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ABSTRACT

The main aim of this PhD dissertation is to investigate the inherent and induced
anisotropy in granular materials. The study includes both the experimental and theoretical
aspects and provides a methodology for characterizing the mechanical response of

granular materials that display anisotropy.

The content of this thesis is divided into two main parts. The first part is focused
on investigating the mechanical properties of materials with inherent anisotropy. In
particular, an experimental program designed to investigate the mechanical properties of
Ottawa standard sand (C109), with inherent anisotropy that is generated by the initial
densification process, is described. The program involves a series of direct shear as well
as triaxial axial tests. Its primary objective is to demonstrate that anisotropy may occur in
sands that have nearly spherical particles (i.e. are typically considered as isotropic)
provided the distribution of pore space has a preferred orientation due to the initial
densification process. Following the experimental part, the mathematical formulation
based on the Critical Plane Approach (CPA) is presented for describing anisotropic
mechanical behavior of the material. The procedure for identification of parameters
embedded in the constitutive model is outlined and an extensive numerical analysis is

conducted simulating the experimental tests.

The second part of this thesis deals with induced anisotropy and its focus is on
developing an evolution law for the fabric of particulate materials as a function of

v



continuing deformation. The microstructure descriptors are based on lineal intercept
measurements and include the areal porosity and the mean intercept length distribution.
The methodology involves performing a series of Discrete Element simulations for a
granular assembly under evolving directions of the principal stress/strain and defining a
correlation with the evolution of material axes. It is demonstrated that granular materials
with spherical particles may become anisotropic due to the initial compaction process and
that the induced anisotropy is characterized by the coaxiality between the microstructure
and the total strain tensors. The proposed evolution law is incorporated into the
constitutive framework for anisotropic materials, as discussed in the first part of this
thesis, and some numerical simulations are conducted. It is demonstrated that the
proposed approach can describe, at least in a qualitative manner, several manifestations

of induced anisotropy in granular materials.
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CHAPTER 1. INTRODUCTION

1.1. Anisotropy in geomaterials

Many geomaterials such as sedimentary rocks and soils exhibit significant
inherent anisotropy. In this case, both the deformation response and the failure mode are
strongly dependent on the loading orientation with respect to their microstructure.
Furthermore, the mechanical behavior of geomaterials is also sensitive to changes in the
internal structure due to imposed deformation and/or environmental effects (e. g.
reduction or increase in geostatic stress field, temperature changes, variations in the
chemical composition of pore water and water content). Thus there is a coupling between
induced and inherent anisotropy which will affect failure mechanisms and deformation
characteristics in these materials. The description of induced anisotropy is, in general,
more difficult than the inherent one. This stems mainly from the fact that in inherently
anisotropic materials the principal material directions are known a priori, while for
induced anisotropy a specific measure of fabric is required in order to quantify its
evolution during the loading process. Over the last few decades, extensive studies have
been carried out to investigate the anisotropy effects in geomaterials. In what follows a

brief review of both experimental and theoretical investigations is provided.

1
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1.1.1. Review of experimental investigations

In order to investigate the anisotropic strength-deformation characteristic of a
geomaterial one must allow for the rotation of principal stress directions, relative to the
axes of material symmetry. In early experiments pertaining to the anisotropy of
overconsolidated clays, the rotation of principal material axes was achieved by extracting
specimens at different inclinations with respect to the major consolidation stress or the
direction of the deposition and subsequently compressing it in a conventional triaxial cell
(Mitchel 1972). It is worth noting that the conventional triaxial tests were also used to
investigate induced anisotropy, in particular the effects of large drained pre-shearing on
the response of dense sand (e. g. Poorooshasb et al. 1966 and 1967, Tatsuoka and
Ishihara 1974, Ishihara and Okada 1978 and 1982) as well as loose sands (e.g. Lanier et
al. 1993, Doan et al. 1997, Vaid et al. 1989). The experimental data revealed the
important role of drained preloading histories on the undrained shear strength of sands.
More recently, the influence of previous deviatoric strain histories on the undrained
behaviour of loose sands was investigated in a series of papers by Doanh et al. (2010,
2012 and 2013). Starting from an initially isotropic or anisotropic stress state, different
deviatoric strain histories were generated by a standard drained pre-sheared cycle up to a
specified stress ratio. Analysis of the experimental results indicates a progressive

transformation of the usual contractive and unstable behavior of loose sand into a dilative
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and stable behaviour of dense like sand, while remaining within a narrow range of loose
density. In a conventional triaxial apparatus only the normal and parallel orientations of
the major applied stresses relative to the axes of material symmetry can be achieved.
Arguments have been made regarding the testing of samples inclined at intermediated
angles. The argument is based on the fact that for inclined specimens the distortion is
constrained by the presence of loading platens, which leads to non-uniformity in the
resulting stress field. Note that several investigators conducted extensive triaxial
experiments on inclined samples (e.g., Duveau et al. 1998, Oka et al. 2002); however the

quantitative conclusions in terms of the spatial variation of strength, are questionable.

In order to more accurately examine the main features of anisotropy in
geomaterials, other types of testing equipment have been developed, including directional
shear cell and hollow cylinder apparatus. In these tests, a controlled rotation of principal
stress directions is possible and moreover, the effect of intermediate principal stress can

be either controlled or monitored.

In directional shear apparatus the direction of the major principal stress is
controlled by varying the normal and shear stress acting on four surfaces of a cubical
sample placed between the rigid end platens. During the test, the detailed information
about strain distribution is provided by recording either the surface displacement field or
the radiographic-photographic tracing of the shot displacements embedded in a specimen.

A series of directional shear tests performed by Jamiolkowski et al. (1985), on loose sand
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and resedimented clay, indicated the sensitivity of elasto-plastic response and shear
strength to the directions of principal stresses relative to the symmetry axis of material.
Another interesting study illustrating the influence of the strain induced anisotropy was
conducted by Wong and Arthur (1985). A series of drained tests were carried out on the
specimen of loose sand, initially pre-strained in shearing with a fixed major principal
stress direction. Subsequently the specimen was unloaded and repeatedly sheared with a
major principal stress fixed in a different direction. The strain induced anisotropy resulted
in stiffer response at small rotation angles and softer one at higher rotation angles.

Furthermore, it was demonstrated that inherent anisotropy generates a continuous

degradation in stiffness as the direction of major principal stress rotates from 0° to90°.

On the other hand, the strain induced anisotropy reduces stiffness to a minimum at the

rotation of about 70" and then it results in progressive increase. Similar effects were also

observed in experiments on dense sands (Arthur et al. 1977 and 1981).

In a hollow cylinder apparatus the combinations of axial and torsional stresses
leads to principal stresses that are inclined with respect to the axes of symmetry of the
material. Over the last few decades, extensive studies have been carried out on the effects
of principal stress rotation on the response of geomaterials. These included the tests on
sands (e. g. Lade 1981, Sivathayalan and Vaid 2002, Symes et al. 1984 and 1988, Vaid et
al. 1990, Yang et al. 2007) as well as clays (e. g. Hicher and Lade 1987, Hong and Lade
1989, Nishimura et al. 2007, Saada et al. 1994). Recently, a comprehensive study on the

behavior of sand specimens, employing hollow cylinder apparatus, was reported by Lade
4
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et al. 2013. The results of a large series of tests on dense fine Nevada sand deposited with
horizontal bedding planes were presented which indicated a considerable dependence of

the friction angle on the direction of the major principal stress relative to vertical, « . The
friction angles were shown to be highest for & =0 and all b-values'. The strength was

lowest values for a@=67.5" at which the major principal stress is inclined such that the

potential shear band directions coincide with the bedding planes. Within the full range of
b and « — values, the friction angle varied from 57° to 32" while the friction angle from

a conventional triaxial compression test on a vertical specimen was41°".

1.1.2. Review of theoretical investigations

Over the last few decades, several constitutive models have been developed that
are capable of reproducing some aspects of soil anisotropy under a variety of loading
conditions. Iwan (1967) and Mroz (1967) independently introduced the concept of
multisurface kinematic hardening by including a set of nested yield surfaces that translate
in stress space. This concept was initially developed for metals but quickly found
applications in modeling of geomaterials. For example, Prevost (1977, 1978) expanded

the concept of nested surfaces in a generalized multisurface plasticity framework. In this

! b-value indicates the relative magnitude of the intermediate principal stress, expressed
as o, — 03/ 0, — 03.
5
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model the inherent anisotropy of the material was addressed by specifying the initial
location of the surfaces before the beginning of loading process. It should be noted that
the framework of kinematics hardening is, in general, restrictive and cannot describe the

directional effects which are associated with any form of anisotropy.

A more rigorous approach to model anisotropy is based on introducing a fabric
tensor. In this approach, constitutive models are generally formulated in terms of
tensorial variables characterizing the state of the microstructure, together with or
independently from the evolution laws for the state variables. Boehler and Sawczuk
(1977) developed a general form of the yield criterion as a function of ten independent
invariants of stress and fabric tensors. A simplified and more pragmatic approach was
developed by Pietruszczak and Mroz (2000) who introduced a scalar anisotropy
parameter that is function of mixed invariants of stress and microstructure orientation
tensors. They also developed a general form of the Critical Plane approach in which the
strength properties are assumed to be orientation-dependent. In earlier work, Krucinski
and Pietruszczak (1989) developed a mathematical framework for describing the induced
anisotropy in clays. The framework employs the concept of an “equivalent continuum”
and introduces a measure of material fabric which is defined as an implicit function of the
spatial distribution of porosity/void ratio. Anisotropy has also been modeled by a
“multilaminate model” in which plastic slip occurs on generic planes in the material
(Zienkiewicz and Pande 1977, Pande and Sharma 1981, Pande and Xiong 1982,

Pietruszczak and Pande 2001). A similar model with slip occurring on a set of predefined
6
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microplanes was developed by Bazant and Prat (1987) and modified by Bazant et al.
(2000) and by Carol et al. (2001). Lydzba et al. (2004) developed a mathematical
framework for modeling the time-dependent creep phenomenon in frictional materials
exhibiting a strong inherent anisotropy, which incorporated a scalar anisotropy parameter.
The creep was assumed to be associated with progressive rearrangement of material
structure. The description of plastic deformation and damage in sedimentary rocks, with
emphasis on coupling between inherent and induced anisotropies, was investigated by

Chen et al. (2012).

1.1.3. Correlating the internal structure and the macroscopic response

Establishing a correlation between the iternal structure and mechanical
characteristics of geomaterials is a non-trivial task. Various measures of internal structure
have been employed in the past, including the distribution of grain contact normals
(particulate media, Oda 1972), crack orientations (rock mass, Kanatani 1985) etc.
Clearly, the definition of a fabric tensor is not unique as different measures of
microstructure may be adopted leading to different correlations with mechanical
properties. It is important, however, that any chosen measure be experimentally
identifiable. Therefore, the preference here may be given to descriptors that can be
determined by means of known stereological procedures used in geology and geophysics,

1e. by observing the number of cross-sections in the material. Several such measures

7
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have been proposed in the articles by Pietruszczak and co-workers (1989, 2003). It is
noted that, the quantification of structural anisotropy in materials with a distinct
microstructure (geological and biological media), was also discussed in a series of papers

by Kanatani (1984, 1985).

