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The Fermi surface of gallium is '•studied using the 

de Haas-van Alphen effect. A theoretical treatment of the 

de Haas-van 1 Alphen effect is reviewed. Several model·s for 

the Fermi surface of gallium are presented, and the best 

reviewed in detail. This model is compared to the data 

experimentally observed. New interpre~ations of previous 

data are presented in the light of the additional infor-

mation pre~ented here. Several Fermi surface pieces not 

previously observed~ or not previously idenfified, are 
. 

confirmed. Reasonable agreement between exper.iment and 
' theory is obtained. 
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ABSTRACT 

The de Haas-van Alphe~ effect in gallium siriglc 

crystals has been studied using the low frequency field-

modulation technique with the magnetic 'field up to 56kG 
~ - . 

parallel to the three principle cry~tallogi:-aphic planes. 

Frequencic·s due to small sixth-band hole and scventh~band 

electron surfaces previously observed DY Goldstein and Foner 

over part of their expected range of magnetic 'field dir.ection 

have been extended to show closed kieces of Fermi surface. 

Many new frequencies have also been observed, and most have 

been identified using Reed's pseudopotential model of the 

gallium Fermi surface. The large previously unseen .eighth-

band elect-ron surface has been observed in its entirety, 

and a small seventh-band electron surf~ce pr.evious)_~: 

observed inra~ of one plane but.not identified•colrectly 

has pow bee~ unequivocally identified. Frequencle~ due to 

t~e small fifth-band hole surface and many frequencies 

attrituted to the large complex comprising seventh- and 

eighth-band electron surfaces have been obs~rved. ·Strong. 

' indicati/°ns of mag.netic breakcl0','J1 for many of 

also exhibited. Th~ large multiply-connected 

the latter are 

sixth-band 

hole surface is expected to have-comparatively few extremal 

orbits ~ccording to Reed's model, but most of these were 

observed. In addition, several new. freque·ncies are a tj:.l?ibuted 
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to this surface, bul were not explicjtly predicted by Reed. 

A table of frequencies observed, and an approximate measure 

of their relativ0 strengths, is also presented' as a function 

of,magnetic field orientation. 
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CHAPTER ·I . 
INTRODUCTION 

Since its discovery in 1930, the de Haas-van Alphen 

{dHvA) effect has become one of the most powerful tools 

available to Fermiologists for determining the size.and 
r 

shape of Fermi surfaces. In simplest terms, the phenomenon 
I 

is a variation of the magnetic susceptibility which is 

periodic in reciprocal magnetic field. It was or~inally 
,, 

thought to be peculiar only to bjsmuth, ·in which it was 

first discovered, but now is known to be applicable to 

single crystals of nearly all metals of the periopic table. 

It has also been used successfully with dilute metal alloys, 
·-

some ffletallic compounds and even some metallic oxides, 

(e.g. Re0 3 ), in which the lack of metallic purity woul~ 

seem to preclude the possibility of the dHvA effect exis~ing. 

Similar oscillations have' also been observed in the Hall 

effect, magnetoresista~ce, thermoelectric power, inter-· 

m:tallic contact poten~ maqnetothermal effects. 

These ar_e all quite useful, and are not to be ignored,· but 

such oAdillations. are usually much more difficult to detect 

than oscil~ations in the magnetic susceptibility.· 
I I . 

• I 

The choice of gallium as the object of this study is 

due to the fact that it is one of the few easily prepared pure 
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metals which has not been thoroughly investigated. The Fermi 

surface of gallium is extremely complicated, which m~kes both 

the experiment and the analysis very difficuJt. There have 

been several theoretical models proposed for the Fermi 

surface of gallit1rn, and m~tY experiments i:ittcmDtc1d in an 

effort to verify the varidus theori.es, but most such e:xperi-

ments have merely shown the inadequacy of· the theories, and 

in addition have presented more inexplicable data. The 

present study is an attempt to resolve this dilemma. Chapter 

lI gives the theoretical background neces~nry for the under-

standing of the dHvA effect, both a "seat-of-the-pants" 
('~ 

r .... / version, which is easily understood but too simplified, and 

a m°)e demanding mathcmati,cal treatment of the:. problem which, .. 

although quite logical, is not as easily unoerstood, but 

gives the exact mathematical relationships necess~ry for the 

analysis. This chapter also contains a short summary of the 
. 

crystal structure, Brillouin zone, and previous work on 

gallium, as well as a ~etailed description of the gallium 

Fermi surface according to the latest mooel. Chapter III 

gives the details _pf·sample preparation, experimental 

apparatus, and computer analysis of the data. Chapter 'J.V 

givis a summary of the experimental results obtained, along 

with an analysis of ~he sources of ~xperimental error in 

this study. Chapter V relates the experimentally observed 

data to the model. The Appendix presents the modification 

of the theory necessitated by the experimental method, an 

/ 
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analysis of observations expected due to ellipsoidal 

F€rmi surfaces, and a table of the data observed during the 

course of this study. 
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CHAPTER II 

BACKGROUND INFORMATION 

A.l Basic dHvA theory 

The simplest theory for the dHvA effect may be 

described in the following way. Suppose one has a free 

electron gas at absolute zero temperature. This is 

approximately the state of ~alence electrons in a metal 

~'low temperatures. Tl.e Penni surface for this system is 

a sphere of extremely dense discrete occupied states in 

momentum space. All quantum states within the sph~re are 

occupied with a de~enerac~ of two (spin up and spin down), 

and a1·1 states outside the sphere are unoccupied. Suppose 

one now turns on a strong magnetic field H. The energy of 

an electron moving within this field is now a functioh of.· 
2. 2 • 

this field, and is no longer given by Ek=~ !fl , which 
2m 

is valid for a plane wave electron of momentum 11k and mass 

m. Instead, the motion of the electron is governed by the 

Lorentz force equation: 
• 

1ik = ~ v x H 

where k is the wave vector and v is the velocity of the 

electron. This requires that the electron spiral around 

the direction of the applied field: 

(1) "' ar x H = - (k - k 0 ) 

4 

' . 
J 
I 
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A 

a= eH 
1'lc 

where His a unit vector in the direction of Hand r is the 

electron's position. This real-space spiral corresponds to 
A 

a momentum-space closed orbit whose plane is normal to H, 

since the magnetic field cannot affect the ~mponent of 
i 

momentum parallel to the .iield. If one then projects this 
A 

real-space spiral onto a plane normal to H, the Bohr-

5 

Sonunerfeld quantization rqle requires that for this projected 

orbit, 

f C''hk - ~) •dr = (n + y) 27T'h 

where A=~~ His the vector potential of the magnetic 
1 

field,y is a phase factor (y for free electrons), and 

p = ~k - ~ A is the canonical momentum vector c~n~ugate to 

the position vector r. But the left side of this(~sing (1), 

is simply~ times the total flux. of the magnetic field 
c 

passing through the orbit. Since the orbital area ink-
.,.l 

2 
space is a times the orbital area in real space, from (1), 

the orbital area ink-space must therefore be given ~he. 

Onsager relation: 

0 
(2) = 112na (n + y) 

I 

This implies that the electrons are no longer allowed to 

occupy all possible states within the zero-field Fermi 

sphere, but are now constrained to occupy only those states 

lying on a series of tubes whose cross-sectional areas 

normal to the field differ by integral multiples of 2na, 



6 

whiqh is directly porportional to the strength of the field. 

Each such tube is termed a Landau level. Each level must 

be highly degenerate to mako up for all the energy states 

now no longer allowed. Clearly, the degeneracy of each 

level must be field-dependent,. since one may in~rease the 

field sufficiently to cause an occupied level inside the 

Fermi sphere to move outside the surface, at which point it 

must be unoccupied, and the electrons formerly occupying 

that level must now jump dow11 to levels of lower energy. 

Since the magnetization in this simple model is given by: 

(3) 

ev.ery time a Landau level pierces the f ermi surface the 
·" ., 

magnethzation will jump to a higher value. However, as the 

field is increased, every Landau level acquires a larger 

cross-sectional area, so that the electrons 6n each level 

acquire a higher energy, causing a continuous decrease in 

,magnetization. The net effect therefore is for the 

magnetization to steadily decreqse as the field is raised 

until a Landau level is tangent to the Fermi surface. At 

·.th~s point the magnetization jumps to a higher value and 

the magnetization decrease begins again. This saw-tooth 

oscillation is the_dHvA effect, unadultbrated by such things 

as non-zero temperatures, lattice pote~tials ch~nging the 

degeneracy of the Landau levels, cryst~l defects, magnetic 

breakdown, collision broading and Zeeman splitting of each 
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Landau level, and the difference between magnetic induction 

B = H + 4nM and the applied field H requiring a self-

consistent iolution to the problem. It also does not 

account, of course, for experimental techniques of data 

acquisition, which now generally include modulation of the 

applied field Hand/or modulation of the crystal orientation. 

Finally, it should be noted that this in no way 

contradicts the fact that a magnetic field cannot do work 

on a moving charged particle., and thus change its energ:Y.;. 

What the magnetic field does do is to change the allowed 

Landau levels of the system, but each Landau level may 

have electrons of many different energies. Only when a 

Landau level ,is just tangent to the Fermi surf ac,e is the 
- ..i,,. 

energy of an electron on that level .(and therefore at the 

tangent point) uniquely defined. 

A.2 Lifshitz-Kosevich theory 

Having acquired this rough understanding of the dHvA 

effect, one may now turn to the details of the semi-

classic~l theory pxoposed! by Lifshitz and Kosevich (L-K) in 

1955, as reviewed by Gold in 1968. This theory has built 

into it solutions to many of the problems just cited ~ove. 

The magnetization corresponding to (3) now becomes 

M = - vHnlT 
where the free energy n per unit for 'an electron gas 

l 
) 
I 

f 
: 
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,, 
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in a metal is given by: 

(4) Q = NEf + k8T~!n(l-fo~E}) 

and the gradient is evaluated at constant temperature. N is 
-.%"" 

the total nwnber of conduction electrons per unit volwne, 

Ef is the Fermi energy, fo(E) is the P-ermi-Dirac distribution 

function, and the sununation is over all possible ene-rgy 

states available to the system. To perform this sum one 

follows the usual procedure of first making it more 

complicated. The volume enclosed by the Fermi surface is 

" sliced into many slabs of thickness dk8 normal to H, and 

then each,slab is cut into rings of thickness de in energy. 

A density of states ~o is then defined such that the number 

of,energy states in this ring is given by 

" 
(5) dn(E,kH,H) = ~o(E,kH,H)dcdkH 

The sum in-0(4) then becomes' an integral 

n = NEf + k T/dk /~. {E,kH,H)!n(l-fi{E))dE B H-oo o 

which one integrates twice by parts (the constant term being 

zero in each case) ta get 

( 6a) 

(6b) 

Up to this point the calculations have been exact, 

since we haven't really done anything. But now one must 

find an expression for the density of states ~0 before one 
I) 

can integrate it four time~. This requires a series of 

assumptions and approximations. The first is that one is 

. 
' 

j 

'J 
! 
' 
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interested only in those Landau levels near the Fermi.\ 

surface, since it is the changes in the poptt~ons of these 

levels which cause the oscillatory magnetizatieA sought. 

This is not a very se~ious assumption, but if one ignores 

Zeeman splitting of the energy levels it does allow one to 

expand the energy of ,each ring in the slab in terms of the 
'. area of each level and the area at the fermi energy: 

(7) £ = E:f + dE(A -A)+ 
n dA n f 

The energy differenced£ between two adjacent levels is 

tlw , where 
c 

w = .e!:L = a!!.. c m*c m* 

is the cyclotron frequency and m* is the effective mass. 

The area difference dA between two adjacent levels is 

given by (2) as 27Ta. Therefore, to first order, 

( 8) 1;: == e + tlWc (2fra (n + y) .- Af) 
n f 21ra 

There are an average of two states (spin up and spin down) 
3 

per unit volume (2n) in k-spac~, and the ring on which one 

defines $0 in {5) has an area dA. Therefore, if D(c,k ,H) 
H 

is an energy density function, which is not yet kribwn, one 

has: 

2 dA -
== (-$ - D{e:,k ,H) 

21T J de · H • 
To define D requires another assumption. If the Landau 

le\l'els were perfectly ~harp, then D would be a series of 

delta functions at energies determined by (8) : 

\ 
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<Po (e:,kH,H) 
m* r 8 (1j ( E: .' kH r H) - n) = 21r21lZ 

n 

'lf(c ,kH,H) 
E - Cf f-.t (9) = + - y 

-nwc 
Tira 

However, this cannot be the case in real metals for several 

reaspns. First, there is a finite possibility that an 

electron in a given state will be scattered out of that state 

by a collision. Each level thus has a non-infinite lifetime 

and therefore a non-zero width, by the uncertainty principle. 

Second, crystal defects also contribute to scattering mechanisms, 

thus decreasing the lifetime of the state still further. Third, 

the lattice potential destroys the magnetic degeneracy of each 

level, which broadens the level directly. However, the levels 

should still be centred at the energies give~ by (8). Therefo~, 

one assumes phenomenologically that each sharp delta 'fbnction 

level may be replaced by a single-peaked distribB,tion whose 

half-width r is independe~t of energy and magnetic field. The 

distribution normally chosen is a normalized Lorentzian wave: 
rn* m 1.,----~-.---_;;;a:..----.-,------

<t>o(c,kH,H) = 2TI2112 ~=-~ n(t;<c,kH,H) - n)2 + a2 

r 
where a=~. The sum h~ been extended to all integers 

uWC 

here because when this is eventually insertep into (69), 

only those levels near the Fermi surface will contribute due 

to the derivative of the Fermi function. 

The physics of the problem is now essentially done, 

and one h(s only some complicated mathematics to perform. 

Using the ~isson sum formula 



CX) 

f(n) = J f ( x > dxt> + 2 r f f(x)cos2nrx dx 
n=-oo -oo r=l - 00 

the density of states becomes: 

co 

(10) <t> (e:,k ,H) = ~
2

(1 ,+ 2E e-2nra 
O 

H 2n ~ r=l 

x 

Inserting this in (6b) and retaining only the oscillatory 

terms, one has: 

· qi
2 

(e:,k ,H) 
H 

00 

= - rn* E (1"1wc J2K 
~ r=l 2nr r 

(11) K 
r 

-2nra = e = exp(- rrr m* 
1-la m 

r 
ff ) 

e'h where µB = is the Bohr magneton. Continuing in (6a), 
2mc v 

the oscillatory part of the free energ~ becomes: 

(12) c/ti2 00 

n = --4 - E 
4n m* r=l 

Ir Kr A 
Jcos2nr( __ f_ - y)dk 

r2 2na H 

co 

Ir = - f cos2nr(£ - Ef) df O ( E: )· de: 
-oo 1'l.Wc de: 

00 

(13) = f (efl + 1) - 2exp{ ( 1 + iXr/n)n} 
-oo 

2kBT 2 
cm* xr = 2n -r = ~ - } 'l' r 

ti.we % m '. H 

11 

' 

j 

\ 
l 

' ~ 
~ 
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Note that in (13) one really wants only the real part of 

the integral. However, the imaginary part of the integrand 

is an odd function of 11 so it contrib~tes nothing. The 

integTal may·nQw be done using contour integration, choosing 

a contour encompassing the upper half of the complex plane, 

the inte~ral at infinity contributing nothing. The poles 

of the integrand occur whenever en= -1, or whenever 

11m = ( 2m + 1 ) i 1r m = 0, ±1, ±2, 

Since the poles are each of seconp order, the residue of 

the mth pole llm is given by: 

/ d ( (11 
2 1)-2e(l + ixr/n) n)lnm Resm = - n ) (ell + 

an m 

= i 
- ,rxr e-(2m + l)Xr 

It should be noted that this simple result comes only after 

" , three successive applications of l~fiopital's Rule for 

evaluating indefinite quantities. Summing over all the 

poles, one obtains: 

( 14) 

The remaining integration over kH in (12) requires 

a return to the physics of the problem. Tne Fermi surface 

cross-sectional area Af in the argument of the cosine 

·, • 

.~ 
·! 
t 
• ! 



depends upon kH. However, from (2), this argument is 
(/ 

approximately 2nrn, where n is the number of occupied 

Landau levels. How big is n? Suppose one has a free-

electron gas in a field of lOOkG. This is approximately 

the highest steady magnetic field easily obtainable in 

superconducting solenoids, and a smaller value would only 

13 

decrease the Landau level spacing and thus increase n. 
2 n 2 2/3 

The Fermi surface will be a sphere of energy ~f-= 2m(3TI N0 ) 

where N0 is the electron density in real space. The Fermi 
2 l/3 radius is therefore (3rr N 0 ) , and ignoring~the phase y 

one has 

n ::::: A 

2rra 
= tic 

2eH -
Choosing No 

2 2 3 = 6 x 10 /cm, which is appro%irnately the value 

for silver or gold, one finds n::::: 4800. Reducing N
0 

to 
2 2 3 

about 10 /cm, the approximate value for cesium, reduces 
·"-. 

n to about 1500. In other words, the argument of the 

cosine ~(12) i~ ~xpected to be quite large, and small 

~~ in At fr~ on~ slice to the next in k8 will cause 

large cha,nges ii the integrand. The contributions from 

neighbouring (1ices w:i.11 therefore add with destructive \ 

interference/except at extremal values of the cross

sectionql a/ea. It is .. ther~ justifiable to expand Af 

about thes~ extremal va~ A: . 

\ 

i 
! 
t 
i 

• I 
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The upper sign is for maximal areas, the lower sign for 

minimal areas, and kH is measured from the position of the 

{\ extremal area. If one now defines I 

fl,. ~ 
(16) F = __};__ H =· ·cti.A 

2na 21re .. 
2 2 2 2 = !....jE Af I E; 2k u kH -r 1Ta a~ A r H 

. H 

then (12) becomes: 

(X) 

f cos(2nr F/H - 21rry 
_oo 

\ 

using the Fresnel integrals 

00 (X) 

\ 
J sin1Tx 2 dx = 

-oo 2 
f cos1Tx 2 dx = 1 

2 -co•, 

and rearranging ·~oeff ici~nts, qne has: 

H2 
00 I K 

(17a) Q D(H) E r r cos[21rr(F/H - y) = -(-) -s;;; 21TF r=l r ~ 

'\ + 
. 1T -

4 

.... 

(17b) D(H) 
e1'lA (21reH) 1~ ,~ 2Af ,-~/2 = 

4,r 4m*c tic 3~ A H 

= - (!!'.....) 
rn* 

2 
where r 0 = e /mc2 is the classical electron radius. There-

\ 

fore, the oscillatory part of the magnetization is given 

by 



\ 
\_/_ ,.., 

(18) M (H) = D (H) ( 1 aF,.., l 3F,..,) 
H - - -6 - -n-<P · Fae Fsin0 l.l<jl 

00 

x r ~ sin{2,rr (F /H - yi + ~
4 

}· 
r=l r 31

.2 

" " "' 

15 

where (H,8,~) is a set of orthogonal unit vectors in spheri-

cal co-ordinates. Only the cosine term was differentiated 

in achieving this since by comparison the leading terms are 

only slowly varying. 

This shows that the magnetization as a function of 

His an amplitude, which varies only slowly with H, times 

a direction, which is nearly that of H, times a sum'of an 
; I 
'· 

oscillatory function and all its harmonics, each harmonic 

having a different damping factor, and the f.undamental 

frequency being directly proportional to the extremal cross-

~ectional area of the.Fermi surface. It should be noted 

that the independent variable is 1/H rather than H. 

Various features of (18) are now worth mentioning. 

First, M and H are not pa·r'allel except when aA and cA are 
1fa .a¢ 

both zero, which normally occurs only when His along a 
I 

I 

principle syill!,lletry direction of the crystal.: Second, the 

temperature enters only in Ir, whi9h is an attenuation 

factor for each harmonic~ Inserting the numbers, one 

finds 

xr = 1. 4 7. x. 10 5 (:*) ft r 

where His in gauss and Tin OK. For free electrons 
.. 
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(m* = m) at SOkG and lK, this is approximately 3r. The 

attenuation factor for the fundamental is thus 30%, for the 

second harmonic it is 3%, and the third harmonic 0.2%. 

The other harmonic attenuation factor K is due . r 

solely to the finite lifetime ~nd non-zero width r of the 

Landau levels, and this is the only term in which renters. 

By analogy with x one may define an effective temperature 
r 

known as the Dingle temperature T
0 

by (Dingle 1952):. 

For a Dingle temperature of· lK, r ~ 0.27meV, which is 

approximately 15% of the free electron level sef~ation at 

SOkG. For free electrons at SOkG, one has K ~ e- 3r which r I 

is approximately 5.3% for the fund~nental, 0.28% for the 

second harmonrc, and 0.015% for the third,._harmonic. 

Obviou$ly, with both Ir and Kr reducing the higher harmonics, 

one n~ed consider only a few terms in (18) unless m* is 

small. Also, with only a few harmonics to work with, one 
' 

cannot expect to see anything like a saw-toipth signal, 

which would req~ire quite high harmonics in its Fourier 

spectrum. 

A.3 Modifications of -the L-K Theory 

· • We return now to a discussion of the various 

assumptions and app~oximations used in.deriving (18), and 
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the consequences of lifting some of the restrictions. 

The first and most obvious problem is that of Zeeman 

splitting of the Landau levels due to the intera~tion of 

the electron spin with the field. Each state at zero field 

contains two electrons of opposite spin, and Ls split into 

two single electron states for non-zero field separated by 

an amount gµBH = gehH/2mc, where g is the spin-splitting g
·. a 

factor. g is approximately 2.0023 for free electrons, but 

may not necessarily be that value in a real metal d~e to 

spirrorbit coupling changing the direction of the spin 

moment. Since every state is split, every Landau level will 

also be split, and by the same amount gµ H. The set of levels 
B 

forming the higher energy half of each pair of spin-split 

levels will still have a separation between levels of nwc 

=1leH/m*c' as will the lower set of levels, and the 

discussion of the previous section will otherwise be 

unaffected. By examining (9) one sees that changing the 

energy of a level by an amount 

l gm* 
6e - ±2gµBH = ±hwc 4m 

is equivalent to changing the phase by an amount 

* fly= +SI!!!.:. 
4m 

In computing the total mag.netization in (18), ther~fore, half 

' the signal will come from the upper set of levels with a 
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.. 
phase decrease, and half will come from the lower with a 

phase increase. Therefore, one has: 

M(H) = } M ( H, y + gm*) + ..:. M ( H, y - gm*} 
4m 2 4m 

M (H}= D (H) [H ._ 1 " " i.e. ( 1'9) c3F e 1 aF ~ ) 
F ae - Fsine aip 

(X) IrKr 
x t ~ sin[2nr(F/H - y) + ~] cos(~£} 

r=l r 2rn 

The only consequence of including Zeeman splitting, therefore, 

is to add a factor cos(rrrgm*/2m) to the amplitude of the rth 

harmonic. 'This immediately leads to the conclusion that if 

gm*= m, then the funda~ental frequency F and all its odd 

ha~onics will be non-observable; only the even harmonics 

will appear in the sum.\ Since m~ may, and usually w~ll, 

" change as a function of H, it is possible for the frequency 

due to a particular piece of Fermi surface to disappear at 

certain crystal orientati9ns. 

The next problem is that of multi-qand and multi-

connected Fermi surfaces. Nothing in .the foregoing 

discuS;Sion {except for order-of-magnit~de calculations) 

assumed that the Fermi surface was a single piece or that. 

the Fermi surface in one1zone was not connected to the Fermi 

surface in the next zone in the extended zone scheme. Nqr 

was anything ass.urned about tpe shape o There-, 

f0re one need only sum { 19} .aver all ible extremal areas 

regardless of how they were formed.· However, a problem 
" 
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could occur for very small pieces of Fermi surface in thut 

the number of filled L.:indau levels within the surface may 

not be large enough for the expansion (15) of the cross-

sectional area to be valid. From (16) and (2) one has 

F ~ H(n + y). If one is operating at 50kG, then this 

question becomes relevant for frequencies below approximately 

SMG; for operations at 5kG, one must be careful below 

frequencies of about 0.5MG. This will be dealt with again 

in Chapter IV. 

