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TO MY GRANDMOTHER



Abstract

In this thesis, we study the group of base-point preserving homotopy classes
of homotopy self-equivalences of a four-manifold. Based on the approach
of Hambleton and Kreck, an explicit description of this group is obtained
when the fundamental group of the manifold is either a free group or a
two-dimensional Poincaré duality group. As a byproduct, a classification
of such four-manifolds up to s-cobordism is obtained by using the modified

surgery theory of Kreck.
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Introduction

Let X be a connected pointed topological space which has the homotopy
type of a CW complex. For such a space let Aut,(X) denote the group
of base-point preserving homotopy classes of homotopy self-equivalences of
X with the multiplication induced from the composition of maps. This
group is a geometric version of the group of automorphisms of a group,
and these concepts coincide when X is an Eilenberg-MacLane space, i.e.
Aut,(K(G,n)) = Aut G. One can think of Aut.(X) as the analogue in the
homotopy category of the homeomorphism group, Homeo,(X) of a topolog-
ical space, or in the smooth category as the analogue of the diffeomorphism
group, Diffeo,(X) of a smooth manifold. The group Aut.(X) also plays an
important role in the homotopy type classification problem, since spaces of
the same homotopy type have isomorphic self-homotopy equivalence groups.
Let 7, denote the category whose objects are topological spaces with
base point and whose morphisms are based homotopy classes of based maps.
If h: X =Y and ¢ € Aut.(X), then we have a sequence of obstructions in
H{(Y,X;m(Y)) to the existence of a map ¢: Y — Y such that

¢ h
X—"X—/—;Y

h ///
l -
Y

the diagram is commutative. Even if there exists such a map v, it does not
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have to be a homotopy equivalence. Therefore Aut,(X) is not functorial.

Let C be any category and Eq(X) denote the set of morphisms
f: X — X which are equivalences in C, i.e., there is a morphism g: X — X
with fog =1idx and go f = idx. Now if T: 7, — C is a covariant func-
tor, then T induces a homomorphism T,: Aut.(X) — Eq(TX). Many of
the results on Aut,(X) are based on this observation. For a particular T,
one determines properties of T, and then attempts to determine Aut,(X).
For example let G be the category of groups and T: 7, — G be defined as
T(X) = mo(X) or H,(X; G). Our main example is T': 7, — CW where CW
is the category of CW-complexes and T'(X) = P,(X) (n-th stage Postnikov
tower). Postnikov decompositions are well-suited to study this group since a
homotopy self-equivalence f does induce homotopy self-equivalences on the
n-th stages, on the other hand f need not induce homotopy self-equivalences
of the n-skeleta X ™.

Let & (X) denote the space of based maps X — X which are homo-
topy equivalences, with base point the identity function and with the com-
pact open topology. It contains the group of basepoint preserving home-
omorphisms Homeo,(X), and, when X is a smooth manifold, the group
of basepoint preserving diffeomorphisms Diffeo,(X). From knowledge of
E.(X), one hopes to obtain information about these subspaces. Also note
that we have Aute(X) = m(€a(X)). See surveys [1], [60], and [61] for review

of results on the group of self-homotopy equivalences and related topics.

Remark. In [1}, E(X) and £(X) are used to denote the space of based
homotopy self-equivalences of X and the group of based homotopy classes

of based homotopy self-equivalences of X respectively. Meanwhile in [60]



and in [61], E*(X) and £*(X) are used for the corresponding terms.

We are going to work with closed, connected, oriented, smooth or
topological 4-manifolds. Let M denote such a manifold with a fixed base-
point xg € M. For technical reasons, we will restrict ourselves to homo-
topy self-equivalences preserving both the given orientation on M and a
base-point xy. Let Aut,(M) denote the group of homotopy classes of such
homotopy self-equivalences. At this point let us fix some notation. The
fundamental group (M, zo) will be denoted by m. The higher homotopy
groups 7;(M, zo) will be denoted by m; (where m; = Wi(M ,Zo) for i > 1)
and they are naturally endowed with a 7-module structure. We write A for
the integral group ring of 7. We will mean homology and cohomology with
integral coefficients unless otherwise noted.

We can ignore the base-point and consider the collection of homotopy
classes of free (unbased) maps M — M which are homotopy equivalences.
This forms a group under composition of homotopy classes which will be

denoted by Aut (M). The evaluation map at xzq gives a fibration
Eo(M)—=E(M) =M .
We then have a long exact sequence of homotopy groups
o ——m(E(M)) =T —> Aute(M) —= Aut M —= 1.

Hence if M is simply connected, then clearly Aut,(M) = Aut (M).
In 1990, Cochran and Habegger [20], computed Aut (M) for simply

connected 4-manifolds:

Theorem (Cochran and Habegger). Let M be a 1-connected 4-manifold
and Aut(Hz(X),-) (respectively Aut(H(X),+-) ) denote the group of au-
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tomorphism of Hy(M) preserving the intersection form (respectively up to

sign ). Suppose that rank Hy(M) is non-zero, then
Aut (M) = K Hy(M;Z/2) x Aut(Hy(M), £)

and if Autt (M) denotes those homotopy classes of self- homotopy equiva-

lences which preserve the orientation
Autt (M) = KHy(M;Z/2) x Aut(Hy (M), -) ,
where K Hy(M;Z/2) := ker(wy: Ho(M;Z/2) — Z]2).

Remark. If the rank of Hy(M) is zero, then M ~ S* and as a self homotopy
equivalence of a sphere is homotopic to the identity if and only if it has

degree 1, we have Aut (M) = Z/2.

It is a well known result of Milnor [56] and Whitehead [74] that a
simply connected 4-dimensional manifold M is classified up to homotopy
equivalence by its intersection form, but in the non-simply connected case
this form does not detect the homotopy type, one missing invariant is the
first k-invariant ky € H3(m;m;), see [33, Remark 4.5]. Hambleton and
Kreck [33] defined the quadratic 2-type of M as the quadruple [, 72, kar, Sp]
where sy is the A-valued intersection form on my = Hy(M;A). The group
of isometries of the quadratic 2-type of M, denoted by Isom|m, 72, kas, Sar),

consists of all pairs of isomorphisms
x:m™—m and Y: 7Ty — My,

such that ¥(gz) = x(g)¢¥(z) for all ¢ € m and z € my, which preserve

the k-invariant, v,(x"!)*k = k, and the equivariant intersection form,



s (W(x), ¥(y)) = x«Sm(z,y). In [33] the authors showed that the quadratic
2-type detects the homotopy type of an oriented 4-manifold M if 7 is a finite
group with 4-periodic cohomology (this result was later extended to finite
groups with 4-periodic 2-Sylow subgroups by Bauer [5]).

Using Hambleton and Kreck’s classification of 4-manifolds and a
spectral sequence argument, in 1996 Hayat and Legrand [39] showed that the
group Aut (M) fits in an exact sequence. Let us first point out a construction
from [20, p. 425) before we state their theorem. When M is simply connected

there exists a homomorphism
®: H2(M;7T3) = HOHl(7T2,7T3) E My QM3 — My

given by ®(a®b) = [a, b]+wa(a)(boXn) where [, ] is the Whitehead product
and 7 is the Hopf map. When M is not simply connected, the homomor-
phism & associated to the universal cover M of M induces a homomorphism

U: Hom(nwg, w3)™ — (74)x, where (m4), is the group of co-invariants of 4.

Theorem (Hayat and Legrand). Let M be a compact connected ori-
entable 4-dimensional manifold, having finite fundamental group with a pe-
riodic cohomology of period 4. The group Aut (M) fits in the following exact

sequence
H(m;wy) — coker (U) — Aut (M) — Isom|m, 79, kpr, se] —>1 .

In their 2004 paper [35], Hambleton and Kreck first defined a suitable
thickening Aute(M,ws) of Aut,(M): the class wy, € H*(M;Z/2) gives a



fibration wy: M — K(Z/2,2) and we can form the pullback

M{ws) — M
I
BSO K(Z/2,2)

w2(y)

where v denotes the stable universal bundle over BSO. Now define

Aut, (M, w,) as the group of equivalence classes of maps f: M — M{(w,)
such that (i) f:=jo f is a base-point and orientation' preserving homotopy
equivalence, and (ii) £ o f = var. The connection between Aut,(M, ws) and

Aut,(M) is given by the following short exact sequence of groups (see [35])
0 — H'(M;Z/2) — Aute(M,w;) — Aute(M) — 1.

So for example if 7 is a finite group of odd order, then since H*(M;Z/2) = 0,
we actually have Aut,(M, ws) = Aut,(M).

Let B denote the 2-type of M. We may construct B by adjoining
cells of dimension at least 4 to kill the homotopy groups in dimensions > 3.
The natural map c: M — B is given by the inclusion of M into B and is a

3-connected map. By a result of Mgller [58], there is an exact sequence

0— H?(m;mp) —> Aut.(B)(MQ Isom[r, 7o, kp] —1 .

In [35], the authors established a commutative braid of exact sequences,
valid for any closed, oriented smooth or topological 4-manifold M, con-
taining Aute.(M,w;) and got an explicit formula when the fundamental
group 7 is finite of odd order. Before stating their result let us point out
that if w is a finite group then the intersection form s,s is determined by

c.[M] € Hy(B)(see [33, p. 90]). As a consequence of Mgller’s result, we
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have a finite extension of Isom[m, w2, ks, sar] (see [36])
0 — H?(m; mg) — Isom(m, 72, knr, cx[M]] —— Isom(n, 7q, kpr, sl —= 0,
where Isom|[m, 9, kar, cu[M]] := {¢ € Aute(B)|(¢)«(c:[M]) = c.[M]} .

Theorem (Hambleton and Kreck). Let M be a connected, closed, ori-
ented smooth (or topological) manifold of dimension 4. If mi(M, xo) has odd

order, then
Auto (M) = KHo(M;Z/2) x Isom[r, ma, kar, ci[M]] .

In the first part of this thesis, we will extend the above result in two
cases, namely when 7 is a free group or a PDs-group. Since H3(m;m) =0
for both cases we have kjp; = 0. For notational ease we will drop it from
the notation and write Isom[m, 7y, sps] for the group of isometries of the
quadratic 2-type.

In Chapter 2, we will deal with 4-manifolds with free fundamental
group. First note that H?(m;m;) = 0 if 7 is a free group, thus we have
Aut,(B) = Isom|[m, mo]. Hillman [42] proved that 75 is a free A-module and
as a consequence he showed that c.[M] and sj uniquely determine each
other (see [44] ). Hence we have Isom(nw, 2, ¢, [M]] = Isom[m, 73, sp].

We have an analogous bordism group Aut.(B,ws). Note that there

is a similar pullback diagram for B

B('LU2> B

P

BSO—WK(Z/Z, 2) .

We define Aute(B,ws) as the set of equivalence classes of maps f M —
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B(wsy) such that (i) f:=jo f is a base-point preserving 3-equivalence, and
(ii) € o f = v

We will define an extension Isom“? [r, 75, 55/] of Isom[r, 7a, 0] as
Isom(w"‘)[ﬁ,m, syl = {f € Aut.(B,wy) : ¢5 € Isom[m, 72, sp]}
which sits in an exact sequence of groups
0 — HY(M;Z/2) — Isom™?[r, w3, 5] g, Isom{m, g, spr] — 1 .
We then prove the following for 4-manifolds with free fundamental group.

Theorem A. Let M be a connected, closed, oriented, smooth or topological

manifold of dimension 4. If m := w1 (M) 1is a free group, then
Aut, (M, wy) = (K Hy(M;Z/2) ® Hs(M;Z/2)) x Isom™? [r, 73, 501] ,
where K Hy(M;Z/2) = ker(wq: Ho(M;Z/2) — Z/2).

In Chapter 4, we work with 4-manifolds with PD; fundamental
group. Unfortunately, we don’t know whether c,[M] and sps uniquely de-
termine each other or not, so instead of Isom(m, 7g, sps], we work with the

group Isom[m, 7y, c.[M]]. We defined
Isom 21, 7, c,[M]] := {f € Aute(B,w;) : ¢5 € Isom[r, 73, c.[M]]}
and showed that it sits in the following short exact sequence
0 — HY(M;Z/2) — Isom™? [r, w5, c,[M]] — Isom[r, 79, c. [M]] —> 1 .

We obtained the following result:



Theorem C. Let M be a connected, closed, oriented, smooth or topological

manifold of dimension 4. If m := m(M) is a PDy group, then
Auty (M, wy) = (K Hy(M;Z/2) & Hs(M;Z/2)) x Isom™? [, 7y, c.[M]] .

The second part of this thesis deals with the classification of 4-
manifolds up to s-cobordism. The geometric classification techniques, surgery
and s-cobordism theorem, are not known to hold for the groups under con-
sideration, the most one can hope at present is to obtain classification up to
s-cobordism or up to stabilization by connected sum with copies of §% x S2.

The classification of manifolds is one of the central problems in math-
ematics. Since any finitely-presented group can be realized as the funda-
mental group of a compact n-manifold if n > 4, a complete answer is not
possible for manifolds of dimension > 4 as a result of the undecidability of
the word problem for finitely-presented groups (there is in general no finite
procedure for deciding in all cases whether two groups given by finite sets
of generators and relations are isomorphic). Thus as a first invariant one
has to fix the fundamental group.

For 4-manifolds with prescribed fundamental group classification up
to homeomorphism or diffeomorphism is still a hard problem even if the
fundamental group is trivial, because there is not enough room to apply
the fundamental Whitney trick in this dimension. In 1964 Wall [72], was
able to get around this difficulty at the price of stabilizing. We say that
two 4-manifolds are stably diffeomorphic (homeomorphic) if they become

diffeomorphic (homeomorphic) after connected sum with $? x $%’s.

Theorem (Wall). If My and M, are smooth, simply connected and h-



cobordant, then there is an integer k such that we have a diffeomorphism
Mlﬂk(S2 X 52) = Mgﬂk(Sz X 52) .

Definition. A cobordism W™*! between manifolds M; and M, is called
an h-cobordism if the inclusions M; — W and M, — W are homotopy

equivalences

If two 4-manifolds are homotopy equivalent, then their intersection
forms must be isomorphic. The importance of intersection forms for 4-
dimensional manifolds comes from the following theorem of Whitehead [74],

as sharpened by Milnor [56].

Theorem (Milnor, Whitehead). Two simply-connected 4-manifolds are

homotopy equivalent if and only if their intersection forms are isomorphic.
In 1964, using handlebody theory Wall [72] also proved:

Theorem (Wall). If M; and M, are smooth, simply connected, and have

isomorphic intersection forms, then M; and My must be h-cobordant.

It is important to obtain an h-cobordism: if M; and M, are compact
oriented n-manifolds that are h cobordant through the simply connected
(n + 1)-manifold W and n > 5, then the h-cobordism theorem of Smale
[65] says that W is diffeomorphic to the cylinder over M;. In particular M;
and M, are diffeomorphic. In 1981 M. Freedman [27] was able to prove the

h-cobordism theorem in the topological category for n = 4.

Theorem (Freedman). M; and M, are compact oriented 4-manifolds that
are h cobordant through the simply connected 5-manifold W, then we have
a homeomorphism W = M; x [0,1], and in particular M; and M, are

homeomorphic.
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Remark. The smooth version of the 5-dimensional h-cobordism theorem

is false by Donaldson [24].

The h-cobordism theorem was generalized by Barden [4], Mazur [54]
and Stallings [68], to the s-cobordism theorem for non-simply connected
manifolds, using Whitehead torsion. The Whitehead torsion of a homotopy
equivalence f: M; — M, sits in the Whitehead group, 7(f) € Wh(m(M;)).

A homotopy equivalence is simple if 7(f) = 0.

Definition. A cobordism W"*t! between manifolds M; and M, is called an
s-cobordism if the inclusions M; — W and My; — W are simple homotopy

equivalences

The s-cobordism theorem says that an h-cobordism W™*t! between
M, and M, with n > 5 is diffeomorphic to the trivial cobordism M; x [0, 1]
if and only if the homotopy equivalence M; — W is simple. Freedman
was able to obtain remarkable results on the topological classification of
4-manifolds by proving a version of the Whitney trick in the 4-dimensional
topological category where the fundamental group lies in a certain class of
good groups, i.e., groups for which the Whitney trick is known. This in

turn has led to an s-cobordism theorem for 4-manifolds.

Theorem (Freedman). A compact s-cobordism of dimension 5 with good

fundamental group has a topological product structure.

In Chapter 3, we get the following result for 4-manifolds with free

fundamental group.

Theorem B. Let M; and M, be two closed, connected, oriented, topo-

logical 4-manifolds with free fundamental group and have the same Kirby-
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Siebenmann invariant. Then they are s-cobordant if and only if they have

1sometric quadratic 2-types.

For manifolds with PD, fundamental group we had to put an extra
condition on the manifolds. A manifold M is said to have ws-type (I) or (II)
if M and M are spin at the same time (see [34] for the actual definition).

We get the following result in chapter 5:

Theorem D. Let M; and M; be two closed, connected, oriented, topological
4-manifolds with PDy fundamental group. Suppose that they have the same
Kirby-Siebenmann invariant and My has wo-type (I) or (II). Then My and

M, are s-cobordant if and only if they have isometric quadratic 2-types.

Remark. Similar results were obtained in [17], [42] and [44], but our method

is different.

We finish this introduction by pointing out that our methods are
based on the approach of Hambleton and Kreck [35] involving bordism tech-

niques and the modified surgery theory of Kreck [49].
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Chapter 1

Background

1.1 TUniversal Poincaré Duality and
the Equivariant Intersection Pairing

The groups that we are interested in are infinite groups, so it will be conve-
nient to start this chapter by recalling some basic facts on Poincaré duality
and intersection pairings over the group ring of the fundamental group. The
exposition in this section is based on [19], [22], [32], [38] and [73]. Let M be
a closed, oriented, smooth or topological 4-manifold. We shall assume that
M is provided with a CW-structure, up to homotopy. The covering map
p: M — M induces a CW-structure for M  ie., if M®) and M® denote the
k-skeletons of M and M respectively, then M® = p=1(M®). As the fun-
damental group 7 acts on the right cellularly on X by covering translations,
it acts on M® by permuting the k-cells of M® which lie over a fixed k-cell
of M®). Therefore there is an induced free right A-module structure on
the cellular chain complex C*(ﬁ) of M with Ck(ﬁ) = Hy(M®, M1y =

free right A-module generated by the k-cells of M.
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CHAPTER 1. BACKGROUND 14

——

Let A be a left A-module. The tensor product C,(M)®j A is a chain
complex of Abelian groups. The homology of M with local coefficients in

A is defined as

—

Next, we will give the corresponding definition of cohomology. Since
the functor Homp(—, —) is defined on the category of pairs of right A-
modules or of pairs of left A-modules, we need to either change C, (M ) to
a left A-module or consider coefficients in right A-modules. We opt for the

former. The standard involution A — X on A is induced by the formula

2 meg =) ey

for n, € Z and g € m. Let A be the corresponding right A-module with
the conjugate structure given by a.X := Xa , for A € A and a € A (we paid
our attention only to the orientable case, so the first Stiefel-Whitney class

vanishes). The cohomology of M with local coefficients in A is given by
H*(M; A) = H*(Homa(C,(M),4)) .

For A = 7Z, we obtain the integral homology and cohomology of M. In fact,
the cellular chain complex of M satisfies C,(M)®p €*Z, where Z is regarded

as a left A-module via augmentation map e: A — Z. We have

——

H.(M) = H,(C.(M) ®x €Z) = H.(C.(M)) = H.(M)

and

—~—

H*(M) = H*(Homs(C.(M),Z)) = H*(Hom(C.(M) ®, €'Z, Z))

& H*(Hom(C\.(M),Z)) = H*(M) .
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If A=A, then

—~— —~— ——

The same fact does not hold for cohomology without some modifications.
The cochain complex C*(M;A) = Homy (C, (M), A) is not in general iso-

morphic to Hom(C, (M), Z). It turns out that

H*(M;A) = H? (M)

cpt

the compactly supported cohomology of M (the cohomology groups defined
by integral cochains with compact support, i.e., taking non-zero values on
a finite number of cells, with the induced A-module structure). So for finite
7, M is compact and we have H*(M;A) = H*(]Tj). However, for infinite
m and a compact M the cover M is non-compact and it is the compactly

supported cohomology which is relevant.

Proposition 1.1.1 ([59]). The homology and cohomology groups of M with

local coefficients in A are related by cap products
N: H(M)® H (M;A) — Hi_;(M;A)  (z,y) > zNy
such that for every A € A, we have
zNxy=(xzNy)A e H_;(M;A) .
For any homology class x € H;(M) the pairing
s: HI(M;A) x H(M;A) — A (a,b) = a(zNb)
is sesquilinear and such that

s(b,a) = (1) s(a,b) € A .
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To have a better understanding of the above cap product, we are
going to use the universal covering space M of M. We know that there are

defined cap product pairings
N: HY (M) ® HI(M;A) — H;_;(M; A)

with HY (M) the homology groups defined using the locally finite infinite
chains, which are formal sums ) n,0 of singular simplices o: A™ — M
with n, € Z, such that each m € M has a neighborhood meeting the
images of only finitely many o’s with n, # 0 (to define the usual homology,
we consider chains that are finite formal linear combinations of simplices of
M). Thus for noncompact M of M there are defined infinite transfer maps
trf: Ho(M) — HY (]Tf ) which assign to a singular simplex sum of its lifts.
Then the cap product with an element in H;(M) can be expressed as the

composite

N: Hy(M) ® Hi(M; A) T2 5Y (M) @ Hi(M; A) ="~ Hi_;(M; A) .

We can now state the Poincaré duality in the following way:

Theorem 1.1.2. For any closed, oriented smooth 4-manifold M and uni-
versal cover M, there is a fundamental class [M] € Hy(M) and cycle o
representing [M] such that the cap product with o induces A-equivalence of

A-chain complexes
oN—: CYM;A) — Cs_y(M;A)
As a consequence we obtain the following A-module isomorphisms

[M]N—: HY(M;A) — Hy_,(M;A) .
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Next, we are going to recall the definition of the equivariant inter-
section pairing sp; on me(M), or the homology intersection pairing of M

with respect to M ,
syt Hy(M;A) x Hy(M;A) — A; (a,b) — sp(a,b) = a*(b) .

This is a sesquilinear pairing where a* € H?(M; A) is the Poincaré dual of a,
such that sps(a,b) = _s—m € A. We are going to give two interpretations
of this definition:

(I) Any element a € w3 = Hy(M;A) can be represented as an immersion
Sy % M which does not necessarily preserve the base-point, so first we
specify a homotopy class of paths in M joining the base point xy to a(1).
Note that 7 acts on 7wy by composing the path with a loop on zy. For
any pair (a,b) € Ho(M;A) x Hy(M;A), we can assume that the immersed

spheres a and b are oriented and intersect transversely in a finite set of

points z. Then we set

Al(a7b)=: j{: Azgw

r€anb

where (1) g, € 7 is the class of the loop at zp which starts along the path
to the base-point of b, around b (avoiding other intersection points) to z,
around a to its base-point, and back along the given path to zo. (2) to
define )\, for an intersection point, we note that the orientations of a and b
induce an orientation of M at the intersection point z € a Nb. The chosen
orientation of M at the base-point xy can be transported along the path to
a and through a to the intersection point xz. If these orientations agree, we
set Ay = 1, otherwise )\, = —1.

(IT) For our second interpretation of the equivariant intersection form, we
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start with the usual Z valued intersection form,

s: Hy(M;A) ® Hyo(M; A) = HX(M;A) @ H*(M; A)

|o

H4(M; A)

n[M]

Ho(M;A)=Z
where [M ] is the fundamental class of M, with possibly infinite chains. This

form is wm-equivariant. Now, we define the equivariant intersection form by

sp(a,b) = Zs(a,g‘lb)g €Zr]=A.

genw

The cohomology intersection pairing
syt HA(M;A) x H*(M;A) — A;  (a,b) — a([M]N D)

coincides with the homology intersection pairing via Poincaré duality iso-

morphism

H2(M;A) x H(M;A) i A

]

Hao(M;A) x Hy(M;A) =

The intersection form s,; induces the A-homomorphism

Sa: Ho(M; A) — Homp (Hy(M; A), A)

defined by $p(z)(y) = sm(z,y) [73, p. 47). The relation between sy and

Poincaré duality can be stated as follows
Lemma 1.1.3. If ev: H*(M;A) — Homa(Hy(M;A), ) is the evaluation

homomorphism, given by ev(c)(z) = cNz = c(z), then the diagram

H?(M; A) —=— Homy(H,(M;A), A)

[M]n—l Tﬁ?

