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Abstract

We look at some inventory models for dual channel retailers who fulfill demands
from both channels from the same pool of stock. Since the arrival of the internet,
companies, particularly retailers, have been trying to figure out how best to take
advantage of this new channel. This became acute for retailers when Amazon.com
became the pre-dominant bookseller overcoming rivals like Barnes and Noble and
Borders who had been operating for several decades. Firms in other categories were
worried that a web only retailer like Amazon.com could end up dominating their
sectors as well. To respond to such threats, existing retailers like Tesco and Lands
End began offering their products through a web-site which became their web channel.
To improve efficiency and to take advantage of specific characteristics of this channel,
firms had to modify the operations of their existing channels. In this thesis, we look
at retailers who took advantage of the web channel to better their operations for the
entire firm.

We introduce the topic of the thesis in Chapter 1. In Chapter 2, we provide
a comprehensive literature survey of the topics that are covered in the thesis. In
Chapters 3 and 4, we study the impact of product substitution differences exhibited
by customers in the two channels on the inventory decisions of the dual channel

retailer. In Chapter 3, we study the inventory allocation decisions of a dual channel

v



retailer where the web demand is deterministic and the store demand is stochastic.
The optimal allocation of inventory is impacted by the substitution decision of the
retailer in the web channel and that of the consumer in the store channel. In Chapter
4, we extend this study to joint allocation and ordering decisions in the single period
setting. We find that the pooling effect due to substitution between the products and
the one-way substitution between channels can lead to profit gains for the retailer.
Further, we introduce into the inventory substitution literature penalty costs based on
customer segmentation. We divide customers into two classes, store loyal and brand
loyal. Store loyal customers would substitute a product if their favourite product was
missing rather than walk out of the store. Brand loyal customers, on the other hand,
would look for their favourite product in another store in the event of a stockout.

In Chapter 5, we consider a problem faced by a dual channel catalog retailer in
clearing stock using the two channels, the original catalog channel and the newer web
channel. We develop a two-stage stochastic program with the first stage decisions
being the prices and stock allocation between the two channels and the second stage

decision being the clearance price for the web channel.
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Chapter 1

Introduction

1.1 Motivation

In 2012, the retail sector contributed 5.5% to the GDP in Canada, with a total sales of
(C'$328 billion and growth rate of 3%. The sector employed 2.2 million people in 2012,
representing 12.6% of total employment. In the US total sales was $2.744 trillion and
the sector employed 14.8 million people, representing 10.3% of total employment.
Among one of the important changes in this sector in the last decade is the adoption
of e-commerce. The growth of e-commerce has been impressive. According to a
report by Internet Retailer, a industry magazine, e-commerce sales in the USA have
exploded from 58 billion in 2003 to 226 billion in 2012, a compounded growth rate
(CAGR) of 16.3%. This compares to a CAGR of 3.5% for the entire retail sector
during the same period of time. In 2003, e-commerce accounted for 2.6% of total
retail sales of 2.3 trillion and this grew to 7.3% of total retail sales of 3.1 trillion in
2012. In 2012, the web is no longer the nascent channel that it was in 2003. It is

now the primary growth channel for all retail firms, growing at the rate of 15.9%
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and accounting for 25.4% of their growth in 2012. Thus a study of this channel is
extremely important for the future growth and success of the firms in the retail sector.

Internet Retailer first produced a report on the top firms in the industry in 2004,
titled the Top 300 Guide and in that they categorized the firms into four types based
on the nature of their main channel for sales. These four types are Web only retailers,
Retail Chain retailers - retail chains like Walmart, Best Buy Tesco, Catalog retailers
such as L.L.Bean and Lands End, and Consumer Brand Manufacturers, like Dell and
Apple. In 2012 the industry had grown so big, they increased the number of firms
surveyed to 500 and called their report the Top 500 Guide. As shown in Figure 1.1,
the market shares for these four types of firms in 2012 was 42.4%, 34.9%, 11.3% and

11.4%, respectively.

m Web only
Retail chains
m Catalogs

m Consumer product
manufacturers

Figure 1.1: Market Share of Firm Categories

Due to the brutal competition that exists in the e-commerce sector, it is not
surprising that only 146 firms from the initial Top 300 that Internet Retailer surveyed

in 2003 survived. Considering only these survivors, the CAGR for the four types of
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firms for the period 2003 — 2012 is: Web only retailers: 27.1%, Retail chains: 16.7%,
Catalogs: 17% and Consumer Brand Manufacturers: 14.7%. Excluding Amazon, the
CAGR for this period for the Web only firms drops to 15.6%. Figure 1.2 provides a
picture of the growth rates for the Retail Chains and Web only retailers, where the

growth rate for the web only firms exceeded that of the retail chains.

50- CAGR* = 15.74% $498 5o CAGR* =19.89%
_— $42.9
5406 :
40} SinBilions P 40 |- $ in Billions 36.8 : : g
A3 ‘3_ Retail Chain vs Web-Only
30r s218 - Web-only merchants outpaced the
$20.8 Chains online.
20 20 |-
Source: Internet Retailer Top 500 Guide
0- wr *Compounded Annual Growth Rate
0 a
2005 2006 2007 2008 2009 2005 2006 2007 2008 2009
Retail Chains Web-Only Merchants

Figure 1.2: Retail Chains vs Web Only Retailers

The growth rates for the web channel has been phenomenal as compared to their
erstwhile channels, when retail is considered as a whole. From this it would appear
that retailers should focus all their attention on the web channel alone but this would
be misleading. Depending on the nature of goods sold, the penetration of the web
channel has differed, ranging from less than 1% percent among Food /Drug and Hard-
ware/Home Improvement retailers to close to 40% for Books/Music/Video retailers
and 50% for Office Supplies. In fact the challenge for many firms in the industry
is how best to manage their traditional channel and the newer web channel in a
multichannel environment, often referred to as omni-channel retailing. Hence, the
situation is still fluid as to the channel strategy that will be the most profitable for

the retailers in the years to come. In this thesis we look at retailers who operate
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dual channels, retail chains with stores as their traditional channel with a newer web
channel and catalog merchants who traditionally sought sales by mailing catalogs to
their customers and who are increasingly adding a web channel.

So all the doomsday scenario of the 1990s when every retailer was scared of being
outsold by a web only retailer like Amazon turned out to be baseless. A further
illustration of the competitiveness of the retail chains is borne out by the fact that
eight of the top ten fastest growing e-retailers in the period 2003 to 2012 were retail
chains. They did this by building web sites that would complement store shopping.
Here is what Nicki Baird, managing partner of research and advisory firm Retail

Systems Research had to say [116]:

While there are exceptions, most of the retailers that have succeeded in the
last 10 years have been aggressive about cross-channel initiatives. These
guys are making investments that enable them to connect on-line demand

to inventory in the store.

Given the importance of managing multiple channels for the retailer, in this thesis,
we look at the operations of two of the four categories of retailers mentioned above,
those that use more than one channel to fulfill demand. These would be Retail Chains
and Catalog merchants.

There has been a growth in the use of optimization models by retailers to improve
performance. Friend and Walker [49] cite markdown pricing as one significant use of
optimization models by retailers. This has been necessitated by the increasing use of

markdowns to clear inventory as is shown in Figure 1.3 taken from Fisher [48].
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Markdowns as a % of sales
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Source: National Retail Federation, Financial & Operating Results. After
1997 the NRF stopped reporting department store markdowns.

Figure 1.3: Department store markdowns as a percentage of sales.

Not only has the percentage amount of markdown on an average item been grow-
ing, the number of items that have to be marked down has also been increasing due
to the increasing variety of goods sold. Figure 1.4 shows examples of markdowns for

the different types of retailers taken from Hausman and Thorbeck [60].

Fast FASHION Traditional European Traditional US US department
(ZARA) apparel retailer apparel retailer store

15% of items 30-40% of items 50-60% of items 60-70% of items
15% markdown 30% markdown 40% markdown 40% markdown

Figure 1.4: Typical markdowns across retailer categories.

Earlier, the catalog merchants used printed catalogs mailed to consumers to gen-
erate sale orders by phone or mail. More of the catalog merchants are now using the
printed catalogs as a brand ambassador while using the web as the primary means of
transacting sales. According to the Direct Marketing Association’s analysis of U.S.
Postal Service reports, the number of catalogs mailed has dropped from 17.2 billion

in 2003 to 12.5 billion in 2012, a drop of 27.3%. They have been more effective
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in converting web visitors into paying customers, a conversion rate of 5.1%, which
is 50% better than the web only firms who come in next with a conversion rate of
3.4%. Their experience as catalog merchants has served them well. The challenge of
clearing excess merchandise remains to be an important issue for these retailers. We
study the use of the web channel by the catalog merchants to get rid of their excess

merchandise.

1.2 Research problems and contributions

The first problem that we look at concerns the inventory ordering and allocation
decisions of a retail chain with a web channel. Chain retailers, like Walmart, BestBuy
and Longos use two sources for servicing web demand, the store and the warehouse.
In our study of chain retailers, we concentrate on the strategy of retailers who service
the web demand from the store. Depending on the product category, retailers have
either asked the customer to pick up from the store or have them delivered to their
homes. The first strategy is being used by mass market firms like Walmart and
electronics chain firms like BestBuy. The second strategy is practiced by firms in the
grocery business, like Safeway, Peapod and Tesco. This is when on-line customers
send in their grocery list and the local store then has the items picked up and sent to
the customer’s home.

In Chapter 3 and 4, we study the impact of product substitution differences exhib-
ited by customers in the two channels on the inventory decisions of the dual channel
retailer. In Chapter 3, we study the inventory allocation decisions of a dual channel
retailer where the web demand is deterministic and the store demand is stochastic.

The optimal allocation of inventory is impacted by the substitution decision of the
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retailer in the web channel and the consumer in the store channel. In Chapter 4,
we extend this study to joint allocation and ordering decisions in the single period
setting. We find that the pooling effect due to substitution between the products
and the one-way substitution between channels can lead to profit gains for the re-
tailer. Further, we introduce into the inventory substitution literature, penalty costs
based on customer segmentation. We divide customers into two classes, store loyal
and brand loyal. Store loyal customers would substitute a product if their favourite
product was missing rather than walk out of the store. Brand loyal customers, on the
other hand, would look for their favourite product in another store in the event of a
stockout.

In Chapter 5, we consider a problem faced by a catalog retailer in clearing stock
from the two channels, the original catalog channel and a newer web channel. In a
single period the retailer gets one price point opportunity to clear stock as against
two price points on the web. For example, Landsend mails out overstock catalog to
customers for a season. Since the price is printed in the catalog the retailer does not
get to change the price based on sales feedback during the early part of the season. On
the web, however, the retailer gets to reduce the price further based on sales feedback.
For example, L.L.Bean another catalog retailer has two menu choices - New to Sale
and Further Markdowns. Thus on the web the retailer can set prices in two stages.
Considering the entire problem, we develop a two-stage stochastic program with the
first stage representing the price for the initial price on the web and the price for the
catalog and allocation ratios for the catalog and web channels while in the second
stage the decision is on additional discount to be set to clear the stock in the web

channel.
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1.3 Overview of chapters

We present a review of the relevant literature in Chapter 2. In Chapter 3, we consider
a single-period model where a retailer sells two substitutable products through web
and store channels and determine the optimal stock allocations between the two
channels. In Chapter 4, we extend the model in the previous chapter to include stock
ordering and show the pooling benefit that accrues to the retailer due to product
substitution and channel substitution of stock. In Chapter 5, we develop a two-stage
stochastic model where a retailer sells a product through two channels, catalog and
web, and prices to clear the inventory at two stages on the web. Finally in Chapter

6, we draw our conclusions and describe some future research directions.



Chapter 2

Literature review

As mentioned in the previous chapter, we are primarily interested in decisions made
by dual channel retailers regarding their inventory and pricing. Within the broad
field of inventory literature, we are more interested in the (1) product substitution
subfield for we study the impact of product substitution between the two channels
and (2) markdown and clearance pricing subfield as our second problem relates to
clearance pricing for a catalog merchant. The study of inventory pooling is closely
associated with the nature of substitution as practiced by web consumers. We keep
in mind that both product substitution and dual channel demand fulfillment are in a
way a means by which retailers practice inventory pooling.

