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NTRODUCTION. . e S

’ _:_. ',... . -
/1". i . . .

Barrelled and quasibarrelled spaces fonm 1mportant classes of

_;locally convex topologlcal vector spaces.._ln view of the 1mportant role R

Iuplayed by these spaces 1n functlonal analysis. Husain ([10]) found it N
;1des1rable to generalize them. He has. thus. 1ntroduced and studied 1n ([10])
':tuo new classes of locally coqyex spaces which he has labelled as the
liﬂclasses of countably barrelled and countably quaslbarrelled.spaces they

'; generalize the classes of barrelled and quasibarrelled'spaces respectively

Hotivated by the 1dea of Husain ([lO]) we 1ntroduce and study, in. t;hapter I. |

©8 class of locelly convex vector lattlces (more generally. a class of ordered

locally: convex spaces) uhich we - call a class of countably order-quasi- '

”'vbarrelled vector lattlces abbreviated to-C. 0 Q vector lattices (respect- :

"Zively.-a class of €o ntably order-quasibarrelled vector spaces. abbreviated

‘.f:to*c 0. 0 vector space') The class,of C 0. Q,/vector lattices (C 0. Q

L]

l—'_’

l

"‘-‘

'fvector speces) generali 's that of order-infrabarrelled Rlesz spaces f.s;-f_i;fi'

v
) (respectively. order-lnfﬁabarrelled spaces) 1ntroduced by Hong ([46])

'Jf (respectively [47]) He prove a Banach-Stelnhaus type theorem for sets of
“Alattice homonorphisns on C 0 Q vector lattices (respectively. for sets of
4_‘,positfve ltnear naps on C 0 Q. vector spaces) we obtainoanalogues of tmo

r hell knoun theoreas ln the theory of bases. nanely the veak basis theorem

ﬂ . nd the 1soeorphisn theoren. for order-infrabarrelled spaces vlth positlve
.' Schauder bases these tuo results gain nothing An generality lf we proceed
:.to consider c O.Q. vector spaces. because 1t is, knoun that a topologj‘al .
"_vector space uith a basis is separable ([41]. page 144). and we': shou. fn' -

.. . . -t

(vm S L
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s justify ttéxistence of ~such 2 class 4n ordered “vector spaces.

!

Chapter l. that a separable €.0.Q. vector space s order—infrabarrelled .
space. and hence a C.0.Q. f/ctor spaceuwith a basis is an order-infra- - ‘-
barrelled space. He also prove that tbe inductive tensor prdduct of two_ |
+ C.0. Q vector spaces. under certain conditions. is again a €.0. Q vector ,
| space. S o . Lq
o Suppose ‘that. (E].u ) and (EZ'UZ) are-locally ‘convex spaces ordered

by generating cones K] and Kz respectively, and that the closhre Kp of Kp

: in E1 ® E is. a cone. where Kp is the prodective wedge in the algebraic

tensor product E] ®E2 and El ® E is the algebraic tensor p/roduct E] ® E2 .

. equipped with projective tensor product topology lf S and. T are order-

bpunded subsets of Ev] and E2 respectively. then the clgsure r(s @) of the
convex circled hull ‘of (§6911 in E]QD E ’is order/ﬁounded for the order
structure detenmined by- K (f35] » pages 185 187) Peréssini ‘and Sherbert
([35]. page 187) have asked tﬁe following question When is‘each order-\
bounded set in. E] @E for Kp oontained in -3 set of the form F(S®T) for |
suitable ordersbounded sets 'S, and T in E] and, Eé respectively? Equivelently, ‘
‘when ddes the topology of bi-order—bounded t‘.onvergence on B(’E Ezl coinc.ide
with the topology o( B(El, 2)' E, @ E2) on E(E]. 2)? In order 1o ‘give an
affirmative ansner to this question we introduce, in Chapter Il 3 subclass
of c.0. Q vector lattices (more generally. a subclass of C 0 Q. VEthf spaces)
’ﬂhich we call 2 class of order-(DF)-vector lattices (respectively, a class of .
Order-(DF)-vector speces} The motivation for this class has,. in fact. been
derived from the notion of Grothendieck (7. He give many examples to

] o

1

order-quasiultrabarrelled vector lattices. bbreviated to 0 Q.uU. vector :

apter 111, we introduce and study. nhat we call. a class of
/

} : ‘w
\p. .. - c.
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| iattices. (mare generally, i class'of ordbr-duasiuitrabarreiiedfuector

.spaces. abbreviated to.0.Q.U. yector: spaces) This_ciassirepiaces thdt of

. order- infrabarrei]ed Riesz Spaces (respectively. order-infrabarreiled '

vector spaces) in situations where iocai.convexfty fs not assumed We,
' then. show that the Banach Steinhaus type theorems and the isqmorphism

N theorem that we have proved in Chapter I can be carried over to this tlass.

" The closed graph theorem is one of the most fundamentai resuits of func-
tional analysis. Over the years. there have been- many efforts to generaﬁize
‘tnis theorem for various classes of topoiogical vector spaces and for- topo- ‘
logical graups. (For ai i]luminating account rof this, see Hbsain [8] and. |

[9]). :In Chapter I, section 4, we_present 2 c}osed'graph theorem for

'0.Q.U. vector spaces. ) ' y o _

- In - ([40]) Simons has ihtroduced 3 class of topoiogical vector spaces
uhich he calls a class of upper bound spaces He has characterized such
spaces in terms ofr what he calls, - pseudometries. Suhsequentiy in [16(a)],
Iyahen ‘has observed that the ciass of upper bound Spaces coincides with that
:'of seniconvex spaces whfth he has studied in [16(a),(b)]. In Chapter 1V, -
we study the ciass of semiconvex spaces with order structure and cail'it the -
‘class of ordered semiconvex spagps. Me, then extend some of the results,
known for ordered ioraliy convex spaces, ' to ordered semiconyex spaces via
' k—pseudometrics.. We aiso introduce uhgiéﬁ%}call “the order bound sc-ﬁopologyﬁ
in ordered semiconvex spaces .and prove some theorems about. the confinuity - '

of sublinsgr maps of order d vector spaces equipped with the order bound .
. o .

sc-topology y r
' ln ([9]. Chapter V). Husain has obtained various versions df/:;ej-

(ix)
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closed graph and the open homomorphism theorems for topologica] groups.

{n fact he has proved a, very gtheral theorem from which a1most all existing
open homomorphism and c]osed g aph theorems for topo]ogical grdups cag

be deduced Motivated by his work, we prove. in .Chapter V. a closed graph
type theorem for .ordered topologlcal abelian groups. ,

Chapter 0 contains ‘some basic material for quick. referenee._

In each section .stptements of definitions lemmas , propositions:
and theorems and their corol1aries are marked r.n.m, where r is the
chapter number n is the section number within the chapter and m fs the

statement number within the section.

Throughout this dissertation, we use R, RY and W to denote the set

¢

of real dumbers, the set of positive-real numbers and the set of natural

numbers reqpectiueiy. '

(x)

o




e _CHAPTER 0. © Ci R

ST " PRELIMINARIES IR

" The purpose of this chapter 1s to make. this dissertation more

’

readable by including 1n it some bosic material from topological and

N ,
ordered topological vector.spaces—-and-ﬂ;roups, which wﬂ'l be needed 1n later

_chapters. ! . 3 ' : \ ..

) [ Throughout this dissertat:ion we consider on'ly the real vector ' .

spaces and Hausdorff topological vector spaces and groups

< oo
. o o ]

d
e I » ‘ '
‘ T &

0.1 Topological vector spaces
Most of the results of this section can ‘be. foind in l}{usain (tB]). .-
. UL T T

. re \ ,‘ )
. 0.1.) .Befinition: ‘ (a) A set E is sa‘id to be a topologica\ vector space

- over Tl(abbreviated to t.v.s ) 1f Eas a- pofnts'et 45 a topo‘roq&% space and

: -~ 1

a vector space over R such t.hat the mappings

"
- a

(x.ﬂ-——'-'—*!fy..' PR
. ry. 7 |

(ox) — 2x e

are continuous in both vor‘lables together, for x.ch and Ju: R.
, He write (E u) to mean a topological vector space £ with topology u.
(b) Atov.s. (E.u) 1s said to be Hausdorff if the topoiogy v. of E is

Hausdorff . A B e :




0 1 2 Definition* Let E be a vector space. (a) A nonempty subset A
) s
nf t s said to be convex.if for each x.ycA and 0 s A 1 Ax + (1—x)ycA
The Wntersection of copve sets is either empty or convex ' ~U~ - *?‘

(b) A subset A of £ i said\ta be circ1ed 1f for each ch and IAI s 1,

lc R. »f‘cA b B \\ R I s .':" , .'

s . . . X s

(c) A subset A of £ is\said to absorb anothen subset B of E 1f there

’ exists a>0 such that AB. GA far a'll |;| 5 u, A + o
(d) A subset A of: € is said to ‘be- absorbing 1f it absorbs each-point _

' bf‘E‘."“. CL —-” Vot T S gL

- . v . . L :
2 . ) o '.-- ,".“\ .\ B X . \‘ o Fe ,‘-

0: 1 3 THEOREH.‘ In a t.v. s..(E,u) there exists a basis n of u-cInsed
1ghbourhoods of 0 such that } ‘.‘ jf S _' 7"“_ "'_ f A 1‘¥;”,l;'
(1) each Ucn 1s circied and ;bsorbing, and ”‘,~J{jff;;*i' T.g;} s
(ii) for. each 1lcn‘there exists\; Vcn such that V + V(:IJ. - o
, '_ f' Converse1y, 1f E is a veqfor space and n 1s a fiIter—bese satisfy1ng
conditaons LJ) and (11) then there exists,a unique tqpo1egy u on E sUch "

that (E,u) is 2 t.v.s. and N 1s n heighbourhood basis of 0 1n E

0 1 4 Deginitions (a) A t.v.s. (E,u) 1s § 1d to be métrizabie if there ﬁ:;i
exists a countable neighoourhood.basis of 0

These neighbourhbods can be chosen to satisfy (1) and (11J-pf,pitiaﬁg_;1}

(b) A conplete netrfzab!e t.v s.‘is calledan F-space o
+ ST v . ‘
| e B | ‘ - s,




) {ocaliyﬁcbnvex spaces . S )

'-."

B 0 1; 5 Definition (a) A t V. s. is said to. be locqily convex space,
¥ abbreviated to i c. s.,if there exists 2 neighbourbood basis of 0 in it )

consisting of convex %ets _ ey o
\ ) . ' ;

(b) A complete metrizable l.c.s. 15 called a Frechet space
There exists a metrizabie t v.S. uhich {; not 1.c. 73 and there exists I

~ml.c.s. uhich»is-not-metrizabie. (see Husain [B]. page 16, for exampies)c

s
4

! ) v . . . oo v
- ‘ . ) of

0 1 6 Definitinn (a) Let E be a vector space.’ A real—va]ued function_"
p defined on € s said to be a semi-norm if the foiiowing cehditions are "

-

satisfied" ' ‘ |
L) p(xx) . lklp(x) for aH x:E and Ac R and |
(1) ploeyd €] + plo) for allxaet. o R

‘ Clearly p(o) =0 and p(x)-3: 0 for- all xcE L | '

(b) A; semi-norm p on a vector space E is said tp be a norm. if -

p(x} =0 implies X ® 0. o T'v; S e f\ - el -
| (c) A'norm is denoted by 11 1) -and satisfies (1) and, (ii) -A“rioruilisj_ )
' o ft |

- erta
PR

L3

f

aivays a sani-norm. brt not . cpnverseiy._”
° ‘ 7 25929§1119E" Let (E ?) be a t v.s. s There is a onewto-ohe corres-- o

pondence betueen the set of ail convex. circied. ciosed subsets containing

0 as their interior point and the set of all continuous semi-nonms p definedff

-":

Sinc tbere exists a neighbourhobd basis of 0 consisting of ciosed

AR circied. convex sets in an 1 c.s..(E.n). the topoiogy u can also be defined f




_' Let u be the finest local'ly convex topoibgy on E such that each\f is -
‘ continuous.‘ (E.u) s cmed the inductive limit of {s ,ucl} |

¥

e Ol."l'.l'i'f'.Deg_'inition:'._(a') LetEbe an V.c.s.. The ‘st E* of all 1inear -

Y . y o . .
.. R ‘ LA
. N E . | .

by a subset of aH continuous semi-no\\'ms on’ (t u) The se.t._Hf all semi- :

nor™s ‘on a vector space E defines 3 to}ology which is the finest locally

' convex topology on E IR \ i

W
a

0 1.8 PROPOSITION- An. T.c. s.x (E u) 1s metrizable if u’can be described |

: by a countable set of continuous semi-norms. o

Y
[

0.9 D-efinition (a) A L. s.,s(E a). is  formed’ space {f u cn be-

definedbyonorm., 3 | ',' ST

A (b) A t.v.s. i a Banach space if i't is normed_and complete in the

metric induced by the nom. coe "

. K . . .
@ 0 . hd
. . . [ Lt

L

B lnductiveiliini t's." and dii-ect.'suk of l.c 'spaCEs 3 ;. "
- ’ . . i ! ' . . .

0.1, 10 Defini ‘.""n (a) Let{}: .ocI} be 3 fami‘ly of 1.c. spaces ‘and f

o 'Iineor 3P of E, into a vector space E, for each a.. Suppose £ --Lgfu(E J.

(b) The algebraic direct sun E = ?E of a famﬂy(ﬁ.od} of l ¢
spaces endmd with the finest locolly convex topology u such that‘ the
ed:edding i E et E is continuous for each a, is the iIiductivg limit of .
- {E, .ocl}. (E,u) is colled thé direct sun'of {E .ocl} ’ g
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;.-"real-valued functions on. E is ca]'led the algebraic dual of E; J:he set E'-

‘J.. of all continuous linear reai-va'lued functions on Eis called the topo‘-

-,'logicai dual of €; clear'ly E‘CE"’("_liE L AN

(-b) A member\x cE‘ (respectively x*ci-'.*) is calied a continuous Hnear :

k -functionol (respective'iy Hnear functionai) The vaJue bf X cE' at XcE is

\

y denoted by <x; x >. - ‘i"’_-_'- \\

| _,cootinuous if it is bounded on-an open\neiqhbourhood of 0. -

| CIeerIy the mpping (x.x') — <x,jx ' of EgE' into R is bi- »

. Y
- 5

linear (i e.. linear in eac\h variab'le). a linear functional x' E — R'is
7 )

,(c) The coarsest 'iocaITy convex topology for which the mappingi '
X <x.x >, for each X cE' s continuoﬁs is calied the weak topo‘l :gy on .
E and is denoted by w or o(E,E" ) In the same way,- ‘one. defines ﬁhe ’ _ek*_’ |
R wpology. deno ted: by u“ or. c(E‘.E), on B’ as' the coarsest one fo+ _‘ Ii‘ch' ‘the

!

mpping x* '—-- <X, x >y for each xeE, is continuous. R

_ (E' E) is precisely khe topoiogy of silnple convergence on E', uhich; Co
- in turn, is inducpd from the product topol'ogy defined on RE.' : o

(d) For each subset A of E the set of all x* ¢ >such. that <x.x s, ».-J. '
is ca'ned the polar of A and is denoted by A° A®® = {xcEjax,x 5 N 'l for S

.
- A ’ s

! s _ ‘ o
aﬂ\x cmis caliedthebipolar.( B T

- 0.1, 12 PRDPOSIT!OH l.et A. B and A (n runs over an . index set) be sub-

- sets-of anl C S. E L . - "l I b
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{b) 1f 2 0, mr-'a
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(d) For each set A A" is,a o(E\ E)-closed con.\‘f:x seb conta'lning 0. - o
(e) lfAis ci c'led. '$0 1s A°".'. L, ;o o

(f) A°° = the convex closure (under uo(E E' )) of AU{O}

(9) Aooo ', A, o " . |

(h} If A-15 2 subspace of E, A° 1s a o(E' E) p1osed subspace of E' Q{
(i) Let. A be a subspace of E. CA%? = A 1f A 1s o(E E' 1-cIosed (The N

:' same is true for a subspace A of E') , .

. Barrelled and, : | Ted s e o
' 0.1.13 Definition' ‘( )_Lei(ﬁ,u) beanl c.sc.jA subset B of E which
. is closed. convex. circled and absorbing is called a barré‘l
_ - Ir‘l anl c.s. each closed cirded convex neighbourhood of 0 is a . .
barrel Butr the converse 1 s not true in generaﬂ. " | , _ |
j 4 (b) A subset A qf‘ (E u) is ca'lled bomivorous if it absorbs m l‘-'_ ‘
'.bounded subsets ofE '.: I T . _.',' o
" (c}AnI c.s. AE, u) 1s czmed a barrelled space (quasibarreﬂed space) _
. if.every barrel (bornivorous barrel) in (€,u) is a neighbourhood of 0 'b

| 2'_ Every Eaire 1. c.s. 1s 'y barrel‘led space.' In part'[;;u]ar Frechet and
Banach spaces are barre‘ned e R - g }A
Every borrelled space 1s quasibarrelled. but np‘; conversely. R

01 H PROPOSITIOI!. (a) Inductive 11m1ts of barreﬂed (quasibarre'lled)

: spaces are bamned (quasibarrened) . “ o L |
(b) Eacb quotient spaoe of a barre!led (quasibarreﬂed) spacej_;l 5 ajsg
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3 again barrel!ed (quasibarre11ed)
| (e) A closed subspace of 2. barre11ed sp%ce n |
(f) Let (E u). beanel c. Su- theﬁ' E with. the f1nest 1ocally ’tuhvex topo-

. '! ‘ . . ' ’ :
REHARK- A barrelled space is neither necessarﬂy metHzable nor com

"‘__ontoEis a'lmst open f DL
-‘;-' . '.'-' }
o ! s e
. SR R T :
= i
: 0 .

a h.arrened (quasibarrened) space.

is 2 barrelled (quasibarrelled) space

e | B 6 PROPOSITIOH' (a) Let (E.u) and (F.v) be. tw 1.c. spaces and f

I .

(c) Any topolégical direct sun of ba‘rrel}ed (quasibarrened) spaces
| R ‘ ) " ._ . ’ ‘u

" (d) The” topologfcal product of barrel]ed (quasibarrelled) spaces 1s

eed not be barreﬂed

logy is 4 barrened space. '.-_‘
. '.‘:_.‘.-"‘h.' . N

-

[}
Y
S

0 1. 15 PRDPOSIT!OH (a) i a quasibarrelled space is sequentiai]y

complete. then it is barrened

(b) The quasi-com‘letion ahd t‘uz completion of a quasfbarre11ed~ space

.. are both barrel!e’& _- | "

‘_"l

3 'Hnear. continuous and almst open mepping of £ into F. If (E u} 1s

. a4

.' barre'l'led (quasjbarrel]ed!. $6 1s (F ov).
(b) Let (E.u) be. a barrelled space and (F.v) any 1 c Sie

'Hnear nap f of E lnto F 1s almst continuo(u:s.

Then ti)' any.

plete.

fH) any Hnear' map g of F -.'5:,



N R i _' ' ". ! l‘_‘ o L 5 < __ . ",
v R . ' . '. ¢ 1 y ’ _-""‘--.,___I
; L Y T ! S X SEVIRERE
el e e 8 ;
';,*‘ v "\ . v b o o
o ,k' . . +
- N v 0 ) - '- '| ’

countably -'b_arv'fel'lod"abd-"-coontob\l}.'opa‘sibarr’el';léd:sﬁaoe's- 3 ‘

" COuntably- barrglled and countab‘ly quas{bal-rened spaces are due to

- T..Husa‘ln ([101) Mmost aH the resu‘lts for countably barrelled and count-
11 ably quasibarﬂﬂed slaces. uhich aro,,gfveu here for the sake of comp‘leteness..f‘_- 3

;= are: due to hiu. T

RPN . ~

o o1 1~7 Deﬁn‘lt{on' Let (E.u) bean'l.c.s. : (E,u) is said toJ:e dountably

Lo

:" ban-ened (countab'ly quasibarrened) 1f each a(E" E)-bounded ( B (|-: .E)-
bounded) subset of‘E' which 15 tﬁé countable union of equicontinuous sub- o

L e

sets of E' 1s itse'lf equicontinuous. L e
01 w Tut-:oasu Anl .8, (E.u) 1s countably ban-eued (count.ab'ly quasi- - .-“
barre‘ned) 1f each barnel (bomivorous barrel) which 1s the comtaiﬂe 1nterr. A
section of c1osed, circ'led. convex neighbourhoods of 0 1s itse%f..a neigh- -

° bourbood of 'y 1n e B IR
0., 19 cotm.m r.my barrellpd (quqsibarreﬂed) space 1s coumb_iyj_j.."!_-,'.-._ .‘

-

barrelled (oountably quasibobrelied) | "f" L RS " DR R
o 1 zo nuzoaal (W-smnnmﬂ -,;_f.;- |
Let (E.u) be 2 oountably barrel'led space Let {f ,n = -i .z. S

be s o(E' .E)-bounded sequence 1n E . If {f .ncll} convefges to'a Hnear

| ':*_“‘{'fmctional- f point.tdse. thzn feE' and {f .ncl'l} converges to f unifom?y

on each precoq:act subset of (E.u) . .:i.-jf‘., '_'._;7._3;‘, ._ -_;f-:-'.j'.' o
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‘I’he proof of the fo‘llowing propos*lf.ibn 1s different from that of

Husoin ([10]. Proposition 6) and our

n
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proof avoids duoth theory
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0 1 21 PROPOSLTION Let (E.u) be a countabl,y borre‘r‘led space ond (F.v)

; any 1.c. s. . l.et {Hn.ncll} be o sequence of equicontinuous subsets of linoar

ps of E into F such thot H » }J.‘ H 1s poiptvdse bounded#‘l’hen H 1s |

5!
t SRR A
equicontinuous. SR Voo R T e e

‘7 paoor Let v be 3 closed. convex, oircled neighbourhood of 0 SR

. 1n F Let N f\ 1"‘I (V). then. clear'ly H is a closed convex, circ1ed
fs.-‘ neighbourhood of 0 1n E Now. 'Iet a / "_/- Sl

+ ’.

ﬁ'l'hen H 1s c'leorly o closed convex. c1rc1ed set ‘ln E. a‘lso 1t 1s absorbing, o

Hence wisa borrel uhich 1s the countable

‘i‘ ' -intersection of closed. circledi convex neighbourhoodsu of 0 in E and henoer
: "'-.-{s 1tse'lf () neighbourhood of 0 1n E This shous thot H is equicdntinuous, *

| because W 15 pointuise bounded

Sy s ‘ ,

Let (E.u) be 2 countobly barroned space ond (F.v) any
uence of continuous Hneor

0 l 22 COROLLARY'
I c.s. . If (f .ncﬂ} is a pointnise bounded seq
naps of (E-u) 1nto (F.v). then (f .ncll} is equicontinuous. :
.cu:l} be a fonﬂy of countab]y barrelled spoces

0.1 23 THEOREH Let {E
Let E be endowed

and {f ,ad} a fami ly of 'Hnear maps 1nto a vector space.,E

Y '. e . "._-_
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\dth the finest. 10ca11y convox topo)ogy u such that eacﬁ f Is continuous.‘." d

\'ﬂ‘

- Then (.E u) is countab]y barrelled R
. - _ ; . .; ) h. - ' ‘- . ._.l:" .,'::"A‘ -

R bY

" "'"-‘-‘f‘- - o
0 1 24 COROLLARYt Let {E .ocl} be a family of cou tably barrel'led e
spaces and (E.u) its inductive 'Hmit Then (E.u) 1s also countab1y S
bme“ed-- ST N SO A

0 1. 25 COROL{ARY' Let (E.u) be a countably barrened space and M a closed

£
o

; f.subspace of (E.u) Then the quotient E[H 1s countabl y barreﬂed
0.1, zs coamunv. | Let {s ,acl} be a famﬂy of countaw, harre'l‘led spaces. o
| '_Then 1ts direct sun 1s a!so countably barre‘lled S \ R

. ‘..\- . iy .‘l.. ) . -' . ". . -, e

0.1, 27 w ([TS(b)]) The (pro.iective) tensor pm&uct of two
:-f‘#’netrizable oountably barrel’led spacos 1sl count@bly barrened._ o o

Gt Ve ?.':"[ehso'r”.Pi'oducts_._-‘ Lot . T

. TMs interm 15 ﬂaken from: Schaefer ([39]) e \
Let £.F l 6 be vector spaces over the szune ﬂeld 'R a mpping
au? vy o is ca'lled bmnear 1f for each ‘xeE and aach ycF the partia‘l

nppings f y Ay f(x,y) and fy'x —r f(x.y) are Hneqr. ; If E. F 6 3"3

t.v. spaces. 1t 1s: not difficu}t to prove that a bilinear map f 15 continuous

(T .

E 'if 1t 1s so at (0 0) A bilinear uap f 1s said to be separately continuous

'”:ff m part'fal mps f and f, m conunuous. : 1f 6= R then a bi- Hnear mp

‘ ¥ e e o I S T .- "-'.‘ "-‘ - ""‘-. _,‘ o X . L —.. .‘,"-'.'. ! .
A . S, S N - DT et et - .




of ExF 1nto R 1s called a" bﬂ‘lnqar functi na] on ExF. . - '.  * - s
‘ Let B(E F) d(:note the vector space of, all bﬂinear functionals | I- |
on Exi-‘ For eachwx.y)c&:xr the mapping f — f(x.y) is.a ‘Hnear Lo
-functional on B(E F).. and. hence an. element hx ¥ of the algebraic dual ' |
- B(E, F)* 142 1s eosﬂy seen that the mapping g: (x.y} — h, Xy of ExF 1nto |
B(E F)* 1s bﬂinear.. The Hnear hull of g(ExF) in B(E F)* 1s denoted by '
' E@ F and 1s called the tenéor product of E- and F. g 1s ca'lled the canon- B
lca\ bﬂinear mp of ﬂxF into §®F. The element h of E@F 1s denoted | .“-'-“
by xOy ‘50" that eoch e'lement of E®F 1s a ﬁnite sum 1: ).,‘(x1 ®y1) (the:. |
sm over the emty set be‘lng 0) He shan urite A@B - g(AxB) for arbi- o
trery subsets ACE, BCF. for any subtpaces HCE NCI-'. the symbol HQ N
shal'l denote the linear hu" of g(HxH) rather than th.e set g(HxN) itself
-t fs easy to verify the foiﬂouing ru‘les. - ’
x(x@y) . (xx) ey d x@ (ky), M:R. o
. 'l | ( ] + "2) @y - X] @x $. "2 oy and |
Kxo (y‘ *yz) = xey, + x@yz ..

f.f';Hence each elenent thOF 1s'_o\"1:he~1»'0::;;_11___2x1 @ yiLvaiously. the rep-
'-__resentation of K 15 no‘t m1que. L c\ o \ .

ot -
i

‘ . . S oo ) -\‘ Lo _‘ . ..' ‘.-' AL._‘A-_;*:_
_ 0 1. 28 Defjnitiow Let E] end l’.z be l ¢ spaces.. ansider the famﬂy P
L f_'of m locmy comx topo1ogies on £ 0 Ez for uhich the. canonical bmnear

: .jup g lr:1xE2 ""E'l OEZ 1s continoous. .The upper bound up of P fs a 1ocany

-"jconvex toptﬂogy. caned the Projective (tensor product) topo1ogy on El @ Ez

T tf n] and "2“"" neighbourhood bases of D 1n E, and Ez respe‘:ﬁ"ell' ’ ."he" the .«*P

fa-ﬂy Qf convex. circ‘led hu‘!'l/s/ . '. , - ‘3, '_3,'."* e
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. is a neighbourhood basis of 0 for up thus the projective topolog,v is the

_’ finest Iocany oorivex topoioq;r on l-:1 @ Ez for which the canonical biiinear

;4 map 1s. continuous..f
L NOTATIONS (i) B(E J-‘,.G) denotes the vecéor space of al] biiinear . ‘I
t.',PpingsofExFintoG ’ ' o
(ii) lf E.F and G- ore t.v. speces, then B(E F: G) denotes the vector

P .

.,’"\.
e

space of con inuous bi‘linear maps.. -
"‘(E F) denotes the vector space of all iinear mappings of E into

.' l-' and 'if E F are t v. spaces, then L{E F) denotes the vector space of atl

continuous linear mppings of E into F

C v fﬁ
L+ 0.1. 29 ﬂDPOSITlOI_i,, (a) Let E1 Ez be vector spaces over
the cenonical biiinear map of EIxE2 in‘to E1 0 Ez For any vec.tor space 6

lt. the napping h -—-whog is an isomrphism of L(El @ E2 G) onto” . -

R and let g. be

- over

B(E F: G)- SR _ |
4 (b). The algebnic dua‘l of El 0 Eza can be identiﬂe%uith E(E F}, under .
this wehuﬁcmon. e
vector space of bi!inear functionals oo E]x‘Ez and conversely. - e S l

. .
]

each vector space of lineor functionols on Ei ® E2 is a o

0 1. 30 PROPOSITION' (e) Let E{ E2 nd G be l:c. spaces and 1et E1 ® E2
be provided nii:h the projective topoiogy Then the isomorphism h — hog ' .";.

of 0 i 29(o) :uaps the space of continuous 'Iinear mappings f-(E] @ |:'2 G)



' onto. the space of continuous bilinear mappimgs B(E‘.E G)
1
(b) The dual.-of E1 @ Ey for the projecti topo'iogy can be identified

.

3 uith the space B(El Ez) of all continuous bilinear functiona]s ‘on El"Ez e
‘ Under this identi fication, the equicontinuous subsets of (E, ® Ezi" o

the equicontinuous sets Qf bilinear functionals on Elez. ,

L
~ . v .t ,

_:'u, 0.1. 31 Definition- Let 51 and E2 be l c. spaces. , The inductive (tensor —_—

- produc%)i topology Uy on"i:'\@ E2 is defined to be. the i'inest ioca‘iiy convex

topoiogy on B, @ E, for which the canonicai bilinear map is separately C
1 2 R

continuous. - oo Vo : R T
R REHARK- uj is the inductive limit topology with- respect to the
r,fami'ly of mppings RS TN o ; T
- {gx' gy. xtE,. chz} of Ez (respéctive‘ly. E ) into i-:1 ® ii2
 Bases s
T . A
m 'foumng vaterial a_u;s,as_a-s i.s'foonected' from Marti ([250). .
0 ] 32 Definition.; Let E be a t V.S, and E' its algebraic dua] L r

: '_{xii and {f1} be sequences in E end [38 respectively. X [xi.fil is cal'led a.

biorthogonai systeu for E if fi(xj) = 5”. uhere 611 is the Kronecker deita.




'-'g.;"i

0.1.33 Definition. A sequence {xi} in a t v.s. E {s asbasis for ~

Eif for each xc€ thpre is a unique sequence {“i} in R such that
Ex-nm n agx, in the topologyofi-: e w

o 1 X

? Evidently. each expansiod%defficient oi. f (x) = 01. defines a

linear functional f1 on E. "However. the coefficient functional need
| j . i@ .

