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Abstract

A multiple-input multiple-output (MIMO) communication system has the potential to
provide reliable transmissions at high data rates. However, the computational cost of
achieving this promising performance can be quite substantial. With an emphasis on
practical implementations, the MIMO systems employing the low cost linear receivers
are studied in this thesis. The optimum space-time block codes (STBC) that enable
a linear receiver to achieve its best possible performance are proposed for various
MIMO systems. These codes satisfy an intra and inter orthogonality property, and
are called unitary trace-orthogonal codes. In addition, several novel transmission
schemes are specially designed for linear receivers with the use of the proposed code
structure. The applications of the unitary trace-orthogonal code are not restricted to
systems employing linear receivers. The proposed code structure can be also applied
to the systems employing other types of receivers where several originally intractable
code design problems are successfully solved.

The communication schemes presented in this thesis are outlined as follows:

e For a MIMO system with N > M, where M and N are the number of trans-
mitter and receiver antennas, respectively, the optimal full rate linear STBC
for linear receivers is proposed and named unitary trace-orthogonal code. The
proposed code structure is proved to be necessary and sufficient to achieve the

minimum detection error probability for the system.
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e When applied to a multiple input single output (MISO) communication sys-
tem, a special linear unitary trace-orthogonal code, named the Toeplitz STBC,
is proposed. The code enables a linear receiver to provide full diversity and to
achieve the optimal tradeoff between the detection error and the data transmis-
sion rate. This is, thus far, the first code that possesses such properties for an

arbitrary MISO system that employs a linear receiver.

e In MIMO systems in which NV > M and the signals are transmitted at full
symbol rate, the highest diversity gain achievable by linear receivers is analyzed
and shown to be N — M + 1. To improve the performance of a linear receiver,
a multi-block transmission scheme is proposed, in which signals are coded so
that they span multiple independent channel realizations. An optimal full rate
linear STBC for this system that minimizes the detection error probability is
presented. The code is named multi-block unitary trace-orthogonal code. The
resulting system has an improved diversity gain. Furthermore, by relaxing the
code from the full symbol rate constraint, a special multi-block transmission
scheme is proposed. This scheme achieves a much improved diversity gain than

those with full symbol rate.

e The unitary trace-orthogonal code can also be applied to a system that employs
a maximum-likelihood (ML) receiver rather than the simple linear receiver. For
such a system, a systematic design of full diversity unitary trace-orthogonal

code is presented for an arbitrary data transmission rate.

In summary, when a simple linear receiver is employed, unitary trace-orthogonal
codes and their optimality properties are exploited for various multiple antenna com-
munication systems. Some members from this code family can also enable an optimal

performance of ML detection.
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Chapter 1

Introduction

1.1 MIMO Communication System

In conventional wireless communication systems, the transmitter and receiver each
have a single antenna, and such systems are often referred to as single input single
output (SISO) systems. In a typical wireless environment, the presence of reflectors
creates multiple propagation paths from the transmitter to the receiver, as depicted
in Fig. 1.1. As a result, the receiver sees multiple copies of the transmitted signal,
each experiencing different attenuation, delay and phase shift while travelling from
transmitter. This can result in destructive interference at the receiver. Strong de-
structive interference is frequently referred to as a deep fade and may result in the
failure of communication due to poor channel signal-to-noise ratio (SNR).

One way in which more reliable communication can be achieved is by introducing
multiple antennas at the receiver end. The resulting system is called a single input
multiple output (SIMO) system, as shown in Fig. 1.2. In such a system, multiple
copies of the transmitted signal are gathered at the receiver using different anten-

nas. Usually, it is desirable to separate the multiple receiver antennas with sufficient
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Figure 1.1: A SISO communication system with multipath propagation.
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Figure 1.2: A SIMO communication system having N receiver antennas.

distance so that the fading paths seen by different antennas are approximately inde-
pendent. In this case, the probability that all the paths are in a deep fade is small,
and this facilitates a reliable transmission of the original signal. The gain obtained
here is called diversity gain. Compared to the single antenna system, a lower error
probability can be achieved with a SIMO system at the same SNR.

Similarly, a multiple input single output (MISO) system has multiple antennas at
the transmitter side, which is shown in Fig. 1.3. When the transmitter antennas are
located sufficiently far apart, diversity can be obtained by transmitting signals over
the multiple independent fading paths between the transmitter and receiver antennas.

One of the most significant recent developments in wireless communications is the
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Figure 1.3: A MISO communication system having M receiver antennas.
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Figure 1.4: A MIMO communication system having multiple antennas at both ends.

multiple input multiple output (MIMO) systems, in which there are multiple antennas

at both ends of the link as shown in Fig. 1.4. The multiple antennas provide the

potential to achieve both high rate and reliable transmission for information signals.

It has been shown [27,92] that in a rich scattering environment, a MIMO system

enables substantially increased capacity over the other systems mentioned above.

Due to the advantages a MIMO system possesses, the analysis and designs for such

communication systems is the main focus of this thesis. In the following, the channel

models and related assumptions that will be used in this thesis will be introduced.

They have been widely employed in the literature of MIMO communications.

e Channel knowledge: The fading channels are modelled by random variables.
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The receiver is assumed to know the realizations perfectly, while the transmitter
knows only the statistical characteristics of the random channel. Channel state
information can be obtained at the receiver by sending known training signals,
and its accuracy depends on the received SNR and coherence time. Here, the
channel is assumed to vary slowly enough to enable perfect estimation of the
channel to be assumed. The characteristics of the class of fading channels that

will be considered are discussed as follows.

e Flat fading: When the bandwidth of the transmitted signal is sufficiently nar-
row, or the symbol period is sufficiently longer than the essential duration of the
channel impulse response, all frequency components of the signal will experi-
ence the same fading. In that case, the wireless link between the pair transceiver

antennas can be simply modelled by a complex scalar, called a fading coefficient.

e Rayleigh fading: When there are many scatters in the environment, the signals
experience rich scattering. Based on central limit theory [74], each fading co-
efficient can be well-modelled by a Gaussian random variable. If there is no
specular component, then each such a variable will have zero mean and phase
uniformly distributed between 0 and 27 radians. The envelope of each channel

fading coefficient will therefore be Rayleigh distributed.

e Spatially IID: In a rich scattering environment, the transmitter and receiver
antennas are assumed to be located with sufficient distances for the channel fad-
ing coefficients to be modelled as being independent and identically distributed

(IID) in space.

e Block fading: The time varying nature of the channel is modelled as block
fading. That is, the channel is assumed to remain fixed for a certain duration,

called the coherence time, and then may change to another independent state.

4
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Figure 1.5: A MIMO communication system.

In reality, independence of the fading blocks can be realized by interleaving,
where the symbols to be transmitted in each block are interleaved and spaced

sufficiently far apart in time.

Based on the above assumptions, a mathematical description of a MIMO commu-
nication system will now be established. Consider a typical MIMO system with M
transmitter and N receiver antennas, cf. Fig. 1.5. Based on the flat fading assump-
tion, the fading coefficient between the mth transmitter and the nth receiver antennas
is denoted by a complex scalar, h,,,. Altogether, M N fading coefficients constitute
the N x M channel matrix, denoted by H, with h,,, being the nmth entry. At a
given time slot, M signal symbols (z;,--- ,xp) with constrained (total) power are
transmitted, one from each of the M transmitter antennas. A linear combination

of the M symbols will be received by each of the N receiver antennas, along with
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additive noise. The input-output relation is, therefore,

y:”ﬁﬂw—i—w (1.1)

where @ is the M x 1 input signal vector, y is the corresponding NV x 1 received signal
vector, w is the additive noise which is assumed to be of IID Gaussian distribution
with zero mean and unit variance, and p is the SNR per receiver antenna.

Under the block fading assumption, the channel condition is fixed for certain time
period, say T time slots. Then, T signal vectors can be transmitted under the same
channel conditions. We stack the transmitted T signal vectors as the columns of a
M x T matrix X, and correspondingly define a IV x T received signal matrix Y. This

results in the following block transmission system model

_ /L
Y= [ LHX+W (1.2)

Each entry of X can be an original message symbol, but more generally, it can be
thought of as a (matrix) codeword. For notation clarity, we write X = X (s), where
s is the vector of original message symbols to be transmitted in the block, and is
assumed to have zero mean and normalized (unit) variance. The codeword X (s) is
distributed among M transmitter antennas in space and across 7" slots in time, and
is transmitted block by block. Hence, the set of codewords {X(s)}, is said to be a
Space-Time Block Code (STBC).

1.2 Motivation

In the past decade, intensive research on STBC design has been carried out with the
aim of improving the system error performance under different types of detection al-

gorithms. Most of this effort has focused on systems in which the maximum-likelihood
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(ML) detector is employed, due to its superior performance to other available detec-
tors. In designing a reliable transmission scheme for a given rate, the code should
be chosen to minimize the error probability in the detection of the signals. However,
when an ML detector is employed, the detection error probability is difficult to for-
mulate in general. Hence, the design efforts have mainly focused on the high SNR
performance, where the error probability is dominated by diversity gain. Mathemati-
cally, diversity gain describes how fast the error probability decays with SNR at high
SNR. As a result, maximizing diversity gain has become one of the most important
criteria [91,20] in designing STBC for ML detectors.

The simplest STBC is Alamouti’s code [1], which was invented in 1998 for a two
transmitter antenna system. This 2 x 2 code matrix has an orthogonal structure and
belongs to the family of orthogonal STBCs [90,88,52,101,51]. In a system employing
an orthogonal STBC, the maximum diversity gain can be achieved. In addition, the
orthogonality property reduces the computational cost of ML detection to that of
linear detection. This advantage holds for any type of input signal. Unfortunately,
orthogonality also restrains the highest achievable symbol transmission rate to be less
than one. As an example [51], for a MIMO system having M > 3, the highest achiev-
able symbol rate by orthogonal codes is only % symbols per channel use. (Actually,
there is a fundamental tradeoff [114] between the diversity gain and a measure of the
rate that can be achieved by a STBC.)

Efforts to achieve both high rate and good error performance were taken in [37],
where the objective of the STBC design is to maximize the Gaussian mutual infor-
mation. However, the presented codes do not guarantee the maximum diversity gain.
Another approach is to design a STBC that has full symbol rate and achieves full
diversity (FRFD) [39,17,22,64] when ML detection is employed. Full symbol rate

is achieved when the average symbol transmission rate equals min{M, N} symbols
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per channel use. Full diversity gain can be achieved when the total spatial degrees
of freedom offered by a MIMO system are utilized for diversity purposes. In general,
the design of the FRFD codes depends on the properties of the input signals and
the available FRFD codes only render full diversity gain for certain structured input
signals. Further research in STBC design has led to the FRFD codes that have non-
vanishing determinant [107,28,5,79,48,24,73], where the minimum distance between
two different code words has been maximized, which has further improved the system
performance. However, the superior performance is only applicable to certain types of
signals, and is only achieved by using ML detection, which has a high computational
cost.

As has been discussed above, numerous STBCs have been proposed to achieve
reliable communication with the optimality in certain aspect. However, in general,
the structure that a good STBC should possess has not yet been resolved.

It should be noted that detection of a MIMO system demands much higher compu-
tational cost compared to a single antenna system in general. Despite the advantages
that the optimal ML detector possesses in the system performance perspective, its
application is restricted to systems having a small number of antennas. The sub-
optimal detection architecture based on decision feedback equalization (DFE) is less
costly, but suffers from error propagation. On the other hand, a linear receiver is
practically attractive for its simplicity. However, the desirable properties of a STBC
for a system with a linear receiver have yet to be established, possibly due to the
complicated mathematical formulations and moderate achievable performance com-
pared to the system that employs ML detection. The problems of determining the
optimal code for a linear receiver and determining the performance limits for such a

system have been left open.
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1.3 Contribution and Thesis Outline

In this thesis, the design of STBCs for the MIMO systems that employ linear receivers
is studied. A family of STBCs, named unitary trace-orthogonal codes, is presented.
These codes are optimal in the sense that they minimizes the detection error prob-
ability for a linear receiver [61,55] when the MIMO system satisfies N > M and
the signals are transmitted at full symbol rate. Applying the optimal code struc-
ture to such a system, the maximum diversity gain achievable by a linear receiver is
analyzed and proved. Several transmission schemes are proposed for improving the
diversity gain for linear receivers. Specifically, when a MISO communication system
is considered, a special unitary trace-orthogonal code is presented as the first non-
orthogonal full diversity STBC for linear receivers. Further analysis reveals that the
code can enable a linear receiver to approach the optimal diversity v.s. multiplexing
gain tradeoft that was previously only achievable with the use of more sophisticated
detectors. The code structure is also successfully applied in solving several previously
intractable problems for MIMO systems that employ an ML detector.

Some theoretical background on the MIMO communication systems considered in
this thesis is provided in Chapter 2. The unitary trace-orthogonal code [61,55] is also
introduced in that chapter, along with its optimality properties when applied to the
MIMO (N > M) systems that employ linear receivers.

The contributions of this thesis are provided through Chapters 3-6, and are out-

lined below:

e Chapter 3: Unitary Trace-orthogonal code in a MISO system [60]

In this chapter, the problem of designing full diversity STBCs for a MISO com-
munication system that has a linear receiver is examined. The chapter begins

by establishing a mathematical system model for a MISO channel. Based on
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that, a condition on STBCs that ensures full diversity when the code is detected
by linear receivers is proposed and proved. This is, thus far, the first condition
for achieving full diversity by a linear receiver.

Applying the proposed design condition, a Toeplitz STBC is proposed which
is a member of unitary trace-orthogonal family. This code is the first non-
orthogonal code that enables a linear receiver to achieve full diversity gain.
Analysis shows that the symbol rate associated with this code asymptotically
approaches unity (i.e., full symbol rate for a MISO system), which is higher
than the rates achievable by orthogonal codes when M > 3. In addition, the
code is proved to achieve the optimal Diversity v.s. Multiplexing gain tradeoff
for certain signalling schemes. This is the first code that we are aware of to en-
able a linear receiver to achieve the optimal tradeoff for a MISO system having
arbitrary number of transmitter antennas.

In the rest of the chapter, the Toeplitz STBC is applied to a MISO system in
which the channel fading coefficients are spatially correlated and ML detection
is employed. The beamforming matrix that minimizes the pairwise error prob-
ability is designed for such a system. It is shown that by exploiting the special
properties of the Toeplitz code, the complicated optimization design problem
can be transformed into a convex problem. Several numerical examples are

provided in the end of the chapter to support the theoretical analysis.

e Chapter 4: Diversity analysis and multi-block transmission [56]

In this chapter, the spacial diversity gain achievable by a linear receiver is ana-
lIyzed. This is followed by the introduction of a multi-block transmission scheme
that improves the diversity gain of a linear receiver.

The inferior error performance of a linear receiver to that of an ML receiver

10
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has previously been shown by numerical experiments. Theoretically, the per-
formance gap between these two receivers is still unknown. One way to carry
out a theoretical comparison is to analyze the maximum diversity gain achiev-
able by each receiver. When an ML receiver is employed, the full diversity gain
(MN) of a MIMO system can be exploited. On the other hand, the perfor-
mance limit for a linear receiver has yet not been analyzed. In [61], unitary
trace-orthogonal code is proposed which provides the best performance of a
linear receiver. Therefore, the diversity gain of a system with a unitary trace-
orthogonal code and a linear receiver must be the maximum gain achievable by
a linear receiver. In this chapter, by examining the minimum bit error proba-
bility (BEP) associated with the unitary trace-orthogonal code, the maximum
diversity for a linear receiver is analyzed and shown to be equal to N — M + 1
for N > M. This result provides a theoretical measure of the performance gap
between a linear and an ML receivers.

In the second part of this chapter, a multi-block transmission scheme is pre-
sented for improving the system performance of a linear receiver. In this scheme,
the signals are coded over several independent channel realizations. By taking
advantage of time diversity, each signal symbol may experience an increased
number of path gains. As a result, the impact of a particular deep fading path
can be reduced. For such a system, the optimal code that minimizes the detec-
tion error probability of a linear receiver is proposed, and this code structure
is proved to be both necessary and sufficient in achieving the optimality. The
code is a generalized version of unitary trace-orthogonal code and is named
multi-block unitary trace-orthogonal code. Through both theoretical analysis
and numerical experiments, it is shown that the system performance can be sig-

nificantly improved. The combination of multi-block transmission and a linear
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receiver can thus enjoy a high diversity gain with a relatively low computational
cost. This system may outperform those systems employing an ML receiver and
single block STBCs in the cases when a large number of transmitter antennas

is involved, or when the signals are picked from higher order constellations.

e Chapter 5: A multi-block transmission for linear receivers [58]

A transmission scheme specially designed for a linear receiver is proposed in this
chapter. This scheme takes greater advantage of time diversity. In particular,
the achievable diversity gain increases linearly with the number independent
blocks over which a code spans. The idea originates from the observation that
the diversity gain of a linear receiver is determined by the difference between
the number of transceiver antennas, (N — M). This implies that a taller channel
matrix renders higher diversity gain. In the proposed multi-block transmission
scheme, the channel matrices corresponding to different realizations are stacked
up, resulting in a tall equivalent channel. Simulations show a significantly im-
proved performance for the proposed system. The complexity involved with the

linear equalizer remains the same as that for the single block transmission.

e Chapter 6: Unitary trace-orthogonality and ML detection [113]

The importance of unitary trace-orthogonal codes is not constrained to their ap-
plications to linear receivers. In this chapter, a system employing an ML receiver
is investigated and the problem of designing full diversity STBCs is examined.
This problem is generally difficult due to the existence of a large number of
unknown parameters. In this chapter, by constraining the design parameters
within the family of unitary trace-orthogonal codes, the design problem can
be simplified. As a result, a systematic construction of full diversity STBCs is

presented based on number theory.

12
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The work presented in this thesis is concluded in Chapter 7, along with a discussion

on future work.

1.4 Publication

The contributions of this thesis have been published or submitted in four jour-
nal papers (61,113, 60, 56], one book chapter [112], and eight conference papers
[54, 109, 110, 53, 111, 57, 58,59]. Two full journal papers [61,113] have been pub-
lished in IEEE Transactions on Signal Processing, and [61] received the 2007 Young
Author Best Paper Award from IEEE Signal Processing Society. The work on the
Toeplitz STBC [60] has been accepted for publication as a full paper in the journal
of IEEE Transactions on Information Theory. The work on diversity analysis and
multi-block transmission has been submitted [56] to the same journal with a length of
35 pages, and it is currently under the second round of revision. Parts of the results
have also been presented at several international conferences, including 2008 Inter-
national Conference on Acoustics, Speech, and Signal Processing at Las Vegas, 2006
IEEFE International Symposium on Information Theory at Seattle, and 2005 IEEE
International Symposium on Information Theory at Adelaide, Australia. The results
on linear dispersion codes for ML detection has also appeared in Chapter 5 of the
book “Space-Time Processing for MIMO Communications”, jointly edited by A. B.
Gershman and N. D. Sidiropoulos, 2005.
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Chapter 2

Theoretical Background

The design of Space-Time block codes is the main focus of this thesis. In order to sim-
plify the exposition of the proposed design techniques, some theoretical background
will be introduced in this chapter. The chapter begins with a discussion of the MIMO
communication system model upon which the designs are performed. This discussion
includes a brief review of the channel capacity, followed by a discussion of several
performance measures for STBC designs, including diversity gain and a fundamental
tradeoff in the system performance. A brief review of some detection architectures for
MIMO systems is also provided. Finally, two commonly employed classes of STBC
are discussed, and this leads to the introduction of the unitary trace-orthogonal code

and a discussion of its properties.

2.1 MIMO Communication System and STBC

As discussed in Chapter 1, the output of a MIMO communication system that has a

flat fading channel can be expressed as follows

y:,/%ﬂwﬁ—w (2.1)
14
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Based on the assumptions provided in Chapter 1, the N x M complex channel matrix
H is random and has IID circularly symmetric complex Gaussian entries with zero
mean and unit variance. It is also assumed that perfect knowledge of the channel
state information is available at the receiver side and that the transmitter only knows
the distribution of the channel. At each signally instant, an M x 1 signal vector x is
transmitted through the channel, and received as an N x 1 vector y. The signal vector
x is assumed to have zero mean and a normalized (unit) variance. The receiver also
sees additive white Gaussian noise w, of which the elements are circularly symmetric
complex Gaussian having zero mean and unit variance. The SNR at each receiver is
denoted by p.

The signal vector £ may be the original signal s, or may be part of a codeword
representing s. Hence, it is more precise to write * = x(s). Suppose the channel
remains constant for a period of time, say T time slots. Then during this time, there
are T vectors of @(s) that can be transmitted, and these vectors can be represented
by the columns of an M x T matrix X (s). Thus, the following block transmission

model can be obtained

Y = \/%HX(S) +W (2.2)

The matrix X (s) is a codeword for a STBC and the design of such codes is the
main focus of this thesis. Before a discussion is provided on that topic, some related

background about MIMO communication systems will be introduced in the following.
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2.2 Channel Capacity for Fading MIMO Systems

The channel capacity for a MIMO system that has a random flat fading channel will

be discussed in this section. We examine the following MIMO communication model

where the channel realization is available at the receiver, but the transmitter only
knows its distribution. Then, the mutual information between the input and output

is [11,92]
I(x;y,H) = H(y|H) — H(ylx, H) (2.4)

where Z(+) and H(-) stand for “mutual information” and “entropy”, respectively.
The mutual information in Eq. (2.4) is a function of the random channel, and
hence it is also a random variable. Depending on the latency requirement, different
measures on the distribution of the mutual information yield appropriate notions of
reliable communication. For the MIMO systems that we will consider, there are two

relevant capacity definitions, namely, ergodic capacity and capacity versus outage.

2.2.1 Ergodic Capacity

When the transmission time is sufficient long and the channel fading process is as-
sumed to be an ergodic process, the fundamental limit on the rate of reliable com-

munication is the ergodic capacity,

max : Eg {Z(x;y, H)} (2.5)

p(x)
where Ef denotes the expectation over the random channel H, and p(x) is the

distribution of the input @. The input distribution that achieves this maximum is a
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circularly symmetric complex Gaussian distribution with zero mean and covariance

Q. This leads to the following expression of the ergodic capacity [92]
p H
. 2.
max : Eg {log2 det (I + MHQH )} (2.6)

where I denotes the identity matrix. In the case of IID fading described in Chapter 1,
the optimal transmit covariance @ is a scaled identity matrix, and the capacity can

be written as [92],
_ P H
C=Egy {log2 det (I + ——MH H )} (2.7)

The quantity in Eq. (2.7) is a constant positive number. Hence, the ergodic
capacity is a capacity with classical meaning, i.e., when the transmission data rate
is lower than the capacity, there exists a code such that the error probability is
exponentially decaying with the transmission length, and at rates above the capacity,

it is impossible to have reliable data transmission.

2.2.2 Owutage Capacity

In applications in which low latency is required, such as interactive communications,
the ergodicity requirement that the transmission time is sufficiently long will be vio-
lated. The instantaneous channel capacity is a random variable and it depends on the
particular realization of the channel parameters. When the channel realization is not
available at the transmitter, it is possible that the transmission data rate exceeds the
instantaneous mutual information no matter how low the rate may be. Therefore, the
error probability does not exponentially decay with the increase of the transmission
length. The wireless link in this case is said to be in an outage state. In this case,

one can talk about the relation between outage probability and the supportable rate.

17
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Given a transmission data rate R, the outage probability is defined as [92]
Poutage(R) = igf : Prob {log2 det (I + K’}HQHH) < R} (2.8)

The capacity in this case does not have the classical meaning. Accordingly, an outage
capacity is defined as the maximum data rate that can be supported by a MIMO
channel for a prescribed outage probability.

Since the channel capacity describes the amount of information that can be reli-
ably transmitted through a communication system, capacity based criteria are widely

employed in the design of STBCs [92,37,113].

2.3 Performance Measures

The discussion in the previous section was focused on the achievable information
rate of a MIMO communication system. In the design of STBCs, systems having a
fixed transmission data rate are frequently considered. For such systems, the design
of STBCs is usually aimed at achieving low probability of error. In this section,
two commonly employed criteria for the design of STBCs which are based on error

probability will be discussed.

2.3.1 Error Performance: Diversity Gain

In Chapter 1, it has been discussed that the reliability of wireless communications
very much depends on the path SNR. When a transmission path suffers from a deep
fade, errors are likely to occur. A simple way to combat this is to transmit information
signals through multiple independent paths so that the probability that these paths
are simultaneously in deep fades is exponentially decreased. The performance of

the transmissions can therefore be dramatically improved. This technique is called
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diversity.

Diversity can be realized in a variety of ways. For multiple antenna systems,
space diversity can be realized by spacing the antennas sufficiently so that the fading
paths between the transmitter and receiver are statistically independent. When the
channel is of the fast fading type, signals can be coded or interleaved to achieve time
diversity. The information symbols are dispersed over several coherence intervals,
and they experience independent channel states. Similarly, frequency diversity can
be exploited in frequency selective channels.

To obtain further insights on how diversity influences on the reliability of a com-
munication system, we take a simple example here. Consider a flat fading SIMO
channel that has N receiver antennas. The single transmitter antenna is fed with
a symbol z at an instant of time. Correspondingly, the signals at the N receiver

antennas can be written in the following vector form

y=,/phzt+w (2.9)

where h and w are statistically independent, and they have IID Gaussian elements
distributed as CN(0,1). In detecting x, a sufficient statistic of ¥ can be obtained in

a scalar form as

5 h"

Tt 4= V7 e+ oo (2.10)
where the noise ”h—,flllw is CN(0,1). The accuracy ofdetecting x is determined by the
received SNR, i.e., p||h||?. A detection error is likely to occur when p||h||? is a small
quantity. The probability of this event is

€

P(Ine < £) (211)

where € is a small positive constant. Under the assumption that the channel coefficient

h is circularly symmetric complex IID Gaussian, the random variable ||h||? is thus the
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Probabitity of Deep Fading

1] 2 4 6 8 10 12 14 16 18 20
SNR[dB]

Figure 2.1: Probability for a SIMO channel in deep fading.

sum of 2V independent real Gaussian random variables. Hence, it has a Chi-square
distribution [72] with 2N degrees of freedom. The probability density function (PDF)
of z;, £ ||h? is [72]

1 -z
p(2) = mz{f‘le h/2 (2.12)
When zj, is small,
1 N-1

Now if we apply Eq. (2.13) to Eq. (2.11), the probability in Eq. (2.11) can be written

as

P (Hh||2 < 5) ~ / L N ——Eiv—p_N (2.14)

p o 2N(N —=1)! 2N N!
The probability in Eq. (2.14) is plotted in Fig. 2.1 for various values of N. We observe
that the probability of the channel being in a deep fade is exponentially decaying with
N, the number of receiver antennas. This is shown in the figure by the slope of the

probability curve. This gain is obtained by diversity, and is called diversity gain.
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2.3.1.1 Definition

In general, diversity gain describes how fast the error probability P. decays with the
increase of SNR. Mathematically, it is defined as the negative power of SNR in the
expression of P, at high SNRs, i.e., [96],

d=— lim log F

2.15
p—oo log p ( )

We note that diversity gain is defined at high SNR. This is because only when SNR
goes to infinity, the remaining factors in the error probability become negligible.
Hence, the diversity gain is the gain that dominates the high SNR performance of
a communication system. The definition provided in Eq.(2.15) is applicable to any
communication system. For a given system, the value of diversity gain d depends on
the transmission strategy, the channel model, and the receiver architecture. In the

following, the diversity gain for a system having an ML receiver will be derived.

2.3.1.2 Diversity gain for ML detectors

MIMO communication systems with ML detection have been widely studied, due to
their optimum performance. However, for such a system, an expression for the exact
error probability is hard to obtain, due to the mathematical complexity. For that
reason, the pairwise error probability (PEP) is commonly considered in analyzing
the performance of an ML detector. The pairwise error probability refers to the
probability of transmitting a symbol vector s that is detected as s’. When white
Gaussian noise is encountered, this probability is controlled by the Euclidean distance
between the two symbol vectors {s,s'}. For a MIMO system transmitting a coded
signal X (s), the distance between the two points is measured by the Frobenius norm
of the matrix Z(e) = X (s)—X(s'), with e = s—s’. Since Gaussian noise is assumed,

the PEP for a given channel realization can be mathematically described using the

21


http:Eq.(2.15

Ph.D. Thesis - Jing Liu McMaster - Electrical & Computer Engineering

Q-function [77]. Note that the channel is random with IID Gaussian entries, and we
are interested in the PEP averaged over all the realizations of the random channel H.

This results in the following expression of the PEP as a function of the STBC [91]:

1 do

w/2
P (S - S/) - / H N
m™Jo  det (I+ aremZ(e)Z (e))

(2.16)

Using the fact that sin?# < 1, an upper bound on Eq. (2.16) can be obtained as

1 P -N
/ < - . H
P(s—s) < 5 det (IM+ Loz(e)z (e))
M
1 p -N
= 311+ 557 )
1+ P -N
< Z L
= 21l (537 *)
-N
- 1(p)_TN ﬁ/\ (2.17)
~ 2\8M 417 '
where 7 (< M) is the rank of Z(e)Z"(e), and {\,,},m = 1,--- ,r are its non-zero

eigenvalues. To realize low error rate transmission, it is desirable to keep the upper

bound in Eq. (2.17) low. In the following, we examine the two factors in Eq. (2.17):

o The Rank Factor r: At high SNR, the first term in Eq. (2.17) dominates, and
therefore we should make the exponent, r/N, known as the diwersity gain, as
large as possible. For full diversity, the minimum rank of Z(e) taken over all
distinct pairs {s, s’} should be maximized, i.e., the matrix Z(e)Z"(e) should

be of full rank, resulting in full diversity being equal to M N.

e The Determinant Factor ([],_; Am): The second term consists of the product of
the non-zero eigenvalues of Z(e)Z"(e). The minimum value of ([T}, _; Am)*/",
taken over all distinct symbol vector pairs {s, s}, is called the coding gain and

should be made large.
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The rank factor and the determinant factor are frequently employed as design criteria
for STBCs that are to be used in systems equipped with an ML detector. From the
above derivations, it is clear that maximizing these two factors are necessary for the
minimization of PEP.

From the discussions in this subsection, we observe that by applying the general
definition of diversity gain in Eq. (2.15) to a system with a STBC, an IID Rayleigh
channel and an ML receiver, a expression that is specialized for such a system is
obtained, and this expression is dependent on the rank of the code matrix. This
illustrates the fact that for different communication systems, the expression for the

diversity gain may appear in special forms.

