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ABSTRACT
;

Phase~locked loops occasionally exhibit prolonged phéée‘transients
and are therefore nat suitable for éarrier recovery applications in time
division multipie access (TDMA) systems. " Instead, designers have, in
geveral cases, used a single-tuned high Q filter in combination:with an
automatic'frequency contfol;l A‘non—linegr différentialuequatioﬁ modgl
for éﬁch a system, called a "frequency locked,loop" (FLL) is solved by
computer to obtain the transient ;espbnses, Thg éolutioné ébtained indic-

: o .
ate that the FLL has fast and teliable cérrier'bhase adquisition times com-
pared to a fhase-loqked loop (PE}). 'Alsé;lsincg the non;linear resp;ﬁses
agree weﬁl wifh.linegg/é:;;I-;zgssﬁais, an equation . based on the iinear
model 1s developed to determine worst-case acquisition time. It 'is shown
that a limitér preceeding the single-tuwed tank does no; diréctly affect
acquisition performanpé and will imﬁ}eve naise performance of the FLL,
With a‘limiéer, the FLL block diégram is equivalent to.an FM feedback
demodulator (FMFB) on which there is a large amount ‘of existing literature.
Using results from the literature, it 1is demonstrated how the FﬁFB will’

perform in the presence of Gaussian noise. Finally, a design'procedure '

is recommended-which takes into account the tradeoff between noise per-—,

formance and acquisition/tracking ability and attempts to minimize the

acquisition time for a given level of Gaussian noise.

LY

v

iii



3

ACKNOWLEDGEMENTS P

I would like to thank my supervisor Dr. D. P, Taylor for his
diréction and encouragement in the research for this thesis. I would
like to thank Miller Communication SYstems Limited and several of their

employees; namely, R. Bedford, R. G. Lyons and F, Vaughan, ‘for experi-

-
.

mental results which they provided to me and for several discussions

"which we have had. Also, I would like to thank two fellow graduate

students; namely, G. R. McMillen, for some‘very helpful criticisms of
critical parts of the research, and V. R. Kezys, for his "software
packages'", and Ms. L. Hunter, sfor assistance in organization and typing

of my thesis. ' -

u

From my previous 1i{fe as an employee of Raytheon Canada Limited,

1] -

I would like to thdnk all of the people who have given me inspiration

then, and in my present research activities. Some of theée people are:

.M..Earle, E. Fiskvatn, Dr. N. A. Liskov, A. Lodberg, T. Miskiewicz,
. ! 5 ]

R. E. Moutray, P. J. Tanzi and E. White.



Page
CRAPTER 1 - INTRODUCTION _ T " ' 1,
1.1 Burst Modems and TDMA ‘ | ) 1

' 1.2 Acquisition of Carrier Reference \.- 1
1.3 "Hang Up" in PLL Carrier Filters T,

’ 1.4 -An Alterr;at;: Carrier Filter ; 4

1.5, Scope of Thesis ' S 6

CHAPTER 2 ~ FREQUENCY LOCKED LOOP BASIC OPERATION T g
2.1 Loop Models L . | 8

i 2.2 Frequency Dgtector Sfeady-State Opergtion ld

2.3 Linear Operation of FLL * o ' 50

2.4 Identification of Significa.nt Loop Parameters 26

' cHAP'?ﬁR 3 - Acgursf'rmu BEHA\XOUR ' 2
‘ 3.1 Introciuct:ion Lo -0 u‘ 29

3.2 Various Mpdels Considered . ‘ Yoo

. 3.3 Model Equations S ' _ Q 35

3.4 Comi:ptéi‘ Methods Used . o - : | 39

: _ - :
3.5 Discussion of pompuﬁer Solutiens 40
3.6 Acquisifion Time and -Choice of Loop éarameters 49

TABLE OF, CONTENTS

Al



CHAPTER 4 - NOISE AND JITTER PERFORMANCE

4.1 The Effect of Limiters

-

4.2 The Fquivalence to an FMFB Demodulator
4.3 Linear Noise Performance

- -

4.4 .Threshold Operation of thesFLL

o

CHAPTﬁﬁ 5 - CONCLUSIQNS
‘ 5.1! Translent Analysis

5.2 Noise Fonéideratign
5.3 Design Procedure o | T .

5.4 éuggestions for Further Work
v 0 |
APPENDIX A - DERIVATION OF EXACT STEADY-STATE ERROR “SIGNAL

-

o

vi

53
55
55
61
67

67
68

70

70

74



Figure
1.1

1.2 .
1.3

2.1"
2.2
2.3
2.4

2.5

2.6

- 2.7
3.1

3.2.
3.3

3.4

3.5

3.6

LIST OF FIGURES

Various Carrier Recovery-Loops for BPSK
Alternate Approach to Carriler Filtering
-

,Frequency Error Detector ’ T

Application of Frequency Tracking %Loop with Down

and Up Conversion \
Application of Frequency Tracking Loop with Down
-Conversion Only . ' ) *
Loop Model '

.Simplified .Loop Model

+

Frequency Detector Model

Error Signal Qutput. vs. Frequency offset ‘for Two
Types Frequency Detectors

Linear Loop Model

-Circuit Biagrams for STT and Low-Pass Filéer

Freduency Error vs. Time Response - Comparison of

- All Models from Zero S;ate, at 1, = 0.95 us .

. Frequency Error vs. Time Response Z Coﬁparison of

All Models from Zero State at t, = 0.10 us |

Frequency Error vs. Time Response for Various Kv
and Te with a constant Eg Ratio Using .BB Model -

Tg -
Frequency Error vs. Time Response from Zero State
(t = 0) and from Steady State (t' = 10.5 us) for +mI
and —wy Frequency Offsets

'Frequeﬁcy Error vs. Time Response for BPL and Measured

Experimental Response

vid ' )

11

13
15

19

2
33

42
43
45

47



.Phase Transfer Functions

Frequency Error vs. Time Response -for LIN and
BB Mcdels T\\ ' ‘

Loop Model with Laplace Phase Variables Shown
Bs(s) Bv(s) Bs(s)

T 8,(s)’ wi(S)A

Phase Transfer Functions g
’ 0y(s)-
0,(s) 8 (s)
GI(S) ’BI(S)

LY

Block Diagram of FLL Modified to Reduce SNR
Loss of Limiter -

Block Diagram of Recommended FLL

Block Diagram of FLL Which Hay Provide Improved
Noise and Acquisition Performance,

Block Diagram of FLL with Linear Frequenay
Detector

- viii

60
63

69

71

72



GLOSSARY OF SYMBOLS

[ oo +
- . L)

" Except for Laplace transfer functions and impulse responses,
time dependenE variables are given in this-glossary. without the time
dependence indicated, howevér, the time dependencé{ia indicated in the

. N . k
text of the thesis., The same symbols may also Be ugsed in the thesis as
Laplace transform vériables in which case they would be written as func-
- :

tions of "s". For example, the symbol e which represents the error

gignal is a time variable as es(t) or it could be used as the Laplace:
. . y

_transform of the ‘error signal as es(s). The symbols used are in alpha-

s
N -

betic order with English alphabet First aﬁd Greek alphabet second.

-
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K- . - . s . .
! A ' Peak amplitude of the carrier at the:STT input when limjter
7 is’ not used (volts) .o -
. . ’ . ' . .
B Peak amplitude of carrier! at the STT input when an ideal . °
- hard limiter is used {volts) »,’
Bﬁ. Closed loop noise bandwidth (Hertz) '
b Empirical factor required to compensate for‘ﬁon—linearity of

error detector in predicting acquisition times for large
frequenay offsets

. . *
r ) . »

. D D=vV1-62 S C
fI: ' Input frequency‘jffset to frequency tracking 1oop (Hartz)
e .Filtered ervor signal (volts) )
€cq Séeady-state filtergd error sigual (voltu) .
e, Différence frequéncy error signal (volts) ﬁ
“;ss | 'Steady-state filtered errog:signal (voi?%)'
Fﬁu) l Laplace trﬁnufef funcuion'?i loop low-pass filter .
h(t) Impulse respuuse of the STT (Sing;e;tuned tanki
' H(s) Laplace t;ansfeu’function of the STT l
Hb(s)r Baseband equivalent Laplacé‘transfer function uf the SiT ;.
) K Loop aﬁplifiér,amblitude gain factor N | v
) Kd ~, Phase detector sensitivity (voit/radion) .
. Ko ﬂbO_sensitivity (radian/s/volty _ .
KOL ~~ Open loop umplitude gain . ‘ )
. ) ’KV ) Frror signal gain; KV = KOL/T. (g-l) |
- N f Average number of "clicks" per second in iimiter—discriminatop

frequency demodulator. (s~1)

. i




Noise spectral density (waﬁt/Hz)

Peak amplitude of narrow-band Gaussian noise in sine
dimension (volt)

Peak amplitude of narrow-band Gaussian noise in cosine
dimension (volt) . -

Quality factor of STT

Time requifed for frequency tracking loop to cbtain a suitable
phase reference (s) -

Worst case value of ta- {s)

Time delay reduired to provide #/2 phase shift at angular

" frequency of w, (s)

STT input signal (volt)

-

STT input signal (volt) '

STT capacitor voltage (volt)

Phase shifter outpgt‘signal {volt)

?hase shifter intermediate signal (volti-
Phase detector input signal (volt)

A low-pass filter output signal (volt)

A low-pass filter input signal (volt)

Complex baseband STT input signal (volt)

Cqﬁplex baseﬁand STIT output signal (volt)

Damping ratio of FLL closed loop response

Phase of‘STT’béseband input signal (rad)x‘
Steady-state phase of STT baseband input signal (rad)

Phase of STT bandpass input signal (rad)

™
~

xi
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Phase of VCO baéeband outﬁut slgnall(rad)
Steady—state phase of VCO baseband output signal (rad)
Phase difference between STT input and output signals {rad)

Maximum allowable phase difference B for acceptable demodulation
(rad) '

Maximum expected value of steady~state phase difference 8y which
1s dependent on maximum expected frequency offset wy (rad)

Output phase of FLL with down'and up conversion (rad)

Inﬁut phase to FLL (rad)

Putput phase of FLL with down conversion only (rad)

Mean square VCO output phasé jitter due to noise in loop (radz)
Carrier~to-noise ratio at FLL input’

Minimum carrier— o-nofse ratic at which FLL is ‘Intended to
operate .