The expansion (15) could also be invalio Yor another 

reason. The factor l~~iflA corresponds to the curvature of 

the Fermi surface as a function of k8 . If the field is in 
/\ 

the z direction, then the cross-se~tion of an oddly shaped 

piece of Penni· surface may be passing through a minimum in 

the x direction and a m~ximum in they direction as a 

function of z, and 'still form an extremal cros.s-section. A 

doughnut with symmetry axis along the x direction and whose 
. 

hole has been replaced by a thin sheet of surface (so . . 
that the cross-section in any plane containing the x axis 

looks like a set of barbells) could be an example of such. 

For this example, the cross-sections at the planes z = 

constant will pass through a very shallow maximum as a 

function of z at the z=O plane. The curvature will there-

fore be very small, and the fourth derivative in the 

expansfon (15) will be the most important correction term, 

I 
' \ 

\ 

;, 
•. 

,;, 

\ 
,: 
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~. 

rather than the second, all odd order derivatives being zero ~~ 
at the extremum by symmetry. If the pth derivative in (15) 

is dominant (·p must be even), then the calculations are 
, I 

nearly identical to the previous results. The frequency is 

invariant, but the phase and amplitude are changed: 

(20) M(H) 

D. (H) 
1 

I . 
r1 = 

" "'F . " = ED. (H) [H - L -0 
_i 8 

i i Fi aa 
I .K . 

x r 
r=l 

ri ri sin[2nr(Fi_ r>+ __2!_] 
r r 1/p. H 2p. 

Xti 
sinh x .• ri 

1 J. 

x . r1 

k m·* 
= 1T2 ~ (~) T r 

µB m H 

m * 'ITf i r K =exp(-~~ -
ri µB m H 

The sum on i is over each piece of the fermi surface, and 

f(x) is the gamma function (not to be confused with the level 

width I'). The primary difference between this· and (18) is 

that Di(H) has less dependence on H than does D(H), and it 

contains the higher order derivative of the .extremal area. 

Since this derivative is numerically greate! than the second 

derivative and appears in the.denominator, it reduces the 

amplitude from what one would expect from the second 

derivative. 

Another pr?blem with (18), -which will not be treated ,, .. 
•! 

~ 

j 
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here, is the fact that one should use B = H + 4rrM as the 

applied field within the crystal rather than the field H 

applied outside the crystal. It can be shown (Gold,1968) · 

that the dHvA frequencies do not change under these 
I • 

conditionst but the amplitudes do. Also, the· crystal becomes 

capable of mixing frequencies from several different~pieces 

of fermi surfaces so that the harmonics,·sums, and 

differe~ces of_,,the fundamental frequencies are enhanced. 
' . . 

Finally, there is the problem of magnetic break-

down. If two pieces of Fermi surface are close together 

but separated by a very small gap, then there is a finite 
. 

probability that an electron in traversing 0ne piece of the 

surface wi~l jump. the gap, i.e. tunnel through the energy 

barrier, and,traverse the other piece of surface. It can 

be shown (Charnbers,1966a) that the probapility of such 

occurring is approximately e-Ha./a for some critical field 

H0 whiah depends upon the geometry of the gap. Therefore, 

if an orbit 1 exists at low field without magnetic break-

down, but is transformed into an orbit 2 'at high field 

through magnetic breakaown, then the amplitude of the dHvA 
. . 

frequency due to orbit 1 will decrease markedly as His 
"tl 

raised above H0 , while the ampli~ude of the frequency for 

orbit 2 will increase at the same time. The field H0 will 
I 

be different for different gap geometries, and thus a gi~en 

material may have a whole range of breakdown fields, 

\ 

' < .. 
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depending on the crystal orientation relative to the field, 

and the particular pieces of the Fermi surface under 

consideration. At fields sufficiently low to cause no 

breakdown, (19) or (20) is certainiy valid, as it would be 

with a different set of orbits if the field were sufficiently 

high to cause total magnetic breakdown. Between these two 

limits in the region of partial mag~etic breakdown, the 

enumeration of the energy density can be an appalling project 

even for a crystal with only a single type of gap, because 

this gap is repeated throughout the crystal at every symmetry 

related point, at each of which one must consider the proba-

bility of the gap being crossed. 

A simple analysis proceeds as. follows. Ordinary 

collisions without magnetic breakdown reduce the amplitude 

of eac~ harmonic by the factor Kr _giv~n in (11) or (20}. 

These collisions remove an electron from a given orbit and 

put it in another unrelated orbit. Magnetic breakdown also 

removes an electron from a given orbit, so by analogy one 

can assume it will merely add another reduction factor. If 
. 

an orbit has n identical junctions at which magnetic 
. . 

breakdown may occur, and at m of these junctions it actually 

does occur, and the probability of such occurring at a 

given junction is p = 1 - q = e-~,·-then the reduction 

factor for the rth harmonic should be 

l 
1 

l 
i 
; 

1 

' j 
' . 
' ' 



~is is then multiplied by Kr for each harmonic in the 

expression (10) for the oscillatory portion of the density 

of states, which must then be sununed over all. possible 

orbits one could generate by magnetic break.down, weighing 

each term in the sum by the number of such orbits in the 

crystal. Clearly even this simplest case is a monumental 
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task in combinatorial analysis which cannot be attempted here. 

However, the result, even if attainable wo~ld only give an 

expression for the arnpi'itudes of dHvA frequencies which are 

nearly the sums and/or differences of appropriate corn-

binations of low-field fundamental freqt;encies. 

A more fundamental question concerning magnetic 

breakdown is also raised, and that is exactly which orbits 

should one count? The theory requires only extremal orbits, 

but what constitutes an extremal orbit? The derivation of 

the· dHvA effect assumed that each orbit, whether extremal 

or non-extremal, was containea·entire1y on one piece of the 

Fermi surface. Because of the very nature of magnetic 

breakdown, orbits caused by magnetic breakdown are not 
' 

contained on a single piece of,surface, thus failing to 

satisfy this basic condition. ~herefore, such orbits need 

not satisfy in their entirety the condition of beinq extremal, 

since that condition is a secondary condition. However, one 

must still insist that most of the orbit be piecewise 

extremal. In other words, a given orbit may be a minimal 
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orbit on one piece of Fermi surface, but a maximal orbjt 

on another piece of surface connected to the first by 

magnetic breakdown, or it may not even be an cxtrcm~l orbit 

at all on certain parts of its path, provided thcs0 parts 

constitute only a small part of the total orbit. The very 

existenc0 of magnetic breakdown forces one to consider non-

extrcm;:i.l seGlions of small parts of the surface if they 

could be connected by magnetic breakdown to extremu] sections 

of larger parts of the surface. 

B. Ga Crystal Structure and Brillouin-Zone 

The crystal structure of gallium was of interest 

for quite some time. Bradley (1935) determined it to be 

orthorhombic with 8 atoms to an orthorhombic cell of 

dimensions given in Table 1, column 1. These were later 

refined (Barret, 1961) at low temperature to those given 

in columns 2 and 3. Since a and bare nearly equal, the 

structure can also be termed pseudotetragonal, but jt is 

perhaps more s~gnificant that c/b is only 1.8% smaller at 

2.3SK than the ideal c/a ~ 13 ratio for hexagonal struc-
. 

tures, as will be seen. 

The positions of the Ga atoms in an orthorhombic cell 

are also shown in Table 1. Figures 1 and 2 (Slater, Koster, 

and Wood, 1962) show the positions of the atoms in the y=O, 

y'd'.ib, x=O, and x=-~a planes. Defo·rmed hexagonal rings 

of atom·s are visible in the first two planes, and the 
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TABLE l 

Lattice Constants of Ga (i) 

Para- Bradley (1935) Barrett (196J.) Barrett (1961) 
met~r .18 C 4.2 K 2.35 K 

a 4.5167 4.5156 ±.0001 4.5151 ±.00005 

b 4.5107 4.4904 ±.0001 4.4881 ±.00007 

c 7.6648 7.6328 ±.0001 7.6318 ±.00008 

Ga Atomic Sites 
~ 

(m, O,, p) (m + ~' ~' -p) 

(-m, O I -p) (-m + ~' ~, p) 

Cm + ~' 0 , -p + ~) (m, ~, p + ~) 

(-m + ~, 0, p + ~) (-m, ~I -p + ~} 

m = 0.0785 ±0.0005 

p = 0.1525 ±0.0005 

·) 
.; 
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2.4332 
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/ 2.7844 
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Figure 1. Crystal structure of gallium in the 

planes y = 0 and y = fb. ~toms are 

drawn to scale as spheres using the 

covalent radius given in the text. 

Numbers indicate nearest neighbours 

of the atom marked "O". 
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Figure 2. Crystal structure of gallium in the 

planes x = 0 and x Atoms 

are drawn to scale as spheres using 

the covalent radius given in the 

text. Numbers indicate nearest 

neighbours of the atom marked "O". 

The third nearest neighbour has the 

y and z co-ordinat~ .indicated,· but 
i 

is part of a pair bf atoms centred 
1 

on the plane x = +2a. 
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second two exhibit 6-membered rings of atoms with alternate 

members lying slightly above or below (by the distance ma, 

see Table 1) the plane of the ring. Each atom has nearest 

neighbours as given in Table 1 for a temperature of 2.35K. 

These are' also indicated in Figures 1 and 2. For comparison, 
0 

the atomic radius of gallium is approximately 1.41A, the 
0 ~ 

covalent radius is l.26A, and the bond length of a Ga-Ga 
0 

bond is 2.442A at 20°C. The crystal therefore appears to be 

a structure of Ga2 molecules rather than Ga atoms. 

Since the plane of atoms at y = 0 is the same as ,1 

th~t at y = b;2 except for a shift of ,c/2 in the; di ection, 

one may choose a unit cell with only 4 atoms 1 rather than the 

8 in the orthorhombic cell. Figure 2 shows two of the three 

vectors needed to form the cell in real space, the third 

vector being one lattice ~pacing in the~ direction~ This 

leads to the hexagonal Wigner-Seitz cell shown in Figure 2, 

and a hexagonal Brillouinrzone shown _in figure 3 which 

appears to be the same as the Wigner-Seitz cell ~xcept for 

the rotation of ir;2 in the yz plane. The zone boundary kc in 

the kz direction is 2,r/c = 0.8233A- 1 from the zone centrer, 

while the zone boundary in the direction of the other 4 sides 
Vi O 

of the hexagon is [(5)2 + (:) 2 ] = 0.8121A- 1 from r. The 

boundary in the~ ~irection is ka = ir;a ·= 0.695Bi- 1 from r. 

c. Previous Ga Work\ / 
The electronic properties of gallium have been 
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Figure 3. ·The Brillouin zone of gallium showing 

some of the crystallographic points 

of interest in this study. 
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studied using almost every method available. All "in their 

own ways have contributed information, but few until recently 

have yielded information sign~ficant enough or comp~ehensive 

enough to solve the problem. Among the earliest techniques 

was the dHvA e~fect itself (Shoenberg, 1949, 1952, 1957), 

using magnetic fields up to about 16kG. Due to this limit, 

however, only the lowest dominant frequencies and occasionally 

a beat frequency were observed. The data were interpreted 

in terms of several ellipsoidal pockets, although it was 

recognized that much of the data could not be explained in 

that manner. Alekseevskii and Gaidukov's (1959, 1960) 

electrical resistivity and magnetoresistivity work suggested 

that gallium had an open Fermi surface, possibly in the 

shape of corrugated planes. Reed apd Marcus (1962) used 

a slightly modified single-OPW or nearly free electron (NFE) 

model (Harrison, 1960) to explain much of their magneto

resistivity and Hall effect data with quite reasonpble 

success. One serious failure of this model, however, was that 

it predicted pseudo-hexagonal symmetry for a number of 

features, and this was not observed. Nevertheless, due to 

a·lack of a better model, this NFE model was used as the 

basis for many experiments soon thereafter using a multi-, 

tude of techniques. All tended to show that the NFE model 

was hopelessly in~dequate. Among these experiments'were 

the dHvA effect (Condon, 1964-see Ree~, 1969; Goldstein and 
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Foner, 1966), magnetoresistivity (Reed and Marcus, 1963; 

Munarin, et al, 1968), ultrasonic cyclotron resonance 

(Roberts, 1961,Lcwiner, 1967), acoustjc cyclotron resonance 

(Munarin, 1.D68), magnetoacoustics (Bezugli,et al, 1965), 

ultrasonic attenuation (Gurevich, et al, 1961; Sl1~pira, 19G4; 

Shapira and Lax, 1965), cyclotron resonance (Moore, 1966,1967, 

1968), magnetothermd] oscillations (Goy, et al, 1967), and 

de size effect (Yaqub and Cockrn·n, 1965) to name but a few. 

A slightly better model was calculated by Wood (1966) 

using an APW method. This involved an ad-hoc potential 

which did not greatly change the energy band structure from 

that of the modified NFE model, but produced a Fermi surface 

considerably differ~nt from that of the modified NFE model. 

In particular, it predicted only a single open k trajectory 
.a 

rather than the multitude of k open trajectories for the c 

modified NFE model. Because of this fact, that a·minor 

change-produced great differences, it was recognised that 

this APW model could not be maµe accurate enough. Ensuing 

Jork on the rf size.effect (Fukumoto and.Strandberg,1967;
1 

I 

Haberland, et al, 1969), acoustic geometric and acoustic 

cyclotron resonances (Alquie and Lewiner, 1972), and induced 

torque (Cook and Datars, 1970a) confirmed this finding. 

In 1969 Reed published a pseudopotential calculation 

9f the Fermi surface of gallium which employed a local semi

ernpirical pscudopot~ntial without spin-orbit coupling. The 

• 
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model Fermi surface resulting from this calculation is 

described in detail in the next section of this chapter. 

More recent induced torque experiments {Cook and Datars, 

1970a and 1970b) have shown that tllis model gives the correct 

open orbit structure, which is a combination of the NFE and 
,< 

APW structures, plus additional orbits, all of which are 

seen. These findings were confirmed by magnetoresistance 

measurements (Kimball and Stark, 1970). Measurements of the 

Gantmakher-Kaner effect in gall~ (Gabel and Cochran, 1972) 

can also be explained by two small parts of Reed's gallium 

Fe1;tni surfac~ not prese~t in previous models (6h at T and 

7e between Arms, in the notation pf the next section). 

Acoustic geometric resonance results (Alquie and Lewlner, 

1972) have also been explai~ed by Reed's 6h at T, Sh at X, 

butterfly and ellipsoid at L, and monster surfaces. The 

'first, two of these are not present in earlier models, and 

the shape of the monster surfac.es of the several models 

are radically different. The fact that Reed's model can 

be used to explain these several experiments, and previous 

models fail to explain the data, leads one to believe·that 

the basic features of Reed's model are correct. 

D. The Ise'udopotential Model for Gallium 

The method of calculation used by'Reed will not be 

discussed here, but it lead to the Fermi surface pictured in 

Figu~e 4. (This model was constructed by R. J. Douglas, and 



Figure 4. A drawing of the Fermi surface of 

gallium, from a model made by R. J. 

Douglas based on the calculations 

of W. A. Reed. All pieces of the 

model are shown {see te~t for 

description} except the seventh-

band electron pieces at N. The 

butterfly pieces should be nearly 

touching the monster arms, but have 

been shifted slightly to show the 

monster. 
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some minor pieces have been shifted slightly for clarity).· 

The largest piece is the 5th band hole surface, which has a 

monster in each half zone with four legs touching the k = 0 x 

plane, two arms touching each of the k
2 = ±kc/2 planes, and 

a very high concave back touching the kx = ka;2 plane at x. 

This piece supports an open orbit along the monster arms in 

the kc direction for all magnetic field directions in the 

ab plane except within 0.1° of the a direction (Cook and 

Datars, 1970a). This exclusion is due to the monster 

waists at the k = 0 plane being arched just 
z 

the highest point on the monster arms in the 

higher than 

k k = c;2 plane. 
z 

/\ 

The monster will also support open orbits in the a direction 

along the monster legs for, magnetic fields 31° ±3° from the 

" b direction in the be plane, thus taking features of both 

the NFE and APW models The monster surface is the only 

part of the gallium Fermi surface capable bf supporting 

open orbits. 

The other pieces of the model Fermi surface in 

approximate order of decreasing size are l} the 7th_band 

electron butterfly surface centred at Land oriented with 

the indentation between·the wings parallel to the ac plane; 

2) the ath-band electron·ellipsoidal surface (Se at L) inside 

the butterfly, oriented with its longest axis parallel to 

the c direction; 3) a pair of 7th-band electron saucer 

surfaces (7e near r) displace~ slightly from r in the 6 

·' 

. ,, 



36 

direction, oriented with their maJ c>r dj m8nsions par all cl to 

the ac plane; 4) a pair of 7th_band electron pQncake surface~ 

between the monster arms (7e between arms) centrod at tho 

k 
k = C/2 plan0 and oriented with major dimcnsjons para.]lo1 z 

to the be plane; 5) a pair of 6t~-band holo ellipsoidal 

surfaces (6h at T) loco.t0d .:'tt ky ~ (17/32)kb aJong the I'T ]inc 

oriented with major axis in the b direction; 6) a small 

sth-bdnd nole ellipsoidal surface at X (Sh at X); 7) small 
,._, 

7th-band electron surfaces in the shape of crossed discs 
. 

(or a butterfly) at each N point (7e at N, not shown); 8) ,and 

small ath_band electron eJlipsoidal surfa~es inside the 

butterfly at N (Be at N). All of these pieces, being closed, 

will give at least one dHvA frequency at any magnetic field 

orientation. The same cannot be said of the 5th_ band monster 

hole surface, for although it is the largest piece, it has 

exceedingly few extremal cross-sections, and even these do 

not extend ovpr all magnetic field orientati~s. -~ 

It should be noted here that in const~~this 

model, 6h at T, 7e at N, and Be at N were essentially "cooked 

up" in an effort to fit the available data:, since these 

pieces did not appear in the original pseudopotcntial 

calculation. The hole surface at Twas manufactured by 

decreasing th~ Fermi energy 2.5%, and the pieces at N were 

created by increasing the Fermi energy 4. 3%. This sounds 

rather arbitra1:y, but the Fermi en~rgy was fixed in the first 
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instanc~ by matching?only the k 2 dimension of the surface to 

the available data, and in tbe second instance by matching 

the area for HI~ to the ava\lable data. 
' 

Frequency anisotropies 
'i 

were not pre-determined, and the fact that these "cook,ed up" 

pieces have the anisotropy required by the data serves to 

justify the process. This is roughly equivalent to converting 

the pseudopotential to a non-local potential for certain ., . ' 
regions of the Bril.louin zone, and is an admission that this 

model, also, has its limitations, however good it may be. 

There are a number of r~gions in this model· in which 

the relative proximity ot the \~rious pieces gives rise to 

specula.tion concerning po'ssible magnetic breakdown (MB) . 

The m9,S_t obvious region, o'f course, is within the ellip

soid-butterfly combination at L. These two pieces are degenerate 

on the kx = a;2 plane. It can be shown (Koster, 1962) that 

spin-orbit coupling will remove this degeneracy at all points 

o on the face except those points on the line XRL. This creates 

a small energy gap easily bridged by MB. Similarly, the ellip-

soid at Xis degenerate with the monster in the same plane, 
~ ' 

and this degeneracy can also be lifted by spin-orbit coupling, 

with similar consequences. 

Other possibilities for MB are predicted by the 

model only by proximity arguments. First, the butterfly 
~ 

wings nearly touch the monster arms throughout most of their 

length, but particularly at the kz = c;2 pl~nes. In this 

• 
' ,._ 
' • -. 
:, 

\ 
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plane, the pancake surface between the arms also nearly 
~ . . 

touches the arms, giving rise to the possibility of 

complicated MB orbits involving the ellipsoid, bu~terfly, 

monster, and pancake surfaces for magnetic fields near the 
,... 
c direction. There may also be an MB orbit encompassing the 

monster, the saucer near r, and possibly the ellipsoid at 

X, cause~ by MB between the monster and the sauce~, and the 

monster and·th~ ellipsoid if necessary . .. : . 
It should be noted that for magnetic fields near 

those orientations required for open orbits to occur, one~ 

may encounter extended orbits, which are closed orbits 

requiring more than one Brillouin zone in the extended zone 

scheme in which to close. These may also give rise to dHvA 

f~equencies under the proper conditions, although the 

probability of such occurring is small since extremal orbits 

are required. However, extended orbits formed by MB are 

much more likely to yield dHvA frequencies. l' 

I< 

l· 
' 
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CHAPTER III 

EXPERIMENTAL PROCEDURE and APPARATUS 

A'. Sample Preparation 

A usual procedure for preparing samples, which is 

not adequate for this study, is to first cut off a small 
J 

sample of appropriate size from a larger single· crystal, and 

then etch the surface if necessary to remove gross cutting 
. 

damage. The orientation of the saJT\ple is de~ermined using 
r 

standard back-reflection Laue x-ray techniques, and the· 

cryst.al is then glued in a 1 /8" diameter Kel-f plastic rod 

with' the desired axis of the crystal parallel to the rod 

a~is. The rod is then mounted horizontally in a set(°1\ ~ 

modulation and pickup coils (see the next section) hrvin\,--/ 

vertical symmetry axis, which are then placed in the vertical 
~,. 

bore of a superconducting magnet. The Kel-f ro~ can then 

be turned on'its axis using a gear reduction arrangement. 

This procedure can in principle yield extremely 

accurately aligned s~ples,· 1/4° accuracy being quite 

common. However, there are two basic drawbacks to this. 

·The first is the fact that t~e crystal must be cut. 

Regardless of the method used, some surface damage must occur. 

Since the dHvA effect is based primarily upon the bulk 

properties of materials, it is therefore desirable to make 
39 
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the sample as large as possjble, especiully if one 0xpccts 

an appreciable amount of surface damage. The size is 

limi tea, of course, by the s izc of the plastj c rod, .but also 

by the fact bhul: one must allow sufficient room for glue. 

'l'his leads to the second basic drawback, namely strain caused 

by differential contraction ~etween the rod, the glue, and 

the sample upon cooling from room temperature to 1. 2 K. 

Both lhese effects can severely attenuate the amplitude of 

high frequency signals from large pieces of the Fermi surface 

through increased defect scattering. In most common metals, 

these are usually not severe problems, but they must be --
considered for gallium since gallium melts at 29.87°C and 

has a Debye temperature of 325K or about s2°c. At room 

t~mperature, thereforer gallium is relatively soft and very 

susceptibl~to surface damage. The low melting point and 

relatively high Debye temperature also indicates that gallium 

could be susceptible to severe strains.due to differential 

contraction upon cooling i1 held rigidly at all points, as 

would be the case if it w/;e glued in place. 

For these reasonsr the following procedure was 
t • 

adopted, taking advantage of the fa~ts that galiium has a 

strong tendency to supercool, remaining liquid even at 

room temperature,and expands approximately 0.3% upon 

solidifying. First, a seed crystal was obtained by inserting 

a small wire, previously cooled with liquid nitrogen, into 

\ 
' ·; _, 
•, 
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supercooled liquid gallium. This effectively forced 

crystalization, but resulted usually in many small crystals 

adhering to the wire. In approximately on~, third of the 

attempts, a crystal suitably large for the next step was 

produced. A crystal having a good face was then mounted 

with its wire on a goniometer and oriented using standard 

back-reflection Laue X-ray techniques. Symmetry axes were 

identified as defined'by Yaqub and Cochran (1965). 

