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-CHAPTER 1 

1.1 Introdtiction 

There are many analogies in science. Analogies allow 

the qualitative and often quantitative analysis of a real 

system. Two systems are analogous if they have a common 

basis of interchangeable mathematics. As analogies are 

seldom perfect, it is usually sufficient if the equations 

describing the analogue system are known to approximate ~~e 

real equations to within a definable but small error. Often, 

~he equations governing the real ·system may have to be ideal-

ized in order to allow an analogous formulation. 

An analogue justifies its use if it can simpliry 

obtaining information about the real system; that is, if it 

can save time. A good analogue should have its system varia

bles flexible. This allows the most general and efficient 

use of the analogue system in interpreting the real system. 

The use of analogue techniques is a very useful tool 

in engineering research and teaching; although recently, 

there has been a tendency to minimize the use of experimental 

analogues. However, many problems or their analogue equiva

lents may be simulated on the modern digi~al computer. In 

fact, computer simulation has become a standard approach to 

- l -



2 

such problems. As a consequence~ actual experimental setups 

of the real problem or its analogy tend to suffer as an 

engineering approach. However, there are many areas in 

which experimental analogues are well justified, and field 

mapping may be classed as one of these. 

1. 2 Conducting-Pape·r AnaTog\ies 

In electrical engineering certain two-dimensional 

electric and magnetic field distributions can be simulated 

on a conducting-paper analogue. The ~lectroconduction field 

in a uniformly-conductive pape~ sheet comprises of ~he current 

flow lines and the equipotential lines. The analogue is 

defined to be a direct type when the current flow lines 

correspond to the flux lines of the electric or magnetic 

field. The orthogonal analogue has the equipotential§ rep

resenting flux lines. In the orthogonal analogue, conduct

ing boundaries on the paper represent flux-impermeable 

surfaces or known flux lines. Non-conducting boundaries 

represent flux-permeable surfaces or known synunetry planes. 

The converse of these boundary conditions is true for the 

direct analogue. 

Two-dimensional electric and magnetic field distribu

tions for the stationary and quasi-stationary tL~e case fall 

into three general categories. These are: 

(a) field distributions which satisfy Laplace's 



equation ~ 2 ~(x,y) = 0. 

I 

r 

j 

(b) field distributions which satisfy Poisson's 

equation in scalar form 9 2 ~(x,y) ¢ 0 or in vector form 
-+ 

92~ (x,y) #; 0. 

(c) field distributions which saLisfy Laplace's 

equation in some regions and Poisson's equation (scalar or 

vector form) in other separate (source) regions of the 

field. Examples of these different field distributions are 

shown in Figure 1:1. 

1.2.1 DC Laplacian Analogue 

3 

The de conducting-paper (Teledeltos) analogue has 

been used for many years to s.ol ve Laplacian field problems. 1 

The Laplacian Teledeltos mapping system provides quick _.,, 

solutions to extremely complicated electrode and boundary 

configurations with good engineering accuracy. The basic 

system is illustrated in Figure 1:2. 

1.2.2. Multiple Pin DC Poissonian Analogue 

This orthogonal sys-tern was the first proposed 

conducting-paper analogue t6~simulat~ the_Poissonian 

field.2,3, 4 , 5 Each source region is a matrix of pins, each 

delivering a constant current into the conducting sheet. 

Constant current is obtained using large resistances in 

series with each feed point. The voltage drop across any 
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of these resistors ·is much greater than the maximum voltage 

difference found on the paper surface. There is a direc~ 

correspondence between the magnitude of the effective curr-

ent density in each source region with that of the real field. 

Although the. analogue enjoys the simplicity of using 

de, it has, however, some disadvantages. These are: 

(a) An elaborate experimental setup is needed 

for accurate results, because hundreds of pins 

may be inserted in the conducting paper. 

(b) There is the tedious procedure of actually 

connecting the pins and adjusting each current 

feed point. 

The basic system is exemplified in Figure 1:3. 

1.2.3 AC Capacitively-Coupled Poissonian Analogue 

In 1953, the Gilbert twins, then at the University 

of Michigan at Ann Arbor, described an analogue system that 

could map two-dimensional uniformly-distributed source 

fields. 6 Their unique mapping system (shown in Figure 1:4) 

incorporates a Teledeltos resistive mapping surface and a 

capacitively-coupled electrode whose geometry has the same 

proportions as the real source. The coupling capacitor is 

formed using an aluminum foil electrode glued to a thin glass 

dielectric. When th'e excitation frequency is low enough, the 
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capacitive reactance formed between the foil electrode and 

the conducting paper surface is much greater than the equiva-

I 
lent rurface resistance of the paper. Then, the capacitive 

displacement current density J is inversely proportional to c 

the dielectric thickness Ta. The current density Jc over 

the source region is theref~re constant if the dielectric is 

of uniform thickness. 

The voltage distribution V(x,y) on the Teledeltos 

surface satisfies the Poissonian equation v2 V(x,y) = 

-KJ /-90° where K is the resistance per square of the c 

Teledeltos paper. This very fundamental equation can be 

derived with the assumption that the thickness of the 

conducting paper is sufficiently small to ensure thaL the 

current flowing in the plane of the paper is independent 

of any axial variation. An elemental section of the -paper·-

dielectric sandwich for a capacitively-coupled region is 

shown in Figure Y:S. 

If Kirchoff's current law is applied to the con-

ducting-paper elemental section one has 

(J(x,t) + aJ(x,tl a ) T 6 + (J(y,t) + aJ(y,t) 6 ) T ~ ax x p Y ay Y p x 

where J represents current density in amperes/metre 2 , giving 

aJCx,t) + aJCy,t) 
ax ay ..... 1.1 
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From Ohm~s law it is seen that, if E represents electric 

field strength in vplts/meter, 

E(x,t) = -pJ(x,t) or 

E(y,t) = -pJ(y,t) or 

avcx ,y ;t > = ax -pJ(x,t) ..... 1.2 

· ·avcx,y,t> = -pJ(y,t) ..... 1.3 
ay 

11 

where p is the resistivity of the conducting paper in ohm-

metres. On rearrangement of equations 1.2 and 1.3 and 

substitution into equation 1.1 one has 

-1 avcx,y,t)) a -1 avcx,y,t)) 
C p ax + ay C P- ay 

Jc(t) 
= Tp ••••• 1. 4 

The resistivity of the conducting paper is related to its 

resistance per square and thickness by 

p = K Tp 

Therefore, equation 1.4 becomes 

For the sinusoid steady state 

and 

. t 
V(x,y,t) = V(x,y)eJw 

j(wt + 9) 
e 

••••. 1. 5 

.••.. 1. 6 

.~ •.. 1.7 

••••. 1. 8 

where e = - ~ because of the large ratio of capacitive-
2 

coupling reactance to equivalent surface resistance. On 

substitution of equation 1.7 and 1.8 into 1.6 there 

results 
.v 2vcx,y) = - K Jd I ~90° ••••• 1. 9 
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As shown in Appendix A, the timcl vary~ng magnetic 

vector potential A~Cx,y,w) satisfies the Poissonian 
u 

equation. 

When w = O, one has 

· ••... 1.10 

Therefore, lines of constant magnetic vector potential or 

flux lines are directly analogous to equipotential lines 

on the conducting paper surface (orthogonal analogue). 

The resistance per square of the paper analogues the 

permeability of the magnetic system. The de current density 

Jz corresponds to the uniformly-distributed capacitive 

current density Jc. 

A transformer circuit allows the location of 

equipotentials on the Teledeltos surface by a null technique. 

The circuit shown in Figure 1:4, is simple but very effective. 

A voltage is developed across the resistance R 

which is ·exactly equal in amplitude and phase to the maximum 

voltage on the Teledeltos surface, the kernel voltage Vk. 

The vernier amplitude and phase adjustment is controlled by 

R' and C' respectively. The resistance R can be set at any 

percentage value of Vk. If the map current increases 

slightly due to coupling-capacitor drift, the voltage across 
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R will also increase due to transformer action. The circuit, 

is therefore, self compensating for map capacitive drift. 

A differential amplifier serves as the null detector. The 

accuracy of flux line location, essentially limited by the 

slight anisotropy of the Teledeltos meditim, is approximately 

1%. 

1.2.4 AC Capacitively-Coupled Multiple Source Analogue 

In 1965, S.I. Lourie 7 ,8 of the U.S.S.R. demonstrated 

a capacitively-coupled analogue for the magnetic vector 

potential of a multiple uniformly-distributed source field . 
. ' . ' . 

This analogue was used, in application, to map the leakage 

field of a power transformer. 

The Lourie analogue system uses a glass dielectric. 

Th~· co~duc~ing paper is held tight against the dielectric 

by a layer of crushed -non-conducting p~rcelain. (When 

plotting flux lines on the paper surface, the crushed 

porcelain is merely brushed away in the area of interest.) 