STT time cgnsfant (s)

First—érder loop' time constant (s)

Loop, 1ow—pasé filter timé-constént (8)

Hatched filter approximate time constant (s) . : -
$(t) = W Dt- tan (E)- (rad)

vCco bandpass output frequency (rad/s)

STT input frequency tracking error (rad/s)

Steady-state STT input frequency tracking error (rad/s)

Value of we which gives maximum steady-state exror signal for
frequency detector without a limiter (rad/s)

Iﬁaginaf? part of natural ffequency of the STT (rad/s)
STT 1input frequency (rad/s)
STT 3dB bandwidth (rad/s)

x1i.



FLL input offset frequency (rad/s)

FLL input frequency (rad/s){

L2

Maximum expected FLL input offset frequency (rad/s)’
LOOp‘loQ;pass filter 3 dB bandwidth (rad/s)

Natural frequency of the FLL closed-loop response (rad/s) -

N

Resonant frequency of STT (rad/s)
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GHAPTER 1

INTRODUCTION

’

1.1 Bufst Modems and TDMA

Time Division Multiple AcFess (TDMA) is a method of time sharing
.a communication channel among many users. TDMA is primarily used oﬂ
satellite‘communication channels. In a satellite TDMA system, a single
user traﬁsmits over the channel for a small fraction of the available
time by sending information in periodic bursts. Practically all satel-
lite systems use coherent demodulétion-and suppressed cgrfier modul- .
ation and it is necessary to recover a carrier reference from the mod-
ulation. With short burst lengths, the time for a carrier recovery
circuit to obtain a suitable carrier can become a significant overhead
on the utilization of the channel. For that reason, an important para-
meter of burst modems is the time reqﬁired to acquire a sujitable carrier
reference, bit timing reference, and symbol timing reference. This time
is often called écquisition time. . The importance of short acquisifion
time for burst modems is the,dne major difference between burst modems

~ and modems intended for continuous transmission.

1.2 . Acquisition of Carrier Reference

’ ' . * % ‘
Carrier phase is usually estimated for QAM and PSK digital mod-

ulations by one of three common methods. These are: Decislon feedback

* Quadrature Amplitude Modulation (QAM), Phase Shift Keying (PSK)
L .



or- remodulation loops, nth power loops and Cosfas loops. Costag loops
and power loops arg theoretically the samé and do not require bit
declgions. Deci;ion feedback requires the bit decisions to modulate

the received modulated carrier in a sense opposite to the original mod-
ulation and thus to remove the modulation. TFigure l.l shows a squaring
loop and a décision feedback approaéﬁ, implemented using phase lock loop
(PLL) techniques.

Costas loops iInherently contain a PLL while power loops and
decision feedbéck loops do not necessarily require a PLL, but adre normal-~
ly designed using PLL's. The nth power loops can be separated'inno ;hé’
cascade of an nth power deyice and a carrier filter. The decision feed-
back circuit can also be separated into a remodulation circult and a
carrier filter (Figure 1.1). As noted aB&vé, the filter is norﬁally
implemented with a PLL, hbwever, for TDMA'applications where fast' ac-
quisitibn.of a carrier reference is a requirement, there is a signific-

ant problem with PLL tracking filters. This prbblem is known as hang up

and manifests itself through occasional prolonged phase transients.

1.3 Hang Up in PLL Carrier Filters . ' S

"Hang up" in Phase Lock Loops (PLL) [10] is a condition arisiﬁé
when the initial phase error is at the reverse slope zere crossing of
the périodic phase detector characteristic. The restoring force at this
unstable null is ;méll (in principle, zero) and nolse can cause the loop
to jitter about the null. Thus, hang up can cause long acquisition
times. Since it 1is impértant to have fast carrier acqu%sition with high
reliability, a conventional PLL is thus not very suitable for TDMA applic;

.
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Figure 1.1 (a): Squaring Recovery Loop for a BPSK Recelver

Matched

Filter

data

=®~--— j-— —= data

VCo

Figure 1.1 (b): Remodulation Recovery Loop for a BPSK Receiver



. \
ations. Some designers [12] [131 have constructed phase detectors

which were intended to‘remgve the hang up problem., Others [1] [11] [14]
[lS]lhaﬁe used fixed single-tuned And multi-tuned f£ilters Qith automntic'
frequency control (AFC) to serve as carrier filters.

1.4 An Alternate Carrier Filter 4

One alternative tp a PLL 1s a high Q tuned filter centered at
the carrier f;equency. One problem with this idea is that the frequency
drifting of'the received carrier will cause phase shift of the recovered
carrier relative to the modulated cérrier, because.of the larga_slope of
phase versus frequency in a higﬁ Q filtef. A high Q. filter could be used,
however, 1f AFC is used to minimize the frequency variation and resultant
phase shift through the filter, An app?oach sqch as this is shown in
Figure 1.2. This approach 1s also used in [1, 2, 3, 14, 15].

Referring to Figure 1:2, the high Q filter is designed ;ith .
resonant frequency Wye A controlled refereqce oscillator at frequéncy
mco is used to convert the carrier frequency Wrp to a frequency w, f wg
and back agaln to frequency Wrpe The VCO 1s adjusted to minimize the
error frequency~me and thereby to minimizg the variation in phase of the
recovered carrier. “

To minimize the frequency error, W,y an error signal proportional
£o w, 1s desired. Since any h;gh Q filter has a phase response that
varies with frequency, comparing the input and output of the high Qlfil-l

- ter with a phase detector would give an error signal related to frequency.

+ 1t 1is desired to have an error signal characteristic with only one zero

-
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Figure 1.3: TFrequency Error Detector



crossing occurring at a frequency of mﬁ. Since a mixer type phase
detector haé zero crossings every 180° of phase, then to have one zero.

crogssing in the error signal charaéteristic means that the high @ fil-l

-

‘ter cannot have more -than 4 poles, or in other words, it must be a
double~-tuned tank (DTT) or single-tuned tank {STT). For this thesis
only, a STIT 1s considered. Thils proposed error signal detector is used
.in references [1, 2, 3, 14) and is shown in Figure 1.3. The 90° phase
shifter shown is necessary in order to place the zero cross%ng at w,
since an STT has 0° phase sﬁift at w_. This 1s shown in an énalysis'of
the error signal in Chapter 2.0. |

C For the remainder of this thesié, the circﬁic described here, (of
Figure 1.2) for convenience, will be referred to as a frequency locked
' loop (FLL) because of its resemblance to a PLL. The only fundamental

dif ference between the PLL and FLL lies in the use of a phase -detector

in the former, rather than a frequency detector.

1.5 "Scope of Thesis

The purpose of this Epesis is to gain a better understanding of
the carrier'acquisition performance and the noise performance of theA
FLL, and to develop.appropriatg analyses. In_Chapter 2, the basic FLL
operation is examined, the steady-state operatign is investigated, and
~ an attempt 1s made to develop a linear model under several'resyrictions.
Finaily, in Chapter 2, the critical looé parameters are ldentified and
methods of measurement are given. In Chapter 3,“several nonlineqr dif-

ferential equation models are developed for the FLL in order to obtain

the transient responses of the loop by computer. Many transient resp-



onsesg are comqued, which give much insight into loop operation. The
linear model from Chapter 2 as well as measured results are comparéd to
the differential equation model. In‘Chapter 4, the effects of noise are
considered. The use of limiters is discussed and the equivalence of the
-FLL to an FM feedback (FMFB) demodulator is nqted. Fiﬁally,'in Chapter
4, frequency "clicks" assoclated with FM threshold are.csnsidered (anai—
ogous to cycle slips, in PLL'g) and the relation of the loop parameteré
fo the probability of frequency "clicks" or threshold is discussed.

Chapter 5 contains conclusions and recommendation for further work.



CHAPTER 2

FREQUENCY-LOCKED LOGP: BASIC OPERATION

2.1 Loop Models

- Figures 2.1 and 2.2 show two principle applicatiqns of the
frequency-locked loop (FLL) to coherent demodulation. The limiters in
both figures are shoﬁn as dashed lines because either one or both of
them may be used. lThe use of limiters in the FLL wili be discussed
further in Chapter 4. The FLL method of carrier filtering could be.
applied.equally well-to nth power loop recovery systems. In the above.
figurés, remodulation has been used to remove the data modulation.

