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\ The Fermi surface of gallium is ’studied using the

Eo
de Haas-van Alphen effect. A theoretical treatment of the

de Haas-van Alphen effect is reviewed. Several ﬁodels for
the Fermi surface of’gallium are pfesented, and the best
reviewed in detail. This model is compared to the data
ekberimentally~observed. New interpretations of previous
data are presented in éhe light of the additional infor-
mation presented here. Several éermi surface pieces not
previously observed, or not previously idenﬁiﬁied, are

confirmed. Reasonable agfeement between experiment and

theory is obtained.
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ABSTRACT

The de Haas-van Alphen efiect in gallium single
crystals has been studied using the low frequency field-
_ modulation techniqug with the magnetic field up to 56kG
parallel to the three principle crystallographic planes.

Frequencies due to small sixth-band hole and seventh~band

electron surfaces previously observed by Goldstein and Foner

over part of thelr expected range of magnetic field direction

have been extended to show closed Lleces of Fermi surface.

n

Many new frequencies have also been observed, and most have

been identificd using Reed's pseudopotential model of the
gallium Fefﬁi surface. The large previously unseen .eighth-
band electxon surface has been observed in its entirety,
and a small seventh-band electron surface p:evious;wa
observed in part of one plane but not identified‘correctly
has now been uﬁequivocally identified. Frequencies due to
the small fiftﬁ—band Bole surface and many fréquencies
attributed to ;he large compiex comprising seventh- and

eighth~band electron surfaces have becn observed. ' Strong,

indications of magnetic breakdown for many of the latter are

also exhibited. The large multiply-connected sixth-band

hole surface is expected to have -comparatively few extremal

orbits according to Reed's model, but most of these were

observed. In addition, several new. frequencies are atfyibuted
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to this surface, buL were not explicitly predicted by Reed.
A table of frcquencies observed, and an approximate measure
of their relative strengths, 1s also presentod'as a function

of magnetic field orientation.
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. . CHAPTER I

) ’ INTRODUCTION

Since its discovery in 1930, the de Haas-van Alphen

(dHvA) effect has become one of the most powerful tools

. available to Fermiologists for determining the size, and

A

shape of %erﬁi sgrfaces. }in simplest terms, the phenomenon
is é variation of the maghetic sUsceptibility which is
periodic in reciprocal magnetic field. It was orfginally
thought to ge peculiar only to6 bjismuth, "in which it was
first discovered, but now is known to be applicable to
single crystals of nearly all metals of the periodic table.
It has also been used successfully with dilute metal alloys,

Dsome«metallic compoﬁnds and even some metallic oxides, . !
(e.g. ReO,;), in which the lack of metallic purity would - /
seeﬁ to preclﬁde the possibility of the dHvA effect existing.
Similar oscillations have also been observed in the Hall
effect, magnetoresistance, thermoelectric power, inter-:
metallic contact poten%fgigj\shg magnetothermal effects.

These are all quite useful, and are not to be ignored, but -
such osdéillations. are usuélly much more difficult to detect
than oscillations in the magnetic susceptibility. ’ |

The choice of gallium as the object of this study-ié
due to the fact that it is one of the few gasily prepared pure

1
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metals which has not been thoroughly investigated. The Fermi
surface of gallium is extremely complicatcd,‘which makes both
the experiment and the analysis very.difficult. There have
been several theorectical models proposed for the Fermi
su;face of gallium, and mjry experiments Ettempted in an
effort to verify the varidus theor;gs, but most such experi-
ments hgveAmerely shown the inadequacy of' the theories, and
in addition have presented more inexplicable data. The
present study is an attempt to resolye this dilemma. Chapter
1I gives the theoretiqal background necessary for the under-
étanding of the dHvA effect, both a "seat-of-the-pants"

3

version, which is easily understood but too simplified, and

a mige demanding mathematical treatment of the problem which,o

althéugh quite logical, is’not as easily understood, but
gives the exact mathematical relationships necessary for the
anaiysis. This chaﬁter also contains a shoré summary of the
crystal structure,tBrillouin zone, and previous work on
gallium, as Qell a§ a dgtai}ed description of the gallium
Fermi surface according to the latest model. Chapter III
gives the detailsﬂpf-sample preparation, experimental
apparatus, and compﬁéer analysis of the data. Chapter IV
glv?s a summary of the experimental results obtained, along
with an analysis of the sources of exper1menta1 error in
this study. Chapéer V relates the experimentally observed
data to the model. The Appepdix preéents the modification
of the théory necessitated by the experimental method, an

v

/



N

analysis of observations expected due to ellipsoidal
Fermi surfaces, and a table of the data observed during the

course of this study.
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CHAPTER II
éACKGROUND INFORMATION
A.l Basi¢ dHvA theory
The simplest theory for the dHvA effect may be
described in the following way. Suppose one has a free
electron gas at absolute zero temperaﬁure. This is

approximately the state of valence electrons in a metal

!;ﬁfjow temperatures. The Fermi surface for this system is
\

a sphere of extremely dense discrete occupied states in
momentum space. All quantum states within the sphere are
occupied_with a deqeneracy of two (spin up and spin down),
and all states outside the sphere are uhoccupied. Suppose
one.no& turns on a strong magnetic field H. The energy of
an electron moving within this field is now a function of -

. . . , 2 2 “
this field, and is no longer given by €, = nzAE] , which

is valid for a plane Qave.electron of momentum 1k and mass
m. Instead, the motion of the electron is governed by the
Lorentz force equation: t
‘ -nﬁ = g‘? x H
where ¥ is the wave vector and v is the velocity of the
electron. This requires that the electron spiral around
the direction of the applied field:

Y afr x H = —(k - k)

4
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a = e
he

b4

where H is a unit vector in the direction of H and T is the
electron's position. This real-space 5pi£a1 corresponds to
a momentum-space closed orbit whose plane is normal to H,
since the magnetic field cannot affect the é&mponent of
momehtum‘barallel to the gield. If one then projects this
realﬂspace‘spiral onto a plane normal to ﬁ, thé Bohr-
Sommerfeld quantization ryle requires that for this projeéted
orbit, "

§(mK - §K)-dT = (n + y)2mh
where X = V x § is the vector potential of the magnetic

field,y is a phase factor (% for free electrons), and '

p = hk - g A is the canonical momentum vector conjugate to
the position vector r. But the left side of thiss\using (1),
is simply 2 times the total flux of Ehe magnetic field
passing through the 8rbitu Since the orbital area in k-
space is az times the orbital area in real space, from (1),
the orbital area in k—spa;e must therefore be given gf;the,
Onsager relation:

This implies that the electrons are no longer allowed to

(2) Ay =2maln + ) c

occupy all possible states within the zero-field Fermi
sphere, but are now constrained to occupy only those states
lying on a series of tubes whose cross-sectional areas

normal to the field differ by integral multiples of 2ra,
\

A
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whigh is directly porportional to the strength of the field.

Each such tube is termed a Landau level. Each level must
be highly degenerate to make up for all the energy states
now no ionger allowed. Clearly, the degeneracy of each
level must be field—dependent; since one may increase the
field sufficiently to cause an occupied level inside the
Fermi sphere to move outside the surface, at which point it
must be unoccupied, and the electrons formerly occupying .
that level must now jump down to levels of lower energy.-

Since the magnetization in this simple model is given by:

= -40
(3) M an !

every time a Landau level pierces the fermi surface the

-
magneéﬁzation wilf jump to & higher value. However, as the
fﬁeld is increased, every Landau level acquires a larger
cross-sectional area, so that the clectrons on each lcvel
acquire a higher energy, causing a continuous decrecase in
.magnetization. ‘The net effect therefore is for the
magnetization to steadily decrease as the field is réised
until a Landau level is tangent to the Fermi surface. At
this point the magnetization jumps to a highexr value and -

the magnetization éecrease begins again. This saw-tooth

oscillation is the dHVA effect, unadulterated by such things

as non-zero temperatures, lattice poterntials changing the

degeneracy of the Landau levels, cryst§1 defects, magnetic

breakdown, collision broading and Zeeman splitting of each

!
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Landau level, and the difference between magnetic induction
B = H + 47M and the applied field H requiring a self-
consistent solution to the problem. It aiso does not
account, of course, for experimental techniques of data

acquisition, which now generally include modulation of the

applied field H and/or modulation of the crystal orientation.

Finally, it should be noted that this in no way
contradicts the fact that a magnetic field cannot do work
on a moving charged particle and thus change its energy.
What the magnetic fieid does do is to change the allowgd
Landau levels of the system, but each Landau level may
have electréns of many different energies. Only when a
Landau level ;s just tangent to the Fermi surface is the
energy of an electron on thaﬁ$level (and therefore at the

tangent point) uniquely defined.

A.2 Lifshitz~-Kosevich theory

Haying acquired this rough understanding of the dHVA
effect, one may now turn to the details of the semi-
classical theory proposed by Lifshitz and Kosevich (L-K) in
1555, as reviewed by Gola in 1968. This theory has built
into it solutions to many of the problems just cited ;Love.
The magnetization correspénding to (3) now becomes

M= - 7|,

where the free energy Q per unit v e for an electron gas
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in a metal is given by:
(4) Q = Neg + kBngn(l-fO(;))
and the gradient is evaluated at cons;gnt temperature. N is
the total number of conduction electrons per unit volume,
ef is the Fermi energy, fo(e) is the Permi-Dirac distribution
function, and the summaﬁion is over all possible energy
states available to the system. To perform this sum one
follows'thé usual procedure of first making it more
complicated. The volume enclosed by the Fermi surface is
sliced into many slabs of thicknesé dky normal to ﬁ, and
then each:slab is cut into rinés of thickness de in energy.
A density of states ¢, is then defined‘such that the number
of .energy states in this ring ié given by ' ? .
(5) dn(s,kH,ﬁ) = ¢o (e,ky,H)dedky |
The sum in4(4) then becomes an integral.

Q= Ne + k. TSk, ¢, (e ky ) en(1-£5(c))de
which one integrates twice by parts (the constant term bein%
‘zero in each case) to‘get

(6a) @ = Neg + fdlgy_o/"bs (e, kg, DiEeac

)

(6b)  0a(e ke, = soae_ s€70 (77 k  Hae”” .

Up'to this point the calculations have been exact,
since we haven't really done anything. But now one must
find an expression for the density of states ¢, before one
can integrate it four times. This requires a series of

assumptions and approximations. The first is that one is _

P
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interegted only in those Landau levels near the Fefmi,%
surface, since it is the changes in the popxijt'ons of these
levels which cause the oscillatory magnetizat sought.
This is not a very serious assumption, but if one ignores
Zeeman splitting of the enerdy levels it does allow one to

expand the energy of ‘each ring in the slab in terms of the

area of each level and the area at the fermi energy:

]
7 e =¢_ + 950, -a )+ ...,
(7) n f dA( n f) . z\
The energy difference de between two adjacent levels is
hwc, where
_eH _ nh
Yo = m¥c T %nF
is the cyclotron frequency and m* is the effective mass.
The area difference dA between two adjacent levels is
given by (2) as 2ma. Therefore, to first order, -
(8) e =g, + Nc(2fa(n +y) - A
n £ 21TG.( - f) -

There are an average of two states (spin up and spin down)
’ 3
per unit volume (2wn) in k-space, and the ring on which one

defines ¢, in (5) has an area dA. Therefore, if D(e,kH,E)
is an energy density function, which is not yet kabwn, one

has: y 4 . ,

2 _da

l\pﬁ=
b, (e ka ) (2n} a

D(e,k ,H)
: H

L
To define D requires another assumption. If the Landau
levels were perfectly sharp, then D would be a series of

delta functions at energies determined by (8) =

o e Bar e 4 don
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— m* — .
¢O(€IkHI_}1) = 2,"5;2 fl G(y(El,kH,H) - n]
T E - Ef A
9 ’k ,H N e——— + * f -
(9) Yl ky H) -~ £

However, this cannot be the case in real metals for several
reasons. First, there is a finite possibility that én

electron in a given state will be scattered out of that state

by a collision. Each level thus has a non-infinite lifetime

and therefore a non-zero width, by the uncer£ainty principle.
Second, crystal defects also contribute to scattering mechanisms,
thus decreasing the lifetime of the state still further. Third,
the lattice potential destroys the magnetic degeneracy of each
level, which broadens the level directly. However, the levels
should still be centred at the energies given by (8). Therefo%@,
one assumes phenomenologically that each sharp delta ‘function
level may be replaced by a single-peaked distribytion whose
half-width T is independent of energy and magnetic field. The

distribution normally chosen is a normalized Lorentzian wave:
@ a

— m* 1 = 2 2
r = 3 [ H = +
¢°(e,kH H) n i ﬁz_m “fy(e kH ) n) a
where a =,Sg~ . The sum has been exﬁended to all integers
c

here because when this is eventually inserted into (6a),
only those levels near the Fermi surface will contribute due
to the derivative of the Fermi function.

The physics of éhe problem is now essentially done,
and one h?s only some complicated mathematics to perform.

Using the Pdisson sum formula
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[0 [ ] «© (4]
X f(n) = S f(x)dx+ 2 J f£(x)cos2mrx dx
n=-—w ~ r=1 -«

the density of states becomes:

-— *
(10) ¢ (e,k ,H) = B __ (1.4 21 e-2Tra
° " H 21 h” r=1 .

X cos[2wry(e,kH,i)]]

Inserting this in (6b) and retaining only the oscillatory

terms, one has:

e _ m* © hw ,
‘¢2(Elk IH) = = gy Z — K
H mT™h r=1 Zﬂr)

, x cos2mr[E T Ef + _iﬁ - vl
ﬁwc

(1) K = e 7T = exp(- T M X
r A uB m H
where ug = EE is the Bohr magneton. Continuing in (6a},
2me '

the oscillatory part of the free energy becomes:

] 2,2 ©® 1Ky A
o (12) =gl g
41 m* r=1 r2

©

Ir = - I3 COSZHI(E - Ef) dfo(Ey de
- hie de
(13) = /(&N + 1) Pexp{(1 + iX_/m)n}
-0
K T \
X, = 2B = T KB (mr T
ho, Uz m -~ H

£
- dk
fcos2nr(2na Y) -

11
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Note that in (13) one really wants only the real part of

the integral. However, the imaginary part of the integrand
is an odd function of n so it contributes nothing. The
integral may now be done using contour integration, choosing
a contour encompassing the upper half of the complex plane,
the integral at infinity contributing nothing. The poles

of the integrand occur whenever el = -1, or whenever
Np = (2m + 1)in m= 0, 1, +2, ....

Since the poles are each of second order, the residue of

the mth pole is given by:

Mm

« 2 _2 :
) Res; = %H ((n - nm) (e + 1) e (1 + 1Xr/W)nﬂnm
= ”'ixr o~ (2m + 1)xp .

m
It should be noted that this simple result comes only after
three successive applications of l*HBpital's Rule for
evaluating indefinite quantities. Summing over all the

poles, one obtains:

_ Xr
(14) II sinh Xy

kd

The remaining integration over ky in (12) requires
a return to the physics of the problem. The Fermi surface

cross-sectional area Ag in the argument of the cosine

LR VA P TR
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depends upon kH' However, from (2), this argument is
approximately 2mrn, where n is the number of occupiéé
Landau levels. How big is n? Suppose one has a free-
electron gas in a field of 100kG. This 1s approximately
the highest steady magne£ic field easily obtainable in
superconducting solenoids, and a smaller'value would only
decrease the Landau level spacing and thus increase n.

The Fermi surface will be a sphere of energy cf\='§;(3n2No%/3
where N, is the electron density in real space. The Fermi
radius is therefore (3n2N°)l/3, and ignoring_the phase y
ohe has

n=_8 =nhc (BﬂZNQf/a \ .
21a 2eH -~

Choosing N, = 6 X 1022/Cm3, which is approximately the value
for silver or gold, one finds n = 4800. Reducing N, to
about 1022/cm3, the approximate value for cesium, reduces

n to about 1500. In other words, the argume;; of the
cosine‘;ﬁ/klz) i§ é;pected to be quite large, and small
chaﬁééé in A¢ fr oné slice to the néxt in kH will cause
large changes in the integrand. The contributions from

neighbouring slices will therefore add with destructive ?

interference /except at extremal values of the cross-
sectiongl area. It is§222j$;Qgs justifiable to expand Ag
about these/ extremal valug€s A:

2
- 119 “Af 2
(15) Af—AiTIWAkH+....

A
<

—TT
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The upper sign is for maximal areas, the lower sign for
minimal areas, and kH is measured from the position of the

extremal area. If one now defines

. 1Y
(16) F = 22—y =-chA |
21Q 2we i
2 3 ’Af 2 _ 2y 2
Yy ﬂalak I kH B grkH
' H
then (12) becomes:
a*h? = IrKr > F
0= —9F— 1L [ cos(2mr */H - 27nry
* 4T 'm* —q rfgr o
7' Tu?)qu
Using the Fresnel integrals
[+o] oo
: f sin®x? ax = S cosIx? dx = 1
y oo 2" .. 2
and rearranging @befficiénts, one has:
® IrK
. {17a) @ = ( ) D(H) E S/r cos[2mr (F/y - )
v r=1 r 2
;‘1;- ] .
hA 1 -
(17b) D(H) = - —S22— (2TeH) 4 19 Afl
47*m*c  hc 3k .2 A

H

" _ YoF (I_B__) (ZTTQHi/Z |32Af |—1/2
273 m#* - he W

2 .
where r, = © /ne? is the classical electron radius. There-

1
3

fore, the oscillatory part of the magnetization is given

by

F tew v me ket et PAd =
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\
\\\/" ~ l aFA _1 a A
18) M@H) = D) (H - = g - L+ __ Fy) .
(18) (H) I F 550 _ Fsin® 5$¢)
[+ B
x 1 XrXr sin{2nr (F/H - vz 1)
r=1 r¥ 4

where (ﬁ,g,;) is a set of orthogonal unig vectors in spheri- .
cal co-ordinates. Only the cosine term was differentiated
in achieving this since by comparison the leading terms are
énly slowly varying.

This shows that the magnetization as a function of
H is an amplitude, which varies only slowly with H, fimes
a direction, which is nearly that of H, times a sum of an

oscillatory function and all its harmonics, each harmonic.

having a different damping factor, and the fundamental

~

frequency being directly proportional to the extremal cross-
fectional area of the.Fermi surface. It should be noted
that the independent variable is l/H rather than H.

