
CONTINUOUS PRESSURE CONTROL 




THE ANALYSIS AND DESIGN 


OF CONTINUOUS PRESSURE CONTROL SYSTEHS 


BY 

LOUIS BIALY, 

B.Sc. (Eng.) (Rand). 

A Thesis 


Submitted to the Faculty of Graduate Studies 


in Partial Fulfilment of the Requirements 


for the Degree 


Master of Engineering 


McMaster University 


(Hay) 1970 




MASTER OF ENGINEERING (1970) McMASTER UNIVERSITY 
(Mechanical Design) Hamilton, Ontario 

TITLE: THE ANALYSIS AND DESIGN OF CONTINUOUS PRESSURE CONTROL SYSTEMS 

AUTHOR: Louis Bialy, B.Sc. (Eng.) (Rand). 

SUPERVISOR: Dr. M. C. de Halherbe 

NUMBER OF PAGES: x, 278. 

SCOPE AND CONTENTS: The continuous control of hydraulic pressure as a 

predetermined function of an independent variable is considered for the 

cases of low, intermediate and high pressure levels. A simple control 

system for the continuous regulation of low pressure is briefly discussed, 

and a means of extendinr, its ,,1orking range to intermediate pressure levels 

is described. Systems of this type are particularly suitable for the 

control of commerc~al diamond synthesis presses, but may also be utilised 

for other processes. 

A more sophisticated approach to problems of pressure generation 

and control is discussed in detail, with particular reference to a high 

pressure isostatic press. Digital computer methods of optimising the 

parameters of the system and simulating its response are developed. 

ii 



ACKNOWLEDGEHENTS 

The value of this study has been mainly enhanced by the efforts 

of Dr. }1, C. de Malherbe, for whose continual guidance and encouragement, 

the author is grateful. 

The author is indebted to Dr. N. C. Pope, Assistant General Manager, 

Hard Netals Ltd., and Hr. K. O'Donovan, Manager, Development Division, 

Industrial Distributors (1946) Ltd., for their personal interest, and 

sincerely appreciates their efforts in making this study possible. 

The financial support provided by Industrial Distributors (1946) Ltd., 

Rc>pub lie of South Africa, is gratefully acknowledged. 

iii 



Chapter 

1. 

2. 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

3. 

3.1 

3.2 

3.3 

3.4 

4. 

4.1 

TABLE OF CONTENTS 

List of Illustrations viii 

Introduction 1 

Some Applications of Continuous Pressure 
Control 3 

Outline 3 

Hydrostatic Forming 3 

Organic Chemical Synthesis Under Isostatic 
Pressures 4 

Hydrostatic Extrusion 6 

Autofrettaging 10 

High Pressure Cutting 12 

Synthesis of Diamond 12 

Isostatic Pressing 20 

Steady Pressure Regulation 22 

Outline 22 

Pressure Limiting Devices 22 

Minimum Pressure Valves 24 

Pressure Reducing Valves 25 

Continuous Control of Hydraulic Pressure in 
the Lmv Pressure Range 27 

Outline 27 

iv 



Chapter 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

5. 

5.1 

5.2 

5.3 

5.4 

5.5 

5.6 

5. 7 

5.8 

5.9 

5.10 

5.11 

TABLE OF CONTENTS cont. 

Definition of the Problem 

Approach to the Problem 

The Main Cylinder 

The Pump 

The Electro-Hydraulic Servo-valve 

The Pressure Transducer 

The Programmer 

Analysis of the Control System 

Continuous Control of Hydraulic Pressure in 
the Intermediate Pressure Range 

Outline 

Definition of the Problem 

Approach to the Problem 

Description of the Proportional Pressure 
Divider 

Analysis of the Proportional Pressure 
Divider 

Steady-State Pressure Response 

Stability 

Transient Pressure Response 

Damper Design 

Response of Secondary Pressure to a Flmv 
Disturbance 

Piston Response to Flow Changes 

27 

28 

28 

33 

35 

42 

43 

44 

49 

49 

49 

50 

51 

52 

56 

57 

57 

59 

60 

60 

v 



Chapter 

5.12 

6. 

6.1 

6.2 

6.3 

6.4 

6.5 

6.6 

6.7 

6.8 

6.9 

6.10 

6.11 

6.12 

6.13 

6.14 

6.15 

6.16 

6.17 

TABLE OF CONTENTS cont. 

The Effect of the Proportional Pressure 

Divider on the Overall Control System 61 


Continuous Control of Hydraulic Pressure in 

the High Pressure Range 65 


Outline 65 


Definition of the Problem 66 


Approach to the Problem 67 


Description of the Proposed System 70 


Preliminary Considerations 71 


The High Pressure Chamber 77 


High Pressure Generation 95 


The Pressure Transducers 104 


The Hydraulic Power Amplifier and Servo-valve 105 


The Adaptive Gain Compensator 153 


Steady-State Response of the Control System 157 


Absolute Stability Analysis 161 


Optimisation of the System 163 


Sensitivity Analysis 174 


Simulation of the Transient Response 176 


Relative Stability of the Optimised Control 

System 178 


Final Considerations 179 


vi 



Chapter 

7. 

7.1 

7.2 

Illustrations 

References 

APPENDIX A 

A-1 

A-2 

A-3 

A-4 

APPENDIX B 

B-1 

B-2 

B-3 

B-4 

B-5 

APPENDIX C 

C-1 

C-2 

C-3 

TABLE OF CONTENTS cont. 

Discussion 

General 

Concluding Remarks 

Computer Subroutines and Programmes for 
the Transient Response 

Subroutine INIT 

Subroutine CONST 

Subroutine OPTRAN 

Programme TRANSIM 

Direct Search Optimisation Programme for 
the Control System 

Purpose 

Notation 

Method 

Miscellaneous Comments 

Listing 

Computer Programmes and Subroutines for 
Simulating the Frequency Response 

Programme FREQRES 

The Subroutines 

Listing 

184 

184 

187 

188 

239 

247 

247 

250 

252 

259 

262 

262 

262 

262 

264 

265 

268 

268 

270 

273 

vii 



Figure Number 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

LIST OF ILLUSTRATIONS 

Illustration 

Hydrostatic Forming Press 188 

Piston-Cylinder Apparatus for H.P. & V.H.P. 189 
Organic Chemical Synthesis 

Hydrostatic Extrusion 190 

Damper Cap for Hydrostatic Extrusion 191 

A 'Belt-System' Die-Set 192 

An Assembled Capsule 193 

Isostatic Pressing 194 

Single Stage Relief Valve 195 

A Simple Sequence Valve 196 

Single Stage Reducing Valve 197 

Schematic of L.P. Control System 198 

Schematic of a Two-stage Electrohydraulic 199 
Servo-valve with Position Feed-back 

Flmv-coil Current Characteristics for 200 
Typical Servo-valve with Position Feedback 

Flow-pressure Characteristics for a 201 
Servo-valve 

Block Diagram of Control System 202 

Frequency Response of Open-loop System 203 
for K = 50 

Response to Ramp Function 204 

Schematic of I.P. Control System 205 

viii 



Figure Number 


19 


20 


2l(a) 


21 (b) 

22 


23 


24 


25 


26 


27 


28(a) 


28(b) 


29 


30 


31 


32 


LIST OF ILLUSTRATIONS cont. 

Illustration 


Principle of Proportional Pressure Divider 206 


Block Diagram of PPD 207 


Polar Frequency Response Plot of Open-loop 208 

Transfer Function with Flow Path Lag 


Polar Frequency Response Plot of Open-loop 208 

Transfer Function After Elimination of 

Flow Path Lag 


Transient Pressure Response of PPD with a 209 

Damping Ratio, s = 0.7 


Damper 210 


Schematic of Pressure Control System for an 211 

Isostatic Press with Internal Pressure 

Intensification 


Schematic of High Pressure Control System 212 


Pressure Vessel with Removable 'Blank' for 213 

I.P. or H.P. use 

Variation of Chamber Gain, k , with 214 

Chamber Bulk :Hodulus, S . c 


c 

Schematic of Single Cylinder Double Acting H.P. 215 

Intensifier with Solenoid Operated Reversing 

Mechanism 


Electrical Reversing Circuit for H.P. Intensifier 216 


Compressed Gas Loaded H.P. Hydraulic Accumulator 217 


Schematic Representation of Servo-valve H.P.A. 218 

Operation 


Ideal Flmv-displacement Characteristics of a 219 

Valve with a Rectangular Orifice, Connected to 

the H.P. Chamber 


Leading Dimensions of Spool and Cylinder Liner 220 

Before Lapping 


ix 




Figure Number 


33 


34 


35 


36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

so 

LIST OF ILLUSTRATIONS cont. 

Illustration 

HPA Assembly 

Flow Forces on a Spool Valve 

Variation of Jet Angle and its Cosine with the 
Ratio of Valve Opening to Radial Clearance 

The Hinor Loop of the Control System 

Compensation Factor as a Function of Orifice 
Pressure Drop, and its Linear Approximation 

Linearised Variation of Gain Compensation 
with Voltage Function, f(V). 

Adaptive Gain Compensator 

Major Loop of Control System 

Sensitivity of the System Performance to 
Variations in the Gain, K 

Sensitivity of the System Performance to 
Variations in the Displacement Feedback h 

Sensitivity of the System Performance to 
Variations in the HPA Damping Ratio, s2 

Sensitivity of the System Performance to 
Variations in the HPA Natural Frequency, w2 . 

Transient Response of Output to a Unit Step 
Input for the Optimised System 

Simulation of Response of Optimised System to 
a 'Plateau' Input 

Open Loop Frequency Response of Optimised 
System 

Practical Schematic of Hydraulic Power Supply 
System 

Clamp for H.P. Chamber Lid 

Flow Chart for Direct Search Optimisation 

221 

222 

223 

224 

225 

226 

227 

228 

229 

230 

231 

232 

233 

234 

235 

236 

237 

238 

X 



1. INTRODUCTION 

Many scientific and industrial processes require the application 

and accurate regulation of high and very high hydraulic pressures. This 

study is concerned with the analysis and design of systems suitable for 

the continuous control of pressure as a function of time or some other 

independent variable. 

Although the field of High Pressure Engineering is well estab­

lished as a discipline, there is a lack of agreement in the literature as 

to the pressure ranges denoted by the terms 'high pressure', 'very high 

pressure' and 'ultra hi[h pressure'. For the purpose of this study the 

terms defined in Table 1 are adopted. 

TABLE 1 . DEFINITION OF PRESSURE TERMS 

TERM PRESSURE RAt\GE 

Low pressure L.P. 

Intermediate pressure I. P. 

High pressure H.P. 

Very high pressure V.H.P. 

Ultra high pressure U.H.P. 

Belm.;r 3,000 p.s.i. 

3,000 P· s. i. to 10,000 p.s.i. 

10' 000 p. s. i. to 100' 000 p. s. i. 

100' 000 p. s. i. to 400,000 P· s. i. 

Above 400' 000 p. s. i. 

Each of the pressure ranges defined in Table 1 imposes different pres­

sure generation, control, and other problems. A different approach is 
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then generally required in each case. 

Continuous pressure control in the L.P. range may conveniently be 

effected using standard components only, [see Chapter 4] while the same 

basic circuit with one non-standard component included will suffice for 

control in the I.P. range [see Chapter 5]. For the H.P. range, intensi­

fication of hydraulic pressure is necessary and a ne-.;.;r approach to the 

control problem is required if reliability and efficiency are to be 

achieved [see Chapter 6]. In the V.H.P. range special fluids are required 

to prevent freezing while more than one stage of pressure intensification 

will generally be necessary. The problem of continuous pressure control 

in the V.H.P. range is briefly examined in Chapter 7. The problem of 

fluids freezing precludes their use in the U.H.P. range. Solid media 

must be used for load transmission and final pressure amplification, but 

control may still be effected by regulating an intermediate, lmver pres­

sure, hydraulic stage [see Chapter 2]. 

Several applications of continuous pressure control are considered 

and some problems directly and indirectly associated with the synthetic 

diamond industry are identified in Chapter 2. The bulk of this study is 

devoted to the solution of these problems. Most of the previous work 

done on pressure control has been devoted to devices for steady pressure 

regulation. Some of these devices are reviewed in Chapter 3. 



2. SOME APPLICATIONS OF CONTINUOUS PRESSURE CONTROL 

2.1 Outline 

Several applications of continuous pressure control are briefly 

considered. Since this study was initiated by the demands of the 

Synthetic-Diamond industry the requirements of this field are more care­

fully examined and some problems are identified. 

2.2 Hydrostatic Formi~ 

Knmvn variously as 1 Fluid Forming 1 
, 'Hydrostatic Pressing 1 and 

'Hydrostatic Forming' the process makes use of hydrostatic fluid pressure 

to perform manufacturing operations such as drawing, deep dra\,,ing, and 

hydroblock or cavity die forming. These manufacturing processes are all 

associated with the sheet metal working industry. 

An hydrostatic press capable of operating in the I.P. and H.P. 

ranges to pressures of 16,500 p.s.i. is described in reference [1]. The 

press consists of two vertically opposed L.P. Rams (see Fig. 1) in an 

Asea Quintus 3300 ton press frame. The "fluid-forming" dome is attached 

to the upper ram. The dome consists of a rubber bag enclosed on the sides 

and top by a steel cylinder. The exposed surface of the bag is the work­

ing portion of the press and comes in direct contact with the material 

being formed. 

After insertion of the die and material to be formed the dome is 

clamped against the press table using the upper L.P. ram. The rubber bag 
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is thus contained in all directions and this prevents rupture of the bag 

when it is pressurised. The bag is connected directly to the I.P. - H.P. 

source via a floating supply line. 

The press may be used as a conventional downstroking press with 

the lmver ram used only as an ejector if required. It may also be used 

as a double acting press with solid tools as in a conventional draw. The 

major advantages of this type of press become apparent when it is used 

with the "fluid-forming" dome either single acting for cavity die forming 

or double acting for deep drawing. 

For deep drawing operations a pressure - displacement cycle is 

required. In reference [1] the dome pressure as a function of the lower 

ram stroke is carefully .regulated by a preset programme. The programmer 

in this case is a paper cnE which is operated by the lrn~er ram and 

follmved by a photo-electric folloHer which actuates the pressure control 

system. The actual pressure control system is protected by an Asea patent 

and is not discussed in the publication. 

2.3 Organic Chemical Synthesis Under Isostatic Pressure 

The terms "Isostatic pressure" and "Hydrostatic pressure11 are 

often used interchangeably in the literature. Some authors do however 

draw a distinction. For the purpose of this study the follmving 

definitions are adopted:­

(i) A material is considered to be under isostatic pressure 

when it, (or the flexible container in which it is enclosed) 

is completely surrounded by a pressurised fluid. 
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(ii) A material is considered to be under hydrostatic pressur~ 

when it, (or the flexible container in which it is enclosed) is 

partially surrounded by a pressurised fluid. 

These definitions, though some\vhat arbitrary, are in agreement 

with definitions adopted by other authors in the high pressure field. 

(e.g. see reference [3].) 

Industrial chemical synthesis under isostatic pressure is limited 

at present to pressures under 50,000 p.s.i., however there is evidence to 

suggest that such processes could be carried out at pressures as high as 

300,000 p.s.i. [4]. 

Basic research in high pressure chemistry is currently being 

executed in the H.P. and V.H.P. ranges. Research in the V.H.P. range is 

envisaged for the ncar future [2]. 

Thomas et al [2] describes a piston-cylinder apparatus suitable 

for generating pressures of up to 360,000 p.s.i. for laboratory work on 

organic chemical synthesis. Basically the apparatus (see Fig. 2) consists 

of a V.H.P. cylinder and piston mounted between the plattens of a L.P. 

press. The working portion of the cylinder constitutes a controlled 

volume of up to about 3.5 cubic in. 

The reactants are encapsulated in a flexible metallic container 

resembling a toothpaste tube which may be made from tin, lead or annealed 

gold tubing as required. The container is inserted in the V.H.P. chamber 

and after filling with oil the region is pressurised by forcing the piston 

into the cylinder using the L.P. ram of the press. The V.H.P. cylinder 

pressure may be controlled by regulating the pressure in the L.P. cylinder. 
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External heating of the V.H.P. cylinder may be applied to ensure that the 

oil does not freeze at the pressure level to be used. 

While adequate for small scale laboratory tests, this apparatus 

would not be suitable for large scale industrial chemical synthesis. The 

reasons for this are fully discussed in Chapter 6. 

It is entirely possible that in the foreseeable future organic 

chemical synthesis processes requiring continuous pressure - temperature ­

time cycles will be utilised on a commercial scale in the H.P. and V.H.P. 

ranges. 

2.4 Hydrostatic Extrusion 

The hydrostatic extrusion process is illustrated in Fig. 3. A 

billet of material to be extruded is placed in the cavity of the extrusion 

cylinder, and forced through the orifice of a suitable die at one end by 

the action of hydrostatic pressure. The pressure is generated in a suit­

able fluid \vhich is enclosed in the chamber, by a plunger \·lhich is driven 

by a lmver pressure ram. Pressures employed are usually in the V.H.P. 

range, and are in fact limited only by the strength of container required 

and by the problem of fluid freezing at excessive pressures. 

The major advantage of hydrostatic extrusion is the lack of 

friction bet\Veen the billet and its containing vessel [5]. 

From a control point of vie,.;r, one of the major problems is the 

lack of control over the rate of extrusion. This problem has been exten­

sively discussed throughout the literature [5, 6, 7, 8, 9]. When the 

plunger is moved into the vessel at a constant velocity, a uniform rate 

of extrusion would be expected. A 'stick-slip' movement of the extruded 
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product has hmvever been observed in the majority of cases. This 

undesirable phenomenon is accompanied by a fluctuating, and often oscil­

latory pressure-time characteristic [6]. Bridgmen [9] concluded that the 

'stick-slip' phenomenon is an inherent limitation of the process. Several 

authors have however investigated the 'slip-stick' characteristic further 

and have in many cases devised means of limiting it. 

It is apparent that the 'slip-stick' phenomenon is not fully 

understood but it is generally agreed that the major cause is the unusual 

billet-die friction characteristics [6, 7, 10]. When the billet first 

contacts the die, the interface pressure exceeds the fluid pressure due 

to the effect of the 'unsupported area' behind the orifice of the die. 

This high interface pressure prevents the penetration of lubricant [7]. 

When Lhe hydrostatic pressure surrounding the billet builds up sufficiently, 

extrusion is initiated and relative slip between the billet and die sur­

faces takes place, and a film of lubricant is dra'vn in, thus reducing the 

apparent coefficient of friction. This implies that a lower pressure 

would be sufficient to maintain extrusion. The excess pressure acceler­

ates the material through the die. Due to stored energy in the compressed 

fluid, the pressure falls off relatively slowly. Crawley, Pennel and 

Saunders [7] suggest that the apparent coefficient of friction is a 

decreasing function of velocity, thus as the velocity of extrusion cont­

inues to increase, the decreasing friction accelerates the process. Thus 

it is possible that the process is still accelerating even after the 

pressure has fallen below the mean extrusion pressure. (The pressure 

drop is caused by the fact that material is leaving the vessel at a 
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greater rate than fluid is being displaced by the plunger.) When the 

pressure approaches the minimum extrusion pressure the rate of extrusion 

begins to decrease and thus the friction increases which quickly brings 

the process to a halt. The cycle is then repeated and the net result is 

an unstable, oscillatory motion. It should be emphasised that in a typical 

process the transients are very rapid, of the order 10 ms. for a pressure 

cycle [7]. The plunger which necessarily is a high inertia device simply 

cannot cope with transients of such short duration. 

Several solutions to the problem have been proposed. Lowe et al 

[6] show that under certain conditions, the control of extrusion speed 

may be improved by choosing the correct die entry angle, minimising the 

volume of compressed fluid, roughening the billet surface to improve lub­

rication and modifying the billet nose to init5ate extrusion at an early 

stage in the pressure cycle. The authors also propose an alternate solu­

tion to the problem. This involves the fitting of a damper to the end of 

the billet. The damper is merely a short length of round bar recessed at 

one end to fit snugly over the end of the billet (see Fig. 4). The recess 

is sealed by means of an 'O' ring and the damper held in position by the 

'unsupported area' principle. The damper has several fine axial holes 

drilled through it and is a free running fit in the cylindrical pressure 

vessel. 

During stable conditions the damper moves through the fluid offer­

ing little resistance to billet movement. However, a sudden acceleration 

of the billet causes an increase in pressure ahead of and a decrease in 

pressure behind the damper \vhich can generate a significant braking 

effect. This device proved successful under a variety of conditions, 
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particularly for conical entry dies of up to 60° included angle. It has 

been unsuccessful in suppressing instability during extrusion through dies 

with greater angles of entry. 

Slater and Green [5] found that 'slip-stick' motion is damped dm.;rn 

and sometimes obviated altogether by using augmented hydrostatic extrusion. 

In this process the vessel is pressurised to a value somewhat less than 

the extrusion pressure, and extrusion is effected using a separate ram in 

very much the same manner as in the conventional extrusion process. The 

process thus requires an external source of V.H.P. Augmented extrusion 

is necessarily a more expensive process than simple hydrostatic extrusion, 

however should it prove economically feasible, then the possibility of 

using external control of pressure should be considered. A continuous 

pressure control system similar to that described in Chapter 6 could 

provide a final solution to the slip-stick problem, and could be used in 

the case of simple hydrostatic extrusion as well. The system would func­

tion as a velocity control system, the difference bet\veen the required and 

actual extrusion speeds being used to regulate the hydrostatic pressure. 

The plunger velocity could be simultaneously controlled by an auxilliary 

circuit. 

The design of a velocity control system \vould require a complete 

dynamic analysis of the hydrostatic extrusion process. Crawley et al (7] 

develop a rather sophisticated mathematical model of the process, which 

may be reduced to a system of eighteen first order differential equations. 

The si1nultaneous solution of these equations may be executed on a digital 

computer using a method similar to that presented in Chapter 6. 
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2.5 Autofrettaging 

The benefits that the autofrettaging of thick walled pressure 

vessels can provide are well established [11, 12, 13, 14]. When a cylinder 

is subjected to an internal pressure, the absolute magnitude of the elastic 

stress distribution in the wall of the cylinder is a decreasing function 

of radius. This is true for both radial and circumferential principal 

directions. As a consequence of this the material strength of the outer 

region of the cylinder is very poorly utilised. 

If the cylinder is initially overstrained by the application of an 

internal pressure of sufficient magnitude, the bore of the cylinder will 

suffer a plastic deformation. hlhen the internal pressure is relaxed, the 

tension in the elastic portion of the cylinder will induce a residual 

compressive Rtrcss in the portion of the cylinder which was plastically 

deformed. In subsequent applications of internal pressure a more favour­

able stress distribution '"ill result since the residual compressive stress 

must be overcome before the circumferential stress can become tensile. 

Ideally, the material should be at the point of reverse yeilding, 

i.e. yielding in compression at the end of the process [14]. This imposes 

a limit on the overstraining pressure which may be used; furthermore the 

collapse pressure of the cylinder [14] must not be exceeded. 

Various methods of predicting the maximum autofrettaging pressure 

to be used have been put forward [12, 13, 14]. The pressures required are 

usually in the H.P. and V.H.P. ranges. It has been reported [2] that the 

use of these methods to predict the pressure at t..rhich plastic deformation 

first occurs, and the pressure at which the process should be stopped does 

not always give reliable results. This means that in many cases the auto­
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frettaging process must be empirically performed. In practice it is often 

done in stages, the internal bore diameter being used as measure of the 

plastic deformation. This approach is expensive and does not lend itself 

to mass production. 

The efficiency of the process may possibly be improved by utilising 

an automatic continuous flmv - pressure control system. If for example 

the rate of flow of fluid into the vessel to be autofrettaged is kept con­

stant by an accurate feedback control system, the time rate of pressure 

rise will be constant as long as Hooke's law is obeyed. When plastic 

yielding of the cylinder commences, the slope of the pressure - time curve 

will begin to decrease and will continue to do so as long as plastic yield­

ing persists. The slope of the pressure - time curve may thus be used as 

a measure of the fraction of the cylinder volume which has been plastically 

deformed. vlhen the slope reaches some lower limit .-1hich has been empiri­

cally determined, the pressure may be automatically released. The pressure 

and rate of pressure rise would have to be carefully monitored by the 

control system. In an optimum system of this nature, the flmv rate need 

not be kept constant, but could be regulated to ensure maximum hydraulic 

power transfer to the cylinder. (The hydraulic power transfer would of 

course be limited by available hydraulic power, and subject to a satis­

factory transient pressure response.) The cut off- pressure slope would 

have to be adjusted accordingly, and a continuous pressure-flow control 

system would be necessary. 
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2.6 High Pressure Cuttin~ 

Although generally applied to softer materials such as plastics, 

wood and leather, it is believed that high pressure cutting will be util­

ised on a commercial scale on harder materials including ferrous metals 

and ceramics in the future. 

The process consists of directing a very narrow jet of H.P. fluid 

(usually \vater) on the material to be cut. The fluid pressure upstream of 

the nozzle governs the depth of cut \vhile the flow rate determines the 

maximum allowable feed rate. A multitude of variations on the basic 

process are possible, e.g. embossing, lithographing, engraving, surface 

treatment of metals, drilling, etc. The major advantage of the process 

at present is considered to be its efficiency over methods such as sawing 

and shearing jn c~rtain applications. 

Applications of the process which require control over the depth 

of jet penetration may utilise a continuous pressure regulation system. 

In cases where the actual depth of penetration lends itself to measurement, 

the error between the instantaneous required and actual depths may be used 

to correct the pressure upstream of the nozzle and hence the velocity of 

the jet. 

2.7 Synthesis of Diamond 

Diamond boart is synthesised on a commercial scale by subjecting 

graphite, in the presence of a catalyst to a special pressure - temperature ­

time cycle. For the process to be commercially feasible V.H.P.s of the 

order 65 Kilo-bars (Kb)* (950,000 p.s.i.) and temperatures of the order 

* 1 bar 14. 5 p. s. i. , 1 Kb 1,000 bars. 
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1700°C are required. Pressures of this magnitude cannot be hydraulically 

generated due to the fact that all fluids, (even at elevated temperatures) 

freeze at much lower pressures than this. Commercial diamond synthesis 

processes thus make use of solid materials for the final stage of pressure 

amplification and transmission [15, 16]. 

The commercial diamond synthesis process is carried out in an 

hydraulic press, ~..rhich may have anything from a single ram to eight rams. 

The graphite and necessary catalysts are enclosed within a capsule, the 

shape of which is determined by the number of rams to be used. The ram 

load is transmitted to the capsule by means of "pressure magnifying anvils", 

which in the ideal case amplify the cylinder pressure by the ratio of 

cylinder area to the 'nose area' of the anvil. 

Among the mony possible press configurntions, the most successful 

are the 'cubic-type' and the 'vertically opposed anvil' type. The cubic 

press consists of six rams each fitted with a suitably shaped anvil. The 

anvils act on a capsule which is in the form of a cube. Some of the cap­

sule material extrudes into the gaps between the anvils, under the action 

of the high pressure, thus sealing the volume and containing the pressure. 

One of the major difficulties '"i th presses of this type is the synchron­

isation of the rams [17]. Even when accurate feedback control systems are 

used, slight differences in the damping of each ram (e.g. due to differences 

in friction) can lead to transient out of balance loading on the capsule. 

The stability of the extruded seal is very limited and is easily upset 

thus causing the pressure to "blow-out". The "blow-out'' is often accom­

panied by damage to the anvils and peripheral equipment. Recent 
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developments [17], at H.P.M.L., in the Republic of South Africa, indicate 

that this problem has been largely overcome. However, due to its complex­

ity the cubic type press still represents a sizeable capital outlay which 

must be weighed against the advantages it offers over other configurations. 

These will be considered subsequently. 

The press configuration that has proved to be economically most 

successful makes use of the 'Bridgman Opposed Anvil' system, sometimes 

referred to as the 'Belt System'. It was in a configuration of this type 

that diamond was first synthesised in Sweden in 1952, and independently 

in the U.S.A. in 1955 and South Africa in 1957 [15]. The 'opposed anvil' 

apparatus is discussed by Bridgman [18] while the original 'belt' is des­

cribed by Hall [19]. An updated version of the 'belt' system is illustrated 

in Fig. 5. 

The high pressure generated in the capsule by the anvils is 

contained by the die or belt. The anvils and dies are supported where 

possible by concentric binding rings for reasons which are subsequently 

discussed. The pressurised volume is sealed as in the case of the cubic 

by the 'gasket' formed by the extrusion of the 'wings' (Fig. 6) of the 

capsule material into the narrow gap between anvil and die. The seal is 

far more stable in this case than in the cubic since there are fe\ver sur­

faces, and anvil motion is in one direction only. 

The high temperature required for synthesis is achieved by electric 

resistance-heating of the capsule. The graphite and catalyst materials 

are good conductors of electricity, hence a low voltage (of the order 

10 volts), heavy direct current (1,000 to 5,000 amps.) is applied directly 
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across the anvils, which must necessarily be electrically insulated from 

the press. 

The capsule is required to fulfill the following functions:­

(i) To contain the graphite and catalysts. 

(ii) To provide a stable pressure seal between anvil 

and die. 

(iii) 	To electrically insulate the die from the graphite 

and the anvils. 

(iv) 	 To provide as much thermal insulation as possible 

to minimise temperature gradients within the contents 

of the capsule. 

A typical capsule is illustrated in Fig. 6. One of the most successful 

materials fo: capsule rn3nufacture is an unusual plutonic rock known as 

pyrophyllite or 'wonder-stone'. It is easily machined, and displays 

quasi-plastic properties under the action of high pressures. This material 

may be heat-treated to improve its extrusion properties. It is also a 

good thermal and electrical insulator. 

It is necessary to cool the contiguous cylinders which support the 

anvils and die, in order to minimise thermal stresses and to permit better 

temperature control within the capsule. Cooling is achieved by passing 

water through jackets on all exposed surfaces of the binding rings. 

The die is lined up with the anvils using an alignment sleeve, and 

the assembly of anvils, die, supporting rings, water jackets and alignment 

sleeve is referred to as a 'die-set'. 

The anvils are required to withstand compressive stresses of the 
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order 65 Kb. They are thus made from a material with a very high compres­

sive strength, such as a tungsten-carbide alloy containing bet'iveen 5% and 

15% cobalt. Pure compressive tests on tungsten carbide specimens indicate 

that apparent ultimate compressive strengths in excess of ED Kb are 

unusual [20]. 

Higher apparent ultimate compressive strengths are hmvever obtain­

able if the so called 11 massive support principle", originally proposed by 

Bridgman [18] is used. As an example of this principle Bridgman cites the 

case of two heavily supported knife-edges being pressed against each other. 

Much higher compressive stresses at the contact areas are possible than 

the material normally can withstand due to the support offered the small 

compressed regions by the massive amounts of surrounding material. 

The anvils are desiEned with a very mud1 larger 'basl' 1 thc>n 'nose' 

area and thus the 11 massive support principle" applies [21]. The anvils 

are reinforced by a series of concentric steel binding rings which are 

shrunk onto the cylindrical base of the anvil. 

In the actual diamond synthesis process the anvils are also sub­

jected to severe thermal stresses due to high temperature gradients. 

A lot of research has been devoted to optimising the physical 

dimensions and shape of anvils in order to maximise their strength. As a 

result of this work at the High Pressure Materials Laboratory and other 

institutions associated with the synthetic diamond industry in South Africa 

the design of the Ultra-high pressure anvils has been optimised. Efforts 

to improve the properties of the material in order to prolong anvil life 

are still continuing. This aspect is further discussed subsequently. 
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Much of what has been related regarding anvils applies to dies as 

well. The dies are also made from tungsten carbide to resist the high 

compressive stresses. The design of the die and support rings appears 

however, to be a more exacting problem than that represented by the anvil. 

Since tungsten carbide is very weak in tension, the concentric steel bind­

ing rings have to lend sufficient support to ensure that the tensile 

stresses in the die never exceed the elastic limit. In an optimum design 

of this nature, the inner tungsten carbide liner would be precompressed 

to such an extent that the material at the bore would be at the point of 

yielding in compression. When subsequently subjected to V.H.P., the die 

would undergo a complete reversal in circumferential bore stress to almost 

reach the elastic limit in tension. 

Methods of optimising the geonctry of the contiguous cylinders, 

and the interferences to be used have been proposed by many workers in 

this field [14, 24, 25, 26, 27]. 

Despite the use of optimum designs for the 'belt', it still remains 

the weak link in the diamond synthesis process. Although the process is 

still economically feasible, the toll in broken dies (and to a lesser 

extent broken anvils) does not go unfelt. 

One of the major advantages of the 'cubic' type of press is that 

the belt is replaced by four active anvils which do not suffer from such 

severe tensile stress problems. 

Alternative designs of the 'belt' apparatus which would include 

'end loading', i.e. support in the axial direction as well, are being 

examined. The principle behind this approach is that if conditions 
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approaching 'all round' hydrostatic pressure on the inner liner of the 

'belt' can be achieved, then this liner can only suffer elastic volume 

contractions, and its strength in compression or tension will be of minor 

importance [23]. 

As in the case of the anvil, methods of improving the material 

properties of the tungsten carbide die are being investigated. Such 

investigation is being carried out on a broad front from basic metallur­

gical research in the properties of tungsten carbide alloys, to a contin­

uous review of the manufacturing processes used in the production of anvils 

and dies. Some of the aspects of the manufacturing process relevant to 

this study are discussed in section 2.8. 

One of the most important requirements for economical manufacture 

of synthetic diamonds is that tlte encapsulated material undergoes the 

empirically determined pressure - temperature - time cycle. Significant 

deviations from the ideal cycle can seriously reduce the 'percentage yield' 

of the process. (The 'percentage yield' is the percentage by weight of 

graphite in the capsule converted to diamond.) The pressure and temper­

ature cycles are synchronised and controlled by a single programmer. 

Consideration of the temperature control system is beyond the scope of 

this study. 

It is desirable to use as large a capsule as possible to maximise 

the yield per run of the process. Larger capsules also lead to higher 

'percentage yields' since less severe temperature gradients are present. 

There is therefore a tendency towards the use of presses with ever 

increasing load capacities so that larger capsules may be accommodated. 
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Presses in current operation have capacities between 3,000 and 10,000 tons.* 

For presses of this nature the size of the working cylinder and hence the 

maximum cylinder pressure is governed by economic considerations. Modern 

press-frame design and the manufacturing costs associated with cylinders 

of large bore favour compact cylinders with the result that maximum working 

pressures in the I.P. and H.P. ranges have to be used. As an example, a 

10,000 ton press would require a cylinder with a 38 inch bore if a pressure 

of 20,000 p.s.i., is used. If the maximum pressure were restricted to 

3,000 p.s.i., the cylinder would have to have an eight foot bore. 

Presses currently in use generally utilise maximum cylinder pres­

sures from about 6,000 p.s.i. to about 20,000 p.s.i., although there is 

still some demand for lower pressure units. 

Du·· to practic-al di ffi c.ultics in measuring the pressure within the 

capsule during production runs, the cylinder pressure is generally used 

as a measure of the capsule pressure, and effects of seal friction and 

other disturbances are taken into account in the design of the pressure ­

time programrr.e. This implies that there will be differences in the 

optimum cycle used on each press and die set. 

