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ABSTRACT -.. 

I 
In a pulsed radar system, due to the existence of incidental 

frequency and amplitude ruodulation, the spectrum of the transmitted 

- , 
RF pulse may deviate markedly from the ideal form. It is the 

'purpose of tliis 

different forms 

thefs 'teo study the 'spectra"of pulsed R!' s.ignals with 

of incidenta,l frequency modulation and amplitude 

modulation. \ 

The contribution of this thesis ,may be summarized as follows: 

(I) A phenomenological approach to tlie analysIs of pulsed RF signals' 
1) 

contmining inciden,tal modul~~ion has been de"elop,ed using the Fast 

" Fourier transform method. 

(2) A fairly general analytical formula has i>een deve~oped for the, . ' 
pulsed RF spectra, using the convolution integral. 

(3) A real-time experimental s~ation of 

incidental modulation has be;1 succe~s(ully 
pulsed RF spectra. 

,r. 

pulsed signals vith 

designed to measure the 

~se agreements 

b~ demo~~t~atcd. 

between the results of these' three approaches 

has 

. 
1i' 

" 
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1-1 MOTIVATIoN' 

The 

transmitter p~rfor 

example, for a~ t 

, , 

, 
CHAPTER 1 

INTRODUCTION 

of a signal is 'an impOlrtant indication of the 

ce in a radar. or communication system. For 
, 

gular pulse of width T and unit-amplitud~, the 

spectrum is of the form 

.. 

f frequ cy 

T- pulse width 
• 

In a pulsed radar 'system, th~ tr~tted RF pulse should ideal;J.y be 

of constant amplitude and constant frequency. However, due to the 

existence of incidental'frequency and amplitude modulation, 'the 

spectrum may deviate markedly from the ideal. The incidental 

modulation characteristics are different~erent t,ransmitters. 

,It is the purpose of this thesis to study the spe~:ra of various kinds 

of pulsed RF signals that have incidental frequenc modulation and 

incidental amplitude modulation • 
• 

1 



1-2 API-ROACHES 

Three approaches are taken in ~he study. 

.. u .. ". · .... 1 , 

(a) FFT Approach: Because of the tedious mathe~atics 

involved in taking th~ Fourier trahsfor~ of a pulsed-si~lal, even for 

a 's~ple modulating waveform, the first approach taken is the ',.,-

2 

• phenomenological approach. A numerical computation technique known as 

the Fast Fourier transform (FIT) is used to comr"te th\' spectra of a 

few pulses with simple. modulating waveforms., By· changing 'the pn'ramcters 

of the modulating pulse, insight is. developed into the resulting spectra . 

~ ..! 
"'\ , 

(bL Anal;ttical ApEroach :-', Various Fourier transform techniques 

arc used to try to obtain: a closed 'form mathema'tfcal solution to the . 
• 

Fo\,rier, transform of a ,pulseq Signal. 

(c) Measurement 'T~is approach in,volves measuring the 

spectrum using a spectrum analyzer. This provides a check on the 

nUlll<!rical or analytical result., 

_ ~-3 APPLICATION 
, 

In radar .,signal processing, a magnetron is used t~ generate 

the pulsed RF signal. A high voltage pulse is fed as an input'to 

the magnetron and ideally a constant frequency and constant magnitude 

pulse is em! tted' at the output. This frequency is the resonan t 

" 

, 
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"> 
frequency of the'magnetron. The high voltage pulse is usually very 

.. 
short in time duration, in the order of a micro-second or 99. In n 

... 
. practical s)(stem, we have a ~inite ..rise and fall time for the 
~ 

resonatich of the IUllgnetron, and consequently, the output wll1 not 

b-e a perfectly constant amplitude and constant frequency pulse. In 

order to fully unders,tand the spectrum of the pulse produce? by a 
, 

magnetron, the resonating. characteris,tic9 should be mea~ured. The 

quesSion is ",hat kind, of, frequency and, amplitude response cnn)J..c 

expected from the 'magnetron as a res'ult of a certain given wave-shape 

of an input voltage pulse at;d a given operating environment. Indeed, 

much.research has to be done ip this particular area. This reSOI,ant ", 
characteristic partly depends on the pdshing figure and pulling' 

• 

3 

figure of, the magnetron used. 'The pushing' figu~e is the instantaneous 

" ' 
'frequency chimge in ~filz. per ampere change in peak DC current at 

constant load. It may be obtained by measuring the frequency-snift 

, 
on a'spectrum analyzer as the pulse current lis changed by a known 

.~ , 
amount. -The pulling figure denotes the variation of th\, resonant 

frequency with the variation of the load to the magnetron. We thus 

find that different magnett'ons, operating under. different eondit~on"" 

product totaily different incidental frequency modulation and 

incidental amplitude modulation. 
• • 

Sometimes it may be desirable to purposely crente a non-" ' symmetric spectrum by introduci\1g frequency modulation in the pulse. 

\ 

, ~ 
\ 
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61 
( 

The si';elobes of one side of - the spectrum would be ,low2red as 

compared with the sy~tric \sin
x 

(x) \ spectrum. More channe 15 

may be allocat~~ within a ~ixed frequency band, be~ause the 

• inter-channel interference is reduced. 

1-4 STRUCTURE OF ,THE THESIS 
( 

The study of pulse' spectra ~s deScribed in four -l'epe-rate 

chapters. Chap~er 2 is o.p some general properties of- puls~' spectra. 

Chapter 3 is on the phenomenological approach of analysis using the 

4 

Fast Fourier transform_ technique. Four different shapes df modulating 

pulses are considered. These are the trapezoidal, exponential, .. 
sinusoidal and modified gaussian wave-shape. 

Chapter 4 is "on the analytical approach to the 'problem. Two . , 

• 
ways of computing the rourier transform are pescribed. Section 4-1 

I . 
, / 

describes the method using the convolution techniques. A general 

formula is developed that can compute the spectrum analytically •. 

The requirements for using this method are the analytical formula , 

of the FO~ 

I Fourier"Geries 

transform of the amplitude modulating pulse, antl the 

;epresentation of the frequency modulating pulse. 

Section 4-2 describes the me~hod using direct integration. Only a 

limited number of cases are considered using this method, b~ause 

of the mathematical com?lexity. The tables for Presnel'Inte8ra~ and 

Bessel functiOn have -tQ be referred to for some of the formulae 

.~ 
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•• 

contained in chapter 4. 

Chapter 5 is on the description rif the experiment used to 

analyz~ the pulse spectra. Two modulating waveforms arc acquired 

simultaneously from the CDC. 1700 digital computer. They arc used as 

'l the amplitude modulating and the frequency modulating pulses, 

respectively. The spectrum is measured using a spectrum analyzer. ... 
The experimental. results appear to agree very well with the 

theoretical results. 

.... 

• 

, 

" 

.~ 



• 

. 
'. 

.' 
CHAPTER 2 

PROPERTIES OF PULSED RF SPECTRA 

In this c~1ilptel' some pertinent properties of pulse spectra' . 

w ill he cons i de red, ""'. These p-roperties 110id true for generaJ modulat ing 

pulses, Howev('r we shall begill by bdefl;: reviewing theprc-e11vclope 

fllllctioll representation of a modulated signal. 

2-1 TilE PRE-ENVELOPE SIGNAL 
.f 

The pre-envelope 'function representation of an amplitude .:'Iud 

• , J 
frequency mL,dulatcd pulse call be wrltten as [1] 

p(t) = A(t) e 
j2n [f 

. c 
(2: I) 

,-
where p (t) = pre-envelope function or "complex waveform 

representation of t~e signal 

A(t) - amplitude modulation 

g(t) ~ frequency modulation 

f - carrier frequency c 

T - pulse duration 

Taking the Fourier transform of the pre-envelope function. one obtains. 

S(f) 
j2n[f t + ftg(X)dX] 

e c,' 0 

6 

, .. 
e -j2nft dt 



S(f) a I A(t) e 

where f' - f-f 
c 

-j2nf't d 
e t (2.2) 

Wp have nssumcd that ~J\C bundw!dth of the spectrum iH !-;mall cornpHrcd 

(0 f 
C 

Equation (2.2) implies that the a'halysis of the puh;cd signal 

"'Ill he done using a baseband signal with amplitude modulal-ioll A(t) • 

alld freqnellcy modulntion g(t).' Effectiveiy this is' equivalellt to 

shlftln!\ the origin of the spectrum graph from the point f~O. to 

f ~f 
c 

2-2 PROPERTIES OF putSEn RF SPECTRA 

'I'he follOWing properties can he deduced from looking at the . 
,'olfrJer transform of the signal. The waveshape of the modulating 

pulae tan be of any form. , 

Properly A 

, 

• 

A signal with frequency modulation gl (t), and amplit~de' 

modulation Al (t) would have the same spectrum as another sigual with 

R
2

(t) and A
2

(t) as the frequency modulation and amplitude modulation 

respecliv.ely. with 

g1 (t) - g2 (T-t) (2.3) 

o 

7 

. \ 
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(2.4) 

whe re T~ pulse period (Refer to Fi g. 2.1) 

This property will be used extensiv~~r~n the subsequent see~~ons of 

the analysis. 