This weighted-layer method of keeping the paper against the 

glass is preferred for two important reasons: 

(a) It is practically very difficult to glue 

(b) 

lQrge sheets of conducting paper onto the 

glass dielectric. 

The use of glue causes the conducting 

paper to become inhomogeneous leading 

"' '.'} 
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to large errors in flux line location. 

The source regions are aluminum foil cutouts glued 

and rolled smooth onto the bottom side of the glass dielec-

tric. Because the glass dielectric has appreciable thickness, 

e.g. 0.2 cm, there is a fringing electric field at the 

perimeter of the source regions. For this reason, the alum

\ 
inum foil cutouts are se~t back from the true source outline 

by a factor of 0.65Td, where Ta is the thickness of the 

glass dielectric. 

The foil electrode couples capacitive displacement 

current into the conducting paper. The. frequency is so low 

that the capacitive displacement current density over each 

source region is constant for all practical purposes. For 

each capacitively-coupled region the Poissonian equatjon 

v2 VCx,y) = -KJci applies. The surface voltage distribution 

VCx,y) must also satisfy v2 V(x,y) = 0 outside any source 

region. 

The current into each electrode is controlled using 

a series capacitance. An electrode current is measured 

by switching in series a large capacitance. The voltage 

drop across this capacitance 'is very small compared to that 

across the equivalent electrode capacitance. It is con-

veniently measured using a V.T.V.M. 

In order to make voltage measurements on the conducting 
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paper it is necessary to use a "Wagner Earth" circuit. 

This circuit allows any point on the map surface to be 

brought to virtual ground potential. This procedure 

minimizes stray capacitive leakage currents due to: 

(a) surface voltage measurement 

(b) hand capacitance effects 

On the map surface, equipotential lines correspond 

to lines of constant magnetic vector potential or flux lines. 

To plot an equipotential the following procedure is used: 

(a) Some point on the conducting paper is brought to 

virtual ground potential. 

(b) An ac differential milli-voltmeter is used 

to locate several points of the same potential ..., 

with respect to ground. 

(c) One of these points is now connected to one 

of the milli-voltmeter inputs. With the hand 

probe connected to the other input, the equipo

tential can now be located using the milli-vol t,

meter as a null indicator. 

Differential voltages at any point on the map 

surface represent the equivalent flux density at the 

corresponding point in the magnetic system. Consider a 

flux density component in the x-direction, i.e. Bx(x,y). 

It is given in terms.of the magnetic vector potential by 



or 

In the analogue 

liVxCx,y) 

or 

liVx(x,y) 

= aA2 (x,y) 
ay 

system one has 

= lirn 
V(x 2y+6y) 

tiy-+O 
tiy 

~ 

- V(x 2y) 

~ 

- V(x,y+ 2) - V(x,y- 2) 
~ l.y 

.•••. 1.11 

.•..• 1.12 

if tiy is small compared to the x and y-dimensions of the 

map. An ac differential milli-voltmeter is used in con-

j~ction with a double probe to measure analogous valyes 

of flux density._ As shown by.equation 1:12 the probe 

pdints must be aligned at 90° to the flux density vector 

to be measured. The milli-voltmeter employs a transistor 

design with a high differential input impedance and a 

floating power supply (battery). 

16 

The essential Lourie syste~ is shown in Figure 1:6. 

1.3 Scope of the Thesis 

This thesis describes a new capacitively-coupled 

multiple source analogue system. A new analogue map is 

detailed. The use of a thin tape dielectric instead of a ., 
'i 

glass dielectric is shown to be both theoretically and 
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practically_advantageous. A method of connection to the 

capacitively-coupled electrode has been developed which 
' 

allow~ the creation of a physically flat map. A simple 

and efficient null technique has been· devised to locate 

equipotentials on the map surface in percentage values. 

The system circuitry compensates for equipotential 

variation due to coupling-capacitance drift. The null 

detector is a linear amplifier (OP-AMP design) with a dual 

FET differential input and a de voltage readout. This 

differential voltmeter in conjunction with a double probe 

gives field density information at any point on the map 

surface. 

18 

Experimental results are given which illustrate the 

accuracy and versatility of the system. The flux line and 

flux density distribution accuracies are defined in 

terms of a circular conductor in free space carrying direct 

current. 

A generalized theory of the capacitively-coupled 

analogue is given. The theory suggests a two-dimensional 

analogue to simulate the magnetic vector potential from 

sources in which skin effect is present. A demonstration 

of the new skin effect analogue is given. 

A new mapping system is suggested which can analogue 

the magnetic vector potential of multiple sources when the 

sources have controllable magnitude and phase with respect 



1-
! 

to each other at any frequency. This analogue could map 

the instantaneous magnetic flux distribution of a system 

of conductors carrying three phase currents. 

19 



. 'CHAPTER 2 

2 .1 An Improved Cap·ac·itiv·e1y-·co·u·p1e·d Map 

The capacitiv~ly-coupled Poissonian analogue maps 

discussed in Chapter 1 suffer from a number of disadvan-

tages. The procedure of gluing a large sheet of Teledeltos 

paper to the glass dielectric can be cumbersome. Aside 

from this, the adhesive usually impregnates the Teledeltos 

medium. The resistance per square of the paper now becomes 

variable so that K+K(x,y). In regions where K(x,y) deviates 

greatly from K, the surface voltage distribution V(x,y) 

can be substantially in error. It is for this reason that 

the Lourie map construction technique employs a layer of 
..j 

non-conducting porcelain to hold the conducting paper onto 

the glass. For flux plotting or flux density measurement 

purposes, the crushed porcelain must be brushed away in the 

area of interest on the conducting-paper surface. Although 

this method produces a voltage distribution of better 

accuracy, it still has this unwieldy aspect. 

The glass dielectric used in previous maps can have 

appreciable thickness; typically Ta ~ 2mm. As such, the 

fringing electric field at the perimete~ of a coupling 

electrode is not negligible. This fringing field produces 

an error current in the conducting paper in an area just 

- 20 -
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around the electrode perimeter. This current, ir. turn, 

causes the surface voltage distribution VCx,y) to be 

incorrect in and around the same area. The erroneous effect 

of this fringing electric field can be compensated for by 

setting the alectrode perimeter back from its original 

position by a distance oTd metre. Lourie derived a value 

for the factor o from a field plot of the fringing electric 

flux in the dielectric when Er= 7. He reports that o = 0.65. 7 

The fringing electric field may be entirely neglected 

if the glass is replaced by a thin tape dielectric. 9 

A dielectric can be defined to have an effective thickness 

given by 

Ta 
T' = ~ d Er 

Thus, the effective thicknesses of the tape and glassJ 

dielectrics are given respectively by 

Tt 
Tt' = Et 

and T' g 

If the ratio of the effective thicknesses is such that 

Tt < 1 then the fringing field can be considered prac
T' 10 

g . .. . . 
tically negligible. That is, it would be useless to locate 

the perimeter to within oTt because Tt itself would typically 

be 0.1 mm. The fringing electric field in the glass and 

tape dielectrics is shown in Figure 2:1. 



22 

GLASS DIELECTFC,/C .SYSTE/vf 

TELE'OE'L TOS PAPER 

:... ,..: 
ERl?Ole REGION 

COUPLING €LE"CTROD£ 

TAPE 01£LECTR IC SYSTEM 

FIGUFeE 2.1 

!+ ,,_ O.I MM 

FRINGING ELECTl?IC FIELD 
AT ELECT/CODE PERIMETGR.. 



23 

The thin layer of dry pressure-sensitive adhesive 

on the tape dielectric does not impregnate the conducting 

paper. Therefore, the resistivity of the Teledeltos paper 

remains unchanged. To ensure a constant displacement current 

density over the whole coupling electrode area, the capaci-

tance per unit area of an electrode must be constant, i.e. 

C' e a constant 

Hence, the tape dielectric should possess a constant 

permittivity and thickness. 

The use of aluminum foil as coupling electrodes is 

questionable. The foil must be carefully cut to the exact 

electrode geometry, a special adhesive applied to one side, 

and then positioned accurately on the dielectric. Sub

sequently, the foil is rolled smooth so that no air is 

trapped. When a tape dielectric is used it is advantageous 

to paint an electrode on to it, using conducting silver 

paint. Although more expensive than aluminum foil, silver 

paint allows complicated electrode shapes to be formed with 

comparative ease. 

