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JKBSTRACT 'nft‘ This thesis is., aﬂstudy of. the effact ef. _
_ s ant, on the flim thlnnlng‘behaviour'of smaIJ élngle dropletszcoaln _
7rescing-at a planar rntgrface in, oil/water Sy%tems._ There“are two:ﬁ‘ﬁ
magbr parts in thig.thesis. The f1rst 15 the mathematlcel mode111ng _
ef f11m thinnlng, ehd the Second 1s the exper1menta1 measuremeht of

“the" variation of film thlckﬁess durlng thinnlng..p : ;ra;i,,;;-"

; mathematical modelllng con515ts ‘of: . _
(i)- the‘development of a f11m thinning model in which the inter-
face mobility is calculated and not assumed arbitrar1ly, :A
(ii) the numberical solution of this film thlnning model based ) , o i
on a polynomial representation of the pressure in the film, . : g v -
(111) the extension of the parallel disc model’ to. desarihe the ;

thlnn1ng at the barrier ring for uneven thinning, by allowing the . B
1nterfaces to have vary1ng degrees of partlal'moblllty. and o
' (1v) the algebraic analysis of ‘a postulate for the conditions
for even and uneven thlnning, based on the assumption that ‘the press-
i ure in the film is a parabolic function of the radial distance.
To Verify these models, their ptedlctlons are compared with exper-

< 1mente1 obsarvatzons.

- B "In the experimental part, the offect of additions of pal-
mitic acid afd ‘the effect of drop size and bulk ‘interface agéren the
f11m .thinning behaV1our of toluene drops have been 1nvest1gated using
the white light 1nterference technlque. A novel drop formlng technique
‘has heen develuped by whlch one-drop forming nozzle can be used to ha

~ form drops of different sxzes without piercing the bulk interface; thist

-

1 ‘ ‘;?' technlque el&mlnates the pOSSlbllltY of surfactant transfer between

By . the bulk ,4 drop interfaces. = _
DU ~ "*New ‘observations of film thinning behaviour are reported.’

£

These areithe uneven th1nn1ng pattern that occurs when both the drop
.and bulk interfaces have the same surface’ concentrat10n, and new thin- :

nlng patterns which occur when drops are released to the bulk 1ntéff S

face in rapid succession.

iii -
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o - surfactant concentration of |-

K o c;natant for the linear isotherm.

.L' Coefficient of r in. the pol;nonial repreaentation of the
_ tilm thickness (normalizod) Ly danotoa the nornnlized film
thickness at the barrier ring in Chapter 5
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Geometrical factor. derined in BEq. (5-7)

n, | | -
’ 'ni o Humber or conpletely 1mmob11e 1nterfacaa
nK "Number 6} fully mobile 1nterfacea- extended in 1ts meanlng to
' the degree of interface mobilzty
"N The higheat order or 2 in the polynomlal representat1on of .
T o T B thp pmcasurp in the film o B ~
P . Pressure ;n the film e : -
P _ Norﬁalizihg conbtant fqr.pfeasure
' _(r;z) Axi-symmetrical cyllndrical coord;nates, r = radial digtance
' ' ' - and z = axial distance '
-‘fc ' Barrier ring radlus
. Normallzlng conatant for radlal‘dlstanqe
R . 'Symbol danoting the instant of film rupture S °
R! ' . Radial distance where the 1nterfaces aro not 1nfluenced by
' ' the:flow in the f11m and vhere the surface concentratmon is
fequnl to I1
. e’ . 8
st Hp L Bldill d;atance .where the pressure and its grqdiont are tero
% Intarface ago \ ‘i o
] t‘ : ¢t for.a sufficiently aged. 1nterface
A B _ t, ¢ critical t when instantaneous coglencence no longer
' ocours .
. te : t wvhen the equ;librium intorfacial tenazon is reached
T Normalizing constnnt for time
U. s Hormaliz;ng constant for interface volocity
- U . Gennral intarface vnlocity voctor . .
ﬁ&, U2 - Intertace volocztios of interfacea 1 and 2(x).;roupocgively
A Genaral valecity nctnr . ' .. \\ L
E V}"V‘- Bldial and axial conponenta of V, raapcctivoly\\
' “General expression for-a aurv.d interface o .

L]
-

)
B
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Y _ Nefmalieing constant for film thickness
‘ Z41 '22'. ‘ Bulk and d:opint‘,er\faces, respectively

Y

' Greek charac ters

R B A measure of “the rad:.al locat:l.on, ﬁRp where the interface

" ig not influenced by.the flow in the film

. , o «
ﬁ‘l' 82 Principal radii of curvature

[

* ) Interfaclal tens:.on , .
Y0 Y, : Y for 1nterfacea 1 and 2 respectively |
. °" ‘ - Y, s Y for an u.ncontam;nated interface
Yaq i .Eq_uilibrium interfacial tension -
r .+ Surface concentration S .

s T, 1—:.2 : I for interfaces’1 and 2, reapectivel:
"*-.-I"m. T}, [ and T, at the initiel time
T s * Pfor an aging stationary intertace e
o '["81,\'? a2t P for intarfaces 1 and 2, reapect:.vely ™y

i
> : . .
. ' \ ) . . R
B -

6 Elapsed time™. ©
a . \\‘ \ .
9, Initial time . | : °
. o : C
. ' N !
e Reat time ) \ ) ; ' . //
. Film viscosity \ /

® _
v - ‘Kinematic viscosity , \ — o P

£ . General symbol for an independent vnr:.able ' /
P . Denslty of the film - ‘ . e - 7
AP ' Density chfference between the two ‘;ﬂ\naea R ' )

.. : 3 General shear stress tensor N
. Ty v Normal and tangential components of the ahear stress tensor -
\ o .0 ata curved interface :
| | 'rr‘. re ._ T R | - IR ' |
. L ‘ Cylindrical coordinates components of the shear stress iemnsor-~ - :
oy’ Tzs _ R _ _ j g

X General symbel for a .(_lepondgnt variable ' ___:.-\
- xviil ' '



Beript chai—}ac ters

' Ratio.l of~ P a2 to 1: 1

~ Dimensionless group proportional to k* r 51-; in Chapter 2 it i
detina'd' by (k-l" 4/Y) and in Chapter k, vy (k-.P J/PD)

Parameter to characteriz.e the number of mobile or immoblile ‘

T

‘ interfacea, def:med in Eq. (5—3) .-

. 2

Bulk éiffusioﬁ coefficient

Surface- diffusion coefficients '

A

Ve

vy

Superscriﬁta ‘ . .

‘:0 | a Dimensionless variables défiﬁed by Eq. (2-9) = | E
| Dimensionless variablea def.med by Eq. (2-69) . |
+

Normlg\lables defined by Eq. (4=1)

Vector notation "

dc

A ’ )
Gradient defined by \3— gz J* oo i .
- LOxy T SRR o
: . . - — \‘_ e o . S e
gV, .
' i - ' R
?ivergqnce, defined by Ix + d—xi- + aee o L
- ) ‘d [+ d [+ o ’
Laplacian, defined by —=5 + =%~ + oo
« dx dx
- i J - .
~ it ' » /

b
R Y

~ Dyagdic productf/q./_t:enaor with (i,j)th'eleme.nt equals to .ViVJ .

n



, .. coordinate axes. - .
unit vectors in X500 X; ..fqzﬁ
components of .V in 'xi, x,

Xy

In Chapter 2, interface 1 refera to the’ bulk 1nt\e?face- however,
in genez‘al, 1ntarface 1 refers to the. interface

value of Ps' . -
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to 1c. In the col .apae of \\

\

\toam, the coalescing fluid iaa gas and the othe. fluid is a liqu.'kfl; :ln the ' \\

ter ana\the oth\or fluid '\

is air, a.nd in a sottling process the two fluids are liquid. Fig.%uo\ : \\
shows that coalaucence can take placo between dropa o l?etween\ a drop and T
. ..‘..ta alread.y rormed bulk phaue. ) r\ ' “
- ' In.certa‘.;n cases, cogleacence should not take plnk ,
f\'-.’*wh.ore. 5. nfabi_e ‘emulsion is to be sustained. Conve:selj, in a di{stillation 4
,@column\, vhere persistent foaming is ;xndeairnblo. coalescence ‘ take \

place q'hii:e réadily. Tﬁese' 'ezfaﬁples .'aerve‘ to :I.llixatrntb t
.'conloacenoo stﬁﬁi" e8. The tirut deals with enmlaion 5 ity; typiried ‘b o
. the atudiea of thin soap film behaviour(""f) and forcea - such as the_van -

der Waals (5- 10) and olectrical doublo mer rorcaa(g' 1) -which aotk

aurro.cea that Are close together. The aecond deala with unstable ayatams,

where the main intoreat in the rate at which- conlescence ‘takes place. This

thesis balonga to the ucond type of ntud:,'.

In . nttlins tlnk. the. two liquids naparato ompletely when all

| the dropa ‘have coalesced vith their bulk phaaea, hence the rate of coa-




leacence dotorminoa the efficiency of the Bettling tank . The aoparat1on of
two 1mmioc1blo liquids is, of course, a common chemical enginesring procooa.
Hhon a reaction or mass tranafer is to tako place betwoon two immzoclblo
/ ":" liquids, these ;tquids are firot‘diopo sed to enhance the‘p;oceua by
P . | increasing the contact area. After the ;edction'or maso tranofor-io com=
| plotod thoae liquids muot thon be 8 atod. The ratoJof coaleoconce, and
honce the aoparption rato, is ofton tho controlling otop in the proceoo._
Settlins ia just one oxamplo-where‘coalooconco' can be important.
In gonoral, coaleacence rlays an important rcle in proceosoo that involve.
o two-phnoo oyatamo with 1argo contact ‘area.. i |
| Two approachea can be adoptod in cooloocence studies, The firat is
“to doaign experimj:ﬁo which resemble the real situation as cloooly as
possible so as to obiain rooulto that are usable from a praotical‘point'of
77 view. However, the design and analysis of such oxperimento are difficult
R bocauoo of tho largo number of vnriableo - some .of which may still bo
| nnknown - that havo to be controlled and/or measured. The oecond approach
is to use a simple e'zporimo'nt.'in which®the important variables can be more
" eamily identified and controlled, and their effects measured. By this
_ .ooano.-a fundamootol .understanding of tho process can be“gained and then
R ‘:x' used as a bdasis for dealing uith the more complox and realistic caoeo. "\\J

% ' \f" - !ho oimplo:t;ffigzgfzfgg;goconce is one that poours between a drop

“\g u \tod a bulk phase 1 Planar interface.. This thesis deglo only with this

otqsloot case in liqoidfliqoid systems.

T1.1e litntive ﬂeoori tion of oin 1e dro ooaleaconce
L‘\ [\

Qonaidor aghin the ooalooconoo in a oottling tank. Follouins the
of a &rop in ioolntion - in this inotanco for a_drop that is lighter )
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" than the.surrounding liquid - one'would opacrve that the -drop will:“

3

(1) rise rapidly ‘to the intcrfacc. S L 7' :j.:
(ii) appcar to be arrestod at tho intcrracc.:‘ | -
(iii) join the bulk phase and sometimes
ﬂ(lv) leave behind a amaller drop. | | - _
_ The' scquance is ahoun in Fig. 2. Steps (i) to (1ii) arc refcrrad to as :‘the

- firat’ atage of coalcucence. The firat stage of coalescence ia acmctimca

.folloiqd by the formation of a smaller drop, called a Eecondarx or satellite

_Zdrop. as shown in atep (iv). Howcvor, thc study of the bchnviour of aocond-
ln"ary dropa is beycnd thc scope of thia thesis.

- The timc during which tho drop appeara to be arrcated at tho
-interface is called the rest time. Fcr practical purpeses, . rast time and
coalescence time can be cnnaidared eqﬂ%&} Sinuc stap (11) ia tho rate

determining atep, lot us ccnnider in more detail whnt actually happgns

when -the drop appears to be arreated at the interraco.

<

'Y'

In thia instancc. the drop is an oil that is lighter than-thcruur-
rounding liquid, water. The water iu thc continuoua phase and the oil .
hioh the drop evpntually Joina is thc bulk ghnsc. Thus thcro are threc
phases = the drop, ;;e continuous and the bulk phases -_yhich a;q ucparatad.
b& tuc 1ntcr£acea. The bulk interface ucparatca the bulk and coctinucun
phanea and the drop interfaco, tha continuous phasc and thcldrcp.
Hhcn %?e drop is cloase to the bulk intcrfacc, a film cf the

ccntinupup phase is formed between the bulk and thc drop intcrfaooa. { The

dcfinitichn of the torminclogy and the gccmctry of the problcm are shown -

“4n Fig. 5). Becauss of its buoyancy fcrcc. thc drop continues to
lpprcach the bulk intcrtncc cauning the filn to thin. Fintily vhon thc

' i



.the film reachea ita critical thickneaa. the rilm uEt e8 and. the'contonta
fof the drop rlow into the bulk phaao. thus completing the first ataga of
, ooalescence. It is during the £ilm thinning that the drop appeara to be

: arroated at the bu}k intenface. -

For the film to thin, tharo must be a fiuid rlow in tho film, which ‘

o impliea the exiﬂtence of a presaure gradient in the film. Becauao the

- interfaceu are liquid/liquid interfacea,theynmst deform and henqp thev
film is not uniform in‘thickneaa. The radial location of tho minimum film
'thickneaa is calla& the barrier rigg :

' Tho flow in the £ilm, caused by tho presaure gradien ’ exerta
ghear streaaea at the interfacea which might cauae the intarraces to move ’ -

tnngentially. Thereforo the rata of film thinning dependa amongst other' '

ractora - on tho rnto at whioh the interraqea move. If the interracea are

. Q
o

‘oompletely immnbile - which is the property of a Bsolid interrace or “one

where the interfacea cannot move - thinning occurs at the slowest poaeiblo
rate. Convoraely, if the intcrfuoea are fully mobile - which is the prop-
orty‘or an uncontaminated fluid/rluid.interfaoo - thinning ?ccura at the
fanteat poaaible rate. '

: A completaly immohile or tully mobile interface is a special case.
In ganernl, aurfnétaﬂfu or aurrnce antive contaminants are present at an
interface. Thesc uurfaco aotivo aubhtanoea, which lower thn ‘interfacial
tdinion ot the interfaoe, alter the nobility and the flow propertigs of
tho interface. A aimplified illustratiqn of how surfnotantu act in altor-
- ing interface mobility ' is shown in Fig. 4, InJ_.tially .tl’m surfactant
iolacuiou are un%tormly aiatribﬁtaﬂritjkha'i;¥cr£iqe. When the interface

{”novoa from A-to B (for example, an a result of an application of & shear 'tg
' ’ “ ' . .'l ' h - . T ’/‘
- N ,



Btress), 1t wlll carry~surfactant molecules. Thus the aurfactant ccncen-

tratlon u111 no longer be un1form, it is now larger at B. This retards :

‘ the interfaca movement because the- interfaclal tenslon at A is greater

o

‘than that at B. In summary, surfactants -alter the £1low propert1es ofoan
1nterface by means of settlng up an 1nterfaclal tension- gradlent at the

interface. Thls surfactant effect is referred to as the surface elast1c1ty,5

and the Marangoni effect(12)

The extent of the surfactant effect is determined by the factors

n
'."

;hich govern the distribution of the cu}factant‘conceﬁtration at tﬁe

-1nter}ace. Thaae factors are the rate_ at which the 1nterface moves { be- ?_ : -
.cause of convective transfer of aurfactant molaculea) the aurface dif—

fusion due to the non-unlform/c;;centratlon, and the rate of adaorption/
_descrpt1on of aurfactant betuaen the 1nterface and the bulk phase. -

‘A

I?cm the fcragoing descrlptlon, one can deduce the prcbahle

' variablea whlch affect film thinning:

--._P

(i) dcnsztlea and viacoslties. whlch affect the flow prcpert1es of

_ the film, the drop and tha bulk phase

(ii) interfacial ten81ons, vh;ch.affect thc doformahzlity of the bulk -

and drop interfaces, o .a‘ e ) _f

C L

(ili) drop slze and denaity difference, and the van derJHaala and
electrlcal double 1nyer forcea, thCh aftect the force acting on the film, S
(i%) the propertiea of the adsorbed surfactant, which affect. the flow . :ﬁ

proporties of the bulk and drcp interfaces.

Ths aurractant propertlea of interest are: .
. 1)
{i) the 'strength' , that is, thc degreo of 1owpring the intarfacial

B
J

_tenaioﬁ”for a given surfactant concentration diatribution, and
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(11) the'surface diffusion coefflclent and ‘the rate of adsorptlon/
__deaorptlon between the 1nterface ‘and the bulk fluid: these are the prop-
'erties which affect the Burfactant concentratlon dlstrlbutlon for & glven

1flow system._'<:" o,
h;f_ - In this thesla, the effect of Burfactantc composed of Jlarge mol--.
ecules, such as & prote;n or a long chain polymer, and the effect on
the'deformability of en“dnterface are aseuged dealiglble, beceuse only

lowﬁconcentrdtions of relatively small aurfactanfs are conaide;ed;

1.2, Previous work
' - ‘ ‘ 7
This sectlon is not an exhnustive literature survey, 1t is a
review of the development of research in coalescence to show the preaent

state of kncwledge,_so that the scope and the contributlons of this thesis. -

can be more cearly defined. -

1.2.1. Experimental studies : N

In eerly studiea( 13-16) only rest times were meaaured. The’ dlm was
*to correlates reat time with syetem phyeical propertzeu, such as drop size,_
1viecoeity, deneity and interfacial tension. Rest times were found to vary
- in some cases frOm 1 to 30 seconde - oven thoush the expernmental con-
dit appeared to be identical. This variation was attributed mainly to
. the randomness of the film rnpture process.

Beet tlme vas- therefore regarded as a dlatributional qnnntity,.
which hnd a mean and a ‘standard deviation. This lead to the use of a .
faussian diatribntlon to describe reat time data, and proposals for

equationa correlntlng the mean reet time uith ewetem phyaical propertiee
17,18) -



~Fe

opoor reproducibllity of reet tlme data uas made by Hodgaon and Lee(19)

"also zero. As the age increases eo doee the‘surface concentration becauae

(22 123)

. P . o : . L NS
. An 1mportant contr1hut1on to the explanation of*the acatter and—

-

'uho developed new techniques for cleanlng the bulk 1nterface and forming.

drope accurately. They introduced a new variable, the bulk interface- ege,

-and ehowed that the reet tlme wvas a functlon of this new var1able. ( The -

interface age is an indirect measure of the surface concentration at the

'interface. When the age is zero, uhlch corresponds to the instant when the

interface has just been formed or cleaned the surface concentration is i

~

of the surfactant adeorptlon to the 1nterface ) Therefore, the scatter

of the reet time data could be partIy due to the 1nterface aging effect

or in morr,general terms - the variation in surface concentretlon at the

‘bulk and/or the drop interfaces.

The work of Hodgson and Lee also showed that ¢oalescence is ex-
tremely sensitive to minute traces of surfactant at the interface; Even

when thorough cleanlng and purification prooeduree were exercieed the

interface aging effect was still obeerved for pure‘ Byetema.

“The next development in coalescence reeearch vas the attempt to

Tgain a basic understanding of how coalescence takes place by measuring
_ the change in film thicknees during thinming 202>, The findings of

Hodgson and Lee were conffrmed by othera who identified at 1eaet four
patterns of film thlnnlng behaviour for the same llqnide and drop size
« Theae patterns were: i |
(i) Pattern I: rtpid thinning end fnetantaneoua coaleecenoe;‘
' (1f) Pattern II: rapid thinning, arreet, digzle formation (an increase
in the filn thickness with elapsed time) and thimning, '

Q ' i
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(iii) Pattern III: uneven thinhing ( unsymmetrical about an‘axis.uhich *
passes through the drop centre at pdght angle to the bulk interface),- °

and

(iv) Pattern IV: slow even thinning, where the approaLh’nf the drop to

the bulk 1nterface is arreeted at a. large film. thlcknesa, and the aub-
‘ sequent thinning occurs malnly in éﬁe barrler ring region.

The occurrence of one pattern depended mainly on the surfactanf

concentratlon. Therefore, the scatter of rest time data for aeemlngly

identical’ cond;tlone ‘can be explained partly by the exiatence of theee
different thinning patterns, becauee the rate of film th;nnlng for one

 pattern is d;fferent from that for another.

o
K - - The mechan;sms that lead to the different f;lm thlnnlns behav1our

hare betn proposed in terms of the dietrxbutlon of surfactant concentration
7

at the bulk interface and the coneequent 1nterface movement(23)

Eartlnndcau) also observed dimple formation, even and uneven \

thinning in very viacoua systems. His explanation was given in terma of *©

the internal circulatzon in the drop. uhlch he measured by photographmng

the motion of tracer particlea inside";he drop, in the film and in the -

bulk phase. | ' L

It has now become apg:rént that to understand coaleacence, the

change in film‘thickneaa dur%dg tdinnidg must be meluu:ed;.the melsuremenﬁ
~ of rest times alone is not adequate. Moreover, because of the sensitivity

of coeleacence to minute traces of aurfactant the surfactant concentra-

tion nuat be carefully controlled. Consider now mcme of the exper;mental
t.cES;Qnea that have been used. -

t 4
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Film tﬁickﬁesé meﬁﬁurements
So far only’ Optibal'methods‘have been used. { An eJectrical
(25)

capacltance method™. can only be used to measure 'average thickneaaea)
These ara the side photography and. light 1nterference technlques. =

In the ~Bide photography.‘the film is observed at one cross-sec~.
.tional plane from a dlrectlon parallel to the bulk- 1nterface, that is, the
film is observed two-d1mens1onally. The obtain the angular varlatlon in .
'fllm thickness, whxch 15 necessary in 1dent1f31ng uneven th1nn1ng, either
more than one camera must be used, or the camera must be rotated around
,.tha drop durlng film thinning. In this reapect the 113ht 1nterference is
a better technique becauae the film is obaerved from the direction per-
pendicular  to the bulk interface; hence ‘both the radial and angular
varlation in film thickness can be observed s1multanaously.

The choice between the#tuo technlquea is often dlctated by the

reatr1ctions imposed onftheurefractivc 1ndlcea of the two flulda. and the

L.
-‘.—‘

range of film th1cknesaea to be measured. Consider thess reutrictiona in
In the side photography, the film is viewed through the bulk phase
since the bulk phase deforms &uri'ﬁg £ilm thin.ning Therefore, to minimize
distortion, ;hgﬁrefractivé indices of the two fluiﬁs should be a; close
as pooaib1§ ui£h6ut réndering the'intorfacea invisible. On the‘otﬁor band,
with the 1ight interferehce techniqu&, the differeﬂce in ‘the refractive
.indices ahould be as 1nrge as ponaible because reflectionn from the bulk
and drop interfaces must occur. This requires that the miniuum difforence

' in refractnvo indices be abeut 0.15 |



‘ grﬁ)hy technlque has been used extensively by Hartland

:the electrical capacitance method .

of the'Leaults is ambignous becanae no reference th1ckneee is nvallable,

nique is suitable for most oil/water and air/water systems

— e —

e

The side photegraphy and the llght 1nterference teéﬁnxquggtzgz:\\*\\\ .

" different rangee cf ‘measurable, film thlckneeeee. thh the fcrmer. there. —

is no upper llmit the lower limlt is" determ;ned by the resolution power

" of the camera leas and the kraln eize of the camera film. For cemmerczelly

avallable producte. this lcuer 11m1t 1e=about 0 001 cm. The elde photo-

(21) and his co=-

workers for vlacous syetema where the rate of thlnnang vae‘small even at

z 1arge film thicknesses. Hhen the lower limit uas reached, they then used .

In the light interference technlque, either monochromatmc ar Hhitﬂ
light can be used, When monochromatic light is ueed, the 1nterference
reeulte are the appearance of dark and light reg1ona. The 1nterpretation
w1
and moreover because the ehape of the fi (that is, whether tﬁe film 1&
increeh?ng or decreeeing"in thickness) is in general not known. Thia é

difficulty can be overcoms by using white. light ih}ch produces interference

colours. m {the sequence of these colcurs the shape of ﬁpe tilm as

. well as the film thickness can be determined. The theory uhicﬁ relates

(26, 27)

£41m thickneea to interference colcnr is given elsewhere
~ The range of measurable film th1cknessee for the white light -

interference technique is from 400 A° to 16,000 A°; therefore this teche
| (20,22,23)

' Hethods for cleaning the bhulk ieterfece

Although ‘thorough cleaning and purification procedures hare been

eznrcieed, there are atill eurface_active contaminants present in the



control of surface concentration.

ip order ‘to form a rresh 1nterfece,'

'over the thread.

coalescence apparatus. By’ cleaning the bulk interface, these conteminants

( ‘and the deliberately ‘added Burfactant) can be temporarily removed from

L

the bulk interfece. Therefore, interfeCe cleaning is & forp of an indirect

<

"The three types of cleening technique that have been used are':

(i)%spiiling techn:n.que(13 17, 20) y in yhich_the inyerfece is 'spilled'

X

: \. . : .
(ii) daorptiOn by talc powdere( 5) in which talc powders are intro-

 duced to the interface to adaorb the contaminants and eu\nequently removed

after the adsorption is ccmpleted, and
(iii) suction technique( 3,1 9), 1h which & euction probe is ueed:te

remove the bulk fluids in the vicinity of the 1nterfece, thereby prov1d1n3

& cleaning action. S

For the euction technique to be effective, both fluida muat be

removed eimulteneouely. This eimultanecuermmoval is difficult to nchieve
becauae usually the suction probe is wetted by only one of the fluids.

Thua uhen suction ie applied, only the rlnid that wets the probe is

Aremoved, ror example, if a glesé probehib ueed to clean an oil/hater

interface, nly the water is removed by the Buction. Hodgeon(19) devel-~
oped a cleaning technique uhich eneured this eimultenecus removel ehovn
diagremetically in Fig. 5. To clean an. oil/water interrece, the yrobe is

ntde of glass, and a teflon thread is placed inside the probe at its tip.

Therefore, the probe is wetted by one fluid end the thread by the other

. fluid. Because of these wetting propertiee, both flnide cen ba removed

einultenecuely "one fluid flows through the probe, end the other flows
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The effectlveneas of an interface cleanlng technlque 13 not -
easily determined because of the- d;fflcultles in meaauring the coucentra-‘
tion of "the contaminants before and after cleanlng. Nevertheleas, one can
uae reat time measurements to g1ve gome 1nd1cat10n of the effect1venesa
of an 1nterface cleaning techniques if coalescance occurs 1natantaneously
( zero rest ‘time) for a perlod of time after the cleanlng has been com~
pleted, this indicates that the technlqne used is effective becausé zero
rest time corresponds to fully moblle - hence uncontaminated - 1nterfacaa.

>

"By this criterion, Hodgson'a technique is the moat effective technlque.

Drop forming tecﬁnigue B | : "' |
- The drop-volume method(as) has been the most commonly used method. _.
Tha-dr0p 8izs is calculated £rom'the balance between tha-drop buoyancy
and the surface forces' henco by the density dlfference, the interfacial
' tension and the nozzle dlmenaions.l&ho measurement of the drop size is
_ often complicated by thahrormntion of a saﬁeli?%c drop at the instant the f
 drop detachea from the nozzle. There is also the ihéﬁnxoniencelo§ having
to changa the nozzle to form drope of different sizes.
o '_ j Hodgson( 9) devef%ied a technique wheroby one nozzle can be used
| . -to form drops of different ‘sizes. Fig. 6 shows thia technique. To form a
drop, the nozrzle tip is inserted into the bulk phase, and the dasired
volume of the drop is metered hy using a mzcrqmeter syringa. ?ha nnzzlg,
_now containing the drop,is then withdrawn from the bulk phl.se. Wwith this
toohniquo the drop size can be measured directly using the micrometer ” 
- ayrinsn because the drop does nnt wet thn nozzle and hanca th. drop size

is not determinod by the balance botveon drop huoyancy aﬂa aurranc foroes.
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A turther advantage of Hodgson 8 technzque 13 that _the drop and
end the bulk phase have the same temperature and bulk eurfactant con-
_centratlon. Therefore, any effect on the film th;nnzng behaviour that may;
reault from dszerencee in tempernture or bulk eurfactant concentratlon
is minimized. Eowever, Hodgson B technique has a dleadvantage in that the
' ‘bulk interface is disturbed by the ineertion and withdrawal of the drop '55;;
Iorming nozzle t1p. exactly at the location where the coalescence takes
Place. | As a result, aurfactant molecules and contaminante may be trans-
o ferred between the, bulk 1nterfece and the nozzle t1p and hence the drop '
interfnce. ThlB means that 1t is impoeeible to control the Burfactant
concentration at the drop interface. S

! ' ' . -. - B L

1e2e24 Hathematicelfmodelling of film thinning

The basis for developing a f11m thinning model is the deecrzption
of the flow in the film, However, since the film is bounded by liqnid/
1iquid interfaces ‘which deform under preeeurd and may move tangentlelly

| under ehear etreee, it is alao necesaary to deecribe the interface move-

"ments and the flow in the bulk phase and ineide;fhe_drop. The eimuitaneoue

‘solution of these floﬁ equations is difficult.'Hencz’in~£he pest, various.

; assunptions for the intertace movementa have been made to &void the need
of solving the flow equationa at the bulk and drop 1nterfacee, in ‘the bulk
thase and 1naide the drop. Theee aaeumptione]uere.

(1) oompletel: immobile interfeoe, thnt is U = 0 where U is the

1
e

interfece velocity, and s . - . |
(41) fully mobile :Lnterefe.ce, that 48 IV/3z = O, where z is the

direotion normal to the interfece, end V is the velocity protile perellel

to the interfaces - SR

A

\

' . S

A



™

v

These aasumptzons have been hade deeplte the known fac that in

) general a llQﬂld/llQUld 1nterface is nelther completely 1mmob11 nor

fully,mob;le {cf.. Fmg. h) The 1nterface veloc1ty ahould be calc 'ted

: ffom-tﬁe‘balance.be;wee the Bhear stresses/that ac

at the 1nter ace an//f

) non—unlform dls

(29)

the 1nterfacial te dlent that 13 ee “up by t

tr1butron of surfactant concentratlon at the ntegjace . Hence ‘the
conetent moblllty assumptlon further elmpllfles the modelllng of film
thinning eince the eurfaotant mass - balance equatione need not be conaldered.

To eimplify further the modelling of film thlnnlng. the aspufp-

‘ tion that the interfacee are non—deformabl hae also. been made. The result—.

ing model-cannotdeecribethe cgange in film curvature Hlth elapeed t
during-thiening. Sﬁch-a model 1e'ueually used to deecr;be £ilm thinning
only at a particular locatmon in the fllm,
th&tls,thﬁ model is used for predlcting resd times. >
‘Conelder novw some of the modela that ve been developed. The
jmosl widely used model is the perallel disc model, orig1nally developed' -
” b&.Reynolde(so) and St:eftsl.n(3 ) In the parallel disc model, the 1nterfaces
are aeeumed to be non-defoFﬁable, completely 1mmobile and:parallel. The
;ate.of thinning. is given.by : f‘ | '
_'vdh=2‘n’ F_ 0.
ae 3;;- A?-

where h is film thickneee, @ is elapsed time. uis £film viecoelty. F is

(N

the force act1n3 on the £ilm, and A is the contact area of the" 1nterfacee.
The rest time can thue be calculated 1ntegratin5 Eq. (1) between.the limite
of .0=0 at b= » , and =8 &t hehy, the critial film thickness. The
result'is - L - o .\

o
: L ' '
“ . ! I, adoh . i



- interface can be readily obtained. -

e T T s
=2k A 1. ¢ o ' - B
0= o =5 hf / o (2)

IFér the case of n-drop'approaéﬁing. a =.p1émnr intai'faﬁe, the-’aimﬁlea{:
' expression for F is the drop buoyancy force. and for A is the area calcu-
lated from the equilibrium barrier r:.ng rndiua ( aee, ror example Raf. 32).
’I.'h yallel disc model overeatimtea\ the. rest timea of liquidfliquid
ayatema. 7 ‘ ' ;

To account tor the properties of a liquid/l.{quid inturrace, various
-mditicationa to the pa.rallel disc model have been made. Th;ae 1nclude
ullowing one of the interfaoes to be fully mobila(” ) and obtaining more
accurate estimates for the_valuq of F/ A (ses, for empl\esRefa. ‘3‘+ to
3?). These modified models can only (daacriﬁ'e then Siaserved thinning rates

/

over a narrow range of film thicknoaaeu. A review of theso models is

given elseuhere(za) ' | - N )

—~~*  Charles ufd Hasonc’a) de_riveddéhe general equation for the rate

of thinning F,oi-a film bounded by non-daromblo, completely immobile
. interfaces of nny goomotry. Frqm this general equntion. the rate of
thi.nning for, for emple the approach of a apb,er:lcnl drop toa plmr

'1llll°b110 or fully m°b1-10(36 3., 'I'hiu is the lubjoot of Chapter 5.
Other non-deforml.ble models are those or Hodsaon and wooda(aa)

o.nd Hu-uocica ). The :romr was developed ror_op- pu-tiqulnr cass of

A
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ﬁlm thinnitng be»haviourf, tho aloy evon ;chinning Pattorn IV. 'I'hia model . .,,- o
: _ predicts well ‘the thinning at tno bafrrior ring, pro\tided that. it io npglloo T
53)  te tho Bo‘;o thinningp;a(\i;toi'n.. ‘Tt ia worth ndting that tho depondonco of -

, the- rate of thinning on systom phyaical :proporha fab this model is N .

dirrerent from@ i‘or the parallel dioo model.

!

—

Horuogjfhk) olggostod that film tﬁioning'uoa'o two-8

e

\

rapid thinning toa _guasi*-oquilibrium thickneao. followed by alow th K
unt{l tha’?‘lm-. oriticol oknoaa is reached. He derivcd the equationn for\”

PN

[cnlculating the quaai-oquilibrium thicknooo }\gr it ineloos than tho
\

: expected critica} thioknoao, inotant&.‘neoua coalosoonde ocouro) and the

I
3 Lo

rate of thinning rorrtho slow thin.ning. Howovor, no oompariaon w:l.th

:"‘:-"
DA

. oxporimontal data \;ao givon. g )
| Non—dotormable zodels do not give a Iundamontnl underatanding qr .

viour because thoy do. not d.oao.ribo the obaervod ﬁraria-

£iln thinning b
tion in film urvature during thinning. @qoo dofomble modola have -also

besn developed: tho approach of a soltd d.rop eo a doformnble bulk inter-

9 4 defornable drop to a solid bulk intorfléo(4Q?. a deformable

(41 ,42) <3> "o

face

drop to/ma dofomble bulk dnterface and a drop to another drop',

whl

In alY these models, except that of Borrill(u-a),‘ th.vi*ntorftooo were tl. .
od to be completely immobile or fully mobile. In Burrill'n model o

3 A F
: N

b

[ mobility of the bulk intorfa.oo wan ouloulotod, but th% drop ix;?orfloo
/was assumed to be fully mohiloorcomplotoly immobile. .These previous . -
models did not satisfactorily describe the experimental observations, nor
| could ‘they oxploin tho oxiotoooo of different types .of :ilo thinning
behaviour. Even vhen the mobility of the bulk interface m 'o.oloula'tod X
( Burrfll'o model), the predicted rates of ddmple fomtlon and thinning

El

were about ten times faster than those observed. i

o



f
N
/"‘

: r—thernlk intertace. -

 of the sensitivity of film thinning behaviour to minute tracee of . \f |

eurractant. Hence,tonmdel tilm thinning ‘succe rully the mohility of
the bulk_end-tho drop interraoea ahould ee celc ated and not preeet.

- ’ i -~

.2. . 8 ‘ of evioue work
1. The measurement .of reet timee only is not dequate in the qtudy
of coaleecence; the rilm thinning behaviour and how it is affected by
. i » ] . .

‘ eubfactant muet also be etudiedt ‘ , S \ ‘

\\\\;\\ 2. The white light interference technique ia a Qfeful method for,

ing £ilm. thickneeaee during thinning end deteetins even and unevan

thinning behaviour. . T .

' 3a Hcdgecn:;\;;tirfece cleenins technique is etfeotive :5} oleening
P , -

b There is a need for. a drcp fc;;;;E\technique} by which dropa of
.difterent sizes can be formed in ?ﬁe nozzle ( Bcdgeon'e technique) and
the poeeibflity of suffactant tfanurer between the bulk end.thu drop"
interracee can be elimineted. ‘ |

o 5. There is a need for tilm thinnins modele. in uhich the interface
nobilitylie caloulated and not preset. - R l '
"N P | .

1.3. Bco end outline of the theeie‘

This thesis is a etpdy of‘the fect of eurrectedt on the film
' /
|

- 1Y

17,

o

Semn
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A cor;fined to isothermalésteme with no chemical reactien- or masa transfer -
' 'taking place betueen the- eil and the uater, and where the effect of
eleetrical double layer is euppreesed by the addition of an electrblyte

in the uatev. . PR : ; o ) . f o .
In the ‘the retical part various fi%m thinning modele, in which
the interface mobi§ity is oaloulnted and not arbitrarily aaeumed, are
edeveloped. The:, nime in developing theae models are:\ ' | .
(i) to gatﬁ” better underetending of film thinning behaviour. and ;i,“~
(i1) to obtein a aimple expreseion for the rate of thinning-for the \\
film thinning hehaviour that is moat 1ike1y to oocud in practice.
The models rdr (i) are those for desoribing the ohenge in £ilm thiokneue
with time and looation in the rilm, and fbr explnining why even or uneven
thinning ocours. The model for (ii) is the extended parallel disc model.
In the experimental pert the efreet of additions of palmitic VT
acid ( an oil soluble eurfeotent) and the effect of drop size and bulk '
interf;oe eﬁe on the film thinning/gehuviour et'toluene drepe are
'1nveetigated. A nével drop forming tecnique ie developed. whereby one
nozsle can be ueed to form drops of ditterent aizee without piercing the
bulk 1nterreoe; hence the poeeibility of eurfeotent transfer between t .
. bulk and’ the drop 1nter£ecea is eliminlted. ) ;;:EfZE :

The outline of the theeie is as follova. In Chepter 2, the general

o~

’ equltione for the fluid flow in the film are rormuleted -and eimplitied by

[.*Ff\\_g,ln order of magnitude lnalyeie fer the film thinning in oil/water eyeteme.

-~ © *The boundary and initial conditions are carefully apeoified. and a
. postulate is put teruard tor the cenditione for even end uneven thinning.
The xperimentel etudiee are deeeribed in chapter’B. In Chapter “ .

.o i } . K P

. -
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/

the numer1ca1 solutlcn of the film thlnnlng model js descrlbed}}gnd its

‘predlctlons compared wlth experlmental observatxons. The extenslon of the

| parallel disc model by allowlng the 1nterfaces .to have varying degrees of

partlal moblllty is descrlbed in Chapter 5. ThlB is the simple model .

-'whlch can be used to descrlbe the thlnnlng at the barrler ring for uneven.

(A

thlnnlng behav10ur. Chapter 6 descrzbea an’ algebralc analysls of a postu-
: /

late for the conditions for even and uneven thlnnlng, and an evaluation

of this poetulate based on- exper1mental observat10ns.'

o

A

,,,,,

7
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" Figure captioﬁs
~ -

. 1. Different types of coalescence. (a) gas/lzquld, (b) water/hlr

\‘

and (c) llquxdflzquld, where Phasel/Phase2 denotes that Phasel is the
coalesc1ng\or dlspersed fluid and Phage2 is the cont1nuous fluldi
2. Descrlptxon ‘of slngle drop coalscence. (i) rapid approach,
(11) drop arrest (film thinning), (111) film rupture and drop contents
inflow, and (1v) forqetlon of a satellite drop.
3. The geometry. and terminology of fllm.thirming.'
4. The mechanism“B{ the retardation of interface movement by
surfactant. | - . .'\\ _ |
| 5. Hodgson'é interfa;s'cle;ning,technique:.both pha;es.rear the
interface are u1thdrawn simultaneocusly because of the uettlng proPertles

of the interrace cleanlng probe and the thread.

A_ \ " 6. Hodgson's drop forming technique: the drop size is not

ul‘

a

determlned by the balAnce bctween the buoyancy and surface forces, but noto

the possibility of surfactant transfer between the bulk an@ the drop

_interfaces because of the-piercing of the bulk interface.

el e

-,
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ST T



25
g
|

£
 93u33s34E0d 35EUd Wng-dodg (1) N
© . 23u22s3(E0> doup-doag (1) .
9
n'

-1 3SYHd ¥ng

3oVANILNI
I 3SYHJ ¥ing.

‘ dodp Jajem

“"
P

- $doIp UTel jo Uoewiog

[

_mEmo:on:onm
> | |

9 F



Ll

(

e

)

——



27 -

Coowpgeyu
S MO PN < ——

| .\_aeah

-—

B aoejuau] doiq

~ [ aseyq snonuiuog

- |7 OJBLBIU] YIhg |

NN 0

— 8SEUg yIng




- .«-...
S Fiver

- 28

| .. : : L ' enoelom juwjowiimg ﬂ

"uo puuey (erowsaequr A uno%ﬁm UOTSUS} TIORIISIUL~ € —— —

. uo 139I3UIILOD v:ﬁ.«oﬁu..ﬂlm _.H ‘ - Jususaom ooah.u.ouﬂH B ——— .

__..\__\.axl\nh\n. 2

. . R B - ”- B

Py fan Sl demh GEm Sy Gmp wm sy llll"'l"l'l

——a.

—

\1/ ‘ ri,/f .... L ]

| o» vV Wwolj sesou ouunuounH o..nm

-

.:owufunoocoo wLoFFuL - . - ¢

S 13 Ter3Tal ._ .O \ . m _______ <

lb---




'
.......

N

Mol
“teflon

T~<glass

anc

A NN i

Aty

“Wsuction

. . water

Figure 5

water

—» Metering by micrometer syringe

. I ' -_:Jf o .
ames» Movement of'nozzie

- Flgure 6

ot



-4

//// I&rat the 5aneral equationa are deuoribed and linplified

/(in this case for oil/water syatema) via an order of mgnitudo amlyais.

A

=

The film thinnins equations, éheir boundary and initial oonditiona are
then ou-ofully tomulated. The auitability und the implica.tiona of tho

o resulting filn thinning model, and a‘method for obtaining the relevant

.

dimnsionleu groupa are. diacusued.

' : ! |
_ 241+ The general equations

- For a fluid with conatant don.sity a.nd viacoaity, the :laothermal ,

_oquntiona of oMngo in the film. the bulk phase and inaide the drop are - ' -

in vector notation(” < | ’
(1) Equation ‘of ¢ tinuit

For the total rlgidi

RARY - / (1)



-.,.tig'oly. B o o V

a.md‘for the Eu-x'factant° T

-3¢ --v Ve s dhVe @
39 T , o o _ ;
whore ib is the bulk diffuaion ooarticient of the. aurfactant.

(11) Equation of motion

p g‘é --pv.w -Vp+uv"’v +pg.

M: each interfaco. t/he bound.ary conditions. that fiust be satisfied

(2)

_\_,m, v A - W
B G R
n) n2) ([3‘ Bz) o o i

o

uhera the aupor@u 1 and 2 donote. the two p&qes‘tMt are separated by
the interface being conhiderad. - T and Ty are the norml and tangential-
components of the viscous shear tenuor, and ﬂ..l and ﬂ are the prinoipal
radii of curvature. The RHB of Eqs. (5) and (6) are the ‘normal pronure

due to interface curvature and the interfac:lal tona:lon gradient, respeo- ~=

B

-

-

- The values of r and 1, are calculnted from the atrona tenaor '

-t
I and the interface ourvnturo, where 1 is rolatod to ¥ by the Ntwtoniun :

.strona-utrain rolntd.onahip(1). The intorfnoial tcnaion Y uh:l.ch varies

-along the interface, 15 related to tho surfaotant comontrntion T by the

B v ey

surface equation of- state, 31.nn by

PR
."




. /-
ation of l" with timo is 31\107

. the/interface: L co

A (%

: ‘ vhero j is the rate of bul_i interftce tranatar or aurraotant rnoleculea.

@ is the surface diff 'on coetficient of the mf.rfaotant, and g is the

thinning, . thore are three bulk tluida - the drop, tha film and the bulk

e = and two intorfacea - tho drop and tha bulk intorraoeu. Thereforo,
'Eqs. (1) to, (3) must bo aolved for tho three bulk tlnidu, and thaue
ooluti?‘m must utZy Eqs. () to (8) at the two intorracu.