" not neces:ari'ly be continuous. e A

| LA C , .
‘ 0 l"34 Definition- A basts for a- t. v.s. E with continuous, coefficient
_-fUnctionals fi' defined by fi (x) - ui’ XCE i= 1 2, , 1s ‘called‘a -

\ Schauder basis for E. B

a

0.1.35 THEQREH In a Banach (or even Frechet) space £ every basis (x{}
. R

s a Schauder basis. | |
' " tet E be a tiv.s. over R, E' its topological dual and let A be |

_an index set of arbitrary cardinality L

0.1.36 Definiti.onf The double fami'l.v {x ofy Y- is a biorthogonal system
' if X cE and f <E* for. a]l A€A and if f (x )=- 61 B where GA is _j:he Knonecker )
‘ 'delta. {x ofy } is naximal uith respect to E if there is no- biorthogona].
. <,syswn uhich contains ixx.f |3 properly. : ,‘ _ o
0 l 37 Definition. A biorthogonal systeui (xx,f } is a generalized basis S
.for E if 1, (x} . o, m. inpligs x.= « 0 for a1l xeE. [xx.f } is' total 1f the
| ‘mm Tinear combinations of “Lx,) are dense 0 E (1.e.. If D) 1 to\tal -
- in E) !f A is,{not) countable. such 2 basis is called an (extended) Hark- .

"f"iushevich basis for E

T . . o . - - . . . . . . -
a . I . . I ) .. : . K L Lo LI ‘ L R . . .
e “"ul R RS S S PR T -



i : 1

;,;' RN T S - .18 ' o
- : . T 5 e ot ‘ . v . . .
‘0

0 l 38 HEOR {a) A generalized basis for € 1s a maximal biorthogonei
f“ systeﬁ’euith Fespect to E. '

:';‘- X (h) Every Scheuder haSis for E is ob Harkushevich basis for . \} _

D

s

A

0.1. 39 Definition- Let E and F be topoiogicei Vector spaces. A ,

sequence {x } in £ is said to be similar to a sequence (yn} in F if for '\-‘

ﬂl sequences {d }CR. - o e e e
- nfl ".nxn converges (in E): iff }: any converges (in F) e, |

0.2 roggigg’ i'cai'gr’ougs/ b R o
. - ’ ' ' "". -
ln' this section. collect those definitions and. resu'l ts from ‘the “

theory of topologicei groups uhich are needed in Chapter V. . Most of the

-,.'_ r

results of this section can be found in Husein (IZQI)‘ | S

- . H

w»

; 0 2.1 Definition- A topoiogicai space G that is also a group is called-
_. .a topological grqup if the mapping g] (x.y) —— xy of st onto G is con- '
- ‘ tinuous in both ueriah.l.es together and if the inversiion map gz°x — X 1
of G onto G is inso continuous. e ',j T |

. lf the group operation is eddition instead of mltip]ication. xy

and x shpuid be regarded es %, + y end - x respectively. The identity of
‘8 -ultiplicative group uiH be ‘denoted. by e and that of an additive group by 0
“If we put UV = (xyxel,yeV) and. Rt ,xcl.l}. 'where U and Vare. -

suhsets of. a gro&p e (in, the additive cese, Uevs {x + y,xcU ycv}, L

’ ’

: _- U= {-x.er}). then the oontinui’t_y of the eappings gl end g2 can be expressed

L]

e asfo'nous T . —
RN 1) gr3 continuous in both x and y if for eech neighbourhood W of xy
there exist a neighbourhood v of x and 3 neighbodrhood v of y such that

L s s . . . A ) -“";'”'_
N - i . .o . o
. oy

-
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LA

tl.!iiCii. Similarly. g2 1s cootinuous if for each neighbourhood H of x _' xR

'1‘

‘there exists a neighbourhood U of $uoh that U ]c,il

l-,

.‘h
w7 ', o . PR . , . . ‘7 0
. - . ‘I-~‘.-.i' “ o “‘.- . t".'b' )_..‘ ._ - . . r

0 2 2 THEOREH A group G eod'bwed with a topology u. ds}a topologica]
.y) ——. xy" of G xG Onto Gu is continuous in
\~

- -—a-vwmmw

group ii’ the mpping (x
both variables together,. o _‘-,":.---. -,1

o ‘ . P .
LI Lo s . FERC . .

0.2 3 THEOREN.v Let 6y be . 3 topo'idgica} group | Then tlfg’right aqd Ieft
"x — 2%, the inversion mappingfx s x Y andﬁ

7'_ translations r °x R xa. —l

.
)"-aa

s . . : ,lj..“ .r' ' .. S : , *a .: “.-:"-'!.u\, .:..i “ E

0 2 4 COROLLARY-' Let F be 3 oiosed, P an open. A any subset of a topo- L '.-;“_
ogicai group G and acG Then aF Fa. T are c'losed. aP. Pa. P 1 AP and

lo
R T N :
R e JhE e

. PA are all open.-_.,: 1 ,-f:i _f ‘j' "_e'f Ul et
e ﬂ\us. it follows that the pmducts PQ and qp of tuo open sets P and

I' d in ‘3 topologicai grouo are open However. tﬁe pnoduot of two c'losed *sub- :-'
sets in A topoioSicai group rleed@ not be cfosed. R r.' | ".fi‘-::!:'-

l"'“' .--’ EEM _
. Ry

| 0 2.5 Definigi A subset U of a group G is said to be symetric if
!J.l_' ll"l ln« case G is an additive group. U is symetric if U =, -U

. .
Lo .
. [
T R . -‘_._.'» " ,'..--i . Y PHLIN _ L N e H . - A 1. d
. ' . - :J' ‘s_ . f - '__‘_“" P Lo T _' Tee . T T
Lot . . Dageoty .

--.m:;‘.- . S

0.2.6 PROPOSITI . ln a topoiogicﬂ group there exists a fundamental
systen (U’i oi’ syq@:tric neighbourhoods of e. | fj‘-_?;‘j--‘f.-f'; e o

ror ,'."a

N

S '_«-. CORS

0.2.7 PROPOSITION‘ : Let {ll} be the systuu of a'n neighbourhoods of e in
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e topological ugroup G Then for any subset A of Q, A ﬁAll nUA. ’,

The ebove proposition‘ says that for any subset A. ACAU and ACUA

for ea\éneighbourhood U of e. R . .’, ;

:“f-f-'

&
R

. 0: 2 8 COROLLARY Let U be any neighboUood of e in a topologicai group
G Then there 1s a neighbourhood V of e such that VCU oo -
0 2 9 THEOREH ln eech*topologica'l group G, there exists 8 fundementa1

\:_..-_ system (1 e.. a basis) (U} of;"c‘losed neijghbourhoods of the identity such

[y

(a) eech U s symetric. - "'f '. L ) -

R0} for eech RN there. exists aVin w} Such that vzc.u, and f_,ﬁf'_‘-aj;.
‘ (c) for eech U 1n (U} end ecs, there ex'lsts a v 1n {U}such that o '
VCa ]Ua or aVa CU. " e B At T
Conversely. given a group G vdth e fﬂter bese {U) sati sfy‘lng
ne exists e unique tqpo\ogy u on G such that G 1s a topo- |

} foms e fundenehtal sys.tem of neighbourhoods of e.

. :1'.

(a) - (c).
log*h:ol group and {U

- "‘ .'_ EEL .
I

7‘ “j REIMRK. In cose the group 1s additive. the conditions of the theo-
re- con be stated as ‘foﬂows R ;‘-.; ' , L \ SR
*-,f-{ ~ (e') each uts symmc. 1 €.y u = u.i B EARI A
| (b’) for eaeh U in {U} there exists a V 1n {U} such that 'l + VCU. and‘
(c ) for each u 1n w}. thorp exists sV 1n w} such that vc. a+ u # : "\-,_i-;
.' .,or o + v - eCU- T T Lo ‘."": SN
ln case G 1s abeHan. one ceo dispense \dth (c) and (c ). . e.' S

v, . .
R S A
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éne X satisfies the follouing properties. Ll

: -s

-0,2.10 _rg_c_gg_m__ j;a.;-.-,,' topological group 6. the Following statenents
are equ“a]ent. '. : ' -..' ’ , . | L o S

| () G 1s 2 To—space.,- _‘ ,:'- f"'.(. ,' T f'. o
(b) 6 1s a T]:'Space." L J ff - '/_ .
(c) G 'ls a Tz-spece (or Hausdorff space) L o .

(d) nu - {e}. uhere {U} 1s a nefghbourhood basfs of e.

0.3 rdered vector sp_gces T IR _
This section 1s cotsposed of those definitfons and resuIts from the
theory of ordered vector spaces uh‘lch are needed 1n the 1ater chapters.

Host of the mterial of this sectfon can be found in Peressini ([32]).

,j Janeson ([17]) and Luxemburg and Zaanen ([23])

0 3 1 Definitfons'-"‘kn ordered vector space 4s 2 vector spa:e E equipped
-ﬂth a trensitive. reﬂexive and antfsy;unetric relation £ satisfyfng the
fonouing condftions" IR S e

(0]) lf xs y. x,ch. thenx +z s y+ z for m zcE.'
(02) f xsy. i.yoE. then ax d ay for all acR \ ‘

1s def*lnesd by K - {xcﬁ,x 3 0} where 0 denotes the zero element 1n E.; 'I'he

‘cz’ WE K e

e XGRS oF AP
fIn part'lcuhr, 1t fonows from (Cl) and (Cz) that K is a convex set

..o ‘. ! :‘7 E ;j X ..' .:i-:; ; '- ] I'-l -\,‘ '

......

The posftive cone -(or siwply. oone) K 1n en ordered vector spece E v,




r‘ln £ Or; the other hud 1f K 1s a subset of a vector space E satisf‘ying -
(c]). (CZ) and (c3) then X s y ‘If y < xcl( defines an order re]at'lon 3 on E
with resrpect to uhich E is an .ordered vector space \dth positive cone ls

Thus, for a given vector spnce E there 1s a canonical‘ one-to-one corres-
pondence betueen ‘the co1‘lection of order relations vdth properties (01) .
and (oz). end the conection of a subsed; of e w1th pmpemes (c1) (Cz’
and (c3) B '-“\

A subset 4 of E contoining 0 end satisfying (CI) and (Cz) 15 called

‘: awedge. T - ”Q IR A |
2 g | Suppose that : 1s an orde{e\d ve;,:tor space. If fo-E ﬂﬂd X'g y. L |
then the set [x.y] =" {zcE.x £ F ¥ y} 15 cal]ed the order 1nterva1 between ~
~_‘-.‘x md Y. A subset B of E 1s order bounded 1f there exists x,ch such that

;"_-,sc;[x.yl B ~-.i n ;' NS

| Suppose tbat 3 1s the positive cone 1n an ordered vector space E.
l( 1s said to be a generat1ng cone if E 1s the Hnear subspace spanned by lt. |
1, ‘e : E= K K. : A subset D of an’ ordered vector space E 1s mjor!zed .

g ;(respectiveiy ninorized) if there ex{sts an plenent zcE such thet z £ d L
s

1' .
M - e

' (respectfvely z s d) for a11 ch !f every pair x.ycl) 1s uajorized (mino-‘f" -

'__'-'rized) in D. then D is directed (s) [msmctively directed (;)] Observe
thot the cone K 1s generotingiffE 1s d‘!rected (s) PECEIPRR RS
. | M e‘lenent ecE 1s on order-unit 1f for each er there is a x > Q

. such that X hé The cone K 1n E generabes £ 11’ E conte‘lns en order-unit. .

"»-'JE 1s alnost Archinedean if for sone ycl( and ell e > 0,. ay c x s a.v
iqﬂies x = o s 1s Arch'lledean 1f for soue ch and aﬂ a> 0- ﬂ* 3 3’ i
1@11:5 xs 0 C'Ieer‘ly every Archinedean ordered“vector space ts ahnost
.:,fnrcninedean. | (R N

s q.‘_,_:r- N
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R lf B is a subset of an ordened vector space £ 'a_n'nldjif,'er has the
otlovdng pmperties- e L L -
(A x3 b for an ch. and o

(h) 2 3 x Whenever z ; b. for’ aIl ch, | |
The 1nf1mun of

lf the

then x.is call'led the supremun of B : and we write X - sup(B)

B. m-itten 1nf(B) 15 defined by rephcing 3 by & in (a) and (b)
{x.y} » xay of euery pair x.ch ex1 st,b then E
-y)} E 1s a vector lattice

sup{x.y} » xvy and the 1nf

'1s cal]ed a vector lattice.. Since xvy - - {(-x)A(

if the supremm (or 1nfimuu) of every pa,'lr of. elqsaents~ of E exist;

L,
B

R L

if E 1s a vector lattice and\xcE, we define
— ( - co ‘; = Sup{x,ﬂ}. "- - ("i) » lxl = SUP{X,-X} .
x and x are cal‘led the pos‘ltive part and the negative part r_fespei:tivelyj of ..~

, .x. whﬂe Jxl 1s referred to as the absolute value of x. e TR
IR

!f E isa vectur Iattice. the fol'louing identit‘les are direct qon- .

.‘---. [N

sequences of (01) and (02)' g ".-H : L a et R
\ \ z - (xvy) - (z - x)n(z - y) | (I) ‘l o
et Geeed Lo @

z + (xny) - (z + x)u(z + y) S L | i

\ .

we ebtain the identit_y x +y q

lfuereplaoezbyx+y1n(1). S
o (4) S

xvy'fxﬁy. PR «'- A
ln particu‘lar. if y - 0 1n p). th ,"f'.‘- S e - o
. . :: o l' + - ‘-' . - - - ... ’ ':I ‘ (5) ‘“_, T '. -}

|
i
|

'.-' A
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It fo'l‘rows from (5) th_ot the cone 1n a vector 1att1ce E 1s aiways gehe‘rat-i-'-_,‘__

1ng. }t is easy to verify that le axt o+ x ."" St ; | ]-.'Sﬁ)

- 0.3.2 mmsmoﬂ:; A v'e‘ct‘or Jatt‘i'ce‘is d'is';r1_bu’f;1ué,'-, fie.
: oo xv(yAz) = (xvy)A(XVZ) v ','7-“ S L
(.Y'lz) = (xay)v(mz) for an x.y.zcE | e

O
w
U
':":
o
3
wn
—r
f
ey
2.
P
q
x
-
1< .
- -
~N
o, .
m
r‘
l'ﬂ
ﬂ
<
o
g
-
o
[ ]
ﬂ
-~
=Y
0
1
-
o
3
L J

[ :(a) Ix 4 yl slxl + Iyl

(v} II!I - Iyll $ Ix -yl
o {e) [(xvz) - (yvz)l % lx - .vI | _
C@ e el Wy I e Byl
(e) (x + v) f x * y - (r + v) £x # y o ,
(f) (x + y)Az '3 xAz + yaz . 1f x.y.zcl(. K positive cone fn E. BT

g

e
.

0 3.4 PRDPOSITIOH- Let (E.K.) be a wect.or lattice vdth the positive cone
“K lf x.y,ch. sufch that 0 c z § X + y. then there exist "l ,chE such thec/ f--,:
0« ’1 |s X 3 0 £ y, f y. z - x, + y].- In otherwoi'ds,‘ if. x.ch. then (*) .:_} y

[O.x] ' [O.y*] [O.x + y].~ for a‘ll x,ch. , This. 1n turn. 1s ethva]ent to

. '-l y ﬂ‘lt [K-ﬂ + [u,v] [x + u. 83 + v] for m x,y.u.VcE '
L An. ordered vector Spoce satisfy*lng. (*) fs said to have the decowosi-.--

\ "erty Thus. every vector Iattice has the decomposition property '

I {EX) 15 on “ordered vecttor spg%e ‘with posttive. opne K aid 1M
1s 2 Hn' ‘Lr subspace of E. Athen L] 15 an ordered vector space for t.he order




' :," ‘,““").'.

quotient. space E/H. then g(K) 1s a uedge 1n E/H qJ(K) 15 not necessarﬂy )

| !f ((s c ).ucl} 1s an, arbitrary famﬂy of ordered vector spaces. =

3 ’then the product spoce EE 1s an- ordered vector space for the forder struc- o
ture detemined. by the cone K = gc Simﬂarly. the direct sum 9 E s
an orderod vector‘ space for ’the cone C" 0 c ' o o

1

- These~order structures.on subspaces. quotients.&‘products and direct‘,.-
. sums, of ordered ve'::“tor spaces vdl] be referred to as canonicaﬂ order struc-
tures... dbserve that the decowosition property and the property’ of being
- a vecter lattice are preserved 1n the fomation of products and direct .-"‘, .

O . . fo- . e e v " P . o K . ,

'sms‘-. . S R
—' | A)’Hnear nap T fron an ordered vector space (E] K1) 1nto an ord'e'r'ed
vecoor space (Ez. ..‘z) 1s caned :,, o o " ‘_ o o ,
'l. (a) positive ff T(K1) sz e | SRR e RS
& ' (b) strtcﬂy positive M’ Tx > uhenever x“> 0. .. SR .j ﬁ
,___ (c) order-bounded if T mps each order-bounded set in. E] into an order- R

C'leorly every strictl;?r positive Hnear mp 1s positive and euery -

l
3
-:;“"positivo Hnear uap is order-bounded. o ;- v L
. 'tho collect'lon l((E1 ,Ez) of m positive Hnear mppings of an ordered
vector space 81 1nto an ordered vector space Ez 1s a uedge 1n the vector
r_=space of all 1inear’ nppings of E,, 1nto Ez Horeover. rif the cone K1 in
'--__:}El 19 generoting, then the wedge K(E] Ez) {S a cone. L IR
He use L (El Ez,) to denote the vector spoce of m order-boun_ded T

P
.'

.|..' "‘_'l N




_:linear maps of E] lnto E2 The vector space (P (E. R) of all order-bounded -,
‘Ilnear functjonals on an ordered vecton space E will be denoted hy Eb; and '
the vedge K(E ll) by K* The linear hull E of K* 1n e, 1. e., K* K*
wlll be referred to as the oNer dual of E If E 1s an ordered vector space

'vlth the decomposition property and a generatlng cone. then E = Eb. .

. e e .

- .l.'a‘ttice"“ideall‘?s' and- I;tti'cei hooiosoépiil s
0 3 5. Definitlons.. A subset B of 3 vectorv latt‘lce E 1s solld 1f ycB
Q_i;uhenever ch and Iyl P’y lxl A llnear subspace M of Eis a lattice 1deal

(abbreviated to l-ideal) lf H 15 2 solid subset of E Every 1- 1deal H 1n

......

- vector lattice Efls a sublattice of E. i €.y fol x.ycH. the sup{x.y} and e
L-’.{-'inf{x y) in c lle fn n s e e I SN
o, 5 paoeosmov.. el vector muce and W'ts an Videal E
N then the quotlent space E - Elll 15 a vector lattlce for the order structure.
detgrlined by the canonical lmage K fn E of the cone K m E, e T
" :'- 0. 3 T Deflnitlon‘ ! A llnear nap frow one vector lattice to another ls o .
called a lattlce homrphisn (abbrevlated to ¥ homomrphism) if it preses-ves o
the latt‘loe operatlons. L ,.-' SR b oL e Sl
TR Observa that l-noamorphlsns are nonotonic"‘ g-e.. f(x) % f(y) uhbn- ‘,"
en this 15 also an

3 ff'ever 3 s .v) If an l-honomorphlsm has an- inVerse.‘

1 hooonorphlsn. e
The’relation fvy + XA’ = x + y sm ﬂ‘at ‘; :\,\

. » . [ET . e -t e e T . - : N
- [ o oy N - . . P h,
- * . e . - - "

. R - : -
. ! o



'.-a'n 1.;.,0,,,‘ umrphlisqtt,is'j'sufficient;- tﬁq.tf. Jt preseryes_,either vora. :ﬁr o

b ) . v ..
8

y
O 3. 8 PROPOSITION. If E and F are. vector lqttices and f 2 Hnear mp

| fron E to F, then the fol‘lo\dng statements are equiva'lent.

NO2 "fis an l-homoworphism. T o
N f(x)afbt)-tOfbrallxcE. e ERUE
) A xay = 0,"then f(x))\f(y) “ 0. o R
'fj.u'ov)-- f(lxl) - mxn for At x:E RV

»

.o . 0 . a ‘ N - N - P :
N : ' 3 8 . » R ¢

O 4 Ordered to lo 'ical .vector spaces _ Co s
: The mteriﬂ of th*ls sectidn)cah be found in Peressinj“ ([323)‘.{ Sﬁhoefer
| ([39])and Jameson([n]) - : P T

\\_l ) ) ‘:- : ". o l' J .

0. 4 a Q_Q.ﬁ_"iﬁ_‘!“_ A,n ordered vector space which 15 also ) t,,y 5.
! aned an ordered t.v.s. . -;:- S ‘ =

He use the notation (E C.u) to indicate that\,E is an ordered t V. s :

_'-' u!th positive oone c and topo‘logy u.,

; T oL e : - . ',.f K ..' ._ - .-.'.
“‘“"" et ve «.».‘no,t“as's.i.-hef the,‘cone €. n an ordered- "

e R

S e

t.v s. ;o be‘ closed

O 4 2 Oefinition. > (a) Let (E c) be an ordered vector space u‘lth positive
cone O Let A be Y subset of F.. Then the ful‘! huﬂ [A] of A 1s deﬂned by
[A] £ (A + c)nu\ c) - {ZcE % nu y. .ycA} |




- Gleariy AC[A] and,,[m] m e
(b) lf A= [A], then, A is said tobe fun S U

' REHAR : if A 1s circ1ed (convex). s0 is [A]

: . 0. 4 3. Definition Let (E C.u) be an ordered t.v s.. ’I’he cone C 1s nomal

.;for u if there exists a neighbourhood basis n of 0 for u consisting of full |
,-_,sets._ | ".. '..'~\.'" e .
' . He can assume that each menber of n 1s c1rc'led. because the fun hul'l _

-_j-of a. circled set 15 circled. . noreover,, if (E c.u) 1s ordered T.c.s.5. then_.

-,‘we can: assune tlﬁ?tﬁe sets 1n n. are convex. .

For exmles of normhl cones. ,'See ([32]. page 65)

{ 0.4 4 ?_R_Q_P_Oémﬂ_'_‘. Let (E.C.u) be ,n ordmd t'v 5., T'?,,e_'..'f.'ouoﬁ'i‘rig.‘; R

statements are equfvaIent.» L CLE N

(a) C. is norul for u. S _ _
(b) There exists o neighbourhood basfs {V} of- 0 for u such that

'!

0 t X s y .-yc'f 1lplies x.-.v.._.._- o

fe) For any w0 nets txa.scn qnd {y s:n in (E, .u).

1f 0 s %55 ya
then {J‘B.Bcl} ConvergeF

- ‘for oll acI and 1f {ya.ac!} converges to 0 for u,

} :'to 0 for u- -} 5 SRR T B
i (d) vaen a u-neighbourhood ¥ of 0. there 15 a “'"319"““"*“’“ W °f ‘{ ."*"1:
b such thqt 0 s x ‘ y, yei! 1@11&5 xr.V. B f IR o

A very useful consequeoce of the nomlfty restriction on posftivef t:'j

AT R

E.'**.'; cone 1n an ordered t.v.s. 1s given in the fo'l]mrlng resu]t. L ‘1.,_._‘-1" :

i _'. .' .

R ,‘ = ;

. :\LI ¥ l.' A N ;_ - = " .

' T i L
. i



Ce Ty ey

locony convex

statements are equivalent-' e B

u-_  such that 0 ¢ x ¢y Implies p (x) < P (y for an acl; equivalent‘ly o
'I-P (iﬂt)ap(z) forall z.m:c. ucl o T IR

0.4.5 Paoposmou. Let (E C,i) be an ordered t.v:5.. 1;r ¢ 4s normal *

-~

. of al’l u-bo/unded subsets of E

eoch of the foﬂowing conditions hnplies that every
T of (e,.c,.u,) fnto’ (Ez cz.hz) 1s continuoq{ W

for u. then every orden -bounded subset af, ,E 15 u-bodnded
. . ."' ~ .».. u
1 0.4.6 Definition, "An ordered t.v. s. (E C.u) equipped with a(Hausdorff)
pology u is caﬂed an ordered 1 c See o

0.4.7 PROPOSITION' If . (E t.‘u) 15 an ordered 'l C.Ses then the fo'l'lew‘lng

PR A

‘e
.

(a) Cis nonna‘l for u,

/
{b) Thehe 1s a famﬂy (p .ocl) of

0.4 8 COROLLARY- - The closure C of o nomal cone ¢ 1n an ordered 1 c.5. -

(E C.u) 1sanoml cone e e T S

;' i . T

0 4.9 Definition- Let (E C.u) be on ordered t.vts .
The cone c is ea]led a strict 'B-cone 1f

{Anc Anc Ac'B) 1s fundmental for 'B

o 4 1o ;nou- machhin-nmm-smefer) If (51, .u]) and

'.'(Ez CZ’"Z) ore ordered t.v.sp&:es and if'the oone C 1n E 1 1s normal then

. 1'
*

(a) The oone (:1 in (E,,u.l} has a non-empty ’lnterior.. SR
‘ \ ¢ ' ‘ g ' “ ;

$ o T,

Semi-norms generating the topology !

Let B be. the femﬁy' ‘ -.' = |

positive linear mapping e




LI

. owt

2(b) (t1}u }.is a'bornoiogiCaifspace orderedbe a_sequentiaily'complete

-

. 0.4.11 CDROLLARY Let (E, c u) be a t v. s. ordered'by a cone C. then ‘each-
of the foliowing conditions on (E C,u) implie that every positive 1inear ;

functionai on (E, ¢ u) is continuousr : _' . o "§4

(a) C has a non-empty interior. - A {
(b) (E u) is 2 bornological space and C is a sequentiaily compiete

t‘strict ikcone L : ¢
{c) (E.u) is-a metrizable t.v 5. of second category orHered by a’

- complete generating coqe C. R ,l'

" Localig convevaector Jatticesf

b

is called a topologicai véctor iattice (abbreviated to t.v 1.) 4f there |

exists a neighbourhood basis of 0 for'u consisting of solid sets.
tion, if (ELu) is an l c.s.. then (E c,u) is caiied a localiy convex vector

"

- .

iattice (abbreviated to 1&C v. 1 )

- -i . A vector Iettice {€, C} equipped uith a norm [l || is calied a normed o
Wettor lattice if lxl :Iyl iupties lell £ lIyIl if E is complete for this :‘

strict “B-cone and (E2 C. ,uz) is'an l.c.s. . R -
. (c) (El' l.u]) is a metrizablq t v. S, of secood category ordered by L
2 compiete generating cone C] and (Ez,uzl s "an ¥:c. 5.t A

E ; 0 4 12 ‘Definition An\ordered t V.S, (E c u) uhich is a vecbor Tattice _q;g

In addii

=

L]

-~ norm topoiogy. then (E.C.Il II) is ceiled a Banach-lattice. I 3'1-'5
o Since a. so'l id subset Aofa vector 'Iattice (E c:) 15 circled and. the’
n -.:‘-‘ ) . _ ) “ - u’ .. ~ PR ,

: e " - B T “ o - A e e -




'\i . - oh“> .28
fconvex huli of A is soiid ([32]. Phoposition 2. 4 1), it foliows that in an n
T.c. le..(E C.u) there is a neighbourhood bagis of 0.for u consisting of

: convex,. soiid sets, - Also, if 3 is a normed- vector lattice, the unit ball -
“4n E 1s solid; in particular. E is an 1,c,v.1. for the topology qenerated o

fbyﬂ;nwm. L ’;'_ . ' - ‘ '
‘Let (E, c )} be a vector lattice. The mappings (x.y) —> XVY and S

f'(x;y) — xny of ExE into E are calied the lettice operations
= : -
o o

.0.4.13 PROPOSITIOH 1t (E u) is at. V.S.. which ie P vector lattice. then _f"

E' {E.u) 1s a t.w.l. iff the cone c in (E u) is normal and the lattice operations ;
.are continuous . ’ I' _ '
v e O o o . t,a"

E B .
S X B mposmou (a) the closure a of 2 Solid set ﬂ inatw.l. (E c.u)
]; issolid B | 3 | , '

(b) if (qﬂc,u) is a t.v 1., th&re is & neighbourhood basis of 0 con- ~

sisting of ciosed. solid sets.. If M is an 1 ideal in (E, C.u). the c]osure
I

H of M is- an l-ideal in (E C.u) ’ie‘ SR 5 -

i ' E »

0.4 15 BQPOSITIOH. 1f (E C.u) is a g.v s, hhich is a vector lattiCe

qnd if the 1attice operations 1n (E c.u) are continuous.. then the cone Cin

(E.u) is a strict 'B-cone. In addition, since u.is a Hausdorff topology, o
. C1s closed ""f e f“f—_fg S --: O S S

o
"o

and. if M is a vector suhiattice’;f

- o R pnoposmom If (E,c.u) is 3 t.v.i. |
«ideal,_;

: ofVE. then M fs. a t.v.l for the topology indu:ed by (t.u). If H is an 1

e -

| c:-klijxfﬁ'_"u fﬂ “”J‘] ;-czf_‘f :
- J o et
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An (E C.e), then the quotient space E/H s 2 t.v. 1. for the quotient top-

“ology.n An erbitrary product of v, lattices is a t.v. 1..
0., 17 PROPOSITION Lét (€.C,u) be an 1.c.s. which is a véctor lattice.
‘Then the follow1ng statements are equivalent: | L - |
(a) (E.F u) 1s an lc. v l.. , . : .; L ".; -
(b) For any nets {x, ,apl} and {y .acI} 1n E. 1f {y, sac]} converges to‘- |
0 in (E.u) and lx i 4 [y | for aJ1'ucI. then {x sacl} converges to’ 0 1n
(€. u). '

(c) There is a family {pB.BcJ} of semj-norms on E that genfrates u . f
“such that [xl ¢yl 1mplies pe(x) P pB(y) for. al! BcJ R

S

- r.

REHARK. A semi-nonm p on a vector lattice {E c) is called a lattfce '

5

1

semf-norm 1f Ix] |y| 1mpIies that p(x} s p(y)
0. 4 !8 POSITIQN- Let (E C u) be an 1. oqv 1.2 Then the completion
(E.u) of (E.u) is an. T.c. v;l for the order structure determined by the |

| c1osure ¢ of C in, (E.u) . ’,_:m%" a Y- . L

x L i BT
. 0.5 " Ordered grougs and tggglggica] grougs
| In this section. ue collect some def1n1tions apd results in ordered

groups and topologica] groups frqm Jameson ([17]). we need them 1n Chapter V
Al abelion groups are uritten additiveYy. '

' 0
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0 5. i Definition. An ordered abeiian group is an, abelian group E / i

_—_—f-————
. »

equipped with a transitive. reflexive and antisymnetric relation 5 sa}is- !

fying, the fo‘liouing condition- ' / L S

'_‘.

TN .
- . P . oL
s S T . - ,e .t

r

(61) if X sy. then X + z r.'y+ 'z for o]l x.y. ,cﬁ

r'- .rl'\ "'\" ' \ - ',ol

o The positive set K in ag ordered abelian group E is defined by i( =,

¥ .

ixcE x fO}. it has the foilowing properties.. M .‘
(P,) kARG K D Lo ‘, )
) L Do e o
On tlie other hand if K is 3 subset of 1am obeiian group £ satisfying

';(P') and (Pz), then x. s yiffy - xr.K defines an order relation s on E with

y respect to uhich E is an ordered abelian group with positive set K. Such

onderings are in one-to-one correspondence with semigroups in E containing » 7.‘-,.._

e ! ? lf F is a subgroup of an. ordered abeiien grodp (E l(), then the .
. restriction to F of the ”ordering in G is ciearly the ordering of i-t associated

with the solligroup Fﬂt ., L S k. R

[FTRETE
[T * : o - ! .. . — .

