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o INTRODUCTION = . -.. % .
i TR _<_-__J;r.;;;.;__ R o
- ' ] L. .

Thc tern balanced gtaph deaign ual {1:3: lnéroduced by Hell and

loua 1n [11]. If c 1. s gr.phﬂwith X vertices (and no iaqlated vertices),. :

T thdn a block 1a llid to be a G-block if its qﬁjasency uatrix 13 equivalent

-

'”1f tp the ndjucency uatrix of tha graph G. A bllanced graph design (br@gfly

BGD) 13 an lrrangeneut of v slenenta Into b G—blocks such that each
G—block contnins k dintinct eleaento, each elenent occurs in exactly r.
G—blockn and any tuo distinct elenentl lre ltnked 1n exactly 1 G- blocks
(Dafinition LY. R , “, | : B ', if  .'1',
-“f ;“_'BGD l'arerin fact genavalization of balancea inconplete block

de-igﬁs-(briafly BIBD'.)._ In a BIBD. the adjacency natrices o£ the blocks

o .re ;hoae o;,ﬁbiple:e graphn. that 13. graphs 1n which :here 1s one and

h aonly one eJNi joining each pair of di:tinc: verticet. By varying the *54-‘ ST

'I_<

graphu.«uu get different clansas of BGU'-Q; jlig}

"9 [. cheral clalsns of BGD': have been 1nvestlgated for exanple,,;.*fi'ﬁr
balaaced path doaigns by Hell and Rnsa [11]._ Hung and ﬁendelsohn [16]'}"

hllanced circui: dasigns by Kotzig Ils], Rola [19]. Rona and Huang [22]

VA

nnd thc ho.t co-only atudied ones. uhich hava been nqntioned alrcady,

QIBD'Q. Thn claalca of BCD‘- uhich uu connidcr are balanced bipartite 3:; S

delignu BBD' (Chnpter 11). ralolvabln balnnced bipattite designa, RBBD{

(Cbnptcr I;I), balanccd tripatg%to dosigns. BTD n (Chnpter IV) nnd balanced

circui: desim,BCD's (Ch-pnr V). . "-"/"o“: o . e
' 23‘?fﬁ;f‘ji.fl¢;f}f"tﬂﬁ-V);i:{ffﬁ;“:ff¢*i-iﬂ L
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. St Lo . A . [ L . e R L
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He lurch Eot :he neccsurv coaditions for :he existence of a BGD'

—

,-.

[l .
o£ A, parl:iculnr clln vith n given sel: of parmtera and t.hen hwestigate‘. ;
whether theu conditons are also sutficient by conatruct.ing a deaiﬂn vir.h'-

“’"“ P“'mtﬂfl 01' b? thlng I:hat. a design wit.h these parameters cannot 77
Y R

uist. Since Theoren 1 15 inplieq that. a BGD exists for A - q.\ » q > 1

whenever a BGD vir.h A 1' uiats (lu:eping v and k fixed). we need to ER
cons:l.der BGD's vil:h uin'inl. 1 only. _ | o '. _1_ : ' f. - ‘
'. — -‘ | .‘-' ’ _-’."-,'1-"‘ 7 .

','- »He obtain t‘he necessnty and aufficient condit:l.ona for the existence

of . nno (v.k 1 Ll) vhere kl k.z n‘r kl - k =0 (uod 2). a ﬁao (v,k z “1’

vherekl-.ck orkl kzgz(-odn.na.ann(vk-.;.t) I-'orkl-kz 1

" (mod- 2). ve ate .hu to constriet nnn'. (v.k 1 kl) for all v 1 (mod 2;{)

: hur. not for v._ kl + 1 (-od Zkl) except vhen kl - 1 or 3. ‘ }Sinilatly. for S
| kl - ln:z z 2 (lod 4), ve are able to construct BBD s (v-.k 2 k ) for all S
-.",l'. ' % L
1 (-od k ) bu: not for v -(3[&)!:1 -l- 1 (wod kl) except vhen kl - 2

uavgver, an 1nf1n1te uriea of BBD‘ (v.k.x. 2) u-here v Zk --3 u- odd
‘ll‘ comtmcted and the nu:uury and sut'ficiant conditions for the

exiltencq df a BBD (v. .1. 1) vhgre 3 < k < 6 1 < k < [Hk] are found .

H!.Im [25] ptovnd t.ha: tha masuxy and suf.f.icicnt condition fo;r
;-

| the u.htenca of a RBED (v,3 1. 1) 13 v ? (nod 12). we shou that ‘a’ RBBD

'»(7.3 x; 1) unu 1f and- onJ.y 1f f_;:-_f o

1 (-od ‘2)

..(.ﬂ

o ‘:;i R  ';.- 9 12) for x
LT e v/.. 3 (-od s) for A
e 0 (-od 3) for X Q,(aod A)._-

m.




. : . N

:i“ilt is well known (sce [or‘exa?glc Thcoren 9 1 of {10] uhlch is formulatcd

.- N / ' .
”_71n graph theorctical Ianguage). that.a RBBD- (\ 2,). 1) alwaya cxiqts for .“

: o P - R
-=;each v 0 (mod 2), X > lz_we are able to provc :hnt thc necc80ary RS

:i;_conditioqq atc also sufficlcnt fbr thc exiqtencc of RB?D s (v 2n 33 n)'fdr-

-2 i_ﬁ §;£, Re also shou thnt if A RBBD (’nt. Zn. ns; n) exiscs for n, t s > 1 ’
;then a RBBD (2nqt. 2n. pns. n) alqo exists for p q > 1 Y ‘ .;\ Lo
o . ,_- . RN ! . B " . ’ - oo ' ’ ".-' ... :‘-‘
Ncca%sary and 3ufficient candiclons £or thn exi'tencc of qomc_ .
: {BID'h,prc:nlso;obtaincd for cxanple. BTD (v, k 1 1 l),_k odd. and I
‘;ﬁTD (§7ﬁ‘i- 171) For souc other se:s of pnrnmcters. uc construct scvcral
infinice (but not a11 possiblc) scries of BTD's.. Finally, we Iind the ) 1'fﬂi~
- . " . N ’ . - - . Y
neccssary and sufficient conditions for theqexiatence Qf a“BCD (v k }) for
‘ "'l /_ ..“ z.. , -
. . . ‘ _.“"T"‘" o - B . .
: . ) ' R R "
1 \ - ) '- . ‘. o . ,“ B ‘ .
‘- A ‘- .‘! "
e . ] + : u‘ - l.
| ,"_ - ' ‘ :.l . | :, oo B
o ' e : L ' R
. - _‘. I o : . 1.;“ . - “ «
| . ‘l ' _-.. sl..
. L . , . ~ i
. Y . . ”'..‘ '
. ‘ “ut "“ 2T ‘-" . . ‘_. X ! l R " - T " '-_ . . . ': .'-' ' _"' -
-.-.in'.l . .. - B T h
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rf' | L "', s HAPTER I: sasic Concepts
L . 511 hwhnhuﬁts fT.fffj LT e
e s o 7: - wt" ; ';f' Ca | v = L L J { - ai -

- A centrsl problen of Conbinstorisl Theory is thst of srrsnging

S

'Ei elenents in;o a, specifieddzuwher of sets cslled blog _ so Eﬁht the ith

\ elenent sppesrs in r1 blocks. the jth block contsins kj distinct elements -1‘" R
snd 80 thst psirs. triples. snd sinilsr groups of elenents occur 8 specifiednd- 1' B
nunber o£ tinns.‘ Such an arrangement is cslled an ngiggggg_gzg;gg “_'J "f.

?.‘,_ Egl n gg ig ggglete block designs (briefly BIBD s) are’ eXsmples of

incidence systens. They Here first introduced in experinental studies by ;
F Ystes in 1936 [26], snd are useful in the proper designing of experiments,
:m. psrticulsrly in agricultursl experinents or lsborstory and technological

processes in uhich the nsture of‘the processes or thg appnrntus availsble

wm ' ..
ilposss s definite linit on the nunber of trestﬁlgts—allowsble in a group [26] i
AL T .,': . R A -
'ﬂ "J R Dofinition ltl. A §1§p with psrsneters b, v,.r, k and )\, denoted by '

.‘ﬂBIBD (b v r.k i). is sn arrangement of v elements into ‘b blocks sdch that esch
hlock congsins k distinct elenents. each element occurs in r blocks snd each

o psir of distinct elenents occur together in exsctly l blpcks."'

.t.‘ o
-

-

y There sre sevcrsl generslizstions of BIBD's. for instsnce pgi:giag .
'-'lesgggg ggigng (briefly PBD s) uhich ate incidence systems, pgftigllj _l 3:-”‘: ﬁf :
‘f:bgl!gggg_1n;ggglg;g_h19;k_dggjgng (briefly PBIBD s) uhich are not incidence “ :. ;
U:systeus. (for‘definitions see [16]). snd ggg;iggl_ggn{ign;n;igng uhich are x‘:‘k'
s snd k s are constants. Houever BIBD s

1 3
ilcsn be generalized in an entirely difforent usy by inposing a grsph structure ‘ -~';?‘

"incidence systens in uhich the T




‘on the elenents nf a blcck by specifying whether tuo elements in the block
e ; /
._:ere linked or unlinked Thia genenalization firnt aroue 1n the uork of Hell
" . /
'end Rosa on pltha (11] and they call the 3eneralized deslgn balanced graph

’ [ )

fldeuign. Before we di:cusa the decails of :his generalization. several 3raph- 5 /;

,‘theoretlcal deflnitions are givgn [10] L ;;lff 1; o ‘"'f'.l = ""_//.
SR SRR . S\ o S - i DT

. . . : R . . . . f . o .,/,,
difinition 1 2 : A grag G coﬁsists of a set V(G) of v eleﬁen:s which ja.~

T lre‘oalied vertices and a aet E(G) of e. elemen:s which are called edges.: An /

. B SNSRI E S o ?
j' nud f 15 said to join x and :j S : . s
a : : ) . . to ‘-' [ Q "

A petr of- vertices xi and xj could be joiped by several edgea._ A_lg‘

g nph G 1, ..1d tor be ggglete if every palr of vertices 1n V(G)1is j°1n¢d bY

. .

1Y 1 .‘-

ccly~one edge. Denote by <v q> the graph uith v verticea. each pair,of

vhlch lleoined by q edges. An n-vertex clique G* of the gragp <v,q> 13 a

- conplete greph on.n (vhere n<'v) vertices with{V(G )g v(G).

L _The edjecency matrix H(G) of a graph G wich v vertices 15 a v by v

‘ / o - S
| .‘syunetric netrix Htth H(G) - In uhere mii 0 ‘and” mij -;llif‘the yerciceg R
x end x of G are joined by at Leassﬁone edge and L - 0‘o:herwiee:7, __

00 T TN 13

‘.' .
.

the 3raph G - <v,q> is eaid to be q_gggp_g_h;g inxo l edge-disjoint

ﬁ n-vertex cliques l"1'< i < t.xif gJ {V(G )} - v(G). \J (E(G; )} - E(G) nnd
| oo A 4w} | |

E(G )] B(G ) - 0 for L + j It is ealy to see :hnt the conatruction of a.

‘ J |
lBIBD (b.v,r.k l\ corresponds to a decouposition of a graph <v, l> into b edge- .

&
diljoint k—ver:ex Cqupel.‘ The elenenta of che design coxrespond to the S

' vertices of the grlph nnd the blocks :o che k-vertex cliquea. Hence r ia the

- . b . . . s . . W . . . R R .
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nunber of cliqucs in vhich .an argitrary Lertex ia contained The terms, : f U

vercicca and elcnents will be uaed inte changeably and described by the ,'\ e
{ aane notation. ainilarly for tha cgrms cliques and blocka (ace Tablc 1)o o 'a
Fnr:hetnore, :he adjacency na:rix of a block ia defined co be the } R ;:.
: adjacency uatrix of tﬁc co;rcsponding lique. v - it \f<ff,
ey . : S TP
ﬁ'/lwi'c Thera ia a proPerty of a BIBD vhich ia alao preaent in the general-:': | i
f iaationa givcn earlier, nanely. tha: the - adjacency matricea of all’ the blocka ‘;
;j arc that of. conple:a grapha.‘ Hence jt ia reaaonable to aaaume thatﬁthe o ) 3;
" BIBD a can alao be“genetalized in a cifferent way, thac is, bybaaaigning ’. V%
‘idifferent adjacbncy natticea to the hlncka These matrices'are k By k ’
Jiaynnatric (0 l)—natricea.- If- H(B) - 11|| ia an-adjacency matrix of a block N
3513 then tvo . elenenca xi-and xj are E id to be 1inked in quf my oy ?HI'Ir.;;di “..IZLfT
D;iinicionquS Let C be a graph wi:h K verticea and no iaolated lh e
verticca add le: H(G). a & by k s Etpic (O,l)-natrix. be‘its adjacency | -
aa:rix. then a block B ia called G block if i:a adjacency matrix H(B) is e f:
t' equivalent 10 W(G). tha: 15. .:G) ; H 1‘-I(B)N for SOme pe:mota:ion ma:tix N.'}
-l:A balanced caph: deai n (bricfly ‘alanced G-deaign) wi:h paraqeters b v, r o
b.v;cukl (and G) ia an arrans ent: of v elenentaainco P G—blocka.auch thac ;f‘
‘evcry G—block contains k distin t elenenca. each elzment occurs. in ezactly h;;%%?'d‘

T G—blocka and any tvo. diatincp'elementa aré linked 1o exactly A G-blocks.u o ﬁ'vf

If H(C) - J-I vhere J ia the k by k matrix uith all entriea 1 and I

' ijia the k by k identity natrix. then the cortesponding balanced G—deaign 18 f

b ]

a BIBD G-blocks and balancad G-deaigna uere fira: introduced in [11] .f-

\

':Sevaral :ypaa of balanccd C-deaigna have been inveatigated for inatance,-;

[y

' -balanced P-deaigg_ (briafly BPD a) ([11]. [14]), vhere P ia a k by k matrix .i :

.. . P L . . E—
. '_‘ ‘. " ' - . . . . ol . o , i . . R . -
S v . - . - o - . . LT R " ¢ e, o o S u
. . . T S o X o Y I A . - . . v . .
- @ .- T . s L T i L < Cl - . . o o Loy

(S e
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: l|:u1.1 0 othnnr.lu (thq: 1:, !’ is tho adjacency ntrix of a path) bnhnced v

_ C-d 1;_1:_:- (briefly BCD'I) ([15]. [19]. [22]). where [« 13 l’k by k utrix
vith c -f Ic Iand c

L

J 1fot1<kand_1-i+lpr1>1:j-i'-I. ‘ .
& . - .

_:,Oti.l,j-ko'tiﬂkj ‘1, lndcij-OOthervice (:hatis,Cis,tbe S

y . 7

ldjaccncy ucrix of n c:.rcuit) Tbc t;pe of duigns \rh:lch are the uln- . S ST

coucer:n o( thIs thects ara u t'qllov. (cf. [12]. [13])" :-L"- _ ': R
SRS L T o

. .,.\_ o B . ;1 Tt ey .. . S .- . . LY

? . . A ,' q‘ . . . - ’_.. N . . o ' 8
Dcfini:ion 1 & A balanced b.’lplrtice duhﬂ (briefly BBD) Vi:h e

’.

plunl:era b,v r k 1 nnd kl'" k lrith k.l + lr. - ks 1- a balng:ed G-deaign. -

1.uth° co'pletq\ gnph "' 31: ,41:.:._4-_,_.__.,__( g S

ubau J h tbe k;l by kz ntr!.x with all the mtriu beins 1 and JT dtnotu

th. t"n'p“' Uf J"- & P » - ;'.-". ;‘-_'7':.\.- - ,, e - ) R T
_ craphiul repreunhtion of n bLock 1n l BBD 1- uhoun in ngre 1,0 . .
~° : . AR "_' - . s o n
03\ nlt:unl gt_,qenf-n:ion ot am'n vou).cl be... i : : e‘ :‘;,‘( SR

Minition 1.5, A tghnced ggu;;;;g gm (briefly m) ld.th 'j
L . O'P . . . S

'_?oa,.r.uuu b,vr T, ',x,hl %, md & vi!:h 13 * "2 "3 -k '1; s bahnced '

Hh&n whml G 1- the co-?h“ tr#vﬂrtitc :raph l"l. kz-k . tlu: 1- [ RRSY

L Yo
.__’!.e o .t " . ! '“7._7-._ s .f_'
ce O, '.....‘*. Aeet 2 e —"___“‘."1- L ‘e '

S e T I IR A .
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. - RE "3 °
; vbcrc Jl' JJ h rclpectively a k by kz. k by k3' I:2 by kJ ul:r:lx v:l.l:h )

o 311 thc cntries be:lng onc, and Jf. J; and Jg are :hair transpous upectivcly.

A m vil:h kl k2 kIZ can bc comidered a vukening of-4
- “vclght d“im (briefly Bﬂb or altemtivcly s tournnent design as 1n [3] nnd
- [&]) In a BHD in addition :o r.he conditionn of Definition 1 A, any m

diﬂ:inct dnenl:t -nt occur togathct but Bot. linkod :ln euctly l' G-bloch.""; ;
2 A c—uo'eki_uurhm.for';h- _b,. callgd,linpl'y_-a"blqck. \ L \ ;

U

Dcfinition 1 6. ‘hro bahnced G-duignn D and D are uid l:o be T

""“ U _",'.".:__..-‘

9 f thﬂ'o 1- a onc-to-om upping A of cluentc of l)1 onto '_._

-+ {somorpht
'.f'.i-h'.nt'- ° o such that; A n - {‘1' -2..... ak} s a blocl: in r}%, then

J

A(‘B} - {A(al). A(nz)..... A(ak)) 18 & block 1n Dz, und ‘1’ a are linked 1n';_-.,‘ _
' are"linkod i block A(B) -

block. B u abd only 1f-Ala,) .ad "“3

e " D . thcn the uppins }A u ullod an mto-o;ghiu of Dl - '.

\- " -

In a :nph G vith k vcrticu. tuo verticu "1 and "j are uid toL bc wn
" ' . M- )
.1n tha uac linuarit! cl.ug If thero existsu cutcuorphin A ot G-

‘l(cf. 1101) tuch chn‘t A(x ) - . x chcc r.bc verticu of G can be partitionod"_‘“.

: J
o m:o nhﬂarity c:.uu- \‘.’1. 6’,.-.-. € rs s k Constdér a bn-nced Lo
.G-dutp ulochl;od w:ll:h l:bc graph G' lince r.hc adjlccncy utrn of uch ‘_~.
: "'block of thl dui;n is oqui'nlcnt :o l:lut. of G. the ut of clucntn of uch
u"“ 1' Nﬂ}tm iﬂtﬂ lﬂbutl '61. 1‘32.'._ f .: @ uhcn thcu 1- s na:ural

. :. ., —.__-,T Ao e e A T T T s
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_'-cqrrupondcnce bemen '6 and G 1. 1 < 1 < p.' Therefote cheu nubsets

:‘f_'arc mm callod a:ln:lllrity chsun. e \\ s

' Connidcr ln clmﬁi. 1!‘ r (x ) denotes the nunbu' of blocka.in p |

. _~.,h1ch tho clacnl: xi bclongs to gh. ch.. "8'. then ‘ .

) ' . _. .‘-. -_’ ‘. ! p .

. (11) EEE = 3 (‘1) £ R
- . '-1 ' _ o S

vhich 1: l:m for a.ll 1- Hq mnw ﬁP@!%'mFﬁef"éﬂii“-o?' "‘n' bahnced o

‘G-dtsign. ST S R RN B S Co.
. n

- ‘ L .

Dcfiniuon 1 7.‘ A balanced G—-duign 1- uld to be a roggfz

o balanced G-dem lf .tor 1' < s < p, r (x ) 1l—i.ndependen: of chc elaunt x-’_ L

Hont ot tho dncittu conniderad in l:hh thelis are s:rongly bahnced ) ‘ l
G-dulm In fact, my bahncbd G—duign vith p = 1 or 2 1: a strongly

| .bahnced G-dnlgn ‘l'he proof will bc gi.ven in- the next uction. _—

-

Do!lnt:lou LB. A bahm:ed G—duign 1. u:ld to be res&lvable :Lf the K

' b bloclu uy bc d:l.vidod inl:o r nu, :l' _i‘ - 112....,r, uoh wil:h blr hlocks.
.--‘tuch th.ll: mh l" couuinl 111 tha v cluuntl 1n the delign ‘I‘hese r u:s L
. are ull.d cggletc rgligtiont (or !lcton 1n 3raph-theoret1cal tern:lnology
. Aud Erallcl cunu in gemttical :-r-mo]togy) -'°r '
S u.z‘.‘v' timdty.nuuon.. o '_
In ordcr l:o uludc ::1vm cuu ' any bahnced G-design, k 1- uau-ed V
to bc grul:or thnn tvo By counting l:ha totaI nuubcr of :lnc:l.dencu 11: l:vo ny.,

m ;atn :be cqualtty

e



AR = & -
b, - o . i
[ e - . R .‘" . . L .

. "‘

'_'_‘.Let e be the nulber ot’ llnkl :ln a block _as thete are b b’locks 1.n a. duign, |

"':r'the toul nulbcr of l:l.nh in :bn du!.gn is ob- on th¢ othor lnnd lince there

l

are lltogc:her ( ) pllt’l of diar.inct lluentl and uch pa:l.r are linked 1
'tinu.eth‘h :oul. nu-ber of li.n.h is 1(2). hmce ve have o ~

1‘(1.3)-1_  ;" L_ 'x(z) - .b;g‘ o

B ':'Couldcr an- arbltury eluunl: :
¥

z, 1s 1inhd tn thc 3 b1ock.. then'

-gcftlaﬁ)r o -hs,-'l(v =, e o - ST

1. 1cl: g be the mnber of elenents to uhich

aw each’ ll_ll‘lt 1s ..linkgd_ i;o_'n'qrj other e-l'al'en:'_‘:l tinél. | e ‘- ;
. v “.‘ - “ . . B . S \. ._.-’ -“ . B :".‘-_ .I.. . .‘ . .
Comidcr lgn:ln tha ainihrﬂ:y clauu -'Gi.ilﬂf_ s <p<k, and the- . %
Cay oS L (k) eanforalld, . . 2
AT B Eg(%g) = forall g, =
- . -. :-. . s s . N L R . Lo l".' R - -

. vhcre £ (x ) 1s l:he nnlber of blocks 1n uhich the elaen: b'eloﬁsn tij the o

100

l_‘clau 3 Lot thc m-be); of elu&nu 1:: uch clus 6 be denoted by t ' - L

I£ :ho m-bcr p of the shihr:lly chuu aqunls one (u ‘1!: is in the

g ttrqngly bahnced G-dnisn, connquently l:he cqualitiu (1 1) and (1 5) are

’r

rodundant.. If p - 2 lct "1 or !2 bc tbc nulber of clnents linkod to an

I oo s e




om . P P ' ! ke

: ‘ -1 S
bl exprcllcd th:ou;h v, k.l and U {k }. are the necelsary conditions for .”j:p."

element of €, or gé."wﬁ“-i’-.‘ﬁ_‘.\‘smkg then

\F 1 e w h(llkl £2k ),

~. SN S : *»'.‘ T .

g ) .
SO xv(v-n R

\- 0 N ' i : ~T.

lk(\r-l) 2

1“1 + ‘z"z

ob:ain. f:o- conditions (1 6) and (1 1) "“A . o -:y' TN -:,'_1,,: o

' lkl(V-l) '[. - '_"‘.f Ak v-l)
"’lk 'rf(l) +l.k

(iiéf: _f;L 1(z 5'
Thul I 2 ¢
to a ltrongly balnncgd c-design. ‘At ? o 1-Tf‘f{“}'

[

. - .'—
i -, . .
- ..

!qnalitics (. 1) . (1 5) vhich 1np1y thnt the patanetern b ahd r can |

'-1

'  ~¢:1.:¢9¢. of s bllaucod G-deuign. A value of v uhich lltisfien the necessary

conditionl vill bc un.d an. ndliuible valve, .o f'; Co

Uitb oo-e pnra-e:cru £1xed. 1: uill be proved 1n thi- theais, :hat

S T
. NI .

in some cnson thc ncceanary conditions lte aloo tuffictent._ Thia 1is done Co T

'by cxhibl;in; a bllAnccd c—dcsfhn uith che ;1ven plfl.lterl.;‘l

.,

Y 4 . ..-..- t.s . o S e

R T

'9¢"< g " rl(x )1 + rz(x )1 fqr nn nrbitra:y elengnt xi ':7‘

Taking 1nto account thn: condi:ions (1 3) pnd (1 B) 1lp1y '\\ng?.g”

and r do not depend on the particular elenent xi. ;nd so. che desigu

LR
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51;3-' Hnthodn oE'Connttuqtion;l ‘

Thc l.thodn for conntructing hnlanccd G-denignn nre 1thnr tecutsive

: uhich 1nvb1ven building a. doaisn fron n nnnller one or: ditect., Direct unthods f"l

-

. o

ed in :h- litcrntutc usually nlploy finite finldn. groupa et cetern. but S
nrn npplicabln only for npecinl vnluun qf par-netern (for ex;ppre when -

v 1s af”ttne pover) .. Thnrnfotg. direct na:hodn based on canbina:oricnl o

principlcn' re Envoured 1n :he constructionn fa- this :henin.-

bo(lnition 1 9. - Le: A bn nn nutouorpb{nn of n‘bnlnnced G—design

D uith v elc.nnts. TUo elenen:n xi nnd xj nre naid to be in :he nnne orhtt

- 22.!5!!2252 1 A (! ) -x “for none t>1; nililarly. tvo bIbcks B nnd B o F

3

are 1n thn sane. orbit of bloeks 1f '\ (B ) =B for no-e s> 1. , 7-'5T7{~3 L

i—-

Tbo ptoparty of bg;ng 1n tbe ntnn orbit 1: an equivnlence telation.'_ .

.80 thc clcncntn lnd thn bIockn of a dnnign D nre partitioned 1nto dinjoinc -':..1
o orbitn by an autn-nrphinl A of D. An orbit of elenents (or qg blockn) cnn B
bn rcprnncnted by nny onc of. 1:- nlclcntn (or block:) uhich vill be cnlledlf

- B .
i | bnsc elcncnt (or base block) Hence .a collection of base blocks, denoted o

-t

by.j&, vith onc bnnn biock !tan cnch orbit of blockn. Jeterninel thn uholnj-ni ”ﬂi;

B dnnign n uith thn givcn au:bnorphinn.- -”'1

. Dcfinztinn 1 10. A bnnn block B hal g d r - 1£ o 1s the n-nlleut _
pouuve 1nt¢gor -uch :lm (n) - s ' o :

. Thn follouing lelln 1; an 1-ned11te consequence of the lnnt dnfinition.ﬁJn‘

. L

S
¥
LN

L—. i, 11. u: gf'_;u_',-thcj.oid'.i.-f"_o'f s b‘.se';bi_ggi B, na.;,, .,..g‘n.n,a
thn conditions ;_:ﬁn'f.,f fvff-fﬁf:'j""' ; L

e Trgwevoalsy dd ale

.o . L SN



"1 ' Definl:ihn 1. 12 A bnlanced G-dcsign D with'v elcncnts is aaid to

'1: exiltc, v111 bcc- (012&.._ (,,-1)) ) B -

';-xl and :j are in the calc ofbit and a -1xcd diffcrcncc othcrvisc. "':‘

= EOi? Qfjfbé:déstgnc‘ccns;cuttcd in:thin”tﬂccié a:e cjclicc , €:"'

- i . - - . - . . . . . . B a

1

'ba czgllc 1f it ha- an cutonorphisu c consiating of a sinslc cycle oﬁ lehgth

}

- - -y -

v (cf [7]). € il callcd a cyclic autoqérphisu.ﬂlf T _A.h' ;_-‘*.i -

- S ol - IRS

The clcnentl of a de-ign D uill be the teciduea modulo v in chec

L4

frnngc (0 v-l). unless o:hcrwice stntcd snd thc cyclic lutonotphlsn C if

.

L Definition 1. 13. Let 1 cnd xj be tuo distinct elcments 1n a base

_blbck 3 c 63. chcn the~difference x, - x: 13 cnlled a pure difference 1£

1.5

-

"In a cycllc balanced G—dcaign D thcrc s only onc orbit of clcaentn'--“ g

- hcnce. all the dlffercnccs are purc. Instcad of purc difﬁercnces, uc uill

:-fe{fyents ; lnd j uhich are linkcd 1s‘de£1ncd :o he '

13'
-frépralbgif the greatcst intcgcr less :hnn or, equal to vIZ An intcgrnl L, ;

kfuhen v 1: even aad t - vIZ. thcn q 10 not ngceccnri an.igtcgcr.

L]

_ order ll lcticfying (1 10)' can bc constructed uith z,w(n )u1 “b.
B 0 oot B o
) ) . X . 'u-‘. . “ ) Lo Q-T ) -+ .
o . i
o : ‘7 :

":connider edgclengths 1n a cyclic delign, uherc the cdgelength bctuccn tuo‘j

- Jdn (Ii - j] v - Ii - jl) Hence 1 < 6 < [le] uhere [vfl]

= E "\w\ :

. - ~

cvhcrc l<t < [le] is -ald to occur q tines (q a rltional nunber) in a bale f

block B of o:dcr L 3 if qvln cdgelengchs in-B have thc value t ; Thc nunbar q

is non-ncgltivc of cour:c tnd it 1a an in:cgcr in wo : t cases, but for cxanplc, _

' A c;;lic bclanced G-dcsign D cxtlto if w(u ) cc‘blockc._ecch cf."'

— e . LR

S
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y Purtheruore. every elenent. of the set- of edgelengths E = {l 2. ceey [v/2]}

ehould occur precisely A cinel in the I v(n ) be blockn. e.xcept when v 15

. 1 e
even. in vhich ceee vll ahould occur ouly /2 tines. N -

He v:ul 111uetrete the proc ure’ with a sinple e.nnple of the Loy

- 5 ki - 2 ka = 3.end 1 - 6 &

construc:ion of a cyclic BBD \dth v. -

-

(cf Corolhry 2 21) Such a deeign exists 1f a collection ﬁof bese blooks .