Ono of the

Iicultiaa in solving Eqs. (1) to (8) lies in the

~on the intorfnoe velooity ( hence the nlooity protilo). an nhown by

;q (B). In seneul. the solution of the fili thinnins equations by
uu.lytioal method.s is not pouible; avon numorionl uolutiona atill praunt
a time' conauming tuk. '].‘herefon, the, gonoral film thinn:l.ng oquations

must first be’ aimpl:l.fiod. and yet the result:l.ns simplified equations

lhould be capable ot duorihing thc obaorvod film thinninq behaviour.
This ohnptor douoribu the siuplitioutian of the sonoul oquations
. andlthe lpooif:lont:lon of the boumhry and 1nmn conditions.

i
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" . .
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2.2. Bimpiification of the gﬁnernl QQuntionn | o (

- 2 1e Equationu of motion in tho ﬂlm

The goomotry of the problem in ui-aymmetrioal oylindical ooordi-

nateu is shown in Fige 1. The z-axia paauu ttgrongh the ‘oentre oi‘ the drop

" and the r-axiu coincidoa with the undorormad port:lon of the bulk interfaca. '

—
With the following dimonaionleu vnriablau -

F.‘._;_- z.'-_g_. , g-i

JR2 | RU- | o
u_| )

!

p.- p ’ V:A- —V-L - - __;__ - oo —
SR % o R | ST

. th.p oq’uatioi:"b:' of motion' * become

.-- :!- av. -‘- av! ._& g 1 av. v.z gv. : .
| ae‘ war- zaz- ar- R '7-'5 CF e ’*45‘;:5 |
E o ,av* gy; ~3p° 1_ a2 a’v' *reT? |
‘ P8 9“81" !Bz')Rear az.z [L:ru J o)

"’*“7/' . Rom= -C‘E-JE - (12) .

The ordern of magniL{ude of oil/wl.tnr phynionl proportieu are.
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. \-/“ .Based on prcvioun £ilm thinning obnorvn.tiona, the ordora of magnitude of

. ‘the va .inblu in film thinning are ,3
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Therefore- the equatmna oi’ mot:.on can be aim fied into‘

E I T _-

which are consistent with tha aamptions of paeu o utnmh" Btate, creepins"

flow and negligible hydroatatic ei'fecta. e

\

2 2 2. The tanggntinl and normal stresses a I }

The tangential uid normal stresaeu at a curved intarface can be

expreased 4An terms of the cylind.rical coordinatea o\f.rau tensor and the

interface curvature by cnrrying out force balnnceu n t!;e r and z direct-

ions. (This process is otten referred to as a tensor trmfomtion..) The

results are - i _‘ o ;
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' - whax-e y{(r) dendtes the ahape of the 1nterface (Fig. 2). The stneaa tenaor\ |

components are g:.ven b:,r
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In the region of interest in the film, uhich is inside r < 0. 3 b

(vhore b is the drop rad:.ua), the interface curvuturt; is small that is .

: (dy/dr) << 1 ¥ ). By umng an order of mgnitude analyam similar o

that used in the prenou.e seqf.iqn, it can be shown that '

T=T,=p - - N s . O (20)
o - av S '
s [ R
'5*'5, S @

Therefore the normal aﬁd ‘shear stresses’ are given by

'T'-‘ 1 - . '
. " 1.._)1 Br"‘. =P o (23)
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Eqs; (23) and (24) are ﬁhg'aimplified expressions for the normal and

shear stresses, needed on the LHS of Eqs. (5) and (6).

The normal atreas due to interface curvature

. - For an ax1-symmetr1cal 1nterface, the principal radii of” curvature
are given by( ) - : o o o _ . ,‘rﬁ
) ai' . ' . < J - : ..
] S | dy ‘ ol
- T o o (26)
B, ‘ﬁ*gﬁ}‘/z . - @9

' The expresaions for the radii of curvature can be simpllfied because the

interface curvature is Bmall, that is ( dy/'dr) << 1. Therefore the RHS
- o
_of qu,(5)_ia givan by . - v

]

y(-a— )vrar L - cﬂa"n__,u

2.2.3. The flow in the bulk phase and inside the drep

‘ Tho flow in the hulk phase is caused by the movement of the bulk
interface. The deucription of this flow is needed to calculnte the rormal
and shear stresses exerted by the’ bu;k phaso to the bulk interface (_cf.

- Eqs. (5) and f6)); and.tq_upmplute the surfactant mass balance uquatious:
in the bulk phase and at the hulk inturface ( cf. Egs. (2) ma (8)). In
Appendix A, an approximate analysis of the rlou in the bulk phnse is

“’-dcacribed. This analysis ia not d in this theaia for computational

reasons. Inutead, to simpliry'thol lution of the riln thinning equntions.

the bulk phase is lsaumud to be inviacid; hence no ehoar stress is

L=
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‘ statlonary interface have been proposed

3

lexerteﬁ to the bulk interface. The corresponding normal stress is also

assumed to be zero because the curvature of ‘the bulk .interface is small;
- The same inviscid assumptlon 13-&150 mada for the flow ;nslde the

drop. For the normal stress. exerted by the drop at the drop 1nterface, it

is assumed that the pressure.;n the drop is given by that in an undefqrm-

ed drop.fthﬁs . _ B I C T

v n,drop - . b ) SR ' (28)

' T

~

The rate of transfer of surfactant to an interface j

A number of models for "the transfer of su.factant to an aglng "

(5,6)

; in Appendlx B, a new model

is also proposed. However,lthere ig so. far no expression for Jn that has

" been universally écé&ptéd. Furthermore, since the description of the flow

J in the bulk phase-and inside the drop has been neglected, only a simple .

expression for 3, is needed, Hence, for simplicity assume that . o

.jn=k3~( r,-T) | | T (29)

where I; is the corresponding surface concentration of a astationary

interface; that ig, the concentration at large radial distances where

there is no interface movement. The expression given by Eq. (29) can

account for the desorption of surfactant from the interface, indicated by
o 2 . | e

a negative valgf_gor jn. | _

2.2.4. Surface equation of state

As a f:rst approxlmatlon, the 1deal surface equation of state can

be used; that is,

Rt LS
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. . | . *;\. -
%-r=KT o ‘ - (30)
vhere -T; is the interfacial tension of qn_unconfaminated ihterfacq.

- ~

.3. The quationa gpverning film thinning

Fig. 3 shown schematically the derivation of the rilm thinning
oquations. The derivation is based on the combination of the equations .
of change in the fiam and the fsice and surfactant mass balance equatioﬁs
at the drop and bulk intorfacas. The reaulting equations deucribo the
variation with elapaed time of film thicknesa, pressure and radial veloc-

N

ity in the film, and the distribution of adrfactant concentration at the

interfacaa. The dataila of the darivatiqn are as folloua.i,

! 3

2+3.7. The rate of film thinning _ N

" Integration of the equation of’ notion Eq. {13) with roapect to z

vith these boundary conditions RN
' V}(z:zf)-f U, I '_; (}1)_
V. (z=z,) = UZI ) ~— o . (32)
3‘1?08 ' , i:_.;-:gr |
v -2-2) ‘ §Btz-z,)+ 5—2} + Y, T o
y -

1
The eontinuitj equation 151

where the iﬁtergnce.velocitiep . and Uz are atill to be determined.

38
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%S—r(rV)+3;,0 | - | (34)

"Integration of Eq. (34) Hlth respect to zy from z=z, to z:rga gives

. | 2, IR
%h. - Vl(z=z ) —V(z-z ) -_—I—- rV)dz o9
22 ) . - '

where h is the film thickneas, given by e

® b=z, -z, - e (36) -

Subatitution of Eq. (33) into Eq. (35) gives the eipression-}or the rate

of film thinning: \ ‘ _
ah _1aff1 33 _1 o
98- r [r{IZH 3r K "E'(“a*uz)h}] en

2.3.2. Normal force balance .

At the bulk interface

Substitution of Eqs. (23) and (27) iﬁto Eg. (5) gives
cQe—yv L9 . o -
ot

At the drop intefrace

Bubstitution of Egs. (23), (27) and (28) into Eq. (5)‘giv§a

2, : | |
= - — (3 )
b P = '}; r Br(. )- }'\ 9
, Bince the aurfactant concentration in 1ow, the followlng applies

e
G

' \':\ :
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Mg =YK Ypaor Yy

.T
| e . (40)
7 - 72 << Y ' or 72 = YO_ 7

Hence. Eq. {39) can be aubtracted from Eq. (38) to’ gzve the relationahip

p =T‘y~(1 R %2]) | - o | _ :gn). 

between pressure in the film and film curvature:

2r Br

2.3.3..Tangential force balance _
The shear stress exerted by the flow in the f£ilm at the bulk 3

interfnce is given by Eq. (24):

a\L c _ E -
“az z_u;, e b
which can be ciléﬂlafed from Eﬁ- (33). The result is ' N v
ue-‘“_—uz‘—hap_' B N

einilarly, for the drop interface

L

T = u-—:- ;_322 . - ‘(444)

T," u' u -—h ap (45)
Bubstitution of Eq. (43) into Eq. (6), and Eq. (45) into Eq. (6) .

givea the equatione for the tansential force balanoe.

At the bulk interface

*-ui"—z—— h® _g--B we
o B

At the‘drog-intertace



L U-u, 3 oY
He-ghae -0 =-3 (47)

the aurfactant concentratlon diatributlon by us1ng the dlfferentiated

form of the surface equatlon of stata, that is

_a)’a'k*al" o | .
ar ar : - B (48) -
jThe results are | | |
#3  U-U, 5 3p
a M e 0| e
- *a Lll—U ap ) .‘ o Y '
“ar HTR o (50)

2.3.4, Surfactant mass balance
At the bulk interface e

' The aurfaotant mass balance equation Eq. (8) in azi-uymmetrical
cylindrical coordinates is

a—g— k(r' .r') p 'aT (UP) (51 :?

where tho terms on the RHS .of Eq. (51) ropreaent respectively, the bulk/

interface transfer of surfactant { cf. Eq. (29)), surface diffusion and

the convective transfer due to interface movonex;t. e o o ‘)
At the drop interface = L

~

Yor a spherical mtorfdc§.,Eq- (8) becomes l”ﬁf' '

[ ) - . - "
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P2
_'?r=\‘(1-(5') )_‘. .

JHowever, in the region of intefaat, T <0.3{: R -;_~_0.95;'. hence, Eq. (52)

can be 5implified into

% 2k (T,-D)s lgr( -'—a'-(rrl.Jal';) e

rar\

This completes the derivation of the film thinning ejuations, given by
‘Eqs. (37),(41),(49),(50),(51) ‘and (53). - |

- 2.2.2. Boundary conditions | | ~'_’
The hishest order of derivative in Eqs. (37) and (41) is d h/ dr

and'in Eqgs. (51) and (53), d2 r/dr and d° 1"2/ dn ; hence four
boundary conditionu muat be specified for the preuure or the. film thick-
nou. and two for each surfactant concentration at the interfo.co. These
are:

giz Total force balance in the z direction

) B}cgupe tl_u.l’low in the film is very slow, the force acting t:;n thp

£11a is ba_:l.l;nced.by the pressure in the film: '
. : ‘ -“ ! | )
l'-...[z‘-n'r.pdr ) ‘ ‘(54)
Bince only the drop buoyancy foroe-is «ttzqnaidered. hence '

regad bos T )
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(n) Far awa.y from tho centre, there ie nq flow

The pressure at r = «- can be set as the reference preaeure. henc:e

o

(56)

P =0 at.r o

(iii) At the film centre,' the pressure is finite ™

T

' The second term on the RHS of Eq. (41) eontai_ne 1/r. dhfdr , hence |

to maintain & finite preassure at r = Ot : ' o
'.-%%:_'Oatr=o' - | (5?7

(iv) At the film centre, the rat.e of thinning iA finite

The first term on the RHS of Eq. (37) contains 1/r dp/ dr, “hence
-g-E-:Oe.t.r.:O E | S (58) | R
dr . _ : ] S

ns for the surface concentration are( om'.fting

The i:oundary conditio

“the eubecripte 1 and 2) : ' . | : :
(1) At the film centre, the rate of change of Pwith time is ﬁnite

" ‘The RHS of Eq. (51) and (53) contain 1/r al"/ ar. ; hence

.;dI‘
5= Oatreo (59)

4

{(ii) Far away from the film centre, there im no inferfa.ce movement .

Since there is no interface movement, the concentration at r = © .

is the stationary interface concentration:

T Tatr=o (60)

" Note that I‘ is a function of time if the 1nter1‘acol is still aging.

©



- ‘Approximations for the boundary conditions that involve conditions at

intinitx
These boundary coaditiona, Eqs. (54) (56) nnd (60) are difficult

to 1noorpornte in tho numerical aolution. It ia thoreforo necessary to
replnce the inrinito adinl distance by some finite radial diutancea. S

For the presauro in ‘the rilm, the boundnry uonditiona are roplncud

i
i
i

- by P . : .
. R o , | .
F s ~/~ 27 rpdr - R . - (Sha) - ,
and ' . o . . a 1
pe0 at y=R -7 : o (56a) . ;

. p -
; vhore|Rp‘ia"apecifiod by : | | ‘ . - ' \
. - o : : i
]

% =0 at r =R | T (61

8imilarly, for fho surface cqpé;ntration:

4

i R R, .  (6ow)
vhere R' is npocifiod v | |
B )

. - ,

"
.
.
#

These approximations are shown diagramatically in Fig. b.

2.3.6. Initial conditions - \
There are three timo dorivativca in tho film thinnins oquntionn;

therefore, thrco initial conditions mult be apecified to utart the
integration ot the filn thinnins cquationn. Thess 1nitial conditiona ares



\ /// "5
h (r.'e. ) = hy (r) . | .. Tf' - (63) )
CT(r,60) e T () / L (e '
1" (r,026)= I / ~ 5(55)

/

Tho naleotion ot a auitlble fgitill time 'is not atraighttorwnrd

baoaune the film thinning equatio' are ‘valid only in tho region of small

rilm thicknesaea. If the initial time im chonon to ooinoido with the

actual experimental initial time. other model muat be developed to
\

deuoribe the initial motion of the drop during the period that thn film

thinning equationa are not yet app ioablo. On the other hand, if the
;nitinlitime is ohosen such that-th rilm thickness is in the region wh ‘Q "
- the film thinning equationa age app cnblég the valuea of Iﬂ (r):nnﬁ
Izo(r) are not readily known becausq the interfuooa havq move prior té
the aoloctod initial time. Conuidor now the differont ohoi s of initial
time, and the implioationa in terma of \the values of/;ho initiul oondit-
ions and ﬁhe need of developing an addit onnl modtl to douoribo the
initial . tion_of'the‘drop; aummarizad in. Fig. Se P

o Fg. Sa shows nn_oxpirimont in yhig .the,drop is released from a

location ¢lose to the interface ( a typical stance is between 0.5 to‘\\

1 em). Th initial time selootod is the nlflnt?jﬁlt'boforo the drop is

rcloaaad -] tho bulk intcrtnco. Thys” the diatrihuéiona of surface concen~-

tration nt the’ 1nitinl time are uniforn, I’ (r) . Iqi and I1 (r) = I;a.'.

' Tho 1niﬁial tilm thiokness profile h (r) Qan be measured oxporimcntally

b

by uniﬁé. for exnmplo tho uido photography uothod(7). The additional

modal is one to-desoribe the initial motion of the drop after it is
_rolozrod and the oprr-upondihs flow in the thick film and at the bulk

nterface. This model is difffoult-to develop because .the manner by which



'locounted for.

~tho bulk intorfaoe. Th

_doterminod. The udditional model in one whioh doucribog tho rotnrﬁ"a
' motion of the drop. _':. _“ - T

" surface oonnontration a8

“the, drop is released from he capillary tube must bo‘qunntitntivaly

In Fig. 5b, the |drop 18 roloaagg Jrom a looation quite far from ;

he drop will traval at itu terminal velooity

l(lrtor the initial accolarntion poriod) until tho bulk intorfaco bogina

to retard itn motion1HThia 1natant can bo ohouon as the initinl timo. Thuu

the. initial distribution of uurfnoo concantrntion at tho bulk interface

.is uniform, I1 (r) = I‘1, and at tho drop intortaoo, the 1n1tia1

diatribution iu givon by thut nt the interface of [ drop trnvelling at itu

3

torminal velocity. Tho initial film thicknoas profile cnnnot be ° {}y

-
/ra
o e 8
LT
/ [

s

= Th. ipitial timo chosen 1n Fig;,ﬁa or 5b is not nuitable booauao
of the diffioultiea in devoloﬁlng tho udditionnl model. Fis. 56 nhown a
/
lolcq,ion'ot”"initinl time which does not require the development ot

an additional modol. Thia initial time oorroapondu to the in-tant vhen :

the film. bcsinu to produoe meauurabl. interrorenuo coloura; that is
“for filn thicknesses less than 20,000 A° Thus the initial film thioknola

prorilo can .be moanurod exporimontally. fho initial diltributiona of

-urfaoe conoentration are not uniform beokuno the interfaces have moved
|

prior to tho initinl time. Thene 1nitinl distributions oan be olloullted

tron tho oxporimantnlly'maaaurablo rate ‘of thinnin; at the solootod.

'1n1t1-1 time. In this thesis, the initlal time shown in Tig. 50 is used.

Considor now the c"oulntiondnf the 1n1t1:1 diutributiona ot

tiinod iu;ris. 6. The caloulation of lurfloo
/

/
.concontrntions'and 1ntortnac’vtlooitiou iro rolu od boonule these variublcl

/‘ ‘
f'/ . ‘ P
s /-

P!

i



¢ o e
puat natinfy the tangential force balance equations at.the into:‘-facoa.
L)

Hence this culculation cm be’ reduced 1nto tho oaloulntion of one unknown.

""{pr omplo the bulk intorfnoo volooity U.‘. as ﬂolooted in Fis. 6.

L.

Binoo the tungontial force balance must always be cat:lafiod. the

valuo of U, which is consistent with the obmerved rate of thinning and
s -

, - the film thickness profile, must satisfy Eqs. (49) and (50), not only at

tho initial time '6' y but ﬂso at some time later 0°+ AS- .. Combination

or Eqn. (49) lgld (50) giveu - ) .

-

(a—g+—-2) h—P--o _' (és)

B:Lnoo £q. (66) muat still be utiufiod at 9 + AG » the time derivative
mt alaso be satisfieds ‘

o » .° o H? L - . Ji .
-°_'_h ﬁ ) g_(af‘ d ) ag( %E.)-‘LO : | (67?

. 4_,. B

Boonune the order of dif:eroptintion io impmaterial, Eq. (67) can be

writton ag . : o o
. - o a_ aI" al" ) QE i - - |
o | al' —a-d + é—e-a )4--8-@("\ ar ) 0 A | (68’) ] o

Eq. (68) is the oqua.tion for oaloulat'ing'n The first torm on. the

T e,

LEB of Eq. (68) can be caloulated from tho nurtaotnnt mass balance “

} e

oqu.:tiona Eqa.’ (51) and (53); honoi this torm i- N funotﬁlon of the unknown

Uye The- moond torm on/ be onlouluted from tho oxporimantally mouurcd
© f4lm thioknosn protilo :

0

rnto of thinning at the intth’l tirme ainoo
h and p are related the norul force balance equntion Bq. (1), .
‘Therefore, the value of U, oncuhtcd from Eq. (68) satisfies



,the'film'thinning équati?ha_and agre;u wiih‘tﬁe'dbaorved film-thickneas
-, and rate dIgtpipning;-AfteQ U, is. calculated, the other variables Uy
and’ I‘I(E) ard I1 (r) - the 1n1tia1 conditiona - can be roadily oY
calculated from Eqs. (3?) (h9) and (50), raapectively. ‘ |

‘ : . : | . | - , ,/

2.4, Discussion ’ v \\ o ' L H}c

2 4,1, Interface mobilitx

., . The main difrerence between the film thinning equations developed
l | in ﬁﬁia.theaia and thoae_previoualy devoloped lies in the description of
a ~ the interface mobility; In thialtheaia; the interface mobility_is‘ﬁot-

/ . arbitrarily aéaumed, whereas pfeviously it was assumed conatant‘régnfq— _.’- g
/ ' *less of the suriaét;nt concentrﬂtiou,iﬁ'the‘ihtofrace; Becauaeftﬁp
| dolution of the Iilmutﬁinning squations is much simpler when tﬁq ihierface.
nobility is assumed constant it is important to examine whethar the
rolaxation of this assumption is juatifiablii ﬂ‘
Conaider first the dopandance of the rate of thinning on interfacer
volooity. Eq. (37) uhova that the rate of thinning conninta of” the o

pressure nnd the interface velocity terma. The relativo importnnca of

-
-~

) thoao terms is a Iunction of the film thickneaa h. Sinco tho pressure
srndient term contninn h3 and the intarfaco velocity tog?. h1, as the
thinning procuods and h docronaaa, the 1atter term vill dominate the rate
of. thinnins ozproasion. In addition, the presauro grndiont in the central

region of tho film is small ( Thin will be conrirned in Chapter 4); thore-
fore, since thinnins or dimple tormation occurs danpito of the small

’ %‘-ﬁxi\ pressure gradient, the interface velocity term is ‘even more domiqnnt in

_ the central region of the film,



Lo
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L

£ bo

’ Horerimpbrtant' houever, i& the fundamental consequence~of aeaumlng

4

‘arbltrarily the 1nterface mobli;fﬁ. As & reault of this asaumptmon. the*

| ehuatlons for aurfactant mass ance and tangent1al force balance need

' “not be con31dered nnd connequently the interface velocities U and Ué
and hence the interface velncity term in the rate of thlnning expreeezon -

~ are essentially {ixed. -Therefore, the rate of th1nn1ng dependn only on

*\:the pressure gradient and the film thzcknese profile. This implien that
lthe rate efrthlnnlng for a given system ( llqnide and drop size) is
un;qnely determined by-;he film thickness since the'breneure.and :iim \*;\\\
thickness are related by the normal force balance Eq. (42). Such a con- :
clusion is not supported py_experimental.opeervationn; different types of .
.filmqthnnning behaviour hnvelbeen obgerved for the same iiquids and drop
aii?. éenee the interfade mpbilitj must be calcnlnted and not preset. °’
The neaeon-unyt;t is incorrect to anaume arbitrarily the interface
. - . mobility can also be seeniby examining'the calculation of the initial
\i\\\\ ~ conditionn. When this assumption ia made, tqeg;nitini distributions of |
eurfece;qoncentretion‘ere not neesded, hence there is onlj’bne.initiel
'condition that muat be'epecified, namely the initial film thicknena
9i$\\ 'profile. Thus the, initial rate of thinning is alno not needed. This means
that a model with conntant mobility can predicf the tilm thickneea
'iprofilee at eubaequent elapaed timea bnned onlx-on an“inxtiel film thick-.
‘nean profile. Such a. prediction is in seneral incorrect since there can
be different film thinning behaviour even though the initill film thick- 7 'cf
ness profile is the same. , '

In summary, the conetnnt mobility assumption ia nei}her%accurane_

-

nor correct fundamentally.
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| 2.4.2. A'poéiulafe for the conditions for é#an‘ana uneven thinning

7

The explahatlon of‘vhy thinning occurs evenly or unavenly is 5

: important in the.underatandlng of coaleacence, there is alao & practical

‘ peed tg be able to estimate whether thinning will occur evenly or unevep-:

ly. If the thinning pattern is imown, in certain cases a simple mbdel can

‘be used to describe the rate of thinning at a particular location in tﬁe

f£ilm, for éxahple the barrier ring. Unfortunntely; different simple

.models are needed for different thinning patterns, such as even and

unevéﬁ thinning. Therefore, the thinning pattern must be known ian

| simple model is to be used. I :

A1l the rxlm thinning modala so far doveloped are axi-aymmeirical _

\T\“~’\\E?dala. Thaue modals cannot deacribe uneven thinning. Howevor, it may be

A

. poasible to use an~axifaymmotrical model to 1ndicate the conditions unde:

wvhich thinning occurs evenly or unevenly.
. Given a model which is capablo of doscribins even thinning, con-

sider the phymical interpretation\of fhe follouing possibilities that .

uay ariso in the cnlculation dascribed in Fig. 6, Soction 2 3 6

1

(1) no real values for tha interface velocitiea uhich satiafy the
tlngontial force balance equationa can be’ found. lnd

(ii) “the surface concantration uhich would satisfy the tangontinl

' force balance equations is negntive.

_ Bec:usc the: model ia axi-aymmetricul, the interface voloc:ty which

is sought for-ia also an axiuqymmetricnl‘interfnco'velocity. Therefore,
the absence of a real value may indicate that the interface veioc%p&

which would satis{y the tangential force balance equations is a non=-

,luigiﬁiicll qunntity; that is, uneven thinning.

[
. v

e ke T



cannot be satisfied under: axi-aymmetricgl conditions.

" postulate can be tested from the o _

defined by | o

o

.- - N -

. . . - - » L - . '
¥hen the calculated surface concentration is negative, it indi-'
éates-that there is insufficient surfactant at the interface to aupply

the necessary 1nterfac1al tenslon gradient to baladce the applled shiear

' atreaa exerted by the flow in the. fllm. This alao may lead to uneven

th;nning, -an suggeated by Burrill and woods(a)

. Therefore, one can suggest a postulate for the conditions for
uneven thinning; namely Qhen the tangential force ‘balance equations

Conversely, one:tan

{

-~

. postulate the conditions for even thinning:

- (1) Real values-for the interface velocities exist, AND
© (ii) The surf&ce.éoncentrationa-are ever&whére positive.

The interface vdlocitiés'and surface concentrations can be calcu-

lated by the method described in Section 2.3.6 from experimental data on

T T film thicknaaaﬁggg_faté of thinning.fTherefora the validity of the

——

yrimental data for both the even and

uneven thinﬁipg behaviour.

-Note that such n:pbatuiate éahnnp be formul rom a model in

'which the interface mobility is assumed constant because the problem of

calculating interface vélopitiea nnd.aqrface concentrations does not arise.

2.4.3. The dimehaionlesa'groupa in film thinning .

The similarity nnalyaiu(g) is a unotul method for dntermining the
dimensionless groups in a system that has bosn nodollod. Tha method is

hasod on a linear trnnstormation of all the varinblea that uppcur in the

- model, Fbr exnmple, for tho variablo x, & dinenaionlesa varinblo x iu.

’

et



A

3 :wheru x, and Xy are unknowna with the same un;ta as x.

Thuaa dimonsxonleaa var:ablea are subatztuted into the equations,

1

" the boundary and 1n1tial conditiona of the model. The reaultlng dimenalon-

leas equations w111 contain dimunslonlesa groups in terms of x 'a and xB's.

A

Theae uﬁknovna are calculatad such that a maxlmum reductlon in the number

of the dimensionless groups is obtalned.-The

- [

"non-reducible " dimensionless

groups are the dlmanalonless groups for the system being ‘considered.

The ‘application of the aimilarlty analjhiu to the film thinning

: equ&tiona developod in this thea;u giveg the
|

The didensionlesp variables are

‘following resulta:

'h.=-b"?' p-=_p._ Ui= U, ‘U.= : Ug C
« [ [ D r e 1
- P- 'ﬁ 9‘:-—.— . |
ST | T | e |
3Y '
'fﬁn'd;ncnaion{eqa_film thinning'equationa bacome
3H' L1 3 [Rf18P%3 1 e, myee
-ar-["{az a.--"i 74 ”')"}] (7).
.'.“ 1 13 arr ‘ ] ' '
=1 2cp n (g 1 o
<p,h'-a—rl »qur-up » S Lo )
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ae' c£>,2(1 rF) ‘Pr-ar-

af’)-_._r,(r-u-r)

o
5 al™ '
q’,z (¢ P ) Sr.ar'( -2 )‘F.‘a— .U.r.) ‘_':,-,575)7
| whore the dimenmonlaaa groups are, o
- 3‘}' i y b "L,y 12" Ty
- (76)
Tha. boundary cﬁnditions be;come
ﬁﬂ.r'P"dr'=‘ o o
-0 . .
pf=0 rfac (78) -
gf.'o "0 _(79)'
gt g0y -
a0 ™0 (80)
%—fl:-ﬂ r'-u Jin1,2 (81)
R r-"oo (82)
a - ': 8 )
];. P, rao (83 /




| The dimenaionlese initial conditionis are given by 'the same fom |
as that shown in Eqs. (63) to (65); hence they need not be rewritten. ..'.-
. The results of the analyeis shéw that only tive parametera = the
_ dimensionlesa groups defined in Eq. (76) - appear in the film thinning
quntions. 'i‘hese dimensionlesa groups show how the phyaicnl properties of
the liquids Ap, H and Y, the drop eize b a.nd the aurface concentratione
- 1-‘51 and I}, are combined 3n their ei‘fecta on film thinning behaviour.
The phyeical interpretation of the dimenaionlesa groups given in Eq. (76)
: ie:‘l o . |
(i) ¢ is the ratio of buoyancy to mirface forcea,

(ii) ¢>6 is a measure of the relative importance of eurfe.ctant BaBs
.trannfer by eurface dii‘fusionl and by convection. .and ¢1 s, by adaorptioh .
lnd convection, ‘ ‘ ‘

(341) ¢ is the ratio of 1" to I 1 , and |

(iv) ¢9 in the rntio of the 1ouering of interfaciel tension to the
umontminated interrncial tension.

An equivalent sot of dimeneionlene equa.tione would be obte.ined
‘by definimg - . - o -

m-% - and I‘;»% B

82 . 82 _ .

The values of Q; and ¢.; would then become

LR e ¥

A "';"" I e T

Therefore g can reprount ‘the surface concentre.tion at the -
~ bulk or the drop interfnce. It is convenient, however, to adopt a con=

/ t
nntion in which ¢ reproeente the hrgor surface conciptrntion 80 that

N '
) ! " ' ol
v



R
the .value of ¢ lies between zero and one. ‘vlith this convention, inter-
face 1 alme refers to the interface uhich contains the larger eurface
concentration l-' Hence, 1nterfa.ce 1 may refer to, the bulk or drop

inte:face depending on the values of F at these interfacoe. -

o 2Jhh, Methoda for meaaurin&or estimating the eyetem phxeléal propertiee )

The eyetem physical propertieo that are needed in the eolution of
. the film thinn:.ng equationa developed in this thesis are:
| (i) the 1iquid/liquid physical propertiea. density difference Ap 5
: film viecosity {4 and interfacial tenaion y ' )
(ii) the drop rediua b, | . ,;E | -
(3ii) the surfactant physical propertiee: surface diffusion coefficient -
P and the rate ‘constant for adeorption/deeorption k,, and -

(iv) the atationary eurfaoe concentretion at the bulk and drop inter-
.‘racea P nnd P _ .

Conoider nov t.he methode for meuuring theee propertieo. The

liquid/'liqnid physical propertiee ‘can be readily meeeured by standard

nethode. In general data for Ap, & and Y are anileble in emd
'handbooks. o | |
“ . The method for lneasdrins 'drop sire - unless a j:hotogrehio “method
is ueed - depende on tho technique oeed fo:-‘foming ‘the 'drOp.' I;”tﬁ'e
oonventionll drop=volume method is used,  the drop lir.e is caloulated .{rom
the balance between buoyancy force end interfaoiel tenaion. It a nethod
similar to that of aodpou“5) o used, the drop size can be directly
| neasured ueins a ndorogetex‘ eyringe._ -
‘ The measurement of eurf-.c‘e. diffusion coeffioient is dirri:oult. .

especially for gurfactants that are soluble in one or both the bulk fluids



' order of 107

I
'.‘becnuee of the difficulties in meeeuring the eurfece concent tion and
also. because of the effect of adaorption te or deaorption ffbm the inter-

face, which cannot be ieolated. Sakata and Berg( 0)

uaed a radioactive
tracer technique to geehure the eurrace ‘diffusion coefficient of’ mwriatic-'
'ecid at an air/hater interface. They cqnfirmed the validity of Fick'e law
'lnd found the velue of‘p to be between 3x10 -5 and 3x10-4 em /bec. The

ulue of ;b for a complex protein of molecular weight of 70, 000 at an
(1),

'air/%ater interface has also. been meaaured

£ .

; it was found .to be of the j-,
cm /hec. _ |
' The adeorption/ﬂeeorption constant k3 is an ehpirioal'coeetent. #

- An eatimate for kj can be made from the eimplified Ward-Tordai equetion
“'(5). Asauming thnt k3 is the equivalent rete of edeorption vhen the

surface concentration reaches half of its eqilibrium value, the estima-

!

tion can be ‘wade as followa. . o | o
The Ward-Tordai equnti:;jkiml) ' A ‘
[ = (‘be) L D ¢

. Differentiation -of Eq.-(BH) with respect to'tiue gives

d5 _(b )_;-c - (85)

clB 7o
Aeeuming a linear relationship betueen the bulk end surface conoentretion:

nq'.x°< ‘ S y (86)

then the substitution of Eq. (86) into Eq. (8s) gives
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a-"‘-". - LT

dl («b)%r SR
@kl W e
7 ‘The time t@k;n to ifeach half of the oqu;_ilibrium surface concen= |
' ifatién Bﬁ‘gan be cglculated from Eqs. (86) and (84): | |
-.sz.r_‘ a e
16 - D - I o L
Therofore, the estimate for k3 can be obtained from Eqa. (88) and (87): i f
| _ o R
‘k'-..-‘?'fibf - e
The value of K is about 1 6x10 3 (12) and 3 15 of thﬁ order E :
01710'6 cm /bec; therefore k3 is ‘about 0.5 nec 1. | _ ‘u %
 The surface concentration I" can be speoiried by tho lowering or :
the intgrr_loi_al tension k* 1-'. since a linear surface equation of state is. R
used, In_principla,.k‘:r:can be neasured experimentally B&, for exmmple
" the pendant drop methéd(13}; or estimated thaoretically from, for oxample )
the Ulrd-Tordai equation(S). ( In the latter, tho surf:otnnt bulk dif- - \
fusion 2 st be measured; of. Ref. 4 for mothoda for measuring .9 ). \

Bouwor, the applicability of such :nouuremnta or eltimtiom ia ‘doubt-
.»ful beonuse of the presence of surface nctin contaminants of un.lmown

oonoontration in the ooalonoonoe e011(15" 17). While there is no doubt as
to the. cx:l.utenoo of these surfmce active. oonunimta. thoir pature and

ooncentration can only be apeoulatod. 'mnrcforo, unless tho uurcmnt

of P is oarried: out. in tho eoaldsc.nco 0011, tho values of 1" inde~

pondontly measured oan only be rcpr&.d u 4ltimtoa.

5\
.
]

¢
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2.2. Sgggegx ﬁnd conoluuionn ‘
| " 1. The genernl oquations for the flow in two bulk fluids Blplrltod .l
by an interface contnining aurfnctanta havo been deuoribod ‘and nimplifiod.
‘ for tho film thinning in ainglo drop ooalouuonoc 1n oil/httor systema._ ,J
Tho intorfnco obility, however, was not arbitrurily assumed in the aim-
pliticntion. ) ' |

2. The major auaumptiona that hnve boon mado were:

(1) paeudo atoady stato, orooping rlow and negligible hydroatatio |

effects for the flou 1n the 11m, uhioh weroe - Juntitiod by an order of
mnsnitudo nnnlyaia. and | ‘ ' - o

(11) 1nviuoid flow in tho ‘bulk phase and inside the. drop. lnd tho use .

éf 'y aimplo oxprnaaion for tho bulk/interfaao-tranafor of aurtnotnnt,
vhich ehould be Justified & poatcriori. : '

3. The interfaoo mobility muat bo caloulatad and not prouot. The -
oonltant 1nter£uoo mobility aasumption ia neither accurate nor correof
fundnncntally. ‘

b, A1 the boundary conditions can be specified from physicnl

.alrsumontan ' o

(1) the ‘Fressure in the film balances the drop buoyanoy rorco.
(11) there is.no fluid flow far trom the tilm oontro, and
(111) sll the vlriablo- repain finite -t tho film oontro.

Se Thofinitial oonditionn munt bo onlculatod from oxporimontally
nollurod filn thickness profiln and rato of thinnins at the aoloctod
dnitiad tize.

5. It is polliblo to use an axi-:mnctrioal model to postulate the
oonditionl for ovan and uneven’ thinning, providad the interface mobility
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in not arbltrarily annumod. A poutulnte han boen put forward for the

oonditionn ror even nnd uneven thinning. Even thinning ocours if Bnd only .

PRETE e

ity x
(1) ranl vnluourfor tho intorfuco vclooitieu oxiat, and :
AN
(ii) thg\furfnco oonoentrationn are positive ovoryuhero at ‘the bulk - A \Q\
e T
nnd drop interfacss. L
Othorwiae. the thinning: is uneven. g R . . _ o : \\<
?. The dilonsionlouu gronpa in film thinning are =~ bnaod on the -“}
i
oquntionn dovelopod in thia thcaiu: :
2. | 2N R . ke . Pubdk
b4 ptApg #% : ILE-- 81 M. 3
¢.5_ y b6 Yo ,‘¢7' > ‘#_9" Y. .."612'._ y | .
/
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- Fgure cupfibnn-‘"

"
T Film goomotry. showing tho shear ntrounou and tha 1ntortuoin1
tonaion prndionto. tho/rndinl volocity prorilé and thq presgure.
| 2. 8¥rouuna at a curved 1nterfuco. The normnl nnd tangontiul“ﬁhohﬁ-

n;rounou can be.expronuod in torma or boordinntc compononto of tho ntronn
_ tensor by onrrying out a tensor trannformation. '. L
_ 3, Outline of the derivation of t«jﬁTIIW thinning oquntionn. B
. \f**; b, Approximationu for the boundary conditions: which involvo an | B
o inf;nito number. - - a L - L - "1::::).

‘ _ 5. Tho uol;;tton of tho 1nitin1 time, uhowing the difforent o
-vnlucn of the initial oonditionz, and the ndditional modol whioh may
.'nced to bc dcvolopod dcponding on the uoloction. ﬂ

5. Outlino of the galoulation of the 1ntorraoo velocitien and tho

e 2

diutrihutionn of aurfaca oonoontration, ‘given the film thioknona nnd

"“th rato ot thinﬁing. The onloulat&qn can be rodunod 4into that -of one

- \

tublo, ror oxamplo U1 a& phown in the diagram.
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R . CEAPTRR3 - Z;;
.EXPERIMENTAL STUDIES

The effect of an. oil eoluble eurrnctant on the riln thinning
behaviour of toluene drope is etudied. A brief diecueeion is rlrut given
ot the methoda of controlling the veriablee which affect’ filn thinning.

K
: Thia ie followed by the description of the npperetue ueed and the procedure

fop data gathering.\
' . The observed film thlnning behaviour and the methods of data

lnnlyeie are deecribed. A compnriaon is given between thie uork and previoua'

work to evalunte the verioue experimental techniques ueed. o

}4]. Hethode of controllinggthe variahlee

" The varieblee that. nuet be eontrolled in a coalescence experinent
are: - - - | Co ,
. ve
(i) the pthicnl propertiee of the liquids- and the. drop eize,
(41) the physical propertiee of the aurfactant, and
_(;ii) nurflotent concentration I‘ at the hulk and drop interfecee.

Variables (i) and (ii) can be controlled by eelecting suitable

' liqpide and ‘surfactants and by forming ‘the dropa accurately. The eontrol of

the surflce connentration I’ is not. eany becauss of the difticultiee in
* removing completely eurfane active contnninlnte trtunthe apparatue. Ideal-
' 13 the control can be achieved by first renovins all the oontnminente. and

. then adding deliberetely known e-ounte of surtnctent. In preo%tce. however,

68
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1

thin is not poeeible. Therefore. the control of nurfece concentration can .

L4 o

' only be achieved indirectly.
For the bulk interface. interfece cleening ie a forn of an indirect
~ control, The eurfnce concentration thuns etertn fron zero - at. the conple-
o ‘tion of the: cleening and greduelly increnaee\ng\\\\‘interface age
increanes heceune of eurfectent ednorption. InterfeceHoIEining\ig\tneiefore

—

a useful method of control for etunying the effect of very low enrfnce T
\ooncentretionn. | \ | | A
Yor the drop interfnoe, interfece cleenins cennot be npplied. As a
funther conplicetion. the drop interfnoe age cennot be determined eoournte-
1y becnnee of ita dependenoe on the manner by vhich the drop is- forned.
Therefore, it ia deeireble to elininnte the dependenoe of enrfece concen-'.
tration P on {nterface age. This can be achieved by aging the drop inters
fece for a nnffioiently long period of time; hence, the initiel effect of
lurfeotant edeorption is nininined. By this means, the surface oonoentretion
I1 can be neinteined conatent throughont an experiment uith the same bulk -
- surfactant conoentrntion. To\very thie enrfehe concentration. different

¥

’ bnlk eurfeotent concentrations are ueed.

:.2. Desoription of the mpparatus
. A coalescence apparatus consists eeeentielly oft
(1) a drop forming device,
(11) a coeleeoence cell. and
| (i11) a fila thigkness measuring device. s |
!he eohenetio diegrea of the epperetue and a photogreph are ehoun
- in rige. 1 end 2, reepeotively. Ibope were forned in the Qrop foreing.
- noeele '2'. 1oeded in the conneoting tube '9' end then releeeed to the

. ) . . — - .
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.‘bulk intortlco in the coalaaoonce cell '1‘ The film thinning-béhaviour;wid‘.

* observed by using the vhite lisht interference. tochﬁ}quo and recorded by

’:a cine camera '11'. . o i o . &_.

All the parts of the tpparatus that cnme inés oontuct with the oil .l

.\ and tho wvater were made of glaao or toflon to permit thoroughcleaning.Thel
:'exporimenta were conduoted in an encloaad. tempernturo-oontrolled room to |
minimize the poaaible contlminntion from duut in the uurrounding air. ;

" The drop formihg devico is ahown dilgrnmaticnlly in the innort in
Fig. 1, and a photogrtph ia ahoun in Fig. 3. To form n drop, tho desirad :
volume was metored into the capillary tubo 'C' by uains a miorometor N
'ayringe. The oil alug waa thon cut’ br-nlouly injootins wvater through
tube 'A' This procodure vas repelted until tho desired numbor of dropa
was obt:inod. ‘The ncouracy and the reproduoibility of the method were first

-ohnokod by attaohing a cllibrntcu oapillary tubo to tho snd of the drop -
forulng nossle. The method was found noournte. roproduoible and 1nnonuit1vo
to the phyaia;l proportiea of the tuo liquids. .

!ho rnngo of drop sizen thnt can be. tornod in one drop forming
nozsle is dotcrninod by the inaide dianeter of the capillnry tube *C', Tho

' 1ounr limit is reached when tha drop bogina to float in this tube lnd the

upper limit, when the drop bogins to break up. For the present npparntua,‘
these limits were 0,002 and 0.008 ml for the tolueno/ntcr syattn.
Thn uohnuntiu diagram of -the coalcaoonoo cell is shown in Pg.b.

A nunbor of provioualy developed tcohniquos hnvc been ndopted: tho 1ntor-
face cleaning tochnique and tho use of a teflon ring to rtvorao tho bulk
intertace curvnturo(1) Three interface olonning probos were usod to.clean
the bulk interfismce uhioh had an area of nbout 20 cnf. The offcotivcnonu ot

Lo
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" the present cleaning method, in terms of the area to be cleaned and the

- number of interface cleaning ﬁrdboa; should be compafnbld to’thnt used

provioualy. where one probe wna uaod to clean an area of ubout 12.5 cma._

“ The teflon ring’ uaa used to provont the drop from rolling at tha

bulk intartace. Because th- bulk interface uns nlightly oonouve on the oil

' phula side, the drop could be released to the highoat point at the bulk

1ntorfnoe and ’held' in one. poaition. Thin wan ncoosaary ninoo tho area ot
the nicrosoope ficld of viev vas only abont 1 mma.

Tho coalescence cel%*uha to be used with oil aolublo lurfactantn.

50 it Was neccuaary to minimizo th. depletion of the bulk uurfnotnnt con= -«
:oontration in the bulk phaso due to ropentod inter{noo olclninss. This,

rtquirod that the volumo of the bulk phauo be sufficiently large. Houovor.

'uthe 115ht interforonoo tochniquo impoeed a rtatriotion on- the mnxinum :
depth of tho»bulk-phaao.rat-the lopation whcro the interference oolouru

'hnro observed; this depth vas about 1 om.. Thorcton..}tho nhhp;‘of'thc

cell covar, shown 1n Fis. 4, had bcon dosignod nuoh that thnno oonditiona

‘were not: the bulk phaao WA ahnllow in tho rogiona vhorc tho 1ntorfaronoc 3

qolours were monaurod. and yet ita volumo was lutficiontly large to -

' ‘minimize the ¢ap;ction due to 1ntergnoo¢u10aninsu. ( The volume of the
bulk phnse was about 100 ml; see E&k55‘of Ref.2).