Since in the TDMA application under consideration [ 2] an all
ones paétern is transmitted during the acquisition period, Lhe remodul-
ation circuit'sﬁould have no effect, and except for the transient
response of the channel, which includes the matched filter and auto-
matic gain control (AGC), a sinusoidal signal is expected at the re-
modulator 6utput in Figure 2.2.
In order to study loop behaviour, the mddels of Figures 2.3

and 2.4 may be used, The mixer useﬁ for frEqugncy translation iﬁ
Figure 2.2 may be cohs@dered as a summer with respect to the frequency
variables as shown in Figure 2.3. The voltage controlled oscillator
{VCo) frequéncy, mco(t), is subtracted from the input frequency, Wy
to geﬁ the single-tuned tankl(STT) input frequency wf(t). These fre-

8
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quencies are ‘related as:

W N =1%F+m1 (2.1.1)
poo -
. /// o wco(t) = wyp -t mv(t) o FZ.l.ZZ
/" ' - | . P
) “ ef(F) T owmy T mco(t) Suwgp ” wv(t) tou, (2.1.3)
Mhere W 1F is the nominal intermediate frequency'(IF), wy is the input

offset frequency, W is the STT resonant frequency and mv(t) is the

VCO frequency offset from its zero input frequency. The input offset

frequency, is assumed to be a constant'during any TDMA burst but

I!
takes on any value in theﬂ;ange +wIM for each burst. RN

In Figure 2.4, the frequency ‘variables and the loop model are

T

simplified again by removing all constant frequeﬂcy components which

are not necessary for analysis ‘The VCO offset frequehcy, Wy (t), is
) subtracted from the input offset frequency, wys Lo get the frequency
detector input error frequency W, (t). Without a hard limiter, the

frequency detector or STT input,vi(t) is:
1} : ’ . \t:)/
vi(t) = A cos (mot + Be(t)) . ‘ (2.1%%

where 6 _(t) = w (t)

With a hard limiter, the STT input ui(t)'is: e

v(t) = B sge}{eodulozﬂ[wot + ee(t)'+ gj - %}‘7 : ' (2.1.5)

14f x >.0, 0 if x =0, -1 if x< O

]

where sgn{x)

3
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i' Vi(t) =
Acos {wot+ ee_(t)}

v, (t)

d KK + S amrrr—
o (e O e (n)

r !

o
~

e (t)

Ki

Figure 2.4 (a): Simplified Loop Model without Limiteré

L

vile) = AR | STT
B sgn {cos[wot + ee(t)]}
vp(t_)‘ = .
B sgn {sin[w0t+ Be(t)]}i | vo('t)
fgp(;)
' v (t) - h
9% q't) =
~ B sgn {vo(t)} o

vq(t5

T

Figure 2.4(b): Simplified Loop Model with Hard Limiters '

»
N
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Equation (2.1.5) used.for vi(t) with a hard limiter 1s a square wave
with the same frequency and phase as equation (2.1.4) used when no
hard limieer is present. The f;eqeency detector output, ea(t), is
filtered by a loop 1ow—paes filter (LPF) to obtain tﬁe filtered error

signal, ef(t). A first order LPF with transfer function,

1 -

tfs4-l

F(s) (2.1.6)

v

.

is assumed where Te is the LPF time constant. The VCO offset frequency,

mv(t), is then given by:
w (£) = KK, e (0 - (2.1.7

where Ka ig the amplifier gain and Ko-is the VCO sensitivity (rad/s/vplt).

This equation implies that the amplifier and VCO have infinite bandwidth,

hewever, in practice it would only be necesearf that any poles or zeroes

' in the amplifier and VCO transfer functions be at least an o;der of mag-

nitude higher in frequency than the openlloop gain c?ossover frequency.
The only remaining relationship to be established in the loop

is the error signal, e {t), dependent on the SIT input frequency error .

me(t). This is done for steady-state operation of the STT in the next

section.

2.2 Frequency Detector Steady-State Operation

The frequency detector has three components: A single-tuned
resonant circuit or tamk (STT); a 90° phase shifter; and a multiplier,

as shown in Figure 2.5. = '



STT

(ST

Vp(t)

v, ()

es(t).

Figure 2.5 (a): Frequency Detector Model without Limiter

L

v, (£)

22 ._L’.{ JE.

—

n=

vq(t)

v ()

Figure 2.5 (b):

e (t)

Frequency Detector Model with Limiter

15
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@

The SIT has two purposes. First, it provides a phase shift

proportional to the frequency error, we(t). Second, it provides

narrowband filtering of the recovered carrier.

The multiplier func-.

tions as a phase detector. Since the STT has 0° phase shift at appréx-

imately the resonant frequency, W, the 90° phase shift is.reduired 50

that ‘the phase detector output is the sine of the STT phase shift,

rather than the cosine and thereby provides an error signal: There

.are a number of ways.in which the phase shifter can be realized in

\

practice. A two-pole, low-pass filter with its 6 dB point at:wo is

suitable or a time delay equal to - is suitable,

_2w0

The steady-state operation of the frequency détector can be

derived with the following steady-state transfer function for the STT:

‘ H(jm) =

1

1+3Q (-3
o

where qQ %F the STT quality factor

w_ 1is the STT resonant frequency

The magnitude and phase responses are:

|H(3w) | 2

paten

-1 Y
=" -tan = [Q(* - —)]
W w

The argument of the inverse tangent may be simplified

(2.2.1)

(2.2.2)

(2.2.3)

for narrow-band

analysis by substituting wg = W + we and by assuming Wy << wys as

follows:‘

.



17

we w, tw w .
Q= - = Q( &2 - _: ) we T oW + W
wo u:f wo mo me (o e
2
w
(1‘*zf? -1
= Q e )
1+ —
R Wy
w
1+ —=
Yea 2mo
= ZQ(Erﬁ ( )
W
° 1+-2
We
We W
£ _ o - ‘
Q(mo mf) = Twe By << 0, (2.2.4)
where 1 = 29
Yo

Assuming for the momen

vi(t) vo(t) and vp(t)
v, (6
vo(ﬁ)
vp(t)

The steady-state érror

e
S8

t that the STIT is in steady state, the values for

ffom Figure 2.5 may be written as:

A cos [(w (t) +w) t] (2.2.5)

A [BGw [eos [lw (£) + 0)) t +<HW)] (2.2.6)

A sin [lu(t) +4,) ] (2.2.7)

signal, e g’ (difference frequency only) is:

= % &% [RGw) | sin [<H(w)] (2.2.8)
"'% A% -1
= V) sin [~tan ,'rmes)] Wag < Wy
es

(2.2.9)
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% Az %Qes -
e = 5 2 (2.2.10)
1 +1° w
es

where Wag is the steady-state value of W,
If a hard limiter is used after the STT, the magnitude component of
H(jw) is removed from the error signal and the denominator of (2.2.10)

would be raised to an exponent of %- as shown in Figure 2.6.

If a hard limiter is used before the frequency detector, the result is
app;oximately the same, except that the signal amplitude A is replaced
by the limiter output aﬁplitude B. This 1s so, because the STT essen-
tially possess only.thg fundamental frequéncy, and the only significant

term in the product of Vo(t)>aﬁd.vp(t) i1s then the difference frequency

~ component of the fundamentals. Finally, if T, 1s small compared to

unlty, then:
K -

e = i A2 Tw Tw << 1 ' (2.2.11)
sS 2 es e

The condition w, << wg will be considered fo be always true (i.e. a
&esign conétraint)so that equation (2.2.10) is always.valid for steady
state. Thé condition"rwe << 1 may also be included as a design con-
straint, however, it is left for further copsideration as a constraiﬁt
since other fact0{s such as noise, pattern jitter and acquisition time

may affect the merits of doing so. It will be assumed that the condition

Twgg << 1 : ’ (2.2.12)

will always be true.
In practice, the steady-state error signal s will be assumed

to be related to w as:
es

: ‘ (2.2.13)
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where Kd ig the phase detector sensitivity in volts/rad. For purposes
of standardizing resuits, Kd will be assumed to be equal to one.

?hile discussing the steady-state operation of the frequency
detector, it is also important to consider the time required to reach
steady state. This is important because the loop might be approx-
imated by a single first-order linear differential equation if Tw, << 1
;nd the STT time constant 1s very small compared ﬁo the loop response
timel The STT impulse response, h(t), is:

t 4

" h(t) = % u(t) e’ [FOS wyt - G;%;) sin mdt] | (2.2.14)

where T = %Q is the STT time constant and Wy is the damped natﬁral
frequency ofothe STT. Since the effect of an impulse at the STT input
w£ll die out aftér approximately 5t secs.,the effect of any change in
inpu% will die out after 5t secs. Hence, not only does 1 determine

the error signal sensitivity but also, it gives the transient time for

any change through the STT.

2.3 Linear Operation of FLL

A linear model for the FLL can be formulated as shown in Figure

2.7 by making two restrictions. First, the STT must be in steady state

so that:

e = Ry =g A2 =1 (2.3.1)

" Second, the restriction, w, << 1 simplifies equation (2.3.1) so that

it is linear. The steady-state requirement is very restrictive since



T exp{-T8}

tgst+ 1

21

es(s)

Figure 2.7 (a): Linear Loop Model for Twe(s) << 1 and

Is| << wg

7s+1

es(S)

Figure 2.7 (b): Linear Loop Model for tme(s) << 1
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to be in steady state, the input quantity, me(t) must be constant.
This steady-state requirement may be relaxed slightly by using an
approximation from reference [5]. As long as wa(t) has amplitude much

less than % and 1s restricted to a bandwidth W where W << Wy then:

1
we(t) << -

e, (£) =rwe(t-~c) (2.3.2)

me(jm) = Q, |w[ > w,

If the STT input vi(t) is thought of as a frequency modulated carrier,

then these relaxed restrictions are equivalent to stating that the
: 14

carrier has maximum frequency deviation much less than % and maximdm
[a )

bandwidth much less than w e With th; above restrictions in mind, then

the 1dop response may be obtained with the following three equations:

LY

0,(6) = Ke(s) = K ) e (o) | (2.3.3)

es(s) = 1 exp {-s1} me(s) (2.3.4)

iwe(s) = mI(s) - wv(s) (2.3.5)
\-

d and Kd = 1. The

input frequency offset to frequency error transfer function is then:

where F(s) is the LPF transfer function,'Kv = KaKoK

w (s)
e( . L _ (2.3.6)
Y1 s) 1+Kre TSF(s)

-

with the restrictions,

wgls) <« 1 : N (2.3.7)

ls] << u - @238
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Substituting for F(s) (equation 2.1.6) gives:

tfs + 1 ‘ .
g9t 1+ K texp {—Ts}]'ml(s) (2.3.9)

me(s) = [

T

The exponential factor exp {-18)} in the denominator is not significant

if:
|s| << % (2.3.10)
‘r t
o w12 . (2.3.11)
; , .3,

Then for an initial frequency offset, Wy (in zero state and at t = 0),

the error frequency time response is:

(2.3.12)

(2.3.13)

with restrictions of inequalities (2.3.7), (2.3.10) and (2.3.11). Using
equation (2.3.13), inequality (2.3.11) may be restated as:

r s> 1 (2.3.14)

Cc
. \

A more general way of handling the grror‘?ignal deféétof in a
1;near loop model 1s to assume only that the maximum frequenéy deviation
of vi(t) (maximum value of we(s)) is small compaéed to the bandwidth of
the STf, go that the frequency output of the STT, mo(s), is linearly

related to input and may be written [16] as:

e




‘ 1
mo(g) - Hb(S) “e(s) me(s) <<
or in terms of phase:

Oo(s) = Hb(s) 93(5)

24

(2.3.15)

(2.3.16)

where Hb(s) 13 the low-pass equivalent of H(s) which 1s the STT trams-
. - .

fer function. Since the 3 dB bandwidth C%) of H{s) 1s twice that of

‘ Hb(s), then:

1
Hb(s) = Tts+ 1

(2.3.17)

One way of appreciatiﬁg the lqy‘deviation restriction 18 to remember

that frequency modulation is approximately linear for small modulation

index (low deviation), and has only significant levels of the first

.sidebands &f the baseband frequency. With only the first sidebands

-, K N
then equations (2.3.15) and +(2.3.16) are valid for any value of s. With

equation (2.3.16) the error signal, es(s), may be written as:

es(s) = Be(s) - 90(5)

(1 - H (s)) 8,(s)
(2T 8,09

18 + 1

eS(S) = THb(S) w,(s)

(2.3.18)

. since me(s) = see(s). Equation (2.3.18) is comsistent with equation

(2.3.4) since the first two terms of the series expansion of exp {-ts}

equal Hb(s), however, equation (2.3.18) is more general.

