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ABéfRACT )

Potential surface§‘f0r the cycloaddition of singlet Snd triplet
atomic oxygen to ethy]ehe to form ethylene oxide were constructed.

The singlet %pecies was found to energetica]1¥ favour a symmetric
attack on the ethylene along the right bisector of the carbon-carbon
axis in a'plane perpendicular to thé'p1aﬁé of the nuclei, with an acti-
vation.energy of the order of 10 kcal/mole. The trip]ep specﬁes was
found to prefer an asymmetric attack yié]ding an open-ring transitién'
state geometry of energy 36 kcal/mole abéye the energy of the separated
reaétahts. From this geometry, spin inversion and subsequent ring
closure result in the formation 9f the siag]et ethylene oxide product.

Eiperimenta]ly bbserved retention/loss of cis-trans stereo-
chemistry of olefins added to by singlet/triplet oxyéen are attributed
to the concerted formation of ring bonds in the singlet case, and‘non—
concerted ring bond formation in the triplet case with free rotation
hrgund the carbon-carbon axis in the intermediate transition state.

Spin "uncoupling" and "transfer" mechanisms (originally developed
elsewhere in a study of the varying tendencies of singlet and triplet
oxygen to insert into or'aBstract a proton from hydrocarbon CH bbnds)
are also shown to explain the observed triplet asymmgtric attack, nbn—

concertéd bond formation, and loss in product stereospecificity. -,

»



The formalism of two statistical measures of the information
content of a quantum mechanical wavefunction, the "missing information
function", I, and "population fluctuation", A, are developed. The for-
mal coordinate-space quantum description of the distribution of. "event
probabilities" of observing various numbers of electrons in var{ous
spatial regions of a mbolegule is shown to be related to intuitive con-
cepts of the localizability of primd?f]y intra-correlated groups of
electrons within non-overlapping volumes.-

The effects of the Fermi correlation described by a Hartree-Fack
wavefunction were studied. Several small hydride molecules, LiH+, LiH,
BeH(X), BH, BeH :

BH, BH4', and CH,, were found to be partitibnaﬁaé\

2
(by critgﬁia based on I and on A) into volumes corresponding to intuitive
notions of “core", "bonding", and "non-bonding" regions of a molecule,
each containing a population of two primarily intra-correlated electrons.
For several other molecules, BeH(A), NH3, HZO’ N2, and F2, only Eore pair
populations were found to be well-localized. The valence density in these
cases was found to be unpaﬁtitiongle. ‘

The fofma]isms developed here provide a useful method of computing
the effects of correlation 8% particle localizability described by any
form of wavefunction. The techniques also Eermit evaluation of the like-
1ihood of accurate wavefunction decomposition into a product of wavefunctions
each incorporating a description of the internal group particle correlation.

Finally, one can assess the probébi]ity of an accurate partitioning of.a

quantum system into nearly independent subsystems.
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INTRODUCTION 1

It has long been known that the spin multiplicity of a reagent

can affect its chemical properties. For instance, 0(1D), CHZ(IAl) and

S(ID) are observed to insert into saturated hydrocarbon CH bonds. In

~contrast, 0(3P) and CH2(3Z§) only abstract H atoms under the same con-

ditions and S(3P) will not react with paraffins at all. As well, these
species when in the singlet state add across olefin double bonds stereo-
specifically, whereas in the triplet state they yield a mixture of
geometrica1 i;omer§ of the three-membered ring products.

A qoas1stent exp]anat1on of these observations can be .derived
from cons1@§rat1on of the electron conflgurat1on of the open shell
reactant. In the singlet state of these species, all the electrons
are paired. Simultanecous formation of two bonds to a closed-shell
reactant is spin allowed and facile. Thus, inskertion into.a CH bond
results from the concerted formation of two bonds between the attacking
species and the carbon and hydrogen of the substrate bond.

~
-

) /X‘ N
Lyt ZeHo Scl--M s SCoX-H Insertion
-~ - -

Similarly, cycloaddition to olefins can be visualized as involving the .

simultaneous formation of two bonds to the unsaturated carbon nuclei.

’ V /'X\\ ‘ /'X\
1y 4 Te=CT 4+ Ci===¢7 -+ ¢ C:: Cycloaddition
: (stereospecific)

The triplet species contain two unpaired electrons. Simultaneous

-1 -



. A .
formation of %wo bonds is thus spin disallowed. Triplet species attack
on a bonded hydrogen may be expected to lead to abstraction. Formation
of a-second bond would require a spin inversion thchaoccurs more
slowly than separation of the attacking: species (with its abstracted H)
from the molecular residue. Thus abstraction is preferred to insertion.

X

3 -~ ~ - .
X+ —CH-> —=C---H> =C+ XH Abstraction

Triplet species attack on olefins may be pictured similarly.
Initially, formation of only one bond is spin-allowed. If the species
formed is %?gmtastab1e intermediate (ratﬁengihan a transition state)
then relaxation of the initial CC bond from double to single may
permit re]ati;ély unrestricted rotation around it. When eventual

~spin inversion and ring closure does occur, the products are expected

to show some loss of reactant stereoisomeric purity.

X X . ///X\\\
N+ Te=cl »=ce==t D > Te—CZ » S ¢ Cycloaddition
(intermediate) (non-stereospecific) .

A more detailed description of the mechanisms of these reactions
rgquires computation of the potential surfaces on which the nuclei move.
Interpretation of the effects of spin on the mechanism\can be obtained
from the distribution of electronic charge and unpaired spin density of
fhe reacting species. Such a study of the abstraction and insertiop
reactions has previously been repoﬁted. Here are presented the results

of an ana]ogdus investigation into the addition reaction.



CHAPTER 1
PREVIOUS STUDIES - *

In the 1950's, Skell and coworkers® studied the possibility that

the mechanisms arkfproducts of reactions with methylene and i{s
derivatives may depend on their spin states. It was postulated that
sing]ét carbenes should add stereospecifically, since in that case a
concerted addition is spin-allowed. On’éhg other hand, triplet car-
benes might be expected to add in two adiabatic steps, with spin in-
version occurring as a distinct process in the intermediate. Such an
intermediéte is 11kély to have an open-ring geometry and permit Toss of
“product stereospecificity through 1ow—énergy rotatioﬁ around the ring
bonds.

The suggested mechanisms and the fundamental question they
raise, thaf of a possible spin dependence of the course of a chemical
reaction, were the centre_of a controversy for several years. Thé
original proposals were questioned on several grounds: there was no
firm basis for the assumption that rotation around single bonds was
significantly faster than spin inversion; singlet addition of methylene

‘need not be a concerted process simply because it might be without vio-

lating conservation of spin; and finally, any ring product formed {n an

adiabatic reaction would be "hot" enough to undergo isomem‘zation.2

De More and Benson3 proposed a.different solution to the question of
the spin-dependence of stereochemistry and distribution of structural

isomeric products.. They postulated that an open-ring diradical is

- 3-
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formed in both sing]et and triplet cases. Faster rina closure than rotation

around the r1no/pzhds Teads to stereospecific singlet cycloaddition.
This proposal has been cr1t1c1zed2 since the barrier to methylene rota-
tion is unlikely to be more than 3 kcal/mole. Hence the rate of rota-
tion should at least equal tde rate of cyclization in an excited bi-
radical. Part of the controversy was settled by Bader and Generosa,4
who showed unequivgca11y that singlet methylene does add stereospecifi-
cally to qlefins, and triplet methylene does not.

Analogous studies have been performed on the .reaction we con-

sider, oxygen addition to olefins, by R. J. Cvetanovi¢ and coworkerss'14

and others. The gas phaso data consistently suggest an e]e‘ctrophﬂics’8
attack of triplet oxygen on the alkene n density. This is.indicated

by the decreased react1v1ty of halosubstituted o}ef1n515 20 - and in-
creased reactivity of a]kylSUbstituted5 olefins. Triplet cyc]oaddition
products can exhibit temperature-dependent stereospecificity. 0(3§)
adds "to cis-2-butene non-stereospecifica]iy at 77°K and 300°K, bup with
trans-2-butene, trans- and cis-1,2-dimethyloxirane are produced 1n§the

ratio 17/1 at 77°K (condensed phase) but 2/1 at 300°K (gas phase). 21

There has been specu]ation8a21—24

on the nature of a "tr1p1et biradical"
intermediate presumed to be involved. Such a metastable intermediate
may close to form the epoxide products, it may'fragment to radicals

(which then react to form products of higher molecular weight), or it

;

ceometry (I) with unpa1red electronic charge localized at both the oxygen

May rearrange to form a]dehyde and/or ketone products.6 It has been

proposed that this 1ntermed1ate, if it exists, may have an open-ring

and terminal methylene carbon.
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o

(1)

Such a structure would permit the molecule several possible
further processes: H atom and/or alkyl migration, ring closure and
formation of a second CO bond (if associated with an available tripnlet-
s}ng]et surface crossing), or fraémentgtjon into radipals. Rotation
of the terminal methy]eée group aroﬁﬁd ihe_formal]y single bond is
expected to require only a few kcal/mole and potentially allow ]oss.
of reactant stereospecificity.

It has been observed that the larger tﬁe alkyl groups substituted

LY

on the olefin are, the greater is the ratio of epoxide to fragmenta-

6,25,26

tion products. Thus, addition of triplet oxygen to ethylene

forms fragmentation products for the most part at room temperatures.

In liquid nitrogen at 77°K, primarily ethylene oxide and acetaldehyde

10

are produced. ‘Involvement of a vibrationally "hot" intermediate of

geometrL (1) would bé consistent with these‘QLservations, as the extra
degrees of freedom of a substituted ethy]eneﬁwou]d increase the 1jfe—
time of, the intermediate and hence.reduce the fraémentation products.
Similar observations have been made in the/ﬁeacﬁion of triplet oxygen

Lith solid ethy1ene.27’28 /
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Gunning, Strausz and coworker529 discovered that atomic sulphur
adds to olefins stereospecifically in both its lowest singlet and triplet
states. Both reactions have a low activation energy as théy proceea to a
significant extent at even -%@géé., As fo; atomic oxygen addition, reaction
rates 1ncréase as alkyl substitht}on oﬁ the olefins is increased, in-
dicating atomic sulphur e]ectrbphilicity. The stereospecificity Sf the
triﬂ]et addition is suggested to be due to the nature of a relatively
long-lived intermediate diradical of geometry (I). CC bondsrotation
may be slowed down by the heav} suiphur atom which also enhances'the

triplet-singlet conversion.29 Alternately, there may be partial bonding

" between the sulphur gpn-bonding p orbital and methylene p orbital.

A final case is the 1iquid phase addition of singlet and triplet

forms of carbethoxynitrene (étOZCN) to cis- and trans-4-methyl-2-

‘33

pentene, which §ie1ds products consistent with a stereospecific

triplet mechanism.

There have been several theoretical studies of these systems

\

at various levels of approximation.
A partial potential surface for the singlet CH2 cycloadditicn
has been computed by Hoffmann34 at the extended Huckel level. He con-

cluded from the qualitative features of the surface that the favoured

\

singlet reaction path is an initially unsymmetrical methylene approach
) »

wit’

nearer one carbon (II). As the reaction proceeds, tneﬁ thylene rotates

) | ¢




and the system approaches the symmetric geometry of the product cyclo-
propane (II1). The attack is termed éoncerted in that the path is
energetically downhill throughout with almost simu]taneoys forma-
tion of the two ring bonds. |

Triplet methylene, however, is predicted to prefer an initially

symmetric attag~-{IV) which moves to an unsymmetrical approach taC)
, G 1

i ‘ ’ {
\

- — r\«-;O_,.('y—‘..f\ AR —_
%.;"G (1v) =2 (J’,\r U(V) . v'%\:)

. produce a stable open-ring intermediate (V). This geoméfry has a
Tow rotation Barrier around thé original CC axis. Thus, loss of
substrate stereosbecificity is to be expected in the singlet products
it forms on transjtion to the singlet state and ring closure.

~ Hoffmann g;_gl;?s have also used extended Hickel theéry to
compute potential surfaces for the lowest singlet and triplet sfates
for the addition of sulphur. Singlet cycloaddition was found to be
downhill to the thiirane product via a C2v path (c.f. IV). A.singlet
intermediate was found which was planar and had the CC bond broken
(c.f. V): Singlet stereospecificity was attributed to preferred con-
rotary ring\cloéure. No singlet open-ring geometry with a broken CS

-

bond was found.

Triplet sulphur was calculated to undergo addition via a C2v
path which is energetically downhill froh the separated reactants,

maintaining significant CC bonding throughout. However, two minima
}



in the triplct surface were found, each a ring-open geometry. One

had the carboi.-carbon bond broken in a completely planar structure (VI)

with higher barriers to CH2 rotation than for the trimethy}ene case. .
The second structure hdd one CS bond broken and a 5 kgai/mole terminal
methylene rotation barrier.

Strausz and coworkers31 have computed fragments of the lowest
singlet and triplet potential surfaces for  the additioﬁ'of,su1phur te
ethylene in an SCF calculation. They predict the preferred triplet
path to be a C2v attack at long range cpénging to a CS unsymhetrica]
geometry at closer distances. The result is an intermediate With one
C-S bond brokenc

A binding in?eraction between the sulphur and terminal methylene
yields a 23.0 kca]/mo}e barrier to rotation of the terminal methylene.

. This barrier is sufficient to be stable to the 20 kcal/mole excess
vibrational energy estimated to be available to the molecule. The pre-
dicted height of this barvier is of sufficient magnitude to accouﬁt for
the observed stereospecificity found for the addition reactions of S(3P).

Leppin and Go]1nick36 had previously suggested that the stereo-
specific triplet su]}hur addition cod]d be rationalized on the assumption
of a symmetrical C2v approach. The reaction is symmetry a]]oyed for
both S(3P) and'S(lD) states in that case. The triplet stereospecificity

was attribut< - to an energy barrier'postulated to exist via HWalsh's
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rules for the Towest triplet state. ATthough Hoffmann35-agrees with
this analysis, it appears to be inconsistent w%tﬁ the high barriér
to.C,, triplet sulphur addition computed by Strausz g}_gl;?l )

Haines and Csizmadia37 have performed limited calculations
on the nitrene cycloaddition system. In agreement with the Strausz
gz_gl;FI resUTES on the sulphur system, they found that the lowest
triplet and lowest excited singlet- state molecules had lower total
energy for ring-opened geometries with one CN bond broken.

Atomic oxygenlo]efin addition, while receiving much experi-
mental attention, has had 1ittle quantitative.treatment from a theore-

tical standpoiﬁt. A recent38

CNDO/2 sketch of a small portion of the
lowest singlet and triplet surfaces indicates the possibility of there

existing an open-ring triplet intermediate. However, the results

are inconclusive and no atte de at specifying any details
of the reaction mechanism pecause of the approximations inherent
in the method.

It appeared to u$ that a useful study of the singlet and trin
let oxygen-olefin reactions-cou]d‘be made using relatively accurate
ab initio methods. Calculation of the complete singlet and triplet

potential hypersurfaces for the cycloaddition, fragmentation, radical

" migration and insertion/abstraction reactions is far beyond all but

the most simplified theoretical models. According]y, this study con-
centrated on more restrictive questions for which at least éemi—
quantitative answers are obtainable.

Spegifically, it was hoped to determine whether jor not the

preferred singlet and triplet attacks are symmetric with respect to
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the olefin double bond. An alternate possible approach is an initial j
§ttachment to one of the carbon atoms. In the former case, a symmetric
ring proﬁuct(would be expected; in the ]atter,fan open-ring product
or intermediate. If an open-ring intermediate is found, is.there the
expecteds‘almost free rotation of the terminal methylene? What is ‘
the activation energy required to produce\a ring-opened triplet struc-
ture?

Previous studies40 of the insertion/abstraction reactions of
sihg]et and triplet species interpreted the computed differences in .
potential surface features in terms of spin "uncoupling" and "transfer"
mechanisms. We hoped to find an analogous rgtiona]e for the differences

between singlet and triplet cycloaddition mechanisms.

Y

L ren et



CHAPTER IT -
POTENTIAL SURFACE THEORY

In thé quantum description of molecular dynamics, the idea of'
a'potentia1 surface is based on the separaBi]ity of nuclear and elec-
tronic motion first suggested by Born and Oppenheimer.41 The electronic
energy is computed for all static nuclear gédmetries: The anIei are
treated as moving in a potential due to their mutual\e1ectrostatic
repulsions and the total electronic energy.

The potential surface concept is intimately connected with
the description of the preferred paths of ﬁolecu]ar ;eactions. Indeed,
the very definitions of equilibrium nuclear gedmetny, transition state,
reaction intermediate and activation energy all relate to the energy

\
changes accompanying nuclear motion on a potential energy hypersurface.

v

The potential operator for a system of electrons and nuclei
under no applied external electromagnetic fields contains no explicit
time dependence. In that case, the total system wavefunction for the

vth stationary state of energy EV can be written as a product of a time-

- -E t
dependent function, e ~j$*, and a spatial function, wv(ﬁ,g), where {r}
and {Bf\ats;fﬂf electronic and nuclear coordinates (including spin).

Thus, the molecular eigenstate problem becomes the solution of the time-
independent Schrodinger equation of the system:.
Hy (£.R) = E v (r,R) S

~
for the possible eigenstates wv(g,g) associated with each eigenenergy Ev.

- 11 - ¥



The total non-relativistic "spinless" Hamiltonian for a system
of M-nuclei (masses {Mj}, charges {Zje}) and N electrons (masses Mg

charges -e) can be written as

2 2
2 M o9&, 2 N 9°, M N e"2 M e"2.2, 2
B Low o L LoD L e A
j=1 ) i=1 J=11i=1 "1ij j<€ it i<k ik
or, in atomic units*
2
M v N M N Z. M N
H(;,g>,=--;-zﬂ%--;-2v2,--z et LAt LA
, j=1 3 i=1 J=1 i=1 T’ i<t je i<k ik

fhe respective terms are the operators for the nuclear and electronic
kinetic energy an- electronic-nuclear, internuclear and intereieqtronic
potent1a] energy.

The mass and hence kinetic energy of the.nuclei and e]ectrons
differ by three orders of magnitude. Hence, the nuclear motion can
be treated‘as occurring in a potential due to the nuclear repulsions
and negatively charged cloud of electron density. To a good approxima-
tion it is possible to express the total molecular eigenfunction,

Y, n(r,g) as & simple product of an electronic and a nuclear function:
» x

(r,R) = %,g(ﬁ)%,n(‘}) , (3)

>N

The electronic and nuclear wavefunctions are now treated separately in

two steps.

. * The atomic unit (a.u.) of length is the first Bohr radius of the

hydrogen 2atom, a, = 0.52917 A; 1 a.u. of energy = 627.71 kcal/mole

= 37.210 ¥ = 2.1947 x 10° em™ L,



|
)

13

Defining the electronic Hamiltonian, fges @S

1 N, M N Z. M Z'ZG N 1’
Hop = - E'.Z vl - ] 1 F{%—+ P 7%7—-+ D) = (4)
_ i=1 J=11i=1 i3 j<¢ "j& i<k “ik
we first solve the electronic Schrodinger equation for the so-called
"clamped nucleus” approximation: ‘ -
Heflj’v’g(r) = Ev(B)‘%,g(ﬁ) (5)
for var%bus nuclear geometries.
Secondly, defining tﬁ% nuc]éaﬁ kinetic operator, TN, as
| L
TN = - 2 Z ﬁi (6)
‘ =1 "]
we then proceed to solve the nuclear Schrbdinéer equation
[Ty + E(R)e, (R) = E o (R) o
. Thus, we find the nuclear eigenstates ¢V,Q(B) for fhe Lt
system eigenstate, using E;(B), the parametrically defined electronic
energy of the vth state as the nuclear potential. This is the Barn-
Oppenheimer approximation.41 '
One can improve the mo]écu]ar description by redefining each
moleCUlar_eigenstate in terms 6f the complete set“of éxaét solutions
to the electronic Schrodinger equation, wu’R(g). The ekpansion co-
efficients are then taken to be a set of nuz1ear wavefuncpions ¢u(§).
Thus, r
won(DR) = 2o plr)e, (R) ' (8)

This method 1ead542 to a revised infinite set of coupled equations for



the nuclear functions ¢u(g):
[Ty + Eu(E) + <¢u|TN|¢u> :‘Eun]¢u(5) = -u;v<¢u|TN|¢;>¢V(E) - 9)
This is another exaét statement of the'Sch}Gdinger equation
. for the system jequation 2) and as difficult to solve.
Exact solution of equations (5) and (9) constitute the "non-
adiabatic” appfoximation to the original problem (equation 1).
We éee that the approximation made in equatjon (7) is to assume

that <quTN|wV> = 0. If one uses the single product form of the approxi-

mate eigenfunction, one obtains the eigenvalue equation:

[Ty + EH(E) + <?u|TN'wu>]¢u(g) = E;n¢u(5) ‘ (10)

The difference between this and the Born-Oppenheimer nuclear equation (7)
is the presence of tﬁe term <wu[TN|wu>, the so-called "adiabatic cor-
rection". As mentioned above, its value should be only N .0005 the value
of EH(B).

The Born-Oppenheimer approximation may fail in cases where
there is degeneracy or near-degeneracy in the'electronic‘states {wv,RQr)}.
In this case, there may be a stroﬁg coupling 0% the electronic statgg
and nuclear motion, as in the Jahn-Teller and Renner distortions of
nuclear geometry for non-linear and ]1ﬁear molecutes 43 respectively.

A thermal reaction of ground state reactants can be analyzed
throdgh the features of the lTowest potential surface. However, a
photochemical reaction as studied here must be described by the properties

a4 The intersections of these surfaces éa1—

[$]

of several such surfaces.

culated within the Born-Oppenheimer approximation will correspond to



* the most probable geometries for radiationless transition between the
electronic states. |
Solutions to the electronic thrﬁdinger~équation.(5) may in
principle be determined’to any degree of accuracy required. However, .
thg!capabi]ities of current computatioéa] techniques 1imit the calcula-
tion Bf botentia] energy surfaces to chemical accuracy (1 kcal/mole or
Jess) to only a few two- and three-electron systems. Two recent reviews
45,46

of potential surface calculations discuss the difficulties en-

countered.

Even within the current technical constraints, useful studies
of the nuclear dynamics of chemical reactions are possible by solu-
tion of nuclear SchréQinger equation (7) via classical and quantum
. methods.47 As well, é computation of the general featgres of a éotentia]
: surface permits prediction.of the general naturé‘ofrthe reaction paths,

activation energies and products of a chemical reaction.

e e

We have taken the latter approach. Approximate electronic
~functions of several low-lying states of a mode] cycloaddition system
were calculated for chosen nuclear geometries. From the variation in
) electronic energies of the various'states with chandes in the nuclear
geometry, the preferred reactjon paths for the lowest singlet and triplet

‘stétes are bredicted. An explanation of the computed differences in

e d WEFTPRES T 00 Wy - B AP~

“singlet and triplet paths is proposed based 'on the asggciated total
. [

- gl

\
- electronic charge and spin density distributions for the various geo-

R ad

> _metries. Finally, thse‘results are reconciled with the observed

experimental data.




CHAPTER 111 )
CALCULATIONS OF THE POTENTIAL ENERGY SURFACES
The model olefin-oxygen system chosen for computational study

1

is the simplest possible, ethylene (C2H4) incits A, ground state plus

1g
atomic oxygen in its lowest 3P and 1D states. This choice of system
allows us to calculate the potential energy surfaces at a level of
accuracy sufficient to predict their major features. The reaction

paths deduced from the surfaces shou]é\ho1d for the whole class of

reactions.
The electronic wavefunctions gelgfated here are of the LCAO-
MO-SCF type. That is, each of the molecular orbitals (MO) used in the
construction of a single determinantal wavefunction is expressed in a
linear combination of gﬁémic orbitals (LCAO) or basis functions. Our
basis set size limitations preclude reachfﬁg the Hartree-Fock limit.
Self-consistent-field (SCF) ca1gu1ations of the required deter-
minantal wavefunctions were carried out primé%i]y using the PALYATPM/?2 48
system of programmes (locally upgraded by Dr. A. J. Duke). For some
of the geometries studied, the PPLYATPM SCF calculations exhibited
oscillatory non-convergence. When this occurred, the programmes PREP,
. RGPEN and PPEN (kindly supplied by Dr. R. A. Gangi) were used instead.

These programmes are based on Mcweeny's49

method of steepest descent
and solved the oscillation problem satisfactorily.
Triplet wavefunctions were taken to be single determinantal

wavefunctions of the unrestricted Hartree-Fock (UHF).type. Since the

- 16 -
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space orbitals associated with the o and 8 Spin functions are allowed
to differ, the resultant wavefunction is not necessarily an eigen-
function of SZ. Contamination of the desired triplet by states of
higher ﬁu]tip]icityiis fhus possible. The extent of contamination in
our ca]cu]étions was monitored through calculation of <SZ> for each
triplet wavefunction. The most serious contamination is expected to

arise'fppm the state of next highest mu1tip1icity.50

In the triplet
case, contamination arises primarily from a quintet state (<52> = 6).
The'computed <52> values were greater than the pure triplet value

of 2 by .4 at most and .03 -~ .2 on average. Hence contamination of the
lowest triplet state by states of higher multiplicity was found to be
minimal. '

As a first approximation, the lowest singlet state wavefunctions
were taken to be single restricted Hartree-Fock (RHF) determinants.
Considering the valence shell configurations of oxygen, the atomic
oxygen 1D state wavefunction must consist of a linear combination of
three determinants (see Appendix A-1). This was taken into account
by performing a three-state configuration interaction (CI) usiné thg
virtual orbitals (VC)} generated with each ground ;tate (GS) wavefunction:
The occupied and virtual orbital sets were used to construct two ex-
cited séate determinantal functions. The three (orthogonal) states
Qere mixed using the one~ and two-electron integral évaluation package
iq POLYATOM, p]ué a configurqtion.interaction proéramme written by the
author. '

A more accurate CI method was employed where possible. This

requires use of reconverged SCF wavefunctions as the three-component

17
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CI basis and thus avoided the use of vﬁr;ual orbitals. Since such
determinantal functions are not orthggona1, recou;se was made to the

51 Calculations of

corresponding onbita1lprocedures of Amos and Hall.
this type cou]d'bé performed only for a separated oxygen atom due to

basis set size. This gave the limiting description of the separated

reactants in our basis set. It also yielded an estimate of the error
involved in the virtual orbital method when later applied to several

surface po{nts.