2.3.2 Diversity v.s. Multiplexing tradeoff
2.3.2.1 Multiplexing Gain

For a communication system operating at high SNRs, diversity gain ensures that
the error probability decreases rapidly with SNR. However, achieving diversity gain
occupies some of the degrees of freedom offered by the system, such as those provided
by the presence of multiple antennas. These degrees of freedom could also to used
to provide higher rate of transmission. For example, in a MIMO system having M
transmitter antennas, the symbol transmission data rate could be M symbols per
channel use (pcu) if an independent symbol is transmitted from each antenna. This
suggests that there may be a quantified trade-off between transmission data rate and
diversity gain. To explore that possibility, we first define a notion of multiplexing
gain that is compatible with the notion of diversity gain.

Firstly, we observe that channel capacity is an increasing function of SNR. Hence

we will consider a transmission scheme with supportable rate that increases as SNR.
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We consider a family of codes with one at each SNR level. The achievable rate by this
scheme is denoted by R(p). The multiplexing gain ¢ is defined to reflect the change
of this rate at high SNRs, i.e. [96],

= lim 8 R(p)

2.18
p—oo  logp ( )

2.3.2.2 M x N MIMO channel

Diversity gain and multiplexing gain are two benefits offered by a MIMO system.
These dual benefits are captured by a fundamental tradeoff of the two gains — the
diversity v.s. multiplexing gain tradeoff [114]. Consider an IID Rayleigh fading
MIMO channel having T > M + N — 1. Then the optimal tradeoff between (g, d) is

a piece-wise linear curve joining the points [114]:
(k,(M - k)(N —k)), k=0, - ,min{M,N} (2.19)

as shown in Fig. 2.2. When g — 0, e.g., the transmission rate is fixed and finite,
the maximum diversity gain M N is achievable as shown in Fig. 2.2. When g =
min{M, N}, the full degrees of freedom are exploited for rate gain and we have no
spacial diversity gain. The diversity v.s. multiplexing gain tradeoff bridges the two
extreme cases and provides a more general picture of the performance capability of a

MIMO system.

2.3.2.3 M x 1 MISO channel

As a special case of Section 2.3.2.2, the diversity v.s. multiplexing gain tradeoff for
a MISO communication system is provided in the following. This tradeoff curve will
be employed later in Chapter 3 in designing STBC for such a system.

Consider an IID Rayleigh fading MISO system having M transmitter antennas,
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o,

(1, (M-1)(N-1))

Diversity gain d

(k,(M-k)(N-k))

* (min(MN).0)|

5

Multipléxing gaiﬁ g
Figure 2.2: Diversity v.s. multiplexing gain tradeoff curve
and the relation of the optimal diversity and multiplexing gain is described by [96]
d=M(1-yg) 0<g<l1 (2.20)

as shown in Fig. 2.3. Eq. (2.20) indicates that a MISO system provides an M-fold

increase of diversity gain for all multiplexing gain.

2.4 Detection

For a MIMO communication system with perfect channel knowledge at the receiver,
there are several detection architectures, including maximum likelihood detection,
detection involving decision feedback equalization, and detection including linear pre-
processing. In this section, we focus on describing the simple linear receiver, including
its Zero-Forcing (ZF) and Minimum Mean Square Error (MMSE) versions, and the
maximum likelihood receiver. These receivers will be the employed throughout the

thesis.
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Diversity gain d

(1,0)

Multiplexing gain g

Figure 2.3: Diversity v.s. multiplexing gain tradeoff curve for a MISO system.

2.4.1 Linear ZF Receiver

Consider the signal transmitted through a MIMO channel at a particular time instant,

yz,/%H:c#—w (2.21)

where we have the following assumptions: i) x is the input signal vector that has
independently elements and satifies E{zx”} = I; ii) w has zero mean and unit
variance; iil)  and w are independent; and iv) H has full column rank (which
implies N > M). The M independent elements contained in « are each fed to
one of the M transmitter antennas. Now, let us consider the detection of the mth
element, z,,, which passes through N fading paths between the mth transmitter and
all the receiver antennas. The receiver therefore sees N copies of x,,, which can be
mathematically described as H (:,m)z,,, where H(:;m) denotes the mth column of
H. Additionally, the received signal y also contains the signals transmitted through

other transmitter antennas, Zklek 4m H (2, k)zk, which constitute interference in the
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detection of the desired mth symbol z,,.

One way of detecting x., is to completely remove the interference from y, normalize
the resulting symbol, and detect it independently from the other symbols. This
can be realized by projecting the received signal y onto the direction orthogonal to
interference space spanned by {H(:,k),k = 1,--- ,M,k # m}. As a result, when
the noise is circularly symmetric white Gaussian with zero mean, the detection error
will be orthogonal to the desired signal. A projector is a linear processor, and can be

denoted by a matrix G. Hence, the received signal y in Eq. (2.21) is processed as

@écyﬂ/ﬁ GHz + Gw (2.22)

where & denotes the equalized signal. To cancel the interferences for all z,,, m =
1,---, M, G should be chosen in the way that the detection error is uncorrelated to

the input signal s, i.e.,
E{exf} =0 (2.23)

where e = & — x. Now, substituting Eq. (2.22) into Eq. (2.23) results in

() o)
<\/» GH - I)E{:m:} | (2.24)

The last step is obtained under the assumption that « is independent with the noise

E{ex"}

I

that has a zero mean. Eq. (2.24) gives rise to

I _
2 CH=1 (2.25)
Gazr = / %H’f (2.26)
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where H' is the Pseudo Inverse [34] of H. This processor removes all the interferences
and is called a Zero-Forcing equalizer. A subscript ZF is added to Gzr for notational

clarity. As a result, the equalized signals have the following form
T=x+ GZF’LU (227)

The transmission model in Eq. (2.27) is now equivalent to M parallel scalar channels.
Detection for that model can be simply carried out by employing a scalar symbol by
symbol threshold detector on each channel. The receiver having a linear ZF equalizer
followed by a threshold detector is called a linear ZF receiver.

A linear ZF receiver performs well for a system having either at high SNRs or with
a well conditioned channel matrix. The performance will deteriorate when neither of

these conditions are satisfied.

2.4.2 Linear MMSE Receiver

A linear MMSE equalizer is a linear processor that minimizes the averaged detection

error, i.e., min: E{|le||? = ||£ — z||?}. A linear MMSE equalizer satisfies [3§]:
E{ey?} =0 (2.28)
Substituting Eq. (2.22) into Eq. (2.28), we have

({7 eme-v00) ()

J— ( Y __ .

E{ey"}

where we have used the assumption that E{zzf} = I}, and E{ww} = Iy. The

expression of an MMSE equalizer Gysg can be obtained from Eq. (2.29) as

-1
Ganse = 1/ % L (I + KPZ HHH> (2.30)
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or

f -1
GuMsE = -—]pw— (% I+ HHH> HHY (231)

where the equivalency of the two expressions of Gyusg can be simply proved by
employing the matrix inversion lemma. In analyzing the system performance when
a linear equalizer is employed, the error covariance matrix £ 2 E{ee”} is frequently
considered. Here, when a linear MMSE equalizer is considered, the error covariance

of the system can be found as [55]

-1
gMMSE = E{CGH} = (I + —]%-HHH) (232)

The mth diagonal element of € corresponds to the variance of the detection error for
the mth symbol z,,. Therefore, taking trace of Eq. (2.32) results in the mean square
error (MSE) of the system. After the linear equalization, the interference to the
desired symbol is treated as noise. Then, the equalized signal & with an appropriate
scaling can be detected by a symbol-by-symbol threshold detector. A receiver having
such architecture is called a linear MMSE receiver.

It should be noted that the MMSE equalizer approaches the ZF equalizer at high

SNR. Refer to Eq.(2.31), when p — oo, the identity matrix is negligible, and we have

GMMSE ~ ’ ’ ]—pw— (I{HII)—1 HH, p— 00 (233)

The matrix part in Eq.(2.33) is the pseudo inverse of H that is assumed to have
full column rank, and therefore it is a ZF equalizer according to Eq. (2.26). Now we

calculate the error covariance for a ZF equalizer,
M -
Ezr = E{Grww? G} = = (HYH)™ (2.34)

where we have used the assumption E(ww?) = I, and have employed (H g ) ;L
as the pseudo inverse of H. From Egs. (2.34) and (2.32), it is clear that both equalizers

have the same error covariance at high SNR.
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However, at low SNR, an MMSE equalizer is more robust than a ZF equalizer.
Consider the error covariance associated with a ZF equalizer in Eq. (2.34). If the
channel matrix is ill-conditioned, taking the inverse such a matrix will cause a large
error to the system. However for an MMSE equalizer, the identity matrix in Eq. (2.32)
bounds the diagonal entries of the error covariance matrix to be no greater than one.

The linear ZF /MMSE receiver has a reasonably low computational cost. The cost
is dominated by the matrix inversion involved in the equalization, which is of order M?3
for an M x M matrix. It should be noted that the complexity of the linear processing
component of a linear receiver is independent of the type of signalling. Therefore, a
linear receiver is practically attractive especially for higher order constellations. In the
case of block transmission where MT symbols are jointly transmitted and detected,
the computational cost in detecting these symbols by employing a linear receiver has
terms that are O(M?), O(M?T), and O(MTu), where p is the cardinality of the

signal constellation.

2.4.3 ML Detector

The maximum likelihood detector is a non-linear detector. It detects the signals
jointly by choosing the symbol vector that is most likely to have been transmitted.
Therefore, we consider the conditional probability density function p(y|s) with s and
y being the transmitted and received signal vectors respectively. The method of max-
imum likelihood is to estimate the parameter s such that the associated conditional
PDF p(y|s) is at the maximum. Hence we write p(y|s) as a function of s, called the

likelihood function, i.e.,

I(s) = p(yls)
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which is to be maximized in detecting s. When the signal vector s is equally likely
picked from its constellation, the maximum likelihood detection is theoretically opti-
mal in minimizing the probability of vector decision error.

Despite the optimality of an ML detector, its computational complexity makes
it infeasible in MIMO systems having a large number of transmitter antennas. For
example, consider the block fading MIMO system where the input data sequences
are transmitted and received in blocks. When MT signal symbols are processed per
block, the computational complexity of detecting these symbols by employing ML
detection is O(uMT) [77). In comparison to that of a linear receiver, ML detection
incurs higher costs when either a high order signal constellation is employed, or a

large number of symbols are processed per block.

2.5 Classes of STBC

We now turn our attention onto the design of STBC. We begin by describing several

classes of STBC considered in this thesis.

2.5.1 Linear STBC

A linear STBC is a code in which each codeword X (s) is constructed as the linear

combination of a set of code matrices,

K
X(s)=) sCk (2.35)

where C}, is the M x T code matrix associated with the symbol s;. It satisfies the

power constraint that

K
tr (Z ckc,’j) =K (2.36)
k=1
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i.e., the codes maintain the same transmission power as that of the original signal
s. Here, K is the total number of symbols transmitted per block (in T time slots).
For a full symbol rate transmission, K = min{M, N}T. For a linear code defined in
Eq. (2.35), the design target is on the structure of C;. We observe that the code
matrix Cj may span all the transmitter antennas in space (column dimension of the
code is M) and all the time slots in time (row dimension of the code is T'). Therefore
in transmitting each symbol of s, such a code provides the possibility for the system

to take advantage of all the degrees of freedom offered by a flat fading MIMO channel.

2.5.2 Linear Dispersion STBC

When signals are picked from a complex constellation, e.g., a Quadrature Amplitude
Modulation (QAM) [77] constellation, the real and imaginary parts in each symbol
typically contain different information. A linear dispersion (LD) code is a STBC
specially designed for complex signal symbols where for each signal symbol and its

conjugate, different code matrices are assigned as shown in the following,

K K
X(s) = Z spAk + Z s By (2.37)
k=1 k=1

where Ay and By, are the M x T code matrices associated with the kth signal symbol
sk and its conjugate s; respectively. They are constrained so that the total transmis-

sion power remains a constant, i.e.,

K
tr (Z(AkA,fj + B,Bf? )) =K (2.38)
k=1

The class of linear dispersion codes is a generalization of the class of linear codes. By

setting By = 0, Eq. (2.37) reduces to Eq. (2.35).
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2.5.3 Unitary Trace-Orthogonal Code

As a subset of linear and linear dispersion STBC, unitary trace-orthogonal code has
some special optimality properties. In the following, the definition and properties of

the unitary trace-orthogonal code will be provided.

2.5.3.1 Definition

Definition 2.1 A linear STBC is said to be unitary trace-orthogonal if [61,55]

1
c.cll = ik (2.39a)

tr (CxC}) = 6(k—2¢), kt=1,---,K (2.39b)

where 6(-) is the Kronecker delta function.

A linear dispersion STBC is said to be unitary trace-orthogonal if [113]

AAf + BB = —A%I (2.40a)
ABY + B, A = 0 (2.40b)
tr (AyAf + BiBf') = 6(k—¢) (2.40¢)
tr (A,Bf' + By A]) = 0 (2.40d)

The definition provided here is under the power assumption that
E{tr (X*(s)X(s))} =E{s"s} =K

For a system having different power constraint, the code will be different from the
definition provided here by a constant scalar.

The conditions in Eqgs. (2.39a), (2.40a), and (2.40b) show the intra-unitary struc-
ture for the code associated with each individual symbol, and lead to the term unitary.

The rest unveil the inter-unitary properties of different code matrices, and lead to the
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term trace-orthogonal. For a better understanding of the unitary trace-orthogonal
structure, we vectorize the linear STBC defined in Eq. (2.35) and obtain
K
vec (X (s)) = vec (Z ska> =Cs (2.41)
k=1

where
cs (Vec(Cl) Vec(CK)) (2.42)

is the equivalent code matrix having dimension MT x K. In Eq. (2.41), the originally
mixed code and signals are now separated and represented by individual variables.
This expression will be frequently employed later on in solving code design problems,
as it simplifies the analysis in most cases. Now applying Eq. (2.39b) to Eq. (2.41),
and utilizing the fact that tr (CrC{') = vec(C)"vec(C}), we obtain that the trace-
orthogonal structure defined in Eq. (2.39b) is equivalent to that the matrix C has
orthonormal column vectors.

Similarly, consider the linear dispersion code defined in Eq. (2.37) and we have

vec(X(s))} [ As+Bs"} (A B s (2.43)
vec (X (s)) B's+ A*s* B* A* s* .
where
A 2 (VeC(A1) vec(AK)) (2.44a)
B £ (vec(Bl) vec(BK)) (2.44b)
If we define
A B
F£ (2.45)
B* A*

and apply Egs. (2.40c) and (2.40d) , and then we obtain that a linear dispersion

STBC is trace-orthogonal when F has orthonormal column vectors.
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The vectorized code gives rise to a physical interpretation of the unitary trace-
orthogonal structure. Here we focus on the linear STBC only and the linear dispersion
STBC can be dealt with in a similar way. From Eq.(2.41) and (2.42), we observe that
each column vector of C is associated with one of the signal symbols. That C has
orthonormal columns (i.e., trace-orthogonal) evenly spreads the K signal symbols
over the whole space, with each of them having the same transmission power. The
unitary structure of each C, further evenly spreads the associated symbol s, over the

whole space and time slots that a block code spans.

2.5.3.2 Properties

We consider the properties of the unitary trace-orthogonal code when it is applied to
a flat block fading MIMO channel that has IID fading coefficients and white noise.
We will show its optimality from the view points of mutual information and detection
errors. Here we consider linear STBC only. Similar properties also hold for linear
dispersion code, and the details will be provided in Chapter 6.

Information Lossless

Consider a MIMO communication system in which the signals are transmitted

using a linear STBC, i.e.,

M
Y = \/%H (; Cmsm> +W (2.46)

Here we assume N > M and K = MT, i.e., the transmission is of full symbol rate,
and the signals are IID circularly symmetric complex Gaussian with zero mean and
unit variance. If we vectorize both sides of Eq. (2.46), the following expression can

be obtained
y=,/x”4-(1T®H)CS+w (2.47)
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where y and w are the vectorized forms of the received signals and noise, and C is a
square code matrix defined in Eq. (2.42) with dimension MT x MT. In Eq. (2.47),
if we define a coded channel as He = (I ® H)C, then the system model can be

Y=y /%’Hcs +w (2.48)

For the system in Eq. (2.48), the Gaussian mutual information between s and y for

written as

a given coded channel He is (e.g. [92])
Z(s;y|[He) = logdet (I + —p—'HcH'HC) (2.49)
’ M

Suppose the channel is of the fast fading type, and we consider the averaged behavior.
By taking the expectation over Eq. (2.49), E{Z(y; s|Hc)} is obtained as a function
with respect to the parameter C. We observe that in Eq. (2.49), the matrix inside
the parentheses is symmetric positive definite (PD). On the other hand, it is known
log det(+) is a concave function [9] over a PD matrix. Hence, for all the possible choices
of C, there exists at least one that achieves the maximum mutual information. Such
a code is said to be information lossless.

In [55], it is shown that E{Z(y; s|H¢)} is maximized if and only if C is a unitary
matrix, i.e., the code is trace-orthogonal as defined in Eq. (2.39b).

Detection Error Minimization

We now show the optimality of the unitary trace-orthogonal code in its error
performance. Here we assume that the channel is flat fading with N > M, and a
linear MMSE receiver is employed. It is also assumed that the signals are transmitted
at full symbol rate, i.e., K = M (which implies C is a square matrix). If the signals
are picked from a 4-QAM constellation, then each signal symbol contains two bits.
For a block code transmitting MT symbols, there are 2M7T bits in total. Let ;

denote the signal to interference plus noise ratio (SINR) associated with the ith bit
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at the receiver end, then the averaged BEP over the 2MT bits transmitted per block
is [77,61,55]

2MT

S OCIV) (2:50)

where [77] Q(z) = \/—12=1r [ exp(—=?/2)dz, and ; is a function of H and C. It can be
shown [61,55] that the minimum of P, in Eq. (2.50) is

M
vz onlo( o) | >

This lower bound is achieved if and only if the linear STBC has unitary and trace-

orthogonal structure. This holds true for any range of SNR.

When the signals are picked from an arbitrary QAM constellation, this optimality
property holds at high SNR [61]. More generally, when signals are picked from an
arbitrary constellation, it is difficult to formulate the system BEP. For this reason,
the performance is analyzed by considering the MSE in detecting the signals, which
can be obtained by taking the trace of the error covariance matrix. Following this
idea, by replacing H with H¢ in the general expression of the error covariance matrix

provided in Eq. (2.32), the MSE can be found as follows
_ Pay a7
MSE = Eg {tr (I + LM, ’Hc) } (2.52)

The MSE in Eq. (2.52) is a function of the code matrix C. In fact, tr(-)~! is a convex
function [9] over a PD matrix. Under the power constraint, the minimum of MSE

can be achieved if and only if the code is of trace-orthogonal structure [61,55].
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Chapter 3

Toeplitz STBC: Properties and
Application to MISO

Communication Systems

We start by discussing the application of unitary trace-orthogonal codes in a MISO
communication system. We will present the first non-orthogonal STBC that enables
a linear receiver to achieve full diversity gain for the system.

In this chapter !, we consider a system in which signals are detected by a linear
receiver. We propose a general design criterion for full-diversity STBCs. By applying
Toeplitz structure into the design of STBC, we obtain a simple full-diversity STBC
that satisfies this criterion and converts an original MISO flat fading channel into a
Toeplitz virtual MIMO channel. The code is therefore named Toeplitz STBC. We
also propose the following important properties of the Toeplitz code: a) The symbol

transmission rate can approach unity. b) For any signalling scheme, employing the

L The work related to this chapter has been accepted as full paper [60] to be published in the
journal of IEEFE Transaction on Information Theory. Part of the work has also been presented in
ISIT2005 [111], Adelaide, Australia.
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Toeplitz code results in a non-vanishing determinant. We show that the Toeplitz
STBC is a member of unitary trace-orthogonal code.

We examine the performance of the Toeplitz STBC in a MISO system equipped
with different receivers. When applied in conjunction with a linear ZF or MMSE
receiver in a MISO system, the Toeplitz STBC can achieve full diversity. In particular,
if QAM is used as the signalling scheme, then for independent MISO flat fading
channels, we prove that the Toeplitz codes can approach the optimal diversity v.s.
maultiplexing gain tradeoff with a ZF reveiver when the number of channel uses is
large. This, so far, is the first STBC proved to achieve the optimal tradeoff curve for
a linear receiver in an arbitrary MISO communication system.

On the other hand, when applied to a MISO system fitted with an ML receiver
and the channel coefficients are independent, the Toeplitz STBC minimizes the worst
case average pair-wise error probability resulting in the coding gain being maximized.
If the channel coeflicients are correlated, the inherent transmission matrix in the
Toeplitz STBC can be designed to minimize the average worst case pair-wise error
probability. In particular, when pair-wise error probability is approximated by the

Chernoff bound, a closed-form optimal solution is obtained.

3.1 Design Criterion for Full-Diversity STBC with
Linear Receivers

Consider a MISO wireless communication system having M transmitter antennas and
a single receiver antenna. At any time slot (channel use) t, each of the M transmitter
antennas is fed a coded symbol for transmission. Each of these transmitter antennas
is linked to the receiver antenna through a channel h,,, m = 1,--- M. At the

receiver of such a system, at the end of T time slots (¢ = 1,--- ,T), we receive an
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T-dimensional signal vector y = [y; 2 -+ yr]? which, according to the input-output

model of the system, can then be written as
y=Xh+w (3.1)

where X is the T'x M coding matrix, each row of which consists of coded symbols fed
to the M transmitter antennas during a particular time slot, h is an M x 1 channel
vector, and w is an T' x 1 complex noise vector. Throughout this chapter, we adopt

the following assumptions:

a) The channel h is circularly-symmetric complex Gaussian distributed, with zero-

mean and positive definite covariance matrix 3J;

b) w is a circularly-symmetric complex Gaussian noise vector with covariance o1 y.

Through the MISO system, we transmit signals coded with a linear STBC

K
X = chsk (32)
k=1

where C}, is the T' x M code matrix associated with the kth transmitted symbol
sk, and K is the total number of symbols to be transmitted per block (K = T for
a rate-one system). Write the symbols to be transmitted as a vector and define a

code-channel as
H = (C’lh Coh --- CKh) and s=[s18 - sg]" (3.3)
and then the received signal vector can be written as
y=Hs+w (3.4)

In the following, we will derive a condition on the equivalent channel H that renders
full-diversity when the signals are received by a linear receiver. First, we present the

following properties of the equivalent channel matrix H:
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Property 3.1 Suppose the equivalent channel H in Eq. (3.3) satisfies that the matriz

HHH is non-singular for any nonzero h. Then we have the following inequality:
Gmin[P)*5 < det (HPH) < G| B (3.5)

where Pmin and Puax are positive constants independent of h. B

Proof. Since h is nonzero, we normalize the K x K matrix H¥H by dividing each
of its elements with ||h||?, i.e., H¥H = ||h||?H, where H is the normalized matrix
with the ijth element being equal to

hH
Ikl

"Ikl ’

[H]U CzHc 1727"' 7K

The determinant of positive semi-definite (PSD) matrix H is continuous in a closed
bounded feasible set {h : |h||> = 1} where h £ "—,’:" It has the maximum and
minimum values that are denoted by ¢max and @min respectively. Now, since HAH
is non-singular for any nonzero h, its determinant is positive. Therefore, 0 < ¢pin <
®dmax and Eq. (3.5) holds. O

We provide a specific example in the following to illustrate the logic in developing

the proof.

Example 3.1 Consider the following channel matriz

hy 0
0 hy

The determinant of matriz HEH can be written as

det(HiH) = |h) (1= Pl 1kl (3.7)
1=Y> A1 '
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Observe that ||[hh1|],2 + h’;fd; =1, and hence, we can define hhl,} = cosf, and hi,fﬁ =sindb,

and Eq. (3.7) becomes
det(H"H) = ||h||* (1 - sin® @ cos® ) = ||h|* (1 — %sin2(29)>

It is obvious that the function f(0) = 1 — %sin®(26) is continuous in a closed bounded
set. The minimum and maximum of it can be easily obtained, i.e.,

3

d)min = Z? Prmax = 1

Both values are constants, independent of the random channel. Thus, the determinant

of the channel matriz is bounded as
LRI < det (H73) < [ (38)
Property 3.2 If H'H is non-singular for any nonzero h, then we have
(7)) > gl (39)

fork=1,2,---, K where ¢¢ is a constant independent of h. [ ]

Proof. From the matrix inversion algorithm, we have

-1 det (HHH
[(’HH'H) ] = ——————(_ —— ) (3.10)

kk det (Hk Hk)

where H, is the matrix obtained by deleting the k the column vector, Cih, from
H. We notice that the matrix 'HkHﬂk is still PSD and therefore satisfies the right
side inequality of Eq. (3.5) having an upper bound denoted by ¢ max||h[*E~1. Ap-
plying the lower bound of Eq. (3.5) to the numerator and the upper bound to the

denominator of Eq. (3.10), we obtain

-17-1 'min h|]?K min
[0 > g s = G I >
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where ¢y = ¢mm/§5kmax, Wwith xmax = max{drmax, k¥ = 1,2, -+ , K}. O
Now, we are ready to discuss the condition on ‘H for which full-diversity is achieved
by a linear receiver for a MISO system. To do this, we need only to consider the system
equipped with a linear ZF receiver. The same condition automatically extends to
systems with linear MMSE receivers or other more sophisticated receivers such as
decision feedback (DFE) or ML receivers. To analyze the diversity gain achieved
by the system, we consider the symbol error probability when signals are of: 1)
square QAM, 2) PAM and 3) PSK constellations respectively and let p denote the
cardinality. Firstly, we summarize the definition of some common parameters which
govern the performance of the linear (ZF and MMSE) detectors under these three
signalling schemes. We use the index ¢ = 1, 2, 3 to denote parameters associated
with the three signalling schemes as ordered above. Let E;, i =1, 2, 3, denote the
respective average symbol energy in each of the above signalling schemes, and let o2
be the noise variance at the receiver antenna. Therefore, the SNR for each symbol at
the receiver is given by
pi = By /0% i=1, 2, 3 (3.11)
We note that o?[H”H];}! is in fact the noise power at the output of the ZF equalizer
for the kth symbol.

3.1.1 Symbol Error Probability of Various Signalling Schemes

We now summarize the symbol error probability (SEP) when a MISO communication

system transmits signals using the above three signalling schemes and a ZF receiver.

1. PAM signals: The SEP of the ZF receiver for a py-ary PAM signal s, is given
by [87]

Py(h, s) = 2(—“_—1)43 3L , (3.12)

p (42 — 1)0? [(HHH)‘l]

kk
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We use the following alternative expressions for the Q- and Q*-functions [12,75,

102,87]
1 w/2 22
Q(z) = }/0 exp <‘2‘S—m—§5) . z2>0 (3.13)
1 /4 52
Q*z) = ;/0 exp (—m> dd  z>0 (3.14)

Now, using the expression of the Q-function in Eq. (3.13) and noting that by
putting siné = 1 in the integral, we have Q(z) < exp(—z?) for z > 0. Hence, we

arrive at an upper bound of Eq. (3.12), i.e.,

M — 1 3E32

exp _2(u2 gy [(’HH’H)_l] (3.15)

Pg(h, Sk) S

kk

2. Square QAM signals: The SEP of a ZF receiver for the square QAM signal s;
is [87]

. 3Es
Pi(h,sy) = 4 <1 - 7;7) © 2(u — 1)o? [(HHH)—I]

kk

1\ 3B, |
- (1 - 777) ? \J 2(u — 1)o? [(HHH)‘I]kk 10

Substituting Egs. (3.13) and (3.14) into Eq. (3.16) and after a little manipulation,

we obtain
4 1, [ 3Eq
Pi(h,sp) = —(1———)/ exp | — - do +
' * K VE Jo 4(p — 1)o? [(’HH'H) 1] " sin® 6
4 1, [ 3E,
—(1 - ———)/ exp | — — df (3.17)
T/H VI Japa 4(p —1)o? [(’HH'H) 1] " sin? 0
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We can obtain an upper bound for Eq. (3.17) by putting sinf = 1 in the two

integrals, and this easily simplifies to

H— 1 3Esl

ex

Pi(hyse) < = 4 - 1)o? [(HHH)‘l]

(3.18)

kk

3. PSK signals: The SEP of a ZF receiver for the PSK signal s, is given by [87]

(p=)7/p in2
Pi(h,s) = l/ exp | — _Bysin (_71;//1) do (3.19)
T Jo 202 [('HH’H) ] sin® 6

kk

which, similar to the PAM signal, can be upper bounded by

(=1 | __ Essin’(r/n)

Pa(h, 5i) < 20 |(H*H) ]

(3.20)

3.1.2 Design Criterion for Full-Diversity STBC Applied to a

MISO System with Linear Receivers

We now examine the diversity gain [91,114] achieved by a MISO system. From the
expression of SEP, we examine the diversity gain for a MISO system having a linear

receiver. The result is provided by the following theorem:

Theorem 3.1 For a MISO system employing a square QAM, PAM, or PSK sig-
nalling scheme of cardinality p in the transmission, a linear (ZF/MMSE) receiver

achieves full diversity when HYH is non-singular for any nonzero h. ||

Proof. From Egs. (3.18), (3.15), and (3.20), we can arrive at a generalized upper
bound on the symbol error probability for the p-ary QAM, PAM, and PSK signals
such that

m— 1 a;p; .
Pi(h,s;) < exp| —+————— 1, 1=1,2,3 (3.21)
g (G
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where p; = E,;/0?, and
ay =3/[4(p—-1)], a=3/[2®-1)], and as=sin*(7/u)/2  (3.22)

Since H™¥H is non-singular for any nonzero h, we can apply Eq. (3.9) to Eq. (3.21).
Here, we see that the SEP of all the three signalling schemes have a general upper

bound given by

-1

=

Pi(h) <

exp (—aipigol|h|?) = pol exp (—aipi¢0hHh) (3.23)

Now, h is assumed to be Gaussian with zero mean and covariance matrix X. There-
fore, averaging the exponential part of the right side of Eq. (3.23) over the density
function of h yields

___1___ s H _pHy-1
ﬂMdetE/eXp( a;ipipoh h) exp (—h"'E 7 h) dh

_ [det ((az-pi%j +uh)

= .0 -1
p— } = det(I + aipipoZ) (3.24)

Substituting Eq. (3.24) into Eq. (3.23), we establish the following inequalities:

E(RR)] < X . L det(I + aipstox) ™!

IA

—1
(“ p det(qSOE)_lan) ™ i=1,2,3 (3.25)

The power of p; in Eq. (3.25) indicates that the upper bound of the SEP using the
three signalling schemes and a ZF receiver in a MISO system indeed achieves full
diversity for non-singular H¥H. O

Remarks on Theorem 1:

a) Although the proof provided here is for square QAM, PAM and PSK signallings,

Theorem 3.1 can be shown to be valid for any signal constellation.
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b) Since the condition provided here is sufficient for a linear receiver to achieve full

diversity, the same condition naturally yields full diversity for more sophisticated

receivers such as MMSE/ZF-DFE or ML receivers.

Corollary 3.1 In a MISO system having a linear receiver, a STBC X (s) achieves

full diversity if XH(s)X (s) is non-singular for any non-zero s.