Given that this field of inventory and price management in dual channel retailers is
new, we look in depth at all the papers that have appeared in peer-reviewed journals

that deal with inventory issues in such a setting.



Ph.D. Thesis - Mohamed Ibrahim Mahaboob McMaster - Business Administration

2.1 Product substitution

In operations management, the literature on product substitution inventory would be
included within the broad area of inventory pooling as the stocks of the substituted
products are used as a common pool to satisfy customer demand. The concept of
inventory pooling is simple. If there are several sources of demand and the correlation
between these demands is not perfect, then a retailer would benefit by serving these
demands from one pool of stock. This is shown by Eppen [44] who considers a multi-
location newsvendor problem with the demand from each location being separate.
He shows that centralization would lead to inventory savings for the retailer. Chen
and Lin [30] generalize his results to any non-negative demand distributions with
concave cost and penalty functions. Cherikh [31] considers the same system as above
but with the excess demand in one location being reallocated to other locations with
excess inventory and shows pooling reduces the risk from the uncertain demands
leading to lower costs and higher profits. Gerchak and He [56] show that for most
cases, increased variability between the various demands leads to greater savings
from inventory pooling. There may however be situations where increased variability
leads to reduced benefits from inventory pooling. Yang and Schrage [114] show that
increased benefits from risk pooling need not necessarily mean reduced inventory
stock. Munson et al. [84] provide some simple examples that can be used in classrooms
to show that pooling of stocks is beneficial independent of the inventory model used,
whether the model is the newsvendor model used by the above authors or a simple

EOQ model or a continuous review model with normally distributed demands.

10
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There are two types of product substitution. One is called stock-out-based sub-
stitution as exemplified in Parlar and Goyal [91] while the other is called assortment-
based substitution as shown in Smith and Agrawal [103]. Stock-out-based substitution
occurs when the customer wishing to purchase a product notices that the product has
been sold out when visiting the store. The consumer then selects some other similar
product whereas in assortment based substitution, the consumer has in mind some
particular product but when he reaches the store finds that the store does not carry
that product. The consumer then chooses some other similar product. In our study
we are mainly concerned with stock-out-based product substitution.

Product substitution can also be classified in two other ways: customer sub-
stitution versus retailer / manufacturer substitution. The customer substitution is
sometimes referred to in the literature as two-way substitution while the retailer /
manufacturer substitution is referred as one-way substitution. In customer substitu-
tion, the customer makes the decision on which product to substitute with, given that
a product is stocked out. A customer visiting Longo’s grocery market in Canada to
purchase 2% milk, may find it sold out and substitute with 1% milk. In another in-
stance, the 1% milk may be sold out and the customer substitutes with the 2% milk in
stock. Since we are dealing with customer choice, this kind of substitution is two-way.
In retailer / manufacturer-based substitution, the retailer makes the choice for the
customer and often it is one-way, i.e., the retailer substitutes with a more expensive
product when a cheaper product is stocked out. A friend of mine went to purchase
a Laptop with 80G of harddisk space and since the Laptop with that configuration
was sold out, the retailer, FutureShop, an electronic retailer in Canada, provided my

friend with a Laptop with 120G of harddisk space, with everything else being the

11
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same. Here the retailer provided the customer with a more expensive product so as
to not lose the sale.

The problem of consumer substitution for products with stochastic demand was
introduced by McGillivray and Silver [81], who consider a two-product case with iden-
tical costs in a periodic order-up-to-S inventory setup. For fixed substitution proba-
bilities, they develop heuristics for determining the optimal order-up-to levels. Using
the case with substitution probability of 1 and comparing this to the no substitution
case, they determine the limits on the potential benefits achievable from substitution.
Parlar and Goyal [91], look at the same problem in a single period setting. They
model the problem as an extension of the newsvendor problem and look at profit
maximization. The profit function is shown to be concave for a large range of values
for the price and substitution probabilities. Parlar is the first author to introduce
penalty costs in substitution inventory literature in his study of competing retailers
in [90]. Ernst and Kouvelis [45] look at a problem with three products, one of which
is a bundle of the other two, with partial substitution and distribute the penalty costs
in such a way that the shortage is proportional between the demand from the original
purchasers of a product and the demand coming from the substitute purchasers of
the product. Rajaram and Tang [95] use an approximation to develop a heuristic to
analyze the effects of the degree of substitutability and the levels of demand variation
and correlation on the optimal order quantity of each product. Netessine and Rudi
[88] prove that the profit function with substitution between more than two products
is not concave. Nagarajan and Rajagopalan [86] develop optimal inventory policies
for two products that are negatively correlated and show that the optimal inventory

of one is not dependent on the inventory level of the other provided the substitution

12
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rate is below some threshold. Stavrulaki [106] considers the effect of inventory de-
pendent demand in conjunction with product substitution between two products on
a retailer’s inventory decisions.

The retailer / manufacturer substitution problem is handled by Bassok et al. [10]
who discuss the infinite horizon multi-product problem with identical substitution
costs. They show that a myopic base stock policy is optimal. Hsu and Bassok [63]
provide the same analysis for a production system in which a single item can be
converted into several products that satisfy several demand classes, with a nested
one-way substitution structure. Axséter [7] determines the optimal substitution rates
for a retailer using continuous review order-up-to-S inventory policy and a retailer
substitution policy. Rao et al. [96] develop heuristics based on the Wagner-Whitin
algorithm to deal with the same problem dealt by Bassok et al. [10] but with non-
identical substitution costs. They develop a two-stage model where the first stage
decisions deal with which products to produce and the second stage decisions deal
with which products to be substituted. Eynan and Foque [46] develop a model for
a retailer who can influence customers to switch from one product to another even
when the product desired by the customer is in stock. Liu et al. [74] looks at three dif-
ferent substitution policies that retailers may use in making one-way substitution and
evaluate each on several performance measures like average inventory level, average
backlogged demand and fill rate. Shah and Avittathur [100] consider demand canni-
balization in addition to retailer product substitution when developing their model.
In an interesting twist, Roychowdhury [98] considers the case where the product being
substituted is the superior one, i.e. the less expensive product is used to substitute

demand for the more expensive product. When the consumer demand cannot be

13
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identified with any specific probability distribution but is imprecise, then product
substitution in such a scenario is handled by Dutta and Chakraborty [39]. Lu et al.
[75] extend the analysis of one-way substitution with two products with one supplier
to two suppliers, an unreliable supplier and an expensive reliable supplier.

Prior to the above models being used by retailers, one has to have a good idea of
the demand function for the products sold by the retailer. There have been several
studies in recent years that have looked at the problem of developing effective demand
models from consumer observations through sales transactions. Anupindi et al. [5]
provide a method for estimating the demand rates for products when consumers
substitute a product with another when faced with a stock-out. Kok and Fisher
[69] generalize the above model to take care of dynamic consumer choice under a
shelf-space availability constraint and report on the implementation details of their
procedure in a large grocery chain. Gilland and Heese [57] in addition to considering
a shelf-space constraint also take into account the sequence of customer arrivals in
deriving the optimal shelf-space to be allocated to the two substitutable products.
Vulcano et al. [112] use the aggregate market share information coupled with observed
availability of products along with actual sales to formulate a demand model with
estimated arrival rates and product substitution rates. Tan and Karabati [109] use
point-of-sale data to determine the order up-to-levels for inventory when considering
multiple substitutable products in a multi-period framework under service constraints.

Mishra and Raghunathan [83] study the issue of vendor-managed inventory and
show that information sharing between a retailer and a manufacturer which normally
leads to better supply chain coordination, is diluted by product substitution. Ganesh

et al. [52] show that this reduction in the value of information sharing increases with

14
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the degree of substitution. In a follow-up paper, [53], they extend this result to supply
chains with more than two levels. Li et al. [73] quantify the impact of the bull-whip
effect on the upstream firm due to product substitution.

The product substitution literature is seeing an increasing interest where both
pricing and inventory are decision variables. A representative set of papers would
include Karakul and Chan [66], Dong et al. [38], Akcay et al. [3] and Ceryan et al.
[25]. For a recent review of articles on multi-product pricing, not necessarily product
substitutes, see Soon [105].

A stream of research which is quite close to substitution is the assortment problem
where the retailer has to decide on the optimal assortment of products along with the
optimal inventory levels for each product that forms part of the assortment. Papers
considering assortment and inventory issues are Pentico [94], van Ryzin and Mahajan

[111], Agrawal and Smith [2] , Cachon et al. [22] and Gaur and Honhon [55].

2.2 Markdown and clearance pricing

The literature on markdown pricing has picked up in the last decade since the pub-
lication of the survey article by Elmaghraby and Keskinocak [41]. In their survey,
Elmaghraby and Keskinocak, divide the literature on the basis of replenishment of
inventory. In this thesis, we are concerned with dynamic pricing in the absence of
inventory replenishment. Retailers offer two types of markdown pricing, a temporary
markdown especially during specific holidays like Halloween and Thanksgiving and a
permanent one near the end of a season when they need to get rid of existing stock to
make way for goods for the next season. The economics literature attempts to deter-

mine the causes of markdown and clearance pricing by retailers while the operations
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management literature looks at the mechanics of markdown and clearance pricing in
the presence of inventory considerations by the retailer.

Lazear [71] develops a theory of clearance pricing based on demand uncertainty
of products. He postulates that with the increasing product variety, the retailer’s
knowledge of customer demand for the products has decreased. With this increase in
demand uncertainty, the retailer is forced to mark-up all the varieties by more than
necessary and then mark-down those that did not sell. In a pair of papers, Pashigian
([92], [93]) uses empirical data from the 1930s to the 1980s to find support for Lazear’s
theory of fashion and demand uncertainty. Nocke and Peitz [89] show that clearance
sales is the optimal pricing policy for a retailer in contrast to earlier literature that
showed that a constant price plan is optimal when considering inter-temporal pric-
ing. Herbon et al. [61] counter that a fixed price policy would be preferable in an
environment where there is a large variance in the valuation of customers and they
carry out a simulation experiment to show this.

Feng and Gallego [47] determine the optimal time to markdown when the retailer
knows the two prices, before and after markdown price. Bitran and Mondschein [17]
study a markdown pricing problem where the retailer starts with a fixed inventory that
has to be liquidated within a specific time period. They model the stochastic arrival of
customers with heterogeneous valuations for the product and determine the optimal
price path that the retailer should take in clearing the inventory. They find that a
discrete set of markdown prices is almost as good as a continuous policy of price and
inventory. They extend the method to coordinating the prices across multiple stores
in Bitran et al. [16]. In a pair of papers ([104], [102]), Smith develops an optimization

model for clearance sales for a retailer where the demand rate is a function of price
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as well as the remaining inventory. He and Achabal [102] develop the framework for
clearance markdowns based on the following four ways in which clearance prices are
different from other retail pricing decisions: (1) Clearance markdowns are permanent,
i.e., that prices are not permitted to increase, (2) as the assortments are broken near
the end of the season (not all colors or sizes may be available), demand is lower, (3)
clearance prices are not advertised or if advertised, then the advertisement is carried
for a few items only and (4) the clearance period is so short that the retailer has
little time to correct for his error. Mantrala and Rao [80] develop a computer based
decision support system to help retailers with developing various clearance pricing
scenarios. Chan et al. [27] provide a comprehensive technical review of the important
papers published on markdown and clearance pricing in the operations management
literature prior to 2003.