A 1/8" Kel-f rod to be used as the sample holder was 

prepared by first boring a hole as large as possible normal 

to the rod axis. After careful cleaning, it was mounted 

rigidly, accurately, horizontal, and.normal to, and the 

proper distance above, a ·borizontal track onto which the 

go~eter could be mounted. The rod holder which accom-

plished this also ~~a small horizontal channel
4

parallel 

to the track which intersected the hole in the rod. The 

rod and the channel were then filled with high purity gallium 

melt obtained from Johnson, Matthey, & Co, Ltd, and the 

melt allowed to supercool to room temperature. Upon 

touching the oriented seed to the supercooled melt, crys-

talization usually took place in a few minutes and was 

observable under a microscope. After crystalliz~tion the 

seed was rembved with no damage to either the seed or ·the 

• 

crystal, and the crystal x-rayed for proper growth both before 

and after' cutting and melting off the channel with a warm 

razor. 
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This procedure minimized both the above expected 

problems by 1) yielding large single crystals, 2) minimizing 

the surface damage due to cutting, and 3) minimizing strain 

due to differential contraction by eliminating glue. How-

ever, this gain was at the cost of some accuracy in 

alignment. Altfhough the seed could easily be aligned to 1/4° 

accuracy or better, and the Kel-f rod could be aligned to a 

few minutes of arc, there was no guarantee that the crystal 

would propagate and grow in a straight line. Also, the x
raying after crystallization could only be accurate to a few 

degrees at best, and, of cou~se, it was not possible to re-

align a slightly mis-aligned crystal even if it w~s detectable. 
_) 

The only check possible on accurate alignment, therefore, 

except for gross errors, was self-consistency of the data. 

l 

B.l Apparatus 

The low-frequency field modulation technique was 

used to detect the dHvA signal. In this system, the crystal 

is placed inside two concentric coils aligned with axis 

along the field direction. The outej'.' coil is driven with an 

ac signal of frequency w to create a small ~c component n of 

_ magnetic 'field, which is added to the large de magnetic field 

H. The emf induced in the inner pickup coil is then 

determineJ by the time rat~ of change.of the magnetization 

vector in the crystal. If one rewr~s (19) 

.. 
; 

; 
i 

l 
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M(H) = E Ar(H) sin 
r 

F 
[2'11"(__!:. - y h: '11"4] 

H r 
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where Ar (H) is· a vector amplitude of the rth frequency, and 

the sum on r is over all fundamentals, harmonics, and 

combinations, then one need only substitute the total field 

Ht = H + h sin wt 

h for the de field H, and then expand this in terms of /H for 

h<<H. It is shown in Appendix A that 'the result for this 

configuration is 

(21) ~M = dt -;-

co 

E Ar(H) i: 2nw Jn(2n:Fr~ 2 ) 

r n=l 
sin 

x sin [ 2 n( Fr - y ) + !. + n 1T ] 
H r 4 2 

(nwt + n;) 

where J (x) is the nth order Bessel function of the first 
n 

kind. Thus, the s.ignal in the pickup coils has a high 

content of harmonics of the applied modulation frequency 

w. One need only adjust a phase-sensitive detection system 

to detect the fundamental modulation frequency w or one of 

it$ harmonics to recover the expres~_ion ( 19) , modified by 

the Bessel function. 

Figure 5 shows a block diagram of the electronics 

used. The 517Hz sine wave generated by the oscillator was 

filter~d, amplified, and applied to the modulation coils. 

The signal detected b1 the pickup coils was then passed 

through two filters to eliminate the modulation frequency 
I 

•o 



Figure_S. Block.diagram of the experimental 

system. 
I 
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and its third harmonic, impedanck matched, fed through a 

tuned preamp, and applied to the input of a Princeton 

Applied Research phase sensitive detector (PSD) driven at 

the second harmonic of the modulation frequency. The 

modulation current and filtered pickup signal could be 

monitored on an oscilloscope. The output of the PSD was 

recorded in parallel on both a strip chart recorder and 

magnetic tape, the recording on the latter being alternated 

with a signal proportional to the magnetic field strength~ 

The de field scanning rate was adjusted so that ldHI << l~I 
dt a~ 

and inverse field usually increased linearly with time. 

B.2 Data Analysis 

Figure 6 shows a block diagram of the program logic 

for processing the data tapes. Solid lines are mandatory, 

while dotted blocks are optional. First,,the field signal 

was calib;ated, inverted for ·a signal reading directly in 

inverse Tesla (lOOT = lMG), and smoothed slightly to 

correct for analog-digital conversion errors and slight 

timing errors in data acquisition. The data was then cor-

rected by subtracting any background signal from the dHvA 

signal, µsing a parabolic fitting procedure. Optional 

corrections could then be applied to the data, if desired, 

to allow for the Bessel function (provided only a single 

dHvA.frequency was present, which was rare), the exponential __.,,, 
term,the 1;1if factor (which appears in the denominator du~ 
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~i9ure 6. Block diagram of the data analysis . 
program. Solid blocks are mandatory, 

while dotted blocks are optional. 
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to the 1/H factor in Xr), the hyperbolic sine term, and the 

temperature variation of the amplitude in (2i). (These 

corrections were built into the program at the·user's 

option because the later Fourier analysis assume~ only a 

1· linear combination of sinusoidal variations in /H were 

pr~sent, and any other variations with H would only give a 

false broadening of the frequency response.) The data were 

then interpolated to achieve 2N evenly spaced data points 

""" required for th~ pourier transform algorithm, and the 

original data points discarded. Typical data runs were 

approximately 12 or 22 minutes long, yielding 2000 or 3500 

data points, so that N = 11 or N = 12 was normal. Three 

more options were now possible. First, the data could be 

divided into 2k (k ~ 3 usually) equal size blocks for purposes 

of analysing the frequency amplitude vs. field. This could 

be expected to show ma~ked changes if magnetic breakdown 

were present. Second, for signals having a very limited 

f range in field, one could pad the end of the data with an 

equal number of zeros. This increased the resolution, 

since it appeared to the program as if signals existed over 

a wider range of field, but the cost was decreased amplitude 

of each fourier component, and a slight breading of each 

peak of the spectrum, as well as a slight relative increase 

in noise content. Last one could apodize what remains of 

the data with a triangular window'envelope function (as 
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opposed to the implicit rectangular window employed 

without invoking this correction) to decrease the amplitude 
. 

of side bands. Side bands are created in the fourier trans- ~ 

form by the mere fact that one samples the dHvA signal 

between two finite limits, rather than between infinite 

limits. When this truncated signal is Fourier transformed, 

therefore,one obtains not the pure Fourier transform of the 

signal, but the Fourier transform of the signal convoluted 

with the Fourier 7ransform iof a square wave pulse whose width 

in 1/H is just the differetjce in inverse ·field used in 
I 

acquiring the data. These 
1
side bands are reduced if the 

signal is made to go to zero smoothly at both ends of the 

sampling range. This last option was rarely used, however, 

as it usually had little effect, it did not help in' 

distinguishing oetween fundamental and non-fundamental 

frequencies, and it was very difficult to decide whether a 

peak known not to be a fundamental wa~ in fact a side band 

or a combination frequency involving two frequencies of 

different orders of magnitude. (The choice was immaterial 

in this last 'instance since all such were eventually 

discarded anyway after being identified as non-fundamental.) 

Finally, the remaining datJ were Fourier analyzed, and a 

histogram plotted of frequency vs. amplitude. 

B.3 dHvA Frequency-Radii Inversion 

Having obtained the dHvA frequencies as a function 

\ 
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of angle, it was possible for some of the frequency branches 
o_ 

to convert the frequencies ~o cross-sectional areas (0.00955A 2 

corresponding to lMG) and invert these areas to obtain the 

radii of the various Fermi surface pieces. The scheme used 

here, following the method of Mueller (1961), was to first 

expand the areas- in terms of~pherical harmonics 

YmJf) 

and simultan\ously exp~nd the square of the radius similarly 

P 2 <e> 

where (and€ are directions in three·dimensions. The co-

efficients aim are fit from the data by a least square 

technique, and the problem is to find the coefficients bim' 

The two expansions are related by 

the delta function ensuring that c and rare perpendicular. 

If <PL is a complete set of orthonormal functions, then 

o ( p) = r <PL ( 0) q>L ( p) • > 

L 

· Choosing <PL as the normalized Legendre polynomial /L + ~PL' 

and expanding the Legendre polynomial in terms of spherical 

harmonics, one obtains 

_) 
4 7f 

L m y111 p L (Z•{) = r YL <Z> * er> 
2L+l m=-L L 

•. 

,, 
,• 

• · .... ~ 

' 
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,; 

Therefore: 

o (£. r) = 2n E PL(O) ym (E) * ym er) 
Lm 

L L 

Integr~ting, .( 

\ 
,, 

~~m ~ <r) = 1rE b p Q, ( 0) ym (() 
tm ,e,m Q, 

\ 

Equating coefficients, 

(22) 

The restrictions on this scheme are that the surface 

must be closed with a centre of inversion symmetry (since 
0 

P (0) = O,for L odd), and the radius vector of the surface 
L 

from the point of inversion symmetry must be single valued 

in all ~irections. This implies that the extremal area 

measured in the dHvA experiment must also be a central 

cross-section. Therefore this inversion method will not be 

successful if a piece of Fermi surface has a non-central 

extremal cross-section. 

There is one further problem with this inversion 

scheme, which is, to put it bluntly, it will not wor~ for 

a surface as simple as an ellipsoid. However, it can be made ., 

to work, and the method for doing so can be seen in the 

reason for its failure. Suppose one has an ellipsoid 

given by 

I 

' '• •, 
•.· 
' '.; 
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(X)2 + (~)2 + (!)2 = 1 
a b c 

Then the square of the radius is: 

where, 

8 2 = 1 - (~) 2 

Tl 2 = 1 - (b) 2 
c 

( a f b f c) 

Converting to spherical co-ordinates and inverting, one has: 

This is exact. If it is now inverted to obtain r 2 , one 

obtains an ·infinite series, which cannot be tenninated by 

subst..ituting appropriate spherical hannonics for the 

' \ 

trigonometric fu:qctions. The only case for which this 'series 

tenninates is that in which B = n = 0; i.e. a perfect o 
'sphere.· Therefore, before applying the above inversion 

scheme to the data, o.ne applies a spherical !-ransfonn by 

scaling two axes appropriately. This, of course,. changes 

all angles, radii, and cross-sectional areas. A.perfect 

ellipsoidal Fermi surface would then have one term in its 

spherical harmonic expansion. Additional terms in the 
~6 

expansion would thus indicate departure from an ellipsoidal 

surface. 
-JI 

Following the method of Ketterson and Windmiller 

' , . . , 

. 
' I 
' 
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(1970), one transforms the ellipsoid into a sphere by 

applying the transform T~~efined by: 

x ;= ax 

z'= yz b 
y = 

c 

In compact notation, one may write T(x,y,z) = (x ... ,y ... ,z ... ). 

One may also formally write its inverse T- 1 (x ... ,y .... ,z ... ) = 

. (x,y,z,), which is achieved practically by inverting a and 

-.~the following development. In spherical polar co-

ordinates one would have T(r,8,cj>) = (r ... ,8 ... ,cj> .... )' anci 

T - 1 ( r .... , e ... , ,f.. ... > < e ..i.) 'I' = r, ,'I' • It is easily shown that the 

relations between transformed a~d untransformed angles and 

radii are given by: 

tan 4> ..- 1: tan <P = ~ 

a 

(2 3) tan 8 ... = 1 [ sir~ <P + a2 cos 2 cp] 112 tan 8 
y 

r ... 2 (8 ... ,<I> ... ) = [ sin 2 8 (sin 2 ¢> + a 2 cos 2 cf,), + y 2 cos 2 8] 

x r 2 (e,cp) 

\ 
It is considerdbly mbre difficult (Lifsnit~ and Pogorelov, 

1:954) to show that the transformed and un'blransformed areas 

are related by: 

(24) = ay[sin 2 8 (sin 2 cp + .!___ cos 2 cj>) + 
Cl 2. 

~ cos 2 e 1 
1
h A ( e , ¢ > 

( 

I 
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Note that one uses here an inverse transform for the angles, 

rather than a transform. This is due to the fact that the 

direction associated with a plane (the plane of the cross-

se,ctional area) is normal to that plane, so that when one 

transforms co-ordinates to, say, shrink the x dimensions, 

a vector pointing in the direction of the normal would be 

transformed into a vec.tor which is farther from the x axis, 

whereas the direction of the normal itself would be trans-

formed to a vector closer to the x axis. 

The procedure 9ne follows, therefore, in inverting 

the dHvA frequency data to obtain Fermi surface radii is to 

I) apply a transform to the data areas using (24), and an 

inverse t~ansform to the corresponding data angles U$ing 

(23); 2) use these values in a least-square fitting 

procedure to find the coefficients aim' and convert these 

area expansion coefficients to radius-squared expansion 

coefficients using (22); 3) apply a transform to the 

original data angles, and using these values in the 

-spherical h~rmonics, alpng with the coefficients btm' 

compute r~ 2 (e~,~~) in the transformed syste~; 4) finally., 

apply an inverse transform to r~ 2
, using (2~, to obtain r 2 

• 

. ,,., 



CH~TER IV 

EXPERIMENTAL RESULTS 

,,..-- .... 
Data were collected for magnetia'fiJlds in the three 

I 
/' . 

principle planes of gallium. The angular mesh was approx-
~ 

imately 2.8° for each of the three planes except where a 

mesh of 1 1.1° was required for certain frequency branches 

near symmetry axes •. For each orientation selected, data 

were taken for several de field sweep ran9es and speeds to 

enhance various frequency branches. The lowest frequencies 

encountered w~re generally obtained with a sweep range of 

approximately 2kG to 0.35kG, although the upper limit in 

some. cases was reduced to approximately l.4kG, or raised to 

as much as 3.0kG, and the lower limit ranged between 0.25kG 

and 0.46kG. The sweep speed for this range was usually set 

at the maximum availabl~ for a l;H sweep (i.e. inverse 
4 

field being linear in ·time), and the PSD ti~e constant 

raised sufficiently (typically 300mS) to ignore the residual 

high frequency resport~e. A typical run lasted approximately 

12 minutes. For some regions of the ab plane, it.was 

necessary to both lower the up~er field limit and raise the 

lower field limit, and in this case the sweep speed had to 

be reduced simply to acquire enou~h data on the tape. 

Unfortunately this allowed more of the higher frequencies· 

54 



·to pass through the PSD time constant filter as ~)ise, 

necosslt
0

ating a compromise. 
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The highest fr9quencies observed were obtained with 

the magnetic field in the range 56kG (the upper limit of 
/ 

our Westinghouse superconducting magnet) to approximately 

2.0kG or 3.0kG, depending upon crystal orientation, magnetic 

field sweep speed, modulation field strength, and the 

sensitivity of the PSD. Intermediate frequencies were 

genera1i;·:,observed at the high field end of the lower range 

or the low field end of the high range. The usual procedure 

therefore was to begin at the highest available field with 

a slow 1/H field sweep, with the field sweep speed adjusted 

so that the data acquisition system could be expected to 

detect the highest frequency evident on the strip chart 

recorder. The PSD time constant was usually JOOmS, but 

occasionally was raised to 300mS for exceptionally noisy 
"" 

signals. T~e field then decreased for }pproximately 22 

minutes until the data storage limit of ~e acquisition 

system and the dl!Vl\ program was reached. This_ usually 

resulted in the field reaching 3 ±.5kG, except for the field 

near the b axis where exceptionally high frequencies were 

observed, Here the field reached only 4-4.SkG, and a second 

scan was initiated as above at approximately 4. SkG .. Upon 

completing these one or two scans, the field sweep speed 
... 

and the modulation fiela strength weie adjusted to enhance 

l 

! 
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the intermediate frequencies, and the sweep resumed for 

another 12 or 22 minutes. Adjusting the modulation field 

stre~gth also necessitated adjusting the de field strength ... 
L 

to minimize the attenuation from the Bessel function. The 

modulation field strength was usually set at appr9ximately 

16G, but was generally doubled to enhance the intermediate 

frequencies. For the high and low frequencies, .the 

argument of the Bessel function ranged between near zero and 

some value less than (for high frequencies) or slightly 

greater than (for low frequencies) s.1{6, at which point 

the Bessel function has its first zero. The intermediate 

f4equencies were generally detected for the argument of 

~- the Bessel function between the first zero and the second 

(8.417) or third (11.620). Observation of these zeros 

enabled us to calibrate the modulation coil. However, , 

unambiguous observation of these zeros was not 'as common as 
. 

this might lead one to believ~ since it required that only 

a single frequency be the dominant signal, all oth~, 

frequencies being minimal~ Usually, but riot a·lways, in 

passing 'through a Bessel zero of one fr.equency, a secondary 

frequency was quite visible; and the exact position of the 

zero was not obvious. This zero would then appear to the 

Fpurier analysis algorithm as a beat frequency, which would 

generate a false frequency in the frequency spectrum 

histogram. 
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The data obtained is shown in Figures 7 and 8, and 

is also tabulated in.Apperili.ix C. Figure 7 shows the low 

frequencies and Figure 8 sh~s the high frequencies. For 

comparison, the highest fr~uency of l.SMG on Figure 7 is 

·~ also shown on Figure 8. Frequency branches are labeled An, 

Bn, or Cn where n is a number from 1 to 20, 22 or 21 

respectively. In general, high values of n correlate with 

higher frequencies. With one exception on Figure 7 (to be 
,, 

discussed later} only fundamen'lial frequenci~s are shown here, 

the harmonics and combi~ations, as well as 'those false 

frequencies generated by Bessel zeros, being suppressed. In 

some cases (e.g. C7 and A6 for the magnetic field near the 

b axis} harmonics as high as the ninth harmonic were clearly 

visible in the Fourier spectrum. 

It can be seen that some branches can be traced 

through all thr~e planes, while others were not observed for 

some orientations. These figures (7 and 8) cannot show 

whether these discontinuous branches ended abruptly as a 

functi9n of angle, or merely faded. Similarly, these figures1 

cannot show the relative strengths of the various frequencies. 

for each orientation. It is also not possible to read these 

figures to more than two figure accuracy. The table in 
.. 

Appendix C is designed to correct thes~problems. Every . ' 

observatio,n has been ~isted in these tables, along witb an 

approximate 
"' 

• 

indicatio/ of the frequency amplitude. (Some 

.J 
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Figure 7. dHvA frequencies ~p to l.SMG for the 

three principle planes of gallium. 
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Figure 8. dHvA frequencies between l.SMG and 

GOMG for the three principle planes 

of gallium. 
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... 
observations were, of necessity, lef\t off Figures 7 and 8 

and ensuing figures.) All amplitudes were normal~ed to the 

amplitude of the strongest frequency at each orientation for 

each condition of field sweep range and speed and modulation 

field strength. D indicates a frequency was dominant or had 

an amplitude at least 90% of that of the dominant frequency, 

S indicates a strong frequency (25%-90%), M indicates a 

medium str~ngth ~3%-25,), and W indicates a weak signal 

(less than 3%).· The noise level varied between 0.2% and 

1~% of the dominant signal, depending on a variety of condi

tions. These figures are not as unrealistically low as they 

might sound since the histogram output of the analysis 

plotted frequency vs. the square root of the relative signal 

strength, thus enhancing the weaker signals. On a maximum 

scale of 50, the demarcation lines thus occurred at 48,25,, 

and 9, with the noise level being 2 to 5. The error limits 

shown at the top of each colwnn wi 11 be discus.sed later. 

An entry of the table being blank does not neces~arily 

mean.that the frequency branch in question was not observable 

at that orientation,although that is usually the case. It 

could also mean that the frequency was not looked for, or 

that the frequency was observed but-not with sufficient 

accuracy to warrant inclusion, as might occur for we~k 

signals buried in noise. In most cases, the correct reason 

should be obvious from the context. 
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Durin<J th,_· cour:;c of u,,, 0·,por inwnt it W<etS I1cc0sr;ary 

ms.my tj;1;, to rcn10,·c tliv f,.•1.1plc wi_th iU; sample holcl,,r rod 

(.sec cipl(..'r Tl I A) from the c1Ilvl\ apparatus und rcmou1,t it 

pu;·roscs of cc1lilJralin·J tln: ang,ln of roL1tion wit:h pn·vious 

dc1L.1. 1'his ca]if;1tt'~ion \·:os <lone by matching the most rapid]y .,., 

varying fr0<]u0nci().S in the regiun of, ov0rlap. 'l'his did not 

always rcsuJ t in a p.:::rfcct m;:itch if two frequencies ,1c1·e 

both varying rapidly as .:1 function of angie (e.g. l\5 and l\G 

in t~c vicinity of 50° from b toward c). 

As noted in Chapter III A, the only check on accurnta 

alignment was sclf-consjslen~y of the data. It con be seen 

frOP1 Figures 7 and 8 u.nd Appcndi:>: C th<Jt alignments were./" 

reason;:1ble bllL slig11tly off in some cc:ises, since for most 

,/ cases the data in the three planes match reasonably well at 

the symmetry axes. Jt wiJl be> shown that for an accurately 

' 
aligned crystal, ClO and Cll should meet at the frcquC'ncy at 

\ 

0 
" which Dll and Bl7 cross for thC' magnetic: fiel<;l in the a 

direct ion. Dy matching the mca~;nred frcquencios of ClO and 

Cll for tho m<.1gnctic field in the nominal a direction to 

Bll and 817, it can be calculated that for the ab plane -

crystal, the orientation in the nominal a direction w~s 
A 

actually 2.2° towc1r<l c from a. SimiL:1rly, by cornp.:iring AlO 

and Cl2, jt was calculat0d that f6r the be plane, the 
A A 

orientalion at b was actually 0.6° toward a. No other 

! 
1 

.~ 
··. 
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inconsistencies in orientation were found. By comparison, 

the most recent set of gallium data (Griessen, et al, 1974) 

quotes errors in orientation of up to 3.5°. 

The above orientation error was the only error occurring 

which was of a correctable nature~ Other errors occurring 

pertained to limits o~."\esolution or were otherwise non

correctable. The simple~ error source, of course, was the 

Fourier transform resoluti~s a function of the 

' inverse field spanned in collecting data on the tape. For 
\ . 

the low frequ~ncies, this resolution was approximately 

±0.0008MG, and for the intermediate and high frequencies it 

was ±0.02MG. 

Another easily recognizable error source was the angular 
~ 

resolution of the sample turning mechanism. This employed 

a 32:1 gear reduction ratio, and the estimated accuracy in 

turning that part of the mechanism outside the magnet was 

approximately ±5°, primarily due to an occasional slight 

stickiness in turning. Angular resolution at the sample was 

therefore ±0.16°. 

One might suppose that another source of error could be 

due to the method of sample preparation without glue. 

Haberland, et al (1969), calculated that the linear thermal 

contraction of gallium between room temperature and 4K is 

aprroximately 0.5% in all di~ections. This is approximately 

the same as the thermal cont~action of the Kel-f holder. But, 
I 

if they are not identical and the Kel-f holder contracts 



) 

less than gallium, 'there may b~ some "rattle" or rotation in 

the sample position, or if the holder contracts more, there 

could be some slight pressure Jetween the holder'and the 

sample, serving to hold the crystal more rigidly. The latter 
D • . 

situation is desirable,, but since thermal Ct)ntraction ·data 

for Kel-f accurate at 4K was n0t avai"iable, this situation 

could not be guaranteed. In ?ctual fact, the relative 

, co~traction was immateriai since a design feature of the 

holder prevented rattling and rotation if the gallium 

contracted slightly more than the Kel-f. During the piocess 

of cleaning the holder preparatory.to filling it, the sharp 

edges.of the hole in the holder were trimmed slightly. Tl:is 

trimming was not ·regular. Upon filling the holder with 

gallium melt and allowing it to crystall'i ze, the gallium also 
(r, , . 

filled this trimmed volume, resulting in·a slightly larger 

radius at both ends of the cylindrical sample. Then, if .,. 
gallium contracts slightly more than Kel-f, these irregular 

bu~ges would .secure the sample rigidly t9 the holde~, 

·preventing both rattle and rotation. 

