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ABSTRACT

\ The primary objective of this thesis is to develop a methodology
for applying econometric models to problems of economic policy, and to
illustrﬁte it in terms of fiscal policy by applying it to problems of

economic stabilization in Canada during the périod 1967-69. It was

assumed%that the fiscal policy-maker in Canada has a preference (loss)

function which is a weighted sum of squared deviations between the actual
and the desired values of two target variables (changes in the GNE price
deflato& and the number of persohs unemployed) and three instruments
(changeg in government expenditure on goods and services, and the personal
énd corporation income tax rates). Then, an intermediate sized annual
econometric model of the Canadian economy was developed, subject to which
the prefeience fﬁnction Qas minimized. Since the parameters of the
preference function were not given, thirty-six experiments of optimization
were made uhder a range of flausible values of the relevant parameters.

It wa$ Eonnd that the numerical values of the target’variables indicated
by the bptimhl strategy were closer to the desired values and more stable
in their movements than actual values. Also the¥resu1ts of various
experiments suggested that the optinal strategy was rélatively insgﬁsitive

to changes in parameter values over a rather wide range.
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CHAPTER I
INTRODUCTION

The Economic Council of Canada‘suggesfed, in its First.Annual
~Review {1964),‘1ﬁve “goa%s"-of*uconamic“poiﬁty~1h§ch«sre“to'Uefachieved
"simult#neously and consistently". These goals dre: full employment,

a high rate of economic growth, reasonable stability of prices, a
viable balance of payments, and an equitable distribution of rising P
1ncome.} Howevér, it appears that during the period from 1967 to 1969

these g¢als have not been achieved. As shown in Table 1.1, the annual

. unemployment rate averaged 4.5 percent and the consumer price index rose

an aver#ge of 4.1 percent per annum during this period, leaving aside

the othér three goals.

Tbbie 1.1

Unemployment Rates and Percentage Changes .
in the Consumer Price Index. '1967-1969

| 1967 1968 1969 Average
Unemployment rate (%) 4.1 4.8 4.7 4.3

Percentage change in the
consumer price index (%) 3.6 4.1 4.5 4.1

Source: Statistics Canada, Canadian Statistical Review.

: 1The Economic Council of Canada, First Annual Review, (Ottawa:
' Queen [ Prlnter, 1964), p. 1.




"The dual objective of price-level stability and full employ-
ment is referred to usually as stabilization."2 Fiscal policy for
economic atabilization is primarily a matter of regulating aggregate
denand ;0 as to be compatible with the dual objectives. An expansionary'
policy is followed in order to reduce the uncmployment rate, while a
policy of contraction is adopted to aoderate price inflatioa; the result
may be che so-called ''stop-and-go" policics of aggregate demand manage-
ment., ﬁowever, when the performance of both of the objectiva variables
is unsat1sfactory, as has occurred in Canada since 1967, conventional
economlc theory gives little guidance as to what policy actzoms would
be appr¢pr1ate. A guestion then a:ises as to what would have been the
optxmal;polxcy for economic stabilization in Canada during this period.
This diasertation, therefore, attempts (1) to review and describe the':'
optimalstrategy-for achieving the policy objectives; (2) to illustrate
the optimal strategy in terms of'fiscal policy by applying it to economic
stabiliaation in Canada during the period 1967-1969, thereby being ablc |
to compare the actual fiscal performance with the possible results froa
the optimal fiscal strategy during the same peiiod‘ and (3) to make some

suggestions regarding the use of fiscal policy for economic stabil1zat1on

in Canada. However, in view of the fact that our model is highly co L;/////

simp11f1ed and aggregative, the results are intended to be 111ustrat1ve ¥
of what mlght be done on a larger and more realistic scale for real
. policy ﬁurposes. Hence, this stndy-should be viewed as experimental and

indicative of a methodological approach rather than as being realistic

2R. A Musgrave, The Theory of Pub11c Finance; (Toronto. McGraw-
Hill k Co., 1959), p._466 : -




and immediately applicable to real policy decisions.

- We have an economrc policy because we regard one state of the
economw as being more "desirable! than another w1th regard to a given
criterion. Thus, we must have at our disposal a "preference function"
which n@ can regard as ranking the desirability of policy alternatives.

i : The therry of economic policy should then be concerned with.the.problem
‘of'makrng a choice from among a set of alternative feasible government
‘actions‘- a choxce which presumably would seek to maximize the pre-

ference‘functxon, the fea51bility requirement implying constraints. In
this sense, the theory of economic policy parallels the theory of a
coneume;'s or firm's behavior which deals with optimization under
constraints.

iAlthough the theory of economic policy has a long‘history,
Tinbergen made tne pioneering contribution to the integrated theory of
‘quantitative economic policy.3 Tinbergen distinguishes between quanti--
tative and qualitative economic policy. The former involves‘menipulating
certain instruments within the framework of a given economic‘structurei
the latter refers to the changing of certain quaiitative aspects of
economic structure such as an institutional change.A

Tinbergen has suggested that the problem of quantitative econo- ;

mic policy may be tackled in two different approaches'4 fixed target :

;3J. Tinhergen, On the Theory of Economic Policy, (Amsterdam: ‘
North-Holland Publishing Co., 1§52; Centralization and Decentralization
in Economic Policy, (Amsterdam: North-Holland Publishing Co., 1954); and

Econom1¢ Policy: Pr1nc1ples and De51ggs, (Amsterdam: North-Holland
|- Publishing Co., 1967).

‘ 4The approach adopted in' our study is the quantltatlve economic
policy, and Tinbergen's theory of ‘economic policy noted hereafter refers
‘to his quantitative economlc policy only. :
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approach and flexible target approach. In the fixed target approach,
the targets, which are iarget variables given certain numerical values,
are cho#en_directly, passing over the problems of determining a pre-
fbrence}function and of maximizing it.s Therefore, the crucial problem
of findiﬁg what values of the térget variables maximize the preference
functibﬁ is assumed away in this approach; in other words, tﬁe maximiza-
tion pr;bleﬁ'as such is eliminated. The policy problem thus involves
solving for the values of instruments in the model sﬁbject to the boun-
dary co%ditions. This requires fhe numbef of instruments to be not
smaller than the ﬁumber pf targets, and thus the relative number of
targéts%and instruments is broadly significant. Since the preference
fﬁnctioé is assumed away under this approach, it is implied that any
inétrumént is a "free good" until a boundary condition imposed upon it
is viol*ted. This is not in general a realistic decision-making proce-
‘dure, and it is desirable to 1ndicate the cost of administering the
instrqunts even within their boundaries. This requires a prbference
function into which the instruménts enter as arguments. As a‘result,
the fixed-target approach is far from being a complete theory of how
economi& policy is actually deterninéd.
iln the flexible target approach, instead of aiming at given

vdlues of target variables, the policy problem is to maximize a spec1f1ed
preférence function in terms of both instruments and target variables,
subjectfto the model and boundary conditions. In this context,

T&nberg{n's framework of quantitative economic policy consists of four

. Tinbergen, On the Theory of Economlc Pol1cy, P. 3

3
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elements: (1) specification of the policy-maker's preference function;
(2) specification of a Quantitative economic model; (3) classification
of the variables in the economic model; and (4) specification of the
boundary conditions. Tinbergen's model specifies the set of quantita-
tive structural relations among economic variables. These variables
are clhssified.into four different types: (i) "in:truments"‘(x), which
are th§ means available to the policy-maker and belohg to the class of
exogempus variables of the model; (ii) "target variibles" (y), which
are enﬁogenous variables, beihg'only indiiactly affected by‘the policy-
maker fhrough the variations of instruments; (iii) "data" (§), which are
non;in$trument exogenous variables of the model; and (iv) "irrelevant
Variabies", which are non-target endogenous variables.

| Tinbergen argues that economic policy is concerned with socialz‘
welfan%("general interest") which must in principle depend not only on
Athe individual utilities, but alSo on the way in which they are combined.
The deiermination of the social welfare function, however, would invol?e |
insurm#untable difficulties in estimating and combining the individuall

tilities. Because of these difficulties, he assumes the policy-maker's

12225923255_523531221,"hiCh is a function of both target variables and
instru@ents. Finally, Tinbergen imposes boundary conditions on instru-:éA
ments ﬁeyénd'which the_instruments cannot be varied. By sorting out iﬁe  !
relatiQnship among target variables, instruments, and data f?am a give;:.
econom{c model, Tinbergen's basic framework of economic policy can then
be described as follows:

i
i
o




maximize W= W, y) (preference function)
' . subject to y = Rx + H,§ . (economic model)

| Xnin € X € Xpay! (boundary condition)

vhere R and H, are matrices of coefficients of appropriate order, and

1
X, ¥, and § are appropriate column vectors of instruments, target -
variables, and "datd", respectively.

*here are various limitations to Tinbergen's formulation of

econohic}policy from the point of view of its application to realistic

policy determination. Real%g;iciiiiisghg_gsgnonic p°liEZ—EIQEle_Ef>

that of optimal choice among alternative feasible policieson-the basis

of their effects the characteristic dynamic perfogggggg_gf_;hg_ggggggzi

. However, Tinbergen's framework is static in the sense that time patterns

of the bghawior of each variable do not enter into the model or investi-
gation, and that there is no flexibility ih'policy-making proéedures
under changing conditions and as new infbimation becomes available over
time, Anothei limitation is that Tinbergen's formulation is based on a
deternih#stic model, and thereby assumes away the‘stocha#tic elements
in the economy. In reality, however, the determination of economic
policy is carried out in situations characterized by uncertainty.

ﬁ. Theil has generalized the theory of economic policy.6 He
has inco}porated into Tinbergen's theory of economic policy not oply

time pafpefns of the behavior of economic variables, but also the

2 FH. Theil, Economic Forecasts and Policy, (Amsterdam: North-
Holland Publishing Co., 1961), and Optimal Decision Rules for Government
and Industry, (Amsterdam: North-HolTand Publishing Co., 1964).

L]




necessary adjustments in response to changing conditions‘and new infor-
mation over time. In this context, he has introduced a strategy
approech to economic policy. He has also introduced uncertainty. At
the sume time, he has shown that under certain assumptions the policy-
maker's optimal decisions are not affected if random variables in the
system are replaced by their erpected values. This is the so-called

certainty equivalence theorem.
< ————

- Theil has, however, arhitrarily chosen a single quadratic form
for the policy-maker's preferenee function, including its parameters,
from which he has derived the corresponding optimal policy decisions.
Although, as will be shown in Chapter II, the quadratic form is an
epproxﬁmation of the general functional form, given the arguments, and
has some practical convenience, the numerical values of the necessary :‘
parameters will uot in generel be given to us, Therefore, it would be
desirable to show a set of the obtimal policies under a range of values -
of the relevant parameters - rather than one optimal policy based on a,

single set of values of relevant perameters. It will then be expected;

that the pelicy-maker selects the optimal policy which is most compatible R

with his preference function. Usiﬁg this approach, we can also show tdl
which parameters the final results of optimization are most sensztive. 4'
This approach seems to be relevant, especially when it is impossible te l,-*
achieve all policy targets simultaneously, and thus the policy-maker has.-
to evaluate the relative cost of not achieving certain targets. There-
fore, qompared to standard’pollcy simulation approaches which provide

the results of a particular policy-mix. this approach intends to provide

answers 'to a question such as: "ﬂhat particular policy mix is required in
! . :




order to oroduce the optimal result?" Finally, Theil's method for
computing solutions for optimi mtion is burdensome. This can be improved
by linﬂing Theil's approach to the optimal policy to the concept of the
generaiized inverse of a matrix. |

~So far we have criticaily appraised Tinbergen's pioneering
formulation of economic policy and referred briefly to Theil's approach.
This has beéa done for the purpose of providing some historical back-
ground for our subsequent attempt to deal with an actual problem of
economic policy. From this, we can conclﬁda'that to deal with the quan-

| titativ% economic policy problem requires: (1) specification of target

,variablos and instruments; (2) specification of a prefbronce‘function
as the criterion of optimality; (3) specification of a quantmtative model
of the aconomy, and (4) specification of constraints or boundary condi-
tions. 1 v ; |

‘We shall, therefore, discuss the sPecification of the policy
problemfia Chapter II, and in Chapter III, we shall derive an optimal |
strategf for economic policy based on the results from Chapter II. In i
Chapterllv, an annual econometric model ofﬁtho~Canadian economy will bela
develoood from which the linear constraints will be derived in ChapteriV
Finallyﬁ in Chapter VI, the numerical values of the optimal strategy w111

be deriJed under various values of the parameters of the preference

function, for the purpose of illustrating how such an approach might baf

used to%determine the appropriate fiscal policy for economic Stabilization.
This wiﬂl enable us to compare, in terms of stabilization, actual fiscal
policy iuring the period from 1967‘to 1§69 with the "optimal policy"
1nd1cat%d by the analysis (bearing in mind however, that the main purpose




is to illustrate the application of the approach in question rather

than to provide a fully realistic policy prescription for that period).

A summary and conclusions are presented in Chapter VII.




CHAPTER 11
SPECIFICATION OF THE POLICY PROBLEM

1. Target Variables and Instruments

- Although the distinction between "target variables" and |

=

: "instrpmenfs" is heither entirely umambiguous nor obvious, economic
policy_i implies the existence of mutually independenf. target variables
and of mutually independent ins‘truments. | As mentioned in Chapter I,
stabilization policy involves two targets: fhll;employment and price-
level stability. The method developed in this study requires the
‘economic variables to be in the form of changes (first diffarenées) in
their :}ev.els. Hence, the changes in the number of persons memployed’ | ‘
and in the level of the GNE price deflator were chosen as the two target
variabiés. These target variabies are not directly controllable by the"
,policyqi-maker, and they belong to a subset of the endogenous vafiables’.i
The GNE price deflator is a more comprehensive measure pf imfl_ation thz:m -
-the consumer price index, because gh;—;orner measures the rate of ,.
inflation for the entire economy. Thus, the GNE price deflator, rather '
than the consumer price index, was chosen as a target variaﬁle. |
In an open economy such as Canada's, fluctuations in the balanée:_‘-,
of pay#ents may reinforce domesticjeconomic instability, while fiscal = |
policy%designed to achieve domestip stabilization ﬁay be inconsistent

with policies designed to maintain| the balance-of-payments equilibrium.
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In Canada, however, maintenance of the balance-of-payment$ equilibrium
does not seem to conflict with domestic stabilization objectives.
Rather, stabilization policy is, in most cases, likely to contribute to
the maintenance of a viable balance of paynents.l Since, however, a
sustained balance-of-payments disequilibrium might result in undesirable
conséq&ences with regard to national'sovereignty as well as to the
economy, the balance-of-payments equilibrium should be considered as a
long-térm constraint on the realization of domestic stabilization objec-
tives rather than as a short-term objective'in its own right. As a
.result, the idea of dealing with the balance of payments as a target
has beén conSigered'and rejected in order to concentrate on the main
intefeit of this study, i.e., full employment and a stable price level.2
; In quantitative economic policy, instruments are regarded as

economic variables which can be directly controlled by the policy-

maker, and they are assumed to be effective in the sense that they are

; 1See, for example, T. R. Robinson, Foreign Trade and Economic
Stability: Studies of the Royal Commission on Taxation, No. 5, (Ottawa:
Queen's Printer, 1965), p. 170. Further, as shown by the import
equation in our model, Canadian imports are highly sensitive to changes
in GNP, Thus, the foreign trade sector of the economy seems to exert
a stabilizing influence. This is also the opinion of the Royal Commi-
ssion on Taxation. See the Royal Commission on Taxation, The Use of
the Tax System to Achieve Economic and Social Objectives: Report of
the Royal Commission qn Taxation, Vol. 2, (Ottawa: Queen's Printer,
1966), Ch. V. ' : :

2Based on this account, the model developed does not explicitly V/
contain equations for capital flows and the consequential flows of

interest and dividends. Furthermore, monetary, rather than fiscal, policy
seems to be an appropriate tool in .Canada for the maintenance of the
balance-of-payments equilibrium. See the Royal Commission on Taxation,

The Use of the Tax System,-Ch. V.

B
l. P
| gav v,
. >l
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capahle of influepcing the targef variables to the necessafy dggree.

. In the. public finanéeiliterature, overall fiscal policy is sometimes
divided;into "automatic fiscal policy" and "discretionary fiscal policy".
The former is regarded as a means of enhancing the résponsiveness of
expenditures and revenues to changes in GNP or in other economic
variablés.. The latter indicates the policy-maker'é discretionary mani-
pulation of revenues and expenditures in order té achieve the desired

~ values pf~some target variables. A$ the term "stra;egy" implies conti-

nuous action according to new information, our "optimal fiscal strategy
for stabilization" corresponds to a discretidnary fiscal policy.

.There are various fiscal instruments which the fiscal policy-
maker can manipulate or control for the purpose»df discréticnary fiscal
stabilization policy. The instruments chosen for this stﬁdy‘are changes
in the personal income tax rate, in tﬁe corporation income tax rate, and
in govefnment expénditure on goods and services, including government
fixe& c#pital,formation.3 These three instruments appear to be those
ﬁost commonly used and most effective fiscal tools in Canada for the

purpose of economic stabilization.

2. Specification of the Model and the Constraints

The present study is concerned with pfoblems of quantitative

economic policy, which presumes the existence of a given economic

structure. The economic structure, it is assumed, can be represented

These three instruments were also recommended by the Royal
Commissmon on Taxation as discretionary fiscal weapons. See the Royal
Commlssqon on Taxatlon, The Use of the Tax System, Ch., III.
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by a certain number of linear equations in certain real-valued variables,
including instruments aﬁd target variables. Linearity may be justified
either because it is a special case, or because it is an adequate
approximation when small variations in instruments are involved.

’;The theory of economic policy is, in essence, concerned with the
ana;ysi% of policy-maker's decisions in the context of their effects on
- the ch;¥actéristic dynamic performance of the economy. Therefore, tﬁe
~ theory ?f economic poliéy must be in the context of &ynamics in two
senses:}(i) the policy model coniains infdrmatipn about the time pattern
of beha&ior of economic variables; and (ii) the&theory shows%decision?
-nakiﬁg ﬁrocedures for a number of successive periods under changing
éonditiéns associated with the sequence of new information.f

%In the dynamic context, we can derive the relations among instfﬁr‘
ments aqd target variables over a horizon of T consecutive periods from

a given (estimated) structural model. - This can be written as®

»

(2.1)  y=Rx+Hs +Ju

where yiis a column vector of nT target variables (n target variables
over T periods), x is a column vector of mT instruments (m instruments

over T Reriods), s is a column vector of hT non-instrument predetermingdﬁ

ﬂ4The underlying essence in our study is decision-making under
uncertainty - decision theory. The application of decision theory to
probl of macroeconomic policy has been developed by H. Theil,

Economic Forecasts and Policy, (Amsterdam: North-Holland, 1961).

SThis system is detived from the reduced form of an estimated
structural model, and thus we assume that the necessary condition for

deriving the reduced form is satisfied. An actual derivation, of this
~ system will be done in Chapter V. R :
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variables, including additive constant terms, and u is a column vector
of kT disturbance termé in structural equations, H is an nT x hT métrix
of coeffigients, relating non-instrument predetermined variables to
target variables, J is an nT x kT matrix of coefficients which relates
structural disturbancg terms to target variables; R is an nT x mT matrix
of coeﬁficients, each of which indicates the effect of én iﬁstrument in -
a given period on a target variable in a given périod,‘and all the
variables are in the form of first differences.6 | |

~We can then partition véctors and‘matrices in (2.1) by periods,
so that all variables and coefficients in (2.1) corresponding to the

~ same period are grouped together:
| v
Y2

. XTJ . Y'r-

™ § AR N

! :

\"Lrloc .'....}Ll'r‘ ;JTlocno.ooJﬂJ ' .

61f any structural equation is estimated in terms of levels, the
corresponding u is then the first difference of the structural disturbance
term. Since we have specified two target variables and three instruments
in conjunction with a three-year strategy period, the vector of y and x
are of brders 6 x 1 and 9 x 1 respectively, and the matrix R is of order
6 x 9. 'However, for a convenient exposition of opt1m12at1on theory in
Chapter III, we shall use a- general-fiotation.
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The subvectors Xes Yo S¢s and u, are now of ordermx 1, nx1, hx1,

and k.x 1, respectively. The submatrices R,,,, Hyyr, and Jtt; are of

order n xm, n x h, énd nxk respeetively; and R for instance,

ttt’
indicates the effects of instruments in the f'th period'on terget_
variables in the tth period.7 Hence, the submatrices on the‘diagonal

of the R matrix in (2.3) indicate the effects of instrumentsron the
target variables in-the same period, the submatrices below the diagonal,
the effects of instruments on target variables ii later periods, and the
submatrices above the diagonal, the effects of instruments on target
variables in earlier periods. This also holds for the submatrices of
matriees H and J with respect tofnon-instrunent,predetermined variables
and structural disturbence terms, respectively. However, target
variabﬂes of the present period are not expected to be affected by
instruﬁents, non-instrument predetermined variables, and disturbance
terms of later periods, because there wi;l be noy"retroactive" effect.

| Thus, the coefficient submatrices Regrs Htt" and Jtt' are zero matrices,
as long as t.< t! for all t and t'. Therefore, the submatrices above

the diagonal of the R, H and J matrices in (2.3) are zero matrices of

; 7For instance, Rtt' can be written as

(pll pl2 im )
Rtt' Rtt.c (X} Rtt'
21

Rtt'

Rtf’_"'- | .

