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ARSTRACT:

To provide a logical framework for the comparison of various
methods of kinematic flood routing a general method of kinematic
flecod routing is developed. After presenting the general framework,

the properties of the numerical model are investigated by:

1. Algebraic examination of the finite difference scheme,

2. Numerical experiments using a high speed digital ciomputer.

3. Comparison of the kinematic flood routing results with
results of simulations using the complete one dimensional
dynamic representation,

Parti’cular facets of the numerical kinematic model that were

studied included:
1. The stability of the numerical schematizations,
2. The degree of approximation with the finite difference

system,



/ 3. The applicability of kinematic methods to unsteady flow
systems.

4, Methods of extending the kinematic solutions to predict
attenuation as well as translation of the flood wave through
the channel systems.

The results indicate that kinematic flood routing methods
differ primarily in the point about which the finite difference equa-
tion is formulated, hereafter termed the nucleus, and that the general
framework is capable of emulating such methods as the Muskinghum
Method, other non-linear kinematic methods and reservoir routing.
By varying the Jocation of the nucleus the stability and degree of
approximation is significantly altered. This results in the outflow
hydrograph being sensitive to the location of the nucleus and the
size of the finite difference steps.

T a facilitate further research and application of the methods
outlined in the thesis, a computer program was developed to enable
kinematic flood routing to be performed in a natural channel with
arbitrary geometry, Furthermore, the data is compatible with a
program that is capable of performing a flood routing analysis using
a numerical solution of the complete Saint-Venant equations. Doc-
umentation of the computer program for kinematic analysis is included

with this thesis,
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CHAPTER 1

INTRODUCTION

Flood routing is the process of calculating the deformation
and position of a flood wave as it passes through a body of water
with a free surface, Fluctuations in the level of this surface pro-
vide temporary changes in storage which in turn give rise to some
reduction in the flood peak. In the recent past there has been a con-
siderable amount of effort directed towards the development of efficient
methods of performing these types of calculations. The main reason
for the interest in this particular type of unsteady flow phenomena
may be the multitude of ways that this natural and sometimes man
made occurrence affects the life patterns of humanity.

The primary usage of flood routing techniques is frequently
associated with catastrophic floods, the objective being to estimate
the magnitude and/or depth of the flows that may be expected at
particular locations. The utilization of flood routing Calculations‘for
flood warning purposes is however just one of a number of functions
that these mathematical tools can perform. For example, the analy-
sis of unsteady flow in river systems may be a vital part of the day
to day operation of a2 hydro-electric scheme on a multi-purpose water-

way. The usc of these algorithms as an operational tool may also aid



in the efficient manipulation of flow control structures so that water
is available for power generation, shipping and recreational purposes,
without causing undue fluctuations in water levels or causing sudden
surges in the channels.

The use of flood routing techniques as a planning and design
tool must not be overlooked, Flood routing techniques are beneficial
in analyzing a river system which is being developed or modified
and thus ensure that adverse side effects and environmental impact
are minimized, Alternatively, the analysis of an existing watershed
may be useful in the development of land zoning bylaws to prevent the
construction of expensive structures in areas subject to flooding,

Currently there is increasing interest in the establishment
of such flood plain maps in semi-urban areas. In such locations the
incidence of highway culverts and bridges result in the formation of
a chain of '"reservoirs' along short, relatively steep watercourses
and it is essential to have an economic and reliable tool for the analy-
sis of such systems.

Just as there are a large number and diverse types of prob-
lems that are tackled by flood routing algorithms, there are numerous
approaches to performing the actual computation, Two general classi-

fications may be used to identify flood routing techniques. These are:



' 1, Hydraulic techniques. The methods that fall into this
classification are usually founded on the two laws that
govern unsteady flow; conservation of mass and conser-
vation of energy or momentum,

2. Hydrologic techniques. These algorithms frequently do
not employ the rigorous equations describing unsteady flow,
but instead attempt to model the system by the use of equa-
tions that yield results similar to the observed phenomena,

The correct classification of a particular approach to flood

routing may be very dependent on the system being simulated. For
example, if a flood routing method is formulated from the partial
differential equations which describe unsteady flow, but with several
of the time variant terms ignored, the approach could be classified

as hydraulic if the exclusion of the terms is justifiable, However, if

a system were encountered where it was not realistic to neglect some
terms, the algorithm would fall into the hydrologic classification,
Kinematic flood routing methods are a particular example of techniques
which may be classified as either hydraulic or hydrologic.

Kinematic flood routing is a generic term which identifies a

broad class of numerical methods used to route flood waves through
a channel or waterway. Flood waves which behaved in a kinematic

fashion were observed on the Mississippi River by Seddon (1900).



Thg term kinematic was applied to the particular phenomena by
Lighthill and Whitham (1955) for the reason that the equations are
described in terms of velocities rather than forces,

Frior to Lighthill and Whitham's presentation, storage-
routing methods, which are special cases of kinematic routing, were
employed by engineers and researchers. This was necessitated by
the prohibitively large computational load imposed by a solution of
the equations which describe the conservation of energy and mass.
Even the simplified approaches were oftimes fraught with problems
associated with excessive amounts of calculations, This led to the
use of large time and distance steps in the numerical methods which
in turn created stability problems in the numerical calculations,

With the advent of the high speed digital computer, it be-
came feasible to tackle unsteady flow problems using a hydraulic
approach, At the same time, attention was directed towards pro-
gramming kinematic algorithms so that solutions could be obtained
using the computer., This has resulted in a variety of techniques for
approaching the problems. Because the hydraulic methods of analysis
are usually founded on the momentum and continuity equations, these
methods have a relatively unified basis on which they may be compared,

It seems that kinematic flood routing algorithms are not as

clearly set in a logical framework for comparison, even though they



are all founded on the continuity equation. Thus, the primary pur-
pose of this thesis is to develop a general framework that may be
used to compare the various kinematic algorithms,

The usefulness of a numerical technique depends not only
on how well it models the physical phenomena; but also on the famili-
arity of the user with the characteristics of the algorithm. This aids
the user by providing information that will allow the user to identify
the limitations of the model and particular properties of the model
that may be used to an advantage. In addition, a thorough understand-
ing of the computational tool being employed is necessary to differ-
entiate between physical phenomena that are predicted and numerical
phenomena, the result of instability, numerical error or poor conver-
gence characteristics, which do not truthfully represent the actual
physical system. Thus a second objective of this thesis, after devel-
oping the general framework, is to investigate the numerical charac-
teristics of the algorithm,

To provide a verification of the theoretical studies of the
general kinematic flood routing method, a series of numerical experi-
ments are presented for purposes of demonstration and comparison,
These computer simulations are also utilized to demonstrate the accur-
acy of kinematic simulations when representing dynamic physical systems.

These numerical experiments provide a comparison to determine the



limits of kinematic algorithms and this investigation of the practical
limitations of the kinematic methods is another of the thesis objec-
tives. An explicit finite difference representation of the momentum
and continuity equation is utilized to provide a data base for compari-
son purposes,

The application of a kinematic method to a particular prob-
lem may require the use of specific types of kinematic flood routing,
for example, lag and route, Muskinghum floocd routing, or reservoir
routing. After studying the general method, several chapters are
devoted to studying non-linear cases of these problems and a com-~
parison of the results with dynamic simulations. The primary
objective is to determine not only the useful ness of the various
methods; but also to identify the effect of varying the step size in
finite difference analyses and the effects of non-linearity.

The final objective of the study is to provide an efficient
and versatile computer program that will enable a user to pexrform
the various kinematic flood routing computations. This has been
accomplished and a chapter is devoted to describing the development
and use of the computer program. Designed tobe used in a time-
shared mode, the program is compatible with the Civil Engineering

Program Library to allow casy access to the completed program.

6



CHAPTER 2

THE DYNAMIC SOLUTION

To provide a precise data base against which alternative flood
routing methods may be compared it is necessary to have a means
of generating the time history of flows resulting from inflow of a
specified hydrograph to a known channel system. The use of natural
channel systems to provide a data base can be immediately ruled out
due to the complexity of both system and input, the inability of con-
trolling flow parameters and the expense of monitoring flows at
downstream sections A laboratory facility of sufficient scope and
flexibility was not available and it was therefore decided to substi-
tute a numerical model capable of generating the required data base
with reasonable accuracy for systems of simple geometry.

The mathematical analysis of unsteady flow phenomena is
founded upon the partial differential equations based on the laws of
conservation of mass and linear momentum, Methods of solving
these eqnations to yield values of flow depth and quantity at any de-
sired point in space and time are numerical in nature (as opposed to

analytical) and consist of the solution of finite difference formulations



of the partial differential equations. This chapter is concerned with
the discussion of the method adopted in this study to obtain such a
solution,

A brief description of the literature and alternate schemes for
analyzing unsteady flow is provided prior to presenting the method
used in this study. Following the description of the finite difference
formulation, the sensitivity tests used to verify the numerical model
are outlined. The conclusions summarize the findings that the al-
gorithm was capable of ﬁroviding the data necessary for comparing

alternative methods of flood routing.

2.1 THE EQUATIONS

The equations describing unsteady flow may be written as fol-
lows:

The Momentum Equation:

Sh ) ( Q? | 8Q
—— o— P —— + = ]
™ + ™ 29A2) + Sf 0 (2.1)

The Continuity Equation:

5Q  psh _ _

— + W emnsnt = 2-2

5% st (22)
Where: x = distance

t = time



h = water surface elevation

Q = flow rate

A = area of crcss section

g = acceleration of gravity
Tw = surface width

q = rate of iateral inflow

Sf = slope of the fricton line

The derivation of thes¢ equations, often called De Saint Venant's
equations, may be found in numerous books. Several of these are
Stoker (1957), Chow (1959), and Henderson (1965). The first two
terms in equation 2.1 descrive effects caused by nonuniform flow,
Results of unsteady conditions are reflected in the third term which
describes temporal acceleration. The effect of friction is modelled
by the slope of the friction line. Terms in the continuity equation
(equation 2. 2) describe the change in flow rate along the channel,
the rate of change of storage, and the amount of lateral inflow.

Because ne analytic solution has beer found for the partial
differential equations which describe unsteady flow conditions, fi-
nite difference techniques must be used. Previous to the advent of
the high speed digital computer it was not practically feasible to
obtain solutions of these equations. In special cases, the method

of characteristics was employed. However, the amount of calcu-
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lations required for this relatively rapid method of solution limited
its use. With the increased availability of high speed digital compu-
ters, it has become possible to solve the partial differential equa-
tions using numerical techniques. Still, the use of these methods
may be rather difficult and expensive due to problems of stability
with some formulations and the expense involved in programming
and operating the computer,

Numerical solutions of De Saint Venant's equations do have
several advantages. These equations provide an accurate descrip-
tion of the one dimensional flow system and enable the user to ob-
tain very detailed information about the wave shape and its position
during the time in which the wave is being propogated along the
channel. It is beyond the scope of this chapter to provide an ex-
haustive comparison of all the various techniques used to solve the
equations which describe unsteady flow. However, a short section

giving a general description of several techniques follows.

2.2 DISCUSSION OF NUMERICAL METHODS

There exist two general methods of obtaining solutions to
the partial differential equations. These are direct methods and
characteristics methods, The partial differential equations describ-

ing unsteady flow may be rearranged in the form of four ordinary
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diff’erential equations. Two of these equations define characleristic
lines, paths of energy transfer, while the two other equations define
energy change along the characteristic lines. Applying finite differ-
ence techniques to these equations is termed the characteristics
method. Alternately, finite difference formulations of the partial
differential equations may be used to provide solutions. This is
known as the direct method.

The finite difference techniques used to solve either charac-
teristics or direct methods may in turn be classified as explicit or
implicit. An explicit method provides for a specific solution for an
unknown quantity while an implicit technique requires the solution
of several similtaneous equations to provide the values of a number
of quantities. In both methods, the object is to obtain values of flow
rate (or velocity) and water surface elevation (or water depth) at
discrete points on a space-time diagram. Figure 2.1 shows a space-
time diagram with a staggered rectangular grid. The solution pro-
gresses from the known initial conditions through successive incre-
ments in time, Thus, conditions along the channel at time "'t'" are
used in conjunction with the boundary conditions to find the solution
at time "'t + At".

The type of boundary conditions encountered depends on the

physical system being simulated. If flow is subcritical there is a
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boundary condition at the upstream and downstream limits, Typi-
cally, the upstream boundary would be an inflow hydrograph while the
downstream condition would be water surface elevation as a function
of time and/or flow rate. When supercritical flow is encountered

the boundary conditions are found only at the upstream limit,

The type of grid used on the space-time diagram is related to
the type of solutions used. A characteristics solution, which results
from applying finite difference methods to characteristic equations
may be used with an irregular grid defined by intersections of char-
acteristic lines or may be applied to a rectangular grid, The direct
methods are usually used with a regular rectangular grid; the stag-
gered rectangular grid being used primarily with explicit formulations
of the direct method,

The attributes and drawbacks of various methods are briefly

outlined in the following paragraphs.

2.2.1 Characteristics Method.

This method is believed to solve a given space-time diagram in
the least time. More accuracy is claimed, especially where the flow
varies quite rapidly as the solution progresses along the paths of
energy transfer (characteristic lines), The answers are not provided

at fixed points in time or space, which is a disadvantage when informa-
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tion at a particular time or location is required. This difficulty can
be overcome by using a method of characteristics which solves for
fixed points on a space-time diagram, Several other factors that
favour the use of characteristics methods are:
1. The solution is more stable when flow conditions are super-
critical,
2. The case of a flood wave propagating down an initially dry
stream bed is more correctly modelled,
3. Characteristics methods are the most accurate methods
of modelling rapidly varied flow as the characteristics lines
are closer in regions of rapid variation,
References are: Amein (1966), Henderson (1965), Woolhiser

and Liggett (1967), and Yevjevich and Barnes (1970),

"2.2.2 Direct Method.

This method is widely used due to the relative ease of algebra-
ically expressing the various equations and the subsequent reduction
of programming difficulties. Answers are provided at fixed points in
time and space which is convenient for interpretation of results. The
disadvantages of direct finite difference techniques are that explicit
versions are subject to stability problems especially when there are

rapid variations of flow or if supercritical conditions are encountered.
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Stability problems have been overcome by using implicit algor-

ithms.
References are : Woolhiser and Liggett (1967), Smith (1968),
Amein (1968), Amein and Fang (1970), Yevjevich and Barnes (1970),

and Walden (1973).

2.3 NUMERICAL METHOD USED IN THIS STUDY

In choosing a numerical method to use as a base for compari-
son with approximate mgthods, preference was given to an algorithm
which would provide the necessary accuracy with a minimal amount
of computer programming. As initial tests were going to be made
using rectangular channels, stability would not be as difficult a prob-
lem as would be encountered with a natural non-prismatic channel,
Thus, an explicit method which used a staggered mesh on the time-
space diagram was employed, This scheme had been successfully
used in a similar situation where the channels were very nearly pris-
matic., James and Horne (1969), Smith (1968). In addition experi-
ence had been obtained with this method in conjunction with classroom
studies. Thus, a small computer program was available which could
be easily adapted to the present study.

The staggered mesh used by this method is shown in figure 2, 1.

An inflow hydrograph was used as the upstrecarn boundary condition

15
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while the downstream condition for subcritical flow was assumed to
be uniform flow. Initial conditions consist of a horizontal row of
known flow rates att ==AT/2 and a horizontal row of water surface
elevations specified at t = o, The row of flow rates is displaced
AX/2 upstream from the known water surface elevations,

For time AT/2 , the momentum equation is applied to a
point under the first unknown flow rate downstream of the upstream
limit, The unknown value is calculated using 'the initial conditions
and the upstream boundary. This calculation is repeated as the pro-
cess moves in the downstream direction, The previously unknown
value is treated as the upstream boundary condition in calculating the
next unknown flow rate. Figure 2.2 shows the \.;vay in which the dynamic
equation is applied. When the downstream limit is reached, time is
incremented by AT/2 , the downstream boundary value is obtained
and a series of calculations is begun in the upstream direction, This
time, the continuity equation is applied to a point below the first un-
known water surface elevation upstream of the downstream limit,
After the unknown elevation is determineq, the calculation is repeated
a‘t the next upstream location, Again the previously unknown value is
used as the downstream boundary condition in predicting the next un-
known. Figure 2,3 portrays the application of the equation of contin-

uity. When the upstream limit is reached, time is incremented by AT/2
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a new value for the upstream boundary is obtained, and the cycle
begins again with the application of the momentum equation in suc-
cessive steps moving downstream.

By repeating the previously described cycle, a time history of
flow conditions along the channel may be cbtained, The computation
is stopped when a defined time is reached or when a nearly steady
state is reached after a flood wave has passed through the channel,
The cost of computing is related to the number of iterations required
to fill the time space diagram and the amount of calculations in each
cycle. When only the outflow hydrograph is desired, this method may
seem to be quite wasteful due to the amount of unnecessary data which
must be generated. However, it will be shown later that some methods
of finite difference solution of unsteady flow can be relatively inexpen-

sive,

2.4 FINITE DIFFERENCE FORMULATION OF THE UNSTEADY

FLOW EQUATIONS

The first step in the solution of a problem requiring the solv-
ing of partial differential equations by a finite difference method is
to express the partial differentials as finite differences. This was

done in the following manner. The momentum equation is:

Sh & ( Q? ) | 8Q
— — + —— + Sf= 0 2.3
5x  Sx\2gA? gA &t (2.3)
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Where:
o 2 2%
_.(_9._2) . _ QoA 9_2§9. (2.4)
§x\2gA g A3 bx gA®dx

and
oA dh dA
—| = [ L (2.5)
dx lt=constant ox dx | h=constant

Substituting equation 2. 5 into equation 2. 4
5_( Qa)_QZT‘véﬁ_"._in‘_& Q3 54
dx\2gA%/ gA ox  gA®Sxlh=constant gAZéx

From the continuity equation, assuming lateral inflow is equal

to zero.

oQ dh

ox ot (27)
oQ dh

— = =T— .
e w (2.8)

Thus
8%, hih (2.9)

gA%6x  gAZdt
The dynamic equation may now be rewritten in the following manner

h _Q*Téh _ Q%A QT,6h 1 8Q

— o — —— G O— —

- > — f= (2'0)
6x gA%x  gA’Sx | h=constant gA%5t gA St 510
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Figure 2.2 shows an enlarged portion of the space-time diagram.
The momenturmn equation is applied at point "A", Q(K, L) is unknown
and all the data is known for points on rows below Q(K, L). In addi-
tion, information is available for points on the L row to the left of
Q(K, L) thus the following approximations can be made

éﬂ H(I,J) = H({I-1,J)
oX AX

(2.1

8h _  H(I-1,0)- H(I-1,J-1) + H(I,J) - H(1,J-1)
&1 2AT

Q@ Q(K,L) -QlK,L-1)

5t AT

As this portion of the study is limited to rectangular channels

(2.12)

(2.13)

with uniform slopes, the following approximations are appropriate.

A= Tx (H(I,J)- B(I) + H{I-L,J)-B(I-1)) /2 (2.14)

5A  _ B(D-B(I-])
oX AX

(2.15)

Where:

B = invert elevation at the section.


http:Tw------(2.15
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Describing the slope of the friction line by Mannings equation

results in the following expression.

_Q(K,L)x QMK L-1 )| x n?x P4/3

2.21 x AY3 (2.16)

Sf

Where: n = Mannings roughness coefficient
p = Tw+{H(I,J)+H(I-1,J) - B(I}-B(I-))

Using the absolute value of the known flow rate gives the energy
slope term the same sign as the unknown flow rate, Thus, flow rever-
sals which do not occur in a rapid fashion can be modelled with this
scheme,.

.Rewriting the momentum equation in terms of finite differences

yields the following:
(l_ Q(K,L)Q(K,L—I)Tw) o R~ HI-1,0)
g A3 AX

kLKL B(D-B(I-)
gA® AX

_Q(K,L)+Q(K, L1 ) o T R =H,J-1) + K1) - KO-, )
2 gA? 2AT

S

+ L QKL -alK, L)
QUK,L) x |Q(K,L-1 }jx n2 x P4/3

> 215 A3 0 (2.17)




Solving for the unknown flow rate produces the following ex-

pression,

H(1,J)-H(I-1,J)
AX

.
- Q(K,L-l) ——
, ( )gAAT

Q(K,L) = <

4 QLT | HU-1 ) - HUE-LJ-) + H(I,J)-H(I,J-I))/
2gA® 2AT

Q(K,L-DTw _ H(I,J)-H(I-,J) Q(K,L-1) B(D)-B(I-))
X + e X ——
gA’ AX ghA3 AX

Tw X H(1-1,J)=H(I-1,J-1)+H(I,J) - H(I,J-1)
2gA® 2AT

(2.18)

11Uk, L=Nix n?x P43
gAAT 2.21x A%/3

The continuity equation is applied in a similar fashion. As-

suming no lateral inflow, the continuity equation is:

LN L (2.19)
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Applying this equation at point "B' on the space-time diagram

of figure 2, 3 allows the following approximations to be made:

5Q _ Q(K,L)-Q(K-1,L)
'8x AX

(2.20)

sh _ H{I-1,0)-H(I-1,J-1)

ot AT

(2.21)

Thus the continuity equation in finite difference form is:

Q(K,L)-Q(K-1,L) H(I-1,d) - H(I-1,d-1) _
X + Tw T =0 (2.22)

The unknown water level is given by the expression:

AT(Q(K,L) - Q(K-1,L))

A X (2.23)

H(I-1,J) = H(I-1,J-1) -

2.5 DISCUSSION OF THE FINITE DIFFERENCE SOLUTION

After a finite difference scheme has been developed, it is nec-
essary to determine the limitations of the method. Numerical stabil-
ity, convergence properties, the degree of approximation and the dis-

cretizalion errors are factors which influence the way in which the



algorithm may be used. Numerical stability is a property of the
numerical method which keeps errors from concealing the true sol-
ution, Convergence is a measure of the accuracy with which a finite
difference equation will represent the partial differential equation
as AX and AT approach zero. Another measure of the accuracy of
the numerical solution is the degree of approximation, The discret-
ization errors represent errors caused by replacing a derivative.(a
tangent) with a finite difference (a chord).

The finite difference algorithm must first be numerically stable
to be useful as a tool. An unstable formulation will allow small errors
to grow unbounded which in turn will mask the true solution. Some
algorithms are unstable, others are conditionaﬂ}sta.ble. Stability in
explicit formulations of {finite differences is largely dependent on the
size of time step used in the calculation. This has been demonstrated

by the Courant Condition which is:
y AT

+ e A
(v+C) N I (2.24)

Garrison et. al. (1969) reported that another condition must be
satisfied for a particular explicit scheme to be stable., The additional

constraint is;

anIVIAT

2.21R¥? (2.25)

AT
(v + C)A>< 2 -
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For the present study, a pragmatic approach to determining
the stability properties of the numerical scheme was used. A short
description of the problem used in the tests is outlined i1 the follow-

\
ing paragraphs.

To facilitate easy computation, a rectangular channel was used
as a prototype. Figure 2.4 shows a picture of the channel similar

to the one used in this study. Channel properties were as follows:

Length = 50, 000 ft,

Width = 100 ft.
Depth = 20 ft,
Slope = varied for various executions
n = varied for various executions

The upstream boundary condition was a symmetrical triangular
hydrograph. Figure 2.5 shows the characteristics of this hydrograph,
Downstream control was assumed to be uniform flow depth for the

{flow rate of the previous time step.

Equal increments of AX were used in this analysis. By enter-
ing the number of subreaches into the program, AX was computed by
dividing the total length by the number of subreaches, Further docu-

mentation of the computer program is provided in Appendix "D",
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During the execution of the program, T was held fixed at a

value determined by the following relationship:

. AT ‘

(V+Clo<r e 2 {2.26)
AX

Where: v

full bank velocity

0
1}

full bank celerity

zZ

an arbitrarily chosen constant between 0 and 1
The constant, Z, is known as the Courant Number. It is defined
as the time step used for the computation divided by the time step
which satisfies the Courant Condition. The value of the Courant Num-
ber was reduced until no instabilities were detected. Results of sev-
eral runs are shown in table 2.1, With Z = 0. 67 the first test showed
signs of instability on the falling limb of the hydrograph. Putting

Z=10.5 resulted in a hydrograph which showed no signs of instabil-

ity. Increasing the slope to 0.001 and executing the program with
Z=0, 5 resulted in an unstable solution which terminated the job. The
problem was successfully tackled with Z=0.25. This does not appear
to agree with the stability conditior; as reported by Garrison., As the
slope increases, the size of the Z value should decrease, this is in
agreement with the condition of Garrison. However, their formula
predicts that as the roughness coefficient n increases, the value of

7Z should also decrease. These tests indicate that as n increases
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TABLE 2.1

STABILITY TESTS OF EXPLICIT METHOD

Slope n Z Comments

0.0002 0.0149 0.67 | slight signs of instability
0.0002 0.0149 0.50 stable

0.0010 0.0149 0.50 unstable

0.0010 0.0149 0. 25 stable

0.0010 0.0322 0.50 stable
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value of Z should also increase, It appears that:

f(l—/—g—) (2.27)

n

The sensitivity of the solution to changes in AX and AT is

related to the way that the finite difference equation approximates the

differential equation and to the discretization errors,

The degree of approximation is obtained by substituting a Taylor's

Series expansion into the finite difference solution and observing how

well it represents the partial differential equation. Appendix HB

contains the calculations which show that the momentum equation is

represented by the finite difference equation in the following manner:

2 )
.6.!'. +.6_ Q 5] + 1 oQ + Sf + 0(AX2 AT?) =0 (2.28)
ox  Odx\2¢gA gAdt
Similarly the representation of the continuity equation is:
5’_9. +A£‘i\. + O(AX2 AT?) = § (2.29)
ox &t

Several executions of the computer program were performed to

determine the efiects of approximation errors and discretization errors

as

AX and AT vary.
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Table 2, 2 contains vital data from several executions which
demonstrate the changes caused by varying X and AT,
Based on a comparison of peak values, it appears that the solution is
sensitive only to the value of AX used. The lack of sensitivity
to changes in AT can be attributed to the fact that stability cri-
teria are a more stringent constraint than are convergence require-
ments, The stability criteria also makes AT a function of AX
with the result that convergence appears dependent on AX.

Figure 2,5 shows the inflow hydrograph and a typical outflow
hydrograph obtained using the finite difference analyses.

A check was provided by comparing the results with an impli-
cit method developed by Walden (1973) with those provided by the ex-
plicit method described in the report., These results are presented
in table 2.2,

Further checks were provided by using an example proposed by
Thomas {1934). Amein (1967) shows the results of routing a flood
through a very wide channel using characteristics, a direct explicit
method and a direct implicit technique. The channel had a slope of
one foot per mile and 2 Mannings n approximately equal to 0.03.
The inflow hydrograph was sinusoidal with an initial flow of 50 cfs/ft

width, a peak flow of 200 cfs/ft. width, and a time base of 96 hours.
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TABLE 2.2

SENSITIVITY TESTS OF THE EXPLICIT METHOD
AND COMPARISON WITH IMPLICIT METHOD

Time of Time of
AX Z AT Maximum Maximum Maximum Maximum
(Ft) (Secs)) Flow Flow Depth Depth

(hrs.) (cfs) (hrs.) (£t.)
1000! 0.50 4.8 2.274 12537 2.620 15. 858
2000 0.50 29.7 2.290 12577 . 2.636 15. 841
5000 0.50 74. 2 2. 348 12619 2.636 15. 850
2000 0.25 14. 8 2.295 12551 2.636 15. 843
2000 0.50 29.7 2.290 12577 2.636 15, 841
2000 0.67 39.7 2.296 12602 2.628 15. 845

%2000 10.2 600 2. 330 12565 2.50 15,14

Slope = 0,0002
= 0.0149

All data from a station located 40, 000' from the start,

*Implicit method

1%
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These results are presented in table 2. 3 along with results
obtained from the direct explicit method utilized in this report,
Based on these results it can be seen that the method used in this
thesis are less sensitive to change in AX and AT than the other
methods reported by Amein (1968). This may be due to the size of
binary word used by the computer. A large binary word will reduce
errors due to truncation in the numerical calculation. Other differ-
ences may be explained as follows: Using a staggered mesh, which
displaces the inflow hydrograph AX/2upstream, may explain why
the peak is predicted at a slightly later time, Reducing the size

of AX causes the peak to occur at an earlier time. Varying the time

step has only a small effect on the time of the peak,

2.6 CONCLUSIONS

After studying the various numerical methods of solving the
partial differential equations which describe unsteady flow, a direct
explicit scheme was utilized to provide a precise data base for compar-
ison of alternative flood routing methods. From tests to determine the
stability and convergence properties of the finite difference formula-
tion the following observations have been drawn:

1. To insure stability of the numerical solution, the size of

the time increment must be reduced to a value which is smaller than



TABLE 2.3

CONMPARISON OF RESULTS FOR FLOOD ROUTING METHODS

DEPTH AND TIME OF ARRIVAL OF PEAK FLOW

AT 200 MI STATION

Method AX AT Depth | Time of Arrival
Mi Hrs Ft Hrs
Explicit 5 0. 05 28. 6 76.0
(As per Amein) 5 0.10 28. 6 76.0
10 0.15 26.9 76.0
10 0.20 26.0 76.0
Characteristics -- 0.2, 0.4 29.0 76.0
0.8, 1.2
-- 2.0 28.6 76.0
-- 2.5 26.9 76.0
3.3 26.0 76.0
Implicit 5 0.5, 1.0, 29. 11 L 76.0
2,0, 3.0
5 5.0 29,13 76.0
5 10.0 29.20 76.0
10 0.5, 1.0 29,11 76.0
1.5, 2.0
Explicit 5 0.10 29.18 76,70
(As used in 10 0.15 29,18 76.95
this report) 10 0.20 29.18 77.00




that required to satisfy the Courant Condition. The Courant Number
was used to define the size of the time step. This number, which is
the size of the time step used divided by the time step implied by the
Courant Condition appears to be inversely proportional to \/é-/n .-
As n increases, the Courant Number may also increase and as \[§
increases, the Courant Number must decrease to insure stability,

While a smaller size of time step increased computation costs,
it was still economically feasible to perform the required computa-
tions. Using a CDC 6400, only 36 seconds of central processor time
were required to route a flood down the rectangular channel when it
was divided into 25 sections each 2000 feet long and with Z = 0, 5.