There are several additional possible sources of error 

when cohsidering the field applied .to the sampl~. An inde

pendent NMR calibration of our mqgnet showed that the field 

in tesla at the centre of the magnet was ~.0056 ±0.0002 times' 
~ ' ""!' • 

the applied voltage. But it also showed that the field was 
I 

not completely uniform throughout the magnet bore. It is 

/ 

~ estimated that this could contribute a field calibration error 
........... 

, , 

:;, 
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of up to 0.02%, depending on the ~exact sample position. For 

the low frequencies encountered, this error is negligible 

compared to·the Fourier transform resoluUon. However, for 

the high frequencies, it could be as much as half the rourier 

transform resolution. This field calibration is also 

applicable only to an essentially empty magnet bore. The 

sample it,elf will disturb ihis field. If there are ac 

components added to the field one must also consider the 

sample skin depth, ?incc the ac field will not penetrate 

completely. For the 517Hz ac component used here; this is 

not a serious problem, but there will still not be 100% 

penetration. I The field will therefore not be uniform through-· 

out the sample. ~This non-uniformity leads to a slight 

brordening of e~ch peak of the Fourier transform, but it 

does not otherwis~ alte1 the Fourier transform. In particular, 
I 

the positions ~f the pea~s are not changed. There is, 

how~vcr / an-o"ther · source of <;rror which does shift 1these 
t 

I 
peaks, and' that is tj1e fact that in_side th·e metal' the field 

one should Use iq B =JI+ 4nM, rather than IT. As stated 

pr~viously., this does not change. tre dHvA frequencies, since 

those are a property of the metal, but it does change the 

field calibration. This calibration change must then shift 
. . 
the position~ of the Fourier speclrwn peaks. Since this 

problem is expected to be more serious at higher fields, the 

field calibration must become field dependent. If the 

problem,is o\curring, the ~ro~f one observes is an enhance-

\ 
\ 
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ment o~ the harmonic and combination frequencies. Although 

such frequencies were observed in the low field, low frequency 

scans, they were not significant, but they were significant 

when investi.gating the high and intermediate frequencies. 

It is'·'i:herefore estimated that one must take this feature into 

account for frequencies above approkimately 1 - l.SMG, 
I -

where it could result in an error of a significant fraction 

of 1%. 'f/1is being the larg_es
1

t error, error limits of the 

high an! intermediate frequencies are therefor~ estimated at 

approximat~ly ±0.lMG and ±0.06MG respectively, and the error 
'"--.,,;._, 

'--.._ -- 1 

limits of the low frequencies are set at the Fourier trans-

form resolution of ±0.000BMG. 

,The lowest frequencies also have another problem 

peculiar to. them, and that is the fact that Jhere are very 

few Landau levels contained in the pieces causing these 
A 

frequencies. As an example, C7 and A6 at 0.335MG for Hlb 

were~ obs~rved for fidlds below 20,kG, which gives n ~ F /H 
. ) . . . - ;,,, . 

{ 17. /-F"urther,tpe Al-3 and Bl-3 complex near c was observed 

for fields be~ow approximately·l5kG, which gives n ~ 13. 

Clearly, this is far too low to make, the single-term expan-

'sion in equation (15) valid, and one must therefore include 

higher terms. However, it has been shown that including 
• r 

such terms does not change the frequencies_involved, but 

merely changes the amplitude of that frequency. This . 

problem of few Landau le~els will therefo~e not contribute 

to the quoted errors in determining the frequencies, since 



\ 

\ 

--
one need not use B (which includes the amplitude of M) in 

place of H for these low frequencies. 
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CHAPTER V 

DISCUSSION 

A. Introduction 

In discussing and interpreting the ~esults of the 

l -'· previous section, several avenues of approach must be taken. 
,,. t'l 

fl.;,· First, it is shown in Appendix B that for ellipsoidal Fermi 
'• 

surfaces, inverse frequency squared is linear in cos 2 e. 
1 

Since Reed's model predicts several ellipsoidal surfaces,· 

this type of analysis (hertceforth termed a 1/f 2 plot) must 

be done for.most frequencies to determine which might be·~ 

generated by ellipsoidal surfaces. Also, since the 1/£ 2
, 

plots severely distort the positions of the data points 
I 

shown in Figures 7 and 8, they can also serve to identify 

which data points belong to which branch in frequency. regions 
A : 

such as 20MG for the magnetic field near b or 0.2MG~for the 
:..-

field ne·ar c. 

Second, one can compare the predicted frequencies 

of the model with those found in this study. Since the 

predicted frequencies are only given for the field along 

symmetry directions, one must then consider how they should 

chang~ for the field in a non-symmetry direction. If this 

behavioUT' is found experimentally, then these frequency 

branches can be considered to be· identified. Included in 

such considerations, of course, would be the fact that 

. 
' } 
t .· 
j 
} 

·, 
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frequencies generated by such'pieces as the monster arms 

and legs will not exist for all orientations of the magnetic 

field. For those frequencies genepated by Fermi surface ,' 
. I 

pieces having inversion symmetry and only central extremal 

orbits, one can invert the frequency data to obtain Fermi. 

surface radii as explained in section IV B.3. 

using the above procea~re, most frequency branches ~ 

would be identified if Reed's model is correct. Frequency 
.. 

branches remaining to be identified might then be explained 

by unexpected extremal areas on the monster and/or the 

ellipsoid-butterfly combination, or by magnetic breakdown. 

Frequency assignments made by any of the above means are 

listed in Table 3 at the end of this chapter, and each will 

be discussed in detail in later sectibns of this chapter. 
. "\ 

All of the above analysis'{::aP.be based primarily ,, .. 
upon the values of the frequencies vs. magnetic field 

orientation, with a'small consideration given to frequency 

amplitudes in those cases where a frequency branch fades or 

otherwise disappears as a function of angle. Independent of 

these considerations one may also obtain j slight amount 

of information concerning effective mas'ses if one finds a 

frequency branch disappearing at isolated ang~es due to 

spin zeroing. 

' . 
B. Continuous Low Freguencies I 

We begin therefore with a considera.tion of the low 
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frequency branches shown in Figure 7. The data presented· 

here is more extensive and more precise than that of 

Griesscn, ct al (]974), c:.nd both sets of dc1.t.:i arc cerLain1y 
I 

far more 0xtensjv0 than that of Goy, ct al (1967), Goldstein 

ana Foncr (1966), or Condon (1964). In those regions that 

the data cun be compared, there is good gualitatjvc aqre0-

rnent, although quantitative agreement is difficult without 

tabulated values. 'l'he interpretation of scvcr'al frequency 

branches in these previous works is, however, unfounded, 

although the cause in most cases can be traced to a lack of 

~ufficient data. It should he noted that the_expcrimcntal 

techniques oMployed by the several researchers were dif fcrcnt. 

'l'he present study uses the dllvA cffoct aid<.!d by digitnl 

acquisition and computer processlng of the data using stan-

dard Fourier analysis methods. Condon employed torsion 

methods. Goldstein and roner used the dHvA effect, but did 

not have access to the present sophisticated techniques; 

in view o: the pre~nt data, this hand analysis was 

rema~kably good. Goy, et al, observ0d magnetothormal 
i 

" 
oscill'ations, and Grcissen, et al, 'investigated uniaxial 

stress dependence. 
' 

Figure 9 shqws a 1/£ 2 plot for A6, 06, and C7. This 

shows"" that the small closed piece's of surface generating these 
\ '• 

branches is ·very nearl¥ an ellipsoid but does have marked 

deviations. Reed's model predicts that 6h at T should 

generata frequencies of 0.52MG, 0.346MG, and l.26MG for the 



.. 
Figure 9. 1/f' plot for A6-B6-C7, attrijuted 

to the sixth-band hole surface at.. ,,,. 
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~ A A 

magnetic ~ld along a, b, and c respectively. This study 

shows that the correct frequencies are 0.507MG,0.335MG, and 

l.363MG respectively, the later t~bej.,ng slightly lower ._,,,,..,. 
" 

· than Griesseh's values of 0.352MG and l.38MG.- The de.viations 

from ellipticity noted in Figure 9 'then correspW1d to a 

significant compression near the be plane, and a smaller 

bulge near the ab plane. These qualitative eslimat.es are 

borne.out by the results of the expansion and inversion 

scheme. Table 2 gives the expansion coefficients of a 21 
,, 

term syherical harmonic least squares approximation to the 

··data of A6-B6-C7. The spherical harmonics chosen were those 

I 

y R.m of even i and even m up to 9, = 10. One should not be mis-

led by the small order of magnitude of some of these co-

efficlients since Yim may be compensatingly large for large 9, 

and m. Neither should one discount the validity of the 

expan?ion merely on the basis that 21 terms were required, 

since this is not an unreasonably high number of terms; 37 

berm and 91 term expansions are not unknown (Aurbach, et al, 

1970). Figure 10 shows the spherical harmonic expansion for 

A6-B6-C7 superimposed on the data, showing quite a go~d fit. 

The algorithm employed did not allow for calculating the 

error limits of the coefficients. However, several of the 

worst fit data points, both for this set of data and for 

}hose following, were discarded for purposes of estimating. 

the error. The resulting change in the coefficients oc~urred 

in the third to the eighth decimal, depending upon the co-
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TABLE 2 

~ 

Spherical Harmonic Expansion Pararn~ters 

t \ 
Branches A6-B6-C7 A4-A7-B4-C9-C9~ A3-Bj~ Cl0-A8-Bll 

Identi-, 6h at T 7e between arms 
fication 

a 1.5185 4.8037 

y 3.8619 0.8115 

t m 

Sh at X 

0.9481 

0.2517 

Se at L 

0.5419 

0.1783 

0 0 l.95086x10- 2 l.73453x10- 2 2.01054xlo- 3 2.02254xlo- 2 

2 0 l.68205xl0- 5 -4.98339xl0- 3 l.68100xl0- 6 1 l.97853xlo- 4 

2 -3.17690xl0- 5 2.87132xlo- 3 2.4981Sxl0- 6 -S.8638lxl0- 6 

4 0 4.18062><10- 4 8.430llxlo- 4 8.88164><10- 7 9.76349x10- 4 

2 -1.55832xlo- 5 -9.f9952xl0-s -4.76767x10- 7 -2. 5631Sxl0'- 5 

'4 -7.32247'><10- 6 2.41478><10- 5 1. 74823xlo- 7 2.00930xl0-s' 

6 0 -3.16259><10-s l.29941xlo-s -3.2292lxlo-s 

2 -3.43013><10- 6 2.0464lxlo- 6 -8. 35384xlo- 6 

4 4.25667><10- 8 2.97567x10- 0 3 .15219x 10- 7 

6 -4.70548><10- 9 -2.63319xl0- 9 -5 .10622x 10- 9 

8 0 -1. 71998><10- 4 -1. 30097x 10- 4 

2 -8. 31384>< 10- 6 3. 34423x 10- 6 

4 4.16217><10- 8 4.04257xl0- 8 
. 

6 1.53035><10- 9 -1. 60905x 10- 9 

-1. 0300'5>< 10- 1 9 ' l.15328xl0- 10 ·e 

0 
\ 
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TABLE 2 (cont • l 

6h at T 

l.024lsx10-1t 

2.14588XlQ- 6 

l.39865xl0- 8 

-8.36895xl0- 10 

-2.31375xl0-
12 

-5.31151XlQ-lS 

8e at L 

.l.82065X}Q-lt 

l.96883xl0- 6 

-.l.14427XlQ-e 

7.32545xl0- 10 

-2.12752xlo- 11 

2.30105xlo-13 
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Figure 10. Spherical harmonic expansion of 

several frequency branches. Points 

shown are the data of Fi~ure 7 and 

Appendix, C. The solid lines shown 

are a least-squar~-"§pherical 

ha~onic ex~!it to these data 

points using the parameters shown 

in Table 2. The dotted line shown 

is the second harmonic of one of 

these lines. 
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efficient, but in no caBe was F .i.gure 10 (or Fi~urcs 11 0r 12) 

v io ih ly altered. Also, in an effort to find out j f all of 

the c.ocf f id cnts listed·in Table 2 were !ler.esr;ary, some of 

the smallest were arbitrarily zeroed and therms error 

recomputed, using the remaining coefficients. In every case, 

zeroing only two or three terms maie,a significant change in 

the rms error. 

Figure 11 shows the results of the inversion scheme 

for 6h at T. The dotted line shows the radius in the thr~c 
\.,. 

princiRle planes of the ~sformcd system (see Chapter IV 

B.3), the splid line shows the radius in the untransformed 

syst0n, and the dashed line shows the percentage deviation 

of the radius from that of the closest fitting ellipsoid. 

(The later is on a highly expanded scale.) The closest 

fitting ellipsoid was defined as the surface obtained using 

only the first term of the expansion. Figure' 12 shows cross-

sectional plots of the ra~ius i~ the three principle planes. 
' 

Both Figure 11 and Figure 12 show a compr~ssion in the b 

" ~irection and a bulge in the a direction. The latter coµld 

be interpreted as a compression near the a direction in the 

ac plane, but in view of Figure 9 this is not considered a 

reasonable interpretation. Also, all data was col1ected ·in 

the three principle planes. Inversion schemes of t~is type 

work best for a set of data at random,but accurately known, 
.... 

directions encompassing one entire irreducible zone of the 

surface. Clearly the present data does not satisfy this 
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Figure 11. Radius and ellipsoidal deviation 'or 

6h at Tin the three principle planes 

of gallium. ,See the text for an 
..,., 

exp'\.anation of the lines. 



N 

smov~ 010Sdli13 V.O~t~ NOl.lVll\30 ,. 

~ ..... ........... 

0 

~ ......... .. 
'• 

//' 

I . 
I . 

/ 
,,,'' 

··, . . . 
' ,-' 

N 
I 

., 
I 

I.D 
t 

"'" ......... ·:::· ......... ,,,., ... ,,, .. , ... --

<n 
t 

76 

1-~--~------------~~----~-.~------~~------------------------~-+----~-----10 

,,,"" 
I •. • . 

,, 
,,• 

,•"'"' 

...... .. _ . -- .. 

,,, ., 
,,,· 

~,,,"' ,, 

,, ' ' 

. 
/ 

--- ..... -... -................. . 
-·--- ............. __ 

• ,. •.• , •• u••, ,•• ,,•; • •• :: :::,"., 
·---" 

ir .. : ... ......... _ ............................... --- ................ .. 

" ................... .,.,,,.-.,..,' 
,.,. ................ -- ... ---~ 

... ""'"" .,,. .. - ...... ... J-'...~.1" ...... "" - ..... ------....... -
.,., .. - ·* 

< ,.y ,.on srnovij 

0 
«D z 

0 
• F 
~ 
0:: 
5 



Figure 12. Cross-sectional areas of 6h at Tin 

the three principle planes of 

gallium, as calculated for Figure 
0 

11. The scale is in A-~ 

• 
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condition, and this leads to inherent instabd.lites in 

calculating the spherical harmonic expansion coefficients • . 
It was found that for this surface, it was not possible to 

fit more than the first 6 terms (all terms up to and 
< 

including t = 4) of the expansion without encountering 

negative·square radii and/or unreasonably large ~xpansion 

coefficients. Therefore, it was decided to fit the data to 

the first 6 spherical harmonics, and use the remaining 15 

terms to reduce therms error given by the first 6 terms. 

Here again, an instability was encountered, 'as it was not 

possible to include the t = 12 terms for similar reasons. 

Therefore, because of the above problems, exact details of 

Fermi surface shape at non-symmetry directions arising from 

this study cannot be believed in their entirety. In this 
• • 

particular case tpere is also ~he fact that 6h at T do~s 

not have inversion synunetry, 'even though it does have two 

mirror_ planes, and the mode'! shows this piece to be near;I.y 

synnnetric in the third plane. It is valid, however, to 

believe general trends in the inversion, and it is also 

possible to be reasonably certain of Fermi surface radii near -.. ; 
symmetry directions. As evidence· of this, the rf size 

effect data of Haberland,et al, yield extremal dimensions 
• 0 0 .,... JI, 

of approximately 0.022A- 1 and 0.072A- 1 for the c and b 

Girections, whereas Reed's model yields extremal dimensions 
o_

1 
o_

1 
o_ .,... .,... " 

of 0.021A , 0.078A , and 0.049A 1 for the c, b, and a 
0 0 

directions. The present study gives 0.020SA- 1
, 0.0722A- 1

, 
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and 0.0522 i-J respectively. 

Figure 13 shows a 1/£ 2 plot for CS, AS, and BS. The 

small closed surface generating these branches is again basically 

ellipsoidal, but there are much more significant dev1ations 

then for 6h at T. AS shows that an ellipsoidal approximation 

to this surface would have its maximal cross-sectional area 

for H approximately 10° toward~ from b, since that is the 

approximate intercept of AS at 1/£ 2 = O. CS does not show 

a similar deviation from synunetry in the ab plane, whereas BS 

shows that the piece has a reaso~ably uniform cross-sectional 

area for any plane containing the b axis. This would require 

a shape which could be descr:i,bed as a nearly circular 
..... 

pancake whose diameter in the a direction is pinned to a 
..... ..... 

plane normal to b, but whose edges in the c direction have 

been curved off this plane in the same direction approxi-
O A ' 

mately 10 toward b. This is approximately the shape 

required for the 7e near r saucer of Reed's model, for . 
<:. whi.ch dHvA frequencies of O. 70.4 MG,.· 6. 65 MG, and O. 843 MG 

, A I' A 

would be predicted for the field in the a, b, and c 

directions respectively. This sttlpy gives 0.890 MG, 6.94 MG, 

and 0.791 MG respectively. This pi~ce· is thus considerably 
~ I " 

wider in the c direction and s~ight~y narrower in the a 

direction than the model predicts, w~th the radius in the 
I 

c direction being greater than that tn the i direction 

rather than vice-versa. Since this Wiece is not expected 

to have, and in fact does not have, inversion synnnetry, the 

data inversion scheme used here is not applicable. It 
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Figure 13. 1/£ 2 plot for AS-BS-CS, attributed 

to the seventh-band el~ctron surface 

near r. 
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should be noted here that this study is the first in which 

the CS and AS branches have been reported in their entirety. 

Golstein and Foner (1966) and also Goy, et al, (1967), trac~d 

these branches up to approximately 2.3MG, whereas Griessen, 

et al {1974) reported frequencies up to l.4MG. In all 

fairness, however, .signals above approximately 2.SMG were 

quite weak in comparison to lower frequencies. 

c. Continuous Low Frequencies II 

The above two surfaces are the only two closed 

surfaces obviously evioent from the data in Figure 7. 
( . 

However, there are two more which have not previously been 

identified. The fir~t arises from the branches C9', C9, 

A7, A4, and B4. B4 and a small part of A4 have been observed 

only once previously (by Griessen, et al), but were 

attributed incorrectly to the monster arms. C9 and A7 near 

the b axis have also been observed previously by Goldstein 

and Foner and also by Goy, et al. Neither made any claim 

as to their origin, but Grie~sen, et al, claimed they were 

actually harmonics of C7 and A6. This interpretation is 

also incorrect for two reasons. First, the second harmonics 

. ' "' of C-7 and A6 intersect at bat a frequency of 0.670MG, which 
p 

is considerably lower than C9 and A7 at approximately 0.713MG, 

and well outside experimental error even if one tries to 

read the numbers off of Goldstein and Foner's figures 1 and 

2 or Goy's figure 1. Seqond, if one carefully examines the 
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data shown by these prcviouR researchers, one nolcs that 

the f requencic·s in quo::; tinn decrease as one rota tor-J the 

field from~ toward~' whereas the second harmonic of AG 
,,. ,,. 
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munt· incrc:asc. In fact, for tho field 30° from b lowa:t:d c, 

which ic the approximate lir.,it of the prf:vious data, A7 hr-1~, 

decreased to approximately 0.65MG, while the second harmonic 

of A6 has increased to approximat~ly 0.78MG. 

~he following interprct~tion is therefore prcscntc<l. 

For the A and C 1branches we are denling primarily with wr:ak 

signals, but signals definitely above the noiuc level. 

However, the fact of weakness is evident in the 1;£' olot 

of Figure 14. A7 is the second harmonic of A4 and has been 

halved before plotting. Since C9 and A7 int;-r)nct the b nxis 

at approximately the same frequency, C9 is also identified 
. 

as a second hunnonic. The fundamentnl frequencies of C9 

and of A7 near the b axis wcrn not observed. This wiJl be of 

significance late~. The important point to note now is 

that C9~, C9, and B4 indicate ellipsoidal tendencies, where-

as A4 and A7 show that this ellipsoid .must be reasonably 

flat and thin in the be plane, although it deviates from 

ellipsoidal shape here. The extrapolation of C9 and B4 to 

the a axis also indicate approximately the same value for 

1/£ 2 , although one cannot predict a value for the frequency 

with any high degree of accuracy due to the errors involved. 

Thia piece is therefore matched to the seventh-band electron 

surface between the monster arms in Reed's model. 
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Figure 14. l/f 2 plot for A4-A7-B4-C9-C9~, 

attributed to the seventh-band 

electron surfac~ between the 

mons tr~ r arrris. 
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The predictions of the node] for this piece are not 

good, primarily due to the fact that this piece is extremely 

sensitive to the exact Fermi level. Reed's calculations 

used c1 Fenni level of O. 713PY; reducing this to O. 7loP.y causE>d 

this piece to disappear. Therefore, local potcntiul 

variations such as were used to generate 6h at T could easily 

b~ used to modify this piece slightly without appreciably 

affecting other parts of the model. Frequencies of SMG, 

0.705MG, and 0.468MG are predi~tcd for this piece for the 
( 

A A A 

field in the a, b, and c directions respectively. This 

study indicates frequencies of 0.356MG and 0.287MG for the 
,) 

band~ directions, and no data is available for the a 

direction. In an attempt to extrapolate the data to the a 

axis, the inversion process w.as applied to this data, 

ignoring the fact that this piece does not have tho prop0r 

symmetry. Instabilities in the spherical harmonic expansion 

were again encountered, only 6 terms being possible, with 

an additional 4 (up to order£= 6) to reduce therms error~ 

The coefficients of the expansion are shown in Table 2, and 

the fitting is shown in Figure 10. The dashed line for C9 

and A7 is the calculated second harmonic of the frequencies 

calculated for C9~ and A4. These calculations indicate a 

frequency for ITiji of approximately 4MG, although since no 

"' data exists for this piece for fields within 25° of a, one 

would have to assign an error limit of at least ±lMG to this 

figure. The radii 'resulting from this inversion arc shown 
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J 

in Figures 15~ The meanings of the various curves 

for Figure 15 c1re the snme os those for Figure 11. Herc 

again, it js not valid to believe 0very small detail, but 
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one can say that this 5s an extr~mely flat piece, possiLly 

with some surf ace: wigg lr_.s. Also, it is to be expected that 

this piece should para l le 1 the sh <'lpc of the mons lcr arri,s, 

since it lies between them, :.o that the drawing in the ac 

plane, and possibly in the ab plane as well, should show a 

slight saocer shape similar to 7e near r, rather than the 

fl<lt shape shown here. Such a saucer shape would also 

" decrease the expected frequency at a in the same manner as 

AS behaves near b (see Figure 8). The radii predicted from 
0 0 

this inversion are approximately 0.008A- 1 , 0.106A- 1 , and 
0 ~ ~ 

0.120A- 1 in the a, b, and c directions respectively. These 
0 

can be compared to the model radii of 0.033A- 1
, 0.123A- 1 

and 0.15:IA- 1 in the~, b, and; directions respectively, and) 

the calculated spacerarailable between the monster arms, 
I 

which has radii in,/the band; directions of 0.128A- 1 and 

O.lg4A- 1 res~ectitely. 

