up to 3.7 dB and 1.7

dB Q-factor improvements as compared with the schemes of linear compensation only

and intra-channel DBP, respectively. The perturbation technique for XPM compen-

sation requires only one-stage (or two-stage when hard-decision correction is applied)

compensation and symbol-rate signal processing. The results are also applicable to

superchannel systems with multiple carriers.
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Chapter 5

A multi-stage perturbation

technique for compensating

intra-channel nonlinear effects

5.1 Introduction

One of the dominant impairments in fiber-optic systems is caused by fiber intra-

channel nonlinear effects. A number of techniques have been proposed to mitigate

intra-channel nonlinear impairments such as digital back propagation (DBP) [2, 33,

34, 38, 75, 76, 78, 92] and perturbation techniques [49–53, 85, 86]. In DBP, typically

split-step Fourier scheme (SSFS) is used to solve the NLSE in digital domain and

it provides significant performance improvement if the step size is sufficiently small.

In contrast, the existing perturbation-based compensation schemes use single-stage

compensation, in which the dispersive and nonlinear distortions of the entire link are

compensated all together at one step. Perturbation techniques have drawn significant
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attention for modeling the fiber-optic systems [44, 45, 47, 48, 69, 70, 84, 93–96] as

well as for compensation [49–53, 85–87]. In a first order perturbation theory, the

signal field propagating in a fiber is divided into two parts: (i) signal field due to

fiber dispersion and loss in the absence of nonlinearity, which is the unperturbed

solution; (ii) the first order field due to nonlinear distortions, which is the perturbation

correction to the unperturbed solution. The first order correction of a given symbol is

calculated by considering its nonlinear interaction with neighboring symbols, where

single and double summations involving the perturbation coefficient matrix Xmn have

to be carried out. For a symbol at 0th time slot, Xmn indicates the coefficient for

the nonlinear interaction between the mth, nth, and (m + n)th symbols. Generally,

triple summation is required to calculate the first order field. The phase matching

condition is usually applied to reduce the triple summation to double summation [44,

48, 94]. The single-stage compensation technique based on the first order perturbation

theory has the following disadvantages: (i) the computational complexity is large in

dispersion noncompensated links since the size of perturbation matrix Xmn is huge

due to large accumulated dispersion; (ii) first order perturbation theory becomes

inaccurate as the product of the transmission distance and launch power increases [45]

and hence, the compensation performance decreases. In [97], a multi-stage nonlinear

compensation technique based on a logarithmic perturbation analysis was shown to

allow significant complexity reduction without sacrificing performance.

In this chapter, we develop a novel recursive perturbation theory to model a fiber-

optic link. Suppose the fiber-optic link consisting of Ntot spans is divided into Nstg

stages so that Ntot = Nstg ×Nspn, where Nspn is the number of spans per stage. The

first order field due to the kth stage is calculated using the conventional perturbation
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theory and it is added to the linear field at the end of the kth stage. The combined

field is used as the input to the (k + 1)th stage. However, dispersive effect as well

as the addition of the first order field alters the pulse shape of the signal field and

hence the perturbation coefficients of the kth stage cannot be used for (k+1)th stage

without adjusting the pulse shape. For this purpose, we project the signal field on the

basis of suitably chosen sampling functions. At the end of each stage, weights of the

combined field (i.e., linear field + nonlinear distortion) on the basis of the sampling

functions are computed. The distorted output signal of the kth stage can be expressed

in the same form as the fiber input, except that the input data ainn is modified as akn,

so that perturbation coefficient matrix Xmn is the same for all the stages. We inves-

tigate a multi-stage compensation scheme based on the recursive perturbation theory

[98]. The multi-stage technique has the following advantages: (i) the size of the ma-

trix Xmn and hence the implementation complexity is significantly reduced since the

size of Xmn is determined by the accumulated dispersion in each stage rather than

that of the entire fiber-optic link; (ii) the accuracy of the perturbation technique is

enhanced, resulting in better performance. This is because, in each stage the first

order theory is used to calculate the nonlinear distortions occurring in a shorter dis-

tance, which improves the accuracy and the summation of the signal field and the

first order field of the previous stage is used as the unperturbed solution for the next

stage, which further improves the accuracy. We investigated a 28 Gbaud single chan-

nel system with 32-quadrature amplitude modulation (32-QAM) format and 3,200

km transmission distance. With 2 samples per symbol, the multi-stage scheme with

Nstg = 8 increases the Q-factor as compared with linear compensation by 4.5 dB; as

compared with single-stage compensation, the computational complexity is reduced
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by a factor of 1.3 and the required memory for storing matrix Xmn is decreased by a

factor of 13. For systems with quadrature phase-shift keying (QPSK) or 16-QAM, we

expect similar performance improvements using the multi-stage perturbation tech-

nique. In this chapter, the multi-stage perturbation technique is implemented at the

receiver; however, this technique can also be deployed at the transmitter and similar

performance improvements are expected. The simulations in this chapter are based

on single-polarization systems; however, the multi-stage perturbation technique can

be properly modified to apply to dual-polarization systems and similar performance

improvement is expected.

For DBP, increasing the number of stages (or steps) increases the computational

complexity (and improves the performance, too). In contrast, for multi-stage pertur-

bation technique, it is the opposite unless the number of stages is too large. This is

because a given pulse interacts nonlinearly with K neighboring pulses over a distance

L and K is roughly proportional to L. Total number of nonlinear interactions (and

hence the number of complex multiplications) scales as ∼ K2Np (or ∼ L2Np), where

Np is the number of signal pulses. If L is divided into Nstg equal segments, total

number of nonlinear interactions scales as ∼ Nstg(L/Nstg)
2Np.

5.2 Recursive perturbation theory

In this chapter, we develop a recursive perturbation theory to model the evolution

of optical signals propagating in fiber-optic links. A fiber-optic link is divided into

multiple stages and the dispersive and nonlinear effects of each stage are calculated

using a first order perturbation technique. The input and output signals of different
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stages are expressed using the same basis functions such that the perturbation calcu-

lations of different stages can be done in a similar way using an identical perturbation

coefficient matrix Xmn. Perturbation calculations are implemented recursively, that

is, the output signal of the kth perturbation stage is used as the input signal of the

(k+1)th perturbation stage. The optical signal propagation is described by the NLSE

(see Eq. 2.3 in Chapter 2):

i
∂u

∂z
− β2

2

∂2u

∂t2
= −γ|u|2u, (5.1)

where γ = γ0e
−w(z). Let the input signal be

u(0, t) =
√
P

Nsym∑
n=−Nsym

dnp(0, t− nT0), (5.2)

where P is the signal power, dn is the data, p(0, t) is the pulse shape function, T0 is

the symbol period, and Ns(= 2Nsym+1) is the number of symbols. Using the Nyquist

sampling theorem, we express the input signal as

u(0, t) =
√
P

N/2∑
n=−N/2+1

ang(0, t− nTs), (5.3)

where N is the number of samples, an is the data sample, g(0, t) is a sampling function,

and Ts is the sampling period. In this chapter, we choose an inter-symbol interference

(ISI)-free sampling pulse g(0, t) = sinc(t/Ts), so that an is simply the data sample at

t = nTs. Here g(0, t) is the sampling function, not necessarily the same as the symbol

pulse shape p(0, t). The symbol pulse shape can be arbitrary. Also, the mathematical

derivation can be applied to the cases of multiple samples per symbol by properly
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choosing the sampling period Ts. For example, if Ts equals to half the symbol period,

the perturbation calculations will be carried out with two samples per symbol. Using

the perturbation technique, we assume that the leading order solution of Eq. (5.1)

is linear and treat the nonlinear terms on the right-hand side as perturbations. We

expand the optical field into a series [45, 93]

u = u(0) + γ0u
(1) + γ2

0u
(2) + ..., (5.4)

where u(m) denotes the mth-order solution. The linear solution is found as

u(0)(z, t) =
√
P
∑
n

ang(z, t− nTs), (5.5)

where

g(z, t) =
Ts
2π

∫ π/Ts

−π/Ts
exp[iS(z)ω2/2− iωt]dω, (5.6)

and S(z) =
∫ z

0
β2(s)ds. Substituting Eq. (5.4) into Eq. (5.1), we find the governing

equation for the first order correction as

i
∂u(1)

∂z
− β2

2

∂2u(1)

∂t2
= −e−w(z)|u(0)|2u(0), (5.7)

Taking the Fourier transform of Eq. (5.7), we find

∂ũ(1)

∂z
− iβ2

2
ω2ũ(1) = G̃(z, ω), (5.8)

where ũ(1)(z, ω) = F{u(1)(z, t)}, G̃(z, ω) = F{G(z, t)}, G(z, t) = ie−w(z)|u(0)|2u(0),

and F is the Fourier transform operator. The solution to Eq. (5.8) with the initial

93



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

condition ũ(1)(0, ω) = 0 is

ũ(1)(z, ω) =

∫ z

0

G̃(s, ω)exp{i[S(z)− S(s)]ω2/2}ds. (5.9)

The first order nonlinear distortion is found as

∆u(z, t) = γ0u
(1)(z, t) = γ0F

−1{ũ(1)(z, ω)}, (5.10)

where F−1 is the inverse Fourier transform operator. Using the orthogonality of the

linear output waveforms g(z, t− nTs) [47], we rewrite the nonlinear distortion as

∆u(z, t) = γ0

√
P
∑
n

a(1)
n g(z, t− nTs), (5.11)

where the modification to the input data due to nonlinear effects is found as [47, 48, 96]

a(1)
n =

∫ ∞
−∞

∆u(z, t)

Tsγ0

√
P
g∗(z, t− nTs)dt

=
i

Ts
√
P

∫ z

0

dse−w(s)

∫ ∞
−∞

dtg∗(s, t− nTs)|u(0)(s, t)|2u(0)(s, t).

(5.12)

Consider the pulse at symbol slot j. Substituting Eq. (5.5) into Eq. (5.12) and using

the phase matching condition m + n − l = j, where m, n, and l are sample indices,

we obtain [47, 48, 52, 96]

a
(1)
j = iP

K/2∑
m=−K/2

K/2∑
n=−K/2

am+jan+ja
∗
m+n+jXmn, (5.13)
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Xmn =
1

Ts

∫ z

0

dse−w(s)

∫ ∞
−∞

dtg∗(s, t)g(s, t−mTs)g(s, t− nTs)g∗(s, t− (m+ n)Ts),

(5.14)

where K is the number of neighboring samples that interacts nonlinearly with the jth

sample, Xmn is the perturbation coefficient matrix. The integration in Eq. (5.14) is

evaluated numerically using Simpsons 1/3 rule with step sizes dt = Ts/8 and ds = 0.1

km. Including the nonlinear distortions, the output signal of the first perturbation

stage can be written as

u(L, t) =
√
P
∑
n

a′ng(L, t− nTs), (5.15)

where the modified data is given as a′n = an + γ0a
(1)
n , and L is the fiber length of the

first perturbation stage.