Chou and Parlar [33] study the issue of optimal pricing when the inventory is
fixed at the start of a finite horizon and the decision of the retailer is to determine
the optimal price in each period. They assume a non-negative demand that is a func-
tion of price only. Gupta et al. [59] consider the same problem with demand that is
stochastic and arbitrarily correlated across the planning periods. Unable to develop
optimal pricing policies, they derive bounds on the optimal expected revenue and
optimal prices. Kogan and Spiegel [68] consider demand to be a function of time and
price, where demand decreases with time. They provide an example of a bookstore
retailer that implemented their model. Cachon and K&k [20] study clearance pricing
using the newsvendor model with the salvage value being the clearance price. They
develop several methods of estimating this salvage value and then determine the esti-

mate that leads to a near optimal ordering decision for a newsvendor. As compared to

17



Ph.D. Thesis - Mohamed Ibrahim Mahaboob McMaster - Business Administration

the previous work, where the demand function for clearing the inventory is determin-
istic even when the regular demand is stochastic, Karakul [65] considers a stochastic
formulation for the demand for the clearance market and the regular season. Aydin
and Ziya [9] develop optimal pricing policies for non-replenishable products when the
demand is a function of time, inventory level and personal information about a con-
sumer. Caro and Gallien [23] develop a clearance model for a fast-fashion retailer
and share the details of their implementation methodology in Zara, the firm that
introduced fast-fashion in the retail market.

There are some specialized models for clearance pricing with demand learning -
Chung et al. [34], Gaul and Azizi [54] and Kwon et al. [70].

Aydin and Ziya [8], Gandhi et al. [51] and Cosgun et al. ([36], [37]) extend the
analysis of markdown pricing from single products to multiple products.

Lee [72] develops a model to study coordination when the product is sold in two
periods by two different firms, during the normal period by the manufacturer directly
and during the markdown period through a discount retailer. Chen [29] deals with
coordinating decisions between a retailer and a manufacturer under pre-determined
markdowns and promotional effort by the retailer. Nair and Closs [87] use simulation
to look at various aspects of supply chain coordination when a retailer deals with
markdowns. Chung et al. [35] study the stocking and pricing decisions in a three-tier
supply chain when the markdown is initiated by the firm at the top-most tier.

There has been a flurry of research considering strategic consumer behavior in the
context of dynamic pricing and quite a few papers deal specifically with markdown and
clearance pricing. For an overview of this literature, see Shen and Su [101], who cover

papers before 2006 and Gonsch et al. [58] who in addition cover the papers between
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the period 2006 to 2012. In our review, we consider some of the more relevant papers.
Strategic consumer behavior is taken to mean that the consumer takes into account
the possibility of future price breaks in considering when to purchase a product. Su
[107] considers the heterogeneity of customers along two dimensions - along product
valuation and waiting time costs in his model of strategic consumer behavior when a
retailer has to dispose a fixed inventory in a finite time horizon. In a follow-up paper,
Su and Zhang [108] look at the possible recourse actions available to a retailer facing
strategic consumers to improve profits. Elmaghraby et al. [40] consider strategic
behavior of consumers who want to procure multiple units rather than a single unit.
Yin et al. [115] consider the role of stock information on the strategic behavior of
consumers.

The above papers dealt with strategic behavior by consumers who have no inkling
of the exact future price that the retailer would seek. But there are some retailers
who post future prices. Elmaghraby et al. [42] show that such a policy may not
necessarily be advantageous to the consumer. Aviv and Pazgal [6] look at fixed-
discount strategies employed by the retailer against contingent pricing and determine
the conditions when one is preferable to the other. Gallego et al. [50] show that a
two-stage markdown is optimal when not all consumers are strategic. Zhang and
Cooper [117] assume that the retailer may choose not to make available the product
in the second period but find that such a policy offers substantial benefits only in
a few cases. Cachon and Swinney [21] consider a markdown problem with three
classes of customers - myopic, bargain-hunting and strategic. The myopic consumer
purchases at full price, the bargain-hunting consumer buys if the discounted price is

sufficiently low and the strategic consumer who chooses between a purchase at full
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price or waits to purchase at an uncertain markdown price in the future. At full price,
the consumer is assured of getting the product which is not the case if she chooses
to wait to purchase at the markdown price. Mersereau and Zhang [82] consider the
situation when the retailer knows that some of his customers are strategic but does

not know the proportion of customers who act strategically.

2.3 Inventory and pricing models for dual channels

The literature on inventory models for dual channels is fairly recent, having developed
only in the last four years. In this section, we take a detailed look at each of the papers
that are in this field. Agatz, Fleischmann and van Nunen [1] provide a recent survey
on the literature in this area.

Bendoly [13] is possibly the first paper to look at inventory issues related to satis-
fying dual-channel demand from the same inventory stock. He develops a simulation
model to understand two pooling effects - pooling of inventory in a single store to
satisfy the two sources of demand and pooling of inventory across several stores by
means of transshipment to satisfy web demand. Bendoly et al. [14] look at the same
two strategies that dual channel retailers use in servicing web demand - a decentral-
ized strategy of servicing from a firm’s stores and a centralized strategy of satisfying
the web demand from a central warehouse. Using numerical experiments for a two-
echelon order-up-to inventory system, they find that when the web demand is a small
portion of total demand, the firm should use a decentralized strategy to service web
demand. When the proportion exceeds a certain threshold then the firm should use
a centralized strategy. The threshold is a function of total system demand and de-

sired service levels. Bretthauer et al. [19] develop a branch-and-bound methodology
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to solve the above problem. Mahar et al. [76], consider the aspect of dynamically
assigning fulfillment locations for the on-line order. Whereas previous research had
looked at determining the optimal static assignment policy of on-line sales to store
locations, Mahar et al. show that firms can improve their competitive position by
investing in technology that provides continuous monitoring of on-line demands and
inventory positions. As in previous research, they find that the percentage of sales
occurring on-line plays a critical role in determining the size of the economic benefit.
They extend their model to a multi-period setting in Mahar et al. [77]. In a related
paper, Mahar and Wright [79] look at the possibility of delaying the assignment de-
cision till sales have accumulated at a location rather than assigning the fulfillment
location as soon as a sale is made. As expected this leads to reduced inventory costs
at the fulfillment sites and the magnitude of the benefit is again dependent on the
proportion of sales occurring on-line. In a subsequent paper, Mahar et al. [78] show
that a dual-channel is better off allowing its web customers to pick-up their orders
from a selected set of stores rather than from each and every store that it controls.
Seifert et al. [99] take a comprehensive look at the various issues considered by the
authors cited in this section.

The above papers deal with inventory issues related to dual-channel retailers.
But, how important is availability of stock to the consumer? And can it become a
competitive weapon in the hands of a chain retailer against a web-only retailer? These
issues are discussed next. Bendoly et al. [15] determine that dual-channel firms should
encourage the transparency of their efforts to integrate their channels in ways that
assuage the consumer of greater product availability in his firm as compared to a

competitor. Cattani et al. [24] look at the choices that a dual-channel retailer can
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make in their choice of types of products to offer, perishable or non-perishable, to the
customers and determine which of two strategies for fulfillment, using current stores
or develop a separate fulfillment warehouse, is suited to each offering. Hu and Li [64]
consider the effect of service efforts that cannot be measured in the on-line channel
as compared to the physical channel, such as the ability for the consumer to touch
and feel the product, and develop a model to study these issues for the retailer. Basu
[11] looks at the problem of coordinating prices in the on-line and physical channel
for a dual-channel retailer.

In contrast to the study of dual channels operating on a single level in the above
models, Alptekinoglu and Tang [4] develop a general dual-channel two-echelon model
based on the newsvendor model of Eppen and Schrage [43]. They do this by de-
composing the multiple warehouses and multiple stores problem into several single
warehouse and multiple store problems and then determining the optimal allocation
among the several warehouses. Inventory is held only in the stores and the warehouse
is just a cross-docking facility. With this model in place, the authors study the trade-
offs involved when satisfying the web channel from either the existing warehouses
or the existing stores. Using numerical experiments, they show that depending on
the correlation of demand between the web and store channel, there is a threshold
of correlation below which it is more cost-effective to satisfy the web demand from
the stores. Chiang and Monahan [67] study the centralized strategy of servicing web
demand from the upper echelon warehouse while servicing the store demand from
the lower level echelon using a Markov model with a one-for-one inventory policy.
They allow for customers to shift to the other channel with fixed probabilities when

their normal channel is stocked out. They are able to find numerically the base stock
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levels for both echelons. Using numerical experiments, they find that increasing the
willingness of customers to switch channels when a stock out occurs can possibly
increase total inventory costs. Chiang [32] uses the above model to study how the
nature of product availability is affected by product substitution when the two levels
are with different firms rather than a single centralized firm. Nagao et al. [85] assess
the cost of tracking information to the above model to develop the inventory control
policy of the retailer. Chen et al. [28] extend the analysis to the situation where
there are three firms, two retailers competing to supply the product to the customer
of the third firm, who carries no inventory but utilizes the services of the two firms
to have the product drop-shipped. Hsiao et al. [62] consider the strategic reasons a
retailer could have in expanding from a chain retailer to a dual-channel retailer and
look at the specific interactions between a chain retailer expanding into the web with

a consumer manufacturer who is considering selling direct.
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Chapter 3

Stock allocation for two

substitutable products

3.1 Introduction

With Tesco’s success in the on-line grocery market (sales of 1 Billion in 2004 [97]), in-
terest has again risen in this sector of the industry. With traditional grocers struggling
from lackluster growth in their primary market, the lure of a fast growing segment
has induced many traditional grocery retailers (Tesco, Sainsbury’s in the UK, Albert-
sons, Safeway and Peapod in USA) to setup an Internet channel. Peopod (USA) a
subsidiary of Royal Ahold (Netherlands) states on its website that it grew sales by
25% in the past few years. The retailers use the same store to satisfy both channels
- the web consumers and the traditional store customers who visit the store physi-
cally. The advantage that accrue to the retailer from using the same stock flow from
two differences that web customers exhibit - the order quantities are known ahead of

time and the retailer is allowed to make substitutions to their product choice. Thus
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giving the retailer the opportunity to save on inventory costs. Our objective in this
study is to develop models that would allow the retailer to optimally benefit from
this opportunity.

Our work is motivated by the following real life scenario. A grocery store serves
customers from two channels — store and web. The web customer orders from the
retail website and the store fulfills the order by having it delivered to the customer’s
home. The customer has to finalize his order by midnight of the day the order has
to be delivered. Customers who physically go to the store to make purchases do
so during the hours the store is open. The store opens in the morning and stays
open till late night. Store customers who do not find the product they are looking
for due to stock out may choose to buy a substitute brand. Not all customers who
come to purchase a brand will buy a substitute but for purposes of this paper, we
assume a fixed percentage does. This assumption is common in the literature (e.g.
Parlar and Goyal (1984) [91] and Netessine and Rudi (2003) [88]). This percentage
will vary with the different brands. For the web consumer the situation is different.
The retailer makes the substitution for the customer. Because the customer is more
likely to accept the product if the substitute is of better quality, the retailer offers
the more expensive product at the same price of the ordered product to increase
the substitution acceptance rate. (For example, part of Peapod’s substitution policy
states unequivocally “Whenever we make a substitution, you will never be charged
more than the price of the original item ordered.” )

Each morning, before serving the store customers, the store manager has to make
decisions on how to fulfill the web orders. At the time of opening, she knows the

available stock for each product and the size of the web orders. The manager does
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not know how many people who visit the store that day will purchase a given product
but she knows the demand distribution for each product. Given the uncertainty in
the demand from customers visiting the store and the quantity available, the store
manager may consider it a prudent business decision to not satisfy the entire web
demand but keep the stock aside for store customers. If she decides to keep more
stock of a product for the store customers, she will need to decide whether to forgo
the web sale or to satisfy the demand with a more expensive product as mentioned
above. If she decided to substitute with a more expensive brand, she will lose on the
margin. If she chooses not to make the sale, she will lose the customers’ goodwill.

To model the above scenario we consider a stylized model of a retailer selling two
substitutable products 1 and 2. The retailer has to decide on how to allocate the
inventory so as to satisfy the web orders for both the products and the quantity to
set aside for the store customers. Web orders for product 1 can be satisfied by giving
the web customer either product 1 or product 2, both at the lower price of product 1.
Web orders for product 2 can be satisfied only by giving the web customer product 2.
Note that we are assuming that all web customers are willing to accept substitution.
The case where only a fraction will do can be easily handled by our model.

