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ABSTRACT 

B. Friedman proved in F.i~envalues of compound matrices 

{New York University, Mathematics Research Group, Research Rept. No. 

TW-16 (1951)) that if A and Bare renl square mntrices of order n 

and S = [: :J. then A (S), the eigenvalues of S, is the set of 2n 

numbers A (p) and A (Q) where P = A + B, and Q = A - B. In the present 

paper we give a simple proof and three extensions: (I) An algorithm 

to find the eigenvectors of S in terms of the eigenvectors of P and Q. 

( II) i If S is a cyclic permutation matrix of order 2 n, where i is a 

positive integer, then ~ (S) is the set of 2in eigenvalues of matrices 

i-l i-2 of the type Q of orders 2 n 2 n 2n,n, nnd a matrix of the type P 

of order n. (III) If T - [~ B1' then A (T) is the set of 2n numbers 
- BT AJ 

A (A + C) and A (A - C), where C2 = BTB. For the coefficient matrix of 

the five-point difference equation approximating Laplace's equation in a 

rectangular domain, C is obtained by inspection. We found that the use 

of the smaller matrices P and Q is superior to the use of the ori~inal 

matrix in view of the effect of round-off error as well as the computer 

storage and the number of computational operations required. 

(iii ) 
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SF-CTION 1 

INTRODUCTION 

As Bernard Friedman has pointed out in [I], the problem of 

finding the eigenvalues of certain matrices can be simplified by taking 

into account the special patterns of submatrices of these matrices. He 

investigated matrices of the type 

(1.1) 

and of a more general system as shown below: 

(1.2) 

A 
n 

A 
n-

where the A. (i=1,2, ••••• ,n) are nxn matrices. 
1 

In this paper, system (1.1) was investigated from the point of 

view of the complete eigenvalue problem (that is the determination of 

eigenvalues as well as eigenvectors). 

The main purpose of the investigation was to find out whether it 

is possible to extend Friedman's result to the case of eigenvectors. 

In Section (2) of this paper we define certain basic concepts 

and give proofs of relevant theorems. Various algorithms used for 

solving the eigenvalue problem are described in Section (3). In Section 

(4) we give an error analysis of Gaussian elimination and Householder's 

method. We look at a special compound matrix in Section (5) and show 

how we can facilitate the eigenvalue problem by means of a solution by 

1 



, 
inspection. This particular matrix occurs in the numerical solution of 

partial differential e~uations. In Section (6) the methods discussed 

in Section (3) are utilized in the investigation of system (1.1). This 

section also sets forth our conclusions. In Appendix A we present a few 

more theorems, and the Fortran IV programs used in our investigations 

are exhibited in Appendix B. 

2 

This paper was presented as Srisakdi Charmonman and H. R. Bastel, 

6 nd "Eigenvalue problems of a 2nx2n matrix", 32 Meeting, AMS, New York, 

N-Y April 4-7, 1966. 



SF.CTION 2 

DEFINITIONS AND THEOREHS 

Prellmin~ries. In most of these definitions Rnd theorems we shall follow 

closely the notation of Friedm~n [1] and MacDuffee [2]. 

DF.FnnTIONS: A rectangular array contajnin~ m rows and n columns of 

elements of a field F is called a mxn matrix aver F. A mRtrix whose 

elements are again matrices is callpd compound matrix. The function 

"det" whose domain is the set of all nxn matrices over F and whose 

range is a sunset of F is called a determinant provided "det" satisfies 

the followin~ three properties: 

(1) det is a linear function of each column, that is, 

for any k = 1,2, ... , n and all b, c € F, if 

Ak = bBk + cCk , then 

det (AI' ••. , bBk + cCk , ••• An) 

= b det (AI' ., Bk ,·, An) + c det (AI'···' Ck ' ••• An) 

(2) if two ad,jacent columns of A are equal, then det A = 0; and 

(3) det I = 1, where I is the identity matrix and n is the 

unity element of F. 

The polynomial det (A - AI) is called the chara.cteristic 

polynomial of the matrix A. The equation det (A - ~I) = 0 is called the 

charB.cteristic eguation of A. The eigenvalues of a matrix A are the roots 

of the characteristic equation of A. To determine the ei~envectors 

associated with the eigenvalue A. we solve for the vector X. from 
l 1 

(A - A. I) x. = 0 
1 1 

or AX. = A.X. 
111 

3 



An nxn matrix A is said to be non - sinp'ul~r if ~nd only if 

det(A) ¥ 0, otherwise A is said to be sineula.r. Two nxn matrices A 

and B are said to be similar if and only if 

A = PBP-l 

for some non-singular matrix P. 

If A = (a. ~ ); i = 1, ••• , m; j = 1, ••• , m 
1,) 

then A is the 

identity matrix I if aij = 1 when i=j and 0 otherwise. 

be a diagonal matrix if aij = 0 when i ¥ j. 

A is said to 

A is said to be upper triangular if aij = 0 when i >.1. A 

triangular matrix for which aii = 0 is called strictly triangular. 

Given A = (a
ij

), the transpose of A, denoted by AT is defined by 

AT = (bi.~); where aij = bji 

An nxn matrix is said to be symmetric if and only if 

A = AT 

B is the inverse of A if and only if 

AB=I=BA 

-1 Here we denote B by A • 

We define the left direct product by 

A bll -

A b21 -

A b -rl 

- - A blS 

- A b2S 

- A brS 

where A is an nxn matrix and B is an rxS matrix. 

A matrix will be called a permutation matrix if the elements 

of any row are a permutation of the elements of the first row. 

If the kth row of a matrix consists of the elements of the first row 

4 

shifted cyclically (k - 1) q places to the right, we call such a matrix a 



9 - cycle permutation mntrix. 

A rin~ A is an al~ebraic system having operations of additions 

(+) and multiplication (.) and satisfying the following conditions: 

(a) A is an abelian group under addition; 

(b) multiplication is associative; 

(c) multiplication is distributive relative to addition; 

THEOREMS 

THEOREM 1: If A and B are square matrices of order r, and C is a 

nxm matrix, then 

(A+B).xC = A.xC+B.xC 

where "t" denotes ordinary matrix addition. 

Proof: Let A = (aij ), B = (bij ); i,j = 1,2,", rand C = (Cst); 

s,t = 1,2, •• ,n 

(A+B)'xC 

= 

= 

(A+B}c
1l 

(A+B)c12 

(A+B)c21 (A+B)c22 

" " 
II " 
II, " 

... 

... 

ACII ACl2 
.. ACln 

AC21 AC22 AC2n 

" If " + 

" " " 

" " " 
Acnl ACn2 

.. Aenn 

(A+B)c1n 

(A+B)c2n 

" 

" 

" 
(A+B)C 

nn 

BCII BCl2 

BC21 BC22 

" " 
II " 

" " 

BCnl BCn2 

BCln 
... BC2n 

" 

" 

" 

Bc nn 

5 
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= A.xC+B.xC 

THEOREM 2. If A is of order rand R is of order n and if A·xB = C = (~ij)' 

then 

c. j = a b 
~, i 1,j1 i 2 ,'2 

where i = r(i2 
1) + iI' 1<' < "~l' r, H.i

2
<n 

and j = r( ,1 2 
1) + jl' l~jl ~r, l<j <n ... 2 

The proof "follows directly from the definition. 

THEOREM 3. (AC) 'x(BD) = (A ·xB)( C 'xD) 

Let k = r (k2 - 1) + k1 ; l~kl<r 

Proof: (A .xB)( C .xD) 

= (a. j b. j ) (c d ) 
~l 1 ~2 2 i1'j 1 i 2

j 2 

= L 8.. k b. k c d 
~1 1 12 2 k1J l k2J2 

k 

THEOREM 4. If A is an eigenvalue of A and ~ is an eigenvalue of B then 

A~ is an eigenvalue of A·xB. 

Proof: Let X [yJ be an eigenvector of A[B] with respect to A[~) and let 

Z be the vector with components Xk Y
j

• If i = r(i
2
-1)+i

1
, then the ith 

component of (A'xB)Z is 

n r 

I I a
i1k 

b
i2j 

XkYj ) 
,j=l k=l 

= [kIl silk Xk](J[l b12J Y~ 
= (AX. )(lJYi ) 

11 2 



= APZ. 
1 

Hence (A·xB)Z=AUZ, and All is an eigenvalue of A'xB 

THEOREM 5. Let AI' A2 , •.. , Ap be n-dimensional square matrices and 

B
l

, .•. , Bp be r - dimensional square matrices. Suppose that BI , ••• , 

B have a common eigenvector, X, and that the corresponding eigenvalues 
p 

... , 
(2.1) 

u respectively, then the eigenvalues of 
p 

+ ••••• + u A 
p p 

will be eigenvalues of 

7 

Proof: Let Y be an eigenvector of (2.1) corresponding to the eigenvalue 

v then 

(2.3) (ul Al + u2 A2 + ••• + up Ap) Y = v Y 

From the definition of X we have 

BI X = ul X, B2X = u2X, 

Then by (2.3) it follows that 

... , B X ;; u X. 
p P 

(AI'XBI + A2 'xB2 + ••• + Ap.XBp) (y·xX) 

= (Al·xBl)(Y·xX) + ••• +(Ap·XBp)(Y.xX) 

= (AI Y).X(BIX) + ••• + (Apy).X(BpX) 

= (AIY)'X(uIX) + ••• + (ApY)'X(upX) 

= vY·xX 

u A Y) 'xX 
P P 

This proves that Y'xX is an eigenvector of (2.2) corresponding to the 

eigenvalue v. 



---------- -- -

THEOREM 6. Let C be the mA.trix considered in Theorem 5. SUTlpose thl'l.t 

the ring generated by the matrices B
1

, , .. , B has an ~ - dimension~l . p 

representation (m<r) in which the matrix BKis represented 

every eigenvalue of the n m-dimensiona1 

D = Al'xMl + ... + A ·xM p P 

is an eigenvalue of the nr-dimensiona1 

C = Al'xBl + ••• 

The proof is given in [1], 

+ A ·xB 
P P 

matrix 

matrix 

by Mk , Then 

THEOREM 7. Let C be a p-cyc1e permutation matrix, then the eigenvalues 

of any of the following matrices will be eigenvalues of C. 

000 o 0 8 t-l 
P 

8
1

0 0 000 

0 8 o ••• 000 
p 

" " 
" " 
" " 
000 ••• S t-3 0 0 

p 

000 o S t-2 o p 

o 0 ••••••••••••• 

so •••••••••••• a
l 

= o 8 0 •••• ~ •• 
alP 

o 

o 0 •.•••••..• 0 0 

o ........... 

8 



- - -------------------- -- -

9 

where 

k 2k k(r-1)A 
Sk = A1 + I A2 + I A3 + •.• + l r 

k = 0,1, ••• r-1; (mod r) 

d ' "t' th t f 't an l 1S a pr1m1 lve r roo 0 unl y. 

The proof follows (1]. 

S -- fiB BAl COROLLARY. If we want to obtain the eigenvalues of G J 

where A, B are square matrices of order n, we apply Theorem 7 and note 

th~t the eigenvalues of S are the eigenvalues of A + B and A-B. 

THEOREM 8. The eigenvalues of a matrix are invari~nt under a similarity 

transformation. 

Proof: If x is the eigenvector of A belonging to the eigenvalue A, then 

Ax = AX 

Premultiplication by H-J p;ives 

H-l Ax = A H-1x 

then 

and 

The eigenvalues are therefore preserved and the eigenvectors are multiplied 

-1 by H • 

THEOREM 9. T,et )<i; ;'1, ... ,2n, be the eigenvalues o~ S ' ~ :J,"1' 
i=l,'" ,nl the eigenvalues of P = A+B, and ~, .:1 = n+l, ••• ,2n the 

eigenvalues of Q = A-B. Then the eigenvectors Xi = [Xli] 

corresponding to the lJ, are: 
1 

X
2i 



a) if any of the lli are equal to any of the '1.,1' then 

Xl' = Z.+Y. 
111 

where 

b) 1'f 4 th \.Ii .,. l1' en 

X2i = -Z.+Y. 
1 1 

(p-lJ. 1 ) Y. = 0 
1 1 

(Q-p.I) Z, = 0 
J 1 

(p-1bI ) Zj = 0 

Xl' = X2 · = Y. 111. 

Simila.rly, the eigenvectors corresponding to the "lJ are: 

a) if'TlJ = \.Ii' then 

b) if ~ :I 11i 

then Xli = - X2i = Zj 

Proof: We consider the matrix equation 

i = 1, .... , 2n 

Multiplying out and equating terms gives 

We add (2.6) and (2.7) and get 

(A + B)(X1i + X2i ) = Ai(X1i + X2i ) 

hence 

10 



(2.8) p Y. = !l.Y. ~ i = 1,2, ••• ,n 
111 

Similarly, by subtracting we get 

n+l,· •• ,2n 

where 

We note that Yi and Y,j may be obtained from (2.8) and (2.9), if the)i 

are known. Now we develop a method by means of which we can determine 

all eigenvectors (unique to a constant multiplier) correspondinp, to the 

11.' For this we go back to consider S. 
1 

Multiplying out the above matrix equation we get 

(2.10) (A - l1 i 1) Xli + B X2i = 0 

(2.11) B Xli + (A - l1 i
1 ) X2i = 0 

We subtract (2.11) from (2.10) and get 

or 

(2.12) (Q - l1 i T) Zi = 0 

where Zi = Xli - X2i 

First we note that if 

I Q - 11 iII = 0 then 

11. is an eigenvalue of Q as well as of P. 
1 

Hence, if any of the l1i are equal to any of the ~1 then 

Z. = k y~ 
1 .J 

for any constant k. 

11 



Thus 

also 

Hence 

or 

z. = 
1 

y. = 
~ 

(Xli - X
2i

) 

Xli + X2i 

= 1/2 (Z. + Y.) 
1 1 

=1/2(Y. Z.) 
1. 1. 

Xli = kY j + \ 

X2i = Y
i 

- kY
j 

but if ~i # ~1' with (i : i<n, i £ positive integers) and (j 

j £ positive integers), then 

Thus (2.12) implies that Z. = 0, which by definition gives 
1 

But 

Thus 

The eigenvalues corresponding to ~ are obtained in the same manner. 

12 



SEC;TION 3 

NUMERICAL METHODS 

HOUSEHOLDER'S METHOD FOR THE SOLUTION OF THE SYMMETRIC; EH~ENVALUE PROBLFJ1.f 

Prp.ljmin~rjes: Householder suggested the use of symmetric matrices P, 

defined by 

(3.10) T 
P = I - 2 ww 

where w is a column vector such that 

T 
w w = 1 

The matrix, P, is symmetric and we have 

T T T P P = (I - 2 ww ) (I - 2 ww ) 

= I 4 wwT + 4 w (wTw) wT 

= I 4 ww
T 

+ 4 ww
T 

= I 
Hence P is also orthogonal. 

We define w to be e. vector with its first (r-l) components equal to zero, 
r 

so that 

(3.4) T w = (0, 0, ••• ,0, x , ••• , x ), and, P , to be a matrix of the r r n r 

form, P, with w = w • From r 

(3.2) we get that 

(3.5) 
2 2 2 

= 1 x + x + ... + x 
r r+] n 

The transformation to triple diagonal form, as shown later on in this 

section, is effected by (n-2) orthogonal similarity transformations with 

matrices P2 , P
3

, ••• , Pn- 1 respectively. 

13 



14 

at st The first transform~tion ~roouces zeros in the 1 row ana th~ 1 

column, except thoRe in the trioiRRonnl spction. The second transformation 

nd nd produces zeros in the 2 column and the 2 row, except those in the 

tridia~onal section, and so on. 

(1) 
We denote the original matrix by A and define A(r) by the relation 

(3.6) A(r) = P A(r-l) P 
r r 

(r-l) () ( ) where A contains n-r elements in row r-l which are to be 

reduced to zero by the transformation with Pro This gives us (n-r) 

equations to be satisfied by the (n-r+l) elements of w. These e~uations, 
r 

in addition to equation (3.5) above, determine the elements, but not 

quite uniquely. We are free to make that choice which will give the 

Rreatest numerical convenience. 

Householder Method. The transformation with the matrices P2 ,···, Pn- l 

are performed successively. A typical stage may be illustrated on 

hand of a 5x5 matrix after applying P2 and P
3

, the matrix A(3) is 

r 
62 

0 0 ol ()l 

A(3) • R2 02 63 0 0 

0 R3 Y Y 

:J 0 0 y y 

0 0 y y 

In the transformation with P4 only the elements of the 3x3 matrix, 

denoted by Y's are modified. The barred Y's are to be reduced to zeros. 

It is not hard to show that the general step in the Householder method 

is typi~ied by the first. Thus the whole process may be illustrated by 

conSidering the first step in the reduction of a 4x4 matrix. 



He let 

r- c
I d11 i al bl 

A = I bl \:> c
2 

d2 

I c I c2 
c

3 d3 I 
I 

d4 J L dl d
2 d

3 

Now we want to determine P2 such that the transformation P2 A P2 will 

introduce zeros into positions (1,3), (1,4) and thus in (3.1) and(4.1). 

We define w
2 

by 

(3.7) T (0, x2 , x
3

, x4 ) w
2 = 

By (3.5) we get 

(3.8) 
2 2 2 = 1 x2 + x3 + x4 

The first row of any matrix is unaltered by multiplication on the left 

by P2 , so that P2 A P
2 

will have zeros in positions (1.3) and 1.4) if 

and only if AP
2 

has zeros in these positions. Thus we must choose w
2 

so that this condition is satisfied. Now we have 

If we write 

(3.10) 

where 

(3.11 ) T 
P = (PI' P2' P3, P4) 

then the elements of the first row of AP2 are 

where 

(3.12) 

15 



We must have 

(3.13) 

if 

we must also have 

(3.15) 

Cl - 2Pl x3 = 0 

d
l 

- 2n
l

x 4 = 0 

b - 2p x = + 8 1 /
2 

1 1 2 -

since the sum of the squares of the elements in any row must be invariant. 