To make the perturbation coefficient matrix Xmn independent of the stages, we

express the output signal of the first stage on the basis g(0, t − nTs) rather than

g(L, t− nTs). We rewrite the output signal of the first stage as

u(L, t) =
√
P
∑
m

bmg(0, t−mTs), (5.16)

where bm is the weight under the basis g(0, t − mTs). Since g(0, t − mTs) is a sinc

function centered at mTs, bm
√
P is simply the sample of u(L, t) at mTs. Using Eq.

(5.15), we find

bm = u(L, t = mTs)/
√
P

=
∑
n

a′ng(L, (m− n)Ts).
(5.17)
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Let

cm−n = g(L, (m− n)Ts). (5.18)

Using Eq. (5.6), cn is calculated by

cn =
Ts
2π

∫ π/Ts

−π/Ts
exp[iS(L)ω2/2− iωnTs]dω. (5.19)

Substituting Eq. (5.18) in Eq. (5.17), we obtain

bm =
∑
n

a′ncm−n. (5.20)

The convolution in Eq. (5.20) can be conveniently computed using discrete Fourier

transforms as

bn = IDFT {DFT{a′n} ×DFT{cn}} , (5.21)

where DFT and IDFT indicate the discrete Fourier transform and the inverse discrete

Fourier transform, respectively. Now, the output signal (Eq. (5.16)) of the first

perturbation stage is expressed in the same form as the input signal (Eq. (5.3)), so

the output signal of the second perturbation stage can be calculated recursively by

using the output data of the first stage as its input data.

So far, we considered an additive perturbation model, where the nonlinear distor-

tion is added to the linear field (i.e., a′n = an+γ0a
(1)
n ). Equation (5.13) shows that the

nonlinear distortion a
(1)
n includes self-phase modulation (SPM), intra-channel cross-

phase modulation (IXPM) and intra-channel four wave mixing (IFWM) effects. In

order to accurately model the phase noise characteristics of SPM and IXPM effects,

it is useful to introduce a multiplicative model for the SPM and IXPM effects while
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keeping the additive model for IFWM effect [99]. At symbol slot 0, we expand Eq.

(5.13) as

a
(1)
n=0 = iPa0

[
|a0|2Xm=0,n=0 + 2

∑
n 6=0

|an|2Xm=0,n

]
+iP

∑
m 6=0

∑
n6=0

amana
∗
m+nXmn, (5.22)

where the first, second and third terms account for SPM, IXPM and IFWM effects,

respectively. Using the following definitions,

φnl = γ0P

(
|a0|2Xm=0,n=0 + 2

∑
n6=0

|an|2Xm=0,n

)
, (5.23)

∆aIFWM = iγ0P
∑
m 6=0

∑
n6=0

amana
∗
m+nXmn, (5.24)

we find the modified data at symbol slot 0 as

a′n=0 = a0 + γ0a
(1)
0 , (5.25)

= a0(1 + iφnl) + ∆aIFWM (5.26)

≈ a0exp(iφnl) + ∆aIFWM . (5.27)

Equation (5.26) represents the additive perturbation model, while Eq. (5.27) cor-

responds to an additive-multiplicative (A-M) model where the phase noise charac-

teristics of SPM and IXPM effects are included. The sample at time slot j can be

calculated similarly using Eqs. (5.26) and (5.27) with the time window shifted by

jTs.

The difference between the regular additive perturbation model and the A-M

perturbation model can be understood by considering the power conservation. Let’s
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consider a simple case with loss and dispersion coefficients to be zero and the NLSE

becomes

i
∂u

∂z
= −γ|u|2u. (5.28)

The exact solution is given as

u(L, t) = u(0, t)exp

[
iγ

∫ L

0

|u(z, t)|2dz
]
. (5.29)

We see that the power is conserved since |u(L, t)|2 = |u(0, t)|2. In the case of α = 0

and β2 = 0, the linear solution is the same as the input field,

u(0)(L, t) = u(0, t). (5.30)

Using the regular additive perturbation model, the output field may be written as

u(L, t) = u(0)(L, t) + γu(1)(L, t) = [1 + iγPL]u(0, t), (5.31)

where

P = |u(0, t)|2. (5.32)

This output signal has higher power than the input signal since |u(L, t)|2 > |u(0, t)|2.

However, if we use the A-M model, the output field may be written as

u(L, t) = u(0, t)exp [iφ(t)] , (5.33)

where φ(t) is a nonlinear phase shift. We see that in the A-M model, the signal power

is conserved, since |u(L, t)|2 = |u(0, t)|2.
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5.3 Multi-stage compensation scheme based on re-

cursive perturbation theory

A multi-stage compensation scheme is developed based on the recursive perturbation

theory. Consider a fiber-optic link consisting of Ntot spans. We divide the compen-

sation process into Nstg stages, and the number of fiber spans of each perturbation

stage is Nspn = Ntot/Nstg. At the receiver, the data samples rn of the distorted signal

are used as the input to the first compensation stage. The signal impairments due

to propagating in the last Nspn spans of transmission fibers are removed in the first

compensation stage based on the A-M model, using the following steps:

hn = IDFT {DFT{rn} ×DFT{c′n}} , (5.34)

c′n =
Ts
2π

∫ π/Ts

−π/Ts
exp[−iS(L)ω2/2− iωnTs]dω, (5.35)

vn = (hn −∆aIFWM)exp(−iφnl), (5.36)

where φnl and ∆aIFWM are respectively calculated using Eqs. (5.23) and (5.24), with

the data an replaced by hn. In the next compensation stage, the output data of

the previous stage is used as the input data, and the same compensation procedures

are implemented using an identical perturbation coefficient matrix Xmn as the first

stage. In the multi-stage perturbation technique, the propagation of signal field is

reversed in a multi-stage flow where dispersion and nonlinearity are removed in each

stage, similar to the DBP scheme. The difference between the two algorithms is

that the multi-stage perturbation technique provides a better approximation of the

nonlinear operation in each stage. The multi-stage perturbation technique employs
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a perturbation analysis and calculates the nonlinear distortions by summing over

multiple triplets (using the perturbation coefficient matrix Xmn, as shown in Eqs.

(5.23) and (5.24)), while DBP involves only a phase rotation that is proportional to

the energy of each sample.

5.4 Simulation results and discussions

First we compare the additive perturbation model with the additive-multiplicative

(A-M) perturbation model for optical signals propagating in a dispersion noncom-

pensated fiber-optic link. The input signal is 28 Gbaud, modulated with 32-QAM

format using a raised cosine pulse with a roll-off factor of 0.1. The launch power is 2

dBm. The fiber-optic link consists of 40 spans of standard single mode fiber (SSMF)

with 80 km amplifier spacing. The loss, dispersion, and nonlinear coefficients of the

SSMF are 0.2 dB/km, -21 ps2/km, and 1.1 W−1km−1, respectively. An in-line ampli-

fier is used after each fiber span to fully compensate the fiber loss. The output signals

calculated using the additive model and the A-M model are compared with the nu-

merical simulation result based on SSFS. The amplifier noise is turned off to obtain

the results in Fig. 5.1. Figure 5.1(a) shows that the result of the A-M model agrees

well with the numerical result, while the result of the additive model shows the over-

estimated signal amplitude which has been observed in [87]. Figure 5.1(b) shows the

signal power differences of the two models. The signal power difference is calculated

using |qmodel|2−|qSSFS|2, where qmodel and qSSFS are the output signal fields obtained

using the additive or A-M models and the SSFS simulation, respectively. The mean

power differences are 0.72 mW and -0.06 mW for the additive model and the A-M

model, respectively. Figure 5.1(c) shows the signal power as a function of the number
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of perturbation stages, where each stage includes one fiber span. It shows that the

over-estimation of signal power in the additive model accumulates over perturbation

stages. This power over-estimation is due to the neglecting of phase noise character-

istics of SPM and IXPM effects. Comparing Eqs. (5.26) and (5.27), we note that

the power is conserved in the A-M model since |a0exp(iφnl)|2 = |a0|2, while for the

additive model, |a0(1 + iφnl)|2 > |a0|2, which is the reason of power over-estimation.

Enhanced regular perturbation (ERP) in [93] is an interesting technique to remove

the average nonlinear phase before applying the perturbative analysis. ERP is an

alternative technique that could help to partially cope with the energy divergence

problem. Both A-M and ERP techniques are expected to provide similar results.

We investigated a single-channel fiber-optic system to study the performance of

the multi-stage compensation scheme based on the recursive perturbation theory, as

shown in Fig. 5.2. The system configuration is as follows: symbol rate = 28 Gbaud,

modulation format = 32-QAM, amplifier spacing = 80 km, total number of fiber spans

Ntot = 40, transmission fiber = SSMF, linewidth of transmitter and local oscillator

lasers = 100 kHz. In each Monte-Carlo simulation, 65,536 symbols are transmitted

all together. The optical signal is modulated using a raised cosine pulse with a roll-off

factor of 0.1. A second order Gaussian band pass filter (BPF) with 3-dB bandwidth

of 40 GHz is used before the coherent receiver. After multi-stage perturbation-based

compensation, a second order Gaussian low pass filter (LPF) with 3-dB bandwidth

of 15 GHz is used to limit out-of-band noise. Carrier phase recovery (CPR) is then

implemented using the feedforward method [91]. Bit error rate (BER) is calculated

by counting the number of error bits, and Q-factor is converted from BER using

Q =
√

2erfc−1(2× BER).
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Figure 5.1: Comparisons of the additive perturbation model and the additive-
multiplicative perturbation model (40-span SSMFs, power = 2dBm): (a) output
signals versus time, (b) power difference versus time, and (c) signal power versus
number of perturbation stages.
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Figure 5.2: Schematic of a single-channel fiber-optic system with multi-stage
perturbation-based compensation. Tx: transmitter, BPF: band-pass filter, LPF: low-
pass filter, CPR: carrier phase recovery.

We studied compensation schemes with different number of stages. The signal

impairments of Nspn(= Ntot/Nstg) fiber spans is compensated in one stage. The com-

putational complexity of the perturbation-based compensation scheme is proportional

to the size of the coefficient matrix Xmn (as shown in Eqs. (5.23) and (5.24)), which is

dependent on Nstg. In practical implementations, the insignificant components in the

matrix Xmn are truncated to reduce the computational complexity. We use the fol-

lowing truncation criterion: 20log10|Xmn/Xm=0,n=0| > xdB, where x is a truncation

threshold [49]. Figure 5.3 shows the perturbation coefficient matrices for different

values of Nstg, where 2 samples/symbol are used (i.e., Ts equals half the symbol pe-

riod). At -40 dB truncation threshold, the numbers of significant terms in Xmn are

173, 6193, and 23289 for the cases when Nstg is 40, 8, and 1, respectively. Due to

the reduced dispersive effect within one stage, the matrix size and hence the required

memory in DSP for storing Xmn are significantly reduced in multi-stage schemes.