The finaJ_piece of Fermi surface which can be 
""' .. · 

termed closed with any reasonable certitude based on the 

data of Figure~ arises from A3 and B3. These two branches, 

in conjunction with Al, A2, Bl, and B2, have also been 

observed before, bul not with sufficient accuracy, and 

have not yet been interpreted correctly. Goldstein and 

Foner observed all six branches, although it was over a 
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Figure 15. ~adius and ellipse 1al deviation for 

7e between ar. in the three ,,,.. 

prjnciple planes of g~llium . 
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Figure 16. Cross-sectional areas of 7e between 

arms in the three principle planes 

. of gallium, as calculated for 
0 

Figure 15. The scale is in A- 1
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more limited angular range and their resolution was not 

sufficient to distinguish more than two branches at any one 

position. They were not able to distinguish between B2 and 

B3 or between A2 and A3 for magnetic fields more than about 
A 

35° from c, and a careful analysis of their data corresponding 

to Al and A2 (their sheet IIIB) will reveal that they observed 
~ 

Al for fields more than 15° from~ and t~ey observed A2 for 
A 

fields less than 15° from c, mist~kenly taking these as the 

same branch due to lack of resolution. This explains their 
A 

statement that near c their ·frequencies may be slightly in 

error due to the presence of a weak third signal which they 

could see but. could not measure. A similar analysis explains 

• their high values for data corresponding to Bl and B2 near 
A 

c. They made no claim as to the origin of these frequencies. 

Goy, et al, also observed these frequencies and encountered 

the same resolution problem, with the same result. Griessen, 

et al, were the first to accurately distinguish all three 

branches at one position, but they did not observe B2, and 

observed A2 only for a limited range centred approximately 
A 

20° from c. They then attributed A2 to magnetic breakdown 

between Al and A3, and assigned the latter 
. \ 

two branches to 

fifth- and sixth-band hole ellipsoids at X in Reed's model. 

This is almost correct except for the fact that Reed's 

model does not support a sixth-band hole ellipsoid at X, 

and in view of the continuous nature of the present d~ta, 

an explanation requiring magnetic breakdown is not very 



89 

likely. 

A more reasonable explanation as obtainable as 

follows. The 1/£ 2 plots for the six branches Al-3~?nd Bl-

3 are shown in Figures 17 and 18. Notice that A3 and B3 
~ 

when plotted in this manner form almost perfect straight 

lines, within experimental error. Also, the data extends 

from a nearly ao 0 toward a and S, where the signal finally 

faded. If one extrapolates the data the last 10°, using these 

two figures, one arrives at nearly the same frequency. It 

is therefore reasonable to suppose that A3 and B3 arise from 

a small nearly ellipsoidal piece of Fermi surface with two 
• 

A A 

nearly equal axes in the a and b directions and one longer 
A 

axis in the c direction. Only one piece of Reed's model 

fits)this description, and that is the fifth-band hole ellip-

J ~ 

soid 1 surface at X, as surmised by Griessen, et al. But only 

A3 and B3, not the other four branches, are assigned to 

this ~iece. Since x has the proper synnnetry properties, the 

inversion alogorithm was applied to this data. Due to a 

complete lack of data in the third plane, it was possible 

to fit only three terms in the spherical harmonic expansion, 
\ 

with an additional three (up to order i = 4) for reducing 

therms error. The fitting parameters are shown in Table 2, 

and the fit is shown in Figure 10. This shows that the dHvA 
A A A 

frequencies tor the field along a, b, and care expected to 
~) 

be 0.849MG, o.8tSMG, and 0.223MG respectively. The radii 



Figure 17. l;f 
2 

plot for Bl, B2, and B3. The 

first two branches are attributed 

to the monster anns, and the last 

branch is attributed to the fifth-

band hole surface at x. 
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--F\igure 18. 1/f 2 plot for Al, A2, and A3. The 

first two branches are attributed 

to the monster arms, and the last 

branch is attributed to the fifth-

band hole surface at X . 
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and ellipsoidal deviation are shown in Figures 19 and 20. 

The right-hand scale of Figure 19 is extremely expanded, so 

that this piece is more ellipsoida~ than would appear from 

Figure 19, as shown in Figure ~O. It is roughly circular 
0 

in the ab plane, with a radius of 0.026A- 1 , and has a radius 
~ . ! 0 

in the c direction of O.loA- 1 , whereas Reed's model predicts 

0.07A- 1 for the latter. This 30% error is probably duet~ 

the fact th~rly very limited data by Condon appeared to 

show a.n'extrem~y small frequency which was thought to be () 
' . 'to ' 

g~nerated by this piece~~ surface, so thqt this ellipsoid 

in Reed's model was thought /9 be an o~f magnitude too 

large i..._f it was in error ,i all. It now appears that this 

~ piece is, in fact, larger than calculated. J 

.,.,-, -- ~--' 

It is also reasonable that no data was ~served for 

this p~ece in the ab plane, since all extremal orbits 

measured for this piece in this plane must inters~ct the 

c axis of this piece, which is the crystallographic line 
\ 

XRL. If spin-orbit splitting were added to Reed's model, 

the degeneracies existing on the hexagonal face would not be 

lifted along this line (Koster, 1962). Therefore, if an 

electron were traversing one of these extremal orbits, then 

upon reaching the line XRL it would be very likely to cross 

over to the monster, which must decrease the signal., since 

only complete traversals of the orbit are measured. 

f 
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Figure ·19. Radius and ellipsoidal deviation for 

,, Sh at X in the three principle planes 

·--'? of gallium. 
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Figure 20. Cross-sectional areas of Sh at X in 

the three principle planes of 

gallium, as calculated for Figure 
0 

19. The scale is in A- 1
• 
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D. Discontinuous Low Frequencies 

There still remains the pro~lem of the origin of 

Al, A2, Bl, and B2. Figures 17 and 18 clearly show that 

these are not due to ellipsoids. The only other known parts 

of the Fermi surfac0 with approximately lhc same cross

sectional aro.::i as Sh at X for IT!~, and for which thf' cross-

section should increase if the field were rotated away from 
A 

the c a:xis,arc the monster arms. Figures 21 and 22 show 

two detailed views of this region, the first being a view 

from the b direction, and the second from the; direction. 

In Figure 21, if the magnetic field is rotated away from~ 
A 

(horizontal) toward a (vertical), then the extr0mal cross-

sections of the two arms in the plane normal to the field 

will not be the same because these arms are no longer 

equivalent. The cross-section a of the upper arm (suitably 

adjusted for an extremu~) will be greater than the cross-

section S of the lower arm, which implies a higher dHvA 

frequency for a as compared to 6. If the,field is rotated 

farther in the same direction, then the resulting cross-

se9tion a will eventually not be possible due to the inter-
, 

ference of the rest of the monster, whereas the cross-

section Swill still exist. It is estimated that the limiting 

angles for a and Bare approximately 55° and 80° respectively. 

Similarly, Figure 22 shows that if the field is rotated from 
" ,... 
c (horizontal) toward b (vertical) the two arms are again 

non-equivalent, resulting in the cross-section y of the lower 



Figure 21. View of the qalliwn Fenni surf~ce 

from the b dlrection. The small, 

surfaces at N and T have been 

deleted for clarity. 
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Figure 22. View of the gallium Fermi surface 
A 

from the a direction. The small 

surfaces at N have been deleted 

for clarity~ 
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t being larger than the cross-section o of ~e upper arm, 

with y disappearing at approximately 55° from c, whereas o 
..... 

persists to approximately 75° from c. Figure 17 shows that 
,.. ,.. 

B2 disappears at approximately 54° from c toward a and Bl 
0 ..... ..... 

disappears approximately 77 from c toward a. Figure 18 
..... ..... 

shows that Al disappears at approximately 79° from c toward a 

and A2 exists only up to approximately so 0 from c toward b. 
Thus Al, A2, Bl, and B2 behave almost exactly as one would 

expect if these branches originated in the monster arms. Only 

one point detracts from this assignment, and that is that 

Reed's model predicts a frequency of 0.37MG for the monster 
.,.. 

arms with Hfc, which is considerably larger than observed. 

We consider now branches CG and BlO, which are 

branches having minima for the field 

increasing as the field rotates ~~y 

A 

along the a direction, 
..... 

from a, and eventually 

disappearing. Griessen, et al, suggested that these 

branches might be assigned to orbits around the monster 

/ legs in the plane kx == 0, but rejected the idea on the 

basis of the sensitivity of these parts to the Fermi energy, 

preferring instead to assign these orbits to the frequency 

branches Cl and B7, which are also quite sensitive. Since 

this study did not observe Cl and B7 over a sufficient 

angular range, no claim is made as to their origin. 

However, this study does support Griessen's original 

hypothesis of assigning C6 and BlO to the monster leg 

orbits for the following reasons. First, it has been 
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shown that the seventh-band electron surface between the 

monster arms is slightly smaller than Reed's exp2ctations, 

which implies that the Femi level is, if anything, slightly 
<, 

lower than calculatod. If this is true, thLln the hole 

surfaces should be slightly larger, making it more likely 

that the monster leg is larger than calculated, if it is to 

be greatly different at all, than that the leg is a factor 

of 4 smaller than calculated,·· as Griess en I s second hypothcs is 

would require. Actually, Reed's model predicts a frequency 

of 0.4SMG for an orbit around the leg in the plane kx = 0, 

whereas C6 and BIO give a frequency of 0.419MG for rri;;. 
This alone is almost sufficient reason to confirm the assign-

ment. However, the second reason for supporting the assign-

ment concerns the angular range of the data, which shows 
,,... 

that C6 disappears for the field more than 36° from a toward 
,,... ~ 

b, and BlO disappears for the field more than 16° from a 

toward c. On Figure 21, if one draws a line from the centre 

of the figure to a point near· the top of the monster leg, 

the angle between this line and·the c axis is approximately 

18°. If one draws a similar line on Figure 23, a view of 
A 

the Fermi surface from the c direction, one obtains '\1 angle 

of approximately 40°. These are close enough to the ~ata to 

confirm the assignment. 

The final set of low frequencies to be discussed are 

C2-5, BB, and B9. The latter two have been observed by Goy, 

~al, and Griessen, et al, have observed this entire set 



Figure 23. View of the gallium Fermi surface 
~ 

from the c direction. The small 

surfaces at N and T, aDd the seventh-

band electron surface neur r, have 

been deleted for clarity. 
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of branches. It. should l•e noted here thut C2 and C3, and 

.also C4 c1n .. 1 CS, would be 1d(:nti.:.·.1l if ll1t- 0r.ircntdtio11 error 

described in section IV hcic't not occu2·rcd. For thc1t rc.:ison 

Gric~,sr:n, 0t al, ob~c~vcd or.)y two brunches hLrt·. 'l'h0rc?fo.ce, 

the fact of the orientation error in the pr0scpl sludy i.ow 

becomes a useful fcc1turc rather tl1,1n a hinderance, for 1 t 

~,hc,• ... ·s the sensitivity of the pieces genera tinq these 

brDnches to small orientation errors, and it prG~0s that 

there 1s ~ctually a degeneracy for the field in this plane. 

I, 

These branches have been attributed to the seventh-band 

efectron butterfly surface at N for which Reed predicts a 

" fre1ucmcy of O. 22MG for the field in the a direction. He 

. also predicts the same frequency at this orienta~icn for 

the eighth-band electron ellipsoid inside the butt0rfly at 

N. This ellipsoid-butterfly combination is not ori0 11tcd 

with symmetry axes parallel to the crystal ax~s, so that 

extremal frequencies are not expected for the field along 

symmetry directions. This is clearly shown in Figure 7, but 

it is not obvious whether.the branches shown belong to the 

butterfly or the ellipsoid. Figures 24 and 25 show 1/f 2 

plots for these branches. B9, C4, and CS were.reflected 
.... 

across a before plotting, and all angles were shifted by an 

angle O , which is the ~ngle at which the approPriate curve 
0 

shows a minimum. These angles 8
0 

were least-square fitted 

for each curve. As can be seen, when plotted this way the 

data form a nearly perfect straight line in all cases, 
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Figure 24. 1/f 2 plot for BB and B9, attributed 

to the electron oieccs at N. 1he 

shift angle was 8 0 = 58.6°. 
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Figure 25. 1/f 2 plots for C2-5, attributed to 

the electron pieces at N. The shift· 

angle was 8
0 

= 23.9° for C2 and C4, 

and 8 0 = 24. 9° for C3 and CS• • 
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within experimental error. This suggests that the piece 

is oriented approximately 31° from; toward; and 24° or 

25° from; toward b, and that the piece is ellipsoidal in 

shape. However, it does not prove the latter hypothesis 

since it will be seen that even a butterfly piece could 

produce such straight lines over a small angular range in 

a l/f 2 plot. In fact, there is evidence that the piece is 

not ellipsoidal, since if Figures 24 and 25 are extra-

polated toe= o0 
for Figure 24 and e = 90° for Figure 25, the 

extrapolated value of l/f 2 is -2.739 for B8 and B9, 1.291 for 

C2 and C4, and -0.554 for CJ and CS. The two negative values 

are, of course, physically impossible. One may argue that 

due to the misalignment only_ the average of the two lines 

shown in Figure 25 should be used, which would give a value 

of l/f 2 = 0.737 for the C2-5 complex, but that does not explain' 

the negative value for BB and B9. More experim~ntal data will 

be needed before these branches can be satisfactorily explained . 
• 

E. High Frequencies:Predictions 

We turn now to a consideration of the high frequencies 

shown in Figure 8. Few of these have been seen before, and 

many of those were seen with insufficient angular resolution, 

making identification impossible. Only Cl2, A9-ll, and Bl2-

15 can be said to have been seen previously with any degree 

of accuracy, and that was done by Goldstein and Foner. How-

ever, a comparison of data between their results and the 
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present study, in terms of both angular extent and frequencies 

observed, is in most cases meaningless due to the far 

greater scope of the present data. 

It is immediately obvious from Figure 8 that these 

high frequencies are ext~eroely complex. Reed's high 

frequency predictions are therefore presented first before 

considering the data. It will be instructive to refer to 

Figure 4, a drawing of the gallium Fermi surface, throughout 

this section. These high frequencies are due primarily to 

the ellipsoid-butterfly combination at L, but some are also 

due to the monster surface. Beginning with the field in 
~ 

the a direction, the model predicts that the ellipsoid should 

have a maximum cross-sectional area in the hexagonal face of 

the Brillouin zone corresponding to a frequency of 12.2M~· 

The orbit causing this frequency will also be a minimal orbit 

for the butterfly,since the two pieces are degenerate in this 

face of the zone (without spin orbit interaction). If the 
A 

field is rotated away from the a direction, this degeneraqy 

in orbits is lifted, and the frequenc¥ should split into 
- ~ 

two branches. The maximum area of the butterfly for HJJa 

occurs for a non-central orbit near the plane kx = ~aka and 

corresponds to a frequency of 22.2MG. There is also the 

possibility of extremal orbits encircling the monster just 

abo~e the monster arms and below the bulge in the sides of 

the monster. No frequency is given for these orbits, but if 

they exist, they would be several times larger than this 
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non-central orbit. 

For HI~ the model predicts several frequencies. 

First, it predicts a central maximum orbit for the ellip-

soid with a frequency of 20.9MG. It also predicts a central 

minimum orbit for the butterfly with a frequency of 35.?MG, 

and a central orbit composed' of half of each of the above 

orbits with a frequency of 28.4MG. This orbit is due to 

magnetic breakdown between the seventh- and eighth-band 

pieces in the hexagonal face of the zone. There is also a 

<' non-central maximum orbit on the butterfly near ky =1/i 6kb 

with a frequency of 42.6MG. Since the ellipsoid should have 
A 

a radius of slightly more than 'Yi6~ in the b direction, there 

is also the possibility of magnetic breakdown from this non-

central orbit on the butterfly to a non-extremal orbit on 

the ellipsoid, resulting in a frequency of 21.SMG. How-

ever, this magnetic breakdown orbit in itself is neither a 

maximum nor a minimum orbit, since the maximum orbit is a 

central orbit with the frequency given above as 28.4MG, and 

this two-winged butterfly, as it is called (see section Hof 

this chapter), does not support a minimum orbit normal to b. 

This orbit generates a dHvA frequency solely because most of 

it is due to a maximum orbit which has been broken into two 

pieces due to magnetic breakdown. 

On the monster, there are two belly orbits possible 
~ ' 

in the plane ky = O for HI~. The first encompasses two 

back-to-back monsters joined at X and has a'frequency of 
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52MG. The second is due to magnetic breakdown between the 

monster and the Sh at X piece on the hexagonal face of the 

zone and has a frequency of 26.4MG. This orbit encompasses 

one Monster and the small ellipsoid at X. Neither of these 

two belly orbits will exist if the field is not within a 

" small angle of b since both depend u~on the existancc of the 

small junction between the monsters at X,and both orbits 

must traverse the backbone of the monster. 

For HI!~ the model predicts frequencies of 3.94MG for 

the ellipsoid, 21.8MG due to a four-winged butterfly orbit 

on the seventh-band electron surface, and 12.7.MG for a two-

winged butterfly orbit composed of half of each of the above 

orbits and due to magnetic breakdown at the hexagonal face 
. 

of the zone. There is also one non-central maximum monster 
l 

orbit near kz = i~k having a frequency of ll.2MG, a central 
c 

monster orbit at k = 0 due to magnetic breakdown between the z 

monster and the Sh at X ellipsoid with a frequency of 10.9MG, 

and a central double monster orbit at kz = 0 encompassing 

two back-to-back monsters with a frequency of 21.BMG. This 

last orbit is expected to have the same frequency as the four-

winged butterfly orbit. Reed also mentions the fact that 

there may be magnetic breakdown between the monster and the 

7e near r pieces which gives open orbits in the kx direction 

in the plane k = O. This open orbit traverses the out-
z 

side of a pair of back-to-back monsters and the inside of the 

electron pieces. If this is true, then the same magnetic 
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breakdown could give a maximum central closed orbit inside 

the monster surface and outside the electron pieces. From 

drawings supplied by Reed, we calculate that the frequency 

due to this orbit should be approximately the same as that 

due to the double monster orbit, or 21.8MG. 

F. High Frequencies- Be at L 

Returning to the data of Figure 8, there are only 

two frequency branches, besides C8-A5-BS previously discussed 

with the low frequencies, which can be traced through all 

three planes. These are Cl0-A8-Bll and Cl2-Al0-Bl4. The 

latter has been seen before in its entirety, but the ~ormer 

is new. Figure 26 shows the 1 /f 2· plots for these new 

branches. The scale for this figure has been expanded by a 

factor of lp for ClO. In two planes this piece can be fit

ted to an ellipsoid quite well, although AB shows deviations 
. 

for the field near the c axis and Bll shows deviations for 

H ·near both a and c. The ab plane (ClO) definitely does not 

fit an ellipsoid prediction. The frequencies for this piece 
,,... ,,... ,.. 

for the field in the a, b, and c directions are 14.4MG, 

24.5 MG, and 4.16MG respectively,which are larger than the 

frequencie~ of 1;.2MG, 20.9MG, and 3.94MG predicted for 

the Be at Lelli ·oid. However, the 14.4MG frequency splits .... ,.. 
into ~wo branc~ 1f the field is rotated away from a. If 

,,... 

the field is r.-,~ 1:.ed more than approximately 9° from a 
,.. 

toward c, the1: }17 disappears. On Figure 21 the angle 



Figure 26. l;f 2 plot for A8-Bll-Cl0, attributed 

to 8e at L. The scale for ClO has 

been expanded by a factor of 10 to 

read 1000;£2. 
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between the plane kx = 1ka (the top line) and a line 

joining the corner of the figure (the point L) to the tip 

of the butterfly is approximately 8~ 0
• This splitting and 

the disappearance of Bl7 at the proper angle, when added to 

the fact of the proximity of the numbers, is enough to 

confirm the assigrunent. 

Since L has the proper symmetry, the inversion algo-

rithm was applied to the data. As for the 6h at T piece, 

it was possible to fit only six terms of the spherical 

harmonic expansion before encountering instabilities, with 

an additional 15 terms to reduce therms error before again 

encountering instabilities. The resulting coefficients are 

shown in Table 2, and the fitting is shown in Figure 27 .. 

This figure takes into account the fact of the orientation 

"' error at the a direction in the ab plane. The fit is good 

" everywhere except within 2° of the a direction in the ac 

plane, and except for part of the ab plane. However, the 

rms error for this piece was approximately O.lMG, with most 

of that error coming from the data in the ab p~ane, so the 

fit is not unreasonable. The results of the inversion are 

shown in Figures 28 and 29. Again, the small details of the 

" 
inversion, such as the ellipsoid deviation near c and the 

large depression in the cross-section in the ab plane, are 

believed to be caused by the lack of data in the non-

synunetry directions and are therefore doubtful. However, the 

A A A O 1 
extremal dimensions in the a, b, and c directions of 0.170A-



Figure 27. Spherical ~armonic expansion of the 

data for 8e at L. Points shown are 

the data points of Figure 8 and 

Appendix C, and the line shown is 

the least-square spherical harmonic 

I expansion fit to the data using the 

parameters shown in Table 2. 
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Figure 28. Radius and ellipsoid deviation for 

Se at Lin the three principle planes 

of gallium. 
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Figure 29. Cross-sectional areas of 8e at Lin 

the three principle planes of 

gallium, as calculated for Figure 

28. The scale is in A- 1 • 
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0.093A- 1 , and 0.462A- 1 respectively compare reasonably well 

' th th ' O l O l O l w1 e expected dimensions of 0.16A-, 0.095A-, and 0.43A-. 

G. High Frequencies for Hli 
I 

As noted before, Cl2, AlO, and Bl4 have been seen 

before, and have been assigned to the butterfly by Reed. 

But not all parts of these are due to central orbits. As 

noted when discussing the data for Be at L, the 14.4MG 

frequency for the field in the a direction splits into two 

" branches if the field is rotated away from a. Cll and Bl7 

are therefore due to central orbits on the butterfly, with 

minimal cross-sectional area. The maximum orbit for the 

" field in the a direction gives a frequen~~f 23.8 MG, which 

is larger than the 22.2MG expected. This,~ reasonable since 

the elll~soid inside the butterfly is also larger than 

" expected. Cl2 and Bl4 near a·are therefore due to non-

central maximum orbits of the butterfly. 

The origin of Bl8 at 28.9MG for H~a remains unknown 

at this point. It was at first thought to be a harmonic of 

Bll, but this was later discounted because Bl8 does not 
,.. 

decrease fast enough with increased rotation from a toward 
,.. 
c. A frequency in the ab plane corresponding to Bl8 was 

not obse·rved, possibly because of the misorientation. A 

28.9MG frequency was observed here, but ~his was determined 

to be due at least in part to the sum of ClO and Cll. No 

higher frequencies were observed for Hti for fields up to 
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56kG. 