The nako-up ronorvoirs shown in Fis. ﬁ were used to ropllc. the ligq-
uids loat due to interface cleanings. The make-up water reservoir was also

used to adjust the bulk interface level in the ooalouéonoo cell. This

"_.udjuntnant was acoonpliahcd by the addition or th. rcmovnl of the

water in thc coalescence acll. This was necessary booauso for a pr0pcr
interface olcanins, the tip of the interface olgqning probe (uh;eh T



g2
_ fixed to the ‘conlecsence coll) had to be pooitionnd nt the bulk interface. :
_j-Otherwiuh the o0il and tho water. oould not bo aimultnnooully removed,

‘_ | The optiOIl nrrangamonta for oblorvins and recording tho 1nt|rfor- :
ence ooloura are ahoun dingrnmnticnlly in Fi;. 5. In Fig. 5, the uorking
‘noohaniom of the light. intorroronco toohniquo is ullo uhown. ‘The dltnilu of
" the optionl equipment -are tubulntod in Table I. To Obler. ‘the intortorcnao
oglourn tho'miorouoope vas toanuod at the bulk 1ntorfnqo; thoroforo, the
media that existed between the microacope oﬁjo@tiﬁilgng the bulk'intaffaoo.
should be optically hoﬁogqncoqp,'?hia condition vas zet by meleoting an
0il for the bulk phiae;thlt had a rofr;dtivoiiydix alqné to that of thg‘i
cell édier. and éy pliqiﬁg an iomersion oil between thd‘miorouqopo objective )

4

" and the oell cover.

. 3,3, Purification and oleaning ggoonduros.
The tvo liquida woronutualiynmturatod untor oontaintng an olcotro-

‘ lyto Kcl nnd toluono oontainins a lurraotant palmitio loid. ‘The water was
diatillcd, at loant once in a potulsiun pornansnn:to solution, until its - -
oonduotivity vas less than one micromho. Three or four di-tillntiona of

tlp water were ulunlly required to reach this lovol of purity. :

/ -

Tho olil, which wvas of reagent grade purity. ‘was distilled once 1n a
slisl packed bed distillation ooluzn, The water. and oil were then dtored
-1n--topporo; ;;al-‘obd%aih.fl; | ‘_ |
;‘ " .The oiiotroiyto and the surfactant, which were also of roasinﬁ
';radn purity.ulro not further purifiad. The largest surfaotant conoentration
was propurod by dillolvins the rcquirad amount of pnluitio loid in a volu-
| '|-trio rlnlk. Lower- conoontrltions were prepared volumetrically.

ALY the. npparatu- oo-ponanto that c-nn into ocontact with the oil



" ‘and thi wntdr were ol#anod by th; following pfoaddﬁros
(1) wash in boiling aoap wltor and rinno thoroughly, ‘
(11) soak in nootono for at lcnnt 12 hourn and then d#ain.
(111) -onk in freshly proparod ohromio noid for at least 2l hour-.
(1?) drain and rinno with phonphorio acid and. tho one micromho vater, nnd

. (v} ary in an oven. LT
S - Sl _ . _
In utops (11) and (iii). an ultra-sonic bath was used to promato
'ngitntion. This was unpooiully naoousary for oloanins tho olpillary tubon;
In step (1v). the rinninﬁk:un connidcrod thorough whon ‘the lpont wntcr had _

e,

oA condnotivity of less than one mioronho. | ' o TR _;:

,2,“. Data Egthcring ggocodure
- The prouoduro tor allombling the tpparntua 1n desoribed 1n

- Appendix 0. The bulk ooncentration of the oil usod to form the dropn was

‘the sane as thnt of the bulk phase) hcnqc dilution orﬁgnriohpont of the
bulk .urfaatantloonﬁongiation'in fho bulk phase, resulting from coalesoenco,
was niniminod. | | | ' |

!ha dropa were formod and londod in tho aonnnctin; tubo ‘9' ( ri;.

1). Botorc they were rolualcd to the bulk 1ntortnoo, about 20 ninutos were
allound to lllpl. to nliow the drop 1ntcrtaco to luffioiontly age, A drop

| was rolollod at least five seconds aftor tho oouplotion of tho ooalolonnoo

of the proviounly roloalcd drop. This was done to nininina tho po-siblo

~ 4pteraction bctwonn two luooclsivoly releassd drOp'. '

N th hulk intertace Ull olnnhod. lnd a ltop watch wvas ltartad to
time the bulk 1nt¢rtloo age. The drope in the connnotins Tube’ oould nov be
roloalod to the bulk 1nt¢r£aoo at any dcnircd bulk " 1ntorfao¢ ag.. Tha |
,varistion of filu thioknall uith olaplod tilo was obocrvod through the -

b . .o l‘ - : . i 7



‘mioroeoopc nnd rocordod by tho cine onmora. The detailo of tho datl

3 .Eltherins procoduro are dosoribed in Appondixlg\}ij) i o ,"_-" '

‘jf‘ ~ An axporimontnl run with the same drOp [ and bulk uurfiotant
‘ conoentration wag torminntod vhen no lpprooiablo ohﬂngo 1n the. tilm thinning
' -.bchnviour wag obpsrved; that 1:. when the bulk fhtorfaoo had uufrioiontly
ngod. nqonuao tho drop 1ntortnuo wao n;od and boaluac tho n&mn nurrnotunt -
aonoontration oo uged in the bulk phano and in tha drop, during thie
-‘.oxporimontul run, ‘the uurfnoo oonoontration I" at the drop interface fo-
rained oonstant, and at tho bulk intorfnoq, 1noroascd from rearo (-at the
oomplntion‘or the intortnco cleaning) to a valuo oqunl torthat at the drop . .

1 i . . b
interface. - . L .;f~' _Qn‘l

.
i

. The prooodurc for data satharing vas ropontad ror duplicnto runs
and for|rxp¢rimontl with difforant drop nizog and bulk: surfaotant oonoen~
;trution-r The ordnr 1n which the cxpergmontu were burriod out was to nturt'
“with the’ %owllt bulk lurfaotant conoentration lnd thon prooood with in=-

oreasing poncentrations. By this means, it wll not noaonunry to ropont tho
: uppar:tus ola:ning prooedurs avory time o difforcnt bulk surfaoctant oon~
: _contration was usad baoau-o ‘the oontum#nation f:oq the prcvioqs experimente

should be insignifioant.

B 35 Obsirvutiogg'nﬁd.dtsoussio

The bulk concentration of palnitio ncid wao varied from zcro to
10'“ ¥, and tho rango of drop sizes was from 0.0025 to 0,005 ml. The
oxporimontl vers aonduotad ct 22 % +1 %,

The ‘variation of f£ilm thiockness with-oltplod time was ncalurad
1trou the 1ntorforonao aolourl by using ‘the table tor the rolation-hip
< b0tvoon interference colour lﬂd file thioknoso"’u)

.
1 . !
Y . L : .
. ) . . . ]
. .
T {7
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. as Typo B and Typo A, roapootivcly.A _;

' unovonsthinning patterns in (ii). and (111). thauo pattorns are reforred to

»I ’

Tho film thinning obnorvutiona onn bo donoribod by ono of thcno
pnttorna: , : ; L ' '
7 (1) thid thinning to nbout 600 l’, dimple. formation, oven thinnlng
tnd film rupturo, _ .
(11) Tha eaze as in (1) oxoopt that even thinning 1is rolloyod by unoven

thinning prior to £ilm rupturo. or f“‘ ‘ R ;"_, o -

(141) There ia no rapid thinning| the’ film thine' uncvonly until rupturo/

4

ocours. 7
Banplo photogrnpha of tho intirtoronoo aolouru for the aifferent rilm

thinntng bah&viour are ahown in rigl. G'to 8. To dintinguinh the difroront.

A .

Tha ooourronco of dimpto tormation wls ulwnyu prcaodod by rnpid
thinnins. Durinz tho rapdd thinning. -urtlotant molcoulal at. tho bulk intor-
face woro swept tawurdl the film’ periphery. Thcrafora, if tha rapid thin-'_
ning was nrrcntod, the oonnoquant 1nt¢r£aca oontraation oould oauao a

dinplc formation., This oxplainz the naaurronoo of dimplo fornltion at lﬂlll

"\ bulk intcrraoo ages beoaugse the bulk 1ntorfloo lhould be rclntivoly mobile

to allow the -rapid thinning to coour. * o

. Tho lhitt of ovan to uneven thinning 1: 80 tlr ‘not fully undarntood.

o

In Ohaptaf 6, poutulatu for tho aonditiona for ovon and unovch thinninc
is analyoed to oxplain thin bahnviour. S v

|- The ablonao or rapld thinning and tha lublcqucnt diuplo forlntion
at large bulk 1ntortnaa ages vas the rolult of tho adaorption ot lurtaotan%,

vhioh in turn olu-nd the bulk LntartnoOHto be less mobile,

A lort dotailod zpllnltion ot tho lochlnilul that lesd to tho

]
I . L .



‘different film‘thinnfng behaviour.hae been.given elaeuhere(s)

The uneven thinning Type A which occurred when the bulk 1nter£ace
age was large, was alno observed when the bulk 1nterface was not cleaned. - i\\\
ﬁ This suggests that the condition for the occurrenoe of uneven thinning
Type A 13 that both interfaces contain a 'large' ourfactant éoncentration;
Thererore. thia behaviour of film thinning should be the one moat likely

to occur in prnotice. Fig. 9 ahoua -an exnmple of the variation of film )

.., thickness at the barrier ring’ with elapsed time for uneven thinning Type A

: Additional observatione

. As a prelimlnnny inveatigation .of the effect neighbouring dro;m:hnve
on the filn ‘thinning behaviour of eingle drop_coeleecence, film thickneen_fa~—' ’
measurements were carried out for theicnne whern a dro releaned‘to
. therbulk interface immediately after the'previounly released drop nai.jnet'
comnleted‘ito riret‘ntage of‘coaleeoence. In all the measurementa, the |
bulk interface was either old or'not cleaned. ‘

When no surfactant was added, the satellite drop of the previously
released drop coalesced almost inetenteneonnly. The rilﬁ?thinning behaviour
of the 'eecond'_drop.yas highly irregular, as shown in'Fig. 19._Tne'reet
time of the. second droo vae alwvays short - about one second.

'_ Hhon eurfactent.wan eeded the satellite drop of the p;:;ioﬁéis;\\
released drop did not ooeleece inntantaneouely. This satellite drop was
.still at the bulk intertnce by the time the second drop arrived at the
hnlk interfacé. Becauee of the defornation of the bulk interface due to
thia satellite drop, the eecond drop rolled toaardn this eatellite drop.

No irregular film thinning behaviour was obeerved except at the instant -

vhen the eetellite drop joined the bulk phlee. At thie inetent, there

~



T was an ubrupt change in the interferente colour pattarn;foa shown in Fig.

- the obsorvod lrragular film thlnnlug behaviour.

| 2 | |
These obgervations are difficult to explain quantitatively. Never- -

14

i tholess thoy appear, to conﬁlrm the 1mportant role of surface concentration

~

and the consequent 1nterfac movementn in determlnlng the f11m thlnnlng Ry
.. behaviour. To show thza‘ Ja qnallta;:.ve_o la.nat:.gn o‘f these observatlons, ‘
uill be attempteﬁ. ‘ " o |
Aa a result of tho f11m rupture and the subsequant 1nflov of the '?&

drop contents to the bulk phase,. surface waves at the bulk 1nterface might t

- be gonoratod. These. waves would not be readlly damped in the absence of

aurfactant mplecules. Thorofore, vhen the aecond drop arrlvod at the bulk

A ""“p"

Sl
',~ P

intorfaco, theao waves still persisted which mlght cause . the occurrence of

<
1

When more Burfnctant moloculas were prosent at the bulk 1ntorfaca,
thnoe~aurface waves would be more readily dnmped. The absence of these

surface waves uhen the second drop arrived at the bulk interface could

'oxplaln the ohaorvod regular -film thinning behnviour. Houovor, when the "’

satellite drop of the’ ypreviously reloased drop joznedlthe.bulg phaae, the
resulting surface vaves coul& still cause the obsorved‘abrupt change in the

interfnronce colour pattorn. This ahrupt change was immad;ately folloued

by a rogular pattern becauae of the rapid damp;ng of the aurfaco waves,

-

‘3.6 Outlzna of the data annlysis : L 5

Tho analyais of tho experimental obaervationa can be divzdod into

'threo groupa; these are the moasurcmont of:

(i) the variation of -the aymmotrical film thickness profile with elapsed

l time, for testing the film thinning equations developed in qpapter 2,

-

f
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“{i1) the film thlcknees and the rate of t;:;Efng\\or both the symmetric=-.
-al and unsymmetrlcal behavlour, foroteetlng the. poatulate for the condit-

. iona for even and uneven thlnnlng proposed in Chapter 2 b, 2, and

| (111).the variatlon of fllm thlckneee at the barrier rlng with elapseoﬂ
time, for developlngaan emplrlcal film thlnnlng model the" extended

"perallel disc model.

_ The firat is described in Chapter k, the second in Chaper 6, and

the thlrd in Chapter Se o : _ -

¥ ‘ :3;7. Compaiieon with previouelwofk
In thio'eection,:n comparieon is given between this work and the
. work of Hodgson and Hoode(1) and Burrill and Uoods(S) to"evaluete the various

experimeﬁtai techniques -used. s

Ixop formlng technlque

]

The drop forming technique developbd in this work has been\Qeeigned
to improve Hodgson's techpique in the control or the surface concentration
I; at.the drop ;nterface. Beoaone of the piercing.or.the bulk interface
'_,“h\;\ by the drop forming nozzle tip every time a drop is formed, there is a
poeeibilzty of ,surfactant tranerer betueen the bulk 1nterrace and the nozzle
tip. and‘henoe‘the drop 1nterfece (cf. Fig.,1-6). This tranefer might be
responsible for ooefobeerved oawtooth effect on some rest time data(?);

“in addition, beoauee the drop is releasad immediately eftef it ie.formed to
the bulk interfuce. it is very difficult to estimate the drop interface.

age. In Burrill's analysis?’

s the drop interface was assumed to be fully
' nobile based on the argument that it was expoeed to the continuous phase

‘for a short period of time. This assumption is not eupportéd by the rest
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time data. When the'buli.concentration'cf éodium laur:g aulphate was

10. =5 gm/i or hlgher, 1nstantaneous coalescence d;d not occur, thlS shows

~

Se—
that =a suffxclent amount of surfactant to cause an 1ntepface to be at least

'.pértialiy immobilcwas adsorbed.almost instantanecﬁsly.‘Hence, in gcneral,

" may not be fully moblle.

although the drop 1nterface is exposed only for a short perlod of . time, 1t

"
- -

L. In summary, the use of Hodgson's drop fcfming technique presents

difficulties in controlling the surface concentration I; at the drop inter-
face. With fhe‘preqent drop'formingrtechnique, the pccaibility of Burfactént

transfer between the bulk and the drop 1nterfacea is ellmlnated. Furthermore,

the drops caa be conveniently aged for a sufflclently lOng perlod of time,’

so that the surface concentratmon I1 can be malntalned constant throughout -

. an experimei:al run,with the’ sgme bulk surfactant concpntration.

. Interpretation of the effect of bulk interface age

M
l;

b
3

Because of the dlfferent drop formlndgtéchnlques used, tbe depend-.

ence of fllm thlnnzng behav1our on bulk 1nterface-age ( for the same bulk

surfactant goncentration) in this work was different from that in the

prevmous work( ‘5). For example, when the bulk interface age was large,

A o . : .
the observed film thinning behaviour was uneven thinning Type A; whereas
in the previous work, it was the glow even thinning Pattern IV. This dif=-

ferénce in the effect of the bulk interface age can be seen by:examining

.'the variation of the dimansggn;css pa_rameters‘q_b9 and QD;\ﬁ Chapter 2.4.3)

‘with bulk interface age as shown in F:g. 12.

- Hlth the convention adopted in Chapter 2.4.3, in this work qD9

"

" refers to the drop interface because it was aged; that is, because the sur-

face concentration I;‘at the drop interface was always greater than or

-7

i

-
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equal to that at tZE\gulk 1nterface. Converselyl in the prev1ous work’
qu refers to the bulk 1nterface because the drop 1uterface was . 'fresh"

4

Consequently, 1n thlB work QD refers to the bulk 1nterface and in the e
_previous work, the drop 1nterface. .
Consider now the varlatlon of QDg and QD Hlth bulk interface age.

In this work QD remains’ constant because the drop 1nterface has agéd

the 1nterface cleanlng - toa value of one. because the same bulk surfactant

concentratlon ‘was used in the bullk phase and in the drop. ' -

In the prev1ous ‘work, QDQ 1ncreases w1th bulk 1nter£ace age hecauee ,W“i’

of surfactant adeorptlon at the bulk 1nterface. The value of CI) decreaees

because the surface concentratlon I1 "at the - drop 1nterface remained -

.

- constant. ( The 1mp11ed assumptlons here are that the drop 1nterface was

[

alwaya exposed for exactlx the same perlod of tlme, and that there was no

surfactant transfer between the bulk and the drop 1nterfaces )

2
.

In summary, for the same bulk surfactant concentratlon and bulk’
nterface age, the film thinning behaviour observed in this work should not
be compared to that observed in the prev1ous work because of the different N

“{drop formlng ‘techniques used. o

N

i éggereffect of water soluble and oil soluble eurfactants»x _
‘*Ksa Because the volume of the film is small ‘compared to that of the -
bulk phase and the drop, it might be argued that the surfactant adsorption:
to the 1nterfacee during f£ilm thinning would depend on whet,gn the sur--
factant is soluble in the oil or in the water. If the surfactant is preeent
in the film, the bulk concentratlon in the fllm m1ght be rap1dly depleted
as a result of th1e adeorptlon, vhereae if the surfactant is preeent in the

- ’ B

*

sufficiently. The value of d> increases from Zero - at the. completlon ef O

e e -



.bulk phaee and 1n the drop, thlB deplet1on would be 1nelgn1f1cant. There- .
fore, this dliference uould affect the surface concentration dlstributlon :
during fllm thinnaeg and hence the £ilm thlnnlng behaviour. f- )

Ideally one could 1nveet1gate thla eubject by conductlng coa~- T
. lescence xperlmenta w:th eurfactanta that have 1dent1cal physlcal proper;‘—
tiee except their eolub1lity in water and 011. Thle 1nvestigat10n would
require that ‘the surfactant physical propertlee ~ the rate of adsorption, .h
the louering of 1nter£ac1al tension and the aurface dlffunlvity - be meas-
ured accurately Unfortunately accurate data on these surfactant phyeical 1
‘propertlea are not available at present. Therefore,pa'quantitatlve com-
‘pariBOn betveen the effect of oil eoluhle and water eoluble aurfactanta is
‘beyond the ecope of this theals. Nevertheless the film thinnlng behav1our
observed in thle work can be compared to that obeerved in the previous
work in which a uater eoluble surfactant uue ueed.

Haaed on the experimental observations; there is no evldenoe to
suggest that there is a drastic difference in'the offect of oil scluble
and water soluble gurfactants. ALl the film thinning bchav_iour,obeerjr_ed in
this work can be ldentifieu in terms of the thinning 'patterna' introduced _
by Hodgson and Hoodn(1);_there uerelno_nev?thinning:patterne obeerved. '

The effect of apparatus size
' N " . L
e thoroughness of an apparatus cleaning procedure is affected by

i
'

the size and configuration cf.the.apparatue. In general the larger the
' aeparatua. the more contaminante uill resain in the apparatus. The amount of
_ the unremoved contaminants can be inferred rrom the rest time obaervatione.-
Ir~ . apparatun is thoroughly cleaned, inetantanapue coaleacence

ehould occur uhen the bulk and: errrinserfacea have just been cleaned or
h < -_-',-___,_',A‘ \c VI. ;1:: ‘T"; ) - . . l . .

1
w
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tormed. As the 1nterface age of the bulk 1nterface ( or. the drcp 1nter- ;.

face) increaeee, the adsorptlon of the contamlnants 3111 cauee the 1nter-

face to be partially mob11e, hence at some crztzcal 1nterface age, instanp o

taneoue coalescence no 1onger occurs. The magnltude of thia critical age ’
is an indirect measure cf the amount -of the unremoved contaminants.

In the uork~of Burr111 and Hooda(Z)

. the critical bulk.lnter;;ée
age was about 8 qlnutee ror tcluene drops. In the preaent apparetus, the ‘
ohtaining of the crltlcal ese.must be cerried out 1n a dszerent manner
becnuee the drope were tranaported to the coaleacence cell via the con-
necting capzllary tube. The scheme uaed was to clean the bulk interface and-
' then release drops of different agea to the clean bulk 1nterrace, there- -
fore, it was the critical drop interface nge that uae measured. The value
vas found to be betueen 30 seccnde and 1 minute. as meaaured from the
instant the droi was tormed to thnt when it was released. A
Hhile these reeulte ehcw*that the preeent cleening procedure was

ldequnte. they also show that the preeent experiment was less clean perhage
becnuse of the lnrger eize of npperatue used thnn that used by Burrill and

ﬁoode( ). Thie in turn indicetee the difficultiee in conxroll1ng the

surfactant ccncentration in a lerge ecele npperetue.

\
3 8. Bummary and concluaione

1o A conleecence apparntuf has been built which festures a novel
drop forming technique and a cce}eecence cell which cen be ueed vith oil
end unter eoluble surfactants. Hi_ thie drop forming technique. drops
of ditferent sizes canuhe rormed ueins one nozele-without piercing the
bulk interface; hence the poeeibility of‘eurfactunt trenafer betueen the.

i’

bulk and’ drop interfecee




‘2. The efrect of additibnsfof'palhitic acid:k-rero‘to'io -
N

the effect of drop size ( 0. 0025 to 0.005 ml) and bulk interrace

. the film thinnlng behav:our of toluene drops have been meaaured ualng ‘the
_ Hhite light interference technlque. Addltlonal measurements uere made ‘when
.drope ‘were released to the bulk 1nterfece in rapid succeeaion.
| 3. The observationa of the f11m thinning behev1our show that-

(i) The £ilm thlnning behaviour changed from a dimple formation pattern
A'to nneven th}nn;ns Type A as the aurface concentretion ‘Il at the bulk
'interﬁpce 1ncreased from a vaaue or zero to thet at the drop interface._

(i) Uneven thinning alwaya occurred uhen the bulk 1nterface vas old

and when it was not cleaned. Thza suggeata thet thia pattern is the most

_common thinning pattern in pract;ce. .
(iii) New irregulnr thinnlng petterns uere obeerved when drops were
~released to the bulk interface in rapid succession. |
(iv) There ie inaurficient evidence to show that there 13 a drastic
: difference in the effect of oil soluble and water soluble surfactante.
- &, The preeent experiment was leee clean than that of Burrill and
2)

ﬂoode( .‘perhapg bgcauae the size of the epperatus used was larger.
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26 mm, £/1.1 -

" BOLEX ~ MCE~17B
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| correspond to ‘those given in F13.1.'

nge 110 sec.

}

. Figure cnptions:-

1. Schematic diagram of the apparatus; the insert shows the cross-
section of the drop forming nozzle. R ,'
. . Lo - . k " . . . -If

2. Photograph of ‘the apnarafus;-the-numbora ahounrin'thu photogrnnh
< o PR . S
3. Photograph of the drop forming nozzle. -

4, Schematic diagram of the‘coaleacence-cell.'._'
5..Schenatic‘oi;énnm of the ‘optical equipment (left)iand the working
mechaniam of the light interferunce technique (rlght).- . |

6. Photogrnphn of the intorference colours for rapld thinnlng (not

nhown). arrest, dlmple formntion and aven. thlnnlng until film- rupture.

drop size 0.0025 ml, pa1m1t1c acid concentration 10*6 M, and bulk interface

%

" 7. Photographn of the interforenco coloura for rnpid thinn;ng (not
shown), orreat. dimple_formnﬁion.;uvan thinning and unovon thinn;ng until

film rupture:  drop size 0.0025 ml, palmitic acid concentration 1078 n,f and

" bulk interface age 10 min.

t

8. Photograrhs of the interference colours for uneven thinning Type A: '

‘drop size 0,0025 nl, palmitio acid concgntrntion ‘10"6 M, and bulk interface

- ne O

arenter than 20 min.- g

9. Variation of film thicknesa at the barrier: ring with elnpaed tina
for uneven thinning Typo A. The different nymbola ahow doplioate runs; R
donotea the instant of film yupture.

10. Photographa of tho interferonco coioura for the film thinning

behaviour of & drop roloasod to tho bulk interface soon n!ter the prov:oun—

1y roloaned drop. has just conpletod the first stage of coaleacence: drop

I o “ B



size 0.0035 ml, zéro concentration of pqlmitidraéid..add-uncleanad bulk
- .‘\ ) ) . ., ' :

interface. _ ,
_ -, g
11. Same as Fig. 10, except the concentraxlon of palmltlc ac1d. 10

12. Vhriation of dbg and q5? with bulk 1n¢erface age in this work

(upper dlagram) and prev:ous uork( 5) (lower. dzagram).
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L1 Coa_lescence' Cel(

4 | Drop carrying tube

1a.| Tapered Joint (4) 14/23mm

5 | Cleaning probe (3)

1‘19\ o - (3)10/30mm |6 Plug M
’ u/’b"=‘ll°co‘"-‘9." . ¢ Provision fofmultiple drops
3\| Teflon Ring ’ |  experiment
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. (a) e=0 aég:'Arfest N

artof-r&piﬁ thinning.

(c) 0= 4,86 Bac: Arrest

after dimple formation.

Figure 6

(b) O= 1.13 sec: Dimple
.~ formation. '

53\ (d) o= 9.67‘300: Even -

‘thinning.



(a) 0= O sec: Arrest . I (v) €= 0.32 sec: Dimple
: ;_‘s;ter rapid thinning."_ - formation.

(c) o= 1.?8 sec: Dimple ‘ (d) O= 3.65 sec: Onsetof
formation. i \ - uneven thinning, "

. (e) &= 3-9?‘Bq¢§,Uneven  "'
~ thinning Type B.

Figure 7




(a) ©= 0 sec: Uneven thinning

"Type A (No rapid thinning
or dimple formation).

(c‘)' oz 7.86 sac: Just beforé
. £ilm rupture. - '

- (v) 0?722'3‘5 sec

=
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A

(=) °= 0 sec: Irregular
‘thinning patgern.

(c) ¢= 0.81 sec: Just befor
£ilm rupture.
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(a)aé;:b sec: nggﬁlar{ i

\'.
(e) ©= 1.21 sec : The abrupt -
| change in the: £ilm thin-
' ~ning behaviour '
L
3 (o) ©= 2,02 sec: The: second
-abrupt change in the film
- ) thinning behaviour. o
':.l'.,v‘ . ' ’

Figure 11

~(b) ®= 1.13 sec: The
instant the satellite
‘&rop Joined the bulk
~ Pphase.

(d) o= 1.94 sec: The

! .
second satellite’ drop

joined the bulk phase.’
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R v == ' _CHAPTER & v
. " THEORETICAL ‘ANALYSIS OF .
! - '
- SYMMETRICAL FILM THINNING BEHAVIOUR

A .

This chapter describes the numerical solution.of tﬁe film thinhing

-~

_quationa developed{}h Chapter 2, and a coﬁparison‘gf'the'reéults with

expgrimepta; bbéarvatibns of -the variation of film thicknésg-profiie with -
‘time. The ;umerical séluti§h is:bgsgd on”the represenfation of the presqﬁre
in.the film by a'polyﬁomial funbtién of the radial distance. The résulting
. moﬁél'is referred to as the pqunomial.model. |

\

.. h,1. Normalization of the film thinning equations
S : S
. It is convenient to normalize the variables so that they all have

numerical values that are of the -same order of magnitude.

=7 ) The normélized variables are defined by | ,'h:g:u5i-
| ( % - u .| T r I
+ T + -1 -+ h +_ P + 1 + ] + 1 + 2
=R = =¥ = = C e L —t— o — 1
TrR | "TY P b | U F1 Mg Pa Ca @

I .

where the‘normalizing constants are . . o -

- -

oy s 10‘5jcm P = 100 dn/em| U'= 0.01 cm/sec [ T'= 1 sec| (2)

’ N -
o \ .

and R is the radius of the film area over which the interference colours
are measured, and the surface concentration _I;‘refers to the interface o

with‘the larger suriace concentration.

- o

9 .-

N I



The.pormalizgd"fiiﬁ thin@ing equations are:

ﬁ_ti.i'ﬁ__-_ Jo 80 w2 L |
o, roaro[r{¢4 aro.h ¢ (U +U )h}] ‘.

Be -0 ‘3".-'3%( ‘31) |

Us- U5 1 ap

‘gar ,+<p1°-’2 -i 5—50.'
qgr__z g Y=Y 1o u'g

ar P Tz "0

aeﬂj%“ E’ sr*ar'(”' )‘psr'ar'(ur')

@

",—'“3 %t w.—mar(r ) -0, 52 ()

100

(3)

w

1

(®)

The boundary conditlona Egs. (2-57) (2-58), (2-Ska), 2-56&),

 (2-61), (2-59), (2-60m) and (2-62) become °

' ah’
3 "0 =0

a " . . . : B .
-a—'-g’-zo r0=0 l .- ‘ E - : \f
om o .
12 "[ 2rp*dr -
< pr B
| -55.0 r*=Rp T

&)

~(12)

@ .

E (10)'

(.

(13)



al” T ) - ' o
, -5-'}-"0 F= 0 T
3#“012?“5:' e e
' //.

The boundary condltlons for Iig'are the:ﬂim;lar to those ror qu. eicepﬁ.
that the value Qf Ij is equal to- db in Eq. (15). ‘

;". The normaliz:.ng dimensionlesa parnmetera are given by

R A2 DT =2 BT b
PV VY [Rrewe |RR (R R
' o (1?7
- T K*T uUR et | wlF
= ? =21 =k T w=-—'——

4.2, The golfnomial model | . T
-Aa outl:i.\:fbd in Chnptor 2.3 6, there are three initial con'ditionu
that muat be apecifiad to start tha solution of the filn thin.ning equa-
. tions: the f;lm thiclmeaa profilo and the surface concentration diatrlbu-

) ‘!tiona at the buﬂ.k and drop interfaces. The. initial film thiclcnoaa protilo

‘{u obtained experimontally, and the initial surfaco concontration diutrib-

. utigns ( and the correaponding interface velocitxoa) u-e oalculnted f.rom
' the experimentally measured rate of thinning. )
‘ Thcreforo, the aolution of the f:i.lm thinning equationa can be
\ | T conveniontly divided into three ata.gea.

- /
(1) The dosoription of the initial film thlclmua psrofiln lnd rate of

-



[

ey

l..;:(.‘

. 'thlnnlng based on the polynomial pressure diatrxbution.

| thxnning equationa;ia deacribed in Saction h.2.3.

- numbers of n bacause the pressure ia a aymmetrical function ot T. Henqy- _

© 102

(ii) The calculatlon of -the 1n1tlal aurface concentratlon distrlbutlons .
and the interface velocities. I .

(111) The 1ntegratloﬁ of the film thinning equations to pred1ct the
varlation with elapsad time of the film thickness profila. L

A The outllne of the first tvo—;tages is ahown in a rlow chart

diagram in Fig. 1 The method of calculating the aurface concantration
dlatributiona—and the 1nterface veloc:ties has already baon descrlbed in -_”
Fig. 6 in Chapter 2.3.6; hownver. for computational reaaons, the value of

( Ij‘t ]_| )is calculated 1n5tead of I1 The integratlon of the film

4.2,1, The description of the initial f£ilm thickness profile and rate of

Assume that the pressure can be ropreaented hy a polynomial

fnnction of the radial distance r:

"6 = \ L et
P )EA,,(er | S . 8)

‘uhare the aubacript a denotesn that the sumnntion ia taken over even

 forth, for convenience, the superscript + which denotes normalized . -
L Famriablea is omitted. . lfv - __\T;>
ﬁ”;‘:r . © The film thickneas oan be written as : :
-  Ns2 . |
h - E v L.n r nva . ] . . o . . (19)
[l ¢ : . et . ' . . :

=0 s
) < .
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o S L D103 .
uhe'z‘a the céefficienta L'A and A_ ‘ar‘e relate By the 'ndrz;ml force 'balancé
oquation Eq. ). Substitution of Eqa. (18) and (19) into Eq (W), and

a term by term comparison of the resulting equation givoa

n = ?- (521\ QD - Cp1 Ar) ) ."n'-‘-z,..;_,.. | N‘+2l | , | (?io).

where

8_ _'=s 1 for.m=n, and O otherwise.' : !
m,n - .

The- boundary éondition.u. Eﬁa- (9) and (10) are automaticallf 'aati-h-l |
fied’by the polynomial approximation; therefore only the boundary condi- |
tiomr—Eqs. (11) to (13). munt ‘be utiaried by the ooefricienta A . _
Bince A and L are-"relatad by Eq. (20), the fitting of the' initial

n_-
rilm thicimess profi can be formulatod by:

Mlnimlze:[hl,ﬁcL ] o ) ‘(21)'

where hi is the experimental :11::: thickneas at the radial looation ry, the '

sunmation is taken over the- emrimntal pointa. and LO is given the value L
of the filn thickness at the filn centre. |

th _

!‘or an N*° order polynomial tor p, since only even terms are used,

there are only ¥ ( N+2) oootficionta that can be chosen in the nininiz.ation

of Eq. (21). Howver, of these coofticiontu, onlx }i(N-rZ )= 2 coefricionta I

ocan be chosen indopondontly because the boundl.ry ‘conditiona Eqs. (11)‘_‘ to
(13) must be satisfied. '
The minimization of Eq. (21) was carried out unins the Rosenbrock

uu-oh toqhniquoh), and the boundary conditions Eqs.>(11) to (13) ‘were

solved ulins thr Nowton-Rnphuon ruthod. The d-taill are duoribod in

Appondi: D.1.

3

f—



_ vulue of N*B is. adequate to describe tho £ilm th).cl-meaa proflle.

104

-

Fig. 2 Bhows typical raaulta of tho fitting for N=6 and N= 8 the

The rate of thinning can alao be expresaad m a polynomial form : /./ "
by. differentiating Eq. (19) with reapect to time: _ : ‘ L. /f
. . ) A
h Ne2 L . . /-
8h N8y e oo @ S
a0 .40 - o |
. . NmuO

o _‘ where the cqefﬂ'ci‘ants dLn/ d@ can be calculated using the first;dei‘ '

difference method:

d.L'(e.)” 1 ‘ A :
- dB -3——( L(orae,)-L (,}) | - (23)

-
-

-

whore AB is the time interval between two auccessively meaaured film -

~ thicknesa profilau. The value of L at G+ A6 _can be calculated h:r the °

same n;othod urthat uaed to ealcula.ta the initinl £ilm thickneaa profile.
This completou the deascription of the :i,nitia], £ilm thickness

profile and rate of thinning based on the‘-polyqomial pressure distribution. -

h
-4

i

§.2.2. Caloulation of the initial interface velocities and nurfaco 2 .

L—-—_—_——-—__—_———-———————
- ‘r

concentration diutributions o oAT f T

e
e -

'nu outlin. of the calculation is given in Pig. 1. The ulculationa

/ involved are as follovn.

F

) . 2
4.2.2. 1. Bum of the interface velocities

Intogration of t.ho rate of thinnins eqution Eq. (3) with rospeot

_\_,/
to r, from ruo to rar g:lv.a

h{q 12 -+ 9, (U;+U; )} c, - ! 'n—a-é; dr’_
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where tha intagratlon constant C1 is equal to zero because all the
~
: variables remain finite at r*O The sum of th& interface velocities is

.therefora glven‘by

. a , 1 : : : )
IU1"" 2 (ps {¢4 J 2" d}— i @5

where the integral term is calculatedffrom Eq. (22)

‘.

ahc} 1 s& T e
n+2 dg . \ . - b‘

The/aum of the interrace velocities can thereforobé‘calcﬁiaygd;a{ . B

any radial location since all tho terms on ‘the of Eq. (25) are known -’

e i < -

from the initial film thickness and rata of thinning.
. S : o .

/.

h 2.2 2. Bun of the surface concentratio

The combined equation of Eqs. ) and (6): - | .

POy IS PP

(27}
can be intesrated uith reapec to b o from r=0 to r=r to give g
(28) /4
a(18) and (19): |

(29)

must be qalculntod from tbg boundlry —-

Di-.-



: \Q\

W veriable. The variatiou vith r in the reg1on r )1 bhas been ansumed to be

P

'\Rarabolzc atartlng from r=1 with a concentration nnd a elope that are

“to.
\\

Vs

106

k=1

-conditions of the kind given by Eqs.'(15) and (16). These boundary condi-

‘tions extend beyond r;1 that 15, beyond the region or meaaurable film

thickneas; therefore, it is necessary to make an aeaumption as to the

" variation with r of soDe varieblee in the reglon r ) 1. Computatzqnally,

the slmpleet method is to choose the enrtace concentratlon'aa the assumed

eénal to those of the distribution inside T <:1 Thin method is referred |

a parabolic extrnpolatzon. To avoid an unneceesary diatraction due

to th 1engthy algebra, the' calculation of fﬂ I1 ) at r=0 is given in

Append£§ D.2.3.

%the calculation of the interface velocities and the surface'

change of t@ sum of the surface concentrations. The calculations involved
are as follobe.

\
Ditferentiation of Eqe (28) with reepect to time givee

NN YRR § 0 MR

The integral term c¢ pe calculated from the follovins reletionehip:

(31)

&)

-
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- . !

‘o fherorore; all the terms on the Rﬁs of Eq.  (32)_can be calculated‘ffog: .

Tha txmo derlvatlve of tha presaure/coefflcients can be. calculated by

ditferentiatxng the normai/fjipe balance aquation Eq (20) uith res

r
1

/

to time: °
| dL. dA -. EERE S B R
: -—-dg"-:- qb1 “‘?_ on=24. Ne2 0 T G3))

_ | - :
the known initial film thickness /and rate of thinning. To complete the

- calculation of the rate of ¢ s of the sum of the aurfdce-pbncentratiohs.

the value at r=0 is calculated

the sﬁmq method -as that used for calcu-

latiné ( I;+ I;) at r=0. This is described in Appendix D.3.4.

§,2.2.3. Calculation of the interface velocity U, |
' The surfactant mass ce equations Eqs. (7) and (8) can be

combined to give

355 )0 (5 )-8 (D)
- - ' | o e

t&-{r(ur, +uL)}

: be readily calculated from thn.knnun

The LES of Eq. (34 ¢
initial £ilm thickness and rate of thinnins by using Eqs. (28) and (30).
The RHS of Eq. (3%) can be calculated after a value for U, ‘bas been
tentatively assumed; hence Eq.| (34) is the oquntion for caloulatins v,.

‘!h.o ]n'oeednro fbr lOlVinS-&l-‘ 3") for U1 is as foum;



b
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| .7.. - : BT _ 1 108
by Eq. (25), o
(iii) calculate I“ from Eq. (5) , B deecribed in Appendix D.2.3.5,
_ (iv) calculate 11 from the already calculated I’ and ( Iﬂ+ I1 )
. given by Eq. (28), .anda -
(v) test if Eq. (34) ia satiaﬁ'ed;
_ The calculation of U1 from Eq. (34) was carried out ueing the
‘ repetitive substitution method as decribed in Appendix D.2 be A typical
-convergence of this iterative method‘13~shoun in Fig. 3: an eccurncy better
than 0.001 was obtained in leee then ten ite#etions uaing the velue of
'U1=0 everyuharq at the interfece as the first eeeumption.
| The value of 01 which eat:.ariee-Eq. (34) is consistent with the °

,initial film thiokneae and rate of thinning. Arter U, has been calculated,

1

U5, T; .and I’ can be readily calculated, as shown in atepe (ii), (iii)

and (iv) reepectively. Thia then completea the calculation of all the

"‘.r-r
“a s

variables at the initial tine.

4.2

. Integration of .the film thinni
' B -
' The method for integrating the fila thinning equ:tione 8 ehown

N

echeneticelly in Fig. b; it is essentislly a predictor-correot nethod(

in which the arithmetic everege of the derivetivee is used to progreee to

=R ] -

thod requiree an iteretive eolution for eech‘ '

the next time interval. For eznﬂble. for L :

' dL
L(0+A8)-L(0)+7§

Thie intesrltion




o _calculated Irom Eq. (35). Therefore. at 8 +A8 the nln thickneas pro--

-could be calculated by the method used to solve the initial condition

problem..

cnlnted from Eq. (35), e.nd then AO' A, aee A‘N-J+ from Eq. (20). The values

109 .

thinning had been eaeumed the f:.lm tmckneas prolee at 8 +A6 could be

L lramte em= s

file and the rate of thinmng were knovn. Henco the other variables -

-

pressure, interi‘ace velocitiee and aurface coqcentration dietributiona -

| | e
The value for the rate of th1m1n5 at 9 +4560 was chosen sucﬁ tlﬁf o

-8,

the surfactant me bnlo.noe equation for P wan aatiafied' the vhlue _of

T‘ calculated by integration (cf: Eq. (35)) should be equal to that cal-

culated from the initial condition problem at g +Af . A “"‘_'
As ehoun in Fig. b, the iterntive aolution doee {not involve the

last two coefi’ic;enta of the rate of thinning polynomial. The reason is

the boundary conditiona Eqs. (‘:lh}) wﬁ&) :nust alwaye\ntieried. To _

calcnlate the £ilm thiokneaa ofile at 8+A6 v Lge L 2 ves LH-E are cal-

of Ay o Ay and Rp can now be calculated fron Eqs. (11) to (13}, and henco |
L!I and L . can be calculated from Eq. -(20). Therefore, the values of /
L"/ao and dLN 2/d0mnot neodedinEq. 3. a
The problem of onlcullting the rate of thinning et e +Aa was
solved as a ninimiuti_on problen. '.['he 'independe_nt variables' were the

, e | .
coofficients d1L /40, and the objective function was the sum of squares of

_the di"rfeunc‘e between the value of - I} caloulated by integration and that

calculated from the initial condition problem n{/aox- A, )
The minimization teohniqun used is illn.tnted i.n F:lg. 5 for two

, udopondent variables. From the etertins point H.l , & botter nlne M, is

2

"umh.d‘-non; the p_rinoi.pal-‘ml by the path u1-n1-u2. vhere M} is the



o

110
.'nin_.’mum‘ along-the x1-axin. This. ia‘referr‘ed td na the “first stage, ;-The_ |
second atage “is the n_enréh for a minimum -nlong the nnuiy found direction
;H1'-H3. This ‘two-stage mi_nimizatinn pnncena is re_pea}‘te'dl_ using My as the
starting point. The aenr;:hlfnr a .minimnm -along tha‘principnl axis or
nlong the diraction M. -H3 was carried out by using the nethod of Davies
et 1", descrived in Appendix D32,

The minimization was teminntod whan.

e (i) the difference in, 1: calculated by 1nteg,ration and thnt calculated

from the imitial condition problem at 6 «A¥ was less than 0.002, or
(ii) tho search failed to progress fui-ther than 0.01 which qorrénponded

to an accuracy of 10 £ /sec. in the rate of thinning. o

The maximum integrntion step ajze wvas determined by. taat:i.ng that the

integrntion renultn were not nignif:.cantly affected vben this ntap size was
" reduced. The actunl ntep size was choaan uo as to yiqld a compromiae bet-
ween the number of integrntion- steps reguired to cover a tim interval and
the cowputntinnnl tine roquirad to. cnl}ulnte the coefficients dLn/dO at

sach intogration ntep. The value usod wap 0,004 sec as determined by

. inwlininary tests, . , - - .

. c%_

i

.3 Roaulta and diacuanion
‘I'hnrc are essentially two types or amatricnl ﬁ.]n thinning

bohnviour. dinplo formation, which is followod by arrest and evon thinning.
nnd tho- 8]low even thinning Pattern IVG), in vhich the film is nrrutod

nt a large t:lln thickness and thinning ocours main.ly in the’ bu-ricr rins

'rogion. 'nuu observations have mot bwn suocmfully dtaoribod by pnvioualy

donlopod models. In this thuis. it bhas been nugsutod thnt tho main
[

-~

N - BETAY , : ) . / . .
L . . . . .
e s
- * - F 3 -~ q
. ' : . o, Mtw-"*’-
. . -

e i e D e



T A
" cause of failure ie the incorrect aeeumption-of conatant interface mobil- L

ity. The polynomiel model hea been

‘.