Various features of (18) are now worth mentioning.
First, M and H are not pafallel except w#en g% and‘%% are
both zer®, which normally occurs only when g is along a
principle symmetry direction of the crystal.? Second, the
temperature enters only in I, ; which is an attenuation
factor for each harmonic. Inserting the numﬁers, one
finds

r

= m*y T
x_ = 1.47.x 10° E“) g T

where H is in gauss and T in K. For free electrons
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(m* = m) at 50kG and 1K, this is approximately 3r. The
attenuation factor for the fundamental is thus 30%, for the
second harmonic it is 3%, and the third harmonic 0.2%.

The othe; harmonic attenuation factor Ky is due
solely to the finite lifetime and non-zero width T of the
Landag levels, and this is the only term in which T enters.
By analogy with X one may define an effective temperéture

known as the Dingle temperature TD by (Dingle 1952) :

A

S
For a Dingle temperature of- 1K, I' ~ 0.27meV, which is
approximately 15% of the free electron level seraration at
50kG. For free electrons at 50kG, one has Kr " e"3r, which

is approximately 5.3% for the fundamental , 0.28% for the

second harmonic, and 0.015% for the third harmonic.

Obyiously, with both I, and K, reducing the higher harmonics,

one need consider only a few terms in (18) unless m* is
small. Alsb, with only a few harmonics to work with, one
cannot expect to see anything like a saw-toéth signal,
which would require quite high harmonics in its Fourier
spedtrum.
A.3 Modifications of -the L-K Theory

“+  We return now to a discussion of the various~
assumptions and approximations used in dériving (18), and

——r

s A
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the consequences of lifting some of the restrictions.

The first and most obvious problem is that of Zeeman
splitting of the Landau levels due to the interaction of
the electron spin with the field. Each state at zero field
contains two electrons of opposite spin, and is split into
two single electron states for non-zero field separated by
an amount guBH = gehH/2mc, where g is the spin-splitting g-
factor. g is approximately 2.0023 for free electrons, Sﬁé?
may not necessarily be that value in a real metal due to
sping-orbit coupling changing the direction of the spin

moment. Since every state is split, every Landau level will

also be split, and by the same amount guBH. The set of levels

formipg the higher energy half of each pair of spin-split
levels will still have a separation between levels of ha,
=heH/ , ., as will the lower set of levels, and the
discussion of the previous section will otherwise be
unaffected. By examining (9) one sees that changing the

enexgy of a level by an amount

. 43 gm*
= 1= = %
Ae _2guBH the, ey

is equivalent to changing the phase by an amount

4 *

In computing the total magnetization in (18), theréfore, half

' the signal will come from the upper set of levels with a

L)
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phase decreasé, and half will come from the lower with a

phase increase. Therefore, one has:

M) = -8 (H,y + 3 + Lg @,y -9
4m 4m

i.e. (19) M(M=Dp() [ -L3F g _1 3F 5
( ) F 98 6 Fsinf 94 ¢ ]
® I Kr ‘ P o . *£
x g 7 sin[2nmr(*/y -~ v) ¥ T] cos (19X,
r=1 I 2m

The ohly consequence of including Zeeman splitting, therefore,
is to add a factor cos(rmgm*/2m) to the amplitude of the rth
harmonic. ' This immediately leads to the conclusion that if
gm* = m, then the fundamental freguency F and all its odd
harmonics will bé non-observable; only the even harmonics
will appear in the sum. \ éince m* may, and usually w;ll,
change as a function of ﬁ, it is possible for the f;equency
due to a particular piece of Fermi surface to disappear at
certain cr&stal orientations.

The next problem is that of‘multi~hand and multi-
connected ?ermi surfaces. Nothing in the foregoing
discﬁ&sion (except for order—of—magnitgde calculations)
assumed that th; Fermi surface was a single piece or that.
the Fermi surface in one ;zone was not connected to the Fermi
surface in the next zone in the extend?d zone scheme. Nor
was anything assumed aboug the sﬁape o the surface. There-
fore one need only sum (19)-6ver all pogpible extremal areas

regardless of how they were fgrmed.' However, a problem
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could occur for very small pilececs of Fermi surface in that
the number of filled Landau levels within the surface may
not be large enough for the expansion (15) of the cross-
sectional area to be valid, From (16) and (2) onc has

F ~ H(n + v). If one is operating at 50kG, then this
question beccomes relevant for frequencies below approximately
8MG; for operations at 5kG, one must be careful below
frequencies of about 0.5MG. This will be dealt with again

in Chapter IV.

The expansion (15) could also be invalid ¥or another
\ :
G’Ag
BLH
the Fexmi surface as a function of ky. If the field is in

reason. The factor

a corresponds to the curvature of

the z direction, then the cross-section of an oddly shaped
piece of Fermi® surface may be passing through a minimum in
the X direction and a maximum in the y direction as a
function of z, and still form an extremal cross-section. A
doughnut with symmetry daxis along the X direction and whose
hole has been replaced by a thin sheet of-surface (so

L}
that the cross-section in any plane containing the x axis

looks like a set of barbells) couldAbe an example of such.
For this exaﬁple, the cross-sections at the planes z =
constant will pass through a very shallow maximum as a
function of z at the z=0 plane. The curvature will there-

fore be very small, and the fourth derivative in the

expansion (15) will be the most important correction term,
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rather than the second, all odd order derivatives being zero
at the extremum by symmetry. If the pth derivative in (15)
is dominant (p must be even), then the calculations are
nearly identical to the preLious results. The frequency is °

invariant, but the phase and amplitude are changed:

- ~ F. A . A
(20) M(H) =z (W)[H -1 &2 g - 1  aFi g
1 F; a9 FiS1nB g3y
\ @ K .
X I _r_l% sin[2nr(Fi- y)3 _2_3‘,_]
r=1 rr /pi H 12
D, (H) = - T'(1 + 1) (88 p 1§65 |3PiRf|-1 roB'm
1 pl he 1 3 p. A 1l ."3 nx
kH'l
I . = Xyi
ri = sinh xrf
k, m.* ‘ ’
B 1 T
X.: = w2 =2 (___) = r
m. ¥
K B = c.=.-xp(—1"-L N
ri g m™ H

The sum on i is over each piece of the fermi surface, and
I'(x) is the gamma function (not to be confused with the level
width T). The‘primary difference between this and (18) is
that Di(H) has less dependence on H than does D(H), and it
contains the higher order derivative of the extremal area.

. Since this derivative is numerically greater than the second
derivative and appears in the defominator, it reduces the
amplitude from what one would expect from the second

* derivative.

Another problem with (18), which will not be treated

=
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here, is the fact that one should use B = H + 47M as the
applied field within the crystal rather than the field H
applied outside the crystal. It can be shown (Gold,1968)°
that the dHvA frequencies do not change under these

4 »
conditions, but the amplitudes do. Also, the: crystal becomes

capable of mixing frequencies from seve%al\different'pieces
of fermi surfaces so that the harponics,'sums, and
@iffergnces of _the fundamental frequencies are enhanced.
Finally, there is the problem of magnetic break-
down. If two pieces of Fermi surface are close together
but separated by a very small gap, then there is a finite
probability that an electron in traversiﬁé one piece of the
surface will jump the gap, i.e. tuniiel thréugh the energy
barrier, and traverse the other piece of surface. It can
be shown (Chambers,1966a) that the probability of such
occurring i; approximately efHVH for some critical field
H, which depends upon the geometry of the gap. Therefore,
if an orbit 1 exists at low field without magnetic break-
down, but is transformed intc an orbit 2 ‘at high field
through magnetic bre;kdown, then the amplitude of the dHvA
frequency due to orbit 1 will decrease markédly as H is
razsed above H,, while the amplitude of the frequency for
orbit 2 will increase at the same time. The field H, will

. [
be different for different gap geometries, and thus a giﬁen

material may have a whole range of breakdown fields,
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depending on the crystal orientation relative to the field, .
and the particular pieces of the Fermi surface under
consideration. At fields sufficiently low to cause no
breakdown, (l?) or (20) is'certainly valid, as it would be
with a different set of orbits if the field were sufficiently
high to cause total magnetic 5reakdown. Between these two
limits in the region of partial magnetic breakdown, the
enumeration of the energy density can be an appailing project
even for a crystal with only a single type of gap, because
this gap is repeated throughout the crystal at every symmetry
related point, at each of which one must consider the proba-
bility of the gap being crossed.
A simpie analysis proceeds as- follows. Oxrdinary

collisions without magnetic breakdown reduce the amplitude

of each harmonic by the factor K. given in (11) or (20).
These collisions remove an electron from a given orbit and
put it in another unrelated orbit. ‘Magnetic breakdown also
removes an electron from a given orbit, so by analogy one

can assume it will merely add another reduction factor. If
an orbit has n identical junctions at which magnetic
preakdown may occur, and at m of these junctions it actually
does occur, and the probability of such occurring at a
given junction is p = 1 ~ q = e teff,-then the reduction
factor for the rt™M harmonic should be

= m n-m,r
R.=[pqg 7]

.
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h\This is then multiplied by K, for each harmonic in the
expression (10) for the oscillatory portion of the density
of states, which must then be summed over all possible
orbits one could generate by magnetic breakdown, weighing
each term in the sum by the number of such orbits in the
crystal. Clearly even this simplest case is a monumental
task in combinatorial analysis which cannot be attempted here.
However, the result, even if attainable would only give an
expression for the amplitudes of dHvVA frequencies which are
nearly the sums and/or differences of appropriate com-
binations of low-field fundamental freq{encies.'

A more fundamental Question concerning magnetic
breakdown is also raised, and that is exactly which orbits
should one count?“The theory requires only extremal orbits,
but what constitutes an extremal orbit? The derivation of
the dHvA effect assumed that each orbit, whether extremal
or non-extremal, was contained entirely on one piece of the
Fermi surface. Because of the very nature of magnetic
breakdown, orbits caused by magnetic breakdown are not
contained on a single piece ofssurfaée, thus failing to
satisfy this basic condition. Therefore, such orbits need
not satisfy in their entirety the condition of‘being extremal,
since that condition is a secondary condition. However, oOne

~must still insist’that most of the orbit be piecewise’

extremal. In other words, a given orbit may be a minimal
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orbit on one picce of Fermi surface, but a maximal orbit

on another piece of surface connected to the first by
magnetic brecakdown, or it may not even be an extremal orbit
at all on certain parts of its path, provided these parts
constitute only a small part of the total orbit. The very
existence of magnetic breakdown forces one to consider non-
extremal sections of small parts of the surface if they

could be connected by magnetic breakdown to extremal sections

of larger parts of the surface.

B. Ga Crystal Structure and Brillouin-Zone

The crystal structure of gallium was of interest
for quitle some time. Bradley (1935) determined it to be
orthorhambic with 8 atoms to an orthorhombic cell of

dimensions given in Table 1, column 1. These were later

refined (Barret, 1961) at low tempcrature to those given
in columné 2 and 3. Since a and b are nearly equal, tﬁc
structure can also be termed pseudotetragonal, but it is
perhaps more significant that ¢/b is only 1.8% smaller at
2.35K than the ideal c/a = /3 ratio for hexago%ai struc-
tures, as will be Eeen.

The positions of the Ga atoms in an oxrthorhombic cell
are also shown in Table 1. Figures 1 and 2 (Slater, Koster,

and Wood, 1962) show the positions of the atoms in the y=0,

y=%b, x=0, and x=-%a planes. Deformed hexagonal rings

of atoms are visible in the first two planes, and the

[ I%e.
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TABLE 1

Lattice Constants of Ga (X)

Para- Bradley (1935) Barrett (1961) Barrett kl961)
meter 18 C 4.2 KX 2.35 K
a 4.5167 4.5156 %.0001 4.5151 *.00005
b 4.5107 4.4904 *.0001 4.4881 %.,00007
c 7.6648 . 7.6328 #.0001 7.6318 *.00008

Ga Atomic Sites

(m, 0 p) (m+ %, %, -p)
(-m, 0, -p) (-n + %, %, p)
m + %, 0, -p + %) (m, %, p+%)
(-m + %, 0, p + %) (-m, %, -p + %)

m= 0.0785 £0.0005

0.1525 *0.0005

o
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TABLE 1 (cont.)
\.
Ga Near%st Neighbours

# of neighbours distance
1 - 2.4332
2 \ 2.7039
2 2.7266
2 L 2.7844
2 \ 3.7196
4 3.9434

<
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Figure 1. Crystal structure of gallium in the
planés y =0 and y = %b. Atoms are
drawn to scale as spheres using the
covalent radius given in the text.

Numbers indicate nearest neighbours

of the atom marked "0".
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Figure 2. Crystal structure of gallium in the

planes x = 0 and x = —%a. Atoms
are drawn to scale as spheres using
the covalent radius given in the
text. Numbers ;ndicate nearest
neighbours of the atom marked "0".
The third nearest neighbour has the
y and z co-ordinate indicated, but
is part of a pair éf atoms centred

1
on the plane x = +3%a.
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\

second two exhibit 6-membered rings of atoms with alternate
members lying slightly above or below (by the distance ma,
see Table 1) the plane of the ring. Each atom has nearest
neighbours as given in Table 1 for a temperature of 2.35K.
These are also indicated in Fiqures 1 and 2. For comparison,
the atomic radius of gallium is approximately 1.413, the
covalent radius is 1.263, and the bond length of a Ga-Ga
bond is 2.442R at 20°C. The crystal therefore appears to be
a sﬁructure of Ga2 molecules rather than Ga atoms.

Since the plane of atoms at y = 0 is the samelas |
that at y = P/2 except for a shift of *¢/2 in the z dimection,
one may choose a unit cell with only 4 atoms rather than>the
8 in the orthorhombic cell. Figure 2 shows two of the three
vectors needed to form the cell in real séace, the third
vector being one lattice spacing in the x direction, This
leads to the hexagonal Wigner-Seitz cell shown in Figure 2,
and a hexagonal Brillouingzone shown ;n figure 3 which
appears to be the same as the Wigner-Seitz cell except for
the rotation of T/2 in the yz planel The zone boundary ke in
the k, direction is 27 /0 = 0.8233§Tlfrom the zone centre T,
while the zone boundary in the direction of the other 4 sides
of the hexagon is [(g)2 + (%)21]"2 = 0.8121A"! from I'. The

. * o
boundary in the k, direction is ky; = "/a = 0.6958A"' from T.

C. Previous Ga Work!' /

The electronic properties of gallium have been



Figure 3. The Brillouin zone of gallium showing

some of the crystallographic points

of interest in this study.
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studied using almost every method available. All in their
own ways have contributed information, but few until recently
have yielded information significant endugh or cémprehensive
enough to solve the problem. Among the earliest téchniques
was the dHVA effect itself (Shoenberg, 1949, 1952, 1957),
using magnetic fields up to about 16kG. Due to this limit,
however, only the loyes£ dominant frequencies and occasionally
a beat frequency were observed. The data were interpreted

in terms of several ellipsoidal pockets, although it was
recognized that much of the data could not be explained in
that manner. Aiekseevskii and Gaidukov's (1959, 1960)
electrical resistivity and magnetoresistivity work suggested
that gallium had an open fermi surface, possibly in the

shape of corrugated planes. Reed and Marcus (1962) used

a slightly modified single-OPW or nearly free electron (NFE)
model (Harrison, 1960) to explain much of their magneto-
resistivity and Hall effect data with quite reasonable
success. One serious failure of this model, however, was that
it predicted pseudo-hexagonal symmeéry for a number of
features, and this was not observed. Nevertpeless, due to
a‘lack of a better model, this NFE model was used as the
basis for many experiments soon thereafter using a multi-.
tude of techniques. All tended to show Fhat the NFE model

was hopelessly inadequate. Among these expériments were

the dHvA effect (Condon, 1964-see Reed, 1969; Goldstein and
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Foner, 1966), magnetoresistivity (Reed and Marcus, 1963;
Munarin, et al, 1968), ultrasonic cyclotron resonance
(Roberts, 1961;Lewiner, 1967), acoustic cyclotron resonance
(Munarin, P68), magnetoacoustics (Bezugli,et al, 1965),
uitrasonic attenuation (Gurevich, et al, 1961; Shapira, 1964;
Shapira and Lax, 1965), cyclotron resonance (Moore, 1966,1967,
1968), magnetothermal oscillations (Goy, et al, 1967), and
dc size effect (Yaqub and Cockran, 1965) to name but a few.

A slightly better model was calculated by Wood (1966)
using an APW method. This involved an ad-hoc pofential
which did not greatly éhange the energy band structurc from
that of the modified NFE model, but produced a Fermi surface
considerably different from that of the modified NFE node..
In particular, it predicted only a single open ka trajectory
rather than the multituée of kc open trajectories for the
modified NFE model. Because of this fact, that a minor
change- produced great differences, it was recognised that
this APW model could not be made accurate ecnough. FEnsuing
Lork on the rf size effect (Fukumoto and‘Strandberg,l967a
Haberland, et al, 1969), acoustic geometric and acoustié
cyclotron resonances (Alquié and Lewiner, 1972), and induced
torque (Cook and Datars, }970a) confirmed this finding.