2. Sensitivity tests and theoretical analysis show that the
solution of the equation is sensitive to the size of AX and AT.
However, the variation of the solution was deemed sufficiently accu-
rate for the purposes of this study. The variation in the peak value
was less than 1%. Also, the variations between alternate flood rout-
ing techniques are on a larger order of magnitude.

3. Comparisons with other finite difference schemes. which
have been successfully employed, show that the method used in this
study compares very favourably in representing unsteady flow in a

system with simple geometry,
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Thus it was concluded that the numerical model will provide the
data base which is required in the study of alternative flood routing

methods.,
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CHAPTER 3

THE KINEMATIC SOLUTION

Kinematic flood routing is a generic term that identifies a class
of methods for calculating the deformation of a flood wave as it passes
through an open channel such as a river reach or man made conduit,
These methods are based primarily upon the continuity equation and the
assumption that there exists a single valued function relating flow rate
to the physical properties of the channel. The popularity of these
techniques can be attributed to the relative simplicity and low cost
of obtaining solutions, especially before the widespread availability
of the high speed digital computer lightened the computational load
imposed by a complete solution of the momentum and continuity equa-
tions.

A literature review revealed numerous approaches to solving the
continuity equation using either direct finite difference methods or
characteristics techniques, This chapter attempts to provide a stand-
ard basis for comparison of the various algorithms by developing a
general framework against which the different kinematic flood routing
techniques may be compared. The first portion provides a review of

the theoretical background of waves and shows the development of a
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general direct numerical method of kinematic flood routing., After
discussing several special cases of kinematic flood routing and show-
ing how they fit into the general method, a section is devoted to sensi-
tivity tests of the numerical algorithm to determine limitations imposed
by convergence properties, numerical stability, the degree of approx-
imation and discretization errors.

Studies were carried out,by the writer, of the practical limita-
tions of kinematic techniques in modelling physical systems and the
validity of assuming single valued rating curves. These, however,
are not discussed in this chapter but are reported later in the thesis,
The chapter ends with several suggestions for further study and a
summary of the results of various theoretical considerations of the

general kinematic method.

3.1 THEORY

Seddon (1900) was one of the first to report on what are now termed
kinematic waves, His observations of flood waves on the Mississippi
River formed the basis of his classical report. The term 'kinematic
wave'' was applied by Lighthill and Whitham (1955) in a paper which
provided a thorough discussion of the theoretical background for the
phenomena. This paper outlined the basic assumptions used

in their study of kinematic waves,
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Briefly these assumptions are as follows:
1. The channel flows may be assumed to be incompressible
and one-dimensional, i.e,, zero flow component normal
to the flow direction,
2. For each point in the channel there exists a single valued
relationship between the flow rate and the cross section area
The continuity equation which describes the phenomena is written

in the following manner:

5Q A
aru— — = a (3~|)
TERTI

Where: Q = flow rate

A = Area of cross section
g = rate of lateral inflow
x = distance

t = time

For the case of no lateral inflow, equation 3,1 can be written as:

dQ &y dy

—_—— ¢ — =0 32)
dy &x Yot (



4]

Where: Ty= top width

y = depth of water

To an observer moving downstream with a speed equal to the
velocity of propagation of the wave, both depth, y and discharge,
Q will appear to remain constant. Thus the total derivative of depth

dy/dt is zero. Therefore:

dy _dxdy oy
dt ~ ~ di §x 8t - (3.3)

Substituting for dy/dt in equation 3. 2 yields:

& 14,49 (3.4)

dt ~ Tdy dA
That is, the wave velocity is equal to the slope of the curve relating
flow rate and cross section area. (See Figure 3.1 for example.)

In Chapter 2, characteristic iines were defined as the paths in
a space-time co-ordinate system along which changes in flow para-
meters may be described by ordinary differential equations. For flow
situations described by the dynamic equation it can be shown that two
sets of characteristic lines exist, being projected in the upstream

and downstream direction respectively.
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FIGURE 3.1

RELATION BETWEEN WAVE VELOCITY AND STAGE FOR A
TRIANGULAR CROSS SECTION
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+ .
(_9_*_) SRV L (3.5)
T T

.g_x_): C_= V - g—A- (3.6)
dt Tw

In the kinematic wave situation only one set of characteristic

lines exists--those projected in the downstream direction along paths

defined by
+
—‘15) - A (3.7)
dt dA

From equation 3. 4 it may be seen that wave velocity is a function
of the depth of flow alone and therefore kinematic waves are non-
dispersive and do not attenuate. However, they do change shape as
a result of a variation of wave velocity with depth, The slope of the
stage-discharge curves dQ/dA is usually steeper with higher flowrates.
Thus higher flow rates (stages) move downstream faster than low flow
rates, This variation in wave velocity can result in the intersection
of characteristic lines from low flows and high flows. When this occurs
a kinematic shock wave is formed, More discussion of éinematic shock

waves is provided by Lighthill and Whitham (1955) and by Henderson (1966).
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Lighthill and Whiteham also reported an additional criterion
that must be satisfied in order for kinematic wave theory to apply.

To prevent the formation of a hydraulic bore, the dynamic wave must

attenuate. This attenuation will occur if the rate of change is given by:

dy _ gyoSo(2-Fr)(i+Fr)

i 3Ve (3.8)
Where: So = Bed slope

yo = Depth

Vo = Velocity

Fr = Froude number = Vo/‘ /gyo
This imposes an upper limit on the rate of change of depth in the

rising limb of the flood wave.

3.2 APPLICATION OF KINEMATIC WAVE THEORY

The application of kinematic wave theory can be carried out by
using either (i) a characteristics solution or (ii) by the direct appli-
cation of finite difference methods to the continuity equation. Charac-
teristic solutions have been proposed by several authors. Lighthill
and Whitham (1955); Henderson and Wooding (1964)., These algorithms
are very simple and efficient for systems with simple geometry and

constant lateral inflow; the main advantage is that they may be solved
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using analytic techniques. The extension of characteristic methods to
allow for variation of lateral inflow in time and space could be accom-
plished, but this would prohibit the use of analytic techniques for obtain-
ing solutions,

Numerous direct finite difference methods have been proposed
and implemented, Several of these are reported by Kibler and Wool-
hiser (1970) and Brakensiek (1967). Direct methods offer a very flex-
ible algorithm which provides the best approach to the development of
a general kinematic method suitable for sections of arbitrary geometry.

The continuity equation expressed earlier is:

é_?..,..é.é.-" (3”
x5t ' '

and may be approximated by the finite difference expression,

AQ + AA
x a7 =3 ' (3.9)

Figure 3,2 shows a portion of a time-space diagram which is
typical of those used in direct solutions of the continuity equation.
In reviewing the approaches used by various workers, the basic differ-
: ¢

ence appeared to be in the definition of the finite difference molecule,

With' the exception of the Lax-Wendroff method, all the techniques use
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a rectangular '""molecule' defined by the AX and AT steps of the
space-time grid, The equation is applied at a point somewhere with-
in or on the boundary of the rectangle, A molecule was, therefore,
chosen which allows the point of application of the continuity equation
to be varied and defined by two parameters 0 and B as shown in
fiéure 3.2. The algorithm based on this molecule provides a general
framework which allows comparison with the other methods by the
simple device of adjusting the values of the d and B parameters.

The general method used to describe points in the space-time
co-ordinate system usually employs a double subscript notation as
indicatled in figure 3.2,

Thus the upstream points of the molecule are located at points
I, J and I, J+1 while the downstream points areatI+ 1, Jand I+ 1,
J 4+ 1. As a convenient short hand notation, the points are also num-
bered 1 through 4 as defined in figure 3.2 The unknown quantities
are at location 1+ 1, J + 1 or in short hand form, point 4. Point "P"
defines the location about which the continuity equation is applied, here-
after termed the nucleus,

Rewriting the continuity equation in terms of the approximations

shown in figure 3.2 yields the following equation:

AB(Q4-Qg) + (1-8)(Q3-Q)) + (I-a)(As~A3) + G(A,-A))

" AX AT =5 (3.10)



Multiplying by AX and collecting unknownsleads to:

\/

A , A
ng"’(l“Gf)Az;‘“ = (5~N{0;-Q;) +CQ{A-A)——

LT S AT
L X
+ "a\ /’si‘—-m + :{3
(I-a} T Q2
+ cAX (3.11)

Further rearranging gives:

AX AX
BQ4+(!-a)A4ZT— = BQa+ (1-Q)Az—— — Q3

AT
+dA 4x +B o ax
b, 'AT O BAT
+Q, + §AX (3.12)

In this equation the two unknowns Q4 and A4 are defined impli-
citly. Another equation relating flow rate and cross section area at
point 4 allows a solution to be obtained for Q4 and Ay by iteration or
by means of a technique which employs functional relationships and
interpolation,

These functional relationships are written as:

AX

f(Q) =[39 = OA—= '
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/
/

for the upstream points and

AX
g(Q) = 8Q +(!—a)A:_I': (3.14)

for the downstream locations,

Thus equ'ation 3.12 can be rewritten as:
a(Qq) = g(Qa) - Q3 +f(Qy)

- #Q)+Q, +§AX (3.15)

The solution of the unknown is obtained by computing g(Q) from
the known quantities on the right hand side of the equation 3. 15 and
Iobtaining Qg4by interpolation from a curve relating Q4 and g(Q4). The
solution may be continued either to the next molecule in the downstream
direction or to the succeeding time increment. Thus the method may be
used to define the conditions throughout the system at one time step or

a complete time history can be determined for each elementary reach,

3.3 A CONCEPTUAL MODEL

In comparing special cases of kinematic flood routh.ng methods, a

conceptual model is helpful in visualizing the relationship of one algor-

1
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ithm to another. The elementary reach which served as an example

is shown in figure 3,3, Traditionally, storage in a channel is assumed
to consist of two components, prism storage and wedge storage, Prism
storage is considered to be a function of outflow whereas wedge storage
is related to the amount by which inflow and outflow differ. However,
in this study storage was thought of as two prisms. The storage in

the downstream section is related to outflow, with storage in the up-
stream section a function of inflow., Storage in the upstream section

is shown in figure 3, 3 between sections "a' and "b'" and is labelled

ST; . The volume of water stored in the reach between section "b"

and "c'" is labelled STg, and is a function of the outflow. Examining

equation 3, 12 reveals that it can be rewritten with the following sub-

stitutions.

dAAX = ST, | (3.16)
aMAX = ST, (3.17)
(I-a) A;AX = ST, (3.18)
(I-Q) A‘4AX = STos | (3.19)



FIGURE 3.3

REPRESENTATlON OF AN
ELEMENTARY REACH
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Thus equation 3, 12 can be written as:

SToa_ STos_ STu
BQq+ AT °© BQs+ AT Qs ~ BQ,+ AT + Q
+ BQ,- %‘% gaX (3.20)

This shows the portions of the continuity equation which accounts
for storage in the system and is helpful in considering two commonly
used flood routing techniques which are special cases of the general

kinematic method.

3.3.1 THE MUSKINGHUM METHOD AS A SPECIAL CASE OF

KINEMATIC ROUTING,

The derivation of the Muskinghum method begins with the contin-

. uity equation expressed in the following manner:

1=0+ Aﬂ (3.21)

employing the notation conventionally applied to the method,

I

Inflow

O

[

Outflow



ST = Storage

T = Time

Another equation relating the amount of water stored in an
elementary reach to the inflow and outflow is defined in the follow-

ing manner:
ST= KO + Kx(I-0) (3.22)

The parameter K is a constant which relates storage to flow |
rate, while x is a factor which determines how much of the storage
is related to outflow and how much is related to inflow. Prism stor-
~age is determined by the first term in the above equation and wedge
\

storage is accounted for by the second term. This equation can be

rewritten as:

S§T= (I-x)KO + xKI (3.23)

Setting the parameter x equal to zero makes storage a function
of outflow alone. Storage is equally dependent on inflow and outflow

when x = 0, 5,
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Expressing the change of storage AST as a function of the
flows defined on the space-time diagram of figure 3, 2 yields the

following:
AST = (1- x)KQu+ XxKQ,- (I- x)KQs-x KQ, | (3.24)

which may be expressed using expressions similar to those defined

in equation 3. 16 - 3, 19.
AST = STo4*ST2- STosz~ STy (3.25)

Substituting equation 3. 25 into equation 3. 21 and defining in-

flow and outflow using the notation defined on figure 3,2 leads to:
— +

+ qAX= T

(3.26)

From which the following is obtained:

ST. ST, ST;
0.5Qq +=2"= 0.5Qs+ = - 0Q3-05Q + %

+Q, +0.5Q- 202+ gAX ' (3.27)



Comparing equation 3, 27 with equation 3, 20 reveals that they
have a similar form, This shows that the Muskinghum method in a
special case of the general method with the cross section area and

flow rate related by a linear function which results in dQ/dA being

constant for all values of Q.

The parameter x has the same meaning as the (d parameter

in the general method. Values of the parameters are:

B=0.5 (3.28)

0.0£0d< 0.5 (3.29)

3.3.2 RESERVOIR ROUTING AS A SPECIAL CASE OF KINE-

\

MATIC ROUTING,

The derivation of the numerical methods for reservoir routing

begins with the same equation as is used for Muskinghum routing.

That is:

(3.21)
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The storage in a reservoir is usually a function of the outflow
alone, but for completeness storage will be expressed as a function

of inflow and outflow using the following equation:

ST = (I-A)STo+ AST; (3.30)

In order for storage to be a function of only outflow, (

must equal zero,

Thus:

ST = STo (3.3
and

AST = STo4-S\To3 (3.32)

Substituting equation 3. 32 into equation 3. 21 and expressing

the terms as defined on the space-time diagram of figure 3.2 yields:

Q2+ Q[ - - Q4+ Q3 ST04‘ ST03
2 v gax=—t=F .+ 2L (3.33)

which can be expressed as:

ST
0.5Q, + Z’ng 0.5Qs+

%-II:O?" 0.5Q,+Q, +0.5Q, + GAX-Q3 (3.34)
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The above equation is also similar in form to equation 3. 20
with B = 0.5 and the storage independent of inflow, (i.e. d =0.0,)
Setting @ = 0.0, the functional relationships defined earlier

(equations 3. 13 and 3, 14) become:

£(Q) = BQ . (3.35)
and -

ST -
Q(Q) = fQ + AT | (3.36)

{

Thus the general kinematic method may be used to route a flood
through a reservoir where the characteristics of the storage element
can be defined as a function of outflow. Traditionally the value of B

chosen for this type of analysis is 0. 5.

3.3.3 FURTHER COMPARISONS,

Table 3.1 provides further comparisons of the general kine-=
matic method with several other methods in addition to the two cases
discussed earlier. The first of these methods (1, 2 and 3) were pro-
posed by Brakensiek (1967) in a paper which reported the results of
numerical experiments to determine the properties of the three form-

ulations.



COMPARISON OF

TABLE

3.1

FINITE DIFFERENCE SCHEMES

SCHEME

GENERAL

METHOD I METHOD 2 METHOD 3 .| MUSKINGHUM | RESERVOIR
2 4 2 4 2 4 2 4 2 4 2 4
MOLECULE
i 3 ] 3 | 3 1 3 1 3 I 3
a 0.0 d =.0 0.5 0.5 0.5 0.Cc=d =05 0.0
(DEFINED AS X)
B 0.02 B8 £1.0 0.5 1.0 0.0 0.5 0.5
-Q,)+(1-B)0=-Qy) -Q - - -
-6-9- BQs01-pO5a)| 9 Qp+ -0 84~ Q2 93~ % SAME AS METHOD || SAME AS METHOD |
& x AX 2A X AX AX
SA (-C(AgA)+ QR-A) | Ag Az+Ax—A SAME AS Ag— Az
—_— SAME AS METHOD | | SAME AS METHOD |
51 Ax S AX GENERAL METHOD Ax

86,



59

He found that the location of the nucleus has a marked affect
on the behaviour of the algorithm and the solutions provided by the
analysis, The three approaches can be modelled using the general

kinematic method by defining @ and B as follows:

Method 1
a =o0.5
B =0.5

Method 2
a =0.5
g =1.0

Method 3
a=0.,5

B =0.0
Another approach to formulating a finite difference approxi-
mation to the continuity equation is known as the Lax-Wendroff method,.
This method employs four of the six nodzal points defined by a double
molecule and it is therefore not practical to provide a direct compar-
ison with the general kinematic method. The arrangement of the mole-
cule is shown in figure 3.4 and the finite difference equation is derived

in Appendix E.



FIGURE 3.4
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J+|

© - UNKNOWN TO
BE SOLVED FOR

@ - KNOWN VALUES

SEE APPENDIX "g"

FOR DERIVATION
OF EQUATIONS

09:



61

3.4 GENERAL SIGNIFICANCE OF THE d AND f PARAMETERS.

1

By detailed analytic comparison with reservoir and Muskinghum
methods and by graphical representation and comparison with other
methods as in table 3.1, it has been shown that most methods previously
documented are special cases of the general methéd derived herein,

By simple variation of the parameters @ and f one is able to
emulate the numerical behaviour of these other rnethods. It is, there-
fore, instructive to attempt to gain some insight as to the physical and
numerical significance of varying (@ and fB between their extreme

values.

3.4,1 SPATIAL DERIVATIVES,

0Q/ dx is the gradient of Qwith respect to distance and
due to the wave passing along the channel, must clearly be different
at time t = T and time t=T + AT,

The choice of 8 determines the manner in which the partial
derivative §Q / 0Xx is approximated in terms of the nodal values.
With B = 0.0, the gradient 6Q/&x is approximated using the con-
ditions at time t = T. When B = 1.0 conditions at time t = T + AT
are used to describe 8Q/8xand w‘it‘h B=0.5 averages of the two

previously mentioned values are used, '
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3,4,2 TIME DERIVATIVES,

The second term in the continuity equationéA/at describes the
rate of change of cross section areas with respect to time. The way
in which$A/dt is specified by the physical conditions is determined by
the value of the parameter

Using a value of { = 0.0 the gradient §A/bt is determined by
conditions which exist at a position x = X + AX while setting A= 1.0
will definedAldt by conditions at x = X, Using d= 0.5 provides a
value for d8ARtwhich is a simple average of the conditions at the ends
of the increment being considered,

The physical significance of describing A/dt at different locations
within the molecule has been discussed previously in connection with
the comparison of the Muskinghum method., Briefly, however, defining
8A/8t at the downstream location in the molecule { @= 0.0 or x = X +AX)
describes the storage in the‘reac:h of length A X as a function of outflow
alone, Similarly with = 1,0 storage is dependent only on the in-
flow. When = 0.5,8A/t is obtained as a simple average of the
values at each end of the molecule and storage is equally dependent

on inflow and outflow.



3.5 TESTING OF THE KINEMATIC FLOOD ROUTING TECHNIQUES

There are four properties which determine the suitability of a
finite difference scheme in representing a differential equation.
These are: 1, Stability
2. Degree of approximation
3. Discretization errors
< 4. Convergence
Before implementing a finite difference algorithm, it is neces-
sary to check the suitability of the method in each of these four respects.
Each of these questions must be answered through engineering judg-
ment based on mathematical analysis and experience., The next portion
of this chapter provides some discussion of analytic investigations and
numerical experiments which demonstrate the applicability of and dif-
ferences between the alternative systems.
A portion of the following text is devoted to a discussion of each

of the properties which describe the performance of a finite difference

scheme.

3.5.1 STABILITY

A numerically stable procedure is a method in which small
errors introduced into the calculations at a particular point in the

x-t plane are not amplified as the solution is advanced through space
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and time, Errors caused by an unstable finite difference scheme

will destroy the usefulness of the solution, thus the stability of the
general kinematic method was the first item investigated, An anal-
ytic method of determining the stability of a finite difference scheme
was successfully employed by several researchers, Walden (1973),
Strelkoff (1970), Kibler et al (1970). This procedure, known as

Van Neumann analysis, involves the investigation of a locally linear-
ized version of the finite difference scheme on the assumption that the
more complex non-linear system will behave in a similar manner

to the linearized model.

Appendix A contains a detailed description of the various steps
involved in determining a stability criterion., Briefly these steps are
as follows. The finite difference scheme is first expressed in terms
of the errors, which in turn are expressed as a Fourier Series, Be-
cause the system is linear the principle of superposition is applicable
and only one component of the system need by examined at a time., If
none of the harmonics of the Fourier Series are amplified in the suc-
ceeding computations, stability is attained.

The condition for stability may be expressed as follows:

Aa
A3

n’

1.0 ' (3.37)




there: A4= Error of the unknown
A3= Error of the value preceeding the un-
known ,

The results of this analysis are tabulated in table 3, 2 along
with results by Kibler et al (1970) which provides the data for the
Lax-Wendroff Scheme., These results indicate a trend toward de-=
creasing stability as the nucleus moves upstream and toward earlier
time levels. The worst condition was found to occur when the equa-
tion is applied so that the finite difference approximations are obtained
by backward differences, that is when @ =1,0and fB=0.0, The
solution is unstable at this point regardless of the size of time and
distance step used for computation.

Other points were located that provided solutions which were
unconditionally stable as well as conditionally stable as shown in

table 3. 2,

3.5.2 DEGREE OF APPROXIMATION

The degree of approximation provides a measure of how well
the finite difference scheme represents the differential equation. If
the differential equation is first order and finite difference schemes
involve errors which are on the order of AX and AT, the finite
differential equation may not converge to the differential equation as

AX and AT approach zero.
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TABLE 3.2

RESULTS OF STABILITY ANALYSIS

_ AT
KN = o
GENERAL METHOD:

1.00 075 0.50 0.25 0.00
B

FRVINES » ;_3_ > _a_._l_ > :_._l_ > >
100 |o02KNZ1 |00=KN=2 | 0 2KN=Z| 02KN2 1| 02KN2O
0.75 |UNSTABLE| KN=I 2=KN=—§- 3-’-KN3|§ 42KN20
0.50 |UNSTABLE|UNSTABLE| KN =1 %EKNL%- 22KN2O
0.25 |UNSTABLE|UNSTABLE |UNSTABLE| KN=I %exmeo
0.00 |UNSTABLE|UNSTABLE |UNSTABLE [UNSTABLE| 1> KN2 O

LAX - WENDROFF: KN = |
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Analyzing a finite difference scheme involves expanding the finite
difference equation using a Taylor series and determining what terms
are truncated, Appendix C shows the process by which the order of
approximation of the general kinematic method was determined,

The investigation showed that the degree of approximation in-
volves first and higher order terms in AX and  ATas shown by

the error terms in the modified continuity equation (3.37).

Q. %i:‘- +(20-10(AX)+(1-28)0(AT) +O(AX3ATY) = §  (3.37)

dx
The finite difference scheme provides the best approximation
to the differential equation when @ =0.5and f =0.5 When

ad=0.5and f=0.5 the equation for the finite difference rep-

resentation of the differential equation becomes:

S—Q + éf‘- + O(AX% AT?) = § (3.38)
ox ot

As the parameters { and g are varied and the nucleus
moves off the centre point of the molecule, errors on the order of
AX and AT are introduced. The absolute value of errors on the
4

order of AX and AT introduced by varying these parameters in-

creases linearly as the nucleus moves away from the centre of the molecule,



Kibler et al (1970) reported that the Lax-Wendroff method

represented the continuity equation in the following manner:

5 | A + O(AX?,AT?) = § ' (3.39)
ox ot

Thus the Lax-Wendroff method can be expected to behave in
a;manner similar to the general method with the equations applied
to the centre of the molecule. However, the Lax-Wendroff molecule
cannot be applied to obtain the downstream points on the time-space

diagram because of the inverted "T'" shape of the molecule, One of

the other methods must be used for this portion of the grid,

3.5.3 DISCRETIZATION ERROR

Discretization errors are a result of replacing a tangent (dif-
ferential) with a chord (finite difference), These discrepancies are
often analyzed using several numerical experiments to determine the
sensitivity of the solution to the size of increments used in the com-
putation, As the size of the finite difference increases the accuracy
of the aforementioned approximation decreases.

This type of study is closely related to the analysis of the degree
of approximation. Thus, based on the results of the previous section

it is reasonable to expect the computer solutions of the system to be
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sensitive to the position of the nucleus as well as to the size of time
and distance steps used,

Chapter 2 contains a des;:ription of two physical systems which
were used to test the finite difference scheme for solving the dynamic
equations, The results reported in this section are based on the first
system described in the previous chap’cer. The problem can be de-
scribed as a wide, rectangular channel which is subject to an inflow

defined by a trapezoidal hydrograph, The particular values used in

the simulation were;

Width = 100!
Depth = 20!
Length = 50, 000!

The inflow hydrograph is shown in figure ‘2. 5.

A computer program was written which provided a solution using
the general kinematic flood routing method, For each execution of
this program, fixed values of AX and ATwere specified, which
the routine used to provide twenty-five solutions with various values
of the parameters ( and B . Several executions of this program
provided the data necessary to carry out the sensitivity tests which
demonstrated the effect of varying key parameters,

Tables 3.3, 3.4, and 3.5 summarize the results of three com-

puter runs. The elements of the matrix define positions of the nucleus
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TABLE 3.3

PEAK VALUES OF THE OUTFLOW HYDROGRAPH

SYSTEM 1

40, 000 FT DOWNSTREAM

AT = 200 SECONDS
AX = 2500 FEET
8 a 1.0 0.75 0.50 0.25 0.00
1.0 unstable 0.927 0.894 0. 867 0.843
0.75 unstable unstable 0.925 0. 892 0. 865
0. 50 unstable unstable 0.988 0.924 0. 890
0.25 unstable unstable unstable 0.984 0.922
0.00 unstable unstable unstable unstable 0.981




TABLE 3.4

PEAK VALUES OF THE OUTFLOW HYDROGRAPH

SYSTEM 1

40, 000 FT DOWNSTREAM

AT = 200 SECONDS
AX = 5000 FEET

a 1,00 0.75 0. 50 0.25 0.00
. Ob unstable 0.969 0. 894 0. 844 0. 804
.75 unstable unstable 0.924 0. 865 0.821
50 unstable unstable 0.965 0.890 0. 840
.25 unstable unstable unstable 0.920 0. 861
. 00 unstable tnstable unstable 0.961 0. 886




TABLE 3.5

PEAK VALUES OF THE OUTFLOW HYDROGRAPH
SYSTEM 1
40,000 FT DOWNSTREAM
AT = 200 SECONDS

AX = 10,000 FEET

72

a 1,00 0.75 0. 50 0.25 0.00
.00 unstable unstable 0. 888 0. 806 . 748
.75 unstable unstable 0.914 0.822 . 579
. 50 unstable unstable 0.941 0.840 771
.25 unstable unstable 0.973 0. 859 . 784
.00 unstable unstable unstable 0.881 . 799




and’l each is characterized by a parameter equal to the peak flow
divided by full bank flow, Only stable solutions are reported,

Examination of the results show that the peak value decreased
as the value of (@ was reduced and/or as B increased, The rate
at which the peak decreased or increased was related to size of the in-
crements us ed in the computation,

This agrees with the results predicted by the analysis of the
degree of approximation, As the size of the distance step increased,
the peak value provided by the general method with the equation applied
at a point where @ was less than 0,5, decreased.

Similarly, for .a fixed value of AX, the peak value provided
by the solution decreased as A was varied from 0, 5 towards 0, 0.
The decrease was not linear as predicted by the previous analysis.
However, this prediction was based on a linear system, It is encourag-
ing to note that the non-linear system does behave in a manner similar
to the linear system.

Table 3.6 shows the ratios of peak outflow 40, 000' downstream
of the point of inflow obtained using the following fixed parameters:

a=20.5
B=0.5
AT = 200 seconds

Values of AX used were 2, 500, 5,000 and 10, 000 feet.