Hy(M;A) Hy(M;A)

commutes, i.e., Sy o ([M]N—) = ev.
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1.2 Whitehead’s I' Functor

Next we define Whitehead’s quadratic functor I', which we use in our ho-
mology calculations. This functor is defined for any Abelian group G. We
define I'(G), by means of symbolic generators and relations . The elements
of I'(G) are equivalence classes of words written on G. Let w(g) denote the

word g. The relations for I'(G) are
(i) w(—g) = w(g)
(il) w(gi+ga+gs)w(gatgs)  w(gi+gs) " w(gi+g2) " w(g)w(gz)w(gs) =0,

for all elements g, g1, g2, 93 € G.

The group I'(G) is determined by the generators G and the relations
given by (i) and (ii). It follows from (ii), with g; = g5 = g3 = 0, that w(0) =
0. Hence, with g; = 0 and g;1+g3 = g4, we have w(gs)w(gs) w(gs) w(gs) =
0. Therefore I'(G) is Abelian.

Definition 1.2.1. A function f: G — H between Abelian groups is quadratic
if f(9) = f(—g) and if the function G x G — H which is given by

(91,92) = f(g1+ g2) — f(g1) — f(g2) is bilinear in g; and go.

Since a quadratic map is consistent with the relations defining I'(G),
for each Abelian group G there is a universal quadratic map v: G — I'(G)
with the property that for all H and quadratic maps f: G — H there is a
unique homomorphism f: I'(G) — H with fy = f.

We can construct the group I'(G) as follows: Consider the map
i: G — F(G) where F(G) is the free Abelian group generated by the

underlying set of G. The map ¢ is the inclusion of generators. We set
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I'(G) = F(G)/R where R denotes the relations (i) and (ii) for I'(G). Now

7y is the composite G — F(G) — F(G)/R of i and of the quotient map.
Now, I is a functor, which carries Abelian groups to Abelian groups

since a homomorphism ¢: G — H yields the quadratic map vy which

induces a unique homomorphism I'(¢) = 7 such that the diagram

r(G) 4 r(H)
'YT , T’Y
G H

commutes. We consider the function A: G — G®G given by A(g) = g®g.

Clearly, A is quadratic and yields the canonical homomorphism
A:T(G) > G®G with Ay=A.
Next we obtain by the quadratic map « the bilinear pairing

[, ]1=[1L1]: G®G - T(G) with [g1,g2] = v(g1 + g2)v(g1) " v(g2) ™" .
We write [f,9] =[1,1)(f®g): X®Y - G®G — I'(G) where f: X — G,
g: Y — GG are homomorphisms. We have

[91,92] = [92,01] and Algy, o] =1 ® g2+ 92 @ g1 .

Moreover, the homomorphism A is injective in case G is free Abelian [7,

p. 14]. For a direct sum G & H we have the isomorphism
I(GeH)=TG)aT'(HHdG® H

which is given by I'(4;), I'(¢2) and [i1, %3], where 4; and i, are the inclusions

of G and H into G ® H respectively. A similar result is true for an arbitrary

direct sum where I is an ordered set:

IEPG)=PreG)ePaG:a;.

i>j
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Moreover, I' commutes with direct limits of Abelian groups. If G = Z then
['(G) = Z generated by ~(1). This shows that for a free Abelian group G,
I'(G) is also free Abelian.

We will give two expressions for ['(G) when G is a free Abelian group
(see [75, pages 62, 63]). Let {g;} be a set of free generators of G, indexed

in (1-1) fashion to a set {i} with a total ordering.

Proposition 1.2.2 ([75]). I'(G) is free Abelian and is freely generated by
the set of elements ¥(g;), (9;, gk, for every i € {4} and every pair j, k € {i}

such that j < k.

Let G* = {¢: G — Z | AN,¢(g;) = 0 for i > N}. Then G* is a
free Abelian group, which is freely generated by {g;}, where gfg; =1 or 0
according as j = ¢ or j # ¢. We describe a homomorphism f: G* — G as
locally finite if and only if for almost all values of ¢ we have f(g;*) = 0 and
f is symmetric if and only if g*f(h*) = h*f(g*) for every pair g*, h* € G*.
Let

fles") = Zfijgj = Z(gj*fgi*)gj ,

then being symmetric is equiv]alent to the] condition f;; = f;;. Let S be the

additive group of all locally finite, symmetric homomorphisms, f: G* — G.
Proposition 1.2.3 ([75]). S = I'(G)

Finally, with G still free Abelian, if a group 7 acts from right on G
by linear maps (i.e., G is a right Z[r]-module) this induces an action of
on I'(G). If we consider T'(G) as a subgroup of G ® G = Hom(G*, G) this
m-action on I'(G) is given by the diagonal action on G ® G. In terms of
homomorphisms p € 7 maps f € S to po fop*. With this convention I'(G)
is a A-submodule of G ® G.
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See [75] or for a recent exposition [6] and [7] for further reading on

this subject.

1.3 Manifolds with structure

When we deal with non-spin manifolds we are going to use the language
of manifolds with structure. Let &.: E, — BSO(r) be a fibration. If n
is an r-dimensional vector bundle over the space X classified by the map
n: X — BSO(r), then an (E,,§,) structure on 7 is a homotopy class of
liftings to E, of the map 7; i.e., an equivalence class of maps 7: X — E,
with §, o =17
E,
/ lar
X —> BSO(r)

where 7 and 7] are equivalent if they are homotopic by a homotopy H: X X
I — E, such that & o H(z,t) = n(z) for all (z,t) € X x I.

We will be interested in the stable normal bundles of manifolds.
Since the classifying map vy : M — BSO depends on an embedding of M
into R™*" for r large, we will define an equivalence relation on the sequences
of (E,,&,) structures on the normal bundle of M. Let M™ be a compact,
oriented manifold (with or without boundary) and let i: M — R"" be
an embedding. The normal bundle of i is the quotient of the pullback of
the tangent bundle of R**"  ¢*7(R™*"), by the subbundle 7(M). Giving
7(R™7) = R™" x R™" the Riemannian metric obtained from the usual
inner product in Euclidean space, the total space N of the normal bundle

may be identified with the orthogonal complement of 7(M) in i*7(R"*"),
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or the fiber of N at m may be identified with the subspace of R™*" x R™*"
consisting of vectors (m, z) with z orthogonal to 9,7(M),,. The normal map
of ¢ is given by sending m into N,,, € (z(R"”), covered by the bundle map
n: N = 4" (R*"); (m,z) — (Np,z). Composing with the inclusion into
4" provides a map v(i): M — BSO(r) which classifies the normal bundle
of the embedding .

Suppose one is given a sequence (E, §) of fibrations &.: E, — BSO(r)

and maps g,: B, — E,.; such that the diagram

gr
Er Er—!- 1

Erl l§r+1

BSO(r) —=> BSO(r + 1)

commutes, 7, being the usual inclusion. An (E,,&,) structure on the normal
bundle of M™ in R"*" defines a unique (E,;1,&-+1) structure via inclusion
R c R™ 7+ A normal (E, €) structure on M™ is an equivalence class of
sequences of (E,, &) structures on the normal bundle v () of M, two such
sequences being equivalent if they become equivalent for sufficiently large
r. An (E,¢) manifold is a pair consisting of a manifold M™ and a normal
(E, &) structure on M™.

Now the bordism group 2,(E) can be defined as the group of bor-

dism classes of (F, £) manifolds i.e., it consists of triangles

e
M —— BSO
where M is a closed, oriented, n-manifold and v classifies the stable normal

bundle of M given by some embedding into Euclidean space (for construc-

tion of the classifying map v: M — BSTOP see for example [62, p.207]).
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The map 7 is called a normal (E,&) structure on M (for more details on

manifolds with structures see {69, Chapter 2]).

Definition 1.3.1. Let £: E — BSO be a fibration.

(i) A normal (E,§) structure #: M — F of an oriented manifold M in E

is a normal k-smoothing, if it is a (k 4 1)-equivalence.

(ii) We say that E is k-universal if the fibre of the map F — BSO is

connected and its homotopy groups vanish in dimension > k + 1.

For each oriented manifold M, up to fibre homotopy equivalence, there is a
unique k-universal fibration E over BSO admitting a normal k-smoothing
of M. Thus the fibre homotopy type of the fibration E over BSO is an
invariant of the manifold M and we call it the normal k-type of M (see [49,
p. 711} ).

1.4 Minimal Models and
Generalized Eilenberg-MacLane Spaces

Minimal models are introduced by Jonathan A. Hillman in [43] and [44].
Before proceeding with the definition, let us introduce another notation
here. Throughout this thesis, for any map f: X — Y, the map induced on

the homotopy groups will be denoted by m,(f), i.e., T, (f): mn(X) — 7, (V).

Definition 1.4.1. A PD,-complex Z is a model for a PD4-complex X
if there is a 2-connected degree-1 map gx: X — Z. The surgery kernel

Ky(gx) := ker(m2(gx)) is a finitely generated projective Z[m;(X)]-module,
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and is an orthogonal direct summand of m3(X) with respect to the intersec-
tion pairing by [73, theorem 5. 2]. The PDs-complex X is minimal if every
such map is a homotopy equivalence, i.e., X is minimal with respect to the
partial order on PD,-complexes determined by setting X > Y if there is a
2-connected degree 1-map f: X — Y. This is so if the intersection pairing
is trivial, by [73, Lemma 2.2] and [53, Theorem 5.5]. We shall then say that

X is strongly minimal.

Remark 1.4.2. If we assume that cd(m (X)) < 2, then we may drop the
qualification strongly for the two notions of minimality are equivalent by

[44, Theorem 13].

Next, we are going to state the criterion for the existence of a strongly
minimal model. But first recall the evaluation exact sequence: the evalua-

tion homomorphism sits in an exact sequence
0 — H?(m; A) — H?(X; A) == Homy (72, A) — H3(m; A) —0 .

The cohomology intersection pairing sx is defined by sx(u,v) = ev(v)(PD(u))
for all u,v € H*(X; A) where PD stands for Poincaré dual. Since sx (u,v) =

0 for all u € H%(X;A) and v € H?(m; A), the pairing sx induces a pairing
st HX(X;A)/H*(m; A) x H*(X;A)/H?*(m;A) — A .

Theorem 1.4.3. ([44, Theorem2]) Let X be a PD,-complex and K a
finitely generated projective summand of mo(X) such that sy restricts to
a nonsingular pairing on K x K, then there is a 2-connected degree-1 map

to a PDy-complezx Z, gx: X — Z with K3(gx) = K.
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Corollary 1.4.4. ([44, p.2416]) The PD,-complex X has a strongly mini-
mal model if and only if H*(X; A)/H?(m; A) is a finitely generated projective

A-module and s’y is nonsingular.

The above conditions hold if cd(m (X)) < 2. We are going to use
the notion of strongly minimal models when we deal with 4-manifolds with
P D, fundamental group 7 (then we have cd(n) = 2). If cd(7) = 2, a group
7 is a PDy-group if H?(m; A) is infinite cyclic [11]. The strongly minimal
PD4-complexes with fundamental group a PD,-group are the total spaces
of S2-bundles over aspherical closed surfaces by [41, Theorem 5.10] and [44,
Theorem 13].

Next we are going to give the definitions of algebraic 2-type and gen-
eralized Filenberg-Mac Lane spaces : If X is a CW-complex, let ux: X —
K (m1(X), 1) denote the classifying map for the universal covering X of X
and let cx: X — B(X) denote the second stage of the Postnikov tower for
X. We have

B(X)
X lus(m
X —7 K(m(X), 1)
that is, ux = upxyocx. Amap f: X — K(m(X), 1) lifts to a map from X
to B(X) if and only if f*(k1(X)) = 0, where ki(X) € H3(m(X); m2(X)) is
the first k-invariant of X. In particular, if k1(X) = 0 then up(x) has a cross-
section. The algebraic two type of X is the triple [m1(X), m2(X), k1(X)].
Two such triples [m;(X), mo(X), k1(X)] and [m;(X"), mo(X"), k1 (X")]

are equivalent if there are isomorphisms

a:m(X) - m(X') and B: m(X) — m(X')
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such that B(gm) = a(g)B(m) forall g € m(X), m € m3(X) and B. (k1 (X)) =
a*(k1(X')) € H3(m(X);a*m2(X’)) (where a*my(X') denotes the induced
711(X)-module structure on m3(X’) by ). Such an equivalence can be real-
ized by a homotopy equivalence of B(X) and B(X'), i.e., the algebraic 2-
type [m1(X), m2(X), k1(X)] and the Postnikov 2-stage determine each other,
and k1 (X) = 0 if and only if up(x) has a section.

If P is a Z[m (X)]-module, then let L := L., x)(P,2) be the space
with algebraic 2-type [71(X), P, 0] and universal covering space L~ K(P,2).
Such objects L always exist and they are unique up to homotopy equiva-
lence ([6, p. 214]). Note that if P = mp(X), then k;(X) = 0 if and only
if B(X) ~ L. The space L is a generalized Eilenberg- Mac Lane space: if
f: X — K(m(X),1) is a map, then there is a natural bijection from the
set of homotopy classes of maps g: X — L lifting f to H*(X; f*P) (see [6],
[41] and [52] for more details).
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Free Fundamental Group

2.1 The structures of m and I'(my)

Let M be a closed, oriented, smooth or topological 4-manifold with funda-
mental group 7, a free group of rank r. Let A = Z[n] denote the integral
group ring of 7. The standard involution A — X on A is induced by the
formula
Z ngg — E Ng gt

for ny € Z and g € m. All modules considered in this thesis will be right
A-modules, unless otherwise noted. However if L is any left A-module, let
L be the corresponding right A-module with the conjugate structure given
by IX = Al, for A € A and | € L. In particular, if R is a right A-module,

following [42] we will denote the conjugate dual module Homu (R, A) by R.

Lemma 2.1.1 ([42]). If R is a finitely presentable right A-module then R!

15 a free A-module.

Proof. Let
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be a presentation for R. Dualizing gives an exact sequence

0—> Rt —> Fj -

Now consider the factor module coker(i') = F/im(it). Since 7 is a free
group, vedm = cdm = 1 and the only finite subgroup of n is 1, and
fl\*({l} ,—) = 0. So, every A-module M is cohomologically trivial which
implies projdim, M < 2 (see [13, p.287]). Hence, projdim, coker(i') < 2

and

0 Rt F} F} coker(i') —=0
implies R! is projective ([13, p.184]). But projective modules over free group

rings are free ([2]), so R' is free. O

We may assume that M has the homotopy type of a finite complex
because Wall’s finiteness obstruction vanishes. Let C, = C,(M;A) be the
cellular chain complex of M , with respect to the natural w-equivariant cell
structure. This is a complex of free right A-modules. Let B, C Z; de-
note the g-dimensional boundaries and g-cycles in C; respectively, and let
H, = H,(C\) = Z,/By, for ¢ > 0. Then H, = H,(M;A) is isomorphic to
Hq(ﬁ ;Z) with the right A-module structure given by the action of 7 by
deck transformations on M. In particular Hy & (M) = my. We have the

following exact sequences :

0 By Co Z 0

Since 7 is a free group, the augmentation ideal is a free A-module, so Z has
a short free resolution. By Schanuel’s Lemma By is stably free hence free

([2]). Note that Z; = By, since Hy(X) = 0. We have a split exact sequence

0 B, Cy By 0.
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So B is also stably free, hence free.

0 Zy Cs B,y 0

This sequence also splits, so Z, is free. In particular, By, B, and Z, are

finitely generated free A-modules. Hence

C3 22 Up) 0

is a finite presentation for mo (this presentation will later be used in the
proof of Theorem 2.1.4).

Since some of our techniques are homotopy theoretic, we will some-
times work in the category of Poincaré duality complexes. So let us briefly

outline the definition of Poincaré duality complexes.

Definition 2.1.2. A finite connected CW-complex X is called a Poincaré
duality complex of dimension n (PD,-complex for short) if there exits a
class [X] € H,(X) such that the cap product with [X] gives isomorphisms
HY(X;A) — H,_;(X;A) for any left A-module A.

Every n-dimensional manifold is homotopy equivalent to a CW-
complex and hence determines a PD,-complex ([48]). But there are PD,-
complexes which do not have the homotopy type of an n-dimensional mani-
fold ( Gitler and Stasheff [30] constructed an example of a simply connected
finite complex which satisfies 5-dimensional Poincaré duality, but which is

not the homotopy type of a closed topological manifold).

Lemma 2.1.3. Let M be a PDy-complex with fundamental group m. Then

there is an ezact sequence

0 — H?(m; A) — H%(M; A) —=> Homy (my, A) — H3(m; A) —>0
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Proof. Use the Serre spectral sequence of the fibration M—->M-K (m, 1),
whose Fa-term is given by EPY = HP(m; HY(M;A)) = HP*4(M;A). The

non-zero terms on the p + g = 2 line are
E;° = H¥(m A) = B
and

ES® = H(m; H*(M; A)) = H*(M; A"  Hom (Hy(M; Z), A)"

=~ Homy(Ho(M;Z), A) = Homy (ma, A) .

There is a differential d3: Ey* = ES? — E3° = H3(x; A). This ds must be
onto, since H3(M; A) = H,(M; Z) = 0. Now, when we write the filtration

for H2(M;A), we get the above exact sequence. O

So for 7 a free group we have T & H?(M;A) = Homy (mq, A). Thus,

7o = Homp(mg, A) = 7r;. Recall that Cs Zy o 0 gives a

finite presentation for 7y, then by Lemma 2.1.1, 7y & wg is a free A-module.

Also we have 1y @4 Z & Hy(C. ®p Z) & Ho(M;Z) = ZPM) and hence

7o 2 AP2(M) | Summarizing we have proved:

Theorem 2.1.4. Let M be a closed, oriented, smooth or topological 4-

manifold with free fundamental group. Then wo(M) is a free A-module.

Next, we are going to show that I'(m;) is a free A-module whenever
m is a free group. Let us start with putting a simple ordering < on T,
i.e., elements g; of 7 are indexed (1 — 1) fashion to a set {i} with a simple

ordering. Now, for a given g; € 7, we define a homomorphism

A—-TA)CAQA by 1-1Q¢:+¢9:R1.
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Let D = 7 — 1. On D we have a free involution mapping g; — g; oIt
we fix for each orbit {g;, g;'} of D/Z;, a representative, say g;, we obtain a
A-homomorphism
AP/ = ] A—>TQA)CAQA
|D/Zs|
by mapping the component corresponding to {g;,g; '} via the map 1 —

1®9; +¢; ®1. We have also a A-homomorphism
A—T(A) mapping 1-1Q1.
Lemma 2.1.5. The maps above give a A-isomorphism
A @ AlIP/2:l =—T(A)
Proof. As a Z module A has basis m. Thus I'(A) has a Z basis
{9:®9licZ}U{9:;®9;+9; Qg i,j €Z, i<j}

by Proposition 1.2.2 and the injectivity of A: I'(G) — G ® G. All these
basis elements are contained in the image of the homomorphism above. The
intersection of the image of two different components in the direct sum is
{0}. Thus it is enough to check that the maps on the components are
injective. It is easy to check that the Z-basis of A is mapped to pairwise
different basis elements of ['(A). We have to show that this Z-basis of I'(A)
is linearly independent in A. Let

> [(Z "kgk) 9 ® g

1€Z k,€Z

+ Z Z i Gk (9: ® 9 +9;®g)| =0

1<j k,‘j €Z

Z Z N, (gki+i ® gki+i)+z Z nkz‘j (gkij+i ® Gkij+j + gkij+j ® gkij‘”) =0.
i€Z k;€Z (i,5) kij

But {g;®gli € Z}U{g: ®g; + 9, ® gs| %, ] € Z,7 < 5} forms a Z-basis. O
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We showed that T(A) is free as a A-module. Recall that mp & AP(M)
and (K& L) =T(K)®T(L)® K ® L. So, to show that I'(my) is free it is
enough to show that (A@A® ... D A) ®A is a free A-module.

~ vl

B2(M)—1

We will show that {1®1®...®g;| i € Z} is a A-basis.

3 191010 0g)

i€Z j;€ZL
=zznji(gji ® g;; ®... ®gji+i) =0.

But since tensor product of free modules is free, n;, = 0. Therefore,

~

Hy(B) = T'(my) is a free A-module.

Remark 2.1.6. For the last step, it is enough to show that A ® A is a free
A-module and there are two alternative ways to see this: first we can use

the following theorem

Theorem 2.1.7. ([13, p. 69]) Let M be a G-module and let My be its under-
lying Abelian group. Then ZG ® M (with the diagonal G-action) is canon-
ically isomorphic to the induced module ZG @ My. In particular, ZG @ M

is a free ZG-module if M is free as a Z-module.

Then take G = m and M = A and now the result follows. Alterna-

tively we can first turn A = Z[n| into a Hopf algebra by defining
(i) A:A—>A®Aby A(g) =9®y,
(i) e: A > Z by e(g) =1,
(iii) 7: A — A by n(g) =g~

for all g € m. Then, thinking A both as a projective A-module and a free

Z-module, we can use the following proposition
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Proposition 2.1.8 ([9]). Suppose P is a projective module and M is an

R-free module for a Hopf algebra A over R. Then P ®@g M is projective.

Take P = M = A and R = Z also recall that the projective modules

over free group rings are free by [2].

Remark 2.1.9. Actually we have showed that if F' is a free A-module, then
['(F) is also a free A-module.

2.2 Spin Case

The purpose of this section is to state and prove a theorem calculating
the group Aut,(M), when M is a spin 4-manifold with free fundamental
group. Our main result is Theorem 2.2.14. Throughout the section we mean
smooth (or topological) bordism and homology with integral coefficients
unless otherwise noted.

Hambleton and Kreck [35] constructed a braid

/’\/—\

QP (M) H(M) Aut,(B)
QSrin(B) Aut.(M) Q37" (B)
m(€.(B)) Q57"(B, M) Qg7 (M)

~_ 7 @~

of exact sequences that is sign commutative, the sub-diagrams are all strictly
commutative except for the two composites ending in Aut,(M), and valid

for any closed, oriented, smooth or topological spin 4-manifold M. We will
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use this braid to obtain an explicit formula for Aut,(M). While we calculate
the terms on the braid we will give the necessary definitions (for the details
we always refer to [35]).

We will fix a lift vpy: M — BSpin of the classifying map for the
stable normal bundle of M. The Abelian group Q57"(M), with disjoint
union as the group operation, denotes the singular bordism group of spin
manifolds with a reference map to M, i.e. an element (N, f) of QPin(M) is
represented by an n manifold N™ endowed with a spin structure and a con-
tinuous map f: N — M. We consider (Ny, f1) and (Na, f2) as equivalent
provided that they make up the boundary of an (n + 1)-dimensional spin
manifold W with a reference map F': W — M such that the spin structures
on N; and N; induced from the one on W and F restricted to the bound-
aries give f; and f,. By imposing the requirement that the reference maps

to M must have degree zero, we will obtain the modified bordism groups

Qsrm(M).

Proposition 2.2.1. The relevant spin bordism groups of M are given as

follows:

Q™M) = Z @ Hy(M;Z/2) ® Hy(M;Z/2) & Z

QSP™(M) = Hy (M) @ Hs(M;Z/2) 6 Z)2 .
Proof. This follows from the Atiyah - Hirzebruch spectral sequence, whose
E*-term is Hy(M;Q57"()). The first differential dp: E2, — E2_, ., is

given by the dual of Sq? (if ¢ = 1) or this composed with reduction mod 2
(if ¢ = 0), see [70, p.751]. We substitute the values

QP"(x) =Z,Z/2,Z/2,0,Z,0 for 0<q<5.
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Remark 2.2.2. Defining spin structures for 1- and 2-manifolds requires
first stabilization. We have S* as the generator of Q57" (x) and S x S* as

the generator of Q57" (x) = Z/2, see [62, pp.521, 523).