Finally, it should also be noted that experimental/numerical studies that involve
micromechanics are very useful in terms of providing an understanding of the underlying
mechanisms that lead to the complex behavior at the macroscale. In the past few decades,
various experimental (photo-elasticity, Dantu 1968; stereo-photogrammetry, Butterfield
et al. 1970; x-rays, Roscoe et al. 1963; computed tomography, Desrues et al. 1996) as
well as numerical (Discrete Element Method, Cundall and Strack 1979) research tools
were developed. These tools are well suited for describing and to some extent, explaining
key aspects of the behavior of granular materials, which include induced anisotropy (Oda
1972; Calvetti et al. 1997); strain localization (Bardet and Proubet 1991); influence of
particle shape (Rothenburg and Bathurst 1992) and particle rotation (Oda et al. 1985). A

brief review is provided by Calvetti (2003).

1.2. Scope and objectives of the present research

Granular media are very common in nature. Their mechanical behavior tends to
be quite complex due to the microstructure of particle arrangement and sedimentation

process. The sedimentation results in a clear horizontal stratification of the deposited

8
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layers. The existing evidence indicates that a parallel alignment of particles is often
observed in river, beach and dune sand (e.g. Oda and Koishikawa 1977) as well as
artificially deposited sand (Azami et al. 2010, Symes et al. 1984). Anisotropy is clearly
reflected the soil fabric composition in relation to the spatial arrangement of soil particles
and voids (inherent anisotropy) and it may undergo an evolution induced by applied loads
(induced anisotropy). Anisotropy in granular materials affects both the deformation
response and the conditions at failure (Lam and Tatsuoka 1988, Yamada and Ishihara
1979). Consequently, it has a significant impact on the behavior of geotechnical
structures (such as tunnels and foundations, slopes, retaining walls, etc.) and should be

adequately accounted for in the context of design and/or stability analysis.

The objective of this work is to introduce a methodology, with experimental and
analytical components, for characterizing the mechanical response of granular materials
that display anisotropy. This includes conducting an experimental investigation,
developing an inelastic constitutive model to describe the behavior of the material, and

conducting numerical simulations on the evolution of microstructure.

This thesis consists of two major parts. Chapter 2 describes the experimental
program designed to investigate the mechanical properties of sand with inherent
anisotropy that is generated by initial densification process. The results of a series of
direct shear tests as well as conventional triaxial tests are presented. This information

provides the necessary input data for numerical analysis and forms a benchmark against
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which numerical results are validated. Thereafter, the mathematical formulation is
presented for describing anisotropic mechanical behavior of the material (Ottawa
standard sand C109). The procedure for identification of parameters embedded in the
constitutive model is outlined and the simulation results are verified against the

experimental observation.

The primary focus of Chapter 3 is on developing an evolution law for the fabric of
particulate materials as a function of continuing deformation. The methodology involves
performing a series of Discrete Element simulations for a granular assembly under
evolving directions of the principal stress/strain and defining a correlation with the
evolution of material axes. It is demonstrated that granular materials with spherical
particles may become anisotropic due to the initial compaction process and that the
induced anisotropy is characterized by the coaxiality between the microstructure and the
total strain tensors. Numerical simulations of mechanical response of granular materials
with induced anisotropy are carried out by extending the framework described in

previous chapter to capture the effects of induced anisotropy.

Finally, the last chapter concludes and summarizes the results of this work. In

addition, some recommendations for further work are provided.

10
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CHAPTER 2. INHERENT ANISOTROPY

2.1. Introduction

As mentioned earlier, granular materials often display anisotropy in mechanical
behavior, which is strongly linked with their microstructural arrangement. Such
anisotropy may occur in sands that comprise flat, elongated grains (Azami et al. 2010),
but may also be induced by densification process in sands that have nearly spherical
particles (Haruyama, 1981). In either case, mechanical characteristics at the macroscale
display a pronounced directional dependence. This chapter is focused on examining the
anisotropic response of Ottawa standard sand C109. Both experimental and theoretical

aspects are addressed.

2.2. Experimental program

The inherent anisotropy in sands is known to occur if the grains are flat or
elongated. The primary objective of the experimental program carried out here is to
demonstrate that anisotropy may also occur in sands that have nearly spherical particles
(i.e. are typically considered as isotropic) provided the distribution of pore space has a

preferred orientation due to the initial densification process.
11
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In this investigation, a series of direct shear as well as conventional triaxial tests
were conducted on samples prepared at different orientations relative to the direction of
deposition. The standard soil used throughout the test program was Ottawa sand C109.
This 1s a commonly used quartz sand composed of rounded to sub-rounded particles
passing the #16 sieve (1.18mm ) and retained on the #200 sieve (0.075mm ). Figs.1 and
2 provide the particle size distribution curve and the image of particles shape of Ottawa

sand. The physical properties of the material are summarized in Table 1. In this table, the

following soil index properties are given: D, - grain diameter at 10% finer; D, - mean
grain diameter; p,- density of solids; e, - maximum void ratio; e, - minimum void

ratio; C, - coefficient of uniformity; C. - coefficient of curvature.

12
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Fig. 1. Particle size distribution of ASTM graded Ottawa sand (C109)

Fig. 2. Image of ASTM graded Ottawa sand (C109)
(Source: http://www.nrcresearchpress.com/doi/pdf/10.1139/t00-031)
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Soil name Quartz  Feldspar Magnetite  Grain type Dy Dg, Ps
(%) (%) (%) (mm) (mm)  (kg.m™3)
C109 99.7 0 0 Sub-rounded 0.22 0.374 2648
€min €max Cu Cc
0.503 0.811 1.82 1.19

Table 1. Ottawa standard sand: Typical physical characteristics

2.2.1. Direct shear tests

In order to investigate the directional dependency of shear strength parameters, a
series of direct shear tests was conducted. The main features of direct shear apparatus are
described below, along with details of sample preparation and interpretation of direct

shear test data. Later, the results of the tests are presented and discussed in details.

i. Direct shear apparatus

The direct shear apparatus has been extensively described in basic soil mechanics
books (e.g. Bardet 1997). The device consists of a 60x 60x 40mm box split in the middle
in order to allow relative movement between the two halves. The normal load is applied
by a rigid rough top plate and a hanger with weights. The shear load is provided by a
motor which pushes the upper half of the box at a constant rate of displacement. Vertical
displacement at the top boundary and shear displacements are measured by dial gauges.

Shear loads are measured by a calibrated proving ring equipped with a dial gauge.
14
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ii. Sample preparation method

The main stages of the sample preparation are summarized schematically in Fig.
3. In order to prepare samples with different orientation of material axes, a modified
version of the shear box was used, as shown in Fig.4. The modification included direct
shear box is obtained by cutting off one side of the standard direct shear box and making

this side removable (Guo 2008).

The first stage of sample preparation involved mounting a container on a shaking
table and then placing the modified direct shear box at the desired orientation, inside this
container. The samples were prepared using the technique of raining which involves
pluviating the sand through a grid into the container. The height of fall of sand particles
during pluviation process was 500mm with respect to the top of the container. The sand
grains were slowly poured until the container was full. It was then covered with a lid and
a dead load of 2kg was applied at the top. The set up was then vibrated to produce
specimens of desired initial void ratio. The specimens were vibrated with the amplitude
of 5.3mm (peak-to-peak) at 5Hz for 40 minutes. After vibration, the extra material was
carefully removed, the sample was trimmed and the removable side parts were

reassembled.

The deposition angle «, is defined here as the angle between the sand rain

direction and the direction normal to the plane of isotropy as shown if Fig. 3b. The

deposition angles were taken as @ =0",15",30°,45°,60°,90°.

15
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(a) (b)

bl

Sand Rain
50cm

Trimmed Surfaces

Shaking Table
-+

Fig. 3. Schematic diagram of sample preparation; (a) Sand pluviation; (b) Definition of angle &
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Figure 4. Modified direct shear box (Guo, 2008)

iii. Observations and interpretation of direct shear test data

The experimental measurements made during a direct shear test comprise four

principal quantities, all of which are required for a proper analysis of the test, i.e.

the shear load which is applied to the box in the horizontal direction
and is transferred to the soil by the rigid end boundaries of the
apparatus

the relative shear displacement, measured in the horizontal
direction, between the two halves of the shear box.

the vertical load acting perpendicular to the central plane of shear
box; this force comprises the dead load associated with the shear
box apparatus and the applied load.

and finally, the vertical displacement of the sample caused by

contraction or dilation of the soil.
17
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The interpretation of the direct shear test is based on Coulomb’s notion of
defining the critical combination of the shear stress 7 , and normal stress o, at which the
failure occurs. The results of direct shear tests under different normal stresses are used to
identify the classical shear strength parameters, i.e. internal friction angle @ and cohesion

c. Usually a number of tests is conducted in order to obtain a better statistical

representation

iv. Direct shear test results

The direct shear tests were performed on dry samples, with a constant

displacement rate of0.2mm/min, at three different levels of normal stress
o0, =10,50,75kPa . The initial void ratio of all specimens was approx. 0.52. Each

individual test was repeated at least once under the same testing conditions. For all tests a

high degree of repeatability was observed.

The variation of shear strength and the corresponding evolution of volume change
are presented in Figs. 5, 6 and 7. Clearly, in spite of nearly spherical shape of particles,
the material exhibits a significant degree of anisotropy, as both the strength and

deformation characteristics are affected by the angle of deposition.
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Fig. 5. Mechanical response at normal stress of &, =10kPa for different values ¢ ; (a) Shear stress vs.

Shear stress [kPa]

Horizontal displacement characteristics and (b) Evolution of volume change.
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Fig. 6. Mechanical response at normal stress of 0, =50kPa for different values of ¢/ ; (a) Shear stress

vs. Horizontal displacement characteristics and (b) Evolution of volume change.
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Fig. 7. Mechanical response at normal stress of ¢, = 75kPa for different values of @ ; (a) Shear stress

vs. Horizontal displacement characteristics and (b) Evolution of volume change.

For all tests, the material response becomes unstable (strain softening) after
reaching the peak. In terms of evolution of volume change, a progressive transition from
compaction to dilatancy takes place as the shear stress increases. The dilatancy

progressively increases with the increase in deposition angle « .

The failure envelopes, corresponding to linear form of Coulomb criterion are
presented in Fig. 8 for different values of & . It is evident that the value of cohesionc, for

Ottawa sand is negligible. Fig. 9 shows the distribution of friction angle ¢, as a function

of deposition angle . The maximum friction angle ¢ = 45’ corresponds to shearing in

20
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ata =15".
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Fig. 9. Variation of friction angle ¢ with ¢r .

Note that the results of direct shear tests will be used later to identify the material

parameters for the constitutive model proposed.

2.2.2. Triaxial compression tests

A series of drained triaxial compression tests were conducted on sand samples
prepared at two different orientations of material axes (i.e.a =0",90"). It is noted again

that in triaxial test configuration, for intermediate values of ¢ the sample has tendency to
22
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distort under the increasing axial load. Such distortion is constrained by the presence of
loading platens. Consequently, the stress field is no longer uniform and the results do not
reflect the behavior of the material. Therefore, the triaxial tests were conducted on

horizontal and vertical samples only.

The main features of triaxial test apparatus are described below, along with details
of testing procedure and sample preparation. Later, the results of triaxial compression

tests are presented.

i. Triaxial test apparatus

In a conventional triaxial test, a cylindrical specimen is enclosed in a rubber
membrane and is placed in a triaxial compression chamber. The specimen is subjected to
a confining fluid pressure, and then loaded axially to failure. Connections at the ends of

the specimen permit controlled drainage of porewater from the specimen.