Proof: Corollary 3.1 can be proved by showing the equivalency of the following two

statements:
1) X*(s)X(s) is non-singular for any nonzero s; and
2) HH H is non-singular for any nonzero h.

We will show 2) = 1), and the reverse can be similarly proved. From the devel-
opment of Eq. (3.4), we have X (s)h = Hs. Now, if H”H is non-singular for any
nonzero h, then H has full column rank, and hence Hs # 0 for any s # 0. Therefore
X(s)h # 0 for any s # 0, h # 0. This implies full column rank of matrix X(s), and
hence X ¥ (s)X (s) is non-singular for any nonzero s. O

Remark on Corollary 3.1:

The condition provided here enables full diversity for a linear receiver, and hence
it is also valid for more sophisticated types of receivers. Corollary 3.1 provides a
criterion in designing full diversity STBC in a MISO system having a linear receiver.
Thus, the design of a STBC should aim at making X*(s)X(s) full-rank for any
nonzero S.

In the following, we present a special code, the Toeplitz STBC, which has a simple
structure and satisfies the full-rank condition in Theorem 3.1, and is therefore a full-
diversity STBC. We will first introduce the definition and properties of the Toeplitz
STBC. This is then followed by its performance analysis when the signals are detected
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by both linear receivers and ML receivers. The symbol transmission rate of Toeplitz
STBC is shown to be less than, but asymptotically approaching, rate one. The
design of a STBC which simultaneously achieves rate one and full diversity for a

linear receiver is still an open problem.

3.2 Toeplitz Space-Time Block Codes and Their

Properties

3.2.1 Toeplitz STBC for a MISO System

Let us now introduce the Toeplitz space-time block code [111] to the MISO system.
Let @ =[aq az -+ ag|f. Then, a (K +J — 1) x J Toeplitz matrix generated by
a and a positive integer J, denoted by 7 (a, K, J), is defined as

oi_iy1, fi>jandi—j< K
(T(e, K, J)yy = { “7* ’ ’ (3.26)

0, otherwise

which can be explicitly written as

ar 0 ... 0
oy o ... 0
(8%)
T, K, J)=) ax - - o (3.27)
0 Qo
0 . 0

(K+J-1)xJ
If we replace a by s, the information symbols to be transmitted, then a Toeplitz

STBC matrix X g(s) is defined as
Xp(s)=T(s,K,J)-B (3.28)
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where, for J < M, B is a J x M matrix of rank J, and is placed in the coding matrix
to allow for the flexibility of facilitating the transmitter antennas with beamforming
capability.

The Toeplitz STBC 7 (s, K, J) is a member of of unitary trace-orthogonal code.
This can be observed by writing 7 (s, K, J) in the form of a linear STBC,

K
T(s,K,J)=>_ sCy (3.29)
k=1
with
C,=P'Cy, k=1, K (3.30)
where
0(T—1)><1 1

P=
Ir_1y Oper-yp

is a row permutation matrix and is unitary, and

I
Co = K

O0-1)xJ

is a tall matrix. For example, when K = 2,J = 2, the two linear codes are

10 00
Ci=10 1 Co=110
00 01

The unitary property of the code can be shown as follows
clc,=cl (PPP)" ' Co=ClCy =1
To show the trace-orthogonality, we consider
tr (CHCY) =tr (Cg’ P(’“‘l)HP"lc()) (3.31)
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When k = ¢, there is
tr (CHCy) =tr (CICy) =K (3.32)

which is a constant. If k£ # ¢, then

tr (CHCy) = tr (P"FCoC}) (3.33)
Now
Ix 0
cocll = F (3.34)
0 0

of which the non-zero elements are located only on the diagonal. The row permutation
operated by P*™* will move the non-zero entries off the diagonal. This results in a
zero trace. Hence we conclude tr (C,?C[) = K§(k,?).

At time slot ¢, the tth row of the T'x M matrix X g(s) is fed to the M transmitter
antennas for transmission. Apply the Toeplitz space-time block coding matrix to the

MISO system described in Eq. (3.1), and we have
y=T(h K, J)s+w (3.35)

where h = Bh, and K = T — J+ 1. T(h, K, J) can be viewed as the overall channel
matrix of the MISO system.

Example 3.2 For K=M=J=2T=K+J—-1=3, and B = I,, the codeword

matriz and channel matriz are, respectively,

S1 0 h1 0
XI2(S) = S2 81 ) T(?L,Q,Q) = ho hy

For this code, there are K = 2 symbols to be transmitted in T = 3 channel uses.
Therefore, the symbol transmission rate of this system is Ry = -?,; symbols per channel

use.
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Remarks on Toeplitz STBC:

2)

d)

It can be seen that in Eq. (3.35), the original MISO channel is transformed into a
Toeplitz virtual MIMO channel. Such a channel is a special intersymbol interfer-
ence channel for block transmission with zero-padding. Thus, we can utilize the
efficient Viterbi algorithm [98] to detect the signal s if perfect channel knowledge

is available at the receiver.

We can make use of the second order statistics of the received signal to blindly

identify the channel when channel coefficients are not known at the receiver [95,82].

When the Toeplitz STBC is applied to a MISO system, the space diversity has
been transformed into delay (time) diversity. This is realized by transforming the
flat fading channel into a frequency selective channel with zero-padding. This
technique is parallel to that employed in [103]. In [103], only a ML detector is
considered whereas here, achieving full diversity by the detection of Toeplitz STBC
using a linear receiver is proved, as well as an additional design parameter B for
ML detection is incorporated. Also in [103], performance analysis is carried out
under the assumption that for independent channels, only one bit error occurs
with the signals being restricted to a BPSK constellation, whereas here, all the
possible error events for different signal constellations with the channel being either

independent or dependent are considered.

When B = I, a Toeplitz STBC is reminiscent of a delay diversity code (DDC).
In general, a DDC [84,36] is applied with the use of outer channel coding and
ML detectors to achieve the full diversity gain. However, a Toeplitz STBC owns
special properties that enable full space diversity even with the use of the simple

linear receiver and the signals can be of any type.
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e) Toeplitz STBC is the first non-orthogonal STBC that has non-vanishing deter-
minant regardless of the signalling. Hence according to Corollary 3.1, the code
achieves full diversity with the use of a linear receiver. For the full diversity ML
STBC (e.g., [18,86,89,25]), since they only preserve non-vanishing determinant
for certain types of signalling, the full diversity gain is not necessarily guaranteed

with the use of a linear receiver.

3.2.2 Properties of Toeplitz STBC

We now examine some important properties of the Toeplitz space-time block codes
introduced in the previous subsection. These properties will be useful in performance

analysis and code designs in the ensuing sections.

Property 3.3 The definition of the Toeplitz space-time code shows that the symbol

transmission rate is R, = % = :—F;TJ—JF—I symbols per channel use when J < M. There-

fore, for a fixed M, the transmission rate R can approach unity if the number of

channel uses is sufficiently large.

Property 3.4 For any nonzero vector o, there exists 0 < ¢rmin < Prmax < 1, and

the matriz (TH(a, K, )T (a, K, J)) satisfies the following inequality,
brmmllal?’ < det (T (e, K, )T (o, K, J)) < drmaxllc]*’ (3.36)
Proof. By letting & = h in Eq. (3.3) and choosing
C, = PlC,, k=1,--- K

as shown in Eq. (3.30), we obtain an equivalent channel H of the same structure
as 7 (a, K,J). Hence, T(a, K, J) is a special case of H. Thus, from Property
3.1, there exist ¢pmin and @rumax for which Eq. (3.36) holds. Now, we note that
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the diagonal entries of the matrix 7 (a, K, J)T (a, K, J) are all the same and are
equal to [T(e, K, )T (o, K, J)]jj = |la]?, j=1,---,J. By applying Hadamard’s

inequality [43], we arrive at:
det (T#(et, K, )T (e, K, J)) < |||’ = Grmax <1 (3.37)

Furthermore, since « is nonzero, we can assume, without loss of generality, that the
first element a; # 0. (Otherwise, we can always permute the nonzero element to the
first position.) The T x J “tall” matrix, 7 (e, K, J), can be partitioned into a top

J x J matrix €, and a bottom matrix Q9 containing the rest of 7 (a, K, J), i.e.,

e 0 .. 0 )
(65) 631
[6%) 0
91
ay ajy_1 - 651
T, K, )=\ ayyy ay - o
Qg Qg1 - OK_J41
Q,
0 Kt QK- 42
Lo 0 ok

We note that €2, is a lower triangular matrix having equal diagonal elements a; # 0.
(Here, we assume that J < K. The proof is equally valid if K < J by exchanging
the roles of K and J). Since 77(a, K, J)T (o, K, J) = Q.70 + Q2,7Q,, using a

standard result [43, p. 484] on the determinant of the sum of a positive definite and
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a positive semi-definite matrix we have
det (T"(a, K, NT (o, K, J)) > det(2:7Q) + det(£22782)

> det(Q2,7Q) = |y ¥ (3.38)

Since a; # 0, det (T#(a, K, J)T (o, K, J)) is nonzero for any nonzero o and thus
we have

¢Tmin >0 (339)

The conclusions in Egs. (3.37) and (3.39) complete the proof of the property. O
We see that 7 is non-singular by Property 3.4, then using the fact that 7 as a special

case of 'H in Property 3.2, we have:

Property 3.5

[(T"(c, K, )T (0, K, J)) '] > brmmllel?  for j=1,2,---,J  (3.40)
where the existence of ¢ mim > 0 is shown tn Property 3.4, holds. |

We now introduce the following definition related to the measure in a signal con-

stellation S:

Definition 3.1 For 5,8 € S, the minimum distance of the signal constellation is
defined as

oin(S) = mig 5 = | (3.41)

If ||s — §'|| = dmin(S), we say that s and s are neighbours.
From the definition of the coding matrix X in Eq. (3.28) with B = I, we can

now establish a lower bound for a metric between X, (s) and X, ,(8') in dpin(S).

Let e = (s — §). For notational convenience, we let Xy, (e, {i1, %2, -+ ,im}) denote
the matrix consisting of m of the columns of X 1,,(e) indexed by {i1,%2, -+ , i} where
i1 <19 <, ,< i, and these columns are not necessarily consecutively chosen. Then,
we have
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Property 3.6 Fors # s’ € SX, where SK =S x S--- x 8, and any nonzero vector

e = (s —§'), we have
det [ XY (e, {i1,i2,+ ,im}) X1y (€, {i1,52, + ,im})] > dZ2(S) (3.42)

form =0,1,--- , M—1, where the equality holds if and only if s and s’ are neighbours,
i.e., iff |le]l = dmin(S)- |

Proof. The proof of this property is similar to that of Property 3.4. As in Prop-
erty 3.4, without loss of generality, we can always assume that e; # 0 with e; being

the first element of e. Thus, X,,(e) can be written as

/ eg 0 ... 0

e e ... O
€2
eM - . el
Xne)=] : en " e . (3.43)

€K
0 . . em

\ 0 7 0 ek )TXM

An important observation in Eq. (3.43) is that the top submatrix consisting of the
first M rows of X, (e) is a M x M lower triangular matrix with nonzero diagonal
entries and therefore, nonzero determinant. We can also see that the submatrix
X1, (e, {i1,12, - ,im}) preserves the same property because by permuting its rows
and columns, an m x m lower triangular matrix can always be formed as its top part,

ie., Xr,(e, {i1,%2, -+ ,im}) can be expressed as

o . Q,
I, X1, (e, {it1,32, - ,in})Ila= | —=
Q,
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where IT; and I, denote the T'x T and m x m permutation matrices, respectively, £,
contains the first m rows of X ,,(e, {41,142, - ,im}) and hence is lower triangular, and
Q, denotes the remaining submatrix of X, (e, {i1,4, -+ ,i}). Since the permuta-
tion of the rows and columns of X, (e, {i1,i2, - ,4,n}) does not change the deter-
minant of its autocorrelation matrix X?M(e, {i1,i2, -+ ,im )X 1y, (€, {21, 02, - ,im}),

therefore, as in Property 3.4, we arrive at

det [ XY (e, {ir,in, - im}) X 1y (€, {i1, 52, 1 im})]
> det(Q,70) + det (7)) > 27 (S)

where the equality holds iff €25 is a zero matrix, i.e., iff s and s’ are neighbouring

points. O
We can establish another useful property on the metric between X, (s) and

X 1,,(8') by first recalling an important property in matrix algebra [49]:

The characteristic polynomial of an M x M matrix A is the polynomial whose roots

are the eigenvalues of A. Mathematically, it can be re-written as
h(Z/) £ det (I + I/A) =M + clyM_l +Fey v +ey (3.44)

such that ¢, = Zdet(A)il,..,im (3.45)
9

where Aj;, .. ;. denotes the principal submatrix obtained by deleting the rows and
columns of A except the iith, the isth, -- -, and the ¢,,th ones, and ¥ denotes the
combination set of i1, - ,i,,. We note, in particular, ¢; = tr (A) and ¢y = det(A).
Now, the following property provides us with another lower bound on the metric

between X, (s) and X,,(8) in relation to dmin(S).

Property 3.7 Let A = diag(dy,0a,- -+ ,0p) with >0 form =1,2,--- M. Then,

for any nonzero vector e, the following inequality holds
M

det (A + X7, (€)X 1,,(€)) > [] (6 +d2ia(S)) (3.46)
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with equality holding if and only if s and s’ are neighbours. |

Proof. Let us first rewrite the left side of Eq. (3.46) as

det (A + X¥ (e)X1,,(e))

Iy

= det(A) det (I + (X1, (e)a~2)" XIM(e)A'1/2> (3.47)

Now, let A = (XIM(e)A‘l/Z)HXIM(e)A'1/2, then Eqgs. (3.44) and (3.45) becomes

M
det [I + (X1, () A1) X,M(e)A—l/ﬂ —1+ 3 cm, (3.48)
m=1
where
on =Y det [X{, (e, {iv iz, ,im}) X1y (e, {in, i, - im D] [] 670 (3.49)
g =1

Using Eq. (3.42) in Property 3.6 on the right side of Eq. (3.49), we have
em > 2 (S)Y [ 6 (3.50)
9 =1
where Y, [];%, ;" denotes the sum of the combination of the product of §;,taken
m at a time. Equality in Eq. (3.50) holds if and only if s and s’ are neighbours.
Combining Eqgs. (3.48) and (3.50) results in
M m
det [T+ (X1, (e)a™)" X, (A=) > 143" a9 [[5;1(351a)
m=1

= 9 £=1

M
= ] (1 +6.'d%n(5)) (3.51b)

m=1
where in the second step, we recognize that the right side of Eq. (3.51a) is the eigen
polynomial of the matrix d2, A which, in turn, equals det(I + d2,;,A) and hence
Eq. (3.51b). Combining Eqgs. (3.51b) and (3.47), we complete the proof of Prop-
erty 3.7. O
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3.3 Toeplitz STBC Applied to a MISO System
with a Linear Receiver

We now apply the Toeplitz STBC to the MISO communication system using the
properties presented in Section 3.2.2. From Property 3.3 and 3.4 in Section 3.2.2
and Corollary 3.1 in Section 3.1.2, we can see that the Toeplitz STBC can approach
unit-rate as well as full diversity even if only a linear ZF or linear MMSE receiver is
used in a MISO system. In the following, we examine the optimal tradeoff between
diversity gain and multiplexing gain [114] when the Toeplitz STBC is employed in a
MISO system equipped with a linear receiver. We first make the assumption that the
channel coeflicients are independent, i.e., 3 = I.

Now, our MISO system has M transmitter antennas transmitting a signal vector
s of length K in T'= K + M — 1 time slots. Also, all the above three signalling
schemes have constellation cardinality p. Thus, employing any of the three schemes
described in Section 3.1 in our MISO system will result in a bit transmission data

rate r given by

K
r=5 log, u (3.52)

Note that r is the bit rate of transmission. The multiplexing gain g, on the other

hand, is dependent on the scheme and in general, is defined as [114]

r

9= {0z SN (3.53)

where “SNR,” refers to the general SNR in the received data. Here in our analysis, we
use the SNR of the received data block for the SNR; and denote this by ppi;, i =1, 2, 3
when the ith signalling scheme is employed. Notice that in the MISO system, we
always have 0 < ¢g; < 1V 4, since the system has only one receiver antenna. From

Egs. (3.52) and (3.53), we can write u = pgfi’i/ K which implies that the cardinality
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of the constellation is increasing with SNR. It has been shown [114] that at high
SNR, we can trade-off the multiplexing gain for diversity gain and vice versa, and the

optimum trade-off for our MISO system with M transmitter antennas is given by
dop = M(1 —g) (3.54)

where d,, is the optimal diversity gain. Let us examine trade-off of the multiplexing

gain for diversity gain in the three signalling schemes:

1. QAM signals: The averaged symbol energy E; for square QAM signal is [77]
2
Eg = g(ﬂ —-1) (3.55)

We note that F; increases with the constellation cardinality u. From Eq. (3.55),
the averaged transmission energy per block can be calculated as Fy = %(,u, -
1)MK. Given o? being the noise variance at the receiver antenna, the averaged
noise power per block is 03, = 0®T. Therefore, the block SNR is

_2(u—-1)MK
Poin = T 3Tg%
leading to

9  2uMK 2MK  nNg_,
~ = Pbnn ¥
3T puut 3T

o (3.56)

where the approximation is under the assumption of large p, and Eq. (3.53) has

been used. Therefore, from Egs. (3.11), (3.22), (3.55) and (3.56), we obtain

3E, 1 3T 1.1

mpr =5 =

A(p—1)% 202 4MK P (3:57)

Now, consider Eq. (3.25) on the upper bound of the SEP for a ZF receiver, i.e.,
E[Pi(h)] < Crhin(ap)™ (3.58)

59



Ph.D. Thesis - Jing Liu McMaster - Electrical & Computer Engineering

Substituting Eq. (3.57) into Eq. (3.58), we obtain

3T \™  ur
E [Pl(h)] < C;%n (M) Plbl‘K_g‘M (3.59)

Hence, the diversity gain for this scheme, Dy, is given by

dilg) = M (1 - %g) — M(1=g)—eMg=dplg)— Mg (3.60)

where ¢ = MK;l > 0. From Eq. (3.60), we can see that di(g) < dop(g). However, we
can make ¢ small by choosing K sufficiently large so that di(g) =~ dop(g). Hence,
D (g) is the e-approximation of Dg,(g). We can always choose K = [#=1] 4 1,
where [-] denotes the integer part of a quantity, and therefore, we can say that
the ZF receiver is able to approach the optimal diversity-multiplexing tradeoff if
the proposed Toeplitz code is used with a square QAM signalling scheme and the

cardinality is increasing with SNR at a rate p;‘)’;‘lh/ K

If an MMSE receiver is employed, utilizing an expression parallel to Eq. (3.59)
for the MMSE receiver, we can also show that the optimal diversity-multiplexing
tradeoff can be asymptotically achieved if the Toeplitz STBC is applied to the
MISO system in which a square QAM signalling scheme is employed.

2. PAM signals: We note that the averaged transmission energy E, for pu-ary PAM
signal is given by [77] E, = §(u® —1). Hence the averaged transmission energy per
block is Egp = 3(u? — 1)M K. Following similar arguments resulting in Eq. (3.56),
for PAM signals we have,

9 WMK MK g 1
~ = Poiz ¥
67 poi2 6T

g

Also, similarly to Eq. (3.57), we have

. 3E, 13T 12T
@P2Z 02 10?402 2MEK PP
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Therefore, from Eq. (3.25), the upper bound on SEP for PAM signal is

3TCrmn\ " amr,_
T ) Pblz2 9-M

E [Py(h)] < Crpin(a2p2) ™ = (_zm‘c“

Hence, the diversity order is

do(g) = M (1 - %g) — M(1-2g) - 2:Mg

< M(1-2g) < M(1 - g) = dopl(g) (3.61)

Equality in (3.61) holds iff g = 0. Therefore, for finite multiplexing gain, da(g)
cannot approach the optimal tradeoff dop(g).

3. PSK signals: The averaged transmission energy E; for p-ary PSK signal is [77]
E; = 1. Hence the averaged transmission energy per block is E4; = M K. There-

fore, we have

s MK
g° =
Tpri3
We also have
_ Egsin’(n/p) - w? Tr? 2T

asps K (362)

_ 1
202 T 2022 2MK Pris
where, the second step comes from the assumption of large p. Following similar
arguments as PAM scheme, it can be shown that PSK signalling cannot achieve

the optimal tradeoff of diversity-multiplexing gains.

3.4 Optimal Toeplitz STBC Design for MISO Sys-
tem with ML Detector

The previous section shows what could be achieved when the Toeplitz STBC is applied

to a MISO system equipped with a linear receiver. In this section, we will examine
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the application of the Toeplitz STBC to a MISO system equipped with a ML detector.
In particular, we seek for the optimal design of the matrix B inherent in a Toeplitz
space-time block code Eq. (3.28) so that the worst case pair-wise error probability is
minimized when a maximum likelihood detector is employed.

Given a channel realization h and a transmission matrix B, the probability
P (s — §|h,B) of transmitting s and deciding in favor of s’ # s with the ML
detector is given by [26]

P(s—s'h,B)=Q (g(_.;;’)) (3.63)

where d(s, ') is the Euclidean distance between the Toeplitz coded signals s and s’
after being transmitted through the channel, i.e., it is the Euclidean distance between

X g(s)h and X g(s')h. Because of the relation of Eq. (3.28), we can write:
d(s,s) = (s — ) HTH(h, M,NYT (h, M,N) (s — s') = h" X} (e) X p(e) h (3.64)

where e = s — s’. By employing the alternative expression of the @-function in
Eq. (3.13) and taking the average of Eq. (3.63) over the Gaussian random vector h,

the average pair-wise error probability can be written as

1 w/2 do
P gy - L .65
(s — &'[B) = /0 det (I + (802 sin® 0)1ZXf (e) X B(e)) (309

with X being the covariance matrix of h. The design problem can now be stated as:
Design Problem: For a fixed number M of transmitter antennas, find a J x M,
(J < M), matrix B such that the worst-case average pair-wise error probability

P(s — §'| B) is minimized, subject to the transmission power constraint, tr (BH B) <

1,1ie,
B,, = ar min max P(s — s'|B 3.66
P & t;r(BHB)Sl s, s'esSL ( l ) ( )
o'#s
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where SK = S x S--- x S with S denoting the signal constellation of each element
of s.

To solve the above design problem, we not only have to find the optimum B, but
also have to determine its dimension J. Let us first examine the M x M covariance
matrix, ¥ = E[hh"], of the transmission channels h. Suppose we perform an eigen
decomposition such that ¥ = VAV where V is an M x M unitary matrix and
A = diag(A1, Ao, -+, Ay) with Ay > Aa > -+ > Ay > 0. The following theorem

provides us with an optimum design of B:

Theorem 3.2 Let T' = diag(yy, 72, -+ ,7s), J < M, be the singular values of B and
let G(A T, €) denote the integral

1 /2 J €A’Y2 -1
G(A;T,e) = ;/ H <1 + — 1259) d0 fore>0 (3.67)
0

=t sin

An optimal T' can be obtained by solving the following conver optimization problem.?

: dpin (S)
Iop = arg trr(xrl‘l)rél G (AJF, i (3.68)
where Top s a J x J diagonal matriz given by Loy = diag(Yop1, Yop2, -+, Yops) with

J being the largest integer for which [Toplj; = Yop; > 0, 5 = 1,2,---,J. Then the

optimum transmission matriz is given by
B,, =T,V¥ (3.69)

where V ; is the M x J matriz containing the J eigenvectors corresponding to the

J largest eigenvalues in the eigen decomposition of 3. Furthermore, the worst case

2 Note that the work presented here is different from that in [40] in which a precoder matriz
is designed for a frequency-selective fading channel even though both involve Toeplitz structured
matrices. Here, the Toeplitz matriz containing B and h is separated from the signal vector s. This,
by the properties of the Toeplitz STBC shown, transforms the design of B into a convex optimization
problem. In [{0], however, the design parameter and the signal vector are all parts of the Toeplitz
structure resulting in a non-convex design problem that can only be solved by numerical method with
no guarantee for global optimality.
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pair-wise error probability is lower bounded by

max P(s— §|B)>G|A;T GiinlS5) (3.70)
s,8'cSL sts % oty 8o2 ) )
FEquality in Eq. (3.70) holds if and only if
i) ||s — &|| = duin(S), and
i) B = By, |

Proof. We first establish a lower bound on the worst case average pair-wise error

probability. Let s; and s, be neighbour symbol vectors differing in only the kth

symbol, i.e., sg — s, =€, =[0 -+ 0 e, 0 - 07 where |ex| = dmin(S). Then, we
can write
det (I + ———1——22(1"(«3 )X B(ey)) =det(Iny + MEBHB)
8o2sin?f B * 8 2sin 6
- S)
mm )\ 3.71
H 802sin? 0 7 i) (371)

j=1
where the first step is a result of the structure of e; on the Toeplitz code, and the
second step is the result of an inequality for the determinant of a matrix [105,11].
Equality in Eq. (3.71) holds if and only if B = B, =TV ;1 i.e., the singular vectors
of B are the eigenvectors of 3. Substituting the inequality of (3.71) in Eq. (3.65),
we have P(sy — 8/|B) > G (AJI‘ —m(i)> Since <s,s’g51%}fsyés’ P(s — s’]B)) >

P(s; — s;/|B), the worst case average pair-wise error probability is lower bounded

by

max P(s— §'|B)>G (AT, iin(S) (3.72)
s,8'cSK s#s’ - d 8o? '
If we minimize both sides of Eq. (3.72), we can write
. d12111n(8)
min <s,s’£19%},(s7és’ P(s — S’|B)> >G (AJI‘Op, So? ) (3.73)
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where T',, is obtained according to Eq. (3.68).
Let us now establish an upper bound for the worst case average pair-wise error
probability for the specially structured transmission matrix B, above. For any error

vector e, we have

1

det{ I —
¢ < Mt 802sin? 9

mgge)XBo(e))

802 sin?

1 M
= (-——) det(AJI‘Q)det(A—I—X (e X1,(e) (3.74)
where the special structure of B, has been utilized, A; denotes the diagonal matrix
containing the largest J positive eigenvalues of ¥ and A = (80?%sin® §)A;'T'~2. Using
Eq. (3.74) in Property 3.7, for any nonzero vector e and nonzero # in the interval
[0,7/2], we have

M
det(A+ X ¥ (e)X1,(e) > []

k=1

(8" sin’f F () (3.75)

where, according to Property 3.7, equality holds if and only if s and s’ are neighbour

vectors. Eq. (3.74) and Eq. (3.75) together yield

1

det (I —
© ( M+ 802sin’ 9

M 2
BXE (€)X () 2 [[ (1+ ) (57

Again, substituting Eq. (3.76) in Eq. (3.65) and using the optimum I'y, yields
d?nm(s)
s,slerg%ﬁ;gs, P,(S — s’lBop) <G (AJI‘Op7 _~8_2__)

where equality holds if and only if ||s — §'|| = dmin(S). This results in

min ( max P(s— s'|B)> max P(s — 8'|B,p,)

B \s8,s'cSK g#g’ 8,8'cSK s#s

2
<G (Ajrop, dﬂgf;(f)> (3.77)
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Combining Eq. (3.77) with Eq. (3.73) yields

min | max P(s — §'|B) | =G| A,T Gain(5) (3.78)
s,8'cSK I op 802 '
s#£s

Eq. (3.78) holds iff B = T',, V¥ and ||s — 8| = din(S). Thus, the proof of Theo-
rem 3.2 is complete. O

Remarks on Theorem 3.2:

a) Theorem 3.2 shows us that the lower bound of the worst case pair-wise error
probability can be reached by having B = I‘OPV? . Thus, the design problem in
Eq. (3.66) becomes finding the optimum I'y, of Eq. (3.68).

b) The original non-convex optimization problem has been transformed into the con-
vex problem in Eq. (3.68) and can be solved efficiently by interior point methods.
The convexity of the objective function can be verified by re-writing G(A I, ¢) in

Eq. (3.67) as

1 [ Y
G(AJI‘,e):W/ exp( Zln( Sui ;))w, e>0  (3.79)

We notice that —In(-) is a convex function over 77, and hence their sum is also
convex over [yZ,---,7%]. Now, exp(z) is monotonically increasing with z. By
composition rule [9) (Page 84), the integrand in Eq. (3.79) is a convex function

implying that G(A T, €) is convex.

c¢) The solution of Eq. (3.68) yields the values of the diagonal elements {Yop1, Yop2, - -
Some of these values may not be positive. We choose all the K positive ones to

form the singular values of Bp.

Theorem 3.2 provides us with an efficient scheme to obtain the optimal matrix B,y

by numerically minimizing G(AI',¢). However, if the Chernoff bound [87] of the
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pairwise error probability is employed as the objective function for minimization
instead, a closed-form optimal B can be obtained. This can be shown by setting
sinf = 1 in the pairwise error probability of Eq. (3.65), so that we obtain the

Chernoff bound as

1
(I + (802)1XXH(e)X p(e))

!
< .
P(s—§|B) < (3.80)

Seeking to minimize the worst case Chernoff bound, and following similar arguments
which establish the the optimization problem in Eq. (3.68), we arrive at the following
problem,

J

~ 2 -1
T, = arg min 1 1T (1 + MAﬁf) (3.81)

tr(T)<1 2 i 802

where Ty, is a diagonal matrix with diagonal elements Yopj- This problem is a relaxed

form of that in Eq. (3.68) and its solution is provided by the following corollary:

Corollary 3.2 The solution, f‘op, for the optimization problem of Eq. (3.81) can be
obtained by employing the water-filling strategy [11]. The diagonal elements of fop

are given by

- 1 802 <1 1
oni = — 1+ —— e .82
Yopj {Mo ( + Z._(S) ;)\e) ARL (3.82)
j=1,--.,J (3.83)
where notation [z}, denotes max(z,0). The optimal choice of J is J = My, where

My s the mazimum positive integer satisfying

m

1 802 &1 1
— 1+ 55— —}-—>0 =12,---, M
M, ( ) ; Ae) o™ 0
The optimum transmission matriz is thus 1~3Op = f‘opV? .
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Proof. The minimization of the type of problems of Eq. (3.81) has been studied by
several researchers and the water-filling solution is shown in [11]. O

Remarks on Corollary 3.2:

a) For the particular case in which the channel coefficients are mutually independent,
i.e., 33 = I, then any M x M unitary matrix scaled by a factor 1/v/ M is a suitable

choice for Byy,.

b) Since Eop minimizes the Chernoff bound on the worst case PEP, it implicitly
maximizes the coding gain [91], which is defined to be the normalized minimum

determinant of X (e)? X (e) for all nonzero e; see Eq. (2.17).