Proof 

r We have to prove 

where S (f) m 
1 [AI (t) e 

j2n J:gl (x)dx 

t r j2nJ 
8

2 
(x)dx 

S (0 ~ ~A2(t) e 0 2 

Now let ·v= '-X+T 

lienee 
j2n JT g2(T-v)dv 

T-t . 

e 
-j2nft 

dt 

.' 

e 
-j2nft 

dt 

-j2nft d e t 

J
Trt 

[ 

-j2n 
A

2
(t) e 0 

gl(v)dv. -j2nft d 
e t 

where J
T ,. 

j211 8
2 

(T-v) dv 
e 0 

Next let u m. T-t 

Hence S2(f) - ~2 J~ A2(T-u) 

-j2n r gl (v)dv 
e 0 

j2nfu d e u 

- -j2nfT 
where h a he 

(2.5) 

(2.6) , 

l 
/ 

(2.7) 

(2.8) 

(2.9) 

.~ 



Fig. 2.1 

Fig. 2.2 

Fig. 2.3 
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Thus~ 

Now 

~ I 
Is

2
([) I = 

[ 
-j2n! r gl (y)dv j2nfu 

Al (u) eO' e (. 

I Conjugate of S2(f) I 

I [Al(~) e 

j2n J: ) 
gl (v)dv 'z [ 

e:-J n u 

•• • 10 

dul 

151 (f) I Q:E.D. 

Property II \. 

When the frequt!ncy modulation is odd synunetric ,about the 

centre of the frequency deviation BM/2 • and the amplitude. modulation 

is ('ven symmetric about the 'middle of 'the p'ulse T{Z •. the 'spect:um 

will be sym'llCtric about the frequency" fc+BM/Z. This is only a 

sufficient condition for a specerum to be sy~tric. An example is 

given in Fig. Z .2. 

Proof 

, ' 

" 

Let Ali and 'FM of the. Signal be represented by A(tJ and g(t) respectively • 

• • 
and 

A(t+ i) = B(t). 

T 
g(t+ '2 ) = h(t) 

B(t) ~ B(-t) 

h(t) _ B~ __ [h(-t) -' B~l 

lIere we assume the signal is at baseband. 

, 

(2. 10) 

(2.11) 

(2.1Z) 

(2.13) 



/:--' 

[ 
j2nJt g(x)dx -j2nft 

,S(O ~ A(t) e 0 e dt 

,Now let t=u+t 
o 

and x=v+t 
o 

Hence 

S(O 
-j2nft 

co· .0 
,j2nf g(v+to)dv rl~ . \. J2nJu g(V+t~)dv 

e ' t . A(u+t)e 0 
o 0 

~ 

, 

j2nJ

U

g(v+to )dV -j2nfu 
[ :A(u+t

o
) and IS(OI-= e 0 e' du 

r .. 
j2n g(x+to)dx -j2nft ,,;. 

[ A(t+t ) ~ e 0 e dt J 0 

11 

(2.14) 

-j2nfu 
e du 

(2.15) 

''f 
This proves time shiftip& a Signa~Hh a fixed delay does' not ~alter 

[h" magnitude of the Fourier transform. Now if [ ~ T/2 and 
o 

substitute eqt. (2.10) and (2.11) in (2.15) • we have 

, I[ j2nJt h(X)dX'1 IS(f)1 = B(t) e 0 e-j2nft dt 

1 J
t BM -

. . BM . I[ j2n [h(x)- 2"]dx -j2nft· I ,Is (f+ 2") 1 = B(t) e 0 e dt 

=1 [ B(t) 
j2nF 

e 0 

BM 
[h(X)- -Z]dx j2"ft 

e . dt 

Now let u=-t and v=-x 

• 

Hence BM 1 IS(-f+ -) I [ B(-u) 
- j2nr ( ) BM d [h -v - -] v , 2 ;'j2nfu 

e 
" 2 

e 0 

-I [B(U) e
jinJu

o 
[h(v)- B~] 

" 

I 



This proves -15H+ B~) 1 = 15(f+ B~) 1 

Thus~ Is(ol is BM symmetric ab~ut :2 
I 

Property C 

Q.E.D. 

The pulse with gl (t) and A1 (t) as the frequenc>: modulation 

and ampliCude -modulation respectively, will have the sab spectrum , 
• 

1Z 

waveform as the pulse with gZ(t) and AZ(t) as the frequency modulation 

and ampli bude modulation, with 
, 

t u=-
k 

k = constant 

.for t~O 

for t::.,O 

T c pulse duration 

An example is given in Fig: 2:3 •. 

• _r-"\ 

ana 

and 

T<t 

~t 
k 

(Z.16) 

(Z.l7) 

(Z.18) 
I 

j - The frequency scale should be expanded by a facter of K in 

order to obtain the same scale. Using this property, /r can be 

normalized to be unity.- This leaves only the maximum deviation 

(EM or AF) to be the "parameter ~hat changes the r·AF product. 

• • 
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Proof 

To shoW 

where 
r -jZnft d e t (2. 19) 

e -jZnft dt (Z.ZO) 

Substitute eqt. (Z.16), (Z.l7) and (2.18) into (Z.19)., 

lien ce u • 

J t &Z(u)du-k 
o 

jZn 
-jZnfku k 

e du 

= 
jZ1I fgZ(U)dU 

o -JZnfku e _ du 

I
~ jZn 
~AZ(u) e 

fgZ(U)dU ' 
o e -jZnfu du 

or Q.E.D. 

Property D f 

The' total' are~ under the spectrum representing the square 

root of the total power, modulating 

pulse, as long as the amplitude 

This means that the total average powe 
• 

of .frequency modulation so long as the 

fixed. 

ing' pulse remains constant. 

is invariant under the change 
, 

plitude modulation is kept 

" 

, 



Proof 

• __ J 

lIence' 

Npw 

I 

\ 

where 

• 

E = [ 15(£)12 df 

- constant for a fixed A(t) 

E - total power of the signal 

S(f)= Fourier transform of signal set) 

= [set) e -j:nft dt 

, j2n 
s(t~ = A(t) e 

fg(X)dX 
'0 

A (t) Q amplitude modulation 

get) - frequency modulation 

() 
-j2nfu 

sue 

• 
du ,[ s*(v) e+j2nfv dv df 

where s*(t) de~otes complex conjugate of set) 
~ , 

- 1: [stU) s*(v) du dv <I (u-v) 

( " r 2 - .=I~(u)I,du ~. 

1
= 2 

- .,[A(t)] dt 

- constant for a fixed A(t) 

() 

14 

Q.E.D. 
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CHAPTER 3 

SPECTRAL ANALYSIS USING 

THE FAST FOURIER TRANSFORM METHOD 

The Fast Fourier transform' (FFT~ method' [2] provides the 

, \ 
rClstest numerical technique that is available for spectral analysis. 

In this chapter the FFT"method is used in the analysis of pulsed 

signal spectra. The waveforms of the modulating pulse used are of 

trapezoidal, exponential, sinusoidal and' modified gaussian wave 

shapes. 

NOTE 

As depicted in the diagrams to,follow,the, pul.e waveforms 

The left one is the ~,CY on the top are the modulating pulses. 

modulating pulse and the right one is the a\IIPlitude modulating 

pulse. Different spectrum graphs are stacked on top of each other to 

contrast the change in shape of the spectrum after a parameter is 

incremented. The parameter changed is printed on the side of each 

spectrum. 

3-1 TRAPEZOIDAL MODULATING PULSE 

The mathematical representation for a trapezoidal amplitude 

modulating pulse is : 
, 

A(t) - 0 for t<Q, T<t 

:' .. ' 15 



., 
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16 

t 
A(t)~ -

A2 0<t<A2 

= 1 A2<t<T-B2 .-- "' 
:!:2 / 

B2 T-B2<t<T (3.1) 

where A2 ~ ,rise time of the pulse 

B2 = fall time of the pulse 

T = pulse width normalized to be 1 
~. 

g(t) ~ 0 t~O', T:;.t 

t O<t<Al . = BM Al • = BM Al:;.t:;'T-BI 

= BM 
(T-t) q. 

T-'Bl<t<T (3.2) Bl 

, . 
where EM = maximum frequency deviation 

Al ~ rise time of the pulse 

Bl = fall time of the pulse 
b 

In Fig. 3.1, the pulse has trapez~idal amplitude modulation 

~nd no' frequency modulation (BH=O). The resulting spectrum is 

" symmetric no matter how the parameter A2, the rise time, is ~aried. 

The rest. of the parameters remain. constant with the values as shown 

on the ~igure. It can be observed that when A2 increases, the 

side-lobe ~evels decrease at an increasing rate. The main-lobe also 

,:,"" 
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\) 

decrea~es but at n slowor rate. The effect of spectrum,brondeding 

is symm('tric on both sides of the RF frequency . 

.. 

