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Abstract

Fiber-optic communication systems have revolutionized the telecommunications in-

dustry and have played a major role in the advent of the Information Age. Thousands

of kilometers of optical fiber are used by telecommunications companies to transmit

telephone signals, Internet communication, and cable television signals throughout

the world. So, working in this area has always been interesting. This thesis ana-

lyzes the nonlinearity of fiber-optic systems and proposes a system to mitigate fiber

nonlinear effects. The topics of this thesis can be categorized into two parts. In

the first part of thesis (Chapters 2, 3, and 4), analytical models are developed for

fiber-optic nonlinear effects. It is important to have an accurate analytical model so

that the impact of a specific system/signal parameter on the performance can be as-

sessed quickly without doing time-consuming Monte-Carlo simulations. In the second

part (Chapters 5, and 6), a multi-core/fiber architecture is proposed to reduce the

nonlinear effects.

In Chapter 2, intrachannel nonlinear impairments are studied and an analytical

model for the calculation of power spectral density (PSD) and variance of the non-

linear distortion is obtained based on quadrature phase-shift keying (QPSK) signal.

For QPSK signals, intrachannel four-wave mixing (IFWM) is the only stochastic non-

linear distortion. To develop the analytical model, a first order perturbation theory
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is used. For a Gaussian pulse shape, a closed form formula is obtained for the PSD

of IFWM. For non-Gaussian pulses, it is not possible to find the PSD analytically.

However, using stationary phase approximation approach, convolutions become mul-

tiplications and a simple analytical expression for the PSD of the nonlinear distortion

can be found. The total PSD is obtained by adding the PSD of amplified spontaneous

emission (ASE) PSD to that of the nonlinear distortion. Using the total PSD, bit

error ratio (BER) can be obtained analytically for a QPSK system. The analytically

estimated BER is found to be in good agreement with numerical simulations. Signif-

icant computational effort can be saved using the analytical model as compared to

numerical simulations, without sacrificing much accuracy.

In Chapter 3, the same approach as that in Chapter 2 is used to find an analytical

expression for the PSD of the intrachannel nonlinear distortion of a fiber-optic system

based on quadrature amplitude modulation (QAM) signal. Unlike the QPSK signal,

intrachannel cross-phase modulation (IXPM) is a stochastic process for the QAM

signal which leads to the increase of the nonlinear distortion variance. In this chapter,

analytical expressions for the PSDs of self-phase modulation (SPM), IXPM, IFWM,

and their correlations are obtained for the QAM signal. Simulation results show good

agreement between the analytical model and numerical simulation.

In Chapter 4, inter-channel nonlinear impairment is studied. This time, a first or-

der perturbation technique is used to develop an analytical model for SPM and cross-

phase modulation (XPM) distortions in a wavelength division multiplexing (WDM)

system based on QAM. In this case, SPM distortion is deterministic and does not

contribute to the nonlinear noise variance. On the other hand, XPM is stochastic

and contributes to the noise variance. In this chapter, effects of input launch power,
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fiber dispersion, system reach, and channel spacing on the nonlinear noise variance

are investigated as well.

In Chapter 5, a single-channel multi-core/fiber architecture is proposed to reduce

intrachannel fiber nonlinear effects. Based on the analytical model obtained in the

first part of thesis, the nonlinear distortion variance scales as P 3, where P is the fiber

input launch power, which suggests that decreasing the fiber input power can reduce

the nonlinear distortion significantly. In this system, the input power is divided

between multiple cores/fibers by a power splitter at the input of each span and a

power combiner adds the output fields of multiple cores/fibers so that one amplifier

can be used for each span. In this case, each core/fiber receives less power and

hence adds less nonlinear distortion to the signal. In a practical system, individual

fiber parameters are not identical; so the optical pulses propagating in the fibers

undergo different amounts of phase shifts and timing delays due to the fluctuations of

fibers’ propagation constants and fibers’ inverse group speeds. Optical and electrical

equalizers are proposed to compensate for these inter-core/fiber dispersions. In the

case of an optical equalizer, adaptive time shifters and phase shifters are adjusted

such that the maximum power is obtained at the output of power combiner. Our

numerical simulation results show that for unrepeatered systems, the performance (Q

factor) is improved by 6.2 dB using 8-core/fiber configuration as compared to single-

core fiber system. In addition, for multi-span system, the transmission reach at BER

of 2.1× 10−3 is quadrupled in 8-core/fiber configuration.

In Chapter 6, a multi-channel multi-core/fiber architecture is proposed to reduce

the inter-channel nonlinear distortions. In this architecture, different channels of a
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WDM system are interleaved between multiple cores/fibers which increases the chan-

nel spacing in each core/fiber. Higher channel spacing decreases the inter-channel

nonlinear impairments in each core/fiber which leads to system performance im-

provement. At the end of each span, a multiplexer adds the channels from different

cores/fibers so that one amplifier can be used for all of the channels. Unlike the

single-channel multi-core/fiber system, the WDM multi-core/fiber system does not

require equalizers since different cores/fibers carry channels with different frequen-

cies. Simulation results show that for a 39-span system, the 4-core/fiber system with

negligible crosstalk outperforms the single-core system by 2.2 dBQ20. The impact of

crosstalk between cores of a multi-core fiber (MCF) on the system performance is

studied. The simulation results show that the performance of the multi-core WDM

system is less sensitive to the crosstalk effect compared to conventional multi-core

systems since the propagating channels in the cores are not correlated in frequency

domain.
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Notation and abbreviations

ASE amplified spontaneous emission

AWGN additive white Gaussian noise

BER bit error ratio

CDMA code division multiple access

CSI channel state information

DCF dispersion compensating filter

D-IFWM degenerate intrachannel four-wave mixing

DSF dispersion-shifted fiber

DSP digital signal processing

EDFA erbium-doped fiber amplifier

ESP electrical signal processing

FWHF full width at half maximum

FWM four-wave mixing

GVD group velocity distortion

IFWM intrachannel four-wave mixing

IM-DD intensity-modulation direct-detection

ISI inter-symbol interference

IXPM intrachannel cross-phase modulation
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LMS least mean square

LO local oscillator

LPF low pass filter

MCF multi-core fiber

MF matched filter

MMF multi-mode fiber

MZM Mach-Zehnder modulator

ND-IFWM non-degenerate intrachannel four-wave mixing

NLPN nonlinear phase noise,

NLSE nonlinear Schrodinger equation

OFDM orthogonal frequency-division multiplexing

PBS polarization beam splitter

PDF probability density function

PDM polarization-division multiplexing

PLL phase-locked loop

PMD polarization mode dispersion

PM-QPSK polarization multiplexed quadrature phase-shift keying

PRBS pseudo-random bit sequence

PSD power spectral density

PSK phase-shift keying

QAM quadrature amplitude modulation

QPSK quadrature phase-shift keying

RZ return-to-zero
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SDM spatial-division multiplexing

SE spectral efficiency

SLM spatial light modulator

SMF single-mode fiber

SNR signal-to-noise ratio

SPM self-phase modulation

SRS stimulated Raman scattering

TF transmission fiber

WDM wavelength division multiplexing

XPM cross-phase modulation
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Chapter 1

Introduction

1.1 Evolution of fiber-optic communication system

Optical fiber communication is now an established technology. Several thousand route

kilometers of fiber-optic systems are in use throughout the world and the market is

still growing rapidly nowadays. Fiber-optic systems owe the popularity to its many

advantages such as high bandwidth, low loss, and no electromagnetic interference [1].

While the demand for bandwidth increases exponentially at about 60% per year [2],

the relative research and technology in fiber-optic system have become more impor-

tant. In fiber-optic systems, information is transmitted by sending electromagnetic

pulses through fiber. Since the carrier frequency is relatively high (around 100 THz)

in the fiber-optic system, the available bandwidth is large (around 10 THz). Due

to its high bandwidth and low loss (around 0.2 dB/km), it has replaced the copper

cables in the long-haul data transmission.

First, the invention of laser in 1960s provided a suitable optical source [3]. At

that time, large fiber loss was the main issue of optical fiber communication. The loss
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problem is solved in 1979 by the invention of low loss fibers (0.2 db/km) [4]. Since

then, fiber-optic communication progressed through several distinct generations. Fig.

1.1 shows the increase in the bit rate-distance product (BL) over different generations

[1].

The first generation operated near 0.8 µm and became commercially available in

1980 [1]. The bit rate was 45 Mb/s and repeater spacing was up to 10 km. The second

generation became available in 1980s. 1.3 µm wavelength was used due to less fiber

loss near that wavelength (< 1 dB/km). In this generation, the major limitation of

the system came from pulse broadening caused by inter-modal dispersion which led

to inter-symbol interference (ISI). To reduce the dispersion effect, single-mode fiber

(SMF) was introduced. Comparing to multi-mode fiber (MMF), SMF is designed to

support only one mode. Therefore, it does not suffer from pulse broadening caused

by different propagation speeds of different modes (inter-modal dispersion). By 1987,

a second generation reached bit rate of up to 1.7 Gb/s and repeater spacing of 50 km

[1].

Loss of silica fiber becomes minimum near 1.55 µm (0.2 dB/km). Therefore, to

take advantage of minimum loss, third generation operated at 1.55 µm. To minimize

the dispersion, dispersion-shifted fiber (DSF) was used which has low dispersion at

minimum loss wavelength. Third generation was commercially available in 1990 oper-

ating with 10 Gb/s and repeater spacing of up to 100 km [1]. Also, in this generation,

coherent fiber-optic system was studied extensively [6]. At that time, coherent detec-

tion was pursued mainly because the fiber-optic systems were then loss-limited. Since

coherent receivers have higher sensitivity than the direct detection receivers, coherent

detection is more attractive for loss-limited systems. However, with the development

2
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Figure 1.1: Increase in the BL product through several generations [1].

and deployment of erbium-doped fiber amplifier (EDFA) in mid 90s, fiber loss was no

longer a problem and coherent receiver were abandoned due to the technical hurdles

associated with aligning the phase and polarization of the local oscillator (LO) with

those of the received signal.

The fourth generation of fiber-optic system introduced optical amplifiers and wave-

length division multiplexing (WDM) systems. WDM systems were developed in 1990s

and increased the bit rate by allowing parallel transmission of channels in the fiber.

In addition, with the advent of optical amplifiers such as EDFA, amplifier spacing in-

creased. From Fig. 1.1, it can be seen that after 1990, slope of BL product increased

significantly owing to the advent of WDM systems and optical amplifiers. EDFA and

WDM technology made submarine transmission systems feasible for intercontinental

communication [1]. Fig. 1.2 shows the evolution of bit rate of single channel and

multi-channel (WDM) systems [7]. As can be seen, the highest bit rate achieved

by single channel system is about 100 Gb/s which is much less than that of WDM

systems (> 10 Tb/s).

Roughly in mid 2000, due to the rapid advances in digital signal processing (DSP),

3
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Figure 1.2: Historical evolution of record capacity in fiber-optic communication sys-
tems (multi-channel and single channel) [7].

coherent detection has drawn renewed interest [6, 8]. The polarization and phase

alignment can be performed using DSP which is easier than optical phase-locked loop

(PLL) used in 1990s coherent receivers. Unlike direct detection, coherent detection

allows to retrieve both amplitude and phase information. The advantages of the co-

herent receiver are the following: (i) In the case of direct detection, the detection

process is nonlinear - photo-current is proportional to the absolute square of optical

field. Since the phase information is lost during detection, it is hard to compensate for

dispersion and polarization mode dispersion (PMD) in electrical domain. In the case

of coherent detection, the detection process is linear - the complex optical field enve-

lope is linearly translated into electrical domain and therefore, inverse fiber transfer

function can be realized using DSP to compensate for dispersion and PMD. (ii) With

coherent detection, higher spectral efficiencies (SE) can be realized using advanced

modulation formats that make use of both amplitude and phase modulation. High

bit rate and SE was achieved by using modulation formats in which more than 1 bit

can be transferred in each symbol transmission [8]. To increase the system bit rate
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even more, polarization-division multiplexing (PDM) is used as well as wavelength-

division multiplexing (WDM) and spectrally efficient modulation techniques such as

quadrature phase shift keying (QPSK) or quadrature amplitude modulation (QAM).

So far, there has been a lot of research in the areas of PDM, WDM, and modula-

tion techniques and the maximum capacity has almost been achieved by utilizing

these techniques [9]. Now, the next trend is to increase the capacity of the system

by spatial-division multiplexing (SDM) through the use of multi-core fiber (MCF)

systems or multi-mode fibers (MMF) [9].

1.1.1 WDM system

By the invention of wideband optical amplifiers with low noise and high gain (EDFA),

the idea of parallel channel transmission was developed. The use of optical amplifica-

tion in combination with WDM started a new era in the fiber-optic communications

which increased system capacity dramatically (Figs. 1.1 and 1.2).

Figure 1.3: Block diagram of a WDM system.

Fig. 1.3 shows the block diagram of a WDM system. As can be seen, different

optical channels with different wavelengths (λm) are multiplexed together with an

optical multiplexer and the multiplexed channels (e.g. Fig. 1.4) is launched to an

optical link. The optical link may include several spans and each span consists of an
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Figure 1.4: Frequency spectrum of 12 WDM channels. Each channel symbol rate =
25 Gbaud, channel spacing = 50 GHz.

optical fiber followed by an optical amplifier to compensate the corresponding fiber

loss. Owing to the wideband optical amplifiers such as EDFA, all of the channels

can be amplified using just one amplifier at the end of each span. At the receiver

side, an optical demultiplexer separates different channels into the corresponding

optical receivers. Fig. 1.4 shows the frequency spectrum of 12 WDM channels with

channel symbol rate of 25 Gbaud and channel spacing of 50 GHz. The capacity can

be increased by increasing number of channels. In practical implementations, the

usable bandwidth is limited by the bandwidth of EDFA amplifiers. EDFA amplifiers

supports signals in C-band (1525 nm - 1565 nm) and L-band (1570 nm - 1610 nm)

which is on the order of 10 THz [7].
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1.1.2 Multi-core fibers

Recently, there has been a significant interest in using multi-core fiber systems [9–

12]. They offer spatial-division multiplexing (SDM) which is one the few remaining

multiplexing techniques to increase the fiber capacity while the other techniques have

almost reached the maximum capacity [9]. Fig. 1.5 shows the cross-section of a 7-core

fiber. As can be seen, different cores share one cladding which leads to linear and

nonlinear intraction among the cores. The amount of interaction increases as the

distance between the cores decreases.

Figure 1.5: Cross-section of a 7-core fiber.

Due to importance of SDM and WDM in fiber-optic system, the second part of

this thesis (Chapters 5 and 6) is dedicated to these systems. In Chapter 5, a single

channel multi-core/fiber system is suggested to decrease the fiber nonlinear effect by

deviding the power between different cores or fibers. In Chapter 6, a WDM multi-

core/fiber system is proposed which decreases the nonlinear effect by interleaving

different channels into different cores/fibers.
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1.2 Impairments in fiber-optic communication sys-

tems

Generally, distortions in fiber-optic system can be classified into three categories: (1)

noise, (2) linear distortions, and (3) Kerr nonlinearity [7]. These three phenomena are

distributed along the fiber and influence each other. The interaction between these

phenomena may lead to deterministic as well as stochastic impairments [7]. In the

following, each of these distortions are explained briefly.

1.2.1 Noise

Similar to other transmission systems, optical pulses suffer from loss as they propagate

through the fiber. Although the loss is low compared to other transmission systems

(about 0.2 dB/km around 1550 nm wavelength), it will affect signal dramatically

when the system reach is long. So, using the inline amplifiers is inevitable in fiber-

optic system to recover the signal to ensure the signal-to-noise ratio (SNR) meets

an acceptable limit. Amplified spontaneous emission (ASE) noise may be considered

as the side-effect of using EDFA amplifiers. It is caused by spontaneous emission of

photons in the amplifier and can be modeled as an additive white Gaussian noise

(AWGN). For a multi-span fiber-optic link (e.g. Fig. 1.3), the noise spectral density

per state of polarization is given by

ρASE = (G− 1) hfnsp, (1.1)

where G is the amplifier gain, h is Planck constant, f is carrier frequency, and nsp is

spontaneous noise factor.
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There are other sources of noise such as double Rayleigh backscatter, shot noise,

and thermal noise of the receiver which can be ignored in multi-span fiber-optic system

since they are much smaller than ASE noise.

1.2.2 Linear distortions

The main nonlinear distortions in fiber-optic system include group velocity distortion

(GVD), and polarization mode dispersion (PMD). Since these effects are linear, they

can be compensated at the receiver by linear equalizers.

Polarization mode dispersion (PMD)

Even a single-mode fiber supports two orthogonally polarized modes. In practical

fiber, the random imperfections and asymmetries of the fiber cross section shape

causes the optical signals in two polarizations to travel at different speeds. Fig.

1.6 shows the pulse broadening of a pulse due to the fact that different frequency

components traveling at different speeds.

Figure 1.6: Illustration of pulse broadening effect due to PMD.

Because of the asymmetry introduced during the fiber manufacturing process and

external factors such as bending or twisting, the propagation constants βx and βy

9
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differ. As a result, x - and y- polarization components of the input signal arrive at

the fiber output at different times leading to pulse broadening. In addition, due to

random fluctuations in the fiber refractive index along the fiber axis, there is exchange

of power between these polarization components that occurs randomly along the fiber.

However, PMD effect can be undone by DSP [14].

Group velocity distortion (GVD)

GVD is a frequency dependence of propagation constant (β) of a single-mode fiber

which causes different frequencies to propagate at different speeds. GVD is charac-

terized by fiber dispersion coefficient (β2) which is given by [15]

β2 =
d2β

dω2
. (1.2)

Since β2 is a function of fiber parameters, a fiber can be designed such that it has

positive β2 (normal dispersion) or negative β2 (anomalous dispersion). Fig. 1.7 shows

the pulse broadening effect caused by GVD after 50 km. GVD pulse broadening cuases

ISI which was a major limitation of early fiber-optic communication system.

Due to availability of high speed DSPs, GVD can be compensated in electrical

domain by using dispersion compensating filter (DCF). Fig. 1.8 shows the block di-

agram of a multi-span fiber-optic system with DCF. As can be seen, fiber dispersion

can be compensated in electrical domain at the DSP section. Figs. 1.9 and 1.10 show

the constellation diagram and eye diagram of the received signal before and after dis-

persion compensation. As can be seen, before dispersion compensation, the received

signal is totally unreadable (Fig. 1.9). However, after dispersion compensation, the

signal is ready for the detection (Fig. 1.10).
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Figure 1.7: Illustration of pulse broadening effect due to GVD after 50 km.

Figure 1.8: Block diagram of a multi-span fiber-optic system with DCF.
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Figure 1.9: Received signal (a) constellation diagram, and (b) eye diagram, before
dispersion compensation. QPSK modulation, β2 = −22.1 ps2/km, Number of spans
N = 20, and fiber nonlinearity was ignored.
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Figure 1.10: Received signal (a) constellation diagram, and (b) eye diagram, after
dispersion compensation. Parameters are same as Fig. 1.9
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1.2.3 Kerr nonlinearity

Fiber nonlinearity originates from the intensity dependence of the fiber refractive

index. In its simplest form, the refractive index can be written as [15]

ñ(ω, |E|2) = n(ω) + n2|E|2, (1.3)

where n(ω) is the linear part, |E|2 is the optical intensity inside the fiber and n2 is

the nonlinear index coefficient. The impact of nonlinearity increases as the optical

power increases. Thus, it enforces an upper limit to the launch power. Fig 1.11 shows

a fiber-optic system typical bit error ratio (BER) as a function of launch power. As

can be noticed, if the launch power is large enough (> −3 dBm in this example),

the nonlinear distortion cuases system performance degredation with the increase of

power.