A method of connection to each silvered electrode 

which is simple and effective was sought. A procedure has 

been developed which permits the electr~cal connection to 

lie in the plane of the conducting paper·. 9 Connection is 

made from the edge of the map to a given silvered electrode 

area using a thin strip of copper tape symmetrically 



p0sitioned on a dielectric tape strip. For any copper 

strip, the effective coupling capacitance per unit area 

to the conducting paper can be expressed as 

F/m2 

where Es is the relative dielectric constant of the tape 

strip and T
8 

is its thickness in metres. If the ratio 

between the effective coupling capacitance per unit area 

of a copper strip and a silvered electrode is, 

24 

then, the copper strip is essentially decoupled capacitively 

from the conducting paper surface. Actual connection between 

the copper tape and the electrode area is accomplished by 
41 

painting over the junction with silver. At the other end, 

t~e copper strip is brought past and bent around an exten

sion of the dielectric tape strip to form a tab. Wire may 

be soldered directly to this tab. When all the necessary 

construction materials are at hand, a map of ordinary 

complexity can be constructed in about two hours. The map 

fabrication technique is illustrated in Figure 2:2. 

2. 2 A New Method of Equipot~ntial LocatioJ~') 
\j 

The magnetic vector potential of a multiple source 

field will contain at least one point of zero flux density. 

Usually, the~y are two such points although some magnetic 
"i 
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field distributions have more. These different types of 

field distributions are illustrated in Figure 2:3. 

In a magnetic field distribution which has two 

points of zero flux density, the total flux is contained 

between them. This field type is perhaps the most corrunonly 

plotted two-dimensional distribution. These points of zero 

flux density in the magnetic system correspond to kernel 

points on the map. A kernel point is one of two unique 

points of the map which exhibit a maximum voltage difference 

between them. All the equipotentials essential in defining 

the flux distribution exist' between these two points. If 

exactly the kernel to kernel voltage in amplitude and phase 

can be created across a linear calibrated potentiometer, the 

equipotentials may be located using a null technique. The 

ci:r-cui t_ry f.or the system is shown in Figures 2: 4 and 2": 5. 

2 .. 2 .1. "Wagner Ea·rtll' Circuit. 

The "Wagner Earth" circuit allows any point on the map 

surface to be brought to virtual ground potential. ·The 

intrinsic characteristic of this new equipotential plotting 

method is that one of the kernel points must be brought to 

virtual ground potential. This procedure implies two very 

important considerations: 

(a) That one of the kernel points may be used 

as a ground reference; and 

·, 
; 
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(b) That having a virtual_ ground potential on 

the map surface minimizes_ ground leakage currents 

which could cause a la~ge distortion in the 

field pattern. 

These distorting map leakage currents can exist if 

the map surface is at a reasonable potential above ground 

(A leakage current could flow, for example, through the 

plotting probe to ground). However, the kernel to kernel 

voltage is very small in comparison to the map excitation 

30 

voltage because of the large ratio of any coupling capacitive 

reactance to the equivalent' surf'ace resistance. Hence, 

map surface leakage currents are practically non-existent. 

The "Wagner Earth" circuit physically consists of 

res.istors R1 , R2 , and R3 and capacitors c1 and c2 • The 
~ 

' . 
variable capacitors c1 and c2 can be switched from one side 

of the resistive arm to the other using s1 • The coarse and 

fine controls facilitate easy and rapid placement of a 

virtual ground on the map surface. The effective loading 

impedance of the circuit across transformer T1 is minimal so 

that the secondary voltage v 2 Ct) remains essentially unaffected 

with adjustment of R1 , R2 , C1,and C2. 

2.2.2. Coupling Electrode Cu~rent Control 

The current flowing into each electrode.of the map is 

controlled by a series capacitor. The control capacitor allows 

·, 
l 
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stepped and vernier adjustment of the individual electrode 

current. In series with each control capacitor, a resistor 

has been placed in order to measure the relative value of 

coupling capacitor current. Each resistor is of the same 

low ohmic value (lOOn) such that the voltage drop is very 

small in comparison with that across each equivalent electrode 

capacitance. 

Switch s 2 selects which relative electrode current is 

to be measured. The voltage across the corresponding 

resistor can be measured with the differential voltmeter 

when a ground potential exists on the resistor common. Switch 

s3 can bring either of the two resistor commons to ground 

potential. This method supposes changing the ground potential 

from one side of Ti's secondary to the other in no way affects 
-"" 

the secondary voltage v 2 Ct). This assumes r 1 to be a 

synunetrically wound transformer with a grounded electrostatic 

shield. 

2.2.3 The Reference Voltage Circuit 

This circuit develop$ a voltage exactly in amplitude 

and phase to the kernel to kernel voltage when one of the 

kernel points is at virtual_ ground potential. The kernel to 

kernel voltage can be expressed as vk(t) = Vk COS Cwat + ek) 

volts. The amplitude and phase (refer to Appendix B) of the 

reference can be adjusted independently so that the output 
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voltage vr(t) = Vr COS Cwat + er) can be made such That 

Vr = Vk volts ~nd er = ek radians. The high input impedance 

differential voltmeter is used as a null detector in 

conjunction with a hand probe to locate equipotentials. 

The referenc~ voltage vr(t) is derived from the total 

map current. If the effective coupling reactance changes 

due to temperature affecting the tape dielectric, the refer

ence voltage will change proportionately. The circuit 

therefore, compensates for coupling capacitor drift. The 

drift can affect the accuracy of equipotential location. 

The effective primary impedance of the coupling transformer 

T2 is very small in comparison with the equivalent coupling 

reactance. Transformer T2 also has electrostatic shielding 

to provide adequate isolation. 

To ensure low distortion the circuit utilizes 

modern monolithic IC operational amplifiers - Fairchild type 

µA741. Low distortion is important when two voltages are 

being compared since equipotentials will be located more 

accurately by the circuitry if deep nulls are possible. 

2.2.4 The High Impedance Differential Amplifier 

The ac differential amplifier shown in Figure 2:4 

and Figure 2:5 serves as: 

(a) a null detector for the placing of a virtual 

ground· on the map surface 



CbO a null detector for the location of equipoten

tials on the map surface 

(c) a linear variable-gain amplifier for the measure

ment of small voltages across the lOOn current 

calibration resistors 

(d) a linear variable-gain amplifier for the measure

ment of very small differential voltages on the 

map surface. 
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The circuit employs a dual FET differential input 

stage CQ
1

, Q
2
). The Zener diodes protect the dual FET in 

case the hand probe or the differential probe punctures 

through the Teledeltos-dielectric sandwich to an electrode. 

The Zener diodes also provide return paths for the gate-to

source reverse leakage currents of Q1 and Q2 . The differen

tial input impedance is greater than lMn. 

The FET differential stage is designed for low dis

tortion. With FET CQ 3 ) employed as a current source, the 

common mode rejection ratio (CMMR) of the input stage is 

enhanced. The input differential signal~ amplified approx

imately fifteen times, appears between drain terminals 

n1 and D2 • The differential voltage is converted to a 

single ended signal with a gain of 100 by OP-AMP #1. The 

signal is now coupled to a standard precision operational 

amplifier ac-to-dc converter via capacitor c3 • The de out

put of the converter.is amplified by the variable gain 
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configuration of OP-AMP #4. This configuration offers gains 

of 1 and 10. The 5Kn potentiometer at the output allows the 

voltage to be scaled to any relative value. The output volt-

age may be read on any analogue or digital voltmeter of high 

input impedance. 

Switches s4 and s6 in combination control the ~~pli

fier' s use as either a null detecto~ for equipotential loca

tion, or as a differential voltage amplifier for measuring 

analogous values of flux density. With s 4 in a plot position, 

the ha~d probe is made operational. The hand probe is connected 

via a grounded shielded ca~le- through a BNC type connectcr on 

the instrument panel to the circuitry inside. The other 

amplifier input terminal is connected to the wiper on the 

precision reference voltage potentiometer. In s6 •s other 

po~·itiqn, ~he amplifier can be employed as a differential 

voltmeter. In this position, the amplifier input terminals 

are connected to two universal binding posts on the instrument 

panel. A twisted pair cable is used to connect a double probe 

to the binding posts. The double probe shown in Figure 2:6 

is used to measure small differential voltages on the map 

surface. The probe point spacing is approximately 4 mm. 

The probe points are rigidly glued to the plastic protractor 

to minimize measurement error due to movement. The clear 

plastic protractor allows the probe points to be aligned at 

any angle with respect to guide lines drawn on the map sur

face. The probe points must be aligned at 90° to the vector 

' } 
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whose magnitude is desired. 

2.2.5 The Guard Electrode 

A grounded guard electrode is placed on the bottom 

side of the map. This grounded conducting surface minimizes: 

(a) 60 Hz pickup on the map surface 

(b) any stray coupling electrode electric flux. 

The effective capacitance between the map surface and the 

guard electrode is very small since: 

(a) the map surface voltage drop is very small and almost 

at ground potential (Wagner Earth) 

(b) the separation between the map surface and the guard 

electrode is approximately 2 cm. 

Therefore, no capacitive leakage currents are induced on 

_the map surf ace which could cause equipotential distribu-

tion distortion. The guard electrode is shown in Figure 2:7. 