0 5 2 Definition.~ An nrdered abelian groupwuhich is also a topological |

group is talied an orde‘r.ed topo'logicai abeli;ui group

' . . ¢ oL e N X " -.' . R T, YT
oo . o ' ! .-10‘ A ...“ ‘,\ _:_ "." e, YUoe e e [ ‘,a L BT s
. oo . o, . . St "_ '- -“ . . i‘."' .

1

-0 5.3 Definition; ;- An ordered topo]ogical abélian group (E K u) is said Tty
to be loca'ny fui‘l ii’ there exists u neighbourhood basis of 0 consisting of"_‘;

gr
i'u‘l set.s e " S -
hd ? L L. PRI ' P . - :
. . - S e . . T e .
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- hmkj-,’;for. the def:invjl tion of ‘full séts, se‘g-;_o".-gi_.-z".. |

3 0.5 4 THEOREH Let’ {E C.u) be an ordered topological abeHan group.

flet B be 5 neighbourhood basis of 0 1n E“ The following statements ere o

equ‘lva!ent ST
(i) E 1s ]ocany fullf L SR
(11) Given UcB there exists Vc'B such that if x.y cc and X+ _ycv. then B

X .yeU. A,*

. f‘ . .
RE!!AQK The nelation bebreen U pnd v 1n (:H) can be expressed 1n o
If 0 4 Xg ch then xcU. s

Lo f_"'.l‘.

R
r.
f'

the order notation as foﬂows

The property of C expressed 1n (11) is a spec‘ial case. of a’ re]atton

between pairs of subsets of a topological group ig]\ich_ 1ss-def1ned\as‘.fo-‘llpws._-._‘:_ '

cm d

S 5 Defin'ltion. Let A and B be subsets of a topoiogi

B a neighbaurhood basis of 0 1n E. A, 15 al'lied to B (written Aal B)

given Uc& there exists Vc'B such that acA. ch .and a + ch imp'lies a.ch. B

\ lan‘l A.wesaythat is sel
‘-\; REHARK.. In ﬂew of the ‘above definition, the resuit 0 5 4 says RN
thet\E C,u) 1s loceny fuﬂ iff C 15 se1ﬁ-a111ed L |

.l N - .
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U CHRPTER'T

g cwu}miﬁ onuea-ot_;n's;snnmi,to VECTOR LATTICES AND. SPACES

;o In this chapter. ne 1ntroduce and study 3 new. o1ass of t,c v.
Iatgices (more generally. ordered l c. spaces) uhich generalizes tha!:-o'f"‘“(i
order-infrabarre11ed Riesz spaces (respectivelyi order-infrabarrelled spaces)
1ntroduced 1n ([46]) (respectively. 1n-[47])

11 coq vect.orlettices S o

in this section. we define and cheracterize.whot we call, C. 0 Q
j vector lettices and shou that they fonn a proper generalization of order-
: infrabarre]!ed Riesz spaces ([46]) He esteb1ish their relations with count- .
ab]y barrelled end counteb1y qpesibarre11ed T. c v. 1att1ces - the concepts S
. of countebly berre11ed and countqb1y qupsibarreiled l c " spaces’ heve been
1ntroduced by Husein in ((10]) We proye a Banach Steinhaus type theorem ;::iﬂ_
; for 1ettice hoﬂouorphjsms on C 0. Q vector Iattices., S r"--.- | .p_
| Let (E C,u) he an I.c.v 19.‘ A subset BofE is' cal1ed order- - N {‘fsic
| bornivorous if 8 absorbs a]l order-bounded subsets of E Hong ([46]) calls "
: on 1 c.v. (E c.u) an order-infreberre]]ed Riesz space 1f each order- .
bornivorOUs berrel 1n (E c.u) 1s a neighbourhood of 0 1n E
_ 1 1 l Definitdon-- Let (E C,u) be an 1 c.v l,.- (E C.u) 1s called a count- %;
'; ably order-quasiberrel1ed vector Tetcjce (abbrevieted to C. 0 Q vector e

| laetice) 1f every orderebornivorous barrel uhich {s the countable intersection
. TR SR oo

' Lo . X ) tl \ . . . . i - S ', RS .
- L. I e v o O U s ' . RO A .
or - - P L R . w“ e o .
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R A A
: NS -
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' J’i'\:\ b

j‘-.

of closed. circled. convex nelghbourhoodg of 0 in {E c.u)1s 1tself a

eighbourhood of 0. ey
;I ! ) I. t B .
rfl J Let (E,C) be a vector lattice and B 2 subset of E. .The' seli K(B)-'

0

[defined by .'

. 9" K(B) = {xcE [- le. |x|]CB} o |

2 is called the solld kernel of B fitis the largest solld set con’talned 1)2 ‘} i

ki

8. IfB4s convex, 50 is’ K(B) ([46]. page 13)

b
L. - . o .

\. o \ . Lo . e

L 2. meoasn EIREXAT (E c.u) 1s ac. 0.Q: vector lattice §£§ each

~ solid: barrel which 1s the countgble 1ntersection of closed, convex. solld RN
neighbourhoods of 0 1n (E C, u) is 1tself a neighbourhood of 0. N ‘

s . . . . . e Y

| _e_mg_ Assume that (E C.u) 15 'y C 0 Q vector lattice iiet
_B r\ V be ] solid barrel such bhat each v, is 3 closed, convex,: solid |
_neighbourﬁood ‘of 0in (E C.u) Since B is sol“ld and absorbing. 1t follows
< that B 1s an order-bornivorous set 1n (E C,q) Sin/ 2 solid set is always
‘"‘circled. 1t follows that 8 1: an order-bornivomus barrel which 15 the o
| cduntable 1ntersectlon of closed. convex. circled neighbourhoods of: 0. Hence | _'4
'Y is 2 neighbourhood of 0 1n (E c u). because (E c.u) is a C. 0. Q vector i

-."_ .

lattice. by assuq:tion. - .' - e .
" Conversely. assune that each solld barre‘l uhich is the countable." LT
,_1mrsecuon of closed. convex. sol 1d neighbourhoods of o in (e C.u) 1s

| .-1tse1f 2, neighbourhood of 0, l.et e " f\ v, be an Order-born'lvorous borrel

o such thnt each v is 3 closed. convex. ciréled neighbourhood of 0. 1n (E C, u)

--5.‘Let K(B) be the solid ternel of B 'l'hen LT .‘_ T




and hence x(v ) isa neighbourhood of 0 in (s c.u) since ¥, 15 closed, we

SRR . A =D ,
x(n) - {xcE [- lxl. IxIJCB) S S e
- fx:E [- |u|. |x|]C.V for al] n 3 l} SR

r?t ucﬂst-«lxl.. leJC‘H S

A
Thus, K(B) = K(V ) Since K(v"\) 15 the largest so‘lid set contnined in

\b .and since (E C u) 'ls a 'Iocal'ly convex vector lattice. there exists a

'ff'convex. sol‘ld neighbourhood u of 0 1n (E.C u) such that’

" u cx(v )cv

& -

- have

K(" ’Cm‘-" D

P

But W l is a soHd set. by 0. 14(3). and K(V ) 1s .tﬁ‘? Targest solid sei

- contained 1n} Henc’e,

KW Iq K(V)

and’ this shows that K(V ) is c'losed A]so I((V ) is convex. bec&use v 1s

convex. Simﬁaﬂy K(B) is closed and convex. Since B is order-bornivorous,

1t follows: that K(B) 1s order-bornivorous ([45]. _eum 3 l), and this 1mp11es

- “that K(B) 1s absorbing Thus, x(s) A% x(v )5 a solid barrel which is
: the countab‘le intersection of closed, convex. soHd neighbourhoods of 0 1n i
(F. C.u) Henco i‘(B) fsaneighbourhood of 0 1n (E C,u). by nssmtion..'_'But"‘,:I:'_j:f_'z
c K(B)CB and hence B 1s a neighbourhood of o 1n (E ¢ u) This. completes -

.
- . . . . . . PR
. . E TN PR P . . L Nl R .



e k2 '35
| Let (E-P-“) be an, ‘ v, with the topolog!ca1 Al E%. For
any xct. deftne L S e R
e define oo e
{ Py (ﬂ - Ifl(x) » sup{<y.f>.yc[—.x x]} for a'l-'l" fef'. '
- , S

.xcc} defines a8 'locol'ly soHd topo1ogy. which we’ derfote -

Then t.he family {p
in. IE'b generated a

by o (E E). ‘on E' such ‘that (E Y3 (E' E))' is the - 1deal
byﬂu@.m¢1ﬂ memmmwa(ﬂc)ucnndmemunys

plid top-.'“

1 .
E ology associated wi th o(F.' E) Simﬂarly. ue have the topology Gg (E E'yon o
‘SRS

£, It cen easﬂy be verified t.hat. :

“
' 1

.‘

o(E' E)Cq (E' E)CB(E' E)

1.1, 3 THEOREH A l c. v.T. (E C,u) is a c 0 Q veyo/'lattice iff every

e (E' E)-bounded subset of E' which {s the countable union of equicontinuous ol

subsets of E' is 1tse‘lf equicontinuous. '
e T "ya:f ,.‘j R :.': s S

K o P ' Yy .

L4

.e“<
D

ﬁ . BROOF:. - hssime that (e, c.ui
;--...(H sne li} be a countable falﬂ'ly of equicontinuous subse

1s aC. 0 Q..vector lattice Let . R
ts Of £ such

-’

\J n is g (s' E)abounded C1earTy u° -'f\ u . Since u 15

. ) ' . I :
9% (E' )-bounded it fol'lows that H° 15 order-bornivorous.‘ Henc,e |.|o 45 an
15 & closed, Circled, conm‘ LR

"order-bomﬂorous harrel 1n £ and each H" R
H° 15 a neigh-'-

. neighbourhood of 0 because each H 1s equicontinuous. Hence

"bourhood of 0 1n (E C u) beéause (E C.u) is a. c 0. Q vec‘tor lattice by |
assuaption. This_showr thet H“ 1s equicontinuous. 3ut H CH“ and hence

H is equicontinuous. '_}‘. S L </ e

S

e : ,, . et




; "‘ “."

Conversely, assume that every a (E'

the countable uuion of equicdhtinuous subsets of E'

circled. convex neighbourhood of 0 1n (E‘c.u)
X
\ B° 1s 0 (E' E)-bounded because B 1s order-bornivorous.

is g (E' E)-bounded
f fo]lows. by assunption. ‘that U V" 1s equicontinuous.

‘; | : ’ '

SR ,Hvo)o- V°°-f\1v Y

3fVis”e:neighbburhqpu*effO»1nj(E,G}h).

.".“,_._.

Let B « r\I V be an order-bornivordus barrel such that each V 1s closed.
c1emy. u v" c5° ' |

and hence

Since each Ve is ai?equicontinuous subset of E, At

and the proof s cpmplete.u, f??:;’

1s 1tself equicontinuous

k%h Vn

Hence

o

But, S

]

G

IRy 1.4 mmsmon

E)—bounded subset of E' which 19 _l..'

Let (E C.u) be-an 1 c. v. N . (a} If (E, C ul 1s order—- '

i 1nfrabarre11ed. then (E C u) is 3 C Q. Q. v5ctor Iattice '-' _
RORIEES )t countably barretled, thep it 15 2 C10.0. vector Tattice.

(c) lf (E C u) is a C OJQ.

vector Tattjce. then 1t 1s cOUntably quasi_,'.al

.'.

bar?;med. B

o

(b) Let B = g}i “n behan order-bornivorous barre1 such that each v 15 Tff'f
_.; c]osed. circled. convex nelghbourhood of o 1n (E c,u) CJearly B 15 a. - t;i%

barre1 uhich 15 the countab]e 1ntersection of closed.
bourhoods of 0 1n E and hence. by hypo
shous that (E.C.u) 1s a C 0 Q vector lattjce. . .ﬂ :
. (c) Let B 5\1 V be a bornivordus barre1 uhich
section of closed. convex,

A T

A
L M '

............

-.f‘nlicyfjphoo (,) The prooﬁ 1s obvious from tbe definitions-concerned

circ!ed ne1ghbourhbods Y of 0 in E

circled. convex neigh-js~?
theSis, 1s a neighbourhood of 0., This
1s the‘countab1e 1nter-*ﬁn
Sinc@ the-;" ff




"k

u-bounded Hénce. a fortiori B is
by hypothesis. (E c.u) is a C. 0 q

barreiied

Lo e
’
r‘

< 1 1. p conou.amr Every barre‘lie
j,;iamd Banach 1attice) is a c 0 Q vec

neighboumood of’ 0 in (E C u) Thi

positive cone in an 1 c v i i{s normal every order—bounded set in}is

an brder-bornivorous. barrei and since | \
vector lattice. it foiiovs that B is a f‘f_"'
s shous that (E C,u) is countably quasi-. ‘

-

Lo N o .o
'o." . N '.'. -. c. ¢ lt
" . ° -

d . c v.T (in particuiar. ‘every Fref.het.
tor iattice. = | '

He now give examies to show\tl'{t a C. 0 Q vector iattice need not

R be order-infrabarrened, need not b
j;quasiborre'lied 1. c v . need not be

: prove a proposition which niii be o

e countabiy barrelled and that a countably
a c 0 Q vector lattice. But first ve
sed to give an exanp]e of  a c 0 Q vector

’ ‘lattice which is not order:infrabarn’ened. although the proposition is inter-.f

esting in its own right. iie need the foilowing definitions and terminology

-to Prove thot proposition,, SR

Let J; be a coopietei _v regui
) .‘_space of qli con,tiriuous rea'i Qvai _

,' -the positive cone

k- 'ifcc(x)f

ar ﬁusdorff space. and C(X) the vector o

-

f‘unctions on X. Let C(X) be ordered by

(x) ; 0 for all xeX} . ; ';: ;:'."

-

Endoved uith the compact-open topoiogy Ui (C(X) K.U ) is an 1.y T e

A subset B of X is said to berC(X)epseudocmpact if each function in

‘.'\L,C{X) is bounded on B. The support

of ch(X) » nhich we: urite as supp(F). is

) tbe sdoilest c‘!osed subset ‘Aof X such that l-'(f) = 0 for«every ch‘(X) vanish- "

L ing on A It has aineady been obse
';_’and is ooupact, | If scc(x)'_ then

||’l‘

rved in ([28]) that supp(F) alvays exists
the support of B. vritten supp(B),is B




‘ . ‘ ‘ * : . P . " '

'f{' 1 1. 6 PRﬂPOSlTIOH- ' Let x be a) canp'letely'regular Hausdorff space. Then

[

the foﬂouing statements are equualent' o L
! (a) (c(x). .u ) 1s countabhr barrel'led A " :
| () (c(x) KU ) 1s acC. 0. Q vector Iattice. ,
' (c) Every c(x)-pseudocompact subset of X uhich is the c'losure of a.

countable union of c&pact sets. 1s actually compact

R pnoor That (a) 1mp11es (b) follous from 1. 4(b)

. of (a) and {e) has been estabHshed 1n ([28]. Iheorem 7 2) He now show —_—
Let B be.a c(x) pseudo-.

The equival ence

. that (b) 1mpﬁes (c) uh{ch completes the proof

of X such that p = cl(U K“). where, each lg,. s a_compact

. lconpact subset .
J(C(X)' c(x))) under

subset of X. Observe that X is homeomorphic to XC(G(X)’

the up X x, defined by

B x(f) s, f(x) for all fcc(x)
Clg1 Y I’x‘ (f)l " 1 for every ftc(X) with

Define A '- {xcc(x)‘ {x}- supp(x)
t folluws that A" is equicontinuous.. ‘-‘

Kn(") £ l} 'men by Lema 3.1 in([28]) {

;Tlglt naw follous from f»-',f’=l ‘;3: . ----“'

¢

|xl(|fl) = suptlx(g)l l9| ¢ Ifl ' 9€C(15}"

since B . cl( ]Kn)

| that. As U “n 1s a o, (C(X)- c(x))-bounded subset of: C(x‘)'
But then by

is c(x)dpseudoeopact. Herlce A 1s equ!continuous by asswptiqn
' Lema 3 ¥ 1n ([28] ),ft follows thatnsupp(A) 1s 3 compact Subset

a

TN LT .
o P IO e .. o 'v—.".' o R S, T oo e

st L T Y R PR Lt . . - Lo ' e !

of X Th.i_s K



,:hows that | B 1s compact. because ‘ o L I
L s supp(A) - c1(LJ supp(A )) . cl(n,1 n) - 5.
:fhis‘ comp"lete's -.t_he‘ proo.f.'---f. o

1.7 EXAHPLES (1) Let X = [o.oa be- the space of ordinals 'less than S
.the first uncountabie ordinal, . Then (C(X).K.u ) is a C.0. Q vector 1att1ce e
?byl L6 because the closu?e of a countable union of compact subsets of o

x = [0.0) is compact ([23]. page 336) But, 1nce X s pseudocompact. it

i follows from ([46]. Proposit1on 2 7) that (C(X) K.u ) 1s not order-infra-"
baryened.r S _._- S :

(1) =Let (E C.u) be any metrizable 1.c.v Y. Then (E' ¢’ B(E' E))is an .l _

] c.v. ([39]. Jheorem 5 1. 4)e_ AJso (E'.B(E' E)) 1s a complete (DF)-space &
([21]. paqe 396) But theh it follows from Husain ([10]. Propositions 3

: S ralie

and 4) that (E' .a(E' E)) is countab‘ly bamned f(see also [14] Example (1)).- |

e

?hus (E' C‘.s(Eﬁ,E))is.acountably barrel!ed 1. c v. 1 and hence, in view of
1.1, 4(b). 1tcis a c 0 Q. vector lattice._ But (E C 3(E' E)) need-not be- an
order-infrabarrel1ed Riesz space. becauSe-it need not be quasfbarrelled

. -

REHARK The l.c spaces considered by 6. Kothe ([21].531) (a1so see

- Grothendieck [71. pages 71 and 83) to shou that the strong dual of 2 metriz- l;f“;

. ab1e I.c.s. need not be quasibarre11ed. are. 1n faqt 1 c.v. lattices and hence S

situation.;'.Q'

I-l\luu‘u‘k ‘m

B the above exanpferme e' 'f se-
- (m) Cnnsider ael, the Banach 'latt1ce of 417 1
:f”the suprenum-norn |lwl| and the order strdctgge determdned by the pos Vi

'._ - - ‘.H P

, =real sequénces uith




: Conciden,the-vecfor subspacejifof n defined es‘f0110us:;“

:'.uhere E 1s the subspace of n consis
. the sequence “having one’ in every coordinate., Let KE « KAE. Then {E, KE e |k?

Lo ke )T

.x1 3 0 for all 1}
, : .1\

N ‘

ting of aTl finite sequences. and e. 15‘

éi'is aﬁ order—infrabarrelled Riesz space ([30]. page 114) Hence' by. 1 1 .4(a),.

7'1t 1s 4 C.0. Q vector lattice.\ We show, however. that E s not countably

the equation

"

ﬁﬁ ‘? (xV¥'xe)-; nx

;f barrelled._ For ‘each n. Tet f, be the linear functional on E defined by

Xn.

u is well-defined and each f 1s conunuous. Let Ha= U {f }. Then u is

pointuise bounded and each singleton {fd}is equicantinuous. But L 15 not -

equicontinuous ([43]. page’ l) This shous that (E KE;IIll) is not‘countau]y.l B

barre\1ed (Husain [10]. Definition 1

. (4v) Consider the Banach lattice C(l) of a\l continuous real-ualued;funct{ons;';5
f-onl-[ouforthenom_ ' : S

*

llfll - suvtlf(t)l tel} s fccm

aﬁd for the order structufe determnned by the positiwe;cone

).

\

) ‘\ . \._ - -' b B | ) *

\

x - {feC(I) f(t) 3. o for an tcl}‘

KRNI B

Co . - Al“E'(x+xexc£ J\cR}.~. - o .

Let. E be the vector subspace cons1st1ng of all e1ements fcc(l) uhich vanish:ﬁjj:?




oy .

- and hegce.gcvn.‘ Now, let

T' .

in a neighbourhood (depending on f) of t = . Then (E Keold- 117

ﬁKE = Er\K, s o normed vector lattice and hence countably quasibarrelled.

t.

1,2,..., define o s

We, however, shou that.it {s not a C 0. Q vector iattice. For each ne

-{ch lf(‘)ls-—} S

!

ijIearly. each V is a closed convex. solid neighbourhood of 0; it is solad
because, if |9l ¢ Il and fe¥p - then I9(-)l » I9|(-) $ lfl(-) = If(-)l

-

L)
LI

v-ﬂ v -{ch lf()ls-foral'ln‘]}

. Then, V. 1s a, solid barrei ([46]. page 20) But it is known from [ 39, ]. Paﬁe

10, Exercise 14) that V. is not o neighbourhood of 0 in EV Hence, in view of

1.1.2, (€, Kﬁ 1[ II} is not a C 0.Q. ‘vector lattice /

- (g) consider the norned vector Tattice (4,K, ll 11) of alT real sequences with.

on]y finitely meny non-zero coordinates where K = {x = {xg }co Xy 2 0 for: -all
n is the positive cone and ll ll is the- supremum norm “ $4nce (¢ K1l II)

is a norned vector lattice, it is quasibarrelied and hence ogyntabiy quasi-

‘barrelled. He show, however, th that (4, K.ll ll) 1s. not a €.0.Q. vector lattice.
. - for each. ne 1 02,0 0 et Vo - &x = {xn}co,lxnl £ -J Then. each V is

closed, convex, solid neighbourhood of 0 in ¢ ,How. let 8 = f\l Vn Then.

B is a barrel in ¢([44]. ‘page 224. £xample 1). CIearly B §s a solid sobset

of 4. . Thus. Bﬁis a soiid barrel in ¢, but it is. not a heighbourhood of 0 e

([44]. page 224, Exanple 1), Hence. it- foilous from i1, .2, that (9:Ks 1. |[)

s not a 6.0 Q. vectoF‘Tuttice: ."' _
He now shon that. under ‘certatn conditions. a C.0. Q 'vectot 1et£tcefis

countabiy barrelied and that a countahly quasiborreiled 1. c. i: is & c.0.Q.

. .
R X S LIV
* ' V. ' . . v - . L ' ‘




a2,
;vector'lottice; o

1.1.8 PROPOSIT!OH Let (E C,u) be a C.0. Q. vector lattice with the

positive cone c ‘and topologica1 dual €%, If C' 1s a strict‘B-cone in
. (E'.o(E' E)} then (E C.u) is a countab]y barrelled 1.c.v. 1

EEQEE_ Let B= (\ Y be a barre1 in (E C,u) such that each V,
fsa closed. convex. circled neighbourhood of 0 Since Bisa barrel and
’.hence ebsorbing. B° is a-o(E'.E) bounded subset of E'. Since ¢ is a, strict
: B-cose “tn (E',0(E", E)) it fol]ous from ([45]. Proposition 3 5) that B, is

o (E' E) bounded But then,. B is order-bornjvorous. | Hence, B is a neigh~
_ bourhood of 0 in €, because (E; C.u) 15 2. '€.0(Q. vector lattice. This shows .
_ thet (€. ¢ u) is countab1y barre11ed, . it | - A

ey ; SOTATIdnS° Let (E C.u) bean 1.c.v. 1 wfth 1ts topolog1ca1 dua1 E'.
ué. ‘erfi,e Etd'ffor, (€' oo, (E' e’ om[ £ fora(E'.B(E' EN.

+

1. 1;9 Peoposmou. Let (€, C.u) be a C.0.Q. vector lattice satisfying the -

~

. ('A): The topcﬂggy B(E,E’ ) on € is t.be rela?'lve topology induced by. '
(EL I.E ). and the ‘s (E! E)-olosure of each o (" .E)-bounded set 1n £ is

COﬂd*tim _‘\"'" o - ‘_ - ‘ -": T

A (E‘ E)-bounded Then (E C.u) 1s a countably barre11ed 1.evil..

' 'PROGF' Let {H i3 1} be 8. sequence of equicontinuous.subsets of .

E‘ such that H U u 1.a(E' E)-bounded The condition (A) implies that

‘ .
'.-'.- ! .u ' .- - ’ o o ‘- T . ' . . .
- S LR . . ) .. ' . . Loe . .
: e m Loe . .
. e . . . B . v, o,
A v . . L}
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each c(E' E) bounded subset of E' is o (E' E)-bounded [[46] Proposition 5 5).
Hence. His o (E' E)-bounded But then H 1s equicont1nuous, because

(E,C.u) is a C 0 Q vector. Iattfte.‘ Thus, (E c u) 1s a countably barreI]ed .
:1 g lo .* : S : : . ‘

]  Let (g, C,u) bean 1 c.V.l.e The completion (E.u) of (E,u) is an ‘;

?1.c.v.l.,for the order structure determined by the closure C of C 1n (E u)

by 0.4. IO. We have shown -in 1 1. 4(c) that every d 0.qQ. vector lattice 1s g
: countany quasibarrelled and Husain ([10]) has shown ‘that the completion of

\ .

3
a a countably quasibarre1]ed spuce 1s countab]y harre11ed Comb1ning these

?-resuIts we have:
| L o

1.1, lO PROPOSITION lf (E C u) is a C 0. Q vector lattice. then the -
comp!etion (E.u) of (E,u) is a countably barrelled 1 c.v.1. for the order” "

" structure determined by the,closure C of c in (E C) e

kl
&

11 11 COROLLARY:  If (E, c;') fs an, order-infrabarreiled Riesz space, then
(E, C.u) 1s barre11ed I c.v.l.. | ' ' ' |
Since’ a quasicomplete (1n particular. ouplete) countnbly quasi-_ ’ ,.'s

a ’ -,

" parrelled space 15 countably barrelted ([10], Proposition 4 and Corollary 4)._?. r
~ we have the.follqwjng:ﬁ T R . o .
Lo ] . L. . . ) .
1.1.12 pnoposxr:on- A quasi-complete (and in particular. complete) e.o.q.
: jvectpr lattice is a countably barre]led‘l c.v. 1.. ' '

- Ty v L 5k‘ ‘ ‘ ' L
1,1.133'COROLLARV° A quasiconplete (andgin particu1ar. complete) order- S

o

: . ‘ M . . RS .
wo L , ;. e e M
. . - . .o ' ! T W




- .

olnfrabarrel'led Riesz space 1s a barre'l'led 1 c. v; ],,‘ o .'7 S

o A topologicei vect.or 'lattice (E C.u) 15 ca]led lotal‘ly order com— B
p]ete if. there exists a neighbourhood Easis of 0" for u cons1st1ng of ;olid
and order comp'lete sets. An ordered t v 5. (F*‘-‘bK v) ‘Is called boundedly
order conplet.e if every v-bouqded direcbed (s) subset has A supremun ([32],

I.: .:,, ‘

page 139) B A R s

| . ‘l 14 COROLLARY If, (E C u) 15 a C 0 Q \rector 1att1ce which is 'Iocally
| order coqﬂete and boundedl_r order compiete. then (E c u) is A countably

L

-

barrel“led 1. €. 1. _i’._f R N
D l

L PROOF- ln vieu Of ([32], Proposition a. l 5), (E c u) 15 topq'lo- .
sically commete. Afso,.since: the topo'logy v s’ Hausdorff._the positive ST
oone Cis c]osed ([32]. _Proposition hE ,2_.‘4.13_) Hence byJ 1 12 it fonous
- that (E c.u) 1s countab'ly harrel‘led.

ERY 15 comum- by local‘ly order comp'lete and, bouﬁdedIy order comp‘lete
rder—infrabarrelled Riesz space is 3 barre!led 1. c v S ' _' e W
. | Let (x '-m:m - {x ] be a subset of a vector mﬁéé (Es C), directed

". upuards (tﬂ'itten as x *) If X' supx exisfs 1n E, then ue write X, *x. A

- vector subspag:e H of (F. C) 1s called 1ett1ce 'ldeal (abbreviated to IQIattioe)

g LRES soHd n e.‘ 5n 1-'Idea1 " 1s cmed a nornm subspace of. a if it

gllous from X +x. 1n ﬂ ﬂth x 1n l‘l for ol't a’ that xr.H._ . '_ . {

' m—
—

1 1 16 noggsmo Let (E c,u) be 3 countamxrquasibarreﬂedl eV 1

S
._; B ‘..l- - - .‘.. IRV ] A . ) i . 3 R . s T . o
"’"A"Af'.“ :'l- L -"--'- . ':‘E'-“' 'l S ‘ soran, .."f’, o . -A'_‘I_- - N Lo Fan v a
' T A S DR VRN el - LI PRI ool R R . )
. "!-\ BRI e 0 ':..".'."‘." ; o ..:.A.' . . R o : ' ‘_‘-_ AT . ;
o * St e e e o - DR PO
C Pl P B TR LT

l OO Sl
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- suppose: that the topological dual E' of-"s';fs’-a nomal subspace of E7,
Then. (E, C.u) 1s a c 0. Q vector 1aﬁcice. . 1;3{71 '.;.:: ":dc 'p“}d'f; 1;.':

[ o "L e ,e AP
. ST L .‘ C . b e
. - Lo 3 R

S F “Let {H i ® 1.2,:"3 be a. countgble fantly of equicontin-"
" voiss cubsets of E¥ such that H = U H, 15 o (EV.E)- bounded. “since E' 15’ r\—,...;

2 normal subspace of- Eb, 1t fol]ows from ([46]. Proposition 3 2) that F s’
"“\P./

r

;f ug (E* )- bounded. uhere ub(E') is order bound topo1ogy on. E Bt
8(e* E)C:u (E )([46]. page 25). Hence His B(E' )pbounded But (E c u)
1s 3 countably quasibarre11ed 1. c.v.l. and hence H. 1s equicont{nuous.\ This

shous thht (E C.u) isa C 0. Q vector lattice, »

L

‘ l . ) E o ; . ‘ . v . . . .. . 1

_ \ 1. 17 COROELARY Let (E C,u) be as 1n 1. 1 15 If E‘ 1s a, (E‘ E)-

' complete. then (E C u) is.a C 0. q{ vector lattice ”.r : . f]
.; 3 -”;PhDOF: E' is o (E‘ E)-comp1ete iff Er s a normal subspace of E <
([30]. Lgmma 4) Hence.in vieu of 1 1 16 (E C.u) 1s a C 0 Q vector

~A]att1ce. L

. . ‘ s ‘. ‘.‘ n . . } L . ‘.' . ' " i . O M
. -, ' o, . . = . . Lt . T R . . R . ‘
. e 14 L A '

;"l

1.8 mposmou et (E c,u) be 2 countab‘ly quas1barre1'led ¥ic. v R

| satisfying the condition (B)z The topology' (El I'E 3on: E‘ | is" the rela L
tive topo1ogy 1nduced by, ﬂ(E'.EO and the g, (E E)-closure of each B(E E)-_fx,

e bounded set 1n E' 15 B(E' EJ-bounded., Then (E C.u) 1s a c.o. Q vector o

1att1ce... ;ri{:'fﬁf
R l""- .,. ‘ ...U ‘.:- .‘9 | |
e pROOFs ,"_;,_;‘-(':-;;';.,‘.‘,,“,,g 1" be.a sequence of,gqu'i continuous gubsets--.of';




A ]
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e
:E' such thof_ﬂu#‘kgl_gn is'd (E' E)-bounded The condition (B) imR}ios .
- that each o, (E' E)-bounded set in £ is B(E' E)-bounded ([46] ‘page 25)
'~But then, H 1s equisontinuous. beCAuse (E C,u); is countably quasibarreiled.
fﬁThis sﬁows that (E,C u) is a c.0. Q vector 1attice C '

» It is. interosting to find conditions under uhich a £.0.Q. vector

i lattice is. order-inffdbarreiied foiiowing proposition is useful in ,'

T . .

z this direction. o S [-!-

. 5.' . .
l 1.19 PROPOSITLON Let (g,C u) be a C. 0. Q vector iattice Then every

L

o (E', E)-bounded subset of E' is B(E' E)-bounded SR
- ],‘- Coe T L ' -
;,9nﬁo#3f]uet;s be o ole‘;E);bouoded subset of Eii_ Thené we claim .

o 5W(|<X.y>|.1cﬂ,yc8} <o, . - '
e e

: ,tuhere.k is 3 weatly boondod subset of E. and this proves that B.1s a(E' E)-
R ) ES
i bounded Suppose o ) ' v '

T

" suptl<x.y>l'xcﬁ.rc3} e '_ —

_‘Then thero exists a sequence (y .= 1 2."'1 in B such that sup{l<1.y >V
~xcA)>.n for each n nou. sinco lygn =V 2, s o (E' E)-bounded and.
(E,600) is Py C 0.0 ogctor lattice. it foiious from 1.1.3 that {y,s n= 1 2,'7'}‘
s equicontinuous, and hence strongly bounded which contradicts our assump- 'i:f

- ltion that sup}<x.y 7[ .-, This completes the proof‘ : f. ‘ j:;;f;
I L ch.n oA R I : o |
R P gd' -"tonoum: : ;_.éﬁ (E,c‘..‘qf)-ble'f;-"‘o').'o.,q, 'ye’cwr Tattice.  The (E.Cou) "o




_ ; -.rl;' }: . 47-a:'1-
1s an order-infrebarrel1ed Riesz-space 1ff 1t 1s a quasibarre .ed 1. c. \L lq.__ -

‘In particular. a metrizab]e (or even bornologicel ) C 0 Q Vﬁ'ctor Iattice

: Ty P -f'.'.;‘

:15 order-infrabarreiled

.