The differential for (p,q) = (4,1) is dual to S¢*: H*(M;Z/2) —
H*(M;Z/2) which is zero, since M is spin (see [57, p.132]). The differential

for (p,q) = (3,1) is zero for Sq*(z) = 0 if ¢ > deg(z). We obtain a filtration

Q37" (%) @ Ho(M; Q37" (%)) € F3y C QP™(M)
)2 7

we have

00— Q57" (%) @ Ho(M;Z/2) Fs, Hs(M; Q5™ (%)) —0

and

V x St io—pLF&l

gives the splitting of the above short exact sequence, where we consider an
embedding f: V — M of a closed spin 3-manifold representing a gener-
ator of H3(M;Z/2) = (Z/2)", by Thom Realizability Theorem [12, Theo-
rem 11.16}, where S* is equipped with the non-trivial spin structure. Finally,
since Ext(Z, —) = 0, the line p+q = 4 gives Q""" (M) = Z.& Hy(M;Z/2) &
H3(M;Z/2) & Z.

For the line p + ¢ = 5 on the E-page, we have H;(M) in the (1,4)
position, H3(M;Z/2) in the (3,2) position, and Hy(M;Z/2) in the (4,1)

position and all these terms survive to E*°. We have a filtration
Hy(M;Q57"(%)) C Fs2 C Fun C Q7™ (M)
and a short exact sequence

0 — Hi(M) F3 Hy(M; Q57" (x)) —>0
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again

fopry

N x (8! x 8) — F32

gives the splitting, where N is a closed spin 3-manifold and for

0 F34 Fya H4(M;prin(*)) —0

’

Mx S' 2 M

gives the splitting. Therefore, Q57" (M) = H,(M)& H3(M;Z/2)®Z/2. O
Corollary 2.2.3. The modified bordism group is given as
Q7™(M) = Z @ Hy(M;Z/2) ® Hy(M;Z/2)
Proof. By the above proposition, we have
Q7™ (M) = QP (x) @ Hy(M;2/2) @ Hs(M;2/2) © Hy(M) .

The first summand is generated by x: K3 — M (see e.g. [62, p. 229]) where

* is the constant map to the base point g € M. Note that we have
Hy(M;Z/2) = Hy(m; Ho(M;2/2)) = (13 ® Z/2) 94 Z .

Hence any element of Hy(M;Z/2) can be represented by amap o: S — M.
As a result the second summand in the above direct sum decomposition
is generated by o; o p;: 52 X (S! x S') — M where g;: S? — M rep-
resents a generator of Hy(M;Z/2). The third summand is generated by
fiop: V3 x 8 — M where fi: V3 — M represents a generator of
H3(M;Z/2). The last summand is generated by id: M — M. Since by
definition for ﬁfp i"(M ) reference maps to M must have degree zero, we

have to drop the last summand. O
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The CW-complex B := B(M) is the 2-type of M(second stage of

the Postnikov tower for M), i.e., there is a commutative diagram

M—/—B
uMl luB
Br=—=—=Bmw

Here uys is unique up to homotopy and a classifying map for the universal
covering M of M. Let us briefly explain the construction of the above
diagram: We can attach cells of dimension > 4 to obtain a CW-complex

structure for B with the following properties

(i) The inclusion map M — B induces isomorphisms mx(M) — m(B)

for £ < 2, and
(i) m(B) =0 for k > 3.

Note that the universal covering space B of B is the Eilenberg-MacLane
space K (9, 2), and the inclusion M — B induces isomorphism on 5.

Consider the universal n-fibration Exr — Bm and its associated fi-
bration p: Em X, B — Br with typical fiber B. Since 7 acts freely on E,
there is also a fibration ¢: E7 x B — B with fiber Ex. The same argument
also gives a fibration r: Em X, M — M. The fiber Er is contractible, so
the maps ¢ and r must be homotopy equivalences. The inclusion McB
induces an inclusion i: Em X, M — En x, B. The classifying map of
M is defined as ¢ := qoior~': M — B which induces isomorphisms
mi(c): me(M) — m(B) for any k < 2; in other words, ¢ is a 3-equivalence.
Observe that the map ¢ is homotopic to the inclusion of M into B.

In order to calculate the bordism groups of B, we need to find H;(B).

Note that B is a fibration over K(m,1) = Bmw, bouquet of circles, with
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fibre K (my,2), universal covering space B. We will use the Serre spectral
sequence of the fibration B—>B-—>K (m,1) whose E?term is given by
E2 = Hy(K(m1); Hq(é)), the homology of K (, 1) with local coefficients

in the homology of B. So we will need homologies of B. First recall a

theorem of Whitehead:

Theorem 2.2.4 ([75]). Let X be a CW complex and T denote the White-

head’s quadratic functor, then there is a functorial Whitehead exact sequence
m4(X) — Hy(X) = Dma(X)) — ma(X) —> Hy(X) —> 0

of right A-modules, where h is the Hurewicz homomorphism in degree 3 and
4 and b is the secondary boundary homomorphism (see Chapter I of [7] for

a recent exposition).

We have Hy(B) = TI'(mg), since mi(B) = 0 for ¢ > 3. A finitely
generated free group is countable, so 7 is countable, therefore A and hence
Ty is countable. Let

Xo=%X1=K(Z,2), , Xy =K@ZXZLX - xXTL2),
N

Consider the sequence of maps

ip i1 iz
XO Xl X2

where i;’s are inclusions. The mapping telescope is the union of the map-

XixIT] X141

ping cylinders M;, = 752705

with the copies of X in M;, and M;,
identified for all k. Let T} be the union of the first £k mapping cylinders.
This deformation retracts onto X by deformation retracting each mapping

cylinder onto its right end in turn. Since the inclusion maps i;, are cellular,
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each mapping cylinder is a CW complex and the telescope is the increasing
union of the subcomplexes T} ~ X;.
Observe that B is homotopy equivalent to the mapping telescope of

the above sequence and we have, see [38, p. 312]
H,(B) = lim H,(Xz)
H™(B;Z/2) = lim H*(X); Z/2)

Proposition 2.2.5. Let B denote the 2-type of a spin 4-manifold with free

fundamental group. The homology groups of B are given by

(

H;(M) ifi=0,10r2

Hi(B) =<0 ifi=3 ord

kZ ®p L(me(M)) fi=4

Proof. We are going to use the Serre spectral sequence of the fibration
B — B — K(m,1) whose Ej-term is given by EZ? = H,(m; H,(B)). First
note that since the natural map ¢: M — B is 3-connected, obviously we

have H;(M) = Hi(B) for i < 2. If we substitute the values

(

0 ifi=1,3,0or5
Hy(B) = (M) ifi=2

[(m) ifi=4

then we get the following isomorphisms:

Hs(B) = Hy(n; Hy(B)) = Hy(m, m,) = 0, since m, is a free A-module,
Hy(B) = Hy(m; Hy(B)) = Ho(m, T(m3)) = T'(m2) ®4 Z,

Hs(B) = Hy(m; Hy(B) = Hy(m;T(m3)) = 0, since ['(ms) is a free A-module.

g
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Proposition 2.2.6. Let Q57" (B) denote the singular bordism group of spin

manifolds with a reference map to B. We then have the following:
QF™(BYCc Hy(B)®Z and QP™(B) = Hy(B)
where the first inclusion is given by [N, f] — (f«[N],o(N)).

Proof. We use the same spectral sequence, whose E*-term is H,(B; Q57 (x)).
For the line p+¢ = 4, the non-zero terms on the E2-page are Ho(B; Q57" ()
in the (0, 4) position, Hy(B; Q57™()) in the (2, 2) position and Hy(B; Q7™ (%))
in the (4,0) position. The differential d: Ef, — E3, is the dual of
Sq*: H*(B;Z/2) — H*(B;Z/2). By using the Serre spectral sequence of

_ the fibration B— B— K(m,1), we can see that
H*(B;Z/2) = H(Z; H*(B;Z/2)) = H*(B; Z/2)"

and this isomorphism is given by p*. Consider the following commutative
diagram

HY(B;2/2) 5> HY(B; Z/2)

g d

H(B;2/2) >~ HY(B;2/2)

which implies that Sq?: H?(B;Z/2) — H*(B;Z/2) is injective, since the
homomorphism Sq*: H%(B;Z/2) — H*(B;Z/2) is injective (to see this
notice that Sq?: H?(X,;Z/2) — H*(Xy;Z/2) is injective and that lim is
left exact [51, p.164]). Hence dy: Hy(B;Z/2) — Hs(B;Z/2) is surjective.
Therefore, on the line p + ¢ = 4, the only groups which survive to E* are
Z in the (0, 4) position, and a subgroup of Hy(B) in the (4,0) position.

On the line p+ g = 5, the non-zero terms are Hy(B; Q7™ ()) in the

(4,1) position and Hy(B; 57" (%)) in the (1,4) position. The differential

da: Ejo = He(B;Z) — E}, = Hy(B;Z/2)
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is reduction mod 2 composed with the dual of S¢. Consider the diagram

H2(B: 2/2) <L HA(B; 2/2) 2> HO(B; 2)2)
HY(B: 2.)2) ST HY(B; 2,/2) %> HY(B; Z/2)

A direct calculation shows that the top row is exact. We have
HY(B;2/2) = H°(Z; H*(B; Z/2)) = H(B; Z/2)"

and again this isomorphism is given by p*. Let a € H%(B;Z/2) such
that Sq*(a) = 0 and p*(a) = 8. There exists A € H2(B;Z/2) such that
Sq?(X\) = B, since the above row is exact. But § € H%(B;Z/2)" implies
)\ € H? (ﬁ ;Z/2)™. Therefore the sequence

H2(B;7)2) 25> HA(B; 2/2) %~ H(B; Z/2)

is exact. With the surjectivity of Hg(B;Z) — Hg(B;Z/2), we can conclude
that dy: He(B;Z) — H4(B;Z/2) is surjective onto the kernel of the differ-
ential dy: Hy(B;Z/2) — Hy(B;Z/2). Thus the only group which survive
to Ex is Hy(B) = H;(M) in the (1, 4) position. O

Next, we are going to give definitions of the maps a and 7 and the
modified bordism group Q57(B, M). The map a: Aut,(M) — Q57" (M)
is defined by a(f) := [M, f] — [M,id]. This map is not a homomorphism
since a(f o g) = a(f) + f.(a(g)). An element (W, F) of QSP"(B, M) is
a 5-dimensional spin manifold with boundary (W,0W), equipped with a
reference map F: W — B such that F|aw factors through the classifying
map ¢: M — B and F|sw: OW — M has degree zero.

By taking the boundary connected sum with the zero bordant el-

ement (M x I,p;) along OW and M x {1}, we may assume that W has
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two boundary components W = —M and ,W = N. Since (W, F) is a
modified bordism element g := F|y is a degree-1 map from N — M. The
obstructions to lifting the map F: W — B to M, relative to g lie in the
groups H"Y (W, N;m(X)) = Hy_i(W, M; m;(X)), where X denotes the fibre
of the map ¢: M — B. These obstructions vanish because X is 2-connected.
Let 7: W — M be alift of F and f :=r|sw: M — M. Observe that f is a

degree-1 map and a 3-equivalence, so it is a homotopy equivalence. Define
YW, F):=[f: M - M] € Aut.(M) .

The map ~ is well defined. The crucial point is, if (W', F') is another
representative for the same bordism class and (T, ) is a bordism between
(W, F) and (W', F') over ﬁgpi"(B, M), then we may assume that p: T — B

is a 3-equivalence by surgery on the interior of T'.

Corollary 2.2.7. There is an isomorphism
Q57" (B, M) & Hy(M;Z/2) ® Hy(M; Z/2)

and the group ﬁgpi"(B, M) injects into Aut,(M). The image of o is equal
to Ho(M;Z/2) ® H3(M;Z/2).

Proof. Recall that we have Q5P (M) = Hy(M)® Hs(M; Z/2)® Hy(M;Z/2)
and QP (B) = Hy(B). Let Hi(M) = Z" be generated by o;: S — M for
i=1,...,r, then cog;: S — B generate Hi(B). The generators of the
H,(M) summand in Q57"(M) are represented by o; x {*}: $1 x K3 — M
where {*} denotes the constant map and the generator of Q37" (x) is the

K3 surface. Note that we are using the non-trivial spin structure on S*.

Similarly (c o g;) x {¥}: S! x K3 — B generates Q5F*(B). Therefore,
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the map QF™(M) — QF"™(B), which is composing with our reference
map c: M — B, maps the summand H; (M) isomorphically to H;(B) and
H3(M;Z/2) & Hy(M;Z/2) to zero. Hence, the map Q57" (M) — Q7™ (B)
is onto, so by the exactness of the braid the map QP™(B) — Q5P™(B, M)

must be zero. Therefore
Q57 (B, M) = ker(O7" (M) — Q7" (B) .

By Corollary 2.2.3, we have (5P"(M) = Z @& Hyo(M;Z/2) & Hs(M;Z/2)
and by Proposition 2.2.6, Q37"(B) C Z & H,(B). The map between these
groups is composing with ¢, hence the kernel is Ho(M;Z/2) & H3(M;7Z/2).

By the exactness of the braid Q57™(B) — Q5P™(B, M) is the zero
map [35, Lemma 2.2]. Also by the commutativity of the braid the map
m (& (B)) — Q5P™(B, M) is zero. Now again by the exactness of the braid
v: QP (B, M) — Aut.(M) is an injective map [35, Corollary 2.13].

If f: M — M represents an element of Aut,(M), then we have
a(f) = [M, f] — [M,id]. The natural map Q;""(M) — Ho(M) sends a
spin 4-manifold to its signature. It follows that a(f) € Ha(M;Z/2) &
H3(M;Z/2) since the signature is preserved by a homotopy equivalence.
Since, by the exactness of the braid the map Q57™(B, M) — Q5P"(M) and
~ is injective Ho(M;Z/2) @ Hs(M;Z/2) C ima by the commutativity of
the braid. Therefore ima = Ho(M;Z/2) ® H3(M;Z/2). 0O

Before proceeding any further, let us look at Aut,(B) more closely.
First of all, we can consider Aut,(B) as the group of based fibre homotopy
classes of based fibre homotopy equivalences of B (see [58, Section 2]). Let
Isom[r, 7] be the subgroup of Aut(m) x Aut(ms) consisting of all those pairs

(x, %) for which ¥(na) = x(n)¥(a) for all n € 7, a € m,.
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For any ¢ € Aut,(B), the homomorphism my(¢) is 71 (¢)-equivariant

by [58, Lemma 2.1]. Now consider the following homomorphism

(m,m2): Auts(B) — Tsomfr,ms] given by (m1,m3)(9) = (ma(6), ma(9)).

We are going to find a section s for (7, m2). Note that B ~ Em x . B and for
any (x,v) € Isom(r,ms), let Ex: Ex — Ew and ¥: B — B be the induced

maps. We can define

s: Isom[m, mg] — Aute(B) by s(x,v¥)([e,u]) = [EX(e),{/;(U)] ;

where [e,u] denotes the equivalence class of (e,u) € Em x B. We have
s(x, %) € Aut.(B) (by Whitehead’s theorem) and (71, m2)(s(x, ¥)) = (x, ¥)-
The kernel K of (71, 7s) consists of ¢ € Aute(B) with m;(¢) = id fori =1, 2.

For ¢ € K, we have the following diagram

K(7T2, 2)

where the lower triangle is commutative. Associate to any such ¢, a coho-
mology class (¢4, id) € H%(B;m;), the primary obstruction to the existence
of a homotopy between ¢ and id, see [58, p.25] and [12, Theorem 13.11].
By the Serre spectral sequence of the fibration B—-B—>K (m,1), we have

the following diagram with an exact row,

0 — H?(m; my) — H?(B;my) — Hom, (g, m2) — 0
6(—,id)T
K
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The vertical arrow is an injective map which takes K into H?(m;m,), since
ev(6(s,1d)) = ma(¢p) —id = 0.

Next we are going to construct a self-equivalence ¢, of B for each
z € H?%(m;m;). Remember that B is a K(m2,2) fibration over Bm with a
section o: Bm — B (existence of such a section comes from the fact that
kar = 0). Since K(ms,2) = QK(m3,3), we may view B as the union of loop

spaces joined together in an appropriate way. Let
B Xpr B = {(bl,bz) e BxB: ’U,B(bl) = uB(bz)}

and

HZBXBﬂ»B——)B

be the fibrewise loop multiplication, i.e. the restriction of yu to ugl (z) is
multiplication of loops in uz'(z) ~ QK (m2,3) for all z € Br.

Let [Bm, B]px be the set of homotopy classes of (over Bm maps)
f: Br — B such that ug o f = idp,, in other words elements of [B7, B]gx
are homotopy classes of sections of ug. By Lemma 2.1.3 we have an exact

sequernce
0 — H*(m;my) —> H*(B; ) — Homy (72, M) —0 .
Let ¢ € H%(B;m) be such that ev(t) = ids,. The function
0: [Bm, Blpr — H*(m;ms)

given by 6(f) = f*(¢) is an isomorphism with respect to the addition on
[Bm, Blpr determined by p, i.e., 8(c) = 0, since f*(¢) is the primary ob-
struction to the existence of a homotopy between f and o (see [8, Theorem

5.2.4] or [45]), and 0(u(f, f)) = 6(f) + 0(f").
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Let x € H?(m; ) and f, = 67'(z). Define a self-equivalence of B

¢z: B— B as (bx:U(fquaidB)

ie. ¢.(b) = frup(b).b where multiplication is multiplication of loops in
the fiber over ug(b). Then ug o ¢, = up and so ¢, € [B, B]p, where
[B, B]pr denotes the set of homotopy classes of over Bm maps. We have
¢o = n(oup,idg) = idg and @% () = ¢ + ul(x) € H?(B;m,). Note also that

by homotopy associativity of p we have

¢z+y = “(l"‘(fma fy)uBaidB) =

p(u(fzus, fyus),idp) = u(frup, u(fyus,idp)) .

Hence we see that

sz-i-y = ,U'(fmuBa ¢y) = “’(fa:uBQSy, ¢y) = ¢x¢y .

Therefore ¢, is a homotopy equivalence for all x € H?(r; 1) and z — ¢,
defines a homomorphism from HZ?(m;m;) to Aut,(B). The lift of ¢, to
the universal cover B is homotopic to the identity, since the lift of ug is
homotopic to the constant map. Hence ¢, acts as identity on 75. Therefore
the homomorphism z — ¢, is an isomorphism onto the kernel of the map

(m1,m2). As a result we have an exact sequence

0— H%(m;my) — Aut.(B)(M Isom(m, my] —1 .

w

In particular we have

Auto(B) = H*(m;m3) » Isom[r, 7] ,

where the action of Isom[r, 73] on H?(7; m3) is given by (x,v).z = ¥*((x " 1)*(z)) .
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Remark 2.2.8. In [71], it is proved that H?(m;my) is isomorphic to the
group of all based homotopy classes of self-homotopy equivalences of B

inducing the identity automorphisms of all homotopy groups.

If 7 is a free group, then H?(m;m;) = 0. Hence for this section we
have Aut,(B) = Isom[ry, ma).

Next, we look for a relation between c.[M] and the cohomology in-
tersection pairing sp; on M. Recall that we have defined the homomorphism
A: T(my) — T2 ®my via the universal property Avy(a) = a®a and A(T (7))
is the subgroup of 7, ® m5 generated by {a®a : a € my}. Also I'(my) inherits
a A-module structure given by the diagonal action on 7y ® my. Therefore

[(mg) is a A-submodule of 7 ® 7 inducing an inclusion
A1 ~ —
['(79) Qp Z— (T2 @ T2) @p Z = Ty @p Ta

where the bar denotes the left A-module structure provided by the canonical

anti-automorphism on A. For 7 a free group we have
Hy(B) = Hy(m; Hy(B)) = Hy(B) @1 Z. .

The secondary boundary homomorphism b: Hy(B) — I'(r2) on the White-
head’s exact sequence is an isomorphism, since m3(B) = m4(B) = 0. Hence
Hy(B) = T'(my) ®4 Z which is inside the diagonal of 7 ® 7. For any
x € Hy(B), let us denote by >, z2; @ zo;, the image of z in m, ®4 72. On

the other hand we can define
eV, (T2)(u, v) = u(m2)v(z2)

for all z, € mp and u,v € H%(B; A) (note that H2(B; A) = n} = Homy (72, A)

by Lemma 2.1.3). It is easy to see that ev,,(z2)(u, v) is quadratic in z, and
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Hermitian in v and v: for any g,h € ,

eV (22)((g71) (1), (A7) (v)) = ulgy™ (z2) Ju(hi (z2))

= u(z)g v(x2)h! = gu(zo)hv(zy) = gevy,(T2)(u,v)h .

Let Her(H?(B;A)) be the group of Hermitian pairings on H?(B;A), then
ev,, determines a homomorphism B;,: Hy(B) — Her(H%(B;A)) and in {44,

Lemma 10}, it is shown that
B, (z)(u,v) =v(z Nu) = (uUv)(z) .

Consider the image of ¢,[M] € Hy(B), Br,(c.]M])(u,v) = (v Uv)(cz) =
cHuUv)[M] = (c*(u) U c*(v))[M] = sm(c*(u),c*(v)) where sy, is the co-
homology intersection pairing on M. Moreover, by [44, Theorem 7] By, is
an isomorphism whenever 7 is a free group. Therefore in this section c¢,[M]

and sys will uniquely determine each other.

The map 3: Aut,(B) — Q3F"(B) is defined by
B(¢) =[M,poc]—[M,].
But this map is not a homomorphism, for (¢ o ) = B(¢) + ¢.(B(p)).
Lemma 2.2.9.
ker(3: Aut,(B) — QJF™(B)) = Isom(r, 73, sp] -

Proof. Although ( is not a homomorphism, we can still define ker(8) =
371(0). The natural map Q37"(B) — H,(B) sends a bordism element to
the image of its fundamental class. If ¢ € Aut.(B), and ¢: M — B is its

classifying map, then 5(¢) := [M, ¢ oc] — [M, c]. The image of this element
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in Hy(B) is zero when ¢.(c.[M]) = c.[M]. But evy,(c.[M]) = su, so ker 8
is contained in the group of the isometries of the quadratic 2-type.
Since Aut,(B) = Isom[m, my] an element in Isom(m, g, sp] will be

¢ € Aute(B) such that ¢.(c.[M]) = c.[M]. Clearly B(¢) = 0. O

Lemma 2.2.10. For each ¢ € Aute(B) such that ¢.(c.[M]) = c.[M], there
is an f € Aute(M) such that co f ~ ¢oc.

Proof. First, let us assume that Hy(M;Q) # 0. Since ¢.(ci[M]) = c.[M],

there exists an f € Aut.(M), such that the diagram

M~ M
B—*-B
commutes up to homotopy, by [33, Lemma 1.3).

For the case Hy(M;Q) = 0 our construction of f depends on the
proof of [15, Proposition 9]. First of all the assumption Hy(M;Q) = 0
implies that Ha(M;A) & HQ(M) & 19 = 0 and hence B ~ K(*,Z,1). We
also have H3(M;A) = Hy(M) = 7r3(1\7) = 73(M) hence H3(M;A) @) Z =
H3(M) = HYM) = Hom(H,(M),Z) = &,Z. Therefore any element of
H3(M) can be represented by a map S® — M.

Choosing an isomorphism of m with *,Z yields a basis of H;(M).
Let E = {ej,es,...,e} be a basis of H;(M) according to an isomor-
phism 7 & %,Z and U = {uy,us,...,u,} be the dual basis of H!(M).
Let {f1, f2,---, fr} and {v1,va,...,v,} be the basis of H3(M) and H3*(M)

corresponding to U and F respectively, via the Poincaré duality.