' l 
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CHAPTER 3 

3 .1 Field -pi-o·ttirig Acc·u·racy 

Sources of possible error in realizing a desired 

equipotential distribution on the map surf ace can be listed 

as follows:-

(a) finite surface voltage drop; in order to plot an 

equipotential distribution a small voltage drop must exist 

across the map surface. Since the supply voltage to the map 

electrodes is usually greater than one hundred times the 

surface voltage drop, the effect of this error is negligible. 

(b) inhomogeneity of the conducting paper; the Teledeltos 

manufacturing process introduces a directional anistropy in 

the paper. The difference in the two resistivites (90° apart) 

can be as much as 10%. The effect of the directional resis-

tivities on the equipotential distribution can be corrected 

for as shown in Appendix C. The paper resistivity can be 

affected by humidity variations. The paper is relatively 

unaffected by temperature variations if its moisture content 

is small. A typical temperature coefficient is -0.2%/°C. 

(c-) inhomogeneity of the dielectric; the capacitive 

displacement current density can vary over the area of a 

coupling electrode if dielectric thickness or the relative 

- 38 -
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permittivity e:.r varies. Depending on the dielectric used .. 

the effective coupling capacitance of an electrode may vary 
i 

with temperature (e.g. polyethylene has a temperature 

variation of -O.Ol%/°C). 

(d) electrode boundary fringing electric field; the 

fringing electric field along the perimeter of an electrode 

creates an error current. The error current that enters the 

paper along an electrode boundary becomes insignificant 

when the thickness of the dielectric is negligible compared 

with the x and y dimensions of the electrode. 

(e) measurement and map circuitry; the measurement 

technique used to locate an equipotential depends upon 

precise wav2form processing with. low distortion by active 

cir_cuitry. The linearity of the precision poten-tiometer 

that is the basis of the null technique is of direct 

importance. 

(f) coupling capacitance of connection strip; a coupling 

capacitance is formed between a copper connection strip and 

the map surface. This capacitance is very small in comparison 

with source electrode coupling capacitances. Therefore, any 

error currents introduced into the map surf ace are believed 

to have little effect on the surfac-e voltage distribution. 

(g) coupling capacitance of guard electrode; the grounded 

guard electrode offers a fixed capacitance to the map surface. 



This coupling capacitance is very small and its effect 

should not be significant. 
! 

The cumulative inaccuracy of the surface voltage 

distribution from all the sources of error can be simply 

determined. Figure 3:1 shows the cross-section of a 

40 

circular conductor in free space carrying de. The tangen-

tial flux density from the centre of the conductor (r = 0) 

to the outside surface (r = r 0 ) is given by 

teslas 

Outside r
0

, the tangential flux density is given by 

teslas r < r < 00 

0 -

The total flux per unit length of conductor contained between 

r = 0 and r = 3r0 is 

r 0 3r
0 = I B(r) dr + J B(r) dr = 

o r
0 

µoI I 
[2 + ln3] 

2II 

webers/m. 

The values of flux per unit length calculated in 20% 

intervals as a function of radius r are given in Table 1. 

The analogue equivalent of this conductor configuration was 

constructed. As shown in Figure 3:1 the source electrode 

connection strip has been included in the map construction. 

The flux plotter was used to obtain the corresponding 

equipotentials in percentage values at the calculated radii. 
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The equipotential values and their percentage deviation 

are shown in Table 1. 

r q,·'. (r) V(r) 
metres 

.. $' 0 3 Vk % Deviation 

0 0% 0% -
a.a 20% 19.6% 0.4% 

1.15 ro 40% 39.9% 0.1% 

1.58 ro 60% 59.3% 0.7% r
0 

= 0.152m 

2.18 ro 80% 79.7% 0.3% 

3 ro 100% 100% -

TABLE 1: Flux Line Accuracy 

3.2 Flux Density Accu~acy 

The added sources of error in determining analogous 

values of flux density from the map surface c~n be stated 

as: 

(a) linearity of the high impedance, variable gain, 

differential amplifier; the linearity of the constructed 

amplifier is shown in Figure 3:2. Its essential accuracy 

depends upon the precision ac-to-dc converter. 

(b) probe point separation; if the differential voltage 

measureq by the double probe at any point on the map surf ace 

is very small in comparison with the kernel vdltage or the 

kernel-to-kernel voltage, the effect of a finite probe point 



18 

,, 

2. . 

I 2 

r1Gt.1Rc .:J.2 

{OUTPUT GAIN =l·O) 

DC 01/TPl.IT VOLTAGE (VOLTS) __..,. 

5 ' 

LINEARITY OF HIGH IMPEDANCE 
AC DIFFER.ENT/AL AMPL/rJER 

43 

7 8 



44 

-separat5on becomes insignificant. 

(c) alignment of the double probe; the probe points 

must be correctly aligned at 90° to the vector whose magni-

tude is to be measured. Alignment error essentially depends 

upon the operator. 

Analogous values of flux density were obtained from 

the map shown in Figure 3:1. The normalized results are 

shown in Table 2. 

r Calculated B(r) Measured B(r) % De via- l metres ~ax Bmax tion 

0 a.a 0.0 I -
0.25r

0 
0.25 0.25 0% 

0.50r
0 

0.50 0.48 2% 
--' 

0.75r
0 

0.75 0.76 1% 

1. 00r0 1.00 1.00 reference 

l.25r0 0.8 0.80 0% 

l.50r
0 

0.667 0.67 <1% 

1. 75r
0 

0.572 0.58 1% 

2.00r0 a.so a.so 0% 

2.25r0 0.444 0.44 <1% 
, 

" 
2.50r

0 
0.40 0.39 1% 

2.75r 
- 0 

0.364 0.34 >2% 

TABLE 2: Flux Density Accuracy 
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- 3 .. 3 _Mao S-:i.muTiTica tion-

If symmetry exists in a magnetic field distribution, 

the equivalent analogue map may be simplified. Knowledge of 

the positicm of a certain flux line in a field distribution 

can also simplify a map. The resulting analogue maps 

usually have only one kernel point. This eases construction 

and enhances accuracy because of field magnification for a 

given maximum map size. These ideas are illustrated with the 

simple buss bar configurations shown in Figure 3:3. 



46 

SYMMETRY LINE 

FIELD CONF/GURAT/ON ANALOGUE' EQUIVALENT 

KNOWN FLUX LIN£ 

FIGURE. 3.3 MAP SIMPLIFICArlON 



CHAPTER 4 

4.1 Introduction 

In this chapter the general equations of the 

analogue map are derived. In the first part, a general 

elemental equivalent circuit is used to represent an 

elemental section of the map. From an analysis of this 

equivalent circuit it is shown that the currents that 

~low in thE= plane of the conducting paper are independent 

of the dimensional variable z. This implies a simpler 

equivalent circuit. 

From the new equivalent circuit the equation govern-

ing the capacitive current density distribution is derived. 
~ 

This equation is identical with the differential equation 

describing the current density distribution in a real con-

ductor. General co-ordinates are introduced for the map 

equation to account for the assumed scale difference between 

the analogue and the real conductor dimensions. The equa

tion relating the map frequency and the real frequency in 

terins of the parameters of t~e analogue and real conductor 

systems is derived. At this analogue frequency, the capaci-

tive current density distribution is the same as the real 

conductor current density distribution. 

From the same equivalent circuit, the equation govern-

ing the surface voltage distribution and the capacitive 

- 47 -
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current density distribution is derived. For consistency, 

the equation is then written in terms of the general map 

co-ordinates~ This equation has the sru~e form as that 

governing the magnetic vector potential and the current 

density distribution in a real conductor. 

4.2 A General Elem~ntal Equiv~lent Ci~cuit 

The elemental map section shown in Figure 1:5 can be 

represented by the elemental equivalent circuit of Figure 4:1. 

The elemental resistances Rx, Ry, and Rz are derived from 

Thus Ax 

R = P Length 
Area 

= 1<TpAx 
lly6z 

ohms. 

ohms 

since the resistivity p can be expressed in terms of the 

thickness Tp and the resistance per square K of the conduct

ing paper, that is, 

P = KTP ohm-metre 

Similarly Ry = KTp
6

Y ohms and 
/J.xflz 

The current flowing in the z direction through the elemental 

capacitance is given by 

= 
n 
E Aii(t} 

i=l 
amperes 
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where 

amperes 

From the elemental equivalent circuit one has 

VTCx,y,t) = VcCx,y,t) + avcx,y,t) volts 

or VTCx,y,t) aV.(.x ,y., t) 
= 1 + 

VcCx,y,t) VcCx,y,t) 
.••.• 4 .1 

h 
. ~VCx,y,~) 

T e quantity V ( t) represents the error between the c x,y, 

voltage from the datum to the top surface of the conducting 

paper VTCx:1y,t) and the voltage from the datum to the 

dielectric paper interface Vc(x,y,t). 