" In Fig. 3.2, 3.3 and 3.4, the signal considered is frequency 

modulated by n trapezoidal pulse and amplitude modulated by a 

rectangular pulse. Tlto only parameter tha~ is varied in each 

fir,ure is the ri."e time Al of the frequency modulat.ing pulse. It is 

observed that the spectrum becomes increasingly asymmetric~l with 

increasing Al. We see that the main. lobe decreases in height while 

the low(>r side lobes increase. Als2' the P?sition of the main 

lohe shifts to a lower frequency. When the frequency modUlating 
j 

pulse becomes more as~tric411, one can also observe, both in 

Fig. +2 and /.1.3,' tilat the local minima at .the lower fr:eque~cy range 

of the spectrum rise from the zero point to some non-zero value. 

This phenomenon becomes more pronounced when the frequency modulating 
, I 

pulse hecomes more asymmetrical. It should be noted that the area 

under the spectrum appears ·to have a constant value. Also the cases, 

when B1=0.1 with Al=0.5 on Fig.3.2, and BI~0.5 with AI-O.l on 
.' 

Fig. 3.3, do actually give.rise to the'same spectrum. , 

examples verify properties D and A, respecti~ly. 

These f~\ 

These phenomena can be explained by considering the 

distribution of .I'nergy in the modul~ted pulse. When Al increases, a . . 
dedcased portion. of the modulated pulse is maintained at the constant 

.. ./ 
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Fig. 3.2 Trap. FM and Reet. AM, 1'=1, BM-3.5, 81=0.1 
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c' 
f requcncy 8H. Accordingly,· the main-lobe of the "pec trum, which iN 

I 
,;I 1 uated ncar the maximum' frequency deviation BM-3.5, decreases in 

magnl tude. The reduction in the energy of the main-lobe iB 

(·omp.,·n"lIled by an increase in the level (and therefore energy) of 

lh,- 'J" .... '·r "Ide-lobe. The rise in height of the local minima liS the 

fre,I''''"cy modulating. pulse becomes more asymmetrical, will he 
~ 

t'xpJaln,-d in seclion 11 .2, using theanillyticlll IIpprollch. 

I 

I" figs. 3.5,3.6 and 3.7, lhree different trapezoidal pUJ""h 

() 
ar(' lIS(,U to m<,dulllle the frequency and IImplitlldc of the signal. The 

"11 J Y param('ll'r that is varRd in each figure Is A2, the rille time 

pf th" amp 1 it ude modulating pulse. The same phenome'I<' thllt were 

ohs('rved previously can also be seen in these figures. lIuwevcr, "" 

ohserve that as A2 increases, the lower side-lobcs dCCrl.'IIHe in 

hci"ht ata faster rate than the main-lobe. ThiH is due to the 

Incrl'asing attenuation, on the. rising edge of the modulated pulse. 

Comparing the top spectra in Figs. 3.5 to 3.7 which correspond to 

maintaining the rise time· A2 constant .at O~ 1 and increaaing the 

f .,11 time B2, we observe that the height of the lower side-lobe 

d('creases at a faster· rate than the main~lobe. 

When we compare the spectra in Figs. 3.5 to 3.7 with thoRe .. 

in Figs. 3.2 to 3.4, we observe that the main-lobe positions, in the 

spectra of the first set of figures, are located'closer to the peak 

. . 
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Fig. 3.5 Trap. I'M and Trap. AM, T-l,BH-3.5,Al-,<l.V,Bl-0.33,1I2-0.1 
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Fig. 3.6 Trap. FH and Trap. AM, T=l,BM=3.5,Al=0.17,Bl=0.33,B2=0.33 
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Fig. 3.7 Trap. FM and Trap. AM, Tal,BM~3.5,AI=0.17,BlaO.33,B2=0.5 
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frequency devi·ation than the spectra in the· second set of figures. 

'The side-lobe levels also decreases. significfently. 

In Figs. 3 .• 8 and 3.9, th~ signal-is frequency modulated by a 

trapezoidal pul:,e. However, the signal in Fig. 3.8 is amplitude 

modulated by a rectangular' pulse, as distinct from the trapezoidal 
• 

",.i 

• 
26 

pulse used in Fig. 3.9. The varying parameter in both figures is the 

ma~imum frequency deviation. \ 
In both cases, we observe the phenomenon 

of spectr~m broadening. However, because of the· linear attenuation in 

the rising and falling edges of the amplitude modulating pulse in 

Fig. 3.9. th~ side~lobe levels i; Fig. 3 •. 9 are \lo~er than the 

corresponding one in Fig. 

h","~"''', .Ul hr.' 
3.8. Thi& phenomenon of spectrum 

analytic~ly in section 4.2. 

" 

In Fig. 3.10, the amplitude modulating pulse is kept fixed 

with a rectangular waveform. 1n Fig. 3.11, the amplitude modulating 

pulse is of the same shape as the frequency modulating pulse. In 

both cases, the wave shape of the frequency modulating pulse 1JI varied 

from a symmetric one about T/2 to an asymmetric one about T/2. 

The corresponding spectra, as shown in these figures, demonstrate that 

the levels of the local minima of the spectra increase when the 

frequency modulating pulse or the amplitude modulating pulse or both 

( 
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Fig. 3.8 Trap. FH and Rect. AM, T-l,Al-O.17,Bl-o.33 

1. 

s·8 
" ':::.6 
'" g.4 
" u .2 

" ~.O 
" " .e. 8 

~.6 

~ .4 
" !:: .2 

fa ",.0 -~ . 
. 8 

.6 

.4 
1.2' 

• 0 

.8 

:~ 
.2 

.0 

.8 

.6 

.4 

.2 

.0 

/ 

-, 

, 

-6. 

A 

I 
BIt 

T 

I 
I 
~ 

_~oo 

BI+- Z.OO 

• 

8M- 4.00 

!Itt- 8.aD 

9. 

Normalized frequency 

27 



28 

Fig. 3.9 Trap. FM ~ Trap. AM, T-l,AlaO.17,Bl-O.33,A2-0.17,B2-0.33 
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become more 'asymmetrical with respect to the ~d-point (T/2)'of the 

pulse. 

, 
3-3 EXPON£lITIAL KlDULATING PULSE 

'"The mathematical representation of an exponential amplitude 

modulating pulse is as follows : 

A(t), - 0 .. when teO, T<t 

·'1 

31 

l::'e -K2 (T-t) 

'" 
T-B2~ (.3.3) 

l_e-K2 ' B2 

~ 

where A2 - rise time 
• 

B2 - fall time 

T - pulse width J 
C2 - exponential rise constant 

K2 - exponential fall constant 

Sim114r-ly the mathematical representation of an exponential 

frequency modulating pulse ~ : 

g(t)- 0 

-Cl~t 
_ BM l-e ' 

1 -Cl·Al. -e 

-11M Al<t<T-Bl 
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1 Fig. .3.12 Rect. FM and Exp. AM, Tm 1,A2-B2-Q.45,K2_10 
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AM, Tal,BMm3.5,Al*A2~Rl-B2-0.5,ClaKl-2,C2_K2 
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Fig. 3.17 \ 
Exp •. FM and Exp. AM, T-1,Al-A2-B1-B2-0. 5 ,CI-C2-K1-K2_11 . 
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-Cl ·(T-t) 
( ) .lc...-::;e-!:-, :---:-_ 

g t .. - 8M - -Cl.Bl 
l-e . 

when T-Bl<t<T --
(3.4) 

• 
wher.e Al -. rise time 

_ A 
B1 - fall time 

C1 - eXponential rise constant 

K1 - exponential fal3.. constant 

." 
( 

r 
In Figs. 3.12 to 3.17, the signals are modulated by exponential 

pulses and rectangular pulses as shown on the top of each .. figure. The 

various kinds of phenomena that were observed 'in Figs. 3.1 to 3.1.1 on 

s.ignals modulated by a trapezoidal pulse are also observed in Figs. 

3.12 to 3.17. 

)-4 SINUSOIDAL MJDULATING PULSE 

Mathematical representation for a sinusoidal amplitude 
I 

" modulating pulse is as follqws : 
\ 

A(t) - 0 when t!o0' T<t -
r - sin (lIt/T) 

~ 

O<t<T -- (3.5) 

Similarly, the mathematical 
l. 

representation for a sinusoidal 

frequency modulating pulse is : • 

get) - 0 ~ 

-' 
when .. t<O, T<t 

- sin , .. tIT) O<t<T 
.' -- (3.6) 

/".-" 

l' 
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Fig. 3.18 Sin. FH and Rect. AM, T-I 
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Fig. 3.19 Sin. FM and Sin. AM. r-1 .~ 

1. 

s·8 
" ~.6 
" ~.4 
" ... • 2 

" ~.O ". 
" ~.8 

~.6 

~ .'1 
" ~.2 
5, ",.0 
;.: 

.8 

.6 

.4 

.2 

.0 

. 8 

.6 

.4 

.2 

.0 

. 8 

.6 

.4 

.2 

.0 

.• 

BH 
j' 

~r~L~T~~~ __ ~~~~'. 
, 

_1..00 

_ z.oo 

_ ,.00 

• 

; _ '.00 

• 
..... .00 

-6. -3. o. 3. 6. 9. 