Generally, nonlinear impairments can be divided into two categories: (1) intra-

channel, and (2) inter-channel. Intrachannel impairments are the nonlinear interac-

tion between signal and noise, and signal with itself within a channel. Inter-channel

impairments are the nonlinear interaction between signals and noises from different

channels. In the first part of this thesis (Chapters 2, 3 and 4), nonlinear impairments

of fiber-optic system are studied and analytical models are developed for nonlin-

ear distortion variances. Fig. 1.12 shows the different nonlinear interactions in the

fiber-optic system [7]. Since the focus of this thesis is on the signal-signal nonlinear

interactions, the concepts of these interactions are reviewed briefly here.
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Figure 1.11: Typical BER vs. launch power curve in a fiber-optic system.

Figure 1.12: Nonlinear interactions in fiber-optic system [7]. NLPN: nonlinear
phase noise, SPM: self-phase modulation, IXPM: intrachannel cross-phase modu-
lation, IFWM: intrachannel four-wave mixing, XPM: cross-phase modulation, FWM:
four-wave mixing.
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Intrachannel nonlinear impairments

Intrachannel nonlinear impairment is caused by nonlinear interaction between dif-

ferent optical pulses within a channel. It is divided into three categories: (1) self-

phase modulation (SPM), (2) intrachannel cross-phase modulation (IXPM), and (3)

intrachannel four-wave mixing (IFWM). Due to the importance of intrachannel dis-

tortions in the single channel fiber-optic system performance, Chapters 2 and 3 are

dedicated to analysis of intrachannel impairments for QPSK modulation and QAM

modulation, respectively. In these chapters, an analytical model for the power spec-

tral density (PSD) and variance of the nonlinear impairments for a single channel

fiber-optic system is developed. The analytical PSD and varince can help to evaluate

the performance of a fiber-optic system much faster than numerical methods such as

Monte-Carlo simulations.

1. Self-phase modulation (SPM)

SPM refers to the self-induced phase shift experienced by an optical pulse during its

propagation in optical fibers. The induced nonlinear phase shift is given by [15]

φNL(z, T ) =
(

Leff

LNL

)
|u(0, T )|2, (1.4)

LNL = (γ0P0)
−1 , (1.5)

Leff = [1− exp(−αL)] /α, (1.6)

where u(0, T ) is the field envelope at z = 0, γ0 is the fiber nonlinear coefficient, P0

is the peak power, α is the fiber loss, and L is the fiber length. Time dependence of
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nonlinear phase shift induces spectral changes given by [15]

δω(z, T ) = − ∂

∂T
φNL(z, T ) = −

(
Leff

LNL

)
∂

∂T
|u(0, T )|2, (1.7)

The time dependence of δω is referred as frequency chirping. Fig. 1.13 shows a

Gaussian pulse at the input of the fiber (1.13(a)) and the frequency chirp caused by

SPM (1.13(b)). As can be seen in Fig. 1.13(b), δω is negative near the leading edge

(red shift) and becomes positive near the trailing edge (blue shift).
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Figure 1.13: (a) A Gaussian pulse in time domain, and (b) frequency chirp δω caused
by fiber nonlinearity for Gaussian pulse.

Fig. 1.14 shows the input pulse (input), output in linear regime (Lin: γ0 = 0

W−1km−1), and output in nonlinear regime (Lin+SPM: γ0 = 2.43 W−1km−1) for

normal dispersion and anomalous dispersion. Since higher frequencies travel slower

in the normal dispersion case, the trailing edge of the pulse (blue shift) travels slower

than the leading edge (red shift). So, the pulse experiences more pulse broadening

compared to the case when nonlinearity is not present (Fig. 1.14(a)). On the other
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Figure 1.14: Input pulse (input), output in linear regime (Lin: γ0 = 0 W−1km−1),
and output in nonlinear regime (Lin+SPM: γ0 = 2.43 W−1km−1) for (a) normal dis-
persion β2 = 10 ps2/km, and (b) anomalous dispersion β2 = −10 ps2/km. Following
parameters were assumed: Ppeak = 8 mW, TFWHM = 50 ps, no. of spans = 1 × 80
km.

hand, in the anomalous dispersion case, higher frequencies travel faster which causes

pulse compression compared to the case in which SPM is absent (Fig. 1.14(b)).

2. Intrachannel cross-phase modulation (IXPM)

IXPM is nonlinear interaction between neighboring pulses which leads to attraction

or repulsion between pulses. Fig. 1.15 shows the input and output pulses for normal

dispersion and anomalous dispersion. The leading edge of second pulse red shifts the

trailing edge of first pulse and the trailing edge of first pulse blue shifts the leading

edge of first pulse (Eq. (1.7)). Therefore, the pulses repel each other in the normal

dispersion (Fig. 1.15(a)) and attract each other in the anomalous dispersion (Fig.

1.15(b)).

3. Intrachannel four-wave mixing (IFWM)

In a single channel system nonlinear interaction of 3 pulses centered at t1, t2, and
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Figure 1.15: Input pulses and output pulses after DCF for (a) normal dispersion β2 =
10 ps2/km, and (b) anomalous dispersion β2 = −10 ps2/km. Following parameters
were assumed: γ0 = 2.43 W−1km−1, Ppeak = 11 dBm, TFWHM = 20 ps, no. of spans
= 5× 80 km.

t3 of the same channel leads to echo pulses at t1 + t2 − t3 and t2 + t3 − t1 [16–18].

Figs. 1.16(a) and 1.16(b) show the three pulses at the input and output of the fiber-

optic system after DCF in linear scale and logarithmic scale, respectively. As can

be seen in Fig. 1.16(b), nonlinear interaction of the three pulses generated 1st order

echo pulses and nonlinear interaction between the 1st order echo pulses and the main

pulses generates 2nd order echo pulses. Typically, magnitude of the 2nd order echo

pulse is sufficiently small compared to that of 1st order echo pulse such that they can

be neglected. If there is a signal pulse at the location of echo pulses, the echo pulses

would act as a noise leading to performance degradations.

Inter-channel nonlinear impairments

Due to intensity dependence of the fiber refractive index, self-phase modulation occurs

for an optical pulse propagating in a fiber-optic system. Since the refractive index seen
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Figure 1.16: Input pulses and output pulses after DCF in (a) linear scale , and (b)
logarithmic scale. Following parameters were assumed: β2 = 10 ps2/km, γ0 = 2.43
W−1km−1, Ppeak = 11 dBm, TFWHM = 25 ps, no. of spans = 8× 80 km.

by an optical pulse depends on the other propagating pulses as well as the pulse itself,

coupling between the pulses happen in the WDM fiber-optics system. When two or

more optical pulses with different frequencies propagate in the fiber simultaneously,

they interact with each other due to the fiber nonlinearity. Inter-channel can be

divided into two categories: (1) Cross-phase modulation (XPM), and (2) Four-wave

mixing (FWM). Due to the impact of XPM on the performance of WDM systems,

analysis of XPM impairments is presented in Chapter 4. In this chapter, an analytical

model is developed for the inter-channel nonlinear impairments variance.

1. Cross-phase modulation (XPM)

Due to Kerr nonlinear effect, two propagating pulses with different wavelengths can

induce nonlinear phase on each other. The instantaneous frequency change across the

first pulse due to XPM nonlinear phase induced by the second pulse is given by [15]

δω1(z, T ) = −γ0
∂

∂T
|u2(z, T )|2, (1.8)
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where u2(0, T ) is the field envelope in the second channel.

Fig. 1.17 shows two WDM channels inputs. We have launched a single pulse at

symbol slot 0 in each channel, and initially the pulses are aligned. Fig. 1.18 shows the

spectrum of WDM channels. We assume anomalous dispersion (β2 = −10 ps2/km

< 0) and center wavelength of channel 2 to be lower than that of channel 1 (Fig.

1.18), so channel 2 propagates slower than channel 1. Our reference frame is fixed

to channel 1 and the pulse in channel 2 moves with the inverse walk-off speed of

v−1
walk = β2Ω relative to channel 1, where Ω is the channel spacing. Fig. 1.19 shows

the channels at the end of a L = 80 km span. As can be seen, due to different channel

speeds, channel 1 walked off channel 2. The pulses separation at the end of the span

is given by

∆T = v−1
walkL

∼= 250 ps (1.9)

Fig. 1.20 shows the pulse shape of channel 1 at the end of the fiber for three

different cases: (1) Linear case (Lin): γ0 = 0 W−1km−1 which shows the linear

response of the fiber-optics system, (2) SPM case (Lin+SPM): no pulse presents in

channel 2, and (3) XPM case (Lin+SPM+XPM): both channels are present. Since

anomalous dispersion was assumed, in the presence of nonlinearity (Lin+SPM), the

output pulse width is narrower compared to the linear case (Lin). From Fig. 1.20, it

can also be seen that when both channel are present (Lin+SPM+XPM), the center

of pulse has moved to the right. As the fast channel (channel 1) walks off, it induces

the phase modulation on the slower channel (channel 2), and vice versa. In Fig. 1.17,

the pulses are initially aligned and during the propagation, the leading edge of slow

channel overlaps with the trailing edge of fast channel. The slope is positive at the
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Figure 1.17: Input pulses for channels 1 and 2. The following parameters were as-
sumed: Ppeak = 8 mW, TFWHM = 50 ps, channel spacing = 50 GHz, β2 = −10
ps2/km, γ0 = 2.43 W−1km−1, fiber loss = 0.2 dB/km, and span length 80 km
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Figure 1.18: Frequency spectrum of channels 1 and 2 at the input. Parameters are
same as that of Fig. 1.17
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Figure 1.19: Output pulses for channels 1 and 2. Parameters are same as that of Fig.
1.17
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Figure 1.20: Channel 1 output pulse when (1) Lin: γ0 = 0 W−1km−1, (2) Lin+SPM:
no pulse presents in channel 2, and (3) Lin+SPM+XPM: both channels are present.
Parameters are same as that of Fig. 1.17
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leading edge of channel 2 and therefore, from Eq.(1.8), the instantaneous frequency is

negative or in other words channel 1 is red shifted [15]. Since red shifted components

travel slowly in anomalous dispersion fiber, the pulse of channel 1 arrives late or in

other words, there is a timing shift due to XPM (Fig. 1.20) [19].

2. Four-wave mixing (FWM)

Similar to IFWM, nonlinear interaction among three WDM channels in frequencies

f1, f2, and f3 leads to FWM sidebands at f1 + f2 − f3 and f2 + f3 − f1 (Fig. 1.21).

If there is another channel at the location of FWM sidebands, the FWM sidebands

would act as a noise leading to performance degradations.

Figure 1.21: Three WDM channels and generated FWM sidebands.

1.3 Thesis layout

This thesis is organized into two parts. In the first part (Chapters 2, 3, and 4), an

analysis of the nonlinear impairments is presented for the single channel as well as for

multi-channel scenarios. In this part, analytical models are developed for intrachannel

nonlinear impairments as well as inter-channel nonlinear impairments. In the second

part (Chapters 5 and 6), a multi-core/fiber architecture is proposed to mitigate the

nonlinear distortions of the fiber-optic system for single channel and multi-channel
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scenarios.

In Chapter 2, a first order perturbation theory is used to develop analytical ex-

pressions for the power spectral density (PSD) of the nonlinear distortions due to

intra-channel four-wave mixing (IFWM). For the Gaussian pulse shape, PSD is ob-

tained analytically for a system based on quadrature phase-shift keying (QPSK). For

non-Gaussian pulses, the PSD can not be calculated analytically. However, using the

stationary phase approximations, we found that convolutions become simple multi-

plications and a simple analytical expression for the PSD of the nonlinear distortion

is found. To validate the analytical expression, raised-cosine pulse shape is used. The

PSD of the nonlinear distortion is combined with the amplified spontaneous emis-

sion (ASE) PSD to obtain the total variance and bit error ratio (BER) for a QPSK

system. The analytically estimated BER is found to be in good agreement with

numerical simulations.

In Chapter 3, analytical expressions for the PSDs and variances of intrachannel

nonlinear impairments are obtained for a fiber-optic system based on quadrature am-

plitude modulation (QAM). Similar to Chapter 2, a first order perturbation theory

is used to develop analytical expressions. For a constant intensity modulation such

as QPSK, it can be shown that SPM and IXPM produce only a deterministic phase

shift, and they do not contribute to the noise variance. However, for genaral QAM

signal, IXPM is stochastic and leads to the performance degredation. In this chapter,

the PSDs for SPM, IFWM, IXPM, and correlation between them are calculated ana-

lyticaly for QAM system. The numerical and analytical variances are plotted versus

the launch power and dispersion parameter and effect of each parameter on the noise

variance has been investigated. The total analytical variance is found to be in good
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agreement with simulations.

In Chapter 4, a first order perturbation technique for the study of self-phase

modulation (SPM) and cross-phase modulation (XPM) effects in WDM fiber-optics

system is developed. The analytical model for the SPM and XPM distortions is

developed based on QAM. Then, the variance of the noise due to the XPM distortion

is obtained analytically. The variance of the XPM distortion is plotted versus input

launch power, dispersion parameter, number of spans, and channel spacing. It is

shown that the variance of XPM distortion increases almost linearly with the number

of spans. The quick and rough estimate of the XPM penalty can be done by using

the slope of the curve after one or two spans and it can be extrapolated for a fiber-

optic system with larger number of spans. Simulation results show good agreement

between numerical an analytical results.

In Chapter 5, a multi-core/fiber architecture is proposed to mitigate the nonlinear

impairments in fiber-optic systems. The power launched to each core/fiber is reduced

in multi-core/fiber architecture as compared to the case of single fiber leading to

reduction in nonlinear impairments. In this system, a power splitter divides the

input power between different cores/fibers so each core/fiber receives less power. At

the end of each fiber span, a power combiner combines the cores/fibers outputs and

passes it through just one amplifier. So, this technique does not increase the number

of amplifiers. The optical pulses propagating in the fibers undergo different amount of

phase shifts and timing delays due to the fluctuations of fibers’ propagation constants

and fibers’ inverse group speeds. Optical and electrical equalization techniques are

proposed to compensate for these channel effects. In the case of an optical equalizer,

adaptive time shifters and phase shifters are adjusted such that the maximum power
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is obtained at the output of power combiner. Our numerical simulation results show

that for unrepeatered systems, the performance (Q factor) is improved by 6.2 dB

using 8-core/fiber configuration as compared to single-core fiber system. In addition,

for multi-span system, the transmission reach at a bit error ratio (BER) of 2.1×10−3

is quadrupled in 8-core/fiber configuration.

In Chapter 6, a multi-core or multi-fiber architecture with interleaver at the fiber

input and wavelength division multiplexing (WDM) demultiplexer at the fiber out-

put is proposed. In this architecture, different channels of a WDM system are in-

terleaved into different cores/fibers and therefore, the inter-channel nonlinear im-

pairments is suppressed. Unlike the single-channel multi-core/fiber system, WDM

multi-core/fiber system does not need adaptive phase shifters and time shifters since

different cores/fibers carry channels with different frequencies. It is shown that for

a 39-span system, the 4-core/fiber system with negligible crosstalk outperforms the

single-core system by 2.2 dBQ20. The impact of crosstalk between cores of a multi-

core fiber (MCF) on the system performance is studied. The simulation results show

that the performance of the multi-core WDM system is less sensitive to the crosstalk

effect compared to conventional multi-core systems since the propagating channels in

the cores are not correlated in frequency domain.

In Chapter 7, conclusions of the present work and future plans are given.

1.4 Publications list

The research work has resulted in the following publications in each part:
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Chapter 2

Analytical modeling of a single

channel nonlinear fiber-optic

system based on QPSK

2.1 Introduction

In a highly dispersive fiber, a signal pulse broadens significantly and thereby, it in-

teracts nonlinearly with a large number of pulses in its neighborhood. This nonlinear

interaction leads to ghost or echo pulses which is known as intrachannel four-wave

mixing (IFWM) [16–18, 20–22]. The propagation impairments due to IFWM in direct

detection systems are analyzed in Refs. [20, 21]. In [22], analytical expressions for

the complex field envelope of the echo pulse due to IFWM is derived using a first

order perturbation theory assuming that the signal pulses are Gaussian. Recently,

the modeling of nonlinear distortion in coherent fiber-optic systems has drawn signif-

icant interest [23–28]. In Ref. [23], propagation impairment due to four wave mixing
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(FWM) in coherent orthogonal frequency-division multiplexing (OFDM) systems is

studied and symmetries are used in the conventional FWM model. In Ref. [24],

an analytical expression for the probability density function (PDF) of the IFWM

impairments is derived for coherent fiber-optic systems based on phase-shift keying

(PSK). In Ref. [25], an analytic expression for the nonlinear threshold is found by

assuming that signal pulses in each symbol slot are delta functions. In Ref. [26], an

analytical expression for the power spectral density (PSD) of the nonlinear interfer-

ence in a WDM system is developed. To evaluate the PSD, it is necessary to carry

out a triple numerical integration and the computational cost scales as M3 where

M is the number of samples in frequency domain. In this chapter we have devel-

oped an analytical expression for the PSD of intrachannel nonlinear distortion. With

analytic simplifications, we found that the computational cost scales as ∼ N2M/8

where N is the total number of significant neighboring signal pulses. Typically, N

is smaller than M leading to significant reduction in computational time. However,

the direct comparison between these two approaches is not appropriate since Ref.

[26] primarily focused on inter-channel impairments whereas this chapter deals with

intrachannel impairments only. In Ref. [27], a general first order perturbation the-

ory of a multichannel optical transmission system is developed and stationary phase

approximation is done to evaluate the cross-phase modulation fluctuations. In Ref.

[28], it is proposed to apply a large predispersion to an optical signal before fiber

transmission and a stationary phase approximation is employed to approximate the

solution of nonlinear Schrodinger equation (NLSE) in the limit of very strong initial

predispersion. In this chapter, the stationary phase approach is used to approximate

the Fourier transform of the echo pulse in a single channel so that the computational
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cost of the PSD calculations can be reduced. The stationary phase approximation

translates convolutions into simple multiplications leading to a simple closed form

expression for the spectrum of the echo pulse. As a result, the spectrum of the echo

pulse is found to be proportional to the product of the signal pulse spectra shifted by

the amounts proportional to the temporal positions of the signal pulses. Finally, the

PSD of the nonlinear distortion is added to the PSD of the amplified spontaneous

emission (ASE) and the integration of the PSD over the receiver bandwidth leads to

the total variance which is used to calculate the bit error ratio (BER). In this chapter,

we consider only the case of single polarization. It is straightforward to extend the

approach for the case of two polarizations.

This chapter is organized as follows. Analytical expressions for the PSD of the

nonlinear distortions are derived in Section 2.2. The stationary phase approximation

to calculate the spectrum of the echo pulse due to IFWM is also discussed in Section

2.2. In Section 2.3, the analytical expressions for the variance of the nonlinear dis-

tortion and BER are validated using numerical simulations. Finally, in Section 2.4,

the contributions of this chapter are summarized.