The voltage developed across the elemental capacitance 

in the frequency domain is 

= ••• 4 • 2 

where the elemental capacitance is C = EoEraxay farads. 
Ta 

The voltage developed across the resistive section in the z 

direction can be derived by observing 

volts 

K T 2 
where Rrz = P ohms and Iav(wa) is the average current 

axay 

flowing in the z direction through the resistive section but 

McMASTER UNIVERSITY lltH~AR~ 



such that 

Therefore 

The error quantity now becomes 

6V(x,y,wa> 

Vc(x,y,ooa) 

Typical values for the variables are: 

w 
a,.nax 

= 7 x 10 5 radians/sec 

Er = 4 

K = 10 4 

Tp = 8 

Td = 5 

On substitution, 

6V(x,y,wa) 

Vc(x,y,wa> 

x 

x 

ohms/square 

ia-s metre 

io- 5 metre 

< 3 x io- 5 

typically 
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••••• 4. 3 

••••• 4. 4 

••••• 4. 5 

.This shows that the voltage drop aV(x,y,wa) even at 

high map frequencies is negligible compared with Vc(x,y,wa). 

The currents flowing in the plane of the paper, therefore, 

are not a function of the z-direction; that is 
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The elemental equiv-alent circuit of -Figure 4-: 2 now applies. 

The voltages and currents are represented in the time domain. 

The directional resistances per unit length are 

R~: 
p K = -- = 

TpAY Ay ohm/metre 

and R' 
p K 

ohm/metre = = y TPAX ax 

4.3 The General Equations of the Map 

Consider the voltages and currents in the equivalent 

circuit. From Kirchoff's voltage law one can write the 

following equations 

Vc(x,y,t) - I(x+Ax,t)R~ AX + V 0 (x+~x,y,t) volts ...... 4. 6 

V0 (x,y,t) :: I(y+lly,t)Ry Ay + Vc(x,y+t..y,t) volts ••••• 4. 7 

Kirchoff's current law gives 

I(JC:,t) = 
3Vc<x,y,t) 

A C at + I(x+tlx,t) 

e0 er ax6y aVcCx,y,t) 
=A Td at + I(x+tlx,t) .... 4.8 

and 

= Cl _ A) Eo£r AXAY 
Td 

avc<x,y,t) 
+ I(y+Ay,t) 

3t 
••••• 4. 9 

The variable A describes what fraction the quantity 
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F/Gl.IRE '1-~2 THE SIMPL/rl£D EQUIVALENT CIRCUIT 
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I(x,t) - I(x+Ax 2t) !epresents of the total current flowing 

through the elemental equivalent capacitance C. The total 

current at any time t flowing through this capacitance is 

avc<x,y,t:) c 
at = 

·aV cCx ,y ,t) 
AC at 

avc<x,y,t) 
+ (1 - >.) C 

at 

where >. is such that 0 < A < 1 . 

Rearranging the four equations 4:6, 4:7~ 4:8 and 4:9 and 

taking limits as ~x+O and Ay+O, one has 

lim 
-Ax+O 

lim 
Ay+O 

Vc(x+Ax,y,t) - VcCx,y,~) 

Ax 

Vc(x,y+Ay,t) - Vc(x,y,t) 

fly 

= 

= 

avc<x,y,t) = 
ax -I(x,t)R' x 

avc<x,y,t) ( ' ------=-I y,t)Ry 
ay 
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lim 
Ax+O 

I(x+Ax,t) - I(x,t) aI(x,t) ->.. e::oe::r Ay aVc(x,y,t) 
= = AX ax Td at 

~ 

lim 
Ay+Q 

I(y+b.y,t) - r<i,t> = arcy,t> = -(1-A.) e::oe:rAX avc<x,y,t) 
Ay ay Td 

From the first two limit equations there results 

I(x,t·) = 
-1 

R~ 

aVc(x,y,t) and 
I(y,t) 

ax = 
-1 avc<x,y,t) 
R' ay y 

Substitution of the above two equations .into the last two 

limit equations gives 

and 

a2 V.c(x,y,t) 

ax 2 

avc<x,y.,t) 
= 0 

at 

at 



Substituting for R' and 
x 

a2Vc(x,y,t) K 
-A. ax2 

and 

R' y~ one 

e:oe:r 

Tct 

~ V c (x , y ,-t } 

at 

obtains 

avccx,y,t) 
= 0 

at 

= 0 

Addition of the above two equations gives 

a2vcCx,y,t) 
ax 2 + 

:; 0 

•••.. 4 .10 

When the voltage is assumed to be sinusoidal, one can 

write Vc(x,y,t) in its most general form as 

jwat 
= e 

where 

= 

Here !VcCx,y,wa)I is the amplitude distribution and 

e
0

(x,y,wa) is the phase distributiort of V0 Cx,y,t). 
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= 0 

Equa1:ion 4: 10 may be written in terms of the capaci

tive current density J (x,y,t) by observing that for an c ' 

elemental section in the frequency domain one can write 



Therefore 

= Jc(x,y,wa) 
EoEr 

[jwa Td] 

= Jc(x,y,wa) 
E~E'\'"I 

[jwa Td-] 

...•. 4 .11 

Substitution of equation '-l.11 into 4.10 yields 

or 

2 K EoEr J ( ) --v Jc(x,y,wa) - jwa c x,y,wa 0 
Ta 

.•••. 4 .12 

This Helmholtz type equation has the same form as 

the differential equation governing the two-dimensional 
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current density distribution Jz(x,y,w) in a good conductor. 

The conductor is assumed to be in free space and sinu3oidally 

excited. The derivation of this equation 

•.•.• 4 .13 

is given in Appendix D. 

Genierally, it is impractical to create an analogue 

the same si:ze as the real conductor as the use of the same 

co-ordinates in equations 4.12 and 4.13 imply. An analogue 

map is constructed so that it has the same proportional 



geometry as that of the real conductor but usually on a 

different scale. Generally then, a s~ale factor k0 is 

assumed between the map and the real conductor dimensions. 

If the co-ordinates of a given map are Xm and Ym then 

Xm = k0 x and Ym = k 0 y 

The governing equation in terms of the .map co-ordinates 

is therefore 

2 K e:oe:r 
VmJcCxm,ym,wm) - jwm ~ Jc<xm,Ym,will) = 0 

••••• 4 .14 
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where V~ is the Laplacian in the map co-ordinates. If this 

co-ordinate system is changed to that in equation 4.12 and 

4.13, one has 

a2 1 
ax 2 = k 2 m o 

Then equation 4.14 becomes 

v2Jc(x,y,wa) - j[ko 2 Wm] K e:~e:r Jc(x,y,wa) = o, ••• 4.15 
d 

The current density distributions Jc<xm,Ym,wm) and Jc(x,y,wa) 

will be exactly the same when 

••••• 4 .16 

At a certain angular frequency wa = ki.~w the relationship 

between the capacitive current density and the real conductor 



density is given by 

••••• 4 .17 

where the constant k
2 

scales the current. 

Also 

••••• 4 .18 

where k 3 also scales the current. 

The amplitude and phase distributions are therefore given 

by 

and 

Substitution of equation 4.17 into 4.15 gives 

...... 4.19 

••••• 4. 20 
J 

V2J ( , . [k2 ] K e:oe:r J ( ) 0 4 21 z X ,.y ' LU ) - J 0 Wm ~ z X 'y ' W : • • • • • • 

Comparing equations 4.13 and 4.21 one has, therefore, 

••••• 4. 2 2 

The analogue map frequency is given in terms of the real 

frequency by 

f = Ta llollr a f 
m k6.K Eoe:r 

Hz •• -••• 4. 23 
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The equation relating tne surface voltage distribution 

V(x,y,wa) to the capacitive current density distribution 

Jc(x,y,wa) can be derived from the equivalent circuit 

-shown in Figure 18. 