: Co PROOF: Assume thet {E, C u) 15 an order-infrabarrelled Riesz space.:

Then it 1s definitely a’ quesibgrrelled 1. c. v. ([46], Corollary 2. 3)

- Now, converse]y. assume thet (E Cou) is quasibarrelTed Let H be & - gy ‘i;
o (E'E)- bounded subset: of E'. Then H'1s 8(E',E)-bounded by 1.1, 1o But .
then H is equicontinuous, because (E c.u) is quasibar;glleq Thus erery

3 0 (E' E)-bounded subset of E' is equicontinuous, and this 1mp11es that
(E ,C u) 1s an order-infrabarre11ed Riesz space ([46], Proposition 2. 2)

.

~ He recall that a linear mep f of a vector Iattice 1nto a vecbor S: -

i letgice 1s called lattice-homomorphism (abbreviated to 1- homomorphism) if 1t

A preserves the lattice operations.- h'f-f‘-

We ‘now prove e BanechJSteinhaus type theorem for l-hoooMDrphisﬁS on

€0 Q vector 1att1ces.
R ‘ .

RRE 21 msoef.n Let (E, C.u) bea c 0. o vector tattice and (F K.v) any
clevda. Let {H in = 1 2."‘1 be a oountable family of equicontinuous sets
of 1 hommrphisms of E into F. such t.hat = k—'1 H 1s pointwise bounded \

A

' Then H is equico:/jnuous...

P N‘F:nibeb v-beié closed, convex, so!i&ioe{ghbourhooo of 0in F. .

Let | - . .,'! o :;': ' . ‘. - ,..' " ". .‘ ﬁ.- L

L .f\ = Viv ZA"."c S e




.a‘

u 1s a c'Iosed. convex neighboufﬁood. of o m e : Since ch is

(:leacly.
d v 1s soud SiE :'}onov;s that f (V) 1s soHd and hence .‘1 3

an 1 hou\omorphism an
U is so'lid

F“w(ﬁ Tae U '{:I Un S\;l QH f‘I(” r\f (V)

ed. convex and solid subset of E; Since le simp]y bounded,

Thus. U 1s a solid barrel which is the .
soHd neighbourhoods of $1n the '_ e

Then U 1s L c'los
it fonous that U {s absorbing
8

countable 1ntersect.10n of c'losed, convex.
and hence U 1s a neighbourhood of 0 in E

But then H 1s equicontinuous, becauseu ‘- Pﬂf'l (V) :

3 - €.0.0. vector Tattice (E% c,u).
| in view of.-1,\.z_

I
L
= . .
‘ . , “ )
- -

k

1.1, zz COROLLARY. et (E C,u) be an order-infrabarreﬂed Riesz space * T

a‘\d {f.,X v) any 1. c.v. 1. Let H be any set of continuous J- homomrphisms

of 3 1nto F such that H 15 noint\ﬂse bounded Then H 1s equicontinuous., | .

LY

Let :

,': ! b ' A .o
. . . P

1. 1 23 COROLLARV' Let (E}:.u) and. (F I(.v) be as in- 1 1. 21, .
ey be a pointtdse bounded sequence of cont‘.inuous 1- houmorph'lsms

'\

".,{f in . 1 2.
Q

" of F. 1nto F Then {f ;n - 1 2 "'} 1s equicontinuous. _

L e

V. 1 24 coaou&av- Let (E c,u) and (F K.v) be as in 1. 1. 22 Le,t = -- -f.,

{f 0 =1, 2 "'} be a point)rlse bouoded sequence of- continuous 1-homomrphisms |

) of £ into F. 1hen" {f ;n - l 2,"'} is equicontinuous.“

" e 1'2 Pemnenoe grogertiés o R o
T ln this sectfon. we 1nvestﬂgatéf‘ven{ous'-"'ampeftii‘!? Pfl C“.Q-Q_-'é\'f'e‘?to"'

. ’ R I . . . )
. - et S ) O . ’ . o ' ' cL ' L - ' -
S e e o "-:'_ N N . . R T M Sy .- NPT
et - ' . . i R e ' “ L W . B (. - [ !
‘ [ N S L .- RN



"Iattice- need nof.”‘be{'a c.0. Q vector 1attice. and then we give a set of condi- '

tions under which it can be 2 C. 0.Q. vector: lattice.

1 2 ] THEOREH The locany convex direct sum of a family of C 0 Q.. -.' ' __

j"f’.vector ‘Iattices is 2 C 0 Q vector laz‘tice.
: . o )
i , ) . . : ' o ' ) . ]

v o e b . . .
¥ : > N ' -

'-‘Pnoor - Let (5 .c W )mn be 2 fanmy of €.0.Q.. vector 'Iattices—/
u's 9 U, (the iocally

- —.———.

Let E = 0 E (the: aigebraic dinect sum of {E ,m:li).

".' convex S topology’fon E) Cs G C and 1et i H s £ be the 1njection map -

men (g c u) fs an 1. c.v.l, ([45] Coroi“tary 3.30). To show

for each acl.
1et B = nl v, bea so'iid barrel -

that (E C,u}. is a c.0. Q vector lattice.

- in E such that each.¥, is a closed. convex. solid neigh’bourhood of fl in €.

f'.;'.mearly i (B) = nnﬂ i;l (v ) Since each i is a continUous 'l homomorphism
soiid neighbour-

L of €, into E. it follows that i ('J ) is a closed. convex. -
(a) ts a mud barre‘l fn E.. . Hence i (s)
g‘hbourhood 0f 0

hood of 0 in E Clearly, 1o
(\is i neig‘hbourhood ‘of 0 in- £ w'hich 1mpiies that B is 2 nei
in £, * This shows. that (€, c,u) isa €.0.0. vector lattice.t
2z, "Pnov'osri'ﬂon
l.cav.l.. Let 1 be 2 positive. linear. continuous nnd almost. open Imap ’of* i
(E C,u) into (F K,v) Then [{ 3 K.v] is a c. 0 Q vector 'lattice. | ' -

[ - IR . -.7. .
. "
. \ )

‘Let (E C u) be a C 0 Q vector iattice and (F I(.rv) }my

r-._‘

ﬁ“.".'""-*"r*—-.r.-rv.r- -
! = T

L.

F . A’-' PROOF Let B - h] V be an order-bornivorous barreysuch that each

v is a cfosed. convex. circied neighbourhood of 0 in (F",K v) Clear‘ly,/ o -";'
c:._l .‘ ‘:"_ S R e B L ‘ . . .« . .



f'](B) 'y f\ f 1(V ) Then f (B) 1s a barrel'\because f 1s continuous and |

11near That f (B) 1s order-bornivorous fo]lous from the fact that f 15
,posttive and linear.' Since f fs continﬁous ond each V 15 o neighbourhood | ‘2r
of 0ldn F,. 1t follous that - (V SRR ciosed. convex. ‘circled neighbour- ;;f"

hood of 0 in (E,C,u). “Hence f ‘(o) 15 » netghbourhood of 0 1n (E, G,
% because (E, C u) is 3 C. 0 Q vector 1att1ce.A,Sinc_ f is almost open. ‘.', ,h' -

.._-—-——-—

| f(f"(B)) is 3 neighbourhood of 0 in (F X v) Observe_that

f(f '(ﬂ))Co- 3 . _. - 3 L e

t . n

‘ betouse B 1s c]osed Hence B is a neighbourhood of 0 in (F K,v) Thfevshoue R
; that (F K.v} is: a [ 0 Q vector lattice. ‘ G ‘ j} R

,',' . L X . J . : I ‘ } - - L Il

+ : e T . Vol T : - P i . .2 ‘-'f . ‘

123 con av Let (s C.u) and {r K._v) be as’ 1n122. Lettbea,'_

e positive, linear. continuous hnd open map of E 1nto F. Then (F K v) is a ;

€.0.0. vector Iattfce. S r; s

3 o ."J'"-&-l‘ T

1 2 4 CDRDLLARX: Let (E C u) be‘c C 0 Q vector lattioe'and H 3 closed

1 1dea] in E Then E/H 15 a c 0 Q vector Tnttice..‘

0

The follouing example shows that an 1 1dea1 of acC. 0 Q. vector lattioe

.~&

need not be a c=o Q. vector lottice.

B E 275 Ei&!?gg, Let C(I) be the Banach lattdceaof a1l continuous real—‘- f;;vﬁ
valued f"“CtiO“s on i - [0.1]. with the supremum norm || tl and the order ff}
L structure deternﬁned by the positive cone 3 ‘ ' : S

LA
£

o - *'7:J11'}';-?f' g . (fcc(r) f(t) 2 0 for a11 tcl}




ifllp”eiif}ETf; N e e e
S I S S P O I
b '.""- N R T
-(t(l),K.II Il) is a C 0 Q vector 1attice, because 1t 15 3 countab1y v
barrevled 1.c.v, 1.. Now consider the vector subspace E. consisting offall

eighbourhood (depending on f) of t = 0.

‘elements fcc(l) uhich vanish in a n
-1dea1 1n C(I) but 1t has been shown. a

Thep (g, "z 1. ll). Ef\K- *er is'an 1
in 1.1.7(8v) that it is. not 2 C 0. Q vector lpttice. : . ,
qnnder certain conditions.f .

In the follou1ng proposition. we show that
But first we S

-1dea] of & C OJQ vector lattice 15 of the same type.
" The cod1mension of a vector

of the quotient .

any 1
ca11 a definition from ([38]. page 92)
e M of a vector space E 15 the (algebraic) dimensi

T I Ty

é subspac

%

i-oector space EIH. K : "_*" :*" R R,
Let (E C.u) be a t 0 Q vector lattice such that c

1.2.6 meg.s_e-m:
If .3 1s an. l 1dea1 of countable codimen--lg'

R T strict‘a—c_o_ne An; (E .a(E' E))

f;esionpin E, then H is a s 0 Q vector lattice under the induced topology
" BROOF: BH 1. .8, (s c.u) 1s 2 countably bamned XA VRS
1n the re1at1ve topology Furthermore, M- s COUﬂtP :

| ‘Clearly H 1s\an l.c.v.1s
e H-is a‘C.O.Q. vector ".

'ably barrelled in view of ([13]. Theorem 3.1).. Henc
lattice by 1 l 4(h) This completes the proof.

Coy .‘t_‘ . v R"

Q vector spaces and Banach-Stein us type theorgn

”Tying space to be ordered 1.c.s. ;f
He prove 2 pouer-J3

aces. _l-‘

l 3 €. 0

" In this sectfon. we cpnsider the unde
and chus ue have c 0. Q vecto spoces.
nach—Steinhaus type theorem for ¢.0.Q. vector Sp
to obtain some resu1ts about'posi

. instead of 1 c v.1.,
- ful theorem called a Bo |
.‘-: ,hich uill be used, 1n the next sect1on, tiyég}‘

N T S T . “; o, : ) .
by

| DR L Lo . . A
A ‘.".. . N - l'- T A 3 . "
R R . . N tast T . T '
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bases i order-infrabarre!]ed spaces.,kue"show that theee'reSu}te g;&J_
nothing in generality if we'eons1der ¢.0. Q. vector spaces .1;~ ".
| '_ We first recall a definition from ([47]. page 53) " AR ordered 1 ch ﬁ
 space (E Cou) fs called an order-infrabarre11ed space i each order-bornivorous““'i
barrel 1s a neighbourhood of o-in (E, ¢ ul. ',f,‘ | - 'l-j%'

‘-? R ,._} B f"i‘:' : - :ﬁg:‘ -"*//—r-u -

1 3.1 ggfinition. An ordered 1 o. space (E,C,u) 19 called a C.0.Q. vector e

i space it every order-bornivorous barreI uhich 1s the countable 1ntersection
I

3 of closed, circled. cORVex neighbourhoods of 0 in (£,C,u) 15 ftself a neigh-

3

3 bourhood.of o . V-

:A'l ) ' ’ ' . Co .
: REHARK- C’early. every orde 1nfrabarrelled space 1s a C 0 Q. vector

‘; ipecet The following theorem‘shows 7h the converse is true.

1 3. 2. THEDREH Let (E ¢ u} be/a seporable C 0. Q vector space ' Then:

"'"(E ¢ u) 1s an order—infrahprrelled space._
. ) )

| PROOF Let 8 be an order-bornivorous barrel in (E c u) Then, the

'set E\B is open in E. end hence £-B is separable. Let D.= {x,in > l} bea . o
countable dense iubset of E~B.. Since *a & B, f0r each n, there exists'5' :
xicE' such that <x .xn> > 1 and x cB° Let D' . {x s 1) -_\J {x'} Then,

| BCD'® = ‘( {x'})" . x'}" because D (_B‘ and so B = B°°CD'® _.‘ N Since B

| {s order-bornivorous and Bc:D'° 1t follous that D'°. 1§torder-bornivorous._ ;"'

Also Lx )°1s 3 c}osed, convex. c1rc1ed neighbourhood of 0 in E, because {x";

_1s equicontinoous.\fThus 0" is an- order-bornivorous barre1 which {s the coﬁhtable

Y.

". .. .‘ »';'I\.n- . .

LT
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j':mtersect:im'n of closed, convex.circled neighbourhoods of 0 in the C 0. Q

:vector Space E and- hence o' is. a neighbourhood of 0 in €, and 1nt(D'°) f o/

B As DCE \1nt(D'°) ([5]. page 260) we have E\BCDCE\int(D"’) and

';hence 4nt{D'® )C.B Th‘ls hanes that B s a. neighbourhood of 0 in (€. C u)

| Hence (E,Co u) is an order-‘lnfrabarre‘l'led spate. i F e
- . ) B c ‘

1.3. 3 COROLLARY. Let (E C u) be & separable C.D.Q.'T‘vectOr lattice.  Then

.‘(E C,u) 1s an order-infrabarrened R‘Iesz space. - | |

| | Let (E C.u) be an.ordered 1.c. s with generating cone C, and E* c. Eh "

| ‘Then there exists a 'iocally convex topo\ogy Q(E*.E) on E’ such that {[- Xs x]

xeC} is a neighbourhood basis of 0 for O(E', E) uhich is ealled the topology

on E' of milfom .convergence on the order-bounded subsets of € ([33]. page -

- 203). | T . -

. » | o

i 3. 4 PROPOS!TION Let (E.6) be an ordered 1.c.5. with generating core

, C and E' CE . Then ‘the. folang statements are equiva'lent |

(a) (E.C.u) 15 2 CU Q. vector ‘space. ; | ', “ o

(b) Each O(E' '£)-bounded subset:of E' whigh 15 the countable anidn of .

equ1cont19t‘£us suhg..ets-_of E! is 1tself equ1eont1nuous. B

,‘_'

L PROOF (b) = (a) Let g = l'\ V be an order-bornivorous barre'l
in £ such that epch 'l 1s a cjxcled. closed. convex neighbourhood of 0 n E. .
‘Then cleer'ly U V° CB" Since B is order-bomivorous, B> is U(E' E) bounded
and’ hence.U v 1s O(E' E) bounded A‘lso each V‘ is equ1cont1nuous Hence,
.~by (b). it fonows« that U V' 15 equicontinuous. But then' (gl V;)°__= .
". "nr:l V“ l-, n] V . B s a neighbourhood of 0. This 1mp'Hes that (E C,u)is a

" I . . . S . R
. L X . e L - .
Lot . B T .

o ‘.“.l_ [




xt’ fu'll Since f 1s pos"lﬂf\?e and Hnear, it foI'lous that

HIU

- : n -‘ -
_ hood of 0 in E.. Let U = an u, = by &H £ (V)

' . . K ..I,_ : . . o . * “;
€.0.Q. vector space. ;‘ o ‘

_ (a) ==P(b) Let (H n = 'I 2.“'} be ‘a sequence of equicontinuous
‘subsets of E' such that H o U‘l H 1s O(E' E)-bounded. Then HY = l‘;;‘l' H;_

1s an order bornivorous borre\ such thag, gach H’° 1s a c‘losed, convex.

circled neighbourhood of o in E. Hence H° 1s a ne1ghbourhood of 0in E,
'because by (a), (E, ¢c,u) is a €.0.Q. vector space. Henc_e H°® and so H is
_-equicontinuous. because HCH“, and this completes the proof. = .

‘We now prove 2 Banach Steinha\as type theorem for C.0.Q. vector spaces

4

1.3. 5 - ‘MIOREH ‘1et (€,C u) be a c 0 Q. vector space and (F Kyv) any _ o

: ordered I .C. s. ‘with normal cone K. Let {H n = **} bea, countable famﬂy

ﬁof equicontinuous sets of positive Hnear maps .of. ‘£'into F such that .

H, is pointwise bounded ) Then H is equicontinuous. '

L]
v

al
o . . N , S

- PROOF- Let Y be 2 dosed, convexg circ'led full ne{ghbourhood of 0
iri F. T‘nen.‘clearly U f (V) 1s‘a circ!ed olosed. convex neighbour- -
f (V) Then U'fs. closed.
convex and circled it is also absorbing because H is pointwise bounded Now - '

we wish to show that U 1s o.rder-bornivorous._ Let [x.y] be any’ order inter— .

“val in E Since H is pointtdse bounded thew exists 2. > 0 such that

f(x) f(y)cw for all feH. - But then, [f(x) f(y)]C:w for a'ﬂ ch because: V

a
o

f([x.y})C[f(x) f(y)]CAH for all fc}!

o«

" This shows thot [x,y]fof\Hf’I (v) » AU for some % > 0, -2 nd hence U = Hf"1 (V)

K

tow - . ' . : . .
! . ) . ' ) ST PR ' ‘ . -
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3 order-bornivorous. Thus 11 - f\ U ts an order-bornivorous barrel

-
-

. which 1s thé countable intersection of closed. circled, convex neighbour-

: I.
-hoods,of O;in,g. Since (E C.u) is a €.0.Q.. vector space, it follows t at

U {s a neighbourhood of 0 in E. But U " fe Hf (V) and hence H{s ui-'

continuous. - |

-

1.3.6 COROLLARY. Let (E c,u) and (F, K v) be: as in 1.3. 5 Let {f in = 1,2,°°%)
be 3 sequence of continuous. positive, lfnear maps of £ 1nto F such that

(f sn =.1,2,7"") 15 pointwise bounded. -Then CF s = 1,2,77) fs-equi-

(-}

continugus. - .

4

PROOF: Taking H, * ¢f 3 in 1.3.5, we obtain the result.

»

e 1.3.7. COROLLARY: Let (E c u) and (F, K,v) be as in 1 3.5, and suppose that
the positive cone K in F 15 closed lf {f .n s ] Z."'} is a sequence of
~ continuous, pos1t1ve. 1inear m&ps of E into F such”that (£q5n 3 1} converges

pointuise to a map f from E 1nto F then f is continuous ipositive and linear.

4 1
‘ 7

- PROOF: CIearly f is linear. Since K is closed in f, ft fblloys
that f is positive. Since (fin 3 1) is pointwfse bounded, it s equi- f“
cont inuous by 1.3. 6 " But then, in view of ([3]. Chapi?r 111, %3, Proposition

_.,\

4).,f {s continuous.

L]

. REHARK Since an order-infrabarrelled space “ts a3 €.0.0. vector space,
the results 1.3.5, . 3.6 and 1. 3.7 are obviously true for order-infraberreITed

- . B v . .o -'Lf. o

'S
”
» i
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1. 4 c.0. Q vedtor spaces aod bases

L Let (£,C,u) be an ordered c.'space " An u-(Schauder) basis . -
i{x o }is cal]ed 3 positive u- (Schauder) basis if. {x'lécwand ai] f.'s "
are positive [26]) A t.v. s. uhich possesses a -basis fs separable ([41],
 page 144). . Hence a C.0. q vector space (E ,Cyu) with a positive basis 1s
an, order-infrabarrel1ed space. in view of 1.3:2. e, therefore, obtain
:enalogues of the ue%k basts theorem ([25]. page 128) and. the 1somorphism
.1theorem ([25], page 123) for pos1tive Schauder bases in order-infra- -

\barrelled spaces only.

8
L

1.4.1 THEOREH Let (€, C.u) be an order—infrabarrelled space with normal
?'cone t. Then every positive a(E, E ) Schauder basis inE is.anu-Schauder

;'.basis. : . f . o .
o "PROOF: Let {xyf gl be a positive o(E E' )-Schauder basie‘in'E. Then
x4 f4) is-a ueak Markuschevich basis- ([25]. Theorems 9.1.10 and .9,5.4);
Thus. {x; 1 1s.a tota1 set in E. This inplfes that we can cﬁoose. for eacg
x;E. 3 sequence {y JEE such that Yy —" X and y csp{xi.l 1 $ n} Conéidér
the sequence [T ,n z 1} of continuou$, positive 1inear maps Ta .E —.E defined
- hy . :

SR T (x) = izlfi(x)xi. for XcE, n=1 2. ;t-
Obsemtmqut[x)-xmtheneaktomogyofs. hente {T 30 3 1} is
. pointu1se.bounded But then, by 1.3, 6 and the Remark following 1.3.7,. .

L3

{Tn.n 3 1} 18 equicontinuous. Hence.' - .




/

ofE, E')-basis in- E‘is a u-Schauder basis

L X=X f 1im Tn(n - yn)f

n
| m 2 f -y
wx +1im L X =Y X ‘
‘ “n isl L ' e | | Vo b' .
- _ ' | ("n. " )' : T S
. ‘ - = 1im y, ‘+v11m rf (x)x, - ¥,) s .
a e - = 1im x F.lx)x, o+ .
1 - n i-‘ i 1 . I a
-and s0 Lx Cf‘) 1s a Schauder basis for u.

V .
4 § : I

1.4. z COROLLARY' Let (E C,u) be an order-infrabarreiled'space with the

normal coﬂe ¢ such that C has the non-empty;jpterior. Then éevery pdsitive

o ’

1

PROOF: Let {xy. f 3 be a positive o(€,E')-basts fn E.} Since the

positive cone C has the non-émpty in;erior, ft follows that each f_ is in
g’ ({32, 2.2.17). . Hence, oo fy } 1s’a positive o(E,E')- Schauder basis in
€. The result now. fo1ﬂows from 1.4 45 .
et (€;C,u) be an ordered 1.c.s.. Then:the topology OCE,E') on E of .
uniforn convergence on order-bounded subsets of E* 15 consistent'with the
dual systes <E E' > if the positive cone C is closed and generating and if E'
Ts a ful1 subspace of E* ([32], 3. 2.4). We now obta;g,the analogue of'i.4.i
for O(E.E J? o | N o . A

.

)

. 4 3 THEOREH Let (E,C,u)" be an order-infrabarre]1ed space such that €' . -

"

is a ful)-subspece ef £ and C is closed. normal and generating Then every -

‘U. .



f pqsitive O(E E )-Schauderlbcsis in E s anu-Schauder basis

:%' ap ~"‘T.'—¢.

PROOF-- Let (x f ] be a positive O(E £ )-Schaud\n\basis 1n E

J.Then.fo eath xcE. s ERRS R
' . Y ! T S
] ‘.": R P, L. :
- . ﬂp‘ . .
‘l‘ -

x . lim T f. (x)x
. p ﬂs].

o ST T e

nver gence for O(E £") 1mpHes ¢:onverg;an‘i> for'.‘

it f llous ;hat each xcE has the weak series expansion )X f (x)x
nl

11y a o{E E* )~Schauder basis, we have'

ol orde_ o s oW that {x .fp} is actua

fnto ‘show that he- unique sequence (f }o chrresponddng to X in the O(E £*)-

1s also unique for the c(ﬂ E ) serfes expansion of X. ‘If"jf

,f]ghxﬁ’ﬁ.b}'convergence being fn the ueak topo]ogy. we ﬂqve
B0 S B R .,l. , | |
R N ‘.Cf(zgx): f(x)-o.form=1z. S
UL DIk
. Hence Gy ® 0

?Since{x f}isanO(EE)basisan wehavef(x)-snm

* : for each m. This 1mplies tha@hthe sequence {f ¥ 1s unique for the ueak

atﬂ _'
ol series expansﬁon of x.. Thus {x .f ]15 3 positive

{x .f'} 15 ‘a d-Schauder basis 1n E

c(E E'0 Schauder basis for

E But then 1n vieu of 1. 4 1

Fn E' is a fu11 subspace of E* and e-is clos

\\. enpty'ingerior.‘ Then every positive O(E £ )-basis 1n E 4s a u“Schauder basis
N L S o

._“

-

PROOF S{nce ¢ has non-empty interior.

t1ona1 on E 15 continuous._

4

)
- - . . . ; .
K] ks P : 4 -
. AT S L. .
. ‘ - L o

evefﬁ-poSiiive Tjnear func:_‘

. + '
T
LY
. - e

Lo s f;,.‘, RN oo

™ ,! S . .' - _!.A’. '-’. .

E’ _ 1.4, 4 CORDLLAﬂY Let (E CTu) be- an order—infrabarrelled space such that '

] ed. nonndT generating anu has non- - -

Hence GVery positive O(E E )nbasis for E is a o

o



PR
.positive O(E E’ ) Schaudl¥Jbasis.. The result now. fol]ows from l 4 3

) o lf (E ¢ o) is an 1.c. v. S PN then the topo1ogy”ﬁ(£ £ ) on E of uni-
“form convergence on order-bounded subsets of £ is aiways consistent with
fthe dual systun <£ E'>, and in this case O(E £ ) ) (E E'). '

~ The folloudﬁiptoro11ar1es atg\innediate consequences of 1.4.3 and -
.48 :.’ e P ';.

<

- 1.4,5 COROLLARY' Let’ (E C,u) be an order-infrabarrel1ed Riesz space

: Then. every positive ° (E £ ) Schauder basis 1n E 1san115chauder basis,’

‘

R K N3 COROLLARY: | Let (E Cou) be, an order-1nf+au;rre11ed.niesz space such, -

that C has non-empty 1nterior Then. every Pos1tive o (E.E*)-bas1s in E-is an -

g -Schauder basis. S : _ _ | o
; Let (i€ u) be an i. c.v.1e A o (E E* )-basis {xi,fi} for € 15 calfed -
5; lattice theoretica11y absolutely convergent if for each xcE the sequence “, '
fl { Z If (x)k‘li is majorized in E, where iE]f'i(x)xi is the pasis expansion of - i
{ x; Since E' §s an 1- ideql 1n E ; At follows that (xi.f } i3 a lattice -
;ﬂ theoretica]ly absoTute1y convergent basis in £ iff it is a o (E, E')- baSis '

".such that ‘z*pf(f (xlﬁi) < - for each xcE, ch where {pf.fcc 3 is the famin o

: foi sem1-norus generating the topology ) (E E ) ([27]) | J;( -
\ d’ : ‘

\ ) . -A .. -;-)r‘ r - . . ‘ \“
1.4.7 PRDPOSITIGH Let, (e C.u).be an order-infrabarre11ea‘niesz space. If
(xi.fi} fs Iattfce theoretically absol:tely convergent positive o (E, E - e

Schauder basis in £, then {xi,fi} s an uncond1t10n31 u-Schauder basis in E. —

. " - - . . R h _ o
.. ] - - . . e Lo . " ) S
N i PR . R . S
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. '|'-‘.. ' v, ' , 'I‘ \ A : .
. . ,l N

,P F Let m denot,e the class of all fi_'n-iie'subsets'of{ "
jll-COnsider the continuous. Hnear. positive maps T‘;;é} —- E defined by :
e o TT.(x) . I f. (—'x)'x' .:for each ocn;xcE;

‘ . ' . ro ' hy
For ch' and ocﬂ we ha‘we - ' RN ‘ h.‘-

: ‘,lf(T (3l t%f(f (x)x,)l . z |f||f (x)x1|-< mlfl(fi(x),i) <.,

et

'.Thus. the set (T .acm is point:uise bounded and hence. by 1. 3.5 and the
: -Rmark following 1 3.7, it is equicontinuous. Let U be a neighbourhood of
0 in E "Then we can choose a circied neighbourhood ¥ of. 0 in E such that
'.'v + VCU Since {T)ocﬁl is equicontinuous. there exists a neighbourhood W

of 0 {n € such that G \

\\,
y ‘ L
Vv for all oel.

Ta(‘l‘.‘)

. R . .
_I-n"vie_é of 1.4.5, -{x{ 'f.i} s a u-Schauder basis in E; hence there exists an
integer n > 0 such that.y - T, (x)th\H, where'a, = mz,m n). Then,

- Ta(x -1 (chv for a_l"l‘uc'ﬂ'.‘_
. mTg PN T ST

E Hence. for a'll ocn such that o C_d we have,
x-T(x)-x-T (x)-T(x-T (x))eVi-VCU. ' \
‘Thus, = | |
S lim 'L f‘(x‘)x - %, for each \xcE -

ocn feo

' and t.his shgws t.hat Exi,fil is an u conditional u\-Schauder basis in £
- . L - . B ‘n . .