The remainder of the chapter is organized as follows: In §3.2 we develop our model
and in §3.3 we present some structural properties of the solution and develop some
insights from numerical experiments. Finally we conclude in §3.4 with some ideas for

future research.
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3.2 Model development

We consider a single-period model where a retailer sells two products through two
channels - web and store. The same inventory stock is used to satisfy demand in
both channels. The two products, 1 and 2, differ in quality and this is reflected in the
selling price, with the higher quality product having the higher selling price. The two
products are assumed to be substitutes: when one product is stocked out, a fraction
of the consumers would purchase the other one instead.

The exact substitution pattern depends on the channel. In the web channel the
retailer decides on the substitution while in the store channel the consumer decides on
the substitution. Store consumers substitute when their favorite product is stocked
out. Not all store consumers who came to purchase a product will necessarily sub-
stitute but we assume there is a fixed proportion who do. Since the substitution
decision lies with the consumer, the price paid by the consumer is the selling price of
the product.

The retailer substitution on the web is a one-way substitution, with the retailer
substituting the less expensive product with the more expensive one. Since the cus-
tomer does not choose the substitute product, the retailer offers the more expensive
product at the lower selling price. Also, the retailer need not be stocked out to make
the substitution. She may choose to strategically substitute for the sole purpose of
keeping more inventory of product 1 for the store customers.

The two channels also differ in the nature of demand. The web demand for both
products is known at the beginning of the period. The store demand for both products
is uncertain with known probability distributions. As in previous studies, Parlar and

Goyal (1984) [91] and Netessine and Rudi (2003) [88], we assume that the demands
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for the products are independent.

3.2.1 Customer segments based penalty costs

In our model we have chosen to take into account the differences in utility exhibited
by the two segments of customers - store loyal and brand loyal. For any customer
when their favourite product is stocked out, we assume they have two choices - switch
products or switch stores. In both choice there is disutility for the customer from car-
rying out that task. For store loyal customers, the disutility from switching products
is less as compared to the disutility from switching stores and vice versa for brand
loyal customers. Hence we assign different penalty costs for the store loyal and brand
loyal customers. We take the service level to be the probability of no stock out. Thus
for brand loyal customers this is the probability that their brand is not stocked out.
For store loyal customers this will be the probability that both brands are not stocked
out. Hence for any given service level for a brand loyal customer, the corresponding
service level for the store loyal customer will be higher. In reverse, the penalty costs
for the store loyal customer will be lower than the penalty costs for the brand loyal

customer for the same service level.

3.2.2 Notation and assumptions

We use the following notation:
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T

U;

DPw

Ds

Do

0i
(1—4;)

random store demand for product i with density f;(.), i = 1,2
deterministic web demand for product i, i = 1,2

stock in hand for product i, 1 = 1,2

product i’s selling price, 1 = 1,2,79 > 1y

product i’s salvage value, 1 = 1,2

penalty cost incurred for web customers

penalty cost incurred for store loyal customers

penalty cost incurred for brand loyal customers, p, > p,

proportion of product ¢’s store customers who are store loyal, i = 1,2

proportion of product ¢’s store customers who are brand loyal, i = 1, 2.

Decision variables

x;; proportion of web demand for product 7 satisfied from product j stock

i< i =12

In the current literature on substitution the penalty cost has been assigned on a

per product basis. Since we are interested in the inventory allocation between chan-

nels, we differentiate between customers seeking each channel and hence determine

penalty costs based on customer segmentation. In addition, to differentiate between

customers who show differences in their substitution behavior in the store, we further

segment this class of customers into store loyal and brand loyal customers. Store loyal

customers would rather substitute with the other product than leave the store. Brand

loyal customers on the other hand will walk out of the store if their favorite product

is missing. Thus we end up with three classes of customers: the web customer, the

store loyal customer and the brand loyal customer. For the web channel, the retailer
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is penalized, only, when the web consumer is not serviced with a product. This means
that for a web customer of product 1 serviced with product 2, there is no additional
penalty beyond the loss in margin, ro — r1, suffered by the retailer. For a store loyal
customer the penalty cost is assessed only if both products are stocked out and for
the brand loyal customer, the penalty cost is assessed when the product sought is
stocked out. As in previous studies (e.g. [91], [88]) we assume that the demands for
the products are independent.

The primary decision of the retailer is to decide on the allocation of the on-hand
inventory for both products to the two channels. She has to make three decisions:
(1) the proportion of product 1 web demand that should be satisfied from product
1 stock, x11, (2) the proportion of product 1 web demand satisfied from product 2
stock, 12, and, (3) the proportion of product 2 web demand to be satisfied from
product 2 stock, x95. Any remaining portions of web demand for either product that
is not satisfied is considered a lost sale. The decisions are to be made at the beginning
of the period before the store demands are realized but after the web demands are
known.

To illustrate the trade-offs involved in these decisions, we provide a simple example
that ignores penalty costs (without loss of generality, we assume the purchase costs

for both products are zero and that there are no other costs).

Example 1. Assume there was 1 unit of product 2 and 1 unit of product 1 in stock
and 1 unit of web demand for product 1 at the beginning of the period. By satisfying
the web demand for product 1 with product 2, the retailer makes the unit of product
1 awvailable to the store. Now assume that the store demand for the period turns out

to be 1 for product 1 and 0 for product 2. In this case the retailer would get a total
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revenue of 2ri. However, if the store demand had turned out to be 0 for product 1
and 1 for product 2, then the retailer revenue would be (1 + d3)ry. Suppose now that
the retailer had instead used product 1 to satisfy the web demand for product 1. The
retailer would then have realized a total of ri + 0179 if the store demand had turned
out to be 1 for product 1 and O for product 2 and ri + ro if the store demand had
turned out to be 0 for product 1 and 1 for product 2. Thus we see that even for such
a simple problem, the retailer could end up with four different revenue levels given
the allocation by the retailer and the subsequent store demand realizations. These
different scenarios are illustrated in Table 1 using our notation.

Allocation Store Demand Realization  Revenue

(3311, T2, xzz) (81, 52)
(0,1,-) (1,0) 2ry
(0, 1) (1 + 52)7"1
(1,0,—) (170) 7“1+51’I“2
(0, 1) T1 + )]

Table 3.1: Different revenue scenarios for Example 1, Q1 = 1,02 = 1,w; = 1, wy = 0.

With penalty costs, the scenarios are more complex and thus the need for a model

which will provide this analysis for the retailer.

3.2.3 Expected revenue function

The retailer derives revenue from the web and store customers. The expected revenue

derived from web customers is

Ry = rixzpwy + riziaw; + reXaows — pw[(l — 211 — 3312) wy + (1 - 5522) wz]-

The first term on the right is the revenue from servicing web demand for product
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1 with product 1 stock, the second term is the revenue from servicing web demand
for product 1 with product 2 stock, the third term is the revenue generated from
servicing web demand for product 2 and the fourth and fifth terms are the penalty
costs for any shortage in product 1 and product 2 respectively.

To determine the revenue from store customers, we consider four cases. Depending
on the realized values of the store demand for product 1 and product 2, s; and
s9 respectively, the revenue function takes one of these expressions. We let Q)7 be
the stock of product 7 that is left in store after satisfying web demand, i.e., Q] =
Q1 — rnwy, Q5 = Q2 — T12w1 — ToaWs.

Case 1: 51 < @7, s2 <5

Ry = 7151 + 7255 + 01(QF — 51) + v2(Q5 — 52)

There is excess stock of both products and hence there will be no substitution.

Case 2: 51 > (7, 52> ()5

R? = 1Q5 + 1205 — ps[di(s1 — QF) + da(s2 — Q3)]
—pp[(1 = 61)(s51 — @QF) + (1 — 02) (52 — Q3)]

Both products have excess demand. We assumed the shortage to be allocated
proportionately between store loyal and brand loyal customers.

Case 3: 51 > Qf, s2 < Q5

There is a shortage in product 1 and an excess of stock in product 2. We dis-
tinguish between the case where all store loyal customers are satisfied (Case 3a) and

where they are not (Case 3b).
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Case 3a) d1(s1 — Q1) < (@3 — s2)
R = 11Q5 4 o83 +1201(s1 — QF) + 02[Q5 — 55 — (51 — QF)] — pu(1 — 1) (51 — Q)
Case 3b) 01(s1 — Q) > (@3 — s2)

R¥ = 1r1Q5 + ra55 + 12(Q3 — 52) — ps[01(s1 — Q) — (Q5 — s2)] — pe(1 — 61)(s1 — QF)

Case 4: 51 < QF, s3> @3
There is a shortage in product 2 and an excess of stock in product 1. We dis-
tinguish between the case where all store loyal customers are satisfied (Case 4a) and

where they are not (Case 4b).
Case 4a) dz(s2 — Q3) < (Q — 1)

R = 1181 4 r2Q5 + 1102(52 — Q) + v1[Q5 — 51 — d2(s2 — Q3)] — po(1 — 02) (52 — Q3)

Case 4b) 02(s2 — Q3) > (QF — s1)

R =151 +12Q5 + 11(QF — 51) — ps[0a(s2 — Q3) — (QF — s1)] — pe(1 — 02)(s2 — Q3)

After integrating over the four regions and performing some algebra, the expected

store revenue is

Q; Q3
ER, :/ 151 f1(81)ds, +/ r282 f2(s2)ds2
0 0
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1 QE = (L= 851 — QDI + [ a5 — 1 = Be) (52 — Q)

Q3 452(51)

/ 2(11 — v1)(s2 — Q3) f1(s1) fa(s2)dsads,
Q3

Q3 ¢2(81)

— Sl)fl (81>f2(82)d82d51

D
g\gh

— 51) = ps[02(s2 — @3) — (@] — s1)1f1(51) fa(s2)dsads
1(r2 = v2)(s1 — Q1) f1(s1) fa(s2)ds1dsy
— 52) fi(s1) f2(s2)ds1dss
— 52) = ps[01(s1 — @) — (@3 — 52)]f1(51) fa(s2) ds1ds,

Ps51 51— Q1) + psda(s2 — Q3)] f1(s1) fa(s2)dsadsy

P1(s2) = Q1 + (@3 — 52) /1
Pa(s1) = Q3 + (QF — 1) /0.

The first expression, ¢;(sz), can be thought of as the number of product 1 store
consumers needed to sell all product 1 stock and the leftover product 2 stock. Sim-
ilarly, the second expression, ¢s(s1), is the number of product 2 store consumers
needed to sell all product 2 stock and the leftover product 1 stock.

The retailer’s expected revenue is determined by adding the expected revenue

from the store channel to the revenue from the web channel.

ER =R, + ER;

In Theorem 2, we show that the expected revenue function is concave under a
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specific condition.

Theorem 2. The retailer’s expected revenue function is concave when (ry + ps) >

51 (TQ + ps)
Proof. See Appendix A. O

The concavity conditions involve the product prices, the cheaper product sub-
stitution rate and the store penalty costs. The condition (11 + ps) > 61(r2 + ps) is
satisfied when 0,75 < 7y, i.e., the price of the cheap product is at least §;% of the
price of the expensive product. Given that various estimates of the substitution rates
in cases of stock-outs have been found to be more that 40% [110], this implies that r;
should be at least 0.4r,. We have studied the ratio of the lowest to highest prices of
different product families in an on-line grocery store and found that the lowest ratio

is 0.43 with an average of 0.79. Our findings are summarized in Table 3.2.