There are 3 basic types of triaxial compression tests, depending on the drainage
conditions at the consolidation and shearing phases. Unconsolidated-undrained (UU) or
quick (Q) triaxial test performed with the drainage valve closed for all phases of the test.
In consolidated-undrained (CU) triaxial tests drainage is allowed to take place during the
application of the confining pressure, but not during the shearing phase. The excess pore
pressures which develop during the shearing phase are then monitored. Consolidated-
drained (CD) test, also called slow test (S), is performed with free drainage condition for

the whole period of the test, so that there is no generation of excess pore pressure. This
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may require a slow rate in application of load. During the test, in addition to axial

deformation, the volume change of the sample is monitored.

ii. Triaxial testing procedure

The triaxial testing procedure implemented in this research generally followed the

standard protocol. The drained triaxial test incorporated three main stages:

- The saturation stage which involved the initial flushing of the

sample with CO, for 15 minutes, after which the sample was

flushed with de-aired water for 30 minutes. The B-test was then
performed and the Skempton’s B parameter, which measures the
increase in pore pressure due to an increase in confining pressure,
was determined. For all samples B —values of at least 95% were
achieved.

- Isotropic consolidation which commenced subsequent to the
completion of a satisfactory B —test. Free drainage was allowed
and the volume change transducer was used to measure the void
ratio change as the consolidation proceeded.

- Finally, the sample was brought to failure by applying an axial
force to the loading piston of the triaxial cell. The test was run at a

constant strain rate of0.1mm / min .
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iii. Sample preparation

The samples were prepared in a 100x50x50mm rectangular prism mold.
Analogous to the direct shear samples, the triaxial samples were prepared by the sand
rain method using a constant falling height of500mm . The sample was then vibrated for
5minutes to produce specimens of desired void ratio. In this case, the amplitude and
frequency of the vibration were 0.3mm and30Hz , respectively. The sample preparation
method 1s illustrated in Fig. 10. It is noted that the shaking table used in this case was
different from the one which is used for preparing the direct shear test samples. In both
cases though the value of initial strain measured in samples due to densification process

was of the same magnitude.

In order to preserve the composition of the fabric, the specimen with the mold
was first submerged in water. Then, excess water was drained out under gravity to obtain
a moist specimen with low moisture content. The entire setup was then frozen in order to
remove the mold. The frozen specimen was subsequently transferred to the base of the
triaxial cell and covered with rubber membrane. A small confining pressure was then
applied while unfreezing the specimen. Finally the specimen was saturated and
consolidated under a hydrostatic pressure prior to the shearing phase. To minimize the
end friction effects two layers of membrane with silicon grease in between were placed
between the sample and loading platens. Proper cuts were made on the membranes to

allow both seepage through the sample and free lateral expansion of the sample.

25



Ph.D. Thesis - M. Oboudi; McMaster University - Civil Engineering.

Primary direction of

compaction
O1 Ol
T _—_ | |
. ' Po =03
N i D
a=90° T T
} ‘ a=0° a=90°
|
]
>
Shaking Table

Fig. 10. Schematic diagram of sample preparation and loading configuration for triaxial tests.

iv. Triaxial test results

The results of drained triaxial tests, including the deviatoric and volumetric
characteristics at initial confinement of 50kPa and100kPa , are presented in Figs. 11 and
12. The results correspond to vertical and horizontal samples. Note that at least two
duplicate tests were performed in each case. It is clear that the testing procedure and the

sample preparation method gave results that are very consistent and repeatable.

Figs. 11a and 12a show the strength characteristics of Ottawa sand at various

confining pressures and orientations of material axes. In general, the samples tested at
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a =0 display larger initial shear stiffness and a much higher strength. It is evident that an

increase in initial confining pressure results in higher shear strength of the material.

Figs. 11b and 12b present the evolution of volumetric strain with increasing axial
deformation. It is evident that the material undergoes initial compaction followed by
dilation. The volume changes experienced by Ottawa sand are also influenced by
confining pressure. As the cell pressure increases, the rate of dilation progressively

decreases.

Based on the experimental results obtained, it may be concluded that the stress-
strain behavior of dense sand strongly depends on the loading direction. Although the
material tested here, i.e. Ottawa sand has nearly rounded particles, a marked inherent
anisotropy is observed, which stems from a bias in the distribution of void space

generated through the sample preparation procedure.

Note that the results reported here will be used later to verify the performance of
the mathematical formulation. In general, basic trends in the behavior under triaxial

conditions are consistent with those recorded in direct shear tests.
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2.3. Mathematical formulation

2.3.1. Introduction

This section describes the mathematical formulation of the constitutive model.
The specification of anisotropic failure criteria is described first, followed by the
description of the deformation process. Subsequently, the procedure for specification of
constants that are embedded in the constitutive relation is outlined. This procedure
employs direct shear test results for identification of parameters defining both the
conditions at failure and the deformation response. Later, the results of numerical
simulations are presented and verified against the experimental data for triaxial

compression tests at different confining pressures and sample orientations.

2.3.2. Formulation of anisotropic failure criteria (Critical Plane

Approach)

The description of mechanical response of inherently anisotropic materials
requires the specification of conditions at failure under an arbitrary stress state. Over the
last few decades, numerous failure criteria have been proposed. One of the classical
approaches to formulate the failure criteria is to invoke linear as well as quadratic terms
in stress components referred to the coordinate system associated with the axes of
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symmetry of the material. An example of such an approach is an extension of the well-
known Hill's criterion (1950), as proposed in by Tsai and Wu (1971). An alternative
approach is the one which makes use of the general representation theorems and employs
ten independent basic and mixed invariants of stress and microstructure tensors (Boehler
and Sawczuk 1970 and 1977). The other group of failure criteria was derived by adopting
the critical plane approach. This approach requires the failure condition to be satisfied
either on a predefined discrete weakness plane or on a potential failure plane
corresponding to a maximum of the failure function. Examples of this approach can be
found in the works by Walsh and Brace (1964), Hoek and Brown (1980), Hoek 1983. The
main issue with implementation of the approaches based on general representation in
terms of invariants of stress/ microstructure tensors is the fact that they require a large
number of material functions/parameters to be identified. Furthermore, the correlation of
these parameters with the material microstructure is rather ambiguous. Given these
difficulties, simplified approaches have been introduced by Pietruszczak and Mroz
(2001). The first approach to formulate the failure criteria employs a spatial distribution
of strength parameters and defines the failure condition in terms of traction components
acting on the critical plane. The second approach incorporates a scalar anisotropy
parameter defined in terms of mixed invariants of stress and microstructure tensors. This
parameter is a homogeneous function of stress of degree zero, so that it depends only on
the relative orientation of the principal stress triad with respect to the eigenvectors of the

microstructure tensor.
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In this research the first approach proposed by Pietruszczak and Mroz 2001, is
applied. In this approach, the failure criterion is defined in terms of traction components
acting on the critical/localization plane. The approach employs a spatial distribution of
strength parameters and the direction of the critical plane is obtained by solving a
constrained optimization problem that involves searching for an orientation that

maximizes the value of the failure function.

The conditions at failure are specified in terms of shear and normal components

of the traction vector?, acting on a plane with unit normaln, , i.e.

T = |oyns| ;0 = oy (2.1)
Si = ”Zl;”; t; = (5ij - ninj)Ujknk (2.2)
For the case of Coulomb’s criterion, a linear form is adopted:
F=t—npo—c;np =nmy), c =c(ny) (2.3)
where the strength parameters are assumed to be orientation-dependent
nr =no(1 + Qyniny; + a3 (Qnin)? + az(Qyniny)® + ) o

c= CO(]- + ngjninj + bl(ijninj)z + b2 (ngjninj)3 + )

In the expression above,Q’s represent a set of symmetric traceless tensors which

describe the bias in the spatial distribution of 7, andc. The orientation of the critical
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plane can be determined by maximizing the failure function F with respect ton,, s,

subject to the constraints; n,n, =1,s,5,=1 and n,s, =0.

max (F)=0 (2.5)

n;,si

The problem can be solved using Lagrange multipliers or any other optimization

technique.

2.3.3. Description of inelastic deformation

Within the critical plane framework, the inelastic deformation is attributed to
sliding/separation along an infinite set of randomly orientated planes. For each plane, the
conditions at failure are represented by the local criterion (2.3), which incorporates the
distribution functions (2.4). The inelastic deformation is then accounted for by invoking
an appropriate plasticity framework. This approach is conceptually similar to the so-
called multi-laminate framework (Pande and Sharma 1983). Below, the formulation of
the problems is outlined following the general framework provided by Pietruszczak and

Guo (2012).

The yield/loading surfaces f, as well as the plastic potentialy , both are defined
in terms of the normal and tangential components of the traction vector acting on a plane

with unit normaln, .
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f(ni) = f(O', T, K) =0 (26)
Y(n;) = yY(o,7) = const

where x is a hardening parameter, which is a function of the plastic deformation history.
The equation of the loading surface is formulated in such a manner that

K —co= f = F, where F is the respective failure function. Adopting a local frame of

reference X,, with corresponding base vectorsn; and s,, the flow rule is formulated as

U 1V 2.7)
gi =45

where g7 is the velocity discontinuity vector and the components of the traction vector 7,

are {0,7,0}. In order to define the strain rates contributed by this plane, a symmetric part

of a dyadic product is used
. 1/. . . .
€ = Z(glpnj + gfni); gi =Ti;g} (2.8)

In the above expression, ¢ denotes the thickness of the shear band that is associated with

sliding/separation along a specific plane and 7, is the standard transformation matrix

which is a function of direction cosines (/;,m,,n, ) of the unit normal to the ith contact

plane.
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The average macroscopic deformation is obtained by integrating the contributions

from all active planes, so that

1 . oY
D _
gij = %f/l(ﬂpnj + ijni)a—EpdS (29)
S

The integration is carried out over a surface area Sof a unit sphere. In practical
implementation, the integration process is performed numerically by adopting a set of
sampling planes (See Fig. 13). The orientations of the sampling planes for symmetric
2x33-plane integration rule are provided in Table 2. In this table, [,m, and n,

represents the direction cosines of the normal to the ith sampling plane and @ is the

corresponding weight coefficient.

The global constitutive relation can be obtained by invoking the postulate of additivity of

elastic and plastic strain rates, i.e.

T B o (2.10)
Sij = Cijklo-kl + gij = Cijklo-kl + % A(Tipnj + ijni)ﬁds
14

S

where Cj, is the elastic compliance operator. The elastic properties associated with each

sampling plane can be defined by invoking, once again, the dyadic decomposition in

equation (2.8), so that
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. 1 . . . = kN =
& = —(gfm; + giny); ¢ = Tyyd%s ¢ = kyjty 2.11)

where k; is the elastic operator follows

ky 0 0
kyj = [o ky o] 2.12)
00 ky

in which k, and k, are the normal and tangential elastic moduli of the interface,

respectively, and are defined as

. (1-v)E
NTAa+v)@a -t
(2.13)
E
kr = S+ ot

where E and v are the elastic parameters of the interface material.

By rearranging the set of equations (2.11), the elastic strain rates can be defined as

. 1 . (2.14)
& = 2t (Tipny + Typni ) kg TigMiGia
so that the macroscopic deformation is governed by
. . 1
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In the plasticity formulation employed here, parameter x, which is designated as
the hardening parameter, is assumed to be a function of irreversible shear deformation

and the loading function is defined as

f) =t—no—c=0n=nk) =n == [ldg”| (2.16)

In the expression above, the functionsz F=n,(n), c= c(n;) can be approximated
using the representation (2.4). Moreover, dg” = ((dg?)* +(dg/)*)"* and A is a material
constant. For x — o there is 77 =17, which implies that f(n,) » F(n,). Thus, the
conditions at failure are consistent with those specified by equation (2.5).