‘can be conetrucl:ed auch thet eech elenen!: of l:he se: of edgelengl:hs, Rl "
E = {1 2}. occure six l:inea 1n these bese blocks n : N e ll o - s '
Let Bi c_g-") be of order ni.' then ni utisfying (1 10) inpliee th.et
A _1 - 1 or 5. Auule thn:@conuma w(l) baue blocks of order 1 end v(S) (/

- el

beee blocke of order 5, then w(l) + Sw(Sl - b - 10 and we hnve three s v
. poeslble .cases: (1) ) - 10, w(5) - 0 (u) w(l) -s, w(5) = 1 "
(111) w(l) - 0 H(S) - 2 Let the elenenta of t‘he deaign be 0 1 2, 3 end 6
\Coneider a bue block B of order 1, l:hat 13 C(B) - B where C - (0 1-2 3 6)
Let: B be the block which has an edjecency metrix equivalent to that of ‘the i_Il ' -:,.,‘
greph B"' 1n Figure l(e) (we vill uy s:lnply thet block B, is re’presentgd by '
f .sreph B* 1n Figure l(e)) | Bu: C(B) 1e représented by graph C(B)* 1n . '
Figure l(b) which ie different fron B* (for exeuple, vertices 0 end 3 ere |
joined by an edge 1n B* but not 1n C(B)*) hence C(B) » B. end a baae block 7 |

S N

- of order 1 cennot exiet. Ue are 1e£t with case- (111) only and two ba" .blockg"r

ech of order 5 are needed Coneider srephe ‘Bi and Bi in l'-'igure l(c) and

blocke B].’ 32 vhi.ch ere repreaented, by the grephs respecuvely 'rhe sete of ) ‘
pure diffe ences of blockl Bl and 82 are {2’.3 4,1, 2, 3} ' {1 3 é 1 1 2} ; IR _'\:

‘, reepectl ly end the lete of edgelengthe of Bl ead Bz ere {2 2 1 1 2 2 }

(1 { 1 1, 1 2} rupect:l.vely.' B, end B, er‘e bue blocks under c end :hey .

: L L
g . -  -‘.;:_ EIRCI h



".Eollouina theoren.'f_,"» i"f ;'

rc-deolgn

J_obvioully cltiaty the required condition that gﬁgelengtha I and 2 nuat

.'the required deolgn.

- ~

';-each octur’ llx riles 1n then. Blocks Bl and 82. together with eight other

'A:blockl'hhich nre ob:eined by epplying c on then succeosively. constitute

‘:.-'”‘:. _ ‘Sb
.\

Tbe procedure given ebove is. eaaentially R C. Boaes uethod of

theorea 1. 16 A;eyEIIQrbeleoce&‘C4deaigo:1sfe;srfon§1y balanced |

"}syunetrically repeated differences [2] A sinple ob-ervation reoulto in the3‘

The conltruction of a balanced G-deaign with auconorphisn A which 1s -

noo-cyclic ie siniler co that of a cyclic design wich pure and nixed dlfferenceo-

—‘xoccanion arlee'..

:rephcins edgelengtha. The. der.e:lle 1nvolved v111 be given hter when the

——

L Since a bdlanced G—design is llloued to- con:ain repeated blocko, one

_.‘_obuino inedu:ely o 3 \_

3-01 hae pltlnBCCtl-

)

&

. and lJ {b }. vhere Y

Theoren 1. 15. if there exioc tuo balanced G-deaigns D1 and D2' where }j- Sh

1l .
1._ L& {k } end D2 has parameters v, k\‘xz._A'
=1 : :

: ﬁ‘

-t S
Voo {k }. rhen :here
s=]l 3;

il

D! L ¥ _ , c e
in:egero not both equa to zero. ?"' -

Theoren 1 16 Let G be a bipartice graph. If there exiot tuo palqnced

ie:- a belanced G—deeign 03 uith perantera Ve E 13 :
.‘1 l;'+-?2_*2r“ith_‘1 ene.o2~bg§og ooo-negetiogfi -

N

G-deligne D1 and D2 uhere p - 2 in both caoel. Dl has pareneters vl, k A ki

lnd D hno paraaetero '2. k, A k1 then there exieta a belanced G-design 03

uith parenerere vl 2. k A end kl

'7-‘.1

NG

-

.




= e ——r

| bu.uced G—desixn w:lth the

: G—blocke obteined 1n the nane Hly fron all the blocks of the BIBD evidently a 1_" o

- cons:itute e required design. ‘.' R

vaelld 1f one replaceu in the stetements :he phrase "balanced G-design" by f

~~Theorens 1 IS eud 1 17 renain valid alszo if "balanced G*deaign"'is replaced

: by cyclic balxnced G-denisn" uhile an analogue to Theoren l 16 concerning

’bllanced C—designa ﬁ and DZ' uhere D1 hae paraneters vl. k 1 k

4

As hhtl theoren Uill ‘oot be used at all, the proof which can be '{:'

obteined by folluuing the outline of the ptoof of Theoren 2 3 in [12], uill'

. - ~ . LR Lo T BT - ! e L
. - - ) - L . - ' }n -~ '
. . . ' !

< be ou;tted . o o . T

Theoree 1. 17 If :here exiets'a BIBD (v ’ k‘ l ) end e belenced

: 1 i

: G~design D1 uith peranters v e k' k 2 - 1 o {ks}, then :here exists a -'ﬁg,*7~
_.‘ 3-1 A > y ’ .

belanced c—&eaign D vith peranel:ers NEmv'Tk, de A and ) {k }.

e ] , .
Proot. Obviouely each hlock of a BIBD (v k', 1Y) yields one_'

»

isane paraneters as Dl' the collection of all

~

A .“

I: 1- l routine aacter co ehou thlt Iheoteus 1. 15 - 1 17 renain

teeolvnble batnnced G-design or by "strongly balanced G-desig

o . . . N S - ° .
AWM ML A A G TR L v e R : ’

cyclic balanced G—deeisn ie in the follouing leuna
_ . . , TN

" e . . L o . Ca

. Lenn 1 18. Let G be a bipartite ;\aph. If there exist tw cyclic

o+

1 lnd D2 o

:ahll pereneters vz. k: 17'k1. :hen tbere exista a cyclic balance& G-deaign

. D3 v‘th P.rmter- vl. Vz' k 1 kl if P - 2 in both Dl ‘nd sz lnd furth!r- Q -

4
.

fnore “1 end v are relatively prine. '. ,.i;-f5' o Qj;f P
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‘element L < | . vertex . R .

dif!&nnca of tvo eluenl:. \H‘ o edge-lengl:h

tvo umts are l.inked - ' tvo vartices are joined by an edgﬁ : ~

at W

'T:'
~

.,

co-pleu tepliution S S % IR factor

N
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e fsinilarity.clnsncstf and C' uhcn k‘ * k .chcc p,'thc numbcr.nf

CHAPTER I1: Balanced Bipartite Designs =

-§2.1. ‘Balanced Bipartltclnoéfgns-uith Athitrary 5

"

.
.
..

f'.f- A block B in this chnptcr as wcll as 1n.Chapter ITI means a ﬂqt of

N k - k + kz clcments uhich are divide¢ {nto tuo qubscts. Bl and‘B hl
~ N \ L] '

hith Ll elcaents and 82 with kz clcmcntsk’ Hlthout loqs af scncralitx{'le&

"o o .

1 __kz Tuo elemcnts of Baarc said to be linked in B 1f and‘only 1f \hcy SR
g \AA : o

' beloqg tq ddffcrcnt subslts. in other uords. the clcmrnts of aiblock ‘,.zl‘l‘ ‘ ';

R

corrcspond to. thc verticés of a complete bipar:itc graph kk k An L

-
SEN

altcrnntive to Deflnition 1.4 can- now bc givcn as follow
- ‘.

‘ Dofinition‘l i A balanccd hipartitc dosign (bricfly BBD) with

puramcters b _v r._k 1 k and kzhuiLh kl +rk a\< v 13 an arxangcmeut L

'oi v clc:cnts 1nto b blocks such that cach block contains k clcmcnts.‘each
S : . o
elcacnt occura 1n cxnctly T blocks and any tuo distincc elements are . -

”ﬂjlin.cd In cxactly X blocks..-.f'rﬁtlj. . '“-~,.3jl“j3 H': . \'_'

l

o 2 SR
j_ The tuo subscts B and B pf a block B in’ a BBD nrc in fact thc L

© .

'-'sinilnrity clasaes 13 tuu and l (or t ). the number of elaments which 18
;linkcd to _an arbitrnry clcnen{ off? (ot(fz) in ‘a block is actually kz
"(or K’) e waa ptovcd.in 51 2 that for P - 2. the number of blocks r ,f-

‘-uhcre s - 1 or-2 1n which an elcmcnt 1 bclongs to the class'fﬁ does not o

;1’.dcpend on” the Parliculnr elencnt 1.- Hence (1 5) bcc°“es'  ‘ *" f ':‘:.".
L 8 ® "\ “2 2,"11.: Sl LT e

L : _,*'




R . . Lo . " i
c B . : : -
- ' . . - / \ . -

;;l nhcr;fﬁwﬁpﬂthq;nuubcn of linka iu a block and g 13 the number of clements ?

-‘-.:.\._‘ ~

,uhlch &re flnkcd to:, nn arbitrary clcmcnt

w

c e

t was nlao shown ini 1 2 tﬁat the parametcrs are not. indepcndcnt,'_--'

F . -.\“'

fIn fnct. a BBD cnn be deqcribed by st four parnmcters v, k A and k.,

111Thcrcforc such a. dcsign uill be dcnotcd by BBD (v k it k )

ncccssary conditions for thc cxistcnce of a BBD (v, ,\ k. ). (l 7)

*:b¢°°‘=‘3 S . o e L '7-':'; e

. ;gz;-.ﬁj“;f-;}; | w-—i—#l‘

ksv- o
2k1k2 o

(2.3)
e P T St SRR

e

l'?(Z:S):‘:..“l f 2 . Zk - g~“°ﬁ5:

':;3:..5. 'b“.p  2k k.r
T A(v 1) 12

:ﬂ < -————1:/1- ; B e
) :.:PTJ ' k +k S T,

U. ' l 2

c;“h1Ch together with (1“&) and (2 1) givcs . e
I T AR EIT- IR
.(2;61 ' ¢2’ {i i‘(k? fikl) ’ r f-kirz)_-:P';[_ "

Iherefore one has either

L

“‘_-?:jj (a) k 2. k even and rl f t,

-

B A TR PR PRI SRR PR
B R AR TS EAE T

T T L T e L

R R P -qfa--

.7Fuétﬁcfmofe;isubstii@tfng”(2.21 iq§o (1;2)_g1ch S

-l’-r o_r IR

 {‘P)fk2r1'f';i 5 uhich inplics tbnt 2k1r2 - F_' x‘y-xy,; AR

1

{

Thc




:-% chat 13, if v 1: even, then A lmst be even as well..
_ Heher 8. inequLity, b > v. doea nor. aluays ho,ld in a BBD.. For .

’ _7exnp1e. 't v ‘--f. k1 .k, =2 md A =.2; thenb = 3.and a 'BED, vith :hese

,parmters exista as’ ahm-rn 1n ‘rheoren 2 16.‘ _,." S | '

Given intesers u.u, denote by (u,u) the greatee: cmmon diviaor

‘.__"'of u and v, end by {u.w} the leaat comon null:iple of u and v )

'W The neceasary condil:ion for the existence of a BBD (v k 1 k ) 1s SR
: \ ' [ W 1_;

Le-a 2 2. If there exisc&,a BBD (v k, >. k ) uith k 2, then g

A

‘ﬂl

Zklkzh/xy i 1 (nod 21: k (x,y)]xy) where x = (1 d), y - (A Zb) and

d- (kl, k ). f..- (kl. k. ) md h- 155,uon-neg§t1ve 1nte3er~< &-1 such .

het )z 0 (mod xzyz) SR

'_that Ah (21:1 2
' Proof. squacions (; d) and (2.5) :hnply that vzl (mod ZI.Iy) |

'--md equation (2 2) i-pl:les that: v(v-l) I} (nod 2 ](1, er. k )), that

u. v(v—l) 0 (-od 2mlﬁfy—)) Hence 1f é:-. let v ; zz:/y + 1,

. (Iod 2!.d(:.y)lxy) t'or soue non—negative 1n:eger t < d-l. then equation
."_ (2 2) hpliee that r. - 1v(2£tly)l2!.d is an integer and z ca‘n be reduced':_:;. “
5

Crewdawsayn el Ry L T

S L Bquation (2 4) inpliea thac d’|1(v-l}, but (1 d) - X :Lurpl:les that”’

.:,-:‘-:- +i— ' henée 4 | v-l. Coruequently, z being an- inteser 1"?11” th“ _- S
%l t* ‘r.het 1:. - hdlx for aoue h which is a non-nesltiva 1n:eger "3"1 Wch .
Rl " - ah ,2tdh
thu x is :l.ntegrll..t. aut z. 1- integnl 1f and only 1f zl .-l._l (__xy-. ¥ 1) 13
l’,._ iategral end eince 2'_4 - 2k1k2,_\the state-ent. 1n the lm is proqed
N _'_\Por'-tl‘)e ,?:8!9 \ihe're"j:l -'.:kz-.-ﬁ -'-.-“"_-' "‘\"é"ﬂ --"1"1.1’."{.-‘.'“‘.*-“"" :




i S r ' ~ kS .
| . -. ' . - - i‘-*
S FoT e T ‘--';:'7 X ;,' : G e
| . SN SRR
Lanaa 2 3 If therc cxis:s a BBD (v ,_.n) whcrp n = kk. then’ S -
2 ' .o o
L adh, -
N . 23*—+ l (mod ——2—} ) uhetc x: - (n l) and,b Ls a non-ncgat&vc integcr
: ':,x : .:.~, (1 2n ). D N oo - .
. . ‘v ' /

Y-l such that xh(n hi+x ) o ! (o 2x ). -

. -
L. -
.o L . . ' . N

Proof Thc roof’is sinilar to {hat of Lemma 2 2., Equaeions (2 3) .-f_*f

a nnd (2 2) iuply that v = 1 (mod nlx) and v(v—l)

oi(pod_gq:{(x, an)}

rcspcctivcly. If ve Iet V‘ nle + 1 (nod 2u I(l 2n2))ffoﬁ éomernonJ"'

xf}vncgativc 1“‘°8¢¥ v e 2n.-§1. then bfbeins 1ntcgra1 inplies Lhnt _ . "' -;;
:;1;1 - Avtlen 1s an . 16:e£2;.%n j.g'_;T]j iy ,-i o ﬁ e T
| Equntiou (2 39 atates tpat nll{;—i). hcncc -|v-1 aud co&écquenély . L
93_“*bc1;g';ﬁ ln:eger inplies,tha: —1t°'thnt 1s. t - nh/x £or some h which .'f{e'.f
,1s a nou-neﬁat?verlntbgcr < 2: =1 such that z. 15 iutegxal. The proof E | .{
:i 1s conplcte aince the las: stntcmcnt is trﬁb\iﬁ nnd only if ihi.,u.gf
.7.11:;;LEE (— 2; -+ 1) ds lntcgral.wi_,P"-:'i . -“AJ{j,'\ r5 ‘.‘:{fi.”;_ .

In the construction bf n‘PBD.(v k x. 1). one could nake use of

S A

. some’ BIBD 8 uhich aro knoun to exis:. For 1nstancc.‘a BIBD (19 9 4) waa ;fi:ffaf
construcfed by cnploying finite £1c1d GF (19) [7] and sincc a BBD ‘; .' ' f*f?_

(9 4, 1 2) ‘can be coaatructtd [cf Lenna 2 6}. one obtains a BBD

T _. - . e

(19.& i 2) froa Theorcn 1 17. ﬂowcver._the advnntagea of applying

-

P
-,"

Thcoren 1 17 gre obviously iinited‘l for exanplc. sincc thcre exists a
mnn (is 9 3) m. ope’ :hus obta!ns 8 BBD; (25 a 3 z). yet by uaing a

l
T dlrcct conltruction,ﬂa,BBD (v & 1 2) (and conscquently, by applying ‘ _
'.'?heoren 1 15. also a BBD (v a.a,z) A > 2) can bc conutructed for nll ‘ L

- s

:3;-v -l (-od 8) Theretore. a11 the reaul:u in this chapter vill be
. ' o E ) 4 ’_' . - ‘-:;.. ot .-'— N .

: obtained via direct conttrucrions. ﬁ‘,»;a o _‘_j;:c:mﬁ L s
. ' .._ ,‘ ‘ "4 . “.v a . ; '. _ - ‘:__ - ...,-.S'e' S :

g T T U N B UL )

P TR
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. n R - e i ..
- ] N r
22
) - - - -
- . = .
ki , .
Ll . .
. N i . . -

“ . " ; ’ ; L . -
. If B {B . » B,i ‘} " Uhl:l'c Bi V' ( il ' " -y aikl) and . . » : ..
-;' 2 s 2 2 ”.a 3.1 a bL k h 5 b the o 1' | ._.u Lé.'
Pa e fgaene 0o fe 2 Blocks then b1 ‘.‘_.P..'f‘ edgelomth

bc:uccn clements aii and 31: for ;11 T, s. As givcn.in 51;3. ‘ .
;76:;;' o (| a, ,f_"fs|14_V‘"-1 ?11'“" HIECRFES ::1*?1- -
. ;1f B is a bnse block bf orde; a, thcn in additlon_to (1 10) uhich statcs '
B ‘1hal te a < v. uk >V and nlv, o must also sarisfy E |
(2,7) let v . nq. thcn qlk and qlk for k + k and cithcr q]k or q[k ) )
for k - k o
- s
: JCiQeﬁ a set of paranetets. ‘we: uill a:tcmpt to ‘construct a cyclic :
Iﬂ EBD (v kadd k ) ;1rat by trying Lo cxhibit a collcct!on 53of hasc blocks.z;‘
- In this chnpter. a base block is assuncd to have ordcr v unIeLs otheruise
stntcd | ‘” {f‘: kl '_?' '_ ";‘_';1'  ;;.?;5:;;'j'; :-fh.i':_"}- ';3‘.c”- ;
| "jf“";jj;;,,a-élAg_ Let llk or. l[k ‘There exls:s a cyclic BBD (v k,k. k ) e
" tor al]_v £ (nod. 2k, /1). v> klkz + 1. BT | ‘
uié;f j" Préof.‘ Uithout loss of gcncrality. let kzﬁ' ié; aiéb:lctf ’
B Ve Zklzt +1 whcte t is a positiVe 1ntegcr; thcn b - vt nnd thc sc: of
edgcl r‘;;;.in Z = {1 2...., *I%F?‘ For i - 1 2...1 : ¥ considcr thc

U, = U 01 kx4 k)

; e e e e
’ T RV (IR S VSRR S
: Coctieer s T R




e

~then U, N 'h‘ = 0 fnr all i,j and E - U. -‘

[

A'collcction‘ﬁmotxt hﬁsé bio;ks,_ai'- t&i j
vill bc constrdctcd as follows.' S . . i:_ ‘

ST .‘kl-l "_. N T ,
w.‘-' o .-(u m) andB -(u n) T

7 uJ ror j 1,2,. ..,n a L,
where. . - y «{ S S
. . . ‘. T w.j-t fOi'_ j -_- t+1 .‘ t+2’ . ey :‘ZC.‘ " - o o ‘ ‘ LY
) . N . . :. -f . \.}_ Al'
. Hj s are’. defined for all j un accqynt that v > kl 2 + 1 1mp1ics ,

o 2: > k lz = Xx. B is well defincd too 1ncc B ) H{ - 6 for zll E and

f

. :a S

1 1

H N Hj # for all 1 + j t can’ bc vcrified that Lhc sets of edge—

lengths bctvccn the elcnents of B nnd thc elcments of U and between ‘the.

3

are iq.fact'equal -

elcacntn of Bl and the eleuenta of H nrc’the s1me a

1 . B E
for cnch j = l 2.....:. o

Lc: P be a pe:nu;abbonmaﬁ.dnsgg'

1 22 t_;ycles, uhich are

3

(qu, X, (q+z).’.... qu + (E-D)k z) and ~f""'_f.“" _~ o ".I

((th - q+1)kl, (th - z - q+l)k ....,(tz +z- q+1)k ) for q = 1 2.....:.

‘and nlno (k - l) 2:: + 1 l-cycles, uhich 1nVOIVe the rcst of the clcmcnts ]

- hnd hcnce cdh be onitted Apply P on B1 1 tines repontedly to gcnerate

] bnse bluck B

P

1+1. 1 1 - t 1, we get a sct of t bnse blocks- It 18

ensy to see*?bnx, sincc P(U ) - U 41 nnd-?(ﬂ ) i+1 (Uith SUbSCfipts _"

' taken nodulc t). ench e!cnent ot E occurs exnctly A timcs in thcsc t base

blockn. Hencc n cyclic denign vith the given parameters exists.

. As the construction of a cyclic BBD vlth any set . of parametcrs is

o -
-

sinilar to the ove abovc, only thc collcction Jasof base blocks u111 be

‘ i P

givea in the proofs unlesu.xhe ptoeedurc 19 di(ferent from the ane just '

- . -
. . . : . .
- . . F L . . LA .. -

. - -

delcribed., ;_\ ‘;;5:‘fl L ""'} PR 35‘:fﬁi';773

D B%) for 1% 1,2,000,25




" case wh

L _:le-n r.ogctber inply

2%

[

» "52.2"Ba1'tnced .Bip'lt.ti:'erbesigns 'vith‘..l-l or 2.

-

v . ... - EIL N ) -
‘I‘he‘ mceanry condiuons fnt the ex!stence of i BBD vith x = 1 or

L "2. together w:lth the lufficient conditiom 1n sou cues. are given in. g <

'thiu uction.‘_ ':' LT _' e R .
' ' S o ) \' .

* L.-. 2.5." ‘Let k kz: 1€ there exlatn a nnn (v k 1. X)), then

1 (-od n ) for k kz ta : 1 (.od 2) And vz 1 (.od Zklkz) otherwise,';,.f__:-.

1]

Ceem .Prooi.‘ Lat kl < H- Consider Le-l 2. 2 in which x - (1 4)- - .1
RAKS 2!.) and o < h < 3—1- b"‘,}" 1 ’leliu that both x and'y. ‘q‘”l 1

Lct ii ki - 5, thcn x = (n A) = 1and b is either 0 or 1.‘ S

(-od 20%) for h - o and v = n2 + 1 (nod 2n )

'."

-Le-l 2 3 :llpliec

but n the htet‘ cue, :bc condition m(nzh + x ) n 0 (-od 2: )

hat nZ,

. for h -
:Llpliu + 1 .," be even. :lut fs. n must be odd. Hence in theQ_,_‘, '

ren 1- odd, \_r:J. (-odn) andin che cnewherenh mn,{

. R = . ‘- ’ -,--' : . . .'

Lcttin; LS bc 1 in Lﬂa 2. &, ve 30: the fouoving result. SN

ry

Lesms 2.6, 2.6. & cyclic 58D (v.k 1; kl) extats for .11 v g'i_ :
(-od'lkkz)vhuck ékz

‘l'bo l.m abovc vu orumuy provcd 1n [201 ‘.Tb‘e two ?fecedi_'_llt‘ _-7_'.-'.

1 : R

- -.,(v.k.l kl) cxiltl 1! and only :I.f v 1 (-od Zk 2) - -. o . )




e P fA: R
‘o . . . 25
. . - .\
] T T T ‘ R . : "
For kl 5‘- 1 (nod 2). it has not been detcruined if the ’ =
ondltion 's nz + 1. (ﬁod 2n ) 15 also sufficicnt for thc bxistcnce of a

BBD (v Zn.~i n) exccpt in the casge- uherc n.= 3, as shoun in Lcmmas 2. 10

and 2. 11 houcver some results hnve bccn obtaincd £or general n.

Lk A ) . )
R Theores 2.8. ; Lé:;‘gl'_ -'kz‘ -n ahd-s-né. 1 (md 2) 1f there exists

. : ’ c ' .. o '.\ . ce
d'BBD_(vf{JZn..I}_n)*uhgtc'vf'm'(Zx + 1) n?-+ 1 and x> 0, Lhcn there

. exists a BBD (v. 20; 1; n) fpr'all nduissible V z_vf;
Proof. Thls is a 3cncralization of - thc case wherc n 3, uhich

.

. 1s given in [61 Lcmna 2 5 states that v bcing adnissiblc inplieéktha:

y;ﬁ l or’ n2 + 1 (nnd 202 ). {or n odd ’but s BBD (@ 2". 1 n) where

A 1 (nod 2n ) always cxists as sta?ﬁd in Lcmna 2. 6 hcnce only thc casc

Y
-

“.uhere v I n2 + 1 (nod Zn ) 15 considﬁred.

U, Y - . - .
EEREY ' ; . ' S
“,fﬂ Assu-c that a BBD . exints ou v _elcmcnts where v iu(2xi+ 1) n2'+‘1

:uc will conntruct a BBD (v. Zn. L. n). denotcd by D vlth v clements wherc ;'

2 . 1, nnd z = X + y. y > 0 R ::_..: B :
_ . W e e
Take two ucts S1 aud 52. uhcrc 55 containa V' elcnents. SZ~ o

_.-V" (2z + l) n

-;fcontnins Zynz + 1 elencnts and they have.one elcnent a in c;uno;._ Thc

‘ ftotal nunber of dlntinct elcncnta in then v' 4+ Zynz - v and ve lc: thc sc?/
‘Of elcncnts 1n D be the union of sc£§ 51' éé; Sincc therc cxists a BBD

' on‘eithnr v. or Zynz + 1 clcacntn. ﬁ§ construct a BBD D1 on’ the cleﬁents E‘: .

fiof 51 and a BBD D2 on the eleuents of 52 Let nll these blocks bc ;“ o

;1nc1uded in D. then 1n thcsc q - k[(2x + 1)2 uz + 2: + 1] + y (Zyn2 + 1)

f. blocks, every pair of dii\incr elencnts in the‘same set 51 or S2 are

N zlinkcd exactly once and elencnt ‘a ia liﬁked to every elenent 1n D onéeh

"u"' R




267

‘ ' Divide the elennnc- other than a 1n each sat S 1n:o aubse:a of |
'  n'c1¢lf§t- each. Take a subcet o! 81. say 511. und a suble: of 52
1n tha deaign D, that is B {S }

1y .1

- ;3¢; 523 to fbt- a block B
ﬂ' Ih¢ nu-bcr of blo ks for-cd thin vny is Zyn (2: + 1) and 1n theoe blocks

'.'cach clelcnt 1n Si oth.r than elelent i 1- linked to each elenent 1n s2

l s '5"
: othcr thnn a once~and once only. ‘ T :

- Tbe total nunber of blocks 1n D is . _ ‘ |
1‘ g + Zyn C2x + 1) - 5[(2: + 1) + 2z.+ L] - b. Since the othet
'iﬂtequitencnts are.also saci-fied these b blocks do forn a BBD (v. 2n 1 n): ‘
. Ia vicv of the tbeorc: above. for Ky k, = n and n odd Af we 'J - .
-':'ca; conlt;uct a BBD (v. 2n. 1, n) fo: toue v ; nz +1 (nod 2n ), then we”- ;f:' B
can construct ln 1nfin{te leries of the de-lgna. Ue do not knov of the 51~ 7t‘

‘.-existeuceaof a BBD for nny v 'z n2 + 1 (nod Zn ). o > 5. bu; we know :ha: 7

:II cyclic design does not &xiat for any;v n2 + 1 (nod 2n ) and a > 3

' Le!nu 2 9. Let k, « k, = n3 1 enod z) .nd u» 3 A cyclic snn

S S
},——(?. Zn. 13 n) doec not exilc {or lny Y ; n2 +- 1 (nod Zn )

..
. N

3 SRR ?roof. Asnu-o thlt A cyc11c~BBD (v. 2n, 1. n) exiats fot o |
v - 2n2c + nz + 1. t > 0. Hc have b - v: + gv and 2 collectinn j5 of all
*_T:hc b..e blocks 1n thu design 4ru..edge1ena:h L= kv should aceur, S
-22; 51 - htilns 1n thz bauc blockl [cf.rll 3]. Let B - {B“ | B } be & bale“~

r;;block in 63u1th order ‘- tn vhicb L occurl;obviously n < v. 1““'

ﬂlthout IOll of aenerllity. let 0 be an elenen: of Bl and t an‘ R
L :ele.cnt of Bz. thcn there are tuo yoasibllit!es. ::.. i“-IQ\;W (

.3 . . -



(1) ac n‘

b¢' once in base block B. a confradiction.

2

ﬁ-: ?._f‘ﬂ- (11) mcB, uhich 1npliea that'in belongs to 81 for 1 even.'

- A ]

27

i *

uhich 1lplies that for 2 < 1 < vln - 1. 1n belong:
"to Bl nnd for 0 < j < vll - 1, l + jl belong to’ Bz _ So-far thert are

.vll edgelengthl with the value l therefore edgelength t occurs at least et

1 < vll -°r and j- balongs to Bz for g odd. 3 < vlu - 1., But vlu -us:

. be evtn. othervise ‘such & base block cannot exist. Ogc must have

A len < n, but len - n ilplies that nlv. uhich ls not true, hence'*\\

22

| A_!Z#i < o. Ve also hlve s + in" ¢ BS for 1 even, 1< vln = 1 and T-L

l + jl '3 Bl for j odd 1< vln -1 ;f

-

1

.In n . tbe set S, of eluent. in for .11 1 and. tha set: s2 of 1

. ele-ents l + jn for all ' e lre eicher equal or. disjoint. If S1 and S2 are'r',

disjolnt. then there ate vII edgelens:hs vith the value 1, lgaln a

contrudiction. hence S1 lﬂd S2

tbn valne :. But vIZ- < n 1-plxel thlt therc are élhncnt- 1n ll uhich do' s

ate equal and only vIZu edgelengthl are of

f._—ﬁa; bclon; co 817- S2 Consider onejEf these elenen:a. say a, one could;

.

1 -

aznrt anothct chlin like the one ltnrting vith 0. thnt 1.. s+ 1: € B

for 1 even, 1<v/--1-nda+:-cn’ for 3 odd, 3 <vim- 1. :nm..

chatn. therc are agaiu lel edselengthn uith value 1. vhicb bring the

totll of luch cd;altngths to vll. s con:radtction.-

2

n-uce q cyclic BBD (v, 2n. 1.‘u) ui:h v. g LR 1 (Iod zn )' o odd :l:"

nnd n > J'docs not exilt.

lou cons!dcr thc case vhcre n= 3.‘

.f.

cyclic dcsi;nn exist tor v 10 (Iod 18)

~

. o . “ - - .,'.‘:. '.'- s . ‘

'.f C L

Wc Uill d.tmine "hethgr non< AT




- - S - ) T
i:: Thedrem 2'10= Thcre exists a BBD (v 6 1 3"1£ and only if
't__v’é 1 (ﬂod 9) and VAEA 10.- o -‘;' RO
- . . g'r_oif_._- The-neccssi.cy \-ras' p-r;\'cd in L@a -2 5; also LcmaZ.G B
;-. 1=plie8 that a. cyclic BED . (v, 6 13 3) cxists fo: éll b E 1 (udd a?):
f .:Thcrofotc 'we are conccrncd only with thc.casc uhcrc.v :iio (ﬁod';a)';hd
a o A BBD (28 6 1 3) exists as shnun below {6] and Thcorc: 2 8

!*-—‘.

i}azplies that a nnn (v!. 6, 1 3) also exists for vE 10 (mod 18) and.