In 1969 Reed published a pseudopotential calculation

of the Fermi surface of gallium which employed a local semi-

empirical pscudopoténtial without spin-orbit coupling. The

?
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model'fermi surface resulting from this calculation is
described in detail in the next section of this chépter.
More recent induced torque experiments (Cook and Datars,
1970a and 1970b) have shown that this model gives the correct
open orbit structure, which is a combination of the NFE and
APW structuées, plus additional orbits, all of which are
seen. These findings were confirmed by magnetoresistance
measurements (Kimball and Stark, 1970). Measurements of the
Gantmakher-Kaner effect in ga}lrum (Gabel and Cochran, 1972)
can also be explained by two small parts of Reed's gallium
Fermi surfacg not present in previous models (6h at T and
7e¢ between Arms, in £he notation of the next section).
Acoustic geometric resonance results (Alquié and Lewiner,
1972) have alsé been explained by Reed's 6h at T, 5h at X,
butterfly and ellipsoid at L, and monster surfaces. The
first two of these are got present in earlier models, and
the shape of the monster surfaces of the several models
are radically different. The fact that Reed's model can
he used to explain these several experiments, and previous
models fail to explain/the data, leads one to believe that

the basic features of Reed's model are correct.

i
! "

D. The Iseudopotential Model for Gallium
The method of caléulation used by Reed will not be
discussed here, but it lead to the Fermi surface pictured in

Figure 4. (This model was constructed by R. J. Douglas, and



Figure 4. A drawing of the Fermi surface of

gallium, from a model made by R. J.
Douglas based on the calculations
of W. A. Reed. All pieces of the
model are shown (see text fof
description) except the seventh-
band electron pieces at N. The
butterfly pieces should be nearly
touching the monster arms, but have
been shifted slightly to show the

)

monster.
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some minor pieces have been shifted slightly for clarity).
The largest piece 1is the 6th pand hole surface, which has a
monster in each half zone with four legs touching the kx =0
plane, two arms touching each of the k, = ikc/Z planes, and
a very high concave back touching the k, = ka/2 plane at X.
This piece supports an open orbit along the monster arms in
the k, direction for all magnetic field directions in the

ab plane except within 0.1° of the a direction (Cook and
Datars, 1970a). This exclusion is due to the monster

waists at the kz = 0 plane being arched just higher than

the highest point on the monster arms in the kz = kC/2 plane,
The monster will also support open orbits in the ; direction
along the monster legs forr magnetic fields 31° :3° from the
5 direction in the bc plane, thus taking features of both
the NFE and APW models_Z The monster surface is the only
part of the gallium Fermi surface capable of supporting

open orbits.

The other pieces of the model Fermi surface in
approximate order of decreasing size are 1) the 7tN_pana
electron butterfly surface centred at L and oriented with
the indentation between'the wings parallel té the ac plane;
2) the gth-pana electron‘gllipsoidal surface (8e at L) inside
the butterfly, oriented with its longest axis parallel to
the ¢ direction; 3) a pair,of 7th-band electron saucer

surfaces (7e near ') displaced slightly from I in the b
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dircction, oriented with their major dimensions parallel to
thé ac plane; 4) a pair of 7t _pand electron pancake surfaces
between the monster arms (7¢ between arms) centred at the

kz = kc/2 plance and oriented with major dimensions parallel

to the bc plane; 5) a pair of 6 M-bana hole ellipsoidal
surfaces (6h at T) located at ky ™ (17/32)kb along the I'T line
oriented with major axis in the b direction; 6) a small
sth-pand nole cllipsoidal surface at X (5h at X); 7) small
7th-pand electron surfaces in the shape of crossced discs

(or a butterfly) at each N point (7¢ at N, not Ehown); 8), and
small Sth—band electron ellipsoidal surfac¢es inside the
butterfly at N (8e at N). All of these pieces; being closed,
will give at least one dHVA frequency at any magnetic field
orientation. The same canngt be said of the 6th- band monster
hole surface, for although it is the largest piece, 1t has
exceedingly few extremal cross-sections, and even these do

not extend over all magnetic field orientati&qi;/nJ\\

It should be noted here that in constructing\this
model, 6h at T, 7e¢ at N, and 8e at N were essentially "cooked
up” in an effort to fit the available data, since these
pieces did not appear in the original pseudopotential
calculation. The hole surface at T was manufactured by
decreasing the Fermi ;nergy 2.5%, and the picces at N werc

created by increasing the Fermi energy 4.3%. This sounds

rather arbitravy, but the Fermi energy was fixed in the first
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instance by matching”only the k, dimension of the surface to

the available data, and in the second instance by matching

the area for H|h to the available data. Frequency anisotropies <:j\

were not pre-determined, and‘the fact that these “cooked up"
pieces have the anisotropy required by the data serves to
justify the proocess. This is roughly equivalent to converting
the pseudopotential to a non—}ocal potenti{l for certain .
regions of the Brillouin zone, and is an admission that this
model, also, ;as its limitations, however good it may be.

‘'There are a number of regions in this model- in which
the relative proximity of the ﬁ@rious pieces gives rise to

speculation concerning péssible magnetic breakdown (MB).

The mQst obvious region, of course, is within the ellip-

soid-butterfly combination at L. These two pleces are degenerate

on the k, = #/2 plane. It can be shown (Koster, 1962) that
spin-orbit coupling will remove this degeneracy at all points

on the face except those points on the line XRL. This creates

a small energy gap easily bridged by MB. Similarly, the ellip-

soid at X is degenerate with the monster in the same plane,
and this degemeracy can also gé lifted by spin—orbit‘zoupling,
with similar consequences.

Other possibilities for MB are predicted by the
model only by proximity arguments. Fi€§§L_§he butterfly
wings nearly touch the monster arms throughout most of their

length, but particularly at the k, = C/2 plénes. In this
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plape, the pancake surface between the arms also nearly
gguches the arms, giving rise to the possibility of
complicated MB orbits involving the ellipsoid, bucterfly,
mpnster, and pancake surfaces for magnetic fields near the

c direction. There may also be an MB orbit encompassing the
monster, the saucer near I', and possibly the ellipsoid at

X, caused by MB between the monster and the sauce:r, and the
monster and - the S}lipsoid if necesséry.

It should be noted that for magnetic fields near
those orientations required for open orbits to occur, one |
may encounter extended orbits, which are closed orxbits
requiring more than one Brillouin zone in the extended zone
scheme in which to close. These may also give rise to dHvA
frequencies under the proper conditions, although the
probability of such occurring is small since extremal orbits
are required. However, extended orbits formed by MB are

much more likely to yield dHvA freguencies.
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CHAPTER III

EXPERIMENTAL PROCEDURE and APPARATUS

A.Sample Preparation
A usual procedure for preparing samples, which is

not adequate for this study, is to first cut off a small

. . I
sample of appropriate size from a larger single crystal, and

then etch the surface if necessary to remove gross cutting

a 3

damage. The orientation of the sémple is determined using
!

.standard back-reflection Laue x-ray techniques, and the'

crystal is then glued in a 1

/8" diameter Kel-f plastic rod

* with the desired axis of the crystal pafallel to the rod

axis. The rod is then mounted horizontally in a set

modulation and pickup coils (see the next section) hpvin

vertical symmetry ax{g, which are then plaéed in the vertical

bore of a supefconducting maénet. The Kel-f rod can then

be turned on 'its axis using é gear reduction arrangement.
This procedure can in principle yield extremely

accurately aligned sa@ples,-l/4° accuracy being quite

common. However, there are two basic drawbacks to thi§.

‘The first is the fact that t;e crystal must be cut. \

Regardless of the method used, some surface damage must occur.

Since the dHvA effect is based primarily upon the bulk

properties of materials, it is therefore desirable to make
39



the sample as large as possible, especially if one expects
an appreciable amount of surface damage. The size is
limited, of course, by the size of the plastic rod, but also
by the fact that one must allow sufficient rocm for glue.
This lcads to the second basic dra@back, nanely strain caused
by differential contraction between the rod, the glue, and
the sample upon cooling from room temperature to 1.2K.
Both these effects can severely attenuate the amplitude of
high frequency signals from large pieces of the Fermi surface
through increased defect scattering. In most common metals,
tbese are usually not severe problems, but they must be
consig;red for gallium since gallium melts at 29.87°C and
has a Debye.temperature of 325K or about 52°C. At room
temperature, therefore, gallium is relativel§ soft and very
susceptiblEJEo surface damage. The low melting point and
relatively high Debye temperature also indicates that gallium
could be susceptible to sevére strains_ due to differential
contraction upon cooling ig held rigidly at all points, as
would be the case if it wége glued in place.

For these reasons, the following procedure was

. .

adopted, taking advantage of the faats that galiium has a
sérong tendency to supefcool, remaining liquid even at
room temperature,and expands approximately 0, 3% upon
solidifying.. First, a seed crystal was obtained by inserting

a small wire, previously cooled with liquid nitrogen into
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supercooled liquid gallium. This effectively forced
crystalization, but resulted usually in many small crystals
adhering to the wire. In approximately one. third of the
attempts, a crystal suitably large for the next step was
produced. A crystal having a good face was then mounted
with its wire on a goniometer and oriented using standard
back-reflection Laue X-ray techniques. Symmetry axes were
identified <as defined'by Yaqub and Cochran (1965).

A l/8" Kel-f rod to be used as the sample holder was
prepared by first boring a hole as large as possible normal
to the rod axis. After careful cleaning, it was mounted
rigidly, accurately, horizontal, and normal to, and the
proper distance above, a -horizontal track onto which the
gonisleter could be mounted. The rod holder which accom-
plished this also hii“a small horizontal channelaparallel
to the track whichbintersected the hole in the rod. The
rod and the channel were then filled with high purity gallium
melt obtained from Johnson, Matthey, & Co, Ltd, and the
melt allowed to supercool to room temperature. Upon
touching the orxiented seed to t@e supercooled melt, crys-
talization usually tock place in a few minutes and was
observable under a microscope. After crystallization the
- seed was removed with no damage to either the seed or the
crystal, and the crystal x-rayed for proper growth both before
and after cutting and melting off the channel with a warm

razor. *
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This procedure minimized both the above expected
problems by 1) yielding large single crystals, 2) minimizing
the surface damage due to cutting, and 3) minimizing strain
due to differential contraction by eliminating glue. How-
ever, this gain was at the cost of some accuracy in
alignment. Although the seed could easily be aligned to l/4°
accuracy or better, and the Kel-f rod could be aligned to a
few minutes of arc, there was no guarantee that the crystal
would propagdte and grow in a straight line. Also, the X~
raying after crystallization could only be accurate to a few

degrees at best, and, of course, it was not possible to re-

e

align a slightly mis-aligned crystal even if it was detectable.
)

The only check possible on accurate alignment, therefore,

except for gross errors, was self-consistency of the data.

1
B.l Apparatus

v At e

The low-frequency field modulation technique was

o,

used to detect the dHvA signal. In this system, the crystal

is placed inside two concentric coils aligned with axis

RSt ]

along the field direction. The outey coil is driven with an

ac signal of frequenéy w to create a small ac component h of Cé
~magnetic field, which is added to the large dc magnetic field

H. The emf induced in the inner pickup coil is then

determlneé by the time rate of change of the magnetization

vector in the crystal. If one rewr%%QS (19) as-
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M(H) = £ A_(H) sin [27( % - P2
(H) z r():—}lnITr(H v F gl
where Kr(ﬁ) is a vector amplitude of the rth frequency, and
the sum on r is over all fundamentals, harmonics, and
combinations, then one need only substitute the total field

ﬁ£ = H + h sin ot

for the dc field H, and then expand this in terms of h/H for
h<<H. It is shown in Appendix A that the result for this

configuration is
(21) M=:12
™ t r

Q:IQ:

Ki(ﬁ) ﬁ=12nw Jn(ZFFrr%E) sin (nwt + n;)

F Xl
x sin [2 q(ZX - T 4+ 07
[ ?(H Yr) X 5 1

where Jn(x) is the n*P order Bessel function of the first
kind. Thus, the signal in the pickup coils has a high
content of harmonics of the applied modulation frequency

w. One need only adjust a phase-sensitive detection system
to detect the fundamental modulation frequency w or one of
its harmonics to recover the éxpression (19), modified by ‘
_ the Bessel function.

Figure 5 shows a block diagram of the electronics
used. The 517Hz sine wave generatéd by the oscillator was
filtered, amplified, and applied to the modulation coils.
The signal detécted by/the pickup coils was then passed

through two filters to elimipate the modulation frequency



Figure

5. Block diagram of the experimental

system.
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and its third harmonic, impedancé maéched, fed through a
tuned preamp,-and applied to the input of a Princeton
Applied Researéh phase sensitive detector (PSD) driven at
the second harmonic of the modulation frequency. The
modulation current and filtered pickup signal could be
monitored on an osCilioscope. The output of the PSD was
recorded in parallel on both a strip chart recorder and
magnetic tape, the recording on the latter being alternated
with a signal proportional to the magnetic field sfrengtht
The dc field scanning rate was adjusted so that |g%] << lg%l

-

and inverse field usually increased linearly with time.

B.2 Data Analysis

Figure 6 shows a block diagram of the program logic
for processing the data tapes. Solid lines are mandatory,
while dotted blocks are optional. First, the field signal
was calibrated, inverted for a signal reading directly in
inverse Tesla (100T = 1MG), and smoothed slightly to |
correct for analog-digital conversion errors and slight
timing errors in data acquisition. The data was then cor-
rected by subtracting any background signal from the dHvA
signal, using a parébolic fitting procedure. Optional
corrections could then be applied to the data, if desired,
to allow for the Bessel function (provided only a single
dHvA .frequency was present, which was rare), the exponential

-
term, the l//ﬁ_ factor (which appears in the denominator dué



/4;igure 6. Block diagram of the data analysis
program. Solid blocks are mandatory,

while dotted blocks are optional.
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to the 1/H factor in Xr)’ the hyperbolic sing Eérm, and the
temperature variation of the amplitude in (21). (These
corrections were built into the program at thé'user's |
option because the later Fourier analysis assumed gnly a
linear combination of sinusoidal variations in l/H were
present, and any other variations with H would only_give a
false broadening of th% frequency response.) The data were
then interpolated to achieve 2N evenly spaced data points
reé:Ired for the rourier transform algoritgm , and the
original data points discarded. Typical data runs were
approximately 12 or 22 minutes long, yielding 2000 or 3500
dafa points, 'so that N = 11 or N = 12 was normal. Three
more options were now possible. First, the data could be
divided into ok (k < 3 usually) equal size blocks for purposes
of analysing the frequency amplitude vs. field. This could

be expected to show manged changes if magnetic breakdown

were present. Second, for signals having a very limited

range in field, one could pad the end of the data with an
equal number of zeros. This increased the resolution,

since it appeared to the program as if signals existéd over

a wider range of field, but the cost was decreased amplitude
of each fourier component, and a slight broading of each

peak of the spectrum, as well as a slight relative increase

in noise content. Last one could apodize what remains of

the data with a triangular window envelope function (as
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opposed to the implicit rectangular window employed
without invoking this correction) to decrease the amplitude

Y

of side bands. Side bands are created in the fourier trans- /,,f‘
form by the mere fact that one samples the dHvA sign%l
between two finite limits, rather than between infinite
limits. When this truncated signal is Fourier transformed,
therefore,one obtains not the pure Fourier transform of the
signal, but the Fourier transform of tﬂe signal convoluted
with the Fourier ?ransform pf a square wave pulse whose width
in l/H is just the difference in inverse field used in
acquiring the data. These;side bands are reduced if the
signal is made to go to zefo smoothly at both ends of the
sampling range. This last option was rarely usgd, however,
as it usually had little effect, it did not help in’
distinguishing between fundamental and non-fundamental
frequencies, and it was very difficult to decide whether a g

peak known not to be a fundamental was in fact a side band

A G e

or a combination freguency involving two frequencies of

different orders of magnitude. (The choice was immaterial

Lt WS AL

in this last ‘instance since all such were eventually

FLLY JORNEN

discarded anyway after being identified as nén—fundamental.)

e G,

Finally, the remaining data were Fourier analyzed, and a

P

histogram plotted of frequency vs. amplitude.

B.3 dHvA Frequency~Radil Inversion P

Having obtained the dHvVA frequencies as a function
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of angle, it was possible for some of the frequency branches

o
to convert the frequencies to cross-sectional areas (0.00955A 2

corresponding to 1MG) and invert these areas to obtain the
radii of the various Fermi surface pieces. The scheme used
here, following the method of Mueller (1961), was to first
expand the areas- in terms of\spherical harmonics
A(E) = a, YOAD
£m im

and simultaggously expand the square of the radius similarly

02 () =% b - - YO (E)
l»m; 2 m 2

where £ and ¢ are directions in three-dimensions. The co-

efficients a, are fit from the data by a least square
m

technique, and the problem is to find the coefficients bzm’

The two expansions are related by

— 1 — R
A(E) = z/p%(€) &(e-granle),
the delta function ensuring that ¢ and £ are perpendicular.
If ¢r, is a complete set of orthomormal functions, then

6(p) =L ¢5,(0) ¢p(p) >
L

* Choosing ¢L as the normalized Legendre polyﬁomial YL + ?EPL,

and expanding the Legendre polynomial in terms of spherical

harmonics, one obtains

Y (et Yi (E) -

Y
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Therefore:
—0_ = m =y * m T
§(e-&) 27m Em PL(O) YL (e) YL (%)
Integrating, ‘“

\ ) = mo(F
z‘}\afm Yy () = " by P01 YR ()

3
Equating coefficients,

(22) by = 85,/ TP (0) :

The restrictions on this scheme are that the surface
must be closed with a centre of inversion symmetry (since
PL(O) = 0. for L odd), and the radius vector of the surface
from the point of inversion symmetry must be single valued
in all directions. This implies that the extremal area

‘
measured in the dHVA e#periment must also be a central
cross-section. Therefore this inversion method will not be
successful if a piece of Fermi surface has a non-central
extremal cross-section.

There is one further problem with this inversion
scheme, which is, to put it bluntly, it wil; not work for
a surface a§ simple as an ell}psoid. Howevér, it caﬁ be made
to work, and the method for doing so can be seen in the

reason for its failure. Suppose one has an ellipsoid

given by
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“Xy 2 2 2
& +(x£.) +(g) =1 (a%bfc) .

”

Then the square of the radius is:

r? = B%2x?2 + n?z? + pb?

where,

™
~
]
=
|
o~
o
N

{

Converting to spherical co-ordinates and inverting, one has:

r/? = %2 [1 - B%sin?6 cos?¢ - n’cos?8)

This is exact. If it is now inverted to obtain r?, one
obtains an infinite series, which cannot be terminated by
substituting appropriate spherical harmonics for the
trigonometric functions. The only case for which this 'series
terqépates is that in which 8 = n = 0; i.e. a perfect
*sphere.” Therefore, before applying the above inversion
scheme to the data, one applies a spherical transfofm by
scaling two axes appropriateiy. This, of course, changes

all angles, radii, and cross-sectional areas. A.perfect

ellipsoidal Fermi surface would then have one term in its

spherical harmonic expansibn. Additional terms in the

&

expansion would thus indicate departure'from an ellipsoidal

surface.