Kir1choff's current law applied to the node gives 

I(x,t) + I(y,t) + J
0
(x,y,t) ~x~y = I·(x+~x,t) + I(y+~y,t) 

••••• 4. 24 

where 

ICx,t) = J(x,t) ~y Tp 

I(y,t) = J(y,t) AX Tp 

I(x+.ti.x,t) = [J(x,t) + aJ(x,t) 
i'.lx] fJ.y Tp ax 

I(y+lly,t) = [J(y,t) + 
aJCy,t> 

fJ.y] fJ.x Tp . ay 

Thus 

aJCx,t) + aJCy,t) = JcCx,y,t) 
ax ay TP ••••• 4. 2 5 

From Ohm's law one has for i'.lx~o and lly~o 

E(x,t) 
aVCx,y,t) = ax = -.Px J(x,t) 

and 

E(y,t) = aV(x,y,t) 
ay =-Py J(y,t) 
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For Px p ~7 = p 
.J 

J(x,t) 
1 aV(x,y,t) 

= p ax 
••••• 4. 2 6 

and 

J(y,t) 1 aV(x,y,t) 
= p. ay ••••• 4. 2 7 

Substitution of equations 4.26 and 4.27 into 4.25 yield 

or 

a 2 V(x,y,t) 
ax 2 

v2 V(x,y,t) = 

+ 
a2 V(x,y,t) -p 

ay2 = Tp 

••••• lf .28 
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If equation 4.28 .is written in terms of the map coordinates 

used in equation 4.14, one has 

For 

where 

V ( ~1 'Y m' wm) 

and 

where 

.. 
• • • • • 4. 2 9 
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equation 4.29 becomes 

••••• 4 -. 3 0 

This equation has the same form as the differential 

equation governing the magnetic vector potential in two 

dimensions as derived in Appendix A. Thus, the surface 

voltage distribution VCxm,Ym,wm) is directly analogous to 

the magnetic vector potential Az(x,y,w) and the capacitive 

current density distribution Jc(~,ym,wm) is directly 

analogous to the conductor current density distribution 

The·refore, at that frequency fm which makes 

Jc C :Km 'Y m ' wm) = k 3 J z ( x 'Y ' w ) 

one has the result 

where 

!fheref ore 

and 



! 

CHAPTER 5 

5.1 Introduction 

The equations developed in Chapter 4 indicate that 

a possible analogue for a conductor carrying current at 

any frequency is theoretically possible. The three 

important equations are 

K e:oe:r 
(i) 'i/ ~ 1.T c ( xm 'Y m ' wm) - jwm Jc(Xm,Ym,wm) = 0 

Td 

(ii) ?~V(xm,ym,wm) = - K Jc(xm,ym,wm) 

(iii) 

The last equation shows that the analogue frequency 

f m can be obtained directly in terms of the parameters 

of the analogue and real systems when the scale factor k 0 

is known. At this analogue frequency fm, the current 

density distribution is the same as that in the real 

conductor. The surface voltage distribution is directly 

analogous to the magnetic vector potential. The analogy 

may be demonstrated experimentally if the magnetic vector 

potential in a circular conductor can be calculated. 

5.2 Magnetic Vector Potential for a Circular Conductor 

Consider the current density distribution in a 

circular conductor. As shown in Appendix E, the current 
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density distribution in the freque~cy domain is given by 

amps/m2 .•.•• 5 • 1 

where 

T : 

and r 0 is the radius of the circular conductor 

and Js is the surface current density 

and J 0 (-rr) is a zero order Bessel function of the first 

kind with a complex argument. 

Tlie magnetic field density in the sinusoid steady 

state can be obtained from Faraday's law written as 

• • • • . 5 • 2 

Since the cylindrical co-ordinate system has been use_d 

only r-derivates remain 

Thus 

From Ohm's law, one has 

Ez(r,w) = ! Jz(r,w) 

The ref ore 

••... 5. 3 

••••• 5. 4 

The magnetic flux density is also given in terms 
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of the magnetic vector potential Az(r,w) as 

or 

The ref ore 

= 

dAz(r,w) 
dr 

j dJ z (r,w) 
wcr dr 

••••• 5 • 5 

Integrating both sides and adding an integration constant 

.A0 , one has 

. . . . . 5 . 6 

Substitution for Jz(r,w) gives 

. . . • • 5 . 7 

For convenience, one can choose the integration constant 

A0 such that the magnetic vector potential Az(r,w) is zero 

at r = r 0 • 

Therefore 

A = 0 

-jJs 
WO' 

and thus the magnetic vector potential is 

= jJs [Jo(Tr) - Jo(Tro)] 

wa Jo(Tro) •.•.. 5 . 8 
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The Bessel function J
0

(Tr) can be written in terms of 

magnitude and phase angle as 

j s
0 

(Tr) 
= M

0 
(Tr) e · 

Thus, equation 5.8 can be written as 

• • • • • 5 • 9 

The instantaneous value of the. magnetic vector potential 

is given by the magnitude of equation 5.9. 
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The magnetic vector potential for the zero frequency 

case can be calculated from equation 5.8. The series 

expansion for the Bessel function J
0

(Tr) can be expressed 

as 

Thus equation 5.8 becomes 

J 

Since 

Then -j wµcrr 0
2 j wµ crr 2 w2µ2cr2ro4 w2µ2cr2r4 

+ + 
AZ Cr, w) 

jJs 
[ 4 4 64 64 J = Wu 1 j wµcrr 0

2 w2µ2cr2ro4 - ...... 
4 64 
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Therefore 

lim 
w-+O Az(r,w) 

-jµr2 jµr2 
= jJS [ 0 + --] : 

4 4 

At w = 0 , J 5 = Jdc 

Thus 

webers/m ..... 5.10 

The maximum value of the magnetic vector potential is given 

when r = 0 because of the choice of the integration constant 

A0 • Therefore 

webers/rn •.•.. 5.11 

The total flux per unit length between the centre and the 

surface of the conductor is given by 

where 

µHq, ( r )_ 

The ref ore 

' µJdc 2 
,PT = --4- ro 

1-1Jdc = --r 
2 

webers/rn 

••••. 5 .12 
...,,; 

••••• 5 .13 

The total flux per unit length is equivalent to the value of 

the magnetic vector potential at r = 0. The flux per unit 

length contained between any two points a and b between 

r = 0 and r = r 0 is given by 



<f> '~ = I A ( r ;::! ) -A2 ( rb) I a.e> · z ...... webers/m .••.. 5.14 

5.3 Flux Density Distribution for a Circular Conductor 

An expression for the magnetic flux density at 

any angular frequency w can be derived. From equation 5.4 

one has 

or 

B!f> (r,w) 
-j dJz(r,w) 

= wcr dr 

B~(r,w) = ( ) 
't' wa J 0 Tr0 

dJ 0 (Tr) 

dC-rr) 
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A property of the Bessel functions J
0

(Tr) and J
1

(Tr) is that 

dJ 
0 

C-rr) 

dCrr) 

Therefore 

B<P(r,w) 

Since 

op ·-
L ·-

Thus 

= - J 1 ( -rr) 

= j-rJS ) l (-rr) 

wa J 0 ('rr0 ) 

••••• 5. ·15 

When the magnitude and phase angle representation of the 

Bessel functions J
0

(-rr) and J 1 (-rr) are substituted in 



equation 5.15, one has 

j[S 1 (Tr)-S 0 (Tr
0

)] 

e 

••••• 5 .16 

The instantaneous value of the magnetic flux density is 

given by the magnitude of equation 5.16. 

The flux density for the zero frequency case can 

be obtained from equation 5.15. The series expansion for 

the Bessel function ; 1 (Tr) is 

J 1 (Tr) = (Tr/2) 

= (Tr/2) [l - (Tr/2)2 + 
2 

(Tr/2) 4 

12 

Thus equation 5.15 becomes 

1 1 1-(Tr/2) 2 + (Tr/2) 4 •••• 4 

: • 2 (..-l:_] °T J (Tr) [ 2 12 J 
J 111a 5 2 l-(-rr

0
/ 2) 2 t Cr·rc/ 2) 4 

4 

or 

jwµar 2 _ jw 2 v 2 cr 2r 4 

B<P(r,w) 
l+ 8 192 
[~--~~~~-=--=-~---:-~~] 
l+jwµaro2 w2µ2cr2ro4 

4 64 

Therefore 

or 

lim s,cr,w) 
w-+O 

µJS 
= -- r 

Bell Cr> 
µJdc 

=-r 
2 -

2 

teslas 
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5.4 Experimental Validation 

An analogue map for the circular conductor was 

constructed as shown in Figure 5:1. The de capacitance of 

the map is given by 

cdc 
e:oe:r 

x Area = ~ F 

or 
e:oe:r7T r2 8 c = m 

de 360 Td F ••••• 5 .17 

The shunt capacitance of the map was measured using the 

circuit shown in Figure 5:1. The source frequency f
8 

is 

low enough such that 

For the constructed map it was found that 

cac: = o.01s1 µF 

rm = 25.3 cm 

e = 33.5° 

Therefore 

= 1.04 x 106 

The resisbmce per square of the paper was found .to be 

K - 9.9 Ka/square 
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If the conductor in the real system is chosen to be 
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M£A5UR£~MENT OF TH£ SIJRFACE VOLTAGE DISTRIBUTION 

SILVE'R PAINT 

MEASUR£M£NT OF TH£ SHUNT CAPACITANC~ Cs OF THE MAP 

.~(ftj 
,-------' -1 I 

I I 

L--~ 

DECADE 

Ts SUCH THAT Cs ( fs) = C4c 

DErECTOR. 