Normalized frequeney 



{ , 
"' . • 

, 
41 

where T - pulse Width normalized. to unity • 
• 

BM - maximum frequency devia~ion. 

In Figs. 3.18 and 3.19, the pulses are modulated in.frequency 
I 

by a sinusoidal pulse. I,n Fig. 3.18, the amplitu<,1e modulating pulse 

is of rectangular waveshape,'whereas in Fig. 3.19, the amplitude 

. modulating pulse is of sinusoidal waveshape. The var:ying parameter 

is the maximum frequency deviation BM. When BM increases, the 

phenomenon of spec trum broadening, similar to that obset:ved previously, 

do reoccur. However in Figs. 3.18 and 3.19, we observe that the main-

lobe is located·,' further away' from the maldmum frequency deviation. 

The phenomena of increasing side-lobes as BM increases, and the 

loweri,;g of side-lobes with the application <Of the sinusoidal amplitude 

modulation can also be observed here. 
( 

3-5 MODIFIED GAUSSIAN MODULATING PULSE 
) 

The 'mathematica~ representation of the modified gaussian . 

a~litude modu1ating.pu1se is as follows : 

A(t) - 0 

. T 2 
-K2(t- -) 

2 

when 't<O, T<t - -
r

O<t<T -- (3.7) 

• 

'"", ........ , ...... ' 

where K2 _ the constant that determines the shape of the pulse. 

The maldmum amplitude of the pqlse is normalized to unity • 

. '. 



Similarly, the mathematical representation of the modified 
\. 

42 

gaussian frequency modulating pulse is 

g(t) - 0 when t<O, T<t 

T 2 'T2 
-Kl(t- -) -Kl -

2 4 
O<t<T, _ BM e - e (3.8) --• T2 

-Kl -
1 - e 

4 
• . 

i' 
Kl - the constant that determines the shape of the pulse 

. . /---

BM - the' maximum frequency deviation. / l 
.' '/ 

\ 
In Figs. 3.20 to 3.24, the pulse is frequency mOdulated~ 

a modified ~aussian pulse, and a~plitude modulated by either a ~, 
, ~ 

rectangular pulse or another modified gaussian pulse. The gaussian 

pu~e ia modified such that the pulse has zero magni~ when t-O 

and t=T. The varioua phenomena that were mentioned preViously can b~ 

. observed here too. However, we now aee that the rower side-lobe 

becomea comparable in height with the main lobe or even larger in 

'height. Such a behaviour occurs 'in Fig. 3.21, when the frequency 

modulating pulse behaves more like an impulse (when Kl>25 in Fig.' 3.21), 

and in Fig. 3.23, when the maximum frequency·deviation is large. The 

phenomenon' of shifting in location of the main-lobe to the lower 

freq uen cy, when the rise time s,nd f all time cif the f requen cy 

modulating pulse increases, can also be observed in Fi~. 3.20 to 
• 

3.24. This phenomenon is, however, nicire pronounced here, because 

o . ' .. 
the rise time and fall time are quite long compared with those used 

in the other frequency modulating pulses considered earlier. The 

.~ 



Fig. 3.20 Rect. FM and Modified Gaussian AM, T~l 
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Fig. 3.21 Modified Gaussian FH, and Rect. AM, T-1,BH-3.5 
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Fig. 3.22 Modified Gaussian-FH and AM, T-l,BM~3.5,KlalO 
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Fig. 3.23 Modified Gaussian FM and Rect. AM, T-l,KlalO 
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Fig. 3.24 Modified Gaussian FM and AM. T-l.Kl-Kl-15 
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spectrum also can be observed to have a wide main lobe when the 

,amplitude modulating pulse has a narrow half power pulse width. This 

is because of the fact that a narrower pulse in the time domain 

corresponds to a wide spectrum in the frequency domain. , 

3-6 SU~~RY OF THE PHENO~NA OBSERVED 

The various phenomena exhibited by the spectra in Figs. 3.1 

to 3.24 may be summarized as follows : 

(1) The spectra for RF pulses without frequency 'modulation are always 

syuunetrical. The attenuation at the rising and falling edges of 

the pulse lowers the side-lobe levels at a faster rate than the 
....:"J. f 

main-lobe level. (sec Figs. 3.1, 3.12 and 3.20) 
" 

(2) An RF ~ignal that is frequency modulated by a pulse with a rising 

and falling euge has ,.;:; asymmetric spectrum. The degree of this 

asymmetry becomes more pronounc,cd as the rising edge or falling' 

edge or both increase in duration'. (see Figs. 3.2 to 3.4) 

0) 1-11en the RF pulse flith frequency modulation in aljlplitude modulated 

,by a trapezoidal, exponential, ,sinusoidal or modified gaussian 
, 

pulse,..:J.;J:1e side-lobe levels are reduced, and the 'main-lobe is 

broadened. '(see Figs. 3.5 to 3.7 , Figs. 3.14 to 3.15, Figs.. 3.19 

and 3.22) 

(4) I-~en,the frequency modulating and amplitude modulating pulses are 

both symmetric about the' mid-point of the pulse, the local minima 

of the spectra at the lower frequency range are at zero. (see 

Fig.. 3.2, 3.3, 3.10, 3.13 to ,3.15 and 3.21 to 3.24) 
. ' 

'I 



~, , 

(',) I,h,m the fnquollcy modulatina or ampl1tudo moduliltillil pul .. bflcou.. 
, 

Utlynlllldtric IIbout tho mid-point of tho pulao, tho local·m!.nllllA of tho 
" 

,'lliaa rbo in lovol whilo tho main-lobe lovd doc'rouo.. ( •• e Fia •• 

3.2. 3.3 Gild 3.10) 
• 

(6) /1.11 the maximufn froquency daviotlon incrollllOM tho opoctrual broedon., 

to tho riaht, whilo tho lower lido-lobo. incroaBo 111 lavol. (.00 , 

!'laD. 3.8,3.9, '3.16,3.17, 3.18,3.23·lII\d 3.24) . . 
(I) Whol' tho fnquoncy modulAti'ns pubo ill narrow, tho lower aide-lobo 

levelll ~!lnd to bo o.hrgo AB tho Min-lobo or even' larsor. (.eo 

~'ill'" 3.21) 

" 

. , 

" ' 

", . 

, , 
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CHAPTER' 4 

ANALYTICAL APPROACH 

In this chapter, the snalytical approach is used in the 

analysis of pulsed RF spectrs. The mat8ematieal technique applied to 

the spectral analysis of' pulsed signals was described 1n the paper 

by Cumming [3], in which the pulsed signal with AH/PM'conversi~n is' 

c(>llsidered. Cumming considered signals with a symmetric gaussian 

envelope. The incidental frequency modulation is odd symmetric about 
\ 

the c';rrier frequency. This means the spectra considered are sYIG1llBtric , 

as stated in property B in chaper 2. ,However, the only case of 

interest in [3] is when the phase deviation is smaller than uni~y and 

it is plausible to use the series r'epresentation of eH(t) 

o 

Le. ej'(t) ~ 1 + j~(t) 

A recent.pa~r by Brookner and Bonnea~ [41 compared this 'method with 

the discrete Fo~iier transform technique. The ,result was quite 

~atisfactory whe~ maximum phase deviation is less than or equal to 
~ 

unity. For the case of large phase deviation this method 'will no 

longer hold t:rue'. 

',.' . 
In this chapter two .analytical techl1iques ere considered. No 

'. 

'. 

restriction is imposed on the magniblde of the maximum phase deviation 

or frequency deviation. 

I 
50 
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/ 

'4-1 CONVOLUTION API'ROACH 

The convolution theorem I5J may be stated as follows 
... 

F [ [xCV) yet-v) dvi' - X(f) Y(f) (4.1) 

. or F (x(t) yet)] - [ XCv) Y(f-v) dv (4.2) 

where F denotes, the "Fouri~' transform of" ' 

and X(£) - F [xC t)] 

Y(£) - F [y (t) 1 ~ 

( , 

Now om eqt. (2.2), the 10urier transform of a pulsed signal, 

with ampl ude modulation A(t) and Frequency modulation g(t), is , 

S (f) a ACt) 
j2nJ

t

g(X)dX -j2nft 
e 0 e dt 

Define M(f) - F [A(t)] 
I 

and T ,- pulse width 

, . 

(4.3) 
\ 

( (4.4) 

" \ \ , 
\ 

Next, we use the well kn,own property th~t time shifting a pulsed signal 

would neither alter its power spectrum nor tne.magnitude of its. 
o p,.' 

Fourier transform Thus, without loss of generality we shall assume 

A (t) 

get) 
~ 

I 

', .... 
and get) to have already been time shifted by -T/2. 

as ~iC waveform pet) 

p(t+nT) - g{t) . 

r 

aSf~1ows : 

for 

n - O. tl, t2, ....... 
T T 

- --<t<-
2- "'"2' 

NOw exyress ing 

(4.5) 



• 

S2 

The Fourier series representation of p(t) is 

• 

p(t) a a 
n 

Cos 
-

( 2111lt) \" 
T + L bn 

n=l 
sin ( 2;nt ), 

(4.6) 

where a and b are Fourier series coefficients. Now because n n 

j211 J tg(X)dx 
A(t) e 0 = 

j211J t p(x)dx 
A(t) e 0 (4.7) 

T 1II"T 
( A(t) = 0 for t~ 2" and t,:;. - 2" ) 

Therefore we only have to find the Fourier transform of 

j211 J ~ (x)dx 
e 0 

and then cOll'/olve it with F [A(t)j to obtain the desired spectrum S(f). 