The pressure - time cycle employed is generally complex, but of a 

continuous nature, with maximum pressure rise and fall rates of up to 

150 p. s. i./sec. The maximum allm.Jable error in cylinder pressure at any 

instant in time is usually specified as a percentage of the pressure range 

used. (Usually 0.1% to 0.5%.) 

* 1 ton 2240 lb. 
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A system suitable for the continuous control of pressure in the 

L.P. range is analysed in Chapter 4, while a means of extending the maximum 

working pressure of the system into the I.P. range is described in 

Chapter 5. 

2.8 Isostatic Pressing 

Isostatic pressing is a technique which is utilised in the poHder 

metallurgy and ceramic industries and is beginning to find applications in 

other fields such as the chemical and plastic industries [3]. It is used 

to compact and densify powders into coherent masses. 

The process involves enclosing the powder in a flexible container 

and inserting this loaded container into a suitable pressure vessel (Fig. 7). 

The chamber of the vessel is subsequently subjected to hydraulic 

pressure in the I.P. range, and on decompression the flexible container 

recovers its original shape and the compact may be removed. 

This technique lends itself readily to the production of compacts 

in special shapes, e.g. anvils and dies for synthetic diamond manufacture, 

and avoids the lack of uniformity of density and cracking due to frictional 

losses between powder and die wall associated with conventional pressing 

methods. 

The flexible container or 'bag' is usually made from plastic or 

rubber. Rolfe [3] recommends that the bag be made from neoprene or nitrile 

rubber if oil is the working fluid, and butyl rubber if water is to be 

the working fluid. Some manufacturers recommend P.V.C. as an all purpose 

container material [28]. The shape of the bag governs the shape of the 
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compact, hence the necessity for accurate bag manufacture. The bag 

should be sufficiently rigid to maintain its shape during loading. 

After loading, the powder is covered with a piece of filter paper 

before the lid is placed on the container. The container is then evacuated 

to a pressure of about 1 torr* and sealed. The lid of the bag may be so 

designed that the hydraulic pressure assists in maintaining the seal. 

In the manufacture of tungsten carbide dies and anvils, the con­

stituents are thoroughly mixed using a milling process and the powder 

isostatically pressed as outlined above. The compacts are then sintered 

under carefully controlled conditions in hydrogen furnaces. It is believed 

that the subjection of the material to a continuous pressure - time cycle 

during the isostatic compaction process can significantly improve the 

properties of the finished product and lead to longer mean component lives. 

The design of a continuous pressure control system for isostatic 

presses is considered in Chapter 6. 

* 1 torr 1 mm Hg. 



3. STEADY PRESSURE REGULATION 

3.1 Outline 

A review of the literature reveals that most previous work in the 

field of hydraulic pressure control is devoted to steady pressure regul­

ation devices. These devices may be broadly classified as pressure 

limiting valves, minimum pressure valves and pressure reducing valves. 

Some of these devices are briefly discussed. 

3.2 Pressure Limiting Devices 

The purpose of pressure limiting devices is to prevent over­

pressures in hydraulic circuits. Such devices are particularly necessary 

when fixed-displacement pumps are used [29]. Many pressure limiting 

devices have been devised to provide general and specialised protection 

to hydraulic circuits and components [30, 31]. The most Hidely used 

devices are relief valves, safety valves and pressure fuses. 

Pressure fuses are simply metallic diaphragms arranged at crucial 

points in an hydraulic circuit. These diaphragms are designed to rupture 

if a given pressure is exceeded. A pressure fuse is the hydraulic equiv­

alent of fuse-wire in an electric circuit. 

Safety valves are the hydraulic equivalents of circuit breakers 

in electrical power distribution. When a preset pressure level is 

exceeded, the safety-valve is triggered and directs all floH through the 

valve to the reservoir. A safety valve must in general be manually reset 
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as it does not reset itself when the pressure returns to normal. 

Safety valves are similar in construction to relief valves except 

that they have some form of 'hold device', which is fail-safe in operation. 

Further consideration of safety valves is not warranted. 

Relief valves are by far the most important and most widely used 

of the pressure limiting devices. 

Many different types of relief valves are available [29, 30, 31] 

but the principle operation of most forms is similar. A typical single­

stage pressure relief valve is schematically illustrated in Fig. 8. 

The pressure to be controlled is the supply pressure Ps, which is 

sensed on the spool end area and compared with the spring force setting. 

The force differential actuates the spool valve which controls the flow 

bypassed to the reservoir tl1us lending to hlaintain the supply pressure at 

the set value. The desired supply pressure may be attained by adjusting 

the spring force setting. 

The restriction in the sensing line is necessary in order to 

stabilise the valve [32, 33]. In a dynamic analysis of the relief valve, 

Merritt [33] shows that if the restriction is absent, the open-loop 

frequency response is dominated by the spool valve mass-spring dynamics. 

In practice the spool is very lightly damped by viscous friction and 

instability results. The effect of the restriction is to provide rate 

feedback, which compensates for the low damping ratio and stabilises the 

system. The restrictor also introduces a low frequency lag caused by the 

interaction of its hydraulic resistance and the equivalent capacitance 

of the sensing chamber volume. This affects the transient response of 
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the relief valve to sudden changes of flow. Thus large supply pressure 

overshoots may occur while the pressure Pc is building up. 

Two stage relief valves are often used in hydraulic circuits. 

These devices operate on the same principle as the type described in the 

foregoing but have an additional pilot stage. They are generally more 

accurate than single stage types, but have slower responses and are less 

reliable as they are more susceptible to clogging [33]. 

3.3 	 Minimum Pressure Valves 

~~ile pressure limiting devices are primarily intended for use in 

a protective capacity, minimum pressure valves are active logic components 

in hydraulic circuits. }1any different types of minimum pressure valves 

are available [29, 30], the most widely used being sequence valves and 

unloading valves. 

Sequence valves are used to direct fluid to more than one branch 

of an hydraulic circuit in sequence. Flow is directed only to the primary 

circuit until a preset primary pressure is reached. At that stage the 

valve commences delivery to a secondary circuit. The pressure in the 

secondary circuit may be any required fraction of that in the primary, but 

may never exceed it. The primary pressure is however independent of the 

secondary pressure. A simple sequence valve is schematically illustrated 

in Fig. 9. If the secondary pressure is very low, a large secondary flow 

will take place, causing a drop in primary pressure, which tends to close 

the valve, and reduce the secondary flow. This can lead to instability 

as in the case of the relief valve and hence the necessity for the restrictor 

in the pilot pressure line. 
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Unloading valves are usually used to direct primary flow to the 

reservoir once a desired pressure in some other part of the circuit has 

been reached. A good example is the unloading of a pump as soon as a 

cylinder or accumulator has reached its full pressure. In construction 

an unloading valve is almost identical to a sequence valve. However, the 

pilot pressure port is connected to a remote source rather than to the 

supply pressure, \-Jhile the secondary port is connected to the reservoir. 

The restriction is unnecessary in this case since the valve unloads for 

as long as the pilot pressure exceeds the pressure setting of the valve. 

Unloading valves therefore respond far more rapidly than any of the other 

types. 

Both unloading and sequence valves are commercially available in 

tHo-stage versions, Hhich <1n: r:1ore accu;:-nte and sFoother in performance 

than single stage types. 

3.4 Pressure Reducing Valves 

Fluid poHer applications often require several different pressures 

from a single pressure source. The utilisation of pressure reducing valves 

provides a convenient means of achieving this end. Pressure reducing 

valves are designed to supply lower pressure fluid to a branch circuit 

from a higher pressure line. 

A single stage pressure-reducing valve is schematically illustrated 

in Fig. 10. It is similar in construction and operation to a relief valve, 

the major difference being that the reduced pressure, Pr rather than the 

supply is sensed and compared with the reference spring force setting. 
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Any deviation from the reference pressure will cause a change in the 

valve opening and hence the flow through the valve. The flow varies in 

such a v1ay as to minimise the deviation. A restrictor is required in the 

pressure sensing line for the same reasons as in the case of the relief 

valve [33, 34). A complete static and dynamic analysis of a reducing 

valve has been carried out by Ma [34]. The effect of the restrictor on 

the stability of the system is emphasised and the analysis supported by 

experimental results. 

Pressure reducing valves are also obtainable in a t\vo stage form, 

which as in the case of the relief valve is more accurate but has a slower 

response and is less reliable. 



4. 	 CONTINUOUS CONTROL OF HYDRAULIC PRESSURE 
IN THE L.P. RANGE 

4.1 Outline 

A design study of a system suitable for continuously controlling 

pressures in the L.P. range is presented. A method of achieving adequate 

control with a minimum number of components is described. The system 

utilises standard components only and is intended to meet the requirements 

of small scale synthetic diamond manufacture in a reliable and inexpensive 

manner. 

4.2 Definition of th~ Prl~lPm 

Pressure control systems for the synthetic diamond process are 

generally required to be capable of following continuous cycles, the 

maximum absolute pressure - time slopes of which will not exceed 

150 p.s.i./sec. The maximum allowed error at any instant in time will be 

assumed to be 0.1% of the pressure range used. It is thus sufficient to 

design the system to satisfactorily follow a ramp function of slope 

150 p.s.i./sec. 

Other considerations are that the control system should be reliable, 

inexpensive, and require little maintenance which when necessary may be 

rapidly performed. All of these factors favour a simple control system 

which consists of a minimum number of components all of which are readily 

available. 

27 
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4.3 Approach to the Problem 

The system is envisaged as a single servo-loop as illustrated in 

Fig. 11. The pump P delivers oil continuously at a fairly constant rate 

to the cylinder and servo-valve through a check-valve. This part of the 

circuit is protected by a relief valve which limits the maximum supply 

pressure to 3,000 p.s.i. The cylinder pressure is sensed by a transducer 

which converts the pressure signal into a D.C. analogue signal. The 

reference input is provided by an electronic programmer which generates a 

D.C. voltage signal in proportion to the required pressure at the partic­

ular instant in time. The differential amplifier compares the desired 

with the actual signal and amplifies the difference. The amplified error 

activates the electro-hydraulic servo-valve which bypasses more or less 

oil to tl1e reservoir as required, thus regulating the cylinder pressure. 

The system is analysed using the conventional transfer function 

approach. This requires establishment of the transfer functions of the 

various elements as a prerequisite to the examination of stability and 

system response. The elements are individually considered in the following 

sections. 

4.4 The Main Cylinder 

In the actual synthetic diamond manufacturing process, the main 

hydraulic cylinder will be pre-pressurised to a certain value by an auxil­

liary low-pressure circuit. The purpose of this procedure is to compact 

the capsule. The pressure limit used varies according to the cylinder and 

the die-set employed, but is generally of the order 500 p.s.i. in the 

L.P. range. 
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In order to obtain the transfer function of the cylinder the 

follmving assumptions are made: 

(i) 	 The cylinder is at a constant pressure, P
0 

• 

(ii) 	 For pressures in excess of 500 p.s.i. further ram 

travel is negligible. 

(iii) 	 The cylinder volume, is constant and compress­V0 

ibility effects are taken into account in the 

effective bulk modulus. 

(iv) 	 The effective Bulk Modulus, Be, due to fluid and 

cylinder is invariant with pressure. 

If an incremental volume of fluid, v, is injected into the 

cylinder, the increment in pressure, p, may be represented by:­

(1) 

Thus the rate of pressure rise, ~ may be obtained by differentiating 
dt 

equation (1): 

EE = Bedv 
(2)

dt V0 dt 

11 11The term dv represents the flow to the cylinder and is denoted by q • 

dt 
Assuming zero initial conditions, Laplace transformation of equation (2) 

yields 	the following expression:­

1 Be.12. (3)
q S V0 

Where S Laplace Operator. 



30 

Thus if the input to the cylinder is taken to be incremental flow, and the 

output from it incremental pressure, the cylinder acts as a pure integrator, 

in series with a perfect amplifier of gafn Se. 
Vo 

The cylinder volume V0 , is easily computed from the cylinder geometry. 

The effective bulk modulus is dependent on several factors viz:­

(i) 	 The actual bulk modulus of the fluid, Sf· 

(ii) 	 The mechanical compliance of the cylinder and 

other parts of the circuit. 

(iii) 	 The effect of trapped air in the system. 

Bulk modulus of container (cylinder) 

If it is assumed that the mechanical rigidity of the other com­

ponents in the circuit exceeds that of the cylinder, and the volume of 

fluid in the circuit is small compared to that within the cylinder, then 

only the cylinder and its contents need be considered in an estimation of 

the effective bulk modulus. 

Since the piston has been assumed to be axially constrained by the 

load, the flexibility of the cylinder will be governed by the elasticity 

of its walls. The radial displacement, u, of the inside of a thick-walled 

cylinder with outside diameter D0 , and inside diameter D, when subjected 

to an internal hydrostatic pressure increase, 6p, is given [22] as: 

2 
u = D6p (4) 

2 
+ D(D 0 

-	 D2 + v)2E 	 D 2 
0 

Where 	E = Young's modulus 

\) = Poissons ratio. 
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If /J.Vc is defined as the change in the cylinder volume, the 

/J.Vc "' nDu 4uvolumetric compressive strain -----z 
Vo nD /4 D 

Thus the bulk modulus of the container, Sc is given by: 

. /J.p E 
(5)

2 

Bulk modulus of trapped air 

Assume the volume of trapped air at the pressure P0 to be Va· 

The bulk modulus of the air, Sa, may be defined as:­

a = - V dPo (6)
f-'a a dVa 

where /J.P 0 = change in pressure, 

/J.Va change in volume of air. 

The bulk modulus will depend on whether isothermal or adiabatic compress­

ion of air will take place when pressure is increased. An assumption of 

adiabatic compression is more realistic [33]. 

Under adiabatic conditions pressure and volume are related by:­

y
P0 Va = constant (7) 

where y = ratio of the specific heats at constant pressure and volume. 

Differentiating equation (7) the following expression is obtained:­

dP 0 yPo
whence (7.1)dVa Va 
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Substituting equation (7.1) into equation (6), the adiabatic bulk modulus 

of air becomes:­

Ba (8) 

The bulk modulus of the trapped air is directly proportional to 

the pressure level of the system. Thus one of the advantages of using 

high pressure systems is that this bulk roodulus acquires a greater value 

and leads to a stiffer system. 

The effective bulk modulus 

If a change in pressure, ~P0 in a closed vessel of volume V0 is 

associated with a change in volume ~Vo, then:­

(9) 


where change in container volume 

~Vf change in oil volume 

~Va = change in air volume. 

The bulk moduli of container, oil and air are respectively defined by:­

8£ = - Vf~P 0 and Ba = - Va~P0 
~Vf ~Va 

where Vf = volume of oil in the container. 


If the effective bulk modulus is defined as Be = Vo~Po, then by 

!'.No 

substituting for ~V0 , ~Vc, ~Vf and ~Vain equation (9), and rearranging 

the following expression is obtained:­

1 1-­ (10) 



33 

For systems in the L.P. and I.P. range Sf >> Sa hence equation (10) may 

be expressed as:­

(10. 1) 


Since this equation involves reciprocals, the effective bulk modulus will 

be less than any one of the values Sc, Sf or V0 Sa· 

Va 

It is evident that a small amount of entrapped air can drastically 

reduce the effective bulk modulus, particularly at lmv pressures. 

The amount of trapped air in a system cannot be predicted, thus 

the bulk modulus can only be estimated. This effect of the bulk modulus 

on the cylinder gain does not impose any real difficulty, since this may 

be compensated for elsewhere. A more serious effect of a lmv-ered bulk 

modulus is the reduction in resonant frequency of actuators in the circuit 

[see section 4.6]. This can lead to instability of the control system. 

Trapped air may be virtually eliminated by careful design of the 

components and the hydraulic circuit. Blind holes, pockets and tortuous 

passages should be avoided. In a carefully designed system, virtually all 

the air will be 'flushed out' by the moving oil shortly after starting up. 

4. 5 The Pump 

Positive-displacement pumps are particularly suitable for this 

type of application as their delivery is almost independent of back 

pressure. Although variable displacement type axial plunger pumps are 

available, the use of a fixed displacement type will incur a substantial 

saving in cost. A knowledge of the delivery requirements of the pump is 

hmv-ever necessary. 



34 

Since the pump is arranged to deliver continuously, the maximum 

rate of pressure rise in the cylinder will occur when the servo-valve is 

blocked. Under these conditions the flow to the cylinder >vill be the 

total delivery of the pump. The required pump output may be predicted by 

rearranging equation (2), thus:­

(2 .1)Vo(~)
Se dt max 

where minimum allowed delivery of the pump. 

The required delivery of the pump is dependent on the effective bulk 

modulus of the system which, it has been shown, cannot be accurately 

predicted. 

If the effective bulk modulus is determined by neglecting trapped 

air (i.e. Va = 0) and app1yinr; equation (10 .1), ami the minimum pump 

delivery predicted using equation (2.1), then experience has shown [35] 

that the delivery of pump selected should be at least three times qmin• 

for circuitS of this nature operating in the L.P. range. 

If the delivery of the pump required is over-estimated, this 

implies a small pmver wastage in a L.P. system. If the delivery of the 

pump is for example 6 c.i.s.* at a pressure of 3,000 p.s.i., the hydraulic 

power output is less than 3 HP. This represents a very small proportion 

of the total power consumption of even a 500 ton capacity synthetic 

diamond press. 

* 1 c.i.s. = 1 cubic inch per second. 
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4.6 The Electro-Hydraulic Servo-Valve 

Electro-hydraulic servo-valves convert low power electrical signals 

into valve-spool motion which may regulate the flow through the valve. 

They usually have two hydraulic stages, the first of which is an hydraulic 

pre-amplifier. The electric signal drives a torque motor \vhich actuates 

the first hydraulic stage. This amplifies the torque-motor force, and is 

used to drive the second stage. 

Due to the two stages of amplification, relatively high flow rates 

are controllable with low power electric input, and valve operation can 

be made virtually free of flow forces, stiction and other disturbances. 

Most two stage servo-valves have a torque motor of the permanent magnet 

type, and the second hydraulic stage of the four-way-spool valve type. 

Commercially available servo-valves differ in the type of first­

stage preamplification used, and the feedback employed. The most frequently 

used means of first stage amplification are jet pipe, nozzle-flapper and 

spool-valve. Types of feedback generally employed are more numerous and 

depend upon the control application required and the manufacturer of the 

servo-valve. 

A typical servo-valve, having a nozzle-flapper first stage 

amplifier and position feedback is schematically illustrated in Fig. 12. 

Pressurised fluid enters the valve through a single port which distributes 

it to supply ports 1 and 2. The pressurised fluid enters chambers 1 and 

2 via the fixed orifices 1 and 2. If the flapper is centrally positioned, 

the pressure drops across nozzles 1 and 2 are equal and there is no net 

force acting on the spool. 
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If a current is applied to the torque motor, which causes the 

flapper to move for example tm.;rards nozzle 1, the pressure drop across 

nozzle 1 will decrease while that across nozzle 2 increases. Thus the 

pressure in chamber 1 increases while that in chamber 2 falls. The 

pressure difference across the spool will cause the spool to move to the 

right, thus supplying port 'A' with oil, and simultaneously venting port 

'B'. The spool continues to move until the torque on the flapper due to 

the feedback spring balances the torque due to the input current. At this 

point the flapper is approximately centred between the nozzles, but the 

spool has taken a new position directly proportional to the input current. 

Servo-valves are usually designed with rectangular ports so that the flm.; 

through the load ports is directly proportional to spool displacement. 

For this particular rpplication several different types of 

commercially available servo-valves are suitable. 

In selecting a particular servo-valve consideration should be 

given to system flow and response requirements, proven reliability and 

standardisation with other equipment utilised and maintained by the user. 

For the current application a flow control valve -vrith position 

feedback is considered most suitable. In most valves of this type the main 

spool quiescent operating point can be adjusted either directly or 

indirectly. In valves of this type the null-flow of the valve, under 

zero current conditions can be made equal to the pump output at any chosen 

pressure. 

The flow-input current varies slightly from one make of servo­

valve to the other. However the characteristics are generally of the 
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form illustrated in Fig. 13 [33]. Fig. 13 shows that the incremental flow 

through a typical servo-valve about the null point is directly proportional 

to the input current up to about 60% to 70% of the rated current. The 

flow through the valve increases with valve pressure drop. Each curve 

represents a constant valve pressure drop. 

The characteristics presented in the foregoing represent steady 

state valve behaviour with no output loading; i.e. the output port dis­

charges fluid directly into the reservoir. This resembles the conditions 

under which the valve is to operate in practice. Although the valve is 

of the "four->·.ray" construction it is to be used as a three-way valve in 

this application. With reference to Fig. 12 this may be achieved by 

permanently blocking port B external to the valve, connecting port A and 

the return port to the reservoir, and connecting the pressure entry port 

(which distributes to supply ports 1 and 2) directly to the pump-cylinder­

cross*. The servo-valve should be adjusted so that when the coil current 

is zero, the null flow is equal to the pump delivery at the minimum pres­

sure to be controlled, i.e. 500 p.s.i. The coils should be connected so 

that a positive current will cause the valve spool to move to the left, 

preventing the bypass of pump flow to the reservoir and thus raising the 

system pressure. A negative current will similarly cause a fall in the 

system pressure. 

The flow rating of the valve to be used is determined by the 

delivery of the pump and the point at which the rated flow - rated current 

* A cross is a 4 way pipe connection. 
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characteristic (Fig. 13) ceases to be linear. If for example linearity 

exists up to 60% of rated current, it is desirable that the valve may be 

completely closed by this proportion of the current. If the output of 

the pump is say 6 c.i.s. then the flow rating of the valve should be 

100 x 6 = 10 c.i.s. This implies that the valve will only be operated
6o 
between ±60% of its rated coil current. 

Static servo-valve behaviour 

Theoretically the valve flow - valve pressure drop characteristics 

1/2
should be represented by an orifice law of the form Q a: P , where 

Q = flow through the valve and P = valve pressure drop. 

In practice however, the characteristics are often found to deviate 

substantially from the orifice law. This is particularly true for valves 

having nozzle-flapper preamplification systems. With reference to Fig. 12, 

if it is assumed that the flapper is moved over to the left, thus increasing 

the pressure in chamber ~ this increased pressure tends to resist motion 

of the flapper and thus constitutes a degree of pressure feedback. This 

feedback is quite separate from the main feedback supplied by the leaf 

spring. At higher supply pressures the resisting force will also be higher 

and hence the feedback force is increased. The effect of this feedback 

is to reduce main spool motion to the right. This effect will also be 

more significant when lower currents are used. The net result of this 

effect is that main spool displacement is reduced as the supply pressure 

is increased, at a given coil current. The decreased valve opening off­

sets the increased supply pressure somewhat thus making the characteristic 

curves less steep than the orifice la'iv would suggest. 
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In many cases [36] the flow through the valve appears to be 

completely independent of valve pressure drop, after a certain valve 

pressure drop has been reached. The theoretical characteristics are cornr 

pared with actual characteristics of a Dowty Moog Series 21 valve, in 

Fig. 14. It should be emphasised that the pressure-flow characteristics 

can differ substantially from valve to valve. 

For a general case it may be assumed that the flow through the 

servo-valve, Q, may be expressed as a function of spool position, Y, and 

valve pressure drop, P, as follows:­

Q g (Y, P) (ll) 

Equation (11) may be linearised by expanding in a Taylors series about a 

quiescent point defined by Y0 , P0 , and Q0 , and neglecting second and higher 

order terms. 

Thus Q 
y 

0 

+ (P - P 0 ) 3 
()p 

(Q) 
p = p 

0 

Whence qv (12) 

Where qv Q - Qo increment in flow through the valve to the 

reservoir 

y y - yo change in spool displacement at quiescent point 

p = p - Po increment in valve pressure drop 

ky 0 
()Y 

(Q) 
y y 

0 

kp =.L (Q) 
()P p Po 
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ky may be defined as the valve flow gain and kp as the flow-pressure gain, 


both at the quiescent point. 


qv represents an increment in flow from valve to reservoir, i.e. an 


increment in flow away from the cylinder. If q is defined as the increment 


in flow from the valve towards the cylinder, then by continuity q = -qv. 


Thus (13) 

The fact that the flow of oil reaches the valve from the cylinder 

is immaterial since changes in the total flow are being considered here. 

Under steady state conditions spool displacement is proportional to input 

current, but the valve is connected so as to reduce the flow to the 

reservoir when a positive current is applied. Hence a sign inversion 

exists and y ~ -i, where i = a positive change in current. The valve is 

set so tl1at there is no current through the coils at the quiescent point. 

i.e. i = 0 when y = Yo· Thus i represents the total current in the coil. 

It follows that q kii - kpp (14) 

where ki = flow-current gain at the quiescent point. 

The input to the valve coils is a potential difference and under 

steady state conditions is related to the current by Ohm's Law. Thus 

equation (14) may be written as:­

q = kee - kpP (15) 

where ke = ki/R and R = coil resistance 

e = error voltage input to the servo-valve 

and ke is the steady-state flow-voltage gain of the servo-valve. 

The value of ki is the slope of the flow - current characteristic 

curves, Fig. 13. The coil resistance is supplied by the manufacturer and 
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hence ke may be determined. kp is the slope of flow - pressure charact­

eristics, Fig. 14. If the valve is to be operated at a particular point 

only, kp may be determined at that point. If the valve is to be operated 

over a range, as in the current case, kp should be averaged over the range. 

If it is assumed that Dowty Moog series 21 type valve is to be used then 

a value of kp = 0 would be most realistic. In this case equation (15) 

reduces to 

(16) 

Dynamic behaviour of the servo-valve 

A complete dynamic analysis of the servo-valve is beyond the scope 

of this study. Merrit [33] provides a detailed analysis of several diff­

erent types of servo-valve. He shows that although the transfer functions 

are usually fourth or sixth order, they are generally dominated by a 

single lag or quadratic term. 

Servo-valve manufacturers usually supply a transfer function with 

their product. In most cases, the transfer function given is first or 

second order, and frequency response charts are provided so that the close­

ness of the fit of the approximation to the actual response may be 

scrutinised. 

For the current application it will be assumed that the servo-valve 

is a 'Dowty Moog type' whose transfer function may be approximated by the 

following expression 

g_ (17) 
e 1 + ST 

1 
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where the time constant T is given by the manufacturer as
1 

'I = 0.0016 sec = 1.6 ms. 

Equation (17) reduces to equation (16) under steady state conditions. 

4.7 The Pressure Transducer 

Since the pressure transducer provides the feedback from output 

to input, its accuracy governs the maximum accuracy the control system 

can achieve. It is thus essential that the pressure transducer at least 

meets the performance specifications demanded for the system. Thus the 

maximum allowed error on either linearity or reproducibility is 0.1% of 

full scale pressure transducer output. It is also essential that the 

transducer be reliable and have a rapid response. 

For pressures of up to 3,000 p.s.i., many suitable transducers 

are commercially available. Ultimate selection \Vill therefore be made 

on the grounds of proven reliability and cost. 

In the author's experience a 0-3,000 p.s.i. bourdon tube-differential 

transformer type of transducer manufactured by Hartman and Braun has been 

found to be highly satisfactory. 

In this device the pressure is sensed by a bourdon tube with a 

very small 'dead-volume'. The bourdon tube displaces the iron core of 

a differential transformer, which is powered by a constant voltage source. 

The output from the transformer is demodulated and filtered. This output 

is proportional to the pressure being measured. The transfer function of 

the pressure transducer may be approximated by a simple lag term thus:­

h 
(18) 



43 

where 	 U = voltage output of the transducer 

Pc cylinder pressure 

h = steady-state gain of the transducer 

T2 = time constant of the transducer 

~ 	 ~1 sec. 1 ms. 
1,000 

The gain, h of the transducer is readily adjustable, while the null point 

or 'zero' of the device may be shifted by adjusting the initial transfer 

core position. Thus the transducer may be set to give zero output at 

500 p.s.i. cylinder pressure. In this case Pc in equation (18) becomes 

the increment in cylinder pressure above 500 p.s.i. 

4.8 	 The Progran~er 

The programmer provides the reference input signal to the control 

system. In practice the programmer can be of almost any form. Systems 

used vary from simple mechanically and photo-electrically followed cams 

to sophisticated electronic programmers, and digital to analogue converters 

which respond to punched paper tape or magnetic tape. Irrespective of the 

type of programmer used, it is essential that alterations and adjustments 

to the programme may be easily and swiftly performed. It is imperative 

that the programmer be checked independently of the control system for 

accuracy and reproducibility, and that it be installed only when its 

reliability has been established. 

The differential amplifier which compares the transducer output 

with that of the programmer and drives the servo-valve may be a standard 

solid state device. It should have adjustable gain and usually has 

negligible time constant. 
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4.9 Analysis of the Control System 

The block diagram describing the control system may be constructed 

using equations (3), (17) and (18). If his the gain of the pressure 

transducer and p is the required pressure, then the input, E, to the 

control system should be E = hp to synchronise programmer and transducer. 

The block diagram appears in Fig. 15; 

where ka = gain of the differential amplifier 

cylinder gain 

qd = flow disturbance due to pump, leakages etc. 

Pc = cylinder pressure (output) 

The open-loop transfer function, GH(S), of the control system 

is:­

(19) 

If p is regarded as the input, then the factor h becomes part of the 

forward path of the block diagram of Fig. 15. 

The error response, s(S), is defined by:­

1 
= 1 + GH(S) 

thus c(S) (20) 
p (S) 


where 


The steady state error response to the input as a ramp function, i.e. 


p (S) .E._ , is determined as follm.;rs:­s2 
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Lim 
S-+0 J 

hence 

E (21)
k 

where £ = steady state error. 


This error is required to be less than 0.1% to meet the specifications of 


the system. 


For a maximum pressure of 3,000 p.s.i., £ = 3 p.s.i. Since the 

maximum pressure ramp to be used is 150 p.s.i./sec., the minimum value 

of k may be calculated from equation (21):­

Thus k ?- 150 
3 

k ~so. 

Stability of the system 

The characteristic equation of the system is 

1 + GH(S) = 0. 

Hence from equation (19), 

hence (22) 

By applying the Routh-Hurwitz Criterion to equation (22), 

The system is stable for 0 ~ k ~ 1:1 + '2 (23) 
'1'2 

For T 1.6 ms., 1 ms.,1 
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From inequality (23), 0 ~ k ~ 1630. 

Combining this with the constraint on k imposed by the accuracy requirement, 

50~ k ~ 1630. (24) 

A Bode frequency response plot of the open loop transfer function 

(equation (19)) appears in Fig. 16, for k = 50. The break frequencies, 

1 1 
-- and-- occur at approximately 628 and 1000 radians/sec. respectively. 
'1 '2 

The gain n~rgin id abouL 30 do. as tXpccLed. 

The effect of flow disturbances 

Changes in the pump output or in leakages in the flow path between 

the servo-valve and the cylinder constitute flow disturbances. These may 

be temporary disturbances (pulses) or permanent disturbances (steps). 

The response of the cylinder pressure to a disturbance qd(S) is 

given by:­

p (S) k (1 + S< 1)(1 + STz)
c c 

(25)
S(l + S< 1 )(1 + S<z) + k 

If the disturbance is an impulse, the steady state response p (t) is 
c 

zero. 

If the disturbance is a step, i.e. qd(S) from equation (25), 

This is due to the fact that a change in the null operating point is 

necessary to deal with the changed flow through the servo-valve, and 

hence a non-zero coil current must exist. A non-zero coil current can 

only exist if there is a difference between required and actual pressure. 

For k >> kc, and qd sma11, the steady state error due to f 10\.J 

disturbances will be small. 
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The transient response of the system 

Constraints on the value of the loop-gain, k, have been imposed 

using required accuracy, and absolute stability (inequality (24)). It is 

possible to find a value of k, subject to these constraints which optimises 

the transient response of the system according to some chosen criterion. 

A method for doing this is described and illustrated in Chapter 6. 

If it is assumed that a value of k has been decided upon, the 

transient response to a ramp input may be determined as follows:­

The closed-loop transfer function is given by:­

Pc(S) 

p (S) 
(26) 

For p(S) a ramp function p(S) = ~ 
s2 

Pc(S) = (27) 


Equation (27) may be w-ritten in the form:­

L+ s 
T 2 

p (S) (28)c 

where a 1 , a 2 , are constants.a 3 


The inverse transform is of the form:­

p (t)
c 

(29) 

1where C , C , C are constants, and C + C + C 
1 2 3 1 2 3 k 
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After the transient terms have decayed the response will be given by 

pt - ~ 
k 

The expected response is illustrated in Fig. 17. 



5. 	 CONTINUOUS CONTROL OF HYDRAULIC PRESSURE 
IN THE I.P. RANGE 

5.1 Outline 

A means of extending the working pressure of the basic control 

system discussed in Chapter 4, into the I.P. range is described. The 

method involves the incorporation of a non-standard pressure reducing 

device into the circuit. The device, which has been named a "Proportional 

Pressure Divider" is analysed in a design study. 

5.2 Definition of the Problem 

For large scale synthetic diamond manufacture, cylinder pressures 

in the I.P. range are required (see section 2.7). For the present case 

it will be assumed that the maximum cylinder pressure to be used is 

10,000 p.s.i., and that a pressure control system, capable of following 

a continuous pressure- time cycle in the range 1,000 p.s.i. to 10,000 p.s.i. 

is required. The limit of 150 p.s.i./sec. on pressure rise and fall rates, 

and the allowed error of 0.1% of the maximum pressure used in Chapter 4, 

will be assumed in this case too. 

The use of a 'scaled-up' version of the control system discussed 

in Chapter 4 is prevented by the unavailability of servo-valves capable 

of operating at the pressure levels required. 

This is due primarily to the fact that electro-hydraulic servo-

valves were originally developed for use in aircraft and for aero-space 

49 
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purposes. The working pressure for the hydraulic systems employed for 

these applications is determined on the grounds of minimum weight of the 

control system, pumps, actuators etc. The optimum working pressure for 

almost all systems of this type falls between 3,000 and 4,000 p.s.i. [33, 37]. 

For industrial purposes, where working pressure is chosen on the 

grounds of minimum cost, pressures in excess of 3,000 p.s.i. are not often 

used. Thus commercially available servo-valves are at present limited to 

working pressures of under 4,000 p.s.i. 

5.3 Approach to the Problem 

One possible approach is to design and develop a servo-valve cap­

able of operating at the required pressure. The expense of a research and 

development programme, and the cost of tooling etc. to produce a satisfact­

ory device is only justified if a large market exists for higher pressure 

servo-valves. At present this is not the case. 

Another approach is to incorporate a pressure reducing valve 

between the cylinder and the servo-valve. w~en utilised in this manner, 

the reducing valve merely protects the servo-valve from the I.P. 

It is essential that the reducing valve does not interfere with 

the flow requirements of the servo-valve. In the circuit, pressure is 

controlled by regulating the fluid by-passed through the servo-valve. If 

at any time the servo-valve is 'starved', loss of control over the cylinder 

pressure will result. It is also essential that the reducing valve be 

reliable and stable over the whole pressure range. 

Standard pressure reducing valves are not designed to meet the 

requirements set out above. They are generally intended to work at a 

constant supply pressure and can become unstable if the supply pressure 
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varies significantly. They do not 'fail-safe' if the stabilising orifice 

becomes blocked, and thus a relief valve would have to be used in the 

circuit to safeguard the servo-valve against this eventuality. Another 

difficulty is the fact that standard reducing valves do not generally 

respond sufficiently rapidly to prevent 'starving' of the servo-valve. 