2.2 Mathematical derivation of power spectral den-

sity

Let the fiber input be

u(t, 0) =
√

P
N/2∑

n=−N/2

anp(t− nTs, 0), (2.1)
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where Ts is the symbol interval, p(t, 0) is the pulse shape function at z = 0, and

an =
xn + iyn√

2
, (2.2)

xn and yn are real random variables that take values ±1 with equal probability,

respectively. The pulse propagation in optical fiber is described by the nonlinear

Schrodinger equation (NLSE),

j
∂q

∂z
− β2(z)

2

∂2q

∂T 2
+ γ|q|2q = −j

α(z)

2
q, (2.3)

where q is the electric field envelope, β2(z) is the dispersion profile, γ is the nonlinear

coefficient and α(z) is the fiber loss/gain profile. Using the transformation,

q(z, T ) = exp[−w(z)/2]u(z, T ), (2.4)

where w(z) =
∫ z
0 α(s)ds, Eq.(2.3) can be rewritten in the lossless form as [24]

i
∂u

∂z
− β2

2

∂2u

∂t2
+ γa2(z)|u|2u = 0, (2.5)

where a2(z) = exp(−w(z)) between amplifiers. Using the perturbation technique [29],

the field envelope can be expanded as

u = u0 + γu1(t, z) + · · · . (2.6)
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Here u0 represents the 0th order solution which satisfies

i
∂u0

∂z
− β2

2

∂2u0

∂t2
= 0. (2.7)

The first order correction u1 is

i
∂u1

∂z
− β2

2

∂2u1

∂t2
= −a2(z)|u0|2u0. (2.8)

Taking the Fourier transform of Eq. (2.8), we find

i
dũ1

dz
− β2

2
(2πf)2ũ1 = −a2(z)b̃(f, z), (2.9)

where

b̃(f, z) = F [|u0|2u0], (2.10)

ũ1(f, z) = F [u1(t, z)], (2.11)

F denotes the Fourier transform. Assuming the perfect dispersion compensation at

the receiver and with ũ1(f, 0) = 0, Eq. (2.9) is solved to yield,

ũ1(f, Ltot) = i
∫ Ltot

0
a2(z)b̃(f, z) exp[−iβ2(2πf)2z/2]dz, (2.12)

where Ltot is the total transmission distance. The solution of Eq. (2.7) with the initial

condition given by Eq. (2.1) is

u0(t, z) =
√

P
N/2∑

n=−N/2

anp(t− nTs, z), (2.13)
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where

p(t, z) = F−1[p̃(f, z)], (2.14)

p̃(f, z) = p̃(f, 0) exp[iβ2(2πf)2z/2]. (2.15)

From Eq. (2.10), we have

b̃(f, z) = F [u0u0u
∗
0]

= ũ0(f, z) ∗ ũ0(f, z) ∗ ũ∗0(−f, z), (2.16)

where “∗” denotes convolution. Using Eq. (2.13) in Eq. (2.16), we find

b̃(f, z) = P 3/2
N/2∑

l=−N/2

N/2∑

m=−N/2

N/2∑

n=−N/2

alama∗n{[p̃(f, z) exp(i2πflTs)] ∗

[p̃(f, z) exp(i2πfmTs)] ∗ [p̃∗(−f, z) exp(i2πfnTs)]}

= P 3/2
∑

l

∑
m

∑
n

alama∗nX̃l,m,n(f, z), (2.17)

where

X̃l,m,n(f, z) = [p̃(f, z) exp(i2πflTs)] ∗ [p̃(f, z) exp(i2πfmTs)]

∗[p̃∗(−f, z) exp(i2πfnTs)]. (2.18)

The summation in Eq. (2.17) is assumed to be from −N/2 to N/2. Substituting Eq.

(2.17) into Eq. (2.12), we find

ũ1(f, Ltot) = iP 3/2
∑

l

∑
m

∑
n

alama∗nỸl,m,n(f), (2.19)
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where

Ỹl,m,n(f) =
∫ Ltot

0
a2(z) exp(−iβ2(2πf)2z/2)X̃l,m,n(f, z)dz. (2.20)

The distortion due to fiber nonlinearity is δũNL = γu1. The PSD of the nonlinear

distortion is defined as

ρNL(f) = lim
N→∞

1

(N + 1)Ts

E{|δũNL(f)|2}, (2.21)

where E{} denotes the ensemble average. Using Eq. (2.19), Eq. (2.21) can be written

as

ρNL(f) = lim
N→∞

γ2P 3

(N + 1)Ts

∑

l

∑
m

∑
n

∑

l′

∑

n′

∑

m′
E{ala

∗
l′ama∗m′a∗nan′}Ỹl,m,n(f)Ỹ ∗

l′,m′,n′(f).

(2.22)

The PSD can be divided into two groups. They are (i) non-degenerate intrachannel

four-wave mixing (ND-IFWM), and (ii) degenerate intrachannel four-wave mixing (D-

IFWM). For constant intensity modulation such as QPSK, it can be shown that self-

phase modulation (SPM) and intrachannel cross-phase modulation (IXPM) produce

only a deterministic phase shift, which can be removed by the electrical equalizer. So,

in this chapter, we ignore SPM and IXPM. The intrachannel nonlinear impairments

for QAM signal is investigated in Chapter 3.
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2.2.1 ND-IFWM

Let us first consider the case l 6= m 6= n and l′ 6= m′ 6= n′. For QPSK signals, we have

E{ala
∗
l′} = K1δll′ , (2.23)

E{alal′} = 0, (2.24)

where

K1 = E{|al|2} = 1.

So when l 6= m 6= n and l′ 6= m′ 6= n′, we have

E{ala
∗
l′ama∗m′a∗nan′} = [δll′δmm′δnn′ + δlm′δl′mδnn′ ]. (2.25)

δ is Kronecker delta function. Using Eqs. (2.23)-(2.25), Eq. (2.22) becomes,

ρND−IFWM(f) = lim
N→∞

2γ2P 3

(N + 1)Ts

∑

l

∑
m

∑
n

|Ỹl,m,n(f)|2. (2.26)

Equation (2.26) can be rewritten as

ρND−IFWM(f) = lim
N→∞

2γ2P 3

(N + 1)Ts

{ ∑

l

∑
m

∑
n

l 6=m,l+m−n=−N/2

|Ỹl,m,n(f)|2

+
∑

l

∑
m

∑
n

l 6=m,l+m−n=−N/2+1

|Ỹl,m,n(f)|2 + ... +
∑

l

∑
m

∑
n

l 6=m,l+m−n=N/2

|Ỹl,m,n(f)|2
}

.

(2.27)

The signal pulses located at lTs, mTs, and nTs generate an echo pulse at qTs =
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(l + m − n)Ts [16–18, 20, 21]. Therefore, qth term on the right-hand side (RHS)

of Eq. (2.27) represents the nonlinear distortion on the qth symbol interval. Due to

symmetry, the ensemble average of the nonlinear distortion should be the same on

each symbol interval. In the other words, each term on the RHS of Eq. (2.27) should

be equal, which yields

ρND−IFWM(f) =
2γ2P 3

Ts

∑

l

∑
m

∑
n

l 6=m,l+m−n=0

|Ỹl,m,n(f)|2

=
2γ2P 3

Ts

∑

l

∑
m

l 6=m

Z̃l,m(f), (2.28)

where

Z̃l,m(f) = |Ỹl,m,l+m(f)|2. (2.29)

2.2.2 D-IFWM

Next, let us consider the case, l = m 6= n and l′ = m′ 6= n′. In this case

E{a2
l (a

∗
l′)

2a∗nan′} = K1K2{δll′δnn′}, (2.30)

where

K2 = E{|al|4} = 1. (2.31)

Using Eqs. (2.30) and (2.31) in Eq. (2.22), PSD due to D-IFWM is

ρD−IFWM = lim
N→∞

γ2P 3

(N + 1)Ts

∑

l

∑
n

|Ỹl,l,n|2. (2.32)
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Proceeding as before, we find

ρD−IFWM =
γ2P 3

Ts

∑

l

Z̃l,l(f). (2.33)

2.2.3 Correlation between D-IFWM and ND-IFWM

Consider the case l = m 6= n and l′ 6= m′ 6= n′. Now

E{ala
∗
l′ama∗m′a∗nan′} = E{a2

l a
∗
l′ .a

∗
m′a∗nan′} (2.34)

= 0, (2.35)

since

E{a2
l a
∗
l′} =





0, if l 6= l′

E{|al|2al} = 0, if l = l′
(2.36)

Therefore, from Eq. (2.22), we have ρNL(f) = 0. In other words, there is no correla-

tion between D-IFWM and ND-IFWM.

2.2.4 Total PSD

Total PSD is given by

ρNL(f) = ρND−IFWM(f) + ρD−IFWM(f), (2.37)

where ρND−IFWM(f), and ρD−IFWM(f) are given by Eqs. (2.28) and (2.33), respec-

tively. For Gaussian pulses, X̃l,m,n(f) can be calculated as (see Appendix A)

X̃l,m,l+m = D exp(Af 2 + Bf + C), (2.38)
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A = −(ξ2 + δ2)

3ξ + iδ
, (2.39)

B =
i4πfTs(l + m)ξ

3ξ + iδ
, (2.40)

C = −2π2T 2
s [(l2 + m2)ξ − lm(ξ + iδ)]

(3ξ + iδ)(ξ − iδ)
, (2.41)

D =
k3π√

(ξ − iδ)(3ξ + iδ)
, (2.42)

δ = 2π2β2z,

k =
√

2πT0,

ξ = 2π2T 2
0 .

and T0 is 1/e pulse width.

2.2.5 Stationary phase approximation

For non-Gaussian pulse shapes, the convolution in Eq. (2.18) cannot be evaluated

analytically. Due to the rapidly varying phase of p̃(f, z) in Eq. (2.15), stationary

phase approximation can be employed to approximate X̃l,m,n(f). Stationary phase

method is a standard technique for evaluating the integrals of the form [30]

I =
∫ ∞

−∞
G(x)eiy(x)dx, (2.43)

where y(x) is a fast-varying function of x over most of the range of integration and

G(x) is a slowly varying function. At the rapidly varying regions of y(x), the con-

tribution to the integral is approximately zero as the area under the high frequency
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sinusoids with its slowly varying envelope G(x) is close to zero. The only significant

contributions to the integral occurs in the regions where dy/dx = 0, i.e. at the points

where the phase is stationary. At the vicinity of stationary phase point, x0, y(x) may

be written as

y(x) = y(x0) +
1

2
y′′(x0)(x− x0)

2. (2.44)

Using Eq. (2.44), Eq. (2.43) may be approximated as

I ≈ G(x0)e
iy(x0)

∫ ∞

−∞
eiy′′(x0)(x−x0)2/2dx, (2.45)

≈ G(x0)e
iy(x0)

√
2π

iy′′(x0)
(2.46)

Now returning to Eq. (2.18), it has double convolutions which can be analytically

integrated using the stationary phase approximation when the dispersion is sufficiently

large. Now Eq. (2.18) becomes (see Appendix B)

X̃l,m,l+m(f, z) =
π

|δ| p̃
(
f − πlTs

δ
, 0

)
p̃

(
f − πmTs

δ
, 0

)

p̃

(
−f +

π(l + m)Ts

δ
, 0

)
exp

[
i

(
δf 2 +

2π2T 2
s lm

δ

)]
. (2.47)

Note that the convolution in Eq. (2.18) is hard to evaluate numerically unless the

pulse shape is Gaussian. But the stationary phase approximation translates the

convolutions into simple multiplications as shown in Eq. (2.47), which can be easily

computed. When the Nyquist pulse such as sinc pulse is used, Eq. (2.47) can be
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further simplified. A sinc pulse has a rectangular spectrum,

p̃(f) =





1, |f | ≤ Bs/2

0, otherwise
(2.48)

where Bs = 1/Ts. Using Eq. (2.48), Eq. (2.47) can be approximated as

X̃l,m,l+m(f, z) =
π

|δ| p̃
′
l,m(f) exp

[
i

(
δf 2 +

2π2T 2
s lm

δ

)]
, (2.49)

where

p̃′l,m(f) =





1, lt ≤ f ≤ rt

0, otherwise
(2.50)

lt = max(l, m, l + m)
πTs

δ
− Bs

2
, (2.51)

rt = min(l,m, l + m)
πTs

δ
+

Bs

2
. (2.52)

Property 1:

Xl,m,l+m is invariant under the exchange of l and m.

Xl,m,l+m(f) = Xm,l,l+m(f). (2.53)

This property holds true in general (see Eq. (2.18)) even without the stationary phase

approximation.

Property 2:
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Since we have assumed that p(t) is real and symmetric, it follows that p̃(f) is sym-

metric and from Eq. (2.47), it is easy to see that there is a mirror symmetry,

Xl,m,l+m(f) = X−m,−l,−(l+m)(−f). (2.54)

2.2.6 Variance

Using the Wiener-Khinchin theorem, the variance is obtained as

σ2
NL =

∫ +∞

−∞
ρNL(f) |Hrec(f)|2 df, (2.55)

where Hrec(f) is the receiver transfer function. Using Eq. (2.37), Eq. (2.55) may be

written as

σ2
NL = σ2

ND−IFWM + σ2
D−IFWM , (2.56)

σ2
r =

∫ +∞

−∞
ρr(f) |Hrec(f)|2 df, (2.57)

where r = ND-IFWM, D-IFWM, and Hrec is receiver transfer function. From the

property 2, it follows that,

ρr(f) = ρr(−f), r = ND-IFWM, D-IFWM. (2.58)

Now Eq. (2.57) may be written as

σ2
r = 2

∫ +∞

0
ρr(f) |Hrec(f)|2 df. (2.59)
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Figure 2.1: Classification of intrachannel nonlinear impairments (N = 6).

2.2.7 Computational cost

Figure 2.1 shows the classification of intrachannel impairments for N = 6 and compu-

tational cost associated with SPM, IXPM and IFWM. When Property 1 and Property

2 are not used, the computational cost per frequency calculations are as shown in Ta-

ble 1.

When Property 1 is used, the computational cost per frequency for ND-IFWM is

N(N − 1)/2. If both Property 1 and Property 2 are used, the cost per frequency for

ND-IFWM and D-IFWM are N2/4 and N/2, respectively, and total computational

cost per frequency (ND-IFWM + D-IFWM) is N2/4 + N/2. If there are M samples

in the frequency domain, total computational cost is (N2/4 + N/2)M . In addition,

if |l + m| > N/2, |n| > N/2, and from Eq. (2.28), it follows that the signal pulse

centered at nTs with |n| > N/2 does not contribute significantly for the formation

of the echo pulse at t = 0 and hence, such a triplet may be ignored. With this
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approximation, total computational cost scales as ∼ N2M/8 for large N . Validation

of the stationary phase approximation is carried out in Section 2.3.1.

Table 2.1: Computational cost of nonlinear impairments per frequency

Nonlinear impairment Computational cost
SPM + IXPM 2N+1
D-IFWM N
ND-IFWM N(N-1)
ND-IFWM + D-IFWM N2

2.3 Results and discussions

We carried out the numerical simulations of the fiber-optic system using the split-step

Fourier method in order to test the validity of our analytical model. The multi-span

system shown in Fig. 2.2 is used for simulation. Na transmission fiber (TF) is

followed by an ideal dispersion compensating fiber (DCF) which fully compensates

the dispersion of the transmission fibers. The following parameters are used: fiber

loss α = 0.2 dB/km, fiber nonlinear coefficient γ = 1.1 (W.km)−1, symbol rate = 25

Gbaud, and modulation = QPSK. Gaussian pulses with full width at half maximum

(FWHM) of TFWHM = 20 psec are launched to the fiber to obtain Figs. 2.3, 2.4 and

2.7. Amplifiers spacing is 80 km. Multi-span fiber-optic system is simulated here.

Laser phase noise, polarization effects, and the coherent receiver imperfections are

ignored since the primary focus of this chapter is to validate our analytical model

for the fiber nonlinear impairments. For numerical simulation, a pseudo-random bit

sequence (PRBS) of length 215 − 1 is used for the calculation of the PSD as well

as BER. A Gaussian filter with a full bandwidth of 100 GHz is used as the receiver
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filter. The significant number of neighbors, N = 20. Equation (2.47) provides a

guideline for choosing the frequency resolution. The minimum frequency shift of the

pulse spectrum is πTs/δ. If the frequency resolution ∆f is larger than πTs/δ, errors

occur in the computation of X̃l,m,l+m(f, z). For a 20-span system and for |β2| = 21

ps2/km, ∆f = πTs/δ = 0.189 GHz. With the 100 GHz bandwidth of the receiver

filter, number of frequency samples, M = 527. Since N is much smaller than M , in

this example the computational cost savings would be in order of (527/20)2.

Figure 2.2: Block diagram of the system used for the simulation. TF: transmission
fiber, and DCF: dispersion compensating fiber.

Figures 2.3(a) and 2.3(b) show the analytical and numerical variances as a func-

tion of the launch peak power for a 5-spans and 20-spans systems, respectively. To

calculate the PSD numerically, we proceed as follows. The SPM and IXPM introduce

a constant phase shift which is removed by multiplying the received signal by exp(iθ)

where θ is found adaptively. We used adaptive least mean square (LMS) equalizer

to compensate the phase shift. We assumed the following parameters for the LMS

algorithm: Number of filter taps = 10, number of training sequence = 210, number of

samples/symbol = 2, and step size = 0.1. The numerical PSD due to the nonlinear

distortion is computed by subtracting the optical field envelope at the transmitter

from that at the receiver (after dispersion compensation and the phase shift removal)

and then taking the Fourier transform of the difference. To account for the bit-pattern
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variations, numerical simulations were performed 20 times with different bit patterns

and the average PSD is computed. Over a range of powers that is of practical interest

for QPSK-based system (-6 dBm to 0 dBm), the discrepancy between the analytical

model and the numerical model is less than 4% and 12% in 5-span (Fig. 2.3(a)) and

20-span (Fig. 2.3(b)) systems, respectively. In addition, according to the analytical

model (Eq. 2.22), the variance scales as P 3 which is in agreement with numerical re-

sults (Fig. 2.3). Later, in Chapters 5 and 6, this fact leads us to design a fiber-optic

system which mitigates the nonlinearity effect by decreasing the input launch power

for each fiber.

Figures 2.4(a) and 2.4(b) show the analytical and numerical variances versus the

dispersion parameter for 5-spans and 20-spans systems, respectively. For a 5-span

system, when the dispersion is small, there is a discrepancy between the analytical

model and numerical simulations (Fig. 2.4(a)) which is due to the inaccuracy of

the first order perturbation technique for the small dispersions [41]. For the 5-span

system, when the dispersion is small, the variance of the nonlinear distortion is quite

small. This is because the pulses do not broaden significantly, so there is no significant

overlap between neighboring pulses and there is less nonlinear interaction. However, it

grows quickly and beyond 7 ps/nm.km, it decays slowly. For the 20-span system, the

variance decreases slowly with the transmission fiber dispersion. When the dispersion

is very large, nonlinear effects are slightly reduced because of the large phase mismatch

provided by dispersion which lowers the IFWM efficiency.
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Figure 2.3: Analytical and numerical variances vs. peak power for (a) 5-span, and
(b) 20-span system (β2 = −21 ps2/km).
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Figure 2.4: Analytical and numerical variances vs. dispersion parameter for (a) 5-
span, and (b) 20-span system (Ppeak = 0 dBm).
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2.3.1 Stationary phase approximation with raised-cosine pulse

The raised-cosine spectrum is commonly used in communication because of its com-

pact spectrum. In this case, p̃(f) is of the form [31],

p̃(f) =





1, |f | ≤ 1−a
2Ts

1
2

[
1− sin

(
πTs

a
(|f | − 1

2Ts
)
)]

, 1−a
2Ts

< |f | ≤ 1+a
2Ts

0, |f | > 1+a
2Ts

(2.60)

where a is the roll-off factor, and Ts is the symbol time interval. X̃l,m,n can not be

calculated exactly for this pulse shape. Using the stationary phase approximation

(Eq. (2.47)), total PSD and the variance is calculated. The following parameters are

used for raised-cosine pulse. Roll-off factor a = 1 and symbol time interval Ts = 40

psec are assumed. Figures 2.5(a) and 2.5(b) show the variance as a function of the

launch peak power for a 5-span and 20-span systems, respectively. In the range of -6

dBm to 0 dBm (that is of practical interest), the discrepancy between the analytical

model and the numerical model is less than 7% in Figs. 2.5(a) and 2.5(b).