Substituting eqt." (4.6 ) "into 

lIence 

= 

e 

- b 
jT L nn 

n-l e 

I ~ (x)dx , 
Q = J

t -
. j211 {L 
e 0 ncO 

e 

, 211t 11 
jT(-~~, sin(T + 2") 

e e 

• we obtain 

-2nnx \" 
a cos (--T-)+ L 
n . nml 

21inx }' b
n 

sin(-T-) dx 

e 

,/ 

jT(~·f>2) 
2, 

: 

411t 11 
sin(- +-) T 2 
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jz sin(6) 
.. 

Next, we note that . e - L J
k 

(z)' e jk6 
(4.8) 

n=-

wher<; J
k 

(z) is'Bessel fWlction' of the first'kind of kth 

order. (Appendix' A) 

t -
As an approximation, o~ly_three terms of the Fourier s~~ies 

will be considered. Hence 

j211 
e 

'" jT L bn 
n=1 n 

t J J p (x)dx 
o 

j2 .. a t 
o 

e 

'\ 

J
k 

(z3) J (u
1
) J (u-) J (u3) 

3 m1 III:z ,:l, m3 

j211i(k1+2k2+3kj+ml+2111:z+3m3) 
e 

where 
a 

z - T n 
n 

n 

and u -
n 

'T b - n 
• n, 

-, 

(4.9) 

~ 
( (4.10) 

"-The 'reason this approximation holds is that ,modulation index is small. 



Taking the Fourier transform of (4.9),we obtain 

\ J\ (x)dx j2n 
r 

F [ e o 1 

~ 

jT 2 'b 
n 

~ ~ = ~ = = nl'::l n 2 2 2 2 2 2 Jk (zl) e 
k =-~ k =·.co k -=:_co m:::::l-o:) 1 

1 2 3 

6 ,(f"-
kl+2k2+3k3+ml+2m2+3m3 

T ) 

where f";r::. f- a 
o 

m=-
1 

mm-
2 3 

From the convolution property and eqt. (4.11), we have 

.... 

j21T 
S(f) = F [A(t)] * F [e ' 

r\(X)dX 
J o 1 

where * denotes the' convolution. 

:. 

\ 
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• 

J
k 

(z2) 
2 

(4.11) 
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~'b 

S (f) 
jT L n ~ 

e n=l n L 
. k ca-oo 

1 

J k (z3) J (u
J
) J (u

2
) J (u

3
) 

3 . m1 m2 m3 

\. 

, . . 

·F [A(t) 1 "I< 15 (foo -
k1+2k2+3k3+m1+2~+3m3) 

. T (4. 12) 

This is a general formula for computing the Fourier transform 

, . " 

S(f) of a pulsed signal'with amplitude modulation A(t) and frequency 
'. . \..., 

modulation get). Now S(f) can be real or imaginary depending on the 

terms 

/ 

where ml • m2 

from the terms 

and F [A(t) 1 

and .m3 etc. ,are indices of the summations generated 

. . 
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~ 

of th" ,l'o\lr1<'r sorios I"oprCinrtrtation of g(t). Thio form"l" ran bo 
( 
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H(IlII'Qfied (\lrthe'I" if A(t) and g(t) nrc symmetric I,lbout the mid-point 
, 

lIi th(' pul flC. Then F[A(t)] is real nnd b - D, Le. u • O. Theile are 
n n 

,I",' to the inItial condition/l thnt A(t) and g(t) lire time shIfted by 
" 

'1' - 2' mllk'lng A(t) nnd g(t) now oymmctric ubout t-O. 

H,'nc". "qt. (4.12) cim be re-written·us 

j2n r p(x)dx 
a 1 ' F (A(t) 0 

III the f()llowin~. two examples arc shown demonstrating ~hc usc of this 

cnllvolutlon method. 

A(t) - Rcct(t) • 1 

- 0 

t 
g(t) - BM cos(-r) 

- 0 

for 

for, 

) 

l' . r-Tc - - <t< 2--

T T 
t< - t> -2 2, 

1" T 
- - <t< -

2: - - 2 

t~-!. t>!. 
2. 2' 

• 

(4.14) 

(4. 15) 
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F [A(t)] .. T sin(nfT) \' ( )' 
nfT .. ilinc nfT, (4. 16) 

From eqt. (4.7) 

lIence 

t pet) .. BM cos(nT') 

\ 
j2n J\(X)dX 

o e .. e 

t 
j2T. BM sin (n:r) 

.. j knt 
.. L J

k
(2T'BM) e T 

k--m 

'-'0 ,"uoo ."~" 
method, we obtain·· 

follows from eqt. (4.8). Now using the convolution 

F [A (t) 
j2rr f\(X)dX 
eo] 

a L J k (2T'BM) T sinc(l'fT) * 6(f- ~T) 
k=-oo 

(4.17) 

In Fig. 4.1 and 4;2, the pulse apectra for two different 

values of BM are plotted using eqt. (4.17). T~ spectrum obtained 

using the FFT method is also plotted on each graph to compare the 

result. 

Example 2· 

The amplitude modulating pulse A(t) is Rect (t) 88 defined in 
. . 

eqt. (4.14). The frequency modulating pulse ,get) is a· trapezoidal 

• 
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Fig. 4.1 

FIT Convolution -----------
I. 

.8 
E' .. 
0 

/ ... ., 
" " . .. ., 
.. 
OJ 

..-< .. 
" 0 .6 "" ... 
0 

OJ 

'( "0 

" ., 
..-< 

fa 
'<:I 
:c 

'.4 

.2 

.0 

-4 -2 . 0 2 4 

NormalIzed frequency' 



I, 
, 59 

Fig. 4.2 Sin. FH.and Rect. AM, T-l, BM-2.S. 
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~ 

pulse as defined in,eqt. (3.2). However, g(t) is time shifted by 

T 
- 2_now. From eqt. (4.5), p(t) can be expressed in a Fourier series 

form 
<D n+l 

p(t) ~ BM(l-a) + .2BM·a L (-1) 
n~1 

2 211nt sinc (nlla) cos (--)
T 

, 
where BM ~ maximum frequency deviation. 

a a rise time Q fall time of the FM pulse. 

(4.18) 

Retaining only three terms in the Fourier series, as an approximation, 

we have from eqt. -(4.10) ,-
. 2 

zl = T(2BM'a) sinc (lIa) 

2 
z2 =-T(2BY..a) sinc (211a)/2 

2 z3 ~ T(2BM'a) sinc (311a)/3 

Using eqt. (4:13) , we get the Fourier transform 

<D <D <D 

S(f) c L L L J k (z 1) J k (z2) J k (z3) T 
kl=-~ k =_co k--- 1 2 3 

2· 3 " . 
k1+2k2+]!<3) ]_ ., 

siIlc [nT (flt_ 
T 

where fit - f - BMO-a). 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

In Fig. 4.3 and 4.4, the pulse spectra for two different values 

v 
of· BM are plotted using eqt. (4.22). The spectrum obtained using the 

FFT method is also plotted on e~ch graph. to compare the results. 

As shown in Figs. 4~1 to 4.4, the spectra obtained using the 

.. 
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Fig. 4.3 Trap. FM,and Rect. AM, T-l,-8M-l, AI-BI-0.!. 
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Fig. 4.4 Trap. FM and Rect.. AM, T-l, BM~2.5, Al-Bl-o.25 
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C\'l\volu l! on me thad agree well "Hh thosc using the FIT method. The 
." 

111\ a lyl iClll approach considered in this section is good for any kind 

(If frcquency and amplitude modulated pulsed signal,· provided that the; 

Fourier transfot"11l of A(t) and the analy tical form (If get) are Imown. 
) 

\ ., 

~ '. 
Using this method, we can' explain some of' the pheaomen~ that 

occur in pulsed RF spectra .' 
(a) When A(t) and g(t) are aymn .. lttic about the ~d-point of the pulse, . ... 

their corrcsponding Fourier tranafox:ma. are real, and -the local 
• . . 

minima of the magnitude .of the spectrum. 'sre zero. 

. (b) Hhcn A(t) or g(~) become asymmetric, the Fourie~ transform becomes 

complex as sho~;n in eqD. (4.12). The s.pef.trumwould then be the .. 

combination of the real:'and imaginary ports of its Fourier 

transform. As the deviation from synunetry of A(t) ~. g.(t) becomes 
- . . \' , 

'more pronounced, the magnitude .. of the .imaginary .part of the spectnna 

increases. Consequently, the local minima of the spectDUm are 
. ~ 

raised above zero level. 
. . , 

(c) When tne produci'-im.~T increases, the Bessel functionS of higher 

.order cannot be negleG: in the computation of the pulse spectra • 

The inclusion of these extra terms of- Bessel fUllctionR reaults.jJl 

the broadening of the sp.ectrum. 
~. 