Multiplying (3.15) by x2 and equations (3.13) by x3 and x4 we get 

2 2 2 1/2 Pl - 2Pl (x + x + x4 ) = + x 8 2 3 - 2 

Thus 

(3.16) 

Equation (3.15) therefore gives 

b + 2x 2 8
10 + S 1/2 

1- 2 --

x 2
2 = ~{l:!:. b/8

1/
2

} 

From equations (3.13) and (3.16) we get 

and 

( ) - / 1/2 3.19 x4 = + d1 2x28 

where the upper and lower signs in (3.l5), (3.17), (3.18) and (3.19) 

~o together. Wilkinson points out in [3] that it is advantageous to use 

the following sign conventions: 

x2
2 =~ {l+bl (sign bl ) / 8 1 / 2 } 

( . b) / 2x ')8 1 / 2 
x3 = c1 slgn 1 ~ 

d ( . b) I "x
2

S 1/2 x4 = 1 slgn 1 ~ 
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We now obta.in an explicit exprefision for P2A P2 in terms of w2 and p. 

In the followint:S calcuJR.tion we omit the subscript 2 in w2 • 

(P2A P2 ) T (A) T = (1 - 2 'W'W ) (1 - 2 'W'W ) 

= A 

= A - 2 w (wT A _ (wTAw) wT) 

T T 
- 2 (Aw - w (w Aw» w 

T T = A - 2 wq 2 qw 

where q = Aw - (",TAw) w 

= p - Kw 

K = (wTAw) = (wTp), is a scalar. 

For the general case of order n there are (n_l)2 multiplications in the 

calculation of (P2' ••• , Pn ) and n(n-l) multiplications in the calculation 

of (- 2wqT - 2qwT) if we take advantage of symmetry. The rest of the 

computation requires a number of multiplications which is of order n. 

The total number of multiplications in the reduction to tri-diagonal 

form is therefore 

2[n2 + (n_l)2 + ••• + 22J~ 2/3n3 

The number required in the Givens transformation is 4/3n3• Also, 

there are approximately 2n square roots to be evaluated in Householder's 

method while there are .lin2 in Givens method. 
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THF: OR 'T'RANSF'ORMATION 

Preliminaries. The QR algorithm is a modification of the well known LR 

method by Rutishauser [4]. It was developed by J. G. F. Francis [5) in 

1959 in order to overcome the possible numerical instability of 

Rutishauser's algorithm. The transformations on which the OR nethod is 

based are orthogonal* and thus it can be expected that they are numerically 

stable. In this section we shall first state the OR alp,orithm and then 

prove the main theorems connected with it. 

OR AlGorithm. 

(1) 
where A = A. 

The method consists of forming a sequence of matrices A(S) 

The matrix A(S) is then decomposed into the product of 

an orthogonal matrix Q(S) and an upper trianGUlar matrix R(S). This is 

achieved by pre-multiplying A(S) by an orthogonal matrix Q(S)T = (Q(S~-l 
chosen so as to reduce A(S) to an upper triangular matrix. A(S+l) is 

then formed by post-multiplying R(S) by Q(S). Thus 

{

ACl)=A 

A(S) = Q(S) R(S), A(S+l) = R(S) Q(S), (S =1,2, ••• ) 

The matrix Q(S) may be found explicitly or may only exist as a product 

(3.20) 

of simple factors. We can also write the algorithm as a similarity 

transformation, e.g. 

(3.21) A(S+l) = Q(S)T Q(S_l)T ••• g(l)T AQ(l) Q(2) ••• Q(S) 

In this discussion we make use of some special notational conventions 

as outlined below. 

* In this discussion we assume that our matrices are real. 

The results, however, can be generalized to apply to Hermitian matrices 

as well. (e.g. see [3), [4], [5], [6].) 
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(R) I~wer c~se lettp.rs with bRr underneath (e.~. ~) denote 

column vectors or columns of matrices. They usually hRve a suffix givin~ 

their position in the array. 

(b) If we write a hat (e.g. A) OVer a square matrix we ~ean the 

rectangular matrix obtained by omitting its first column. Similarly 

a hat over a vector indicates that its first element has been omitted. 

(c) T The transpose of A is written as A • 

Row vectors always have a superscript T. 

(d) The identity matrix I has columns e l , e2t ••• , en if I is 

of order n. 

(e) If a matrix has a suffix in brackets the same affix usually 

appears in brackets with its columns and elements. For example 

A(S) = [~l(S), ~2(S), ••• , ~(S)] = [a
i

/ S)] 

A 

or Bi = [~i)2 ••• , ~(i)n) 

Theorems: In the following discussion we shall show that the ortho-

triangular decomposition of any square matrix exists. The diagonal 

elements of the triangular matrix can always be made positive, and if 

this is so, and the matrix is non-singular, then the decomposition is 

unique. This will be shown in Theorem 3. We shall also show, that if 

certain conditions are satisfied, the matrix A(S) tends to an upper 

triangular matrix as s~ the diagonal elements of which are the eigen-

values of A. But first we shall show that any matrix can be reduced to 

a triangular matrix by a similarity transformation using a suitable 

orthogonal matrix. 
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Theorem 1. For an arbitrary matrix A there exists an ortho~onal 

transformation Q such that 

where T is triangular. 

Proof:* We shall nrove this theorem by induction. If n=l, the theorem 

is true since a matrix of order 1 is triangular. Suppose the theorem 

is true for matrices of order (n-l) and let A be a matrix of order n. 

Let v be an eigenvector of A with modulus 1 corresponding to any eigen-

value, say Al • Let ~l' ~l' "'~-l be an orthonormal set of vectors.** 

If Q is the matrix whose columns are ~l' ~l' ••• , ~-l we have 

(3.22 ) 

By the induction hypothesis there exists an orthogonal matrix P of 

order (n-l) 

Now let 

(3.23) 

so that Q2 

such that pT B P = T 
n-l 

-
!TJ l: Q2 = 

is orthogonal of order n. Then from (3.22) 

T T Q T Q2 Q
l 

A Q
l 

Q2 = 2 

= 

= T n 

[:1 
T-

w 
Q2 

B 

[:1 wTpJ 
T

n
_

l 

and (3.23) 

* This theorem in its more general form (e.g. matrices could be 

complex) is due to Schur. 

** T 
e.g. ~l ~ = 0, (1=1, ••• ,n-l) ~T ~j =Oij' (1 ,,1=l, ••• ,n-l) 



-----------------~--

21 

Where Tn is trian~ulRr of order n. Settin~ Q = Q
1

Q2 proves the theorem. 

Theorem 2. For any vector ~ with, say m elements, an ortho~onal Matrix 

M exists such that MTb = 11~llel' (This implies ~T:!2. = 0, and !:lT~ =!I:2..!I) 

Proof:* When h is zero, M can be any orthor,onal matrix. He shall assume 

~ ~ Q, in which case the first column of M is uniquely determined. 

By an elementary orthogonal matrix we mean a matrix which differs 

from the identity matrix by at most in one principal (2x2) submatrix. 

This suhmatrix (say of the matrix T) is of the form 

ltii t
ij [CO~ sillO l 

= 
tji tjj sinG cosG 

-' J 
where G is real. 

An orthogonal matrix MT, such that MTb = I I~I leI can conveniently 

be constructed out of a series of elementary orthogonal matrices, 

T 
M = TTl'" TI • m m-

If b is multiplied in turn by the T
i

, (i=l, .•• , m), then Tl makes the 

first element bl of:2.. non-negative, and the other transformations 

eliminate in turn the remaining elements b. (i=2,3 •.••• m). We 
1 

define T = I if b = 0 for all p~r. Otherwise the elements of Tare 
r D r 

(r) r (r) 
given by t ij =V ij , except for trl 

(r) (r) (r) 
t 1r ,t11 ,and trr 

For r = 1. t
11

(r) = b
1

/1b
1

\ 

(T1 is a diagonal matrix) 

For r = 2, 3, ... , m 

tll 
(r) 

= t 
(r) 

= (1 
_ \b 2\ 1 L \b

p
\2) 1/2 

rr r 
p~r 

t'1'l 
(r) 

= - t lr 
(r) 

= - b
r 
I(I Ib \2)1/2 

p~r p 

* This proof is due to Francis (5]. 
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The first column ~l of M is unioue, for since 

H'J'~ = Ilhll~l 

we have M~l = ~l = (1/1 Ihl I )~ 

Theorem 3. For any Matrix A, of order n, there exists an ortho~onal 

matrix Q such that A = QR where R is an upper trian~lar matrix which 

has real, non-negative dia~onal elements. Moreover, Q i~ unique if A 

is non-singular. 

Proof:* 

(a) BXIS'T'ENCE: 

By Theorem 2 we ca.n tra.nsform A so as to eliminate the elements 

below the main dja~onal column by column startin~ on the left. Thus 

we reduce it to a triangular matrix. We define Bl = A and form 

;"- T 
B. 1 1+ 

= M. B., (i -= 1, 2, .,., n-l), 
1 1 

M. is determined for i = 1, 
1 

•.. , n, 

such that MiT E.{i)l = II!4i}lll~ 

where !4i)l 'is the first column of Bi' 

Now if 

Ni = [I i _l OJ 
° M. 1 

where M. is of order n-i+l, then N TN IT 
1 n n-

where r ii = I Ib(i)ll I and r ij = 0 for i>j. 

Thus if Q = NIN2 ..• Nn we have A = o.R. 

(b) UNIQUENESS: 

Now suppose that 'lore have two ortho-trian~lar deco1'l1nosi tions 

If A is non-sin~lar then so are we then 

* Proof due to Francis [5], 



which shows that Rl R2- l is diagonal, since the left-hand side is upper-

tridiagonal and the ri~ht-hand side is lower-tridiap;onal. Furthennore, 

if we consider the diagonal. 

r(l)ii and r(2)ii 9.re real and positive r(l)ii = r{r)ii· 

so that Ql = P2 and thus q is unique. 

(S) (1) (S) Theorem 4. If A is non-singular the matrix P = Q ••• Q ,such 

that A (S+l) = p(S)TAP(S) can be arrived at from the ortho-trlan~lA.r 

23 

d "t" f A(S) " A(S) p(S}s(S} h S(S) R(S}R(S-l} ••• R(l) ecomposl lon 0 Vla = were = 
and pes) = Q(l) ••• q(S). 

Proof:* Equation (3.21) gives q(l) ••• Q(S-l) A(S) = 
and, as A(S) = peS) R(S), we get 

Q(l) Q(S) R(S) = AQ(l) ••• o(S-l) 

Q(l) q(S-l)R(S-l) = AQ(l) Q(S-2) 

and so on. 

Now, if we write pes) = Q(l) .•• Q(S) and s(S) = R(S) R(S-l) ••• R{l) 

then peS) S(S) = Q(l) Q(2) o(S) R(S) R(S-l) R(l) 

= Q(l) Q(2) Q(S-l) A R(S-l) R(l) 

= 0(1) Q(2) .•. Q(S-2) A R(S-2) R(l) 

Since pes) is orthogonal and S(S) is triangular and, by Theorem 3, the 

ortho-triangula.r decomposition of a non-singular matrix is uni,!ue. the 

theorem :is proved. 

* Proof due to Francis [5]. 
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Theorem 5. If the eigenva.lues of A are such thl1t I A1 ' > , A 21 > ... > , ) n 1 

k () A(S) and if the A, k=l, ••• , n are non-sin~lar then conver~es to an 

urner-trian~ular Matrix. 

Proof:* Sjnce an A, as defined above, haR linear divisors we mAy write 

We define matrices 0, R, L, S by the relations 

(x = em Vy = LS ) 

where Rand S are upper-triangular, L is unit lower-trian~lar And 0 

is orthogonal. We note that all four matrices thus defined are 

indenendent of k. Since X is non-sin~lar it follnws that R is non-

sineulart too. Furthermore t we note that the OR decomposition always 

exists (Theorem 1) but a triangular decomposition of Y exists only if all 

its leading principal minors are non-zero. We have 

(3.24 ) 

so that DkL D-k is a unit lower-triangular matrix. Its (i,j)th element 

is given by eij(Ai/Aj)k when i>j and thus we may write 

DkL D-k = I + E(S) where E(S)40 as s 4 m 

Equation (3.24) now gives 

Ak = QR (I + E(S»DkS 

= Q (I + RE(S)R-l ) R DkS 

= Q (I + F(S» R DkS 

Where F(S) 40 a.s S~. Now (I + F(S)} may be factorized into the produt::t 

of an orthogonal matrix Q(S) and an up~er-triangular matrix P{S) and 

since F(S)40, Q(S) and R(S) both tend to I. Hence we get 

* Proof is due to Wilkinson [3). But other more sophisticated 

proofs have been obtained by Kublanovskaya [7) and Householder [8]. 
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The first factor in (3.25) is orthogonal ann the second is 

upper-triangular. Since Ak is non-singular its factorization into such 

an expression is unique and therefore p(S) in Theorem 4 is eoual to 

Q ~S) apart possibly from a post-multiplying dia~onal orthogonal matrix. 

(S) 
Hence P converges to Q. If we insist that all R(S) have positive 

diagonal elements we can find the ortho-diagonal factor from (3.25) 

writing 

(3.26) 

where Dl 

diagonal 

-1 and D2 are orthogonal diagonal matrices and D2 S has positive 

elements, (R(S) and R already have positive diagonal elements), 

we obtain from (3.25) 

Ak = Q ~Q S)D D k { (D D k)-l ~S)R(D D k) D k(D -Is), 
, 21 21 21 2' t· 

The matrix in braces is upper-triangular with positive diagonal elements 

and thus p(S) approaches QD2Dlk showing that ultimately Q(S) becomes D
l

• 

ELEMENTARY TRANSFORMATION 

The reduction of a matrix of general form to a condensed form 

such as Hessenberg or triangula,r, can be achieved by performing a sequence 

of simple similarity transformations. The matrices employed to perform 

such transformations are called ELEMENTARY MATRICES. The transfo~ations 

based on these matrices are referred to as ELEMENTARY TRANSFORMATIONS. 

Gaussian elimination can be looked upon as such an elementary transforma-

tion. As will be shown below, the transformation matrices in this 

th particular case are a sequence of matrices Pi where the i column written 

as a row vector is 

(0,0, ••• ,0, I, Pi+l' i, ••• , nni). 



GauBsian ~liMination. 

Considp.r a non-singulRr system of e'lllations 

+ ••• + a x In n 

+ a2 x 
n n 

= R. 2,n+1 

+ a x = a nn n n,n+1 

where for notational simplicity we have written the right hand side 

vector com1)onents as a,1 ,n+ 1; (j=l, ••• , n). Now suppose all;f O. We 

subtract the multiple an/all of the first eauation from the ith 

equation (i = 2, "', n) to get 

(3.28) 

(1) 
an2 x

2 
+ 

a 2,n+1 

= a n,n+l 

(1) 

(1) 
The new coefficients a

ij 
are given by the following relation: 

~ij (1) 5 &ij - (~il/~ll)aij 

where (i • 2, ••• , n) and (j • 2, '00, n+1). 

N Of (1) ° (3 28) ° bt t (1)/ (1) ow 1 a22 1n . 1S non-zero, we au ra.c a i2 a22 

times the second equation from the ith equation in (3.28) (i = 3, "', n) 

and get 

(3.30) a11x1 + a12x2 + ••• + a1nxn = al,n+l 

(1) 
a22 x2 + ••• + 

.(2) 
a33 x3 + ••• + 

+ ••• + 

(1) 
a2 x n n 

( 2) 
a

3 
x n n 

= a2 ,n+1 

= a 3,n+l 

= a n,n+1 

(1) 

(2) 

(2) 



with 

= a' 1 I, 

(1) 
(1) 

Ri? 

a?2 
0) 

where (i = 3, •.• , n) and (j = 3, "', n+.:l.). 

A~ain, if a
33

(2) # 0, we may eliminate all elements a
13 

(i = 4, "', n). Continuing with this process through (n-l) steps we 

arrive at the final system (3.32). 

+ a x = a In n l,n+l 

(1) 
a22 x 2 + + a (l)x = 

2n n 

(2) 
a33 x3 + ••• + a

3n 
(2)x

n 
= 

a2 n+l(l) 

(2) 
a 3,n+l 

a nn 
(n-l) 

x 
n 

(k-l) 
a ik 

k = 1, ••• , n-1 

,j = k+l, ••• n+l 

i = k+l, ••• , n 

= a n,n+l 
(n-l) 

a (0) 
i,j = a ij 

27 

From (3.32), the back sUbstitution process is carried out by the use of 

(3.34 ) x. = 1 J {a (i-l) 
1 (i-1 i,n+1 

a .. 
11 

f (i--1) l(. ) 
La. 1 xj>1 1 =n, ••• , 1 

,j=i+l I, J) 

The process leading to (3.32) is called Forward Elimination while the 

calculation of the solution (3.34) is called Rack-substitution. 

(1) (n-l) 
The dia~onal elements all' a22 "", ann are called 

PIVOTS. If at any stage one of these pivots vanishes, we attempt to 

rearrange the remaing rows so as to obtain a non-vanishing pivot. 



28 

If this is impossible, then our system (3.27) is sin~l~r, ann hence it 

has no solution. 