énl ».....'...Rm
tt! tt'-
uhere the first superscrzpts refer to target variables, and the second

superserrpts, to instruments.




ordern xm, n x h, and n x k, respéctively.

- The coefficients of the structural equations are assumed to
be,time—invariant, and this implies that the reduced-form coefficients
are constant over time. Hence, the coefficients on the diagonal of the
R, H, and J matrices are all equal. Similarly, Ry, RSZ'“‘"R'I'I'- (or
Hp1, sz,..., HTT‘I, or le, J32,..., TT-I) are all identical, and so on.

As a result, matrices R, H, and J can be rewritten as

., “~y

rkl 0...0 . Hl 0.... O rJ 0...

o

R_R, ..0 |n

2 By H ..

2 1 J J L)
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Cieo o o o o o
[ ]
.

Ry .. R, RIJ . (Hp .. H, H | JC IR A

where R* indicates the effects of instruments on target variables t-1
_years later, similarly, H, and J ‘represent the effects of non-lnstrument
’predetetm1ned variables and the disturbance terms, respectively, on
target varxables t-1 years later.
iA note about the dlsturbance tem (u)‘is now in onder. Takingn
(2.3) and the submatrices above the diagonalvbeing zero matrices into

account, we can rewrite (2.1) as

(2.5) Yt =t'§1 Rtt'xt' + t'El Htt'st' + t' 21 tt'ut' for t = l’.;.::!. T

This impfuies that u, can be determined as residuals from y_, Xpseres Xgs

and sl’*"' Se» the relevant coefficient matrices being assumed to be

known, '.e., the past subvector of u(ul...., “t 1) is known as soon as




the corresponding valﬁes of target Qariables, instruments and non-
instrument predeterminéd variables are known. This implies, in turn,
that tﬂe policy-maker can in principle take into account the past sub-
vector of u when he makes the current period's»decision, so that there
is a ddpendehce between the u-subvector and a later x—subvector.8
-Howeveﬁ, the u-subvector is assumed to be independent of théfpresent
and paﬂt x-subvectors. In other words, it is assumed that the kT
élement§ of u are subject to a probability distribufion with three
iproperties: (i) the distributioﬁ of the subvec,tor__ut is independent of
fof all t and t' such that t 2 t'; (ii) the expected values of the
9

Xt.

current‘and future subvectors are all zero;” and (iii) the variances

and covariances of the kT elements are finite.

1In sum, the vector relation among the x's and y's implied by “.

equatiop (2.1) describes each target variable as an explicit linear
function of instruments, non-instrument predetermined variables, and
_ stochastic disturbance terms over T consecutive periods. As a'result,;

the target variables in this model are also subject to a probability

distribution.

3. Specification of a Preference Punction

.‘The problem of an optimal strategy requires abpreference or

criterion function. In this context, we would think that, although

‘81his possibility must be,accepted’as long as we are dealing with
strategy, because the past-subvector provides an information for the
current*period's decision. This will be discussed further in Chapter III.

\gThxs implies the assumption. that the disturbances are un-
correlaked over time.
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the policy-maker is interested in controlling instruments so as to

achieve certain desired values of target variables, he is probably

'umwilliﬁg'(or unable) to vary his instruments without limit because of
‘ﬁccomp%nying political and/or admiﬁistrative cost. Hence, we assume
that the policy-maker has a loss-function type of preference function in
which both target variables and instruments appear as arguments in
deviation fBrm from their desired values. It is further assumed that
this preference function is well behaved and cqrdin#l in nature.
| " Although, in principle,-this-éféférencélfunction canftake on any
one of an infinite variety of forms, we shall assume, following Frisch

and'Théil, a quadratic form.lo

The assumption of a quadratic preference
functiqn is, of course, restrictive, but it is an approximation of the
géneral form, 11 It also has the appealing property of giving a heavie£.
weight, the greater the deviation of an outcome from the desired level.
| S;nce dynamic relations iink the actions taken in one period
with a chain of consequences'and thus actions in succeeding pefiods, we
need in making the decision foi one period to consider a whole conse- :

quence of future decisions. Consequently, the preference function shdu;d,

reflect future as well as present preference. Hence, the general

1OR. Frisch, Numerical Determination of a Quadratic Preference
Function for Use in Macroeconomic Programming, Memorandum, Institute
of Econpmics, Oslo University, (Oslo University, 1957); and H. Theil,
Optimal Decision Rules. In addition to Frisch and Theil, the quadratic
i preference function has been used in the economic literature by numerous
authors.. . :

s will be shown in Appendix A. A further justification of
a quadratic form on grounds of convenience will be discussed in Chapter III.
Since it leads to a reasonable conclusion in our study, it is felt that
~its use can be justified — at least suggestive as an approximation.

|
%
i
|
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quadratic form of the preference function in the dynamic context can be

written in the matrix form as 12

(2.6)  W(X, Y) = a'X +Db'Y+ 35(X'AX + Y'BY + X'CY + Y'C'X)

where X(= x - x*, x* being the desitedvvalue of x) is a colunn vector
of mT instruments in deviation form from thsir desired valués; Y(= y-y*,
y* being the desired value of y) is a column vector of nT target
‘variables in deviation form from their desired valués; a and b are
vectors of fixed elements of orﬂer T x 1 and nT x 1 respectively; A, B,
and C are matrices of fixed elements of order mT x mT, nT x nT and

uT x nT respectively; and the primes are the transpose operators.

3 As shown above, our specified model is a stochastic model so L////

that the target variables are stochastic functions of instruments.
Consequently, the preference function contains stochastlc eLements.
Stochastic preference functions naye.been investigated by a number of
anthors.l3 The approach used in this study is that of von Neumann and
Morgenstern.14 Using some axioms, they deduced a relationship such thst.

the préference level W is given by

.79 W =EN(X, Y)

J 12For the derivation of this general ‘quadratic form, see o
Appendix A. The "preference function' in (2.6) is rather a *disutility
function", hence it is expected to be minimized. We can have maximiza-
tion simply by adding the negative sign. However, no gain will be
obtained by changing the name or adding the negative sign.

13 : : ‘
See K. J. Arrow, "Alternative Approaches in the Theory of
Choice‘in Risk -Taking Situations"”, Econometrici, XIX (1951), 404-437.

| $ J von Neumann, and O. Morgenstern, Theory of Gamqs and Econo-
nic Behavior, (Pr1nceton' Princeton University Press, 1944).




where E is the expectation operator. From this, they derived the
. conclusion that the optimal behavior is to maximize (or minimize for
the case of preference function of loss-function type) the expectation

15 We shall assume for our purposes that

of the ireférence function.
fhe policy-maker's preference function obeys the von Neumann and
,Mnrgansﬁern,axioms. |

Finally, since the preference function contains instruments and
target yariables in deviation form, it is necessary to transform the

instruments and target variables in the constraints into deviation form.

From (2.1) we get
(2.8) ] y -y* = R(x'- X*) - y* + Rx* + Hs + Ju

where yr and x* are colum vectors of, respectively, nT desired values
of targbi variables and mT desired values of instruments. 'qu'the sake
of conv@nience, we add the last four terms on the right-hand side

i

of (2.8), and then we can write

(2.9) Y=RX+2Z

a0 easy explanation of von Neumann and Morgenstern's axioms and
derivation of the hypothesis is in H. Chernoff and L. E. Moses, Elementa
Declslop Theory, (New York: John Wiley and Somns, Inc., 1959), especially
Ch. 4 and Appendix F,. The axioms outlined.by Chernoff and Moses are as
follows: An individual faced with two prospects (P and P,) can order
them according to 1ncreasxng preference (comparat1ve), ana such ordering
is transitive for, say, three prospects (P,, 2, and P;). If P is
preferred to P, which is preferred to P3, then there is a mlxture of .Py
and P; which is preferred to P,, and there is. a mixture of P; and P
over which P, is preferred. Flnally, if the individual prefers P, to Py,
and P; is another prospect, then he will prefer a mixture of. P1 and Pz
to the pame m1xture of P2 and P3.




where Z is a column vector of nT additive terms, including the

_i ; stochastic disturbanee terms., Z is then subject to a probabiiity
distribption with the same properties as u has, exeept that.the’mean
values of Z are not zero. '

3We have assumed the preference function of the policy-maker

in which the arguments are deviations of actual values from desired
values of both instruments and target variables.. The desired values,
either of instruments or target variables, may in reality correspond to
certain boundaries (ceilings or floors). . For example, the desired
value of the employment level may be full ehplo&ﬁent. The -policy
problem%is to minimize the deviations ef the actual values from the
desiredivalues. Furthermore, since the deviations enter the preference
functioﬁ as quadratic terms, the seriousness of a deviation increases L/’//’
more th%n proportionally withvthe deviation itself. Under this setting |
of the ﬁroblem, the possible inequality constraints, which would be
imposed on instruments, may not be, in fact, essential for the optimal
policy problem. Therefore, the only constraints imposed are those

implied by the linear constraints as represented by equation (2.9).

In summary, we have now defined the economic policy problem

with which we shall be concerned. For this purpose, we have specified

stochastic constraints which representvthe structural relationships
among tﬁe_instruments and taréet variables. We have also specified a
quadratic preference fuﬁction; the arguments of which are deviations
of the actual from the desired values of both the instruments and target

variables. Because of this specification of the preference function,

|
1
i




we may not need inequality constraints, and the only constraints are
those represented by the linear equality constraints. Thus, the policy
problem| is reduced to one of minimizing the expectation of the quadratic

preference function subject to the constraints, i.e.,

. to minimize W= EN(X, Y)

subject to Y= RX + 2

where the notation is as indicated earlier. Based on this basic charac-

terizat%onvof the economic policy problem, we now turn to derive the

optimal strategy for the achievement of econdiic objectives.




CHAPTER  III
DERIVATION OF THE OPTIMAL STRATEGY

1. A Note on Strategy

#n a dynamic confext, the decision-making’pracedure.requires
the use &f ; strategy. A strategy contains a complete specification of V//
a chain éf decisions or "moves" to be taken for all éuccessive strategy
periods of time as a function of-the staté of information possessed by
the "player" at the time when the action is to bé decided upon. Later
deciﬁion$ are made contingent upon the information which the 'player"
ﬁill hav% at the time. Thus, when using a strategy, the policy-maker's
présent #ctions must recognize that additional information will be |
availabl# in the fufure, and that he must be prepared to react to this
information by revising his earlier plans. Clearly, the adoption of a
strategyédoes not imply any restriction on the policy-maker's future |
actions. On the contrary, the strategy specifies only conditional plan;
for futuﬁe periods under all conceivable conditions. o

The information can be distinguished into two categories: past -

Flt will be noticed that a strategy is different from planning, .
since planning is based only on the information which is available at
the beginning of the first period of the planning. A strategy is also
different from decision for each period based on information of that
period, without taking account of the known fact that certain information
will be available in the future and that future final decisions will be
made dependent on this information. For an example of the latter

difference, see H. Theil, J. C. G. Boot, and T. Kloek, Operations Research
and Qggatitative Economics, (New York: McGraw-Hill Book Co., 1965),

Pp- 133‘135.
| | , 23
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information, and fhtoreAinformation: Invthis study, the former contains
the numerical values of the subvectors xl,..., x -1’ Yiseees Yt 1’ and
Zl,...b Z,_1- The latter contains the numerical values of the sub-
vectors Z Zt+1,..., ZT.2 Bccause of the random elements, Zt, g1
Zt, th¢ future information is subject to a conditional probability
Ndis;thution_ -given the past.information. .As.a resudt, in & -dynamic
context, the strategy itself is random.

It will be noted that at the beginning of period t+l1, new infor-

mation becomes available, i.e., the numerical values of Yt' X,, and Zt.

t?
The policy-maker is then expected to take these values into account
when.heimakes (or revises) his decision for poriod't+1, as long as he
sppliesa strategy.3

| %A,number of straﬁegies oan be characterized in the above manner.
Our objective is to find a strategy which minimizés the expectation of
the preference function (2. 6), subject to the equality constralnts (2. 9)\\
This strategy is called the "optimal strategy" in our study. We, there-
fore, wish to find the conditions whlch a numerically specified strategy
(numer1¢al values of instruments for consecutive strategy periods)

should meet in order to minimize the preference function subject to

the constraints. ' ‘ : Lo

2'I'he coefficients of the preforence function and the model will-
also be a part of information. Yet, they are assumed to be known
constants throughout T consecutive periods.

32t is in pr1nc1p1e no longer stochastic at period t+l; rather,
it is a vector of known fxxed elements. This was indicated in Chapter II.




2. A Linear Decision Rule

L The optimal strategy is derived by minimizing (2.6) squect to
.(2 95.\ This can be dene in two elternative ways: (i) by treating X's
and Y'a symmetrically and applying the Lagrangean technique, and (ii) by
substiﬂutlng (2.9) into (2.6) to eliminate Y in. the preference function,
and minamlze the preference function uncondxtlonally with re$pect to
the X's. Although these two ways yield exactly the same results, we
will fohlow the latter method.

.‘To illustrate, if we substitute (2.9) into'(2.6), we obtain4

(3.1) W= WX, RX + 2) = K, ‘ Kix . !ix'x.zx

where

K, = b'Z + %2'BZ

(3.2) | Ki=a'+b'R+Z(ER +C)"

| K, = A+ R'BR + CR + R'C'

!

It will be noted that Ko is a scalar, Ki is a vector of order 1 x mT, and

K is ainon-stochastic and symmetric matrix of order mT x mT, 5 We have
thus elimlnated the Y's from the preference function and have obtalned
an uncoqstrained quadratic preference function iu terms of X's and 2's.

Since the preference function contains the random vector (Z), the expected

» _
4 The exposition of this part is based on H. Theil, Qgtimal
Dec151on Rules Ch. 1Iv.

}That KZ is symmetric can be shown as follows:

A Cc)[1
Ky = A+ R'BR + CR+R'C' =] R'}[ J[ } where I is an identity matrix
| : ;

C*' BJIR

of ordeﬂ mT x mT.




preference level will be
(3.3) | EW(X, RX & Z) = E(Ko) + E(KIX) + BE(X'K,X)

Vo  Suppose that an optimal strategy, minimizing (3.3), exists. .

Let ugidenote it by K. Then;,ahy other strategy (X) can be described
,356 | ' |

(3.4) X =X4+eV

where b is a scalar and V is a vector of mT elements which are in turn
~ functions of information.

| The preference function has a (local) minimum at X = i, if

W(X, RX + 2) > W(R, RX + Z) holds for all feasible vectors (X) (in the

neighborhood of %). Then, from (3.3) and (3.4), we get

(3.5) EN(X, RK + 2) - EWCK, RX + 2) = B} + KpR)t (-0 + 1E{(x-%) 1K, (x-R0)

= eE[(K) + K,D)'V]+ 52E(VIK,Y)

3 It ishglear from (3.5) that ifvéimi;imize§.£§,3). tﬁe fir;f term inrtﬁe»r
:'secondaliné of (3.5) must vanish and the second term must be'p6s1tive for
any values of e and V. For suppose tlu:.t:-eE['(K_1 + K 'WI4 0, 0 being a
zero vector, for any one of the mT elements of V. Tﬁen, as we reduce e
to the{direction of zero while maintaining V unchanged, the second term

becomes negligible in absolute value as compared with the first term, so

? 6R. Courant, Differential andenteggglCalculus, Vol. II, trans.,
by E. J. McShane, (New York: John Wiley and. Sons, 1936), pp. 495-497;
‘and H. Theil, Optimal Decision Rules, pp. 132-135.
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that we can make the right-<hand side negativé. Hence, X cannot be‘al

minimizing value. Thus, the necessary condition is

(3.6) "eE [(xl + KR W] =0

Since ¢E [(K1 + xzﬁ)'v] = 0 by (3.6), the second term should always be

positive, and this requires that K, be positive definite.7

2
; Now suppose that all the vectors V are non-stochastic. This
implie# that the strategy (X) differs from the optimal strategy (2) by
an arbitrary vector of fixed numbers. Then, (3.6) takes the form
e[E(K1‘+ Kzi)]'v = 0,‘for which a necessary and sufficient condition is
that Eﬁk; ;'Kéﬁ)‘= 0; Making use of the fact that Kz is non;stochastic_

is non-singular, we obtain

and assuming that K,

G.7 | E®) = - GEK)

This ié the expected value of the optimal strategy. The optimal strategy
¢ conta;ns random elements as expla1ned above, and hence the optzmal ;
strategy with which we are concerned is the expected opt1mal strategy.‘

in (3.2), we get

;By expanding K1

(.8) E® = - x;l‘[a + R'b + (R'B + C)E(2)]

It can then be seen that E(ﬁ) in (3.8) is linear in the expected valueé - =

7Whenever X is such that there is no feasible vector in the
immediate nelghbourhood which gives a lower expected value to the pre-
ference function, X is called a local minimm. If K. is positive definite,
then X is in fact the global minimum and unique. FoT proof, see K.
Lancaster, Mathematical Economics, (Toronto: McMillan, 1968), Ch. II;
and J. G. Boot, Quadratic Pro ammi 3 (Amsterdam .North-Holland
Publ:shing Co., 1964) Ch. 2. = *‘JL




bf the random term (Z) of the constraints. Hence, this is called a
"linear decision rule".8
Out of the optimal strategy for the entire strategy period, the
polxcy-Maker s immediate concern is the first-period decision of the
trategx. This is called the "first-period optimal strategy decision".
The fir%t-period optimal strategy &ecision is the‘subvector consisting

of the ﬂirst'm elements of E(ﬁ) in (3.8), and it is also a linear

function of the expectation of Z.

3. The Certainty Equivalence Thebrem
kow, suppose that the policy-mgker decides upon his optimal
s;rategy}under the assumption that all the random elements coinéide with
their expectationg, i.e., Z = E(Z). This is the certainty case, Becausg
the expected values of Z are assumed to be known constants. Substituting

E(Z) foriz, the preference function (3.1) can be wiitten as

(3.9 WK, R+ Ez) = b'E(2) + HE(Z')BE(Z) + E(KDX + 5K'KX
The firs# two terms in the right-hand side of (3.9) are constant from
the poliFy-maker's point of view. Hence, by diffgzentiating (3.9) with
respect #o X, we get the necessary condition for minimization:
(3.10) §. ey

. » ‘ 2 1

where X is the optimal strategy obtained under the condition of Z = E(Z).

8C. C. Holt, "Linear Decision Rules for Economic Stabilization
and Growth", Quarterly Journal of Economics, LXXVI (1962), 20-45; and
H. ThellL Optimal Decision Rules, p. 136
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We can see that (3.10) is identical'with (3.7). This demonstrates that
if the policy-maker beﬁaves as though the uncertain (random) Z equals
its exéeﬁtation, the optimal decision chosen under certainty is identi- .
cal‘wi#h the optimal decision derived from minimizing the expected value
of the [preference function which contains uncertainty. This is called
the "cértainty equivalence".9 |

; Sin?e we are basically concerned with the optimal Qalues of the
instruﬁents and accompanying target variables, rathér than with the
1eve1~4f‘the preference function, (3.10) is the form which satisfies
our puﬁpose. Since the expected values of the random terms - but not
the.raﬂdom terms themselves - are assumed to be known fixed numbers, we
make use of the certainty equivalence approach for the actual computa-
tion oﬁ the optimal strategy. _

;The first m elements of X in (3.10) are the results of the first-
period kertainty equivalence decision. The optimal strategy for the
second hnd later periods need not be computed immediately becaﬁse it ;
.does nok have to be made until the beginning of the second and later |

periodsL respectively. However, the first-period certainty procedﬁres {

can also be used for the second and latér'periods by shifting the period"

|

;QThe certainty equivalence theorem was discovered by H. A. Sim&n; a
and genEralized by H. Theil. See H. A. Simon, "Dynamic Programming

under Uncertainty with a Quadratic Criterion Function", Econometrica,
XXIV (1956), 74-81; H. Theil, "A Note on Certainty Equivalence in Dynamic
Planning", Econometrica, XXV (1957), 346-349. The basic assumptions for
the certainty equivalence are: (i) linear constraints; (ii) a quadratic
preference function; and (iii) the distribution of Z, independent of X,
with a finite covariance matrix. If any one of these assumptions is
relaxedk the certainty equivalence will mot hold. This can be easily
proved, and is not pursued here. See H. Theil, Optimal Decision Rules,
pp. 52-59. : : - - :
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of the problem. For instance, the Second-period, at its beginning, is
regarded as the first-ﬁeriod with a (T-I) period horizon, and the same
procedqres as for the first period are then applied to the second period.
It should be noted that for therptimal decision for the second and
later ﬂeriods, the first-period decisions are regarded as implemented,
and it# idditive term (;1) becomes in principle no longer r;ndom, but‘is

now a ﬁnown constant.