Remarks on the Optimum Transmission Matrix Design for Linear Receivers:

e The derivations of Theorem 3.2 and Corollary 3.2 are based on the consid-
eration of using an ML receiver in the MISO system. For the case when the
system is equipped with a linear ZF (or MMSE) receiver under the environment
of correlated channels, the problem of obtaining an optimum B becomes very
complicated. This is because we seek for a matrix B to minimize the respective
average error probability obtained by averaging the expressions of error prob-
ability in Egs. (3.16), (3.12) and (3.19) for the respective signalling schemes
over the random channel matrix. This requires the knowledge of the PDF of
the equivalent channel matrix. However, the equivalent channel matrix in these
cases is of a Toeplitz structure for which the PDF is unavailable, and therefore,
the expressions for the average error probability cannot be obtained. (For the

case of linear MMSE receivers, a similar problem exists).

e An alternative way to attack the problem in the case when a linear receiver is

employed is to consider the upper bound on the averaged error probability given
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in Eq. (3.25). We can minimize this upper bound with respect to B. However,
this necessitates the knowledge of the value of Cy. From Property 3.4, Cp is
the minimum value of the determinant of the Toeplitz matrix having its column
vector belonging to unit ball and this renders the solving of Cy difficult. Thus,
in this thesis, we are unable to come up with any true optimal B for MISO

systems equipped with linear receivers.

3.5 Numerical Experiments

In this section, we examine the performance of the Toeplitz code in a MISO system.
We first evaluate the performance of the system equipped with a linear receiver under
the condition that different parameters are varied. We then evaluate the performance
of the system employing different beamformers as well as a linear or an ML receiver
in an environment in which the channels are correlated. We note that for a linear
receiver, the major computation occurs in the inverse of the Toeplitz matrix for which
the complexity is of order O(K M) [34], where K is the length of signal vector and
M is the number of transmitter antennas for the MISO system. On the other hand,
the complexity using an ML detector for this MISO system transmitting the Toeplitz
code is of order u™ where p is the constellation cardinality. Thus, for a reasonably
large constellation and/or a comparatively large number of transmitter antennas, the
ML receiver is substantially more complex than a linear receiver. Finally, we compare
the performance of the Toeplitz code with some other known efficient codes.

Example 1: In this example, we examine the performance of Toeplitz STBC for a
MISO communication system with independent channel fading, i.e., ¥ = I. The sys-
tem is equipped with a linear ZF detector at the receiver end. For the Toeplitz STBC,

we choose B = I in Eq. (3.28). The following three experiments are performed:
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M=4, K=8, Different Signal Constellation

Average Bit Error Rate

0 5 10 15 20 25 30
SNR [dB]

Figure 3.1: The average BER performance of the proposed Toeplitz STBC when

signals are selected from different constellations.

M=4, 16-QAM, Different K

Average Bit Error Rate

Figure 3.2: The average BER performance of the proposed Toeplitz STBC for different
K.
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1. We fix the number of transmitter antennas to be M = 4 and the length of
signal vector s to be K = 8, and the symbol transmission data rate is therefore
R, = K/T = 0.7273 symbols pcu. The signals are randomly selected respec-
tively from the constellations of 4-QAM, 16-QAM and 64-QAM. The signals
are transmitted through the MISO system having zero-mean unit-variance i.i.d.
Gaussian channels and additive white Gaussian noise as described in Section 3.1
and the BER curves are plotted in Fig.3.1 in which the three different curves
correspond to the performance of the system using the three signal constella-
tions respectively. It should be noted that different constellation size results in
different transmission bit rates. For the system we examine, the bit rates are
Ry, = 1.4545, 2.9091, and 5.8182 bits pcu corresponding to 4-QAM, 16-QAM
and 64-QAM respectively. Therefore, for larger constellation size, worse BER
performance is expected. This is indeed the case as shown by the three BER
curves plotted in Fig. 3.1 from which it is observed that, for a BER of 1073,
the difference in SNR between 4-QAM and 16-QAM is approximately 3dB and
that between 16-QAM and 64-QAM is approximately 5 dB.

2. In this experiment, we fix the signal constellation to be 16-QAM for a four
transmitter antenna MISO system and perform simulations for different signal
lengths, K = 4, 8, 16, 32. For different choices of L, the system has differ-
ent transmission symbol rates, which are R, = 0.5714, 0.7273, 0.8421, 0.9143
symbols pcu, respectively. The channel and noise assumptions are the same as
those in the previous experiment. The BER curves at different SNR are plotted
in Fig. 3.2. It can be observed that the longer is the transmitted signal, the
worse is the system BER performance. Again, this is due to the fact that larger

K corresponds to higher transmission date rate resulting in worse performance.
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K=8, 16-QAM, Different M
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Figure 3.3: The average BER, performance of the proposed Toeplitz STBC for the

MISO system with different number of transmitter antennas.

3. In this experiment, we vary the number of the transmitter antennas M. An
increase in M increases the diversity and decreases the transmission symbol
rate. Therefore, it is expected that the performance of the system will be
enhanced with the increase of the number of transmitter antennas. This is
indeed the case as illustrated in Fig. 3.3 where we compare the performance of
the MISO systems having M = 2,4, and 8 antennas with K = 8 in the Toeplitz

codes and the signals selected from a 16-QAM constellation.

Example 2: In this example, we test the performance of Toeplitz STBC for correlated
channels in a MISO system equipped with four transmitter antennas in a linear array
and the one receiver antenna on the normal to the axis of the transmitter antenna

array (“broadside”). For small angle spread, the correlation coefficient between the
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myth and moth transmitter antennas is [13,115]

2w
Blmim, = L exp | —j2m(m; — my Aé sind | df (3.84)
1ma
2w 0 S

where d; is the antenna spacing, ¢ is the wavelength of the (narrowband) signal, and
A is the angle spread. Here in our simulations, we choose d; = 0.5¢ and A = 5°.
We examine the performance of the MISO system transmitting 4-QAM signals in the

following three cases using Toeplitz STBC having the structures:

i) B = ﬁI . This is an approximately optimal transmission matrix at sufficiently
high SNR in the minimization of the Chernoff bound under the assumption that
B is a square matrix. The approximate optimality can shown as follows: For
Eq. (3.80), under high SNR, we ignore the identity matrix I in the denominator
and obtain

(BoH)M _ (80%)"

e ) S e B @K ae) 2 der(®) det (BUTH()T(e) B

(3.85)

To minimize the right side of Eq. (3.85), we maximize the second determinant in

the denominator. We note that

M
det (BETH(e)T(e)B) < det(TH(e)T H [BB™]
< det(TH(e)T(e)) (-Alz (BBY) )
- MlM det (TH(e)T(e)) (3.86)

The first inequality is due to Hadamard Inequality {43] and equality holds iff
BB?" is diagonal. The second inequality is due to geometric mean being no
larger than arithmetic mean, with equality holding iff BB* has equal diagonal
elements. Finally, the trace of BB¥ is equal to unity due to the power constraint.
Hence, the condition for maximum in Eq. (3.86) is that B is a scaled unitary

matrix of which B = I is one choice.
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ii) B = B,p. This is the optimal solution to minimize the worst case PEP derived in
Theorem 3.2 and can be obtained numerically by solving the convex optimization

problem of Eq. (3.68) and then using the result in Eq. (3.69).

i) B = Bop. This minimizes Chernoff bound on PEP as described in Corollary 3.2.

In the simulations, the transmitted signal vector is of length K = 10 and each of
the symbols is randomly selected from the 4-QAM constellation. At the receiver, the
signals in each of the three cases are detected separately by a linear ZF detector and
an ML detector and the respective performances of the two detectors are examined.
(As mentioned in the end of the last section, we cannot obtain an exact optimum
B for the ZF receiver. Nonetheless, we will employ the two optimum transmission
matrices derived for the ML receiver B,, and éop to the case of ZF receiver to see
how the performance is improved). We note that due to the variation of the channel
fading, the dimension J of the optimum transmission matrices in Cases ii) and iii)
change with SNR. For the specific correlated channel described in Eq. (3.84), for Case
i1), we found that J = 1 when SNR < 8dB and J = 2 at higher SNR, whereas for Case
iii), we found that J = 1 when SNR < 10dB and J = 2 at higher SNR. Therefore,
the transmission data rate for these two cases is R; = #f,j symbols pcu, which is
higher than Ry = ﬁ% for the case of B = Iy;. For a fair comparison, we choose
two different structures for B in Case i) in the following experiments:

1. We maintain the transmission data rate in Case i) the same as that in case
iii). This is realized by setting B = | —=17,000- 5] in Case i) with J being
the dimension of EZ,Z?OP. We evaluated the error performances of the systems
equipped with different B in all three cases and the results are shown in Fig. 3.4

from which the following observations can be made:

e For the system employing an ML detector, performance of Case ii) and
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Figure 3.4: The average bit error rate comparison of the proposed Toeplitz STBC

with i) B = [I7,04_,], ii) Bop and iii) Bop. The performances are shown for both

linear ZF detectors and ML detectors.
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Figure 3.5: The average bit error rate comparison of the proposed Toeplitz STBC

with B = I and Eop. The performances are shown for both linear ZF detectors

and ML detectors.
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ii1) are superior to that of Case i), confirming the theoretical analyses in

Theorem 3.2 and Corollary 3.2.

e For the system employing an ML detector, the BER performance for Cases
ii) and iii) employing B, and Bop respectively are very close. This shows
that Chernoff bound is tight for this system. Close performance in the two

cases is also true for the system using a ZF detector.

e Although B,, and 1~30p are optimal transmission matrices developed for
the ML detector, they are equally effective in providing substantial perfor-

mance improvement for the same system employing a linear ZF detector.

e At lower SNR, we have J = 1, i.e., only one transmitter antenna is effective.
Therefore, given a coded system, linear ZF and ML detectors provide the

same performance.

2. In the second part of the experiment, we put B = I, in Case i) and examine
its performance. The error performance for such a choice is shown in Fig. 3.5.
Here, the system using B = I, has higher transmission data rate than those
in Cases ii) and iii). For the sake of comparison, we have re-plotted in Fig. 3.5
the performance curves from Fig. 3.4 of Case iii) corresponding to the uses of
B’op as a transmission matrix. (Since the performance of Cases ii) is almost
the same as that of Case iii), we have omitted here the performance curves
corresponding to the use of B,p). It should be noted that when the signals
are detected by an ML detector, the system coded with B = Iy, has higher
diversity gain over the system with 1~30p. This is due to the fact that water-filling
strategy may not employ all the available transmitter antennas for correlated

channels. Specifically in this example, the effective number of antennas for

Eop is J < 2 < 4. However, the optimal coding gain achieved by f?op with
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M=4, K=9, R=6 bits pcu
y
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¢ ZF-group
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Figure 3.6: The average bit error rate comparison of the proposed Toeplitz STBC
with other STBC of unit rate.

ML detectors ensures a better performance. It is also important to note that
the employments of B = I, and 1§0p result in a relatively large difference
in performances, revealing that the upper bound on PEP given in Eq. (3.85)
is not tight. Thus, even though this bound is quite commonly employed in
STBC designs for independent channels, the results here show that this relaxed
bound is a poor design criterion for an environment of highly correlated channel

coefficients.

Example 3: In this example, we compare the BER performance of Toeplitz STBC
with other STBC for independent MISO channels. Here again, we choose B = I
for Toeplitz STBC. The experiments are performed for the two cases in which the
number of transmitter antennas in the communication system are M =4 and M =8

respectively:
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1. M = 4 transmitter antennas and a single receiver antenna: We compare BER

performance of Toeplitz STBC with other rate one STBC [89,41,18,47]:

e Quasi-orthogonal STBC. The code for four transmitter antennas was pre-
sented in [89], and the maximization of its coding gain was subsequently

shown in [18].
e Dense full-diversity STBC [41]

e Multi-group decodable STBC [47]

For the Toeplitz STBC, we choose K = 9 for which the symbol transmission
data rate is R; = K/T = 3/4 symbols pcu. To achieve a fair comparison, the
same transmission bit rate is imposed on all the codes such that signals are
selected from 256-QAM constellation for Toeplitz STBC and from 64-QAM for
the other full-rate STBC. Therefore, the same transmission bit rate, R, = 6
bits pcu, is employed for all the systems. At the receiver, the Toeplitz STBC
is processed by a linear ZF equalizer followed by a symbol-by-symbol detector.
For the other full-rate STBC, we examine the two cases in which the signals
are processed by a) an ML detector and b) a linear ZF receiver. The BER
curves are plotted in Fig. 3.6. When a linear ZF equalizer and a symbol-by-
symbol detector is applied at the receiver, it can be observed that Toeplitz
STBC outperforms “quasi-orthogonal” STBC and “dense” STBC, and at higher
SNR, its performance is superior to multi-group code. It is also interesting to
observe that at higher SNR, for Toeplitz STBC with linear ZF receivers, the
performance is also superior to that of the Multi-group STBC using an ML
receiver. In fact, for the range of SNR tested, the slope of its BER curve is the
same as those of the “dense” STBC and the “quasi-orthogonal” STBC processed

by ML detectors, indicating they have the same diversity gain.
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Average Bit Error Rate

Figure 3.7: The average bit error rate comparison of the proposed Toeplitz STBC

with the orthogonal STBC.

Average Symbol Error Rate

Figure 3.8: The average symbol error rate comparison of the proposed Toeplitz STBC

with the orthogonal STBC.
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2. We now consider the system having M = 8 transmitter antennas. For the
Toeplitz code, we choose K = 35 and therefore, the symbol transmission data
rate is K/T = 5/6 symbols pcu. We compare the bit error rate performance of
our Toeplitz code with that of the orthogonal STBC having symbol transmis-
sion rate of:

i) 1/2 symbols pcu [90,1,94] and

ii) 5/8 symbols pcu [63] (this the highest symbol rate achievable by the orthog-
onal STBC applied to an eight transmitter antenna system).

To achieve a fair comparison, the transmitted signals are selected from a 64-
QAM constellation for our Toeplitz code, a 256-QAM constellation for the 5/8
rate orthogonal code and a 1024-QAM constellation for the 1/2 rate orthogonal
code. Hence, all of the codes have the same transmission data rate in bits, i.e.,
Ry = 5 bits pcu. At the receiver end, the orthogonal STBC is decoded by a
linear ZF detector for which, because of the orthogonality, the performance is
the same as that of an ML detector. For Toeplitz STBC, the signals are de-
coded separately by a linear ZF receiver and a ZF-DFE receiver.The average
bit error rate for these codes are plotted Fig. 3.7. It can be observed that the
performance of the Toeplitz code detected with a linear ZF receiver is superior
to that of the %-rate orthogonal STBC when the SNR is less than or equal to 25
dB. When the Toeplitz STBC is received by a ZF-DFE receiver, its performance
is significantly better than that of the orthogonal STBC. In Fig. 3.7 at 1075,
the Toeplitz code with a ZF-DFE receiver outperforms the orthogonal code by
about 4 dB.

Here it should be noted that for the Toeplitz code, both linear ZF and ZF-DFE
receivers can achieve full-diversity. However, this property is not reflected in

Fig. 3.7 where the BER curves are not parallel. The reason for this is that
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Figure 3.9: Diversity-multiplexing gain tradeoff curves for the proposed Toeplitz

STBC and the orthogonal STBCs.

the employed SNR range is not sufficiently high. To simulate the high SNR
BER performance in this example demands exhaustive computational costs.
Therefore, we choose symbol error rate (SER) here to demonstrate the diversity
gain. To show the diversity gain achieved by the Toeplitz code, we only need to
compare the SER curve of the Toeplitz code with that of 5/8 orthogonal code
when both are detected by a linear ZF receiver. The results are provided in
Fig. 3.8. From the plotting, it is obvious that the curves for the two codes are
parallel when SNR is above 30dB, indicating the same diversity gain. Hence,
the Toeplitz code with a linear ZF receiver (and hence any superior detector)
indeed achieves full diversity.

To compare the diversity and multiplexing gains achieved by the codes examined
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in this example, in Fig. 3.9 the tradeoff curves associated with each of the three
codes are provided. It can be observed that the curve for the Toeplitz STBC is
closer to the optimal tradeoff curve than the other two. This curve will approach

the optimal one as K increases.

3.6 Conclusion

In this chapter, we have presented a general design criterion for full-diversity linear
STBC when the signals are transmitted through a MISO communication system and
processed by a linear receiver. This is, to our knowledge, the first design criterion for
linear receivers to achieve full diversity. Specifically, we proposed a linear Toeplitz
STBC for a MISO channel which satisfies the criterion and achieves full-diversity.
We have shown that such a code possesses many interesting properties, two of which

recapitulated here are of practical importance:

1. The symbol transmission rate for the code approaches one when the number of

channel uses (T' > M) is large.
2. Employing the Toeplitz code results in a non-vanishing determinant.

When employed in a MISO system equipped with a linear receiver (ZF or MMSE),
the Toeplitz code can provide full diversity. Furthermore, when the number of channel
uses is large, in an independent MISO flat fading environment, the Toeplitz code can
approach the Zheng-Tse optimal diversity v.s. multiplexing gain tradeoff.

When employed in a MISO system equipped with an ML detector, for both in-
dependent and correlated channel coefficients, we can design the transmission matrix
inherent in the proposed Toeplitz STBC to minimize the exact worst case average

pair-wise error probability resulting in full diversity and optimal coding gain being
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achieved. In particular, when the design criterion of the worst case average pair-wise
error probability is approximated by the Chernoff bound, we obtain a closed-form
optimal solution.

The use of the Toeplitz STBC (having an identity transmission matrix) in a MISO
system fitted with a ZF receiver has been shown by simulations to have the’same slope
of the BER curves to other full rate STBC employing an ML detector, whereas even
better performance can be achieved by using receivers (such as ZF-DFE) more so-
phisticated than the linear ones to detect the Toeplitz code. For correlated channels,
employing the optimum transmission matrices in the Toeplitz code results in sub-
stantial additional improvements in performance to using the identity transmission
matrix. This substantial improvement of performance is observed in either case for

which an ML or a ZF receiver is used.
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Chapter 4

Diversity GGain Analysis of a Linear
Receiver and Multiple Block

Transmission

In the previous chapter, a special unitary trace-orthogonal code is presented which
enables a linear receiver to achieve full diversity for a MISO system. More generally,
for a MIMO system having N > M, the highest diversity gain achievable by a linear
receiver is still unknown. In this chapter!, we examine the maximum diversity gain
achievable by a linear receiver for such a MIMO system, and we propose a multi-block
transmission scheme to improve the system performance for a linear receiver.
Consider a MIMO (N > M) communication system where the signals are pro-
cessed by a full rate linear STBC and detected by a linear MMSE equalizer followed
by a symbol-by-symbol threshold detector. From the detection error probability ex-

pression, we analyze the maximum diversity gain associated with such a system and

IThe results related to this chapter has been submitted to IEEE Transaction on Information
Theory, under second round of review. Part of the work has also been presented in ISIT2006 [57]
at Seattle, July 2006.
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show that it is given by (N — M + 1) for any square QAM signals. Employing the
same criterion of minimizing the detection error probability, we extend the optimum
design of STBC for the MIMO system to systems in which the data span L inde-
pendent realizations of a block-static fading channel, and obtained the necessary and
sufficient structures for the optimality of the code. The new system takes advantage
of time diversity and the minimum achievable detection error probability is proved
to be a decreasing function of L. Furthermore, the quantitative increase in diver-
sity gain with L can be numerically evaluated, and shown to approach infinity as L
grows. Thus, by increasing the number of blocks over which the data is transmitted
and utilizing the time diversity provided, a simple linear MMSE receiver can achieve
similar or higher diversity gain to that for an ML detector with a STBC designed
over one block. These codes can be detected with a computational complexity to
be little more than that for a single-block. Hence, when signals are from dense con-
stellations, a simple linear receiver is able to outperform ML detectors that demands
higher computational costs. A systematic method of generating such optimum codes
for multi-block data transmission is also presented. The validity of our analysis is

confirmed by simulation results.

4.1 Introduction

In MIMO communications, the design of STBC for high rate transmission with low
detection error probability have attracted much of researchers’ attention recently
(e.g., [1,91,92,37,39,94,88,51,52,22,93]). Diversity gain is a concept central to
code designs since it is an indication of the rate of decay of the error probability
with SNR in the range of high SNR. The design of full-rate full-diversity STBC over
Rayleigh flat fading channels have been proposed in [64,15] based on the pair-wise
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error probability for ML detectors. These codes are designed for the transmission of
a single space-time block of coded data using M transmitter antennas in T’ time-slots
and achieve full diversity, i.e., d = MN. However, when the signal constellation
is large, the detection complexity for these codes is generally too high for practical
applications.

A linear MMSE receiver, on the other hand, is simple to implement. The full-rate
linear STBC that minimize the bit error rate (BER) for a MIMO system employing
a linear MMSE receiver have been presented in [54,61,3]. The proposed codes have
been shown to provide significantly better BER performance than existing STBC
with linear receivers, but, due to the simplicity of the linear receivers, the diversity
provided by a MIMO system cannot be fully exploited. From the expression of the
minimum detection error probability, we will show in this chapter that the mazimum
diversity gain achieved by a linear receiver for a MIMO system is lower than the full
diversity M N, resulting in the performance of such systems being inferior to that of
codes designed for ML detectors.

Instead of designing the STBC for the transmission of one block of data, by
assuming that the channel coefficients remain constant for one block and change in-
dependently from block to block, the codeword design has been extended [23] to cover
multiple blocks for MIMO systems employing ML receivers. The code construction
for this multi-block transmission that achieves the optimal diversity v.s. multiplex-
ing gain tradeoff with the use of ML detection was proposed in [62]. Unfortunately,
the high detection complexity renders the resulting code difficult to implement in
practice. On the other hand, for such a system employing a linear MMSE receiver,
experiments have been performed in [33]. The results show that by interchanging
part of the signals between different blocks, the system error performance may be

improved.
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In this chapter, we consider the design of optimum linear STBC covering L blocks
for a MIMO system equipped with a linear MMSE receiver. The new scheme takes
advantage of time diversity provided by extra blocks that improves the system per-
formance, and at the same time, involves low computational costs by choosing a
linear receiver. As in [23], we assume that the channel coefficients remain constant
for one block and may vary independently from block to block. (The independence
of the channel changes can be made practically feasible by interleaving the trans-
mission so that the channel states for one data block are separated by sufficiently
large time intervals.) For these L -block system, we present necessary and sufficient
code structures for the minimization of the detection error probability, and show that
this minimum error probability is a decreasing function of L. We also show that
for codes with these optimal structures, the normalized detection complexity has the
same highest order as that of the code designed for a single-block, i.e., O(M3), with
the second-order term growing only linearly with L. Furthermore, by evaluating the
analytic expression of the detection error probability numerically, we show that the
diversity order grows with L. Hence, a proper choice of L will render the diversity
gain of such codes comparable to that of FRFD codes designed for a single-block em-
ploying an ML detector. For a system in which latency can be accommodated, such
a scheme would provide high diversity without the high computational complexity
associated with ML detections. This is especially true when signals are selected from

denser constellations.
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4.2 Optimal Linear STBC for Single-Block Trans-

mission and Performance Analysis

4.2.1 Optimal Linear STBC for Single-Block Transmission

Consider a MIMO communication system through which one block data is transmit-

ted, i.e.,

P
/2 HX 4.1
Y= HX+W (4.1)

The transmission code is specified to be a full rate linear STBC

X =) sC; (4.2)

i=1

which satisfied the power constraint

MT
» tr(cfc:) =MT (4.3)

i=1

s; are the transmitted symbols selected from a particular constellation. Statistically,
the symbols s; are assumed to be independent with zero mean and unit variance. In
the case of full-rate single-block transmission, the goal is to design optimal C; yielding
minimum detection error probability for a linear MMSE receiver while satisfying
the power constraint. Several researchers have studied this problem in the past few
years [37,39,80,3,33,61]. In particular, the following theorem [61] provides necessary
and sufficient structures for C; to be optimal in BER for a system with 4-QAM
signalling and linear MMSE equalization, under the standard approximation [74] [76]

that the residual inter symbol interference (ISI) is Gaussian:

Theorem 4.1 Consider a MIMO system transmitting 4-QAM signals using a full-

rate linear STBC and a linear MMSE receiver. Under Gaussian approrimation of the
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interference at the detector, the average BER, Pe, has a lower bound given by

M
,PesZEH Q ; ( o pH 1 -1
r((+ fHTH)T)

where Eg(-) denotes expectation over the random channels. Equality in Eq. (4.4)

é ,Psmin (4.4)

holds if and only if the code matrices C; satisfy the following two conditions:

i) C; is trace-orthogonal, i.e., tr(C’,-C']H) =0y fori,j =1,2--- | MT, where §;; is
the Kronecker delta;

i) C; is unitary up to a constant, i.e., C;CH¥ = ﬁI- u

Theorem 4.1 states that the jointly unitary and trace-orthogonal code structure is
necessary and sufficient for minimizing the average BER for 4-QAM signals under
single-block transmission. These optimality conditions also apply to any square QAM
constellation at high SNR [61]. They are also optimal in minimizing MSE for other
mode of signalling. A code satisfying Theorem 4.1 can be systematically generated

from a normalized DFT matrix [61].

4.2.2 Performance Analysis

For codes designed for single-block transmissions, the minimum BER given by Theo-
rem 4.1 is in the form of the expected value of a Q-function over the random channels.
To gain insight into the role of each parameter in the performance of a system em-
ploying such codes, we would like to express the minimum BER in a form independent
of the random channels. Specifically, we examine the minimum BER at high SNR
in terms of diversity gain d defined in Eq. (2.15). Therefore, we concentrate on
the dominant term (the term containing the lowest order of p~1) in the asymptotic

performance at high SNR, i.e.,
Prin = K~ 1p~% + (terms involving higher order of p™')
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where K is the coefficient often referred to as the coding gain [91].

Since the channels h,,, are assumed to be IID zero-mean Gaussian random vari-
ables, the matrix product (H¥H) is of Wishart Distribution [72,78]. Let Ap,
m=1,--- , M denote the eigenvalues of (H” H) ordered as \; > Ay > -+ > Ay > 0.
(Inequality between adjacent eigenvalues occurs almost surely.) Then [72, 78], the
joint PDF of the eigenvalues is given by

M M M
p(A, -+ Am) = a(M, N) exp (— > A,-) T[T — %) (4.5)

i=1 i=1 i<j
where a(M,N) = aMM=1) /[9MN/2T o (M) Tepr (N)] with Te(+) being the Gamma
function for complex multivariate defined as Tops (v) = #MM-V2[TY T (v — i + 1),
Observe that in Eq. (4.4) the random channel appears in the form of matrix H” H

only, and the trace term in the denominator can be expressed as

(1 + %HHH) T i (1+ KZ—Am)_l (4.6)

Using the standard bound on the @-function [87],

Q(z)< %exp (—é) , 220, (4.7)

and combining Egs. (4.6) and (4.7) ‘we have the following upper bound on the mini-
mum BER

PAr, -, Am) dAr---dhy (4.8)

where the joint PDF of the eigenvalues p()\y, - - - , Ap) is given by Eq. (4.5). For finite
number of transmission antennas, by evaluating Eq. (4.8) and focusing on the factor

consisting of the lowest order of p~1, we obtain the following result:
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Theorem 4.2 For a MIMO system (N > M ) transmatting 4-QAM signals coded with
the optimal linear STBC described in Theorem 4.1 at full symbol rate, the diversity
gain d(N, M) and coding gain (N, M) obtained by employing a linear MMSE receiver

are respectively given by

d(NNM)y = N-M+1 (4.9a)
M, N)2N-M g=(M=1/2(N _ 0.
-1, by = 2 . 4.9b
KN, M) a(M—-1,N+1) (4.95)
Proof. See Appendix A. (]

Remarks:

1. Although the derivation provided here is for 4-QAM signals only, Theorem 4.2
can be extended to a general square QAM signalling with 2b bits per symbol,
where b is a positive integer. In this case, the minimum BER achieved by

unitary trace-orthogonal code is given by [76,108,10,61]

Pamin = EH{CQ<J 19<tr((1+ {;\;HH)_I) - 1) )
+nQ(3\/19<tr((I , ;{HH)_I) —~ 1) )} (4.10)

at high SNR, where ¢ = b22bb—jll, n= bl;,;__?l and ¥ = 43;,‘2b1. We observe that ¢, n and

¥ are all positive, and Eq. (4.10) is merely a linear transformation of Eq. (4.4)
with parameters scaled by positive constants. These constants are independent
of p, and appear as coeflicients of the functions of p. Therefore, Egs. (4.10) and
(4.4) have the same power of p, i.e., the same diversity order. However, the

coding gain will be different depending on the signal constellation.

2. Eq. (4.9a) shows a linear relation between diversity gain and (N — M). This
implies that increasing the system’s degree of freedom (i.e., M and N) cannot

guarantee an improved diversity gain for a linear receiver.
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3. Tt has been shown [104,35,4] that the diversity gain of a MIMO system equipped
with ZF receivers and transmitting uncoded symbols (i.e., F = I in Eq. (4.15))
is also (N — M + 1). Therefore, we conclude that the use of an optimal STBC
to minimize BER does not increase the diversity gain when a linear receiver is

employed. The lower BER obtained here is due to the increase in coding gain.

The diversity achieved in Eq. (4.9a) is inferior to the full diversity M N obtainable
for single-block coded systems employing an ML detector. In the next section, we
will present a multi-block transmission scheme in order to increase the diversity of a

MIMO systems with a linear MMSE receiver.

4.3 Optimal Linear STBC for Multi-Block Trans-
mission with Linear MMSE Receivers

In the design of STBC for single-block transmission described in Section 4.2.1, a
data symbol is distributed among the MT elements of the matrix X and has no
distribution beyond the signal block to which it belongs. For multi-block transmission,
the code is designed to have a signal symbol distributed over all the elements of the L
block signal matrices X,, £ = 1,---, L. Intuitively, the more independent channels
the same information is transmitted through, the greater is the potential diversity
advantage. In this section, we examine the design of multi-block linear STBC for use
with a linear MMSE receiver and show how a substantial increase in diversity can be
achieved.

Consider L blocks of transmitted signals to be jointly coded. The channel matrix
for the ¢th block is H,, which is assumed to remain unchanged during the T time slots

and may vary independently after that interval. For full-rate transmission, we require
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LMT symbols to be transmitted during these L blocks, i.e., {s;},i=1,2,--- | LMT.