Figures 2.6(a) and 2.6(b) show the dependence of the variance on the fiber dis-

persion for a 5-span and 20-span systems, respectively. For a 5-span system, when

the dispersion is very low, we see that the analytical model becomes inaccurate. This

inaccuracy is due to two reasons: (i) first order theory becomes inaccurate for low

dispersion as in the case of Fig. 2.4(a), (ii) the phase (∝ β2f
2) does not vary rapidly

at low dispersions which makes stationary phase approximation inaccurate. However,

practical fiber-optic systems use fibers with moderate to large dispersions to suppress

nonlinear effects and therefore, stationary phase approximation leads to reasonably

accurate results for dispersion parameter range that is of practical interest.
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Figure 2.5: Validation of the stationary phase approximation. Analytical and nu-
merical variances vs. launch peak power for (a) 5-span, and (b) 20-span system.
Raised-cosine pulses are used. β2 = −21 ps2/km.

0 5 10 15 20 25
10

−9

10
−8

10
−7

10
−6

10
−5

Dispersion (ps/nm.km)

V
ar

ia
nc

e 
(w

)

 

 
IFWM

numerical

IFWM
analytical

(a)

0 5 10 15 20 25
10

−7

10
−6

10
−5

10
−4

10
−3

Dispersion (ps/nm.km)

V
ar

ia
nc

e 
(w

)

 

 
IFWM

numerical

IFWM
analytical

(b)

Figure 2.6: Validation of the stationary phase approximation. Analytical and nu-
merical variances vs. dispersion parameter for (a) 5-span, and (b) 20-span system.
Raised-cosine pulses are used. P = 0 dBm.
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2.3.2 BER calculation

In this section, analytical BER is compared with numerical BER. For the analytical

BER, total noise variance is calculated first and then SNR is obtained. Ignoring the

interplay between the amplifier noise and nonlinearity (so called Gordon-Mollenauer

noise), total PSD is given by

ρtot(f) = ρNL(f) + ρASE(f), (2.61)

where ρASE(f) is ASE noise PSD due to amplifiers,

ρASE =
NA∑

j=1

(eαLa,j − 1)hfnsp, (2.62)

where NA is number of amplifiers, La,j is amplifiers’ spacing, α is fiber loss, h is Planck

constant, f is the mean frequency of the channel, and nsp is spontaneous noise factor.

Using Eq. (2.61), total noise variance σtot is calculated and the probability of error

Pe for QPSK is given by [31]

Pe = 2Q(
√

2SNR)−Q2(
√

2SNR), (2.63)

where Q is Q-function [31] and SNR is the signal to noise ratio,

SNR =
Pav

σ2
tot

, (2.64)

Pav =
P

1.88
, (2.65)
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for Gaussian pulses with 50% duty cycle, and

σ2
tot =

∫
ρtot(f)Hrec(f)df. (2.66)

The Q-factor is defined as

Q(lin) =
√

2erfc−1(2Pe), (2.67)

Q(dBQ20) = 20 log10 Q(lin). (2.68)

Figure 2.7 shows the analytical and numerical BER versus the launch power. We

assumed the following parameters: nsp = 10 dB, and number of spans = 20. We

chose a relatively large noise figure intentionally so as to reduce the computational

time of Monte Carlo simulations at large launch power. We found that the maximum

discrepancy between the analytical and numerical Q-factor is less than 0.6 dBQ20

which is attributed to (i) non-Gaussian distribution of the IFWM pdf [24], and (ii)

inaccuracy of first order perturbation technique at large launch powers. In Eq. (2.63),

it is assumed that the noise is Gaussian distributed. However, in Ref. [24], it is

shown that the pdf of intrachannel impairments are asymmetric and non-Gaussian.

Ref. [32] has modeled the pdf of the nonlinear interference as Gaussian distribution.

When the perturbation includes the Gaussian-distributed ASE and the non-Gaussian-

distributed IFWM, accurate evaluation of the BER may be carried out using the

Gram-Charlier technique [33], which would be the subject of a future investigation.
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Figure 2.7: Analytical and numerical BER vs. average launch power. Gaussian pulses
are used. Number of spans = 20 and β2 = −9.1 ps2/km.

2.4 Conclusions

We have developed analytical expressions for the PSD of the nonlinear distortions due

to IFWM. Combining this PSD with that of the ASE, BER is estimated analytically

which is found to be in good agreement with numerical simulations. These analytical

expressions significantly reduce the computational time to estimate the BER. In ad-

dition, from the analytical model we have found that the nonlinear impairment scales

as P 3 which is in good agreement with the numerical results. For non-Gaussian pulse

shapes, the spectrum of the the echo pulse can not be calculated analytically. When

the phase is varying rapidly as in the case of a high dispersion transmission fiber,

stationary phase approximation can be employed to calculate the spectrum of the

echo pulse and hence, the PSD can be calculated analytically. The stationary phase

approximation translates convolutions into simple multiplications leading to a simple
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analytical expression for the spectrum of the echo pulse.
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Chapter 3

Analytical modeling of a single

channel nonlinear fiber-optic

system based on QAM

3.1 Introduction

Recently, long haul fiber-optic transmission based on quadrature amplitude modula-

tion (QAM) has drawn significant research interest [34]. To improve the transmission

performance, it is essential to understand the scaling laws of various types of non-

linear impairments. Recently, the modeling of intrachannel nonlinear distortion in

coherent fiber-optic systems has drawn significant interest [24, 25, 35]. In Ref. [24],

as mentioned in Chapter 2, an analytical expression for the PDF of the intrachannel

four-wave mixing (IFWM) impairments is derived based on phase-shift keying (PSK).

In Ref. [25], an analytic expression for the nonlinear threshold is found for delta func-

tion pulses in each symbol slot. In Ref. [35], an analytical model to calculate the
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intrachannel impairments in a system based on quadrature phase shift keying (QPSK)

is presented. In the case of QPSK, the amplitude and phase fluctuations caused by

intrachannel cross phase modulation (IXPM) are deterministic and hence, it can be

removed by linear equalizers in the digital domain. However, in the case of QAM,

amplitude and phase fluctuations caused by IXPM are stochastic in nature due to

multiple power levels. In this chapter, we have developed analytical expressions for

the power spectral density (PSD) of intrachannel nonlinear impairments taking into

account SPM, IXPM and IFWM. The analytical model provides scaling laws for

various types of intrachannel nonlinear impairments and it takes significantly lower

computational time than the Monte Carlo simulations to calculate the total variance.

This chapter is organized as follows. Analytical expressions for the PSD of the

intrachannel nonlinear distortions for QAM signal are derived in section 3.2. Analyt-

ical expressions for different types of nonlinear interaction such as SPM, IXPM, and

IFWM, are obtained in this section. In section 3.3, the analytical expressions for the

variance of the nonlinear distortion are validated using numerical simulations. The

effects of input lunch power and fiber dispersion on the noise variance are investi-

gated in this chapter too. Finally, in section 3.4, the contributions of this chapter are

summarized.
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3.2 Mathematical expression for power spectral den-

sity

Let the fiber input be

u(t, 0) =
√

P
N/2∑

n=−N/2

anp(t− nTs, 0), (3.1)

where Ts is the symbol interval, p(t, 0) is the pulse shape function at z = 0, and

an =
xn + iyn√

2
, (3.2)

xn and yn are random variables that take values±1,±3, ...,±(X−1) and±1,±3, ...,±(Y−
1) with equal probability, respectively. Proceeding as Section 2.2, the PSD is given

by Eq. (2.22),

ρNL(f) = lim
N→∞

γ2P 3

NTs

∑

l

∑
m

∑
n

∑

l′

∑

n′

∑

m′
E{ala

∗
l′ama∗m′a∗nan′}Ỹl,m,n(f)Ỹ ∗

l′,m′,n′(f).

(3.3)

The PSD can be divided into five groups. They are (i) non-degenerate intrachan-

nel four-wave mixing (ND-IFWM), (ii) degenerate intrachannel four-wave mixing

(D-FWM), (iii) intrachannel cross-phase modulation (IXPM), (iv) self-phase mod-

ulation (SPM), and (v) IXPM and SPM correlation (SPM-IXPM). In the case of

QPSK, IXPM and SPM-IXPM coupling does not lead to performance degradations

and hence, it was ignored in Chapter 2. However, for QAM, we need to calculate the

PSD due to the all five groups.
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3.2.1 ND-IFWM

The analysis is same as Section 2.2.1. The only difference is that K1 = E{|al|2} = 5

for 16-QAM. The PSD due to ND-IFWM is given by Eq. (2.28),

ρND−IFWM(f) =
2γ2P 3K3

1

Ts

∑

l

∑
m

∑
n

l 6=m,l+m−n=0

|Ỹl,m,n(f)|2 (3.4)

=
2γ2P 3K3

1

Ts

∑

l

∑
m

l 6=m

Z̃l,m(f), (3.5)

where

Z̃l,m(f) = |Ỹl,m,l+m(f)|2. (3.6)

3.2.2 D-IFWM

Proceeding as in Section 2.2.2, we find

ρD−IFWM =
γ2P 3K1K2

Ts

∑

l

Z̃l,l(f), (3.7)

where K2 = E{|al|4} = 33 for 16-QAM.

3.2.3 IXPM

The distortion due to IXPM occurs due to the interaction of a pulse at lTs with a

pulse at mTs with m 6= l. This interaction is of the form |qm|2ql. In other words, we

have

l 6= m = n & l′ 6= m′ = n′. (3.8)
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E{ala
∗
l′ama∗m′a∗nan′} = E{ala

∗
l′|am|2|an′ |2} = δll′K1Kmn′ , (3.9)

where

Kmn′ = E{|am|2|an′|2} =





E{|am|4} = K2 when m = n′

K2
1 when m 6= n′.

(3.10)

The nonlinear distortion due to IXPM is

ũ1,IXPM(f) = γP 3/2
∑

l

∑
m

∑
n

l 6=m=n
m6=l=n

alama∗nỸl,m,n(f) (3.11)

= 2γP 3/2
∑

l

∑
m

∑
n

l 6=m=n

alama∗nỸl,m,n(f). (3.12)

Using Eqs. (3.8)-(3.11) in Eq. (3.3), the contribution to PSD due to IXPM is

ρIXPM(f) = lim
N→∞

4γ2P 3

NTs

∑

l

∑
m

∑

n′
K1Kmn′Ỹl,m,mỸ ∗

l,n′,n′ (3.13)

=
4γ2P 3

Ts

{
K1K2

∑
m

m6=0

|Ỹ0,m,m|2 + K2
1

∑
m

∑

n′
m6=n′,m6=0,n′ 6=0

Ỹ0,m,mỸ ∗
0,n′,n′

}
.(3.14)

3.2.4 SPM

In this case, we have l = m = n and l′ = m′ = n′.

E{ala
∗
l′ala

∗
l′a

∗
l al′} = E{|al|6} = K3, (3.15)

ρSPM =
γ2P 3K3

Ts

|Ỹ0,0,0|2. (3.16)

For 16-QAM, K3 = 245.
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3.2.5 IXPM and SPM correlation

It can be shown that the distortions due to (either of) the IFWM and IXPM (or

SPM) are uncorrelated. The distortions due to ND-IFWM and D-IFWM are also

uncorrelated (See section 2.2.3). However, the SPM and IXPM are correlated since

both are phase-independent distortions. Considering only the SPM and IXPM, we

have

ũ1(f, Ltot) ≡ ũPM(f) = ũSPM + ũIXPM , (3.17)

ũSPM = γP 3/2
∑

l

|al|2alỸl,l,l, (3.18)

ũIXPM = 2γP 3/2
∑

l

∑
m

l 6=m

al|am|2Ỹl,m,m. (3.19)

The PSD due to SPM and IXPM is

ρPM(f) = lim
N→∞

E{|uPM |2}
NTs

= ρSPM(f) + ρIXPM(f) + ρSPM−IXPM(f). (3.20)

ρSPM(f) and ρIXPM(f) are given by Eqs. (3.16) and (3.13), respectively. The con-

tribution to the PSD due to the correlation between SPM and IXPM is

ρSPM−IXPM = lim
N→∞

2γ2P 3

NTs

∑

l

∑
m

∑
n

l=m=n

∑

l′

∑

m′

∑

n′
l′ 6=m′=n′

E{alala
∗
l a
∗
l′|an′ |2}Ỹl,l,lỸ

∗
l′,n′,n′ + c.c.

= lim
N→∞

2γ2P 3K1K2

NTs

∑

l

∑

n′
Ỹl,l,lỸ

∗
l,n′,n′ + c.c. (3.21)

=
2γ2P 3K1K2

Ts

∑

n′
n′ 6=0

Ỹ0,0,0Ỹ
∗
0,n′,n′ + c.c. , (3.22)
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where we have used the following relation,

E{|al|2ala
∗
l′|an′|2} = δll′E{|al|4}E{|an′|2} = δll′K2K1. (3.23)

Combining Eqs. (3.13), (3.16), and (3.21), we find

ρPM = ρSPM + ρIXPM + ρSPM−IXPM

=
γ2P 3

Ts

{
K3|Ỹ0,0,0|2 + 2K1K2

∑
n

n 6=0

(Ỹ0,0,0Ỹ
∗
0,n,n + c.c.)

+4K1K2

∑
m

m6=0

|Ỹ0,m,m|2 + 4K3
1

∑
m

∑
n

m6=n,m6=0,n6=0

Ỹ0,m,mỸ ∗
0,n,n

}
. (3.24)

3.2.6 Total PSD

Total PSD is given by

ρNL(f) = ρND−IFWM(f) + ρD−IFWM(f) + ρPM(f), (3.25)

where ρND−IFWM(f), ρD−IFWM(f), and ρPM(f) are given by Eq.s (3.4), (3.7), and

(3.24), respectively. The total variance is given by

σ2
NL =

∫ ∞

−∞
ρNL(f) |HX(f)|2 df, (3.26)

where HX(f) is the receiver transfer function.
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3.3 Simulation results

We carried out the numerical simulation using the split-step Fourier method in order

to test the validity of the analytical expressions. The fiber-optic system of Fig. 2.2

is used for simulation. The following fiber parameters were used for simulation: fiber

loss α = 0.2 dB/km, and nonlinear coefficient γ = 1.1 (W.km)−1. For our simulation,

we used 16QAM modulation with symbol rate of 25 Gbaud. Gaussian pulses with

full width at half maximum (FWHM) of TFWHM = 20 psec are launched to the fiber.

A Gaussian filter with a full bandwidth of 100 GHz is used as the receiver filter.

At the end of each fiber span, noiseless optical amplifiers were used to compensate

the loss of fiber. Fiber length was 80 km for each span. At the receiver side, full

dispersion compensation is done either in optical or electrical domain. Laser phase

noise, amplifier noise, polarization effects, and receiver imperfections are ignored as

in Chapter 2. To calculate the variance numerically, a pseudo-random bit sequence

(PRBS) of length 215 − 1 is used.

Figure 3.1 shows the analytical and numerical nonlinear variances versus the mean

peak power for a 10-span system. Numerical nonlinear variance is calculated by

setting the spontaneous noise factor nsp = 0. As can be seen, the total analytical

variance (totalanl) is in good agreement with numerical simulation (totalnum). It

can be seen that all types of intrachannel nonlinear impairments scales as P 3
av. The

dominant nonlinear penalty comes from IXPM (ixpmanl in Fig. 3.1). Since it is

relatively easier to compensate for IXPM than for IFWM in digital domain, this

indicates that performance improvement can be obtained by using a digital IXPM

equalizer.
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Figure 3.1: Analytical and numerical variances vs. mean launch power for a 10-span
system, D = 17 ps/nm.km.
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Fig. 3.2 shows the analytical and numerical variances versus the dispersion pa-

rameter for a 10-span system. When dispersion is too low, pulses do not broaden

and therefore, IXPM and IFWM variances are quite small. In this case, main contri-

bution to the total variance comes from SPM. As the dispersion increases, variance

due to SPM decreases as the peak power reduces due to the pulse broadening, and

the contributions from IXPM and IFWM increase. Total variance decreases slightly

(beyond 4 ps/nm.km) as a function of increasing dispersion.
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Figure 3.2: Analytical and numerical variances vs. dispersion parameter for a 10-span
system, Pav = 4 dBm.
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3.4 Conclusions

In conclusion, we have developed an analytical expression for the PSD due to intra-

channel nonlinearity, which is found to be in good agreement with numerical simula-

tions. The PSD is divided into 5 groups: (i) non-degenerate intrachannel four-wave

mixing (ND-IFWM), (ii) degenerate intrachannel four-wave mixing (D-FWM), (iii)

intrachannel cross-phase modulation (IXPM), (iv) self-phase modulation (SPM), and

(v) IXPM and SPM correlation (SPM-IXPM). It is found that IXPM is the dom-

inant impairment. Unlike the simulations, the analytical model allows to calculate

the variances of SPM, IXPM and IFWM separately and hence, it may be possible

to develop a digital equalizer aimed at compensating a specific type of intrachannel

nonlinear impairments.
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Chapter 4

Analytical modeling of XPM in

WDM fiber-optic system based on

QAM

4.1 Introduction

Since different WDM channels have different group speeds in dispersive fiber, symbols

of a “fast” channel walk off the symbols of a “slow” channel. As the “fast” channel

walks off, it induces phase distortion on the “slow” channel (XPM) and vice versa,

and group velocity dispersion (GVD) converts the phase distortion into amplitude

distortion [37, 38]. Each channel also experiences self-phase modulation (SPM) as

it propagates through the fiber. Since SPM is a deterministic process, it does not

enhance the noise in the system by itself. However, XPM effect may be considered

as a stochastic process and if the symbol pattern in the other channels is unknown,

it could lead to performance degradation [19].
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Due to the impact of the SPM and cross-phase modulation (XPM) impairments

on the performance of a wavelength-division multiplexed (WDM) systems, they have

drawn considerable attention [23, 26, 27, 36–44]. In Ref. [36], XPM distortion and

effect of channel spacing on XPM are investigated based on numerical simulations.

In Refs. [37–39], XPM distortion in multi-span intensity-modulation direct-detection

(IM-DD) is investigated in frequency domain both experimentally and theoretically.

Also, the effects of bit rate and dispersion compensation are studied on the system

performance. In Ref. [40], XPM and stimulated Raman scattering (SRS) distortions

for a IM-DD system are studied analytically and numerically. Effect of dispersion

compensation on these distortions are also investigated. In Ref. [41], second order

perturbation technique is used for the study of nonlinear interaction between two

single pulses in two different channels for return-to-zero (RZ) modulation.