We choose maps

a=Vea: V, St =M cM
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and

B=V,Bi: V; 8* > M® c M,

where ¢; and f; represent generators of H;(M) and H3(M). The wedge
map a V B: V. (S'V $%) — M® induces isomorphism on m; for any i =
1,2,3 hence it is a homotopy equivalence by the Whitehead theorem. We
have HY(M) = [M,K(Z,1)] = [M, S, and H3(M) = [M,K(Z,3)] =
[M,K(Z,3)#] = [M, S, since K(Z,3) is obtained from S® by attaching
cells of dimension > 5. Therefore the cartesian product of the elements u;
and v; defines a map u x v = []_;(w; x v;): M — [[1(S* x S3). We can
assume by construction that u X v restricts to a map v: M® — \/ (S*V
S3) such that v o (o V 3) is homotopic to the identity. The composition
M® T\ (S*V S%) C V(S x S%) extendstoamap p: M — \/ (S x
53) [16, Lemma 4.2). Now we consider the wedge \/, (S! x $%) as the
connected sum with (r — 1) 4-dimensional discs adjoined along the 3-spheres
which serve to define the connected sums. In other words, #,(S* x S%)
embeds into \/,_(S* x S3), up to homotopy. The map ¢ can be deformed
into a degree 1 map h: M — f,(S*xS?) [15, Lemma 13]. The map h induces
a surjective homomorphism on 7, see {14, Proposition 1.2], but since 7 is

free it must be an isomorphism. Hence h is a homotopy equivalence.

Remark 2.2.11. This method is used in [15], to prove that an oriented
4-dimensional Poincaré space M with m (M) = *.Z and Hy(M;Q) =0 is

homotopy equivalent to the connected sum #,(S* x S3).
Note that 71(¢) induces an automorphism of 7. Composing m (J)

with the previous isomorphism on 7 = x,7Z, we get a new basis ' =

{€},e5,...,e.} of H(M). The same construction gives us another homo-
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topy equivalence h': M — #,(S* x S3). Since h and h’ are degree 1 maps,
we can construct an orientation preserving homotopy self equivalence of M
by

=hoh V' M—-M.

Now, it is easy to see that by construction co f ~ ¢ oc. O

Finally, we are going to find the images of Aut,(M) and H(M) in
Aut,(B). Let us start by going briefly through the definitions of the bordism
groups H(M) and H(B). The group H(M) is defined as the bordism group
of objects (W, F) where W is a compact 5-dimensional spin manifold with
W = —M and bW = M, and F: W — M is a continuous map such
that F|aw = idy and F|a,w = f is a base-point and orientation-preserving
homotopy equivalence. We have an analogous bordism group ﬁ(B) It is
defined as the bordism group of objects (W, F') where W is a compact 5-
dimensional spin manifold with o)W = —M and 9,W = M,and F: W — B
is a continuous map such that Fls,w = ¢ and F|s,w = f is a base-point

preserving 3-equivalence.
Lemma 2.2.12. ([35, Lemma2.6]) H(M) = H(B).

Corollary 2.2.13. The images of Aut,(M) and H(M) in Aut.(B) are

precisely equal to Isom[m, s, Spr).

Proof. For each [f] € Aut.(M), we have a base-point preserving homotopy
equivalence ¢;: B — B such that co f = ¢; o ¢, since the obstructions to
extending f to B lie in the groups H**'(B, M;m;(B))=0 for all i. Note that
Aut,(B) = Isom[r, 5] and by the naturality of ev,, all we have to show is

(@7)«(ci[M]) = c.[M], since evg,(c.[M]) is just the intersection form. We



CHAPTER 2. FREE FUNDAMENTAL GROUP 53

have
(@5)+(cx[M]) = (¢5 0 €)«[M] = (co f).[M] = c.[M]
since the fundamental class in Hy(M) is preserved by an orientation pre-
serving homotopy equivalence. We see that im(Aut.(M) — Aut.(B)) is
contained in Isom[r, 7o, spr]. The other inclusion follows from the lemma
above.
The result for the image of ﬁ(M ) follows by the exactness of the

braid and the fact that ker(3) = Isom[w, 79, sp) O

We can now put the pieces together to establish our main result.

Here are the relevant terms of our braid diagram:

Hy(M) & Hs( MZ//2)\‘ /—\

N / \ / M\
/ \(M Z/2/ \}IQMZ/2/

~— 7

HS(M Z/2) Hs(M; Z/Q)

Before we state the main result, let us point out that there is an

action of Isomm, 72, s57] on the normal subgroup
K, := ker(Aut.(M) — Aut.(B))

Let [f] € K; and ¢ € Isom[r, w2, sy]. We have co f ~ ¢ and there is a
homotopy equivalence h: M — M, such that co h ~ ¢ o c (see Lemma

2.2.10). Now define
¢.f :=hofoh .
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Since co(ho foh ™)~ ¢pocofoh P ~pocoh™ P ~cohoh™ ~c, this

action is well defined. Now we can state the main theorem of this section:

Theorem 2.2.14. Let M be a connected, closed, oriented smooth or topo-
logical spin manifold of dimension 4. If the fundamental group 7 := m (M)

is a free group, then
Aute(M) = (Hy(M;Z/2) & H3(M;Z/2)) x Isom[r, 72, Sp) -
Proof. From the braid diagram, we have

ker(H (M) — Isom[r, 73, sp]) = Hy(M) |

~

so Isom(r, w2, spr] & H(M)/H;. This gives the splitting of the short exact
sequence

0 — K; — Auty(M) — Isom[m, s, s3] — 1.

It follows that

Aut,(M) = K, x Isom[r, 79, sp]

with the conjugation action of Isom[r,ms, sps] on the normal subgroup K
defining the semi-direct product structure.

We already know that ~ is injective, see Corollary 4.2.7. By the
commutativity of the braid, to show that it is actually an injective homo-
morphism, it is enough to show that a is a homomorphism on the image of

~. Let (W, F) = f and v(W’, F') = g. Recall that
a(f o g) = a(f) + fu(alg)) -
We have to show that f.(a(g)) = a(g). By Corollary 4.2.7,

a(g) € Hy(M;Z/2) & H3(M;Z/2) .
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Any element f, in the image of «y is trivial in Aut.(B), i.e., the image
¢; = idg and co f = ¢. Since H3(M;Z/2) = H'(M;Z/2) and c induces
isomorphisms on Hy(M;Z/2) and H*(M;Z/2), f acts as the identity on
Hy(M;Z/2) @ H3(M;Z/2). Now a diagram chase shows that 7 is a ho-
momorphism. Therefore we have a short exact sequence of groups and

homomorphisms
0 — (H2(M;Z/2) ® H3(M;Z/2)) — Aute(M) — Isom|m,me, sm] — 1.

Moreover, K; = im~ (by the exactness of the braid) and K; is mapped
isomorphically onto Hy(M;Z/2) ® H3(M;Z/2) by the map a. Finally, we
apply the above formula to obtain the relations

0= alidy) = algog™) = a(g) + g.(alg™))

for any [g] € Aut.(M), and

algo fog™) =algo f)+g.(alg™)) = g.(al(f))

for any [f] € K. Therefore the conjugation action of Isom|rw, s, sy] on
K, agrees with the induced action on homology under the identification

K = Hy(M;Z/2) ® H3(M;Z/2) via a. It follows that
Auf.(M) = (Hy(M;Z/2) ® H3(M;Z/2)) x Isom[r, 72, Spm])

as required, with the action of Isom|[r, 75, sr] on the normal subgroup
Hy(M;Z/2) & H3(M;Z/2) given by the induced action of homotopy self-

equivalences on homology. (I

Remark 2.2.15. If we take M = S! x S3, then from the above theo-

rem we get Aute(M) = Z/2 ® Z/2. Recall that these are orientation
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preserving homotopy self-equivalences. Let ¢: S' x §3 — S! x 52 be
defined by ¢(z,y) = (—z,y). Now if we compose orientation preserving
self-equivalences with ¢ we get also the orientation reversing homotopy self-
equivalences. Therefore the based homotopy classes of based self homotopy
equivalences of S* x S® is isomorphic to (Z/2)?, which is consistent with

the results of [10, p. 25] and [60, p. 58].

2.3 Non-spin Case

The purpose of this section is to state and prove a theorem calculating the
group Aut.(M, wy). Our main result is Theorem A on page 74. For the non-
spin case of our braid we will use the language of manifolds with structure.
The class wy € H?(B;Z/2) gives a fibration wy: B — K(Z/2,2) and we

can form the pullback

B{wy)p —=——>B
€n w2
BSO(n) 2 K (2,/2,2)
where ™ is the universal oriented vector bundle over BSO(n). Now we can
form a sequence of fibrations §,: B{ws), — BSO(r) and maps such that

the diagram

B<w2>r B<w2>r+1 —_— >

{rl l§r+1

BSO(r) > BSO(r +1) —> -

commutes, i, being the usual inclusion. We know that

r—00

BSO = colim BSO(r) = |_J BSO(r)
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and define
B{(wy) := colim B(ws), .

r—00

We have the following pullback diagram

BSpin — B{(w,) B

T

BSpin BSO —— K(Z/2,2)

The map w = wy(y) pulls back the second Stiefel-Whitney class for the
universal oriented vector bundle v over BSO. The fibration B(w,) over
BSO is called the normal 2-type of M. The “James” spectral sequence
used to compute Q,(B(ws)) = m.(ME) has the same Fo-term as the one
used above for wy = 0, but the differentials are twisted by w,. In particular,
dy is the dual of Sg2, where Sq¢2(z) := Sq?(z) +z Uw, (see [70, Section 2]).
There is a corresponding non-spin version of Q57"( M), namely the
bordism groups {2, (M(ws)) := m.(M¢E) of the Thom space associated to the
fibration:
BSpin ——> M(w,) —2 M
| ) |-
BSpin BSO —*— K(Z/2,2)

Again the Es-term of the James spectral sequence is unchanged from the

spin case, but the differentials are twisted by w, with the above formula for
Sq2. As in the spin case, we choose a particular representative for the map
wq such that wy, = w o vy;. Next we will define a suitable “thickening” of

Aut,(M) for the non-spin case:

Definition 2.3.1. Let Aut,(M, w,) denote the set of equivalence classes of

maps f: M — M{w,) such that (i) f :=j ofis a base-point and orientation
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preserving homotopy equivalence, and (ii) £ o f = vp. Two such maps f
and g are equivalent if there exists a homotopy hMxI— M{ws) such
that h :=jo hisa base-point preserving homotopy between f and g, and

& oh = vp opi, where p;: M x I — M denotes projection on the first factor.

Given two maps f,§: M — M(w,) as above, we define

~

feg: M — Mw,)

as the unique map from M into the pull-back M(w,) defined by the pair
fog: M — M and vy : M — BSO. Since wy0 fog = we0g = ws, this pair
of maps is compatible with the pull-back. The following lemma is proved

in [35, Lemma 3.3] for which we give a more detailed proof.
Lemma 2.3.2. Aut,(M,ws) is a group under this operation.

Proof. To check that the operation just defined passes to equivalence classes,
suppose that hisa homotopy as above between g and g’ representing the
same element of Aut,(M, w;). Let h := joTz, g:=jogand ¢ :=jog, then
h is a base-point preserving homotopy between g and ¢’ and §o/i; = UmOD1.
Notice that f o h is a homotopy between f o g and f o ¢g'. Also we have
wa o (f oh) =wyoh = wyop;. Therefore (foh,varopr): M x I — M{w,)
gives a homotopy between fo g and fo 5’ . A similar argument in the case
when fis varied by a homotopy to f' shows that fo g~ f’ °g.

Let idy: M — M(w,) denote the map defined by the pair of maps
(idy: M — M,vy: M — BSO). This map will represent the identity
element in our group structure.

Given frepresenting an element of Aut,(M,w,), let f~! denote the

homotopy inverse of f := jo f By the Dold-Whitney theorem [23], there
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is an isomorphism (f~)*(vp) = vm. We have a base-point preserving
homotopy h: M x I — BSO between vy o f~1 ~ vy Define ?—\1: M —
M{ws,) lifting vas o f~1 by Fi(z) == (fYz),var 0 FY(z)) for all z € M,
this makes sense because wy = w o vp;. We apply the homotopy lifting
property to get h: M x I — M(ws) lifting h, such that £ o (/ﬁlMx{l}) = Up.
Let g: M — M be defined by g := j o (hlyxqy). Then g ~ f~' by
the homotopy h' := j o h, and we have wy(g(z)) = wg(j(/ﬁlMx{l}(x))) =
w(&(ﬁ!Mx{l}(a:))) = w(vy(z)) = wy(z) for all z € M. Hence g: M —
M{w,) defined by g(z) = (g(z), vm(z)) is an element of Aute(M,ws). Let
H := foh' and note that H is a homotopy between fog and id (H(m,0) =
(f 0 9)(m) and H(m,1) = m). We want to be able to say that fog~ id.

Consider the following diagram

)

M x {0}

"7 > M{w,)
AT l(j,é)
M X [ ——n M x BSO
By the covering homotopy theorem we get H:MxI — M(w,) lifting H,
with the property that jofI|Mx{1}(m) = H(m,1) =mand £o H = vy 0p;.

We therefore have a homotopy H between fo g~ id. (|
Next comes the connection between Aute(M,ws) and Aute(M).
Lemma 2.3.3. There is a short exact sequence of groups
00— HY(M;Z/2) — Aute(M, wy) — Aut, (M) —1

Proof. Let f € Aut,(M), then f*(var) = vas by the Dold-Whitney Theorem
[23]. Choose a base-point preserving homotopy h: M x I — BSO between
vat o f = vpr. Define - M — Mwn) by F(z) = (f(2),v(f(2))) lifting
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vpr o f, this makes sense because wy(f(z)) = (w o var)(f(z)) (recall that
we choose wy = w o vy). Apply the homotopy lifting property to get
h: MxI — M({w,) lifting h such that §o(/ﬂ|MX1) = vy Let f':= jo(h|mx1),
then f' ~ f by the homotopy j o h, and we have wa(f'(z)) = wa(zx) for all
z € M. As a consequence, ]/‘\’(x) = (f'(z),vm(x)) € Aute(M, ws). Therefore
the natural map Aut,(M, we) — Aute(M) defined by sending gto g := jog
induces a surjective homomorphism.

Next, let f,’g\ € Aut (M, ws) and f := jo f, g:=jog. Suppose
there exists a homotopy h between f and g. If we can lift h to a homotopy
h:MxI— M(ws) such that j oh=nh and§o/ﬁ = vpr © 1, then fand g

are equivalent in Aute(M, wy). We have the following lifting problem:

K(Z/2,1)

1

BM x I) —T9 . Miwy)

7
l’\ _ - -7 l(]vg)

MxI———— M x BSO

(h,vaop1)

The obstructions to lifting (h, vpr o p1) lie in the groups

HYY M x I,o(M x I);m(K(Z/2,1))) = H (M; m;(K(Z/2,1))) .

o~

So the only non-zero obstructions are in H*(M;Z/2). Let f €
Aut, (M, wy), for any a € HY(M;Z/2), we are going to construct a § €
Aut,(M, wy) with the property that f ~ g and the obstruction to f and g
being equivalent is o. Note that different maps M x I — K(Z/2,2) relative
to the given maps on the boundary are also classified by H!(M;Z/2). So
we may think a: M x I — K(Z/2,2) such that a|yxo} and a|axqy is the

constant map to the base point {*} of K(Z/2,2). Consider the following
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diagram
M(’U)z)
(G:€)
M x {0} —) . a1 < BSO
&7 lp

MxI—2*>K(Z/2,2)
where the fibration p: M x BSO — K(Z/2,2) = QK(Z/2,3) is given
by (z,y) — wa(z) — w(y), for which the fiber over the base point is by
definition M(w,). By the homotopy lifting property we have a: M x I —
M x BSO making the diagram commutative. Let § := GQ|px{1}, then since
wa(p10g(z)) = w(p20g(x)), where p; and p, are projections to the first and
second components respectively, § actually gives us a map M — M{ws).
Observe that p; oa: M x I — M is a homotopy between f and g. In
order to lift this homotopy to M{w;) so that f and g are equivalent we
should have wsz((py 0 @)(z,t)) = w((py 0 @)(z,t)) for all z € M and t € I,
which is possible if and only if a represents the trivial map. Hence « is the

obstruction to lifting this homotopy to M{ws). O

Remark 2.3.4. We start with the fibration M{w;) — M x BSO %
K(Z/2,2). Let F be the homotopy fiber of M{wy) — M x BSO, so
F — M{wy) — M x BSO is a fibration (up to homotopy). Then F is
homotopy equivalent to the loop space QK(Z/2,2) = K(Z/2,1). That is
how we get the first fibration K(Z/2,1) —» M{ws) — M x BSO (see, for
example, [22, p. 38]).

To define an analogous group Aut.(B,w;) of self-equivalences, we

will first state a lemma from [35, Lemma 3.8].
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Lemma 2.3.5. Given a base-point preserving map f: M — B, there is a
unique extension (up to base-point preserving homotopy) ¢s: B — B such
that ¢y oc = f. If f is a 3-equivalence then ¢y is a homotopy equivalence.

Moreover, if wg o f = ws, then wy 0 ¢ = wy.

Definition 2.3.6. Let Aut,(B, ws) denote the set of equivalence classes of
maps f: M — B{ws) such that (i) f ;= jo  is a base-point preserving

3-equivalence, and (ii) £ o f= UnM.

Two such maps f and g are equivalent if there exists a homotopy
h:MxI—B (ws) such that h := j ohisa base-point preserving homotopy
between f and g, and & oh = Vp © p1, where py: M x I — M denotes
projection onto the first factor. Given two maps f§g: M — B (wy) as

above, fo g: M — B(w,) is defined as the pair (¢; o ¢ 0 ¢, var).

Lemma 2.3.7. ([35, Lemma 3.10]) Aute(B,w;) is a group under this oper-

ation.

When wq := wy(M) # 0, Hambleton and Kreck modified the bor-
dism groups in the braid in order to carry out the arguments used to es-
tablish commutativity. As before we will first give the braid and while we

calculate the terms, we will give the necessary definitions.

Theorem 2.3.8. ([35, Theorem 3.15]) Let M be a closed, oriented smooth
or topological 4-manifold. Then there is a sign-commutative diagram of

exact sequences.
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Q5 (M{ws)) H(M, w,) Aut, B,wg)
Qs(B(wa)) Auto(M, w,) Q4 (Blws))
P > \
m1(Ee(B, w2)) Qs (B(wy), M{ws)) M{(w,))

such that the two composites ending in Aute(M,ws) agree up to inversion,

and the other sub-diagrams are strictly commutative.

Proposition 2.3.9. Let B{w;) denote the normal 2-type of a 4-manifold

M with free fundamental group. Then we have

Qu(Mlws)) = Z® Ha(M;Z/2) & Ho(M; 2/2) & Z
Qs(M(ws)) = Hy(M) ® H3(M;Z/2) ® Z/2

Proof. As before, we only need to compute the do differentials. Since M
is orientable, ws is also the second Wu class of M. So we have Sq(z) :=
Sq¢*(r) +zUwy = 0. Now, everything works exactly the same as in the spin
case.

For the bordism groups of B{ws), first consider the following com-

mutative diagram

~ 2 o~
H2(B: 2/2)" —2 HY(B;2/2)"

» 15 T

H(B;2/2) % H'(B;Z/2)
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Let z € H*(B;Z/2) such that Sq¢2(z) = 0. By the commutativity of the

diagram, we have

0 = Sgg (p*(2)) = S¢*(p*(x)) + p"(2) U ws(B)

where wy(B) = p*(wy(B)). But since Sq?: HX(B;Z/2) — HY(B;Z/2) is
injective, p*(z) = p*(w2(B)). Hence x = wq(B) which we can be further

identified with wy via our reference map c. Therefore
ker(Sq2: H?(B;Z/2) — HY(B;Z/2)) = (w) = Z/2
= coker(dy: Hy(B;Z/2) — Hy(B;Z/2)) .

Since all the other differentials are zero, this gives the Z/2 in the E35
position.

To see that Hy(B) = Hy(M) is the only group on the linep+g=>5
which survives to F.,, we use the following commutative diagram

Sqw

H%(B; Z/2)7’——>H4(B Z/2)" —> H8(B;Z/2)"

p*T%’ p*T’—_—"_’ p*TE

H2(B; Z/2) —%+ HA(B,7/2) 2% HY(B.7/2) .
We are going to show that the top row is exact by first considering the

sequence
9 Sq, 4 Sq2, 6
H*(Xy; Z/2) —> HY(Xy; Z/2) —> H%(Xi; Z/2)
where X, = K(Z xZ x --- X Z,2) and then taking the inverse limit (re-

k
member that lim is left exact). Let € H%(Xy;Z/2), then we have

Sq2(z? + zUw,) = S¢?(z) Uz + Sq*(x) U Sq(z) + z U Sg?(z)+
Sq*(z) Uwy + Sq*(z) U Sq* (ws) + U SgP(ws) + 22 U wy + z U wl

= Sq'(z) U Sq'(z) + Sq'(z) U Sq' (w2)
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where Sq' is the Bockstein homomorphism. Since H3(Xy;Z/2) = 0, S¢* is
the zero map. Therefore the image of Sq2: H%(Xy;Z/2) — H*(Xk;Z/2) is
contained in the kernel of Sq2: H4(Xy;Z/2) — H5(Xy;Z/2). To see the
other inclusion let y € H*(Xx;Z/2) be such that

S@2(y) = S (y) +y Uwy =0 .
By the cohomology Kiinneth formula we have
k
H*(Xy;Z/2) = ) | H*(CP®;2/2)

=1

k
HY(Xi;2/2) =) HCP™;Z/2) @ )  HCP®;Z/2) ® H*(CP®; Z/2)

i=1 i

k
H%(Xi;2/2) =) HY(CP™;Z/2) & Yy  H*(CP®;Z/2) ® H*(CP®; Z/2)

i=1 i#j

& Y H*(CP®;Z/2) ® HA(CP;Z/2) @ H(CP®; Z/2) .
i£j#l

So y must be in one of the following forms:
(i) y = 2% for some z € H%(Xy;Z/2). If this is the case then
0=2S¢2(y) =Sg2(z*) =22 Uwy #0,
a contradiction.

(il) y =3, ;2 U 2 for some z;, z; € H*(Xy;Z/2). If this is the case then
0=S8g5(y) = Sap(3;; zUz) = 3o, ; 22Uz + 2022 +2,Uz;Uw, # 0,

a contradiction.
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(i) y = 2° + 3, ; 2 U z;. If this is the case then
0= 8¢ (y) = Sq2 (2> + Z 2 U z;)
1,j

=S¢ () + 22 Uwa+ D (22U z+ 25Uz + 2 Uz Uwy)
s

=zZUw2+Z(zi2Uzj+inz?+inszw2).
2]

So we should have
Z2Uwy = Z(z?Uzj+inz]2+inszw2)
i,§

=a’Ub+aUb’+aUbUw,,

where a = Ele z; and b= Y.*__. For this to be the case, z is equal

j=1"
to either a and b is equal to wy or z is equal to b and a is equal to
ws or a = b = z (otherwise each of the terms in the summation above

will live in different direct summand of H®(X};Z/2)). But in all of

these cases y = Sq2 (2).

We have { H*(X;Z/2), 4}, {H*(Xk; Z/2),4;} and { H8(X; Z/2), 3%}
inverse system of modules, where 45 : X;_; — X is the inclusion map. Con-

sider the commutative diagram with exact rows

H? (X5 2/2) —2 HY(X; 2/2) —2~ HO(X,; 2/2)

)% 5 ¥ .k
llk llk l”k

Sqw

H2(Xe_1;Z/2) 255 HY(X, 1:7,/2) =25 HS(X,_1:Z/2) .