' The compariaon was carried out by meaauring the film thickn?a -€3
'tprofile and the rate of thinning at 8o o inetant during dimple‘fbrmdkzpﬁ
or thinnlng, and then comparing the model predictlone of- the eubaequent ' f;-

film fhickneee,profilea-uith thoae,e' rimentally obeerved. Thie cohpar- :

- imon wae made for the neceeeary elepee time to ehow that the model could
follow the trends of the obeerved film thinning behaviou:.

P

The results are ehbun in Figs;; to 10, and the systems used and -

the correeponding physical. ‘properties are shown in Tables Ia’¥6 Ic. ( More:
dntu on dimple formation have been used becauae this behaviour in pnrtic-
ullr is etrongly dependent on interrace ' vement ). The nethodl for esti- o
mating the values of the. plmical ;n-oper o5 used ¥ill be discussed leter.)/
In each comparison, the initial rilm thiclmeu profile at 6u0 ‘(f |
wvas obtained rrom the data bg ueins the thod deecribed_in Section 2. 1,
and the initial rate of’ thinning vas olloulated from Eq..(235 « The sube
sequent film thicknees profilea vere o-lculated by ueins the nethode
.deacribeq in_Beotiopa 2.2 and 2e3. '
Fig. 6 shovs a comparison for dimple formation. The data are shown

as rectangulars which repreeent the interference colours at different

radial locations in the film. The observeld film thickness in the central
region idﬁelishtlyl overestimated and in the barrier.ring resion, under=~
estivated. The trends of behaviour are, vever, correotly predicted: the
tilm t_eiému_ increases in the central gion and decreases in the-
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barrier ring reglon. ThlB is conszstent with the obaarve% dimple fd;ﬁation
" and Bimultanaous thlnnlng in, the barrier r1ng region. _ '_ o \\\
| A hotter agreement could have been obtained by refining further j
the aelect on of the valuea for the aurfactant phyaical propertlea andfthe
model parameter B (cf. Eq (D-31) of Appendlx D). However, aucmaﬂ affort:
. uould not contribute aignificantly to the purpose of the compariaon. The
reaults in. Fig. 6 hnwe already ahoun that ‘the polynomial model is capable
of describlng the obaerved behavibur.

The results of the comparison for dimple format;on for d;fferent

systems are shown in Fign. ? t 9. Theae reuults further confirm the

validity of the polynomlal.modo .
- In Fig. ?a, the model is hised to deucr;be the even thinning that
occurs after dimple formation is ested. The obaerved slow rate of
_thinning and barrier ring expanni are correctly predicted by tde poly~
nomial model. .
Tho compariaon for an- anisole/iator syatem vhich oxhibitod the
‘-1ow even thinnins Pattern IV(B) is shown in Fig. 10, qthe obaerved
behaviour is correctly predicted: the film“thicknnas at lhe'centre'ia
prnotically conﬂtant and thinning ocours only in the barrier ring region.
| 8o far, the trends of these observed filn thinning behaviour havo
not been correctly predictad by the modola reported in literature, Burrill
3(12? vag the first to dovolop a modol which could indicltc dimple formation;
Ill the other models could not evon show that’ dimple tormation might occur.'
In Qurrillﬁaﬁgfdol. the prtdioted rate of dlmplo for?ation was mdch too
fast - in the order of ten timthan that observed, Furthermore, his
model predicted an incronso-ln the film thicknesa in the b‘rrier rins.




region- that is, the . model prenieteo an approach to a'nniform fiim
thickneas aa the dlmple formation progreeeed. Burrill'e model also predict-
‘ed incorrectly the trende of the elow ‘aven thinning Pattern IV.,The rate of
'thinning at the film centre was highly overeetimated and as a result.an
approach toaiunitorm film thicknees ( instead of fhe ‘deepening or the ~
////’thket' as’ observed) Jp{edicted. - _;
' " Figs. 6 to 10 show that_the polynomial model is capable of follou»
ing the observed trends of the different film thinning hehaviour. The :

]

prediotione agree with the experimental obeervatione to uithin 10 to 20%

in most 1ocatione in the film,. except in the berrier ring region uhere the
.error can be as - high as 70% The reasons for thie lnrge error are that
the film thickneas in the barrier ring is small ( hence large relative
errore), and that the_polynomiel approximation beoomee lees acéurete with
increasing radial distance. | | f
Figs. 6 to 10 ehow enep-ehot views of the difrerent aspects of film
thinning behaviour. Thie method of comperieon, uhioh eneuree that the |
nddel is capable of describing the different types of film thinning be=
haviour, hne been edopted beceuee of the large oonputetion time required
to eolve the polynomiel model. It would be intereeting to use the poly-
1-Jnoniel model to deeoribe film thinning over a 1on5er period of elapeed
: time s0 thnt one’ can vieuelize, for exenple the behaviour of dimple form-
:‘ation graduelﬁy becoming arrested and then folloued by, even thinning. :
lfmvex-, the computation time would be. prohibitively large. In agdition,
: 'in lll the ennp-ehot calouletione, constant veluee for the paraneter ﬂ}
and the surface conoentretione k‘rL1 endqﬁ7 wers used, Theee epproxine- |

tione are reeeonahle only for a short poriod or elepeed time. The pere-

~
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‘meter 8- which represénts“fhé 'lécation whére ‘the ihterfacea are not

in a CDC 6400 digital computer.

| bon the polynomial ‘model 'pr-edic{:ions. This invedtigation is 'neclessa.ry to

Co TR

- ! -

"1n.f1uenced by the flow in the i‘:.lm - should be related to ‘the radial Ve

loclty prcflle 1n the film. mues of k* I"1 and qb,? vary with elapsed

time 1f the 1nterfaces are st:.ll agn.ng. 'I‘i'narei‘orer the use oi‘ the poly- . *

nonual mochfor a long per:.od of elapsed tlme would have requ;red a very

large computat:.on t:Lme because c)"ﬁ—the neceasary adaustments of B (“b? .

] - %

and k* I;']' Even when.theae values were assumed constant, the computat:.o,n y

o™
3

time required for one ;seéond._ of act% .élapae_él_.. time was about ten minutes __,—

L
«+
"

n~

) . ) x!_ . I3 ) -- J,,. . ‘ .
Sensitivity of the polynomial model predictions to. physical.pioperties
I . : -

-

The values of thé'Burface 'diffu'sion‘coefficient ED -the adsorpt:.on

rate constan\t k, and the surface concentrations expreaaed in terms of

.3

.k I-' ‘and (D that ware used in the solution of the: poly.ﬁomlal model \zere

estimatas be_cause accurate data qn theae valiies were not ava:lable_. It is

the.refore nece:-uaﬁy to investigate the 6ffoct of changes in J’chme;e'. eétima“tea

ensure that the cheracteristics of the rn\todel_ predictions are not drastical=-

ly altered by smail cha.ngea in the values of these estimates. Furthérmore,

" this investa.gat:.on should show whether the polynom:.al model predn.cta cor=

rectly ( based on quahtat:.ve phys:.cal argument%? the effoct of these

eatimates. . oy

- The effect of the modal paramater B wasmg.\so included in this

investlgatlon because its value was an estimate. ) _
Figs. 11 to 14 show the effect of ;’5 and k., , k* P't ' QD ‘a.nd B on
the predicted film thickness proﬁles-for the_-dimple format_ion ahoun in-

Fig. 6 . Thése profiles were calculated using the same initial film

r
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IR thickneaa pcrofilo and rate of thinning as those uaed in Fig. 6.
.' Tho results in Flga. 11 to 1‘& show that duapite the changes in
L the pred:.cted film thic:kneua prof:.les, the same trends of fllm thinning.
| bohaviour were obtained that is, d:mple fomation w}uch 15 accompanied
. ' : ‘ aimultaneoualy by thinning at the barrier ring. Thm indicatea that thel
use of eatimatas for the mractant p.hyaical propert:.es and -the surface
-concentratioma k 11 a.n.d QD ia acceptab‘,ré\ror tho Purpese of testing i!
the polynomial\’model 15 ca.pable of doacnbmg the diffarent film thinning .
_ obaervationa. .
Conuidor now the variation oflfhe rate or dimple format.ton with
" these estimatea. 'I‘he rate -‘of dimple formation decreaaea with increa.smg
9 and le, k* P andq)?,-._nnd Iwith :decreasing 8, as shown in Figs. 11 to
14, roapectivoly. _ ‘ |
| "The offect of ,'5 and le can be explained in terms of thoir offect
.. on surface concentration distribution. These surfactant phyaiaal proper-
. . tios are a meuu.re of how fast a u.nifom concontration is reatored. As .
| \ ? and h., increase, the surface concentration distribution becomes cloaer
- 't\u uniform value. This means a szaller concontration gradient, a emller
'_mtom\ ension gradient and conaai;uently a soaller intefface velocity.

g
Because the rate.o

wple formation : detormined by the mgnitudc of the
interface velocity, the ind

b

rate of dimplo» :!'omtion.

ase in’,'d 113 will cause a d,ocrouo in the

The effect of k*] 'aind ¢ shown’ Fiss. 12 and 13 is as expacted

becauae as theae conccntrationa Ancrease, the inte es become less

-bhile. “This. in turn cnuau a decreuo in the interface ve

: conuquontly a docrem in the rate of dimplo tomtion.

RN The d-crom in the ute of dimple Iomtion with decreasing B

Y , “‘\.“_\ 9 ' ' ' ) . o --' ~ <
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_¢an be exple.ined by examining ‘the phyeical meaning oi‘ ﬂ The value of . B

. e

?ia a measure of the radial 1ocation uhere the interfaces are not influenced
_‘by the flow in. the film. It can be expected therefore, that the larger the
, interfao velocity, ‘the larger is the value oi‘ B . Convereely, the emaller

the valu of 8, the smaller 1s the mterface velocity, “hence the slower 15

-

the rate f dimple fomation. : :
Figs. 1 to 14 also show that the decree.ee in the rate of dimple
torm.ation is accompa.nied by an“incree.ee in the rate of thinning in
‘the be.rrier ring region. '.I.‘hia beha.v:\.our can be explnined in terms of the
effect.of P k3 keI 61 (D and 3 on the rate of dimple formation. In.
the barrier ring region. thinnins ocours because the outward flow due to
the pressure gradient is larger ‘than the inward flow due’ to interface
e movement. Therefore., the amaller the interface velocity, as eho\m by the
‘ elover rate or_ciimple ;format.wn5 the faeter is the rate of thinning in

“—‘_

the barrier ring regiori“.‘*?n_.ﬁ__\_

The radial velocity, preeeure.' interface velocitie’e and surfactant

'ooncentration dietributione

These verie.blee he.ve not 80 fu- been measured directly; they can
only be celculuted - with the aid of a rillg, thinning model - from the film
thickness measurements. Because these variables are r_elnted to the film

" thinning behaviour, a better ﬁndcre.tandins of film thinning bebaviour |
ehonld be gained by calculating these nriebiea. . Co 2

i
I

Figs. 15a to 154 ehou the vnluee ~of the rndiul velocity protile.
the prreuure, the inter:l'ece velocitiee and the eurface concentration dis-

\___t\ributioﬁ:l for the dimple formation eho\m in Fig. 6 The radial velocity
pomcmmted—g—m—sqr (2-_13). rig._ 154 shows that the Snward
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flow due to;movemeht of the bulk integfégofiu,larger than the outward flow
duo to movomeni-df the drbp int;rfaée ;nd thﬁepreau;fe'grgdienfi thuﬁ it -
is consistent with the obaorved dimple formation. s ‘ (o) - |

' The variation of the preauure in the film with alapaad time is
shown in Fig. 15b. In the centrnl resion ' the pressure is practically

r‘

'uniform nnd oonatant. nnd changes in prcuaure occur only in the barrier

L A

ring ragion. ‘The’ conntancy of the preaauro in tha central region is con-
‘nistont uith tho obuarvation of conu;ant tilm ourvatura in this region,
roportod also o uewhoro(B). Despite the umall preopsure grldient in the

’ >contral rog 'n. changoa in film thioknasa ( that in. dimplo rormationy

tho flow in the film in this region is controllod mainly by
Intﬁrfaoa movement. This io a further confirmation of this thesis' suppo-
"sition that tho interfaoe mobility should not be arbitrnrily assumed.,
Hoithog tho presasure nor its\gradiont is equal to zoro at the

- barrier ring. In fact, it is in the burrier ring rogion that changes in
prousuro with alnpaad timo occur. The: inorenae 1n the nosative pressure
sradiant with elapsed time, coupled with the docroaao in the interfaoe
volocitioa { Fig. 150) show why the dimple formation is nocompnnied nimul-‘
':tan.ounly by thinning at the barrier ring. A negative prossura gradiont

" omuses the £41h to thin, whereas the 1ntor£nco movamont in this case causes .
dilplo formation; thcroforo. an increase in tho former and a dooronso in ‘
tho lntter will ronult in film thinning. an obsorvod in the barrier ring 7
" reglon. A v ' o ’

| lt - The point marked Y/b in Fig. 15b dnnotoa the pressure in a uni-
r;;- film uhcrc tho ‘pressure 1n the bulk phllo is zero and the drop is
nndoformablo. Tho onloulltad prclauro at the centre 1- highnr than n/b Vo

which is nonaitent with the oondition for the oxistopno ot a ‘pocket’. -nd

r



Fi' C a barrier ring suggeuted by Burrill and’ woodu(s) !
| - The variation with olapuod time of the interface velocitieu and
;he aurrace cog/gntration diatributions are shown in Figs. 150_gné_15d.~_
N The features og these results are. the following.f- o
n (1) The decreaue in the magnitudo of'the ingirrace velocities with
elapsed time. and the corr aponding approach of the surface concantratloﬁs :.
to unirorpldiatributiona ° conaietent with the obaervud decrease- in the
rato of dimple formation. | |
(ii) Tho uurface concentration at the drop interface in the gantral
region decreauea with alapued time béquse ot the convective transfer due
| to the outward movemoent of the drop interfaoak( that im, poaitive drop
interfnce volocity) Bimilarly, thn inoroano in aurfaco concentration at
the bulk interruce in the central region is due to the- negative ‘bulk inter-

(',}

face volooity.

(iii) Tho intertace volocitien at the bulk nnd drop interfncen are in
iho opposite direction. These results are in agreement with the observa-

tihnn of Hartlnnd(s)

.who photographed the motion of tracer particles in-
the tilm, in the bulk phase and 1naido the drop.
(iv) -The chanso in direotion of tha intorruce volocity in the film
poriphery at ©0=1.215 sec oan be explained in tarms‘or the surface concén-
: . - tratién diutribﬁtién. Th initial outward movement of the drop‘interfnco
causes the aurfaoe conoontration in tho film periphcry to be less than
ithat outside the film, as shown in Fig. 15d. As a result, the interfacial
.tonnion at the drop interface in the film periphery will be hisher than

o’ -‘ . thst outside tho £ilm, This will cause the drop interface to move from ////

the outside of the film to the rilu poriphory; hence the 1nterf:no _yelo-
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ity is negltife; The éiplanﬁtioh‘of the behnﬁ;bur'at‘iha bulk interfacé
in aim1lar to that at tho drop 1nterfaca. |
; Tha reanlta in Figa. 15a to J5d ahow that the calculated valuua of
the radial velocitgi the presauro. tho intarface valocities and the uurrace
concentrat)on d;atributions are’ cpnsistenﬁ w1th experimental.obaervations‘.
-and.fhﬁ"valﬁaa oxpociod‘from qualitativo phyaical argumanfa. Tﬁia can be
‘interpreted aé a further confirmation of the polynomial model. |
Similar calculationa as those used in Figs..15a to 15d havq beon
| .“carried out at the instant the dimple formation is arfhstod. The reaulta
.shown in Fign. 16a and 16b were obtainad using the experimaniql film
thicknosq profile and zero rate of thinning everywhere in the film. ( The
. use of zero rnté‘Pf thidning o&o}yihepé in the .film was not strictly
| correct because £hinning alﬁaya occurred ip the bgfrier ring regioﬁa Thiﬂ
laaumptioﬁ'waa unod to simplify-tho calculations. The conaaquonce.of this
is seen later in the calculated valuna of the intcrfaco volocities.)

The interface velooitiea are low, and the surface ooncontration
diatributiona are practically uniform, a&s shown in Fig. 16b. Houuvor, tho
£1uid in the fiim iu not atagnnnt, as shoun in Fig.. 16; thoro are inward
‘and outward flows YPi°h are exactly balanced. This is expected beoause of
the negative pressure gradient that exists in the film; therefore, to
maintain zero rate of thinning, tho'intqrtacou zust move to bnlanSo the
dutward‘}low due to the negative proasure*gradien@,

n

| _'The innreas; in the magnitude of the intorfaco‘voiooitioa in the
hnrrior ring is the consequence of the 1noorrtot use of zero rate of
'thinnins in this rasion. Becauae the pressure gradient is rolntively large

in this region, the }ntorfnoe velocities must also be largo to maintain
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the impoaqd condition of zero ratyo of th:l.nning. In the actual case, since
thinn:.ng occurred in the barrier ring region, there might not be m in=-

" : croaae in the magnitude of tﬁo interface volocitiea in this region.

/
/
/

. Tha estimation of the surtactant phyaical propertiaa and the surface

' concentrationa k‘l_' and QD,? - %b/

Tho results in Figs. 11 to 14 show that for the purpose of deter-
oining whether the polynomial model is capable of deacribing film thinni-ng

obaorvationn. it is not critical J;o obtain accu.ratu valueu fTor the sur=-

o

face difrusionLooqfricient £ "the rute conatant for adaorption ks the
nurfaco concentratiom k‘r andd)?, and tho parame r B. Nevertheless,
the ostimatea uaod must be reuonablo and wit /tho expacted values,

' ile

' The method for estimating k, has a been described in Chapter

3

\g.k.‘#. The estimate used for ;3 was betweofi the values for myristic acid,

3:10'5 to 30:10'5 omE/ sec (7 and for a complex protcin, 0.‘1:10"5 cna/aac

. (9) at an air/water interface. The éstimate for 8 used corresponded to
radial locntions = where tho interfaces were not influencod by the flow

:ln the film = that ware approximately oqual to the drop radius,. Tho value

- of 8 used in the thirhing ‘shown in Pip.- 7a and 10 , 8=1.5, wvas smaller

than that used ip“the dimple formation in Figa. 6 to 9, B-a, because of

the smaller mignitude of the rate of thinning.

ostimate the values of k* 1:1 nnd"(b,? the cbncentration of the

unr vcd contmimta in the coaloaconoc cell must be known. Unlua this
oncentration is known, k*[ . and @, can e obtained only by diyectly

_ ming the intox‘-‘!‘acm tensions of the bulk and drop interfaces in the

cell. This requires a technique which would not int'orforo with the film °

! thickness measurements. Until such a technique is developed, the estima-
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tien caf.'lzc":[-‘,I and QD will always 1nvolve a speculat;on as to the concen-

-~

tratlon of the unremoved contnmlnantl in the cell. For reasons to be d:s-

cussed later, the estimation of this contamlnnnt,concentratlon based on

experimental evidence s0 far avniiabie_y;elds ;nconcluaiyefreéul :
' The values for_k'ILﬁ and_QD?'ahown in Table Ic were estimatds

awhich yielded'film thickness predictions that agresd well with fﬁoae X
. Q . . .

. perimentally obaerved. These'estimatea were aurprisingly not unreasonablé.

The lowering of 1nterfaczal tenalon caused by tho contaminants was v~ 0 2

dn/cm for the present experiment, and ror the 'cleaner‘ expcriment of :

(3)

Hodgaon and Hooda dn/bm. The variation of I1 uith intarfaca a

Ol

‘was approximataly pr0portional to t ( cf. the Hhrd-Tordni quat on

thCh overestimates 11 with a proportlonallty of to 5).
The experlmental evidence ahowing the existanco of contamlnants

in the coalescence cell was given by the observedv&riatiqg{of rest time

with bulk interrace age even though no aurfactant was delzberntely added 19’3;5

G, 4 8) Th;a variation is shown: schematically in Fig. 17. There are two .

:cnitical.1nterface ages: t ,.when instantaneoua coalescence no longer

K occura, and t when no further interface aging effect iﬂ obaerved. The

value of ¢ could be as high as 20 minutes. _ o , !
Let us now conslder whethar it is posslbla to obtain an estimate
L of the contaminant concontration based on Fig. 17, Ward( } showad that

2
interface to age sufficiently. Hg_meaaured the variation of Y of -

the bulk surfactant. concentration was related to the time taken for thq\//// -

hexane/water with interface age for diffarent\bulk concentrations of
palmitic acid. The results are shown schematically in Fig, 18: tha equi-

tlibriﬁm interfacial tohaion ); is' reached after a finite time tB which
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increasea Qitﬁ increasing bhlk.ﬁurfnctant conéontraﬁion. fhﬁrefbfh. t 'iu
an indirect measure of the bulk surfactant concontratiou. Some valuea of
t were: for c=10-2 M, t = 30 gec and Y Y = 9 dn/cm; and for. c-#x10 =2 ﬁr
tuzominand’y y=184n/cm._,_' - | |

The results of Ward con!irm the auggestion that the obhserved
interfaca aging effect on rest time was due to contnminanta becauaa the
doliberately addad surfactant should be ndaorbed to the interface almout
instantaneously becauae of its low conoentration.

The large value of t in Fig. 17 auggeuts.at first that ‘the conta-
minant conqontration in the coalesecence cell ;q very 1arge, quavqr, this
nu::::§ion is-nﬁt cbnsibtent uith'the thoéoﬁgh cleanin#"agd puri: ication
proccdurea-thnt have been used. Furthermore, the effect of the df\iberately
added surfactant uould not have been noticeuble. ( The curve shown i\\Fis.

17 is gnir;ad‘t the left with #noreasing bulk concentration of the deii»\

.bofqﬁcly‘nddod s;>(’qatnt")"k plauaiblo explanntion of this discrepancy iu\\

5

" that -the bulk diftusivity of the oontnminnnts is very low; this. would cause \\

a lurgo valite of t, despite thé low contaminant concentration (cf. the

~ Ward-Tordai oquntion( 1))

If the contaninants hnve\n low hulk difruaivity, thoy oay B8 ocom~
poaad of large molecules. This means that tﬂoir effect on an interface
will be difforent from that of a amaller sizod surfuctant. For oxlmplo.
the ideal surface eqnntion of ltato may not apply even at low concontra-
tionn. Morsover, thesa contaminants may n!foot the aurface viacosity such

_ th-.t the apjarent lowering of interfacial tension for a flow system u// "

difforcnt from that for a atationlry syaten; thoroforo, it nny not ‘e

'ﬁ,gpproprilto to use a static ozporimnt. such as the pondanf drop mthod,

7
“.. ’
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obtain octimtoa for the values of k P and’ CD,? .
There ia a furthor complication in attompting to oatimato the

contaminmt concontration rrcm Pig. 1?. Tho vnluo of t va.riad -~ from 6.'

to 20 oin with no appa.ront tronda with dif:reront bulk concentrations
"of the deliberately added surfactant ranging from zero to 1072 ¥, This <
_ _uriation m;ght be couaed_by th_o variation :Ln the contaminant concentra- |
tion c.xio/or Anteraction between the surfactant and the conjl:- n;cto'. What-
ever the cacce might be,'-i;t ap‘fveiro chat the aurfaco coccoctrat'ion 1_'“ in” |
the coalcsoenco cell ‘iB not simply rolated to the bulk conccntration of

the dcliboratoly added surfactnnt._ '
Tho prooeding discmion shows: the difricultieo in obtaining

estimates for k 1-’ and CD and ectabliahing ' sound quantitntivo mathod

. for relating thou eotimtcc to the bulk concentration of the doliboratoly

nddcd curfactcnt. Cor

'J.'ho role of a film thinning model in the pgooiotion of rest times
To' prodiot the rest time for a givon system - liquids, drop -size,
lurfaotant and its ccnoontution =~ one must be able to dotormine tho rate
of filn thinning and the ‘eritical, film thickness ‘at ruptnro. Bocnm the
subject of film rupture is boyond tho scope of this thesis, this discuaaion
is restrioted to cases in which the critical thickness can be assumed :
constant. Tharefore, the Test time jEédiction requires only the caloulation
ofchorutootihiqning.' .__ o N ‘
One of the dif!icultiu in prodioting tho rate of thinning f.or a .
3ivon cyston liu 1n tho dependence’ of the rato of thinning on the typo of
fils thiq.nin; bohnviour. A film thinning model, - such as the polynouial

" model, can onl: ‘doccribo the rate of th:l.nn:lng attcr the film is fomd.

L
.
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‘n{’ougb the time taken to form ‘the film ie ingenerel neg'ligible compared
to the totel coaleecenoe time, this d.oeo not mean that tho panner by uhich
.the film is romed can be. negleoted; how the film 13 formed detormineo tho
oubaequent film thinning beheviour. This is oho\m mathomnticelly by ‘the
_ wed to apecify the initiel rate of thinning as vell as the initial £iln N
thiokneu profile in the eolut.ion or a film thinning model.‘- )
. The initial £ilm thiokneoe profile nnd ra.te of thinning. which
' ‘refleot ‘the manner by which the film is rormed, are dependent on the sys-
teom phyeioal properties. This dependence qeed fiot be' kmown provided these |
initial values can be me'esu:'-ed..' experimehtellye However. for an a. priori ;
predict'iorjx'or the-'rete of thimdng, theoe initiei values must be -calculeted |
from the eyetem physical propertieo beceu.eo by definition, an a priori
p.rediction requiroano other experimental meaouremente but the eyotem
physical _p:roperties. » .
‘ I'tl is therefore important to recognize the scope of a film thinning
model. !E'he nodel_io ueeful.for explaining why cer:te'in behaviour ocours,
tf;ereby inoreeoiog_our underetendiog ol" ﬁlm: thinning oeheviour; t_:ow_ever, ‘
it cannot be used to predict rest times unless the initisl filn thickness
profile and rate of th.i.nn:l.ng can be celoulate_d a priori from the system -
. physical properties. o
' Cone:lder now use of a einple model for predioting rest timee.
A simple model io one giveo the rate of thinning in an elsebreio form
in terms of the systen phyeioe.‘l. propert:leo. The application of a eimpl_e o
model ia restricted only to one type of film ?thinning ‘behaviour, s shown
by the model of Hodgson and Woods‘>) and the ‘extondsd parallel disc model
developed in. Chepter Se Thie reetrioéion has a fundeoentel basis, namely

’ I
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a aimplo model ahould ve applied on.'l.y to filum that are rormed in the
same’ mnnner. as oho\m by tho stme typo of film thinning behaviour. :

| s The application of a- simple model for predioting‘rost tines is
more praotioal comparod to that of a tundamental model. tho r.nte oi‘ o

- thinning equation is- oimpler, a.nd it givea roat timo prodiotions baaed o

on

'only on the systom physical proportiea. Thin nimplo modol must however, o

'bo appliod only to one type of film thm@}%viour.

; ‘.
‘ 4.‘(. Sunmary and oonoluaionn .lﬁ;
1. The f£ilm thinning oquntions devoloped in Chnptor 2 have been ‘
polved numerically based on a polynomial ropreaentation of tho prousure |
in the film, and the resul a compa.rod with oxporimental obsarvationn of
- the £11m thinning behaviour of toluono and a.niaola dropo. The model is
'roforrod to as the polynomi model. \ _ ‘ o
" 2. The polynominl del satisfactorily desribed the variation in

' £i1n thickness profile with| elajaed time for all types of symuetrical
filn thinning behaviour including. diople formation and.thinning.
In most looations in the film, tho nodel p:rodiotions agreed within 10 to
20 %, exoopt in the barrier ring rogion, vhere tho tiln vas thin, the
error could be as high as 70 %. C :

' 3. 'I.'ho prcdiotod eftect of the surfo.ount phyaionl proportioo

and kj and the surfaco ¢ ontrntion.o k* 111 and qb 7 lgrnd vith -thnt .

i

' expected from phyaical argyents. The rnto ‘of dimple fomtion ( and

hence the :Lntor!.noo mob:lli y) was shown to decrease with incrouing?)
' ‘0. ngruunt tween the modol prodiotions and experimental -

ob-orutionu oontim this thnio' oupponition that the interface nobility



must not be arbitrarily assumed.:

5. The calculat:on of the film thinning variablea ahoua that.

—

;51n the central region, and falls rapidly in the barrien ring region; at

;///,,/f//// the barriar~ring, neither the presaure “nor- ita gradlent is equal to zero.

S

(ii) Thinning occurs in the: barrier rins region during dimple formation
becauao of the increase 1in the negative presaure gradient with elapaed
time and the decrease in the rate of di"i&a Iprmation. :

(iii) Hhen dimple rormation is arreated. the fluid in the film ia not

-'sta there aro inward and outward flown which are exactly balanced..
N
\ - \..\~. *
. - | ' //.‘
- -

.,-.. :.t. ‘__A . \ . ..' '.. “._"— - N 126..

(i) The pressuro in tha film remainu practically nstant and uniform
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Table Ia. The systems used for testing the Eglzho'mial‘mode.l

Ay

128

1 I x| o | v Vi
Tolueno | 0.0025 | Palmitic acid | 107° | 110 | Mg 6
- . . o _ X . -6 ] A . . }
Toluens | 0.0025 Palmitic acid | 10 600 Figa. 7, 7a
Toluene | 0.0025 | Palmitic acid | 1072 | 0. | Fig. 8
Toluene | 0.004 Palmitic acid | 0 60 Fig. 9
' hee et | .
. ‘ . R . _} '- " - -6 . . 4
Animole | 0.005 - Sodium lauryl | 10 600 Fig. 10
sulphate -
Legend °
S:j 0il
II n:-op uize."mi o
. III  Surfactant
' IV  Bulk surfactant concentration, M o
v Bulk interfaée nge.‘ sec | L
VI  Results ‘
*  Hodgsen and voods> | Fig. 10a
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Table Ib. The liquid/liguid physical properties

: ‘Interfacial temsion | - Density difference E
] dn / cm ‘ ga/ml
'Toluene/watef' 33.5 _ 0.133 A T
— ” . — - T §
| Anisole/Water | 20.5 0.0097
. (12)
Burrill 3 Pe h28; sed also Appendi: D.#
T;hi;VIc. The surfactant phyuicnl propert;aa, surface concentrations -
and model parameter,B used in the film thinning predictions
¢ . . | ‘. ' ) - R | h ™
e Surface diffusion coefficient, ib = 0.8x10™ cma/bec
. Adsorption rate constant, k3 = 0.5 sec -1 ‘ B : -
e Model parnmoter, Bu 2, for.Fign. 6 to %, and- 8= 1.5 for Figs. 7a i
- ‘ '~ “and 10 .
. pY .
k*lg1 4 ¢, 7.
dn/cm —_—
| Fig. 6. 0.275 0.40 N
Fig. 7, 78 | 0.275 060 [
Figs. 8 0.325 . 0.35 "
Fig. 10 0.10 0.5 .




Figure captions

B

e Outline of” the ; calculation (at the initial time) of pressure,
' interface velocities and surfactant concentration distributions i’rom the
data on film thickness profile and rate Of thinnins- Tho numbered (i) tri-
angles are-, the .sections in this chapter and Appendix D in uhich the -

calculation is carried out, (i) solid circles show that the results

N ]

ohtained in the corresponding sections are needed in the calculation, and

(iii) broken circles show that the values of the variables have alrea
been calculated or can be readily calculated from the corresponding sections.
2. The effect of different number of terms in the pressure
polyncmial on the geouracy of the film %hiclmess fitting. The value of
N-8 ccrrespon to a 5-term polynomial Bince’ only even terms are used./
| « Typical convergence of the repetitive substituticn method for
; ‘ calculating U,‘. In the diagram, the first assumption is Zero velocity
- every where iﬂ‘ the film. o
Y 4, Flow chart of ‘the solution of the film thinning equations
.:ter the initial conditions have been calculated.
- b 5. Schematic diagram of tha minimization method used to calculate
| _Ithe rate of thinning at @ L AG . The diagram shows the methcd for two

v

variables
: g to 10. Comparison ot the model predictions with the data. The
film thicknesa profile at f= O is a curve fit of the data. and the
\/_‘ _aubaequent profil—ea are the polynomial model predictions.

' 11. 'l‘he eftect ofB\\rface/diffusivity p and tho adso;rption
oonstant k3 6n the solution of the polynomial model. The initial £ilm
thickness pcrofile and rate of thinnins ‘used are those for the dinple )

formation shown in Fige 6.

4 o - Lo . ' , ' ] o
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\\\Intertaoo velooitien, docroane with elapuod time.'

o T B .13

12 t:o'1li The effei‘:"i; of"nurface concentrations k* |' a'nd' ¢?, :
and parnmoter B (cf. Eq. D-31) on tho uolution of the polynomial model -

for the dimplo fd{ﬁation shown in Pig. 6. b

15. The film thinning vnriablou for the dimple rormntion ahown in
Fig. 6. : (A) Tho radinl velocity profile at 8= 0, ahowing that tho inward

‘flow is larger than the outward flow for dimple formation. Do

(b) Variation of préaaure in the film Gith elapabd time. The

pressoure is prncticnlly unitorm and conﬁtgnt 1n the oentrul rogioh. and

.ohangea ‘occur only in tho barrior ring rogion. Neither the prouuura nor

J
its grndiont are. zero at-the bnrrier ring. Tho point marked Y/% uhowa .

~ the prouuura in & uniform film.

(o) Variution or the interface volooitica with 1npaed tima. The

(d) Vurintion of , urfaoe ooncentration distributiona in the £ilm - ;f’

with olapcad timo. “The ooacontrationn uppronoh uniform dintributionn ,»"‘

. v

s tho dimple rormation procoede. ' wir . -:‘ ,‘f/

LI
H

16 The Iilm thinning variableu at the inatant dimpla formation

'ia arrentod.

Tha radial velooity profile shows that the inward And the outward flows
are exactly balanood; thus the Tluid in-the film in not stagnant. ¢

. - (b) The surface ooncentrntion diut:ibutionu nnd 1ntnrfnoe voloci-
tios. The dintributiona ars prnotionlly uni#orm and tho velocitien are
vory umall. Tho 1ncboaao in the magnitudn of the. interfnoe velooity in
the barrier ring resion in oauaed by the innccurnto ption that the
rate of thinning.avorywhoro in the tiim‘iu Lero.. (In rgality. thinning

- -

nlsagl ocours in tho barriar rins rosion.) ‘;: o f“”“‘f‘~j-~“___

(g) Film ¢t hicknaaa profilo. prounuro and rndiul volooity profilo.-

L R T

b —— i e e e
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17. Schematic diagram ot the vnriation of rest time with bulk ,

= ' (3,4,8)

,intebfnse age . Tho interfaco agpa t ‘and t are thouo when instant-

~

aneous coalscence no longer opcuru. and’hhen_no further aging offect is

obsarved, reupectivel&.' . _
8. Schomatic diagram of the variation of interfacial tonsion with

turfnce ago ‘and bulk aurfactant conoentration. The equilibrium inter-'A

< . 1& ial tension is reached sooner ror a smaller bulk surfactant concentration.

R . . . . .
- IV : .
Rl . b '
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Filnm thickness . L n=0 2 ce0 §e2 o : : ‘x\. i
Yt A 1 A
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“ m - 1. Béotion 4.2.1 and Appendix D=1, S |
' 2. Beotion 4.2,2 and Appendix D- 2.2, ' ' . -

3. Beotion 4.2.2.2 and Appendix D-2.1, D~2.3.1, n-a.}.a !
and D-2.3.3. .. ' L
"’. Section ‘* 2 2.3 lnd Appondix D=2, 1 D-2 -1' D-&J.Z, - ‘

5. App.ndﬁ 2.1, pe2. 3 1, n-a.s 2y D=2,3:3 and D-2.3.5,
6. Appondix D2} 4. :
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 Pigure 1 (continued)
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fiNITIAL cONDITIONS

® p ;-.v---.An ‘hso.a .": N
o Nl 20,2, No2

oA ... 9l ni02.. Ne2
90 e

¢ ol nu0.2 - 2Ne2

® r;. U1+U2 .Ui;--?----numcrlcal'-_

I £ o "

ASSUME —1 . p:02 N-2

. f‘._ - ..
- Yo dl o . !
tn Ljodv a0 [Z2] - moa wa |

CALCULATE
o .

Y

LYY .\._’-[Sku + 90
ave 2199 |g

a0 de'q:ag] . !

. An- ,.n-‘O,RA-’Nd (Eq.20)
| neN-2 ."_‘ ( App-. D1} _ ]
‘L, neN,Ne2 (Eq.20) o
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Figure 6
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Figure 7. |
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Figure 8
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‘ locqtion ot £ilm ruptur..

| L
CHAPTER.5 "%

mxcmon OF THE PARm.m DI8C Mon-:L o
- FOR UHEVEN THINNING
’ Unevon thinning ie the pcttern that in most 1ikoi& to ogour in
prlotioo; honoe it is 1mportant to be able to prodiat tho rato ot thinn- ;
ing tor this pattorn. Thc prediction. by mathomntioal modclling for the
ontiro film area ia difficult hoonulo of the lack of lymmotry 1n the

£ilm. Thus a ressonable and praotical approaoh is to use ln ompirionl

:uodol to dnsoribo the thinning at the. barrier ring ainoo it is tho

In this chapter, the extension of the pnrnilol disc modol io S
ltudind. The oxtonaion is to mllow the intorfuool to have partial uobil-

ity wvhich may vary as tho film thinning proocoda.

1, Review of the parallel diso model
The parallol diso model wvas dovolopcd by Raynoldl(1) and
Btcran(a) to q.nor1£: the rato.of thinnins of a r;lq bounded by tuo‘
parallel interfaces thatwere oogplot.l& 4mmobile. The rate offthihn{.}lhg‘-..

is given by -

_dh2m 1 F
@ 3 U A2

h_"'__. o o

“uharo F is the rorac vhich aotl on the 1ntortao¢l, A is the oontuot

area of the 1ntortaool and n is the tlln vilc y._

1%0

,
SERN
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The roat time (-) can be calculated by integrating Eq. (1)
between the 1:Lmita ot h = h v the initial thicknesa at 9- O,and h = h,

tha critical thicknou at 8= 9 The rusult for h, = ® is

. ) .6 N —’_ N : . l
AL (@

LT W oL T

' Because a liquidﬂiq[id interflce may not be complotely imobila ,
(3) |

a nimilar mlysiu h.u bo n oarriod out which allowed one or both

:I.nttrtucoa to be fully mobile. 'I'he roaultg can be oonvoniontly oombinod

with tho original parnllol disoc modcl by introduoing a parameter &

N TI Y  PEE »
3, A S "
o o— S ! : (&)
OertEFR .

-
-
I

vhere ‘® is equal to O, 1 or & for 0, 1 gr 2 immobile intoffnou. The

| n.'l.uo of 0 0 oorruponda to a trivial ouo of very rapid thinning and .
Zoro rut tim; that" 1;. the ooourronao of imtanta.nom coaluoonoo in _‘
extromely olom lyatom( 3, L . . | /
- ‘The applicntion or the. pnnlhl disc modcl for ducribing film '
thinning in J.:lquid/‘IiQuid aystems lhould bo regarded only as an ompix-icnl
o approach. Bocnuso of. tho oxiltonce of a prouuro padiont in the fiim, 1'
'V-tho £iln thioknous oannot be undform, It is understood therefore

| .tha.t this modol is to be Appliod only to a po.rtioular loon.t:l.on in tho o

- nl.m the bu.-rior ring is ulually ohosen ainco it is tho looation of film

'J'

m uu ot qu. (3) und (4) roquiru the. specification of tho .
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valuoa for F and A. For a drop. appronching a pllnnr intcrfico F and A

can be - entimAted . as followa. Tho.forco F is the drop Huoyanoy force.

that 4s, | |
Fn—ﬂbApg'_ e e

' and the area A is’ R ST ) i
l\= m r o o (6)

where T, is tho oquilibrium barriar ring radius, whiah depends on the |
- lasumod interfaoo geometry. For the most oommonly uaad geometries uhoun
in Fig. 1 + T, can be writton an |
: : : ' \ 3
o p Zhg AD_Q ) . BN )
e ‘3‘Y . ‘ ‘ :
~ where the geometrioal factor ng has & value of n, = 1 foi the geomotries

marked (a) and (b) in Fig. 148 or ny = 2 for the geometry (o}, the
: ch‘prlilrln modclc?)." ' - : ,

'conbimtioq of Eqe. (5) to (7)'31“_.'5

A apgb o @
F 3 Tyq

Thus the subatitution of Eq. (8) into. qul. (3) and (k) 31.“5 the
ruto of thinnins nnd the rest time of a drop approaohins a planar inter=
face. The result for the rate of thinning is | o

- dh » 8 > Y 'y ha ‘ (3a)
a6 dng uapob

The parallel disc model 5ivon by Eq. (3a) denoribgp tha oblorvod |

thinning rates only ovoﬁ/n nArTov. rnnco of £ilm thicknesses and -

-

v



e

' ovoreatimatau ‘the. reat timou. Thus varioun moditica ong hnvo been
nttemptod. Moat of the attemptu have boon ‘to obtn d:;aluea.for A /F whioh
are more ncourate than that giv.n by Eq (8). In this chapter, the method
Cof modirying tho parallol diao model is to allow ¢ to- luwe fractiorml

8)

values. Thia haa also Yeen auggeated by Hartland and h’ood( in their. work

: with viﬂcoua syutoma an largo d.'ropa.

2. Extension of the parallel disc model

In the pu-allol disc modal the intortaoe mobility ia aauumod to
be extreme; that is, thare‘ ocan only be zorq. one or two immobile }gtor-
faces. This may be the main rout;,n why the parallel diasc model fails
because in general a liquia/liquid interface is neither completely {mmobe-

ile nor fully mobile. The mobility of an interface depends on the con=

centration o _ surfactant ind the npplhd shear streass at tho:intorfaée.-
Therefore, a logical extension of the parallel disc model is to allow
to bave fractiohal values (interpreted as partial mobility) which may

vary as the film\thinning proceeds (to account for the variation in the

The vari oxprus:l.ons for o 1n terms of the au.mbor of immobile
and mobile 1ﬁtohf:|o 8 ‘"(8 9)
'cb,-n_; A o I (9)
4,._29.1_' U c (10
3~y - o o
$=(2-n,° . an

L | - (12)

~&



| 'vhere;ni.npd;nu_aqp the-ﬁumbérrdf immobile and mobile intérfacou,

"¢ respectively.

| For inteser valuea of nI and nH, it does not matter which ot thoau
expressions is used aince db¢i“b- 1 or 4 for nI 80,1 0r2 and ny = a.
or 0. Howevor. uince partinlly mobile intorfacoa ara oonaiderod henee

fractionaltvaluou ofjnI /} is deuirahle to aolect an expreaaion

,,,,
44444

Connidar now the valuea of. nI ‘and nH for the varioua posaible .
variation of film thicknohn with-elupued_time.as uhown in Fig. 2.~Tho T
slope of th:o gurva',-' an given by !9."(}). in .pfoportio::‘al to -(1/45) at a
given film thickness. Thus the value of b and thoicorfcaponding ng ﬁnd'nH

‘given by Eqgs. (9) to (12) can be calculated l; ghown in thh'dqoompnnying
. table. | R |

Curvou (n), (b} and (o) roproaent the purallal disc model uith
$=o, und 4 respectively. For these curves Eqs. (9) and (10) and
Eqs. (11) and (12) produce identioal numerionl values for ny and ny.

In ourve (d) th§ film thiockneas doou‘nog vary with_;lnpao§ time
because the tloﬁq_in,tho film ~ due to interface movements and pressure
gradient - are exactly balanced. ‘Thus ¢ approaches 1ntilnity and so do nI
and n, caloulated from Eqa. (9) and (11). The values oaloulltod from
Eqs. .(10) and (12) are finite: ny = 3. and o, = -1. A value of nI sroatnr
than two is ditticult to rul:l.u ph.yuically. since thoro are only two i

1nt|rfuu. On the othor hund. a mp.tivc valuc for ny oen- be intorproted

!
i
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'in'tho case where. ihe«ihterfﬁqajvqiocity 18 'in the opposite d;reétioé fp

tho appliod uhear streas,

Curve (o) ahowu dimplo formation whore tho film thioknoua
- incrennea with elapaod timo. The ‘value of 4: in negativo. “hence Equ. (9 )‘q

and (11). give imaginnry values for nI ‘and nH Again Eqs. (10) and’ (12)

give finito values for "I and nH ' ‘ -,m_\,"' n\:

“In aummary. Eq. (12) is the -moat vorsatilo expreuuion for i _

gdasoribing partial mobility.