BTN
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1. 4 8 COROLLARY.f Let (E C u) be an order-infrabar"rei l(ed Riesz space

e .
‘such that C has non-empty tnterior lf {xi.f Yis alattice theoreticaﬂy -."J |

ent positivea {E, F. ) basis AV E, then it is an unconditional

+

.abiolute‘ly converg
- Schauder basis in €. - _ " e
We now oHtain an ana]ogue of the {somorphissy tﬁeorem for order-

{nfrabarrelled spaces yri,th si_mﬂa_r pocitive‘Schauder‘ base;.

A
.

1.4.9 THEOREM: Let (€, c.u) and ,(F K,¥) be order-infrabarre11ed spaces
such that t.he cones € and K are both c105ed and nonna! in E and F réspec-
tive\y. Let {x, ]and{y }be positive Schauder bases int and F, respective]y
. Then 1x Hs simnar to{y yiff there exists a positive copoldgical iso- f B

'.'mrphismTE—-Fsuch that Tx_ -y for all nr.ll ' a =

-

PROOF: Assume that t'here is a positive tsanorphism T:€ — F such s

L

' that -T_x ' y"‘ for aH ne N. .. Then. clearly. n: a X converg/iff T(n,]anxn) =. '
FaTx = a"yn converges. Hence. ue get similar‘ity Converse'ly, assume .

. n=1
_that {x }and $A } are s‘lni'lar positive Schauder bases in E-and F respective1y o

Let {f .nc N)CK' be such’ that. {x f } is a biorthogdna] system. Then, for
| xcf...-x = Tf (x)x . COnsider the sequence {T ,m ¥ 1y of continuous, positive"-;,".
| Hnear na;;IT £ — F defined by T (x} = ‘“z:' f (x)x . m= 1 2. *.. Befine .

T by T(x) « T f (x)y T is 'ueh-defined. Ibecause. by sirni'larit_y of tb{e*- '
o u=01mﬂw~, o

“bases, : f (x)y 15 convergent T s one—m-one |
fy (x) a 0 for all ne N,

-t f (x]y * 0 and since &y} is a Schauder basis.

'n-] L
and hence X = 0. because {f ) is separating This shows that T 15 one- to-one.,-;_,.'




-

| ‘ :: b"y , and by simiiarity. !:1b X, T (x):z
n-'l

T is ontd: For yeF, y =~
n=1 )
converges in (€, u) to some. xcE, hence Tx = y and this shows that T 1s onto

o T(x) for xcE by definit;on
{near maps of E into F. convérging point-

JObserve that T (x) Hence (T ,m 3 Ti is a

'sequence of continuous. posﬁtive. ]
-and hence | is continuous positjve and linear. by 1.3.7 and the

Remark foilouing-i.3.7 By symmetry the same is mrueoof T -1 and hence T is

the required positive is?morphism.of € onto F.

wise to T.

",

R Tenson products of C 0.4q. vector spaces

ue show that-the inductave tensor product of two
is again a C.0. Q vector

'

In this section.

+ €.0.Q. vector spaces.iunder certain;conditions.

space. . _ ‘_ d f
. Let Ei and Ez be vector spaces ordered by positive cones—Kl and K2
respectiueiy:- o i: SRR " D S

)

A uedge K in the tensor product

1.5.1 Definition ([35]. page 182)
if x e ch whenever xel(1 and -

g} Ez,is said to be compatible with E‘

11est compatibie uedge in EIGDEZ is c
3 D

and E2

: ytkz The $oa alied the projective

uedge Kp defined by T ,

¥{
Kp f.{nilx. dp yn.xncK1.y ckz}. @ finite

1. 5 2+ pROPOSlTIOH ([35], z 3) lf K1 and. Kz are generating in E] and_gé'r

| respectiveiy. and°if K is.a cpmpatibie uedge 1nE, 8 E2 then K generates

O - T R R s
.‘. - ; o a ." . . ' . . i .' " K ' , " (. .




=y b )
. ' -
I A -

-

1, 5. 3 PROPOSITIO!C ([35‘]. 2. 4) If E] and E2 are vector spaces ordered

by the gones LS and kz respecthm\. then each of the foilowing condt tions
imp]ies that the projective wedge Kp is a cone in E1 @ E | |
(l) The cone Kn of al‘l positive 1inear functiona'is on. E is total in the :
algebraic dual £, for n- - 1 or e 2. ' _' |
(2) There is a strictiy positive linear functiona] on E - for n= i or ne= 2.
Let E1 and E2 be 1.c. spaces ordered by generating cones - I(1 and Kz '
respeotively. ‘and suppose Kp is the projective cone in El Gr)E2 Then if: S
~and T are order-bounded subsets of !-:1 and Ey respectively. then the convex_
- cireled hull r(s 0 T) of S @ T. is order-bounded “for: the order_structure
detemined by Kp([SS]. page 186) The partial mappings 9, and’ gy. xcq.uct'.z '
‘ associated with the canonica1 bi]inear mpping g: of E]xEZ into E @ EZ are
- "order-bounded ([35] ‘page 188) L o >
. . .

r

| 1.5.4 msonsu Lt (E],K}.u.l) and (az "-z-“z); be €.0.Q. 'C-.éét'o'r spaces;
' uhere Kn is 3 generating cone in E L 1 W2 Let Kp be the projective cone L
in €, 0 Ez. Then (51 ® EZ'Kp'"i)’ whene uy s, the inductive (tensor product)
' topoiogq. is a C 0. Q 'vector space - '
. . ' C .
" g_;@j: Let - f\ v, be an order-bornivorous barrel in 51 @F, .
‘such that each V is a closed. c:onvex. circ'led neighbourhood of 0 in E] Q E2
Let g, - and’ g (auzii1 .ch ) be the partia'l mppings associated with, the can-
' onicai bilinear mapping g sz — EIB li2 Then’ gy and 9, (xcE] .chZ)
.are order-bounded mps.- Ciear'ly, gx (B) " 19 ](V ). Since g is continuous, g

'1 (‘l ) for each n, is 3 c‘losed, convex, circled neighbourhood of 0 in Eype



Cr

Since B 1s order—bornivqrous and g 1s order-—bounded it fo'llows that :
| " (B) 15 order—bomivorous. C'Iearly g (B) is c1osed circ1ed and. convex.-
Thus, g (B) 1s an order—bornivorc:us barrel \lhiCh {s the countable 1nter-
e section of closed convex. circled neighbourhoods of 0 in E2 Hence: gx (B). :
- ;;E]. is 3 neighbourhood of 0 1n Ez. Similarly g {B) chz. 1s a nefgh- |

b‘ourhood of 0 1n E‘l' ~This &hows that B is a ui-neighbourhood of 0 in

E.I 505“{;2. Hence’ 'il ® E{\\C’? Q vector space.

._“!'I 55 COROLLAR’! Let (El' K1. u]) and (EZ'KZ' uZ) be order infrabm’led
'spaces where Kn ‘is generat{ng in E ,ne 1, 2 Suppose that Kp is the pro-
' jective cone in E] @ Ez Then (El ©E£, I(p.u ), where uy 1s the inductive\-; B

a (te‘nsor product) topology. is an. order- nfrab‘arrened space

o
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| .-”'WTER,;%;‘_V-.;..‘ SR I ﬁ
oaosn-(or)fvscm LATTICES AHD SPACES

, “1n order to give an. affirmatiVe answer to a question posed”.in .
'([351).aboutyorder—bounded sets in the tensor products of ordered 1.c. |
a_soaces we iotfoduce and s;udy. in this chapter. a suhclass of c.0. Q. vector .
Iattices (ipagzj) which we cafI the qTass of order-(DF)—vec;or-lattices '

(spaces). ive many sxamp1es to. justify the éxistence.of'sdoh a class.

“in ordeked t.v., paces.‘ The motiva;ion for this class hao been derived"

(DF)-spaces due to Grothendieck (f?])

!

ANE Definition- A;\prdered vector space (E C) is said to’ possess a :

,coUntable fundamental syst of'order-bounded sets. say {B Jm,ﬂ}. if every

l

order-bounded set 8 in E is.; ntained’in some. B,- - CE B
2.1.2 Definition An 1 c.v.l. gg C u) 15 called an order-(Df)—vec;or

q

'.Iagtice 1f {a)y it has A countable fundQ?entalsystem of order—bounded setsy - .
and '(b). every order-bornivorous barrel ﬁh{gh is the countable intersection
of c1osed._circled convex nedghbourhoods o?\Q in £ is 1tse1f a neighbourhood

w -

’,' | ‘ - |
REHARK~ /Clearly every order -(DF)-vector latt1 ‘:is_a:c.OLQ.Rvéctor.‘ ‘

_.latuce. |



PR rusoncu Let (€, C.u) be an-1. c v. 1.. Then (E;C,u) 1s an order-
(DF)-vector lattice fff (1) ft has 3 counteble fundamenta] system of order-
bounded sets, and (11) every solid barre! which is the countable fnter-

section of c1osed convex. solid neighbourhoods of 0 in E is itself a neighh'
o.

bourhood of 0. - o : -

-

PROOF : An1 that we' need to shou 15 the equiva1ence of condition ,
. (1i) and condition {b) of 2 1. 2. But this equivalence has a1reedy been L
‘established in: 11,24 e '

&

. . . . J i
A v ‘ : _— s
. ll.“_

2.1.4 THEOREH Let (E C u) be an T.c.v.l. Thee (g, C.u) s an‘okder-(ﬂé)}_:l'
vector lattice 1ff (1) it. hes ac ountab1e fundamental system of order- B
bounded- sets, and (11} every 0, (E E)abounded ‘subset o? £ which is the
| untehle union of equicontinueus subsets of E 1s itse]f equicontinuous
. EROOF \u{ﬁearly, it is enough if wa establish the equ{vaIeﬁée of .
condition ({i) and condition (b) of 2.1 2 . But’ this fo}iaws from 1.1 3 '_. .

l A - o n o

2.3, 5 COROLLARY Every c. 0 Q. veétor htt.ice (end ‘hence,.a fortiori every. .
‘order-{nfrabarrelled Riesz space) with -a countable fundemental system of order-

. lbounded sets is an. order-(BF)-vector Iattice I --,‘ ; o
. v -
PROOF: Tt is" osm: ‘in'view of the qefiﬁitioes, concernéd.

.’

~2.1.6 CORBLLARY Every €.0. Q vector 1attice (in particu1ar. every count-’
'-“ably barrefled~1 c;v.l. and every order-infrabarre11ed Riesz space) with an

e t
-

¢ a0 RS i * ' X ., T .
. St . . i - - . - i
. . - . |
. ) ) . R .1. ‘ .. . o ' ) . . PR
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e
[

~order unit is dn'ordeff(DF)fve;to; lattice.

ggggg, Let e be an order-unit in a €.0.Q. véttof lattjce (f.c.o), :
.Then the class {n[-e,elin -.1.2."'} fs 2 fundamenta1 system of order-
bodndeo sets in'ts Eieerly {t s countable. The result now fol1ows from
2.1.5. y | S t
 Let (E, c ):be an ordered vector space., A subset H of the positive
cone C 15 said to exhaust ¢ 1f for each %C, there exjst heH and A > 0 such

- that x ¢ Ah ([32]. page 121). He call H an exhaus ing subset of C.

7 o
2 1.7 COROLLA&Y Every €.0.Q. vector lattice {in ‘particular, every count~’ :
"ably barrelled l c. v_l -and every order—infrabarrelied Riesz space) with a
' _countable exhausting subset of the positive cone {5 an qrde? (DF)heector
' lattice. ' h
| 'gggggi Let (E C u) be a; C 0 Q vector lattice with 2 couotable
'exhausting subset H of C. Since ¢ is generatinQ' ([~-t,t]iteC} s a fuhda-.“
mental’ system of order-bounded sets in E. Suppose H = {h( n), mn % 1,2,"7").
Since H is an exhaustinq-sabset of C, for each icC, there exist h( )cH and
an fnteger m'> O such that t < mh(") This tmplies that [t. e1en-h(0) 0y,
Hence the. class {m[-h(") (")] (m nk N ;lﬂ) 1s 2 fundamental system of order-

.bounded sets in E; cleerly it is countable \The result now’ fo11ows from 2. 1. 5.

tp.
T

2 1. 8 EXAHPLES (a) Let ovbe the vecto space of all rea] sequences with

L3

_only finite]y nany non-zero components, Then 8:K), where K is-the positive

.a




.. .i s

“+

- cone’ defined by K a’ [x . “i)“'xi 3 0 for all 1} s a‘vector lattice.
11t 'h,‘“ 3 countabie ethusting, subset of K([32]. page 122) Hence, as

| shown in 2.1.7, (o .K) has a. countable fundamental system of order-bounded

sets. . '

3 . | .
PR REHARK ('I) ) does not contain order-units ([32], page 10)

(2) (6, 0111 is not an order—(DF)-vector fattice, by 1.1. 7(V).~

+

Yo T
. . . . .

(v) Consider the vector space -c(x) of all real-valued, cdhtinuous func'—‘
tions uith compact support 1n a u-compact. loca'l’ly coi‘npact Hausdorff space X
‘Then (« (1) ), where C « {fex(X); f(t) s 0 for all th} is- the positive cone,
fs a vector Tattice. [t has a countable exhausting subset of C ([32]. page .
. 122) and hence has 2 countable fundamental system of order-l?punded sets. .
- REMARK: ‘-'c.(X).-;does'not;conteiri order-u_n‘its ([321, piage 122:). )

E (c) -Consider the vector space m = & of: al bounded reai sequences. '1t
isa Banach iattice uith suprenlﬂ norm || ll and order structure determined
" by the cone K= (x = “1"""‘1 20 for a11 i} Thus it is a C. 0.Q. vector
1attice., The element e * e} defined by e = 1 for a'li nc N is an order— '
- untt’ in m, Hence. in view of 2. 'i 6. (m, l( Il ll) is a:\ order-( DFI-vector '/

L lattice.' S .

‘_ . Sinilar‘ly, the Banach lattice ¢ of ali convergent real’ sequrences.
with suprm norm || H and the usual pointwise, ‘ordering, is an order-(DF)- -
vectqr lattice.’ . o ' S

‘A

o ~ . .. : ' LI N ‘ M . ' . . : . “
. N . - . o . N ot ) . T
LA ‘ . " Al‘. ’ o . A . . K . ',‘ .
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(d) Consider C(l). ‘the’ vector space of 511 contiouous,real-ualued\
_functions on.1 = [0,10; 1t is a Banach lattice with'the supremum nqrm
i1. ll and the order structure detenmined by the cone K = {fcc(l) f(x) » 0
' for a1l xcl}. Hence (C(l) K, l| ||) is a C,m Q. vector Jattice. The func-
tion identically equal to one on I 1s an order-unit in C(I). and hence. in

vieu of 2.1.6, (C(I) X, 01.11) is an orHer-(Dtﬂ-vector“lattice.

The next example shows that an order-(DF)-vecgor lattice need not be '3

an order-infrabarrelIed Riesz.space ©

R
o
. .

(e) Let X = [0 o) be the space of ord\na]s less than the first uncount-

able ordinal C(X) the vector space of all continuous rea]-va]ued functions

on X, u. the compact-open topology on. C(X). and K the positive cone 1n.C(X)_
defined as follows: --?’, | R

-~ . ' =

[ERGEOR{OR 0 for all X

4 . -

Then, by { 1.7(i), (C(X)“KiuiY'is a C. 0. Q. vector Iattice which is not an
order—infrabarre11ed Riesz space. The function 1dentically equaT 'to one on

X {s an order-unit in c(x). henqe, 1n view-of-z 1.6. (C(X).K.uc) is an order-
! (DF} vector lattice. Thus, (C(X) Koug ) is an order-(DF);vec or loéfico which

is not an order-infrabarfblled Riesz space. N

7 .‘ o "_“; ' - _
- +(f) Any'order-unit-normed vector lattite is an order-(DF)-vector lattice,

because it is an - order-infrabarrel1ed Riesz space ([30]. page 113) and hence

.8 C.0.Q. vector lattice. and- 1t has an order-unit ok

© We now give an example of an - order-(DF)-vector lattice which Jis not &

]
1



, ' o . - ' %

,qounteoly-borrelled'_l.‘c.v;l._. . v 3 : " - o S
!

(9) Consider the Banach lattice m = I of an bounded real sequences

with the suprenun-nom l| ll and the order struct.ure determined y the cone 1
. @ .

- {

K = {x = {xiir.m x1 3 0 for al'l 1}
- .'mnsider £= x+ xexcE sAc R} with the supremum ndrm and the order 1nher1ted

~ from m, where E 1s the subspace of m consistlng of al'l finite sequences and

‘e 1s the ‘sequence having. one in each ceordinate. Then (E KE,II ll). where

KE = EnK. is an order-un{t-nonned vector lattice ([30]. page 113), and hence,
An v1e-u of the preceding exam1e (f). it 1s an order—(DF)-vector lattice B-u'ti
'.we have shoun in 1.1, 7(111) that it is hot coentalﬂy barrelled. -~ - "‘l—' '
| Finally, we give an examp'le wtﬂch shons that an order-—infrabarrensd
Riesz soace and hence a C.0. Q vector lattice need not “be an order- (DF)- ‘.

vector Tattice. This example also shows that -2 countab!y barreHed 1.cv. 1.

L W

" need not be an’ order-(DF)-vector lattice.
. {h) Oons‘lder L = (x= {q}.xic R, t: |x1[<-} with the usue'l
. norm ‘||..|| and the o rder structure determined by the cone ’

'N‘

' . [ det! >y 2 0'for all 1) .

o

(1 K.ll Il) is a Banach lattice and hence an order infrabarre]led Riesz
space as well as 2 countably barrelledl c.v.l.. But then .in view-of 1. 1. 4(b),
it 1s a C.0.Q. vect.or Iattice. Ne show, o«ever. that it. s not an order-(DF)-

) vector_httice._ To show th‘ls. we have to estab‘lish that 1:1 does not: have a

. - . N LR - - .
- ¢ A a : \ . - : ¢
- ! . ' . . . ’ .
- . . N N + : !
. . . . .
» . . . . ‘
. r N i R

L ==




g countab!e fundamental system of. order-bounded sets Suppdse it has 2

'_countable fundamental systes of order-bounded sets Then o (f' ey fs

zetrizabie. Since (£ o (£, ))15 complete ([32], -pages 150 and 151)

. it follows that. (t‘.o (t'. t )) is complete, metrizable and hence o (&, Z )

tice, the Banach-Steinhaus type, theoren 1.1.21 is valid far order—(DF)-vector

coinctdes udth the supremgg?norm topo1ogy of Z' because théy are comparabie _
([36] page- 120. ;orollary 7). Thus as(l‘ ¢! ) is normable., CIearly. the

'.positive cone K in L‘ is generating and o(t t')-closed. “This- 1mp11es that

L]

L "has an order-unit ([32], page 128). But 1t’T"Ehown that L‘l does not have

o~

order-units ([32], page 12). nd thus we have a contradiction
: | . v
REHARK. Sinca an °rd°r"°FE;!EEEEI;EE}EiCG is 2 C.0.0. vector:lat-

n

—

lattices. Fufthermore. the results 1.1.8, 1.1. 9, 1.1,12 1 1.19 and 1.1.20

sre also valid for:order-(DF)-vector Tattices.

-

2.1.9 PROPOS[TIOH -Let (E,C u) be a cauntably quasibarrel!ed l.c.v. l

_' fzf? 2 countable fundamental system of order-bounded sets. If one of thee - :

' follgwing conditions is’ ;atisfied, then (€, C.u) is an‘brdef-(ﬁf)-vector 1§tt1ce:*

-

(i) Tpe fopological dual E‘ of £ is a normal subspace of Eb. : '
palogy £(E‘ l.E ﬁ on El | js the re1at1ve t;loIOQy'induced by

ua(E' E ) an the ) (E‘ E)—c1osure of each g{E* E)-bounded set -in E' 18

. 4
Al

?RDOF If (1) 15 satjsfied then the' result f61lows from 1.1.16. ,

1f {11) fs satisfied, then the result. fonm fFrom 1.1.18.



L'ﬂ
T-_."w{th a countable exhaustfng svhbse
_-unl},) /‘lf one of- the conditlons (1) and (11
e (E c u) 15 an ow'der-(DF)-vector lattice |

" e (E‘ E)-canplete, then (E C.u) 15 an ol‘der-(DF)-vec}' lattice.,

SRR IR ,‘ L . ‘_"_ o ._ ' o T o
.t .'“ . -‘,-""'" . ‘.l,..‘r"'l_ L ."' : AR I' ; Y
" ‘A. B - . ‘.'- ! ._'._l : r N

2. 1i lO COROLI:ARY. et (E c u) be a couptably quasibarrelled l c. v. l .' o

t of. C (1n particular. with an order
) of 2;1 9 1s satisfied then
E -

4 N .
, -
- L]

n""

5 | 2 ‘l ll (;ORDLLAR'! et (E C,u) be a countably quaslbarrelled T c. v, l

af order-bounded sets (Jn particular, _
1f F.' ’15

L
o

j,wlth a countable f“undamental system
with L countable exhaustingisubset qf Cor, with an order—unit)

N _tc i _’."

e \‘ S ' u'-‘w :‘ :

i -’jP £" is aJE' E)-comp]ete 1ff E' 1s a normal subspace of Eb

([30]. Lema 4) ‘ -The result now followr from 2 1 9 L . r

An l c s. (E’ul is. sa“ld be a (DF)—'ace@fs (al it has a countable I

: nded subset

f{ndamental system of u-bounded sefs. and (b) e\lery s ong

of E' which is the countable union of egutcontinuous s\bset

equicontinuousbﬁ every borniyorws barrel which is the cou

sectiqn of closed, corwex. _

If (E ‘C.u) '1s an orde;-(DF)-vector lattice.' ‘
o and (14) the strong dua of

\

r
21 ]-2 PROPOSITION‘
Eqﬁ = (E':'o (E',E)} 1s ametr‘lzable l c. v l

; l 1s ml [ v,l
o \c N ¢

.‘ P Y . ?'

i “P (13 Let {a = uz.

.,'_" __. B ] rrr
IAEEEF L T ey T
cn e ' ;.;_ PR
v & ‘.I"' a
ooy ; a4
TE N
) LT

. E' is 1tself
ntable inter-' S

A o
circled nelghbourhoods of 0 is 1tself a neighbeur-:

i g(_[7] Seeidtso [m. 529(3)) B

uhlch 1s .also a wle't'o (DF)-space.--,‘_,'..._":_‘ A _‘__‘.:'1‘.:( .

} form a neiqhbeurhobd basis'_""--fi['f

”'Y be a; countable fundameﬂtal system b
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Ky

of 0. for o (E E) This 1mp11es that E' | 15 metrizable _ '
‘ (ii) The strong dua1 of E| | 1s an I . V. 1 ([39], 5 7. 4) Since E' |

15 qgtrizable. its strong dua1 15 a compléte (DF) space ([21] 529(3))
z 1 13 COROLLARY The strong dual of- EI l 1s al;quni:’;mx-barré11ed"‘
l cbv 1..\ e L '

: j :
| : PROOF Huxain ([103, Propositions v and 4) has shown that every
(DF)—space j§ countably quasibarrel1ed and that 2 comp]ete countab]y quasi-

barre11ed Qpace is: countdb?y barrelled Thus a comp]ete (DF)—space is

t

tountab1y barre11ed and the result now follows from 2.1. 12(11)
"1'.,..- : ' o .

. Lo C . “-'! .

.jf?.2  Péﬁhﬁnénéérprdpéftiés'"' S o

| . ‘. . . o .T‘.j‘; | ;; - | .*
o 2.2, 1 LE]-HA Let (E C) be a vector 1attice and M an 'l “ideal 'in E- Th%g
every arder—bounded suBset of the vector Iattice E/H is the canonica} image
nf\an ordér-bounded subset of E v SRR o

, . PROOF. Let 9: E *—* ElH'beJthg canonical map of E onto E/H Then,
‘Q#ﬂg 15 an l-homomorphism and hence positi ' Let [t s] bg an order 1nterva1 3 ‘

in E}h:: Then, there extst x,ytE such that't _g(x) s g(y) “e show that s

9([1.1J) = Egﬁx).g(y)] “Since g 15 linear and positive. we have _',

\' ’ Q;;-; 9T[x.y])C[g(x).g(y){ T .

’ e ) -.\, ' | ; . i _‘ -
Hence, it is enough 1f we show that . RN o

',,.. .o

.-



o . - “,, o e -
‘ s@/" ﬂ
[9(!).9(1)] C gt[X.y])

l"

Let rC[g(x} g(y)] Then. there exists zcE such th t re g(z). and

g(x} $ g(z) <-aly). Let 74 mcg(z),,mcﬂ Then. there exist m],mzeH such-
that % + m] zHmsY + m2 ([32], page 37). Hence. z & me[x ¥ m1.y + m2]
:[x.y] + [m ;m2]. beceuse £, being a vector 1att1ce. has the decomposition
property. by 0.3.4. Since M 15 an 1-1dea1 in E, 1t 1s an order 1dea1

: (L32]. page 43). and hence {m1,m:JCZH This 1mp11es that z* mc[x,y] + H

'tBut m is an arbitrary e]ement of M and hence.

AN

Q(ﬂc g([x.y]), fe. rcgt[x.y]) — .

' Thus g([x.y]) = [g(x).g(y)] and hence every. order-bounded subset of E/M is

" thk cahonjeal 1mage of an order-bcunded subset of E.
r-;_._' "‘i“ q . ] .

It" !

| 2.2.2 pmposmeu Let (E .C,u) e’ athorder—(DF)-vector Tattice “end Mo
" a closed 1- 1deal 1n E Then E/H is an order—(DF)-vector lattice '

P . « . A LT . '. - e - RN
. . . R ' . .o N ]
LA
\

‘ PROO ‘ ln vieu of l 2 4 EIH 15 a c. 0 Q vector 1attice R\ A

{B n = 1 2"'1 1s -a countable fundamental system of oraer-bounded sets i

i E. then it fol'lows fromz Zlhhat {g(B ) n= 1 2. _‘_} where g is the canonica] |
'"_map of E onto E/H 15 a countable fundamental system of order—bounded sets _‘"
in. EIH Hence, 1t fol1ous from 2 1 5 that EIM is an oFﬂbr-(DF)-vector Jattice. ;f

The follouing example shows that an 1—1deal of an order-(DF)fyectoi= o

1att1ce need pot be of thﬂ same tYPea'

L

oz Eme tqﬁs{dq._c(il) gh'e"'dec?:or.'spa_ce of a1, contiruous real-valued -

v L

.‘ PRI .‘“' E . I --'.A-' o . -.”, ) : S .‘ ‘ o ': . ' . ) ' ‘ ) "‘
R S R .\"(" o Wl \‘-_ L . ‘. --‘. o :. L N . . . k



L ';'; o . o ' | 5
1functions on.l= [o 1 it has been \ shown in 2.1. 8(d) that (c(r),x;ll;L[). "
m. norm lI Il and ordéred by the cone - ' f | )
I

l equipped wi;h the sqpremu

e x = {fec(l) f(t) % 0 for all tcl)l-ﬁ .
is an order (BF) vector 1attice. Now consider the. vector subSpace E
of- C(I) consisting of aii elements FeC(1). which vanish in 2. neighbourhood -

Then (E kE), where Kt = Er\K, is an 1 ideai

(depending on. f) of t = 0.
)} is not acC. 0 Q..

__in ¢(1). . It has been shown in 1 1.7(iv) that (E K£,|l I}
eettor_Jattice.-this impiies that it is not an order EOF)

Let (E,;,u) be an order-(DF)wvecto
If H is an 1- ideal of - countabie

2 2. 4- PROPOSITION r Iattice such o

that C* {5 a strict B-cone in (E ,o(E' E))
codimension in E. then M is an order-LDF)-vector 1att

-—

ice under the induced 3

] :" ~ _ . & . .
topo 093 o . L o x

Ar2.

. -259955 Since an order—(DF)-vector iattice is a C. O Q vector
1attice, it foiiows from 1 2.6 that M is a C.O-Q vector iattice -‘Let-

iiB n = 1 2,"') be a countable fundamentel sy

'.:}' e J J__.. B ‘ ‘["‘
. S v . Lt

stem of order-bounded setﬁ

e
Py
)

is a countabie fundpmental system of order-bounded setoiin-ﬂelfHence_M is

an order-(DF)-vector 1attice Ll e e
S DT -

-veotor iattioe, .



.bourlhoo.d of 0 _“in- £, -

< 2. 2.5 THEDREH The locaﬂy convex direct sum of a sequence of order-

' (BF)-vector Tattices 15 .an ordera(DF)-vector 1att1cé T ',.' I

¢

‘__,“ . '.‘f‘.

o PROOS: Let {(E C .u Yin =1 2 3 2t} be a coun.table famﬂy of .
'order-(DF)-vector 1att1ces.. Let £ = ? E (the a'lgebraic direct sum of‘ o '. :

(Epn = 1o 2 "‘}).C = g C v u= ﬁu (the locally convex direct .sum_ topo- :

3 Jogy. on E), and let 1 E —— é be. the ‘Inject1on pap: for each ncN Jhen_ N
(E,Cou) is a locaﬂy convex vector 'lattice ([45]. GoroHary 3,20). ln vi_ew

»~

of ¥.2. 1 it follows that (E C.u) s a c 0.0 vector 1attice Let' -
(“) o= l 2."'} be & countab1e fundamental system of. order-bounded sets in
‘ k.

n)_,
(E Wy ). Then the - famﬂy{ 981 " is a countab'le fundamental system of

‘l .
order-bounded sets in. E.' Thus. (E C.u) 'is a C. 0. Q vector Yattice with a

A countab]e fundanenta1 system of ordér bounded sets Hence, in view of 2.1.5,

t

(.C u) is an order (DF)-vector 1attice -

] Lo
S T o - ' +
. . B A . . *

‘_.

“. 2.3 Order-(DF)-vector spaces and tensor products

) In this section. ue explain the question posed in ([35’1) and then

give an affimative ansuer to that quest{on for order—(DF) vector spaces

v -
()

2.3 1 Definitioh T ordered 1 c.s. (. c,u) 1s caned an order-(?—’ L

¢

vector space if (a) it possesses a countaﬁ'le fundamenta‘l system of ofder’

. bounded sets. and (b) every order-bornivorous barrei which is the countable

1ntersection of cTosed, circ‘led convex neighbourhoods of 0 1s 1tsetf a nelghﬁ
/ T e .




REHARK C\ear]y every order-(DF)-vector space 1s a c 0 Q

M
i vector space. . ";__‘f'; ‘ R '
v - ..--. .".'-". RO o . ‘ .

]
>

2.3, 2 EEQEQELILQE; AiSepacob1e'ordeEQ(DF);yectoctspace-1sden_orderf' 3
infrabarrelIed space. j' ; nf e f,“ w0

~y

o PROOF Since ad order-(DF):yectorispace is a €.0.0. vector 'space,
. 4 . oot ‘- ' : R B  om?
the result follows from 1 3 2 3.‘:.';' . EEE

| 2'3 3 'PROPOSI ION° lLet (E L, u) be an ordered 1;c 5. with.geoeretfng'cone
,j;c and E' g;s Then the fo11ow1ng statements are equivalent; S
(a) (E C u) is an order-(DF)-vector space o h
(b) E has a countab1e fundamentel system of order-bounded sets and
‘each o, E)-bounded subsetaof E' which 1s the countab?e union of equi-

: continuous subsets of E 15 1tse1f equicontinuous..'