Also, the number of neighboring samples required for perturbation calculation is re-

duced. Figure 5.3 shows that the required numbers of neighboring samples are 28,

194, and 1544 for the cases when Nstg is 40, 8, and 1, respectively.
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Figure 5.3: Perturbation coefficient matrices, 20log10|Xmn|: (a) Nstg = 40, (b) Nstg

= 8, (c) Nstg = 1.
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Figure 5.4: Signal constellations: (a) input signal, (b) compensated signal using the
additive model, (c) compensated signal using the additive-multiplicative model.
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Figure 5.4 shows the compensated signal constellations, in comparison with the

input signal constellation. The launch power is 2 dBm andNstg = 8. The constellation

of the compensated signal obtained using the additive model is expanded, indicating

over-estimation of signal power, while the power of the compensated signal using the

A-M model is conserved, which is consistent with the previous discussion about power

conversation.

Figures (5.5) and (5.6) show the compensation performance of the A-M model,

where 1 sample/symbol and 2 samples/symbol are used, respectively. In the case

of 1 sample/symbol, Fig. 5.5(a) shows that Q-factor improvements over the linear

compensation scheme are 1.9, 2.0, 2.3, 2.5, and 2.6 dB, when Nstg is 1, 2, 4, 8 and 40,

respectively. In the case of 2 samples/symbol, Fig. 5.6(a) shows that the Q-factor

improvements are 2.9, 3.6, 4.0, 4.5, and 5.3 dB, when Nstg is 1, 2, 4, 8 and 40, respec-

tively. In this chapter, we have simulated a single-channel transmission system. In the

case of wavelength division multiplexing (WDM) systems, the performance improve-

ments are expected to be significantly lower unless inter-channel impairments due to

cross-phase modulation (XPM) are mitigated [87]. The compensation schemes using

2 samples/symbol bring 1.0 ∼ 2.7 dB improvements in Q-factor as compared with

1 sample/symbol cases, due to the fact that the nonlinear effects broaden the signal

spectrum and hence the sampling rate should exceed the symbol rate which roughly

equals the bandwidth of the linear signal. As compared with single-stage compensa-

tion schemes, multi-stage schemes with Nstg = 8 bring 0.6 and 1.6 dB improvements

in Q-factor for the cases of 1 sample/symbol and 2 samples/symbol, respectively;

multi-stage schemes with Nstg = 40 bring 0.7 and 2.4 dB improvements in Q-factor

for the cases of 1 sample/symbol and 2 samples/symbol, respectively. Figures 5.5(b)
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Figure 5.5: Q-factor versus (a) launch power and (b) truncation threshold, 1 sam-
ple/symbol is used. (Optical signal-to-noise ratio (OSNR) is 23.3 dB when average
launch power is -1 dBm. Transmission distance is 3200 km.)
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Figure 5.6: Q-factor versus (a) launch power and (b) truncation threshold, 2 sam-
ples/symbol are used. (OSNR is 26.3 dB when average launch power is 2 dBm.
Transmission distance is 3200 km.)

108



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

and 5.6(b) show that compensation performance degrades as the truncation thresh-

old increases. The optimal launch powers that maximize Q-factors, obtained from

Figs. 5.5(a) and 5.6(a) are chosen as the launch powers for Figs. 5.5(b) and 5.6(b),

respectively. When the truncation threshold is too high (> -30 dB), the number of

coefficients in Xmn is not adequate to provide an accurate estimation of nonlinear

distortions. This inaccuracy will accumulate with the number of perturbation stages.

The build-up of uncompensated nonlinear distortions in a multi-stage scheme could

be larger than that in a single-stage in some cases, as shown in Fig. 5.6(b) at high

truncation thresholds.

Table 5.1: Q-factor improvement (∆Q), number of complex multiplications per sym-
bol (Mc), and required memory for storing Xmn. Reference Q-factor = 6.2 dB.

Nstg 1 2 4 8 40

1 sample
per symbol

∆Q(dB) 1.8 1.9 2.2 2.4 2.5
Mc 32,227 10,478 9,820 7,736 2,200

memory 10,737 1,741 813 317 13

2 samples
per symbol

∆Q(dB) 2.8 3.5 3.9 4.4 5.2
Mc 248,089 392,306 326,836 148,904 22,120

memory 82,685 65,373 27,225 6,193 173

Table 5.2: Comparison of scheme complexity to achieve ∆Q=2.0 dB. Reference Q-
factor = 6.2 dB.

Nstg 1 2 4 8 40

1 sample
per symbol

Mc — — 6,028 3,032 1,240
memory — — 497 121 5

2 samples
per symbol

Mc 55,477 45,986 39,220 33,320 8,680
memory 18,481 7,653 3,257 1,377 61

109



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

Table 5.3: Comparison of scheme complexity to achieve ∆Q=3.0 dB. Reference Q-
factor = 6.2 dB.

Nstg 1 2 4 8 40

1 sample
per symbol

Mc — — — — —
memory — — — — —

2 samples
per symbol

Mc — 104,258 56,836 50,120 10,120
memory — 17,365 4,725 2,077 73

In order to reduce the implementation complexity, we select the truncation thresh-

old based on a criterion that the reduction of Q-factor from its value at -50 dB trunca-

tion threshold is within 0.1 dB. To estimate the computational complexity, the num-

bers of complex multiplications per symbol is found asMc = Nstg[3M+(N log2N)/Ns],

where M is the number of significant perturbation coefficient in Xmn for one com-

pensation stage, N is the number of samples, Ns = (2Nsym + 1) is the number of

symbols, the factor 3 accounts for the three multiplications for each coefficient in

Xmn, as shown in Eq. (5.24), and the logarithm terms correspond to the fast Fourier

transforms (FFTs) in Eq. (5.34). Table. 5.1 compares the Q-factor improvement over

the linear compensation scheme, computational complexity, and required memory for

multi-stage compensation schemes with different Nstg. As compared with single-stage

schemes, in case of 1 sample/symbol and Nstg = 8, the computational complexity and

the required memory of storing Xmn are reduced by factors of 4.2 and 34, respectively;

in case of 2 samples/symbol and Nstg = 8, the computational complexity and the re-

quired memory are reduced by factors of 1.3 and 13, respectively. The reference

Q-factor corresponds to the value obtained by using only the linear compensation at

the receiver. Table. 5.2 and Table. 5.3 compare the implementation complexities of

schemes with different values of Nstg to achieve Q-factor improvements of 2.0 dB and

3.0 dB over the scheme consisting of linear compensation only, respectively. The “—”
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sign indicate that the given Q-factor is not achievable by the scheme. The required

memory is related with the number of samples per symbol, the accumulated disper-

sion within one perturbation stage, and the truncation threshold. When we increases

from 1 sample/symbol to 2 samples/symbol, the pulse width of the sampling function

(g(0, t) in Eq. (5.3)) decreases by half, and as a result, the broadening in the pulse

width of g(z, t) is increased for a given transmission distance, which increases the

required memory.

Figure 5.7: Comparisons of multi-stage perturbation-based compensation scheme
with different number of stages: (a) compensation performance, (b) computational
complexity. (Transmission distance is 3200 km.)
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Figure 5.8: (a) Q-factor gain versus truncation threshold, (b) number of complex mul-
tiplications per symbol versus number of perturbation stages for given Q-factor gains.
(2 samples/symbol are used. Reference Q-factor is 6.2 dB. Transmission distance is
3200 km.)
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Figures 5.7(a) and 5.7(b) show that as the number of perturbation stage increases,

the compensation performance increases and also the computational complexity de-

creases. Compared with the conventional single-stage compensation scheme with 1

sample/symbol, the multi-stage scheme with Nstg = 8 and 2 samples/symbol enhances

the Q-factor improvement by 2.6 dB. To determine the optimum number of stages

in terms of computational complexity for the given Q-factor gain, we first calculated

the truncation threshold for the fixed Q-factor gain for various number of perturba-

tion stages, as shown in Fig. 5.8(a). Since the computational complexity depends on

both the truncation threshold and the number of perturbation stages, we calculate

the number of complex multiplications per symbol as a function of number of per-

turbation stages for the fixed Q-factor gains of 3.0 dB and 4.0 dB, which is shown

in Fig. 5.8(b). As can be seen, the number of multiplications per symbol decreases

initially and then it increases when the number of stages is large. In this example,

the optimum number of stages is 40, which is the same as the number of amplification

stages. However, this optimal value may depend on the system configuration.

5.5 Conclusions

We have investigated a multi-stage scheme based on a recursive perturbation the-

ory to compensate for intra-channel nonlinear impairments. The input signals of

different compensation stages are expressed using the same basis functions so that

the perturbation coefficient matrix Xmn is the same for all stages. The multi-stage

compensation is implemented recursively. In each stage the first order theory is used

to calculate the nonlinear distortions occurring in a distance much shorter than the

entire fiber-optic link, which improves the accuracy and the summation of the signal
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field and the first order field of the previous stage is used as the unperturbed solution

for the next stage, which further improves the accuracy. Moreover, the accumulated

dispersion in one compensation stage is much smaller than that of the entire link

which significantly reduces the size of the matrix Xmn, leading to reductions both

in computational complexity and the required memory for storing Xmn. Numerical

simulations of a 28 Gbaud single-polarization single-channel fiber-optic system with

32-QAM and 40 × 80 km transmission distance show that, with 2 samples per sym-

bol, the multi-stage scheme with eight compensation stages increases the Q-factor as

compared with the linear compensation scheme by 4.5 dB; as compared with single-

stage compensation, the computational complexity is reduced by a factor of 1.3 and

the required memory for storing perturbation coefficients is decreased by a factor of

13.
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Chapter 6

Ideal optical back propagation

using dispersion-decreasing fiber

6.1 Introduction

The maximum reach of a long haul fiber optic system with advanced modulation

formats is mainly limited by fiber nonlinear impairments. The back propagation

techniques can be used to compensate for dispersion and nonlinear effects of the

transmission fiber (TF). The compensation schemes can be divided into three types:

digital [33–35, 37, 38, 74–77, 92, 100], optical [19–21, 101–105], and the combina-

tion of both [106]. The optical back propagation (OBP) has the following advan-

tages/disadvantages over digital back propagation (DBP). (i) A very large bandwidth

(∼ 4 THz) is available for OBP while the bandwidth of the DBP is limited by the

bandwidth of the coherent receiver. (ii) DBP requires significant computational re-

sources, especially for wavelength division multiplexing (WDM) system and hence it
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is currently limited to off-line signal processing. In contrast, OBP provides compensa-

tion in real time and it can compensate for nonlinear impairments in WDM systems.