3Zand o < 1 j < 6 ;Lct:fi..rf. i_-f,“'.:‘l-l _"l.

.bctvqgn all Lhe unordeted paira of elcments (tx j ) 1n :x' uhcrc i * j .

v zs._ gf‘j ;..i S :

Lct tﬁc 28 elcncntp in the dcsign be partiriorcd into 4 otbiLS- |

B f-, x - l 2, 3 k cnch with 7 clcncnts.by thc pcruutation ,'”‘

X
(0 l veny B )(0 1 ...6 )(0 ...6 )(0 1 ...6 )

ln an orbit T , x -rl 2, 315 consider the pure diffbrcncos 1~ j

’

o o |1-j|"1f.' 1";-'|x:j['-'é 3
§(1;, J ) AT
- 7-|i-j| 1 4 < [1-5| <6,

ﬂ;then 6(1 ' j ) ¢ {1 2 3} for all the unordcrcd pairs o distinct elcmcnts o

) P ‘ EER T
~Considcr two diffcrent orbits T ﬁgh T,. 1 < x <. y < 4 and the

‘.f-nixed diffcrencea betueen 311 ordered/;aira of elcments (i - j ) uith

A

- \v_" X .
€. T ’ j c I, and 0 < 1 3 < 6. “ ) ‘z“. - ‘-‘; ;1‘ f L




’ ";‘I:‘ Lo : e e N . ] .
e T
‘{' .’ ~ :,29 .
. Let ‘ - | S _-' . o .
S L 1 j-i 11‘. 3> 14, s o - . ,“,-" | -
L6(1 i:j ) - - e S ) R
. Xy 7+j Y 1{ j < i B ,." . R

then 5(1 .3 )¢ [o 1, 2 3,& s e} for. all 1 R x.y uith o<1, jig;s,"

- -— . . S

’ Let £ (or E ) be a sct o{ distlncc values of e(ix. 3,)

P:Tn (or G(ixoiy))- in °[h°' "°rds’ .'- , als l = 3 a“d r i;x <4k
. A o 1 . L
- L "  | 'sz“gﬁQ:igﬁmdt;x?iiﬂr
Thcn sincc b - 42 -‘6 1 ¥ 7 ut nced a collcction 6% of 6 base blocks
<

31. 1 - 1 2....6 _cach of ordcr 7 and such thnt cach valuc 1n cither Ei‘bf L
»tz occurs oncc and once only in the 6 bahe blocks Hc say that L ‘occurs
- ‘-1n B if L, - S(ix. jx) ior some pnir of elemcnts ix, Jx phich_arc linkcd,;"
S . 1. ’ L v . . ST [

o S S .
in B ; the same holds for. ny N Lo

Let 65 consist of the foilouing base glocks
LS {(01. 2,0 1 (11.- p 01 B ,_‘{éol. az.'éj); 2 1; 3;. 3)ig o
t:- .. - {(01. 22. 6 ),x(az. 53. 4 )},, . {(01.- z.jﬁ 5; (31, 23- 6, ))._ |
| _1:'- “01- 62. 6 ). (52. 3}_1 ) 36 t(ol. '?; 2, ).3;62.13.f5 )}- n-;
: ;One can vcrify that thesc base blocks aétisfy thc rcquircment above, heﬁcc‘;

. the’ 42 blotks gcnetntcd £to- thcn<by A indeed form a nnn s, 6 153 and

- A s thc autouorphisu of thc design. E .'1,,' l 5'.-:' ,f_r; : L

Lcuna 2 9 1up11en thnt a cyclic BBD (10, _ i' 3T‘doe§ noi_éxiqr;:“
ansune that a uon-cyclic dcsign uith the same parameters exist.. Hithbu@f ;:‘ﬁl*
."jlosa of generality, lec.n - {(O. a, b). (1 2 3)},

- {(0. €, d)- (éﬁ 5’-6)} and B - {(0. e. f), (7,, 9\}, whérc a'§qd ;'jJ

F' b c Bi(} B§ rt a and b belonx to different aubscte Bg.: i- the“




{c d}c B nnd (c f}c answhich togethet lnply thnt o and e ( and other ‘

pairs ax wcii}—are linkcd'tuice. a. contradicnion. “’

Nov If a and b bclong to . the samc subsct. say aw. é and b = 5
‘ 1thcn elcucnta & and S ‘are liukcd to six co:nnn elcments ln BI and 82 L

_ chce A nnd 5 uust be linked to tuo othcr common clcmcnts and cach: other, -

K3

.but r - 3 inplics that thesc linka Tus L occur.in the 'sane block *vhich-is:“

. -!rpossible. Thercforc a BBD (10, 6 1 3) does not cxist. and thc proof :

1 of the thcorea 18 conplete.' LT
- N ‘ B : S

::In thc case uhcrc v = 10 and n e~ 3, we - have, however, :"f;‘ L

"'Lcuﬁi-ZJTY.‘ A cyclic BBD (10, 6, X; 3) exists [or A > 2.

'-P;ooi' Por A= 2 b - 10. le: B bc a base block of order 13

, vhcre B - {(O I, 2). (3 6 9)} For 1 - 3. b = 15, let H.be a base block

of order 5, Hhere R~ {(0 1 3). (5 6 S)} and B1 be a bnse block of ordct S

_ N . S
107 vher¢ B - f(O,Z 5). (3 & 9)} I: is easy to see thatjg - {B} nnd -

33 3 (H. B ] for- % cyclic BBD (10. 6, l. 3) under the cyclic automorphiym .

c uith X - 2 Fnd 3 respectivcly The. proot 1 comple:e whcn Thearcm 1. 15 g

_ s npplied to the renults.z;:"' "

atl .
o
-

Nou conslder the case uhcre 7~- 2. agaip ohe gets the necessury L

-

conditionn-hy npplying Leunal 2.2 and 2 3 to our caae.f"

Lenna 2 12.. Lct kl < kz If'thgié éxistb-a,BBDf(Vi.k. ?:;ki), S

4

"t
"

';then vizlor 3[& 2l + l(nod n ) for ilf“kz;"“ _2;(#§df6)‘andf§ 1o

(.oa klkz) otherv:lle.  ‘ L S

A . LT [ o B . e e R -

- D . = R . - . A o . o . ) ' ‘- L o
e S L. e R T LR .- L, P 1+ . ] . ST
e R - T T S
L L . B . N vt . . . . - -7 ool ot R - . Y - il



B} - L ' te L . . . - g

: 'V‘Proof. He follow the proccdurc 1n the proof o£ Lcmma 2*5., Lc;' ' o~

k< K. In Lema 2. 2, y= (1 2z) - 2 and x = (O d) -1 if cither kl or

g 'Ez i-a odd * - (1 ¢) - 2 1£ nclthcr of t,hcn is odd. | Let 'h = 0, then T

x > 1 or 2 and v_ s 1 (nod k k (x.y)/x)

u

BTTE

1 (mod k k 2)5'-“"1.& W1, then” ' .

Cx w2 and V= IZ + 1 (md k ) 1: 2(2k ky + }'.)l 0 mai 1'6) 'which.ié ;

not_lt‘n__sg_. !lence thc ncccsuty conditiﬁn uhcn ir.l < kz is vz 1 (mod ‘k " )
a0 ' IR

- i,‘.‘;; o Let kll- kz In Lem.a 2 3 . we have X = (n. A), thereforc b , ,:'

X lifniaoddandx-'zifniseven. Sint:c0<h<2x-1 when

(f'

O.x_-lorZ:mdv_l(mdn) Leth-l thcnx-lorZand

\‘\‘ h

vz 2/: +1(mdn)1{ Z(n +x)' 6(mod x) But“g.'hc lnter T

. ccngruencc 1s truc only whcn x. = l, rin vluch case.- "l:he Eomcr ctmgruence o '

.
-

'."iavsnz-!-l(mdu).uhichiathesmasvél(nodn).v>n2+1.

: Lct h-z thﬁnx-ZandvEnIZ+ (mdn)if 4(2:: +4) 0(mod32), . ?..._

.“" +

. uhich 1s. not truc.‘ Co:islder the lnst case where - 3. x - 2 then : .

\'/E' 3I&n + l (uod n ) if 6(3n + lo) = 0 (mod 32) which is true only uhen -

n

_z 2 (nod 4) Heuce the neccssary co-:dition 13 v 1~or 3/4 nz‘ +1 -

o (od n ) fornz 2 (mod &) and vz v (nod n ) othem‘lse.
n L An lnalosue to Lema 2.6 with ;\ -1 beina replaced bY A -2 13 o .
S 3 Lemma 2, 13, Lcr. kl 1_;',2 A cycuc BED (v, k. ‘z X ) exiata for L

'2'\-

‘o

Proof. Since AI - 2. Lcmn 2 fo ilplies that .the statenem:‘}'is true ,

-‘.if 'either kl or’ kz is cven. Lec both ot’ k lnd k’obe odd and Ve k k o + 1

7_ J for me's > 1 but' I.ma 2 6 s:aten thnt v - k1k2 5+ 1 for s even is a ,," ';. :

tufﬁcicnt condition fo’vr r.he exi-r.ende of a cyclic BBD (v. lr. 1, k ) -and |
‘ ! ‘ . - . - ‘.“- \-"*“ . .

(.

‘.\l.‘ ‘ S




. ) A - \ c -]. e
E ] o L v /’. -
' ST
. ! | _ 3;4
. conuqucntly of a cycl:l.c BEBD. (v. k. 2. k ) uhen Theore 1.15 15 applled. 7
) Hence only the ca-e where s 1. odd |r111 be considered. that is,let ' _
l'2t+l. S T
- , He have v - 2: klkz -}- k k + 1. chen b - V(Zt + l) and ve vill B
consttuct 2: + l.bdu blocks 81, 1 = 1,2,.0., 2: + 1. each of otdar v :\3 =
usual. 51 h denoted by B.‘l { 11 B } vhere _ | _
By = Cagy ‘12""' n: ) ‘“-‘” - “5_1 hyg i Sy ) lefe 52N
o - ?or 1 - 1 2.'-¢.=' let Bt"‘i : 1...Zere A j- -J-]:for’j-lnzp-o-,kl “ -
. 2 - ‘, . . ) P . o L LN
B and 1q' - (1-1) kllt + ‘q k for q‘- 1 2...., kz/!lou lle.t. - B o |
2t+1 j j 1 fof j 1 2.....!:1 tnd '2|:+1 q -_ t klkz + q kl for q Ca

X ‘n:e lel: of edge].engthl 1s B - {1 2..... t kl 4-'/,_(k1qk2 + 1)}. -
It 13 ga:y ‘to. see thlt each &le-em: of tﬁe lubsec I’.I f,E vhere oL
.- {1 2...., t k }. occuts tvice in tbe 2t bue bloclu B

1 -1 z...., z: and in°B '1'. each elelent of the. -ubaer. E~ 21 except

Zt'l' .

t klkz + B(k k2 + 1) occura Mcc lnd 3 klk + l;(k +' 1; - lfv occurp

oncc %ly._ Hmco ‘the proof 1. co-plete. ' R : o, E;. \
AR L""“z 12 .nd 2. 13 tosetbc: sive us S N A

o : : : ‘ £
thao‘re..z 1:.. r,..: "1 <. l: or k kz -n. z (md 4) A mm o

(v. J:. 2; kl} uiats if and only 1: v s 1 (-od klkz) :

| ‘ An mlozua ot Theoru 2 8 for th:\cua where x - 2 is TN

;hcorn. 2. 15.‘ Let k]. - kz =-n 'E 2 (lod 6) .the.re é:ih:ts."g;- . \

IBD (\r ¥ 2n. 2 n) wheu _. (; 4 3[4)3 + 1 and z > 0, l:hqn::'r;h'gife' 'exi‘été- .

= am (v. 20; 2 a). fo: .11 m-une vl RN

i :" \" R




|
]
[
’ § et
'3
’
{

P:oot’.' Due to Leuu 2 13 we need oo: consider all adnisaible -

v > v but only the v's vhich beve' veluep v - (z +. 3[&) n + 1 vhere

(4

. ..z - x + y end y > 0. ] :. - -_ . R e .:l..' : -

"uh i.n the proof of '.l'heoren 2 8 take evo Bnﬂs (v 2n, 2 n)

' 'vhete v, o= v end‘vz - ynz + 1 such that these tvo designs. caued D, and

1! 1

-‘Dz. respectively. heve one eletent x. 1n common. - -_‘_ o ‘ o C

Div:lde the eleneotd 1n4=b1 other t.han _ 1q|:o xo + 3u + 1 suboe:s

s of n ele-eote each. \rbere o - &(n-Z)'. :nd one subse: S of :l.n elementa. .

‘D;lvide the elenents I)2 other tlun a into yq subsets, of . e].enenta each. .

23
' “'Pdr each :I. - 1. 2. veey xn -I- 3u + 1. eac.h _1 - 1 2,..., yn, we can fom a

:_mock ’LJ by lettins B Isu-s _.,i Let Bu Py f"' each 1, j’ hence - L

" the mmber of blocks’ eonstructed this ny 13 q ‘- Zyn (xn + 3u +. 1) le: the -

.'-'l'COllection of thele blockl be denoted by 3 = ,." AR f" RERECE

n

S ‘ - T

Take a block fronj'_’,l, uy B 1, divi.de the elenen:s of S 11 into two o

.,:'i lubletl S . S2 both vitp lsn eleuem:s. tlien cansttuc!: th'ee new blocks L SR

pe e l
B {(s us 0 s },, {(s u 5) 521} and’Bna {(s us) S5
l.epeat thio procdure for every block B:lj loﬂ in vhich BiJ - S 11° r.hat B
r ';10. for every blocl; B j - 1 2...., ;m. ‘ He obtain a new collecl::lon "’2
'_‘fro- 0751 by lnclud:lng 1nto B .11 bloclr.s 313' B‘ vith r 511 and 3> ;,
and 3111. '112' 31‘13 :lnetud of “13 qj for 111 j > 1.‘ Beoce the nuober |

‘:ot bloch m{Bz 11 q i- yn..’

-

He un eopntruct P BBD (v. Zn.,2. n), denoted bj D vith L

--"_.,“v . (; + 3/6} n + 1 u fol.lm'-_ let the elulents of n be m‘l :he elenent:s | h

o of D, end D, let tbe ‘bloc)u of D be a11 the blocks 1n Dl' I):z and.B

2'

. o . N . + . - e T

. . Lty
. N T - . . A e
.- L . - - . L. . . A P I . T
ne T Tt R . ] e " ! T ! o e Ty et T ' s ; .
Lo . e T A R [ PR e e [ S B e e - .




'de see. that t'he totAl nunber of elenenu 13 - S R

(x4 3[4)n + 1 + yn2 - (z + 3/&):: + 1 -y and\«{he total nunber of blocks

‘13 [(x+3lft)n +1] (x+3lé)+(yn +1)y+2yn(xn+3u+1)+yn

- [(l + Y + 3/5)0 + 1] (x*+ y + 3/6) - b Purthenaore, every pn:lr of

1N

’ elcaen:o g and h ate linked tvice :Ln blocks 1n D if: they both belong to

D 1" o 1 or 2 md theyx a_re linked tvice :ln blocks ot’ 32 1£ they belon,g

A%
to ditterenc D,_ s md are. ne.ither equl to a. 'l'he elenent a of course is :

linked t‘% each elenent of D or D2 tvica llence the proof ia couplete.- : ‘
rorn-k iz-"'Zhod 6) and'n)ﬁ,fwedo not knov 1faBBD
. . q }
(v, 2n, 2 n) exists for lny v = (x + 37&) n2 + ‘X and x > 0. but 1n the

-

ule vhem n. - 2. ve have - a SR ._‘.-Z;- T \

sk
L ——

Thcoten 2. 160 A nnn (v, 4y z. z) exma 1f and on1y 1f v. o or 1",

' Proof-.. '.l’he necessity follovs £roh Lema 2 12 and Leua 2 13

. L N .
4 .

ilpl:lel tha: cycnc BBD (v. A 23 2) uilts Eor all v = 1 (nod fo)

Thootel 2. 15 lnpliel uu: a, nan (v. 4. 2; 2) w;lth v a: exms vhenevet ‘_ l

- a detlgn \r:lth ve &x A 1 < x '< x. exista. but a BBD (4 6, 2' 2) exists .
: " u prov_? by the fulloulns 3 base bloclto' {(0 3). (1 2)}, {(0 1),, (2 3)} U

| here 1- chpler becmu of the use. of ‘rbeo\rea 2 15. L

e

"
’

lmrl: 1. The 'rheoren un firsl: pro\ved 1u [12]. hut che proof

. llaurl: 2._ Mthoush ve have beeu pi‘m;ing the aufficient. conditions

- . -'!"_"‘- _z ’.‘ .

for thg —uugmg_duigu uuh a - A v u‘here i"f- 1 or 2 in t.h:ls "

uction, cbc sufﬁ.cl&n: tonditions hold aho f.or the u.no desisnﬂ for _.-'° . . "‘%-*
1 - qx wbore 9 > 1, i-n viﬂ of '!'heoren 1 15.1 B | | |

w0 A ‘J . _.‘.‘,'Y [N : L ,
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-7+ 3$2.3 Balanced Bipartite Designs‘bith k, = 1 or 2

- .t .- -~

T 3 L N . L o
. L3 - . » - -er-

o . ; The nocessaty lnd sufficient condition for the existence of a BBD

_-.uith El 1 kz > 2, the neces;ary condition for the exiutencé of a BBD

- ]

vith kl - 2 kz > 3. together 1§th ‘the sufficient condition in the case . ";[';

uhetc v > Zk - J‘and v odd. are given ‘in. this section
I

J‘ Lct kl.- I. Only.casep uhere k

)

22 > 2. ATe conuidered since a BBD

1 iz'- Y alv:ys cxintp r. - - -f;g

-
L

uith k

e :Q-; Tho hecesnaty conditions (2 2) '~. (2.5) now become.

f e e . ‘J.\'. . - - ‘. ’ . - o
T lygv-l) . ! 2 . ri __hg:;;g» ‘nd'rj 1,1;;—;;,_ o
U ﬂ o2&,y - f“ . z i BT T o2 A

N

it il oufficient bo neatch for a nininum vnlue bf A such that rl is .

I! r. 'is on integer. then ao ate b. T and T, Thgorén&lfls.innlies?thni i}g§3

e . Y -

‘.; iqtegral for sono v., Wou A being ninimal inplies that k |2k
Conaider the valua y, uhhre 1 < y < k an& y!k Let ki - xy and 1 be a

‘ lulpiple of y. say 1 - zy, then rl - ££§;l%.‘ He have eithcr z = 1 or j‘ ' l;
. . ! - B * - -

‘z . 2. aince ‘z > 3 ond (z x) - u, then s -*1 implies thnt X is not nininal

RN
!. .

' f ahd s> 1_1;tequivalea§ to.the case ohere X is n aultiple of ny.A v‘fl;i',o_"'

Let z = 1. then'i - y and r being integral inplies that v 17 N

Ir \ N " - . : "
T (Bod Zx). sinlllrly A - Zy nnd v 1 (nod x) for z - 2. R '
1 2. ..q: 3 xl uith x1 1_f7k2}3ﬁ;1' ‘

l (nod 2% ) for‘l - yi.___E 1

In general. if G(k ) - l Yy

R then TS {yi. Zyi.;.- 1, 2..;.,q} and v

(nod "1) for l - 211 L e A

LI

Ue havo thul prpve& the necensary part of the following theorem.

- LA . . C T =




- Theorem 2.17. A C)clic EBD (J k ). 1) exis:q if and only if vl

=,

.".’(::.\_\d ZXP) lor A o- 'pyi and v = 1 (mo‘ xi') fo'. X ..bp"'i-' \-‘he:;e -

[

‘-_iP - 1 2""‘,vi € G(k ) 1nu xiyi{: kZﬂ

Proof, As h = rlv. thc rufficitncy wlll be provod for arbittar)

1

'iyy.'uhc}c'xy:-'kﬁ, andla pinimu:,f by construcrdng t 1'r base- blocks
2.{.;. Bt' cach.of.ordcr_v.. Consider Lhc]fo!loﬁing twbicgscs:

Case 1: v odﬁ;.;hcn'cifher v i'ﬁxt+1f; A =y orve=xt+ 1;
S -“2\- w'tth x 'f‘mfﬂg _evén. . Let w ;' (v-1)/2t .-.X)'f\_‘. then v is anliﬁtéscl"-'

'In thc basc blOLL 1’ lct~B1 - (Q) and B2 (1 2...., W) ﬁherc dw = if" ké.
“Thc vlv:on&Q of-B1 are distinCL sincp k<vw iuplics A< 21 Aléo. let P be

A pc-mumt fon’ o! dcgrcc v ulth a l—crclo' (0), and’ 2u t-%cles

'(j wj-.._. (: l)w-i-j) for } = 1, 2,...,w EHl, twt2,. ., (LR Apply P on

'.vl - l tincs z} gcnerntc basc blockq Bz' a.l.._jBL; It can easily be

chockcd fhat each elcmcnt of E - (1.-. ...:u) occurs in thcsc t base blocks

) '_cxac:ly.x lings.a nrncc a cy¢J£c BBD wlth the given paramctcrs exists.

T

* Case 2: v eVen, 1hcn v o= xt+1 wherc x and t ‘are both odd and A 2y

[

\Y&t n.- B(x—l) n'_- ((t 1)n+p~ P 1 2,..; n}‘,agd Ri.! {(t+i-l)nfl+p.v

i 3.

L 1 2.....n} for 1- 1 z....-.:'.' Then S, N R: w o for 1, = 1,2,.1.,t
. P B ' . . E . Tt . %(t*‘l) o '
and lhc\scl éf edgclchgths la E = L} Si.lJ U {tmtj).

o S iml ‘.,-_5-1- '

Y Consider base. block.ai, 1 5_ f <'t, let B .= (0) and

-]

.Bi - U -? v [h 1' where forl 1 =1, ST , . .
1 'j'} ‘? ‘ l -l . ‘.', R » |
e ~



1

37 .,
. o ' S for { = 1'2';._
_ F od 3 4_ .
R T & . o CT oL o
- : : | Rj4i for § ..F+!a~tf2"t;" ?t', . - o,
| | :'n‘ +’5(z+3) 2 for f = 1'_,2,.... 5(L+.1)-.-
M " ' | SR
ta + L for, i - «(c+3) H(t+5),... c_. .
_'Thc clcacnts of B, are d(stinct since k- < v’ implics that y <t.- — ) o

' Lct P b; a pcrmutntiun of dcgrec v with two l-cycleq (0) and
(s + t,(ux)). two k(t-1)-cycles (tmﬂ. m+z.,..., :m(: -1)) ard
(tn+t; tm+t-l . tm +H(t+3)). and also 2o t- cycles (j m+j, . (t 1)m+j)
”:uhere j =l 2....,n Lu+l+1 Ln+t+2...;,§m+1+m,\

. Hhcre i 1 be defincd b) o v

lct 31: . - .

[y

Ctm o+ 4(tH1) f_or_i -t ="2,3,... v

, . *;u‘+.f.' '_for_i ? L+ 1 and 1 = 1 2 . H(t 1)
. g - I . 1‘ . .
o ltser forie=trlandi- B(H-l) H(t+3)-...,t-1 :
" .t‘;" - -iqthéruisc. R
:-For-i_ﬁ Z.I....,t. if we Ict : -
- P (F  where -'i.z....,zy- . :
Fiy ‘11.3)‘ e d = b2y ]
and ' ‘_ ' - . )
. By A 311-* - i B -"'~wf; ‘ ‘ ot ,1-1.; s
- { T : S : where L = 1,2,...,°y, ] co
hil ) .- . . . .\.__l k a y.
| ‘P("i Ie) A1 Bre %7
ve get nll the basc blocks Bi.- 72 3;.:~.t.” It is-avroutine matter to N
check that these’ t*blocks form a bane of a cyclic ‘BBD. . %

)

NI




s
N

'3_8

“dF.let,kl" 2{ only cases where k, » 3‘5rc;cnnsidercd sincé_the'

neeessary condit{ons for;dgsigné‘ulth‘kl = Kk .--2_ﬂrc_di£fcrent7

A |

for ) =

for A =
for \ =

xl'a are

2

-y

. Lc:mn'o. 8. .1f thérc‘cxlstsi§ BﬁD (y;k;l; 2), thgn.

pvi. v 21 (nod&x).. o T - .- ’

Zp\i. v l (nod x ) whcrc x, is odd yi; v are eyon and

1

= 1 (mod 2x ) othoruisc.

- ,

4pyi§-v = l (nod Ix ) vhere’ x{ z Z(mod Al; v Svcn and

=

vz 1 (nod x ) o.hcrwiqe.

k-/x and p - 1 2

all“t'? factors of kz. )r‘i LY

' Proof. Thc ncCcssary conditions (2 » - (2 S) now becomc

b,-

Tho proc

(ind a'uininun value for A such that b T, r1 and rz-uould bc intcgpnl for

soae V.

aud)."

iv v;i) _' t.. kgv- Y . r(v-1) - " and T oA A(v=1

&k '

N — » F o . Tk -
g T ;) s 1% g ,,g

cdurc of thc proof is similar to that ok Theorcn 2 17. we will

Considcr.the value Yo whcrc 1 < y,:_kz ‘and y|k let k, Xy -

zy- thcn z hns values 1,2 0r 4. ’5 '_ - . . ".' -

‘ Lct - 1 thcn r bcing an integur lmplicq that v 5 1 (mod 2x)

‘-'oand b be
(nod Ax)
o hence v
‘—:FAr'z--
must be

.'(ncd 5;)

1

ing an intcgcr inplics that v(v-l) 3 0 (mod Ax). hencc v z.1

Let z,- 2 then we havc v 1 (mod x) and v(v-l) = 0 (mod 2x),

oL

1 (nod x) for x odd y. v even and = } (mod 2;) othcrqise.

-4; nssuuing that x +(v 1 but Hx[(v-l). thcn both 'k - xy+2 and v

. b
'P—"

even, . which in rurn 1up11es thnt X £ 2 (mod &) Thcrcforc v z

~
-

:fnr x-_ 2 (nod 4) and v z 1 (nod x) othcrulse

N

L

. - T . ° - - ° oA
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Lemna 2:19: There exists a cyclic BBD (v,k,); 2) for v odd and.

. .
e [

Mgiggg.r Connider the cases vhere v 1 (nod 4;). z - 1 5nd v ‘i

(-od Zx). @ 2 for atb!trary x.y an.d ninim Al Let m -‘\(\r—l)lx and

\\ o
t -;:(vfl)lkx uhich nre hgth 1ntegers. thcn b - vt, and t base blocks \ .

'Bls Bi. ..;” Bt' ench of o:der v, uill be constructed._

1

i.et'si - {(1-1) x4+ q. q=1 2,..., x} uhere 1 » 1 2..... i. then

) uhere , .

' S n S" '-..-Q for‘i .0 J. .&lso let Bl = (0, xt) and Bz - (U Ft.+_1

3] et

forj‘lz.cou','?j-sﬂjit.l(j(tandpj 52+J

Hov v > Zk =3 hplien that m > 2y, but t = kzn. hence we get t+y < m.

if t+1<j<2t.

b .

Furthennote. lot - n for z = l and y < lg - t for z = 2 hem:e 1n elther '
=cnsg._‘the‘ y subsets FJ s of Bi are nutually disj,dint..- |
. | lct Pl lnd ?2
md VXt l—cyclcs (uhich) are onitted). i.e. the x l:-cycles of PI
(tx+j, (t+1) ri-j..... (2t-1) x-!-j) for j- 1 2...., x; and those of Pz nre
(3:x+j. (3:4-1) .y crey (4:-1) x+j) for- 3.1, 2.....:. ' R
_ -'l’or v e &xt-ﬂ. i- y, the set of edge-lengths 1s E™= S v Szu . u S2t
B Applying t.he lun of P and Pz on Bl :-1 tiuu. we obtain all the requ!red
bue bloclu. I-'or v - qu-l A= 2y, éhen E - 51\_, S2 o W S and
- lpplying tba pemtation Pl on. Bl repu:edly. ve set. a11 the t base blocks.

0 (mod 4) .

liov conlider the lllt cue- v- xt+1, -A - &y vhere x

and t. 1- odd (othenriu v~e’ pr-!-l for t - 2p. a cyclic design gxists for

luch v .nan = Zy st proved lbove) Let X = 2n md S '- {(1-1) n+q,

V q - 2.....-} for 1_ -1, 2,...;’2:, thcn Sin Sj - 0 for 1 + j and

fie

....,'__
R

be tvo pemul:ntions of degree v, each with x t-cycles e

: 143
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T . T S, N
E=S U S,u .ﬂ.ILIStf"NOQ let B) = (0 nt) and B,. = (LJ S, j) where
o . LT . 3=1

z,'<‘t'eince 2k —‘]:c'v.- Let P be a penmnation of degree v?ith .1 JV
‘f—cvcles (:-+3. (t+1)n+j. ....s(z:-1)n+j) for i -‘1 z.....n. Applying

P on Bl repeatedly.‘ue get all the t base blocks.

-

.

_ For the case vhere v ts even or v is odd -and k <v < 2k~- 3, the

eiiqtepce of cortespopdlngrdee#ggs uill-be proved fo:.k -_S-and 6 1n;§2.4,. 0
) . $52.4. Belaﬁced'Bi;ardite.ﬁesigps”witﬁ'3‘S.k <6, T j_'.,_'%A .

Obviously. for given fixed v, k. and kl’ there 13 aluaya a mininal .