TABLE 3.6

PEAK VALUES OF THE OUTFLOW HYDROGRAPH

SYSTEM 1

40, 000 FEET DOWNSTREAM

AT = 200 SECONDS
a =o.s
B =0.5
AX (FT) PEAK FLOW RATIO
~2500 0.988
5000 0.965
10000 0.941
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Comparing the peak flow rates at the outflow with the peak
flow rate modified to account for the error in interpreting the hydro-
graph reveals that discretization errors and other types of inaccura-
cies have not caused any error of the peak flow ratio at the location
where the outflow was recorded with AX = 2,500', However, when
the size of AX was doubled to 5, 000", a 2.4% reduction was made
to the peak value, Furthermore, increasing the distance step to
10, 000" introduced another 2, 4% error to which is a total error of
4, 8% from the value predicted by kinematic wave theory,

Thus, based on comparisons of the peak value of the outflow
hydrographs, using a solution with the continuity equation centred in
the middle of the molecule and time and distance steps of:

AT = 200 seconds
AX = 2,500 feet,
the solution appears to be free of discretization errors.

It may be argued that considering only the peak value of the out-
flow hydrograph does not give a complete picture of the behaviour of
the solution in reproducing a particular shape of hydrograph. To
compare the shape of the hydrographs, several plots were made of
hydrographs which had peaks that were approximately equal.

These hydrographs are shown in figures 3.5 and 3,6, Only one

hydrograph was plotted on each graph because the results from the
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different simulations compared so closely. The values of the para-
meters for these different simulations are shown on the plots.

As a result of these comparisons, it was concluded that for the
purposes of this study, comparing the peak value of the hydrograph
was a reasonable method of quickly determining the sensitivity of
the solution to changes in the size of increments used in the solution
and to the location of the point where the continuity equation was

applied to the finite difference molecule, To provide a visual method

78

of correlating the peak value of the shape of the hydrograph, figure 3.7

is provided. This graph contains outflow hydrographs which have a
range of peak values from 0,748 to 0,988, and shows the variety of
shapes obtained for the outflow hydrograph. Generally, as ;che peak
value reduced the rising limb of the hydrograph started earlier and

the falling limb dropped less rapidly

3.5.4 CONVERGENCE

Convergence is a measure of how well a finite difference equa-
. tion approximates the differential equation as the size of AX and
AT approach zero., Finite difference schemes may be classified
as convergent, conditionally convergent or non-convergent,
If the finite difference scheme converges to.lthe differential

equation as AX and AT approach zero, the scheme is termed
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convergent. A conditional convergent algorithm is one which only
converges for particular values of AX and AT, while a non-con-
vergent scheme will not accurately represent the differential equa-
tion regardless of the size of the finite difference steps.

Examination of the results of the degree of approximation
analysis shows that the terms of the continuity equation are approx-

imated by the finite difference scheme in the following manner:

5Q Q| % | . 28°Q
— =z = + —=(20d-NAX— + —=(|-3A+3A°)AX"—5
ox  ox 2( ) 8 x® 6( * ) Sx

"'—(B BZ)ATzs Q . (3.40)

ox ot
2 3

A %A -u-zmA'rf’—— +L-3g+3prrarzdl
5t &t 6t2 6 6t
. » 8°A
-tz 3.4
o+ L (a-a?)ax? Y (3.41)

These equétions show that as AX and AT approach zero,
the finite difference equation will converge to differential equation,
Furthermore, convergence of general kinematic flood routing method
is independent of the values of the parameters  and f and the
relative sizes of AX and AT,

The fact that convergence is independent of @ and B veri-

fies a conclusion made by Dooge (1959) that a series of reservoirs



can be used to model a kinematic channel; .further discussion of

this will be provided in a later chapter.

3.6 VERIFICATION OF THE GENERAL KINEMATIC FLOOD ROUT -

ING METHOD

The previous sections have each dealt with a particular aspect
of finite difference techniques which are used to gauge the perfor-
mance of a num erical solution of a differential equation. "This sec-
tion provides a comparison of a solution obtained from a finite differ-
ence algorithm with the results of an analytic solution as verification
of the numerical method,

The analytic solution was cbtained in the following manner:
Kinematic waves have one set of characteristics which travel down-

stream with a velocity,

dx _dQ | .
ar " dA (3.4)

Along a characteristic line, the flow rate Q is constant. Thus,
associated with each flow rate there is a particular wave velocity.
Knowing the wave velocity and the length between the point of inflow
and the location where the outflow is being measured, the time be-

tween inflow and outflow for a particular value of Q can be obtained.
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r/v
Using Mannings equation, the flow rate can be expressed in

the following manner:

.49 A3
Q== 5,5 Vs (3.42)
Where;: n = roughness cocfficient
A = cross section area
P = wetted perimeter
N S = slope

For the rectangular channel being studied:

A=TyxY (3.43)
P = Tyt 2Y (3.44)
Where: Tw= top width

Y = depth of flow

From which:

_|49\/— d

,dA = — (T T+ 2Y)%3) (3.45)
_ 149\[— TS/3Y2/3 o3, 4 o
T (3 gy T W20 ) (3.46)

Q/ 5 4
’?;(3‘7‘3‘,5) \ (3.47)

’



A computer program was utilized to selve for flow rate and
kinematic wave velocity as a function of depth. Using the results of
this program, a curve of wave velocity vs, flow rate/full bank flow
rate was plotted. This is shown in Appendix F along with a listing
of the computer program and results.,

The inflow time of a particular flow rate was determined, and
the wave velocity of the flow rate obtained from the graph, Multi-
plying the wave velocity by the length of the channel and ad-ding the
time of inflow, provided the time at which outflow of the particular
flow rate would occur. By repeating this operation for a number of
values in the range of flows specified by the inflow hydrogzraph, the
outflow hydrograph was obtained.

Figure 3.8 shows a comparison of results obtained using both
the analytic technique and the general kinematic flood routing method.
These results compare very favourably and verify the useful ness of
the general kinematic flood routing method in simulating the particular

system under consideration when (@ =0,5and f§ =0.5.

3.7 CONCLUSIONS

This chapter has provided a discussion of kinematic wave theory
and has shown the development of & general method of routing a flood

using kincmatic wave theory.
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Witﬁthe framework provided by the general method of kinematic
flood routing, it has been possible to compare several commonly used
methods of flood routing, These techniques include reservoir routing,
Muskinghum routing and several methods proposed by Brakensiek (1967),

The main feature of the general kinematic method, which allows
flexibility in the choice of simulation method, is the ability to move
the nucleus to any location on or within the boundaries of the finite
difference molecule. This point is specified by two parameters
and B . The value of @ specifies the position of the nucleus in
the space domain while B 1locates the point in time, Most routing
techniques utilize a finite difference molecule with B = 0.5, The
parameter ({ is set equal to zero when a reservoir routing technique
is used., When the widely known Muskinghum method is simulated,

B is set equal to 0.5 and { is given the value of the Muskinghum
weight factor X

Analytic studies and numerical experiments have been employed
to determine the numerical behaviour of the general kinematic method.
The two parameters (@ and f have a very pronounced effect on
the solutions provided with this method. Numerical errors and
apparent attenuation may result depending on the values chosen for the

a and f parameters, Amplification of the wave, as predicted

by theoretical studies, was not reproduced by the numerical experi-
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ments due to a peculiarity of the computer program which constrained
the wave to full bank flow conditions. Further study should be under-
taken utilizing a routine free from this constraint so that the theoret-
ical predictions of amplification may be verified,
Stability also has been found to be dependent on the choice of

a and B . For example, with the molecule defined to route a
flood using the reservoir technique, the scheme is conditic?nally stable,
However, when the space and time derivatives are evaluated using a
backwards differencing method { = 1.0, B = 0.0), the algor-
ithm is unstable regardless of the size of AX or AT used in the
simulation, A typical location of the nucleus, which defines a con-
ditionally stable routine, is found at the centre of the molecule
( d=0.5 B = 0.5).

With other properties being affected by the choice of (@ and

B . it is reasonable to expect the degree of approximation of the
finite difference scheme to be sensitive to these two parameters. This
_has been verified through analysis of the degree of approximation,
Introductions of errors on the order of AX and AT appear to be
the cause of the pseudo-attenuation and amplification mentioned earlier,
The amount of attenuation is related not only to the choice of  and

B ., but also to the size of the finite space and time steps used in
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the"simulation. It has been shown that the best representation of a
kinematic wave in an open channel is obtained by locating the nucleus
in the centre of the finite difference molecule, With d = 0.5 and

B = 0.5, the degree of approximation contains only second order
and higher terms, no first order errors being introduced into the
computations. This is comparable with the accuracy obtained using
the Lax-Werdroff method,

Having studied the numerical properties of the general kine-
matic flood routing method, the next direction for further regard may
be a comparison of the kinematic solutions with the more rigorous
dynamic method.

From these comparisons, it may be possible to determine guide-
lines for choosing appropriate values of (I and B so that the pro-
perties of the general method may be more efficiently utilized in the
simulation 7of dynamic flow systems. In addition, information may be

obtained to determine the practical limitations of kinematic techriques.



CHAPTER 4

COMPARISON OF COMPLETE AND KINEMATIC SOCLUTIONS

The two previous chapters have each dealt with a particular
method of flood routing. The solution of the momentum and continuity
equations describing unsteady flow was discussed in Chapter 2, and
tests showed that it provided reasonable answers when modelling un-
steady flow in open channels with simple geometry, Chapter 3 pre-
sented the theory and applications of kinematic methods used to sim-
ulate unsteady flow phenomena, The question now arises, '"" Which
method is appropriate for the analysis of a specific physical system?%"

In an attempt to answer this question, two different physical
systems were modelled using both dynamic and kinematic analysis
techniques, This chapter provides a comparison of these results and
a discussion of the similarities and discrepancies of the results.

It has been pointed out in an earlier chapter that the dynamic
method in general provides a more accurate answer than the kinematic
solution, However, certain classes of problems may be identified in
which the solutions obtained by both methods are not significantly dif-

ferent and it is not clear that any advantage results from the use of

88
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mo;‘e rigorous dynamic methods., One of the objectives in this chap-
ter will be to investigate criteria which may aid in the classification
of such problems,

The approach taken to achieve these objectives may be outlined
in the following manner., First, a review of the momentum equation
and the various terms of that equation is made, and a method for per-
forming an order of magnitude analysis of the terms is presented.
Secondly, the two physical systems that were utilized in the study
are introduced and the ifnportance of the terms in the momentum
equation are discussed. Thirdly, the results of the simulations are
presented and discussed. Also, a critique of current discussion in
the literature is provided along with the framework developed in this
chapter,

In conclusion, a brief review of the chapter is provided and sug-

gestions for further study are made.

4.1 ORDER OF MAGNITUDE ANALYSIS

Computation of flowrate in an open channel may be obtained

typically by means of Manning's equation: i, e,

2
Q=A-"—,?3<—§->3\I_S_f (4.1
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Where: Q = flowrate
A = Cross section area
P = Wetted perimeter

S; = Slope of the friction line
n = roughness coefficient
If a steady flow regime in a prismatic channel is being consid-
ered and the flow is assumed to be uniform, then the slope of the frie-
tion line must be the same as the bed slope., However, when an un-
steady flow system is being considgred, the friction slope is dependent
on spatial and temporal acceleration, the variation of flow depth along
the channel as well as the bed slope.
This can be seen by examining the dynamic equation expressed

earlier in this thesis, It is:

2
%:(_' +%,—((2_ngz) +;%%§+sf=o (2.1)
Where: x = distance
t = time
h = water surface elevation
Q = flow rate
A = cross section area
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g = acceleration of gravity

S¢ = slope of the friction line

Expanding this equation leads to:

by Q 5Q dy@%, 1 %Q
D g =22 L 4s.=0 (4.2)
ox  ° ghA%sx oxgA®  gA st f

Where: y = depth of flow

So = bed slope
Ty= surface width
The other variables have the same meaning as previously de-
fined. Viewing each of the terms individually in the order they appear,
they may be described as: (i) the rate of change of depth along the
channel, (ii) the bed slope, (iii) the spatial acceleration, (iv) the rate
qf change of velocity head, (v) the temporal acceleration and (vi) the

friation slope.

Solving for friction slope yields:

_ﬂ+§leT”_.9..§9._.L.5_Q. (4.3)

% =5, Sx  ox gA>  gA®sx  ¢A St

This may also be expressed in the form

$i=Sg——(I-F3) —=——— = — — (4.4)



Where:

¥R = Froude number = -9-
Vo &
T

Substituting equation 4. 4 into equation 4, 1 gives

2
.49 [ A\3 dy 2 Q °Q | 8Q
; n (P> J ° ox ' gA%5x gA®St (

Equation 4,5 shows the terms mentioned earlier in this sec=-
_tion which describe the slope of the friction line which in turn ?s
used to compute the flowrate for an unsteady flow system.

When a kinematic flood routing technique is employed, fiow-
rate is assumed to be a function only of y and x, that is no time
variation of the stage discharge relation occurs., Expressing this in
a slightly different manner; flow rate at any section of the reach is
assumed to be dependent only on the stage. Thus, for a single value
stage-discharge curve to adequately describe a physical system, so
that a kinematic solution is appropriate, it appears that terms other

than the bed slope must be relatively small.

2 50
ghA? 5 x

Spatial acceleration
| 6Q
gAdt

and temporal acceler-

ation
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are functions of time because they vary as the flood wave
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passes through a section. However, variation of the spatia! accel-
eration may also occur due to lateral inflow or outflow which may or
may not be time dependent,

Similarly, the term describing the rate of change of specific
energy due to a variation in depth with respect to distance will be a
function of time as the flood passes, but it is also a description of the
non-uniformity of flow under steady conditions, Thus, it is not nec-
essary to assume that the single valued stage-discharge must he
described by uniform flow conditions (i.e. S = So). (Henderson,
1966, )

For the present discussion, all the terms describing the slope
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of the friction line will be considered time dependent with the exreption

of the bed slope.

Henderson (1963) reported an analysis that was made to compare
the relative order of magnitude of the four slope terms in an equation
similar to equation 4.5 using the kinematic wave as an approximaticn
of the wave under consideration. The ensuing discussion follows the
analysis presented by Henderson,

Defining kinematic wave velocity as ¢, equation 3.3 may be

written as:

-— 22—+ C— =0 4.6
5 (4.6)
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This can be rewritten as:

& _ 1%y
5% Cof (4.7?

For a system with a given inflow hydrograph Q = Q (%), equa-

tion 4,7 can in turn be redefined in the following manner:

dx  C25t Ty C2 Tt
Henderson's analysis continues by considering a wide rectangu-
lar channel in which the flow resistance is defined by the Chezy equation,

The following result was obtained:

?y/ax a 8-5/3;; ..I...iﬂ

4.9)
Se ° q 6t (

Where: q = flow rate per unit width

When cor{sidering channels with arbitrary geometry and utiliz-
ing more complex resistance laws it is more difficult to obtain results
in a form similar to equation 4,9. However, the results shown by
equation 4,9 can also be deduced from the more general equation 4, 8.

As the bed slope is increased. equation 4.9 shows that the relative
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importance of  dy/ &x will decrease. Similarly, as q increases
or the rate of change of q with respect to time gets smaller, the im-
portance of  dy/éx is reduced.

In general, c and T increase when flow rate increases; also, ¢
increases when the slope is increased. Thus as slope or flow rate
increase, the absolute value of the  dy/ dx term will decrease.
Decreasing the rate of change of flow rate with respect to time will

also reduce the absolute value of the 5y/ ox term.

Comparing the spatial acceleration g AZ -Z—(:— with
dy / ox yields
a 89

gA® 3 x Q $Q »

‘ =— — = O(F .
dy gAZdy (Fr) (4.10)
ox

Where:

Fr = Froude number = .
A3
Also: g‘fw
| 8Q c 6Q Q &Q
= 5y - Ol==—) = O(—%— 4.1
aa 5t - lGasx! T Olomy! (4.11)

Q % . 13

an —
gA? §x gA §t

of the same order of magnitude and are of no higher order than 8y/8x

Thus the two acceleration terms are




unless fr>>1 which would occur only on extremely steep slopes
such as mountain torrents,

In a system that has a channel with a very gentle bed slope,
F§<<|. Thus, while EX- /S may be appreciable, the accel-

&x  °
eration terms could be negligible,

This led Henderson to classify open channel, unsteady flow sys-
tems into three categories depending on the importance of the four
slope terms.,

The first of these categories was the steep sloped system. In
this case, all the terms except the bed slope are negligible when
describing friction slope. The second category consists of an inter-
mediate sloped system ir. which all four of the terms defining friction
slope are necessary to provide an accurate description of the flow
rate. The third classification consists of a gentle sloped system
where the acceleration terms are negligible and the ;friction slope is

oy

defined only by the bed slope So and =—
ox
While these classifications are termed according to the bed
slope, this is not the only facior which determines the relative im-
portance of the varicus terms. These other factors include channel
roughness, geometry of the channel, aud the inflow hydrograph, It

may be possible for a particular physical system to be classified as

being steep if the inflow hydvograph rises and {alls very slowly or it

96
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could be classified as intermediate if the hydrograph is very rapid
and the flows are such that Fp? is large enough so that acceleration

. . 2
terms are important. If the flows are in a range where FR is low
and the acceleration terms are negligible, but the changes in flow rate
are rapid, the same system may be classified as gentle sloped. A
later portion of this chapter describes an attempt to use these criteria
to determine the importance of the various terms in the dynamic equa-

tion and to demonstrate the method of classifying open channel unsteady

flow systems.

4,2 THE SYSTEMS STUDIED

The two examples used for the comparison of dynamic and kine-
matic flood routing techniques were very similar in some aspects, but
quite diverse in other areas,

The first system has been discussed earlier in the sections deal-
ing with sensitivity tests of the two methods of analy.rsis, and comprised
a wide rectangular channel having a downstream boundary condition of
uniform flow and subject to a triangular inflow hydrograph as shown
typically in figure 2,5 This system was used with several bed slopes.
In each case a combination of bed slope and roughness was utilized
which provided a consistent stage-discharge curve for all the results,

i, e.\)So /n = constant. All comparisons were made at a section
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sofne distance upstream from the downstream boundary in an attempt
to eliminate errors arising from the assumption of an unnatural down-
stream control.

The second system studied was taken from the problem first
proposed by Thomas in 1934, Amein (1967) reports that the channel
was assumed to be very wide with a sinusoidal inflow hydrograph start-
ing from a base flow of 50 cfs/ft,, and peaking at 200 cfs/ft, width,

A time base of 96 hours was used with this hydrograph.

The main differences between the two systems were a differ-
ence of scale,

1. The physical length of the first problem is of the order of

1/40 that of Thomas' problem.

2, Although the flow rate per unit width of the inflow hydro-
graphs were of the same order of magnitude, the first sys-
tem employs a hydrograph with a time base of 2, 77 hours
compared to 96 hours for the second example, The effect
of this is to greatly change the magnitude of the acceleration
terms in the momentum equation,

A concise description of the variables used for each problem is

provided in table 4,1 A comparison of the inflow hydrographs is shown

in figure 4,1



TABLE 4.1

COMPARISON OF SYSTEMS

VARIABLE SYSTEM 1 SYSTEM 2
distance to outflow position 40, 000 ft 300 miles
width 100 ft very wide
depth | 20 ft 30. 1 ft
slope 0.0002 - 0.0100 1/5280
roughness 0.0149 - 0,.1050 0.02985

INFLOW HYDROGRAPH

shape triangular sinusoidal
time base 2.77 hrs 96 hrs
peak 166, 7 cfs/ft 200 cfs/ft

baseflow 33.3 cfs/ft 50 cfs/ft
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The result of an order of magnitude analysis for the two systems
is shown in table 4,2 From this analysis, the systems may be classi-
fied in the following manner. When a bed slope of 0,0002 is used in
System 1, all the terms of the momentum are of the same order of
magnitude or greater than the bed slope, thus this system would be
termed as an intermediate sloped system. With a bed slope of 0,001,
the importance of the acceleration term is diminished and the system
may be classified as either intermediate or gentle sloped, depending

on what criterion is used to define terms as being significant, The
simulation with the bed slope of 0.002 can be classified as gentle sloped
because the acceleration terms are only approximately 5% of the bed

by

slope and the —= term is still significant. This demonstrates
ox

the statement made earlier that bed slope is not the only criterion
for determining how a system 1is to be classified, Because the rough-
ness coefficient was increased as the slope increased, the gentle sloped
system was encountered at a slope greater than the intermediate
sloped system.

To demonstrate the results obtained for a steep sloped system,
where the bed slope is much larger than the —y— or acceleration

ox

terms, an execution of the program was made with So = 0. 0100,

The order of magnitude analysis shows that system 2 would also

be classified as a system with an intermediate slope, and from these



TABLE 4.2 -
ORDER OF MAGNITUDE ANALYSIS

Sy | 6Q
o |l | e (R B
ox
SYSTEM |
0.0002 0.875~2.37
0.0010 1.75x10"%| 0.41x10°4| 0.099 |o.rs-047a| 0.087

. ——— —— —

0.0020 | 474x107%}| 116x107% | 0.107 |oo0875-0237] 0.67

1.75x10™2
0.0100 —4.74%x1072
SYSTEM 2
0.00019 | 2.4x103 | 0.28x10 %] 0.035-0045 | 1.28x10~! | o.1xi0™

201
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re/sults, one would expect less attenuation of the flood wave in System 1
as the bed slope is increased. While a comparison between the two
systems is difficult due to the differences of scale, one would expect

a less marked attenuation of the flood wave in System 2 when compared
with the attenuation obtained with System 1 using a bed slope of 0,0002,

due to the relative sizes of 2 and bed slope.

ox

4,3 COMPARISON OF RESULTS FOR SYSTEM 1

The general kinematic flood routing technique with the nucleus
located at the centre of the molecule (a=0.5, B=0.5) was used
to obtain a kinematic solution for System 1, Because the ratio of bed
slope and roughness was adjusted to maintain a constant ratio of
{S_o-/n , only one kinematic solution was required for the
various bed slopes.

Figure 4. 2 contains a comparison of the outflow hydrographs
obtained from the four dynamic simulations of System 1, and from the
kinematic solution, This clearly demonstrates the pronounced effect
of the time variant terms on the resultant outflow hydrograph. The
simulation of System 1 with a bed slope of 0,0002 shows the effect of
terms which are of the same order of magnitude as the bed slope. In
this case, the wave reached the outflow quicker than the other waves

and subsided less rapidly. As slope.increased, the attenuation of the
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]
wave decreased and the wave form approached the shape predicted
by kinematic wave theory.

Another demonstration of the effects of the terms in the dynamic
equation can be seen by examining the stage-discharge curves in figure
4,3, With increased bed slope and roughness, the slope of the energy
line was dominated by the bed slope term. Thus the hysteresis loop

in the stage-discharge decreases as shown in the figure,

4.4 COMPARISON OF RESULTS FOR SYSTEM 2

An approach, similar to the one utilized for comparing the re-
sults of System 1, was used to compare the results of this system,
However, hydrographs at two sections were recorded and peak values
at a point half way between the two hydrographs were also printed to
provide further comparisons, This allowed the results of this study
to be viewed in conjunction with the results of two other studies,
Amein (1967), and Garrison (1968).

A comparison of the hydrograph 100 miles downstream from the
upper end of the channel as obtained by kinematic and dynamic solutions
is shown in figure 4.4, The attenuation of the flood wave is apparent;
but differences in the wave shape are relatively negligible,

However, by the time the flood wave has reached a point 300

miles downstream, there are.considerable differences in the wave
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shapes resulting from the two methods of analysis as shown in figure
4.5, The wave front on the kinematic solution is much steeper and no
attenuation has taken place, Conversely, the dynamic solution shows
a wave which has steepened slightly, and has attenuated, The stage-
discharge curve for this system 300 miles downstream is shown in
figure 4, 6.

From the order of magnitude analysis and a comparison with

simulations of the first system, more attenuation may have been ex-

)
pected because of the high value associated with the E! term,
’ X
However, this may be explained by considering the manner in which the

oy

order of magnitude of the —= term was obtained, In System 1,
ox

the trapeézoidal inflow hydrograph provided a rate of change of flow
rate -6-—(2- that was constant when the hydrograph was rising or

t
falling, With the sinusoidal inflow hydrograph, —Q varied with

time and the maximurn rate of change of flow rate was used to determine

" the order of magnitude of the -S—y term. During the major portion
X
of the simulation, -8_- was actually much less than the value
X

specified in table 4. 2, This may account for the relatively small

amount of attenuation demonstrated in the results of this simulation,

4.5 FURTHER COMPARISONS

Kinematic solutions of unsteady open channel flow problems were

first utilized by engineers and researchers before the advent of high
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speed digital computers due to the enormous amount of calculations
required to solve the dynamic equations, While these shorthand methods
reduced the computational load, it was still necessary to have large in-
crements in time and space to reduce the number of calculations re-
quired for the numerical solution by a kinematic technique, The use

of step sizes which were too large may have provided solutions which
were not realistic or which gave results that were extremely sensitive
to the step sizes in time or distance.

Recording the peak values of depth and flowrate and the times at
which these maximums occurred at a section 200 miles downstream in
System 2, allowed a comparison to be made with results of the studies
by Amein (1968) and Graves (1967), Table 4.3 contains a table which
shows a comparison of peak values for flowrate and depths obtained
using the various techniques,

When a kinematic solution was used with the nucleus in the centre
of the molecule, no attenuation resulted. Moving the nucleus to the
downstream boundary so that the channel was s‘imulated by a series
of reservoirs, caused some attenuation of the flood wave, The size
of AX dictated the amount of attenuation that was manifested in the
kinematic solution with the nucleus located off of the centre of the

molecule. There appears to be considerable difference in the timing

of the peak values as the sizes of AX and AT were varied., This,
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'3

"TABLE 4.3

COMPARISONS TWO HUNDRED MILES DOWNSTREAM

SYSTEM 2
PEAK TIME PEAK TIME
N (MILES) | (HOURS) | (CFS/FT) | (HOURS) (FEET) (HOURS)
2 199.9 75.1 30.06 75.1
KINEMATIC 10
3 200.0 74.6 30.07 74.6
a=0.50
B=0.50 , 2 - 200.2 748 30.07 74.8
20
3 200.0 748 30.06 74.8
2 194.2 75.1 29.54 75.1
KINEMATIC 10
3 194 .4 75.2 29.55 75.2
d=0.00
B=0.50 2 188. 0 75.8 28.97 75.8
20
3 188.1 75.9 28.98 75.9
EXPLICIT DYNAMIC
SOLUTION 10 0.15 191.0 75.1 29.18 76.9
STORAGE ROUTING 12 _ _ 09 2 78.0
AMEIN (1968) 25
24 —_ - 27.8 90.0
METHOD PROPOSED
BY THOMAS(I934)
12 - - 27.7 78.0
50
24 - — 26.0 84.0
GRAVES (1968) 50 ! 193.9 76.0 29.5 77.6




113

however, is due to the relatively flat top of the wave which resulted in
the peak being ill defined. The depth did not vary by more than a few
hundredths of a foot several time steps before or after the peak, The
average value of the time of peak is 75.25 hours and the values obtained
for individual runs do not vary from this value by more than one time
step. 'The results obtained with the kinematic solution also compare
favourably with the answers provided by the finite difference solution
of the dynamic equations. While the attenuation was not accurately
modelled, the times to the peak values compare reasonably well,

Amein (1968) reports the results of Thomas' storage-routing
technique in a paper describing an implicit finite difference solution
of the dynamic equation. He pointed out that these results seem to
indicate that the storage routing technique is unacceptable due to the
variation of the values recorded for peak stage and the time of peak.
These probvlems may be symptomsof using large steps resulting in the
solution becoming unstable. In all of the cases cited, the time of
peak did not vary from the peak predicted using the dynamic solution by
more than one time step. Thus the kinematic and the dynamic solutions
are similar in that there are maximum sizes of AX and AT that
can be used to achieve satisfactory results.

Graves (1967) used a flood routing technique based on the contin-

uity equation and a stage discharge curve that was a function of the steady
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flow conditions and the rate of change of flow with respect to time.
This type of solution is neither kinematic or dynamic in a strict
theoretical sense, However, it is noteworthy in that it is an example
of methods which attempt to bridge the gap between kinematic solu-
tions and the complete solution of the dynamic equation. The results
of his 'study show a peak flow rate of 193.9 cubic feet per second per
foot channel width occurring at a point 200 miles downstream 76 hours
after the start of the simulation. The maximum stage was 29, 46 feet
78 hours after the start of the simulation. These results compare
quite favourably with the dynamic solution,

>In making these comparisons, two problems have been mani-
fested which are worthy of further discussion, First, when compar-
isons of results are obtained using numerical flood routing models,
it is sometimes advantageous to compare stages while other situations
warrant a c'omparison of flow rates. In reporting results of models
which do not assume a single v‘alued stage-discharge relation, it may'«be
expedient to report both stage and flow rates. The other problem en-
countered dealt with the size of the time step used in the computation,
Difficulties associated with using large step sizes in a finite difference
scheme are well documented and are usually guarded against, However,
the type of flood wave that was encountered in System 2 had a relatively

flat top which made locating the true time of peak a difficult task.
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Using smaller time steps would reduce this uncertainty; but would
increase the computation costs, Another approach to overcoming this
problem would be to fit a curve to the data points in the region of the
peak using either graphical methods or a numerical technique. The
lattér angle of attack was used with data where the peak did not appear
to fall-close to one of the time increments. A second order curve was

utilized in this attempt. The equation has the form:

Q=a+ bt + ct? (4.12)
Wheré: a, b, ¢, = coefficients determined from the data
Q = flowrate
t = time

The results shown in table 4, 3 have been refined by this interpolation

technique, A

4,6 CONCLUSIONS

In this chapter, a review of the terms in the momentum equation
has been made and a method for determining the order of magnitude
of these terms has been investigated. From this study, several
broad qualitative classifications of unsteady flow phenomena have

been demonstrated., These form a preliminary basis for determin-



ing the suitability of applying a kinematic solution to a particular

unsteady flow situation.