The atomic basis set used was taken from the Gaussian type
orbital (GTO) sp set constructed by Basch, Robin gnd Keub]er52 for.
their studies of the electronic states of several small molecules. They
state that the set is of best-atom double zeta (BADZ) quality, and is
sufficient to describe the ground and excited state molecular orbitals
of first-row-containing molecules.

Our preliminary studies included computation of ethylene oxide
wavefunctions for the three triplet states expected to be of lowest energy
(based on ground state orbital energies). The highest energy molecular
orbitals for all three triplets showed heavy use of th% most diffuse
basis functions of the Basch double zeta (BDZ) set. Hence this basis
did not satisfactorily sﬁqn the required orbital space. We supplemented
the set by aading three s- and one p-type fupctions per first row atom.
The orbital exponents of the addgd functiops were fixed by confinuing
the trend in the ratio of the BDZ expongnts. The contraction of the
BDZ set suggested by Basch‘gg_gl;_was retained, and the added functions

were left uncontracted. The contraction of the final basis set was

(13,6/4) » [7,3/2]. The orbital exponents and contraction coefficients
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of the final basis set’are listed in Table 1. The three triplet and
lTowest glosed-she]] sing1e£ wavefunctions were recomputed at the ex-
perimental ground state equilibrium geometry54 (Table 2). Total energy
changes for the four states oﬁ expanding the basis set are reported in
Table 3. The ground state energy was essentially unaffected. The
energies of two of the'three triplets decreased significantly. The
added basis fuﬁctiohs contribute significédt]y to the description of
the most diffuse MO in all three triplet states. In each case, the
most diffuse basis function of each type is not the most heavily used;
thus, the Basis now spans the MO space satisfactorily.

A basis’set of this size may be expected to predict rotational
barriers ‘to within 1 kcé]/mo]e.45 4

A potential energy hypersurface'for a seven-nucleus non-linear
system is a function of 15 dimensions. Only a small portion of such
a surface can and need be searched to establish minimum energy reaction
paths. -Each of the questions we wished to answer necessitated finding
the changes in tdta] energy with variation of one or more of four nuclear
geometry parameters {Figuré 1): R1, the carbon-carbon distance; R2,
the shorter of the two carbon-oxygen distances; o, the' angle between
R1 and R2; and y, the torsion angle of the terminal methylene group.
For a symmetric oxygen apﬁroach_(along the bisector of the carbon-carbon
bond), it is useful to define R3, the distance between the oxygen
nucleus and midpoint pf thg‘carbon—carboh bond. R3 is then more con- i
venient to use than the're]a}ed parameters R2 and .

The geometries of the two methylene groups were also varied in.

each search. These variations are not large because the two limiting

s
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TABLE 1

Final Atomic Orbital Basis Set

Atom  Type Basis Functiona

H S 0.817é38(0.65341)+0.231208(2.89915)+Q.032828(19.24060)
1.000000(0.17758)

»

.243311(17.18930)+0.453799(7.05910)+Q.269832(2.52690)+0.1534@0(41.84270)

¢ S 0
s 0.904751(159.62740)+0:121599(781.64950)+0.029314(2548.72600).
S 1.053375(0.47350)-0;146302(4.93440)
S 1.000000(0.14800)
S 1.000000(0.045)
S 1.000000(0.014)
S 1.000000(0.00426) )
’Py’ O.640080(0.35945)+0.386200(1.14293)+0.115440(3.98040)+0.018533(18.15576)
x’Py’ s 1.000000(0.037)
0 S 0.243991(31.31660)+0.458240(12.86070)+0.264438(4.60370)+0.152763(76.23200)
S 0.904785(290.78500)+0.121603(1424.06430)¥0.029225(4643.44850)
S 1.051534(0.92110)-0.140314(9.70440)
S 1.000000(0.28250)
S 1.000000(0.089)
S 1.000000(0.028)
S 1.000000(0.00882) /
Px’Py’ 0.627380(0’71706)+0.394730(2.30512)+0,124190(7.90403)+0.019580(35.18320)
Px’Py’ . 1.000000(0.064)
@ Each basis expansion is written as Cl(al) + C2(a2) + ...+ CN(aN) where Ci

is the expansion coefficient of the Gaussian e7a1R .



TABLE 2

Experimenta16o Ground State Ethylene Oxide Equilibrium Geometry

Atom x(a.u.) y(a.u.) z{a.u.)

Hl1 0.0 -1.74031707 2.39572547
H2 0.0 1.74031707 2.39572547 °
H3 0.0 -1.74031707  -2.39572547
H4 0.0° _ 1.74031707  -2.39572547
Cl 0.37730991 0.0 1.39085

C2 0.37730991 0.0 -1.39085

0 2.7106700 0.0 0.0
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TABLE 3

Total Energy Changes of® Several Low-Lying States of Ethylene Oxide

on-Basis Set Expansion (at the ground state equilibrium geometry)

State Energy (a._u.)+ Energy (a.u.)%_ Energy Change
(BDZ basis) (Extended BDZ basis) (a.u.fkcal/mole)
lA1 . -152.80027 | —}52.80403 | -0.00376/~-2.36
381 -152.53685 -152.57574 -0.03889/-24.4
A, ~152.522 15255448 -0.032/-20.2
'382 -152.4942 -152.50235 -0.0082/-5.15

i S.C.F. energies converged to last digit quoted.

~
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geometries, of reactant ethylene53 and product ethylene oxide54 are

very similar (Table 4). The energy changes introduced are less than

5 kcal/mole, as c6mparison of points 8 and 10 of Table 5 indicate.

1. C,\Approach

We first studied the variation in total singlet and triplet
state energies for oxyéen approaching the ethylene along the x-axis
(Figure 2), equidistant from the two carbons. The two lowest surfaces
for this C2V approach are presented in Table 5 and Figure 2.

The singlet surface is strongly "downhill attractive" for such
a symmetric attack, leading to the potential well around the\ground
- state equilibrium geometry.

~For R§'< 4 a.u., the methylene geometries were takén to be
those in the equ%]ibrium geometry of gr?und state ethylene oxide. For
R3 > 5a.u., the methylenes were fixed to be in the planar geometry
of ground state ethylene. -For R3 = 4 a.u., iS intermediate geometry
was chosen (Table 6). The singlet energy for several values of R3.
was optimized with respect to Rl. These results are included in
Table 5 and illustrated in Figure 3. The optimum value of R1 increases
with decreasing R3, reflecting the weakening of the carbon-carbon bond
with approach of the oxygen. The lowest energy path is accurate to
better than 5 kcal/mole with respect té R1 variation along the comb]ete
range of R3 values.

The magnitude of the coxrelation error changes are illustrated
in Figﬁre 2. For the very extended C2V geometry where R3 = 10 a.u.,

wavefunctions for the lowest singlet state were computed by three methods.

-

v



) TABLE 4
Experimental Bond Lengths and Bond Angles of Ground State.Ethy1ene61
and Ethylene Oxide60 |
Parameters {(a.u./deg.) Ethylene Ethylene Oxide

' R(CO) ' - 2.7164
R(CC) ™ 2.5304 2.7817

R(CH) 2.052 2.045

coH —-- 61.5

HCH ' 117.6 116.7

Y

25
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TABLE 5

Singlet and Triplet Energy Variations for C2v Oxygen Approach

.

e

T

TRE AT RIS TR

e

XA

!

(.
oy

geometry as for point 8, except the methylenes are coplanar.

<

Point Geometry® R3(a.u.) Rl(a.u.) R2(a.u.) 1A Energyb 3B Energyb’C «s2,¢
. }a.u.) l(a-u-)

14 2 9 10.000 530 10.08  -152.68075  -152.80483  2.006
5 2 4 5.000 530 5.158  -152.69035  -152.79915  2.009
6 2 d 5. 000 .600 5.166  -152.68912 S -

11 3 4.000 782 4.235  -152.694 e -

12 3 d 4.000 700 4.222  -152.7017 — -

13 3¢ 4.000 600 £.206  -152.7071 -152.7718 -
2 1 @ 3.373 782 3.649  -152.7188 S -
3 p d 3.373 .700 3.630  -152.72132  -152.7223 2.023
4 p d 3.373 600 3.612  -152.728 _— -
7 19 3.000 782 3.307  -152.76116 - -
8 -q d 3.000 .700 3.290  -152.76342  -152.68643  2.019
9 1.9 3.000 600 3.270  -152.76202 S .-

10 19¢ 3000 700 3.290  -152.75421 N -

15 1 ¢ 2.750 782 3.082  -152.78647 — -

16 1 9 2.750 .700 3.063  -152.78750 . -
1 1 2.331 782 2.714  -152.80403  -152.57574 2.0

15 p 9 2.000 782 2.436  -152.76207  -152.51601 -

a \geometries 1, 2 and 3 defined in Table 6.

b SCF energy converged to last digit shown.

C uHF state. ‘

d geometry based on 1, 2 or 3 aé indicated but R1 and/or R3 changed to values gi.-n.

e



TABLE 6

Terminal Methylene Geometry Variation for C2v Atéack

Ethylene oxide ground state experimenta]54 equiltibrium geometry
Ethy]ene oxide geometry chosen intermediate to 1 and 3 .
Ethylene ground state experimenta153 equilibrium geometry (plus
oxygen).
CH (a.u.) HCH (degrees) R1 (a.u.") R3 (a.u.)
2.045 117.6 ' 2.782 2.708

2.052 116.7 2.782 4.187

2.052 116.7 ' 2.530 5.000

28
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First, we employed a three-state CI using a basis set o% individually
converged SCF ethylene oxide functions. The lowest singlet energy was
-152.72013 a.u., only 0.08 kcal/mole less than the sum of the energies
of separated C2H4(1A1g) (-78.00643 a.u.) and O(*D): (-74.71357 a.u.) in
this_basis.

A second calculation was performed using a virtual ‘orbital
description of the inteYacting determiégnts. This yielded a lowest
singlet energy of -152.685%8 a.u., 18 kcal/mole above the previous
CI result. TWe lowest single determinantal singlet energy is -152.68075,
a further 6 kcal/mole higher than the VO-CI result. Thus, the VO-CI ®
recovered only 6 kcal/mole of the 24 kcal/mole error incurred by at-
tempting to describe the open-shell oxygen by a single determinantal
function.

For surface points near the 1A1 equilibrium geometry, a single
determinant is expected to suffice to describe the closed-shell product
state to the accuracy we require. This was found to be the case for
the singlet ground state of HZO'jn the insertion/abstraction study.40

At intermediate R3 va]ueé, some determinantal mixing can be
expected to occur. Accordingly, a VO-CI was performed %or point 5
(R3 = 5 a.u.). The lowest singlet energy decreased only 1.3 kcal/mole.
This strongly suggests the possibility of there being an energy barrier
to the s%ng]et reaction for/this geometry of approach of about fO kcal/mole.

The tfiplet surface for C, approach is étrong]y repulsive at

AY
all values of R3. Unlike the singlet case; the single’ determinantal

URHF wavefunction'cprrectiy describes the dissociated reactants. Changes
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in correlation energy are not expected tq Be as important since the
next lowest triplet states are of different symme{ry and hence non-
. interacting. Smooth energy increase on transition from separated
reactants to the lowest excited product tfip1et state was observed.

The results of tﬁis search may be briefly summarized by saying
that the singlet surface is "downhill attréctive” for a C2v éttack
and leads to the ring product in its ground state. There may be a
moderate barrier at large distances; howeﬂer, this is not unambiguously
éhown in these calculations due to problems” in overcoming correlation

effects. The triplet surface, on the other hand, is strongly repulisive

for the C2v approach.
2. gs_ﬁpgroach

The second series of calculations was garried out ﬁo evaluate
the energy phanges accompanying an unsymmetric oxygen attack on the
olefin. Thﬁs, sequences of runs were pefformed wherein the oxygen was
constrained to remain in the plane both perpendicular to the ethylene
molecular plane and containing the olefinic bond. The terminal methylene
was fixed in the planar gthy1ene geometry. The internal methylene was
giyen the moréltetrahedra1 geometry of the ground state ethylene oxide
equilibrium geometry.

In the.Cs point group, the lowest closed-shell singlet state

is designated 1a', the Towest triplet 3

let 3A'. The lowest open-shell singlet states with configurations

A", and the second lowest trip-

corresponding to those of the open-shell triplets are labelled 1Ag S

1., °
and Ao.s.’

\
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The first set of computations was carried out for a = 1oq.47°
and varying R2. The results are included in Table 7 and illustrated
in Fiéure 4, .

The closed-shell singlet surfage is-s1ight1y repulsive. To

estimate the correlation error, we performed a three-state VO-CI on
=

points, 4 and 23. The lowest singlet energy decreased 7 kcal/mole and
6 kcal/mole, respectively. ’
In open-ring geometries, there may exist low-lying open-shell

singlet states related to the lowest triplet states. To check this,

we computed the lowest energy RHF 3A" and 3A' states, then generated

the corresponding singlet energy from those functions. On transferrihg

3A" and 3A' states increased

in energy {for C, point 4) by 5 kcal/mole each. The calculated lAé .

from UHF to RHF wavefunctions, the lowest

energy was found to be -152.636 a.u., 18 kcal/mole above the lowest
closed-shell singlet. Thus, the lowest singlet state at that geometry
was still a closed-shell configuration.

1A' states was considered

Mixing of the lAé.s. and closed-shell
possible. Accordingly, the VO-CI calculations were repeated for
points 4 and é3 with the open-shell configuration added to the basis.
Mixing was found to be minimal, the lowest singlet state energy being
respectively less than 10 kcal/mole and 6 kcal/mole lower than the
single closed-shell determinantal result. Thus, the singlet curve
is predicted to be repulsive.

The triplet surface is also repulsive, though much less so
than for a symmetric attack. ‘

A slight dip was noted in the triplet surface for R2 ¥ 3 a.u.

/
!
I

32



¥ 4

ke 9/0°¢ LU TIANAt) m--- 056°¢ 00" €01 ¢ﬁo.m 9¢ ,

/W--; vL0°T 0L6L1°2ST- - 0S.°¢ 00°¢01 F10°¢€ 8¢ )
--=- 8L0°¢ 069.LL7¢ST- -=-- ©099°¢ 0G- €01 p10°¢ ¢¢
AN AAY o v.0°¢ €90L1°251- 88¢.9°¢S1- 28L°¢ Ly 601 $10°¢ L ‘
—ee- @B.m/ 626LL°CST- ---- 28L°2 00901 €10°¢ ot ,
- 9£0°¢ . ¢LeLL 7281~ ---- 28L°¢ 00 €01 7102 ge
---- TS0y~ ST6LL2ST- =---.28L°Z 007001  IO°E 11
---- 680°¢ , 99//,°251- === ¢8L°¢ [y 601 050°¢ €l -
-=-- == 09.L1°28T- ---- 28L°¢ LY°601 001°¢ 0z .
-=-- --- OvLLL72ST- ---= 8L ¢ Ly 601 00¢’¢€ Al
- 161°¢ 6S0LL° 2591~ === 056°¢ 00:601 0g¢'¢ [#7
ik YA/ 8v6ll 2S1- it 8IL°¢ 00°901 0s¢°¢ L2
T SL1°¢ LG8LL°2ST- ---- omo.m 00°501 062°¢ " 61
-=-- A LSLLL2ST- 89.9°¢S1- 28L°¢ Ly 601 0G2°¢ 91
=== G81°¢ 698L/[7 261~ === 28L°¢ 00501 062°¢ L1 ,
=== 8L1°¢ 618, 25T~ iotale 8L ¢ 00°001 06¢°¢ 81
- --- 869/ °2S1- 86117 251~ Nwm.w 00°06 06¢°¢ 9t
m-=- === 160,251~ Y195/ "¢Sli- 28L°¢ 00704 06¢°¢ LE
---- 01¢°¢ vLLL2ST- m ---- ¢8L°¢ Ly°60T- 00¢-¢ st
££28L° 25T~ .28L°2°  00°8TT 000"t 42
8eEe8L 261~ £€V 2 €LE8L7 28T~ 8€/9°¢261- 2¢8L°¢ Ly 601 000"t £l ’
=== 9ev "¢ 9eEeBL 28T~ === 28L°¢ 00°€01 000V Al :
" (*n-e ‘n-e ‘n- ‘n* 234bs ‘n:
n.mMmmew Y q<zS” n.m»m;m:mv=<m mxmmmcmmw<ﬁ ( Hmwv (s o Pl Nmmv HuLod

yoeouddy uabAx( mo 404 suotjetaep Abusu3j 3ajdrajy pue 32(butg

N

) . L 319Vl : N

v — -y




—can e

34

.

UOLIDUNSBARM JHA

usatb 3161p 3se[ 03 pabusauod ABuaaus J3§

q

e

"2Y pue Ty ‘© uiL sabueys pajedipul ayy y3im (1 "61499s) T jutod Jo 3Ry} UC PISeq duR SILUIBWOIB [ (Y

00LEL72S1- -

-

£20°2¢
0€0°¢
620°¢
0€0°¢

(4H4)0909£ 251~ LE0"2C

0e0°¢
0€0°¢
€e0°¢
pe0 " ¢-

940°¢

6LLvL" ZST-
2v29L 21~
600£L°251-
0€0£L° 25T~
6069/ 251~
180207251~
£82/L°251-
y12LL7251-
9065/°251-
$1299°251-
€964/ 251~
691" 251~

Y oum

69¢9 " ¢ST-

c088L°¢S1-
LESYL eST-

ATAA
¢8L7¢
0ve’¢
28L°¢
02L°¢
28L°¢
e8L¢

2e8L e

¢8L ¢
¢8L ¢
28L7¢
¢8L¢

LY 60T
L7601
Lb"601
L"60T
Lp°60T
[9°601
Ly 90T
007001
00°06

00°0¢

00°€8

L9"601

005°¢ -
$19°¢
vii¢
12V
b1L°2
vig ¢
vil'¢
1AV
AYARZ
vili-e
006°¢
¥i6°¢




Figure 4. Cs Singlet and Triplet Surfaces
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To define the surface more accurately in this region, we optimized the
triplet energy with respect to both o and R1 for several R3 values. ™ '
The results of this search are included in Table 7 and Figure 5.

The originally observed dip, less than 1 kcal/mole, is not
meaningfultin itself. However, the a- and Rl-optimizations show
that the preferred angle of attack is a consistent 104 ¢ 2° and carbon-
carbon distance 2.75 + .05 a.u. for carbon-oxygen distances in the
3 a.u. range. Hence the full triplet C, attack curve (F%gure 4) is

quite possibly within 2 kcal/mole, and certainly 10 kcal/mole of the

lowest energy path.

3. Methylene Rotation Barrier

One of the primary questions of interest was the non-stereo-
specificity of the triplet reaction. As previously mentioned, one
éxp]anation of this observation is the existence of a low energy bar-
rier to rotation of the terminal methylene of an asymmetric triplet
intermediate. Accordingly, we studied the variation 1n‘£9ta1 triplet
state energy with y, the terminal methylene rotation angle (Figure 1).
The results are reported in Table 8 and Figure 6. Unless explicitly
stated otherwise, the geometric parameters are those of the ground
state equilibrium geometry.

The rotation barrier is only 5.9 kcal/mole for R2 = 2.714 a.u.
and a = 109.47°. The barrier height is relatively insensitive to
the value of « in this range of a values, being 5.0 kcal/mole for
a = 90°. We computed the rotation barrier for ethylene in its lowest
triplet (3T) state to be 15 kcal/mole (for Rl = 2.916 a.u. and using

our basis). In this case, however,-the perpendicular geometry is lower

36



Figure 5. Optimization of Triplet CS Surface with Respect to Rl and «
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Figure 6.

Cs Triplet Energy versus y (R1 = 2.782 a.u.; R2 = 2.714 a.u.;
a = 109.47°) ‘
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in energy. In comparison, the experimental rotation barrier of singlet

ethylene is 65 kcal/mole. >

4, Ring Closure

We next considered the energy requirig for closure of an open-
ring triplet state to form the singlet product. This required calcula-
tion of the associated intersection of the singlet and triplet surfaces.

The singlet state lies below the triplet for C2V geometries with
internuclear ?1stances typical of normal'Bonds (Figure 2). The relative
positions of the surfaces are reversed for ring-open CS geometries
(Figure 4). Thus, the surfaces must cross at intermediate o values for
R2 < 3.6 a.u. Accordingly, we optimized the sing]et—trip]et‘crossing
energy with respect to « and R2. All surface points used are included
in Tables 5 and 7. The results are summarized in Table 9 and Figures 7
and 8.

The minimuﬁ energy required to reach a singfet—trip]ét surface
intersection was found for R2 = 2.9 a.u. and o = 83°, The energy bar-
rier is 36 kcal/mole above the sum of the energies of the separated
& |

reactants, CZHZ(IAIQ) and 0(°P). This is the lowest barr{er found for

addition in the triplet state yielding the ground state singlet product.

In combarison,/in the C2V approach the triplet state encounters an
energy barrier of 49 + 5 kcal/mole (Figure 2) before intersecting the

singlet surface.

5. \Misce]1aneous Data

Ddring the course of the preceeding searches, i; appeared use-

ful to calculate the energie% of several assorted surface points. These

Cvabax  af % oated

“



TABLE 9

Lowest Singlet-Triplet Crossing Enerqgy (E and

CROSS)
Corresponding a Value (aCROSS) Versus R2

R2 (a.u.) ECROSS+-(a'u‘) “CROSS+ (degrees)
2.50 555 9% * 5
2.71 36 ¢ 2 8 =+ 1
2.90 36 f 2 85.5 £ 1
3.25 42 + 4 77 = 1
3.45 45 + 2 69 = 1
3.70 49 + 2 59.5 ¢ 1

Uncertainty due to data interpolation.

“
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Figure 7.

Figure 8.

ke o mpa o bt

Singlet and Triplet Energie§ Versus o (R1 = 2.782 a.u.;
R2 = 2.9 a.u.)

wi \
Variation of Crossing Energy (---) and Crossing Angle o (—)

_with.R2
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are summarized in Table 10.

Point A was computed to observe the effect of pyramidalizing
the terminal methylene carbon. This permits the non-bonding methylene
spin density to occupy that region of space farthest from the oxygen

density. This geometry change increased the lowest 3A" state energy

by 8 kcal/mole, and the lowest closed-shell 1A' enerq&ﬁby 18 kcal/mole.

Point B was calculated to establish the effect of a y = 120°
rotation of the pyramidal methylene defined in point A. The triplet
energy increased a further 3 kcal/mole, and the singlet 29 kcal/mole.

Point C was computed to obtain the methylene rotation barrier
for the lowest singlet state in a C2v geometry. A y = 90° rotation
increased the singlet energy 200 kcal/mole.

Point D was calculated to test the energy changes accompanying
simultaneous symmetrical oxygen approéch\and opposed y = 45° rotations
of both methylenes. The triplet energy was found to lie 248 kcal/mole
above the energy of the separated reactan?s. Such geometries‘of trip-
let attack are highly improbable.

In summary, we have computed enough of the lowest singlet and

triplet surfaces to predict the respective preferred reaction paths.
. i

43

The singlet surface is slightly repulsive for asymmetyic oxygen approach,

and highly attractive for a symmetric C2v approach after an initial
energy barrier of about 10 kcal/mole %s surmounted. Triplet attack
was found to be repulsive; no stable intermediate was foufid. Howevér,
unsymmetrical C; oxygen approach is much less repulsive than a C2v
attack. The energy barrier to termina{ methylene rotation for %he

ring-opened geometry is only 6 kcal/mole for the triplet state. The
/ ra
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TABLE 10
Miscellaneous Surface Points

Point Geometry Singlet Energya (a.u.) Triplet Energya’b (a.u.) <52>b
29(CS) A -1562.63700 ~152.76219 2.032
1(C1) B -152.5902 -152.75767 2.026
éQ(CS) C -152.48169 ’ -—-- -

D ——— -152.4088 2.022
a

SCF convergence to last digit included.
b UHF wavefunction. .