4-2 DIRECT INTEGRATION, 

.r 

, . 
The Fourier t!ansfot"11l of a signal Stet) i8 defined by 

_ ,t..', .,;. 

J
'" .. (~"rrj21Tft dt 
.si~ •. -- ..... ,;,'1'1, 

' . .,. . 
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<l 
In this section we shall evaluate ~i(t} using.direct 

• 
in tcgration •. 

(1) Trapezoidal AM pulse. 
I., 

If sl(t} 'is a pulse with trapezoidal envelope as ineqt. (3, I). 

then 

s- ({) Q 

all 

( Appendix B) 

w~ere a - rise time of AM pulse. 

b - fall time of AM pulse. 

(A2) 

(B2) 

(4.23) 

L • 

A comparison with the svectrum obtained uaing the FFT method 

is shown 1n Fig. 4.5. 

(2) Exponential AM pulse 
I 

H s2(t) is a pulse with an exponential amplitude modulation' 

,as in eqt.(3.3). then 

-j2wft - -j211ft , 2 I 
.fA 

e ',- e 
-j211f 

-j4l1fT 

where 

{Proof in Appendix C} 

-t
1 

(C2+jllf)" 
e '- I 

+'~t c
2 

+ j211f 

+1.2 
-j2wfT -~211ft2 

e ' - e 
-j211f 

A 
A2 - --_k;-';(i;;;T-_t=-"') 

'~ 2 1- e . 

and 

(4.24) 
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.; 
t • 

I 
risc time of pulse. (A2) 

T - t a 
2 

fall tinie of pulse. (B2) 

A comparisPll wi th the ,spectrum obtaincd using the FFT method 

is shown in Fig. 4.6. , 

, 

(3) Sinusoidal A~I pulse. 

If s 3 (t) is a puls'l with sinusoidal ampli tu'de modulation, as 

shown in eqt. (3.5), then 

() AT '(' [( ; I J 5,3, L D 2' SlllC n f- 21')T 
1 + sinc [n (f+ 2T)TJ) (4.25) 

(~) Trapezoidal PM pulse. ' 

1£ s4 (t) is a pulse with trapezoid-al frequency modulatioll, as 

sho..s':., in eq t. (3.2). then 

2 
_j1TaTf 

S (f) .. 

, . 

e • B I[f':T (B-f). -r:T 
f)J + 

« 
2 

, ,l1TbT (f- ~) 
fhT 'B b 
V2ii e 

, b~ 1" j2nBT(I- .!!. - - -) 
e 2 2b n [ 

where B" maximum frequency deviation 
I 

J2;T f • J2;1'(f-B) J 

t 

(4.26) 

a _ ,rise time of ~he frequency modulating pulse. (AI) 

b • fall time of the frequency modulating pulse. (Bl) 
I 
'\ 

I 

• 

cr 

'<.... 



and 

J 

II(x,y) - complex conjugate of I(x,y) 

T - pulse width 

fn _ f - B \ 

, 

I(x,y) -

11 2 

J
x J2 t 
J dt 

Y • 

J 

J
x 11 2' J Y 11 2 

- [ cos ( zt: ) d t - cos ( zt: )d t ) 
o 0 

J
y 1! 2 

- sin( 2t )dt ) 
, 0 

+j[ J
x 2 
sin( ~ )dt 

o , 

66 

(4.27) 

~~ the int~g~aIS kn eqt. (4.27) is reco~d as a Fresnel 

integral; tables of this integral are given in [6). Proof of this ~ 

result is given in' Appendix D. (A compari~on'with the spectrum ohtained 
, , 

using the FIT method is shown in Fig~ 4.7. 

-" / 
\ " (5) A special case of Combined 'Amp!itude Modulation and Frequency 

~Iodulation 

If Ss (t) is a pulse wHh frequency and' amplitude bdth modulatcd 

hy a pulse with waveform g(t), then 

S(f) 
A 1 j211Bf g(x)dx_j211fT 

D Ii (-j-2-1I [e 0 e -
j211B 

11 + f, F[Rect{t) e 

where B D maximum frequency'deviation 

Rect (t) - 1 

\ 
- 0 

For a proof.,see ,Appendix E. 

for , O~t':;'T 

t<O , t>T 

.' 

r g(x)dx 
o ]} 

, (4.28) 
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Trap. AM and Rect. FH, T-I·, A2 mO.I, 02.10.3. 
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'Fig. 4.6 Exp. AM and Rect. FM, T-1, A2-0.1, B2-0.3, C2-10, K2-20. 
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Fig. 4.7 Trap. FM and Rect. AM, T-I, BM-3, Al-a.l, BI-o.3. 
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Fig. 4.8 Trap. AM and Trap. FM, T-1, OM-3, A1 .. A2-0.1, 81-02-0.3. 
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The spectrum of an RF pulse that is both frequency and 

nmpli,tude modulated by the smne_ trapezoidal waveform i~ plotted in 

Fig. 1 •• 8, using eqt. (4.28)., The reault of using the FIT method is 

also included in Fig. 4.8 for comparison. 

-" 
As shown in Fig. 4.5 to 4.8, the spectra obtained using the 

"""lytical method described in this section agree well with the 

corresponding spectra obtained -using the FIT method. The analytiC'il1 
) 

IIppn'ach is mnnageab Ie when there is only 

RF pulse. The -mathematics become~ rather 

frequency rnodulntion in the siIDIal. 

\ 

" 

amplitude modul~tion in the , 
cumbersome when there is 

.' 

71 
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CHAPTER 5 

EXPERIMENTAL APPROACH 

In 'this' chapter, the experimental approach is .'taken to 

investigate the spectra of pulsed RF signals under varying conditions.The 
, . 

experimel,ltal set up is as shown in Fig. :>.1. Two pulses; each of 1 maec., 

in duration, are 'generated simultaneously from a CDC 1700 digital 

computer. Each p,ulse is, constructed from 50 digital sampI~s of a 

pre-determined waveform. The, pulse repetition period is 10 msec. 

~,e of these pulses ~s used as a f~equenJY modulating pulse to a 

liP 8660B synthesized signal generator, which is set :\.n FM mode. This 

equipment ccantrols the setting of th" va+ue fcir the maximum frequency 

deviation of the pulse. The unmodulated carrier frequency is arbitrarily 

chosen to be 1 MHz. The output of this signal generator forms a 
• 

continuou,>, frequency modulated waveform. This s1.lgnal is, in turn 
~ 

multiplied by the amPlitude moduiating pulse to give the,desired 

modulated pulse. Fig.- 5.2 shows the circuit design of the analog 

multiplier using the MCl596G Monolithic Balanced Modulator-Demodulator 

unit. 'The output of the multiplier is fed into' the HP' 8553B spectrum 

analyv;r to display i ....--
spectrum. Because the analyzer has a low 

input i~edance, a bu er st~ge; with circuit'design as shown in 

C. Fig. 5.3, was built multiplier ane! the 

• spectrum,analYEer. 
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CDC 1700 
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'" Computer 

o 

J'--;;;; 

,Amplitude Mod~lating Pulse 

!' 

\ i 1 
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~ I ! Mill tiplier;'--'>'>-' Bufferi ,. 1 Spectrum , I It, , , 
", ~onverterl ~. i HP8660B ) I ~8~ / l~~:~zer I 
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r', 

Signal Generator, , ~ 

Frequency Modulating Pulse 10 Modulated Pulse 

/ 

~ 

... , \" 

Fig. 5.1 Block Diagram of Experimental Simulation. " 

.' 
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lK 
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., 1I1'8660B 

.luf \ ,... .,:.~-! 
. --:~.-----.-.-- .... -- 'r i , 

MCl596G 
.'. _' __ , ,_ Input to 

3.9K I' i·:
3

•
9K 

6 Buffer Stage 

- AM 
,_._--.. ,., 4' , 

Pulse I. -~51 '1- -:_-
9'--- -0· 

:750' "' 0 "- 510 
7500.~ 0 ~ 

1. , ' .,' -
l' 

:6.8K 

------
-8 Vdc 

Fig. 5.2 Circuit Diagram of the Analog Multiplier. 

From 
Multiplier 

.luf 

i 8Vdc 

3.9K 

.. :;2N3607 
2N5355 

, ,luf 
1_ .. : :-' To Spectrum 

I Analyzer 
2N3607 

1-

I,~ __ : __ .. { 2N5355 

3.9K 
, .. 
, 
1-8Vdc 

Fig. 5.3 Circuit diagram of the Buffer Stage. 
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,The experimental results are depicted in Figs. 5.4 to 5.35. 

From Figs. 5.4 to 5.31, the pulses and their spectra,· considered in the 

experiment, arc used to ve~fy the spectra that were derived 

tjlCoretlcally in 'Chapters .2 and 3. In Figs. 5.32 to 5.35, the 

modulating pulses are chosen to satisfy the sufficient condition 

necessary for property B discussed ·in chapter 2. We see that the 

pulse spectra are symmetric, as expected. 