Product Lowest Price Highest Price Price Ratio

(1) (72) (r1/72)

Cola (Regular or Diet)

Cans (12x355mL) 4.69 5.29 0.89
Pasta Noodles

Spaghetti (900g) 1.69 2.09 0.81

Lasagne (500g) 2.19 2.89 0.76
Baby Needs

Canned beginner food (128ml) 0.59 0.69 0.86

Formula Concentrate (12x385mL) 32.99 38.99 0.85

Rice Cereal (227g) 3.19 4.29 0.74

Size 2 diapers (unit) 0.29 0.35 0.83
Dish Detergent (100ml) 0.23 0.53 0.43
Cat food (10g) 0.16 0.28 0.57
Ice Cream 2L 5.49 7.49 0.73
Strawberry Jam 500 ml 4.49 4.69 0.96

Table 3.2: Ratio of highest and lowest product prices in an on-line grocery store.

It is also worth mentioning that the condition in Theorem 2 is a sufficient but not
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necessary condition. Thus the range of values for which the revenue function is con-
cave is larger. When these conditions are not met, we would use global optimization

routines to solve the problem.

3.2.4 Model

We maximize the retailer’s expected revenue given the proportion and stock con-

straints. The problem can be formulated as follows:

max FER
s. t.
Ty + T2 <1
Too <1 (P)
rw; < Q1
T19wW1 + Tawz < Q2

T11, T12, T2 > 0.

The first two constraints together with the non-negativity constraint make sure
that the decision variables, x1, z12 and x4, lie between 0 and 1. The third and fourth
constraints make sure that the web demand that is satisfied does not exceed the

available stock.
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3.3 Analysis

3.3.1 Structural Results

In this section we assume that the concavity conditions in Theorem 2 holds. We

define the following

OFER OFR OFER
Fiy = —7F12 = —7F22
X 8x12

81'22 )

These first derivatives will enable us to see the conditions under which the retailer
would benefit from using the stock of each product to satisfy web demand as opposed
to keeping it aside for the store demand.

More detailed analysis can be done by rearranging the various terms that make

up the first derivative expressions. We start with

Fii =wi | (11 —v1 4+ pw) — (r1 — v + 61ps + (1 — 61)pp) / fi(s1)ds;
&
Q5 ¢1(s2)
61 (ra — v+ ps) / / £1(1) fo(s2)dsadss
0 Qs
Q] oo
_(rl — U1 +ps)/ / fl(31)f2(32)d82d81 . (31)

0 ¢2(s1)

The first term is the marginal revenue that the retailer would get from satisfying
web demand for product 1. It consists of the actual revenue r; minus the salvage value
vy plus the penalty cost p,, that is avoided. The second term is the marginal revenue

lost from not serving the store demand. There are four components to this term - the
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actual revenue lost, rq, the salvage value obtained, v, the partial penalty cost due
to not serving the store loyal customer and the partial penalty cost from not serving
the brand loyal customer. The third term is the additional marginal revenue from
servicing the store loyal customer who substitutes with product 2 when product 1 has
been used to service the web demand. This term arises due to the fact that because
one unit of product 1 was made available to the web customer, the retailer has now
an opportunity to sell a unit of product 2 to the store loyal customer. The final term
is the loss in marginal revenue from being unable to service the substitute demand
from product 2 store customers. The third and fourth terms show how substitution
results in additional revenues gained and lost.

For Fy,, the full expression is

Fas = ws | (rs — 03 + pu) — (ra — 03 + 62ps + (1 — 5)ps) / Fo(s2)dss
Q3
QF $2(s1)
by — vt + pa) / / F1(51) fo(52)dsrdss
0 QS
Q5 oo
_<7"2—Uz+ps)/ / fi(s1) fa(s2)dsadsy | . (3.2)

0 $1(s2)

The analysis is similar to that of Fij; except that now the focus is on the use of
product 2’s stock to service product 2 web demand as opposed to keeping product 2
stock for store customers.

Finally, we examine Fi5.
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Fiy = w, (7"1 — U +pw> - (7”2 — Vg + 09ps + (1 - 52)]%) / f2(32)d32

Q3
Q7 ¢2(s1)
+02(11 — 1 +Ps)/ / J1(s1) fa(s2)ds1dsy
0 Qs
Q5 oo
—(ry — vy +ps)/ / J1(s1) fa(s2)dsads,
0 ¢1(s2)

(3.3)

The value of Fi5 determines the difference in value from using product 2 to satisfy
web demand for product 1 over keeping it in stock for servicing store customers.
Here the first term is the marginal revenue from the web customer for product 1,
the second term is the marginal revenue lost from the store customer with intent
to purchase product 2, the third term is the marginal revenue from store customer
who substituted with product 1 when product 2 is out of stock and the final term is
the marginal revenue lost from store customers who substitute with product 2 when
product 1 is sold out. The reason for the third term to be positive is because when
product 2 is used to service web demand an opportunity arises to sell product 1 to a
product 2 customer. The second and fourth terms are negative since they represent
the loss from being unable to sell product 2 in the store to either the store customer
who came looking for product 2 or was willing to substitute for it.

In Proposition 3 we show that product 2 can be used to satisfy web demand for

product 1 only after serving the web demand for product 2.

Proposition 3. a) When wy > Qo, then x15 = 0.
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b) When wy < Qo and xa9 # 1, then x12 = 0.

Proof. All KKT conditions are satisfied when x5 = 0 for the instance mentioned

above. u

Proposition 3 is useful as it facilitates in solving Problem P. Depending on whether
Too = 1 or not problem P reduces to a couple of problems in two decision variables.

For purposes of the proofs in the next three propositions, we associate the following
Lagrange multipliers with their respective constraints: A\; with xy; + 212 < 1, Ay with
rnwr < Q1, A3 with x1ow; + Toows < Qo and Ny with x9 < 1.

When the web demand for product 1 exceeds its stock and the web penalty cost
is higher than a given threshold, then we show in following proposition that a simple

closed form allocation exists.

Proposition 4. When penalty costs satisfy the following two conditions:
1. py > 61ps + (1 — 1)pp and

2. pw > 0ops + (1 — b2)pp + (12 — 11),

the inventory allocation is calculated easily for the following cases:

x11 T12 22
— Q@ (Q-w2) g

w;>Q1 wr<Qy witwr=01+Q2| 2 "
wy > Q1 we > Qe wy+wy > Q1+ Qo % 0 %

Proof. For the four cases listed here, (i) A\; # 0,A2 # 0,A3 # 0, Ay # 0, (ii) A\ #
0,ho # 0, A3 2 0,0 = 0, (i) At = 0, A £ 0,3 % 0, M4 # 0 and (iv) A\ = 0, Ay #
0,A3 # 0,A\, = 0, all KKT conditions are satisfied when p,, > d1ps + (1 — 01)p, and
Pw > 09ps + (1 — d2)pp + (ro — 71). Under these same conditions the values for x;q, 212

and x99 are as stated above. ]
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With the next proposition, we look at the feasibility of satisfying web demand
for product 1 with product 2 stock prior to using product 1 stock. If the amount
of product 2 stock is greater than the web demand for both products, as is often
the case, then the retailer gets to benefit by keeping aside more product 1 stock for
the store customer and using up product 2 stock for servicing both products’ web

demands. This is profitable for the retailer only under the conditions specified below.

Proposition 5. When either of the following two sets of conditions hold, (i) wy < Qs,
wy + wy < Ql +Q2 and Fio > Fi11 > 0 or (ZZ) wy + wy < QQ, Fis > Fi; and Fy > 0,

then the retailer should allocate as follows:

1'22:1

. <Q2—w2 )
Tip =min | —, 1

w1

T =1— 212

Proof. For the case where A\; £ 0, Ao = 0, A\3 #£ 0, A4 # 0, we find that when wy < )5,
wi +we < Q1+ Q2 and Fip > Fi; > 0, all KKT conditions are satisfied for the values
of 11 = (w1 + we — Q2)/wy = 1 — x19, 12 = (Q2 — wy)/wy and x99 = 1. Similarly
for the case where A\ # 0, Ao = 0, A3 = 0, \y # 0, we find that when w; + wy < @o,
Fio > Fi; and Fio > 0, all KKT conditions are satisfied for the values of x1; = 0,
r12 = 1 and x99 = 1. Putting these two conditions together, we get the result in the

proposition. O

In words, when the conditions for proposition 5 are satisfied, the retailer should

allocate as follows:
e Satisfy all web demand for product 2 from product 2 stock.
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e With the remaining product 2 stock, satisfy the web demand for product 1 till

either all demand is satisfied or the product 2 stock runs out.
e Satisfy the remaining web demand for product 1 from product 1’s stock.
e Leave the remaining stock for both products for store customers.

In the following proposition, we find conditions where the retailer is better off not
servicing a product’s web demand. We consider three scenarios, scenario a) where
the retailer should not service only the web demand for product 1, scenario b) under
which the retailer should not service the web demand for product 2 and scenario ¢)
where it makes sense for the retailer to ignore the web demands for both products. In
a) the entire stock of product 1 is kept aside for store customers but the web demand
for product 2 is satisfied from product 2 stock. In b) the entire stock of product 2
stock is kept for store customers but the web demand for product 1 is satisfied from
product 1 stock. In ¢) the entire stock of product 1 and product 2 stock are kept for

store customers.

Proposition 6. We have three cases when at least web demand for one product is
not served:
a) r11 = x12 = 0, web demand for product 1 should not be satisfied, if (i) wy > Qs,
Fi1 <0 Fyy > 0, where x99 = Qo /ws, or (ii) wy < Q2, F11 < 0 and (ro—r1) > Fay > 0,
where x99 = 1.

b) xoo = 0, web demand for product 2 should not be satisfied, if Fi1 > 0 and
Fy <0, where x15 = 0. In this case x11 can either be 1 or Q1 /w.

c) x11 = T2 = T = 0, web demand for product 1 and product 2 should not be

satisfied, if F11 <0 and Fyy < 0.
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Proof. a) For case (i) either A\ = 0, s = 0,A3 # 0,A\y Z0 or \; =0, s = 0,3 #
0,y = 0, we find that the KKT conditions are satisfied when wy > ()9, F1; < 0 and
Fy > 0, and the values for x11, x15 and x9y are 0,0, Q2/w; respectively. Similarly, for
case (ii)) Ay = 0, 2 =0, 3 = 0, \y # 0, when wy < Qo, F1; <0 and (ry — 1) > Foo >
0, 11,12 and x99 take on the values 0,0, 1.

b) Under similar reasoning, all KKT conditions are satisfied when Fj; > 0 and
Fys < 0 for the following three cases (i) A\ # 0,Ay # 0,A\3 = 0,\y = 0, (ii) A\ #
0, =0,23 =0,\y =0 and (iii) \; = 0, A2 # 0, A3 = 0, Ay, = 0. For the three cases,
the values for xyy, 712 and w9y are (1,0,0), (1,0,0) and (Q;/wi,0,0) respectively.
When 295 = 0, we know that the web demand for Product 2 is not satisfied.

c) For the case of \; # 0, Ay # 0, A3 # 0, \y # 0, when F; < 0 and Fy < 0, the
values of x11, 212 and x9 are all 0. Hence, no web demand is satisfied and all the

stock is kept for the store customers. O

3.3.2 Numerical Experiments

Our objective for this section is two-fold:

1. To study how the allocation proportions, xi1, 12 and x99, and revenue change

with substitution rates.

2. To study the difference in revenue when considered against a model where the

retailer does not substitute.

We take the following parameters for the numerical experiments. Note that these
settings lead to w9 = 1. We focus on this case to show the effect of retailer sub-
stitution. We chose the Erlang distribution as it represents the real demand situa-

tion better (e.g when compared to Uniform or Exponential) and is numerically more
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tractable than the Normal distribution. In addition, with the Erlang distribution we
do not have to worry about negative values. Previous studies that have used the
Erlang distribution, e.g. [26].

r1r = 9,19 = 10,py = 5,ps = 3,0 = 4,01 = 80,02 = 100,w; = 30,wy =
20. For the demand, parameters for the Erlang distribution are as follows, S; =
Erlang(3,0.06), S = Erlang(3,0.06), where the first parameter denotes the shape

and the second parameter denotes the rate of the probability distribution.