A pressure reducing valve capable of meeting the requlremnts dis­

cussed in the foregoing is described in reference [38). The device has 

been named a "Proportional Pressure Divider" since it reduces the supply 

pressure by a constant ratio. 

The incorporation of the reducing valve into the basic control 

system is schematically illustrated in Fig. 18. The proportional pressure 

divider is described and analysed in the following sections. 

5.4 Description of the Proportional Pressure Divider (PPD) 

For this particular case the reduction factor required is 0.3 . 

(From a maximum pressure of 10,000 p.s.i. cylinder or primary pressure to 

a maximum of 3,000 p.s.i. servo-valve or secondary pressure). The 

proportional pressure divider is illustrated in Fig. 19. 

It consists of two pistons operating in two bores in the same 

cylinder block. The ratio of the areas of the two pistons is the same as 

the pressure reduction required, (in this case 10:3). The smaller, or 

primary piston operates in the higher pressure region of the valve, and 

has a needle valve at its one end, which is lapped into a seat. The 

secondary piston operates in the reduced pressure zone and has a damper 

at its one end. The two pistons butt up against each other. 
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I.P. fluid from the cylinder of the press P is introduced at the 
1 

inlet port. If p < the force differential across the pistons
2 

causes the needle valve to open and oil flows through to the secondary 

side until such time as P just exceeds ~O P , at which stage the needle
2 1

valve closes. If on the other hand, > l_ P the needle valve willP2 10 1 ' 

remain shut until the servo-valve, which is connected to P2 , bleeds away 

the excess pressure in the secondary side. Control of primary pressure 

is thus achieved by regulating the pressure in the secondary using the 

servo-valve. 

Pressure reduction actually takes place in the throttle formed 

by the needle valve and seat. Feedback action is by force comparison 

and the system is highly stable. 

To ensure th:Jt no build up of back-pressure takes place behind 

the pistons, the area is vented by a connection to the reservoir. Any 

leakage past the pistons reaches the reservoir through this path. 

5.5 	 Analysis of the PPD 

The cylinder pressure adjustment is effected by regulating the 

flow using the servo-valve. It is thus important that the PPD does not 

interfere with the flow demand of the servo-valve. 

The PPD 	 can affect the flow in three possible ways, namely:­

(i) 	 There is a natural slight increase in flow 

through the PPD since the oil is less compressed 

due to lower pressure in the secondary side. 

(ii) 	 There is a flow loss due to leakage past the 

pistons. 
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(iii) 	 If the spool response is too slow, the needle 

valve of the PPD rather than the servo-valve 

can limit the flow. 

The first two effects partially cancel each other. 

Leakage past the pistons is easily minimised by ensuring that the 

pistons are close fits in their respective cylinders, and are made 

sufficiently long. Annular oil grooves on the pistons also reduce leakage 

losses and ensure adequate lubrication. 

The third effect can be minimised by ensuring that the PPD responds 

sufficiently rapidly to meet the flow requirements of the servo-valve. 

Fig. 20 is a block diagram representation of the PPD. The pressure 

drop across the throttle is dependant upon the flow through the throttle 

and the needle valve openin~. l\ unique valve opening will exist for each 

different flm.;r condition at which the pressure drop across the throttle 

is consistent with the required pressure ratio. 

When the needle valve is in this position the throttle behaves as 

a pressure attenuator with constant gain. Any change in flow, primary or 

secondary pressure will upset the equilibrium. This gives rise to a 

differential force which acts upon the pistons repositioning them so as 

to restore equilibrium. 

The flow through the throttle is related to the pressure difference 

and the valve opening by the following non-linear expression:­

Q CA(x)(P 
1 

- p
r 

)1/2 (30) 

where Q flow through the throttle 

C a dimensional constant 
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A(x) = 	 effective orifice area, a function of valve opening. 

primary 	pressureP 1 


P reduced pressure behind the throttle 

r 

X = valve opening 

Equation (30) may be linearised about a quiescent operating point 

If 	 q is defined as the increment in flow 

P 1 is defined as the increment in primary pressure 

Pr is defined as the increment in reduced pressure 

and x is defined as the increment in valve opening, 

then 

q 	 Qo Qo (p l - Pr)X +(:/cxJ
x=x0 

A(xof 2(Plo - Pro) 

hence 

q = klx + k2(pl- Pr) 

and finally 

k
-l-x + -s__p pl (31) 

r k2 k2 

where 	 kl Qo and k2 ::: Qo·( a~;x>)A(xo) 2Pl0 - 2Pro 
x=xo 

k 1 may 	be defined as the valve flmv-displacement gain and k as
2 

the valve flow-pressure gain. k and k are approximately constant only1 2 

for small disturbances about the quiescent point. 
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The frictional resistance of the flow path from behind the throttle 

to the secondary chamber, and the equivalent capacitance due to the 

compressibility of the oil in this 1 closed 1 volume cause a lag \vhile the 

secondary pressure builds up. 

If the resistance of the path is denoted R1 , and the flow through 

it q 2 , then for small pressure differences the flow is laminar. 

Thus (32) 

where 	 incremental secondary pressure consistent with the 

foregoing analysis. 

v dp
But 2 2 (33) 

Se dt 

where V = total enclosed volume of flow path and secondary
2 

piston chamber 

and Se = effective bulk modulus of fluid. 

Thus 

(34) 

If w is defined as
2 

= hydraulic natural frequency of the secondary 

flmv- path and chamber, 

then by Laplace transforming equation (34) and rearranging the following 

expression is obtained:­

p 1 
(35)_2. = 

Pr 
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Due to the pressure drop across the needle valve throttle, a small force 

exists which tends to close the valve. If this force is ignored as a 

small disturbance, then the following expression describes the piston 

dynamics:­

(MS 2 + BS) x 

i.e. 
X = plAl - p2A2 

(36) 
MS 2 + BS 

where 	 Al = primary piston area 

A2 = secondary piston area 

M mass of pistons and fluid in the chambers 

B damping constant. 

Equations (31), (35) and (36) may be used to establish the 

relationships in the block diagram, Fig. 20. 

The various transfer functions of interest are readily obtainable 

from the block diagram. 

5.6 	 Steady-State Pressure Response 

From the block diagram, Fig. 20:­

(37) 

Thus the steady-state response to step input increment, pl is:­
S 

(38)= 
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which is the desired pressure ratio. The fact that k and k vary over 
1 2 

the operating range does not affect the steady-state pressure ratio. 

5.7 Stability 

The open-loop transfer function of the system is given by:­

GH(S) 	 ks (39) 
S(l + s )(1 + ~ ) 

w w
2 s 

where ks ~ 
Bk2 


B
and ws 	 piston mass - damper natural frequency.
M 

The polar frequency response plot of equation (39) appears in Fig. 21 (a). 

This system is stable if k is not too large. However, since k depends
s s 

on quantities that can vary considerably over the working range of the 

valve the possibility of instability cannot be ruled out. 

The lag term (1 + -
s 

) due to the flow path resistance can be 
w2 

1eliminated by ensuring that - is very small. In practice this is 
w 

2 
achievable if the flmv path is unrestricted and the dead volume of the 

secondary chamber is kept low. 

Under such conditions, equation (39) may be rewritten thus:­

GH(S) (40) 

The polar plot of equation (40) approaches the inherently stable form 

illustrated in Fig. 21 (b), and stability is assured. 

5.8 Transient Pressure Response 

If 	the lag term (1 + ~) is ignored, equation (37) may be 
w2 
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rewritten as follows:­

p2 
(41)1 ­

p 
1 

where 	 w ~ is the natural frequency 
n I i;M-

and 	 B is the damping ratio. (42) 
2M 

The response to a step p (S) ~is:­
1 S 

p w 2 
1 n 

P2 (S) = 	~ 
s + Zl;w S + w 2 )n n 

hence p (t)
2 

(43) 

- 1 2where 8 tan / 1 	 - z;; 

z;; 

The transient pressure response may be optimised according to some 

criterion using a method detailed in Chapter 6. The optimisation would 

be carried using z;; as the variable. The dynamic behaviour of the system 

is limited by the value of the natural frequency, wn; it is thus desirable 

to make 	 wn as high as possible. 
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The natural frequency can be made high by minimising the piston 

mass and ensuring that the flm.;r-displacement gain k is large as compared
1 

with the flmv-pressure gain k . 
2 

This may be effected by adjusting the 

angle of the needle valve. 

Equation (43) suggests that the transient pressure response will 

be that of a second order system. The response is illustrated in Fig. 22 

using an assumed damping ratio of~= 0.7. 

The percentage overshoot [39] is lOOe-~n/(l - ~ 2 ) ~ S% and the setting 

time [39] is 

Once wn has been established, the damping constant B may be 

determined from equation (42) to give ~ the value determined in the 

optimisation analysis. There may be considerable variation in both the 

natural 	frequency and the damping ratio due to the variations of k and k . 
1 2 

The natural frequency and damping ratio should be averaged over the oper­

ating range of the PPD. 

5.9 	 Damper Design 

With reference to Fig. 23, neglecting compressibility effects the 

flow, Q, past the plunger is given by [40] as:­

(44)Q = 'IT 

12 

where 	 D plunger diameter 

d mean clearance bet,.;reen plunger and bore 

A = net piston area 

~p = pressure drop across piston 

Lll 
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L length of plunger 

~ fluid viscosity. 

The damping force is 

A!::.p B dx (45) 
dt 

and since dx = _Q it follmv-s that 
dt A 

(46)B 

By making the plunger a good fit in the bore at first, the damping con­

stant may be altered by changing the clearance or drilling holes through 

the piston. 

5.lq____~R~e~s~p~o~n~s~e~o~f~S~e~c~o~n~d~a~r~v~P~r~e~s~s~u~r~e=-;t~o-=a-=F~1~o~w~D~i=s~t~u~r~b~a~n~c~e 

From the block diagram, Fig. 20, ignoring the lag 1 
s + 1 
w2 

- BS (~ + 1) 

p 
2 

q 

= 
k A 

1 2 

ws 
+ k BS(S

2 -
w 

+ 1) 
(47) 

s 

thus the steady-state pressure response to a step change in flow is zero. 

The steady-state pressure response to a displacement disturbance is 

similarly zero. 

5.11 Piston Response to Flow Changes 

From 	the block diagram, Fig. 20, ignoring the lag ___1___ 
s + 1 

w2 

2wn 

X k 
-- = 1 (48) 
q2 52+ 2swns + Wn2 
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where z; and Wn are as previously defined. 

Thus for a unit step change in the flmv-, i.e. q (S) = 1 
2 s 

1 1 - e-Z:wnt sin Cwnt + 8) Jx(t) (49)[ 11 - r;2 

1The steady-state change in the displacement is thus , the inverse of 
k 

1
the flow-displacement gain. 

The damping ratio, percentage overshoot and settling time are 

the same as in the case of the transient pressure response. If the 

optimum value of the damping ratio is used in conjunction with a high 

natural frequency, a rapid piston response is achievable. 

~5~·~1~2~--~T~he Effect of the PPD on the Overall Control System 

It was specified in section 5.2 that the control system should 

be capable of controlling cylinder pressure in the range 1,000 p.s.i. to 

10,000 p.s.i. Most servo-valves suffer a severe loss in performance if 

their supply pressure is allowed to drop below about 500 p.s.i. [33, 36]. 

Host manufacturers recommend that their servo-valves be operated at pres­

sures in excess of this value. 

With the PPD in the control circuit, when the servo-valve pressure 

falls to 500 p.s.i., the cylinder pressure will be about 1,670 p.s.i., and 

thus difficulty may be experienced in regulating cylinder pressures bet­

ween 1,000 p.s.i. and 1,670 p.s.i. This difficulty may easily be overcome 

if an unloading valve is used to bypass the needle valve throttle of the 

PPD, when the cylinder pressure falls into the L.P. range. The minimum 
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'unloading pressure'* to which the unloading valve should be set in this 

case is 1,670 p.s.i. It would however be more beneficial to set the 

'unloading pressure' to a value near 3,000 p.s.i., (e.g. 2,800 p.s.i.) 

so that the servo-valve pressure is at no stage less than about 840 p.s.i. 

As soon as unloading occurs, the servo-valve pressure will be equal to 

the cylinder pressure, and will consequently remain above 1,000 p.s.i. 

The unloading valve should be arranged to operate on a signal from 

the secondary pressure side of the PPD rather than the primary. This 

would have the effect of eliminating any time lag between primary and 

secondary response. Standard unloading valves are usually fail-safe 

devices, thus the servo-valve will be protected should the unloading valve 

malfunction. An unloading valve may easily be incorporated in the const­

ruction of the PPD. Numerous unloading valve configurations, some of 

which may lead to an insignificant addition to the cost of the PPD, are 

possible. 

Inclusion of the PPD into a basic control system of the type 

discussed in Chapter 4 should not cause any loss in dynamic performance. 

The servo-valve is 'starved' only if the pressure in the second­

ary side drops below 500 p.s.i. Even without an unloading valve to 

prevent this eventuality, the secondary pressure would not be expected to 

drop as low as this (for primary pressures in excess of about 2,750 p.s.i.). 

This is due to the fact that the transfer function of the pressure response 

(equation (41)) is second order. A natural frequency, wn, in excess of 

* unloading pressure or 'cracking' pressure is the pilot pressure at which 
a given circuit is bypassed, or unloaded. 
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1,400 Hz. is easily obtainable. For purposes of comparison with the 

servo-valve response, the 10% to 90% rise time of the secondary pressure 

to a step change in primary pressure may be estimated from the half power 

frequency bandwidth of a second order system [41]. The 10% to 90% rise 

time, Tr, is given [42] as:­

(50) 

where Wp = frequency at which input power is reduced to half. 

(i.e. Signal magnitude is attenuated by a factor of 1 
T2' 

or reduced by 3 db.) 

If the damping ratio, ~. is assumed to be 0.7, then the half-power 

frequency of a second order transfer function is approximately equal to 

the natural frequency, i.e. wp = Wn • Hence from equation (50), 

Tr = 2.2 0.25 ms. The servo-valve on the other hand is approx­
2n x 1400 

imated by a first order transfer function (equation (17)), with a time 

constant of 1.6 ms, which implies a 10% to 90% rise time in excess of 

3.5 ms. 

Thus the servo-valve spool motion is likely to be considerably 

slower than the rate at which pressure in the secondary chamber may adjust 

to prevent 'starving' of the servo-valve. 

With the inclusion of an unloading valve in the PPD, the dynamic 

performance of the overall control system can actually be improved in the 

L.P. range. For the type of servo-valve chosen in Chapter 4, examination 

of Fig. 14 reveals that load flow is substantially independent of servo-

valve supply pressure when the valve pressure drop (all of the supply 
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pressure is dropped across the valve in this case) exceeds 850 p.s.i. 

If the unloading valve is arranged to respond to secondary pressure, the 

secondary pressure should never drop below this value. This will improve 

the performance of the servo-valve. The design procedure used in 

Chapter 4 may thus be applied with equal confidence for I.P. circuits 

which incorporate a PPD. 



6. 	 CONTINUOUS CONTROL OF HYDRAULIC PRESSURE 
IN THE H.P. Rfu~GE 

6.1 Outline 

The analysis and design of a system suitable for the continuous 

control of hydraulic pressure in the H.P. range is considered. The system 

is intended for utilisation in isostatic compaction processes which require 

predetermined pressure - time cycles, but may in principle be adapted to 

other applications as well. 

With the exception of the hydraulic power amplifier which is not 

commercially available, and the high pressure chamber, all elements in the 

system are standard electronic, electro-hydraulic or hydraulic components. 

The various elements to be used are individually considered, and the 

design of the high pressure chamber and the hydraulic power amplifier is 

discussed. 

Stability criteria are established and subsequently used as con­

straints in the optimisation of the control system. The system is 

optimised according to a certain criterion using a technique which is 

applicable to a wide variety of control systems. The optimisation is 

carried out on a digital computer, which is also used to determine the 

sensitivity of the system to variations in some of the parameters. The 

transient response of the system to various input functions is simulated 

using a digital computer. The relative stability of the system is 

examined using a digital computer simulation of the frequency response. 

65 
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The computer methods used are generally applicable to other 

control systems, although certain changes in the programmes used will 

have to be made in some cases. 

6.2 Definition of the Problem 

The isostatic compaction process has been described in section 2.8, 

where it was pointed out that anvils and dies for synthetic diamond manu­

facture may benefit from being subjected at this stage of the manufacturing 

procedure, to a predetermined pressure - time cycle. The actual process 

to be used in this case is further discussed in section 6.5. 

Complete isostatic presses capable of operating at pressures of 

up to 100,000 p.s.i. are commercially available. None of these however 

provide the facilities for following predetermined continuous pressure ­

time cycles. 

The maximum pressure to be used in this case is 50,000 p.s.i., 

and a system for generating and controlling pressures up to this level is 

required. The system should be capable of following a pressure - time 

programme which may require absolute rise and fall rates as high as 

3,000 p.s.i./sec., with minimum deviation. Unlike the synthetic diamond 

process where the hydraulic power used for pressure control constitutes 

an insignificant proportion of the total power requirements of the process, 

in isostatic pressing most of the power used is that required to pressurise 

the vessel. For pressures of the high order to be used here, even 

relatively small flow rates result in substantial hydraulic power consump­

tion. The efficient use of hydraulic po,.;rer is therefore essential. 

Although simplicity, which fosters low initial cost and reliability is 
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still important, it may be traded off in this case where significant gains 

in performance or operating efficiency may be achieved. The system should 

be amenable to mass production procedures; furthermore it is preferable 

if the system can be easily modified to accommodate a change in operating 

power which might be required in different applications. 

It is considered_desirable that standard components be utilised 

wherever possible, and that the system be sufficiently independent of the 

pressure vessel so as to facilitate rapid re-attachment to another press. 

6.3 Approach to the Problem 

The design of a high pressure hydraulic system for an isostatic 

press requires the solution of two inter-connected problems, namely 

pressure generation and pressure control. Since pumps capable of 

producing pressures in the H.P. range are not readily available, high 

pressure must generally be obtained by the intensification of a lower 

pressure source. Hence the pressure generation problem reduces to one of 

pressure intensification. 

Although an indefinite number of solutions to the control problem 

may be proposed, only two basically different approaches to the pressure 

intensification problem exist. These are internal pressure intensification 

and external pressure intensification. In the first approach, pressure 

would be generated within the high pressure chamber by means of a plunger 

which is driven by a lower pressure source, in much the same manner as 

was described in connection with organic chemical synthesis (section 2.3) 

and hydrostatic extrusion (section 2.4). In the second approach, the 

working fluid would be pressurised external to the pressure vessel and 
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metered to the chamber by the control system as required. The two 

philosophies of approach to the pressure intensification problem give 

rise to rather different control problems and should be considered 

separately. 

_6_._3_-_l____l_n__ternal pressure intensification 

A schematic representation of one possible form of isostatic press 

with internal pressure intensification appears in Fig. 24. The operation 

of the control system is essentially the same as that described in 

Chapter 4. The servo-valve which is actuated by the amplified difference 

between the required and actual high pressure, causes a change in pressure 

in the L.P. (or I.P.) chamber. The lower pressure change is intensified 

by the plunger and the resulting change in high pressure reduces the 

original discrepancy between actual and required values. The system is 

stabilised by means of a viscous damper. 

Although isostatic presses with internal pressure intensification 

represent workable systems, they possess certain disadvantages. Some of 

these are considered below:­

(i) Loss of fluid because of leakage from the high 

pressure chamber through the seals cannot be made up during 

the H.P. cycle. 

Attempts to minimise such leakage may result in 

excessive seal friction which in turn could severely limit 

the dynamic performance of the system. Additionally it 

may result in an inordinate 'dead-zone' in the high 

pressure response. 
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It might appear to be possible to circumvent the 

leakage problem by having a very large initial volume of 

fluid in the H.P. chamber. But this would result in long 

plunger strokes which would give rise to an unnecessarily 

high overall pmver consumption (see section 6. 5) and low 

natural frequency of the L.P. (I.P.) chamber. 

(ii) The intensification system is an integral part of 

the press, thus modification to accommodate a change in 

desired operating power might require major alterations. 

(iii) Irrespective of its shape, the plunger interferes 

with the working volume of the high pressure chamber. In 

some cases special precautions will have to be adopted to 

ensure that the plunger does not foul the container of the 

material being compacted. 

(iv) The overall system will be bulky and expensive to 

manufacture. 

Most of these disadvantages can be overcome, or minimised by 

using external pressure intensification. 

6.3-2 External pressure intensification 

A relatively small pressure intensifier which is arranged to 

operate continuously externally to the press, may be used to charge an 

accumulator with high pressure fluid. The high pressure chamber of the 

isostatic press may be fed from the accumulator when an increase in 

pressure is desired, or may be bled of some of its fluid when the pressure 

is to be reduced. When used in this manner the intensifier cannot affect 
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the dynamic behaviour of the control system, or interfere in any way with 

the working volume of the high pressure cavity. Should a change in 

operating power be deemed necessary, an additional intensifier and/or 

accumulator may be added with little inconvenience. Pressure intensifiers 

and accumulators suitable for operation in the H.P. range are commercially 

available. 

On the strength of the foregoing arguments the external pressure 

intensification approach is adopted. The design of a suitable high 

pressure system is discussed in the following sections. 

6.4 Description of the Proposed System 

The proposed system is schematically illustrated in Fig. 25. The 

programmer generates a voltage signal proportional to the instantaneous 

required chamber pressure. The chamber pressure is sensed by the pressure 

transducer T1 , and the difference between the required and actual pressure 

is amplified by the differential amplifier. The error signal is modified 

by the adaptive gain compensator, and used to actuate the electro-hydraulic 

servo-valve. The servo-valve drives the hydraulic power amplifier which 

supplies or bleeds fluid from the high pressure chamber as required. 

A single I.P. pump supplies the circuit with its fluid power 

requirements. Fluid reaches the servo-valve via a pressure reducing valve, 

which since the supply pressure is constant may be of a standard type. 

The bulk of the pump output is taken by the intensifier, which boosts the 

pressure and charges the high pressure accumulator. The accumulator acts 

as a 'buffer' in that it is capable of supplying additional power during 

peak load periods while it stores power during slack portions of the 

cycle. When the accumulator is fully charged the supply to the intensifier 
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is cut off by a solenoid operated 'on-off' valve which is actuated by a 

volume-sensing limit switch in the accumulator. The accumulator feeds 

the hydraulic power amplifier, 

The hydraulic power amplifier (HPA) is intended to keep the high 

pressure output flow proportional to the low pressure input flow from the 

servo-valve. The HPA is envisaged as a spool-type valve the output flow 

of which is dependent on the spool displacement and the pressure drop 

across it. Proportionality between input flow and valve opening is 

assured by feeding the spool displacement back to the servo-valve using 

a position transducer. As the valve pressure drop varies in sympathy with 

the changing pressure in the high pressure chamber, it alters the gain of 

HPA. This affects the loop gain of the system which should be kept steady 

for optimum performance. (See section 6.14). 

Variations in the loop gain are compensated for by the adaptive 

gain compensator which makes use of chamber and accumulator pressure 

information supplied by transducers T
1 

and T2 respectively, and spool 

positional information supplied by the displacement transducer, to effect 

an appropriate adjustment. (See section 6.10). 

6.5 Preliminary Considerations 

Before the various elements of importance in the control system 

are examined in detail, certain aspects of the process being controlled, 

which are of prime importance to the design of the high pressure system, 

should be considered. 

In the actual process, when the flexible container has been 

charged with material to be compacted, it is subjected to a low 
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amplitude, 50 Hz vibration while the air is being evacuated. This assists 

air removal. After sealing, the charged container is subjected to a pre­

compaction pressure - time cycle which uses a maximum pressure of about 

10,000 p.s.i., at which stage the compact has attained about 97% of its 

final 'green density'*· Thus prepared, the material is ready for the 

vital H.P. cycle. 

It is desirable that the pre-compaction be performed separately 

from the H.P. compaction cycle to minimise the power requirements of the 

process. During the pre-compaction cycle, the volume of the material 

being compacted may be reduced by as much as 65%. Thus after pre­

compaction, at least 65% of the high pressure chamber volume would be 

occupied by hydraulic fluid. Thus most of the work done in raising the 

pressure within the chmuut!L. would be absorbed by the 'dead volume' of 

fluid. In order to realise the high rates of pressure rise which are 

desired, the expenditure of enormous quantities of power would be 

required. 

The foregoing may be illustrated by considering a typical 

example:­

Assume the powder is enclosed in a cylindrical container having 

internal dimensions of 11.5 in. diameter by 11.5 in. high. The initial 

volume of powder is thus approximately 1,110 cu. in. After pre-compaction 

in which it was subjected to pressures of up to 10,000 p.s.i., the 

material has been reduced to a pellet 8 in. in diameter and 8 in. high, 

a reduction of volume of about 63.7% to 402 cu. in. The density of the 

pellet increases by a further 3% of its final density during the H.P. 

* 'Green density' implies density before sintering. 
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cycle. The volume of the pellet is thus decreased by a further 12.7 cu. in. 

to about 389.3 cu. in. 

If the volume of the chamber is 1,200 cu. in., the maximum fluid 

volume in the chamber \vill be approximately 810 cu. in. 

From equation (2) (section 4.4), the rate of pressure rise is 

given by:­

E.£ 	 (51)kcqdt 

where 	 E.E. rate of change of chamber pressure. 
dt 

kc = 	 Se chamber gain (52) 

Vo 

Se effective bulk modulus 


= volume of the chamber
V0 

q volume - flov rate of fluid into the chamber. 

The hydraulic horse power, W, required to maintain a flovJ, q, 

against a pressure Pc is given by:­

(53) 

where W is in horse power, q in c.i.s. and Pc in p.s.i. 

From equations (51) and (53), 

\.J = Pc _c!E. (54) 
dt6600kc 

The chamber gain, kc, may be estimated by using a development 

similar to that used in section 4.4 . The effect of the compressibility 

of the material being compacted must however be taken into account. 
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If a change in chamber pressure, ~Pc is associated with a total 

change of ~V0 in volume, then in the absence of trapped air in the system; 

~V0 = ~Vc ­ ~Vf - ~Vm (55) 

where ~Vc change in chamber volume 

~Vf change in fluid volume 

f:..Vm change in volume of material being compacted. 

The effective bulk modulus, and the bulk moduli of the chamber, fluid, and 

material are respectively defined as:­

= Vo~p c
Se 

~Vo 

where initial volume of fluid 

Vm initial volur.12 of roateri0l being compacted. 

By substituting for ~V0 , ~Vc, ~Vf, and t:..Vm in equation (55), the following 

expression is obtained:­

Re-arrangement of the above expression yields the following:­

(56) 

In the actual process, the pellet of material being compacted approaches 

its final 'green' density at an early stage in the H.P. cycle. The rest 

of the cycle is intended to alter the mechanical properties of the 

compact rather than to increase its density. (The pellet does however 

suffer relatively small permanent deformations during the rest of the 

http:volur.12
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cycle, '"hich may be neglected for the present case since they affect the 

pellet volume very slightly.) For most of the H.P. cycle the pellet behaves 

as an elastic solid with an apparent bulk modulus, Bm, of the order 

3 X 106 p. S. i. 

If the bulk modulus of the chamber is assumed to be of the order 

15 x 106 p.s.i., and that of the fluid 3 x 105 p.s.i., then for the 

current exan~le, where V0 = 1200, Vm = 389.3, and Vf = 810 cu. in.; 

VoSfSm 1. 08 X 101 4 

3.65 X 1016VfBmSc 

1. 75 X 1015VmSfSc 


and SmBfSc ~ 1.35 x 1019 


From equation (56), kc ~ 350 lbf· in.- 5 


From equation (54), to realise a rate of pressure rise of 3,000 p.s.i./sec 


when the chamber pressure is 45,000 p.s.i. requires an hydraulic horse 


power input of approximately 58.5 hp. 


This high power requirement is due to the low value of the chamber gain, 


kc· The latter may be substantially increased by reducing the volume of 


fluid, Vf. 


Thus if the chamber volume, V0 , is reduced to approximately 

440 cu. in. then for a final pellet volume, Vm, of 390 cu. in. the fluid 

volume Vf will be 50 cu. in. 

Thus VoSfSm 4.00 X 1014~ 

~ 2.25 X 1015VfSmSc 

~ XVmSfSc 1. 75 1015 

while BmBfSc 1.35 1019 as before.~ X 
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Applying equation (56), 


The hydraulic power requirements would be correspondingly reduced to 


about 6. 7 hp. 


This substantial reduction in required power, and the associated 

reduction in the size of the pump, intensifier, accumulator, and other 

components, well justifies the division of the compaction process into two 

separate cycles. 

The pressures required during the pre-compaction cycle are all in 

the I.P. range, hence a control system similar to that described in 

Chapter 5 may be used. The absolute rates of pressure rise and fall 

required in this portion of the cycle are relatively low, (of the order 

50 p.s.i./sec maximum) .. This is fortunate since the material being 

compacted is highly cornpressiblc for a large part of the cycle, and this 

will result in a low chamber gain. 

The two compaction cycles may be carried out using the same basic 

press, although separate presses may render the process more amenable to 

mass production. 

If the same press is to be used, the high pressure chamber should 

be sufficiently large to accommodate the charged container prior to the 

pre-compaction cycle. For the purpose of carrying out the H.P. compaction 

cycle, a highly incompressible 'blank' in the form of a hollow cylinder 

with one end open could be slid into the chamber to take up the dead 

volume. The arrangement is illustrated in Fig. 26. The 'cavity' of the 

'blank' would be sufficiently large to accommodate the pre-compacted 

pellet, which at this stage has been removed from its original container 
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and coated with a thin covering of flexible plastic material. The blank 

should be a loose fit in the high pressure cavity, and several small holes 

should be drilled through its bottom and walls to ensure that it is 

isostatically supported; thus avoiding the possibility of seizure. 

Modifications to the proposed control system to accommodate the 

I.P. pre-compaction cycle, are minor. The pump output would simply be 

piped directly to the tWA, thus by-passing the intensifier and accumulator. 

This may be conveniently achieved by using a standard solenoid operated 

3-way valve. Allowance for increased flow should be made in the design 

of the HPA. 

The decision as to whether a single press or two separate isostatic 

pressing systems will be employed will ultimately be made by the user. 

For the current design, attention is devoted to the H.P. control system, 

but provision is made where relevant, for simple conversion to a dual 

purpose system. 

6.6 	 The High Pressure Chamber 

The H.P. chamber is required to accommodate the pre-compacted 

pellet 	and to safely withstand the maximum working pressure. 

The following constraints have been imposed by the user:­

(i) The 'bursting pressure' should not be less than 

100,000 p.s.i. 

(ii) The inside diameter and internal height should not 

be less than 8.24 in. 

(iii) The outside diameter of the cylindrical wall (excluding 

the lower flange, Fig. 26) should not exceed 18in. 
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6.6-1 The chamber, material and fluid volumes 

For a pre-compacted pellet nominally 8" in diameter and height, a 

chamber with nominal internal dimensions of 8.24 in. in diameter and height 

will allow an initial clearance* of 0.12 in. above and below the pellet, 

and all round the pellet in the radial direction. The volume of this 

chamber is Vc = 440 cu. in. 

If the final pellet volume, Vm, is 390 cu. in., the maximum fluid 

volume in the chamber will be Vf = 50 cu. in. 

6. 6-2 Variation of chamber gain with chamber bulk modulus 

The chamber gain, kc is given by equation (56), which is reproduced 

below:­

(56) 


If the bulk modulus of the chamber, Be, is made very large, such that 

SJVfBm + VmSf) >> V0 SfBm, then the latter quantity may be neglected, and 

equation (56) reduces to:­

(56-1) 


Equation (56-1) represents the maximum value that kc can theoretically 

attain for given values of the bulk moduli Bm and Sf and the assumed 

geometry. This relationship becomes exact when the bulk modulus of the 

chamber, Be, becomes infinite, which is clearly not realizable in practice. 

* Such clearance includes the plastic coating of the pellet which is of 
the order 0.003 in. thick. 
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If 50, and vm 390; 

then from equation (56-1), kc = 3400.max 

A plot of the variation of the chamber gain kc with the chamber 

bulk modulus appears in Fig. 27. This is the graphical representation of 

equation (56), with Bm, Sf, V0 , Vc, and Vf all constant and of magnitudes 

defined in the foregoing. 

Examination of Fig. 27 reveals that as the chamber bulk modulus 

is increased from zero to about 6 x 106 p.s.i., the chamber gain, kc, 

increases relatively rapidly. As Be is further increased from 6 x 106 p.s.i. 

to 12 x 106 p.s.i., the chamber gain increases far less rapidly; (the 

increase in kc as Be changes from 6 x 106 p.s.i. to 12 x 106 p.s.i. is 

about 10% of the increase in kc as Be changes from 0 p.s.i. to 

6 x 10 6 p.s.i.). 

For values of Be in excess of 12 x 106 p.s.i., kc increases very 

slowly, thus doubling the bulk modulus from 12 x 106 to 24 x 106 p.s.i. 

increases kc by only 4%. 

It was shmvn in section 6.5, that for minimum pm.;rer consumption, 

kc should be as large as possible. The value of kc will however be 

limited by chamber bulk moduli obtainable with practical vessel 

configurations. 

An all steel monobloc chamber construction, and a steel-tungsten 

carbide duplex vessel configuration are examined in the following sections, 

and the chamber bulk modulus of each type is determined. 

* Practical fluids with higher bulk moduli are not readily available. 
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6. 6-3 Examination of a monobloc chamber construction 

6.6-3-1 Diametral dimensions required for adequate strength:­

If the chamber is of a monobloc construction, then neglecting end 

effects the classical equations of Lam~for the stress distribution in a 

single thick-Halled cylinder can be expressed as:­

(57) 

(5 (58)r 

where r = radius 

crc = circumferential principal stress at radius r 

crr = radial principal stress at radius r 

a, b constants. 

The following additional terms are defined:­

p = internal chamber pressure 

ri = internal radius of cylinder bore 

ro = external cylinder radius 

C5ci = circumferential stress at the bore when pressure, p, is 

applied 

radial stress at the bore when pressure, p, is applied 

(5 
ro radial stress at outside wall of the vessel 

= uniaxial tensile strength of the material. 

Inspection of equations (57) and (58) reveals that the principal 

stresses crc and crr reach their maximum tensile and compressive values 

respectively when r is minimum, i.e. at the bore. Failure may therefore 



-- --~--------------------------------

81 

be expected to occur at the bore. 

The outside wall of the cylinder is a free surface, thus when 

hence, from equation (58), 

a = 	 b (58-1) 
r 2 

0 

At the bore of the cylinder the radial stress is compressive and equal to 

the applied pressure. 

i.e. when r = ri' 0ro = - p 

hence, from equations (58) and (58-1), 

p = 	b (58-2) 

From equations (57) and (58-1), the circumferential stress at the 

bore may be expressed as:­

(57-1) 

The constant, b, may be eliminated from equations (57-1) and (58-2) to 

yield:­

(59) 
p 

If failure at the bore occurs according to Tresca's criterion {22], 

then:­

(60) 

and 	since ari =- p, from equation (60), at failure, 

0 . 	 = ft - p (60-1) 
c~ 
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Eliminating crci from equations (59) and (60-1) and rearranging, the 

following relationship is obtained:­

(61) 

If r and ri are fixed, then for a given value of p, the minimum tensile 
0 

strength of the material is given by:­

(61-1) 

Thus for a bursting pressure, p = 100,000 p.s.i., = 9 in., ri 4.12 in.;r 0 

ft = 252,000 p.s.i. 