A Point l(CS) geometry except R2 = 2.810 a.u. and terminal methylene pyramidal;z

and inverted:

B As in A, only terminal methylene rotated 120°.
C Point 2(C2v) geometry except terminal methylene is rotated around its group

symmetry axis to be coplanar with CICZO plane:

D Point 2(C2v)geome*_ except methylenes rotated to be mutually perpendicular

“and each rotated to be 45° from C1C20 plane:
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minimum energy barrier found for production of the ground state ethyleme

product from trip]bt reactant is 36 kcal/mole.
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CHAPTER 1V
C .
INTERPRETATION

The potential surfaces presented in the previous chapter show
how the electronic energies of the singlet and triplet cycloaddition
species change with nuclear geometry. We can relate the observed
differences in singlet and triplet chemistry to the general features
of the surfaces. However, a description of the energy changes accom-
panying a reaction does not consititute a rationale for the underlying
mechanism. We shall seek a consistent explanation by an interpretation
of the changes in the total charge spin density distributions ac-
companying the variations in nuclear geometry. '

For a system of N electrons, described by a wavefunction y, the

total electronic charge density function, o(r), is given by:

-

p(r) = Njy*(51’52""ﬂfN)W(§1¥52""’5N)d51’d52""’dSNdEZ’dI3""’qu (9)

where x. denotes the space and spin coordinates of the ith etectron.
The quantity p\r)dr gives the total amount of electronic charge in the
volume element dr. Integration of p(r) oYer all space giQes the total

number of electrons in the system, N. That is,
fo(r)dr = N (10)

In an orbital approximation to ¥, equation (9) may be rewritten

as

p(r) = Jnseq (r)e;(r) (11)
1
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: : : th : B2~
where n; is the occupation number of the i"" space orbital, ¢;- If

one allows distinct space orbitals for «-and g-spin components of v

(¢ja and ¢k8’ respectively), then o(r) may be split into contributions

from a-and B-orbital densities:

= Tn 4 o ary *B 8
o(r) = Jancbj (r)e;"(r) + Enk¢k (r)s, " (r)
= 0%(r) + o (1) (12)

The spin density distribution function, o(r), is defined as
olr) = o%(r) - 0°(r) (13)

whence o(r)dr is the number of excess a-over, g-electrons in the volume
element dr. Integration of o(r) over all space yields the total number
of unpaired electrons in the system:

a

folr)dr = N (or - N®),

where N* and NE are the net number of excess o;or g-electrons, respec-
tively.

In general, a molecular charge distribution generated from a
Hartree-Fock wavefunction is found to differ from that obtainable by
fully correlated wavefunctions by less than 2% at all points.55 Our
LCAO-MO wavefunctions are not of Haﬁtree—Fock accuracy. A double-zeta
basis set such as we use may underestimate changes in charge distribu-
tion accompanying a chemical reaction by as much as 16%.55 However,
we are interested in the qualitative features of the charge and spin

distributions and for this our wavefunctions are quite sufficient.

As an illustration of the features of typical charge, o(r), and
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spin, 0(:), density maps, we include here the contour plots for the
383u states of ethylene in a planar nuclear geqme;ry. Figure 9 gontains
the charge and spin density maps for two planes through the molecule:
the plane containing the six nuclei, and the b]ane perpendicular to it
which contains the carbons.

- In this, and all the charge‘densitx_maps presented in this work,
the density contours plotted are in increasing value in the order

2 x 107, 4x 10", 8x 107" (a.u.) for n decreasing from 3. vThus, the

outermost contour corresponds to a density of .002 a.u. It has pre-

viously been shown56 that in general, the .002 contour encompasses

I“over 95% of the electronic¢ charge in a molecule.

The charge distribution is'we11—chakacterized by the two planes
shown. The compact core density on the two carbons is quite evident,
as indicated by the closely spaced nearly spherical contours surrounding
these two nuclei. The chemical binding appears as the accumulaticn
of charge between the nuclei, as indicated by the 0.2 contour surrounding
all six nuclei. Whether or not the 0.2 contour encompasses two or

40 a useful indicator of the presence of

more nuclei has been found

charge accumulation sufficient to create a chemical "hond". !
Consider ‘now the two spin density plots for 3B3u ethylene. In

both of these and all of the spin density contour maps presented here,

the contours of excess a~or B-spin.densities are indicated by solid

or dashed curves, respectively. The solid line adjacent to a region

of B-density indicates the zero contour (equal density of a-and -g-spin).

Both a-and 8-density contours increase in the same increments as do

the total charge density contours,



Figure 9. Total charge and shin density distributions for planar 38

3u
ethylene. In all gﬁg;gg density‘m@ps,‘the contours increase in value
frgm the outer boundary in steps of 2 x 10n, 4 X 10", 8 x 10" a.u. for
) iﬁcreasing n, st;rting at n = —3Z; In all spin density maps, the contours
iﬁcrease from the 0.0 a.u. contour in steps of 2 x 10n, 4 x 10"2 8 x 10n a.u.
. for increasing n, starting at n=-3. Regions of excess a density are
indicated by solid cdntours, and excess Q:density by dashed contours.
. The’iop diagramé are in the plane perpendicular to the plane of the nuc]ej
which contains the twq carbon vnuclei. The.bottom diagrams are in tﬁe

plane containing all the nuclei.
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The 3B3u ethylene spin density distributions of Figure 9

contain several prominent features.
In the plane perpendicular to the plane of the nuclei, one
sees only contours of excess « density. The distfibution is strongly

reminiscent. of the simplest molecular orbital describtion of this state
' 3

- of ethylene. Consider, for a moment, the 83u state as being obtained

via a*simple n* « = excitation from the ground lAlg state. To a first

approximation, the unpaired spin density is due to the occupation of
&

the = and =* orbitals by one a-electron each. Equally, one can consjder

“there bejﬁg one a-electron in the two mathematically equivalent ]oca]iéed

ohbita1s EOYresponding to (m £ n*). These loc~lized orbitals are simply

’ .» the twe carbon p-m-orbitals. Considering only the one spin density map,

¥

b

*

one sees a giétribution which® is an apparent sum of such orbital den-

e

sities,. Hencg, the simple theoretical description given above seems

'quﬁfe adequate to this point. . This model cgn be described by a RHF

'déterminantal‘wavefunction wherein the spin density distribution for

a triplet is calculated as the sum of the densities of two orbitals each
contéiniqg'One a-spin. A1l other spatial orbitals contain paired o and

8 density and contribute zero unpaired density everywhere:
o' * L I &>

However, these maps were generated from an UHF wavefunction.

¢

P

. ° If, one now considers the second spin density plot (in the plane of the

nurlei},ahother feature is apparent. SurrounQing each hydrogen nucleus

’ 1s.a region of excess g densify, and this #n’'a molecule constrained

o Qave a net spin excess of 2a electrons. If one were to integrate

over the-regions -of excess alpha densﬁty? one wou1d‘¥ind a total of

L] - €
N .

¥
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more than 2a-electrons. Thus, there has been a polgﬁﬂzation of the
molecular spin density, with é&ce§s a-density being localized on the .
two carbons, and exceés g-density induced on the four hydrogens.

Spin densitie; are experimentally measured (through the associated
magnetic moment distribution) by neutron diffractfon.sg Spin distribu-
tions for all states of a term differ only by a proportionality constant.60

By definition, an UHF wavefunction permits different molecular
orbitals for different spins (DODS). Each orbital is singly occupied,
and all orbital densities contribute to o(r) at all points in space.
Thus, polarization of the spin density into localized regions of excess
a- and B-density may be described. The net spin density distribution
results from a combination of both excess a-spin redistributioﬁ,and
a,B-spin uncoupling. UHF wavefunctions can be expected to reproduce in
detail the pattern of spin distribution in molecules calculated hsing

. , 4
more extensive functions. 0

The Insertion/Abstraction Reactions

We now discuss a proposed rationale of the insertion/abstraction
reaction mechanisms based on the concepts of spin transfer and polariza-
tion. This will serve to illustrate more fully the changes in charge
and spin density accomparying a specific chemical reaction. Furthermore,
as we shall see, the insertion/abstraction and cycloaddition reéctions
have closely related mgphanisms invterms of the spin distributions.

The insertion/abstraction studies40 were car;ied out on thgj
model system of Hz(lz;) plus 0(3P) or O(ID). To comp]ete]yrspecify
such a three—nuc]éus potential surface, one requires three independent

internal coordinates. Those chosen were rH, the H-H distance;

£

T‘O,

i
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the distance from O to the midpoint of ST and a, the angle between

ro and rH.

Insertion Reactions

The minimum energy paths for « = 90° (fixed) were found by.
optimization with respect to hH for several values of o from infinity
(isolated reactants) to zero (linear H-0-H). The reactants were thereby
Eonstrained to a C2v geometry (Dooh for the‘linear cases). The overall
reactions corresponding to the insertion reaction paths thus- defined

may be written as:

o(!

Hy('zg) + 0('0) > ,0('a,)
m () + 0C%p) > 1,00,

The singlet potential éurface, after less than a 10 kcal/mole
barrier at long range, is downhill attractive “to the ground state (tri-
angular) equilibrium geometry with an OH bond length of 1.80784 a.u.
and bond angle of 111°42'. The linear geometry has an energy 33 kcal/mole
above that of %he equilibrium configuration.

The trip]et'CZV surface is strongly repulsive to a maximum
of 80 kcal/mole above the energy of the separated reactants, then drops
to an energy minimum for a linear geometry (still 67 kca]/hole above
the energy'of the separated reactants). At each value of ro,.the
optimum value of r, is larger than for the singlet. The ‘triplet inter-
mediate is unstable with respect to unsymmetrical motion of the nuclei

leading to the abstraction products 0H(2n).+ H(2

S) for all values of o
Note that the general behaviour of these surfaces, i.e., éing]et attractive

and triplet repulsive, is identical to the corresponding surfaces for

Taen
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the C2v cycloaddition reactions.

.Total charge density plots for four r. values on the singlet

0
and triplet paths are shown in Figure 10. At rg = 2.00 a.u. both
singlet and/t}ip1et distributions\show a pinching of the 0.2 a.u.
contour surrounding thé hydrogen nuclei due to the increasing ’H éa]ue.
However, at shorter o values, the singlet and triplet distributions
take on distinctly different character corresponding to the energy
decreasing for the sing]et case and increasing for the triplet case.
The charge density of the singlet species becomes increasingly more
compact, with high density (0.2 a.u.) contours encircling all three
nuciei (an indication of a high accumulation of charge:dénéity between
the nuclei) in the ground state and linear geometries. In contrast,
the triplet distribution is very diffuse, and the,charge Aensity is
largely localized on the individual nueTei (rather than between them),
an effect most pronounced in the Tinear geometry, where all three nuclei
are individually encog5§§§ed by a 0.2 a.u. contour. |
P

ALY

We can correlat value and charge’

Vb

he differences in optimum 'y
distributions for singlet and triplet states directly with the associated

spin density distributions. The plots are for the M. = 1 component.

S
One spin is localized {n a djstribution near the oxygen nucleus with
maximum values in a. plane perpendicular to that shown. Figure 11 con-
tains the spin density distribqtions for five poiﬁts on the triplet
path. Even at rog = 4.00 a.u., one can see a polarization of the spin
density, as evidenced by the Fegions of o-density localized on the two

protons. Both effects increase as "o is déQQ?ased, the increasing o~

density in the region of each proton also becéhing more localized in



Figure 10. Total charge distributions in the plane of the nuclei for

the symmetirical H2 + 0 singlet and triplet insertion reactions.
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Figure 11. Spin density distributions for the symmetrical H2 + 0

triplet insertion reaction.
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the non-bonding &si;on. Comparison of the charge and spin density
distributions for the linear geometry indicate that 80-106% of the
charge density near each proton s of a-spin.

These obsgﬁvations lead to a simple interpretation of the
mechanism of triplet addition. The transfer of o density to the region
3.%

of each protgn constitutes a quasi-excitation of H2 to its unbound u

state, which is characterized by localized distributions of o density
near each proton and polarized into the non-bonding regions.

The weakening of the H, binding may be attributed directly to;

2
the restrictions the Pauli principle imposes on the (primarily a-spin)
charge distribution near each proton. That is, the Pauli principle

require557 that -

lim o(r,sr,) = 0

r,or
~1 ~2 -

Thus, significant compact accumulation of charge density in
the internuclear regions of the incipient molecule is preciuded for a
charge density composed primarily of a-spin. Hence, the triplet sur-
face is strongly repulsive. At the minimum energy linear geometry, the
a-spin distributions on the protons aré most widely separated and
regions of B’ density accompanying the oxygen nucleus permit some cﬁarge
accumulation in the binding regions between the nuclei {but much less

than for the singlet state). g

Abstraction Reactions

The minimum energy singlet and triplet paths were also studied
for a = 0° (fixed). The abstraction reactions thus defined may be

written
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Hz(lz;) + 0(*p) » oH(%n) + H(%s)
Hz(lz;) + 003) - on(Zn) + u(%s)
Both singlet énd triplet potential surfaces were found to con-
tain double minima for r > 2.7 a.u., for the energy taken as a function
of Ty The minima correspond to the central proton being bonded to the
end proton (H—H + 0) or to the oxygen (H + H—0). The triplet
geometry of maximum energy is predicted to be 35.2 kcal/mole above
the energy of the separated reactants, and the siné]et maximum 24.7 kcal/mole
above the sum of the energies of its isolated reactants.

Comparison of these surfaces with those for the C, approach

2v

shows that the singlet species prefers a symmetric C v insertion (with

2

essentially no activation energy), while the triplet prefers the less

»
repulsive linear abstraction reaction.

We can find a consistent description of the differing singlet
and triplet tendencies for abstraction through the associated charge
and spin density distributions, Figures 12 and 13. The total charge
distriﬁuﬁions show that up to the transition state (rO =r, = 3.125 a.u.
(singlet) and 3.150 a.u. (triplet)), the singlet oxygen perturbs the
hydrogen mo[ecule more than does the triplet. Thé singlet sqrface
shows charge 1oca1izgtion around the hydrogens: corresponding to signi-
ficant weakening of the ﬁz bond. In contrast, the triplet maps indicate
that the H2 binding density remains substantial. The transition state
of the singlet shows marked loss of density near the end proton, whereas
the triplet transition state charge density shows a separation of the

H2 reactants into an H atom plus a proton partially bonded to the oxygen.
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Figure 12.

Total charge distributions for the singlet and triplet

H2 + (0 abstraction reactions.
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‘duces an unc

of the hydrog

-a net;m1grat1on of o density from the oxygen to H

Afte} pa§§5hg through the transition‘state, both singlet and triplet
distnibutions have the characteristics of a separating H atom and
hydroxxiiradical. _ .

* The spin density maps in Figure 13 show the reason why the

trﬁpﬁet energy path js lower for linear abstractfon than symmetric

. insertibn, . The maps are again of the M. = 1 triplet component and

‘S
are axially symmetric. The end-on approach of the triplet oxygen in-

n molecule. . Thus, o(r).(which is everywhere zero for

~

H, molecule) shows a migration og/ggdensity to the end

proton and a ccunter-migratﬁon of a lesser amdunt of g-density to the

-

o The transition

state dens1ty shows equal accumu]atlon of excess a-density on the

oxygen and terminal proton, as required for the broduction of two doublet

2y

. . L
triplet transition state geometry shows that about 90% of the charge-

density on the end -proton is of a-sp1n

These resul'ts may be genera11zed to the whole c]ass of insertion/

abstract10n reactions. Ffor the symmetr1ca1 C2 approach of a tr1p1et

'reactant to- s1ng]et substrate, there are equal 1oca11zat10ns of exces

spin denswty.of one type on both substrate nuc1e1. Th1s weakens the

’

bond between them and’forces an increase in their_optimum separatioh

distance’ a]ong ‘the react1on path. Furthermore, the spin po]arizatidn

precLudes strong bond1ng between the substrate and insertion spec1es

B e } I
_ / For a 11néar attack the indiyction of oa-and ‘B-migrationssin

. .
1 ' Tt -

- ‘ v
' .. . , . ,

upling of the initial]y paired a;and B-spin distributions

_central proton. Since less g-than a—density is induced, there has been

state products. Comparison of the charge and spin density mapgeinsthe

-

S

-

7

59

Afame



. Ty

U T

)

Figure 13. Spin density distributions for the triplet abstraction reaction.

The map in the upper right corner is for the initial stage

of the'reaction, and that in the lower Jeft-hand corner for the

¥

separating products H + OH.

1{_'
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opposite directions accomplishes an uncoupling of the'spins of the
substrate bond. Thig allows simultaneous formation of the product
bond to occur during the breaking of Fhe substrate bond. Thus the
activation energy is reduced over that required for symmetrical inser-
tion where the substrate bond 1S broken.and no new bonds between 0 and
H are formed. As the angle o« is decreased from 90° to 0°, there will
be a smooth transition from the spin polarization charécteristic of
insertion to that of abstraction. Correspondingly, the energy will

show a decrease as more oxygen bonding is permitted to one of the

hydrogens.

Cycloaddition Reactions

reaétions.

‘We are now in a‘ﬁosition to correlate the features of. the
singlet and triplet cyc]oaddii{on potential surfaces of our mopdel
system to the aécompanying changes in the charge ahq spin density
distributions. ‘ '

| We shall also deduce reaction mechanisms explaining the ex-

perimentally observed differences in the singlet and tripiet 5roduct

. stereochemistries and see the close parallel to the insertion/abstraction

.

1. §2v Oxygen Approach

Consider first the C2v mode of attack, wherein the oxygen ap-'
proaches along the bisector of the ethylene carbon-carbon bond per-
pendicular -to the plane of the six nuclei. ‘

XV The sing]et'éeaction encounters a barrier of 10‘kca1/mole for

q

oxygen about 4 a.u. away and proceeds dowrhill to the ground state
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ethylene oxide product geometry. In contrast, the triplet energy re-
mains low until R2 (oxygen to midpoint of C-C separation) = 4.0 a.u.;
it then faces a rapidly increasing energy barrier and crosses the
singlet surface if’RZ = 3.25 a.u. The barrier is 75 kcal/mole at

R2 = 3.0 a.u. and 145 kcal/mole at R2 = 2.31 a.u. away. As previously
noted, the overall nature of these surfaces parallels that of the

Hé +0C

oy approach,

' Figure 14 coﬁtaing the singlet and triplet charge distributions
for three points on the symmetric surfaces. For R3'= 4.0 a.u., both
charge distributions show the initial significant overlap of the reactant
densities. At R3 = 3.0 a.u., the distributions for the two states are
still almost superposable. Howéver, for R3 =.2.31 a.u., the singlet
distributions contain wide belts of high (O.Z'a.u.) density between
all three heavy nuclei, indicative of the strong ring binding of the
ground staté equilibrium geometry. In'contrast, the triplet density
while very similar to the singlet in the non-bonded regions exhibits
much lower charge accumu]atién between the nuclei. The 0.2 contour
is still localized around the ethylene and oxygen fragments. Thus
the,incipient tarbon-oxygen binding in the triplet state is much weaker
than that of the singlet at this geohetny, corresponding to the high
irip]et energy calculated. ' ‘

An explanation for this weak bonding along the triplet path
can be found in the associﬁted spin density distribution. Plots of
6(5) in the plane of the h;avy nuclei are given in Figure 15.  The
UHF Qavefunctions used are those presented in Chapter III and are

for the MS = 1 component Qf'the triplet. One'of the two unpaired

- 1]



Figure 14.. Total singlet and triplet charge distributions (in the

plane of the heavy nuclei) for sz oxygen approach to C2H4. The

oxygen is at the top of each map.
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Figure 15.

nuclei) for

o
Triplet spin distributions (in the plane of the heavy

C2v oxygen approach to C2H4.’ The oxygen is at the top of
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electrons remains localized ]arge]y on the oxygen in the plane con-

_taining R3 and perpendicular to the plane aof the heayy nuclei. At

R3= 4.0 a.u., spin polarization is already apparest. There is a n-

1ike distribution of o-density on the ‘eth carbons, and small

regions of excess B-density near ;he oxyge For R3 = 3.0 a:u., these
effec%%‘are more pronounted, and additionally a sma]} region of excess
g-density appears between the carbons. A large excess of a-density

has been localized in the n-region of the two carbons. The pattern of
spin polarizations (including small regions of g-density on each proton
not shown here) is strongly reminiscent of that of the triplet ethylene
molecule (Figure 9) modified, of course, by the increased carbon-carbon

distance and bresencé'of oxygen spin density. This polarization.suggests

the simple interpretation that the transfer of a-density from oxygen to
|

. . . N
‘the n-region of both carbons is inducing a quasi-excitation .of the

ethylene to its lowest triplet (T) state. This rationale is consistent
with the energy of this geometry being 45 kcal/mole above the separated
reactants. (The T « N excitation ene;gy of ethylene was computed to }
be 75 kcal/mole in our basis set.)

The spin distribution for oxygen approach to R3 = 2.31 a.h. v
shows marked variation from the preceeding plots. The n-distribution
of a-density near the parbons has been completely supplanted by an
excess of g-density. What excess a-density remains near ghe carbons
is ldca?ized in a o-distribution along the carbon-carbon axis. The
;otal system energy is now 145 kcal/mole above th@j of the-feparated

reactants, far more than that needed to effect the previously hypo-

thesiied T.«~ N €thylene excitation. The qualitative divergence of
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spin distribution from its previous characteristics is therefore to
be expected.
The difference in total charge distributions for the lowest

singlet and triplet states at the 1

A1 equilibrium geometry are shown
in‘Figure 16. An excitation from the lowest singlet to triplet state
transfers large amounts of charge density from the bonding regions be-
tween the three-ring nuclei to the anti-bonding regions of those centres.

The C,  insertion and cycloaddition mechanisms are seen to be

2v
fundamentally identical. In both cases, excess a-spin density is
‘tramsferred from the oxyéen atom to the substrate causing localization
of the bond density on the substrate nuclei rather than between them.

In the insertion reaction, sufficient density is removed to rupture

the original substrate o-bond, whereas in the cyc1oaddition case, the
disruptive”spin bo]arization effeétively breaks. the olefin n-bond,
leaving thepo—bond 1ntact: The result in the hydrogen case is the mono-
ténic increase in H-H separation and eventual formation of a liﬁear

(asymmetrically unstable) H-O-H intermediate. The symmetrical triplet

cycloaddition reaction’is simply energetically highly unfavourable.

2. C, Oxygen Approach

For an unsynmetrical oxygen approach (« % 105°-110") both singlet
-and triplet surfaces are purely repulsive, each to the extent of 20-

30 kcal/mole for R2 (the shorter cérbon—oxygen distance) equal to 2.71 a.u.
The siqg]et Cé,surfade is energetically downhill to the C2v geometry

for all R2 < 4.0 a*u. In contrast, the triplet surface 1s uphill for

a both higher and lower than about 105°. The singlet and triplet total



Figure 16. 1A1 minus 381 charge density difference at the ground state

ethylene oxide equilibrium geometry. Contour values are the same as for

spin density maps.
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ctharge distributions for three poiﬁgs on the unsymmetrical path are

shown in Figgre 17. For 32 = 4.0 a.u., the reactant charge distributions
have begun to overlap sﬁgnjficantly for both states. In the singlet
case, there has been some migrat}on of charge from the terminal methylene
into the interior of the molecule. Substantial C-0 bonding for

R2 = 2.81 a.u. is indicated by the charge accumulation between oxygen

and internal methylene.

For R2 = 4.0 a.u., the triplet charge distribution appears
quite similar to that of the singlet, except that the charge near the
terminal methylene is not as severely disturbed. At RZ =2.81 a.u.,
accumulation of charge between the oxygen and internal methylene shows
C-0 bonding similar to that in the singlet state. The charge distribu-
tion near the terminal methylene is essentially superposable on that
of the isolated triplet ethylene molecule all along the path.

The variq&iOn in the spin density distribution of the triplet
on this path prpvide§ an explanation of the observed changes in the
charge distribution. The spin distributions are shown in Figure 18.

As in the CZV triplet case, one of the spins remains localized in a
plane perpendicular to that shown.

'gven for R2 = 4.0 a.u., the primary mechanism of the unsym-
metrical triplet attack is strongly in evidencé. Associated with the
excess a-density near the oxygen are large pu-like accumulations of
excess a-and B-depsity on the terminal and internal methylene carbon
nuclei, respective1y.‘ The oxygen‘has induced an ﬁncoup]ing of the a-
and 8~degsity in the n region of the ethylene. Even for this value of

a, the battern of spin polarization is strongly reminiscent of that for

~

*
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Figure 17. Total singlet and triplet charge distributions (in the
plane of the heavy nuclei) for CS oxygen attack on C2H4' The oxygen

is in the upper right portion of each map.
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Figure 18. Triplet spin distributions (in the p]ané of the heavy nuclei
in the left column, and in the plane perpendicular to that plane
also containing the Cd axis om“the right) for‘CS oxygen ap-
- proach to C2H4. The oxygen is in the uppér right

portion of each map.
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the linear abstraction reaction. There i< always less g-density in~h
duced on the interna1<;ethy1enq than a~density on the terminal methylene.
Thus there has also been a net transfer of « spin from oxygen to ter-
minal methylene. The uncoupling and transfer effects increase along

.the path until for R2 = 2.81 a.u., the excess a-spin disfribution

on the terminal methylene is essentially superposable on that of the
ethylene T state (Figure 9).

To more fully describe the spin po]ar{zation effects on the
triplet charge and spin densities, we include the charge and spin
density maps ' in three planes for CS g?ometry with R2 = 2.71 a.u.
(Figure 19). At this distance, the asxmmétrica] triplet has an energy
only 22 kcal/mole above that df the seﬁargted reactants, compared to
148 kcal/mole for thé cbrresponding symmetrical *geometry.