Substitution rates

Figure 3.5 shows the change in decision variables with the change in substitution rates

and Figure 3.6 shows the change in revenue with the change in substitution rates.
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Figure 3.5: Decision variables vs substitution rates
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Figure 3.6: Revenue against substitution rates

We observe the following:

e As the proportion of store loyal customers for product 1 increases, the pro-
portion of product 1’s web demand satisfied by product 2 decreases and that

satisfied by product 1 increases.

e As the proportion of store loyal customers for product 2 increases, the pro-
portion of product 1’s web demand satisfied by product 2 increases and the

proportion of product 1’s web demand satisfied by product 1 decreases.

e As the proportion of store loyal customers for either product increases, the

retailer’s revenue increases.
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We first explain the substitution pattern. As the proportion of store loyal cus-
tomers increases for product 1, the retailer needs to make less of product 1 available
for the store. Being store loyal, they will substitute with product 2 if product 1 is
stocked out. Hence the retailer has more of product 1 to sell to the web customer. As
the proportion of store loyal customers of product 2 increases, the retailer needs less
of product 2 to make available for the store. Being store loyal, they will substitute
with product 1 if product 2 is stocked out. This allows the retailer to make more
of product 2 available to satisfy the web demand - first for product 2 and then as
retailer-substituted demand for product 1.

With the increase in the proportion of store loyal customers, there are less cus-

tomers walking out of the store and hence the revenue increase.

Comparison with no web substitution

Figure 3.7 shows the revenue difference between the web substitution model (WS)

and the no web substitution model (NWS).

Figure 3.7: Revenue Comparison

We observe that in all cases the revenue in the web substitution model (WS) is

at least as good as the revenue in the no web substitution model (NWS). We also
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observe that the revenue difference is maximum when 5 is high and 4, is low and
lowest when 65 is low and ¢; is high. In our numerical study we find that the revenue
saving could be upto 3.5% (significant knowing that profit margins in grocery sector
are 1-2% of sales [18]).

A possible explanation follows. The fact that the web demand happens prior to
the store demand allows the retailer to realign the stock in hand with the expected
distribution of store demand. This gain more than makes up for the loss suffered in
margin when the retailer substitutes with the more expensive product a portion of

the web demand for the cheaper product.

3.4 Conclusion

In this paper we have considered an inventory allocation model in a dual channel
setting: a traditional store and a web channel. The store customer can substitute
for stocked out items while the retailer makes the substitution for the web customer.
In addition, we introduce penalty costs based on customer segmentation into the
inventory literature as opposed to product-based penalty costs. We show that the
retailer can benefit by servicing the web customer by the more expensive product at
the price of the cheaper one. Numerically, we show that these savings are substantial

in the grocery market.
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Chapter 4

Use of the web channel to

re-balance stocks

4.1 Introduction

Retailers are forever looking to increase market share in the face of ever increasing
competition. New technologies enable a new entrant to dramatically gain market
share and reshape an entire industry. The arrival of the Internet in the mid-nineties
was one such technology. It allowed Amazon.com, a new player in the book industry to
become the market leader in a matter of years. Retailers in other industries observed
this event with alarm. They did not want to be ‘Amazoned’ in their own markets
by an upstart. So without understanding the technology and its effect on customers,
firms blindly created separate businesses to cater to this consumer segment. Often
entirely separate business structures were put in place to satisfy this market. Most
were money losing propositions for existing market leaders, since there was no synergy

between their current businesses and the newer web business. Gradually some of these
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firms got to understand how the Internet channel customers were different from their
other customers and they began to exploit this knowledge.

One of the firms that understood the Internet and knew how to synergise its cur-
rent business with this new business and at the same time exploit the differences
exhibited by the web customers is Tesco. Tesco, the largest grocer in the UK, when
they got into the on-line grocery business decided to do things differently from web
pioneers like Webvan and other grocers in the US market. Instead of using a cen-
tralized warehouse, they used their existing stores that serviced their regular clientle,
to service the web customers. Orders of web customers were serviced from the store
closest to the customer. They have been extremely successful and are the largest
e-retailer in the UK. Their success drove other stores like the Safeway and Albertsons
in the US to copy their model. The following two characteristics of the on-line grocery
business affected the nature of demand and by extension the inventory held in the
store. First, customers had to place their order ahead of time. Deliveries for orders
on the next day had to be submitted by midnight of the previous day. Second, the
web customer gave the power of selecting the substitute product to the retailer when
faced with a stock-out. Given the large number of SKU’s carried by a grocery store,
there is no easy way for the customer to tell the retailer what to substitute when
their ordered item is not available. The retailer seeks the approval of the customer
to make the substitution on the customer’s behalf and the default is for the retailer

to make the substitution.
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4.2 The problem

We use a similar setup to Chapter 3 here. The retailer derives revenue from the web
and store channels. At the time of ordering both web and store demand is stochastic.
We assume that delivery of the stock is immediate. By design, the web channel
provides the retailer with a window of decision opportunities: The time from when
customers place their orders to the time the orders are fulfilled. During this time the
retailer allocates the two products stocks between the two channels. She has to make
three allocation decisions: (1) the proportion of product 1 web demand to be satisfied
from product 1 stock, x11, (2) the proportion of product 1 web demand to be satisfied
from product 2 stock, x5, and, (3) the proportion of product 2 web demand to be
satisfied from product 2 stock, x95. Any remaining portion of web demand for either
product that is not satisfied is considered a lost sale.

We maximize the retailer’s expected profit given the sequence of events outlined

in Figure 4.8 by the following two-stage stochastic program formulation.

Stage 1 Stage 2
Orders Q1 and Q2 issued Stock allocated x,,, X,,,X,,
Random demands Web demands realized Store demands realized
%,Sz, W, W, W, W, Sy 8,

Figure 4.8: A time-line of the decisions in joint ordering and allocation

Decisions are made in two stages. In the first stage or at the beginning of the

period, the retailer knows only the distributions of the demand in the two channels
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for each product. She decides on the ordering quantities, ()1 and ()5, knowing that an
opportunity to re-allocate the stocks between the two channels will arise before the
demands are satisfied. This second stage happens when the web orders are received
and the distributions for the store demands are updated. At this stage (second stage),
the retailer looks at the stock in hand for the two products, @)1 and ()5, the realized

web demands, w; and wsy, and then makes the allocation decisions mentioned earlier.

4.2.1 Notation and assumptions

We use the following notation:

S; random store demand for product ¢ with density f;(.), i = 1,2
W; random web demand for product i with density ¢;(.) and mean i, i = 1,2
D, total retailer demand for product 7, i = 1,2

0(si,w;) joint density of S; and W;

hi(s;|lw;) updated store density when the observed value of web demand is w;, 1 = 1,2

0(si,w;)
gi(.)

Tij proportion of web demand for product ¢

satisfied from product j stock, i < j;i,5 =1,2

Qi ordering quantity for product i, i = 1,2

Q3 stock of product ¢ that is left in store after satisfying web demand
T product ¢’s selling price, 1 = 1,2,7r5 > 1y

v; product ¢’s salvage value, 1 = 1,2,v; < r;

Puw penalty cost for web customers, p,, > 0

Ds penalty cost for store loyal customers, ps > 0

Db penalty cost for brand loyal customers, p, > 0

o1



Ph.D. Thesis - Mohamed Ibrahim Mahaboob McMaster - Business Administration

G purchase cost for product ¢, ¢; < r;, 1 =1,2

0; substitution rate for product i, 1 = 1,2

Ew expectation over the web demand distributions
ES expected revenue in the second stage

4.2.2 Value function

We first develop the formulation for the entire problem and then show in some detail

the formulation for the second stage.

2

I(Q1,Q3) = Qg% {Il(Q1,Q2) = — ZCiQi + Ew[Q(Q1, Q2, w1, w2)]}  (P)

i=1,2 i=1

where Q(Q1, Q2, w1, ws) is the optimal revenue of the second stage problem as formu-

lated below.

max ES (4.4)
s. t.
T + T2 < 1 (4.5)
T <1 (4.6)
rw; < Q1 (4.7)
T1ow1 + Tawz < (2 (4.8)
T11, T12, Ta2 > 0. (4.9)
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Second stage problem formulation

The second stage problem is a problem of optimal allocations between the two prod-
ucts in the two channels. We develop the expression for the expected retailer revenue
by determining the revenue from the web channel first. The stock left from servicing
the web channel is used to satisfy the store channel.

Depending on the realized values of the web demands for product 1 and product

2, wy and wq respectively, the revenue from the web takes the following expression:

Ry = riznwy + riziow + raTage — Pw(l — T11 — 51512)101 - pw(l - 3U22)w2 (4-10)

The quantities left for the store customers can be calculated as follows:

Q] = Q1 —rnwi, Q3= Q2 — Tpw; — Towy

To determine the revenue from store customers, R, we look at four cases of
realized store demand values:

Case 1: 51 < @7, s2 <5

Ry = 7151 + 7255 + 01(QF — 51) + v2(Q5 — 52)

There is excess stock of both products and hence there will be no substitution.

Case 2: 51 > Qf, s2> Q5

R? = 11Q5 + 1205 — ps[di(s1 — QF) + da(s2 — Q3)]
—pp[(1 = 61)(s51 — @Q7) + (1 — 02) (52 — Q3)]

Both products have excess demand. The shortage is allocated proportionately be-

tween store loyal and brand loyal customers.
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Case 3: 51 > Qf, s2 < Q5
There is a shortage in product 1 and an excess of stock in product 2. We dis-
tinguish between the case where all store loyal customers are satisfied (Case 3a) and

where they are not (Case 3b).
Case 3a) d1(s1 — QF) < (Q5 — s2)

R3* = 11Q5 + 198y + 1201 (51 — QF) + 02[Q5 — 52— 01(s1 — QF)] — po(1 — 01)(51 — QF)

Case 3b) (51(81 — Qi) > (Qg — 82)

RY =11Q% + 1282 + 12(Q3 — 52) — ps[01(s1 — QF) — (@3 — 52)] = pu(1 — 01)(s1 — QF)

Case 4: 59 > ()5, s1 < Q3
There is a shortage in product 2 and an excess of stock in product 1. We dis-
tinguish between the case where all store loyal customers are satisfied (Case 4a) and

where they are not (Case 4b).
Case 4a) d2(s2 — Q3) < (Q — s1)

R = ryQ5 + ris1 + r102(s2 — Q) + v1[Q5 — 51— 82(s2 — Q3)] — po(1 — d2)(s2 — Q3)

Case 4b) d5(s2 — Q3) > (QF — 51)

R =1Q5 +ris1 +11(QF — s1) — ps[da(s2 — Q3) — (QF — 51)] — pp(1 — 62)(s2 — Q3)

After integrating over the six regions, the expected store revenue is
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QY Q3
ERS = / R hg 32|w2 d32h1(31|w1)d31

0

c\

/ R h2 32|w2 d52h1(31|w1)d51
Q1 J@Q
¢

_I_
S~

3
Q3
/ R 82’w2)d82h1(51|w1)d81
0

—

+
S~

Q1
o) Q5 b
/ Ris)) (32|w2)d32h1(31|w1)d31
0

I,
Q;  ro2
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0
J
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o

where

Q5 — 52
01
Qf — 51
02

o1 =Q7+

¢2 = Q5+

The revenue for the dual channel retailer in the second stage is obtained by sum-

ming the revenue from the web and store channels.

ES =R, + ER, (4.11)

From this point onwards, we use independent demand distributions, in our anal-

ysis.

95



Ph.D. Thesis - Mohamed Ibrahim Mahaboob McMaster - Business Administration

4.3 Solution method

We use the following method to solve the above problem.

1. Exhaustively search over the positive quadrant of ); and (), values for the pair
that obtains the highest profit. For practical purposes, limit the values of ),
and @, from 0 to Q% and 0 to QY respectively. Q% and Q% are set to the
maximum amounts that can be ordered from the supplier, limits set by the

supplier.

2. For each pair of (; and @), values, determine the profit, from evaluating the

following equation.