For SOT"le systems, thoup;h a pivot is not zero, it ma~r be SMall 

comnared to other elements in the column bein~ eliminated at that sta~e. 

In such cases the multipliers (e.p;. a12/~1 etc.) will he lar~er thA.n 

unity in magnitude. The use o~ larger multipliers will, as we shall 

see in the error analysis part, lead to a possible increase in errors 

both during the elimination ann durin~ the backsubstitution phase of the 

process. This magnification of errors can be reduced if we interchange 

the rows such that the pivot at any stage is larger in T"la~nitude than 

any remaining element in that column. Gaussian elimination when modified 

in this way is called PARTIAL PIVOTING or PIVOTAL COrmENSATION. 

th 
Similarly at any stage, say the r stage, we may select as pivot the 

element of largest magnitude in the whole of the remaining n+l-r sauare 

array. This then is called COMPLETE PIVOTING. 

Matrix Enuivalent. It is possible to express Gaussian .elimination in a 

more compact form by dealing with matrices rather than with individual 

elements. 

We write: 

(3.35) Ax = b 

where all a12 aln 

a21 a 22 a 2n 

A = " " " 
" " " 
" " " 
anI an2 a nn 
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T 
(Xl' X ) X = x2 ' ... , n 

b
T = (b l • h2' ... , b ) 

n 

Now, if we take nivots down the diagonal, it is easy to show (by 

strai,c;ht matrix multinlication) that the first condensed (reduced) set 

of equations (3.28) has the matrix representation 

where 

1 0 o o o 

P21 1 o o o 

PI = P31 0 1 o o 

" 
" 
" 

Pnl 0 o ... 0 1 

and = -
The second reduction (3.29) has the matrix representation 

where 

(3.38) 1 0 0 0 0 0 

0 1 0 0 o 0 

P
2 = 0 P32 1 0 o 0 

0 P42 0 1 o 0 

" 

" 

" 

0 Pn2 0 o ... 0 1 



The final set of equRtions is Riven by 

P P 
n-l n-2 

P Ax = P P b 1 n-l ... 1 

where all Pj's (,1=n-l, ... , 1) are lower t,rian~lnr matrices. Ap;1lin it 

is easy to show by matrix multip1ic13.tion thl'tt the nroduct of 1ewer 

trianr;ular matrices is itself a matrix of that tyne. 'rhus if .re 1f>t 

P IP 2", Pl=P n- n-_ 

(3.39) reduces to 

(3.40) P Ax = Pb 

But now we note that the final matrix (3.32) o~eratin~ on x is an 

upper triane;1l1ar matrix, say U. Thus on the left hand side of (3.40) 

we have carried out a process equivalent to 

P A = U 

30 

-1 which implies that A = P U and since the inverse of a lower triangular 

matrix is aRain lower triangular we have obtained A in terms of the 

product of an upper and lower triangular matrix. The matrix p-l is 

easily obtained by noting that 

-1 -1 -1 -1 
P = PI P2 ... Pn- l 

-1 
and that each P .• (i=l, "', n-l) is identical with P. except that the 

1 1 

sign of each element Pij is changed. Thus we get 

1 0 0 0 0 

-P21 1 0 0 0 

-1 1 0 0 P = -P31 -P32 

" 

" 
" 
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fu~hpr n~ Onerntinns. As ~ conclusion of this discussion we shall 

Rtt('m:rt to eVRluate the numher of siMple nrith'Tletical (')rerR.tions necess::l.ry 

for r.n.l1ssia.n elimin11.tion and hacksubstitution. Since on most modern 

computers division nnd multiplicfttion times FI.re much r:rel3.ter thftn 

addition times, we shall disrer;A.rd the count of 11.dditi.ons. 

"'0rwnrd Elimination. In forvtftrd elimination A is reduced to 11.n up:r~r-

triangular mntrix. If pivots a.re tftken down the dialSonal, the renuction 

from k to k-l e~uations involves the following steps: 

(i) we form the reciprocal of the pivot, 

(ii) we multiply the rest of the pivotal column by this 

reciprocal. This involves k-l mUltiplications. 

(iii) To obtain the new set of k-l equations we have to perform 

one multiplication for each element. This will g,ive us 

k-l multiplicationson the right and k-l multiplications 

on the left. 

For the full forward elimination, we form n reciprocals, and 

n 

L {(k-l)+(k-l)2+(k-l)} multiplications 
1 

Using forrnulaefrom [9], e.g. 

n n 

L k = n(n+l)/2 and L k
2 = n(n+l)(2n+l)/6, 

1 1 
we obtain the following total 

n{(1/3n
2 

- 1/3) + 1/2(n-l)} 

= n(1/3n
2 

+ 1/2n - 5/6) 



-----

3? 

R~(''kS\lhstit,lltion. In the baclrsuhstitution nrocesR, for eA.ch ril1'ht hR.nr'l 

siop the comnutation of x involves one mlJlt:inl-icA.ti.rm hv thp r~dnrocA.l n ". 

of the finAl nivot, for x
n

_
l 
w~ hAve two multir]ications, down to xl 

which needs n multiplications. The total number of multiplicR.tions is 

1+2 + 3+ ..• +n = 1/2n(n+l) 

n reciprocals and n(l/3n
2
+n-l/3) multiplications. 

EBERLEIN'S METHOD 

PreliMinR.ries. The .Tacobi method for the calculation of ei~envalues of 

a sywF.etric matrix has been described by Ralston [6]. It consists of 

finding a se~uence of two-dimensional orthogonal transformations U. 
1 

such that if U = n.D. then U* A U is approximately diar.;onal with the 
1 1 

1 
a~proximations to the eigenvalues arrearinr.; on the diagonal The D. 

1. 

are determined at each step of the iteration by minimizing the function 

(3.42) L I a .. 1
2 

i#J IJ 
Here we shall describe a generalization of ,Tacobi' s method due 

to EBERLEIN [14]. We shall show that for an arbitrary complex matrix A, 

a matrix P may be generated from a seauence of two-diemensional 

transformations P.(k m), where (k,m) is the pivot-pair, such that if 
1 ' 

A_ = P-1AP,(P = n.p.) then the absolute value of every element of --L 1 1 

* (ALA*L - AL ~) is arbitrarily small. Each Pi is of the form 

(3.43) Pij = 6ij 
-iR cos(Z), 

ia: 
sin(Z) Pkk = e Pkm - - e 

-ia: 
sin(Z), iA cos(Z) Pmk = e Prnm = e 

1 We denote the complex conjugate of A by A*. The real and complex 

parts of A are denoted by~(A) and Im(A) respectively. 



wherp cr ann R nr~ renl and z = x + i y. 

The theorem underlyin~ EBERLEIN'S method js due to r1IRSy.y [15], 

(3.4 11) inf'imum 

i=l 
wherr~ P is non-singular t /... are the eir;:cnvalller; of the nxn mntrix A ano 

1 

N2 (A) = 'i'! ! 2 
• L ai,j 
1,,1 

13 

Before proving some lemmas and a theorem we consider the effect 

of a transformation (3.43), P.(ktm) with pivot (k,m) on an arbitrary 
1 

1 -1 
matrix. We let A = P. AP. be the transformed matrix. We find 

1 1 

(3.46) 

where 

1 
a ki = 

1 
a = ik 

1 
9. = mi 

1 
9. = jm 

1 
a kk = 

1 
9. = km 

1 (i ,,1 # k,m) a = a· 1 ij 1, 
is 

akicos(Z) 
ia; 

a .sin(Z) e + e 
m1 

-is 
aikcos(Z) 

-ia; 
a. sin(Z) (i#k,m) e + e 

1m 

e-iSa .cos(Z) ia; 
9.
ki

sin(Z) e ml 

i8 
9.. cos(Z) 

ia; 
9.
ik

sin(Z) e e 
IT''l 

l/Z {(akk+amm ) + Dkmcos(2Z) + ~kmsin(2Z)} 

i(a;+8) 
1/2 e" {~km - Dkmsin(2Z) + ~kmcos(2Z)} 

-i(a;+s){ } = 1/2 e -~km - Dkmsin(2Z) + ~kmcos(2Z) 
1 

9. mk 

Dkm = 9.kk - amm , Bkm = 9.km + 9.mk 

Ekm = 9.
km 

- amk 

~km = Bkmcos(a;-s) - iEkmsin(a;-B) 

~km = Ekmcos(a:-S) - iRkmsin(a;-B) 
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Since we are conRiderinr; the effect of a sinr:le tr~nsform~.ti("m, 

we shllll omit the subscripts k Ilnd m unless they l3,re neened to ayoid 

ambi~uity. The effect of N2 (A) is found by strai~htforward but tedious 

calculations: 

AA N2 (y,tt_B) ~ N2 (A) _ N2 (Al) 

(3.48) = G(l - cosh(2y» - H(sinh(2y» 

where 

and 

+ 1/2 (IDI2 + 1~,2) (1 - cosh(4y» + 1/2 j(D~*-D*~)sinh(4y) 

G = G = km 

H = H = -tJ(K)sin(tt-B) + I (K)cos("'-8) 
km m 

K ; 2 L (ak,a*. - a*'ka . ) 
'4' 1 ml 1 1m lrl,m 

In the following lemmas and theorem we assume that A has been normalized 

so that N2{A)~1. We also assume that C = A A* = A* A. 

Lemma 1. For fixed (k,m) and arbitrary x and B, let3 Al = S-IAS 

where 8 is defined by (3.43). Define« and y by 

(3.50 ) 

Then 

(3.51) 

3 We use notation S in Lemma 1 and R in Lemma 2 instead of P to 

distinguish bet"reen different choices of the narameters in (3.43). 



Proof: By (3.4q) And (3.47) we have 

i ( D r:* - D* r:) - H 

(3.52) = sin ("'-S) (d(K) - (E D* + E* D)) 

- cOS("'-R) (r (K) + i(BD* - B*D)) 
m 

,; 2(sin(a:-0)q(C}rJ11) - cos(a:-S) Im(C
km

)) 

Thus we need to establish the re~uired ineouality (3.51) for 

(3.53) 

(we note that I tanh (y) I s. 1/2 since I H I ~G and 

h(Dr,* - D*r,)I~IE;12+IDI2) 

From (3.48) we have 

~N2(A) = _ Hsinh(2y) 

+ (sinh(2y) (cosh(2y))i(D~*-D*E;) 

_ G(cosh(2y)-1) - 1/2(cosh(4y)-1) (IDI2+1~12) 

35 

~ sinh(2y){i(DE;*-D*E;)cosh(2y) - H - 1/2(G+2(IDI2+1~12))sinh(2y)} 

since cosh(2y) - 1 ~ 1/4 (cosh(4y)-1) 

= 1/2 sinh2 (2y) 

Usin~ sinh(2y) = 2tanh(y) Cosh2
(y) and the definition of tan~)in (3.53) 

we get ~N2(A)~(2tanh(Y))(COSh2(2Y)){i(DF,* - D*~) cosh(2y) 

- H - 1/2(i(D~* - D*E;) - H)cosh2(y)} 

Letting 2r = i(DE;* - D*E;) 

~N2(A) ~ (2r - H) cosh2 (y) {2rcosh(2y) 
G+2(1E;12+IDI2) 

- H - 1/4(cosh(2y)+1)(2r - H)} 

(2r-H) 2 ( ) { [ = --'---2-'--2- cosh y 2r 1/2+3/4 (cosh(2y)-1)] 
(;+2 <i ~ I + I D I ) 

- H [1/2-1/4 (cosh(2y)-1)] } 



II? (?r_H)2 2 { 2 (6r+P) = cosh' (y) l+sinh -(y) ------
C1+2(1r:! 2+1 D\2) (2r-H) 

1/? (?r_H)2 
~ ~---'----'---

G+2(\t:!2+/ D\2) 

2 { 2 I 6r+H I, 
cosh (y) I-sinh (y) 1 2r-H I I 

We have 

sinh2(y) 
2 = tanh (y) 

I_tanh2 (y) 

and hence 

2 I t:r+h (3.55) sinh (y) 2r-H 

1/4/2r-H \ \6r+H 1 
= ------~--~~--------~ 

[G+2(1~12+/DI2)]2 _ 1/4(2r_H)2 

Now since 12r\ = li(D~* _ D*~)I~IDI2 +1~12 

and IHI ~ G, we have 

and 

Hence the numerator of (3.55) 

1/4 1 r-H 1 /6r HI 

~ 1/4 [G+(IDI2+1~12)] [G+3(IDI2+1~12)] 

~ 1/4 (G+2(1r,/2+IDI2)]2 

and the denominator of (3.55) are 

From these last two inequalities and from (3.55) we have 

sinh2(y) I (6r+H)/(2r-H) I <1/3 

Using this 

(3.56 ) 

expression in (3.54) we obtain 

[O;N2 (A) ~1/3 _-:.(.;;;;.2r,,-_~H;;..:..)_2_-:-
G+2( 1~12+IDI2) 

3~ 



by (3.50), (3.52) and the definition of 2r. Since the denominator is 

less thl'l.n 4 N
2

(A) we have 2 
I c I 

Lemml'l. 2. 

a:=R=y=O. 

Then 

L'. N
2 

( A) ~ 1/3 ~m 
N - (A) 

Let F be a real rotation, obtained from (3.43) by setting 

Let Al = R-lAR and 
Ckk - c 

tan(2x) mm - -
2()( (C

km
) 

1 1 
0 c kk c = mm 

1 
I (c km) = I (C

km
) and m m. 

20{ (c
l 

km) = (2ot (ckm)cos(2x) - (ckk - cmm )sin(2x) 

(we note that c .. is real since C = A A* - A* A is Hermitian). 
11 

Proof: This lemma follows immediately upon computing cl 
km and 

1 1 ~ c kk - c rom = (Ckk - Cmm ) cos(2x) + (2vL(C
km

) sin(2x). 

Lemma 3. Let (k,m) be chosen so that 41 ckml2 + (c
kk 

- c
mm

)2 

2 

Then 

Proof: We have L (c .. - C
jj

)2 = (n-I) Lc2 .. 
i <j 11 i 11 

But since trace (A A* - A* A) = 0 

e.g. 
L c. , = 0 
i 11 

( L 2 
L 

2 
L c. , ) = c , ,+2 CiiC jj = 

i 11 
i 

11 i<j 

Thus 

- 2 L c C i<j ii jj 

0 

L (c,. -
2 

L 
2 

i ,~2 L 2 
(n~2) c j ,1 ) = n c c . , , 

11 1 i 11 i <j i 
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Usin>': (3.58) we havp. 

> 

-1 
Let A. ] = (). A0. whl'!r~ 

1 + _ L ) 

C).(k. ,m.l = R.R. and the pair (k. ,m.) is chosen so thAt 
L 1 1 1 1 1 1 

of A.ll sllch fluFlntities. 'T'he trA.ns1'ormlltion R. a.nd S. are each 1)1' the 
1 1 

2 
form (3.43) with parameters defined as follows: 

c - c 
R: tan(2x)R 

kl': mm 
= -

2Ql( c km ) 

ex: = PR = YR 
= 0 

R 

S~ 

- c )sin2(x),~ mm , 

where 

N2 ( c . )) = 0" f' , 1 1 A ' , 1. e., or 1 suff1cient y a.rp:e, . is arbi t'r'ar11y close 
1 1 

to being normal. 

Prol)f: Let 1 -1 
A . 1 = R. A.R. 1+ 1 L 1 

A. 1 
-1 

= S, A,S. 1+ 1 1 1 

2 He omit subscript or sub::;cripts i. 



Then by LemmA 2 

1 2 ? 1/2 
?(j~(C km) = ~ [4~(c km) + (C kk - Cmm ) ] 

1 
Im(C kID) = Im(cy~) 

we hllve 

tlln ( a: - R ) 
S S 

and 

By Lemma 1 and the invariance of N2 under rotations 

lIN2 (A.) = lIN2 (A1 .»1/3Ic(1) 12 
1. 1. /' km 

= 1- [41 (i) 12 «i) _ c(i) )2] 
12 C km + C kk rom 

Hence 1I~f(A.)~1/3(1/n(n-1»N2(C.) by Lemma 3. But since N2 (A.) is a 
1. 1. 1. 

decreasing monotone function bounded below by I IA 12 
.j j 
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S}~CTTON h 

AN ERROR ANALYSIS OF SOHE SPECIAL NUMF.R1CAL HF,'T'H()DS 

Preliminaries: Considerable attention has been ~iven to the effect of 

roundinl3 errors on the numerical solutions of problems in linear algebra. 

Some fundamental contributions in this field have been made h:r 

J. H. \~ilkinson ([3], (11]). In this paper we shall give a short 

account of Wilkinson's work, including some applications pertain ins to 

the eieenvalue problem. In particular, we shall give an error ana.lysis 

of the Gaussian elimination and of Householder's method. The fo~er 

method is of importance in the reduction of an unsymmetric matrix to 

the Hessenberg form. (Then in order to utilize this special form in 

the calculation of eiGenvalues we may apply the Q,R method to it). 

The basic idea behind Wilkinson's work is simple. He set out to 

show that the computed results of a problem may be obtained by exact 

calculations from a perturbed problem. Then (upper) bounds are obtained 

for the various perturbations. This type of analysis Wilkinson calls 

"backward" analysis in contradistinction to "forward" analysis.* 

* We calCUlate a mathematical expression given by y=f(X
l

, •.. , xn ). 

Then the "backward" analysis shows that the computed y does not satisf'y 

the equation above but another equation of the form Y=f(x
1 

+e
l

, .•. , xn +e
n

) 

where the e., (i=l, ••• , n) are perturbations for which bounds are usually 
1 

given. "Forward" analysis attemrts to trace the forward prorae:ation of 

individual rounding errors and then compares the computed answer to that 

of the exact answer. 
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It was found that in many applications a. bacblard anqlysis is 

much easier to perform than a forward analysis. One way in which 

backward analysis can be a~plied is to compare two numerical methods. 