Following the method of Ketterson and Windmiller
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(1970) , one transforms the ellipsoid into a sphere by

applying the transform T defined by:

x’= ax a =P
{ ‘ a
y'=vy
- b
z = Z = .
Y Y =
In compact notation, one may write T(x,y,z) = (x",vy7,27).

One ﬁay also formally write its inverse T !'(x”,y”,z”) =

. (x,y,2,), which is achieved practically by inverting a and
ti;:;;>the following development. In spherical polar co-

ordihates one would have T(r,90,¢) = (r”,07,¢”) and

T ' (r",0",67) = (r,8,¢). It is easily shown that the

relation§ between transformed afd untransformed angles and

radii are given by:

tan ¢~ = L tan ¢ -
a
(23) tan 0° = 1 [ sin?¢ + af cosz¢]hétan 8
Y X
r’2(0°,¢°) = [ sin?6 (sin?¢ + a? cos?¢) + y? cos?9]
‘ Y
x r2(6,¢)

%

p \
It is considerably more difficult (Lifsnitz and Pogorelov,
1954) to show that the transformed and untransformed areas

are related by:

(24) AT(T7'6,T7'¢) = aylsin?0 (sin?¢ + 1_ cos?¢) +
’ a

%T cos201% a10,4) .

o T e
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-spherical harmonics, al?ng with the coefficients b
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’

Note that one uses here an inverse transform for the angles,
rather than a transform. This is due to the fact that the
direction associated with a plane (the plane of the cross-
septional area) is norﬁal to that plane, so that when one
transforms co-ordinates to, say, shrink the x dimensions,

a vector pointing in the direction of the normal would be
transformed into a vector which is farther from the x axis,
whereas the direction of the normal itself would be trans-
formed to a vector closer to the x axis.

The procedure ¢ne follows, therefore, in inverting
the dHvVA frequency data to obtain Fermi surface radii is to
1) apply a transform to the data areas using (24), and an
inverse transform to the corresponding data angles using
(23); 2) use these values in a least-square fitting

procedure to find the coefficients a and convert these

gm’

area expansion coefficients to radius-squared expansion
coefficients using (22); 3) apply a transform to the

original data angles, and using these values in the
gm’
compute r°?*(8°,¢") in the transformed system; 4) finally,

2 using (23, to obtain r2.

apply an inverse transform to r”
. ot



CHAPTER IV

EXPERIMENTAL RESULTS

Data were collected for magnetingiglds in the three
principle planes of gallium. The angu{ar mesh was approx-
imately 2.8° fo; each of the three planes eﬁcept where a
mesh of'l.1° was requirea for certain frequency branches
near symmetry axes.  For each orientation selected, data
were taken for several dc field sweep ranges and speeds to
enhance various frequency branches. The lowest frequencies
encountered were generally obtained with a sweep range of
approximately 2kG to 0.35kG, although the upper limit in
some. cases was reduced to approximately 1l.4kG, or raised to
as much as 3.0kG, and the lower limit ranged between 0.25kG
and 0.46kG. The sweep speea for this range was ﬁsually set
at the maximum available f?r a l/H sweep (i.e. inverse
field being linear iﬁ‘time), and the.éSD time constant
raised sufficientl§ (typically 300mS) to ignore the residual
high frequenéy response. A typical run lasted approximately
12 minutes. For some regions of the ab plané, it ‘was
necessary to both lower the upper field limit and raise the
lower field limit, and in this case the sQeep speed had to
be reduced simply to acquire enough data on the tape.

Unfortunately this allowed more of the higher frequencies'

54
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‘to pass through the PSD time constant filter as n,jse,

necessitating a compromise.

The highest frgquencies observed were obtained with
the magnetic field in the range 56kG (the upper limit of I
our Westinghouse superconducting magnet) to approximatély
2.0kG or 3.0kG, depending upon crystal orientation, magnetic
field sweep speed, modulation field strength, and the
sensitivity of the PSD. Intermediate frequencies werce
generaligTobserved at the high field end of the lower range
or the low field end of the high range. The usual procedure
thercfore was to begin at the highest available field with
a slow l/H field swecp, with the field sweep speed adjusted
so that the data acquisition system could be cxpected to
detect the highest frequency evident on the strip chart
recorder. The PSD time constant was usually 100mS, but
occasionally was raised tOEBOOmS for exceptionally noisy
signals. The field then decreased forlﬁpproximately 22
minutes until the data storage limit of the acquisition
system and the dHvA progra& was reached. This usually
resulted in the field reaching 3 *.5kG, except for the field
near the b axis where cxceptionally high frequencies were
observed. Here the field reached only 4-4.5kG, and a second
scan was initiated as above at approximately 4.5kG. . Upon
completing these one or two scans, the field sweep speed

and the modulation field strength wereﬂédjusted to enhance
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4
the intermédiate frequencies, and the sweep resumed for
another 12 or 22 minutes. Adjusting the modulation field
strength also necessitated adjusting the dc field strength
to minimize the attenuation from the Bessel function. The
modulation field strength was usually set at approximately
16G, but was generally doubled to enhance the intermediate
frequencies. For the high and low frequencies, the
argument of the Bessel function ranged between near zero and
some value less than (for high frequencies) or slightly
greater than (for low frequencies) 5.1?2, at which point
the Bessel function has its first zero. The intermediate
fﬁequencies were dgenerally detected for the argument of
the Bessel function between the first zero and the second
(8.417) or third (11.620). Observation of these zeros
enabled us to calibrate the modulation coil. However, -
unambiguous Observation of these zeros was not as cémmon as
this might lead one to believe since it required that only
a single frequency be the dominant signal, all otheg.
frequencies beinglminimal, Usually, but not aiways, in
passing ‘through a Bessel zero of one frequency, a secondary
frequency was qqite visible; and the exact position of the
zero was not obvious. This zero would then appear to the
Fpurier analysis algorithm as a beat frequency, which would
generate a false frequency in the frgquency spectrum

histogramn.
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The data obtained is shown in Figures 7 and 8, and
is also tabulated in_AppedHix C. Pigure 7 shows the low
frequencies and Figure 8 shgws the high frequencies. For

comparison, the highest fréauency of 1.5MG on Figure 7 is

also shown on Figure 8. Frequency branches are labeled Aﬁf//ﬂ\
Bn, or Cn where n is a number from 1 to 20, 22 or 21
respectively. In general, high values of n correlate with
higher frequencies. With one exception on Figure 7 (to be
discussed later) only fundameﬁ%al frequencies are shown here,
the harmonics and combiéations, as well as those false
frequencies generated by Bessel zeros, being suppressed. In
some cases (e.g. C7 and A6 for the magnetic field near the

b axis) harmonics as high as the ninth harmonic were clearly
visible in the Fourier spectrum.

It can be seen that some branches can be traced
through all three pla;es, while others were not observed for
some orientations. These figures (7 and 8) cannot show
whether these discontinuous branches ended abruptly as a
function of angle, or merely faded. Similarly, these figures
cannot show the relative strengths of the various frequencies.
for each orientation. It is ;lso not possible to read these
figures to more than two figure accuracy. The taﬁle in
Appendix C is designed to correct thes&-problems. Every‘

observation has been listed in these tables, along with an

approximate indication of the frequency amplitude. (Some
-
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Figure 7. dHvA frequencies up to 1.5MG for the

three principle planes

of gallium.
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Figure 8. dHVA frequencies between 1.5MG and
60MG for the three principle planes

of gallium.
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observations werg, of necessity, lefit off Figures 7 and 8

and ensuing figures.) All amplitudes were normalfgéd to the
amplitude of the strongest frequency at each orientation for

each condition of field sweep range and speed and modulation -
field strength. D indicates a frequency was dominant or had

an amplitude at least 90% of that of the dominant freéuency,

S indicates a strong frequency (25%-90%), M indicates a =~
medium strength (3%—23}), and W indicates a weak signal

(less thanb3%).- The noise level varied between 0.2% and
™% of the dominant signal, depending on a variety of condi-

tions. These figures are not as unrealistically low as they

might sound since the histogram output of the analysis

plotted frequency vs. the square root of the relative signal
strength, thus enhancing the weaker signals. On a maximum

scale of 50, the demarcation lines thus occurred at 48,25, \

and 9, with the noise level being 2 Lo 5. The error limits

shown at the top of each column will be discussed later.

An entry of the table being blank does not necessarily

mean . that the frequency branch in question was not observable

at that orientation,although that is usually the case. It

could also mean that the frequency was not looked for, or ‘
that the frequency was observed but-not with sufficient
accuracy to warrant inclusion, as might occur for weak
signals buried in noise. In most cases, the correct reason

should be obvious from the context.

)
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During the course of the expo&imont it was necessary
many timgs to remove the sonple with its sample holder rod
{see Chéiter T1T A) from the Allvhy apparatus and remount it
at a later tine, thus necossitating an overlap of data for
puirroscs of calibrating the angle of rotation wich previous
data. This calibira-ion was done by matchgng the most rapidly
varying frequencies in the region of overlap. “This did not
always result in a perfect match if two frequencies wvere
both varying rapidly as a function of angle (e.g. A5 and A6

in tAe vicinity of 50° from b toward c).

As noted in Chapter III A, the only check on accurate

alignment was self-consisiency of the data. Tt can be seen
from Figurcs 7 and 8 and Appendix C that alignments were,”
reasonable bul sligutly off in some cascs, since for most
cases the data in the three planes match rcasonably well at
the symmetry axes . 7Tt will be shown that for an accuratcely
aligned crystal, Cl0 and Cll should mecet at the frcoquency at
which Bll and Bl7 cross for the magnetic field in the a
direction. By matching the measured frequencies of C10 and
Cll for the magnetic field in the nominal 3 direction to
Bll and Bl7, it can be calculated that for the ab plane’
crystal, the orientation in the nominal ; direction was
actually 2.2° toward ¢ from a. Similarly, by comparing AlO
and Cl1l2, it was calculated that foér the be plane, the

}

orientation at b was actually 0.6° toward a. No other

e .
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inconsistencies in orientation were found. By comparison,
the most recent set of gallium data (Griessen, et al, 1974)
quotes errors in orientétion of up to 3.5°.

The above orientation error was the only error occurring
which was of a correctable nature. Other errors occurring
pertainea to limits of\{fsolution or were otherwise non-
correctable. The simpies error source, of course, was the
Fourier transform resolution, which was a function of the
inverse field spanned in colI;cting data on the tape. For
the low frequencies, this resolution was approximatéiy
+0.0008MG, and for the intermediate and high freguencies it
was *0.02MG. .

Anothea’easily recognizable error source was the angular

resolution of the sample turning mechanism. This employed

a 32:1 gear reduction ratio, and the estimated accur@acy in

turning that part of the mechanism outside the magnet was

approximately #*5°, primarily due to an occasional slight
stickiness in turning. Angular resolution at the sample was
therefore #0.16°. )

One might suppose that another source of error could be
due to the method of sample preparation without glue.
Haberland, et al (1969), calculated that the linear thermal
contraction of gallium between room temperaturé and 4K is
approximately 0.5% in all directions. This is approximately

the same as the thermal contgaction of the Kel-f holder. But,

if they are not identical and the Kel-f holder contracts
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less than gallium,‘there may be some "rattle" or rotation in
the sample position, or'if the holder contracés more, there
could be some slight pressure g;tween the holder "and the
sample, sexving to hold th% crystal mére rigidly. The latter
situation is desirable, but since thermal centraction data

for Kel~f accurate at 4K was not avaiflable, this situation

could not be guaranteed. In actual fact, the relative

,contraction was immaterial since a design feature of the

holder prevented rattling and rotation if the gallium
contracted slightly more than the Kel-f. During the process
of cleaning the holder preparatory to filling it, the sharp

edges of the hole in the holder were trimmea slightly. This

-/.

trimming was not regular. Upon filling the holder with

gallium melt and allowing it to cfystallize, the gallium also

o . .
filled this trimmed volume, resulting in'a slightly larger

radius at both ends of the cylindrical sample. Then, if
o

gallium contracts slightly more than Kel-f, these irregular

- bulges would secure the sample rigidly to the holder,

‘preventing both rattle and rotation.

There are several additional possible sources-of error
when considering the field appliéd to the samblg. An inde-
pendent NMR calibration of our magnet showed that the field
in tesla ét the centre of the magnet was ;.0056 10.000? times
thg épplied véltége. But it also sgoﬁed that the field was
not completely uniform éhrouqhout the mégnet bore. It is

estimated that this could contribute a field calibration error

v ’ \
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of up to 0.02%, depending on the *exact sample position. For
the low frequencies encountered, this error is necgligible
compared to the Fourier transform resolution. However, for
the high frequencies, it could be as much as half the rourier
transform resolution., This field calibration is also
applicable only to an essentially empty magnet bore. The
sample itself will disturb this field. If there are ac
compchents added to the field one ﬁust also consider the
sample skin depth, since the ac field will not penetrate
completely. For the 517Hz ac component used here, this is
not a serious problem, but there will still not be 100%
penetration. | The field will therefore not be uniform through--
out the sample. “This non-uniformity leads to a slight

bro dening of each écak 5f the Fourier transform, but it

does not o§herwis¢ alteq the Fourier transform. In particular,
the positions of the peéks are not changed; There is,
howevcr,”aﬁofher'éource of error wﬁich does shift\thpse
peaks, and’ that is tpe fact that inside the metal“the field
one should use is B = 1 + 4M, rather than H. As stated
prgviously, this does not change,t?e dHvA freqﬁencies, since
those are a property of the metal, but it does change the
field calibration, fhis calibration change must then shift
the positions of the Fourier spectrum peaks. Since this
problem is expected to be morc serious at higher fields, the
field calibration must become field dependent. If the

problem is oﬂcurring, the proof one observes is an enhance-
~

a
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ment 05 the harmonic and combination frequencies. Although
such frequencies were observed in the low field, low frequency
scans, they were not significant, but they were significant
when investigating the high and intermediate frequencies.

It is“%herefore estiﬁated that one must take this feat;re into
account for frequencies above approfimately 1 - 1.5MG,

where it could result in an error of a significant fraction

A

of 1%. T%is being the largest error, error limits of the

high anéyintermediate freqdencies are therefore estimated at
approximétg}y £0.1MG and *0,06MG respectively,'and the error
limits of the faw frequencies are set at the Fourier trans-
form resolution of +0.0008MG.

‘¢he lowest frequencies also have another problem
peculiar to‘them; and that is the fact thathghere are very
few Landau levels contained in the pieces causing these
frequencies. As an example, C7 and A6 at 0.335MG for ﬁlg
herevobéerved for fidlds below 20kG, which gives n = F/H
i.l7.’/Furthe;,the Al-3 and Bl-3 complex near ¢ was observed
for féelds below approximately-15kG, which gives n ; 13.
Clearly, this is far too low to make the single-term expan-
‘sion in equation (15) valid, and one must thefefore include
higher terms. However, it has been shown that including
suqh terms does not change the frequeﬁciesMinvolved, but
merely changes the amplitdde of that frequency. This

problem of few Landau levels will therefore not contribute

to the quoted errors in determining the frequencies, since

[
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one need not use B (which includes the amplitude of M) in

place of H for these low frequencies. !
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CHAPTER V

DISCUSSION

A. Introduction

.

In discussing and interpreting the results of the

previous section, several avenues of approach must be taken.

First, it is shown in Appehdix B that for ellipsoidal Fermi
surfaces, inverse frequency squared is linear in cos? 6. |
Since Reed's model predicts several el&ipsoidal surfaces, .
this type of analysis (henceforth termed a 1/f2 plot) must
be done for most frequencies to determine which might be'.¢
generated by ellipsoidal surfaces. Also, since the l/fl
plots séVergly distort the positions of the data points

shown in Fiqgures 7 and 8, they can also serve to identify

which data points belong to which branch in frequency. regions

such as 20MG for the magnetic field near b or 0.2MGQ§Br the
field neax 8.

Second, one can compare the predicted frequencies
of the model witﬁ those found in this study. Since the
predicted frequencies are only given for the field along
symmetry directions, one must then consider how they should
changé for-the field in a non-symmetry direction. If this

behaviout® is found experimentally, then these frequency

" branches can be considered to be identified. Included in

such considerations, of course, would be the fact that

Sk T s e Tl -,
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frequengies generatéd by such pieces as the monster arms
and legs will not exist for all orientations of the magnetic
field. For those frequencies generated by Fermi surface
pieces having inversion symmetry ééd only central extremal
orbits, one can invert the frequency data to obtain Fermi .
surface radii as explained in section IV B.3.

ﬁsing the above procedﬁré, most frequency branches
would be identified if Reed's model is correct. Frequency
brancheshremaining to be identified might then be explained
by unexpected extremal areas on the monster and/or the
ellipsoid-butterfly combination, or by magnetic breakdown.
Frequency assignments made by any of the above means are
listed in Table 3 at the end of this chap£er, and each will
be discussed in detéil in later sectiéns of this chapter.

All of the above analysiS\ﬁép_be based primarily
upon the values of the frequencies vs. magnetic‘field
orientation, with a small consideration given to frequency
amplitudes in those cases wﬂere a frequency branch fades or
otherwise disappears as a function of éngle. Independent of
these considerations one may also obtain g slight amount
of information concerning effective masges if one finds a

frequency branch disappearing at isolated angles due to

spin zeroing.