FIGURE S.I ANALOGUE FOR THE CIRCULAR CONDUCTOR 



a copper wire with a radius of 0.1 cm, one has 

crcu = 5.8xl0 7 

and the scale factor is 

k = rm = 25.3 
o ro 

mhos/metre 

The map frequency given by equation 4.23 becomes 

The normali2:ed instantaneous distribution of the magnetic 

vector potential as a function of radius was calculated 

71 

from eiuation 5.8. Distributions were calculated for 

'2'" [wµ
0
a] r 0 = 2, 4, 8, and 10. The corresponding frequencies 

.J 

are 87.5 (base frequency), 350, 1400, and 2188 Hz. Theae 

distributions are plotted in Figure 5:2. 

The equivalent map base frequency should have been 

fm = 12 x 87.5 = 1050 Hz 

In fact, the~ noI"Illalized surface voltage distributions 

which had the best fit to the theoretical distributions 

had a base f~requency of about 1100 Hz. The approximate 

experimental error in the calculation of the true analogue 

frequency was 5%. 



., 
-~r 

.,. 

·5 

.3 

.2 

./ 

f = 87-1! Hz 
f;.= //OOHz 

f= '550 Hz 
f,,,:. 1./-1..}00 Hz 

p.o Hz 

f,,,-+ 0 H• 

- THEORECTICAL 
" EXPERIMENTAL 

(NORMALIZED SURFACE 
VOi. TAGE DISTRIBUTION) 
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f'= 2188 H~ 
-/,,,= 27-5 KHz 

f= l'l-00 Hz 
£, = 17' 6 KH"i 

o..__._ __ _._ __ 1..-._,_ __ ....._ ____ _.. __ ..._ __ ..._ ....... 
(J .1 .z .$ ·" .s .& .r .8 ~a 1.0 

CONOf./CrOK RADIUS r cm 

FIGURE 5..2 DISTRIBUTIONS OF THc MAGNITUDE OF. 
THE MAGNETIC VECTOR POTENTIAL 
AT DlrFERENT rREQUENCIES 
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5.5 Conclusions 

This thesis has described an improved capacitively-

coupled multiple-source analogue system using conducting 

-paper. 

An improved analogue map construction technique 

has been dE:monstrated. A thin tape dielectric is used 

instead of a glass dielectric. A method of connection to 

the silver-painted capacitively-coupled electrodes has been 

developed which allows the creation of a physically flat 

map. Construction time for a typical multiple source map 

is about two hours. 

The analogue allows equipotentials which represent 

lines of constant magnetic vector potential (flux lines) 

to be plotted. An efficient null technique has been 
.J 

devised to locate the equipotentials on the map surf ace 

. ~ in percentage values.: The heart of this technique is that 

/ one of the kernel points (points of zero flux density in 

the magnetic system) is brought to vir~ual ground potential 

via a Wagrn::r Earth circuit. 

Analogous values of flux density are obtained 

in terms of differential voltages on the conducting paper 

surface. These voltages are conveniently measured using 

a double probe and a FET-inputed differential amplifier. 

The accuracy of the system is good. Flux line and 
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flux density accuracy -have been defined in terms of the 

magnetic fiel~_-of a circular -conductor carrying de in 

free space~· Flux lines or lines of constant magnetic vec

tor potential can be located to w~thin approximately ± 1%. 

F~U'~- density information can be obtained with approximately 

± 3% -error .. 

A generalized theory of the capacitively-coupled 
' , 

analogue is given. The thickness of the conducting paper 

is shown to have negligible influence on the accuracy of 

the surface voltage distribution for typical parameters of 

the system.·, The equation governing the capacitive currer.:t 

distribution as a function of frequency is derived. This 

equation ha.s the same form as the equation describing the 

current d~n.sity distribution in a real conductor. The 

equation relating the surface voltage distribution at-any 

frequency in terms of the capacitive current density dis-

tribution is derived. This equation has the same form as 

the differential equation relating the magnetic vector 

potential to the conductor current density distribution. 

The equation relating the map frequency and the real fre-

quency in t 1erms of the parameters of the analogue and real-

systems is derived. At this analogue frequency, the 

capacitive current density distribution is the same as 

the real conductor current density distribution. 

The distribution at any frequency of the magnetic 
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vector pot~:ntial and flux density as a function of radius 

in a circu:Lar conductor in free space is derived. The 

variation of the surface voltage distribution (analogous 

to the magnetic vector potential distribution) at different 

map frequencies for the analogue equivalent of a circular 

conductor was obtained. The actual map frequencies which 

gave the best agreement with the calculated magnetic 

vector potiential distributions were about 5% in error. 

The error is probably attributable to:-

(i) inhomogeneity of the dielectric 

(ii) inhomogeneity of the conducting paper 

(iii) map loading due to shunt capacitance of the 

me,asuring probe. 

Alt~ough the analogue has been described in terms ... 
oi represe:nting the magnetic system, other ·two-dimensional 

systems in engineering and sciertce may be simulated. The 

sole criterion is that they have a common basis of inter-

changeable mathematics. 

5.6 Scope of Future Work 

(i) The experimental error found in the predicted map 

frequency,. i.e. 

and the actual map frequency that must be used to give 

.f 
l 



a certain current density distribution in the real 

conductor must be investigated.· It is hoped that this 

I 
error' could be reduced below 1%. 

I 
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(ii) The need to simulate regions of different relative 

permeability is sometimes useful. The problem, therefore, 

is to create within a prescribed region of the conducting 

paper a uniform resistance per square Kr such that 

Kr = µr K ohms/square 

That is, within the given region the resistivity cf the 

paper must be raised by a factor· µr over that outside the 

region. Alternatively, the resistivity outside the region 

must be lowered by a factor µr. 

(iii) ThE: new skin effect analogue outlined in Chap_t:ers 

4 and 5 implies a more general analogue. This general 

analogue system would have capacitively-coupled multiple 

sources. Each source would have controllable magnitude 

and phase with respect to each other at any frequency. 

A special case of this analogue would have all 

the sources controllable in magnitude and phase but at a 

single frequency. (Both proposed analogues are shown in 

Figure 5:3). In application, this analogue could map the 

instantaneous magnetic vector potential ·aistribut~on of a 

system of conductors carrying three phase currents at 

mains supply frequency. 
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APPENDIX A 

The Time Varying Two-Dimensional 

Magnetic Vector Potential 

This derivation applies for homogeneous, isotropic 

materials. 10 A magnetic vector potential Az(x,y,t) is 

assumed such that the tangential flux density Bt(x,y,t) 

can be derived from it by 

Faraday's law is 

aBt(x,y,t) 
vx Ez(x,y,t)= -

at 

or on substitution 

+ 
aAz(x,y·,t) J 

Vx [Ez(x,y,t) = O 
at 

This implies that the vector 

aAz(x,y,t) 
Ez(x,y,t) + at -

may be derived as a gradient of a scalar ~. 

Therefore 

E ( ) + aAz(x,y,t) = z. x,y,t - v~ 
at 

- 78 -

A.l 

A.2 



or 

aA2 (x,y,t) 
E2 (x,y,t) = - v~ -

at 
A. 3 

Another of Maxwell's equations states that 

aD 2 (x,y,t) 
= Jz(x,y,t) + at 

A.4 

where 

A. 5 

and 

A. 6 

On substitution of equations A.3, A.5 and A.-6 into A.4, 

one has 

= Jz(x,y,t) + s a [-v~- aAz(x,y,t)] 
at at 

or 

2 . 
'i/xVx Az(x,y,-t) = JJJ 2 (x,y,t) + µe: [-'i/(~) - a Az(x,y,t)] 

at at2 

A. 7 

From vector calculus, one obtains the identity 

Equation A.7 therefore becomes 
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2 at a2A2 (x,y,t) 
'i/(V·Az<x,y,t))-v AzCx,y,t)=µJ 2 (x,y,t)-µe:V(at)-µe: at 2 

A. 8 
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The Helmholtz theorem states that a vector is completely 

determined by specification of its dive!'gence and 

Since the curl of A (x,y,t) has been specified as 
z 

vx_ Az(x,y,t) = Bt(x,y,t) one is free to choose the 

If the divergence of Az(x,y,t) is 

a~ = - µe:.
at 

then equation A.8 becomes 

(Lorentz condition) 

A. 9 

its curl. 

divergence. 

2 a2A2 (x,y,t) 
V Az(x,y,t) - µe:. = - µ Jz(x,y,t) 

at 2 

A.10 

When the excitation is assumed to be sinusoidal, one 

can write 

and 

and 

where 

and 

jwt 
Js(t) = !Js(w)j e 

jwt 

jwt 

Jz(x,y,w) = f Jz(x,y,w) I e 
ja(x,y,w) 

A.11 

A.12 

Here lAzCx,y,w)I and q,(x,y,w) describe the amplitude and 

phase distribution of the magnetic vector potential respect

ively. Also IJz(x,y,w)j and a.(x,y,w) describe the amplitude 



and phase distribution of the conductor current density. 