~ 

Comparison of Fig'1' 5.4 to 5.31 with Figs. 3)1 to 3.24 

indicates that the spectra obtained experimentally ag~e rather well 

with the corresponding results obtained previously in chapter 3 and 4. 

This is illustrated by the four tables below comparing the spectra, 

obtained using the FFT approach and the experimental approach, for 

(our arbItrarily chosen modulated pulsed signals. 

Table I, 

Pulse ~ectangular AM and Trapezoidal nl. 

BM-l, AI-0.17, Bl-0.33. , . 

-,-
Experimental Approa FFT Approach , ch 

(Fig. 3.8) (Fig. 5.6) 
-~. _. 

~----------
~mplitude .of :main-Iobe 1. 1. 

--
0.30 Amplitude of 1st lower 0.28 

side-lobe . 

Amplitude of 2nd lower 0.17 O • .17 

ls.lde-Iobe , 

I 
! 



Table 2 ,0 

o 
Pulse Rectangular AM and ExpO,nential FM. 

BM-3.5. A1-H1-0.5. C1-Kl-2. 
~,-----.----- ---~-----------~~~.~--

Fl'T Approach • Experiw/lntal Approach 

(Fig. 3.13) ___________ (F!$_' ~,m __ -,_ 
Amplitude of main-lobe 0.84 ~ 0.84 
-
Amplitude of 1st low<;r 0.50 0 .. 51 

" 

sitk·-1obe 
---,----- .. - ______ --l ________ ~ _____ ._ -~~ 

Amplitude (f 2nd lower 0.27 0.27 

sidt·-1obe, 
-------,---1--- ----~----~--- . -

Table 3 

Pulse SinusoidalMJ. and Sinusoidal ,p!. 

BM-3. 
- ._-_. --- - • 

FIT !,pproach Experimental Apl'roac 
, 

(Fig. 3.19) (Fig. 5.24) 
----- \ 

Amplit ude of main-lobe 0;60 0.59 
--._.,---------' ---------

" Amplit ude of 1st lower 0.15 0.15 

sidc-l obc 
- .. ---- _ .. ----

ude of 2nd lower -O'D) 0.05 

ObJ 

, 
mplit 

-
" 

1 
h' 

I 
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Table I. 

Pulse Rectangular AM and Modified Gaussian FM. 

BM=3.5. K1 c 25. 

1 

Experimental 

_ I (Fig. 3.21) (Fig. 5.27) 
i- -.-----.--,-------.- _. -- ----.-'---~ -.--- -----------
li\Inplitude,gf main-lobe 0.66 0.69 1---- -.' .. ---- .... ------.-.. _._--
Amplitude of .1st lower 0.63 

i 

0.63 

side.-lobe 
.----t-.--.-.. -- . 

'Amp11 tude of 2nd lower 
I 
side-lobe 
~-. 

;. 

.. 

.~. 
\ 

0.32 

--- -.. -. --------

'. ". 

., 

0.31 

, 

, 

Approach' 

I 

I 
I 
; 

.. ~ 



"Xl'~:RIMENTA\' H"ASliREMENT. 

ilIA Convl'rLl'r ",·ttll1f: (beforl' connc~ted to circuit) 

Pcnk voltllgcof n~tudc modulating pulA~, 
Pellk voltnf;c of frequency modulating pulue 

'; 

1't11~l' rl'p(·att.'d period 

pill::" width 

C(,11 tn.' f rl'qu('ncy 

Hodul at i 011 mode 

R.N.S. v(\llap,l' of continuouH wave output 

~.p~:.tr\lm Al1ulyzer setting, o. 

illsI' I ay. mode 

Bandw'llfth 

Scan width 

l~put attenuatioR 

Scan time per division' 

.. 

78 

• .. 10. volt. ' 

- 5 volt. 

-10 mBl~C. 

-1 mHCC. 

-, 1 Mllz. 

-PM 

• 40 mV. 

..... 

• linear 

• 1 Mllz. 

• 0.1 KHz. 

• 1 KHz. 

• O. 

• 0.5 sec. 



IItlrlzP1Ittil fiClllt' 

I.Plvl'r t rllt't·: Frt~q\1[,lIcy modu tnt lllH- pulnc 

1111 r I ~·.1l111 III fa' II I (' 

F.I_~I1.r.4'.!.; • . ('.!.~.!.'l)'<·.~·_t.!~ 

II,IIII'.IIIY I.nud" 

(:"111 n' f rt'q lIl'll cy 

• 

(ViM", 5.28 to 5.35) 

-. 

.. , .~ 

- 0.5 volt./elll. 

- ,.2' ",,"!c./elll. 

" 

.. 0.2 !Iva·c./clIl • 

.. J1l1odl" 

- 1 MII7.. 

• 71] 

- 0.125 mlll/dJvll1lol1 

- I KII1../divi.ion 

- 2 KIlr../dJvJuion· 
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Fig. 5.4 

Ide"l sJl"ctrum obtained in experiment. 
. .. 

I Pulse with constant amplitude anil .frequency. 

~·lg. 5.5 

Pulse constant amp . .iltude and Trapezoidal FM •. 

AI- 0.17, Bla O.33 . ..,..--,_. "" ... ,..." . 

.' 
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Spectrum 

• 

.Pulae: a8 shown in Fig. 5.5 

Max. frequency deviation 8M • 1 Kllz. 
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" 

Puloe: ao ohown in Fig. 5.5 

Max. frequency deviation BM • 4 ~Iz. 
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Fir .. 5.9 

,. 

, 

Trnpozoidal AM and constant ~M. 

A2-0.17. 82-0.33. 

" 

" " ' 

........ 

--..,..'0. d' • 

Pulse : 118 showlI ill Fig. 5.8 

Max. frequency deviation 8M- O. 
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Fly" 5.10 

l'ul!H! : 

"' .. 

Trl\p~zottlal FM 

AI-0.17, nl~0.33, 

A2-0.17, n2~0.33. 

Fig. 5.11 

Pub,,: L1!1 shown 'in l''1g. 5. 

Max; Frequency deviation 8M 

" 3 KHz. 

, I 

~: . 

Fig. 5.12 

Pulse: 

Rectangular 11M and DIUDa 

FM"pulse as shown in 

Fig. 5.10 . '/ 

Max. frequency deviation BM 

M 3 KHz. .. 
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Fig. 5.13 

Pulse 

\ 

,', 

Fig 5.14 

.. 

',0 

Rectangular AM and Trapzoidal FM., 

A1 a O.40, B1-0.50. 

..... ~..--:.::."'.:... . 
" , 

~,,: " 
,J .' 

'Pulse llS shown in Fig. 5.13. 

• Max •• frequency devintion,BM-3.5 KHz • 
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Fig. 5.15 

Pulse : 

. Fig; 5 .. 16 

SpcctruDl , 

Rectangular AM and Exponential FM. 

AI-O.5, 81-0.5, Cl-2, Kl-2. 

.... -~: .' 
-' 

-'-

,-

----.. -
'---' ~'" .~.-.~ 

Pulse: as shown in Fig. - 5.-15 

Kax. frequency deviation BM- 3.5 KH~. 
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l 
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F II: ' '" '. 1 

EKPtll1t'11 t La 1 
Q 

MI lind 

ExpolH'nt l.a1 FM. 

[ 
1',,1:;,' :. "" "hown In Fill. 5.171 

!'!"x, I n''l",'ncy <levl:lliun lm~O. 
, . 

I'u]" .. : "" "hown in-Fir.. 5.17 

Hax. frequency dcvlntion IlM 

~ 3. ~, KHz. 
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Fir.. ',.25 

., 

'?pertrutIl 

Pulse: uo ohOlo1\1in Fig. 5.22 

\ vi 
M.n. frequency deviation liM- 1 KHz. 
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Fig. 5.26 

Fig. 5.27 

.' 

. Pulse: 

~,'''' t "'. 

., 

Spectrum 

Rectangular AU and modified Gaussian FM 
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~·ig. 5.28 

Fig. 5.29 
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Pulse: Modified Gaussian, AM and modified Gausll'ian FM. 
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Fig. 5.30 

Spectrum 
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Fig. 5.32 
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CHAPTER 6 _ ,t 

" CONCLUSION AND RECOHMENDATIONS FOR FURTHER RESEARCH, 

\ If 

The contributions of this thesis may be summarized as follows 
• 

(l)~ phenomenological approach to the analysis of pulsed RF signals 

containing incidental FH has been'developed. 
• .. This approach was , ' 

aided by use of the Fast Fourier transform (FFT) technique • 
• 

(2) Using the convolution in te~ral, a fairly general analytical 

formula has been developed that can be used to compute the Fourier 
,Vi. -
:/ \, 
transform of 1\ pulse with incidental AM and FH. ',Also closed for:m 

I 

ana~ytical formulae were developed for a few selected simple 

modulated pulsed RF Signals. 

(3) A 'real-time' experimental simulation of pulsed· signals, using a ~ 
. 

digital computer, was designed to measure pulsed RF spectra. The 

experimental approach was u~ed to -verify the th~orlltical results 

obtained lin (1) and (2) above. Good agreement was demonstrated ,/ 
, 

between the· theore(1Cal'and experimental results. 