(iii) Number of samples per symbol available for DBP is limited by the sampling rate

of the analog-to-digital converter (ADC). Although it is possible to do upsampling on

the digital signal processor (DSP), it leads to additional computational complexity.

However, for OBP, the signal processing is done on the analog optical waveform. (iv)

OBP requires a real fiber which has loss. So, amplifiers are needed to compensate for

fiber loss in the OBP section which increases the noise in the system.

In [20, 21], an OBP scheme consisting of optical phase conjugation (OPC), dis-

persion compensation fiber (DCF)/fiber Bragg grating (FBG), and highly nonlinear

fiber (HNLF) is investigated. DCF/FBG is used to compensate for dispersion, and

HNLF is used to compensate for nonlinearity. The dispersion and nonlinear effects

are compensated in a split-step fashion analogous to split-step Fourier scheme (SSFS)

used to solve the NLSE. Although this technique is quite effective for a single channel,

for a WDM system, small step size is required and hence the insertion losses due to

DCF/FBG and HNLF increase which limit the transmission performance. In this

chapter, we investigate the possibility of introducing a single optical device which

can exactly compensate for dispersion and nonlinearity. A dispersion-decreasing fiber

(DDF) with a specific dispersion profile is found to meet our requirements [107].

In the proposed scheme, an OPC is placed at the end of the transmission link

which is followed by N spans of DDFs where N is the number of TF spans. The

DDFs introduce a small amount of losses which are compensated by amplifiers placed

in the OBP section. Numerical simulation results show that the OBP with DDF

outperforms DBP and midpoint-OPC schemes. The transmission reach of a WDM
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system can be significantly enhanced using the proposed scheme as compared to linear

compensation in the receiver or DBP. We found that the DBP is limited mainly by

the sampling rate of the ADC.

Existing digital compensation schemes including DBP and perturbation-based

techniques compensate for fiber nonlinear effects based on the information of signal

propagation path and link parameters such as dispersion profiles and nonlinear co-

efficient. Such compensation schemes can be easily implemented in a point-to-point

link. However, in the case of network communications, the implementations of DBP

and perturbation-based techniques become difficult since the signal propagation path

and link parameters become much complicated due to the complex network mesh and

the presence of add/drop multiplexers. The OBP scheme with DDF is a potential

compensation scheme for the network communication systems. If the compensation

block with a DDF and amplifier is placed after the transmission fiber in each span

(other than at the receiver only), the signal impairments of the transmission fiber will

be fully compensated by the following compensation block. As a result, the compen-

sation of a certain signal channel becomes independent of its propagation path and

independent of the added/dropped channels within the propagation path.

6.2 Optical back propagation theory

The evolution of the optical field envelope in a fiber optic link is described by the

NLSE (see Eq. 2.1 in Chapter 2):

∂q

∂z
= i[D(t) +N(t, z)]q(t, z), (6.1)
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D(t) = −β2(z)

2

∂2

∂t2
, N(t, z) = γ|q(t, z)|2 + i

α

2
, (6.2)

where β2, γ and α are dispersion, nonlinear and loss coefficients of TF, respectively.

The formal solution of Eq. (6.1) for a single span of TF is

q(t, La) = exp

{
i

∫ La

0

[D(t) +N(t, z)]dz

}
q(t, 0). (6.3)

Here La is the fiber length. Let the output signal field of the fiber pass through an

OPC, as shown in Fig. 6.1(a). The output of the OPC is

q∗(t, La) = exp

{
−i
∫ La

0

[D(t) +N∗(t, z)]dz

}
q∗(t, 0). (6.4)

Let the output of OPC propagate through an ideal optical back propagation fiber

Figure 6.1: A single-span fiber optic system with (a) OBP using an ideal optical
back propagation fiber with negative loss coefficient, (b) OBP using a DDF and
amplifiers. Tx: transmitter, TF: transmission fiber, OPC: optical phase conjugator,
OBPF: optical back propagation fiber, DDF: dispersion-decreasing fiber, Rx: receiver.
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(OBPF) that is identical to the TF except that the sign of the loss coefficient of

OBPF is inverted. In this case, from Eq. (6.2), we see that the nonlinear operator

corresponding to OBPF is N∗(t, z). Using Eq. (6.4), the output of the OBPF is

qOBPF,out(t) = ei
∫ La
0 [D(t)+N∗(t,z)]dzq∗(t, La) (6.5)

= ei
∫ La
0 [D(t)+N∗(t,z)]dze−i

∫ La
0 [D(t)+N∗(t,z)]dzq∗(t, 0)

= q∗(t, 0).

(6.6)

Thus, the input field envelope can be recovered by performing a phase conjugation

in the electrical domain at the receiver. Eq. (6.5) is equivalent to

∂qb
∂zb

= i[D(t) +N∗(t, zb)]qb(t, zb), (6.7)

with qb(t, 0) = q∗(t, La), and zb is the distance in OBPF. Using

qb =
√
Pine

−α(La−zb)/2ub, (6.8)

and

dz′b = β2dzb, (6.9)

Eq. (6.7) can be rewritten as

i
∂ub
∂z′b
− 1

2

∂2ub
∂t2

+
γPin
β2

e−α(La−zb)|ub|2ub = 0, (6.10)

where Pin is the power launched to the TF. Eq. (6.10) describes the field propagation

in an ideal fiber with a constant β2 and a negative loss coefficient (or equivalently the
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power increasing with distance) that exactly compensates for dispersion and nonlin-

earity of the TF. However, it is hard to realize such a fiber in practice. For an ideal

OBP, we like to have a short length of a fiber (so that its insertion loss is small) which

provides the same response as that of the ideal OBPF given by Eq. (6.10). Here,

we derive an equivalent way of realizing Eq. (6.10) by using amplifiers and a DDF

with positive loss coefficient αd and a dispersion profile β2,d(zd) [see Fig. 6.1(b)]. The

optical field envelope in the DDF is described by

i
∂qb
∂zd
− β2,d(zd)

2

∂2qb
∂t2

+ γd|qb|2qb + i
αd
2
qd = 0, (6.11)

where αd and γd are the loss and nonlinear coefficients of DDF, respectively, zd is

the distance in the DDF, qb(t, 0) =
√
G′q∗(t, La), and G′ is the gain of the amplifier

preceding DDF. Using transformations

qd =
√
Pde

−αdzd/2ub, (6.12)

and

dz′d = β2,d(zd)dzd, (6.13)

Eq. (6.11) can be rewritten as

i
∂ub
∂z′b
− 1

2

∂2ub
∂t2

+
γdPde

−αdzd

β2,d(zd)
|ub|2ub = 0, (6.14)

where Pd = GPin = G′e−αLaPin is the input power of the DDF. Eqs. (6.10) and (6.14)

are identical only if

dz′b = dz′d, (6.15)
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and

γPin
β2

e−α(La−zb) =
γdPde

−αdzd

β2,d(zd)
. (6.16)

Substituting Eqs. (6.9) and (6.13) in Eq. (6.15), we find

β2
dzb
dzd

= β2,d(zd), (6.17)

w ≡ β2zb =

∫ zd

0

β2,d(zd)dzd, (6.18)

dw

dzd
= β2,d(zd), (6.19)

Substituting Eqs. (6.18) and (6.19) in Eq. (6.16), we obtain

dw

dzd
eαw/β2 =

(
γdPdβ2

γPin

)
eαLae−αdzd . (6.20)

Integrating Eq. (6.20), we find

β2

α

(
e
α
β2
w(zd) − 1

)
=

(
γdPd
γPin

)
eαLa

1− e−αdzd
αd

. (6.21)

Simplifying Eq. (6.21), we obtain

w(zd) =
β2

α
ln

(
1 +

γdGα

γe−αLa
1− e−αdzd

αd

)
, (6.22)

β2,d =
e−αdzd

γe−αLa

γdG
+ α

(
1−e−αdzd

αd

)β2. (6.23)
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The length of DDF Ld is found as follows. Total accumulated dispersion of the ideal

OBPF [Fig. 6.1(a)] should be the same as that of the DDF, i.e.,

β2La = w(Ld) =

∫ Ld

0

β2,d(zd)dzd, (6.24)

or

Ld = − 1

αd
ln

[
1− αdγe

−αLa

γdGα

(
eαLa − 1

)]
. (6.25)

If the dispersion profile of the DDF is tailored to satisfy Eq. (6.23), the combination

of the amplifiers and DDF provides the ideal response described by Eq. (6.10), and

hence, signal-signal nonlinear interactions can be exactly compensated. The amplifier

with gain Gd = eαdLd is introduced after the DDF [see Fig. 6.1(b)] to compensate for

the loss of DDF. Fig. 6.2 shows the dispersion profiles of DDF that satisfy Eq. (6.23).

As can be seen, relatively shorter length of DDF can compensate for the dispersion

and nonlinear effects of the TF.

Figure 6.2: Dispersion profiles of DDF. TF parameters: α=0.2 dB/km, β2=5 ps2/km,
γ=2.2 W−1km−1, La=60 km. DDF parameters: αd=0.4 dB/km, γd=4.86 W−1km−1.
(a) G=1.0: β2,d(0)=175.1 ps2/km, Ld=20.5 km, (b) G=1.26: β2,d(0)=220.6 ps2/km,
Ld=12.1 km, (c) G=1.5: β2,d(0)=262.6 ps2/km, Ld=9.0 km.
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So far we considered the compensation of dispersion and nonlinearity of a single-

span fiber optic link. For a multiple-span transmission system, Fig. 6.3 shows the

schematic of a WDM fiber optic transmission system consisting of M transmitters, N

spans of TFs, the OBP module, and M coherent receivers. The OBP is applied at the

end of the transmission link. A pre-amplifier with gain G is introduced so that the

required dispersion profile and length of the DDF can be adjusted according to Eqs.

(6.23) and (6.25), respectively. A band pass filter (BPF) is introduced to remove the

out of band amplified spontaneous emission (ASE) noise. During back propagation,

amplifiers with gain Gd are used to fully compensate for the loss of each span of DDF.

Figure 6.3: Schematic diagram of a WDM fiber optic transmission system with OBP.
MUX: multiplexer, BPF: band pass filter, DMUX: demultiplexer.

In DBP, the compensation of fiber dispersion and nonlinearity is implemented in

a step-wise manner and the performance is usually limited by the step size which has

to be traded off against computational cost or system complexity. In WDM systems,

the required computational load may prevent DBP from real time implementation.

In the OBP with DDF, the compensation of dispersion and nonlinearity is realized

by a gradually decreasing dispersion profile, which inherently has a very small step
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size. The DDF with exponentially dispersion decreasing fibers have been fabricated

before [108, 109]. The step size of the order of a few meters in DDF can be realized

and hence, nearly ideal OBP can be realized using DDF. The DDF can be fabricated

by tapering the fiber during drawing process which alters the waveguide contribution

to the dispersion [108]. The maximum dispersion required for OBP fiber is of the

same order as the commercially available dispersion compensation fiber and of the

same sign.