. . . - . . t

d e . ., .
L ""‘”“‘ ; b

" PROOF: This follows froml . ¥
Let El and E2 be’ vector spaces ordered by cones Ky andalf.2 respec—; |
: tive1y. He use B(E]pEZ) to denote the vector spece ‘of. a11 b111near functionals'
_on Elez. ;) (E].Ez) to “denote. the vector space of all order-bounded'bilineac o
functionals on Elxez. and'B(El.Ez) to denote the vector space of all contin-"

uous biTioear functionals od\E1xEZ. - ';;.ﬁﬁ fr‘, 7.". SN T‘ - _{” '%‘ -

o ‘\ ."

_ Suppose that (E].u]) end (Ez.uz) ere locatly COnvex spaces ordered f"ﬁz‘
by generating cones K1 ehd Kz respectively, and that the c]osure Kp of K
¥ (- 1n El Gb EZ 1s a cone (The latter condition 15 sat1sf1ed 1f *H is., totaT




in E' and I(z is ciosed, by [35]. 2. 8) 1f S,and T are order-bounded su%ts' T
of Ey and ErZ' respec.tiveiy. then the ciosure r(S @ T) of the convex circied S
huli of (S® T) in E @ E is order-bounded fOr the order structyre deter-‘
: mined by Kp ([35]. pages 1“86 and 187) Peressini and’ Sherbert ([35] page
_-187-) have asked the foiiowing question. e : '
. Hfien is each order-bounded 'set in E1 ® E for Kp contained in a set
“of the form r(S ® T) for sui table order-bounded‘ sets S and T in IE1 and EZ".' .
a respectively? Equivairentiy. when does the to;;o]ogy of bi-order-bounded ) |
convergence on B(E-‘ Ez) coincide with ‘the topo‘logy O(B(E1 ,Ez) g3 @ Ez) on

a(E‘ Ez)? Here ‘we gi ve an affirinative answer to: this question when. E; and_

2 are., both ordern(DF)-vecwr sba,ces (See aiso [35], 2. 12)

' 1
A .
. .

234 msoncn Let (El .u, ,u]) and (Ez Kz.uz’) be as above, and suppose
B(E1.EZ)CB (E If, (E] K1'"1) and (IE2 Kz.uz) are order-(DF)-vector

‘ spaces, then t,he topoiogy of bi-order-bounded Convergence on. '&(E], ) coin- T

° c_ cides with o(;a(c1 EZ) E, @Ez) R -

v .

.‘\9 -\ ._ .
. ' ,.

o PROOF : Cleoriy E xE is an order-(DF)-vector space wi th a generating
| p— 32

cone.. Since;EIxF,a has 2. countabie fundamentei system of order-bounded sets. _'

. i t fbiiws-du‘t the topoiogy u of bi-Order-bounded convergence is metrizabie
' Since this topelogy is coarser than O(B(El,Ez), E] @ E b it“suffices to show

that the, identity map of (B(E]f Ez).u) onto, (B(E, Ez).o(e(l-: Ez) £, ® Ez)}
1s continuous, for this' in turn. _it suffices ‘to show that' every u—nuli
—~

=y

seduence {f } m 3(51 r.z) is o(a(cl ez). 51 @ Ez)—bounded. _ (;onsider

. -;:.‘__-J L L | . N . A R B P B .
R < . PR oo *l . Coes e Nt
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since’ {f n = 1 2."'} 1s u-bounded in a(E] .Ez). it fo'l'lows that ¥ 15 order-—
bornivorous. C1ear1y V. 1s closed. circled convex. so that V-is an order- - v
bomimmus barre'l wh‘ich 1s-the countable intersection of c'losed circled

: ;convax neighbourhoods of 0 in El 5 and hence Vi se1f 15 a neighbourhood

of 0 1n E.thz. beeause E]sz 1.5 a qﬁrder-(DF)- ctor space. ‘This shows
- that {f in 3 = 1. 2."'} is equicon inuous on- E1sz and hence equicont.inuous ;

in the dua‘lh{«E.l,E ) of E ®E2 ( 9] Corol'lany"r:! 6 21 "Hence (frsn=" T

1.'2 s 0(}1(!-2.l ,Ez). E} ® EZ) ;‘unned This completes the proof S |
) K "._'h,_ ) . . v ." %'.! o
[ ' .. .A ’ K . ‘ -\‘ ) -
. . . \ : v .- ~ . B
b - \ S S
. [ h R o :
) \ ‘ T . :' ". . I -. .- . 3 -‘ “'..
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L - < CHAPTER II1 SRS
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' AOkDERQQIJ“ASlULTRAb_A'RRELI..E,D vscTenﬂ'Lmtcss “AND SPACES | R
- : ‘“ ' e
ln this chapter. we 1ntroduce ‘ahd stuqy a class of % v. lattices
(more genera\Ty. a class of ordered t.v. spaces) whtch rep1aces that of. order- L
infrabarrelled Riesz spaces (respective1y, order-infrabarre11ed spaces) 1n
‘, situatjons uhere local conve;ity 1s not: assumed._: ) - ] . ;_9L
W remark that it 18 possible to introduce a bigger class wh1ch ,3-
replaces that of C. 0 Q. vector lattices (spaces) 1n non—loca11y convex situa-
.. tioes. but we have restricted ourselves to above mentioned class. only
o e S L ey

. . oo Ve P
s . . . } . v

"'\

S I 0. Q. UL vector lattices

In this settion. we, define and chardcterize‘ uhat we call, 0.Q. U
' vector lettices. and establish their re]ations with ultrabarre11ed and quasi- .
u1trabarre11ed t. V. lattices " Ne a\so give some examples to cnarify certain

situations. t;;y”"' P o ‘;'- R

--"_ e . . \.- , o

. s p o _
_ l 3.1, 1 Definftion' ([15(a)], Definition 3. 1) (a}‘k'CIOsed circled sub~ o
- set B of a-t.v s. (E.u) 1s said to be an ultrabareel 1f there exists a seq- -
: uence {B .nc ﬂ}, cﬂ'led 3 de‘f{ning sequence for B. of c1rc1ed and'_'Bsorb}ng
- SUbsets of £ such that Bi + B](:B and B+ + B ]CZB for 411 n. j S ; A
{b) A c]osed. circled subset B of 3 t.v.s, (€, u) is said to ‘be borni— -

//V—Fbus ultrabarrel if there exists a. sequence {B sne. N} of circled bornivor- , f

" ous subsets of E such that B] ¥ 81<LB and Bn+1 ,n* C:B for all n;l

i




. ' . . B + ' . . . . . )
. . . . o . ' - ’ ' .
,‘ . I ' - - . n et . 8]
L ‘ L . L } .-
' R l i . ) " - . P ' )
- . . . - . L ) .

. "

Loa

y Ciearly. if 8 is a circled closed convex.absoobing (closed ‘&1ré1ed, “i\

‘convex. bornivorous) subset of a-t.v. s , then 8. 15 an ultrabarrel (a borni- | |

'vorous ulérabarreI) wtth {2 "B} as a defining sequence However. an ultra-

barrel (a bornivorous ultrabarrel) need not be conyex and need not‘have‘a . '{'f'

def1n1ng sequence of convex sets for LY counter- example see([ls(a)], page 294) |
W. Robertson E37])ca‘{;_:ﬁt V.S. (E,u} an ‘ultrabarrelled space if

1any 1inear topology on E with a base of u-c1osed neighbourhoods of 0 is :

'necessarily coarser than u. 'waever. we have the folloﬂingrcharacterization

of ultrabarre11ed spaces in: terms of u]trabarre1s
% .

o, S N L
3.1.2 THEOREM: (['IS(a)]. Theorem 3.1). AS.v.s. s an u1trabarrened

Spoce iff- every ultrabarrel 4§ a neighboﬁrhood of 0 e

3.3 Definition ([15(a)]. Defin'it‘lon 5.1). At vos. (E.) 1s said ‘to

~ be quasi u1trabarre1led if every bornivurous u1trabarre1 1n E is a neigh-

bourhodof“o Lo

C]early every ultrabarrelTed spacetis oooojuitrabonre11eo;'

[
. ' o
- . -

3.1.4 Definiﬁoa‘. Let (s c.u) be an ordered t.v.5., . A closed, circled

, subset 8 of E is sald to be an order-bornivorous ultrabarre1 if there exists
g
a sequence {B sn =1 2."'} of circled. order-borntvorous subsets of E such

»

. - N
that BP + Bl(:B and B +1 +, n*]tlﬂ fo:_al] nzl.

L ans- oefinition.' Aty 1. (E c. u) is cangg order-quasiultrabarreﬂed'1'- -

vector{ﬂattice (abbreviated to 0.Q. U vector 1att1ce) if every order-borni j//

cvorous.ultrabarre1 1n E 15 2 neighbourhood of 0. i

T N .
R S LN 4

A T ‘

‘ o T ST e :-"-“'..,



H

: vector Tattice. .

: e - . : N |
3 1.6 PROPOSITION:, (a) Every ultn&barrelled t. v 1. is an O-Q U vector .

lattice; (b) every 0.Q. U véctor lattice is a quas1-u1trabarre31ed £V, 1.

+

i . .
PROOF : (a) Let (E C,u) be an u]trabérrelled t.v.1., and let Bbe 7

an order-bornivorous ultrabarrel 1n Eu. Then. cléarly B 15 an u]trabarre1

in E and hence is a ngighbourhood of 0 1n E - Thus, (E.C.u) is an 0.9.U.

'\l‘ . I'.. . by : . ' ‘ "
(b) Let (F K,v) be an 0. Q U. vector Iattice, and let B be -a bornivor-

g
ous. ultraborre] 1n F. Since the pos1tiye cone K 1n F is norma], every' order—

bounded set in F 1s. v-bounded. fortiori. B is an or r- bornivorous ultra- '
'“barrel 1n F and hence a neighbourhood of 0. Ihis shows.tbat K v) is @

¥

qua51-u1trabarrelled t.v.l.. | . . | ' AR ,

Let (€, C) be a vector lattice‘ A 1oco11y solid linear topology’

u-on (E C) 1s 2 linear topology which admits a neighbourhood basis of O

oW

“consisting of solid sets in E. . J o
If v s a loca1ly\§o11d linear topology on (E,C), then we Usé u°® to
denote the loca11y so11d topoquy derived from u;i.e.. the finest 1oca11y

sof?d topology’ coarser than u. \\\;

\ - . , l . '.’_ “." ' B '-u'
3.1.7 PRbPOSITIOH- 1f (E,C,u) is ao\B\SLU.-vectorlattiCe. then (E,C.u°%)
'15 an order- 1nfrabarre11ed Riesz space. <

\\\

s ' . “. . L .
_ PROOF. Lo:$§*be‘an“order—bornfxofous\;;;Fo}'1h (E,C.u9°)l°‘Then B ‘ ._3;
{s:an order-bornivorous ultrabarrel tn (€,C,u) and h;:Ee anufneidhbouroood of - '

0. - The'set. 8 must’ then he u°°-neighbourhood of 0. Thus €, C,u°°) i an

.
. s e . R . . . T ! N - . . '
e R e e : : ' \

. . . A .. T o . Lo : : o . P
. . . - T L . ) RS .o . )
. 7 o RN




1

order¢1nffabafre1]ed‘Riesz space.

L

3.1.8 " COROLLARY: Any local]y convex 0.Q.u. vecfer lattice is anvordef—

- {nfrabarrelled Riesz space.

4 ‘ : : °

! '3.1:9 PROPOSITION: Eyery order- unit—normed vector lattice is an 0.Q. U

ayector attice. s ’ o,

LI
4

PROOF ‘Let (E C u) be an order-unit-normed vector latt1Ce with
order-unit e. Then {n[- .elin =1,2,7 "y 1s a fundamental system of order-
‘bounded sets in €. Let B be an order-bornivorous al trabarre) in €. Then
| there exists. A > 0 such that A[-e, e](:B -But the scalarrmq[;ﬁp1es of [-esel

;form a ne1ghbourhood basis of .0 for u {[17], 3. 7.1). 'Hence“B'is a neigh-

. bourhood of 0% this. shows that (£,C,u) is an 0. q.u. vector 1attice ‘o

. -~
'

\ ' ' R
3. 1 10 EXAﬂPLES (a) Let [a b] be a closed interval on the real line

9

equipped with the Lehesque measure, and !et-o <p < 1. Then the vector . .

space Lp([a b]) ordered by the cone " N " .
: : .
K'{chp([a b]) f(t) 3 0 almost everywhere for all tela, b]} ,
@ 4.-'

and equipped with the complete metrizab1e topology detennined by the neigh-
bourhood basis {4 59 Mg of 0, where ‘ ) ,':
. - A ) . b i . .
. o llp ' . " o
- . L f|P . . ‘
RTLATETICE B 1111y - (e
is & compieie,métrizable-t.v.l. and hencejis an u\trabarrelled t.v. 1 ({373,

.‘

L



proposition\Z; Corollary). But then fi ‘view of 3.1.6{(a), 1t is an 0.Q.U. (:

L.
W

_wector Jattice.

LR

(b) The vector space “’_g“- R - S ¥

tp- = {"i} xiclR, }: |x1]p-< -} L 0<p<l, -

ordered by the cone K= {x = {xi}ch,x1 3 0 for all 1} and equlpped with
the complete metrizable”ﬁﬁoology determlned by the neighbourhood bas1s_{vn}n>1

 of 0, whene - 3 R - “w

: Eoe 1/p,
v, " Ix'= {xi}c& llxll s—} . llxll 3 ( z lx I )

\

. L-_

1s a completg metrizable t v.l. and ‘hence, as shown 1n (a) above, ly is ah
3 l"?i ‘ B .‘ 4

.
o o

- 0.9. U vector lattice.

The following example shows that a quasiultrabarrelled f.v.l.'need

not be an 0.Q.U. veotor lo;tice.

t

oo -

(c) Consider the Banach lattice C([Ol]) of all continuous real-valﬂed
functions on I ® [0 l] and the vector subspace £'of C(I) as in 1.1, 7(1v)
As has been shown there. £ 1San 1.c.v.1. which is not a €.0.Q. vector lattice,

. and hence surelx.not an order 1nfrabarrelled Riesz. space; but then. it is not
an 0, Q u. vector Jattice in view of 3.1.8. However, it li\a quaslultra- | .

barretled l.c.v. 1., because a normed vector latticé is quasiultrabarrelled

([l5(b)]. page 640) o T
He now give an example ‘of an 0.(nU. vector lattlce which is not ultra-

barrelled. ;';/_

L} * ‘ . . . .
' ! . *
e ) .
. R . . . . .
N _‘ * ) * : . - rd ' . " - . v
L . . : Ity s N - s [ . -
. . . '
! o © ' ' ’ . o : .
« - LI . L . . . A ) . [ .
. - a . L . S . u/ ) . }
. L 7 " v
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(d)'Consider the Bangch lattice m of a11 bounded rea? sequences and the -
vector subspace E of mas’ 1n 1. 1?7(i11) As’ “has been shqwn‘there. E is’ |

not’ countably barrelled and hence surely, nob barre11ed This 1mp1fes that .’
\ ]
£ §s not ultrabarre\led ([373. page 250) But E 1s an order-unit normed

vector lattice and hence. 1n vtew of 3. ] 9 An 0 Q u, Vector latt1ce
A subset B of a vector space’ is calied semiconvex if B f BCAB for

sge » > 0. A t.v.S. E 1s ca]led a1most convex” 14 ‘pvery bounded subset P

. {
s contdined in some bounded closed c1rc1ed and sémiqonvex set ([fS(a)],

——
“

‘page 289)., , . o “" -
| . ; . s . ;.
3, PROPOSITlON ) (Hausdorffz—;fguggxidfly comp1ete e]mqst‘convex :
- quasiu1trabarre11ed tov. 1 Is an ultra Zrrelled t.v.1.. P , _
, : @ . . ' ‘
! - . ¢ e DL

,PROOF : Tbis‘follows-{romné[]S(a)], Theorem 5.2). - °°

3. l 12 CDROLUARY A (Hausdorff) sequentia11y comp1etd almost coovex‘

0.Q.U. vector 1att1ce is ‘an u1trabgrre11ed t.v. 1

,,‘. - . . ‘ - T
' ‘pROOF: 1t is obvious in view of ?,1.6(b) and 3.1.11.

e . E . i .

3.1.13 Definition: A CIosed solid smset 8 of 3 t.v.}. (E,Cou) is called

"2 solid uitrabarrel {f there exists 3 sequence (B im o 1) of soijd absorbing.'

subsets of E such that B] * Blca and B ‘4 B 1C.B for all ﬁzl.-,
3.1.14° THEOREM: A t.v.l. (E,C,u) 15 an 0.Q.U. vector Tattice iff. each

\ . o . ot o ) 1
o v " ' . ’ .
I C ’ Lt . ' "

: ' R
. . ., .y
7 L. . ' . . . ) - , "
“ : + ' ¢ . .. .

B . . . g . . . - . . " . .
L . e, i . . " 3

' ; * ' . P ‘. .

- v ' R



1 sol'td *.n‘* ifr'_.‘_t_;:a;'.'-fe‘u ‘1-.-“}.’_::i;:5e‘1§nbjga+__ﬁ§gq f‘q‘f - p,_;- L

b

Wl

PROOF Assume that (E C*.u)i\san 0 Q U Vettor/'lattice Letj

v be a soHd uTtrabarrel 1n (E C u) uith a dgﬁning\ eq7énce (V ,n =T 2, f

ance v is solid it fo‘llons that v 1s cfrcled., smmny, each\\! 15

" qircled Furthemone. since each V 1s solid and absorbing. 1t folTous :

,;that each \'» is order-bornivorous. : ‘Fhus V 1s & closed and circTed\set and g

'.-'{V in= 1 2.“'} 1s a sequence of circled ordervbornivoroufs subsets of E !

i such t.hat Vl + V] v and V .‘ .lC.V for a'll na! This 1mp“Hes that\V S

| ‘15 an order-bomivorous ultrabarre] in E and hence v fs a neighbourhood of - _

Conversely. assune that every soHd uTtrabarre] in- é\fs & neighbour- '. o

- hood of o. Let v be an order-bomivorous ultrabarrel mh 2 defining sequence \

‘{V » As has bben shown 1n l 1 2 K(V) and K(V ) are c-losed.‘ Since \l i*s

e

-'order-bornivorous. 1t fol‘lows that K(V ) 1s order-bornivoroUs ([45], Lenma

’l'he esswtion of convexity in this Leuna 19 unnecessary) He now « -'
shon thao x(v,l * x(vl)cx(v) and x(v ,(,) + K(vm)gk(v ) for m nﬂ clet
x.ycn(\f'_l - {zcE.[-lzl lzIJCV, T o .

r \

R [-le lxll +[ Ivl Iyllcv, + vlcv S

*

Since E has the decmosition property,_ uo get R

[ uxl Iyl).(lxl‘_ _+ um cv_. s L

R ST : L R
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Hence, LW AR

| x.-fy;nm, 1 e.. x(v,) + xtmcm)
.. g “‘.“:‘ i‘ .l./.. ‘ . L ‘-.. .-'l. ". v . -. N '.‘ ’ ' : ,.::"‘. ‘. .' ‘l " "".‘- I - i @ 'I...‘

. ;smnaﬂy. we can 5"0“ ““*t \ LTy e e
o ‘ o . ‘ . ..‘!‘. 4« e ‘ Lo , ll"- -.‘ , :}; '\ . f e

o kl_x(v\ 5+ x(vnﬂ)cx(v }\ TIEE _-:.~ ._ 5 A

,“'Thus K(V) 1s & solid ultrabarre1 uith defining sequenpe {K(V )}n 1 Hence \\ B
| "x(v) is'a netghbourhood of.0 1n E But xmcv and. so visa neig.bourhood N
| '-°f 0 “‘ E TM-" ShWS th&ﬁ (E C.U) 15 an 0 Q U vector 1att1ce. T

. PR

- ‘ Cie. -

_‘ 3 1.]5 THEOREH l.et (E C,u) be an 0 Q U ve}r latt1ce. and (hK 9) a
v 1.. , If. H 1saa\pointﬁdse bounded set of continuous ¥ homomorphisms of ;

E: into F. then H is equicontinuous. -'- e ﬁ AT

.\-.,.

N Pnom-' Let v 'be " closed.\sul\i\d néighbourhood o’f o 1n r, and e '.
~.»-ﬁcﬁfﬂ(\‘) S’fnoe each fdl 1s an; 1 homnorpﬁssm, (v) 15 solid and hence o
a s so'lid nut B 1s a\n ultrabaml fouons fm ([Js(a)]. Pages 294, and
.'__.,_296). Hence.{is a nefghbourhood of o 1 because (E C.u) 1s an 0 O,U.'__.;
vector lattice. . ,But thén. since B -' f" (\')..": 1t f,ol'lows tnat L3 is equ1-- '

;..continuous. _' S SO
\\9"

o 3 1 16 CORDLLARY' Le.t (E C.u) and (F,K V) be a}s 'In 3 'l 15 Let [an(_
?,._ ?ﬂ ¥ ll be ¥ pojntwise bounded soquence of continuous 1« homomrphisms of E
'_ i".into F.- mn, {f n 3 n 1s. equicontinuous / { R
.‘ | In 3 . B.\ue have shoun that a locally eonvex 0 Q U vector lattice
is an order-i;ufrabarrened Riesz space. The fo‘llowing exanple shows that
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31 13 EXAHPLE Gonsider t"? - {x E {x,),xic [ I Ix |"2. ; -~) mn ’x

r.he order stmctoro detemined by the 'cone K =’ {x -u{xii;ci(z*xi ‘3.0 fo{\

4+

. aﬂ n and the topology u det-enﬂned by the neighbou )ood ‘basis ¢ '5““,] oF

S e . . H o PR '.'.I oo . - j»“ '
;'}ftx-ugd.aHﬂhR<—hJuH“5-(zhﬂﬂ)<-;»~_
. _ R

'\‘-' -

(t"z K.u) 1s then 2 complote metrizable t.v. l.. , How. write | | [I-‘
'I: |X1| Then. since I"”l < llillwz. l”z 15 a subspace of L‘ ‘such that

the z‘-nom {nduced on Y 1s coarser than u.. .Clearly, (L ,H || ) 15 -'

2 nomed vector lattice, The space ¢ of a]l real sequences wfth only finite

_"of 11/2 Tder the norn topo1ogy is lt - !. and the nonn topology 1s thus '«
T tuz.-) 'Mso the dua! of z“”- under u is m, and so u“ * x(&ll_z.m) ([37]
" llpage 256) It is lu\own ([37]. page 256) that (l.”_z,u“) 1s barrel'led. and
'-hence ( IZ.K.u“) 1s on or&r-infrabome'lled Riesz space. ShO" howevec,J L
.i.""bhat 1t~ fs hot"ln 0 Q l.l. vector httice. Ff x'= {xiu""' define e e
,'f (x} - (x ""2' ,x ,0 0,'?“ Thep gach is continoous 1-homomorphism | u

‘ mmber of non-zero comonents 1s dense in L‘ unde the nonn topolog{ and SO \_'_‘ B
since ocz""- L”z is dense 1n LI under thefnbmlk L

'Iogy.. Hénce the ‘dual

| -of (!." _z.u“) 1nto (t” 2.u)\ and for eln:h xct“ zuf (x) '—s x “ﬂde" v ([37]'* T

COﬂt‘lﬂUOWo {f } 13 -
.’_';‘-not hotd for (ly z-"")
f#“é”?#“?f*{fif}f§f353.fff?“f“off5rk

page 35&) But, sinoe the 1dent1ty map of (z"_z.u“) Gnto (z“ u) is not

oqoicontinuous., Thus t!ie conclusion of 3 1 16 does B
and this shotrs that (L”z “) 15 not an 0 Q. U. : -




$7 L S ‘;89'f 2
W RN
‘ IS SR o
..,np_r ln([IS(a)]) S 0..lyahon has 1ntroduced and studied nhat he calls

-inductive Iinits and *-d1roct sums of topologina1 vector spajﬂs'- Ve use

: this idea ofhi 0. 1yaheﬁ to sbou thot the *-direct sum of a od tab1e'famdly B

o Q*QJU '°°®°r;r;2iq°°‘ '5 ‘901" 0 Q U‘ uector 1attice. : 'ff';::{ LR
L | °f'-“'”:"\\ - Q/' ':'?’\1( "f.f e t_ . auf-,, : {5'L" 8oL

oA 2 l Definition' ([lS(o)l, pege 286) Let E be 3 vector space.
' ((E W, ) uol} a fonl1y of topologica?’vector spaces. f&“ 'y linear ‘map of E, ?"9
into E ana suppose \gf (E ) spans E.e The set ¢ of all- Iinear topologies ooifn{ f;

B for uhicb each f 1s continuous is not enpty. because 1t contains the triv-

»

;1al topology The upper bound u of the members of * 15 also 1n 9. it 1s j“'-f
“the finest lineor topology on E for uhich a11 the f are continuous The topo-"
"-Jogy uon E'ts cmed the ‘*-1nductive mnt topology on € induced by [s :f: ], L

-

' and we say that (E.u) is. the *-1nductive Iimit of {[E .f ],oc!)

. 3 2 2 22!1515122? | [15(3)]. poge 288) If for each “‘I'.En '1s-a t.v.s. s
. i! shall coil the vector space EIE under the *-1nduct1ve limit topology

. A‘;_.. ',.‘.:;-;' S Qf'-i“ - sz ::.:u,i-:__f"f :
| 323 sxmss ([ls(a)]. page 286) AP IS
(f) Let £ bea t.v s.. F e vector subspace of £ and g the canonicaI map of -
€ onto E/?J Then. s/r undor 1ts quotient topoioqy f: the -1"""“‘“ lnit _‘

. of {[(E .u ) i j;c:l}, nhere the 1 are 1njection naps. the '-direct sumof .

1
.-

+

- R i " e
. of [Eg] -r-t_:_ L R T I
R 4 X LN TR L B ' ' :
S A - ?.'" ¢
K L e +
T o 1 . ie R
P N . r- ™
o » \ o . 3
.
' 1
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' 4 R e i me e = - e e
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(11) &gt/i be 7 vet!tor space and {v .oel} a 'famﬂy of Hnear topoiogies
) on E For each acl let i be the 1dent|ty lnfp of (E v ) 1nto E lf v -.? o
is the lower bound of the topologies v, ' then (E v) 1s the -1nduct1ve Hmit

of ([(E.v “ ]’ LT ‘

e -

- . . . h .

' . . - Coae .‘ \\ . )
. o r L. . . N . ., ; I . ¥ . ,

32 4 inosrrxon ([15(4)]. page"zan Let. (E u) be- e 1nduct1ve- _‘,‘
. Hnit of {[(E ,u ):f ]'ucl} For each aef let V be 2 circ‘l‘ed neighbour- :
hood of 0 1n € and. m U= f (v r where » 1s\o finite subset ofm,q

4.0

Then U 1s a neighbourhood of 0 1n (E 9 o ‘\» N ) |
o If 1 1s‘o':'ountable, then as v runs through % hase of circled neigh-
bourhoods of 0 1n E the obove sets fom a base of neighbourhoods; rt 0 for

., i
* I

S e T
. ! . e . -“. o o R '.‘.' = - .

Ce

3, 2 5 LEIHA.: Let {(E .c ).n .2,"'} be a: counteble fanﬂy‘ of ordered

5 -
: }gr Spaces. u, o Hnear topology on E for each n such that c ts normal
with respect to u Then C= Q C 'ls nonnal ldth respect to the ‘*-direct

sum topﬂogy u .t Ou o
" PROCE: " Lot my 4 {v("’i be a neigbbourhood basis of 0 tn £, such
Cthat each 'l(“) is circled and o < x(“) % y(") (")’V(") hmlies x(") v(“)

| Let (V} V_ Uz V(") Ja finite subset of Il. be’ 2. ghbourhoodabasis

L3 med '
of.0 for the: ’-direct sun topo'logy of. €, in'e. 1.2,‘"}. ore V(n)enn uun- .

out Ioss of‘generality. we assune thet «J = {1.2.‘f'_ Let 0% x s y.

.Y¢V U : V(") He shou thet xcv and this. in turn, proves that C = OC
] ; |
e u . Now. -3

' . \"' R
| is norm'l wm) r'bspect to *-d‘lpect sun topology o e

. B TR B A L . ' TR _'." . ‘ . T
. i A T T - ‘. . RS oot o
. [ TR B O R T et ‘ - . J' N q'*.,' . . NN ‘: -
. L T T A P . . . o g : . . RS . - . - - "
LY . N I n ot . . . - . [N . L . . L.



;"°"' ol - I

_'. ye \.) T V(") 1nplios that ye z‘v("_’ for somo m. | Hence 0 $ x‘

»" (“) (“) V( ) for ‘sou . h1's fmlies ﬂut 0 ¢ x( "% y( ) | ‘-'-
. l 2, '.n and X “ tlx‘"’ for sone . Since each c 1"s noml wit,h resbect,
‘.. n. T

-"fto 4 and since 0% x‘ n) ¢ § y ) (“’ev"ﬂwu fo]lows that x(“)cv("’

ne ,‘I 2.' '.n. for‘ som l. Honce X !:]'l(")J for ?aoe m and this shows that
) : j . S ons - . .

"'xc.y-U xv 3 and tho proof 1s coup!ete, S
’.'. ' n“ . ' ‘,_nf . e

- . ! " ‘
- - o L . . - o o
M .« B 0 v 3 . Y . . - . r

. 3 2.6 _M Let u be ¥ ‘Hnear topology 1n a m:xor 'lattice ('E' c)llsu'ch :
'that the positiveJoone c 1n{E 15 nomal \dth rospect to u. Let n - (U} ‘be
. a neighbouﬂ\ood basis of H in E for u. consisting of circ‘.led and full sets.

and let ng = {K(ll) Uenl,. 'I‘hen thero exists a unique ,looally solid Hnear
tomlogy i on-€ Such ‘that 'n, 1s-a noighhourhood basts-of 0 1n E for u
. Furt.hemre. _u 1s Hner than u. andfu 15 the gnatest lower bound of all

ja,'loca!ly soHd Hnear topowgios whidl are finor than u ' '

r ‘ < e . _
a U ' . '- . ' POA I ! - * .\ ! ' | . : - A
c_ [ .

W Each KL) 1 s c‘loar‘ly non-emty. 531_1d_ :and absorbing; also

_"forx f 0. S e T T
x(m) ) {x.[ |xl erIC. w} |
- SR - -ux.[-lxl |xn_c_u}- AK(U)
M for U.l.U cn, R g .‘ o

Ty

S xur,nuz) - ,[nlxl |x|]C u‘nuz} | o
S ’ ™ {x [—Ixﬁx[]Cu]m{x,[ |x| le]c “2}

E ‘ K(UI)ﬂK(Uz). _ .