'value X ain of A such that the necessary ¢ond1tions (2 2) - (2 5) are
satiefiedJ In th!a eection, we - uhou :hrough a sequence of ‘lemmas that if
k -'3 6 5 or 6, a BBD vith paraneters v.gk k- and Y min alwa"s exisCs. uith -

the follaving three exceptions' &2 v e k -5 kl g. M -'3;

.(li) v = k - 6. k , - ';‘}}nin -3 and (111) v'= 10. k = 6, k =3, Aﬁin Felf." :

Ve lhov that - BBD doen not exiet for all A 3 3 (mod 6) 1n case (1) or (11)"
Vend [or 1 - 1 in cn:e (!11) [cf Theorem 2 10] and that. on the o:her hand
e 850 s, s.A 2) or a nnn (a 6.3 3) ‘exists for 8112 : 0 (mod 6) and a f
Q'HBBD (10 Q, R 3) exlste for all 1 »2 [cf. Lenna 2 11] l

In view o! Theoren 1. 15,_the existence of a BBD with ) 1' inplies

that a BBD (v. k, 1 k ) vith 3 < k < 6 Alwaya exinta except in the three'

‘calea -entloﬂed above. whenever :he neceesnry conditions (2. 2) - (2 5) are

9

< sarisfied. ‘g' S : ,‘;‘ 'x_; | .
| Ue divide the construccion of BBD s vith 3 < k < 6 1nto three

_3categor1ee. depending on vhether kl - 1, 2 or, 3 "] ; - <§.-“

- ﬁ\i



‘for thc cxlstcnqo of a BBW is qtated in Thoorcm 2 17.

v h

i/

i For ky w1y 3w k <6, “the nccesqary and sufficicnt condition

- e -

For k -2, 5 < i < 6, the nccesqary condition f04,hﬁb existcnce

' of a BBD is statcd {n Lcmsa_-.lB dnd the =u£ficicnt condition fcr the

cxistcnco of a. BBD with v odd and v > 2k ‘g 1s glvcn 1n Lcmma 2 19 Also.

' Theotens 2. ] and 2 1& proxidc thc ﬁcccssary and sufficient conditionq for

L.+ the cxistonce of a BBD—with x =1 and 1'=-2 respcct1V¢ly.- Therefdfb we

x sud y. an& let Ut

: Denoting lu I -y

X

S . .

inccd to consttuct only BBDYKﬁT? k,X; 2) uhere k = 5or 6, x > 3 and v is

. e
. . -

even, or v is odd and } 3 < v < 2k - 3

Lct k - S we vill consider thc first cxccption -

""»Louma'z.zo. A BRD (5, 5, )¢ 2) Ubes not. extst for. 3 3 (mod ).

u

' Efbo( Assunc that thcre !s a BBD uith v'ie 5 = k, kl 2, lf?‘B R

7’

{= 1 2 3 4 be the following four scts of blocks:.

:. X,¥ € Bl}. ,J = {B x.y c B ]

. o o] ‘l, L o . - e i - 2 ! 1
S .‘U; = “{5":* C'B}:;Y‘FTB b U&_* {(B: x & B, y.c B"}. .

X ye havc obvlously b - r - u1 + u2 + u3 + ug. On the

: oLher hnnd, rl .-y by u1 + Uy uhlch 1nplica Chat ug = u&;  But;then“

‘frou Lcnmn 2 20. Oq thc othcr hnnd. a cyclic BBD {5 % 6 2) cxists as

173

Jm=u, +u = 2u uhich is impossible slncc 1 is odd.:_ ;.‘ .

37 T

;" Corollary 2. 21._ A BBD (5 s, k. 2) cxists 1f and only lf - 0

(' ; . .
Proof. The neccssity folloux from the relntions (2 2) - (2. 5) and

- -

_.', R e

+

_(nod 6). and b=y ¢.5A!3. Considcr two arbitrary anﬂ distiuct eleneqts_ ‘~



.42

‘ p;dved by ‘the-'fdlfiouing two bas,c'bic‘;;;ks;ﬂ'

,if. {(9.1) : (2,3,8) and B, = {(0,2); (1.3;}514 N

S:lnce v odd and k <V~ 3 where k= 5 inplies that v._can ;
,uke value 5 only. we nced to consider only the case uhete v is even.r. |
“ﬁ\' ‘: in Le-us 2.22 -2 10 vh!ch follw. we onit the proof of_ necessity -
'.lince 1: llunya follovs from- condltions (2 2) - (2 5) ‘
. Le-na 2. 22. Ajcyclic 28D (v, s.‘a;;:)_exxs:a-if-and only 1f v = 1
- ‘..(md 3) : . . | ‘ o
Proof'. Let vi= 3t + 1. t>1apd v be ‘even. A collecti‘dn,ﬁ:‘.}_ of © .
- , |: bau blockn 18 given by S o ' o
B . n{+- - {(o 31+1), (3(31 1, g(31+1) 5(31+3)} ST e e
|  for 1 13, s..... byt v | ’
‘i;»‘. {(o 3:-5). (H(3t~7) a(ap_s) acaa-s))}. T
L By = B = 00,360 (3 7), %(3t-5), 4Ot ).
RIS 4 | ¢ :
L ¢ T
Lesma '2.2‘3.‘.' A 'cyc,].ic BBD (v.S'.l-‘ZA;_‘. -2_)-'e_xiat_s _Ecrl‘cny v>5.. . -
m_f Because of Lemma 2.22, we have to consider only.v z 0or 2 °
(od 6)." | 5

Lct v e 61:, L > 1" a collection of 6t ~ 1 base blocks P is giw_.r'cn_‘by '

. BT s,

2 = 33 (0 A). w2 3)}.-‘ - By = uo 3). a. 2 DY

o Mt (@.141); (i, Hi+1>1 where x = 0, 1',~ "',f‘.; N

’147 - ((0, 1+4); (&1+1 31+2 k1+3)} wherey = 2,3,4,

.';i-'i;' - 10, 14): Cat, 42, wo)

+ for 1:0 (.od 6). 6 < Lebtes,

B U S TP RAC IS LN .

nt




- T

o 4y
R

Let v = 61+2, ¥ >'1, a collection of 6t+l base blocks ,?\ s givén

by T s
1 . C - B ‘. - - _— . . -

B, {(o 5). (1.-.3)} . 33 B, = {053 (12,6},

B, = B - {(0, 3 (1.~.3)} o

s ™ % "

and for 1% 2 (mod 6)., 8 eji <‘6t-&;rf .
- ' .‘ . . . . .c . e *
.,-5;_'Bi+x {(0 t+2). (Bi Bi +1, 51 +2;} where x =0, 1._

.

ﬂ(O £+Ja) (‘11+1 ‘51+2 !si+3)} uherex-JloS

‘ We havc dcalt vith thc case uhere kl -2 and‘ k = 5, now consi%f:r )
\ the case \.rherc -kl w2 nﬁd K - 6 . But v odd and k < v < 2k -3 implyrthat‘ K
'v:'-7.‘yﬁ:,hhv'é N ,F:_ —_— SRR o o _‘
Lemma 2.24.° A cyclic BBDI(7,6,8; 2) exists.

‘Pfoofé Hc hhve b= 21.--Lé€ thfee base block5 ﬁc: o f}"

f

'{(01). (2356)1.3' -{(02). (3656)

and B 33 — {(0_3);. (1“2,&,6)) they gencrate the requircd "design

I}
LI -

‘.I.ema 2 25 A cyclic BBD (v 6 8 2) exis:s lfmf all v > 6
_Proo!’. 'l'he case wherc v odd 15 provcd in Lcmmas 2. 19 and 2. 24.
Let’ v - 2:, t 2 3. ;hcn b= v(t-—l) +C. Hc uill construct a. base block

"u of ordcr 5v and c-x bnse blocks 51’ 1<1ic : 1. cach of ordcr v.

Let H. - {(0 t). (1, t-l t+1 2t-1)), then . the clemcnt-; l and 4:- 7

of - l:he nct of cdgclcngths E = {1 2..--, E} occur twicc each 1.n H. ' Define_"r

‘.the'rmln_ihg ba'sé:_blocks"as',fol_loua: Lo ‘

.



‘ .,‘ " : .‘.‘ ’/ | '..' . -—’ 7 ‘_' . . I“A

B, = (0,1 (2,3, 22, 2=} S
By = {€0,2):" (1, €, t+1, t+2)} and for 1 = 3,4,.0uy t-1

B, - {(0.1_)_i_ (1-1, 141, 2¢-1, 2t-142) ).

- It ts ens) to chetk Ehat eich'ciéﬁént‘bf E éicéft-i. t-1 and t occuré

”clght Lines in thesc r=-1 basc blocks, uhcrcas Llcments 1 and t -1 ench

o»curs only six tincs. and\t £our times. -

o Let kl'- kz 2. The nGCcssary and dufficlcnt conditlons £or the

cxistcncc of a BBD (v,4 i. 2) for A=l and 2 are, given in Theorens 2.7

g“and 2.16 respcc:ivoly_' For the cnse uhcrc o> 2 we have'
l.emma 2J26.~.A.aap (e.-z.\a;'z) exis:a.fp: all v,g;a.;

Prbdf In vicu of Theorcp 2 16 we havc to considur only thc :
. .-casc v ‘_ 2 pr 3 (md 4) . ) . .‘. o i . L .7.‘ ‘_ “

Let v = 41 + 3. t > 1, then b = v(2t41)i-a collection 3 of 2t41

"1 base blocks is glvon by

~

'f‘f“ _iiﬁjﬁi;fis - {(o 5 (1, z)} . ‘*if”((o;iwi;tl.ébi;‘f -

Lt BB, ((0. 2041); (4, 410} for &'m £r8,.aiv 2t.
R ‘1.-.-_3;_‘*':1“*" AR SR S . o

Lct Ve &t+2 :.$ 1, then b';-(a:v4;1)(gt +#1). Let'Abea
pcr:utntlon of dcgrcc v on thc v clcments. thnt 15,

A (o I ....(2:) )(o2 2 e (z:) ). and jS be a collection or &c +1

1 ~
base blocks Bi cach of order Zt + 1 whcre -
- az -8y “°1-12)- (152 )}. | {(ol,2z>l <11.1 )}-*fﬁ- T
35 " {(0 1 ). (12.2 )} und 1n addition, for. t > 2 TR '



' -31_'131114‘ Blag =B Bi43 t(ol.i ) ((3(31+1))1. (&(&1+3)) )

i

“for =2 (nod D, 6t he - 2.

- N . CeL

;ﬁf f . 05‘ can. verify, as in the proof oE Theoten 2 1c that the b blodks

- obtained by applying A on the &t + 1 base blocka B repeatedly fprm the i

rcquired design. ;"

‘ﬂLct us—coﬁsid&r'the‘la;t cAteg;rig-;lif”;j :JBL: 3‘ézéF;'5:1§Piiégiff¢},tfl-

,rthat ki.'jk2-' 3. k - 6. 1n uhlch case r1 and r, ‘ate- ffdundan:,and (2 2)' _;‘_“"l..

@ 3) becoue b= ‘JLQEL-) " A ;-1)[-; COnsequentiylue'have the - _3 ;__g~ﬁf E;fﬂ .
f°119"ins-netessgry conditiohé;:. 1iff. B ,-x;j" :“ - ; R '

1 (mod 9) for, 1“=-1'or 2 (mod 3), ’

L1}

2.8) v

: :(2.9)"53-.-€ 0 1 (nod 3) for X 3 or 6 (mod 9).-

.

. '-(2,1:0)- 2 6 fo: 1 0 (nod 9) .

The neccssary and sufficienc condition for the exis;ence of a BBD _:,f.,-

(v 6 1 3) in v =1 (nod 9). v 10 ns prbved 1n Theorem 2 10 and a BBD

.‘ ;(10 6 A. 3) exists only for A > 1 as proved in Lemma 2. 11. , e

; Lehnaj2;27. -A.cyclic BBD-(V.G,}; 3) exists for v,

Pro-of. Let v. ; 3c+1. thc.n vk mpues thal:.t > z. Assuming l:ha:
v 1- odd let -t - 2m; we get ve= 6u+1 aa; b= mv. Consider the folloving E
o » base blocks: ', o '; . -ﬁ  ": " '(1 j | :

| '15' {(0 1, 2). (31 31+3 v—31+2)]_. 1+1 = {(0,1, 2) (31 31+3.V-31"1)}

.vhere 1 1is odd. 1 < 1 < p. p - n—l iﬁ u ts even and p- u—& if m is odd

k.-;g,s. In: the later case, the reﬂaining 3 base . blocks are. . . N B .
B -_§°f .-3 ‘- {(o 1 2), (3a—6 3!—3 3&)} For m - 1“ 1et the base -
-2 --—1 _

1:10:& be’ {(o 1 3). (z 4, 5)} and fot w =~ 3 m the 3 base b1oc;$ ha the :

- ' s v, oo | . - N ) o - . T . . . X L.



- sane’ as th 3 remxining base Ulockq in Lho gener11 case above.

'\

If v i« c\cn, ch .- R(c 1), tth s->°1 1nd v e 65$q b - SV+V/2-

“rhe L150 s ‘- 1 was. provcd In Lemma 2 11 hcnct let 8 > 2. Ict H bh

e
-

' .5J5L 1°Ck °f order vl!, H » ’(0.~.3H+3). (3s+2 "+& 1) and';hc s baSc;

-

L _ ‘Bluc'h’-.'%'._ each Of Q.rder.v, bc _ o N l’-‘
Bl'-f £(0,1,2); (31,31%1, v-31+D)) for 4 = 1,2,:..,5-2, SRR
; 'Bs--l - {(0‘-1‘-2) ;l_-.(_35'-‘_3';35—2;3s+71)}‘;md.' 7 : . Lo .'.
- B, "..(,('0_'3".3); (3s-1,35+1,v-38+2) }.
~3 * . . ' ) A
e . .

‘ aﬁc.wllivﬁow-deaf ﬁithfthc seéond“cxccﬁtion.ﬁ .
lema 2.28.-A BID. (6 6.3 3)'-.exxs:;; 1f and only 1t .\.‘1;_' 0- (mod '6).

) Proof (3?21_and 2 10) ﬁtatc Lhat a BSD (6 6,13 3) QYiQLH only
1 0 --0 (mod 3) Let R 65+J :hcn b = 105+S = r, AbaUme that a dQQ1gn

with thcse parn Lterp exista. ch.n coﬂsidcr thrco 1rbitrnr; canLntq X, y

LY = . .o

.oand oz, Hithout losq of gcncrality. ltt Ui i L] 1 2 3, 6 bL rhc fnllow{ng

1 ,‘o

-{our'Scts of'BLOCEs:_

fJ'ql”s'{n:'x,;‘c 31. 9-c‘Bz}, Uz'r-{Bé'i=b B1

.

:U3 - {B: x,y,z € 3_},.VU4 u¢{B: X,y € g {'z: ..»_f: -
Dcnotin lU [ ui,'wc h1vv obvlou"ly ul + 2‘- R Jnd 5
'-_u1,& dz +‘“3 +-u& -“b Sincc both r & and y rust bu llnked to: z in X, blocks;f' a

- u. 4 - \ . uhich implics thnl u1 -5ui;= l/2. a
'Contradlc;ion . chcc a EBD {6 %, k. 3) ‘does not cxlst for Py ? 3'(ﬂ04ﬁﬁ)§. :j

fol

houcvcr. a cvclic dcsign vlth these: parameters cxlsts Far A z 0 (nod 6).

"¥or cxnmple, let A= 6 then b - r - 10 Lct F bc a blSL BIock of order 1

‘  whcrc Fm ((0 2, &), (1 J 5)). H bc a base block of ordcr 3r-uhcra_ -

-



H - {(0 1 2). (J & S)}. and B be a base block\ of order 6 w'here ‘ N
B-{(O._I.Zl)._ (.,.5.9.5)} chce e have a cyclic BQD (6 6 6: 3)

M F .

-

Lemmas 2.29. A c-yc;_ic BBD' (_V'.,ﬁr-'l";ﬂ}- exists fqr vz (P(mod 3), v > 9. . .

' - ‘ Lt_g__o_t; :I.e.t v'a 3:." t > 33 lsgumi_'qg first thal:v 1; odd, then t is
odd and'b; = ‘i"(t‘l)*t Ve “i'il-cﬁns-trﬁcc a bé'se'isidck 'Hlof' ofder-‘ﬁ_»; and
l,(t 1) base bloc.ks B Gi' -1, 2,.... l,(t-l), each qf order v ' L.e:t. ,*f
H= {(0 t,2c); Gact-l) 5(3:-1) k(St—l))} &nd 5(:—3) - 3z+x, for z > 0o

: and x'= Q. 1or 2. we have the following three cases for z = 15

. xe O;‘¥Hén't - 9 and B, = ((0.1,2); (3,12.1D)), ‘

...'-[@izﬁddémn.3-jmJJL(&&ﬂH£d.

By {(o 1,2)5° (9, 11 2013.‘_ S ' ' |

"{b)._"_x - 1.‘then ¢ = 11 and By = (01, 25 (13, 223} - |
L 1€0,1, 2). (3 15, :m-}. B, = .{_(0.1.-2_),:7 56.9.1_§)1, . - e

"'“- {(o 123 (10 12,25}, B '--{(0-2-3)i;‘7'17?59)}‘

L I

(o) _;x-h'z, thén ¢ w1y andsB <{(0,1, 2). (3,16, 251}, E

- {(0,1 2). (3 18 38)}. :" [(0 1, 2). (13 15, 28)}

.
By
R

For z > 2 1et Bj - {(0 1 2), (3j 3_14-3 v-3_1+2)} and Bj - 4{'(0 1,2);

'.-'
s

l R
_— '.4

{(0 1 2). (6 10 19)} and B - {(o 2. 3). (7 10, 30)},

(3_1 3j+3 v-3j 1)} where 3 is odd l. <3< z-l if z is even and 1 < j £ z—lo

: lf z 1- odd 1n uhich caae. e haVe thtee nore baae blocks. 27

Bz é - B “i - B. - {(0 1 2); (3:—6 3:-3 3:)} The rest of the baae blocks ;
. - - z- . - ‘ . . 1‘..

| Aare as belov. o __::\ L | ." - -
e - -, .’.-‘ . . .

(l') x = O, then t - . 62+3 and for L - .1 2,.... 2z+1,

Bz.,. - {(0 1 2), (3:4-.‘ 3z+2+3!. v-3z+2 3;.)}



*

L) TR, then ood 6‘+5=nnd‘B' - 7(0 1 2). (3243, 346, 9z+7)}.

"-3{ "‘afo 1, 2ys (3633643,v-3142)} for 1 1.2, '55f““'fﬁ s e

R E ) (aod 6), then u = Lf3 22, :/6 - 1, and the rcmainingrtwd

' ‘?)Iocks'art;- g . f(O l.-). (t =5,t- 3 t- 2)},

@

_ 1rd(c')

+1
B4y {{0.~.3). (3~+a 9248, v- 3z-1)}, and for g = 1,2,...,22,

-
s

-~

' %,+ﬁ+; {<0 1,2)5 (32+'+3L.3?+6+3L. -3:-2-31)}, ‘__.' S

2 . L.
2 . - e g ;o

e w2y ti.r S £‘+J md B 7-'{.'(_0,2.3_); .(3z+z.,3:+7'.¢-_3z‘-s'-)»),

If\- 1

.

2 ._*.+3 . -

f85;3;}; =A((9.1 2y (37+ +31.3z+0+3£ v-32-5- 31)} ~

b . N

"*,‘-_'F*':’T“ z "'"Q.-'.‘th‘s: ‘f-(l‘il) = x+l b,:tslc' blocks -z;fc g'i.vcn-".‘in‘(ﬁ-') » (b")

:
:

‘.uw ln.t "bv evvn. tho'1 t is u.fen a-; u«.l’rl and 't > fo

b = v(l,t -1y + v/" + v/3 Iet F bc a base block of qrdcr VIB, uhcne

' -"_"7 {(Q.i.?t}_:‘- 1,4l 2e41) 3, - i’ be a base block of order v/Z uhere

Chane e b*UL*a are n " {(o 1.2)} (;—3,:.;+&)}. 3" ((o 2,3)3"

Z'rj

' u‘xcrc u! md v nr’,r nccord(ng to the value oE t,:i.e.

| (‘t-..'.!.tn -;-!.'+i)"}1; oo T ST e

| (.b)' -‘__:-. 2 (::md 6), Lhcn u - = u'ﬁr"-t—;—s—,'ﬁl.'l.d' tﬁc" Egm;;niﬁg .tl?fée base’

| (r.t+3'.-}-;-1)i. B

L s

. ?i',_—" '(“(-0.‘1(3;5)'- + '2_.-" %3(3() -+ j3): (B(-3.‘t‘)‘,-2..3),} and the ".["1. ha_sc‘ bllocks .‘g'éach"'

. ) LT . L] . i L -
i order v‘he:‘ T e TR

™

1,2y 000 0W5

(0 1.-).. ('“ "j*l —*—3j+ .v- 2-—-1-3_1)) forj

B

-

t

-8
37

S. '__3. - {(0.{'2); .

3 . - ‘ -3 - L
o '--(5_0"2-@;-<+f-f’z».t_=-t+.zn_a, PR
3 ot | : : '

\
z
=5

) 1t f; £mod 6). thcn u .-, u- -t——é- and r.hc rcmainirhg b1sc block 19‘:_5_. g

3 6

]

ERIRRICATHT FE e R G e T

t-1 . ’ AR j‘.‘-.:.:’

B o= n" . f(o I, ); (3243, 3z+7“9z+10)f"and‘fof-é 21,2022,

e roartat ALINE S NINE GLLLD YRT-IE



‘ | : : SR ‘ s
. . i ‘ o ;
- ¥ - | 49 :
) "_-. ’ y. N ,-. \..-
SE- | S T T e
PR Sovoo T, S,
s . ‘ . o _n:. . -._' o ..- :_-. v .
- Lerma 2.30.°A cyelic BBD.(v,6,9:3) cxists for v 5.2 (mad 3), 4
-..v :‘:.5‘3; ‘-7. . o e . ’ . " : . . . " | _ * ' |V_:‘-
. 3 . .. . ) ‘. .. :'. -o“ ,"_ ) . v . ) : . . .al-!
"Proof. _Aﬂsu:e :hat vfls odd and lct's“"H(v~l);.thcn 5 % 2 (mod 3),
8 l_SiAnq'b -'vé . Let the 8 h1qc blockq. eacb of urder v be
b ' ..((0.1 ). (3 4 6)\ .3 ‘- ((o 1 3),‘ ﬁ.5'5)} o {(o 1 3)'
2;4.6)}. - {(0..,3).,(@ 3 .6)}, and- for i - 0 (mod- 3). 6 < 1< 5 - 2, -
:Bf" 31+ ((0 L1.2)5 (141, i+3»v-i 1)} ; - {(0 1,2)§ (141, 1+2 v-i+1)} - ?
. Conslder the ClSL whare v 1q LVFn. ‘ch v = 6t+ . where t :_1, ?
- tﬁdﬁ;b - 3tv + v/ . Let tbe basc block of ordcr vl’ bo H - {(Q 3, 6). - .
. N ' S ,
s *1 3‘** 3t57)} :od v aud thL 3: baqn blocks, each of order ¥ be as T
i.ﬁ);;ous: : ' ifﬁ\\ . };-_- ;.'}% : ;-l Hl.'_ "-,-, 'vL _f‘.f: SR '\-.
St f°’ £ -1, Bl - 1(0] L. 23 (3 5, 7)} B, = ((0,113); (2.5,6)}.amd *7 0 T L
- r(o 1 3) .(2 6, 7)} | "‘ e T ]
), fornz z 2. ‘B, i¥l-f'8;+. - {(0,1, 2); (ikﬁ 1+5 v- 1)} :,,.s;_.
- 3}33f7.51§4,‘:5i+5 - ((q_x J2) i (1+2.1+5 - -3),, uhgre 4 1 (mod 6),
- tety . p-asd p. has valges according, to, uhither c 1q gven of odd. 1T

. ;luzégch;fkhenfb - JEJ_ ll 1nd thL ra:aintng 6 ‘bas e-blocks ate: :__ ff.' -

ERT T ;AZ-Q'-. 1) 3:-3 3t+ln -3:+5 R
¢ B35 T Byeaa T Byecs g‘(o s 2) « )} et |
B e B 2 t+2 d o _AI' -
Fyezp T Byl (0‘1. ) (3: #3,3¢,v- 3 )} and T t S |
.‘glt &-{(d~1 2): (3:- Jt v~3t+2)}, 1f t La odd tth P J: kﬁ and thc ST e
S .. . ‘ . ) ) f..r to .

":'vmuinlng 9 hase blocks nrc-_‘- -.1 .: - : R 3 ‘."

. _ . . : ‘ ‘ _
et . |

ted N

- e B - - 0, 1 2 . 3:—6 : 3 v-3c+8 } ° S
5};-8‘ B3:-’7 3t—6 R B3: 5 , {‘ ) ( J . ) | . -

ff,nlg . {(p 1, z). (3&-6 3:—g 3:)} and 33 . (co 1 0), (3:—2,,: v-3t42) ).

I T o e B Lo . 0

[}
L

.- e T T e
o . o - . . .

LE L S e e

- S A . e L D e e
e - . ‘ - : S R .,..:'-1 ' D e e WIh



T"c results of §2.4 "izply the faollowing theorems:

N T}'fc'o't"'cn 2.31. A necessary and sufficient co}ndi.c‘_io'n for the

7. existence of a BED (v.3,\p 1) s -

Y

1!

1 (mod &). for 3 z 1 (med 2)

v 51 (zod 2) for : 2°(med 4)

<.
N M

L . for 1 . B {mod 4)

<. Théorea 2.32. A nccessary and sufficient condition for the
' ' . — & - : . ’ o . Tw o :

existence of a BBD'(\L,{a-.i.;_.I)_'lsl . .
o vl (a0d6) forh lors (med 6. .

v i1 (eod 3} “for'y i 2 or 4 (sed.6)
Cwi 1 (Bed D) for Vo3 (med 6) BT

o T wma T Tfor vn 0 (med 6)
- a - : ) K ‘:‘ B -“ ,"' o ’ - - ’ . ’
‘Thepren -2.33. A necessary and sufflclent” condition for the:

rfﬂstc:;cc d_f.‘ a‘.EBD-‘ (v.b.‘ i ) :18_

v f\i'fﬁyd 8) for ! 51 (mod 2). o

ot v Dord (med &) fora. 2 (mod 4):
L ‘ v 2.‘-'0 - .for'\.'. 0 (t:*.od ‘A)".- . .

C Theatem 28340 0 A decessary and sufficient condition for the

. existence of a BBD (v,5.p 1 ds 0 -

R 1_(56& 8) for 1 = 1 (mod 2) .
S -V -3~‘l"_(md -'9_)‘ fur Az 2 (zmod. 4)
v 1 (nod 2) for 'y ~4 (mod 8) O

. e v 3-5‘- . for AT 0 (mod 8). g :

s



”

. e ¢ Coe
Theorem 2.35. ‘A necessary and sufficient condition for the

}giqteqcc of a BBD (V;S.i;l).ls‘

-

v 1 (med 12) for 1 : 1or 5 (mod 6) ‘
v il.(ood 6) for 1 :2or 10 (mod 12) v
v il (ed &), v 45 for 1 ¢ 3-(mod 6) -
| .

v I 1 (z0d 3) -for i : 4 or 8 (mod 12)
vl (mod 2) for 3 i 6(mod 12)

vz s for 1°: 0 (zod 12) |

" Theorem 2.36. A necessary and ‘sufficlent coandition for fhe,
- l- . * ' . : c ‘\ ' ' . - .
existence of a BRD (v,6,); 1) is

. . ‘ .

L vt (med 10) for A 2 lor 3 or 7 or 9'(cod 10)
viil (modlsi‘g'ror:.x't_z or 4 or 6 or 8 (nod 10) 7
vl (mod ) for 31,5‘(éod DN §
ez 6 | 'for;:i ;AO (bpdiloi:

Thbprcm-2.37}ﬂ\¢'nécesﬂary'and‘sufflcicn; condition fér.the

RN : . 1 Tae ' .
existence oft a BBY (v,6,%; 2) s
Fo

.

- v T 1 (med 1) for i Tl (med 2) v
v il (mod 8) " for. A~ 2 or & (rod 8)
v i1l (mod 4) ‘for 1 i 4.(mod 8) - .

t

‘v26 1  for %-:0 (mod8)



';H. -

heorem 2.38. A nccgss&ty'hnd-sufficient*condinjon for the

\ 4

" exlstence of,afBBD.(v.G;l;‘3) s

r

v P11 (m0d 9yt IOifor l - 1

o .
i

= 1 {zod .9)' for A * 1 or 2 (zod 3), 1+ .

v :0orl (med 1,V b 6_f§q\;f‘r5 or 15 (mod 18)

v z0orl (50d 3) for 3t 6Y%r 12 (mod 18)
' | . .v > 6/" . '..'.'fnr_l'.} 9 (mod 18)
v _>q6 - 3 for v 7 0 (nod i‘B)
S ) .
| | \
: - . . ’lo
- B
S 3 A

oA -



Chapl:er I11: Resolvable Balanced Bipartite ﬁcsiéna L (

A o . %3.1. 1Introduction

"A-block B {n this chapter {s also denoted by B ={ Bl;".Bz'l vhere .
1T ... 1 1 _ Sy L, L
= { “l v .",.. veey A K ) sz ‘f ( 31'-2,‘ .322{' N 'akz_),- and two clements

. 1 2
- . . - .I"- M . . . . -
it : e e
A aj < B are ﬁnkcd in B H’ and onl.r if ¢"1 :. * We, .1150 assune that e

. b = . !

k¢ k. Dcflnil’.ion 1. 8 for a ru..:,olvable balmud G-desir.;n ‘can bc restated -

a3 fullows:
Dcflnitlon 3.1. A-rcsolvnble ’\lnm:ed bipartltc- design with

A

i

ﬂ1*a“utct1 b, v, r,'k;~1; k, apd k (briufl) Rqan (v,k}; k) s a’aab .
- (\ k..; k ) thc b blocks of vhi.,h can be partitioned £~o r completc

-n(llcat[oau F c1ch v{:h b/r hlocks r‘uc'h thab for any Fi' each elcment

S acLurs h c:mct.lv anv bl . _ _PI{.'.-'- -
Il"‘follouq that a nm.cssan, condition for th:. uxiq:em,c of ar RBBD is -
3.1 L v =0 tzod k) | -
_ .
The nu:bcr of links in the block-; whlch consti:ute a couplete replicatlon
" must dlvlde thc tnml nu::bcr pf 11:;::5 in a dcsu,n chcrcforc 1( )l—-- k k
!"»u!i! bc an lntcgcr. ‘Hence anocmr ncceq-nn condition is ‘ -
2k voE Ak r(:ao‘d' 2 klkz)._ :
that ln..-‘ o .
. : e 2 k. k ‘
3.2 -'m"’.Sl"(‘:"dm)' S T,
P 12 L S
L '-hcre (2 k_ 2; ‘Ak) r.c'pri:ué'n'tz_‘s' the greatest com_:oh 'c_i:_ivis_sor ‘qf Z'igl"kz lanc_i_' k.
» f_ “:_:,‘&-:" ‘ ; . .
o e
53 ‘




.5 . ) ) .0t a .
...fln the case where k, = k: -.n,‘équatldns-(3.l) and (3.2) become
Gy, N o o'(nod-:n) . Ct
{3.58) . L C ot (mod G
(3.3) N - v ( W k)
“1f we let v = In L_fbr noﬁe t - i, Lhon {3.5) Implieslthatinp(n.l)KZn t-1).
“gat n(2n £-1) unlcss‘n--'1.)thoqcforg‘n}(q[)}?for_nl>31;‘that ts, n{\. )

A h;veﬂjust‘prnwud T e ' : . : Co
) ' ‘ ' "l. - . . -:dk - ’ N N ‘ ...' ‘ ./
!cnna-3;2. If there txfﬂts a RHBD (v.kn,l. n) éhen v 0 (mnd Zn)

and L 7 0 (mod n)

lhnnlogugq of Tdcorcﬂs 1. 15 - 1.17. for RaBD s are

'-Theorcn 3.3. Ifqthcrc exist Ttwo RBBD D (7, %, .kl) and .

j ﬁﬂ (v ' \z. k ), then: th‘r éfots-a RBBD-D‘l(v,k; l3; k ) Qherc, -

-
L]

. alll + 32}2"31 and‘a buing uou-now1tivL intLgers not buth cqual to zer0.