QY. QF) = —a1@Qf — 204 + EwlQAQY, QF wy, w)]

V o Qi=0,...,Q" QY=0,..Q" (PIII)

3. We use the Monte Carlo method to evaluate the integral, Ey [Q(Q%, QY , w1, ws)].

To do so, we select a random sample of N pairs of values from the web demand

7

distributions and obtain an estimate for Ey [Q(Q%, QY wy,w,)], thereby ap-

proximating the above problem to:

N
QY QF) = ~e1Qff — Q) + N7 3 0(QF, Q4 wf, wf)
k=1
V Qi=0,...,Q" QY=0,..0Q" (PIlIa)
By the Strong Law of Large Numbers, Ey [Q(QY, Q% wy,ws,)] converges to

NN Q(QY, Q¥ wk, wh) with probability one, as N — oo at the rate of
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O,(N~2) when choosing an iid sample. We can determine the confidence
interval for the difference between II(Q¥, Q%) and II(Q¥, QY) (for details, see

Bayraksan and Morton [12]).

4. We established the concavity conditions for Q(Q¥, Q¥ w* wk) in Chapter 3.

We use the method described in Chapter 3 to solve for Q(Q¥, Q% wk, wk).

4.4 Gain from re-balancing of stocks

To determine the gain from the re-balancing of stocks, we follow the steps enumerated

below.

1. Solve the expected value problem, formulated below, in Section 4.4.1 for @)1 =
Q7, Q2 = Q5. Let, the expected profit of the expected value problem be denoted

by T1(Q}", Q5").
2. Gain from re-balancing is given by [II(QF, @3) — II(Q7*, Q5)].

4.4.1 Expected value problem

The expected value problem is obtained by replacing the web demands by the mean

of their distributions.
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Model formulation

The retailer maximizes profit, subtracting the costs from the revenue obtained in the

two channels.

2
max B = =} Q)+ Q(Q1 = Q, Q> = Q5 w1 = ftun, 0> = fuuz)  (EVP)
i<j i=1

i,j=1,2

Under the following assumptions, we determine the concavity of the above objec-

tive function.
1.1 +py—c1>0
2. "9+ Py —co >0
3. "1+ Py —0c >0

The first two are obvious. The retailer would only sell a product if she makes
money on the sale. Hence, the cost of the product has to be less than the loss to the
retailer in not making the sale. The third assumption makes sure that the retailer
only substitutes with the more expensive product if marginal revenue from selling
the expensive product at the cheaper price is more than the cost of the expensive
product.

In Theorem 7, we show that the expected profit function is concave under two

conditions.

Theorem 7. The retailer’s expected profit function in EVP s concave when ry <

71/01 and py > ps.
Proof. See Appendix B. n
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4.5 Numerical results
Our objective for this section is two-fold:

1. To study how the optimal ordering quantities, ()7 and ()5, and optimal profit,

I1(Q7, Q3), change with substitution rates.

2. To study the effect of variance on the re-balancing gain.

We take the parameters in Table 4.3 for the numerical experiments.

ro Tm C €1 Pw Pb Ps V2 U1

0 8 5 4 5 4 3 0 0

Table 4.3: Parameter values

4.5.1 Substitution rates

In this section, we look at the effect of substitution rates on the optimal ordering
quantities and profit. We assume exponential independent demands with values as

in Table 4.4.

Demand | S1 S2 W1 W2

Mean 30 30 20 10
Variance | 900 900 400 100

Table 4.4: Independent Exponential Demands
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We look at the change in optimal values, @7, Q3 and II(Q7, Q%) across 0; and
across 0o in Figures 4.9, 4.10 and 4.11 respectively. We also look at the percentage
gain due to re-balancing in Figure 4.12.

We observe the following;:

e The profit increases with i) increase in the substitution rate for product 1, d;

and 7i) increase in the substitution rate for product 2, ds.

e With the increase in substitution rate for product 1, 41, the ordering quantity for

product 1, ()1, decreases and the ordering quantity for product 2, (J, increases.

e With the increase in substitution rate for product 2, d5, the ordering quantity for

product 1, ()1, increases and the ordering quantity for product 2, ()2, decreases.

e With the increase in d; and/or dy, the % gain decreases.

The increase in profits with the increase in the substitution rate can be explained
by the increase in the effective demand for the product, as fewer customers leave the
store due to stock-out. This leads to increased profits.

The behavior of the ordering quantities is interesting and at first glance puzzling.
One possible explanation could be that when §; increases, the number of customers
of product 1 willing to substitute increases and the retailer exploits this fact and
orders more ()2 which has a better margin than ();. But there does not seem to
be a reasonable explanation for the decrease in the ordering quantity for )5 upon

increasing 9,.
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Figure 4.9: Optimal Q1
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Figure 4.10: Optimal )2
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Figure 4.11: Optimal Profit
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Figure 4.12: Effects of Substitution Rates on % Gain - Exponential Demands
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4.5.2 Variance

Figure 4.13 shows the effect of variance on the re-balancing gains. We consider two

levels of variance, low and high, using Erlang distributions (Table 4.5).

Demand S1 S22 W1 W2

Mean 30 30 20 10

Low Variance | 300 300 192 108
High Variance | 900 900 576 324

Table 4.5: Independent Erlang Demands

We observe that the gain is higher when the variance among demands is high.
This is to be expected as the re-balancing effort will decrease with lower variance

among demands.

4.6 Conclusion

In this chapter we have considered an inventory ordering and allocation model in a
dual channel setting: a traditional store and a web channel. The decisions are made
in two stages - ordering in the first stage and allocation in the second stage. We
considered two substitutable products with customer substitution in the store and
retailer substitution on the web. We show that this substitution pattern for a dual
channel retailer allows for a re-balancing of stocks enabling the retailer to make gains

in profits.
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Figure 4.13: Effect of Variance on % Gain - Erlang Demands
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Chapter 5

Clearance pricing

5.1 The Problem

We consider a problem faced by a catalog retailer in clearing stock from the two
channels, the original catalog channel and a newer web channel. In a single period
the retailer gets one price point opportunity to clear stock using the catalog as against
two price points on the web. For example, Land’s End mails out overstock catalog to
customers for a season. Since the price is printed in the catalog the retailer does not
get to change the price based on sales feedback during the early part of the season.
On the web, however, the retailer gets to change the price based on sales feedback.
For example, L.LL.Bean another catalog retailer has two menu choices - New to Sale
and Further Markdowns. Thus on the web the retailer can set prices in two stages.
Considering the entire problem, we develop a two-stage stochastic program with the
first stage representing the price for the first stage of the web and the price for the
catalog and allocation ratios for the catalog and web channels while in the second

stage the decision is on additional discount to be set to clear the stock in the web
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channel. The decisions in the two stages are determining the optimal allocation ratios
between the two channels and percentage markdown of the product in the catalog
channel and the web channel (first stage) and the optimal percentage markdown in
the web channel (second stage). We assume that the two classes of customers are
separate and have no knowledge of the prices in the other channel. Web consumers
do not have access to the catalog as the catalog is mailed to existing customers only.
Catalog customers may have access to the web but prefer the catalog for shopping

purposes as a force of habit.

5.2 Model development

We consider a single period model where the catalog retailer uses two channels, web
and catalog, to clear stock left over after regular sales for the season. For the catalog
channel, the retailer publishes a separate catalog for clearance sales with the clearance
price printed for each item. On the web, the retailer prices in two stages. In the first
stage, the retailer posts a discounted price. Upon observing demand in the first stage,
the retailer updates the web demand for the second stage and sets the discount to be
charged in the second stage of web sales. We model a multiplicative form of demand.
We model uncertainty only as regards the market potential and not with respect to

price sensitivity.

5.2.1 Notation and assumptions

We use the following notation:
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Mg

Thoy

Thoy
Dy
DPuwy

Puw,

Yg

Yw

Dw2|U)1

regular selling price of product for both catalog and web customers
markdown offered to catalog customers

markdown offered to web customers in the first stage

product’s discounted selling price for catalog customers

= n,r

product’s discounted selling price when first offered on the web

= N, T

markdown offered to web customers in the 2" stage

(i.e. My,Ty 1s the clearance price)

penalty cost for catalog customers

penalty cost for first stage web customers

penalty cost for second stage web customers

available stock of product

proportion of stock allocated to catalog consumers

proportion of stock allocated to web consumers

random catalog demand for product for the entire period

= ozgrg_’BgG (ag > 0,5, >1)

G is assumed normally distributed with mean p, and std. dev. o,
random web demand for product in first sub-period

= P Wy (v > 0,8, > 1)

random web demand for product in second sub-period

= @ (NwyTw) ™ PuWa

W, and Wy assumed normal with (i, , 0y, ) and (piw,, 0w, ) respectively.

2nd

updated web demand for stage.
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5.2.2 Derivation of expected revenue

Let Ez(.) be the expectation taken over random variable Z, z* = max(0, z) and
(21 A z9) = min(zy, 22).
We use the following additional notation,

Qy = y,Q the stock allocated to the catalog channel
Qu, = Yu®@ the stock allocated to the web channel
Qu, = Q — Qu, — @, unallocated stock used to satisfy web demand in second stage

Iy, = (Quy — Duw,)T  stock left over after satisfying web demand in first stage

We develop the expected revenue function for the dual channel catalog retailer. The

retailer maximizes revenue

ER
= Egrg(Dg A Qq) — pg(Dy — Qg)+]
+ EW1 [Tw<Dw1 A Qw1) - pw1(Dw1 - Qw1)+

+ max EW2|w1 [nwzrw{Dwzlm A Ly + Quy) } — pwz{Dwz\wl — (L, + sz)}+]]

0<nwy <1

s.t.

Yg +Yuw <1 (5.12)
nganwl S 1 (513)
Yg> Yws Ng> oy = 0 (5.14)

We assume independent demands.

Theorem 8. The second stage objective function, Ey,.,,, is concave, in 1, .
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Proof. The second order derivative is strictly negative. O

5.3 Solution method

Our solution method is based on searching the bounded real space defined by the
constraints, (5.12)-(5.14), and determining the point that has the highest value of the
objective function, ER. We need to overcome two hurdles in doing this. First, there
are an infinite number of points in the real space. Second, the objective function
cannot be evaluated exactly, since even though the second stage function, EW2j|w1,
is concave in 7,,, there is no closed form solution for 7,,. Our procedure to arrive
at the optimal values for the first stage variables, (y;, vy, 15,7, ) and the associated

optimal value for the revenue at that point is described below:

1. First we ignore the constraint (5.12). The search space is now a unit hypercube

in four dimensions, (y;, yu, 75, 7, )-

2. In this unit hypercube, we take points along each dimension such that the unit
distance is divided into x equal parts. So, we end up with, M = (x —1)* points.

The coordinates for these M points are given by:

1 3
ij{Q(m—l)’z(n—n’”"

3. At each of these points, instead of the function E'R, we evaluate the approximate

{($1 =Yg, T2 = Y, L3 = Tg, Ty = 77w1>
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function given below:

~

ER
= Eqlry(Dy A Qg) — pg(Dy — Q)]

+ EWl[rw<Dw1 A le) — Pw1 (le - le)Jr]

N
T N_l Z max EWQ‘wlf [nw2rw{Dw2|w’f A (]w2 + QwZ)}
k=

! 0<nw2<1

— Pu2{ Duaput = (Twz + Qu2) } ]

4. The second stage is evaluated by convex programming methods.

5. We use the method developed by Yakowitz et al. [113] to determine N. This

method allows us to claim convergence of ER to ER in probability.

6. Once N is determined, we can reduce the number of points where ER is calcu-

lated to those points that satisfy all the constraints, (5.12) included.

7. The point with the highest estimated value of ER provides the optimal value of
ER and the coordinates where this occurs provides the optimal values for the

first stage variables, (7, y;, My M)
There are a couple of drawbacks of the above algorithm:

1. As the discretization level increases (i.e. k), the value of N required for con-
vergence increases exponentially. This means the simulation effort required to
produce points closer to the optimal values in the real space will also grow

exponentially.

70



Ph.D. Thesis - Mohamed Ibrahim Mahaboob McMaster - Business Administration

2. Since we are dealing with quasi-random points, some points in the real space will
never be sampled. Thus if the optimal points are never sampled, this method

will give sub-optimal values.