The three charge distribution plots show that there is a
charée accumu]ation between the oxygen and interﬁa1 meth}]ene almost
as gréat as in the singlet equilibrium geometry (Figure 14). This
is indicatiye o?kthe formation of a strong C-0 bond. (In contrast,
the triplgt CZv(%ﬁarge,dgggify indicates no formation of CO bonds.)
The three planes through the'spin densi%y distribution illustrate

the localization of éltgrnating regions of excess a-or g-density on

all ,the nuclei'in the molecule. ) |

——

These alternating o-and B—excésses show a spin po1afization of
the o-bonding deﬁsity of the molecule. In addition, there are distribu-
tions of excess a-spin localized in the n-region of the terminal methylene
and non-bonding region of the oxygen nucleus. These distributions have

maxima in mutually perpendicular planes. These are precisely the features

!
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Figure 19.‘ Total charge and spin density distributions for efhy]ene
oxide 3A" state, R2 = 2.71 a.u. The first column contains the charge
‘distributions for (from top to bottom) the plane containing both carbon
nuclei and the oxygen nucleus, the p]ane containing both carbon nuclej
and terminal hydrogen 6uc1ei, and the plane containing the internal
carbon-oxygen bond also perpendicular to the first plane. The second
column contains the corresponding spin density distributions. The
third column contains the spin dens{ty distributions in the same three
planes for a wavéfuhction generated for the same state §nd geometry,
except that the terminal methylene group is rotated into thé plane containing

both carbon nuclei and the oxygen nuclei.
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one associates with a triplet diragicq].
Thus, the'spin polarization océurring for an unsymmetrical
triplet attack geometry is composed of several simul taneous processes:
(i) uncoup]ing'of the olefin n-bonding, density and counte;-migrations
of the a-and g-components to the two carbon nuclei;
(ii) due to the uncoupling, weakening of the cqrbon-carbon.bipdingi
_(iii) steadily increasing bindinggbetween the oxygen and its neigh-
bouring carbon atom; ' . ;
(iv) polarization of the Jibonding‘density throughout the resultant
open-chain molecule similar to tﬁat for the triplet state of
ethylene itself; and,
(v) Tlocalization of the excess 2a-spins into distributions of one
. a-spin each at'obposite ends ‘of the molecule.

The simultaneou’s weakening of the carbon-carbor bonding and

 increase in carbon-oxygen bonding accounts for Ehe much Tower energy

increase for unsymmetrical than symﬁefrica] attack.

The para]]efs between the triplet abstraction énd cycloaddition
processes are striking. Apstfaction of a hydrogen atom occurs since
the spin polarization Eauses sufficient removal of the density binding.
it to the substrate molecule to force scission of the original bond.
Asymmetrical triplet attack on an olefin has an accompgnying spin‘po;%
larization which forces transfer of charge density from the é;rbon-carbon
binding redion to a carbon-oxygen binding region. Howéver, the chérge
decrease is ipsufficient to lead to complete fracture of the carbon-
carbon bonding. Hence, one obtains an open-ripé transition state

rather than separated radicals.




We haxe computed several other characferi;tics of the diradical
geometry of Figure 19. .There is a mere 6 kcal/mole barrier to rota-
tion of the tehmi;a1 methylene. (Recall that the experimental barrier
to }otation is 65 kca]/mofe for ground state ethy]ene53 and 3 kcal/mole
'G for ethane.se) The carbon-carbon double bond has in effect bee: re-
duced -from doqb]e to single. Our spin density contour maps fqr this
process indicate that as the terminal methylene and its prn-Tocalized
excess a—spiﬁ distributign is rotated, so0 does the unpaired a-density
on the oxygen. This maintains the perpendicularity, hence minimal
overlap, of the two a-distributions. As well, a pyramidalizing of

the terminal methylene increases the energy and indicates that the

breferredi§eometry of the HZC-C group is planar.

‘
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i CONCLUSIONS ‘ '
The potential surfaces we.have computed confirm the suggestion
of-CvetanoviE7 that singﬁet Bxygen undergoes a C2v symmetric concerted
reaction to form an ethylene oxide ring product. Triplet ethylene,
on the other hand, faces a (36 kcal/mole) barrier to the formation of
an open-ring triplet biradical intermediate, which is not §tab1e to all
nuclear motions. Concurrent hindered terminal methyiene rotation and
ring-closing adiabatic trip]et-sing]et surface crossing lead to the
formation of non-stereospecific supstituted ethylene oxide product.
The spin uncoupling and transfer po]arizat{on mechanisms governing the
asymmetrical triplet addition accord well with the prévious‘resu1ts
op the insertion and abstraction systems.

That both the singlet and triplet prefer addition rather than
insertion or abstraction can be explained by the greater strength of |
olefin carbon binding. The separation of the substrate nuclei required

for both insertion and abstraction is precluded thereby in both cases.

14 nll

We did not find the stable "triplet biradical"”" or "w-complex
intermediatés previously suggested by others: However, an open-ring
geometry with o« = 83° and E? = 2.9 a.u. has the characteristics of a
diradical and is the lowest energy transitiaon state found.

The concerted symmetrical singlet cycloaddition path and as&m—
metrical triplet diradical transition state we predict follow the same

‘ 35

pattern as the previous calculated methy]ene,34 sulphur,

and nitrene3(

addition surfaces.
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The spin-density transfer énd uncoupling mechanisms have now
been shown to explain the differences in singlet and triplet chemistry
for the insertion, abstraction and cycloaddition reactions. The ap-
p]%éation 6f these concepts should provide a u;eful tool for the pre-

diction of the paths of photolytic chemical reactions. ’

e
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APPENDIX A-1

When using the POLYAT@M system of programmes, one is rest;icted
to the RHF or UHF foFma]%sm of the use of single determinantal electronic
wavefunctions composed of }ea1 basis.functions.. The Hamiltonian assumed
for the system is the spinless electronic Hamiltonian mentioned in
Chapter II. At this degree of approximation, the levels of each term
generated for an electronic configuration are degenerate. Certain
real wavefunctions are usually able to be constructed for at least one
Tevel per term.

If the valence e]ectronic.configuration is p4,~ as in the oxygen
atom case, then ﬁhere are fifteen possible determinantal wavefunctions

corresponding to the five degenerate 1D functions, three triply degenerate

3P functions, and one 1S function:

Irreducible Representation
in C2v Field

12,2
¥y |x“y©| Al
_ 2.2
‘1’2 = IX Y4 Al
‘l’3 = Lyzzz Al
ZaB 2a8 Zua 288
by = Ix“yz| £ |x°zy], |xzy|, |x“zy| _ B,
2“8 2(16 zau R 288
v = Iyl ¢ 1¥2xl, IyPxel, Iyl s,
2<x8 2u8 20«! 288 ’
ve = 122xv1 = 122yxl, (221, 122y B,

These functions may be assigned to the different irreducible
representations of the C2v point group when in an external field of

that symmetry. This is the case on the symmetric C2v cycloaddition
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path. Only those w§vefunctions belonging to thg'same irreducible
\repfesentation have non-zero jinteraction between them.' Thus, only the
three singlet A1 wavefunctions (degenerate at long range) interact, to
a degree vary{ng with the oxyéen-ethylene separation. At the ground
state ethylene oxide geometry, two of the three Af determinants in-
Crea;e significantly in energy and the description of the lowest state
by one determinant is duite accurate. At long range, the three de~
terminants can be shown to represent two states of.the'lo term and

the lone 15 state. The complete list of states appears as:

i,. + + +
D. ¢1, ¢2, w4 [ ll’s ] w6

T SR A - CO .
>
1S: ¢3 i N
1 s -
where ¢1 = /g[zlbl 11'2 ‘1’3}
o, = Ly, - o]
27 S22 Y

_ 1
¢q = 7§{¢1 + by + ¢3].
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INTRODUCTION .
Chemistry is devoted to the microscopic explanation of the
observed macroscopic properties and reactions of con;on substancés.
The basic building blocks which are stable in the range of energy
changes involved are the elemental nuclei. The study o% a molecular

structure thus involves the description of the equilibrium geometry

of the nuclei and their rotation and vibration states. Chemical reactions

involve the reclustering of nuclei into new groupings from old.  In both
casés, there is a rea}rangement of the highly labile electronic charge
‘within the system from eigenstates in the original molecule(s) to new
states in_ the product molecule(s).

The classical description of chemical réaqtions involves the
visualization of three-dimensional nuclear geometries with variable
amounts of electronic charge, hencé'net charge, associated with each
nuclear centre. Shifts of electronic density from one internuclear
region to anotheﬁ are associated with changes in the degree of bonding
between the various nuclei. Usually, one can consistently exb]ain such
mechanics by invoking the picture of almost independent rearrangemenis
of charge and nuclei each localized to one portion of the nuclear frame-
work,‘the'remainder of the molecule remaining largely unchanged (except
for minor polarizations of the charge density and slight adjustments in
nuclear geometry). '

The quantum mechanical description of such localized changes

in bonding has long been a challenge to theorists. Knowing the electro-
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static forces, quantum mechanical restrictions of indeterminacy and

spin, one can in principle calcu]atelexactly all the properties of a
stable molecule and the changes occurring in a chemical reaction, in
a relativistic or non-relativistic schefe. -

Such precise descriptions have several drgwbacks, however. First
of all, the calculations required are totally impractical due to their
complexity. Secondly, even if the ex;ct solutions were obtained, they
would contain far more information than required to answer the chemist's
questions. Furthermore, most of the information would be redundant,
i.e., there would be near transferability of the descriptions of the
reactive chemical "groups" between molecules.

Thus there has arisen in the past few years systematic theore-
tical studies of the problem of obtaining the simplest possible des-
cription of the 1pcalizabi1ity of‘electron properties and localized
changes in chemical bondirg consistent with more accurate calculations.
Intimately associated with these goals is the question of the extent
to which one can partition a molecule or reacting system into fragments.
If the fragments are well-defined, changes in various of their properties
may explain the forces driving a chemical reaction, and thé under]ying
reason one can consistently describe molecules in terms of‘identifiable
components ("groups") at all.

-There have been stu?i@s of electron localization and molecular
fragmeﬁtation from several points of view. We shall briefly describe
some -of these. We then shall consider in more detail one of the schémes,
that of "loge" partitioning. We shall show that bartitionings of

electronic properties on several criteria proposed for this method can
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be related to the information content of the total electronic wavefunction
retained jn the "event probabilities" one can calculate. We relate this
to the long held picture of electron pairs. A second approach to the
loge partitioning method involving the definition of loge "fluctuations"
is shown to be re]&ted to the separability of electrons into strongly
intracorrelated and weakly intercorrelated groups, and the resultant
localizability of electron properties. We finally apply the fluctuation
criterion to a 10-electron series of isoelectronic molecules plus several
other small molecules. This provides a comparison of the predictions

of the F]uctua;?ggwpartitiOning with more common descriptions of chemical
bonding in these systems via the concepts of quasi-independent core,

bbnding (o- and n-type) and non-bonding electron pairs.
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CHAPTER 1
HISTORY OF THE CORRELATION PROBLEM

CORRELATION

In classical mechdanics,s the exact description of a system of
N particles is possible in principle. However, no general methods
. leading to direct solutions in all cases aredknown. This is the well-.
known "N-body pr.ob1em".1

Thé same difficulty arises in a new guise in quantuﬁ mechanics.
One is faced in this case with fiﬁaing the conditions constraining the

allowable fbrm of the Ntb

-order density matrix (which contains all the
knowable information for the system). This quantum analogue of the
"N-body problem" is termed the "N-representability problem".

Now, the description of the stationary states of a molecular
system requires that one find the eigenfunctions for the nonire1ativjstic

spinless Hamiltonian operator mentioned in Part A, Chapter 1I:

yo.lyl g2 Ly, 2, a8 _ 5 o 1 ‘
H(L.R) = 2 E M a 2 §v1 Z R Z r A) r.. (1)

a a<B o i,a da i< ]

This operator explicitly omits the effects of orbital and spin angular
momentum interaction ("coupling") and éxterna] fields. Fortunately,
the omitted operators do not change the gross features of the electronic
charge distributiqn for melecular stationary states.

We assume'the Born-Oppénheimer approximation decouples the

electronic and nuclear motion accurately. The electronic states then

- 86 -
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are represented by the eigenfunctions of the&e1ectronic Hamiltonian:

red

ST IR S R R (2)
? i i,a Tia i<J 13 a<B aB
{ Z is constant for any fixed-iuclear geometry.)
a<f 018 .
“The difficulties encountered in attempting to accurately take
into account the ) -l—-term in H ef using wavefunctions constructed
i<y "iJ '

of oné-particle orbitals are the source of the so-called "Coulomb cor-
relation". That is, the electronic electrostatic repulsion operator
will in part determine the system e1genstate hence the dlstr1but1on

and localization of e]ectron event probab1]1ty throughout the system
coordinate space. An approximate wavefunction not taking this into

account will suffer from a "correlation energy" error in the tétal system
energy predicted.

This “Couiomb correlation" is an effect distinct from the "Fermi
correlation" introduced by the éntisymmetry required of a mu]fi-férmion
wavefunction. Either correlation effect can affect the qualitative as
well as quantitative predictions of caiculations on a system. Thus, a
Hartree-Fock calculation (which includes Fermi, but not Coulomb cor-
relation) of the formation of'F2 from fwo F atoms yields the incorrect
sign for the .binding énergy.2

Formal treatments of the general correlation problem, such as
Sinanoglu's "cluster function” deve]opment3 attempt a dissection of
the Nth order density'matrii for the system in terms of correlation
operators dependent on various numbers of electron coordinates. He has
found, for instance, that the energy for a molecular ground state (des-

cribable to zeroth order by a single determinantal function) can be.

.
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obtained corréct to second order by accounting for the Coulomb correla-
tion'in terms of ﬂi%fll decoupled pair contributions.

In a system with few electrons (such as the heljum atom), highly
accurate solutions have long been known.4' Such wavefunctions explicitly
include tpe interelectronic vé?iab1es rij as‘'wavefunction parameters.

However, the calcylations rapidly become intractable for even simple

molecules.

Practical methods of including the important correlation effects
in accurate system wavefunctions of large molecular systems aré sti]l,
under development. One avenue of approach is based on refinement of the
electronic wavefunction composed of products of one-particle functions.

'It has been specifically shown5 that an exact N-fermion wavefunction

can, in principle, be expressed in terms of an expansion over a basis
set of Nth order determinants built from any comp1etersegfof one-
particle functions. Practical problems arise when one actually attempts
to use this technique. There is no completely satisfactory method of
construction of one-particle functions (51] potential basis sets suffer
from sﬁch problems as improper cusp behaviour, difficulty of integration
or the ]ige). The apparently siqp]est method, direct expansion of the
determinantal basis %unctions in terms of the sets of occupied apd virtual
orbitals .generated from a Hartree-Fock se]f—consisfent field calculation
is only slowly convergent. (This'problem can be é]]eviated somewhat
through the use of "natural drbitals", the eigenvectors of the first
order density matrix of the system.6)

In evaluating the accuracy of such ca]cu]étions, a convenient

standard is provided by the Hartree-Fock wavefuﬁction. In fact, the
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"correlation energy" is deﬁ'ned2 in terms of the difference between the
"true" non-relativistic energy and the "true" Hartree-Fock energy. '(Actua]
calculation of self-consistent field wavefunctions almost of necessity
involves defining the one-particle molecular orbitals arrivéd at as an
expansion over some convenient set of “primitive" atomic orbitals. Thus,

with such a calculation, one can only hope to approach the true Hartree-

Fock "limit".)

ELECTRON PAIRING

.

The concept of an electron "pair" has.had a long and tortuous
history. Rationales for even considering chemical bonding in terms of
a preferred sharing of two electrons bétween nuclei have been arrived
at from several starting points. The concept is also commonly mis-
understood.

We give here a brief recounting of some of these theories,
devised both before and after the déve]opment of quantum mechanics. This
will give a better picture of what we shall see to be a rather slippery
notion.

The conceptual development of the nature of chemical bonding
has its origin in the theories of valence developed in the third quarter
of the nineteenth century.7 Direct attempts to correlate chemical pro-
perties of substances to the electrical structure of their congtituent
atoms and molecules were carried out around the turn of the ceﬁtury
by J. J. Thomson (the "plum-pudding atom"), I. Langhuir (the "cubical®

8.

atom) and W. Kossel (the “"concentric ring atom").” These descriptions

suffer$d from two problems: the fact that nuclei in molecules are es-
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sentially positively charged point masses (in the atomic scale) had
yet to be discovered (Rutherford, 1911) and the. electrons were assumed
to be at rest. Even in classical mechanics, this latter assumption is

a direct contradiction of Earnshaw's theorem (the unavoidable instability

~of a static collection of charged particles).

In his famous paper of 1916, "The Atom and the Molecule", G. N.
Lewis9 attempted.a significant pre-quantum era explanatidn of the
observed préE%rties of polar and non-bo]ar molecules. His analysis was
based on several postulates about the electronic structure of molecules.
The origins of the concepts of relatively unchanging core density, valence
shells and stability 5f valence electron octets are fqund in this work.

In that article, Lewis first suggested that the é1ecpron pair
(rather than valence octet) might be the electron group of fundamental
importance. Such ayscheme implied the regrouping of electron octets -

(which he had previously assumed cubically arranged around a kernel of

nucleus and core electrons (I)) into a tetrahedron of four pairs (11).

(11)

This description permitted a straightforward explanation of
multiple bonding (including the observed limit of three bonds) as the -
sharing of more than 6ne pair. The concept also could account for

observed rotation around single bonds and provided the "tetrahedral""

LA Ll Tt 7Y 2] L] 2 amn
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carbon atom required for consistent nuclear structures of organic com-

pounds. " The forces invoked to hold electrons into pairs were unspecified,

and suggested to be perhaps magnetic. As a final note, in the paper the
use of the colon or two dots, to represent the electron pair identified
_ with'a chemical bond was first suggested. Lewis "dot" diagrams stiil
provide a favoured 1ntfoduction to formal study of chemical structure.
The electron pair has since been reclothed in the garments pro-
vided by quantum mechanics. Thus, Linnett10 has proposed that one con-
sider the valence shell octet of a first or second row atom as two quar-
tets, one of foué a-spin and the other.of four g-spin electrons. The
Pauli exclusion or antisymmetry princip]el1 is invoked to suggest that

the system wavefunction will be forced to constrain each quartet into a

preferred tetrahedral shape around the nucleus. That is, the square of

, the wavefunction will have its highest value, for a tetrahedral electronic

configuration. Furthermore, for a lone atom (e.g., Ne) éoulme inter-

eiectronic repulsion is assumed to cause interlacing of the two tetrahedra

(I1I) around the nucleus.

In the presence of nuclei surrounding the central nucleus
(e.g., CH4), the lowered potential for electrons lying in the region
between the central and terminal nuclei is assumed to align the two

tetrahedra somewhat, so that one arriyes at a stable molecule con-

taining a pair of electrons (one a-spin and one g-spin) in each bonding
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region. We have arrived again at a preferred tetrahedral orientation of
four Bonding pairs, with the added feature of predicting less "pairing"”
of non-bonding a- and B—densi£&. | 3

Application of the Pauli princié]e to the general problem of n-
valence electrons where n may 6r may not be an octet has been shown to lead

8,12-14  1p¢ funda-

to a Valence Shell gjéctron Pair Repulsion (VSEPR) theory.
mental basis of the theory is that the Pauli principle restricts the accumula-

tion of electrons in the Jow potential binding regions of molecules to at most

two, one of «-spin and the other of g-spin. The geometry of molecules con-

taining centres knéwn to be surrounded by several ligands can be predicted,

including effects of "larger" valence shell lone pairs. Because the geometri-

cal predictions of this model can be (to a first approximation) equated to the
electrostatically least repulsive distribution of n point charges on a sphere,

it has commonly been misunderstood that the model is‘based on an electronic C
coulomb repulsion argument. This latter interpretation of electron pair |

12

separation has been clearly disclaimed by the originators,” ™ but the continued

use of thelterm "Pauli repulsion” in the descriptions of this and other re-
lated theories is, we think, unfortunate. w

The VSEPR 1nterpretat16n of the effect of the Pauli principle on

15,16 12,17

molecular geometries has been vigorously cha}]enged and defended.

Of the simplified models of chemical binding it has had a consistently satis-

18 shows a direct correlation be- %

19,20

factory predictive record. One recent study
tween the VSEPR and molecular orbital explanations of preferred molecular

geometries. Thus, the concept of electron pair separation and a delocalized i
~molecular orbital picture’ (based on the changes in the energies of one-particle »

delocalized molecular orbitals) y$e1d the same geometrica])predictionsf
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Active research is still bging carried onlin attempts to refine the
electron pair model in a manner consistent with the more accurately known
quantum mechanical description.’ Thus, a recent stud_y21 has proposed a pre-
cise definition of the "size" of a delocalized electron pair and its use in
the interpretation of molecular stereochemistries. ‘ J

Briefly, the hypothesis of electron "pairing" can be summarized as
being an attempt to correlate the effect that the Pauli prinéip]e has on the
system electronic wavefunction with observed chemical properties.

A1l of the theories mentioned above are consistenf with the more accurate
description of molecular bonding in terms of the accumulation of charge in the
low potential energy internuclear binding regions. The/Pau1i principle actually
constrains the form of the wavefunction in a non-trivial manner. That is, it
does not explicitly restrict electrons to different regions of real space.
Rather, it alters the form of the associated reduééd density matrix kernels
in a (4N)-dimension coordinate-space representation (for an N-electron system).
That these restrictions aré consistent with an interpretation in terms of the
effects of the Pauli ‘Principle in real space is the problem we consider.

To do so, one requires a method of actually calculating the effect
of the Pauli principle on real space electron distribdtions, and of assessing
the suitability of‘descriptions of these distributions in terms of the con-
cept of separable electron bé}rs.

By de%inition, a Hartree-Fock wavefunction provides the best des-
cription of a molecular system (based on a single determinant of one-
particle functions) incorporating the Pauli principle. More accurate des-

: r - ,

criptions of a system wavefunction are needed to describe the Coulomb cor-

relation (non-averaged electron charge repu]gion) also known to exist.
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However, such wavefunctions which incorporate more correlation would: tend
to separate the o and B8 electrons of any localized pair. If one cannot
identify a [pca]ized pair of electrons (via some criterion) using a
Hartree-Fock wavefunction, then the electron pair cannot be a true
entity described by a completely correlated wavefunction.

The methodo]ogy of evaluating the effects of electron correla-
tion we\consider here is based on the probabilistic interpretation of
the wavefunction for a system: Thus, for an N-particle quantum system
describable by the exact wavefunction y dependent on the 4N space and

spin coordinates {r. o;} = {x;}, one can associate
° b ]

P06 1) ((x,1)dx, 5 dXss s dXy (1)

with the probability of simultaneously locating particle 1 in 451’

particle 2 in d52, and so on.22

If one wishes to find the most likely configuration of electrons

in the system configuration space, then one should seek the set of electronic N

coordinates which maximizes the vq]ue of |we*|. This approach, in fact,
forms the basis of the "Linnett double quartet” model described earlier.
Thus, Linnett and Poé23 computed that the most probable configuration

for the 55 state of atomic carbon consists of two electrons (« and g8 spin)
at the nucleus and four e]ectréns (of identical spin) situated 2.35 a.u.
from the nucleus at the corners of a tetrahedron situated. at the nucleus.
This resujt, as p}eviously noted is directly attributed to Fermi cor-
re]atién. For fhe ground state of the neon atom using a single deter-
minantal wavefunctioq, one predicts two electrons at the ngc]eus and

eight on a nucleus-centred sphere, four « spin electrons and four g spin
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?

electrons each forming a separate tetrahedron. In this approximation,
the relation of the two tetrahgdra does not affect |yy*| at all (probably
because coulomb correlation is represented only through a §batia11y
averaged value). A full calculation might predict an a]igﬁment of the
valence tetrahedra such that the eight electrons would fall at the
corners of a cube.

The "most probable configuration" approach suffers from a de-
fect similar to that of the classical pictures of Langmuir and Lewis.?5
One is considering only a singie configuration of electrons. Hence,
one ignores the bu1k of the information contained in the wavefunction
about even the average distribution of electrons in real space, let
alone any numéricé1 assessment of the possibility of partitioning of
thé‘system into weakly correlated subsystems.

The criterion of localizability we shall adopt is couched in
terms of the "loge" partitioning concept of Daudel and.cowov&kers.26
The partitioning of a molecy]e into its best "loges" (Fr. lodge, cell,
booth, (theat;e) box) is defined as yielding the most probable divjsion
of the real sbéce charge density of a moleculeinto localized groups
of e]ectrons.17 Specificallyy we shall consider the variétion of a
"missinq information" functipn with variation in the partitioning of
real molecular space. This function provides a measure of the informa-
tion available from the system wavefunction preserved by describing the
molecule in fragmeﬁts rather than pointwise. Such a technique was first
27

We shall discuss the basis of this criterion

suggested by C. Aslangul.
and show its direct relation to the probabilistic interpretation of

quantum mechanics. We shall then attempt identification of electron

i
’

o,

e Vet e



a  giviin

96 :
pairs in several small molecules according to the above concepts.