DBP compensates for fiber nonlinear effects based on the information of signal

propagation path and link parameters such as dispersion profiles and nonlinear coeffi-

cient, which can be easily implemented in a point-to-point link. However, in the case

of network communications, the implementation of DBP becomes difficult since the

signal propagation path and link parameters become much complicated due to the

complex network mesh and the presence of add/drop multiplexers. The OBP scheme

with DDF is a potential compensation scheme for network communication systems.

If the OBP compensation module is placed after the transmission fiber in each span

(other than at the receiver only), the signal impairments of the transmission fiber

will be fully compensated by the following OBP module. As a result, the compen-

sation of a certain signal channel becomes independent of its propagation path and

independent of the added/dropped channels within the propagation path.

6.3 Simulation results and discussions

We simulate a WDM fiber optic transmission system with OBP at the receiver with

the following parameters: number of WDM channels = 5, channel spacing = 100
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GHz, symbol rate per channel = 25 Gsymbols/s, modulation = 32 quadrature am-

plitude modulation (QAM), number of symbols simulated = 32768 per channel. The

linewidths of the transmitter and local oscillator lasers are 100 kHz each. The disper-

sion, loss, and nonlinear coefficients of the TF are β2 = 5 ps2/km, α = 0.2 dB/km,

and γ = 2.2 W−1km−1, respectively. This type of fiber has been fabricated before and

it is known as negative dispersion fiber (NDF) [110, 111]. Typically, standard single

mode fiber (SSMF) is used as transmission fiber in optic communication systems.

We choose NDF (with a negative dispersion) as the transmission fiber so that the

required dispersion profile of corresponding DDFs is easier to fabricate in practice.

We note that a large negative dispersion fiber is easy to make than one with a large

positive dispersion coefficient. The amplifier spacing is 60 km, and the spontaneous

emission noise factor is nsp = 1.5. The BPF shown in Fig. 6.3 is a second order

Gaussian filter with full bandwidth of 450 GHz. For the DDF, αd = 0.4 dB/km, γd

= 4.86 W−1km−1, and Ld = 12.1 km [see Fig. 6.2(b)]. The corresponding amplifier

gain for compensating the DDF loss is 4.84 dB. In all the simulations, 32 samples per

symbol are used in the transmission link so as to obtain a frequency window covering

all the WDM channels. In DBP simulations, 2 samples per symbol are used after

the ADC unless otherwise specified, while in OBP simulations, back propagation is

in the optical domain and 32 samples per symbol are used. Using the method of [35],

the coupled NLSE is used to compensate for the inter-channel nonlinear impairments

ignoring four-wave mixing (FWM). However, the OBP scheme compensates for both

cross-phase modulation (XPM) and FWM simultaneously. The central channel is

demultiplexed using a second order Gaussian filter with full bandwidth of 50 GHz. In

the coherent receiver, for OBP, two samples per symbol are used after the ADC and
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phase noise compensation is done using the approach of Ref. [91]. A low pass filter

(LPF) of bandwidth 25 GHz is used prior to phase noise compensation. For the DBP

scheme, coupled NLSE is solved in digital domain prior to phase noise compensation.

The optical and electrical filter bandwidths are optimized in both OBP and DBP

schemes.

Figure 6.4: BER versus launch power per WDM channel. (Number of WDM channels
= 5, transmission distance = 1200 km.)

Fig. 6.4 shows the bit error ratio (BER) as a function of the launch power per

WDM channel when the transmission distance is 1200 km. The solid curve represents

the BER of OBP using DDFs, and the dashed and dotted curves represent the BER

of DBP with 3 km and 10 km step sizes, respectively. The DBP step size of the

simulated WDM system is limited by the walk-off length [35], which is 3.2 km. We

found that there is no obvious performance improvement when a step size smaller

than 3 km is chosen for DBP, consistent with the results of Ref. [35]. Also, Fig. 6.4

shows the simulation results of DBP with 4 samples/symbol ADC sampling rate and
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DBP with DSP upsampling [33] from 2 to 4 samples/symbol. The DBP performance

can be improved by increasing ADC sampling rate or DSP upsampling, at the cost

of increased system complexity and computational cost. The OBP outperforms DBP

(2 samples/symbol, step size = 3 km) by 2.0 dB in Q-factor. The relatively poor

performance of DBP as compared to OBP is mainly due to the down sampling penalty

and the lack of FWM compensation. The performance of midpoint OPC is worse than

DBP, because the power profile is unsymmetrical with respect to the location of OPC.

The performance of OBP is worse than that of DBP (with step size = 3 km) when

the launch power is less than -2 dBm which is due to the optical signal to noise ratio

(OSNR) penalty resulting from OBP amplifiers. The OSNR penalty due to OBP

amplifiers is found to be 0.56 dB. From Fig. 6.4, it can also be seen that the DBP

with a step size of 10 km performs worse than the DBP with a step size of 3 km even

at lower launch powers (-10 dBm to -6 dBm) due to residual nonlinearity. The curve

with “+” shows the case where no OBP (or DBP) is applied and fiber dispersion and

laser phase noise are compensated in the receiver. As can be seen, the performance

of this system is much worse than the system with DBP or OBP.

Fig. 6.5 shows the minimum BER as a function of transmission distance. The

BERmin is obtained by optimizing the launch power for each distance. At the BER

of 2.1 × 10−3, the transmission reaches of linear compensation only and midpoint

OPC are 300 km and 360 km, respectively. For DBP with a 10 km step size and 2

samples/symbol sampling rate, the reach is 760 km, which can be increased to 1600

km by using a 3 km step size at the cost of more than tripling the computational

effort. The transmission reach of OBP with DDF is 2460 km. Although the OBP

fully compensates for signal-signal nonlinear interactions, it neither compensates for
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Figure 6.5: BERmin versus transmission distance. OSNR is 30.5 dB at the output of
the fiber-optic link when launch power per channel is 0 dBm.

signal-ASE nonlinear interactions [10, 94, 112] nor mitigates nonlinear polarization

mode dispersion (PMD) [9], which are the limiting factors to enhance the reach in

systems based on OBP. Instead of placing the OBP module at the receiver, it can

be placed at each of the amplifier location. In such a scheme, signal-ASE nonlinear

interactions can be compensated and better performance is expected.

6.4 Conclusions

We have investigated the performance of an OBP scheme consisting of an OPC and

N spans of DDFs followed by amplifiers to compensate for dispersion and nonlinear

effects of an N -span fiber optic WDM system. We have identified the conditions

under which the nonlinear effects (both intra- and inter-channel nonlinearities) can

be fully compensated and obtained an analytical expression for the novel dispersion
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profile of the DDF which provides the exact compensation of intra- and inter-channel

signal-signal nonlinear impairments. The performance of the proposed OBP scheme

is compared with DBP and midpoint OPC and simulation results show that the

transmission reach can be significantly enhanced using the OBP with DDF. The

OBP scheme with DDF is also potential for applications in network communication

systems by placing the OBP module after the transmission fiber in each span.
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Chapter 7

Impulse response of nonlinear

Schrödinger equation and its

implications for pre-dispersed

fiber-optic communication systems

7.1 Introduction

The propagation dynamics of the pulse in a cubically nonlinear dispersive medium

such as an optical fiber is described by the nonlinear Schrödinger equation (NLSE)

[113, 114]. Optical soliton is a normal mode of the nonlinear system described by

the NLSE, which can be integrated by means of inverse scattering transform (IST)

[115, 116]. Zakharov and Shabat [114] solved the NLSE using IST and obtained

soliton and breather solutions. The breathers or higher order solitons undergo periodic
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compression and expansion with a soliton period. Impulse response approach to

nonlinear dispersive propagation in fiber has been studied in the past [117, 118]. In

Ref. [117] , the impulse response approach of linear system is extended to nonlinear

system using a self-consistent time-transformation. In Ref. [118], an impulse response

approach is used to calculate the multiplicative correction due to the interplay between

chromatic dispersion and Kerr nonlinearity. In this chapter, we obtain an exact

solution of the NLSE for an impulse input [119]. However, we found that there is

a singularity in the phase. To remove this singularity, we introduced pre-dispersion

which can be added either in electrical domain at the transmitter or in optical domain

prior to transmission. The exact solution in this case has a phase factor which is

described by the exponential integral. Next, we investigated the nonlinear interaction

among pulses in a fiber due to periodically placed impulses at the input and analyzed

the conditions under which they propagate over long distances without exchanging

energy among them [119].

When a cluster of continuous wave (CW) beams of different frequencies propagate

in optical fiber, they exchange energy through the process known as four wave mixing

(FWM). Eventually the amplitudes of CW beams reach an equilibrium in which

there is no exchange of energy among them and they take secant-hyperbolic shape

corresponding to soliton spectrum. There exists an alternate explanation in time

domain. The dual of classical FWM is time-domain FWM or intra-channel FWM

(IFWM) [44, 83, 120, 121] and the dual of CW signal is a Dirac delta function in time

domain (CW signal is an impulse function in frequency domain). When a cluster

of closely spaced impulses propagate in fiber, they exchange energy through IFWM.

However, if the weights of the impulses have secent-hyperbolic shapes, they do not
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exchange energy and propagate stably as solitons over long distances. In order to have

soliton propagation, the impulses have to be infinitesimally closer. In this chapter, we

have investigated if it is possible to propagate a large number of periodically placed

impulses over large distances without exchanging energy among them. We found

that if the impulse weights at the input have a secant-hyperbolic shape and a proper

chirp factor, they propagate without change in shape over long distances just like

the soliton of NLSE [119]. The amplitude of the soliton solution depends on system

parameters such as pre-accumulated dispersion, separation between the impulses and

the dispersion of the transmission fiber. When the impulses are infinitesimally closer,

this solution becomes the classical soliton of the continuous NLSE. We have derived a

discrete NLSE which describes the evolution of the discrete Fourier transform of the

product of the impulse weights and a chirp factor. We note that the discrete NLSE

can be easily obtained by discretizing the continuous NLSE. In such a discrete NLSE,

the dispersion term would be directly proportional to fiber dispersion coefficient.

However, in the discrete NLSE derived here, the effective dispersion term is inversely

proportional to the square of the accumulated dispersion and the effective nonlinear

term is inversely proportional to the absolute accumulated dispersion. It is not yet

known if the discrete NLSE derived here can be integrated by IST. However, we

have numerically found that the discrete NLSE admits higher order soliton solutions

which undergo periodic compression and expansion with a certain period, similar to

its continuous analogue.

In the context of discrete NLSE, if the effective dispersion length is much longer

than the effective nonlinear length, the equation becomes significantly simplified.