The plastic deformation can be described by invoking a non-associated flow rule,

equation (2.7), in which the plastic potential is defined as

V() =1 —1n.(0+ op)ln "0: =0; o0,= n— (2.17)
f

where & is evaluated from the condition of y(n,)=0, where 7, ~7, is a parameter

which represents the value of 77=7—c/0 at which a transition from compaction to

dilatancy takes place.

Equations (2.16) and (2.17), represent the conditions of sliding, opening/closing
on the ith contact plane. The yield function for the macroscopic behavior can then be

expressed as
36



Ph.D. Thesis - M. Oboudi; McMaster University - Civil Engineering.

f=fm)n fnz) N f(ns) ... f(neo) = 0 (2.18)

where N symbolically represents intersection of sets. Equations (2.18) represent a
piecewise description of the yield function which is well established in the theory of

plasticity.

Note that, within the framework described above, the evolution of yield loci is
traced individually for each plane, and is a function of effective normal stress, shear
stress, and plastic strains on that plane. Since the components of the traction vector
depend not only on the magnitude of principal stresses but also on their directions, this

framework can describe the anisotropy induced by plastic flow.
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Fig. 13. Schematic diagram of infinite number of planes on the surface of a unit sphere.
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L; n; m; w;

1 1 0 0 0.00985353993
2 0 1 0 0.00985353993
3 0 0 1 0.00985353993
4 0.7071067811 0.7071067811 0 0.01629696858
5 0.7071067811 -0.7071067811 0 0.01629696858
6 0.7071067811 0 0.7071067811 0.01629696858
7 0.7071067811 0 -0.7071067811 0.01629696858
8 0 0.7071067811 0.7071067811 0.01629696858
9 0 0.7071067811 -0.7071067811 0.01629696858
10 0.9338989563 0.3575370459 0 0.01347888440
11 0.9338989563 -0.3575370459 0 0.01347888440
12 0.3575370459 0.9338989563 0 0.01347888440
13 0.3575370459 -0.9338989563 0 0.01347888440
14 0.9338989563 0 0.3575370459 0.01347888440
15 0.9338989563 0 -0.3575370459 0.01347888440
16 0.3575370459 0 0.9338989563 0.01347888440
17 0.3575370459 0 -0.9338989563 0.01347888440
18 0 0.9338989563 0.3575370459 0.01347888440
19 0 0.9338989563 -0.3575370459 0.01347888440
20 0 0.3575370459 0.9338989563 0.01347888440
21 0 0.3575370459 -0.9338989563 0.01347888440
22 0.4372636760 0.4372636760 0.7858759158 0.01757591298
23 0.4372636760 0.4372636760 -0.7858759158 0.01757591298
24 0.4372636760 -0.4372636760 0.7858759158 0.01757591298
25 0.4372636760 -0.4372636760 -0.7858759158 0.01757591298
26 0.4372636760 0.7858759158 0.4372636760 0.01757591298
27 0.4372636760 0.7858759158 -0.4372636760 0.01757591298
28 0.4372636760 -0.7858759158 0.4372636760 0.01757591298
29 0.4372636760 -0.7858759158 -0.437263676 0.01757591298
30 0.7858759158 0.4372636760 0.4372636760 0.01757591298
31 0.7858759158 0.4372636760 -0.4372636760 0.01757591298
32 0.7858759158 -0.4372636760 0.4372636760 0.01757591298
33 0.7858759158 -0.4372636760 -0.4372636760 0.01757591298

2 % 33 — plane integration rule (Bazant and Oh 1986)
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2.3.4. Identification of material parameters

In what follows, the details of identification procedure are given for the
evaluation of material parameters/functions embedded in the constitutive framework. The
procedure deals with the specification of the strength parameters, the hardening constant

A and the parameter 7).

Strength parameters: The distribution of strength parameters can be directly

defined based on the results of direct shear tests as shown in Fig. 8. Given these results,

consider the representation (2.3), which defines the spatial variation of the parameter?}, .

In order to identify this function, choose the coordinated systems as depicted in Fig. 14.

Here, {x,y,z} is the global frame of reference, while the base vectors e”,e® and e,
associated with the coordinate axes {x,,x,,x;}, define the principal material triad.

Referring the problem to the principal material system, there is Q, =€, and since Q is

a traceless operator (i.e. , +Q, +Q, =0), the following representation is obtained

Q;mmn; = Q(1 — 3cos? a) (2.19)

so that

N =no(1+Qy(1 —3cos? @) + a; (2, (1 — 3cos? a))? (2.20)
+ a,(Q,(1 —3cos? a))® + )
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Fig. 14. Approximations to spatial variation of the friction coefficient 7] f
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The best fit approximations employing representation (2.20) are shown in Fig. 14.
The results incorporate the dyadic products of order 1 and 4, respectively. Evidently, the

approximation including terms up to order 4 is more accurate and corresponds to

1o = 0.8896,Q, = 0.1398,a, = 0.3956,a, = 0.4457,a; = 18.96 2.21)

Note that, since the values of cohesion ¢, are negligible here (¢ =0 1ie. the
material poses no resistance to tension), the anisotropy effects are attributed only to

variation of 7, .

Parameter A: In order to identify the material constant A, which appears in the

hardening function, equation (2.16), the mechanical characteristics given in Figs. 5, 6 and

7 were re-plotted in {g”,n=7—-c/o} space. The irreversible part of the horizontal
displacement discontinuity, g”, can be estimated via the additivity postulate. The latter

requires the identification of the elastic tangential modulus K =dT/ dg® . Note that,

since, the experimental information available here, is limited to active loading histories,

the value of K, was estimated from the initial slope of the loading branch.

Fig. 15 shows the variation of K, with the deposition angle, «, for different
normal stresses o, =10,50,75kPa . It is evident that the value of K, increases with an

increase in normal stress magnitude; however, the orientation dependency is not very

significant and can, in fact, be neglected. The orientation average of K. estimated as
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K, =365 kPa/ mm , was selected as representative over the range of o, =50,75kPa and

was employed in the numerical simulations.

Fig. 16 presents the hardening characteristics at normal stress ¢ ranging from 10
to75kPa, for deposition angles a=0°,60° and90°. The best fit approximations
employing the hyperbolic representation viz. equation (2.16), are also shown. It is evident
that the experimental characteristics become unstable (strain softening) after reaching the
peak. This will, in general be associated with formation of shear band and localization of
deformation, when samples are tested under more general loading conditions (e.g. in
triaxial or biaxial tests). The modeling of localized deformation mode should be dealt
with at the level of a boundary-value problem. As this is not explicitly addressed here, the
identification procedure is restricted to hardening regime, including the specification of

the onset of unstable response. Note that, since the hardening function is of the type

g" — e =mn —1,, perhaps the simplest approach is to define the asymptotic condition

as g” —oo=>n—{7,, where { is a constant within the range, say 1<¢ <1.05. In

such case, the onset of unstable response can be associated with 7 =7, .
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Fig. 15. Variation of K| with angle, &
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Fig. 16. Hardening characteristics of sand samples; (a); 0, =10kPa (b); 0, =50kPa (c)
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Given the set of results presented in Fig. 16, the spatial variation of parameter A ,
can be established (See Fig. 17). In general, the orientation dependence of A is not very
pronounced. Thus a constant value of A =0.158mm which is the orientation-average for

tests conducted at o, =50kPa ando, = 75kPa, was selected as representative and was

employed later in the numerical simulations.

0'4 T T
+Gn =10 kPa
0.351 =G =50kPa |
0.3+ —v—cn=75 kPa

0 20 40 60 80

o
Fig. 17 Variation of hardening parameter A with angle ¢

Parameter1c: The next step of identification procedure involves the specification
of the plastic potential function, which requires evolution of parameter 77.. This

parameter defines the transition from plastic compaction to dilatancy. The information on
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the material parameter that governs this transition can be obtained from the same set of

direct shear tests as before by examining the nature of deformation characteristics. Again
these characteristics need to be re-plotted in the affine space {n=(r—c)/0,g}. The
irreversible part of the vertical displacement discontinuity, g7, has been determined by
assuming that K =5K, and invoking the additivity postulate. Note that, in general, a

sufficient degree of accuracy may be maintained by estimating the transition points from

the evolution of total vertical displacement discontinuity, rather than from its irreversible
part. Fig. 18 shows the evolution of volume change fora=60"at normal stress

0, =T75kPa. In this case the estimated value of 7). is approximately 0.6 which

corresponds to the maxima of the volume evolution curve.
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Fig. 18. Specification of the onset of dilation at &, = 75kPa ; 0¢ =60

Fig. 19 shows the variations of 7). with the deposition angle ¢ at normal stresses
of 0, =50kPa and o, =75kPa. It is evident that the evolution of 7. is qualitatively
similar to that of the strength parameter. Therefore, the estimated value of 7. was taken

as 77, =0.6577, .
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Fig. 19. Variation of with 77, angle «

Finally, the thickness associated with sliding/separation along each specific plane
was assumed to be a multiple of the average particle size, viz. r = 6mm . Furthermore,

given the evidence provided in Fig. 14 the elastic properties were taken as isotropic.

A set of material parameters that have been identified based on considerations above, is

provided in Table 3.
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Elastic properties Hardening parameter  Strength parameter Plastic potential
function parameter

Kt =365 kPa/mm A =0.158mm 1o = 0.8896 ne = 0.657;

t=6mm Q; =0.1398
v=0.33 a; = 0.3956
E = 6MPa a, = 0.4457

a; = 18.96

Table 3. Material parameters for simulations of mechanical response of sand samples

2.3.5. Numerical analysis of drained behavior of sand

The performance of the constitutive framework outlined in sections 2.3.2 and

2.3.3 has been verified by simulating the drained triaxial tests described in Section 2.2.2.

Figs. 20 and 21 show the results of simulations of tests conducted at initial
confining pressures of F, =50kPa and F, =100kPa for the deposition angles of o =0’
and 90°. The results include the deviatoric stress-strain characteristics, as well as the
evolution of volume change. The simulations do not involve the unstable strain softening

response, as the latter is associated with the onset of localized deformation and, as

mentioned earlier, should be analyzed at the level of a boundary-value problem.

It should be mentioned that the deformation mode is axisymmetric only for the

sample tested at@=0". For & =90" the lateral deformation is different in the respective
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in-plane directions, while for samples at other orientations, the generation of shear strains
will be predicted. It is evident that the obtained results, in terms of strength and
volumetric characteristics, are fairly consistent with the experimental evidence. In
particular, the predicted maximum level of the deviatoric stress intensities is close to the
observed values. Also, the evolution of volume change shows a transition from a
compaction to dilation, while the quantitative response is not very sensitive to the

orientation of the sample, which is also consistent with the experimental observation.

300 : 0.02
0.01r
250t 0
< L
E‘;‘ 2001 £ -0.01
2 5 -0.02f
= 2
; 15071 g -0.03r
g Z _0.04f
R o
g 1007 > —0.05+ Experimental data Numerical simulation
~0.06} o a=0’
50t ] - - -a=9"
-0.07t
0% : -0.08 :
0 0.05 0.1 0 0.05 0.1
Axial strain Axial strain

Fig. 20. Results of triaxial compression tests atB) =50kPa ; (a) stress-strain characteristics and (b)

evolution of volume change (model parameters: t = 6mm, E = 6MPa, A =0.158mm)
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Fig. 21. Results of triaxial compression tests at P, =100kPa ; (a) stress-strain characteristics and (b)

evolution of volume change (model parameters: ¢ = 6mm, E = 6MPa, A =0.158mm)
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CHAPTER 3. LOAD INDUCED EVOLUTION OF FABRIC OF

GRANULAR MATERIALS

3.1. Introduction

As mentioned earlier, many naturally occurring geomaterials are anisotropic at the
macroscale, which is strongly related to their microstructure. In granular materials, the
anisotropy may originate from the shape of the grains. It is well known, for example, that
the strength properties of sand with elongated angular-shaped aggregates are strongly
affected by the direction of loading in relation to the direction of deposition (Oda et al.
1978). But even if the particles are nearly spherical, the response may be anisotropic
which can be attributed to a bias in the distribution of void space due to initial
compaction. In this case, the anisotropy may evolve during the deformation process.
Whether inherent, induced or a combination of both, the anisotropy in microstructure
may have a significant effect on both the strength and deformation characteristics of the
material and should be accounted for in the context of analysis and design of geotechnical

structures.