B. Continuous Low Fregquencies I

We begin therefore with a consideration of the low
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frequency branches shown in Figure 7. The data presented:
herc is more extensive and morc precise than that of
Griesscen, et al (J974), and both scts of data are certainly
far nore oxtensjbo than that of Goy, et al (1967), Goldstein
and Foner (1966), or Condon (1964). 1In those regions that
the data can be cempared, there is good gqualitative agree-
ment, although quantitative agreement is difficult without
tabulated values. The interprectation of several fréquoncy
branches in these Qrcvious works is, however, unfounded,
although the cause in most cases can be traced to a lack of
sufficient data. It should be noted that the experimental
£echniqucs cmployed by the several researchers were different.
The present study uses the dlvA effcct aided by digital
acquisition and computcr processing of the data using stan-
dard Fourier analysis methods. Condon employed torsion
methods. Goldstein and Foner used the dHVA gffcct, but did
not have access to the present sophisticated techniques;
in view of the‘present data, this hand analysis was
remarkably good. Goy, et al, observed magnetothermal

osciilhtions, and Greissen, et al, 'investigated uniaxial
stress dependence. , ‘

Figure 9 shows a l/f2 plot for A6, B6, and C7. This

' shows™ that the small closed pieces of surface ygenerating these
branches is 'very nearly an ellipsoid but does have marked

deviations. Reed's model predicts that 6h at T should

generaté frequencies of 0.52MG, 0.346MG, and 1.26MG for the

>



Figure 9. l/f? plot for A6-B6-C?, attributed

to the sixth-band hole surfacg at

e
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magnetic ﬁ%sld along a, b, and c respectively. This study
shows that the correct frequencies are 0.507MG,0.335MG, and
1:363MG respectively, the later t&a\gg}ng slightly lower
than Griesseh's values of 0.352MG and 1.38MG; The deviations
from ellipticity noted in Figure 9 ‘then correspond to a
significant compression near the bc plane, and a smaller
bulge near the ab plane. These qualitative es%imafes are
borne out by the results of the expansion and inversion
scheme. Table 2 gives the expansion coefficients of a 21

37

term sgherical harmonic least squares approximation to the

~data of A6-B6-C7. The spherical harmonics chosen were those

/

ng of even 2 and even m up to £ = 10. One should not be mis-
led by tﬁe small order of magnitude of séme of these co-
efficdients since ng may be compensaéingiy large for large ¢
and m. Neither should one discount the validity of the
expansion merely on the basis that 21 terms were required,
since this is not an unreasonably high number of terms; 37
term and 91 term expansions are not unknéwn (Aurbach, et al,
1970). Figure 10 shows the spherical harmonic expansioﬂ for
A6-B6-C7 superimposed on the data, showing quite a good fit.
The algorithm employed did not allow for calculating the
error limits of the coefficients. However, several of the
worst fit data points, both for this set of data and for
/;hose following, were discarded for purposes of estimating.

the error. The resulting change in the coefficients occurred

in the third to the eighth decimal, depending upbn the co-
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! 4
TABLE 2
o
Spherical Harmonic Expansion Paramdters
t .

Branches A6-B6-C7 A4-A7-B4-C9-C9” A3-B3{ Cl0-A8-Bll
Identi~ . 6h at T 7e between arms Sh at X 8e at L
fication

o 1.5185 4.8037 0.9481 0.5419

Y 3.8619 0.8115 0.2517 0.1783
2 m

0 0 1.95086x1072% 1.73453x10™% 2.01054x10~° 2.02254x1072
2 0 1.68205x10"5-4.98339x10~° 1.68100x10-% 11.97853x10"

2 -3.17690x107°% 2,87132x10~% 2.49815x10-° -5.86381x107¢
4 0 4.18062x10”" 8.43011x10™" 8.88164x10”7 9.76349x10~"

2 -1.55832x10"5—9.fb952x10“5 -4.76767x10"7 ~2.56315x10"°%

"4 -7.32247x107° 2.41478x10-° 1.74823x10"7 2.00930x107°-

6 0 -3.16259x107° 1.29941x107° -3.22921x10°°
"2 -3.43013x107° 2.04641x10°° -8.35384x10"°

4 4.25667x10"°% 2.97567x10~-? 3.15219x1077

6 -4.70548x107°-2,63319x10~° -5.10622x107°

8 0 -1.71998x10™"  -1.30097x10""
2 -8.31384x10"°¢ 3.34423x10°°

4 4.16217x107° 4.04257x10"°

6 1.53035x10"° : ‘ ~1.60905x10"

8 ~1.03005x10" " ’ 1.15328x10_1°

<
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‘m
0 1
2 2
4 1
6 -8
g -2
10 -~5.

.36895%x10

.31375x10"

6h at T

.02415x10~"
.14588x10 ¢

.39865x10"°

10

12

31151x1071°

TABLE

2 (cont.)

73

8e at L

1.82065x10""
1.96883x107°
~1.14427x10"°
7.32545x1071°
-2.12752x10~ 11

2.30105x10"13
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Figure 10. Spherical harmonic expansion of
several frequency branches. Points
shown are the data of Figure 7 and
Appendix, C. The solid lines shown
are a least—squafé”ﬁgﬁerical
.harmonic exg;ng{Siwfit to these data
points using the pa}ameters shown
in Table 2: The dotted line shown
is the second harmonic of one of

these lines.
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efficicent, but in no case was Fiqure 10 (or Figures 11 or 12)
visibly altered. Also, in an effort to find out if all of
the coefficients listed in Table 2 were necessary, some of
the smallest were afﬁitrar}ly zeroed and the rms crror
recomputed, using the remaining coefficients. In every case,
zeroing only two or thrce terms made~a significant change in

the rms e¢rror,

Figure 11 ghows the results éf the inversion scheme
for 6h at T. The'dotted line shows the radius in the three
principle planes of the gzgmsformed system (see Chapter IV
B.3), the solid line shows the radius in the untransformed
system, and the dashed line shows the percentage deviation
of the radius from that of the closest fitting ellipsoid.
(The later is on a highly expanded scale.) The closest
fitting ellipsoid was defined as the surface obtained using
only the first term of the expansion. Figure 12 shows cross-
sectional plots of the radius iﬁ the three principle planes.
Both Figure 11 and Figure 12 shgw a compression in the g
direction and a bulge in the 5 direction. The latter could

be interpreted as a compression near the a direction in the

ac plane, but in view of Figure 9 this is not considered a

reasonable interpretation. Also, all data was collected 'in

the three principle planes. Inversion schemes of this type

work best for a set of data at random,but accurately known,
’ 13 1’ . * ’ [3 [

directions encompassing one entire irreducible zone of the

surface. Clearly the present data does not satisfy this
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Figure 11. Radius and ellipsoidal deviation for
6h at T in the three principle planes
of gallium., ,Sce the text for an

2 , .
expdanation of the lines.




SNICVY GQI0SJITI3 HONdd NOIVIAZD %
[e) ’ o~ <

L
R

L R
Bt LY T
g

60

DIRECTION

o

-~
PR
-
smmnn
P

i
7] w0 < " o~

© {,Y .00 sniovy

.

76

3



Figure 12. Cross-sectional areas of 6h at T in
‘the three principle planes of
gallium, as calculated for Figure

o
11. The scale is in A~
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condition, and this leads to inherent instabilites in
calculating the spherical harmonic expansion coefficients.

© It was found that for this surface, it was not possible to
fit qsre than the first 6 terms\(all terms up to and
including £ = 4) of the expansion withéut encountering
negative' square radii and/or unreasonably large expansion
coefficients. Therefore, it was decided to fit the data to
the first 6 spherical harmonics, and use the remaining 15
terms to reduce the rms error given by the first 6 terms.
Here again, an instability was encountered, as it was not
possible to include the 2 = 12 terms for similar reasons,
Therefore, because of the above problems, exact details of
Fermi surface shape at non-symmetry directions arising from
this study cannot be beliéved in their entirety. 1In this
particular case there is also “he fact that 6h at T &og;
not have inversion stmeéry,deVen though it does have two
mirror planes, and the model shows this piece to be nearly
symmetric in the third plane. It is valid, however, to
believe general trends in the inversion, and it is also
possible to be reasonably certain of:Fermi gsurface radii near .
symmetry directions. As evidence  of this, the rf size
effect data of Haberland,et al, yield extremal’dimensions
of approximately 0.'0221"8"1 and 0.072A"! for the & and b
directions, whereas Reed's model yields extremal dimensions

of 0.021A°%, 0.078A"', and 0.049A ! for the ¢, b, and a

-] ]
directions. The present study gives 0.0205A-!, 0.0722A°1,
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and 0.0522 {3~ respectively.

‘ Figure 13 shows a 1/g2 plot for C8, AS, and B5. The
small closed surface generating these branches is again basically
ellipsoidal, but there are much more significant deviations
then for 6h at T. A5 shows that an ellipsoidal approximation
to this surface would have its maximal cross-se?tional area
for H approximately 10° toward ¢ from b, since that is the
approximate intercept of A5 at 1/f2 = 0. C8 does not show
a similar deviation from gsymmetry in the ab plane, whereas B5
shows that the piece has a reasonably uniform cross-sectional
area for any plane containing the b axis. This would requ;re
" a shape which could be described as a nearly circular \
pancake whose diameter in the a direction is pinned to a
plane normal to ﬁ, but wﬁoge eéges in the 2 direction have
been curved off this pilane in the same‘direction approxi-
mately 10° toward b. Tﬁls is approximately the shape
required for t@e 7e near T saucer of Reed’s model, for
which dHVA frequencies of 0.704 MG, 6.65 MG, and 0.843 MG
.would be predicted for the field in the ;, B, and 8
directions respectively. This study gives 0.890 MG, 6.94 MG,
and 0.791 MG respectively. This pigce'is thus considerably
wider in the ¢ direction and s;ightly narrower in the a
direction than the model predicts, wﬁth the radius in the -
¢ direction being gréater than that #n the a direction
rather than vice-versa. Since this ﬁiece is not expected

to have, and in fact does not have, inversion symmetry, the

data inversion scheme used here is not applicable. It



i
Pigure 13. l/f2 plot for A5-B5-C8, attributed
to the seventh~band electron surface

near T.

s
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should be noted here that this study is the first in which
the C8 and A5 branches have been reported in their entirety.
Golstein and Foner (1966) and also Goy, et al, (1967), traégd
these branches up to approximately 2.3MG, whereas Griessen,
et al (1974) reported frequencies up to 1.4MG. In all
fairness, however, .signals above approximately 2.5MG were

quite weak in comparison to lower frequencies.

C. Continuous Low Frequencies II

The above two surfaces are the only two closed
surfaces obviously evident from the data in Figure 7.
However, thefe are two more which ﬁave not previously been
identified. The fir;t ariges from the branches €97, C9,
A7, A4, and B4. B4 and a small part of A4 have been observed
only once previously (by Griessen, et al), but weée
attributed incorrectly to the monster arms. C9 and A7 near
the b axis have also been observed previously by Goldstein
and Foner énd also by Goy, et al. Neither made any claim
ag to their origin, but Griessen, et al, claimed they were
actually harmonics of C7 and A6. This interpretation is
also incorrect for two reasons. First, the second harmonics
of C7 and A6 inte;ge:; at b at a frequency of 0.670MG, which
is considerably lower than C9 and A7 at approximately 0.713MG,
and well outside experimental error even if one tries to
read the numbers off of Goldstein and Foner's figures 1 and

4

2 or Goy's figure 1. Second, if one cdarefully examines the
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data shown by these previous researchers, one notes that
the frequencics in question decrcase as one rotates the
field from b toward 3, whereas the second harmonic of A6
must’ incrcasc. 1In fact, for the field 30° from b toward é,
which ig the approximate linit of the previous data; A7 hay
decreascd to approxzimately 0.65MC, while the sccond harmonic
of A6 has incrcased to approximately 0.78MG.

‘The following interpretation is thercfore presented.
For the A and C 'branches we¢ are dealing primarily with weak
signals, bhut siénals definitely above the noise level,
However, the fact of weakness is evident in the l/f’ plot
of Figure 14. A7 is the second harmonic of A4 and has becen
halved before plotting. Since C9 and A7 interdect the b axis
at approximately the same frequency, C9 is also identified
as a second harmonic. The fundamental frcquenciés of C9
and of A7 near the b axis were not observed. This will be of

gignificance later. The important point to note now is

that C9”, C9, and B4 indicate ellipsoidal tendencies, where-

as A4 and A7 show that this ellipsoid must be reasonably
flat and thin in the bc plane, although it deviates from
ellipsoidal shape here. The extrapolation of C9 and B4 to
the a axis also indicate approximatcly the same value for
l/fz, although one cannot predict a value for the frequency
with any high degree of accuracy due to the errors involved.
Thig piece is therefore matched to the seventh-band electron

surface between the monster arms in Reed's model.
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Figure 14,

1/£2 plot for AA-A7-B4-C9-C9”~,
attributed to the seventh-band
electron surface bhetwecen the

mongter arms.
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The predictions of the nmodel for this picce are not
good, primarily due to the fact that this picce is extremely
sensitive to the exact Fermi level. Reed's calculations
used a Fermi level of 0.713Ry; reducing this to 0.710RY caused
this piece to disappear. Therefore, local potential
variations such as were used to generate 6h at T could easily
be u;ed to médify this piece slightly without appreciably
affecting other parts of the model. Frequencies of SMG,
0.705MG, and 0.468MG are predié%od for this piece for the
field in the 3, 5, and ¢ diréc;ions respectively. This
study indicates frequencies of 0.356MG and 0.287MG for the
b and ¢ directions, and no dataqis available for the a
direction. In an attempt to extrapolate the data to the a
axis, the inversion process was applied to this daga,
ignoring the fact that this piece does not have the proper
symmetry. Instabilities in the spherical harmonic expansion
were again encountered, only 6 terms being possible, with
an additional 4 (up to order £ = 6) to reduce the rms error.
The coefficients of the expansion are shown in Table 2, and
the fitting is shown in Figure 10. The dashed 1line for C9
and A7 is the calculated second harmonic of the frequencies
calculated for C9° and A4. These calculations indicate a
frequency for ﬁﬂ; of approximately 4MG,’although since no
data exists for this piece for fields within 25° of 5, one

would have to assign an error limit of at least #1MG to this

figure. The radii resulting from this inversion are shown
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in Figures 15 and 16, The meanings of the various curves
for Figure 15 are the same as those for Figqure 11. Here
again, it is not valid to belicve cvery small detail, but
one can say that this is an extremely flat picce, possibly
with some surfacc wiggles. Also, it is to ;e expected that
this piece should parallel the shape of the monster arws,
since it lies between them, <o that the drawing in the ac
plane, and pos$sibly in the ab plane as well, should show a
slight saucer shape similar to 7e near I', rather than the
flat shape shown here. Such a saucer shape would also
decrease the expected frequency at a in the same manner as
A5 behaves near b (sce Figure 8). The radii predicted from
this inversion are approximately 0.008A=", 0.106%“’, and
0.120110\'x in the 3, 6, and ¢ directions respectively. T%ese
can be compared to the model radii of 0.033A" , 0. 123;’:{'l
and 0.1_>1A“1 in the a, B, and c directions reénectlvely, and,)
the calculated space/ayailable between the monster arms,
which has radii in‘the b and ¢ directions of 0.1283-! and
0.1g4A~! respectifely.

The fina piece of Férmi surface which can be
termed closed with any reasonable certitude based on the
data of Figure 7 arises from A3 and B3. These two branches,
in conjunction with Al, A2, Bl, and B2, haye also been
observed before, bul not with sufficient accuracy, and
have not yet been interpreted correctly. Goldstein and

Faner observed all six branches, although it was over a

3



Figure 15. “adius and ellipso :al deviation for
7e between ar. in the three

principle planes of gallium.
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Figure 16. Cross-sectional areas of 7e between
arms in the three principle planes
"of gallium, as calculated for

Q
Figure 15. The scale is in A~!.



-

87

PO TP O SRR S TLe T N



N -

L e e A - W e

o —————

88

more limited angular range and their resolution was not
sufficient to distinguish more than two branches at any one
position. They were not able to distinguish between B2 and

B3 or between A2 and A3 for magnetic fields more than about
35° from 2, and a careful analysis of their data corresponding
to Al and A2 (their sheet II{E) will reveal that they observed
Al for fields more than 15° from ¢ and they observed A2 for
fields less than 15° from 6, mistakenly taking these as the
same branch due to lack of resolution. This explains their
statement that near ¢ their'frequeﬁcies may be slightly in
error due to the presence of a weak third signal which\they
could see but could not measure. A similar analysis explains
their high values for data corressznding to Bl and B2 near

c. They made no claim as to the origin of these frequencies.
Goy, et al, also observed these frequencies and encountered
the same resolution problem, with the same result. Griessen,
et al, were the first to accurately distinguish all three
branches at one position, but they did not observe B2, and
observed A2 only for a limited range centred approximately

20° from c. They then attributed A2 to magnetic breakdown

)

fifth- and sixth-band hole ellipsoids at X in Reed's model.

between Al and A3, and assigned the latter two branches to

This is almost correct except for the fact that Reed's
model does not support a sixth-band hole ellipsoid at X,
and in view of the continuous nature of the present data,

an explanation requiring magnetic breakdown is not very



. e g

e e A ——

89

likely.

A more reasonable explanation is obtainable as
follows. The l/f2 plots for the six branches Al-é*and Bl-~
3 are shown in Figures 17 and 18. Notice that A3 and B3
when plotted in this manner form almosz perfect straight
lines, within experimental error. Also, the data extends
from ¢ nearly 80° toward a and b, where the signal finally
faded. TIf one extrapolates the data the last 10°, using these
two figures, one arrives at nearly the same frequency. It
is therefore reasonable to suppose that A3 and B3 arise from
a small nearly ellipsoidal piece of Fermi surface with two
nearly equal axes in the a and b directions and one longer
axis in the ¢ direction. Only one piece of Reed's model
fitsythis difcription, and that is the fifth-band hole ellip-
soiddl surface at X, as surmised by Griessen, et al. But only
A3'and B3, not the other four branches, are assigned to
this piece. $ince X has the proper symmetry properties, the
inversion alogorithm was applied to this data. Due to a

complete lack of data in the third plane, it was possible

t

to fit only three terms in the spherical harmonic expansion,
with an additional three (up to order £ = 4) for reducing
the rms error. The fitting parameters are shown in Table 2,
and the fit is shown in Pigure 10. This shows that the dHvA
frequencies for the field along 3, g, and 3 are expected to

be 0.849MG, 0.8B5MG, and 0.223MG respectively. The radii



Figure 17.