In this case, intra-channel cross-phase modulation (IXPM) and IFWM [2, 44, 83,
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120, 121] vanish in the transformed system. We have obtained nonlinear eigenmodes

which form the natural basis for description of signal propagation and signal and

noise nonlinear interaction in highly pre-dispersed fiber-optic systems.

7.2 Impulse response

The evolution of optical field envelope is described by NLSE (see Eq. 2.3 in Chapter

2)

i
∂u

∂z
− β2

2

∂2u

∂t2
+ γ0e

−αz|u|2u = 0, (7.1)

where α, β2, and γ0 are the loss, dispersion and nonlinear coefficients, respectively.

In a linear fiber (γ0 = 0), when an impluse is launched,

u(t, 0) = Aδ(t), (7.2)

the optical field in the fiber is

u(t, z) =
A√

−i2πβ2z
e
−i t2

2β2z . (7.3)

In the presence of nonlinearity, we look for a solution of Eq. (7.1) in the form,

u(t, z) =
A√

−i2πβ2z
e
−i t2

2β2z
+iv(z)

, (7.4)
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Substituting Eq. (7.4) in Eq. (7.1), we obtain

A√
−i2πβ2z

[
− i

2z
− t2

2β2z2
− dv(z)

dz
+
β2

2

(
i

β2z
+

t2

β2
2z

2

)
+ γ0e

−αz |A|2

2π|β2|z

]
= 0.

(7.5)

Simplifying Eq. (7.5), we obtain

v(z) =
γ0|A|2

2π|β2|

∫ z

0

e−αx

x
dx. (7.6)

The integrand of Eq. (7.6) has a singularity, which should be expected due to the

impulse input. The singularity can be avoided by using pre-dispersion. Suppose

β2(z) =


β2−, for z < 0

β2+, for z > 0

(7.7)

γ =


0, for z < 0

γ0, for z > 0.

(7.8)

Let s0 =
∫ 0

−L β2−(z)dz be the pre-accumulated dispersion. The pre-dispersion can be

realized using a high dispersion fiber prior to transmission fiber or a digital dispersion

filter in the digital signal processing (DSP) unit of the optical transmitter [2, 28]. Now

for z > 0, Eqs. (7.4) and (7.6) are modified as

u(t, z) =
A√

−i2πs(z)
e−i

t2

2s(z)
+iγ0

|A|2
2π

θ(z), (7.9)

θ(z) =

∫ z

0

e−αx

s(x)
dx, (7.10)
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s(z) = s0 + β2+z. (7.11)

θ(z) in Eq. (7.9) does not diverge only if s0 + β2+z does not cross 0 for any z. In

this chapter, we assume that pre-accumulated dispersion s0 has the same sign as β2+

so that s(z) does not cross 0. Under this condition, Eq. (7.10) can be written in a

closed form as [122]

θ(z) = eαs0/β2+
[
Ei

(
−αs(z)

β2+

)
− Ei

(
−αs0

β2+

)]
, (7.12)

where Ei(x) is the exponential integral.

Ei(x) = −
∫ ∞
−x

e−t

t
dt. (7.13)

Equation (7.9) is an exact solution of the NLSE when the input (at z = −L) is a

single impulse. Suppose the input consists of a train of impluses,

uin(t) =

N/2−1∑
n=−N/2

Anδ(t− nT ), (7.14)

where N is the number of impulses, which is assumed to be large. The optical field

in the transmission fiber for this input may be written as

u(t, z) =

N/2−1∑
n=−N/2

An(z)e−i(t−nT )2/2s(z)√
−i2πs(z)

, for z ≥ 0. (7.15)

In the absence of nonlinear interaction with the neighboring pulses, we have

An(z) = An(0)eiγ0|An(0)|2θ(z)/2π. (7.16)
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Equation (7.16) includes the effect of self-phase modulation (SPM) only. However,

due to IXPM and IFWM, [44, 83, 120, 121] the pulses undergo amplitude/phase

shifts. Substituting Eq. (7.15) in Eq. (7.1), we find

i
∑
n

dAn
dz

e−i
(t−nT )2

2s(z) +
γ0e
−αz

2π|s(z)|
∑
k

∑
l

∑
m

AkAlA
∗
mFklm = 0, (7.17)

where Fklm = e−i[(t−kT )2+(t−lT )2−(t−mT )2]/2s(z). Multiplying Eq. (7.17) by ei(t−jT )2/2s(z)

and integrating from −t to t with t→∞, we find

i
∑
n

dAn
dz

δjn +
γ0e
−αz

2π|s(z)|
∑
k

∑
l

∑
m

AkAlA
∗
mYklm,j = 0, (7.18)

where δjn is a Kronecker delta function and

Yklm,j = lim
t→∞

1

2t

∫ t

−t
Fklme

i(τ−jT )2/2s(z)dτ

= lim
t→∞

1

2t
e−i(k

2+l2−m2−j2)T 2/2s(z)

∫ t

−t
ei(k+l−m−j)τT/s(z)dτ.

(7.19)

Yklm,j will be non-zero only if m = k + l − j. In this case,

Yklj ≡ Yklm,j = e−i[k
2+l2−(k+l−j)2−j2]T 2/2s(z). (7.20)

So, now Eq. (7.18) becomes

i
dAj
dz

+
γ0e
−αz

2π|s(z)|
∑
k

∑
l

Ak(z)Al(z)A∗k+l−jYklj = 0. (7.21)
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In the absence of nonlinear effects (γ0 = 0), from Eq. (7.21) we find

dAj
dz

= 0, (7.22)

which indicates that there is no interaction among pulses in a linear medium. Let

Uk(z) = e−ik
2T 2/2s(z), (7.23)

where k is an integer. Equation (7.20) may be written as

Yklj = UkUlU
∗
k+l−je

ij2T 2/2s(z). (7.24)

Let

Bk(z) = Ak(z)Uk(z). (7.25)

Using Eqs. (7.23)-(7.25) in Eq. (7.21), we find

i
dBj

dz
+
j2T 2β2+

2s2(z)
Bj +

γ0e
−αz

2π|s(z)|
∑
k

∑
l

BkBlB
∗
k+l−j = 0. (7.26)

The second term is similar to dispersion in NLSE. If we take the Fourier transform

of Eq. (7.1), the second term would be β2ω
2ũ(ω, z)/2, where ũ(ω, z) = F{u(t, z)},

F denotes the Fourier transformation. Therefore, in Eq. (7.26), β2+/s
2(z) may be

interpreted as the effective dispersion. However, unlike u(t, z), Bj(z) is a discrete

variable and hence, we consider the discrete Fourier transform,

DFT{Bj; j → m} = B̃m =

N/2−1∑
j=−N/2

Bje
−i2πjm/N . (7.27)
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Taking the discrete Fourier transform of Eq. (7.26) and noting that a convolution

becomes product in spectral domain (and vice versa), we find

i
dB̃m

dz
− β2+T

2

2s2(z)

N/2−1∑
k=−N/2

B̃m−kx̃k +
γe−αz

2π|s(z)|
|B̃m|2B̃m = 0, (7.28)

where

x̃k = DFT{j2; j → k}. (7.29)

Equation (7.28) may be interpreted as a discrete analogue of the NLSE. Since An

may be interpreted as signal sample at nT , a discrete NLSE can be easily obtained

for An [123, 124]. In such a discrete NLSE, the dispersion term would be directly

proportional to fiber dispersion coefficient. However, in Eq. (7.28), the effective

dispersion term is inversely proportional to the square of accumulated dispersion and

the effective nonlinear term is inversely proportional to the absolute accumulated

dispersion. The discrete NLSE in Eq. (7.28) does not describe An, instead it describes

the evolution of the DFT of Bn which is the product of An and Un. In the absence of

pre-dispersion (s0 = 0), the effective dispersion term and the effective nonlinear term

of Eq. (7.28) diverge at z = 0 and hence, pre-dispersion is essential for the solution

of Eq. (7.28). In the terminology of Ref. [124], Eq. (7.28) is a discrete self-trapping

(DST) equation of the form [125],

i
dB̃m

dz
+ ε
∑
k

mjkB̃k + γ|B̃m|2B̃m = 0, (7.30)

where [mjk] is a f × f coupling matrix. In Eq. (7.1), when α = 0, dispersion and

nonlinear coefficients are constants for z > 0 and hence, it admits soliton solutions.
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However, in Eq. (7.28), the effective dispersion and nonlinear coefficients are varying

with distance due to s(z). If we choose the pre-dispersion such that s0 >> β2+Ltr

where Ltr is the length of the transmission fiber, we can approximate s(z) as s0. In

this case with α = 0 km−1, we look for a soliton solution of Eq. (7.28) in the form

B̃m(z) = B̃0sech
(m
M

)
eiµ(z). (7.31)

Equation (7.28) is numerically solved using the split-step Fourier method with the

initial condition,

B̃m(0) = B̃0sech
(m
M

)
. (7.32)

Figure 7.1 shows the evolution of |B̃m|2 in the transmission fiber. As can be seen, when

B̃0 is less than a threshold B̃th, we see the broadening effect and when B̃0 = B̃th, the

pulse shape is retained throughout. Figure 7.2 shows the evolution of |Bn|2 obtained

by taking the inverse discrete Fourier transform (IDFT) of B̃m. As can be seen,

when B̃0 < B̃th (Fig. 7.2a), the envelope of |Bn|2(= |An|2) becomes narrower which

indicates that the pulses exchange energy among them resulting in the pulse at the

center (n = 0) becoming stronger. When B̃0 = B̃th, pulses propagate long distances

without exchanging energy among them.

Figure 7.3 shows the similar result by solving Eq. (7.1). The impulses of Eq.

(7.14) are approximated by Gaussian pulses of short pulse widths,

Anδ(t− nT )→ An√
2πT0

e
− (t−nT )2

2T2
0 , (7.33)
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Figure 7.1: Evolution of B̃m in the transmission fiber, (a) B̃0 < B̃th, B̃0 = 10
√

mWps,

(b) B̃0 = B̃th. B̃th = 14.9
√

mWps, M = 28, α = 0 km−1, s0 = −1.28 × 104 ps2,
γ0 = 1.1 W−1km−1.
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Figure 7.2: Evolution of Bm in the transmission fiber, (a) B̃0 < B̃th, (b) B̃0 = B̃th.
The parameters are the same as in Fig. 7.1.
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and Eq. (7.1) is solved with the following initial condition

uin(t) =

N/2−1∑
n=−N/2

An(0)e
− (t−nT )2

2T2
0

√
2πT0

, (7.34)

where

An(0) = Bn(0)e
in

2T2

2s0 , (7.35)

Bn(0) = IDFT
{
B̃m(0);m→ n

}
, (7.36)

and B̃m(0) is given by Eq. (7.32). To obtain Fig. 7.3, the pre-accumulated dispersion

is fully compensated at the receiver so that the pulse width of the Gaussian pulses

at the output is the same as that at the input. As can be seen from Fig. 7.3, the

envelope of Gaussian pulses propagate undistorted over the transmission fiber. If we

had not properly chosen the input power, the nonlinear interaction among Gaussian

pulses would broaden/compress the shape of the envelope. “×” in Fig. 7.3 show the

power obtained by numerically solving Eq. (7.28) after converting B̃m to An using

Eqs. (7.23) and (7.25). The power required to form fundamental soliton is found to

be

Ps =
β2+T

2

4s0γ0T 2
0

, (7.37)

where T is the pulse separation and T0 is the pulse width of the Gaussian pulses.