4. An Application of‘the Generalized Inverse

of a Matrix to the Optimal Strategy

;Nb have now derived the optimal strategy and the certainty
equivalence using a conventional optimization technique. If, however,
the préﬁerence function is a weighted sum of squared deviations between
the actpal and the desired values of target variables and instruments,"
we can @pply the concept of the generalized inve¥se of a matrix in

10

order tb derive the optimal strategy. This form of preference func-,

‘ : i
tion requires that in (2.6) a and b both be zero vectors, C be a zero
matrix, and A and B be diagonal matrices. Then, the preference functibn,

corresppnding to (2.6), is

(3.11) W= %(x - x*)'Ax - x*) + 4y - y*)'B(y - y*)

;loThis is the form of preference function which will actually be -
used inithe numerical calculation of the optimal strategy in Chapter VI.
This is also a form of preference function used quite often in empirical
work. See, for example, P. J. M. van den Bogaard and H. Theil, 'Macro-
dynamic Policy-making: An Application of Strategy and Certainty Equi-
valence Concepts to the Economy of the United States, 1933-1936", in
A. Zellner, ed., Readings in Economic Statistics and Econometrics,
{Boston: Little, Brown and Company, 1968), pp. 660-680. "
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where A and B are diagonal matrice§ of order mT x mT and nT x nT respec-
tively, and x and y aré column vectors for T instruments and nT target
variab}es, respectively, measured from their origihal origins - not in
deviation form, the asterisks indicating desired vélues of correspbnd-
ing variables.

| Assumihg anay a perverse case, the diagonal element;‘of A and

B are all ﬁositive. Therefore, (3.11) can be rewritten as
(3.12) | W = J(ox - ax*)(ax - ox*) + %(By - By*)'(By - By*)

where 4 and B are mT x mT and nT x nT diagonal matrices, respectively,
witﬁ dﬂagonal eleﬁents equal to the square roots of the corresponding
vdiagonql elements of A and B. Recéll that the constraints.méasured A
from the original origins of variables are as specified in (2.1), i.eﬂl.‘
y = Rx + Hs + Ju.

iThe desired tevel of pr;fbrence (or disutility) is assumed to
be achieved when the actual values of target variables and iﬁsfruments
coincidp_with their desired values.ll"Substituting ;he constraints (2;1)
into (3}12) yields the system of linear equatiomns which is required tot

achievelthe desired level of ireférenceﬁlz |
11 |

As seen by (3.12), this desired preference level cqrreSponds'ﬁ
to the absolute minimum (zero). : S

12Since we are concerned with thé certainty equivalence, the
random term u is replaced by its expected value. This system is in
general| inconsistent in the sense that if x takes on x*, the upper part
of this system does not in general hold. This says that if the policy-
maker desires x* for instruments and y* for target variables, but if he
decides/ on x*, he does not get y*, rather he obtains Rx* + Hs + JE(u),
which is in general different from y*. The difference between y* and
Rx* + Hs + JE(u) is called "inconsistency" of the policy-maker's desires.

H. Theil, "Linear Decision. Rules for Macrodynamic Policy Problems", in

B. G. ckman, ed., Quantitative Planning for Economic Policy, (New York:

.The Brookings Institution, 1965), pp. 18-42.
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BRx = By* - BHs - BJE(u)

ox = ax*

(3.13)

where only the x's are unknown. this system (3.13) can be rewritten in

a simplified form as

sn]. . [ey# - gHs - BJE(u)].

(3.14) - Dx=1Q where D= [
ax*

/| a

Hence, @ is an (nT + mT) x nT matrix, and.Q is anlknT + mT) x 1 vector.
| Note that D is a rectangular matrix and its rank is not specified yet.
| iThe solution of a system of linear equations is well known if

the mul&iplicative coefficient matrix is a square non-singular matrix.:

Hﬁﬁever, there are cases where the cbefficient matrix, like D in (3.145,

i5~neit¥er square nor non-singulgr. In these cases, there may still be

a’ solufion to the system. This is the case where the generalized.

inverseiof a matrix is used.ld | |
iLet us consider the matrix D in (3.14). We know that the cons;

traintsf(z.l) consist of a consisfent system: of equations and that‘the {

X's are mutually independent instruments. Thus; mT columns of R are

linearlf independent. Since B is a diagonal matrix of order nT x nT,

nT columns of SR are also linearly independent. Furthermore, since a iS] o

| - | |
13A systematic and compact presentation of the generalized
inverse of a matrix will be found in F. A. Graybill, Introduction to
Matrices with App11cat10n in Statistics, (Belmont: Wadsworth Publishing

Co., 1969), Ch. 6 and 7; and J. C. G. Boot, Quadratic Prqgramm1ng,
pp. 40-48 o

-




an mT x mT diagonal matrix, we can ;ee'that the matrix D is of full-
column rank - the rank of D being equal to mT.
It can be proved that if D is of full-column rank, its generaliz-

ed inveﬁse is 14
i -1
(3.15) 0% = (p'D) D'

where ng denotes the generalized inverse of matrix D. As a iesult, the

solution of the system (3.14) is
j “£0 = m ~1pe
(3.16) . % =D0"%Q = (p'D)"'D'qQ

where % is an mT x 1 vector of optimal strategy decisions of instruments.
Substituting (3.14) into (3.16), and making use of the relation a'a = A
ahd B'B§= B, we get

R)‘ Fy* - Bils - sJE(u)]

(3.17) | % = [(;ﬁ)'<zﬁ§[32

= (R'BR + A)"1(R'By* - R'BHs - R'BJE(u) + Ax*)

ox*

The fir#t-period optimal strategy dééigign is the subvector conSisting>f
of the first m elements of (3.17). This is in fact the first-period
certainty equivalence because the random terms of the constraints are;1;1‘*
replacé& by their expected values. It can easily be shown that (3.10)
becomes | identical with (3.17) if the preference function is a weighted

sum of #quared deviations between the actual and the desired values of

1
T
\
‘ .
\

See F. A. Graybill, Introduction fb Matrices,'pp. 99-100.
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target variables and instruments, élthough it is not pursued here.
In this chapter we have derived the general rule for the

opt1may Strategy, the first-period optimal strategy dec1szon, and the
first-period certainty equivalence. We have also shown that if the

preferepce function is a weighted sum of squared dev1at10ns of target
varlablps and instruments from their desired values, we. can apply the
conceptiof ‘the generalized inverse of a matrix to the optimiiation
probleml We shall apply these results to the analysis of fiscal policy -
for ecoqom1c stabilization. For this purpose, we need first to

constru¢t a model of the Canadian economy. This will be done in the

next chqpter




CHAPTER IV

SPECIFICATION OF THE MODEL’

1. Introduction.

xﬁhe theoxyﬁof-economicupodicy«isaessentiqlayﬂeoneerneduuith-the
theory of optimal choice, as is-econonics‘itself: Hence, one ultimate u/
purpose of economic research is to generate 1nforpation that can be used
to inprote economic decision-making or strategy formation. Economic
theory has been developed in terms of sets.of.relationships'among
economicivariables which jointly determine their values. Quantitetive
] economioipolicy which is our cohcetn, requires quantitatiye relationehips
connectiﬂg economic variables. This can be sought by formulating an
econOmetfic model. | .
ﬁconometrac models for the purpose of economic pol1cy should
explicitiy contain target variables and instruments, and spell out the
re}at1on§ between them by appropriately specifying the structural rela-
'tionshipd among measurable economic variables. As indicated in Chapter II,
the target variables chosen here are changes in the number of persons
unemplqud and in the GNE price deflator, and the instruments are
changes 1n government expendlture on goods and serv1ces, in the personal
income th rate, and in the corporatxon income tax rate. Although a -
number of econometric models of the Canadian economy containing these -

target variables and instruments have been constructed by various persons
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and institutions at various times, they do not appear to be appropriate
for o;r purposes. As a result,ﬂa’relatively small-sized aggregate annual
indei Afthe Canadian‘economy was developed. Stabilization policy
implies khanges in the tax-expenditure systen,.either‘automatically or

‘at the dﬁscretion of the government, to offset excesses or deficiencies '

in ﬁriva&e demand. Thus, the model developed is #-QEEQQQ-origg;gd,mndelc”’,,

which concentrates on the expenditure side of the national accounts.

S— JESEREE

Since the ultimate objective in the use of this model is to measure the

effects %f discretionary fiscal policy on the economic system, especiallyp///

on the d@al target variables of stabilization policy, at the 1nitiél
impact stage and over time, the three instruments and the two target
variable; mentioned above are explicitly incorporated inté the model.

Our approach in developing this model was to consider, for each
hypothetﬁcal structural equation, a variety of eiplanatory variables as
fhey'are%to be found in the usual sources - literature on economic theory

[

or appli#ations of statistical analysis and, in particulér, earlier
; . 1 _
econometric models. The choice of variables to be included in the

structural equation must be acceptable from the point of view of economic
\

?Out of numerous models available, the following were found to
be especially helpful: J. H. Helliwell, L. H. Officer, H. T. Shapiro,
and I. A. Stewart, The Structure of RDX1, (Ottawa: The Bank of Canada,
1969) ; N. K. Choudhry, Y. Kotowitz, J. A. Sawyer, and J. W. L. Winder,
The Annual Econometric Model of the Canadian Economy, (Toronto: University
of Toronto, 1969); H. Tsurumi, A Four-Sector Econometric Model of the
Canadian, Economy, (Kingston: Queen's University, 1969); T. M. Brown "A
Forecast Determination of National Product, Employment, and Price Level
in Canada, from an Econometric Model', in the National Bureau of Economic
Research, Models of Income Determination, (Princeton: Princeton University
Press, 1964), pp. 59-96; and S. May "Dynamic Multipliers and Their Use
for Fiscal Decision-Making", in the Economic Council of Canada, Conference

on Stabilization Policies, (Ottawa: Queen's Printer, 1966), pp. 155-195.
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theory. However, there are numerous theories for most of fhe gquations,
.and thﬁs, in most cases, economic theory alone does not provide a clear
‘basis for choosing one set of variables qver another in constructing
economettic models. |
Most of the work in developing this model was, therefore,
devoted %o a systematic refining and testing of hyﬁotheses underlyingv
the struFturai equations. For this purpose,~va1i6u§~estimates of the
paranete#s of the structural equations correspondjng to various, mutually
consiste%t, combinations of hypotheses_and their relevant variables were
made from annual data for the periéd 1950-69pex§ept for the corporation
“income tﬁx rate which starts from 1952.2' The best one, two, or even a
few combinations for each equation, judged on grounds of compatibility 4
with ecoﬁomic theory, significance of parameter,estinates; the‘coéfficient
of determination, the standard error of estimate, and the dégree of auto-
| corrglation of random terms, were theh selected for further consideration.
The 6rdi§ary least-squares method was used for this purpose, because in
this preparatory stage the large numbe: of possible combihation§ of
hypothesés and relevant variables simply precluded the use of simultanebus
methods . | -
df those hypotheses for each equatiqh,selected by the ordinary

-least-squares method, one was chosen for each equation. Then, all of

%The period 1950-69 was chosen as the sample period because some
of the revised national accounts data started from 1950. Also, starting
in 1950 avoids possible difficulties arising from the fact that the years

‘ immediately following World War II constituted an unusual period. However,'.
the equations with one-year lagged variables or in the form of first

) .~ differences were estimated for the period 1951-69; the corporation income

r - tax equation was estimated for the period: 1952-69.

e .. - - . —




the parameters were re;estimated by the "structurally ordered instru-
ment;i variables" (SOIV) method proposed by F. M. Fisher and B. M.
'Mitcheil, because of fhe well-known dangers of applying the ordinary
least-squares method to the estimation of struétural parameters of thé
 simu1taqeous equation system.3 The method of ipstrumental variables
involves first-stage regressions of the right-hand side endogenous
variabl@s on the predetermined variables of the model. However, fre-
quentlyiin econometric models, as in this c#se,rihe number.of‘predeter-
mined v@riables exceeds the sample size, and thus a first-stage regres-
sion is not possible. Therefbre, the first problem arising from the use
of the ihstrumeﬁtal variable method is the selection of instrymental
variables for each right-hand side endogenous variable for the first-

- stage regression - the number of instrumental variables thus chosen being,
of coursé, less than the sample size., |

) ﬁn~this context, the SOiV method suggests an elaborate technique,

which is Basically'intended to combine thé structural information of the
nodel'wi;h information obtained from the data, for selecting a set of
predeteimined variables. Suppose that the cduplbte model is ngrmalized

with different endogenous varisbles on the left-hand side of each equa-

Vtion. Then, behavioral' equations are interpreted as causal relﬁtions,

?F. M. Fisher, "Dynamic Structure and Estimation in Economy-Wide
Econometric Models", in J. Duesenberry, G. Fromm, L. R. Klein and E. Kuh,
eds., The Brookings Quarterly Econometric Model of the United States,
(Chicago: Rand-McNally, 1965), pp. 588-635; B. M. Mitchell and F. M.
Fisher. "The Choice of Instrumental Variables: in the Estimation of
Economy-Wide Econometric Models: Some Further Thoughts', International
Economic Review, XI (1970), 226-234; and B. M. Mitchell, "Estimation of
Large Econometric Models by Principal Component and Instrumental Variable
Method",iReview of Economics and Statistics, LIII (1971), 140-146.




with Fausation running from right to left. From this idea, for each
right-hand side endogenous variable in the model, a preference'causal
ordering%of instrumenral variables is constructed as follows. In each
normalized equation expla:ning one of the right-hand side endogenous
variables there will typically be both predetermined var1ables and other

_ endogeno?s varlablesf These predetermined variablés are to be of first
causal order. Then, additional predetermined variables are obtained by
considerdng the eouations exnlaining the right-h;nd side endogenous
variables in this equation, and the predetermined variables from those -
eqnations are of second eausal ordér. This procedure is continued until
no new right-hand side endogenous variables are encountered, and thereby
the pred%ternined variaoles are ranked according to their associated

" causal ordering numbers for each right-hand side endogenous variable.
From these ordered predetermined variables, multicollinear vaniables,
as judged by the information from their sample correlations, are deleted.
The restlof tne ordered predetermined variables are finally tested,
beginniné with those of lowest preference causal order, for contribution
to the coeffrclent of determ1nation (R ) corrected for the degree of
freedom;‘and only those predetermined variables contr1but1ng "sxgnificantly"
which are then the first-stage regressors, are retained.

gredeterm1ned variables which are potent1a1 instrumental variables

consist.of both current and lagged exogenous variables and lagged-endo-

genous'veriables.‘ For our model at this stage, there are approx1mate1y

twenty-two current exogenous variables, seven one-year lagged exogenous
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variables, and fifteen one-year lagged endogenous variables.4 The seven
exogenous variables which are used as lagged and as the current period's
var1ab1qs show quite a stable time trend except that for accrued net
income of farm operators from farm production (YF) However, the esti-
mated cqrrelat1on coefficients between accrued net farm income and most
of the e%dogenous variables are quite low. Hence, lagged exogenous
variables were excluded from a set of eligible 1nstrunental variables.
Since the model is an annual model, lagged endogenous variables were
includedlln the eligible list. Thus, out of the current exogenous
varxables and lagged endogenous variables, a set of instrumental variables
for each!right-hand 51de endogenous variable was chosen according to the
SOIV netﬁod as explained in the preceding-paregraph. Finally, each
equationiwas estimated by replacing the right-hand side endogenoos
variables by theif estimated values through the first-stage regressions
on the iﬁstrumental variables thus chosen, and regressing the "dependent"
variable of the equation on those estimated values and predetermined |
variable{, if any. When any equation turned out to be poorly fitted
when it was re-estimated by the SOIV method, a"different form of the
same strw;tural equation already chosen by the OLS method was substituteo,s
and all tbe Structural equations were re-estimated aéain, simultaneously;it
It will be noted that the structural equations were estimated L
in temms either of levels or of annual first differences. The use of

- first d1§ferences has ce::gin advantages. Fitst. positive antocorrelatlon

!
e number of predetermined variasbles is not yet finally decided

upon; it depends on the form of equation, for a certain structural equa-
tion, chosen from those estimated by the OLS method '
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of random disturbances is apt to be present in-time series regressions.

\_\ ________________

First differences tend to remove such positive autocorrelation. Thus,

7 TTte— e e )
if autocorrelation is present in a time series, the use of first v///

differeﬁces will generally increase the likelihood that the standard

: S
significance tests are meaningful. Secondly, some equations involve

stock‘v#riables for which data are not currently available. The change

in stOcﬁ is ‘composed of current additions less withdrawals. If the latter.////

tends t# be a smooth series, the first difference in stock may be well ;
represe#ted by gross additions. Thirdly, many of the economic investi-
gationsiare concerned with changes in economic variables between two
peribdsL so that the use of first differences serves to focus the analysis
directl? on these changes. Finally, the constant terms in first
differeﬁce equations directly repreéqnt smooth changes over‘time withou;
' explici#ly introdﬁcing factors for them. |
%Hawever, some of\the equétiﬁns can be better estimated by using .
the levél_forms. The equations estimated in terms of levels can be
convért;d easily into first difference form and, in some cases, they
provide:better forecasts of first diffeiences than the estimates based
directly on first-difference equations.6 Furthermore, if positive
autocot#elation of random disturbances is not serious when raw data is

|
used in| fitting an equation, the use of first differences may produce

|

3SSince-positive autocorrelation of residuals from time-series
regressions causes a downward bias in calculated standard errors, giving
an exaggerated appearance of significance of the estimated coefficients,

seemingly good results might be misleading if autocorrelation is present.
See D. B. Suits, "Forecasting and Analysis with an Econometric Model",

American Economic Review, LII (1962), 104-132.

6a. s. Goldberger, Impact Multipliers and Dynamic Properties of
the Klein-Goldberger Model, (Amsterdam: North-Holland Publishing Co.,
1959), P 52 o

i e e e e e e,

T
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’rather serious negative autocorrelation. In this case, equations using
lévels arevmore appropriaté than equations using first differences. As
‘a conseguence, the model developed was estimated using both levels and
first différences, and for individual equations the final choice was made.
after comparing fhe results,

jSo far we have endeavoured to refine and test,.in isblation,
hypothe#es about each structural equatidn. It is then necessary to see
how the whole system will work. Th? dynamic performance of the complete
systemiis particularly important for policy purposes. In order to
evaluatg the model's performancé,,a controlled simulation experiment waé
nade'fo# the period 1954-69 using the actual values of all exogenous
variables and replacing the lagged endogenous variables by the computed
values #s the latter became available year by year.7 The c:c;e‘fficient:s.-i
of the gtructuralAequations estimated by the SOIV method were‘u§éd for
the simélation. |

/As an evaluation criterion, Theil's inequality coefficient was ;
8 ;
used. |The numerical value of the inequality coefficient varies between

one and zero, and the closer it is to zero, the better the predictions, -
on average, although there is no statistical significance test availab1e  -
for the coefficient. If the model's performance seemed to be unsatis-:

factory, as indicated by an inequality coefficient for an endogenous

7This simulation program used here is available at the Canadian _
Government's Department of Finance. This program, which is based on the
Gauss-Seidel method of solving a system, is the simulation package of the
Wharton [School in the University of Pennsylvania modified by J. Kuiper

and E. Piekaar. It can solve the model for the periods up to only 16 years.

PH. Theil, Ecbquic Forecasts’ and Policy, pp.~31-33.'

|
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variable larger than .10 (except for non-farm business inventory changes),
we rgtuyned to the results of the OLS estimation stage and choée a
differeﬁt equation form with which to repeat the experiments - re-estima-
tion by%the SOIV method and simulation. Using this iierative‘procedure
yieldedfone final form for each equatioﬁ; and 18 stochastic equations
thus chdsen and 8 identities constitute the final form of the model.

The conputed numer1ca1 values of Theil's inequality coefficients for
twenty-sxx endogenous variables will be shown after a description of

the fin#l.form of the model. Most of the values'computed for the endo-
genous &ariables.seem to be sufficiently close to the actual values, at
least f&r present purposes. So far we have described our overall proce-

dures in developing the model. In Section 2, we shall present a descrip-

' tion an# discussion of the structure of the model, including the final

estimated form of each equation.

2, Discussion of the Model

A. Consumer Expenditure
The estimated consumption function (B.i).dgscribeé total consumer
expendifure linearly in terms of real disposable ihcome less net income
receiveé by farm operators from fari'production, and lagged consumer

expendit;ure.9 Net farm income was subtracted from total disposable incone

becauselfarm income is defined to include farm inventory chanée which .

39"Netlincome received by farm operators from farm production'

differs from "accrued net income of farm operators from farm production".
The fbrmer excludes the ad;ustment which has been made to take account
of the accrued net earnings arising out of the operations of the Canadian
Wheat Board and the Canadian Co-operative Wheat Producers. See Statistics
- Canada, |[National Income and Expenditure Accounts: Third Quarter, 1971, p. 19.
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10 As in most annual

may have little relevance fo consumer expenditﬁre.
nodels” lagged consumption shows a statistically significant positive
influem@e on current consumption expenditure.11 The estimated consump-
tion fu;ction can be explained by the hypothesis that consumption depends‘
on expekted real disposable income, which is in turn assumed to be a
weighted average of the expectation held last period and the actual
level obseréed currently. That is, suppose that consumption (CE) and

expecteh»disposable income (YDe) are related by a sihple linear equation

y . .
(4.1) ? CEt Yo-+ YlYDt

The.assumption made above for expected disposable income can be written
N 12 v "
as

4.2) ¢ = AYDL % (1-MYD,,  0sA <1

‘where the weight (L) is assumed to be non-negative and less than one.
Assuming that the relation (4.2) holds true over time, we can easily ‘;

derive a relation connecting the expectation hypothesis and a distribuﬁed—

10, . . ' : . -
“"This is also S. May's approach.  See S. May, "Dynamic Multipliers",

}llt may be noted that in the presence of lagged dependent variables
the Durbin-Watson statistic is biased toward the acceptance of the null
hypothesis of non-autocorrelation of the disturbance term, and that in=
such a case the power of this statistic is low. =

?zThis is the expectation hypothesis proposed initially by P. Cagan.
See P, Cagan, "The Monetary Dynamics of Hyperinflation", in M. Friedman,
ed:, Studies in the Quantity Theory of Money, (Chicago: The University of
- Chicago Press, 1956), pp. 25-117. See also C. F. Christ, Econometric
Models apd Methods, (New York: John Wiley and Sons, 1966), pp. 204-208.