Recently, the modeling of nonlinear distortion in coherent fiber-optic WDM sys-

tems has drawn significant interest [23, 26, 27, 42–44]. In Ref. [42], the first order

Volterra series is used to estimate the channel capacity of a dispersive nonlinear op-

tical fiber. In Ref. [43], an analytical model for XPM phase noise and polarization

scattering is obtained based on Volterra analysis, and the variance and autocorrela-

tion of the XPM phase noise and polarization scattering are calculated. In Ref. [44],

an analytical expression for the PSD of inter-channel nonlinear distortion is obtained

for polarization multiplexed QPSK (PM-QPSK) system in uncompensated link by

assuming that the nonlinear distortion can be modeled as Gaussian periodic noise. In

Ref. [23], propagation impairment due to nonlinear interaction in coherent orthog-

onal frequency-division multiplexing (OFDM) systems is studied. In Ref. [26], an

analytical expression for the PSD of the nonlinear interference in an uncompensated
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dispersion WDM system is developed. To evaluate the PSD, it is necessary to carry

out a triple numerical integration. In Ref. [27], a general first order perturbation the-

ory of a multichannel optical transmission system is developed and stationary phase

approximation is done to evaluate the cross-phase modulation fluctuations. In this

chapter, first order perturbation technique is used to find the nonlinear distortion due

to SPM and XPM. We assume that the pulse is linear to the leading order and treat

nonlinearity as a perturbation.

This chapter is organized as follows. In Section 4.2, we present a first order

perturbation theory for SPM and XPM effects in fibers. Analytical expressions are

obtained for the first order corrections. In Section 4.3, analytical expression for

the variance of XPM impairment is obtained. In Section 4.4, the theoretical model

is validated by numerical simulations. Also, effect of peak power, fiber dispersion,

system reach, and channel spacing on the XPM variance is examined. Finally, in

Section 4.5, the contributions of this chapter are summarized.

4.2 SPM and XPM analytical model

The pulse propagation in optical fiber is described by the nonlinear Schrodinger equa-

tion (NLS),

j
∂q

∂z
− β2(z)

2

∂2q

∂T 2
+ γ0|q|2q = −j

α(z)

2
q, (4.1)

where q is the electric field envelope, β2(z) is the dispersion profile, γ0 is nonlinear

coefficient and α(z) is the fiber loss/gain profile. Using the transformation,

q(z, T ) = exp[−w(z)/2]u(z, T ), (4.2)

67



PhD Thesis - Sina Naderi Shahi McMaster - Electrical Engineering

where w(z) =
∫ z
0 α(s)ds, Eq.(4.1) can be rewritten in the lossless form as

j
∂u

∂z
− β2(z)

2

∂2u

∂T 2
+ γ(z)|u|2u = 0, (4.3)

where γ(z) = γ0 exp[−w(z)]. We consider the interaction between two channels of a

wavelength division multiplexed system (WDM). We spilt the field u into two parts,

u = u1 + u2, (4.4)

where uj is the field of channel j, j = 1, 2. Substituting Eq. (4.4) into Eq. (4.3) and

ignoring the four wave mixing terms, we obtain

j
∂uk

∂z
− β2(z)

2

∂2uk

∂T 2
= −γ(z)[|uk|2 + 2|ul|2]uk, k = 1, 2 and l = 3− k (4.5)

Without loss of generality, we consider the interaction between a pulse of channel 1 in

symbol slot 0 and a pulse of channel 2 in symbol slot m. We assume that the leading

order solution of Eq. (4.5) is linear and treat the nonlinear terms appearing on the

right hand side as perturbation. Assuming Gaussian pulse and QAM modulation, we

have

u1(0, T ) =
√

Pa0p(0, T ), (4.6)

u2(0, T ) =
√

P
∑
n

anp(0, T − nTs) exp(−jΩt), (4.7)

p(0, T ) = exp(−T 2/2T 2
0 ) (4.8)

where Ts is the symbol interval, P is the peak power, Ω is the channel separation in

radians, p(0, T ) is Gaussian pulse shape at z = 0, T0 is the half-width at 1/e- intensity
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point [15] and

an =
xn + iyn√

2
, (4.9)

xn and yn are random variables that take values±1,±3, ...,±(X−1) and±1,±3, ...,±(Y−
1) with equal probability, respectively. Using the perturbation technique [29, 35], the

field envelope in channel k can be expanded as,

uk = u0
k + γ0u

(1)
k + ..., k = 1, 2 (4.10)

where γ0 is a small parameter and u
(m)
k denotes the mth order solution. Here u

(0)
k

represents the 0th order solution which satisfies

i
∂u

(0)
k

∂z
− β2

2

∂2u
(0)
k

∂T 2
= 0. (4.11)

Solving Eq. (4.11), the field u
(0)
k is given by [15]

u
(0)
1 (z, T ) =

√
PT0

T1

a0 exp

[
− T 2

2T 2
1

]
, (4.12)

u
(0)
2 (z, T ) =

√
PT0

T1

∑
n

an exp

[
−(T − τn)2

2T 2
1

− jΩt + jθ(z)

]
, (4.13)

where

T1 = (T 2
0 − jS(z))1/2, (4.14)

τn = nTs + S(z)Ω, (4.15)

θ(z) =
S(z)Ω2

2
, (4.16)
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and S(z) is the accumulated dispersion given by

S(z) =
∫ z

0
β2(s)ds. (4.17)

Our reference frame is fixed to channel 1. The pulse in channel 2 moves with an

inverse group speed of β2Ω relative to channel 1.

Substituting Eq. (4.10) into Eq. (4.5) and collecting all the terms that are pro-

portional to γ0, we obtain

j
∂u

(1)
k

∂z
− β2(z)

2

∂2u
(1)
k

∂T 2
= − exp[−w(z)][|u(0)

k |2 + 2|u(0)
l |2]u(0)

k . k = 1, 2 and l = 3− k.

(4.18)

To solve Eq.(4.18), we first derive the following identity. Consider a differential equa-

tion,

j
∂f

∂z
− β2(z)

2

∂2f

∂T 2
= F (z, T ), (4.19)

where the forcing function F (z, T ) is of the form

F (z, T ) = η(z) exp

{
−

3∑

k=1

[T − Ck(z)]2Rk(z)

}
, (4.20)

The solution of Eq. (4.19) is given by (Appendix C)

f(z, T ) = −j
∫ z

0

η(s)√
δ(z, s)R(s)

exp

[
−

3∑

k=1

C2
kRk +

C2

R

]
exp

[
−(D + jT )2

δ(z, s)

]
ds,

(4.21)
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where

R = R1 + R2 + R3, (4.22)

C = C1R1 + C2R2 + C3R3, (4.23)

D =
jC

R
, (4.24)

δ =
1− jRA(z, s)

R
, (4.25)

A(z, s) = 2 [S(z)− S(s)] . (4.26)

To find the first order correction for u1 due to XPM term, |u(0)
2 |2u(0)

1 in Eq. (4.18),

we make use of the result given by Eq. (4.21). The forcing function F (z, T ) in this

case is

F (z, T ) = −2 exp [−w(z)]
∣∣∣u(0)

2

∣∣∣
2
u

(0)
1 ,

= 2P 3/2a0η(z)
∑
m

∑
n

ama∗n exp

{
−

3∑

k=1

[T − Ck(z)]2 Rk(z)

}
, (4.27)

where

η(z) =
−T 3

0 exp [−w(z)]

T1(z) |T1(z)|2 , (4.28)

C1(z) = τm(z), C2(z) = τn(z), C3(z) = 0, (4.29)

R1 = R3 =
1

2T 2
1

, R2 =
1

2(T ∗
1 )2

. (4.30)

Using Eq.(4.21), the first order correction for u1 due to XPM is given by

u
(1),XPM
1 (z, T ) = i2P 3/2a0

∑
m

∑
n

ama∗nXmn(z, T ) (4.31)
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where

Xmn(z, T ) =
∫ z

0

η′(s)√
δ(z, s)R(s)

exp

[
(D + iT )2

δ(z, s)

]
ds, (4.32)

η′(s) = η(s) exp

(
−

3∑

k=1

C2
kRk +

C2

R

)
, (4.33)

The first order correction for u1 due to SPM term,
∣∣∣u(0)

1

∣∣∣
2
u

(0)
1 , can be easily ob-

tained from Eq. (4.31) by setting the angular frequency Ω = 0, τm = τn = 0 and by

replacing the XPM factor 2 with SPM factor 1, i.e.,

u
(1),SPM
1 (z, T ) = iP 3/2a0 |a0|2

∫ z

0

η(s)√
δ(z, s)R(s)

exp

(
− T 2

δ(z, s)

)
ds, (4.34)

Total first order solution for u1 is obtained by adding the SPM and XPM contribu-

tions,

u
(1)
1 = u

(1),SPM
1 + u

(1),XPM
1 . (4.35)

4.3 Variance calculation

The distortion due to nonlinearity is δu1 = γ0u
(1)
1 . The variance due to SPM and

XPM is obtained by

Var {δu1} = E
{
|δu1|2

}
− |E{δu1}|2 , (4.36)

where E{.} denotes the ensemble average. Since u
(1),SPM
1 is deterministic, it does not

contribute to the variance, so we have

Var {δu1} = Var
{
δuXPM

1

}
= Var

{
γ0u

(1),XPM
1

}
. (4.37)
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Using Eq. (4.31), the mean value of fiber nonlinearity distortion due to the XPM can

be found as

E
{
δuXPM

1

}
= E

{
γ0u

(1),XPM
1

}
= j2γ0P

3/2a0

∑
m

∑
n

E {ama∗n}Xmn(z, T ). (4.38)

For QAM signals, we have

E {ama∗n} = K1δmn, (4.39)

where

K1 = E
{
|am|2

}
, (4.40)

and δ is Kronecker delta function. Using Eq. (4.39), Eq. (4.38) becomes

E
{
δuXPM

1

}
= j2γ0P

3/2a0K1

∑
m

Xmm(z, T ). (4.41)

So the absolute square of the mean is obtained by

∣∣∣E
{
δuXPM

1

}∣∣∣
2

= 4γ2
0P

3|a0|2K2
1

∑
m

∑

m′
Xmm(z, T )X∗

m′m′(z, T ). (4.42)

Now, let us find the mean of absolute square of XPM nonlinearity. Using Eq. (4.31),

we have

E
{∣∣∣δuXPM

1

∣∣∣
2
}

= E
{∣∣∣γ0u

(1),XPM
1

∣∣∣
2
}

(4.43)

= 4γ2
0P

3|a0|2
∑
m

∑
n

∑

m′

∑

n′
E {ama∗na∗m′an′}XmnX

∗
m′n′ . (4.44)

For QAM signals, we can consider four cases:

Case 1: m = n and m′ = n′
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In this case

E {ama∗na
∗
m′an′} = E

{
|am|2|am′|2

}




K2 m = m′

K2
1 m 6= m′

(4.45)

where

K2 = E
{
|am|4

}
. (4.46)

So,

E
{∣∣∣δuXPM

1

∣∣∣
2
}

= 4γ2
0P

3|a0|2

K2

1

∑
m

∑

m′
m6=m′

XmmX∗
m′m′ + K2

∑
m

|Xmm|2

 . (4.47)

Case 2: m 6= n and m′ 6= n′

E {ama∗na
∗
m′an′} = K2

1δmm′δnn′ . (4.48)

So,

E
{∣∣∣δuXPM

1

∣∣∣
2
}

= 4γ2
0P

3|a0|2K2
1

∑
m

∑
n

m6=n

|Xmn|2. (4.49)

Case 3: m = n and m′ 6= n′

E {ama∗na∗m′an′} = K1E {a∗m′an′} , (4.50)

which equals to 0 since for QAM signals we have

E {a∗m′an′} = 0 m′ 6= n′. (4.51)
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Case 4: m 6= n and m′ = n′

Same logic as previous case, E {ama∗na
∗
m′an′} = 0.

Now, total mean of absolute square can be obtained by adding Eqs. (4.47) and

(4.49)

E
{∣∣∣δuXPM

1

∣∣∣
2
}

= 4γ2
0P

3|a0|2

K2

1

∑
m

∑

m′
m6=m′

XmmX∗
m′m′ + K2

∑
m

|Xmm|2 + K2
1

∑
m

∑

m′
m6=m′

|Xmm′|2

 .

(4.52)

Finally, variance can be obtained by substituting Eqs. (4.42) and (4.52) in (4.36)

VAR
{∣∣∣δuXPM

1

∣∣∣
2
}

= 4γ2
0P

3|a0|2

K2

∑
m

|Xmm|2 + K2
1

∑
m

∑

m′
m6=m′

|Xmm′|2 −K2
1

∑
m

|Xmm|2

 ,

= 4γ2
0P

3|a0|2



(
K2 −K2

1

) ∑
m

|Xmm|2 + K2
1

∑
m

∑

m′
m6=m′

|Xmm′|2

 . (4.53)

In the case of QPSK, K1 = K2 = 1. So for QPSK, we have

VAR
{∣∣∣δuXPM

1

∣∣∣
2
}

= 4γ2
0P

3|a0|2K2
1

∑
m

∑

m′
m6=m′

|Xmm′ |2. (4.54)

4.4 Results and discussion

To validate the analytical model, we carried out numerical simulations of the fiber-

optic system shown in Fig. 4.1. Two WDM channels with QPSK modulation and

Gaussian pulse shape are assumed. The wavelength division multiplexer (Mux) com-

bines the two channels and the output of the multiplexer is launched to a multi-span
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fiber-optic system with an amplifier spacing of 80 km. The fiber loss is exactly com-

pensated with an ideal noiseless amplifier. Amplifiers ASE noise, laser phase noise,

polarization effects, and the coherent receiver imperfections are ignored since the pri-

mary focus is to validate our analytical model for SPM and XPM impairments. After

multi-span transmission, the channels are demultiplexed using an ideal filter whose

bandwidth equals the channel spacing and passed to the optical receiver. The follow-

ing parameters are used throughout the paper unless otherwise specified: nonlinear

coefficient = 1.1 W−1km−1, amplifier spacing L = 80 km, channel spacing = 50 GHz,

symbol rate = 10 Gbaud, pulse width TFWHM (full width at half maximum) = 50 ps,

QPSK modulation, and fiber loss α = 0.2 dB/km.

Figure 4.1: Multispan WDM fiber-optic system.

Fig. 4.2(a) shows the channels 1 and 2 input pulses in time domain. As can be

seen, there is just one pulse in channel 1 and 18 pulses in channel 2. The rest of

parameters are as follows: peak power Ppeak = 0 dBm, fiber dispersion β2 = −10

ps2/km, and number of spans = 10. Fig. 4.2(b) shows the channels 1 and 2 output

pulses after 10 spans. As the figure shows, faster channel (channel 1) walked off the

slower channel (channel 2). Fig. 4.3 shows absolute square of the deviation of the

signal field from the linear case. The distortions shown in Fig. 4.3 are due to disper-

sion and nonlinearity. The subscript ’num’ and ’anl’ correspond to the numerical and
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analytical results, respectively. To compute the SPM deviation, we turned off channel

2 in both analytical model and numerical simulations. SPM deviation is obtained by

subtracting the output field of channel 1 (when channel 2 is turned off) from its linear

output obtained by assuming γ0 = 0. XPM deviation is obtained by subtracting the

output field of channel 1 when channel 2 is present, from the output field of channel

1 when channel 2 is absent. As can be seen, analytical SPM and XPM are in good

agreement with numerical SPM and XPM.
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Figure 4.2: Channel 1 and 2 (a) input signals, and (b) output signals. Following
parameters were assumed: no. of symbols in channel 1 = 1, no. of symbols in
channel 2 = 18, Ppeak = 0 dBm, β2 = −10 ps2/km, no. of spans = 10.

To find the mean and variance numerically, Monte-Carlo simulation is carried out.

Figs. 4.4(a) and 4.4(b) show the channels’ input and output fields of a realization

of Monte-Carlo simulation, respectively. In this case, there is one pulse in channel 1

and 38 pulses in channel 2. The rest of the parameters are as follows: peak power

Ppeak = 0 dBm, fiber dispersion β2 = −10 ps2/km, number of spans = 10, number

of Monte-Carlo simulations = 2000. Fig. 4.5(a) shows the numerical and analytical

first moments of SPM and XPM distortions. Fig. 4.5(b) shows the numerical and
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Figure 4.3: Numerical and analytical SPM and XPM signals induced on channel 1.
Parameters are same as that of Fig. 4.2.

analytical second moments of SPM and XPM. Finally, Fig. 4.6 shows the numerical

and analytical XPM variances. As can be seen in the Figs. 4.3, 4.5, and 4.6, the

discrepancy between the analytical and numerical is more at the center of the pulse

(higher power) when it is compared to the edges of the pulse (lower power). It is

due to the fact that the first order perturbation technique is less accurate in higher

power.

Fig. 4.7 shows the XPM variance versus peak power. As the peak power increases,

the accuracy of the analytical model decreases which is due to the inaccuracy of first

order perturbation technique. To get a better accuracy, higher order perturbation

technique can be used [29]. From Eq. (4.54), we see that the XPM variance scales as

P 3 which is in good agreement with numerical results. Fig. 4.8 shows the dependence

of variance on the fiber dispersion. From Eq. (4.54), we realize that the variance is

caused by the pulses overlapping. So, when the dispersion is low, pulses do not overlap

significantly and hence, the variance is quite small. However, variance grows quickly
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Figure 4.4: One realization of Monte-Carlo simulation: (a) Channels 1 and 2 input
signals in time domain. (b) Channels 1 and 2 output signals in time domain. Following
parameters were assumed: no. of symbols in channel 1 = 1, no. of symbols in channel
2 = 38, Ppeak = 0 dBm, β2 = −10 ps2/km, and no. of spans = 10.
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Figure 4.5: (a) Absolute value of mean of XPM impairment, and (b) Mean of absolute
square of XPM impairment. No. of Monte-Carlo simulations = 2000, and the other
parameters are same as that of Fig. 4.4.
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Figure 4.6: Variance of XPM impairment. Parameters are same as that of Fig. 4.4.

and beyond 10 ps2/km, it decays slowly. When the dispersion is very large, the XPM

effect is reduced since pulses walk-off quickly (Eq. (1.9)).

Fig. 4.9 shows the XPM variance versus number of spans. The variance is calcu-

lated by assuming that probe receiver is placed at the end of each span and dispersion

is fully compensated before the variance calculation. As can be seen in the Fig. 4.9,

the variance of XPM distortion increases almost linearly with the number of spans.

The quick and rough estimate of the XPM penalty can be done by using the slope of

the curve in Fig. 4.9 after one or two spans and it can be extrapolated for a fiber-

optic system with larger number of spans. As can be seen, the discrepancy between

analytical and numerical is less than 10% for number of span less than 16. The dis-

crepancy increases as the number of spans increases which is due to the inaccuracy

of first order perturbation technique for long reach and large power.

Fig. 4.10 shows the XPM variance versus channel spacing. As can be seen, XPM

variance decreases dramatically as channel spacing increases. This is because as the
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Figure 4.7: XPM variance versus peak power. Following parameters were assumed:
no. of symbols in channel 1 = 1, no. of symbols in channel 2 = 38, β2 = −10 ps2/km,
no. of spans = 10, no. of Monte-Carlo simulations = 2000.
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Figure 4.8: XPM variance versus fiber dispersion. Following parameters were as-
sumed: no. of symbols in channel 1 = 1, no. of symbols in channel 2 = 76, Ppeak = 0
dBm, no. of spans = 10, no. of Monte-Carlo simulations = 2000.
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Figure 4.9: XPM variance versus no. of spans. Following parameters were assumed:
no. of symbols in channel 1 = 1, no. of symbols in channel 2 = 71, Ppeak = 0 dBm,
β2 = −10 ps2/km, no. of Monte-Carlo simulations = 2000.
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Figure 4.10: XPM variance versus channel spacing. Following parameters were as-
sumed: no. of symbols in channel 1 = 1, no. of symbols in channel 2 = 10, Ppeak = 0
dBm, β2 = −10 ps2/km, no. of spans = 10, no. of Monte-Carlo simulations = 2000.
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channel spacing increases, the “fast” channel walks off quickly the “slow” channel

(Eq. (1.9)) and hence, the nonlinear interaction time is reduced. Later in Chapter 6,

multi-core fiber (MCF) is applied in WDM system to increase the channel spacing in

order to mitigate the inter-channel nonlinear impairments.