Each block of coded signal matrix X, is constructed such that

LMT
X,=) 5Cy, (=12 L (4.11)

i=1
where C; are the M x T matrices to be designed and are constrained to have the

power evenly allocated over all blocks,

LMT
Y u{ClCu} =MT, V¢ (4.12)

i=1

Using Eq. (4.11), the received signal for each transmitted block is given by

LMT
Y, = \/ﬁ H, <Z«9iciz)+wz, t=1,--,L (4.13)

i=1
Since the received signals from each block contain information from all LMT symbols,
we need to jointly detect the signals from all L blocks at the receiver. Therefore,
defining the LMT transmitted symbols as a vector 8 = [s; - - - spyr|” and, vectorizing
each block of received data in Eq. (4.13), writing y, = vec (Y,) and w, = vec (W),

each being of dimension NT X 1, and stacking them up as long vectors, we have

Y1 Ir@H,;

Y2 [p IroH,

P VM '

YL Ir@HL
y o

vec (Cll) <+ vVec (C(LMT)I) w1

vec (Cr2) -+ - vec (Cyry) ot wy (4.14)

vec (Cyp) -+ vec (C’(LMT)L) wr,

{

~
F w
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Equivalently, we can write

where y and w are LNT x 1 vectors, being respectively the received signal vector and
the white Gaussian noise, H is the equivalent channel matrix of dimension LNT X
LMT, and F is the LMT x LMT square coding matrix to be designed. We note that
the ¢th column, f;, of this coding matrix F'is an LMT-dimensional vector containing

the LMT codes for the 7th symbol s; in all L blocks, i.e.,
fi = [vec (Ci) vecT (Cip) - vecT (Cip))” (4.16)

Now, the signal vector y in Eq. (4.15) undergoes MMSE equalization at the re-
ceiver. This is carried out by left multiplying both sides of Eq. (4.15) with an equalizer
matrix G [83] as shown in Eq. (2.31), i.e.,

_ [P P pHA H 1 gpHAy H
G_1/M(I+MF’H’HF) F*H (4.17)

The equalized signal § is obtained as

§=Gy=, /-A%G’HFs +Gw (4.18)

which is then detected by a symbol-by-symbol detector. The symbol error covariance

matrix of the input to this detector is given by

-1

E.2E{(s—38)(s—5)}= (I + %FH’HH'HF> (4.19)
In order to analyze the bit error probability of the detected symbol, it is necessary
to specify the mode of modulation of the transmitted signal s, and here we stipulate

the scheme to be 4-QAM. Writing o = [, Sim]T, and & to be the corresponding

equalized signal, then the bit error covariance matrix V is given by
-1

ELE((0-6)(o -} = T+ L% FIRI AR (4.20)
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where H is of dimension 2LNT x 2LMT, F and J are both 2LMT x 2LMT and

are respectively defined as

e H O  pa F 0 ; Jé_l_ Ioyr  jloyr (4.21)

0 H* 0 F~ V2 \Ir —jIonr
The kth element of the signal vector o has its MSE given by the kth diagonal element
of £. Since J is unitary, an important relationship can be observed directly from

Egs. (4.19), (4.20) and (4.21) that
tr &€ =2 tr € (4.22)

As is in the case of single-block STBC design, the residual ISI from the MMSE
equalizer can be approximated by zero-mean Gaussian noise, and hence the error. Av-
erage error probability for the kth bit can be written as [77] EH{Q( [El =1 ) }

The averaged error probability over the 2LMT bits is therefore
| M

PeszH{QLMT ; Q( [8],:,3—1)} (4.23)

The objective here is to obtain the structure of the STBC F' such that it is optimal in

BER performance, i.e., ming: Pey subject to the power constraints in Eq. (4.12).

The solution to this problem is provided by the following theorem:

Theorem 4.3 For a MIMO system employing a full-rate linear STBC designed for
multi-block transmission and equipped with o linear MMSE receiver, under Gaussian
approximation of the interference at the detector, the average BER Pey has a lower

bound given by

LM _
Siatr((+4HIH)™)

where the expectation is taken over the random channels. Equality in (4.24) holds if

Pem Z E Q é Pmmin (424)

and only if the following two conditions are satisfied:
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i) Each of the coding sub-matrices C;p formed from the ith column of F as shown
in Eq. (4.16) is unitary up to a scale, i.e.,

1

c.of = L
L g ML

I (4.25)

it) The LMT x LMT matriz F is unitary, i.e. FHF = I. This condition is

equivalent to:

tr (CHCj) = 6;;. (4.26)

[y
I|Mh
I

Proof. See Appendix B. O

Remarks on Theorem 4.3

1. Theorem 4.1 is a special case of Theorem 4.3, i.e., for L = 1, the two theorems
are identical. The code satisfying Eqgs. (4.25) and (4.26) is called multi-block

unitary trace-orthogonal code.

2. Theorem 4.3 provides a lower bound on the bit error probability when 4-QAM
signals are transmitted through the multi-block coded MIMO systems equipped
with a linear MMSE receiver. Following similar arguments as those in [54,55,61],
the two conditions can be proved to be necessary and sufficient for minimizing
the BER at high SNR for any square QAM signal constellation, and to be

optimal in minimizing MSE for a general signalling.

3. As mentioned before, C;, is the code for the ith symbol transmitted through
the ¢th realization of channel. Therefore, the first optimality condition is a con-
dition imposed on the ith symbol such that: i) for each given channel state, the
symbol is distributed evenly over all channels using a unitary coding matrix. ii)
there is no constraint on the relation between code matrices for different chan-

nel realizations, iii) the power allocated to transmit the symbol through each
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channel realizations is equal. The second optimality condition keeps orthogonal
relations between different symbols while maintaining equal power allocated to

these symbols.

4. Eq. (4.24) shows that Pymin is a function of L, ie., Pymin(L). In the fol-
lowing, we will prove that Pumin(L) > Pmmin(L + 1), i.e., the detection er-
ror probability decreases with the increase of L. For notation simplicity, we
write Pumin(L) = E {T (% L 5@) b, where T(z) £ Q (\/1——‘1) and & =
+tr (I + L HIH,) ! First, we note that T(x) is a convex function w.r.t. «
when 0 < z <1 (e.g., [61]). Now, consider having (L + 1) independent blocks,
among which we choose any combination of L different blocks for transmission.
In total, there are (L + 1) different combinations. For each combination of L
blocks, we jointly transmit signals coded in the way as described in Theorem
4.3 and the expected value of the detection error probability over the random
channels is Pymin(L). Averaging over all the L 4+ 1 combinations, this value

remains unchanged, i.e.,

1 | | L
Pmmin(L) =E {T (E ;&) } = “L—+—1 ; E {T (z Ezlze:;éifg) } (427)

Applying Jensen’s inequality [9] to the right side of Eq. (4.27) which contains

the convex function Y(z), we arrive at

B {r (Z%Li (% 3 @))} (4.282)

i=1 0=1,0#1

L+l
= E {T (ElTi ; &) } = Prumin(L + 1) (4.28b)

Equality in Eq. (4.28a) holds iff all the (L 4 1) blocks are identical, which

Pmmin ( L)

v

violates the assumption that each of the L blocks changes independently after
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T time slots. Therefore, we have strict inequality for independently fading

channel blocks.

4.4 Performance Analysis: Multi-Block Transmis-
sion Using Optimum Code

In the previous section, we have derived the minimum BER Ppmi, for multi-block
transmission in the form of the expected value of Q-function over random channels.
We have also proved that Pymin decreases as L increases. However, to understand
the roles that each parameter plays, we would like to evaluate the expectation in
Eq. (4.24). First, by writing Ay = [Aa1 - - - Aear], with A, being the mth eigenvalue

for H f{ H,, Pumin can be written as

ML
Promin = //Q (\/ZLl ST (15 2 e - 1) p(A1,- -, AL)

dA;---dAp (4.29)

where p(Af,---,A) denotes the joint PDF of all Mgy, £=1,---,L,m=1,--- M.
Since the channel matrices H, are statistically independent for different ¢, we have
(A1, -+, AL) = [, p(Ae), where each p(Ae) = p(Aa, - , Aear) satisfies Eq. (4.5).
Due to the complexity of the @Q-function and p(\,), the integration in Eq. (4.29)
is intractable. However, we observe from Eq. (4.29) that Pymin depends on the
parameters (M, N), L and p, where (M, N) is introduced by multiple antenna system
and L is from multi-block design. To examine the properties of Ppmi, in relation to
multi-block design, in the following, we evaluate numerically Py, in terms of p, L,

and (M, N), keeping M = N so that d =1 for L = 1.
A. Finite L:
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Since the channel eigenvalues are independent from one block to another, the
evaluation of Eq. (4.29) with respect to L is relatively simple. However, the
channel eigenvalues are not independent within each block, hence this evaluation
could be quite tedious for large M. The task can be made simpler following the

general procedure outlined below:

i) Welet & = (1+4Aem) ™!, 80 that pe, (§ar, -+, €onr) = p(Aar, - - a)\éM)/|§(%:”—’£M

. 7)‘ZM) )
ii) Let { = 27]‘7{:1 &um. Then we can obtain p¢,({;) by successive integration such

that, for £ =1,2,--- , L,
P, (Ge) = / : -/p(Ce — UM-1, UM-1 — UM 2, U — Uy, U1)
duy - dupr—y (4.30)
where u1 = &y, U2 = -1y + ety 5 uy—1 =8+ + o

iii) Let ¢ = Zle Ce- Since the random variables (; are independent from block

to block, we have,
pf(g_) =D (CI) * Pey (42) Kok Doy (CL) (4'31)

where “x” stands for convolution which, again, can be efficiently carried out

using the FF'T algorithm..
dz

iv) Let z = 1/5, then P&(&) = P(E)/ &

Prmin = / Q (VIM==1) pu(2)d (4.32)

and Eq. (4.29) becomes

For finite L and M, the above procedure yields, numerically, the value of Ppyumin,
from which we can appraise the gain obtained by having multi-block design. In
the following, we examine the cases for N = M =1 and N = M = 2. The study
of these two simple cases helps to illustrate the effects of the multi-block design

on the system performance:
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Figs. 4.1 and 4.2 show the variation of Pyyin w.r.t. SNRfor N=M =1and N =
M = 2 respectively, numerically evaluated using the above procedure. In both
cases, we vary the values of L. Observations from these figures not only confirm
that Pumin decreases as L increases, as stated in Remark 4 on Theorem 4.3, it
also shows numerically how much Pymin decreases with L in these two cases.
We observed, as expected, the slope of the curve is independent of the value of
M(= N) for L = 1, i.e, the two cases have identical diversity gains which also
confirms the result in Theorem 4.2. However, for L > 1, Pumin also varies as the
value of M(= N) changes. From these figures, it is observed that the diversity
gain for M = 2 is higher (greater negative slope at high SNR) than that for
M = 1. Fig. 4.3 shows the performance of the two cases at different SNR with
increasing L. We observe that at lower SNR, the case of M = N = 1 outperforms
the case of M = N = 2, and each settles at its respective performance level
after L > 30. On the other hand, at higher SNR, the performance of the case of
M = N = 2 is better than that of the case of M = N = 1. For both cases, the
performance improves with increasing L, as predicted by the analysis in Section
4.3. The diversity gains of the two cases can be calculated by evaluating the
negative slope of the graphs in Figs. 4.1 and 4.2 at high SNR. The slopes for the
relatively high SNR of 22dB, are plotted in Fig. 4.4. 1t is observed here that while
the diversity gain for M = N = 2 is higher than that for M = N = 1, for both

cases, they are increasing with L.

B. For asymptotically large L:
When the code is jointly designed for a large number of blocks, we can analyze
the effect of L in the following way. Let the fractional part in the argument of
the Q-function in Eq. (4.29) be written as 1/[25°7 LS (14 £X,,)71]. As

L — oo, we can apply the law of large numbers, and write the denominator as
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Theoretical Evaluation, M=N=1

P mmin(L)

SNR [dB)

Figure 4.1: Pumin vs SNR for different L for the case of M = N =1, and R = 2 bits
per channel use.

Theoretical Evaluation, M=N=2

P mmin(L)

SNR [dB]

Figure 4.2: Pumin vs SNR for different L for the case of M = N = 2, and R = 4 bits
per channel use.
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Theoretical Evaluation

mmin

Figure 4.3: Pumin Vs L.

Theoretical Evaluation, SNR=22 [dB]
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Figure 4.4: Diversity vs L.
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M

N U T SR |
§ {M;Hﬁ&n} MmZ:: {1+ﬁ)\m} E{Hfﬂ} (4.33)

1

where the last step is valid for any positive number M since the summand is a
constant. The PDF of X is the marginal density which is obtainable from the joint
PDF of the ordered eigenvalues A\; > --- > Ay in Eq. (4.5) by first deriving the
joint PDF of the unordered eigenvalues and then integrating, resulting in [92]

p(\) = M)\N Mg=A Z ﬁWk,—M)—[LN MO (4.34)

where LY M()\) = Zf:o (k+,iv_ :M) (_1—’,\)1 is the associated Laguerre polynomial of

order (N — M) and degree k, with (Z) being the binomial coeflicient. Substituting
Eq. (4.34) into Eq. (4.33), we obtain

B 1 )\N MZQ(M iy p)\p
f—M/

) e d\ (4.35)
M

where, for notational simplicity, we have re-written the square of LY "M()) as a
polynomial in ascending powers of A having coefficients a,. If we let x = A + %,

Eq. (4.35) can be written as

N+M-2 MNP -2
£ —1 M/p = ~d
¢ Z %A4 <:1c ) - x

p=N-M
N+M-2 p P-q poo
M
= pteMr Z {apz (p) <—> / g le™ da:} (4.36)
p=N-M g=0 q P Apd*

In the following, we analyze the diversity gain for the two cases:
1) N=M =1: In this case, Eq. (4.36) equals

¢ = ”_le(pvl)/ %dh—p‘le(ﬂ*)Ei(—p—l) (4.37)
p—1
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where the exponential integral is defined as [50] Ei(e) & [ _€dt = v +
In(—e)+> 7, f!%, with 7 being Euler’s constant v = 0.5772157... . Therefore,
Eq. (4.37) can be written as

é_r_e(p) (lnp y— Z( —1)k>
k'k

where the terms inside parenthesis are ordered in descending power of p. At

high SNR, we have
£—|p_oo =pllnp (4.38)

Since z = 1/(LM¢), applying the upper bound of Q-function in Eq. (4.7)
to Eq. (4.32), and using Eq. (4.38), the upper bound on the minimum error
probability is given by

1 P
mmin S o 4.
P Lo = ¢ P < 2In p) (4:39)

p—r00

exp(~7f5)

It can be shown that lim,_, = = 0 for any finite positive integer K,

and we conclude:

Assertion 4.1 For N = M = 1 and for L — oo, the diversity gain of the
MIMO system with multi-block code design tends to infinity. U

The numerical evaluation of Eq. (4.32) with the sample average over L replaced
by the expected value substituted into the @-function is plotted in Fig. 4.5,

and indeed confirms the above assertion.

2) max(N —M,M —1)>1: Let By, = a,M?~¢ (5) Then the term inside the
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Figure 4.5: Theoretical evaluation of Pyyin w.r.t. SNR for L — oo

braces in Eq. (4.36) can be integrated. Evaluating it at high SNR, we have

qup—(1+p—q)eM/p/ 2 e % dy
M

P

n
Byt iy (U)ot =1

P n!
_ - o (=Mp—hk
Bpgp (tp q)eM/p<ln ‘ﬁ"Y‘Zk:l( k‘!)k ! )

~ qup_(1+17) Inp

(4.40)

o g =0

Comparing Eq. (4.40) with Eq. (4.38), we observe that the terms Eq. (4.40)
are of higher order of p~! than that in Eq. (4.38). Therefore, following from

Assertion 4.1 we have,

Assertion 4.2 For max(N — M, M — 1) > 1 and for L — oo, the diversity
gain of the MIMO system with multi-block code design tends to infinity. (]
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4.5 Generation and Detection of the Optimum Multi-
Block Code

4.5.1 Code Generation

There are various ways of generating space-time code matrices that satisfy the opti-
mality conditions in Theorem 4.3. Here, we present a simple method based on DFT
matrices. The basic building block of the code is the M x T matrix C;,; given by
Eq. (4.16),7 = 1,2,...,LMT, ¢ = 1,2,...,L. To construct these building blocks,
the following simple procedure can be taken:

1. We first generate MT matrices Q,;, m = 1,2,... M, t =1,2,.... T, T > M,

using the following steps:

(a) Form a T x T row permutation matrix such that

where It_; is the (T'— 1) x (T' — 1) identity matrix.
(b) Form the M x M normalized DFT matrix Dy = [dp(1) dp(2) --- du(M)],

with dp(m) being its mth column.

(c) Generate the matrices €2,,; according to the following equation:
Q. = [Diag (du(m)) | 0] P, m=1,2,....M, t=1,2,...,T

where Diag(x) is the matrix obtained by putting the M elements of the vector
x into an M x M diagonal matrix, and 0 is an M x (T — M) zero matrix.
It can be easily verified that all the MT matrices €2, satisfy the unitarity
and trace-orthogonality conditions stated in Theorem 4.1, and hence {Q,,:}

forms an optimal single-block code.
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2. Now, generate an L x L normalized DFT matrix and denote it by Dy. The set of

optimal building block code matrices can now be obtained by

[031703;7 T 7C?L]T = dL(g) @ Qunt,

m=12... M t=12..T 6=12... L (441)

where ¢ = (mt — 1)L + ¢ and dp(¢) denotes the fth column vector of the matrix
Dy. d

We now verify that the code matrix generated by the proposed algorithm satis-
fies the optimal conditions for a multi-block code in Theorem 4.3: Since €2,,; is a
scaled unitary matrix and since each element of Dy, has equal non-zero magnitude,
it follows that C'y is a scaled unitary matrix, and hence the second condition in The-
orem 4.3 is satisfied. To simplify our verification of the first condition, we first map
the double index mt in an arbitrary one-to-one fashion to the single index, r, where

r=12,...,MT. Now, for i = (ry — 1)L + ¢; and j = (ro — 1)L + 5, we have
L
St (CHCs) = tr((duth) © )" (dulte) @ 2,,))
=1
= tr ((dL(gl)HdL(KQ)) ® (Qgﬂrz))

52152 ’ tr(Qgﬂrz) = 551f25T1T2 = 5ij

which is the first condition in Theorem 4.3.

4.5.2 Detection of the Optimum Multi-block Code

For an L-block STBC, a total of LMT symbols have to be jointly processed at the
receiver. Thus, the complexity of a given receiver is expected to be larger than that of
the corresponding receiver for the single-block case. However, as we will show below,

for codes with the optimal structures given in Theorem 4.3, the per-symbol complexity
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of the linear MMSE receiver is only a little more than that of the single-block linear
MMSE receiver.

The computational cost of a linear (multi-block) MMSE receiver is dominated by
the cost of obtaining the equalized signal vector

$=Gy=, /Kpj (I + %FH’HH'HF)*FH’HHHy (4.42)

If unitary trace-orthogonal signalling is employed, in accordance with Theorem 4.3,
the special structure of the code matrix F' can be used to reduce the cost of evaluating

Eq. (4.42). First, the unitarity of F' can be used to rewrite G as
G = %FH Blkdiag(¥1, ..., ) (4.43)
where Blkdiag(-) denotes a block diagonal matrix with diagonal blocks, and

-1
U, =Ir® (IM+%H51H,;) HY ¢=1,.. L

Eq. (4.43) is arrived at by using the definition of H in Eq. (4.14) together with the
property of Kronecker product that (C ® D)~! = C™' ® D™'. We observe that the
expression in Eq. (4.43) contains the inverse of L matrices of size M x M, whereas
the expression in Eq. (4.42) contains the inverse of a matrix of size LMT x LMT. 1f

we substitute Eq. (4.43) into Eq. (4.42), the equalized signal vector can be written as

A _ﬁ H
S_N/MF ot

where 4 is an LMT x 1 vector defined by v = ((¥1y,)7,..., (\IILyL)T)T. We will
focus on the number of multiplications required in each operation. Computing -y
requires L(8M?3/3+2NM? + NTM) multiplications. Computing § requires a further
(LMT)? multiplications. However if one adopts the particular code structure pro-

posed in Section 4.5.1, the cost of computing 8 can be substantially reduced. From
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Table 4.1: Computation comparison for two detectors in detecting MT symbols for

M=N=T =2, and Q-PSK.

Detector Multiplications
LMMSE, L =1 49
LMMSE, L =4 69
LMMSE, L = 32 193
ML, single block 5120

the code construction algorithm in Section 4.5.1, we observe that each column of ma-
trix F' has M L nonzero elements, each of which is generated from two DFT matrices,

Dy, and Dy. As a result, each element of the equalized signal § can be written as

L—-1M-1 L-1 M-1
Z WﬁlmW[{<2lfm+Me = Z WIII{M <Z Wﬁlmfm_l_Mg) (4.44)
=0 m=0 =0 m=0

where K1 < M — 1 and Ky < L — 1 are integers, and Wg is the primitive Kth
root of unity. Eq. (4.44) can be computed efficiently by standard FFT algorithm.
For example, if M and L are self-composite with base 2, then computing 8§ requires
LMT(Llogy, M + log, L) multiplications [21]. By exploiting the FFT algorithm in
the computation of 8, the number of multiplications required to detect each block of
MT symbols is reduced to 8M3/3 + 2NM? + MNT + MT(Llog, M + log, L). For
comparison, the ML detector for a single block transmission scheme with a signal of
cardinality size p requires MT(MT + 1)u™T multiplications.

To provide a concrete comparison between the computational cost of the multi-
block linear MMSE receiver with the signalling scheme provided in Section 4.5.1 and
the ML receiver for single block communication, we consider a MIMO system with
M = N =T =2 and a signal constellation of size 4 = 4. The number of multiplica-

tions required to detect each block of MT symbols is provided in Table 4.1. From this
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table, it can be seen that with the signalling scheme proposed in Section 4.5.1, the
computational cost per-block of multi-block signalling grows slowly with the number
of blocks, L, and is much less than that of the ML detector for signal block trans-
mission. A performance comparison of the systems in Table 4.1 will be provided in

Example 2 in the ensuing section.

4.6 Numerical Experiments

In this section, we examine the BER performance of the optimum STBC discussed
in the previous sections by computer simulations. We present two examples. In
Example 1, we examine the performance of single-block transmission and focus on
verifying the theoretical analysis of the diversity order provided in Theorem 4.2. In
Example 2, we perform experiments on the proposed multi-block transmission scheme
to verify the properties of Pumin discussed in Section 4.4. In this example, we also
compare the BER performance of the multi-block transmission scheme with that of
some other available schemes. In both examples, signals are generated by randomly
choosing symbols from square QAM constellations in an IID fashion.

Example 1: We evaluate the BER performance of the single-block transmission
scheme discussed in Sections 4.2.1 and 4.2.2. Here, our emphasis is on verifying the
diversity analysis in Section 4.2.2, for a system with 4-QAM signalling. Performance

comparisons with other STBC were provided in [61].

(1) In the first experiment, we consider a system with M = T = 2, and hence the
transmission data rate is R = 4 bits per channel use (pcu). The averaged BER for
N = 2,3 and 4 receiver antennas is plotted against SNR in Fig. 4.6. The negative
slopes of BER curves in Fig. 4.6 increase with N and are equal (N — M + 1),

verifying the results in Theorem 4.2.
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Figure 4.6: Single-block transmission. M =2, N = 2,3,4.
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Figure 4.7: Single-block transmission. M = N =2,4,8.
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(2) In the second experiment, we fix M = N = T = n, and we examine the BER
performance for n = 2, 4 and 8. The resulting averaged BER curves are plotted
in Fig. 4.7. We can observe that at high SNR, all the curves have the same slope,
and hence, the same diversity gain. However, the larger the value of M, the
smaller the BER that the system achieves, even though the data rate is 2M bits
pcu. These observations verify the analysis (cf. Theorem 4.2) that showed that
diversity gain is only related to (N — M), and that systems with larger M have

larger coding gains.

Example 2: In this experiment, we compare the BER performance of the proposed
multi-block code design with the numerical evaluation in Section 4.4, and with that
of some other available STBCs. We choose the two cases from Section 4.4, namely
M =N =1and M = N =2. In both cases, we consider 4-QAM signalling, resulting
in transmission data rates of R = 2 and R = 4 bits pcu, respectively. The signals are
transmitted using the STBC proposed for multi-block transmission in Theorem 4.3.
The averaged BER curves for different values of L for these two cases are plotted in
Figs. 4.8 and 4.9, respectively. Comparing the analytical results in Figs. 4.1 and 4.2
with the simulation results in Figs. 4.8 and 4.9, we find almost complete agreement.

In order to provide a more comprehensive comparison, we have included in Fig. 4.9
the averaged BER performance of certain single-block MIMO transmission systems
with ML detection; namely, systems that transmit i) signals without a STBC (e.g.,
V-BLAST transmission scheme), and ii) signals coded with the “Golden Code” [73]
(which possesses a constant minimum determinant and hence high coding gain). It is
well known that the combination of the Golden code transmission and ML detection
extracts the full diversity offered by the channel, i.e., MN = 4 in this example.
However, the ML detector can not achieve full diversity without a STBC in general.

The performance comparisons are shown in Fig. 4.9. We observe that at high SNR
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M=N=1, R=2
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Figure 4.8: Multi-block transmission performance, M = N = 1, R = 2 bits pcu.
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Figure 4.9: Performance of different STBC, M = N = 2, R = 4 bits pcu.
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(above 20 dB), the proposed 8-block codes with linear MMSE receiver perform better
than uncoded single-block transmission with ML detection. Now, from Fig. 4.4, we
can predict that for L > 22, the diversity gain for the proposed multi-block scheme
with linear reception will be higher than 4, which is the full diversity of the single
block system. This is indeed the case in Fig. 4.9. In particular, the performance curve
for L = 22 shows a slightly higher diversity gain, while a block length of L = 32 shows
a significantly higher diversity gain, than that of the Golden code with ML detection.
It is worth noting that these gains have been achieved with a very low cost as shown
in Table 4.1 from Section 4.5.2. On the other hand, when systems are operated at
lower SNR regime (< 20dB), the combination of ML detection and the Golden code

has the best performance.

4.7 Conclusion

In this chapter, we analyze the maximum diversity gain associated with a MIMO sys-
tem equipped with a linear MMSE receiver for which an STBC of minimum detection
error probability has been designed. The calculated diversity gain of (N — M +1) has
been verified by simulations. Indeed, the same diversity gain has also been shown to
be achievable in the simpler cases of transmitting uncoded symbols detected by ZF re-
ceivers. Here, we showed that employing the optimum unitary trace-orthogonal code
together with the MMSE receiver will not increase the diversity gain, rather, the lower
BER is achieved by the higher coding gain acquired. To improve the performance
of a MIMO system with a linear receiver, we consider multi-block transmission, in
which the space-time code spans L realizations of a block-static fading channel. Such
a scheme provides additional time diversity, and we designed an optimum STBC that

minimizes the probability of error under linear MMSE reception. Our analysis shows
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that the diversity order of the proposed system grows with L, while the normalized
detection complexity is little more than that for a single-block design with a linear
receiver. Thus, if the latency of jointly detecting L blocks of signal can be accom-
modated, the multi-block code design is an attractive alternative for increasing the

diversity gain in a MIMO system.
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Chapter 5

Multi-Block Transmission for

Linear Recelvers

Multi-block transmission can provide more reliable communications compared to sin-
gle block transmission by taking advantage of time diversity. When an ML detector
is employed, the full diversity M N L can be achieved, which increases linearly with L,
the number of independent channel realizations a code spans. However, the exhaustive
computations in ML detection restrict its practical application. On the other hand,
multi-block communication can be employed to improve the system performance for
a simple linear receiver.

In Chapter 4, the multi-block transmission scheme was discussed for systems in
which the input signals are processed by a full rate linear STBC and received by a
linear MMSE receiver. The achieved diversity gain d does increase with L and it
is the maximum diversity for that transmission scheme, because the proposed code
minimizes the detection error probability. However, the function d(L) grows slowly
with L and looks like a “log” function. This is due to the use of a linear receiver,

which is unable to exploit the total degrees of freedom in a MIMO system. Hence,
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from the code design perspective, constraining the code to be a full rate linear STBC
may have restrained the system performance for a linear receiver.

With the aim of further improving the performance of the multi-block system
as discussed in the previous chapter, in this chapter! a scheme with different en-
coding/decoding functions is proposed. For the same type of signals transmitted
through the MIMO channels as was previously considered, the proposed scheme
achieves higher diversity gain with the use of a linear receiver. The design is based
on the observation that the diversity gain achieved by a linear receiver increases with
(N — M), and hence a system that has a taller channel matrix renders high diversity
gain. In the proposed transmission scheme, an equivalent channel matrix having di-
mension N L x M is constructed by employing multi-block transmission. The achieved

diversity gain is NL — M + 1, which increases linearly with L.

5.1 Transmission Scheme and System Performance
Analysis

Consider the same MIMO channel condition as has been examined in the previous
chapter, through which the same input signals are to be transmitted. To further
improve the system performance, especially the diversity gain, in this chapter we
propose a different multi-block transmission scheme where hybrid precoders and de-
tectors are employed, as shown in Fig. 5.1. As in Chapter 4, in order to utilize time
diversity, the signals transmitted through L channel realizations are jointly processed.
Since each channel state is assumed to remain unchanged over T' channel uses, there

are LT channel uses available, and as in Chapter 4, a total of LT M symbols are

!The work related to this chapter has been presented in ICASSP 2008 [58] at Las Vegas, April
2008.
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Figure 5.1: Combined precoders/detectors for a multi-block MIMO system.

transmitted by M transmitter antennas in these channel uses. The transmitted sym-
bols {s(¢),i = 1,2--- , MTL} are independently selected from a constellation S of
cardinality u. They are first processed by a linear combiner (the precoder in Fig. 5.1)

to generate a new set of symbols {5(k),k=1,2--- ,MT} as
L
3(k) = Zagsk(ﬁ)ejel, k=1,--- ,MT (5.1)
=1

where s;(¢) are chosen L at a time without repeat, from the input symbols {s(z)} to
form 3(k), and the amplitude and phase terms a, and 6, are to be determined. For the
averaged signal power to remain unchanged, Zle a? = L. Thus, the precoder maps
the signal symbol set {s(¢) } into another symbol set {S(k)}, which is then processed by
a linear STBC as X (3) = Y07 5(k)C}, where C} is an M x T matrix to be designed.
The same coded signals X (3) are then repeatedly transmitted at different blocks of
time slots through the channels H,,¢ = 1,--- | L, each having independent channel
states. At the receiver, the repeatedly transmitted coded signals are collected and
jointly processed by a linear equalizer followed by a hard decision detector to obtain
{5(3)}, which is then processed by the decoder (that corresponds to the precoder) to
obtain the estimate of {s(i)}.
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5.1.1 System Model

We now establish the system model to describe the relation between the input and the
output over the L realizations of the MIMO channel. Consider the space-time coded
signal X (8) transmitted through the ¢th state of the channel, H,. The corresponding

block of received signals, denoted by the N x T matrix Y ,(8), can be written as

Yi(s) =\ LHX(E)+ W, £=1 .1

At the receiver, we wait until the transmission of all the L blocks of signals is complete
and we stack them into a tall NL x T matrix, ie., Y(3) = [YT YT ... YT .
Correspondingly, we define an NL x M channel matrix H = [HT HY ... HIT,
and an NL x T noise matrix W = [W{ W% ... WI]T and obtain

Y(3) = \/%HX(E) +W (5.2)

The stacking of the received signal block matrices Y7 to form Y () is equivalent to
transmitting X (38) in parallel, as indicated in Fig. 5.1. To facilitate linear equaliza-

tion, we vectorize the stacked matrix Y (s) in Eq. (5.2) and obtain

y=vec(Y)= \/%(I ® H)Fs+ w (5.3)

where F = [vec(C1), vec(Cy), - -+ ,vec(Cyr)], “®” denotes Kronecker product, and
w is the vectorized noise. We can now perform linear equalization followed by a hard

decision detector on the received signal vector y to obtain an estimate of s.