ELECTRON LOCALIZATION i

The chemist's concept of electron "pairing" is only one example
of attempts to interpret the mathematipa] predictions of quantum
mechanics in more easily visualized quasi-classical mode]s! We also
consider the more general proF]em of the visualization of the effects
of electron correlation involved in the non-relativistic quantum des-
cription of molecules. The localizability of electronic charge (i.e.,

fragmentation of real space into regions containing groups of electrons

TGRS SN

exhibiting Tittle interregional correlation) can be related to the varia- é

tion of a statistical "fluctuation function". We shall show the direct’

Vo,

relation of thi§ function to the evaluation of the electron correlation

e

'effects described above and hence derive a criterion of electron localiza- i

tion consistent with the concepts of quantum mechanics. We then show

o g,

-

how the fluctuation function can be applied directly to localization of
groups of electrons in the 10-electron isocelectronic series CH4, NH3,

H,0, HF, Ne and attempt partitionings of several other small atoms and

2
molecules. We shall usé\g?rtree-Fock wavefunctions in all of this work,

.

and hence will be directly analyzing the effect of Fermi correlation on

AT O a5 IS

the localizability of electron groups. Coulomb correlation, ignored

in our wavefunc}ions, will tend to destroy any spatial localizatiomr of

W’:x»~ e Pl

groups of electrons. Hence, as in the study of electron pairs, we shall
e

determine if such localizaticn of e]ectron groups for the true system.

wavefunction is possible, but not if in fact the effect is still present

for a totally correlated wgvefunction.
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MOLECULAR PARTITIONING

If, in facf, one can find such divisions of electrons into
strongly intracorrelated and weakly intercorrelated groups in distinct
regions of real spéce, then one will be on more solid ground if one
attempts a description of a correlated wavéfunction for a system in

terms of spatially localized group wavefunctions. Such techniques as

those of "localized orbitals (LO)",28 “strgng]y orthogonal geminals
(SOG)",29 or "completely loge localized (function) model (CLLM)",30

all propose consideration of such spatialiy localized electron groups
(« and g-spin pairs in the LO and SOG case, and in principle, groups
of any number in the CLLM case). As we}], the question of the con-
stancy of correlation energy for fragmehts of a molecule'is {mpoﬁtant
for the understandjng of variation (qor lack of it) in the properties
of molecules with substitution. Finally, any a%tempt to build large
molecules from_fragments of accurately dpmputed sm§1ler molecules, of

31,32

whatever form one chooses, must address themselves at some stage

x
to the question of 1oca1izatigp of correlation. ~ Thus, the fesu1ts
we obtain are of value for?sé§era] praépica] reasons as well as being
of intrinsic theoretical gﬁterest. )
The problem 'of partitioning a quantum mechanical system into
independent or almost 1nde§éndent subsystems has Qggg*ppproached from
several viewpoipts. Essential criteria for any partitioning scheme are
that the chosen fragments Be well-defined (i.e:, unique) and that the

method be indeﬁéndent of the explicit form of the wavefunctian (which

is, of practical necessity, approximaté).



One attempt at associating the intuitive picture of nearly in-
~
. - _
dependent chemical bonds with the quantum reality is that employing

localized orbitals. Briefly, this method involves application of a
!

unitary transformation33 to the set of compléte1y delocalized canonical
molecular orbitals, {un}, obtainable from.a Hartree-Fock calculation.

One chooses the transformation (which may not be unique) which simul-

28

taneously

maximizes the "localization sum", Z<un2|Fl—|vn >, minimizes
- -

the "interorbital exchange repulsions", ) <u v l—l—|u v_>, and minimizes

mir. ' Tnm
nim a1 o2

the "interorbital Coulomb repulsions”, } <u “|——|v “>. This trans-
ngm " Tig ™

formation concentrates and separates the molecular orbitals. This makes
the quantum mechanical description behave as closely as possible to a
classical electrostatic interaction between electron pairs.18 However,
the technique does not satisfy either of thé criteria previously mentioned
as being crucial: the partitioning is not necessarily unique28 and is
dependent on assuming a single determ?nantal orbital form of approximate
wayefunction. /)

Several possible partitioning schemes which do satisfy both
partitionihg criteria are currently being investigated. They involve
the division of a molecular system into mononuclear fragments-rather
than internuclear bond regions. Thus, Mazziotti, Parr and Simbns34
have proposed a "regional" partitioning of mo]ecules'sat%sfying a

regional virial theorem. However, their derivation has been shown35

to be incomplete. Srebrenik, VWeinstein and Pauncz36 have proposed but
. . N pe ek .

not developed two possible fragment definitions. One is based on the

path'of_lowest rate of descent from internuclear electron densitj cols,

,
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and the other employs partitioning surfaces constructed in the direction
of the gradient of the total electrostatic potential of the moiecu]e.

The latter definition has the particularly useful feature of defining
fragments contatning equal and integral amounts of positive and negative
charge. Construction of molecules from such fragments guarantees genera-
tion of neutral species of integrally quantized electronic charge, unlike
some other proposals.

The most highly developed propbsa] along these lines is the

37,35,38 Virial
35,39

“virial" partitioning technique of Bader and coworkers.
and hypervirial theorems for the .'zero flux" fragments they proposed
and additivity of the fragment energies to yield the total system energy37
have been established. We shall compare the results of our "loge" parti-
tionings to the predictions of the virial partitioning method allowing
quanium mechanical evaluation of our interpretations from this second

viewpoint.

R



CHAPTER 11
THE LOGE CONCEPT, THE MISSING INFORMATION FUNCTION
© AND THE ELECTRON PAIR
THE LOGE CONCEPT

In(this chapter, we attempt to relate the predictions of quantum
calculations to the chemist's intuitive concept of electron core, bonded
and non-bonded pairs. As previously notea, one faces a very real problem
in attempting to devise a precise.definition of the "volume" occupied by
a pair, as all nuclei of a molecule interact with all others directly
(internuclear repulsion) and through the electronic éharge (electron-
nuclear attraction).

R. Daudel has proposed40 a "loge"-partitioning theory which
bases a proposed definition of chemical bonds on the -localizability of
groups of electrons. A Joge is defined41 as a part of the (three-dimen-
sional) space of a molecule in which there is a high probability of
finding a given number, n, of electrons with a certain orientation of
their spins. The best decomposition into space-filling non-overlapping
loges is that which gives the "minimum amount of indetermination" about
the atom or molecule. )

A complete derivation of the requisite formalism is available

41,30 /

in the recent literature. crucial

We summarize here only the

features.41 We use thé coordinate representation and Schrodinger picture.

Consider a pure system state describable by _the eigenket |y>.

For an N-fermion system, such a state tensor is describable in a 4N-
1Y
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dimen§iona1 coordinate-spin space bdilt as the tensor product of N
Ising]e.partic]e spaces. Each of thése is itself the product of a con-
tinuous space (éenerated by |g> for g ¢ Rg) and a two-dimensional space
(for which a basis is |w> where w = #}); g and w are the épace and spin
coordinates for one particle. The basis for the N:-fermion system is
tfllus 1919195M5- -Gy = [glwl> ® [g,¥,> @ ®l gy

We can express [y> in this basis as:

lw>=2

Sf wz f WZ qf lagv %y -+ G <9rM13a%p - - 9Ny 149199, .- day
N Ay ,
I
= {wz} {qf }l{Snwn}><fgﬁwn}l}1’>d{gnwn} : | J
n ~N )

w(ignwn}) is the wavefunction for the system.

1]

where <{g w_}{v>
We can define a partitioning of the physical space R3 into v

non-overlapping volumes, Vx (x = 1,v), which sum to Rs. The probability

of finding Ny particles in Vl, n, particles in VZ’ etc., termed an "event",

is then given'by44

¢

: A AR N! ‘ -
P ({ My = p(( V1) =t fdx,... [ dx [ dx ..
Vi VisVss oWV, n! ~1 v, ~M ni*l

- X f dx . .. Jdx, - v )
v i v :
n1+n2 Y]

where

Jlelig v 1)

F(N)({gn}) = ) v(gw
N {wn}
As well,
Ip v= 1 ¢ 7 \
= an n. = N
w ¥ =1

B ST U O PN

(SR TR SO




If one partitions real space into two loge vpfumes, Q and Q',
then one can42 calculate the probability of the- event localizing n

electrons in Q and the remaining (N-n) in Q@'as = = -

W

! | )
. Pale) = SRy [ax - [o%y [ty oo [dxT

1

We now have a formal definition of a probabi]lty for various
partitionings of groups of electrons within subspaces of R3.

Several criteria to eQa]uate various loge partitionings have
Been suggested. In the preliminary studies of these concepts,zs’26
it was suggested that one establish separate partitionings of the a-
spin and 8-séin electrons into Toges "of order 1" (partitionings with
thg constraint that af1 n, = 1). For any trial partitioning one will
then obtain a set of loge probabilities, {PA}, representing the probability

of encountering one and only one particle per assumed loge volume. One

then computes @ = }P, (< v) and n, the "localization defect":
X

n=—p—- (n>0)

Tha smaller the value of n is, then the better the partiﬁioning is said
to be. This methodology has been applied to partitioning of atoms.43
The computed loge volumes are suggestive of the intuitively expected
§he11 structure and preferred angular separation of valence electrons
(from Fermi correlated approximate functions). The results based on
this new criter?on of localizability strongly parallel the predictions
of localized oréita], equivalent orbital, and hybrid orbital formalisms.
The "localization defect" Criteripn ifs not really satisfactory

i <

in that it considers only partitionings of order one. Even searching
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for the (non-trivial) partitioning which yields the absolute max{mum
value of any\of the Pu wj1] not suffice as a'satisfactory criterion of
partitiom‘ng.41 One could not distinguish between partitionings yielding
equally probable "1%ading" (i.e., most probable) events but different
"satellite" (1éss but still highiy probable) events. One is really
interested in localization of groups of two or more electrons of either
spin (to find an electron "pair", "three-electron bond” or delocalized
electron sextet in aromatic mb1ecu1es, for instancé).' As well, as noted
above, one must consider all the loge probabilities for various spatial
groupings of electrons (some of which one may predict or find to be

negligible) to creat~ a pedagogically satisfactory criterion of localiz-

ability.

THE MISSING INFORMATION FUNCTION

A function which.satisfies all of these requirements has long
been in use in information theory. This is the "missing information

»
function",44’27 I(P):

I{P) = -EPulogZPu

(where P = {Pu}).

The 1imiting values of I(P) are

0 < I(P) < Tog, N
where N is the number of possible events (of b]acing N particles in v
loges, where 1 < v <N and for each value of v, one considers ali
spatial partitions). I = 0 only for the trivial partitioning of performing

no partitioning at all. I =1og2N for all events equally probable (random)

l

2
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‘in which case Pu = %n In general, "good" partitionings of a molecule
into loges thus correspond to obtaining values of I(P) closer to zero
than the upper limit.

in the case of a two-loge partitioning into regions @ and Q',

the formula for I(P) reduces to

1(P) = 1(P.0) = -P_(2) Tog,P ()
n

This proposal has several advantages.27 The partitioning is

in no way subjective. It is éoﬁsistent with the postulates of non-
relativistic quantum mechanics. It potentially provides a direct link
between quantum predictions of electron localizability and the intuitive
classical picture of almost isolated groups of electrons. Since it in-
corporates the probabilities of all the events, it permits an accurate
assessment of the real}ty-of any dominant localization. Finally, it '
provides an objective basis for the assessment of any proposed wave-
function construction in terms of spatially localized, strongly intra-

correlated, and weakly intercorrelated "group" wavefunctions.

THE ELECTRON PAIR

We have performed loge partitionings of several small molecules
using the criterion of minimization of I(P). These ca‘lcu]ations42 were
performed.for severral reasons. We attempted an evaluation of the reality
of electron localization due to fermi correlation, into core, bonding,
and non-bonding pairs in these systems. We assessed the practicality
of the methodology required for use of the missing information criterion.
We tried to determine what properties of a system may be used to predict

loge shapes. In particular, our results indicate that loge boundaries

104
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may, in some cases, be determined by the topological featﬁres/of the
electronic charge distribution.

The virial partitioning method of Bader and coworkers proposes
a partitioning of molecular systems based on just such properties of
the charge distribution. Partitioning surfaces in this technique are
defined by the sets of paths of steepest descent through the charge
distribution starting from the internuclear minima. The resultant frag-
ments contain spatially localized electron populations in the sense that
the fragments are ;eparatedﬁby the minima in the charge distribution. A
natural question to ask is whether or not there is any correlation be-
tween virial fragments and loges for a molecule. This would require /
that the essential information contained in the many-electron prob-
abilities is retained in the charge density, p(x), a one-particle prob-
ability function. According]y,‘we)a]so compared the predictions of
the loge and virial partitioning éEhemes for the systems studied.

The molecules chosen were L1H+(X 22+), LiH(X 1£+), BeH+(X 12+

)s
an 12+) 45 and BeH2.46 The charge distributions

BeH(X 2£*), BeH(A Zn ), BH(X
are given in Figure 1, and the important features summarized in terms
of the virial fragment electron populations, N(X) (for fragment X) and
heavy-atdm non-bonded populations in Table 1. '

Virial partitioning of Lk and LiH yields Li fragment popula-
tions near two, and hydrogen fragment populations near one and two,
respectively. This suggests a likely loge partitioning to be one
yielding a two-electron Li core plus, respectively, a one- and two-

electron bonding loge. Similar observations hold for the other mole-

cules. In each case, one finds a hydrogen fragment with a population

RPN
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Figure 1. Contour maps of the e]e&tronic charge distribution for (dis-
played from left to right on succeeding rows) LiH+(X 22+), LiH(X 12+),

BeH* (X 'z7), BeH(x %), BH(X z*) and BeH(A 21 ). . In each diagram the
curve indicated by short dashes denotes the virial partitioning surface

defining the (A) and (H) fragments. The circle denoted by longer dashes

defines the boundary of the "best" spherical loge centred on the A nucleus.

The density contours increase from the outermost, 0.002, to a maximum

of 20, in steps of 2 x 10", 4 x 10", and 8 x 10™ for n integral and in-

creasing from -3.
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Characteristics of the Charge Distributions

AH

Lint(x %)
Lin(x %)
BeH' (x 1z*)
BeH(X 25¥)
2
BeH(A nr)
BH(X z*)
1.+
BeH,, (X zg)

Bond Lengths
(a.u.)

3.015
3.015
2.479
2.538
2.519
2.336
2.540

TABLE 1

N(A)

2.037
2.089
2.257
3.132
3.073
4.246
2.278

N(H)

0.963
1.911
1.743
1.868
1.928
1.754
1.861

Nonbonded
Charge on
(A)
1.006
1.065
1.141
1.964
1.692
2.748

108



109

in the range 1.743 to 1.928. The non-bonded charge on a nﬁc]eus is de-
fined as the charge contained on the non-bonded side by a plane through
the nucleus. Such a plane almost halves a core density and shows that
96% and 88% of the unshared valence density is located in the heavy atom
non-bonded regions in BeH(X) and BH, respectively.

The above analysis suggests that the leading event for loge >
partitioning of these systems would place two electrons in the heavy-
atom core, twb in'a bonding loge (except for LiH, wherg one would ob-

tain one), and the remaining electrons (if any) in a non-bonding loge o R

“w o wdimy

on the heavy atom.

NUMERICAL TECHNIQUES

. / The calculation of event probabilities and missing information

function values involved several steps. The Hartree-Fock wavefunctions

45,46

were taken from the literature. They approach the Hartree-Fock

limit in accuracy. The overlap integrals between all possible pairs

o NSRS e T

4

of brbitals over all the loges in a system were evaluated by numerical
integration using Gaussian quadrature techn{ques. The computer pro-
‘gramme DIALPGE (Appendix B-1) was written for the v = 2 (two-loge) par-
titioning case by the author tp perform the construction of the Pu's and
I(P) from the 1ist of orbital loge overlaps. An extension to the thfee—

loge partitioning case was made By D. S. Borrett (programme TRILPGE).

THE DIATOMIC MOLECULES LiH+, LiH, BeH+, BeH, BH

The six-electron molecule, BH(X lz+), is one of the simplest
molecules which should exhibit electron localization into all three

types of pair loges; core, bonding and non-bondfng. Accordingly, we
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shall discuss it as a representative system.

{ §

Core Loges

We found it most convenient to search first for the core loge
expected of a heavy atom. These fragments in general were found to
be the most strikingly localized. ) -

Figure 2 shmmarizes the results of a search for the best spherical
core loge (in a two-loge partitioning) of BH. Plotted are the values of
Pn(Q) and I(Pn,Q) versus r, where Q is a spherical loge centred on the
heavy atom of radius r. Also plotted is the fluctuation in core fragment
population, A(N,Q) = ﬁﬁkQ) - (W(Q))2 = ZnZPn(Q) - (ZnPn)z. (We shall
consider A in detail in the next chapte:. It is su?ficient to note here
that A represents a measure of the statistiga] dispersion of meaﬁfred
fragment populations around the average.)

The single most probable event (ignoring the trivial cases of
PO(Q) =1 for r = 0 and Pg(Q) =1 for ¥ = =) is obtained for r = 0.7 a.u.
This volume simultaneously maximizes PZ(Q) and minimizes I(Pn,Q). For
thispartitioning there is an 85% propabi]ity of finding two electrons
in the core loge and four in the remainder of the system. The largest

satellite event probabilities Pl(Q).and P3(Q) are small and almost equal

(see Table 2). Hence the most brobab]e core population is two, and the
average population is 2.002.

Note that the decisive criterion is not simply the maximization
of a single event. Thus, the missing information function has>a maximum
%6r Pl(ﬂ) a maximum because the satellite event probabi]i?ies Pozn).and

Pé(n) are also large. In general, A(N,Q) exhibits behaviour parallel. to,

0%’ wan &
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Figure 2 The variation in the probabilities, Pn(Q), the missing in-
formation function, I(P,2), and the fluctuation in N(2), A(N,@), for a
spherical 'Ier of varijable radius r (in a.u.) centred on the boron nucleus
in BH(X 12+). The bositions of the maxima in the Pn(Q) values for each
- value of r are indicated on the plot showing the variation in I(P,q) and

- A(N,Q).
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AH

Lin'
LiH
BeH
BeH(X)
BeH(A)
BH

TABLE 2

Properties of Best Spherical Core Loges in AH

1.55
1.42
1.00
0.95
1.00
0.70

P, (2)

0.0286
0.0438
0.0455
0.0584
0.0459
0.0714

P,{a)

0.9427
0.9123
0.8968%
0.8804
0.8764
0.8532

P3(a)

0.0285
0.0428
0.0561
0.0589
0.0750
0.0716

N(Q)

1.999

1.999
2.011
2.001
2.032

2.002

I1(P,2)

0.2604
0.3635
0.4103
0.4602
0.4690
0.5364

0.0599

0.0902

0.1076
0.1264
0.1659
0.1582
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that of I(Pn,Q) suggesting the importance of a criterion based on frag-
ment dispersion.

_Tab]e 2 contains a summary of the optimum spherical cores obtained
for the diatomic systems considered. Only the leading and two largest
satellite event probabilities are listed, as they sum to greater than
99% of the total probability. I(Pn,Q) is, in all cases, minimiz;d for
a sphere which maximizes the pair occupation probability. The satellite
probabi]?ties are small and approximately equal. Thus, N() = 2.00 (z .011)
in all cases. Note the decreasing PZ(Q) values and increasing I(Pn,Q)
values as the number of electrons increases and Hegree of isolation or

*lTocalization of the core density decreases. This is illustrated also
in the variation of a(N,q) which is only 0.06 fﬁr the well-localized
core in L1‘H+ but 0.16 in BH. (Ong also notes a steady decrease in
core raaius with increase in charge of the heavy nucleus.)

Table 3 contains the two-loge;virial partitionings- of these
molecules. In those cases where the virial fragment contains a near-
%Ptegra] population (L1‘H+ and LiH where the (Li) fragment is essentially
an Li+‘ion), then the virial fragments correspond to the best loges.
However, in general, virial fragments feature a non-integral population
and bothfcore and'va]egce density. The missing information function
correspondingly has a higher value for virial fragments than for a
spherical core containing an electron pair.

In two molecules (LiH+.and LiH) the radius of the best spherical
core is greater than the distance from the heavy nug1eus to the charge
density minimum on the internuclear axis. The best spherical core loge

|
‘thus ‘crosses the virial surface. In those two cases, the virial parti-

,
b 2 AN o N K < . - . . N
T B A AL B et s 2 Y WAL £ 5ot o B W

P

APy m A g s L -

A ay T,

B EL TG MR e e



- - ~ B e T CHEE. o S L

114

tioning yields the Towest value of I(P). This suggests that the viSia1
surfaces define limiting boundaries for the definition of optimum spheri-
cal core loges. This is plausible since if one passes the density
mipimum then one is attempting to combine density from two core density
peaks into one 1oéalized core pair.

The best core loges for the systems studied are listed in
Tables 2 and 3.  Loges of other shapes and populations were computed ~
for the systems. For instance, the charge density in core regions is
often slightly ellipsoidal ref]ec;ing a slight quadrupolar polariza-
tion aiéng the intérnuc]ear axis. We defined a core loge for (B) in
BH with bodndary surface consisting of a constant density contour. For
such coré loges, I(P):was again minimized (0.5748) for PZ(Q) a maximum
(0.8384). However, this type of cbre did not surpass the best .spheri-
cal core for this.sysﬁem (Table 2). However, the optimal loges obtained
always corresponded to minimal fragmeﬁt populafion dispersion (A(N,o)
value). Even if PZ(Q) was not maximal (e.g., LiH) for the best loge (as
defined by I(Pn,Q)), the dispersién was. Thus, a sphericé] core loge
for LiH gave PZ(Q) = .9123 but also RI(Q) = .0438 and P3(Q) = .0428,

- whereas the virial fragment had a lower PZ(Q) = .8995, but Pl(ﬂ) = .0069
and P3(Q) = .0912. The virial fragment contains one important satellite
event but the spher%ca] core two equally important satellites. .

To sum up, the most prdbab]e two-]oge.partitioning Pf these
diatomics isolates a core with high PZ(Q) value and minimal dispersion
§bout'the average population. The PZ(Q) values indicate localization
of electron core pairs to be very probable (over ?5% for LiH+, 91%

for LiH, 90% for BeH, and 85% for BH). For systems of an odd number

-
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AH

LiH
LiH
BeH

BeH(X)
BeH(A)

BH

TABLE 3 -

Properties of Virially Defined (A) Fragments

Bonded

Radius of -
A (a.u.)

1.408
1.344
1.049

1.083

1.072

1.001

Py (A)

0.0054
0.0069

0.0034
P,(A)

.0.0426

P3(A)

0.1778
P,(8)

0.0494

P,(A)

o
0.9527

0.8995

0.7536
P.(A)

0.7903
P4(A)

0.5901
P.(A)

0.6757

P,(A)

5(

0.0418
0.0912

0.2261
P,(A)

0.1591
Pg(A)

0.2114
Py (A)

0.2503

N(A)

2.036
2.089
2.257

3.132
3.073

4.246

<

I(P,A)

0.2070
0.3622
0.6379

0.6526

1.0301

0.8549

0.0471
0.0995
0.2311

0.2175

0.4669

. 0.3372
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of electrons, core pairing is more important than for a bond loge (e.g.,

L1H+). As we shall see, bond pairing is more important than for non-

bonding electrons (e.g., BeH below).

Valence Density Partitioning -

If electron pairing is a valid concept in interpreting valence
charge distributions, then the ground state valence density in BeH and
BH should be decomposable into a two-electron bond loge plus one- and
two-electron non-bonding loge, respectively. The final loges for
such a system one intuitively feels should be definable by the heavy
atom core radius,.rc, plus an.angle a between the internuclear axis and
a radical partitioning surface extending from the surface of the core
to infinity (see Figure 3). These latter surfaces will partition the

valence density into cylindrically symmetric internuclear bonding regions

and terminal non-bonding reéions.

-

We varied both re and o to minimize I(P) for a three-loge parti-
tioning in both BeH and BH. An event is now defined by three fragment

populations (nc, Ny "b)’ the core, non-bonding, &nd bonding loge

populations. We now denote an event probability by a double subscript:
Pnc,nn(Qc’Qn)’ where necessarily ny = N - nq :/nn.

In both BH and BeH, the optimal values of r. were the same as

that defined by the two-loge partitioning. I(P) was found to be a mini-
mum for re and a chosen such as to maximize the probability of the

event (2,2,2). The results are'summarized in Tab}e 4. Note the dominance

of event (2,2,2). There is a 69% probability of 1oca]izin§ the electrons

into core, bonding and non-bonding pairs. The probabilities of eight
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TABLE 4
(a) Three-loge Partitioning in BH

(i) Probabilities of Events (nc,nn,nb)*

n
. 1 2 3 y
1 0.0026 0.0253 0.0391
2 0.0831 0.0781
3 0.0377 0.0302 0.0016

- (ii)  Maximum Two-loge Probabilities, I(P,2) and A Values

, Core Nonbonded Bonded
%
Pz(n) s 0.8532 0.7431 0.7649
~ 1(P,2) - 0. 5364 0.7981 0.7491
A(N,Q) 0.1582 0.2950 0.2648

* re = 0.7 a.u., a = 73°, N(Qc) = 2.001, N(Qn) = 1.998,

N(Qb) = 1.999, I(P,QC,Qn? = 1.2328.

~(b) Three-loge Partitioning in BeH

. 1 a s N
(i) Probabilities of Events (nc,nn,nb)

n 0 ] 2
né |
1 0.0016 0.0250 0.0301
¥ 2 0.0541 [0.7743 0.0511

3 0.0250 0.0329 0.0011

\
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(i1) Maximum Two-loge Probabilities, I(P,Q) and A Values

Core Nonbonded Bonded
Pn(Q) 0.8804 (n = 2) 0.8328 (n=1) 0.8297 (n = 2)
1(P,2) 0.4602 0.5800 0.5931
A(N,2) 0.1264 0.1760 0.1822

* r=0.95a.u., o = 8°, N(QC) = 2.001, N(Qn) = 1.007,

N(o. ) = 1.992, I(P,Qc,Qn) = 0.9614.

b)
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satellite events are symmetrically distributed around PZ,Z(QC’Qn)' The -
resulting average population of each fragment is 2.00 (& .002).

Similar results were found for BeH, the dominant event being
(2,1,2) (one non-bonding electron). There is a 77% probability of
localizing a core and bond pair plus a lone non-bonding e]éctrgn.

To further demonstrate the importance of the dispersion, we
consider another partitioning of BH.