- he

. ’ ..4 - - ‘.' s -q'. ) ) .. N ‘({ . .o T -.-‘ _.’ s ' ‘ Cy ' .- L . ' .
.mﬂ‘ . o v . e e “,, t, " ' . . I,' ' -. .. '.. l" q'.' '. . --7 v
R TR K(U) . (x.[-lxl IxIJCU y T

c.{x[ Ix[ lxl]C\H . x(v)

Hmce. there uists a unique locally spiid 'Hnear
g n s a neighbourhood basis of 0 for u g 51nce K(U) CU for each Ucn. 1t
fol!ons that u 1s finer t.han . !bu. lot u' be any 'locany $014d Hnear
topolpgy on E such that u’ :a u. I.et ¥ be an; u -neigh ' urhood of 0 1n E
There e:;ists U such that x(u)cu Since'ocu- . there exists a soHd u'-
neighbourhood ¥ of 0 Such that VCU, and hence VCK(U)CH. Thus u' fs. ,' :

" po'logy ug on. E such that‘. -

finer than "s ) This eowleteS-the pPoo,f, _ o T
A'lthough- the Proofs of 3 2. 7 and 3 2 8 be1ou are simﬂar to those of
Proposit)\m 3.19 and Corol'lary 3. 20 1n (45]).we sha]l give them n, detail :-

for t.he sake of conpleteness.r The only difference 1s that ue go not assume S

donvaxity and so we have to use 3.2.5 instead of ([39]. page 217. 3. 2)
Let {(E .C ).m; ll} be a' ‘fnﬂy of vector 1attices. Let u: be a

-

Hnear topo‘logy on E nt . for ench n. such t,; the positive _
ﬂth respect to u .. Let E - th (tho a‘lgabraic direct‘ unof {E sric. ﬂ}), g S
U"* Ou (the*-diroctswtnpohgyonE) C-OC }eti'E ‘

be the 1njection np for eoch nc ll. and let pn E —_— . the prodection ntap

foruchn. T I I PR PR ‘_'..f U

! B "‘ - ‘).}. .
3 z 7 pnoposmon— deno f the 'locany soHd Yinedr topology on i
‘ and ‘lot "b be the locally sol‘ld Hnear

En assocla.tcd with [ f‘or r.hnc ' :

‘ e

'),-




" topology,on E_._‘.assccfaft'e‘ with u'. | Thenu; 1s coarser t.h}'?\."‘. "t Qup s o

L

, PROOF In vleu of 3 2. 5. C 1s nomﬂ with respect

.."Let ] be any u'-neighbourhood of 0 ln E Hé shou that 1 1( ’ n s
'neighbourhood of 0 1n E/ for each ne I'I.., Let H be 2 circled and full u'- |
| neighbouritood of..D in £ such :.hat K(N)QV For each ncﬂ. ICH) 1s 2 | ._
| ‘circm and full un-neighbotirhood of 0. in En and s0 x(1 (H)) 152 n“s R
;e‘lghbowhood of '0 Jn En He c]aim that SRR . _‘ « :_ S

.
LI

.'Observe that K(\ItCH and that A\ ‘(K(H)) 1s so}id because 1 45 1 ﬁomomcrchism';"

. ';hence 1"(:(u))gx(1" (H)). because K(i (H)) 1# .tlie Iargest soHd set con-
uined n{ 1(") and 1"1(|<(H))4:'.i"l (H) Conversely. et x, cK(i (H)) Then, )

since xncK(i'] (H){Ci (H), we have f; (x )c‘i NW 1et Y':E SUC" that |¥| £ (
'_ 'r.f|1 (% )| then y = . (p (y))and Ip-{y” %, Ix 1. since x, gnuf (w)). it T
follows t,haf, By (y)ci ‘(u) because (17 (u)) is soltd and K (u))c.1 (uh
. Hence ¥ = 1,(5, () e This shows -t [ ERCRIP LA )IICH,and hence.
" that 1,0 oK), 1 1. ..; Xty (u(u)) Thusrwe have establ1ted t

. -1 l“ ‘N- " _I_. . ‘
o '. Kti (H))-‘I (x(u)) R AR

o

-

9*"

al"! <

”

. -,sme x(u)cv. 1t mrous tm :—,..f ‘

xu" (u))a ‘(v)

. -

o S ‘ _ . : Ty
" for uch m and héﬁce that V % 2 * :" °" " ﬁ"‘*’""‘“,‘f"—""" of -0.1"-‘“; Thus

or - .
R ' -
. w0t . ~
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S 2.8 oonawu “Lat u, be un locolly sol1d Hneer topology on s .
: for eech ] N. Then the *-direct suor topology u - * Ou on E 1s A 1ocal1y - |

..

_ solid Hneer .topology end hence (E’. ,u) s d topo1og1cal vettor 1ett1ce.

. “ . . -‘-‘ Lr
. . . L i
ot

M -Let u be the loce'ﬂy soHd lineer topology“on E P
for eech n. essogieted w1th u It 1s then obvious that "n s " ¥n fon each
In vieu of 3. 2 7:. Ug 1: coarser—than * Ou .s Ou ' But. u' 1s. |
alwey‘s finer than * - Ou R end hence 1t fonows thot ug - * ?u \ Thus A
-9 u “is a 1oca1ly solid Hnear topo1ogy on E,. end therefore (E.C.»* Qu )

¥l

‘Sa'tonologicel vector latttce.;. L IR

. . . R -.‘..7- AR S
. o - ’ ' B v

-3 2 9 THEOREN The '-direct sun of a counteblefami'lf of 0 Q u. vector :

Iattioes s an 0.Q. U Vector lettiee.- AR S
) - ) . o | . _ ‘.; . ' o s, ‘-. .-f:l‘.'
L. - . . » L ‘l

] | gn_gg_i Letf{(En,C Wy }.nc ll} be a countable famﬂy of : 0 Q U Jvector -
lettices. 3 = ? £ (the e'lgebreic dfrect Sun' of. {E .nc N}). u: -‘_* Ou -f
("-direct sum topo'!ogy on E). and c = ec * By 3. z s. it follows that
AE Cou) is a3, t.v.l.. - Let 1 26, — 3 be the. 1n.]ection mep for eech neW. . o

: He \dsh to show t.het (E C.u) 1s enlo Q U vector lettice. Let v be a solid=‘;

lﬂtraborrel 1n (E c.u) For each ne lt. 1 is a continuous 1- homomorphism._ a

end hence.1 ‘m 1sa so‘lid ultreberrel i (€., cu,) which s gn 0:Q.. 7

tvector lettice.\ Thisz iepHes that 1 (\‘) 1s a neighbourhood of 0 in E“

: / Henoo v 'ls a neighbwrhood of 0 1n (E c,u) #nd’ so (E.c.u) 1]s an 0 Q. U

| vector 'lettice. ' .tr’ Lo ) \
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3 2. lq movdsmou-l Let (E c.u) be an 0. q U.,vector muce and. (F, K v)

'i-'any t Y. h. If f is an 1 hu-onm‘phism of E into F, tﬁen f 15 almost cons R
'tinuotks. Lot e . ' RN
C e S S ~ N, ‘
‘ : . . \ . "_-.' L '
L s

_R_g._;f_ Let V bo a closed soHd neighhourhood of 0 in l-' Thén'.' :
w f'] (V) 1s soHd because f is an-1: hanonorphis- Sinca the closure of a
: so]id set 1s solid by 0. ll(a}. it foIst that —WV_)' 1s solid’* A‘Iso.', '
"'&7 ts an u‘ltrabnrrel ([ls(a)]. pago 294) " Hence, W. being a- RRia
) so‘lid uftraborrgl 4n an 0. Q u. voctor lattioe (E;C.u). 1s a ne‘lghbourhood-
~of 0-in E. nnd this shous that f 1s ahnost continuous. ‘_', o

lv b i . . . . t *
“ .

f,”. Jz.n mposmow et (e“ c.u) be an om u vector'l tick ands(FKov)
- my t. v .. lf 9 1s an 1- holmrphisuf of F onto E then g 15 alm:st,ope'n..-

. v
BEEREE mor.~ Let v no a closed soud neighbourhood of 01n F. s1noe g
. g
ot qn 1- hono-orphisn. g(V} and henr.e _W)' 15 solld. ,Afso. gV} 1s a0 ultras

" barreét ([15(3)]. 698 294).. Thus,’ 9(“ being aéolid u‘ltrabarrel' 1n an -‘; .
P o
0.0.9, chtor lattico (e ¢, isa neighbourhood of 0 in E. nns shoys |

mt 9 13 I‘”St om. .”’ ‘ . L oo _." . .A . -" ‘ .
2.2; 1z mposmon I.et (E c.u) be an 0. Q. u. vei:toi' nit'ticé and (FKv) o

. ,f.

' '!ny t v.‘l.. " £ 4s- L ¥ posittva. Hnear. continuous and almost open map of -

' E 1'“3 F. then (!-' K.v) 1s 0 Q.U. voct.or lattice. . . _ o
' PRII)F Let v boan order-bornivorous u'l trabarrn] "1n F. | Let B

bo nny brdor—bo set {n Ei Then there exists XeC such that Bg_[-x_x].‘

a
! . ‘_ .
- .
. . _ R . LT . - P P - ’ .
Y- - Tt ST e ' _ v "‘.‘r' o Ten . -"‘-A L ’ ‘!




II..‘ o ‘-' '. P . l"l ‘} . |

J_o N

'lfllf‘:. ‘ ' : .
',in other uords,_igp fandly {[-x.x].ch} 1: 3 fundamental system of order— o

"bounded s‘ets in €. Stnce fis pos1t1vo and Hnéor. it foHous that

'f([-x x])(Z[ f(x) f(x)].xcc Since the cone K 1n F is nonhel there entsts
T aan 0 such that: - '? ,r“._", e, ' .

__ f([-x.xna-f(x) f(x)acw e
. - . '
“and this mmes that [-x.x]C.tf -(V).xcc and same 3> 0..  This, f‘ ‘(V) 1s

A

an order-bornivorous set 1n § Furthennorq. since fis continuous. f (V)
s an ultrabarrel 1n E ([IS(c)]. page 294) Hence, £ (V) being an order-
"bornivorous ultrobarrel in an 0. Q U, vector latt1ce £, is a neigthurhood

. of 0 fn £. Since f 1s almost open. f(r '(Y)) isa neighbourhood of 0 in F.
But f(f l(V))CV = V. because-v {s closed This showy that V is a oe1ghbour— ’

IS

1s - an 0. q.u. vector lattice

| hood of 0 in-
L, 32130 CORBLLARY Let (E C.u) be in 0. Q U, vector Iattice and H 2 closed .
. 1deal in E. Then E/H 1s an 0 Q U vector lattice N
The following exanple shows that an 1- 1deo1 of an 0. Q u. vector lat-

tice need not be an 0 Q U. vector lattice. .

3.2 14 mce- Uonsider the Baooch Tattice; cm of m continuous real-;‘- |
valued thctions on I - ip.l]. and the vector subspace E ofaS(I),as in 1.1.7
(1v) stnce C(I) 1s ‘a conp!ete netr1zab1e t.v.t.. it 1s an ultrabarre11edl .
t.v.l. ([37]. Propositton 12, _5orollary). and hence an 0.0: U vector lattice;hff
“n vm of 3.1“( a)... out we- have shown fn3.1.10(c) that E, chh ts an 1- e

Ideal 1n C(I) ([46]. page 29). is not an 0 Q U. vector lattice . ‘,,r’ff,t

. H IR




3, 3 0 Q.U. véctor spaces and bases

N\ n this soction, uc show phat. the Banoch-Stemhaus type theorem and
the isonor’phiol'n theom thot we . havo proved for order infrabarrelled soaces |
in Chapter i can be carried/o‘\yto 0.Q.U. vector spaces. / ' |
3 3 ] Def1n1t1on° An ordered t.v 5. (E,C,u) 1s called an 0. Q v. vector

. space if every order-bomivorous u1 trabarrel is a neighbourhood of. Onin E.
) . y | .
) RD!ARK The class of 0. 0 U. voct.or spaces repl aces that of order-
,lnfrabarrelled spaces in situat-ions where ‘local convexity is not assuned
3.3.2 THEOREH Let (E C.u) be an 0 Q U. vector space and (F K,v) any
ordered t.v.s. with nov.-mal cone K let H be a pointuise bounded set of
: Continuous positive Hnear mps of E into F.. Then H s equicontinuous

T

© . PROOF:' Let V be a .closeo.ecircloo.‘ ﬂill?'neig‘hbourhood of d in F.

N L o ' o ’ . . L P 3 j

., R R _,,
fs ad<y ([15(“],. pagos 294 and 296) We now wish to show that -
Misoe l rnivomus. Let [x.y] be any ocder 1nterval n E. Since His

: Pointwlse : 'undod thoro oxists A>D such that £(x), f(y)cxv for al'l fed.

But then . _f(x).f(y)]cw for all feH, because V' 1s full. Since fis post-
| 'tive and Hmr. it follous ‘that f([x.y])C[f(x) f(y)]cxv for m ch and_. ‘

"somol.a» 0. This 1dp’Hes that e I

0..

) . B “ . N . . N + ’ N -'.
- . T . K : L - S I 3 . . . .
L o DR - ' v I .. ) “1‘ . . e ‘* o o . | )
oo : . .




‘o

R A ‘98
S, [x.ylcxfc,,f (v) Lo
s p o L o ‘ 1‘. . g o ‘ o r. “‘_'
for some X > 0 Honce._ ] : o STy
S . o - o v | - - . _:.

B ‘

fs a neighbourhood of 0 in: gE.C,u) bdcause W is an ordor bornivorous ultra-
barrei in (E, c ,u) uhich is an,0.( . voctor space. This shows that H is

equicontinuous. LR

. . i
° ‘ H]

-~ 3.3.3 COROI.LARY Let (E C.u) and (F, V) be as in 3.3. 2. L‘et {‘f ne Ii}- , .
‘ be.a poinouiso bounded sequonco of continuous positive linear rnaps of E |
into F. Thenlifn.nc N) s equiconcinuous. L
o : k ' : PR . g ‘ ¥ : o
3.3.4 cow.mv- Lét (E.L, u) and (F K.v) be as {n 3.3,2 and suppose
‘that the‘positivo cone K. in F is closed If {f, ne li} is 2 sequénce of -
cqntinuous positivo iinear mps of E. into F such that"it converge; point- |

uise to a np f: E —F, thon f is continuous. linear and positive.

PROOF CIeor‘ly i' is linoar. Since the cone I( fn F is closed, _.
and since each f is positivo. it foilows i:hat fois positive. Nou. osincql
(f, ine li} is pointuise hounded, it is equicontinuous by 3. 3 ‘3, But then. by

([3]. Chaptor I!I. 13. Proposition 4). it follous thot f {s continuous

3 3 5 'mtonsn Let (E c.u) @nd (F.K.v) be 0‘0 u. vector Spoces such that y
ti\o cones. C and’ K are bot!i closed and nom'l in £ an&i F réspectiveiy. |
Supposo thai: {x } ono {y ) are. positiv’e Schauder bases in £ and F. respective'iy




ﬁuen {xn} is Silﬂlr fnf{.vnl 1ff there exists a bositive 1somrphism |
T'E — F such l:hat Tx“ yn fPr aﬂ nc ll . SRS ,

. " j'.F VL
e PR

o M The pmf is sinﬂar to that of 1 °4 9. the orﬂy difference

'r "p -,».--,, v .

Vel

1s that ue hm to use 3. 3.4 1nstead of i 3 7. L

"3, 3.6 PRDPOSITIGI‘ Let (xi }.be a positfwe Schauder basis in an’ -.‘,,,_‘.,, ‘ 7 ‘-"
0 q U. vector spaqe (E c u) Let {T .ne Il} be a sequgrme of tontinuous.. s

AL

positive. ar ups 'f °E — E deﬂned by o :-_ ,. j'_ SRR

.'-’ i

PR .

R 1' (3) - 1: f‘(x)xi. for xeﬁ_,"n . l 2." ;f :
Then the seqwlce {T n - 1 2,"'} 1s equicontinuous and converges uni-_-f. |

fonny to the wentm nappihg. on~ aramact sets. SRR A '?’ j

.Tel
*

| oAz is‘pointuise bomded*‘" So. in view of 3«3 3., {T -"c '" 1‘

nce (T " u 1,2."'_‘): converges unifonﬂy to the "’e"‘m ““W'“g’

account of this. ; ee Husaﬁn
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3 4 1 Eﬂnition. Let (E c.u) be an ordered t.v 5. and (f,v) a)ny t v s
A lapping f E o 13 senibounded 1f f mps order-bounded subsets of E o
| ;:mto v-bolmded subsets of F ’ ,._ . _- e L

_. 3 4 z paoposmou. Let tE C.u) be ,,, o Q u s‘me md (F.v) an t v L
“ f E = F 15 ‘ ““”" 5"'150"““4 NPP‘“Q. then H: 15 a'lmost cont'lnuous._" ':

PROOF' Let V be a circled neighbourhood of 0 in F and [x.y] any

A

",'jorder 1ntem‘l fn E. Then there exist,s x 3 0 such that f([x..Y])Cw. [T
B se f 1s “elrlbounded' hence [x.y] le (V), fOl‘ some l > 0-” TMS 1’“91195
tha 1(VI) 15 order-bomivorous An E. Then. sure'fy. .f_T(-V; is-order- SR ’
';ﬂ.-bo'i-'nivorous An, E Furthemore. _T(;T is ah. ultrabarre1 1n E ([15(1!)]- Page

. 294). Thus f' I (V). being en order-bomivorous u] trabarre] in an 0 Q U |
| ] a. neighbourhood of 0 in E wh‘ldh« proves that f is almost i

:cmtinuous. :
3 4 3 ooaoLunv- : l.et (1-: c.u) be an o.o u..‘ pece end (r.x.v) any ocdered

-j"'jt..v s. wit.h noml' cone K. Ifaf*E e F 1; e positive 11near mapping. then

every order-bomded"' ':'wset of

ince £ 13-semibounded i;,endfitho msuu now. fonous from 3 4 2.




." "

N any~t.v. ..; If f E S F 1s a lattice o .rphism. then 1t tscalmost

\

- continuous. o \ IR ".'\‘1. ERN

e e T . oL 3.- o E
. . v CAS —'.. N . e A . e T
st : .

o PROGF Since a lattice houomrphisn is always positive, Hnear. . |
| and the cone 1n ‘3 t.v l 1s ohnys nornol the resu‘lt fo1'lows from 3 4 3
" ilo need t.hé\fonoﬂng theorom from Husain ([8])

\ -

‘-‘,‘o g ) . . -,’., Lo
. et " ", |“A|“..' '." "

Ny 3 4.5 mmm- ([a]'. Chaptar r.u. Theorem 4) Lel\ be a(l-lausdorff)
t v s. and F o couﬂete mtrizob‘le t.v.s... Let f E —-+ [-' be a Hnear map.
| the graph qf which }s closed 1n ExF. , If f 1s almst continoous. then f 1s

v S

continuous. e - s

3 4.6 TIEORF.H et_ (l-f.c.u) be a&lousdorff)o Q }_l _space and (F.v) any . '_
co-olete Ietriuhle t.v.s.. - If f E — F 1s a Hnear senibounded mapping :

a o
“--‘.

= and’ has closed graph. then f is oontinuous‘._

; .4‘.
~—

PROOF-' ln vieu of 3.4 2, f 1s aInost continuous. The result nou

follous frou 3 3 5.“' p

3 4 7 mMLLARY-._. ut‘ (s.c.u) be o&lausdorff)o o u. space ond (r K.v) a _

 . mlete am-izablo orderod t.v,s. tﬂth the aymal cone K.' If f E — F |
' ear uppiog udth closed graph. t'!&n 1t 1s oontingous. :-:_':-'

. '.." L]
: -; =y

contiuosihteuof343ﬂ345 ke
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3 4 3 COWLURY‘ I.et (E C.u) ﬁg& a(}husdorff)OQ U vector lattice and‘ o
(F K.v) q conp]ctq mtriznble t.v 1. ..

lf f-E — F 1s a lattice homo-
mrphisl and has- c‘losed graph.r then f 1s continuous. .

‘ , ,
. . . " . . -
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- PROOF: Thiif;fbfi'lpis'_(iuigaiimy from 4.4 and 3.4.5
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) ) " .;""‘ !‘.‘_ 7 l,' o _'.".‘,‘ :.‘.-A'...“,’" ,--:._'.' } :‘ “... 7 - P.' L : .l - ‘.“ ' . R .:, L
SRTEAE SRR L ;_onogneo-*s&ntcongg,smss.
. L ‘J Lo, "." “l" Q.-“‘f'i .',I—"_, "-' 7,- " . e .

| m ([‘0]) 51nons hes introduced tho concept pf upper bound space S
."'_and has characterfzed such speces 1n tems of what ho cans. k-' S %’_‘
, 'pseudonetribs. g This con&ept 1s the sm as thaﬁ of senitonvex space A
1n;rodi|ced by lyahen ([16(3)]) 11\! chss of semiconvex spaces gen-.'

' --.eralizes thit of locﬂ'ly convex \pces. ‘ In this chapter. ue study. uhat

we. aIJ. nrdered senicorwex spaces, and extend some o?)the reslﬂts. | '
J.gm fnr ordoreﬂ l c. spaees. ’_t_9>ordered semioonvex spaces

" n k Eeudmetrics B AR S o
In thfs sect‘lon._ ue rece‘r'l sone definitions and results from ([40]) L

E and (UG(AJ (tﬂ]) for use in the next txo soctions.

..9._ At AT S “ B - f, .

, .l ‘l Definjtjon ([40]) l.ef. E be e vector space. A nap q E —’ ll
_-‘is caﬂed e quasj—seli-nom 1f L “ 1-5,.__‘ Ty ; L - 'j_ Lo
"'--(1) t.here ex‘lsfs xe’E such that q(x) |l 0. ) RS

LN ‘Iﬁ*) - hlq(x). for al ARy xeE, and Sk

'--""_\‘(‘Hi) mere 1‘3 e nwer b 3 1 for uhich q(x ¥ y) s b(q(x) + q(y)) for all

<.-,:‘-' . o »'. ' .\'

.ch..-:‘,“: '. : A e A R R
'l’he nMer b for vllich (111) 15 satisfied 1s reterred to es mult,i-‘_

e .‘iplier of q.



(b) lf b . l then q 1: a semi-nonu. Co

Ed If h - l and q(x) s 0 inpligs x - 0’ then 9 15 a nomd‘ . ! ‘
4" T ] - S .

: : P e '.'.;.-‘-'-:f-rn CU ' -.‘.‘:n‘ .

A 1 2 Qi!ﬁ.'.‘.i_t.‘_‘l'l . ([40]) Let .E be 2 vector quuce.. A‘_‘map' pE,—-—- N A |

is caned q t-psehdmtﬁc (o <k ; 1) 1f " -. S L b

. (1)*~ therc 1s_xcE Such that p(;) f o, .. ) S g

\(“1 P(u) " |4\lip(x) for .m XeE and xe R, and e

; ,.Lm) p(x +.v) s p(x) +p(y) fo:r an k.ch. E e

;  T 1 e "'--"'-w.--‘-,,. SIS NPT L

o ' M (‘l) I p(") - 0 1"9-1&95 X = 0. ;henap 1s ca.ﬂed a k-norln. '

(b1) If i -l then p 1s a sui-nom. o ', R .\,' o

n N e ) .

(c‘) lf k = l and p(x) - 0 '!mlies X8 0. then 4 1s L] norm. v
. 1 3 IH_ELR_B!; ({40]. 'l‘heoreq 2)' lf q 1s a quasi-semi-nom on a ve;tor
isrm:e i uith tult'iplter b and k < 'logbz - bhen there e:dsts a kwseudomqtric 1.

on E equivﬂent tb q. ..:_ A -
‘*‘ - -n- . ,_,;r' ] . '- ‘.H' L ". ‘ - - - . o L - |

‘ 1.4 2"_"1.“.‘!312!" ([15(3)]) A’“t v: s. (E.u) 1s ca‘lled ¥ semiconve» s’ptce

S :if then exists 3 ncighbourhood basis of 0 consfsting of smiconvex sets in '

' E. . L P .‘-_\ >4 ‘-‘ sy T . ! . LT _.‘ M ) s e ‘"
on’ -0 . v o .
‘ -

4 i 5 m:onsn ([1’6(6)]. [40]) A t v.s (f‘:'.u) 1s 8 selniconvex space 1ff
thare exists ad’-ﬂy {pd.m:l} of (u-continuous) lt -pseugfmtrics (0 < k s l)
- oE such tmun fumy of sets v i {nE.p (x) < 1},u¢I forms & ne’lghbour-f' '
hood basi?. of 0 in E ;-; _‘,,‘ R




v

" l.c.s.. Dl e

) . . AL e . . 3
\ T e Lo e o L
\ 1 ' . oLt . et f . < .
. A K Y- s .

"\ 4,,;_= : ,Qrderédt sgnicqnyex ‘ sgaccs v

4 2 1 Deﬂmgon; A (Hausdorff) s’ntconvex space E with an order
detemined by a positive oone C.1n E 15 c&'lled an ordered“ semiconvex S

1 ‘, f..:..n" .r‘ :

"q.z.'z" _ﬂm't;s':_ | (’1 ) :Aﬁy ‘t.:f'deﬂr,ed l.q;s'. 15 an ordered semfconvex space. -

<
.,

(n) Consider LP([a.b]). o < p < 1 a,be n. w‘lth the order st ucture _
det.emined by the oone K . [chp([a b]). f(t) 3 Oalmst. averw e ‘on [a b]}and :

uith the mlogy given by the neighbourhood bms (v }m] of o. wherk

RV 1 T {ch’([a.b]) (rlflp) : —}»ﬂc ERT R

(:lear'ly V 1s circled, but not convax. However we shou that v 1s senf con\vex. L

m f.ch S LT -,,’s‘-;'. |
up R

: «3‘ (flfl’) ( Icl"l a' T

Btlt th&lh e ‘-;

3-‘3 (rlnm sz’ lfl’) _+<[ |g|")

(521]. page 157) Th'ls mms tmv -+ vcu 'for sane x > o Thus -
Lp(fisb])- 0 < p < l is lﬂ ordemd sm‘lconvex Space nhich 13 not an ordere'd_ L

p kR0 <p <1, it the




--;A'order structure detcmined by t.he pdsitive coﬂe K " {x il ¢ i}ﬂpiki ;-'0 .o '.
for an 11. and vdth the topology given'by the neighbbu o
'of 0, uhero \f - (x . {xi)dps( L |x|")” % J--}..m: N. . 'c‘learly. Va 1s . //
‘ that/v 1s semiconvex - "  

;circled but not convex, | As 1n (H) above. ue can. s" .

'J.

| ﬁ.z 3. mzonsn. Let (E c,.u) bo an ord ',-ooﬁsmoomse';osco.__,. Theh the /- -
follmdng statenents are eﬁuivdlent S e '

(a) ¢ 1s noml for u. ‘ .' :

) topology u such that 0 s x s y 1q:'l'les p (x) s p (y) fm/all cu:I. Eo

; (5 RYZ
PWF‘ (a) =5(b).ln view of 0 ,.4 thene eﬁs a2 basis ne {U .ucl} /
. NS

'U,of Oﬁorusuh'thatOsxiy.

q (x) ~ inf(u > O:xoull }. for%uch xcE

v K

i

of circled,. seniconvex ne‘lg bourhoo
;ou 1»]1&: xcu ’for each nt.l. Define" ;.

= It is wﬂl deﬂned. bcﬂuse ll 13 absorbing-. C'Iearly % (”‘) - ]xlq (") Xe: “‘ j?-j,'_-:
51nce U .aol, 1s saiconvu. u + U Cv u for sone v > 0. ‘Let. Ay ™ 9 (x)’

IR &

.0_

e, &y . v LAy [N e . . . o Lo -
. o A X Lo e e ST R . \ o S
B T U Do T ST AT R + i
ERNN L L% . B - . . . Pl . K . .
' . X e AL L. . . C X . e
N I - . L e .o . ' ST
. , Ll e X pree [ - 0, oo - Lo L e
b ey e T e e . - T L . T




. . . f ' - .
o . ' C ! IR e
*'-i. q (y)- Then 114> “o' l ke "o’ ue hlve -",f- , f”tU‘,-‘ dnd since -

. 4 -

U {s. circled. 1t follous that

L S - TT' i' _ / B u ‘l.’a‘ o ; - . : ',°' . e )

ra

-S&nceU +UCvU forsomeu >0.1tfn°\ﬂth°t e
P . I:_. | . T x | o - ‘.‘.. - ‘;
. SRR X ;*"i'.h,.{-*_“_'dqu--'lfor S.(lllle..va.a' 0 o :

T &
Lo . .

Y

. for some v "> 0. .

""" ."‘?-. :"'"'I"'“’"T’-"""""“’-"-"; l”u" "_{“E%%(x)?‘n U".' "“"‘ »"é'hf"e L B
' )’ ucv c‘g ¥ c)U .6 > o PR ',
' -,md 30, the qc-topology coinddes vdt!l u._ Hw deﬁne P (x) - inf{J:qtl ("i)'

v ' ¢ 1og 2 4.
- {"1} nnges over ﬂl ﬂn{ta subsets of E such that zxi - x}. uhere k < ogv“,. ,

Thenp lsak-pseudmtﬂconanuimmttoq.by413 Henoethe o

+ -."‘
v .

- ~-wpology mincides with q -topology and $0 with u. Finally. we shou
‘._uutOsxsy WHQS)'(R) ‘p (y) foreachac!._!eknonthat():xi
| 'y,. foruchi nndy1 iqﬂies xicu So 1fx>o,._ S

Ll . .

) . R o R 0 i . .. . e . s ;
ol | . R I L ot R v g ) .

. LT . N I B T A - P .'.‘ o

: e B T LI S, ow v R . .
. .\ . L . Lo P .t . . . i
L o ool o« 0 o S T ¥
. L . e e e . € e
1S
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This shows thai: q (" )\s q. (y‘) for each i iience i,nfii:qk (x ) {“i} s |

taken over e)l finite sub;ets of E such that Ixg x} ¢ inf{;;q fyi) (-yi

is talten over ail finii:e subsei:s of E such that ry,‘ = y}, whenever |
0 ¢ x : y. Thi iupiies that p (x) s Pa (y), for each uI uhenever - o

Ceway o0 L. s

. . ) . [ -_‘f‘__ '-.. . . o
. . ' ﬂ\v

ib) —#(a) ln view of 4 1. s. the sets v o [xcE.p (x) cn. .
‘ael, fore a neighbourhood basts of 0'tor u.- Now, 1£:yeV,, then Pa0) < .
N 51"“ P,(X) £ pa(_y) whenevpr Osx :y. it fo'l.'lovs tl)at P, (x) <1, This o
. shows i'.hat ch Thus. 0 i x ( y and y:v i'nplies xcv Hence in vieu .
, ofO 4.4. 3 1s nomi fir u.,..\ I Sy

. LJ

PRI .
¢ - K a8 ; L . - ) L ' N K

RMK Ii‘. is re convenient to have a condition in tenns of k-—,} .
pseudmetrics then in ,

' can be disei&ntinuous i the i:opoiogy they generate, unlike k-pseudometrics -
.2.4 COROLLARY- Ii‘ the positive oone c f\eq ordered seniconvex space

/- (E.u) isnomi thensois its'closunc. ST

i

&4
& -

ms of quesi-semi -norns. because quasi-semi-norms

PROOF-. Sinoe c is the pdsitive cone in (E.u).ne have the f""°'”“9,,..
(1) t + CCC, LT S
) aeg s 0. ".;ff EUT R




(m) cn(-c) B S S R
Now. since oddition and scolor mltiplidotion ore continuous 1n (E u) 1t
follows from (1) and (11) that C+ Ecc and xccc Now we wish to show
thot Cﬂ(-C) " {0} Let chf\(-C) Tlm). xoc ond - ch Hence there ‘. o
exist nots Gx .ncD}. .(yn.noﬂ) 1n C such thot xn —i3 x and -"n ” -X. SRR
N Since C Is nom! thero exists a fmﬂy tp, .ucl} of u-continuous k-
pseudo-etrics gonoroting tho topoiogx u such that ph(x + Y ) 2 P, (x ) for
)\ a1t acl: Sinco eor.h P, is u-continmus. 1t fonows fhot. for all ual. -
, (x - x) 3 p (x) Y 0. Sinco u is Housdorff’ ue have x - 0. Hence

R M—C) - {0'} Thos. C 1s a cone Finoﬂy. ue have to shoﬁ that c 1s nomal. ‘

fo be\,‘ Let cC Then there exist nets {z .m:D}. (tn,ncD} in C such that |
', -——*_. t —-vy. Since(:is nomf p (z +tn);p (z ) foral'l ucl s

: But tho continuity of Py gives p (x + y)g p (x) for m o:I Hence. 1n

view of 4 2.3. C 1s noml for u. S 3 o _‘ - .
B Let (E c) and (F K) be ordered vector spoces Baker {[1}) c‘hlls a
“P f‘E ~e F sublineor 1f (o) f(x + y) s f(x) * f(_v) for aH ch, and' -
| (b} f(xn) - xf(x). for a3 o er. __e B R

d25 LEH!A l.ct (EC,u) and (F
- fE—-vFols'tb‘limrnop. Suppose thotthooonel(inFisnoml

K.v) be ordered semicgyét paces‘and:""
I F

’ . . . f
15 oontinuonsot 0. thon, 1t 1s continuoos‘ on Ew - NI R

mol-‘ Let x sy s z. x.,v.zcl-'. Then 01 A x §2- x., S{nce F
-pseudometrics ‘

has. noml oono K. there exists a fauﬂy {p .u'l} of k m
’ defining tho topo]ogy u of E such that p (y = x) c p (z - x) for all ocI




L4 ' . P . . ' ..'. . , -
_Then ° : ' : o

(y) § Py (x) + P, (y - x) Pz (x) + pﬁJzTQ%f) $ 2p (x) + p, (t).