5.1.2 Design Criteria and Performance Analysis

To analyze the performance of the scheme, let us first examine the function of the
precoder. Suppose the original signals are selected, L at a time without repeat, from

a constellation S of cardinality . Then for the signal set S generated by the linear
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transformation in Eq. (5.1), there are ul elements. It is desired that a, and 6, are
chosen so that one element 5; corresponds uniquely to one group of ordered original
signals, {sk1,--- ,skz}. In this way, once §; is correctly detected at the receiver, the
corresponding L original symbols are also correctly known. Based on that, to examine
the system performance, we will consider the error probability in detecting 3y.

After linear equalization of the received signal vy, a hard decision is made on each
individual equalized symbol to obtain 5. In this procedure, the residual interferences
after the linear equalization are treated as noise. For this symbol by symbol detection,
the error probability is dominated by the pair-wise error probability (PEP) between
the closest pair from the signal set {3}, i.e., the worst case PEP. In general, the

probability that a transmitted signal symbol 3; is detected as 5, can be written as

P(sk—5)=@Q (%\/ﬁ) (5.4)

where Q(z) = \/%—ﬂ [ e ?dz, d2, = ||5 — 5||?, and v is the SINR at the input
of the kth decision device. Eq. (5.4) indicates that the PEP depends on the two
parameters die and 7x. The distance dg, is determined by how the symbols {5}
are generated, i.e., it depends only on the precoder. On the other hand, v, depends
on the choice of the STBC, p, the channel states, and the linear equalizer, and is
independent of the precoder. Therefore, dy, will affect the coding gain, and -y, will
affect both the coding gain and diversity gain of the system. Due to the independence
of the precoder and STBC, their design will be considered separately.

We start the design by considering the choice of the STBC. For the signal set
S, let dy;n denotes the minimum distance between any two points. Like dis, dmin
is determined by the precoder and can be treated as a constant when the design of
the STBC is considered. It is obvious that di, is lower bounded by dyi,. Now, in
improving the system performance, it is desired that the detection error probability

averaged over all symbols is kept as low as possible. Hence, we consider minimizing
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the PEP averaged over all the signal symbols. That design can be simplified by con-
sidering the upper bound generated by the minimum distance, and a design problem

is formulated as

min - %gEH {Q (d‘;“\m—k>} (5.5a)
st. ¢ tr (FPF)=MT (5.5b)

where K is the total number of symbols 5, transmitted through the L channel realiza-
tions, and the constraint in Eq. (5.5b) is that the code matrix F' maintains the power
of the input signals at a constant. Solving Eq. (5.5), and analyzing the minimum

error probability, we obtain the following result,

Theorem 5.1 For the proposed multi-block transmission scheme, the optimal linear
STBC is of unitary trace-orthogonal structure, and the achieved diversity gain is

NL-M+1.

Proof. For an MMSE equalizer, the SINR for the kth symbol 3 is [61]

where the error covariance matrix € is defined as
£ = (I + —'O—HHFHFH)_I
M

Notice here that H is the equivalent channel with dimension NL x M, each element
of which is IID Gaussian distributed. Hence, following similar derivations in [61], the
optimization problem in Eq. (5.5) results in the optimal code matrix F' being unitary
trace-orthogonal. Applying this optimum code on the system described in Eq. (5.2),
the diversity gain is NL — M + 1 by Theorem 4.2. (]

Remarks: Theorem 5.1 implies that the system diversity gain does not depend on

the choice of the precoder.
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We now consider the design of the precoder. From previous discussions, we learn
that the error performance is dominated by the worst case PEP, which is further de-
pending on d;,. Therefore, in order to have a small PEP, d,,;;, should be maximized.

The design problem can thus be formulated as

- mind 42 R A

{ag,egr,lelffn,L} omin{dy}, jEpuT, i#] (5.7a)
L

s.t. Za[ =1 (5.7b)
=1

The optimal a, and 6, depend on the signal constellation and L, and there is no
general solution to Eq. (5.7). An example in solving Eq. (5.7) to arrive at an optimum

precoder for specific cases is given in Section 5.2.1.

5.2 Design Example and Simulations

In the previous section, a general criterion for the design of the precoder is provided
by Eq. (5.7), and the optimal choice of the precoder depends on the structure of the
signal constellation and the value of L. Now in this section, we provide an example
in the design of the optimal precoder for a 4-PSK constellation and for the conjoining
of L = 2 blocks of time slots. Since the minimum distance dp;, is employed as the
objective to be maximized, the optimal precoder designed for a 4-PSK constellation
is also optimum for 4-QAM, because the latter is merely a rotated version of the

former.

5.2.1 Design Example

For L = 2, let {s;} and {3;} be the symbol elements in the signal set S and S

respectively. The precoder maps the S into S by the linear combination: 3§, =
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a1511€°" + azsiee’®, where a? + a3 = 2 and 55 and sy are 4-PSK symbols from
S selected to form 3;. Without loss of generality, we can assume 6; = 0, 6 = 6
and as > ay > 0 = ay > 1. Thus, there are three design variables ay,a,, 6 in the
maximization of the minimum distance between any two distinct points in S.

Since the design problem hinges on the distance, we consider the difference be-

tween two points {5,} and {5} in the set S,
5y — Sk = a1(Sy1 — Sk1) + a26j9(572 — Sk2) (5.8)

There are two terms in Eq. (5.8), each formed by the difference of two symbols from
a 4-PSK constellation. Now, (s,¢ — si),£ = 1,2 is the difference between signals
chosen from {+1, +~} forming a set P = {0, £2, (1 £ ), £27} from which the first
term in Eq. (5.8) is constructed after scaling by ay. This set of symbols is plotted
as filled circular dots in Fig. 5.2. Similarly, the second term in Eq. (5.8) is selected
from the set Q (represented by hollow circular dots in Fig. 5.2) which is the set P
scaled by ay and rotated by an angle §. Sets P and Q have one common point in the
origin. The objective now is to maxg, 4,0 : min{d2, }, s.t.: ay > a3 > 0,a} + a3 = 2,
where d?; = ||5, — 5||* for 7 # k. The optimal solution is provided by the following

theorem:

Theorem 5.2 For signals of a 4/-PSK or a 4-QAM constellation, when two (L = 2)
signal blocks are combined for transmission, the optimal parameters for the precoder

are a; = 4 /1 — %, ag = 4/1+ %, and 6 = 35. The marimized minimum distance is

0.8453.

Proof. From Fig. 5.2, it is clear that by the symmetry of the two sets P and
Q, we can limit 6 to the range [0, 7/4]. We first obtain the minimum distance and
then maximize it. From Eq. (5.8), the distance dj; is the norm of the sum of two

elements, one from each of the two sets P and Q. Since the elements of both sets are
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Figure 5.2: Plotting of 5, — 5;

symmetric about the origin, the minimum distance equals the distance between two
neighboring points, one from each of the two sets. From Fig. 5.2, we observe that
due to symmetry and a; < as, we only have to consider the distances between two
groups of elements: {p; = v2a,6"™/*, py = j2a1, p3 = v2a:6”74}; {qo =0, ¢ =
j2a0e79% ) g3 = v/2a,e7C®™/4=9)}. There are thus 9 distances that should be considered:
{d0, d12, d13; d2o, da2, dos; dso, ds2, d3s } where d;; denotes the distance between the two
points (p;, g;). From Fig. 5.2, it is obvious that dyg = dso < dao; d3s < dy3; daz < ds2.
Thus, there are only 5 distances that can be the minimum, i.e., dig, dig, dao, dy3 and

ds3. These 5 distances can be easily calculated giving:

d?y = 2ad3 (5.9a)
d? = 4+ 203 —4ajay(cos —sinh) (5.9b)
d2 = 8(1 —ajaycosh) (5.9¢)
3y = 4+ 2a? —4ajay(cosf + sinf) (5.9d)
d% = 4(1 —ajaycosh) (5.9¢)
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From Eq. (5.9), clearly d2; < d%, and d3; < d3,. Therefore, there are three possible
minimum distances: dyg, d2s and ds3. Using the constraint a%+a% = 2, we can compare

them in the following,

da —d3; = 2ai(a; — 2aysin6) (5.10a)
d2 — das = 2a2(2a; cosf — ay) (5.10b)
By —d = 4(1-V2aa COS(% —9)) (5.10¢)

Those quantities in Eq. (5.10) can be either positive or negative in the feasible range
of the variables, which means that any one d?;, d2;, or d2; can be the minimum.
Closer examination of Egs. (5.9a), (5.9d) and (5.9e) reveals that increasing one
distance will cause the decrease in the others. Therefore, to maximize the minimum,
we should make the possible minimums all equal. If such a solution exists, then the
quantities in Eq. (5.10) must be equal to zero. Now, we set Egs. (5.10a) and (5.10b) to
be zero (and this implies Eq. (5.10c) equals zero) and obtain sin = 31; cosf = 7=
Squaring both sides and adding, we have 4%% + 4—"% = 1. Combined with the condition

that af + a3 = 2, we arrive at af = 1 — J= and af = 1 + —, and the optimal angle is

0 = tan~'a?/a2 = tan™! ﬁ;i = {z. The minimum distance equals (2 — :/2-5) = 0.8453.

O

The resulting constellation set of S is plotted in Fig. 5.3.

5.2.2 Simulation

In this section, we examine the performance of the multi-block transmission scheme
with combined detectors by simulation. For the numerical experiments, we employ
the optimal signal design provided in Section 5.2.1 in a MIMO system with M = N =
T = L = 2. The original signals are randomly selected from a 4-QAM constellation,

and the transmission (full) data rate is 4 bits per channel use (pcu). The signals
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Figure 5.3: The constellation set generated from two 4-PSK.
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Figure 5.4: Performance comparisons between single block, multi-block, and the pro-

posed schemes.
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are first processed by the optimal precoder provided in Section 5.2.1, and then coded
by the unitary trace-orthogonal code. The received signals pass through a linear
equalizer, a hard decision detector, and a decoder that maps 5 to obtain the estimate
of the original transmitted symbols. The resulting symbol error rate (SER) verses
SNR/symbol is plotted as the dotted “+” line in Fig. 5.4. For comparison, we also
provide the SER performances three other transmission schemes. The four SER

curves in Fig. 5.4 are listed in the following:

1. Single block transmission. The signals are encoded by the unitary trace-orthogonal
code [61] and received by a linear receiver. The SER line is blue dotted with

circles.

2. Multi-block transmission scheme over L = 2 blocks. The code employed here is
the optimal multi-block STBC for a linear receiver provided in Chapter 4. The
received signals are also processed by a linear receiver. The SER line is green

solid in Fig. 5.4.

3. We perform the simulation for the same multi-block transmission with combined
detector but using different precoder. Here, in generating {5}, we only shifted
the angle, i.e., 5 = s; + sze’®, with # = 7/8. The resulting SER line is red solid

with stars.
4. The SER curve for the proposed design provided in Section 5.2.1.
In comparing the four cures in Fig. 5.4, we have the following observations:

e The performance of the proposed scheme having the additional precoder and
decoder is significantly better than those two (the first two curves) that do not.
The negative slope of the SER curve is much steeper than those for the first

two schemes, indicating the higher diversity.
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e Now we compare the two SER curves for the same multi-block transmission
scheme with different precoders (method 3 and 4). From the analysis in Section
5.1, we know that the design of the precoder will affect the coding gain but not
the diversity gain. This is indeed the case in Fig. 5.4, where both curves have
the same slope at high SNR, indicating the same diversity gain. The one with
the optimal choice of the precoder has superior performance due to the higher

coding gain.

5.3 Alternative Choice of the Precoder

In the proposed transmission scheme, the purpose of introducing the pecoder and
decoder in Fig. 5.1 is to maintain the transmission symbol rate of the multi-block
transmission scheme discussed in Chapter 4. In other words, the function of the
precoder is to generate a denser constellation S from the original S. Correspondingly
at the receiver end, the decoder maps the detected symbols from S to the original set
S. As a result, the system maintains the same transmission data rate in bits.
Alternatively, the same transmission date rate in bits can be maintained without
the precoder/decoder. This can be realized by choosing the original signal symbols
directly from known denser constellations. Consider the example examined in Sec-
tion 5.2, where, we can choose 16-QAM/PSK in order to keep the same rate. These
two constellations are plotted in Figs. 5.5 and 5.6 for comparison purposes. From
the analysis in Section 5.1, it is clear that the choice of constellations will not affect
the diversity, but it may result in different coding gain. Now we compare the three
constellations shown in Figs. 5.3, 5.5 and 5.6. To facilitate the comparison, we nor-
malize the three constellations so that the average power for the symbol points in

each constellation is unity. Then, the minimum distance d2;, = min;z; : ||s; — ;|
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with s; and s; being two constellation points, can be found as:
e for the proposed constellation in Fig. 5.3: d2,, = 0.4225;

o for 16-QAM in Fig. 5.5: d2, = 0.4000;

min

e for 16-PSK in Fig. 5.6: 2, = 0.1522.

min

The proposed constellation has the largest minimum distance and hence it is
expected to outperform the other two constellation in detection error performance.

We perform a computer simulation to confirm the observation. Here, we consider
the same MIMO channel as described in Section 5.2.2. The signal symbols 5 are
directly chosen from a 16 point constellation so that the transmission bit rate is
maintained to be 4 bits pcu. The resulting SER curves are plotted in Fig. 5.7, where
the signals are picked from the proposed new set in Fig. 5.3, a 16-PSK and a 16-QAM
constellation respectively. From this figure, it can be observed that the three curves
have the same slope at high SNR, indicating the same diversity gain. Among them,

the new proposed constellation has the highest coding gain, as expected.
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Figure 5.7: SER comparison of the three constellations.

More generally, a good constellation is the one for which the minimum distance is
maximized with a constrained power [4]. How to design such a good constellation has
been an interesting topic in communications for some time (e.g., [4]), but the rigorous

development of contributions to that topic is out of the scope of this thesis.

5.4 Complexity Analysis

In the system model described in Eq. (5.2), the equivalent channel matrix is of dimen-
sion NL x M, which is rank M with probability one. Hence, when a linear receiver
is employed, the detection complexity of the linear equalizer is of order O(M?3) [61],

which is the same as that for a single block system with a linear receiver.
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5.5 Conclusion and Discussion

In this chapter, we have proposed a special multi-block MIMO communication scheme
for a linear receiver. The system takes advantage of time diversity provided by a
multi-block transmission and the simplicity of a linear receiver. The system achieves
a diversity gain of NL — M + 1, which increases linearly with L.

It is possible that for a large L, the proposed system may suffer from a low coding
gain that results in a poor error performance at low SNR. This is due to the fact
that a dense constellation is needed to compensate for the transmission data rate.
However in the case of a small L, such as the L = 2 case as discussed in Section 5.2, a
significant improvement in the error performance can be obtained with essentially the
same computational cost as that for the single block transmission. This makes the
proposed scheme practically attractive. A multi-block transmission with a small value
of L is more likely to be employed in practice, since a large L requires longer delay in
detection. Such delays are difficult to tolerate in latency sensitive applications, such
as interactive multimedia.

The idea of combining a linear receiver and the multi-block transmission may be
realized in various ways. The successful application relies on the efficient utilization
of the greater degrees of freedom embedded in a multi-block system compared to that
of a traditional single block transmission. In spite of the significant improvement
obtained here, the transmission scheme presented in this thesis is only one of several

possible ways to combine linear receivers with a multi-block transmission strategy.
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Chapter 6

Cyclotomic STBC — a linear
dispersion FRFD unitary

trace-orthogonal code

In previous chapters, the optimality of unitary trace-orthogonal code are exploited in
the communication systems that employs a linear receiver. In fact, the application
of unitary trace-orthogonality is not constrained to these systems. In this chapter?!,
we design full rate full diversity unitary trace-orthogonal codes for a MIMO system
having ML detection. Specifically, we consider linear dispersion (LD) unitary trace-
orthogonal codes as defined in Eq. (2.40).

Starting from both the information theoretic and detection error viewpoints, we
first establish that unitary trace-orthogonality is a desirable property for general LD
codes. By imposing the this structure on a LD code and applying cyclotomic number
theory, we establish, for an arbitrary number of transmitter and receiver antennas,

a systematic and simple method to jointly design a unitary cyclotomic matrix, the

1The work related to this chapter has been published in IEEE Trans. Signal Processing [113]
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Diophantine number and the corresponding constellation for a LD code. As a result,
this enables us to construct full diversity rectangular cyclotomic LD codes with any
symbol transmission rate less than or equal to the number of transmitter antennas.
In addition, for the case when the number of transmitter antennas is greater than
the number of receiver antennas, by taking advantage of the delay, we also arrive at
the design of a special trace-orthonormal full diversity cyclotomic space-time block
code. For the number of transmitter antenna being equal to 2™, the code can be
proved to minimize the worst case pair-wise error probability of an ML detector
for a p-ary QAM signal constellation and therefore, achieves optimal coding gain.
Computer simulations show that these codes have bit-error performance advantages

over currently available codes.

6.1 Introduction

To achieve good performance and good transmission rate in MIMO communications,
Hassibi and Hochwald [37] proposed LD codes in which the transmitted codeword is
a linear combination of certain weighted matrices. The key to LD code design is that
the basis matrices are optimized such that the resulting codes maximize the ergodic
capacity of the LD coded MIMO system. Unfortunately, for the LD codes proposed
in [37], good error probability performance is not strictly guaranteed. To bridge the
gap between multiplexing and diversity gains, Heath and Paulraj [39] proposed a LD
code design using frame theory which typically performs well in terms of both ergodic
capacity as well as error performance. However, their design still cannot guarantee
full diversity.

More recent research [65,22,64,85] based on number theory has shown that it is

possible to design full rate full diversity (FRFD) linear space-time block codes which
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are also information lossless (i.e., the ergodic capacity of the space-time coded MIMO
channel is equal to that of the original MIMO channel). For this type of design, there

are two important issues:

1. Design in different layers — The purpose in space-time coding is to transform
the original information symbols to be transmitted each time by multiplying the
M symbols by a rotation matriz to generate a code matrix. This code matrix
may be scaled by a Diophantine number ¥, [22] and then further multiplied by
a circulant matrix to form various layers of transmission. Therefore, the joint
design of the rotation matrix, the signal constellation, and the Diophantine
number for an arbitrary number of transmitter antennas and receiver antennas
becomes an important issue. The rotation matrix in [22,64] was originated
from [32], where the number of transmitter antennas is restricted to 2™3" (m
and n being integers), and the corresponding constellations are limited only to
PAM or QAM. Recently, Wang [100] et al have obtained a result for cyclotomic
linear diagonal space-time block code design in which a systematic method
to jointly design a generating matrix and corresponding constellation set was
proposed. However, the resulting optimal generating matrix is not unitary, and

the number of transmitter antennas is limited only to a specific rational integer.

2. Restriction on the number of transmitters and channel uses — the signal matrix
in [22,64] is square, i.e., the number of channel uses T must be equal to the
number of transmitter antennas. This is particularly restrictive in the case
when the channel is not known to either the transmitter or the receiver, since,
under this condition, a non-coherent receiver which needs a non-square space-
time code design (e.g. [42]) has to be employed. Several examples of non-square

coding matrices for non-coherent MIMO systems are given in [46], but how
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these codes were obtained was not shown.

In this Chapter, both of the above issues will addressed. We develop a systematic
and efficient method to jointly design the rotation matrix, the constellation, and the
Diophantine number for an arbitrary number of transmitter antennas and receiver
antennas. We also generalize the signal matrix to a rectangular matrix so that the
severe restriction on the number of channel uses is relaxed. Since there is a large
number of parameters to be considered for the design (particularly if the numbers of
transmitter antennas and channel uses are large, and/or the constellation is sizable),
it will be very much more efficient to confine our consideration to only the possible
necessary conditions satisfied by a good space-time code so that the parameter space
can be dramatically reduced. To this end, we first establish the architecture of a good
LD code from the viewpoints of information theory and detection theory, and then
focus our design around such structures with the aim of developing a systematic and

efficient way of finding a good space-time code.

6.2 Channel model with linear dispersion codes

Consider a LD code as introduced in Chapter 2

K K
X(s)=> Awsc+ Y Busi (6.1)
k=1 k=1
where s denotes a K x 1 transmission symbol vector s = [sy, $2,-- - ,Sk|’ containing

the K information symbols selected from an alphabet S to be transmitted within the
T time slots, and A;, and By, each denotes an M x T matrix.

At the receiver, the received signal can be written as

Y = \/%HX(S) +W (6.2)
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Y and W denote the N x T received signal and noise matrices, respectively. An

equivalent model can be established by vectoring both sides of Eq. (6.2) resulting
vec(Y) = 4 /% H (As + Bs*) + vec(W) (6.3)
where H = It ® H, and

A = [vec(A,), vec(As), - - ,vec(Ak)]
B = [vec(B)), vec(Bs), - - - , vec(Bxk)]

Combining Eq. (6.3) and its conjugate, and applying a transformation matrix T’
to the combined equation results in a model which involves only real multi-inputs and

real multi-outputs such that

vec(Y re) _ g [ ), vec(W ) 6.4
‘/M :

vec(Yim) Sim VeC(Wim)
. : . I ;I
where the unitary transformation matrix is defined as T' = % , the
I —jI
o A B o ~
precoder matrix is given by F = , the matrix H is defined as H =
B A

diag(H,H*), and [-];e and []im denote the real and imaginary parts of a quantity,
respectively. Eq. (6.4) is useful in the analysis of the detection performance of an LD

code at the receiver as well as the ergodic capacity of the LD coded channel.

6.3 Good structures for LD codes: Unitary trace-
orthogonality

In this section, we examine the structure of an LD code used in MIMO communi-

cations. From an information-theoretic viewpoint, we found that a good LD code
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should have an inter-unitary structure, while from a detection error viewpoint, we
establish that a good LD code should have an intra-unitary structure. We called a
code having the combined inter-unitary and intra-unitary structure a unitary trace

orthogonal LD code [109,110].

6.3.1 An Information-theoretic Viewpoint

In the design of space-time LD codes, it is important that the ergodic capacity of the
equivalent channel of Eq. (6.4) employing the LD code be made as close as possible to
that of the original uncoded MIMO channel. Now, the ergodic capacity of the channel
without space-time coding [92] is given by C = E [log det(Iy + & HH")], whereas,
for the channel of Eq. (6.4), the corresponding ergodic channel capacity has been
evaluated [37,39] and is given by Crpc = max s=E [logdet(Iox + & ’ﬁffH'f{H)]
A code is said to be capacity optimum if it renders the same ergodic capacity of the
coded channel as that of the original uncoded channel. Now, in obtaining such an

optimal ', we have the following assertion:

Theorem 6.1 Let K = MT (i.e., consider full symbol rate transmission). Then,
subject to the power constraint: Zle tr(AxAF + B,LBE) = MT, F is capacity-

optimal if and only if F is unitary, or equivalently, the following conditions hold

tr (A AZ + ByBY) = 6(k—FK) (6.5a)
tr (ByAp + B AY) = 0 (6.5b)
for k) k' =1,2,--- | K, where §(k — k') is the Kronecker delta. |

It must be pointed out here that several authors [81,39,37,55] have noted the
importance of the above conditions in Eq. (6.5). When a linear STBC was consid-

ered, that F being unitary is both necessary and sufficient for optimal capacity in
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Theorem 6.1 was shown in [55].

6.3.2 A Detection Error Viewpoint

We now establish a structure of the code necessary to minimize the detection error.
For the development of the analysis, we assume that ML detection is employed at the
receiver.

Given a channel realization H, the probability of transmitting s and deciding in
favor of s’ # s by the ML detector is given by

P(s—§|H)=Q (g) , s8#§ (6.6)

where Q(z) = (1/v2n) [ e ¢*/?d( and v is the Euclidean distance between the

received code words HF s and HF s’ which is a function of e = s — ¢/, i.e.,

2 = ijtr (X" (e)H"H X (e)]
= Llvec(H)]" [X*(e)X"(e) ® In] vec(H) (6.7)

with the coding matrix X (-) defined in Eq. (6.1).
To evaluate the probability in Eq. (6.6), we invoke an alternative expression for

. /2 z2
the Q-function [12], [87], Q(z) =L 0/ exp (-m) df,(z > 0).
Applying this in Eq. (6.6) and taking the average over the Gaussian-distributed
random vector vec(H), we obtain the average pair-wise error probability at the ML

detector as

1 [7/2 dé
Ple gyt 6.8
(8= ) & ./0 det (Ip + m‘S;Lnf;X(e)XH(e))N o

Eq. (6.8) yields an expression of the exact pairwise error probability, which can be
employed as a design criterion to obtain good space-time codes [91]. In the following,

we explore the properties of a good code by establishing the lower bound of the worst
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case pair-wise error probability and then by examining the necessary code structure
for the lower bound to be reached.

Let us first define the minimum distance of the constellation S as vyn(S) =
s,s'g}si,rsl;és/ |s — §'| where s be an element of s. The following theorem [110] provides

us with an expression on the universal lower bound of the worst case pair-wise error

probability for any linear dispersion code:

Theorem 6.2 Let S, and Sy denote two constellations consisting of, respectively,
the real and the imaginary parts of the elements in constellation S. If S satisfies the

following geometrical property,
Vmin(S) = Vmin(sre) = Vmin(’si ) (69)

then, for any LD code F with a power budget tr(FFT) < MT, the lower bound of

the worst case pairwise error probability of the ML detector is given by

/ pTVﬁlin(s)
oS Trs ) 2 (—m— (6.10)

where J(a) is given by J(a) = L OW/Q (1+ Sir‘fze)_MN d6 for a > 0. Furthermore, a
necessary condition for the lower bound to be achieved is that the pair of matrices, Ay
and By, associated with each individual symbol must satisfy the following conditions

AkAf + BB = %;—IM, Aka + BkAkH =0 (6.11)

Proof. Define M x M coding matrices as F, = Ay + By, and F . = j(Ay, — By) for
k=1,--- K. Then, [AT Bi|T = %T* [FT F%.,]" where T is the transformation
matrix mentioned in the Section 6.2. With this relationship, it is easy to verify that

the conditions in Eq. (6.11) are equivalent to:

T T
F.FI = =, Fy F% ., = el (6.12)
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Consider the case when the error is |ey| = Vin(S) and e, =0, k=1,2,--- | K, k #

K, the denominator in the integral of Eq. (6.8) can be written as

det (I | pXz(0)X g(e)> de t(I + 2 ”mm(S)F e f) (6.13)

8Msin? 8M sin? §
Using Hardamard’s inequality [43] and then employing the relationship between the

arithmetic mean and the geometrical mean, we have

S)FyFf PVoin(S)[Fr Filee
d t I m]n < 1 min
¢ ( + 8M sin? 0 ) H<+ 8M sin? 9

S(l-l- mln('s)tr(Fk’F )) (6.14)

8M2sin? 0

where, respectively, equalities in the first and second parts of Eq. (6.14) hold if and
only if:

(i) FpF3# is a diagonal matrix, and

(i) [FuFE)y=[FyF2]mm, for {m=1,2,--- M.
The upper bound on the right side of Eq. (6.14) is still a function of the design
parameters Fi. Now, if in particular, this coding matrix is the one which has been
allocated the minimum power among all the coding matrices {Fy}, i.e., let F,,0 be
the coding matrix such that tr(F0FZ;) = min [tr(F,F{)], 1 <k < 2K, we then

have

2K MT
tr(F o FH) <sg Ztr(FkFH ) =7 (6.15)
k,.

where the last part of Eq. (6.15) is due to the power constraint. Equality in (6.15)

holds if and only if the following condition is satisfied

M
tr(FyFf )— T for k=1,2,--- 2K (6.16)

Combining Eq. (6.15) with the upper bound on the right side of (6.14) yields

P mm( )tI‘(Fm()F ) pT mm(s) M
1 —_— .
( + 8M?2sin’ 0 1—I_SMKsm 20 (6.17)
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for which equality holds if and only if the condition in Eq. (6.16) holds.

The upper bound in Eq. (6.17) is now independent of the design parameter and is

p’/xzn'l(s)FmOFﬁo
8M2sin? @

therefore the maximum value attainable by det(I + ) for the coding
matrix allocated the lowest power. On the other hand, we note that Conditions (i)

and (ii) above as well as Eq. (6.16) are simultaneously satisfied if

T
FyFH = XIM for k' =1,2,--- 2K (6.18)

which, due to the fact that Conditions (i) and (ii) are met, will render the upper bound
on the right side of Eq. (6.14) attainable for all the coding matrices Fy, k= 1,--- | 2K.
As stated before (see Eq. (6.12), these conditions of Eq. (6.18) are equivalent to the
conditions that AmAg + BmBg = %IM and AmBTIfL + BmAfl = 0. Hence, by
substituting this upper bound value in Eq. (6.17) into Eq. (6.8), the probability of
the particular case of error when |e,,| = vpin(S) and e, =0, k=1,2,--- | K, k#m
is lower bounded by J (—’%ﬁv}—‘;{@) Therefore, we can conclude that the worst case

pairwise error probability is bounded by?

l pT V?xlin(s)
o T ) 2 (W

O
Theorem 6.2 establishes from a detection viewpoint that each individual code matriz
of a good LD code should have an intra-unitary structure. The following comments

on the result should be noted:

1. For the lower bound of Eq. (6.10) to be valid, the constellation S has to satisty

Eq. (6.9). If the real and imaginary parts have different powers, then, when two

2We note that a similar lower bound for a linear space-time block code based on the Chernoff
bound was given in [15].
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real symbol errors occur, it will not be possible for us to claim that the worst
case pair-wise error probability is lower-bounded by the error caused by the two

corresponding unitary matrices.

2. The square g-ary QAM satisfies the condition in Eq. (6.9), whereas non-square
p-ary QAM and g-ary PSK constellation {exp( 2'“%) Z;(l) do not. Although the
constellation for LD codes is limited to satisfy the condition in Eq. (6.9), from
the proof of Theorem 6.2, we see that in the case of linear STBC, Theorem 6.2

is true for any constellation.

3. It can be verified that under the condition of an allowable symbol rate, orthog-
onal STBC can achieve the lower bound in Eq. (6.10). In Section 6.6, we will

design a family of high symbol rate linear STBC achieving this lower bound.