The classifications, first proposed by Henderson, are:

(1) STEEP SLOPE - Only the bed slope is significant in this
dy

type of system. The absolute value of —= is estimated
o

using the equation:

Iﬁ’i ] '-1-2 5Q | (4.8)
oX C” Tot

If the quantity

/So << | (4.13)

the system may be classified as steep.

_61
ox

(2) GENTLE SLOPE - With this classification, only the bed

slope and — terms of the dynamic equation are signifi-

ox

cant. It has been shown that if the system does not fit into

the steep slope classification and
2 .
Fr << | (4.14)

the system may be classified as gentle sloped.

(3) INTERMEDIATE SLOPE - This system is encountered when

all the terms in the momentum equation are important. A
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sy‘stem which cannot be clas’sified with the two previous
categories will fit under this title,
Results of several simulations were presented which showed
the comparisons of dynamic and kinematic solutions for various class-
ifications of systems, As the bedslope became more significant in
relation to the other terms, the solutions tended toward a kinematic
solution, However, attenuation, which resulted from the dynamic
effects in the system, was detected even when the bedslopc;, was two

dy

orders of magnitude greater than the -8— term. It is felt that
X

this observation is not a general observation that can be applied to
other cases of unsteady flow phenomena, Other systems, which have
a longer wave length hydrograph, may have much less attenuation.

It s\hould also be noted that the classifications steep, intermed-
iate or gentle slope are not the result of a particular bedslope in~ a
channel, These classifications also reflect the flow resistance, channel
geometry, ranges of flows encountered in the hydrograph and the rate
of change of the flow rates. This was demonstrated by studying a
system which, for a particular inflow hydrograph, changed from
intermediate slope to gentle slope and finally to a steep slope system,
as the bedslope and roughness were increased.

Comparisons of results from this study were made with results

reported by Amein (1968) and Graves (1967) to demonstrate problems



118

associated with using excessively 1arge’ time steps., The difficul-

ties were manifested in the form of instabilities and in data interpret-
ation., This demonstrates that both the kinematic methods and the
dynamic methods have limitations to the sizes of AX and AT
that can be successfully employed to provide a solution. An inter-
polation technique was employed to overcome problems associated
with data interpretation,

The method proposed by Graves is interesting in that it is an
example of methods which are employed to model the attenuation and
movement of a flood wave with a quasi-kinematic approach., Another
example of a technique which employs an approximation in conjunc-
tion with kinematic flood routing to model movement and attenuation
is the kinematic solution with the nucleus moved from the centre of
the molecule, These types of models have not been discussed at this
point in the thesis. However, the next chapters present a discussion
of several methods that may be utilized to extend the usefulness of

kinematic models,



CHAPTER 5
ATTENUATION AND KINEMATIC METHODS

This chapter provides a discussion of a method of modelling
attenuation in conjunction with the general kinematic flood routing
alg‘orithm. The previous chapter, which contains a comparison of
kinematic and dynamic solutions of two physical systems, demon-
strates the ability of the two methods to model attenuation. .The
dynamic solution follows from a rational numerical representation
of _the actual physical phenomena. Kinematic methods, per se,
do not predict attenuation but depend on a manipulation of the com-
putational scheme to approximate the reduction of the flood wave,
which may not, in fact, truly represent the process that is occurr-
ing in thg prototype.

Thus, while dynamic techniques provide a more realistic
method of predicting attenuation, it may be possible and compu-
tationally advantageous to utilize a modified kinematic routine,
if the solutions can be shown, by a calibration process, to be valid.

In presenting this discussion three components of modelling

attenuation will be explored. These are:

119 /
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1. "Molecule efféct:“ the attenuation introduced
by moving the nucleus from the centre of the
molecule,

2, "Cascade effect:'" the way in which attenua-
tion is affected by varying the number of
storage units in series.

3. "Storage effect:' the dependance of the atten-
uation on the relative magnitude of live storage
and volume in the flood.hydrograph.

To show the usefulness of this approach in the simulation of
unsteady open channel flow, a number of numerical experiments
are presented and the results are compared with the correspond-
ing dynamic solutions. A description of the way in which an engi-
neer might calibrate a model of this type is included along with

the concluding remarks.

5.1 THE "MOLECULE EFFECT" - MODELLING ATTENUATION

BY MOVING THE NUCLEUS

In designing the numerical experiments used with this study,
two distinct pﬁysical systems were employed. These systems,
described in detail earlier in this thesis were:

(i) a rectangular channel 20' deep and 100 ' wide

subjected to a triangular shaped inflow hydrograph
/
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(ii) a very wide channel subjected to a sinu-
soidal inflow hydrograph.

The primary difference between the two systems was the scale,
The time base of the inflow hydrograph for the first system was
2.77 hours while the second hydrograph had a time base of 96
hours. The length of the channel for the first system was 40, 000
fee.t whereas a channel 300 miles long was used in the second system,

To examine the sensitivity of the fiood routing solution to
the position of the nucleus within the molecule, a program was em-
ployed which for fixed values of AX and AT carried out a routing
analysis for a range of values of (d and f . Both parameters
were varied between 0.0 and 1.0 with increments of 0. 25, so that
a total of 25 possible solutions were obtained. It was recognized
at the outset, that a significant number of these nucleus positions
would not result in an acceptable solution, because of numerical
instability at certain values of ( and g

The results for the first system are shown in Tables 3.3
and 3.4 and 3,5 of Chapter 3. The elements of the matrix define
the positions of the nucleus and the values contained in each element
are the ratios of the peak outflow divided by the full bank flow rate.
A similar set of results was compiled for the second system in

tables 5.1, 5,2, 5.3 and 5. 4.



TABLE 5.1

PEAK VALUES OF THE OUTFLOW HYDROGRAPH

SYSTEM 2

300 MILES DOWNSTREAM
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AT = 2 HOURS
AX = 10 MILES
a 1.00 0.75 0.50 0.25 0.00
.00 0.976 0.954 0.932 0.910 0.888
.75 unstable 0.986 0.964 0.942 0.919
. 50 unstable unstable 0.996 0.975 0.952
.25 unstable unstable unstable unstable 0. 986
.00 unstable unstable unstable unstable unstable
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TABLE 5.2

PEAK VALUES OF THE OUTFLOW HYDROGRAPH

SYSTEM 2

300 MILES DOWNSTREAM

AT = 2 HOURS
AX = 20 MILES
1,00 2.75 0. 50 .25 .00

.00 unstable 0.975 0.931 . 887 . 849
.75 unstable unstable 0.963 .918 . 875
.50 unstable unstable 0.997 . 951 . 904
.25 unstable unstable unstable . 985 . 938
.00 unstable unstable unstable . 000 , 972




PEAK VALUES OF THE OUTFLOW HYDROGRAPH

TABLE 5.3

SYSTEM 2

300 MILES DOWNSTREAM

AT = 3 HOURS
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AX = 10 MILES
1.00 0.75 0.50 0.25 0.00
.00 0.946 0.924 0.902 0. 880 0. 860
.75 .unstable 0.970 0.949 0.927 0.903
. 50 unstable unstable 1.000 0.975 0.954
.25 unstable unstable unstable unstable 1. 000
. 00 unstable unstable unstable unstable unstable
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TABLE 5, 4

PEAK VALUES OF THE OUTFLOW HYDROGRAPH
SYSTEM 2

300 MILES DOWNSTREAM

AT = 3 HOURS

AX = 20 MILES
B 1,00 0.75 0.50 0. 25 .00
1.00 unstable 0.944 0.901 0. 860 825
0.75 unstable 0.990 0,948 0.903 869

-

0.50 unstable unstable 0.995 0.952 904
0. 25 vnstable unstable unstable 0.999 957
0.00 unstable unstable unstable unstable .00
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Before proceeding with the theoretical aspects of the '""mol-
ecule effect' it is vital that the reader obtain a clear picture of the
phenomena that is manifested by these results, If a three dimen-
sional plot were made, showing the peak outflow versus @ and
B , a smooth surface would be depicted. This surface may be
visualized by imagining contour lines across the tables which
conltain these values. For example, the results shown in table 3,3
for System 1, would form a surface with the line of steepest descent
going from the central position toward the upper right hand corner
of the table ( = 0.0, B= 1.0) with the gradient of this line becom-
ing shallower in the proximity of the corner. Similarly, table 5,1,
which shows some results from System 2, presents data which would
form a surface with the steepest descent upwards and to the right.
If the strike of the surface were plotted to determine the direction
of the dip, the strike being a horizontal line perpendicular to the
dip or line of steepest descent, the direction of the dip would be
found to be three increments upwards and two increments to the
right, Examination of the other tables (i.e. 5.2 to 5.4) reveals
a similar result, although it can be seen that as the size of AX
and AT varies, the direction of the dip changes., When AX is
made larger, the dip swings towards the right hand side; but if

AT is increased, the dip points toward the upper portion of the

matrix,
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If the necessary key factors could be identified enabling an
engineer or researcher to describe the characteristics of these
surfaces without having to generate numerous computer simulations,
it would then be possible to preselect the necessary values of ( ,

B etc. in order to produce attenuation of a required amount.

The following theoretical investigation is directed towards
idéntification of the parameters which characterize the P( d, 8 )
surfaces described above and towards rationalizing the introduction
of numerical error, or "'molecule effect' that is brought about by
moving the nucleus away from the centre of the molecule.

Examination of the finite difference approximation of the con-
tinuity equation in differential form has revealed that the repre-~
sentation is given by equation 5., 1.

2 238 +—(2a |)Ax§2—- s 1(- ZB)ATE-Z-‘l o(ax;aT?)
ox ot §x2 2 5 t2
=g (5.1
The mathematical proof of this statement is presented in Appendix C.
Ignoring error terms higher than first order allows the equa-

tion to be written as:

0 3A . | (5.2)

m— o memme -

ox at

Q1
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where:
/
=—(2<1 I)Axa—zg- -'-—(I-ZB)AT-?;{l "~ (5.3)

To calculate the sensitivity of the size of the error terms to
variations of A, B, AX and AT, it is necessary to analyze the

nature of the mathermm tical model. This information can be obtained

. - 62
by determining the relative size of the terms .6__(:. and
X
52A
dx?
Describing the kinematic wave by the partial differential
equation:
b . O
ot ox

implicitly defines the wave celerity as

-oy/ &t
22 L Lk (5.5)
oy /6x ot

Rearranging the differential form of the continuity equation yields:

5Q SA

. g-x2 5.6
5x 0 5t (5.6)
or:

5A 5Q

(6.7)

n
Eell

5t 5x
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Further differentiation of equations 5, 6 and 5. 7 leads to the second

order terms of 5, 8 and 5. 9.

$%Q 52
e (5.8
ox2 . oxdt )
2a 2
A _ _3%Q (5.9)
§t2 &t éx

Multiplying equation 5. 8 by the kinematic wave velocity gives:

$%2Q 52A
— = =C — .
o Sx? 551 (5.10)
from whiéh:
52Q (6x> A |
C——- S e e s | c—— 5”
- &x? ot / §x ot ( )
82Q _ &%A
C—r = — 5.12
§x%  §t? (8.12)



This leads to several important points. First, by substituting
equation 5, 12 into the error expression 5.3 the following equation

is obtained:

AX 8 CAT 52
€ = (2d-1)— — + (I-2 5.13
( )72 §x?2 v -2k ox2 ( )
$2Q |
_E_.((a 0.5)AX +(0.5 - B)CAT) (5.14)
X

This dem;mstrates the qualitative dependance bf the error term
on linear terms in d, M.

The second item that can be developed from the previous
algebraic manipulations is a finite difference representation of the
error terms,

By referring to figure 3.2 for a definition of nodal values in

the finite difference molecule, it can be seen that:

(5.15)

3-';5 ) dx ot AT AT

$2A $2Q ((04-03) _ (oz-o.))
AX

Q4=Qs + Q-Q, \ -
,=-( il 2) | (5.16)
AX AT
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/, Similarly:
$2Q 82A (Ag-Az) _(Ap-A)
8x2 = 5X6f _—< AT AT ) (5‘7)
- AX
__[A4-Az+A-A; | |
CESES 510

Using the following finite difference approximations:

oQ Qs+ Q3-Q2-Q,

2 ' (5.19)
5 X 2AX
‘ an.d: ’
34 . Asrherfyh (5.20)
5t 2AT ,

equation 5.1 may be rewritten in finite difference form. The
equation is:

Q4+Q3-Qz- Q| . A4" Az’A3“A|

2 AX 2AT
“(As-Ag+A -A
edoa-nax [ 1AazAs+A-A,)
2 AX AT

) (5.21)

+%(|-2B) AT (_(Q“-Q"’*Q"QZ) ) -

AXAT
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Collecting terms yields:

Qa* Q3-Q2-Q . 1-28 Q3+Q,-Q4-Q
2AX 2 AX

A4“‘A2"A3'A| + 2d-1 A3"’A2"A4"A|

2AT 2 AT - 9 (8.22)
Further simplification gives:
B(Q4'Q2) + (1-8) (Q3’Q|)
" AX
+(|"a)(A4’A3) + a(Ag" AI) = .q.. (523)

AT

It can be seen that equation 5. 23 is precisely the same as
equation 3. 10, This leads to the conclusion that the error term
related to the selection of @ and AX has physical significance in that
it indicates the amount of reservoir type storage, storage which is
a function of outflow alone, that is assigned to the elementary reach.

Furthermore, because the error )terms are linear additions
to the continuity equation, the introduction of error related to the

choice of B and AT causes the model to behave in a manner

similar to the introduction of reservoir storage in the channel.
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Thus, by the use of equation 5. 14, the first order errors associ-
ated with AT may be converted to equivalent reservoir storage,
This property has already been demonstrated in pictorial

fashion in a previous chapter, where the shape of the outflow hydro-
graph for the first system was shown to be related to the peak of
the hydrograph, (Figure 3,6) If the peak attenuated to a particu-
la.J;' value, the flood wave appeared to have t};e same shape regard-
less of whether the attenuation resulted from the introduction of
error in the order of AX or error in the order of AT.

A qualitative description of the equivalent reservoir storage

in the channel may be obtained in the following manner. Dividing

ation 5. 12 b AX 82Q ield
equation 5. — — yields:
: T
—2¢_ .5 (2a0-n+(1-2p 24T (5.24)
AX8 q ax
ox?
where: S = stability number defined in Appendix A,

Using the dimensionless number, S, it is possible to describe
the amount of equivalent reservoir storage in an elementary reach.
If the nucleus is in the centre of the molecule, S = 0,0 and there is
no reservoir storage in the channel, However, when the nucleus
is located at the downstream boundary (@ = 0.0, B = 0.5) the value

of Sis -1.0 and the elementary unit is modelled as a reservoir,
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The amount of apparent reservoir storage in the elementary reach
can be increased even further by selecting a value of f§ greater than
0.5. The exact amount by which the apparent reservoir storage will
increase depends upon the values of ¢, AX and AT . If C :A—X- is
precisely equal to unity, the value of S will vary in direct proportion
to both (2 d -1) and (1-28).

For a linear channel the kinematic wave velocity is constant
with respect to y and there is no difficulty in determin'ing the value
of c to use in calculating S. In non-linear channel elements in which
c is a function of the stage y, it is necessary to choose some value
of.stage or discharge for which ¢ may be con/nputed. Ideally this
stage should be able to be selected from a knowledge of the inflow
hydrograph. However, unfil some suitable guidelines are available
to aid in this selection it is preferable to determine the appropriate
value of c by simulation. Because the attenuation is a function of
S it is possible to determineC-A—Tfrorn the data presented in the
tables:

For System 1, C—— may be calculated in the following manner:

(a) The time steps chosen for the simulation caused
the peak of the inflow hydrograph to be truncated to
0.984 times the ;naximum full bank flow. Thus,

the values chosen to determine ¢ should be di-

vided by 0. 984,
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(b) Using data from table 3. 3, the sensitivity

(c)

to changes of (A at the centre of the mole-~

cule are:
0.924
AP .00 0.984

Alza-l) © ~ -0.50 =-0.122

The sensitivity to changes in f are:

0.925
AP 1.00 - 5584 - -0.120
A(l-2B) -0.50 '

Thus, S is slightly more sensitive to the

value of A and

AT -0.120
AX  -0.122
or

_-0.120 | 2500

C= 5122 * Zo00

= 12.3 fps

This type of calculation can be repeated for

all of the data available and an average value

determined. However, when applying this



method it should be noted that attenuation
may not, and indeed, usually will not, be
a liﬁear function of S, Thus, the sensitiv-
ity tests described above should be made
using values of the attenuated peak outflow
that are approximately equal.

If we replace the parameters ( and B by equivalent vari-

ables with the origin at the centre of the molecule we obtain

6=2a-1, ¢=1-28

Then the desired value of c may be expressed as

&P

. AX 89

c--A—T- -B_P— (5.25)
60

If P is assumed to be 1,0 at the point d=0.5 B=0.5

(@ =0, @=0) then two simulation runs will provide the forward

)
difference values for -E and éf— from which ¢ may be
60 o

evaluated.

5.2 "CASCADE EFFECT"

The ""cascade effect' is defined as the extent to which overall

136

attenuation is increased as the number of subreaches of constant AX

hY
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_are increased. Dooge (1959) demonstrated that the peak outflow
issuing from a series ol linear rzservoirs may be related to the
Poisson {N-1, N-1). Evaluation of the Poisson function reveals
that the term P(N-1, N-1) is proportional to \[I\TwhereN is the
number of elements chained tcgether., A similar situation may be
shown to exist for chains c¢f non-linear reservoirs,

Several numerical experiments were performed to determine
the relationship between the attenuation, {1-P), and the number of
elements n when the constraint of linearity is removed, For these
experin.ents, the cross section area from System 1 was utilized
with re;ach lengths of 1, 250 and 5, 000 feet, The inflow hydrograph
was defined as the triangular hydrograph used for System 1.
The hydrograph was routed through various cascades with 2, 4, 8,
16, 32 and 64 units in each cascade.

In order to introduce a significant degree of attenuation and

vary the molecule effect the computations were made with the fol-

lowing positions of the nucleus.

POSITION
n 2 z
PARAMETER
a 0.0 0.0 0.5

B 2.5 1.0 .0
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The results of these simulations are presented in figure 5. 1.
which shows a plot of attenuation (1-P), versus the number of cas-
caded reaches, N, in the system. FEach of these numerical experi-
ments resulted in a set of points that could be approximated by a
straight line on a log-log plot. After fitting the straight lines to
the data it could be seen that a family of nearly parallel curves
resulted.

The slope of the various lines was determined to provide an

estimate of the exponent, e, in the general equation

(1-P) = kN€ (5.26)
where: P = peak outflow ratio

k = a coefficient

N = number of reaches in the simulation

e = an exponent

The results indicated a range of results from 0. 542 to 0. 574
for e as shown on figure 5. 1.

These results are presented to demonstrate an interesting
feature of the system and simulation. It is also interesting to note
that if a linear system was utilized, the exponent would be of the
order of 0.5, More tests are required to delineate the relation~

ship of the exponent e to factors such as the input, and system
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characteristics., Further investigations into these items and the
variance of the exponent, e, could provide information which may
quantify the effect of system non-linearity on the response char-

acteristics.

5.3 "STORAGE EFFECT"

. "Storage effect'" is defined as the attenuation that results from
a finite quantity of live storage expressed as a proportion of the
volumeé in the flood hydrograph. It is intuitive that more attenuation
will occur as reservoir volume increases.

Since a constant inflow hydrograph was employed in all
tésts, this effect was studied by running further numerical experi-
meﬁts with System 1 in which the attenuation, 1-P, was dependant
on the reach length AX .

Following empirical evaluation of the molecule and cascade
effect it was then intended to relate the attenuation as a function of
the live storage. Although it may be anticipated that this relationship
is highly non-linear over a wide range of attenuation values, it is
reasonable to assume that within the relatively small range of

A X values examined the function would not depart significantly

from a straight line plot.
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5,4 ANALYSIS OF NUMERICAL EXPERIMENTS

For the purpose of evaluating the several functional relations
described above, attention was directed to the result of numerical
expefiments on System 1 as recorded in tables 3,3 - 3.5, The
various effects were isolated in a slightly different order to that in
which they have been considered up to this point, i,e. cascade

effect and molecule effect and storage effect,

5.4.1 CASCADE EFFECT

In order to study the effect of increasing the number of
serial elements in a system, the program was modified slightly so
that AX, @ and B could be held constant, while n was increased
geofnetrically. The results for various values of AX , @ and 8
are tabulated in table 5. 5.

Following on the argument of section 5.2, a log-log plot of |
the attenuation (1-P) versus n (number of elements) revealed that
the value of e in equation 5, 26 was essentially constant with a
mean value of 0.55 . The slope of the various plots is indicated
if figure 5.1 and ranges from 0, 542 to 0. 576.

The effect of this correlation is to allow the attenuation of a

single reach to be determined as a function of

(1-P)
—EcTs's
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TABLE 5,5

TYPICAL RESULTS OF CASCADE EFFECT EXPERIMENTS

SYSTEM 1
AT = 200 SECONDS
AX = 1250 FEET

a 8 N (1-P)
2 0,0164
0.00 0.50 4 0.0247
8 0.0381
16 0.0525
32 0.0755
64 0.1089
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where P is the resultant relative peak flow issuing from a cascade
of N elements, Armed with this information it was now possible

to extend the analysis to the molecule and storage effects.

5.4.2 MOLECULE EFFECT

As discussed in section 5.1, the attenuation (1-P) may be
related to the stability parameter S which is shown to be a function
of A, B ,AX , AT and c by equation 5. 24,

Figure 5, 2 shows a log-log plot of (l—PA)/N‘ 55 as a function
of S, Each line represents values obtained for constant values of

AX . Once again the relations appear to be simple exponentials
with the range of experiments covered. However, the exponent
of the different experiments varies between 0.5 and 0,6, The aver-
age of these values is 0.55. The general result is that for constant
values of N and AX , the attenuation (1-P) is proportional to approx-

imately‘SO' 55 | Thus for constant N and AX

0-55 = CONSTANT - (5.27)

5.4.3 STORAGE EFFECT

Using the correlations determined in the foregoing two sec-

tions it is now possible to isolate the dependence of attenuation on
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the live storage. This was achieved by reducing the results of
the numerical tests to obtain values of

(1-P)

‘-S_OEI\-J-O‘—SE’ f(AX) (5.28)

To express the relative live storage as a volumetric ratio, it

is convenient to use as abscissa the non-dimensional term

AX-AA
Vol

where: AA = A(Qmax) - A(Qbase)

Vol

1!
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volume of inflow hydrograph above the base flow

This choice of parameter is somewhat arbitrary and valid here only

because of the constancy of the inflow hydrograph employed and the

prismatic nature of the channel., The results of this analysis are

shown in figure 5.3 in which it may be seen that the '""reduced"

attenuation is approximately a linear function of the relative live

storage parameter,

(1-P) kAX'AA

-g0-550.55 - Vol (5.29)

where: k = 0.485 for the recults examined
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5.4.4 EXTENSION TO OTHER SYSTEMS

The results of the foregoing analysis are of interest but
are rather dependent on the assumptions and constraints of the
particular system from which the numerical data were obtained.

It must be recognized that a more generally applicable relation
" may require inclusion of the effect of the hydrograph shape (de-
fined perhaps by higher statistical moments) and the degree to
which the expression AXAAtruly represents the live sto‘rage in
the system.

It must be recognized that the functional relations developed
above are valid only for the system from which numerical data were
obtained and that application of these correlations to other systems
is unwarranted until such time as further numerical tests can be
carried out. Until such time, however, it is desirable to develop
some simple guidelines for the development, use and calibration of
kinerratic routing models. The following section attempts to develop
such a methodology on the basis of the analysis presented earlier

and the application in various circumstances is illustrated.

5.5 GUIDELINES FOR CALIRPRATION OF KINEMATIC ROUTING

MODELS

Since it iz recognized that no attempt has been made to quan-

tify the dependance of attenuation on hydrograph shape and storage
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effect, it follows that the engineer engaged in constructing a
kinematic routing model must make use of trial numerical experi-
ments as an aid to calibration. This being so, it is desirable to
identify a compound parameter which combines the several sepa-
rate effects described above and which will enable computational
effort to be minimized in the process of model development and
adjustment,

In the process of calculating the relation of attenuation to
S, AX and N, it was shown that a correlation existed which
promised to become a useful tool to efficiently calibrate a numerical
model.

Rearranging equation 5, 14 indicates that

: $2Q

2€= — - S* AX (5.30)
dx
2
The term — is a function of the system and the inflow
ox

hydrograph and remains fixed for any independant values of d ,
B8, AX and AT . Assuming that the attenuation is some
function of the error term, a correlation between P and=SAX
should exist. Figure 5.4 contains a plot of P versus-S AX for
System 1; a similar plot for System 2 is shown in figure 5.5. The

results plotted on these curves are shown in tables 5.6 and 5.7.


http:compo�.md

149

(1334) XVS-

00021 0000l 0008 0009 010]0) 0002

0

| k| LB ' | L L] | ] |

| W3LSAS
1393443 31NO310N OL 3NA NOILVANILLV

PG 34NOI4

GL 0

080

G8'0

060

3ivVd MO1d4 MNvE8 11nd

3ivyd MOT4



FLOW RATE
FULL BANK FLOW RATE

1.00 g

0.95 |

0.90

0.85 F

0.85

0.75

FIGURE 5.5

ATTENUATION DUE TO MOLECULE EFFECT
_SYSTEM 2 |

15 20

-SAX(MILES)

25

30

061



TARLE 5.6

TYPICAL VALUES USED TO DEFINE

THE P VS SAX CURVE

SYSTEM 1

40,000 FT. DOWNSTREAM

AT AX a B8 S SAX PEAK

(SEC.) (FT.) (FT)
0. 50 0.0 0 0 oRe

- -12
2. 500 0.25 0.5 1250 0.924
0. 00 -1:0 -2500 0. 890
0.50 0.0 0 0.265
200 5, 000 0.25 0.5 -0.5 -2500 0. 890
0.00 -10 ~5000 0. 840
0.50 0.0 0 0.941
0.25 -0.5 -5000 0. 840
10, 000

0.00 -1.0 - 10000 0,771
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TABLE 5.7

TYPICAL VALUES USED TO DEFINE

THE P VS SAX CURVE

SYSTEM 2

300 MILES DOWNSTREAM

152

AT | AX a B S SAX PEAK
(HRS.) { (ML) (M1.)

0.25 -0.285 - 2.85 0.986

0. 00 0. 50 -1. 000 -10. 00 0.952

0.75 -1.715 -17. 15 0.919

1.00 -2.430 -24. 30 0.888

0. 50 ~0. 500 = 5,00 0.975

0.25 0.75 -1.215 -12. 15 0.942

1.00 -1.930 -19. 30 0.910

2 10 0.50 0.000 .00 0.996
0. 50 0.75 -0. 715 - 7.15 0.964

1.00 -1. 430 -14. 30 0.932

0.75 -0.215 - 2,15 0.986

0.75 1.00 -0.930 - 9.30 0.954

! 00 1. 00 20, 430 - 4,30 0.976

0.25 0. 463 = 5.26 0.956

0. 50 -1. 000 -20.00 0.904

0.00 0.75 -1.537 -30. 74 0. 860

1. 00 -2.075 -41. 50 0.825

0.25 +0. 037 + 0,74 0.999

0.50 -0. 500 -10. 00 0.952

3 20 0.25 0.75 -1.037 -20.74 0.903
1,00 -1.537 -30. 74 0. 860

0. 50 0.000 00, 00 0.995

0. 50 0.75 -0.537 -10. 74 0.948

1. 00 -1.075 -21. 50 0.901

0.75 0. 057 - 0.74 0.990

0.75 1.00 -0.575 -11.5 0.944




It seems reasonable to assume that similar curves may be

obtained for any system,

whereb y these curves may be obtaired from two or more simula-

tion runs with carefully selected parameters, This curve may

then be used as a guideline for the selection of the required value

of SAX corresponding to the observed attenuation, A suggested

procedure for the selection of parametric values is given below

in the form of a check test,

1)

2)

3)

Select an appropriate value of AT to model the inflow
hydrograph. If the channel is arbitrarily shaped it may
be necessary to specify the AX increments due to the
constraints of geometric data,

Obtain an estimate for the kinematic wave velocity, c,
based on the system and the inflow hydrograph.
Assuming that the AX steps can be varied, select
a value of AX £ CAT (say) with the constraint that

L. s an integer. In the first simulation selecting

AX
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A procedure may therefore be developed

a=20.0, B = 1.0 will provide the maximum amount

of attenuation that is possible with the specified AX and AT

In addition, the numerical calculations will be uncondition-

ally stable.