Strictly speaking, the approximation of impulses by ultra-short Gaussian pulses is

not really necessary. To test the validity of Eq. (7.28), in principle, Eq. (7.1) can be

solved with the initial condition u(t, 0) given by Eq. (7.15). However, the extraction

of An from the transmission fiber output becomes hard.

As pointed in Ref. [124], DST is not typically integrable when f > 2. The
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Figure 7.3: Comparison of discrete NLSE (Eq. (7.28)) and continuous NLSE (Eq.
(1)). Peak power = 35.5 mw , T = 10 ps, T0 = 1 ps, s0 = −1.28×104 ps2, β2+ = −20
ps2/km, γ0 = 1.1 W−1km−1, transmission distance = 240 km.

integrability of Eq. (7.28) is not known yet, and to test if it admits high order soliton

solutions, we solved Eq. (7.28) with the initial condition

B̃m(0) = 2B̃thsech
(m
M

)
. (7.38)

Figure 7.4a shows the evolution of the second order soliton. As can be seen, it

undergoes periodic compression just like its continuous analogue. The soliton period

is found to be

z0 =
2s2

0

πM2T 2|β2+|
. (7.39)

Figure 7.4b shows the evolution of |Bn|2. When the envelope of B̃m is compressed,

the corresponding envelope of Bn is broadened and vice versa.
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Figure 7.4: Evolution of second order soliton. B̃0 = 29.8
√

mWps. The rest of the
parameters are the same as in Fig. 7.1.
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7.3 Nonlinear eigenmodes

When the effective dispersive effects are much weaker than the effective nonlinear

effects in Eq. (7.28), i.e.,

γPT 2
0 /π >> β2+T

2/|s(z)|, (7.40)

where P is the peak power and T0 is the half-width at 1/e-intensity point of the

Gaussian pulse that approximates the impulse, the second term in Eq. (7.28) can be

ignored and we obtain

∂B̃m

∂z
= i

γe−αz

2π|s(z)|
|B̃m|2B̃m. (7.41)

In Eq. (7.26), the last term is responsible for nonlinear interactions such as IXPM

and IFWM among pulses. However, in Eq. (7.41), in the transformed system, these

terms are absent and hence, the description of the nonlinear interactions becomes

significantly simplified. Let

B̃m = Yme
iθm . (7.42)

Substituting Eq. (7.42) in Eq. (7.41), we find

Ym = const, (7.43)

θm(z) = θm(0) + γ|Ym|2
∫ z

0

e−αx

2π|s(x)|
dx. (7.44)

The solution of Eq. (7.41) may be written as

B̃m(z) = B̃m(0)eλmz
′
, (7.45)
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where

λm = iγ|B̃m|2, z′ =
1

2π

∫ z

0

e−αx

|s(x)|
dx. (7.46)

When s0 and β2+ have the same sign, z′ can be written as

z′ =
eα|s0/β2+|

2π

[
Ei

(
−α
∣∣∣∣s(z)

β2+

∣∣∣∣)− Ei

(
−α
∣∣∣∣ s0

β2+

∣∣∣∣)] . (7.47)

B̃m may be interpreted as the nonlinear eigenmode of the fiber-optic system in the

presence of pre-dispersion with the eigenvalue λm. These eigenmodes form a natural

basis for the description of signal propagation, and signal and noise nonlinear inter-

action in highly pre-dispersed fiber-optic transmission systems. We note that using a

different approach with stationary phase approximation, it has been shown that prop-

agation equations can be considerably simplified in the presence of high pre-dispersion

[65]. We found a few similarities and differences between Ref. [126] and our work. In

this chapter, we introduce a transformationBk(z) = Ak(z) exp (−ik2T 2/2s(z)) in time

domain, whereas in Ref. [126], the transformation û(z, ω) ∼ Û(z, ω) exp(−iCω2/2)

is used in frequency domain. In Ref. [126], when the system has a small value of

path-average dispersion, the average dynamic of the pulse transmission is character-

ized only by the nonlinear phase shift. In contrast, from Eq. (7.28), it follows that

when the system has a very large pre-accumulated dispersion, the pulse transmission

is characterized only by the nonlinear phase shift given by Eq. (7.45). Even when the

condition given by Eq. (7.40) is not met, i.e. when the pre-accumulated dispersion

is moderate, the nonlinear eigenmode could serve as the unperturbed solution and

a first order perturbation theory could be developed for the discrete NLSE of Eq.

(7.28). An interesting fact is that the square of the accumulated dispersion appears

146



Ph.D. Thesis - Xiaojun Liang McMaster - Electrical and Computer Engineering

in the denominator of the second term in Eq. (7.28). This means that the effect

of the second term becomes smaller for the fiber spans closer to receiver in a long

haul system. Typically, in quasilinear fiber optic systems, dispersion length is much

shorter than the nonlinear length. Hence linear solution (including dispersive effects)

is treated as the unperturbed solution and first order correction due to nonlinear

effects are calculated [44]. However, the computational complexity of the first order

calculations scales as M2 per sample where M is the number of neighbors with which

the nonlinear interaction is significant and as a result, the digital compensation of

fiber nonlinearities using first order perturbation theory is time-consuming [49, 98].

In contrast, if the nonlinear eigenmodes are treated as the unperturbed solution with

the second term of Eq. (7.28) being treated as perturbation, the computational com-

plexity is expected to be much smaller.

For the content presented in this chapter, my contribution includes: (i) theoretical

study and deriving mathematical equations; (ii) running numerical simulations using

codes developed by colleagues; (iii) compiling and analyzing simulation results and

plotting result figures.

7.4 Conclusions

In conclusion, we have derived an exact solution of NLSE for an impulse input in the

presence of pre-dispersion. The exact solution has a phase factor that is described by

the exponential integral. Next, we considered the nonlinear interaction among pulses

in a fiber due to periodically placed impulses at the input. We found that these pulses

will propagate stably over long distances if the complex weights of impulses at the

input has a secant-hyperbolic envelope and a proper chirp factor. We have derived the
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discrete version of the NLSE under the condition that the input of an optical fiber is a

periodic train of impluses. When the accumulated pre-dispersion is large, the discrete

NLSE admits soliton and breather solutions similar to its continuous analogue. In

the discrete NLSE derived here, the effective dispersion term is inversely proportional

to the square of the accumulated dispersion and the effect nonlinear term is inversely

proportional to absolute of accumulated dispersion. The derived discrete NLSE has a

solution only if the pre-accumulated dispersion is non-zero. In the context of discrete

NLSE, if the effective dispersion length is much longer than the effective nonlinear

length, we have obtained the nonlinear eigenmodes of the highly pre-dispersed fiber-

optic system which may be useful for the description of signal propagation, and signal

and noise interaction.
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Chapter 8

Conclusions and future work

8.1 Conclusions

This thesis deals with the signal impairments due to fiber dispersive and nonlinear

effects in fiber-optic communication systems. Analytical models for fiber nonlinear

effects, including SPM, XPM and IFWM, are obtained based on the perturbation

theory. Digital and optical compensation schemes are investigated for mitigating

signal impairments so as to enhance transmission performance, spectral efficiency

and system capacity.

In Chapter 2, an analytical model is developed for the XPM variance in coherent

WDM fiber-optic systems [69]. A first order perturbation technique is used to calcu-

late the XPM distortion and then statistical analysis is carried out to calculate XPM

variance for systems based on QAM. For arbitrary pulse shapes, the XPM variance

cannot be calculated analytically, due to the difficulty in evaluating integrals explic-

itly. We introduced a method of using the summation of time-shifted Gaussian pulses

to fit arbitrary pulse shapes, which not only provides a good approximation of the
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non-Gaussian pulse but also allows explicit derivation of the XPM variance [70]. The

analytically estimated XPM variance is found to be in good agreement with numerical

simulations.

In Chapter 3, a digital back propagation (DBP) scheme with optimal step sizes is

investigated to compensate for the dispersion and nonlinearity in fiber-optic commu-

nication systems [78]. By optimizing the step size of each section through minimizing

the area mismatch between the exponential profile of the effective nonlinear coefficient

and its stepwise approximation, a better system performance can be obtained without

additional computational cost and system complexity. In simulations of polarization

multiplexed systems, the vector NLSE or Manakov equations are used for forward

propagation and Manakov equations are used for backward propagation. An adap-

tive least mean squares (LMS) equalizer is employed after the DBP to compensate

for the randomly changing birefringence when the vector NLSE is used for forward

propagation. In both the approaches, DBP with uniform spacing and minimum area

mismatch (MAM) are simulated and results show that the MAM technique can in-

crease the system reach significantly as compared to the uniform spacing at the same

computational cost.

In Chapter 4, a digital compensation scheme based on the perturbation theory for

mitigation of XPM distortions is developed for dispersion-managed fiber-optic com-

munication systems [87]. It is a receiver-side scheme that uses a hard-decision unit

to estimate data for the calculation of XPM fields using the perturbation technique.

The intra-channel nonlinear distortions are removed by intra-channel DBP based on

split-step Fourier scheme before the hard-decision unit. The perturbation technique

is shown to be effective in mitigating XPM distortions. However, wrong estimations
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in the hard-decision unit result in performance degradation. A hard-decision correc-

tion method is proposed to correct the wrong estimations. Numerical simulations of

coherent WDM fiber-optic systems show that the perturbation-based XPM compen-

sation scheme brings significant performance improvements. The perturbation-based

XPM compensation scheme requires much less computational cost as compared with

conventional DBP based on the coupled NLSE, since it only requires one-stage (or

two-stage when hard-decision correction is applied) compensation and symbol-rate

signal processing.

In Chapter 5, a recursive perturbation theory to model the fiber-optic system is

developed [98]. Using this perturbation theory, a multi-stage compensation technique

to mitigate the intra-channel nonlinear impairments is investigated. The input signals

of different compensation stages are expressed using the same basis functions so that

the coefficient matrix Xmn for perturbation calculation is the same for all stages. The

multi-stage compensation is implemented recursively, the output signal of one com-

pensation stage is used as the input of the next compensation stage. In each stage the

first order theory is used to calculate the nonlinear distortions occurring in a distance

much shorter than the entire fiber-optic link, which improves the accuracy and the

summation of the signal field and the first order field of the previous stage is used

as the unperturbed solution for the next stage, which further improves the accuracy.