6.3.3 Unitary Trace-orthogonal LD codes

Theorem 6.1 and Theorem 6.2 above together suggest that from the information-
theoretic and the detection error viewpoints, we should strive for both inter-unitary
and intra-unitary structures in the design of an LD code. We call the such structures
of an LD code unitary trace orthogonality [54,109,110] which can be formally defined

as:

Definition 6.1 Let T > M. A sequence of M x T matrices Ay and By, k =
1,2,--- K and K < MT, is said to constitute a trace-orthonormal LD code if the
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following conditions are satisfied,

T

AAl + B,Bf = rell (6.19a)
ABE + BLAF = 0 (6.19b)

H H MT /
tr (AkAk’ + Bk/Bk ) - 7 5(]{7 - k ) (6190)
tr (BkAg + BkIAkH) =0 (619d)

for kK = 1,2,--- | K. In particular, when K = MT, it is said to constitute a

trace-orthonormal LD code of full transmission symbol rate. ]

Remarks:

1. The conditions for designing complex orthogonal space-time block codes are [1,
94,30, 90, 29]:
AAf + BB = %—(5(19 — KNIy
B, AZ + BuAF = 0
These conditions do not imply, but are implied by, Eqgs. (6.19a), (6.19¢) and

(6.19d). Thus, trace-orthonormal LD codes can be viewed as a generalization

of complex orthogonal STBC.
2. The space-time codes in [22,64] are trace-orthonormal linear STBC.

3. Egs. (6.19¢) and (6.19d) are equivalent to F being column-wise orthonormal
and thus, by Theorem 6.1, a trace-orthonormal full dimension LD code is infor-

mation lossless [39,37,17].

4. Egs. (6.19a) and (6.19b) ensure that the LD code satisfies the necessary condi-

tions of being intra-unitary as required in Theorem 6.2.
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5. The conditions of Egs. (6.19a) — (6.19d) ensure that the signal transmission

power for each symbol is evenly allocated, and simultaneously ensure that the

output interference and noise power of each subchannel after the linear equalizer

(zero-forcing or minimum mean square error) are evenly distributed if N > M

and K = MT [55,54,61].

6.4 Construction of trace orthonormal LD codes

Since unitary trace orthogonality is desirable for an LD code, in transforming the

information symbols, we aim to arrive at a code with such a structure. In this section,

we develop a scheme for the construction of trace-orthonormal LD codes. First, we

introduce the following definition:

Definition 6.2 Let T = LM, where L is a positive integer. A 2T x 2T wunitary

matriz V' satisfying

e ¢
®* O
is said to be of V-structure if:

a) The entries of the T x T matrices © and ® satisfy

L-1 L-1 1
Ie(Mn+m),t|2 + Z l‘z)(Mn+m),t|2 = M
=0

n n=0

fort=1,--- T, m=1,--- M.

b) The cross terms between © and ® satisfy

L-1
Y (Ostntm)iBirtnrmye + Optnrmy DMnsrnys) =0

n=0
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fort =1,---T; m=1,--- M, where Opnim);s and ¢nim) are the [(Mn +
m),t/th elements of © and ® respectively. [ ]

The following is an example for a V-structured matrix:

Example 6.1 For M = 2L =1 and T = 2, a 4 x 4 V-structured matriz can be

constructed as

cosf cosf@ —jsinf jsiné
v 1 sin 6 sin 6 jecosf —jcosb
V2 jsin —jsin@ cosf@ cosf
—jcosf jcosf  sind sin 0

cosf cosf —jsinf jsinf
where @ = and ® = . It can be verified that

sinf sind jcosf —jcosf
both Egs. (6.21) and (6.22) are satisfied. n

That V-structured matrices are closed under the Kronecker product operation and
that a new V-structured matrix with a larger dimension can be generated from a given

V-structured matrix with a smaller dimension are stated in the following proposition:

Proposition 6.1 Let T) = LiM and Ty, = LyTy. If V1 is a 211 x 217 V-structured
matriz formed with ©1 and ®; according to Eq. (6.20) and satisfies Eqs. (6.21) and
(6.22), then, for any Lo X Ly unitary matriz U, the following matriz V4 is a 215 x 275

V-structured matriz,

U®©, U®®,
V,= (6.23)
Ur@d U6
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We now present two methods for the systematic construction of such a V-structured

matrix, which can be easily verified by Definition 6.2 of a V-structured matrix.

Construction 6.1 Let U denote an M x M wunitary matriz with all its elements
having equal magnitude. Let U(m : n,:) denote a matriz formed by taking row m to
row n of U, while retaining all its columns. We now form the T x T matrices ® and

® such that

Ul: M,: 0
oYM o4 MM (6.24)
O x M U (Mi+1:M,:)
where the nonnegative integers My and Ms satisfy My + My = M. Then, the matrix

V defined by Eq. (6.20) with such © and ® is of V-structure. [ |

Construction 6.2 Let © and ® denote a pair of M x M real matrices satisfying
the conditions i) 0,%,,,1 + ¢z’m =1/M, fork,m=1,2,--- , M, ii) @07 + &&” = I,
and iii) OBT + ®TO = 0. Then, the matriz V given by
e ;o
V= (6.25)
—j® ©

is a 2M x 2M V-structured matriz. |

As mentioned in Sections 6.1 and 6.2, different “layers” can be generated by
multiplying a code matrix by a circulant matrix P so that the appropriate symbols
of the coded signal vectors can be selected to be transmitted at a given time instant.
An important property of a circulant matrix is stated in the following lemma which

will be useful in the ensuing sections:

Lemma 6.1 For any P x P circulant generator matriz P, the diagonal entries of its

mth power P™ are all zero, i.e.,
[P m]pp = 6(m)
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fOT’m:Oj]_’...7P—1andp:1727...’P. ]

ProOOF: First we notice that P can be decomposed as P = Df,’ADp, where A =

. 2 j2(P—1)m . .
d1ag(1,e_%, e ,e‘J2 o ) and Dp denotes the P x P discrete Fourier transform

matrix. Then, the pth diagonal element of its mth power is given by

|
—

]_ ~ __J2mém

:FZ e P =4(m)

[Pm]pp = [DgAmDp]pp

I
=]

(]

With a V-structured matrix constructed as above, together with different circulant
matrices to create the different layers of transmission, we are now in a position to
present the systematic generation of unitary trace-orthogonal LD codes. This method
applies when the number of time slots 7" is a multiple of the number of transmitter
antennas M and the total number of information symbols K is a multiple of the

number of transmission time slots 7.

Theorem 6.3 Let T = LM, and K = RT with R < M. Suppose we have R V-
structured matrices V., r =1,--- | R, each of dimension 2T x 2T and each of form
given by Eq. (6.20).

By taking the t-th column vectors of the component matrices ©, and ®, in V,,
we now form the matrices II; and Ay, each being an alignment of L diagonal sub-

matrices, such that

B:1 | 6041 ‘ | O (t-1)M+1
I, = ] |

Oim | Oronm | | O Lt

Pr1 l ¢t,(M+1) | | ¢t,(L—1)M+1
A, = | |

dem | Grom | | Or.LM
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forr=1,---  Randt =1,---,T. Let two sequences of matrices A,; and B,, be

MT _ MT _._
Ay =\Z= Py, By=\|==P'A (6.26)

then, the matriz family {A,:, Br1} constitutes a unitary trace-orthogonal LD code

given by

with a symbol rate R per channel use. ]

The proof of this theorem is shown in Appendix C. It should be noted that Theo-
rem 6.3 is applicable to any type of modulated symbol. In the following, an example

is provided in employing the above theorem to generate a unitary trace-orthogonal

LD code:

Example 6.2 Using the V-structured matriz in Example 6.1 and employing Theo-

rem 6.8, we have

1 cosf O
Ay =Ap= —5 0 0
sin
1 0 sind
A=Ay = 7 P
cos
B B — j —sin@ O
e ” _\/5 0 cos @
B B j 0 cos @
PV Csime o

It can be seen that the family of matrices { A+, B,+} constitutes a trace-orthonormal

LD code with a symbol rate R = 2 per channel use.
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6.5 Design of full diversity LD codes

In this section, we consider the design of full diversity LD codes using the construction
of unitary trace-orthongonal LD codes developed in the previous section. We will
show how the V-structured matrices can be applied to generate full diversity unitary
trace-orthogonal code. The following fundamentals of algebraic number theory will

be employed in this section.

6.5.1 Some basic definitions and results in algebraic number
theory

For completeness of the exposition, we begin by briefly introducing some definitions
and results extracted from [8,32,6,66,31,71,7], which are the key to the design of full

diversity LD codes.

Definition 6.3 (The Euler Function). For a rational positive integer n, i.e., n €
{1,2,---}, the Fuler function p(n) is defined as the number of all positive rational

integers that do not exceed n and are prime to n. ]

Lemma 6.2 The Fuler function has the following properties:
1 (1) =1;
2. o(p®) = p>~Y(p — 1), where p is prime and « is a positive rational integer;

3. (Multiplicative Property) If ged(m,n) = 1 where “ged” stands for the greatest

common divisor, i.e., if m and n are relatively prime rational integers, then

p(mn) = p(m)p(n);

4. Let m = [],_, pi* where py are prime and oy are positive rational integers.

Then, p(m) = m [T,_,(1 - L).

Pk
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We denote the rational integer ring {0,+1,42,--- ,} by Z, the Gaussian integer
ring, {a + jb;a,b € Z} by Z[j], and the Eisentein ring, {a + (3b; a,b € Z} by Z|[(s]
with ¢, = exp( ]27”) We also denote the corresponding quotient fields by @, by
Q@), ie, QU) =z +jy; 2,y € Q, and by Q(¢3), ie, Q&) =2+ Gy; 7,y € Q,

respectively. (Here, we use square brackets for rings and parentheses for fields).

Definition 6.4 An nth “order” cyclotomic polynomial is defined as

n—1

Boe)= [ (@—¢b)

k=1,gced(n,k)=1
The degree of ®,(x) is the Euler function [66], ¢(n). Furthermore, Q((,) is called a

cyclotomic field and its integer ring Z[(,] is called a cyclotomic ring. |

In the following, we use I, to collectively denote Z, or Z[j], or Z[{3] and use K to
collectively denote their respective quotient fields, Q, Q(5), or Q({s).

Definition 6.5 (Algebraic Number and Algebraic Integer) A field . is said to be
an extension of field K provided that K is a subfield of L. An element § € C is
said to be algebraic over K provided that 6 is a root of some nonzero polynomial
f(z) = ijo aer® € K[z, the ring of polynomials with coefficients in K, and @ is
not a root of such a polynomial of degree less than d. Such a polynomial is called
a minimal polynomial. If f(z) can be chosen monic (having the coefficient of the
highest power term being unity), with coefficients in I,,, the number 6 is said to be

integral over I,,. |

Definition 6.6 (Trace and Norm). Let 8 be algebraic over K with a degree d. Let o,
for€£=1,2--- d be d automorphisms of K in C that fix K pointwise (i.e., 0, = o).
Then, the trace Tr(6) and the norm Nr(8) of 6 from K are defined, respectively, as
Te(0) = 5, 00(8) and Nr(8) = [[7_, 04(6). |
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We state the results of the following two lemmas which are presented in [16]
and [100], respectively and are important to the development of the ensuing materials

of this chapter.

Lemma 6.3 Let O be the set of elements of K which are integral over 1,. Then, O
is the number ring (subset of integer ring) of K over I, and both the trace and norm
of 6 € O\ {0} belong to I, \ {0}. As a result, |Tr(0)|,Nr(6)| > 1. (Here, O\ {0}
denotes the set O minus the element 0). [ |

Lemma 6.4 Let P = LJ and L, = %. Then, all the Ly automorphisms o;, 1 <
i < Ly, of field Q(Cp) which fir subfield Q(Cr) can be represented by o;(Cp) = (pHHE
for 1 <11 < Ly, where P, 1 < i < Ly, are the integers that satisfy 0 = P, < P, <
o< P, <J—=1and 1+ PL and P are co-prime for 1 < i < L,. Furthermore,
if we let Gy denote a generating matriz such that [Gri|mn = {om((E)}1<mmn<r, and
x = [z1,20, - ,7,]7 = GL;8, where s € Z*[([], then, the generating matriz Gr;

is of full diversity over Z'[(y)], i.e., H£;1 zy # 0 for any nonzero symbol vector s

belonging to Z*[(y). n

For a properly fixed positive rational integer L;, Wang et al [100] optimized L and
J such that the resulting cyclotomic lattice is as dense as possible. Unfortunately,
the resulting optimal generating matrix is not unitary and the number of transmitter
antennas, Ly, is limited to be a specific rational integer. Nonetheless, in this chapter,
Lemma 6.4 forms the basis of the joint design of a cyclotomic rotation matrix, the
corresponding constellation and the Diophantine number such that our resulting LD
code guarantees full diversity. Here, we employ Lemma 6.4 together with the following

lemma, whose proof is provided in Appendix D:

Lemma 6.5 Let M = [[,_, pu*, where each py is prime and a > 1. Then, for a
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positive rational integer P = LM, its Euler number o(P) = My(L) if and only if
L=IL1Tl_, pf", where each B, > 1 and Ly is prime to M. [ |

Jointly applying Lemma 6.5 and Lemma 6.4 immediately results in the following full

diversity cyclotomic rotation matrix and a corresponding cyclotomic ring®:

Corollary 6.1 Let M = [[;_, pp*, where each pi is prime and o > 1, and let
P = LM, where L = L, H;leg’“,ﬁk > 1 with Ly being prime to M. The matrix
Ro = D diag(1,¢p, -+ , (M) is unitary and is of full diversity over the cyclotomic

ring Z{(L). |

Proof. Using Lemmas 6.4 and 6.5, where J = M, P = LM (and thus L; = M due to
the property of the Euler function in [66,106]), we obtain P, =i—1fori =1,2,--- , M,
since in this case, 1 + (¢ — 1)L is prime to P. As a result, 0,,(Cp) = C}f(m'l)L and
hence, Ro(P, M) = D diag(1,¢p, -+ ,¢M71). -

Using Corollary 6.1, for a fixed M, we can choose L as small as possible such that
1. L =T];_, px if M # 2" for any rational positive integer n;
2. L=4or L =6, if M = 2" for some rational positive integer n.

It has been shown (8,32,6,31,7,14] that a unitary rotation matrix can be obtained
for the particular case of M = 2™3". Here, we see that we can apply Corollary 6.1 to
the Gaussian integer ring Z[(4] or the Eisentein integer ring Z[(¢] and arrive at the
same result of a unitary rotation matrix. Hence, we can conclude that Corollary 6.1

is a generalization of the available result for the particular case of M = 2™3".

3Corollary 6.1 appears similar to the proposition given in [65]. However, Corollary 6.1 not only
shows the existence of, but also provides us with an explicit and flexible choice of the cyclotomic
ring from which the transmitted symbols should be selected. In addition, along with Lemma 6.4,
Corollary 1 provides an explicit and flexible choice of the Diophantine number. The latter remark
can be further seen in Theorem 6.4.
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6.5.2 Design of full diversity LD codes

We are now in a position to design a full diversity unitary trace-orthogonal LD code.
First, the following result of matrix theory [43] is introduced to proceed with the

design:
Lemma 6.6 For M x M nonnegative definite matrices €2 and $2q

det(£2 + ) > det() + det(1) (6.27)
For Qy being positive definite, equality in (6.27) holds if and only if Qs = 0. n
The main result for the design of a full diversity code is presented as follows:

Theorem 6.4 Let K = RT with T = ML and 0 < R < M. Also, let M =

d d
Hm e Hk 1P R Hm 1 HzRﬂA’?@ and L = LOHz v @ LT o TTE P
where G, pr and Dy are primes, ok, B, Yi, pe > 1 and Lo is prime to both M and R.

If we choose the V-structured matrices in Theorem 6.3 as follows:

o Ro[l : M, ]
ro= GapU (6.28a)
Onryx M
O, %
&, = Cl.U® M (6.28b)
Ry[My +1: M,

forr=1,--- | R, where My + My = M, My, M5 > 0, U is an arbitrarily given LxL
unstary matric and Ry is the unitary rotation matriz defined in Corollary 6.1, then,
the resulting signal matriz X (s) provides full diversity over any constellation carved

from ZX[Cr] with a symbol transmission rate R symbols per channel use. |

The proof of Theorem 6.4 is provided in Appendix E.

Remarks on Theorem 6.4:
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1. When M, = 0, the resulting code reduces to a full diversity linear space-time

block code [22,64].

2. (7 a2 in Eq. (6.28) scales the rotation matrix and is thus a Diophantine number.
Therefore, Theorem 6.4 not only provides a unified framework to systematically
design a full diversity cyclotomic LD code at any symbol transmission rate less
than or equal to the number of transmitter antennas, but also provides a method
to properly select the rotation matrices and the corresponding Diophantine

number.

3. Different V-structured matrices result in different coding matrices X (s) and
hence, different coding gains. How to choose a V-structured matrix such that the

resulting coding signal matrix has a good coding gain is still an open problem.

4. If R = M, our resulting LD code is information lossless and provides full rate
and full diversity. The case of N < M will be considered in the following

section.

6.6 Design of full diversity linear space-time block

codes for N < M

The design of LD codes provided in the previous section requires the number of
receiver antennas to be larger than or equal to the number of transmitter antennas
to maintain full rate and full diversity. In this section, we examine the design of
linear space-time block codes for N < M. We propose the unitary trace-orthogonal
linear cyclotomic space-time block codes by taking advantage of the delay. The symbol
rate here equals NV symbols per channel use. In particular, when the number of the

transmitter antennas is equal to 2™, we show that our proposed code minimizes the
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worst case pair-wise error probability of the ML detector for an py-ary QAM signal,
i.e., the optimal coding gain is achieved. The conditions and results of the design are

stated in the following theorem.

Theorem 6.5 Let M =[[,_,pp*, L = L4 H’,;le,f’“, where each py 1s prime, oy, By >
1 and Ly is prime to M. Also, let gcd(M,N) = D, K = NT, T = Ml% and
T, = 80 with Ty = [(M VDT If we let R, = [diag(Ro[:, m]), Onrx(r—nny] for
m = 1,2,--- M, where Ro[:,m] denotes the m-th column vector of matrix Ro =
D diag(1,(p, - -+ ,CMY) defined in Corollary 6.1 of the previous section, and Ay, =

%Rmpfp—l fort=1,2,--- Ty, where Py is a T x T circulant matriz, then we

have the following three statements:

1. The matriz family { A¢m} constitutes a unitary trace-orthogonal linear triangu-

lar space-time block code with o symbol rate N per channel use.

2. The resulting coding signal matrixz provides full diversity over any constellation

carved from a cyclotomic ring Z[(L].

3. In particular, when the number of transmitter antennas is equal to 2™, the so

designed code minimizes the worst case pair-wise error probability for u-ary

QAM; i.e.,

A =ar min max Pr(s — &
gtr(}'}'H)gK s,8/cSK 55/ = )

. p min

min max Pr(s—38)=J
tr(FFH)<K s,8/€SK s :F( ) (8MN)
|
Proof.

1) The proof of Statement 1 follows that of Theorem 6.3.
2) For Statement 2, it suffices to prove that the code matrix X (€)X (e) is invertible
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for any nonzero vector e € ZX[(;], where e = s — s'. Since e # 0, there exists some
layer i for 1 < i < Ty such that e; = [epm-1)+1 eme-1+2 *** emi-1+m]” # 0. By
code construction, we can always assume that X; = Ve, is located in the diagonal
line of the triangular submatrix, say, X (e), consisting of the first M columns of the
signal coding matrix X (e). If this is not the case, then we permute the column or row
of X (e) to obtain this placement. This permutation does not change the determinant
of X (€)X % (e). In other words, without loss of generality, we can always assume that
X (e) can be written as X (e) = [X(e) : Xo(e)] where X;(e) is a triangular matrix
with non-zero diagonal entries [X(e)]x = oi(k) # 0 for £k = 1,2,--- , M. Together

with this structure as well as Lemma 6.6 in the previous section, we obtain

det(X (e) X (e)) =det(X1(e) X (e)+ X,(e) X ()
>det(X1(e) X (e))+det(X2(e) X (e))
>det(X(e) X (e))

M
=] lo:k)P*>0 (6.29)
k=1

where equality in both inequalities holds iff X5(e) = 0. This completes the proof of
Statement 2.

3) We now prove Statement 3. Let us first establish an upper bound of the worst
case pair-wise error probability for this code. To that end we apply Minkowski’s
inequality [43, p.482] which states that if £2; and 5 are both M x M positive definite

matrices, then,
det(Q; 4+ Q)M > det(2,)M + det(02,)M (6.30)

where equality holds if and only if 2, = ¢2; for some constant ¢. Now, putting £2; =

I and Q, = X(e)X*(e) in Eq. (6.30) and applying Eq. (6.29) and Lemma 6.3, we
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obtain, for any nonzero vector e and nonzero 6 in the interval [0, 7/2],

p H /M
det (IM F ot X (o)X (e))

14 H
>14+ ——det (X(e)X
> 1+ ranzgdet (X (€)X (e))
N2/M
> 14 p]Nr(e,?| -
8MNs1n 7

p mm
>14 - mn_ 31
- +8.MNsm9 (6.31)

1M

Here, the first equality holds iff X (€)X (e) is a scaled identity matrix and the second
equality holds iff X o(e) = 0. Therefore, both equalities hold iff s and s’ are neighbor

points, i.e., [[s—8'| = Vmin. We conclude from this that det (I + g7 X(e)XH( )) >
M
(1 + m) which results in
p1?
sl Pals = )< J (SMN) (6:32)

where the equality holds iff ||s — §'|| = vpn. Combining (6.32) with Theorem 6.2 in
Section 6.3B yields

min max Pr(s — §)y=J (p mm)

to(FAF)<K s,8'eSK SMN
s#£s’
This completes the proof of Statements 3 and hence, Theorem 6.5. O

6.7 Design examples and simulations

In this section, we present some examples of unitary trace-orthogonal space-time
code designs and examine their performance in comparison to other codes available
in literature.

Example 1: In this example, we consider a MIMO system having two transmitter

158



Ph.D. Thesis - Jing Liu McMaster - Electrical & Computer Engineering

antennas and two receiver antennas. We design an information lossless full rate full
diversity linear dispersion code over Gaussian integer ring Z[i]. A coded signal matrix

Ty, T
is given by X (s) = % T2 Where

T21, T22
€11 = (51 + 52) cosO + (s — 83)sinf, 15 = €T (53 + 54)8in b + (55 — s%) cosh),
N ((s3+ s4) cos @ + (s5 — s3)sind), and za2 = (s1+52) sin O+ (s} —s3) cos 6.
Thus, we have
(s1+ s2)” — (5§ — s5)°
2
+(s1 + 82)(s7 — s5) cos 260
(53 +54) = (53 — 1)’
2
—(s3 + 384)(s5 — s})7 cos 26

sin 260

2 det(X(e)) =

jsin 26

Now choosing sin 20 = % and cos 26 = %, we have

4V5det(X (€)) = (s1+sp+2(s1—53))°=5(s1—53)" =5 ((53 + 84 + 2(s3 — 1)) — 5(s3 — 53)°).
Let Sy = (514 824 2(st —s3))%, Sp = (st —s3)%, S5 = (s34 s4 + 2(s; — s3))? and
Sy = (s3—s3)", then, 4v5det(X (e)) = 57 — 553 — j (S5 —553) = (S? — jS?) —
5(5% —jS%). It can be easily verified by checking the remainders of 5 dividing S? that
det(X(e)) = 0 iff e = 0. On the other hand, since ((S? — jS2) — 5(5% — jS?)) —
((S? — S2) — j(S2 — S2)) is divisible by 4, while both S? — S? and S? — S? are
divisible by 4, we conclude that 4+v/5det(X(e)) is divisible by 4. As a result,
|4v/5det(X (e))| > 4, which* implies |det(X (e))| > \/ig Fig. 6.1 shows that the
error performance comparison of our code with those proposed in [1,17,107,5].

Example 2: For three transmitter antennas and three receiver antennas, we can

directly apply Theorem 6.4 to design an information lossless full rate full diversity

linear space-time block code. In this case, the determinant of a signal matrix is

4More recently, Dayal and Varanasi [19], Belfiore, Rekaya and Viterbo [5] constructed a linear
space-time block code that has the same coding gain with a non-vanishing determinant.
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M=N=T=2, R=4 bits per channel use

Average Bit Error Rate

4 =

-+ Alamouti's code : : \C : 3
-6 Hassibi and Hochwald's code : :
= = Damen, Tewflk and Belfiore’'s code
=0~ Yao and Wornell's code
—— Our new code

Figure 6.1: The error performance comparison of our new code with the current

available codes in [1,37,17,107].

M=N=3, R=6 bits per channel use

10 8 7 T T
N © Ma and Giannakis’s code
e ~o= Heath and Paulraj’s code
bo Do . -9~ Gamal and Damen’s code
R ™ ...... .= Our code
>
2 107}
©
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Z 107
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Figure 6.2: The error performance comparison of our new code with the current

available codes in [39,22,64].
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simple to evaluate. Thus, we can first take care of the coefficients of the expan-
sion of its determinant and then apply Theorem 6.3, where the V-structured ma-
trices are chosen as V. = DX diag(1,¢s,(3), Vs = (rPsDidiag (1,(,(3),Vs =
2 P2DXdiag (1, o, ¢2). The resulting coding signal matrix is

S11 C227533 (275922
X(s) = (27523 Sz C227S31
(3532 C21Sa1 Sis

where Sk = [Skl,Skg,Skg]T = Dfdiag(l,Cg,Cg) Si with S = [S3k_2,$3k_1,83k]T for

k=1,2,3. Its determinant is given by

det(z(s)) = SIISIQSIS + CQS2IS22523 + 43331532533
_511521531 - SI2S22S32 - 513523533
= Nr(91) + CQNI'(92) + C92Nr(93) - TI'(919293)

where 0 = s3;_2 + 531_1Co + s3x(Z for k = 1,2,3. Since s; € Z3[(3], by Lemma 6.3,
both the norm Nr(s;) and the trace Tr(s) belong to the Eisentein ring Z[(3] for k =
1,2,3. By Lemma 6.4, {1,(o,(?} is independent over the Eisentein cyclotomic ring
Z{(3). Therefore, det(X (s)) is nonzero over any constellation carved from Z°[(3] \ 0,
and hence, X (s) provides full rate full diversity without information loss over any
constellation carved from Z[(3]. Such designed code has the Diophantine number
with a smaller degree than that constructed by directly using Theorem 6.4. An error
performance comparison of our code with those in [39,22,64] is shown in Fig 6.2. It
can be seen that the performance of our code is slightly better than those in [22,64].
This is because the choice of the full diversity rotation matrix and the Diophantine
number affects performances. However, it is difficult to determine the choice of the

rotation matrices and the Diophantine numbers to yield better performance.
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M=3, N=2, T=6, R=4 bits per channel
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Figure 6.3: Comparison of our code with the code in [22].

M=N=T=4, R=8 bits per channel
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Figure 6.4: Comparison of our code with the code in [64].
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Example 3: For a MIMO system having three transmitter antennas and two re-
ceiver antennas, we design a full diversity linear space-time block code with a symbol

rate being equal to two symbols per channel use. The code is shown as follows

/3 Xn 0 0 Xun Xs1 Xo
2
X(s)=—7 | X2 X2 O 0 Xp Xs

2
Xag Xo3 Xi3 0 0 Xy
where
X, 11 1 .
X [=| 1 G G 5i2Go
Xi 1 ¢ G 5i3G3

for i = 1,2,3,4. It can be shown that det(X(e)X(e)) # 0 for any constellation
carved from Z[(3] \ 0. An error performance comparison of our code with that in [22]
is provided in Fig 6.3, where it can be observed that the performance of our code is
better. This is obtained with a longer decoding delay.

Example 4: In this example, we compare our code with the code presented in [64] for
a MIMO system having four transmitter antennas and four receiver antennas. Both
codes employ the same rotation matrix in each layer, however, the proposed code
adopts the Diophantine number according to Theorem 6.4, which is different from

that in [64]. Simulation results are shown in Fig. 6.4.

6.8 Conclusion

In this chapter, we examine the design of LD space-time codes applied to a MIMO
communication system from both the information-theoretic and detection error view-

points. We arrive at the conclusion that a good LD code should have a unitary
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and trace-orthogonal structure. This desirable structure has prompted us to come
up with a method to construct such a code family by the way of the V-structured
matrix. Furthermore, by applying cyclotomic field theory, we have developed a sys-
tematic method to jointly design the rotation matrix, the Diophantine number and
constellation. This has led us to arrive at an efficient design of full diversity rectan-
gular LD code at a symbol transmission rate less than or equal to the number of the
transmitter antennas. In particular, when the number of the transmitter antennas
is M = 2™, and the number of the receiver antennas is less than M, we proposed a
linear space-time block code design that minimizes the worst case average pair-wise
error probability of the ML detector for a QAM signal. As a result, this code achieves

the optimal coding gain.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

In this thesis, the design of STBCs for MIMO communication systems has been
addressed. More specifically, a family of unitary trace-orthogonal codes has been
considered and its performance in a variety of communication applications has been
analyzed. In particular, codes from this family were shown to be optimal in a number
of senses.

The combination of unitary and trace-orthogonal structures was first proposed as
the optimal structure for a full rate STBC to achieve the minimum detection error
probability for a linear receiver when the MIMO system has N > M as reviewed in
Chapter 2. In [61,55], the unitary trace-orthogonal condition was proved to be both
necessary and sufficient for optimality. Furthermore, when the communication system
is studied from information theory point of view, trace-orthogonality was proved [55]
to be the condition for a STBC to be information lossless.

For a MISO communication system, a general criterion for designing full diversity

STBCs for a linear receiver was presented in Chapter 3. Also in this chapter, a
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member from the unitary trace-orthogonal family, the Toeplitz code was proposed
as the first non-orthogonal full diversity code for linear receivers. The proposed
code is superior to orthogonal STBC in that its symbol transmission data rate is
higher than orthogonal code (for M > 3) and can asymptotically approach unity.
In addition, the proposed Toeplitz STBC was proved to asymptotically approach the
optimal diversity v.s. multiplexing tradeoff curve with the use of square QAM signals.
When applied to a system having correlated channel fading coefficients, the structure
of the Toeplitz code enables an efficient computation of the optimal beamforming
matrix that minimizes the detection error. This is realized by transforming the direct
formulation of the design problem into a convex optimization problem.

For a general MIMO system with N > M, a linear receiver cannot extract full
diversity. Since a linear receiver achieves its minimum detection error with the use
of the unitary trace-orthogonal code, the associated diversity gain is therefore the
maximum achievable diversity gain for a linear receiver. By analyzing the expression
of the error probability, this maximum diversity gain was shown to be equal to N —
M + 1 in Chapter 4. This result provides a theoretical measure of the performance
gap between the optimal ML receiver and the simple linear receiver.