.
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lag equation as follows:

o e -co i
3 ‘ = -
4.3) | YDt a-2x iEO A YDt-i

By subsﬁituting (4.3) into (4.1) and rearranging terms, we cén get

(4.4) CE, = v,(1 -2) + Y, - YD, + ACE ’T‘f”—””’,’

t-1

This is| the ‘form used fdr estimation of the consumption f’unction.l3
As shown by the estimated consumption function, the results obtained by
the OLS method and the SOIV method are quite alike as are those for the

other eﬁuations.14

B. Business Fixed Capital Formatién

%The basic hypothesis adopted with regard to the investment func-
tién (E%Z) is that business investment depends on the expected change
in busiﬁess output, which is in turn assumed, as was done for expected
Fdisposaﬁle income, to be a weighted average of the expectation held last
period %nd the actual change observed currently. Hence, both changes iﬁ
busines{ output and lagged investment appear in the investment function;
The'sigq§of lagged investment is positive as exﬁected. Real business )

output (ONG/Py) is calculated by subtracting from gross national product' '

13 | ” -

. This form of consumption function can also be explained by the . u///
"habit persistence" hypothesis. See M. K. Evans, Macroeconomic Activity,
(New York: Harper and Row Publishers, 1969), pp. 19-34. ;

P4This phenomenon also occurred in the RDX1 econometric model.
J. F. Helliwell, et,al, The structure of RDX1. It will be noted that the
t-test is not strictly valid for testing coefficients estimated other
than by the OLS method, but the "t-ratio" may be a useful indicator, though
an approximation, of statistical significance. Note also that a precise
interpretation of the D/W and R? statjstics is difficult in the context
of the instrumental variable method of estimation. With regard to the
foregoing, see C. F. Christ, Econometric Models and Methods, Ch. X.

-
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the accrued net income of farm operators from farm production, and

the government component of output (represented by the government wage
bill and government capital consumption allowances). Net farm income
is‘excluded for the reason given above. The estimated investment equa-
tion also includes non-government capital consumption allowances plus
undlstributed corporation profits, both belng deflated by the deflator
for buq1ness gross fixed capital formation and lagged one year. They
are 1ndluded on the ground that they correspond to a source of funds
that cap be used for 1nvestment.

It is certainly conceivable that the degree of capac1ty utili-
zation L111 influence business investment. Since no data for it are
available, the unemployment rate is included as a proxy variable for
cdpacit* utilization. The unemployment rate, lagged one year, has a
negativo effect on investhent as oxpected Finally, the long-term rate
of interest, lagged one year, is included with the aim of linking the |
goods norket and the money market. Its coefficient bears the expected.
sign. Actual investments are likely to take some t1mc after they have :
been proJected. Hence, one-year lagged vnriables reflecting fund availf
abilityi capac1ty utilization, and investment costs seem to be more |
reasonahle than those for the current period. Thus, business capltal j

consumptlon allowances and undistributed corporation profits, the un-

_employmoht rate, and the long-term interest " rate are all 1nc1uded as

15
one-yean‘lagged variables.
|

P581nce the output varlablo (ONG/Py) appears in the form of first

k‘differenFes, its effect is in fact dolayed by six months.

. | S
‘ . -
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C. Change in Non-farm éusiness Inventory
| A stock adjustment model of inventory change is adopted here.
It is.pbstulated that the difference between desired and actual inventory
stock will be adjusted only partially rather than totally in a given

year.16§ Thus, the function takes the form

(4.5) | (INFB/Py), = §(ST = JST, ;)

where 6§represents the fraction of the difference between the desired
1nventory stock at the beginning of the current period (JST*) and the
actual stock at the beginning of the previous period (JST,_1), which is
adJusted in the current period; JNFB is the change in non-farm business
inventor1es' and Py is the GNE deflator.17 It is further assumed that

the desﬂred stock of inventory depends on last year's sales, expressed as
\ . .
(4.6) | ST = vy + ¥ {(onrs/py)t_l -* (JNFB/PY), ,}

vwhere ONFB/Py is real non-farm business output computed by substractlng
from toﬂal business output (ONG) wage payments in the agricultural
sector, pnd deflating the result by the GNE deflator. Sales is definedf

as non-fprm business output less inventory change. It is assumed that

16Th1s is called the flexible accelerator principle in 1nventory Lo
1nvestment. See M. K. Evans, Macroecononic Activity, pp. 204-206. -

; The national accounts implicit price deflator for the change in
inventories takes positive and negative values, small and large, or even
indeterminate, because it is obtained as the ratio of the changes in
current and constant-dollar stocks. Hence, it is not meaningful, so that
it does not appear in the national -accounts. Therefore, the GNE price
deflator, which includes the 1mp11cit price deflator for inventories,

‘is used in deflating the change in non-farm business inventories. See
- Dominion Bureau of Statistics, National Accounts. Income and Expenditure:
, (Ottawa: Queen's_Prlnter, 1962), pp. 17 184, -
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the desired stock of inventory at the beginning of the period will be
determined by past sales experience and, more specifically, that the
desired stock depends on last year's sales - not on the current year's,

By substituting (4.6) into (4.5), we get

(4.7) | (WB/By), = v S v,6{ONFB/PY), ) - (NFB/By), |} - &3ST,

This is the basic relationship underlying the estimated equation for
change in real non-farm business inventory (E.3). The data for inven-

tory stock were created from

©
(4.8) ; JSTi = jfl (JNFB/Py)t_j

- where Jsfrt has an arbitary origin of zero in the first year -(1950). In:
additionito sales and lagged inventory stock, the change in imports and '

the change in the unemployment rate are also included in the equation.

We assume in the case of imports that inventories of imported goods are |
11ke1y to have a different pattern than inventories of domestically ?
produced}goods, because of different periods of time associated with
ordefskaﬁd deliveries of imported goods. The change in ;he unemployment‘

rate is included as a proxy for changes in business confidence; it bears

the expected sign.

D. Imports :
The explanatory variables in-the,impoit equation (E.4) are the )
level ofidomestic economic‘activity, the difference between domestic and
forelgn grlces the unemployment rate, and the lagged level of real

mports.i As a measure of the level of domestic econom1c actlvity, we
1 .




chose deflated gross national product less accrued farm income (O/Py)
.The lagged import term may be relevant because a large part of
purchases of imported cap1ta1.qhd consumer goods would be similar to

18 the equatioh han then be explain;

Mdopestis investment and consumption;
ed by an expectation hypothesis, as was done with regard to the consump-
tion and investment function, and thus the lagged level of imports
; appears%with a positive sign, as expected. The énemployment rate is
included as a proxy for the capacity utilization index and/or excess
demand.§ Since a certain proportion of imported éoods are capital goods, -
importslof those goods will declinélas the unemployment rate increases,
indicating a reduction in capacity utilization. On the other‘hand, when
excess_dpmand,indicated by a low unemployment rate, exists in the domes-
. tic econhmy,'imports will increase. As a result, the uneﬁployment rate
is expecked to reflect variables which have a negative effect on imports.
The implicit price index used for. 1mports of goods and services
is the ihport price deflator from the national accounts. Thus, it
reflsctSwnot only the change in fbreign prices but also the change in
exchange rates. Although‘a flexible exchange rate system existed for a
about.hahf of our sample period, the present model is based on a fixed
exchange%rate system since that is what existsd'during the period 1967-69
to which| the model is to be applied. Theref?re; the import price index

is treated as an exogenous variable thioughout the whole sample peériod.

The level of domestic prices.is indicated by the GNE price deflator which,:

in turn,;represents the prices of‘import-conpeting goods. Thus, the

7

,48M. K. EVans,'Macroeconomic Activity, p. 224,
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difference between the two prices is expected to have a poéitive effect

on imports.
1 G

'E. Demand for Paid Workers in the Private Sector

bemand for and supply of labour are treated separately, with the

" number of unemployed being determined as a resiéual. Since the present
model is%concerned mainly with short-term stabilization policy, the total [////
supply of labour is regarded as an exogenous variable. For the same
reason, fhe number of employers and self-employed in the private sector |
is also ?reated as an exogenous va;i?ble,. Qincb“di:ect employment in

- the government cbuld be a policy instrument,:fhc number of éovernment
civilia#employees is also regarded as exogenous, and is excluded from

. paid worﬁers. Total paid workers in the private sector comprises, on

‘the aver#ge, slightly more than 75 percent of total employment through-
out the #ample period. '

; ﬁhe equation (E.S) representing tﬁe demand for paid workers
attempts%to explain it linearly in terms of real output in the privafe
sector (pNG/Py), fhe annual average hourly real wage raté,(WR/Py), and
the previous period's levél of paid workers. The quantity of labour
demandediwould depend on the output to be produced and the cost of
labour. | The latter is expected to be real labour cost, and hqnce theA
money wa#e rate is deflated by the GNE deflator. The sign ofjthe.co-

, efficien% is negative, as expected.
*he one-period lagged level of paid workers also seems to be an
importan# explanatory variable. When the economy slows down, private
firms.wo?ld not cut their 1abou:vforcgngccorddagly. :Rather they would

|
|
1
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use their workers less intensively, reducing working hours: and foster-
ing ;ome paid unemployment. This procedure followed by firms is reason-
.able-beeause of the pessible high cogt to firms of firing, rehiring, and
losing eompetent employees when the economy recovers. Hence, the lagged
level of paid workers appears in the equation with a positive sign, as
expected. The estimated equation can also be explained by an’ expecta-
tion hyﬂothesis, as was done with regard to the ¢onsumption function.

This expectation‘hypothsis may be helpful because hiring, layoff, or

firing decisions depend in part on expected output.

F. Wage Rate
ﬂhe wage rate function (E.6) developed here is basically a
disequiiﬁbrium function that relates changes in the annual average hour-
ly wage %ate to excess demand in the labour market. Excess demand in

the labour market would be represented by the unemployment rate. It is

generall& thought that the change in money wages is a non-linear func- D///

tion of the unemployment rate; when the unemployment rate is high, a
small chhnge in the unemployment rate might be expected to have little
impact on the wage rate; on the other hand, when the unemployment rate
.is low, a small variation in this rate might be expected to have a large
impact.  This relation is often represented:by making the wage change
varlable a linear function of the reciprocal of the unemployment rate.
Some refinement might be added to the linear relation between
the change in the wage rate and the reciprocal of the unemployment rate.
uIn most cases, wages are in effect deternined among other thxngs, by the‘,////
bargalnipg pos1t10ns held in the labour»market by trade unxons and

employerf or their associations. The faetors affecting the bargaining
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position of either party may be expressed by means bf past profits and

52

.the demand prospects for labour (or the umemployment rate). If profits

are higﬁ, employers will be lesé reluctant to comply with thé demand - *
for higher wages than in periods when profits are loﬁ. The level, rather
than the change, of profits, lagged one year, is used because the exis-

tence oq profits might act as a target for wage demands. Trade unions,

on the other hand . have to reckon not only with fhe level of profits, .

but also with4thé existing level of the unemployment rate. In many cases,
wage bangaining is carried out at infrequent intérvals, and wages for a

year or hore are determined by a single contract. As a result, the un-
employment rate lagged one year seems to be nore‘appropriate than the

current rate. Apart from the unemploymént rate and the level of profits,
trade unkons might take into account changes in the general price level L,////
for goodb and services in ‘their wage demands. Hemce, the change in the

pfice deflator for consumer expenditure is introduced into the wage

equaiion_19

G. Prices
The implicit price deflator for gross na;ional expenditure is
‘used as the general indicator of price behaviour in the economy. The
price (GNE deflator) equation used here (E.7) is based on an idea similar.
to the oﬁe underlying the wagq equation; it £e1ates changes in pr@ces to
excess demand in the economy's product market. Although excess demand

in the pfodudt market is not exactly the same as excess demand in the’

; Ii'may be noted that the price deflator for consumer expenditure
is in first difference form, and thus its effect is partially delayed.

I
|
le
i
!
\
i
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laboqy market, for the economy as a whole thereis geherally a clbse
're1a§19n§hip between the rate of unemployment and excess deman& in the
product #arket.zo"Thé relationship between excess demand in the product
market ahd changes in the price level seems toube non¥linear, indicating X v
that, asithe excess demand becomes negative, priécs'will not change by ZL////
very mucp, while as excess demand increases; pricés will rise rapidly.
Because &f this non-linear relationship, the une@ployment rate appears
in the eﬁuation ;s its inverse with a positive sign, as expected. 1In
the present model, therefore, the inverse of ths‘unemployment‘rate serves -
as a proxy for the influence of demand pressures both in the labour -
market and in the product market. .

'ihe change in the wage rate is also included in the GNE price-
. deflator‘equation. The change in the wage rate adjusted for productivity
changes gppears to be more appropriaté than the unadjusted change. The
change in the wage rate can be adjusted, approximately, for the produc-
t;v1ty c?ange'by subtracting the latter from the former, both being
weighted?somehow. Such an adjustment for the productivity chamnge can then
appear i+ this equation separately frdm.changﬁs in the wage rate itself.
Furthérm#re,,changesvin_productivity arise from.féchnical progress which,
for shor#-run purposes at any.rate, may be regarded as an exogenous
var1ab1e‘occuring more or less regularly over time for the economy as a

whole. Therefore the negative constant term in the estimated price equa-

tion in ierms of first d1ffbrences may zeflect the annual change in

ZPR G. Bodkin, E. P. Bond, G. L. Reuber, and T. R. Robinson,

zrice Stability and High Emplqymenxf The Options for Canadian gconomlg

Policz, tawa:. Economxc Counc11 of CAnada, 1966), p. 19.
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productivity. A substantial pért of Canada's imports is likely to be
input.fqr domestic prodﬁction, so that changes in import prices would

bé reflécted in domestic price changes. In Qddition, a large proportion
of corporations in Canada are fbreigh owned, mainly being the U. S.,
sub51d1wr1es, and their pricing policies may closely coord1nate with
those of their parent compamies. As a result, the change in the import
price 1ndex appears in the equation with a positive 51gn, as expected.

As indicated above, the GNE price deflator serves as the basis
for determ1n1ng prices in a part1cu1ar sector of the model. Because
elsewher§ in the model we have used price indices for consumer expendi-
Atu;é andibusiness investment in order to convert current-dollar values
inﬁo con%tant-dollar values, we need to determine these'tonprice _
inaices.z In the present model, it is assumed that the price index for .
consumer‘expendlture (E.8) follows movements in the general price level,
as repre:ented by the GNE price deflator; in a large model, one might
wish to have a more detailed specification of the ways in which this pr1ce
index 1s\determ1ned

nhe price 1ndex’for business fixed capital formation (E.9) is
treated sbmewhat differently than is that for consumer expenditure.

Since the%demand and supply curves for fixed investment are presumably"i
much more\1nelast1c than for consumer goods, small shifts in the demand
and supply curves for fixed investment are 11ke1y to have substant1ally
greater effects_on the price of investment goods than would be true in

the consu&er-goods sector. 2} This inelasticity is represented in this

2*M. K. Evans, Macroeconomic Activity, p. 307 :
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equation by the rat1o of business fixed capital formation (ING) to non-

. farm output '0); this ratio represents the proportion of non-farm out-

put being used in fixed capital fbrmation. As a result, the equation for

the change in the pr1ce index for business fixed capital formatxon '

’ 1ncludqs not only the change in the GNE priee deflator but also the

change in the ratio. (ING/0). Both of the explanatory variables have

pos1tivp signs, as expected. V .

H. Corporation Profits before Taxes .
'The est1mated equation for corporation profits before taxes (E.10)
relates‘thxs variable linearly to non-farm business sales, lagged corpo-
rat1on proflts before taxes and the change in the unemployment rate.
Since data for sales by incorporated businesses are not available, non-
farm busnness sales, which is defined as non-farm business output (ONFB)

less non-farm business inventory change (JNFB), was used. Since corpo-

ration profits before taxes are measured in current dollars, qhe sales

variable used here is also in terns of current dollars. This variable
thus d1fﬁers from the (real) sales variable used in the equation for
non-farm\buslness inventory change. Corporation profits are highly sensi-
tive to cyclical fluctuations in aggregate denand These fluctuat1ons

can be rehsonably approximated by changes in the unemployment rate.

Lagged co#poratzon profits with a posltive effect d1str1bute over time

the effects of cyclical fluctuations.

"I. Undistributed Corporation Profit522

‘zzThe exnosition'in'this section fbllows closely C.tF. Christ,'

Econometric Models and Methods, pp. 585-586
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. Corporation dividend payments presumably depend id part on the
,expeéted level of future corportion profits after taxes. The expecta-
tion hypothesis adopted here, which is similar to those used in other
equations in this model, postulates that the expected level of future

‘ corporat?on profits after taxes is a weighted ‘average of the expecta-
tion held last period and the actual value observed currently. From
~this hypbthesis ‘we derived an equation that relgtes dividends linearly
t0»currept corporation profits after taxes and lagged dividends. This

can be e#pressed as
i

(4.9) ; DIVt = po *+ pICPAt + panVt_1

where DIV denotes corporation dividend payments, CPA, denotes corpora-
tion profits after taxes; and p, could be either p051tive or negative,
while pldand P; are both positive. Since the sum of dividends and -
undistriﬁuted corﬁoration profits (CPUt)'equals corporation profits
afte; taies, i.e., DIV, + CPU = Cll‘l\t both current and lagged dividend
payments in the above equation can be replaced by current and lagged

undistr1buted corporation profits. Thus, we get

= P y)

(4.10) | CPUt =-0, ¢ - pl)CPAt - DZ(FPAt_l

Based on this hypothesis, the estimated equation (E.11) relates undis-
tributedjcorporation‘profits to corporation profits after taxes, which
are defided as corporation profits before taxes (CPB) less corporation
income tdx (TC), and the difference between lagged corporation profits

 after ta#es and lagged undistributed corporation profits. All of the

| .

.




signs are as expected.23

J. The Government Sector

In the present model, goveinment expenditures and revenues are
both trEated solely in current-dollar terms. All government expenditures
of all Pevels of government, except unemployment insurance benefits, are
treated as exogenous variables. The total tax reéeipts of all levels
of government, excluding the withholding taxes imposed on non-residents,
are allpcated to personal income tax (TP), other personal d1rect taxes
(TPO), porporatlon income tax (TC), and indirect taxes (TI). Revenue
from othet,personal direct taxes (TPO) is insignificant - about S percent
of total personal direct tax revenue - and thus it is treated as exoge-
nous. ?he other three are treated as endogenous variables. Hence, the
present| model includes explicitly equations for the major categories of.
tax revénue. It will be noted that corporation income tax is recorded
in the ﬁational accounts on an accrual basis, whilé the other three are
on a coilection basis. ' ]

A policy-oriented model should incorporate policy instruments as

exp11c1t1y as possible so that the policy-maker can experiment easily -Z}(/"

with alqernative values of the instruments. The policy instruments

}zswhen the regression was run separately on CPA,_; and CPU, _, "
their cOeff1c1ents were nearly identical: o
CPU = -161.298 + .814 (CPB - TC) - .480 (CPB - 'I‘C)__1 + .433 CPU

(2.36) (27.87) . (6.09) (3.83)

oLs: R% = .998 -~ - D/W = 1.59

-1

61.086 + .811 (CPB - TC) - .476 (CPB - TC) , + .433 CPU

(2.35) (27.21) (6.01) (3.82) -1

SOIV: R® = .998 D/ =1.61
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related to personal and corporation.income taxes are the statutory tax
rates. Therefore, we have incorporated the statutory rates of these two
taxes iptp their equations. Unlike most of the other fitted equations,
tax equations are, by their nature, fundamentally institutional relation-
ships ﬁhich are determined by the relévanﬁ regulations. Thus, the
specifibation of tax equations is rather straightforward; if‘involves
simply incoiporating the complexities of the tax structure into manage-
able eqﬁation forms without losing its essential nafure.