We halved the'¥a1ence region (excluding the two-electron core
sphere)-by ao, symmetry plane containing the internuclear axis. This
yields two identical valence loge volumes and all loge populations must
equal 2.00. The leading event is still (2,2,2) but its probability
is reduced from .6870 to .320. The satellite events (2,1,3) and (2,3,1)
have equal probabilities of .213 (up from .0831 and .0781, respectively).
Thus, one has replaced one very dominant event (2,2,2) by three almost equally
probable events: (2,2,2), (2,1,3) and (2,3,1) which averége to give the same
population. For each valence region, A = 1.0391 (c.f. Table 4{(a)(ii)).

Figure 3 illustrates the striking feature that the radial valence
partitioning surfaces closely approximate the’ virial surfaces traversing
the trough in the.outer valence region in each system. In this manner,

a "natural" partitioning is provided by the virial surfaces.

The outer contour in Figure 3 is the .002 contour which, as pre-
viously noted, contains over 95% of the system charge density. Together
with the core sphere and radial surface, this surface cén be taken to
define a "size" of the electron bonding and non-bonding pairs. In BH,
the ratio of non-bonding tq,bondiné pair volumes is 1.51. Even in BeH,

the lone non-bonded electron occupies a volume 0.962 that of the bonded

{
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'Figure 3. Contour maps of the electronic chargé distribution in BH(X 12+),

BeH (X 22+), and BeHZ(X %2;) showing the boundaries of the best three-loge
partitioning of these systems (long dashed lines) and, for comparison,
the surfaces of zero-flux defining the (A) and (H) fragments (short

dashed lines). The angle « is measured coun£ere1ockwise from the inter-

nuclear axis to the radial line separating the valence loges .
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pair. This result is in accord with Gillespie's VSEPR postulate that
non-bonding pairs occupy a 1a}ger volume than bonding pairs.

The greater the number of loges into which a system is to be
partitioned, the greater i$ the numﬂer of event probabilities.
Thus the léading event will genera]]y have a ]owér probability in a
three-loge partitioning than in a two-loge partjtioning. One can reduce
three-loge probabilities into two-loge proban]ities for any of the
three loges (i.e., the logé of interest plus the rest o€ space) by
summation over the-possible events for two loges being collapsed into

one. For instance, Pl(Qn) for the non—boqfed loge in BeH is giben by
. -
P (g,) = Z=P 1{a9,)
c

Thus, one can define 5 set of prob;bilities %or each loge.

The probabilities of the leading events and I(P) values for
core, non-bonded and bonded ioges for BH and BeH are given in Table 4.
Comparison of I(P) values for various part%tionings is meaningful only
if the number of loges is constant. Thus, the I1(P) values quoted are
for a two-loge partitioning (loge of interest plus Yemainder of mole-
cular space). /

For both BeH and BH, the core loge has highest pair probability
and smallest I(P) value obtained for a two-loge partition. The bonded
and non~bondediloges have comparable values of leading event probabilities
and I(P) values and are less localized than the core.

‘we now consider the A 2

R excited state of BeH. On excitation
from the ground (X 22+) state, the changes in charge distribution occur

primarily in the non-bonded region of the (Be) fragment. The diffuse

T NI o ¥ O
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non-bonded density has changed from an axial to equatorial distribu-
tion. The core radius, population, two-loge I{P) and A values are all
slightly higher than for the ground state. Attempts to partition the
valence density into a bond pair loge and non-bonded one-electron loge
failed. With re fixed at its best two-loge value, we evaluated the
three-loge I(P) value for variable o. We expected that, considering'
the ground state results, we would obtain a minimum I(P) value for «
maximizing the event (2,1,2). The‘?ctua1 results obtained are given
ih Table 5. This event was maximized for a ~ 80°, giving a surface
close to the virial sur%ace as in previous cases. However, I(P) was
not maximized for this\partition, and continued to decrease for o in-
creasing (and thus the non-bonding loge volume decreasing). In the
Timit as « -~ 180°, I(P) approaches a minimal value for three-loge parti-
tion of 0.4690, its value for the best two-loge partitioning, separating
the best spherical core from the whole valence region (the event (2,0,3)
dominant). This behaviour differs from that obgerved in the ground
staté case, where a minimum I(P) (relative to other three-loge partitions)
s obtained for maximal probability of the event (2,1,2). Thus, the
bround state valence density is partitionable into two localized dis-
tributions, but that for this excited state is apparently not. If some
three-loge partition can be found, it will not correspond to the qua]

notions of core, bonded and non-bonded electrons.

The Triatomic Molecule BeH, \

We next partitioned the triatomic molecule BeHz. Considering
the previous results, one anticipates the optimal loge partitioning

will give a core loge and two-bond loges all with average populations

*
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TABLE 51 v

(a) - ~ Three-Loge Partitioning of BeH(A)Jr

o« P(n_.n_,n,) Tle) 1(P)*

(2,0,3) (2,1,3) (2,2,1)

60° 0.0770 0.5322 0.2393 1.722 1.4538

80° ’0.2336 0.5384 0.0996 2:109 1.35S8

90° 0.3431  0.4753  0.0562  2.288 1.3570
100° 0.4627 0.3845 0.0286 2.458 1.2837 )
150° ©0.8572 0.0191 0.0001 2.943 | 0.5820 §
179.5° 0.8764 0.0000 0. 0000 2.968 0.4690 §
* for three-loge partition
(b) | Bond Loge Properties for BeH(A)+ 2

a o Pla) Pyla)  Pyla) IR A(N(R).m)
60° . 0.2910 0.5834 0. 0868 1.0163 0.4557 .
80° 0.1369 0.5977 0.2524 0.9930 0.4300

9Q° 0.0863 0:5368 0.3646. 0.9754 0.4174
100° 0.0518 Y 0.4480 0.4849 0.9340 0(38?3
150° 0.0031 0.0932 0.8616 0.5038 0.1463
179.5° 6.0021 0.0750 0.8764 0.4690 0.1308

* for two-loge partition

t reproduced from reference 47.

+ r =1.00 a.u., ﬁ(Qc) = 2.032

“
4™ = g S S
Fliginpinca = gofoopddis i
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. a1
of 2.00. There are two simple ways to accomplish this. If one retains

a spherical core, then by fixing a = 90° or 0° one will obtain two
identical bond loges divided by a o, or o, molecular symmetry plane,
respectively. The only geometrical variable for these cases is e

B
Table 6(a) and 6(b) contain the results of these calculations.

the core radius.

The optimum value of ro was 0.93 a.u., slightly less than the 0.95-a.u.
found for BeH. The difference in the event probabilities between the

two proposed partitionings is striking. Forlthe %h partition, the
leading event is-(2,2,2) (P2,2 = ,8028) and all satellite events have
probabi]itiés less than 0.04. The leading event for' the o, partition

is still (2,2,2) but its probability is reduced to .3268 and the prob-
abilities of both the two satellite events (2,1,3) and (2,3,1) are .2179.
Hence, again we observe the importance of a low dispersion to an optimal
partitioning, and not just a set of average populations equal to 2.00. Note
also that for the o), case, I{P) for the two-loge bonh fragment partition
is almost as low as for the core loge. Three pairs of e]éctrons are thus
clearly localizable.

Table 6(c) contains the results of the vir%a] partitiéning of
this system into three fragments.. The fragment populations ai] differ
by more thén 0.1 electron from integral values. The leading event is
still (2,2,2) but its probability is more than 10% less than for/the
optimal (core plus % plane) partition. There are now sighificant]y
probable satellite events, (3,1,2) and (3,2,1), thus increased dis-
persion and reduced localizability of the electron populations.

A1l of these molecules illustrate the possibility of finding
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TABLE 6
Three-Loge Partitioning in BeH,(X 1z;)
(a) Symmetrical Partitioning (oh plane)*

(i) Probability of Events (nc,nb,nb.)

n

AN 1 2 3

C
1 0.0012 0.0309 0.0309
2 0.0340 08078, 0.0340
3 0.0301 0.0301 0.0006

(ii) Leading Events for Two-Loge Partitioning, A(N,Q) and I(P,0) Values

Core Bonded
P, () 0.8715 0.8644
1(P;2) . 0.4862 0.5061
A(N,2) 0.1370 0.1444 >

* re © 0.93 a.u., a = 90°, -N(QC) = 1.998, ﬁ(Qb) = 2.001, N'(Qb.) = 2.001,

I(P,QC,Q = 0.8847.

b)

(b) Symmetrical Partitioning (ov plane)*

(i) Probabi]itx of Events ("c’nb’nb')

Ne 1 <2 3
1 0.0100 0.0201 0.0201
2 0.2179 0.3268 0.2179

3 ~0.0231° 0.0231 0.0077
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TABLE 6 (Continued)

(ii) Leading Events for Two-Loge Partitioning, A(N,@) and I(P,a) Values

fore Bonded
P,(2) 0.8715 0.3706 .
1(P,0) 0.4862 1.4276
AN, @) 0.1370 1.0347

* re © 0.93 a.u., a = 90°, H(QC) = 1.998, N(Qb) = 2.001, ﬁ(Qb.) = 2.001,
I(P,Qc,Qb) = 1.8914.

(c) Virial Partitioning*

(i) Probability of Events (nc,nb,nb.).

n 1 2 3

1 : 0.000t 0.0032 0.0032

- . .

2 0.0189 0.7003 < 0.0189
3 "0.1125 0.1125 0.0015

N

- (i) Maximdm.Two—Loge Prob§bilities and I(P,q) Vﬁ]ues
Core - Bonded
P,(2) ‘ 0.7384 0.8204
1(P.2) . 0.6972 0.5702
A(N, ) 0.2732 0.1814

* N(c) = 2.277, N(b) = 1.861, N(b*) = 1.861,'I(P,QC,Qb) = 1.0783.
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part%tionings of at least some small systems .into regions containing
well-localized pairs of electrons as Hefihed by minimal I(P) and A(N,0)
values. The 1?ge boundaries 5ay be defined by virial boundaries in
some cases. Iﬂ all the cases studied, the loge boundaries -lie near
the virial surfaces (Figure 3). The closer the loge fragments approxi-
mate the virial fragments, the better is an interpretation of the
electronic system in terms of largely self-contained electron pair
quantup subsystems.39

This study revealed several problems in the use of I(P) as
a criterion of loge partitioning. Even for a six-electron system des-
cribed by a Hartree-tock wavefunction, signif%cant a%ounts of computation
time are required td»qa]cu]ate the various event probabilities (Appendix B-1).
Application to larger systems and wavefunctions sophis?icated enough to
properly incorporate Coulomb correlation effects will be extreme]x dif-
ficult if not impossible. ’

As well, the interpretation of I(P) values for partitionings into
various numbers of loges is not clearly understood. In general one
can only say that .the more fragments one attempts to isolate, the higher
I(P) must be for the partitioning as there are more events to be 1ncorpor§ted
into it. Use of the fragmept fluctuation function, A(N,Q), can alleviate
‘these problems, as we shall see.

The systems studied revealed significant 1ocaligation‘of;thé
electron distribution into pairs. Howéver, these systems qontain-at mosﬁ:
four valence electrons, Can.one find a clear~cut localizability of, for

.

instance, four ¥lectron pairs around the carbon atom in CHy, a molecule’
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also commonly described in terms of electron pairs?

several formal relationships between measures of electron group localiz-
ability and i#ntra- versus inter-group correlation. This will provide a
formal explanation of the importance of the dispersion empirically

observed in the work rehorted in this chapter.

In the next chapter we consider these problems and propose
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CHAPTER III
ELECTRON FLUCTUATION AND CORRELATION

In theé previgus chapter, we noted empirically the parallel be-
haviour of I(P) and fgagment fluctuations, A(N,n), for molecular parti-
tioning. Specifically, both I and the fragment fluctuations approach zero
as one event becomes more and more dominant for each loge. Since we inter-
pret the minima in I as providing the “good" choices for localizing groups
of electrons in various regions of space, it is plausible that the corres-
ponding loge population fluctuations should be small as well. This suggested
that we derive the formal relation of A to quantum mechanical measures of the
dispeﬁsion of quantum event probabilities. A further incentive was that
whereés computation of I(P) requires use of F(N), A(N,2) can be calculated
from F(Z)’ permitting significantly simpler calculations. Finally, and most
importantly, the fragment fluctuations provide direct measures of the correla-
tion-induced intra- and inter-fragment changes in pair probability distribu-
tions from the simple product of single particle densities of the independent

particle case.

PRI, TOPLRD SR

For any loge volume @, onecan calculate the fluctuation in population,
60 ’

i

A(N,Q), as follows:

A({,2) = (N(a) - N(2))?
— 2
- W¥(a) - [N(2)] |
N N . {
= In% (2) - [ ]nP (2)1% - :
n=1 n=1 3
where N(Q) is one of the measured populations of @, Pn(Q) is the probabi]it{J

of finding n electrons in o, the remaining (N-n) electrons in the rest of space,
and a bar over any quantity indicates the average value of that quantity is to

be taken.

- 129 - .
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But .
N*(2) = [nP_(2) (1)
n
- gnz—T{;—'ﬂT Jdg, .. {fzdgnﬂj:dgnﬂ . édgNr‘N)(g;,gz,...,gN)
N-2 .
- = N-1)]dg,/dg,L 1 AT /98 - Jgyt g0, 1)
N-1
C fozdﬂl[ Z W%%%W fag, - deNr(N)(gl’SZ""’,SN)] (2)

where m = n-1, m' = n-2 and the limits of integration (2 or Q') are

omitted after the summations, as they vary over all possible combina-

tions of @ and Q@' depending on the value of m and m' in the sums. CIf

one defines the diagonal elements of the particle and pair densities as:

+35
Dngl) = Nw1(535=~% fdx fdx {x }) ({5n}) (3)
5 i T
Dz(ql,qz) = N(N-1) +% ’ +% fdx fdew*({x })w({x 1) (4)
T wl(s =- w2(s2 =-1
52

then &?kﬂ) may be written " as

() = qulquz 2(97,9,) * qul 1(9) (5)

Combining equations (1) and (5), we find

A(R,2) = [dg,[da,D,(a,,q,) + N(2) - [W(2)]? (6)
. §i Q- .

where we have used the re]atibn49

£d3101(31) = N(a). o . (7)-

- et
AN

>

R H

f
. L,
D A

= Cenb e Y e . <L o

A At La



N
It
R

T . ‘ 131
CORRELATION FUNCTIONS ./

Now one can choose various measures of the effects of particle

corre]ation,49’2 all basically involving functional comparison of the

pointwise difference between Dz{gl,qz) and Dngl)Dl(gz) (which are equal

for all 9y and 32 for ‘non-correlated particles). We choose to use the

correlation factor, f(ql,gz), as defined by McWeeny:50

D,(a153,) = D;(9;)0(g,) (1 + F(g;.9.)]. (8)

Combining equations .(6) and (8), we find
AN.a) = Jdg,/dg,D, (900, (9,)7(9;:95) + W(a)

= F(a) + N(a) (9)

¢

To appreciate the meaning of this result, consider the integra-

tion of equation (8) over the coordinates of particle two; we obtain

-

(N-100,(g;) = [N + fdg,D, (3,)(g,.q,)10, (a,) (10)

Thus
k fq5201(32)$z§;232) =-1  for all g (11)

This relation is required since the pair density is normalized
to N(N-1) and each particle density is normalized to N. Equation (11)
guarantees that one obtains the same number of pairs, N{N-1), using
either side of equation (8). The integrand of equation (11) is called
the "correlation hole" surrounding particle one if 1ocatea in the volume
dﬂi at 9 This is another manifestation of the Pauli principle, and
has the further interpretation that, if thelcoordinates of one particle

are ?jxed, then the number of particles 1ocateé\{? the system space is

"reduced by one.
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Equation (9) can similarly be interpreted as indicating that a
loge fluctuation will equal zero if the integral of the "correlation
hole" for each electron over the loge reaches its limiting value of -1.

In that case, the integral

F(e) = fdg,/dg,D,(q,)0,(q,)f(g,59,) (12)
Q

attains its limiting value, -N(2). The electrons would then form a
totally intra-correlated quantum subsystem in Q. Thus, F(Q) provides
a direct measure of the total changes in particle pairing due to frag-
ment intra-correlation.

The calculus of variations may be used to yield another result
useful in the interpéetation of A(M,2) and F(2). Consider the fragm
population integral ~—_

) N(2) = /o, (g;)dq,
Q
We wish to assess the effects of any infinitesimal variation in the
surface containing the volume Q. With-each surface element, dS, we can
associate a change in the volume integral of Dl(gl)n(gl)ds (where ”(SJ)dS

measures the added volume associated with dS). The total change in the

integral over the complete surface, s§[{(N(2)], is given by
s[f(2)] = gn(a,)D, (g;)ds

For arbitrary n(ql) (i.e., arbitrary shifts in the position
‘ : - e
of each surface element) this inyegral may be zero only if Dl(ql) =0

for all q; on the surface of the volume.. t
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We want A for a loge to be a minimum with respect to all variations

in its bounding surface. Then 8A=0 for any arbitrary surface change.

Consider an infinitesimal change in A(N,2) (from eguation (9)): Ny

i

[}

s A(N,Q) Zgn(gl)Dl(gl)dSéf(Sl,SZ)Dl(gz)dgz + gn(gl)Dl(Sl)dS

ﬁn(gloDl(gl)dS[Zéf(gl,gz)Dl(gz)dgz +1]

!r arbitrary ”(31) where g; is on the surface (and Dl(gl) #0)
8\ may equal zero (and hence A(N,n) attain a stationary value) only if

the quantity in square brackets itself equals zero, or

Q

That isf for surface points le) of a region of (locally) mini-
mal fluctuation, the correlation hole is divided equally between Q and
the rest of space. The surfaces partitioning a molecule into loges thus
.represent the boundaries of regioﬁs beyond which correlation holes for
a pértic]e at the point considered have a larger contribution from the
region entered than that left. In this sensg then a "pest“ Toge parti-
tioning yields maximally intracorrelated regions of charge density.

We can further define a relative fluctuation, Ar(Q) = A(N,Q)/N(a),

which can also be written: -

AlQ) = 1 + F(a)/N(Q) (14)
where -F(Q)/N(g) is the fraction of the total possible correlation of
the fragment population actually contained in the loge. Surfaces~de-
fining loges for which A(N,Q) are relative minima thus enclose volumes
of space wherein the fractions of the cqrre]atioﬁ hole for each particle

are relative maxima. This implies maximization of the internal correla-
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tions of the contained particles and concomitant minimization of the
interactions with particles outside the loge volume.

A loge with zero population fluctuation would Zorrespond to a
totally isolated quantum system. In actual systems, one can only hope
to find the "best" %oges for which A(N,Q) is a local minimum with respect
to changes in the loge surface and thereby define relatively isolated
subsystems. . 4

We have noted that the difference in normalization in the pair
and particle densities forces equation (11) to ho;gfﬁ A more satisfactory
definition would not require such an artificial restraint. Instead, a
pure correlation factor should yield zero on integration over a}] space
of its "correlation hole" expression (analogous to the iniegrand of
equation (11)). This would better represent £he rearrangement of particles
and_hence event probabilities due to particle correlation.

.To accomﬁ]ish this, we define normalized particle and pair prob-

abilities rather than densities (c.f. equations (3) and (4)):

P.(q.,q.) = ) Jdx, .. [dx,v v (16)
St g LS w2<s§>=-»2 3 & \

! He now define a co#re]ation factor ¢j31,32) which measures the difference

between the pair probability and the product of the bartic]e probabitlities:

P2(91292) = P1(9y0P2(9) 10 + 0(gy.9,)] (17)

Thus, whereas f(q,,q,) carries the burden of rehfoducing both
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(AT R TWIE BTN



P akasec Rl o el Sl )

135

the correlation ahd normalization correction, ¢(31{32) performs only
the\(desired) former function.

e can show that the loge fluctuation is related to this new
measure of regional intra-correlation. Thus, by combining equations (3},

(4), (9) and (16), we find that

A(N,2) = N()[1 - N(a)/N] + N(N-1)e(a) (18)
where
s(2) = [dg,[dq,P,(q,)P:(3,)¢(a;,.9,). © (19)
AR Py AN RS R A A P _
The two measures of regional intra-correlation, F(Q) and ¢(Q)
are related by
8(8) = [F(a) + N2(a)/NI/M(N-1). (20)

The pu;e correlation integral ¢(2) measures the total effecf of
the correlation-induced changés in pair probabi]it} from.the product
of the independent particle probabitities- for all points{g1 and 9, in the
loge. F() measures the change in the number of pairs from that pre-
dicted by the integrated particle density product (hence the normaliza-
tion factor N(N-l)'l). Since F() includes also the normalization cor-
rection factor for the pair versus particlie densities, one must subtract
out JNZ(Q)/N due to the self-pairing of the popufation this implies.

In the limiting case of a loge having zero fluctuation, then

F(a) and ¢(n) take the limiting values of
FL(a) = -R(a) (21)

@ () = [-N(a) + W (2)/NI/N(N-1) (22)
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For any loge, the ratios of F(q) and ¢(2) to their Timiting values
provide direct measures of the fraction of the total "correlation holes"
for the loge population actually contaiped in the loge.

To illustrate the difference between f(ﬂl’ﬂz) and ¢(31,32), con-

sider a wavefunction deécribing a closed shell singlet state of a two-

electron system:

1 _

1t

The spinless pair and number densities are (from équations (3) and (4)):

_ 5.2 2 .
- 0,2 ‘
From equation (8) we find that
.1
(9):9,) = - 3 (26)
The pair and number probabilities are (from equations (15) and (16)):
P,(q,.9,) = v (q;)v2(a,) (27)
2 ~1’~2 ~1 ~2'
_ 2
P.(q;) = v(q)) (28)
From equation (17), we find that:
¢(9759,) = 0 - (29)

o~

In this system, 02(31,32) and Dl(ql)Dl(q ) differ only by a
%actor of 2. Thus, f(ql,qz) = - %—mere]y provides the normalization

correction to subtract out the 2 “"self-pairs" in the system. That there

: |
(g g, (a5 )sls) = lspdalsy)) (23)
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-

is no particle correlation is indicated by the pure correlation factor
¢(31,q2) which is zero for gjl‘gl a”d,ﬂz' Considering any region ¢ of
R;, we find that
__2 ‘.
- - -Ro(a)

and

¢{q) = 0 (31)
Whereas F(q) provideﬁ the pointwise self-pairing correctiqn for the
region, #(Q) indicates the true total lack of correlation.

Use of pair distributions normalized to N(N-1) (or N(N-1)}/2)
pair§ will always predict a "correlation hole” when f(ﬂlﬂﬂz) is used
as the correlation factor.

We MOW have two interpretations of A(N,q) for fragments of any
system. The first considers it to be a measure of the dispersion of
event brobabi]ities defined in the system coor&inate space representa-
tion. The second relates it to the measures of intra-correlation of
particles provided by F(q) and #(Q) within any volume of real space.

A (relative) minimum value in A(ﬁ,&) implies both a minimal dispersion
of the population localized in the fragment and a most strongly intra-

correlated and weakly extra-correlated fragment. We thus have the

desired interpretive link between the intuitive picture of almost in-

'dependent (weakly inter-—correlated) groups of system electrons and the

pedagogically correct interpretation of a partition of the system into
regions each having one highly probable event.
We can derive several other pbtentia]]y useful properties of

A(N,2) in a fairly straightforward manner.
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Comparison of equations (3), (4) and (8) with equations (15),

) and (17) yields a pointwise relation for the two correlation factors
f49,59,) and ¢(9;,9,):
$(9,,9,) = [1 + Nf(g;,9,)]/[N-1] (32)

Partitioning space into two loges yields fragments of equal

fluctuation (easily proven from equation (1)):

AMN,e,) = MN,2,) ~ . (33)

if
3

QI+QZ=R

Relations between the properties of any two loges and the pro-

perties of the loge formed from their combination may be derived as
follows:

A(N,Q1 + Qz) = N(Q1 + 92) + F(Ql + 92)

- [N(e,) + W21+ [ dg 4950169100 (350719723,

/
gszlmz) ”1(91+92)

= ﬁ(nl) + N'(Qz) + F(Ql) + F(QZ) + 2F(s21,92)

where
Flag.ag) = f4d9) [ dap0y(3,00,(320F(9).,)
1 2
which we infer provides a measure of the inter-correlation of Ql and

(Note that our previously defined F(Q) correspond to F(e,0).)

Thus,
/}(N',Ql +9,) = (N(ay) + Fla))) + (Nley) + Fa,)) + 2F(2),2))

QZ'

v

L e e+
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or,
/\(N,Q1 + 92) = A(N,0,) + A(f\l,oz) + 2F(91,92) (32) .