Thcorc: 3.4, If there extnt tuﬂ REUD’ s Dy {v R k ) and

2, (J‘; k ). thcn tho-c cxlhtq a RBAD D (v.- vz. kﬂ L ( )
Thﬂorcn 3 5. _ Ithhc:c erist-a RBI“D D (v k \) and a RBBD

.
>

1

(t .L 1;%, ). Lhcn tHurc cxi tq ] 1WJD D (v k 1, k ) 4
o s, _

Cu?o]larv.. In ThLorem~ 3.3 1nd 3. 5 D ls c;clic 1£ both and D
e 3 1 2

are; 3ﬂd ln Thcorcn 3 4, D3 is cxcllc tf bnth D1 and Dz.qre Lycllgﬁand‘
9\ ? :

v,, V., ATC- tclatlvcly princ.

1* 2 _
' Thc p;oc.s of th* qtaLnghiq aboﬁu' an bc cbtained by folloutng

- the llne of proofs of . Thcorcms L3N 5 -1.17. We ali? hﬂVL ‘an analogue of ..

i

Cpeftnition 1.6 - o LT L



N

”-callcd a bdsc-co:plctc rcpl!cntion.‘ Thc ordcr of a base complctc replica-

o : i ‘
mappings A ofAblecks gf ‘D1 onteo blockq of 0 and All of complete replica-

rvplicntions . .nnd F’ in D are "aid to be ln thc sane orb1b>1f

Dcftnitlon 3 6. " Two RBBD 8 Dl and - D are 1eoro:2h1c 1f thcre 1s

oA oﬂe-:o—one na?Ping‘A of ele chents D1 onto clercn;s of Dz; with induced

> . 2

t{uns'of D .onto'céaplctc repllcatlons of D

2
S “ black nnd Fa conplcte repllcntion of Dl’ thcn x: B tf dndkgnly 1f
NOPS (8) and B ¢ F 1f and onlv 1f Al (®) ¢ Callr y.- 1f 0 = nz. then’

the ﬂappiﬂg A lq cnlled an automorphisn of D1

g1ln we Wil dLﬂOC& the lnduced ﬁappings Al and A by A, abauming

that. no confus!vn vtll thua bc caus&d.

et A RBBD is said ‘to be cvclic if lt hnq an autunnrphan C con iacing

N n-sl%ﬁle cﬁzle-ofrlcngth‘t ﬁnd C‘is cnllcd a cvelie nutonorphtsm

L.
~

ref. Dgfinttton 1. 13) Agiin, ILC thc elchénts of a dééigq be. 0.};...,v¥i

and co (01 L., (v-1)\ unless othcrviSL statcd

ngncnts and blocks of -a RBBD D are p1rt1t!on;d by an nutomorphism |
' R'Qf D (nto d{bits of. elc:cnts and blpcks‘tcspecqivcly”(cf. Lcm@a 1.9).

;Hc can dé?lnc orbits of co:plc:é repl!cation# s&mlth?iy.- Tvo=c5mp1eté

LS I

~ad (F ) - Vi for q: 1. Slnce belng ln the same orblc is an cqulvalence

™

‘rcln:!on, the couplete replicacinna are, partltloned intpaorblts. cach of

L

,uhlch can bc rcpruacntcd by anv ccupletc repl!cation In lt nnd this vlll be

B
BN

tion - in an%orbfc.in'ihé“cardtnnlity ofztbc.orbit._

; such-thab-'if x is an-clemént,

,.
A\,
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. .Vr_".- - i
Lo=I - «
. .[3.1.‘Resblvab1e Baleﬁced Bipartiie De§igps vith klf- 1,'k >3

. The necessary conditions,. together with the sufficient cenditiéﬁs

o

in eone cases,‘for rhe eiistenee”ef a RBBD with kl

.in this sectton. :

-1 and k >3 are given

The cefﬁxyence relations (3 1) an (3 2),'ehieh together with

equationl (2 2) - (2.5) are the necessary conditions for the existence of

S

a RBBD (v,k,x; 1}. ere,qow reduced to.

+ 1).

e L vz (w.odk2
. ' N . _ - ,f°- . ’ . . o | 3 2&2 ) .
' (_3’6?- S ;"-'5_'1'._(","". (2, . Ak)) i

eSince y.-'iz satis?ies both congruences uhich are linear uith '

relatively ﬁrfﬁefﬁodelo. (3 5) and (3 6) are equivalent to

_— - ) . 2"" .Zk'zk'.
(3.7) | .-.. y vz .k (nod -(Tk;_._.l_f)-)“ )

- _ieEttng'l.- 1, ehc-cobgfuenee.relapioﬂ';s‘redu;ed to
L , - o - S
. \ B

- -

a8 v

L1 L

k (nod (Zk v k1),

|  where 'ka ;' } repregents :he least couumn nmltiple of Zkz and k.

e"‘b‘. COnsider :he vulue of (2kz.l.k) 1n the ﬁinoalnato: of

'(3 7), let (kz.l) - x lnd k Eé x.x - 1:. then there are tuo possible casee.':

(f. (Zkz Ak) - x, }hat 1-. k il odd end 2}1.

then v : i3 (-bd-zié k)luhlch 1e'equ1valent tog

C— -

N

i

. ma_

Cmdew -

[ —— -

fotd Pmn wary "



'.' e [.k,(uod -E' k) if x is even
v - 1 Gk + k (m0d 7%, K. (f.x> 1 s odd o
Lk (04, 2k K 1r x =1,
..*/

[

.oLe thtt Lhen x is "even, } is Lxcn also uith Ky being odd and uhéﬁ x ls

':¢“d; A iq odd too.
(i) (’kz. hx) - Zx. that 1ﬁ. k is ‘even,or X . 13 even, then
v k Gmod F ) which is. cquivnlcnt tov :k (ﬂod k k)

‘.f; FQU1110ﬂ3 (2 2) - (2 5) state’ that

.:nnd r,'™ lﬂ!:ll. H

b - )v(\-l) e ; )k(v-l) 'r _'A(v-l)
. PR T 1 L LS ot ; »
2k2 A 2k, 1 2k, 1_.; ‘{ RS

henate r bcing an int;ger inﬂlicq chat b r -and rz are 1ntcgral_aisq,

Uc will teqt thc admis‘lblllt} of c1ch v in aéés;([) dnd.(li)

by flrdinp out uhethcr r1 18 intcgral for thL particu
‘;Eé k t 4+ :, 2 0 thcn;ri - (kt + . xl’). uhich is inchral qince x 13

even, .Let v - 2k2 k t + E’ k + k. t > 0, thcn rl - x(k t + H(k+x)) which'

. 2 | o
‘s intcgral qiqcc both x and k are udd.. let ¥ = ’kz k t + k > 0.1

Rth rl = ke + 3(k+1». Labtlv ict v = E' kt+k,t > 0 thcn

- ir- Y4 1(;: + x). uhich 13 1ntegr11 onlv i i3 ven (sincc l being odd- -

- ’“?licﬂ that k Lu even 1nd cunchucntlx x iq odd)
S ﬁe_cqud §u=nafizc che‘:csults ipA _ Coe ‘i; e
“ - l‘. ‘ S . Co ' , . \_
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g Lemma 3.7. The necessary conditioc for the existence of a RBED
(v.k, ;1) is | ' |

k (uodlkk)ifkisodd x-landi-123.«....'

w vz

‘ __(11') vE (nod ZFk ifkia odd, xis cven andl-qx,q-llis....'-r‘
ain EE ok + k (mod 2K k) if k is odd and x is od& > 1, |
- | l-qx,q-l.' e " P ._"-~"-
(IV) . le k (nod YZ&".“,. A -.2xq..'q,;-1'..2.s....‘. | |

-

. ' . . RN .

f.uhere (k2 3) = x, é"-hf‘x and A #’ir.
He vill prove ‘that some of the necessary conditions are also

lufficient EOt‘he existence of a RBBD (v.k ).. 1) Theorem 3. 3 implies

| that we need to construct designs vith ninimuu A only _ :."r.

[

.- Lmn 3 8.. Let k be. odd. A.RBBD (v ¥, 1. 1) exists for v = k2q
i-uhere q and \ ere positive integers.

I Proof. v - k2q sntisfies the necessary condition since f. S
'2q.. Zk '3 [k(kzq ? - 1)I2k ] + kz vhere (k 1)/2k is an - integer.':
in view of Theotens 3 3 and 3. & the pzoof ie complete if a RBEBD
‘,.(kz k i 1). say D. can’ be constructeda._ _ - -

- - Let. the kz elenentu in D be partitioned into k otbits. T . of k
) ele-ento each by the peruut;tion A vhere _ 7. _ . | |
CA 0] 1D (0 1o Che (1) )0 (0 Byei (kD) Do (0 ) e - 1) 5
“The nunbet of co-plete replicetions {n D is r» kk(k+1) ano the-oumoec oﬁ:

blockn in each conplete replication is k ;‘ :‘..-‘ i: -»’_“l;:'- |

K Ue vill Iollou the ptocedure in the proof of Theotem 2,i0tﬂf
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‘ Io an orblt T, '1‘< x <‘k 'eoneider'the pute-differencea i-j. . R
"betueeu 111 the unordered pairs of elements (1 v 3 ) in T. T vhere 143
'-nnd0<1j<k-.l.et o L . o
1) '{Ii-jl it 1< li-Jl <k(k-1)
' -' . .'
k-li-jlif*:(tgl)«h-;lck-x |
Coneider :vo distince orbil:s T, < Ty \.rhere Lex<y < k and l:he !t
T &ixed diffetences betueen all the ordered pairs of elements (t , jy) vhere‘ -
 ;£;-1'] cT uw0111 j<kd u: e" ‘ .
. R A | --1, ‘1f‘j >4 R . s
- 6(11'\3 )= { S .
R R AL N A I I LA AL IE S L - T
: :pen 9‘5_._ (L, .1y)- ;k-_l. . - R .j. R  _ v } L 1
| ',Let,,EI:-(o;.E:)‘be‘g.net of distinct #oyueo of'S(ix;rji)lpﬁpr-
T T T U S A ok S
.'6(11' Jy){‘ ?n.other:uords. N ' M:; "f.:':‘ : o . : :':‘.x :
f,,, w1 aexerco .
Since there are k(k-l) links in a cowplete repllca:ion, ve will -
conltruct H(k+1) base complete replications. Fi' such that each of the .

B(k-l)k valuos of 51 or each of thc ( )k values of E occurs once and once_

only 1n a block o{ those base complete repl!cations - A value l say.l

- -atd to occur 1n a block B if t - a(i . j’) £or a pair of distinct elements

1 x® j vhich are 11nked 1n B'-similarly, xy occuts in B 1f l .- 6(1 » 3 9

~ * - '. B B . . -




B different. :
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for ordered pair of elements (;x, 3,) which- are iInked'in B;.
. | ) B - ‘. - ' k ) - -
For'l <1 < 4(k-1), let Fi = U {B 1. where B - {(0 ).
¢uU {1 Dk. Then in these Y(k- ks; ' c E,,
(351 | jp+1 k. Theh in these 3(t‘l)k_blotks, each olepent of-33c.—52.

!

. where E3‘ ?l{1i§ £'l f_t < k-1, 1 < x é“yo:_k}i; Gooors_onco.and[oocezonly;'
Lo \ - . . - A
" Let Fh(k+1) ;:i [B } where |
ll ' H(E'l) ‘ﬂ o -&; o -" e
- {( (p-l) 2 | { (p - } + J) LL (p 1) ny.
- n | ‘ j-l . . S .

Ly sy . . B

.‘Thoh,‘lo.thesé k blocks.-eooh elemént of,fE;_g nzl A zz'uhg,e :_"; : . .f ',;'

E, = 'Ellq_{t!i:f t;P’O;'loj.;.é y :_k%?;'oozﬁto]ooce and once only.
- ' '0' )
It i- eaay to verify that. by applving the permutation A on the _
~\
':eleaents of theae'B(k+1) base complete replicatlons rcpeatedly. one obtainz

T mmdee - e -

Bk(k+l) couplete replications uhich form a RBBD (k k 1 1) jas requi*ed.
. The pernutatlon A s 1n fact ln autoaorphism of the: c%pstructed desigd._‘ A

Al the conltruction of a RBBD (v, k l. k ) is similar to. the one ' _ ;

t

obove, fton aow on. only the autonorphisa A and-t set of baae complete o

"replicntsons vill be given 1n the proofn unless the procedures are R

Slnllar to Lemnl 3. 8 ve also have B : .'_ -" ; '117'_, i‘-"

3 9.. A RBBD (v k l. 1) exists for A even aod v .= kq whero
.q irla poti ive integer e ' " - l
‘.. oof;‘, Since k can be e:pressed as k :-'E k[k(kq 2. l)lk + x] + k :»?,
."Hhere (kq 2‘- l)IE' is an 1nteger for q > 2 hence V- kq satisfies the _ AR

.nece,,.,, conditipn (11) or (Ig) of Lenna 3 7 for q = lorq> z'f, _,- - -;.;-‘;;

. - . L g . - . . o - ' . . . - .
.- I X . . L \ . o . . . - A
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I
A RBBD (k k,2;1) uill be constructed nlkce the existence of such

2 design. together vith Theorezs 3.3 and 3 & would prove the statemen:

of the lemesa. :_1 S o . ‘{L_ - o ,f= R \
o For b = y= k - r.'a complete replication uould consist of jpst
R _ k-1 .
. one block. Consider. a bas'e block B, - {(0). (Y {j})l and a. cyclic
. : i=1

Xutouorphlsn C= (0 f’z_... k-l). it 1s easy to see that k blocks can be ‘
- ‘f
3 obtnined by applylng C on Bl tepeatedly. hence a cyclic RBBD (k k 2; 1} exists.

-

He vill prove thet the necessary condition (II) of Lemma 3. 7 18 -

 |1:0 3u£f1cfen: in
Le-na 3'10 Let k be'odd.' A RBBDn(v'k 1?1).exists'for_k " qx

- ubere q. is a positive 1n¥eget and v, k(mod 2 E' k) nhece- -

—5 - k Ix. x - (k ) ‘and x- is even.

. f’ Prqof. Again due to Theorcm 3 3. we need to consider only the case .

'-;vhcre 1 - X. Let v - ZF' k t +- k where t > 1. since the case vhere t - 0

, hns been proved {n Lennm 3 9. We have r = k(kt + kx) and the number of '

: 'blocks ia each couplete replica:ion 1s z e ZE' t+ 1.

1', Let A be 2 peruuta:ron of degree v kz, that 15,

u

oA (0 II'...(k 1) ) (02 12 v (k 1) )_f'f'(oe 1z e (k*l) ) As-in-the

uproof of Leuma 3 9 a RBBD (Ez k x; 1) exists if kt +- Yx = t %xz base

-

'co-p}e:e replicecions uich respcct to.A can be construcced such that. each

r'-_vnlue of ET - (l 1< L < k(k'l) 1< f < 2} °f °f

" ‘- (1? o < s k-1, 1 < f.< 3 <z} occurs x times in che blocks of
< R R o - . . _'

7 the-e bqee conple:e replicotions. _.-7' I.;Q*

)

v

o oamea
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. _ 82" "
- __" ’
kY ° Te ' c. : ) ' . - I .-
. ‘ . . . ‘ S - s
- : - ea 2 e s

Hhel’_e,n‘“ - (OJ.)—I'I.Sd : : E : ,. _.-. o 7. . .? . - . N . "-f

“For 1 = 1,2,-.., t, let F, = LJ {B 5 be'baseaqthIECe replications, .

. ‘
k S : . D b
. e - L

' ,"__( R (Zkzv - 21:2 + q) [ u(2k2w - kz + q) RS b3
wligel f SL 0 koK e T tk2+1k2 k2+j+q

s

wieom
.

for ench j -1, 2.....: and all the subscripts tte taken modulo z. For all

f ordq;ed pairu (f, g) uhere 1 < fef g < z, define P to be p = g-f (mod E )

‘_<;ﬁd‘p > O Iet__'~' S 7 o

a0 (0 mznusz b U @R Y Y,

3 a0 1<f<g<z , Clefegez o0 TR
1ep-t f<:': | gEzflf_.gffgzr._Ei' ' " '

. :hep E3¢, Ez. -and each value of E3 occurs tvice in_ the blocke Fi S

1 i.i i.‘;

H! nov consider thc construc:ion of the other sz base complete

1

?‘pli.F-'t*°°' th+[. - u 1Bt+nz+i j} "heré L1 2'""2 and L
m e 0l e, Y=l - i . ~ o e -
ST kL, : |

 fet’ : 11 +.m, th each_value of
Let: chu ¢ “{(o ). (qt_Jl {qim for all t,m, then

r

E1 OCCuta 2. B: tinea in these Ixz blocks..  éj. _'_ : *;~ - °“'_f; ST

c ) : N

F°; J-=1 2,...,&(:-1), let €= ot { - j , 1 + j} and S .

g - max " i 3 ‘ L+j} where e -13 i-J, 1*3 are ynken nodulo npﬂ d}¢‘:“; .

-

'gren.er han zcro. nlao, 2ot

-
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’ ;I R o : .
. L . - - s
. E) j 'i‘; ;
"-\ " 2-1? +p it‘ '1‘< & - f < tE‘z S ;
L ' ‘yt . - 3 7 L RN
| z-k‘ +‘E’ _ rci'zwx'gs-_'-.nzci‘z
_ md P “‘“’-h "11“" givcn above.-'_ ﬁcr’efbre.:-,for 1 - 1 .'2,..;._;,' | _-
n - 0 1.....‘_‘:;:-1 and j = llh...., ‘s(z-l), if we let
- ;‘ S ‘: ‘ _”'.;'; . o n
o B e+ . {‘0 )- ¢ {0&}’ : e a ) ) }. '
Voo “ oL L Lo q\c Q
. t s - - oB.ﬂ .
: - ‘
- T L2y e ‘ o o

"‘-_vhcre y' ‘l dep ndenr. on (’g and n and 13 the elenent 1n {1, 2..... k Y ‘

whlch doeu not belong to Qf ' then fn these %xz(z-l) block.s each value
L of EJ occurs x-—2 tinen and each value of Ez - £3 occurs x times. Thus
P -‘;‘ g ’ o " ) - | . - .- “ .
- :he proof !: goupletc.._- S : '_;’! o e

Y R R ) .
S . .'n'.e neceuary condition (IV) 1n Lenna 3. 7 is also sufficieht, ,as

lbpwﬁin'— S S . ’_,‘ :
: ) ) ) " ‘ fo. ,". ’ .- -_ & . L .
l—:-a"‘ l_l 3 11. A RBBD (y.k X 1) ezists for v ; k(nod Yk) and R
x - 2q:|: vhere Y - k Ix | X =, (k .A) lnd q !,s a poair.ive 1ntcger '
.' PO Proof. In‘vicv of Theoren 3 3 we' need to tonsidet only the case.
th.te PR 2:. Let v ‘- kz k t + k - kz. ).rhete t is an integer > 1 and
‘g - tzt + 1‘ tha cau vhere t.=0 hs been proVed in Lema ,3 9.' '.[he to:al
o nulbet\ o[ conplete repllcntions is T = k(kt + x) and the number of blocks .
s 5‘-— h . T l N .._ .o S L‘i :
ln e:ch couplete replication 18 z. -ﬁ:r'._i e, . A
- Thn procedure is s:lmtlar to that in the proof of Lema310 o 1/ :
-~ . A - A S -
\‘: . o - . L . N - ", ' ;l : .
- [o° o | 4

. )
-



. co-pletc replicntlons uhl;h are base relativc to A -¢an be constructed ‘

N ,.uch that each value of\-

T & : -2
.vhe.r’e‘B“-(_O}and—B = (v u 1(\:; --E +q¥&. -E +§+q})' all

occurl &wice in the’ bloﬁ?s of F » 1% 1.1 tQ[‘ :"u‘_ S "

Y R . 64 .

v

_L‘e‘c A Be‘a-pern_.ltlt_idn of degree v, A_- (o l... (k 1) )(o i ...(k—Z)z)._-

...(0 1 ;:;(k°1) ) A RBBD (kz. » -x.‘h) exlsts if kr +x - zx +t

=

"3 »

21 - {Lt.' 1 < - < [kk], 1 <f < :} or of
"E, = {ifs"'o <'i <'w-1 . 1 < f < g < z} occurs 2x tinés-in Ehe.blocks_‘

of’ these base conplete replications. )
. z -

For 1 - 1 2. ...t. let F -y {3 j}'be baﬁe.coﬁpleté-replications;
j-l )
x E : -

4 “-. 1] ‘ H'-l q-l

7_:he subscripta lre taken uodulo z- For a11 ordered pairs (f,g). uhere ‘ L

.1<f<g<¢.def1nep-g-f(mdr{)aaap>o ‘Lé:

-~
b

. . . ‘ 'x-l - ] . : 7 -. ‘ . Lo ‘ ‘ ) -
E = v v {(=k,*+p). } then E_¢ E; §0d each value of E.
1”7 e mKa¥P) g} then ByC Bye Afc each £

- 1<f<g<z m=0 : o : : =

\A

The construction of the othcr zx base tomplete teplications

1.:-? ' o< .( x-l 1 < i < a, will- be dlvxded into two cases:

' t'nz'i'

.(!) z 1: odd. then 4 1a even (pince t being\gg:}i:plies that z 13

'.:tven. itrelpective ‘of vhether k 1: even or odd) For 1 _2,...,:. T
- : k2 *ﬂq/
- 1 2 ..
, :-0.1.....:llet5 +11 l(O)md Bthnz+ii (q\:l { i}')..t_he‘n

&y

. are grea:er than zera.a

" each viiueldf Ei occurs 2: tincl in these xz blocks except .hat when .k is

even, thcn k/2. occurl x tines . . S

»

} ror eachj -1, z. - Ls(z--l). et f = min _f i-3-, 1+1} and

g - Mx {’ 1_j v 1‘,-1) I H’hcfﬂ .lo;}nﬂ,ta f -5, l’j are tlkeﬂ DOdUlO % ﬂnd

f

L.




‘ N ‘

. . ‘ . , v . i . . _ —

j3A1so let Qg0 ™ heZiees k) = (@6, 4+ p) vhere 0<m < x-l and
: : . b . L ‘

v L L

P as deflned above.

S P (S TR L B CR A
| . , _ L Qf.g.h -
3 o o ky L '
‘:hms-{((niwn.(u{qf})) Y
Q. q-l : S -

+

‘It is easy to check that in these blocks each value of ‘E. - E,

_ 2 "3 .

ocﬁurl 2x tioes and each value of E3- occurs Zi'— 2 1ime§. o L : A--‘ '
(11) =z is even;‘then let B:+nz+1 5 -{ (0 )i (U, {qj} )}for 1,

j_-',l v 2, ...z’nndu-OI .'... xllnd Ft-‘nz+i-jul{8t+‘.'nz+ij S

The other base- couplete replications are similar to the ones 1n
ctase (1) _ For cach j - l.ﬁ.l.., H(z-Z) let f = min [1- j R 1+j} and
g = max { 1= j . 1+j,- uhere i j , 14§ satisfv t.he same conditions as they

{1.2...':.7.' x ,‘-‘-(:::E‘ + pt s  in case (i).

"did 1n case’ (1). lgaln Q .g.h " Al et X2 P » in case (2 -

,3‘0\! fo:}_-'l.' 1.;"':l.z-1." 12: : . . _ "
R Bamﬂﬂ MEICRIUR SV Lé' . {0},
Btﬂz+1+1 w e ((ﬂrz"?) H ( \Jl {qu} )y ) | .‘
o A

C el . - . - . -
-

'.vhero we hdve..eif‘pr uz-'-inli' Avl.vsmnx it,¥} “or v—l‘ z(mod' =), y>0 or us= !' \rg

. . . A
r'c* a‘l ('-2.)/._ or:irrnd roira ‘f.r), ('5' is rasy %o ch'cr t' * tHese zX. bnse Com“le"‘

. ons satin[v the required condltions and hence the proof is compler.e..
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. . o
*OAlLL _th'u_RBBD's '(v,'k‘..‘.\ : 1) which have been consirﬁctéd are 'l‘i.sted
below.
X ‘ - : . 2q. :
(1) x odd, 2 »land v =k ', g > 1, .
L 1D kodd, b s px, p>land v : k (mod :'.c'-zk/x)‘
_(3.9)-4, . - - ‘where.x is even and xlk,, -
4 ] " . . . -
S .'.(lt.l) K odd, 1 = px, p - 1 and vek3, q » 1 .
| kuh-ore‘, x 1-5 'pd.d.a.nd-x_!lrcz‘: x> 1, L ‘
L(IV) A = p2x, p > 1 and v - _k_(::‘od'k'zk./-x) where 'xl_kz. )
: T . , o .
) - - } . ) L. - o - . .
‘Wote that v = %% sazisfies the necessary 'qondlt%oh of (II1) im B
R S Lo T e
Lemmi 3.7 slnce S
' ek . . | L T
o : - b S - . ‘ .
et .= k(217 - D/, 4 x) * K .o |
X | 2q-2 . L ageY Tageh : o , .
Todnere xk (K57 T 2C1) /R, + x 7 oxk(k, T SV I Y which is
always odd. K IR ) X R
- Therefore we obtaln phc" f"blio‘-rlng'-
Theares 3.12. A neceﬁs.u'-}".‘md Vs:uf_fic‘i‘cnt' condition for.'_t.l.xc existence
. ‘Inf.' .1":-(.5'5‘{) (‘v'.. K, V3 1) where ko is evén’_ iy :
B v ¢ ko (mod kk/x) and X 0 (a0d my- o
el - |
r.v.\.crc‘lxl 2 po oo e R ‘ :
- At N




.‘b W ) ’ . Q., ’ . ‘.l‘.
o §3ﬁ3‘ Rcs;lvable Balanced Bipq;tité Desigﬁsrwith\Small'i'_ -

K

) chF ﬁl - 1;_k 7:3; Lemma l.?iscqfcs_that the neccssnry'coﬁdltion -
‘ot the exlé;encc.of.a RBBD (v;l.l: 1} is ‘
- B S - e
(1) v 7 9 (=ed 12) for & > 1 )
. ' (Il):xv : 3‘(m08.6) “for % 0 {mod 2)—. . o
(111) v = 0 (=od 3) for v 10 (mod A)
F] . . . . 3 . . . ‘___,‘ . . 1
, I:iuhé prgvé& in fZSI‘tth condition (1) is nlso'ﬁﬁfftcich;.l
.?égé:hnr~unth rhe‘remui:slia (3.9) ;. we have o o
_ Theorem 3.13. ‘A necessary ‘and sufficicnt condition for the
T inﬂ;cnce of_a'RHHD (v.325 1) 1s- . i
.V.Z'g (nod 12) for k_:.1 (ﬁod 2) ;
v 73 (mod 6) for A ¥ 2 fzod 4)
. o \jv <0 (sod 3)ifor”‘\-£ 0 }modlb).

We hou_cohs]dcr_thé case.vhere kl.--zvund k‘:_s.: EqQatﬁonsf(B.}¥.~ :
Cand (1-llh£aply‘rhhﬂ‘{6}~k, - k-2, we .get
(3,16) R DEEYIRER | .(ncd k, + 2)_ . /J h _ .
1f 1.-”1;'tth fthe vquations become .
e . Ty . . [ . - .
‘ &? e ? : b Inbd k"+ 2)
(3.1 T kg T .
I.v,. }'(:O (Lﬁiu.k2+2) . h : S

.

and wc have
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: . -r - R L ) ) - .
- Lemesa Y.14. If there exists a'RBED tv.k.l{ 2), then
NoE Nk, G, 4 2) 0 (med Bk, 4 2)) for'k = 0 (20d 8),

S4k, x + 1 (med 1k, where X 43 an‘fnteger 0 < x <k, 1

“2

such that Siox + 1 0 (zed ) for K odd.

anﬁf,‘ I{ k 15 even, then v is even gé well by‘(J;li). Let

.

'?2;-.59f.;h¥n v i L (:5d_éu) uhich,implics.:haf v is odd: a contradiction, -
.15; k ;‘Au’& 2;_th;n'the {er”“WE.CCméiﬂ Jivisor.in (Bfllj beéomeé . E
w{4u + 2. us+ 1). ;nwru‘(mu + f. u + 1) = 1 ii ﬁ 15 even and in ;Bat case. '
R (:ud 4u + 2). LHAL is V. 1% odd uhich is a contradtution How lct g‘ )
"'h bu odd. tan v 1 (= od .u + i) acd’ v-- 0 (mod hu + qlr Let _
{2u 4 l)x «'1 (:od Adu 4 B)(2u o+ 1)) where 0 < x '<.4u + 3 such that " 1'
;L {:Q +715xl+ 1 .0’ (:o B+ ). - Constder. s~ ((2u + 1x + 1}/*(°;+ 1y ..  ?\ -
.¥hcr¢>6l38‘$du; % is Jn-iﬁlv ReT 1~p11rs Lh1t X must be odd HencL.loth o
x = g 1 Ln;r;-h;f q L-2u + 1 thcn - . | . -
. Li; s 1(2g 4 e L (ﬂ}: 1) g+tu+l. -';uc see that q must be eveni ..
* alu +.1) TR g+ 1Y T
'!urfhcraorh*.(u 4+ 1\ (-u + 1) iﬁﬂ}ion (u + l)lq. that is q = u + 1 and
x - u o+ 3 Hence. tae rz;é,amry Lcnditlon uhcn k - 0 (mcd B) is ,VT; !
v (2w + 1)(1u~+ 3} + 1 (aed Sy n(m + 1)) uhich 15' '
et bk (4ky #02) +1 " (zod Lk; (k + 2)) . K | LR .' -‘.
& ia odd lﬂon v_i 1 (uod 4k ) ‘ Lct v = &kzx +1 (mud *k (ﬂ +. 2))
whc*c 0 <x - kz + 1 such that Gix, +.1 7 o (zod k, +. 2) HE“CL the. . L.
-qtutcmunt s proved. "1; ‘;_';:' . E ' )
- ' - ) 1..[*-~




L= 2and i =1, that is, k, = 3.
. Ltﬂéﬂ'j-iﬂ ltates_that Q Erl’x +‘l (eod 60) uheéelo ; x < A suchlnhéc.