4)

5)

6)

7)

154

The above steps would define SAX and performing the
necessary mathematical calculations would provide a
result with an attenuated outflow hydrograph.

If the predicted attenuation is greater than the observed
peak then adopt a smaller value of SAX, say one half of
the previous value. There are a number of ways in which
SAX may be varied by adjusting one of four variables

a ., B , AX or AT . Unless the value of c is well
established, it is suggested that (A and B be adjusted and
AX and AT held fixed. This may provide more informa-
tion which may be helpful in determining c.

Repeat the calculations with the reduced value of ¢ to

~ obtain a new estimate of the peak outflow and hence define

another point on the relationship

P= f(SAX) (6.3

from which it may be possible to approximate the SAX
required to provide the needed amount of attenuation.

If the first value of the attenuated hydrograph is less than
the desired amount, it is necessary to increase SAX,
This can be done by increasing either AX or AT . If
the channel has been defined with arbitrary cross sections

it would be necessary to adjust AT . Otherwise an
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adjustment of AX may provide the most efficient
solution.

8) Successive adjustments of SAX would produce the rela-
tionship of P to SAX and allow the user to calibrate the
model,

There may be other variations on the previously described
calibration process that may be employed to achieve the desired
results. For example, if the value of ¢ is unknown, the preliminary
calculations may be performed with § = 0.5 and thus eliminate the
need to have a value for the kinematic wave velocity. Another nu-
merical experiment with (@ =0.5and f > 0.5 would yield the
data required to determine c. In selecting values for the para-
meters (A and B and step sizes AX and AT the user
should remember to follow stability criteria guidelines (see Chap-
ter 3) and must also utilize sound engineering judgment.‘ This will

ensure that unreasonably large numerical errors and approximations

are not introduced into the calculations.

5.6 DISCUSSION OF HYDROGRAPHS RESULTING FROM ATTENUATED

KINEMATIC SOLUTIONS

The results obtained from the kinematic simulations are
shown in figures 5,6 — 5 8 for System 1 and in figure 5,9 for Sys-

tem 2.
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When the bed slope was very shallow, dynamic effects were
significant and the kinematic solution was lagged relative. to the
dynamic solution as shown in figure 5.6, However, as the bed
slope was incréasea and dynamic effects became less significant
the dynamic solution and the attenuated kinematic solution were very
close as demonstrated on figures 5.7 and 5.8, Figure 5.9 illus-
trates that with System 2 there was a very close correspondence of
the results from the two methods of analysis. Further discussion
of criteria relating to the applicability of kinematic routing is found

in Chapter 4.

5.7 CCNCLUSIONS

Numerical experiments have been performed to study the way
in which attenuation is modelled by the:
1) Molecule effect
2) Cascade effect
3) Storage effect
Results of using the general kinematic flood routing method
to simulate the above effects reveal  that in certain cases it is possible
to accurately model unsteady open channel flow. In the past kinematic
techniques have been subject to criticism due to the sensitivity of

the solution to the size of AX and AT . However, investi-
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gating this sensitivity and determining how it affects the solution,
provides valuable insight into a po’tentially useful numerical tool,
Varying the size of AX changes the molecule effect, depending on
the selection of (@ and f, it changes the storage effect and for a
fixed total reach length it affects the cascade effect,

Similarly the selection of AT is a significant parameter in
determining the molecule effect if the nucleus is not located on
the centre of the molecule,

In the course of the numerical experiments, it was noted
that the peak outflow, if plotted over the finite difference molecule,
forms a relatively smooth surface. A limited relationship has
been developed which can be uséd to predict the value of the peak at
any point over the molecule after calibration. With this relationship,
which combines molecule, cascade and storage effects, it is poss-
ible to establish a kinematic model based on results of a dynamic
model and/or actual recorded input and output of the prototype. Using
S and AX it is possible to select valuesof d , B , AX and AT
to produce a particular outflow hydrograph, provided the dynamic
effects are not too dominant.

Further research is required to determine the influence of

other factors such as the inflow hydrograph characteristics and
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j physical properties of the system on the outflow hydrograph, This
may enable a user to reduce the number of numerical experiments
required to calibrate a model and may make it possible to predict
the outflow hydrographs after the system has been altered without

subsequent recalibration.



CHAPTER 6

MODELLING ATTENUATION WITH AN IMAGINARY RESERVOIR

i

The previous chapter was devoted to a discussion of apparent
attenuation which resulted from the inclusion of storage in an elem-
entary reach., This storage was introduced by modifying the com-
putational approach so that combination channel-reservoir units
were modelled. This chapter is .devoted to studying a system where
the channel and reservoirs were modelled as two distinct phenomena.

The prime objectives of this chapter are; (i) to provide a
picture of the basic idea of a channel and reservoir in series, (ii)
to study the sensitivity of the solution to the location of the reser-
voir and (iii) to investigate differences resulting from simulations
where thg reservoirs have different degrees of nonlinearity.

The results of the study are summarized in the concluding
remarks, As well, several suggestions are included which point
out areas where future research of this topic may be beneficial and
where the concept of a channel and imaginary reservoir in series

may be useful,
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6.1 THE PHYSICAL SYSTEM:

Using a channel and an imaginary reservoir in series to sim-
ulate a natural channel system is an often used hydrologic tool.

This technique, commonly known as the lag and route method,
utilizes two components in performing the numerical simulation.
These are (i) a linear channel and (ii) a linear reservoir, A linear
channel is defined as a channel in which the flow rate is a linear
function of the cross-sectional area. Thus, the kinematic wave
velocity 4Q is a constant for any specific cross-section indepen-
dent of flow rate (or stage). Translation of the wave is modelled

by this portion of the model, The linear reservoir, which produces
the attenuation of the flood wave, is defined as a reservoir in which
the storage is a linear function of the outflow.

There are several characteristics of linear systems that allows
the simulation process to be simplified to a degree, Firstly, when
linear components are utilized in the study the response of the system
and therefore the solution are not sensitive to the input and it is
possible to utilize the principle of superposition. Thus, it is not
necessary to consider the order in which the components occur.

The present study enlarges upon the basic lag and route approach

by allowing for the inclusion of non-linear channel and non-linear res-
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grvoir elements in the system. In particular, the following vari-
ables were considered:

1. The location of the reservoir,.

2. The degree of non-linearity of the reservoir.

3. The magnitude of live storage associated with the reservoir,

In studying the sensitivity of the solution to the location of the
reservoir, the limiting cases were investigated, The traditional lag
and route method, with the reservoir located at the downstream end
of the channel was used along with what is hereafter defined as the
route and lag method, a system with the imaginary reservoir at
the upstream limit of the channel,

System 1 was utilized for this portion of the study. The channel
was modelled as eight elementary reaches, each 5000 feet long. The
single imaginary reservoir was described using the following equation:

ST = KQW (6.1)
where: ST = storage
Q = flow rate
K = a parameter
w = a parameter
A schematic representation of the system is shown in figure 6. 1.

When studying System 1 using the finite difference solutions of

the momentum and continuity equations, attenuated peaks of the order of

0.7 and 0. 8 were obtained, By trial and error, an approximate res-
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ervoir size was determined which would result in attenuation of
approximately the same magnitude. This was used to study the

sensitivity of the solution to the location of the reservoir.

6.2 THE POSITION OF THE RESERVOIR

Table 6.1 contains a set of results obtained from a series
of simulations using the route and lag analysis (reserx.roir upstream)
while table 6. 2 contains a set of results for similar simulations
using the lag and route (reservoir downstream) method of analysis.
For each system studied, nine reservoir types were examined
using value of K and w as follows:

K

12000, 14000, 16000

1

w=0.8 09, 1.0
For each system and reservoir type, the attenuated peak, P, and

tw o measures of lag were recorded. The lag parameters used

were defined as follows:

n

Tp = time to peak (hr)

Tc

1

time to centroid (hrs) of hydrograph above baseflow
The values of P, Tp, Tc are given for each system and reservoir

type in tables 6.1 and €.2. As might be expected, the attenuation

P varies inversely with K and w since each of these terms tend to
increase the sensitivity of live storage to the discharge Q (see equa-

tion 6.1). The lag terms similarly increase with increase of storage



TABLE 6.1

DATA FROM RESERVOIR -- CHANNEL SIMULATION

40,000 FT DOWNSTREAM

SYSTEM 1

168

#*Truncated
w
0.8 0.9 1.0

K

12000 P =0.833 P =0.632 P =1D0.,437
Tp = 1.24 Tp = 1. 69 Tp=2.13
Tc = 1.47 Tc =1.91 Tc = 1,89
P =0,808 P =0.599 P =20.412

14000 Tp = 1. 30 Tp = 1.74 Tp = 2. 19
Tc = 1,54 Tc = 1.93 Tc = 1, 87%
P =0.780 P =0.570 P =0.391

16000 Tp = 1. 36 Tp = 1. 80 Tp = 2. 19
Tc = 1,60 Tc = 1,96 Tc = 1, 85x

P
Tp

Tc

Peak Flow/Full Bank Flow

Time to Peak (hrs)

Time to Centroid (hrs)

See figure 6. 3 for definition of above terms.
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TABLE 6.2

DATA FROM CHANNEL--RESERVOIR SIMULATION

SYSTEM 1

40,000 FT DOWNSTREAM

*Truncated
W
0.8 0.9 1.0
K
P =0.818 P =0.616 P = 0. 429
12000 Tp = 1.13 Tp = 1. 58 Tp = 2.02
Tc = 1,42 Tc = 1. 80 Tc = 1, 80
P =0,791 P =0, 584 P = 0,405
14000 Tp = 1. 19 Tp = 1,63 Tp = 2.08
Tc = 1,49 Tc = 1, 78% Tc = 0, 80%
P =0.766 P =0.556 P = 0. 386
16000 Tp = 1. 25 Tp = 1. 69 Tp = 2.08
Tc = 1,56 Tc=1,74% Tc = 0, 10%%

P = Peak Flow/Full Bank Flow
Tp = Time to Peak (hrs)
Tc = Time to Centroid (hrs)

See figure 6, 3 for definition of above terms,



(K and w increasing) although with large amounts of lag and atten-
uation, the outflow hydrograph is significantly truncated resulting
in serious error in evaluation of Tc. These cases are marked in
tables 6.1 and 6. 2.

The initial observation is that whereas the value of P is sen-
sitive to values of K and w, the sensitivity to the position of the
reservoir is low. In general, values of P in table 6.2 are 2% lower
than in table 6,1, The effect of moving the reservoir downstream
is small and even this small difference is due not to any fundamen-
tal change in the performance of the model, but rather to numerical
"softening'' of the peak in the channel routing stage which is more
pronounced when the unattenuated hydrograph is routed down the
channel, Thus, for this particular system, the attenuation is quite
insensitive to the location of the reservoir. This can be attributed
to the fact that the modulating effect of the reservoir is dependent
upon wave shape, among other things, and there is no significant
change in the wave shape as it passes down the channel,

While there was no significant differences in the amount of

attenuation when the reservoir location was varied from the upstream

end of the channel to the downstream limit, there was an appreciable
change in the shape of the outflow hydrograph as shown in figure 6. 2.

With a route and lag system, the peak outflow occurred later and the
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rising limb of the hydrograph was steeper than the simulation
of the lag and route configuration. This phenomena results from
the variation of kinematic wave velocity with stage,

For the system studied, higher stages have a higher kine-
matic wave velocity than lower stages or flow rates, thus, the
peak of the unattenuated wave would travel down the channel faster
and arrive at the downstream end passing through the reservoir
sooner than the wave which was attenuated by a reservoir and then
flowed down the channel. This variation in kinematic wave velocity
also causes waves to steepen; but with the reservoir at the down-
stream end, the steepening caused in the channel was smoothed out,
However, the waves from the reservoir located at the upstream end
of the channel were steepened by the passage down the channel.

A comparison of the kinematic solutions with the dynamic
solutions indicates that there is a considerably longer lag in the
outflow from the kinematic simulations. This can be attributed
to the introduction of the imaginary reservoir and the fact that the
kinematic wave velocity of the channel is less than the dynamic
wave velocity.

Although these preliminary tests confirmed the general quali-
tative dependence on K and w, further tests were used to extend this

knowledge. In these tests the route and lag configuration was used
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to minimize the errors that were introduced into the kinematic

channel routing calculations,

6.3 MEASUREMENT AND DEFINITION OF THE RESPONSE

CHARACTERISTICS

In order £o provide a gquantitative base for the comparison
of the results of the numerous simulations that were made during
the process of studying the effects of varying K and w, the following
items were quantified:

1. Peak outflow,
2, Centroidal lag of the outflow hydrograph.
3. Skewness of the outflow hydrograph.

The first two items were computed in the simulation program
and obta{ned from the computer printouts. A triangular inflow
hydrograph, defined earlier in the description of System 1 was
used in this study. As a result of the discretization of the hydrograph
to conform with the time steps used in the numerical calculations,
the peak of the hydrograph was truncated. Therefore, the inflow
hydrograph was trapezoidal in shape with a peak value of 0. 984
times the peak of the triangular hydrograph. However, this trun-
cation was ignored and no corrections were made to the data pro-
duced by the computer. The centroidal lag value calculated by the

computer included all of the base flow. Corrections were made to
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the data generated by the computer to obtain the centroid of the

outflow hydrograph alone, A graphical representation of these and

other values used to describe the hydrograpl'l is contained in figure 6. 3,
The third parameter used to describe the hydrograph was

an atter;rlpt to quantify the general shape of the hydrograph in rela-

tion to the centroid and the peak discharge. This empirical skew

factor was defined as:

Tc-Tp
SF = m (6.2)
where: SF = skew factor
P = peak flow ratio
Tc = time of centroid
Tp = time of peak discharge
Tb = time base of inflow hydrograph.

0. 2= base flow rate ratio
The skew factor describes the slope of the line from the base
flow rate and the centroid of the hydrograph te the peak outflow and

time of peak outflow as shown in figure 6. 3,

6.4 SYSTEM PARAMETERS,

A measure of the system parameters (independent variables)

was required to complement the response variables (dependent
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variables) so that the effects of non-linearity and the size of the
reservoir could be studied,

The channel properties and the configuration of the system
were held constant. The system was characterized by the ST
versus () curve and the two parameters that were utilized to de-
scribe this curve were the slope of the chord and the ""bow' or
departure from linearity in the curve over the range of flow rate
that was experienced by the system. These parameters-are respec-

tively:

CHORD SLOPE

AST
20 (6.3)

where: ST = storage
Q = flow rate
and

dsT _dsT

dQ lamax .5—- QBASE )
NL = (6.4)
AST

AQ

where:

dsT

dQ

wKQw_

A definition sketch of these parameters is included in figure 6.4.
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Because the range of flows that were encountered was constant
for all of the tests NL reduced to a function of w, however, if the
range of flows varied, NL would reflect the change in the curva-

ture of the ST versus Q curve for different ranges of flows,

6.5 DISCUSSION OF THE RESULTS

To determine the relationship of the response characteris-

tics to the system parameters, a number of plots were made to

AST
show the relationship of P, Tc and SF to and NL. In each
AST ) _
of the cases, Q was found to be the dominant physical para-
A

meter, The solutions were sensitive to the non-linearity of the

reservoir as will be shown in the discussion o the various graphs.

6,5.1 RELATION OF PEAK FLOW RATIO, P, TO SYSTEM

PARAMETERS,

AST

Figure 6,5 contains a plot of P versus Each of the
co-ordinate pairs plotted was identified to show the NL number for

the particular simulation from which the value was obtained. This

AST

figure indicates that as increases, P decreases. In other
words, as the surface area of the reservoir increases, there is a
larger amount of attenuation.

There was a small amount of scatter in the points that were

plotted. By identifying each of the poirts according to the non-



o
(o)

©
@

FLOW RATE
FULL BANK FLOW RATE

©
cq

FIGURE 6.5
PEAK OUTFLOW Vs CHORD SLOPE

NL .

-0.3356

-0.1643
0.0
0.1577
0.3090
0.4544
0.5941
0.7285

&
qoopo- ep

1 ] 1 ] J

! 2 3 4

.%%I (THOUSAND SECONDS)

————m— 00 ¢

OAUN—O O

6L1



180

linearity of the reservoir, it was obvious that this scatter could

be correlated to NL,

As the non-linearity number, NL, increased algebraically

AST
AQ

required to yield a given amount of attenuation. It should be

from negative values to positive values, a larger was

noted that

was calculated on the basis of base flow and the

AQ

maximum flow rate of the input, which in this study was full bank
flow. If ==— had been calculated using base flow and the peak

of the attenuated outflow hydrograph, the variation of the values of
AST
AQ

with respect to NLL. may have been reduced.

6.5.2 RELATION OF TIME OF CENTROID, Tc¢, TO SYSTEM

PARAMETERS

AST

The plot of Tc versus
AST

shown in figure 6.6 indicates

that as increases there is a corresponding increase in the
centroidal lag. This is a result which is intuitively correct for as the
size of a reservoir increases, it is reasonable to expect an increase
in the delay caused by storage. The plot showed a small amount of

scatter that again could be attributed to the non-linearity of the res-

ervoir. With an algebraic increase of NL, there was a decrease

AST
AQ

This can be attributed to the properties of a storage unit which has

in the cetroidal lag associated with a particular value of

a proportionally larger storage with high flow rates when compared
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with lower discharges. During the early portions of the inflow
hydrograph, when the flows are low, there is no delay in the flow
through the storage element. This contributes to the earlier

centroid of the outflow hydrograph.

6.5.3 RELATION OF SKEW FACTOR, SF, TO SYSTEM

PARAMETERS

AST

The plot of SF versus is shown in figure 6.7. The
two previous graphs have shown relationships that were very nearly
single valued, However, there is a large amount of scatter that
can be attributed to the non-linearity of the reservoir and to what
appears to be numerical errors in the computation of the skewness

factor. This numerical error is a result of truncation in the com-

puter output, From the data available, it appears that as the non-

AST

linearity increases, the skewness decreases. An increase of
causes a larger skewness, It will be shown later that the time of -
the peak outflow is a unique function of P. Thus, for a given P value,
the time of the peak will be fixed, but the centroid of the hydrograph
will vary in relation to NL, As NL increases and Tc decreases, SF

will decrease,

The curves that are presented in the previous discussion are only

AST

valid over a finite range. This is due to the fact that as
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increased, there was an increase in the length of the falling limb
of the outflow hydrograph, which in turn resulted in a truncation

of a portion of the hydrograph due to the termination of the simu-

AST
lation. The curve showing P versus AQ is not subject to
errors of this nature, but the plots of the centroidal lag and the

AST

skewness factor are influenced by this error when r is larger
than approximately 4, 000 seconds.

Reductions in the amount of scatter in the figures which
show peak outflow, centroidal lag and skewness factor as a func-

AST

tion of ——— may be obtained if the cherd slope is computed using
AQ -

the base flow and the peak outflow rather than base flow and peak

inflow, However, the use of the latter technique may remain the

most useful due to the fact that peak outflow is an unknown until

the simulation is completed.

6.6 FURTHER COMPARISONS

To provide a comparison of the shapes of the variance of
the hydrograph shape as the parameters K and w were varied, two
of the many hydrographs obtained from these simulations were
plotted on figure 6.8, Each of these hydrographs had a peak
ratio of approximately 0.83, With K = 10 and w = 1.5, the hydro-
graph rose slightly quicker and dropped slightly sooner than the

simulated hydrograph that was obtained using K = 12, 000 and
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w = 0.8, In the region of the peak there was no significant differ-
ence between the hydrographs and the two plots coincide,

The reason for the very close correspondence of the two
floodwaves in the region of the peak can be attributed to the char-
acteristics of the system being studied. For a given inflow hydro-
graph, kinematic channel system and imaginary reservoir the time
at which a particular peak outflow occurs is constant regardless of
the value K and w chosen to simulate the reservoir, For example,
with the reservoir located at the upstream end of the channel, the
hydrograph will be attenuated and the peak will occur at the inter-
section of the outflow hydrograph and the falling limb of the inflow
hydrograph, thus uniquely determining the time of peak outflow
from the reservoir independent of the reservoir characteristics,
though the reservoir properties determine the peak. Similarly,
the travel time for a specific flow rate is constant for a particular
kinematic channel. A plot of the peak outflow ratio was plotted
along with the times that these peaks occur, This data is contained
in figure 6.9. As the peak outflow increased the speed at which
the wave propagated increased and thus the time lag decreased.

Scatter resulted from the discrete representation of the hydro-
graph which caused the occurences to be represented at intervals

one time step apart,
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/ Figure 6. 10 shows three stbrage versus flow rate curves for

reservoirs which attenuated the flood wave to a peak ratio of 0,7
orll, 672 cfs., It can be seen that the maximum amount of storage
utilized varied significantly as the non-linearity of the reservoir
characteristics varied, With K = 15 and w = 1, 544, the maximum
storage required was twenty seven million cubic feet., Forty two
million cubic feet of storage was required with K = 16, 000 and

w = 0,833, This fact may not be particularly important where the
reservoir is imaginary, however, if the reservoir was being con-
structed to provide maximum attenuation, it would be prudent to
design and operate the control structures so t.hat the storage-out-
flow relationship is defined by an equation with a high index, w. In
essence, this means that the reservoir should not be f\illed during
the lower flows of the rising limb of the hydrograph, and the avail-
able storage should be reserved for larger flows immediately

before and after the peak inflow.

6.7 CONCLUSIONS

This chapter has provided a brief review of lag-route and
route-lag methods of simulated unsteady flow in open channels. It

may be of interest to note that the use of a reservoir in series with

a kinematic channel is analogous to the continuously stirred tank
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reactor and the plug flow tank reactor utilized in chemical engineer-
ing simulations. With reservoir and channel systems the objective
islto predict flow rates while the concentration of a tracer is the
important variable with the tank reactor systems,

The basic properties of the reservoir channel system that
were studied included:

1. The location of the reservoir.

2. Tile degree of non-linearity of the reservoir,

3. Thé magnitude of live storage associated with the res-

ervoir,

Reservoir characteristics were described using the following

equation:

ST = KQW (6.1)
where: ST = storage ’

Q = flow rate

K = a parameter

w = a parameter

The general kinematic flood routing method was utilized to
perform the channel routing computations.

The results of the study may be summarized as follows:

1. The general kinematic flood routing technique seems to

perform more satisfactorily when the flood wave is less peaked.
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For the particular system studied, the position of the
imaginary reservoir affects the shape and timing of the
hydrograph. Moving the reservoir toward the downstream
. boundary Il'esults in an outflow hydrograph that occurs
sooner and which rises more slowly. The amount of
attenuation predicted by the simulations indicates that the
reduction of the ﬂood peak is relatively insensitive to the
location of the reservoir,

The non-linearity of the reservoir affects the peak of the
outflow hydrograph, the centroidal lag of the hydrograph
and the skewness factor. However, the chord slope of

AST

the relationship between storage and discharge, ,

AQ

appears to be the dominant factor in determining values

of these response characteristics., A comparison of
several hydrographs, which had approximately the same
peak outflow ratio indicated a relatively small change in

the outflow hydrograph as a result of varying the parameters
K and w. This lends substance to the statement of Dooge
and Harley (1967) that the assumption of a linear reser-
voir for simulation purposes does not appear to be

particularly restrictive.



The simulation of System 1 by means of the dynamic

or ""complete' solution with So = 0,0002 and n = 0, 0149
yields an outflow hydrograph which is attenuated to a peak
value ‘approximately equal to 0. 75 times full bank flow,
Comparisons with the results of the route and lag method
indicate that some thirty to forty million cubic feet of
storage would be required to produce an attenuation equal
to that provided by dynamic dispersion. If the construc-’
tion of a reservoir on a channel similar to System 1 was
being contemplated, the attenuation of the flood wave as
it passes down the river must be coﬁsidered. Ignoring
this attenuation would result in the dam being larger than
required to produce a given reduction of the flood wave.
However, if the channel attenuation'is accounted for, it is
possible that the size of the dam could be reduced knowing
that the flood wave would be attenuated to the required
amount before flowing out of the system.

The comparison of the route-lag and lag-route results
with the data obtained from the dynamic simulation in-
dicates that the lag predicted by the complete solution is

significantly shorter than the lag predicted by either of the
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other two methods. This can be attributed to the lag
that was introduced by the inclusion of the imaginary
reservoir and the fact that the kinematic wave velocity
is slower than the dynamic wave velocity, The route-

lag model has the longest lag of the systems studied,.

-

More study is required to provide guidelines for selecting the
appropriate parameters to use in describing the imaginary reser-
voir for a particular physical system. However, it appears that
utilizing a linear reservoir and calibrating the simulation tool
with recorded or simulated data is a viable and extremely useful

tool for hydrologic simulation.



CHAPTER 7

A KINEMATIC FLOOD ROUTING MODEL

Comparisons of kinematic flood routing simulations with

rigorous solutions of the momentum and continuity equations de-

scribing unsteady flow phenomena have revealed that unsteady flow

problems may be classed in three different categories. These are:

1.

Situations where kinematic theory provides as accurate an an-
swer as could be obtained by the use of the more expensive
rigorous solution.

Cases where a good approximation is obtained by using the
kinematic theory in conjunction with another approximation
such as an imaginary reservoir in series with the channel to
account for attenuation.

Problems where the changes in flow are so rapid or the slope
so shallow that the kinematic wave theory provides answers
which are markedly different from those observed or predic-

ted by a dynamic solution.

At present, criteria for differentiating between the various

classes of problems are more qualitative than quantitative and these
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criteria require further study. Development of an efficient and ver-
satile computer program to perfcrim kinematic flood routing calcu-
lations can be justified on the grounds that it can be used as a research
tool to help establish quantitative gnidelines for determining into which
of the above menticned catezories a given physical problem falls,
Further comparisons betwe:n kinematic wave solutions and results
obtained by solving the momentum ani ccntinuity equations could
provide the key to development of the rules for successfully applying
kinematic wave methods. The use of the prograr.n as an engineering
tool must not be overlooked and, to this end the program should be
capable of handling natural channels defined by arbitrary geometry,
Thie chapter deals with the ckjectives and development of an
interactive computer program capable of performing kinematic flood
routing calculations for systems of arbitrary geometry. After out-
lining the objectives of the program and elementary operations used
to route a flood, several applications of the program are shown.
Concluding remarks are provided, which outline specific aspects
of the method and the computer program that could be developed

further,

7.1 OBJECTIVES

The primary objective of this aspect of the study was to de-

velop a computer program capable of being used as an engineering
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or research tool., To accomplish this goal, the following specific
program capabilities were identified.

1. Kinematic routing methods must be able to be applied to

natural channels of arbitrary geometry. The general
kinematic method outlined in Chapter 3 was used as the
theoretical basis and the numerical calculations were per-
formed using a direct finite difference technique,

2, It has been shown in Chapters 3 and 5 that the values
selected for the two parameters (@ an—d B have a very
noticeable effect on the results of the computer simulation.
To enable the use of this program as a research aid, it
iz vital that there be flexibility in the selection of (I and

B . Also, changing the two parameters may be bene-
ficial in engineering applications.

3. To predict the attenuation of the flood wave, it may be
necessary to insert a reservoir in series with the channel,
This storage unit may be included either by variation of
the parameters in the kinematic routing algorithm, as
outlired above, or by placing an imaginary reservoir in
series with the channel,

4, A command oriented procedure is desirable to enable the
user to have maximum flexibility in the manner in which

the particular system is analyzed.
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The program should be designed to take advantage of

the facilities of time sharing since this mode of oper-
ation allows the maximum amount of flexibility and inter-
action with the numerical representation of the system

as the flood is being routed along the channel,

7.2 DEVELOPMENT OF PROGRAM PROCEDURE

The development of a program that fulfils the above objectives

was carried out within the context of the Civil Engincering Program

Library (CEPL), Smith (1970), Smith ( 1974 ), Walden (1973). This

allowed the existing resources of the program library to be utilized

and, hopefully, will ensure that the finished program is accessible

for use by others.

Currently, the CEPL is comprised of FORTRAN routines cap- -

able of analyzing a number of elementary engineering programs, and

designed to perform a number of basic operations. These programs

may be classified into three general categories.

1.

Basic routines provided to perform, one elementary func-
tion or calculation. A subroutine, which determines the
cross-section properties, falls into this category.
Slightly more comprehensive routines which require

calls of the lower level subroutines to perform an elem-

entary operation fall into the second group.
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3. MNManagerial routines which utilize the other routines

in the process of solving 2 paxticular problem.

A 'building block'" approach may ke taken to develop a new
program utilizing small modules. In this way, documentation is
simplified and users can easily apply the routines.

One of the features of tne CE.PL, wihich is particularly useful
in achieving the objectives ouilined earlier, is the method of defining
the arbitrary geometry of a natural channel. These properties are
specified by section number, chainage from the upstream end and
a rouzhness measure. The cross-section data is entered by speci-
fying a series of coordinates which define the outline of the channel,
Figure 7.1 contains a pictonal representation of the manner in which
the cross-section is defined.