24

1) Petsonal Income Tax As mentioned‘above, personal income tax

receipt$ are recorded in the national accounts on a collection basis.
Relhting taxes collected to personal income involves four conceptual
Steps. iThe first step is to relate personél income as recq;ded in the
nétiona} accounts to income as defined for tax purposes because there';,
are a n@mber of differences between the two definitions of income. For
examplei most of the transfer pa&ments to persons are not considered to 
be inco#e for tax purposes but are included in per;onal incomévin the ,
nationai ;ccounts. Tﬂ% second step is to relate income assessed for t;x
purposeé to taxable income by deducting all exemptions and deductions;
The thifd step is fo determine the accrual of tax liability on the basis '
of taxable income times applicable tax rates. The final step is to |
relate tax collections to tax accruals.

v;Let us consider the derivation of appropriate tax rates from thé -

numerou$ statutory rates. To keep. the model simple, we derived a weighted

— o
-

4Our equatxons for personal and corporatlon income taxes are
based on the approach developed by the Bank of Canada for the RDX1-Model;
J. F. Helliwell, et.al, The Structure of RDX1, pp. 18-20.
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overall average rate which applies to taxable income. Such a_Wéighted»r
rate can be derived in the following way. First, taxable income is
disaggr%ggted into a manageable number of classes. Secondly, mean tax-
able income in each class is found by dividing taxable income by the
number ¢f taxable returns in each class. The curreht statutory rate on
the nea¢ taxable income in each class is then regarded as the .average
class r?te. Finally, the average class rate;is weighted by the ratio of
taxablejincome in each class to total taxaﬁle»tncome; and summed over

all cla#ses to obtain a weighted overall average rate.zs

Thus,

A n e
(4.11)  TPR, = I CR;, YPTit
’ ; i=} YPTt

where ETPR = weighted average personal income téx'rate in year t
:CRi = statutory rate applicable to mean taxable income in -
1 class i, year t
EYPTit = taxable income in class i, year t

jYPTt = total taxable income in year t

Therefote, a weighted average rate calculated'by the above procedure |

takes e#plicitly into account the statutoiy rates. The weights used arét.
regarde¢ as exogenous because they would be determlned entirely by 1ncome t‘
.distrxbut1on which is beyond the scope of this study. -
Based on basically the same procedire as above, the Bank of :

Canada ﬁas already calculgted a weighted overall average rate which will

\25Data required for the method'deséribedvabove ére available in
the Department of National Revenue, Taxation Stat1st1cs, (Ottawa. The
Depart nt of National Revenue),
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be used for our personal income tax model.‘?6 The weighted'average rate

.by the Bank of Canada does not include provincial levies in excess of

the staddard federal rates. The amount would not be great however,

because provincial rates over the standard federal rates are in most
27
provzncqs not significantly high. The weighted average rates esti-

mated by the Bank of Canada are as shown in Table 4.1

Table 4.1
Weighted Average Personal Income Tax Rate
Rate Year . Rate . Year

17.3 1957 17.4 1964
19.0 . 1958 16.3 1965
21.1 1959 16.9 1966
20.3 1960 17.7 - 1967
19.2 - 1961 - 17.8 1968
18.3 1962 17.9 1969
17.4 1963 18.0

|

*our estimates

i

Ne have described four steps znvolved in a personal income tax
model. Fo keep the model s1mp1e, however, the first step - relating
personal income in the national accounts to personal income assessed for
tax purpbses - will not be taken into account. Most of the elements,

except unemployment insurance benefits, explgining the difference between

26.1 H. Helliwell, R. G. Evans, F. W. Gorbet, R. F. S. Jarrett,
and D. R. Stephenson;’ Government Sector Egpat1ons for Macroeconomzc Models,
(Ottawa: The Bank of Canada, 1969), p. 144.

27See Canadian Tax Foundation, The National Finances: 1970-71,
(Toronto: Canadian Tax Foundation, 1970), pp.
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the two concepts of income would have a more or less stea&y time trend.
Similarly, viewing totai exemptions and deductions during our sample
period indicates that they also have steady time trend;.28 Hence, we
rblatedﬁtaxable income (YPT) directly to bersonal income from the nation-
al accqﬁnts less unemployment insurance benefits (YP - UIB), and a time
trend, as shown by the equation (E.12)%9 |

- jWe then estimated a tax accrual equation (E.13) relating'tax
accrual% (TPAC) to the product of taxable income (YPT) and the weighted
average;personal income tax rate (TPR). This equation is estimated with-
out a cdnstant term, and the coefficient (.931) is close to one, as
hoped for. Finally, tax collections (TP) are related to tax accruals,

as §hoﬁn by equation (E.14). As a whole, the personal income tax model

dévelopéd here, consisting of three equations, seems to be satisfactory.

(ii) Corporation Income Tax Corporation income tax is recorded in the
national accounts on an accrual basis. Hence, a derivation of corpora-

tion income tax requires two steps. The first step is to generate

%2850e the Department of National Reveﬂue. Taxation Statistics:
1971, (Qttawa: The Department of National Revenue, 1971), p. 152.

inghe results for the first and the second steps explained above
~are as follows: , S
YPAS = f 4238.304 + .836 YP - 97.125 TIME §2 .999
- (79.51) (43.22) (2.20) D/W =1,486
YPT = - 2974,600 + .846 YPAS --280.266 TIME ﬁz = ,999
) (20.49) - (60.94)  (11.10) D/W = .926

where YPAS is personél income assessed for pefsdnal income tax, and TIME
is a.time trend equal to 1 in 1950, 2 in 1951, etc.




62

taxable corporation profits from corporation profits befofe taxes in

the national accounts. The second step is to relate tax accruals to
the proﬂucf ofltaxable corporation profits and an appropriate tax rate.
The secbnd step requires a weighted tax rate. A weiéhted rate is easier
to calchlate for corporation income tax than for personal income tax
because‘there are only two marginal cogporation income tax rates on the
federal}level and a single rate_on'the provincial level. For instance,
the coréoration income tax rates for 1969 were 21.54% on the first
SSS,OOO%of taxable profits-and 51.41% on that portion in excess of $35,000,
both rates including a 3% levy for the 01d Age Security Tax and a 3%
surtax %ate. Difficulties in deriving a weighted average rate arise
becaﬁse;some corporations pay the tax at the low rate on some portion

of theif profits and at the high rate on the rest. Thus, a w@ighted -
avefageihigh rate (WHR) applicable to these firms paying taxes at both
rates i#vneédod. This weighted average high rate (WHR) can be expressed

as:SO

(4.12)  wm - LR(LRM) (URE) + HRICPTH - (LRM) (WRE)}
| CPTH

where @ LR = the low tax fate
HR = the high tax rate

LRM = the cut-off line for the two rates which is, in effect,

allowable maximum profits. per firm taxable at the low rate

NHRF = the number of firms that paQItax at both rates

EBOJ. F. Helliwell, et.al,_Goygggmenf Soctor Bquations; PpP. 148-153,




CPTH = taxable corporation profits of firms that'pay at

the high rate

' The first té;m in the numerator indicates the tax payable at
the lowpr rate by the firms whose taxable profits -are more than the cut-
of f ilnp and the second term indicates the tax payable on the port1on
of taxable profits applicable to the high rate. vaen the weighted

average;hzgh rate (WHR), the weighted average federal rate is:

(4.13) = WHR(CPTH)+ LR(CPTL)
| CPT

overall weighted average federal corporation income

tax rate

‘taxable corporation profits of firms that pay at

the low rate -

CPT = total taxable corporation,profits: CPT = CPTL + CPTH

‘ ‘ ‘ |
The firﬁt term in the numerator'indicates the tdx payable by firms thaé
pay tax at both rates, and the second term indicates the tax payable by
firms that pay only at the low rate. Substituting (4.12) into (4.13)

yields

(4.14) | TCRF = (HR) (CPTH) + LR(CPTL) - (HR - LR) (LRM) (NHRF)
CPT CPT ‘

In order to get a weighted average rate for both federal and provincial

taxes we must add a weighted provincial rate foriany provincial levies
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that .exceed allowable provincial tax credits.s1 A weighted provincial
.excess. can be found by weighing the provincial excess by the proportion

of/totai taxable corporation profits in each of the respective provinces.

This is?added to (4.14) in order to arrive at a weighted average (federal

~ and pm?incial) rate.

v;No data are available for the sqparafion of taxable corporation
profitsfbetween high-rate (CPTﬁ) and low-rate (CéTL) firms. Therefore,
we used|the estimates‘of CPTH and CPTL made by the Bank of Canada for
the per%od 1952-69. We also used the weighted provincial excess (WPE)
estimated by the Bank. The rest of the data required for deriving
(4.14) are available, from which, together with the estimates of CPTH,
CPTL, aﬁd WPE, we calculated a weighted average (federal and provincial)
corporation income tax rate (TCR) for the period 1952-69; as shown in

Table 4.2.

Table 4.2
Wbiéhted Average Corporation Income Tax Rate
Rate Year Rate Year Rate

50.7 1958 43.3 1964 46.2
45.7 1959 46 .4 .1965 46.2
45.2 1960 45.8 _ 1966 45.8
43.0 1961 45.7 . 1967 45.3
42.6 1962 45.9 1968 46.8
43.1 1963 46.2 . 1969 46.7

‘Once the weighted average corporation income tax rate was calcu-

lated, the rest of the procedure for the corporation income tax model'_

1 ' ~ 3
ileor provincial levies, see relevant issues, Canadian Tax Founda-
tion, The Nationdl Finances, (Toronto: Canadian Tax Foundation).




was rather straightforward, as in the case of the personai income tax

- model. First, we fopnd'the relationship between taxable corporation
profitsﬁand_coiporation profits before taxes (E.15), and then corporation
income ﬁéx accruals (TC) were regressed against the product of taxable
corporation profits and the weighted average tax rate derived above.

The eséﬂmated equations are quite satisfactory. The estimated coeffi-
cient oé the equation for cotporation income.tax accruals is not signifi-

cantly different from one, as hoped for.

(iii) Indirect Taxes Indirect taxes include many different types,

making it virtually impossible to derive a composite statutory rate. A
large pdrt of indirect tax revenue, other than custom import duties, is
relatbd;to’sales. Thus, sales and imports were chosen as tax bases.

Becauselof high serial correlation, the indirect tax equation (E.17) was

estimated in terms of annual first differences.

@iv) U#emplqyment Insurarce Benefits ,rbut of the numerous t:ansfer
payment programs; only unemployment insurance benefits are treated as
endogenqus; With regard to the othef transfer payments, some of them are
| of littie importance iﬁ‘scope, while some depéhd mainly on variables
which are ekogenous in the present model, such as demographicivariaﬁles‘
Hence, ;hese transfer payments can be tieited astexogenous, without doing

much hamm.

Unénployment insurance benefit payments depend on the number of
benefit recipients and the benefit rate at which each recipient is paid.

\ . : ‘
The benefit rate is determined by the recipient's income, up to a maximum

level, and by whether or not he has’dependents. Because a cohsistently




high proportion of recipients receive benefit payments at the maximum

rate, this maximum rate was chosen to represent the whole structure.
Furthernore. it has been found that the ratio of recipients with depen-

dents to single recipients is quite stable at 53:47,32

Using this ratio
as the weight, the annual composite maximum rate of benefit payments was

derived, as shown in Table 4.3.

Table 4.3

The Composite Maximum Rate of Unemployment
Insurance Benefit Payments

Rate Year Rate Year
17.61 1957 26.71 1964
18.74 1958 26.71 1965
19.75 1959 27.98 1966
20.76 1960 . 31.77 . 1967
20.76 1961 - 31.77 1968

22.25 1962 31.77 1969
26.71 1963 31.77 '

- §0n the other hand, the nunber ef»benefit recipients depends
u;re-orwless on the number of persons unemployed Thus, the number ofi
unemployed and the annual composite maximum rate of benefit payments were'
~ chosen #s the two explanatory variables in the estimated unemployment
insuranee benefit equation (E.18).

In addition to the 18 fitted equations which have been dlscussed
thus far, there are 8 identities (E'191- B.26). They are requ1red e1ther
for clos1ng the model or for defin;ng variables. As a result, the model

cons1st$ of 18 stochast1c.equations and 8 identitles, and it contains 26 .

current endogenous var1ab1es, 23 current exogenous variables, (including

:x-»

-

\ R ¥ .
|

}32.1 F. Helliwell, et.al, Gevernment Sector Equatlons p. 93
) ' ‘

\

S
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the constant term), 15 one-year lagged endogenous variables, and 7‘one-
year lagged exogenous fariables, the lags being at most one year.

jSince the model contains ratios of endogenous variables, the
 entire Eystem was solved by a modified Gauss-Siedel method for the period
1954-69., As a set of starting values of endogenous variables for the
first iteration, the actuai values of 1954 were used. As aﬂ evaluation
criteribn of the model's performance,’Theil's inequality coefficients for
the 26 %ndogenous variables werevcomputed, as shown>in Table 4.4.

iAll of the computed valﬁes of thé coefficients are less than .08,
except for non-farm business inventory changes. This would indicate
that th; model's operation is satisfactory at least for our purposes.
Having now spécified our model, together with a discussion pf its special

féature#. we will derive the constraints in Chapter V.

Table 4.4

} Theil's Inequality Coefficients for Sample Period L
. Controlled Solution i

g

Variables Coefficients Variables Coefficients

CE f 011 . TP L .019

ING .033 CPT .021

JNFB .298 TC .026

M % : .023 TI .012

NEPW | .005 _ UIB . 076

WR ; .009 YGNE .010 ‘
Py ‘ : .009 YP .009 DU
Pc . .008 ' YD .009 v

Pi ; .014 0 .010 i

CPB ! ' .033 _ ONG .010

CPU . 063 .~ ONFB .011

YPT ‘ .018 : UL : .075

TPAC | .023 JST : .034
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3. Structural Equation533 )

Consumer\Expenditure

(E.1) CE/Pc = 19,1228 + .7286 (YD - YPF)/Pc + .1907 (CE/Pc) 1t u(ce)

(5.90)  (7.08) (1.57)
18.6530 + .7104 + 2122
(5.71)  (6.82) (1.73)
=2 » | -2
0.L.S. R® = .9991  8.0.I.V. R” = .9991
D/W = 1.399 ~ . D/W = 1.432

Business Fixed Capital’ Formation

(E.2) ING/Pi = 10.1915 + .3510 A(ONG/Py) + .5044 {(CCANG + CPU)/Pl}

(2.68)  (3.71) (2.88)
10.5314 + .3342 + .5242
(2.76)  (3.50) - (2.98)

Wt

- 119.1785 (UL/N) _y - 3.2767 RL .6947 (ING/P1) g+ u)

1

(2.14) (2.07) (6.29) -
- 112.1418 - 53,3592 + .6853 ~ .
(2.19) (2.11) (6.19) !
=2  enty @2
0.L.S. R = 9852 $.0.I.V. R® = 9852

D/W = 1.809 ' D/W = 1,802

$3Follow1ng the conventional notatxons, Rz and D/W denote,
respectiVely, the coefficient of determination corrected for degrees of
freedom and the Durbin-Watson statistic, The figure in parentheses below
each estimated coefficient indicates the value of the t-statistic. The
u symbols accompanied with letters in parentheses indicate the disturbance
terms. The coefficients estimated by the O.L.S. method appear above, and
those by the S.0.1.V. method appear below.




Change in Non-Farm Business Inventory

'(E.3) JNFB/Py = - 21.1020 + .1208 (ONFB/Py - JNFB/Py) .5967 ST,
- (3.83)  (4.37) T (4.49)

21.3013 + .1217 . - .6034
(3.86) (4.40) ' (4.48)

.3893 A(M/Pm) - 78.6216 A(UL/N) + u(j)
(3.70) (1.44)

.4034 - 69.2906
(3.89) (1.26)

0.L.S. R% = .7982 . 8.0.1.V. R%®a .7978

D/W = 2.463 D/W = 2,449

-

/Pm = 6.5609 + .1118 (0/Py) + .4290 (Py - Pm) - 276.5404 (UL/N)
(1.16) (3 37) (1.24) _ (4.46)

6.5348 + .1115 -+ ,4279 - 275.8841
(1.15) (3.35) (1.24) (4.43)

+ 6395 (M/Pm)_, + u(m)
(4.04)

+ .6409
(4.05)

R = .9860 '5.0.I.V. R® = .9869
D/W = 1.892 D/W = 1.896.

OOL.S.

~_Demand f¢r Paid Workers in the Private Sector

(B 5) NﬁPW = 1741 0149 + 6.7730 (ONG/Py) - 64423.472 (WR/Py) + .3498 NEPW_1
(8 84) (9.63) (3.41) (3.55) 7

1758.0920 + 6.8480 ' - 64733.987 + .3411
(8.79) (9.48) - (3.43) (3.40)

+ u(nepw)

0.L.5. ®2 = .9988 - $.0.1.V. R% = .9988
D/W = 1.554 . Dp/W=1.52 "




Wage Rate (Hourly)

(E.6) AWR = - .0531 + .0123 APc + .0022 /UL,
| (2.39) (4.60) (3.20)

- .0531 + .0123 + .0022
(2.39) (4.59) (3.20)

0.L.S. R = .8321

D/W = 1.358

The GNE Rr1ce Deflator

(E.7) ARy = - 2.3680 + 27.1290 AWR +

- 2.4583 + 26.5724 + .2222
(3.12) (5.22) (2.73)

0.L.S. RZ = .7880
D/W = 1.826

 Price Deflator for Consumer Expenditure

(E.8) APc = .8320 APy + u(pc)

(9.60)
.8319
(15.87)
=2
0.L.S. R = .8429
D/W = 1.863

70

.00002 (CPB - TC) ; + u(wr)
(s 20)

+ ,00002
(5.21)

=2

- §.0.1.V. R = .8321

D/W = 1.356

.2217 APm + ,0991 (N/UL) + u(py)
(3.01) 5.37) (2.72)

(2.96)

+ ,1052
(3.13)

$.0.1.V. R% = .7875
D/W = 1.847

-2

$.0.I.V. R® = .B428

D/W = 1.863

The Price Deflator for Business Fixed Capital Formation

(E.9) APi = .9681 APy + 72.5288 A(ING/0) + u(pi)

(16.41) (4.13)
.9688  + 73.7909
(16.42) (4.19)

| -2

| 0.L.S. R = .8692

N ~ D/W = 1.615

§.0.I.V. R = .8691

D/W = 1,605




Corporation Profits before Taxes

(E.10) CPB = 278.8701 + .0559 (ONFB - JNFB) + .5183 CPB_,

(a.71) (3.00) (2.92)
278.7359 + .0558 + ,5190 -
(1.71) (2.99) (2.92)
+ u(cpb)

D.LS. R = 9830
D/W = 2.008

Undistributed Corporation Profits

s0.0.v. B
D/W

(E.11) CPU = - 49.3787 + .7995 (CPB - TC) - .5154 (CPB - TC

(2.22)  (32.80)
- 42.6631 + .8125
(1.76)  (25.96)

0.L.S. R?

D/W

.9982
1.701

Taxable Personal Income

(7.58)
- .5534
(6.27)
S.0.I.V. R =
D/W =

- (E.12) YPT = - 6417.7611

(34.14)

- - 6335.8702
(28.65)

. 0.L.S. R%

D/W

+

.7021 (YP - UIB) - 337.7091 TIME

(41.76) (8.84)
+ .6917 - 315.2139
(31.16) (6.36)
= .9986 5.0.I.V. R® =
= 1.744 D/W =

Personal ﬁncome Tax Accrued

(E.13) AhPAC = .9313 A(.01 YPT.TPR) + u(tpac)

(43.74)

.9292
(43.59)

| 0.L.S. R
g D/W

= ,9839
= 1,874

$.0.I.V. R® =
DW=
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24659.344 A(UL/N)
(4.60)

24697.112
(4.59)

.9830
2.011

; CPU)_1 + u(cpu)

.9981
1.609

+ u(ypt) |

.9985
1.674

.9839
1.879




Personal Income Tax Collected

(E.14) TP = - 45,6773 +'1.1615 TPAC + u(tp)
. (@.75)  (118.60)

- 45.8724 + 1.1616

v (1.75)  (118.24)
. -2 -2
OUL'S. R = 09987 ) SOOQIQVQ R = .9987

‘ D/W = 1,508 D/W = 1,509
| .

Taxable Qbrporation Profits

(E.15) CPT = 887.1464 + .6198 CPB + u(cpt)
f (8.48)  (28.72)

862.3180 + .6253 ) -
(7.95)  (27.81)

 0.L.S. R® = .9775 . S.0.I.V. RZ = .9774

D/W = ,866 D/W = .860

'Cotporatién Income Tax Accrued
T X "

(E.16) TC = 1.0441 (.01 CPT.TCR) + u(tc)

(148.54)
. 1.0441
' (148.54)
=2 -2
0.L.S. R® = .9908 S.0.I.V. R° = ,9908
D/W = 1.760 D/W = 1.760

Indirect Tax

(E.17) AT@ = 67.7995 + .0770 A(O - JNFB) + .2195 AM + u(ti)

O 1.33)  (3.47) T 4.34)
| )
67.9879 + .0764 + .2214
(1.33)  (3.44)  (4.36)
0.L.S. R2 = .8917  5.0.I.V. R = .8917

D/W = 1.645 ‘ : - D/W = 1,641
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Unemployment Insurance Benefits

-(E.18)

Identities

(E.19)
(E.20)
(E.21)
(E.22)

(E.23)

(E.24)

(E.25)

(E.26)

AUIB = 3.9593 + 1.0494 AUL + 3.9409 AUIBR + u(uib)

(.77) (14.83) (2.33)
3.9750 + 1.0474 + 3,9438
(.78) (14.74) (2.33)
, =2 ' P -2
0.L.S. Rc = .9269 §.0.I.V. R =-,9269
D/W = 1.763 . . D/W = 1.766

*GNB = CE + ING + JNFB + JFG + GE + XPT - M + YRE

| _ :
YP = YGNE - CCA - TI - TC - CPU + TR + UIB + YPRE

YD = YP - TP - TPO
0 = YGNE - YF

|

ONG = O - GWCCA

ONFB = ONG - WF

UL = N - NEPW - NEG - NES

JST = JST_; + JNFB/Py
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The Glossary of Symbols*

: Description
Capital consumption allowances and miscellaneous valuatzon

adjustments, millions of current dollars.

Non-government capital consumption allowances and miscella-
‘neous valuation adjustments, millions of current dollars.

Personal expenditure on consumer goods and services,
millions of current dollars. :

Corporation profits before taxes, millions of current
dollars. :

Taxable corporation profits, millions of current dollars.

Undistributed corporation prof1ts, millions of current
dollars.

Government expenditure on goods and services 1nc1ud1ng
government gross fixed capital fbrmatlon, millions of
current dollars.

Government wage payments and capital consumptlon allowances,
millions of current dollars.

Business gross fixed capital formation, millions of current
dollars.

Change in inventories in agriculture and government, m1111ons
of current dollars.

: ‘Change in non-farm business inventories, millions of current
dollars. :

Stock of non-farm business inventories at beginning of year, B
millions of 1961 dollars; 1961 = 100.0. For the way of
constructing JST, see the text on page 48.