Consider the ‘simplest caae vith k

i

i2x + 1.z 0 (mod 5). Hence x = 2.and the necessaxv condition for the -
‘exiltence o{‘a RBBD (V.S.l; .) is v : 25 ‘(mod 60) ‘We have.

. Lenna 3. 15. Therefexiets a RBBD (25,5;%; 2)-£ot-l‘3.l;-_
f‘; Proof. Let i = 1, then r » 10. ‘Let Abe a permutation where

a. Yeiaiea (0L

A - (o llcl.A )(0 2..- 2 S lsv.-As). - - ;..
. Rt 5 o2 ‘ PO .
- §wo -complete replicatlon_s.}‘i =\ Bij}" i=1,2 are constfucted below.
. . - : j"l E _ ) .,

'Let‘hlj'f (o, 2j+&) J+1. it j+1)} and

B2 {((j D)., . (J+1)j+i. (j+1)j+3)} for 3 = 1, 20045

. (3+1) ) +2

)y (3 ) ) ((j )J

~ and a 11 the 1ntegers are tnken modulo 5 and the valye j should be replaced
by Js | ..7‘ . '.é"—. _: ‘l ;.r. -' | : N . . . 7- .‘ . o /‘_.—‘_‘ -‘ l-:_

'4

' lt 1: easy to check that ;hese two complete replications are actualLy

.base coﬂplete replicatlons of the design with respect to. A. o

.b'

Ue nov consiﬁer the -case uhere ki - ﬁz =n.> 1. that is'n = Bk and

Uk s even. Leoma’ 3 2 states that the necessary condition for the existence -

‘of s nnnn ~, Zn A3 n) 1; vz o (aod ). uith (3 o (mod n).

Take the -inplest case, that 13. o= l. It 1s uell-knoun that in

s
-~

thi. cale. the neccssaty condltlon is also’ sufficlent. hence we have '_ -j '{f

~

uon S

-

Thenreu 3 16. A‘ﬁﬁBD'(v,Z,i; 1) eilstd.fgr“ell iiz,O'(eod'Z} andl-'

o~




[

v

Proof.  let A.= 1 and v = 2t and the ‘cleménts be \

J=Y LIJO 1,....~t—" Let the v = ’: 1 Lomplcte #Eplications be dcnotcd

R - .
by F,.= v (B}, 1cicx 2:-1; uhurc B T 1(1-] l), (i+j -1)} Tor
RN =rZ T My
jo=1,2,..0.,t=1 and Be ™ {(5):-(1-1)‘ -each'elcment L§ takcn-modulo
-1, Agn!n th‘ proof s coap[elc when - Thuorc: 3. 3 15 used e :f‘ TRt
. | '~!‘br'n._.~_ 1, we 5.,&1 c‘sc follou!ng
 //‘:. I N o . .
S Theoren 317, Let k= kymon > S P 14 thcre extsts a RBBD o .
‘ . e e . 2 : - e

-;(v,id,\:‘n)fuhcré v = 2nt and v = ns, s.i'l then the;e exists a PBBE#

L

{v.2n,31 n) where v Q‘2nqL q > 1 qnd"k¢§;pn5j'p.>:l. ‘

Prqgi.. Lef k 1 - n.> 1, 'T,-'n. tﬁen r = v-l.’ Ve, Ulli prove'

Cthat if 2 RBBD ( nt. Zn; n. n) cxiqts, thvﬂ a RBJD (J Zn n; n), uherc'.‘.

[}

;- 2n~t; Ca 1. exists b iﬂQUullOﬂ, Lho rest of th; sta:uncnt follows‘ I
- 2a3t, Q7 v .

.ulntly R A _ L
"i lt R L= obviouq that the exi:Lcnrc of’ a de 1gn with 2nt.gle§¢ncs

Ci=plies the uxlstcncc of - a deulpn with 2nqt. elements ﬁhun q = 1; assume

':ﬂqc {t.gﬁ.also rruc‘{hr,nllvq . ql,,.L béu progc_thét 1:‘£§‘tfu§7for%

3 ;.Q{ + 1 .as wcLl. ) L - A .

]

[,

'(ﬁj I£ q - q1 + 1 {s even, say q = 2x._taae yuo cupiuq of.a
"“Bﬁ (’nxt ,Zn. n.‘n) uhich cxtqte. dLnotc them by D and DZ' wc uill
‘nqatruct a RBBD (qqxt 2n n;n), say D. ,Un; a caﬂplctc ruplicncion in D

unn1¢qt of a couwlcte rcpllcation in Dl and one ln D . Hencu. blngc each S

o:plctc rcgllcation of Dl or 02

) Y .

can appcdr in only e Lomple:c replication o

' ur D tthL nre ant - 1. co«plutc rcplications in, D conqcruc:ed this way. “f

v ot

: "utthcrnore. nch pair of e12ﬂoncq h}longlng to thc samc Di { =1 9r:2 are

. ' .
Soee . -

!inkcd n cincq._




- . - - . . . . P

i Paftitton the clcncnbsrof.DL; 1‘é‘l'or ﬁ into 2xt subsets of n

elboents c;ch, répré§ont-thé subse;s-h?'si v i'l,a....;'Zxﬁ; Let "

;nxt ;qulctc-roplica;?hns-{n.p:bq denoted by.Fi = v {B, .} ,- e
: SR S o =l ‘1,m‘ '
S f - i.l,.;..i t, where fof'LQZ.Zfi 2xt B = { (S .
I8 . I:‘x. » SR r . .. Bl,m A (Sl,m)' (52 1*111"1)} *
and the subse L tagen modu ‘2. . | - ‘
) f | the subscrip sfare ax ﬁ odulo 2xt Let F-xtz i Fi_fo;.

- I.i..,.;Ext'and FJ ﬁfi;Z;f... n-l. ‘Heace there nre'ant‘Coﬁplcté

e

replications, {n’whose blocks, an% two elements, one fron Dl and the other

i N O _ . T e
~{ron Dy, are linked notimes. The total nmmber of complete replications
v ’ s . ) : .

EECIETE AT BE IR U N
. . . N \ .

'(ii’ If q - ql'+ 1 1y cdd,rgAy q ;*éx + 1, the Lo*-Lructiou of a

A

'-»1P ( ut(’x+l}, 2n.. n),D is "1millt tu th1{ in CGHL (l) Tdke 2x + 1

-r\aios Df Wi l;f:....,x + L,'or a RHHD (Znt 2n,n; n) which exlsts.‘ Aga;ﬁ;-
s . - » / . ’

T Znﬁ_- l'ccnpiiie rrplig1tzons iq PJLh D togechor form‘Znt - 1 complctéf
. 1 ) ; -r

repitications In D in uthx hlﬂckq p1qu of elcﬂchS fron the a1ﬁL D

_— -
., A

are linkcd'p.ti§e§;° . . S . - T T

;.~'3rci:fun the olczch:ﬁ nf,D' L'i;i':!Zx +,1'intu_2;-subscts of n

'_‘ ‘
-

';"c-cﬁtq cath nﬂd dCﬂﬂtL then hy S. j' j '»1,-,....2t.
p Cowq dpr a ﬁLt q. 2(“:*1) Llc-cnt M= {m : m=l, 2 i - 1 2.....

S lx +'I}.: Th(Oth 3 16~1~plicn lhdt a RBBD (&x+ 2, 1 l) inqtq with &x * 1

. 2x +1 S
"zﬁpidﬁé geplicqt!ons_yhlch er écﬂﬂtud EE_P; B Tik{ 1 {Fg,i}'
o 1.2;.:}.4x41} Hithout 1053 of Puﬂcrﬂlityv let. BA +1 N 1(1'):&(2')¥; ,}-
S -~ -mb - .
e 102,00 2%+ B} 1ssoci1t1ng U 3, j.”1Ch chh clcment mi c_H,
: j(nl)t-ﬁ—l ' .

- . e _
e c1n construct € cnnplctc rcplicatlons Fp 0 i'frl;Z;.L.EE in D whichPat?
* [ . . .

. . A ) . -
. . . .

v

v
]
3
Y K
fmoe
3’."‘“' .
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_alaocietedjvi;h each_Ffb. 1< p A: as follous
- 'Feg:t'- 1;1,:..,2: +-1; let Bp L c‘F‘p be denoced by :

B ,‘L _ {(”;:.: (.gf':)}- .where Z_, ﬁ';' e M and‘ns. + m s".'.-". Then for

‘ : o Zx+1‘1 t ‘

' '_1 .- 1,2,0.4, t. -lr:t F - U U{B

p?i' 13 uhere _

:.1-1 j-l '“'1 N

'Bp.l.i ) .; (s 31-1)t+j)‘ (S ' (m l)t+j+1 1)} a“d (m'1)9+1 18’ equal to-'

'posixive lnteger uodulo ot and (n -1)t+j+1 -1 is equaL to positive integer -

.”nodulo 2 t.except uhen n'=2 end(m -l)t*j-x-l)Zt then xt L.} j*l-l

~In :heee &xt conplete replications Fp i § -'-”

-1 --1.2;.;-.:. an . element of Dy -and. an. element of D uher 1y'¢ z are ..

7-11nked once and once only. Iherefore._if each of these complete replications
are repeated n-1 more tines. then A =n 15 satisfied and the total number

'of coaplete replications constructed in D is (Znt - 1) + n&xt‘- ), vhich 13

f‘the nunber ) should have. Hence the proof 1s canplete.' ". Y

He ere 1nterested :o find ouc uhether a RBBD' (2n.2n n; n) exists
'for all n > 1. ulnce. 1n vieu of Theorem 3 17, its. existence 1mplies :hat

- the necbssarv condition is nlso sufflcient for the existence of a RBBD

s I

(Znt n nq n) uherc t nnd q are Qosittve 1ntegers Furthermore. in‘a'
RBBD (Zn 2n n:n), a coeple:e rcpllcatiﬂn consis:s of 1ust one block hence_‘!

a’ RBBD (2n 2n n; n) exiets f a.BBD (2n, 2n n n) extsts. Hence Thearee 2. 16-,
o : R ;e L .
1‘Pi1¢'; ' j - o
‘ ' Theoren 3.18. A heces"ary and sufficien: cbnditibn-for the

- cilstence of a RBBD (v,a,.,.) 15 v D (eod 4y ‘and x 0 (mod 2)

z

.:?7 o conslder the. casé uhcre n i 1 {(mod ,) e could generalize part of
.“-_. . . . -7

: the eroof {n Lenna 2. 28 to prove o

1 q




Lerea 3.19. Let k) =k, = n 1 (cod 2). A RBBD (2n,2m,1; n)

S s nut,é;isi for \'?_n'(ﬁod 2n).

'”;, fPrnnf. ‘Lot Vo n(2 5 f-l). hbncc 5 is odd nnd‘B-?_f = t25+1)(2n~1);' -

Avsuge that a rcsnlvable dcsipn with these parameters exists. Censider L
‘ ’ . : ‘ o

'J‘thrcv_lrb!:rlr" elc ents X, v-and z. Without loss of generality, let
. . \ ) . ' . - . '
B f . 1.;.}.1 be ;hc follcuinz faur-scts of ‘blocks: . o . RS

:

caLL"§B:xJ:x Bd‘ytﬁn} . Uz-.Uh-xu B, ¥,2 £.B7} . L
A N S . : .

-

Uy 1B xuya ¢ B, U m (B xy B, 20 B /\\ s

ﬂvnqiﬁﬁg;lui}fﬁ.ui wd:hqvg,pbyiodsly{ur.+ju2_=;l':ﬁnﬁ'u17+”u2 +lu3 * 9;.: b.
pay e beth x Jnd‘y‘chét‘bé linked to z in'Arﬁloékﬁ.'we.gcc '
o+, """"z +u, :».".-hich‘ismpues -c-h.ir upn = 172, 4 consraddEEid,

r . - )
S Lo S x
telice such a rn.ol 1%10 desipn does not cxiqt.. I . -~ o

Hn'."evér, 1n ‘th’c ;u@ vhere n = 3 we rocall It.rr'na 2.28 uhldi qtateq

k

tiht-A 28D (b b,..3}4ctist5 {f and onlv 1E ) ¢ 0 (mad'ﬁ)..thcr

-~

c‘orci‘the

utgtc-cnt of the following theorum ia wroved when Thenren 3 17 s
24ﬁp}1ed;

”OVI-K ncceﬁsdrw and suftflclient condition for -the

L ]

s?ﬁodrvd

v ‘F6(lLLan Of a RHBD (V 6 l-3) 15 o 'f ’ l} | ':5‘. o

, v\ 0(.w>dh).v-6t’or1l. O(rod 3)

O(mod 6) furl.?ﬂ)(mod 6) e

-

Proof. Lct \ - J nnd v.- 1 thcn v~ 11 and. th("rc_n’lrt_ t:wo blocks B .

.0
.-

in nmch ruﬂpletc roplicat{oqu. Lct the thcch cleruhts be- dcnotcd by

{m} v {0,1;..., d} and lot A - (m)(Ol....lO) he 2 ermutation. Thg.

.-ﬁyﬁﬁglété’réplltﬁtion F._-.‘B1 U BZ' where

S B o 3 St e . T “ :
. - E ot R [ . . .- - o s - . . i
? R . . .. o T ’ . Lo i



_ 31 - f{“.Q{T); (3.6,91, "" 3(0.1 (5, 8 10) is:acguaily a‘base

(\MPILCQ rmplicxtion relattve to A.. chce a RBBD (12,6, 3?3) cxlsts and =~

~

'\ﬂﬁqequcntlv a RBRD (v 6,3 3) ox[ats for all ¥.: 0 (nod l°).and 1 T 0

('“l‘d})- - '_ . .‘ ) L 0 R '.’ . ‘l.. -

Clet v -‘lif.+ 6 I l )_ ".3' tﬁcn'f = 12t ¥'5l- Let the
t+6 ulcwcﬁtq be (=) {0, ....,(1’t+u}1 1nd 1et A = (W)(Ol...(12t+&)) -ﬁ'
- ' ’t+1 : .

be a.por:utnrlnq. Let F = LJ Bt be a- basg ccmplgtc rcplication utth

RN f‘l* , U - I

N .-?-(_('),1.';);"‘('_31.‘-'u_+3.' v-_aiﬂ))_‘.-s vy {'(0.1.,25: o1, 3143, v-31-2)}

d

T far i odd »1"(1 'é 7:'—3 and By o5 o= ((o 1,~) (6e-3, ot 6r.+.3)}

3,; - (. 1 3 (sn-ﬁ. ey u@+10)} ((w,1.2): (6t+l 6u42; ec+3)} S

=
°c+l

- lece a RERD (v 6.1 3 ctists for v - 6 (mod 12), v > "6, and X" o (mod 3).

Yience thn firﬂt HCICC“JHF 3 BRI SR -
* . . - ¥hen o u. we rut tbc !ollo in thcorcm~éﬂﬁlly by constructing a

?SSDJ(B,B;&:a) nnd thcn app;ji Theoren - 3 l?

Throrc: 3. 21 - A ncécushr&‘and sufficlcnt'cqnditton for the

\ri.L‘ﬁcc of a: RBBD (v 3 1'4) is . '
, v 0 (:ad 3) and - \ ! 0‘("od 4) | -. o E i
Prﬁof. 'Lct v = B and l w4 ard let A - ( )(01’}..6) be a o

' ! ) . - . . \ - . ." -
" perautation on ghe clgh: clc-.:cnt‘s. thcﬂ T 7 et B (B be a base .- e

Jtion relatlvc Lo a uthL B'= f(v 0,1, 3). ( 5,5;6)}':..

'j .tmplvtn rcplic

bvn we th a. RB%D (3 3.3:5),”h¢ nAis applied to B six .times, .

T ' ' e . - "“
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- GMAPTER IV: Xalanced Tripartite Designs ;
T - .4}ﬁ:i;.'E{gzcntggy‘geintiohs.‘
A . 'rIL ' . S : : , ) .
A hlﬂu& B in tl;a cHtwtor 15 denated bv B = {B B B } , that {sa;
. o n o T
5 . 2.-_

bsets Bl B and : S

. _% i« n'-Lt of k ol‘ucnta vhich nre dlvided 1nto thrce su
) . " ‘ . .
; ? with ruspcctlycly;kl.'k, and k] elgmentqunudgflﬁ¥_k2 f;k3-= k.”i

rheat lnsq or generali:\, let 1« '1 “ k k3. Two clu"cﬂts of B are

1‘d o Ho linkvd ln B lf and onlv lf they bglonv tn{Qﬂffgant subs ets.

Zence the clc nnts n;_a bleV corrgspond to thn vcrt{;cs of a Lnnplete . L .

Lfipa{fi;c graph k .o - . .
AP unnlégucfpf"ncflnition 1,3 ié ns-baioﬁ. ' R : . Coe

A
L

T "D}F f:ihq 4. 1 B A Ntlawced tr:pmr&%LL dcsl ((bri fly BFD) wlch
(. ! - - o ﬁ--.'
arameler ra hov,r,k, 2, Kl kz and k-. with k + k + 43 = k. is aa nrrungcﬂunt
\Iorfs *uch thlt c1ch block Cuntaius L dlstinct

v Llorcnts ihto b
v lome ats, each ule:wr.L uu:urq th cxﬂctl} r blmk“' ﬂ“d any two ‘“"Li"':t o

“‘wtu are l'nxcd in exa»tl) A blocke. ‘ o o , § ' .

.lﬂ thg rnwu uhcru ‘1 r‘k 'y ﬁ3, thu ChfLL aubse ts of a hlock 1n a'

j = l.h,3 “1na block B, h

wTh nrc iﬂ fact the qimilarit LI]\RCS gsj
‘ 5 wh[ch are: ‘linked 'to an 1rbitrnry cleant of Lla qf?

. 7.-.“‘ whe F Il,_;J,'.-‘L*t rl bc ch; nunbcr of
+ 5q? Jerc \p q i Sl . .}. o ij. _“;
)u'ln.uhlch'thc éicmcnt x bclungq to thL c;ass'fj B },2,3,:thcn he.i :  .

T,
. T
S

net. T S i S
. ‘ ° : -~ ) . L ,_ . . . . . . N . . - . . » . -
. . : . .

~}
ey
»

.
.
Y J—




r et wr, +r.
s x - 1lx 2x

e

S b I
RN -(k+k)-"+."r

f

’ :vhcre e is th nunber of links in a block and g is the number of elements )

) uhich are lgnked to the elenen: x. .

«

6.1 1 e Kk, 4K K,
( .)‘ | e .k 4+ k.k, + ?3kl

R

(k

e

) + r

'a'

LJ The equalitien Cl 2)~- (1. &) now become o

_ T .
(4.2) bk, { v:\.f" RERR ::

o

(4.3) ,ai() b(kk +kk +kk,)

) 3 1

ca.&)- - l(v-—l) ,- Ty ),+ r, “‘3*.“' )’; v,
. .. }‘ .v‘,
Thcrefore ve get. from (& 3) and (4. 2), :hat_’f
: | . W(v-l) 2 xv(v—n :
' (A-S) b - - - .
L _.‘2'(k1k2 “' k2k3 + k3k1) . ‘Ze‘ |
TR .:-'-Jk(v - Cxk(v-l) |
(4.6) " ¢ = - Nelyol).
_-Z(k o, + ksz +k kl i ze
AJ;Q-~ff6ﬁ-(5-1). ﬁc.okcain o ':.
'f_} _ _ "l(v-l).-'r(kl+gz) - 1, (ky=ky)
SLCTEP RV ST -

- . K, - k.

-_Ue get tuo conclusions from thcse equalitie

(Vlk.l k, .k ) uherc only five parametcrs are need

1.

7secondly, rj

'”therefore a BTD {s. not necessarily a scrongly balanced cripartite d
&

'.(SBTD) Recall Theoren 1 14 vhich implic

s 2 . . ow

k +k2) l“,-

- ;J

w' ..

‘and‘u';

3 that a cyclic BTD. is a

(k +k2

76

' pnrnnctcrs are uot independcnt.and :herefore a BTD can-be denoted by BTD

esign

SBTD.

TN

v j ], 2 3. is not lndcpendent pf nhc particular elemcnt x,

ed to describe a design..'




In the’ 'c:ts'e'\-'hére k, = k,, k., it fdllobs't'hai: r, +r ' is S
_ .‘1 4;_ 3. : Ix v 2x - T

-.mlepcndcnt of X- and hencL

lk (v 1)y __.;"' ;”;‘ , SR - .A"-

. : L - ) =~ N

B

.'",7(&...’85 . R ry = . _ , -
] '_'_,; B NER ,:. o 4. 2 . 2 PR . T . . n - A‘.
R I (ot Kk 5

and the BTD I dgain a SBTD, Sixyarly, a 3Tp'w1tn'ki < kz'- K, {s also . | o

in '(.'..3) with ky ‘:cp1aced‘t§‘y.

n as' T

3
®. In th ‘case w‘xcn R k c k.. the deqtgn is obviously o SBTD. .

'Y

B - 3’
In nh{-fol]nwing sxcthnq thc ccnstrm.tion of some BTD s wit’h

\‘ rRped lfied p:xrn"mte-rs are gian. 1-1rst c?,.f\s'all hm.ever. we utll consider a -
wc\i\l cv:o whgre A= 1 Now (u 5) and {4 6)‘" are reducad to '
e MDY o '*“’%’

.. -7_'-_‘ ) ' ..(.‘. . -L

.1'SB'I'D and ri'has‘ the s&nzc-'e:épress

v

(‘b.riou_,ix Lf g = ‘.e_+.."L thcn bot:h b T are

.

) i:‘.;e-‘;crt;"-. Fur:hcrr:ore we h:wa ' L L ‘.j..'. . ; ® ~
‘J',,l S BN ‘ BT . S
forma L.H\ T:en c\iats'i Cx @10 LTD (v k 1 kl,lr )‘with '_m,.

. - - A
.

'l - 2 > . ."-‘.' ! - i . 'H D - - EI _. : - ..‘—
v . _‘.m +. l,. l(l _ 1 J!‘ “» ‘hh«.l‘c ¢ kl }" + 2 3 + k3 kl .. ,c:.‘ - P ‘
Prcnf " Fars v e .'!L + 1 A= 1. we ger. b = v, r - k thc; a base -, SRR o®

. .
. . . ]

-
'nlm'k d - -Bl’\_B.“B &of ordc.r v w.iLl be ccnstructed

te

_m ueu T, n‘- (o). ,-(;......k).mdv .
..a N I .

\- 8 -.(7;, 4.1 3k + --.',“..(k 4-.)‘,f2 + kj)., It i‘ -’w r.n cl*frk th1t uach value

o ;w set of cdvn.hn{zth'i B » {, 29t--.c} occugs ﬂ‘ace uwwqg”& blotk "

+ l 1

- 52 e i
.(11-) Lot -cl‘-ﬁ P. - (? 1). - (2,-?_.6,..., .'md’ ‘_'

- A -

\3 '3. ' o b ]}.r dd .
B _»'f"‘('l'YZ"_'"'Y‘ 3), @( re. r-n' 1 j' < j o ,Yj

' -u+1.>f<5 £iag+1
. ‘ . . ' 'é t . . -‘ . ) T - . . .‘u
' ﬂ:‘.{.’."p : = {j+,)k + 25".4 _ﬂ. i«; n routlnc rnttor to clu:ck ‘that each R

. .
- Lo I ' E . . : o . , ¢
* - -t - .

. A oo
-lc-"u of e ocuirq. once in thiq buu blcn.k;. chce thc Qruof is conpletc. el

.‘).‘_‘ '-_%. ""',“‘ ‘-'. ) ’ T " i ""- .':.-' ’ : .‘ ' o "‘."

e  ~.." _ ,_ o "" .r ‘_'."‘-' 1 \ T l_, TT‘”".V{ » o

5

N

g
L}
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T 84,2, Balanced Tripartite Designs with k[ = ké. - : T
- - ; ) . . . ' LR

ol
N o 1 : L L )
Lct ne k1 ki and k3 > n; then e, the number of links in a bloc‘s!‘;_ﬂ;/
.1th two subscts of n elemunts cach and one 5ubq;t of ky elements, is
¥ - . . — T )
=1 + 2n k3 ThL necessary condltions for tha cxistence of a BTD IPR

(v, -n+k3. i on, n). are’ thnx b, r 1nd r3 have tnte?ral values,—phcre by (& S),‘

he (- 1)/20, r = Xk(v-l)!lo by (A 6) and r3 = 2% (v-l)/Zc‘by (@;81.‘ ,'. %ﬂ o S

‘}ihﬂfvfgru T - r3 - 1(v-1)f(n+’ ) rust be 1ntegral too.. A' f&;;_ff-j\“T;:{

e

_3
(—;J n-+ ’k ) et (n+ k )t + 1 (*od 2n(n+’k ))uhcre t.= 0 1,...,2n -1

ouqider c“e case \ =1, r -'T bLlnr 1ntcgcr 1ﬁp1igb that vl

ﬁ"(qu r hLinh an intcg;r lﬂﬁliLs that :t(n+2k )/”e = kt/“n ~a(2n+k )cl’n -
- < . R . —

Lt 1ntcgcr as ucll. ~Therefore Kyt 70 (rod ’n).} In additien, b-bcing an "~ ..

 f\l‘ﬂtLgcr 1rpliLq ‘that ((n+’k )t+1)t/ n = ((nt+1)t+°k t )/ n, i. an Lnteggr too.

iﬁinca 2¢3t“1 O(mod Zn). we have q{nt + l)t 7.0 (nod, ﬂ) walch implies that )

: a;i.'thnt is. T = 0 or.

. Let t = n, thcn n must be odd and | mj mubt be

.“?éﬁ; 'Bcuéc.uc'ha?c‘P oved Fhat-" o
.. Lemma 4.3, Lat 1 F_kz'!'né< k3. AIf_tﬁPfc'cxléts-n.BTD (vtk.l:n.n),, )
St r ST T . o T :
aen s - - i
‘,gff- : . . . .
. v Y (rpd n(n + 2k )) for n ndj ”3 chn, _ S
‘.‘ -‘ T ) . ~.‘\h v W . ; X —c - . ‘.'
T Do o v 1 (rud ’1(n + Zm )) othcrwise. N : T T

J <’
- Ihcrcforc. in the- hl-chst casv-_n - l* thL nccuqqarv condition for

-

the -.oi:‘istcpcc_:'gf a BID (v,k; 1 :1,1) 15 ‘/ e
| ' v é‘l (acd 1 + 3k ) fcr k3 even, * ;i';':.'f‘;. St B
(‘-9§ . _ '7 - .on X .-_. - .' ;’;,.' o o .. .
'”"g L P y'ﬁ'i‘(moq 2(1 + 2k3Dcnhcrwise T w
. -'f.,.. +. ) o .
s e ) - ] : ,
:" . . ‘6? . — '~ 3 :

P A P .
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".Eeforg'wd'givc the cddstruction of some inflnite series of BID's - ‘ju-
S (v, 131,1), we need several def1.11t101s (cf (18]). S L
foinition 5.&. An (\ s) %Vﬁte , (B, s)-svstem, (C,s)ststeh; -
t(ﬁ;s)-qsstcn,_respec;ivcly, 15 A q»qteq of s d13301nt -pairs (p .q Yy such -
1.‘ ."' - Ly - ‘ -~ . . .. ° ’ .
that q I f?;‘r_ 1,-,...,& and ‘ | .
{L?Q,.;},'°s in the case ok,(A s)- syatem.-
..‘_;5 : {(1,2,...4 2541;'25#1};, in the case of. (B,s)-system.. -
R R R
- re=l IR {1,700, 5,1s+2,sf3,..;,2s+1} in the caﬁq“of-(c,sjféystcm.f
{1,2;5..;'s.fs+2;s+3...‘.29 2542} in the éasc oft(D;é); o '
T L ‘—— '_ M ;tl'._ IR syétcm. - .
: o 7 .
An, (A ,5)-systex, (J R)—:Vitcn 15 un (A q) suhtcw, (B,J)-systcm
ra&pet:ivvl“ ld which LI | YRR _" - _3“;' : ‘ e ':ﬂ
He neod thL followi o thbc lemnas (fdf thqir,ﬁroéfs sed [}S])Q
" Lemma 4.5._ A {(C,: );qutuf‘czists.if and onlvﬁif-thcre ux{sts an
@ .. T o W o =
{A'.stl)-systcn., A (D 4)—5-4t0” cxlsts if and onlv if, thcre exists a -

(e, stl)fsychm. . ",) ST ' T N ST .
C ; Ler—a 4.6.. An'($+.5)45yktcn cxfs;s_if and only {f s 2 0orl -.'fF‘ o
(énd_ﬂ),- s R S ' s -

Lema 4.7." A (3 wa)-svatem extsts if and only 1f 5 *.2 or'3 (mod by,
- ' : T - ‘ o ' ’

However, J‘éobj,Of_ﬁhc-syﬁtcg,for each s {s displayed below.

v

B - t
) . S : . o wF ' - - P : : )
' SRV K L
. -
,IJ " -
)
it S .
& - \ = 4 - 4




L - sy

Natice

e S Let_éa-'&ﬁ;‘q‘z_l an (A+;

C(ry 4m 42 ) forr = ;,i;....Zm,

A ] -~

4n)~systen consists of

. -+ 1;;6m), (23) tém + i;.ﬁﬁ-} 1),

‘(Qﬁ_+,2 +.r,‘Bm +1 = r) for r = 1W2,....m-l,

+

(72, 70 + 1), R

(50 '+ 1.+ ¢, Ta ~r) for r = 132,.;., g-i.l

P

Uit 16 == 1, ((2a), (3) and (5) should be omitted; 1f m = 2,

smould. be omftted. H . S .

- Let.s = im +1,.n

4(1)
’_(:)

(3)

ERTRTENCOR

(5)

\ '7 .  '| (5)
_ ;‘-' Cay

fotlee that (€ @ 1. (5) and (7) should be omittud, ifjng,'g}‘e'

fA+.ljvsystué lﬁ-n!nply (1,2},

*

.