1/¢ ® plot for Bl, B2, and B3. The
first two branches are attributed
to the monster arms, and the last
branch is attributed to the fifth-

band hole surface at X.
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“Rigure 18.

l/f2 plot for Al, A2, and A3. The
first two branches are attributed
to the monster arms, and the last
branch is attributed to the fifth-

band hole surface at X.
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and ellipsoidal deviation are shown in Figures 19 and 20.
The right-hand scale of FPigure 19 is extremely expanded, so
that this piece is more ellipsoidal than would appear from
Figure 19, as shown in Figure 20. It is roughly circula£
in the ab plane, with a radius of 0.026A"', and has a radius
in the ¢ direction o% O.lOX“’, whereas Reed's model predicts
0.072-1for the latter. This 30% error is probably due to
the fact th;;\%?rly very limited data by Condon appeared to
show an extremély small frequency which was thought to be

4

géheratéh by this piece pf surface, so that this ellipgoid

in Reed's model was thought to be an o;g;;7>f magnitude too
large if it was in error 3ﬁ/all. It now appears that this

piece is, in fact, larger than calculated.

It is also reasonable that no data was 5g;erved for
this piece in the ab plane, since all extremal orbits
measured for this piece in this plane must intersect the
¢ axis of this piece, which is the crystallographic line
XRL. If spin-orbit splitting were added to—Regd's model,
the degeneracies existing on the hexagonal face would not be
lifted along this line (Koster, 1962). Therefore, if an
electron were traversing one of these extremal orbits, then
upon reaching the line XRL it would be very likely to cross

over to the monster, which must decrease the signal, since

only complete traversals of the orbit are measured.
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* Figure -19. Radius and ellipsoidal deviation for

5h at X in the three principle planes

2 of gallium.
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FPigure 20. Cross-sectional areas of 5h at X in
the three principle planes of
gallium, as calculated for Figure

19. The scale is in A-'.
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D. Discontinuous Low Frequencics

There still remains the problem of the origin of
Al, A2, Bl, and B2. Figures 17 and 18 clearly show that
these are not due to ellipsoids. The only other knecwn parts
of the Fermi surface with approximately the same cross-
sectional arca as 5h at X for ﬁle, and for which the cross-
section should increasc if the field were rotated away from
the c axis,are the monster arms. Figures 2]l and 22 show
two detailed views of this region, the first being a view
from the b direction, and the second from the a direction.
In Figure 21, if the magnetic field is rotated away from ¢
(horizontal) toward a (vertical), then the exgzomal Cross-
sections of the two arms in the plane normal to the field
will not be the same because these arms are no longer
equivalent. The cross-section a of the upper arm (suitably
adjusted for an extremum) will be greater than the cross-
section 8 of the lower arm, which implies a higher dHvA
frequency for a as compared to 8. If the.field is rotated
farther in the same direction, then thé resulting cross-
section o will eventually not be possible due to the inter-
ferenée of the rest of the monster, whereaé the cross-
section B will still exist. It is estimated that the limiting
angles for a and B are approximately 55° and 80° respectively.
Similarly, Figure 22 shows that if the field is rotated from

¢ (horizontal) toward b (vertical) the two arms are again

non-cquivalent, resulting in the cross-section y of the lower



Figure 21.

View of the gallium Fermi surface
from the b d.rection. The small,
surfaces at N and T have been

deleted for clarity.
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Figure 22. View of the gallium Fermi surface

from the a direction. The small
surfaces at N have been deleted

for clarity,
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being larger than the cross-section § of the upper arm,
with y disappearing at approximately 55° from ¢, whereas 6
persists to approximately 75° from c. Figure 17 shows that
B2 disappears at approximately 54° from ¢ toward a and Bl
disappears approximately 77° from ¢ toward a. Figure 18
shows that Al disappears at approximately 79° from ¢ toward a
and A2 exists only up to approximately 50° from ¢ toward b.

Thus Al, A2, Bl, and B2 behave almost exactly as one would

expect if these branches originated in the monster arms. Only

one point detracts from this assignment, and that is that
Reed's model predicts a frequency of 0.37MG for the monster
arms with ﬁl;, which is considerably-larger than observed.
We consider now branches C6 and B10, which are
branches having minima for the field along the a direction,
increasing as the field rotates‘ghgy from 3, and eventually
disappearing. Griessen, et al, suggested that these
branches might be assigned to orbits around the monster
legs in the plane k, = 0, but rejected the idea on the
basis of the sensitivity of these parts to the Fermi energy,
preferring instead to assign these o6rbits to the frequency
branches Cl1 and B7, which are also quite sensitive. Since
this study did not observe Cl and B7 over a sufficient
angular range, no claim is made as to their origin.
However, this study does support Griessen's original
hypothesis of assigning C6 and Bl0 to the ménster leg

orbits for the following reasons. First, it has been
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shown that the seventh-band electron surface between the
monster arms is slightly smaller than Reed's expoctations,
which implies that the Fermi level is, if anything, slightly
lower than calculated. If this is true, than the ﬁolo
surfaces should be slightlv larger, making it more likely
that the monster leg is larger than calculated, if it is to
be greatlx different at all, than that the leg is a factor
of 4 smaller than calculated, as Griessen's second hypothesis
would require. Actually, Reed's model predicts a frequency
of 0.45MG for an orbit around the leg in the plane kX = 0,
whereas C6 and B1l0 give a frequency of 0.419MG for ﬁﬁ;.
This alone is almost sufficient reason to confirm the assign-
ment. However, the second reason for supporting the assign-
ment concerns the angular range of the data, which shows
that C6 disappears for the field more than 36° from a toward
8, and Bl0 disappears for the field more than 16° from ;
toward 2. On Figure 21, if one draws a line from the centre
of the figure to a point near the top of the mons&er leg,
the angle between this iine and' the ¢ axis 1s approximately
18°. 1If one draws a similar line on Pigure 23, a view of
the Fermi surface from the c direction, one obtains ar angle
of approximately 4C°. These are close enough to the data to
confirm the assignment.

The final set of low frequencies to be discussed are
C2-5, B8, and B9. The latter two have been observed by Goy,

QENFI’ and Griessen, et al, have observed this entire set
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Figure 23.

View of the gallium Fermi surface
from the ¢ direction. The small
surfaces at N and T, ard the seventh-
L3

band electron surface near TI', have

been deleted for clarity.
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of branches. It should be noted here that C2 and C3, and
also C4 and C5, would be i1dentical if the orientation error
described in section IV had not occurred. For that reason
Griecssen, ¢t al, obscrved only two branches here. Therefore,
thc fact of the orientation error in the present study row
becomes a usceful feature rather than a hinderance, for 1t
shows the sensitivity of the pieces generating these
branches to small orientation errors, and it proves that
therce 1s actually a degeneracy for the field in this planc.
These branches have been attributed to the seventh-band
electron butterfly surface at N for which Reed predicts a

frequency of 0.22MG for the field in the a dircection. He

-

.also predicts the same frequency at this orientaticn for

the eighth-band clectron ellipsoid inside the butterfly at
N. This ellipsoid-butterfly combination is not oriented
with symmetry axes parallel to the crystal axes, so that
extremal frequencies are not expected for the field along
symmetry directions. This-is clearly shown in Figure 7, but
it is not obvious whether the branches shown belong to the
butterfly or the ellipsoid. Figures 24 and 25 show 1yg2
plots for these branches. B9, C4, and C5 werefreflected
across a before plotting, and all angles'were shifted by an
angle'Oo, which is thehangle at which the appropriate curve
shows a minimum. These angles 6, were least—squére fitted
for each curve. As can be scen, when plotted this way the

data form a nearly perfect straight line in all cases,



Figure 24. l/f2 plot for B8 and B9, attrabuted
to the electron pieces at N. The

shift angle was 8, = 58.6°.



26

22F

20

| | ]

07 08
cos? (6-8,)

coT



e

e

B R LT S

Figure 25.

l/f2 plots for C2-5, attributed to
the electron pieces at N. The shift-
angle was 6_ = 23.9° for C2 and C4,

and 6, = 24.9° for C3 and C5.
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within experimental error. This suggests that the piece

is oriented approximately 31° from ; toward 3 and 249 or

25° from ; toward g, and that the piece is ellipsoidal in
shape. However, it does not pfove the latter hypothesis

since it will be seen that even a butterfly piece could
produce such straight lines over a small angular range in

a 1/f2 plot. In fact, there is evidence that the piece is

not ellipsoidal, since if Figures 24 and 25 are extra-

polated to 8 = 0° for Figure 24 and 6 = 90° for Figure 25, the
extrapolated value of l/f2 js -2.739 for B8 and B9, 1.291 for
C2 and C4, and -0.554 for C3 and C5. The two negative values
are, of course, physically impossible. One may argue that

due to the misalignment only the average of the two lines
shown in Figure 25 should be used, which would give a value

of 1/f2 = 0.737 for the C2-5 complex, but that does not explain
the negative value for B8 and B9. More experimental data will

be needed before these branches can be satisfactorily explained.

E. High Frequencies:Predictions

We turn now to a consideration of the high frequencies
shown in Figure 8. Few of these bave been seen before, and
many of those were seen with insufficiént angular resolution,
making identification impossible. Only Cl12, A9-11, and Bl2-
15 can be said to have been seen previously with any degree
of accuracy, and that was done by Goldsteiq and Foner. How-

ever, a comparison of data between their results and the
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present study, in terms of both angular extent and frequencies
observed, is in most cases meaningless due to the far
greater scope of the present data.

It is immediately obvious from Figure 8 that these
high frequencies are extremely complex. Reed's high
frequency predictions are therefore presented first before
considering the data. It will be instructive to refer to
Figure 4, a drawing of the gallium Fermi surface, throughout
this section. These high frequencies are due primarily to
the ellipsoid-butterfly combination at L, but some are also
due to the monster surface. Beginning with the field in
the ; direction, the model predicts that the ellipsoid should
have a maximum cross-sectional area in the hexagonal face of
the Brillouin zone corresponding to a frequency of 12.p5MG.
The orbit causing this frequency will also be a minimal orbit
for the butterfly,since the two pieces are degenerate in this
face of the zone (without spin orbit interaction). If the
field is rotated away from the a direction, this degeneraq&
in orbits is lifted, and the frequency should split into
two branches. The maximum area of the butterfly for ﬁ"g
occurs for a non-central orbit near the plane ky = Wka and
corresponds to a frequency of 22.2MG. There is also the
possibility of extremal orbits encircling the monster just
above the monster arms and below the bulge in the sides of
the monster. No frequency is given for these orbits, but if

they exist, they would be several times larger than this

N
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non-central orbit.

For ﬁ"ﬁ the model predicts several frequencies.
First, it predicts a central maximum orbit for the ellip-
soid with a frequency of 20.9MG. It also predicts a central
minimum orbit for the butterfly with a frequency of 35.9MG,
and a central orbit composed of half of each of the above
orbits with a frequency of 28.4MG. This orbit is due to
magnetic breakdown between the seventh- and eighth-band
pieces in the hexagonal face of the zone. There is also a
non-central maximum orbit on the butterfly near k, = ekp
with a frequency of 42.6MG. Since the ellipsoid should have
a radius of slightly more than'5iekb in the g direction, there
is also the possibility of magnetic breakdown from this non-
central orbit on the butterfly to a non-extremal orbit on
the ellipsoid, resulting in a frequency of 21.5MG. How-
ever, this maénetic breakdown orbit.in itself is neithe; a
maximum nor a minimum orbit, since the maximum orbit is a
central orbit with the frequency given above as 28.4MG, and
this two-winged butterfly, as it is called (see section H of
this chapter), does not support a minimum orbit normal to g.
This orbit genérates a dHvA frequency solely because most of
it is due to a maximum orbit which has been broken into twé
pieces due to magnetic breakdown. |

On the monster, there are two belly oFbits possible
in the plane ky, = 0 for Alb. The first eJEOmpasses two

back-to~back monsters joined at X and has a frequency of
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52MG. The second is due to magnetic brecakdown between the
monster and the 5h at X piece on the hexagonal face of the
zone and has a frequency of 26.4MG. This orbit enconpasses
one monster and the small ellipsoid at X. Neither of these
two belly orbits will exist if the field is not within a
small angle of b since both depend upon the existance of the
small junction between the monsters at X,and both orbits
must traverse the backbone of the monster.

For ﬁ”é the model predicts frequencies of 3.94MG for
the ellipsoid, 21.8MG due to a four-winged bdtterfly orbit
on the seventh-band electron surface, and 12,.7MG for a two-
winged butterfly orbit composed of half of each of the above
orbits and due to magnetic brecakdown at the hexagonal face
of the zone. There is also one non-central maximum monster
orbit near k, = i%kc having a frequency of 11.2MG, a central
monstexr orbit at kz = 0 due to magnetic breakdown between the
monster and the 5h at X ellipsoid with a frequency of 10.9MG,
and a central double monster orbit at k, = 0 encompassing
two back-to-back monsters with a frequency of 21.8MG. This
last orbit is expected to have the same frequency as the four-
winged butterfly orbit. Reed also mentions the fact that
there may be magnetic breakdown between the monster and the
7e near T pieces which gives open orbits in the kx direction
in the plane kz = 0. This open orbit traverses the out-
side of a pair of back-to-back monsters and the inside of the

electron pieces. If this is true, then the same magnetic

«
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breakdown could give a maximum central closed orbit inside
the monster surface and outside the electron pieces. From
drawings supplied by Reed, we calculatevthat the frequency
due to this orbit should be approximately the same as that

due to the double monster orbit, or 21.8MG.

F. High Frequencies- 8e at L

Returning to the data of Figure 8, there are only
two frequency branches, besides C8-A5-B5 previously discussed
with the low frequgncies, which can be traced through all
three planes. These are Cl0-A8-Bll and C12-Al10-Bl4. The
latter has been seen before in its entirety, but the former
is new. Figure 26 shows the l/fz plots for these new
branches. The scale for this figure has been expanded by a
factor of 10 for Cl0. In two planes this piece can be fit-
ted to an ellipsoid quite well, although A8 shows deviations
for the field near the c axis and Bll shows deviations for
fl near both a and ¢. The ab plane (Cl0) definitely does not
fit an ellipsoid prediction. The frequencies for this piece
for the field in the S, B, and 8 directions are 14.4MG,
24.5 MG, and 4.16MG respectively,which are larger than the
frequencies of 1I7.2MG, 20.9MG, and 3.94MG predicted for
the 8e at L élli ‘oid. However, th%r14.4MG frequency splits
into two branci 1f the field is rotated away from a. If
the field is r-.:ited more than approximately 9° from a

toward 8, then 217 disappears. On Figure 21 the angle



Figure 26.

1/£2 plot for A8-Bll-Cl0, attributed
to 8e at L. The scale for Cl0 has
been expanded by a factor of 10 to

read 1000,¢2
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between the plane ky ='%ka (the top line) and a line
joining the corner of the figure (the point L) to the tip
of the butterfly is approximately 8%°. This splitting and
the disappearance of B1l7 at the proper angle, when added to
the fact of the proximity of the numbers, is enough to
confirm the assignment. )

Since L has the proper symmetry, the inversion algo-
rithm was applied to the data. As for the 6h at T piece,
it was possible to fit only six terms of the spherical
harmonic expansion before encountering instabilities, with
an additional 15 terms to reduce the rms error before again
encountering instabilities. The resulting coefficients are
shown in Table 2, and the fitting is shown in Figure 27..
This figure takes into account the fact of the orientation
error at the a direction in the ab plane. The fit is good
everywhere except within 2° of the a direc¢tion in the ac
plane, and except for part of the ab plane. However, the
rms error for this piece was approximately 0.1MG, with most
of that error coming from the data in the ab ﬁ?éne, so the
fit is not unreasonable. The results of the inversion are
shown in Figures 28 and 29. Again, the small details of the
inversion, such as the ellipsoid deviation near ¢ and the
large depression in the cross-section in the ab plane, are
believed to be caused by the lack of data in the non-
symmetry directions and are therefore doubtful. However, the

extremal dimensions in the 5, B, and ¢ directions of 0.170R"!
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Figure 27. Spherical harmonic expansion of the
data for 8e at L. Points shown are
the data points of Figure 8 and
Appendix C, and the line shown 1is
the least-square spherical harmonic
expansion fit to the data using the

parameters shown in Table 2.
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Figure 28. Radius and ellipsoid deviation for
8e at L in the three principle planes

of gallium.
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Figure 29. Cross-sectional areas of 8e at L in
the three principle planes of
gallium, as calculated for Figure

28. The scale is in A~'.
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0.0933-!, and 0.462A"! respectively compare reasonably well

with the expected dimensions of 0.163"’, 0.095&“, and 0.43A"1!.

G. High Frequencies for ﬁlg

As noted before, Cl2, Al0, and Bl4 Have been seen
before, and have been assigned to the butterfly by Reed.
But not all parts of these are due to central orbits. As
noted when discussing the data for 8e at L, the 14.4MG
frequency for the field in the a direction splits into two
branches if the field is rotated away from a. Cll and Bl7
are therefore due to central orbits on the butterfly, with
minimal cross-sectional area. The maximum orbit for the
field in the a direction gives a freqUencx of 23.8 MG, which
is larger than the 22.2MG expected. This %L reasonable since
the ellibsoid inside the butterfly is also larger than
expected. Cl2 and Bl4 near ;-are therefore due to non-
central maximum orbits of tﬁe butterfly.

The origin of B1l8 at 28.9MG for ﬁna remains unknown
at this point. It was at first thought to be a harmonic of
Bli, but this was later discounted because Bl8 does not
decrease fast enough with increased rotation from a toward
c. A frequency in the ab plane corresponding to Bl8 was
not observed, possibly because of the misorientation. A
28.9MG frequency was observéd here, but this was determined
to be due at least in part to the sum of C1l0 and Cll. No

higher frequencies were observed for ﬁﬁg for fields up to
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56kG.