'5.3. Reaulta and diacuuayég

Tho thinning pattorn unod in this analyaiu was the uneven

"ins of Type A (Chgpter 3.5}, This pattern was nlwnyq observed
bulk interface’was old or when it was not cleaned. Bince the .
face was also aged, this thinning-battarn nhoﬁlg be-tho.ono't t is most
likely to ocour in practice.

_ . Tigs. 3a and 3b show the thinning at tho barrier rifg for 0.0025°
ml toluene dropu andthe typiocal scatter of the data for duplicate runs.
. In_Fis. 3b it is shown that for the same thinnins pattern ;nd thinning
r;te. the rest time may vary because 6! the variatioﬁ in the oritical

film thioknoua. For thia roanon. an evaluation.of film thinnins modola
ahould be bazed on thinning rates and not on rest times.
1 o Considor tirat tho comparilon between tho thinning rato dltl
_and the parallel disc model prodiotion. uithoomunt ﬂluu of &. 'I'ho
nodel prodiotion ocan be ouloulutod by integrating Eq. (3a) from h = b o

—

with the 1nitial filn thioknnal of tho data. Fig. 4 -howu thl oxpf/;nont-

.ut 9- 0 toh = hat Owo where the value of h is. ohosen to oo:lnoide

al thinnins rates tor 0.002% ml tolusne drop- uith vnrio bulk ocon=
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centrationa of palmitic ucid. and the model p:rediotiona with¢. = 1and &
- _/Ca‘nd na w1 .and 2. The agreoment is not very good. This may be caused by '
‘ the incorroct phyuical property dopondonce of the model and/or tho
incorrect. aaaumption of conatant, (b thnt iu, the oxtromea mohility
- uaumption. To determino uhich ia the more domimnt causs, the thinning
'ruto data oan bo plotted in a generalized form. The mothod is as rollowa: \

Int ationoqu. (3a) rromh-h at 9=0toh=hat 9 e .

and reurrangome t or the result sivea 2,'
SRR R VR PV -

| h" hy R ong | |
ilence' the plot of the LH8 of Eq-. (13) againt elapsod -time 0 is independent |
of ayntem physical propertieu if the parallel dieo nodal prodi,otg oorract-
ly the phyuioal property dependenoe. ‘Purthermore, 3f ¢ is oonLtant the
genoralized p',Lot- is a atraight 1im. ' _

Fig. 5 shows tha thinnins rnteé of th& duta‘ 'for v‘:rio;.w sizen

of toluene drops and bulk conoen’crntionu of palm:l.tio acid togothor with

" the modnl prediotiomwith cpn =1, b And 16. § The “interfacial tension

: )"of pure mutually saturated toluone/\mtor m used. Thia ,ia a _reasonable
assumption ninoo the concentration of pulmitic acid is 1011. Tho la.rgent

‘ comontration should lower ¥ by not more than 1 dn/om o)
3% of the value of ¥ y '

hu than \

'I.'h_o_follbwling observations can be made from the roiulfl in ‘i‘ig. 51
(1) The parailel disc model )Qr;diotu quite well the dependence of
thinnins rate on drop asize. 'I’hil is ahmm by the results that the sonanl-
ized thinnié rato dau for aifferent drop -.'mu but the same :urtnotant



eoncentratibh iie.ohtone curve.
7 (ii) The value of cb variea with elapaed time aince the generalized
. thinning rate data do not 1ie on a atraighﬂ line,
(iii) 'I'he value of ¢ depends elso on nurfactant ooncentration as ehown
by the existence of different generalized thinning rate curves for
different aurractnnt coacentratione. ' |

L ' . (iv) 'I'he corustnnt valuea of & nG = 1 a.nd 16 repreaent the limiting

cason Bsince they bracket all the d.a.ta. |
i : = o -- s The conclusion that can be drawn from Fig. 5.1is that ‘the paral-

lel disc model can be used to desoribe the rate of thinning of the data

T provided that the variation of $ with surfactant ooncentration and elapsed
time is taken‘into nocount.'Thie ceh be interpreted as a further ;hpporti
. to the uupposit:lon that the interfeoe mobility ehould not be arbitrarily
'aaaumed in film thinning modeIlins. Conaider now the calculetion of Ty

as siven by Eq. (12) and the phyeieel interpretation ot the reeulte.

e ———— T TR T R
. - Sencs
.
. Ty .
4

: o -Bq. (3a) cen be rearranged to yleld

dh 1 HAPgD g o (14)

BRI Therefore the value of { and hence Dy o4n be oeloulated {rom Eq. (14)

by ueing the thinning rate datu. The reeulte are ahoun in Fig. 6 uhere

. aJ
P,

)

the value -of n, = 2 was uaed.
Fig. 6 shows that the degree of pnrtiel mobility Ny

(1) decresses with inoreasing surfactant concentration and
(1) {noreases with elapsed time and approaches a eeneteng_relue

regardless or-the eurteetnnt concentration.

bR s M
Py
.

‘» S

. .
KB B

8 . S S
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| The behaviour cf Ny can be ehoun to be ccneiatent ‘with the
' expecteg behaviour of a liquid/liquid interrace. The degree of mobility _
.‘nﬁ can be derined in the eimpleet woy by nH 5 U/U ' where U ie tbe ectual
iinterface velqpity and Up is the interface velocity if the interface wae '
" fréo of eurfactant (upcn application of thoisame shear etreee).-_ |

@

Ae the eurfactant ccncentraticn increaeec,, 1arger interracial

>teneicn gradient can be set up to balnnce the applied shear etreee. Thusa
U is emaller, nM decreanee and hetih_thﬁ interrace beccmde leee mcbile.

' J The etfact of eurfactant concentration on nM iz less prcncunced
with decreasing magnitude of the applied: ehear etreee. ‘The reasonis

the decreasing ccncentraticn that ie needed to set up the neceeeary inter-
. facial teneion gradient to balance the ehear etreee. In the limit as the

; .ehenr atreeu epproo.oheu zgro, the gobility is indopendont of the surfact-

ant ccncentration eince no interfacial tension 5radient has to be sot up.

3

‘Thie also means that the mobility of a contaminated interface inoreases
uith decr%aeing magnitude et the qpplied ehear etreee eince the mobility
approachee that of an unccntaminated intertace, whioch by definiticn is
fully mobile., E S '
_ - ™~
The shear etreee that is exerted by the flow in. the £ilm at

J_the interfacee decreacee with elapeed time because the rate cf thinning
decreaeen an the tilm thine. Therefore the explanaticn cr the behavieur or &J

ny can bo given as rcllcwe. The desree of mcbility

(i) decreaeee with increaeing eurfactant ccncentraticn becauee the

r" ' ) )
‘ interfaoee ere less mobile.._r . .

(ii) increaeee uith olapssd time beceule the ehear stress aJL:\\’,a and
(iii) approachel a ccnetant value,resardleee ct the surfadtant con=-



=Y

t
N

_centration because.the shear atress decrenses. U E
Conaider now a further test.on tho‘phynréal property dependence

K{L_'

of the parallel disc model. Forsurfactants of the same properties and
ooncqntrﬁtion._tho sohefalized‘p;6t_1n:§igt 5 should apply to nnj'syafom.-m

Therefore the varintion of film thickneas with élapaod time of any aystem

O n_onn be: pradiotcd crom Fig. B If tho generalized. thinning rate curve in

lig. 5 1a donotod by w 467, the reuult ‘can ba writton as
BEERY 1 .Y
, ’, . ‘—--—- =1 _+ ) . . (15)
. h4e)  hE unp bg- wer e /

whoro tho nyutem phyaioal proportioa roter to the nyatem roJ which

the mmion of h with 9 ig. to be predicted.
”‘\ "The vnriation of h with 9 tfora 0,015 ml mtnole drop and zero
" nurractakt aonoontr:tion in shown in Fig. 7a. The golid ourve roprcnonta
"tho datn(11) and the dottod curve is the vnriation oalaulatod from Eq.

(15). The. mnnnt is within . 1%}10!& in nttuﬂwtory oonaidoring the

limplioity ot the pnolont model nnd the dirtoronoc in the phylical propcrtion.

o

‘The toat qan nloo bo portormod in tarma of tho 3onornlizcd plot, .
=u ghown in Fig. 7. The aurvo mlud (a) 4o the w (0) und in Fige 7a

‘: \‘% (nproduood from ﬂs. 5) md tho p?f“ifmlnd 'mw are. thc oulouhad
.

" genaralizad plot of B dqta. Again, the agreement is. mmmory. ( The
-uminsly llrzo orror st large uluu of. § .is aaund by thn muioation

—

 of errors through the tern 1/h2.) | o P
| i is inporunt to ‘gto that. the mly-u m au'riod out for~
ouly one fa thinaing pattarns Thus the axtended pprallel diso model
nm‘} bo oxpoaud to apply to other thinn:lu pattcml. Yor cunplo, ‘for

’ "

L. . : . . N -
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-

ulow even thinning Pattern IV( ) tho dcpondonoo of*the rqto of- thinnins

at the barfior ring on- drop nizo ia given by b -2 instead of b -5 as givon

by the parnllel dina modol. The diucrepancy nhould not ba interpretod as

I contradiction baonuao the film shape nnd the governins meohanium for -

" . the film thinning are difrerent. In uneven thinning Type A tho film thick-

n:Sa profile is nlmout parallel and thofthinning occurs over the ontiro

" £ilm area, wheroas in alol even thinning Pattern IV thers is a largo

_\gq#kot or d;hplo‘nnd the thinning opourd'only in the region outaide the

barrier ftngxfﬁho nuggontion that there is a change in the dependence. of
tho rate of thinnins on drop size depending on the thinning mechanism |
hnn boon oonfirmed by Burrill'a nnalynin‘g) | _
“In nummary. the use of a simple model ia limited only to one
thinnins pattcrn. . ' -

A

2. gggggz and aonolunions ‘ ,

1. The pu'anol dino model with the use of varying partial
mobility oan duoribo ummtoruy the thinning at the barvier ring for .
unovon thinnfii Type A in toluano/hntor nnd anisolo/hator uyntoms.

. z.,m variation of the degres of pmm mobility with bulk
lurfactnﬁi oonoontrution lnd olupaod timo durins thtn@ins is oonsistont
nith the oxpootad bchavtour of & 11quid/11quid interface. The degree of

pnrtial mobility 1noroaao- wvith dtorolsin; bulk lurtlotant aonoontration

" and 1nnronains elapsed time, and uppronoho- a oonstant vnluc

vhen the rilm is yery thiﬂ and tho rnto of thinnins is very low.

.3 The par xﬁ.lo model with constant values of ¢na 1 and |
' bnaaﬂé could be used to buokot the observed variation of film thiok=
* nelgg with elupeed time, R
s | . ~
' i

e e Rl e e e e o T

it e e e A o
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b, The use of a uimple model: to desoribe rilm thinnins 10"

limited to only one thinning pattarn.‘

5. An evaluation of a film thinning model should be- baned on L

thinnbng ratou and not on reat times unless tho oritioal film thickneas

ia oonstunt.

G s s
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Table I Phyaical. properties of Anisole/Water and Toluene/Watér

“F4ln visoosity 0.01 poise:

Density difference and interfacial tension

plE—— .

.
' .

Aninoli/wator';

Toluene/Water

Ap  g/ml

e &

10,0097

20,%

33.5

t
.
!
b
- i
'
”
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1.
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.
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'rndii for tho dif!oront soomotrion.

R

Figure oagtionu
/1« The dirraront goomotrioa thnt have been used to apyroximato the

o contact area or tho 1ntorfaocn. In (a) ‘the drop is dorormnblo and the

bulk 1ntorfaoo is rigid. (b) the drop io rigid and the bulk intorface 1:

.dotormablo and (o) tho drop and the bulk interface are daformablo. tho '

chnppoloar'u model(7). The symbdolas r, lnd roa‘donoto tho barrier ring

I's

2. Variouu posuiblo varintion of tiim thioknola with' olapaed timo

- doponding on the 1ntorrnoo mobility. In (a). (b) and (o) thore are two,

one and tero rully mobilo 1ntorfanol. rolpootivoly. 4n (d) lnd (o) tho

~ mobilf%y is negntivo y that is, one of the intortaoel or both movo townrd L
‘tho rilm oontré. In (d) tho film thicknana is conatant and {e) tho film
' thioknoaa incrollol with olapaod tima. that is, dinplo formntion. The

'moompmuing tablo lhowl tha values of ¢ and n, - o.nd “H 31von by Eqs. (9)
to (12)

3. Virintion of - tilm thioknall with olaplcd tima at the barrior ring
for unovon thinnins Typo A. The diftoront synbols denote duplicnto runs

.lnd R denotes the 1nltant of film rupturo. _
Oomplriaon botwocn the data and the parlllol di-o model prodiotionn ‘
" with constant interface mobilitys

Conparilon botu.on the data and the parallol disc modol prodiction.

‘uith oonltant mobility in terms of a sonoralizcd plot. The parnllol diso
-nodol prodiotian is & straight Mne vith & slope of 1/('d na '

6. Variation of tho dasroc of uobtlity with bulk lurfaotant conochtrat-.
~ 4on and ollpsod tino. Tho valus of .o, : is aaloulltcd from xq. (12) with

na s 2, "‘i"‘

g



7:.'bomparinén botween tho'thinnins rato-d&t@ for an an1ho1o'dr€p'ﬁnJ
:thlt predicted by the extended parallel diad model based on, tho thinning
rate data for tolusnc drops. Tho dotted ocurve is onloulated from _ o
’Eq. (18) and the sonoralizod ourvo obtainud from toluane/hator ayutem ///;/;;Q?*’{
in Fg. 5. A | T
7b. Complrinon as in Fis. ?l in torma ot L 5onornliz¢d plot. The pointe
" parked 'Data’ aro oalouluted from thc dnta And tho ourve (a) is roproduood

from Fig. 5 for toluene/water nuatem.'

o)
..n";-‘-:‘;
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" CHAPTER 6.

ALGEBRAIC ANALYSIS OF

'mqnmmmmna s

.

As a reault of not aseumlng arbltrar:
in poealble to. put foruard a poetulate for the condit1ona under which

thinning occurs evenly or unevenly, as ehown in Chapter 2.4.2 In thlB

‘_chapter, the postulate is lnalyeed algebra;cally and 1ts predictions COMa= -

o]

ipared Hith exper1menta1 oheervat1one.
- The analysie ie based on the aeeumption thnt the preseure An the
‘ filn can be represented by a parabolic function of the redial d;etence.

The reenlting nodel - referred to as the'parabol1c model - 13 therefore

s . ]

l'truncated form of the oqiel model.

@)

gﬁ.r.fth. superscript + denotes normalized varisbles, defined b; Eq. éﬁ—1).

.and Ay; A, and L are the coeffidlents for the pressure and the film

B Y4 : /ff

the 1nterrace mobilzty, it

LT3 A SO s

etAlra

SN SN
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thickness, respect:.vely.

“ , o _ _‘1711._

To maintain conslatency 1n the filu th;nning equationa, the other

kS

varzables must he given by:

+ + e +
U1 = B1 r UZ = DT_r
. : L (2) |
+ +2 ot K” o+ 2 ‘ a
_1_'1-Go+02r S Pa Hys Hy r

. ‘where Bys Dy, G and G and B, and E, are the coetticients for the inter-

0 2! 0 2

" face velocitlea and the surface concentration distributions, raspectivaly..

Rate of-tilm’thinning

T~

The film thinnlng equntiona can thua be expreaaed in terms of theae'

cooff:l.clenta by sulistltuting Eqa.. (1) and (2) into Bqa. (4-3) to (4-8)

Tha results are: : R .

\

'::2""?4‘*}2 ‘“"f-’s(B,*D,)Lo - @
mscnti.nl-i"orce balance - o \§
2%@062 ’%(“81'01)”-2‘“2;9 s = -' . ® |
Surfactant oass balace T : | | o

Y

&

de, _ e
d—gz-wuh-eo]wsez-wsg_a, L e

w N LTI B )

where the dimensionlesa paruetern P's are defined in Eq. (4—17).



SR 175

The normal force balance equnt;on is not 1ncluded S:Lauae the film

is assumed to be unmform. hence the parabol1c model has - the aame incon— o
aiatency'at that found.zn the parallel disc model. -

The boundary condition. for prcaépre is the total r07ce balance in
the z-direction: . L S -_':—‘- E
P T S A
I__ Zirrpdr =F ‘ ‘ _ T (8)
o | -. Lo . . l' ; '
where Rp is the radial location where the pressure is zero;. that is,
o . ‘ 3 o .

.
p_“(r*gn;)=-o" Y )}

¥

' For the surface concentrations, the total balance boundnry condition

Eq. (D-Z}), that is, T ) . . ; S .
R 1§ S - -
I 2mrNdr=7R I; S : (10)

R}

‘These boundary conditions can be exprqhsed in terms of the coef-
ficients for the pressure and qu;fnce'concqnérutiopa by substituting
Egs. (1) and (2) into Egs. (85 to (10). The results are:

. ,'\2 '. ) ,l -, [ .
Ay m-2ds, | | an
BZe2 ¥/ay - R 2
G +HERIZG <1 . T B (13)'\
. +2 W . .
‘-H0+T-’!RP _Hé_ ¢, _ | -. (11;)_ ,

vhere ¢ is the normalized buoyancy force defined by Eq. (4-17), and. ¢.7
ua-ﬁqub ./ [y o R
" The pressure at the film contro is. ansun-d to bo frat ina - -



- i

496 -

tiln of unifora thickness; tbat 38, . .

10._-_. o E o - DN
uhore P is the normalizing constant for the presaure.

Bqu. (3) to (8) and (11) to (15) are the film thinning equations

for the parabolic model.

~—

6.2. Analxazs of the Eggtulate ..
The poatulato put forward in Chapter 2.4.2 can be stated as follj;u.
Given a uet of system phynlcal propertles, filn thicknesa and rate of
thinning, even thinnlng (or dinple formation) occurs if and only it there
exist: . DR i -:“
- (i)'roul taluba for tho'interface vélocities;‘;nd

(11) positive surface concantrations overyvhere at the bulk and drop

t e : ) ¢

1ntorfuce-, o N | o _ _ . ~
'uhich aatiaty the tangentinl force bllanca oquntionu. 0theru1ao, the

thinning is unoven."

1

l‘ Thsroforo, to analyse the. poatulato the interface valocities and
'tho surchc concentration diétribntiona nust be calculnted from the given ‘
set of system phyasical properties, film thickness and rate of thinnlng. ' Ty

EN

‘Consider fi;ﬁb the calculation, then thc algebraic fornulltion of the

poatplnte.-‘

1

Calculation of the interface velocities and:the'aurfnce'cdncontratioﬁ’A

'

diutribntions 7 _ ' _
The calculntion ia based on th. condition that the tangential
" force balance eguations Eqs. (4) and (5) must be satisfied at the time§

!. .:'-_ - . . . -" . , e .“‘ 1 '. ' i _\

¢
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end eone later time 6+A8 , vhere - 0 is the time wvhen the £ilm thickneiss-'

and the rate of thinning are epec:.i’ied. Therefore the time derivatlvee of

.. Egs. (&) ana (5) muet also bc*aatisﬁed. o

“The time derivat:.vee of Eqs. (4) and (5) ¢an be combined to give

-dG, ng o Az dL, |
+ ! J

. de T <p9 de

The BES of. Eq. (16) cnn be ce.lculated from the given rate of thlmung and

(16)

- the eyotem phye:.cal propertiea, and the LHS can be expresaed in terms of

'.the interface veloclties e.nd the eurfnce oncentrat:.onn from the surfactant

: ;:me balance equations Eqa. (6) and (7) - and the boundary conditions

_:" Eqgs. (13) and (14). The procedure for the latter is as follous.

. ':Ehe timo derivatives ot Eqa. (13) ‘and (14) can. be combined to give

de 96, o, (17)
dB" TS R [de d9+ "
: H.encc, equating the RES of qu. (16) end (17) gives
a6, dH, RPA, d, )
&
de* " de* 2<p aw R N

1 -

The 1HS of Eq. (18) can be expressed in tem of the coefficients B1’ D,

a Bo e.nd&! b; unng the surf.a.ctant mass balance equations Egs. (6)

o!
and (?) 'l‘he rei‘nlt u

¢u(1+¢7 % H)”“ps(sz*“z) z<:>56 By* HD)
R‘zAzdLo R | (19)
2q)9 de* - o
E. (19) is .tho'e};ution m'd' for calculating the interface velocities |
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(15) and tha

the interfa.ce 1l _1ty B

1' The procedure for the 1atter is' \as follo

~;"'(ii) exprq_ss D, \in erms 'of B, and (B +D.dy \

(11) caleulate G,\an

S,

B -i terma of B, from Eqs. (#) and (5), and

(iv') calculate G o in terms of B, Irom Eqs. (13) and (14). A .

-on the\LES of Eq. (19) .can.be expresaed in terma

of 31 After B, has been|calculated, then. n1 can be readily calculated from
the known value of (B +ﬁ’l) and Go, G_,_, B, and Ga from Eqs, (¥); (5),

" (13) and (). \ T

 The details of the calcztion of B‘l from Eq. {19) are given in

Appendi.x E. where the calculation is k:a.rried out in terms of ¢{ , defined
' \. o ) \. .

‘ '.31'4(31”31') \ | (20)

.\ l

Tt

g braic formulation of the pos iulate foz;‘\ the conditions for even and

uneven thinnigg

thicknouandtha raudmmmw_ o .

As shown in Appondix E, Eq. (19) can be mtten in tem of ( by

l‘( +B"‘(’ +C‘=0_ ' -' B .(21)‘

\duro A*, B' and C' are 5ivon by the system’ physical propertioa, the ﬁln

-

* o L . ;- .
! o . oo e ’-; . . f

N -t . . . . .
v : . . fmpr ™ 0
: . - . . v .
. ' N L]

]

.
(1) calculat e m\of the interfaco velocltiee (B +\D ) from e 1

rate of th:.nning qu tiongq e, \,

A
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Thererore, ,the coadij;:.ons for even: thinning are: - f " IR

(1) Rea.l values for tho i:ii:erface velocltlea exiat tha.t is -\ R

Comflbmeyor T 'fff?-?-')

. 3
-

' (ii) The surface concentrations are positive in 0 s-“r* < 'R; , that is

’Gb)o‘an‘geotn“aeal') o (@)

un no)o and E, +R H s 0 : -.N..~(2‘+)

3 Otherwise, the tlnnning is uneven. ‘
. AIl the terms in inequalities (22) to (24) can be calcula.tad from

- the systen physical propert:.an, the film thiclmeaa and the rate of thinning
‘Thorefore, the validzty of the poatulato can be verifiod by experimntal

oburntiona: if the observed bohnviour is eun, ‘all the innqulitieg _m'l.st_

 be eatisfied, and. conversely if the observed behaviour is m;'.gx one of the

inequalities must b violated. s

'6..3. Results and discussion

The omihnﬁlh obaerved film thinning behaviour can be
) clmifiéd in terms of even andl uneven thinning bohaviéur into t.hreg groups:
- (1) COmpletely uneven behnviour. uharn the interferenco coloura are
n.nsymetrical from the instant thoy u-e firat obaehed until the dinppear |

. uhon the film ruptnru. This grqnp repreunta thz unsven thinning Type A

and the Pattern III of Hodsacm a.nd Hooda(1) ' T _'
(:I.'.l) couplataly even’ hchaviour, vhere the interference colours rcna:i.‘ﬂ

7
u-ctrical for tho ontire poriod of £i1im thinnins. Thi- gron'p roprounta



| ‘ ‘the ‘dimple lformetio'n'and eéven thinning 'obserued;_i_n '.Cha?te’?}," and the |
Patteras. 1. and IV of Hodgson and Wooda(1) :I:'o.r.' the"ca.sea vhere tiee ‘dimple
. formation or. thin ing remaine e en., . - | ; ‘
(:.11) Comblnatlon of even end uneven behev:.our, vhere thero. is a ehift
i‘rom even to uneven ‘oeha.viour or nce versa. ( In some cases thie eluft
occurred more . than once.) This behaviour maa' happen dur:mg thinning’ or
dlmple formation.l o _ '
The purpose of this chapter is to d.etermine uheth“[ theae expen
mental observations are predicted correctly by the poatulate given by
_ ..1nequa11ties (22) to (24). |
| | For a g:.'q;en syatem - that iB, 1iquids, drop eize, m:rtactant e.nd |
su.rface concentrations P and 1-‘ - whether tlu.nning or dinrple format::.on
occurs evenly or unevenly dapends only on the film th:.cknese and the ra.te
‘of .t‘:.lm thlnn:.ng. It is theref;:'e conven;ent to- rlrst "map’ the predicted
even and uneven thlnm.ng regions, a.nd then to plot the "thinning path' R ‘«
of the data ( tha.t is, the var:.at:.on of the rate of thinmng with £ilm
thickness). If the postuIate is valid, the even or uneven th:mmng path :

of the data: must lie im the correct region.

Cons:.der f:.rst the postulate teat:.ng for the .of both the drop’

and bulk 1nterfaces having the same 1-‘ For this case, (the experimentally

obgerved behaviour was the uneven th:.nning Type A, aa B ixi Chapter JeSe

The predictad even and uneven thinning regiona for 0.0025 and

.005 ml toluene d.rope are, shown 1n Fig. 1 by the mrloed Ay B,y c

and .D. These curves were ce.lculated fron :Lneqnalitioe r22) to (2‘&) using

1

the values of k* P.] = k* Pea = 0.05 d.n/om and 1.0 l _,_d),? =1 aml the
surfactant phyalcal propertiee given in Table helc. g

i




“that nugo and nH=1.6 are tho liniting values, thn thinning'plthe of the

181,

' The thinning pathe of the da.ta are superimposed on the mp Fig.

f.or various drop Bizes ra.ng:mg from. 0 0025 to 0.005 ml, and bulk ﬁdncen—- E S

"tratn.on.a of palmitic “acid from zero-.»to 10-4 M. The reaulte ehow that all

a8e thinning pa.tha lia in the pred:.cted uneven thimung region, thue the

. pdetulate predlcts correctly the observed uneven behaviour.

The results in Fig.'1 can be extended to other o:i.l/\mter Byetema. N

In Chapter 5, 1t was shown that the thinning path for uneven thinning

Type A vas given by the extended parallel disc: model Eq. (5—3&)
_1en—— Y2
2 “n H apgb

i

de ‘.(25)'

where in this chapt h ia eqnivalent to Lo becauee the film is asaumad to

be uniform in thickness. Eq. (25) can be written in a dmensionleee form..

s . ., 142 : - :
dn® 4 ™M w3 — (26) :

o -

u:here the ameter @ has been replaced by the degrg of pa.rtikl nobility

_anerinedf in Eq. (5-12), t.he value of nG=2 has been uaed, and the dimen-

hionlene variables are defined by = -
,,./' . ) ‘ -;., I L) )
. /x'/ i h. = -%. . .nq 0. = 3 (2?) .
N N (WPrApg/ YD)
N

_ Fig. 5-6 shows thht the value of nu veriee from n,=0 at large
£ilm. th'lckneeeea to n.Ha"l 6 as the. thinning proceede. The thin.ning paths
given by Eq. (26) for these'two' limiting 'nluee of n, are ahovn in Fig. 2

by the brok.en lines marked nuso end nH=1 6 These pathe are atraight linee

. vith a elope ot 1/3% because & lognrithnc plot has been used. To ehou ’

Ty

b |-
-. 4

/ . t 4



R | T

' data for 0,.0025 ml tolueno dropa are alao plottod in F:Lg. 24 _ -
'.Ehe prodicted regions of aven and uneven thinning a.re ahoun in )

Fig. 2 by the curves wked A, B and C. 'l'heae curves“‘were calculated trom .’-,

L inequalitiea (22) to (24) uaing the valuea of ¢ =4 b Apg/BYcorreapo\ding

. l‘to 6.0025 and 0.005 ml- toluene dropa, and k* I" =0.05 and 1.0 d.n./cm at

'a toluene/water 1nterraco. ‘ . .
Fg. 2 again shows that the thinning paths ‘of the data 1fe in the | i\

: ‘predictod region of uneven thinning. Furthermore. those resulta can be .

qualitatively extended to other oi.l/water ayatems. At large film th:i.ok-

"neases, the value of nH is cloae to zero a.nd. hence. the thinning pa.th lioa -

in the uneven thinnins region, an ahown in the top r:I:;t ha.nd corner of '

I‘ig. 2. As the thinning proceeds, D inereaaea auch that the thinning path ~

vil}_remin in the uneven thinn.ing relgion. When n"l is equal to 1.6, the

-

. thinnins is‘predii:ted to be uneven until the value or h in nbout 10 =5 _ s
(t.hc intersection of curve C and the thinning path nH=1 .6). This thick- ‘
neas cocn}‘esponds to about 200* f for a 0.035 nl drop. .Thorcrore, the
postultta pradicts unsven bohaviou; for the ontire poriod oﬂ £ilm thim:ing

~ because rm: rupture usually occurs at . thickpess between 200 ana oo £ .

. O " The results in Figu. 1 and 2 show that tho mdictions of. the
oxtem?.-d pnrlllel dise mdel nnd the poatuhto are consistent. When both
‘interfaces have the same 1-‘ the thinning pnttcrn is uneven, u .experimen=
tally obaerved. lnd ‘the thinning pnth is given by thl thondod p.rallol
auc model Eq. (26), as ‘shown in Chapter 5. These o::porilontal observa-
.- tions are predictad cmcctly by the poltulnto: uhon both intcrfacu han ';
| the same 1" uﬂthommngp.thugiunbqu. (as). theth:lnn:lng
pnttarn 13 prodictod to be uneven.

e
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- " - . The thinning patha shown in Figa. 1 and 2 are thoae at the barrierl
o i ring.,In the eticteet sense. ‘the paths at the film centre ahould h.eve been.‘

. uaed because the parabolic model io only a.pplicable in tho central reg:.on '

: of the film. However, for this. perticular caee o:r 'ﬁneven thinning Type A

-the usse of the thinning pathe at ‘the barrier ring ie acoeptable bece.uso

','the rate ot thinning at the film centre ia faster than that at the barrzor
o ring. Therefore, the thﬁnning paths sho\m in Figs. 1 and 2 would have \been- i

qhifted to the right if the thinning paths at the film cpntre had been _“- - ' )

. used; hence tho outcome of the poetulate teetins vould

The resulto of the postulate teeting for d:i.ftere types ofﬂ £ilm
thinning vehaviour are shown in F‘iae. 3 to 5. In ea.ch caaL the thinning
pe.th was plotted uoing the film th:.bknese and the rate of thinning at the
film centre. The eetimted range of enrrece concentratione k¢ F and C,D e
used in- the mapping of the aven and tmeven thinm.ng regiona are ehown in |

each’ dilgrm, thia range was estimted by the method deacribed in Chapter

' h.2.5. -
\ s  Inm Fise. 3 and 4 thé poatulate is teeted with anisole/water
\ @ mtems“ 2) 'l'he uneven thinning paths a-b ‘and a'-b'-c' in Fig. 3 lie ix‘z
: the predicted region of unaven thinning Similnrly, the even thinning path
a'=blec'~d! in Fige 4 lies in the predicted even thinning region marked by
_ A'B', The 'peth a-b-o-d in Fig. 4, ‘uhich undergoee changes from even (a~b)
to unaven (c) and back ‘to even behnviour again (d), is again comctly ‘ ‘
predit:ted. ; o v . . -
‘The testing of the poatulate for tho case of. dimple fomation is
shown in Fig. 5. The obaer_vod d.iuple formation peths A=b="ys g and a'-b'~
" ve & are correctly predicted. Initially, the dimple formation occurred

L s ' o L T
| - . B
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_unevenly ( b-c-d and b'-c'-d'), andrthen when the rate of dimple formation

had decreased, the dimple tormntion occurred evenly ( e-r-g and e'-f'-g ) IS

" The validity of the postulate is conrirmed by experimental obeer-"' i

vntione, as shown in Fign. 1 to 5. Houever, it ie important ‘to distinguish :

the applitation of the reeulte for the uneven thinning Type A and thoae for -
the other types of thinning behaviour. In the former, it i poeaible to
extend the reeulte to the prediction of uneven thinning bethiour when both
interfacea hnve the same surfaoe conoentration I’ because. the thinning
peth given by Eq.- (26) is knoun ) Eggori. On the other hnnd, for the other
types of thinning behaviour, the thinnins patha can be ‘determined only

‘ezperimentally; therefore. the poatulete can be used only to’ give an

e

. explanation of the obnorved behaviour and not to give an a priori predic-.

"tiom. G ) - _ PR

"Interpretation of the rour thinning,'patterne' of Hodgnon and Woods

s

()‘

" The reeulte in Iign. 1to5 ehow that uneven behnwiour tends to

-

oocur with the oombinntion or small £ilm thicknesses and 1erge rate of

; thinning ( or dinple !ormntion) This is intuitively expeoted ince'the

shear stress inbaiance(z) - which ip essentially the basis’for the postus

_lnte can eceur more readily with 1erger interfeoe velocitiee. Ooneider

-

now the app&icetion of this ooncept for - the interpretetion of the four p:.

(1

thinning 'petterne' of Hodgson end Hbode « These tour patterns are:

(i) Ptttern I : rapid thinning and instantanesouns coeleecence,
(ii) Pnttern IT E repid thinning erreet, di@ple toruetion and thinnins,
(111) Pattern 111 3 uneven thinnins and

!

~

Y

(iv) Pettern IV s slow even thinning

> ¥

!he thinnins ths tor theee fonr petterne ere ehovn echemntically

\;.'—'

‘ . .. LY O e
" o
vl s o« @ . -



fclloycd bx fllm rupture; 1t is arrested and then- dimple. formatlon

SR S -

:,1n Fig. 6 by the curves {a) to (d) -The. reglona of evan and uneven thlnnlng

[N

are separated by the curves marked AOB;™ cnly one "set of regions is shown
for clarlty of illustration. _fﬂﬁ: :. vi:

Curve (a) ia the thinn;ng path for Pattern I thc rate of thinn;ng ' c
13 ve;y large at-all film thicknesses. This path 11c3 in the uneven |

Qh;nn1ng because durlng rap1d thlnnlng there is insuffxclent surfactant

.to set up an 1nterfacial"tenslon-gradlent to balance the shear stresses at

the interfaces.
' o
Pattcrn II is deacribéd by curve (b). The rapid thinning is not

‘as indicated by the horizontal port1on of ecurve {b). The initi
‘formation may occur evenly or unevenly depending on whether the
or (b2) is followed (cf. Flg. 5). Then the’ s
bccauae,its rate decreaaes,‘and finally the dicple fo
and thlnning bcgina. The thlnnlng may occur ovenly or unkve l
on whother the path (63) or (b‘l») is follmd”. ) /

Curve (c) corraaponds to Ptttern III. Thn _rate of thlnnlhg is
¢onsidcrably emaller thnn that for rapid fhinning, howaver, it is still
autficiently large to be in the uncvan th1nning region (cf. Fig. 3). It
the thinning pera;sta until the film is very thin, the pattern may become
aymmctrlcal. Thic hns been cbserved axperimontally when the 1ntcrference

colour was grey to black. about '+00 f the rate of thinning was vory low

-nd the film was practically uniform in thicmaa. ,

!ho rate of thinnins for Pattern IV is vary low, thus this path
‘/‘\
lies in the even thznn;ng region, as shown. by curve (d). it the rate of -

' thinning rcuainn low ac the thinning proceeds, thn even bohAViour porslata.
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] as shoun by the path (d1) (ef, path a'-b' .—d' ‘in Fig.. 4). On the other

—//r""f—\\ , hand 1f “the rate of thlnnlng 1ncreasea, as 1nd1cated by -the path (da2), the j‘
. : o . 4\

behav1our may change to uneven (cf. path a=b-¢ in Fig. 4). _ T g

6+4. Summary and coclusions

1. A postulata for the cdnditions for even and uneven fhiﬁnini\has

.Vbeen put forﬁard. This.poatulate sﬁafos that even thinning occurB if and’

only if the tangential force balance'gqﬁgtion& at tﬁe interfaces can be

safiéfiéd under smeetrical conditions; that is, _

2 (i)'feal values for the interfacy velocities eiiat and

(ii) the surface concentrations are positive everywhere at the bulk
and drop interfaces. Otherwise,. the thlnning is uneven. .
2. The postulate has been analysed algebralcally based on the‘

.A pnrabolic representatzon of the pressure in the film. The experlmental
observat;ona of even and uneven thinning ( and dimple formation) for
toluone and anisole drops were pred;ctad correctly by the postulate. The
'four thinning patterna or Hodgson and Hooda(1) can also be explained in
’terms of thq postulate.

3. Unavan bohnviour tends to occur with the combination of small

: film thicknaasea and large ratea of thinning or dimple formatzon.

.

. -]
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Figure captions " _

1. Postulate tesiing for the case of both.interfﬁceé naving the
sane anrface concentratlon, qb?—‘l The reg:.oms of even and uneven thmmng.
- are separated by the curves ma.rked A, B, C and D for d:.f,ferent drop sizes
and surface concentrat:.cns expressed :m terms of k‘ f' . The t}unn;.ng paths
of the data are shown b;r the dotted curves. - |

2e Gen&ralizatmn of the poatulate testing for the case of qb.? =1a
The ‘regions of even and uneven th:l.nm.ng for dlfferent hqulda and drop

. sizes (expresaed in terms of the d:.menmonless group ¢ ) and Burface
concentratlons {(expressed in terms of the d::.mena:.onleaa group kel / Y)
are ggparated by the curves ‘marked A, B and C. The broket lines ma.riced' .'
nu.--O and hﬁ=1 .6 are the thzmung paths given by the parallel disc mod71

with constant interface mobility (Eq. 26); the thinning paths of .the

data are shown to be between these limits.
3. Postulate testing for the observed uneven thinning in\g%isole)

.\nter systems. The shaded. area sopu:at_grthe even and"ﬁn;ven tlnnn:mg

- regions for the .expected range of surface cqncantritiona. The thinning

‘fn&m of the data are shown by the hrokhn curves,

‘0 Poatulate teating for the observed even thinning and change overs
from even to uneven th:.nm.ng. The shaded area bordorod by AB aepn.rate the
evon and uneven thinning region.s for the data ma.rked @ , and A'B' for
the data marked A . The thinmng pa.ths are shown by the brokan curves.

> 5. Poatnlate teating for dimple formation. The even and uneven
thinning(dmple rormation in this cm) maopnratod by tho solid curves,

a

_and the thinning pntha are shown by ths brok.n cutves. '

6. Interpretation of the t.hinning patha of- Hodgaon and Uoodnﬁ)
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in terms of“the postulate. The regions “of even and. uneven thlnnlng are
separated by the solid surves marked AOB. The thznnlng paths (a) Pattern I
'rap;d thlnnzng andqsnstantaneous coaleacence, (v) Pattern II: rapid th1nn1ng,

'arrest dlmple formatlon and thlnnlng, (c) Pattern III: uneven th1nn1ng,

and (d) Pattern IV: slow eves th1nn1ng. p
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UMMARY - D goﬂcws:ous : ,

\B — e C : : i

A ' AR - o R

J..,gl N o . B ::

The deﬁ%;led conclueione have been given in Chapters 2 to 6. The

i \
general conclunione ere—ncw\preeented to give an overall view of thlﬂ

‘thesis and its major contributione;\‘\\ )

i
' L

Hathemntical modelligg of film thinning | B - o ‘ h ‘f

'}: 1. In previously deveIoped film thinning‘__ggle, except in Burrill' Voo Ié

” ;model( )' gh, “bulk and the drop interfacee were aeenmed to be completely : L v
immobile or fully mobile. Thie extreme mobility aeeumption neglected the

»—~eigect of eurfectant on the flou proyertiee of an interface, Coneequently.

ﬁ//// ;theee mcdele dould not ‘even account for the existence of difterent typee

- of filu thinning behaviour for the mame liquids and drop eize. Burrill's

nodel, uhich eeeumed a fully mobile isterface and calculated the mobility

ortheether interface, could show that different typee of film thinning

behnviour might occur. However, hie model predicted film thinning behav-

iour that was opposite to what was obeerved- e ,\&Jf:

In this thesis, a model hae been developed in uhich the interface

5

. mobility of the bulk and drop interfaces is. oelculated. Because the

,ninterface mcbility is not aeeumed arbitrerily. it is poeeible to put a
oo
foruerd a poetulete for the conditionn for even and uneven thinning.

a. The nnnericel eolution,ot thie’nodnﬂ/ referred to a» the poly=
uoeiel mcdel, has been obtained, and the reeulte cocpered'ﬁith experinent-

TR 1. ; T 196/ . | | | P
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al obeervatione. The polynomial model is capeble of deacribing,all typee
of film thinning behaviour including dimple fornation and thinning. Thie

jfeeult confirmo thia theeia' euppoeition that the main cauae of failure of -

I

preticuely developed models is the incorrect eseunption of extreme mobility.

By uning the polynomial model, the variation .with elapsed t1me of

1

the preanure in the film, the interface velocitiea end the surface concen-

h
L

tration dietributicna can be calculated. These calculationa can increaee

© our underetanding of f£ilh thinning behaviour; for example, the cdlculations

‘of the pressure in the film and the interface velocitiss. dufing dimple ;”7
fcrmaticn ehow that thinning occurs in barrier ring:becauae or the increaae
in the negative preesure gradient with elapeed time and the deoreaee in the

H
2

interface velocitiee. \ _ } B
3. For the purpoee of predicting rdnt timee, an empiricdl model is
more practical.to use than a fnndanental Todel. The extended barallel dinc'

nodel has been developed to deecribe the rate of thinning at the barrier
ring for~uneven thinning. This type of filn\thinning behavionr bhas been
chonen becanne the conditionn for. ita cccurrence are close to those found
in practice. The extended parallel diac model eetiefactorily deacriben

the experimentally obeerved rate oiithinning of toluene npd aniaole drcpe.'
J The extennicn of the perallel diec model by alIcuing the interfacen

to hate varying degrees of pertial mobility has also bqfn suggested by
H}!tland'and Hbodéa) for their work with 1arge drope d viecoua systems.

J

' chever,xin this thesis, the model has been appl d to theofiln thicknesas

at the berrier ring instead or the average thickneee; hence. it is more
‘airectly appliceble for predicting reat times. Fnrthernore, a different
expreeeion for partial mobility has been usad which gives nnnerical values

)

L] . . v
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'that are conelotent uzth the concept of 1nterface mobillty ueed 1n th1o .
- T

thesis. ’

5The beeulte of the extended parallel dch model further show’ that

the" interface mobility ehould not be deeumed couetant. "' ' g A
# The conditlons under which thinning occbre evenly or unevenly have

. BO far been.unknown. A knowledge of theee conditione is importent not only

for a better underetending of film thinning behaviour, but also 1n the

use of an emplrlcdl-model becauee euch 8 model can _only be‘applied to one

type of film thznnlng behaviour,
An algebraic enalysle hae been cerried out of the poetulete put
forward in Chapter 2.4,2 for the conditione tor even and unemen thznnlng.

The analyeie is8- beeed on a perebolic dietributlon of the preeeure in the

-

- film, Deopite the eimplioity of the analyeie. the occurrence,ofneven or
unsven thinning ( or. dimple formation) hae been pred:cted correctlw. The
'thinnins petterne of Hodgson and woods(s) can also be expleined in terms
of the postulate, - s 15553 B

5. A ainil.rity'anniyaié(“)

has been epplzed to obtein the dimen-
eionleee groupe in the film thinning equntione developed in Chapter 2.
Theee dimeneionleee groupe, uhich show how the eyetem phyeicel propertiee
 are combined in their effecte on film thinning behaviour, are useful in
_the plenning experimente uith different liquids, eurfectente end drop.

edzeh 80 as to obtain a wide range of experimentel condit:one. | q/)
-

v
i

gzggggmental etudies ‘ o i

6. A novel. Adrop forming teohnique hee been developed by which
drepe of different eizee can be foreed neing one drop forgdng nozzle
..udthout the need of - pieroing the bulk interfece. Thie technique combinee




bulk and drop interfacea).

£
A

~

_fthe advantages of Hodgson?a techn:quo(3) ( accurate and convenient) and

' those of the drop volume techniquo ( no transfer of surfactant betwcen the '

7o The film thlckneaa mansurementa conflrm the results of prevxous

| uork - the aensltiv1ty of film thxnnlng behaviour to aurfactant - and thw
obsorvatlons that have not boen prov1oualy reported. Theao are tho ocour= ‘i;="

rence of the uneven thinnlng Type A ( Chapter‘B.S) under the conditlona .

that are clcae to those found 1n practice. and the new patterna which

result. when drcpc aro reloaaed to the bulk intortaco in rapid succeasion.