.... 
H. High Frequencies for Hiie 

,.. 
For the field in the c direction, one finds high 

frequencies of 4.16MG, 8.56MG, 12.5 MG, 13.1 MG, 20.8 MG, 

and 22.4 MG. The 8.56MG frequency is degenerate and splits 

into two branches in the ac plane. The lowest of these six 

frequencies has been previously assigned to the 8e at L 

ellipsoid. The model predicts that a frequency of approxi-

mately 12.7MG, which could in fact be either of the two 

middle frequencies listed, should be observable due to a 

two~winged butterfly "orbit of max;imum cross-section caused 

by magnetic breakdown. Therefore, one must imagine in 

Figure 4 that the four parts of the ellipsoid-butterfly 

comple~ have been reassembled together about the point L, 

and that the butterfly on one side of the hexagonal face 

nas been sheared away, leaving only the ellipsoid. It is 

"' ·"' easily seen then that if the field is rotated from c to a, 

this expected maximum magnetic breakdown orbit for H~~ 

transforms continuously into the non-central maximum orbit 

for HII;· There is magnetic breakdown required on the 

hexagonal face at all orientations of the field between c 
.... "' 

and a except for those fields within approximaely 4° of a, 

at which angles the extremal orbit of maximum area (a 

maximum orbit) is contained entirely on the butterfly on one 

side of the hexagonal face of the zone. Since Bl4 has been 
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identified as being due to the non-central maximum orbit 

for the field near i, it must also be due to the two-winged 

buttC'rfly orbit caused by magnetic breakdown for the field 

n~ar c. This also identifies AlO near; since both have a 

f roqu~ncy of 13, 1 MG for ITjj3. The frequency dtw to tho 

four-winged butterfly orbit for IT~~ is then expected to be 

approximately twico'the two-~inged butterfly frequency Jess 

the ellipsoid frequency, or 22.1 MG. This is close to the 

22.4 MG frequency actually observed for All~ and Bls-. 

For the remaining three frequencies in this direction 

there are at least two different explanations, neither of 

which is completely satisfacto~y. For the first explanation, 

one notes that if the field is rotated from c toward a, 

' l the non-central mon~ter orbits expected near kz = !ikc are 
" .,.. 

no longer equivalent, whereas a rotation from c toward b 

does not disturb this degeneracy. Therefore one assigns A9, 

Bl2, and Bl3, all of which have a frequency of 8.56MG for 

IT!~, to the non-central monster orbits. This leaves only 

" AlO' and Bl4- at 12.5 MG for fflc as the central magnetic 

breakdown orbit between the monster and Sh at. X, and leaves 

All and BlS at 20.8 MG for one of the central double monster 

orbits at kz = 0. If the latter pair of frequency br,wches 

were due to the back-to-back double monster orbits, then this 

theory would explain Goldstein and Foner's observation that 

their branches XI and XVI (which are AlO and Bl4 here) near 

the c a~is were reduced in amplitude whenever their sheets· 

I 
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XV and XVII (here All and BlS) were present. Their 

resolution was not sufficient to distinguish AlO"' and Bl4"' 

from AlO and 814, and it was observed in this study that the 

former pair wore the stronger frequencies. Therefore, under 

this suppositioi\, their observation of their sheets XI and 

XVI (AlO"'and I314 .. ) due to magnetic breakdown between the 

monster and Sh at X reduces the probability of an obser-

vation of their sheets XV and XVII (All and BlS) due to the 

double monster orbit with no magnetic breakdown,-and vice-

versa. 

There are two major problems'with this explanation. 

The first is that this identifi0s the double monster orbit 

as having a frequency of 20.8 MG, and it identifies the 

monster-Sh at X breakdown J;bit as having a frequency of 

12. 5 MG. It therefore forces one to conclude, that Sh at 
" ' 

X should have a frequency of approximately 4. 2 MG at this 

orientation. This is more than an order of magnitude too 

large. The second problem is that if the fields is rotated 

from c toward a, one of the non-central monster orbits B12· 

or Bl3 is expected to die quickly due to the interference 

of the monster leg with the plane of the orbit. This is not 

seen. The first problem could be relieved by removing the .. 

assumption that the 20.8 MG frequency was due to the doub.p.e 

monster Orbit, but that makes the explanation of Goldstein 

and Fon er 1 s observation unsatisfactory, and it does -not 

remove the far more serious second problem. 
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The other method of explaining the frequencies for 

ifljc is to assign the 8.56MG frequency to the central monster 

breakdown orbit, as Reed suggests, leaving the 12.5 MG 

frequency for the non-central monster orbits, and the 20.8 ~G 

frequency for one of the central double monster orbits, either 

with or without magnetic breakdown. Reed justifies the 

assignment with a series of convincing arguments involving 

open orbits with magnetic breakdown. The problem with this 

explanation is that since the 8.56MG frequency is now 

assigned ,to a central orbit, t~ere is no possibility of its 

splitting in~o two frequencies if the field is rotated 
A 

toward a, and it provides no explanation of Goldstein and 

Foner's observations concerning the higher frequency 

amplitudes. Also, the B.56MG frequency is better observed 

at intermediate fields, rather than high fields, which means 

that magnetic breakdown is more likely to destroy this orbit 

than create it. The resolution of this problem will have to 

await either a better calculation whicl}, finds the cross-

section of the model at all angles, or more extensive data 

combined with a good imagination. 
,,... ,,... 

For the field between a and c, several frequency 

branches were observed, but the calculations concerned 

themselves only with cross-sections in synunetry planes and 

thus could not predict these branches. It would appear from 

Figure 8 that B20 and B21 might be continuations of Bl3 for 

which certain angular rahges of the field, for reasons 
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unknown, do not support extremal orbits. However, if one 

applies the distorting influence of a 1/f 2plot, as shown in 

Figure 30, this does not appear to be likely. 813 shows a 

definite linear region on this plot which does not extra-

palate to meet B21. It is likely that B20 and B2l are due 

to the same surface, but there is definitely no connecting 

data since B20 definitely showed sharp cutoffs at both ends 

of its range, as shown in Appendix c. It is quite likely 

that most of these branches would be due to orbits on the 

monster, but an exact assignment cannot be made at this 

time. Possibilities for simple extremal orbits for the 
A A 

field between a and care 1) an orbit encompassing both 

arms above the point at which they join the rest of the 

monster, 2) an orbit encompassing two arms and two legs 

similarly, 3) an orbit encompassing two arms and four legs 

for the field near a. These last two types of orbits 

would have strong U shapes since the monster is hollow, and 

this makes frequency estimation difficult. For higher 

fields one might also have magnetic breakdown between the 

various pieces causing field dependent,orbits. This may 

9ccur between the butterfly and the monster arms throughou~ 

most of the length of either, between the monster arms and 

the electron piece between them, or between the monster and 

the electron piece near r. 
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tigure 30. 1/£ 2 plots for Bl2-13 and Bl9-21. 

The forJller are probably attributable 

to monster orbits, but the origins 

of the latter are unknown. 
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I. High Frequencies for ff;!b 

We turn now to a consideration of those high 

" frequencies found for the field near b. This is the most 

complicated region as there are fully a dozen high frequencies 

" either at or near b to be explained, only a couple of which 

have been observed before. C8 and AS have been included in 

the low frequencies, and ClO and A8 have been assigned to 

the eighth-band electrpn ellipsoid at L. It was mentioned 

that Cl2 and AlO are due to the butterfly, but the exact 

orbit has not yet been established for H\b. To do this, 

consider again the reassembled butterfly with half of it 

sheared away, leaving half a butterfly and half an ellipsoid. 

Starting with a central cross-section normal to c, if the 

field is rotated to bone sees that this maximum cross-

section due to magnetic breakdown transforms continuously 

" into the central breakdown orbit for Hilb. Similarly, if 

one starts with the non-central maximum orbit in the plane 

normal to~, this also transforms into the central break

down orbit for Hiib, with the largest orbit occurring when 

the field is normal to the wing·at approximately 70° from a 

toward b. Between a and b, therefore, Cl2 must change its 

character from non-central to central. An estimate of where 

this occurs can be obtained from the l/f 2 plot for Cl2. in 

Figure 31. It is seen that the data fits two straight lines, 

depending upon the range of angles considered, even though 

this piece is clearly not ellipsoidal in shape. The angle 

\ 
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Figu~ 31. 1/f 2 plot for C12, attributed to the 

butterfly at L. 
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conunon to both lines occurs at cos 1 o :c- 0.6 or O = 39°. '!'his 

is approximat<.•ly lho angle c1t whid1 tho min.imuin ccntrul 

o:rbi t Cl l disnppNu·s. Thert'f ore, it would appear that for 

Onb , 39°, Cl2 is u non-Cf'ntral orbit, and for (l«b > 39°, 

Cl2 .is n ccnt·ral orbit. It rem,lins c1 mnximum 01·bit through-

out, so thut the -central orbit changes clrnractor fi·om 

minimum lo maxim\un as the fi(l]d .is rotat0d. 

Since the ellipsold has a m~ximum central orbit for 

ii~b with cl frequency of 24.5 MG, and the butterfly and 

- )'\ ellipsoid have a central breakdown orbit f~r H llb with a 

frequency of 30.9 MG, the cont.ral minimum orbit of tho 

buttorfly is expected to have a frequency of approximately 

37.2 MG. Cl? has a frequency of 37,l MG, so Cl7 and Al8 

ttre assjgncd to the central minimum orl.>J.t. of the b\1tterfly. 

If the ~ld is rot~ted from B toward u, this central 

mirdmrnn is oxpectod to increase sharply, as is seen in Cl 7. 

' ... " If the· field is rotated from b toward c, then, will be two 

·compoting effects. First, the central orbit will be in~er

secting tho wings, which rosult's in a higher froquoncy, as 

is seen iQ Al8. But then the prbit,must eventually docroaso 

in 'aroa since if the field is rotatod far enough, this 

orbit be.comes the four-winged butterfly orbit, which ~;1 a 

lower frequency. This is ulso aeon in Al8. 

" Of ci10 highoot frequencios for ITlb, C20 ftnd A20 at 

· ... approximately 58MG are matched wi.th the doublo monster orbit 

which waa expooted to have a froquenoy of 52MG. Thia 
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association is done primarily on the fact that these branches 

exist only over a very narrow angular range, 3° toward a 

and 4f 0 toward~. For the latter orientation, the plane of 

the orbit has already slipped off the backbone of the monster, 

so it is reasonable that the frequency should decrease. How

ever, no further evidence is available to support this 

assignment. 

Cl9 and Al9 are assigned to the non-central maximum 
,... 

butter~ly orbit .for Hij~. These have a frequency.at b of 
• 

approximat~ly 48MG, whereas 42.6MG was expected, which is 

considerably' lower. However, the ~ngular variation is 
,... 

basically correct. If the field is rotated toward c, this 

non-central orbit will evenfually b~come the four-winged 

butterfly orbit for iiljc, so Al9 inust decrea~e sharply to 
,... 

join Al8. If the field is rotated toward a, the orbit will 

encompass a greater portion 'Of o~e wing,· which will cause the 

frequency to increase, ~nd a lesser portion of the other, 

causing a decrease. The result is nearly indeterminant with 
• . ' . the increase· slightly predominating. This is precisely the 

behaviour Qbserved. 

This leaves ClB yet to be explained, but no further 

large extrem~l orbits were predicted for this orientation. 

Fig~ro 23 shows that the bulge in the side of the monster 

oxtends beyond tho point at which tho monster legs aro 

joined to tho body. It 
,.. 

plarto normal to b which is batw 

that one can find a 

this point and tho plano 
\ 
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k = 0, yet also intersects the monster at a point where the y 

two legs join without also intersecting the monster arms,. 

Also, Figure 22 shows that this plane could in addition be 

adjusted so as not to intersect the two contractions in 'the 

monster's side near where the legs join. Therefore, it may 

be possible for an orbit to traverse the outside of the side 

of a monster, the inside of his legs (crossing ta the inside 

very near the point at which they are connected to the monster 

body), cross to the adjoining monster.on the inside of the 
\ 

legs, and continue to the outside of that monster 1 s side. 

The orbit is then ,closed in an identical manner. An 

extremely rough estimate of the size of this orbit, 

considered to be roughly elliptical with the lengths of the 

axes determined by the distance of the bulge from the plane 
I 

kx • 0 and the distan'ce from the plane kz = 0 to the inside 

corner of the legs in the ~lane kx = o, gives a frequency 

of 47MG. This is of the correct order of magnitude to 
r 

explain ClB, although the exact value is subject to gross 

errors. If this is the correct extremal orbit, ~nd it is 

the contention of this study that it is, then one would 
A " 

expect that if the field is rotated from b toward a, the ~ 

orbit'would climb highor on the back of one monstor, but 

would chango very little on the other mo~ster, resulting in 

a sharply increasing frequency. This is exaotly tho 

behaviour soon in Cl8. Also, if th~ fiold·were rotated from 
A A 

b toward c, then this orbit is expo~tod to disappear quickly, 
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since the fortuitous alignment described in Figure 23 and in 

Figure 22 would be deitroyed. Since the latter figure shows 

a much more restrictiv~ condition, Jt is estimated from 

Figure 22 that a rotation of not more than 1° would be 
~ sufficient to destroy the orbit. Since the angular mesh 

~ 

in the be plane near b was 1.1°, it is unlikely that this 
I 

frequency could have been seen, especially since Cl8 is of 

weak amplitude near b, except by extreme good luck, since 

a maximum of two observations could be expected, and these 

may .not be correlated. It is therefore reasonable that a 

frequency due to this orbit was not observed in the be 
~ 

plane. Also, the fact that this orbit was observed in the 

ac plane shows that this crystal was acc~rately aligned near 
~ ) / ~ 

bin this plane, even if there was an error near a • 
. 

We consider now those remaining high frequencies 
, 

below a freq~ency of 2SMG.. Th~ firat problem for this region 

is to identify the various branches. To this and, the 

distorting influence of a 1/f 2 plot was used, a~ shown in 

Figure 32. Since this is a highly enlarged plot, error 

limits of ±0.2° in nngle and ±0.l MG in frequency are 

indicated in tho upper left and right oornors. As can bo 

soon,thia type of plot does identify which points bolong to 

whioh branches excopt for those fow points near AlS and 

Al6 for ebc noar 0°. It has already boon shown that 
~ 

froquonoios noar b aro oxtromoly sonsitivo to oxact 

orientation, and it appears that horo is another oxamplo 



I 
I 

,, 

Figure 32. 1/f 2 plots for AS and Al4-17. The 

first and last are attributed to 

orbits in the ellipsoid-butterfly 

co~plex at L, but the origin of the 

Q~her three bra.nohes is unknown. 
I 

E~ror liroits,of ±0.2° in angle and 
I 

~~.lMG in f~cquoncy are shown in the 
I -

ufper left and right corners. 

,. 
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of that sensitivity. 
l 

More data will be needed for this 
0-_ 

region before this data can be adequately described. The 

frequenc~ listings for this region in Appendix care there

fore quite arbitrary. 

', 

Of the remaining data, Cl6 and Al? have been assigned 

by Reed to the non-central magnetic breakdown orbit between 

" Se at Land the butterfly. The frequency at b of 22.9MG is 

less than half the frequency of approximately 4BMG associated 
" with the non-central maximum butterfly orbit for fflb. It 

would appear, therefore, that the breakdown orbit is shifted 

toward the ky = O plane from the orbit forming the maximum 

on the butterfly. Except for this minor discrepancy there 

is no reason to doubt this assignment. For Cl4 and ClS there 

are two possible ways of examining the flata. The first is 
' 

to assume that ClS is the continuation of Cl4 in the same . 
manner that Bl7 is the continuation' of Bll. AlS and Al6 

would then correspond to ClO and Cll. In other words, one 

would look for two nested surfaces of the right size which 
. 

appear to be like the ellipsoid-butterfly complex near the 

hexagonal face of tho zone-, but with the exception that the 
A A 

orientation is normal to b rather thnn a. This does not 

load to fruitful roeults using Reed's model. Tho other way 

is to a_na1yze Cl4 and ClS in tho same manner as c2-s and 

B~-9 were analyzod. A shifting anglo of 48.4° leads to a 

noarly straight line except for those data points near tho 

onds of tho lino. The deviation here is outsido oxporimontal 
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error so that this also fails to give satisfactory results. 

It should be noted, however, that C14 does have an extremely 

' sharp cutoff a~ eab = 62°, which indicates a change in 

connectivity of the piece fortning this orbit at that angle. 

Finally, Cl3 was observed at only a single orientation, and 

although Al3 was observed over a 7° range, it was also one 

of the weakest signals observed. Al3 did not vary sufficiently 

to claim it to be half the frequency of Al 7, and no other 

assignment was possible. 
~ ~ 

For the field. between band c, only one additional 

frequency (Al2) was observed. This was observed without 

'comment by Goldstein and Foner, and neither was it identified 

by Reed. This study presents better data for this branch, 

but will have to leave it unidentified except for the fact 

that it is more likely to be on the monster than on the 

butterfly whose orbits are reasonably well known. This 

tentative placement is also supported by the fact that if 
. ~ ~ 

Al2 is extrapolated to~Ard botb the band o directions in 

n l/f 2 plot, the extrapolation noarly coincides with A9; and 

inte-rsects the b axis At a frequency of 40.SMG, whioh is 
. 

nonrly the frequency of ClB at that direotion. cla was 

aoaociated with an orbit along the monster logs and side, 
' 

nnd A9 was associated, however unsntisfaotorily, with either 

a central or non-oontrnl monster orbit. 
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J. Additional Topics 

Since this study was concerned primarily with a frequency 
,,, ... ,,~ 

analysis of the dH~~ data, using Reed's model as a basis for 

the analysis, littl~ more can be said. The data analysis 
J 

program was design~~ to yield a rough estimate of magnetic 
.t 

breakdown threshhold fields (i.e. magnetic field strengths 

.at which magnetic breakdown effects become appreciable), but 

little evidence was seen favouring magnetic breakdown using 

this analysis. ~his is probably due to this part of the 

program being too crude. 

Effeative masses are usually extractable frou dHvA data 

by investigating the temperature dependence of the amplitude 

of a given frequency at a given field. It can be shown from 

the analysis of section II that if one plots tn(A/T) vs. T, 

where A is the frequency amplitude at constant field, then 

one should observe a nearly linear relation, the slbpe being 

proportional to the effective mass. One then uses an 

iteration procedure to obtain a more accurate value, using 

the effective mass at one stage of the analysis as a correction 

for. the next stage. Since the temperature de~endence was 

not investigated,· ~his analys~s could not be done·. However, 

effoctivo masses could also be extractod from a harmonic 

content analysis under certain ci~umsta.nces. These oir

oumstancos nro that ono or moro of ~he harmonics ~ust be 

obsorvod to bo ~iseing, and a"highor harmonic observed to bo 
~ 



present. In that case, the effective mass term cos(rngm*/2m) 

in equation (19) must be zero for the missing harmonic. Only 

one case of this occurring was observed in this study, and 
~ 

that was the case of A4, A7, C9, and C9~ for H near b, but 

the supporting data here is somewhat tenuous. The data showed 

a dominant 0.335MG frequency listed as due to 6h at T, and 

a weak signal at 0.713MG listed as the second harmonic of a 

frequency due to 7e between arms. But it also showed a 

strong frequency at 0.344MG, and a region of relatively high 

noise centred approximately at 0.358MG. The 0.344MG frequency 

was found to be due to the Bessel function, which simulated 

what the Fourier transform algorithm considered to be a beat 

frequency. The noise region is approximately half the 

0.713MG frequency, which would lead one to pelieve that the 

fundamental frequency might be present, although extremely 

weak. In any case, one can say that the effective mass cosine 

term in (19) is near O f9r.the fundamental, and near l for 

the econd harmonic, especially since the other factors ip 
(19) ttenuate the second harmonic .signal far more than the 

fun amental, yet the second harmonic was observed and the 
. 

not observed. Therefore, one has gm*/rn 

al+ 2n, where n is an integer, for this orbit of the 7e 

botween arms piece. Further determination of either g or rn• 

must now .await more data since it is nearly impossible to 

oorrolate effoctivo masses found in cyclotron resonance 

oxporimonts with dHvA froquonoios without an osfirnato of tho 
~ 
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effective masses expected from each Fermi surface piece. 
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'l'ADLT~ J 

Observed Frequency Ass.i.gnmcnts in Rcc.'d' s Mo<lc,l 

Al M0nster Ann: k ..., 0 131 Monsl t:r Arm: k < 0 Cl 
y x 

2 II 

3 Sh nt X 

II k >O 
y 

4 7o betwl'en Arms 

5 7e noc1r I' 

6 6h at 'l' 

7 7e botwe~n Arms 
( 2nd harmonic) 

8 8e ut L 

9 Monster* 

10 8e at L/2-wing 
Duttorfly (Mll, 
central) 

10-Monstor/Sh ut X 
(MD) 

11 double Monster 

11-4-wing Dutterfly 

12 Monster 

13 

14 

15 

16 

2 II II k < 0 x 2 7e/8P at N 

3 Sh ot. X 3 II 

5 7e near I' 

6 6h at 'l' 

7 

8 7e/8o c1t N 

9 ti 

10 Monster leg 

11 Be at L 

12 Monster* 

13 II 

14 Butterfly 
(a: non-centrcll, 
c: central, 2·wing 

MD to 8e at L) 

II 

5 II 

6 Monster log 

7 6h n t 'I' 

8 7c nel\r I' 

9 7e between Arms 
( znd harmonic) 

9- 7o botween Arms 

10 Sent L 

11 Duttvrfly 
(central) 

12 Butterfly 
(a: non-centr~l 
b: centrul, MB 

to Se ut L) 

l4~Monster/5h at X(MB)l3 

15 double Monster* 

is-4-wing Butterfly 

16 

14 

15 

16 Butterfly/So at L 
(MB, non-central) 

17 Duttorfly(centrul) 17 Butterfly (centrul) 
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Al7 

18 

19 

20 

'l'ABLE 3 (cont.) 

Buti.crfJy/BC" al. L Bl 8 C18 
(MU, non<:cn trih) 

ButLQi:-.(ly (cc·n trul} 19 1 <) 

Butt0rfly 20 
( ~oti-c<•ntrnl) 20 

21 If 
double Monster 21 

22 

* uncortajn nsnignmcnt 

MO ,,. mn~11wtic Lroakuown orbit 
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Mont,tcr nido 
(no11-ccntn1l) 

nut t·or f 1 y 
(non-c:un t r<t l) 

uoublc Monsl<'r 
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CHAPTER VI 

CONCLUSIONS 

This study hns two purposes. Tho first is to nccuratoly 

measure the dHvA frequencies of gallium, since previous 

experiments have been unable to do so. The second purpose 

is to determine how close Reed's model comes to oxplnining 

reality. To that end, we now summarize tho evidonco obtained 

here both for and against ench piece of Rood's model, as woll 

~s evidence for which Reed's model provides no oxplanation. 

The sixth-band hole eurfaco at T (6h at T) appoars to 
~ 

be well confirmed. This pieco was mnnufncturod phonomono

logically in Rood's calculations, but all ovidonco to dnto 

supports its exietanco. The mcasurod oxtremal crosa-soctiona 

and the radii calculated from thorn diffor from thoso valuos 

oxpoctod from Rood's model by at moat 8%, which is not 

unroasonablo. 

Tho oovonth-band oloctron surfaco nonr r (7o noar r) io 

also woll documonta~. Tho modal dooo not givo tho corroct 

oizo, its croea-ooctiona normal to~, 6, and c boing 21% lowt 

41 low, and 7% high rospoctivoly, ao that this pioco io 

oonoidornbly longor in tho c dirootion than prodictod. But 

it dooo prodict tho fact, oxporimontnlly obnorvod horo for 
~ 

tho firot timo, that thio piooo ia ourvod townrd tho b 
~ 

dirootion at both of ito ±o dirootion oxtromitioo. Tho 
136 

\ 
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" .. same curvature ia not ohown at ita ±a extremitioa. 