Imports of goods and services, millions of current dollars.

Civilian labor force, thousands of persons.

TA variable with an asterisk is~endogénous variable to the
system, | ’ . :

. g

!




N

NEG
*NEPW

NES

*ONFB

*ONG

*Pc

*Pi

Pm
*Py
RL

*TC
TCR
*TI
TIME
*TP
*TPAC

TPO

TR

u(ce) |

“*UIB
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Government civilian employees, thousands of persons.

Paid workers in the private sector, thousands of persons.

Employers and self-employed in the private sector, thousands

of persons.

Gross Naiional Product (GNP) less accrued net income of
farm operators from farm production (YF), millions of
current dollars.

Non-farm business output (see equation 24), millions of
current dollars.

Total business output (see equation 23), millions of current
dollars. '

Price deflator for consumption expenditure; 1961 = 100.0.

Price deflator for business gross fixed capital formation;
1961 = 100.0.

'Price deflator for imports; 1961 = 100.0.

Price deflator for Gross National Expenditure; 1961 = 100.0;

Long-term average yield of Government of Cénada bonds;
10 years and over, percentage.

Corporation income tax accrued, millions of current dollars.

‘Weighted corporation income tax rate, percentage.

Indirect taxes collected, millions of current dollars.

Time trend; equals 1 in 1950, 2 in 1951, etc.

Personal income tax collected, millionms of current dollars.
Personal Income tax accrued, millions of current dollars:

Other personal direct taxes collected, millions of current
dollars. ' .

Transfer payments to persons less unemployment insurance
benefits, millions of current dollars.

Disturbance term in consumption function; similarly for other
stochastic equations with relevant letters in parentheses.

Unemployment insurance benefits, millions of current dollars.




Average maximum rate of unemployment insurance benefits,
current dollars,

Number of persons unemployed, thousands of persons.

Wage payments to paid workers in the agricultural sector,
millions of current dollars.

Average annual hourly wage rate in manufacturing, current
dollars. :

Exports of goods and services, millions of current dollaré.

‘Personal disposable income, millions of current dollars.

Accrued net income of farm operators from farm production,
millions of current dollars.

Gross national expenditure, millions of current dollars.
Personal income, millions of current dollars.

'Net income received by farm operators from farm production,
millions of currént dollars.

Miscellaneous elements of personal income, millions of
current dollars (see equation E.20).

Taxable personal income, millions of current dollars.

Residual error of estimate of gross national expenditure,
‘millions of current dollars.




CHAPTER V
0\ DERIVATION OF THE CONSTRAINTS

1. Linearization of a Non-Linear System

ERecall that the constraints (2.1) are y'= Rx + Hs + Jﬁ. This

_can be +ritten for.the three-year period as

Ye ' R1 0 o xt Hl 0o st ' J; 0 0

i
\

t

tel 1] * 92 91 0 [0y, 1

+ Hz'Hl 0lis

vhere tl#e symbols are as explained in Chapter II. In the present study,
each suqvector (r¢) of y consists of two target variaﬁles: the changes
in the éNB price deflator and in the number of persons unemployed, and
each subbector (x ) of x consists of three instruments: the changes in
'governmept expenditure on goods and services in. the personal income tax

rate, anp in the corporatxon income tax rate. Thus

4 AGE

| APyt ' t _ |
5.2 Ye =] - x, =A'l‘!’Rt t=1, 2, 3.
? AUL, _
A1cnt

where the symbols are as explained in Chapter 1V.

wb then note thét the equation system ﬁhich was specified in
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Chapter IV is not in the required form, as shown by the censtraints (2.1),
i.e., 1t does not have all of the target variables on the left-hand side
and the 1nstruments, other predetermined var1ab1es and disturbance :

. terms on the right-hand side. Moreover, some of the structural equations
contain}ratios of variables, whereas the constraints are.reﬁuired to be

, linear.in the original variables. Hence, we need two remedies: lineari-
zation end derivation of reduced forms. Th{e can be introduced in‘the
following way. |

i

Suppose a non-linear structural system is written as

(5.3) | f£(z, 8) = v

where f is a matrix of functional operators, and i, g, and v are vector
. of endogenous variables, predetermined variables, and disturbance terms
€ respectively. By totally differentiating (5.3) and rearranging terms,

we get

64 @ - () (%) ‘(gf).l""

In the nbn-linear case, the partial‘derivatives in (5.4) will not be

..

constants, however, when they are evaluated at some point (zo, go)» they
. become a set of constants, so that (5.4) is a linearized version of the
'reduced-form of the system (5.3). Since we are concerned with year-to-
year’chaﬁges in the variables, the relation (5.4), after the partial

derivatiYes have been evaluated, can be written approximately in the

form of first differences as

(5.5) 1 Az = Ag + . BAv
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where 7 and © are matrices of relevant orders, whose elements are all
. constant, and the sign (A) indicates first differences.
1In this linearized version of the reduced-form derived from a
. non-linLar system, the responee of an endogenous variable to changes
in the %redetermined variables depehds on the point at which the partial
derivat#ves are eyaluated. Hence, the reduced-form coefficients thus
derived%are, strictly speaking, valid only for sﬁall changes about the
evaluation peint. This implies that when we apply the reduced-form
coeffic%ents thus computed to the strategy period, the closer the point
of eva1¢at10n is to that of the strategy period, the more valid the
coefflcient will be. Therefore, we chose the evaluation point corres-
pondingito_the values of the variables in 1966.1

| _

2. The Final Form of the Constraints: 1967-1969

iSince our model contains one¥year lagged endogenous and exogenous

variablds, the linear reduced-fbrm equations derived as above can typical-

ly be wﬁltten as

Pe = lpy.y * Fq, + Gq, , + Su,

where L,jF, G, and S are matrices of the reduced form coefficients of
relevantiorder, p, and P,_; are vectors.bf current and one-year lagged
endogenops var1ab1es respectively. q, and qt ) are vectors of . current

and one-Year lagged exogenous variables respectxvely,vu is a vector of

. This idea of deriving the reduced form coefficients from a non-
linear s‘stem has been used by A. S. Goldberger, Impact Multipliers and
Dynamic Properties of the Klein-Goldberger Model, (Amsterdam North-
Hollan blishing Co., 1959), PP. 14-2%5




80

Structural disturbance terms, and all the variables are ih the form of
first differences. 'It'kill be noted that the linear feduced-form of
our model was derived with a condensed version of the model, in which

. qhe num£er of equations was reduced from twenty-six to twenty-one.

This wag done by combining six identities (E.19 - E. 24). As a result,
Pg>» Ptql’ q¢> Q¢-1, and u are,respectively, vectors of order 21 x 1,

15 x 1, '23x1,7x1,and 21 x 1 (three of the twenty-one elements of
being zero); and the matrices L, F, G, and S are, respectively, of
order 2; x 15, 21 x 23, 21.x 7, and 21 x 21; and their numerical values
are sho@n in Table 5.2, 5.3, 5.4, and 5,5 respectively, at the end of

this chapter.

;In the case of a three-year strategy, we must know the effects
of the instruments- on the target variables not énly in the same year but
also in!the next year ayd two years. later. The coefficient matrices L
and F in (5.6) represent the effect on the current year's endogenous
variabl%s of the previous year's endogenous variables and the current
’ yea:'s exegenous variab%es, respectively. It is not true, however, that
G measuﬁes the effecfs‘of the previous yeaf's'exogenous variablesvon the
current &eer's endogenous variables. This is because q,_; affects bt
not onlw directly, as indicated by G, but also- 1nd1rect1y through pt 1°
In other‘words, although the matrix of coeffic1ents F represents the
effect of the exogenous variables on the‘endogenous variables in the
same yea%, it does not specify explicitly the effect one year and two
years leker. This problem can be solved in the following way. ‘

Ihe estimated coefficients of the model are assumed to be time-

invarianf Th1s 1mplies that the relation (5.6) holds over time.
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Hence, we can substitute a one-year lagged version of.(5.6) for Pe_y

~in (5.6)? and by repeatiﬁg this process r times, we get2
| r pi-1 r ¥
5\7) P# = Lﬂlpt_r_l + Fq, + iflL (LF + G)qt-i + L°Gae_p.p ¢+ iEOL Sut—i

Frdm (S.?), we can easily derive the equationksxﬁtsu_fbr a three-year

period aé

P, Foo_qt‘t 6 1 Ly S 0 Ofu
| 2 ..
(5.8) "~ |Pes1| = |Fo F O At 41 Py *|ES S O Uyt

2 3 2 '
Pee2) (F3Fp Fllag,s) [t%6] Lo L°s LS §f lu,,,

+ /LG Qe.; *{L

o] A
where F,}Fz = (LF + G), and F; = L(LF + G) specify the effects on the

changes in the endoéenous variables of the changes in the exogenous

variébléq, respectively,. of the same year, one year, and two &ears later;

the matrices S, LS and Lzs.will be similarly interpreted with respect
to the dibturbance terms; finally, thevcbeffiéient'natrices for 9., @,
LG, and LFG) and for pt_i (L, R and Ls)_repro§ent the effects of the
changes ip ghe one-year‘lagged exogenous and endogenous variables, respec-
tively, i# the current year, one year, and two'years later.

Wg are concerned with the reduéed-form equations for tﬁe two

target vafiables. Hence, the constraints consist of only six rows of

-

2‘i:' the matrix L is such that the limit of LT for r + ® is a zero
matrix, the first and fourth terms on the right-hand side of (5.7) are
eliminated, and the remaining form is called the "final form" of the
equation system. H. Theil and J. C. G. Boot, "The Final Form of Econo-
metric Equation System'", in A. Zellner, ed., Readings in Economic Statis-
tics and Econometrics, pp. 611-630. - .

e
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(5f8), two for each year, corresponaing to the two target variables.

The cur{rent exogenous .v‘ariables contains three instruments. Hence, the

matrix Blin (5.1) is a 2 x 3 submatrix of the matrix F corresponding'io

the thr¢e instruments in the relevant two rows of P, S1milar1y, R, andv

R3 in ($ 1) are 2 x 3 submatrices of the F2 and F3 matrices respectively.
v Finally; the final form of the constraints for the three-year strategy

(1967-1&69)'may be written ass‘ | ‘

(5.9) | Yy = Rx + Hlﬁ + Hyq, +.H396 + Ju

where
YR[Yg| X =xg] =8 u-=lu R=R,R 0
Yo. X9 ) u Rs Ry Ry .
[t o o 6 1 L " [3,0 0 .
: 1 ~
% .- -2 = '
H =If, f o Hy=|L& | H =|L%) 33,3 0 ,
il |3 :
| ﬁs ﬁzﬁ L%G L I3 d,d

q repres%nts twenty non-instrument exogenous variables for three years 1':
. (1967~ 69), the élements ? F2, and F3 -of matrix H1 represent the two
relevantJrows, respectively, of F, Fz, and F3 in (5.8) for non-1nstrument i
exogenouq var1ables, the elements of matrices H, and H with bars above B

them repﬁesent the two relevant rows of correspondlng matrices in (5.8); |

' 3We can see that Hs in (Z.i)fcoiresponds to the sum of H,§, H,q
. , 1 216
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and the subscripts 6, 7, 8, and 9 represent, respectivelj, the years

1966, 1967, 1968 and 1969.4

3. Numerical Specification of the Constraints

\ , : for the First-Year Optimal Strategy

. For the three-year strategy period (1967-69), the coefficients'
-of _‘R'l . Rz, ~and v~R3» “were -computed ,--as -shown in Tabte 5.1, -and these, in

turn, wére graphed in Figure 5.1. The effect of an increase in

.Table 5.1
The Estimated Values of the SubqatriceS-Rl, Rz, and R3
Target _
variables Instruments
-——-—.——_p ) e
AGE ATPR - ATCR
| Ry
" | . L —=
&Py - 0019  -.2799 -.0110
AUL -.1251 18.6165 .7337
| R,
] , — )
APy -.0019 -.3412 -.1040
AuL | .0913 -9.6342 ' 2.5351
Ei
APy , ~.0001 -.0882  -.1060
AL . .0490 -9.3458  -1.7861
: 4Tl‘he orders of vectors and matrices in (5.9) are: |
Yy=6x1; x=9x1; §=60x 1; =7x1; Pg = 15x1; u=63x1;
‘Re=6 x 9; Hl =6 x 60; »Hz =6x7; H3 =6 x15;" J=6x 63.
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. : ~Figure 5.1

. Timé‘ﬂaths of Target Variables in Response to One-Shot Increase in
Instruments: (Increases in the Two Tax Rates are Unit Increases;
and the Increase in Government Expenditure is 100 Units),

- CHANGE IN THE GNE DEFLATOR | CHANGE IN THE NUMBER OF UNEMPLOYED
| 03 | | |
102" |~ i AOE- 100 +20.
+0. 3 \ +10.
. :

~0) -10,- -
-02 -20, [~
-0.3 —
; -0.4 J | | J
1967 1968 1969 1967 1968 . 1969

government expenditure on price changes is\positive throughout the
threé-year period; but the effect is high in the first two years and
reduces almost to zero at the third year. The effects of increases in
the two tax rates on-price changes are more or less opposite; their
negativeieffects are high in the first two years, and then decline (or
remain a#proximately the same as in the secdnd Year in the case of the
corporation income tax rate).

'An~increase-in govern;ent-expénditu:e has a negative effect on
the numbér of persons unemployed in the first year and a minor positive
effect in the iasf two years; thus, the cumulative effect during the

three yeérs is almost negligible. This may be explained in the following

y
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way. In our model, government expenditure increases real business out-
put and the number of paid workers, and thus it decreases the unemploy-
ment rate. A lower unemployment rate brings forth a higher wage rate
which, in turn, causes a decrease in the number of paid workers and an
increase\in the unemployment rate. This oscillating process will
continue until the wage rate and prices have stabilized at higher levels
and real\output is no longer hlgher.S

An increase in the personal income tax rate has a positive effect
on the nuﬁber of persons unemployed in the first year, then minor negative
effects in the following two years, thereby making its cumulative effects
for the three years more or less negligible. Similarly, an increase in
the corporatlon income tax rate has positive effects during the first two
years and a negative effect in the third year, with a minor cumulative
: positlve effect.

An increase in the personal income tax rate increases personal
income tax collections. This decreases disposable income, consumer 1
expenditure, real business output, and the number of paid workers, there-
by resultibg in a high unemployment rate. The unemployment rate will |
decline agpin as a result of a lower wage rate. Similarly, an increase d
in the corporat1on income tax rate increases corporatlon 1ncome tax.
This will decrease consumer expenditure due to lower personal income,
and private business investment as a result of lower und15tr1buted corpo-vi

ration proflts.' These will decrease real business output and the number

5Wﬁ1le this is not a thorough explanatlon of the effects of
'government\expend1ture on the number of unemployed, tracing out all of
the channe@s is not required for the present purpose.
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of paid workers, thereby resulting in a higher unemployment rate such as
occurs with an increase in the personal income tax rate.
. As opposed to the process in the context of government expendi -

tﬂre,'tﬂe process following increases in the two tax rates will continue
until fhe wage rate and prices have stabilized at lower levels, and
real iﬁQome is no longer 1§wer. All of the three instruments affect
thevpricé level through changes in aggregate demand and then in the un-
employmeﬁt rate. Hence, the speed with which a pric? change 6ccurs
appears #o Be slower than that for a change in the number of persons
unemployéd. As a result, although our system is likely to be stable,
the effbéts of instruments on- the target variables will oscillate, and
they 5pp§ai to converge.- not explode - towards zero.®

it will be noted that the values of all elements of q¢ and Pg in
(5.9) are, in principle, known at the peginning of the strategy period
1967-69;§they contain values taken by exogenous and endogenous variables
in the year (1966) preceding fhe $trategy period. The Qalues of non-
instruméﬁt exogenous variables (elements of § in'(5.9)) must be predicted
at the beginning of thekstrategy'poriod, althoﬁgh we will use the actual

values for the present purposes.7 Thus, the numerical values of the three

6[t has not been investigated as to how long the oscillating pro-
cesses will take until they arrive at their ultimate destination. ' Multi-
plier paths oscillating toward zero seem to be common features of various
models. See C. F. Christ, "Econometric Models of the Financial Sector",
Journal of Money, Credit anqgggnkﬁgga III (1971), Part II, 419-449, and
E. M. Gramlich, "Comments on Discussion of the Carl .Christ Paper",
Journal of Money, Credit-and Bankigg, IIT (1971), Part II, 464-468.

: zjn principle, the value of §, in (5.9) is a predicted value when
it is used for the strategy in 1967, gut_its actual value must replace
the predi%ted value in 1968 and 1969 because the former will then be
available. Similarly, the predicted value of 38 must be replaced by its
actual vaﬁue for the strategy in 1969. :

L]
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terms qu, qu6‘ and H3p6 of (5.9) were specified as

T 3.6473[.

Vo .  |115.9464

3 2.7485

(5.10) - Hla + Hyq, + Hgp -
4 | 60,9812

| ‘ ' 2.1865

 81.2486

1he disturbance terms (u) in (5.9) were replaced by their
expected| values. The residuals in the eetimated‘equations are more or

less uncorrelated over time. Hence, we'regarded’the expected values of

“the elements of u as zero in accordance with our assumption made in
Chapter il As a result, we have now completed the numerical specifica-
tion of fhe constraints for the first-period optimal strategy (certainty

~equiva1ence decision).

4. Numerical Specification of the Constraints

" for Later Years

Iﬁ was pointed out in Chapter III that the first-period cerfain-
ty equivaﬂence procedure would be used for the second and later periods
by shifting the period of the problem. ‘That is, for the second year
(1968), we proceeded as if the year 1968 was the first year of a two-
year strategy period, At the beginning of the second strategy period,
however, new information becomes available. “That is, » U, in (5.9) is a

vector of |residuals which nre, in principle, known at the beginning of
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1968, andvsimilar‘ly‘p8 is a vector of known residuals at the beginning of _
1969. Therefore, uq must be taken into account as known residuals for

" the sec@nd strategy period, and u, and ug are both known residuals for
the str%tegy in 1969. We can see from (5.9) that for the_secoud-period .
strategﬁ (1968-1969), the constraints contain the products of‘ﬁ (u,
being tHe realized disturbances of u-) ‘and coefficient matrices Jo ‘and
J3 in the form as shown in (5.11) below. The nuner1ca1‘va1ues of the

terms wqre specified as

[-1.11217

3 J.G,)  |-48.5806
(5.11) [2_7] = |
J3us 1:8247
[ 7.3865)

Similarl&, for the last-period strategy (1969), the constraints contain
| .
the sum of J3u, and Jzﬁs (ig being the realized disturbance of ug).

‘Its numerical values were specified as

-2.4636}
2.9696

(5.12) | [y + Jjug) = L
We can also see from (5. 9) that for the second-per1od strategy,ii
the constralnts contain the products of instruments for 1967 (x7) and g L

Also for the

' coefflclent matrices R2 and R, i.e., Ryx, and R.x

3° 3%y
_last-period strategy, the constralnts contain R3x7 and- RyXg. Since
it was a#sumed that the optimal strategy had been implemented in 1967,

the f1rs¢ year's values of the 1nstruments (x7). whzch w111 be used in

the second-perlod strategy, must be implenented optimal values.
|
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Similarly, for the last-period strategy (1969), the instrﬁments (xs)
_fbr.196§, in addition to X9, must be implemented optimal valuee of them.
Therefb}e, although we had already‘specified the constraints for the
first-period strategy, we could not specify numericaily the constraints
for theisecond;period strategy until.we'had implemented the first-period
eptimizetion. Nor could we specify numerically the third-year cons-
traintsiuntil we had implemeﬁted the second-peried optimization.

We have now derived the constraints from the model and completed
the num§r1cal specification of the constraints fbr the first-period.
The polﬂcy-maker is expected to minimize the preference function sub-
ject toithe constraints year by year. This is the procedure for
arriviné at an optimal policy. In the following chapter, an optimal
fiscal policy for economic stabilization for the threevyear period 1967-
69 will’be determined. We can then compare the actual fiscal policy

durzng th1s period with the fiscal policy indicated as being opt1ma1 by

our model

“
!
i
\
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Table 5.%

Numerical Values of the Reduced-rbmvCoe‘fficients of the Model:
For One-Year Lagged Exogenous Variables (G-Matrix in (5.6)) *

s |
Current ‘ One-Year lagged Exogenous Variables ) :

.Vf:_:.g::::' ‘ CCANG_, GWCCA _, N, .Pn_l RL_, VF_, YP_,

. cE ‘ .783 .331 .282 100.042 * - -585,928  -.179 .296
We | 1.145 .628 197 97,348  -856.954 -.117 .577
JNFB .298 .008 .008 78.444  -223.218  -.186  -.006
M .488 .212 .079 13.665 -364.920 -.105 .190
NEPW .077 .033 .010 16.895 57.333 -.017 .030.
WR | .000 .000 - .000 -.001 -009  -,000 . .000
Py .01 .001 000  -.051 -.862 =000  .000
Pe - .001 .000 .000 -.043 -717  -.000 .000
. .002 .001 .001 -.005 ~1.526 -.000 .001
cPB | .336 153 -.069 66.584 ~251,315 -.066 .138
CPU ? .188 .085 -.039 37.184 ~140,346 -.037 .077
YPT 7% .334 284 | 117,174  -594,174 . =,182 .299
TRAC a7 .058 .049 20,252 ~102.696 -.032 .052
TP 159 .067 .057 23,525 -119.290  ~.037 .060
CPT . .210 .095 -.043 41,633  -157.140 -.041 .086 .
c .105 .048 -.022 20.821. 78.586  -.021 .043
TI .218 104 .048° 17.070 ~163.196 -.038 .09
UIB -.080 -.035 -.010 = -17.696 © 60,052 .017 -, 031
YGNE 1,738 755 408 262,169  -1301.180  ~-.376 677
U . -.077 -.033 -.010  -16.895 57.333 017  -.030
JST - .p03 .000 .000 .689 -.002

* 'All vat#ables are

in the forms of first differences
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CHAPTER ' VI

0 i OPTIMAL FISCAL STRATEGY FOR ECONOMIC
STABILIZATION IN CANADA

1. Desired Values of “Target "Variables and Instruments

- We will attemot in this chapter to calculate an optimal fiscal
strategy for economic stabilization in Canada based on the theory of
optimal%strategy (outlined‘in Chapter III) ip conjunction with the
constraints (presented in Chapter V) usingrthe period 1967-69 for
ilfu§tr#tion. We assume that the fiscal policy-maker in Canada, being
intereséed in stabilizing the Canadian economy, formulates a loss-
functioﬁ type of qoadratic preference function which he wishes to
min:m;zo subject to the constra1nts under ‘which the Canadian economy
‘ operates Since the two target variables and the three instruments
specif1ed.earlier enter fhe preference -function in the form of devia-
tions oﬁ the actual from the desired values, we must specify desired
values ﬁor both the target variables and instruments in each of the
three ydars 1967-69. Since any attempt at derivation of the desired
values d&rectly from the policy-maker is fhr beyond the scope of this
-study, they w111 be selected in a subjective but, it is hoped reason-

able way, as follows.