4.5 Conclusions

A first order perturbation technique for SPM and XPM effects for QAM system is

developed. We also developed an analytical expression for the variance of XPM im-

pairment. From the analytical model we have found that the nonlinear impairment

scales as P 3. In addition, a linear relation between the nonlinear impairment variance

and system reach was found which helps reduction of computational cost by extrap-

olating the carve when the slope of the line is known. Simulation results showed that

the analytical expression is in good agreement with numerical results.
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Chapter 5

Reduction of nonlinear

impairments in fiber transmission

system using fiber and/or

transmitter diversity

5.1 Introduction

Coherent detection techniques have enabled the spectrally efficient modulation for-

mats. However, as the spectral efficiency increases, the signal to noise ratio (SNR)

required to reach a given bit error ratio (BER) increases too [45]. Although the SNR

can be increased by launching large signal power into fiber, the performance degra-

dation occurs due to fiber nonlinear effects (Fig. 1.11). In Chapters 2, 3, and 4,

nonlinear impairment variance was obtained to scale as P 3, where P is fiber input
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launch power (see Eqs. (2.22) and (4.53)). In this chapter, it is proposed to use

multiple core/fiber architecture so that the power launched to each core/fiber could

be reduced and thereby, the nonlinear impairments can be minimized.

Typically, the transmission system cost scales linearly with fiber counts. This

is because the number of photonic/optoelectronic devices such as optical amplifiers

and Mach-Zehnder modulators (MZMs) in a system are directly proportional to fiber

counts. However, in one of the proposed fiber diversity technique, the fiber count is

increased without having to increase the number of photonic/optoelectronic devices.

Since the fiber cost is only a small fraction of the total system cost, it is expected that

significant performance improvement can be obtained with only a modest increase in

system cost. Typically, in a terrestrial fiber cable, there could be as many as 200

fibers, out of which about 10 fibers are used for communication. The other “dark”

fibers could be used to carry the data using the technique described here.

The multi-core fibers (MCFs) with each core resembling the standard single-mode

fiber can be fabricated with negligible cross-talk between the signals in the neighboring

cores [47]. Recently, there has been a significant interest in using multi-core fiber

systems to increase the system capacity [9–12, 48, 49]. The proposed techniques can

also be applied in these systems to increase the performance of the system.

The optical signals propagating in different cores/fibers undergo different amounts

of phase shifts and timing delays. In this chapter, we consider two types of equalizers

to compensate the phase shifts and delays. First, the optical equalizer consisting of

adaptive phase shifters and time shifters compensate for the channel effect [46]. The

phase shifters and time shifters are adjusted such that the power meter connected to

the combiner shows the maximum power. Next, we consider the electrical equalizer in
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which the phase shifts and timing shifts are adjusted electrically at the transmitter.

This technique requires transmitter diversity. Each transmitter needs channel state

information (CSI) which can be sent to the transmitter periodically with a low data

rate line from receiver to transmitter. In this chapter, a technique is proposed to

extract the CSI.

This chapter is organized as follows. Multi-core/fiber system configuration is

explained in Section 5.2. In Section 5.3, the effect of polarization mode dispersion

(PMD) is investigated in multi-core/fiber communication system. Simulation results

for the proposed system are given in Section 5.4. At the end, in Section 5.5, the

contributions of this chapter are summarized.

5.2 Multi-core/fiber system configuration

Fig. 5.1 shows the schematic of the fiber-optic system that uses multiple fibers

or multi-core fibers. The output of the transmitter is divided equally among M

cores/fibers using a power splitter. From Eqs. (2.22) and (4.53), we know that if

the input power is reduced by a factor of M , the intrachannel/inter-channel non-

linear impairment variance is decreased with a factor of M3 which improves system

performance significantly.

The optical field in each fiber can be written as

ψm(t, z) = qm(t, z) exp [i(ωt− β0,mz)] m = 1, 2, ..., M. (5.1)

where β0,m is the mean propagation constant in the mth core/fiber and qm(t, z) is the

complex field envelope in the mth core/fiber. The evolution of field envelope, qm, in
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Figure 5.1: Multi-core/fiber system architecture; M: number of cores/fibers; N: num-
ber of spans; Opt. Tx.: optical transmitter; PS: power splitter; PC: power combiner;
Amp: amplifier; Opt. Rx.: optical receiver.

the fiber is governed by the nonlinear Schrodinger equation (NLSE)

i

(
∂qm

∂z
+ β1,m(z)

∂qm

∂t

)
− β2,m

2

∂2qm

∂t2
+ γm |qm|2 qm =

(
∆β0,m(z) + i

αm

2

)
qm, (5.2)

where β1,m, β2,m, αm, and γm are inverse group speed, second order dispersion, loss,

and nonlinear coefficient of the mth core/fiber, respectively. ∆β0,m(z) = β0 − β0,m(z)

where β0 is the propagation constant, at z = 0 of a reference fiber. ∆β0,m is the

deviation of propagation constant from its mean value due to irregularities in the fiber

geometrics and it causes different phase shifts at the end of cores/fibers. In addition

there may be deviation in the inverse group speed (β1). Let ∆β1,m(z) = β1 − β1,m(z)

where β1 is inverse group speed, at z = 0 of a reference fiber. Using the transformation

T = t− β1z and Z = z, Eq. (5.2) can be rewritten as

i

(
∂qm

∂Z
+ ∆β1,m(Z)

∂qm

∂T

)
− β2,m

2

∂2qm

∂T 2
+γm |qm|2 qm =

(
∆β0,m(Z) + i

αm

2

)
qm. (5.3)

If we ignore fiber dispersion and nonlinearity (β2,m = γm = 0), the fiber envelope at
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the distance L is

qm(T, L) = qm(T − dm, 0) exp
[
−igm − αm

2
L

]
, (5.4)

where

dm =

L∫

0

∆β1,m(Z)dZ, (5.5)

gm =

L∫

0

∆β0,m(Z)dZ. (5.6)

Due to deviation in propagation constants (∆β0,m) and inverse group speeds

(∆β1,m), the optical signals reach at the end of cores/fibers at different times with

different phase shifts (inter-core/fiber dispersion). Inverse group speed variations

(∆β1,m) cause the fiber-optic link to act as a low pass channel leading to performance

degradations (Fig. 5.2). Fig. 5.2 shows the effect of inverse group speed variations on

multi-core/fiber system. As can be seen, for a 2-core/fiber system, channel frequency

response acts as a low pass filter (LPF) leading to power degradation. Moreover,

propagation constant variations (∆β0,m) cause loss of power when the signal fields

are added in power combiner. Fig. 5.3 shows the effect of propagation constant vari-

ations on multi-core/fiber system. As can be seen, for a 2-core/fiber system, channel

frequency response is in deep fade causing power loss. Inter-core/fiber dispersion is

similar to multipath effect in wireless communication. Fig. 5.4 shows the similarity

between multipath effect in wireless communication and inter-core/fiber dispersion ef-

fect in multi-core/fiber system. Multipath in wireless communication causes ISI and

fading which is similar to that of inter-core/fiber dispersion. Although the electrical

equalizer in the coherent receiver can compensate for the low pass characteristic of
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the channel in multi-core/fiber system, noise enhancement due to the equalizer leads

to performance degradation. Unlike the wireless communication, we have access to

different paths (cores/fibers) separately in multi-core/fiber system which makes the

equalization more efficient in this system. To mitigate these problems, we propose

two kinds of equalizers.
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Figure 5.2: One realization of fiber-optic channel frequency response for single-core
fiber and 2-core/fiber systems. Following parameters were assumed: No. of OFDM
channels: 1024, σβ0 = 0 rad/m and σβ1 = 10−3 ps/m.

In the first scenario, we used adaptive phase and time shifters in optical domain,

which can be controlled by a power meter [46]. Fig. 5.5 shows the block diagram of

this equalizer in unrepeatered case; power meter measures the output of the combiner

and the phases (φ) and delays (T ) are adjusted such that the output of combiner is

maximum. This also ensures that the signal fields at the fiber outputs are added in

phase. There are several techniques to adjust the phase shifts and time shifts. It can
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Figure 5.3: One realization of fiber-optic channel frequency response for single-core
fiber and 2-core/fiber systems. Following parameters were assumed: No. of OFDM
channels: 1024, σβ0 = 104 rad/m and σβ1 = 0 ps/m.

Figure 5.4: Similarity between inter-core/fiber dispersion effect in multi-core/fiber
system and multipath effect in wireless system.
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be realized using a lens-grating pair and two mirrors [50]. The output of the fiber is

directed to the grating for spatial separation of optical frequency components. The

output of the grating is collected by a lens and then reflected by a mirror placed at the

focal plane of the lens. The reflected light passes through the lens again and diffracted

again by the grating. By adjusting the rotation angles of the mirror, the phase delay

and group delay can be controlled independently. Response time of this device is a few

hundred microseconds. An advantage of this device is that the adaptive phase shifts

and time shifts can be achieved using the single device. Several techniques of adaptive

delay control using the piezoelectric fiber stretcher are discussed in [51]. Other choice

for the adaptive time delay without using the delay lines and demultiplexing will be

to utilize a slow light technique [52]. In a recent research [53], spatial light modulators

(SLMs) have been proposed to compensate for intermodal delays/phase shifts in a

multi-mode fiber (MMF). The amplitude and phase of individual cells of SLMs can

be dynamically controlled within a few microseconds. The SLMs can be used as an

adaptive time and phase-shifter in multi-core/fiber systems. Typically, the optical

phase in a fiber could vary in a time scale of a few milliseconds. The electrical signal

processing (ESP) unit placed after power meter and the optical devices connected to

ESP could respond at a time scale faster than a few milliseconds.

The unrepeatered system can also be expanded to multi-span fiber case (Fig. 5.6).

In this system, in-line adaptive phase and time shifters are used before each combiner

in each span. As a result, there is no power loss due to phase mismatch in each

combiner. In multi-span case, we can also use a single optical equalizer just before

the receiver (Fig. 5.7). However, in this case, output of the cores/fibers should be

amplified separately.
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Figure 5.5: Unrepeatered multi-core/fiber system architecture with optical equalizer;
M: number of cores/fibers; Opt. Tx.: optical transmitter; PS: power splitter; PC:
power combiner; PM: power meter; ESP: electrical signal processor; Amp: amplifier;
Opt. Rx.: optical receiver.

Figure 5.6: Multi-span multi-core/fiber system architecture with in-line optical equal-
izer; M: number of cores/fibers; N: number of spans; Opt. Tx.: optical transmitter;
PS: power splitter; PC: power combiner; PM: power meter; ESP: electrical signal
processor; Amp: amplifier; Opt. Rx.: optical receiver.
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Figure 5.7: Multi-span multi-core/fiber system architecture with optical equalizer at
the receiver; M: number of cores/fibers; N: number of spans; Opt. Tx.: optical trans-
mitter; PS: power splitter; PC: power combiner; PM: power meter; ESP: electrical
signal processor; Amp: amplifier; Opt. Rx.: optical receiver.

In the second scenario, the phase and time shifts are adjusted electrically at trans-

mitter by using multi-transmitter scheme (Fig. 5.8). Thus, transmitter needs CSI

to provide the proper phase and time shifts for each fiber. CSI can be provided at

transmitter with a low data rate line from receiver to transmitter. Similar to first

scenario, by adjusting proper phase and time shifts at transmitter, we make sure that

there is no power loss at combiner. In this scheme, all the modulators share the

same laser. For example, instead of a single 40 Gbaud modulator, we need four 10

Gbaud modulators when M = 4. Simulation results show that these two scenarios

have roughly the same efficiency.

As discussed earlier, the problem with different phase shifts and time delays resem-

ble multipath effect in wireless communication. Multipath causes power loss (fading)

and inter-symbol interference (ISI). In both multi-core/fiber and wireless systems, ISI

can be handled by equalizers. In wireless, fading can be mitigated by diversity tech-

niques [54, 55]. However in multi-core/fiber case, while we have access to different

paths separately, phase shifts and time delays can be compensated before adding the
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Figure 5.8: Unrepeatered multi-core/fiber system architecture with multi-transmitter
(electrical equalizer); M: number of cores/fibers; Opt. Tx.: optical transmitter; PC:
power combiner; Amp: amplifier; Opt. Rx.: optical receiver; CSI: channel state
information.

signals.

In wireless communication system, the CSI can be obtained by different methods.

One well-known method is to use training sequence. In this method, a known signal

is sent first. Then by utilizing an adaptive equalization method, filter coefficients at

the receiver are adjusted to compensate the channel filter [54]. Another technique

which mitigates the multipath effects is called RAKE receiver which is used in code

division multiple access (CDMA) spread-spectrum systems [54, 55]. In this method,

a matched filter (MF) matched to the expected receive signal is used at receiver side.

Location of peaks in the output of MF gives the time delays of different paths. Then

each delay is compensated in one finger of RAKE receiver and then in-phase signals

are added [56].

In fiber-optic communication with fiber diversity, since we have access to the dif-

ferent paths, a simple equalization technique is proposed here: let the channel transfer

function from transmitter m to the receiver be Hm(f). We turn off all the transmit-

ters except the transmitter m and a training sequence is sent from this transmitter.
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The transfer function Hm(f) is estimated at the receiver and inverse transfer func-

tion H−1
m (f) is calculated. This information is sent back to the transmitter m and

the transmitter signal is multiplied by H−1
m (f) to compensate the effect of channel.

This procedure is repeated for all the transmitters. In our simulation, since we used

orthogonal frequency division multiplexing (OFDM), one tap channel coefficient was

obtained for each subcarrier by utilizing this method.

5.3 Polarization mode dispersion effect

So far, we ignored the polarization effects. To include the polarization mode dispersion

(PMD), the scalar NLSE (Eq. (5.3)) should be replaced with the vector NLSE,

i
(
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+ ∆β1x,m(Z)∂qm,x

∂T

)
− β2,m

2
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{
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∂qm,y

∂Z
+ ∆β1y,m(Z)∂qm,y

∂T

)
− β2,m

2
∂2qm,y

∂T 2 + γm

{
|qm,y|2 + 2

3
|qm,x|2

}
qm,y

=
(
∆β0y,m(Z) + iαm

2

)
qm,y,

(5.8)

where qm,x and qm,y are the x− and y− polarization components of the optical field

envelope propagating in fiber m, ∆β0x,m and ∆β0y,m are the deviation of propagation

constants from the mean value, and ∆β1x,m and ∆β1y,m are the deviation of inverse

group speeds (relative to reference frame with inverse group speed β1) for x− and y−
polarization components, respectively. The fibers are modeled as a randomly varying

birefringent medium that is a cascade of many short fiber sections with constant

birefringence [57]. The short fiber sections have identical length zh and identical

magnitude of birefringence ∆n = c (∆β1x −∆β1y). The PMD parameter Dp and
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birefringence ∆n are related by

Dp =

√
8

3π

(
∆n

c

)√
zh. (5.9)

Here c is the speed of light in free space. At fictitious junctions between fiber sections,

random axial rotation and addition of random phase difference between the two field

components is introduced by multiplying the field envelopes by the matrix

Mθ,ϕ =




cos θ eiϕ sin θ

−e−iϕ sin θ cos θ


 , (5.10)

where θ and ϕ are uniformly distributed in the range of 0 to 2π, and 0 to π, respectively

[58]. Fig. 5.9 shows the multi-core/fiber system architecture with an optical equalizer

that takes into account the polarization effects. The output of the fiber-optic link

passes through the adjustable time shifter. The polarization beam splitter (PBS)

splits the optical signal into x− and y− polarization components. Since the two

polarization components acquire different amount of phase shifts due to propagation,

it is necessary to adjust their phases adaptively using the adjustable phase shifters.

The x− and y− polarization components of the optical signals propagating in different

fibers are combined separately and the outputs of combiners are connected to the

front-end of the coherent receiver. Although the x− and y− polarization components

acquire different amounts of group delays, it is not necessary to adjust their timing

shifts separately. A single adjustable time shifter per fiber (as in the scalar case)

is sufficient. The differential group delay between the polarization components is

equalized by the one-tap equalizer in the electrical domain.
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Figure 5.9: Multi-span multi-core/fiber system architecture with optical equalizer
at the receiver; M: number of cores/fibers; N: number of spans; Opt. Tx.: Optical
Transmitter; PS: Power Splitter; PC: Power Combiner; PBS: polarization beam split-
ter; PM: Power Meter; ESP: electrical signal processor; Amp: Amplifier; Opt. Rx.:
Optical Receiver.

5.4 Simulation setup and results

Here we present simulation results for five scenarios. In the first one, we consider

unrepeatered (single-span) fiber system with optical equalizer, and in the second one

we consider the same system with multi-transmitter (electrical equalizer). In the

third case, multi-span fiber system with in-line optical equalizers is presented. In the

fourth case, multi-span system with optical equalizer at the receiver is considered,

and in the last case, effect of PMD on this system is investigated.

We carried out the numerical simulation of the multi-core/fiber configuration with

the following fiber parameters: fiber loss, αm = 0.2 dB/km, fiber dispersion β2,m =

−22.1 ps2/km, and nonlinear coefficient γm = 1.1 (W.km)−1. We assume that these

fibers are nearly identical. However β0,m and β1,m could fluctuate due to temperature

and other environmental factors. We further assumed that the propagation constant

β0,m and inverse group speed β1,m vary randomly over the fiber length and in each

fiber, β0,m and β1,m remain constant over a correlation length of 200 m. ∆β0,m
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and ∆β1,m are assumed to be zero mean Gaussian random variables with standard

deviation σβ0 = 104 rad/m and σβ1 = 10−3 ps/m. NLSE is solved over a length of

200 m with values of β0,m and β1,m picked from Gaussian distributions. The process

is repeated until the end of span. As a result, the signal in each fiber experiences

different amounts of phase shifts and delays. Because of the adjustable phase shifters

and time delays at the end of cores/fibers, the performance degradation does not

occur even when the standard deviation of β0 and β1 are larger. The phase shifter

is varied in the range of −π to π with a step of 0.001 and the corresponding range

for the time delay is 0 to 1 ns with a step size of 1 ps such that the output of the

combiner is maximum. In Sections 5.4.1 to 5.4.4, scalar NLSE is solved ignoring the

polarization effects.

For our simulation, we used optical orthogonal frequency division multiplexing

(OOFDM) (Fig. 5.10) [59–62]. However, as the goal is to mitigate nonlinearity by

dividing power between different cores/fibers, any kind of modulation techniques can

be used. The parameters of OFDM are as follows: symbol rate, Rs = 12.5 Gsym/s,

number of subcarriers = 1028, with 7.78% of cyclic prefix. Quadrature amplitude

modulation (QAM) technique is used for each subcarrier. Total number of OFDM

blocks is 1200. Fig. 5.10 shows the block diagram of a OOFDM system. To estimate

channel coefficients for each subcarrier, 16 training sequence blocks are sent at first.