If a method, A, say, has smaller bounds for the e. than another method, 
1 

B, then we should select A as the better method provided all other 

factors are equal. 

41 

VF,CTOR AND HATRIX NORMS. The norm of a vector x is denoted by ! I x! I and 

has the following properties: 

(4.1) ! Ixll > 0 

II kx II - I k I II x II; k is a complex constant 

Ilx+yll ~ IIx!! + I!y!! 

From (4.1) 

Ilx + yll ~ Ilxll + lIyll 

let y = z - x 

-+ II x + z - xII ~ II xii + liz - xii 

-+ llzll ~ IIxll + liz - xii 

-+ liz -xII ~ IIzll -lIxll 

if we let z = x and x = y we have 

(4.2) Ilx - yll >, Ilxll - lI y /l 

The three vector norms most commonly used are special cases of 

the HOELDER norm r n kl1/k 
Ilxll k =[jLllxil J ; k~l 

They are obtained by letting k = 1, 2 and 00. Thus we get for 

k = 1 ! Ix!! 1 = I XII + ! x2 ! + ••• + Ix I n 

k = 2 I Ixl 12 ={ IXll2 + IX212 + + Ix 12}1/2 
n 

k = 00 II x II = max I x.l; i=l, ••• ) n 
00 :1. 



We note thRot when k = 2 O1lr norm is the F.ucli (Han lr:-n~th ,.,1' the 

vector x. 'T'his is frcllu('ntly wrlttcn as Ilxl IE· Tn a s1.MilFlr way we 

dpnote the norm of' a J'T1atrix A by IIAII. The mat:r-ix nOrM satisfies 

pronerties (4.1) and (4.2) with vectors x Rona y replaced by matrices 

Rnd B. In addition it satisfies the multinlicative property (4.3). 

Since vectors and matrices often appear together we have to set un a 

relation between them. 

(4.4) I lAx II ..s: IIAII.llxll 

Now we can show* that the following relations hold true: 

(4.5) 
n 

max 
j 

): I aij I 
~=l 

= (max eigenvalue of AHA)1/2 

n 

= max I la.jl 
i J=l ~ 

A 

where AH denotes the Hermitian conjugate of A and (a.~) is the (i,.1)th 
1,) 

element of A. For error analysis a norm which is consistent with 

!/AI/2 but easier to compute iii the Schul" norm, 

IIAIIE = (? L la.
j

/
2

)1/2 
1 ,1 1 

ARITIDfSTIC OPERATIONS. We shall now briefly discuss some of the basic 

floating-point arithmetic operations. Any binary number x can be 

represented in the form 

b x = a.2 

where a is called the mantissa and b the exnonent. The exponent is a 

42 

negative or positive integer while the mantissa is a fraction in binary 

machine where all numbers are normalized. 

* Proof given in Appendix. 
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We shall let t denote the nUMber of binary digits a1l0cl'lted to the 

fl'lfl.ntissa. In order to (li ff'erentiate between (a) mathematicAl re18,tions 

and (b) computation e'lullti ons we use the erlul'l.l sign f'or (11) I'l.nd the 

eouivalence sign (:) for (b). Following Wilkinson's notl'l.tion we use 

f'l (x.y) to denote the computed result of multipJyinp; top;ether two 

floatinp; point n11mbers. 

If the mantissa is normalized to lie in the ranp;e (4.6) we ~et 

the following computa.tional equations according to Wilkinson 

fl (x+v) 
--> - (x+:v) (1+£ 1 ) 

fl (x.y) - (x.y) (1+£2) 

fl (x/y) - (x/y) (1+£3) 

For extended floating point operations we get:* 

fl (xl ·x2 
. . . x ) - x

l
x

2 ... x (1+£') 
n n 

fl (x
l

+ ... + x ) - xl (1 +e: 1 ) + . .. + X (1+£ n) n n 

fl (xl ~rl +X2:f 2 + . . . + x y ) :: x1Y1(1+1b.) + ... + x y (l-+Tl ) 
n n n n n 

where: 

(1 -t)n-l (-t)n-l - 2 ~1+£, 1+2 

( . -t)n-l (-t) 1 - 2 ,1+£1{ 1+2 n-1 

( -t)n+l-r (-t)n+1-r 1 - 2 ~l+£ ~ 1+2 ; 
r 

-t)n (-t)n (1 - 2 ~1~1( 1+2 

( -t )n-r+2 (-t )n-r+2 ( ) 1 - 2 ~l~r~ 1+2 ; r~2 

* Proof eiven in appendix. 
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~RROR ANALYSIS OF GAUSSI.flN p.LrrnNATHlN. Gaussian eliminatirm has 

already been discussed in Section (3) of this paper. For this reason 

we shall rl'frain from p:o:inp; into details reeardinp; the method itself 

in this section. We denote the original set of eauations by 

then (n-1) e~uivalent sets of eauations 

A(r)x = b(r), (r = 2; ... , n) 

ere Ilroduced. A (n) of the final equation is in R.n uD!ler trian~ular 

form • 
. (r+l). (r) The matrlx A 1S obtained from A by subtrectinG a 

't' 1 o~ the rth f th .th f 1 f . ~ ~U~ In. e m. ~ row rom e 1 row or va ues 0 1 "roM lr 

(r+l) to n. The m. 's are defined by m. = a(r). /a(r) 
1r 1r 1r rr 

Now we 

consider two cases (i and ii) depending on whether i~j or i>j. 

Case (i). (i~,j ) : The element is changed in each transformation until 

we reach A(i) after which it remains constant. Thus we get 

(4.7) (2) (1) (1 ) 
+ e: 

(2) 
a 

ij - a ij - mila Ij ij 

a(3) (2) (2) + e:(3) 
ij - a 

ij mi2a 2j ij 

(i) _ (i-I) (i-I) + (i) 
a ij = a ij - mi ,i_18 i-l,j e: ij 

where the a(k) and m
1
'
k 

are computed values 
i,1 

(k) 
and e: ij is the difference 

between the accepted and the exact values of 
(k) 

a ij' 

where 

(4.8) (1) = e: ij + ••• + i,j 

Case (ii) . (i)j): As in case i the element is changed UTltil A (1) is 

obtained. 
(1) 

is then used to compute m
ij

, <'1+1 ) up to and a ij a '1 1, 



inC'luoinr, 

snti sfy 

nre consjoereo to he exnctly zero. 
i ,i 

m = (aU) /n(.1) ) + 7)'1 
'~ < 'j - i~ l 1,1 1. • .J 1,. 

where '1(' j is the roundinr: error incurred by the division. The erlllB.tions 
] . 

in this case are: 

(ll.10) (2) (1) (1 ) 
+ E: 

(2) 
fl. i,j - a 

ij - nil a ij Lj 

a(3) (2) (2) 
+ E: 

(3) 
ij - a 

i.i 
- mi2a 2j ij 

_ m aU-I) 
i,j-l ,1-1,,1 

+ (j) 
£: • ~ 

1. .1 

o :: a (.n 
i,1 

(j+l) 
E: ij = 

again summing we get 

+ (j+l) 
e: ij 

(2) 
O - (1) (1)'j-m'2a 2j - .•• = a ij-mi1a 1. 1. 

where 

(4.9) e. ~ = 
1..1 

(2) + (3) 
E: ij E: i.j + ••• + (,j+l) 

E: ij 

Now wa not@ that th~ two aota of aqu~t1on. (4.7) and (4.l0) Are 

equivalent to the sj.np;le !!latrix equation 

LU :: 1\(1) + E 

where 

L = 

\ 

i m m 
L... n1 n2 

o 

o 

o 

o 
1 

U = 

r (1) 
Ft 11 A. 

(1) 
12 

0 
(2) 

a 22 

" 
" 
" 
0 0 

a 
(1) 

In 
(2) 

e. 2n 

a 
(n) 

nn 



E is defined hy relntions (h.B) and (h.9). 

Now we shrill rJ.ttpmnt to estrJ.hl i sh bounds for E. In +'loatint'; 

point arithmetic the computed 
(k) 

is defined by a 
ij 

(k) 
fl (a 

(k-l) a(k-l) ) a i,j - , ~ - m 
1" i,k-l k-l,.1 

= [ (k-l) - m 
(k-l) 

(1+£1)) (1+£2) a 'j a 
1, i,k-l k-l,j 

Thus the difference between the exact and computed solutions are 

(k) = (k) 
(a 

(k-l) (k-l) ) £ a - - mi k-l a ij i,1 ij , k-l"j 
(k) 

(k) (a ;; (k-l) ) = a - 1+£2~k + mi , 1\-1 a k-l,{l i,j 

(k) 
(k) a 

i ,i £2 (k-1) (4.11) e: = - m, k 1 a k 1 . £1 ij 
1+£2 

1, - - ,J 

(k) 
Thus in order to get satisfactory bounds for £ ij' we shall need 

reasonable bounds for m
ik 

and In practice we shall attempt to get 

This can be done by either partial or complete pivoting. Let us consider 

any kind of pivoting at the mo~ent. Then we shall denote the maximuM 

(r) 
element of any A by g. By taking into account scaling, let us assume 

that ( . ) 
la 1 ij I~l 

From (4.11) we get 

(4.12) I (k) I £': 2-
t 

-t ( ) -t 
£ " ~ l_2-t + g 2 < 2.01 g 2 

l,J 

(k) (j+l) 
This applies to all £ ij except £ ij for i>j. For these we use 

the relations established earlier, naMely 

( (j) I (j) ) 
mij = a ij a jj + 'llij 



Thus we have 

m .. 
lJ 

1li j 

Thus 

f1 ( (j) I en ) 
_ fl.. ~ fl. j j 

1., , 

= (~) / (j) (1+) 
I'l. ij a j j £ 

= (,j) (j) 
(a i/a jj E: 

I (j+l) I 
£ ij 

= I (j) (j) (j» I 
a .j.j (a ij / a .1.j £ 

(j) 
= fl. ij£ 

(4.13) ~ g 2 
-t 

Now combining (4.2), (4.13), (4.8) 
I-

and (4.9) we get 

I 0 o . 

1 1 . 

(4.14) 1 2 2 

1 2 3. 

1 2 3 

0 1 
I 

1 I 

2 I 
I 

3 I 
I 

- - - - I 
I 

4 ••• (n-l)( n-l) I 
--' 

According to Wilkinson, g is usually of order unity if we use pivoting. 

A"T ERROR ANALYSIS OF HOUSEHOLDER'S MRTHOD FOR THE SYMMF.TRIC EIr.ENVALUE 
P::\OBLEM 

Preliminaries: Again we describe in detail only the transformation from 

T 
where c = 

He partition Al as follows: 

A = A = I 



and 

a.
22 ... a

2N 
C = " 

" I 
" I 

\- e'N2 'l-m 
\ ... I -

A2 is then obtained by the following computation: 

( T )1/2 
s = c c 

1/2 
x2 = [. 5+ . 5 ( ! a121/ s ) ] 

1l = (2x2 )s 

w ={1 if a 12>,0 

-1 if a12<0 

x. = waU /'\.; (i 
1 

T 

= 3. . .. , 
p = Cu, u = (x

2 
• ... , xN) 

T 
Y = u 'P 

q = p - y~ 

T ", 
B = C 2(q~ + q~-) 

T 
b = (-ws,O, ••• , 0) 

,--
bT I 

A2 = 
,all 

\ l~ B -' 

N) 

In this section we do not assume anythinp; a.bout the r:e,ture of 
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f1oat:ng point arithmetic otter than the existence of a nlwber m such that 

(4.1~~ 

(4.17; 

(4.16) 

ifl(xy) - xy!~m!xYI 

i:l(x/v) - x/y\smlx\/!y\ 

! :") (x!Y) - ( x~v ) /::m ( ! x : + I ;T I ) 

lfl(x1 / 2 ) _ x1/21~2mx1/2 



The n11mher m will denend on the word lenf"0;h of thF! comr,uter, 

whether the results of the computer onerntions are r01lnded or truncatp.d 

nnd possihly other factors. 

For the inner nroduct of vectors we aSSllme that 

(4.19) 

for all vectors v and w of length n. In order to simplify the handlin~ 

of error terJ'l'lS we shall Rssume that 

(4.20) 

(n) -4 ( m < 10 n=1,2, ... , "-1) P ... 

Then we shall need bounds for the errors in various matrix computations. 

According to Orte~n [12], we have 

(4.21) 

(4.22) 

(4.23) 

(4.211) 

(4.25) 

(4.26) 

I I fl ( v!.w ) - (v!.'v)! I = !! I fl ( v!.w) - (v!..t) I I ; 

~ m(lIv!1 + Ilwll) 

II fl (av ) - aV II = !! I fl (av ) - aV III ~n'J 1 a III v I ! 
! Ifl(vw~) - vwTII$!! !fl(vw

T
) - vwTI! !~m! Ivll· 1 Iwll 

Ilfl(E!.F) - (E!.F) I k! Ilfl(E!.F) - (E!.F) I! I~m( i! !E! I! + ! IIFIII) 

I !fl(aF.) - aEII~ II !-rl(aF.) 

II fl ( Ev) - Ev I k I I I fl ( Ev ) 

- aE I II ~m I a! III E II ! 
(n) 1/2 

- Ev II km pn ! IE II· ! l v I ! 
where a is a scalar, v and ware column vectors and E and Fare nxn 

J"iatrices. 

ERROR BOU'1'IDS FOR THE COMPUTED EIGENVALUES. Followinl'l' our ex"-'C'sition of 

~he HO'Jseholder method in section 3 we base our analysis on the followin~ 

observa~lons. Let is = AI' 7:
2

, •• , A
N

_ l be the sermenc'" ot~ TI1?::,rices 

'?\,;t.ua __ ~y ~achine computed by the Householder nlgorithm. 
f. 1 \ 

A\l+ ) be 

tl",e rr.a~:."ix prorluced by exact arithmetic when the i th sten of t.r:e re1uction 



---------------------

'is p'T'T'lier. to ,t,o 8nfl let X. = .~.(i+1) - A. l' (;=1,?, ... , ~l-?). rTl"'r.c,;. if 
J ] 1 + 

( i ) > \ ( i ) , -(;) - ( i ) ( i ) 
A ~ ••• ~II ann A ] _> ••• :,:A ._ are the ei"'env::l.lues of A and l' ~ N - ;', 

A. resDp.ctive1v WP h8.vP hv the 'nerturrmt,ion theorer: that follows froT'l l . . 

ml'l.x 
,j 

I ;;-( i + 1 ) _ A ( i + 1 ) i < I I X I I 
, ,4 ,~ , " ,I i'" (i=1, ... , n-?) 

- (i+l) .. 
Therpf0re, since A. and A are slmJlar, vIe h8.ve 

1 

If we now let 

_ Ir(l) ,(N-l)! 
£ - m~x I j - II ,j I 

d 

then £ is the maximum error in the eigenvalues o-f' the comDllted 

'tridi?o;onal matrix A
N

_
l 

and we have by (4.27) 

(4.28) - ;;-( 2) 1 I + riP-X \3:'( 2) 1 - I(3) I 
,--. ~ t, t1 

• .1 

N-2 
~ I ! Ix.! I 

. 1 1 1= 

?rom , .... ;:>8) it is clear now that our objective is to obtain 'counds for 

tne ;X .• :. , ,: 

'vle be,q;in by considerine Xl = A (2) - A2 = A2 - A2 and 8,ssume 

~·.at 't"e computation of A2 is c,'"'.rried out accordinf" to (3.10) in 

S'Ooct,i'Jn(3). We let barren letters denote the corr:puted intermediate 

,-lan~ t j ps. 'T'hus 1. f we let V=c T c, we have, from (4.19) 

. er,o 1'or reasons of simplici t~r, we shall OT'lJ.t the superser; r- )f' -). 

r-nFequently froF: (4.18) we l3e't 

~ , \ .... :::. ,: Iv1/2 _ V 1/2 + ~1/2 _ flevl/?)!~ !v:i/2 _ i:' i'; ... ~'V1/2 



and since from (4.29) we ~et 

then by (~.20) we have 

(4.31) <Vl/2(I_m )l/? 
'" 'P 
-l/? :::V 

!!;.v1/?(1+m )112 
n 

Therefore, we ~et 

(4.32) 11]1/2 _ V-1/21dl/2mn + 1/2:m
p

2 )1] 1 /2 

V1/? 
~ ·50005m 

p 
Now combining (4.30), (4.31) and (4.32) we obtain 

(4.33) 
- 1/2 1/2 jS-51 ~ .50005m V + 2m(l+l/2m )V 

p p 

~ (.50005m + 2.00005m)s. 
n 

We next need a bound for IX2 - x?l. We let 

a = I a1211 s, R = .5 ex 

and ~I = .5 + B and obtain by strai g,ht forward computation, using 

(4.15), (4.15), (4.17), (4.18), (4.33) and the inequality 

1/(1-.50005m - 2.00005~)~1+.75m +3m 
p p 

and 

lex -~I~(.50009~p + 3.0002m)ex 

Is -BI~(.5000~ + 4.0003m)s , P 

! ',J -;j ( 5. 0009m + l •. 0004m)~ 
p 

~~ t\- S8~e analysis that led to (4.32) we obtain here 

I 1/2 -1/21 112 ,~ - ~ ( (2.501m + 2.0003m)~ 
p 
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and therefore 

To obtain hounds for the errors in the other x. we let 
1 

~ = 2x2 ann TL = F,s 

Then usinr:: (4.15), (4.33) and (l+.34) W(! obtfdn 

I( - 7,1 ~ (.2501m + 5.OOOnm)r, , n 

and I TL - lil ~ (. 7502m + 8. 0008m)1'l 
n 

Therefore we ,o;et, usine; (4.16) and the inequl'l.lity 

1/(1-.7502m - 8.0008m) < 1+1.37m + 12m 
p n 

(4.35) Ix. - x.1 ~ (.7504m + 9.0009m) IXil 
1 1 p 

(i=3, ••• ,n). 