The seventh-band electron surface between the monater 

·Armo (1e between ~rma) haa for the first timo boen aeen 

throughout one principle plnne, moat of a aecond, and part 
D 

of the thi~d, and now haa been identified. The predictiono 

ot Reed'u model concerning the aize Of thi~ pi~ce are 

oo.nsider~bly too high, but thio ia attributo.ble to the extreme 

aonaitiv~ty of thin piece' to the Fermi energy. Howeve~, the 

model doeo _predict thio pi~ce to be very flat and thin in 

the bo plane, ~nd theae fenturea are ob~erved. 

Frcquanoie~ ~ttxibut~ble to Reod'o_aeventh·b~nd and 

oi9hth-bnnd eleotron pieooo at N (7o nnd Se ~t N) h~vo beon 
... 

,obaotved, and the troquenQy in the a direction Q9rqeo with 
. . 

the prediotiona of tho .model/ A de9cnoraoy in. tho frequency 

due to thoae pieceo ~or the field in the· ab p1~ne wao obberv~d 

duo to·a· olight.oryet~;,.miaorient~tion, whioh ahowo th~t 
. ' 

ucoful ~~tA oould Qe opt~ined fdr these pieooo for -field . . ' . 

.. ,rotAtiono in a non-uymmatry plane. Until ouch d~ta is 
' 

AVailAbl@~·nO fU~ther QOmp~rioon ~etWQen tho d~tA ~nd theoo 

pieoc, of the mod~l oan be made.~· . . . 
'l, ~ \ ' 

rraqucnaioo· d~o to tho ·fifth·b~nd hclo oll~po~id at X . . \ 

h~va ~aon ohaervca for tho tiald in tho bo and aa ~l~nc, but· 

not tor tho field in tha ab plane, Thia limited d4tA.AppoA~I . 
' l > I' 'I ,,, J 

O· ' , ' , 

to 1how that Road •·a ao.lculAtiona givo too amall a· eurfAoo 
~ ' . . . 
f~r thio piQOO, · Jh~ ~baenoc of data i~ tho third pl~no ia 

. ' 

cxpl~in~bl~ by, connidorinq th~ dQ9oner~oy of.the point of 
: . ' . . ~- . 

.. . 

;, 
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in tcrooct ion of tho orbits for thi o pl uno with t.ho hc.,x,,~on~ l 

fucti of tho iono, 
~ ~',.. f 

Low froquonrieo nttributed to tho monster armo ~nd l~u~ . ' 
huve ~lao boon ob~orv@d. Tho prirn~ry Auyporting atgumonLs 

for thoao a~signm~nto nro tho nngulnr vnriation und anyulnr 

~xtent of thoao freq~oncioo, Tho oix froquoncy br~noh~n 

ob~ervocl (four from tho arnw nnd· two C'rom tho logs) <.l:lo. at 

v~rioua field rotntion nnglon from a (for tho arms) or a 
(for the lcgo), ~11 of which cun bo aoouintoly oorrolntod 

with l~oec,l'n mod~l. Reotl'o cftlcu~(ltions for IT nlon9 aymm()try 
' . 

diroctio11a give !roquonaioo 71 high for tho logo, ~nd 851 

high to~ the ~{ms, The formor io ronoonable, but tho l~tter 

io not. 
1 
I 

( 

One o,<troroely. lbw' fl.~quonoy for ·TI'Jla romairrn yot to l)G 

expluinod. The datn for thio io not extonqivo opough to: 
• h~l ie-vablc,, 

) ~ 

po moro omnll. 

mako nny av~ivnment poooiblo, but if it in 
~, . . . 

R~ed 1 Q model'oannot OXplRin it oinCQ tharQ ~ra 

,FQr~i ourfn~e pieo~o loft to be ,~osi9ne~. 

Th~ eig~th~b~nd clootron surfaoo at L (9c At L) bno boon 

obverved fo~ tho firut time, ~nd.tho cxtremftl dimenoiono . ... ~ "-

prodiotod by ~~~ roodol for .... t.hia, pioao Aro at worot i, 
... ~i;. ~ • 

diff'0rant from tho.no oboo:tyod, whioh in not unrcaoontlblo,. . . . \ , 

no~"!ar, \~c ohapo c:if thio piooe, ~~ o(\loulQtod trom thio 

ntµdy, ohowo oignifioelnt de:Vi.atidno from the cllipooi<lnl 

ofuipc a)(p~ot~d. from noo<t • Q mo<tal, . 
' . . 

A multi t.u<te of froc;(ucmoiao ht\vo boon obuorvoc.\ wnich are 
~ . ' ...... 

-.. 

,, 
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t,ttdbutnblo lo Uw bnl.ttirfly 01· tlw t•llipnoi.d-butlcrfly 

complex ,~t Ii, Mo~1t or thf'U\' nr<· t,ltht·r n<.'W, or, if prtwlolwly 

ob~1orVl'<l, h~vt, bot~n corn•c:t1y i<lt•nt.i(lod for t'hu flrHt t.l11H·1, 

l.>n.H,kdown, lH\Vl' b,·,,n obHnrvod, u1H.l <\ 11 f roquflnci NI woro 

trnd ~nqulnr Vtiri11t.!cm, tmd to oomt• cloqn,o in ttrHJltlet.r oxtt)nl, 

t.o concludo thctt thin p,1rl or tho moclol turn h~u:lctt1ly Uw 
• 

ri9ht td~c" tmd nh"1fltl, 1·:xuct m1mca·.lct.al compuri.uonn, howcwor, 

botwoon thia pio~o ttnd tho dnttt n1unt await n mod~l c~lculation 

which yioldo nll croua·ij~ctiono normQl to tho fiold for nll 

fiold direcliono. 

An intaroating point brought out by thio utudy in th~t 
" 

for iTJlb ~ froqut)noy nttributn.bll) to~ mdxinmm 11on-ctmt:rftl 

orbit of tht., but tt,r 1' 1 y, nnd ttl no n f roquo1\oy which l\pptHlrtJ 

to be ~ttributttblo to u non-aontrnl orbit duet~ m4ynotia 

bre~kdown botwoon tho buLturtlV nnd th~ ollipooid nt L, w~r~ 

obnervc,c1. llow~Vt)r, tho ln ttor orbit in i to~l t i u noi tht,r n 

mnximum nor« minimum orbit, nnd io dot6otod volcly duo to 

tho oxintnnoo of tho formor orbit no nn oxtromal orbit, and 

tho ftlot thut tho two orhito nro rolatod by m~gnotio br~nk

('town, 'l'hio doot.1 not violato tho fnot thnt tho dUvA effoot 

io nono:ltive only to oxtromnl orbito oinoo n prior oond,ition 

on thooo orbito .tt1 thnt thoy bo oontainod on a ·oinglo pi<lOO 

ot Formi nurf~oo. Thi~ io thoroforo tho firot ronoonnbly • 
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certain ovidonco that tho dHvA affect cnn bo uood to monouro 

non-oxtromol magnetic breakdown orbito. 

Data for tho largo orbito oncompassing tho monotor 

ourfaco aro tho loast satiotactory, and thia io not unoxpectod, 

for thio nurfnco changos radically botwoon tho variouo modolo 

montionod horo, and it hao oxcoodingly fow extremal orbits 

tor itn oizo and ahapo.~ For n,; no high froquoncioo woro 

oboorvod for tho monster, and not more than ono wao oxpoctod, 
~ 

For Il'Jlb a oontral doublo-monstor orbit waa oboorvod, and 

a now non-contr~l monotor orbit along the monntor'o ordc 

and logs wan oboorvod and idontifiod for tho firot timo. 

For ffJp no monotor orbito WQro unoquivoo~lly idontifiod, 

although oomo froqucncy branohos woro attributod to a choico 

o! monotor orbito. This ntill ladvos many obncrvod high 

froquoncy br~nchoo, primarily for Il no~r b, for whioh no 

axpl~nation wno found within Rood'o model. Thia inoludoo. 

one froquoncy branch (Cl4) tor rr in tho ab pl~na whioh wao 

tho domindnt oboorvod froquonoy throughout moot of ito 

Approximataly 30° rdngo of oxiotanoo. Thia iu a oorioua 

failuro of tho modal. 

Tablo 4 oummn~izao tho d~tft oboorvod at oymmotry 

dirootiono. Entrioa in oolumno markod E nro axpo~imontal 

frcquonoioa moQO~rod in thio otudy, and oolumno markod T 
'' 

contain thooo oo:roopondin9 froquonaioa oxpoctad from Rood'o 
"'· model, Moat froquonoioo oxpootod hn~o boon oboorvod, 

althou9h tho oxpootationo have not alwayo boon in goo~ ngrco-
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mont with tho d~ta. Aloo, thoro 4ro somo troquoncios at oym

motry diroctiona which Rood'o modol apparontly doos not 

oxplain. 

In oonoluaion, Rood's modol of tho Formi aurfaco of 

gallium inn fnr suporior modol than hao provioualy been 

calculotod. It dooo havo tho proper connoctivity, and it 

uoao havo piocoo of approximately tho corroct oizo, ohapo, 

~~ ~nd pldcomont. Somo of those aurfacoa or parta of ourfacoo 

aro moro odsily vorifioblo oxporimontally than othorn, ~nd 

thooo oaoily vorifiablo p~rto fit tho data roaoonably w~ll. 
' 

Rood's model oan bo uaod to oxploin fully 75\ of tho fro~uoncy 

branchoo oboorvod in thin. otudy, including moot major 

branohou. Howovor, thoro io otill muoh unoxplninod data. 

Tho oxplnnntion for thia datn may lio ind thorough 

thoorotioal numorioal analyoio of Rood'a modol, on analyoio 

whioh would oaloulatn all orooa-ooctiono normal to tho fiold 

for all fiold dirootiono. But it io moro likoly thnt tho 

solution o! thin p~oblom lien in uoing Rood'o mo~ol ao tho 

baoio for a olightly bottor onlculation. 
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'1'1\IILl·: 4 

<lllvJ\ Ji'.toqut.,ncion ftt. Symmutry l>:l.rt,ct..ionH 

Pioco l1'rt><JUtmc.lt•n (MC:) 

7o llut.:tori'ly (I,) 
(contnd) 

7t) nut tor f .Ly (1,) 

'1' 

14.5 12,2 37.l 35.9 22.4 21,0 

(non-canlrMl) 23.0 22.2 48.1 42.6 

7o Duttorfly/Ov at L 
(ctintri!\l, Ml\) 

7t~ Huttor!'ly/8ti nt r. 
(non-contr~J, MP) 

80 at L 

7o no~r I' 

oh nt T 

7o bu twt,tin 1\rm£1 

7o at N 

80 ~t N 

Sh at X 

Gh Monotor logo 
(>st1r10) 

6h Monator Anno 
(ki•).,iko) 

6h double Monotor 
(contr(ll) 

th Monntor/Oh nt X 
(oontr~l, MD) 

30~9 28.4 13.l 12.7 

22,9 21.5 

14.5 12.2 24.5 20.9 4.16 3.94 

• 0 91 • i O 4 \6 • 94 6 • 6 5 , 7 9 0 • 0 4 3 

.508 .52 

5 

.263 .22 

• 263 .22 

.37 

.419 .45 

.3J5 .346 1,36 1.26 

.356 .705 .287 .4b8 

.42 ,55 

,14 

.223 

.201 ,J7 

s1.1 s2· 20.e• 21.e 

26,4 l2.S* 10,9 



.. 

l' it.'CO 

6h M()nutor 
(no11-uonlrltl) 

UIHUltti grwd 

20,9 

w unctHtttin rrnu i q111m~n t 

(c.:ont.) 

'l' l~ 

41.l 

19 . .j 

.11. 4 

Mll • meignotic bro~kdown orbit 

'I 

'l' l~ ·.r 

• I 



APPENDIX 

A. Field Modul4tion Effocts 

From (19) ono writoa tho mngnotization no 

" 
(A. l) f:i'(TI't) • E Kr (lft) ain[2,r(Fr(Ht) - '( ) + !!. ] 

r Ht r 4 

whoro Ar (Ht) is a olowly varying voctor amplitude of tho rth 

troquoncy oomponont of M, and tho ourn ovor r includoo all 

fundamontal froguoncios, thoir harmonica, and combinations. 

Tho tot~l fiold fft io given by 

fft. ff+ n oinwt (h<<.H) 

ootining tho argument of the oino function in (J\.1) ao Br 

and oxpanding, ono hna 

" 
(i\' 2) 

Fr Ult) 1t 
6r. 2n(1n + n oinwtl - yr) ; 4 

Expanding to ,\owaot ordor in h/Ht 

llf -fl n Dinwtl-~ • ( (l{ + Ji' Ointut) • (lf + n oinwt) )•1.1 . 

(A. 3) 

- -
(A. 4) H • H + h ninwt . l'f n + !. n'" oinwt 

t I ff + Fi' oinwt I H 
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whoro n .. is tho componont of n normnl to R1 

" " n ... n - <n·tt>H 

(A. 5) " " • H >< (n >< H) 

Upon insorting (A.3) - (A.5) in (A.2) and defining tho 

quantitios 

" 
.._ • 2 'If (Fr ( H ) ) TI' 
Tr H - Yr 't 

' whoro v
0

~Fr!N) ia~ho gradiont of Fin tho plcno normcl to 

Jr, ono hn.o 

(J\. 6) 

Inoorting (A.6) in (J\,l) and oxpanding1 
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R'(lf) • t J\r (l'f) [oin<f,r ooo (}i.roinwt) - ooo<f,r nin (}i.roinwt)] 
r 

Expanding tho oaoond factor of oaoh torm in~ Fouriar ooriooa 

co 

cxp(i\.loin y) • r. 

whoro Jn(µ) • (-l)nJ (µ) io tho nth ordor Booool function of -n 
tho firot kind, Continuing, 

(~ 

' • '. • : t\ .. \ • .., ' •' ~ I 



l'O 

M(if) ... r A (Ii"}>: ,1 (,\) [Hint/> c·m1 n,1_it. - ("()B1~r Hin 11wt) 
r r n"•-"' n r r 

'l'lw fiignnl onu <lotoC""tB in tho pickup .iH now t.110 tim<' dt•t lVHLlvo 

of M. 

(A. 7) 

l { 011(' OIWllt'l'U t. h n t I -~ 1.! I '- , I f ll~ I , t ho n 
l) t O • 

·· ->: Kr (If)>: 
r n"'-"' 

'" 
~ - r Kr(IT)r nwJn(,\r) 

r ni--1 

.. ( 1 - ( - 1 ) n ) c.•o !I ~· con rn,1 t:. 1 r 

'" - >: K • ( IT) 2: 2 nui,1 n (), r) [ u in ti> r n in rn,1 t co ii 2 n ! 
r r n~l · 

+ ooefr coo nwt nin 2 n ;1 
. - >: Kr (Tf) >: 2nwJ n P.r> nin (4'r + n ~) 

r n .. l " 

)( 

2'1111' h 
Finally, if lillH, t.htm >..r • -1- , nnd (J\. 7) rnductHl to 

ll 
( 21) • 

n. Ellipooid~l form! Surfncea 

Suppoac n piocn of f~rmi ourfnca iu in thn ohnpo of nn 

allipuoid with prinoiplo nxan ~lignod in tho diraction or 
tho ooordinnto «xoos 

(A. 8) 
x• r2 i' n! +bl+ oa. 1 

Lot tho oryotal bo non-filignod in tho yz plnne by ~n anglo 



I 

I 

O i 
l 

(A, 9) Y • Y10ooO - z DinO 
1 1 l 

z • z conO + y oinO 
l 1 l 1 

Defino tho following throo qunntitiooi 

(A.10) 

1 /b: .. coo 
2 

0 , 1b 2 + a in 2 0 1 I O a 

1;0 2 w ~in 2 01;b2 + coo 2 oi;0 z 
\ 

1/d 2 • oin0 1coo0 1 (1/c 2 
-

1/b 2
) 

\ 

Expanding (A.8) with (A.9} nnd inaorting (A.10) yioldo 

(J\.11) 
2 2 z 2 

X1 +~I+ -1 + 2 ~ N 1 
;a bf cl d~ 

4' 

Lot tho oryt1tnl bo furthor non-aligned in tho x 1 z 1 plnno 

by an nnglo O I I 

X1 • XaCOOOa .. z 2 oin0 2 

(A.12) Y1 • Ya 

Z1 • ZaOODOz + x2 oin0 2 

Do fine tho following oix quantitiooa 

1/nl • ooo 202;aa + oin 2 oa;of 

l/ba 
a 

• l;b2 
1 

l;o: • oin 1 oa;0 a + oon 1 oa;0 f 
(l\.13) 

l;d: oino!/d; - • 
1/ a o. • oino 0000 (l/6 1 

I I l 
_ l/a a) 

,_ 

146 

~·t•CJ #lsb\4& it• .. A .... ~ .............. -8 ...... ~._...,_~&-,,.~·.\~--~--------~--------------
., •"t,....,,..., ""'---



147 

(A.13, con.) l/f2 • cos02/d2 
2 1 

Exp,mding (A .11) with (A. 12) and inoorting (A. 1 J) yioldo 

xi 2 za 
(A.14) 2 Ya 2 X2Y2 X2ZZ Y2Z2 

-+ -+ -+ 2 -+ 2 -+ 2 -· 1 
aa 

I 
ba 

2 
c= 

2 
da 

2 
02 

I 
fl 

2 

In porforming tho dllvA oxporimont, rot~to tho cryNtal llbout 

tho z 2 a~s by ftn Anglo ¢1 

' 
(A. 15) 

x2 • x.coo¢ + y 3 oin¢> 

Ya• ytooo~ "x,oin~ 

Dofino tho following six qunntitioor 

l;aa. coo 2 <t>;n: + oin
2

<t>;b: _ ijin2~/d: 

1162. oin 2
~ /a:+ coo 2 <t>;b: + nin2<t>;d: 

(A. 16) l;y2 • l;o: 

1/~a • oinipooo¢,(l/bf - 1 /n:) ... coo'-¢> /d I 
11e2 • oinlP /t: .. con~/ 2 

Oz 

l;n• • oin~;0 z + 
I 

OOOq>/f: 

Expanding (A.14) with (A.lS)·~nd inoorting (A.16) yioldo 

"' 
(A• 1 7) X ! y 2 ,\~ XI y I XI Z I y I z I 

;r + ai- +~ ~· 2 -a,- - 2 er + 2 -;r • 1 

+ ~ 

Tho magnetic ~iold rr io aooumod to bo in tho xJ direction. 

Thoroforo, ford givon vnluo of x1, o~o findo tho roon

oootion of tho oll!poo dofinod by (A,17) by finding tho 

r 



I 

.f 

. 't 

\ 
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m~jor and minor rndii m1 and m1 of tho ollipoa. Tho nroQ ia 
; 

thon wm 1m2 • To do thi~, ono conceptually rotntoa tho cryotnl 

in tho y,z, plano by nn nnglo .\, nnd thon adju~tu .\ to 

oliminato tho y .. z .. crono-tonnr 

(A. 18) 

.) x, • x .. 

Ya• Y1iooa.\ + z .. nin>. 

z, • z .. coaA - y .. oinA 

Inoorting (A,18) in (A.17) onv finda thnt th~ cooffici~nt of 

(A, l 9) tan2A • 

From thin ono mtay f'ind t-1ina2.\ and oon 2 2.\1 .\ itvolr will not 

bo noodod horo. Oofino tho following tour qunntiti~a1 

1/r' • 000
2>.;aa 

l;o• • oin 2 >.18 a 

l;t• .. OOOA;oa 

l;w• • oinA;0a 

+ oin 3 .\;yt 

+ ooo 2 X;y• 

_ nin.\;ca 

+ OODA/cl 

.. 2/n 1oin.\povX 

+ 2/n 2 oin>.oo9X 

l 

Expnnding (A,17) with (A,19) and inoorting (A,20), ~~lowing 
, 

tor tho tdot th4t thoro will ba no -tarm in Yi.Zi., yialdn 
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i.o. 

Tho mnjor nnd minor rndii aro now re nnd nt, nnd th~ cronn-

nootionnl l\~t.'ltt tor thir, vnluo c,f' x, io 

l a a 
A - nrnc.a • nro[l - >e 2 ( /c, 1 .. r /t~ - n /w")J 

I 

' l 
Clonrly, the maximum oro~-sootion ooour~ ror x, "O. 

Innorting (A,20) nnd (A,l~ n9 opproprintu, nnd uninq ~om~ 

trigonomotrio idantition to olimlnnto gin Anne 6nH A in 

favour ot ~in 1 2A nnd ooo 2 2A, on~ tindn 

Inoorting (A.16), (A,13), nnd (A,10), nv npproprlnt~, on~ 

find~ 

a 
(l\.~l) 1t /A 1 • 

max 
~ + ({~ - =-6,) + {~ + ~}~in 1 0 1 ) 

1 o • o • o -o I o • a.,a ·''-' l 

>< 000 1¢, + :-b nin<J>ooo<JitsinOi 
a "'1 

It 01 io oma.11, than thin baoomo~ 

Ginoo tho dllvA fr6qu@noiog Ar~ p.roportion~l to th~ 

oxtrcmol orooo•noot:.ional nr~nD, n plot of inv~rt:ttl troqmmoy 

oquarod va. oon•~~ (~ boin9 th~ dHvA rotntion dnc;.tle) will 

~ , ~ - ., '· . ' ":, ~ .. 



.. 

nlw,1yu ylr:Jd •l FJLnd<Jbl ]Jnr, fc,r cJ LrUC.! ,dJjpnoJrl prc,vJrJ,.cJ ·· 

rhr! p1flnf.! of Llv: dllv!\ rotaUon cont,)inri at lc!;rnt onr• r,f th()" 

r• 111 prmJ d IJXrJrL 

~·~ 

On th0 Followfn~ r~gnn in Tnbi61 in pr~~onLed hll tho 

<J; .. da t:nJwn durinq th.c cou'rnl! of thin Htttdy. 'PhJn inn 

-
t~Lln of fr0qurnojon obn0rvcd. and an approximate mua~ure 

of thr•1r mnpliLudof.l fJfl a function of branch numbf!r r1n<1 
~ 

rMJ<fn<itjc f1eld od.fmtat.ir)n in thr.: ,thre'l'.J principle: plimoo of 

ghllJum. -~ full dcecrJption of thin table ia given in 

Ch.-lptf.!r rv of. tho tf"'xt. All anglon arc: in dcgrrH1H, ,Jn<.1 

fr~quLnnJca nrc in MG. 