Over the last few decades, an extensive research effort has been devoted to

study the anisotropy effects in geomaterials. In terms of formulation of the problem, the
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focus has been on specification of the conditions at failure in materials that display an
inherent anisotropy. In this case, the principal material directions are defined a priori and
remain constant during the deformation process. One of the classical approaches to
formulate the failure criteria is to invoke linear as well as quadratic terms in stress
components referred to the coordinate system associated with the axes of symmetry of
the material. An example of such an approach is an extension of the well-known Hill's
criterion (Hill 1950), as proposed by Tsai and Wu (1971) and Pariseau (1972). The main
issue with implementation of these approaches is the fact that they require a large number
of material parameters whose correlation with the material microstructure is rather
ambiguous. Given these difficulties, a simplified approach has been introduced by
Pietruszczak and Mroz (2001), which employs a scalar anisotropy parameter defined as a
homogeneous function of stress of degree zero, so that it depends only on the relative
orientation of the principal stress triad with respect to the eigenvectors of the

microstructure tensor.

In certain geomaterials, in particular in granular materials, the inherent
anisotropy is often weak and can easily be altered in the course of deformation process.
In this case the problem is more complex, as a specific fabric descriptor needs be
employed and an appropriate evolution law must be specified. The research on
correlating the changes in material microstructure with the applied mechanical load has
been quite limited. For particulate materials with elongated grains, the evolution of fabric

at different stages of triaxial testing has been examined in recent work of Fonseca et al.
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(2013). In general, however, the formulation of an appropriate evolution law is difficult.
This stems primarily from difficulties associated with experimental setups providing
more general loading paths e.g. rotation of principal stress axes. In addition, a continuous
monitoring of the changes in structural arrangement, e.g. via computed tomography (CT)
measurements, is required which is quite complex in itself. An alternative approach,
which is the main focus in this work, involves formulation of the evolution law based on
numerical simulations of the mechanical response of a particulate assembly and its
correlation with the evolution of fabric. Such a study is conducted here using the Discrete

Element Method (DEM).

It should be noted that the description of anisotropy typically entails specification
of the spatial distribution of strength parameters with respect to the coordinate system
associated with material axes (cf. Pietruszczak and Mroz 2001). For geomaterials with a
strong inherent anisotropy (e.g., sedimentary rocks) the latter are defined a priori and
remain fixed during the deformation process. In this case, the distribution of strength
parameters can be assessed directly from appropriate experimental tests and no explicit
measure of fabric is required. This is in contrast to the class of materials which initially
have no preferred orientation but may experience an induced anisotropy. Here, the
principal material directions change and an appropriate evolution law needs to be
formulated in order to trace it. This, in turn, requires an explicit fabric descriptor and its

correlation with stress/strain rates. It should be emphasized that a specific fabric measure
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is, in general, needed only to monitor the evolution of the principal material axes, and it’s

not necessarily employed in the formulation of the constitutive relation.

In the next section, the notion of description of the microstructure of granular
media is addressed and some descriptors, which are based on stereological
measurements, are reviewed. Later, a series of numerical simulations are carried out
examining the correlation between the external load and the evolution of microstructure.
It is demonstrated that in a typical granular medium, like sand at different degrees of
initial compaction, the evolution law may be formulated by imposing coaxiality between
the microstructure and the total strain tensors. A comprehensive parametric study has
been carried out to examine the influence of various material parameters on the general
conclusion emerging from this work. The proposed evolution law is suitable for
describing the effects of induced anisotropy in granular materials that are isotropic in

terms of the grain architecture.

3.2. Description of structural anisotropy

In granular materials, the evolution of anisotropy during the deformation
process stems from the rearrangement of particles and the associated change in the void
space distribution. Materials experiencing deformation induced anisotropy require, in

general, some measures that quantify the material fabric.
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Over the last few decades several different measures of microstructure have
been proposed. In this work, the focus is on descriptors that employ the basic principles
of stereology. Stereology provides efficient techniques for extracting quantitative
structural data from measurements made on a set of two-dimensional planar sections
within the Representative Elementary Volume (REV) of the material by sampling in a
statistical sense. The statistical sampling principles guarantee that no bias is introduced in
choosing sections. The procedure involves the use of geometric probes, i.e. points or
lines, which are superimposed on sections to measure sums and numbers of intersections
with the structural feature of interest. Stereological analyses have been broadly applied in
the area of bone mechanics. An example here is the concept of ‘mean intercept length’
(MIL) (Whitehouse 1974, Harrigan and Mann 1984), which was developed to describe
the anisotropy of trabecular bone architecture. In the area of geomechanics, the concepts
of ‘directional porosity’ (Pietruszczak and Krucinski 1989) and/or the ‘areal pore size
distribution’ (Inglis and Pietruszczak 2003) have been developed to quantify the spatial
distribution of void space within the REV. Several other stereology based fabric
measures, such as the ‘mean free path tensor’, e.g. (Kuo et al. 1989, Oda et al. 1985), and
‘damaged surface area tensor’ (Wang et al. 2002) have also been introduced and

identified through different imaging techniques.

Stereological measurement procedures involve both high and low order
dimensional probes, such as points, lines and planes to measure various quantities of

interest, including length, surface area, volume, etc. Lineal probes are particularly
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appropriate for deriving orientation dependent information. In this study, fabric measures
which rely on parallel arrays of lineal probes have been included. The probes are equally
spaced and are rotated from a standard alignment configuration into a prescribed

sampling direction.

Consider the following basic measurement quantities derived from an array of

parallel test lines. Let [(n,) be the total length of test lines in the direction n,
Furthermore, let Zl (n,)represent the sum of all intersections of these test lines with the

void space, while N(n )corresponds to the number of intercepts. The two fabric

measures employed in this work are defined below (after Inglis and Pietruszczak 2003).
The measurements are taken over a REV, which is considered in the form of a spherical
domain of radiusR . A Cartesian coordinate system is then fixed at the centroid of this

sphere.

i. Mean intercept length (MIL): For a grid of uniformly distributed parallel

lines aligned in the direction n,, the MIL descriptor is defined as the total

length of intercepts with the void space divided by the number of
intercepts. Thus,

2 1(n) (3.1

MIL(n) = N

ii. Areal porosity (n): The identification process involves cutting the sphere

with a plane of unit normal v, and placing on it a set of uniformly
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distributed parallel lines aligned in an arbitrary direction, @ (i.e.,v.@ =0).

The fraction of voids on this plane is then evaluated as

1 _ _ X1(w)
plvr) = 21 -fc(vi)g(wi) 4C; gl = I(Tl) (3-2)

where C c(0,27) is the angle measured in this plane and g(@)is
symmetric with respect to the origin; ie., g(@)=g(—a@). The areal
porosity 7(V;) is obtained by averaging p along the direction v, i.e.

R

1
nw) =5 | pwydL (3.3)
—-R

where 4L 1is the differential distance measured along v,. The integration

in equation (3.3) can be replaced by a discrete summation. For this
purpose, consider a set of equally spaced, parallel test lines on any set
of m equally spaced, parallel planes. The test lines are rotated in-plane k

times around a pole defined by v,. Thus, in terms of the discrete quantities

I and N

N ke
n(v) = %Z ol (v); pl(v) = EANPIC))
j=1

X (3.4)
k - l(wy)
In order to increase the accuracy of the numerical integration, it is

convenient to assume that the test line density remains constant on all m
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planes. Therefore, in the case of a spherical sampling domain, the test line
spacing within each planar disc perpendicular to the sampling direction is
different. The closest spacing between test lines occurs on discs near the

poles, whereas the farthest spacing occurs at the equatorial plane.

Given the definition of fabric measures, viz. equations (3.1) and (3.3), the

mathematical representation of the spatial distribution of MIL(n,) and/or n(v,), referred

to as f(v,), may be taken in the general form proposed by Kanatani (1985).
f(vi) = C(l + .Qijvivj + .Qijklvivjvkvl + ) (35)

where Q describes the bias in the distribution and C represents the mean value of the

respective descriptor. For a smooth orthogonal anisotropy, it is sufficient to retain the

term incorporating the second rank traceless tensor Q , i.e. (Pietruszczak 2010)
f(vi) = C(l + .Qijvivj) (36)

However, in order to attain a higher degree of accuracy in fitting the measurement
data, the representation (3.6) can be extended by incorporating dyadic products of the
second rank tensor, similar to expression (2.4) (cf. Pietruszczak and Mroz 2000 and

2001). In this case, the modified /th order approximation can be expressed as

l
f(vi) =C (1 + .Qijvivj + Z Ai_o (.Qijvivj)k> (37)

k=2
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Note that the mathematical framework for describing the mechanical response
does not necessarily employ explicit fabric measures like those defined by equation (3.1)
or (3.3). Instead, a relation is established that specifies the spatial variation of
strength/deformation parameters with respect to the coordinate system associated with the
material triad (Pietruszczak and Mroz 2000). For both representations (3.6) and (3.7), the

principal material directions are defined by the eigenvectors of the tensor Q. In the

course of the deformation process, those directions may progressively change and the

main focus of this work is on establishing a general form of the evolution law.

The postulate put forward here is that for granular materials with no inherent
anisotropy, undergoing a continuous deformation, the principal directions of the
microstructure remain collinear with the strain tensor. Thus, the evolution law can be

written as

Q e e..e.
n;; = an;; + fning;;
0y ei;
Q ij e ij
n:: = —m—m——: N, = —
U @Quu?2’ Y (eper)/? (3.8)

where ¢, is the strain deviator and ¢, g are constants. Alternatively, a linear form may be

employed that corresponds to g = o, in which case

n=ané v n=an

ij ij ij (3.9)

e
ij
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The numerical study presented in the following sections is aimed at examining the

validity of this postulate.

3.3. Numerical simulations

The evolution of internal structure was investigated here by employing the

Discrete Element Method (DEM). The simulations were carried out using the computer

code PFC*”4.0, from Itasca Consulting Group, Inc. (2012). Since the primary objective
in this work was to establish the qualitative trends in the evolution of fabric, a simplified
two-dimensional analysis was conducted. The two-dimensional analogues of particulate
media have been extensively used in the past to examine the mechanical response.
Examples include physical experiments using photoelastic disks e.g. Drescher and Jong
(1972) as well as tests using Schneebeli rods e.g. Ibrahim et al. (2010). In the context of
numerical analysis, the 2D visualization of particle displacements and contact force
networks is much easier, making these analogues quite useful in studying particle-scale
mechanics in detail. In addition, the two-dimensional simulations are significantly less

time consuming than their 3D counterparts.
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3.3.1. Numerical tests setup

The details on sample generation are presented in the Appendix A. The sample
has been created by random generation of particles whose particle size follows a
prescribed particle size distribution (PSD) curve. In particular, the PSD curve employed
here corresponds to Ottawa sand, as discussed in Chapter 2. The load induced evolution
of internal structure, has been investigated using a combined loading path. The sample
was subjected to axial compression followed by a test involving a continuous rotation of
principal strain axes. Fig. 22 shows the schematic diagram of imposed strain paths. The
definitions of stress and strain tensors are based on the volume averaging technique

outlined in Li et al. (2013).