5.3.1 An example

We use the following parameters for the problem, r = 5,p; = pw, = Pu, = 0,Q =
1200, in our example. The demand functions for the catalog, first period web and
second period web are 200(5n,) G, 400(5n7,,) W1 and 400(57u, Nw,) W, re-
spectively. G, W; and W5 are normally distributed-with mean equal to 1 and stan-
dard deviation 0.1,0.2 and 0.3, respectively. For the algorithm, the parameters are
k=25, M =256 and N = 30. To obtain convergence with these values of M and N,

we need to determine a constant C' from the following equation (16 in [113]):

M=+ (1n(M§W+N1n(N)) 5

The value of C' that satisfies the above equation is 8.7373. The revenue found by
the algorithm is $932.36. The values for the first stage variables are y; = 0.375,y;, =

0.125, 7% = 0.125, 75, = 0.375.

5.4 Conclusion

In this chapter, we looked at an operational problem for a dual channel retailer
using a web and a catalog to clear stock. We formulated the problem as a two-stage
stochastic program where the first stage decision variables are the allocation ratios

for the two channels and the initial price discounts for the two channels. We updated
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the web demand in the second stage based on the first stage web demand and then
determined the optimal price discount for the second stage. We developed a unique
solution method based on discretization of the real space. We approximated the first
stage expectation in real space to discrete values and used convex programming to

solve the second stage problem.
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Chapter 6

Summary and Future Research

In this dissertation, we have looked at inventory and pricing issues related to dual
channel retailers. We have formulated two problems related to product substitution
and one problem related to clearance pricing. In all our work, we use single-period
stochastic inventory models.

We develop an understanding of the effect of product substitution on the profits of
a dual channel retailer having two channels, store and web, in Chapter 3 and Chapter
4.

In Chapter 3, we began by analyzing the allocation decisions to be made by a
dual channel retailer with stock in hand when the web orders are deterministic and
store demands are stochastic. We model a situation where there are two substitutable
products and the substitution pattern differs with the channel. For web customers,
the retailer may substitute the cheaper product with the costlier product while for in
the store, customers can substitute either product with some probability. We develop
conditions to show when such retailer substitutions can profit the retailer.

In Chapter 4, we extend the model in Chapter 3 by determining the ordering
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quantities for the two substitutable products in addition to the stock allocations. We
use a two-stage stochastic programming formulation where the ordering decisions are
made in the first stage and allocation decisions are made in the second stage. We
show that the re-balancing of stock results in an increase of profits for the retailer.
The work in Chapters 3 and 4 can be extended in several directions. Here are

some of them:

1. Retailers have expanded their channels from two to three. The channels being
store, catalog and web. An example of such a retailer is Sears. The coordination
effort among the three channels is greater. There is considerable overlap of
customers between the web and the catalog channel and this needs to be taken

into account.

2. We have considered two products in Chapters 3 and 4. The analysis can be
extended to n products. The analysis gets more complicated as the retailer has
to now consider the optimal assortment to carry in addition to stock allocation,
stock ordering and pricing. We will need to revisit our assumption, p, > ps,
when considering multiple products more so when considered as assortments of

substitutable products.

3. In all our studies we have considered independent demands. Correlated de-
mands provide a means of conveying demand information from one stage to the

other and can give more insights.

We develop a model for determining clearance prices on the web and catalog for

a catalog dual channel retailer.
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There are several extensions to Chapter 5 that are possible. Here are a few of

them:

1. We need to consider uncertainty in price sensitivity in addition to uncertainty

in market potential.

2. We need to consider that web customers could behave strategically, in that once
aware prices could fall further, they may choose to wait rather than purchase

immediately.

3. The two channels differ in the cost of ascertaining price in the other channel.

This would need to be incorporated to get additional insights into the problem.

4. There are other solution methods available. We need to investigate and compare

against the solution method suggested in this chapter.

In this thesis we focused on single period two stage stochastic inventory models.
In situations that deal with products with periodic ordering, it makes sense to develop
multi-period inventory ordering models with multi-stage allocations between the two
channels considering product substitution. Retailers dealing with the problem of
substitution for web customers are trying several different options that justifies their
role in what is a customer decision. When retailers do make the substitution decision,
they should now how much they stand to gain from these substitution decisions and
hence can compensate the customer in other ways. For determining how much they

stand to gain, we would need a more realistic and hence a multi-period model.

5



Appendix A

Appendix for Chapter 3

A.1 Proof of Theorem 2

Let Eg(R|wy,ws) := g(x11, 12, T22) and H be the Hessian of g. Let the elements of
the Hessian be H;; where 4,7 = 1,2,3. Note that H;; = Hj;, since g is continuous
and differentiable in z;;.

The first principal minors which are the elements in the leading diagonal of the

Hessian are

O*E(R

Hyy W(f) = w1 (y11 + Y12)
O?E(R

Hyy = W(f) = w1 (Ya1 + Y22)
O*E(R

Hss 8x2(22> = wy” (Y21 + Y22)
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where
yi = — (1= 61)(py — ps) f1(Q5) — {(r1 + ps) — 01(r2 + po) }1(QF) Fa(Q3)
@3 — Qf
Y12 = —01(r2 — Vo + ps) f1(¢1) fa(s2)dsz — %;—i—ps f2(@2) fr(s1)ds
0 0
ya1 = —(1 = 62)(po — ps) [2(Q3) — {(r2 + ps) — d1(r1 + ps) } 2(Q3) F1(Q1”)
and
9 ry — vy ps [
Yoz = —02(r1 — v1 + ps) fo(@2) fi(s1)ds1 — T Fi(¢1) falsz)dss.
0 0

Note that y12 < 0 and yoo < 0. Given that ro > ry, one can easily show that
y11 < 0 and y2; < 0 when p, > ps and (r; + ps) > 01(r2 + ps). Therefore, the first
three principal minors are negative.

Now,

_ 0°E(R) 9

12 = w1 Y3

3x118x12

where

Q3 Q3
ys = [—(ra — v2 + ps) f1(é1) fo(s2)dse — (11 — v1 + ps) fa(@2) f1(s1)dsq].

0 0

With the above, the Hessian can be written as

w3 (Y11 + y12) wiys WiWaYs3
= wiys wi(ya1 + y22)  wiwa(Ya1 + Y2o)
W1 WaY3 wiwa (Yo1 + Ya2) wg<y2l + Ya2)
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Note that the second principal minor obtained by removing the first row and
column is zero and the other two principal minors are wiws3[(y11 +y12) (Y21 + yo2) — ¥3]
and wi[(y21 +y22) (Y11 + y12) — y3]. With some algebra, we can show that 41990 — 15 =
i (1= 81022 (r2 = v+ p) (r1 =002 [ fu(@n) fals2)ds J§7° fa(0) fi(s1)dsy 2 0.
When p, > ps and (11 + ps) > d1(r2 + ps), y11 < 0 and ya; < 0. Therefore, the second

principal minors are non-negative.

The third principal minor which is the determinant of the Hessian is 0.
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Appendix B

Appendix for Chapter 4

B.1 Proof of Theorem 7

Let E(Il') := Z(211, 212, T22, @1, @Q2) and H be the Hessian of =. Let the elements
of the Hessian be H;; where 7,7 = 1,2,3,4,5. Note that H;; = Hj;, since Z is contin-
uous and differentiable in xq1, x12, 92, 1, Q2. When the demands are independent,
we replace the density functions h;(.|uw,) by fi(.). The first principal minors which

are the elements in the leading diagonal of the Hessian are

Hy GQaEx(%l;[’) = wi (y11 + y12)
Ha 825;(;:/) = wi (Y21 + y22)
Hss 8282(%13/) = w} (Yo + Ya2)

Hy = 825% = (Y1 + y12)
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O*E(IT
Hss = %%) = (Y21 + Y22)

where

yi1 = —(01)(po — ps) [1(QT) — (11 + ps) 1(QT) F2Q3
Q3 _ Q3
Y12 = —51(7’2 — U2 +ps) f1(¢1)f2(82)d32 - %;-i—ps/ f2(¢2)f1(31)d31
0

0

Yor = —(1 = 82)(po — ps) f2(Q3) — (12 + ps) — 01(r1 + ps) f2(Q3) F1(Q1)

and

Yoo = —02(11 — V1 + D) fOQT f2(¢2)f1(51)d51%f+p5 fo : f1(¢1) fa(s2)dsa.

Note that y12 < 0 and g9 < 0. Given that ro > r{, one can easily show that
y11 < 0 and y9; < 0 when p, > p, and r; > d175. Therefore, the five principal minors

are negative.

Now,
2 /
Hyp = gxf—g;l = wiys
where
Q3 Qi
ys = [—(r2 —v2 +ps) i fi(¢1) fa(s2)ds2 — (r1 — vi + ps) i fo(@2) fi(s1)ds1]
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With the above, the Hessian can be written as

w%(yll + Y12) w%yg wi1w2yY3 —w1 (Y11 + Y12) —w1Y3
wiys wi(ya1 +y22)  wiwa(y21 + Y22) —w1Y3 —w1 (Y21 + Y22)
H = wiways3 wiwz(Yo1 + Y22) w3 (Y21 + y22) —wWaYs3 —wa (Y21 + Y22)
—w1(y11 + y12) —w1Ys3 —WaY3 Y11 + Y12 Y3
—w1Y3 —w1(y21 +y22)  —w2(yo1 + yo2) Y3 Y21 + Y22

There are ten second principal minors and they are of two forms - one of which
leads to zero and the other can be expressed as: x[(y11 + y12)(Ya1 + Y22) — y3] where

Kk is some positive constant. With some algebra, we can show that yjoys — y5 =
ﬁ(l — 0102)% (19 — Vg + ps) (11 — V1 + D) fOQS f1(91) fa(s2)ds2 fOQi f2(¢2) f1(s1)dsy > 0.
When p, > ps and (11 + ps) > 61(ra + ps), y11 < 0 and yo; < 0. Therefore, the
second principal minors are non-negative. All the third principal minors, of which
there are ten, equal 0. Similarly, the five fourth principal minors, all equal 0. The

fiftth principal minor which is the determinant of the Hessian is 0.

B.2 Karush-Kuhn-Tucker Conditions for P’

The optimization problem (??) with constraints (??) — (??) can be transformed to

the following unconstrained problem:

L(JEH, T12, T22, Qh Q2) = E(H/) - )\1(11011 + T2 — 1) - )\2(I11,uw1 - Ql)

— A3(T1aftan + Tooftwz — Q2) — Aa(x22 — 1) (B.15)
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With 211, 212, T92, @1, Q2 > 0, the Karush-Kuhn-Tucker conditions can be stated as

follows:

iy — A1 — Agfly1 <0
Or11
BT
L )—>\1—)\3Hw1§0
012
L) — A4 — A3fty2 <0
O0xag
OE(IT")
+ X <0
90, 2 <
OE(IT")
+ X3 <0
20, 3 <

A (xn+212—1)=0
Ag - (ili'll,uwl - Ql) =0
A3 - (T12ptw1 + Tooflwe — @Q2) =0

)\4'(1’22—1):0

(8E(H) — A — )\2le) ~x11 =0
Oy
(8E(H) — A - )\3/%1) ~x12 =0
0x19
(E)E(H ) — Ay — )\3Mw2> “Tgg = 0
O0x99
DE(IT) >
) Q=0
( o)
DE(IT) >
) Q=0
( 90, 3] - Q2

(B.16)
(B.17)
(B.18)
(B.19)
(B.20)

(B.21)
(B.22)
(B.23)
(B.24)

(B.25)
(B.26)
(B.27)
(B.28)

(B.29)

The values of all the Lagrange multipliers A;, Ag, A3 and A4 can be either zero or

greater than zero. Therefore, 16 possible combinations exist for the Lagrange multi-

pliers A1, A2, A3 and A4. (see Table B.6)
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Table B.6: Lagrange Multipliers for P’
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