\

I



By using equation (2.3.18) with equations (2.3.3) and (2.3.5),

the transfer function between‘mx(s) and me(s) is:

we(s) 1
wrG) T TH KT H(s) F(s) :

2
w (ts+ 1) (Tfs*'l)

= > 7 (2.3.19)
a-+ Kv-r) (s +‘26wns tu )

' 1
where ZGmn - .(2.3.20)
= -
= L (> . '
mn = 7= = |z ) - (2.3.201)
c £ -
§ (2.3.22)

and the first-order loop tim%\fgpstant, Tor is given by equation (2.3.13).
. - w

The error frequency time response, wé(t) for a step input, mI(s) =':},
and for 0 < § <1 is: .
. w ' ' .
- I ; »._ ty sin ¢(t) .
wy(t) = (“_va) [1+K 1exp ( -21) 5 1 _ (2.3.23)

where D = /1- 5% L _ ~ ’ (2.3.24)
6(e) = uDt - tan "l (=) . (2.3.25)

Equation (2.3.23) is completely valid for 0 < 6§ < 1 as long as the
frequency deviation of vi(t) is small. As the deviation increases,
equation (2.3.18) becomes invalid as the STT's effect on the frequency

modulation becomes nonlinear. In Chapter 3, the linear model of equation
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Q
(2.3.23) Qill be compared to an exact differential equation solution.
2.4 Identificatipn of Significant Loop Parameters
There are three significant parameters in the FLL, namely,
- the SIT time constant or mid-band group delay, T, the error signal
gain, Kv’ and the loop filter time constant, Tge In the following,
' i
the significance of thése three parameters is demonstrated.
The filtered error signal ef(f) at steady state is:
e, = Kdrmes, F(0) = 1‘ (2.4.1)
. . N
The steady state VCO relative offset frequency Woe is then:
w = LA,
‘{& KﬂKoKdTmes (2.4 .2)
The.e#&br signal gain, Kv’ is then defined as:
“K_. = KKK | (s™dy - - (2.4.3)
v aod N . )

At steady state then the ratio of the frequency error, d;é, to the con-

stant input frequency offset,‘mI, is:
-
W . 2
es , _1 o (2.4.4)

wy | L¥K7

The quantity Kvt is referred to as the open loZE gain, KbL' In practice,

KDL is much greater than one and,

Ky = KT =1+K1 . (2.4.5)

. - -

The steady-state phase efrof introduced by the FLL on the recovered

carrier is then: . -

-
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TmI mI .
ees T " T+ K K (2.4.6)
v V-

Tge STT 3 dB bandwidth, w3, is:,

wo 2 o -
w o~ F = ? ";/ B Q >» 1 ' . (2.4-7)

3

1
\

The linear modéiéfof equations (2.3.12) and (2.3.23) predict
g
that the acquisition ¢ime (to be defined explicitly in Chapter 3)-of

the loop 1s proportional to Tor if T, >> 75 and as the valug_of T,

approaches the value of T, the acquisition time would become proportional

to 1. - Since Tg is oﬁly %Fpendent-on Tf, Kv’and T;then the acduisition

time is only dependent on T, Te and Kv. ~ Thus, the operation of the FLL

can be soiely related to the three ﬁarameters, r,,Kﬁ, and Tg-

In practice, it 1is de ble to have geveral ways of measuring

the critical parameters of a system, in order to double check measure-
*6/\ . .

ments,_gﬁytﬁ’%ﬁgﬁtase that one method is impractical.

-~ o
The STT time constant, t, can be measured in several ways:

-
4
.

N (2.4.8)

dola 20
Dot=a =y
(o]
where u§3_ is the STT 3 ‘dB bandwidth
) ;
' 2) t =L (2.4.9)
- _

where - 1s error frequency at which maximum

error signal occurs. (See Figure 2.¢).
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L] t

[w = mo

d {H{ju
dw

- (2.4.10)

which is the STT mid-band group d

-

The open loop gain, K is easily measured by taking the ratio of the

oL’

‘steady—state error frequency, Wog? and the input frequency offset, Wy

- w .
=1
KoL 1+ KVT =5 = KvI ' (2.4.11)'
es
The_loop filter time constant, Tes is:
T o= = | (2.4.12)
. ) L ‘ .

wherecuL is the low-pass filter 3 dB bandwidth, and is easily meabured.

~

In closing this chapter, it should also be pointed out that T,
K, and 1. are three iﬁdepéudently variable parameters all under the
control of the system designer. The exact relationships among them

are explored further in Chapter 3.



CHAPTER 3

ACQUISITION BEHAVIOUR

-

3.1 . Introduction

The acquisition behaviour of the FLL has been analyzed in
reference [1] using a simulation approach. It 1s proposed here to

~derive an exact differential equation model for the FLL and to solve

»

it using numerical integration to obtain the loop’s translent response.
Vefy recently, Miller Communications Systems Limited (MCS) has built

an FLL into their 'SLIM TDMA" ground stations, as described in refer-
L]
ences (27 and [3]. It is intended to use the same or similar para-

Y

meter values as MC5 so that the theoretical responses obtained here

can be compared with the nleasured responses obtained by MCS. The para-

meter values used in the numerical integration were::

2n (20 x 106) rad/s

m =
o
T < 0.15,‘0.015 ms
Q = 67, 174
. . K = 30 to 75 dB
v

where the parameters have been defined in Chapter 2.

e

The transient response is primarily obtained starting with a

. .29

R b
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zero 1nitial state for the loop. The input signal which is zero for

t'< 0 has a constant offset w_. from the STT resonant frequency w . In

I
practice though, there would never be a zero state situation either
because of noise present or because of change stored in the STT due to

a previous burst.

LY

A signal of noise and no'carrier that was passed through a AGC
'and é hard limiter would have almost constant‘amplitude an& phase or
frequgncy noise determined by the quadrature component of‘the input
noisg an@ the channel bandwidth. After the STT, the phaée_or frequency

noise present could be reduced to the bandwidth of the STT. The loop

. 1
21 (15 ms)
1 kHz rate. In this instance then the STT output would be essentially

low~pass filter would filter the error signal vartations to a

a sinusoid at the nofmal steady-state amplitude witﬁ a random low-
deviation frequency modulation of approximately 1 kHz bandwidth. The
average frequency would be approximately W and in this case tﬁen the :
'initial values of the.state variables when a carrier was added to the
noise would correspond to that of ‘a steady-state situation of carrier
present with small f;equeqey offset.

The undecayed remaiﬁs of a past burst will also cause non—ze‘o

state initial values. The worst case would be to assume Initial

which were steady-state values for the‘maximum e;pected frequen
in the_opposiﬁe sense to the newly applied carrier. This casg is a
worse situation than the all-noise case since ﬁere the filéered error
signal‘ef(t) is the furthest away from_rts desired final value. To con-,
sider the worsé case siéuatian for acquisition, then one would use

initial state variable values corresponding to the maximum expected
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opposite-sense frequency offset.

After thinking about these practical situations, one mighﬁ be
tempted to study translent responses from other thén zero Iinitial state.
Howéver, since these practical situations were not considered initially .
and since to.do other tham zero state response when comparing various
medels for validity:would add complication, almost all trhnsieﬁt
responses dre caiculated‘aasuming zéro initial state. The response of
one model was calculated for the worst-case situation described in the

4

preceding paragraph c01determine what the difference would be.

3.2 Various Models Considered

!
} Several different differential equation models have been form-

* ulated to determine the transient response of an FLL. These modgls_vary
according to the type of 90° phasé shifter useﬁ, according to whether

. . : y :
a baseband equivalent or actual bandpass model is used for the STT, and

according to whether or not a hard limiter 1is used before the STT. The

actual models considered are:

. a) A bandpass model for the STT with an ideal 90° phase shiftert
This model is tefer;ed to as the BPI model.
b) A bandpass STT model using.a two-pole low-pass filter as a '
900 phase.shifper. This is referred to as the BPL model.
¢) A BPL model with a %ard limiter added before the-STT.. This
is ref;rred tc as a BPLH model.
d) A BPI model with a hard limiter added before the STT. This

1s referred to as a BPIH model,
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e} A BPI model with a hard limiter before and after the STT.
This is referred to as the BPHH model.
f)A A baseband model for the STT with an ideal phase shifter.

This is referred to as the BB model.