Moreover, the accumulated dispersion in one compensation stage is much smaller

than that of the entire link which significantly reduces the size of the coefficient ma-

trix Xmn, leading to reductions both in computational complexity and the required

memory for storing Xmn. Numerical simulations of a single-channel fiber-optic sys-

tem show that the multi-stage perturbation technique brings significant performance
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improvements and computational complexity reduction as compared with the single-

stage compensation scheme.

In Chapter 6, an ideal optical back propagation (OBP) scheme to compensate

for dispersion and nonlinear effects of the transmission fibers is investigated [107].

The scheme consists of an optical phase conjugator (OPC), N spans of dispersion-

decreasing fibers (DDFs) and amplifiers, placed at the end of the fiber optic link.

In order to compensate for the nonlinear effects of the transmission fibers exactly,

the nonlinear coefficient of the back propagation fiber has to increase exponentially

with distance or equivalently the power in the back propagation fiber should increase

exponentially with distance if the nonlinear coefficient is constant. We find that a

combination of DDFs and amplifiers can compensate for the nonlinear effects exactly.

An analytical expression for the dispersion profile of the DDF is derived. Numerical

simulations of WDM fiber-optic systems show that the proposed OBP scheme can

enhance the system reach significantly as compared to DBP.

In Chapter 7, an exact solution of NLSE is derived for impulse input in the

presence of pre-dispersion [119]. The phase factor of the exact solution is obtained

in a closed form using the exponential integral. The nonlinear interaction among

periodically placed impulses launched at the input is investigated, and the condition

under which these pulses do not exchange energy is examined. It is found that if the

complex weights of the impulses at the input have a secant-hyperbolic envelope and

a proper chirp factor, they will propagate over long distances without exchanging

energy. To describe their interaction, a discrete version of NLSE is derived. The

derived equation is a form of discrete self-trapping (DST) equation, which is found
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to admit fundamental and higher order soliton solutions in the presence of high pre-

dispersion. In the context of discrete NLSE, if the effective dispersion length is much

longer than the effective nonlinear length, we have obtained the nonlinear eigenmodes

of the highly pre-dispersed fiber-optic system which may be useful for the description

of signal propagation, and signal and noise interaction.

8.2 Future work

This thesis provides theoretical analysis and simulation results of fiber nonlinear ef-

fects and the compensation techniques. Experimental research is one of the most

important future works to validate the theoretical models and to measure the per-

formance of digital and optical compensation schemes for mitigating fiber nonlinear

effects. Moreover, most digital compensation schemes such as DBP and perturbation

techniques are currently limited to off-line signal processing due to the high compu-

tational load. Therefore, simplification of digital signal processing (DSP) algorithms

is an important and urgent research topic. Another problem of digital compensation

schemes is the difficulty of application for fiber optic networks with complex mesh

configurations, due to the potential lack of propagation path information of different

signal channels. More research is required to seek a solution to this problem. For

optical compensation methods, more research is required to optimize compensation

scheme and to make them practically applicable to existing fiber optic communication

systems.

DBP requires enormous computational resources since it necessitates a large num-

ber of steps and the computational cost mainly arises from the FFT operations. On

the other hand, perturbation-based digital schemes require fewer number of stages
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and are expected to reduce computational cost substantially. However, the cost of

perturbation schemes is mainly in the double summations of the nonlinear operation,

due to the larger size of the perturbation coefficient. One possible way to signifi-

cantly reduce the computational cost is to simplify the double summation calculation

of the perturbation scheme and find a more efficient way to calculate the nonlin-

ear distortion. Another possible solution is to combine the SSFS-based DBP with

the perturbation theory, such that the advantages of both high-efficiency FFT and

high-accuracy perturbation calculation.

Another interesting research topic is the influence of accuracy of fiber parame-

ters on the performance of digital and optical compensation methods. In practical

systems, exact fiber parameters are sometimes unavailable or the parameters may

fluctuate due to environment change. In this case, the performance of compensation

schemes may be affected. It might be helpful to combine adaptive parameter estima-

tion algorithms with DBP or perturbation-based digital compensation schemes.

Existing digital compensation schemes including DBP and perturbation-based

techniques compensate for fiber nonlinear effects based on the information of signal

propagation path and link parameters such as dispersion profiles and nonlinear coeffi-

cient. Such compensation schemes can be easily implemented in a point-to-point link.

However, in the case of network communications, the implementations of DBP and

perturbation-based techniques become difficult since the signal propagation path and

link parameters become much complicated due to the complex network mesh and the

presence of add/drop multiplexers. The optical back propagation (OBP) scheme with

dispersion-decreasing fiber (DDF) investigated in Chapter 6 is a potential compensa-

tion scheme for the network communication systems. If the compensation block with
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a DDF and amplifier is placed after the transmission fiber in each span (other than

at the receiver only), the signal impairments of the transmission fiber will be fully

compensated by the following compensation block. As a result, the compensation of a

certain signal channel becomes independent of its propagation path and independent

of the added/dropped channels within the propagation path.

The OBP scheme with DDF studied in Chapter 6 shows better performance than

DBP even with a small step size and has a potential for fiber optic network systems.

The OBP module is built using discrete optical components such as OPC, optical

amplifier and DDF. It is very interesting to investigate if same function can be re-

alized using integrated optical devices, such as silicon waveguides. If such an OBP

scheme can be realized using photonic integrated circuits, the design of fiber optic

communication systems will become much more simplified and much efficiently.

The nonlinear eigenmodes obtained in Chapter 7 based on the discrete NLSE for

fiber-optic systems with large pre-dispersion may be useful for the description of signal

evolution. If the effective dispersion length is much longer than the effective nonlinear

length, which can be realized by properly choose the pre-dispersion, the discrete

NLSE becomes much simpler since the dispersion term is negligible. Based on the

eigenmodes of the discrete NLSE, it has a potential to develop a digital compensation

scheme for fiber nonlinear effects that has much smaller computational complexity as

compared with existing digital compensation schemes such as DBP and perturbation-

based techniques.
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Appendix A

Curve fitting using least squares

method

The least squares method (LSM) and steepest descent algorithm are used for curve

fitting. For a target function h(t), we fit it by a summation of time-shifted Gaussian

functions

h′(t) =
K∑
k=1

ξkexp

[
−(t− µkTs)2

2(θkTs)2

]
. (A.1)

The error function is

e(t) = h(t)− h′(t). (A.2)

We discretize the time axis by

t = m∆t, (A.3)
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where ∆t is the step size in the time axis; m is an integer. In order to find a good

fitting, we need to minimize the cost function χ,

χ =
M∑
m=1

e2
m =

M∑
m=1

[hm − h′m]2, (A.4)

where em = e(m∆t), hm = h(m∆t), h′m = h′(m∆t). Substituting Eq. (A.1) into Eq.

(A.4) and taking the derivatives of χ with respect to ξk, µk and θk respectively, we

find

∂χ

∂ξk
= −2

∑
m

(hm − h′m)exp

[
−(m∆t− µkTs)2

2(θkTs)2

]
, (A.5)

∂χ

∂µk
= −2

∑
m

(hm − h′m)
ξk(m∆t− µkTs)

θ2
kTs

exp

[
−(m∆t− µkTs)2

2(θkTs)2

]
, (A.6)

∂χ

∂θk
= −2

∑
m

(hm − h′m)
ξk(m∆t− µkTs)

θ3
kT

3
s

exp

[
−(m∆t− µkTs)2

2(θkTs)2

]
. (A.7)

The steepest descent algorithm is used to optimize ξk, µk and θk [127]. The parameters

at the (i+1)th iteration are updated from the ith iteration by

ξ
(i+1)
k = ξ

(i)
k −

∂χ

∂ξk
∆ξ, µ

(i+1)
k = µ

(i)
k −

∂χ

∂µk
∆µ, θ

(i+1)
k = θ

(i)
k −

∂χ

∂θk
∆θ, (A.8)

where∆ξ, ∆µ and ∆θ are the step sizes. At the 0th iteration, ξ
(0)
k , µ

(0)
k and θ

(0)
k are

randomly chosen from the interval (0 1).
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Appendix B

Derivation of XPM distortions for

non-Gaussian pulses

Consider two channels of a WDM system using a non-Gaussian pulse h(t) which can

be approximated by h′(t) in Eq. (2.39). The input fields to the optical fiber are

u1(0, t) =
√
Pa0h

′(t), (B.1)

u2(0, t) =
√
P

N∑
n=−N

bnh
′(t− nTs)exp(−iΩt), (B.2)

The linear solution can be obtained by solving Eq. (2.11) in the frequency domain.

Using the identity

∫ ∞
−∞

exp(−ax2 − bx)dx =

√
π

a
exp

(
b2

4a

)
, (B.3)
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we find the linear solution as

u
(0)
1 (z, t) =

√
Pa0

K∑
k=1

ξk
θkTs
T1,k

exp

[
−(t− µkTs)2

2T 2
1,k

]
, (B.4)

u
(0)
2 (z, t) =

√
P

N∑
n=−N

bn

K∑
k=1

ξk
θkTs
T1,k

exp

[
−(t− τn,k)2

2T 2
1,k

− iΩt+ iθ(z)

]
, (B.5)

where

T1,k =
√

(θkTs)2 − iS(z), (B.6)

τn,k = (n+ µk)Ts + S(z)Ω. (B.7)

For first-order correction of u1, the forcing function of Eq. (2.19) is

F (z, t) = 2P 3/2a0

∑
m

∑
n

bmb
∗
n

K∑
k1=1

K∑
k2=1

K∑
k3=1

η(z)exp

[
−

3∑
k′=1

[t− Ck′(z)]2Rk′(z)

]
,

(B.8)

where

η(z) = −e−w(z)ξk1ξk2ξk3
θk1θk2θk3T

2
s

T1,k1T
∗
1,k2

T1,k3

, (B.9)

C1(z) = τm,k1 , C2(z) = τn,k2 , C3(z) = µk3Ts, (B.10)

R1(z) =
1

2T 2
1,k1

, R2(z) =
1

2(T ∗1,k2)
2
, R3(z) =

1

2T 2
1,k3

, (B.11)

Using Eq. (2.21), the first order correction for u1 due to XPM is found as

u
(1),XPM,NG
1 (Ltot, t) = i2P 3/2a0

∑
m

∑
n

bmb
∗
nYmn(Ltot, t), (B.12)

where

Ymn(Ltot, t) =

∫ ∞
−∞

Vmn(Ltot, t
′)hRX(t− t′)dt′, (B.13)
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Vmn(Ltot, t) =

∫ Ltot

0

K∑
k1=1

K∑
k2=1

K∑
k3=1

−η′(s)√
δ(Ltot, s)R(s)

exp

[
(D + it)2

δ(Ltot, s)

]
ds. (B.14)
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