Then, a single-tap equalizer is used for channel compensation [62]. However, in the

case of transmitter diversity, channel coefficients are obtained separately for each

core/fiber. Then coefficients of each channel are multiplied by transmitting data at

corresponding transmitter to compensate the effect of the channel. The linewidths of

transmitter and local oscillator (LO) lasers are assumed to be 100 kHz. To estimate
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the phase, 8 pilot subcarriers are used [13].

Figure 5.10: Optical OFDM system; IDFT: inverse discrete Fourier transform; DFT:
discrete Fourier transform; A/D: analog to digital converter; D/A: digital to analog
converter; LO: local oscillator; LPF: low pass filter.

For the unrepeatered system, a pre-amplifier was used before the balanced coher-

ent receiver. For this system, the following parameters were assumed: local oscillator

power PLO = 10 dbm, responsivity of photodetector R = 1 A/W, input impedance

Rin = 50 Ω, and amplifier noise figure nsp = 1.5. Amplifier gain was fixed at 25 dB.

Variances of ASE-LO beat noise, shot noise and thermal noise are calculated as done

in ref. [63] and added as white Gaussian noise at the receiver.

In the case of multi-span system, same receiver was assumed; however, amplifiers

were used at the end of each 80 km fiber span to compensate the loss of fiber (Fig.

5.6). The simulation results of five scenarios are as follows.

99



PhD Thesis - Sina Naderi Shahi McMaster - Electrical Engineering

5.4.1 Case 1: unrepeatered fiber system with fiber diversity

and optical equalizer

Fig. 5.11 shows the BER versus the fiber launch power, for different number of

cores/fibers M = 1, 2, 4, and 8. QPSK modulation is used in each subcarrier of the

OFDM, and transmission line consists of 1 span of 300 km multi-fiber/multi-core

fiber. Due to power splitting between multiple cores/fibers, nonlinearity decreases in

each core/fiber and performance improvement is achieved. In this case, it can be seen

the optimum launch power increases from 10 dBm in the case of single-core fiber to

16 dBm (total power) when 8-core/fiber is used. The performance improvement (Q-

factor) using 8-core/fiber configuration is about 6.2 dBQ20 as compared to single-core

fiber configuration. Fig. 5.12 shows the minimum BER (after optimizing the launch

power) versus transmission distance. As can be seen, the transmission distance is

limited to 260 km using single-core fiber configuration which can be extended to 310

km using 8-core/fiber configuration.

5.4.2 Case 2: unrepeatered fiber system with fiber diversity

and transmitter diversity

Similar to case 1, BER versus the fiber launch power for QPSK is shown in Fig.

5.13. As can be seen, in the high launch power (high SNR), the efficiency of this

configuration is almost the same as previous case in which optical equalizer was used.

In the low launch power (low SNR), nonlinearity of the fiber is not significant and

benefit obtained by multi-core/fiber structure is negligible. On the other hand, power

loss due to non-ideal channel estimation in multi-core/fiber case leads to performance
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Figure 5.11: BER vs. Launch Power for 300 km unrepeatered fiber with optical
equalizer (QPSK modulation).
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Figure 5.12: BERmin vs. Transmission Distance for unrepeatered fiber with optical
equalizer (QPSK modulation).
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degradation which leads to poorer performance of multi-core/fiber system compared

to single-core fiber system.
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Figure 5.13: BER vs. Launch Power for 300 km unrepeatered fiber with electrical
equalizer (QPSK modulation).

5.4.3 Case 3: multi-span fiber system with in-line optical

equalizers

Fig. 5.14 shows the BER versus the fiber launch power for multi-span fiber system

with in-line optical equalizers. In this case, transmission line consists of 5 spans of 80

km multi-fiber/multi-core fiber. 64-QAM is used for each subcarrier of OFDM system.

While power is divided between multiple cores/fibers, nonlinear impairments caused

by each core/fiber are reduced which leads to performance improvement. It can be

seen that the optimum launch power increases as number of cores/fibers increases.

The performance improvement (Q-factor) using 8-core/fiber configuration is about 5.3
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dBQ20 as compared to single-core fiber configuration. Fig. 5.15 shows the minimum

BER versus transmission distance (number of spans). Length of each span is 80 km.

As can be seen, the transmission distance is limited to 240 km (three spans) using

single-core fiber configuration which can be extended to 960 km (twelve spans) using

8-core/fiber configuration.
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Figure 5.14: BER vs. Launch Power after 5 spans (400 km) with in-line optical
equalizer (64-QAM).

5.4.4 Case 4: multi-span fiber system with optical equalizers

at the receiver

Fig. 5.16 shows the BER versus the fiber launch power for multi-span fiber system

with optical equalizers at the receiver. As in the previous case, transmission line

consists of 5 spans of 80 km multi-fiber/multi-core fiber. 64-QAM is used for each
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Figure 5.15: BERmin vs. Transmission Distance for multi-span fiber system with
in-line optical equalizer (64-QAM).

subcarrier of OFDM system. As expected, the system performance is the same as

case 3.

5.4.5 Case 5: effect of PMD

So far, the polarization effect was ignored. In this section, we consider the impact of

PMD. Fig. 5.17 shows the BER versus the fiber launch power when system of Fig.

5.9 was used. Transmission line consists of 5 spans of 80 km multi-fiber/multi-core

fiber. 64-QAM is used for each subcarrier of OFDM system. The vector NLSE is

solved taking into account the PMD. For Fig. 5.17, the PMD parameter Dp = 0.1

ps(km)−1/2 and zh = 200 m. Fig. 5.17 is obtained by taking the average BER of 10

independent runs. It can be seen that when phase shifts due to polarization effects

are compensated by adaptive phase shifters, the system performance is similar to
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Figure 5.16: BER vs. Launch Power after 5 spans (400 km) with optical equalizer at
the receiver (64-QAM).

that of case 3 or 4. In fact, in some cases, the performance is slightly better in

Fig. 5.17 as compared to Fig. 5.16 (for example 2-core/fiber and 4-core/fiber cases).

This is because the optical signal is divided into two orthogonal polarizations and

the nonlinear coupling between the two is smaller (as compared to co-polarized case)

due to the factor 2/3 appearing in Eqs. (5.7) and (5.8). As the PMD parameter

increases, the walk-off between x− and y− polarization components increases and

one may expect that the scheme of Fig. 5.9 will not work as the temporal shifts

of x− and y− polarization components in each fiber are not adjusted. To see the

impact of the PMD parameter, we carried out the simulation by changing the PMD

parameter from 0.05 ps(km)−1/2 to 1 ps(km)−1/2 and the results are shown in Fig.

5.18. The parameters of Fig. 5.18 are same as that of Fig. 5.17 except for Dp. For the

cases of 2-core/fiber and 4-core/fiber systems, the launch powers are -3 dBm and -1
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dBm, respectively, which are optimum powers. For the case of 8-core/fiber system, we

chose a lower power of -3 dBm since at the optimum power (1 dBm), it takes too much

computational time. As can be seen from Fig. 5.18, the performance is not affected

by PMD. This is because the one-tap equalizer in the electrical domain compensates

for PMD. In addition, the delays between x− and y− polarization components are

much smaller than the mean group delays between fibers. In the scheme of Fig. 5.9,

the mean group delays are adjusted by using the adjustable time shifters, but the

time shifts between x− and y− polarization components occurring due to the PMD

is not adjusted. We have found that the power loss at the power combiner is less than

0.1 dB when Dp is 1 ps(km)−1/2. However, for the large value of Dp and/or longer

transmission distance, it may be necessary to adjust the temporal shifts of the x−
and y− polarization components before the power combiners.
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Figure 5.17: BER vs. Launch Power after 5 spans (400 km) with optical equalizer
(64-QAM).
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Figure 5.18: BER vs. PMD parameter after 5 spans (400 km) with optical equalizer
(64-QAM).

5.5 Conclusions

We have proposed a multi-core/fiber system configuration for mitigation of fiber non-

linearities. The optical signals propagating in different fibers experience different

amounts of phase shifts and timing delays leading to performance degradation. Opti-

cal and electrical equalization techniques are proposed to mitigate these impairments.

Multi-core/fiber system with adaptive phase-shifters/time-shifters provides significant

benefits compared to single-core system. For unrepeatered systems, the performance

(Q factor) is improved by 6.2 dBQ20 using 8-core/fiber configuration as compared to

single-core fiber system and the transmission reach increased from 260 km in the case

of single-core system to 310 km in the case of 8-core/fiber system. In addition, for

multi-span system, the transmission reach at a bit error ratio (BER) of 2.1 × 10−3

is quadrupled in 8-core/fiber configuration and Q factor improved by 5.3 dBQ20 as
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compared to the single-core fiber system.

108



Chapter 6

A multi-core or multi-fiber WDM

system

6.1 Introduction

The multi-core fibers with each core resembling the standard single-mode fiber can

be fabricated with negligible cross-talk between the signals in the neighboring cores

[64]. Recently, there has been a significant interest in using multi-core fiber systems

to increase the system capacity [9–12, 48, 49]. In a fiber optic system, the perfor-

mance degradations occur at large launch powers due to intra- and inter-channel

nonlinear impairments. In a wavelength division multiplexing (WDM) system, inter-

channel nonlinear impairments such as cross-phase modulation (XPM) and four wave

mixing (FWM) scale directly with channel spacing and channel launch power (see

Chapter 4). In Ref. [65], it is shown that interchannel nonlinear impairments can

be significantly suppressed by time-interleaving the two polarizations of polarization-

division-multiplexed single fiber system. In Ref. [66], propagation characteristics
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of seven-core fiber for spatial and wavelength division multiplexing are evaluated.

The wavelengths of the signals into the center core and those into the outer cores

were interleaved. However, the propose of interleaving is not to mitigate nonlinear

impairments as the transmission distance is only 5 km and launch power is around

1.5 dBm/core, and therefore there is negligible nonlinear impairments in the system

studied in Ref. [66].

Based on simulation results in Chapter 4, we know that nonlinear distortion effect

decreases dramatically by increasing the channel spacing (see Fig. 4.10). In this

chapter, it is proposed to use multiple fiber or multi-core architecture in a WDM

system in order to increase the channel spacing and decrease the input launch power.

The optical wavelengths are interleaved among M fibers or M cores so that the

total power launched to each fiber or core is reduced. In addition, channel spacing

increases with a factor of M which leads to significant reduction in inter-channel

nonlinear impairments (Fig. 4.10). Typically, the dominant contributions to the

system cost comes from photonic/ optoelectronic devices such as optical amplifiers,

Mach-Zehnder modulators (MZMs) and receivers and the fiber cost is a small fraction

of the system cost. Therefore, in the proposed multi-core/fiber architecture, there is

a slight increase in the total system cost. However, this technique leads to significant

performance improvement and longer reach.

In a recent experiment, 1 petabit/s transmission over a multi-core fiber (MCF)

consisting of 12 cores over a 52.4 km of fiber has been demonstrated [67]. Although

this work is impressive, if extended to multi-span system, the transmission cost would

increase roughly by a factor of 12 as compared to the single-core fiber since separate

amplifiers are needed for each core transmission. In MCF transmission, the real
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challenge is to combine all the space multiplexed and wavelength multiplexed chan-

nel through a single amplifier [9]. Fig. 6.1 shows a typical MCF system with M

transmitters and M receivers. As can be seen, MCF is applied in a spatial-division

multiplexing (SDM) system so that the channel capacity can be enhanced by a factor

of M . Assume N -span system, total number of amplifiers is MN . In this chapter,

the goal is to enhance the system reach (not the capacity) by applying MCF in WDM

system while keeping the number of amplifiers same as that of in a single-core system

(one amplifier per span). It is also shown that a single amplifier can be used for all the

channels if the signals propagating in different cores have non overlapping spectra.

Although this approach leads to a reduction in total capacity, longer transmission

reach can be achieved because of the lower interchannel nonlinear impairments and it

also leads to lower cost per bit because of the fewer opto-electronic/photonic devices.

Figure 6.1: Block diagram of a typical MCF system, Amp. = amplifier.

This chapter is organized as follows. Multi-core/fiber WDM system configuration

is explained in Section 6.2. Simulation results for the proposed system are given in
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Section 6.3. In addition, the effect of crosstalk is investigated in multi-core commu-

nication system in this section. At the end, in Section 6.4, the contributions of this

chapter are summarized.

6.2 Multi-core or multi-fiber WDM System Con-

figuration

Fig. 6.2 displays the block diagram of a multi-core or multi-fiber WDM system.

Assume R channels and M cores or fibers. The optical interleaver (IL) combines

the channels m,m + M,m + 2M, ..., (R −M) + m, m = 1, 2, ..., M and this signal is

launched to core/fiber m. For example, when M = 2, this corresponds to separating

even and odd channels. The advantage of this approach is that the total launch power

in a core/fiber is reduced by a factor M which helps to mitigate the inter-channel

nonlinear impairments. Fig. 6.3 shows the input spectra of 12 WDM channels for the

single-core and 2-core/fiber system, respectively. As can be seen, channel spacing is

doubled compared to single-core system when 2-core/fiber system is used. Fig. 6.4

shows the input spectra of 12 WDM channels for the 4-core/fiber system. In this

case, the channel spacing is quadrupled compared to single-core system. Just before

the optical amplifier, the core/fiber outputs are combined so that a single amplifier

can be used to amplify all the channels. The output of the amplifier is interleaved in

the same way as done at the transmitter and is launched to M-core/fiber.

In Chapter 5 [46, 68], transmission performance of an optical orthogonal frequency

division multiplexing (OOFDM) in a multi-core/fiber is investigated. Since the optical

signals propagating in different cores/fibers undergo different amounts of phase shifts
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Figure 6.2: Block diagram of multi-core/fiber WDM system, MZM = Mach-Zehnder
modulator, IL = interleaver, Amp. = amplifier.
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Figure 6.3: Input spectrum for single-core fiber system (left figure) and 2-core/fiber
system (right figure).
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Figure 6.4: Input spectrum for 4-core/fiber system.
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and timing delays, adjustable phase-shifters and timing delay lines are used in [46, 68]

to align the phases and timing delays of the cores/fiber outputs. In contrast, in the

proposed scheme, adjustable phase shifters and timing delay lines are not required as

the signal spectra at the fiber outputs are non-overlapping and a passive multiplexer

could be used to combine the fiber outputs. So, propagation constant (β0) fluctuations

and inverse group speed (β1) fluctuations do not have any effect on the performance

of the system.

As can be seen in Fig. 6.2, multi-core/fiber WDM system can be obtained by a

simple modification of the conventional WDM system. Transmitters, receivers, and

amplifiers are the same as conventional WDM system. However, optical multiplexers

and demultiplexers are added at the end of each span. Under this condition, trans-

mitter and receiver cost is the same as that of conventional WDM system, but the

inter-channel nonlinear impairments could be significantly lower.

6.3 Simulation results

In this section, we present simulation results for the proposed system. We carried out

the numerical simulation of the multi-core/fiber WDM configuration using the split-

step Fourier method with the following fiber parameters: fiber loss, α = 0.2 dB/km,

fiber dispersion β2 = −22.1 ps2/km, and nonlinear coefficient γ = 1.1 (W.km)−1.

For our simulation, we used 16-ary quadrature amplitude modulation (16-QAM).

However, as the goal is to mitigate inter-channel nonlinearity by dividing channels

between different cores or fibers, any kind of modulation techniques can be used.

Raised-cosine pulses in time domain were used in each channel. To suppress the

spectral side lobes, a low pass filter (LPF) with 3 dB band width of 16 GHz was
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applied for each channel. Twelve channels with symbol rate of 10 Gbaud and channel

spacing of 17 GHz were used. A pseudo-random bit sequence (PRBS) of length 214−1

is used. The linewidths of transmitter and local oscillator (LO) lasers are assumed to

be 100 kHz.

EDFA with a noise figure of 4.8 dB were used at the end of each 80 km fiber

span to compensate the loss of fiber (Fig. 6.2). At the receiver side, digital back-

propagation (DBP) with step size of 1 km was used to compensate the effect of fiber

channel [69, 70]. DBP solves the nonlinear Schrodinger equation (NLSE) with the

signs of dispersion parameter, loss, and nonlinear coefficients being opposite of the

transmission fiber. In our simulation setup, the DBP fully compensates the intrachan-

nel nonlinear impairments, but it does not compensate the inter-channel nonlinear

impairments. We ignored the polarization effects for simplicity. However, similar

results are expected when the vector NLSE are solved. The simulation results are as

follows.

Fig. 6.5 shows the the constellation diagram for the channel 6 at transmission

distance of 3120 km and input power of −5 dBm per channel for single-core system

and −2 dBm per channel for single-core, 2-core/fiber, and 4-core/fiber systems. It can

be seen that with the increase of number of cores/fibers, the spread of the constellation

decreases.

Fig. 6.6 shows the average bit error ratio (BER) of all the channels in a single-

core fiber system versus the launch power for different numbers of span. This BER is

obtained by taking the average of the BER of all the channels. Each span consists of

80 km single-core fiber. As can be seen, the maximum reach at a BER of 2.1× 10−3

is 33 spans (2640 km).
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Figure 6.5: Constellation diagram for channel 6 after 39 spans (3120 km) for (a)
single-core fiber system and input power of −5 dBm per channel, (b) single-core fiber
system and input power of −2 dBm per channel, (c) 2-core/fiber system and input
power of −2 dBm per channel, and (d) 4-core/fiber system and input power of −2
dBm per channel.
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Figure 6.6: Average BER vs. launch power per channel for a single-core fiber system
for different number of spans, N = number of spans.

Figs. 6.7 and 6.8 show the average BER versus the launch power for 2-core/fiber

system and 4-core/fiber system, respectively. In the case of 2-core/fiber system, each

fiber carries 6 optical channels. In this case, the channel spacing is doubled compared

to single-core fiber system which leads to less inter-channel nonlinear impairments

and longer reach (Fig. 6.7). As can be seen in Fig. 6.7, transmission distance can

be extended to 47 spans (3760 km). In the case of 4-core/fiber system, each fiber

carries 3 WDM channels. Channel spacing is quadrupled compared to single-core

fiber system and transmission reach is extended to 67 spans (5360 km) as can be seen

in Fig. 6.8. As can be seen in Figs. 6.7 and 6.8, with the increase of number of cores

or fibers, optimum power shifts from −6 dBm for a single-core fiber to −4 dBm for a

2-core/fiber system and to −2 dBm for a 4-core/fiber system which shows nonlinear
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impairments are lowered in a multi-core/fiber system. Adding more channels (> 3)

in the 4-core system did not change the BER as the channel spacing is large. Fig. 6.9

shows the minimum BER versus the transmission reach for single-core, 2-core/fiber,

and 4-core/fiber systems. From Fig. 6.9, we see that the transmission reach can be

doubled by using a 4-core/fiber system as compared to single-core system.
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Figure 6.7: Average BER vs. launch power per channel for a 2-core/fiber system for
different number of spans, N = number of spans.