,With regard. to the problem of estimating the original complex 

time domain sign~l from a kn~wledge of-only its power spectrum, it 

seems that 'this knowledge is not sufficient. In' gen~ral, the phase 

obtai~ed ·fromlts.power spectrum 
\ 

information of this signal connot be 

only. 
( 

) ,. _. 
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Severnl areas fcr further research, are suggested by 'the' results' 

of this theSis; for example: 
, 'jl 

(1) There may be need fQr research in the area .of measuring the 

frequency char.act~ristics, the building up and decay of the 
~ 

oscillating frcque,,'cy in the transmitter. A r,ecent paper by 

N.S.Nahma" [7] suggests scme apprcpriate measuring technique. 

r (2) It would be highly desirable tc develope an .optimal amplitude 
\ 

mCdulating waveform that. can reduce )he asymmetry of the spectrum 

".of a pulsed RF 6ig11al, and decrease the' side-lob,es level [8]. 

-
(3) There is need fcr further research .on the effect of local 

oscillatcr hC{juency pulling upcn the .observed spectrum of radar 

signals. This effect can ,be substantiall¥ reduced by adding ,a 

well designed is~tor in between the mixer and the' lccal 

.oscillator [9]. 

(4) The travelling-wave-tube amplifier (TWT) > use'd in a radar Ilystem, 

t 

'\ 

, ' ~ 
for the purpcse .of RF amplification, exhibits two kinds .of 

nonlinearities ': (a) amplitude mcdul~icn tc phase mcdulation 

(AM-PM) conversicn, and (b) nonlinear input-output power 

characteristic. These can be treated as known phase and amplitude 

mcdul~ticns applied to the input signal. If these cha(acteristics 

can be measured, then by differentiating the resultant phase 
- "-----. 

characteri~tic with respect to time, we get a frequency modulating 

waveform. Then we can estimate the spectrum using the methods 

b 
. ' 

considered in this thesis. 

'" \ , ' .. ~ 
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... APPENDIX A 

Derivation of cqt. (4.8) 

~ 

c j z sinO a I J
k 

(z) c jke 

k--co 

whcrs Jk(z) is the Besscl function of }:he' f.irst kifld of ktlt .' 

N()w 

• 

and 

ordcT. 
., 

COg(z sinO) = J (z) + 2 I J 2k (z) cos(2kO) 

° k-l ' 
~ 

"in(z sinO) m 2J J 2k+ 1 (z) sin [(2k+l)O] 

J (z) 
-n 

, 

k-O 

- (_l)n J 

- J (-z) 
2n 

.~ .. 
(z) 

n 

lIencc CO.S (z sine) a J (z) + 2 I J 2k (z) ",os (fke) + 
° k-I . 

I J
2
1c.+l(z) cos.[(2k+l)e] 

k_-c:o . 

., 
- I J 2k (z) cos(2k05 + L J2k+.l.~.) COB. [(2k+l.)~J 

\c--'" k--" "-

- I JIc. (z) cos (ke) k __ 
ao 

.. 
Similarly ,sin(z sine) - 2\I J21c.~1(z) sin [(2k+l)e] . 

k-D 

) 

" 

/ 
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• 

Hence 

\ 

I ' 

II 

:( -', 

~ ~ L, 
m 2 I J

2k
+

1 
(z) sin[(2k+1)O] + I ' J

2k 
(z) 8in(2kO) 

k~O • k .. -oo . 

"" ~ ~ 

I ". . I J 2k (z) .. J
2H1 

(z}:~sinI<2k+l)e]+ sin (2kO) -
k:=;-co k __ 1;I;l 

~ 

g I J
k 

(z) sin (ke) 
k=-c:o 

. ' 

jz sinO' ..-l 
e ~ cos(z sinO) '+j sin (z since) 

-
4 ' ' 

~ ~ 

~ L J
k 

(z) <;08 (kO) + j L J
k 

(z) sin(kO) 
k_40·-k~-

.~ 

I jkO a Jk(Z) e , 
k-=_oo ' 

o 

, 

\ 

\ 
\ 
\ 

/ 

\ 

\ 
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APPENDIX B 

Derivation of eqt. (4.23) 

s(t)' = 0 for t :;'0, T ,:;.t 

t = A
aT 

= A' 

. T-t 
~ A-

Tb 

where T = pulse width 

aT - rise time of the pulse. 

bT - fall time of the pulse. 

Let r(t) c d s(t) 
dt 

lienee r (t) c 0 

\ 
A 

g-

aT 

- 0 

A ---Tb 

for 

T 

\ 
o ~~aT 

\ 
aT,:;.t,:;. T(l-b) 

TO-b) ,:;.t,:;. T 

t ,:;.0, T ,:;.t 

o <t<oaT --

aT ,:;.t,:;. T (I-b) 

T(1-b) <t< T --

F[r(t)] - f
aTA.... e-j211ft 

aT 
o r 

dt J" . A -j211ft d + --e. t 
T(l-b) bT ' 

__ A_ {l (1- e-j2daT) 
j2dT a - . 
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Because Flr(t)] a j2'1ff FIs(t)] 

Hence 

Q.E.D . 
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APPENDIX ( 

Deri vation of eqt. (4.24) 

set) = 0 for t <0, T<t - -
-c t 2 =A (I-eo> ) 

1 

a A 

-k (T-t) 
= Az [l-e 2. 1 

} 
where A" sz 

A 
and 

L -c2t 1 1-e 

Then set) 

=[ set) e-j2nft dt 
" . 

" ~ 



\ 

After the integration, we have 

- A 
2 

\ 

. -j1!ft 1 e sinc(llft
1
) 

• 

-j21lfT e - e 
-j21lft - k (T-t ). . 2 2 2 

" 

" 

• 

.. \ ~.~\ 
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APPENDIX D 

Derivation of cqt. (4.27) 

Define s(t) - 0 

j211 Itg(X)dX 
.- A e 0 

where ~(t) a 0 

_ B L 
aT 

- B 

T-t 
--B

bT 

and aT - rise time of PM pulse • 

. bT - fall time of PM pulse. 

for t<o. T<t 

o ~t~ T 

for t<o. T<t 
... 

o ~t~ aT 

aT <t< T(l-b) --
T(1-b) <t< T 

. --

B. - maximum frequency deviation. 

~ pulse width. 

A - maximum amplitude of ~dulated pulse. 

Hence S(f) 

• 

'106 

- .. [ s (t)e -j211ft dt .. . I .. 

f

aT- -j211ft . j2;I~B:Tdlt· ·f(l-b)T -j2ttft j2." [fT B~~d~+ r Bdx) 
- A e e 0 dt + A. e e·.·· 0 aI dt 

6 . ~... 

f8I x : JI (1-b) It B ·I-X dx ) 
[ IT-::' dx + Bdx + 

o 'aI af T(l-b)· bI -I

'T . -j211ft j211 
+A e e 

(l-b)T 
dt 

J 



.. , 

( B 2 

, , 

•• 

J
aT -j2 .. ft - 2aT t· ) 

- A e dt + A.' e-j2 .. (f-B)t~e-jBaT1! dt 
. 'JT(l-b) 

o I . aT " I 

+ AJT . 

T(l-b) 

B B2~ ab\1' 
-j2 .. ~ft- bit + 2bT t) j211BT(l - '2 - '2 - 2b) 

e e dt 

) - . 
Now cO'!'Plete the square. '!hen we have S (f) 

~ e -j2I1Ta(f-B) ] 

, 
. a b 1 

j2 .. BT(l - - - - - - ) + e 2 2 . 2b 

.. 

r 

-, 
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APPENDIX E 

Derivation of eqt. (4.3'8)' 

6 (t) a 0 

- A get) J
t. 

j211B g(x) dx 
e . 0 

. ' 

for 

'where' A - maximum aD.p+itude','of modulated pulse 

B~ maximum frequency ~eviati~n 

get) 'i- 0 
(. 

",,,. - 0 
. " ( ., 

Hence S(f) = [ s(t) e-j211ft dt ' 

. T 

- AJ get) 
, 0 

t' 
j211BJ g(x)dx 

e 0 
'e-j2l1ft dt 

for 

, '- A JT j211BJt g(x)dx 
10_ eo'" 

j211B 
,,0 

e-j211ft d [j2~BI: g(x)dx] 

A 
• j211B 

I
T . 

j211B g(x)dx '-j21\fT 
[(e Q~ e ,,- 1) + 't 
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I ' 

t~O. t>T 

o <t< T --

'. 
"0 <t< T --
t<O. t>T 

) 
~ . JT j211BJ 

j2d e 0 
g(x)dx -j2l1ft 

e ,dt] 

A 1 
eli {j21! 

, 0 ' 
, 

j211BJT g(x)dx -jZ;fT . 
[e '0 e - 1] +, 

• 

f F[ Rect(t) 

, ' 
, t 

j211BI g(x)dx " 
e ',. 0 ) } 

.. 
" 

I 

Q.E.D • 