Only tﬁo.types of differentlal equations are required for all
of these models. One is the equation for a STT eircuit and the second
1s the ‘equation of a low-pass‘circuit.““

A STT ciréuit diagram 1s shown in Figure 3.1. Since thgre are
two reactive elements, two first—orde#‘differential equations are re-

quired for its input-output response. These equations are (cf. Figure

-,3.1):

- . m ' |
v (t) = "69 (-v_(£) = v (£) + v (£)) (3.2.1)
v (£) = w Qv (t)- ‘ ‘ (3.2.2)

where vi(t) input voltage
, : _ vc(t) éabacitor voltage
: _ vo(t) output voltage
o

w . STT resonant frequencdy
?

v Q STT quality factor

A single-pole low-pass filter is shown also in Figure 3.1. It

«

requires a single first-ordér differential equation.

V() = e (v (6) + vy () : (3.2.3)
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where Vli(t) is input voltage

N

vlo(t) is output voltage .
wy is steady-state half-amplitude
frequency

These three equations are the only differential equatioﬁs required for
ény of the six models described.
The STT input signal has two forms depending on whether or not

a hard 1imiﬁer is assumed. Without a hard limiter, the STT input sig-

nal vi(t) is:
vi(t} A cos [mot + Bé( )] . (3.2.4)

with A = V2

and Be(t)u wr - Kbef(t)

" For a baseband model, wo is set to zero. A is set to ¥2 so that the

difference frequency error signal at steady state is (cf. Chapter 2)

e = TW
83 T es

and the loop galn 1s then ‘ : o

With a hard limiter, the input signal is assumed to be:

: ' 1 .
vi(t) = B sgn {modulozﬂ{mot + Be(t) + %} - E} (3.2.9)

implies e = T

where B = - s es
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Equation (3.2.5) is a bipolar square wave of amplitude B with zero

crossings in the same direction and at the same time as a cosine wave.
L)

If an ideal hard-limited sine wave is desired, then:

vy (®) = B sgn {modulo, fu c + 6. (0)} - 1) (3.2.6)

Equation (3.2.5) 1s used in the ensuing analysis.

-

3.3 Model Equationms

3.3.1  BPI Model

The state equations for this model, which assumes a band-pass

STT with®™deal phase shifter may be written as:

vi(t) = /2 cos (8,(t) + w_t) (3.3.1)
vp(t) = f? sin (o (t) + w t) S (3.3.2)
V() = fp%u)-%u)+nun (3.3.3)
Gc(c) = w,Q v (t) | o " (3.3.4)
eg(t) = —v (&) v (e)" - - (3.3.5)
. . S )
ef(t) = ;—j(—ef(t) + es(t)) (3.3.8)
t

8,08 = g+ Ke(t) (3.3.7)

where vo(t) is the STT output voltage
--vc(t) is the STT capacitor “voltage

ef(t) is the loop filter output voltage

\

N
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Be(t) is the STT input phase S
' vi(t) is the STT input voltage

vp(t) is the phase shifter output voltage

3.3.2 BPL Model

The BPL model uses equations (3.3.1), (3.3.3), (3.3.4), (3.3.6)

" and (3.3.7) plus the following three equations:

(0 = u (v (6) + /3 v_(£)) | (3.3.8) -
Gp(t) = w, (—vp(t) + /2 v, (t)) (3.3.9).
_es(t) - vp(t) 'vi(t) o (3.3.10)

where ve(t) is output voltage of first 45°
phase shifter :

vp(t) 1s the phase shifter output voltage

3.3.3  BPLH Model ol
The BPLH model uses the same equétions as the BPL model except

the STT input voltage is hard limited and the input equation is changed

to:

I
2

_ o S
?i(t) = sgn {modulozﬂ{mot + ee(t) + 2} (3.3.11)

-
3.3.4. BPIH Model .

%) ‘
4
The BPIH model is tggLsame as the BPI model except that the STT

input voltage is hard limited and the STT input and the PD input -voltages
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change to:
v, (t) = = sgn {moauio wt+0()+%) -4 (3.3.12)
i V8 21 o e 2 2 T
\‘
a .1 '
vp(F) 5 sgn {modulqzv{wot + Oe(t)} 2} 0 (3.3.13)

3.3.5 BPHH Model

This model the same as the BPIH except that a hard limiter is

placed between the § and PD. This changes the error signal, es(t),

(equation (3.12)) to the following:

es(t) = sgn {vo(t)} v (t) (3.3.14)
_ P, . _

»
M

3.3.6 BB Model
A baseband model for_ﬁhe'STT was obtained by usingla complex

baseband representation for the 1nput signal with .respect to W and

. “ w
using a complex low-pass filter with real coefficient 5%. The error

signal is analyticaliy derived from the product of the real STT output
and the real phase shifted signal. The complei input signal and STT

differential equations are:

vt = /2 (cos 6 (6) + ] sinee(c)) (3.3.15)
» mo .
VoB(t) = (-VoB(F) + viB(t)) (3.3.16)

where viB(t) and voﬁ(t) are the complex input and output signals.

3
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The error signal is derived by multiplying the real % phase

shifted input with the real STT output. The real signals are:

Y

v (t) = R, {?oB(t) el

(3.3.17)

= Re {yoB(t) cos w t - Im {VOB(t)} ain wo€

v () = R {(sin 8,(t) = § cos 0,(c) P! ,
- {3.3.18)
= sin'ee(t) cos w t + cos Oe(t) sin w E
The error siénal output is:
es(t) = -vo(t) vp(t)

(3.3.19)

= -R, {voB(t)} sin Be(t)'i-Inl{qu(t)} cos Be(t)

Wy
The coefficient 56 is derived from the fact that the equivalent low-

pass filter has 3 dB bandwidth equal to half the STT 3 dB bandwidth

In summarizing then,> the equations for the BB model can be

written as: ..
v,p(t) = /2 (cos 6.(0) + 1 sin 8,(e)) (3.3.20)
- ' m .
v p(t) = 5% (-v g(E) + vyp(e)) _ (3.3.21)

e () = Im{voa(c)}coseetc)-_ne{voB(;)}sin_ee(:) (3.3.22)

ﬁL-(-ef(t) +e () T (3.3.23)

e (t)
£ 3

~ L
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Be(t) = Wy + I(v ef(t)‘ ' . (3.3.24)

Ed -

where viB(t) and voB(F) are complex.

3.4 Discussion of Computer Methods' Used

. -
The differential equation models were solved by numerical inte-

gration using the Runge-Kutta-Gill method. The step size used was 0.05
ns for the bandpass models and 10 ns for the baseband models. We first
attempted to dé the igtegration on a Floating Point Systems '(FPS) AP120B
array pracessor to achleve high speed but the soclution tended to explode
at any step size due to either errorsiinilsing the cosine function or in
range reduction for the casiné argument; ;The AP120B has-a 38-bit word
with a 28-bit mantissa and.lo—bit exponeng. The sémé difficulty also
occurred on the HP1000 with a 16-bit word. With a 64-bit word on the
HP1000, the "blow up" problem occur;ed only rarely with the BPL model
only; -It was later realize{hthat if ﬁhe.coéine a;gumenﬁ in, the model
inputs were calculatéﬁ in cycles rather than in radians_rgngg reductiﬁn T
wodid only require tgk;ng the fractional part of argument rather than
dividing by 27. The q&dels which used harg\limitéré did not exhibit
any blow up problems at all on the HPlOOOT " A .

Since mésc runs were done for a total time period:of 10 ué and
the step size for the.béndpaég ﬁodels was 6.05'us a total of 200,000
iterations ;ere reqpireq. 6n the HP1000 with maximum word size (64
bits), the solution took approximately 30 minutes fqr'the bandpass

models. The baseband models required less than a minute. °

A}

a

__L\
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(,/”’A/é-\\L The hard limiter models were aisq tried on the FPS AP120B without
success. It was unfortunate since at the same step size and total inte-
gration period and using the identical integratioh routine the AP120B
_took 25 s compared to 30 minutes on the HP1000. The new high precision

FPS 164 array processor would handle the entire problem quite weli in

—

under 30_5.

For =zll ploﬁs.of the error signal response and the frequency
error response, bnly 100 points of the solution are used. Thi; was done
to keep'plotting_time down on the dot matrix line printer which was used
.for hard copy resélts. " Using 100 points does chanée some of the fine
detail of the responses but from observing responses uging more than
100 points, “it does not make significant differgnces.

The error signal pléts whigh appear .in this chapter are not-the
complete error signal which contains sum and difference frequeﬁcy compon-
_ents. Since_it is deéired to consideg oniy the difference frequency com-
poﬁent, the mixer output signal 1s passed through a low-pass filter of
i'HHZ bandwidth for plotting purposes although the complete error signal

- .

is applied to the loop low-pass filter, as described in Section 3.2.

-~ . 4

3.5 Discussion of Computer Sclutions '

There aré four significant parts to the computer simulation
~results. First, all the models described in Section.3.2 were Jun frqﬁ
zero state. In all cases, the fféquency trackiné error, me(t), is
plotted vef;us time, with error Qignal gain, Kv’ being the main para-

meter that is varied. The main motiva;ion in this part (3.5.1) will

. -
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be(Po verify that the models are consistent. Second, one of the models

is used to examine the worst case acquisiticn écsponse from ste;dy‘séate
at g maximum offset a£ one polarity to the maximum opposite polarity.
;hird, the response from one model is compared to the measured results
obtained from reference [17]. Fourth, the linear Laplace transfofm.model
of Chapte?}Z 1s compared to tbé/differential equation solutions.