Tensile strengths of this order and greater are obtainable using steels 

such as the K9L, NMCV-D.T.D., 'Hecla' 174 and Hykro series of steels. 

6.6-3-2 Determination of the bulk modulus:­

The expression for the bulk modulus of a cylinder (equation (5)) 

derived in section 4.4 is not directly applicable in this case since it 

neglects axial deformation of the cylinder. In this case, movement in the 

axial direction is not constrained by an external load and must be taken 

into account. 

The following notation is used:­

p = internal applied pressure 

r = internal radius of cylinder 

h = internal height of cylinder 

11r = radial displacement when pressure, p, is applied 

11h = axial displacement when pressure, p, is applied 
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Vo internal volume of the cylinder 

!::.Vc = change in cylinder volume when pressure, p, is applied 

Do outside diameter of cylinder 

Di = inside diameter of cylinder 


E = Young's modulus for the material 


\) Poisson's ratio for the material 


aa = axial stress 

when an internal pressure is applied, the change in volume is given by:­

!::.Vc = nr2h - n(r + t::.r)2(h + !::.h) 

Expanding the above expression, and ignoring second order quantities, 

(62) 

The chamber bulk modulus Be has been defined as Be = V0 p 

!::.Vc 

hence from equation (62), prh 
2h!::.r + r!::.h 

therefore 1 2t,.r + t,.h 

Be pr ph 


or 	 1 _1_ + _1_= (63) 
Be Bcr Bca 

where Bcr 	 ____E!. is defined as the 'radial bulk modulus' 
26r 

and Bca == ~ is defined as the 'axial bulk modulus'. 
!::.h 

Since 	r = Di, Bcr is identically the expression obtained in 
2 

equation (5), which is reproduced below using the current notation 
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0 lD 2 - D·2 )E 
(5-1)2 

The axial stress is assumed to be uniformly distributed over the cross-

sectional area of the cylinder and is given by:­

cr = a D 2 - D·2
0 l 

pDi2The axial strain llh is thus, llh = 
h h E(Do2 - Di2) 

hence 

E (Do2 - Di2)= .Ph =Bca (64)[lh 
D·2

l 

For D0 = 18 in.; Di = 8.24 in.; E = 30 x 106 ; and v= 0.3, the values of 

Scr and Sea calculated from equations (5-l) and (64) are:-

Bcr = 8.2 x 106 p.s.i. and Sea= 113 x 106 p.s.i. 

The chamber bulk modulus calculated from equation (63) is:­

Be~ 7.65 x 106 p.s.i. 

With this value of Be, the chamber gain, kc, may be calculated from 

equation (56)(or read from Fig. 27) to be kc = 2850. 

It should be noted that with an all steel vessel, the maximum 

value that the bulk modulus can theoretically attain is:­

(Sc)max = _!_ = 11.5 x 106 p.s.i. 
2.6 

This is determined from equations (5-l), (64) and (63) by letting D0 ~ oo. 

Higher bulk moduli are obtainable with finite cylinders if a material with 

a higher modulus of elasticity is used. This is further discussed in the 

following section. 
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6.6-4 Examination of a duplex chamber construction 

Materials with moduli of elasticity greater than that of steel 

tend to be brittle and have a low tensile strength. A chamber made for 

example from tungsten carbide to the user's dimensions ~vould burst at 

pressures of less than 100,000 p. s. i. By making the chamber a duplex 

construction with a carbide inner liner in a steel outer component, a 

compact vessel with a low compliance (high bulk modulus) may be obtained. 

6.6-4-1 Optimum diametral dimensions required for adequate strength 

The following notation is adopted for the purposes of the sub­

sequent analysis:­

E Young's modulus 

\) Poisson's ratio 

compressive strength of material in uniaxial test 

= tensile strength of material in uniaxial test 

1.. = ft strength ratio 
fc 

F fti ratio of tensile strengths of inner to outer component 
fto 

cylinders 

p = radial pressure applied to inner bore 

P2 = radial pressure at interface radius due to interference alone 

llp2 = change in interface pressure when p is applied at the inner 

bore 

r = radius 

r = inner bore radius 
1 
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r2 interface radius 


= outer radius
r 3 


x = r /r = overall radius ratio

1 3 


y = r /r = radius ratio of outer cylinder

2 3 


6 radial interference at interface 


Or radial Principal Stress 


oc circumferential Principal Stress. 


N.B. The physical properties of the inner and outer cylinders are 

distinguished by the subscripts 'i' and 'o' respectively. 

For the present case it will be assumed that the inner and outer component 

cylinders are made from tungsten carbide (with 10% cobalt) and EN 30 steel 

respectively, with the following properties:­

E· 90 X 106 p.s.i.; E0 30 X 105 P· s. i.~ 

\)i 0.21; \)0 = 0.3 


fci 848,000 P· s. i.; fco = 212,000 p .s. i. 


fti 106,000 P· s. i.; fto 212,000 p. s. i. 


:\i 0.125; Ao 1. 

fti
F = 0.5 . 

Parsons and Cole [27) propose a method of optimising the parameters of 

short duplex cylinders based on the Mohr criterion of failure - a criterion 

for which the degrees of brittleness of the materials of construction can 

be taken into account. 

The reliability of the Mohr criterion and the method used is 

confirmed by experimental work carried out by the authors. In all cases 
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of 'semi-brittle' inserts in ductile outer cylinders slight discrepancies 

between predicted and actual failure were on the side of safety [27]. 

The Hohr criterion of failure may be expressed as follmvs:­

a c - :\or = ft (64) 

It should be noted that for purely ductile materials, i.e. A = 1; the 

Hohr criterion assumes the form of the Tresca criterion of failure due to 

maximum shear stress, while for completely brittle materials, i.e. :>.. = 0; 

the Mohr criterion is identical to the Rankine criterion of failure due 

to maximum principal stress. 

In deriving design relationships for the compound vessel, the 

authors [27] use the Lame equations (equations (57) and (58)) to 

determine expressions for the radial and circumferential stresses at the 

bore of each component cylinder; taking into account the separate effects 

of prestressing during assembly and the application of an internal pres­

sure, p. 

The Mohr criterion of failure (equation (64)) is applied to each 

case, and by assuming that failure occurs simultaneously in both components, 

an expression for the internal pressure that will cause failure is obtained. 

For the case of a 'semi-brittle' insert (i.e. 0 < :>..i < 1) in a 

fully ductile outer cylinder (i.e. :\0 = 1), the internal pressure that will 

cause simultaneous failure in both components is given [27] by:­

(y2 - x2)F + y2(1- y2) 
(65)

(y2 + x2) + :>..i(y2- x2) 

By differentiating equation (65) with respect to y, the authors show that 
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for a given value of x, p has a maximum value when:­

- Ai) (66)y2 =-c- 'i) x2 + x (1- .iy x2 + 2F + (1 

1 + ).. 1 + A. 
1 1 1 + Ai 

For the present case, if the vessel is to be designed to burst at twice 

the working pressure, then p = 100,000 p.s.i. By substituting for p, fto• 

F and Ai in equations (65) and (66), and solving simultaneously for x and 

y, the following values are obtained:­

X= 0.500 

y = 0.691 

Thus for = 4.120 in., = 5.690 in., and = 8.240 in.r 1 r 2 r 3 

An expression for the necessary radial interference at the interface is 

derived by the authors [27] and may be written thus:-­

r f (1 - y2)2 to 

(6 7) 

The value of p to be used here is again the bursting pressure, 

p = 100,000 p.s.i.. By substituting for x, y, r 2 , fto and the elastic 

constants, the necessary interference is £ound to be:­

6 = 0.0069 in. 

The necessary diametral interference is thus oD = 2o = 0.0138 in. 


In order to ensure that the interface radius assumes a value of 5.690 in. 
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after assembly, the interference should theoretically be apportioned in 

the ratio:­

(1 - v~)y2 + (1 (1 ­

Ei(y2 - x2) 

from \vhich it follows that cSDi = 0.0019 in and cSDo = 0.0119 in. 

where cSni = initial diametral oversize of the outer diameter of the 

inner cylinder 

and initial diametral undersize of the inner diameter of the 

outer cylinder. 

If the interference is proportioned in a different way, the error incurred 

in the final interface radius will be very small, so that for practical 

purposes the interference m~y 1c arbitrarily divided as long as it totals 

0.0138 in. 

6.6-4-2 Determination of the bulk modulus:­

In order to determine the bulk modulus of the vessel, it is 

necessary to ascertain the change in interference pressure, ~p2 , \vhen an 

internal pressure, p, is applied. 

This is given by [27] as:­

+ y 2 (1- v 0 ) + (1 

E
0 

(1 - y2) 

(68) 

Substituting for x, y and the elastic constants, the following expression 

is obtained:­

~p2 0.391 p. 
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Hence if a pressure p is applied, the chan~ in pressure, lip, across the 

inner liner is given by:­

i.e. lip= 0.709p. 

The radial bulk modulus, Scr in this case is 

where llr 
1 

== change in bore radius, thus using a development similar to 

that in the derivation of equation (5), S for this case may be expressedcr 

as:­

S Ei 
cr == -1-.-4-1-8 (5-2) 

where 
 inner bore diameter 8.240 in. 


interface diameter 11.380 in. 


By substituting for the elastic constants, and the diameters; in equation 

(5-2) the radial bulk modulus is found to be:-

Scr = 18.5 x 106 

If the duplex chamber assembly has the general configuration 

illustrated in Fig. 26, the liner '""ill not be subjected to any direct 

stress in the axial direction. A longitudinal shear stress at the outer 

wall of the liner will however be transmitted by the interface friction, 

and this will tend to restrain axial deformation of outer cylinder. If 

this restraining effect is neglected, a conservative estimate of the 

axial bulk modulus may be obtained, by following a development similar to 

the derivation of equation (64). 

In this case, the axial bulk modulus, Sea' is given by:­
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(69) 


where = outer diameter of the outer cylinder = 16.480 in.D3 

Substituting for Ei, D , D , and D ; in equation (69) the value of Bca is
1 2 3 

found to be:-

BCa = 62.6 X 106 p.S.i, 

Substituting for Bca and Bcr in equation (63), the follm.,ring value of the 

chamber bulk modulus is obtained:­

Be= 14.3 x 106 p.s.i. 

Thus the bulk modulus of the duplex construction is almost twice that of 

the monobloc type. The value of kc may be calculated from equation (56). 

Thus k 3050, which is about 7% higher than the value obtainable c 

with the monobloc construction. 

The maximum hydraulic horsepower required in each case may be 

predicted from equation (54). For a chamber pressure of 50,000 p. s. i., 

and a pressure rise rate of 3,000 p.s.i./sec., 7.96 hp is required for 

the monobloc chamber and 7. 45 hp for the duplex. The saving \-JOuld be 

about 0.5 hp or 6.5% if the duplex chamber is used. 

The saving in pm.;rer is considered to be too small to justifiy the 

extra cost of a duplex chamber, and the use of a monobloc pressure vessel 

is therefore recommended. 

6.6-5 Further chamber considerations 

In practice the chamber will probably be capable of withstanding 

pressures greater than the 'bursting pressure' for which it has been 
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designed, since the chamber cap will tend to resist radial deflection and 

thus reduce circumferential stresses in the walls of the vessel. The end 

effects ~vill also tend to increase the radial bulk modulus; hence the 

neglecting of these influences is on the side of safety. 

6.6-5-1 Fatigue resistance 

It is well established that the fatigue life of a plain walled 

cylinder subjected to repeated internal pressure is limited [43 -46]. 

When the pressures used are substantially lower than the yield strength 

of the material, the fatigue life is prolonged. Morrison et. al. [43] 

found that vessels for which the stress did not exceed 65,000 p.s.i. 

could have an extremely long fatigue life (termed 'infinite' by the 

authors). The cylinders used by the authors were made from nitrided 

'Hykro' steel. If a monobloc chamber is used for the current application, 

the maximum shear stress is half the principal stress difference at the 

bore; 

i.e. (70) 

where maximum shear stressTmax 

a . circumferential stress at the bore
Cl 

a radial stress at the bore. 
ri 

If the working pressure is Pc, and the inner and outer radii are 

ri and respectively, as in section 6.6-3, then from equations (59)r 0 

and (70), putting ari - Pc and rearranging, the following expression 

is obtained:­

(71) 
r 2 - r.2 

0 l 
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From equation (71), for ri = 4.12 in, 9 in. and Pc 50,000 p.s.i.,r 0 

Tmax = 63,000 p. s. i. 

Thus if the chamber is made from one of the recommended steels, and 

preferably from nitrided Hecla '174' or Hykro, a very long fatigue life 

should be obtainable. 

6.6-5-2 Transfer function of the chanilier. 

For the subsequent analysis of the control system it will be 

assumed that the chamber gain has a value, kc = 2850. It is important, 

however that the chamber gain be measured in practice before final adjust­

ments to the control system are made. Experimental determination of the 

chamber gain would require the metering of the flow into the vessel and 

measuring the rate of pressure rise. 

Assuming zero initial conditions, the transfer function of the 

chamber may deduced from equation (3), (derived in section 4.4). 

If q = rate of flm,;r into the che1mber, Pc = chamber pressure, the transfer 

function may be expressed as:-

Pc kc 
= (72)

q s 

6.6-5-3 Referred bulk modulus 

The effective bulk modulus is usually used as a measure of the 

elasticity of a system. While the cylinder or chamber gains, kc, may 

always be directly compared, the effective bulk moduli are not directly 

comparable if the fluid volume is different from the total volume (as in 

the case of isostatic pressing). For purposes of comparison between 
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different systems, the 'referred bulk modulus', i.e. the effectiv~ bulk 

modulus referred to the fluid volume, should be used. 

The referred bulk modulus, Sr' is defined by the following 

expression:­

(73) 


where se = effective bulk modulus 

total volumeV0 

vf = fluid volume 

For kc = 2850, and Vf =50 cu. in., Sr 142 '500 p. s. i. 

6.6-5-4 Chamber for I.P. and H.P. operation 

If the same chamber is to be used for both the I. P. and H. P. 

compaction cycles, the removable 'blank' (Fig. 26) should be made from a 

material with a high bulk modulus, e.g. tungsten carbide*. The chamber 

itself may be designed using the same procedure as jn the foregoing. In 

order to reduce \veight, the use of tHo or more component cylinders in the 

construction of the vessel should be considered. 

The chamber gain is likely to vary considerably during the I. P. 

cycle, owing to the compressibility of the material being compacted. 

Even though the control system may be designed to be stable over the com­

plete range of chamber gain variation, its performance will be less than 

optimal. Possible methods of compensating for large variations in the 

chamber gain are briefly considered in section 17. 

* The true bulk modulus (i.e. under isostatic conditions) of tungsten 
carbide is about 50 x 106 p.s.i., or approximately twice that of steel. 
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6.7 High Pressure Generation 

The pressure generation system consists of an H.P. intensifier 

driven by an I.P. pump; and an H.P. accumulator. These are briefly 

considered below, first individually and then collectively. 

6. 7-1 Operating principle of the pressure intensifier 

A pressure intensifier is essentially a cylinder with at least two 

sections of differing diameter. Lower pressure fluid, introduced into the 

large end, causes the piston to move and eject a smaller quantity of 

higher-pressure fluid at the small end. In the absence of friction the 

intensification ratio would be equal to the ratio of the large to the 

small piston areas. 

Intensifiers may be of single or multi cylinder construction, and 

each cylinder may be single or double acting~~. A single cylinder, double 

acting intensifier is illustrated in Fig. 28(a). 

The intensifier shown has an electrically operated reversing 

mechanism (see Fig. 28 (b)) although hydraulically actuated reversing 

mechanisms are also commonly used. 

With the piston in the position shown in Fig. 28(a), the 

solenoid 'S' of the four way valve is de-energised and fluid from the 

I.P. pump enters port 'A'. I.P. fluid also enters H.P. chamber 'X' through 

1 B1check valve 1. Port is vented to the reservoir through the four-way 

valve; thus the piston moves from right to left, discharging H.P. fluid 

from chamber 'Y' to the accumulator -HPA line via check valve 3. When 

the piston reaches the end of its stroke, it engages limit switch L.S.2. 

* A single acting cylinder implies one \vorking stroke per cycle while 
double acting means two working strokes per cycle. 
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L.S.2 is spring loaded and normally open (N/0), it is thus temporarily 

closed by the piston. This action completes the circuit (Fig. 28 (b)) 

which energises the relay coil. The relay is a double - pole type, both 

poles of which are normally open. One pole is used as a 'hold circuit' 

which keeps the relay energised after L.S.2 is re-opened when the piston 

retracts. The other pole of the relay energises the solenoid 'S' which 

actuates the four-way valve thus connecting port 'B' to the I.P. supply 

and venting port 'A'. At this stage the piston commences to move to the 

right thus discharging H.P. fluid through check valve 2. When the piston 

approaches the end of its stroke it contacts normally closed limit switch 

L. S.l \vhich breaks the relay circuit thus de-energising the solenoid and 

returning the valve to its original position. The cycle then repeats 

itself. 

6. 7-2 Operating principle of H.P. accumulator 

Pressure accumulators are used to perform two major functions in 

hydraulic circuits, namely that of hydraulic power storage and pulsation 

damping. Hydraulic accumulators consist essentially of an externally 

loaded variable volume chamber. They are distinguished by the type of 

external loading used. The principal types of loading used are dead-weight 

loading, mechanical spring loading and compressed gas loading. 

A dead-weight loaded accumulator is the simplest form of hydraulic 

energy storage vessel. It comprises a vertical cylinder fitted with a 

piston carrying a large mass or ballast. Although this type of accumulator 
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has the unique advantage that the fluid pressure is kept constant 

irrespective of variations in the volume of fluid in chamber; it is not 

widely used since the physical space occupied by the mass or ballast, 

particularly at high pressures, is very large. 

In the spring-loaded type of accumulator, the piston \vorks against 

one or more compression or tension springs. This type of accumulator is 

usually used only in low pressure, lmv volume applications. 

Accumulators which make use of compressed gas loading are the 

most compact and most widely used type, for all pressure ranges [29]. 

Compressed gas loading may be achieved in several different ways. The 

hydraulic fluid and compressed gas are usually separated by diaphragm, 

flexible bladder or bag or by rneans of a floating piston. For the H.P. 

range; the floating pjston i:~'PC is usr·rl since it is possible to make use 

of a difference in area, as in the case ·of an intensifier, to maintain 

gas pressures at reasonably safe levels. 

A differential area, compressed gas loaded H.P. accumulator is 

illustrated in Fig. 29. The gas is contained in a flexible bag which is 

attached to the supporting chamber wall at one point only, i.e. at the 

precharging port. The gas bag is separated from the fluid chamber by a 

floating piston which may be solid or hollow. The object of the bag is 

to minimise the loss of compressed gas, so that the accumulator need be 

re-charged with gas very infrequently. 

Nitrogen is usually used as the precharging gas, as a safety 

precaution against explosions, and the vessel is usually fitted with a 

"keroset" or equivalent type of plug which melts in the event of a fire 
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and allows the gas to escape. The vessel supporting the bag is usually 

designed to withstand at least five times the maximum gas pressure. 

Precharging is effected using a very low powered high pressure 

booster, which may be electrically or shop-air driven. These units are 

available in portable form, thus a single booster may be used to precharge 

a large number of accumulators. The accumulator is precharged through 

a series of check valves. (Usually at least bvo check valves are used to 

minimise subsequent loss of compressed gas.) 

In spring-loaded and compressed gas loaded accumulators, the 

hydraulic-fluid pressure varies as a function of the volume of fluid being 

stored. In the case of a compressed gas accumulator, the variation in 

pressure can be made insignificant by making the gas volume very much 

greater than the hydraulic fluid volume. This however is uneconomical, 

and most accumulators are designed to restrict fluid pressure variation 

to bet,veen 20% and 25% of the minimum pressure. 

6.7-3 The H.P. pump 

Positive displacement pumps of the radial and axial plunger types 

are commercially available for operating pressures of up to 10,000 p.s.i. 

Variable and fixed displacement types are obtainable. For the current 

application, the type of pump used is immaterial, provided that it can 

meet the flow and pressure requirements of the system, The pump should 

therefore be selected on the grounds of proven reliability and low cost. 

For the current application, a fixed displacement axial plunger 

pump is likely to prove most favourable. The size of pump to be used is 

dependent on the intensifier, accumulator and requirements of the control 

system. It is essential that the pump, intensifier and accumulator are 
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chosen so as to form a compatible sub-system; they are thus examined 

collectively belm.;r:­

6. 7-4 	 The selection of a pump - intensifier - accumulator combination 

In selecting a set of components for the H.P. generating system, 

consideration must be given to the requirements of the control system, life 

and reliability of the components and cost. 

Commercially available accumulators generally ~.;rear very little and 

thus have a relatively long life. They are usually very reliable, but 

rather expensive; the cost increasing with increasing storage capacity. 

Axial plunger pumps are designed for continuous operation at full 

load, and their cost increases almost in direct proportion to their 

hydraulic power output, for units in excess of 10 hp output capacity. The 

cost per horse-po~.;rer of output is generally higher for smaller capacity 

pumps. 

Unlike pumps, intensifiers are generally intermittently used in 

hydraulic circuits. Commercially available types are thus designed with 

intermittent usage in mind, and if used continuously may consequently be 

expected to have a shorter life than a pump with the same pmver output. 

For double acting intensifiers of the type described in section 6.7-1, 

which are capable of producing pressures of up to 75,000 p.s.i., the cost 

of the unit per c.i.s. of output is approximately constant for units of 

1 c.i.s. capacity and larger. Smaller capacity units of this type generally 

have 	a higher cost per c.i.s. of output at the same pressure level. 

One possible approach is to have a large accumulator and a 

relatively lm.;r capacity intensifier and pump. The accumulator Hould have 
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to store sufficient pressurised fluid for the duration of the cycle, and 

would be re-charged between production runs. The cost of a large 

accumulator could be offset by the savings due to the utilisation of a 

lower capacity pump and intensifier. This approach will however under­

mine attempts to minimise non-productive time in mass production processes. 

The duration of the cycle will also be limited by accumulator capacity. 

Another approach is to use a very much smaller accumulator, just 

large enough to act as a pulsation damper, and to smooth out the 

intensifier delivery; coupled with an intensifier - pump combination that 

can readily meet the demands of the control system. 

There is apparently no compromise between the two approaches that 

will not limit the duration of the cycle. In order to keep the system 

as flexible as possible, the second approach is adopted. 

All the pressure generating components are available in standard 

sizes. An accumulator of the type described in section 6. 7-2, with a 

capacity of one-half imperial pint (17.3 cu. in.) should be adequate for 

the current application. (Hith a chamber gain of 2850, the accumulator 

if fully discharged could raise the chamber pressure by nearly 50,000 p.s.i. 

without assistance from the intensifier.) A typical accumulator of this 

type and size would have the following properties:­

Pre-charging gas pressure ;::; 20 ~ 000 p. s. i. 

Gas pressure when fully charged 1vith hydraulic fluid= 25~000 p.s.i. 

Hydraulic fluid pressure when fully discharged 60' 000 p. s. i. 

Hydraulic fluid pressure when fully charged 75, 000 p . s. i. 

McMASTER UNIVERSITY LII::H<Arft 
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Hhen the rate of pressure rise demanded by the programmer is 

3,000 p.s.i./sec., from equation (51), the flow into the chamber should 

be 1. 05 c. i. s. 

As the fluid is supplied at a pressure higher than the chamber 

pressure, there will be a dilation of volume flmv rate from the high 

pressure source to the chamber. The flow rate that the H.P. source will 

be required to deliver is related to the fJmv into the chamber by the 

following expression:­

(74) 

where delivery of H.P. source 

q flmv into the chamber 

Ps H.P. supply pressure 

Pc chamber pressure 

Sr referred bulk modulus of the fluid as defined in 

section 6.6-5-3. 

The maximum delivery required from the H.P. source Hill occur 

when Ps = 60,000 p.s.i., Pc = 50,000 p.s.i. and q = 1.05 c.i.s. 

From equation (74), under these conditons qs = 0.98 c.i.s. for 

Sr 142,500 p.s.i. 

Hhen the supply pressure is Ps = 75,000 p.s.i.; Pc = 50,000 p.s.i. 

and q = 1.05 c.i.s., then for Sr = 142,500, from equation (74), the 

required delivery will be qs = 0.89 c.i.s. 

It should be noted that at a supply pressure of 60,000 p.s.i., 

and a delivery of 0.98 c.i.s., the hydraulic horse power available is 8.8 hp 
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(from equation (53)) '"bile at a supply pressure of 75,000 p.s.i. and a 

delivery of 0.89 c.i.s. the hydraulic horse power available is 10.1 hp. 

In either case, the chamber and its contents store potential energy at 

a rate of only about 8 hp (see section 6.6-4-2). Most of the balance 

of the power is used to accelerate the fluid from the H.P. source to the 

chamber, and is lost in turbulence in the chamber [47]. 

The H.P. source should thus be capable of delivering 0.89 c.i.s. 

at 75,000 p.s.i., to meet the requirements of the chamber. To this 

required delivery should be added an allmvance for leakages in H. P .A., 

accumulator and elsewhere, therefore a fluid consumption of the order 

1 c.i.s. at 75,000 p.s.i. should be allowed for. 

A flow as high as 1 c. i. s. will probably only be required for 

short periods during the cycle, and an intensifier \vi th half this capacity 

would probably suffice. If the cycle is very demanding hmvever, a 0.5 c.i.s. 

intensifier might have to operate almost continuously under load in order 

to keep the accumulator charged. An intensifier of 1 c.i.s. output 

capacity would only have to operate for half the working time of the 

smaller unit, and its expected life will therefore be doubled. For a 

commercially available intensifier of the type described in section 6.7-1, 

a 1 c.i.s. output capacity unit costs only about 45/.: more than a 0.5 c.i.s. 

unit, and will therefore be more economical in the long run. (This 

reasoning does not apply to units of capacity greater than 1 c.i.s. unit. 

The increase in the expected life would just cover the additional capital 

outlay, but not the interest on the capital.) 
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It is thus recommended that an intensifier capable of delivering 

1 c.i.s. of fluid at a pressure of 75,000 p.s.i. be employed. An 

intensifier of this size can meet the required system demand, the 

accumulator being used only to smooth out the intensifier output, and to 

supply additional power when necessary, for rapid error correction, or dur­

ing the initial portion of the H.P. cycle, \-?hen the pellet is not fully 

compacted. 

The hydraulic horse-power output of the intensifier will be a 

maximum of 11.4 hp. Allowing for an intensifier efficiency of 90%, the 

I.P. hydraulic pmver input required is 12.6 hp. At 10,000 p.s.i., from 

equation (53), the delivery of the pump should be 8. 3 c. i. s. Allowing 

2.5 c.i.s. for the servo-valve would require a pump of 10.8 c.i.s. 

capacity. The closest standard size is an 11.1 c.i.s. pump, which requires 

a 20 hp electric motor drive. 

It was mentioned earlier that pumps with hydraulic horse power 

outputs in excess of 10 hp have an approximately constant cost per horse 

power, which is less than the cost per horse power for smaller pumps. 

As in the case of the intensifier, this has been taken advantage of, and 

the fact that the pump will not often operate at full capacity should 

prolong its life. 

The pump flow should be directed by a sequence valve which 

guarantees flow to the servo-valve circuit. The intensifier circuit may 

be fed from the secondary side of the sequence valve, and can be unloaded 

by a separate unloading valve when the accumulator is fully charged. 

This arrangement is further discussed jn section 6.17 
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6.8 	 The Pressure Transducers 

High pressure can be me.:1sured by several different means, which 

may broadly be classified as:­

(i) 	 Dead weight gauges 

(ii) 	 Elastic deformation gauges (Bourdon tubes, strain gauge 

cells, and bulk modulus cells [48].) 

(iii) 	 Change in electrical resistance of some material when 

subjected to pressure [18, 49]. 

(iv) 	 Phase changes in a material subjected to pressure [18]. 

Sensors which are to be used for control purposes are generally 

required to couple high accuracy with rapid response, reliability, and 

insensitivity to influences such as temperature changes, magnetic and 

electrostatic fields. Only a fe\v of the pressure me.:1surement techniques 

are therefore generally utilised as transducers for control purposes. 

One of the most successful types of high pressure transducers is 

the manganin cell, 'dhich depends on the change in resistance of a coil 

of wire which is exposed to high pressure [50]. Manganin alloy has a 

relatively large, positive, linear,resistance- pressure relationship and 

is relatively insensitive to temperature fluctuations. Manganin cells 

usually comprise two coils of wire, one of which is active, while the other 

is a compensating coil. The active coil may be directly exposed to the 

high pressure environment, provided a non polar fluid is used. The dorm­

ant coil is isolated from the high pressure fluid, but is placed in close 

proximity to the active coil, and is used to compensate for gross ambient 

temperature changes. 
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The resistance change is detected as an out-of balance current 

in a bridge circuit, which has an output amplifier with adjustable gain. 

Although manganin gauges have been found to be linear and 

reproducible in pressure measurements to better than 0.1%, [18, 50], 

precision of this order is unusual in control applications, since 

adiabatic temperature changes within the material introduced by pressure 

fluctuations affect the resistivity of the wire slightly, even when ambient 

temperatures are steady [50]. 

Industrial type manganin pressure transducers are available for 

pressures of up to 400,000 p.s.i. A typical 0 - 50, 000 p.s.i. transducer 

has a maximum error of less than 1% of full scale and negligible time 

constant. Transducers of this type are relatively inexpensive, easily 

incorporated into hydraulic syster11S and require no mainten<Jnce. 

Since the required accuracy of the process for the current applic­

ation has not been specified, it will be assumed that an industrial 

manganin transducer of the type discussed in the foregoing Hill suffice. 

A 0- 50,000 p.s.i. transducer is required forT (Fig 25), while 
1 

a 0- 75,000 p.s.i. rating is necessary for transducer T (Fig 25). It2 

will be assumed that the output amplifiers of both transducers have been 

adjusted to give an overall sensitivity of 1 volt per 5,000 p.s.i. 

The transducer gain, kt, is thus:­

k = 1 = 0.0002 volts/p.s.i.
t 

5000 

6.9 	 The Hydraulic Power Amplifier and Servo-Valve 

The hydraulic power amplifier (HPA) is envisaged as a spool type 
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valve, which is driven by the servo-valve. It is intended that the output 

flow (to or from the chamber), under steady-state conditions, be proport­

ional to, and of the same order as, the output flow from the servo-valve, 

which in turn is proportional to the system error. The purpose of the 

HPA is to raise the pressure, and hence the power level of the servo-valve 

output rather than amplify the flow. 

A design study of the HPA is presented below. 

6.9-1 Principle of the HPA 

The HPA is schematically illustrated in Fig. 30. If the spool of 

the servo-valve second stage is moved from its central position to the 

right, in response to an amplified error signal from the servo-valve pre­

amplifier, oil from the L.P. source ,.;rill flow into L.P. chamber 1 of the 

HPA while fluid is discharged from L. P. chamber 2. The spool of the HPA 

is thus forced to move to the right, uncovering port 2. Fluid from the 

H.P. source is thus able to reach the H.P. chamber through ports 1 and 2. 

If the servo-valve spool is displaced to the left, the HPA spool will also 

move to the left, thus venting the H.P. chamber to the reservoir via ports 

2 and 3. 

Leakage flow past the right end spool land is drained to the 

reservoir via port 3, while leakage past the left end spool land reaches 

port 3 through the hollow main spool. 

6.9-2 Design of the main orifice 

If it is assumed that the flow through the main orifice (port 2, 

Fig. 30) is turbulent, the flow to the H.P. chamber may be represented by 
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the 1 orifice lmv', equation (75). 

(75) 

where flow to the H.P. chamber 

Cd coefficient of discharge 

a orifice area 

p = fluid density 

Ps = supply pressure 

Pc = chamber pressure. 

The flm.;r, qCl' from the H.P. chamber, to the reservoir is similarly given 

by equation (75-1), when the spool is moved to the left. 

(75-1) 

It should be noted that equation (75-1) assumes zero reservoir pressure. 

The basic assumption that the 'orifice law' applies is justified 

subsequently. 

The 'orifice law' assumes incompressible flm.;r, the coefficient of 

discharge being calculated using the fluid density downstream of the 

orifice. In the current application, the H.P. chamber fluid density 

should be used in conjunction with coefficients of discharge published 

in the literature. 

The density of the fluid downstram of the orifice varies with 

chamber pressure according to the following law [33]:­

(76) 
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where Po density at atmospheric pressure = 0. 78 x 10-4 lb sec2/in1+ 

Br = referred bulk modulus of the fluid = 142,500 p.s.i. (see 

section 6.6-5-3). 

Since the flow through the orifice, qc and qcl (equations (75) and 

(75-1)), is dependent on the reciprocal of the square-root of the density, 

the estimated flow rate will be relatively insensitive to density 

variations. 

It may be shown that the use of an 'average' value of density of 

1 x 10-4 lb-sec2/in4 (corresponding to a chamber pressure of 40,000 p.s.i. 

by equation (76)) will lead to a maximum error of ± 5% in the estimated 

flow rate, as the chamber pressure is varied from 10,000 p.s.i. to 

so' 000 p. s. i. 

Merritt [33] asserls that a value of 0.60 may be used for the 

discharge coefficient of all sharp edged orifices, provided that the flow 

is turbulent and the flow area immediately upstream of the orifice is much 

greater than the orifice area. 

For p = 1 x lo-4 lb-sec2/in4, Ps = 60,000 p.s.i., Pc = 50,000 p.s.i, 

and Cd = 0.60, the area, a, required to allow a flm,r of qc = 1 c.i.s. may 

be determined from equation (75) to be:- a= 1.18 x 10-4 sq. in. 

In order to ensure linearity between flow and spool displacement, 

the orifice should be rectangular in shape. 

Full peripheral port configuration will not be practical in the 

current application owing to the small value of the required area. The 

orifice should hence take the form of longitudinal slits, of which there 

should be at least two, diametrically oppositely placed to ensure pressure 

balancing. 
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If w is defined as the total width of the slits (in the circume­

fential direction), then for a spool displacement, x, from the central 

position, 

a= wx (77) 

A negative value of x implies that fluid flows from the H.P. chamber 

through the orifice to the reservoir, and is applicable to equation (75-1). 

Equation (77) is valid only for a critically lapped valve (Fig. 31). 

Thus, for a critically lapped valve, the orifice equations (75) and (75-1) 

may be respectively vlritten as:­

(78)qc = cd w X j i<Ps - Pc) 

which is valid for x ~ 0, 

(78-1) 
and 

x/1;J P "'c 

which is valid for x ~ 0. 

The "flow gain" of the valve, kf, is defined as:­

kf - 3qc for x > 0 (79) 

dX 

and kf - Clqcl for x < 0 . (79-1) 

dX 

Thus for x > 0 (80) 

and for x < 0 . (80-1) 

Thus far the flow gain has not been defined at x = O, since equations (80) 

and (80-1) are identical only for the special case of Ps = 2pc, which is 

a highly unlikely condition. 
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It is also apparent that the flow gain can vary considerably (by 

a factor of up to 2.55) as Ps and Pc take on extreme values. The loop 

gain of the control system is directly proportional to the flow gain of 

the HPA (see section 6.11) and since a steady loop gain is required for 

optimum performance (see section 6.14), it is desirable that variations 

in the flow gain of the HPA be compensated for. This is effected by the 

adaptive gain compensator (see section 6.10). 