Xy

(Iry
0

Fig. 22. Schematic diagram of strain path

During the axial compression stage, the principal axes of strain and stress are

fixed. The vertical stress o, is increased while the horizontal stress o, is kept constant.
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Two pairs of rigid boundaries impose kinematic constraints on boundary particles. The
principal strain increments are applied in vertical direction while a servo-control
mechanism controls the movements of horizontal boundaries in order to maintain the
horizontal stress o, =100kPa during the test. Several relaxation steps were performed
within each increment in order to minimize the transient inertial effects that would have

biased the results of presumed quasi-static loading.

In the next stage of loading, the sample is subjected to a pure rotation of

principal strain axes at constant volumetric strain &, and deviatoric strain ¢,. Note that in

two-dimensional case, there is ¢, =J (¢;) and g, =\/J2 (81.1.)—]12 (81.1.)/4 , so that the

strain tensor &, can be expressed as

& (10 sin?a, — cos?a, —2 sina, cos a,
&ij T &g

—2\01 —2 sin a, cosa, cos’a, — sinza) (3.10)

A strain-controlled scheme has been employed by controlling the movements of
rigid boundaries. A differential change in the strain direction A¢, was applied, so that

i+l _
L =

a' =al +Aa,. The strain increment was then calculated as Ag, =¢," —€; and was

applied on specimen boundaries following the procedure described in Li et al. 2013.

Figs. 23 and 24 show some typical results in terms of the evolution of deviatoric
stress and volumetric strain against the increase in the deviatoric strain during the axial

compression. The results correspond to an assembly of 1000 particles with contact shear
64



Ph.D. Thesis - M. Oboudi; McMaster University - Civil Engineering.

stiffness K, =2x10°N /m contact stiffness ratio K /K, =1 and interparticle friction
angle ¢ =30". At the end of the axial compression, the incremental change in the

direction of principal strain axes, &,, was imposed. Figs. 25 and 26 show the

corresponding evolution of the deviatoric strain components. It is evident that the
imposed principal strain axes rotation is coupled with the rotation of principal stress axes,

Fig. 27. The relation between a,, and o, is shown in Fig. 28. The direction of the

principal stress system, o, deviates by an average of 30 from that of the principal strain

increment a,,. Similar results were obtained experimentally by Matsuoka and Sakakibara

(1987).
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Fig. 23. Evolution of normalized deviatoric stress
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3.3.2. Parametric studies

Here, the influence of key variables including the contact shear stiffness K,

contact stiffness ratio K /K, and the mterparticle friction angle @, , on the macroscopic

response of the sample are examined. The selected range of model parameters is quite
wide in order to enable the assessment of their influence on the macroscopic response of
the sample. In addition, the influence of sample size (i.e. number of particles) is also
investigated. The details of the parametric study are provided in Table 4. Here, N
denotes the number of particles, H and w refer to the sample height and width,

respectively, D,, denotes the median particle diameter and n, is the initial porosity.

Regarding the influence of sample size, the macroscopic response for three
different samples with N equal to 2000, 4000 and 10000 is shown in Figs. 29 and 30.
The results do not significantly change with an increase in the sample size. Given this
conclusion, the sample size used for the evaluation of the evolution of fabric was chosen
as N =4000, which is a reasonable compromise between the accuracy and the calculation
effort. In addition, the ratios of sample width and sample height to the median particle

diameter (i.e. D,,) were taken as equal to 127 and112, respectively.
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TestID N H w [-y VV n, K, K, K, / K, ¢
[n]nn mm] /D5 /Dy Nm]  [N/m]
N1 2000 30 30 85 85 16.1% 2x10° 2x10° 30°
N2 4000 43 43 121 121 157% 2x10° 2x10° 30°
N3 10000 74 74 209 209 15.8% 2x10° 2x10° 30°
TO1 4000 45 40 127 112 154% 2x10° 2x10* 0.1 20
T02 4000 45 40 127 112 154% 2x10° 2x10* 0.1 30°
T03 4000 45 40 127 112 154% 2x10° 2x10* 0.1 40
T04 4000 45 40 127 112 154% 2x10° 2x10° 1 20°
TO5 4000 45 40 127 112 154% 2x10° 2x10° 1 30°
T06 4000 45 40 127 112 154% 2x10° 2x10° 1 40
TO7 4000 45 40 127 112 151% 5x10* 5x10* 1 30°
Table 4. Details of the parametric study
0.7 0.5 T .
—e—N=2000
—e— N=4000
0.6 0¥ —6—N=10000 1

(61—62)/(61+62)

1

2

Deviatoric strain %

3

Fig. 29. Evolution of normalized deviatoric stress

with deviatoric strain for different values of N

3

Deviatoric strain %

Figure 30. Evolution of volumetric strain with

deviatoric strain for different values of N

A number of axial compression tests with varying interparticle friction angle ¢,

and contact stiffness ratio K /K, were carried out to investigate the influence of the

68



Ph.D. Thesis - M. Oboudi; McMaster University - Civil Engineering.

material parameters on the specimen response. The detailed information is again provided
in Table 4. In each series of tests, the confining pressure was equal to 100kPa and the
initial void ratios were approximately the same. The results of simulations are given in

Figs. 31 and 32.
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Fig. 31. Evolution of normalized deviatoric stress Fig. 32. Evolution of volumetric strain with

with deviatoric strain for different values of

K, /K and ¢,

deviatoric strain for different values of K /Ky

and @,

The results show that the friction coefficient affects the strength as well as the
deformation characteristics of the sample. As the friction angle increases both the
ultimate stress ratio and the rate of dilatancy increase. The results corresponding to

different values of K are shown in Figs. 33 and 34.
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3.4. Evolution of fabric during the deformation process

3.4.1. Quantifications of fabric measures

The procedure for computing the three basic quantities, i.e. [(n,), N(n,) and

Zl (n,), from which fabric measures are calculated, is outlined first. The process begins

with specification of the geometry of the sampling domain. To reduce the boundary
effects, a circular cut through the middle of the specimen was used such that 15% of the
specimen width was disregarded in the vicinity of vertical boundary segments, as

depicted in Fig. 35. A set of equally spaced parallel test lines of direction ¢ and grid
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spacing d was then placed, as shown in Fig. 36. The intercept measurements were taken
for all test line segments arising from the intersection of the test lines with the sampling
domain. Fabric measures were calculated from ratios of the sums of basic intercept

quantities.

Note that the radius and position of all particles are available from DEM
simulations. Given this information, an algorithm was developed for detecting the
intersections of test lines with particles boundaries. An intercept length is defined as the
distance between two points on the boundaries of two neighboring particles measured
along the test line. Sums and numbers of intercept lengths were determined for each

individual test line and then progressively updated.

y [mm]

X [mm]

Fig. 35. 2D specimen from DEM simulation Fig. 36. A family of test lines of orientation & and
grid spacing d within the sampling domain
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For the purpose of verification, the values of mitial porosity obtained from DEM
simulations data were reassessed for tests TO6 and TO7 using the procedure outlined
above. The n(v,) measurements were obtained using a sampling domain of diameter
33.4 mm and a grid spacing of 5 um . The mean values of n(v,) measurements are in

reasonable agreement with the values of initial porosity obtained from DEM simulations

data as shown in Table 5.

Tests ID TO06 TO7

Initial porosity (2D) 15.4% (DEM simulation) 15.1% (DEM simulation)

15.3% (Measured mean porosity) 15.0% (Measured mean porosity)

Dimension of sampling domain ~ Diameter 33.4 mm

Grid spacing S5um

Table 5. General characteristics of sampling domain

To select suitable grid spacing, samples were subjected to a series of preliminary
scans to determine the mean porosity relative percentage error over a range of grid
spacings. Fig. 37 shows the results corresponding to tests TO6 and TO7. Based on these

results, a grid spacing of S5um was adopted. Note that in the present study the sampling

directions were varied in 10" increments from =0 to 180 .
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1.5

Mean porosity relative percentatge error

—e—T06
—=—TO07

10 107 10"
Grid spacing [mm]

Fig. 37. Grid spacing versus mean relative percentage error in porosity

for tests TO6 and TO7

10

Fig. 38 shows the distribution of ‘areal porosity’ » at the end of axial compression

stage. The results correspond to test TO6 at deviatoric strainl.75% .

The best fit

approximations employing equation (3.7) are also shown. The results incorporate the

dyadic products of orders 1 through 3, respectively.

73



Ph.D. Thesis - M. Oboudi; McMaster University - Civil Engineering.

16.6 w w
® Measured values
— — ~ Best fit approx. (1% order)
16.5F — Best fit approx. (2nCl order)
Best fit approx. (3rd order)
16.4} L

163}

2 60l
= 162

16.1F

16

15.9}

15.8
0

Fig. 38. Distribution of fabric measure n

3.4.2. Numerical results

During the axial compression, the principal material axes remain coaxial with
those of principal strain/stress. In the DEM simulations, however, the inhomogeneity of
the sample and the boundary conditions result in a small nonconformity. Let & be the

angle between the respective eigenvectors of Q. and those of the strain deviator. Fig.39

shows the evolution of §during axial compression obtained using the ‘areal porosity’ as
the fabric measure. For each test examined here, the mean value and the standard
deviation of the angle § are also given. It is evident that, at the start of the axial
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compression stage, a small deviation of principal material directions from principal strain
directions is observed. This deviation is inherited at the particle generation stage and is
compounded by the isotropic compression in which a servo-control mechanism is used to
bring the assembly to the initial stress state. During the axial compression stage, a further
small increase in § takes place with a gradually decreasing rate. The mean values of §
vary from —4.2270.68 for TO6 test to —4.62F1.02° for TO1 test. This threshold
deviation is not considered significant here and has virtually no impact on the
conclusions emerging from this work. It is noted that for all cases, almost the same

response is observed.

—=—T02 —e—T04 —»—T06 —>—TO0O7

0 0.5 1 1.5 2
Deviatoric strain %

_ 1 O 1 i i i i i i
TO1 TO2 TO3 T04 TO5 TO06 TO7
Tests ID.

Fig. 39. Evolution of § during axial compression stage
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At the end of the axial compression stage the sample has an anisotropic
structure, in terms of n(v,) , while the material axes are closely aligned with those of
principal strain/stress. Consider now the loading process involving rotation of principal
strain axes, as discussed in Section 3.3.1. During this loading, the material triad also
undergoes a progressive rotation and the primary objective here is to establish a

correlation between the two.