These obaervatlona suggaat that an empirical approach should be aaopted

culty in developing a fundamé/tal non-oymmetrlcal model, and indicate the

oonploxity of the analysis of multiple dropa coaleocence.;

Y
Y
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APPENDIX A .

" THE SHEAR STRESS EXERTED BY -

' - ' THE BULK PHASE AT THE BULK INTERFACE

In the f'oxmulat:i.on‘of “the film thinning equations given in Chap=-

ter 2, the bulk phase was aasumed inviscid and hence the shear streas

b
.valid for liqu:.dq ‘with viscosity of the order of 0 01 poiue, in general

{:. r. exerted by the/ bulk phase was neglected. Hh:.la this asaumptlon is

. the Bhear Btress must bo calculated to solve the ta.ngential forca bal-

- y

ance equation at the bu]k interfaco.

This appendix presents 8 ma.phematical model. for calculating the

AL

shear stress fb The model is an extens:.on _pf the _problem of " Flow

. N
‘near a wall suddenly set into motion * (1)

L

%o 'I‘ho problem of " Flow naar a wall eudde‘nly set into motion o

The geometry of the problen is. ahown\in Fig. 1. At time 6 < 0

" the fluid is stationary and at @ = O the uall\ia auadanly sot into mo-~ -

tion with a oonata.nt velocity U The diri’erontihl equation for tho ve-

looity proﬁ.lo v, (z, 9) is (omitting the auperacript which denotes the
av .532\/r : :
89 az

1)

-

oy

A
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v=0 6<0 @
\ Vr“ 0 2= | _ i 3
ey oz

2. Extenaion of the. problem"

During film th:.nmng the flow in the bulk phase 15 caused by the :

movemant of the bulk 1nterface. It can be expected therefore that the y

dlfferential equation governing the flow w in-the bulk phase is also glven

by Eq. (1), the-difference lies 1; the boundary condition at =z = O, where

the wall velocity (that is, the bulk interface velooity in this problem)

-.varies with both pos:.tion r and time 8 .The boundary condltzon Eq. (1+), _

" which must be modified to account for the variet:.on, becomes

V= U,(ne) | 250_ _ | (5)

where U,(r, §) is the bulk interface velocity.

: 2 1ution of the extended problem

Define the anhoe transform of V by

\'Z(lzs)uL{V(rze)} jVe 46 '*‘(G,Ah

'I‘he differential equation Eq. (1) and the initial condition Eq. (2) can

be trmformed to give . B _
| cFv | o o
sQ R

o
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' | uhich is an ordm.ary dlfferent:.al equata.on :t.ﬁ Ze. )
- The solution of Eq. (?) is
V C (rs) exp( Z)M-C(rs) expé ) (®)
Application of Eq. (3) gives C, = 0 and Eq. (5) gives
el m ooy -
Vr. U,exp(-\/v 2) e
Adere | | T
U= L{U1} S | (10)
" The inverse transform of the expo'nential term in Eq. (9) 13'(2). /
. | 2 _ : : /
L exp } _.___-z-. o |
( 2) 2\? 9:”2 NANAYY- IV A
 Therefore the in_verde of Vr is given by the cbnvol_utio.n theoren :
. | - 9 |
V,.-z\/z'_ !Q(r.g—@j*lg; dC . (‘12) .
Voo < . , -
4, The ahen- .stress at the bulk interface d
| The shear stress is given by -
V . o
# az - at z=0 . L (13)
vhioh can be calculated by differnnthting Eq. (12) .with mpoct toz . .
and ‘evaluating the runlt at z = 0. The final result is o

\1;# \/WIu,{rQ-Ci-;; expéwg)dt | tau)
°‘ " K



"which is the express1on for the shear 8treoa exerted by the bulk phaue ' i . U

:LﬁLiterature cited

© at the bulk interface wh;ch ia moving with a velocity of U {r, 9 e _ ' i

¢ the variation of U uith time is small, Eq. (14) can be sim=
| -‘ N J/ |
j(, S

which is the. oame expreaelon as that given by ‘the origlnal problem of

plified into

" Flov near a uall suddenly oet 1nto motion"

Bq. (14) or. the eimp11fied form Eq. (15) is the. expreaeion needed.

.to completo ‘the tengential force balance at the bulk interface’ ir the

bulk phase cannot be aaanged inviacid.

o

)

1. Bird, R. B. ot al " Transport phenomena " John Wiley & Sons,
New York (1960):124 |
2. Roberts, G. E. and H. Kaufman " Table of Laplace transforms

W. B: Saunders, Philadelphia (1966):246
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.tics of the adsorption can be important in film th:mning since it affects

ot idsorption of eurrectant at an interfeoe. S - . y

APPENDIX B

.~ ADSORPTION OF SURFACTANT MOLECULES . )
AT AN-AGING STATIONARY INTERFACE

: - ’ - Ve
" The variatlon in interfacial tension with' time arter an 1nterface '

-

bas juet been formed or' cleaned ehows thet the adeorptlon of eurfactant

'-moleculee at the interface is not accompliahed 1nstantaneously. The kine-

the anrfece concentration and therefore the interface movement.

Thie ‘appendix describes a theory for the adaorption of aurfactant
at an interface, a methpd for teeting the theory end the use of’ the
theory in the modelling of film thinning. The theory was not used in the
fornulltion of the film thinning eqnatione in Chapter 2 becauae no expe-
rinentnl veritication has been carried out. Attempte to measure the

varietion in interfacial tension ueing the pendant drop method failed

- because the required accuracy in the meaeurement of the pendant drop

dinenaione could not be obtained. Nevertheleee. the theory is included

in this theeie as a theoretical contributien to kneyledse of the kinetice )

1. The adsorption sechanism '._
Fig. 1 shows the geometry of the interface and the’ phaeee

_The flat interfece, set at ceerdinete ¢ =0, is inriniteeimally thin and

the bulk pheee extends frem a hgpotheticel sublayer at z=20tozaw.,

. .
[ . . “

&5 -



: ordor reveralble reaction mechnnzsm..

2. Ha‘thain&tical formuilation

.

At the initiai ‘time 9 =0 when the 1nteri‘acc bas juat been

_formed or cleaned the 1nterface and the sublayer do not’ conta;n surfact-

-ant, and as the 1ntertace ages, the transter of aurfactant from the bulk

phane to the interface takes'place by -

(i) Flckls law bulk dzfrusion from: the bulk phase to the 3ub1ayer and

(ii) Adsorption ‘from the sublayer to the interrace given by a first

5

(i) The Fick's lnn bulk'difgucicn is given by
8ctz0) _ 1 3clz@) W
a8 822 . - A
where ¢ (z,8) denotes the variation of bulk surfactant conccntra'tion
with position z and interface age 8, and D is the bulk diffnsion coef-
ficient. The boundnry conditions are specified at z = @ uhcrc the bulk
concentration o is nssumod constant, and at 2 =~Q\uhere the hulk diftu-

sional flux is. equnl to tho incraasc in aurfacq concentration. That is,

C(OO.9) - CO (2) :
— S S—t— 1 =0 ' .
O3z "a 7 @

~

The initial condition is given by unifdfm bulk concentration, hence

¢{z0) =¢, 20 - . @
] i . . ‘ :,:*:'/f 7
(i3) Adaorption from the sublayor tq the interface.

al’ o k& ,_ S
a8 ~"F""'° o




, uhefe cs'ka the sublayer cbnceﬁtfation defined by

Lo c(95= c(o.e)

and ké is the'rate constant for desorptlon (in sec ) and k is t e rate :. .

1

conatant for adsorption (::.n cm./sec) The :.nitial cond:.tmn iz given by

.- Zero surrace concentratlon, that is . ‘ . . oL ;'7
P(“oi=0- S R ¢
The adsorpt:.on model conta:.ns two _parameters k and kz whn.ch are

not 1ndependent. Hhen the 1nterface hns surflciantly agod, the equillbrlum -

condzt:.on is attained and hence the rate of adsorptzon is equal to zero,,

_—'_ﬁ'—‘—t.________ -

The surface concentration is mvm*by—tha equilihrium concentratlon r‘ '

and the concentration at the Bublayer is equa.l to that in the 'bulk phase,
L
thua Eq. (5) becomea

jd—g_"O- Ky Co k,Io
‘and hence )

“. k2 !E E ' - "“ : .\ .- .h‘
k I: ' ' ' muﬁ-:

vhnro F and ¢, are ralated by the adsorption isotherm of the surractant

being conaidered.. 'l'harefore, the mod.el contains only one independont

_,_——""n

pnrameter.

.

| : ’nramformation of tha eggg' tions - L o .
' ‘Substitution ot the follouing trannromed variablea B b
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-

.. ™~ into Egs. (1) tqo'(?)_‘sives e

P ac Q_l:'

| Applica.tion of anlaco trmforution to Eqs. (1a) to (7a) gi-veu SN

O

(g)
*
[
o
|
fy
1
' L]
=
=1
D
*
i
kg
@
L ]
x
N

Sde e - R
‘-ae‘“,‘eTz‘o?.-_,._,.. s O

’ azo aeo . at f=0 :: .

C(z'0) =0 - 2>g (a)

c‘(oo,e"') =0 % (i)

al" |
69' 1+c - YP

1-‘.(0.)“'0 - . ',: -

- (5a)

whers

L
1

‘+ Bolutlon by Laplace transforms

Define the Laplace trmtorm of c"’(z,a ) and I""’( 9) by
[00]

Tlzs)= L{c‘(z‘G')} I'c‘(z_'.g_)'e_se_ded )
o - . |

I‘(s)-L{P‘(e‘)} - an

et
T
i
Lo

ok



.'/ ° ~ ’
s

-d2,2=sc o0 o
E(oo.S?“U' R . )

dc .i . 1 S A . - ‘
d—z7=511"0‘ at Z";O : : (14)
"‘sf‘h

where

.Q . ° , L

. -Es P | c \ LI . | | '. . ) (15)
Cls)=¢clos) S ¢

.Integrati_on of Eq. (12) giv&s

T= C (s) exp(—-\fé z ) FCla) exp(\E, 2*) . ap
where 02 = 0 by the appli.cation of the bounda.ry condition Eq. (13).

o

Hanc& Eq. (17) becomes

. The result of setting 2’ = 0 in Eq. (17) is8 -
o EmElos)=C, L L

Differentiation of Eq. (17) with respect to z' and evaluation of the

result at 2’ = O gives - o _ 3
%g. -—\s 51(5). | . (2°); v

%0 .

mrefére,cbmbihgtion of Egs. (19), (20).,_ (14) and (15) éivea' , ,,

y



T LY TN ) \ L= .
\. e S :
| ___-.-—-‘ ‘a‘ ‘_ + ;' :
( '\r(5+\]§+\{) E L Pl e (21)
') = o e
' S(svd—+y) : LT (22)

Hence 'Eq. ' '(‘!8) beqomes_\

g(z; s) d\/_(5+\!§+YJ‘ exp( \EJ) L .”'(23)

" The bulk surfactant concentratmn ct (z,0 ) and the surface con-

“ c/entrata.on r* (9) are calcula{.ed b{*inverting\ﬁq . (23*) and (22) res-

pectively Gonnider pow the invera‘:.on 6t Eq. (22). _ o
' The inversion is baaed on the follo\nng relationship( n . o
L{V—X(\FS&‘;{”QTEX(c) exp(— ‘(?4) *" .,
whero
-1 — B
_L{x(s)}: X(8) |
éq (.22)1 can be iritt.enan“ . S o
| T‘(s) x(\jé T (eza)
o \F[\F(\E +\1s+v)] \F .
.. \)’% \\} ) .
where | ) o - T ‘
X!S) S( 52_’5_*\1) \ (25)
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. | ‘“n(lg)_ Qexp(-.l‘_g)

. Fbr'cdnveniéncq,*ldt us define the following - : L

- s L{.52+s.+_\’}.=n‘(-g-) ’\J’—— N - *(26)

S,

* then the three possible cases and the bérresponding inverses are: -

Case 1 : Y > 0.25.

-

- 1 " o ‘
| _nte)-qup(f-é-erqn;qg)_f

-t o - ) . e ’ B

) 141 1 /L o |

, \X(B-.)f-j’n(c}dcw-\;- 1--w“19xp(-%9)(-%5ln£q9 +Wcos LE%Q)} )
K e | R B

s 21

gy

e -1_{-_1;_.1_‘__ e L A
o Y 1 wf\ﬁr? expl 2§‘ l'e.)(zsln(.:t{-'gi-cq;osw‘g) d,c -
B gy . B - . .

where o
i

2 - . |

Casé 2 : Y.-= 0.25 . *
o -7 P

© (29

-~

-
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where - -
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Case 3 : ”025 AR 7 T
. 1 ' i "_"..‘_‘ :
‘n_.(B‘). 2_(1)2 exp-— (— w)e exp (- +(2) )B) ) /;a»
‘ _l___f‘:.-‘l (A R ~ '.1
X0y f-'2w2( z-_wze"p ¢ w)g Lew, exp-t v )B) )

! - . (30)

BT frexe-(k -
P‘fe) ¥ ‘—\_/7_—7_5‘!{'@ wzg exp(a-ﬂvz)é’

@2 = '025-Y | S

W \'
fer il

'.'l[hus given, thc parametei":f,‘ the varic.tion ﬁth intcrfa.ce age of I
for a given bulk surfa.ctant ccncentration <, can be calculnted from Eqs.
(27) (29) or (30). It can be: verified that at 0=.0 the value of r*
is cqual to zero a.nd as 0O ap'prcachee o the valuo of l" approaches

'1/! ’ uhich is tho dimcnoicnlou equilibrium surface concentration.

Pig. 3 uhcwc the variation cf r with interface age for differ-.

ent valuoo of k but the same bulk ‘Burfnctant concontration and bulk
Fg.‘l.ff.ucion ccerficient. As expected, the equilibriuf aurface ccncontrat::.on

is rcached sooner the J.argcr the value of k1

o

l
{
i

Ba fHathcd of tecting the modol -

f
i

/[_\7’»—* To tect the mcdel, data as chcwn in Pig. Ea are reqnired' that-is,

k!

\J th.e varintion of interfa.cial tcn.oion 4 vith interface age for different

bulk surfactant concentrations. Also reqcired are the equilibrium rela-

ticnchipe betveen Yy F and ¢ _. For low bulk. ccncentraticno, the

-

o

“
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equations are (2)1 _ . ‘ _ i o :
‘_U Y- 'y RTAln(.._,,,)‘ . (32)
T | o
ﬁ_;)/ a x-+1k < . - ':3' -
1= =RT lrl‘\f\1 ) s (34)

s : ‘ . ~ ‘ \
where A, and A, gre‘the pgrametqrs and x is the bulk concentration in
_polg-fraction. . ' o '  ' 5 k' T '

The outline of the model testing is as follows. ' S

(i) Plot the 6qﬁilibfium ); - Y; as a function.of <, as shown in
Mg. 20 -

2
(14i) Fbr'eaoh bulk" concentratioﬁ c¢alculate the variation of r'with

" (44) Find\the best values for A, and A from Eq.' (32) and Fig. 2b

interfnoo age rrom Fige 2a and Eq. (34). ( The implied assuzption here” is -

that the Burface-equation of state Eq. ‘(34) applies aﬁ}igazzégg interface)
. The results shown in Fig.,zc are now the “exporimantal ion of I-‘1

uith interfdce age and bulk surfactant concentration. . K |

v (1v) Calculate tho best value of k, from Eq. (2?). (29) or (30) and

Mg. 2c. )

it tha modal is valid, there should bo a value of kq uhich givoa

a good 24t batwaen Fig. 2c and the predictod values givon by Eq. (27),

Ut
e i3

_ (29) or (309- L e

6. The use of the ndaorption model in the modelling of film thimhing

Thc .xprauaion for the rate of ndaorption to th. interface Jn '



;. where the values of k, and k, are known from the adsorption model. :
3;

' needed in the Burfactant‘maae balance eqnation'an the interface En,,(E-B

is given by - o o . L ) -
n- "MTs T2 ’ o : | . (35)
. 3 : .

- To use Eq. (35) ina ¢ m_thinniné model, one must also solve the
‘surfactant mass balance eﬁﬁation in'the bulk phase, since the value of ¢

is needed in Eq. (35). This value of ¢, depends on the flow in the bulk

phase, which‘in turn depends on the bulk interface'velocity. This there
 exists a coupliﬁgrbetween the equatione éﬁi the surractant maee balance
(in ‘the bulk#;nzge and at the interface) and the tangd&tlal force balance.
at the interface. ) -
An outline of the solution o£ .this coupled eet of aquations is as
tolipua:_ L .
1) assuze tentatively the bulk inte'r-face velecitf. -
(11) solve the surfactant mass balance equatione in the bulk phase and
&t .the. interface, - o SN
‘ (iii) calculate the interfacial teneion gradient. and
- (iv) check the aeeumed valua for the bulk interface velocity from the

tangential force balance equetiou. o S

7. Literature cited o | ‘ !

g! 1. Roberts, G. E. and He Kaufman " Table of Laplace Transforma"

e Bs’ Baundere, Philadelphia (1966): 1?1
e Lucaeeen-Ryndere, E. H. lnd M. van den Temple, Proc. IV Cong. on

Burftce Active Agents, Sect. B, Vol. 2 (1964): ?79 .y
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Figure captions

to z =o , the initial. conﬁenﬁratlon 13 co and the variatlon in concen=
tratlon is de oted by ¢ (z 8 );the hypothetical sublayer is 1ocated -next
'to the interfa e,at z = Q,. the initial concentration is zero and the
variation in the aublayer ccncentration is dencted by c (e) and the
interface is located»et z - 0 th ihltial surface concentration is zero . -

nnd the var1at10n in surface concentratlon 8 denoted by F'(e).

2. (a) Dynnmic interfaclal tenslon datay. 8

4
interfaclal tension ulth interface age and bulk eurfactan *concentratlon,

ing the variatlcn in

(b) Variation of eurface pressure: X X w1th bulk eurfactant concen-

'tration, and (c¢) The calculated variation of surface concentration with

L
interface age and bulk surfactant concentration. N
3. Sample calculation of the model, showing the variation in

surface concehtrdtioh with interface,ege and the QCdel rarameter k1.

LT e e
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EXPERIHENTAL DETAIIS

This appendix deacrlbea the procedurea fo:Lanaembllng and operat-

ing tho coaleacence apparatus and the callbrationa for photograph1n3 the

interferpnce patterns.

1 Aaaembly of the apparatua . '. . A . . )

" syringes 'S’ and ‘6 o -\_‘ -]g | :5f- \<\'

The achemntic diagram of the apparatus ia shown in Fige 1 Tha

componenta of the apparatua wvere mounted on ‘a {rame by apring clampe or

'clampa made of metal atrzpe~or uoods, acrewqd to the frame. By this means
~ the apparatuu could be aaaembled quickly.

T ) Prior to . the aasemby, the appar&tus was ‘cleaned according to the

s

procedure doacribcd in Chapter 3 3. During the asaembling of the apparatus
polyothylene glovea wvere worn to prevent accidgntal touching uith bare
bands . the parts thnt would come into cofitact with the oil and water.

For mbling the toflrn ring to the coaleacence cell cover (cr rig. 3-4t)
clean teflen coated twoazers ‘were uaed.r' | ' '

The noquence of the aaaembly was as followa.

1. Assemble all tho~atop cocks \\ e ¢

2. Mount the drop forming noszle 3\

3, Attach the tubes uhich connact the. dyop forming nozzlo o tho oil
and vater reservoirs *'3' and " (Fi& 1) \\. '

h Assemble the plungors and th. nicromntgé\pcroua to the Agla

P

‘\' ;18 ;o : i. :
| ERERARY
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5. Mount the 0il and water reservoirs.'3' and ?5{

6. Assemble the coalescence cell (thit is,teflonring, interface clean-

. ing probes, plugs, drop carrying tube and coalescence cell cover, cf'Fig:
" 3-4)

7. Askemble the connecting tube '9'!
8 Hount the make up o11 and uator resorvolra A and '8! and attach |

them to the coalescence cell.

2. Oporafion of .the apparatus .

T 2.1, Pralimiggzx'oggratioo“

The first otep was to removohdir'from the drop forming nozzle and
the connectlng tubes. The procedure was ‘as followo.
Te Fill the oil and vater resorvoiro 131, e 7 and '8'

2. Fill the coalescence coll with water- to a level highor than tha

' drop carrying tube but lovcr than tho coaloscance cell cover

3. anove air from the drop forming nozzlo

- uithdraw water from the coalcscanco oell to the drop forming
3

- nozzle using-Agla syrings 'S’

~

« flush lir to tho water reservoir '3" s o

- ropcat until all the air in the drop forming nozzle 15 removed“

by

'(Note.,at all timea the water level in -the coalescence ce‘ll mmt: be

.

L maintainod above tho drep carrying tube)

"4, Remove air from Aglg ayrinse 6! to the oil reservoir ‘4! by pov-

.ing the plunger up. and down (h

5 Lot oil flow trom th oil reaorvoir Yy to the tip of the capil-

1ary tubo in the drop torming nozzlo (thia diaplaooa air from the.
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: l/
/
f t -7 L _//‘ ’ . L
tube connectlng the drop. form1n5 nozzle and the 011 reeervoir '4' to Jthe
' connectlng tube '9') fﬂ, o _' . 5 ' ; oo

6 Remove the air in the connecting tube '9' by letting water flow
frcm the water reaervoir '3' tc the coaleecence call '
Ze Full the coalescence cell withJ611 from the make up oil reeerv01r

-

lgi

8. Adj'uaf the bulk intefface level 'in' the coalescence cel by drain-

ing or eddlng water (fxom reeervcir '? ) using the atop cock. ccnnected to

the ccaleacence ce

/-

2.2. Drop fcrmaticn

and the make up water reeervoir '9'

The procedure for drcp formation was ae‘follown.
._1. Pceitlon the plungers in the Agla syringea in the bottcm position
2a Rniee the plunger in Agla‘eyringe 6t entil 0il reaches the tip of
the c‘;piuuyitube in the drop forming mozzle '
3. Meter the deeired volume of drop using the micrometer ccrew

4, Inject elouly water from Agla eyringe 'S' to cut the oil elug and

then inject more uater to separate the cil drope v

5. Repeat the 1aet two etepe to fcrm more drcpe

(Note: durlng the metering of the o0il slug, the three-way'etop cock

. connected to Agla syringe '5' eho d be in cloced poeiticn,nnd in the

4
next etep of cutting the oil elug, the three-way etcp cock connacted to .
' 3

Agla syringe '6' should be in closed poeition)
The micrometer was greduated such that the volume of oll delivered

could be measured vithin 0.00005 n1(1>

¢



.3. Drop centering at the bulk interface-
e ————

Be?auee of the narrow field o ow of the micf’"ccpe fcr observ—

.1ng the interference colc y it was. necessary to enaure that thea:rcf’f’/”//</f/
dld not rolh at the bulk interface. The tip of the tube uhcre ‘the drops - o |

drops, were releeaed therefcre,had to be directly underneath the highest

, positicn at ‘the bulkrinterfece. The procedure wvas as follcwe.
L 1. Focue. the micrcscope at the bulk interface directly above the tip
of the drop carrying tube (ct Fig. 3-k) ' ,
..2. Release a drop tc\{he bulk 1nterface and check 1f the drop rolls
out of the microscope field of view. If not, the drop is properly centered
e Adduat the poeiticn cf the coalescence cell cover until the arop
is centered {The adjuatmenta change the sition of the teflcn ring and

.therefore the bulk interface curvnture Telative tc the‘drop carrying tube.)

Q .
" 2.4. Bulk intérface cleaning . - 7
"53- o The procedure wae‘ae Ioilowe. P o .. P

f
1. Adjust the level of the"bulk interface in the coaleecence cell)

/
_(Secticn 2.1, step 8) so that the tip of the interface cleening/prebe

-~

ie Just underneath the . bulk interface : L //.'

24 Open the stop cocke in the interface cleaning probea -and uithdreu
about 5 ml of lequid from each interface cleaning prche. (1 the bulk
interface level is properly pociticned the 1iquid withdravn ehculd be an

L

oqual ‘mixture of oil and water) _ . : : o

3. Geiibrnticnn for phctcgraphing,the interference cclcure'-w

Plming speed - a ¢

The actual filming speed of the cine camera was calidrated by



?“$’

_ to O. 081 sec between two successive framés. O — ] ¢

V'Bulancing filters . ' T R : &

‘_Apgrture eetting - J.. o j
\v . .

a 110.volts_AC and 7 volta.PC.

‘dphotographxng a stop watch. Fig. 2 ahous the callbratloi/curve at 12

;3framee/bec eetting. The actual apeed was 12.35 framee/bec - oorrespondlng ’

"""\ ’ LI ) . : ra

N . .f :

The camera film was apeczfied for tungsten 113ht 3200 K colour
1

temperature, whereas the colour temporature of the light eourcé waa meas-'fﬂ
“ured at 2650 - K (eet at 110 volts AC and ? volts DC, cf Tabie 3-1) The

;balanczng filters needed to obtaln the true colour of the interference

( 2) ( Table 3-1)

patterns_gere chosen from the table given by Felnlngar
.'-)‘ .

e
,, "; :
' ‘(r

(.

The correct aperture sottlng was determined by trial and error. The :

result was full aperture openlng at f/1 1 and the light source aet at

.‘ .

" BSeale calibration . B : f

:_.

A microscope greticulo vas photographed in tuo mutually perpendicular
direotione under the same condations as those for photographing the

interference patterna. The photographe of the griticule aerved tuo puri

poses. The first was to meaeure radial dietancee in the £ilm and the

 second was to‘allisn the poeition of the movie analyser (projector) with

roepect to the acreen'uhere the intorference patterna‘uoro projeoted and

moaeured (when tho propor allignment was obtained. there was no distortion

of the projected image of the graticule in both direotiona).

.Colour calibration

b
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(3.4 The measurement of film thickness is thua based

shown in Table I
™~

on the 1dent1ficatien of the 1nterference colour and the order to which \\\\_3)
‘the colour belonge. Thus it 13 necoesary to become familler with the éi
coiours in the dlfferent ordera. For this purpcse an experlmentam shown
.diagramatlcally in. Fig. 3 was carr:ed out. Two convex lenaee were pressed '
against one ancther/end the thicknese of the air gnp hetween ‘the lenses

was measured by the whlte light 1nterference technique. By varylng the §
poe;tion of the lower 1ens, 1t was then p0551b1e to- photcgraph colcurs

belonglng to dlfferent-ordera and use-them as standards. Some of theg
photographs are shown in Fig. 4~ ! | | 7 |

The resulte of the experxmente ehowed that the colours glven in ST

’Table I were complete and that at large £ilm thlckneeaea there Has a ‘

tendency for one of the colours to be shifted. The green-pmnk eequence
‘lat large fllm thicknesses appeared in the photographs as blue-white

eequence. This might be cauaed by the shift in one of the colonre as a
'reeult of imperrection in the cameéra lens called chromatic abberation. | \\?\\\\
(That is, becausegof the d;frerence in wave lengtha different colcurs are

Iocussed at different locations in the camera film). | -

4, Notes on additional egggrimental obeertations . L _ T N
| Several observatione were noted during th?rprecees of cleaning r-»=\;'

.the apparatus and storing the chemicala which cotild be important for
obtaining_reproducible data. These were: o R

| (1) Electroetatic chnrge'cn the tetlon conponeete: Atter the cleanicg
‘procedure vas eempleted. it was obeerved that the teflon cemponenta

Jpoaeeeeed en electrcatntic charge. The eource of the chnrge WA unknoun,_

i . . \\\\\.-- o _ B )
' P : . S T~ “-\.



. however, the charge could be neutralized by e1mply immereing the teflon
componente in a water contalnlng.en electrolyte. _
| (11) Adsorpt1on of gnaeoue centanlnante at clean glass aurfacee° One -
-of ‘the propertlee of clean glaee surfaces is that they are uetted by - o -
; uater. It'uus obeerved that when a clean glass component was left to dry
1n the oven.fortwo daye or 1onger, the glass eurface wae no longer wetted f’:.
by water (the appearance of droplete 1netead of film of water). The, cauee‘
could be the adeorptlon of gaseous contamlnante frgm the eurrounding alfl
_ It is therefore 1mportant that the apparatus is aeeembled as poon ae
poseible after the oleanlng and dryzng proceeaee are completed.
(111) Contamlnation from containere. Nhen distilled water was stored B

-0

\ in a polyethylene container, it was observed that wlthin one week the - ‘

J‘

' electrical conductivzty of the uater had 1ncreased two to three tlmes thef

original value of about oée mlcromhor The increass 1n conduotlvity was

not obeer when a glass container vas used.. Therefore a glase cotainer
should be od for etorage | | |
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TABIE I. Interf(' rence colour = Film thic}meas relat:.onship
_ _ | R For f:l.lm.s w:.th a refractive index of - 1.33)
" ~ COLOR 4 mcmm.Ss- | coLotr | THICKNESS,
" First order - = ' ' . ' -Fourth order _ '
Black" _ 0.2 - O Green (grass) 6.2 = 6.5
0 Grey | s 0.4 - 0.8 Green | 6.5 = 7.0
g ~ White L 0.8 - 1,2 . Yellow (greenish) | 7.0 -~ 7.5
' Brown (light)’ 1.2 = 1 A > Red (cmine) 745 - 8.3, \
Brown (dark). | 1.k - 1.8 e B
Purple 1.8 = 2.2 " Fifth order R B
T : . Lo ' ' - r; ‘.
- Green . "“’_fé._;’v ~'9.2
S‘econd c>r_de\z:$_1 S Pink o 9.2 = 10.3
Purple Jd o Le2 = 2.3 | —— ) ’ l
Blue (dark) C 2.3 - 2.5 Sixth order
Bl%} ' of 25 %‘7_ Green 10.3 - 11.3°
) Green (bluish). 2.7 -’2.'9 Pink 11.3 = 12.4
) . - Green 1 29 5 3.2 ‘ . '
s ~ Green (ypllowial;) 3.2 = 3.3 . Saventh ordar
" Yellow 3.3 - 3-5 ) ‘+ .
4 ) .. . - - 1 -
"~ Orange 35 - 3.7 Greena 2 B i >
Red (crimson) . 3.7 = 3.9 Pink 13.5 = 147
Third order -
J Ve : . T . . _ . .
/fA'Jl . Purple gdeep) 3.9 « 4.1 , In thousands of Angeftrgma\
& " Purple bo1 = 4.3 = To convert the table for
Blue (dark) 4.3 - h,lr - films with a roi’ractive
- Blu_a' bl o 4 6 indaz of n, multiply the
“Green (bluish) thick:neaacrs by (1.33/n).
" Green (emerald)
Green (yellouiah)
Red (carmine)
%hd '(hluiuh)_

~y

¥

RGN

. : R - : l.
T F [_—JL—‘--—.—\. Tty T g e e e R, %-h;. i
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Figﬁre“chptions' '

1i Schomatic'diagﬁéﬂ of the apparatus. The ine

-crossaseotlon of the drop formlng nozzle.

2. Calibratibn'curva'of the cine oomera'aet at 12 frames per

v Y .
g | . . o N

second. The‘aotua}.speed was 1235 frames per second, oofrésponﬁing to

0.081 soc betﬁoen‘tﬁo frames.
3

-

‘The dzagram on the left ahows the mochanlsm of the formation of inter-

fe?encéisolour. : | ' , 2 ’

4> Gample results of the colour calibration‘experiment- the -

,-interferehce

1400 to 1800 A (c) thzrd ordor green, 4800 to 5100 A and ;d) fourth

v

-order green, 6450 to 6950 A .« N

—_—

.

-3, Schamatic dlagram of the aﬁparatua for 'colour calibratlon'

at the ccntre (a) grey, 400f§p 800 A° (bD dark brown,

226
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VA1,

THRIHI

_ MECHANISM OF I CE

a Light socurce

1 Upper lens (fixed)

b - Transmitted part of (a)

2  Lower lens (movable)

¢  Reflected part of (a)

3 Hicroabopo and camera

d ° Reflected part of.(b)

" 4 Micrometer screw

e Rsflected part of (b)

5 Immeraion oil

{c) and (d) form interference
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APFENDIX D

- DETAILS OF THE‘NUﬂERICAL SOLUTICN OF THE .

“, . . POLYNOMIAL MODEL

Thiu appendlx deacribes the numerical calculation of the solutlon
of the polynomial modal which has been left out of the main text Chapter

#. The-corresponding sections in Chapter 4 arg,ahown by the numbers in

_ pufanthebes.giveﬁ at the end of the section headings.

" 1. The solution of the pressure boundary conditions (4.2.1)

The boundary conditions Eqs. (4=11) to (4—13) can be expressed in

b

terns. ot the _polynomial coafficionts by oo %

n______ A R =y '
n+2
. n:O _ ) )
: n’O- . . ' - . “

' - n-2 - .
) e o
n.ac _ C o

where the- subsoript e dnnotes that the summation is taken over even

numbers of n. ' _
Becnuao thesa boundary conditiona ‘must always be sntisfiod tﬁqro-

are only ( - -1 ),ooorticientn or-A which can be choaan indqpendont- '

1y in the fitting of the film thickneas profile. If AO’ vee AN-% are

chosen an tha indopandent ooo!ficionta.then thn valuaa of AH 39 AN ‘and

R, can bo calculated from Eqa. (1) to (3). Thus all the £iln thicknesa

e
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coefficien L needed to satisfy Eq. (#—21)(§or fitt1n3 the film

thickness profile, can be calculated from the normal forca balance equa-
tion Eq. (#-20) In this theuis the value of N = 8 vas used and the

. three—d;menslonal mlnimization problem was solved using the Roaenbrock
o (12.. ¥
- ‘acarch technlquc e . :
oyl

) ~ Consider now the calculation or AN-E' AN and Rp from Eqs. (1) to”
_(3) Eliminatlon of AN rrcm Ega. (2) and 3 gives )

/‘,‘1 - s
"_2=*‘T_2£ +(N- nA R T 2
R .I‘\UO .

imilarly, eliminaticn of'AN_a from Eqs. (2) and (3).§ivea'

_ o »4""1‘ L (5) {
Pz AL — z‘—a-('N-Q-nJAan. ‘ 6

. - . R, mat* .

o

- Rp. The result ia_

-n N2n

+

f(R )-

-V = 0‘ (6

}A (R2)"2

n-O

The sclution of Eq. (6) by the Newton Raphaon method is given by
(o) () f“

2 2 _ 1

~a

(?)

zuyji

where the superscript j denotes the iteration number and f' is the

derivative of f with respect to Rpa given by ..

[ T T

l N-4

r._: n..,a{ 2 N n N2 "}A\R’ (8)
¢« 2 Ln+a '

nao
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n 2e 1 Chebyasav polynom;als for ‘curve fitting

232
 After Rp is calculnted from Eq. (5) the valuea of AN 2 and AN

can be readily calculated from Eqs. (&) and (5) reapectzvely.

- 2+ The initial condition pboblhm: éaiéﬁlntion of interface veldcities B

B

and surface concentratioﬁslé# 2.2)

The calculation of the interfaca voloczties and anrface concentra-

tions involvea the computatlon of derlvativea and integrals or variables

: uhich can only be calculated numorlcally at dlacrfte radial 1ocatxons in

the film. The method hsed to- computd derzvativoe or integrala is to flt

.8 Chebyaev polynomial for the varlablo and then difterontiate or into-u

gra e the polynomial. The follouing section reviewa tha uae of Chebyaev
polL o ials for curve rltting and aummarizes the propertieu which are of

intereat i thia thesis. ' ' Y

(2) )r

" Th nth member of Chobyaov polynomial iu dotinod by

T (r) alSos n ( cos 1r ) - . ) “(9)
uhich satiatiau the . recurrence rclationship

. Tn+1 =2 r_Tn - Tn-1 'j\\.f_ , } o . - (10)
Frou the ‘definition of T it can be shown that
T, =1 | -
0. (11)
Ty=r )

and hence the expreaaionn for highar menbers of T can be derived from

Eq. (11) nnd the recurrence rolationahip Eq. - (10)

The proportiea of interest are: 45375“
- >

(1) Integration.



' | . . -n n=0
| o ' -2_(;_1';.?1;1¢1_F__1'Tn-1)‘ » A>1
) O (ii) Differentiation
.d 2 | - | L
F b i;n . n=042... o
STy = 02 L0 Ty o0z~
where the suporacript ' dqnotéa that the first term in tllxe":aumatidnd'i's TN
hatved. ' -
) COnuidor ‘now the application of Chebyaev polynomials for leaat
]
‘ squares curve fitting. The problem considered is the approximtion of a
function W (r) in the reglon of -1greg by
. N , . ) 7 ' : _ | o
W(r)_=>: WTi .  -1gret O
: - NaO ) - ‘ . ‘, ) N
~where ¥ (r) can only be calculated at discrete valuiaa 61 re If the (M#1) =
‘values of H (r) are calculated at the rollouing locations .
| ) _ 2kt o 3 - -

thnt ia. the zeros of an (H+1) Chebysev polynomial, then the coeffi- ~)

cients mngimby o - L4



]

- . . . . !
-n
A -
a

. ‘_=‘-2'- Moo o 16)
W M Z Wir) Tn(rk_)_ S (16}
’ : - k=0 o : . 5 ‘

satisfy the least squares criterion defined by -
M N, .2 e
:[W(rk) -—Z wnTn(rk)] = minimum I 4V
kg™ nee :
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The advantages of using Chebysev Polynomials as compared to other

polynomials are: .
(i) The comput.atmn of the coefficients w is easy 7
(ii) The values of w, are independent of the number of terms uned in
the polynomi&i a.nd - K | ‘ N 3
(1ii1) The maximum error in the curve ritting can be eanily calculated
hy examining the coefficients or the discarded tem. _‘

When the runction to ba {appronmtod is aven, that is

“?-.

¥ (-r) =W (r) =~ .. ' : (18)
~ tht odd tem in Eq. (14) vanish and the coefficienta @ can be calcul-
l.ted from the valuea of W (r) in the rogion O r 1. It H in an even

number r—'—

 w- ',%ﬂ-'i'ZW(’k’Tn"u’ D (5_5,)
' ke - : ,
uhOro the nuperscript e. dsnotes 'éhl.t the laat term is ha.lved. ‘(The last
tm corresponds to r, = 0, which should not be countod twice)
| Binilarly. if W (r) 18 an oad function, thiat is .
L (-r) =~V (r) S o | (19

f-

i
H

o

'

P
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: .-the aven terms in Eq. (1) vaniah and again Eq. (16a) can be used to

-

calculate the coefricienta m .

Conaider now the calculation of the interface velocitma and-

"guz-face concentrations as outllnad in Chapter 4, 2 2.

2.2, Sum of interraca'velbéitios (h:2:.2.1)

Eq. (4-25) can be urittan in terma of the polynomal coeffic:.ents

for pressure, £ilm thicknes& profile and rate of thinning as’

U*U'—[ (E nA "M)(Z ) Z¢n+2d9 M-i] (20)

2

where all the coeti‘icxents have baen calculated as described in Chapt‘.er '

. 4.2.1 a.nd Soction 1‘0! this appendix ' The sum of interface veloc:.t:.es

can therefore be calcﬁlated at the radial loca.tious defined by Eq. -(15). W -

2.3, Calculation of eurfa'éa concentration at the‘ centra from the

umd_&_rx conditions —MR

Before the Ealculation is described,conasider first an eqﬁiv&lent

boundary conditlon which can be used mbrg conveniently.

d

2.3.1. A different form of boundary condit:.on

_The boun conditions Eqs. (‘1-15) and (‘!-16) can be uritten in

_a general form as

_'I'-I:_‘r_.R': o o 1)
ar ‘l;'-Rf f.. o '(2‘2)_
ar - i : ) . . . .



where rf is fhe stationﬁry interfﬁcé bohcentfation an: R! ié the fé i

: 1ocat10n at the 1nterfaca uhere the interface is not 1nIluenced by the

.flow in the film. Eqs. 1) and (22) are general in that for f' or r;,

for example, the same equatlons can be used by aaslgnlng the value of-/{’//,//”(/l//

" to be [‘ 1 or ]" 96 respectively.- ‘ _ _ .
The boundary condition Eq. (22) can be roplaced by the followlng
(uill be shown in Section 2, 5)
'~7 I ® ~ o - l
Wdr -7R°L . e

. 2 .
. S . y
provided that the a\\;;zzgﬁt ig insoluble in the bulk phase o:/ﬁ;a

“‘rate of adsorptlon is given hy j a([' r'). The boundﬁiz/p

< Eq. (23) states that the total amount of surfactant fro ‘;
. is tho same as that of a uniform concentratioﬁ of |
‘ .Fbr the purpoae of calculating tho m race-céhcentration at the
cent;o/”f:“1 Eq. (23) is rea{rangud by subtracting’ :1R' r from both

.sides of the 6quation. The resul

fZJTr(.l"/-o).dr"aITR'zt-T;—T;) @

Bacause the film thickness profilo can be measured only in the

rogion.x-s:1 and because the aurfaco conoontration boundary conditions
extend beyond r=1, it is noceaaary to assume the conoentration profile

'outaida re 1 . Aasume that tho concentration in the region r>1 can ba

approximated by




. . ’ ' - .-.‘ -
. ' . . .
. : ,
'

; Pl"= '+O‘(r-1)+0‘(r-1) | | <25).

(*both in va.lue and slope) with th

' From the imposed condita. l(\ t at r =1 the function matcheﬂ
:ggcentration proﬁ.le inslde r c 1 and

the boundary contht:.on Eq. (21), the parameters in Eq. (25) are givon by

L I |
: 1, for profile inside rg1
I" ”
)
2~ ar ]

r=1, for proillc. msldc rgl

-0 -6 -G N
TR-nt o

Consider now the calculation of surface concentration at the

e
4

/_ centre ‘far the following cases.

2.3.3. Cane 1: sum of surface éoncentrationh (4.2.2.2)

The values of a{and 'oa are calculated £pém Eqa f4-28) and N
' \

| (=27). The results are:

L

. o ap ' 1 Ne ”
- e g, = he—dr =a—-— (26) o
s | . 1 I u ¢9 ' N

r NQz =, .
hg.E.l e .J_ d .. @
d ¢)9 mc o,
o

//’—/’ ’
T 4
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where

. 2Ne2 “ ;ii'l--i‘ . (28)

29
hence - |
g L-1-G,-0,(R-1)
3 (R-1)?

(30)
- Where I; =14+ qb.?-_and. l'o = f'.l + 1‘2 at tlip cex;tre'i- = 0. To simplify

" the calculation it is assumed that :
. - ' ‘ ' . |
R -‘B Rp . . . | . (31)

wvhere S is treated as a parameter and RB is the location Wiere the

pressure is zero. ' . i

:

' Consider now the calculation of I" from .the bounda.r:,- conda.tlon

- Eq. (24). The LES of Eg,..)ﬂah-) can be written as.

&1 g e . e
o . o. 1 R

where the first and second terms in the RES of Eq. (32) co.n be balcu.}.-'

. ated from Eq. (4-28). and "(25) respectively. Thus Eq. Fz“)bOPQPeﬁ

T +1G-G)R*N+2.0,IRH1 1+ G, 3RMBRM6R™) =RAL-T)  2)

= v . . . . -
° . . - 4 £

where
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. 2o
/ | ' '2N-2 S ] -
: 2, 1 . o - R T
— T I 2rd‘-r‘ )dr =~ )'_";72--{-,-_‘1% BT

' Subatltution of Eqa. (2.6) (2‘?) and (30) into Eq. (30) gives the

- golution’ for 1‘

l'c‘,a -T*tofoz}(&-1)+ atR31r+~:D.(1“ a O,(R-1)-R° I} ‘('35',..-
. -a-ff’R'
‘wh;are :

3RY-BRP+6R%1

‘ ™ 1 '  , s o (36) -
% CBR-DF T

.5 L, Case 2: rate of chan,g;e of the sum of surface concentrations

'(4222) k

The'rate of change of the sum of surface concentrations at the

¢

dentre is given by Eq. {35) with the following variables..

A‘ L=0 - | 7
- y 2 » 1 | '
e — : . - I , . - )
9 n'zt. n+2 ‘n_: ¢n : (38)
(39)
(40)
mi) L L
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2.3.5 “Cane 3: surf&cé'concentration at interface 1. (4.2, 2 35

Since {U +U ) have beeh calculated and U, assumed, 3r/’ar can’ be

.'calculatad numerically from Eq. (4-5) The result is '

al" ) [ Y- Ua '- T cp ] (42) 7
ar cps 10 f L 2 L E [
n-o .