From equation (80), kf is smallest when Ps- Pc has its lowest 

value, which is 10,000 p.s.i. for the present case. From equation (80-1) 

kf is a minimum ~vhen Pc is at its lowest value, which is also 10,000 p.s.i. 

for the 	current problem. 

Thus (kf) . = 100 Cct w /ip2 8480 w for Cd 0.60 and 
m1n J P 

p 1.0 x 10-4 lb-sec2 /in4 • 

If the adaptive gain compensator is designed to multiply the loop 

100gain of 	the control system by a factor of for X > 0, and by
l(ps - Pc) 

a factor of lOO when x < 0, variations in Ps and Pc will be nullified. 
~ 

A 'compensated flow gain', Kf which is independent of pressure may thus 

be defined as:-

Kf = 8480 w (81) 

Equation (81) is valid for all x, provided that the adaptive gain 

compensator multiplies the loop gain by the appropriate factor at x = 0 

as well. If for example x approaches zero from a positive value, then 

the appropriate compensation factor is 100 for x ~ 0. 
fPs - Pc 

If on the other hand, x approaches zero from a negative value a 

100compensation factor of will be applicable for x ~ 0. It should be 
I Pc 
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noted that the choice of the minimum value of kf as the point of unit 

compensation is arbitrary, but convenient in this case. 

The adaptive gain compensator is further discussed in section 

6.10. 

The flow-displacement characteristics of a valve is highly 

dependent upon the lap of the valve (Fig. 31). Underlapped valves display 

non-linear characteristics and suffer from excess leakage. The character­

istics shown in Fig. 3l(a) represent the ideal case of (qc) = I (qc 1 ) I 
0 0 

when the spool land is centred. Since the flow gains associated with qc 

and qc 1 cannot be compensated simultaneously, Fig. 3l(a) is valid for the 

special case of Ps = 2Pc· For any other relationship between Ps and Pc' 

a net flow into or out of the chamber will exist for the land in the 

central position. The control system will therefore move the spool to an 

off-central position so as to minimise the error. Thus under steady state 

conditions, the spool of an underlapped valve will seldom be centrally 

positioned. As the control system behaves as a proportional controller 

under steady-state conditions (see section 6.11), a steady state error 

will exist. This coupled with the excess leakage and non-linear flow gain 

makes the underlapped configuration the least desirable of the three. 

The overlapped valve case leads to 'dead zone' and hence loss of 

control in the overlapped region, and thus steady-state error. 

The critically lapped valve represents the optimum condition, 

since it leads to linear flow-displacement characteristics. Null leakage*, 

* Null leakage is not to be confused with the total H.P. leakage past the 
land into the reservoir chamber of the valve. 
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i.e. leakage into and out of the orifice through the annular clearance 

between the land and the valve bore will influence the characteristics in 

all three cases. 

In the case of the critically lapped valve, the null leakage is 

not subject to flow-gain compensation, and will thus affect the flmv­

displacement characteristics in the null region, for all values of 

Pc # Ps· This 'vill lead to steady-state errors as outlined in the case 
2 

of the underlapped valve. The steady-state errors will however be small 

if the null leakage is small. 

The null leakage may be minimised by ensuring that the clearance 

between the spool land and the bore is as small as possible; and for a 

given orifice area, by making the orifice slits as narrow as possible.* 

Making the slit widths narrmv \vill lead to a lowering of the flmv­

gain, but this is of minor importance, since the loop gain may easily be 

adjusted in the low power (electrical) portion of the control system. 

The minimum value of the slit width is restricted by the practical 

limitation of accurately machining fine slits. A width of 0.005 in. for 

each slit is within the range of conventional spark erosion machining 

techniques. Thus if two slits are used, each 0.005 in. wide, then 

w 0.010 in., hence for a= 1.18 x 10-~ sq. in., from equation (77), 

x = 0.0118 in. The minimum slit length required to allo'v the passage of 

1 c.i.s. of fluid at a pressure difference of 10,000 p.s.i. is thus 

0.0118 in. When the pressure difference is 65,000 p.s.i., the adaptive 

* 	 Since a pressure gradient exists across the length of the spool land, 
a longitudinal slit, which is as narrow as possible clearly represents 
the minimum leakage case, for a given radial clearance between the 
land and the bore. 
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gain compensator will adjust the gap to x 0.0046 in. for a flow of 

1 c.i.s. 

The validity of the basic assumption that the 'orifice law' is 

applicable may now be examined. 

The Reynolds number, Re, may be written as:­

Re = PqcDh 
).la 

(82) 

where Dh = hydraulic diameter (in) 

].1 = dynamic viscosity (lb-sec/in2 )(reyns) 

The hydraulic diameter, Dh, is defined as four times the ratio of the 

total flm.;r area to the total wetted perimeter. 

Thus 

D = 2a (83)h --­
\v + 2.x 

Thus the Reynolds number may be re-written as:­

Re (84) 
J.l (w + 2x) 

The dynamic viscosity, ].1, depends upon the fluid used, and in 

general varies markedly with temperature, and to a lesser extent, with 

pressure. This is particularly true of hydraulic fluids which consist of 

pure hydrocarbons. Additives, which reduce variations of viscosity with 

temperature and pressure have been developed and many 'synthetic' 

hydraulic fluids have evolved {54]. 

The sensitivity of viscosity to temperature and pressure is usually 

graphically illustrated on charts available from the manufacturer of the 

fluid. Formulae derived from the charts which approximate the variation 
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of viscosity with temperature and pressure over a certain range are often 

used. 

The viscosity - pressure relationship at a fixed temperature may 

be expressed as follows [31]:­

alp 
]Jp = llpoe (84-1) 

where llp dynamic viscosity at gauge pressure p 

llpo = dynamic viscosity at atomospheric pressure 

and pressure-coefficient of viscosity at constant temperature. 

The pressure-coefficient of viscosity may vary from 2 x 10-5 to 2 x 10-4 

depending on the fluid, the temperature and the pressure range. 

The viscosity - temperature relationship is also often expressed 

in exponential form [33], although the simpler Herschel relationship may 

be expressed as follows:­

(84-2) 

where llT ~ dynamic viscosity at temperature T°F and atmospheric pressure 

llTo dynamic viscosity at temperature To°F and atmospheric pressure 

a2 temperature-coefficient of viscosity. 

The temperature-coefficient of viscosity may vary from 1.5 to 3.5 depending 

on the fluid, and the temperature range. 

Variations of a 1 with temperature and a2 with pressure may be 

regarded as secondary {55], and equations (84-1) and (84-2) may be 

combined to yield:­

2 
V • V0 ( ~o)" e"lP (84-3) 
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where ]J dynamic viscosity at temperature T and gauge pressure p. 

Jlo = dynamic viscosity at temperature T0 and atmospheric pressure 

and and are averaged over the applicable temperature and pressurea 1 a 2 

ranges. 

It must be emphasised that equation (84-3) is not a rigorous 

relationship and is valid as an approximation over specified ranges of 

pressure and temperature. It is apparent that viscosity decreases with 

increasing temperature and increases with increasing pressure. 

For the current application, the fluid is assumed to be a V.H.P. 

alcohol-polyether base type with a 
1 

= 2.5 x 10-5 (p.s.i.)-1 for 

p ~ 75,000 p.s.i.; = 1.8 for 70°F ~ T ~ 150°F and Jlo = 1.7 x 10-6 reynsa 2 

at T0 = 100°F. 

It should be noted that the viscosity may vary from about 2]J 0 to 

about 0.5Jlo as the temperature is varied from 70°F to 150°F at atmospheric 

pressure. Furthermore, the viscosity can increase by a factor of up to 

6.5 as the pressure is varied from atmospheric to 75,000 p.s.i. at 100°F. 

For the purposes of determining the validity of the orifice law, 

the temperature of the fluid will be assumed to be constant at 

T = T0 = 100°F. 

There is experimental evidence to indicate that the orifice law, 

equation (75) is applicable at low Reynolds numbers, provided that the 

coefficient of discharge, Cd, is replaced by cd1 [33]. 

Where cdl = £/:R; (85) 

The quantity ~ depends on orifice geometry and is called the laminar flow 

coefficient. 
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A critical Reynolds number is defined by replacing Cdl by the 

coefficient of contraction of orifices in the turbulent regime. For 

sharp edged orifices, the coefficient of contraction is 0.611 [33, 51]. 

Thus Rec = (0.~11) 2 (85-1) 

where Rec = critical Reynolds number. 

Hence for Re ~ Rec, the flo\v through the orifice may be calculated 

from equation (75) using Cd = Cdl' For values of Re > Rec, the flow can 

be treated as turbulent and determined from equation (75) using Cd = 0.60. 

For the case of Re ~ Rec, from equations (75) and (85), 

q 2 2a2 ~ 2 Re (ps - Pc) • (86)c 
p 

From equation (84) and (86), substituting for Re, 

4a2~2 (ps - Pc) . (87) 
11(w + 2x) 

It should be noted that the flow is directly related to pressure difference, 

and since mass density is absent, dominated by fluid viscosity, as 

expected in laminar flow. 

Wuest [52] has determined expressions for laminar flow through 

sharp-edged orifices. 

For a rectangular slit (in this case the sum of two slits) of 

total width w and height x, where w >> x, the result is:­

(88) 

Thus from equations (87) and (88), by equating the flows the following 

expression is obtained:­
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'IT (1 + 2x) (89) 
128 w 

If term Zx is neglected, (this is consistent with the assumption that 
w 

w >> x), then from equation (89), ~ = 0.157 

If Re = Rec, then from equation (85-1), Rec = 15.2 . 

The maximum absolute value of x at which this occurs may be determined 

from equations (75), (84) and (84-3); and (75-1), (84) and (84-3), by 

putting cd = cd 1 = ~IRec = 0.611, w 0.01 in., p = 1.0 x lo-4 lb-sec2/in4 

and ~0 = 1.7 x 10- 6 reyns, then for Re = Rec = 15.2, 

Jxl = 1.41 x l0- 3 ealps 


CPs - Pc) 1/ 2 


or if equation (75-1) is used. 
Pc1J2 

It may be shown that jxj is maximum when Ps 60,000 p.s.i., Pc 50,000 

at which x = 6.3 x l0- 5 in. 

Since this small displacement represents the maximum value of x 

at which laminar flow can exist, the assumption that the orifice law, with 

Cd = 0.60 applies for all x will incur a negligible error. (The small 

value of x determined above also justifies the assumption that w >> x, 

which is presumed in equation (88)). 

The fact that the orifice lmv is valid is indeed fortunate since 

the flow gain is dominated by density (which varies relatively slightly 

with termperature and pressure) as opposed to viscosity which varies 

significantly with temperature and pressure. Variations in a viscosity 

dominated flow gain would be difficult to compensate for with the result 

that optimum system performance may not be achievable. 
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6.9-3 Design of the.spool 

In order to ensure the validity of the orifice equations, so that 

the orifice is the controlling restriction, and to prevent flow saturation 

of the valve at less than maximum stroke, it is recommended, [33], that 

the flow passages have at least four times the maximum orifice area. If 

d is defined as the radial clearance between the bore and the stem joining 

the lands in the H.P. portion of the valve, then for t'ivO slits, of total 

'vidth, 'ill, and length x, the foregoing statement may be mathematically 

expressed as follows:­

4xd + wd ;;,. 4wx . (90) 

By making d = w, inequality (90) is satisfied for all x. 

As the spool stem connecting the lands in the H.P. portion of the 

valve is hollow, it will behave as a thick walled cylinder subjected lo 

external pressure. The H.P. acting on the exposed annular flanges of the 

lands will give rise to a tensile stress in the spool stem, Hhich will be 

partially belanced by the resisting pressure on the spool ends. For a 

given spool bore diameter, the external diameter of the stem may be 

determined for adequate strength. Since the supply H.P. is likely to 

vary cyclically with a relatively high average frequency, the spool stem 

will be subject to fatigue. A factor of safety of at least three is 

recommended. 

The radial and circumferential stress distributions in the stem 

may be determined using the Lame equations (57) and (58) (see section 

6.6-3-1). 

By applying the boundary conditions, Or 0 when r 
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= r .or =- Ps' when r 
O' to equation (58)' eliminating the constants a 

and b from (57) and (58) yields the following expressions:­

p r 2
Or = -	 s 0 (91) 

1 
0-;?)r 2 - r.2

0 

- PsroOc 	 (92) 
r 

0 
-

2 

1 
~+~)2 r·2 

where 	 crr = radial principal stress 

crc = circumferential principal stress 

Ps = supply pressure 

ro = radius of outside wall of stem 

ri radius of inside wall of stem 

Both stresses are compressive for all radii, Oc being the more compressive 

of the two at any particular radius. The maximum compressive stress, crci• 

occurs at the bore and has a value given by:­

(92-1)0 ci = 

The axial stress, cr 2 , is given by:­

cr = 2nr 0 dps - P2A 
2 (93) 

nCr0
2 - ri2 ) 

where d = radial clearance between stem and valve bore 

A = spool end area 

= resisting pressure in chamber 2 of the valve (Fig. 30)P2 
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The spool end area may be expressed as:­

(94) 

Hence substituting for A in equation (93), may be written as:­a2 

2r0 dps - (r 0 + d) 2P2 (93-1) 
r 0 2 - ri2 

If the Mohr criterion of failure is used (see section 6.6-4), it may be 

expressed as follows, using a factor of safety of 3. 

(95) 

where tensile strength of the material in uniaxial test 

fc = compressive strength of the material in uniaxial test 

A strength ratio = ft 
fc 

It is apparent that a factor of safety of 3 is unattainable using 

any steel. This may be illustrated by assuming that r >> r .. Thus from
0 1 

equation (92-1), the compressive stress Oci can never be less than t'\vice 

the external pressure. If a 2 is neglected in equation (95), then sub­

stituting ft for A, fc =- 3aci = 6ps, i.e. fc = 450,000 p.s.i. for 
fc 

Ps = 75,000 p.s.i. This would be the required compressive strength of an 

infinitely thick stem. For a stem with a practical geometry, a much 

higher compressive strength would be required. Steels with compressive 

strengths of this order are currently unavailable. 

Compressive strengths of the required order are obtainable if 

tungsten carbide is used in the manufacture of the spool. It is 
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recommended that this approach be adopted rather than compromising the 

factor of safety. The use of tungsten carbide in this application can 

also provide other benefits. These are discussed subsequently. 

For given values of P2, d, ri, Ps• A and ft, it is possible to 

solve equations (92-1), (93-1) and (95) in order to establish r 0 , the 

outer radius of the stem. 

With reference to Fig. 30, the servo-valve acts as a pressure 

divider, so that:­

pl + p2 = Ps (96) 

where pl = L.P. in chamber 1 

p2 L.P. in chamber 2 

and Ps L.P. supply. 

For P 1 ~ P2 , the load pressure drop, P1 , is defined as:­

(97) 

Thus from equations (96) and (97), 

(97-1) 

Hence for Ps constant, P2 is smallest when P
1 

is maximum. If the servo-

valve is chosen so that it operates only in its linear region (see section 

4.6) (approximately 2/3 of the range) then the maximum load pressure will 

be approximately(2/3)Ps [33]. 

Hence frome equation (97-1), for P1 ~(2/3)Ps, P2 ~(1/6)Ps ~ 500 p.s.i. 

for Ps = 3,000 p.s.i. 

The radial clearance d has been fixed at d = w 0.01 in. If ri is 
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chosen as 0.05 in. so as to allm.; free flow of leakage fluid to the 

reservoir, then for a spool made of tungsten carbide with ft = 106,000 p.s.i. 

and A = 0.125, and an H.P. supply of 75,000 p.s.i. from equations (92-1), 

(93-1) and (95) 

r = 0.14 in. 
0 

Substituting in equations (92-1) and (93-1), oci - 188,000 p.s.i. and 


oz = 13,400 p.s.i. 


The circumferential stress at the bore is clearly the dominant stress. 


The spool end area, A, may now be determined from equation (94). 

Thus for r 0 = 0.14 in., d = 0.010 in.; A= 0.071 sq. in. Hence the 

nominal diameter of the spool end should be 0.3 in. This will also be the 

nominal diameter of the valve bore and the central land. 

It has been shmvn in the foref;oing, that by using tungsten carbide 

for the manufacture of the spool, a satisfactory factor of safety can be 

achieved with a practical spool geometry. 

To ensure that seizure will not take place due differences in 

coefficients of thermal expansion, if close fits are used, the valve 

cylinder barrel should also be made of tungsten carbide, of a slightly 

different grade to ensure a good bearing surface. (The spool surface 

should preferably be slightly harder than the cylinder bore surface.) 

Some of the other advantages of using tungsten carbide in the 

current application are:­

(i) 	 Since the compressive stresses dominate, even for 

a lower factor of safety, it may be shown that a 

tungsten carbide spool will be lighter than a steel 
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spool despite the fact that tungsten carbide is 

nearly tHice as dense as steel. For example, if 

a unit factor of safety is chosen, a tungsten 

carbide spool would weigh about 25% less than a 

spool of the same length made from 'Hecla 174 1 

steel. It '"ill be shown that reduced weight can 

result 	in a higher natural frequency of the valve, 

which is desirable. 

(ii) 	 The coefficient of friction between the spool and 

the bore can be reduced by as much as 80% by using 

tungsten carbide rather than steel [33]. 

(iii) 	 Owing to its high Young's modulus and low Poisson's 

ratio, tungsten carbide components deform far less 

than equivalent steel parts under the action of 

high pressure. For example, the axial strain in the 

stem, € 2 , is given [53] by:-

Ez 	 = 1 (o2 - v(oc +or)) (98) 
E 

where E Young's modulus 

v =Poisson's ratio. 

For the current case, noting that oc + Or = Oci 

(from equations (91), (92) and (92-)), for 

E = 90 x 106 p.s.i., and v = 0.2; Ez ~ 5.7 x 10-4 • 

For a steel stem of the same dimensions, it may be 
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shown that for E = 30 x 106 p.s.i., and v = 0.3; 

~ 2.3 x 10-3 , an increase by a factor of about 4.£ 2 

Tungsten carbide is also less susceptible to creep. 

(iv) 	 Lands of smaller diameter are possible with tungsten 

carbide rather than steel spools. This will lead 

to less leakage. 

(v) 	 Tungsten carbide parts with their superior hardness 

and low coefficient of friction can be expected to 

have a higher resistance to wear and hence a longer 

life. 

The main disadvantage of a tungsten carbide spool and cylinder 

barrel is the higher manufacturing costs associated with sintering and 

diamond machining. It is believed that this disadvantage is heavily out­

weighed by the advantages discussed in the foregoing. 

With the land diameters determined by the foregoing, attention 

may be focussed on the length and clearance of the main (central) land. 

The leakage flow from the H.P. portion of the valve past the main land 

into the portion of the valve which is at reservoir pressure, will be 

termed the "main land leakage". 

If main land leakage flow is assumed to be laminar, then for the 

spool centrally located, the leakage flow is given by equation (44), 

which is reproduced belmv:­

Q = n Dd 3l1p (44) 
12 L\l 
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where Q = main land leakage flow 

d = radial clearance between the land and the bore 

~p = pressure difference 

L = length of the land 

~ = dynamic viscosity of the fluid. 

It is desirable to minimise the main land leakage for two reasons; 

firstly to reduce hydraulic power wastage and secondly, to restrict 

uncontrolled leakage to the high pressure chamber via the sides of the 

orifice slits. 

Inspection of equation (44) reveals that the most effective means 

of minimising the leakage is to make the radial clearance, d, as small as 

possible. By carefully lapping the mating parts, a radial clearance of 

0.0001 in. is obtainable. Such cle:=1rance will allow a smooth sliding fit 

between tungsten carbide components of nominal diameter 0.3 in. and land 

lengths of the order 0.25 in. Longer lands are not reco~~ended, as they 

may inhibit the precision of the fit, and will add to the spool mass. 

Even under isothermal conditions, the viscosity of the fluid will 

vary as the leakage fluid flows from the H.P. portion of the valve to 

region at reservoir pressure. This should be taken into consideration 

when estimating the main land leakage flow. 

Equation (44) may be expressed in differential form as follows:­

Q 3L = - TI D d3 . dp (44-1) 
12 ll 

where 3p = Increase in pressure over length 3L. (The negative sign in 

equation (44-1) implies that the pressure falls as the length is 

increased.) 
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From equation (84-3), forT= T0 = 100°F, ~ 

the viscosity at pressure p. 

Substituting for ~ in equation (44-1) and integrating:­

- nDd3 ro 
Clp

12~0 J1J
Ps 

Hence (44-2) 

For D = 0.3 in., d = 0.0001 in., L = 0.25 in., ~0 = 1.7 x 10- 6 reyns, 

a 1 = 2.5 x 10- 5 (p.s.i.)-l, and Ps = 75,000 p.s.i., 

from equation (44-2), Q = 0.0063 c.i.s. 

If both H.P. lands have-the same length and clearance, the total leakage 

would thus be 0.0126 c.i.s. or .::tbout 1.26% of the maximum intensifier 

output. 

It must be emphasised that the leakage predicted in the foregoing 

can only be regarded as a rough approximation, as isothermal conditions 

are not likely to exist in the annulus. 

It is not recommended that the clearance between the land and the 

bore be relaxed with the intention of reducing manufacturing cost at the 

expense of increased leakage. If the clearance is doubled, the leakage 

will be multiplied by a factor of eight, and under adverse temperature 

conditions, and wear in service, will approach intolerably high levels of 

leakage at a much earlier stage than necessary. 

The life of the HPA will be governed by the leakage losses, and 

when these approach about 50% of the intensifier output, the intensifier 
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may have to operate virtually continuously at full load in order to meet 

the requirements of a demanding pressure - time cycle. One way of extend­

ing the life of the HPA, would be to use a fluid of higher viscosity. 

This would however be at the expense of system performance since higher 

viscosities will lead to flow at lower Reynolds numbers through the orifice, 

with the result that the flow gain may be viscosity dominated even at 

large valve openings (see section 6.9-2). 

Equation (44) and (44-2) are based on the assumption that the flmv 

through the annular space between land and bore is laminar. This assumption 

may be justified by determining the Reynolds number from equation (82). 

The hydraulic diameter, Dh, in this case is given by:-

Dh = 4nDd '==" 2d for D >> d. 
2n (D - d) 

The flow area in this case is nDd.a 1 

Substituting Q for qc and a 1 for a in equation (82), and using the minimum 

value of ~. i.e. v = v0 1.7 x 10-6 reyns, the Reynolds number is found 

to be Re 1.57 which undoubtedly indicates laminar flow. 

It was also assumed that the spool is concentric with the bore in 

determining the leakage past the lands. If the annular channel between 

land and bore is eccentric, then equation (44) should be written as 

follows f33j:­

Q = (1 + 1.5(J)2 ) (44-3) 

where e = distance between the bore centre and spool centre. 

For the concentric case, i.e. e = 0, equation (44-3) is identical 

to equation (44). Hm..rever for the extreme case of maximum eccentricity, 
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i.e. e = d, the leakage will be increased by a factor of 2.5 over the 

concentric case. 

Two factors can lead to eccentricity, firstly assymetrical slit 

placement (see section 6.9-4), and secondly lateral forces due to slight 

tapers on the lands. Taper on the land gives rise to non-linear pressure 

gradients along the length of the land \vhich are sensitive to slight 

eccentricities. Blackburn [56], shows that the lateral forces are stabil­

ising, i.e. they tend to centralise the spool if the small end of the 

taper is exposed to the higher pressure. On the other hand, the lateral 

forces are de-stabilising if the large end of the taper is exposed to the 

higher pressure and this tends to drive the spool against the bore wall. 

In the extreme case of relatively severe tapers, the phenomenon known as 

"hydraulic lock" can develop, in which the lateral forces are large enough 

to pin the spool to a wall despite the spool end forces [57, 58]. 

One method of ensuring concentricity and eliminating the possibility 

of hydraulic lock is to intentionally machine a taper to the higher pres­

sure side of each land. This is considered to be impractical hmvever, and 

will defeat the object of a lapped fit, or lead to an unnecessarily long 

and therefore heavy spool if additional tapered lands are used in tandem 

with existing 'parallel' lands. 

The most commonly used method of achieving concentricity, involves 

the machining of annular grooves on the peripheral walls of the lands. 

Such grooves in effect 'short circuit' any localised pressure build-up 

by allowing flmv around the spool periphery from high to low pressure 

areas {57, 58). 
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Such grooves are easily machined and should be used on all lands 

except the main one. Sweeney and Manham [57, 58] shmv that at least 

three balancing grooves should be used, while there is little advantage 

to using more than seven. It is recommended that the depth and width of 

the grooves should be at least ten times the radial clearance, and that 

the sides of the grooves should be perpendicular to the bore to prevent 

wedging of dirt particles. 

Besides preventing hydraulic lock and reducing leakage by centring 

the spool, the balancing grooves also provide the following advantages:­

(i) The grooves act as reservoirs for dirt particles. 

(ii) The entrapped fluid improves lubrication. 

For the current application, it is recommended that seven balancing 

grooves be used on c<Jch of the lcmds ('>v:i th the exception of the main land). 

The grooves should preferably be 0.003 in. wide and deep and equally 

spaced on a 0.031 in. pitch. (All lands should be 0.25 in. long and 

lapped to a radial clearance of 0.0001 in.). 

The null leakage (i.e. the unintentional leakage into and out of 

the orifice through the annulus between land and bore when the spool is 

centralised); and the pressure sensitivity of the valve should be examined. 

As the radial clearance between the land and the bore exceeds the minimum 

displacement necessary for turbulent flow, the orifice law will govern 

the flow through the top (or bottom) of the slit. 

The null leakage flow may be estimated from equation (/8) and 

(78-1), if xis replaced by the radial clearance d. 

From equations (78) and (78-1), the net null leakage, qn, into the 
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chamber is given by:­

(99) 

while the net null leakage, qnl' out of the chamber is given by:­

(99-1) 

From equation (99), qn is maximum when Ps = 75,000 p.s.i. and 

Pc = 10,000 p.s.i. at which stage qn = 0.0131 c.i.s. 

From equation (99-1), qn 1 is maximum when Ps = 60,000 p.s.i. and 

Pc = 50,000 p.s.i. for which it may be shown that qnl = 0.0106 c.i.s. 

These null leakages are so small that they will impose negligible steady 

state errors (see section 6-11). 

Furthermore, since the leakages through the ends of the slit 

exceed the main land leakage as previously determined, the null leakage 

through the sides of the slit will make a negligible contribution to the 

total null leakage, since the total slit width is a very small fraction 

of periphery of the bore. Thus, if the slit length is made equal to the 

land length, the null leakage will not be increased significantly. The 

valve would then be capable of handling very much higher flows and could 

suffice for I.P. operation if a dual-cycle system is used. 

The magnitude of the "null pressure sensitivity" of a valve is a 

measure of the ability of the valve to clear away silt deposits which 

dam up the orifice when the spool is centred !33]. 

The "pressure sensitivity" is defined as l);p (100) 
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where kf is the flow gain and 1Jlc, the flmv-pressure coefficient is 

defined as:­

1j;c - Clqc 

a(ps - Pc) 
for flow into the chamber (101) 

aqcand 1j;c - l for flow out of the chamber. (101-1) 
() (pc) 

The "null pressure sensitivity", 1/Jpo is the value of the pressure 

sensitivity when the spool is centred, i.e. at x = 0. 

From equations (75) and (101), 

0.5 cd w x I27P for flow into the chamber (102) 
Ips - Pc 

while from equations (75-1) 	and (101-1), 

o.5 cd"' x I2!P for flmv out of the chamber. 	(102-1) 
lpc 

From equations (80), (100) 	 and (102), 

for flow into the chamber (103) 

while from equations (80-1), (100) and (102-1), 

for flow out of the chamber. (103-1) 

In either case, for a critically lapped valve, when x = 0, 1/Jpo should 

theoretically be infinite. In practice however, the null pressure 

sensitivity is always finite due to the radial clearance between the land 

and the bore. Thus x should be replaced by d for the null case. The 
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minimum null pressure sensitivity will occur when Ps - Pc = 10,000 p.s.i. 

(with reference to equation (103)), or when Pc = 10,000 p.s.i. (with 

reference to equation (103-1)). 

Thus (~po)
min 

= 2 x 108 p.s.i./in. for d = 0.0001 in. 

This exceeds by two orders of roBgnitude, the minimum pressure sensitivity 

recommended by Merrit [33]. The valve should not therefore suffer from 

silting problems, unless the fluid is extremely dirty. 

The design of the spool may be concluded by fixing the lengths of 

the stems which join the lands and deciding upon the outside diameter of 

the stem which operates in the reservoir pressure zone of the valve. 

If the maximum stroke of the spool is set at 0.125 in. then stem 

lengths of 0.375 in.will allow annular H.P. entry and reservoir pressure 

exhaust ports 0.125 in. long. Ports of this size will permit free flow 

under all conditions. A valve stroke of 0.125 in. will allow the passage 

of 10.5 c.i.s. of fluid at a pressure difference of 10,000 p.s.i. The 

valve will therefore be able to meet ramp demands of at least 30,000 p.s.i./ 

sec. without saturating. Furthermore if used for the I.P. cycle as well, 

it will be capable of satisfying ramp demands of the order 50 p.s.i./sec even 

if the chamber gain is as low as 10, for a 3,000 p.s.i. pressure difference 

across the orifice. 

Since the stem which operates in the reservoir pressure zone is 

not subjected to severe pressures, its external diameter may be made 

considerably smaller than that of the other stem. An external diameter 

of 0.25 in. will allow a radial clearance of 0.025 in. between stem and 

bore, which will permit free flow to the reservoir. 
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It is recommended that the spool be drained by six radial holes, 

each 0.0625 in. in diameter drilled through the reservoir pressure stem 

in the positions shown on Fig. 32. The holes should be radially opposite 

for pressure balancing. 

From equation (97-1), the maximum compressive load on the spool 

will occur when the load pressure, PL, is zero, i.e. P = 0.5 Ps = 1,500
2 

p.s.i. for a 3,000 p.s.i. supply. The maximum compressive stress in the 

reservoir pressure stem may easily be calculated by dividing the product 

of the spool end area and P2 by the net stem cross sectional area (taking 

into account the drainage holes). It may be shown that the absolute 

maximum axial compressive stress is 5,000 p.s.i. The maximum axial 

deflection may be determined from the stress, Young's modulus, and length 

of the stem. The contraction in length may be shown to be of the order 

2.1 x 10- 5 in., or one order of magnitude less than the deflection in the 

H.P. stem. 

The displacement transducer shaft should thus be attached to the 

land at chamber 2 (Fig. 30), i.e. nearest the reservoir pressure stem, so 

as to minimise the effect of changes in the spool length. 

The recommended dimensions and configurations of the spool and 

sleeve are illustrated in Fig. 32, It should be noted that the lands 

have slightly different diameters to facilitate accurate lapping and simple 

removal of the spool. The orifice should be shaped as shown in order to 

ensure that it behaves as a sharp-edged orifice. It should be noted that 

the maximum overlap with the specified tolerances will not exceed the 

radial clearance, i.e. 0.0001 in.; this should not influence the valve 

behaviour. 
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The sleeve should be housed in an assembly of the form illustrated 

in Fig. 33. Such an assembly will ensure that the sleeve is not stressed 

by pressure differences across its walls, and that each different pressure 

is adequately isolated. It should be noted that all fluid entry and exit 

holes in the supporting cylinders are in the axial direction. Radial 

holes in thick walled cylinders subjected to a pressure difference across 

their walls, can give rise to tremendous stress concentrations, which may 

lead to premature fatigue failure [46]. 

The design of the thick walled supporting cylinders may be carried 

out using the methods discussed in sections 6.6-3 and 6.6-4. The design 

of the other housing details is straightforward and does not warrant 

further attention. 

6.9-4 Flow forces on the spool 

Referred to also as 'flow induced forces', 'Bernoulli forces', 

'flow reaction forces' and 'hydraulic reaction forces', flow forces on 

the spool are as a result of fluid flowing in the valve chambers and 

through the orifice. 

Two distinct flow forces may be identified as a steady-state flow 

force which is constant at a fixed valve opening and pressure difference, 

and a transient flow-force which exists only when the spool is in motion. 

The steady-state flow force will be examined first. 

With reference to Fig. 34, the inherent fluid accelerating 

property of an orifice results in a jet force, Fj, acting normal to the 

plane of the fluid at the vena contracta. The jet force is given {33] 

by:­
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(104) 

where p = fluid density as previously defined 

qc = flmv to the H.P. chamber 

a = W X= orifice area 

cc = coefficient of contraction for the orifice. 

The following additional notation is adopted:­

al area of each of land faces (i) and (ii) 

e jet angle 

cv coefficient of velocity 

cd coefficient of discharge 

steady-state flow force in axial directionFj 1 

Fj 
2 

= steady-state flow force in radial direction. 

The coefficients of discharge, velocity and contraction are connected by 

the law:­

(105) 

The equilibrant of the jet force Fj may be resolved into two perpendicular 

components such that:­

(106) 

and (107) 

The negative signs indicate that the reactions of the fluid flow 

forces are opposite to the general direction of flow. 

The radial component of the force is balanced by the lateral component 

of the opposite slit. The axial force is not compensated and acts in a 
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direction to close the valve port. This effect is illustrated by cornr 

paring the pressure distributions on land faces (i) and (ii) in Fig. 34. 

By substituting equations (104)~ (75), (77) and (105) into 

equation (106), the following expression is obtained for the steady-state 

axial flow force:­

(108) 

The value of cos 8 varies substantially with the orifice opening, and is 

dependent on the ratio of valve opening, x, to radial clearance, d. 

The relationship between x, d and the jet angle, 8 is given [33] 

by:­

x 1 + (~/2) sin 8- loge[tan 0.5(~- 8)] COS 8 (109)-d 1 + c~/2) cos 8 + loge[tan 0.5(~/2 - e) sin e 

The variation of 8 and cos 8 determined from equation (109) is illustrated 

in Fig. 35. 

It is apparent that the range of variation of cos 8 is from 0.933 

when x/d = 0 to 0.358 when x >> d. Cos 8 falls very rapidly as x/d is 

initially increased, and has a value of about 0.44 when x/d = 6. 

Equation (108) may be expressed as:­

(108-1) 

where (108-2) 

The steady-state flow force thus behaves as a centring spring, with a 

spring rate of kj· 

Since (p 8 - Pc) may vary from 65,000 p.s.i. to 10,000 p.s.i., for 
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Cd = 0.60, Cv = 0.98, w = 0.01 in., and taking into account variationsin 

cos 8, the spring rate may vary between the extremes:­

42 ~ k. ~ 710 lbt/in.
J 

Owing to the tremendous variation in the flow force spring rate, 

very little attempt has been made in practice to exploit it as a centring 

spring. On the contrary, in cases where the spring rate is very large 

(for example when the port width, w, is very large), and small stroking 

forces are available, methods of flow force compensation are often applied; 

and mechanical springs or some other method is used to achieve centring 

action if required. 

For the current design, steady-state flow force compensation will 

be unnecessary as the spring rate, kj, is sufficiently small to be 

rendered negligible by the feedback action of the displacement transducer. 