,, . 
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~ 

0bo 
Al A2 A3 · A4 A6 A7 

i0.2 .t.0008 ;t,0008 ±.0008· ±.002 ±.0008 f.002 

o.o D .3404 
2.6 D .3418 
5.3 D ,3439 w .720 
7.. 9 

• 823,1)-
D .3444 w .719 

10,6 W W .7201 0 .3483 w .720 
13.2 W .6158 D ,3498 w .713 
15.9 W .5430 D .3546 
20.1 W .4456 w ,343 0 .3634 W .683 
21.2 W .4303 w .5149 w .343 D ,3645 

.; 23.9 W • 3976 · w .4771 w .342 D .3703 w .680 
26.5 M .3644 w .336 D .3775 w .669 
29,l M .3362 w .4090 D .3866 w .664 
31.8 M .3126 w .324 D .3980 w .642 
34,4 M .3003 W ~3630 M .324 D .4046 
3 1 S ,2951 W .3486 M .320 0 .4176 w .635 
39.7 2693 W,,3374 ·M .314 0 .4333 w .626 
41,J 8 • 37 M .3318 M .317 D .4391 .w .634 
43.4 S .25 6 M .3161 

' 
A. jo9 D .4529 w .617 

43.9 S • 2 32 s • 3146· 0 .4557 
45.0 S ,2487 s .3064 D .4644 
46.6 S ~2419 D • 2970 \_,, D .Z9~ M .310 B .4779 w .609 
47.6 S ,2402 o· . 292r ' D .29 M .304 s .4847 w .607 
49.2 B .2339 0 .·284 D .2848 w • 306 . w .608 
50.3 S .2326 b .2825 0 .2825 w .301 M .5048 w .604 
51.9 M .2291 0 .2765 0 .2765 W .304 M .5177 w .608 
52.9 S .2259 D .2701 0 .2701 W • 299 M .5371 w .597 
54.5 S .2236 D ~2684 D .2684 W • 3'02 :M .5392 w .600 
57.2 S .2179 s .2526 D .2601 W • 299 ' M .5880 w .592 
59.8)3 .2130 s .2445 D .2527 W .296 M .6188 w .590 
62.5 S .2105 s .2405 0 • 2486. W .294 M .6399 w .587 
65.2 S .2069 s .2331 0 .2430 W .295 M .6956 w .585 
67.8 S .2051 s .2.273 D ,2390 W .292 M .7496 -w .582 
70.4 S .2021 s • 220·0 D .2340 M .292 w .8091 w .582 

'\ 73.1 S .2003 s .2164 D .2308 M .291 w .9053 .W .578 
75.7 S .1999 s .2128 0 .2299 M .290 w .9870 w·. SSS :r4 s .1989 s .2094 ~ D .22t;S. M .289 W .582 
0.5 S .1991 s .~1 0 .2257 M .289 w 1.1665 W .577 

8 .1 S .1994 s • 066 0 .2247 M • 289 w 1.2794 W .575 
8'5.8 M .1989 s .2042 ·o .2240 M • 2 88' w 1. 3'332 
88.4 s .2011 0 .2236 M • 289 M 1. 3626 W .571 

I 

I 
I 

r~ 
.. 

) 
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0
bc 

AS ' 1(8 AlO Al2 Al) Al4 

f0.2 ±.06,.0008 ±0.1,.06 .t O • l ± 0. l ±0.l fO.l 

0.0 W 6.94 W 24.6 n 31.0 W 11.5 
1.1 W 6.93 B 30.9 W 11.4 
2.1 W 6.92 W 23.7 s 30.7 W 11. 5 
3.2 W 6.87 D 22.9 g 30., W 11. 5 
4.2 W· 6. 84 W 21. 7 M 30.2 W 11.5 
5.3 W 6.76 M 20.3 0 29.8 W 11.6 
6.4 W 6.76 W 19.1 D 29.5 W 11.6 
7.6 W 6.56 W 18.0 D 24.o 
8.5 - M . 4 D 28.7 
9. 5 W 6.26 W 16.5 D 28.4 

10.6 W 15. D 28.0 
11. 7 w D 27.6 
12,4 W 5.52 M 
12-. 8 W 14. D 26.9 
13.8 W 13. D 26.6 
14.8 W 4.90 W 13. D 26.1 M 22.4 
15. 9. W 12. 0 25.6 M 20.8 
16.9 W 11.8 D 25.l M 19.4 
18.0 W 11. 4' D 24.7 W 17.8 
19.1 0 24.3 W 16. 9· 
20.l M 3.10 M 10.6 
20.7 0 23.8 ~ W 15.7 
21. 2 w 10.3 D 23.6 W 15.5 
22.2 w 9.99 0 23.2 
22.8 M 2.54 M 9.67 D 22.9 
23.3 w 9.46~ D 22.6 
~4.4 '• w 9.17 D 22.3 
25.4 M 2.05 M 8.69 D 21. 8 W 18.2 I 
26.5 0 21. 5 
28.l M l. 80 M 8.06 D 20.7 W 16.8 
30.7 M l. 66 M 7.65 D 20.1 M 15.9 
33.4 M 1. 53 M 7.18 0 19. '3 M 14.9 
36.0 M 1. 40 M 6.70 D 18.5 M 13.9 
38.7 B 1. 26 w 6.27 D 17.8 M 13.1 
41. 3 M 1. 2186 w 6.04 0 17.3 M 12.5 
43.9 M 1.14 9 2 w 5~75 D 16.8 M 12.0 
46.6 M 1.0822 w 5.49 D 16.2 
49.2 M 1. 0325 w 5.27 0 15.7 
51. 9 M 1.0044 w 5.15 D 15.4 
54.5 M .9731 M 5.00 0 15.1 
57.2 M .9345 M 4.84 D 14.7 
59.8 M .9068 ~ 4. 70 D 14.4 

------- 62.5 M .8896 :;{;63 0 14.3 
5.2 M . 8694 ""~'°"1·· ~ D 14. 0 

' .. 
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•, ~-
; 
0 AS AS A9 AlO J\10' All All" 
be 

t0.2 t.0008 ±0.06 t0.06 tO.l tO.l tO.l tO.l 

,"I 67.8 e .8519 M 4.46 W 9.41 D 13.8 
70. it 8 .8341 M 4.37 W 9.15 D 13.6 w 21.7 
73.l s .8225 M 4.32 D 13.5 M 21. !j 
75.7 8 .8137 M 4.28 W 9.82 D 13.4 M 21. 3 
77.8 S~8.73 M 21.2 
·78.4 B .8052 W 4.23 D 9. 69 D 13.3 9 21.1 
80.5 8 .8016 M 4.19 D 8.64 D 13.2 W 12.6 s 21. 0 
83.1 s .7960 W \ 4 .18 B 8.57 g 13.2 M 12.5 0 20.9 
85.8 s .7915 M 4.16 s 9.56 a 13.2 M 12.S D 20.9 
88.4 s .7906 M 4.17 s 8.55 s 13.1 S 12.5 D 20.8 M 22.4 

' 

34.4 w 1. 4463 
37.1 M t.3429 
39.7 M 1. 2401 
43.4 M 1.1546 
45.0 M 1.1161 
47.6 s 1.0646 

. ' 
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9
bc 

AlS Al6 A17 Al8 . Al9 A20 

±0.2 t0.1 ±0.1 ±0.l fO.l ±0.l .tO .1 

o.o M 19.3 s 22.8 M 48.4 M 58.8 
1.1 B 19 ,·4 · D 22.9 M 48.3 M S8.J 
2.1 W 19.4 J') 22.9 w 37.~ M 47.9 W 57.1 
3.2 W 20.7 0 22.9 w 38. 3 W 47.4 W 56.0 
4.2 M 19.8 B 1.0.it D 23.0 M 38. 9 M 46.9 
!i. 3 M 18.6 M l 9 • 6 g 2 3. l B J9. 3 M 46.2 
6.4 M 18.0 M 19.5 M 2'3.2 M lfL 7 W 45.2 
7.6 M 17.7 'M 19.6 M 23.) M 40.0 W 44.l 
8'. 5 M 17.4 M 19.7 M 23. 4 M 40.l 
9.5 M 17.4 M 19-.. 8 W 23.7 M 40.1 

10.6 M 17.3 
' 
M 19.9 M 40.1 

11. 7 M 17.4 'M 19.9 M 4.0. 0 
12.8 M 17.6 w 20. '2 M 39.8 
13.8 W 17.6 w 20.4 M 39.5 
14.8 w 11.r w 20.6 M·39.3 
15.9 W 18.9 w 20.6 W 38.9 
16.9 I W 38.4 
18.0 W 38.0 
19.1 W 37.6 

, 

2Ci. 7 W 37.0 
21. 2 t 36 ,9 
.22. 2 36.5 

I 
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Bl n2 BJ B4 B5 86 

±0,2 . 
L 0008 ±.0008 :t.OOOR .t,0008 t.OOOA t. O'>OR 

0,6 R ,2005 !J , 200".i [l .2228 M .2867 fl .7904 W 1. 36 3 
3.4 fl .1980 !J .2016 D ,2230 M .2872 S • 7911 W l.352 
6.2 M -~1980 8 .2041 D .2235 M .2877 s .7891 W 1. 306 
9,0 El ,1985 n .2oso I) .2248 M .2894 g .7874 W 1. 255 

11. e B .1995 s .2085 D .2273 M .2944 9 .7866 
14.6 s ,2005 8 .2119 0 .2287 M .3004 8 .7842 
17.4 s .2021 s .2164 D ,2316 M .3040 B .7843 w 1. 075 
20.3 fJ .2049 s ,2217 0 ,2366 M .3101 s .7842 w 1. 015 
23.1 D ,2070 fl ,2268 n .2394 M .3141 0 .7847 w .9566 
25,9 8 ,2097 8 .2329 D .2446 M .3216 D .7857 w .9138 
28,7 a ,2131 9 .2408 fJ .2507 M .3303 D .7987 w .8604 
31. S B ,2174 s .2499 a ,2570 M • 3382 D .7927 w ,8234 
34,3 B , 22 39 s , 2589 s .2659 M .3499 0 .7986 
37.1 S ,2296 D .2732 0 .2732 M .3619 9 .8042 w .7550 
39,9 B .2363 D .28'11 0 .2841 M • 3763 g .8107 M .7259 
42.8 S .2454 D .2983 M . 3902, 0 .8176 M .6937 
45.6 S .2549 9 .3142 W .3054 M .4098 0 .8245 M .6676 
48,4 S .2671 M .3355 M .4354 0 • 8350 M .6439 
51. 2 D .2800 w .3615 M .4584 s .8423 9 .6262 
54.0 O .2944 w .3991 M .4894 M .8510 s .6095 
56.8 D .3177 w .3737 M .5339 D .8581 s· .5912 
59.6 S .3401 w .3989 B .5766 0 , 8648 s .5766 
62.4 B • 3652 w • 6286 D .9696 s .5643 
65.3 S • 3960 w .4559 w .6976 D .9749 ~ .5549 
68,1 M ,4437 w .4900 0 • 8793 s .5434 
70,9 M .4923 D .8841 s .5350 
73.7 M .5572 D • 8863 s .5270 
76.S W .6432 w • 6'432 0 • 8879 s .5222 
79.3 w ,7012 0 .8900 g .5165 
82.1 0 .8912 B .5135 
84.9 D ,8923 B .5124 
88.3 D ,8921 s .5098 
90.6 D .8901 s .5073 

... 
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Oen B7 BB 89 BlO Dll Bl2 

f O. 2· ±.0008 t.0008 :t.0008 t. 000 8 ±.()6,0.l t.06 

0.6 M 4.16 D 8.56 
3.4 M 4.16 s 8.37 
6.2 M 4.19 s 8.24 
9. 0 ., M 4.20 0 8.13 

11,9 M 4. 2.4 r, 8.04 
14.6 M 4.26 D 7.97 
17.4 M 4.31 D 7.94 
20.3 M 4.37 D 7.91 
23.1 w .2898 M 4.45 M 7.92 
25.9 w .2706 M 4.50 M 7 ,94 
28.7 M 4.58 M 8.00 
31. S M 4.72 M 8.05 
34.3 M 4.83 W 8.17 
37.1 M 4,97 W 8.29 
39.9 M .2178 M 5.08 W 8.43 
42.8 M .2133 M 5.26 W 8.60 
45.6 M .2088 M 5.46 W 9.58 
48.4 s .2052 M 5,68 
51. 2 s .2032 M 5.91 
54.0 s .2015 M 6.16 
56.8 B .2005 M 6.51 
59.6 s .2001 M 6.83 
62.4 B .2013 M 7.13 
65.3 s .2026 M·7,59 
68.1 M .2051 W 8.15 
70.9 M .2085 M 8.64 
73.7 M .2i24 M .4563 W 9.27 
76.5 M .2157 M .4420 W 9.92 
79.) M ,2238 M .4315 W 10.B 
82.1 M .2323 w .3192 M .4266 M 11.7 
84.9 M ,2416 M .2954 M .4221 W 12.6 
87.8 W 13.5 
88. 3 W .1053 

~563 M .2701 M .4197 W 13.9 
90.6 W .1053 2625 M .2625 M .4184 W 14.7 
93.4 W 15.9 
96.2 W 16.8 
99.0 W 18.l 



lS 7" 

0ca Bl3 B14 814" Bl5 BlS" B16 

t0.2 t,06 .t O. l 10.1 .t O. 1 t0.1 t.06 . 
0.6 D 8 ... 56 8 13.1 s 12.5 D 20.B 9 22.4 
3.4 D 8.47 8 13.1 s l?.,5 ·o 20.8 fJ 22.4 
6. 2 D 8.41 8 13.2 M 12.5 p 20.9 s 22.5 

~·) 9.0 B 8.37 D 13. 2 M l?..6 R 20.8 M 22.7 
11.8 B 8. 1 '5 D 13. 1 w l?.. 6 8 21.0 M 23.0 
14.6 S 8.34 D 13.3 M 21. l M 23.$ 
17.4 S 8.34 D 13.4 w 23,R 
20.3 M 8.46 D 13.6. 
23.l M 8.66 D 13.7 
25.9 M 8.89 D 13.9 ,: 

28.7 M 9.13 D 14.1 
31.5 M 9.38 D 14.3 
34.3 W 9.71 I) 14.5 
37.1 Wl0.06 D 14.8 ... 
39.9 D 15.0 
42.9 0 15.4 
45.6 D 15.7 
48.4 D 1-6. 2 
51. 2 0 16.S 
54.0 D 17,0 
56.8 0 17.5 
59.6 0 18.1 W 8.84 
62.4 D 18.6 ,. W 7.47 
65.3 jJ, D 19.1 M 5.81 
68.1 D 19.9 M 4.42 
70.9 0 20.5 W 3.19 
73,7 D 21. 2 W 2.31 
76.5 D 21.8 J 

79-. 3 0 22.6 
82.1 D 23.3 
84.9 D 23.6 

:i 87.8 D 23.8 
98.3 D 23.8 d, 

90.6 D 23.8 ,; 
,. 

( 

/ 
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l 
l 0oa 

. Bl7 Bl8 819 B20 B21 822 

±0.2 .t O • 1 ±0.1 .t O .1 ±0.1 ±0.l tO.l I 
,f 
1' 42.8 W 11. 9 1: 

r 45.6 W 10.6 W 12.S M 16.5 '1 

I 48.4 W 10.9 W 13.0 M 17.3 
! 51.2 W 11.2 W 13.5 M 18.5 

54.0 W 11. 7 W 13.8 M 2() • 2 
56.8 W 12.3 M 22.7 
59.6 M 13.1 M 14.0 W 25.4 
62.4 M 13.8 M 14.3 W 25.7 
65.J M 14.4 M 14.6 W 24.9 
68.1 ·. B 15 .1 S 15.1 
70.9 W 15.7 W 15.7 
79.3 M 28.0 
82.1 W 17.6 M 28.6 
84.9 W 28.9 
87.8 W 28.9 
88.3 W 14.9 
90.6 W 14.4 W 28.9 
93.4 W 13.2 
9'6.2 W 12.4 
99,0 M 11.3 



6ob Cl C2 C3 

±0.2 t.0008 t.0008 :t.0008 

0.6 M ,1069 M .2546 M .2722 
l. 7 W ,1063 M .2502 M .2712 
2.8 M .1066 M .2487 M .2687 
4.0 W .1074 M .2469 M .2635 
5.1 W .1070 M .2444 'M .2622 
6.2 W .1070 M .2432 M .2612 
7.4 M .2411 M .2575 
s.s M .2307 M .2559 
9.6 M .2375 M • 2530 

10.8 M .2370 M ,2519 
11.9 M .2359 M .2519 
1'3. 0 M .2336 M .2496 

' ·' 14.2 M .2326 M .2492 . -
15.3 M .2323 M ~2486 
16.4 
17.6 
18.1 M .2298 M'.2470 
18.7 
20.9 M • 2'296 M .2447 
21. 5 
23.8 M ,2285 M .2448 
24.3 
26.6 M .2282 M .2445 
27.2 
29.4 M ,2302 M ,2453 
30.0 
32,3 M ,2304 M .2474 
32.8 
35.1 M .2322 M .2494 
35,7 
37.9 M .2362 M .2523 
40.8 M .2396 M .2566 
43.6 M .2453 M .2629 
46.4 M .2497 M .2610 
48.7 M .2545 M .2745 
52.l M .2636 M .2823 
54.9 M .2735 M .2941 
57.7 w .2836 w .3047 
60.6 w .2953 
63.4 w .3119 w .3349 
66.2 w .3309 

C4 cs C6 

t..0008 ±. 0008 t.0008 

M .2'i46 M .2778 M .4214 
M .2!,78 M .2801 M .4207 
M .2598 M .2853 M .4214 
M .2635 M .2889 M .4220 
M .2667 M .2956 M .4224 
M .2702 M .2973 M .4230 
M .2746 M .3045 M .4242 
M .2804 M .3145 M .4268 
M .2826 M. ·• 3166 M .4282 
M • 2868 M ,3232 M .4292 
M .2908 W .3283 M • 4 300 
M .2947 W .3358 M .4123 
M .)016 W .3451 M .4340 
M .3071 w • Js2a M .4387 

M .4413 
M .4447 

M .3243 W .3780 
M .4488 

W .3442 W .4179 
M .4579 

W .3639 
M .4674 

W .3825 
M .4845 

M .5035 

W .5193 

W .5495 
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I 
611b C7 _f8 C9 C9"' ClO Cll 

..... t0.2 :t. 000 8 t,0008,.06 t,002 t.002 t O. 1 ±0 .1 

0.6 B .5037 D .8917 M 13.6 W 15.4 ~ 
,· 1. 7 s .5037 D .• 8922 I 

I 2.8 B .5041 D .8938 
4.0 s .5059 D .8945 M 13.5 M 15.5 

I 5.1 B .5078 D .8967 
I 6.2 B .5090 D .8974 M 13.4 M 15.7 I 
\ 

7.4 s .5112 D .8996 
8.5 g .5130 D .9033 
9.1 M 13.4 M 16,1 
9.6 B .514). D .9057 

10.8 s .s11i D .9090 
11.9 s .517~ 0 • 9) 13 M 13.3 M 16.5 
13.0 s .5171 D .9146 
14.2 s .5185 D .9199 
14.7 s 13.2 M 17.1 
15.3 s .5188 0 .9247 
16.4 g .5178' ij.--~\. 2 17.6 s .5174 M 17.8 
18.1 s .5175 0 .9396 
19.7 s .5158 
20.9 s .5136 D .9554 S 13.2 M 18.6 
21. 5 B .5127 
23.2 s 13.2 M 19.4 
23.8 s .5068 D .9725 
24.3 s .5057 
26.0 s 13.2 M 20.4 
26.6 s .4977 D .9943 
27.2 s .4965 
29.9 s 13.2 M 21. 7 
29.4 s .4850 D 1.02 
30.0 g .4836 
31. 7 s 13.3 M 22.9 
32.3 s .4721 D 1.06 
32.8 s .4717 
34.5 B 13.4 W 24.5 
35.1 s .4607 D 1,09 
37.4 B 13.5 M 26.1 
37.9 D .4442 D 1.13 
40.2 M 13.7 
40.8 D .4337 D 1.17 
43.0 W 13.9 
43.6 0 .4207 B 1. 23 
45.9 W .489 W 14.1 
46.4 D .4109 s 1. 28 
48.7 D .4008 s l. 35 w .469 M 14.4 
51. 5 w .904 w .454 M 14.7 

( 52.1 D .3923 M·l.43 ,• 
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0ab C7 CB C9 ClO 

t0.2 t.0008 .t.06 .t. 00 2 t0.1 

54.3 M 15.2 
54.9 D .3826 D 1. 54 
57.2 M 15,5 
57.7 D .3766 D 1. 63 
60.0 M 16.1 
60.6 D . 36 76 D 1.77 
62.8 w .803 M 16.6 
63,4 D , 36 to s 1. 94 
64.0 M 1. 96 M 16.8 
65.1 M 2.05 W 17.3 
66.2 D .3554 M 2.12 W 17.4 
67.4 W 2.16 W 17.7 
68.5 M 2.24 w .767 W 17.8 
69.l D .3512 
69.6 w 2. 4 0 w 18.1 
70. 8 M 2.51 w 18.5 
71. 3 W .751 
71. 9 D .3471 w 2.63 w 18.8 
74.2 w 2.88 w .741 w 19.5 
74.7 D .3437 
75.3 W 3.03 w 19.8 
76.6 w 20.4 
r:. o w .730 
77.6 D .3409 M 20.7 
78.7 M 21.1 
79. 8 W 3. 79 w .728 M 21.5 
80.4 0 .3398 .. 
80.9 w 4.23 M 22.0 • 
81. 8 M 4.41 M 22.3 t 
82.6 w .722 ., 
83.2 D .3375 M 4.82 M 22.9 1 84.3 M S.34 M 23.4 
85.S M 5.76 w .715 M 23.0 l 86.0 D .3361 ( 

86.6 M 6.11 w 24.1 :i 
I_ 

87.7 W 6.69 w 24.5 " 'I 
88.3 W .713 i 
88.9 D .3352 W 6.89 i: . 
90.0 

\ W 2. 72 
W 24.5 

73.0 i 
! 
'] 

',I 

i 
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( J· 
•• 8ab 

Cl2 Cl3 Cl4 ,, C15 Cl6 Cl7 

tO. 2 · ±0.1 t O . 1 f O. 1 t0.1 tO.l t O. 1 

0.6 D 23.8 
4.0 D 21. 9 
6.2 D 24.0 
9.1 D 24.2 ,£~ 

11.9 D 24.4 
14.7 D 24.7 -. 
17.6 D 25.0 
20.9 0 25.5 
23.2 D 25.9 
26.0 D 26.5 
28.9 D 27.2 
31. 7 D 28.0 
34.5 D 28.7 
37.4 D 29.7 
40.2 D 30.9 
43.0 D 3Z. 1 
45.9 0 33.2 
48.7 D 34.7 
51. 5 D 36.3 
54.3 D 38.6 
57~ 0 39.9 

6(0 D 42.3 
6 • 8 D 43.9 M 13.8 
6 • 0 D 44.5 )1 14.0 
65.1 s 45.7 D 14.3 
66.2 s 46.0 D 14.4 
67.4 s 46.4 D 14.6 
68.5 s 46.8 D 14.7 
69.6 S 47.1 D 14.8 
70. 8 M 47.1 D 15.1 
71. 9 s 46.8 D 15.2 
73.0 S 46.5 D 15.4 
74.2 S 45.8 D 15.5 
75.3 M 45.0 D 15.7 
76.6 M 43.6 0 16.0 
77.6 S 42.5 D 16.2 
*78. 7 M 41. 6 0 16.4 
79.8 S 40.2 D 16.6 
80.9 S 38.6 D 16.9 M 23.8 
81.8 S 37.9 D 17.1 M 23.7 
83.2 D 36.2 s 17.5 W 22.6 M 23.4 M 41. 3 
84.3 D 34.9 s 17.8 w 22.1 s 23.2 M 39.9 
85.5 D 33.7 M 18.l w 21. 3 s 23.1 M 38.8 
86.6 s 32.9 M 18.4 w 20.7 D 23.0 M 38.1 
87.7 M 31. 7 M 18.9 M 20.0 D 22.9 M 37.3 
88.9 M 31.1 W 11. 4 M 19.2 M 19.6 D 22.9 w 37.1 
90.0 s 30.9 M 19.4 M 19.4 D 22.9 w 37.1 
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( ; 

8ab Cl8 Cl9 C20 C21 

±0.2 ±0.1 ±0.1 ±0.1 ±0.1 

• 51.1 w 48.5 
54.3 w 51. 9 
57.2 w 54.0 
77.6 M 49.5 
78.7 M 49.3 
79. 8 w 50.0 M 49.1 
80.9 M 4 7. 8 M 48.8 
81. 8 M 46.8 M 48.7 
83.2 s 44.9 M 48.5 
84.3 s 43.5 M 48.4 
85.5 s 42.5 M 48.4 W 57.4 
86. 6 s 41. 9 M 48.3 M 57.6 
87.7 M 41. 2 M 48.2 M 57.7 
88.9 w 41.1 M 48.1 M 57.8 
90.0 M 48.l M 57.7 

,) 

/ 
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