Then the sequence

hmHZ(Xk,Z/Q) 11mH4(Xk,Z/2)——->11mH6(Xk,Z/2)



CHAPTER 2. FREE FUNDAMENTAL GROUP 67

is exact. Let a € H%(B;Z/2), then

Sq2(a® + a Uw,y) = a®? Uwy + Sq'(a) U Sqg* (wy)

+aUwi+ (@®+aUw)Uw, =0

since reduction mod 2, H3(B) — H3*(B;Z/2) is onto, Sq¢' = 0. Hence
the image of Sq2: H%(B;Z/2) — H*(B;Z/2) is contained in the kernel
of Sq2: H4B;Z/2) — H®(B;Z/2). Now, let b € H*(B;Z/2) such that
Sq2 (b) = Sq*(b) +bUwy = 0 and let p*(b) = y. Then by the commutativity
of the above diagram S¢2(y) = 0. There exists a z € H2(B;Z/2) such that
Sq¢2(z) = y. Then we also have a ¢ € H*(B;Z/2) such that p*(c) = z and

Sg2(c) = b. Therefore the sequence
2 ng} 4 S‘I?u 6
H?*(B;Z/2)—> H*(B;Z/2) —> H®(B;Z/2)

is exact. Also, since Hs(B) = 0, we have H¢(B) — Hg(B;Z/2) is surjec-
tive. Hence dy: Hg(B) — Hy(B;Z/2) is onto the kernel of the differential
de: Hy(B;Z/2) — Hs(B;Z/2). O

Let ¢: M — B{(ws) denote the map defined by the following pair
(c: M — B,vpy: M — BSO). Consider the diagram

M(’LU2> coj B

{ M

BSO —— K(Z/2,2)

we have (wy 0 ¢) o j = wq 0 j and since the pullback satisfies the universal
property, there exists a map ¢: M{ws) — B(ws).
Next we are going to give definitions of the maps a and v (by pay-

ing special attention to the definition of ) and describe the elements of
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Qs (B{ws), M{ws)). Let id: M — M(w,) denote the map defined by the
pair (idy: M — M,vpy: M — BSO). Given [f] € Aute(M,ws), we de-
fine a: Aute(M, wy) — Qy(M{w,)) by af) := [M, f] — [M, id ] where the
modified bordism groups are defined by letting the degree of a reference
map §: N* — M{w,) to be the ordinary degree of g := j o 7.

An element (W, F) of Q5(B{ws), M{ws)) is a 5-dimensional manifold
with boundary (W, W), equipped with a reference map F:W — B (ws)
such that F law factors through €. The definition of « in the non-spin case
is similar to the one in the spin case: Let (W, F) € Qs(B(ws), M{(w,)), by
taking the boundary connected sum with (M x I, ido P1), We may assume
that W has two boundary components )W = —M and 0;W = N. The
obstructions to lifting F to M{w,) relative to ﬁ|N vanishes, the lifting

arguments take place over the fixed map vpr: M — BSO. We haver: W —
M{w,), lift of F and f:=76,W: M — M{ws). Define

VW, F) = f: M — Mw,) .

To see that the map v is well-defined, suppose that (W’ j’\’) is another
representative for the same relative bordism class and that we have already
found liftings 7 and 7 of the maps Fand 7 respectively. Let (T, ¢) denote
a bordism over Q5(B(ws), M{w,)) between (W, F) and (W', F"). Since any
element in the kernel of ma(p): mo(T) — ma(B{ws)) can be represented by
an embedded 2-sphere with trivial normal bundle, we may assume that the
reference map ¢: T — B(w,) is a 3-equivalence by surgeries on the interior

of T, see [49, Proposition 4].
Corollary 2.3.10. There is an isomorphism

Qs(B(ws), M{ws)) = K Hy(M;Z/2) ® Hs(M;Z/2)
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and the group Qs(B{ws), M{w,)) injects into Aut,(M,ws). The image of o,

ima = KHy(M;Z/2)® Hs(M;Z/2) .
Proof. Consider the maps S! x K3 wM where z;: S — M is a gen-
erator of H{(M) = Z" for each i = {1,2,...,7r} and S! is equipped with a

non-trivial spin structure. Since S* x K3 is a spin manifold the maps
(z; x {*},va1xk3): S* x K3 — M{w,)

are well-defined and [S* x K3, (z; x {*}, vs1xx3)] generate the H; (M) sum-
mand in Q5(M{w,)). Similarly, the generators of Q5(B(ws)) are of the form

[S! x K3, (coxz; x {*x},Vs1xx3)] - The homomorphism
5 (M(ws)) — Qs(B(ws)) = Hi(M)
is defined by composing with the reference map ¢. Note that
e([S" x K3, (zi x {*},vs1xka)]) = [S* x K3, (coz; x {},vs1xxs)] -

Hence Qs(M{ws)) — Qs(B{ws,)) is onto and by the exactness of the braid
the map Qs(B{wy)) — §5(B(w2), M{w,)) must be zero. Thus

Qs (B (wn), M{ws)) = ker(Qa(M{ws)) — Q4(B(ws)))

= KHy(M;Z/2) ® Hy(M;Z/2)

where KHy(M;Z/2) := ker(we: Hao(M;Z/2) — Z/2).

The map O5(B(ws), Mws)) — Q4(M{ws)) is injective, by the ex-
actness of the braid again, so the map m,(E.(B, ws)) — Qs(B{ws), M(ws))
must be zero, by the commutativity of the braid. Therefore

~

v: Qs(B(wa), M{wsy)) — Aute(M, we)
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is injective.

If f: M — M{ws) represents an element of Aute(M,w,), then
olf) =M, fl - [M,id] .
We have
Qu(M{ws)) = Ho(M) ® Hy(M;Z/2) ® H3(M;Z/2) .

The natural map Q4(M(ws)) — Ho(M) sends a 4-manifold to its signature.
Since the class wy € H?(M;Z/2) is a characteristic element for the cup
product form (mod 2), it is preserved by the induced map of a self-homotopy
equivalence of M. Therefore, the image of Aute(M,ws) in Qy(M(ws)) lies
in the subgroup K Ho(M;7Z/2) ® H3(M;Z/2). Since, the map 7 is injective
we should have K Hy(M;Z/2) @ H3(M;Z/2) C ima by the commutativity
of the braid. Therefore ima = KHy(M;Z/2) ® Hs(M;Z/2). O

Next, we are going to define a homomorphism
7: Auty(B,w;) — Aut.(B) .

For any f € Aute(B,ws), f:=jo f: M — B is a 3-equivalence. There
is a unique homotopy equivalence (up to base point preserving homotopy)

¢s: B — B such that ¢f oc ~ f (see [35, Lemma 3.8]). We define

~

3(f) = o5 .

Let g be another element of Aut.(B,ws), then F e G is defined by the pair

(¢f 0 ¢g 0 c,vpr). Therefore ;(fo 9) = ¢5 0 ¢g. Let

Isom ™2 [, my, sy] == {f € Aute(B, w,) |¢s € Isom[nm, mq, spr]} -
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Lemma 2.3.11. There is a short exact sequence of groups

0 — HY(M;Z/2) — Isom™?[r, 5, s 1] g, Isom(m, 79, spr] —> 1
Proof. For any ¢ € Isom[r,7s,sp|, we have an f € Aut,(M) such that
cof ~ ¢oc (by Lemma 2.2.10). We may assume that the pair (f,vy)
determines an element of Aut.(M,w;) (by Lemma 2.3.11). Then the pair
(co f,vpm) determines an element Fof Aut, (B, ws) and by definition j(f) =
¢. Suppose now that f, § € Isom™?)[r, my, sp] such that h : o =~ ¢g. We

have the following diagram

K(Z/2,1)

o

B(M x I) —9__, Buy)

[ -7 lu,s)

MxXx]————>Bx BSO

(hOCX id,l/Mopl)

The obstructions to lifting (h o ¢ x id, vp; o p;) lie in the groups
H*Y (M x I,d(M x I);m(K(Z/2,1))) = H(M; m(K(Z/2,1))) .

So the only non-zero obstructions are in H'(M;Z/2). The rest of the proof

follows exactly the same as the proof of Lemma 2.3.3. O

Corollary 2.3.12. The image of Aut,(M,ws) in Aut.(B,ws) is precisely

equal to Tsom™? (1, g, sp4].

Proof. Let fe Aute(M, wy) and ¢f denote the image of fin Aut, (B, ws).
Then ’j\(qbf = ¢y satisfies ¢y o c = co f. So ¢ preserves c.[M] and hence
¢¢ € Isom|m, 72, spr]. Now suppose that ¢: B — B is an element of Aut, (B)

contained in Isom[m, 7y, sp]. Then there exists f € Aut,(M) such that
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¢of~cof[33 Lemma 1.3]. There exists f': M — M such that f ~ f’
with w o vy = wq o f' [35, Lemma 3.1]. As a consequence we have ]/”\’ =
(f',vm) € Aute(M, ws). If ¢ € Aute(B,ws) denotes the image of F' then
since poc ~ co f' = jo¢s we have ?(d);,) = ¢. Hence the image of

Aut, (M, ws) in Aut.(B,w,) is Isom™?[x, 7y, s3] a

Let us briefly outline the definitions of the bordism groups ﬁ(M , Ws)
and H(B, ws). The elements of the group H(M, ws) are pairs (W, F), where
W is a compact, oriented 5-manifold with W = —M and 0,W = M.
The map F:wW — M({ws,) restricts to iﬁM on 01W, and on 9,W to a
map f € Aute (M, w;). Similarly ﬁ(B, wy) is the bordism group of pairs
(W, F ), where W is a compact, oriented 5-manifold with ,W = —M and
W = M. The map F:w— B(ws) restricts to ¢ on 0;W, and on ,W

to a map fe Aut, (B, ws).
Lemma 2.3.13. ([35, Lemma3.13]) H(M, ws) = H(B,w,).

In the non-spin case, the map §: Aute(B,ws) — Qu(B(ws)) is de-

o~ o~

fined by A(f) := [M, f] - [M,2].

Lemma 2.3.14. ker(3: Aut,(B,w;) — Qu(B{w,))) = Isom™? [r, s, 5]

and the image of ’F((M, wg) tn Aute(B, wy) is equal to Isom(wZ)[w, Ta, SM)-

Proof. Let fe Aut,(B, ws) and suppose first that fe ker 3. Note that the
map Q(B(ws)) — Hy(B) sends a bordism element [N, g] to g.[N] where
g := jog. Therefore the image of fin Hy(B) is zero when (j o ﬂ*[M] =
¢.[M]. But since (j o f) is a 3-equivalence, by [35, Lemma 3.8] there exists
¢ € Aut,(B) with ¢oc = jo f. So, ¢.(ci[M]) = c,[M] which means

/]\(f) = ¢ € Isom[n, ms, spr]. Therefore ker(3) C Isom<“’2)[7r,7r2, Sl
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To see the other inclusion let § € Isom ™21, 7, sps] and remember
that

where Z/2 summand is coming from
coker(dy: Hy(B;Z/2) — Hs(B;Z/2)) = (ws) .

Clearly the image of g in Q4() is zero and by the above argument the
image of g in Hy(B) is also zero. Since by Corollary 2.3.12 the image of
Aut, (M, wy) in Aut,(B,ws) is precisely equal to Isom 2 [1, 75, 5], there
is an f € Aut.(M,wp) whose image in Aut,(B,w.) is §. But since the
class wy is preserved by a self-homotopy equivalence of M, the image of f
under the map o a: Aute(M,ws) — Qu(B{ws)) in coker(ds) is zero. By
the commutativity of the braid, we have the image of 5(g) in coker(dy) = 0.
Hence g € ker(0).
The result about the image of H(M, ws) follows from the exactness
of the braid ([35, Lemma 2.7]) and the fact that ker(3) = Isom‘? [r, g, spr].
O

The relevant terms of our braid are now:

/"\/—\

H\(M) & Hy(M;Z/2)

@ Z/2 H(M, w,) Isom "), 3, 5]
N N S \
H,\(M) Aute(M, w;)
Pare /
o, K Hy( ;Z/2) K Hy M 7./2)
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There is an action of Isom("’z)[w, 9, Spr] on the normal subgroup
K = ker(Aute (M, ws) — Aute(B, ws))

which is defined as follows: Let f € I/{\l, then co f ~ ¢. Also let gg €
Isom™?[r, 75, 5] and ¢ = 3(:5), then ¢ € Isom[r, 7y, sp]. There is a
homotopy equivalence h: M — M such that coh = ¢ o c. Then since
ho f o h™! preserves wy, we can define 5.f:= (ho foh™ vy).

We can now state the main theorem of this chapter. It is a general-

ization of Theorem 2.2.14.

Theorem A. Let M be a connected, closed, oriented topological manifold

of dimension 4. If m := m1(M) is a free group, then
Aut, (M, w,) = (KHy(M;Z,/2) ® Hs(M;Z/2)) » Isom™?[r, ma, sp] -
Proof. We have a split short exact sequence
0— K; — Auto (M, wy) — Isom ™2 |1, 1y, sy ] —> 1 .

Any element f will act as identity on im(a) = K Ho(M; Z/2) ® H3(M; Z/2),
so X is a homomorphism. Also K; = KHy(M;Z/2) ® Hs(M;Z/2) and the

rest of the proof follows as in the spin case. O
Remark 2.3.15. We have
Hy(M;2/2) = Ho(m; Hy(M;2/2)) 2 2.8y (m2 ®Z/2) .

Therefore any element of Hy(M;Z/2) can be represented by a map S? — M.
Let 0 # z € KHo(M;Z/2) and a: S? — M corresponds to z via the above

isomorphism. Choose an embedding D* — M. Shrink D* to a point
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to give a map M — MV S* Now let n: S* — S? be the Hopf map,
Sn: §* — S its suspension and 7?: S* — S? the composition n? = n o Sy.

Let f be the composite map

i 2 i
M MV54_(M’_>MV52_‘1\./_“__>M

——

f induces identities on m; and on H;(M), so f is homologous to the ids
(but it is not homotopic to the identity, for v is injective). Hence it is a
homotopy equivalence, by [53, Theorem 5.5].

To realize H3(M;Z/2) as homotopy equivalences, first observe that
H3(M) = ZQ\H. 5(M) and reduction mod 2 is onto, so by Hurewicz theorem
for any element of H3(M;Z/2) there exists a map §: S* — M. Now the

following composite map

idvs id
MVS4_1—L—>MVS3——1'—V?———"M

M

is again a homotopy-equivalence.



Chapter 3

s-cobordism theorem in the

free case

3.1 Preliminaries

In this chapter we are going to show that the quadratic 2-type with the
Kirby-Stebenmann invariant determines a classification of topological 4-
manifolds with free fundamental group, up to s-cobordism.

Before we state our theorem, let us first point out that the signature
of a closed, oriented 4-manifold M, o(M) is given by the signature of the

usual intersection form
sy Hy(M)® Hy(M) > Z .

Note that, when 7 is a free group Hy(M) = Ho(M;A) ®p Z. Also we have
Homy (72, A) ®4 Z = Homg(ms @ Z,Z). Therefore

SM®AZI (HQ(M,A) ®AZ)®(H2(M,A) ®AZ) —>A®AZgZ

is the integral intersection form s%, since Hy(M;A) ®) Z is the largest

76
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quotient of Hy(M;A) on which 7 acts trivially. Therefore the signature of

M is determined by the formula
o(M) = o(s5) = o(sm @ Z) .

The next lemma will tell us that for M with free fundamental group
7, there are basically two cases : wy(M) # 0 and wy(M) = 0. Following

[34], we will call them as type (I) case and type (II) case respectively.
Lemma 3.1.1. M s spin if and only ifﬁ is spin.

Proof. Let u: M — K(m,1) be a classifying map for the fundamental group

m. Consider the homotopy fibration
]/\‘/f—ﬂ* M —> K(m,1)
which induces a short exact sequence
0— H(K(r,1);2,/2) *~ H¥(M; 2/2) *~ H*(M; 2/2) -
When 7 is a free group, we have H2(K(m,1);Z/2) = 0 moreover since
'w2(j\\d/) = p*(wqe(M)), M is spin if and only if M; is spin. d

Finally, note that the Whitehead group Wh(n) is trivial for 7 & %,Z
(see [29] or [67]), hence in this case being s-cobordant is equivalent to being

h-cobordant. Here is our main result for this chapter:

3.2 Main Result

Theorem B. Let M; and M, be two closed, connected, oriented, topo-
logical 4-manifolds with free fundamental group and have the same Kirby-
Siebenmann invariant. Then they are s-cobordant if and only if they have

1sometric quadratic 2-types.
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The proof of Theorem B. If M; and Ms are s-cobordant, then the inclusion
of M, into an s-cobordism between M; and M5 and the homotopy inverse
of the inclusion from M, is an orientation preserving homotopy equivalence
and thus induces an isometry between the intersection forms. So, M; and
M, have isometric quadratic 2-types.

Suppose now that M; and M, have isometric quadratic 2-types. For

the type (I) case, let us recall that
QTP (K (m,1)) 2 QTP (x) 2 Z @ Z/2

where m & x,7Z. The isomorphism can be given by associating the pair
(o(M), KS(M)) to M, where K S(M) is the Kirby-Siebenmann invariant of
M, and it is a characteristic class that vanishes exactly when the topological
tangent bundle of M reduces to a vector bundie bundle, in particular, it
vanishes if M admits a smooth structure. The latter invariant o(M) is
the signature of the 4-manifold M. Since M; and M, have isomorphic
intersection forms, we have o(M;) = 0(M;). The hypotheses imply that we
have a cobordism W between M; and M, over K(m,1). For the type (II)

case, note that

QZOPSPIN(K(W, 1)) ~ QZ‘OPSPIN(*) ~7

The isomorphism can be given by U—(SN—). So two spin 4-manifolds with the
same signature will be spin cobordant over K (, 1) without the assumption
on the Kirby-Siebenmann invariant. In both cases we may assume that W
is connected.

Choose a handle decomposition of W [28]. Since W is connected, we

can cancel all 0- and 5-handles. Further, we may assume by low-dimensional
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surgery that M; — W is a 2 equivalence. So we can trade all 1-handles for
3-handles, and upside-down, all 4-handles for 2-handles. We end up with a
handle decomposition of W that only contains 2- and 3-handles, and view

W as
W = M; x [0,1]U {2 — handles} U {3 — handles} U M, x [-1,0]

which we split into two halves : on one side, M; and the 2-handles, on the
other, M; and the 3-handles. Looking upside-down at the upper half of W,
instead of seeing the 3-handles as glued to the lower half, we can view them
as 2-handles glued upwards to M, x [—1,0]. Let 3/2 be the level in W that
appears immediately after all 2-handles have been attached, but before any
3-handle is attached. Thus the ascending cobordism W3/; contains just M,
and all 2-handles. In its 4-dimensional upper boundary Ms/s, are located
both the belt spheres of the 2-handles and the attaching spheres of the
3-handles.

The strategy for the remainder of the proof is the following: We will
cut W into two halves, then glue them back after sticking in an h-cobordism
of Mjz/;. This cut and reglue procedure will create a new cobordism from
M; to Ms. If we choose the right hA-cobordism, then the 3-handles from the
upper half will cancel algebraically the 2-handles from the lower half. This
means that the newly created cobordism between M; and M, will have no
homology relative to its boundaries, and so it will indeed be an s-cobordism
from M; to M, (see [49, p. 722]) .

Let us first clarify the shape of Mj/y: a 5-dimensional 2-handle is
a copy of D? x D3, to be attached by gluing S* x D3 to M;. To attach

such a 2-handle to M, we need to specify where the attaching circle S' x 0



CHAPTER 3. S-COBORDISM THEOREM IN THE FREE CASE 80

is being sent, but a null-homotopic circle in a 4-manifold is isotopic to any
other embedded circle. We also need to specify how the thickening of the
attaching circle is to be glued to M;. Since m;SO(3) = Z/2, there are only
two ways of doing that, depending on whether the 3-disk D3 in M, twists
an even or an odd number of times around the attaching circle. Therefore
to fully describe M3/, all we need is to specify how many odd and how many
even 2-handles are to be attached. Since the cobordism is over K(m, 1) the
attaching map S' x D® — M, is null-homotopic, so attaching an even 2-
handle is the same as connect summing with S? x S? and if the 2-handle is
odd then attaching it is the same as connect summing with S?2xS? (see [62,

p.157]). In conclusion, we have
M3/2 ~ Mlﬁk(Sz X Sz)tik'(52§52) .

We may assume that no S2xS2-terms are present. We will argue
that there are no S2XS%-summands again in two cases;
Type (I) Case: First suppose that M; is not spin, so J\Z is not spin. ]\Z
is simply connected, so every element of H2(J\7f1; Z/2) is represented by an
immersed sphere. Since w2(]\7’,1) # 0, it has nonzero value on some 2-sphere
Y, whose normal bundle is twisted. Since the normal bundle is preserved
when we push down into M;, we may conclude wq(M;) has nonzero value
on some immersed 2-sphere in M. Note that M;{S? x S? is obtained from
M; by surgery on a circle C bounding some 2-disk D C M, with framing
determined by the unique normal framing of D, and M;#52%S? is obtained
by surgery on C with the other framing. If we take D to be the north polar
cap of X, then isotoping C over ¥ to the south polar cap will interchange

the framings, since the normal bundle of ¥ is twisted (see [31, Proposition
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5.2.4.]). It follows that in this case we have Mi#S? x S? ~ Mi#52% 52,
Type (II) Case: If M, is spin, two manifolds M;#S? x S? and M;#52% S?
are different, since the latter one has no spin structure. But in this case W
can be chosen to be spin, so we can assume that W does not contain any
odd handles.

From the lower half of W we have M5/, =~ Mymi(S? x S?), while
from the upper half we have Ms/; =~ Mafims(S? x S?), since Ms/p can
also be obtained by attaching even 2-handles upwards to M;. We have
rank(Hy(M;)) = rank(Hy(Ms)), since HZ(MI)EE;(CI—); Hy(Ms) , so it

follows that m = m; = my. Hence we have a homeomorphism
g! MQﬁm(SZ X 52) i»Mltim(Sz X 52) .

Remark 3.2.1. We can conclude that M; and M, are stably homeomorphic
by using the notion of normal 1-type of a compact manifold (to remember
the definition see Definition 1.3.1). Kreck [49, Corollary 3| by using a new
operation, he called subtraction of tori, proved that two closed 4-dimensional
manifolds with the same Euler characteristic and the same normal 1-type,
are stably homeomorphic, by adding the same number of S? x 52, if they
are bordant over the normal 1-type. In the spin case the normal 1-type is

given by B := BSpin x K(r,1)—— BTOP and hence
O, (E) = QTOPSPIN (K (r 1)) 2 QTOPSPIN o 7,

On the other hand, in the non-spin case the normal 1-type is given by

E:= BSO x K(r,1) —— BTOP and

Q(E) = QTP (K(7,1)) 2 QTP (x) 2 2.0 7/2 .
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Therefore M; and M, are bordant over the normal 1-type and so they must
be stably homeomorphic.

Let B(M;) denote the 2-types of M; and ¢;: M; — B(M;) corre-
sponding 3-equivalences for ¢ = 1,2. We are going to construct a homotopy
equivalence between B(M;) and B(M;). Note that, we have isomorphisms
Ta(c;): mo(M;) —— mo(B(M;)) for i = 1,2. Since M; and M, have isomet-

ric quadratic 2-types, we also have the following isomorphisms
x: mi (M) — m(Mz) and 9 mo( M) — mo(Ms)

such that

SMZ(U)(QU)JP(?J)) = X*(le (.T,y)) :

Start with the composition
ma(c2) 0 9 o ma(cy) ™Y : ma(B(My)) S ma( B(Ms)) .