"l

(4w, 3a o+l _r) for r = 1,2,...,8,
(3 + 2, Ta + 2),

L ;.

Let-s = 4m. + 2, o >

.'7..‘ ‘- , | 7-? { (1)

.- : . o o

> 1, an (Af,'&n;+ 1)-svsten consists of
. . I . 't_ .

(r, 40 + 3 -~ v) for r = 1,2,...,m,

(3m 41, 502+ 2),; -

247, Bn+ 2 ~-1) forr= L.z;.;,.‘ma;,' M
(hr +.2, Bn 42),
(52 + 2+, Ta+ 2-0)%or v = 1,200, ol

“w

. ' o , \7
1, a (B+,“Lh + 2)-system consists of
. ' h ‘

1] -

Lo 'm = 1, (5,50,(0,11), (10,13),7(2,6).(3,8), (1,733
f'giT ’;‘h :‘ 2_‘. " 0 1 . - -

LI
e : . P o B .

80

(5)’



. ) : 31
r (1) (l’. 4& ’G—‘[) for (-12..‘.' 2m+1
(z)_ ‘(2 + 2, Gm +3), .
] ey em+2, smes, .1 oy
(4.12)4 o o S R y .
o (%) (m+1l+r, Tm+4-1) forr = 1,2,000, my :
(5) (Ja ¥ &, Tn'+ 5
' l (3)‘ (m+3+rc, 8n+4-7) for r = 1‘,2,.7..-,' m--2_. .. -
- . ) | ” | . - ) |
Notice that it’ m = 2, (6) should be ornitted ifmm = 0 a (B 2) system'
. R ____.vfd,._'_. sE !:“‘-":.._ l
. does noc exist. though a uuique (B, 2)-system exixﬂs‘ {1, 2) (3 5)
;];.et s - lon_-F 3, m :0. a (B L bm + 3}-_-sy5tem cpnsists of_ -
(D) for = =70, (2,3) -'(5.7).(1.10_‘; DR -
an ﬁ:rm:-fﬁ ‘ L B
' ' | : L) (r.‘m +5-71) forr --1 2, '-',°,’ 2m. + 1,. R . - \‘
(2) (2m + 2, 6m+4). a) (2m+3 6m+3),- '
"(3) Un + 4, Tm + 5). -
SR  (4) (8o +5, 8a +7),
»(5)_(’4.‘-+5 en+~5). S L
(6) '(L.n; + 5 + T, 81: +. 5 - r) for ¢ —';1'2.""-.'-.' 'ngfl:-
h l (7I)' (51n +5 -6- r, 7- + 6 ~r) for r=1, 2,.._.,.'m-2,..'
' T

\-

. , : . .
Notice. th.':t 1f n- 1 (5). (6) and (7) should be omitted‘ if %n; -2, (7?
should be omitted. / Y :-', __" RN L
| The s din]oint paira of an (A s)-svsl:em or -an (A\,s)-—svatem, or

"

: gy:tu','of'my other type. {s- always denoted by {(p ,q ). T - 1 2'“” s} “--.';..
. We will introduce two more _sygtlgns:.- T .
: ' L _~£,_]'



-

~yr . ’ R .‘ ‘. .7 -

B Deflﬁitisn &.S;I_Anv(ﬁfls)-svsteg isia system.of s.disjoint pairs =
'(P'-q')'such that qf - B} = r 41 for r=1,2,...,s and |
?'u(p .q}-{l 2....,25}. I R
- r-l . M . .. :

W' This systéﬁ 15 equivaieht to an (A, s+1)—system uhich is truncated'

. that is. an (A, s+1)-system in uhich either Pi 1, ﬁl - 2 or pl =25 + 1

i - 2s + 2. and in either case, the pair (Pl'ql) is dropped from the o

‘,system. As 1t 1a essenti&t{? the same as a Langford (2 5)-sequence 1231

" the neceasary and sufficignb*:zgafiion for its existeﬁce is.s = 0or 3

¢ . -

(mod &). | :_3 .

. LT - {1 2,....2s$ {t .31}l 1;2,;... 25-1 vhere

LEE

‘Tfl'- B+ Bi 81-. 8 = Bl for i cven. “

: Définition & 9. .A ( ,s)-svstem 15 a svstem of 25 - 1 subsets of

f”'- 8 - H(i-l). gi.- 8 + H(i + 1) for i odd and

1

=

Since f Ry Bi' it 13 easy.«to see thaaf - s, fzs . g?.s 1 “2?\
2s8-1 S ‘-; , . P - , :
o R
and Y {. ftl - T < l-.2s! o
102 | : ‘ ‘ = |
-; He now. flnd out - uhether the necessary condition (4.9) is.also * .
sufficient. ‘ 7 :" ' -;» Tl '  o : ‘.’..':: ) R o,

lznna & 10., There exiéts a- cyclic BTD-(V k.l;-lt}i where -

'i:v x 1 (,od 2(1 + 2k - ' ":: :3 L f ":'

Proo

_.. Then b= vt and t base blocks B1 s Uill be constructed.

f. Let’ v e 2 (1 + Zk )t + 1 whcre t 15 an 1nteger 1. - -

2




83

- ol L . N . . ) X ) . . ) - ‘ o
For t 3.0 or.l (nod &y, t > 1, Lerma 446 -atates that there exists

Can (A t) %vat;n whi;h is. denotud hy ¢ (p-.q').‘r = i,Z...Z,t}. ‘Let a .

block B

, l 1 k“-- .- = o
o L ..-.....t be B (= r(O) (1); (b, 1,. bigareees By )} where o

e , -3

b, = v - (pi ]t - t) S o i

Tofar el 2,..., 3, b

-For ; t-2~or-3'(rod'&); Ie:md-&.? states thht h_(Bf,;)—system .

exists aha it'1q5ai§n de noted h" {(ﬁ vd. ). r = 1 2...-, t}.  For .- ) IR

4 1,2..77 | le:.ﬁhc £ blocks be Bt ~ 1(0), (1), (bll,._ 2;.).;'bik3)}

v—("jt+3t+1-q)forj

I!“

e ) . h .‘. - 2 - ang
Wi r?‘gil ( j l)t +. q1 191 bi j+L
- ‘\. 1 ( ot “,.. - - ™ - f . . -

odd, 1.} ~,f3 1, \rurthér 1?§ b z3 (21-;3 _F)t‘f qi‘?f'k3 tq odd |

-

1

el

It Iq A toucine nattvr Ln cbﬂcﬁ Lhit the t blo@ks_cnnstructéd are

Sy

1;tu¢;l: t bl.c blocxs of the rcru'r-d e ign. chcg_ghg proof is .~ - R o
' - . ’ ., 4 T

cemplet e, ‘::;J;‘» - '. S ,s;

. . - - . - T e

e

e Ia t‘w fir-n 'u..cn.sxrv .mndxl:.! i of. (a 9), lct ﬁi"ﬂ c_i. + 1 '\;herc-'
o= 1;+ ZkJ 114 lLt T ba aq oud nositi:L lnto*er Gatherwis; thL nuces»ary
. L o Cow D N . E . o .

e;ndition‘inl7ﬂsc bu{fihicﬂt as prOVLd 1n Lt"ﬂﬂ 4. 10 above) how k3 LVER

K -t

t2olten thnpl ;C.l'(:nd 3)'nnd = 1}‘- e hmv{ b =- <v: = sv + 1V. Uhhfc‘*
‘S 'ﬁ{(t;l).;
: c ' o il - oo .

Iunm1 &.11. : Lot k be chn.-'THcre cxléts d-éyEliC.BTPZ(VQR!1EIII)“;l

© for v"‘:let + 1 uherc. ¢ - 1+ -‘k3 ﬂ"d £~ 1 (m)d 3) I

.

v frPrﬁof. Since g E(t 1) lnd t 1 (Pod B) !mplv thac :‘ol(mOdGQ)}‘
which ls.‘aq uaual denoted by {(p v ), :TMZ%'.“ .i ("“; .;

g . | r—

- an (A, q)-qystcm cxiﬂtu

" P
ﬂc wodify out.- (A.s) qthanLubetuln a gyatcm of e

R SN

T .

N ;.‘-‘- 1._2',.-‘..‘. ﬂ}-
S J}:j: SR -;_i':. - .  . F




_ﬂndistinCt péirs,(ﬁ ;a.) ﬁuth-thﬁc_af'— - f for r = 1.2,,;_; s-1 5nd
N I *

LN P, — 9

is. 1_::nd{fif:d‘ (:\.-S)-*-systen~r}'qlnifcd. o , J
1]

'ﬁ'” - av +.q + '(j+l) for 3 odd 1 < 3 < k3 ‘ £et:B1a¥,{§0)§n(i);

. T. . . ‘-, : . - o . .",- - 's"
B .- (akg s(2% - 1)*+'?1) for | = 1;2;,.,,23—1,'

Cand R : R S AL .

. n,--uln Lc c,:m v:.rt!'v th1t

of ..h-, requircd du_qlgn. ‘

i "' 0 (:rod fc), > &.. we can cam:truct 'mothcr 1n£i,nLtc s‘eriee of

) ;-vﬁigns. x C i -_ . .- ___,__ ’ ' ) e __". L -
JER K B ST T o t . B A > -~ -ﬁ" .
e * :_' oL : S ..4-.-_,_‘_‘ . ! . )

. a

- _s: iurl:h..rmore L'{ﬁfl‘gf" = 11 2,...,s}u(!-‘v -S, "Ev-o'l’l
ST ' r=-l TR

LY

s s

cees W=l For 1“"tﬂ“he, () (s - r, lq:: + 1 + - t) “for r =0, 1,...,15-1 .
- ()(Vv—sn ﬁ"iﬂ.u _"7” e

(3) (‘w - ::, -'r ";v = lis + r)

, ' : . for r_ '-.-1 ,...,1(5—2), T #.s/fa . |

@) B elE - 3slt, q = vin - 4L

n
- .

o - RS : . .
Sae will coq«;truct “s b'\'a\.‘ blocka Bl' i="1,
. - L T . . .

and 1 b.aom blnck H uf order Av, T R

-

. .

-.“‘ lc'»_u' - ((0). (v/ Y: (hl, 2,..;,hk'3)}whé're_.l;“1 =s+':(j+l), .

',A'h. : e . . . R ) 'J‘_'\
"5‘,"b : ..1.'5, ), t '=>‘1.2,....s. Jherc ' o s S :
Ak . T

A . ‘ v D R

(uu + q( ky = 1)1455 ) for 1'odd,

-
R

Ty TR e
. b -\‘!V-pl ff)[’ 1(1\“.'“. 1+S' : 'l---"‘.-.rv.-‘ : kB

-

. . c E . R : -~
. . . ) . . . L . . '\,._N .
: : . ’ . . . Tt roo

: L - ’
- . . 2 )

: "k’c' n-;q'u:ncd "‘3. to
%30 ky 2 Gy we can gomsERuCtAnORReE IR LT L

"co.,s each of order v.

v—?;'i .qrievcn, lus....r-l B b

these s+t 'b.‘l"iﬂ: ._f-bl‘oc.ksl‘d__o gehchté all the blocks '

be C‘.N.'l- in thc casc whcrc{é’ik is c\n.n also. t:hac -



. Al . .' v o - ) .
N L] . oL
- - . " -
. S
- . ’ . . - ~
o o, . .
e ' - *
.~ . .
- T - 'l N .
. . . 85
. oo .
. . .
) . \\
- . - .
. .
- . AR .
r -a - . .
. .
-
e ) ‘ Ld
- : 1Y
.
. .

Icrﬁn 4.12. Lcc k>z 2 (nod q), k > 6. fﬁere exists a'cyclic‘ﬁTD T

B G 1 1) for v = (1 + "k ): + 1 where t "7 (nod 8). .2 e
. - e . "ﬂ". ) tA

1..-' . : . L - . - . : o - - N
e . -

Efoo{.'.Sincc s = H(trl),'s'E 3-(mnd'¢).and a (B-,s)*kfsfem‘éxigts fl:
hv Lemma 4.73 a-(C,s)-system also exists by Lemma*4.5. “As inthe brdof o

K}

o oof Fg;md &,Ii.‘wc'wili;oﬁﬁihit_cnc'basé-blnék;Hﬁof'nrdcf-vll'nnd s hase

‘lb;n;ks:B{; { = 1,2;.,.,s‘ench:of order v;‘, .  ; S | ';..V'

© L let'H -_- (0 -(v/'__r_); (hl,,h'z,.-.}.'. b )}"&.45;3re W om () (5P 7
S . P e Ty . g -
~aad hj;l'- v+ L(141)(-+1). 3 =1, 3....,k3 -1, For 1 =‘L,3;.;J.s,“}éti R

:‘8;‘ £(0)| (I)a i } ‘-u\t‘t'\. B = {V - p - "‘\ (‘)4‘].) - (&}_‘1)5‘.

1K'(§+i) +.(4J+1)§ + 1 (7j l)(5+1), ;v - p + _J(,+l). | :4"

S ' 3 _,-'pi3 S 7/
i l.ﬁ,.... k ,u. -nu sets r(p q ), T = 1,_,.... shoand {(p] .q D -

r - 1.-,....5} dcagta (B ,q) —»1nd (C,a) a;chﬂa reupcctivﬂlv._ Ap1in : f'

“we can vcrifv thnt thesa‘are thc h1sc blocms for thu rgqui:cd Lesikﬂ

R ”'chco we-obtainis‘»___ ' g'l_ _ ‘ .1 IR  ‘ : .f'-m S . ,.f .

L Lo - . L=

Thcofcnrg.l]. 1e: '3 bc cdd The, neaessar\ nnd kulfiglcnt
heotea 2.9 .

“'";"F"uuua ‘fbr the cﬁqzcnm- n{ .4 BTD (v, .c*.~1 ]. 1) is vz 1 (rod '*(' + 2; ))

. ! . - . L) P r
[ v T - * - . - . ,‘-P

“Let us ro~ark thdt for ¥ even, wé are dmt ablu'to obtain a
thﬂs1r. 1nd uufflcitnt condition for thr cwistvnc of‘a 8TD (v,k, Lyl b).

. e

. \ . - ! ™y r,

)
{f.‘ u; Lct ‘us now conq !cr Lhn case for an.-}th 1 (hbere ;Lilﬁ kl b'kz ? n =.1),_

R wnnt to find a m{n{enl ) 5urh th1t b T, r3 (and honcc v -t ) are 411

A !ntcpcrn.: how r.- r.j.-Il A(v -1)/e uhorc e.- 1 + —k3' henca (‘ L) 1 1or'

‘ ‘;nu’d nnt bc ﬂinlﬂal ronqidcr valuc v whcrc 1 <ys L and y|e,. eti‘“

W o T
_ ﬂ_‘fxy'and A he 8 nultlplo of . y. ﬁay *“Yz: 'then T . o e




- L . . [ . L3
e

. ,‘ { - r’..J',

:b;- zv(v;l) .tl- zk(v—l)-”{'“ . ?k3(F_l) e "z(v;l): ' l. ‘ "- 'f:

LT T 2T T 0T A E o Ty T | ‘ |
. - - '"- L. ’A E - .3 . .- . M L
where .z has value 1.or 2 (cf. prooi of Lemma 2.17). " Therefore we get '
L Lu--n 1. 14. I-Qt'kl =k, ='fl < k3" If t_hm:é cxists"a'BT'D"' )
CH 1 8 1), then . U

f. L ' v',rl (mod x) for \ a y and both v kﬁc¥en;'when at 1éast .

" one df-y;‘k‘pdd,”y 3‘1 (mbu.-x) fori,_= y and.v -’ 1 (nod x) for i = Zy, .
.uheré:1j< ¥ 1_1_+‘2k5‘aﬁd.xy'é 1 + 2“3.jl.-_ o S T'.‘ -

'

‘_ Consider tﬁp qinnIObt deqiﬂn of thc eriLs 1bove, thnt 15,- . - . | ': .

;1 = kj‘-kl,.k3”_ 2, tﬂonptht nLceqqq y condtcion can bL dcrlved fro_u'

) . EY P
lemma above to he .

,-(1)1-?-‘0’."4 Ry gor v =1, %

L (u) ve s .
(aasy o R )
- I (111) ! )
(w‘) ..
J- ‘ ‘ . -
.kc now ahou th1t thL ncce-qarv condx;!onq 1n (L 1 ) are also
su.f{cicnt. Dc\irnq of CJQL (i) 1ve bLen cowstructnd 1n lomnn 4 10..;'7
- Tﬂdnaidqr-casc (li). Lc;.v:'JSL I uerc L ls ndd Icmn1 4. 11 1np1103 Lhac :

a cvelie dcsign‘cxtﬁfs for‘t" 1 (ﬁOd 3)- we h1V¢- however

Ty s

. _I (Jgft.pl’f;.l: 1,'1)ex.i'sts .gor 311 t:‘: .1- . 1 : . . . r‘-

Lesma 1;.‘ A b?ciig'BT

Proof. and to conat urt onlv dLblgn _with‘tfﬁ 3 ot 5 or. 7

(*nd 8) Ict 5 = ;(t l), chcw b -,vc a gy b e nnd v ='109 + 6. A bnse o

-.. . .t.. S -

:f . blp;k W of nrdcr v! nhd a ane \IOLP' B, [ - 1 2,...,5, CICh °f‘°rdef vy

S S e : :

'f:,hill bc constructtd bolow-  ,_'." R T R o
S Cor s Q!; (mod 4, let K ,.£(9J¢—(5°"3)' (43 584} Costderan. -
f . . " _"_,_..——"" L . .‘._ PR . . ,"l ', N ‘, .




R B A
BEETL ,8)= -system (a. néfinicfoﬁ.a.S) {(p 1Y, r=1,2,..35s5}, then the ‘blocks By

“h"“~31 - 10): - (1+1)5 (v—(pi £ 541, v- (p'+3s+1))} for 1= 1 2....,9;,w1§h H
generatc a cyclie BTD with .t = 7 (rod 8) _ - i- . o

Let t :4; (Pod 8) then 5372 (rod q) There exist a_(B+,s)—' -

| rsvsten and.a (Dss?‘SSS?@ﬂ by Lermas 407 and 4.5. - Let them be denoted. by

tp .q ) 1}2,,.,;5? and :(5T_q;j‘7¢'a‘}'2;;..;s

———

5;fJ;.Lx W= {(0)._(55 + 3); (s + 1, 65‘f ﬂ)}

(V Pi+b+1)- 5q+3-P )}p . ‘; ..,s are thelBashlbIQCRs\whfch gcngrébé.' o

TFs of a C\tlic BTN thh t B 5 (mod 8)
"}Hb nniv case lcxt s t 2' (Hod 8),:thac 15, s = 1 (pod &)
qqiu&r a. 1cd1!;ud (A )= qv:t;ﬂ {(n | ),_r 2 1;2,;;;;5} where B
'.:zl-?{fo€§ - fl-?'=ff'.-5§'"9;-f ?YI,F.For_fla-?,j,?.; s but ? = (?? 1)/6
Zfi; =..(7-;'4-—1)/.-';. kor lﬂrf1nen : { .::“t.l g ‘-".  i:‘\\
- .‘-. Ry ((Rs—l)IQ. (7ﬂ+l)f4) . o . : S
| _,1(;)':.gg(u+1),— r, 'sGstl) + r) ‘for I = 1.~,--2{u2(§—1)§;4" _ ‘
N
}\. . ;V(A?:_ s ])'_ﬁﬁ)‘  - ;:._ ‘__:\, s .

- (é]= f(‘(31—1) 2.r, ;(35+l) + r) for r .= 1,_,.:.,H(Sr3),}f

o f-(s-l)fby .

e

e

<

",: ;3 ﬁu&h'ﬁlsyﬁicm.#”fﬂvn‘ﬂ ;~{{0): (55%3): (;. SJ+4);. andJB ‘=f{(0)ﬁ':
( *1). (hil (1

h{l_f S 2Hf:pi;1' ﬁ‘“f'137 ¥'3'f3”ﬁ*j?3““9'b1 a (131 + 7)/4

ia)}'li:"-lr;{;;i-$e gﬁbrc b"‘= v - (pi i + 5 +- 1),._- ;‘

, ;J(i5L5+'9)}53§or i - Q'ﬂig?kéhé-fquifff'bésd:5FPCR5'I{“9“Cé ;hé;pr?bﬁﬁt.i.., :  |

by cvnpléte.

e s st both casgs (A11) and, {iv), wé epmbihe them together - v -
.Yt in the followiog = - * . - S e
L Lomma 6ad6.c A cyelic BTD (v.4,5; 1,1) extsts for all v 4e




. g8

i

-

: ;-frobf. Fl:st'of all,‘lef.ﬁ be.bdd,"séy-y‘- 2t + 1, tr>-2;rl

._thgn b :.vf and t base blocks Bii t i 1 be constructed

Cousider the case where t

(v-i). (1_ v—2i)}. - 1.2, ...t are the required base b&acks.

0 or 2 {mod 3)

kit

en B, = {(0).
hotice

.that all the elements ln each base block ‘are discinct (if they were not,

.  then ve uodld have v = 31 that is, 1 = (2: + l)/3 which is “an integer

- i +1

a

‘~an1y vhen t = 1 (mod 3). a contradiction 3y For Tt 1 {mod 3).

' N o . : . : ]
o A RN

Teoe 3u + 1 u> 1 and w e (z:+1)13 = 2u+ 1. Also,tfor .

o i ¢ (1, 2...., 3u + 1) - {u 2u + 1 3u + 1} let B,'s be the'same as those

i et
given above. uhereas B - {(0 : (u) (3u + 1 4u + 2)} o

.p

{(0). (2u+1). (1 2u)} and 83 +1 {(0). (3u+1). (u 2u+1)}

Therefore a C)CliC design exists for all odd v and A= 5

Nov let V.- 2t, t > 2. then b= v(t—l) /21' If t is even, sav _“

t - 20. then ve ‘48, Let a- base block of order vIZ be H = {(0). (25),

.U(s 35)}. Let {(fi,gi),_ _ ‘-2 0.;, 25-1} be a (F s)—sys:em-. i _,;‘. }}f

- (cf Dcflnition 4. 9) and for i = 1 2,.._. 25-1 let B - {(0). {v- 1),

)} vhcre b - f 5;5 -y - (1 + ff) for 1 odd and bil _ Si}

b Vo= (1 + 81) for i even Lt is a routine matter 1o prove :hat H a“d | -?

l.; 1= 2 3....;,2:-1 where X =8 - 1/2

.12 '
i - 1 2..... 28 1 are the required base. blocks o , :. : S e

o s > ' : ' ‘ ""I _' .
: If t 13 odd say t - 28 + 1, :hen v - 45 + 2 and b = 2sv + v/Z :

Let the base blocks of order vIZ - 25 + 1 be, H - {(0), (25+1), (s 35+1)}

-

-and the Zs bgae blocks Bi' i - 1 2,..., 23. each of order v be .

= 32‘ - {(0). (1), (ei+L;3 2s+1)}.  : - {(0}. (I). (i#i v-y)} for‘ ”iE
Y -3 - 1/2 + 1 for 1 even and 'j;

-
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, x'= ;v S - (i -1)/2. for i odd. Abnin, 1t is gaay .to check that these L -

. - s :
2s + L bJHL block: gLnLrntL all thu Elockb of che r;quired dcsign.'
The fesu;tg ofi(s.1A)andj;tnmas'a.lo,‘h.1§‘and 4.16 can"be .
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S .-"“_i. _ o . ‘.‘_"-._ - -..:‘.-“ . "; w | -
: SRS S L . 687 2.v= 0 dmod 5) . s o R
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Lct kl - k2 - k3 =;n, then the hcccksaré canditioﬁs for the
v (e, V(v - . S . <‘
jw;‘"tuncn of = BTD JTE Lh1t b = -—jiél) Can d r e R l). _are both integers.. 7 A

"C*nsidér LHE qihnlest case, n;= 1‘» thon we are dcn]lnv,a%tually with o P *L(S\

[ B

ATHD' 5 wich k " 3 ard the nvccw-lr‘ ccndltionu bugomu b =>~v(v l)/6 dnd '.-

RN

(4 I)IZ. THL.‘olluwiu; thcur-ﬁ wis pro"cd b~ Hlndni [d’ LT ”lﬁii-i S

. A P
. A . - e e -

é;ff_alﬁa £ E IR : e
a IHSEE;:lJﬂz;é-. A nf"CL:H;r-‘dad ;uffiéfuéq c;;diticﬁ ﬁdr.the-;.' o :
:“F?T;on\c of 2. uTﬂ (v 3, x5 L, l) i5« ':;~ L ‘_'1‘f ,A.: ff%“J1' g f‘fu,};_' .
o " "-... 1o (~od 6) for » el on 5’ (mod 6)
*F . ,.v.i 0 or 1 (rod 3) for & “J2 © (nad &) ‘::. ':f
. R v - Y (-:od 2. For 23, (md 6) i
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-\or.ice th'\t uhcn 1 A l , & BTD (v,3 1;%1,1) is actually :hSlfciner S
' i R 1 K . -
triole stystém, ST‘%(V), ot a’BCD, (v, 3, 1) 7' e N i * N , y
9. Jo | £ aho Tk . |
l We nq;‘-’ nf;idcr a gcner'tl qcriefs-for n'> 2 but-yi~= I weé abﬁtain R 2
., R ;‘,‘.'.‘ .-\. i '- ‘. .
; Lcr“'m 4.19: The ncccbsary condition fer the’ euatu‘.cc of 4 BTD ST e
{v,%,1; n n) ‘}-du.rc k - 3n s T .’ - T
. T —— \'_ . '7' : o ) ‘-‘ . T - . - .
g v‘;';- 1. (rﬂod 6'1 ) For n o 0 (nod 3) ‘_ o o 'f - " _ "
e - "y Dy P Tl
v z 1 or 2n” + 1. (nod Gn ) for ni'loor 2 (med _3‘),‘ P
R ' Proof ‘Binl 1. r hn_ing rm 1ntu.gCr L"Ipllt“; that. v i l (rrod Zn)x, P
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. o 2, + - o 2 +‘,‘ ' - « 1 ‘ 5, -

tnplles that £ GLE 1)( ned. ‘ _( nt i)t s an inteper. - Butjn!t and .
- et L _‘\ S e : '

) . K '- - s PRI - oLt I g
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. N . .
- .
ciatnb (r‘od 'J). t.hh_h Ins 1o -».olu'xon fqr D. - If t = 0 1 15 int‘_gral et
. ’. e .‘- “ \ . v T ,_-J‘ . .
Z"l"_;-y’\ll f'ah-uq uf n. I{uuu_ oy gn.t the smtcim_—\t: of thr' temma. oo
e . ' i 3 . . - . '.‘ . .- . ,‘. .
(‘.,. sider only tho Hi::"tlv.‘w'f.* case, v othat is ‘_'.:hcn_-n = 2. wd have, 7, . -
from the lemma aboves & A, J PR ", T
s ) - : P B - ’ : LI . ‘_4' 7 g ' . .
. ) T ' - v Sy
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7 3} = {al, and é\ch othcr'.;f
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nrn (9,5 1,,, ;

e T el

1 A BTD (9 6 x. ;. ). ‘:iaié—fof-x:$f£;41:;$1~5*“'~ -

. PR . ST - R o R ORI S

:,_ ?roof. Let 1 - .., thcn b -ﬁ the followlng six blocks Eom n \ -,\‘

-..~5 - {(0 6), (1 2) (375,j}ij 'é‘- 1(0 3), (5 6). (7 8)},__7 i'_\‘“‘ f L
| “"-- o, 3?.;(5 N B 0 (G0 G, a>}..,ﬁz_,?ﬁi.f{fﬂi?ff,fTi" *

'*?&ZV:';‘-f(l s (2 6}. & a)} and nﬁ --{(1 4). (é s). ta Dy

'*:*Lut l - 3' :hcn b - v - 9-the following—base bIock qf otder 9

" b
[] N

sencratenfa cyclic BTD (9 6 3. 2 2)- B - {(o r)‘ (2 ~)' (3 5)} The proof
Co !u co:rplete muh :he a:d qt’ Th\en 1 15. : , :-  ' _'i, 1. .

e A cyclic BTD {9 6 2 2, 2) docs not cxist since this is & spetial
NS casc o!\:ho ncrtcn 1n :he folloving lcmma _*fa;; x ?f.jf“3-V"'

N e . S R
te:na & 22., & cyclic BTD (v 6 A 2 2) does nqc exisc for v é‘9

(npd 24) and x - 1 or . 2’.Ir”"

1 B T R ot

Proot‘.- Lcc v - 26: +9 t > O thcn 1 - l inpucs r.hnt b - v: rvlj
 7 nnd 1 - 2 tnplies :hat b - th + 2vl3., In cither caqc :he cxistcnce of a' fﬂ f:;.;nff*j
cycnc dcslgn i-pliea thc cxis:enco of at. Icaat onc base- black F of order

*ﬁf?”‘ £ w 1 3,,,,. uhcrg”) Iv.‘ Cunslder the sinplest casc, 1 - 1‘ thhout

lOll of gcnerllity, let P - {(O.x) (3b*3 x+8t+3) (16c+6 x+16t+6)} be a C;ff;rﬂif‘iéf




.__-..llécm:s t\ricc in r.!ut.fb?u‘ bllock \vlhich ‘is ai.contradliqtton 1.‘.‘

oth:xt berse bl&ck 'of ord‘er vl3 in whlc

.‘ but wc havc

| | le:n.u“- 3»“@ {z:.c+9, _a» 22) ex:qcs forall\xZUhen

L 3 . ve R

.2 (s evrn .md fur .111 cven i when t 15 odd "‘-— o .

o "‘ R Proo( Lpt"\ - 2 and take 31; + ](qop!es of B‘ID (9 6 2 2 2) whl;.h
th ‘tr bv Lc:an 4 21 such that thcy havc onL elcﬁ;ﬂt 0 Ln co Qn_g"

b

'. "‘ . v

t..cne dcnignn by D l - 1......., 3: + 1.; c \.-il.l construct J_BTD
X " | .

.( t+9.62 22)[0;'::)1 uhichlsdenotcdb;

b‘ocnn ln D

b

--4. "4“ - : ERE s : N FA g u

‘Lcs. o ‘\.- L

"_;lv,'". , . P.uttl:ldm :he c.le-.senl:s ocher th:m O of ench D1 into four couples ‘. ."f .

;nj dcnotc thca by S

S 1 2oty 30 T 1...3 4. J

£ j._..
X - Il,...... 3t+1}. by Thcbrcn & 13 ue can form a BTD (3t+1 JJi 1, 1),. h?é
' . ch block of D‘ Ln a triple nnd for ach :riple, ';f
4‘ -":' (x..‘!.z) of. D'. %constmct 16 blockn for D such thnt an 7,* mcn;)f)f‘ ‘. ,J

. '\- x.Y.z. l + 11: J Jl - 1 2 3 “' “fe CL

.