Similarly, we can write.the relation using a "pure cross-correlation”

factor, ¢(2,,%,) = Q/ dglgf dq.P(q, P, (g,)4(9;.9,):
1 2
N _ _ N(a, N(,)
A(N,Ql + QZ) = A(N,Ql) + A(N,QZ) + 2N(N-1)<:>(Ql,§22) -2 g (34)

These results can be generalized for the case of N loges:

\Y
A(N,o, +a, + ..+ )= }aNe)+ Fle,.2) (35)
1 2 v \=1 A A A’

and
ﬁ(nx)ﬁ(nu)

fHe~1<

/\(N,‘Q1 ta, ¥ Qv) =

1

A Afu Afu

This relation does not require the loges to be contiguous; however,

if the loges are contiguous and they exhaust @3, then:

A(nl‘+ o, + .. ¥ a) = A& = 0 (37)

-

We mdy then rewrite equations (35) and (36) as:

¢

Z A(Wva) = - Z F(QX,QI) (38)
- A=l Afu '
or, using the "pure" correlation factors ]
v o _N_(QA)-I\T(Q )
I A(N,2,) = -N(N-1) ] o(2,,0) + e (39)
A=1 Afu " Afu

Thus, the sum of the geuctuations cf foges exhawsting &> provides
a direct measwre 0§ the "cross-connetations” of Lne £Loges. Mndmizing -

A(ﬁ}nk) also mindnizes the sum of the cross-correlations. This may
1 -

<

A

A(W,QA)+N(N-1) ) ¢(Q)\,Qv) - ) /g (36)

o
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b y
”be“uéed;aé a ritenion oé‘Ayéiem pan@étéonabékiig,,eucn in cases whene
thg compéﬁ;nf 5§hgmen14 are noi separable qnqthe‘baqib 0§ minima Ln A *fon
éach £ogé:(. ) ‘
T0 evékuate the acceptability of é partitioning, we require the
Jimiting values of E A(N}Qx) for "best" and "worst" possible partitions.
We hayéiﬁfevious1y i;égested that one obtains a "pest" partitioning
for all fragment populations. if each fragment has a fluctuation of zero.
‘Directly then, for the “"best" (i.e., limiting and in practice unattain-
able) partition: / ' :
=0 . (40) X
- The “worst" partition of ,a system into two fragments will be
that which results in there being an equal probability of locating all é
N e]gcfrons in eitﬁer loge. This will yield for either loge Q: §
Pola) = Py(a) = ‘ :
P,(2) = Py(a) = .. =(‘PN-'1(Q) = 0
N RN
M) = ] n% (a) - [ ?npn(nn2= %2— - (—2—)2 o RNty *
n=1 ‘ n=1 o ,§
Hence . 2 2 Né 2 >(//« ) %
AZIA(N,QA) =Tty . . (42) i

Consider the general case of a "worst“\partition into v loges.

One*will obtain a maximum fluctuation for each loge if there is prob-

- .

ability of locating only 0 or N particles in it. Equivalently, the “"worst"

’

delocalization of the par%ic]es will occur if there is an equal probability

de locating+all N particles in any one of the loges. Thus, the only non-zero

¥ ! ’ . »

e »
> Yy ' . )
Joov .
& . » " ’ 9
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event probabilities are the v equally likely Pu's each placing N elect%oﬁg

in one of the v loges. P

Hence
P- =.1‘.
u Vv
For any loge Q5
-1 -yl
PN(QX) v’ pO(QA) v
- Polay) = Pple,) = .. = PN-l(’jx) =0
whence .
N e (a,) = !
N(Q,) = nP (9,) = =
A n=1 RYA v
(Ma) = [ o (a) =1 ) b ()0 (43)
- A(N,Q. ) = nP (o) - nP ( . 43
AT Tata nZy Rt ‘
_ N M2 - Nl
. T v - 2 3
.~ Vv
And finally, . . ) .
Voo 2,v-1 2,v-1 - N
) A(N’Qx) = vN (—77)] = N°(—=) ("worst" partitioning (44)
A=1 v v into v loges).

Note that this expression is consistent with several resuits
derived previously. Thus, for a system'considered és a whole (v = 1),

then ZAX has both an upper and lower 1imft.of zero, as required if it is
» A >
always to equal zero. For any v, (1 v < =), the "worst" partitioning

will always yield A, less than N°.
A

Thus, for any partition of an N-electron system into any nunber
0§ Loges, one- finds

2 \ :
0 < JA, <gN°. S : (45)
‘p-xx-.-‘

Y
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L4

The effects of correlation in altering the form of the pair prob-

" ability distribution (from the product of particle probabilities of the

independent particle case) are measured by the correlation integrals
o(A,u) and ¢(r,1).

klNow we hdve previously noted that

#(R,R) = 0 (46.)/
" Hence C o ' .
To(a,0) + T e(x,u) = 0 , (47).
. A Afp
and
.Z?(A,A) o
S S | < (48)
Z 4’()\9”) .
Afu ' ea

~ tion of pair density between them:

e

=T ey

Thus, the total changes irf pair probabilPty-within the loges must °"ﬂhf=’awé

¢

equa)] the negative of the’total changes between®*the 1oges.w

By integrating equation.(17), we find that o g
0(u2)-= [dgy [ dgoPolayagy) [ darPi(ay) /43,7 (ap) U .
A A A A

Thus, ¢(x,x) < 0 indicates a corre]at?on-inddce¢ net decréése'yg pair
P . ! . X . lad
probability for two particles within the loge Q. Similarly, ¢(x,u) » 0 e
indicates an increase in probability of localizing the particles of the "pair"

in different loges, Q, and Qu. For Fermi correlation of particles, we Fxpect

A
to see all ¢(Ar,x) < 0 and all ¢(A,u) > 0. Large values of the various ¢(A,A)
and ¢(A,u) indicate the existence of regions for which correlation has re-

- 7 M
sulted in significant net changes in the pair probability density.

We can generate two sets of convenient measures of the changes in

intrafragment cq?re]atioh for any two fragments relative to the redistribu-

ZF >\,U\ 24) }\:u .
. F(A) + F%uS and (1) + o(u

TR R A RN & S e A

3
<
Y
E
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For a two-loge partition of a system into two completely localized
subsystems, thén the F ratio hag tHe value 0, and the ¢ ratio -1 (as it does
for any two-partition of i'tota1 system).

_We now have a useful set of partitioning criteria. For well-localized
electron populations, we may hope to find {ndivﬁdual Toge fluctuations which
are local minima Qith respect to all variations of their boundaries. For less
localized electronic systems, we may sti]i be able to find a minimum Nn
ZAA for some number of 1ogeé,.v. If electron érouping in three-space is a
irue observable, then there will be some maximum number of well-localized
loges, v, and for that v an optimal partitioning defined by a minimum in
ZAA. Increasing v beyond that minimgm value, no matter what the shape of the
iesulting fragments, will result in high ZAA values with no local minimum.

Whether or not a partitioning has been found possible, we have measures
of the'degree'of 1ocalizab111£ylof whatever set of loges are chosen. The F/FL
and ¢/¢L ratios indicate to what extent each loge approaches the limiting values
of‘F and ¢ for intra-correlated fragments. The sets of ratios ?T%%iél%%if
and 5T§%£%%%%37 reveal the extent to which the net corrélation induced

changes in pair density within any two fragments are related to the Ghanges

AN

in pair density between them. ~ ‘
|
Fluctuation and Localization for Hartree-Fock Wavefunctions

Hartree-Fock wavefunctions are one of the simplest forms of N-
particle functions built from one-particle functions including an attempt
to describe correlation. Specifically, the use of a single determinéntai
(hence antisymmetrized) wavefunction introduces a Fermi correlation be-
tween the indistdnguishable particles of Tike spin. This results in

F(Q) equalling - _when o réfers to all space, as previously mentioned.
‘ A

Ll
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For electrons of paraliel spin, one defines an "exchange charge density"51

which yields an exchange energy cancelling the energy term due to the

seif—pairing, hence self-repuision of the electrons in the Coulomb re-

-

pulsion energy integrals for the system Hamiltonian. If this were the

>
only effect of the antisymmetry, then one would expect (as in the two-

electron case discussed ébove) that ¢(91,32) = 0 for all 99 and 9> hence

¢(Ql,02) = 0 for all 2 and 2. As illustrated by the examples considered
later, this is not the case. ' Thus, the Fermi statistical correlation is
correctly accounted for, but in such a manner as to include a non=-statisti-
cal correlation of e]ectrong of parallel spin. |

We derive the expression for A(N,Q) using a Hartree-Fock wave-

function as fo11ows.52 The particlie and pair dengkties,are given by:
b

* v .
'01(51,351) = Jos (% )uy (1) ‘ ~ (50)
'l. %
D5 (x5%5) = D1 (%,)D1(x5) - D3(x;5%X5)07(%55%;) (51)

./’

where y.(x) is the th spinorbitat, and'Di(ﬁr) and D5(x,,x,) are not .

integrated .over spin.
Combining equations (8), (9), (50) and (51), we find for A(N}Q):-

! AN - ¥ ' ' - ' \ ' [
‘a(N,) = f dﬁln,fs dx, (D1 (x;)01(x,) ﬂ01(51,§2)01(§2,,>51‘)}

2,9, » .
+  f dx.Di(x.) - dx.Di(x,) [ dx,Di(x,)
0,5, 1'1'~1 a;5 171'=1 0.5, =111

. | . | 2 B
= - fedxe [ odx (03 (%, 5%5) D (X,0%3)Y + f dx.Di(x,) = - ] ST.() + N(a)-
, Q’Sl 19’52 ~2°71=1 .? 1'=2°~1 Q’Sl 171 ‘1 R iJ '

Tk maatRtlen w L
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where
(2) = fdx,o:0x, )6 () )oc.
S.. Q) = Jdx 4. (X1 )e X3)8
1) Q 17921773 21 S].,Sj
Thus, we obtain the final form:
MEL0), ¢ = -[s5.(2) - 3 s.(a) - ) 575(2) + We) (52)
. e i i#3 i#J

Ve .
where, in the two Zsij terms, i aqﬁ J are both spinorbitals of a-spin

or both of é-spin. Note that N(@) = Zsii(g)‘

This simple expression permit; facile calculation of loge fluctua-
tions (given the requisite orbital overlaps over part of space, of course).
The corre]atioh factors and ratios may then be calculated from the fluctua-
tions and pepulations. '

From the form of equation (52), we see that }f all occupied spin-
orbitais are spatially localized in @ or the femainder of space, then
all S;;(2) = 1 or 0, all S;5(0) = 0, and thus A(W,2) = 0 for the region.
(Hence a truly "localized orb%ta]" would satisfy this criterion of com-

plete localizability.) C 3

_

- ’ Lo

Argon

To illustrate the variations in the proposed measures.of localiza-
tion with spatial partitioning of an e]ectropic waQefunction,‘we consider
here the resu]tskwe have computed for partitionings of an argon atom
in its grquna state. A Hartree-Fock LCAO-MO wavefunction in a Slater
basis set53 was partitioned into two loges, a sphere of radius R (in a.u.)

centred on the nucleus plus the remainder of space. Figure 4A gontains
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Figure 4A. ‘F]uctuation and Related Properties Versus R for Argon
. . . Spherical Cores
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plots of A, A, F/FL, and ¢/¢L for the spherical loge as functions of R.

-.
!

. A equals zero for R = 0fand w, i.e., for zero loge volume or ihe

system considered as a whole./ For intermediate values of R, A exhibits,

two minima, one for R = O a.u. (A =0.5012, 1 = 1.86) and a second at

R=0.75 a.u. (A = N = 10.13). A has three maxima, one at

{
R=0.08 a.u. (A =0.5375, N=1.18), a second at R = 0.345 a.u. (A = 1.9836,
N = 6.01) and the third at R = 1.450 a.u. (A = 1.9671, W = 13.80).

These maxima and minima do not occur for integral numbers of
contained electrons (R values to # 0.01 a.u., N values to = 0.1, the limit
~of graphical accuracy). However, there is an obvious pattern indicated,-
For sphéres contaiping one or mare "shells" of e]ectrohs (containing,
respectively, 2, 8 and 8 electrons), one observes a mipimum in A, For °
volumes containing a half-shell (plus oné or more complete shells) one
observes a maximum in A. Thus, if weninterprgt local minima in A as de- -
finiﬁg groups, of intra-correlated electrons, then in this case we are picking
out the largely intra-correlated shells of the atom (Figure 4B). X shows
behaviour similar to A, except it approaches one rather than zero as
the loge volume is decreased to zero. It also has a reiative]y more
pronounged minimum at R'= 0.15 a.u. than the small corresponding minimum
‘ in A at R=0.12 a.u. x may tﬁus provide a more definite partitioning
indicator than A. (Note, however, thaf A and X have minima for slightly
different R values. This is a general result due, of course, to the
fact that 1 is equal toAA divided by ﬁ} a monotonically increasihg function
%

-of the lbge volume.)

[}

Similarly, the ratios F/F_ and o/e exhibit parallel behaviour

. .
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.
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Figure 4B. Contour map of the electronic charge distribution for Ar(ls).
The circ]es'Qenoted by the 1059 dashes define the boundaries of the _best

first and second concentric loges.
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consistent with that of A and x. For R values near those for which A and
X have minimum values, F/FL and ¢/¢L both reach local maxima. At the
first maximum (R = 0.15 a.u.) 71% of the limiting value of "pure" ‘correla-

tion is obtaiped. For R = 0.70 a.u. (second maximum), 87% of the "pure"
'f\s
correlation of the two inner shells (taken together) is contained within

the loge. The F/FL ratio is several percent higher than the ¢/®L ratio
for R <1 a.u. At greater R values, the F/FL ratio approaches its pre-
scribed limit (-N/-N = 1), and /¢ decreases to its limiting value of

Zero. , N
}

We established the properties of the second shell alone by
searching for the volume contained between shells of radii R1 and R2

with A(N,Q) minimal w.r.t. R1 and R,. A minimum A value of '1.0522 was

found for R, = 0.12 a.u. and R, = 0.75 a.u. (¢ 0.02) for which N=8.28 + .1.

1 2
The F/FL and ¢/¢L ratios for this shell fragment were .869 and .765,

respectively, indicating a sat{sfactory 77% qontaiﬁment of the'pure cor-
relation for the population of this volume.
Partitioning of the system into the three largely intra-correlated

regions (K,L,M shells) also yields a minimum in ZAA. That is, altering

R1 or R2 (hence one of the two boundary surfaces? increases the fluctua- -

tion for both the.contiguous loges and thus [, as well!
The pure qross-corre]ation 1nt99ralsx(betwéen the K, L, and M

/

shells), ¢.,.., and ¢ ,, are equal to 0.00240‘ 0.00520, and 0.01994.

*kLe Py LM

These are very low values (compared to the other molecules we discuss
.

below -- c.f. Table 10), and provide another indicator of the strong

intra-correlation of the shells.
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Another result of interest was obtained. A plot of the radial
density, R°D,(R), had minima for R = 0.14 +0.01 a.u:, and 0.80 + 0.01 a.u,
These values are close to the R values for minimal A (0.12 a.u. and
0.85 a.u.). Radial density plots thus can serve to choose approximate
spherical core boundaries. This point is reinforced by the results
subsequently obtained in choosing electron cores around nuclei in mole-
cules.

An important question remains. Can we find for an atom other
than spherically-shaped loges that have well-localized populations? We
consider this possibility by evaluating various partitionings of the
neon atom (below). .

This sample, argon, shows the utility of the fluctuation concept.
A (or 1) provides a good indicator of the volumes containing localized
populations and the F/FL and ¢/¢L ratios provide convenient yardsticks

to estimate the degree of localization for each region.

The 10-Electron Isoelectronic Series Ne, HF, HZO’ NH3, CH4

The ground-state electronic structures of the 10—eiectron mole-
cules éhosen are commonly (and approximately) described in terms of one
core bair and four tetFahedra]iy arranged bonded and/or lone pairs. C(Can
we establish such-partitjonings of the electron density using the A cri-
terion? Are there detectable trends in the partitionability with\changing
nuclear charge of the heavy atom and increasing number of protons bonded
to the heavy nucleus?

The wavefunctions used were all single-determinantal LCAO-MO

-/
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functions expanded in gaussian basis sets. Polarization "d" functions
were included and the functions closely approach the Hartree-Fock limit.
The important characteristics of the wavefunctions are summarized in

Table 7 and Figure 5.

Heavy-Atom Cares

We first searched for evidence of spherical two-electron cores
on the heavy nuclei.

Consider first the Ne atom. As for argon, we studied the varia-
tion of A, ), F/FL'and ¢/®L of a sphere centred on the nucleus with
variation in its raﬁjus, R. The results are plotted in Figure 6.

The fluctuation has peéks for enclosed populations of approxi-
mately 1 (= 2/2) and 6 (= 2 + 8/2) electrons, a half-shell and one-and-
a-half shells, respectively.

CBoosing the "best" core by several criteria yield similar re-

sults. Thus, the minimum value of A (= .3769) is found for R = 0.261 a.u.

[oV)
3
(a8
=z
n

1.963. The minimum value of A (= .1857) occurs at R = 0.286 a.u.
2.096. N = 2.00(1) for R = 0.268 a.u. (where A = .3780).

o
=
Q.
=
1]

These results agree well with the core radius of .282 a.u.
predicted by Ludena and Sanchez54 on the basis of the maximum value of

PZ(Q). Sperber55

predicts an optimal core radius of 0127 a.u. arguing
from tﬁe form of the first order density matrix.

h On the basis of the results for the Ar and Ne atoms and the mole-
cules sfudjed in the_preceeding chapter, it is p]ausibie that core loges
for heavy nuclei in molecules may in generé] be chosen sphgrica]. On

L]

this assumptionigfijfxt searched for spherical cores in our series of

¥
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Figure 5.  Contour maps of the electrdnic charge distributions for
(reading from_]é%t to right on succeeding rows) CH4(X 1A1), NH3(X IAl),
H20(X lAl)’ HF (X 1z+), Ne(¥ 1 ). In each diagram the curve(s)
indicated by short dashes denotes the vir{al partitioning surface(s).

The curyes-dndicated by the longer dashes define the chosen boundéry
(the "best" loges for.CH4, and the symmetrically arranged loges of
population 2.00 in the rehaining cases). Shading indicates a parti-_

tioning surface in that region of the plane illustrated.
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moleculés using the criterion of a local minimum in A to define the

“best" loge. The results are contained in Figure 7. Readily apparént

is the decreasing "best" core radiys, higher minimum value in A, and
decrease in N for the "beét" core.with increasing nuclear charge. These
data plus the core F/FL and ¢/¢L ratios are summarized in Table 8. ‘The
results are readily understandable since a higher nuclear charge attracts
the electrons into a smaller volume, hence decreasing the radius for |
which one obsefbes any given population and inevitably increases the

correlation of the more closely compacted electron density. In all‘the

cases studied, a core of approximately 2 electrons was unambiguously

. definable. Further, the loge correlation factors F and ¢ respectively ’

attain more than 80% and 76% of their limiting values for an isolated

subsystem for all the cores.

Valence "Bonding" and "Non-Bonding" Ldages

{

We next evaluated the partitionability of the valence density/\

b=

in the various molecules.’

Neon : -

Since the charge density is spherically symmetricf there are no

intuitively obvious shapes of valence loge to éttempt. Thus, we arbitrarily

selected several shapes fof trial: shells, wedges; cones and "C3v wedges"

(seé insert on Figure 9). .
\

~~  Shells were defined as for Ar by two radii, R; and R,. R, Qas‘”
fixed at 0.261 a.u. (thus excluding the core of minimum A). A and A
were then calculated for variable R2.' The results are plotted in

Figurevs. A 7hows only a maximum of 2.1600 for R2 = 0.85 &.u. and

-
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Figure 7.  Fluctuation Versus R for Spherical Cores of 10-Electron Molecules -
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TABLE 8

Properties of the "Best" Cores for Ne, HF, H,0, NH;, and CH,

-Molecule Coz: Saii;s A(N’Qcore) 'N(Qcore) FIFL o/¢
Ne 0.261 0.3769 1,963 . 8080 , .7611
HF 0.300 0.3451 1.966 8245  .7816
H,0 0. 360 0.3105 2.001 8448 8060
NH, 0.430 0.2762" 2.002 .8620  .8275
CH, " 0.530 0.2386 2.005 .8810 /8510

S
!
|
I
\¥
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s

N = 4.091 between minima of zero at R, = 0.261 a.u. (i.e., zero volume)

-and 0.3763 and R, ~» (i.e., the whole valence regiSn). Thus, again we

have found the "worst” spherical partitioning occurs for a "half-shell”
popu]ation.j
The wedges (shaped like apple slices -- minus the core, of cthse)

chosen were defined by the polar angle 8 between the limit%ng semi~disks.

" The search was carried.out for 0 < 8 < 180°. The results (A vs.‘ﬁ) are

given in Figure 9. (Note: N r§ther than R2 was chosen fpr plotting

as it is a monotonically increasing function permitting direct compari-

son of the fluctuation for regiéns of the same populations but varying
shape.) The fluctuation steadily 1ncréases to a value of 1.3971 for

¢ = 180° and W.= 4,.019. For larger'e, A must decrease (in all probability,
monétonica]]y) to the limiting value of 0.3769 for the complete valence
shsll. There is no evidence of a minimum in A for a partial valence

shell wedge. ' _

The conical fragments (minus core) were defined by the po1?r
ang1e ¢ (see insert on Figure 9). Searching was carried out over the
range 0 < ¢ < 90°. Again the fluctuation increases steadily for in-
creasing population in a manner almost identical to that of the wedges.

There is na evidence df a minimum. The maximum value of A =-1.3971 again

. occurs for ¢ = 90° (a half-shell) and must decrease to 0.3769 for ¢ in-

creasing to 180° for the whole valence region.

A final type of region was considered, a "C3v wedg:" of trigonal
pyramidal shape with one tip pointed at the nucleus, and cut off by the
surface of the core. The gize of the.wedge is defined by the core radius

and angle (6,) between the central axis of the bond and a ray aligned on

—~—

Rew W i Y
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Figure 9./ Fluctuation Ve%sus Population for Various Shapes of Neon

Valence Fragments
»
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the centre of each plane (see inset on Figure 9). ({This forms a model
for the volume occupied by o=bonding pairs and lone pairs in'the rest

of the series.) Three values of 00 were chosen, 53°, 54.7°, and 57° to
reveal the variation in A for a pobu]ation near 2.00 (i.e., a "pair").

A monofonically increases with population and is in the range of the
wedge and cone fluctuations. Thus, @ minimum in A is unlikely, certainly
not for N = 2.00.

The shell fluctuations are also rep1ottéd vs. N in Figure 9.

('For fragments of identical pépu]aﬁion, the fluctuation decreases as the
fragment shépe é ‘thanged from she]],.to wedge, to C3v fragment, to cone.’
This correspond%\io the decrease in the "angular extent" of the fragment.
~ One might infer that "radial" correlation is tess important tﬁgn angular
correlation in this case, as a fragment of least symmetric solid angle
(for a given population) has lqyest fluctuation, hence greatest intra-
correlation. However, no successful 1pcélization of part of the valence

shell was observed for any of the shapes.

Chy |

Having discovered non-partitionability of the Ne atom valence
region, it seemed prudent to next attempt a dissection of CH4, as the
valence localizability of the molecules almost certainly follows a
monotonic trend between the 1imiting cases of Ne and CH4.

The first type of bond tésted was of "C, wedge" shape centred

3v
on one of the CH axes and symmetrically arranged with respect to the
three nearest CH bonds (see insert on Figure 10). The fragment dimensions

are defined by the core radius, R, and angle (eo) between the CH bond
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axis and a .vector along the centreline of one of the three Jimiting side-
p]énes. '

" The first search was conducted for Qariab]e 80 and fixed R = 0.53 a.u.

Figure 10 contains the values of A&, A, F/FLand¢/4>L obtained for

0 < < 90°. Although A does not show a minimum for 6, = 54.7° (where

8 ‘
2.00), there is a minimum in ) for that angle. Furthermore, ¢/¢L

N
and F/FL do have definite maxima, and the maximum in ¢/¢L occurs for
N =200 \ |

We next fixed 6y = 54.7° and varied R over the range 0.25 to
0.75 a.u. This permits a check of the imporfance"of core radius to
valence loges. The results are plotted in Figure 11. (Note that the
fragmentfpopulatidh is decreasihg for increasing R.) A attains a mini-

mum for R = .65 a.u.; but A has a more pronounced minimum for R closer

to .55 a.u. F/FL and ¢/¢L both peak for R = .60 (+ .02). Hence by these

+

criteria this valence fragment is clearly separable from‘the carbon
core, and from the rest of the valence regibh as well.

Tﬁis type of fragment approaches most closely one's intuitive
definition of the volume occupied by an electron pair. Thus, further
effort was put into clarification of the variation in the sum of the
fluctuations with partitioning. The variation of this property was
studied as a function of R and 8y Several constraints on the parti--
tipnings naturally arise. For one fragment having 6, greater than 54.7°,
the valence fragments (%§sumed to be four in number) cannot all be equi-
valent; one or more must be smaller than oﬁe-quarter of the valence
volume. For‘th va]eﬁce fragments of e; > 54.7°, then theseitwb frag-

ments (necessarily adjacent) are either not centred/bn the CH bonds, or

Q



Figure 10. * Fluctuation and Related Properties Vérsu§ éo for CH,
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one hust define more than;one-eo value for the three planes limiting fhe
fragments, and fix two 8 values (one for eaLh fragment) to sum to 109.47°
(the tetrahédral angle). We chose the latter course, and in addition
. fixed both these o values to 54.7°.

For a set of four valence regions.whose volumes sum to less than
the full valence volume, thén one must associate the omitted "slivers”
with the core to create an "extended core" region.

Refining ghe orbital integration programmes to handle these -
variously shaped regions involved redefinition.of the fragment boundaries
and careful reoptimizatioq of the choice of spatial grids for the gaussian
quadrature numerical integration of orbital overlaps. The téchnica]
details are available from.the author, but too lengthy and of insufficient
“import to:include here. . 7 '

The results of this study on CH, are reported in Table 9. Of

_ 4
all the pértitipnihgs, the one with lowest sum of f}uctuations was

found for R = .53 a.u. and 8y = 54.7° and is thus a minimum with respect
to both R qnd 85 The orientation as we]j as shape of the fragment is
important as shown by shifting the loges from being centred on boqﬂ§ to
teing centred precisely between the bonds. The boundary of each frag-
ment is then defined by three planes intersecting in rays along the

bond directions themselves. This simple rotation of the loges increases
the sum of fluctuations from 2.7:258 to 5.282, respectively, the “best"
and "worst" values obtained. This behaviour parallels that of the BeH2

valence partition where baond-centred fragments were found preferable to

semi-cylindrical fragments of identical population. The implications in

!
|

terms of equivalent or localized orbitals are direct. The "best" parti-
! B
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Figure 12.. Fluctuation .Versus Population for "Bond" Fragments in 10-

Electron Molecules
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Figure 13. Fluctuation Versus Population for "Non-Bonded" Fragments in

10-Electron Molecules
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tionings are those defined by surfaces 1y}ng between tﬁe localized erbitals.
Virial partitioning of the molecule yields the second Qorst partitioning found.
This is perhaps to be expected, as.the hydrogen fragments have population of 7
1.063 and the carbon 5.749, far. from any even population henbe:number of pairs.