Thus recalling that u
T = (X

2
' ••• , XN) and letting uT = (x2 ' .•• , x

N
), 

we have 

(4.36) Ilu - ull ~ (.7504mp + 9.0009m) Ilull 

= (.7504m + 9.0009m) 
p 

since Ilull = 1. 

How we continue with the matrix portion of the calculation and since 

from (11. 36 ) 

(4.37) Ilull {: 1 + .7504m + 9.0009m n . 

we have from (4.26), (4.36).and (4.37) 

( 4 • 38 ) I I p - p II = I I eu - eu + Cu - fl (Cll) II 

~ II C! ! • II u - ull + mp (N_l)1/2 II C il. ! Ill! ! 

52 

~ {(.7504m + 9.000Qm) + m (N_l)1/2 (1 + .7504m + 9.0009m)} ! Icll 
n p p 

~ {l.OOOl (N_l)1/2mp + .7504m
r 

+ 9.0009m} !IA11! 



------------ --

sir.ce liell ,< 11.1\11. now Ilpl! ~ Ilel! Ilnll ~ II"ll! anI] >-lr~nc'! fror--(11.J9), 

(4.36) and (4.38) we obtain after a calculation similar to that of (ll.3A) 

(h.39) h - y! ~ {1.0003 (N_l)1/2mn + 2.50Jlrn
n 

+ 1800l~} I !Alil. 

We next need a bound for 119 - 91 I and as an inte~ediate sten we let 

r = yu. Then since hi ~ II~!! Ilull ~ IIAIII we obt,ain, usiniT (4.22), 

(4.36) and (4.39) 

Ir - ;1 ${1.0004 (N_l)I/2m + 3.2518m + 28.003m} I lA, I I 
~ p ~ 

Usinrr this result and the fact that Ilrll ~ hi Ilul! ~ !!AII! we then 

obtajn from (4.21) and (4.38) 

(4. 110 ) 

11'1 - 9:11 ~ {2.0006 (N_1)1/2mp + 4.0023M
p 

+ 39.004m} 'IA
1

'!· 
_ m 

We now want a bound for liB - BI I and as a first sten we let G = au~. 

Then since Ilq\1 ~ Ilpl I + I hull ~ 2! IAll1 we have from II IE! I!~ 

n
1

/
2

!IEII, \I IvwTI II = IIvll·llwll, (4.23), (4.36) and (4.40) 

(4.41) 

II -'I II Ir. -I II II I T - T I ,- T --T I G - G, ~ ~7 - G ~ qu - QU + ,qu - qu 

I--T ( --T) I I I + qu - fl qu 

~ II q-q II· ! lull + II q I! II u-u II + mil q II II u II 

~ {2.0008 (N_I)1/2m + 5.5035m + 59.007m} I IAII I 
p p 

and conseouently from IllEr II ~ 1\ IE - FI + IFI II 

~ IIIE-Fl II + II IFI II 

we ge"t 

(4.42) II lei II < II I IGI - IGII + IG! II ~ II IG - frl \1+ i I Iqu
T

: II 
~ {2 T 2.0008 (n_l)1/2m + 5.5035m + 59.007m} I tAli I 

p p 



Then. if we let H = G+G
T 

we obtain from (4.24), (4.41) ~nd (4.4?) 

(ll. 43) !! If - Hi! ~ ! I I H-H I !! 

11 ' T -T I I -1 ,- -T (- _rr)! 1 1 ( , IC -c + ~C-C + ,G+G - f1 G+C" , , 

rn 

~ 2 II 1 G-G \ II + 11'. (II I G I I! + II ! G C i II) 

~ {4.002 (N_I)I/2m + 11.008m + 122.015m} I !A l '! 
n n 

and since II IHI II ~ 2 II Icl II ~ ? Ilo.ll·! lui 1,< 4 I tAl! I we p'et 

(4.44) II I H I II < II I H I II + II ! H-H I II 

~ {4 + 4.002(N-l)I/?mp + 11.008mp + 122.015m} ! IAII I 

Next we let Q = 2H and obtain from (4.25), (4.43) and (4.44) 

(4.45) I !Q-QII ~ !! IQ-QI ! I ~ II 12H-2H) + !2H-fl(2H) I II 

~ 2 II ! H-H! ! I + 2m II I HI! I 

~ {S.005(N_l)1/2mp + 22.0211'.p + 252.04m} I [AI! I, 

and 

(4.46) II 10! ! I ~ ! I I Q I II + I I I Q-0 I II 

~ {8 + 8.005(N_l)1/2mp + 22.02mp + 252.04m} I !All I 
Therefore, since II lei II ~ (N_l)1/2 Ilell we have from (4.24), (4.45) 

and (4.46) 

(4.47) I IB-BI I = II (e-Q) + (e-Q) - fl(e-Q) - (C-Q) II 

~ I I Q,-Q II + m ( I I I C I II + II I Q I II) 
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~ {8.006(N_l)1/2m + 22.0211'. + (N_l)1/2m + 260.05m} I !AII! 
p p 

Finally 

bT \ [;ll -TI 
A2 - A2 = all I b i 

I 

I BJ L b B _I 

r 0 (b-b) T l [: o \ 
= 

I_b-b 
+ - I 

0 I B-B I 
....J --'-



p.nd sincp (h_h)'T' = (-w(s-s). 0, ••• ,0) nnd ~::!!JI'll1 .T0 n8.v(> ~r()m 

(4.h8) II X] ! I = II A1-A?!! ~?] /? I s-s I + 113-B! I 
~ {8.006(N_l)1/2m (N-l) + 22.75!l1 (N-J) + (N_l)l/?!!' 

p r 

+ 262.9m} IIAIII 
In order to ohtain hounas for the remaining I Ix i !, we recall th~t the 

ith step of the Householder reduction performs the same operations 

on the lower nrincinal submatrix of order N-i+l of A. as the first 
. " 1 
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step performs on Al . The bound for II x. II will then have the SaI'1e fO:r!!l 
1 

as the bound for Ilxlll; we need only replace IT by ~r-i+l and ! !Al! I by 

Therefore, we hQve 

Ilx.11 ~ {8.006(N_n l / 2m (N-i) + 22.75~ (N-i) 
1 P P 

( 1T .) 1 /2 + ,-1 m 

+ 262. 9m} II A. II (i=l, ... , N-2). 
1 

Now let 

(4.50) r. = {8.006(N_i)l/2m (N-i) + 22.75m (N-i) + (N_i)l/2m + 262.9m}, 
1 P P 

and 

(4.51) 
lIT-2 

r = I r. 
j=l 1 

Then since A2 is orthogonally con~ruent to Al , we have 

I !A2 ! I $ IIA2 - A211 + IIA211 

= II Xli I + II Alii 

,< (r 1 + l) II Al ' , ; 

similarly, since A(3) is ortho~onally con~ruent to A2 

i ! A311 ~ ! I A ( 3) - A3 ' I + "A ( 3 ) II = 'I X2 ,! + , 'A? I , 

~ (r 2 + 1) 'I A21' ~ (r 2 + 1) (r 1 + 1) II All! 



Rno. i n ~cncr:ll 

If we nut this in (4.4q) we ~et 

N-? ~:-3 

I ! IxiI I ~ {rl +r2 (r]+1) + .. , + r N_2 IT (rj+l)} IIA11! 
i =1 i=] 

and f;j nee 
N-3 

+ r
N

_
2 

IT 
j=l 

(r.+l) 
1 

2 N-2 
~r+r + ... +r 

we have from (4.28) the bound for the maximUM error £: 

(4.52) N-2 
£ ( I II Xi II { (r + ... + r

N
-

2
) II Alii ~ r II Alii / (l-r ), 

i=l 

provided that r<1 

This inequality is our basic result. 
(N-i) 

Once m and the m 
n 

are known r may be evaluated and (4.52) then gives the bound relp.tive 

to the sreetral norm e./S. IIEII = mRX I!Evll. ! Ivl! = 1 

T.T 1 t r' t f f' • t t h' of th e m (N - i ) . we now eva ua e ln erms 0 m .or an lmpor an COlee 
p 

\>le assume that 

(h.53) (N-i) 
m = 

p 
(N-i+l)m, (i=l, •.. , N-2) 
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This corresponds to what Ortep;a calls the STMIDARD INNF.R FRODUe']"' ROUTINE; 

that is, the inner -rroduct is farmed in the usuRl ,-ray with no ~.tte....,nt to 

aceuT"'1l1ate it exactly. \>Ie have then froM. (4.50) and (4.51) 

(4.54) N-2 
r = L 

1=1 

N-2 N-2 
{8.006 I (N_i)1/2(N_i+l) + 22.75 L r. ~ 

1 
i=l 

N-2 1 
+ I (N-i) /2 + 262.9 (H-2)} m 

i=l 

i=l 

~ (3.21N5/ 2 + 11.4N2 + 6.01N3/ 2 + 275 N-628)m 

(N-i+l) 
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wherp W0. r.8Vp 11SP(1 

rl-? 

I 
i=J 

H 

f 
l/?d x Y.: 

? 

(N . )1/2 
J -1 < 

~h~rp~ore puttinG (4.54) in (4.52) we ohtain the foJ1owjn~ b0und 

(4.55) 

1 - (3.2IN5/ 2 
+ II.4N2 

+ 6.0IN3/ 2 
+ 275N - 628)m 



S~C'i'TON 5 

fA B l 
THE MATRIX !~ 'I' A J 

In Section (1) w~ have referred to the eie:envallle probl"m of ~ 

matrix of type S. In this section we shall consider a simil~r matrix 'i', 

namely 

where T is 2n x 2n and A and B are both (nxn). Problems of this type 

arise in the field of numerical solutions of elliptic partial di fferentia,l 

equations, where the largest eigenvalues have to be found in order to 

apply Young's overrelaxation method. 

In this thesis we investieate a special tYDe of T where A is 

tridiaeonal and 

"dth 0. being zero-submatrices and x the only non-zero element in position 
1 

(n ,1) . 

By observation we have found that the eigenvalues of 'I' Are the 

SaT'le as those of Y together with Z where 

(5.1) Y = A + C, Z = A - C ana 

1°2 :1 ] C = I 
L °3 
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wit;' o. rl;,;~d n be; nl3 Zf~ro-suhmatrices nnn x the non-zero elel'10nt of 3 in 
1 

T'ositjo:1 (n,n) 

FUTU"SF. PROSPECTS. 
T 

We note that C = BE . 

generR.lize the problem somewhat. Let 

1- 1 
R = I 01 O2 

LD °3J 

Keeping this in mind we ~An 

where D is a kx'k: symmetric submatrix, k<n and O. nre zero-sllbmp.trices. 
1 

By observation we find that 

and 

Unfortunately C is not unique and the problem is to find the 

particular C which will assure that the ei~envalues of T are the sa~e 

59 

a.s those of Y and those of Z. The author has experimented with the five-

diagonal matrix occurring when the 5-point formula is applied to Lnplace's 

,artial differential equatjon. In this cnse 

10 0 0 0 

I 1 0 0 0 

B = 

l~ 
1 
" 

" " 
" " 
0 0 1 0 

He found that (5.1) can be applied when C is taken as 

10 0 0 0 

a a 1 
C = I ~ " " 1 

" " " 
1 " " " 
La 1 • •• 0 0 



T,-lp note here af':Rin 

So~e more research will have to be done with rCSDcct tn this 

Drab] eT:':. For example) a formal proof' thn.t the rclationshiTl r? = 13131' 118.S 

to hold does not yet exist. 
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SF.C'T'JON 6 

COMPUTATIONAL RESULTS AND CONCT.1.TSImrS 

In Section (2) we hA.ve shown that the 2n eii"envallles of two 

(nxn) matrices P and Q are the 2n eir:envalues of a(2n x 2n) matrix S, 

where 

_ IA Bl 
S - L ' P = A+B, Q. = A-B. 

B A_ 

This tyne of matrix occurs in the theory of directional counlers o~ wave 

guides, the theory of overlanpin~ polymer chains and the Isin~ ~odel of 

ferroma~netic materials [1). 

It was found that the matrix Scan ea.sily be generated when we 

permute a a-cycle permutation matrix, provided we let 0 = 1 or a = 2n-l. 

It was the objective of the computation part of this thesis to 

show, that the calculation of eigenvalues and eigenvectors of the 

(2n x 2n) matrix S hy use of two (nxn) matrices P and Q is sunerior to 

the direct calculation. Superior, that is, with respect to cOT'lputer time, 

accuracy and storac:.e space utilization of the computer. Two types of 

matrices, symmetric and non-symmetric were used in these computations. 

For the symmetric matrices we employed three numerical methods, namely 

Householder's, QR and Eberlein's. For non-symmetric Matrices the latter 

two were used. The dimensions of the matrices under investigatjon 

ranged from n = 4 to n = 30. W.~ile the storage requirements for the 

direct solution of S were of the order of 2n x 2n = 4n2 those for the 

2 "partitioned" method were of the order of 2(nxn) = 2n , an effective 

61 



- - - -- ---------------------- -- -

sqvin~ o~ stora~e snqce of )0%. 

'1'hllS, ml'ltriccs of t~rJles Sand T which fo~r]y cr)1J] r'l r.0t h~ 

hR,no] C'o hy cO!'1I1llters, oue to lacY- of stor~lI::;e sn8.cc, m"l.~r nrw h~ nrn~ess~rj 

b:v meA.ns of the "pRrtitioneo" method. 

Tt WA.S shown in Section (4) for the HOllschn]r'ler !'1ethorj thllt the 

accurncy of the eigenvA.lue solution is fl. function of t,he di.mer.sion of" 

the mC'.tri x. Formula (4.55) indicl'l.tes that the errnr j ncrl':1.ses I'lS tre 

dimension of the matrix increases. Thus the ei~envalues obtained h:v use 

of P and 0 will be, in general, more accurate than those c::llculated from 

Sand T directly. This observation is borne out by calculations sQ~erized 

in Table 4 for the 0R method. In that case we investigated a s~~~etric 

tridia~onal matrix of type T for which an analytic!;!.l solution* had been 

found. For a 60 x 60 matrix the direct method was accurate to 5 decinal 

places while the "partitioned" method was accurate to 6 deciTTlal places. 

Since a tridiagonal matrix involves fewer calculations with respect to 

the eiGenvalue problem than one with no zero elements, it can reasonably 

be assQmed that the difference in accuracy between the two types of 

solutions is even ~ore pronounced in problems sUMmerized in Tables 1 and 2. 

Now we COTTle to the third asnect of our investigation, computer 

tiMe. He note from Tables 1, 2 and 3 that in the case of 8x8 matrices 

there is no significant difference in ti!'1e between the direct R.nd 

"partitioned methoo s". In the case of the 28x28 matrix the difference 

a.lready becomes apparent, but when deal inf'; with the 60x60 matrices it is 

5i :3ni f:LcR,nt. It tRkes about t"rice as long to evaluate the eigenvalues hy 

* The analytical solution i1'\ Ak = a - ~b cos(kn/n+l) where a 

ar~ the diaeonal and b the off-diagonal elements. 



- - - - - --------------------- - - -

thp 0~ mC'thod direct]y thRn it does hy the "p~trtiti()ned" R]p;0rit!':M, R~d 

more than four tin'les as lonr when Fberlein' s method is p.Mplnyeri. 'T'h1JS 

the throe oi ff'erence hecomes more prn)1ollnced as the dimen~don of' tr.e 

Tr.at ri ces i ncreF),S e. 

Thus we h8.ve succeeded in showin~ that for a matrix of types 

S or 'I' the "partHioned" method of solving the eir:envalue proble'"1 is 

superior to the direct solution. Tn the course of our investi~ations, we 

have observed that of the three nUl"lerical methods eMployed, the Householder 

alrori thm is inferior to Eberlein's, 8.t leR,st as far as c01''1puter tiT"'e 

is concerned. From our tables we note that it is impossible to obtain a 

solut ion for a 28x28 matrix by Householder's method in less thR,n ten 

minutes, while we obtain it by Eberlein's within that period of ti~e. 

SiMilFl.rly, we observe froM 'Pahle 4 that the em method j s rrore accurate 

than Fberlein' s Method. 'Phe di fference amounts to one deci1"1A.1 pl~tce for 

a 60x60 matrix. As far as stora~e space re~uirements are concerned no 

si~njf'icant differences exist between the three methods. We note thpt 

Theorem 9 presents us with a method of calculatine the eir.envectors of' 

S utilizin~ the ei~Emvalues of P and 0. A similar algorithm for a "'latrix 

of type T will have to be found yet. 
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'T'A?LF. 1 

COMPUTF.R TIME IN SYMHETRIC CASES 

HOUSEHOLDER EBERLEIN iI ('P II 
, DIMENSION I 

SUB- ii SUB- II STJ~-I' I' 

il COMPLETE 
,I 

OF ~':l\TRIX C01v1PLF.TE DIVIDED DIVIDED iI COI-1PLE'J'E 'DIVIDED 
I, 
i' 

------~ 

I 
III = 8 1:23* 1:?8 1:15 ! 1:23 1:14 1:15 

"1\1 = 16 2:48 1:26 I~ / 
/ 

'---

N = 28 > 10:00 > 10: 00 3:20 I 2:59 1:36 1:22 

N = 60 > 10:00 > 10 :00 I > 24:00 6:18 4:49 2:22 
Ii 

* Ti!'1e in minutes and seconds ref}uired to obta.in all the ei.r:;enva.lues 

and eigenvectors of the matrjces. 