We can think of any Abelian group G as a topological group with discrete
topology. Then we can define K(G,1) = BG, which is also an Abelian
topological group, and K(G,2) = BK(G,1) = B2G. This construction is

functorial. Hence we have a homotopy equivalence
B?(my(ez) 09 o macr) 1) K(ma(B(Mz)),2) — K(my(B(Mz)), 2)

which is 7i-equivariant, since v is mi-equivariant. We also have another
m1-equivariant homotopy equivalence, namely Ex: Em(M;) — Em(Ms),
where the contractible space Ew(M;) is the total space of the universal

bundle over By (M;) for i = 1,2. Let

6 := E(x) x B*(my(cz) 0 ¥ o ma(cy) ™)
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and recall that B(M;) ~ En1(M;) Xx () K (m2(B(M;)),2). Then we have

Also since B(M;) is a fibration over By (M;) with fiber K (mo(B(M;)),2) by
five lemma, we can see that @ is a homotopy equivalence. Summarizing we

have a homotopy equivalence § with the following commutative diagram:

mo(My) — = sy (B(My))

| oo

7T2(M2) WQ(B(MQ)) .

w2 (c2)

Also observe that 6y(sa,) = Sar,. Now let

M = Mi#m(S? x S?) and M’ := Mym(S* x S?)
with the following quadratic 2-types,

[7, 72, spr] 1= [m1(My), mo(My) & A*™, spy, ® H(A™)]

and

[71(Mz), ma(Ma) & A*™, spr, © H(A™)]

where H(A™) is the hyperbolic form on A™ @ (A™)*. Next, observe that

(m1(¢) o x, m2(¢) o (¥ @ id)) = (id, m3(¢) o (¥ @ id))

gives us an element in Isom[r, 7y, sps] since it is the composition of isome-
tries. Let B := B(M) denote the 2-type of M. Remember that we have an

exact sequence of the form

00— H%(m;mp) — Aut.(B)(w Isom[m, my] —=1 .
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Therefore we can find a ¢ € Aut,(B) such that

m(¢) =id and my(d) = ma(C) o (v B id)

Also recall that we have the following short exact sequence by Lemma 2.3.11

0 — HY(M;Z/2) — Isom“? [r, w3, 53] AN Isom|rm, g, sp] —> 1

Choose

7 € Isom®™[r, m,, sm| such that ;(f) =¢

ie. f: M — B(ws) and jo f.’\: ¢ o c. Recall that the image of ﬁ(M, wy)
in Aut.(B,w,) is precisely equal to Isom(w2>[7r,7r2, sm). So from the braid
diagram for M we know that there exists (W, F') € H(M,w,) which maps
to f, ie, F: W — B(ws) and Flaw = f. We are using the fact that
ﬁ(M, wy) = ’ﬁ(B, wy). We will use a comparison of C.T.C. Wall’s surgery
program for studying homotopy equivalences with M. Kreck’s modified

surgery program for studying stable homeomorphisms. We have a com-

mutative diagram of exact sequences (see [35, Lemma 4.1])

Le(Z[m)) Le(Z{m))

S(M x I,0) ——H(M) Aute(M, wy)

T(M x I,0) — H(M, wy) — Isom™2 1, 7y, 53]

Ls(Z[m]) === Ls(Z[m])

where the left-hand vertical sequence is from Wall’s surgery exact sequence
[73, Chap.10]. To obtain the right-hand vertical sequence we use the modi-

fied surgery theory of Kreck [49).
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The group H(M) consists of oriented h-cobordisms W* from M to
M, under the equivalence relation induced by h-cobordism relative to the
boundary. The tangential structures 7 (M x I, 3}, is the set of degree 1 nor-
mal maps F': (W,0W) — (M x I, 9), inducing the identity on the boundary
[73, Prop.10.2]. The group structure on this set is defined as for ’F{(M , Wa).
The map
T(M x I,8) — H(M, w,)

takes such an element to (W, F) € H(M, w,), where F =i o F. This map
factors through Qs(M(w,)) by sending such an element to the bordism class
of ( WUM x I,FU#,).

Let 05 € Ls(Z[m]) be the image of (W, F). The map

T(M x 1,8) — Ls(Z[r1])

is onto, see for example [17, Theorem 8] or [41, Lemma 6.9]. Let (W', F’) €
T(M x I,0) maps to o5 and let (W’,f*"\’) € H(M,w,) be the image of
(W', F"). Since ﬁ'\’|32(wf) = id € Aut,(M, w,) it will be mapped to ¢ €
Isom 2 [, 73, 53s] and remember that (€) = idg. Consider the difference

of these elements in 7-{(M , Wa),
(W', F") = (W', F') o (=W, f ' o F) € H(M,w,) .

At this point let us quickly review how the group operation is defined in

H(M, w,): The group structure on H(M, w,) is given by the formula
(I/V, F\) d (W,a F\,) = (W U32W=31W' WI,F\UfA.F\I) :

The inverse of (W, F') is represented by (—W, Fle F) where 7-1 represents

the inverse for f = Fla,w in Aute(M, ws).
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Remark 3.2.2. Let us point out the fact that the map
T(M x 1,8) — H(M, w,)

factors through Q5(M(ws)) by sending (W', F') € T(M x I,9) to the bor-
dism class of (W' U M x I,ﬁ’\’uf)}), see [35, Lemma 4.1]. If (W’j:'\') maps
exactly to (W, ﬁ), exactness of the braid tells us that f ~ & which in turn
implies ¢ induces identity homomorphisms on 7; and 75. In particular we
would have, m3({!) = ¥ ®id, which means in W 3-handles cancel 2-handles.

But then W would be an h-cobordism between M; and Mo.
The element (W”, 1/77’) € H(M, w,) maps to 0 € Ls(Z[r,]). By the
exactness of the right-hand vertical sequence there exists an h-cobordism

T of M which maps to (W” ,l/:\'”) Let f denote the induced homotopy

self equivalence of M. By construction we have a homotopy commutative

diagram
ML m

WhereCOf:jof.

Remark 3.2.3. Before we found an f € Aut.(M) we made a choice, we
chose an f € Isom®? [, Mo, sp]. If we had chosen a different representative,
say g, then we would end up with a g € Aut.(M) such that co f ~coyg .

But then 7;(f) = m;(g) for ¢ = 1,2 and this is what is important for us.

Note that m({"' o f) = ¢¥ @ id and also ("' o f gives us a self-
equivalence of M3/ which we will denote by ®. Now, we put the s-cobordism

T in between two halves of W and see what happens to 2- and 3-handles.
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To translate everything into algebra, we proceed as follows: We view
M3o as Mzjs =~ Mim(S? x 5?) and we denote by zj the class of 52 x 1
and by Tz the class of 1 x S? in the k** §% x S2-summand. The classes Ty
are the classes of the belt spheres of the lower 2-handles, and they bound

in the lower cobordism. We write
HQ(M3/2) = H2(M1) & Z{wl,x_la R ) m}

Now look at M3/, from upwards as Ms/, =~ Matm(S? x S2). This decompo-
sition is obtained by adding upside-down 2-handles to M, in the upper half
of W. Respective summands in the decomposition do not correspond by a
homeomorphism unless M; =~ M,. Denote by y; the class of S? x 0 and by
Tx the class of 0x S2 in the k** $2 x S2-summand of this latter splitting. The
classes y, are the classes of the attaching spheres of the upper 3-handles,

and they bound in the upper cobordism. We write

H2(M3/2) = H2(M2) S¥ Z{yhma ey ymyy_m}

A good self-equivalence of M3/, will be the one that sends the class
Y onto xg, thus guaranteeing that the attaching sphere y; of each 3-handle
has algebraic intersection 1 with the belt sphere Tz of the corresponding

2-handle. But since m2(¢™! o f) = ¢ @ id, we have

®,(yx) = zr and ®,(7%) = Tx -



Chapter 4

PDs Fundamental Group

4.1 The structures of m and I'(m)

We start this section by giving the definition of Poincaré duality groups.

Definition 4.1.1. A group G is said to be of type FP if the augmen-
tation Z[G]-module Z admits a finite projective resolution over Z[G]. G
is said to be an n-dimensional Poincaré duality (PD,) group if it is F'P,
H'(G,Z|G]) = 0 for i # n and the dualizing module D = H"(G;Z|[G]) = Z,
where n = cdG.

There are natural isomorphisms H*(G,-) = H,_;(G,D ® —) [13,
Theorem10.1, p.220]. If G acts trivially on D, then G is said to be orientable
(i.e., if D is isomorphic to the augmentation module Z). Note that if G is

an orientable PD,, group then we have
H'(G;M) = H,i(G; M)
as in Poincaré duality for closed, orientable manifolds.

Remark 4.1.2. If G is a group such that there exists a closed K(G,1)-

88
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manifold Y, then G is a Poincaré duality group and is orientable if and only

if Y is orientable.

Let us further recall that a Poincaré duality complex of dimension n
(or PD,-complex for short) is a finitely dominated CW-complex exhibiting
n-dimensional equivariant Poincaré duality. One has the following rela-
tion between Poincaré duality groups and Poincaré duality complexes: the
classifying space K(G,1) is a Poincaré duality complex if and only if G
is a Poincaré duality group [46]. The only PD;-group is Z, hence every
PD;-complex is homotopy equivalent to S*. Eckmann, Linnell and Miiller
showed that every P D,-group is the fundamental group of a closed aspher-
ical surface (see [25]), hence every P Dj-complex is homotopy equivalent to
a closed surface.

Let M be a closed, connected, oriented, smooth or topological 4-
manifold with fundamental group a PD, group, 7 = m(F), where F is a
closed, oriented aspherical surface, i.e., F = K(w,1) = Bn.

Let C, = C,(M;A) be the cellular chain complex of M, and let
B; C Z; denote the i-dimensional boundaries and i-cycles in C; respectively.
We have H; = H;(C,) = HZ(M ) = Z;/ B;. The complex C, gives a resolution

of the augmentation module

0 B, c; Co Z 0.

Since the cd7m = 2, B; is a projective A-module [13, p.184]. Also since
M is simply connected H; = 0. In particular, Z; = B; is projective, so
Cy =2 7, @ Z5 and hence Z, is also a projective A-module. Dualizing the

following partial projective resolution of 7y

C3 o ZQ 2 0
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gives us the exact sequence

0 s Al Cl coker(8) —0

Now 7 is a PD, group, so vedn = cd7 = 2. The only finite subgroup of
mis 1 and H* ({1},-) = 0. So, coker(d") is cohomologically trivial which
implies projdim, coker(d') < 2 [13, p. 287]. Therefore 7} := Homa (72, A) is
a projective A-module, by [13, Lemma 2.1, p.184]. We have another short

exact sequence
0— H2(m;A) — H>(M;A) —> 7} —> 0

arising from the Serre spectral sequence of the fibration M->M->K (m, 1)

(recall Lemma 2.1.3). Since 7 is a PDy group H2(w; A) = Z. Let P denote

the projective module 7r$, then by Poincaré duality we have
9 =7 D P.

By [44], there exists a 2-connected degree-1 map gpr: M — Z such that
ker(gy) = P (see also section 2.4). Then by [73, Lemma 2.3], P is actually

stably free. Summarizing, we have proved:

Proposition 4.1.3. Let M be a closed, connected, oriented, smooth or topo-

logical 4-manifold with fundamental group a PDy group and let my denote
mo(M). Then we have
Uy &~ Z @ P

where P is a stably free A-module.

We now turn our attention to I'(ms) where I' is the Whitehead’s

quadratic functor.
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Proposition 4.1.4. T'(my) = Q & Z, where Q 1is a projective A module.

Proof. Recall that I'(G) is the Whitehead’s quadratic functor defined on
Abelian groups. If G is a A-module, then I'(G) inherits from G a A-module
structure. We have I'(P&®Z) = I'(P)®Z® P so we need to show that I'( P)
is a projective A-module. Let P&® P’ = F where F is a free A- module. We
have the isomorphism I'(F) = I'(P) @ T'(P') ® P ® P'. We know that I'(F')
is a free A-module (see Remark 2.1.9) and by Proposition 2.1.8 P® P' is a

projective A-module. Hence @) := I'(P) is a projective A-module. O

4.2 Spin Case

The purpose of this section is to state and prove a theorem calculating the
group Aut,(M), when M is a spin 4-manifold with PDs fundamental group

7. Our main result is Theorem 4.2.11.

Proposition 4.2.1. The relevant spin bordism groups of M are given as

follows:

QP (M) = Q5P (%) @ Ho(M;Z/2) & Hs(M;2/2) & Z.

Q™ (M) = Hy(M) @ Hs(M;Z/2) Z)2 .

Proof. For the line p + ¢ = 4 in the Fj-term, we have pri"(*) ~ 7Z in
the (0,4) position, Hy(M;Z/2) in the (2,2) position, H3(M;Z/2) in the
(3,1) position, and Hy(M) = Z in the (4,0) position. The differential for
(p,q) = (3,1) is zero for Sq¢'(z) = 0 if i > deg(z) and since M is spin the
differential for (p,q) = (4,1) is also zero. So all these terms survive to E.

For the line p + ¢ = 5, we have 3 non-zero terms : H;(M) in the
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(1,4) position, H3(M;Z/2) in the (3,2) position and Hy(M;Z/2) = Z/2,

in the (4,1) position. Again all these terms survive to E.. O

Since a finitely generated group is necessarily countable, 7 is count-
able. Then any finitely generated projective A-module is countable. Hence

we have that w5 is countable. Let
Xo=%X,=K(Z,2), -, Xy=K(Z",2), -
where Z" is the N-fold product of Z. Consider the sequence of maps

i0 1 12
Xo X1 X

where ix’s are inclusions. We can take B to be homotopy equivalent to the

mapping telescope of the above sequence and we have,
H,(B) = lim H,(X})
H™(B;Z/2) = lim H™(Xy; Z/2)

Proposition 4.2.2. Let B denote the 2-type of a spin 4-manifold M with

PDy fundamental group. Then

4
Z ifi=0
Hy(M) ifi =2

H;(B) = 4
Hi(m) ifi=1,30r5
ZrT(m)®Z ifi=4

Proof. Using the Serre spectral sequence of the fibration

M — M — K(m,1)
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we have the following isomorphisms:

Hg(B) = H1(7T1,7I'2) &= H1(7T1) y
H4(B) = H0(7T1, F(ﬂ'g)) @ H2(7f1,7l'2) =7 A F(7T2) & Z y

H5(B) = H1(7T1,F(7T2)) = H1(7T1) .
UJ

In the calculations of Q57" (B), we will have to understand the Steen-
rod operation Sq*: H3(B;Z/2) — H°(B;Z/2). Hence before we start cal-
culating the bordism groups, we will first find H3(B) and H?(B). Recall
that we have a 2-connected degree-1 map f: M — Z where Z is an S? bun-
dle over F' (Z is the minimal model of M and in the spin case by [55] Z is
trivial, i.e. Z ~ F x S?). Also since T': 7, — CW defined by T(X) = B(X)
(second stage in the Postnikov tower) is a covariant functor, we have a

2-connected map g: B — B(Z), that is

ML -z

| e

B—>B(Z)
gocy =czo f. The map g is a fibration with fibre K(P,2). We will use
the cohomology Serre spectral sequence associated to g.
The non-zero terms on the p+q = 3 line are H*(B(Z); H*(K(P,2)))
and H3(B(Z)). We have

HYB(Z); H¥(K(P,2))) = H'(m; Hom(Ha(K (P, 2)), Z))

~ H'(r;Hom(P,Z)) & Ext.(P,Z) =0
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by [13, Proposition 2.2, p.61] and since P is a projective module. Hence we

have,
H*(B) = H*(B(2)) = H(F; (B(2)))
~ H'(m; H*(K(Z,2)) = H'(n) .
Next, we consider the line p+¢ = 5: non-zero terms are H(B(Z); H*(K (P, 2))),
H*(B(Z); H*(K(P,2))) and H*(B(Z)). By Whitehead exact sequence we
have Hy(K(P,2)) = I'(P) which is a projective A-module since P is projec-
tive. As a consequence
H'(B(Z); H(K(P,2))) = H'(m; H(K(P,2)))

=~ H'(m; Hom(Hy(K(P,2)))) = HY(m;T(P)) =0

by [13, Proposition 2.2, p.61]. Also
H*(B(2); H*(K(P,2))) = H'(m; H*(K(P,2))) =0 .
Hence we have,
H®(B) = H*(Py(2)) = H'(m; HY(K(Z,2))) = H'(m) .
Summarizing we have proved:
Lemma 4.2.3. The third and fifth cohomology groups of B are given as
H*(B) = H'(m; H*(K(Z,2))) and H®(B) = H'(m; H{(K(Z,2))) .

Remark 4.2.4. We can get the above result by simply considering the
fibration B — B — K (m,1). Actually this is the reason why we didn’t
check any differentials in our calculations above, because for example, we
know that H3(B) = H'(r; H¥(B)) = H'(r; Hom(P & Z, Z)) & H'(r). But

to see the cohomology ring structure we used the fibration g.
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Next, we are going to calculate the spin bordism groups of B.

Proposition 4.2.5. Let B denote the 2-type of a spin 4-manifold with PD,

fundamental group. We have

QP"™(B) CZ®Z/2® Hy(B) and QF™(B) C H\(B)® Hs(B) .
Proof. For the line p+ q = 4, the non-zero terms on the E2-page are Hy(B)
in the (4,0) position, H3(B;Z/2) in the (3,1) position, Hy(B;Z/2) in the
(2,2) position, and Z in the (0,4) position . The differential dy: E}; — E>?
becomes the homomorphism dy: Hy(B;Z/2) — Hs(B;Z/2), which is the
dual of Sq®: H?(B;Z/2) — H*(B;Z/2). Now consider the following short
exact sequence:

0 — H*(F; H%(B;Z/2)) — H*(B;Z/2) —> H(B;Z/2)" —> 0

arising from the filtration for H%(B;Z/2), where H 2(B;Z/2)™ is the largest
submodule of H2(B;Z/2) on which 7 acts trivially. Then we have the

following commutative diagram:

0— H%(F; H(B; 2/2)) —> H*(B; Z/2) > H(B; 2/2)" — 0

15112:0 lqu 1.S’q2

0— H2(F; H*(B; 2,/2)) —= H4(B; Z/2) ~"> H(B; 2/2)" —0
The leftmost Sq? is given by the Sq*: H°(B;Z/2) — H*(B;Z/2) (see [63]
and [64]), which is zero. Also note that Sq¢*: H?(B;Z/2) — H4(B;Z/2) is
injective. Let a € H?(B;Z/2), if a € ker(Sq?) then

0= 58¢*(a) = p*(S¢*(@)) = 0 = S¢*(p*(a)) = 0= p*(@) = 0
Together with the naturality of Sq?, we have

ker(Sq*: H*(B;Z/2) — H*(B;Z/2)) = H¥(F;Z/2) = Z/2 .
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Note that H?(B;Z/2) = Homgy(H2(B;Z/2),Z/2), by the universal coef-
ficient theorem, so for 0 # a € ker(Sq?) & H%*(F;Z/2) C H*(B;Z/2) we
have a unique z € Hy(B;Z/2) such that a(z) = 1 and a(y) = 0 for any
y # z. Consider the following equation 0 = S¢*(a)(z) = a(dz(z)) which
implies = can not be equal to dy(2) for any z € Hy(B;7Z/2). So z represents
a non-zero class in coker(dy: Hy(B;Z/2) — H2(B;Z/2)). Conversely let =
represent a non-zero class in coker(ds) and a be the dual cohomology class,
then S¢%(@)(z) = a(dx(z)) = 0 for all z € Hy(B;Z/2), hence o € ker(Sq¢?).
Also note that Hy(B;Z/2) & Z ®4 Hy(B;Z/2) & Hy(m;Z,/2) and we have

coker(dy: Hy(B;Z/2) — Hy(B;Z/2)) = Hy(m;Z/2) = Z/2 .

Hence E3, = Z/2. Let ug: B — F be the classifying map. Consider the

following lifting problem

B
o«
.7 1“3

F-2F
The lifting obstructions lie in H*!(F;m;(B)). However, since cdm = 2,
note that H+!(F;m;(B)) = 0 for all i. Let s: F — B be a lift of id, i.e.
ugos = id. Consider sopr;: F x (S!xS') — B where we use the non-trivial

spin structure on the (S* x S') factor. Therefore E$% & Z/2.

For the (3,1) position, we know that dy: Hs(B;Z) — H3(B;Z/2) is

reduction mod 2 composed with the dual of Sq?, where by Lemma. 4.2.3 we

have
Sq?: H'(r; HA(K(Z,2); 2/2)) — H(r; HY(K(Z,2); Z/2))

which is an isomorphism by [63] and [64], so its dual is also an isomorphism

and reduction mod 2, Hs(B;Z) — Hs(B;Z/2), is also surjective. Hence
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ds is surjective in this case. Therefore, on the line p + g = 4, the groups
which survive to E® are Z in (0,4) position, Z/2 in (2,2) position, and a
subgroup of Hy(B) in the (4,0) position.

The non-zero terms on the line p + g = 5 are: Hs(B), Hy(B;Z/2),
Hs(B;Z/2) and Hy(B). We know that Sq¢?: H*(B;Z/2) — H*(B;Z/2)
is injective, hence its dual dy: Hs(B;Z/2) — Hs(B;Z/2) is surjective, i.e.
E$5 = 0. We will show that the differential dy: He(B) — Hy(B;Z/2) is
onto the kernel of dy: Hy(B;Z/2) — Hy(B;Z/2). This will follow from the

exactness of the sequence
~ Sq? ~ Sq? ~
H?*(B;Z/2) — H*(B;Z/2) — H°(B;Z/2)

by considering the following commutative diagram associated to the fibra-

tion B BX F

0 0 0
~ Sq? ~ Sq? ~
H2(B;Z/2)" HY(B,Z/2)" H(BZ/2)"
p* p* "
H2(B;Z/2) —C + HA(B;Z/2) —>X > H(B; Z/2)
~ Sq?=0 ~ Sq? ~
H*(F; H%(B;Z/2)) — H*(F; H*(B;Z/2)) — H*(F; H*(B; Z/2))

0 0 0

We want to show that the middle row is exact:
S¢(y?) =y*Uy+Se'(y) USq(y) +yUy* =0,

since S¢* = 0 (H*B) — H?(B;Z/2) is onto), hence im C ker. Let
z € H*(B;Z/2) such that S¢?(z) = 0 and p*(z) = z. There exists
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Y€ H2(§; Z/2) such that Sq?(y) = 7, since the top row is exact. But 7 €
H*(B;Z/2)" implies § € H%(B;Z/2)". From the filtration for H*(B;Z/2)
we know that p*: H%(B;Z/2) — H%(B;Z/2)" is onto. Hence there exists
ay € H*(B;Z/2) with p*(y) = y. If the difference y* — z is not 0, then
there is a non-zero z € H2(F; H*(B;Z/2)) such that 42 — ¢ = u*(2). Then
0 = S¢?(y? — z) = u*(Sq?(z)). But since both Sq¢? at the bottom row and
u* are injective, u*(Sq%(2)) can’t be zero. Hence y> = S¢*(y) = z. As a

result the following sequence is also exact
H;(B; Z/2) —> Hy(B; 2/2) 2> Hy(B; 2/2)

where the first map is the dual of Sq?: H4(B;Z/2) — H%(B;Z/2). With
the surjectivity of reduction mod 2, H¢(B;Z) — He(B;Z/2), we can con-
clude that dy: Hg(B;Z) — H4(B;Z/2) is surjective onto the kernel of
the differential dy: Hy4(B;Z/2) — Hy(B;Z/2). Finally note that we have
ker(ds: Hs(B) — H3(B;Z/2)) = ker(Hs(B) — Hs(B;Z/2)) reduction mod
2. Therefore, on the line p + g = 5, the only groups which survive to E*
are Hy(B) in the (1,4) position, and a subgroup of H5(B) in the (5,0)

position. O

Let A denote the remaining subgroup of Hs(B) in Q57™(B). We are
going to show that A C im(m (£.(B)) — Q57™(B)). Let us review the basic
information that will be used. Recall that the fundamental group, w, of F

has a one-relator presentation

™= (xlvyly--'axgayg | [ml’yll"'[xg’yg]': 1)’

where [z;, 1] denotes zgy;z; 'y, . Let z;: S}, — B and y;: S}, — B for

i=1,...,g, also denote generators of H,(B) = H,(F) = 729, here g denotes
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the genus of F. By Serre spectral sequence Hs(B) = H;(n) & Hy(F), and
then by the Poincaré duality and universal coefficient theorem H;(w) =
HY(m) & Hom(H;(F),Z). A basis for H;(F) determines a dual basis for
Hom(H,(F),Z), so dual to z; is the cohomology class z} assigning the value
1 to z; and 0 to the other basis elements, and similarly we have a cohomology
class y; dual to y;. We are going to construct a map @,,: B x S — B cell
by cell and skeleton by skeleton. Note that, since we want ¢,, to be an
adjoint map for an element in 71 (£,(B)), on BV S = B x {so} U{bo} x S,
¢y, should be defined as

(px,(b7 80) =b and (pzi(bo, S) = b() .