1£nked once and pnéé uﬁly.{ Po: cxnnple. IS s i z n+p}. p n- 1 2.3 :

ure blocks uhi:h !ntiafy thc condittbn.u It is ehsy to see that tuo con-zero
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',715 : base blocks ‘s

For -xmll :. the{conatructlon 15 shown 'in

-.,.;-- L. [ R
1 j 3- l 1) cxlsu b_y T"coram & 18.:_

A

f3 \3 ]) whn:c € 15 cvcn bv qulowing tﬁe '-;;ﬁhﬁzﬁf

prqdf hy - ~ .

Vf-‘ now {onsid.eﬁ thc second qcric-s In Le""'u:l; &,‘,0 thCh\{lso T

mtisfinn the nccemary condition [or thc exls:uu:e oi a B’I'i) (v,6 1 2 2),

'Tg{ nlacly v g}i (nod zL) 51nca'nc—aa 4., {mplieq that a srn (25 6 1 .z 2) ‘"Ff{¥*ij;l:

,.

cx!sta,ue Izt v - ’6t + 1,‘t >f2 ucncci haVe b -.vt nnd a dLsign cxists

e ' ._

1, »I I 2,... .'t cach--of -ordep v .can_pngganstrug;eg‘_;.” ' EE

Lk
.
.
.....

Imxr—ﬂ 2&._ A cycllc BTD (Z&t + 1 6. 3 ...2) cxhts for 1 < t < 5. el

\

5: ‘ Proof.-_ Cansldtr casca wbcm c > 2 Let © - 2 t.hen thc tw , L i S
ol e e .._._: :. ; .q DRV
following blncks are base blocks of a cycllc dea!gn- '3'>;x“-i;;“j:11 ;:;‘5“i@

'r{-.{(o 9). c: 7) (23 39)}..-;_ - {(n 9) gé] A>. (za aoo}. TR

“

Stailar].y fox‘ t - 3 the :hruc basc blocks ntc B - {(0 13) (6 8).

.'ﬁ Fbr tcf & :ha.four taae blockn are

" i- {(o 11). (7i12)e (43 so)). n - {(o 17). (1 B).\(&7479)}, | j,;ﬂ;“ifjfeflfjf “jg£

{(0 17}. (2 3)."

s, 71)}&‘ and n - {(o 17),_(4 11) (&a 75))
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'_‘,f" t(o 21) (1 10). (59 99))

- {(0'21). (2 6);‘P 57 91)} v a -\((9,.21). (3 9). (56 .96)1 .

e B
N C . ot . S
.‘, L v OV .- . R

;M l.': - “o 21)' (‘ 1‘)- (55 94)1 . -l"-""' ' : Lo ]
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Th C.u mrc t 1 hl‘ b P[l’oved ln Leﬁna 4 2..‘. :’ I~ f-'.-\

L ot
- T . P ' .
. . o, .
have .~ . : L
) . L. : L -
b T st o » -
P - i .

u-. "25' There “1'“ . BTD (" 65 1 2 2)« for v - 26: + 1 :lf,

t lul v.luen .-: . '.:f f.'f__ "'.;? I " PO N

,(11)-.'-@' dqa vhere e o 1 z and q - 1 2, :. 5 or q or3

i, R
(-od s) '-"’:""t-f.""_"_fr *~ i ; : ‘ R

L - :'.:—';
[ . N

:_;-;;'_?;;;'__, (u) T u -uch thal: a n‘mn (v k.l) exiats vith v 2:.: . 1 k . 43

L

K Lo
.

vbere q and n au n ln» (1) ‘ _‘.-‘_\ .._ _'.,

" ~Proof- ‘ (t) rtm of an. 1e: - 4. '-'r'ﬁ'e cise dﬁ‘é;e.’q} -;'.

hn bccn yro*cd in l.a-u lo 26-—'30 let q 1 o: 3 (nod 6)

folloving th- |.Tn procedure u 1n the ptod'f' of Lma 4 2_ . .

..“.".

.

‘;ff‘?';' u-n s .mu :tut . m (25 s 1 2 2) exists. :.n q cop’ies ey
o{ thu duip mh :hat thq tuvo one elmnc o 1n comon aad denote LA AT

th- by Dl' 1 --1 2;....q. Lot- thc clcncntl oE D" b& all the elenencs ot' ‘

P,

thcn q dui;ns and include 1n D“ all r.heir b],ocks coo.; !’o?' uch




A i - ,l.......,q. ,pnnition r.he clcucnts of D’ othct r.han 0 intd couples, \‘
I ' :

""‘Lc“ “-'° d¢“°=°d bLS j J = 1.-,..:.'-"-1 For each blcck {(x) (y) (z)} ‘

f.‘a i—: ‘.D' ) guc l:an construct Uo-o bloc.ks for D" for instance. g i‘_.'._ -
“-7_1.-5“’ S Sz pﬁ;}' p. 1 2....,12 !l: c.n"aaih be chccked th:lt, _n - :;" -

-

Jrc llnkcd oncc nnd onca onl;.‘ m:nce .111 Lhc -blocks to Ltbelr conqtitute

i t‘tcsa hlocka mmry P“i" °f L‘lcncn:s froa differcnt dc&? 4* 1 +J. S
: 4 \

the requircd dt:e?ign D" :“f R ‘ '-"_‘,. ";. ' __ N .",::‘ . ;.‘.‘- .
. , ‘.‘ . Vo B . - B ‘ . . /\ - . - ’ s . \ RS L
s ’ Bou lcc t - q3 vhcre n - 1 2.'.. -md q ...,z. 5 or q : 1 01‘ 3 UL

S (md 6). ue \dll cmstmct .-rn'm (2&: + 1 ]5,1_ 2 2) n by a procedure DR

\
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R 4‘. llm’ to t!u.. onc u-ied nbo\'!:.,_‘:.‘.'_::;.".“-"._' - /\ LT

°.‘-

f .-._ l:.-“_.l.

T, \r.c 3 copies of a: BTD (2-4q + 1,‘/1 2 2) such th‘lt thev have one ;;"'

S ,_irnoat 0 ln cor.mon aud denotc. thcm by D l 2 ',.-.3 o Let the <~ ' .

clc-cnl:a of-D bc nll thcjclcmcntse in thcse 3 dc‘zlgns :md include in D all _ﬁ_‘f-."'.__‘_l‘:
thclr blocks. Aga‘ln. for ench 1 - 1,...;.‘,‘3 . p’n‘titi\vn t!\elencnts of .
l n é:t’hqr th.m o lnto .l.2q couples, whl:h are éenocgd by qu. _1 1 z. -'.,12q ﬂ
- we v!'ll conat\ruct the rcnt of blocks 1n n itcrat’lc.ans.-.-_-,;"-"._--_'__:' ” S e
“ Itc.n.u.lolo .1'. ut‘_-.c-’s“_"'_- 31 j-l 3(‘; 1)+1-.1 <1(‘2‘,.;...3._:.- .

’- r.u comt:ﬂct ‘new’ blocts {53(\:-1)4-1 3(",1)4_2 o 3,_.. pht s T

P.n - 1 2.....12q. and relnbel tfzc couples 1n each G m any ordn.r, l:lmt
: | J" :-, Mo C 3 3“ 1x 12q _
Itcrntﬁon v (1 suC n) Let G, “ iul jul " “3(w—1)+£,j

5:'!-“ v 1 z 3 Co'"tw“ nev "1°°“’ f J(u-l)+1.p <u-n+z i

Zq 'nd rclabql :he couplhs 1n .cach G u'. aun

' ' < Vi o T
ln uone ntbitrnry ordcr. thar Ss G Y q s 'j' - - 1 2,__,' 3% e e

3.". . T. p.B - l 2.---. 3
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:f ;1cx‘nts also by Thegrou 1 1? Tﬁis conplctes thc pronf

w stop the proccss af:cr thn nIh itératioﬁ.' Indeed take any

s - ’ Y

f”tﬂ.uo couplcs tn G (u hns value 1 onlv}. say S j ““4~5{ j' each cleﬁenn

-;2; 15 S j iq linkcd vith oach elehent of 5[ j once and onqu only thcy nre

- ;11nked ln deulgn D p .- IMZ,....‘ if thuy both belong ‘to. that deslgn.;

‘.-‘ .‘. . a

sy
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"'r'... "-.'. .g.. . l B
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!. W
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S g T
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Gﬂfﬁcnch l. eithcr xI + yl g or x

RPN Ty 1+Y1+!'6“*‘ SR {
. Il: la vell—knosm thal: a_ soluclon bo the I HDP (k) exi‘;ts for everx
._-.‘._"_pc'attlvc httcgcr K ( sne fo: emmp,le [18] ) e o ‘, ’ N

'VQ'I: hns bccn shovn . (although che ?esults arc formulated in a

'.:._"_':".gr.‘:lph theoreticnl. lnn-vuagc) th.u tf k :.0 (mod 2), then a BCD (v k 1) "
'v_ti‘-.'- c:dﬂta Uhenmrer v 1..(uod "k). - Ic is obvious that 1f k h a po.:er of 2 B , f B

_{‘fﬁchcn v 1 (nqd Zk) la al%o nccessnty for ;hc exlstencc of a BCD (v k 1)-__;1”;€§*{;E:

f-.Exm:plcs of a BCD,{J) 12 l.) in [1.5] :md of a BCD (69 1& l) in {19] showr:;.f

ﬁf:fﬁnhat thia coﬁditlon 15 not necessnty for che cxistencc of a BCD (v k 1) if

T DL T e T e D
'ff*:k £n.n0= 2 pownr of Z. 73}53-%};s1‘-V_‘ ‘515%,;?‘TL-;;j[-;:A¥.1571i}5'ﬁ;‘?" '

.‘.. g

An’ [17] thnt 1, ks L (mod 2). thcn a.BCD :*1fj‘;f;txf?£;fkgj

?f 1 (nod 2k) m:u.t» l;'hc follouing cun.jcctun. :Ls t:rue._'.‘-"j A

't=Lct the se: S - (al,az..... n ) C (1 2....i Zkt} whera k g are

“lﬁposiaxve lntegeta uhich ggf&kfy - >’i .0 (mod Zkt + 1)._(11) ay +'a # °,f7fffi?f

¢l. i'ln. -',._.-'- . - ‘ . " PRI

J‘. n one can Eind a permutation

P -q e
'?of tbc clcacnts oi S su h thnt a'—-t 0 (mod 2kc + 1) for;a=->
N AR SR j'k Ay G el T
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Thﬂ CD“IGCtUIG is trlvally true for k -3, 5 and has becn verifiéd iﬁjafhft"fT
“150 f‘“ k » 7 b“t h““ “°'~ h“n PNVﬂd Iﬂn gcncml An émple of a BCD | ' T

(51 15 1) ln [17] «hows that tho COndit ow'v'd 1 (mod Zkﬁ 13 not necessary B

"or the e:istcnce of a BCD (v k 1) either : \ , ;' ; ‘“ o

'\.: f" gc wlll provg that 1£ k - j,& 5 o: 6 the necessary conditions.-:fr?:fifxcj:
ot . [P * ) ‘:- R Y “'.‘”
fS 1). (5 2) [or tho cxlatcncc of a BCD (v.k l) are alco buffic*cnt.‘:..h”’ S

l‘

Ac:ually. ghcn k - 3 or q. there is nothing to prove. Hhen

Q?‘;; 3: ﬂ BCD (0 3 l) is the 'sane as & Bqu {v 3 l) or a BTD (v 3 X3 l 1)

uhtch crists Eor all. nduisslblc v as shoun 1n Theore:n 4 13 When k - & i: ~
b a BLD (v.b-l} 19 the sanc ns a BBD (v,&,l 2) uhlch agaln cxisCS for ali - [

e

r.'.._' '

5 .1d:zlgs£i:le v as provcd in The-orem 2 33- .

;~;j:5¥f;’ Thuw uo have tn dual uith,thu caseq k - 5 and 6 only. ObviousIY-E-- '1§'“

» nuch -z!mt the nccensar}' condirions (5 1}, (5 21 arc sat{,st’ led He show _
in thcﬁncxt two agctions thrau;h a quuanc of lemmns, thac A BCD .iriff?i{}; fi£{f3 ;¥;
(v.k A. SI;IUnys cxists fdt k - 5 or 6 In v!aw of Thcorem 1 15 this #f ;
zaplies r.hnt n BCD (v,’k,},) w&th k.“‘. 5 or 6 alwy:.lls: e:.c.ﬂis:s‘ "h‘-::m,’é?, the. 1
ncccusar;condulons (5 1') nnd“ (3"'2) arc satisfied: ) h: ...,.' e ‘
R In wh.a: !’ollows ln this chap:er &hc clcmcncs ot' a nCD (uu.kr 1) will b

B "
be repreaented by rcsiduc clasae.s =odulo W uhcre v.= v or v-l..‘ In ;he S

lntct cuc, nddil:tonnl clment -ﬁis introduced,;-l\&iﬁa—{'v k 1) vill be :._f' i

rcprcuntcd by a collcction(?: of basc 1:10.1;3 vil:h rcspecb to pcrmutation
‘ '--‘..." [

.;-{.'.., A *vherre{thet A - (oxzn r(\:nl}}kot’»




M mmcloned 1n Sl 31 nn mtcgor !. l. < z < [l;u] s 5;1]_d o occur q \
;-.—~1ncs/1n ‘a: bnse block B of ordcr n ii q"!m Ldgulcngthq 1n By arc of the HEETEE S,

.‘ ."‘ ' - <

\«alue ‘ If thc clmcn: - ls present in a base b-lock. ther; che cdgetength »

. "'_3! ,.‘. &

t- nnd any o!:hQr clcment linkcd :o 1: ts 1'1\:.1}3 considured to be -
‘-‘"_it..el[ - Hcm.e the constmc:aﬂ collcctien‘?\of basc blockg, gcnerares SR

N }‘bc:\ o

' 'all. l:hc blocu of, a BCD under A. if evcry clemcnl‘. of x:hs- set ot’ eugelengths 'z

E -w£1u E H'hct'c E '- {1 2 -.'-. ["ﬂ-‘]} ﬂﬂd Ez - b ox, { 1 Lf LS v or

' u - v-l reapc:tivelv. occum cxaccly LN :Imts 1n the basc block-;, exccpt

L] b A

u‘stn v ls even,, 1n uhich case lcw qhould occur only ‘51 tlmes._f-l_"

Tt .‘,.—..‘,...-: . . .-~_‘._|. - ". . L N

He uﬂl dcno,te the scc of reﬂLdue classes modulo W bY_.'\ "‘”-Ch 15 \

- 3-} ﬂur pt‘.;rcumtion (012 {w-l)) on ;'.he ;;lé'aents of thg s‘nlatr.'.‘, éssur;:ing that "7‘_7_' -
s "o ninundcrrs_;;nding \.'111 thus bc CIIUS;'!l.l : Hé uill 11-;0 dcnote t;1e lset of‘ -
aII th;‘ \:lcncnts of Aa, BéD (v k \) bY V-l.ln che followini' l’-\-‘° 5‘-‘-‘5'310“3- _we .

'/( "-’ 11,1 Prcn.-e thc cxlstcnce ab a BCD (V. .A) b)’ CO“"‘““CCI“R " C°“"'°“°“ m '--j:
| o.f bmu: bldc!u whlch nntisfy thn condltinn in thc l'n,t pdrak"aph-; NO':iCC' '__'°4

'L r.har. !’roc.s naw on. vhen ue sny a collect lon of basc blox,k‘;, we menn a , AR

cnllec:ton uhlch satinﬂ'es t.hc conditlon. Bcfore wc concludc chis acction.
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T Le:nn 5 !o -"If k is odd :md tht_m exists a BIBD {v Ir. l). then :hcre
‘-"-' cxlats a BCD (V- ) '-_'{_ .A .‘ - "‘T_' L ;f,- ".f*f'-‘A"". ‘:' R

1 Px.'oot'."‘:'ﬁach trlock of A" BIBD (v.k l) uith k odd yields B(k-l) blocks e

- af'

of nlze k of n BCD (cf Theoreu 9 6 [10-]). 1“ or.her words, MCF“\}J&.CI‘ °f ‘a ,°

BIBD (v k A, yicu" a BCD (k k 1) . .ohlQ ib | ‘, "I ‘: . ‘l . ‘ .l "” ‘
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For k - 5.,thc hcccasa!y conditons (S 1) nnd (5 ") impl.; th:x‘t o Ul e

ﬂs 3) . Mv 1)110, xe 1(v-.1)/2..‘. *

Thc neccssity partn ot’ th(z t'.-'o theorc::s ln :hiq; scction follow easily from

, Thcore'.n 5 5 A cvcllc BCD (v 5 1) extqi ifmnd only “ ?lor :\ |

- . R

5 (nod 10.), v > 5. S T Q . )
‘ ";{Proof._._ For the proof of sufficicncy sce [17] -

' "':-._--"‘4_-..Proof.. Lct'v - 10:»+ 6 :md V u { } I.ec A

e g A1gees’ ~<9
\ rcpreaent retpec:ivcly the scc of elcments. collecti'on of base blocks ‘ :

,u"..,‘

10c+5'

a‘ a cyclic BCD (10t+$ 5 1) uhich ch-:ts by che thcorcm above Ir. t‘ollows i.‘:‘.f ":';3.'-‘
. '-":'f thatﬁ cdm be wrir.:(lg .ﬁ)-.&’ V;QZ. _where,,ﬂll contains all the base blocks

g of order 10: + 5 and,y conmi.ns all the base hlocks of order Zt + l. . N

Y

Let Bl - {0. 2c+1. !.:+2, 8:+’9, -} .md F - {o &:+z B:M 2:+1 6r.+3} j'
rhen 3 is a bnsc block of order 10: + S and P a base block of order 2: + 1. o |

o Lw:r ﬂconu!.st. of BI" F nnd encb basc blocks oE ﬂ} tulce, then/‘lgenerates; ;
ali che blockl d‘f a nr.o (1o:+6 5 z) "_ '_ '-__-7-1 .':';,‘_';ﬁ f;, -‘_.

: - ‘ ' Bcfore procncdtng futthat._ ut. us rcmnrk thnr.-"one hnlf" bf r.he
C Leza;s 5. J’ 5 9 nnd 5 1,2 bolow t’ollous frmn LcmaAS & and from r.hc known
. cxintcncu' of nJBIBD (v S 5) for v g 9 1.3 17 (md 20) [9}, so that these )

Ims provido an nltcrmtive cons:ructiqp ~ RGN :
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A _,_.;'. Preaf I.ot \ - A10t+6 (=} and ‘\10t+6' Q. be respectively, the

"”f*?chc blacks of a acn s 5 s)

-" i and 82 are bnsc blocks of order 6 and H is n b1se block.pf order 3

"'{-'is casy to sce thnx b, consists of blockq nfig 3

. :ﬂ;sct of elcmchS, a cullecnlon of b15c hlocks of a BCD (10t+6 5 . thgfﬁ.i‘-

\Q

'”:;f t - 0 let LR {0 3 1 2 u} a - {2 o 1 3 m} and n - {1 o 3 4 m} that 19, 5

1

-

l' B and H goneratea all

'.-_?r

o-..

?uT t > 2 let {(pi'qi)' 1 1 2;,;;; ‘:;} be an (A.t-l)- or a

*T;(a. €= 1}—ays:en, dEpcnding on uhéthcr € 2 (mod a) or't : 0, > (mod a)

2 f-f‘u.l"-" -
For all c" 1 lct ﬂ.be a baQL block of Ordcr St + 3 uherc _~-.;:5f‘. j;‘,4*»n

v

*‘:uw- {6t46 o 5:+3 t ~} ana 1et Bx' § -, 2,...,-3c+2 bc base blocLs oq

\_.n

'ﬂﬁo:der v 1o:+c uhere BB . l‘B°m+i - {o 2t+£‘-6t+3 6t+3*p1 6t+314}

i <t

A

Jili;or 1 . 1 2,...,; 1 (that ls. thcse blocks do not cxiBt uhcn t --1).:

.'ﬁ;f¢;‘]jliroﬁgﬂ, 2t—2 1?i0 or’ 3 (mod 61 B “.;J‘T :‘?A:‘l“

'“-ﬁcoapletc.;;€;{177 T:<'ﬂ73_{ ;"”,,fﬁfi% B

.J':f,;gﬂf{:‘ Lcﬂ,a 5 G-T'Iﬂ :hore cxia&//a BC§7(10Ef?1;5;5)Z:ﬁééfﬁﬁegé~éxisﬁs‘d;i'

L ——

-‘LfﬁJﬁiiffﬁgéiéﬁtji‘- {0 ~3c &t+l e, 7c+3} 3c+1 T {0- 5t+3 t.:t+x f}

‘Vfuand B.

3t+2 - I P =*},1~;ﬂf‘
IR ' 2: L. if : -1 or 2. (mod b)

ETHEN

| :;T“Lctdg connist of blockﬂ of L B lfHJJ-Zr-mg-' t+f ﬂ“d H,then the: Pf°°f 13
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| H 5se: of elcnants, a: collcction of bnsc blocks af a BCD (10t+7 5 5)

Lennn S 1. If thcfe nxlsca a BCD (10c+6 5 2) théh Ehéfﬁ'exfstsr :J;_ ‘

?f’ § Lcc V 0 +7 k,{-} and lot AlOt+7'j3 bqéﬁtfspeccively, the

a nco (10t+? s 5) l '.i ”;f._;ii;1(}.{';:rl'?'?,¥; f:f!"f;"{f 'fl.':‘:jéﬁ_‘f‘“ L
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POt t x 2 let {(pl.q )' 1 " 1"' eyt I} bc'an (A.t l)-eystem ar.a :ﬂ}vr_f el
(8. t-l)—syazen dcpcnding on uhcthcr t 1 2 (mod\f) or e 0 3 (mod A) N .f ?;f;.}f:

For D - 0 i - 1 2....'5. put B - {9‘1 3 6«0'}. o,bvious,ly, che ba9~.. blocks

' -o;jc. tOgcrher vlth B 1 -'1.-. - fS benerate-all thc\blbcks of q BCD IZTLT‘;  ;«?{?¥'§
(.3 5 10)—; '.'1-_.’:,.':,‘;1"‘ :' e g

. - "... Lt

For.ty RE dcfine aj {0 3:+1 IS 6t+3 1+1.‘p1+l + 4 D

WD

0 l....,h -1'- 1 2,...; c- f(ﬁgain 4%hcse blockq do not exist when

ﬂ
’

' , ) 5"" 1 " 1-~v---.5 BH 1 0 3t+1 5t+3. ~+t+1 6t+2} (which_“are ‘ L
=av-¢¢ - S PR e
IS 1 ft. out vhcn. l'. < 1), _‘ a ro 2t-l 6c+1 c_, _&;4-3_}_ f’“dQ.-.'”' ‘ ;-:  AREEE el
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L L T IS LT A
{0 2‘ [lt 2 ths n} if t" ]_ 2 (Z‘.Od 1‘)' C P
£0 2‘ "t"-- !":"5 "‘} ez, 3 (moa a),

)

",' --.
"_ ST W

CE, - . . I "

!’{'nce j} _Q u '{B v 1 ,f2 Vi 5t+5} gencr'u:es ali t:he blocks of a BCD

"”-.fﬁ(wua. s. 10)-...,.,, . REE ",3'; -‘.-  ;i_; :

-

o Le:an59 A cvcl.ic : BCD ('-'. 5_.'_’5’)“:6!'-;’15t$'_ f orv‘ 9 (mod 10) cviel ST

L. T ."' ’ - "rjl: : )
..

.. Proef’, ~% ‘t v . 10t+9 t > O nnd lct Vl 10“_9 Dcfi,ne _

PO 1 3 7 5} ,Ihts four base blocks gencracc a BCD (9 5 S} which is;;;;€111~;gh

.

":‘;,:‘_ 5¢ 44.
  ‘fcyc1iq,[ For t 3 k ye hav to d!stinguisﬁ muu cascs’?ff--”f

¢

a .

-'l-'-'.,o ot 1 (nod a) | m, {(pi.q ). "’1 2-----=1 be an’ (A t)--‘_f-.r'-'?. DR

SN O
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‘__h='uc can ve’(’y t.hat B v I - 1 2.---._5:4-&. qrc base blocks which gcnerated
:7?:1 BCD (10t+9 5 5) Uhlch is CYC11C- ‘u!i:A;f;f‘fl‘}L};{,-ff5{: ..‘-f—:flf{?:::"{;i_

U AT T B R L e T
T R e N
: (tt) b 2 or a (md ..) I"Or' t , 3 let {(—pllq ). I 1.".---.t-2}
."-!j‘;.. h{l nﬂ (A t“!)‘l‘?lCCB-« ."‘ut for j - O 1. ’.'[. BJ' 1 0 3t+1+1 6t+3
‘ “i""l » i . 1..2|.-tv.t 2 B ‘ ’ .
S ,‘ l (J+1)a v {0 2o+1,.§c+3 ac+9 a;+41 and R
' (j+1)t {o 21#3 6t+4 2:4& s:+6} Thpse b1se blocks 3 1 - 1 2‘_,_,27;{‘15'~‘ =

Stﬁ gcnczate a ﬁy&iic SCI} (10r.+§ S 5) ' ; ‘T.-.- ". | : f ‘- SR
Lcé!:h't 5 10 K BCD '(\'.r 5 ) cxists fqr v 0 (nod 10). v , 10_ : :_'
SR ur{ } ‘?or : > z :'w?g}iij3gi
‘ vy 10: 1 T

lct {.'(fi..ql) '1 1 2.....:—1}} be an (A.t-l)-l" o
.

rgof._ Let q - 10:. t > 1 and let V

or a (B t-l) sysl:en f

N t.cwnding on vhcthcr- t'-— l 2 (md &) or t o O 3 (mod :,) Put t’m'

RTINS g [f t - 1 or 2 - ‘,3 . .% \ : : e
! "_1-"93';; e 10,0 3:-! 6t 1, 1+1 plﬂ + i 11 Lt‘ t'* '1 2 (md a) t 5 5 SR
- -”?Q:g;f;,giff;](o 3: 1 6en1, 1+1 + l} Af e o 3 (uod a), v 3 ;”_m;j R
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v Pi+1
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[T LT H "

s 9-37,3' o 4 u 28  *_5:" i
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‘ (D. 2:-2 5{"4 6:-3 -} 1{ r_ ‘,- 1 2 (ﬂOd &)' t > 2
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”EEEEE;EQLE A ECU'(V 5 10} cxiscs for N 2 (mod 10)1\\~> 12._fi715"‘ ’

.P : . . h “_“,_ .
. toof Letr IOt 2 t> 1 and Vo= 10 +1u { } Let A10c+1,“

bc rcspcctlvely. the aet of eancnts aAcollcc:ion of base blcuks of a -

“‘;*Cfflic BCD (10l+1 5 1) Uhlch exists by Le:na 5 5. Tt follows :hnt.{)is

o R PR o
. “‘fa unlon aE : base blocks. each nf order 10: + 1 <£‘~ \J 7'9i'- Let Bj.be %?_:_7  oo
'.any of tbcse bane blocks 1n which the e gelenhkp (10:+1)IJ does not occur o

-

’(that is. t! v i l (nod 3) B nay bc al

j , 'of the t bnsc blocks) Lct the . o
SN o S e
- "se: of cdgelengthn uhich bccur in B

.‘.‘

1. 32‘ “3- “4' a, ). thcn put

‘ for e, zs TOREAIN I A S

| 10c+£ {0 ‘ 2‘1' 3‘1"} Lct,uat+i gl‘ £= L2,.s ';':1 * J- «,,.a‘~'

Q:ﬂ'f., - o 1,,_,. nd n if 0 1,.... These 108\ +: 2 basé blocks
R 9 L j.an j N OB\ R
L .gcnctatc u ncp (1o:+2 3 10) / BT '1 S

. - :-. N . ‘.' .,"'
“.\-‘ ‘-.!f :

_l-e__-za__f';j& A cycnc ncn (v.5. 5) exists for v 3.3 (-»od 10)”;- 13.-_ o

fe

L

e L T

:vﬁ?QA; (l) : z 1 or 2 (nod A) Let I(pi.q ) i 1 2,..., :+1} be A ;f“'

:€|

(B t+1)-ny;tc- nnd for : > 2 let {(p* qﬁ). i - 1 Z.....c 1} be an “’

-, '. -, . IR I
: ' . L e Y
S i . . .- . . .

(Aw -1)-syst¢n._ Dcflnc “f:kﬂ  lT_ H;gd';gﬁ.
o ! j;+i {0 2t+1+1 6t+3 l+l pi+l + 1- 1).71 - 1 2.---.: f“j‘-'OP;f;fjlﬂg_ifﬁ;ftﬁf‘:u
4:+l {
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‘a - {0 3 . 16 10} 1[ t’- Z _ . ll-‘ \ . 'r‘,‘ . '-

: and By {0 2t.‘&t. 6: 8;};;.Tbese'ﬁﬁﬁl.baSé‘Stngs.ﬁéhéfa%éyﬁ,cygifé“ffg g

e :et of ele-un:l nnd a collectlon of bnse blocks of a BCD (10t+3. 5 5) _ ¥?.;;5< L

. o

o B‘ - ‘2‘-

¢ if t‘- 1 _
5:-1: {0 5 13.1.2} it : ;‘:-_:-“‘khi_;ﬁ  T T o

.-_‘.

e : "' ' o el A e g . L .

o0, 1, A a s} AL e 1

: (0 2c, &t+2 Bt kt+1-7~if t. >, 5. RSN '
+ . SRR

-3 1 i .:~;'.‘Hb‘iﬂfu; N RN S

_ach (10: + 3. s, s) e creh e T s

| 1(1) 0 or 3 (nod 6).‘ Le; ((pi‘q ). .f 1 2,.... t+1} be an qug

(A, c+1)-aynte= and 1et {(p‘. Q‘) i 1 2: ;},:-1} be A (B t—f)-systen.. ;:Afiq;”fg;_gi

" $.._

o Dcfine .

{0. 2r+1+1 7c+3 1+1, pi+1+1 1}. 1 - 1 2.....' j - 0 1 2, 3

,r m FECR A

s 10. 2:+1 m sm am; and ~ Cwha RO

(0. 1 6t+1 2:. 6h+1) Thene 5t+1 base biocks gcnerate a cyclic

St*l R Lol -, RO
BCD (10t+3 S 5) i' ﬂ'ﬁff:f‘ '7‘Fiflf'_1;;_'33~f:n‘ &Tf;:ﬁq }:i
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