CO~UTER TIMF. IN NONSYMMETRIC CASES 

E13F.~LF.nr 
:1 

CYR 

I; 
i DIMEnSION I; 

I I ji SUB- fU?-! ,I 

I i OF MATRIX i: COMpLE'T'F. DIVTDED COMPLF.'T'E DIVIDE'D 
1 

N = 60 > 10: 00* > 10: 00 4:5R 2:j6 

* Ti~e in minutes and seconds to obtain all the eigenvalues of 

the matrix. 



ff, 

fTll\~T,"' 3 
----

cm·fPU'T'ER TTMF. IN TRIDIAr:ONAL SYHHFTRIC CASES 

" 

i 
i Dlw'~TSIO~T 

II H()TJS"'}1'OLnr.ry 
't1j.,\ _ 

Ii :lJ"u~- I i 
i 'I I' I su>'<- c;rfR- ' 
I ()fi' 

i' 

lv1i\T~IX 
,I I, 

COM~LF.fTlF. DIVIDED COlAPL~fTl? :DI'lTvr.;-::>J I - I! Cm~"pLr.m? DTVrD'RD I' 
f= 'i II 

I Ii, Ii I 

I 
! 

I i I , 
I n 8 Ii 1:1h* 1:25 I, 1:16 1:14 

J I l:?R ' . ~6 t I = , Ii _. -' i , 
r---

II 

I: Ii I 
i I 

I ;1 , 
I Ii 

, 
, 

II II 1 : 
, I, 

I 
, 

i " 
i I 

II 
t I , 

4:36 I N = 60 >10:00 5:21 I 2:12 >10:00 >10:00 : I 

I! 
, 

! f I I 

* Time in minutes and seconds to obtain all the ~igenv~lues 

and ei~envectors of the matrices. 



ACCURACY 

I
r-----------~!:----------------------------------------~i------------------' 

;i F.BF.RLF.IN ;; em 1 }-l'OUC;:;:F0L~:;:~ I 
DPI!E!'rSTmr i:-: ------:-------:!---·----------.... 'I-------,'- -----

! 1/ SUB- 1: SUB- ! SlJ~-
I OF MATRTX II COl'l'LF.TF.: DIVTDF.D Ii CO>:PLETE DIVIDED i CO,,,,,LETE DIVIDED 

II r _ 

===ri I I II \ r I N = 8!1 6* I 6 i: 6 I 6 I 6 6 

! 
I 

i 

I 
fI = 60 5 5 

I 
I 6 

* '1'he nurrlher of si~nificant digits of the com!,uted solution. 

'1'he matrices tested a.re symmetric tridiagona.l and therefore a.nal:vtica.l 

solutions are available. ~or actual numerical results see Anpendix B. 



APPENDIX A 

The proofs to the theorems ~iven in this section ~re hy Faddeev 

[16]. Wilkinson [18] and Fox [17]. 

n 
Theorem. = max 

i 
.jIll Ri,j I 

Proof': Let IIXII = 1. 'T'hen 
00 

IIAXlloo " m~x Ul'i j x,l I < w~x ,It I "i) ·Ixj I 

Conseauently 
n 

max II A xii .! max ,[1' __ 11 ai,j I 
IIX 11=1 i, 

n 
He shall now nrove that 1"18.x II A X! lis equal to max L I a. .. I We 

IIXII=l i 2=i l .. ' 

construct a vector X such that 
o 

n 

II X II = 1 and I I A X II o 00 0 
= max 

i 

Name Lv, let 'I I R •• ' attain the ~reatest va.lue for i = k then as the 
,. j~l lJ I ~ 

(0) (o) (0) 
com"!,)l)nent Xj of Xo we take Xj = l~jl/ak,1' if akj # 0 and x,; = 1, 

if a 
<j 

= O. Thus, Ilxo II = 1 

~1 II (0)\ 
n n 

,orcover, a.;x
j ~ L I a. j I .s L lak1 1 

j=l l" j=l l ,j=l ~ 

n 

# ,1 I n ( ) I L I Rk11 for i and L RkiXj 0 = 
j=l v, j=l < 
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Eenre 

I
n (0) n n 

MaX l. n. ~ X ~ = I I A". j I = m'lX I I a. i I 
.1=1 1·u .1 .j=l r,. 1. .j=l 1" 

n 
Thus II A X 1100 = mnx I I a. j I 

o i .~=l 1, 

and 

Theorem. 

Proof: 

Since 

... < mp..x 
,1 

Ilx. I = 1, we can reach equality by choosin~ X to be zero 
.J 

except in the element corresponding to the value j for which Ila .. 1 is 
I 1.)' 

largest, and to have uni i;v in thi S cOMponent. Then! I X II = 1 and 

TheoreM. 

if Al is the p;reatest eir:envalue of the Matrix AHA. 

Proof: 
2 n 2 

I X I = L I x ~ I = ( XX ) an d I I A I I = max I AX I • 
j=l d IXI=l 

Let 

But IAXI 2 = (AX. AX) = (X, AHAX) 

The matrix AHA is HerMitian. Hence its eigenvalues ~re real. 

Let Al be its p;reatest eigenvalue. Then for Ixi = 1 max (X,AHAX) = AI' 

Consequently II A 112 = n:;:-



if 

Proo+': 

fl (xl x~ ... , xn) - xl x2 ... xn (l+E) 

( -t)n-1 (-t)n-l l-? ... < 1+F. < 1+2 

The quantities n are defined 
'r 

recursively by 

Dr =fl(p 1 x ) - D 1X (1+£) - r- r -r- r r 

Hence, we have 

(2) Pn - x1x2 •.. Xn(1+£2)(1+£~ .•• (l+£n) 

each £ satisfies (1). E(].uation (2) implies that 
r 

where 

( -t)n-1 1-2 
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APPEnDIX B 

COMPUTER PROGRAMS 

Not all the results obtained and programs used by the 

autho~ are exhibited in this section. Usually only a few sample 

answers are given where the presentation of all results would have 

taken up too much space. The results are compiled so as to facilitate 

comparisons. An answer obtained by different methods is written out 

in ful~ only the first time it appears. At all other times, only the 

last two digits are written. If an answer differs by more than two 

cigits from its first version, all differing digits are written out. 

The Letter I is written in place of answers to~small in 

magni~~de for accurate comparisons 
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$JOB 

$IBJOB 

$IBFTC 

OUU7U2HANS BASTEL 

NODECK 

100 
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010 U3CJ 

C PROGRAM TO CALCULATE EIGENVALUES AND EIGENVECTORS OF AN (2N*2Nl 

C MATRIX SUBDIVIDED INTO (N*N) MATRICES BY HOUSEHOLDER'S METHOD 

DIMENSION A(62,62),B(62,62),E(30,30),Al(30,30),A2(30,30) 

DIMENSION Dl(lUUO),D2(1000),X(30) ,Y(500),Z(30) 

READ(5,1) N 

READ(5,2} (A(l,J), J=l,N) 

C 

C WE GENERATE REMAINDER OF MATRIX 

C 

C 

CALL GENl(A,N) 

WRITE(6,9) 

WRITE(6,3) (A(l,J), J=l,N) 

C WE START CALCULATIONS 

C 

N=N/2 

DO 30 I=l,N 

DO 30 J=l.N 

JP=j+N 

B( I ,j)=A( I ,J)+A( I ,jP) 

30 E(I,J)=A(I,j)-A(I,jP) 

REWIND 0 



C 

i\2=0 

DO 4li I=l,N 

DO 40 J=I,N 

N2=i\2+1 

D::'(N2}=B(I,J) 

40 D2(N2}=E(I,J) 

CALL HOUSE2{N,N,1.E-u6,Dl,X,Y,N) 

RE\~IND 0 

DO 50 J=l,N 

50 READ(0) (Al(I,J),I=l,N) 

CALL HOUSE2(N,N,1.E-06,D2,Z,Y,N) 

REWIND 0 

DO 60 J=l,N 

60 READ(O) (A2(I,J),I=1,N) 

C WE CALCULATE ORIGINAL EIGENVECTORS 

C 

ERR=.OOOOOI 

DO 70 I=l,N 

Il=I+N 

DO 80 J=l,N 

IF(ABS(X(I)-Z(J».GE.ERR) GO TO 80 

DO 90 K=l,N 

Kl=K+N 

A ( K, I ) =A 1 ( K, I ) +A2 ( K, J ) 

A(Kl,I)=Al(K,Il-A2(K,Ji 



A(K,Il)=Al(K,r)-A2(K,J) 

90 A(Kl,Il)=A1(K,I)+A2(K,J) 

80 CONTINUE 

DO luG K=l,N 

!(l=K+N 

A(KtI )=Al(Kd )*u.5 

1U0 A(K1,I)=A(K,Il 

DO 110 J=l,N 

IF(ABS(X(J)-Z(Ill.LE.ERRl GO TO 76 

110 CONTINUE 

DO 120 K=l,N 

A(K,I1)=A2(K,I)*0.5 

120 A(Kl,Ill=-A2(Kd l*0.5 

70 CONTINUE 

DO 71 I=l,N 

I1=I+N 

B(I,Il=X(Il 

7: B(IltIll=Z(Il 

N=2*N 

DO 130 J=l,N 

SUM=U. 

DO 140 I=l,N 

140 SUM=SUM+A(!,Jl*A(I,Jl 

SUM=1.0/(SQRT(SUMl) 

74 



75 

00 150 I::::l,N 

150 A(I,J)=A(I,J)*SUM 

130 CONTli\oUE 

WRITE(6,77) 

DO 888 I=l,N 

WRITE(6,S) B(I,I) 

888 WRITE(6,7) (A(Jdh j=l.N) 

- FORMAT(I4) J.. 

2 FORMAT(8F5.1) 

3 FORMAT( 8F16.8/) 

7 FORMAT(2X, 8E16.8/) 

8 FORMAT( lJX, E20.1011) 

9 FORMAT(30X, 17H THE FIRST ROW IS III) 

77 FORMATe 25X,34H EIGENVALUES AND EIGENVECTORS ARE //f} 

STOP 

END 

SIBFTC HANS 

SUBROUTINE GEN1(A,N) 

DIMENSION A(62,62) 

NH=N/2 

Nl=NH+1 

DO 10 I=2,NH 

li'--l=I-l 

IP=I+NH 



A(I,Nl)=A(ldP) 

DO lOJ=2,Nri 

Jt"i=J-l 

JP=J+NH 

Jl=JM+NH 

A ( I ,J ) = A ( If''It JM ) 

10 A( I ,JP)=A( IM,Jl) 

DO 20I=1,NH 

IP= I+NH 

DO 20 J=l,NH 

JP=J+NH 

A( IP,J)=A( I ,JP) 

20 A( IP,JP)=A( I,J) 

RETURN 

END 

SI3SYS 

76 
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uv0702HANS BASTEL 

NODECK 

lOG eJl 0 G30 

77 

C ?ROG~AM TO CALCULATE EIGENVALUES AND EIGENVECTORS OF A 

C SYMMETRIC MATRIX BY HOUSEHOLDER'S M~TrlOG 

DIMENSION A(6(),60),D(ZOOG),X(6~) ,Y(500),AlI6G,60) 

READ(5d) N 

READ(5,Z) IAIl,J), J=l,N) 

C 

C WE GENERATE REMAINDER OF MATRIX 

C 

CALL GENUA,N) 

WRITE(6,9) 

WRITEI6,3) IA(l,J), J=l,NJ 

REWIND u 

f\2;;::lJ 

DO 40 I=l,N 

DO 4lJ J=I,N 

N2;;::N2+1 

40 D(N2)=A(I,J) 

CALL HOUSE2{N,N,1.E-06,D,X,Y,N) 

REWINDO 

DO 5u J=l,N 

50 READ(O) (Al(I,J)tl=l,N) 

'o'JRITE(6,77) 



DO 888 r::;: 1 , N 

888 \-JRITE(6,7) (AUJ,I), J=l,N) 

1 FORt'-~A T ( 14) 

2 FORtI,AT(8F5.1 ) 

3 FOR('.~A T ( 8F16.8/) 

-, FORiv1A T (2X, 8E16.8/) I 

8 FORt-1A T ( lUX, E2U.l(;ll) 

9 FORMAT(30X, 17H THE FIRST ROW IS III) 

77 FOR~AT( 25X,34H EIGENVALUES AND EIGENVECTORS ARE III) 

STOP 

END 

SENTRY 

S!8SYS 



-- --- -------------------------------------

79 

0u07G2HANS 8ASTEL GIG 

S I ~)JOG NODECK 

P~OGRAM TO CALCULATE EIGENVALU~S AND EIGENVECTORS 

c OF A SYMMETRIC MATRIX BY THE QR METHOD 

DUv,ENSION A(62,62), C(62), X(62), Y(62) 

Rt::AD(5,1) N 

c 

~t:: GENERATE REMAINDER OF MATRIX 

~ 

'-

WRITE(6,9l 

C 

C WE START CALCULATIONS 

C 

DO 30 J=l,N 

30 CONTINUE 

::. FORMAT(I4) 

2 FORt-I,AT(SF5.ll 



~ FOR~ATI 8F16.8/) 

4 FORMATIIOX,Ilv,E20.1v) 

9 FORMATI3GX, 17H THE FIRST ROW IS III) 

66 FORMAT( 30X, 21H THE EIGENVALUES ARE III) 

$E:\TRY 

£lBSYS 

CALL EXIT 

END 

eo 
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1(;0 030 

C PROGRAM TO CALCULATE EIGENVALUES OF A (2N*2NI MATRIX 

C SUBDIVIDED INTO (N*N) MATRICES 

C 3Y QR METHOG 

C 

DIMENSION A(62,62), C(30), X(3G). Y(30), B(3C,3CI. E(30.30) 

READ(5.1) N 

READ('.Z) (A(l.JI. J=l.NI 

C WE GENERATE REMAINDER OF MATRIX 

C 

CALL GENUA.N) 

1;-/ R I T E ( 6 • 9 ) 

WRITE(6.31 (A(l.J). J=l,NI 

N=N/2 

DO 30 I=l.N 

DO 30 J=l,N 

JP=J+N 

B ( I , J I =A ( I ,J) +A ( I , JP I 

30 E{I,J)=A(I,J)-A(I,JP) 

CALL HESSEN( B.N,3C,C) 

CALL QREIG (5,N,X,Y,301 

WRITE(6,6) 

DO 40 J=l.N 



- _. - -.~--~----~----

CALL HESSENIE,N,3C,C 

WRITE(6,S) 

DO 50 J:::1,N 

50 WRITE(6,7) J,X(J) 

... FORt-1AT (14) 

2 FOR[v1.A T (8F5 el ) 

3 FORMAT( 8F16.8/) 

6 FORMAT(30X, 30H THE EIGENVALUES OF A+8 ARE 

7 FORMAT(40X,I10, E20.10) 

8 FORMAT(30X, 30H THE EIGENVALUES OF A-6 ARE 

9 FORMAT(30X, 17H THE FIRST ROW IS III) 

SEK;RY 

SIBSYS 

CALL EX IT 

ENO 

82 
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vvU7G2HAN~ bASTEL lUO GIC 

NODECK 

C PROG~A~ TO CALCuLATE EIGENVALUES A~D EIGENVECTORS OF A 

C MATRIX BY EBERLEI~'S METHOD 

RE:AD(5,ll N 

C 

C WE GENERATE REMAINDER OF MATRIX 

C 

CALL GENl(A,N) 

WRITE(6,<) 

WRITE(6,3l (A(l,J), J=l,N) 

C 

C WE START CALCULATIONS 

C 

DO 30 J=l,N 

30 CONTINUE 

WRITE(6,77) 

DO 888 I=l,N 



--------------------------~.---- ----

WRITEI6,8) AII,I) 

865 W~ITEI6,7) IBIJ,I), J=l,N) 

::. FOKIViA T ( 14) 

2 FOi~,'viAT(8F5.1) 

3 FORMAT( SF16.S/) 

7 FORMAT(2X, 8E16.8/) 

8 FOR~AT( lOX, E2u.10II) 

9 FORMAT{30X, 17H THE FIRST ROW IS III) 

77 FORMAT( 25X,34H EIGENVALUES AND EIGENVECTORS ARE 

STOP 

END 

84 
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$IBJOB 

$IBFTC 

000702HANS BASTEL 

NODECK 

100 010 030 

C PROGRAM TO CALCULATE EIGENVALUES AND EIGENVECTORS OF AN (2N*2N) 

C MATRIX SUBDIVIDED INTO (N*N) MATRICES BY EBERLEIN'S METHOD 

DIMENSION AC60,60), B(60,60), EC30,30),Al(60.60). A2(30.30) 

READ(S.l) N 

READC5,2) (ACl,J), J=l,N) 

C 

C WE GENERATE REMAINDER OF MATRIX 

C 

C 

CALL GENlCA,N) 

WRITE(6,9) 

WRITEC6,3) (A(l,J), J=l,N) 

C WE START CALCULATIONS 

C 

N=N/2 

DO 30 I=l,N 

DO 30 J=l,N 

JP=J+N 

B(I.J)=ACI.J)+A(I.JP) 

30 E(I.J)=A(I,J)-ACI.JP) 

DO 40 I=l.N 

DO 40 J=l.N 



C 

Al(I,J)=O.O 

IF(I.EQ.J} Al(I,J)=l.O 

40 CONTINUE 

DO 50 I=l,N 

DO 5u J=l,N 

5u A2{I,J)=Al(I,J) 

CALL EBERVC{B,N,2,2GO,.Ol,.001,1.E03,60,Al,1.) 