The computation of steady state profiles is a vital step in the
process of routing a flood using the kinematic method outlined in
Chapter 3,

A number of 1outines are available in the CEPL to calculate
these flow profiles. FIor example, subroutine EZRA performs the
backwater calculation for each reach between two cross-sections.
However, subroutines CRITIC and CONTRO are available to calcu-
late the flow depth that may cccur at a channel transition such as a

bridge or weir,
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New subroutines, known as KINRUT and RESVOCR, de-
signed to be consistent with CEPL, were written to perform the
kinematic flood routing and the reservoir routing., Documentation
of these subroutines is provided in Appendix D, KINRUT routes
the flood through one elementary reach using the functional re-
lationships which are defined prior to calling the subroutine.

This allows flexibility in the selection of values for the parameters
d and f§ . The other method of including a pseudo-reser-
voir into the simulation is facilitated by RESVOR. Storage in the

imaginary reservoir is defined using the following equation:

ST = KQ" (7.1)

where: ST = Storage
Q = Flowrate
K = A parameter

w = A parameter

7.3 THE PROGRAM

The program developed to analyze the passage of a flood wave
in a channel using kinematic wave theory is predominently a sub-

routine of the '"managerial' type. A small driver program serves
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merely to dimension the arrays required for the calling state-
ment., The chief function of the managerial subroutine is to pro-
vide a forum for its interactive operation of the various elemen-
tary computational subroutines through the use of operational data
entered from a time-shared console,

Thve flow diagram in figure 7.2 shows the general operation
of this routine. After the execution of the program begins, the
required storage space is dimensioned in the main program. Sub-
sequently, subroutine RIVER3 is called and the geometric data
is read in from a previously defined tape. Further operation of
the program requires explicit direction by commands entered in
the operational data.

The operational data includes commands which direct the program
to allow entry of data describing the downstream water levels, flow
rates along the channel and the resistance law to use fqr computation
of the steady flow state profiles, among other things. Data describ-
ing the system geometry may be printed and this information may be
adjusted, if desired. The extent of the options available is best de-

scribed by the list of commands available in RIVER3 shown in figure 7. 3.

7.4 USE OF THE PROGRAM

Before presenting an example of the use of the program, a

brief discussion of the steps required to perform the kinematic
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routing computations will be discussed. To calculate the functional
relationships required for the flood routing, it is necessary to per-
form a steady state analysis of the watercourse and to calibrate the
model.

The data required, and the order of operations is generally as
follows:

1. Define the downstream control by specifying the stage-

discharge curve using a series of coordinates.

2. Define the lowest and highest flow rates to be used for

computing the flow profiles and the number of profiles
to be computed. These flow rates may be varied along
the channel to account for lateral inflow or outflow,

3. Define the resistance law to be used in the computations.

4, After entry of the above data, the profiles may be comnputed,

5. If a printout of the surface profiles is desired, it may be

obtained using the PROFILES command.

At this point, the user is provided with data describing the
steady state pefformance of the system and field observations, if
available, may be compared with the profiles. If the two sets of infor-
mation show significant discrepancies, physical data, such as the
roughness coefficients, may be varied and the profiles recalculated.
This process could then be repeated if necessary until the computed

results agree with the observed profiles. Alternately, the user may
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wish to use only the steady state capabilities of the program and
could study the effects of channel modifications by varying the
cross-section data or could discontinue the execution of the pro-
gram,

If the steady-state calculations are found to be satisfactory
after completing an examination and/or calibration process, the
unsteady analysis may be started. This involves the se.parate
operations of (i) defining the inflow hydrograph and (ii) perform-
ing the required flood routing. |

Currently the program is capable of handling only one inflow
hydrograph; but this hydrograph may be defined at any section

specified by the user in the operational data.

7.4. 1 Definition of Inflow Hydrograph

The inflow h‘ydrograph is described by time and flow rate
coordinates., Straight lines are assumed between these points,
The flow rate for time less than the first coordinate is assumed
to be the flow rate of the first coordinate and the flow rate for
time greater than the time of the last coordinate is assumed to be

the flow rate of the last coordinate,

7.4.2 Performing the Routing

Kinematic or reservoir routing may be performed in any

order, The only limitation, at present, is that the routing must



start at the location where the inflow hydrograph is defined or where
the last routing ended. This allows a user to route a flood for sev-
eral reaches, insert a reservoir, if desired, and/or continue with
the kinematic routing, Alternately, the process may be restarted
at the location where the inflow hydrograph was defined,

If the kinematic routing through the channel is used, an option
allows the user to redefine the parameters (I and B8 for a number
of elementary reaches, The default value for these two parameters
is 0.‘5. Other information defining the time step, sections where
the routing is to begin and end, and the start and finish of the time
period under consideration must also be entered. The reservoir
routing option requires the same type of data regarding time step,
as well as start and finish time, but the size of the reservoir, as
defined by the parameters K and w, and the location of the reservoir
must be specified.

Using these features, a calibration of the response hydrograph

may be performed or sensitivity tests may be performed. In general,

the other command options may be used at any time to provide infor-
mation or to modify data. Checks are built into the options to warn
the user if other data must be entered before the specified operation

may be carried out or if changes have been made, say to cross-sec-
/

1

tion data, and vital information such as surface profiles, has not been
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recalculated. The exception to this rule is the STOP command. This
command may be used only at the end of the computations. No other

commands may be entered after STOP.

7.5 EXAMPLE APPLICATIONS

This section of the chapter is devoted to demonstrating the
use of RIVER3 in providing an effective means of studying kinematic
flood waves in natural channels for research or engineering purposes.
Two systems and the results from each are presented. Each descrip-
tion outlines the physical system and results from the various numer-

ical experiments,

7.5.1 Application One

The first system studied consisted of approximately 10 miles
of channel defined by 58 cross-sections. The profile of the invert
level along the watercourse is shown in figure 7. 4 along with some
of the typical cross-sections. Appendix G contains a listing of the
geometric data used to describe the channel,

An inflow hydrograph with a trapezoidal shape having a base
flow of 350 cfs and a peak of 4, 000 cfs -was utilized, Figure 7,5 shows
this hydrograph and the outflow hydrograph obtained using an im-

plicit dynamic analysis, Walden (1973).
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This particular physical system showed very little attenuation,
which indicates that a kinematic solution may prove to be a very good
approximation to the more complete dynamic solution, The first
tests performed were used to study the effects of changing the size
of the time step, The values chosen for the two tests were 1, 200
seconds and 300 seconds. The outflow hydrographs predicted from
these simulations are shown on figure 7.5 along with the solution
predicted using the dynamic analysis. Both of the kinematic solutions
predicted the general shape of the outflow hydrograph. However,
there were signs of slight instability on the falling limb of the hydro-
graph with AT=1, 200 seconds. Neither kinematic solution correctly
predicted the peak outflow nor did they simulate the dynamic effects
demonstrated by the earlier rise of the outflow hydrograph,

To simulate the attenuation of the floodwave, several tests
were performed with the reaches between section numbers 41 and 45
simulated using:

a-=»0.0

B=0.5
The other reaches were simulated using the standard default values
of 0.5 for these parameters. The results of these tests, which did

not successfully predict the attenuation of the flood wave as it passed

210



through the channel are shown in figure 7. 6.. This may have been
due, in part, to slight instability of the computation in the region
of the peak, Nevertheless, the general shape of the outflow hydro-
graph was modelled,

A number of other tests were performed using various values
for the parameters and time steps, etc. In general, these tests
did not successfully model large amounts of attenuation, This was
not a severe restriction in application one due to the fact that the
physical prototype did not appear to manifest large amounts of
attenuation. The introduction of a significant amount of attenuation,
if that was deemed necessary, could be made by the inclusion of an
imaginary reservoir in series with the channel. The simulation
shown in application one was relatively successful in simulating the
shape of the outflow hydrograph. This was due largely to the fact
that the system was relatively steep and a kinematic analysis was
a good approximation. The useful ness of the kinematic analysis
as an engineering tool relies upon the verification of the results.

In the present study, this verification was provided by a more rig-
orous dynamic analysis. Other means of substantiating the results
could be (1) verification by comparison of the computed results with

hydrologic data recorded in the system or {ii) development of guide-
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lines that would enable a user to determine the applicability of
kinematic analysis to the particular system without the use of the
dynamic analysis or extensive hydrologic data, A preliminary

basis for these guidelines is presented in Chapter 4.

7.5.2 Application Two

The second prototype that was modelled using RIVER3 was a
natural channel that had two major constrictions in the lower reaches,
Figure 7.7 contains a profile of the invert elevations of application
two and some typical cross sections of this waterway, the geometric
data is listed in Appendix G. These constrictions were large em-
bankments with relatively smali culverts extending through the lower
portions. During a major flood, substantial ponding of water would
occur behind these embankments, particularly the upstream embank-
ment, This ponding would result in the attenuation of a flood wave
if the embankment was stable under the severe load imposed by the
innundation of the upstream side. The system described above exists,
in the Lower Ancaster Creek near Hamilton, Ontario. The upstream
embankment carries a railroad track and a highway traverses the down-
stream embankment,

In this study, several modifications were made to the data to
make the problem more tractable, Firstly, during a major flood,

the culverts would be flowing full, the assumption of open channel flow



FIGURE 7.7

INVERT PROFILE AND CROSS-SECTIONS
APPLICATION TWO

36S
A5
[ SECTION 38
‘z’ / I"= 100" VERT
o i"= 200' HORZ SECTION 49 ——
= 305 |- SECTION 50 -----
e
1"= 100" VERT
— i"s 200' HORZ
065 | INVERT PROFILE
245 _ | .1 1 - .
6 8 10 iI2 14 16 18 20 22 24 26

CHAINAGE (THOUSAND FEET)

144



215

*

is not valid. Thus, instead of culverts through embankments, the‘
structures were modelled as embankments with deep, narrow slots,
through which the water flowed. Secondly, Sulphur Creek, a major
tributary, joins the main stream above the first large constriction,

The program was designed to handle a single water course as
opposed to a network, The complication arising from the existence
of Sulphur Creek tributary was avoided by ignoring the tributary
inflow and modifying the storm hydrograph accordingly.

It should be noted that these difficulties were a result. of
restrictions in the CEPL routines designed to compute the steady
state profiles rather than limitations of the flood routing algorithm,
Further development of the computer program could lead to a solution
of these problems without the above mentioned simplifications,

The primary purpose of application two was to demonstrate
the use of RIVER3 in a situation where a significant amount of atten-
uvation would be manifested.

The input hydrograph, shown in figure 7.8 was routed from
section number 37 to the first embankment at section 51 and thence
to section 64, the downstream limit of the stream,

The first routing, using the nucleus in the centre of the finite
difference molecule proved to be unstable. To provide a solutlion

h

which was stable, the nucleus of the molecule was moved downstream



W
o
o
o

FLOW RATE (CFS)

FIGURE 7.8
HYDROGRAPHS FOR APPLICATION TWO

KINEMATIC SOLUTIONS

FOR REACHES BETWEEN
SECTIONS 40-5i

s88s =00, B8=0.5
000 d=0.2, =05
+++ A =04, =05

INFLOW AT SECTION 37 +

FOR ALL OTHER REACHES
a=o0s5, B=05

OUTFLOW RECORDED AT
SECTION S5I.

AT = 0.5 HOURS

TIME (HOURS)

91¢



217

(i. e. maintaining fB=0,5), The results of these simulaticns are
shown in figure 7. 8,
With @ set to 0.0, the outflow hydrograph rose slowly and

peaked at a value of approximately 1, 850 cfs. There were no signs
of numerical instability, Using a value of d=0,2, a similar sol-
uation was obtained, except there was a sharp rise to a peak of
about 2, 200 cfs., and then a drop to approximately the same hydro-
graph predicted by the solution with = 0.0. The last solution
shown on figure 7.8 was obtained using (= 0.4. In the early
pOQrtiOnS of the outflow hydrograph, there is no significant differences
between it and the other two solutions. However, in the regi9n of
the peak there are indications of numerical instability. The tests
results shownon figure 7. 8 were compiled using a time step of one
half an hour, To determine the sensitivity of the numerical analysis
to changes in the size of the time step, two tests were performed with

A =0.5and fB=1.0 These results are shown in figure 7.2 It can
be seen that with both of the simulations, a relatively long, well rounded
hydrograph resulted and the peak outflow was attenuated to approximately
one-half of the peak inflow, Using AT = 1 hour resulted in the flood
wave being attenuated to a peak of 1, 420 cfs. while the peak obtained

using AT = —é—hr. was 1, 530 cfs,
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. Figure 7, 10 contains a comparison of several outflow hydro-

graphs at the downstream limit of the stream. When the nucleus
was located in the centre of the molecule for all of the reaches in
the simulation, some numerical instability appeared after the peak,
The same simulation was performed using AT =—é—-hour, and the
solution showed even greater numerical errors, therefore, the results
were not plotted, In general, numerical stability problems were
reduced when the simulation was performed with the nucleus shifted
from the centre of the molecule for at least a few of the reaches up-
stream of the first large embankment.

The results of these simulations indicate that it is possible
to model a system where the flood wave is attenuated as it passes
through the system. However, it is necessary that the results be
verified by’ a more rigorous analysis,

An attempt to provide the data to verify the kinematic model
using an implicit dynamic technique was unsuccessful, Amein (1969),
Walden (1973). .The computer program utilized a four point implicit
method to approximate the differential equations governing unsteady
flow in open channels. The system of non-linear equations that re-
sulted from the finite difference equations was solved using a Newton-
Raphson iteration technique. However, for this application, the in-

terative procedure failed to converge to a solution and execution
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was abnormally halted. It appears that alternate methods of solving
the system of equations must be employed in order to obtain a solu-
tion,

Application two may be handled by an alternate approach which
involves assuming a reservoir in the reaches above the first embank-
ment. The properties of the reservoir would be determined by the
volume of water stored in the valley as a function of outflow, This
type of approach could possibly yield a more valid solution than the
previous method which considered the large volume in the valley as
a series of channel reservoirs, If the valley section was simulated
as one unit, more attenuation may result and the time of travel through
the valley would probably be reduced. This remains an area that

requires further study.

7.6 CONCLUSIONS AND DISCUSSION OF RESULTS

The computer program has been developed to allow a user to
route a flood through an open channel system defined by arbitrary
geometry, The routine is designed to be utilized in time sharing
mode with operational data entered on a teletype console, The results
are i)rinted on the same unit. Execution of the program is directed
by commands entered as operational data, The general capabilities

of the program include the ability to perform steady state analysis
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of a system and store the data for use during the analysis of unsteady
flow conditions. Additional commands are included to provide effi-
cient data handling capabilities and to allow modification of the
geometric data during the execution of the program,

Several applications of the program have been presented and
have yielded results which indicate that the kinematic analysis is
useful in analyzing physical systems provided the solutions can be
verified by either (i) a more rigorous analysis or by (ii) recorded
hydrologic data. Attenuation may be simulated by varying the values
of d and f or by the introduction of an imaginary reservoir in
series with the channel, Commands incorporated in RIVER3 facili-
tate both of these devices.

Stability was one of the prime factors which governed the suc-
cess of the various numerical experiments that were performed to
demonstrate the two applications. Numerical instability may be
reduced by positioning the nucleus away from the centre of the mole-
cule in a more stable region. However, another apprloach may be
utilized to improve stability. Because the program analyzes a com-
plete time history of one reach before computing the conditions in the
next portion of the watercourse, it is possible to use a time step that
varies as a function of the reach length and the kinematic wave vel-

ocity through that section of the stream. The output hydrograph would
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be reduced to a common time step via an interpolation routine, This
requires further study and would involve some rearrangement of
the routines currently being employed in RIVER3, Some experimen-
tation with the selection of the value of AT may result in a solution
which is stable and yet avoids the need to have a variable time step.
Alternately, the flood may be routed through one series of reaches
using one time step and then routed through another series using a
different increment of time. One unique feature of kinematic routing
is the fact that, in some cases, a large time step may produce more
stable results.

Compatibility with the CEPL has been one of the major guide-
lines utilized in the development of RIVER3, and it is hoped that an
improved version will become an addition to this library of routines.
There ar.e several specific areas that should be investigated and poss-
ibly improved. These are outlined in the following paragraphs,

The improvements that are envisaged for RIVER3 are primarily
rearrangements of the input and output modes to allow greater flex-
ibility and easier operation. For example, the channel analysis routines
are capable of handling cross sections defined by arbitrary geometry,
however, the reservoir characteristics must be defined by the two
parameters K and w of the exponential relation (7.1). By providing

the necessary input options, it would be possible to define arbitrary



reservoir characteristics by using co-ordinates to define storage as
a function of flow rate., RESRUT, a subroutine currently available
in the CEPL, is capable of employing this type of data, or a simple
rearrangement of the data, to perform a reservoir routing,

The basic command options that are available in RIVER3
have, by and large, been adopted from other similar programs
currently found in the CEPL, However, several of the commands
have been enlarged and other options have been added. As a result,
the amount of operational data has increased. To alleviate the
amount of input required from the teletype terminal, some of the
data may need to be incorporated in files similar to the data file
used for geometric data. Particular examples of this include the
values of (d and B which may be included directly in the cross-
section data, Reservoir data and inflow hydrograph information may
be stored on files and read in at the user's command,

There are several suggestions that may also be investigated
as major improvements to extend the power of RIVER 3 and the
CEPL. The item which could receive first priority is the provision
of graph plotting capabilities for the program. This could be done
either as a graph on the remote terminal or via storage of the neces-
sary data to provide plots on the off line plotter associated with a com-

puter facility. Other improvements could allow watershed {overland
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flow) simulation by the inclusion of routines to handle the data that
describes the watershed as a large number of surfaces specified by
length, width, slope and roughness. In addition, the routine would
then require additional input capabilities to allow definition of the
rainfall hyetograph(s). The third improvement would enable a user
to verify the results obtained using a kinematic analysis by utilizing
the dynamic flood routing capabilities of the CEPL. This might

be done by programming a command option into RIVER3 which would
allow the user to generate the input cards necessary to perform the
more rigorous analysis in a batch mode, for example,

There are many other items that could be included in a routine
such as RIVER3, however, the selection of the items and the approach
used to carry out these functions would depend upon individual tastes,
and the degree of sophistication desired in the program. The appli-
cation and further development of RIVER3 remains an almost limit-

less area for future work,



CHAPTER 8

CONCLUSIONS

The preceeding chapters include detailed conclusions relating
to the specific topics. This final chapter contains only a summary
of the major points,

The objectives of this thesis were as follows:

(1} Provide a precise data base which can be utilized to
compare various flood routing algorithms,

(2) Investigate kinematic flood routing methods to develop
a general framework for comparison of the variety of
techniques found in the literature,

(3) Determine the numerical characteristics of the general
kinematic flood routing method. This will help determine
the limitations of the finite difference schemes.

(4) Compare the results of the kinematic simulations with
the data base in an attempt to determine practical limi-
tations of the kinematic algorithms,

(5) Investigate methods of modelling attenuation with kine-

matic flood routing methods,
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(6) Provide a versatile computer program that will
enable a user to apply kinematic flood routing tech-
niques and the methods of modelling attenuation in
channel systems of arbitrary geometry.

These objectives have been achieved in the following manner.

Chapter 2 outlines the steps that were taken to provide the
data base. An explicit staggered mesh finite difference scheme was
used to provide a numerical solution to the differential equations
describing the conservation of linear momentum and rnass in pris-
matic channels of simple geometry. Tests were performed on the
stability and convergence of the calculations to ensure as far as pos-
sible that the results of the numerical model were indeed reliable.
Comparisons with other finite difference schemes which had been
employed successfully show that the explicit method compared very

well in representing unsteady flow in a system with simple geometry,

The general framework to compare the various kinematic algor-

ithms was developed in Chapter 3, This method employs a rectangu-

lar finite difference molecule with the system variables defined at the

corners of the molecule. (See figure 3.2) The difference between this

method and the various other approaches to kinematic flood routing

lies in the selection of the point about which the continuity equation is
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expanded; a further distinction lies in the relationship adopted be- .
tween the flow rate and the cross section area, Applying the con-
tinuity equation about the centre of the finite difference molecule
models the elementary channel unit as an ideal channel section
where storage is related equally to inflow and outflow. A reser-
voir is simulated when the continuity equation is expanded about a
point on the downstream boundary of the molecule, The stability
of the numerical schemes is affected significantly by the location
of the nucleus, the point about which the continuity equation is ex-
panded, Three areas of stability were identified, a zone of uncondi-
tional instability, a zone of conditional stability, and a point of un-
conditional stability, (See table A-1 in Appendix A.)

When the continuity equation is applied to a point on the down-
stream edge of the molecule and on th: highest time level of the mol-
ecule, the scheme is unconditionally stable. The definition of the
stable and unstable zones of the molecule was shown to depend on
the size of the space and time incremental values of (@ and B .

Moving the nucleus from the centire of the molecule results in
an increase in the amount of error that is introduced in the numerical
calculations. An analytic investigartion of the finite difference equa-
tion of continuity indicates that first order errors are not introduced

into the calculations when the nucleus is located at the centre of the
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molecule, However, as the nucleus is moved in a downstream .
direction or to an increasing level of time, there is an increase

in the amount of first order error introduced into the computations,
These errors are always negative in sign and introduce a pseudo-
attenuation into the kinematic representation of a flood wave passing
through a channel system,

Chapter 4 contains the results of a number of kinematic simu-
lations compare@ with results produced by the solution of the momen-
tum and continuity equations. An investigation was made of the order
of magnitude of the various terms of the momentum equation to help
evaluate the differences between the various simulations, The results
show that as the order of magnitude of the terms reduce in compari-
son to the bedslope, the kinematic results agree closely with the
more precise results produced by the numerical solution of the mom en-
turm and continuity equation, No guidelines were developed to indicate
the difference in the relative size of the various terms in order to have
close agreement between the results of the two methods of simulations.
Preliminary results indicate that as the time base of the inflow hydro-
graph increases, the difference in the relative size of the terms can
decrease in comparison with the relé.tive size necessary to produce

good results with a peaky, fast rising hydrograph.
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Without intuitive or pre-calibrated use of the pseudo-attenu-
ation phenomena referred to above, kinematic flood rouﬁng methods
do not correctly predvict attenuation of the flood wave as it passes
through the channel., Chapters 5 and 6 outline modifications that
can be made to the numerical model to introduce attenuation into
the simulated flood wave. The method outlined in Chapter 5 is the
introduction of a calibrated numerical error into the computational
scheme. Alternately. the procedure used, moving the nucleus away
from the centre of the finite difference molecule, may be viewed as
modelling the elementary reaches as combination channel-reservoir
units, The results of the numerical experiments indicate that in
certain cases it is possible to simulate unsteady open channel systems
accurately, This is true when dynamic effects demonstrated by an
early rise of the outflow hydrograph, are not the dominant process
in the physical system.

The series of numerical experiments demonstrated that the
values of attenuated peak outflow obtained as function of the coefficients
ad and B , defining displacement of the nucleus from the centre of
the molecule, constituted a set of points comprising a well conditioned

and slightly concave surface denoted by P( (1, 8). The properties
of this surface were examined and it was demonstrated to be a useful

tool in the calibration of kinematic flood routing models based on



results of either a dynamic (or ‘complete') solution and/or actual
prototy.pe observations, The calibrated modell may then in turn
be used for further simulations, A detailed example of the use of
this tool is included in Chapter 5,
| Experiments, of a preliminary nature, were performed with
System 1 to detern;zine the effect of arranging identical elementary
reaches in a cascade. The results, for the system modelled, indi-
cate that as the number of elem.entary reaches increased the total
attenuation increased. The amount of attenuation was found to vary
with the number of reaches to the power of 0,55, (See equation 5.26)
Chapter 6 was devoted to studying the inclusion of a reservoir
in series with a kinematic channel as a tocl to model attenuation.
The device of combining a channel and an imaginary reservoir in
series is commonly used to model a hydrologic system. The method
is known as the lag and route technique. The study reported in Chap-
ter 6 utilized non-linear components in an attempt to identify the
sensitivity of the solution to the reservoir location and different de-

grees of non-linearity in the reservoir. The numerical experiments
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indicated that the position of the imaginary reservoir affects the timing

and shape of the hydrograph. Moving the reservoir toward the down-
stream boundary results in an outflow hydrograph that occurs sooner

and rises more slowly. The simulations indicate that the amount of
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attenuation is relatively insensitive to the location of the reservoir.
Furthermore, the non-linearity of the reservoir affects the peak of
the outflow hydrograph, the centroidal lag of the hydrograph and the
’skewness factor. However, the chord slope of the relationship be-
tween storage and discharge (as illustrated in figure 6,4) appears

to be the dominant factor in determining the response characteristics.

Finally, Chapter 7 describes the developmeﬁt of an ilnteractive
computer model that is capab'le of performing kinematic flood routing
in natural channels using the general method outlined in Chapter 3 as
well as allowing for the inclusion of a reservoir at any section along
the channel. Execution of the program is directed by commands
entered as operational data. The general capabilities of the compu-
ter program include the ability to perform steady state analysis as
well as allowing for the modification of the geémetric data, which
describes the channel, during the execution of the program.

Two examples of the program are included in the thesis. Both
of these experiments demonstrate the effect of moving the nucleus
from the centre of the molecule. Not only was there an increase of
attenvation as the nucleus was moved from the centre; there was also
an increase in the stability of the numerical analysis.

This computer program, known as RIVER3, has been designe(d

to be compatible with the Civil Engineering Program Library. This



has been done to facilitate easy access by potential users of this

program. There are an almost limitless number of modifications

that can be made to RIVER3 to improve and expand its capabilities.

Hopefully, this thesis has provided some insight into these various
possibilities and enhances the understanding of kinematic flood
routing techniques as very useful hydraulic and hydrologic simula-

tion tools,
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APPENDIX A

STABILITY ANALYSIS OF THE GENERAL KINEMATIC METHOD

This appendix is devoted to the stability analysis of the general
kinematic method, Stability is a primary consideration used to eval-
uate the performance of a numerical solution. An unstable scheme
will cause small errors to amplify and dominate, thus, masking the
solution.

This analysis is based on a linearized version of the continuity
equation. For nonlinear equations, the method is not exact, but if
the increment being considered is small and the coefficients of the
derivatives are smooth functions, the approximation of constant co-
efficients ié reasonable. Hopefully, this analysis will identify schemes
which are obviously unstable.

The finite difference grid used to solve the continuity equation is:

A gk J+1, K+l

T

T AT

|

UK le—px—' y*LK
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The continuity equation is:

5Q A
—_— o — = ﬁ (A.l)
dx ot '
Where: Q = flow rate
A = cposs section area
x = distance
t = time
q = rate of lateral inflow
Because:
) da .
O e " (A,Z)
JdA
Where: ' ¢ = kinematic wave velocity

The continuity equation may be rewritten as:

A  SA -
Cmm 4 == = .q
&% ot

(A.3)

At any point J, K the numerical solution A? is equal to the true

solution A( JAX, KAT) plus an error termn KS( or: v

A% = atuax, kat) + 7\5 (A.4)
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Because the system is linear, the error term can be written

as one term of aFourier Series:

z\'j= Ao EXP(i{moAX +n YAT)) (A.5)

Where: v Ao = constant
0,),= wave numbers in space and time
LT
By vézriting the linearized finite difference equation of contin-
uity in terms of the numerical solution and subtracting the true solu-
tion, the finite difference equation in terms of the errors is obtained,

For the general kinematic method this equation is:

C

( sl - XY + a-p B K -2 K )
| AX

(-a) AKX - A K + a(Ari- I\"f)

7 = 0 (A.8)
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For the point J, K, m and n may be assumed equal to zero,

with no loss of generality, Thus:

A% = Ao (A.7)
AR = poEXP (1YAT) (A.8)
AKX, = AoEXP(icaX) (A.9)
2! - 20 EXP (iteAX + YAT)) (A.10)

Solving equation A6 for the unknown I\"f:: and multi-

plying by AT yields:

AT K+l =K+l - K AT K
c— BRSY + (AN = aAf+ (-pICZT A

AT - K = K
-cu-pAf + U-adf,

AT & —Kel ~ K+l
+C— 8RN - ah’y (A.11)
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Collecting terms:

AT\ zk+1 | AT \ zK
AT = K
+ (0-@-0-press )RS,
AT ) ~K+l
+ (—a + BCA—).()AJ (A.12)

To facilitate easy algebraic manipulation, the following sub-

stitutions are employed, the D terms corresponding to the numbered

nodes of Figure 3, 2,
AT

= - A.l3
DI a.+ (1 B)CAX ( )
ll ' (A.14)
p2=-d+ BCR .
~ AT h |
| D3 = (l-a)"(l-B)CX's(- (A.15)
D4= (I-QA) + BC-A—I (A.16)

AX

242


http:D2=-a+8C�(A.J4
http:I-8)C-(A.I3

243

Thus, equation A,12 becomes:

Kel . iz K ~ K+l - K
p4AK:l= DAY + DZAJ + D3RS, (A.17)

To ensure stability, errors must not amplify, thus:

= K+l
AJ+I

= 1. - | (A.18) '

K
Ayl

The error term must lie within the unity circle, That is:

DIAK +02AK 14 D3AK,
R
D3AK,

p3AK .
[EXP(i(caX+ YAT))|= l ! 'l

£] (A.19)

Inserting the error terms written as components of a Fourier

Series gives:

' DI + D2EXP(i YAT) +D3EXP(icAX)
[EXP(ilcaX + YaT))|= l <| (A.20)

D4
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The following trignometric identities may be utilized in

equation A, 20:

EXP(iocAX)

COS cAX + iSINOAX ) (A.21)

EXP (i YAT)

COSYAT +iSINYAT ' (A.22)

Substituting equations A. 21 and A. 22 into equation A. 20 yields:

[EXP(i(cax+ YaT)| ﬂél | DI+ D2 (COSYAT +iSINYAT)

+D3(COS 0AX +iSINoAX)]| # | (A.23)

The worst case will occur when:

CO0S oAX +iSINgAX t

]
*

(A.24)

and

COS/AT +ISINYAT =¢ (A.25)

]
1.4
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Thus, to ensure stability. the following equation should be

satisfied:

|o1] +|D2] +|D3]
£ |

o4

Rearranging equation A, 26 gives:

|o1] + |D2]+|D3]| -|D4]| < O

Expanding equation A, 27 leads to:

AT AT
a"'(i‘B)C&;(“ + l a+ BCKS(

+|(|—a)-u-mc§—; —lu-anﬁcg( ‘1

(A.26)

(A.27)

(A.28)
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113
1}

a < |
B <1

For: 0

0

[[

D, and Dy will always be positive thus:
AT o) WAT
|-a +6c5%| + Ju-ar-u-pregk

3 - .A:I - - él 4 .
o+ (] B)CAX‘ | +d Bch o) {(A.29)

Or:

~a +Bc§;—l + l(l-a) - (I-B)C-‘%;-

+(2a-1) + (:-zﬂ)czﬁ;— < 0 (A.30)

If the first two terms of equation A, 30 are of the same sign,

then:

AT

(t-2a0 + (28-1)C AX

#(20-1) + (1-20C4L = 0 " (A.31)

Defining: AT

X (A.32)

s = (2d-1) + (i-28)C

Where: S = Stability number
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Equation A.31 may be rewritten as:

I"S + § =0 (A.33)

Thus stability could be achieved if:
S£0 , (A.34)

and if the following two terms have the same sign,

AT .
X | | (A.35)

Cl= -d+ fC

c2

(l-a)-(l-B)C-f:;- (A.36)

If the two conditions do not have the same sign then the follow-

ing equation must be satisfied in order to ensure stability.
ch|+lczl+s=o (A.37)

Several examples are presented to demonstrate the application

of these rules,

Consider the location of the nucleus at a point specified by

—

a=10.0
8= 0.0
At that point: Cy =0.0

- - 1-cAL
N
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Thus the two terms have the same sign and the only condition

for stability is equation A, 34:

- - AT
Cr:
AT .
If the nucleus was located at a point specified by:
a=0.0
B =0.5
then:
_ AT
C;=0.5C AN
-~ AT
C - [ - ‘( N
2= 1=0.05C AN

The two ccnditions will have the same sign if

AT
CL’\X =2

and it will be necessary to satisfy only equation A, 34,

S=-1 # 0
R AT h 0 - - -
For X:‘? 2 2 , equation A, 37 must be satisfied:

Eo.ac—%{-i +l|-o.5 ATl 1 a0 /

248



249

This condition is satisfied only when —‘%} € 2.0, Thus it

was concluded that the solution is stable only under the following

condition.