The phase of the surface current density Js(t) is taken 

as zero reference. 

WhEm equations A.11 and A.12 are substituted into 

A.10, one has 

For the case of a good conductor where the frequency f is 

below approximately ios Hz, equation A.14 becomes 

A.15 

-
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APPENDIX B 

Constant Amplitude Phase Shifterl 3 

:>-........ ---n v 2 ( t ) 

) 
J_ 

The output voltage v
2
(t) for the operational ampli-

fier configuration shown is 

z2 (1 + A) 

non-inverting &nvertingl 

The transfer function can be written as 

= 

or 

Vz(t) 
--- = (1 + A. ) 

- A. 
[l + l ] 

z- 1 z 1 2 

(1 + l.) 

- e2 -

A = 
(l+A)[2+j(wRC-(wRC)-1] 
------~~~~~~~~- - A 

3 + j(wRC-CwRC}-1) 



v2 (t) 2 - A 
v (t) = 

1 3 + j 

When /.. = 5 

Therefore 

j(wRC-(wRC)- 1 ) 
2-J. + -- + -3 

(wRC-(wRC)-l) = 3 + j 

1 - j(wRC-(wRc)- 1 ) 

1 
+ j(wRC-(wRc)- 1 ) 

3 

= 1 

and the phase angle E? is given by 

j 
( wRC- ( wRC) - 1 ) 

3 
(wRC-CwRC)-l) 

3 

e -· -2 tan~ 1 [ ( wRC- ~ wRC) - I)] radians 

When wRC+O, e + o0 

When wRC+l,· e + + 180° 

When wRC+co, e + 36 0° 
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ThE~ ·circuit has been practically implemented in the 

form shown in Figure 2:4. The circuit will shift phase 

over 180° with less than 2% variation in voltage amplitude. 



APPENDIX C 

Derivation of Correction Factor for 

Anisotropic Conducting Paper 

Considering the currents in the elemental paper 

section for Figure 1:5, one obtains equation 1.1, viz, 

aJ(x,t) 
----- + 

ax 

aJCy,t) 

ay C.l 

When the two directional resistivities of the conducting 

paper are considered, equations 1.2 and 1.3 become, 

respectively, 

-1 avcx,y,t) 
J(x,t) = ax PX C.2 

and 

J(y,t) = -1 aVCx,y,t) 

Py ay C.3 

On substitution of C.2 and C.3 into C.l there results 

1 a2V(x,y,t) + L a 2V(x,y,t) 
Px axz Py ay2 C.4 

When Px = Py= p, one has 

a2VCx,y,t) + a2V(x,y,t) = C.5 
ax2 ay2 
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If the x co-ordinate is altered by some factor 

u = f(x) (such that x = f- 1 (u) ) in order to compensate 

for the difference between Px and Py' equation C.l becomes 

aJCu,t) ax aJ(y,t) 
(-) + 

ax au ay 
C.6 

Here 

J(u,t) = -1· aVCx,y,t) 
Pu au C.7 

Since J(u,t) = J(x,t) one must have Pu = Px 

Then 

J(u,t) = 
-1 avcx,y,t) ax 

ax <au> C.8 

Therefore 

aJ(u,t) ~-__!. a 2V(x,y,t) (h)---1. aV(x,y,t) a (ax) 
ax Px ax2 au Px ax ax au 

C.9 

and 

= -1 a2V(x,y,t) 
Py ay2 C.10 

Thus equation C.6 becomes 

l a 2V(x,y,t~ (~) 2 1 aV(x,y,t) (ax) a ( E..3£) + 
Px ax 2 au Px ax au ax au 

1 a2V(x,y,t) Jc(t) 
+ - = -

Py ay2 Tp 

C.11 
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:Lf equation C.11 is to have the same form as C.5, 

one must have 

l aV(x 2y 2t) (ax) a (ax) 
PX ax au ax au = 0 

Since 
av(x,.Ll.!l 

"f. 0 make 
a (ax) 0 implying one can = ax ax au 

du _ a constant C.12 
dx 

1 
1 (!K) 

2 1 du c::Y) 7" Also, one must have = or 
dx 

= 
Px au Oy Px 

C.13 

1 

When LL = c~Y) 2x, equations C.12 and C.13 are satisfied. 
Px 

That is, all the dimensions in the x direction are multi-
1 

plied by a factor (Px) 2 . 
Py 
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APPENDIX D 

The Differential Equation for Skin Effect 

Consider the homogeneous, isotropic, conducting 

= 0 

medium of arbitrary cross-section in free space shown above. 

The conducting medium is assumed to be sinusoidally excited 

at an angular frequency of w radians/sec. Within the con-
. 

ducting medium, the electric field Ez(x,y,t) an¢ the tangential 

magnetic field intensity Ht(x,y~t) are governed by Maxwell's 

equations. These equations are: 

(a) D.1 

The volume charge density p(t) decays exponentially with 

time and is therefore zero in the sinusoid steady state. 

The expression for p (t)_ is 

-('£.) t 
e: 

p Ct) = pf e 

where pf is the free-charge density at t = O. For example, 
a . 

the time constant - for copper is io-19· second. 
e: 
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(b) 
~ _ aBt<x,y,t) 

Vx I:..z(x,y,t) =- at (Faraday's Law) 

Here and Ohm's Law can be 

expressed as 

On substituting, one has 

(c) 

where 

Thus 

1 3HtCx,y,t) cr 'VX Jz(x,y,t) = -µ at D.2 

aDz(x,y,t) 
'Vx Ht(x,y,t) = Jz(x,y,t) + at 

Dz(x,y,t) = e Ez(x,y,t) 

Dz(x,y,t) = i:; Jz(x,y,t) 
0 

D.3 

and equati9n D.3 becomes 

E aJz(x,y,t) 
a at D.4 

If the curl of equation D.2 is taken there results 

V.:x [l 'Vx Jz(x,y,t)] = 'VX [-µ a H :t'C x , y , t ) ] 
0 at 

or 

1 
Jz(x,y,t)] 

a 
[ Vx Ht(x,y,t)] \7x [Vx = -µ at 0 

D.5-

From vector calculus, one has the identity 

When equation D.4 is substituted into equation D.5 and the 
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identity used, one obtains 

+ e: aJz(x,y,t)] 
a at D. 6 

With Ohm's law and equation D.l one has 

V•Jz(x,y,t) = 0 

Equation D.6 now can be written as 

D. 7 

Since sinusoid excitation has been assumed, the 

current density in its most general form can be expressed 

as 

jwt 
D. 8 

where 

ja(x,y,w) 
Jz(x,y,w) = IJz(x,y,w)je . 

Here I J ( x ., y, oo) I and ex ( x ,y, w) describe the amplitude and 
z -

phase distribution of the conductor current density. The 

surface current density is 
jwt 

Js(t) = IJs(w) le 

and represents a zero phase reference ~ith respect to 

a(x,y,oo). 
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When equation D.8 is substituted into D.7 one has 

For the case of a good conductor even at very high radio 

frequencies 1 the second coefficient of Jz(x,y,w) is 

extremely small with respect to the absolute value of the 

first. The resultant equation 

D.9 

90 

describes the two-dimensional current density as a function 

of frequency. This is the governing equation for the skin 

effect phenomenon in a good conductor.10,11,12 



APPENDIX E 

~urrent Density Distribution in a 

Circular Conductor 

Consider a long homogeneous isotropic conductor 

of circular cross-section lying along the z axis. The 

conductor is sinusoidally excited at an angular frequency 

w • 

z 

From Faraday's law written in the sinusoid steady-

state one has 

-

E.l 

~ 

Taking the curl of the above equation one has 

Vx [Vx Ez(J~,w)] = V[V•Ez(r,w)] - V 2 Ez(r,~) = -jwµ Vx H~(r,w) 

E.2 

since 
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In a good conductor even at high radio frequencies the 

following relations apply:-

(i) E.3 

(Ohm's law) 

(ii) V'·E:z(r,w) = tJ E.4 

(zero free charges) 

(iii) E.5 

(displacement current is negligible compared 

to the conduction current). 

Substitution of E.3, E.4, and E.5 in E.2 gives 

In cylindrical co-o~dinates r, ~' and z, the above eqgation 

becomes 

where 

..,. -· .. -· 

E. 6 

_l 1 
j 'T (wµa) T E.7 

The general solution to this differential equation 

is given by 

where J 0 (Tr) and Y0 (Tr) are Bessel functions of the first 
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and second kinds with complex arguments. 

One must haver= 0 in the solution of J (r,w). z 

As r + 0 , Y0 (Tr) + 00 and to prevent"infinite current 

density on the axis of the conductor one concludes that 

B = 0 • When r = r
0 

, Jz(:r,w) = Js where Js is the 

surface current density. 

Therefore 

A = 

Thus, the current density distribution is gi~en by 

E.8 



/ 
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