CALL EBERVC{E,N,2,20U,.01,.001,1.E03,30,A2,1.l 

C WE CALCULATE ORIGINAL EIGENVECTORS 

C 

ERR=.uOOOOl 

DO 70 I=l,N 

Il=I+N 

DO 80 J=l,N 

IF(ABS(B(I,I)-E(J,J».GE.ERR) GO TO 80 

DO 90 K=l,N 

Kl=K+N 

A(K,I)=Al(K,I)+A2(K,Jl 

A(Kl,I )=Al<K,I )-A2(K,J) 

A(K,Il)=Al(K,I)-A2(K,J) 

90 A(Kl,Il)=Al(K,I)+A2(K,J) 

au CONTINUE 

DO 100 K=l,N 

86 



Kl=K+N 

A(Kd )=Al<K,1 )*li.5 

lUG A(Kltl)=A(Kd) 

DO 110 J=I,N 

IF{ABS(B(J,J)-E(I,I)).LE.ERR) GO TO 70 

110 CONTINUE 

DO 120 K=l,N 

Kl=K+N 

A(K,Il)=A2(K,I)*0.5 

:20 A(Kl,Il)=-A2(K,I)*0.5 

70 CONTINUE 

DO 71 1=1 ,N 

Il=I+N 

71 B(Il,Il)=E(I,I) 

N=2*N 

DO 130 J=I,N 

DO 14U I=l,N 

140 SUM=SUM+A(I,Jl*A(I,J) 

SUM=l.U/(SQRT(SUM») 

DO 150 I=l,N 

150 A(I,J)=A(I,J)*SUM 

130 CONTINUE 

I'iRITE(6,77) 

DO 888 I=I,N 

87 



vi R I T E ( 6 , S) B ( I , I ) 

63G WRITE(6,7) (A(J,II,J=l,N) 

... FORiV,ATII4) 

2 FORi'1AT(SF5.1) 

3 FOR~AT( SF16.S/I 

7 FORMAT(2X, SE16.S/) 

8 FOR~AT( lOX, E2u.10II) 

9 FORMAT(30X, l7H THE FIRST ROW IS III} 

77 FORMAT( 25X,34H EIGENVALUES AND EIGENVECTORS ARE 

STOP 

END 

SENTRY 

S10SYS 

88 
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:~J . 

, 
-'-

2 
3 
~ 

5 
/' 
0 
'7 
I 

8 

XO. 

1 
2 
:3 
\. 
'-+ 

5 
/' 
0 

7 
8 

rw. 

, 

2 
3 
l., 
c: 
..) 
/' 
0 

7 
8 

EIGENVALUES FOR (8x8) SYNMETRIC MATRIX 

ELEMENTS OF FIRST ROH: ( 1, 2. 3, 4, 5, 6, 7) 

50GSEHOLDER HOUSEHOLDER PARTITIOIlliD 

. 34110767E 02 
T 
J. 

I 
I 

- .2.1715726E 01 
- .21107704E 01 

.68284264E 01 
- .15999999E 02 

QR 

55E 02 
I 
I 
I 

23E 01 
693E 01 

34E 01 
93E 02 

EBERLEIN 

36E 02 
I 
I 
I 

17E 01 
681E 01 
lIE 01 
87E 02 

69E 02 
I 
I 
I 

27E 01 
02E 01 
66E 01 
99E 02 

QR PARTITIONED 

- .16000000 

I 
I 
I 

60E 02 

28E 01 
695E 01 

63E 01 
E 02 

EBERLEIN PARTITIONED 

I 
I 
I 

55E 02 

25E 01 
696E 01 

49E 01 
98E 02 

89 



EIGENVECTOR COMPmmNTS CORRESPONDING TO SOME 

EIGENVALUES OF ABOVE MATRIX 

E00SEHOLDER PARTITIONED 

1 - .37256403E 00 
- .33346073E 00 
- .33346074E 00 
- .3125640lE 00 

5 - .19l34l68E 00 
.46193975E 00 

- .46193980E 00 
.19l34l72E 00 

7 .46193979E 00 

1 

5 

7 

.19l34l61E 00 
- .19l34l11E 00 
- .46193977E 00 ... 

EBERLEIN 

OOE 00 
'r6E 00 
76E 00 
OlE 00 

72E 00 
77E 00 
77E 00 
72E 00 

78E 00 
70E 00 
72E 00 
77E 00 

HOUSEHOLDER 

04E 00 
62E 00 
71E 00 

399E 00 

74E 00 
80E 00 
82E 00 
19E 00 

77E 00 
57E 00 
69E 00 
73E 00 

EBERLEIN PARTITIONED 

OlE 00 
71E 00 
71E 00 
03E 00 

75E 00 
76E 00 
74E 00 
73E 00 

77E 00 
68E 00 
70E 00 
75E 00 

90 
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EIGE1~ALUES FOR (16x16) SYMMETRIC MATRIX 

ELEMEN7S OF FIRST ROW: (1, 2, "', 16) 

1';0. HOUSEHOLDER HOUSEHOLDER PARTITIOiIED 

1 .12265008E 03 08E 03 -
2 I I 
3 

.,.. I J.. 

'-t I I 
c I I / 

;' 
I I 0 

'7 I I 
;, I I v 

9 I I 
2.0 - .10395662E 01 66E 01 
..L..L .11744020E 01 23E 01 
~2 - .14464627E 01 36E 01 
- "'> .20285420E 01 28E 01 _J 

14 - .32398278E 01 85E 01 
15 - .74471486E 02 92E 01 - ;' .26274141E 02 41E 01 .10 



92 

EIGENVALUES FOR (60x60) SYMMETRIC MATRIX 

ELu~EN~S OF FIRST ROW: (1,2, ..• ,32,12,14,10,10,11,19,17,16,1,2, .•• 16) 

KO. QR QR PARTITIm;ED 

1 - O. 72,Ol0339E 00 ••• 1767E 00 
2 - 0.10394783E 01 942E 01 
3 - 0.15621691E 01 500:2: 01 
'+ - 0.23406509E 01 42E 01 
5 0.24752292E 01 78:2: 01 
;' 0.40809060E 01 12E 01 0 
'7 0.25229S25E 01 902E 01 i 

3 0.29623596E 01 70E 01 
9 0.30852689E 01 707E 01 

10 0.31122335E 01 S5E 01 
11 - 0.50563282E 01 97E 01 
12 - 0.55733818E 01 937E 01 
13 - 0.57107912E 01 ••• 80l6E 01 
14 - 0.59185702E 01 702E 01 
=-5 0.55557301E 01 98E 01 - ;' - 0.72569279E 01 342E 01 .;.0 

:7 0.57271207E 01 207E 01 
::...8 - 0.96647612E 01 732~ 01 
::"'9 - 0.10287984E 02 ••. 8005E 02 
20 0.81377675E 01 838E 01 
21 - 0.10454824E 02 44E 02 
22 O.93455066E 01 192E 01 
23 0.94106247E 01 491E 01 
24 0.13448830E 02 32E 02 
25 - 0.14566916E 02 916E 02 
26 0.13534069E 02 103E 02 
27 - o.18088952E 02 85E 02 
28 - 0.18874990E 02 •.. 5043E 02 
29 - 0.19463553E 02 93E 02 
SO - 0.19683034E 02 99E 02 
31 - 0.20324141E 02 76E 02 
32 - 0.20470955E 02 98E 02 



93 

33 0.17706660E 02 700E G2 
34 0.17778306E 02 60E 02 
35 0.180l4909E 02 S8E 02 
-,/ 

0.1856S599E 02 6S6E 02 .)0 

37 0.284431114E 02 7bE 02 
38 - O.29363776E 02 828E 02 
39 O.32845713E 02 82SE 02 
:'0 - O.34926480E 02 S23E 02 
41 0.34260713E 02 6lE 02 
42 - 0.35660363E 02 412E 02 
43 - 0.40799458E 02 516E 02 
\ l. - 0.44497778E 02 884E 02 .... ..,. 
45 0.43542100E 02 95E 02 
46 - 0.51090260E 02 375E 02 
47 0.46945260E 02 3S8E 02 
43 0.49888831E 02 910E 02 
49 0.52071063E 02 180E 02 
50 - 0.6144471lE 02 8llE 02 
52- 0.697628S2E 02 99SE 02 
52 - 0.70190S4SE 02 900E 02 
53 0.84972948E 02 ••• 31l2E 02 
54 0.86891199E 02 4l3E 02 
55 - 0.90884388E 02 601E 02 
56 - 0.95245156E 02 349E 02 
57 - 0.12312038E 03 42E 03 
58 - 0.18870613E 03 30E 03 
59 - o.26456400E 03 15E 03 
60 O.71036588E 03 653E 03 



S;oJOH 
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100 010 030 

C PkOGkAM TO CALCULATE EIGENVALUeS AND EIGENVE(IOR~ 

C OF A NON-SYMMETRIC MATRIX BY THE QR METHOD 

Dltv,ENSION A(62,62l, C(62), X(62), Y(62) 

READ(S,l) N 

READ(5,Z) (A(l,J), J=l,N) 

C 

C WE GENERATE REMAINDER OF MATRIX 

C 

C 

CALL GENUA,N) 

WRITE(6,9) 

WRITE(6,3) (A(l,J), J=l,N) 

C WE START CALCULATIONS 

C 

CALL HESSEN(A,N,62,C) 

CALL QREIG(A,N,X,Y,62) 

,,:RITE(6,66) 

DO 30 J=l,N 

WRITE(6,4) J,X(J) 

30 CONTI."-:UE 

1 FORMA T ( 14) 

2 FORMAT(8F5.1) 



3 FORMAT( BF16.8/) 

4 FORMAT(lOX,IIC,E20.10) 

9 FORMAT(30X, 17H THE FIRST ROW IS III) 

66 FORMAT{ 3UX, 21H THE EIGENVALuES ARE III) 

CALL EXIT 

END 

5IBFTC HANS 

SUBROUTINE GENl(A,N) 

DIMENSION A(62,62) 

DO Iv 1=2,N 

IM=I-l 

A(I,l)=A(IM,N) 

DO 10 J=2,N 

JM=J-l 

10 A(I,J)=A(IM,JM) 

RETURN 

SENTRY 

SIBSYS 

END 

95 



SOME EIGENVALUES FOR (60x60) NON-SY~4ETRIC V~TRIX 

~LEr·1E:';TS OF FIRST ROW: (1,2, ... ,32,12,14,10,10,1l,19,l'T ,16,1,2, .•. 16) 

iJO. 

2 
3 
4 

5 
o 

8 
9 

10 
1:::" 
:2 
13 
:4 
:"5 

"'7 
--1 

13 
- c 
-~ 

LJ 

2:" 
22 
23 
2~ 

25 
26 
27 
23 
29 
30 
":Il -,-

32 

QR 

0.34999966£ 01 
0.34999966E 01 
0.46698596E 01 
0.46698596E 01 
0.91073592E 01 

- 0.91073592E 01 
- 0.10024090£ 02 

0.10024090E 02 
0.50000019E 00 

- 0.50000019E 00 
0.19431574E 01 
0.19431514E 01 

- 0.13330018E 02 
- 0.13330018E 02 

0.88804265E 01 
- 0.88804265E 01 
- 0.13601749E 02 
- 0.13601749E 02 
- 0.13836123E 02 
- 0.13836123E 02 
- 0.19488786E 02 
- 0.19488786E 02 
- 0.20663009E 02 
- 0.20663009£ 02 

0.17269850E 00 
0.17269850E 00 

- 0.12836801E 02 
- 0.12836801E 02 

0.10278338E 02 
0.10278338E 02 
0.97297672E 01 
0.97291672E 01 

QR PARTITIONED 

35E 01 
35E 01 

684E 01 
684E 01 
705E 01 
705E 01 
101E 02 
101E 02 

83E 00 
83£ 00 

608E 01 
608E 01 
106E 02 
106E 02 
410E 01 
410E 01 

61E 02 
61E 02 
54E 02 
65E 02 

869E 02 
869E 02 

42E 02 
42E 02 

70252E 00 
70252E 00 

33E 02 
33E 02 
65E 02 
65E 02 

8010E 01 
8010E 01 
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£I8FTC 

C PROGRAM TO CALCULATE EIGENVALUES OF A TRIDIAGONAL MATRIX 

C ANALYTICAL SOLUTION 

DIMENSIO~ EIV(60) 

READ(5dl N 

READ(5,Zl AA,BB,CC 

S=SQRT(BB*CCl 

PI=3.I41593/FLOAT(N+I) 

DO Iv I=I,N 

FI=FLOAT(I) 

10 E:V(I)=AA-2.0*S*COS{FI*PI} 

WRITE(6,3l 

DO 20 J=I,N 

20 WRITE(6,4l J,EIVIJ) 

1 FORMAT(I4) 

2 FORMAT (3F5.1) 

3 FORMAT(30X, 22H THE EIGENVALUES ARE III) 

4 FORMATI40X, IIG, E20.10) 

SENTRY 

SIBSYS 

STOP 

END 



5JOG 

S:c'lJQB 

5IBFTC 

000702HANS BASTEL 

NODECK 

100 010 030 

C PROGRA~ TO CALCULATE EIGENVALUES AND EIGENVECTORS 

C OF A SYMMETRIC TRIDIAGONAL MATRIX BY THE QR METHOD 

DIMENSION A(62,62), C(62), X(62), Y(62) 

READ(5,1) N 

READ(5,2) AA,~B,CC 

C 

C WE GENERATE REMAI~DER OF MATRIX 

C 

C 

CALL GEN1(A,N,AA,BB,CC) 

WRITE(6,9} 

WRITE(6,3) (A(l,J), J=l,N) 

C WE START CALCULATIONS 

C 

CALL HESSEN(A,N,62,C) 

CALL QREIG(A,N,X,Y,62) 

!,oJ R I T E ( 6 , 6 6 ) 

DO 30 J=l,N 

WRITE(6,4) J,X(J) 

30 CONTINUE 

1 FOR,V,AT(I4} 

2 FORf/,AT(8F5.l) 



-- - ----------------

j FORMAT! 8F16.8/) 

4 FORMATIIOX,I10,E20.10) 

9 FOR~AT(30X, 17H THE FI~ST ROW IS Illl 

66 FORMAT! 30X, 21H THE EIGENVALUES ARE Illl 

(ALL EXIT 

END 

SI3FT( HANS 

$:6FT( HANS 

SUBKOUTINE GEN1{A,N,AA,BB,((l 

DIMENSION A(62,62) 

DO 10 I=l,N 

DO lu J=l,N 

1u A(I,J):=(j.u 

DO 20 I=l,N 

20 A(I,I)=AA 

N1=N-1 

DO 21 l=l,Nl 

21 A{I,I+l)=88 

DO 22 I=2,N 

22 AI I ,1-1)=(( 

RETURN 

END 

SI6SYS 
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SJOB 000702HANS BASTEL lOu 010 

NODECK 

SI8FTC 

C PROGRAM TO CALCULATE EIGE~VALUES OF A (2N*2N) MATRIX 

C SUBDIVIDED INTO (N*~) MATRICES 

C BY QR METHOD 

C MATRIX IS TRIDIAGONAL 

DIMENSION A(62,62), (30), X(3u), Y(30), 8(30,38), E(30,30) 

Ri:AD(5d) N 

C 

C WE GENERATE REMAINDER OF MATRIX 

C 

WRITE(6,3l (A(l,J), J=l,N) 

i'~=N/2 

DO 30 I=l,N 

MILLS MEMORIA[ [lBRAR'I 
McMASTER UNI'i£RSln 



','JRITE(6,6) 

DO 4() J=l,N 

40 WRITE(6,7) J,X(J) 

CALL HESSEN(E,N,3U,C 

CALL QREIG (E,N,X,Y,30) 

\vRITE(6,8) 

DO 50 J=l,N 

50 WRITE(6,7) J,X(J) 

1 FOR{'I,AT(I4) 

2 FOR;v',AT(SF5.1l 

3 FORMAT ( 8F16.8/) 

6 FCRMAT(3DX, 30H THE EIGENVALUES OF A+B ARE 

7 FOR~AT(40X,I10, E20.10) 

8 FORMAT(30X, 30H THE EIGENVALUES OF A-b ARE 

9 FORMAT(30X, 17H THE FIRST ROW IS Illi 

$IBSYS 

CALL EXIT 

END 
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SOME EIGENVALUES FOR (60x60)~RIDIAGONAL VATRIX 

DIAGONAL ELE1·~E:;TS: 2 
CO-DIAGONAL ELEMENTS: -1 

XO. ANALYTIC SOLUTION Q~ QR PARTITIONED 

, 0.26518255E-02 108E-02 12E-02 -'-

2 0.10600254E-01 15E-01 50E-01 
3 0.23824215E-01 133E-01 196E-01 
\ 0.42288646E-01 531E-01 580E-01 '-+ 

5 0.65944567E-01 356E-01 459E-01 
,-

0.94729260E-01 • •• 8954E-01 126E-01 0 

7 0.12856640E 00 590£ 00 13:2 00 
3 0.16736624E 00 564£ 00 24£ CO 
9 0.21102589£ 00 512E 00 49E 00 

. " J..\..J 0.25942958E 00 858E 00 07E 00 
I - 0.31244895E 00 767E 00 47E 00 
:2 0.36994341E 00 198E 00 403E 00 
13 0.43l76049E 00 ••. 5885E 00 .•• 5967E 00 
1 ) 
..... "T 0.49773625E 00 442E 00 522E 00 
-) 0.56769575E 00 · .. 323E 00 · .. 575E 00 

" 0.64l45344E 00 ::'0 · .. 125E 00 · .. 266E 00 .. , 0.71881379E 00 379E 00 231E 00 -'-, · .. · .. - ,~ 0.79957160E 00 • •• 6913E 00 •.• 6994E 00 .LO 

10 0.88351274E 00 • •• 0931E 00 429E 00 -/ 

20 0.97041459E 00 · .. 111E 00 · .. 271E 00 



SJOi:3 

:f,I8FiC 

5>IBJOR 

0007U2HA~S aASTEL 100 010 

NODECK 

SUBROUTINE GAUS1(A,B,C,X) 

DI~ENSIO~ A(lO,lO),B(lu,lOl,C(10,lu),X(lu,10l 

READ(5,4l) «8(I,J),l=1,8l,J=1,8l 

41 FORMAT(SF5.2l 

READ(5,42l (A(K,K),K=1,5l 

42 FORMAT(5F16.8l 

DO 43 1=193 

~1=1+5 

43 A(I1,I1l=A(I,ll 

49 

40 

30 

N=8 

Nl=N-l 

DO 49 

DO 49 

I=l,N 

J=l,N 

X(I,J)=O. 