AT
C-ax

n
N

This type of analysis was continued for the various points

specified in table Al



TABLE A.l

P A e N e o 17
RESILTS CF STABILITY ANALYSIS
AT

1Y =

KN = o

GENERAL METHOD:
al roo 0.75 0.50 | 0.25 0.00

B
100 |co2KNZI |corKN2S ooi'KNf—é- o2 KN’;}{ ©W2KN20
0.75 |UNSTABLE] KN=1 27:s<m==§— 33z~\v:~{3- 42KN20
0.50 |UNSTABLE|UNSTABLE! KN =1 —g-em\:al— 22KN20
0.25 |UNSTABLE[UNSTABLE [UNSTABLE[ KN=1 |%-2KN=0
0.00 lUNSTABLEIUNSTABLE |UNSTABLE|UNSTABLE | = KN2 O

LAX - WEZDROFF: KN #
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APPENDIX B

DEGREE OF APPROXIMATION FOR THE DYNAMIC ANALYSIS

By expanding the differential formulations of the momentum and
continuity equations using a Taylor Series and observing the terms
that are truncated when the finite difference approximations are made,
it is possible to determine the degree of approximation,

The Taylor Series for a function of two variables is:

5f & g2 8°¢
f(x+g,t+h) = f(x,t) + a— + h-— + = —
k géx 5t 2 ox?
2 52 2 3 ¢3
2 ot Sx &t 3 8%
12 & N2 &3¢ 8¢ :
a L oe 2o (e

- + - + o e
2 dx%st 2 &x 52 & §x3

For the continuity equation:-

g= AX/2

h= AT/2
5Q ,  O{x+AX/2, 1) = Q(x-AX/2,1)
ox AX

"

o | AN e

| 5Q ISSEX TR

251



A,

a2 >

Alx,t+AT/2) - A(x, t-AT/2)

St

1Y

AT

Substituting into the continuity equations yields:

3Q oA

6%

For the momentum equation, the following approximations will

be found:
o,
§t AT
oh I
&4 AX
and

sh |
ot AT

— g — =
ot

oQ

(AXZ, AT?) = §

LT*33Q

T i
A

24 3§43

AT3 52 ATAX?
24 43 8

3h

512 61

(B.3)

(B.4)

(8.5)

(3.6)

-) (0.7
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Therefore the approximation is in the order of ATZ%and AXZ.
However, another approximation should be analyzed. That is the manner.

-
in which Q“ terms are represented,

-

Qlx,1)? & Q(x,t+AT/2) Q{x,t - AT/2) (8.8)
. 2 5

Q(x,t)a g Q(x,t) - -"él (-—2) + e (B.9)
. 4 \dt

Thus, the approximation of the momentum equation is of the order

of AX%nd AT?



APPENDIX C

DEGREE OF APPROXIMATION FOR THE

GENERAL KINEMATIC ROUTING METHOD

Analyzing the degree of approximation involves expanding the

differential equation into a Taylor Series and determining what terms

are truncated when the finite difference approximations are made.

For a function, f(x, t), the value of the function at fix+g, t+h)

is given by the Taylor Series:

& . &t 92621’
flx+g,t+h) = f(x,t) + g=— + h= +z —
e = H Y 8t 2 §4x?

2 3
f 242¢ 35°¢
+ gh._a_._ ,..h_ ——— _.g..._

+ .
ox &t 2 52 6 83

2 3 2 ¢3 3 ¢3
+gﬂ 6f g.? ._6..1.,. .!}. .a»_f. g s

2 oxiol | 2 sxeik 6 sf
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To obtain the general kinematic flood routing method,the con-
tinuity equation is applied using finite difference methods, to a space

time diagram as shown below.

1 1.
A".\' T

AT

Fe— X, —>| x, |«

<——AX ——>|

The finite difference approximations are:

$Q B( x4'Q2) + ("'8)(93"@[ )
dx AX

(C.2)

BA (1= Ag=Ay) + a(Am A))

—— =

.3
- 2 (c.3)
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Expanding about point A:

Qs- Q2 = UN‘M)%% +'é‘-(X|2‘ 2)%;%
+(x 2+ x2h) 5:2;: + -é—(x?+x3)§93-
+%—(X?fz-xgtz)‘;§;% +%(K|?§-kxzt§)£-:%+ . (C.4)
‘Q3"Q' - (x.+x2)%§ +-é—(xf-x?é)§§
..-é-(x;z?.—xgt,)éf:i +-;—(xnf ,23.:?)3__?%_2. (C.5)



Substituting expressions for Q4~ Q2 and Qz-Q, into

equation C-2, the following expression is obtained:

5@ | ( 8Q b, 2 o 62@ b, 3 3. 8%q
AX — + 5 (%= x3) =5 + < (x{+x3 11—
5x  AX §x 2 gk 8T g
52Q 8°Q
+p()’|?2+‘(2f2)g 51 - (xf.fl*‘xatl)gx 51
' 2 3
Q 5°Q
+3(X| f;*)@?[) 3;{ ot + !}‘ (7112 2?2) 8.(2 St
.2, .2,y Q B . 5Q
-2-( Xt - Xz'h) 5—;—53;' +*2- (3’\1??'| "A%?;) 52(281'
B, 83 8°q
P {54+ % ? ) “"‘ SR OV § )
2(X| 2% X2 2 ts /(Xl 24 o] SR
8 63‘ L
o (bt s 29, ) (c.8)
2 ot )
Thé values of Lx, y X2, N, tz, etc can be

expressed in the following manner:
2 2
X, = QAX xZ= d°AX

%o = {1 - A)AX x2=(l-2d + d?) AX?

=BAT 2 =p%AT?

12 =(1-B) AT 12=(1-26 +p*) aT?
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This yields:

5Q | Q| 2 8%Q
" = AX (Ax g; + > (2a-1)AX "
T _2_3_539_ LS \,253‘3, ;
+ = (-3a+3aax i 5 (8 BAIAK AT v (C.7)
| Thus:'
) b .
Q. 00, 0{ AX?%,AT?) - (C.8)
&x ox . . '
when
a= 0.5
If d# 0.5
) d
°Q ., 2 + 0{AX, AT?) (C.9)
ox X

The magnitude of the C{AX) error is related to

(2a-1).
The general description of truncation error is:
5Q 8Q

— ¥ — 4+ {20-1)0(AX) + 0(AX?AT?) (C.10)
ox ox



Similarly expanding the f’f‘_ term about point A
ot
5A ! I 8°A
22 . L(ATZ= + - (l-2p) ATE =S
ot AT( st 2 b 512
! 5 A | 2 2 &A

+ = (1-33+3RNAT° 5 + s (A-A°)AXAT =1 (C. 1
Wh-ten B=0.5 the approximation will be
A 8A
=2 == + o(ax? av® (C.12)
ot ot
if fB# 0.5
A OA
AR TPV GUN (C.13)
ot or ‘
Generally, the a:pproximation may be written as
(r)z’\ 6A 2 2
ez e (1=20)C{AT) + O(AXS, AT) (C.14)

<

t ot
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The expression for the general kinematic flocd routing method can

be written as follows:

Q0 %A (2a-10(AX) + (1-28)0(aT)
ox ot

+ 0(AX2AT?) = § (C.15)

As the location about which the equation of continuity is moved
further away from the centre of the molecule, the amount of error
introduced by approximations on the order of AX and AT
increases linearly, |

As (@ 1is varied, terms on the order of AX are modified
while varying fB changes the way the errors on the order of

AT are introduced.

A plot of (2A -1) over the molecule will reveal a plane sloping
toward the downstream side of the molecule (denoted by points 3
and 4). This is shown in figure C-1. Similarly (1-28 ) Wiil be a
plane tipped in tﬁe direction of ’increasing time (denoted by points 2
and 4).

Because the errors O( AX) and O( AT ) introduced by varying

ad or B respectively, are independent of each other, it would

be expected that a plot of errors would be a plane which has a dip
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and strike determined by the relative size of the errors as well

as the sign of the errors.
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FIGURE C.I

PLOT OF (20-1)
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FIGURE C.2

PLOT OF (1-2B)
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APPENDIX D

DOCUMENTATION OF

COMPUTER ROUTINES
%% FINDIF
*5x KINDIF
HPLOT
KINFUN
KINRUT
RESVOR

RIVER3



(1)

(2)

¥R FINDIF /1 265

UNSTEADY ¥LOW ANALYSIS

PURPOQOSE:

METHOD:

This program provides a finite difference
solution of the partial differential equations
describing one-dimensional unsteady flow

in a rectangular channel,

The input data is supplied to the program
using data cards, Problem variables are
initialized and the input is printed to provide
a check before the solution of the equations is
begun. An explicit finite difference scheme
based on a staggered mesh space-time diagram
is utilized t;) provide the solution, OQutput is
in the form of printer plots which show
hydrographs at any two sections defined by
the user. Depth versus time curves are

also plotted for any two sections which are
specified at the time of execution. Similarly.
a stage discharge curve is plotted for a user
defined section. Options are available to
have the hydrographs. etc., punched on
cards for utilization with other programs

and for storage purposes,


http:describi.ng

(a)

(b)

{c)

PROGRAM:

DECK
NAME:

CALLING
SEQUENCE:

INPUT:

Data Card
Type

1

ks FINDIF / 2

FINDIF

None. This is a driving program,

Data Format
Length of channel, width, F10.1, F10.2

Mannings n, slope. depth 2F10. 8. F10.2

Number of reaches, Courant
Number for choice of time
increment, time at which

the analysis is to be terminated

(seconds). 13, 2F10.2

Test number (for identification)
Punch code to produce hydrographs
and depth versus time plots,

Punch code for stage-discharge
curve, (Enter 0 for no cards, 1
for punched output.)

Section for which stage-discharge
curve should be plotted.

Section numbers for which hydro-

graphs are to be plotted.

I3

213

13

213

266



*¥ FINDIF /3 267
7 Section numbers for which stage

versus time curves are to be

plotted, 213
8 Number of points defining inflow

hydrogra;i)h. 13
9 The ratio of flow to full bank

flow and time (seconds) for one

point on the inflow hydrograph. ¥F10.2, F10.0
Note: Repeat card 9 for each of the points
which define the inflow hydrograph.

(d) OUTPUT: The output consists of a listing of various
variables for the problem being tackled as
well as two hydrographs, two stage versus
time curves, and a stage discharge curve,
Options allow the stage discharge curve,
hydrographs, and depth versus time curves to
be punched on cards for future use, (Also
see discussion.)

(e) RESTRICTIONS: This program is limited to the solution of
problems involving uniform rectangular
channels where flovw resistance is defined
by Mannings equation, The time step is
determined from full bank flow conditions

and the Courant Number., Stability problems


http:soluti.on

(fy OTHER DECKS:
(4) EXAMPLE:

(a) THE PROBLEM:

(5) DI SCUSSION:

e FINDIF /4 268
may be encountered if the Courant Number
is too large. (The pregram is unable to
simulate supercritical flow.) A uniform
flow depth is assumed as the doxa;znstream
control. (See discussion,)

INTER], MANNGQ, PLOTPT, OUTPLT

A rectangular channel 50, 000' long, 100’
wide and 20' deep is subject to a triangular
inflow hydrograph. Twenty-five reaches

are utilized in the analysis and bedslope =
0.0002 is specified with a Mannings n =

0. 0149, The Courant Number was set

equal to 0, 5 and the analysis was carried

out over a period of 24, 000 seconds,

A copy of the data cards and sample output
is shown in Appendix G of the source,

New users should refer to documentation

of all related program and routines, Further
details of the method of analysis is available
from the source,

A variation of this program was developed
to perform the same type of calculations with

a wide channel. This program was further



(6)

SOURCE:

X FINDIF /5 269
modified to provide output whick could be
used to generate an animated movie of the
flood wave moving down the channel.
"A Comparison of Kinematic Flood Routing
Methods'. by Fred Biesenthal
(A Master of Engineering Thesis)
McMaster University

Hamilton, Ontario
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(1)

(2)

(3)

(a)

R KINDIF /1 270

UNSTEADY FLOW ANALYSIS

PURPOCSE:

METHOD:

PROGRAM:

DECK NAME:

This program models the movement of a flood
wave down a uniform rectangular channel using
a kinernatic flood routing technique, For each
problem tackled, twenty-five solutions are
provided., This enables a user to study the
effects of varying the position of the '""nucleus"
within the finite difference '""molecule',

After obtaining the input data, the program
variables are initialized, and the flood routing
portion is carried out., The actual flood routing
calculations are performed by subroutine
"KINRUT" and a further description of the
algorithm may be obtained from the document-
ation of that subroutine as well as from the
éource. The flood routing computations are
incorporated within nested "DQO'" loops so that
the parameters ALPHA and BETA are system-
atically varied to provide solutions with twenty-
five positions of the nucleus. With each solution
a title page and two graphs are provided to

document the results of the simulations.

KINDIF



{(h)

(c)

CALLING
SEQUENCE:

INPUT:

Data Card
Type

1

X KINDIF /2 271

None, this is a driving program.

Data Format
Length of channel, width, F¥10.1, F10, 2,
Manning n, slope, depth 2F10. 8 F10.2
Number of reaches, time
step (seconds). Time at
which analysis is to be
terminated (seconds). 13, 2F10.2
Test number (for identif-
ication) 13
Punch code to produce hydro-
graphs on cards. I3
Section numbers for which
hydrographs are to be plotted 213
Section numbers for which
stage versus time curves are
to be plotted. 213
Number of points defining
inflow hydrograph I3
The ratio of flow to fullbank
flow and time {seconds) for one

point on the inflow hydrograph, F10.2, F10.0



(d)

7

ie)

(f)

(4)
(a)

2% KINDIF /3 272

Note: Repeat card @ for each of the points which define

the inflow hydrograph.

OUTPUT:

RESTRICTIONS:

OTHER
DECKS:

EXAMPLE:

THE PROBLEM:

The output consists of a listing of various
parameters for the problem being tackled in
the form of a title block as well as two
hydrographs and two stage - time curves
for each of the solutions attempted, An
option is incorporated in the program to
allow a user to record the hydrographs on
punched cards,

This program is limited to the solution of
problems involving uniform rectangular
channels where flow resistance is defined

by Mannings gquation. (See discussion.)

HPLOT, INTER], MANNGQ, KINRUT, KINFUN

A rectangular channel 5¢, 000' long 100' wide
and 20' deep is subject to a trianguiar inflow
hydrograph. Twenty reaches are used to
analyze the channel which has a bedslope of
0.0002 and a Mair;nings "n" of 0.0149. The
time step was set equal to 200 seconds and
the analysis was made for a period of

24,000 seconds., A copy of the data inpat



(5)

(6)

DISCUSSION:

SCURCE:

e KINDIF /4 273
cards and a sample output is shown in
Appendix G of the source,

New users should refer to documentation of
all related programs and routines. Further
details of the method of analysis is available
from the source,.

A variation of this program was developed to
perform the same calculations with a very
wide channel,

Another variation was developed which allowed
the user to install an imaginary reservoir in
series with the channel. This reservoir could
be located at a section in the channel and the
size of the reservoir was defined in the input
data. The ''nucleus' was located in the centre of
the finite difference molecule when the channel
was analyzed. Nested "DO" loops were incor-
porated to allow several simultation to be
performed with different sizes of reservoirs.
"A Comparison of Kinematic Flood Routing
Methods'", by Fred Biesenthal

{A Master of Iéngineering Thesis).

McMaster University

Hamilton, Ontario

¢
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(1)

(2)

(3)

(a).

(b)

PURPOSE:

METHOD:

PROGRAM:

DECK
NAME:

CALLING

SEQUENCE:

HPLOT/1

HYDROGRAPH PLOTS

This subroutine plots two hydrographs on
a set of axis.

A grid. which is 50 printer lines high and

118 spaces wide, is utilized. The hydrograph

is specified by a series of zeros or plus
signs positioned in the grid, Automatic
scaling is provided within the subroutine
and the calibration marks are placed on the
scales, Time units are plotted (and labeled)
as hours) across the bottom scale., An
interpolation routine allows hydrographs
with two different time steps to be plotted
on the same scale, (The largest time step
is used for the time scale,)

For further details of the method refer to

the subroutine listing,

HPLOT

274

HPLOT (QOUT2D. DTIMAR, NQOUT, PEAKAR,

TSTART)

QOUT2D = A two dimensional floating



HPLOT/2 275
point array containing the
flowrates of the two hydrographs
to be plotted. The flow rates
are specified at equal time
intervals though the time
step for the two hydrographs
need not be the same value.

DTIMAR = A floating point array con-
taining two values. The
first value is the time step
for the first hydrograph
and the second value contains
the time step for the second
hydrograph,

NQOUT

A floating point array defin-
ing the number of points in
each hydrograph,

PEAKAR

1}

A floating point array which
defines the peak flow rate
of each hydrograph,

TSTART

1]

A floating point value which
defines the start time of

the hydrograph,



(d)

(e)

(4)

(5)

(6)

OUTPUT:

RESTRICTIONS:

OTHER DECKS
REQUIRED:

EXAMPLE:

DISCUSSION:

SOURCE:

HPLOT/3 276
A call of this subroutine results in a plot
of two hydrographs on one page of com-
puter paper. A line printer which is at
least 130 spaces wide is reqaired.
Negative values will not be plotted

correctly,

None

The sample printouts available from the
source provide examples of this sub-
routine,

The use of the subroutine is restricted to
batch mode operations. It is possible, with
further modification to utilize this approach
with interactive terminals.

Modified from Williams, Jimmy R. and
Roy W, Hann, "HYMO, A Problem Oriented
Language for Building Models', Water
Resources Research, Vol, 8, No. i, 79 -

86. February, 1972,



(1)

(2)

(3)

(a)

KINFUN/1

FLOOD ROUTING USING THE CONTINUITY EQUATIONS

PURPCSE:

METHOD:

PROGRAM:

DECK NAME:

This routine calculates the functicnal relation-

ships of an elementary river reach prior to the

277

routing of a floodwave using subroutine "KINRUT",

The functional relationships are defined as

follows:

FUS = BETA* QIN - ALPHA«* STOR/DTIM

for the upstream section and

GDS = BETA* QOUT + (.- ALPHA) ¥ STOR/DTIM

for the downstream section.

It should be noted that STOR is the storage in
the total length of the elementary reach with a
steady state condition. In the case of FUS(QIN),
the flow rate along the elementary reach is
assumed to be that of the inflow while~ a steady
flow rate of QOUT along the elementary reach is

assumed when calculating GDS(QOUT).

KINFUN



KINFUN/2 278

(b) CALLING
SEQUENCE: CALL KINFUN (ALPHA, BETA, DTIM, STORUS,

QUSAR, NFUS, STORDS3, QDSAR, NFDS, ¥USAR,
GDSAR)

WHERE ALPHA

Floating point variable containing
ALPHA.

BETA

Floating point variable containing
BETA.

DTIM

Floating point variable containing
the value of the time increment,

STORUS

1

Floating point array of size NFUS
which contains values for steady
state storage to define coordinates

of storage - inflow relationship.

QUSAR

Floating point array of size NFUS
which contains values of inflow to
define coordinates of storage -
inflow relationship.

NFUS

Integer describing the number of
points which define the relationship
between steady state storage and
inflow.

STORDS

1

Floating point array of size NFDS
which contains values for steady

state storage to define coordinates



(c)

OUTPUT
FORMAT:

OTHER DECKS
REQUIRED:

RESTRICTIONS:

EXAMPLE:

DISCUSSION:

KINFUN/3 279

of storage - outflow relationship.

QDSAR

1!

Floating point array of size NFDS
which contains values of outflow
to define coordinates of storage -
outflow relationship.

NFDS

1

Integer describing the number
points which define the relation-
ship between steady state storage

and outflow,

FUSAR Floating point array of size NFUS
containing values of the function

relationship associated with inflow,

it

GDSAR Floating point array of size NFDS
containing values of the function

relationship associated with outflow,

The function relations are aséigned to array FUSAR
for the upstream section and GDSAR for the down-

stream section.

None

The relationship between storage and flow rate
must be a single valued function.

Refer to the source for an example,

None .



(€)

SOURCE:

KINFUN/4
"A Comparison of Kinematic Flood Routing
Methods', by Fred Biesenthal
(A Master of Engineering Thesis),
McMaster University

Hamilton, Ontario

280



(1)

(2)

KINRUT/1 281

FLOOD ROUTING USING THE CONTINUITY EQUATIONS

PURPOSE:

METHOD:

This routine is used to determine the outflow
from a system where the unsteady flow regime
can be reasonably modelled using kinematic
wave theory,

The routine uses a finite difference technique to
solve the continuity equation. Two parameters
ALPHA and BETA are used to determine the way
in which the finite differences are calculated,
Figure KINRUTI] shows the finite difference
approximations and a portion of the space time
grid, The calculations are made using func-
tional relationships of inflow and outflow. The
process of routing a floodi through an elementary
reach is very similar to the process of routing
a flood through a reservoir using the storage -
indication method. A user should refer to the
source for a more complete description of the
numerical system used and the properties of the
finite difference scheme. Refer to the docu-
mentation of KINFUN for the definition of the

functional relationships,



FIGURE KINRUT |
GENERAL FINITE DIFFERENCE SCHEME

GRAPHICAL REPRESENTATION NUMERICAL APPROXIMATIONS
T A
2 4 SA _ (I-a)(A.-Az)+a(A,-A)
J+l I Q@ {? == 4 g . 2= A
uPu '
AT T 8Q =B(QQ“Q2)+(|"B)(Q3"QJ)
&X DX
BAT
J Y @ @} 1 MOLECULE THE SPACE-TIME ELEMENT
l 3 ) BOUNDED BY POINTS 1243
—> AAX |<—
NUCLEUS THE POINT "P" ABOUT WHICH THE
o AX ———> ‘ FINITE DIFFERENCE EQUATION
IS APPLIED
L.
I I+l
X

28¢



(2)
(a)
(b)

PROGRAM:

DECK NAME:

CALLING
SEQUENCE:

WHERE

KINRUT

KINRUT/2 283

CALL KINRUT (GDSAR, QDSAR, NFDS, FUSAR,

QUSAR, NFUS, QLINAR, TIMARL, NPTSL, DX,

DTIM, NPTS, QINAR, QOUTAR)

GDSAR

QDSAR

NEFDS

FUSAR

QUSAR

NEFUS

t

i

11

Floating point array of size NFDS
containing values for the functional
relation of outflow.

Float point array of size NFDS contain-
ing values of outflow related to the
array GDSAR,

Integer defining number of points which
describe the function relation of outflow.
Floating point array of size NFUS con-
taining values for the functional relation
of inflow.

Floating point array of sizé NFUS con-
taining values for inflow related to the
array FUSAR,

Integer defining the number of points
which describe the function relation

of inflow.
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QLINAR = Floating point array of size NPTSL
containing the values of flow per unit
length which describe the lateral
inflow hydrograph.

TIMARL = Floating point array of size NPTSL
containing the coordinates of time
which describe ’ché lateral inflow»
hydrograph,

NPTSL = Integer defining the number of points
which describe the lateral inflow
hydrograph,.

DX = Floating point variable describing the
length of the channel or reservoir
which is subject to lateral inflow,.

DTIM = Floating point variable containing the
time increment,

NPTS = Integer defining the number of points
which describe the inflow and outflow
hydrographs,

QINAR = Floating point array of size NPTS
which contains the points describing

the inflow hydrograph.

QOUTAR = Floating point array of size NPTS



(c)

(e)

(4)
(5)

ouTPUT
FORMAT:

OTHER DECKS
REQUIRED:

RESTRICTIONS:

EXAMPLE;

DISCUSSION:

KINRUT/4

which contains the computed outflow

hydrograph.

The outflow hydrograph is assigned to array
QOUTAR. Points of the outflow hydrograph
are specified at equal time increments of

value DTIM,

INTER 1

The user must specify the first value of the
outflow hydrograph before calling KINRUT,
and the points in the inflow hydrograph must
be defined at equal time increments. Co-
ordinates of the outflo’w hydrograph will
correspond to the points on the inflow hydro-
graph,

If lateral inflow is not a factor in the partic-
ular problem, it will be set to zero by defining
the first value of TIMARL as a real negative
value,

The functional relationships between flow and

storage must be defined before calling KINRUT,.

Refer to the Source.

None
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(6) SOURCE: "A Comparison of Kinematic Flood Routing
Methods'", by Fred Biesenthal
(A Master of Engineering Thesis,)
McMaster University

Hamilton, Ontario



(1)

(2)

PURPOSE:

METHOD:

WHERE:

PROGRAM:

DECK
NAWM E;

CALLING

SEQUENCE:

VHERE:

RESVOR/1 287

RESERVOIR ROUTING

This subroutine generates the functional
rating curves used by "KINRUT" to route
a flood through a reservoir. A call of
"KINRUT" performs the actual routing.
For a detailed description of the method
used to route the flood refer to document-
ation of "KINRUT" and "KINFUN" as well ~
as the source. The rating of the reservoir
is given by the equation

STOR = FPVK*QOUT**FPVW

STOR = Storage

FPVK

A constant

QOUT

Flow rate

FPVW = A constant

RESVOR

CALL RESVOR, (FPVK, FPVW, FLOWAR,

NFLOW, DTIM, NQIN, QINAR, QOUTAR)

FPVK = A floating point variable
containing the value of the

!

constant K,



FPVW

FLOWAR

NFLOW

DTIM

NQIN

QINAR

i

RESVOR/2 288
A floating point variable
containing the value of the
constant W,
A floating point array con-
taining the flow rates to be
used when the functional
relationships are to be
calculated.
An integer value which
specifies the number of
values in the vector FLOWAR,
A floating point variable
which specifies the time
step used in the calculations,
(Same units as time unit of
flow rates.)
An integer value which specifies
the number of points in the
flow hydrographs,
A floating point array which
contains the flow rates of the
inflow hydrograph specified
at equal time intervals

defined by DTIM.