_Tho intogration ot ‘Eq. (42) can be carried out by naauming that 3r/’ar .

" can be, npproximated,by a Chebyaev‘polynomial given by

r - aI‘ =
——l = ’
ar -0 G"Th
ﬂ-1

e ———T———E Y T —ry T W e —

\_/
bers of n only. The coefticienta G are caloulated from Eq. (16a) -
I"(r) m O
‘!2 T( N =1,3,.5 N (43)
] o S 3 o o ‘
Typical results of the approximation for different values of N°* are o
[ ' " ghown in Mge. 1;.t e oight=term polyngminl is adoquate. -
_‘ Integratiod of Eq. -(42a) fromr = Otorsr can bfff:ffiggef"”"fg!E!
« (12). The result is = T
out using Eq. (12) The J— ‘ -
'=N'.1«-—f-""""’f S o |
G-Reser =L, LW
i ": -
v
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vhepe

It can be verified that the RHS of Eq. (44) is equal to zero at r = O.

Tho concentration at the centre is again calcul&ted from Eq. (35)

| _ vith the rollowing variables.

. ™) 1 . '- — ’ N ) I l B . | (%) ‘
a o - v N.o1 ) b ) ,
- {raj) - = = e A {4 .
v =Lt )= Ltr=o) z‘ G S Gl
o;
T

Eq. (49) has been obtained from Egs. (165 and (12),

' 2.4;-Interfaoe velocity of interface 1 (4.2.2.3) o

is

The oquation ‘for caloulnting tho intertaoo vclooity U1

Eq. (4=34). For covenience, the LHS of Eq. (4-34) can be uritton as

i q r ‘ ..;'.‘ C ' | (509-

o
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_,\—,TMntagrntion con.utant ia oqual to zero becauas U1=U2=0 at r=0, Both

T T TR R W L p e et S R w1 e s sttt e —n
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where i ' ‘
- - 23 T
&L P)r_o:qb 1+cp (T g 2, -
T (ID (1)12 @ +(n+2) g"’¢m . nazé...'.zn' ; (51) 7
qzm 2N2 2N2 ¢12 2N-2
) -Uﬁ ;ntp5ration of Eq. ﬁh—B#) with reapbcp or fromr & 0 to rar
gives . S |
‘ g M2
- 1 1 C
rUL +UT) =- ' =
1 T V202 P, n.Zo_“n*z q_n r (52) |

.terms in Eq. (52) can be devided by T to give:

272 n+2

. o 2N. : ' -
‘U‘lI-:'I-UP -Q n—é— L /q ' o o (53)

. 1
Onoe v, bu been tontativoly assumed, U, and. - f' can be calcui-

h

which ie the equation for calculating the bulk intorfnco velocity U

ated from Eqa. (20) and (42) to (k9) reapeotivcly and then I' can be
caloulated from [ + I, given, by Eqa. (4-27), (4~28) ‘and (35) and I
wvhioch has d.reacly beon caloulated. Honee tho problem bocomae tho finding '

ot U, vhioh satinsfies Eq. (53).‘

"€ The repetitive substitution mfhod vas used to-solve Eq. (53).
" That is, | . | T
| / m r-U) o
. ' ‘ I" r , . :
U.:j ‘,( u,) _’ Q 2 ‘ ) ‘ ‘ (5’*) B

nm tr,
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* where the auporgpf;;¥ j denotes thb:jth.;fbfafion. B ] -

.5. The egulvalonce of the two typea of boundary condition for T"“
. / :
surface concentration ST /|

Thias aection shows that tho boundary conditiona Eqa. (22) and (23)

are equivalent. Consider the aurfactant mass balance at an- interfaca, :
J .
given by

JCL A J.'i; _-up)} 58

n ror

L
|-

" with one of the boundary conditions approximated by

's atr=R" o . (56)
- | | | B
where A ) ,;. o Ty ’ )
a_l: = at r=R’" - _— - (57)
ar | ’ - L
-jw;ﬁéfmw 7:71“"“7--ﬂ Aintogration or Eq. (55) with respect to r fromr = O tor = R'

uith A woighting factor of err givaa

. ' . R - : . .
[ 2JTr'ﬁdr 5 .é-él ?]Tr rdr =I° znr.}ndr‘

raR l

| ar .\ o
*2rre{ O5 -'ur‘:| (58)
IT (par ) fmo .
C o Application of Eq..(S?),dnd th§ qqndition;thit at r -,h"th.ro is no
" interface movement U = O simplify Bq. (58) into . o
i 3 R . | A . . : . ( )
=5 ) 2 = § 27rj_dr - (59

=




——— L U"?

then Eq. (59) becomes

. Eq, (61) can beé written in the form

3

The LHS of Eq. (59) is the rate of change of the total” amount of surfact-

¥

of Eq. (59) for the following

ant froﬁ_r’: 0 tors=R'.W -
Consider now the value of the
éaaaa. e

Gase 93 non-aoluble aurfactant

- The RHS of Eq‘ (59) ia oqual to zero since ip = 0 for a non-golu-

ble aurfactant. Hence Eq. (59) betcomes

IZJTrI’dr:c'u'ITR‘I: | S (e
°o _ E . o R .

' vhiqh is the form of boundary condition Eq. (23). Tho reault is phyaically

conaigtent ain ere is no transfer batween the bulk,phano and the
. interface.
Case 2: linear form of n - -

If §_ ie given by
R AR O L

2

R R " |
d , T '
.é..é.f 2rrrrdr = k, I _ZITr(I:- I’)dr

dw

dB Tk (C W)

uhere v (0 ) is defined by .
| wce)-I 2rrr Lar g

-



 The solution of Eq. (62) is

wauC + (W‘;;'C)_exp(—k:ig')_ ) - | ; ©hy - .

. where ¥_dis w (§) at the initial time @= O. The initial time can be

" mslected at the inafa.nt prior to any inforfaco movomont- ‘hence tho sur=
face concentration ia uniform and equal to [" and thus 'o = C. Thereroro

| ' Eq. (64)- reducoo into Eq. (60) .
In summary, tho boundary conditions Eq. (22) can be roplaoed by

" a more oonvonient rorm Eq. (23) providod that the. surfactant io non-uolu-

ble or that :]n ig linear in [ .

« Inte ation of the film hi ations

/97.1 Numorical calculation of ar.‘/_ag :

Expansion of the surfactant mass balance equation Eq. (4=7) gives

' S oL . uh, oh, au
D AL, 6-De c;be(r-g-rf- r‘)—qbs( ;,1+u1aru1;ar*) (€3)

a8

- The numerical vnlues of U1. aI‘ /or and I' sare knmm from the aolution N

‘of‘.Eqa. (54). (42) and (M) to (49) roapootivoly. Thée other tormn are
onlculated as - followa. '
mrforontiation of Eq. (#2&) gives

E {: 2|G}T o (66):

nwi

vhere the perooi'ipt ' denotes that the first term in the oomatioo is
halved |
The derivative of U, is caloulated by a'pbrodnty/i‘ by

o

{
L
FECTIUPITURPNS (g

b

- ml
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ﬂ.,.\

oy, -':o.Bn'lTa F e

where the coefficients can be calculnted from the numirically known

~ values of U1 as deecri‘bed in Section 2.1. The derivative is given by

| | aU1 ‘ z {E 2] B} e | _(sai.

Nwi .

-

Typical results of the app.roximation Eq. (6?) for a nine-term poly-
nomial are shown in Fig. 2 and the calculeted derivative given by Eq. ‘
(68) is ehown in Fig. 3. - - T ; ‘ s

To oaloulate the rate of change at the centre, the L! Hopital rule
s applied to Eq. (65) to yield ' |

3D S T . a '
5| =0T 205 2 qb,_,,l_','gt,h (69

3.2, The one-dimensional minimization of Davies ot a1l>’ 7

L]

The method is eho\m diegre.metically in Pig.‘}. The outline of the
method is as followe. )

(1) Starting from an ihitial’ value X, proceed to x, and calculate
the correepondinglohdeétive :unotienel to 'uid 'f.‘ :
(i) 1t £, < fb tlouble the" e':tep- size and proeeed,to_ ::2 and caloulate

2, (as shown in Fig. ¥). If 11 > £, procesd in the oppomite direotion . .

(iii) Repoat the m-ooedure until f&ilure oooure. £, >t 4 (in Fg. &
x,' is a failure) '
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(iv) Halve fhe step size, xg and calculate 5 '
C(v) Diecard the ucrst exterior point (xk in Fag. 4) and fit a para- -
bola through the remaining pointa and calculate the minlmum -
(vi) The calculated minimum and the best point cf the three pointa

through.which the parabola was fitted beccme _the atarting values. fcr the

,_4-

&
: f‘{ g \ N
In the calculation of the rate of thinning at time 9 o+ AG the

atarting point xo was the rate of thinning at the previcua,time 9 .

subsequent search

L, Denaity difference and interfacial tenaicn of aniecle/hater (Table
4-1b)

Burrill( ) maaaured the density difrerence end interfacial tsﬁaion
- or the oil/hater ayeteme used in hia coaleecence experimenta. His results

(\k \Ih‘v- } o "0' :."".
—__agree with the values published in literature (Internationnl dfi%&cal

Ttblea) except for anieole/hater eyetem. The density difference wan
neanured to be 0.009? Sm/hl as compared to a literature value of O. 00#15
sm/bl and the incertaciel tension vas measured to be 20.5 dn/om as _

- compared to 25.8 dn/cm. (Note: if the interfaciel'ceneicn is meaqured by
'c'nethcd which ie'baeed on the balance between buoyancy and surface forcec '
- such as the drop velume method, the value ot interfacial tension is not
independent of denaity dif!erence)

To resolve the large diccrepancy the Iollouing approach has been
uned. The difterent vnluen ct denaity differepce and intertaciul tenaion
vere used to it expcrimcntal thickneee profilen wsing the method desg-
ocribed in Ghnpter 4.2.1 and Becticn 1 of thias appendix. Thc eet of values

vhich gave the best fit would be uaed%v '

¢



The approach in rcascnablo since '; o k . K;h .

ncrmal force balance equatzon Eq. (2-41) - containa aaaumptiona which are

(i) The equatlcn used for fltting the Iilm thicknass prcrllo

-Juatiflable and _

(11) The polynomial preaaure diatribution has proved tc be valid for

. toluene/bater aystam » the aystem of accurately known danaity difference

and intorracial tension. . | .
Typical reaulta of the film thicknaac fitting with an cighth order

polynomial fdr the preacure'dictfibution are shown 15 Fig. 5..The values

measured by Burrill prcduced the bent fit; hance hic valuec have been

used in this theaia.

2. Literature cited f'

1. Subroutine program RDSE1 Chcmical Enginecring Dcpartmcnt HcHaater
Uhivoraity, Enmilton. Can. (For the thecry or Rcaenbrcck technique, see Rcf.})
) 2. Fox, L. and I. B. Parker Chebyaov polyncmialc in numerical
analysis " Oxiord Univeraity Presc, London, (1965) ’

18 Box. M. J. ot 21 , 1. C. I. Ltd., Honograph No. 5 " Non-lincnr :

=

" optimization techniqués " Oliver and -Boyd, Edinburg (1969)
he Burrill, Ko Aoy Ph. D, Thoaia. MoMaster Uhivaraity. Hamilton, Can.

(1970) th28-436 - |
5. Homon‘ T. D. and D.‘ R. -UoodB,J. C&il- Int. 30-10' 2 (1%9)3429

‘2g9ﬁ.
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. F‘lgu_! e oaetiOns

1. The Chebyoev polynOmial approximntion of a[‘ /ar, showing

L]

_the effect of the number of terms in tho polynomial. The maxlmum absolute

- and ralative errors of the eight-tarm ﬁolynomial uaed are shown in the

accompanying tabla.

2. The Chebysev polynOmial approximation of U1 . The maximumn

aboolute and relative errora of the nino-torm polynomial uaed are shown

in the accompanying table.

3. The caloulated darivative ot U1 Irom- Fig. 2.

4, The- algorithm of the ono-dimensionnl minimization method of
(5) '

Ay

-Daviea et al /'

5. The oelection of dengity difference and interfaoial tension

or anisolo/%ator ayotem baood on the fitting of oxporimental film

-~thiokneaa profilao. The valuos measured by Burrill( ) gave the best fit.

-
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- , ‘ . APPENDI¥ E

CALCULATION OF THE INTERFACE VELOCITIES AND

SURE‘EE CONCENTRATION DISTRIBUTIONS USING THE' PARABOLIC MODEL

’ Thiq\épﬁeﬂdix ddbcribea_the-cgloﬁlationidf the infor:nce veloci- ~

tieé,aﬂ&,uurrnao,ooncﬁn;;f%ion.@iatributions for & given ot of film
'thiokﬁbqq,_rate of thinning and gystem phyuiéal p?oﬁbéfiaa; using the
.pnrgSoiio model as outlined in Chapter 2.6. The notation\uaéd in this
np;;hdix is the same as that used in-Chaptor-B.-
“ The caiouldéion énn bo’rgﬁhced ihtq tho'calchlntiégfof one un-
knewn { defined by - | -

B
e

. Bym ¢ (B +D,) L F )

1
Eq..{1) can be rearranged intd' )
a (1~ 4_) (B, +Dg )« S - (2)

whoro (B +D ). onm be cnlculated from the rate of. thinning oquation Eq.
© /
(6-3) ninoo tho.film thioknonu and the rate of thinning are knawn. The -

1+

. rouult 10 _ , z_ . - -% PR

¢4 L2 ‘:

_ 1
(ﬁg o QD'

B+D=t+ (3

10

_1_dL
LodB

T Burface ooncentrntion.d1;¥g2butignu
. L Y

N l

35 ", ~The aurfnce oonoontrationa oan be oxprcscod in terms of ¢ by

e

. Eqa, (6-#),and (6=5) églﬁnﬁFQQijygry oonditionn Eqa. (6-13) and. (6~14) .

-~

" pubstituti g Eqn. (1) to -(3) into tha tangontial forco bulance oqnntionn A

¢ D o
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!

' 'I'ho roaulta nra:

GZ a! [_-C] S ' W)
Hz"al[cf _2—] _az L e By
where -
Qs Py B+D‘ e
A o , o
‘n -1_ *2 --1— . 4 o S N <0
6, =1+ 3Ry { Daeay ®

: Ho=¢1"'"‘2' R;‘J {(%‘¢ Q.+ az} ‘ R (9)

' Surfactant mass balance

-

 The rate of change of surface oonoentration can also be oxpreuacd
in terms of ({ by combining Egs. (1), (2), (&), (5), (8) (9 and the
" surfactant mass balance equation Eqs. (6-16) and (6-17). The results are:
dG N N L L [ VI SR
EE%--- CI1 C “(7\.""2—+a1+a2+012) g +(—2 [Cl'.‘*Cq] -az-ct_z) ‘
d '.2'.{;-.- 3 .'.:"."n ﬂ
-‘—._gde" = “a1€ - (kq&’*;f a1 '_"_a.‘ +a2+012) g/' . |
P A U S AR S Sy \ ;
(.é.[a1+a1¢‘cx';]h+a2+_az+a2+)up, ) - - am



-
e
e
b)),

(15)

The eqpation for calculntingﬁ{
The. equation for ca.loulatins {, Eq. (6-18) beoomeu - after the

| aubafitution of Egs. (10) and (11) . :

-2a3¢° {(qb, 1)2\+2a}c [za 0l 2(o,+a )+A<b}
EAz | | (16)°

2%pw -

Eq. (16) can be r&uringod into the following form

.° IA‘.CZ"' B*C"' Q*“ 0.

N vhere | I  5 _ ;/;//’

' ® - :' - | '

A* :,z a . _ ' . (18)
g'=(1- <p,)>t 2a, | _R‘z' ey

; A d, -
C u-i-a +a +2((I +a )+7L(D7+ 2% bl 20

The aolution of _Eq. (17) ia | - ]

-eeuaet | N (21)

R A 2
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Arter N has bee: cﬁiculated,7the inténfaco velécitias and the

K aurface concantrationa can then be readily cnlculatdd'from Eqs. (1) to

(9) This complutes the/caloulation df tha intorface velocitiea and sur-
face concentration diat&ibutlona which are consistent with the givin set

|
of ayatem phyaical propertiea, film thickneaa and rate of thinning;
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APPENDIX F

~ COMPUTER LISTING OF THE SOLUTION- OF

;S

' THE® POLYNOMIAL MODEL -
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AYANANOAN M A

nnhnnnnnnnnnnnnannnnnnnnnnnnnnnnnﬁ

,r;hpnquAh ST trNbur.nUTpuT‘TAquaINDUT.rApFe.nu%puf;‘

**ll*l***********i********l****l*i*********h**l****&*i*l****{';*;;

* »
» FITTING‘LAMFLLA THICKNESS-DATA SUBJFCT TO- .
* IMPOSED BOUNDARY -CONDITIONS-=-=- e
* ~— AT R=RR s DP/DR=N AND P=0, AND TOTAL FORCE BALANCE L.
*  (B)TH ORDFR POLYNOMIAL FOR P 1S USED _ e
* : v . ' ' *
* *
* »

***i#******#************n**#i***b****nl*a*nu*u*auaiﬁﬁﬁa*inn*n**i

iCOMMON KM!MCYCsMAXKoNKAToNSTEPOSUMN .

CAMMANN EPS(?O)QAKF(?O);ALPHA BETA.V(?On?Oi R
COMMON/LA51/FE(201lFM‘?O}!RRvAO A2 3 Al yCFOLCF2, CthCFﬁ,DFLROnVD. .
1GAMALRD DROPQ!DPX;NQXOC]iDNl DN!A6|CF“1PHIOQAD(?O)|PR(TO;?01’X1]|
?X]EoXT?oAR CF12+.%X14 . ;
COMMON/LARZ2/IFINDNAR

DIMrNSTON pRFSS(?O} DRF9§1(?0)!TlTLF(1?I .

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
LIST OF SYMBOLS ********i!ﬁ*!******
KM ===V ' CONSTANTS FOR S/R - ROSE1

- DATA T0 RE RFAD IN RRRRRBRRRRRERRNN
NDATA ©  NO OF DATA SETS

IDATA NO OF DIFFERENT FILM THICKNFSS PDOFILES
o - IN EACH SFT
. VD DROP VOLUME+s ML
DELRO' ~ DFNSITY DIFFERENCE, GM /9L
GAMA - - INTERFACIAL TFNSIONs NN/CM . - o
RD NORMALTIZING RADTAL 3]5TANCE. M ' ' B
NRX . NN NF DATA POINTS '
RAD(IY. . DIMENSIONLESS RADIAL DISTANCF .
TITLE ~ . DATA IDENTIFICATION» 1 TO 72 COLUMNS .
CFO = 7 FILM THICKNESS AT .THE CENTREs 1000 ANGSTROMS

FE{I} . FXPTL FILM THICKNESS: 1000 A

#%  OTHER SYMROLS BUBUBANSE
A0 ~~- AR PPFSSURE CNFFFTS
CDF THINNING RATE COFFFTS
CF(ICyI)y CFO == CFR FILM THICKNFSS canFTg
" DN» DN1s PHI DIMFNSTONLESS CONST&NTS

F ‘ BUOYANCY FORCE - o . = oo
FMLT) ) PREDICTED|FILM THICKNFSS ‘ . '
ICs NOB COUNTERS : - S : _ o
IFIND - ~CONVERGENCE INDICATOR_..

PRESS(1) - PREDICTFD /PRESSURE AT DATA POINTS

__PRESS(I)  PRESSURF» R=O TO RaRR AT REGULAR INTFRVALS
RR © SFF BOUNDARY CONDITIONS

(:- ,f ““““““ “*«—----m__m"”_ S
¢ e wm”wdw,mh;u”_f
¢ a4rbes READING IN INBUT 444 -

¢ - . s T \

READ(%4100)NDATA




DO 203 T1T=1+MNATA

S 1C=1

CREAD(S,100C) IDATA

17

REFANIBLI0TIVNZNFLRN, GAY
DROPR={VN/4 4 13RR ) ##(0,%
FaVD¥DELRN#9A1.0. -

C PHI=F/{214.0#RN*RD)

- WRITE(A3104)RAMA, nFLRn,npopp.vﬁsRD F

DN1eRD#RD /GAMARI QCROO0O0
~DM-Dn*nn/hpnona1nﬁnno Nl
WRITF(As1N2),

REAND{5,4100INRX

‘ RFAD(%.1011:9A0(!1.1—1.

‘X11==-DN1/R.C
X12==DN1/1R40
X13=-DN1/22.0

_X148=DN1/50e0

DA 20 Ta]lsMRX
PR(1,1V=RAD(I)

DA 20 Ma2,410

PR{My I }=PR(N~ l.II*RAD(I

0. READ(5+90) (TITLF (1) s1l=]
- RFAD{54101)1CFO (FF(IY,1514NRX)

IFIND=
NOR=0

__;f___- anSTANTs FOR S/Q

ALPHAS] .5

- BETA=045

KMm3

. MCYC=20

MAXK=25

.MKAT=3000

AKE(1)-GAMA/DPOPP/100 0
AKE({2)m=041 o
AKE{3)=0,0 /
EPS(1)=0,0S*#AKE (1)

- FPS(21s0,M

EPS(3)w0,02
Vi(ls1)u140
V(1+2)20,0
VIZv])-O-Q '

' V(2+2)m1,0
 V(1+1)80,0.

Vi243)m0,0

' V3911040

V(3+2)1x0,0

A+RD
113

NRX)

)
»12)

JROSE1

Vi3s31a140 .

RR=345
NSTEP'I

CALL anEl

IF{IFINDGFNe? 16N Tﬂ 160

CALL nnJFCT

Hhbbbdd MINIMIZATION RY ROGFMHROCK METHOD f++
----- SUBROUTIME S/R nnSFl

262




263,

CIFUIFIND.ENe21GO TO 160
WRITE (63081 (TITLE(T) v1=1412)

C ‘
C DRINTING ouTt CnEFFTS an pREssunE AND FILM THICYNESS
c . ‘
v wpITFta.tosaau,A?-Aaohﬁ A8
$Wp]TF(ﬁ tnﬁ!CFOoCF?sCFavCFﬁoCFR CFIO
;. -RR=SNRT (RR) -
C o WRITF (&) IOT)GUMN'PQ
‘RX1=0.0 - .
XMNRXZMRX - CL T
DRXI=RP/XNRX . - ‘ . ~
. ", : ) . ‘4
4heapeat CALCULATINN OF PPEQSUPF .

c
. C .
¢

+++++ PRINTING AUT RFSULTS,

DO 30 I=14NRX C
RXT=RX1+DRX] Y '
pRESStI}uA0+A2*pR{?.1)+Aa*pR¢a I\+A6*PR(6 r}+Aﬂ*PR(n 1)

PRESS!tI)=A0+A2*Rx1*Rx1+Ak*Rx1**h+A6*Rx1**6+AH*Rx1**P
20 WRITE(A»10R]) T, FFtII.FV(I\oPPESS(I)’9QFSS1(I)
WRITF{A210%)
999 TF{IC.GFIDATAYGO- TN ?03
o ICaICH+ - "
Go Tn 10 - )
160 WRITF(5.10o)A0.p? NPB
1C=IC+1 ‘ .
60 TN 999 . IR
203 CONTINUE - -
STOP
L FORMATIIIIII?A6////)

99 FORMAT(172A6)"

100 FOARMAT(18)

101 FORMAT(TF11.6)

102 FORMAT(%15)

103 FORMAT(1H1) ‘ S , - ,

104 ‘FORMAT( IBH*RFSULTS/BH*GAMA - yF1146/8H*DFLRO  sF11.6/
‘IﬂH#DRnPR‘"F11-6/RH*VD__ 'F11.6/8H¥RD  4F1146/78H%F

, PF11e6/7) ' . ' . '

108.FORMAT (6H*CP s4F1146) : - B

106 FORMAT (6H#*CF yG5F11e6/7)

. 107 FORMAT{/11H*(ERRORI##2,3XsF11 46 y 2X+ HHRR -.F11.

1 “ o 118X 1 4HNEXP 3 11X , SHMODEL 45X » SHPRESS/

2
108 FARMAT (T342X+4F1146)

100 FORMAT{31H#¥NN COMVFRGFNCE "IN PRESSURE nsm.?x.AHno RoE12eh02Xy .

v 14HA? =sE12440 ?XvQHNO wy[7)
110 FORMAT(//% CHER K 05F13-7l

111 FORMAT (% CHEB P *kalB.T/ii
~ END
SUBROUTINE OBJECT
p444++4 SUBROUTINF ORJFCT 7 ‘
SOLVFS THE PRFSSURF ReCe = App. n=t - .. o
. AND CALCULATFS THE SUM OF SOUARES OF EnROR"+++

N

nannnn

COMMON KM.McQ;eﬂhxx;MKAm;NSTEp}sumn

. . . Lo v
L R b



L f | . 264 -
COMMAN FPStau).AKFtpO:.ALPHA.PFTA'V(?O.zol.- - .
COMMAN/LARYZEF (201 yFM(201 yRRAC N> sAL s CFOVCF 3 CFb s CFADELRO $VD
1GAMALRD s NDROPE 4 NRX S NBX s C1aPNT sDNsAGSCFRPHISRAB(20) sPRIINS 2N 4 X115

?X]_?’X]"\ vARSCFI0W X146
CnVMﬂN/LAq2/IF]ND|NQH

C meimem QJQCULATlnN OF A6y AR AND RR . =mmmu= o .

R NEuTnM QADHShN METHOAD w=re=a . S
C . "1,

O AGEARF (1) R
A2=AKF(2Y - . _ . | : g
AGAKE(3) | - | L L | N
NIT=0 _ R : - N
NARaNNR+] - o S . . - ‘ .

120 RR?=RR*RP S L S o : -

. FR=0.6%AO%RR +0s15%A2#RR2+A4/30+0*#RR2*RR~PHI _
IF(ARS(FR)4LT«0400000011GQ TO 100 ' o /fy
DFR=0+A#A0+C e A%AD #RO+0 14ﬁzfyn?

" RNFW=RR-FR/DFR - '

IF(AH%(PNFh-QQ}.LT-ﬁ 00001160 Tn 100
c 0 NIT=NIT+] ‘
© IF(NIT.GT.30)G0 To 110 |
5 RRaRNEW ' . '
GO TO 120
55190 IFIND=2
" 60 TP 130
100 IF(RReL T4 00 0160 TO 110 :
Abm=(4o0¥AD/RR?+340/RR¥A2+2 4 O#AL) /RR
ABs (3 ,0%A0/RR2+2+0%¥A2/RR+ALI/RR? -~
CF2a045%(DN-AO#DN11.
CF4=A2#X11
CFomAL#X]2
CFRaAL#X13 : ) ,
S CF10mAR#X14 . .
¢ v o ' L | |
C . .m=-== CALCULATION OF 08JFCTIVF FUNCTION
C ‘ : .
\ : SUMN-O 0 o . : ' .
L 'Uno 10 Ia14NRX : ‘
FMt!!-CFG+CF?*PP(? I)+CFA*PR(6;I)+CF6*pR(6 I)+CF8*PR(R.I}+CF10*
1PR{10,1)
SS=FF(T1)-FM(1)
110 SUMN=SUMN+SS*SS *
1ﬂo RETURN
END - :
K SURROUTINF RNSF1 ' .
C - ROSENBROCK SEARCH FOR 1 TO. 20 VARIABLES
€ KM NO OF INDEPENDENT VARIABLES
. C_ MKAT  NO OF TIMFS (VAX) ORJFCT IS. cnéhgﬁw 5
¢ M _NO OF ADDITIONAL SEARCHES TO BE MADE AFTER MIN 15 'FOUND!
€ MAXK MAX NO OF *ROTATIONS! , ‘ ;-
‘¢ NSTEP 1 - o . . .

C EPS(I)Y STEP SIZE . L P

€ AKF{l)  STARTING VALUES OF NDEPENDENT VARIAHLES e \

C ALPHA RECOMENDED VALUE [.% ce _

'€ BETA ~ _RECOMENDED 'VALUE 0.5% -
< vin - RECOMFNDFD VALUF UNIT MATRIX.

| COMMON KMsMCYC aMAXK yMKAT yNSTEP o« SUMN



NAaNANNANAANAANAA A

. R1?2 CONTINUF

265’
CnMvnm Fp%(ab) AwrtpoioALPHA RPTA;V(?O¢?01
COM N/Lhnperrwn.mna '

Ald= 1 ICATNRS i

AFKnOPTIMIZFD VALUFS nF PARAMETFPS

E = TFMPORARY STORAGF FOR STEP SIZF

KAT = NO OF TIMES ORJECT BEING CALLED

KK  =NO AF STAGES o

ARJFCT = SURRAUTINE FAgQ nnJFCTIvF FUNCTLGN SUMN,

SUMN = STNARAGE. FAR sInTmyM SUMN

V =ORTHAGNMAL (NTIT VFCTARS .

THE PROGRAMMF TFRMINATES AFTFR MAXK STAGES
. OR AFTER ORJFCT BEING CALLED MKAT TIMES

NR AFTER .MCYC SUCCESSIVE FAILURES BEINNG ENCOUNTERED
MAX NU"PFP oF DAQAHFTFQS IS 20

& -

DIM?&STﬁ& DI20)4RLI20, >O)|PLFNI?Q!.AJ(?0)
IMFNSION F(?O)sAL(70-?O)oAFK(?O)

KAT =1 ‘
CALL OBRJECT '~ - |
TF{IFTIND, FO-?IGO ™ 9001
SUMO =SUMN |
DO B12 K=1sKM -

- AFKIK) sAaxF{k)

. ,-
4 .
>

[SEE

KK1=1 o R . e

IF (NSTEP . .Eo.1: GO TO 1000 . SN | ‘
DO 350 =1,k - . < —

E(1) . =EPSA{T) N - K
350 CONTINUE | : o : '

1000 DN 280 [=]1,Km -

AJtl) =2,0

~IF (NSTEP oNFel1) GO To 250
E{I}) =EPS(T) . ‘ ] ' ‘

250 D(I'} =040

I1I=0

397 [11al114]

258 I=] o I R
259 DO 251 JsiKm

© 2851 AKE(J) =AKE(J) +F(T) *V(TeJ)

€
C
C
r

CALL ORJECT | .
IF(IFIND.EN21GO TN 9001 S

********************l****l***************ﬂ***************************

PRINT HERE IF DESIRED NO OF TIMES QBJECTIVE FUNCTION BEING CALLED
{KAT)Ys ORJFCTIVE FUNCTION{SUMN) VARIRLES(AKFA 1)}

*ﬁ*************I*****************l*#****l***#*******%****************

KAT =KAT +1 e

. IF (KAT JFOJ MKAT ) GA TO 1002 A
IF SUUN oLE+ SUMD ) GO.TO 253 -
DO 254 Jul KM

- 254 AKE{J) mAKE(J) -E(I) *VITsJ}

E(I) n-BETA%E(]) ‘ ) o
IF (AJIT) oLTe '1e8) AJ(I) w00 - % .
60 T 258 ] | R

281 DII) «P() +F(1)

CETTY wALRHA #F(1) . . ‘ o E . (
Sumo -SUMN o | o o .

—t el o

-

e 2 S L T Sy e s e e e 3 P i e

s




DO B13 K=1iKM
a3, AFK(K) =AXE{x) - .
CIF CAJLIY oGTe 148) AJ(D) =140
255 DN 256 J=1.kM : 7
I (AJ(J) oGTy Nu&) &N To 200

- PBK CANTINUF |

AONNN

GA Tn 287 -

299 IF (l.Fn. ¥M) GO 0 399 -

L I=1+1
‘GO TO 250

© N9 DO AOR J3) KM

IF- (AJ()Y W LTe 2o ) GO TO ?58
QQR CnNTINUF‘

IF (IT1eL T MCYC ) Gn Tﬂ 397

GO Tn 100] ;

" 257 CONTINUE

IF(KM, EQ-I) Gn Tﬁ 1000
DO 290 I=1,KM
DO 290 J=1 XM

790 AL(1,J) =040 t\
 ORTHAGANALIZATIAN -+ U

« WRITF (&+2R0-) KK s
2 WRITE (64281) SUMO-{AKF(I) vI=1ekM)

DO 260 1= loKM
KL=l

';; DO 760 J=1;k~

< DO.261 KeKlLaKM - o
' 96q AL(T4J) =sD(K) #VIKyJ) +ALIT,J)

260\QL Ty = AL(le)

RLEN(1)=0 0

DO. 351 Km1,KM

BLEN(1)= BLEN(I) +BL(1;K)*BL(1-K)
351 CONTINUE

BLEN(1) =QQRT(BLFN(1!)*

DO 362 J=1 KM

VIilsd) =RL{14J) /BLEN(1T)

© 352 CONTINUE

DO 263 I=2.KM
l‘\'_ I!'I ]
\DO 263 Jn1eKM
SUMAVV=0,0
DO 264 KK=1y 1T
SUMAV 20,0 .
DA PAR2 K=l4km -
267 SUMAV=SUMAV + AL(I.K!*V(KK.Kr
P64  SUMAVYV =SUMAV#V.(KK s J) +SUMAVY
?GSIFL(I vJ) ﬂAL(IvJ! -SUMAVV ‘
‘ DO 266& I=2y KM
BLENI{1) =040 ,\\
DO P67 Mal,KM. . w ‘
2ART HLEN(I} -BLFN(I) +BL(I.K} !BL(I;KI
HLEN{!) 'S SORTIHLFNII) ):
DO 266 Yul, KM N

266 VileJ)) Lilyd) / BLEN(I)

KK1' =KK1+1,
1F tKKl.Eo.MAxK ) 6o To. 1001
. ) |




‘1001 FARMAT (/3Xy 13HNA NF STAGES=y15, 3%

1004 FORMAT(/3X, THORJECT=y F15.5/) .

. s .',. ';' . ' .l R '26?
GO -Tn 1000 o 2 o ,
1002 WRITF {6,910 ) KAT

1001 WRITF (A, 10030 KK1y KAT »111 .

VRITF. (6, 1604) SLMA- . A .
WRITE (6, 10041 (AFK{TVa121, KM) S ’ : ;'

780 FORMAT(/ 23X, 17HNO OF STAGE=y 3X, R R
781 FORMAT (10X, - 1RHSUYD AND VAQIABLEs.ax. 6E12447) | - .
10 FORMAT(//2Xy25HPRNAGRAM HAS CALLFD OBJFCT.ZX,IS. 2x.'~ e

1 25HTIMES WITHOUT CONVFRGANCF /) Sy .
22HAND nHJFCT RFING CALLFD, !
1 155 3%y EHTIMES, X, 26HNA OF -SUCCESS MVE - FAlLuRr5=;tq,: .;f
. [
1006 FORMAT(/3Xs 16HTHF vApreLes ARE s 6512 &
DO 9000 LX=1,km ~ .
9000 AKE(LX)=AFK(LX) o !
3 SUMN=SUMO > _ il
9001 RFTURN. . - ) :
FND

N

FNR AF_ PFCARD

- cDToT 0368



'

AR}y
TH{11 90(1 ) 9 I;PDUTv O)le ,T-’n(?")
PARNS{10Y) ¢ X0 A('l YeXPMR {10 Y XM .
NIMENSTAN. CHUTO) »CDUCa) sDU 1T L N
96 FORMAT(* DTSC *.IIFIO s}
. 97 FORMAT (i1H1) -
C QR FNRMAT(3R) '
Q0 FARYAT(12A6)
100 FORMAT(7F11.6) . L
101 FonuAntf/ﬂﬁx,* CH = #,6F12.6)
102 FORMAT{-16Xs%# ~CP = #,5F1246) .
103 FORMAT(16X+* CDH = #,AF17. 6) o E
104 FORMAT(#- H = /%,11F10.5)
106 FORMAT(# Ul = #311F1045)
107 FARMAT (% U2 = #,11F10.5) . ] ‘
10R FARMAT(% SC1 = #411F10,5) o ' B -
100 FOPMAT(* SC2 = %911F10.5) : T
1 ENRMAT(//#% " INITIAL CnNDITIONS ¥/ . S -
A FABMAT(//# -;—,--—~*--g-----—-----e-- ------------ el ®/12AR
© 1727} T g ‘ oo : ,
4 FORMAT (% PHYS PROPS . %35F12.6) C
" 5 FORMAT(* PARAMFTERS . #,5F12.6); L
6 FORMAT(# . RD (CM) . . #yFl2.67 0 . L
1 S 'S ---_-——---“-u-_;--_-_-_—-;_-__;__ﬁ_____—_ﬁ__gé__- wgs)

’

T - o Y a8

o

r‘.."e;pv@rm-,p:w-"Tsﬂ-;mr:m.rwnsm'.‘pum-H.n\mm-,-_.;upu’f.T:\t:nr"¢r,=mrrpu'r.Tr\r.ur_.-;r:puNc'E

]H) - . F: -
‘tﬁhvnN/SU1/CHEBI?o,11).CHSC1(01.Q(11).ch.RTo.RT1JRT1?.RT;.?T;1..

E1PT11($S((11)1SC1(11);5#?(11)!U1(11)OUI?(11)|U?(11)gXHP(11);X?0(1]):

PeCONT(RYX(P)XT(1T ) .
nxurmsrnm rowcan),rH(°0).CP(=).rntwnl.rsrt1ﬁ)'CTSCITO).nP(11).ﬁTP(

7 FORMAT(# NO CONVFRGENCE IN Ul #*Y¥
9 FORMAT(* R = #911F10.5//7} - =« - . ,
2 FORMAT (% U12 =;*.11F10.5) o _ T

i

1

-+++++++++*+++++++++++++++++++++++++++++++++++++++++++++++++++++++
A O .
r

» . !
* dbbbs INPUT Tn BE READIN ++++++ ' ----'
»*
R u1c11’? - 11 - INITIAL ESTIMATES Fan U1 ' ,
# == NDAT - _NO OF DATA SETS : :
# .= RUIVHl = 11 2EROTH OF 21ST CHEBYSEV POLN» 0 ToO 1 7
# -« IDAT . . NO ‘OF SETS OF PARAMETERS FOR EACH NDAT
* = TITLE . INENTIFICATION CARDs COL-1 TO T
% == RD . .. NORMALIZINMG RADIAL DISTANCEs CM
» . AR _ " RADIAL DISTANCE WHERF Pa0s: DP/DR=0
. # == VD - DROP VNLUMEy ML . .
* . DELRO - DENSITY DIFFERENCEy GM/ML
» GAMA INTERFACIAL TENSIONs DYNE/CM
- ‘

XMU . FILM VISCNSITY: PNISF

++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

+ . e +
+  cmm——— CALCULATION OF THE INITIAL CONDITIONSH ______ +

+ o . ! +

B REPETITIVE SURSTITUTION - FOR ut. R .
c - +
+

;********************I***!***********I*****************************
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NYNANANNAAANANNANAANT M B

|

A AN

b oz TS 6 EARYSTRECENERF1EQERFLCTENTS IR
- CDHUINY - b " RATE OF THINNTNG COEFFICIFNTS “w
% ~-— PET - - PARAMFTFR FNR SAA CONCN RaeCe .

* . *DNO ‘ . LOYWERING NF GAMA AT NNF INTCRFACF,'DN/CM »

* ON7 - . ° . RATIO OF THE TWo SAA CONCNS :
L RK 3 s ~ RATE CONSTANT.FOR Aoq/oFs 1/5EC

» DIFFS . SURFACE DIFFUSTVITY, CM*CM/SEC
# | wm———e . PUNCHFD CARDS_OUTPUT ————— -

* . : - :

# -—<-PETy DNO(DN/CM)s DN7s RK? DIFFS

¥ —= UN(1),? ~ 11 )

JF —= U1 - 11 DROP INTERFACE VELOCITY

# .~- SC1(I},1 - 11  ®BULK SAA CONCN

# —= SC2{I)s1 - 11 - DROP SAA CONCN

# =< CTSCICI)1 = 11 - -RATE NF CHANGE oF sC1

* - .

**********%**4#*******&**************%-‘1-*************ﬁ*******%**%*
L WRITF(6597) . L - A

CON1(1)=0425 c B o ‘ o d

CON1(2)==0.375 : o - _ _ - ' ,

CON1{3)=540/2440 - _ : | O

CON1(4)==T.0/48.,0 r " '

C0N1(5)=9n0/90a0

CANT(6)==1140/120,0 =
CﬂN‘(T‘:TQQO/lﬁnoﬂ

CON1(8)=-15.0/?24.0
U1(1)=0¢0 :
U2(1y=0,0 | .
Ul2(1)=0.0

DO 90 -N=1.10

XN=N

XONIN) =4 e O¥XNEXN .
XNT(N)=XN+160

90 XNP(N)=2.0%XN

++++4+4+ READING IN INPUT ++++4+ o

READI(S 2100 {UL{T)sT= ?11])
RFAD({5 498 INDAT
PFAD(591001(R(I)91 1011}
no 10 1=1+11.
RP(T+1)=R(I) ‘
DO 10 N=2»19 o : ‘ .o

10 RP(I NI=RO({TeN-1)2R (1}’ : :

- Do 15 J 1,11

PN NUMFRICAL VALUFS FOR CHERYSFV POL. S | B

CHER(1,J)=140 ,
CHFR(2y 31 =R(J)
NO 15 N=2s18 . '
15 CHER(N+14yJ1=2. O*R(J!*CHEH(NoJ}-CHEB(N 1,J)

. .DD* 700 ND=1yNDAT . _ _
READ(S+98) IDAT g L .
READ(5,00 ) (TITLE(I)sI=10120 " = ~ .
"RFAD({5+100)RDsRR : : .

)




e TRFAD(ELI0NIVNGNFLROOGANMA XM
REAN{S 310U (CHIT)yT=146)
CRFAD(S,100YICPITVyT1=1,6) )
CRFAD(S410CI(CDHIT ) s I=104Y - - ot

"C o44tttt CALCULATION OF CONMSTANTS #4444+,

DROPR= (VR /L. 1RRAARR ) ##0,2333233313.,

s DN=RD#PN/NRADR Y] ,OF+5

v DMT=1.0F+7#RND#¥RN/GAMA

T ADNg = 1.PF-9/(T?.O*XNU*DleD)
NN5=0,01/2D .
DN10=XMU#RD*1,0F+6 ° S K i
X11=~240/0N1 - : - : ' .
X12=-8,0/DN1
X13==DM1/1P.0 o L - )
X14==DN1/32.0 L : e | 58
_X15=DNM/DME) . : . . o <o . ST '
X19=7.0/DPNG v | S SR
DTP(1)=X11%CDH(2) - - \\
DTPtZ)-xl?*CPHt%) |- . -
RR2=RR¥*RR - J
RR4=RR2#RR2
PRAE=RPLRDOR)
NTP.L3)=COH(4) /X113 :
NTP(&)=—-6oQ/RRA* (4, O*DTP(1)+w‘“*WTP(7)*RR?+“TP(°)*RR5/1.“l
DYP(&)=5, C/RPA/PR?*(“.O*DTP(1)+0TP(?)*RR?+DTP(1!*RR4/? ny

CNHIS ) =X14%*DTP(4).