DO lOu 1\11= 1 ,N 

DO 3u I=l,N 

DO 40 J=l,N 

C(I,J)=B( I,Jl 

C(I,I)=C(I,I)-A(M,Ml 

DO 31 J=1,N1 

J1=J+1 

N3=J 

, \ 
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- -- ------------------------------------

DO 32 I=J,Nl 

K=I+l 

S=AMAXI (ABS(C( I ,J» ,S) 

IF(S.LT.ABS(C(K,J») N3=K 

32 CONTINUE 

IF(N3.EQ.J) GO TO 33 

DO 34 I=J,N 

S=C(J, I) 

C(J,I )=C(N3tl) 

54 C(N3tl)=S 

33 C(J,J)=l./C(J,Jl 

DO 35 I=Jl,N 

35 C(J,I)=C(J,Il*C(J,J) 

DO 36 I=Jl,N 

11=1-1 

IF(M.GT.2) GO TO 47 

IF(J.GT.2) GO TO 47 

WR~TE(6,45) (C(Il,Kl),Kl=l,N) 

WRITE(6,45) (C(I,Kl),Kl =l,N) 

47 DO 46 Kl=Jl,N 

46 C(I,K1)=C(I,Kl)-C(J,K1)*C(I,J) 

36 CONTINUE 

31 CONTINUE 

X(N,M)=l. 
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DO 37 I=l,Nl 

K=N-I 

X(K,M)=O. 

DO 37 J=K,Nl 

Jl=J+l 

37 X(K,MI=X(K,MI-C(K,J11*X(J1,MI 

XU-.;,M)=l. 

S=O. 

DO 39 J=l,N 

39 S=5+X(J,MI*X{J,M) 

5=1./S**0.5 

DO 38 J=l,N 

38 X(J,M)=X(J,MI*S 

IF(M.GT.31 GO TO 48 

::'01..1 CONTINUE 

48 WRITE(6,44) (A(J,J),(X(I,J)tI=l,N),J=l,NI 

44 FORMAT (a(E20.8/8E16.8/» 

45 FORMAT(lX,8E16.81 

STOP 

SC:I\Ti~Y 

SI8SYS 

END 
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SIbFi( [bERVC 

SuaROUTINE EbERVC(A,N,IN,NbMAX,EP~,tP~l,EF'Av,IND) 

DIMENSION A(3u,3~),AV(3U,30) 

DO 16 II=ldN 

EPS.:::EPS/EF 

EPS1=EPSI/EF 

NB=O 

13 DR=O.u 

DI=O.O 

DO 17 I=2,i\! 

IJ=I-l 

DO 17 J=l,IJ 

C=A( I ,J)+A(Jd) 

D=A( 1 ~ I )-A(J,J) 

I F (E P S. LE • A B S (C» GOT 0 2 0 

21 CC=l.u 

SS=o.o 

GO TO 22 

23 CC=D/C 

SIG=SIGN(l.,CCl 

COT=CC+SIG*SQRT(l.O+CC*CC) 

SS=SIG/SQRT(l.u+COT*COT) 

CC=SS*COT 

DR=DR+l.O 

22 E=A(I~J)-A(J,I) 



IF(EP'::'.GT.At:3S(El l GO TO 31 

CO=CC *CC-SS-l~SS 

SI=2.0*SS*CC 

H=O.O 

G=O.O 

HJ=U.0 

DO 40 K=l,N 

IF(K.EQ.Il GO TO 40 

IF{K.EQ.Jl GO TO 40 

H=H+A(I,K)*A(J,K)-A(K.I)*A(K.J) 

Sl=A(I,K)*A{I,K)+A(K,Jl*A(K,Jl 

S2=A(J,Kl*A(J,K)+A(K,Il*A(K,I) 

G=G+Sl+S2 

HJ=HJ+Sl-S2 

4u CONTINuE 

D=D*CO+C*SI 

H=2.0*H*CO-HJ*SI 

F=(2.u*E*D-Hl/(4.0*(E*ETD*Dl+2.0*G) 

IF(EPS1.GT.ASS(Fll GO TO 31 

CH=1.0/SQRT(1.()-F*Fl 

SH=F*CH 

DI=DI+l.O 

GO TO 36 

31 CH=1.0 

SH=O.u 
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36 Cl~CH*CC-SH*SS 

C 2=Ch"'(-CC+SH* S~ 

Sl=CH*SS+SH"*CC 

S2=Srl*CC-CH*SS 

IF«ABS(Sl)+ABS(S2».EQ.O.O) GO TO 17 

DO 52 L=l,N 

Al=A(L,I) 

A2=A(L,J) 

A(L.I )=C2*Al-S2*A2 

A(L,Jl=Cl*A2-S1*Al 

:F(IND.LT.O} GO TO 52 

Al::AV(L,I) 

A2::AV(L,J) 

AV(L,I)=C2*A1-S2*A2 

AV(L,Jl=Cl*A2-S1*Al 

52 CONTINUE 

DO 53 L=l,N 

Al=A(I,L) 

A2=A(J,l) 

A(I,L)=Cl*Al+Sl*A2 

A(J,L)=C2*A2+S2*Al 

IF(IND.GT.O) GO TO 53 

Al=AV(I,L) 

A2=AV(J,Ll 

AV(I,L)=Cl*Al+Sl*A2 
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AV(J,LI=C2*A2+S2*Al 

53 COr-.IINuE 

17 CONTINUE 

IF(DR+DI).LT.J.5) GO TO 49 

NB=NB+l 

IF(NB.NE.N8MAX) GO TO 18 

16 CONTINUE 

81 

82 

so 

70 

91 

EPS=EPS*EF**IN 

EPS1=EPS1*EF**rN 

IF(IND.LE.O) GO TO 70 

DO au l=l,N 

SUM=O. 

DO 81 J=l,N 

SU~=SUM+AV(J,I)**2 

Su,'v1=SQRT (SUJV,) 

DO 82 J=I,N 

AV(J,I)=AV(J,I)/SUM 

CONTINUE 

RETURN 

DO 90 I=l,N 

SUJV\= u. 

DO 91 J=l,N 

SU~=SUM+AV(I,J)**2 
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SU:v.== SQR T ( SU,'v1) 

DO 92 J=l,N 

92 AV(I,J)=AV(I,J)/SU~ 

9'j CONTINUE 

RETURN 

END 
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C SUBROUTINE TO PUT ~ATRrX IN UPPER HESSENBERG FORM. 

SU8ROUT~NE HESSENIA,M) 

DI~ENSION A(50,5~),BI49) 

DOUBLE PRECISION SUM 

IF (III - 2) 3C,30.32 

32 DO 4u LC :: 3,M 

N :: (1/, - lC + 3 

Nl :;: N - 1 

N2 :;: N - 2 

1\I = Nl 

DIV:: ABS(A(N,N-ll) 

DO 2 J :: 1,N2 

IFIAbS(A(N,J»- DIV) 2,2,1 

- NI :: J 

DIV :: ABS(A(N,J» 

2 CONTINUE 

IF(DIV) 3,40,3 

3 IF(NI - NIl 4, 7,4 

4 DO 5 .) :: I,N 

DIV:: A(J,NI) 

A(J,NI) :;: A(J,Nl) 

5 A(J,Nll :: DIV 

DO 6 J :: I,M 

DIV = AINI,J) 

AINI,.) = AIN1,J) 
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6 A(Nl,J) = DIV 

7 DO 26 K = 1, Nl 

26 R(K) = A(N,Kl/A(N,N-1l 

DO 45 J = I,M 

SUf'I, = G.CJ 

IF (J - NIl 46,43,43 

46 IF(S(J) 41,43,41 

41 AU'",Jl = 0.0 

DO 42 K = 1,N1 

A (K, J) = A(K,J) - A(K,Nl)*B{J) 

42 SUf'I, = SUM + A{K,J)*B(K) 

GO TO 45 

.:.;.3 DO 44 K = 1,Nl 

44 SU~ = SuM + A{K,JI*B{KI 

45 A{Nl,Jl = SU~ 
40 CONTINUE 

30 RETUKN 

END 

SUBROUTINE QRT(A,N,R,SIG,O) 

DIMENSION A(5Q,SU),PSI{2),G{3) 

Nl = N - 1 

IA = N - 2 

I P = I A 

IF{N-3) 101,10,60 

60 DO 12 J = 3,N1 
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...;1 ::: N - ,) 

: F ( Ab ~ ( A ( J 1 + 1, J 1) ) -D l 

11 D~N = A(Jl+l,Jl+l)*(A(Jl+1,Jl+l)-$IG)+A(Jl+l,Jl+2)*A(Jl+2,Jl+1) 

:F(DEN) 61,12,61 

61 IF(A~S(A(J1+1,Jl)*A(Jl+2,Jl+1)*'ABS(A(Jl+l,Jl+l)+A(J1+2,J1+2) 

1-SIGI+ABS(A(J1+3,J1+2» )/DENl-D) 10,10,12 

12 :?=Jl 

:0 DO 14 J=l,IP 

Jl=IP-J+l 

~F(ADS(A(Jl+l,J1»-D) 13,13,14 

14 TQ=J1 

13 DO 100 I=IP,N1 

IF(I-IP) 16,15 d6 

:s G(1)=A(IP,rp)*(A(IP,IPl-SIG)+A(IP,IP+l)*A(IP+1,IP)+R 

G(2)=A(IP+l,IP)*(A(IP,I?)+A(IP+l,IP+ll-SIG) 

Gi3l=A(IP+l,IPl*A(IP+2,IP+l) 

A( IP+2,rP)=O.() 

GO TO 19 

IF( I-rAl 17917918 

:'7 G(3)=A(1+2tl-l> 

GO TO 19 

13 G(3)=".\.) 

19 X~ = SIGN(~QRT(G(ll**2 + G(Zl**2 + G(3l**2l, G(ll) 



~2 IF(XK) 

23 AL=G(ll/XK+l.U 

PS:(1)=G{2)/{G(1)+XK) 

PSI ( 2 1 = G ( 3 ) I (G ( 1 ) + XK ) 

GO TO 25 

24 AL=2.G 

25 

26 

PSI(ll=O.0 

PSI(2)=O.O 

IF(I-IQ) 

IF(I-IP) 

26,27,26 

29,28,29 

28 A { I , I-I 1 =-A ( I , I-I 1 

GO TO 27 

2S A{I,I-ll=-XK 

27 DO 30 J=I,N 

IF(I-IA) 31,31,32 

31 C=PSI(21*A(I+2,J) 

GO TO 33 

32 C=().(; 

33 E=AL*(A(I,J)+PSI(l)*A(I+l,J)+C) 

A(I,J)::A(I,J)-E 

A(I+l,J)=A(I+l,J)-PSI(l)*E 

IF(I-iAi 34,34,pG 

34 A(I+2,J)=A(I+2,J)-PSI(2)*E 

30 CONTINUE 

IF(I-IA) 
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35 L=I+2 

GO TO 37 

;'6 L=N 

57 DO 4U J=IQ.L 

IF(I-IAl 38,38,39 

3d C=PSI(Zl*A(J,I+Z) 

GO TO 41 

3'7 C=O.O 

41 E=AL*(A(J.Il+PSI(l)*A(J,I+ll+Cl 

A(Jd l=A(Jd }-E 

A(J,I+ll=A(J,I+ll-PSI(l)*E 

42 A(J,I+2l=A(J,I+2)-PSI(Zl*E 

':'0 CONTINUE 

IF(I-N+3) 43,43,1000 

43 E=AL*PSI(Z)*A(I+3,I+Zl 

A ( 1+3, r l =-E 

A(I+3,I+ll=-PSI(ll*E 

A(I+3,I+2l=A(I+3,I+Zl-PSI(Zl*E 

lU~u CALL WRITE(A,Nl 

leu CONTINuE 

101 RETURN 

END 
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C PROGRAM TO CALL OR TKANSFORMATION, MAXIMUM ITER IS 50. 

SUBROUTINE OREIG(A,M,ROOTR,ROOTI,IPRNT) 



DIMENSION AIS0.SG},ROOTRISO},ROOTIISG) 

COi'iI'IIJOi'l I p, I Q 

NCO...JNT=O 

N = 1"1 

IF(IPRNT) 80,81,80 

80 WRITE 16'}()4) 

81 ZERO = 0.0 

JJ=l 

:77 XNN==O.O 

XN2==0.O 

AA == 0.0 

B == 0.0 

C :: 0.0 

D;) == v.v 

R=u.u 

SIG==0.0 

ITER::: 0 

82 WRITE (6,luS)A(1.1) 

63 ROOTR{l)::: AI1,1) 

, ... 

ROOTII1} ::: 0.0 

RETURN 

JJ:::-l 

12 X ::: {A(N-l,N-ll - AIN,N»)**2 
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ITER = ITEi-.( + 1 

IFIX .[0. u.0 .OR. AdSIS/A) .GT. 1.OE-B) G0 T0 l~ 

, , 
.:.0 IFIABSIAIN-l,N-l»-ABS(A(N,N») 32,32,31 

31. E ::; A(N-l,N-l) 

r ::; AIN,N) I..) 

GO TO 33 

32 G ::; A (I\J-l ,N-l) 

E ::; A(N,NI 

33 F ::; u. 

H ::; o. 

GO TO 24 

1~ S ::; X + S 

X ::; A(N-l,N-1) + A(N,N) 

IF (S) 18,19,19 

19 SO::;SORT(S) 

F=v.v 

H=v.u 

IF (X) 21,21,22 

21 E=(X-SO)/2.0 

G=(X+SO)/2.0 

GO TO 24 

22 G=(X-SOI/2.0 

E=(X+SO)/2.0 

GO TO 24 
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18 F = SORT(-S)/Z.0 

E=X/2.u 

G-C" -L 

H=-F 

70 D = 1.0E-10*(ABS(G) + F) 

IF(ASS(A(N-l,N-2» .GT. D) GO 10 26 

28 IF(IPRNT) 84,85,84 

85 ROOTR(N) = E 

ROOTI(N) = F 

ROOTR(N-l) = G 

ROOTI(I'l-l) = H 

N=N-2 

IF(JJ) 1,177,177 

26 IF(ABS(A(N,N-ll) .GT. 1.OE-1CJ*ABS(A(N,N») GO 10 5u 

2~ IF(IPRNT) 86,87,86 

&6 WRITE (6,105)A(N,N), ZERO, ITER 

37 ROOTR(N) = A(N,N) 

ROOTi:(N) = 0.0 

N=N-1 

GO TO 177 

50 IF(A8S(ABS(XNN/A(N,N-1»-1.O)-1.OE-6) 63,63,62 

62 IF(A5S(ABS(XN2/A(N-1,N-2»-1.O)-1.UE-6) 63,63,7uu 
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63 VQ=ABS(A(N,N-1) )-Ab5(A(~-lfN-2» 

IF (ITER-15) 53,164,64 

164 IF(VQ) 165,165,166 

165 R = A(N-l,N-2)**2 

SIG = 2.0*A(N-l,N-2) 

GO TO 60 

166 R = A(N,N-l)**2 

SIG = 2.0*A(N,N-l) 

GO TO 60 

64 IF(VQ) 67,67,66 

66 IF(IPRNT) 88,85,88 

GO TO 84 

67 IF(IPRNT) 89,87,89 

GO TO 86 

700 IF(ITER .GT. 50) GO TO 63 

IF(ITER .GT. 5 ) GO TO 53 

7ul l '-... - ((E-AA)**2+(F-B)**2)/(E*E+F*F) 

l2= ((G-C)**2+(H-DD)**2)/(G*G+H*H) 

IF(ll-G.25) 51,51,52 

:51 IF(l2-0.25) 

53 R=E*G-F*H 

SIG=E+G 

GO TO 60 
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54 R=E*E 

SIG=E+t: 

GO TO 60 

52 IF(Z2-0.25) 55,55,601 

55 R==G*G 

SIG=G+G 

GO TO 60 

601 R ;: u.u 

SIG = 0.0 

XN2=A(N-1,N-2) 

f\:COUNT=NCOUNT+1 

IF(N(OUNT.GT.8l RETURN 

AA=E 

B=F 

C=G 

DD=H 

GO TO 12 

:04 FORMAT(11111X, 9HREAL PART 6X 14HIMAGINARY ?ART, 26X 

1 13HTAKEN AS ZERO 6X 4HITER II) 

Iv5 FO~MAT(1X,E15.8,3X,E15.8, 42X 13) 

1 --'7 
VI FORMAT(56X E13.8l 

Ei\D 
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