The 1-skeleton of B is B® ~ \/7_ (5} V Sl ). To construct B x S* from
BV S, first we have to attach 2-cells of the form D} x D' and D, x D*. So,
we are going to define @, first on S, x.S* and Sy, xS*. Since on {bo} xS* the
map should be constant, it factors through S1 x S*/{bo} x S* = S} V S7,.
Also we know that our map should be identity on S; X {so}. So the
only freedom we have is on the part S2 . Recall that m, = Z @ P and let

0: 5% — B be the generator of Z C m,. Define @,, on {b} x S2, as

o ifk=1

x ifk#1i .

‘Pzi({b} X Sgk) =

i.e. we have a commutative diagram

1 1 P
S;, X S'—B

| <

S3. V82,

and on S, x S' we define ¢, as

(Plz(S;k X Sl) = *.
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By Serre spectral sequence, Hy(B) = Hy(n) @ Ho(w, Hy(B)) = Hy(m) &
Z & Hy(m, P), where Hy(B) = 1y = Z & P. We remark that 0,[$%] €
H,(B), which for notational ease we will again denote by o, generates the Z
summand and we have (g, )s: Ha(BxS') — Ho(B) with (5, )«(zi®2) = 0,
where 2 denotes the generator of H;(S'). Now, we have defined our map on
BV S'UBW x S, Next, we are going to attach 3-cells of the form D? x D!,
where D? represents a 2-cell of B with attaching map 1;: S} — B, Note
that 52 = 8(D? x D) = S} x D' U D? x {0,1}. If a 2-cell of B is attached
nullhomotopically, then ¢, o ¢t|a(Dng1) = 0 € my(B). There should be
only one 2-cell Dfo of B which is not attached nullhomotopically. We need
to consider only D7 x D' where D7 is attached along the loop given by
the product of the commutators of the generators, [z1,y1]...[zg,y,] . We
are going to show that [pg, o ¥,] = 0 € ma(B). To start with we have
P10 (S%) = (S5, VSy, )V (=55, V=S, )V- - V(S5 VS, )V (=S, V=15, )) x S'U
®,(D?), where (—) denotes the opposite orientation and ®;: D? — B is the
characteristic map. Then @z, 09, (S?) = g, ((Sz, V —S52.)) x STUS,(D?) =
Sy, Vo—58i.Vo=0—0=0¢m(B). So ¢, extends over 3-cells. Since
7;(B) = 0 for ¢ > 3, there are no more obstructions to extend ¢,, to B x S*.
To use cup products we will pass to cohomology. We will first consider the
map
o3, H'(B) — H'(B x §) = H'(B) & H\(S")

which is given by ¢} () = a for any a € H'(B), i.e., ¢, is projection to

the first component in this dimension. Also we will consider

¢i.r HY(B) - H*(B x S") 2 H*(B) @ H'(B) @ H'(S") .

By Serre spectral sequence, H%(B) = H?(n) @ H°(m; H*(B)) & H?*(n) ®
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H%(B)™ = H*(r)®Hom(Hy(B), Z)" = H*(r)®Hom,(Z&® P,Z) = H*(1)®
Z ® Hom,(P,7Z). We have o* dual to ¢ which generates the Z summand
in H%(B). Also let z* denote the dual cohomology class in H*(S'). Then
we have ¢} (0*) = 0* + 2} ® z*. Now, take y; € H'(B) and consider
y; U(0*)? € HY(B) = H'(m; H4(B)). We have ¢}, (y; U (0)?) = 47 U (0" +
Rz =yU(0*)?+2z;U0*®2*) =y U(0*)? + 2z} Uyl Uo* ® 2*.
Observe that ' U (6*)? € H'(r; HY(B)) & H*(B) and 2z} Uy Uo* @ 2* €
H*(m; H¥(B)) ® HY(S') ¢ H%(B) ® H'(S"). Note that z} Uy generates
H?(r) and ¢*(z} Uy} Uo*) = M*, where M* denotes the dual cohomology
class of the fundamental class [M] of M. In summary we have

P20Q7, c*®id

H5(B) H4(B) ® H'(S!) H4(M) ® HY(S)

yrU(0*)?— (2z]Uy; Uo*) ® 2* M*® z*
Now if we dualize back to homology

Hy(M) @ Hy(SY) 222 H,(B) ® Hy(S") 2% Hy(B)

we see that (¢g,)«(c.[M] ® [S?]) = 22; ® (0 ® 7) = 2z;.

Remark 4.2.6. To consider 7,(&,(B)), we have to choose a base point
f € £.(B). Then m(E.(B)) = m1(E.(B)?, f) where by £,(B)? we mean all
homotopy self-equivalences of B homotopic to f. This is because £,(B) is
not path connected, in fact 79(E,(B)) = Aute(B) is the group of homotopy
classes of homotopy equivalences of B. We have chosen our base point to

be the identity map of B.

By the exactness of the braid A is mapped injectively into ﬁ?pi "“(B, M)
and we are going to identify A with its image in ﬁ?’" "(B, M). By the com-
mutativity of the braid, im(m (£,(B)) — Q5P™(B, M)) = A. Furthermore,
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again by the exactness of the braid we have v(A) = id € Aut.(M) and
ker(QSP™(B, M) — Q5P"™(M)) = A.

Corollary 4.2.7. The quotient group ﬁ?pi"(B, M)/A is isomorphic to the
direct sum Z Q4 H2(M; Z/2) ® Hs(M;Z/2) and it injects into Aute(M).
The image of a is equal to Z @ HQ(M; Z]2) ® H3(M;Z/2).

Proof. The map QSF™(M)-—= Q3""(B) sends H;(M) isomorphically and
H3(M;Z/2) ® Hy(M;Z/2) to zero. Therefore

Q57" (B, M)/A = ker(Q57™(M) — QP (B)) .

Recall that Q5P™(M) = Z & Hy(M;Z/2) & H3(M;Z/2) and QP™(B) C
Z & 7/2 ® Hy(B) where the Z/2 summand in Q57"(B) is isomorphic to
Hay(m;Z/2). Note that Ho(M;Z/2) = Z&p Ha(M;Z/2)& Hy(m; Z/2). Hence

ker(Q5P"(M) — Q5F"(B)) 2 Z @4 Hy(M;Z/2) & Hs(M;Z/2) .

The map m1(E.(B)) — QSP™(B, M)/A is zero by the commutativity and
the exactness of the braid, since the map Q5P™(B, M )JA — QSP"(M) is
injective. Therefore v: Q5P™(B, M)/A — Aut,(M) is injective.

For the last part of the corollary, let f: M — M represent an element
of Aut,(M). The natural map Q57" (M) — Ho(M) sends a spin 4-manifold
to its signature. The signature is preserved by a homotopy equivalence, it
follows that a(f) € Hy(M;Z/2)® Hs(M;Z/2). Moreover f induces identity
on Hy(m;Z/2) = Z,/2, so we have ima C Z ® Ho(M;Z/2) & H3(M;Z/2).
On the other hand since, the map @5’"’"(3, M)/A — QSP™(M) and ~ is
injective Z ® Hg(j\\l/; Z]2) ® H3(M;Z/2) C ima, by the commutativity of
the braid. Therefore im o = Z ®4 Ho(M;Z/2) ® H3(M;Z/2). O
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Once again, we look for a relation between ¢, [M] and the equivariant
cohomology intersection pairing sp;. We first remark that the map B,
defined for free fundamental groups, gives us a map Z ® I'(my) — Her(n})
which does not have to be injective for PDy groups. We are going to use
a different map F': Hy(B) — Her(H?%(B;A)) which is defined in [19], to get
sy- Recall that the equivariant cohomology intersection pairing is defined

by
su: HA(M;A) x H*(M;A) — A;  (u,v) = v([M]Nu) = (uUv)[M].

Let Her(H?(B;A)) be the group of Hermitian pairings on H%(B;A). The
right action of m;(B) on the chains of the universal cover B induces a left
A-module structure on H%(B;A). We are going to define a natural map
F: Hy(B) — Her(H?(B;A)). To define F we need an equivariant chain
approximation to the diagonal. We will use the Alexander-Whitney diagonal
chain approximation map (any two diagonal approximations are naturally

chain homotopic [12, p.327]), which is a A-module chain map
A: C.(B) — C.(B) ® C.(B)

defined as A(o) = Y ptq=slp ® plo where o], and ,|o denote the front

p-face and back g-face of o respectively, with A acting by

C.(B) ® C.(B) x Z[r] — C.(B) ® C,(B)

(o ® ', ang) — z ng(ocg®a'g) .

gem gemn

Apply — ®a Z to obtain a Z-module chain map

A = A®1: C.(B)®AZ = C.(B;Z) — (C.(B)®C.(B))®4Z = C.(B)®rC.(B)
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where C,(B) denotes the left A-module cellular chain complex with the

same additive structure and

Ax CyB) = Cy(B); (a,y) — ya .
Given a 4-chain z € Cy(B;Z), we have

=) ded e (OB B) 91 C(B))s = Y (Co(B) &1 Cy(B)) -

p+g=4

The cap product of z and a 2-cochain v € Cz(é) is the 2-chain
xﬂv—Zx"v ) € Cy(B)
with v(z}) = 0 € Z[n] if the dimension of z} is not 2. Now, define F by
F(z)(u,v) =u(zNov) = (uUv)(z) .

Recall that ¢: M — B is a 3-equivalence. The construction of F applied to
M yields sps, the usual cup product form. Thus the naturality implies that
F(ci{M]) = sp. In other words we have a commutative diagram

H2(B; A) x H2(B; A) — ) A

Ctxctlg ISM

H2(M;A) x H2(M; A) == H*(M;A) x H*(M;A) .

Therefore for any u,v € H?(B; A), we have
F(c.[M])(u,v) = sp(c*(u), c*(v)) = sm(u,v) = (v Uv)([M])

where we identify H%(B;A) with H2(M; A) via c*. Following [7], we use the
notation Ps() for the class of all oriented 4-dimensional Poincaré complexes

X for which there is an isomorphism 7 = 71 (X).
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Theorem 4.2.8 ([19]). Let M; € Po(m), i = 1,2, and let ¢;: M; — B are 3-
equivalences over a 2-stage Postnikov system B. Then M; and M, have the

same intersection pairing over A if and only if F((c1)«[Mi]) = F((c2).[M2)]).

Therefore any ¢ € Aut,(B) which preserves c,[M], also preserves

the intersection form sps. Let us define
Isom(m, o, i [M]] := {¢ € Aute(B) | pu(cc[M]) = ci[M]} .
Lemma 4.2.9.
ker(B: Aut.(B) — Q"™(B)) = Isom[r, 7y, c,[M]] .

Proof. If ¢ € Aut.(B) and c: M — B is the classifying map, then we
have 8(¢) = [M,¢ o c] — [M,c]. The natural map Q;7"(B) — H,(B)
sends a bordism element to the image of its fundamental class. The image
of this element in Hy(B) is zero when ¢,(c.[M]) = c.[M], so ker(8) C
Isom|r, 73, ¢,[M]]. To see the other inclusion, first recall that by Proposition
4.2.5 we have

Q;7"(B) C Q7" (x) @ Z/2 ® Hu(B),

where Z/2 = coker(dy: Hy(B;Z/2) — Hy(B;Z/2)). If ¢ € Isom|[m, 7y, c.[M]],
it is easy to see that the projection of 3(¢) to the first and third compo-
nents of the direct sum above are zero. Since ¢ is a homotopy equivalence
it will induce the identity map on the Z/2 summand, so the projection of
B(¢) to the middle component is also zero. Hence we have ¢ € ker(8) and
Isom[r, 73, ¢ [M]] C ker(f3). O

Corollary 4.2.10. The images of Aut,(M) or H(M) in Aut.(B) are pre-

cisely equal to Isom[r, 7o, c.[M]].



CHAPTER 4. PD; FUNDAMENTAL GROUP 106

Proof. For each [f] € Aut.(M), we have a base-point preserving self-equivalence

¢f: B — B such that co f = ¢; o c. Hence ¢ will satisfy the following

(@5)x(cx[M]) = (¢5 0 c)[M] = (co f)[M] = c.[M]

since the fundamental class in Hy(M) is preserved by an orientation pre-
serving homotopy equivalence. We see that im(Aut.(M) — Aut.(B)) is
contained in Isom[r, 7y, c.[M]).

To see the other inclusion, first observe that Hy(M;Q) # 0. Let
¢: B — B be an element of Aut,(B) such that @.(c.[M]) = c.[M]. By [33,
1.3], there exists a lifting f: M — M such that co f ~ ¢ oc. It follows (as
in [33, p. 88]) that f is a homotopy equivalence and the image of f is ¢.

The result for the image of H(M) follows by the exactness of the

braid ([35, Lemma 2. 7]) and the fact that ker(8) = Isom[n, 7q, c,[M]]. O

Recall that A denotes the remaining subgroup of Hs(B) in Q57"(B)
and A C im(m (& (B)) — QEP™(B)). Before we put the pieces of braid
together, we will divide both QSP™(B) and Q57"(B, M) by A, which we
can do by the commutativity and the exactness of the braid. Here are the

relevant terms of our braid diagram:

HI(M)@Z/Z/—\ N

® Z/2
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There is an action of Isom|rw,ms,c.[M]} on the normal subgroup
K; := ker(Aut,(M) — Aut.(B)). Let [f] € Ki, then co f ~ ¢ also let
¢ € Isom[m, 72, c.[M]], then by [33, Lemma 1.3] there is h: M — M, a ho-
motopy equivalence , such that coh ~ ¢ oc. Now define ¢.f := ho foh™!.
Since co (ho foh )~ ¢oco fohl~¢docoh ™l ~cohoh ! ~c, this
action is well defined.

Now we can state the main theorem of this section:

Theorem 4.2.11. Let M be a connected, closed, oriented smooth or topo-

logical spin manifold of dimension 4. If m := m(M) is a PDy group, then
Aut,(M) = (Z @4 Hy(M;Z/2)) & H3(M;Z/2)) » Isom[r, 72, c.[M]]
where spr: Ho(M; A) x Ho(M;A) — A is the intersection form on m,.
Proof. Let Ky := ker(H(M) — Isom|[r, 73, ¢.[M]]), then
Isom[r, Ty, c,[M]] = H(M)/K, .
By the exactness and the commutativity of the braid we have

K, = im(Q57"(B) — H(M)) = H,(M)

and it maps to 1 € Aut.(M) by the commutativity of the braid. This gives

the splitting of the short exact sequence
0 — K; — Aut.(M) — Isom[m, s, c.[M]] — 1.

It follows that

Aut,(M) = K, x Isom[r, 73, c.[M]]

with the conjugation action of Isom[m, 72, c,[M]] on the normal subgroup

K defining the semi-direct product structure.
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The braid diagram shows that the map ~ is an injective homo-
morphism. To see this, it is enough to show that a is a homomorphism
on the image of v. Let y(W,F) = f and v(W',F’) = g. Recall that
a(fog) = a(f)+f.(a(g)). We have to show that f.(a(g)) = a(g). By Corol-
lary 4.2.7, a(g) € Z ®x Hy(M;Z/2) & H3(M;Z/2). Any element f in the
image of v is trivial in Aut.(B), i.e., the image ¢; = idg and co f = ¢. Since
co: Hy(M;Z/2) — Hy(B;Z/2) is an isomorphism, f acts as the identity on
Hy(M;Z/2), so it also acts as identity on Z ®, Hg(ﬁ; Z/2) C Ho(B;Z/2).
Moreover since Hz(M;Z/2) = H'(M;Z/2) and c induces isomorphism on
HY(M;Z/2, so f also acts as identity on H3(M;Z/2). Now a diagram chase
shows that v is a homomorphism.

Therefore we have a short exact sequence of groups and homomor-

phisms
0 — (ZRaHy(M; Z/2))® H3(M; Z,/2) — Aut,(M) — Isom|r, m, c,[M]] — 1.

Moreover, K; = imy ([35, Corollary 2.13]) and K; is mapped isomorphically
onto Z ®x Hy(M;Z/2) & Hs(M;Z/2) by the map .

The conjugation action on K; agrees with the induced action on
homology under the identification K; & Z ®4 Ho(M;Z/2) & Hs(M;Z/2)

via « (see the proof of Theorem A). It follows that
Aut, (M) = (Z ®4 Hy(M;Z/2) ® H3(M;Z/2)) x Isom[r, 73, ¢, [M]]

as required, with the action of Isom(m, 7y, c.[M]] on the normal subgroup
Z R HQ(M; Z/2)@® H3(M;Z/2) is given by the induced action of homotopy

self-equivalences on homology. ]
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Remark 4.2.12. By Serre spectral sequence we have
HZ(M) = M9 Qp AL HQ(F)

hence

Hy(M;Z[2) = 71y ®r Z/2 © Hy(F;Z/2) .

Therefore for any x € 7y ®4 Z/2 there exists a map a: 5?2 — M. As in the
free fundamental group case, let n: S* — S? be the Hopf map, then the
following composition is a homotopy self-equivalence of M.

pinch id vn?

M———Mv st

id Vo

Mv §? M .

To realize H3(M;Z/2) as homotopy equivalences, first observe that
H3(M) = Hy(M; A) = HY(M;A) = H\(m; A) = HY(F; A) = Hy(F;\) 20

since 7 is a PDy group and F is an aspherical surface. So the Hurewicz
homomorphism is trivial this time. We are going to construct the homotopy
self-equivalences by using the minimal model for M. The strongly minimal
PDj-complexes with fundamental group a PD,-group are the total spaces
of S%-bundles over aspherical closed surfaces. When M is a spin manifold,
the minimal model Z will be trivial, i.e., Z ~ F x S? (see [55, Theorem 2]).

We have
H3(M;Z/2) = H'(M;Z/2) = H(F;Z/2)
~ [F,RP*] ¢ [F,RP’| = [F,50(3)] .
Hence we can represent any a € H3(M;Z/2) as a: F — SO(3). Define a
self-equivalence o of Z as ¢: F xS? — F'xS? such that p(z,y) = (z, a(z)y).

This is clearly a homotopy self-equivalence of Z. Now, by [44, Theorem 11}

we have a homotopy self-equivalence f of M such that gy o f = @ o gu.
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4.3 Non-spin Case

The purpose of this section is to state and prove a theorem calculating the
group Aut,(M,ws). Our main result is Theorem C on page 118. Through

out this section M denotes a 4-manifold with PD; fundamental group.

Proposition 4.3.1. The relevant bordism groups of M(ws) and B{ws) are

giwen as follows:

Qu(M(ws)) 2 Z & Hy(M;Z/2) @ H3(M;Z/2) S Z
Qs(M{ws)) = Hy(M) @ Hy(M;2/2) ©Z/2 ,
Qu(B(ws)) CZOZ/2 Hy(B) ,

Q5(B<’U)2)) C H]_(B) @D H5(B) .

Proof. Recall that if M is not a spin manifold, then the differential dj is the
dual of S¢2(z) = S¢%(x) + £ Uw;. Once again orientability of M implies
that Sq2 = 0 (wy = v, the second Wu class). Hence, for M{w,) everything
works exactly the same as in the spin case.

For the bordism group €4(B{ws;)), non-zero terms on the E2-page
are Ho(B; Q"™ (x)) = Z in the (0,4) position, Hy(B;Z/2) in the (2,2)
position, H3(B;Z/2) in the (3,1) position and Hy(B) in the (4,0) position.
To see the Z/2 summand consider the fibration B % B X5 F and the

following commutative diagram:

0— H%(F; H(B; 2,/2)) —2 H*(B; Z/2) > H(B; 2,/2)" — 0

qu?u lSQE’u lSqJ‘L

0— H2(F; HX(B;2/2)) —2> H4(B; Z,/2) X~ H4(B; Z/2)" — 0.

Let wy = p*(w;), where wy = wq(B). We have to consider two cases:
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(i) wa =0 and
(i) ws # 0.

If wy = 0, then the leftmost Sq2 = 0 and the rightmost Sg¢Z is injective.
Note that wy € ker(Sq2): to see this first observe that there exists a y €
H*(F;H(B;Z/2)) = H2(F;Z/2) with uh(y) = ws, since p*(wy) = 0.
By naturality we have S¢2(w;) = Sq¢2(uj(y)) = 0. Conversely if z €
H?*(B;Z/2) such that SgZ(x) = 0, then 0 = p*(S¢2(x)) = Sqi(p*(x)),
hence p*(z) = 0. Observe that if z # 0, then z = w,, for ker(p*) =
H?(F;Z/2) = Z/2. Hence in this case,

ker(Sq2: H*(B;Z/2) — H*(B;Z/2)) = (w) X Z/2 .

If ws # 0, then the leftmost S¢2 is injective, it is just the cup product with
Wy, and ker(Sq2: H2(B;Z/2)™ — H*(B;Z/2)") & (@3). If z € HX(B;Z/2)
such that Sq¢2(z) = 0, then p*(z) = 0 or p*(z) = ws. If p*(z) = 0, then
there exists a 0 # y € H?*(F;Z/2) with uj(y) = z. But 0 = S¢2(z) =
Sq2 (uy(y)) = ui(Sqg2(y)) # 0. Thus p*(r) = ws, so T must be of the
form = = wy + uj(y) for some y € H*(F;Z/2). We have 0 = S¢2(z) =
Sg2(wq) + Sg2(up(y)) = 0+ ups(S¢2(y)). But then y = 0, since both
Sq2: H3(F; H'(B;Z/2)) — H*(F;H%*(B;Z/2)) and u} are injective z =

wy. Hence also in this case we have
ker(Sq2: H*(B;Z/2) — HY(B;Z/2)) = (wy) = Z/2 .
Since Sq2 and d, are dual to each other, we have

coker(dy: Hy(B;Z/2) — Ho(B;Z/2)) = Z/2 .
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For (3, 1) position, we consider dy: Hs(B) — H3(B;Z/2), which is reduction
mod 2 composed with the dual of S¢2: H*(B;Z/2) — H*(B;Z/2). By

Serre spectral sequence we have
H¥(B;Z/2) = H'(m; H*(B;Z/2)) and H*(B;Z/2) = H'(r; H4B;Z/2)) .

We should understand the Sg2 on the coefficients, which is S¢2(z) =

Sq¢*(z) + x U @5 for z € H%(B;Z/2). By the universal coefficient theorem,
H*(B;Z/2) = Hom(H,(B),Z/2) = Hom(Z,Z/2) & Hom(P, Z/2) .
We are going to show that wy can not come from
Hom(Z,Z/2) = Hom(H?(m; A); Z/2) = H*(K(Z,2); Z/2) .