This is verified subsequently. 

The maximum stroking force required to overcome the steady-state 

flow-force, and achieve a flow of 1 c.i.s., may be determined from 

equations (75), (108) and (109). It may be shown to be 1.3 lbf, which 

is negligible compared to the available stroking force, which with a load 

pressure of 2,000 p.s.i. and a spool end area of 0.071 sq. in. can be as 

high as 142 lbf. Thus virtually all of the available stroking force will 

be used to accelerate the spool. 

At small orifice openings, equation (108) should be written as 

follows 159]:­

(108-3) 
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The stroking force required to overcome the maximum null steady­

state flow force may be determined from equation (108-3) by putting 

x = 0, when (ps - Pc) 65,000 p.s.i., and cos e = 0.933. 

The result is Fj 1 =- 0.0952 lbf which is negligibly small. 

A similar analysis to that presented above may be used to 

establish the steady-state flow forces associated with flow through the 

main orifice from the H.P. chamber to the reservoir. The axial flow force 

in this case will clearly be in a direction to close the valve. 

The transient flow force may now be examined. The column of fluid 

between the H.P. and main lands is accelerated '"hen a change in spool 

position occurs. A force is therefore generated which reacts on the face 

of the spool lands. The direction of this force can be established by 

considering the acceleration of a small element of fluid in the direction 

of flow, as illustrated in Fig. 34. For an acceleration from left to right, 

the pressure on the left side of the element must be greater than that on 

the right side. Therefore the pressure on face (i) must be greater than 

that on face (ii). The transient flow force in this case acts to close 

the valve port; but this is not the general rule, since if flmv is in the 

direction from the H.P. chamber to the reservoir, the transient flow 

force will tend to further open the valve port. 

With reference to Fig. 34, if leakages are neglected and the 

fluid in the column is assumed to be incompressible, the transient flow 

force may be determined from Newtons second law as follows:­

(110) 
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where Ft = transient flow force 

distance between ports (Fig. 34) 

pLda = mass of fluid being accelerated 
1 

qc/a1 = instantaneous velocity of fluid in the axial direction. 

Differentiating equation (75) with respect to time and substituting 

in equation (110), the following expression is obtained:­

Ft = - LdCdw/2P [Ips - Pc dx + x d (ps - Pc)]
dt 2/ps - Pc dt 

or Ft = Ftl + Ft2 (111) 

where Ft = - LdCdw l2p(ps- Pc) dx (lll-1)
1 dt 

and - LdCd w X d (ps - Pc) (111-2)Ft
2 I (2/p) <Ps - Pc) 

dt 

dIf the supply pressure, Ps is constant, the term 
dt 

equation (111-2) becomes - (::c) 

The rate of chamber pressure rise will not ordinarily exceed 

3,000 p.s.i., and since Ft 2 is maximum when Ps- Pc = 10,000 p.s.i., 

Ft2 max = 3.18 x 10-4x, for Ld = 0.25 in., Cd = o.60, w = 0.01 in. and 

p = 1 x 10-4 lbf-sec/in4. 

The factor 3.18 x 10-4 1bf/in is a spring rate, and since kj >> 3.18 x 10-~ 

Ft2 may be neglected. 

Equation (111-1) may be rewritten as:­

Ft1 = - B. dx (111-3) 
. .1 dt 

where (11l-4) 
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1 
B is a damping coefficient and is stabilising in the foregoing case as 

it opposes valve motion. In the reverse case, where flow is from the H.P. 

chamber to the reservoir, the coefficient of damping will be:­

(111-5) 

In this case B1 will be destabilising. The coefficient of damping can 

vary considerably 'vith pressure and with changes in the damping length, 

Ld, as well as change sign, but since its value is very small (a maximum 

of 5.4 x 10- 3 lbf-sec./in.) it does not pose any serious difficulty. This 

is further discussed subsequently. 

6. 9-5 Frictional forces acting on the spool 

As the spool is centralised by the balancing grooves, it does 

not contact the bore. The frictional force between the spool and the 

cylinder will therefore be viscous. 

Dynamic viscosity is defined by the following expression:­

(112) 

where T shearing stress in the fluid 

u =velocity of fluid in~ direction (i.e, u = 3x)
3t 

y axis perpendicular to the ~ direction 

3u = shear rate. 
ay 

For a Newtonian fluid, the dynamic viscosity, ~' is independent of the 

shear. Most hydraulic fluids approximate Newtonian fluids !33]. In the 

narrow annulus of the current case, where the spool moves with a 
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velocity Jx, the velocity profile is linear [47, 31], thus 
at 

au == 1 3x where d == radial clearance. 
3y d 3t 

And since T = Ff from equation (112), 
nDL 

lliTIDL 3x (113) 
d 3t 

where frictional force between the bore and the ith land 

L length of the land 

D diameter of the land 

lli dynamic viscosity of fluid adjacent to the ith land. 

The dynamic viscosity of the fluid for the two inner lands is 

different from that for the two outer lands due to the pressure effect, 

while D, L and d are the same for all lands. 

The total frictional force is given by:­

ax (114) 
3t i=l 

The bvo inner lands are subjected to the same high pressure, while the 

two outer lands are substantially at comparable low pressures, the range 

of variation of which will not significantly alter the viscosity. The 

value of lli for the two outer L.P. lands ~ay thus be approximated by llo· 

Equation (114) may thus be written as:­

(115) 


* The negative sign implies that the frictional force opposes the motion 
in the x direction. 
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where ].la = average viscosity of the fluid adjacent to the H.P. lands. 

For the land walls parallel to the bore, the pressure gradient is 

uniform, thus 

_Qp__ L (116)
dL - Ps 

where Ps = H.P. supply pressure. 

The average viscosity may be obtained from:­

1 a p 
].la = l ].1 0 e 1 dL (117) 

L / o 

since ]li = ].lo e 
a 

1
p 

at pressure p by equation (84-3), forT 

From equations (116) and (117), 

].lo dp • 

Ps 

Hence 

a p
(e 1 s - 1) (118) 

The frictional force may thus be written as:­

Ff = - B dx (since dx = ox ) (119) 
2 dt dt at 

<:X.1Ps
where B 

2 = 21rDLJ1o (psaJ e - Psal + 1) (120) 

Psald 

is the coefficient of viscous damping, and is always stabilising. ForB2 

D = 0.3 in., L = 0.25 in., ].1 0 = 1.7 x 10-6lbf-sec./in2 , Ps = 75,000 p.s.i., 

a1 = 2.5 x 10-s in2 /lbf and d = 0.0001 in., a typical value of B2 would 

be 0.044 lbf-sec/in. B represents a small damping coefficient, but is
2 
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more than large enough in itself to ensure that any negative damping 

coefficients caused by the transient flow force is cancelled out. 

6.9-6 Transfer function of the HPA 

The equation of motion of the spool may be obtained by applying 

Newton's second law to the forces on the spool:­

(121) 


The sum of the driving force, the flow forces and the friction force is 

equal to the inertia force. 

Substituting equations (108-1), (111-3) and (119) into equation 

(121), the following expression is obtained:­

M d2x + B dx + kjX (122)
d?" dt 

yJbere M mass of the spool and fluid being accelerated (including the 

fluid in the L.P. supply lines), lbf-sec2 /in. 

PL load pressure as defined in equation (97), p.s.i. 

A= Spool end area (Fig. 30), sq. in. 

B B1 + B2 = net damping coefficient (B 1 is obtained from 

equation (111-4) and B2 from equation (120)), lbf-sec./in. 

k. =Flow force centring spring rate (defined by equation (108-2)),
J 

Assuming zero initial conditions, equation (122) may be Laplace 

transformed to yield:­
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(123) 


With reference to Fig. 30, 	applying the continuity equations to 

L.P. 	 chambers 1 and 2 yields the following expressions:-

Ql - = dV1 + V1 dP1 (124)cP1 
dt Br dt 

and - cP2 - Q2 	 dV2 + v2 dP
2 (125) 

dt Sr dt 

where flow from the 	servo-valve to L.P. chamber 1, c.i. s.Ql 

flow from the L.P. chamber 2 to the servo-valve, c.i.s.Q2 


v volume of L.P. chamber 1 and associated flow line, cu. in.

l 

vz volume of L.P. chamber 2 and associated flow line, cu. in. 


pl = L.P. pressure :Ln chamber 1, p.s.i. 


p2 L.P. pressure in chamber 2, P· s.i. 


Br bulk modulus referred to the fluid, p.s.i. 


and c = leakage coefficient, (c.i.s.)/(p.s.i.) or in5/lbcsec. 

From equation (44), 

c = 1r Dd 3 (126) 
12 L\10 

\lo is used for the viscosity, since at low pressures this will incur only 

a small error. 

The volumes of the L.P. chambers may be written as:­

VJ. = VOJ. + Ax (127) 

and Vz = Yoz -Ax (128) 

where initial volume of L.P. chamber 1VOl 

and = initial volume of L.P. chamber 2.Voz 
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If the spool is initially centred, then:­

(129) 

where Vt = total volume of fluid in L.P. chambers and lines. 

Differentiating equations (127) and (128), with respect to time 

yields 

dV 1 
dt 

= A dx 
dt 

(127-1) 

and dV2 A dx (128-1) 
dtdt 

Subtracting equation (125) from (124), and substituting for V1 , v2 , V01 , 

vo2• and 	dVz , the following expression is obtained:­
dt 

+ Q2 - c(P 1 - P2 ) = 2A dx +Ax i_(P 1 + P2 ) + ~i_(P 1 - P2 )Q1 
dt Sr dt 2Sr dt 

(130) 

Since P1 + P2 = Ps by equation (96), for the L.P. supply pressure, Ps, 

constant, d (P 1 + P2) = 0 (130-1) 
dt 

The load flow, Q , is universally defined as:­

(131) 

Also, the load 	pressure, PL, has been defined as PL = P~ - (97)P2 

Substituting equations (130-1), (131) and (97) into equation (130) and 

Laplace transforming yields:­

QL = £ PL + Vt PLS +A x S (132)
2 ­

4Sr 
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The load pressure, P1 , may be eliminated from equations (123) and 

(132) to yield the transfer function of the HPA. 

Thus x 1 A 
QL (133) 

Allowing for about 4 in. of 3/32 in. nominal bore connecting pipe, 

the dead volume, Vt, of fluid in the 1. P. chambers and lines '"ill be of 

the order 0.046 cu. in. 

Using a value of 1.4 x 10-3 lbf-sec2 /in4 for the density of tung­

sten carbide, and taking into consideration the mass of the fluid, and 

transducer rod, the total mass, M, will be of the order 

The leakage coefficeint, c, may be evaluated from equation (126), 

and will have a maximum value of 1.85 x 10- 7 (c.i.s.)/(p.s.i.). The 

maximum value of the damping coefficient, B, as determined from equations 

(111-4) and (120) is 4.94 x 10-2 lbf-sec/in. 

The other data required is:­

A = 0.071 sq. in. 

Sr = 150,000 p.s.i. (assumed) 

kj = 710 lbf/in. (maximum value, from equation (108-2)). 

Using the data presented above, it may be shown that 

~ 7.6 x lo-7 while eM ~ 3 x lo-9 and tbe latter 
2A2 

may be neglected, 

Furthermore, 0.01 « 1 • 
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Equation (133) may thus be written as:­

(133-1) 
1 A 

X -= 
+ S2 

Finally, (133-1) may be expressed as:­

X 1/A 

-= (133-2)QL cs2 ~ s- + 

w2 
+ 1) + kow22 

where w2 - (134)f!i:­t 
(135) 


and (136) 

w2 is of the order 2.06 x 104 rads/sec., 

s2 is of the order 0.077 

while k 0 varies in the range 7. 6 x 10-4 ~ k 0 ~ 1. 31 x lo-2rads/ sec. 

(This variation is due to changes in kj only. Variations in c can cause 

to take on values outside of this range.)k0 

Since >> ko and 2s2ko << 1, * the denominator of equations 2 
2w2 w

2 

(133-2) may be approximately factorised in order to gain some insight into 

the dynamic behaviour of the HPA. 

* The maximum value of ko is 3.28 x 10-7 << 0,077 . The maximum value 
2w2 

of 2s2ko is 1.2 x 10-7 << 1. Hence the approximation is a very close one. 
w2 
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Thus 

1/A (133-3)
s2

(S + k 0 ) -;;;--z( 2 

The various parameters in the transfer function may now be considered. 

is the hydraulic natural frequency caused by the interactionw2 

of the total mass and the spring rates of the two trapped fluid columns 

at the ends of the spool. 

~ 2 is the hydraulic damping ratio due to the viscous friction. 

Owing to the fact that the spool mass and fluid dead volume are 

both very small while the referred bulk modulus and the spool end area are 

relatively large, the hydraulic natural frequency, w2 , is extremely large. 

This is a favourable situation since the dynamic performance of the HPA 

will as a result be largely independent of the second order term, 

S2 + 	 2s2S + 1 • Large variation in both w and may therefore2 s2 w 2
2 	 w

2 

be accommodated without sacrificing system performance. This is further 

discussed and illustrated in section 6.14. 

The dynamic behaviour of the HPA will therefore be governed by the 

low frequency lag caused by the small yalue of k0 , This is undesirable 

for the following reasons:­

(i) 	 In the extreme, if k
0 

~ 0, the lag term approximates 

a pure integration, and since the output from the HPA 

is again integrated by the cylinder, the open-loop 

transfer function will have a double integration in 



149 

in the 	denominator and the system will be inherently 

unstable (see section 6.12). For small finite values 

of k 0 , it will be possible to stabilise the system 

at very low loop gains; the transient response due 

to the large time constant, l/k0 , will however be 

extremely slow, with the result that it would not 

be possible to meet the requirements of the 

programmer. 

(ii) 	 The value of k 0 is subject to such large variation that 

the performance of the system would be impossible to 

optimise. 

There are several methods of overcoming the former difficulty: 

Increasing the width of the ports would increase the flow force spring 

rate, kj; increasing the leakage coefficient, e.g. by shunting the servo­

valve/HPA connection lines by means of a variable restriction which could 

be adjusted to raise k0 to a sufficiently high level. Finally, a phase 

lead compensator could be placed in series with the HPA, to effectively 

cancel the low frequency lag term and replace it by a higher frequency 

lag. 

None of 	these methods will however eliminate the latter effect. 

A widely used method of overcoming the former difficulty and 

significantly reducing the latter, is the loading of the spool with stiff 

mechanical springs. If such springs are arranged to act on the spool ends 

so as to oppose spool motion, they will effectively be in parallel with 

the flow force centring spring, and their spring rates will be additive. 
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If the mechanical spring rate is much larger than the flow force spring 

rate, the latter may be neglected, and a larger k 0 , which is independent 

of kj will be obtained. k0 will however still be subjected to variations 

in the leakage constant c. Other difficulties that will arise if 

mechanical springs are used are:­

(i) 	 If the springs are incorporated within the HPA, the 

dead volumes of L.P. chambers will be increased, with 

a resultant lowering of the natural frequency w2 . 

(ii) 	 If the springs are located external to the HPA, 

extension rods will have to be attached to the spool 

ends, and this will lead to additional sealing diffic­

ulties, further complications in the HPA design and 

increased spool mass which will again reduce the 

natural frequency w2. 

(iii) 	 It will be difficult to achieve an optimum system in 

practice, since many springs may have to be tried out 

in service, before an optimum combination is found. 

(Even though the optimum spring rate may be calculated, 

it is desirable in practice that the parameters which 

optimise the system performance be readily adjustable 

to allow for limitations and approximations in the 

mathematical model, and to facilitate changes in the 

optimisation criterion which may be required for 

specific applications.) 
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The utilisation of a displacement transducer to feedback the 

valve spool position to the servo-valve can overcome all difficulties 

associated with k0 , without imposing any of the disadvantages discussed 

in the foregoing. The displacement transducer is discussed below:­

6. 9-7 The displacement transducer and the servo-valve 

The displacement transducer is envisaged as a differential 

transformer type, with a moveable core. Commercially available transducers 

of this type usually have built in oscillators which are driven by an 

external constant voltage D.C. source. The output from the differential 

transformer is proportional to the displacement of the core from the 

central position. The output from the transformer is demodulated, filtered 

and fed to an output amplifier of adjustable gain. 

For the current application it is recommended that a "Sanborn 

± 0.020 in." type be used. A displacement transducer of this type can 

measure displacements of ± 0.020 in. from the central position with an 

error of less than 0.1%, and a displacement of up to ± 0.125 in. with an 

error of less than 1%; and negligible time constant. 

As the servo-valve is used only to drive the HPA, a flow control 

device with a low delivery 'vill suffice, The servo-valve should be 

reliable and have a rapid response. Two stage servo-valves such as the 

"American Brake Shoe Co., Aerospace Servo-Valve" have been found 

particularly suitable for low-flow applications of the present type 135]. 

Servo-valves of this type usually have a 1 jet-pipe 1 first stage pre­

amplifier which drives the main spool. Positional feedback is via a light 

centrally located leaf-spring. 
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For the current application a servo-valve of the type described 

in the foregoing with a rated flow of 2.5 c.i.s. and a flow-voltage gain, kc, 

of 0.5 c.i.s./volt is considered suitable. 

The transfer function of the servo-valve is given by:­

QL ke 
s2 2z;; 1 

(137)S+ 	 + 1evl 
(l) 2 (l)l1 

where 	 QL load flow 

ev voltage input to the servo-valve 
1 

= flow-voltage gain of the servo-valve = 0.5 c.i.s./volt 

apparent natural frequency of the servo-valvew1 

= 185 Hz. ~ 1160 rads/sec. 

z;; 1 = apparent dampinz ratio= 0.7. 

The servo-valve - HPA - displacement transducer combination 

constitutes the minor loop of the control system, and is represented as 

a block diagram in Fig. 36. The difference between the amplified system 

error, ev, and the displacement transducer output, is amplified by the 

servo-valve input amplifier, which has a gain of ki. The output from 

this amplifier, ev
1 

, drives the servo-valve. 

6.9-8 Transfer function of the minor loop 

The transfer function of the minor loop is readily obtainable 

from the block diagram, Fig. 36, and may be written as follows:­

X-­

(138) 
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where (139) 

kg is the fonvard path gain of the minor loop and will have a value of 

1000 if ki is set at 142 for ke = 0.5 and A = 0.071. h is the gain of 

the displacement transducer. 

Equation (138) may be simplified by recognising that:­

2z;l + __ 2z;2 
>> 

ko 

wl w2 w 2
1 

also 1 >> 2z;lko 

wl 

and kgh >> ko· (h is of the order 0.5 - see section 6.13) 

Hence all terms involving k0 may be neglected, and the minor loop becomes 

independent of this highly variable quantity. Equation (138) may thus be 

expressed as:­

X -= (140) 

Equation (140) is the transfer function of the minor loop. 

6.10 The Adapti:e G~in Compensator 

It was pointed out in section 6.9-2 that a means for compensating 

for variations in the HPA flow gain is required, It was shown that the 

gain compensator should multiply the loop gain by a function of the pressure 

drop across the orifice. The required gain factor is given by:­

z = 100 (141) 
lllp 
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where lip = Ps - Pc for X > 0 (141-1) 

and lip Pc for X < 0 (141-2) 

where z = compensation factor 

H.P. supply pressurePs 

Pc = H.P. chamber pressure. 

The variation of the gain compensation factor, Z, with the orifice pressure 

drop, lip, appears in Fig. 37 for the range 10,000~ lip~ 65,000 p.s.i. 

The curve may be conveniently subdivided into three regions, 

namely region III for 10,000 ~lip< 20,000 p.s.i., region II for 

20,000 ~ lip < 36,000 p.s.i. and region I for 36,000 ~ lip ~ 65,000 p.s.i. 

A linear approximation of the curve may be obtained by replacing 

the arc of the curve in each region by a secant, as shown in Fig. 37. 

The linear approximation for Z is to within 3% of the exact value. This 

is sufficiently accurate for the current application (see section 6.14). 

Each pressure transducer has a gain of kt = 0.0002 volts/p.s.i. 

(see section 6.8). 

Thus Vs ktPs (142) 

Vc (142-1)ktPc 

and liV ktllp (142-2) 

where vs Output of transducer T (Fig. 25) from accumulator 
2 

Vc Output of transducer T (Fig. 25) from H,P, chamber 
1 

and liV Vs - Vc for x > 0; or liV = Vc for X < 0, 

The gain compensation factor is a decreasing function of the net 

transducer output, liV (Fig. 37). The circuitry of the function generator 

may be considerably simplified if Z is an increasing function of voltage. 



155 

Thus a synthetic voltage function, f(V), is defined, such that:­

f (V) = (28 - llV) (143) 

The constant 28, represents the value of llV when the straight line 

approximation of region I on Fig. 37 is extrapolated to Z = 0. 

The 1inearised variation of Z with f(V) is illustrated in Fig. 38. 

The function has a slope in regions I, II and III respectively of + 0.0258 

for 15 ~ f(V) ~ 20.5 volts;+ 0.0530 for 20.5 < f(V) ~ 24 volts; and 

+ 0.176 	for 24 < f(V) ~ 26 volts. 

The function generator is then a simple voltage dividing circuit 

as illustrated in Fig. 39. The transitions from region I to region II 

and from region II to region III is governed by the Zener diodes, ZEN 1 

and ZEN 2 respectively. These do not conduct until their self-bias 

voltage has been exceeded. 

The 	 relationship between Z and f(V) is given by:­

z 
 (144)= ~-f(V) R + R0 

lvhere R Rl for region I' i.e, z 0,0258; 
f(V)R R R J 2. 	 for region II, i.e. z 0.0530;Rl + R2 
f(V) 

and R RlR2R3 for region III, i.e. z = 0.176. 
RlR2 + R2R3 + R3Rl f(V) 

If R is 	fixed at lMQ, then substituting the appropriate values of the1 

ratio ~( , and the resistance R in equation (144) yields the following
f V) 

values for the resistances:­

R0 = 26.5 KQ; R = lMQ; R 838 KQ and R = 170 KQ,
1 2 	 3 
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The required self-bias voltage of each Zener diode may be 

determined by evaluating the voltage dropped across the resistance R at 

each of the transition points. 

i.e. 	Required Zener bias R . f(V) at each transition point. 
R + R0 

The required bias is 20.0 volts for ZEN 1 and 22.6 volts for ZEN 2. 

In practice, Zener diodes with the appropriate self-bias would have to be 

selected from a batch of 20 volt nominal self-bias. 

The Zeners could be replaced if convenient by conventional diodes 

which are externally biased to the appropriate voltage by a potentiometer. 

The resistance of the used portions of the potentiometer should be taken 

into account when evaluating the resistance R2 and R3• 

The output from the voltage divider is Z, the required compensation 

factor. The system error is multiplied by the factor Z using a high speed 

electronic multiplier, such as the type used in analogue computers [54]. 

Depending upon the manufacturer, multipliers usually divide the product of 

the two inputs by a factor of 50 or 100. This must be taken into consid­

eration when assessing the forward path gain. If it is assumed that the 

multiplier in the current application has a reducing factor of 50, the 

output from the multiplier will be given by;­

~eo Zei (145) 

50 

where eo = output from multiplier = modified system error 

e·1 = input to multiplier = system error 

z = input to compensation factor. 
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Electronic multipliers generally have negligible time constants 

and provide a true multiplication operation; i.e. the signs of the inputs 

are also algebraically multiplied [54]. 

The circuit for generating the function f(V) may now be examined. 

With reference to Fig. 39, B1 , B and B are electronic bi-stable elements.
2 3 

All three behave as normally open (N/0) switches until excited by an 

external signal. B1 is closed if a small negative external signal is 

applied, and will remain closed even if this signal is removed. It may 

only be reset to its N/0 position by a small positive external signal. 

B2 and B3 are similar in operation, but are closed by positive external 

signals and reset by negative external signals. 

When x is positive, B2 and B3 conduct, and the voltage which appears 

at the adding amplifier is (28- Vs + Vc) volts which constitutes f(V). 

If x falls to zero and B3 are reset. The function f(V) then becomesB2 

(28 - Vc) volts, and is maintained until x becomes positive again. 

6.11 	 Steady-State Response of the Control System 

The major loop of the control system, Fig. 40, is constructed 

using equations (72), (81), (140) and (145). 

Unity feedback may be established by ensuring that the input from 

the programmer is pkt, where p = the instantaneous required pressure, and 

kt = gain of the pressure transducer. The factor kt, may then be 

incorporated in the forward path, thus yielding unity feedback, The 

transfer function of the system is readily obtainable from the block 

diagram, Fig. 40, and may be represented by:­
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Pc(S) a7 
;::: (146) 

p (S) a s 6 + ~2ss + a s4 + a s 3 + a s2 + a S + a
1 3 4 5 6 7 

a3 

where al = 1 (146-1) 

a2 2 (1:;1 wl + 1:;2w2) (146-2) 

;::: 2+ 2+41':1:; (146-3)w1 w2 '1 2w1w2 

a4 2w1w2(s1W2 + s2W1) (146-4) 

= w 2w 2 (146-5)as 1 2 

a6 kghw12w2 2 (146-6) 

a7 K kgW1 2w2 2 (146-7) 

and K = ka kt Kf kc (146-8) 

50 

For kt = 0.0002; Kf = 84.8; and kc 2850; from equation (146-8), 

K = 0.966 ka (146-9) 

where ka = gain of the system input differential amplifier. 

6.11-1 Steady-State response to a step input 

If the input to the system is a step function of magnitude p, such 

that p(S) = E , the steady-state output response, Pc(t) 00 , is given by:­
S 

Pc(t)oo Lim s 
S-+o 

hence Pc(t)oo = p and since the error, £(S) of a unity feedback system 

is defined by:­

£(S) = p(S) - Pc(S) (147) 

the steady-state error for a step input is zero. 
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Although the control system will not ordinarily be required to 

follow step inputs, the pressure time cycle may demand intervals of 

constant pressure. Thus the zero steady-state error to a step input 

property of the system is a highly desirable property. (In practice the 

steady state error can only be zero if the pressure transducer is 100% 

accurate. The actual steady state error will be approximately equal to 

the transducer percentage error.) 

6.11-2 Steady-State error response to a ramp input 

From equations (146) and (147) or directly from the block 

diagram, the error response of the system is given by:­

E:{S) 
p (S) 

(148) 

If the input, p (S) is a ramp function of slope m, such that p (S) = m 
S2 

the steady state error, E:(t)oo obtained from equation (148) is 

given by:­

e;(t) 00 ma 6 
a7 

= mh 
K 

(149) 

If a maximum error is spec~fied, equation (149) could be used as a 

constraint on the ratio of h to K for the prupose of optimising the 

system. If for example the maximum allowed error is assumed to be equal 

to the error introduced by the pressure transducer, which may be 1%, then 

e:(t)oo = 100 p.s.i. when p = 10,000 p.s.i. Form= 3,000 p.s.i./sec, then 

from equation (149) K = 30 h. The constraint to be applied in such a 

case would therefore be:- K ~ 30h. A constraint of this order is very 
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easily satisfied, in fact a more likely ratio of h/K would be of the 

order 1/200 (see section 6.13). Thus ignoring the error introduced by 

the transducer, steady state errors as low as 0.15% should be achievable. 

6.11-3 Steady-State response to a flow disturbance 

From the block diagram, Fig. 40, the output response, Pc(S) to 

flow disturbance qd(S) in the position sho~~, is given by:­

k (a ss + a s4 + a s3 + a s2 + a=S + ar) (150)c J 2 3 4 ~ 0= a s6 + a ss + a s4 + a s3 + a s2 + a s + a
1 2 3 4 5 6 7 

If the flow disturbance is a step of magnitude qd, i.e. qd(S) = qd, 

s 
the steady-state pressure response, p~(t) 00 ,(p~(t) 00 =contribution of 

qd to the chamber pressure) is given by:­

(151) 


Using a value of 0.0131 c.i.s. for qd (the null leakage flow, qn, 

calculated in section 6.9-3), p~(t) 00 would impose an error of 1% on the 

chamber pressure (at 10,000 p.s.i. chamber pressure), if K = 0.374 h. 

For the case K/h = 200, the error would be of the order 2 x 10-4 % which 

is entirely negligible. 

6.11-4 Steady-State response to a displacement disturbance 

As any spool displacement disturbance occurs within the minor loop, 

the transfer function must be obtained from the block diagram of the minor 

loop, Fig. 36. 

If the displacement disturbance is xd(S), then neglecting k ,
0 
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;:::; (152) 

The steady-state response to a step disturbance (e.g. due to stiction or 

changes in length of the H.P. portion of the spool) is therefore zero. 

6.12 Absolute Stability Analysis 

If the optimisation criterion is carefully chosen, the optimised 

control system will automatically be stable. Absolute stability information 

may however be applied with advantage to accelerate the optimisation 

procedure. The absolute stability criteria will thus be applied as const­

raints on the optimisation function. 

The conditions for absolute stability may be established using the 

Routh-Hurwitz criterion [60). A complete discussion of this criterion is 

beyond the scope of this study. The application of the criterion is 

however straightforward, and involves the ordering of the coefficients of 

the characteristic equation of the system, 

a s 6 + a s 5 + a s 4 + a s3 + a s 2 + a 6s + a 7 0 (153)1 2 3 4 5 

into an array as follows [61]:­

s6 

ss 

s4 

s3 

s2 

sl 

so 

a~ a3 as a7 

a2 a4 a6 

hl b2 a7 

cJ c2 

el a7 

fl 

a7 



162 

where bl a3 - a a 	 (154-1)...::.:.J..:!±. 
a2 

a - ab2 = 
5 	

a (154-2)
~ 

a2 

cl a4 - a2b2 (154-3) 

b1 

c = a -	 a a (154-4)2 6 __2_1_ 


bl 


el = b2 -	 b c (154-5)
___L__£ 


c 

1 

f c -	 c a (154-6)1 2 	 1 7 


el 


By the Routh-Hunvitz criterion, a necessary and sufficient condition for 

stability is that there be no changes of sign in the elements in the 

first column of the array. 

As a 1 , and a 7 are all positive, stability will therefore bea2 

assured if b 1 , c 1 , e 1 , and f 1 are all greater than zero. 

It should be noted that if h = 0, then by equation (146-6), a6 

would be zero, so that (equation 154-4) would be negative. This wouldc2 

make £1 negative (equation 154-6) and the system would be unstable. Thus 

the displacement feedback is essential for stability. 

The stability criteria established in the foregoing are used to 

construct subroutine CONST (see Appendix A), which is used to restrict 

trial values in the optimisation programme to the feasible region. 
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6.13 Optimisation of the System 

Inspection of equations (146), (146-6) and (146-7) shows that K 

governs the loop gain of the system, while h determines the system 

damping. These two parameters thus hav'e the most significant effect on 

the system performance and the fact that they are readily adjustable makes 

them a convenient combination of variables for the purposes of optimising 

the system performance. 

It should be emphasised at this stage that the object is not to 

achieve on-line optimal control, but rather to optimise the parameters of 

the system so as to obtain a good all round system performance. 

6.13-1 The choice of an index of performance 

The parameters of the system may be optimised according to an 

appropriate criterion, or index of performance. 

The index of performance should take into consideration the 

particular cycle the system is required to follow. It could incorporate 

other factors, such as a weighted function of hydraulic power consumption; 

furthermore the performance index could be so weighted as to favour 

particular portions of the cycle, improving response and minimising errors 

in these regions at the expense of performance in other, less important 

areas. 

A sophisticated performance index of the type described in the 

foregoing could only be synthesised if detailed information relating to 

the exact cycle; the importance of accuracy in the various portions of the 

cycle and the overall economics of the process is available. At present 

this is not the case, and the system will have to be optimised according 
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to a more standard performance index. When the relevant information 

becomes available however, and a more appropriate performance index is 

consequently proposed it will be a relatively simple matter to adjust the 

parameters of the control system so as to satisfy the new criterion. 

Several performance indices have been proposed, and have become 

generally accepted as standard quantitative measures of the important 

system specifications [39, 62, 63]. The index is applied to the response 

of a system to a step input, and gives rise to a positive number which is 

a measure of the performance. The best system is defined as that which 

minimises the performance index. 

Some of the commonly used performance indices are defined as 

follows:­

ISE (155) 

llIAE == 0 jdt)j dt (156) 

ITAE (157)=.ftldtll dt 

ITSE (158) 

where £ (t) system error at time t 

== an arbitrary finite time chosen so that the integralT1 

approaches a steady-state value. This is often chosen 

as the settling time of the system. 
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ISE integral of the square of the error 

IAE integral of the absolute magnitude of the error 

ITAE integral of time multiplied by the absolute error 

ITSE integral of time multiplied by the squared error. 

The ISE and IAE criteria discriminate between systems which are 

excessively overdamped and underdamped, and the minimum value of each 

integral will occur at a different compromise value of the damping, 

The ITAE and ITSE criteria reduce the contribution of the large 

initial error to the value of the performance integral while placing more 

emphasis on errors occurring later in the response. 

Systems optimised according to the ITAE criterion generally give 

a favourable all round performance for a wide variety of inputs [35,63]. 

Furthermore, the ITAE criterion provides the best selectivity of the 

standard performance indices; i.e. it generally has a greater sensitivity 

to variations in the system parameters than the other forms [39]. A 

system optimised according to the ITAE criterion will therefore generally 

be closer to the optimum as determined by any of the other criteria, than 

would occur in the reverse case. 

The ITAE performance index is adopted for the current problem, on 

the grounds of the foregoing arguments. 

6.13-2 Representation of the control system in phase variable form 

For purposes of minimising the ITAE index, so as to optimise the 

system performance, and also for the purpose of simulating the response 

of the system, it is necessary to express the output and error responses 

in the time domain. This may be accomplished by determining the inverse 
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Laplace transform of equation (146) for a given input, p(S), As the 

form of the inverse transform is dependent upon the input, the simulation 

of the response to a sequence of different inputs, as in the case of a 

pressure-time cycle, will involve the determination of the inverse 

transform for each segment of the cycle. This approach is not amenable 

to a digital computer simulation of the transient response. 

By expressing the overall transfer function of the system in 

phase variable form the tedious task of evaluating the inverse transform 

for a variety of inputs may be avoided. Furthermore, the state-vector 

differential equation may readily be expressed in a form suitable for 

solution on a digital computer. The simulation of the response to a 

sequence of different inputs may be relatively easily achieved, and the 

same basic computer programme may also be used in the optimisation of the 

system performance. 

The vector-differential equation of the system may be established 

as follows:­

Equation (146) is reproduced below where Pc(S) output and 

p(S) input:­

aPc(S) 
(146)p~) a s6 + a s5 + a s4 + a s3 + a s2 + a s + a

1 2 3 4 5 6 7 

Cross multiplying this equation, and recognising that 

Pc(S).sn = dn(pc(t)) - Pc (n)(t) 

dtn 

the following expression is obtained:­

http:Pc(S).sn


167 

a p (6)(t) +a p (S)(t) +a p (4)(t) +a p (3)(t) +a p (2)(t)
}C 2C 3C 4C 5C 

(159) 


The phase variables, X1 , X2 , ... are defined as follmvs:­X6 

xl = Pc(t) = output of the system (159-1) 

. 
X =X Pc (1) (t) (159-2)21 
•X Pc (2) (t) (159-3)x32 . 
X = = Pc (3) (t) (159-4)x43 . 
X X = Pc(4)(t) (159-5)

4 5 . 
X = Pc(5)(t) (159-6)x65 

Equation (159-7) is derived from equation (159) and is valid as a 1 
1 

by equation (146-1). 