Fig. 40 shows the evolution of the angle § with rotation of the principal strain

axes, &, , for all test considered in the parametric study conducted earlier. The results
correspond, once again, to the same fabric descriptor n(v,) . It is observed that in all tests
involving ¢ =30" and ¢ =40" (ie. tests T02, TO3, TO5, TO6 and TO7), the angle §
remains very small for the whole range of a, e (0°,90"). This indicates that there is a

coaxiality between the material axes and those of the principal strain over this entire
range. The figure at the bottom shows the mean values and the standard deviation of the

angle § for all tests reported in Section 3.3.2. It is noted that, based on results shown in

Figs. 32-34, the mobilized friction angle for test T06 is approx. is 29 , which is very

close to the friction angle of medium dense Ottawa sand as recorded in drained triaxial

compression tests. In this case, there is O =—0.55F54.58 , i.e. the deviation of material
triad from the principal strain directions during the continuing rotation of principal strain
axes is of the same order of magnitude as that for axial compression stage. The same

conclusion applies to tests TO2, TO3 as well as TOS. It is observed that the largest values
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of § correspond to cases involving ¢ =20, i.e. test TOl (§=10.93F6.94") and test

TO4 (5:10.1617.100). It is interesting to note, however, that the general predictive
abilities of DEM at these low values of ¢ are not very convincing. This is evident from

Fig.32, whereby the volumetric behavior of specimens in both tests TOl and TO04 is
typical of that for dense assemblies which are characterized by a significantly larger

mobilized friction angle.
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Fig. 40. Evolution of § during rotation of principal strain axis

Fig. 41 examines the influence of material parameters on the evolution of the

angle § during the rotation of principal strain axes. The top figure, gives the results of
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tests TO5 and T06. The values of shear stiffness Ky and stiffness ratio K /K are the

same while the inter-particle friction angles ¢ are 30" and 40, respectively. The second
figure shows the influence of the stiffness ratio K /K, . Here, the results of tests TO3 and
TO6 for ¢ =40" are compared. Note that K /K =0.1 for T03, while K /K, =1 for

the TO6 test. The last figure, at the bottom, shows the comparison of the results for tests

TO5 and TO7. In this case, the value of shear stiffness, K, in TO7 test is 4 times smaller

than that in TOS test. It is noted here that, while the evolution of the angle ¢ is affected
by the choice of parameters, the general conclusion pertaining to coaxiality between the

material axes and those of the principal strain still remains valid.
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Fig. 41. Influence of material parameters on the evolution of § during
rotation of principal strain axis

Fig. 42 presents the geometric representation of nlf’ and n; tensors during
rotation of principal strain axes for test TO6. Here, geometric objects (or glyphs) are
plotted as superquadric surfaces. Glyphs of tensors n; are superimposed on those of
tensors njz in order to provide an immediate visual interpretation of the coaxiality of
principal material directions and principal (deviatoric) strain. The semi axes are scaled to

maximum of 1 for ”52 and 1/2 for n; It should be noted that since both tensors are
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deviatoric, and thus have positive and negative eigenvalues, a four pointed concave shape

is used based on the work reported in ref. Schultz and Kindlmann 2010. Different gray-

scale is used to show different signs of the eigenvalues.
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Fig. 43. Comparison of evolution of ¢ based on MIL and n descriptors

Fig. 43 shows the comparison of the results for two different fabric measures as
defined in Section 2, i.e. MIL and n . The top figure shows the change in § as a function
of continuing deformation during the axial compression stage, while the figure at the
bottom gives the evolution of & in the test involving rotation of the principal strain
directions. The results correspond to test T06. It is evident that the overall trends in the
evolution of material axes, as predicted by these two measures during the deformation

process, are very similar. In particular, during the test involving rotation of principal

strain axes, as ¢, approaches 45° the two curves become virtually identical.
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Finally, Fig. 44 addresses the issue of evolution of principal directions of

fabric, «,, in relation to those of other measures, including stress and strain increments,
Le. o, and ¢«,, . The results correspond to the fabric descriptor n and the test TO6. It
can be seen here that, at the start of the test, ¢, remains close to ¢, but it deviates
significantly in the course of rotation of principal strain axes. After 45 rotation of «,,
the angle of deviation approaches 30, which implies that the angle between «,, and «,

is 15°. Thus, it is evident that the notion of coaxiality, as postulated here, applies to the

strain and not the stress deviator.
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Fig. 44. Evolution of &,, , &_ and X, during rotation of

principal strain axes
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3.5. Numerical examples of mechanical response of granular materials with induced

anisotropy

In this section, examples of numerical simulations, demonstrating the influence of
induced anisotropy are presented. The material is assumed to have an initially isotropic
microstructure, which progressively evolves during the deformation process. The
influence of induced anisotropy on the strength characteristics is then described by the

variation of the anisotropy parameter 77, , as defined by equation (2.4)

n; =770(1+Aijninj+a1 (A..n.n.)2+...) (3.14)

y oy

The tensor A, which governs the bias in spatial distribution of strength parameter 7, is

defined as

A, = ,Bel.j (3.15)
where ¢, denotes the deviatoric strain tensor which evolves during deformation and B is
a constant.

In what follows, the constitutive framework described in Chapter 2 has been
applied to simulate the response of Ottawa sand. The experimental data are provided in

Chapter 2. The material parameters corresponding to proposed model, have been chosen

as
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n,=0.89,A=0.1mm,t = 6mm,n_ = 0.6577f,E =6MPa

Note that, the hardening parameter A corresponds to o, =10kPa and the
constant 77, is the mean value of strength parameter 7, , as depicted in Fig. 14 This set of

material parameters describes sand in a dense state of compaction. At this stage, the
existing experimental evidence is insufficient to identify, in a unique manner, the
parameter entering the evolution law. Therefore, the value of parameter S has been

selected on a purely intuitive basis.

A series of simulations were carried out first to investigate the influence of
parameter [ on the mechanical characteristics. The simulations were carried out using a
loading history that was similar to the experimental program reported by Arthur et al.
(1977) and Wong et al. (1985). In those tests, directional shear cell device was employed
to examine the plane strain response of dense sand under controlled changes of principal
stress directions. Note that in directional shear cell normal and shear stresses can be
independently controlled on four faces of a cubical specimen. Moreover, initial isotropy
in the plane of loading can be achieved by pouring sand in the direction normal to this

plane. Thus, the effects of inherent and induced anisotropy can be decoupled.

Consider first a sand sample tested under hydrostatic compression of 14 kPa . The

sample is assumed to be subjected to an increasing axial stress under drained conditions.
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The rotation of principal stress directions of a prescribed magnitude Ay with respect to

the orientation of the previous principal stress system is then applied.

The analysis has been conducted for three different values of parameter

£=0.1,5,10. The tests were simulated for Ay =0" and 90 .
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Fig. 45. Effects of previous loading on induced anisotropy with different values of constant ﬁ

Ay = 0 and A V= 90’ ; (a) Strength characteristics; (b) Deformation characteristics

Figs. 45a and 45b show the predicted strength characteristics and corresponding

deformation characteristics. It is seen from Fig. 45 that stiffness moduli prior to failure

remain affected by the orientation of the sample. In general, the sample tested at Ay =0’

displays a stiffer response as compared to that tested at A w = 90" . Once again, the results
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are in qualitative agreement with those published in the literature. It is also seen that by

increasing the value of the parameter f more difference in strength is obtained.

Figs. 46a and 46b show the mechanical characteristics obtained for samples tested
at different values of rotation of principal stress axes corresponding to Ay =0, 45 and
90", with parameter S fixed at B =0.1, respectively. The most notable feature of the

simulations is the increase in the value of major principal strain on reloading (e.g. after a

principal stress rotation Ay is applied), which is consistent with experimental data.
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Fig. 46. Effects of previous loading on induced anisotropy: AW =0", A =45 and Ay =90 with

constant ﬁ =0.1; (a) Strength characteristics; (b) Deformation characteristics
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Fig 47a, 47b and 47c illustrate the evolution of all strain components. Unfortunately,
variations in other strain components were not reported in the original reference, so that

no qualitative comparison is feasible.

3.6. Final remarks

Granular materials are often anisotropic in nature. The anisotropy may stem from
the shape of the grains within the specimen, in which case it’s referred to as inherent.
Even though a granular material may be isotropic in terms of grain architecture, there is
usually a bias in the distribution of void space due to initial compaction, which leads to
anisotropy that may evolve during the deformation process. For characterization of
deformation-induced anisotropy, some measures of material fabric are required.
Stereology-based fabric measures, whose principal directions are coincident with the
principal axes of microstructure, are considered to be the most appropriate. In case of
induced anisotropy, the formulation of the problem requires a relation that defines the
evolution of the principal axes of microstructure during the deformation process. It is
postulated here that such an evolution law may be formulated by imposing coaxiality

between the microstructure and the strain tensors.

In this work, a numerical study has been conducted using Discrete Element
Method (DEM) to investigate the evolution of internal structure of a two-dimensional

particulate assembly. The assembly examined here exhibits similar qualitative trends in
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the mechanical response to those of a real granular material. A parametric study was
conducted with the aim of determining the influence of material parameters on material
characteristics. The validity of postulated evolution law was then examined for all cases

considered in the parametric study.

The results clearly indicate that for a dense two-dimensional assembly of rigid
spherical particles the evolution law may incorporate an assumption of coaxiality of
principal directions of microstructure and the strain tensor. It is noted that the two-
dimensional DEM model is representative of a three dimensional medium composed of
cylinders of constant thickness or spheres whose centroids all lie in the same plane.
Although the conclusions emerging from this work are belied to be fairly general, the
validity of the postulated form of the evolution law needs to be further examined in the

context of a 3D granular assembly.
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APPENDICES

APPENDIX A

Sample generation

In order to construct a sample which can serve as a REV, both the geometric
entities (i.e. particle shape and particle size distribution) and mechanical properties (e.g.
contact stiffnesses and interparticle friction coefficient) must be specified. In this study,
the gradation curve corresponding to Ottawa standard sand (C109), which is quartz sand
with sub-rounded to rounded particles, is reproduced. The sample is idealized as an
assembly of circular particles enclosed by rigid platens as shown in Fig. A. 1. The sample
is generated by random creation of non-contacting particles whose particle size follows
the Particle Size Distribution (PSD) curve of Ottawa sand. Particles with an initially
reduced radius are randomly generated inside the boundary segments prior to their
subsequent radius expansion. An important aspect of the sample formation is the
generation of the random configuration of particles, which satisfies the basic statistical
characteristics of the real material. In general, for a given type of particles whose shape
has been prescribed, two major factors need to be considered, i.e. the size distribution and

the spatial distribution of particles. The random configuration must be macroscopically
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homogeneous and isotropic. The particle size distribution is one of the primary factors
affecting how a soil behaves under mechanical load. It should be noted that the particle
size distribution determined from sieve analysis describes a size distribution based on
particle mass. However, the particle size distribution for an assembly of particles in DEM
is based on the number of particles within each grading segment, assuming all particles

have equal density.

Rigid boundaries

Figure A. 1. Sample configuration

91



Ph.D. Thesis - M. Oboudi; McMaster University - Civil Engineering.

FD, ) oo
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Fx(Di)

Figure A. 2. Schematic diagram of particle size distribution

In order to produce a random particle configuration, Smirnov transform (also
known as inverse transform sampling) is carried out by taking particles from a source
whose size distribution follows a given Particle Size Distribution (PSD) curve, Fig. A. 2,
and placing them one by one in such a way that there is no overlapping and the spatial
distribution is as macroscopically homogeneous as possible. The key steps of the random

generation scheme adopted in this work are listed below.

- Divide the given PSD curve into segments. In Fig. A. 2, D, and D, represent the

maximum and the minimum diameter of a given grading segment, respectively.

- In order to generate a random number defining the size of the particle, the inverse

transform sampling is employed. Inverse transform sampling is a way of
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generating samples for a random variable X from distribution function F (x) .

F, (x) may be expressed in terms of the probability density function f, (x), i.e.

Fx() = [7,, fr(x)dx Al

for continuous random variables, and

j
FX(xj) = z P, A.2
i=0

for discrete random variables whereP(X = x_,.): P,j=0,1,...,m. If v is uniformly

distributed over the interval (O, 1) , it can be proven that

X = FyL(U) A3

Thus, in order to get a sample, say x , of a random variable X, one can obtain a

sample, say u , of a random variable U , compute F, "(u), and set it equal to x.