’ +
3.5.1 Comparison of Differential Equation Models

)

All the differential equation modéls except the“BPHH model

(two hard limiters: one before and after the STT) give almost exactly
the same resbonsg for all values ;f the T, (givenxin equat;on (2.3.13))
down to approximately T. ' - |
This é;;;;;ent is demonstrated at T " 0.9 4in Figure 3.2. The

BB, BPi, BPL, BPIH, BPLH, BPHH, and linear Laplace model responsés are
shown in this figure. It is interesting to note that at this value of
T, =T that the baseband and bandpass models agree. Also, the use of
hard\iimiters-ﬁefore the STT makes no difference to the acquisition
resﬁonsef\‘ : ’ e

- At values-of Te = 0.1 the different models give slightly dif-
ferent results as shown in Figure 3.3. The use of hard limiters before
the STT still makes little difference and the responses of the BB, BPI,
BPL, BPIH and BPIH modeis bear a lot of resemblance. The main dis-
crepancy is in the, final values. For a 50 kHz initial offset and a
183.4 dB loop gain the final vaiue predicted by the steady-state equation

-

(2.2.13) is 31.8 Hz. From Figure 3.3, the final values appear to be
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! | y .
ranging from + 9 kHz to -6 kHz. There ié no good ‘explanation for this
beﬁaviour at preéent, and Eperefore the acquisition performance -of the
loop for values of Te much less than t remains to be better uggeﬁstood,
although it can be sald that all models are consistent 1n predicting an
'undérdamped response'similar to a second-order system.

On; possibility for explaining the large appﬁrent final values

is given in Appendix A. The efpected fépal value for a constant fre-

quency offset has a dc blas as fellows:

R R - . (3.5.1)

but this bias predicts = 1 kHz error in the final value of the frequency

error independent of Kv so that this d.c. bias cannot be the yhole cause.

The responses of the BPHH model are interesting. It was.not
expected that ghis model would give the same response as the otrher since
the steady-state frequency error response curve is différent due~t§ the
sécﬁnd hard limiter. Itlmight have been expected that the second limit;r
would reduce the order of the closed loop responsg,lsince any amplitude
roll off due to.the STT 1s removed. Howevef, the response 1s still sec-
ond ofder, but slightly faster and with slightly more damping.

One other result shown in Figure 3.4 1is interesting to note.

The error frequency acquiéition performance is only dependent on the
ratio of ;E and not on the individual values. Thi; agrees with the in-
ear model gf Section 2.3.

vt
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3.5.2 Worst-Case Non-Zero State Response

In arder to examiﬂe the worst-case non-zero state response, the
BPLH mddel‘was used with the same loop pﬂraéeters as in Figure 3.2. -
Four runs were made starting at zefo stéte with i#itial frequency off-
sets of * 50 kHz and + 200 kHi (+0.3 and +1.25 of the STT 3 dB down
frequency offsets). After 10 us, the frequency offset was switched to
the opposite polérityfto simulate the horsl case non-zero state acquisi-

tion. The results shown in Figure 3.5 are encouraging since the worst

case non-zero state acquisition times are only about 30% greater than

.

PRI g
the non-zero state cases. ) -
3.5.3 Comparison with Measured Results r

A photograph of frequency error response was obtained from

Miller Cémmunications.Systems (MCS) for a FLL with the following para-

meters:
fI = 50 kHz
. ‘ f = 20 mHz
. o

\: Q@ =. 174

T~ = 0.15 ms

~
)

145 dB

The measured response is drawn in Figure 3.6 with the differ-
ential equation solution. The égreement is remarkably close, consider-
ing that the MCS system had an AGC circuit during the SIT which initially

provided a higher input level to the STT and would make the loop gain
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hjgher for a short time.

3.5.4 Eomparison with Linear Model

' The .error frequency responsé calculated using the_linear'model
of Chapter 2; equation (2;3.23), i1s shown in Figures 3.2, 3.3 and 3.7.
The linear model predicts a fifst~zero crossing in about 25% shorter
time and is siightly less thped, but the natural frequency and the
envelope of th; responée are almost the same as for all the differen-
tial equation solutions. This is a very useful result because it means

that even for acquisition performance the linear model may be applied,

and it certainly would be useful for analyzing pﬁase Jitter performance.

| 3

L

v

3.6 Acquisition Time and Choice of Loop Parameters . '

‘ —~—
Since the linear model given in Section 2.3 agrees so well with

s

-

\3 .
the differential eiuation models, equation (2.3.23) should be useful in

estimating the acqu tion time.

'For\E\Qscond—order system given By equation (2.3.19), the en- S
' »

velope of the tiﬁg response decreases as Eﬁb ﬂamping ratio decreasef}
until critical dampiﬁg where 6§ = 1, For & < 1, the enQelope ié constant . : e
with respect to changes in §. From equation (2.3.22) then the parameter .
T, should be made less than 41 to achiéve the best acquisition time for \
a‘given'value of T and the envelope of the time respoﬁse in eqhat;on
(2.3.23) can be used to estimate acquisition time. It 1s also conven-
ient to assume that T, be made equal to T thch would iIgply 6 =-%.
In order to estimate acquisition time, it is necessary to define

the point where a. suitable carrier phaée estimate has been obtained. For

N
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¥

the FLL, the carrier ph&gﬁ estimate ertor islthe STT phase shift, Gs(t).
The acquisition point then is the point where the carrier phase errgr,
Bs(t) falls below and stays below the maximum allowable phase error,

Gsm,-which causes the maximum tolerable degradation {however small it

might be) in the bit error ratel(ﬁER) performance of the receiver. It
1s important not to confuse the cérrigr phase error es, with the STT
input phase Be(t), given in eqdation (3.3.7).

Now; the FLL carrier phase estimate error, es, 1s related to

the frequency tracking error, W,» as:

- . L]

. -1
= “ .
8, tan (Tme) < tw, A <
s (3.6.1)

Q> 1

g . o
Using the envelope of equation (2.3.23) and substituting :? for'we and

" rearranging the following estimate for the worst-case acquisition time,

t > can be obtained as:
aw

- TWe
t 2 2t In (~—m—) {(3.6.2)

. aw 3} -8 ) ?
_ sm sfm .

‘where 9Ia’¥s the maxiTum value of mI"Bsm is the maximum tolerable value

w

~ _Im ' )
.of es, and esfm = 75: igs the maximum final value of 88. Obvious}y, 8
must ‘be larger than Bs

sm

and ideally 9 ctm should be insignificant with

fm £

3

\\;ggzzct to Bsm in order to minimize the argument of the logarithm in

e ion (3.6.2). Therefore, Kv'shoﬁid be chosen such that:

Cm L -
K, > 50 - : ' " (3.6.3)
A . sm - -
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e = Kt© W _ (3.6.4)

and all the parameters of the second order FLL are established qﬁ%ative

to T. nﬂ\k-_“\:

Now, the STT time constant, 1, could be chosen to obtain any

Fl

vdlue of acquisition time desired, except fér sevErh; diffiﬁulties.

First, as 1t is decreased, the level of receiver Gaussian noise and data

dependent noise in the loop will increase. S;cond, if the value of T

is greater than ;l* » then equation (3.6.2) becomes too optimistic due
Im ' A
‘to the non-liﬁear error signal versus frequency response. Therefore,
: . i
iglchoosing T, noise, maximum offset and acquisition time must be con-

-

gidered.
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- NOIéE ANDwJITTER PERFORMANCE ' -

»

The effect of noise on the FLL is primarily discussed for'a FiL
with a hard limiter included before the STT. The justificatiop for this
is éiven in Section 4.1~whe;e the equivalence oé the 1imi£er STT, PD
and phaéé shiffer to a conventional-Qinglg-tunedfilterlaﬂd a limiter
éisériminator is discussed. In'Sectionuﬁ.Z the equivalence of the FLL
to the FM Feedback (FMFB) demodulator Yirst described by Chaffee in
1939 [7] is discussed, and,thé‘applipa:ion of a'linéaF modgl.for ﬁigh‘
.sigﬁaiQto-noise case 1s given. The analysis of phase jitter or frequgpcy
jittef is also eqﬁivalent to:th; noise analysis for high SNR.

4.1 The Effect of Limiters

The STT output signal {s used for two purposes. It is used as

" the recovered carrier, and it is also ome of tvyo iﬁputs to the phase

detector. For both uses, it is desired to have constant amplitude.
~ . . n :
The reference phase input to the phase detector also should have constant:

amplitude. The best place then to place a limiter would be as shown in

Figure 2.3. If the hard limiter is not used, what happens'is the follow-

3

ing. K?inee the phase detector is-a'multiplier; any amplitudé variation-

whiéh passes through the STT to the PD (and is also present at the PD
reference inpﬁi).gets squared by the multiplier. Therefore, any am- s

- X

53 L-
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plitude variation entering the FLL will get detected and causg a d c.
- bias or offset in the error signal. In Appendix A, it is shown that
for a STT input signal:
‘vi(t:) = (A+ nc(t)) cos @ft - ns(t) sin wet ‘
[

that the expected steady-state difference frequency error signal D\

-

given by: /{
. . -

2 N -

' lim | A 0 1 |
e, = E {t-wo es(t:)} (2 + -z-q). (-\? + Tme) o (4.1.1)
N
where E:_ 1s the wh'ite noise power contained in v (t) and glt'bisﬂghe re-
X, .-
ceivpy nofse bandwidth to the FLL input. The: var?: nce of the error signal
e .
without a limiter*would htfwe tem}pqoportio'nal to T~‘-° and 102. Another

- ’ . . ' X
problem with not using a limiter iaxva_riatiqn in the carrier level. Even

- L]

if an AGC is used pridr to I’fﬁe'FLL, the‘dynamics 'o-f the AGC will affeet
the dynam%\‘qf carrier acquisition. The ratio of the AGC :vide open
gain ‘(no cerrier .p'resent) to the nominal g'airt ‘will depend on the noise
level anci it would pe impoessible to Oft:im_ize the vaui_Sition of the FLL
It is therefore asstimed that a limiter would be used prior to the STT.
/\gt?er improveﬁxent's a;:e possible by u.sing limiters at the STT out~
put as Shown ,in Figures 2.2 or 2.3. Limiters in these positions would

remove any PM to AM convgsio:b.of the STT and would also allow slightly

.

faster acquisition,ca's shown in Cl],:pter 3. o \
.~ .The pre—ST’I‘ limil:er, plus STT and PD are roughly equivalent to
a ideal 11mite; scriminator plus a single-pole low-pass filter of 3 dB
‘- . > ‘
. _) . N
- /" ) o

e



bf,md‘n«ridth-l Tﬁia statement is justified by the linear model equation

(2.3.18) developed in Chapter 2, A:;ich wag shown to be valid in Chapter
3.

k4
4.2 Equivalence to FMFB Demodulator

The linear open-loop transfer function of the FLL is:

-

uy(®) 00D o g (s) F(e)- | (4.2.1)
wI(s) BI(s) .
9

- where mv(s) is the VCO output error frequency and Hb(s) and F(s) are:
y '

H(s) = ooy . G2
1
F(8) = ;;:;:TI (4.2.3)

This 1inear model is almost the same as the linear model used
by Klapper and Frankle (reference [16]). Although the épplica;ion of
‘thié circuit forf;artier recovery.is slightly different and the perforﬁr
ance criteria and critical parameters may'bé different, reference [16]
(Chapter 4 and 7) has a large amount of -information which may be helpful

in using this approach for carrier recovery. ; .