Economic policy choices are not made in a vacuum but in a

poli;icap, social and cultural context. This being the case, choices
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of the desired values of target variables are restricted. For 1nstance,
An a market economy only a particular rate of unemployment may be
sociallx acceptable together with some particular rate of price increase.
What is}true for target variables is, to a large entent, also true for
‘instruments. thravagent government expenditure or extremely low tax
rates ney be seif-defeating if they increase the rate of price increase.
If tax ﬁates are_too high, taxpayer resistance te the payment of taxes
may becone a problem. Similarly, extremely low government expenditure
may be pplitically or economically undesirable. Thus, because of
institutional and structural faetors, there | may be a number of floor or
ceiling Lestrictions to the target variables and instruments. The above
restrictions circumscribe the range in which choices of the desired
values cen be made. As a consequence, we will first specify only a
probable}range of the desired values in the case of the two target
variab1e$ which are of prime importance, and then we will choose a few
specific\values within this range with which to conduct our experiments.
In the cqse of the three 1nstruments we will choose one speclflc value
for each\instrument as will be shown shortly.

ﬂith regard to the unemployment rate, it is assumed that the
desired value of the unemployment rate lies between one and three per-
cent. We‘then chose three specific unemployment rates: one, two, and
three perfent. Similarly, with regard to the rate of inflation, it is

assnmed that the desired increase belongs in the range of a zero to

three perkent annual increase in the GNE price deflator, and we then

chose four specific per annum percentage increases as desired values for

a;:*'"' »
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further experiments: zero, -one, two and threexpe‘rcent.1

~ Assuming that the‘policy-maker is willing to approachAthese
goals #radually, these desired values are assumed ‘to be the goals
which the policy-maker wishes to aehieve by the third year of the
strateéy period (1969), rather than in the first or second year.
Hence he must also specify the deslred values for the intermediate
two yewrs - 1967 and 1968. This is done by a simple linear inter-
polatxoh between the actual values in the base year (1966) and the
eorrespending desired values in 1969, Thus,

\

s * = t° * . -

(6.1)
PAR* = PAR. + -§- (PAR; - PAR,), t=1,2, 3,

6+t 6
where UR represents the unemployment rate and PAR represents the per-
centage\rate of annual change in the GNE deflator, the terms with
{
asterisﬂs representing the desired ‘values, and the subscr1pts 6 and 9 .
ind1catipg the years 1966 and 1969, respectively.
‘ \

Eince our model regards the change in the number of persons

unempley‘d, rather than the unemployment rate, as the relevant target | '

In Canada there are a number of discusslons and examples of -
desired values for the two target variables. For example, the Economic
Council of Canada chose a 3% unemployment rate, 1.4% for the desired per
annum price increase for consumer prices, and 2.0% for the overall (GNE)
price level, the Economic Council of Canada, Seécond Annual Revhew,
(Ottawa: \Queen's Printer, 1965), p. 7. The Royal Commission on Taxation
Suggested a 3.5% unemploynient rate, and a 1. 5+2.0% annual increase in
the consumer price index as twe targets; the Royal Commission on Taxa-
tion, Report of the Royal Commission on the Taxation, (Ottawa: Queen's

Printer, 1966), Vol. II, p, 53. . . . . o
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variable, it is necessafy to translate one into the'other} This can be
done easily, if the total civilian labor force is g19en, by mu1t1p1y1ng
the number of persons in the civilian labor force by the unemployment
trte and then obtaining first differences. Since, in pr1nc1p1e, the
actual number in the civilian labor force during the strategy perlod
1967-69, will be unknown at the beginning of the strategy period, the
labor force, estimated by a sem:logarithmlc 11near trend line fitted
for the‘period 1961-69, was used for the present purpose.2 The desired
changes | in the number of persons unemployed, based on the estimated
labor fdrce for the three-year period [1967—69},and correspondlng to the

three sppclflc rates of unemployment, are shown in Table 6. 1,

1 Table 6.1

Desired Changes in the Number of Persons Unemployed,
| Corresponding to the Three Desired Unemployment

- Rates, and Actual Changes: 1967-1969

Year ynemployment Rates and Changes in the Number of Unemployed
. Desired Unemployment Rates

1% ', 2% 3% . Actual

———

Changes in the Level (Thousands of Persons)

1967 -61 -30 _ 27 - 48
1968 -56 -40 -8 , 67
1969 -69 ' -35 -9 0

: 2h‘he growth rate of the labor force estimated by the semilogari-
thmic trend line fitting for the period 1961-69 was 2.99%. As' shown

below, the labor force thus estlmated is quite close to the actual labor
force fortthe period 1967-69.

1967 1968 1969
2207

'Bst1mated labor force(thousands of- persons): 7656 7885 8121
Actual labor force (thousands of persons) - 7694 7919 8162

4

\
-
I o ¢
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. Similarly, the desired percentage changes in the GNE price
_deflator specified above should also be translated into the desired
changesiin the level. This transiation.requires only the letel of the
GNE price deflator in the base year (1966) because tﬁe desired percen-
tage chtnge is in terms of annual changé over ‘the previous year. The
des1red\annua1 changes in the GNE price deflator computed according to
the four specific percentage changes are shown in Table 6.2. Since we
have sp¢c1f1ed three desired values for the change in the number of un-
employeq and four desired values for the change in the GNE price defla-
tor, we ﬁave twelve different combinations 6f,the desired values of the
target Wariables for our experiments.
Table‘ 6.2
Des1red Changes in the GNE Price peflator, Corresponding to the Four

Desired Values of Annual Percentage Changes, and Actual Change:
3 1967-1969 (the deflator-being 100.0 in 1961)

Year | Annual Percentggc Ch<;ggs and Chan anges in the Level

Desired Annual Perccntggg_phanges

0% 1% 23 3% Actual

Changes in the Level

1967 | 3.5 3.9 4.2 4.7 3.9
1968 | 1.8 2.6 3.4 4.2 4.2

1969 | o - 1.2 | 2.4 3.7 5.8

Tbe desired changes in government expenditure are based on the
assumption that maintaining its rate of growth is desirable. As a

consequence, the annual growth rate of govcrnment expendlture was

estimated| by f1tt1ng a semilogarithnlc linear trend for the per1od :
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! 1961-69. The implied growth rate of 10.0% thus obtained was extrapolat-

ed from the actual government expenditure in 1966 for the three years
(1967-69) in order to get the desired levels for that period. The
annual changes of the desired levels are assumed to be the desired
changes! for government expenditure for our purposes. In view of the
pol1t1cp1 difficulties which might accompany frequent changes in the
personal and corporation income tax rates, we shall assume that main-
tainingithe two tax rates unchanged is desirable. Hence, the desired

values of instruments for the three-year etrategy period are specified,

as shown in Table 6.3.

Table 6.3

Desired and Actual Changes in Government .Expenditure, in .
the Personal Income Tax Rate, and in the Corporation ,
Income Tax Rate: 1967-1969
Qm1111ons of current dollars for government expenditure,
‘ and percentage rates for the two tax rates)

Year | Instruments* .
. - | _ _m - - : -
1967 1267 (1238) 05)  0¢(-5)
1968 1393 (1250) 0(.9) 0 (1.5)
1969 ‘ 1532 (1579) = 0 (2.4) 0 (-.1)

*Pigures in the parentheses are actual changes

2. Coeff1c1ents of the Preference Function

We have thus far completed the numerical specifications of the

desired values of target varlables and instruments. The specification

of the p#eference functlon will be complete if the coeff1c1ents of the
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preference function are specified. We recall that the general quadratic

. form of the preference function is
(6.2) | W(X, Y) = a'X + b'Y + 5(X'AX + Y'BY + X'CY + Y'c'x)

where n¢ numerical values of the coefficlents are g1ven. In the - _
1ntetest of s1mp11c1ty in conjunction with our purpose which is to *~
illustrete the use of an optimization technique, all the elements of

a, b, and C were defined to be zero, as were all of the off-diagonal
elementq of A and B. This indicates that the preference function is a
type of yezghted sum of squares of:deviatiohs between the actual and

the de51red values of the target variables and instruments fbr the three-
year pernod

Such a preference functlon can be written for a three-year

period as

i
l

3
\ 2 2 )
6.3) | Wal t§1 {8, (aPy, - APy2)” + B,(AUL, - AUL2)? + A, (AGE, - AGE;)Z

+ A (ATPR, - ATPR;)’ + A5(ATCR, - ATCR;)Z}

where the A's and B's with subscripts reﬁresent the weights for the
argumenti These we1ghts were selected in the follow1ng subjective but
it is hoped reasonable fashion., ” |

Hy assuming that these weights are all positive (a non~pervers1ty

case), tWe preferense fhnction (6.3) can be rewritten as
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1

TPR - ATPR*\2 ATCR - ATCR® 2
+ |- t —t) . -t t '
Py - P3

where LIP and T, are the reciprocais"df the square roots of_B1 and B2

respectively, and Pys Py, and p3 are those for Al’ Az, and A3 respec-

, : Py - # 2 UL - AUL¥\2 GE - AGE*\2
6.4y wWet 3 [t ? i N e S . (B A, t
- =1 m T M

tively. | The preference function (6.4) says that ‘for instance, the
disutility caused by a deviation of APyt from its desired value (APy*) -

by Mys 1& equal to the dlsut111ty ¢aused by -a deviation of T, ‘between

AULt.and AUL{. Hence, it 1s clear that only relative size of LAY and "2
(and 91,3 Py, and p3) are important. Thus, we can choose an arbitrary
" value for one of the weights and, accordingly, relatrve values for the
rest of the weights, '

Fzrst, we ass1gned a one-unit value to the deviation of APy
from ' APy% which amounts to one percent of the 1966 GNE price deflator,
and then the same one-unit value was assigned to six different deviations
of AUL from AUL » Which amount to .25%, .5$%, -75%, 1.0%, 1.5%, and 2.0%
of the 1966 labor force. It is then clear that T, and "2 correspond to
the 1966 levels of the GNE price deflator and the labor force respectively.
As a consequence, given a one-unit value to one percent of the 1966 GNE
price deflator, six different levels of the i966 labor force, correspon-
ing to the six unemployment rates specified'above, were divided by the
one percent level of the 1966 GNE price deflator, and the reciprocals.of

the squared quotients are the weights for the term (AULt - AULgf{ They




102
are shown in Table 6.4.

Table 6.4

Weights on the Squared Deviations between the Desired and
\ - Actual Number of Unemployed, Corresponding to
‘ Six Different Unemployment Rates, Given
a Unit Value for (APy, - APy$)2

_Terms § Neights (Unemployment Rates)
o BI(.25%) BII(.5%) BIII(.75%) BIV(1%) BV(1.5%) BVI(2%)
4Py, - apy: 1 1 1 1 1 1
(avL, - AUL;)Z 00381 -.00095  .00042 .00024 00011 .00006

%To obtain the weights on the deQiations of instruments from
their rﬁspective desired values, the following hypothetical question is
posed: Pceteris paribus, what deviations of instruments from their
desirgdivalues would increase total disntility by the same amount that

- a one percentage point decrease, wifh respect to ;he 1966 level, in the
deviati&n of the GNE pricg deflator from its desired value would reduce
it?" An answer for the. 'equivalent" deviations ‘was as follows:
(1)fi$100 million from.the desired valug of government expenditure
(ii) t.S percentage points from the desired vaiue of the personal income
tax rate; and (iii) £1.0 percentage points from the desired value of the
corporaqion income tax rate. Similarly, in additioﬂ to this, three
othér séts of equivalent deviations were also suggested for our e;peri-
ments, as shown in Table 6.5. -

.bhe weights on the squared deviations of thé instruments were
then.éaléulated in the same way as in the context of the number of un-

employed. The weightg thus dérived are shown in Table 6.5, together

-
%
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with the corresponding equivalent devzations of the three 1nstruments

from thexr respectlve deslred values.

Table 6.5
Wq1ghts on the Squared Deviations of the Three
Instruments from Their Respective
Desired Values, Given a Un1t

Nalue for (Ath ﬂAPy*)

Equivalent  Equivalent
_ Term ‘ deviations Wbigbts deviations Weights
N . _aID
(AGE, - AGEDZ  $100 .00013  $200 .00003
(ATPR, - ATéR;)z .5 5.24411 1.0 1.31103
(ATCR, -ATCR;)Z 1.0 1.31103 2.0 32776
(AIII; ' O _(Aav)
(acE, - 8GED’  $300. 00002 $400 .00001
(ATPR, - ATPRY)? 1.5 .58268 2.0 .32776
(ATCR, - ATCR?)? 3.0 . .14567 4.0 .08194
! : :

‘Nb h;ve now numérically spesified six'different sets of wéights
on the deviations of the target variables, and four different sets of
weights on tﬁe deviations of instruments. As a result, twenty-four
different combinations of weights will be used in the experiments. It
will be noted that the weights thus derived are different for different
variables, b;t equal- for different years. Hence, B-in (6.2) is a 6 x 6
diagonal matr1x, w1th d1agona1 elements consisting of one of the weights
for the targét varlables (e.g., BI) for three consecutxve years. For

instance, BI 1s
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° rl 0 . - - - . 0\
0 .00381 o .
| . 1 .
(6.5) BI = .
: . .00381 .
. ' S | 0
0 . . . 0 .00381]

where the off-diagonal elements are all zero, and the three diagonal
elements, r?presenting one variable for three consecutive years, are
the same. Similarly A in (6.2) ia‘a 9x9 @iagonal matrix, with the

' diagonal elements consisting of one of the weights for the instruments

(e.g., AI) for three consecutive years.

3. MNumerical Derivation of the Optimal Strategy

So far we have prepared all of the necessary steps for dériva-
tion of the}first;period certainty equivalence decision; we have
sPeégfied tﬁq preference function and the constraints. Since the pfe-
ference function adopted is a type of weighted sum of squared deviations,
we are able?to make use of the concept of the generalized inverse of
a gafrix whikh is highly efficient from the computational point of view,
Taking into account the constraints specified in (5.9), the optimai
strategy can be written in the form §f the geperalized inverse of a

matrix as3

-3 o . - . e e
] Fortunately, when a matrix is of full-column rank like matrix D
in (6.6), a program of the generalized inverse of a matrix is available
in A.P.L. (A Programming Language) by I. P. Sharp Associates, Ltd.,
Toronto., T _ o
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(6.6) ~£=p8Q

A BR
- where - | D =[ ]

a ox*

Q [BU* - Hyd - Hygq - Hypg - JE(“”]

It is clea# from (3.12) and (6.3) that o and B in (6.6) are 9 x 9 and
" 6x6 diagénal matrices, respectively, with diagonal elements equal to
the sﬁuare%roots of the corresponding diagonal qléments of matrices
A and B. wé have also specified twelve different sets of values for y*
and a sxngye set of values for x*. '

AS\the first experiment, we chose the weights AIl and BIII (for
« and B) qnd the desired values of the GNE price dqflator and the number
of unemploﬂed corresponding, respectively, to the two ﬁercentage annual
‘change in the deflator and the two percent rate of unemployment For
the certainﬁy equivalence procedure, E(u) = 0, where 0 is a zero vector.
As a result% all of the components 1; (6.6), except x of course,‘are now
num?ricallyispecified. Thep, the optimal strategic values of instruments

were calcﬁlkted by directly using the geneialized inverse of the matrix

D in (6.6):% N -
* [4GE, | poos

ATPR, 1.25
ATCR, 1.86
AGEg 1082
6.7) %, = |ATPRg| = [1.25]°
ATCRg .97
AGEg 1428
aTPRy| | .39

. (ATCRg | | .osJ_-,__.v
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nhere 21 represents a complete specification of a chain of optimal

) aeciszons to be taken for the three consecutive strategy perlods
(from 1967‘to 1969), and the subscripts 7, 8, and 9 represent, respec-
tively, the years 1967, 1968, and 1969.
K Out of this chain of decisions (ﬁl) for the entire period
specified ?t the beginning of 1967, the first three elements of (6.7)

are to be nctually implemented in 1967. That is,

AGE, 1005
(6.8) Ry = (ATPR; | = [1.25
. LATCR, 1.86

This is th{ first-period certainty equivalence decision. It should be
noted that the first-period optimal strategic values of instruments
above are decided with clear plans for the future values of 1nsrruments
for the rest of the strategy period, given the information available at
the begxnn;hg of the strategy period (1967). These future values are,

however, sub;ect to adjustment as new information becomes available

-

in the futu%e. .
| | For the second year (1968), we proceeded as if 1968 was the
first year of a two-year Strategy period,vand the realized values of.
the structural disturbances (d,) in 1§67 and the 1967 optimal values of

instruments (£7) were taken as given. Using (5.9) the constraints for

1968 took the form:
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my |F, F o £c i2 R% J.a
\ [ 8] = [Az - J qs + -2—](‘5 + _SJP6 + [ 277 + [ 2-7}
8, F, i?z £ | LG L ©|Re%, J iy

8.

The numerical values of this were calculated as

-

1 2.32
93
(6.10) [ 8] = |s.45

H9 93

For the second-period certainty equivalence, the expectation
of u8 and qg were assumed to be zero vectors. We then obtained the

optimal stﬁategy at the beginning of 1968 as

-~

rA(;xa8 (1011 )

ATPR.|  [1.50 .

ATCRg| 135!

(6.11) s, 22 = =1 .
© |AGEg 1366

ATPRg | | .61

laTerg; L .10

The optimalévalues for the second-period are represented by the first
threg elemepts of (6.11). It will.be noted that, as shown in (6.7),

the optimal values of the three instruments for 1968 were planned at

i
|
!
\
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‘the beginning of 1967 with the information available at the time. These
have been ¢hanged at the beginning of 1968, when the decisions are
actually t¢ be taken. Similarly, the plans for 1969 made in 1968 are
also dxfferent from those made in 1967.

The derivation of the last-period (1969) optimal strateg& is now
relativelyfstraightforward; we proceeded as if 1969 was the'first-year
of a one-year strategy period, and the realized values of the structural
dlsturbances in 1967 and 1968 and the 1967 and 1968 optimal values of
~instruments were taken as given. By substituting these given values
into the cqnstraints'(s.g), we obtained the constraints for the 1969
stretegy, U§sed‘on which we obtained the 1969 optimal strategy through
. the certainhy equivalence procedure:

[ AGEg ] [1584
(6.12) ATPR9 . -.19
ATCR -.03 - ;

 We have nowiderived the optimal strategic values of the three instruments

for the three-year period. These optimal values may be compared with
their actual values. They are shown in Table 6.6.

A quest1on then arises as to what would be the values of the two
target varinbles which are of prime importance if the optimal strateg1c ;
values of the instruments were actually 1mp1emented These "optxmal"" |
values of the target var1eb1es are then to be compared with their values

derived from the actual instruments. Before pursuing this, it is neces-

. | . :
sary to comﬁute the "controlled" values of the two target variables
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through the numericaIIy specified constraints (5;9) using the actual
values of the instruments as shown'in'Table 6.6. The comparison of the
time pithsiof the controlled values of the.target,variables with those
of their optimal values then indicateS’the period-by-period effects of
the optimal s;rategy.4 These optimal values can be obtained by substi-.
tuting int& the constraints (5.9) the optimal values of insfruments
and the laéged realized values of the structural disturbances, if
rgquired. In other words, in order to obtain the 1968 optimal values
of the targ@t variables, the 1967.realiiéd values of the disturbances
are require? as are the values of the disturbances realized in 1967
and 1968 fo% the optimal values of the target variables in 1969. The
“optimal val?es of the target variables thus calculated were shown in

- Table 6.6. | |

Forjthe-first period (1967), we can see from Table 6.6 that

the optimal%value of the change'iﬁ goietnment expenditure in‘1967 is .

an increase of $1,005 million, as compared to the actuai increase of i

$1,238 million. The optimal value of the change in the personal |

income tax yate is slightly lower than the actual value. The corpora- -

tion income\tax rate increases by 1.86 percentage points under the |

optimal policy, as compared to the actual decrease of .5 percentage

points., Thqrefore, the 1967 optlmal strategy is a contractive policy,iIaf”

as compared to the actual pollcy. 1h1s seems to be reasonable because -

_the imminent stabilization problem in 1967 was inflation rather than

4See C. F Christ, "Econometr1c Models of the Financial Sector",
Journal ofgygney, Credit and Banking; III (1971), Part 11, 420-421,
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unemployment. With the optimal values of the instruments, the GNE.
price deflator increases by 5.18 points in the index, while the
controlled value increases by 5.58 points. The number of unemployed
increases by 14 thousand under the optimal policy, as compared to the
controlled decrease of 13 thousand. It appears that the effect of
the 1967 anti-1nflat10nary optimal policy is not strong. This would
occur because the effects of the 1nstruments on the price level is
“delayed, as shown by Table 5.1 or Figure 5.1 in Chapter V.