H. High Frequencies for ﬁ“;

For the field in the ¢ direction, one finds high
frequencies of 4.16MG, 8.56MG, 12.5 MG, 13.1 MG, 20.8 MG,
and 22.4 MG. The 8.56MG frequency is degenerate and splits
into two branches in the ac plane. The lowest of these six
frequencies has been previously assigned to the 8e at L
ellipsoié. The model predicts that a frequency of approxi-
mately 12.7MG, which could in fact be either of the two
middle frequencies listed, should be observable due to a
two-winged butterfly orbit of maximum cross-section caused
by magnetic breakdown. Therefore, one must imagine in
Figure 4 that the four parts of the ellipsoid-butterfly
complex have been reassembled together about the point L,
and that the butterfly on one side of the hexagonal face
has been sheared away, leaving only the ellipsoid. It is
easily seen then that if the field is rotated from ¢ to a,
this expected maximum magnetic breakdown orbit for ﬁﬂe
transforms continuously into the non-central maximum orbit
for ﬁ";. There is magnetic breakdown required on the
hexagonal face at all orienéations of the field between ¢
and a except for those fields within approximaely 4° of 3,
at which angles the extremal orbit of maximum area (a
maximum orbit) is contained éntirely on the butterfly on one

side of the hexagonal face of the zone. Since Bl4 has beeén
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; identified as being due to the non-central maximum orbit

h A .

for the field near a, it must also be due to the two-winged
butterfly orbit causcd by magnetic breakdown for the field

ncar ¢, This also identifies Al0 near ¢ since both have a

frequency of 13.1 MG for ﬁ”E. The frequency due to the

four-winged butterfly orbit for ﬁ“é is then expected to be

approximately twice the two-winged butterfly frequency less
! the ellipsoid frequency, or 22.1 MG. This is close to thé
22.4 MG frequency actually obscrved for All” and B157.

For the remaining three frequencies in this direction
there are at least two different explanations, neither of
which is completel§ satisfaetory. For the first explanation,
one notes that if the field is rotated from 8 toward ;,
the non-central monster orbits expected near k; = :%kc are
no longer equivalent, wherecas a rotation from 8 toward B

does not disturb this degeneracy. Therefore one assigns A9,

B12, and Bl3, all of which have a frequency of 8.56MG for

fi{lc, to the non-central monster orbits. This leaves only
Al0” and Bl4~ at 12.5 MG for ﬁ'g as the central magnetic
breakdown orbit betweeﬁ the monster and 5h at. X, and leaves
All and B1l5 at 20.8 MG for one of the central double monster
orbits at kz = 0, If the latter pair of frequency brauches
were due to the back-to-back double monster orbits, then this
theory would explain Goldstein and Foner's observation that
their branches XI and XVI (which are Al0 and Bl4 here) near

the ¢ axis were reduced in amplitude whenever their sheets -
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XV and XVII (here All and B1l5) were present. Their

resolution was not sufficient to distinguish Al0” and B4~

from Al0 and Bl4, and it was observed in this study that the

former pair were the stronger frequencies. Thercfore, under
this supposition, their observation of their sheets XI and
XVI (Al0”"and Bl4°) due to magnetic breakdown between the
monster and 5h at X reduces the probability of an obser-
vation of their sheets XV and XVII (All and B1l5) due to the
double monster orbit with no magnetic breakdown,.and vice-
versa.

There are two major problems with this explanation.
The first is that this identifies the double monster orbit
as having a frequency of 20.8 MG, and it identifies the
monster-5h at X breakdown égbit as having a frequency of
12.5MG. It therefore forces one to conclude that 5h at
X should have a frequency of approximately 4.2 MG at this
orientation. This is more than an ordér of magnitude too
large. The second problem is that if the fields is rotated
from ¢ toward a, one of the non-central monster orbits Bl2’
or B13 is expected to die quickly due to the interference
of the monster leg with the plane of the orbit. This is not
seen, -The first problem could be relieved by removing thgw
assumption that the 20.8 MG frequency was due to the doub}é
monster orbit, but that makes the explanation of Goldstein
and Foner's observation unsatisfactory, and it does not

remove the far moxre serious second problem.
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The other method of explaining the frequencies for
ﬁ"é is to assign the 8.56MG frequency to the central monster
breakdown orbit, as Reed suggests, leaving the 12.5 MG
frequency for the non-central monster orbits, and the 20.8 MG
frequency for one of the central double monster orbits{ either
with or without magnetic breakdown. Reed justifies the
assignment with a series of convincing arguments involving
open orbits with magnetic breakdown. The problem with this
explanation is that since the 8.56&G frequency is now
assigned ‘to a central orbit, there is no possibility of its
splitt%ng in@o two frequencies if the field is rotated
toward g, and it pro&ides no explanation of Goldstein and
Foner's observations concerning the higher frequency
amplitudes. Also, the 8.56MG frequency is better observed
at intermediate fields, rather than high fields, which means
that magnetic breakdown is more likely to destroy this orbit
than create it. The resolution of this problem will have Fo
await either a better calculation whiclh finds the cross-
section of the model at all angles, or more extensive data
combined with a good imagination.

For the fieid between a and 3, several frequency
branches were observed. but the calculations concerned
themselves only with cross-sections in symmetry planes and
thus could not predict these branches. It would appear from
Figure 8 that B20 and B2l might be continuations of B13 for

which cértain angular ranges of the field, for reasons
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unknown, do not support extremal orbits. However, if one
applies the distorting influence of a l/fzplot, as shown in
Figure 30, this does not appear to be likely. B1l3 shows a
definite linear region on this plot which does not extra-
polate to meet B2l. It is likely that B20 and B2l are due
to the same surface, but there is definitely no connecting
data since‘BZO defiﬁitely showed sharp cutoffs at both ends
of its range, as shown in Appendix C. It is quite likely
that most of these branches would be due to orbits on the
monster, but an exact assignment cannot be made at this
time. Possibilities for simple extremal orbits for the
field between ; and 8 are 1) an orbit encompassing both
arms above the point at which they join the rest of the
monster, 2) an orbit engompassing two arms and two legs
similarly, 3) an orbit encompassing two arms and four legs
for the field near a. These last two types of orbits

would have strong U shapes since the monster is hollow, and
this makes frequency estimation difficult. For higher
fields one might also have magnetic breakdown between the
various pieces causing field dependent orbits. This may
pccux between the butterfly and the monsterharms throughout
most of the length of either, between the monster arms and
the electron piece between them, or between the monster and

L)

the electron piece near T.



Figure 30.

l/£2 plots for B12-13 and B19-21.
The former are probably attributable
to monster orxrbits, but the origins

of the latter are unknown.

E3
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I. High Frequencies for E”E

We turn now to a consideration of those high
frequencies found for the field near B. This is the most
complicated region as there are fully a dozen high frequencies
either at or near B to be explained, only a couple of which
have been observed before. €8 and A5 have been included in
the low frequencies, and Cl0 and A8 have been assigned to
the eighth-band electrpn ellipsoid at L. It was mentioned
that Cl2 and AlQ0 are due to the butterfly, but the exact
orbit has not yet been established for ﬁlg. To do this,
consider again the reassembled butterfly with half of it
sheared away, leaving half a butterfly and half an ellipsoid.
Starting with a central cross-section normal to 8, if the
field is rotated to g one sees that this maximum cross-
section due to magnetic breakdown transforms continuously
into the central breakdown orbit for ﬁ“g. Similarly, if
one starts with the non-central maximum orbit in the plane
normal to 3, this also transforms into the central break-
down orbit for ﬁ”g, with the largest orbit occurring when
the field is normal to the wing at approximately 70° from a
toward 6. Between a and S, therefore, Cl2 must change its
character from non-central to central. An estimate of where
this occurs can be obtained from the l/£? plot for Cl2 in
Figﬁre 31. It is seen that the data fits two straight lines,
depending upon the range of angles considered, even though

this piece is clearly not ellipsoidal in shape. The angle



.
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Figurg 31. 1/f? plot for Cl2, attributed to the

butterfly at L.
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common to both lines occurs at cos?0 = 0.6 or 0 = 39°, ‘This
islapproximatoly the angle at which thc\minimum éentral
orbit Cl1 disappears., Therefore, it would appear that for
Oab < 39°, Cl2 is a non-central orbit, and for Oab > 39°,
Cl2 is a central orbit., It remnins~a maximum orbit through-
out, so that the ¢entral orbit changes character from
minimum to maximum as the field is rotated.

Since the ellipscid has a maximum central orbit for
ﬁnﬁ with a frequency of 24.5 MG, ané the butterfly and
ellipsoid have a central breakdown orbit for ﬁng with a
frequency of 30.9 MG, the contral minimum orbit of the
butterfly is expected to have a frequency of approximately
37.2 MG. Cl17 has a frequency of 37.1 MG, so C17 and AlS8
are agsigned to the central minimum orbit of the butterfly.
If the fifpld is rotated from b toward a, this central

minimum is expected to increase sharply, as is seen in Cl7.

If the field is rotated £ ram Q toward 8, there will be two

‘competing effects., First, the central orbit will be ihter-

gecting the wings, which results in a higher frequency, as
is #een in Al8. But then the orbit must eventually décroaae
in area aince if the field is rotated far enough, this
orﬁit becones t§e four-winged butterfly orbit, which %gg a
lower frequency. This ig also seon in AlS,

of the highest frequaﬁcios for WIB, C20 and A20 at
approximately SBﬁG are magéhed with the double monster orbit

which was expected to have a frequency of 52MG. This
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association is done primarily on the fact that these branches
exist only over a very ;irrow angular range, 3° toward ;

and 4§° toward c. For the latter orientation, the plane of
the ofbit has already slipped off the backbone of the monster,
so it is reasonable that the frequency should decrease. How-
ever, no further evidence is available to support this |
assignment. |

Cl9 and Al9 are assigned to tﬁe non~central maximum
butterfly orbig,for ﬁ"S. These have a frequency. at g of
approximately‘48MG, whereas 42.6MG was expeéted, which is
considerably lower. However, the angular variation is
basica;ly correct. If the field is rotated toward 3, this
non-central orbit will eventually become the four-winged
butterfly orbit for ﬁ"é, so Al9 must decrease sharply to
join Al8. If the fieid is rotated toward 3, the orbit will
encompass a greater portion 'of one wing, which will cause the
frequency to increase, and a lesser portion of the other,
c&uaing a decrease. The result is nearly indeterminant with
tgg increasé';lightly predominating. This is precisely the
behaviour observed. ‘

This leaves Cl8 yet to be explained, but no further
large extremal orbits were predicted for this oriontation.
Figuro 23 shows that the bulge in the side of the monster
oxtends bayoné the point at which the monster legs are
joined to the body. It also sho althat one can find a

plane normal to b which is batwegpn this point and the pﬁfno

"
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ky = 0, yet also intersects the monster at a point where the
two legs join without also intersecting the monster arms.
Also, Figure 22 shows that this plane could in addition be
adjusted so as not to intersect the two contractions in 'the
monster's side near where the legs join. Therefore, ié may
be possible for an orbit to traverse the outside of the side
of a monster, the inside of his legs (crossing tao the inside
very near the point at which they are connected to the monster
body), cross to the adjoining monster.on the inside of the
legs, and continue to the éutside of that monster's side.
The orbit is then closed in an identical manner. An
extremely rough estimate of the size of this orbit,
considered to be roughly elliptical with the lengths of the
axes determined by the distance of the bulge from the plane
ky = 0 and the distance féom the plane k, = 0 to the inside
corner of the legs in the plane k, = 0, gives a frequency

of 47MG. This is of the correct order of magnitude to
explain Cl1l8, although the ex;ct value 1s subject to gross
errors. If this is the correct extremal orbit, gnd it is
the contention of this study that it is, then one would
expact that if the field is rofated from b toward ;, the ™
orbit would climb higher on the back of one monstexr, but
would change very little on the other monster, resulting in
a sharply incroasing frequency. This is axadtly the
behaviour seen in Cl18. Also, if thd fiold were rotated from

h toward 3, then this orbit is expocted to disappear quickly,
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" since the fortuitous alignment described in Figure 23 and in

Figure 22 would be dedtroyed. Since the latter figure shows
a much more restrictivie condition, it is estimated from .
Figure 22 that a rotation of not more than 1° would be
sufficient to destroy the orbit. Since the angular mesh

in the be p%ane near b was 1.1°, it is unlikely that this
frequency could have been seen, especially since Cl8 is of
weak amplitude near g, except by extreme good luck, since

a maximum of two observations could be expected, and these
may not be correlated. It is therefore reasonable that a
freqqucy due to this orbit was not observed in the bc .
plane. Also, the fact that this orbit was obsexrved in the
ac plane shows that this crystal was accprately aligned near
b in this plane, even if there was an error near a.

We consider now those remaining high frequencies
below a freqnencydof 2gﬁb\‘ The first problem for this region
is to identify the various branches. To this énd, the
distorting influence of a 1/g2 plot was used, as shown in
Figure 32. Since this is a highly enlarged plot, error
limits of $0.2° in angle and :0.1 MG in frequency are
indicated in theo upper left and right cornofa. As can be
soon, this type of plot does identify whioh points bolong to
which branches except for thosa few points near AlS5 and
Alé for 8y noar 0°. It has alreaéy boon shown that
froquoncios near b aro extremely sensitive to oxact

oriontation, and it appoars that hora is another oxamplo



Figure 32,

1/£2 plots for A8 and Al4-17. The
first and last are attributed to
orbits in the ellipsoid-butterfly
complex at L, but the origin of the
oqher three branches is unknown,
E#ror limits of $0.2° in angle and
:é.lMG in ffequéncy are shown in the

| -
u?per left and right corners.
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of that sensitivity. More dataeyill be needed for this
reglon before this data can Se adequateiy described. The
frequency listings for this region in Appendix C are there-
fore quite arbitrary. ]

Of the remaining data, Cl6 and AlY7 have been assigned
by Reed to the non-central magnetic breakdown orbit between
8e at L and the butterfly. The frequency at b of 22,.9MG is
less than half the frequency of approximately 48MG associated
with the non-central maximum butterfly orbit for ﬁ[g. It
would appear, therefore, that the breakdown orbit is shifted
toward the ky = 0 plane from the orbit forming the maximum
on the butterfly. Except for this minor discrepancy there
is no reason to doubt this assignment. For Cl4 and Cl5 there
are two possible ways of examining the @ata. The first is
to assume that C15 is the continuation of Cl4 in the same
manner that Bl7 is the continuation of Bll. Al5 and Al6
would then correspond to Cl0 and Cll. In other words, one
would look for two nested surxfaces of the right size which

appear to be like the ellipsoid-butteffly complex near the
hexagonal faée of the zone, but with the'exception that the
oriontation is normal to S rather than ;. This does not
lead to fruitful rosults using Reed's model. Tho other way
is to analyze Cl4 and Cl5 in tho same manner as C2-5 and
B8-9 were analyzed. A shifting anqlé of 48.4° leads tola
nearly straight line except for those data points near tho

onds of tho lino. The doviation here is outside oxporimontal
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error so that this also fails to give satisfactory results.
It should be noted, however, that Cl4 does have an extremely
sharp cutoff at‘eab = 62°, which indicates a chahge in
connectivity of the pilece forming this orbit at that angle.
Finally, Cl13 was observed at only a single orientation, and
although Al3 was observed over a 7° range, it was also one
of the weakest signals observed. Al3 did not vary sufficiently
to claim it to be half the frequency of‘Al7, and no other
assignment was possible.

For the field'bétween g and 8, only one additional
frequency (Al2) was observed. This was observed without
"comment by Goldstein and Foner, and neither was it identified
by Reed. This study presents better data for this brapch,
'but will have to leave it unidentified except for the fact
that it is more likely to be on the nonster than on the
butterfly whose orbits are reasonably well known. This
tentative placement is also supported by the fact that if
Al2 is extrapolated toward both the 8 and ; directions in
a 1/£% plot, the extrapolation nearly coincides with A9, and
intersects the b axis at a frequency of 40.8MG, which is
noarly the frequency of Cl8 at that direqpioh. cl8 was
asgociated with an orbit along the monster legs and side,
and A9 was associated, however unsatisfactorily, with either

a contral oxr non-central monster orbit.
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J. Additional Topics

Since this study was conéerned primarily with a frequency
analysis of the dngﬁ data, using Reed's model as a basis for
the analysis, littl# more can be said. The data analysis
program was design%é to yleld a rough estimate of magnetic
breakdown threshhold fields (i.e. magnetic field strengths
at which magnetic breakdown effects become appreciable), but
little evidence was seen favouring magnetic breakdown using
this analysis. This is probably due to this part of the
program being too crude.

Effective masses are usually extractable from dHvA data
by investigating the temperature dependgnce of the amplitude
of a given frequency at a given field. It can be shown from
the analysis of section II that if one plots &n(A/T) vs. T,
where A is the frequency amplitude at constant field, then
one should observe a nearly linear relapion, the ai%pe being
proportional to the effective mass. One then uses an
iteration procedure to obtain a more accurate value, using
the effective mass at one stage of the analysis as a correction
for the next stage. Since the temperature dependence was
not investigated, this analysis could not be done. HoweQér,
effectivo masses could also be extractod from a harmonic
content analysis under certain cirgumstances. These ocir-
cumgtances are that one or more of lhe harmonics must be

obsorved to be missing, and a higher harmonic observed to be
™~



present. In that case, the effective mass term cos (rrgm*/2m)
in equation (19) must be zero for the missing harmonic. Only
one case of this occurring was observed in this study, and
that was the case of Ad, A7, C9, and C9° for H near b, but

the supporting data here is somewhat tenuous. The data showed
a dominant 0.335MG frequency listed as due to 6h at T, and

a weak signal at 0.713MG listed as the second harmonic of a
frequency due to 7e between arms. But it also showed a

strong frequency at 0.344MG, and a region of relatively high
noigse centred approximately at 0.358MG. The 0.344MG frequency
was found to be due to the Bessel function, which simulated
what the Fourier transform algorithm considered to be a beat
frequency. The noise region is approximately half the

0.?13MG frequency, which would lead one to believe that the
fundamental frequency might be present, although extremely
weak. In any case, one can say that the effective mass cosine
term in (19) is near 0 for.the fundamental, anq near 1 for

the second harmonic, especially since the other factors iﬁ
(19) Attenuate the second harmonic .signal far more than the
funQamental, yet the second harmonic was observed and the
fundamyntal was not observed. Therefore, one has gnm*/m

® 1 4+ 2n, Qhere n is an integer, for this orbit of the 7e
botween arms piece. further determination of either g or m*
must now await more data since it is nearly impossible to
correlate effoctive masses found in cyciotron resonance

exporimonts with dHvA froquencios wftpout an eafimato of the

‘.
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effective masses expected from each Fermi surface piece.
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Observed Frequency Assignments in Reed's Model

Al Monster Arm: ky\o Bl Monstcer Arm: kx<0

2 1 " ' k > 0
Y

3 5h at X

4 7¢ between Arms
5 7e noar I
6 6h at T

7 7e¢ hetwecen Arms
(209 harmonic)

8 8e at L

9 Monster*
10 8e at L/2-wing
Butterfly (MB,

central)

10 “Monster/5h at X
(MB)

11l double Monster

11°4-wing Butterfly
12 Monster

13

14

15

16

2 " " 2k <0
bY

3 5h at X

4 7e between }\rms};’g‘.

le near T

(94 ]

6 6h at T

8 7e/8e at N
9 "
10 Monster leg
11 Be at L
12 Monster*
13 " *

14 Butterfly
(a: non-central,

¢: central, 2-wing
MB to 8e at L)

‘1l

2

91
10
11

12

14 "Monstexr/5h at X (MB)13

;5 double Monster*
15“4-wing Butterfly
16

14
15
16

17 Buttorfly(central) 17

7e¢/8¢ at N

Monster leg
6h at T
7¢ near T

7e between Arms
(2n4d harmonic)

7¢ between Arms
8o at L

Butterfly
(central)

Butterfly
(a: non-central
b: central, MB
to 8e at L)

Butterfly/8e at L
(MB, non=central)

Butterfly (central)
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TABLE 3(cont.)