4.3 Linear ﬁoise Performance

Besides the acquisition performancé discussed in Chapter 3, the

other critical parameter of interest is the phase error es(s) between °

" the received modulated signal and the recovered carrier caused by the
5
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recovery loop for various perturbatibns such as recelved frequency off-
set, receiver front end noise, and phase noise due to reference oscil-
lators in the up and down copverﬁors. All of these perturbations can

be lumped together (assuming high CNR) as an input phase variation BI(s).
Ideally, thq'CR*circuit will track the long-term variations but not the °
short-term varilations suéh as pattern jitter, which should be averaged

out of the recovered carrier. For clarity, Figure 4.1 shows a loop

8 (8)

model with these variables marked. The transfer function E§f§T is ob-
: I

.tained, as follows: .
BS(S) = 80(3) - Be(s)

= (H(s)-1) 0_(s)

.

-es(s) i ~T8 Hb(s)
0;(s) 1+ kfob(S) F(S}_

g

—TS(TfS+l) w 2
| = 5 1 N (4.3.1)
(1 +'KVT) (s + 26w 8 + w_ ) : \\\\

Other transfer functions of interest are the input-to-output
er(s) Bo(a) o

or » depending on which, way the FLL is
-8:(8)) " ea.(s) o .

applied, (Seé Figure 2.1 and 2.2) and also, the loop phase transfer
o _(s) : _
v -

transfer functions,

function

Go(s) Be(s) Hb(s)-; Hb(S)
'aI.(s')' = o1 (s 1 T Kt H (s) F(s)

(4.3.2)

LA

* Carrier Recovery (CR)
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L]

Gr(s)' Bs(s)

!
6, (s) 8, (s)

18 Hb(s)

a2 1 - 1 +Kv; F(s) Hb(s) _ [\ (4.3.3)

and Bv(s) kvr F(s) Hb(s)
0, (9) R kyr F(s) Hbcgg
)
T W '
= 57 “n - (4.3.4)

2 2
1+ kvr) (§° + 26wns + w, )
. : N ki
The Bode plots of these transfer functions are given in‘Figures

4.2 and 4.3 for the values as follows:

-

T = T = 10 »
C
3
Te = 10
© K = 109
v

N

Tﬁe significancé of the transfer function will be appreciated where
frequency "clicks" and threshold operation is discussed in the next

section.

N
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Figure 4.2: Bode Plots of Various Transfer Functions
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Figure 4.3: Bode Plots of Various Transfer Functions



A.Z Threshold Operation of the FLL.

'

With the FLL being used as a carrier recovery circuit and since
it is established thﬁt the FLL is a special épplication of an FMFB demod-
ulator, it is important to consider the éffect of frequency '"clicks". See

4

reference [5] or [18], for more detatls. A frequency "click" can be ex-

plained by considering the followWing expression for sigﬁal plus narrow

band noise at a limiter-discriminator input.

v, () = Al + n.(t)) cos ¢ (t) - n_(t) sin ¢(£)} (6.4.1)

where ${t) = mot +‘f we(t) dt

A frequency "click" occurs when there is one zero crossing in ns(t)
during a time period Qhen 14-nc(t) is negative. It appears to the demod-
~ulator as though one extra or one less cycle of the carrier was present.
When the réte of occurrence of cycle slips begins to significantlj ‘
affect the SNR the demodulator is said to be at threshold. This phen-
omenon 1s similgr‘in its effect to cycle slips in PLL's. What will hapéen
when a frequency "click” occurs is that the recovered carrier will have a
" 21 radians transition in phase which probably will cause data detection
errors during the tranéiﬁion. Obviously, the FLL should be designed to
avoid frequency "cliqks" if at all possible. | g ' |
)The FMFB demodulator is.a threshold rédﬁétéén FM"demodulator.'
It works by the fact that a reduéed signal frengncy deviat;an alléws a ’
reduced bandwidth filter before demodqlation. This allows the noise com-—

- » . . .
ponents nc(t) and ns(t) to be reduced and thereby reduce the probability

of a "elick" occurring. In FMFB design, this is referred: to as the open-
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loop threshold [16] since it is due to the limiﬁer-discriminator in

the open-loop response. Also in FMFB there {s a feedback threshold

ehich can occur even when the limiter-diecrimindtor {LD) 1is Opergting
'above'(open loop) threshold. The feedback threshold 1s caused by [8]
intermodulation of the VCO phese noise and the FMFB demodulator input
in-phase noise which produces an excess LD input phaae'noise in addition
to the phase noise éizgp/g;"the difference of the FMFB demodulator input
phase noise and the VCO phase noise. When this excess noise becomes
significant‘compared to the difference between the input phase noise

" and VCO phase noise, then the FMFB demodulator is at the frequency thres-
hold. To ensure threshold reduction, it is required to consider the com-
bined effects of the Open-loop and feedback thresholds [8 16].

Before proceeding any further with consideration of threshold,
one slight difference between the FLL desigp considered so fer and.the
FMFB design of reference [16] is the location of the STT in the loop.

As part of the frequency detector (after limiter) it may not give the
same open-loop threshold improvement as an equivalent STT could before

" the limiter since the limiter could tend to "harden" or emphasize any
"clicks" so that a post-limiter STT would not be as effective. One easy‘
solution to Ehis problem would be-to place another STT before the limiter

and place a zero in the baseband part of the FLL for stability compen—

-

sation. With a zero at the same frequency as the STT equivalent base- '
. L
band pole, the loop dynamics wauld be unchanged. This alternate FLL

i1s shown in Figure- 4.4,

Rather than dealing with baseband SNR's in the application of
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FLL's to carrier recovery, it makes more sense to use the probability
of- frequency "clicks" oceurring or average 'click" rate, etc. as the
threshold parimeter since the "click" rate can be transiated iﬁto a
BER due to threshold. In the case of the FLL open-loop threshold,
this is given iﬁ reference [ 5] and was o;iginally derived in reference
(18] by Rice-as:

( TAzﬂ
erfc (/CNR) . .erfc \ )

2rT /5 2nT /5

(4.4.2)

where N 1s the "click” rate
%-is thelSTT 3 dB bandwidth .
‘erfc(.) 1is the complementary error function
CNR is tﬁe carrier-to-noise ratio at the LD input

No is the input noise spectral density

.

Unfortunately, in the case of feedba;k threshold, there is no
relationship available which describes the ﬁhreshold in terms of clicks
or any other discrete e;ent,fhlthough'it may be possible to defive the
effect of excess. phase noise associéted'ﬁith feedback threshold on the
probability of error at detection. Presently, the only way to ensure
that the excess phase noise associated with the feedback threshold will
be insignificant compared to the phase noise predicted by the linear

loop model 1s to design the FLL;%ccording to Enloe's [8,16] feedback

' ¢
threshold criterion: 4

3]
A

1 .
.an (t) 9.8 : . (4.4.3)
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where anz (t) 1s the mean square VCO phase noise "4\55
due to loop input phase noise (

The mean square VCO jitter is given by [16]:
J

L2
ZNOBN 8 (s=0)
vn A2

| A
BI(s=0)

65 °

(4.4.4)

where BN is the loop noise bandwidth 'and from section 4.3 is given by:

2

© 8 (jw)
A4 df

81 (w)

N 2
8,0

l —

!
()

“n 1
f 2 " 27 (Hertz)

The mean square VCO phase nolse jitter is then:

® o 2(t) = 2
vn At
L

\

(4.4.5)

e

a(4.4.6)'

If it is assumed that the onFt case (at which the CR circuit must work)

CNR at the métched filter output 1s pmr then:

7

’ ﬂAz T "
- xX -
2N Pa
o]

(4.237)

where ;%— is_the noise bandwidth of an IF matched (to data) in Hertz.

X



then: .
—3 AT,
evn = % (4.4.8)
mt
fp T p_T ~
m m
v erfeV Tx) ) exp( —"—Tx)
Nog ——————— -- (4.4.9)
2wt /3T . 2wt /5 .
me . —
For T " 20, the average click rate is = 1,5 clicks/hour and the mean
' P X
square VCO phase noise is f% and both threshold effects do not seem to

be a problem altough it is not known how the mean square VCO. phase noise
- .
translates into a "click" rate. ' . v

This section which deals with the threshold perfiormance could be

. : &
refined and has not been tested by experiment. "However, the relationships

o -

for threshold performance examined in this section are those needed to

& .
trade off {the loop acquisition speed and tracking ability against noise

- -

performance\of e loop, since any increase in t improves noise performance,

but reluces acquisition and traEking performance.
—
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CHAPTER 5 _
N Seme—= . - -~
CONCLUSTONS AND SUGGESTIONS. FOR FURTHER WORK
5.1 Transient Analysis

5.1.1-’;mha‘exact'transient analysis has been dohe on several circuit’

-

models for a second order frequency tracking loop. As a result of the

" transient nnhlysis, ‘a number of conclUﬁIﬁﬁs can be drawn:

.a) Fast rgliable carrier acquisition can be achieved in 2 to'lQ STT

v ' . t
time constants t from zero or nén-zero state. ,
. .

b) A second-order, linear model is useful for egéiiating*apﬁuisition
~ - . ' ’ ' ' vt '
time, formulating a design procedure, and for analysis of high -

CNR noise if a hard limiter is used, and phase jitter.