For the second'period (1968) , the optimal policy is still geared
to be anti-inflationary; the optimal increase in government expenditure
is lower than the actual, while the personal income tax rate is higher
‘than' the actual the corporation income tax rate being almost the same
as the actual Under this policy the optimal value of the change in
the GNE priee deflator is an increase of 4.38 points in the index, as
compared to the controlled increase of 6. 73 poznts while the number of
. unemployed decreases by 1. thousand as compared to the controlled
increase of 18 thousand. A smaller increase in the optimal value of the
GNE price deflator in the second year, as compared to that in the first
year, would be partly attributed to the delayed effects of the first
year's optimal policy. The anti-inflationary policy in the first year
might result in a lower increase in the number of unemployed in the
second year because of the oscillating effects,

For the third period (1969), the optimal policy is geared to be
expansionary, the optimal value of. government expenditure is slightly
- higher than the actual value, and the optimal and actual changes in the

_corporation yncome tax are almost the same, whereas the optimal change
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in the personal income tax rate is 2 decrease-of 19 percentage points,
‘as compared to the actual increase of 2.4 percentage points. Because
of this exﬁansionary policy, the mumber of unemployed increases by only
46 thousapd over the previous year's level, while its controlled value
is an increase of 85 thousand. The optimal value of the change in the
GNE price deflator is also lower than the eontrol}ed value; the optimal
value is aﬁ increase of 3.81 points in the index, as compared to the
controlled palue of 6.45 points. An anti-inflationary policy in 1968
might attribute to a smaller increase in the GNE price deflator in 1969.
As a whole,ithe optimal values of the two target variables seem to be
more "desirable" than the controlled values during the tﬁree-year

strategy period.

4. Optimal Strategies under Various Parameter Values

of the Preference Function

~ A. | Under Different Desired Values of the Two Target
Variables, Given Coefficients (AII and BIII)
of the Preference Function

We have now specified the optimal strategy and corresponding
values of the target variables for the three-year period, based on one |
specific set of subJect1ve1y chosen parameters (the desired values of
a two percedt annual change in the GNE pr1ce deflator and a two percent '
unemployment rate, desired values for the instruments specified in 'Qf;'
Table 6.3, amd the coefficients AII and BIII of the preference funct1on);
We will now test the sen51t1vity of the optimal strategy to changes in
either the cbeffic1ents or in the des1red values.

Maintaxnxng the coeff1c1ents AII and BIII of the preference
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function, together with the same set of the desired values of the = i
instruments, we obta1ned through the same procedure followed earlier,
the optimaﬂ strategies and corresponding values of the two target
variables whth twelve different combinations of the desired values of
the target yariables. These are shown in Table 6.7.

Supfose we change the desired value of the mmber of unemployed
in such a w%y that it amounts to a change fromee three percent to a one
percent unemployment rate (with respect to the 1966'1abor force),
together with a given desired'velue of the annual change in the GNE
pr1ce deflator of, say, a two percent. The resuilt may be seen by
compar1ng column (9) with column (7) in Table 6. 7.,\Note that the two
target varlables remain almost unchanged in the first two years, and
in the third year the number of unemployed decreases by oniy 12 thousand
(only ebout3.2 percent of the 1966 labor force) and the GNE deflator
increases bf only .24 points in the index (about .2 percentage points
of the 196631eve1) The three instruments also remain almost unchanged
in the firsq two years, and then in the third year government expendro;
ture 1nereaqes and the two tax rates decrease slightly. This phenomenon
seems to hold for any desired values of the GNE deflator within the
range from zbro to three percent. Therefore, the results of the optlmali'
strategy seem to be quite stable under various desired values of the ke
number of unemployed _ ' , L e e

Supppse now that we change the desired value of the GNE price
deflator from a three percent to a zerp percent annual change (with

respect to the 1966 level), g1ven a desired value of the number of

unemployed, say, the one correspondlng to the two percent unemployment
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rate, Now compare colums (11) and (2) in Table 6.7. The number of

. uhemployed‘increases slightly (on average, about .3 percent of the 1966
labor forceD in the first two years, but remains almost unchanged in

the th1rd year. The GNE price deflator decreases by only 1.3 points

~ in the 1ndek (or about one percentage point of ‘the 1966 level) in the
third year {about .8 percentage points of the 1966 level on the annual
average for‘the three years). On the 1nstrument side, government
_expendltqreidecreases on the annual average by about $144 million, while
the pgrsonai and corporation income tax rates increasé, respectively,

by about .6§and-.7 percentage poiﬁts'on thé annual average. As a result,
we may say ihat the results of the optimal strategy will not be affected
to a large éxtent by-different’desired values of the GNE price deflator.
Relatively speaking, however, the optimal strategy seems.to be more

" sensitive to the different desired values of the GNE price deflator

than to those of the number of uﬁemployed;' This analysis also shows a
soméwhat clear "trade-off" relation not only between the target variables

| _ S : .
but also between target variables and instruments.

B. Under Different Sets of Coefficients of the Preference
Punction, Given a Set of Desired Values of
Target Variables and Instruments
Maintaining‘the desired values of the two target variables,
corresponding to the two percent annual change in the GNE price deflator
and the twb percent unemployment rate, and of the instruments specified
in Table 6.3; we obtained thé’ optimal strategies and corresponding values
of the two tyrget variables with twenty-fbur different combinations of

the coeff1c1¢nts-of the preference funqtion. -These are shown in
‘ | EL




116

Table 6.8.
Firet, suppose we ehange the coefficients for the target
variables f&om BI to BII, with the coefficients AII for the instruments.

lhis says tnat the relative weight of one to four for a one percent
deviation Of the change in the GNE price deflator and in the number of
unemployed from their respective desired values with respect to the
1966 level of GNE deflator and labor force, changes to one to two.

This is to eompare column (7) to column (8) in Table 6.8. Then, the
number of ynemployed increases by 30. thousand in the third year (or an
annual average of about 15 thousand for.the three years), while the
price decreases by .85 points in the index in the third year (or about
.41 boints qn the annual average). In the first two years, the three
instrumentsjdo not’ change significantly; and in the third year, govern-

" ment expen&ikure decreases $199 million, the personal income tax rate

increases .73 percentage points, and the corporation income tax rate
increases inpignlficantly.

‘; As wp further increase the weight for the GNE price deflator
relative torthat for the number of unemploYed; the target variables and
the instrunents change further in the same direction as described aﬁove‘
but, as it is hoped for, the extent of the changes is gradually declin-
ing, as shown by Table 6.8. Therefore, the changes in the coefficients
influence the results of the optimal strategy in a stable fashion, and
the changes ever a certain range appear to have only minor'influence on
the results éf the optinal strategy.

Now suppose we reduce the weights for the 1nstruments relative

x ' to the targeﬁ variables 1n the interest of achieving certain ''goals" of
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the target ;ariables during the stfategy period. If we change the
weights for the 1nstruments from Al to AIV maintaining the weights

BIIT for the target variables, we can see that government expenditure
changes gradually away from its desired value, while the two tax rates

: change quite. s1gnif1cant1y from their desired values.' On the other hand,
the GNE pr1¢e deflator and the number of unemployed decrease toward
their desired values. However, as it is hoped for, the extent of the
decreases declines quite rapidly. For instance, when we compare columns
(3) and (9) for the third year,.the'GNE-ﬁrice.deflator decreases by .97
points in tﬂe index, and the number of unemployed decreases by 51
thpixsand. lHIOWever, if we compare columns (9) and (15), the GNE deflator
and the numﬂer of unemployed decreases by .64 points and 32 thousand,
respectivelyé and finally, only .37 points and 18 thousand, respectiveiy,
as the weights change from AIII to AIV (columns (15) and (21)).

As a result, increasing.the,weights for the two target variables
relative to the three instruments would help to change the target 1
variables toWard their desired values, but with accompanylng costs of |
changing the\1nstruments away from their desired values. However, a
further 1ncréase in the weights for the target variables relative to
those for the instruments over a certain range would not change, to a
s1gn1f1cant extent, the target variables toward their desired values..ﬁilf‘
| In sum, we have now seen that the changes in the parameters of |
the preference function -affect the results of the optimal strategy in |
a stable fash1on, and 1n51gn1ficant1y for some cases. Furthermore, as
it is hoped ﬁbr, the effective changes ‘are limited w1th1n a certazn

range in the sense that further changes over the range do not affect
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significantly the results of the optimal strategy. This would imply

that a slight mis-specification of the preference function may not be
all important and a less than perfect function could still be useful

for the anéhysis.G

'6This§was pointed out by Roskamp from a theoretical point of

view. Our results would support his argument from the empirical side,

See K. W. Roskamp, "Multiple Fiscal Policy Objectives and Optimal
Budget: A Pro$ramming Approach', Public Finance, XXVI (1971), 361-374.




CHAPTER VII
SUMMARY AND CONCLUSIONS

Fipcel policy‘for economic stabilization is primarily a matter
of regulating aggregate demand so as to be compatible with the dual
targets of full employment and price stability; an expansionary policy

- is applied in order to increase employment, while a contractive policy

is'aeopted to moderate price inflatioﬁ. However, it has been recogniz-
ed .that a galn on the employment front usually implies a loss on the

3 ' ‘ant1-1nf1at10nary front. If it is 1nposs1b1e to ach1eve both targets
of stabzli:ation simultaneously, what would be the 'best" policy to be
adopted? Eor this question to be answered, the pollcy-maker must
evaluate the relative "cost" of unemployment and inflation, and make

, - the”- "best"‘comb1nat1on of them over time subject to the constraints
imposed by‘the given economic structure. This is the basic subject of
- the present‘study.
In Fhapter I, we proposed that economie policy is in essence

an optimiza¢1on - maximization (or ninin1zat1on) of a criterion func-
tion subJect to the constraints, and then we surveyed the basic economle
policy probhem from the historical perspective. In Chapter II, we i
spec1fied the two target variables which are in general referred to as

the dual object1ves of stabillzation. They are, in our study, the

changes in the GNE price deflator ‘and in the number of persons unemployed.
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We also specified three effective instruments: changes in government
efpenditurq on gbods an& sérvices including government fixed capital

| 'formatidn,Jﬁn the personal income tax rate, and in the corporation
income tax Fate. We specified linear constiaints which could be
derived from a given (estimated) structural model. In the constraints,
the target &ariables are explained by the instrumgnts;vnon-instrument
predetermin;d variables, and random disturbance terms, the tafget
variables ﬁhereby being subject to a probability.diétribution. We then
assuméd a ﬁoss-function type of.preferencé function in a quadratic form
in which béth the target variables and the instruments enter as argu-
ments in tﬁe deviation forms from their desired values. It is also
assumed thqt the preference function is well behaved and cardinal in
nature. Since the preference function contains the target variables :
which are, in turn, subject to a probability.distribution, the pre-
ference function itself is subjeﬁt to uncertainty, and hence we proposed,
as the optimal policy, to minimize the expectation of the preference : |
function subject to the constraint.

Chépter 111 was devoted to the‘explanation of the optimal
strategy iﬁ a general form originated by H. Theil, and discussions of
the certainty equivalence theorem. "Finally, we linked Theil's approaqhva
to the optimal strategy to the concept of the generalized inverse of H.-
a matrix ‘Thls linkage is of interest in itself; and, in addition it ;.
provides a\method for computing solutions for optzmlzatzon wh1ch seems
to be moreieff1c1ent tham_Thell's.

In}Chapter IV, we developed an inteimediate size econometric

model of the Canadian economy (eight;en stochastic equations and eight
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identities). All the stochastic equations were eStimated by the least-
squares method and the structurally ordered instrumental varlable
nethod proposed by F. M. Fisher and B. M. Mitchell. The model as
presented above is complete with respect to structure. The solution

to the\model does exist, and the whole syStem works sufficiently well,
at leait for our purposes, as shown by a siﬁulation based on a Gauss-
Seldel\technlque. Construction of a model oot only provides the
constrqxnts required for the optimal strategy, but it is also interest-
1ng and‘important in itself, for the model_portrays the structure of
the Caan1an economy as specified. However, the model developed is not
in the requlred form for the linear constraints; it contains ratios of
varlables, and it does not have target variables on the left-hand side
and thellnstruments, other predetermined varlables and disturbance
terms on the rlght-hand side. Hence, we derived a linearized reduced
form of | the model, from which we obtained the "final form" of the linear
constraﬂnts for the perlod 1967-69. This was done in Chapter V.

In Chapter VI, we combined a11 of the preparations made prior
to this Ehapter, and derived numerically the optlmal strategy for the
period 1967 69 under certainty equivalence decisions using a Qprogrammed)
techn1que of the generalized inverse of a matrix. For this we had to
vnumerica}ly specify the parameters of the preference funct10n° deslred
values of the target variables and the instruments, and the coeff1c1ents
We first speclfied subjectively a range in whlch the desired values
would belong. In the case of the change in the GNE price deflator, we
chosé a ﬁange from a zero to three percent annual change, and then chose

four speq1f1c values corresponding to a zero, one, two, and three

| .
I ¢

|

|

..\.‘\,‘\“
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percent annual change. Similarly, in the case of the numﬁer of un-
employe@, we chose a rahge from a one to three fércent rate of unempioy-
ment, and then chose three specific vgiues corresponding to # one, two, |
and ;hr@e percent rate of unemployment. In the case of the three
inst:umgnts,.we chose one specific desired vaiue for each instrument.

By combining them, we experimented with twe}ve different sets of
deéired%values.

;In the interesg of simplicity, we assumed that the preference
function is a weighted sum of squared deviations of the target
variablqs and the instruments from their respective desired values for
the thre@-year period. Then, since we are concerned only with relative
weigﬁts,iwé assigned, first, a unit value to a one percent deviation of
the GNE ﬁrice deflator from its desired value, with respect to the 1966
level. mhen six different wexghts were tried for the dev1at10ns of the
number of unemployed from its desited values: .25%, .5%, .75%, 1.0%,
1.5%, ang 2.0%, with respect to the 1966 labor force. Similarly, given
a unit value to the deviétion of the GNE price deflator, four different
weights Were tried for the instruments, maintain1ng the relative
weights among the three instruments approximately unchanged

For the first experiment, we arbitrarily chose a specific set
of parameters for the preference function but, it was hoped it would
consist df a typical value for each parameter. The parameters were:

(i) the qe51red values of the two target variables, corresponding to
a two pefcent ahnualkchahge in the GNE price deflator and a two percent
rate of qnemployment, and the one set of desired values of instruments;

and (ii) the welghts for the arguments of the preférence function such
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‘that, given a unit value on a one percent deviation of the GNE price ’
deflator with respect to the 1966 level, the deviations of the -
variablés from their respective desired values which amounted toa .
75 percent rate of unemployment with respect to the 1966 labor force,
$200 million of government expenditure. one percentage point of the
,personal income tax rate, and two percentage points of the corporation
1ncome tax rate were all assigned a unit value.

‘Based on these parameters of the preference function and the
constraints, the numerical solution of the optimal strategy was found
The numerical values of the two tagget variables derived from the
optimalistrategy appeared to be "better" than their "controlled" values
| in the #ense that the optimal values were closer to the de51red values
as a whole and more stable in their movements than the controlled
values.} Also, the numerical values of the instruments move under the |
ootiméllstrategy in a more competible way with improving economic
stabilination than the actual policy; if the future as well as'present'.'
stabilizat1on problem is inflation, they become restrlctive while they
become qxpan31onary if high unemployment is the future as well as the  l
present Main stabilization problem. The future stabilization problem
is also‘involved because the current optinal strategy is determined w1th
full andicipation of the future economic development. ll

| kur results seem to demomstrateithat not only the model develoo;r
ed but dlso the present_approach of the optimal strategy for economic
stabilization are operational, and this,qpproach'to fiscal policy deci-

- sions seems to be more efficient ifi the sense that the standard policy

simulation approach could, in.principle, provide any feasible path and,
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in particular, the optimal paths of the target variables but they
1nvolve a large number of s1mu1at10n runs in the case of multiple
instrume@ts while the present approach prov1des the optimal paths with
considerably less computational effort. '

#econdly, we then carried’out»experiments of optimization under
different parameters of the preference function. We obtained optimal
strateglqs under three dlfferent desired values for the number of
unemplqud and four different desired values for the GNE deflator,
ma1nta1n1pg the rest of the parameters as used in the first experiment. -
It Qas fdund that the results of tﬁb'optimal'strategy were quite stable
under thelthree desired values for the number of unemployed. The results
of opt1m1zat1on were also stable under the four desired values for the

" GNE deflator, though to a lesser degree than under the different desired
values fo* the number of unemployed. °

Tﬁirdly, we experimented with optimization under various
coefficieﬁts of the two target variables, maintaining the rest of the
parameters as used in the first experiment. It was then found that
the chang¢s in the coeff1c1ents of the two target variables influenced

" the results of the optimal strategy in a quite stable fashion, and the
changes over a certain range had little impact on the optimal decisions.
Finally, we~increased the' coefficients for the two target

variables relative to those for the three instruments. It was then

found that the target variables moved, not however to a large extent,
toward thePr desired values, but this raised the cost of changing the
instruments away from their desired values. Moreover, further increases

in the relative wéights.for'the.target variqblés did not change
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significantly the target variables toward their desired values.

The results of our various experiments appear to lead to the
conclusian that the effective changes in the parameters are, more or
~ less, limlted within a certain range in the sense that further changes -
over the%range do not significantly affect the results of the optimal
strategyJ This would imply that a slight mis-specification af the.
,preferenqe function - the weakest element in the optimal strategy
approach‘- may not be all that 1lportant and a less than perfect

functlonicould still be useful for the analysis.




APPENDIX A

\ DERIVATION OF A LOSS-FUNCTION TYPE PREFERENCE FUNCTION

. Suppose that the policy-maker has a preference function as

(A.l) ‘ U= U(x, y)

i ;
where, it should be noticed, x and y are tedefined as an instrument and

a targetivariable, respectively. We shall assume that the preference
fhnction}is comparative and transitive, so that the set of all fully
specified arguments has a complete preference ordering.

ft is assumed that the policy-maker has certain desired values
for the instrument and theAtargét variable and the corresponding desired
value 6fjhis preference function. However, such desired values of the
instrumeﬂt and the target &ariablewliy»not‘in general be realized
simuitahéously because they are ¢qnsfr§ined by the economic model. In
other wo£ds the desired‘instrunent value‘ﬁay not be compatible with
the desiqed value of the target variable within a given economic struc—
ture. Tﬂ1s incompatibility may be in general unavoidable as soon as we
take intﬁ account uncertainty,'uhich is represented by the stochastic
terns in the economic model. This occurs because the deterministic
desired value of the target variable is unlikely to be identiéal with

the stochastic value that follows from t@e:écbnomic-model, given the

desired instrument value. Under these circumstances, rational behavior

g,
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which has been introduced into the economic i?terature is to minimize
the devﬂations between the deéired values and actual values.l' Thus,

the newiprefe?ence function, which is the difference between the desired
: ind actJal values of the original préfbrence function, becomes a func-
tion of%déviations between ﬁhe desired and actﬁal values of the instru-
ment anqjthe target variable, This can be proved in the foliowing way,
Suppose Fhe'desired value of thevprefbrence fhnction is given by

(A-2) % U* = U(x*,y*)

where x* and y* are desired values of the instrument and the target
variable respectively, and U* is the corresponding value of the policy-

maker's preference function. Subtracting (A.2) from (A.1), we get
, .

(A.3) w =0 -U* = _U(x9 y) - U(X*\,)'*)

If.we exﬁand U=U(x, y) by mean§ of the Taylor expansion, we obtain

A8) UG, y) = UGxRY*) + Up(eny) (x = x*) + Uy (et,y*) Oy - y) |

e 5{Upy (x*,y*) (x - x0)2 + Uyy (x*,y*) (¥ - y*)? )

* Ugy (y) (x = X0 = y*) ¢ Uy () (3 - y*)(x - x)) S
+ 1/3 Uy (x%,y*) (x - x0)3,. )0 /ntu_ (x*,y*)(x - x)P.L)

U 2%y 2%y . i
where U.x f 5;3 Uxx = ;;53 ny = 5;3;; etc. From this we can see eas1}y 

that W = b(x, Y) - U(x*,y*) is a function of deviations of instruments -

and targe& variables from their desired values. The two arguments x and

|
-

!

: IH. A. Sihén, "A Behavioial Model:qf Rational Choige,' in Models
of Man, (New York: John Wiley and. Sons, 1957), Ch. 14.°
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Yy can be extended to m instruments and n target variables., The quadratic
preferqnpe functiop involves the first three terms of (A.4), eicluding

|
the term U(x*,y*), and hence using the expansion only as far as the

quadratic term.

i
|
.
i
|
|
i
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