- A uniform probability distribution is assumed for the particles centers. A random

number generator is used to generate the pairs of coordinates (x,,y,) of the

particle centers: x, =X,. +7,(X,,.—X,,) and y, =Y . +n, (Y, Y

min

), where

max
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X X, .Y

min ? max

Y are the minimum and the maximum X,Y coordinates of the

rectangular area under consideration. Here, 7, and7, are two independent
random numbers uniformly distributed between 0 and I .
- For each generated coordinate pair, possible overlaps of the new particle with the

previously placed particles and with the specimen boundaries are then checked.

The coordinate pair is rejected if an overlap occurs.

The histogram of generated samples and the corresponding cumulative
distribution function (CDF) are shown in Figs. A. 3 and A. 4, respectively. The CDF

closely follows the prescribed PSD curve, as shown in Fig. A. 4.
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Figure A. 3. Histogram of samples Figure A. 4. Comparison of CDF of generated particles
with the given PSD curve

94



Ph.D. Thesis - M. Oboudi; McMaster University - Civil Engineering.

The particle assembly generated by the procedure above, has a high porosity
while the particles themselves are not in contact. A compact particle system is then
generated according to the radius expansion procedure (O’Sullivan 2011) and a DEM
solution cycle to reach a steady state assembly. The coefficient of friction is set to 0
during the radius expansion. The evolution of the stress state and the coordination
number during the radius expansion are shown in Figs. A. 5 and A. 6. At the end of the
radius expansion process, the coordination number is 3.83 which is very close to the
upper bound limit of 4 reached by an isostatic (rigid) structure. According to Roux
(2000), the coordination number of a system of frictionless spheres at equilibrium is

equal to 24 for dimension d .
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'CE 401 % 156
= 30t S
1 b
201
ol 0.5
0 ¥ = IV | L 0 o —J L L
0 1 2 3 4 0 1 2 3 4
Number of DEM calculation cycles <10 Number of DEM calculation cycles <10
Figure A. 5. Evolution of initial stress state during Figure A. 6. Evolution of coordination number
radius expansion during radius expansion
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An isotropic compression test is then conducted in order to bring the particle
assembly to the initial stress state of 100kPa, using a numerical servo-control

mechanism.
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APPENDIX B
General methodology for DEM analysis

In the DEM a continuum is replaced by an assembly of rigid/deformable particles
that interact with each other through contact points or contact interfaces. The global
deformation under an increment of load causes the particles in the assembly to move
relative to each other. Considering each particle to have six degrees of freedom, i.e. three

translational and rotational respectively, the relative displacement A, at the contact of

any two particles p and ¢ is given by (Chang and Misra 1990)

while the relative rotation A6, at the contact is given by
AB; = Aw] — Aw] B.2

where Au,, A@, Ar and Ae, denote particle displacement, particle rotation, the vector

joining the particle centroid to the contact point and permutation symbol respectively.

The increment of relative displacement AJ,, is related to the increment of contact forces

Af; through the constitutive relation K as
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Assuming that there is no coupling between the shear and normal displacement

components, one can write
Kij = KNninj + KS(SiSj + tltj) B. 4

where K, and K are normal and tangential contact stiffnesses and the vector n,
denotes unit contact normal while the base vectors s, and ¢, are chosen arbitrarily to form

a right handed orthogonal system. For particular media, the rotational stiffness may be
neglected, since the area of contact is negligibly small. Forces due to the particle
momentum are also neglected since the granular system is assumed to undergo a

significant deformation under quasi-static conditions.

Distinct element programs use explicit time-marching scheme to solve the
equations of motion directly. For each particle, the following equations are integrated

twice by central finite difference:

mul + amui = Z Fi
B.5
I(i)Hi + al(i)Hi = Z Mi

where i, and u, are components of linear acceleration and velocity, 6 and 6 are

components of angular acceleration and velocity, ZE and ZM , are sum of forces and

sum of moments acting on particle, m and « denote mass of particle and damping

coefficient and /, denote moments of inertia with respect to chosen coordinate axis.
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The calculations performed in the DEM involve the application of Newton's
second law to the particles and the force-displacement law at the contacts. Newton's
second law is used to determine the motion of each particle arising from the contact and
forces acting upon it, while the force displacement law is used to update the contact

forces arising from the relative motion at each contact.

To capture the response for contact interaction at the contact points, a variety of
contact laws have been proposed. In the current study the soft particle model proposed by

Cunall and Strack (1979), has been used.
i. Normal contact forces law

Two circular particles with radii r, and r, , respectively interact only if they are

in contact so their overlap
A= (P +7r9) — (x —xn B. 6

is positiveA > 0, with the unit vector n, =(x/ —x)/I x’ —x/ |, pointing from p to g¢.
The contact force between particle pand gcan be decomposed into normal and

tangential parts, i.e. f° = fyn, + f,t, where nt, =0.

The normal contact force model involves a linear repulsive and a linear

dissipative force,
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fN = KNA+]/UN B7

with a spring stiffnessK, a viscous damping y and the relative velocity in normal
directionv, =—(v? —v¢)n,. This so-called linear spring dashpot model views the particle

contact as a damped harmonic oscillator.
ii. Tangential contact forces law

The tangential forces are computed from the accumulated sliding of the contact
points. In sliding frictional model, the tangential force is coupled to the normal force via

Coulombs law: f. < u_f, . The tangential contact force can be defined as
fi =K g B.8

with the tangential stiffness K[ and tangential contact displacement ¢, which is updated

as

7 =+ vrpAt B.9

As long as f, < f., with f. = u_ f, one has static friction and on the other hand

if the limit f. > f. is reached sliding friction is active. The tangential contact law reads,

fr = —min(fe, f1) B. 10
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APPENDIX C
Definition of stress/strain operators

The definition of stress and strain tensors are based on the volume averaging

technique outlined in the article by Li et al. (2013).
1.  Stress tensor

In order to define the average stress tensor for the assembly of particles, the
volume averaging method was used. With the assumptions of internal stress uniformity
and macroscopic homogeneity, the traction vector t; acting on the surface with unit

normal 7, is related to the Cauchy stress tensor o, through: 7, =o,n,. In the absence of

body forces, the equations for equilibrium are o, ; =0 . The average stress in volume Vv

is defined as:
o = %fvaijdV c.1
since 0, = 0,6, =0,.x,, , equation (C. 1) may be written as
1
0ij = ;fv[(giji),k — Xi0kjk]dV C.2
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by substituting 7, = o,n,, into the above equation and using Gauss’s divergence theorem,

equation (C. 1) can be transformed into

1 C.3
O-ij = VintidS

The surface integral in equation (C. 3) can then replaced by a sum over the u

discrete forces 7™ acting at the boundary, to give,

In
1
m=1

The average stress can be also evaluated based on contact forces between

particles, within volume Vv as,

N¢
1
o, = VZ ST C.5
c=1

where [ (the branch vector for contact ¢) connects particles a« and » with centroid

pa
i

pb

coordinates x" and x/”, i.e.

If = |xf — xP%n{P* — |xf — xlpb|nic’pb C.6

Note that n"""and n"" are the unit vectors directed from centroids of particles a

and » to the contact point ¢, respectively.
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il. Strain tensor

Let x, and X, be the current and reference positions of a material point.
Moreover, let the deformation gradient dx, /dX, be denoted by F,, . With the assumption

of uniformity of the strain field at the macroscale, the average deformation gradient over

a volume v enclosed by the surface s is defined as

1 C.7
by use of Gauss's divergence theorem, equation (C. 7) can be transformed into:
1
Vs

where N, are the components of the outward normal vector to the surface §. In two-

dimensional case, equation (C. 8) can be written as,

1 dX C.9
Fl] = f k
S

? X €]K E dL

in which e, is the 2D permutation tensor. By integrating by parts, equation (C. 9) can

be transformed into,
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Fiy = ek %-fs[d(xiXK) — Xy dx;] C. 10
The compatibility condition along the boundary implies
d(xiXx) =0 C. 11
Hence,
C. 12

1

The surface integral again can be replaced by a sum over the f boundary

segments as

B
1
_ BB
Fy=yex E X Ax; C.13

n=1

in which X7 denotes the coordinates of the center of the boundary segment S in the
initial configuration and Ax”is the relative position of the two vertices of the boundary

segment S after deformation.

The average deformation gradient that defines the measure of average strain can

be expressed as,
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1 C.14
&y = E(FI] +Fy) = 6y

Noting that, the displacement vector is defined as u, =x, — X ,d, and substituting

equation (C. 13) into equation (C. 14), the average strain tensor can be defined as
B

1
81] =v€1L5K]ZXfAu£ C' 15

n=1
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APPENDIX D
Specification of the kinematics of boundary segments

The following procedure has been employed to determine translational and
rotational velocities of boundary segments (Li et al. 2013). According to equation (C. 15)

in Appendix C, in a strain field €,, a vector 6X, in the initial configuration is

>

transformed into

5xi = Fl]5X] = 5iK(5]K - SJK)5X] D1

in the deformed configuration. Fixing the position of specimen origino , the position of a

material point X, in the deformed configuration can be determined as

In the analysis, it is necessary to specify the geometry of rigid boundary segments

by defining their centers and normal vectors. These quantities are denoted as X/, N/ (in
the initial configuration), and x2, n” (in the deformed configuration), respectively, and

are specified as

NE = TEXT, B tixty D.3
0 ~ [BrBl *1t0o T T.B. B
|l 1| |ef x|
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Note that two in-plane vectors 7,” and T,/ (in the initial configuration), and #’ and #/ (in

the deformed configuration) should be used to determine N/ and n/ .

Finally, to apply a strain increment Ag,, during a time step Ar, the translational

and rotational velocities of boundary segments are specified as

EOAE At
and
B TLB X nﬁt D.5
w. =
t At
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CHAPTER 4. CONCLUSIONS AND RECOMMANDATIONS

4.1. Summary and conclusions

The study presented here includes both the experimental and numerical aspects
and it provides a comprehensive insight into the anisotropic response of granular

materials.

The experimental investigations were conducted on Ottawa standard sand C109
that comprises nearly rounded particles. To induce a distinct microstructure, a sand rain
method followed by a densification process was used for sample preparation which
enabled uniform anisotropic specimens to be produced at the selected void ratio. The
material tests involved direct shear and triaxial experiments and were aimed at examining

the effects of inherent anisotropy on both the deformation and strength characteristics.

A numerical study has been conducted using Discrete Element Method (DEM)
to investigate the evolution of internal structure of a two-dimensional particulate
assembly. An evolution law was then formulated by postulating coaxiality between the

microstructure and the total strain tensors.

A general constitutive framework was outlined which is capable to model the

effects of inherent anisotropy in particulate media. The incorporation of the proposed
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evolution law into this framework results in a constitutive law that can also describe, at

least in a qualitative manner, manifestation of induced anisotropy in granular materials.

4.2. Recommendations for future work

The methodology presented here, can be incorporated into finite element
framework for solving complex boundary value problems that involve granular materials
with inherent/induced anisotropy. It is well known that, in practical geotechnical
problems such as, tunnel excavation, slopes, foundations, etc., continuous rotation of
principal stress directions occurs and has a considerable influence on deformation and

strength behavior of soil mass.

Different elasto-plastic constitutive theories, rather than deviatoric hardening
which is used in this study, can also be incorporated into the framework in order to model
the mechanical characteristics of other geomaterials such as clays and rocks. Clays may
become anisotropic as a result of consolidation process, while the anisotropy in rocks
may be inherent (sedimentary rocks) or induced by the deformation process (onset and
propagation of fractures). A conceptually similar methodology to the one outlined here,

may be followed to describe the deformation characteristics of these geomaterials.
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