If we can show this, then the above Sq2 becomes Sq? and since by Lemma

4.2.3, we have
H*(B;Z/2) = H'(m; H*(K(Z,2); Z/2))

and

H*(B;Z/2) = H'(r; H(K(Z,2); Z/2)

we can conclude that Sq¢2 is an isomorphism. Let us start by recalling the
evaluation exact sequence (see Lemma 2.1.3). There is an exact sequence

*

0 —= H(m; A) = H2(M; A) —> Homy (12, A) —> H3(m; A) —> 0

where ev is the evaluation homomorphism given by ev(v)(z) = v(z) and

upy: M — K(m 1) is the classifying map. So we have, ev(v)(z) = 0
for any v € H2(m;A) and © € m = Hy(B) = Ho(M). Now suppose

—~

w, comes from Hom(H?(m; A);Z/2). This implies wy(M) also comes from
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Hom(H?(mw; A);Z/2), since c: M — B is 3-connected. Also remember that
(M) € H2(M;Z/2) = Hom(Hy(M M), Z/2). Then there exists 0 # u €
H?(m;A) and = € Hy(M)such that u(z) # 0 which contradicts the above
exact sequence. Therefore Sq2 = Sq¢? which is an isomorphism, so it is
dual is also an isomorphism and reduction mod 2, Hs(B) — Hs(B;Z/2) is

surjective. Hence dy: Hs(B) — H3(B;Z/2) is surjective.
For the calculations of Qs(B(wsz)), first observe that the following

sequence
H? (XkaZ/Z) H4(XkaZ/2) HG(XkaZ/Z)

is exact, which can be shown by the same technique as in the free funda-

mental group case, and then by taking the inverse limit we can see that
~ Sq, ~ 5q, =
H?*(B;Z/2) — H*(B;Z/2) —> H%(B;Z/2)

is also exact. Consider the following diagram

0 0 0

~ Sq2 ~ Sq2, ~
H%(B;Z/2)" HYB;Z)2)" HS(B;Z/2)"

p* p* p*

2. Sqi, 4 5q% 6
H%(B;Z/2) HY(B;Z/2) H%(B;Z/2)
~ Sq2, ~ Sq2 ~
H*(F; HY(B; ,/2)) —> H(F; H¥(B; Z/2)) —> H2(F; H(B; Z/2))

0 0 0
We want to show that the middle row is exact. Let z € H?(B;Z/2), then

we have

Sq¢2 (z® + x Uw,) = S¢*(z) Uz + Sq*(z) U Sq' () + z U Sg*(z)+
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Sq¢*(x) Uwy + Sq*(z) U Sqt(ws) + 2 U S¢?(ws) + 22 Uwy + U wi
= Sq'(z) U S¢'(x) + Sq' () U S¢* (w,)

where Sq' is the Bockstein homomorphism. Since H?(B) — H?*(B;Z/2) is

onto, Sq' is the zero map. We therefore have
im(Sq¢2: H*(B;Z/2) — H*(B;Z/2))

C ker(Sq2: H*(B;Z/2) — H%(B;Z/2)) .

To see the other inclusion let y € H*(B;Z/2) such that S¢2(y) = Sq¢?(y) +
yUws = 0. Let p*(y) = ¥, then by the commutativity of the above diagram
Sq2 (%) = 0. By the exactness of the top row, there exists a ¥ € H2(B;Z/2)
such that Sg2(2) = 7. By the exactness of the leftmost sequence, we have
an z € H%(B;Z/2) with p*(z) = Z. Suppose that S¢2(z) = 3y’ # y, then
there exists a 0 # b € H2(F; H%(B;Z/2)) such that v*(b) = y — ¢ and
Sq2(b) = 0. Then there exists an a € H*(F; H*(B;Z/2)) with S¢2(a) = b

and let £’ = u*(a). Now consider
S, (z +2') = Sgu(z) + Sau, (') =y’ + 5¢;, (v’ (a))
=y +u'(Sgp(0) =y +y—v =y.
Hence y € im(Sq2) and we have
im(Sq2: H*(B;Z/2) — H*(B;Z/2))

= ker(Sq? : H*(B;Z/2) — H5(B;Z/2)) .

Since Hs(B) is torsion free, H¢(B) — Hg(B;Z/2) is surjective. There-
fore dy: Hg(B) — Hy4(B;Z/2) is onto the kernel of dy: Hy(B;Z/2) —
Hy(B;Z/2).
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The differential dy: EZ, — E3, is the dual of S¢2: H*(B;Z/2) —
H5(B;Z/2) and by the above argument Sq2 = Sg¢? which is an isomorphism
and so its dual d, is also an isomorphism in this case. Hence the kernel of the
differential do: Hs(B) — H3(B;Z/2) is equal to the kernel of the reduction
mod 2. (|

Let A denote the remaining subgroup of Hs(B). Recall the maps
¢z, B x S' — B that we constructed in the spin case. Since ¢, (—,s) is
homotopic to the identity for each s € S, ¢,, will preserve w,. We also

have wy = w o vj; and hence
(¢z; 0 (e x id),vpr0p1): M x S* — B(ws)
gives an element of Q5(B{ws)). Therefore
A C im(m(E.(B,ws)) — Qs(B{w,))) .
As in the spin case, we are going to identify A with its image in Qs (B(ws), M{ws)).
Corollary 4.3.2. We have the following isomorphism,
Qs(B(wa), M{ws))/A = KHy(M;Z/2) & Hy(M;Z/2)

where KHy(M;Z/2) := ker(wy: Ho(M;Z/2) — Z/2). Moreover, the group
§5(B(w2), M(ws))/A injects into Aute(M, ws) and the image of a,

z; X {*}

Proof. Consider the maps S! x K3—> M where z;: S* — M is a gen-
erator of Hy(M) = Z" for each i = {1,2,...,7} and S! is equipped with
a non-trivial spin structure. Since S! x K3 is a spin manifold the maps

(@; x {*}, vs1xk3): St x K3 — M{w,) are well-defined and

[S* x K3, (z; x {*}, Vs1xk3)]
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generate the H)(M) summand in Qs(M{w,)). Similarly, elements of the
form

[S1 x K3, (cox; X {x},Vs1xk3)]

generate the H,(B) summand of Q5(B(w;)). The homomorphism
Qs(M(wg)) — Qs(B{ws)) C Hi(M) ® Hs(B)
is defined by composing with the reference map ¢. Note that
¢([S? x K3, (z; x {*},vs1xx3)]) = [S* x K3, (cox; x {*},vs1xks)] -

Hence Qs(M(w,)) — Hi(B) C Q5(B{ws)) is onto and by the exactness of

the braid we have
Qs(Bwa), M{wn))/A = ker(Qu(M(ws)) — Qu(B(ws))) -

Recall that (0y(B(ws)) C Ho(B) ® Z/2 ® Hy(B) where Z/2 = (w,) Also
recall that we have, Q4(M{ws)) & Ho(M) & Hy(M;Z/2) ® H3(M;Z/2).

Hence we get,
Qs(B(ws), M{ws))/A = KHy(M;Z/2) ® Hs(M;Z/2) .

By the commutativity of the braid,

~

im(m1(E.(B)) — Qs(B(wa), M{ws))) = A .

Moreover, by the exactness of the braid y(A) = id € Aute(M,w,). There-
fore the map Qs(B(ws), M{w,))/A — Q4(M{ws)) is injective, by the exact-
ness of the braid again, so the map m,(E.(B, wa)) — Qs(B(wa), M{w,))/A

must be zero, by the commutativity of the braid. Therefore

v: Qs(Blwa), M{ws)) /A — Auty(M, w,)
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is injective.
If f: M — M{w,) represents an element of Aut,(M,ws), then f :=

j o F is a homotopy equivalence and a(f) = [M, f] — [M, f&] We have
Qu(M(ws)) = Ho(M) & Hy(M;2/2) ® Hs(M;Z/2) .

The natural map Q4(M{w,)) — Ho(M) sends a 4-manifold to its signa-
ture which is preserved by a homotopy equivalence. Also since the class
wy € H2(M;7Z/2) is a characteristic element for the cup product form (mod
2), it is preserved by the induced map of a self-homotopy equivalence of
M. Therefore, the image of Aut,(M) in Q4(M{ws)) lies in the subgroup
KHy(M;Z/2)® H3(M;Z/2). The other inclusion follows as in the proof of
Corollary 4.2.7. O

Recall that in chapter 3, we defined a homomorphism
Jt Aute(B,ws) — Aute(B) by (/) = ¢y

where ¢;: B — B is the unique homotopy equivalence with ¢;oc ~ f.

We will use the same map again. Let
Isom 2 [7r, g, ¢, [M]] := {F € Aut.(B,w,) | ¢ € Isom[m, w2, c.[M]]} .

Lemma 4.3.3. There is a short exact sequence of groups

0—> HY(M;Z/2) — Isom™? |1, 7y, ¢, [M]) 2 Isom[m, 7, c.[M]] —= 1

Proof. This follows exactly the same as the proof of Lemma 2.3.11. O
Lemma 4.3.4. ker(3: Aut,(B, wy) — Qu(B(ws))) = Isom™?[r, w3, c,[M]].

Proof. The proof of Lemma 2.3.14 works also in this case. O
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Corollary 4.3.5. The images of Aut,(M, ws) or ﬁ(M, ws) 1 Aute(B, ws)
are precisely equal to Isom[m, o, ci[M], wo).

Proof. This also follows from the proof of Corollary 2.3.12. |

Before we put the pieces together on our braid, we will divide out
Qs(B(w,)) and 5(B(ws), M{ws)) by A. The relevant terms on our braid

are now:

/‘\/‘\

Hy(M) ® Hy(M;Z/2)

® Z/2 /7:3 )\\ ISO/IIl(wi)[’IT,Trz,C*[M]]
Auty(M, w,) \0
/ KH M Z/2) KH>(M;Z/2)
T H; (M zZ/2) —= Hs(l\/?; 7./2)

There is an action of Isom®? [r, 7y, c,[M]] on the normal subgroup
K = ker(Aute(M, ws) — Aute(B,ws)), which is defined as follows: Let
fe I/(\l, then co f ~ ¢. Also let a € Isom(“’Z)[W,wQ,c*[M]] and ¢ = }\(a),
then ¢ € Isom[m, 72, c,[M]] with ¢.(c.[M]) = c.[M]. There is a homotopy
equivalence h: M — M such that coh = ¢ o ¢ ([33, Lemma 1.3]). Then
since h o f o h~! preserves w,, we can define . f := (ho foh™t uu).

We can now state the main theorem of this chapter:

Theorem C. Let M be a connected, closed, oriented topological manifold

of dimension 4. If w := m (M) is a PDy group, then

Aut, (M, wy) = (K Hy(M;Z/2) & Hs(M;Z/2)) x Isom™2)[r, g, c,[M]] .
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The proof of Theorem C. We have a split short exact sequence
0—> l/(: — Aut, (M, wp) —> Isom<“’2>[7r, o, ca[M]] —>1 .

Any element f will act as identity on im(a) = K Hy(M;Z/2)® Hs(M;Z/2),
so A is a homomorphism. Also K, = KHy(M;Z/2) ® Hs(M;Z/2) and the

rest of the proof follows as in the spin case. O




Chapter 5

s-cobordism theorem in the

PD- case

5.1 Preliminaries

Let M be a closed, connected, oriented, topological 4-manifold with PD,
fundamental group w. As in Chapter 3, we start by pointing out the relation
between equivariant s and the integral s%, intersection forms. We have
H?(M;A) = H*(m;A) @ H2(1\7; A)™ such that H?(m; A) is totally isotropic
under the cup product pairing (see Lemma 2.1.3). Therefore sy induces a

nonsingular pairing on H 2(]\7 ;A)™ =2 P. On the other hand we have

Hy(M) = (Z @ P) @7 Z & Hy(F)

Z(ZOZL)D(PRAZ).

120
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Now, recall that we have a 2-connected degree-1 map gy: M — Z. This

induces the splitting of the integral intersection form as

z 01
Sm = ® (sm QA Z)
10

when M is a spin manifold, and

z 11
3M= @(SM®AZ)’
10

if M is not spin, see for example [18]. Therefore, also when 7 is a PD;

group, the signature of M is determined by the formula
o(M) = o(s%) = o(sy ®A Z) -

Remember that in the free case, we have a cobordism W over K (r, 1),
which does not contain any odd handles. This basically follows from Lemma
3.1.1. Let us consider the following homotopy fibration, M 2 M % K (m, 1)

which induces a short exact sequence
0— H*(K(m,1);Z/2) ~*~ H*(M; 2/2) 2~ H*(M; Z/2) -

This short exact sequence tells us that when M is spin M is also spin, but
if M is not spin M may or may not admit a spin structure. But we want
them to be spin at the same time. As a consequence we will impose an

extra condition on our manifolds in this case.

Definition 5.1.1 ([34]). We say that a manifold M has wy-type (I), (II),
or (III) if one of the following holds:

—

(1) wa(M) # 0,
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(II) wa(M) =0, or

—

(III) wy(M) # 0 and we(M) = 0.

Finally, note that the Whitehead group Wh(w) is trivial whenever
7 = m(F), where F is a closed, oriented aspherical surface [26], hence also
in this chapter being s-cobordant is equivalent to being h-cobordant. Now,

let us state our main result:

5.2 Main Result

Theorem D. Let M, and M, be two closed, connected, oriented, topological
4-manifolds with PD, fundamental group. Suppose that they have the same
Kirby-Siebenmann invariant and My has we-type (I) or (II). Then M, and

M, are s-cobordant if and only if they have isometric quadratic 2-types.

Proof. If M; and M, are s-cobordant, then they are homotopy equivalent
and hence they have isometric quadratic 2-types.

The strategy for the rest of the proof is the same as in the free
fundamental group case. We know that oriented topological bordism group

over K(m,1) is
QTP (K (m,1)) = Q7 (x) = Z© Z/2

via the signature and the ks-invariant. Therefore in the type (I) case, there
is an oriented cobordism W between M; and M,. On the other hand, in

the type (II) case we have

QIOPSPIN(K(W, 1)) =Z® Hy(mZ/2) .
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The invariants are the signature and an invariant in Hy(7;Z/2). We have
M; and M; with the same signature, so to be bordant over K(m,1) they
should also have the same invariant in Hy(7;Z/2). Let us investigate this

bordism invariant. First, we define a degree-1 normal map
/. 1 1 2
Y:Fx(S"xS)—>FxS§

by collapsing S' VvV S C S! x S!. This is a degree-1 normal map, since the
normal bundle of a sphere is trivial. By low dimensional surgery we replace
¢’ by a 2-connected map ¢: N — F x S%2. Then by [21, Theorem 3.10],
[N, ] — [F x S?,id] maps to

kervaire’(p) N [F x S%) € ESS = Hy(F x S%Q57" (%)) 2 Z/2

where kervaire?(p) € H?(F x S?;Z/2) is the codimension-2 Kervaire invari-

ant. The bordism class [N, p; op] — [F x S?, p;] maps to
s := (p; )«(kervaire?(¢) N [F x S%)

which is the the generator of ES, = Ha(F; Q57" (%)) = Hy(m;Z/2). Now if
M; and M, do not map to the same element in Hy(w;Z/2), then we would

have

[Mj] = [N#rEg] and [M;] = [F x S*§rFy)

over K(m,1) (we take connected sum with r copies of Eg to make the sig-
natures equal). Next we consider the restriction of the surgery assembly
map

ka: Hy(m;Z)2) — Ly4(A)

which is injective (see [21, Corollary 1.5]). By the characteristic class for-

mula [21, Proposition 3.6] k2(s) is the surgery obstruction of ¢, and the




CHAPTER 5. S-COBORDISM THEOREM IN THE PD, CASE 124

kernel form is just the reduced intersection form s of N which is non-
trivial. On the other hand the equivariant intersection form of F x S? is
trivial. Therefore [N#rEs) and [F x S%§rEg] map to different elements of
L4(A). This is a contradiction since M; and M, have isomorphic equiv-
ariant intersection forms and hence have isomorphic reduced intersection
forms. Therefore they also represent the same class in Hy(m;Z/2). As a
result we have a cobordism W between M; and M, over K(m, 1), which is

a spin cobordism in the type (II) case. We may view W as
W = M; x [0,1] U {2 — handles} U {3 — handles} U Ms x [-1,0] .

We will split W into two halves : on one side, M; and the 2-handles, on
the other, Ms and the 3-handles. As in the free fundamental group case, let
W32 be the ascending cobordism that contains just M; and the 2-handles
and M3/, be its 4-dimensional upper boundary. Since M; and I\Z are spin at
the same time, we can assume that there are no S?X S2-terms are present
in Mz/,. From the lower half of W we have M3, ~ Mifm;(S? x S?),
while from the upper half we have M3/, ~ Maofm,(S? x S?), since My
can also be obtained by attaching even 2-handles upwards to M,. Since
rank(Hy(M,)) = rank(Hy(M,))), it follows that m = m; = m,. Hence we

have a homeomorphism
C: Mom(S? x §?) Z— M #m(S? x S?) .
Since M; and M, have isometric quadratic 2-types, we have
x:m—a and : m(M;) — ma(My)

a pair of isomorphisms such that ¥(gz) = x(g)¢(z) forall g € m, z € my(M;)
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and preserving the intersection form i.e.,

SM; (’lﬁ(il)), ¢(y)) = X*(le (.’E,y)) .

As in the free fundamental group case, we can construct a homotopy equiv-
alence §: B(M;) — B(M,) such that 6y(sp,) = sum, and we have the fol-

lowing commutative diagram

ma2(c1)

ma( M) m2(B(Mh))
¢l lM(@) :
7T2(M2) Wﬂ'g(B(Mg)) .

Now let
M = Mi#m(S% x S?) and M’ := Mym(S? x §?)
with the following quadratic 2-types,
[7, 7o, spr] := [m1(My), mo(M1) © A*™, 55, @ H(A™))

and

[WI(M2)>7T2(M2) @ A2ma Sm, D H(Am)] ’

where H(A™) is the hyperbolic form on A™ & (A™)*. Next, observe that as

in the free fundamental group case

(m1(¢) o x, m2(C) o (¥ @ id)) = (id, m2(() o (¢ @ id))
gives us an element in Isom[m, 7y, sp]. Let B = B(M) denote the 2-type of
M. Remember that we have an exact sequence of the form

00— H?(m;mp) — Aut.(B)(Mz») Isom(m, my] —1 .
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Therefore we can find a ¢ € Aut.(B) such that

m(¢) =id and wa(¢) = m(¢) o (Y @id) .

Note that the homotopy self-equivalence ¢ preserves the intersection form
Sy, S0 ¢ € Isom[m,ms,sy]. For m a PD, group, on the braid we see
Isom“? [r, w9, c,[M]], not Isom™? [r, 7y, s5]. Therefore to be able to use
the braid, we need to construct a self homotopy equivalence of B which
preserves c.[M].

First of all, by a result of Hillman [44, Theorem2], we know that there
is a 2-connected degree-1 map gy : M — Z with ker(m2(gp)) = P where
o &2 P@®Z and my(Z) = Z. We may assume that me(gyp) corresponds
projection to the second factor and cz o gpr = g o ¢ for some 2-connected
map g: B — B(Z). The map g is a fibration with fibre K(P,2), and the
inclusion of Z into my(M;) determines a section s for g. After composing
¢ with a self homotopy equivalence of B if necessary we may assume that
goop=g.

Let L := L.(P,2) be the space with algebraic 2-type [m, P,0] and
universal covering space L~K (P,2). We may construct L by adjoining
3-cells to M to kill the kernel of the projection from 75 to P and then
adjoining higher dimensional cells to kill the higher homotopy groups. The
splitting mo = P & Z also determines a projection ¢: B — L. Summarizing

we have the diagram below with a commutative square

9mMm 7

f‘g B

— > B(2)
NS

L—
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To begin with we have the following isomorphisms

H4(B) = F(ﬂ'z) QA Z D H2(7l';7l'2) = F(Z & P) RN LD Hg(’ﬂ')

1

(I(Z)®T(P)®ZQ P)Qr Z S Hy(m)

2

T(P)QAZDT(Z)RnZ® Ho(m) ®(Z R P)QpZ

IR

Hy(L)® Hy(B(Z)) @ POAZ .

Let us start with projecting the homology classes ¢.(c.[M]) and
c.[M] to Hy(L) = I'(P) ® Z. Recall that by Lemma 2.1.3, we have an

exact sequence
0 — H?(m; A) — H*(M; A) = Homy (73, A) —0 .

The cohomology intersection pairing is defined by sas(u,v) = ev(v)(PD(u))
for all u,v € H?(M;A) where PD is the Poincaré duality isomorphism.
Since sp(u,v) = 0 for all u € H2(M;A) and v € H*(m; A), the pairing sy

induces a nonsingular pairing

shy: HA(M; A)/H*(m; A) x H*(M;A)/H*(m;A) — A .
Note that Homp(mo, A) = HZ(M;A)/H?*(m; A). If we further restrict s,
to Homy(P,A) = H?(L;A)/H?*(m; A), we get a Hermitian pairing s3,. We
want to work with right modules, so we can take s, € Her(P"). Therefore,

we have the following commutative diagram,

H,(B) £ Her(H?(B;A))

| |o

['(P) QA Z :P Her(P1) .

Hillman [44], showed that Bp is an isomorphism whenever P is a finitely

generated A-module. By the commutativity of the above diagram we have

Bp(q.(c:[M])) = Bp(g+(¢+(cs[M]))) = s4y, hence gu(c.[M]) = gu(¢(c.[M])).
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Before we continue, let us review a lemma which was proved in [44,
Lemma 8]. Let P and @ be right A-modules such that P is finitely generated

and projective. Let
d: P— P and t: P'®, Q — Homu(P, Q)

be given by

d(p)(u) = u(p) and t(u® q)(p) = u(p).q = qu(p) ,

forallp € P, u € PT and q € Q. Since P is finitely generated and projective
these functions are isomorphisms of right A-modules and Abelian groups

—

respectively. Let Bp(y(p) ® 1) be the adjoint of Bp(y(p)®1), for all p € P.

Lemma 5.2.1 ([44]). Let P be a finitely generated A-module ando: P — Q
be a A-module homomorphism. Let v,(p,q) = (p,q + o(p)) for all (p,q) €
7= P ®Q, and let d and t be the isomorphisms defined above. Then 1,

is an automorphism of my and

——

L(%)(v(p)) = 7(p) = (d® 1) [(Bp(7(p)) ® 1)(t 7 (0))] mod T'(Q)

rfor allp € P.

Back to our proof. Note that B(Z) is a retract of B. Comparison
of the spectral sequences for the classifying maps up and up(z) shows that

coker(Hy(s)) is isomorphic to
Ho(; Hy(B))/ Ho(m; Hy(B(Z))) = (T(m) /T(Z)) @A Z .

Since Bp is injective and ¢ preserves the intersection form the images of
d.(cs[M]) and ¢,[M] in (['(m2)/T(Z)) @4 Z differ by an element of the sub-

group (P ® Z) ®5 Z. Let p represent this difference and let n € T'(P)
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represent (b ® 1)[¢.(c.[M])], where b: H4(L;A) — T'(P) is the secondary

boundary homomorphism (see Theorem 2.2.4). Since Bp(n ® 1) = sy is

nonsingular Bp(n ® 1): Pt — P is surjective. We have

——

Bp(n®1)

Pt Q\Z P @\ Z
t—lT&‘ %Id@d
Homy (P, Z) PRLNZ=(PRZ)QNTL

so we may choose a homomorphism ¢: P — Z such that

—

(Br(n®1) @ 1)(t™"(0)) = (d® 1)(p)

and ['(,)(n) —n = p mod I'(Z), by the above lemma. Let ¢, be the

corresponding self homotopy equivalence of B. Then g o ¢, = g and
(hs 0 @)u(ci[M]) = cu[M] mod T'(Z) QA Z .

Note that ¢, preserves the intersection form and ma(¢d,) = 95 is the identity
map, when we see it as a map on the free direct summand, i.e. A*™ — A?™,

Since

gx(cs[M]) = 9. (8. (cs[M])) = g.((¢o © $)«(c.[M])) in Hy(B(2)) ,

we have
(9o © ¢)u(ci[M]) = cu[M] in Hy(B(2)) .

The self homotopy equivalence ¢, o ¢ of B satisfies the properties we want.
By abuse of notation we will denote this homotopy equivalence also by ¢.
Note that ¢ € Isom[r,ms, c[M]]. Also recall that we have the following

short exact sequence by Lemma 4.3.3

0— HY(M;Z/2) —> Isom(w2)[7r, T2, ¢ [M]] g, Isom[n, o, ca[M]] —>1 .
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Choose f € Isom 2 [r, my, c,[M]] such that 3(f) = ¢. Comparison of
C. T. C. Wall’s surgery program with M. Kreck’s modified surgery program

gives a commutative diagram of exact sequences (see [35], Lemma 4. 1)

Le(Z[m]) === Le(Z[m))

S(M x I,8) — H(M) Aut, (M)

T(M x I,0) — H(M,wy) —> Isom 2 [, 7y, c,[M]]

Ls(Z[m]) Ls(Z[m])
Now the rest of the proof follows exactly the same as in the free fundamental

group case. O
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