T

¢) The parameter T, = should be ‘kept-between t and 41 for

BE-KVT
good acquisition peMormance. , L

d) Limiters before the STT do not affect.acquisitipn performance.

.

Y

- -

5.1.2. By aLlowiqg‘alnon—linear degradation factor, b, to dcgount iof

the slower responseé due to non-linear effects afvlargewinitial frequency, .

offsets and non-zero state starting and aftef-following the désign_pro-

cedure of Section 5.3.1 ah_émpiridal upper bound can be written using

equation (3.6.2) as: Co . e,
: . -~ Tt . . R :
. | - 1 -
tam < 2})T 1n (68;5 'wIH < - ‘ . (5.1.1D)
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A N
T =T .
where sPe value for b is approximately two. o A
. o . . . N . T
5.2 Noise Considerations .

-

. 5.2,1 A hnrd 1imiter should ‘be used before the STT, as shown in
Figure 5 1 in orfer to stop amplitude variations and amplitude noise

L}

on the ecarrier causing phase jitter. )
5.2.2 Since the FLL is equivalent to an FMFB demodu:ator, previous
-analysis done on FMFB demodulators isuseful in consi ering g&sﬂ}i

CNR case for Gaussian noise

. -

5.2.3 . Gaussian noise can cause frequency "clicks" at low CNR's which
will probably cause symbol detection errors in the.demodulator, how— i
ever, by restricting the STT noise bandwidtﬁ and ‘the noise bandwidth
of the loop.which.are both. proportional to —-for the design procedure
frecommended,_the threshold effects can be made_insignificant.

. . _
'5.2,4 It appears in the consideration of the noise versus acquisition
time trndeoff that acquisition could be achieved in betueen 10 and 100
times the -symbol period~for 2 bits/symbol modulations with oompletely
inslgniéicant effects due to frequency %niicka" if a hgrd limiter is

used, nlthough more work and experimental results are required to

verify this.,

ro
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5.3 Design Procedure

5.3.1 1In order to achieve a good design, the following design pro-

" cedure may.be fqllowed:

a) Chpose 1, trading off héise performance and acquisition performance .
using equations (4.4.7), (4.4.8) and (3.6.2).

b) Choose Kv,according‘to inequaiity (3.6.3).

£ according to (3.6.4}). ' o ‘.

¢)—"Chgose T
5.3,2 It should be noted thaf after folléwing this procedure, nothing
can reduce acquisition time (assuming 8., and w_ . and circuit model

SM M
remain unchanged) except feduhing 7 and repeating 5.3.1 (b) and (c)

. -/ *
over again. \\\\“‘

"

5.4 Suggestions for Further'Work

" 5.4.,1 Investigate the bias problem encountered for T t/10 in the

bandpass differential equaqiog models for acquisition performance.

-
.

5.4.2 Further investigate the feedback threshold effect and the &

Enloe feedback threshold criterion and attempt to relate it to Bic

error rate performance. v
- . & . -
-

!
-

5:&.3 Block diagrams shown in Figures 5.2 and 5.3 may give better

acquisition performance”and noise performance.

i~
L]

In Figure 5.2, the STT with transfer function H 4) reduces -

-

the SNR loss [9] due to the first limiter. The equali er +ith transfer



71

20UPNUIOFaD] m.o.hu,kﬁmﬂ_.&ui puU® 9STON

paaoxduy 9pya0lg Aew YsSTys TIJ JO wea8ey( A20TY

$72°6 2an31rg

n-.

[ R o T U ——

! . v

m Y

— . @

n ‘ 2 i »

!

i (s)1

| )

! i *

b= ()™ :

_ T

_ .

|- 3 .

| .

- ) n ,

“ .H " -

! ) ]

- — &— I.*.I - .Am.vwm .*.\.h- -

118 I 1IS
-\




72

(12893uT ur u) 10332330

£ouanbaig 1BSUPT YITA T JO weadeid 3ooTd E°S ean8ry

OF -

e —— e — o e - —




BV ,
¢ ' . ‘ 73
o
. ‘

function l/Hbl(s) where Hbl(s) 1s the baseband equivalent of Hl(s),is
sufficient to ensure stability. The second limiter is intended to
reduce acquisition time and noise degradation. The second limiter
also makes the steady;btnca error signal a monotonically increasing
function of frequency. In Figure 5,3, the frequency detector shown in
the loop is linear over frequency range 2w°/(2n-l) with sensitivity of
an(Zn-l)/(Zmo). Otherwise, it is expected that the block diagram of
Figure 5.3 would behave similarly to that of Figure-5.1.

5.4.4 Refine the estimate of acquisition time in terms of data symbol

‘time period with neise effects on bit error rate as a restriction.

®

-\

5.4.5 A_%Pmparison study of the'PLL with the f{L wquld be useful.

%'

A




APPENDIX A

N . ’ . b

DERIVATION OF STEADY STATE ERROR'S.IGNAL IN
PRESENCE OF GAUSSIAN NOISE (NO LIMITER)

e .
<

“The STT input signal is:

Vi(t) = (A + nc(t))coa we

The error signal may be written as: ,’5

t .
e;(t) - vp(l:) of hia) vi(t-a) da

t - ?B(t.) gin we t

-{ J
where T :
hi{t) = 2 t -~ L sin w, t)

‘ T TRy d

vp(t) .= .—(A'-’r-nc(-t)) sin wf:t- ns(t) cos w

e u(t)’ (cos Wy

ft
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When vp(t) and v'i(t-—- a) are multiplied together, the sum and

difference freqﬁency components arise. By neglecting the sum fre-

quency components, then the difference frequency error g_igr_lgl'may be

, writter as:

¢ ) )
- es(t) = —%i h{a) (nc(t)+A) (nc(t—a) + 4A) sin W da
\r * I t‘ . lr"‘ .
+5£ h{a) (nc(t)-i-A) ‘(ns(t-u))"cos w e da
1t " s .
_) --—2'£ h{a) ils(t) -(nc(t-‘a)."rA) cos we da
1 t, ' . X " ) " °
3 i' hia) ns(t_:) ns(t-u) sin c.ufa da



—’  m
E
5 ) '
By taking the 1imit:,5\s t + « of .e;‘(t) and taking the expectation,
o/
then,
N
e = E {lim e (t)} = -1 fm h(a) (A2+'2R {a)) sin w.a da
88 . tre B 2 o o n . £
R - o ! "N d
- -1 J (A2+2R (a)) e-T (cos w,a sin d[d——l-!sin w,a 8in w_g) da
T n -d Tw d f o
- . d p{
where Rn(a) 1s the autocorrelation of the input noise. It is assumed
that:n:he input noise has a correlation time, T and,
_Lal .
-
- No Tx .,
-l Rn(u) - 27 € " - 7 "{:l\-\ .
Now by expanding the sinusoidal terms: v : -
o ¢ - , i
e’ = X A2+ 2R _(@)e T (atnlu, +uw,)a - sin(w, -6 )a '
88 2t o n d £ ~d -t . A
™ -
™ L cos (w,-w.da + L _cos (w,+uw Ya)da )
LS Ty, d °f Ty - d f
- - W‘ * b -
The signal componenE @ a5 (2Rn(c.) left out) is: .
) (4 -
. Al g + wg Wg Y .
e | - - .
EE 2t 1 .2 1: - .2
- 4 \ —
2 (g tug) 7 ¥ (g =~ ug)
T T .
1 ' 1
Z 2 -
. » T Wy T wy
- +
¢ 1 2 1 2
? . ol - w .
7+ (g -ug) 7 ¥ gty
. T . T
Y s - <
LY b ‘ 1]



\
o to b=E) T '—w+7—1)
A2 T d £ T2md d f 12 wy
v T 2 2

2 2 .
Ll-i-"r (md+uf) l-f-.'r (md—-mf)

The expression may be simplified by aubstitut‘ing" for Wy and We

1 LY
, Wy =W 1- 4Q2
we = W + w
1 1 i o, ' 4 f
) TWy .4 ¢ /aQ2-1
g
v :D/"T(Nd.*-mf-"%.) - 4Q2{1+2Q+Tme+ 4Q2—l
_ T w . ' .
, d B
x - N
. g 2
\ ! . = 49" + 20 + Tw
/402 -1 ©
L _uQ? .t
Tlug —wg +5 ) = = - Q- Tw
. 22 /aQZ-1 € 0
d 1
= iq " e Q>>1
T (g = wg) = ( "Qz‘l‘ ZQI' ty,)’
. ) 1 2
o= (- Aq-rwe) Q>>1
5\ : - . T S
/ﬁ’? <2 (a, + mf)z = (/u®- 1+ 2Q + m\e)f/
. . '



For Q »>> 1 and W, << 2Q, then: .
Fa 1
e = ML _agT e
858 2 2Q 1+ 12 o 2
492 *l
Sit}ce ~ 2Q -

2[ :
. _A)_1 ‘
a8~ . T 2| 20 + me]
27 . .
Yl DT I
2 2Q mo e
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P/ The noisé component of the expected steady-state error signal

has the same form as the signal component except

-c
A2 e T
- .Tl.
is t:eplarcet; by the quantity: . |£] )
v ‘ - % No Tx
. Rn(a) e = 2 @ e
x
and since ¢ > 0 \
L
then .Rn(u) .e -‘ E_: e .

that the quantity



T

\Therefore, the nois{c‘ﬂ -component of the expected steady-state value of

the difference frequency error signal {is:

e
(— Q> 1
N
e - = - L + Tw Tw << 1
s8N 2rx 20 e e .
' ’ T > T
L] ’ x
\ ) %
and ’
" N 2 d
E o A
.= o ————— + —
ss g 2Q t T (21 2
N v
- B . \
1 (} . .
AN
s
j ' -
t‘ - F)
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