Al7 Butlerfly/8e al L B18 C18 Monster sido
(MB, noncentrf1) (non-central)
18 Butlec{ly (central) 19 19 Butterfly
(non-central)
19 Butterfly 20
(nopi=central) 20 double Monster
21 "
20 double Monster 21
22

* unceortain assignment

MB = magnetic breakdown orbit
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CHAPTER VI

CONCLUSIONS

This study has two purposes. The first is to accurately
measure the dHvA frequencies of gallium, since previous
experiments have been unable to do gso. The socond purpose
ls to determine how close Reed's model comes to oxplaining
reality. To that end, we now summarize the evidonce bbtainod
hére both for and against each piece of Reed's modeol, as well
as evidence for which Reed's model provides no explanation.

The sith-band hole surfaco at T (6h at T) appears to
be well confirmed. This pleco was manufacturod phenomeno-
logically in Read's calculations, but all ovidonco to dato
supports its existance. The moasured oxtremal cross=-sections
and the radii calculatod from thom differ from those valuos
oxpocted from Recd's modol by at most 8%, which is not
unroasonable. )

Tho sevonth-band oloctron surface noar I' (70 noar I') is
also woll documontod. The modol does not give tho corroct
pizo, its cross-scctions normal to a, b, and ¢ boing 21% low,
4% low, and 7% high rospoctively, so that this pleco 1o
considorably longor in tho ¢ diroctioﬁ than prodictod. But
it ¢oou prodict tho fact, axparimentally obsorved horo for
the first time, that this plece is ocurved toward tho b

diroction at both of its #6 direction extromities. Tho
138
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same curvature i8 not shown at ita ta extre%itioa.

The seventh-band electron aurface between thalmonster
‘arms (7e between hrms) haa for the firat time been seen
Fhrouqhout onhe principlg glane. moat of a ae;ond, and part
of the third, and now has been identified. The predictions
of Reed's model concerning the aize &f thia plece are
congiderably ﬁoo high, but this is attributable to the extreme
'acnaitivity df thin piace‘to the Fermi enorgy. However, the
model does pradict thia pilece to be very flat and thin in
the bc plane, and these featurea are obaerved.

Prequancieg attributable to Reed‘a_aeventhéband and
eighth-bnﬁd electron pieces at N (7e and Ba‘at N) have béen
-obgerved, and the frequenqy in.the 3 direction agrees withw
thea predictions of th model. A deganefacy in the fraquonﬁy
due to theze plecea for the field in the ab plane was obaerved
duwo to.a alight cryatal niaorientation, whioh ahowa that .
'uaeﬂu; data eould be obtained for these pieces for :ield
-rotations in a non-symmetry plane. Until such data ig
évailablaotnb ﬁgxther compariaen between.the data and theseo
places of the modal can be made. '

Frequenuioa dwe to the fifth-bhand hole ellipaoid at X
havea boen oliserved for the field in the be and ac plane, but
not for the fileld in thg ab plane. ?h;u limited data appears
to ehow that Reed's caloulationa give too amall a’suxface
é;r thia plece. '?hélabeénée of data in the thipd plane is
axglainable»by conaidexiné ﬁh§ degeheracy of.the “Eiif of
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: ‘
intersection of the orbits for this plane with the haxayaonal
face of the zone. | ‘

Low frequonvies nttrzﬁukad ;9 the monstar arms and leys
have alao boen observed. Tho primary supporting argumentg
for those amalgnments are the angular variation and angular
extent of theseo freguenciles. 'the nix frequency branches

observed (four from the arms and-two Crom the legs) dle at

" various field rotation angles from ¢ (for the arms) or A

{for the legs), all of which can be accuratéiy correolatod

with Reed'a model. Reed's calculations for W along symmetry

directions give ffequancica 7% high foxr the legs, and 85%

high for the arms. The former is reasonable, but the latter
ig not. i ﬂ. | ¢

One extremely léw frequency for T remains yot to be
axplainéd. The data fdr thia is not extensive cenough tol
make any agalgnment ggaqible. but if it‘id beliagablaﬂ

Roed'a model' cannot explain it since thore are fic more small.

)Fgrgi aurfaqa piacaé left to be agsigned.

The elghth-band elactron aurface at I (8o at L) has bean
_obeexved for the firgt time, and.the extremal dimenaions
predicted by tng modnl forthia pioce ave at worst 7%
differant from thcma obsenved. which 14 not unxeaaonablo.
nowever. g?a shape ¢f this pilcce, ag caloulated from thig |
ntudy, ahowa aiqniﬁicnnt daviatidna from the ellipacidal .
phape expected from Rend‘a model. K :

A mpltitude of frequanciocs havéqbqon oyucrvoé which are

4
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attributable to the butterfly or the ¢llipsoid-butter{ly
complex at L, Most of thege arve cithvr‘now, or, if previounualy
obgorved, have boen corrcectly fdentitflod for the first tine.
All froquencicen oxpectod for this complex from Reed's model,
whothor contral or non-central, with or without magnetic
broakdown, havo beon obgservod, and all froquencies wore

close enough to the model's expoctations, in both magnltude
and anqular variation, and to gome degree in angular oxtent,
to concludo that thig part of the model hasg ppuicnlly thoe
right size and shape. Nxact numarical comparisons, howaver,
betwoon this plece and the data must awailt a model calculation
which ylelds all crosa-gections normal to the fileld for all
field directions.

An interecsting point brought out by thia study is that
for ﬁ”g a froquonoy attributable to a maximum non-central
orbit of the butterfly, and also a frogquency which appears
to be attributable to a non-central oxbit dﬁa to magnotice
breakdown betwoen the buttorfly and the ellipsoid at L, were
observed. lowever, the latter orbit in iteelf is nedther a
maximuwn nor a minimum orxbit, and is detacted solely due to
tho oxistanco of tho formar orbit as an oxtromal orbit, and
tha fact that the two orbits are related by magnetic break-
down. This does not violate tho fact that the dlvA effect
ig sonaitive only to oxtremal orblts since a priox condition
on thaéo orbits is that they beo containad on a gingle pileco

of IFerml surfaco. Thia la thorefore the firat roasoenably .
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cortain evideonco that the dHvA effect can bo used to measuro
non-oxtremal magnetic broakdown orbits.

Data for the large orbits oncompassing tho monster
surface are tho loast satisfactory, and this is not unexpected,
for thin‘surfacc changes radically betweeon the various models
mantioned horeo, and it has oxcoodingly few oxtremal orbits
for its sizo and shapo.- For ﬁ‘& no high frequencles wero
obsorved for tho monster, and not more than ono wag oxpectod.
For H"B a central doubleo-monster orbit waa observed, and
a now non-contral monstor orblt along the monster's side
and logs was obsorved and identified for the first time.

For ﬁ'E no monstor orbits waro unequivocally idontified,
although some froquoncy branchos werxo attributed to a choice
of monstoxr orbita, This still leavos many obaorve@ high
froquoncy branchos, primarily for H near S, foxr which no
oxplanation was found within Reod's madel. Thia includos
onc froquoncy branch (Cl4) for ¥ in tho ab plana which was
the dominant obsorved frequency throughout most of its
approximataly 30° ranga of existance. This ig a serxious
failure of the model.

Table 4 summarizes the data obsorved at'uymmotry
dircctions. Eptrioa in columns marked E are oxporimental
froquancics meagured inhthia atudy, and columng marked T \
contain thoso correcspending froquoncies oxpooted from Reed's
mod&i. Most froquencies oxpoeted have boen observed,

although tlio oxpeoetations have not alwaya boon in good agrea=
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mont with the data, Algo, thore are somo frequoncies at sym-
motry diroctions which Reoed's model apparently does not
oxplain,

In conclusion, Reed's modol of the Ferml surface of
gallium is a far suporior model than has preoviously been
calculatod. It does have tho proper connoctivity, and it

doas have plocos of approximately tho corroct sizo, shapo,

and placoment, Some of these surfaces or parts of aurfacos

arc more oasily verifiable exporimentally than others, and
thooo oasily vorifiable parts fit tho data roasonably wal.
Rood's modol can be used to oxplain fully 75% of the fr&huoncy
branchos obgsorved in this study, including most major
branches. Howevor, thoro is still much unexplained data.
Tho explanation for thin data may lie in a thorough
thoorotical numorical analysis of Roed's model, an analysis
which would caloulate all cross-soctionsa néﬁmal to the field
for all field dirootions. But it is more likely that the
solution of this problem liea in ualng Reed's model as the
basis for a alighﬁly bettor calculation.
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TALLE 4 (cont,)

Piece Yroquencioy (MG)
M| Tt e
I T I i\ > T
6h Monstor
(non~contral) 41.1 8,.55* 11,2
unassigned 28.9 19.4
unagsaignod 11.4

* uncertaln assigument
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APPENDIX

A. Pleold Modulation Effacts

From (19) ono writos tho magnotization as

Py (Hy)
(A )) M(Ht) - i Xr(ﬁt) 3in[2u( ;t t - Yr) 3

P

whero Kr(ﬁt) is a slowly varying vector amplitude of the rth
froquoncy component of M, and the sum over r includes all
fundamental froquoncios, thoir harmonics, and combinations.

The total fiold ﬁt is given by

H, = H+F ainet (he<n)

Dafining the argument of tho sine function in (A.l) as 6r

and oxpanding, ono has

Fr(“t) )
I+ R oinut|  x/ ¥

a2) 8 - 2n
Expanding to lowest order in R /u

|H « K oinot|™! = [ (B + R sinut)« (T + R sinwt) A

1 TR0 N'R pintet] =2t
w = [l + 2 & sinet + g2 sintet)
B TN oA
1 _HLh
(5.3). . 8 m pinwt
(A 4) i w _H+h sinet’

A 1 3
» H+ = R* sinwt
£ |F + R sinut] H
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whore h” is tho component of R normal to H:
F* = K - (F-H
(A.5) - 0 x (F x H)

Upon insorting (A.3) = (A.5) in (A.2) and defining the

quantitios
¢ 2r m Yr) s I
Ag ™ 2"Fr(ﬁ) %2(h-ﬂ
- E;%HT H x (h x H)'Ve¢ Fr(H))

\
whoro V0¢Fr(ﬂ) is bho gradient of F in the planc normal to

(

H, one has
(A.6) 8: - ¢r - Arainwt
Insorting (A.6) in (A.l) and expanding:
H(H) = i K&(H) (sing cos (A sinwt) - ooy sin (A 8inwt)]

Expanding tho second factor of oach torm in a Fourior sorios:

©
oxp(iugin y ) = & Jn(u)oi“y

Nw=

whore J,(u) = (=172 (u) is tho nth ordor Bessel funotion of

tho first kind. Continuing,
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w0 -
M) » » ?\‘r(l'l') b Jn()\r) [sin(br cos nwt. = cosd, gin not]
r e
Tho signal one detects in the plckup 1s now the time devivative

of M. 1f one onsures that lgl(ll << I.‘g}(‘l, thon

(1Y)

l\M—(w« o=y A (i) nod (A ) [aing | ain net
&t r n r x

r ne = w

- cou¢>r con nwt )

~ = XA ned () [k (=)™ aind ain not
r A5l r
+ (1 - (-1 cou¢,. cosn nwt ]
w =% A (MDY 2nwd, () [oin¢. oin net cosin i
n\iyr r )

r ¥ n=l :
.

+ coup cos nwt ain?n X

r 2
[
(A.7) w = % K. (DE 2nwa (Mg} sin(é, + n =)

r n=} 2

x gin (net + n %,)
) 2018

Finally, i€ R|Iif, thon A, = ~——%— + and (A.7) reduces to
H

(21) .

B, BEllipaoidal Fermi Surfaces
Supposge a plece of ferml qurfnco ig in the shape of an
ellipsold with prineiple axea aligned in the direction of
the coordinate axeca:
"

2 2 '
A

Lot tho orystal be non-aligned in theo yz plane by an anglo

j;s.,awafmzﬁ‘wt,_ﬁgw‘mm’;agn'«‘l!’!” T TN e e
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X = X,
(A.9) y = y,coaox - zluinel

z = z cosd + y oind
1 1 1 1
Dofine the following three quantities:

2 ]
l/br - cosn 0‘ ,bz + sin Bl/cz

(A.10) l/c: - ain’Ox/bz + €o8201 /2

l/d: w 0ind,con0, (1/c? - 1/b?)

Expanding (A.8) with (A.9) and inserting (A.10) ylelds

g 2 2
(A.11) Xt o4 ¥, o4 ii 25 W
al b o aj

E 4

Lot the crystal bo furthor non-aligned in the x,z, plano

by an angle 0,1

X, = Xgcos0, - z,8in0,
(A.12) Y, " Y,

2, = %,0080, + x,0ind,

Dofinoe the following six quantitiocs:
2
1/a§ - coo’ﬁz/aa + sin Qa/oi

1 - 1
SRR
1/c§ w 8in?p2 2 4 00802 41

(A.13) i
. 1 plng
/d: = S/ag

1 . 1
/0} = oind,co00, (}/6} = */a)

g n s A
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(A.13, con.) 1/f§ - COBOz/df

Expanding (A.l1l) w}th (A.12) and insorting (A.13) ylelds

1 H 2

(A, 14) xz Y, Z, X,Y, X%, Y, %,
Tttt 2 T+ 2 — 2 =1
a, b, ¢, a; 0, £

In porforming tho dHVA oxporimont, rotate tho ¢rystal about

the z, ax&s by an anglo ¢
Y

X, = x,cond + y,sin¢

(A.15) Y, * Y,c00¢ - x,ain¢

Dofine the following six quantitios:
1ot coa’¢/a§ . ain*¢/b§ . oin2e s
1,0t « 8in%d /ad + cou’¢/b: + ﬂin2¢/d:
(ho16) L7yt w Yot
1/6% = aingcosny (1/b? - 1/ad) - c°a2¢/d§
Lt w00 gz 00001
1/nt = uino/oi + cou¢/f:

Expanding (A.14) with (A.15).and insorting (A.16) yilolds
\ .

Y, ééfﬁ, XyYy X%y Yy2, .
&-r+'é-r+wu2-ﬂ———2-*c—r-+2—m—-

¥ ! A
The magnotic fiold N is assumod to bo in the xy direotion.
/lrouu-

Therofore, for a given value of x,, ono finds tho

goction of tho ollipso dofined by (A.17) by finding the

- -
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major and minor radii m, and m, of the ollipso. Tho area in
thon mm,m,. To do thia, one conceptually rotates the crystal
in the y,z, plane by an angle A, and thon adjusts X to

oliminate the y,z, cross-term:

Y Xy X,
!
(A.18) Y, ™ Y,c08% + z,8in)

zZ, = Z,c0BA - y ain)

Inserting (A.18) in (A,17) one finds that the coofficient of

Y, %, io

1
28in) cos) (/82 = “/a?) + #/n%(cou?)r - sin®A) = 0
Theraforae, s
2/n2

(A.19) tan2a = -
I/YZ - 1/83

From this ono may find sin?2) and cos?2X) X itself will not

bo neoded here. Define tha following four quantitiesa:

2 2
l/r2 » C00°A 02 , 8in A/y‘ - 2/n‘ainkgoax

2 ] -
1/yt « 0in X/sc + o8 A/Yi + 2/n%sinicosi
(A.20) l/tl - cogA/Gg - ainl/ca

iyt o 8ind gty 0002 st

7

Bxpanding (A.17) with (A.18) and insorting (A.20), aﬂlowing
for the faot that there will be no term in }~z~, yvields

2
Yi/et + Bisgt = XY et o KByt m ) - Ruygd
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1 2 ? 2
L Y N L

La 8 o

1 - x:(llu’ - r2/t~ - n?/wh) L}

Tho major and minor radil are now r¢ and s8¢, and the croaa~
sootional aﬁfa for thin value of x, is

A owrec® womra(l = x3 (et = Flrer - 8l

)

Cloarly, the maximum crogu-sectlon occurs for x, =~ 0.
Inperting (A.20) and (A.j§¢ as appropriate, and using some
trigonometrio identities to elimlnate sin A and dos X in
favour of #in?2) and conl2), one £lnds

3
Y Y LT Lne

Ingorting (A.16), (A.13), and (A.10), as appropriate, one
finds

."3 - ! l - 1 1 l 2
(A.21) /:\:mx 5-}-5-3 + ((bio" a‘O‘f) + lprsy +_’m)n1n 0,)

x conty + E%ET Bingoosdeing,
!

1f 0 is small, then this becomes

. 1

'8ince the Allvh frequencies are proportional to the
oxtromal oross-gootional areas, a plot of inverse frequenoy

squared vo. cos*@ (¢ boing tha AHVA rotation angle) will




alwvays yleld a strafght 1inn for a true ellipsold provided &

the plane of the dilvA rotation containg at least one of thy

clllpnoid axes.

C.*Frequency Tahle

>N,
On the following pagen in rable b 1o presented all the

~data taken during the course of thisg stwdy., This ig

B
table of frequencien observed and an approximate measure

of their amplitudes as a function of branch number and

<
magnetic field orientation in the &hren principle plancs of

gallium., A full description of this table i8 given in

Chapter IV of. the text. All angles are in degrees, and

frequencices are in MG,

)

f)
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