The set of equations (159-2) to (159-7) may be expressed in vector-

differential equation form as follows;­. 
X = FX + Bp(t) 

' X 
1 . 

x2 

where X = X=.x3 . 
x4 . 
x5 

• 
x6 

_xl 

x2 

x3 

x4 

Xs 

x6 

;F = 

0 1 0 0 0 0 

0 0 1 0 0 0 

0 0 0 1 0 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

-a -a -a -a -a -a
7 6 5 4 3 2 

(160) 


0 

0 

0 

0 

0 

a 

B = 

7 

and p(t) is a scalar quantity since there is a single input. 
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It should be noted that the column vector X constitutes a set of 

phase variables which are not the physical variables of the system. This is 

due to the fact that the vector differential equation was derived from the 

overall transfer function of the system, which is strictly an input-

output relationship. Thus while x represents the true system output, and
1 

p(t) the input, the phase variables x , x , ••• , x are not physically
2 3 6 

related to intermediate variables (voltages, displacement, flow, etc.) in 

the control system. The vector differential equation does however describe 

the overall-input-output system behaviour. 

The vector differential equation, equation (160) may be further 

simplified using a method suggested by Dorf [39]. The technique involves 

the introduction of a new column vector, M, such that the element M1 

generates the scalar input p(t). Using this method, the vector differential 

equation which describes the input may be derived. 

Three examples are presented below, in order to illustrate the 

method:­

(i) For a unit step input 

i.e. 1 

hence 1 

0 

The vector differential equation forM is thus:­

M= [0] M (161) 

The initial condition is:­

(161-1) 
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(ii) For a unit ramp input 

i.e. p(t) t 

hence tM1 

The vector differential equation for M in this case is given by:­

(162)or M 

The initial conditions are:­

(162-1)-:} 
(iii) For a parabolic input 

e.g. p (t) = t2 + t + 1 


hence = t2 + t + 1
Ml 
• 
Ml =M2 2t + 1 


• 

=M = 2M2 3 


• 

= 0M3 

The vector differential 	equation forM is thus:­

0 1 0 

. 
M = M (163) 

0 0 0 

0 0 1 



• 

• 

• 

• 
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and the initial conditions are:­

M1 (0) = 

M (0) (163-1)
2 

M (0) = 
3 

It should be noted that in each case, the square matrix is governed only 

by the order of the polynomial, while the coefficients of the polynomial 

determine the initial conditions. Thus the square matrix corresponding 

to an nth order polynomial input will be an (n + l)*(n + 1) array with 

a unit superdiagonal and the other elements zero. 

Harmonic inputs may be expressed in polynomial form using a 

Taylor's expansion. 

The vector differential equations for X, and M may be combined 

into a single vector differential equation, by defining a new vector Y 

such that:­

(164)
y • [:] 

and (164-1) 
y l~ l 

Hence from equations (159-2) to (159-7) and (164-1) 

yl = xl = x2 

y2 = x2 x3 

=XYs x65 

y6 = x6 = - a2X6 - a 3X5 - ... - a7Xl + a7~ (since M
1 

= p (t)) 

y7 = Ml M2 

y8 M2 (applicable for a ramp input function). 
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The above set of differential equations may be expressed in vector 

differential equation form as follows:­
. y = A y 

where A is a square matrix. 

For a step input, the matrix, A is as follows:­

0 1 0 0 0 0 0 

0 0 1 0 0 0 0 

0 0 0 1 0 0 0 

A = 0 0 0 0 1 0 0 

0 0 0 0 0 1 0 

-a7 -a6 -as -a4 -a3 -a2 a7 

0 0 0 0 0 0 0 

't-.Thi1e for a ramp input, the matrix, A is given by:­

0 1 0 0 0 0 0 

0 0 1 0 0 0 0 

0 0 0 1 0 0 0 

A 0 0 0 0 1 0 0 

0 0 0 0 0 1 0 

-a7 -a6 -as -a4 -a3 -a2 a7 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

The solution to equation (165) is given by 139, 

Y(t) <j>(t) Y(O) 

where <P(t) eAt 

0 

0 

0 

0 

0 

0 

1 

0 

64J:­

(165) 


(166) 

(167) 

(168) 

(169) 
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~(t) is the transition matrix. 


The vector Y(O) represents the initial conditions. 


For a unit step, 


yT(o) [ 0 0 0 0 0 0 1 ] (170) 

while for a unit ramp, 

0 0 0 0 0 0 1 ) . (170-1) 

The form of the solution to the new vector differential equation is that 

of an unforced system, which is driven only by the initial conditions. 

In order to determine the transient response of the system, it is 

necessary to evaluate the transition matrix, ~(t). 

6.13-3 	 Evaluation of the transition matrix 

The matrix exponential function is defined as:­

eAT = I + At + A 	2 t 2 + A 3 t 3 + (171) 
2! 3! 

where 	 I the identity matrix 

A2 [A] [A], etc. 

The series converges for any A, and for all finite t [65]. 

For digital computer application, it will be necessary to evaluate 

the phase variables, and transition matrix at specific time intervals, 

t = T. A truncated form of equation (171) will have to be used for 

digital computer application. 

Thus 	 eAt "' I + AT + (A'r)2 + , .. + (AT)N (171-1) 
2 N! 

where the series is truncated to N+l terms. 
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The series will converge very rapidly if the interval T is chosen 

small enough so that AT < 1, where A = the absolute magnitude of the 

largest eigenvalue of the differential equation. It is not necessary to 

determine the eigenvalues in order to arrive at a suitable time interval. 

The sum of the eigenvalues is equal to the trace of the matrix F [65]. 

From equation (166), A~ a2. If all the eigenvalues were equal, 

athen A ~. The applicable range of T is thus:­
7 

1 :'fT~7 

The computer processing time increases as N increases and as T 

decreases. Furthermore, the number of terms required for convergence and 

thus N increase as T is increased. The interval T and number of terms 

N+l should be chosen so as to assure a satisfactory convergence in the 

minimum amount of processing time. This is best done by trial and error. 

It is important that computer processing time be minimised in determining 

eAT, since the transition matrix and the phase variables will be evaluated 

many times in the optimisation programme. This is further discussed 

subsequently. 

The transition matrix and the phase variables are evaluated using 

subroutine OPTRAN (Appendix A), which also calculates the ITAE criterion. 

OPTRAN is also used for simulating the transient response of the system. 

Subroutine OPTRAN is described in Appendix A. 

6.13-4 The method of optimisation 

The parameters K and h of the system are optimised using a direct 

search technique (see Appendix B). The values of a , a , ... , a, used 
1 2 7 
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in subroutine CONST and subroutine OPTRAN are determined from equations 

(146-1) to (146-7), by subroutine INIT (Appendix A), using the values of 

~ 1 , ~ 2 , w1 , w2 , kg, K and h read into the main programme. 

The values of K and h read in are the starting values. Subroutine 

CONST is then used to check that the starting values are in the feasible 

region. Thereafter the ITAE criterion is evaluated using subroutine 

OPTRAN. A search vector selects a new point in the K - h plane, and if 

this is found to be feasible by CONST, the ITAE criterion is again 

calculated and compared with the preceding value. If an improvement has 

occurred the direction of search is maintained and the search vector 

increased in length. Failure causes the search vector to change direction 

and decrease in length. The search vector ultimately homes in on the 

optimum point. The direct search technique is further discussed in 

Appendix B. 

The following values were used for the system parameters:­

w = 1160 rads/sec. (section 6. 9-7)
1 

w2 20,600 rads/sec (section 6.6-6) 

= 0.7 (section 6. 9-7)~1 

= 0.1 (section 6.9-6)1',;2 

kg = 1000 (section 6' 9-8) 

Four sets of starting values were used for K and h, viz:­

(i) K 160, h 1 

(ii) K = 160, h = 0.2 

(iii) K = 60. h = 1 

(iv) K ::: 60, h 0.2. 
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On all occasions the optimum values reached were:­

K = 112.3; h = 0.519; the minimum value of the ITAE criterion 

being 1.457 x 10-s. 

For efficiency the programme was stopped during these runs when 

the step size had been reduced to 1% of the initial range. In order to 

determine the optimum more precisely, the programme was run once more 

using as a starting point the values of K and h determined in the 

optimisation above; an initial step length of 1% of the initial range, and 

a minimum step length of 0.05% of the range. The improvement was of the 

order 0.1% in the value of the ITAE criterion, and the values of K and h 

changed by less than 0.05%. 

The fact that the optimum has beenreached is finally confirmed by 

inspecting the sensitivity analysis (section 6.14). 

For all practical purposes the optimum values of K and h may be 

taken to be 112.3 and 0.52 respectively. 

Hence from equation (146-9), the differential amplifier setting should 

be ka = 116. 

Thus all the parameters in the system are defined. 

6.14 Sensitivity Analysis 

The sensitivity of the system performance to variations in some 

of the parameters is established using subroutine OPTRAN to calculate the 

value of the ITAE criterion (denoted CRIT in the programme) as the 

parameters are varied one at a time. This is achieved by placing the 

subroutine OPTRAN in a DO loop which varies the particular parameter 

under consideration while the others are held constant. 



175 

6.14-1 Sensitivity to variations in the gain, K 

The variation of the measure of performance, CRIT with K is shown 

on Fig. 41 which is plotted for h = 0.519 and the other parameters as 

defined in section 6.13-4. The shape of the curve confirms the fact that 

the optimum occurs in the region of K = 112.3 . It is apparent that the 

system performance is relatively insensitive to small changes in the gain 

near the optimum point. Variations of the order ±5% in K will cause a 

loss in performance of the order 3%. Larger variations in K will cause 

a significant loss in performance. 

6.14-2 Sensitivity to variations in the displacement feedback, h 

The variation of the ITAE criterion with h is plotted in Fig. 42 

for K = 112.3. Theshape of the curve confirms that the optimum value of 

h is of the order 0.52. Large deviations from the optimum point will 

result in significant loss in performance. As the displacement transducer 

is accurate to 0.1%, and may be precisely set operation near the optimum 

point is easily effected and optimum performance is approachable. 

6.14-3 Sensitivity of the performance to variatio~s in the natural 
frequency and damping ratio of the HPA 

Inspection of Figs. 43 and 44 reveals that the performance of the 

control system is highly insensitive even to very large variations in the 

damping ratio s and the natural frequency w of the HPA. This is
2 2 

desirable since both of these parameters may differ considerably from the 

calculated values. Furthermore, since the damping ratio depends on fluid 

viscosity, it may vary significantly during the course of a cycle. 
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6.15 Simulation of the Transient Response 

6.15-1 Response to a unit step input 

The transient response of the optimised system to a unit step 

input is determined using subroutine OPTRAN, with the square matrix, A 

defined by equation (166), and initial conditions defined by equation (170). 

The state of the system is evaluated at intervals of 0.1 ms, and 

18 terms are used in the calculation of the transition matrix (equation 

(171-1)). The programme prints the value of the output, Y
1 

= Pc(T), after 

each increment in time. (See Appendix A.) 

The simulated output response is plotted in Fig. 45. The response 

is rapid, the 10% to 90% rise time being 4.4 ms. The settling time is of 

the order 20 ms while the percentage overshoot is approximately 6%. 

6.15-2 Response to a 'plateau' input 

In order to illustrate the method of simulating the response of 

the system to various input cycles, and at the same time, to determine the 

response to a ramp input, a 'plateau' input cycle has been chosen. The 

cycle consists of a ramp of slope +100 p.s.i./sec for 0 ~ t ~ 100 ms; a 

region of constant input pressure, p = 10 p.s.i. for 100 < t ~ 200 ms and 

a ramp of slope -100 p.s.i./sec for 200 < t ~ 300 ms. A cycle of short 

duration was chosen so that the salient features of the response could be 

illustrated without unnecessary wastage of computer processing time. The 

choice of ramp slopes is arbitrary; steeper slopes accompanied by a 

higher plateau will merely alter the scale of the simulation rather than 

its form. 
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The simulation is carried out using programme 'TRANSIM' (see 

Appendix A) which applies subroutine OPTRAN successively to the three 

stages of the cycle. 

For the first stage, the square matrix A, as defined in equation 

(167) for a ramp input is applied with initial conditions as follows:­

0 0 0 0 0 0 100 ]. 

For the second stage, A is redefined as the matrix for a step 

input (equation (166)), and the state of Y at t = 100 ms = 0.1 sec. is 

used as the initial conditions; with one exception: the initial value of 

input generator, M (0.1) is defined as 10 p.s.i.
1 

The initial conditions for the second stage are thus:­

yT(O.l) [ y y y y y 10 ]
1 2 4 5 6 

where Y
1 

, Y2 , ••• Y define the state at t = 0.1 sec.
6 

For the third stage, A is redefined as equation (166), and the 

initial conditions this time are obtained from the values of the phase 

variables when t = 0.2 sec. The initial value of the input slope is 

- 100 p.s.i./sec. 

Thus YT(0.2) = [ Y Y Y Y Y Y y -100 J 
1 2 3 4 5 6 7 

where Y 1 , Y2 , ••• Y define the state at t = 0.2 sec.
7 

The programme is arranged to print the input and output every 

The results are plotted in Fig. 46. During the initial ramp the 

output approaches the input slope very rapidly and effectively attains the 
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same slope after about 10 ms. The output continues to follow the input 

with a constant time lag of about 6 ms which results in a 'steady state' 

error of 0.46 p.s.i. ~{hen the input changes to a 'plateau' the output 

coincides with it after a short transient which results in a negligibly 

small overshoot. When the input begins to decrease during the final 

stage of the cycle the output slope again follows that of the input after 

a short transient which results in a time lag of about 6 ms. 

The simulation of more complex cycles may be effected using the 

technique presented in the foregoing, and modifying programme TRANSIM 

accordingly. 

6.16 Relative Stability of the Optimised Control System 

A measure of the relative stability may be obtained by examining 

the open-loop frequency response of the optimised system. The open-loop 

frequency response may be simulated on a digital computer using programme 

'FREQRES' (see Appendix C) which is capable of handling most standard 

transfer function forms. 

From the block diagram, Fig. 40, the open-loop transfer function 

GH(S), is given by;­

aGH(S) ~ (172) 

where a are defined by equations (146-1) to (146-7).
7 

The optimum values of K and h are used in the determination of these 

coefficients. 

The frequency response of equation (172) as simulated using 

programme FREQRES appears in Fig. 47. 
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The phase margin is 62°; while the gain margin is 8 db. This 

implies that the loop gain may be multiplied by a factor of 2.55 before 

the stability becomes limiting. (In the event of a failure in the 

adaptive gain compensator, stability will only become limiting under the 

extreme condition of 65,000 p.s.i. pressure drop across the orifice.) 

6.17 Final Considerations 

6.17-1 Hydraulic power supply system 

The salient features of the hydraulic power supply system have 

been described in section 6.7. Some of the practical details however, 

warrant further discussion. The recommended hydraulic circuit appears in 

Fig. 48, in which the graphical symbols used are to J.I.C. standards. 

The fixed displacement pump draws the fluid through filter FLT ,
1 

which has a 100 micron element. The delivery pressure of the pump is 

limited by relief valve, v • The sequence valve, which is supplied via a
3 

20 micron filter guarantees flow to the servo-valve circuit, which is 

connected to the primary of the sequence valve. The pressure to the 

servo-valve is reduced using reducing valve v • The servo-valve is pro­
5 

tected against faulty reducing valve behaviour, or pressure surges in the 

lines by relief valve V , which should be a single stage type for rapid
4 

response. The servo-valve is protected against contamination, and 

silting by the 5 micron filter, FLT . 
3 

The secondary of the sequence valve supplies the HPA circuit. 

For I.P. operation of the control system, the solenoid of the 2-position, 

3-way valve, V would be energised, and the intensifier would be bypassed.
2 
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For H.P. operation, V is de-energised and the accumulator is charged by
2 

the intensifier. When the accumulator piston reaches the end of its 

stroke, it opens the limit switch, which de-energises the solenoid of un­

loading valve V1 , thus unloading the secondary of the sequence valve and 

decreasing the pump effort. The unloading valve actuator is 'fail-safe' 

in operation. 

The filters should have beck pressure sensitive indicators which 

provide a measure of the dirt accumulated. The state of the filters 

should be inspected regularly. 

The hydraulic circuit plumbing should be carried out according to 

J.I.C. standards, and normal maintenance procedures recommended by J.I.C. 

should be enforced. 

6.17-2 Precautions and safety measures 

The lengths of the hydraulic lines connecting the servo-valve to 

the HPA, and the latter to the chamber should be kept as short as possible 

in order to minimise additional delays in the response. 

In estimating the chamber gain and the referred bulk modulus, the 

air content of the chamber was neglected (sections 6.5 and 6.6). At a 

chamber pressure of 50,000 p.s.i., by equations (8) and (10.1), the 

referred bulk modulus would be lowered by about 2% if the fluid volume is 

1% air. At lower pressures the reduction in referred bulk modulus would 

be much greater. It is recommended that the air be evacuated from the 

chamber immediately before commencement of the pressing cycle, This may 

be done using an exhaust pump which would form part of the auxiliary 

equipment and controls the press. 



181 

It is recommended that the lid of the H.P. chamber be secured 

to the chamber flange using 6 radial clamps which are equally spaced 

around the periphery of the flange. The clamps should be so designed 

that any three, spaced 120° apart could support the full load. The 

clamps will be self-locking if the flanges and the working faces of the 

clamps are tapered to an included angle of slightly less than twice the 

angle of friction. Each clamp may be driven by a pneumatic jack (see 

Fig. 49) which need only apply a small force (of the order 50 to 100 lbf) 

during clamping. The arrangement may be protected by 'fail-safe' limit 

switching which ensures that the pressurisation of the chamber cannot 

occur before the lid is clamped. 

The H.P. chamber should be protected against overpressures due to 

control system failure, by a safety valve (see section 3.2). Furthermore, 

the strains on the outer wall of the chamber should be monitored by a 

strain gauge bridge circuit, which could signal the electronic programmer 

to discharge the pressure should the strains reach undesirably high levels. 

6.17-3 	 Improvements to the mathematical model of the control svstem 

The time constants of some of the elements in the control system 

(e.g. the pressure transducer, displacement transducer and adaptive gain 

compensator elements) have all been neglected as they are very small, For 

cases where these time constants are not negligible, or when greater 

accuracy is required, the lag terms due to these elements should be incorp­

orated in the overall system transfer function. With the digital computer 

facilities currently available, there is virtually no limit to the order 

of transfer function that may be processed using the methods discussed 



182 

in the preceding sections. The increased accuracy should however be 

weighed against the cost of processing time, which increases rapidly with 

the order of the transfer function. 

Delays caused by flow paths in the control circuit should also 

be taken into account if greater precision is required. 

6.17-4 	 Improvement of system performance 

The accuracy of the output is governed by the accuracy of the 

pressure transducer in the major loop. A better quality pressure trans­

ducer will be required if greater accuracy is necessary. 

If the control system is to be used for I.P. operation, some 

means of compensating for large variations in the chamber gain should be 

considered. Two methods which could be considered are:­

(i) 	 The incorporation of additional amplifiers in the 

forward path of the control system, which are switched 

out of the circuit by signals from the programmer as 

the I.P. cycle progresses and the cylinder gain rises 

due to compaction of the powder. 

(ii) 	 An adaptive control system which monitors the flow 

rate into or out of the chamber and the rate of chamber 

pressure change. This information is used to evaluate 

the chamber gain, and send a signal to a multiplier in 

the forward path which offsets any variation, 

Further consideration of chamber gain compensation is beyond the scope 

of this study. 



183 

The control system as optimised in the preceding sections does 

not constitute an 11 optimal control system11 as the term is interpreted in 

modern control theory [64]. 

Optimal control theory dictates that all the state variables be 

fed back so as to minimise a performance index [64]. In the current 

design, many of the state variables are inaccessible, and although 

methods of 'modelling' portions of the system (so as to obtain approx­

imations of the inaccessible state variables) have been proposed [64], it 

is believed that the improvement in performance that may be gained by 

adopting such procedures, will not justify further complication of the 

control system. 



7. DISCUSSION 

7.1 	 General 

Continuous pressure control systems of type described in Chapters 

4 and 5 have been used with every success in sophisticated presses 

employed in commercial diamond synthesis [66]. These control systems are 

simple and reliable, but somewhat less efficient than the type described 

in 	Chapter 6. 

The basic approach used for continuous pressure control in the 

H.P. range, i.e. the incorporation of an additional hydraulic amplifier 

stage in the system may be applied equally well to control applications 

in the L.P. and I.P. ranges. The benefits of improved efficiency should 

however be weighed against the disadvantages of complicating the control 

systems. 

The methods of analysis and optimisation discussed in Chapter 6 

may be applied to the L.P. and I.P. control systems as well. 

The pressure range of the basic control system developed for H.P. 

use in Chapter 6 may easily be extended to the V.H.P. region. Intensifiers 

capable of delivering up to 1 c.i.s. of fluid at pressures of up to 

150,000 p.s.i. are currently commercially available. For higher pressures, 

an additional booster stage could be designed for operation in conjunction 

with standard equipment. Alternatively, a suitable V.H.P. intensifier 

could be designed and manufactured for pressures in excess of 150,000 p.s.i. 

184 
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crossland et al [46] describe a unit suitable for pressures of up to 

200, 000 p. s. i. 

The HPA may also be designed for V.H.P. operation, and is not 

likely to be the factor which imposes a limit on the pressure level. 

The most serious limitation to operating pressures in the upper 

V.H.P. range is the problem of the tendency of organic fluids to freeze 

at elevated pressures. The working pressure range of many fluids may be 

considerably extended by heating the fluid (the tendency for viscosity to 

increase with increasing pressure is counteracted by its tendency to 

decrease with increasing temperature). This practice is however restricted 

to temperatures within the limit of chemical stability of the fluid. 

For the upper V.H.P. range, liquid metals show the most promise 

for utilisation as hydraulic fluids. For example, a range of sodium­

potassium eutectoids have been developed for application to nuclear reactor 

heat-exchangers, and are being considered for utilisation as hydraulic 

fluids [54]. 

Sodiu~potassium eutectoids have the following properties which 

make them desirable for utilisation as hydraulic fluids:­

(i) 	 The melting point is usually under 20°F, and the 

boiling point in excess of 1200°F. 

(ii) 	 Very high bulk moduli - of the order 800,000 p.s.i. 

(iii) 	 The specific gravity is comparable to that of 

conventional hydraulic fluids. 

(iv) 	 The specific gravity and viscosity are almost invariant 

with temperature and pressure. 
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(v) 	 These liquid metals do not freeze until pressures 

well into the U.H.P. range are reached. 

The major difficulties preventing wide scale use of these liquid 

metals as hydraulic fluids are:­

(i) 	 They oxidise very rapidly. 

(ii) 	 They tend to alloy with the materials of hydraulic 

components, and block orifices and small openings. 

The use of sodium-potassium eutectoids is currently limited to 

preocesses which employ internal pressure intensification. (See sections 

2.3 	and 6.3-1.) 

The computer methods developed for the optimisatiou of the H.P. 

system parameters, and for simulating the transient and frequency response 

are sufficiently general to be applied to a wide variety of control 

systems. The only limitation is that the control system should be 

amenable to representation by a transfer function. 

For cases where the exact cycle is known, the parameters of the 

system may be optimised over the complete cycle using an appropriate 

index of performance. (The ITAE criterion would no longer be applicable, 

and in the absence of a suitable sophisticated criterion, the ISE or IAE 

index could be used.) 

The methods of continuous pressure control discussed by way of the 

three examples in Chapters 4, 5 and 6 may be adapted to any of the 

applications described in Chapter 2. Future developments in the fields 

of high pressure physics and engineering will undoubtedly give rise to 

further applications. 
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7.2 	 Concluding Remarks 

(i) 	 Modern scientific and industrial processes have created 

a demand for equipment capable of controlling pressure according 

to predetermined cycles. The demand for such equipment is likely 

to increase. 

(ii) 	 Continuous control of pressure in the L.P. range may be 

effected with accuracy and reliability using standard components 

in a simple system the major element of which is the electro­

hydraulic servo-valve. 

(iii) 	 The operating range of the L.P. System may be extended 

into the I.P. region using a device such as a proportional 

pressure reducing valve. 

(iv) 	 Continuous control of pressure in the H.P. range may be 

efficiently effected using a power amplifier stage which is 

driven by a servo-valve and powered by an intensifier. The 

performance of the system may be enhanced by providing adaptive 

gain compensation and by optimising the parameters of the system. 

(v) 	 The expression of the transfer function and input to the 

system in phase variable form facilitates readily programmed 

digital computer optimisation of the system performance~ and 

simulation of its transient response. 
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APPENDIX A 


COMPUTER SUBROUTINES AND PROGRAMMES 

FOR THE TRANSIENT RESPONSE 


A-1 SUBROUTINE INIT 

A-1-1 Purpose 

To set up the coefficients of the characteristic equation of the 

system (equation (153)); and to establish the matrix, A, in the vector 

differential equation (165). 

A-1-2 Call and Argument List 

CALL INIT (A, Al, A2, A3, A4, AS, A6, A7, GAIN, G, OMl, OM2, 

ZETl, ZET2, H, L) 

where A(L,L) is the square matrix defined by equation (166) or (167) 

L = 	 Total number of phase variables due to the transfer function 

and the input. (Thus in equation (166), L = 7; in equation 

(167), L = 8). 

Al, 	A2, ... , A7 are the coefficients a , a , ... ,a of the 
1 2 7 

characteristic equation (153) which are defined by equations (146-1) 

to (146-7). 

GAIN ~ Forward path gain of the minor loop, denoted kg in section 

6.9-8, and defined by equation (139), 

OMl Natural frequncy of the servo-valve, denoted w in
1 

section 6.9-7. 
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OM2 = Natural frequency of the HPA, denoted w
2 

in section 

6.9-6, and defined by equation (134). 

ZETl = Damping ratio of the servo-valve, denoted ~l in section 

6.9-7. 

ZET2 =Damping ratio of the HPA, denoted ~ 2 in section 6.9-6, 

and define·d by equation (135). 

H = Displacement transducer feedback gain denoted h in 

section 6.9-7. 

A-1-3 	 Method 

The matrix A(I,J), I= 1,1, J = 1,1 is zeroed. 

The superdiagonal A(I,I+l), I= l,L-1 is set equal to unity. 

The coefficients Al, A2, ... , A7 are established using equations (146-1) 

to (146-7). The elements in the sixth row of the matrix are fixed 

according to equations (166) and (167). 

A-1-4 	 Listing 

The listing of SUBROUTINE INIT follows:­



~49 

SUBROUTINE INITCAtAltA2tA3tA4tAS,~6tA7tGAIN,GtUMltOM2tZ~TltZET2tHt 
lL) 

c 
c TO ESTABLISH THE COEFFT~ 0~ THl 
c AND THE VECTOR DIFF EUN MATRIX 
c 

DIMENSION AClO,lO> 
c 
C ZERO THE MATRIX A 
c 

DO 200 I= 1 tL 

DO 200 J=ltL 

A<I 9 J)=0• 


200 CONTINUE 
c 
C ESTA~LISH A UNIT SUPER UlA~ONAL 
c 
C SET UP COEFFTS UF CHARcle lUN 
c 

Ll=L-1 
DO 2 0 1 I = 1 , L 1 
AC I, 1+1>=1• 

201 CONTINUE 
c 

Al=l• 
A2=2•*CZET1*0Ml+ZET2*0M2J 

CHARAlTLRISTIC lUN 
A(L,L) 

• 

A3=0M 1*OfvJl+Ott12*0M2+4 • *ZE T 1 * Zl T2*01•11 *OIY11:~ 
A4=2•*0Ml*OM2*CZETl*OM2+Z~T2*0Ml) 
A5=0Ml*O~l*OM2*0M2 
A6=GA.IN*A5*H 
A7=G*G.AIN*A5 

c 
C ESTA~LISH REMAINING 
c 

AC6,1)=-A7 
AC6,2)=-A6 
AC6,3)=-A5 
AC6,4>=-A4 
AC6,5)=-A3 
AC6,6)=-A2 
AC6,7)=+A7 
A(7,8)=1•0 
RETURN 
F.:ND 

lLlMLNTS OF ~AT~lX 

... .. .. .. ... ~ - . 
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A-2 	 SUBROUTINE CONST 

A-2-1 Purpose 

To determine whether any absolute stability constraints are 

violated by the values of the system parameters. 

A-2-2 Call and Argument-List 

CALL CONST (Al, A2, A3, A4, AS, A6, A7, G, H, INDEX) 

where INDEX indicates whether or not the system is stable. 

The other arguments are defined in A-1-2. 

A-2-3 Method 


The Routh-Hurwitz criterion (see section 6.12) is used to determine whether 


any poles of the transfer function lie on the right hand side of the 


S-plane. The variables Bl, B2, Cl, C2, El, Fl, denoted as b
1

, b
2 

, c
1

, c2 , 


el, f 1 respectively in section 6.12 are defined by equations (154-1) to 


(154-6). 


INDEX = 0 if B1, Cl, El or Fl is negative, otherwise INDEX = 1. 


A unit INDEX indicates stability. 


A-2-4 	 Listing 

The listing of SUBROUTINE CONST follows;­



~51 

c 
C TO CHECK FEASibiLITY OF SOLN USING 
C STABILITY AND ACCURACY CRITERIA 
c 

INDEX=O 
Al=A3-Al*A4/A2 
A?=A5-fl.l*A6/A2 
Cl=A4-A2*B2/Bl 
C2=A6-A2*A7/Bl 
El=ti2-Bl*C2/Cl 
Fl=C2-Cl*A7/El 

c 
C CONSTRAINTS IMPOSED tiY STAbiLITY kcWUlREMENT~ 
c 

IFCAleLE•Oe)GO
IFCCleLEeOe)GQ 

TO 
TO 

2 
2 

IFCEleLE•O•)GO TO 2 
IFCFleLE•O•)GO TO 2 

c 
C CONSTRAINT IMPOSED BY ACCURACY REQUIREMENTS 
c 

HH=30e*H 
IFCGeLT.HH)GO TO 2 

c 
C UNIT INDEX INDICATtS FEASidL~ R~GlUN OF SOLUTION 
c 

INDEX=l 
2 RETURN 

END 
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A-3 SUBROUTINE OPTRAN 

A-3-1 Purpose 

(i) To evaluate the transition matrix associated with the solution 

to the vector differential equation. 

(ii) To evaluate the phase variables at preset intervals in time so as 

to obtain the transient output response of a dynamic system. 

(iii) To evaluate the ITAE performance index of the system. 

A-3-2 Call and Argument List 

CALL OPTRAN (A, B, C, D, X, Y, TINT, TIME, L, NTERM, CRIT) 

where A(L,L) is the matrix established by SUBROUTINE INIT 

L = Total number of phase variables (see A-1-2) 

B(L,L), C(L,L) =Working arrays 

D(L,L) = Transition Matrix denoted ~(t) in section 6.13-2, and 

defined by equation (169). 

Y(L) = Phase variable vector 

X(L) = Working vector 

TINT Time interval over which the transiton matrix is to be 

evaluated, and the intervals at which the phase variables 

are to be calculated. 

TIME = Duration of the transient, an arbitrary finite time 

chosen so that the ITAE integral, equation (157), approaches 

a steady-state value, Denoted T1 in section 6.13-1. 

NTERM = The number of time dependent terms in the discrete form 

of the transition' matrix definition, equation (171-1). 
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Denoted N in section 6.13-3; the series is therefore 

truncated to NTERM + 1 terms. 

CRIT = The value of the ITAE performance index, defined by 

equation (157). 

A-3-3 	 Method 

(i) 	 The transition matrix is established by synthesising 

equation (171-1). This is effected by evaluating the second term 

of the series, and then taking the third term to be half the 

matrix square of the second term, the fourth term is then one 

third of the matrix product of the second and third terms; the 

fifth term is one quarter of the product of the second and fourth 

terms, etc. The terms are then summed and to the sum is added 

the identity matrix, thus completing the transition matrix. The 

process is efficiently executed using a series of DO loops, which 

are documented in the subroutine listing. 

(ii) 	 The phase variables are evaluated by applying equation (168). 

The vector of phase variables after an interval TINT is simply the 

matrix product of the transition matrix and the initial conditions. 

The vector thus obtained represents the intial conditions for the 

next state, i.e. the next interval TINT, 

( ... ' The ITAE criterion is evaluated using equation (157),111, 

which is reproduced below:­

(157) 
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In FORTRAN notation and in discrete form the absolute error, E(t), 

may be expressed as:-

EPl ~ ABS(Y(L) Y(l)) this is the error at time TIM 

and EPS ABS(Y(L) Y(l)) this is the error at time TIM- TINT. 

The average error from time TIM-TINT to time TIM is thus:­

EP = (EPl + EPS)/.2.0 

Equation (157) may thus be expressed as:­

TIME 
CRIT = L (TIM - TINT/2.0)*EP*TINT, where EPS is initially 1.0. 

TIM=TINT 

This is easily programmed as shown in the listing. 

If an alternative index of performance is to be used, only the 

FORTRAN statements relevant to the evaluation of the criterion need be 

altered. 

A-3-4 Miscellaneous Comments 

(i) Modification for transient response determination 

For the purposes of ascertaining the transient response, 

a WRITE statement may be inserted directly after the statement:­

12 CONTINUE. 

The WRITE statement should be of the form:­

WRITE(6, lOl)Y(L) 


101 FORMAT(lHO, El6.8). 


(ii) Choosing the value of NTERM, TINT and TIME 

It was pointed out in section 6.13-3, that the number of 

terms and the time interval should be chosen so as to minimise 
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processing time, since subroutine OPTRAN is used many times in the 

optimisation procedure. Furthermore, the duration of the transient, 

TIME, should be chosen to be sufficiently long so that CRIT 

approaches a steady value for each feasible set of parameters, so 

that a fair discrimination may be made between the values of CRIT 

calculated for each set of conditions in the optimisation 

programme. 

The best combination of NTERM, TINT and TIME may be 

rapidly determined using a trial and error method, as follows:­

In section 6.13-3, it was shown that the time interval 

TINT (denoted T in 6.13-3) should be in the range 1_ ~TINT~ 7 

And since a is of the order 20,000; 5 x 10-s ~ TINT~ 3.5 x 10-4secs.
2 

The factor 1 (denoted 1_ in equation (171-1)) decreases very 
NTERM! N! 

rapidly as NTERM is increased. 

For NTERM = 10, 1 
NTERM! 

and for NTERH 15, 1 
NTERM! 

while for NTERM = 20, _.:,.___ 
1 ~ o.41 x 1o-1s. 

NTERM! 

If NTERM is chosen as 15 the value of TINT may be decreased 

steadily from its maximum value until the transition matrix 

converges. This entails the inclusion of a WRITE statement immed­

iately after statement 8 in the subroutine, to print the transition 

matrix. For the arbitrary values of G = 200, H = 1, a value of 

TINT = 7.5 x 10-s was found to be sufficiently small to cause all 
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the elements in the transition matrix to converge to 8 decimal 

places. 