To improve the performance of a linear receiver, a multiple block transmission
scheme was studied in Chapter 4. In that scheme, the signal symbols are coded so
that they span several (block) channel realizations, and as such, it enjoys more degrees
of freedom than a conventional signal block scheme. However, the application of an
ML detector to this system incurs an extremely high computational cost. On the
other hand, a linear receiver can be applied here for its simplicity. By minimizing the
detection error probability of a linear receiver applied with a multiple block scheme,
the optimal full rate code was derived in Chapter 4. The optimal code is a multi-

block version of the unitary trace-orthogonal code. Additionally, it was proved in
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Chapter 4 that the achieved minimum error probability is an decreasing function of
L, the number of blocks that a code spans. Further studies showed that the diversity
gain grows with L. The analysis in Chapter 4 also showed that the special structure
of the multi-block unitary trace-orthogonal code reduces the detection complexity to
the same order as that for single block transmission. Hence, a low cost linear receiver
and a multi-block transmission scheme may outperform an ML detector with single
block transmission. The compromise here is the increased decoding delay.

By relaxing the code from the constraint of full symbol rate transmission, a multi-
block transmission scheme specially designed for a linear receiver was proposed in
Chapter 5. Noticing that the diversity gain for a linear receiver is increasing with
N — M, the proposed scheme therefore constructs a “tall” (N > M) equivalent
channel matrix. It was proved in Chapter 5 that the proposed system has significantly
improved diversity gain than the single block or multi-block systems with full symbol
rate. Since the equivalent channel matrix maintains the same number of columns as
the single block channel, the detection complexity remains almost the same as that
of the single block case.

All the above-mentioned work was focused on the application of the unitary trace-
orthogonal structure to linear STBCs and linear receivers. In fact, the structure
can also be extended to more general codes (e.g., linear dispersion codes), and to
more complicated detectors, e.g., ML detectors. When LD codes were considered in
Chapter 6, the unitary trace-orthogonal structure was also shown to be the optimum
from points of view of both information theory (information lossless) and detection
error probability. For a MIMO system having an ML detector, a properly designed
STBC is able to extract full diversity. However, designing such codes is generally
complicated due to the existence of a huge number of design parameters. In Chapter 6,

by constraining the code to be unitary trace-orthogonal code, the number of unknown
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parameters was reduced. As a result, a systematic method in generating full diversity

ML code was presented.

7.2 Future Work

The best STBC for ML detection: In designing STBC with the aim of minimizing the

detection error probability for an ML detector, there are two gains to be optimized:
diversity gain and coding gain. The maximum diversity gain equals M N and it has
been achieved by numerous STBCs. The coding gain (for ML detectors) is associated
with the determinant of the STBCs. Fruitful results have been presented in designing
a STBC with non-vanishing determinant. However, the best achievable coding gain is
still unknown. For example, when the signals are chosen from a constellation having
integer points, e.g., QAM constellations, the minimum distance is equal to one. For
such a constellation, does there exist a full diversity code that enables the minimum
determinant to be equal to 17 If it exists, it is the best code.

The best communication strategy for linear receivers: In this thesis, the optimal

full rate STBC was designed for linear receivers with the optimality proved to be
both necessary and sufficient in minimizing the detection error probability. Further,
when the system has a full rate transmission, the maximum achievable diversity gain
by a linear receiver was analyzed. On the other hand in Chapter 5, the full rate con-
straint was relaxed, and a much more reliable transmission scheme for linear receivers
was proposed. This leads to the following question: What is the best transmission
scheme for a linear receiver? The answer to this question is strongly influenced by
the fact that due to its simplicity, a linear receiver cannot take advantage of the full
degrees of freedom offered by a MIMO system.. This is the key factor in understand-

ing the improved system performance obtained by relaxing the full rate constraint.
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More importantly, does there exist a fundamental tradeoff for linear receivers that is
analogous to the diversity v.s. multiplexing gain tradeoff for optimal receivers?

Code design for Ricean fading channels: The channel conditions studied in this

thesis are assumed to be Rayleigh fading. However in general scenarios, the channel
mean may not be perfectly zero, and this renders a Ricean fading model. Recently,
emerging research [44,67,68,99,69,97,45,2,70] has been carried out for such a model.
Due to the complicated mathematical formulations, the code design problems for this
model are hard to dealt with. In [59], two problems for Ricean fading channels have
been considered: i) the optimal input covariance that achieves the ergodic channel
capacity, and ii) the optimal beamforming that minimizes the MSE at the output of a
linear MMSE equalizer. For both problems, the conditions in achieving the optimality
have been proposed and proved. However, these conditions are expressed in the form
of the expectation over complicated random functions, which can not be easily applied
in obtaining the optimal parameters. Furthermore, obtaining the expected values
of these functions is mathematically intractable. In [59], the close approximations
for both functions have been presented by employing Taylor series expansion, which
enables a fast computation of the design parameters numerically. However, the closed
form solutions to the original problems are still unknown. These solutions could be
obtained by analyzing and simplifying the optimal conditions proposed in [59] to

reduce the complexity in evaluating the expectations.
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Appendix A

Proof of Theorem 4.2

Substituting the PDF of the eigenvalues in Eq. (4.5) into the RHS of Eq. (4.8) and

denoting it by n(p), we have

Agos M-1 \ M-1 M-1
n(p) = = o) \/_/d)‘l/d)\2 / eXP( Ai) IT A7 T Q=202 ddwia
1 i—=

M—1 M-1
) AA exp [_ <ZM (M/2 -1 + AM):I )\E\J/IV_M) H()\, — )\M)Qd)\M (Al)

1+ -.]\%)\1) im1

The proof of the theorem requires successively integrating Eq. (A.1) by parts. In the
following, we examine the result of each stage of integration by parts and select the
non-zero term which has the lowest order of p~!. To proceed, we first introduce the

following function sequences to simplify the notation. For 1 < m < M, we define

P = i”:( ) , po =0 (A.2a)

M/2 |
b = / — + (M —m+ 1)\, (A.2b)
fm—1+ (M —m+1) (1+ &\y)
m—1
O = MVIOM=ma) TTOG = 0,240 with 6y = ALY (A2¢)
i=1
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From Eq. (A.2b), we have ¢, (A\n) = (( ( p(M=m+1)/2 s+ (M —m+ 1)),
Hm—1

(14 Am ) H(M—m+1))
where (-) denotes the first derivative w.r.t. A,,. Since ¢/ is also a function of other

eigenvalues \;, i < m, we define

p(M —m+1)/2
(i1 (14 £X) + (M —i + 1))
Since the lower limit of integration is A,, = 0, we examine the values of ¢,, and

(—Mﬁ——> Now, the

Hm—1 +(M—m+]-)

Ymi(Ni) = 5+ (M —-—m+1), fori <m (A.3)

¢! at this limit. From Eq. (A.2b), we have ¢m|0 =

eigenvalues are ordered by strict inequality such that A\; > Ay > --- > Aps. Therefore,

for i < m, A; is finite and at high SNR, (1 + £X\;)7! is negligible with respect to 1.

_o ~ 0 and therefore we have exp (—¢m) |0 = exp (——M—_A%) + o(1).

Similarly, (¢,,)”" I

o = M —m+ 1)p~t+0(p~!) for a finite number of transmitter

antennas.

To evaluate Eq. (A.1), we use “integration by parts” such that for general functions

® and © of A,

Az
/ e PO dN2A+]T (A.4)
Ay
Az
where A & —e(; S) . and I £ A2 =% 2. (L ©) dX. The proof of the theorem now

follows the procedure as outlined below:

a) N —M = 0: Let Ip;, denote the inner-most integral in Eq. (A.1). Integrating Ipn

by parts we have,
Am—1

Ly = / exp (—du (M) Ont (Aag)dAng
0

— exp( ¢M) |’\M ! /Ol\M_leXp(—d’M(/\M)) %(; 9M()\M)) dAn

) Dn(Am)
£ Awi+Ine (A-5)
A
where Ayy = — 5228 0y and

Ty = fo M-texp (—dum(Anr)) BAM(qs ) OM()\M)) dAp. Now, the value of Ay is
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the difference of the two terms obtained by substituting the upper and lower limits.

For the upper limit Ays = Aps—1, Oy always contains the factor (Ay—1 —Ap—1) and

is therefore zero. For the lower limit Ay; = 0, 65 contains the factor A%JJV_M)

/\MZO‘
If N— M = 0, since 0° = 1, then we have ¢9M./\ = HM ! A2, Substituting
=0
e~ oM and ¢, (Anr) , we have Ay = —exp( )HM Y2 4 o(p™).
Anr=0 Aar=0
Further integration w.r.t. Ay—1,--- ,\; will not increase the order of p=! in this

term and thus this contains the lowest order of p~!. If (N — M) # 0, then Ay =0

and we have to examine Iys.

b) (N—M) > 0: In this case, for Eq. (A.5), Ay = 0 and we examine Ijso. Integrating

Iy by parts,

AM -1 0 1
0 M

Pn(Am)
where
AM-1 A
—e %M § < 1 > __e—fﬁM[ QSX/I M-1
Appp = —( -0 = Or + 9'
e e )| e L @R
_e_¢M AM_1
= —00 # ‘ A.7a
G Ml (A7)
A1 o1 o (1
- oy [__-_< >] i\ AT
" / © LG s \ N (A7)
The last step of Eq. (A.7a) is obtained by observing that the first term is zero for
both limits, since QMIO = GMl/\ = 0. Now,
;P (N—-M-1) s 2
= = =Y TT A (A8)

where this result is due to the fact that the other terms of the differential all vanish

AM -1
after the limits are substituted, i.e., 8}, is only non-zero in the limit Ap; — 0.
0
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Thus, using Eq. (A.8) in Eq. (A.7a), we have

9\ 2 M ) M-1
_ (2 M _ (N-M~—1 2
Apyp = <p> exp( 5 > (N —M) |y ’0 E A

which contains (p~!)2. Similar to the case of Ay, if N — M — 1 = 0, then Ay

+o(p™%) (A9)

contains the lowest order of p~!. Further integration w.r.t. Ay,---, Ap—; will not
change the order of p~!. However, if N — M — 1 > 0, then Ay = 0 and we have
to integrate Ip3 in Eq. (A.7b) by parts, i.e.,

Tvs = Aps + Iva

where

b1 e~ M
9//

b = L (o)
YT T gy Ol \ohy ] T G

A1 9 [1 6 (1 8 (1
I _ —om__— |~ ( —_Z ] dA\p{A.10b
M4 /0 ¢ [ Y (¢’M Ot <¢’ M))} MA.100)

where Eq. (A.10a) is obtained by observing that both 8, and 6}, are equal to zero

(A.10a)

Ar-1

at the upper and lower limits under the condition N — M — 1 > 0. Now,

9//

AM—1
M-1
[(N—M)(N—M—l)xﬁf‘M‘”lo H A?] + [ 225" H(A — A1)’

Eq. (A.11) is the result after the limits have been substituted into the second

(A.11)

derivative. Here, 6}, consists of two terms. If N — M — 2 = 0, then the first

AM-1

term is independent of p. From Eq. (A.10a), the factor (e=#¥(© /(#},(0))?), which

contains the factor (p=1)3, is independent of A\j;_; or any other eigenvalues and
the order of p~! will not increase upon further integration w.r.t. Apr_q,- -, A1
Hence, this is the lowest order of p~!. On the other hand, if N — M —2 > 0, the
first term in Eq. (A.11) is zero. Now, we can obtain the lowest order term in two

different ways:
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i) Consider Ip4 of Eq. (A.10b) and perform integration by parts. Here, we focus
on reducing the power index of )\ﬁ\v/[M =2 to zero so that the integration has
non-zero result at A\y; = 0. The order of p~! will not increase upon further

integration w.r.t. the other eigenvalues.

ii) When the upper limit Aps = Ap—; is substituted, the second term in Eq. (A.11)
is non-zero. Putting this term back in Eq. (A.10a), together with the factor
[e=%M /(h)?] R which is a function of p and Aps_q, this whole quan-

M=AM-1

tity of Aps has to be further integrated w.r.t. Ap_1,---, A1, and therefore

increasing the order of p~1.

Thus, the problem of seeking the lowest order of p~! has been reduced to the
following questions. Is it the terms in Step i) for which, in integrating Ip;4 by
parts, the index of Ay . is reduced to zero after differentiation w.r.t. Ay? Oris it
the term in Step ii) which yields the term involving the lowest order of p~! after
all the integrations w.r.t. Ap_1, -+, A7 We will examine the questions in parts

¢) and d) below.

The order of p~! by Step i): The first integration of I3 in Eq. (A.5) yields
(dhy)~! together with 6y which involves no reduction in the index. The sec-
ond integration Ipsy yields (#},)~? together with 6}, and reduces the index by
1. Thus, to reduce the index of Ay . from (N — M) to zero, we need to dif-
ferentiate the function y; (N — M) times. This yields (¢5,)"® =M+ which

~(N-M+1).

contains the SNR term p The non-zero component of the integration

is[(N—M)(2/p N-M+1o—% ].\i_l A?], which is independent of \y;. Substituting
i=1 7

this non-zero term into Eq. (A.1), we obtain the term in 7{p) containing the lowest
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order of p~!, namely

Ag= (N - M)! o eXp (-) d>\1/ dhg -+
P 0 0
AM_2 M-1 M-1 M-1
/ exp ( > &) AN=M2 TT (0 — A)Pddy-r (A12)
0 =1 =1 i<j

where a(M, N) was defined in Eq. (4.5). Observe that the integration in Eq. (A.12)
will not increase the order of p~!. Now, multiplying both the numerator and

denominator of Eq. (A.12) by (M — 1, N + 1), we can write

Aoz(N_M)!a(M,N)eXP(—%) (2)(N_M+l){a(M_1 N+1)/ d)\1/ dhg - -

2a(M—-1,N+1) \p
AM—2 M-1 M-1
/ exp <— > Ai> [T A=+ H Ai — A;)2dAp— 1} (A.13a)
0 =1 i=1 i<j
a(M, N)exp (—M_—l-) oN-M B
_ — M) ) 2 —(N—-M+1) 13b
WM N+ * (A.13b)

The last step in Eq. (A.13b) is obtained by observing that the integrand inside
the braces of Eq. (A.13a) is the same PDF as Eq. (4.5), and thus its integration
results in unity. From Eq. (A.13b), we observe that for high SNR the order of p~*
is given by

di=N-M+1 (A.14)

This is thus the lowest order of p~! contained in the term obtained when the lower

limit Ay = O is substituted.

d) The order of p~! obtained by Step ii): Putting the second term of Eq. (A.11) into
Eq. (A.10a) and then the result into Eq. (A.1), and taking the terms involving

A1, , Ap—o outside, the integral w.r.t. Ap_; is
! /‘)\M—Z e ¥M-1 0 A
=2 1 dAm- 15
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where ¢y 1 and 6y have been defined in a general form in Eqgs. (A.2b) and
(A.2¢), respectively. We note that the indices of the factors Aps—1 and (A\; — Apr_1)
in #y;_1 have increased by one extra fold and by 2, respectively, in comparison to
the corresponding indices in 6. Eq. (A.15) has a similar structure to Eq. (A.5),

and hence integrating Eq. (A.15) by parts follows a similar pattern, i.e.,

Ivi—yn = 2(Am-v1 + Lu-1)2) (A.16)
AM—2
_ —exp(—=¢ar_1)
where A(M_l)l—(d’M(M»l)(/\M—l))13¢§\4,1 QM_I'O
Aro2 Oar— !
and L= J;* (g B g ) #Awir- Due to the property of
Orr_1 A2 0, we only have to examine the effect of I(3;_1)2 on the index of p~1.
0 Y (M-1) P

Again, applying integration by parts of Eq. (A.4) to I(a;_1)2, we have

Iavr—1y2 = Agu—1)2 + Lvr—1)3 (A.17)

Ar—2

ey and

/
__eA 1
where Ay_12= i \(sz(M,l)(/\M—l))%Su_leM"l)

0

_ [AM-2 _—gpr 1 1 !
I(M—I)B—fo M=2 —¢pro1 (‘f’?\/r‘l ((1/)A1(M—1)()‘M—1))3¢3\/171 HM_I)’) dApr—1. The term A(M_1)2
is zero since 8},_, contains the term 4)\?\§IX;M)()\ M—2— Ap—1)® which yields zero at
either limit of 0 or Ap—9. A non-zero result is obtained from I(p;_q)3 at the limit
of Apr—1 = Am—2 by having three more steps of integration by parts on I(p/_1)3,

each involving the differentiation of (Apr_o — A\pr~1)® and resulting in the power

index being reduced to zero. This non-zero term is given by
2. 4le=PM-20,, ,
(Yamr-2) Anr-2))2(Wm—1ymr—2y(Anr—2))®
Further integration of Eq. (A.18) w.r.t. Aps_2,--- , A1 repeats the same procedure

(A.18)

as in Eq. (A.15) and reveals similar structures, i.e., each time the factors in the
denominator increases by (¢ )*M-"+D+1 and the subscript of 6 reduces by 1.
Continuing the procedure until the integration w.r.t. A;, we have,

. (I 2t ) emen |
/0 (a1 (A1) (War—1)1 (A1) - - Yhar (Ag) 2V
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where, from Eqgs. (A.2b) and (A.2¢c), ¢1(M1) = (3+ (355 +M)\) and 6; =
)\gN‘M)M. We note that e‘¢1(’\1)| Amoo= 0, and the non-zero result of integrat-
ing I; comes only from the lower limit A; = 0. Again, this term is arrived at by
repeated integration by parts until the index of the term )\gN_M)M in 0, reaches
0. The resulting non-zero term with minimum steps of integration by parts is

(N — MYM)TTET (26)! e1/2

A= (a1 ) P (s (A))B - - - thay (0g) BMI=D+D 7 (A (N =DOM+1) |,

_(A:20)

Now, we can evaluate the power index of p~! in Eq. (A.20). We observe that each
1 or ¢’ contains p (unity power index). Thus, ignoring the constant coefficients,
the power index of p~! in A, is the sum of the exponents of the functions 1 and
¢’ in the denominator of Eq. (A.20), i.e.,

M-1
Y (2i+1)+(N—M)M+1=MN 2d, (A.21)
i=1

Eq. (A.21) provides the order of p~! obtained by continuing the integration of

I(M—-l)l w.r.t. )\M—la te ,)\1.

We now compare the two lowest orders d; and dy established respectively in
Egs. (A.14) and (A.21). We note that d —d; = MN — (N - M+ 1) =
(N +1)(M — 1) > 0 since N,M > 0. Therefore, d; is the lowest order of p~*
in the result of evaluating n(p) of Eq. (A.1), and is therefore the diversity order
for the single-block MIMO system. (]
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Appendix B

Proof of Theorem 4.3

We can prove Theorem 4.3 by first deriving several consecutively achievable lower
bounds on the error probability given in Eq. (4.23) until we reach a minimum in-
dependent of the design parameters. This is followed by examining the conditions
required on the optimal F' for reaching each of the lower bounds.

B.0.0.1 First lower bound

Using the convexity property of the Q-function [61] in Eq. (4.23), we obtain the first

lower bound on Pey, by employing Jensen’s inequality [9], i.e.,
| 2LMT 1
- _ 1
Fem EH{QLMT; Q( [V ]k >}
2LMT
ket LV Ik

- E {Q( —Mtf(]\éi) - 1)} (B.1b)

where Vg, is the symbol error covariance matrix given by Eq. (4.19). Eq. (B.1b)
holds due to tr(V) = tr(2V ), as shown in Eq (4.22). Equality in (B.1a) holds iff
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the diagonal elements of V" are all equal, i.e., all the MSE of the bits are equal. Since
we are transmitting 4-QAM symbols having symmetry in both real and imaginary

parts, this is equivalent to

[Vse]ii = [Vse]jj7 v ’i,j =1,--- 7LMT (B2)

B.0.0.2 Second lower bound

The following two lemmas [43] are provided here to facilitate the development of the

second lower bound:
Lemma B.1 For any square matriz T we have tr ((I + I‘I‘H)_l) =1tr ((I + I‘Hl")_l)

Lemma B.2 For any nonsingular Hermitian symmetric positive semi-definite (PSD)

Z1 Z
matric Z = 12 we have

Z% Zoy
0(27) > r(Z32) + ir(Z)
where equality holds iff Z15 =0, i.e., iff Z is block diagonal. |
Lemma B.2 can be repeatedly applied to extend to a nonsingular Hermitian symmetric

PSD matrix partitioned into multiple submatrices.

Applying Lemma B.1 to the error covariance matrix Vg, in Eq. (4.19) yields
_ P pHeH)
tr(Vee) =tr | (I+ M:'FF = (B.3)

where we define & £ (H¥ ’H)%. From the definition of H in Eq. (4.14), we can
see that = is an LMT x LMT block diagonal matrix. Each diagonal block =, &
[IT ® (Hng)%] , £ =1,--- L, is also block diagonal of dimension MT x MT,
containing T identical M x M sub-blocks of Z, £ (H¥ H,)3.
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Now, writing B = FF in Eq. (B.3), we note that this LMT x LMT nonsingular
Hermitian symmetric PSD matrix can be partitioned into L? blocks of MT x MT
submatrices B;;, ¢,7 = 1,--- , MT. Denoting by By, the {th MT x MT submatrix
on the diagonal of B and applying Lemma B.2, a lower bound for tr(V) in Eq. (B.3)

can be obtained, namely

L _
Vi) > Z <(IMT + M-—z By, éf) 1) (B.4)

Equality in Eq. (B.4) holds iff B;; =0, for¢,5=1,---,L, i # 5. But each By, can
be further partitioned into T submatrices BZ, t,7=1,---,T, of dimension M x M.
Denoting by BY the tth M x M submatrix on the diagonal of By and applying
Lemma B.2 to each of the bracketed term in Eq. (B.4) results in

L
o _ L
(V) 233 tr ((IM + L=, By, :f) > (B.5)
where equality in Eq. (B.5) holds iff
Bj=0 for i,j=1,---,T, i#j, (B.6)

i.e., B= FF! is block diagonal having non-zero M x M diagonal submatrices.
Furthermore, for any positive definite matrix Z, tr(Z~") is convex with respect
to Z [9]. Thus, applying Jensen’s inequality to this convex function in the inner sum

of Eq. (B.5) and employing Lemma B.1 leads to

T
P — — -1 p —_— ) = -1
-j—_, z_: ((IM MdzBﬁéu?) ) > tr ((IM + —Mﬂ:.[Ba:.fI) ) (B?)
where By, £ %E,:Tzl B, Equality in (B.7) holds iff all B}, are equal, i.e.,

BYt=By for t=12---,T B.8
o y 4y
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Combining Eq. (B.5) with Eq. (B.7) results in

V) > TZtr <(IM+—H[BM ) 1) (B.9)

with equality holding iff Eqs. (B.6) and (B.8) are satisfied. Since the function f(z) =
Q(Vz - 1) is monotonically increasing with z, substituting Eq. (B.9) in Eq. (B.1b)

establishes the second lower bound for the average asymptotic BER Py, such that,

Pem 2 EQ @ . ML — — — 1 (B.10)
Doy tr ((IM + £EBuEll) )
Again, equality in (B.10) holds iff the conditions in Egs. (B.6) and (B.8) are met

simultaneously.

B.0.0.3 Final lower bound

Eq. (B.10) still depends on the design variable F' and therefore needs to be further
minimized to obtain a constant achievable lower bound. We observe that the elements
of the channel matrix H, are of IID distribution, hence the stochastic properties of
H, remain unchanged by the multiplication of a unitary matrix. By pre- and post-
multiplying permutation matrices to the eigenvalue matrix of By in Eq. (B.10) and
following similar procedures of averaging over all M! permutations, as in [92,61], we

arrive at

Pem 2 ES Q ML -1 (B.11)

S, tr ((IM + {ZHng)"l)

with equality holding iff

Bazl, ZZ].,,L (B12)
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The lower bound in Eq. (B.11) is independent of the design matrix F and is, therefore,
a genuine lower bound on the value that can be achieved by a designer, in the sense

that it can be computed prior to the design.

B.0.0.4 Optimal Linear STBC

The minimum BER given in Eq. (B.11) can be achieved iff the four conditions in
Egs. (B.2), (B.6), (B.8) and (B.12) are satisfied simultaneously. Egs. (B.6), (B.8)
and (B.12) jointly imply that B = FF® = I, ie., F must be unitary. Eq. (B.2)
requires all the diagonal elements of V, to be equal, i.e.,

LMT

1
[Vse]ii = M ; [Vse]ii = LMT tr (Vse) (B]-B)

and this must hold for any channel realization.

-1
Now, Eq. (4.19) can be re-written as Vi, = (FHF + -A%FH'HH’HF) - FH <I +

1
—]’\}I’HH ’H) F| where we have used the condition that F' must be unitary. Thus, the

ith diagonal element of V. is

Vel = FI (ILMT + %'HH'H) ; = tr (ZC (IM + 2 —H, He)—l Cie)
L —_
= tr <; (IM + % HE Hg> 1 chg> (B.14)

where f, is the ith column of the coding matrix F' and C), is the coding submatrix
in the £th block for the ith symbol. The second step in Eq. (B.14) is possible because
of the relationship between f, and Cj; in Eq. (4.16). On the other hand, the right
hand side of Eq. (B.13) can also be written as

-1 L -1
tr (Vi) = tr (I LT+ —]pw—'HH'H) — T tr <Z Iy + ﬁﬂf H¢> (B.15)
=1
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Substituting Eqs. (B.14) and (B.15) respectively into the left and right sides of
Eq. (B.13), the condition becomes

L _ L _
tr (Z (IM + % Hng) 1 chg) - ﬁ tr (Z (IM + %Hfm) 1)

- (B.16)

Thus, for any channel realization H,, the condition in Eq. (B.2) holds iff C’igCg =

azim. 0
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Appendix C

Proof of Theorem 6.3

First we note that

ur,
K
- MT(T:tr (Pg;’"'ntn{,’ )

tr(A,.A%,) = r (Pg;lntn,{? P;{“)

M
MT ,
= ==Y [P
k=1

M
MT ;
= 5 > [P ek [T i (C.1)
k=1

kk

where in the last step of Eq. (C.1) we have used the fact that ILIIY is a diagonal

matrix. Similarly, we have

MT &
N > 1P kA A i (C.2)

k=1

tr (Br/,t’Bft) =
Combining Lemma 6.1 and Eq. (C.2) with Eq. (C.1) yields

MT
tr (AT,tAg,t’ + Br/,t’Bft =K o(r —r')o(t — ')
where §(n — m) denotes the unit impulse function, and we have used the fact that

each matrix V. is V-structured. Similarly, we can obtain
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tr (A,:BY , + By All) =0
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Appendix D

Proof of Lemma 6.5

First we prove the sufficient condition. Suppose that L = Ly [];_, pf’“, where ged(pg, L) =
1for k=1,2,---,r. Then, in this case, employing the multiplicative property of the
Buler function yields p(P) = ¢(L1) [Ti; #(pi***) = ((L0) Ty 7~ (o1 = 1)) (TTjy 27°)
w(L)M, which gives the proof of the sufficient condition.

Now we prove the necessary condition. Suppose that ¢(P) = ¢(L)M. Then, we
claim that L and M are not coprime. Otherwise, if L and M were coprime, then, using
Result 1 would result in ¢(P) = ¢(L)p(M). By the definition of the Euler function,
we know that o(M) < M if M > 1. This would lead to ¢(P) = ¢o(L)p(M) < o(L)M
for M > 1, which would contradict with the assumption. Therefore, L and M are
not coprime. Let py,po, -+ ,p: (¢t > 1) be the common prime divisors of L and M;
i.e., L and M can be decomposed as L = [[;_, py*L1 and M = [[;_, pe* M1, where
t > 1, ag, v > 1, each py is coprime to both Ly and M;, and ged(Ly, M;) = 1. Hence,
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p(P) = p(L1)p(My) [Tiy @(pi* ™). Since p(p**™) = pp* ™™ (p — 1),
p(P) = (‘P(Ll) e o - 1)) (HP?%(M))
k=1 k=1
= (L) (Hp?kw(Ml)>
k=1

< o(L) (HP?M) =e(L)M (D.1)

where the equality in Eq. (D.1) holds if and only if M; = 1. Therefore, in this case,
L = Ly [T_, Pi*. This completes the proof of Lemma 6.5.
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Appendix E

Proof of Theorem 6.4

By Theorem 6.3, the LD code constructed in Theorem 6.4 is trace-orthonormal. In
the following, we prove that such resulting signal coding matrix X (s) provides full

diversity. To this end, first generate the DAST code. Let

Ro[l : Ml, Z] OMlxM *
Ork = Srk + Sr,k
OM2><M RS[Ml—}-lIM, Z]
where Srkp = [S(r—l)T+(k—1)M+17"' 75(r—1)T+(k—1)M+M]T- Then, the DAST code is

generated by the matrix D(s, ;) £ diag(o,x). By circularly placing stream data of

each DAST code, we form the following matrix

R
X(sk)=> P 'D(s;p) fork=1,2,--- L (E.1)
r=1
where sp = [s];,87,,--+ , 837" A signal matrix X (s) can be built by Theorem 6.3
X(s) = [X1(s), Xa(s), -+, Xp(s)] (E.2)
where s = [sT,s] .. | s%]T = [s1, 82, , s7m]|T and the kth sub-signal matrix X (s)
is given by
E o~
Zukg.)f Sk for€:1,2,---,L (E3)
k=1
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We have from Eq. (E.2) and Eq. (E.3) that

L L
=Y Xy(e)X{(e) =) X(er)X(e) (E.4)
=1 k=1
where e; = s, — s), and e = [e] el - -- ,e%]T. This shows that, if we construct the

V-structured matrix using Construction 1 and then use it to obtain the signal matrix
X (8) through Theorem 6.3, then the autocorrelation matrix X (e)X*(e) does not
depend on the choice of the unitary matrix U. Now it suffices to prove that for any
point e there exists at least one k such that X'(ey) is of full rank. Since e # 0, there
exists at least one k such that er # 0 and as a result, there exists the maximum 7
such that ez # 0. In other words, e, = 0 for # < r < R, but ez # 0, where
€k = Srk — S,;. Therefore, det(D(esx)) # 0. Now following the proof in [22,
64], where the Diophantine numbers are chosen as 1, = 1,% = CLrarz -+ ,¥r-1 =
¢ fﬁjﬂ, and expanding the determinant of X'(ex) according to the power of {; g, we
have that det(X(ex)) = Y_j_, ce(rpns, Where co € Z[Crp] for £ = 1,2,--- ,7. By
Corollary 6.1, ¢z = det (D(s7x)) # 0. In addition, by Lemma 6.4 and the properties
of Euler functions, we know that 1,{rrum, CPrar - ,Cfgj,l is linearly independent
over Z[(rnm] and as a result, we claim that the determinant of X(e) is not zero.
Therefore, using Lemma 6.6, we conclude from Eq. (E.4) that det (X (e)X(e)) =
det (Zle X(er) X ey ) > Z det (X (ex) X (ex)) > 0 for any e € Z¥[(;] \ {0}.
This completes the proof of Theorem 6.4.
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