] CDH(6)--DN1/‘O o*DTp(S) T T
C ) .
€ —mmm—e ( Ul1+U2 ) == CHe .?.1]AND APPe D=2,2 +++
c . , .
Do 70 I=1,11 ’
, DD(I)-o.O*CD{9)*Rp(4.1)+A.0*CD(1}*pptI ?}+CD(A1*6.O*RP(I,R)
g 1+CO{RIRRLOXRP(],7)
H{T)= CHII)+CH(?)*PP(Ii?)+CH(Q)*RP€Iv&)+CH!h)4RP(Iv6)+CH(G)*RP(TpP}
1+CH{6)#RP(1510) _ . o R
X1/A(T)1=0.5#DP{TI%H(T) ) = s :
. . X17=H{T)*H({T1)
L, X1a=0. R*CDHt1l*QP(I.1)+O.?=*CDH(9)*RP(I,1)+rDH(11*RP(I,%)/ﬁ-0+

~

N\? 1COH{L)I»RP({TsT) /R, C+O.1*CDH(=)*QP(I.o)+CDH(6)*QD(I,11}/1? a5
70 U12ti)= x1n*(nma*np(r)ux17 X1A/H(1)) :
T1{1)1=7.,0#CP(2)
T1(2)=4.,0%CP(3) ' o .
T1{3)=6.0%CP(4) ' o
T T1{4Y=R.0%CP(R) _
CALL XMY[T1sCHsT34446)_ .
CALL XMY(T1+sCDHsT49446)
T T1(1)52.0%DTP (Y
CT1(2)=4,0%DTO(2) .
P T103)=h0%DTPL4) R
CT1la)=R0%DTO(%)
= CALL XMY(TIOCHQT?’Aos)
C —m———- PRIMTING IN INPUT —2e——-
WRITE{Gs3M{TITLE(I)sl=1412) »
WRITE(694)VDsDELROsGAMA » XMU SRR ,
WRITEF{A+2YIRIT)IsI=101") s
WRITFIGsI10TI{CHIT)sI=146)
WRITE(6+102)(CP(1)s1=145)
WRITE(6s103)(CDHII)sIm196) = .

ke Mmtay o ren n. e e

et e -

—be e g,

t
i
:
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|
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i
i
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i




WRITE(6 104)(H(I)vT 1 11}

WRITE(692) (U172 (1)s]=1 10119 S | L o
WRITF{6s6IRD . _ S L

DO 700 ID-1’IDAT . : ' 7 8
REAN(G 10C1RFT +NNA4NMTSRKISDIFFS
€ cmmmew , PARAMETRIC COMSTANTS FOR SAA B’C. ---‘
) RT= RFT*Rn :
RT2= =RT*RT .
RT1=RT~1.0 -
RT17=RT1#RTI \\
RT?1=PT7-1.C ‘ ‘
. \ CRT31C=(RT*RT?2=1.0) /145 - L o
v : DTC-(-1.0+PT7*(6.0+QT*(—“-0+’ O*QT1)3/6-O/RTI? -
RTD=RTC~-RT2
WRITE (6+5)BET DN 3DNT4RK34DIFFS
DN&=DIFFS/RD/RD
DN9=DN9*#100C,0 .~ : S :
DN12=RK? _ , S .
DN100=DNO/DNM1C S
DN71=DN7+100
DO 91 N=1,10
XDNS (NI =DNG#XN2 (M)
XDNGEINY=DNA#X2IN({N)
91 XDNQIN)"DM°*XN?tN)

c .
C 4+ SUM NF SAA CONCN. -- CH. bele 7, APPe D=241, 2.3 ++
¢ SUM. OS RATE OF CHANGE OF SAA CONCN '
~. C :
. Do 81 N=1,9 ) | o - |
A1 CTSC(N+11=—{T2(N)+T&(N)}/XDh9(N) - S
R1 CSCIN+11==T3(N)/XDNOIN) _ ' i
= C —---z~ VALUE AT R=0, I5 CALCULATED FROM BeCe -—---= ' . |
| PHI3=0.0 | “%_ | "
b OPH13=0.0 : o .
o ZA=0,0" : . ' :
N . ZR=0.0 . : ) . ’
TN t DZA=0.0 ' ) . o ) | ° ‘
: DZB=0.0

DO B84 N=149
‘ . PHT3=PHI3+CSC(N+1) /XN (N)
/] ) ~ DPHI3=DPHIF+CTSCIN+T)/XNTIN)
ZA=ZA+CSCIN+T)
DZA=DZA+CTSC(N+1}
ZR=ZR+CSC(N+1 ) #XN2 (M)
A4 DZB=DZR+CTSCIN+1)%¥XN2(N)
CSC(1)={PHI2+(ZA- ZB)*RT?]+ZB*RT11C+RTC*(DN71 ~ZA-2B%RT1)~RT2#DN71}
1/RTD
CTSC{1)={DPHIA+(DZA- DZR)*RT?1+DZP*RT11C+RTC*(-DZA-DZH*RT11)/RTD
DO 85 1=1,11
SC{I)Y=CSC(1)
XHP (1 1=X16(1)/DNC L ' . -
X20(1)=H{1)#DN109 . ) | ;
DO BS N=2,10 - : ‘ . :
L SC(I)=SC(I)+CSC(N)*RP(I'?*N-?Y
C
¢ ++++++ CALCN OF THE RHS OF EQSe D=53, 51 '~ +++ .
C mmmm—me CH== UT#SC1+U2#SC?2 - IF U1 .15 CORRECTLY CHOSEN ——————

)



d

;;§§§ CON) = co¢n1/xoh9(w)

CPP2R(91=040
. 6 34 J=1,11.
- DUtyy=0,0
' D2R{J}1=Ca0 .

CO("-CTSC(1)~DM1?*(9MT1 csct1l)—xDNA(1)4csr(9)
Doy B6 N=2+9 N .

- RF CO(N)“CTSC(N!+DN]7*CSC(N!— XDNG(N)*CSC(N+1)

Cﬁ(lol CTSCI10)+CSCI10)*DNI’ .
...DO 88 N=14+10 . v

b

non 87 ’\| 1!10 - ’

- BT @(11—0(r1+c1tm1*ﬁp(1,2*N=11

s CALCULATION OF Ul—— APPe D. 248 *f*f

CALL FUI(ICHFCK) ,
IF(ICHECK.CO 21G0 Tﬂ 126

WRITF(6 1)
- . ! 7 S .
'--4-r- RATE AF CHANGF nF 5C1 —— APPe D=3.1.  +++
" FOR INPUT TO THF SOLN OF DIFF.- Eons._
: oo 30 N=1,9 ‘ - - B ' ) +
. CHUIN) =00 - i S _
DN 31 J=111 - _ .
1 CHUIN) =CHUN)+2. O*UT(J)*(HFP(?*NoJ) ‘ "

CHU(N)-CHU(N)/lO 5 L ~ . .
XNN=34,0 - . a L Y
cpu(eI=34, O*CHU{Q), S AR ;
DO 32 N=1,7 / .
- NN=9-N. : - .
XNN=XNN=&e0 - . ‘ S

17 CDU(NN)-XNN*CHU(NM)+CDU(NN+1) .
COUL1)=0. G*CDU{5)+CHU(1» - &
CD2R(8)=30. O*X(( ' A - !
XNN=300 o |
PO 13 N=1s6 | : o
NN=8-N K : ) .

. XNN=2XNN-4.0 / : L. ’

33 CD?R(NN)-CDZR(NN+1)+XNN*X(NN)
CD2R(1)=0a4 5*(779(?)+X(1) '

-

DOBAN‘I, a
DULJI=DU(JI+CDUIN) #CHER [ 2#N=T11s J) |

34 DPR{J)= D?th)gCD?nvhi*CHFBt?*M-l.J) “\
DO .35 J=2 S

TSCr( D= o# 2% (1,00=5C1( "J1IEDNA* (X1 LI /R(JI+DIR () )= =DNS* (U] (J)

$C1l- J)/RY )+XITJ))+SC1( Jisnuidi

------ INITIAL CONDITINMS —m—===

WRITE(65106)[(U1(1)s1=111)
WRITE(6s107) (U2 (T eT=1011) | a
WRITF(6s10R)(SCI(TIol=111) - ~ 1
WRITE(As100){SCI(T)sT=1571) .

LCTSCUL  1)1=DN12#(1.0-SCTL  1))+2, 0*(nNA*n?”t1) DN5*5C1( 1)*DU4111

|
]
|

R e TEUR =)




. PUNCHIT+10CI(SCT (T eT=1411)

126

ano
700

AaNnNnn

€ Ammemm DUNCHTMG INOUT an FILM THIMMING ———
NMa= DNOITOOO 0O

PUNCHET 2100 (U T 91224113 . - ol

++++++,quET1TiVF SURSTITUTION METHAD - !

WUTTF(ﬁsoﬁlf(TSCTllio ‘]11]}-

e
e

PUNCHIT,10CIRPFT, DNQ’DH7v°V’yDIFF§

PUNCHI7,1C01 (U2 (1) 41225100
PUNCH(7,100) (SC2{T),1=1411) S o
PUNCH(75108) (CTSCIHT) 5 1= 1411} - 3 .
Go Ta 700 o T
WRITELGT) - --,‘- . . L E

PNH 900 I=1,11 .10 -~ - S @ s T
UT(11=0,0 \ 3 ' | -
MRITF(Ry07) . §

sTop o SN
END ' L S :
SUBROUTINE- FUI(ICHECK!

e sl -
- - .

aaT

*FOR‘CALCULATING'UI 5 App..b-?.a 4+

S T L LT o Ly

(ﬁM“ﬁN/SU1/fHFq(?0911}g(H9(1(0,30(11}QRT(!RTD’RTT'RT]? RT?vRT?Ty

'TDT°1C05C(11)sSC1(111;5C?(11ﬂ1U1(11)sU1?(11).U?(11}oXHPITW)gX?0(11)

3

70

10

21

B0 30 J=1,11 3
Tscitgy=p T TN

31
a0

¢

< ﬁ(;-—- T(J) IS THE CALCULATFD U1 FoR e

-ICHECK=1

" CHSC1{11=040 B ..

?&CONI(R);X(H)vXI(ll)

DIMENSTON 7(111.711111 . o ‘ e o 1
. : . . . ) . j

MTEST=0

X1(1)1=0.0 B

DA 10 I=2,11 ' o _

Uz =012¢11=-u1 (1) T L

X101 =0 UT(I)=" U2(I}}/X20(1)}-XHP(T) ~

DO 20 N=19R : L

X{N)=0.0 o o ~ O
DO 21 J=1,11 ~ . . . .
X(NI-X(N)+?.O*X1(J)*CHFB(Z*NoJ) L .

X(N)=X{M) /105 1
A=(X(1)1=X(2)11/2, 0+(X(1)-X( V) /heD+{X I—X(B!)/1O 0+{X(7} Xtﬂa)/14-¥
n:x(T)+X(71+x¢1)+x(41+x(7) ( R+ 5 X(R} .

DO 25 N=1,8 , .° )

CHsc1t1l-CHSc1(11+c0N1(N1*xtN) \ L

XN=0.,0 . . o~ ‘ : j/’#; C )

DO 26 N=27,8 . , : ' . A »

XN=XN+4 40 ' : o o

CHSCT1(N1=(X{N- 1)-X(N))/XN

CHSC1(9)=X{R) /32,0

C=CHSCT (1)1 =~{CHSCT {2323 +cHSC1(R)/1ﬁ-+CHsc1(7 /%=o+CH5C1(°W/6% 01
D=(C+ (A~ B)*R?é???*RT11C+RTC*t1 0-A- Bxﬁ’ﬁ) —RT?’/gIP"\\

DO 31 N=1,0 " : ~ ey o o L
$Crig=. sc1tJ1+CHscr1u1~eHEn(?*N “153) / :
SC72(J1=  SCLJ) =-SCT(W

CHSCI(]):CHSC1(1)+D

Lo
r-.

Coa

LS




? -
) i . " ! ' ‘ .
C.. . THE NEXT TTERATION | _
¢ R

‘/

- DN 40 J=2711 o
w m.n_,aaaem,!?‘aiu,?cm” Wg* -

DR 56 J=25 11 a
To={ARSIT(J)+ U1(J)))*0 001
IF(TI(J)aGTaT2160 TN 51 - N
56 CONTINUE 7%~ ' . -
S GO To 52 S T
.. %1 NTEFST= NTE5T+1 o :
- - IF(NTFST, GTa so;sn TO 60

‘DEDETITIVF SUBSTITUTION

™M
]
§
i
|
I
1
I e - TR

DO 53 J=2,11

.83 Ut =T(y) S
GO TO 70 : . P

60 ICHFCK=? ~ ' L

. . : &2 PFTURPN

A " END. , o ‘ L e . _
N SUBROUTINF xmv(x.v,z,ul.nza B : T -

,“\\E“\r,g_- suapnurlus FOR MULTIPLYING Twn oOLvmovIALs
L )

orMENsrnN X(?O),Ytzoi.zc?oa }
N3=N1+N2-1" ‘ . Lo .
DO 10 T1=1,N3 : - - '
'Z(11=0.0 \/, B B
11=1 C : . .
1IF(I14GT. Nl)ll NT " g ;
12=1 - . - S B g
IF(1oGTaN2)12=T-NP+1 - L : - C :
PO 26 J=12511 B ; S . e
T 20 ZUTV=ZOLY4XLJIRY (1=J41). - o
10 CONTINUF

. ., RETURN~ ' :
v END -
N7 v 6400 END OF RF§§RD -‘ =

“ [
L P U

k.

Y L R

COTOT 0388




. e | G e
.5pnoanv TST (INBUT»0UTPUT s TAPES = [NPUT»TAPE b= OUTPUT) -
COMMAN Z5U1 /CHFB (20511 ) 5CHSCT (A1 51T 9RTCIR TN RTI;RLf?sRTz,RT?1.>

1RT?TC!§C(1T’!SC](?’11}GSC?(11}1U1(14’!U]1(11)’U?(Tl)ﬁXHp(TT}|X?0(1
—21)vCON1(F)vX(0)’X1(1l) . '

DIMENSINN CPH{?4R) s CHID A Yy - CHuuo),cprs),cntloa,r56(1ow
1 »CTSCL10) HCTS r1t9,111,- o DP(111.0TP¢111.H<L1).P(11».R(111,
o PRP(1T14701sDX[RYy TFSTC 11 - . TrTLF(1?1.T1<?nr,T?t?n1,
I . 1T1(901,T6("L).U§(1(11)»Xh“lhvﬁ),xnm=l1n).XDMA{1ﬂ),xDNﬂttn),xN1(10)
a\‘ . 4 aXNZ(I0Y3X16(11 )5 CN2RIQ)HZD2ZR(I11)4DULTL}CDU(D)
- AR ‘DIMFNSION ZH(&]sZp(ﬂ)!ZDH(&)»OFJ(ﬁ!sODH(h,AI906{4)QXSM(AI
‘ 97 FORMAT {1H1} _ o _ , S 7
98 FORMATI(3IR) — o ':hw : _j - R

.99 FORMATI(12A6) - . T L .
“100 FORMAT(7F11e6) . o\ e o
101 FORVAT(//% JETA = "%#,FBe&s% CH = %#,6F12e6) = -~ .
S 102 FORMAT(16Xs% CP.= #35F12.6,3Xs% RR'= *,F12.6) .
S 103 FORMAT(16Xs% CDH = #96F17e6)° - S R
: 104 FORMAT(* H = *.11F10 5y . S NP

105 FORMAT(¥' P = #311F10.5)° . . o R
106 FORMAT (% . Ul = #,11F10.5} S S
107 FORMAT(# U2 = #,11F10,5}) . : i
108 FORMAT(# SC1 = %,11F10.5)
109 FORMAT (% SC2 = #511F1045) " ' : \
" 1 FORMAT(* RUPTURF - #) SRR .
2 FORMAT(#* . NEGATIVE -CONCN #), Lo ' -
2 FARMAT (//% e e e e e e ————im e mw e m e %17
’ 1A6/7)- T . - -
; 4 FORMAT{(#*  PHYS PROPS " #35F1246)
N 5 FORMAT{* ‘PARAMETERS . #45F12.6)
“ 6 .FORMAT{# . RD .(CM]} . - *.FIZ}GY‘ . : .
7 B W e e e e e e e e e e e e e e e e e e 8

., T-FORMAT(* NOCONVFRGENCE IN Ul #)
.8 FORMAT(# NO CONVERGENCE IN CDH #)
"9 FORMAT(* R = ¥311F10¢5//)

_-‘d'

C ++¢++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++£]

\ C +. . ) : - + by
' €+ "4 —e—m—v PREDICTION OF FILM THINNING - . +
C + w;‘SEOUENCE NF INITIAL CONDITION PROBLEMS . B
C \ + - C . + 4

g . ++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

C R . ‘ '

C L k\ . : : i :

C ***i*t’**********l***********************l************************* l
C * * i

C L INPUT TO BE'READ IN ——weu- ' *

C * . . My ‘ _ *

C © % —= NDAT = - N OF SETS OF PARAMETERS *-

C * NPO . OUTPUT 1S PRINTED OUT EVERY *

. C * . I NPO*DT  SECONDS - *)
C * —= NTOT ' MAX, ALLOWABLE NO OF ITERATIONS *’

c #- == DT STEP SIZE IN TIME» 00405 RECOMMENCED *

c * TEND . 'MAX ELAPSED TIMEs SEC *!

C » RDs RR - . SEE 1+Ce PROGRAM - *
Loy * : ToL - A(CURACY OF INTEGRATION» 0,01 IS USED *
@ ' % ws VDIDELRO»GAMA _ . *:
c’ e XMU _ AS IN 1+Cs PROGRAM R 4
c ¥ == ZH(I)»#1c "SAME AS CDH IN 1.C% PROGRAM ' *
e # - 28(1)1 -8 - SAME A5 CP - . . o

C # == ZDHIIN1 - 6 SAME AS coH.taa AND (51 FROM I.Ce PROGRAM ¥

e
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e U2 - 11
- U2(112 = 11.

S

A AAANN
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;c0N=1 ' : A e
CON111)=0,25 be S R P o - o e
CON1(2)=-0.375 L R S Ty

_ ) CON1(31=25,0/2440 o R : L :

a CONI(4)Y==Ts0/4840 .

“r T CON1(51=9.,0/80.0 - .

« CON1(6)=-11.0/120.0 , o - -
CON1{71=13.0/168.,0 - ' - o ' o
CON1{R)==15. 0/??a O - C - . T S
X1(1Y=0e0 . L e R '

. U1(1)=0.0 o . L S S

(. U2(1)=0.0 ‘ o . L : - o

: U12(1)=040C . ' SR - o

- C e o - Lt

C ++++++ READING IN INPUT ++++++ '

c 2R | _ o

READ {598 INDAT»NPO
READ(Ss98INTOT '
READ(5+100)(R(I)s1= 1,11) . : . N :
READ{5,100)1DT,TENDsRD»ZR»TOL o . oo N
READ{(54+10C)VDsDELROyGAMA y XMU - ' T :
READ(5,100)( ZH(T},1=1,6)

READ (551001 (ZP(1)s1=115)

. READ(5,100){ZDH(I) +1I=1,6) :

! DO 200 IDAT=1sNDAT ) K

1 RQ ZR ' )
Dn 13 I=1%5 : .
‘DX(1)=0.05 ‘ \ S
CP{11=2P{I) . : '
COH(1, 1 )y=ZDH(T). ) !

13 CH(1s1)=ZHI(I)} =
CDH{14+6)=2DH(6) . - ‘
"CHI1161=2HI6) R g ) N
1T=1 > o C . ,
XDH{1+5)=CDHI1,5) S e
"XDH(126)=CDH{1+6) - : W
READts,qql(TITLFtI).I=1,12) , \\ '

"WRITE(8+97) . : ' - '
READ(5;100)BET.DN%DNT;RKB;DIFFS ‘ - T _
READ(S551001{UT{T)sI=2,11} ,

READ (551001 ( U2(1)s1=2,11)
READ(5+100)({SC1{141)s1x1,11)
READ(5,9100){ SC2(Itslmlsll)

. READ(5+100} (CTSC1(1s11s121511) T
€ mmm—-— PRINTING INPUT . mxm===. ‘ | N -
thTE(e.arcTrTLFtr),1«1.1?) Co e |

+




NPITE(6t4)VDOD¢L°ﬂ;GAVﬁoX”U sRR
WRlTF(6.5)8ET,DN°'DN7;RK3;DIFF5
+ WRITE(H»&IRD : ST
WRITE(6'9)(P(I)oT 1 11) -‘~\ -
C ‘ o
C Htttdse CALCULATION nF CONGTANTS bbbt

C . . . - . | " .-_. _‘ l_

F= Vh*DELPP*Qaj.
*PHI=F /(316,72 %RD*RD)
DROPR—(VD/Q-IQRSRRRIi*O 33333333
 DN=RD#*RD/DROPR*1.GE+5 -
ON1=1. OE +7%¥RD¥RD/GAMA
DN&4=1+0E-R7 (12.0#XMU¥RD*RDY
DN5=0401/RD
PDN6=DIFFS/RD/PN
DNS=10004 0%¥DN9 . :
DN10= XMUXRD*140F+6 4
DN12=RK3 | e
x11=-2.0/DN1 .
X12=-84.0/DN1
X13=-DN1 /1880 _
X14==DN1/2740
X15=DN/DN1
X19=2.0/DNS
X?1=~DN1/5040 -
DN109=DNOQ/DM10
DNT71=DNT7+1.0
DT05=DT/2.0
DO 90 N=1+10
XN=N
XN1(N}= xN+1 0
XN2 (N)=2 e 0%XN , _
XONG6(N) A.O*XN*XN*Dms , : .
© XDNS (N)=DNO#XN2(N)
90 XDNS (N)=DNS*XNZ (M)
© DO 10 I=1s11 .
U12(Il=U1(I)+U?{I) - R

Qo CALCN OF POWERS OF R» AND CHFBYSEV POL.

RP(I!I)'Q(I)

DO 10 N=2+19 '

10 RP(IsNI=RP(I 4N~ 1)*R(I)
© DO 15 J=1,T1

P

A

"HIDN = CH(T!T)+CH(1’?)*RP(J9?}+CH(193’*RP‘J’4)+CHI1v4f*RP(J,6)+CH(1v

15)*pP(J,8)+CH(1,6)*P°lJ »10) - -
1 CHFB(1yJ1=1e0 : .
L CHERI2,J)=R(JY o
| DO 15 N=2»s18 '

15 CHEB(N+1:J}=? O*Q(J)*CHEP(N’J)-CHEB(N 1!J)
. YETA==-DT o

MOP:NPO o . : -,*QTE:.
c : . -
C ++++++ THE START OF CALCULATION +4+4+++

c ]

c , : : )
c ++ sansd PRINT ING OUT RESULTS ++++++

20 TETA:TETA+DT ;' T v

4




o

278
IFIVOP.NF an)Gn ™ 300 e
MOP=0 ' S s
D0 140 T=1411 ' o o L
140~ D(I)-Cpt1)+CP(71*DPIIa7}+CP(ﬁ)*QP{Ia&)+CP(&)*RPIIiﬁﬁfCPLFIfRP(T;P);
WRITF (6101 )TETAS(CH{TsNYsN=196) LS B R
WRITE{As1C2)(CPIMIAN=T 5 ) sPP
onTEta,101)(an(1,r),1-1.aa.zantIT,Jl,J 5,67,
WRITE (651061 (H(I)al=1511)
wptTE(6.1c5)(ptr).I 1,11} . S
WRITE(6,106) (ULL1),1=1,210 \\\h;-. .
WPITE (65107 (U2(1)9121,11) NG : o
WRITE(6+108) (SCI1(1,01),I=1,112 = -~ | S _ )
CWPTTF{RSIN0I(SC2LTYsI=1510) ' - L e
‘Aon MADP=MADY] \ ) e : ' .
IF(TETA.GT TFNO)GO T0 200 g A IS

s

- C
. C ++++++ START e I,TERATION ++++++
< S . ' : . .
: CONIT=0 0 9' o S . S
Tl S N C _ - e '
DO 44 N=1ir4 R - ro | .
~ MAL=5-N" : \
44 QDH(I;NAL)-CDH(I N)
4o NV=1 -
XDH(I:I)-ODH(lsl)
50 GO TO {41s42943546)NV
41 XDH{TT42)=0DH{1%2) A
. XDHUIT»3)1=0DH(1+3Y) . .
XDHUIT »4)=QDH(1,4) ,fh :
GO TO 45 ' :
. 42 XDHUIT, 1)-QDH(2,11 . _ e .
. XDH(IT3+3)=0DH(1,3) - o
XDH(IT,4)=QDH(1s4) . _ ' , -
GO TO 45 : ' '
43 XDH(ITQI)--—.OBH\ZQI) . \1 . . L.
o XDH({1Ts2)=QDH{7+2) - S b o -
© XDH(IT»4)=0DH(1+4) = - ;
, GO TO 45 7 N \ .
46 XDH(ITs1)=0DH(2,1) . . \ : CT
XDH(IT32)=QDH(24+2) . : -
- XDH{IT»3)=QDH{2+3) - ' S
op— FILM THICKMESS Aﬁb PRESSURE —mm—m—m e
45 DO 60 N=1s4 . . ) :
" NAU=5-N ‘
60 CHI?-N!*CH(]le+nT0q*(CDH(1-k)+XUH(IToNAL))
CCPI1)=X11#CHI{232)4X15
CPM2)=X12#CH(2,3) . :
_ .r CP{3)=CH(2+4)/X13 SR - ' .
:C ' »
N S SPET CALCN OF "OTHER COEFFTS FROM PRESSURE BeCo
c APPENDIX Dl

. CALL BC{CPsRRsRB2sRR4sRREPHI » IND)
' IF(IND+EQ.2)GO 'TO 200 = g 7/
CH{2+51=CP(4)%X14 : x
. CH(2+6)=CP(5)*X21 ¥ .
/ "DTP(1)2X11#XDH(1T»3) . !
. DTP12)=aX12#XDR(-IT»2) - 3

-



3

_ - .27
.nTptax-xnutIT.11/x1q _ -
DTD(hl-fa.O/Pnﬁ*(b.O*WTP(Tl+1.G*nTD(?)ﬂRR?+hTP(1)#QPa/1.n) .
,'Drptai— .J/Rnaznoa*ta.0*070(1:+DTpt91*nR7+orpcn)*Rnaxﬂ.n) S
CXDH{T1Ts%)= ib*nTP{ah .o o S
XDH{IT»61=DTP(5)#X21 o : . S - . o ®
RT=BER*RR -~ . DR S o -

C mmmmm= {UT #U2 ) —emee- ' A S T N

- Do 70 T=1,s11 o T
DP(I)~?-O*CP(9I*RP(I 1!+b.0*CP(*)*RP(I 1)+6 0*CP(&¥*RP(I;41+

18 O#CR(S)I#RP.UT+T) . R

H{I)“CH(701)+CH$7991*°P(I 7)+CH(7.1)*RP(I9&)+CH(?,4)*RD(I,A}+CH(?, L

“ ]5)*R (TeRI+CH(2,6)1%RP(T»10}
' X16 () =0.54DP (1Y #H{T) '

X17=HCI)#H{T)- S ' S : ' -
X1R=0¢A®XDH(IT 94 Y#RP (1911404 ?S*xo@;;T,qw*Rp(I.11+xDH(xT.?)*Rp(I,El

1760+ DH(ITs])*QPiI;7)/F-O+O I*XDH(IT;R)*RP(19°)+XDH(IToﬁl*RP(I 11
2171240 ) .

70 U12¥1)=X TO*IDNQ*DP(I)*XIT XIHIH{III

o C "

UC wdesdt  RATE OF CHANGF OF SUM OF SAA CONCN == CHe 4e2e2035 APPe De?il,

, C #kt+t+ | SUM OF -SAA CONCN —~ CHehe2e2070s APPe D=2e1y. 243

c - o i e
T181)=P.0%CP(2) . _ R IR
CT1(2)=4.,0%CP(3) . o o R
T113)=6.0%CP(4) ' T '
T1(4)=B.0%CP(5) S o
DO 80 N=146 s T L
80 T2(N)=CH(2sN) . . . ,
CALL XMY{T1l, 72.T3.4.6) . . i | X
DO 81 N=1+9 B { : : ‘
81 CSC(N+1)==T3(N)/XDNI(N}
T1(1)=2.0%DTP(2) - .. ... .
o T1(2)=4.,0%DTP(3) . = - -,
) T1(3)26.,0%DTP(4]) . : '
T1(4)1=R.0#DTO(5) . - : . :
CALL XMY(T1sT2,734446) T o .
T1(1)=2.0%CP(2) . .
. TT(2)24.0%CP (3} :
. T1(3)=6.0%CP(4) . . - 0
? T1(41=B,0%CP(5) A Lo L
X DO 82 N=1s4 .
NAL=5-N : .
az "T2(N)=XDH{IT,NAL) . - :
T2(5)=XDH{ITs+56) . ' o -
T2(6)1=XDH{ITs6) - L - _
CALL XMY{T1+T2+T49486) -
DO 83 N=1+9 -
83 CTSC(N+11=—(T3(N)+T4{N))/XDNGIN]
C mmem— VALUE AT . Rao FROM SAA BeCos ==~
RT2=RT*RT -
RT1=RT=1.0
RT12=RT1*911 S
- RT21=2RT72-1.0 ‘
"RT31C=(RT#RT2-1,0)/145
RTCo{~1e0+RT2# (64 0+RTH(~ 9.0+1.0*RT}))/5.0/RT1?
RTD=RTL-RT2
PH1320,0 S :
DPHI3=040 V. T . : ‘.

i N

TR T I AT




r

AN AN

ZA=O.O A . , “-‘..- .’.‘ - | ] “..'V ; *..
A=0,0 o SR ' o

84

'DZA=0,0

D2B8=0.0

DN B4 N=1+9 . ‘
pH11=pH13+C$CtN+11/XN1?N1
DPHTA=PPHI3+CTSCIN+$Y) /XNTINY

ZA=ZA+CSCIN+T) '
DZA=DZA+CTSC(N+]) _
“Z2REZRA+CSCIN+TI#XND (M) I
DZB=DZB+CTSCIN+1)#XN2 (NY ' -

T i

RN, [,

CSC(I}-(PH11+(ZA—ZB)*RTZ]+ZB*RT31C+RTC«(DN71-ZA -ZB¥RT). —RT2%

1DNT1) /RTD

: CTSC{1)={DPHI2+{DZ2A~ DZR)*RT?1+DZH*RT11C+RTC%{ DZA DZR*PT]))/RTD

as

R6

----- - .CALCN RATE® OF “CHANGE OF SC1 AT TETA+DT ~ APP.D=3,1 #x

31

30

- XNNaXNM=4 0

DO 85 I=1+11 . . e
SC(I)=CSC(1)
XHP{1)=X16(1)/DNS

X20(1)1=H(1)*DN109

. : o IR
DO 85 N=2,10 : . o
SC(1)=8CIT)+CSCINI*RP [ 152#N= 2) o

++++44  CALCN NF THE RHS OF EQ. D-53, 51

CO == U1%#S5C14U2%85C2 » TF Ut IS CORRFCTLY CHOSFN

cat11-crsc111—na12*<om71 CSC(I))—XDNG(I)*CSC(Z)

DO 86 N=259
CO(N)*CTSC(NV+DN1?*CSC(N’-XDNﬁtN)*CSC(N+])
CO110)=CTSC(10)+DNI2#CSCL10) - o
DO 88 N=1,10 _ _ T L

" 8R COINY= CQINI/XDNS(N) | |
. DO 87 I=1,11 : o < -
Qi1)=040 - : L e o L
° DO 87 N=1,10 T L ‘ : ~
A7 Qtl)= 0(11+C0(N)*RP(I;?*N 1) '

EF R+ INITIAL CONDITION PROBLEM AT TETA+DT

- CALCULATION OF UlsU2+5C145C2 ~mm=m—m - ' ;

CALL FUI(ICHECK)
IF(ICHECK EQa Z}GO To 126 .

++++f+ TESTING IF THF CORRF(T RATE .OF THINNING

HAS BEEN CHOSEN AT TETA+DT

mmmm—=' 15 SAA MASS BALANCE SATISFIED = mmm—mo

DO 30 N=1,9 K S , -
CHU(N)=040 ' |

DO 31 J=1s11 g S
CHUIN)=CHU(NY+?, 0*U1(J!*(HEB(2*N0J) . . .
CHU(N)=CHUIN)/10.5 o
XNN=344,0 - . . .

CDU(9) =34« 0% CHU( Q) S

DO 32 N=1s7 L j |

NN-g N . ‘ - ‘ ‘ ) X ‘-

' : .
. . ) EEE Ry
e - T R R T AR TR TTR AT  T  T TT




¥

~at

-.'.. _‘..‘ \]’

o . . 281 -
32 CDU(NN)-XNN*CHU(N&)+CDU(NN+1i _ _ . R
CDU(T)=0s5%COULPI+CHU(T) e B SR
CD2R{BY=30.0%X(8Y . . . . o S .
CXNN=30.0 " - S v S e, e
+ DO 33 N=1,6 : _ S o
TNN=8-N . . IR o
: XNN=XNN=440~ - , SR , R
33 CDZRINN)-CD?Q(NN+1)+XNN*X(NN1 S : S
CD2R{1)=0. 5*CD2R(2)+X(1) L | : S
CD2R{Q)=0,0 " , _ T , -
DO 34 -U=1,11 S o e B
. DULUIS040 ’ - R ' :
. D2R(J)=04,0
D 3y N=19 ’
DU(J!-DU(J)+CDU{N)*CHFB(?*N 15J)
34 D?R(J)—DZR(J)+CDZR!N)*CHEB!2*N 1sJ) v .
° - DO 35 Jz2s11 ' —

35. CTSCY(24J)=DN12* (1.0~ SCI(?;J) ) +DNE* (X1 (J!/R(J*H'DZR{J) l-DNE*(U'I (J)#

A1(SC1(?oJ)/R(J)+X1(&HH-SC'I (ZyJ) DU Y.

CTSCI1{291)=DN12# (1 0~SCT1 (2,511 )+2, o*(DNA*D?Rt11-DN=*sC1(7 1)*DU(1“1
DO 120 N=1311 ° ,
120 .TEST( N)- sc1(1.N)+nTo%*tcrsc1tl.N)+CTsc1(2.N!) , :
DO 121 J=1,11 R S
IF(ABS(TEST{J)—SCI(Z;JLI.GT Oe 00?)60 F0 122
c . N !
C 44444+ 122 —— MINIMIZATION PROGRAM - U
c | S | B
121 CONTINUE . oo : S /h \ .
C . : . T '
C ++++++  SOLUTION AT, TETA+DT‘HAS BEEN FOUND b .
PR TESTING FAR RUPTURE AND NEGATIVE SAA COMCN it

473 DO 123 I=1,11 .
IF(HIT) LTS0S 1IGO TO 124 T -
 IF(SC1(2+1314LT.0.040R, SC?(IL.LT.O 01GO TN 125 .
123 CONTIMUE ‘ .
SETTIMG BACK TETA=TETA+DT
. ‘DO 130 N=1y11 .
. CTSCLU13N)I=CTSCL(2sN) . '
130 SC1(1sN)=5SC1(2sNY . . o -
CH{1+51=CH(2+5) L
CH(1s6)1=CHI(2s6) - - : ’ oL -
. DO 131 N=1,4 A Lo .
L CHI1sN)=CHIZ M)
? MAL=5-N .-
131 CDH(l-N)-XDH(IT:NAL)
1CON=1
MOVE TO THE NEXT TIME INTERVAL =~—r==e
GO-TO 20 .
TERMINATION OF PROGRAM: BEFPRE TEND ~——w=- Lo
. 124 WRITE{69+1) _ .
Go Tn 200 - : c
175 WRITE(&s7) - : e T : : :
. GO TO 200 . . - - .
126 WRITE(6+7) . ' : o
erTEt6.1031tontIT.N).N 146)
. WRITE(6+106) (ULIN)sN=1»11),
/ WRITE{65108)(SC1(2sNTsN=1s11)

¢

l

C mmm———

f




GN Hﬁ‘ 00 ’ . [
127 S8:1820%) L
GO TO 200
C 44444+ START AF MINIMIZATINN == CHe4e2e3s APPe D=342 ++

127 0BU(ITI=0.0 . S
DO 400- J=1s11~ '

 SS=(TFST(JI-5L112 5 ) %10040 o
400 NAJUITI=OBJIITI+SSXSg .

GO TO {(600+4734+6072,580 #605)ICON

600 IF(ITWEQ.1eANDeNVLEQ.TIOB (1) =0BIC1) =\ /
GO T0(410’411’412iﬁ]3)IT S
410 1T=2 "' .
XDH (2 sNV ) =XDH( 1 NV} +DX (NV) : o
Go' T0r 50 - . -
411 TF(ASJ(1)eL T, NRJE2116N 1A 420 A -
421 1T=3

XDHA3sNVI=3 o*ont7.mv1—2 O*XDH!]
GO TO 50 ﬁ”'
420 TENl XDH(I’hV) !
. TEM2=08J11) - '
XDH(lsNV!—XDH(Z,NV}
LORJ({1)=0BJ(2)
XDH(2 sNVI=TEM1
ORJ(2)=TFM?
GO TO 421 : :
412 IF(OBJ(3}.GT.OBJ(2)IGO TO 430 . v T
© - XDH(1,NV)=XDH{2,NV} -~ . -~
0BJ(11=0BU12) : ‘ K L.
XDH(2 sNV)I=XDH{3 4NV) _ -
0BJ(23=0BJI( 3} :
Y 6O TO 421, ' -
430 1T=4
: xDHta.NV)-(ant2.~v1+an(3,Nv1)/2 0
, GO To S50 :
413 5= XDH(Z-NV)ﬂXDHtlsNVl
. IF(OBJ(1}.GT.s OBJ(B))GO TO 440 .
A=l S -
. l2=2 - : ¢ . ! :
L 13=4 : -
&LH1 SV 5*(OGJ(I1)—03J(11!)/9 O/(OBJ(IT)+0“J(111-?-0*OQJ(I?))
IF(ABS{SM)I.LTTOL)IGO TO 450 .
XDH(1sNV)I=XDH( - I2sNV)
OBJ{II-OBJ(IZJ T

e

17=2 | -
XDH(2 NV ) =XDH( 125NV )+54
GO To 50 o -
440 11=2 B N
12=4
. 13=3
| Gn Tol 44l s
450 QDH(2sNV)I=XDH( . 12NV +SM i
DX(NV)=5M : n

IF(ABS(DX(NV)Y.LT-TOL ’DX(NV)'TOL
~ GO.TO (460146194613462)NV ‘ :
460 NV=2 ‘. . ‘ »

IT«l o :
- , S ).



-
. 6n.10 50 . L : |
461 NV=3 . : L
C1T=1 e ' -
G0 TO_ 5C

T 46T MV=4

IT:l ,- ) . . : . ' .- ! ‘ -

GO TO S0 : . ’ : :

462 DO 471 N=1,4 ' :
¥IF(ABS(ﬁDH(1;N)—ODH(Z:N)!.G «TOLYIGO TO 472

471 CONTINUE '

' [CON=2

-+ GO TO 480

472 NIT=NIT+1

. IF(NITWGT. NTPT)GH TO 127 . -

TICON=1 , , . : -

" 480 DO 474 N=1,4

'h7b XDH(IQN)=”DP(?QN)
IT=1 B
- GO TO 45 ! ' '
603 OR(2)=0BJ(1) = ST .- , o
‘830 DO ‘700 N=1+4 K
ODHI3 sNI=340%ODH(2 9N =2 O%ODH {1 s NI
700 XDH(1,N1-0DH(1.M> .
1T=1 , S -
ICON=4 ' -
- GO TO 45.
604 0B(3)1=0BJ(1) .
IF(0B(3)1%LT.0B(2)16Gn To aoo
DO B10- M=14+4
ODH(Q’Ni-(QDH(?9N1+ODH(3,N))/2.0 : 5
810 XDH(1sN)=ODHI(4,4N) . - .
1CON=5 g . - ‘
IT=1 . ‘ .
. GO TO 45 ' : B )
800 DO 820 N=1,4
QDH(1sN)=QDH(2,,N)

" §20. QDH(2 sN)=0DH (3 yN1

OR(1)=0B(2)

OR(2)=0R(3)

GO TO 830

605 OB(4)=0RJ(1)

° IF(0B(1).GT.0B(3}}GO TO 840

11=1
12=2
13=4 : o . ' . : '
R41 DO 850 N=1s4 ' L ’ .
‘XSM(N)-(OOH(?;N)-OOH(1oN))*(ﬂB(I1)—OH(11})/7 n/(nntr1)+nntrz)-a 0*
10B(12)) . :
850, ODH(IoN)-ODH(IZ:N)+XSV(N)
“IT=al ‘
C1CoN=1

_ ‘GO TO 49

840 I1=2 : : ) _
12=4 - R S/

13=3- : ' o
GO TO 841

200 CONTINUE"
. STop. :




d

Vs DO 26 N=2+8

 END .
SUHRGUTINc FUl(ICHECK)

¢
++4++++ RFP=TITIVF SUPSTITUTIHN FOR- :
CALTULATING U1 == APP., D-~2Z.4

AN NAT AN

COMMON/SUI/CHFB(?O’1])!CHSCT(9} s RTC&PTD!RTIaRTI?sRT71RT7l!
TRT31C»SCI11)+5C142211)95C2{(11)
" 21)9CONT(B) $X(9)sX1(11) - '
PIMENSIAN T(111371(11)
ICHECK=1 "
~ NTEST=0
70 DO 10 1=2,11
U?(I}=U12(I)—U1(Il _
10 X1(l)= Ul(D- U2 ()
DO 20 N 138 .
X(M)1=0.0 = N
. DO 21 J4=1511 ®,
27 XUIMI=SX(N)I+24C%X1{ )}
20 X(NI=X(N)/10.5
A= (X(T1=X(21)/2,C4AX{2)=X14)) /54 0+txc=)—xt5!)/1o.o+rxr7)-x(ﬂ1)/1a.
A=X{TIEXI2)+X {2+ X (4)+X(TI+X (R L+ X(A)I+X{R)
CHSC1(11=0.0 : o
DO 25 N=1s8
25 CHSC11(1)=CHSC1(
" XN=C,L.0

—t
— e
—
- -

p

- l. O T

/%2001 =xHP (1), F

CH?B(Z*NsJ"

YHCANT (NY*#X(N) , .

XN=XN+4 .0 ‘ S -
7 26 CHSClIN)Y=(X(N- 1}—X(N))/XN i ' 2
‘ CHSC1(9}1=X{8)/32,0 ' : Ex
C2CHSC1{1)=(CHSC1{2) /2, +CHSC1(5) /15e+CHSC1(7)/354+CHSC1{9)/63.0)
D={(C+{A~ B)*RT21+B*RT31C+RTC*(1-0 A-B*RT1) . =RT2)/RTD
DO 30 J=1s11
' SC1(2+J)=D
DO 31 N=1+9
31'5C1(?.J)-sc1(?.J)+CH5C1tN)tCHE%(?*N 1)
20 SC2(U)= . 5C(J)Y=-5C1(2, )
CHSC1(1}=CHSC1(1)4D
' DO 40 J=2.11 _
Ttdl==(QtUY+ U21N* SC2(UI1/5C1(2+J) -
40 TI(JV=ABS(T(J)~ UL(J))
DO 55 J=2,11 -~ ' )
T2=(ARS(T(JI+ U1(J)))%0,001
IF(T1(J)«GTa T2)60 10 51
55 CONTINUE " : ‘
. 60O To. 52 _ - o : )
51 NTEST=NTEST+1 ' : -
IF{NTEST«GT«501GO. TN 60
- DO 53 J=2,11 o Ca
.59 UL{=T(J) s : : ‘ -
}. GO Tn_70 . 0 E ' . /:I
60 ICHFCK=> . . : Lo :
57 RFTURN ~ VI . - -
END , .
SUBROUTINE xthx.Y.z,Nl,Mza B
C- o
C MULTIPLICATI@N OF Two POLYNOMIALS

C

U1?(]1)vU?(11)oXHP(11)sX?C(1 '



J

A OA A

o

.20
10

200

120

100

130

DT"’NSIhM X(?O)’Y(?n)’Z(?G)
M3=MI+M2-T : )
ne 10 1= TsN3

Z(11=0.0.

11=1 - ' 7 - e
IF(T11.GT4N1)T1=N] :

12=1

TF(TaGT M2 [ P=]aNDaT

D0 20 U=12-11

Z(Y)-Z(I)+X(J)*th =J+1) -

CONTINUF '

RETURN ‘

END - : !

SUBROUTINE BC(XXsPP PR?:RRA!RR6;DHI,IND)

+4++++ SHLUTIHN NF DPFSSUQF P-C. ~— APP. D—l pe
F+++4++ SOLUTINAN NF PRESSURE B4Ce —~— APD, D=l ++

DIMEMSION XX({5) .
FORMAT (# 3C ——- *,7F12 6!
NIT=0

TND=1 . o .
AD=XX(1) -
A2=XX(?)
Ad=XX(2Y)

RRZ2=RR

RRL=RR2#RR2"

RRE=RR2*RR4 Ty
FR=0e 6%A0*RR?+0. 1=*A2*RRa+Aa/30.*RR6 PHI

IF(ARS(FR)WLT.0.0000001)GO TO 109

DFR=0eh*A0+0. 1*A?*Qp?+o.1*Aa*Rna R

RNEW=RR2~-FR/DFR
TF{ARS(PNFY=PR?2).LT.0.C0N01IGO TN 160

A Y

NIT=NIT+1

IF(NITWGT4301G0 T4, 110
RR2=RNEW

GO TO 120

IND=2 ' :
NPTTE(6a?OC)(XX(J):J 1.1).RR7.FR,DFR.RG
GA TO 120

IF{PR2 4,1 TeD0)GA TN 110

RR=SART{RPR2)

XX (4 )==(440%A0/RRG+D, C/RRZ*¥A2+7. O*AL) /RR?
XX(5)=(3, OXAO/RR4+2.,0%A2/RR2  +A4) /RRY4
RETURN - :
END '

6400 END NF RECNHPD
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