Using the same arbitrary values of G and H, and with 

TINT= 7.5 x 10-5, NTERM = 15, CRIT is determined from OPTRAN for 

successively increasing values of TIME until CRIT has converged 

to 8 decimal plac~s. This occurs when TIME = 0.1 sec. Using 

TIME= 0.1 sec, the values of NTERM and TINT are adjusted success­

ively so as to achieve the same convergence of the transiton matrix 

as previously, until the values which minimise the processing time 

are found. This was found to occur when NTERM = 17, 

TINT = 1 x lo-4 sec. 

A-3-5 	 Listing 

The listing of SUBROUTINE OPTRAN is as follows:­



SUBROUTINE OPTRANCAtBtCtUtXtYtTINTtTIMEtLtNT~RMtCRITJ 
c 
C TO DETERMINE 
C Cl) THE TRANSITION MATRIX DCL,LI 
C (2) THE lTAC: CRITERION, CRIT 
C (3) THE PHASE VARIABLES YCL> 
c 

DI M!NS I ON A C 10, 10 > , t3 ( 10, 10 I , XC 10 I , Y ( 1 u I , C ( 10, 1 0 J , u ( 1 0, l 0 J 

c 
C ESTABLISH 2ND TERM OF EXPONENTIAL ~ERI~S 
c 

DO 1 I =1, L 
DO 1 J=ltL 

1 
ACI,J)=ACitJ)*TINT 
CONTINUE 

c 
C S~TUP WORKING MATRICES d,C. A~u PUT u=2NU TERM· 
c 

DO 2 I= 1 t L 
DO 2 J=1tL 
BCI,J)=A(I,J) 
DCI,J)=A(I,J) 
CCI,J)=O• 

2 CONTINUE 
c 
C ESTAbLISH OTHER TERMS IN The S~kit~ 
c 

DO 3 NDEM=2tNTERM 
DEN=NDEM 
DO 4 I= 1 t L 
DO 4 J=ltL 
DO 4 K=1tL 

c 
C ESTABLISH ATERM OF Tht StRIC:S 
c 

4 
CCJ,J)=CCJ,J>+ACitK>*BCK,JI/DEN 
CONTINUE 
DO 5 I= 1, L 
DO 5 J=1tL 

c 
C RETAIN PREVIOUS T~RIV\tCtA~ tl TU f-'Ol~i'·1 uA~l~ uF NL..<l Ti:.l'<h 
c 

( 

C SUM THE SERIES tLET D =~UM 
c 

DC I , J) =DC I, J > +C C I , J) 
5 CONTINUE 
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c 
C WORKING MATRIX C IS NOW ZERO~U I~ PREPARATION FOR 
C ANOTHER PASS THROUGH THE uo LOOP 
c 

DO 6 I =1 'L 
DO 6 J=1tL 
C(I,J)=O• 

6 CONTINUE 
3 CONTINUE 

c 
C SERIES IS NOW COMPLETE tXCEPT FOR Trl~ ~IRST TERM 
C C(I,J) IS RtU~FlNtU A~ THl l0lNTlTY MATRiX 
c 

DO 7 I= 1, L 

7 
C(l,l)=1· 
(ONTINUf:.. 
DO 8 I=1•L 
['0 8 J=ltL 

c 
C THE SU1\1MAT I ON IS CCNCLUUED 
c 

D(l,Jl=D( ltJl+C<I,Jl 
8 CONTINUE 

c 
C D(I,J) IS THE TRANSITION MATRIX 
c 
C CALCULATE STATE VARIAbLES 
c 

TIM=TINT 
CRIT=u. 
EPS=1• 

9 CONTINUE 
DO 10 I= 1, L 
X(I)=O. 

10 CONTINUE 
DO 11 I= 1 'L 
DO 11 J=1tL 
X(ll=X(ll+U(I,Jl*Y(Jl 

11 CONTINUE 
c 
C RETAIN CURRENT OUTPUT A~ I1~ITIAL CONuiTluN FOR THt NEXT STATl 
c 

DO 12 I= 1, L 
Y<Il=X(I) 

12 CONTINUE 
~Pl=A~S(Y(L)-Y(lll 
EP=<EP1+EPS)/2. 
DEL=(TIM-TINT/2•l*EP*TINT 
lRIT=CRIT+uEL 
EPS=EP 
IF<TIM.GE.TIMllRETURN 
TIM=Titvi+TINT 
GO TO 9 
END 
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A-4 PROGRAMME TRANSIM 

A-4-1 Purpose 

To simulate the response of the system to a ramp-plateau negative 

ramp cycle. 

A-4-2 Method 

The intial conditions are read in as YY(I), I= l,L. 

These represent the initial conditions of the state vector Y(L). The three 

stages of the simulation are conducted in sequence, NSIM being used as a 

counter to determine the appropriate value L, of the vector length and to 

modify the initial conditions of Y(7) and Y(8) at the commencement of each 

new segment of the cycle. The other initial conditions are merely carried 

over from the preceding segment (i.e. the final conditions of the first 

segment become the initial conditions of the second segment, etc.). 

A-4-3 Subroutines Used 

INIT is used to set up the matrix A, and evaluate Al, A2, ... , A7 

for subroutine CONST. 

CONST confirms the stability of the system and hence the 

feasibility of the parameters. 

OPTRAN calculates the transient response. 

A-4-4 Miscellaneous Comments 

To simulate the response for example to a step input only, a 

similar programme would be used, with the first and the third stages of 

the simulation omitted. 
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A-4-5 Listing 

The listing of PROGRAMME TRANSIM follows:­

~-------~· -~---~-

C PROGRAMME TRANSIM­
C 

C FOR' DETERMINING TRANSIENT RESPONSE USING PHASE VARIA~LES 


c 

C SIMULATION OF RESPONSE TO A RAMP-PLATEAU-NEGATIVE RAt"lP CYCLE 


' c 

DIMENSION A<lUtlOI,e(lOtlO),X(lUltY(lUI,((lUtlOJ,U(lUtlU)tYY(lU) 
READ(StlOl)TINTtLtNTERMtTIME 
READC5t102) <YY( I) tl=ltli 
READC5tllO>GAINtGt0MltOM2,ZETltZET2tH 
WRITEC6t620l 
WRITEC6t62llTINTtLtNTERMtTIMt 
WRITEC6t622l 
WRITEC6t623l(YYCI>ti=l,~) 
WRITEC6t624l 
WRITEC6t625lGAINtGtOMltOM2tZtTltZET2tH 


c 

C SET Y TO THE SYSTEM INPUT YY 

c 


DO 300 I=ltL 

Y(l)=YY(l) 


300 CONTINUE 

WRITEC6tl03l 


c 

C FIRST STAGE OF SIMULATION lOO PSI/~t( ~AMP fUR loOMS• 

c 


NSIM=O 
302 CONTINUE 

... CALL INITCAtAltA2tA3tA4tA5tA6tA7,GAINtGtO~ltOM2tZETltZET2tH,LJ 
c . 
c TEST THAT INITIAL POINT IN FtASldL~ RtulUN 
c 


CALL CONSTCAltA2tA3,A4tA~tA6,A7tGtHtlNulXl 


IFCINDEX.EQ.l)GQ TO 301 

WRITEC6tl00l 

STOP 


301 	 CONTINUE 

CALL OPTRANCAtBtCtDtXtYtTINTtTIMEtLtNTtRMtCRIT) 

NSIM=NSIM+l 

GO TOC303t3U4T3U5lNSIM 


c 

C 2ND. STAGE OF SIMULATION lO PSI PLATtAU FOR 100 MS. 

c 


303 	 Y<7>=lo. 

Y(8)=0. 

L=7 

GO TO 302 
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c 
C 3RD. STAGE OF SIMULATION -lOU PSI/SEC RAMP FOR 100 MS. 
c 

304 CONTINUE 
vca>•-loo. 

L•8 

GO TO 302 


305 STOP 
100 FORMATC39H INITIAL POINT OUTSIDE FtASltiLE REGION /IIi 

101 FOR~ATCEl0.3,2I3tEl0.3l 
102 FORMATC8F6.ll 
1G3 FORMATClHOt* TIME CSECI INPUT OUTPUT*t//l 
110 FORMATC7Fl0.3) 
620 FORMATClHOt*TINT,L,NTERM,TIME*J 
621 FORMATClHO,El0.3t2I3,El0.3J 
622 FORMATClHO,*INPUTt YY~*) 

623 FORMATC1HO,F6.ll 
624 FORMATClHO,*GAIN,G,OMlt01~2,zETltZ~T2,H*) 
625 FORMATClH0,7Fl0.3l 

STOP 
END 

http:FORMATClH0,7Fl0.3l
http:FORMATC1HO,F6.ll
http:FORMATClHO,El0.3t2I3,El0.3J
http:FORMATC8F6.ll
http:FOR~ATCEl0.3,2I3tEl0.3l


APPENDIX B 

DIRECT-SEARCH OPTIMISATION PROGRAMME 
FOR THE CONTROL SYSTEM 

B-1 Purpose 

To find the values of the parameters G and H (denoted K and h in 

Chapter 6) which optimise the transient performance of the control system. 

B-2 Notation 

vo = 'Normalised' variable proportional to G i.e. vo G/300.0 

wo = 'Normalised' variable proportional to H i.e. wo = H/1.4 

R = Length of the search vector in VO - WO space. 

THETA = Angle the search vector makes with the VO axis. 

p Rotation index 

Q = Rotational incrementing index 

v = Temporary value of vo 

w = Temporary value of wo 

u = Temporary value of CRIT. 

The other variables used have been defined in Appendix A. 

B-3 Method 

The direct search method used is a 'polar' technique of searching 

rather than the more usual 'cartesian' type, Thus the search vector may 

be rotated through a full circle by variable increments, and may be 

increased or decreased in length as required. The search vector changes 
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its origin as the optimisation procedes, as in the case of the conventional 

direct search. 

The advantage of this technique is that it prevents the search 

from stalling on a 'fence' at sub-optimum valuesof the optimisation function. 

Starting from an initial feasible point which is confirmed by 

Subroutine CONST, (see flow chart, Fig. 50), the value of CRIT is calculated 

by Subroutine OPTRAN and temporarily stored as U. A step of length R is 

taken in a direction THETA to the VO axis (i.e. the G axis). 

The angle THETA is varied by the parameters P and Q, according to 

the relationship:­

THETA = 0.7853982*(1.0 + P/Q) 

Thus when P = 0.0, THETA would be 45°. When P = 8.0*Q, a full rotation 

has occurred. Q is used to alter the increment in THETA. If for example 

Q = 12.0, the increments in THETA as P is varied by units 1.0 would be 

3. 75°. 

The new position of the search point is stored as V,W. 

The feasibility of this point is again assessed using subroutines INIT and 

CONST and if feasible, OPTRAN is again called upon to calculate the value 

of CRIT. If an improvement has occurred over the preceding value, the 

step length is increased and the procedure repeated. If the new point is 

infeasible or no improvement occurs, the step length, if larger than its 

original starting value is reset to the starting value, and P is increased 

causing the search vector to rotate. The procedure is then repeated. 

When a full rotation of the search vector has taken place, the 

increment on rotation is reduced, and the step length decreased until the 

optimum point is reached to within an acceptable tolerance. 
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For the initial optimisation, the initial value of R used was 0.1, 

and the programme was stopped when R~ 0.01, and Q = 12.0 (a limit statement 

prevents Q from exceeding 12.0). For the final optimisation the initial 

value of R was 0.01, and the stopping value 0.0005, while Q was limited 

to 45.0. (See section 6.13-4.) 

B-4 Miscellaneous Comments 

The 'polar' direct search technique may be extended to three or 

more variables using spherical or n-dimensional polar space as required. 

B-5 	 Listing 

The listing of the initial optimisation programme follows:­



C OPTIMISATION OF TRANSIENT RESPONSt USIN~ PHASt VARIAdLES ANU A 
C DIRECT SEARCH TECHNIQUE 
c 

DIMENSION AClUtlOl tBClOtlUl ,X(lol,y(lul ,((lOtlul ,U(lL,tluitYYClul 
READ C 5 , 10 1 l TI NT , L , NT E. 1-< jvl , Tl."'' E 
READC5,102l(YYCilti=ltLl 
READC5,llOlGAINtGtOMlt0~2,ZETl,ZET~,H 
WRITEC6,620l 
WRITEC6t62llTINTtLtNTERM,TIME 
\II R I T E ( 6 ' 6 2 2 ) 
WRITE I 6, 62 3 l I Y Y C I l d =1 , (j l 
WRITEC6t624l 
WRITEC6t625lGAINtGtOMltOM2tZ~TltZ~T~,h 
Q=l. 
P=O. 
vm=H/1.4 
VCJ=G/300. 
R=n.l 
CALL INITCA,Al,A2tA3,A4,A5,A6tA7,GAIN,G,QMl,OM2tZETl,ziT2tH,LJ 

c 
C TEST THAT INITIAL POINT IN F~ASI~L~ RtGlGN 
c 

CALL CONSTCAltA2tA3,A4tA~tA6tA7tGtHtl~ucXl 
IFCINDEXeEQ.llGO TO 301 
WRITI:C6tl00) 
STOP 

'301 CONTINUE 
c 
C SET Y TO THE SYSTEM INPUT YY 
c 

DO 300 I= 1 tL 
YCil=YYCil 

3UO CONTINUE 
CALL OPTRANCAtBtCtDtXtYtTINTtTIMEtLtNTERM,CRITl 
\vRITEC6t5n2l 
WRITEC6t5UllGtHtCRIT 

3u2 U=CRIT 
3J3 THtTA=0.7853982*Cle+P/Ql 

c 
C IeEe THETA = 45+45*P/U 
c 
C TRANSFORM FRO~ POLAR TO CARTESIAN COOROS. 
( 

V=VO+R*COSCTHETAl 
W=WO+R*SINCTHETAl 
G=300e*V 
H=l.4*W 
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c 
c SEARCH FOR ANEW BASE POINT. 
c 

CALL INIT(A,AltA2tA3tA4tA5tA6tA7t~AINt~t0MltUMLtL~T.tL~TitrltL~ 
(ALL CONST(AltA2tA3,A4tA5tA6,A7,GtHtiNuEX) 

c 
c EXAMINE WHETHER AN IMPROVEMENT HAS OCCURED 
c 

IF<INDEXeNE.llGO TO 304 
c 
c RESET Y TO THI:. SYSTEM lNPlJT YY 
c 

DO 307 I=ltL 
Y<Il=YY<Il 

307 	CONTINUE 
CALL OPTRANCAtHtCtDtXtYtTlNTtTIMEtLtNT~RMtlRITl 
IFCCRITeGF:.IIlGO TO 304 

c 
C IF IMPROVEMENT , VO, WOt NEW bASE POINT 
c 

VO=V 
WO=W 
WRITEC6t50l)G,HtCRIT 

c 
C THE RADIUS VECTOR IS INCREASED WHILE THE GOING IS GOOD 
C <WITHOUT ALTERING THETA' 
c 

R=l.5*R 
GO TO 302 

3C4 QO=B.*Q 
c 
C IF FAILURE OCCURS AFTER A RUN OF SUCCESSES, 

R IS RESET TO ITS ORIGINAL VALUE OF 0•1 (ONLY APPLlEu If keGTeO•l' 
'· IF<R.GT.O.l)R=U•l 

IFCP.GE.QQ)GO TO 305 
c 
C THE RADIUS VECTUR IS kOTAT~D bY lNCRtML~TI~~ P WHlLh ALTtKS TH~TA 

P=P+l. 

GO TO 303 


c 
C IF NO IMPROVMENT AFTEk COMPLET~ R~VOLUTluN UF RAUIU~t 
C RAND THETA AR~ REUUlEU <I.E• 1NLS• IN THETA ARt RtuUCEu) 
C THE PROCE5S IS lONTINUEU UNT!L ~~~~. l~ TntTA Akt 3.7~ uL~RtES 
C THEf~AFTER R IS REDUCED WITH t:/\CH CYCLE UNTIL R.LE..l·E-~ 
C THIS TERMINATE5 THE PROGRAMME. 
c 

305 IF(R.LE.l.E-2lGO TO 306 
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lOu 
lv1 
102 
110 
1'):')1 

502 
620 
621 
622 
623 
624 
625 
626 

R=0.5*R 
0=0+1. 
IFCQ.GE.l3e)Q=l2. 
P=o. 
GO TO 303 
WRITEC6t5GllGtHtU 
WRITE<6t626l 
FORMATC39H INITIAL POINT OUTSIOl FlASibll REGlUN ///1 
FORMATCElue3t2I3tclOe3l 
FORMAT(8F6el) 
FORMATC7FlU.3) 
FORMATClH0,2Fl6elO,El6.8l 
FORMATClHOt* G H 
FORMATClHOt*TINTtLtNTERM,TIME*' 
FORMATClHO,El0.3,213tEl0.3J 
FORMATClHOt*INPUTt YY=*l 
FORMATClHOtF6el) 
FORMAT ( lHU, *GAIN, G tOMl, Ot•1~, Zc T 1 ,zt. T2, H* l 
FORMATC1H0,7Fl0e3) 
FORMATClHOt*OPTIMUM HAS HEEN REACHED *J 
STOP 
END 

http:FORMATClHO,El0.3,213tEl0.3J
http:FORMATClH0,2Fl6elO,El6.8l


APPENDIX C 

COMPUTER PROGRA}lliffi AND SUBROUTINES 
FOR SIMULATING THE FREQUENCY RESPONSE 

C-1 PROGRANME fREQRES 

C-1-1 Purpose 

To determine the frequency response of most standard forms of open 

loop transfer functions. 

C-1-2 Notation 

The terms used as variables in FREQRES and as arguments in the 

associated subroutines are defined in the listing of programme FREQRES. 

C-1-3 Method 

Programme FREQRES is intended to cope with transfer functions of 

the general form:- (written in algebraic notation) 

GAIN.SN(l + S/FREN)(l + 2(ZEN)S/OMEN + s2/(0MEN)2)(1 + C(l)S + C(2)S2+ ... +C(NN)SNN 

(1 + S/FRED)(l + 2(ZED)S/OMED + S2/(0MED)2)(1 + CD(l)S + CD(2)S2 + ,,,+ CD(ND)SND) 

where (1 + S/FREN) represents all the linear terms in the numerator, 

i.e. (1 + S/FREN) (1 + S/FREN(l)) (1 + S/FREN(2)) ... (1 + S/FREN (L)) 

also (1 + S/FRED) (1 + S/FRED (1)) (1 + S/FRED (2)) (1 + S/FRED (M)) 

(1 	+ 2S(ZEN)/OMEN + S2/(0MEN) 2) = (1 + 2S(ZEN(l))/OMEN(l) + s2/(0MEN(l))2) .. 

.. . (1 + 2S(ZEN(LL))/OMEN(LL) + S2/(0MEN(LL))2) 

268 
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And a similar expression for the quadratic term in the denominator, where 

OMED has the values OMED(l) , .• OMEDOMM), and ZED has the values 

ZED (1) , , • ZED (HM) . 

Terms of the form sN are processed using Subroutine ESS. Linear, quadratic 

and polynomial terms are processed by subroutines LIN, QUAD and POLY 

respectively. 

The programme uses the values of the variables N, L, M, LL, HM, 

NN, ND to determine which subroutines are to be used and how often each 

is to be applied. The magnitudes are multiplied together and the phase 

angles added after each subroutine returns to the main programme. 

C-1-4 Users Information 

The variables N, L, M, LL, MM, NN, ND, LIM are punched on the 

first card in 8I4 Format. (In the absence of one or more of these terms 

a zero is punched.) 

The other cards (in order) contain the following data, where relevant:­

FREN(I) Format F 16.8, one value per card. 


FRED(I) Format F 16.8, one value per card. 


ZEN(I), OMEN(I) Format 2F 16.8 one card for each value of I. 


ZED(I), OMED(I) Format 2F 16.8 one card for each value of I. 


C(I) Format F 16.8 one value per card, 


CD(I) Format F 16.8 one value per card. 


OMEGA Format F 16.8 one value per card. 


Note:- The number of frequncy values, OMEGA, to be processed is LIM. The 

frequencies should be in units of Hertz. 
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C-2 	 THE SUBROUTINES 


A 

The output arguments of Subroutines ESS, LIN, QUAD and POLY are 

the magnitude, A, and phase angle Fl. The input arguments appear in the 

CALL list of each subroutine and are defined in the listing of programme 

FREQRES. 

Subroutines ESS and LIN are straightforward and their operation 

is clear from the listing. Subroutines QUAD and POLY warrant a brief 

discussion. 

C-2-1 SUBROUTINE QUAD 

Two special cases arise in a second order transfer function. 

Firstly, if the damping ratio is zero, the magnitude is given by:­

where R OMEGA/OM = frequency ratio. 

The phase angle is zero if 1.0 > R*R, and 180° if R*R > 1.0. 

Secondly, at the natural frequency, the second order transfer function 

becomes a pure integrator (if in the denominator) or differentiator (if in 

the numerator), which is amplified by the term 2.0*ZETA. This is easily 

dealt with as in ESS. 

The general case is easily handled by recognising that the transfer 

function may be written as:- X+ JY where J is the complex operator, 

X = 1.0 - R*R, Y = 2.0*ZETA*R. 

Thus A= SQRT(X*X + Y*Y), and the phase angle is determined from the arc 

tangent of the complex expression. 

C-2-2 	 SUBROUTINE POLY 

The polynomial in the laplace operator S is partitioned into four 
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groups, Pl, P2, P3, P4 corresponding to phase angles of 0°, 90°, 180°. and 

270° respectively. The grouping is efficiently carried out by making N/3 

passes through a DO loop. (If N/3 is less than 2, two passes are made as 

this is the minimum number of passes required.to complete the partitioning 

(see listing).) 

By putting X = Pl - P3, and Y = P2 - P4, a form identical to that 

obtained in the general case of subroutine QUAD results and is processed 

in the same manner. 

C-3 THE LISTING 

The listing of programme FREQRES and the various subroutines 

follows:­

http:required.to


-----------------~-

C PROGRAMME FREQRES 
c 
C PROGRAMME TO EVALUATE OPEN -LOOP TRANSFER FUNCTIO~~ 
c 
C GAIN = 0/L GAIN OF TRANSFER FUNCTION 
C N=POWER OF S C-1 FOR 1 lNT~~RATIONt +2 FOR 2 UlFF~kATION~ ETt.J 
C L=NO• OF LINEAR T~RMS (le+S/fRtN' IN NUMtkATU~ 
C M=NO• OF LINEAR TERMS C1e+S/FR~OJ IN U~NOMENATOR 
C FRENt FRED =NAT• FRtUe OF L!~tAR TERMS 
C OMENtOMED=NAT FREY. OF UUAU. TtRM~ 

C LL= NO. OF QUAD. TERMS ( 1•+2e*Zt:N*S/01"1lN+S**2/UI''t.N**2' lN r..,u,·l• 
C f'.\M= NOe OF <..JUAUe Tl:.RM~ ( le+.C::e*Ltv*~/Oi•lt.U+~**~/Ui'lt..I.J*-A-"- I li~ l.lt.l'u 

C Zl:.NtZED=DAMPlNG RATIOS IN NUM ANU UEN Rl:.SPLYe 
C NN=ORDER OF POLY IN S IN NUM I.t::. 1+C(1l*S+CC2)*S**2+e .. +C(/\jf\ll*.S**I~i>l 
C NN=ORDER OF POLY IN S IN UEN I.~. 1+tU(lJ*S+eee+lu(Nu~*S**N~ 
C ND IS ORDER OF POLY IN DENOM. 
C LIM=NO. OF FORCIN~ FREOe POINTS TO eE EXAMINED 
C OMEGA=FORCING FREO. 
C OMEGA IS READ IN AS HERTZ 
c 
c 

UIMENSIONFRENC2ultlENC2UltOMt.NC2u'tFREU(~U'•Ltu(~OltUMt.U(.C::UitL(~OJ 
1tCDC50) 

c 
C UATA DESCRI~ING FORM OF TRANS• FNe IS READ IN 
c 

READC5,10l>NtLtMtLLtMM,NN,NDtllM 
WRITEC6t556lNtltMtLLtMMtNNtNUtLIM 

c 
C UETERMINE IF ANY LINEAR TERMS ARE PkESl:.~T 
c 

IF(L.EQ.QiGO TO 11 
READC5,102>CFR~NCil,I=1tL> 

11 IFC~eEQ.Q)GO TO 12 
REI\DC5,102) CFREDC I> ,I=1,M) 

c 
C DETERMINE IF ANY <..JUAUe TtRMS ARt: PRESlNT 

12 IFCLL.EO.OlGO TO 13 
READC5,l03iCZENCI>,OMENCil,I=ltLL) 

13 IFCMM.EQ.O)GO TO 14 
READC5tl03) CZEDC I) tOMt::DC I i ti=ltMiVll 

c 
C DETERMINE IF ANY POLY TERMS ARf PREStNT 
c 

l 4 I F ( N N • E (J • 0 I G0 T U 1 5 
READ< 5.10?. l (((I) tl=ltNN) 

15 IFCNIJ.EQ.O)GO TO 19 
PEADC5.10?> CCD( I) tl•ltNDl 

19 CONTINUE 

http:PEADC5.10
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WRITE(6tl20) 
KOUNT=O 

17 READ(5,102)0MEGA 
c 
C OMEGA IS CONVERTEU TO RAUSe/SEC 
c 

OMEGA=OMEGA*6e2831853 
18 	 CONTINUE 


KOUNT=KOUNT+l, 

AMAG=GAIN 

PHAc;F=O• 

JF(N.EQ.Q)GO TO 20 

c 
C IF ANY INTEGRATIONS OR DlFFE~ENTIATIONS ARt REUUe THEY ~~~ PERFOR~~U 
C USING SUtiROUTINE ESS 
c 

CALL fSS(N,OMEGA,AtFIJ 

AMAG=AMAG*A 

PHA~E=PHA~F+FI 

2n 	CONTINUE 

IF<L•EOeO)GO TO 21 

DO 21 J= 1 ,L 

FREQ=FRENCJ) 


c 
C LINEAR TERMS ARE SOLVED 
c 

CALL LINCOMEGA,FREQ,A,FI) 

!\ '~ Mi =A.~~ ACi*.fl. 

PHASE=PHA~E+FI 


21 	 CONTINUE 

IFCM•EOeOJGO TO 22 

DO 22 J= 1 'f\.1 

FREQ=FREDCJ) 

CALL LINCOMEGA,FREO,A,FI> 

A""II.Ci=fi.MAG/A 

PHfi.SE=PHASE-FI 


22 	 CONTINUE 

IFCLL.EQ.OIGO TO 23 

l)l) 23 J=ltLL 

Zl:.TA=LEN(JJ 

OM=OMEN(J) 


( 

c QUADe TERMS ARE SOLVED 
c 

CALL QUADCOMEGAtOMtZETAtA,FJJ 
AMAG=AMAG*A 
PHASE=PHASE+Fl 

23 	 CONTINUE 



IFCMM.EQ.O)GO TO 24 

DO 24 J=ltMM 

ZETA=ZED(Jl 

OM=Oiv1t:.D ( J l 

CALL QUAO<OMEGAtOMtZt:.TAtAtfiJ 

AMAG=AMAG/A 

PHASF.=PHASE-FJ 


24 CONTINUE 
IFCNNeEQ.OlGO TO 25 

c 
C POLY• TERMS ARE SOLV~D 

c 
CALL POLY<OMEGAtCtNNtAtFIJ 
AMAG=AMAG*A 
PHASE=PHASE+FI 

25 	 CONTINUE 

IF<ND.EQ.OlGO TO 26 

CALL POLY<OMEGAtCDtNDtAtFil 

AMAG=AMAG/A 

PHASE=PHASE-FI 


26 CONTINUE 
c 
c AMAG=MAGNTTUDE tPHASE=PHASt:. LEAD (JF -VE THEN LAG) 
c DB=POWER GAIN CDFCI~FLSl 
c 
c PHASE• IS CONVERTED TO DEGREES 
c 

PHASE=lBOe*PHASE/3.14159265 
c 
c MAG •• IS CONVt:.RTEO TO Ot:.ClbELS 
c 

D8=20e*ALOG10(AMAG) 
c 
c FREQ. IS CONVERTED TO HERTZ 
c 

0Mt:.GA=OMEGA/6.l~31853 

WRITEC6t121lOMEGA,AMAG,DB,PHASE 
c 
c PROGRAMME IS TERMINATED WHt:.N ALL FURCI~~ FRt:.USe HI\Vt:. ~E[N PROCE~~Lu 

c 
IFCKOUNTeGEeLIMlSTOP 
GO TO 16 

lUl r0RMAT(814J 
102 FORMAT<Fl6e8l 
103 FORMAT<2F16e8l 
12v FORMAT<lHOt* FREQe( HERTZ J 1v1AGN I TUUt:. MAG • ( ut.<..l t.li:.L~ J PHf-\St 

1 <DEGREFS l *,I!) 

121 FORMATClH0,4F16e8l 

S56 FORMAT<lHOt*DATA*t8!4t//l 


FND 
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SUBROUTINE ESSCNtOMEGAtAtfli 

c 
C TO SOLVE LAPLACE FUNCTION OF THE FORM S**N 
c 

NA=-N 
IFCN.GTeOlGO TO 1 
A=le/OMEGA**NA 
GO TO 2 

1 CONTINUt. 
A=OMEGA**N 

2 CONTINUE 
EN=N 
FI=~N*le5707Q6;; 

RETURN 
END 
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SURROUTINE LINCOMEGA,FRE~,A,FIJ 
c 
C T 0 S 0 L V E LAP LAC E F lJ N C T I 0 N ~. 01­ f d l 1- uI~, -1 
C (1.+5/FREQJ ANU (1.-~/FREWJ 
c 

R=OM!:. GA I Fl~!:.u 
( 

C CALCULATE MAGNITUUE 
( 

t\=S0RT(l.+R*Pl 
IFCR·LT.o.JGO TO 1 

c 
C DETERMINE PHASE ANGL~ FOk Cl·+~/FktuJ LA~E 
c 

FI=ATAN<Rl 
RETUF<N 

c 
C DETERMINE Plfi\SF ANr1LE FOR Cle-S/FI<EUJ CASE 
c 

1 FI=6.28318531-ATANCARSCRlJ 
RETURN 
END 
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c 
C FOR LAPLAC~ FUNCTIONS OF THE G~NtkAL FORM 
C ( 1.+2e*ZETA*S/Ofv'I+~,*S/(Of'••*UJ-Ij) I 
( UM=NAIUkAL t-f<t:u., Ltl;\=Li/\i'IPlJ'-1\.:J ktdlUt UlvJt:I.:JA=rUk~il~ll 
(_ 

c 
C SPECIAL CASf 1 - ZFRO DA~PING 
c 

IFCZETA.NE.~.)GO TO 1 

X=l.-f-<*R 

IFCX•Gf.O.JFI=O• 

IFCXeLE.o.JFI=3.1415Y~6~ 

A=At3S(XI 
RETURN 

c 
C SPECIAL CASE 2 - AT NATURAL FREUUlNCY 
c 

1 	 IFCOMEGA.NE.QMJGU TO ~ 


Y=2.*ZETA*R 

IFIYeGT.UeiFl=l•5707Y633 

IFCY•LT•U•JFI=4•71238~Y~


"= ...v~s c v l 

RE"Tl!RN 

c 
C THE GENERAL CAS[ 
c 

2. 	 X =1 • - R* f~ 
Y=2.*ZETA*R 

c 
C f!I::TERMINE :JlAGNITLJDF /,J'JlJ •JHASf 

c 
/\ =StlR T C X* X+Y*Y l 

/I.I'IG=ATJ\11.1(/\ 0 ';(Y/Xl l 


( 

C LUCATt: UUAURANT 
c 

I F ( X • G T • U • u • ~~ NlJ • Y • lJ T • U • J r· l =11 NlJ 
IF cx.GT.u.\_:.1\Nu.v.LT.u. 1t- I=o.2o:-no:; ..:u-;,Nu 
I F ( X • L T • () • () • !\ f\JD • Y • (iT • I j • I f- I = ~ • lltl ') '} ?J1 r, -f1 NC1 
I F ( X • L T • v • • J • AN U • Y • L T • 0 • I 1- l ='3 • l '+ 1 ':.> 'J ~ b ':.> + /\ Nl) 

c 
f-<ETURN 
nm 

1-J~L'""• 



278 
SUBROUTINE POLY(O~EGAtCtNtA,FIJ 

c 
C TO SOLVE POLYS IN THE LAPLACt: OPt.!"< II TO!-< , S 

c f.l 0 L y 0 F TH!::. F 0 1-< 1'11 l • 0+ l ( l I *::, + l. ( L J * ~*::, + l. ( .:) j *~* * 3 + •••• + \.. ( N I *::,**I" 

c 
C THt: TtR,v1S ARt 
C OF THE ARGAND 
c 
C F"OI~ N.LTe6 AT 
C C 1 THF:I~ItJLc.t: AT 
c 
C P1,P2,P3tP4 ARE 
c 

Gii-iENSIONC ( 5C l 
P1=1• 
P2=U• 
P3=0• 
P4=l-• 
M=f\1/3 
IF<~·LE.2lM=2 

DO l I= 1 t f·1 
c 
C GROUPING 
c 

GI-<UUPt:Li 1-\Lui~\..J TriL 4 Vt.CT...Ji·dAL vlt<:Ll.Tl0:~::, 


UIAGRA~ 


LE:AST h/0 Pfhc,l S TrL-<ul)()tl il I.J;J LUUP ilr<t:: 1-<rlWe 
LFAST N/3 PAS~!-.'-J /1i-<! 1-\1:-_CJ[). 

SLJMS OF f-llii-<TlTlUi'H:.LJ PULYS lUI---1-<LSf-'• TU L'1UI ull-<tl_JlUIJ 

I F ( ( N- ( 4 * I J l • G t • () l P 1 =P 1 + ( ( 4 * I I ~~ u ,' ~ t u1\ * * ( 4 .;(- I J 

IF! <N-(4*Il+3l.Gr.rJP2=P2+l{4*l-3l*U~tuA**I4*I-3l 
I F I ( N- ( 4 * I J + 2 l • G t:: • : ~ l f.l ::> =P 3 +C ( 4 * 1 -2. J -J.• 0 ;.~ t u /\ ** ( 4 -1<- I -2. l 
I F { ( N- ( 4 * I I + 1 l • G E • I l P 4 =P 4 + l { 4 * 1-l J *U i·~ l G1-\ * * ( 4 * I -1 l 

l C 0 rH I N U t: 
c 
c rur IN corvPu.:x FOI~.'.1, I.t. x+JY 
c 

X=Pl-P":I 

Y=P2-P4 


(__ 

l 1JETE.k1·'. II'JI:. .'-'IAGN I TLJLn ANIJ PHASL 
( 

f\ =SCin ( X*X+Y*Y l 
A~G=ATA~(ARS(Y/Xl) 

(" 

C LOCATf OUAORANT 
(" 

I F ( X • G T • n • ( · • AtJ I.J • Y • CJ T • 0 • l F I =AN c 
I F ( X • G T • J • :,; • AN L.J • Y • L T • U • i F I =6 • 2 b 3 l b ::.> 3 l-A1'-l lJ 

I F ( X • L T • u • t · • AN u • Y • C.; T • v • J f- 1 =::> • 14 l. j it!. 6 ~-A i\1 \..J 
I F ( X • L T • 0 • U • A f·J u • Y • L T • CJ • i t· l =::> • 1 4 l ~ '1 ~ b '+;:.. NlJ 

(" 

2fT!JRil 

t:f-l!l 
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