Further, even for the most localized partition (as defined by ZA) ’
. the "pure" correlation ratio (;/@L) for the bond 1$:on]y 61% of its
limiting yalue for a totally intracorrelated loge. This agrees well with

the conclusions of Sinanoglu and Skutm’ks6

that inter-bond correlations
contribute to the correlation energy as much as or more than the intra-
bond correlations in CH4 (and Ne).

57

Both Newton, Switkes and Lipscomb (on the basis of a 16calized

orbital analysis) and Sanchez and Ludefa>®

(on the basis of orbital over-
laps) reach similar conc]uéions. As previously ﬁentioned, the proper
inclusion of the Coulomb correlation will tena to break up any localized
groups. Hence our observation of almost equal inter- and intra-correla-
tion for the Fermi-correlated Hartree-Fock wavefunction suggests that

models based on localized electron pairs are strictly an oversimplifica-

tion of the electron correlations in the molecules described here.

NH_, H,0 and HF |
To complete this section, we surveyed valence partitionings of HF,
HZO and NH3 into the conventional number of bond and lone valence pairs
using the same sort of fragments as in the CH4 valence partitijon, altering
their orientation symmetrically to obtain all'loge populations near 2,00.3
" The fragment f]dctuations for bond pairs (Figure 12) and lone

pairs (Figure 13) both indicate a trend of increasing delocalization

(for fixed population) as one considers the series from CH4 to Ne. The

.

»
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non-bonded density on HF is the only exception, having a lower fluctuation
than NH3 and H20 (for the same population) for N'3 2.00. At an intuitive
level, 6ne might explain.the general trend as an increasing inter-correla-
tion of bond and lone pairé as the heavy atom nuclear charge attracts the
valence eaectron density into more compact distributions and the decreasing
number of bonded protons decreases the number of regions of locally minimum
potential along the bond directions (which, as previously noted, should tend
to favour localization of pairs of electrons of opposite spin). Proceeding
from'CH4 to Ne, we note (Tab]e‘lo) that for the most symmetrical partitions
into pairs the sum of fragment fluctuations increases from 2.726 to 4.549
and ratios of "fermi" and "pure" correlation, F/FL and ¢/¢L, for pond and
non-bonded density all decrease, providing further evidence of the increasing
de]oca]izati&n of population correlation. : !.

Partitioning via the ZAA criterion failed for NH3, as zAx was found
to increase monotonically wjtg 8, (defining the lone pair volume). 'HZO, HF
and Ne all contain more non-bonded density than ﬁH3 and doubtless the ZAA
criterion fails to localize foﬁr valence pairs in them as well. ’

In summany, by our various criterda, one can unambLiguousfy degine
only a core foge '60‘& all these systems. The valence region in all cases s
not well described by zhc.pictune 0f primanily intra-comnedated efeetron

pains, methane beding a bornderline. case (acconding to the A cuiterndion), and

the othens containing more délocalized comrelation: .

2
The hig% relative fragment inter-correlations found for the 10-

LiH, BH, BeH

electron series led to a reconsideration of the fragmentations claimed

for the molecules studied in Chapter II. There we cpnc]uded that we had

-

AP it~ 5 n
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isolated cores for the molecules LiH'(X), LiH(X), BeH(H), BeH(A), BH(X),
and BeHZ(X) of radius R = 1.55, 1.427 0.95, 1.00, 0.70 and 0.95 a.u.,
respectively. The valence regions of BeH(X), BH(X) and BeHZ(X) eaéh ap-
peared to be further partitionable into two (cbnica]) pairs, whereas L1H+(X),
LiH(X) and/BeH(A) could not be further fragmented.

The molecules, LiH(X), BH(X) and‘BeHZ(X) were chosen for fufther
perusal. We computed the variation in fluctuation and pqpu]ation for -a spherical
core on'the heavy nucleus for eéég molecule. ?or the optimal c&fe found in
each case, an attempt was then made to further divide the valence }egion
into (truncated) conical fragments. These were defined by the angle («)
betwegn the internuclear axis and conical surface (see inserts on Figs. 14, 15
:and 16): (

' The results for LiH are plotted in Figure 14. The core fluctuation
has a clear minimum for a population of 2.00 and radius 1.42 a.u. between
maxima for populations of 1.0 and 3.0 electrons. The fluctuation of the

\/¢Gnica1 valence region has only a lone maximum between minima of 0 for zero
volume and .0908 for the complete vaience region. Thus, as in the previous
analysis, we can distinguish a core but n6 valence bartitionabi]ity’for this.
molecule. Also, A for the 1.42 a.u. spherical core (0.0QOé) is lower than
that for the virial (Li) fragment (0.0995). \

| The BH data are given in Figure 15. Again Aeore has a minimum for~a
core popula?ion of 2.00, between maxima for populations of 1.0 and 4.0 {i.e.,
half the co#e, and “the core plus half the valence region, respectively). The
fluctuation for a valence lpge located on the non-bonded side of éhe B nucleus
shows a clearly defined minimum *for a population of 2.00 (and « = 73°) be-

tween - maxima at 1.0 and 3.0 electrons. Clearly, the valence partitioning

has been successful.




N

Figure 14. Fluctuation Versus R/N for LiH Core/ Non-Bonded Fragments
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Figure 15.  Fluctuation Versus R/N for BH Cbre/ Non-Bonded Fragments
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The BeH2 plots are contained in Figure 16. A core of locally
minimal A is clearly differentiable for N = 2.002 and R = 0.95 a.u.
The remaining valence region is p%rtitionable into two equal loges
(o = 90°) with population of 2.00 and locally minimum fluctuation
(= 0?1444). The fluctuation for a conical valence reéion exhibits
maxiﬁq for N ¥ 1 and 3. Thus, three localized pairs are identifiable.

The criteria developed in this chapter predict these molecules

" to be partitionable into the loges previously identified on the basis

of tﬁe missing information function. The properties of these "best"
partitionings of the molecules are listed in Table 10. The results
further coﬁfirm the identification of’primarily intra-correlated pairs.
The shms of the loge fluctuations are very low (relative to the'opher
systems studied). | i

The 1oéa1?;ation of correlation is more distinct in BeH2 than\
that in BH, in agreement with the conclusions drawn about partition-
ability versus heavy nucleus charge in the 10—e1ectr0h series. Speci-
fically, for BeHz, the "bond" loge fluctuation is 0.1444, almost as jow
as that of the core (0.1363). The optimal BH bonded and non-bonded
loge fluctuations (0.2648 and 0.2950) are both higher than the BeH,
"bond" loge fluctuation. They are also highe; than <the boron core
fluctuation (0.i582), which is itself .higher than that -for the beryllium
core (0.1363). ¢ | g

In summary, all the molecules are partitionable, with the locali-.

zation of pairs becoming less successful in the order LiH, BeH2 and BH. -

i)



Figure 16.

Fluctuation Versus R/N for BeH, Core/Bond Fragments
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BH, BH,, BH,”

We next studied-the variation in.fragment localizability with
the number of valence electrons and protons distributed around a given
nucleus. The series of ground state molecules BH, BH3, &H4' provided
a convenient trial case.

The number of valence electrons around the B core increases
from 4 to 6 to 8. With these molecules, we can also evaluate the varia-
tion in optimal boron core radius and fluctuation.

The BH results are derived (for convenient comparison with BH3
and BH4') from those in the previous section. The BH. and BH4~ results
are based on wavefunctions which are expressed in an optimized Gaussian
basis set including polarization functions,59 yielding total energies
neaé the Hartree-Fock limit. Figure 17 contains the charge density
plots for BHy and BH4’. The plot for BH is contained-in Figure 3.

The virial partitioning surfaces and optimal loge boundary surfaces
(found below) are also included.

. Figure 18 shows the variation in core fluctuation with radius
for all three molecules. The optimal core radius remains almost un-
changed for the three systems (0.70 : .025 a.u.). The corresponding
core fluctuation increases from 0.1582 (BH) to 0.1865 (BH3) to 0.2127
(BH4~), as the increasing number of valence electrons increases the
inter-correlation between core and valence regions. ‘

The valence region of‘each of the three molecules was found to
be partitionable into well-localized electron pairs.

The BH results 6Figure 15) were briefly presented in a previous

section. The two valence loges defined by o = 73° each have a popu-

178
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Figure 17. Contour maps of the electronic charge distributions for
(top) BHy(X 'A;) and (bottom) BH, (X 'A). In each diagram, the "best"
loge boundaries are indicated by long dashed curves, and the virial

partitioning surfaces by short dashed lines.
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Figure 18.  Fluctuation Versus R for BH, BH,, BH, Spherical Cores
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lation of 2.00. The non-bonded loge was found to have a fluctuation

of 0.295 and the bonded loge to have a (lower) fluctuation of 0.265.
Comparison of these values to £he computed core fluctuation of 0.158
shows fhat the electron density is progressively more strongly localized
for non-bonded, bonded and core loges. This conclusion agrees with

our previous observation of the relative importance of core, bonding

and non-bonding pairing reflected in the various event probabilities

for BeH(X) in Chapter II. The F/Fb\ipd @/@L ratios forfthe core, bonded
and non-bonded loges (Tabje 10) are, respectively, 0.921, 0.868, 0.852,
andp0.881, 0.801, and 0.779. The F/FL and ¢/¢L ratios both also indicate
a decreasing‘&ontainment of the population correlation holes for the
three types of region.

The BHB(X 1Al) valence region was found to be partitionable into
three identical 120° wedge-shaped loges (c.f. insert in Figure 9 for
similar Neon wedges) with a well-localized population of 2.00. For
these loges, the fluctuation passed through a well-defined minimum value
of 0.366 (Figure 19). The minimum value is larger than for BH, due to
the extra two electrons in the valence region. The F/FL ratios for
, the core and bond loges are 0.921 and 0.816; the ¢/¢L ratios are 0.877
and 0.755, re§pective]y. Thué, again the correlation holes are pre-
dominantly loge-localized.

The BH4'(X lAl) valence region was found to’be partitionable
into four identical quadrant loges (c.f. insert in Figure 10 for similar

CH, fragments). Each had a population of 2.00 and a fluctuation of

4
0.472 which was a local minimum to boundary angle variation (Figure 20).

This minimum fluctuation is higher than in BH3, again showing the in-

»
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creased delocalization of the electron pairs in this 8- rather than 6-
valence electron system. The‘F/FL ratios for core and bond .region are
0.895 and 0.763; the ¢/¢b‘ratios are 0.868 and 0.704, Thus, even though

the correlation holes are more delocalized outside the smaller valence

loge region in BH4' than BH,,

of the pure correlation integral for a totally self-contained loge.

there is still 70% of the 1imiting value

Fp-and Ny .

A study of the F2(X) and Nz(i) molecules indicated that it is
possible to isolate spherical cores on each nucleus. However, attempts
to find a "o-bond" (a hemispherically capped cylindrical region encompas-
sing both nuclei but omitting the two cores) or w-bond (a cylindrical
region outside a o-bond, with N = 4) were unsuccessful. The valence:
fragment fluctuation continued a steady increase for such fragments as
N'ﬁncreqsed to half the'vélepce population, then decreased to the fluctua-
tion of the two cores takeq together for the valence region considered
as a whole. . Conical non—b&nded regions showed no minimum in A for in-

creasing o (defined as before for BH).

Hence a valence partition of these molecules of heavy nuc]eir”__//-//__—-

could not be performed according to the conventional Lewis pictures of
F2 and N2 as: -
F:F: ' and ) :N:I:IN:

where we interpret the diagrams- to suggest the following partitions:
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It is inferesting to compare the observed varidtion in the

partitionability of the molecules considered, with the predictions of the

"tangent sphere mode]".8’61 In the latter, from the core radii and

bond distances one can define a coordination number for each atom -- the
number of electron pair "hard spheres" which can surround the core without

"touching". One finds the following:

Atom " Coordination Number
Li ) 8

B,C . 4

N,O 3

F,Ne 2

Thus, as we found, one predicts a "clean" partition of a valence
octet density for C and B into relatively non-correlated pairs; however,

this is not'pOSSHble for N (in NH3),‘0 (in.HZO), F (in HF), or Ne.



CONCLUSIONS

We have applied the theory of the missing information function,
I(Pn,ﬂ) and population fluctuation function, A(N,Q) to partitionings of
the electronic charge density of molecules. We have established a direct
correlation between the formal quantum description of event probability
distrib&tions to intuitive inferpretations of electron pairing and group
localizability in general.

In particular, we determined that the lowest non-trivial minimum
in I corresponds to that partitionihg of a molecular system which maxi-
mizes the remaining information on the distribution of electronic event
probabi]i;ies in the coordinate space representation. Local minima in
A define maximally intra-correlated quantum subsystems, and the minimum
value of f A

A
A=1
system yielding the largest possible set of weakly inter-correlated

for some maximum v defines that partition of a quantum

quantum subsystems.

‘ Partitioniﬁés of small molecules were studied to evaluate the
effects of Fermi correlation on thg logatizability of groups of e]éctrons
. in them. For all the molecules studied, a clear separation of spherical
core pairs from valence loges was accomplished. For several molecules
'(BeH(X), BH(X), BeHZ(X), BHB(X), BH4-(X), CH4(X)) unambiguous partitionings
of the valence region into volumes containing well-localized pair popu-
lations were found. For several other mol2cules (LiH+(X), LiH(X), BeH(A),
NH;(X), H0(X). HF(X), Ne(X), Ar(X), F,(X), N,(X)), partitioning of the
valence region into regions containing localized subgroups was found not

possible.
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Virial partitioning was found to yield the best partition as
defined by I(P,q) in those molecules (LiH, LiH+) which most closely ap-
proached the ionic bonding limit. However, by the A criterion, a
spherical core yig]ds a slightly be}ker core for LiH than the virial
fragment. .

For covalently bonded systems, spherical heavy-atom cores of
population approximately 2.00 were found to be better localized than
virial fragments. Separability of valence pair groups was favoured
by low heavy-atom ndélear charge (hence large core), few valence electrons,
and the presence of bonded protons. Valence electron localizability
was found more difficult for high heavy-atom nuclear charge (hence
overall a more compact density distribution), a full octet of valence
electrons, and few bonded protons. o-n Valence separation was not

J

found possible (for NZ)'

FUTURE WOBK

Given a system known to be partitionable when described by a
Hartree-Fock wavefunction, will the system remain partitionable when .
Coulomb correlation is addéd? One could study this question by using
a wavefunction incorporating Coulomb correlation via configuration
interaction, for instance.

‘1t has been shown30 possible to rigorously define the expectation
property of a molecule in terms of a sum df

N

loge contributions and of loge pair contributions. If the former pre-

value of any observable

dominate, then one may be able to simply construct accurate wavefunctions

based on an antisymmetrized product of group functions each with well-
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described intra-correlation of the various loge pdpu]ations. The fluctua-
tion chterioﬁ can be of use in selecting Tikely regions to attempt
such localized subsystems.

Defining localizability with respect to the f]uctuatjon-in electron
population is only one aﬁﬁ]ication of the fluctuation criterion. One
might choose some other property, a kinetic energy density, for 1ns£ance,
and attempt to minimize the fluctuation of that quantity for partitions
of momentum space. ‘

. One might consider further ana]ysis to determine why it is that the
best-1oge boundaries found (so far) mimic the "natural" partitioning pro-
vidgd by the -zero flux surfaces' in a molecule.

Given the interpretations-noted to this point, ﬁne could study
the actual localizability of the electronic population in various chemi-
cally interesting regions of molecules often treated as though localized,
the aromatic sextet rings in bénzene %or'instance, or valence "resonance
structures" of an eﬁo]. 'The three-centre two-electron bond in borane
dimer,'BzHG, would provide another interesting test of the electron pair
idea. _ |

’ We noted a difference in partitionability between two states of
the same molecule BeH(X)} and BeH(A 2HR). tan one perhaps find loge
partitionings suitable for both states of an electronic excitation so

that the electyronic process can be described as a localized change in one

of the largely intra-correlated subsystems?
"



APPENDIX B-1
PROGRAMME DIALGE

CALCULATION OF Pu AND I(P) FOR ORBITAL WAVEFUNCTIONS
' AN
Evaluation of the Pu and I(P) for a molecular partitioning in
' th

&

general requires knowledge and use of the diagonal elements of the N
order spinless density matrﬁx kernel, F(N). Here we shall consider
calculations for. a two-1oge partition of a pure system eigenstate,

W({gn}), desc}ibed by a single determinantal restricted Hartree-Fock
LCAO-MO wavefunction. Given a set of real spatial molecular orbitals,
{¢1(3)}, and the spin functions {a(o), 8(0)}, we then construct N spin

orbitals wj(f) of the form

vilx) = ¢-(g)W(o{

i
wherée
w(o') = a(o) or 8(0).

A short form indicating which spin function is used.is to place a bar
over the'¢j symbol to indicate 8{c), a(s) being %§5umed otherwise.

Ih'the restricted H.-F. case, the 'spatial orbitals for « and 8 spin
MO’s are constrained to be chosen from the same set {¢i(g)}. The Pauli
prjncip]e restricts us to plaéing at most two particles p%r spatial
orbital, one of each spin. . A typical state function thus takes tHe .
form of several doubly occup1ed spatial orbitals and poss1b1y one ?r
.more MO's singly occupied by a-spin electrons. (We thereby def1ne a
wavefunction for the term level of maximum Ms va}ue (spin projection

for unique spin z-axis) consistent with the chosen electron MO configura-

- 190 -
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tion.) Thus ?({5n}) takes the general form:

1(99) o0a;) e,(q)) o oy (gy)
$1(9,) 1(9,) 0,(5) -~ oy (9,)
= 1 . a
v }) = — | | :
N — -
o1(ay) ¢ ay) o,0ay) - oy (9y)
_ 1 — ‘0 ) T

A more convenient form is obtained if we group the spatial
orbitals associated with a-spin (NOl in number, say) separately from

those associated with g-spin (N_ in number) and reorder particle labels

B
to match the new order. Thus:

_ 1 — _ —
v({x 1) = EI $1(qy) 05(g,) - cpNa(gha) ¢1(3_Na+ ) ¢>2(3Na+ ) ey (gl

1 2 B

\
Note that N = N + N This expression: for W({én}) is, of course, a

g
summation ‘of N! products of the N spin orbitals, each term a permutation
of the particle coordinate labels for the orbitals fixed in order (or
equivalently, orbitals permuted for fixed label order).

We now evaluate F(N)({gn}):

I‘(N)({Sn}) ] {wz}- el (g 3)
n

=— 7 |¢1(31) ¢é(32) - by (qN ) gIQSN
W a

1 —_ — 2
) $o0ay ) .. by (dy)]
AT { }n a” at+l 2 ”Na+ Ng'~N

2 B8

Without the integration over particle spins, there are (N!)2

terms in the square of the wavefunction expansions. However, the two
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spin functions are orthonormal, i.e.:

Zwl(o)wz(o) = §

W w1w2.

This results in only permutations within the Na a-spin MO's

and/or within 8-spin MO's contributing non-zero cross terms after spin

integration over all spin coordinates.

()

The number of non-zero termsxin
is thereby reduced to N!Nq!NB!.

’ We are now finally in a positjon to evaluate the two-loge Pn(Q),
the probability of the event of localizing n electrons in the loge @
and (N-n) in Q' (the remainder of B3):

. ___N! : (N)
Pn(Q) = ?ﬂ"(ﬂ)—l S{dgl - édgnﬂj dqn+1 .. QfldgNT

t

Given the N!Nu!NB! terms we have found for P(N), we see that the

,actual computation of any Pn(Q) requires that one multiply togéther N
orbital overlaps (n integrals over the volume @, and (N-n) over the volume .
Q').

To make this clearer, consider a three-electron wavefunction:

_ 1 - '
b(xXq5%)0%3) /ng ¢1(a;) ¢1(a5) ¢,(g5)1
- L |1T 2]
/3T

(where the particle labels are assumed to be in the order 1, 2, 3 for

all terms in the expansion of y).

Mg ap95) = T 5 1 wm
Mg W2 Y3
= 7§ §o5p(1(@ - o) - T(12- 21) + 2(1T - T1))°
Wy Wa W3 : |
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= é%{ll 11 22 + 11 22 11 + 11 11 22 + 11 22 11 +’?2 11 11 + 22 11 11
- 12 11 21 - 12 21 11 ¢ 11 12 21]

(where 11 11 22 = ¢;(3,) ¢1(q;) ¢1(32) ¢1(g2) b5(a5) ¢2(53) for instance).
There are4 P (g)'s to be calculated: Py, Pys Pyy Py

Pota) = 0!(3}05"!‘ Qf.dﬂlgf.dﬂzgf.dﬂar(m

_ 1 '
= 3![<L1>Q'<11>Q'<22> .+ <11>Q'<22>Q'<11>Q' + <11>Q'<11>Q'<?2>Q'

+ <11>Q'<22>Q'<11>Q‘ + < >Q,~/<11>Q,<11>S_ZI + <22>Q'<11>Q'<11>Q'

- <12>Q,<11>Q,<21>Q, - <12>Q,<?1>9,<11>Q, + <11>Q|<12>Q'<21>Qp]

-~

(where <11>_,<11>0,<22>0, = [é,(g;) ¢1(9;) d9,fe;(qp) ¢;(g,) dg,f¢,(q3) ¢%(qN3) da,
for instance).
A1l of the other Pn(Q)'s follow the same pattern, the on1yhchange
from the PO(Q) expression being the replacement of the degeneracy factor
and the first n of the integral volume subscripts (@') by @. Given the
set of Pn's, 1(P) is easily calculated. '
The 3-electron, 2-loge case considered above is about the simplest
non-trivial one. The method rapidly "blows up““bithrincreasing nuﬁber of
terms. For c]osed—she]]iwavefunctions (Na = N_), one is faced with the

B
following number of terms in ¥(N!) and P(N)(N!NQ!NB!):

N N} NIN N !

2 2 2

4 24 96
6 720 ¢ 25,920

8 40,320 23,224,320

10 3,628,800 52,254,720,000



is required to evaluate the cross terms in T
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Clearly, a significant degree of sophistication or approximation

(N)

for even a 10-electron case.

Furthermore, the molecular spatial orbitals have non-zero overlaps over a

subspace of R3, even if the orbitals belong to different irreducible re-

presentations of the nuclear point group. Oréital orthogonality permits

significant simp]ificationuyf usual Hartree-Fock calculations; its loss

places a severe constraint on the size of systems for which I(P) calcula-

tions can be made. Thus, for N=5,*DIALAGE requires 1210 central'processor

(CP) seconds on the CDC-6400, but for N=6, 240

10 CP secs. are needed.

. Programme DIALPGE . K

)

For the small (N < 6) systems treated in this work, "brute force"

computer programs stficed to perform two- and three-loge partitionings.-

DIALQGE was written for the two-loge case. fhe mainline programme calls

-

three subroutines.

(a)

(b)

Subroutine MAIN: This subroutine performs several functions:
calls subroutine PERMUT (which creates and permutes the list of orbital
indices in the éxpansion pf v¥);
calls subroutine XTERM (which evaluates those permutatiops of the
"standard" order of orbital indices (1,2,...,N) giving non-zero con-
tributions to F(N) (due to spin orthogonality));
reads the orbital overlap matrices (over loges 9 and @'); and,

1

generates the Pn(Q) and I(P), using the list of non-zero cross terms

(N)

in r*"’, the ordered lists of orbital indices for each permutation,

plus the orbital overlap matrices.

Subroutine PERMUTE: This subroutine generates the N! permutations

%
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of the standard order of orbital indices in v. Computer generation of
the N! permutations for variable N was found to be a non-trivial pro-

blem.48

The following procedure was devised:
(i) set M = 2;

(ii) enter the "standard" order of integral indices (1,2,3,...,N) in
the first row of a storage array;

(1i11)  "cycle" the last M indices (i.e., leaving the first (N-M)
- indices u:toughed) yielding (M-1) new permutations;

(iv) Jdetermine the parity for each new permutation (= (—1)P where
P = the sum of the numbers of higher indices preceeding each
index in the 1ist of orbital indices);

(v) add the new permuted orSital lists to the storage array; ;and,

(vi) set M = M+l and go to (iii), stopping the procedure for M - N.

. Consider the case of N = 3:

L
Permutation Generated by Orbital Indices Parity
1 "standard" order . 1 2 3 1
2 "cycle" last two in- 1 3 2 ° -o-1
dices of permutation 1
3 "cycle”" last three in- T 31 2 1
4, dices of permutation 1 2 3 1 -1
5 “cycle" last three in- ( 2 1 3 -1
6 dices of permutation 2 3 2 1 -1

Subroutine XTERM: This subroutine compares the orbital lists

for all the permutations . in the expansion of ¥ to defermine the N!Na!NB!

()

non-zero cross terms in T

. : "/ :
th indices-in qgth index lists belong to the a or 8 spin orbital list

This is done simply by assuring that the
k
for 1 <k < N.{
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