(c)

(d)

OCUTPUT:

RESTRICTIONS:

(e} OTHER DECKS

(4)

(5)

REQUIRED:

EXAMPLE:

DISCUSSION:

RESVOR/3 289
QOUTAR = A floating point array which
contains the flow rates of the
outflow hydrograph specified
at equal time intervals as
defined by DTIM,
The routed flow is returned to the calling
sequence via QOUTAR. A plot of the inflow
and outflow hydrographs is provided by a
call of subroutine "HPLOT",
To provide a dimensionless representation
of the hydrograph, a floating point value is
transfered to the subroutine via a COMMON
statement labelled "FL.OW'", The flows

were divided by a flowrate so that the result

was a value of Q where:

KINRUT, HPLOT

An examplé of the use of this program is
available from the source,

The main purpose of this subroutine is to
route a flood through an imaginary reservoir,
If it is more advantageous to utilize r’eservoir

rating carves which are storage as a function



(6)

SOURCE:

RESVOR/4 290
of elevation and outflow as a function of
elevation see RESRUT,
"A Comparison of Kiarematic Flood Routing
Methods', by Fred Biesenthal
(A Master of Engineering Thesis)
McMaster University

Hamailton, Ontario


http:functi.on
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STEADY AND UNSTEADY RIVER FLOW SIMULATION

(1)

PURPOSE:

This program is designed specifically

for use in a time sharing mode and is intend-
ed to set up, calibrate and subsequently
modify a namerical model of a natural
river channel under steady and unsteady
flow conditions,

A stretch of river is described by a number
of cross-sections each of which is defin;ad
by a series of points. the initial co-»rdinate
values of which are referred to arbitrary
datums for level and horizontal distance,
Each cross-section is identified by a fixed
chainage (and section number), and is also
assigned an initial value of roughness co-
efficient, The resistance to flow may be
defined by any one of a number of laws;

the choice being made during the ra,‘m.

The program operates on the system thus
defined and for specific values of discharge
and downstream rating curve computes the
water surface elevation{s) and energy
level(s) at the cross sections specifie/a

during execution,


http:i.nlti.al

RIVER3/2
In the course of execution the nser has the
option to vary the discharge along the
channel, the number of profiles calculated.
the location and rating curve of the down-
stream control. the portion of the river
over which the profile(s) is to be computed,
the print out of the profile data, the rough-
ness coefficient and the geometry of any
selected section or any combinations of .
the options mentioned above, In addition,
there are several other features of the
program devoted to steady state analysis
which enables the user to calculate the
critical flow depth at a selected section,
list any changes that have been made to
the data or to print the existing cross
section data.
An initially defined system may therefore
be adjusted to correctly reproduce an
observed flow profile and then be used to
examine the effect of a chosen design flow
and to experiment with changes to the cross
section geometry., The profiles that are |

calculated may be utilized in the unsteady

292
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(2)

METHOD:

RIVER3/3 293
analysis described below,
The analysis of water profiles incorporates
a method of handling transition sections,
such as weirs or bridges, which may occur
along the channel,
The unsteady analysis incorporated into this
subroutine allows a hydrograph of varying
flow to be routed downr portions of the
channel using kinematic wave theory. An
option is available to allow a user to route
the flood through a reservoir which may
be incorporated within the channel, bata
which describes the hydrograph and other
variables such as the time step for comp-
utation purposes are all entered daring
execution of the program.
The calculation consists essentially »f
repeated applications of the subroutines
EZRA and CONTRO, starting from the
farthest downstream reach aund proceeding
upstream for each of the profiles.
Flood routing is performed using kinematic
wave theory as formnunlated in the subroutine

KINRUT .


http:proceedi.ng
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(3)
(a)

(b)

PROGRAM:

DECK
NAME:

CALLING

SEQUENCE:

WHERE:

RIVER3
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RIVER3 (HORZ2D, VERT2D, NPTSAR,

CHAINR, RCAR, NXSEC, MAXPTS, G,

NRl, NR2, NW, NF, AREAR, ELEVAR,

FLOW2D, WLAR, QDAR, FUSAR, GDSAR,

QUSAR, QDSAR, QRAR)

HORZ?2D =

VERT2D =

Two-dimensional array
containing the horiz»ontal
coordinates for the

points describing the series

of cross-sections, The

first subscript of the

array represents the section
number and the second sub-
script represents one of

the horizontal conrdinates.
Two-dimensional array con-
taining the vertical chordin-
ates for the points describ-

ing the series of cross-sections,
The first subscript of the array

represents the section nimber



NPTSAR

CHAINR

RCAR

NXSEC

MAXPTS

RIVER3/5 295

and the second subscript
represents one of the

vertical coordinates.

One- dimensional array con -
taining the number of co-
ordinate points for each cross-
section in the series of sections,
One-dimensional array con-
taining the chainage values

for the series of cross-
sections,

One-dimensional array con-
taining the roughness co-
efficients for each cross -
section ‘n a series of sections.
The number of cross-sections
in the river channel.

The maximum number of co-
ordinate points required to
describe any cross-section
for the series of sections,
Gravitational acceleration

constant,
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NRI1 = Periph. Device No. for
Genmetry file,

NR2 = Periph, Device No, for
keyboard input,

NWwW = Periph, Device Nn. for ter-"
minal output,

NF = The number of points in the
working arrays and tables_
define cross-section prop-

erties versus flow rate,

AREAR

Two-dimensional array
containing cross-section
area for each section and
flow used to describe the
steady state performance,
bimensioned NF+*NXSEC.
ELEVAR = Two-dimensional array
containing water surface
elevation for each section
and flow used to describe
the steady state performance,

Dimensioned NF*NXSEC,
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FLOW2D = Twn-dimensional array con-
taining the flowrates at each
section used to calculate the
steady state performance.

WLAR

Vector array which contains-
the water level coordinates
for the rating eurve of the
downstream section,

QDAR = Vector array which contains
the discharge coordinates for

the rating curve of the

downstream section,

i

FUSAR Vector array which contains
the function coordinates of
the rating curve for the
upstream section used to

perform the kinematic flood

routing,

u

GDSAR Vector array which contains
the function coordinates of the
rating curve for the downstream

section used to perform the

kinematic flond ronting.



(c)

OoUTPUT:

RIVER3/8 298

QUSAR

H

Vector array which contains
the flow coordinates of the
rating curve for the upstream
section used to perform the
kinematic flood routing.

QDSAR

i

Vector array which contains
the flow coordinates of the
rating curve for the downstream
section used to perform tl';e
kinematic flood routing,

QRAR = Vector array which contains
the flow coordinates of the
rating curve used for
reservoir roating,

The output of the subroutine cons'sts of

invitations to enter data, such as questions

requesting input, as well as the results of

the various calculations. Generally, inform-

ation provided consists of section number,

chainage, water surface elevation and energy
level for steady state analysis and section
number and time and flow rates for a hydro-

graph calculated during unsteady flow

analysis,
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(d)
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RESTRICTIONS: The flow resistance law must be chosen from

among the following: Chezy, Manning.
Strickler, Colebrook-White, Nikuradse's
logarithmic Smooth Turbulent or Nikuradse's
logarithmic Rough Turbulent, It is the user's
responsibility to ensure that the selected law
is appropriate both to the -river system and to
the roughness coefficient contained in the
geometric data,

If the smooth turbulent law is used, the rough-
ness coefficient is ignored but arbitrary

data must still be provided,

The number of cross-sections cannot be varied
from that defined in the data file, Neither can
the initially defined maximum number of points
per section be exceeded, The discharge is
assumed to be uniform aloag each sub-reach,
However. a number of sub-reaches may be
defined within the river system. When

performing the calculations a sub-critical

flow regime is assumed,
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(e} OTHER DECKS

REQUIRED: READXS, SELSEC, PROPS, CRITIC,

BOTTOM, SFROMQ, CHEZYQ, MANNGQ,

STRICQ, COLEQ, SMOTHQ, ROUGHQ,

EZRA, CONTRO, KINRUT

(4) EXAMPLE:

(a) INPUTS: A rectangular channel 50, 600' long, 100'
wide and ?0' deep is subject to a triangular
inflow hydrograph, Eleven sect'ons with
with four points each were utilized to
describe the channel which had a bed
slope = 0. 00.02, The Mannings rough-
ness coefficient was n = 0. 0149,

The geometrical data was stored »n a file

and was read in as TAPEL For each

section the data comprises:

(1) Section number (sections must be
numbered sequentially from No. 1 at
the upstream end, but need not be rea.d in
that order,)

(ii) distance

(iii) roughness measure
(iv) Number of points used to describe

the section,


http:sccti.0n

(b)

(3)

OUTPUT:

DISCUSSION:

RIVER3/11

(v) A sequence of pairs of conrdinates
defining the cross-section geometry,
A copy of TAPEL is shown in Appendix G
of the source. The format of this input
file is dictated by the format used for the
read statements in subroutine READXS,
Other information relating to discharge,
control level, inflow hydrographs and
subsequent system changes etc,, is
input from the console during the run,
Each input is detailed ‘n the sample
outpiut which is largely self-explanatory,
A sample outpit is shown in Appendix G
of the source,
New users should refer to documentation
of all related programs and routines.
Further details of the method used for
analysis of unsteady flow are avaiiable

from the source,

301



(6)

SCURCE:

RIVER3/12 302

Modified from RIVER2 (Dr, A, A, Smith.
McMaster University, Hamilton, Ontario.)
"A Comparison of Kinematic Flood Routing’
Methods'". by Fred Biesenthal

(A Master of Engineering Thesis)
McMaster University ‘

Hamilton, Ontario
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APPENDIX E

DERIVATION OF THE LAX-WENDROFF METHOD

The continuity equation is:

A LR (E.1)
oxX ot .

This equation can be written in the conservation form:

MW,8 5 -0 (E.2)
ox &t
Expanding A(X,T+AT) using a Taylor Series, the

following is obtained:

AT252A
AKX, T+AT) = AX,T) + AT L 2T 2 L ota™  (£.3)
ot 2 &t
From equation E, 2
f’—“-=-(53-a) (E.4)
ot dx ,
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and

2 -

5_2. hi(?ﬁ) , 38 (E.5)
ot ox \ ot ot

Assuming a singled valued relationship between Q and A:

oQ '
— = f(A)— : E.6
51 (A)M (E.6)

Substituting equations E. 6 and E, 4 into equation E, 5 yields:

8§ $Q 3

—_— =z — | f(A) — - f(A)G | + — E.7
5t 8x<( 5% ”q) 5t (E7)
Therefore:

A(x T+AT) = A(X,T) —AT(——- - a‘)

) 8q
20 [ m - s = E.8
+2 <6x( (A)Bx q)+6t) ( )
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Using the space-time grid shown in figure 3.2 equation E, 8
can be expressed in terms of finite differences,

Figure 3.2 is reproduced below for reference purposes,

“—AX—>|—AX—>

I-1 I I+]

The equation in finite difference form is

Q(I+1,J) - Q(I-1,J)
2AX

A(I,Jd+1) = A(IJ) -AT(

2 + - J
AT (f(A) Q(I+,J) -Q(1,J)

| - -
-é-(q(I'*l,J) + q(I-I,J))) + 2AX AX

Q(I,J)-Q(I-l,J)
AX

_fa)
2

(q(I+1,J) + G(L,4)) = f(A)

+E‘E€2(a(r,u)*a(z-n,an) + -‘-\21 (a<1,J+n-au,d>) (E.9)
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It should be noted that the value f(A) is a unique value for each

position on the space time diagram, That is,

Q(X,T)

m (E.10)

flA(X,T)) =

Substituting equation E, 10 into equation E, 9 gives:

Q(I+l,J)-Q(I-1,J)
2AX

A(Ii\]"'l) = A(I)J) - AT(

A}

| aT? ( Q(I+1,9)?
-5 (A0 +a(I-l»J”) * 2% (A(I+l,J)AX

10 95 IR« 6 ST R 1€ L) K. (83 )

-2
A(I,)AX A(l-1,d)AX 2A(I+1,J)

Q(I-1,J)g({I-1,J) _A_T_( I.J+) - g(l J) E.! |
YT AUALY) >+2 aL, =0 =gl ) e
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After deriving A(I, J+1), Q(I, J+1) is obtained from the rela-
tionship between flow rate and area, This function is single valued
for kinematic waves,

Using the above formulation, the solution advances downstream
on a particular time level, Suceeding time levels are considered in

following passes down the channel,



+ APPENDIX F

KINEMATIC FLOOD ROUTING--METHOD OF CHARACTERISTICS

Kinematic waves have one set of characteristics which travel

downstream with a velocity, G , where

= 49 : (F.1)

Q = flow rate
A = area
To route a flood wave through a channel, using a kinematic
method, it is necessary to calculate only the wave velocity for
various flow rates, determine how much time is required for the
particular flow rate to move through the length of channel and thus
plot points which determine the time history of the outflow hydro-
graph,
Determination of

Using Mannings Formula:

.49 2
= — 3
Q= == AR ‘/5 (F.2)
1.49 3
=—— Y¢S .—3' (F.3)
n p3
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.49
n

S

FOR A RECTANGULAR CHANNEL:

A3 PR o (1x) P (1, +27) 2

T = TOPWIDTH

Y = DEPTH
do _ | da
dA Tw dY
dQ d 5/3 -2/3
— = — | K(T,Y
1Y dY( (TWY) (T, + 2Y) )
do _  (513v8 4 0¥
dy 3(T,+2Y)?/3 3 (T,+2Y)%/3
do _  K(T.¥® 5 4
TdY  TT, +2Y)2/3\ 3Y 3(T,+2Y)

|3

n
|o
™~
(6]

> - 4
3Y 3(Tw+2Y)

(F.4)

(F.5)

(F.8)

(F.7)

(F.8)

(F.9)

(F.10)
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The following program was written to calculate flow rate,
ration of flow rate to full depth flow rate and kinematic wave

velocity all as a function depth.

180= PROGRAM KINCINPUT,OUTPUT, TAPES=INPUT, TAPE6=0UTPUT)
110= S=0.0002

120= RC=0.0149

139= G=32.,2

148= W=100.0

159= DMAX=2@. 3

160= DH=DMAX/ 48 .

170= P=DMAX*x2.0+1003.0

180= A=WxDMAX :

190= CALL MANNGAQ(A,P» S, RCsGsQAMAX)
200= H=0.9

210= DO 12 I=1,40

220= H=H+DH !

230= A=H*W

240= P=W+2.8%H

250= CALL MANNGQ(A,PsSsRCsGsQ)

26 A= VK=Q/Wx(5.0/(3.0*%¥H)=4,0/(3.08%xW+6.3%H))
270= QR=1/QMAX

288= 180 WRITE(6s1023) HsQsQRsVK

290= 1020 FORMAT(1Xs,4F12.4)

3900= STOP

310= END

The results are shown in table F. 1



TABLE F-1
FLOW RATE, FLOW RATIO AND KINEMATIC WAVE VELOCITY

AS A FUNCTION OF DEPTH

SYSTEM |
DEPTH FLOW RATE Q /Q full bank C
(ft ) {cts) (tps)

«5000 44.3121 « 2027 1.4712
1.0080 139.7612 <2084 2.3111
1 5000 2712.9276 «A164 29972
2.8000 438.03072 @263 3.5939
2.5000 631.2877 «0379 4.1284
3.0000 850.0642 «AS510 4.6157
3.9000 1392.2224 «A6SS S.0650
4,000 1356.04353 «3813 S.4827
4.5009 1640.3486 «A2983 5.8736
S.8000 1943.0102 « 1165 6.2412
S.5000 2263.8242 « 1358 6.5881
6.0000 2631 .5186 1560 6.9167
6.5000 2955.2223 1772 7.2288
T.0000 3324.1481 « 1993 7.5258
T.5000 37187.5789 « 2223 7.8092
8.0000 4104.8584 2462 8.038020
8.5000 4515.3820 « 2708 8.3391
9.2090 4$38.5908 « 2962 8.587S
9.5000 5373.9658 « 3223 8.8259
10.0000 5821.0237 « 3491 9.0549
12.5000 6279.3127 « 3766 9.2752
11.8000 6748.4098 4047 9.4873
11.5000 72279175 «4334 9.6917
12.00600 T7T17.4617 « 4628 9.,8889
12.5000 8216.6895 e 4927 10.0791
13.4800 8725.2675 «5232 10.2629
13.5040 9242 .8843 «5543 10.4406
14. 3000 9769 .2287 «5858 13.6124
14.5000 1A304.0287 6179 13.7787
1S.0000 10847 .0104 « 6505 10.9397
1S5.50030 11397.9171 + 6835 11.0957
16.0000 11956.5340 7170 11.2470
16.5000 12522.5375 « 1509 11.3936
17.0000 13095.7949 « 7853 11.5360
17.5000 13676 .0631 8201 116741
18.0800 14263.1384 «8553 11.80183
18.5000 14856.8258 « 89049 119386
19.0000 15456.9383 + 9269 12.0653
19.5000 16063.2967 «9633 12.188S
20.2200 16675.7291 1.0000 12.3083
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This data was used to piot a curve of flow rate versus wave
velocity, (Figure F.l‘) By dividing wave velocity for a particular
flow rate into the length of the channel in feet, the lag between
inflow and outflow of that flow rate can be determined. Points on
an inflow hydrograph can be transposed downstream and the out-
flow hydrograph can be determined,

System 1 was analyzed using this method. The results of -
the analysis are given in table F.2 and the hydrograph is plotted

in figure 3. 8,



TABLE F-2

RESULTS OF KINEMATIC FLOOD ROUTING SYSTEMI

Inflow Velocity Travel Inflow Outflow
Ratio (ft/sec) Time (sec) Time (sec) Time (sec)
0.2 7.52 5319 1500 6820
0.4 9. 46 4228 2750 6980
0.¢€ 10.73 3728 4000 7730
0.8 11,60 3448 5250 8700
1.0 12,31 3249 6500 9750
0.8 11,60 3448 7750 11200
0.6 10,73 3728 3000 1#730
0.4 .9.46 4228 10250 14480
0.2 7.52 5319 11500 16820

313



FLOW RATE / FULL BANK FLOW

1.0

0.8

0.6

0.4

0.2

0.0

FIGURE F.I

WAVE VELOCITY vs FLOWRATIO
SYSTEM |

1 | 1 1 i

4.0 6.0 8.0 10.0 12.0
KINEMATIC WAVE VELOCITY (fps)

14.0

ble



APPENDIX G

LISTINGS OF COMPUTER INPUT FILES, ROUTINES AND OUTPUT

INPUT FILES: FINDIF
KINDIF
TAPEL
ANCDAT
WHTDAT
ROUTINES: FINDIF
KINDIF
KINFUN
KINRUT
HPLOT
RESVOR
- RIVER3
OUTPUT: FINDIF
KINDIF

RIVERS3
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TYPICAL INPUT FILE: FINDIF

tOn=HERGTA00,

EIEZENTHAL

11 0=ATTARIH AR IVEFF « TTisHRRG ME=1
SO=RTTR T HAC WL IR I U=HRERG M=
150=FTH I=FRIVERFE
140="TTETCLIE="IWLTED

1s0=1:0.

151=+E01F

17 0=S0000, tan, g.014=
120= 250,55 SAG0n,

190=131]

i

1

‘1
o 1 71
2Zo= 1 21
sdn= 3
cSEH0N=n.2 fs=0n,
geii=1 .10 SO0,
2yo=0.2 11500,
STV 1=+EQF
27 =+EDF

3le



TYPICAL INPUT FILE. KINDIF

100=HFEE . T400,

BIEZEMTHAL
J1O=ATTATH«# THIOIF « I Ni=HZAGR JHMR=1
12N=HTTACH«CTVLIE«TH=HFAG «MRE=1

1 20=FTH I=TIHOTF

140=LTZET L TIFP=C0TWE TR

150=1_0.

151 =«ED~

TU=S0000 tan, n,ntdas o, nnnz

150= a0, Sd0nag,
1320=130
an=

(K]
W

' i.”\} 1) e b ek
o
|

1500,
SS00,

11500,

)
]
—

Py Toe T Ol e Pt D P
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~

TRIC DAT,
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KK
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&2

LE . TAPEI
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o OHizn . o GLO0L10. 00 L00 Q011000 160 001320, G0
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HoliiEs. i G000 00 Lon, 0010900 100, 00129, 0
______ ROREEEE
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(GEOMETRIC DATA FOR APPLICATION TWO)

ANCDAT

INPUT FILE

N

*
i

m .
! !
i
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OO0 OOO0O300I0OCOOIIIDICODIIOIDICODIOOOIDINIDIOOVODDOOIODIOITOIDODIDIDICD
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APPENDIX H
SUMMARY OF NOTATION

This appendix provides a dictionary of the notation used in

this thesis. It should be noted that several variables serve more

than one purpose, The appropriate definition can be inferred from

the context and from the description provided with the variables.

Where there is more than one definition of a variable, the location

of the
A

A

Cl

Cc2

less frequent definition(s) is identified,

= area.of the cross section

= an error, expressed as a term of a Fourier Series
= a coefficient on a term of a Fourier Series

= a coefficient of regression (equation 4,12)

= invert elevation at a section

= a coefficient of regression (equation 4, 12)

= celerity of a wave relative to water (Chapter 2)
= kinematic wave velocity

= a stability condition variable

= a stability condition variable

= a coefficient of regression (equation 4, 12)

= a coefficient of an error term

= an exponent {equation 5, 26)

= Froude Number j
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acceleration of gravity
a displacement on the distance axis from the point
about which a Taylor Series is written (Appendix B, C)
water surface elevation, (usually associated with a
position in the space-time diagram)
a variable discribing the horizontal distance from an
arbitrary axis to a coordinate describing the channel
cross section
wate'r surface elevation
a displacement on the time axis from the point about
which a Taylor Series is written (Appendix B, C)
a subscript to denote a position 9n a space-time diagram
inflow (equations 3.21 - 3., 24)

¥
a subscript to denote a position on a space-time diagram
a subscript to denote a position on a space-time diagram
(Chapter 2, Appendix A)
a parameter in the equation describing storage in an
imaginary reservoir or an elementary reach
a coefficient (Appendix F)

Kinematic Courant Number
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a coefficient in the equation relating attennation and the
number of reaches in a simulation {(equation 5, 26)
a coefficient in the equation relating ''reduced"
attenuation to relative live storage (equation 5, 29)
a subscript to denote a position on a space-time diagram
total length of the channel (Chapter 5)
a coefficient (Appendix A)
number of reaches in the total length of the channel
a parameter which describes the "bow'" in the relation-
ship between storage and flow rate (defined in
figure 6, 4)
Mannings roughness coefficient
a coefficient (Appendix A)
outflow
wetted perimeter of a cross section (Chapter 2, figure 3.1,
equations 3,42 - 3,47, equations 4.1 - 4.5 Appendix F)
peak outflow divided by peak inflow or full bank fiow rate
flow rate
flow rate per unit width
rate of lateral inflow
hydraulic radius
slope (Chapter 2, figure 3.1, equations 3,42 - 3, 46,

Appendix F)
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SF =

St =

So =

ST =

Tb =

372
skew factor, a parameter which describes the slope
of the line from the base flow rate and the time of the
centroid of the hydrograph to the peak outflow and the
time of peak outflow (Defined in figure €, 3)
slope of thg.friction line
bed slope
Storage in an elementary reach or reservoir
time (usually associated with a finite difference step)
time l.aase of the inflow hydrograph
time of the centroid of the outflow hydrograph measured
from the time of the centroid of the inflow hydrograph
time of peak outflow measured from the time of peak
inflow
surface width
a variable describing the horizontal distance from an
arbitrary axis to a coordinate describing the channel
cross section
flow velocity under steady state conditions
an exponent in the equation describing storage in an
imaginary reservoir
distance (usually associated with a finite difference step)
distance
a parameter used in Muskinghum Flood Routing

(equations 3, 22 -~ 3, 24)
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Y = vertical depth of water

y = vertical depth of water

yo = vertical depth of water under steady state conditions
zZ = Courant Number (Chapter 2)

= side slope of a triangular cross section (Chapter 3)
a = a parameter which identifies the location of the nucleus
of \a. molecule in the X axis. Referenced to the upstream,
lowest time level of the molecule i
B = a parameter which identifies the location of the nucléus

of a molecule in the t axis, Referenced to the upstream,

lowest time level of the molecule

e = error term due to finite difference approximation.
y = a wave number (Appendix A)
9 = a parameter which identifies the location of the nucleus

of a molecule on the x axis., Referenced to the centre of
the molecule

43 = a wave number (Appendix A)

b = a parameter which identifies the location of the nucleus
of a molecule on the t axis. Referenced to the centrle

of the molecule
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APPENDIX 1

To provide further clarification of the procedure that could .
be followed in calibrating a kinematic flood routing model. the
following example is provided. The numerical valies used in this
example are taken from tables 3.3, 3,4 and 3,5, However. it
will be assumed that these results are available only after a
simulation of the particular physical system. The channel
employed has been described previously in Chapter 2 as System
1. The waterway is 50, 000 feet long, 100 feet wide, with a depth
of 20 feet. A symetrical triangular inflow hydrograph was
employed as a description of the time variant inflow., A peak
outflow of 0. 840 times the full bank flow was ass;arned. Figure
4. 2 shows both the inflow hydrograph and various outflow hydro-
graphs predicted using a numerical solution of the momentum and
continuity equations. It is intended that this example will show the
calibration of a kinematic model to emulate the peak outflow, A
discussion of the wave shapes will be made in the conclisions of
this appendix.

The procedure follows the description presented in Chapter 5
on pages 153 to 155,

1. To describe the hydrograph adequately, a time step.

AT , of 200 seconds was assamed, It should be
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noted that this results in the truncation of the peak inflow
to 0. 984 times that specified in the inflow hydrograph.
From the results presented in Appendix F, a value of

C, the kinematic wave velocity, of 12, 3 feet per second

is assumed, This is equivalent to the full bank flow kin-
ematic wave velocity, (With the hindsight provided by
results presented in Chapter 5. this is an accurate
estimate of the effective kinematic wave velocity, )

An estimate of the size of the distance step, AX ,

can be obtained from setting

AX z CAT

The first estimate of AX subject to the consiraint

that L is an integer is:
AX

AX =2500 FEET

Performing a simulation with ad=20.0 and B=1.0
yields a peak outflow of 0, 843 times full bank flow.
Performing the calculations with the nucleus located in
the upper right hand corner of the molecule defined in
Figure 3,2, as specified above, results in the maximum
amount of attenuation for the given AX and AT with

a nucleus inside the molecule,
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Because the peak outflow does not correspond with the
objective, it is necessary to modify the value of SAX
To provide an estimate of the next value of SAX to
use in an attempt to achieve the desired attenuation,
the following steps may be taken, First, calculate

the value of SAX  for the completed simulation.

m,
]

AT
(2a-1) +(I-28)CA—X
_ _ 200
=(-1) + ( I)l2.3———-2500
= -1.984
Thus:

SAX = -1.984x2500 = - 4960 FEET

Assuming that no attenuation occurs with SAX =0.0,

a straight line may be plotted through the points
P=1.0, -SAX=0.0

and

P=0.843, - SAX = 4960

This straight line may be extended to obtain the next

estimate of SAX, approximately 5, 000 feet,
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It is not possible to increase the value of SAX by

varying ( and [ subject to the constraint that the

n ucleus must remain inside the molecule with the previous-

ly defined parameters. Thus, it is necessary to vary the

values of AX and/or AT . For a system of arbitrary

geometry with sections defined at regular or irregular

intervals, modification of AX may be impractical due

to the fact that the system definition'wﬂl be significantly

altered. Thus, the variation of AT may prove to be the

most fruitful alternative in altering S. The limiting

constraints on the selection of AT (and AX \) are the

discretization error and the stability requirements.

For the second interation, the simulation was repeated with
a =0.0, =10 AX =5 000 feetand AT = 200

seconds., This results in a peak outflow of 0. 804 times

the full bank flow, Clearly this is an over estimate of

SAX . For this simulation:
SAX = ((2a-n+u-zmc§-}mx

) (- _200
((-1) +( l)l2.35000) 5000

-7460 FEET
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The above simulation defines another point on the
which could be used as a guide for further refinements.
The third simnulation is attempted with SAX. = -5, 000
feet, Again it should be noted that there are four
variables that may be used to modify SAX
a, B, AX, AT

For example a few of the points are:

a B ax | oar
0.00 0.5 5, 000 variable*
0. 246 1.0 5. 000 2090
0.25 0.5 10, 000 variablel"-\
0. 374 1.0 10, 000 200

Two of the above points, each identified with an asterisk,
are shown in tables 3,4 and 3.5, Interpolation to obtain
the 0. 840 contours on these tables will give an indication
of the interelation of the various parameters which define
SAX . The choice of the appropriate values of

B, AX and AT remains at the discretion of
the user who must observe the constraint of stability and

discretization error.
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‘Figure 5. & shows a4comparison of the kinernatic simulation
performed with
a=0.0
B=0.5
AX= 5,000 feet
AT = 200 seconds
and a dynamic solution. The two hydrographs have the same general
shape. The peak of the dynamic simulation is slightly higher than
the peak of the kinematic solution, Plotting the first simulation
presented in this appendix on the graph may yield a result which
agrees more clesely with the dynamic solution.

In certain instances. there may be significant differences in
the shapes cf the two hydrographs. For such cases further research
to determine methods of modifying the shape of the hydrograph
predicted by the kinematic solution would be required, Preliminary
results presented in Chapter 3 on figures 3.5 and 3, 6 indicate

that the hydrograph is insensitive to the variables used to define

SAX
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