T

\

| This 1nalic§ that -

S

'*,(')I v S P (.Vl % 3 m(D (x)pq (z)} for all acI
 Mow, Tet t,scE. e
RN : ".( .-%{f . () + 11 ;

PR L f{t ees) & F(L) + f(s

.-ﬂ'éf(s);:'f(t)f feos). i {';.:
e )

Lt e
m.sj *hlve- 3 - e R S
; o -f(s)' J f'(t') .-_.-‘-,If_f(t-f;_,s),s t(es) -

| i . . ‘ o
But then. {n vimof(‘) uehave

P (f(t)-- f(t + s)) * 3 -ax{p (f(s)).p (f( s))1

Ny Since p md f ara continucus at 0. there éxists 8 circ1ed neighbourhoed v
'_af01nEsud|that ' ' ' ‘

\"

;.';25713;‘.~""= ';.33. L

'A"" ) '”.' " '
(f(r)) < :13 for a1 rd' B
L ,'”-7":p¢‘f(t)A (¢t ~+,js)')'< _:.f_or‘all se¥ .




RN m
. . x , '

-,

- Tus shows that f is continuous at t.- But,.iet"is.arbitrory, and hence -

/
f 1s continuous on E'. _
| A k-pseudooetric P on- an ordered Vector space E 1s sajd to be

mnotohic if p(x) s p(y) uhenovor 0 s X%y

Loaa, 6 mposmou Let (s c,u) be an"orddped: Seniconvx space‘@ ch !

. every nmotonic k-psoudonotr‘lc 1s continuous Let (F Koy) be an or‘dered

senlconm space with normal cone K. If f: E—Fisa dublinear map .

such that (a) f(E)CK (b) f(-x) » f(x) for all xcE and (c) f(x) s fly)

uhenovgr 0.¢ xs y. then f.1s coneinuous -

. . .

PROOF-' 51nce the oono K 1n F is nonul. there exists 2 famﬂy

{q“.acl} of (v-ﬁcont:inuous) k -pseudomtrics deftning the topology v of F |

’ such t.hat q‘.(t) s qu(s) whonover o s tss,t s:F., Define p = q of. -

\

Since f 1s subﬂnear and f(E)CK. we haVe s ' _' B &‘ |

. ‘ﬂ"s.f SRR
a. - C .

L .

57 o : ° $ f(x + .Y) $ f(x) + f(y) for all x.ch

A

P (x * y) - q‘,(ﬂx + y)) ¢ q (f(x) ¢ f&r)) 54, (f(x)) + qutfiy))

L. @

E " ";"T T p (x + y) s p (x) + péy) for an x.yzE B e

Noxt. since f(-x) . f(x) for each xcE, -

N




. Hence we ‘have

X (Ax) . IAI iy (f(x)) ek g 1)
| / o ‘lai °p (x) - for a1l a¢ RuxcE .
'.Thus. we have esublished that' p is 'Y kufps,eudouotriC'-'oo E. In view
of| the,hypothesis (c) 'y (e). o o B
o B qé(f(x)).t qu.(f'(.v)‘)u whenever 05 x £ ¥ .
| | . . Py (x) $ P, (y) - whe'nev'e'r-O‘S'x sy.
) This hqmes that p 15 a aonotonic k -pseudometric on E, for each ael,

§ and hence 1s continuous in view of-. tha hypothesls. But then f is continu-

ous et ‘0, because p qc,f. Since the positiue cone X 1n F 1s normal ft - R

foi«lousfronlzsuletfiscontfnuousool-.' T . .
o M The resulfﬂzs peoenl{zeﬁ"Tﬁeorren 5-‘50'13' ([l]).

o
I

4.3 Tbeorder bound.sop ay ? K
ln this Section, ue 1ntroduoe. what we'call, the order bound
sc-topology By I cfrdered vector spaces and prove some ‘interesting theorens

about the continuity of sub'lineer ueps on. ordered vector spaces equipped vrith

| 4 3.1 Deﬂnition; l.et (E c ) be an ordered vector spece The order

bound sc-top%logy u’c on E is. the finest senioonvex oopology u on E for uhich

B - e LT oL ' * v . ' ' 7 "
S ..’A.. PR T L TR A R e . . . E L . . .
" - . . AL " el k4 " - .
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c-topoIogy“on E 15 t.he funy q of al! c!rcled. seniconvex and order-' '

n’“ '




o because f ts order-bomded SUppose v is a circled smuonvex. full
T"'-‘ neighbourhood of 0 in F Then there extsts 1 > 0 such that

‘a

f([n.yl_).c.[t.s]cxv i . .

.',.. ;f' ot

because the cone K 1n F 1s noma‘l and hence every order-bounded set 1n F 1s

Thus. "‘ (V] fs 'order-bornivorous._ Clearly. f (V) is circ‘led in view ofn _.'.i
(11) To show that f" (V) 1s semiconvex. let x.ycf {v) Then, ,

i

f(x) * f(y)cV + VCpV for some u > 0 v - .‘

because V 1s seniconvex.;. Since f;-.is" sublinear and f(E)gK, 1t fonows that

A:T f(x + r) ‘ f(x) + f(y)cn‘l for swe u > o i

LN
S e

R ATt _1,_ ‘._,_._ . "1. . .. l
R 5"'“ V fs f"" f(x hd y)cuV.' md thfs shous that f"1 (V) + f“ (V)Cu f" (v)_‘_..j;_
for so-e u > 0 Thus. l(V) 15 a circled. saiconvex, order—bornivomus S

8 et in'E umcn 1s, equfpped wfth: (the order Bownd ‘sc-topology U Hence
f"(V} 13 a ne‘lghbourhood of 0 in’f_E.‘;..‘.__..'mus. f 1s contﬂnuous at 0 But tihen, 8




! ’ RS ot 3 e .
. ,. P S i PN ‘o- ,
o ) y ;," AR R
. e . 2 ) S
l o I "‘ ' 7. o A . ,.l' I.“..
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L fmcz. e
) o(ex) # f(x) tor eacb xcE. md AR A
/(mlf(x) s f{y) whenevor 0 s x s y. thon f is cont{nuous. : '.’ U
_ PRMF Slnce the cone C 1n E 1s generating. {[-x.)}].xc(;} 1,5 a
funduenm systan of ordor-bounded set.s m £ Ve wish to show that F:1s

- 1

ordor-bwnded. For th{s, shou that .‘._“ j. ._ o

k fL

Let tcf([-x,x]) v Then t w f(v) for sone i3 such that -x s y ; Xs. 1,e_,
0 s r s x or 0 t -y € x. In either coso. we have 0 s f(_y) , f(")r 1n vieu
of (1). (‘li) and (ﬂi) 'l’hus' u[o’f(xu Hence f 15 order-bounded B t
ﬂ‘m. 1t foﬂows frou 4 3 3 that. f 1s continuous. \» . -
| - ,‘A,NP f fron qn ordered Vector Spacg (g,c) into an- o‘rdered vector . f’.
spoce (F.K) is colled-aonotooio 1ncreall.r.ing if f(x) $ f(y) uhenever X s y, S
and f(o) .. o ([1]. page 23@)'--.,., i e S s T .

Lot *{E c ) bo an ordored vector space gith the generating

4.3.5 me
o;e C-ond equipped uith the order bouud sc-topo'logy "sc .Let (F K,v) be
L °"d°"°d suiconnx spaco tdth the noml cone K if f is 3 uonotonic

1ncrusing sublingar mp fromE into F. then f 1s cont{nuous. ;-_'

H .'I. :
oeTmo

L s B
’u -'-I Y\
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; "mnvex. But then. f(x g)cav. because V is full Thus. X + yca(f (v)nc)

-".",l"and this 1wlies 1‘-,‘ ' '; SRR AR 3 ,'-' B ol T
‘ f" (v) nc + f"‘ Mnc Cx(f"(v)nc) |

| "Hence. f I(Vl)m‘. 1: senioonvex. Define :_',:5 *,-- e

. f,f f - "‘mnc f"m ne: £ e

: Jaﬂy U 1s circled and seniconvex. g He now wish to shau !that U is order- s
1vorous.., But. s‘lnce the posi%!,e cone c 1n E is ge;\erating,it 15 -

¥ to shou that U absorbs [O,x] for any x:C(['I?]. page 132.. lt has been e

| rqved for convex sets, but 1t can easﬂy be extended to semiconvex sets) : "‘, :
R O

f?ror uus. mst shon uut e

(u) f([O.x])C[O f(x)].x.:c . S

.-.}.-".;‘"_I.gt t::f([ﬂ.x]). theﬂ t - f(y) fqr sone ch such that 0 s~y s x Since ? 1s o
h _;z.lﬂnotmic 1m:reasing. ue have 0 s f(]) s f(x). and hence t;[o f(x)] This
-P"WCS (“). t then. there exists u > 0 suchl that f([o.x])C[o f(ch;uv . ""';- ;
,-'j;"because t.he positive cont K 1n F f/s noml Hence we have [o.xJCu(f (V)f\C}
"."f_for san n > o -‘aut. in viev of (i), “ (\l) nccu and hence [0 x]cuU, for ’

.u" ‘1s a drc‘led, seurleonvex and ordef-bomivorous set 1n
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T S nr e
: . -f(xz) ‘ f(xl) - f(XZ) ‘ f(x] "" X2) ‘ f(*") o ',
i "& ~

because f 1s oonooonfc 1ncreasing. Since V 1s c'lrcled and f(xz):\l. it
fonous thot- -f(xz)ev elso f(xl):v But t.herr 1'(::l - xz)cv. because v ‘is
full 'l'his syous that x » "I xch (V) uhich proves (***) t 1s nou '- ',
By cmr fm uc:f"‘ (v) thot f" w. s neighbourhood ot 0 n c and hence |
ttut f is oontinuous at 0.? In vieu of 4 2 5. !t nou foI]ows that f is

o
L by

o continuous on E B R TR

v P B R S
Cee : - .

4.3 6 CORDLLAR\'._ l.et (E C) be an ordered vector .space vdth the henerat-" o
1ng cone: c.-and equipped wtth the order\bound topélogy "b Let (F K v) be _'
an (rdered l.c.s. with norn‘l cone K.. If i‘ 1s a nonot.onic increasing sub-
ﬁnenr up fron E 1nto F. then f 1s continuous._, ‘ R | -
Although the proof- of t!fe folgowing proposition 1s simﬂar to that

of ([29]. 5.4). ue qiue it 1n detaﬂ fbr the sake of comp!eteness He us\e

"\

u t.o obuin 'y coroll.ary of 4.3 5. R el R

4 3.7 PROP&ITIGL ) Let (E C.u, be an ordered t v.s. whit:h is mtrizabl&
and of the ncond\category. Suppose thot the positive cone c 1n E-is com lete v
and generating. If u is the ordor bound sc-topology on E. then uscC u. '-;j':

',-, . —~

| mos m v be i ctrcled. smimwt- 0""3"““‘“"""“‘ s""-"“ ko
V.1 *'a,f u-neighbourhood of o m £ Suppose pot; theﬂ
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':"for souo w 0 bocouse V 1s circ'fed ond senicOnvex aence. by ﬁos 1n([29]).
', "' "'V and 50 V 15 ll’l ll-mm%ourhood of 0 uhich contradicts our assumption oot
| ’uut v is pot an- u-neighbourhood of o.’ uou. let ‘(v '} ﬂ be a neighbourhood
. basts of O for (E.u) snch that v ,cv for ne z. * Then we

ﬁ_can/choose a sequence {x“) 1n such a myuthot X, cc nv ~ nv. ‘ 3ecouoe _t_he _:
__-'posltfve cono C ﬂl E 1s u-coq:'lgu, o . G
Sy --;1:__5 ’s. wsf-é v:_c._‘ S
e t’*" 1“ S Lol .'.'* T U TE
K ” ;“‘5.;]‘ = Il - 11! 1: x.

: S‘noe C 1s u-c]osed 1n E‘ xnc[o.x ] for each integer n> 0 Hence
_by tf\e ossuption. t.hc sequence [x } 15 absorbed by V. 4. e . (x“}cml for, :
‘- _sonc pos‘ltive integer n. In particular xnaov but this contnadicts our-.

- choioe of x‘ ﬂence v ausc be a u-noighbourhood of o 1n e and this, proves ;f-'.‘. '

a

u cu . L l o . "‘A‘.n“,‘.".'l _.o'L ."
P ) oot
C co . ;

? .‘ N .‘,‘ ’ . .

Rt 3. o conotunr-- l.et' (E.c.u) he'an ordered tavis which ts. metrizable

oV) be ]

\_._ and oi’ thc second cotegory wltlt conpleto generoting cone c Let (r-
an ordorod scliconm !plco with noml cono K. lf f E — F 15 a monoton'lc

1ncmsing sublinani&p. t.heh f 1; oqntinuous on E

. - %..--— e
. "l..

\“H'

PIIIO'F Byl 4.3.7. u C.u. where u 1: the order bound sc-topo1ogy

"

' " E But thon. by 4-"3g5.. f 13 cont‘lnmus on E.

o ’ . _‘:-" . o -
EA R '_‘ AR S

4 3 9 mmsmou:' nt.et (E ¢) Be an ordered vector space equipped vdth
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.' the order bomd sc-topology u and '(F K.v) any ordered semicqnvex space
lf f 1s a positive. Hnear. opén nap fm E 1nto r(é t.hen v is the order

bound sc-topo‘loqy on. F. B T BRI e e
PROOF Let V be a circled. semiconvex. order-bomivorous~ subset S

of F C]early f'l(\!) 1s c‘lrcled and senicon\'ex. | Since f is positive and

"l‘leli' e N -" < "’_ : _" _' . ’ P ‘- R e '. ~‘7' o L

s \ f{[x.ynctf(x) f(y)] B ol R
for any order 1nterval [x.y] 1n E Hence there exists A > D such that
f([xJ]lC[f(x),f(Y)JCAh because v 1s order-bornivorous. Thus, -

Dy dCat 1) for some 1 5. o, and hence T ’m 154 circ'led. semfconvex, -
order-bor'ni}rous set tn (E u ) which inplies that f (V) 1s a neighbour--
hood of 0:n. E, Since f‘ is opan, f(f (vn 1s 2 nefghbourhood of 0 1n [ _A
CBut f(f ‘(V))cv. and herics' V. 1. a~ne‘( hbourlwod of o i F ms shows tnat-..-_,;-'-,"
st thoorder bnund sc-topologyon FB ] I S T
\__ A Mconm space (E.n) 1s called a i o

(1) Wrbomoiog‘lu'l space if unry circ‘led. eniconvex, bornfvorous
subset nrf E 13 a mighbnurhood of 0 fn E. . -,iT-.__i A_ '-; SR _' R
(“) l'qyporblrre'l'led spaoe 1f every cIoseJ. circ‘led..,seniconvex. absorbing
Setil‘lEisaneighbourhoodofGinE

!‘

" ¢. 3,10 M (E.u ) °1s a hyparbomlogicﬂ space
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PROOF Let V be a ciroled, smiconvex. bornivoroUs subset of

(€, Since ¥ 'ls bornivorous. it absorbs evory g -bounded subset of |
E "éut. by the deﬂnition of "sc' overy order-bounded subset of E U .
bounded a fortiori \f 1s order-bomivorous. Hence v 1s a neighbourhood i

.. of' 0 in (E u by 4.3 2. f‘ﬂﬂs shows thet (E.usc) 1s a hyperbornological

,c).
,' ’l'be followfﬁ‘y Iel-l bomra‘ltzes Lm 6 5 2 'in ([6]).we need 1t 1n .
'fl"a IZ " [ ‘.‘: i ° / Lt B
4 }3/ “ lm l.et (E.u) be a t.v.s.. 'let A be an u-bounded, circled. :
o # 'convex. sequentially ooqﬂete bnd sequentiany closed)subset of E | .
"-,SUPPOSG mt EA 1s the Hneor mm of A Then there{exists a k-pseudocnetric

on EA for whfch EA 1s ocqnete and thg topo‘logy on EA generated b.Y PA ' .

.';‘ l-:.pA

is finer than that irrducod by u. _-, "\
S Define : -{.,.-I,‘_ _

R : ';'q“(x) = Mf{u > -o-xeuA} » for each erA
. f -.:":_: / T ,.. ‘ o
s 7 B P ..,.v, / . . ,. . . ‘l ‘ N ‘.
i Tbeﬂ os bos been shoun in the proof of 4‘,2 3. QA 15 a quastsani-norm °ﬂ ,

EA \dth -ultip‘litr. sty v.. The sets xA(x > 0) forn a ne:lghbourhood basis of

o for the bopology on. EA dofinod by qA. Since A 1s u-bounded, ‘the qA G
s topolooy on EA 1s finer thau that 1nduoed by u.‘ To oro the qA-cwpleten:.-ss i
I '{x‘ } 1n EA" It fzouows tllot
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topology pn E mduces a topology on EA- uhich 1s coorser than qA-topology.l o
it fonous that there exists xcl'A such that x — X in the sense of E‘y
| o qn(x.;;)r:n;-»Oasn.n-—*-

: P

S°' "i - % “MA' Letttng ll — - and using the fact that A 1s sequentta“y
closed 1n E. we see that X = xnu:nh where o :‘;‘,.j,-‘!- o - o

) co . -t
‘. ‘

| N 'h - 'Hn sup o — 0 asn’ —a

So. xcEA and qA(xl- xn) — 0. 1.e... "n - x ih EA Now. as’ 1n 4 2 3 we B
define pA(x) . inf{ t qA(xi), L x1 ‘" x. uhere n 1s finite and not fixed}

ke 10&2- then p 1s o k-pseudonetr{c equiva1 ‘t to qA. L

A -
40‘ KA

’ M In [lG(a)J 1t Ms\betn observed that 2 selnicdnvex ultra-— |
harrel‘led space is hyperharrell‘ed. and u fonons fnom Theorem 6. 2. 2 of ([6])
that EA 13 saiconvex ultrabarrel‘l,",:-," 3
uywbamned spm for ers

4 3.12 ‘IHEORE)! I.at (E.C u) bo o t v.s. ordored by a ooml cone c, - ’
md supposa there 1s a funduental systen G of order-bounded sets ,such that
each mr of G is c‘lrcled. soniconvex, soquentially complete (and sequef,u-“‘ k

tiolly closed) ‘rhen (E"'sc) 1s a hyperbarrelled sphce. e .‘ \_5

s

B
Rl

;.'—»_

f-.*::'-utke ; ohon A 1: u-botlnded. because the cdne c 'ln £ 1s

N .ﬂ\u AMs uJ:ouﬁded, circ‘led seoﬂconvex. sequmtia'l‘ly complote




'(and sequentiall/y cIosed) Hem:e. 1f EA 1s the Hnear hull of A. then by

' ';'t;q 3, ll the exists 2 ’k-pseudonetric B, on EA for which By 1s complete.

A

aut then, by the above Renark. EA 1s a hyperbarrelled spece for the Pa-
t.opohgy Sincc every usc-neighbourhood of 0 1n E absorbs A, the PA'
_ topology on. EA is ﬂner t!um thet induced by us‘: l-lence if v 1s a usc )
- c}osed. circled. seniconvex. absorbing subset of . (E; u RE then \i'r'\EA 1s o
-'_,‘,-I"-'_ph-closed. cirr.led. seniconvex. absorbing subset of EA which 1s a hyper-
: 'barrelled space. and ﬁence Vr\EA 1s 2 pA-neighbourhood of 0 n Eg < Since
| Vthe sets AA(J\ > 0) fon! a basis of pA-neighbourhoods of 0. 1n EA' :\ACVnEA -
‘”,for sm l > 0 This 1up11es that vnsA and hence V 1s order-bomivorous
'_‘Thus \J s a circled. Seldconvex,. order-bornivorous set 1n (E,u ) and hence

"-'71s i neighbourhood of 0 1n E. - nus shous uut (E.u ) s . hyperbarre]'led
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o A CI.OSED GRAPH TYPE THEOREH’FDR dRDERED TOPOLOGICAL o |
. L ABEI.IMGROUPS A

e uusun ([9]) has obtoined various tms of closed 9ravh theorens’ '
for topo‘logicol groups. l'otivqed by his uork. ne prove. 0 t.his chapter._ .

a ktnd of c‘ldsed graph theoreu for ordered topological abelian grbups . v
ot LN L , : \ et )
P .' s - . . :. r , _.. _— P

(IR

5.} smhom-o isus and almost continult

~51 ) Definition.__ Let (E.C) nd’ s x) be ordered abe'ﬂan groups N
my f: E—Fis nid o, be 2 subhommrphisn if f(x s fxx) + f(y). e

for oﬂ x.ch. N SR

N 5.1 2 I.EIHA g.et (E.c,u) and- (F K,v) be ordered topo'logical abeHan
' .qrwps Swpose that x ‘Is sm-mied fn r. If a Subhommrph'lm |

‘ '*'f SE— F is oontinuous at 0. then 1t 1s oontjnuous on E. - -

&E; Let P be an open set #n F such that y - f(x)cP er Then L

| ;'P - y 1; o neighbourhood of 0 1n I-' 'men exists a sy-oetﬂc full neigh- . .

o bourhood V of 0 1n . slich that LCP .v. : Since f is conﬂnuous at. 0. there
'fuists e .sy-utﬂ“c neighbourhood v of o 1n E such that f(H)CVCV- ¥ Since

yrhood" of X in E. 1n ordor to show thpt*f 1s continuous o "




" onE, we need to show that f(x + W)CP. ‘Let tef(x + W); then teflxrw),

| - f(x) s f(x + u) + f(-u) ) )
and fro- t.his in‘ have '_ S . o
o -f(-u) < f(x . wa - f(x) ‘ f(-) )
Sinoo ' 1s smtric and wcl. it foﬂows that ucH and SO f(-u)cf(w)cv -
: "smce V 1s sy—etric and fun. ‘ gct ' . . .
| R f(x * w) - f(x)cv, or f(x + w)cy 4 KCP
"for oll wcu. | Hence f(x + H‘)CP. and the proof 1s ccm;létc B N ,

3 5. l 3 PRNOS!‘I‘ION' Let {E c.y) a’nd (F K.v) be ordered t%o‘logicﬂ. 5bei1$h

. gfoups. suppose that Kis self—anie.d nF, and that £ {s 2 Bafre grovp. . .
et f:E —Fbea sub-homomorphism such that f(-x) . f(x),xcE Tt ()
_F 15 Lindelof. oa (b) F. 1s separahlc. then f is olmst continuous at. 0.
) PROOF. (a) Suopose F 1s L1ndel§f. i.et V be a neighbourhood of
-0 1n F. thoose a fun syutric noighbourhood u of 0 such t.hat U+ UCV-- _

L

. : LR ",.'- T ‘ . I‘ ) .
e f(E)CT(ETCU+ f(E) e ‘ ‘
- and only a counuh'le subfanﬂ.v. m {U + f(xn)} covers f(E), because ?(E)
: ~7“bein9 o c‘losed subspacc of l Lindeldf spacc, s Lindclb‘f. Sincc _"f'_ -




,,o B P P
and sinm E 1s a Ba{‘re space. 1t fo'llows that I(U) has ‘an 1nterior
."'_point.Jsayx . uemnish to shou um - o (

" (U) + f" (u)c f"m

""j-;:'l.et M)Qf (U). so that f(x). f(y):U Now t- f(x) ¢ f(x + y) + f(._y)
g and S0 wWe have -f(y) s f(x + y) - f(x) € f(y)cl.l Since ] 1s symetric L

and- fult, n follows that . 7 : VU ’
| - f(x + y)ch + UCU + ucv. | )
| This iqp'lies that x ¥ ycf l(‘l) and hence )
o 5 | f"(U) . f"(U)Cf"(Vi N Q
i’Since f(‘;) -\f(x).. it fol'lows that f"1 (U) 1s symetric and sowT(TJT
1s sy-etﬂc, hecause inverse operation 1n a topological group is con-
_-_-'tinuous. Honcor :‘?,‘ n e S
k " .'1""-"*0 =% ef o+ 7 )c.f oy + ToeTm .
,and this shous that 0 i% an 1hter1‘or point of—T(;l-)- —W‘H 1s a | |

) neighbourhood of 0 1n £ and henoe f 13 almst oont'lnuous at 0. '

3 | (b) Swpose Feis. separablca l.et {x".n L 'l 2.‘") be a/ countable de’nse .
".subset of F Let V be 3 neighbourhood of 0. 1n F There exists a ﬂm.

L ,. sy-otric naighbourhood ] of O such that U+ ucv. CIeariy. *U (xn +.U)
".,uhich hp'Hes that E . U f"' ("n + u) Since the sets of (' Xn + U} are- all

L af ; since E 1s a Bairo space. 1t fo!lons that f '(U) has an
R It Mﬂmm' as ih (,), that f 1s a'lmost continuous at 0 1
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S 1,4 COROI.LARY s, l 3 'Is truo for the fo'llowing pairs E and F of

ordered topologicol aﬁelian groups SRR ' ._,f °
| (o) Efs "o Boim spaco and F is. coropoct. . |
(b) E 15 Iocally colpact or complete ui’etrizable and Fis compact
(c) E and F ore hoth dowoct . ' |
| PRDOF Observe that overy coupact spaco 1s Lindelaf as well as ’
_.:' 3 Baire spoce and every locany compact or completo metrizable space is a | ' “:ﬁ

Bairo space. ‘ H’onco 5 1. 3 applios. S
-75,2' C]osed graph theoroms . : | |
) sefore we prove ‘the tuo min theorems of this chapter. ‘we recall a

theore- fron ([l]. page 2‘:18).r S B - _’- |

: : f.
e SLe ;

5 2 1 THEOREH ([l]. Theoren 12) Let E and F be topo1ogica1 groups :
such thot F is ooqnete and notrinble. l.et 6 be a c'losed positivg set '
(subsuigrow) in ExF. ﬂ‘ for cach neighbourhood v of 0 in F, the closure-
: of t.he sot G 1[\!] .. [xcE (x;y)c G for some ym 1s a neighbourhood of 0
'In c. then ¢ ‘[vl ls itself 2 noighbourhood of 0 tn E. |
5 2 2 TlEOREH Let (E.C.u] ond (F K.v) be. orﬁered topological abeiian
gmps wlth F ou;ﬂete lntr'lzhb‘le and K self«anied 1n F. 'Let fiE = F
he an a’l-ost oontinuous suhho-oonrph'lw such that f(E)CK and,:f(_-x) - fx) B
for m x:l'-:. If G {(x.y)oExF-f(xl ‘ y} is closed. en\: fji_c'con’t.inuou.s-l',:l:.;‘-.'l'::




i PRDOF Let v be‘a noighbouﬂiood of o in r Thon, (V) 1s 3,
:i-f_:'-'_."'""'.‘neighbourhood of o in E. because f is almst oontinuous. | Since —"Ei ’
o ':oonuins W ([l]. plge 239). it fo'llows that —T[_V_'_I- is a neighbourhood
-‘_of 0 in E But then. ln vim of 5 2 'l G 1[\'] is itself a noighbourhood
I'-.:'of 0 in E. _ Sinéo K 15 sc'lf-ﬂ'lied, therewxists a. neighbourhood U of 0
}'L’i.m F such ﬂm. (v x)nm: u. in viu of. 0.5.4and so £ I(v : x)nf"(x)
C f“ (u) out f(E)gK and heuce f‘T(v n)c:f"(U) Hou. since s '[vl = ':- '
"(V K) fs-l neighbourhood of 0 in E,it fol'lows that f ‘(U) 15 a neigh- ‘
E boUrhood of 0 ih E. % This shous thai: f is continuous ai: 0.:. It now fonous
fm 5 l.z thot T 1; oohtinuous on E ' N R R

C,-ll) Md (F K.\') be ered topological abelian :
F Lfnd“Of (Ol“ sepynrab]e) mm]ete metriz- .
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(c) E cclpact and F as 1n (c) i | | SRR
(d) E c Bairq space or 1ocal'ly compact or comp!ete metrizable or j.,:
coquct and F locally coqnct regular seni topological group satisfying

xthe second ulol of comtabﬂity. SRR SR U .-.'_- UL ot

. .‘ )
" - - ‘,' S ‘ [ o N |
R . : D

5 "WF (l) F is coupiete mtﬂzatﬂe by ([9], Chapter w ;zs

': ;-“f'-Comnary 2). and since 1t satjsfies~ the secqnd axiom of countabm ty,
*it 15 sepmm. Hence t!ve resu‘lt follows from 5.2,3. ./ 1 v
- (b) A Iocﬂly cowcct or conpleu mtrizable space 1s a Baire space )
;.:'.jand lnnce the msatt;;cliows fm (a) ' ‘f‘ | "_'j RS " -
(c) A colpact space 1s a Baire space and hence thc result fonons from -
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t.v. spaces :; topological vector spaces
1 c.s.: 3 ~5ff§7§  locully conVex space

PRE c. spaces st ?;ﬁf- locally convex spakes ;1: .{.;.i‘.; ':ﬁ'ff.::
| :,y.].f, ii“”fifvffif“ pological vector lattice "f"'. P
"f t,y, lvttices  ?2" topo!ogical vector 1att1ces

: T.c. v 1.v:ﬂrJf ﬁ?f:;: 1oca11y convex vector lattice- .

1 c v. lvgticgs ": localiy convex vector lattices 1L!;“‘l | i
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