6.3.1 Inter-core crosstalk effect

So far, we had ignored the inter-core crosstalk effect in MCF. However, one of the

most important issues of MCF is the inter-core crosstalk. In this section, we study

the sensitivity of multi-core WDM system to the inter-core crosstalk effect. For

our simulation, we assumed the MCF configuration shown in Fig. 6.10 for 2-core
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Figure 6.8: Average BER vs. launch power per channel for a 4-core/fiber system for
different number of spans, N = number of spans.
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Figure 6.9: BERmin vs. transmission distance for single-core, 2-core/fiber, and 4-
core/fiber systems.
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and 4-core systems. Here, the crosstalk factor is the average crosstalk between two

neighboring cores in a 80km-span, defined as

crosstalk(dB) = 10 log10

Pxtalk

Ps

, (6.1)

where Pxtalk is the crosstalk power due to a single neighboring core and Ps is the

signal power in the core. As well as the linear crosstalk, there is a nonlinear crosstalk

Figure 6.10: A cross section of (a) 2-core fiber, and (b) 4-core fiber.

between the cores due to the spatially overlapping of the propagating modes’ fields

in the neighboring cores. To take into account the nonlinear crosstalk between the

cores, an extra term due to the nonlinear inter-core crosstalk is added to the nonlinear

Schrodinger equation (NLSE),

∂q1(t, z)

∂z
+i

β2

2

∂2q1(t, z)

∂t2
=

[
iγ11|q1(t, z)|2 + i2γ12|q2(t, z)|2 − α

2

]
q1(t, z), (6.2)

γ11 =
n2ω0

cAeff,11

, (6.3)

γ12 =
n2ω0

cAeff,12

, (6.4)

Aeff,11 =

∫ ∫ |F11(x, y)|2 dxdy
∫ ∫ |F11(x, y)|4 dxdy

, (6.5)
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Aeff,12 =

∫ ∫ |F11(x, y)|2 dxdy
∫ ∫ |F11(x, y)|2 |F22(x, y)|2 dxdy

, (6.6)

where γ11 is the intracore nonlinear coefficient, γ12 is the inter-core nonlinear coeffi-

cient, n2 is the nonlinear-index coefficient, ω0 is the carrier frequency, c is the speed

of light, Aeff,11 is the effective mode area for core 1, Aeff,12 is the effective overlapping

modes area between cores 1 and 2, and F11(x, y) and F22(x, y) are the fundamental

modes modal distributions for core 1 and core 2, respectively. For the assumed core

spacing (15 µm), γ12 is much smaller than γ11 so that nonlinear crosstalk does not

affect the system performance significantly. So, the nonlinear crosstalk is ignored

in the simulation. We assume two types of multiplexer: (1) non-frequency selective

multiplexer, and (2) frequency-selective multiplexer.

Non-frequency selective multiplexer

Assume 4 WDM channels (λ1, λ2, λ3, and λ4,) and 2 cores. The interleaver launches

channels 1 and 3 (λ1, λ3) to core 1 and channels 2 and 4 (λ2, λ4) to core 2. Due

to the linear crosstalk, a portion of power from core 1 couples into core 2 (δλ1, and

δλ3) and vice versa (δλ2, and δλ4). Fig. 6.11 shows the output of the cores and

the block diagram of the non-frequency selective multiplexer. As can be seen, at the

core 1 (core 2) output, two WDM channels λ1 and λ3 (λ2 and λ4) and the crosstalk

distortions δλ2 and δλ4 (δλ1 and δλ3) are present. In this case, multiplexer simply

adds the cores’ outputs together. So, we have
∑4

i=1 λi + δλi at the output of the

multiplexer. Since δλi is in the same frequency as that of λi with different amount of

phase shift, it acts like a noise for the WDM channel λi which leads to performance

degredation.
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Figure 6.11: Non-frequency selective multiplexer block diagram.

Figs. 6.12(a) and 6.12(b) show the average BER versus crosstalk factor for 2-core

and 4-core systems, respectively. It can be seen that with the increase of crosstalk,

performance of MCF system decreases. From Fig. 6.12(a) (6.12(b)), we see that when

the crosstalk exceeds -32 dB, (-34 dB), the performance of 2-core (4-core) MCF system

is worse than that of a single-core system. Performance penalties at crosstalk factor

-30 dB are 1.55 dBQ20 and 3.25 dBQ20 for 2-core and 4-core systems, respectively,

when they are compared to crosstalk factor -55 dB.
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Figure 6.12: Average BER vs. crosstalk factor for (a) 1-core and 2-core fiber, No. of
spans = 37, Pin = −6 dBm for the 1-core, Pin = −4 dBm for 2-core, (b) 1-core and
4-core fiber, No. of spans = 47, Pin = −6 dBm for the 1-core, Pin = −2 dBm for
4-core.
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Frequency-selective multiplexer

Since the crosstalk distortions (δλi) are spatially and spectrally separated (they are

in different cores and different frequencies), the multiplexer transfer function can

be designed such that it eliminates the distortions. Fig. 6.13 shows the frequency-

selective multiplexer block diagram. As can be seen, the multiplexer picks wavelengths

λ1 and λ3 from core 1 output and λ2 and λ4 from core 2 output. The crosstalk

distortions (δλi) appear in the other port of the multiplexer and they do not affect

the system performance, except for the fact that the power loss due to leaking lowers

the SNR.

Figure 6.13: Frequency selective multiplexer block diagram.

Fig. 6.14 shows the average BER versus crosstalk factor for 2-core and 4-core

systems. In the 2-core system, Pin = −4 dBm and 37 spans were assumed and in the

4-core system, Pin = −2 dBm and 47 spans were assumed. It can be seen that the

system shows better tolerance to the crosstalk effect compared to the non-frequency-

selective multiplexer case. From Fig. 6.14, we see that when the crosstalk exceeds

-15 dB, the performance of multi-core system begins to decrease which is due to the

power loss caused by crosstalk effect.

The way in which the discussed multiplexers can be built have not been studied yet

and it has been left as a future work. It is worth mentioning that the proposed multi-

core WDM system has better tolerance to the inter-core crosstalk effect compared to
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Figure 6.14: Average BER vs. crosstalk factor for (1) 2-core fiber, No. of spans =
37, Pin = −4 dBm, (2) 4-core fiber, No. of spans = 47, Pin = −2 dBm.

conventional multi-core WDM systems that uses a separate amplifier for each core

(Fig. 6.1). It is due to the fact that channels propagating in each core have no

correlation with channels propagating in the neighboring cores in frequency domain

(Figs. 6.3 and 6.4). In contrast, in the multi-core WDM system that uses a separate

amplifier for each core, inter-core crosstalk effect increases with transmission distance

causing serious performance degradation.

6.4 Conclusions

In this chapter, we have proposed a multiple core or multi-fiber system configuration

for a WDM system in order to mitigate the inter-channel fiber nonlinearity. Unlike

the single channel multi-core/fiber (Chapter 5), multi-core/fiber WDM system does
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not require adaptive phase-shifters and time-shifters which makes the system easy

to implement. By decreasing the inter-channel nonlinear impairments, transmission

reach can be extended from 2640 km for a single-core fiber system to 5360 km for

a 4-core/fiber system with negligible crosstalk. Effect of crosstalk for two different

multiplexers are studied and it is shown that the multiplexer can be designed such

that it blocks the crosstalk distortions.

125



Chapter 7

Conclusions and future work

This thesis is focused on the analysis and mitigation of nonlinear impairments in

the fiber-optic system. In the first part (Chapters 2, 3, and 4), analytical models

for the single channel nonlinear distortion (intrachannel) and multi-channel nonlinear

distortion (inter-channel) are developed. Then, in the second part (Chapters 5, and

6), multi-core/fiber architecture is proposed to mitigate the intrachannel and inter-

channel nonlinear impairments.

In Chapter 2, an analytical expression for the intrachannel nonlinear impairments

is developed based on QPSK modulation. Based on the analytical model, power

spectral density (PSD) and variance due to the nonlinear distortions are obtained. It

is found that intrachannel four-wave mixing (IFWM) is the only source of nonlinear

distortion for the QPSK system. The IFWM variance is added to that of amplified

spontaneous emission (ASE) noise to obtain the total variance so that the BER can

be found analytically. Simulation results show that the analytical model is in good

agreement with the numerical results. Using the analytical model, computational cost

can be reduced significantly compared to Monte-Carlo simulations. For non-Gaussian
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pulses, the nonlinear impairments can not be obtained analytically. However, using

stationary phase approximation, convolutions are replaced by simple multiplications

and a closed-form formula can be obtained. The analytical model (and also numerical

results) shows that the nonlinear impairment scales as P 3 where P is the fiber input

launch power. This fact is used in Chapters 5 and 6 to decrease the nonlinear effects.

In Chapter 3, the same approach as Chapter 2 is used to find the intrachannel

nonlinear impairments for QAM signal. In this case, the PSD due to the self-phase

modulation (SPM), intrachannel cross-phase modulation (IXPM), IFWM, and cor-

relation between them are obtained analytically. It is found that the IXPM has the

main contribution to the total PSD which suggests that a computationally inexpen-

sive equalizer can be designed such that it only compensates for the IXPM. Design of

such an equalizer is left for the future work. As an another future work, the analytical

variances can be used to find the BER of a QAM system analytically.

In Chapter 4, an analytical model is developed for the inter-channel nonlinear

impairments based on QAM signal. Using the model, variances for SPM and cross-

phase modulation (XPM) nonlinear distortions are obtained analytically. Same as

for intrachannel nonlinear variance, inter-channel nonlinear variance scales as P 3. In

addition, a linear relation between the nonlinear impairment variance and the system

reach is found which helps reducing the computational cost by extrapolating the carve

when the slope of the line is known. As a future work, analytical BER in the WDM

systems can be obtained using the model.

In Chapter 5, a multi-core/fiber system is proposed to mitigate the fiber nonlin-

ear impairments. Since the nonlinear impairments scales as P 3, reduction of input
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launch power by dividing the power between the cores/fibers leads to significant sys-

tem performance improvement. Signals in different cores/fibers experience different

amount of phase shifts and timing delays which causes power loss when they are

combined at the power combiner. So, electrical and optical equalizers are used to

make sure all signals are added in phase. Four different systems are assumed: (1)

unrepeatered multi-core/fiber system with optical equalizer, (2) unrepeatered multi-

core/fiber system with electrical equalizer, (3) multi-span multi-core/fiber system

with in-line optical equalizers, and (4) multi-span multi-core/fiber system with opti-

cal equalizers at the receiver. For unrepeatered systems, the performance is improved

by 6.2 dBQ20 using 8-core/fiber configuration as compared to single-core fiber system

and the transmission reach increased from 260 km in the case of single-core system to

310 km in the case of 8-core/fiber system. For multi-span system, the transmission

reach is quadrupled in 8-core/fiber configuration and Q factor improved by 5.3 dBQ20

as compared to single-core fiber system.

In Chapter 6, the multi-core/fiber system is applied in WDM systems to decrease

the inter-channel nonlinear impairments. Since each core/fiber carries channels with

different frequencies, adaptive phase and time shifters are not required in this system.

In each core/fiber, channel spacing increases and input launch power decreases by a

factor of M (M is the number of cores/fibers) by interleaving the WDM channels

between M cores/fibers. As a result, inter-channel impairments decrease and system

performance increases significantly. It is shown that for a 39-span system, the 4-

core/fiber system with negligible crosstalk outperforms the single-core system by 2.2

dBQ20. In addition, transmission reach can be extended from 2640 km for a single-core

fiber system to 5360 km for a 4-core/fiber system. The effect of inter-core crosstalk
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is investigated for two types of multiplexers: (1) non-frequency selective multiplexer,

and (2) frequency-selective multiplexer. It is shown that for the frequency-selective

multiplexer, transfer function of the multiplexer can be designed such that it blocks

the crosstalk distortions. The way in which these multiplexers can be built is left as

a future work.
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Appendix A

Gaussian pulse case

For a Gaussian pulse shape, we have

p(t, 0) = exp

(
− t2

2T 2
0

)
, (A.1)

and

p̃(f, 0) = k exp(−ξf 2), (A.2)

where

k =
√

2πT0,

ξ = 2π2T 2
0 . (A.3)

Equation (2.18) can be rewritten as

X̃l,m,l+m(f, z) =
∫ ∫

p̃1(f1) exp(i2πf1lTs)p̃2(f2 − f1) exp[i2π(f2 − f1)mTs]
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p̃3(f − f2) exp[i2π(f − f2)nTs]df1df2, (A.4)

n = l + m, (A.5)

p̃1(f) = p̃(f, z) = p̃(f, 0) exp[i(2πf)2β2z/2], (A.6)

p̃2(f) = p̃1(f), (A.7)

p̃3(f) = p̃∗1(−f) = k exp[−ξf 2 − i(2πf 2)β2z/2]. (A.8)

Let

Xl,m,n(f, z) =
∫

M(f2)p̃3(f − f2) exp[i2π(f − f2)nTs]df2, (A.9)

M(f2) =
∫

p̃(f1, 0) exp[i2πf1lTs + iδf 2
1 ]p̃(f2 − f1, 0)

exp[i2π(f2 − f1)mTs + iδ(f2 − f1)
2]df1, (A.10)

where 2π2β2z = δ. Using Eq. (A.2) in Eq. (A.10), we find

M(f2) = k2
∫

exp[−ξf 2
1 + iδf 2

1 − ξ(f2 − f1)
2 + i2πf1lTs

+i2π(f2 − f1)mTS + iδ(f2 − f1)
2]df1,

= k2 exp[−ξf 2
2 + iδf 2

2 + i2πf2mTs]
∫

exp{−2[ξ − iδ]f 2
1 + i2πf1(l −m)Ts + 2ξf1f2 − i2δf1f2}df1. (A.11)
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Equation (A.11) may be rewritten as

M(f2) = k2 exp[−(ξ − iδ)f 2
2 + i2πf2mTs]I(f2), (A.12)

where

I(f2) =
∫

exp{−2(ξ − iδ)f 2
1 + 2f1[iπ(l −m)Ts + (ξ − iδ)f2]}df1,

= exp

{
[(ξ − iδ)f2 + iπ(l −m)Ts]

2

2(ξ − iδ)

} √
π√

2(ξ − iδ)
. (A.13)

Substituting Eq. (A.13) in Eq. (A.12), we find

M(f2) = J exp(−βf 2
2 + iµf2), (A.14)

J =
k2
√

π√
2(ξ − iδ)

exp

(−π2(l −m)2T 2
s

2(ξ − iδ)

)
, (A.15)

β =
ξ − iδ

2
, (A.16)

µ = πTs(l + m). (A.17)

Substituting Eq. (A.14) in Eq. (A.9) and noting that

p̃3(f − f2) = k exp[−(ξ + iδ)(f − f2)
2], (A.18)

Eq. (A.9) becomes

Xl,m,l+m = J exp[−(ξ + iδ)f 2 + i2πfnTs]
∫

exp[−(ξ

−iδ)f 2
2 /2− (ξ + iδ)f 2

2 + (ξ + iδ)2ff2]df2,
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= D exp(Af 2 + Bf + C), (A.19)

A = −(ξ2 + δ2)f 2

3ξ + iδ
, (A.20)

B =
i4πfTs(l + m)ξ

3ξ + iδ
, (A.21)

C = −2π2T 2
s [(l2 + m2)ξ − lm(ξ + iδ)]

(3ξ + iδ)(ξ − iδ)
, (A.22)

D =
k3π√

(ξ − iδ)(3ξ + iδ)
. (A.23)
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Appendix B

Stationary phase approximation

From Eq. (A.10), we have

M(f2) =
∫

p̃(f1, 0)p̃(f2 − f1, 0) exp [i2πf1lTs + iδf 2
1 + iδ(f2 − f1)

2 + i2π(f2 − f1)mTs]df1

= exp(i2πf2mTs + iδf 2
2 )I(f2), (B.24)

I(f2) =
∫

p̃(f1, 0)p̃(f2 − f1, 0) exp [i2δf 2
1 + i2πf1(l −m)Ts − 2iδf1f2]df1.(B.25)

Let

θ(f1) = 2δf 2
1 − 2δf1f2 + f12π(l −m)Ts, (B.26)

so that

I(f2) =
∫

p̃(f1, 0)p̃(f2 − f1, 0) exp (iθ(f1))df1. (B.27)

We assume that p(t) is real and symmetric with respect to origin so that p̃(f) is real.

Since θ(f1) is varying rapidly, the dominant contribution to the integral in Eq. (B.27)
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comes when

dθ

df1

= 0, (B.28)

or

f1,opt =
π(m− l)Ts

2δ
+

f2

2
. (B.29)

Substituting Eq. (B.29) in Eq. (B.26), we find

θ(f1,opt) = −δ

2

[
f2 +

π(m− l)Ts

δ

]2

. (B.30)

Under the stationary phase approximation, Eq. (B.27) becomes

I(f2) ∼= p̃(f1,opt, 0)p̃(f2 − f1,opt, 0) exp [iθ(f1,opt)]l1, (B.31)

l1 =

√
2π

|θ′′(f1,opt)| exp [sgn(θ′′(f1,opt))iπ/4],

=

√
π

2|δ| exp (isgn(δ)π/4), (B.32)

where ′′ denotes differentiating twice. Using Eqs. (B.29) and (B.32) in Eq. (B.31),

we find

I(f2) = l1p̃
(

π(m− l)Ts + f2δ

2δ
, 0

)
p̃
(

δf2 − π(m− l)Ts

2δ
, 0

)

exp
{
− iδ

2

[
f2 +

π(m− l)Ts

δ

]}
. (B.33)

135



PhD Thesis - Sina Naderi Shahi McMaster - Electrical Engineering

Substituting Eq. (B.33) in Eq. (B.24), we find

M(f2) = s1(f2) exp
[
iδf 2

2

2
− iπ2(m− l)2T 2

s

2δ
+ iπf2(m + l)Ts

]
, (B.34)

where

s1(f2) = p̃
(

π(m− l)Ts + f2δ

2δ
, 0

)
p̃
(

δf2 − π(m− l)Ts

2δ
, 0

)
. (B.35)

Substituting Eq. (B.34) in Eq. (A.9) and simplifying, we obtain

X̃l,m,l+m(f) = exp
[
− iπ2(m− l)2T 2

s

2δ
− iδf2

] ∫
s2(f2) exp (iθ2(f2))df2, (B.36)

where

s2(f2) = s1(f2)p̃(f − f2, 0), (B.37)

θ2(f2) = −δf 2
2

2
+ 2δff2 − πTsf2(l + m). (B.38)

Since θ2 is varying rapidly, we use the stationary phase approximation again to eval-

uate the integral in Eq. (B.36). Differentiating Eq. (B.38) with respect to f2 and

setting the result to zero yields

f2,opt = 2f − πTs(l + m)

δ
. (B.39)

136



PhD Thesis - Sina Naderi Shahi McMaster - Electrical Engineering

Proceeding as before, Eq. (B.36) can be simplified as

X̃l,m,l+m(f) =
π

|δ| p̃
(
f − πlTs

δ
, 0

)
p̃
(
f − πmTs

δ
, 0

)
p̃
(
− f +

π(l + m)Ts

δ
, 0

)

exp
[
i
(
δf 2 +

2π2T 2
s lm

δ

)]
. (B.40)
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Appendix C

Differential equation solution

Taking the Fourier transform of Eq. (4.19), we have

df̃(z, ω)

dz
− jω2β2(z)

2
f̃(z, ω) = −jF̃ (z, ω), (C.41)

where f̃(z, ω) is the Fourier transform of f(z, T ) and

F̃ (z, ω) = η(z) exp

(
−

3∑

k=1

C2
kRk

) ∫ ∞

−∞
exp[−RT 2 + T (2C + iω)]dT

=

√
πη′√
R

exp

[−ω2

4R
−Dω

]
, (C.42)

where

R = R1 + R2 + R3, C = C1R1 + C2R2 + C3R3, (C.43)

D =
iC

R
, (C.44)

η′(z) = η(z) exp

(
−

3∑

k=1

C2
kRk +

C2

R

)
. (C.45)
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The solution of Eq. (C.41) with the initial condition f̃(0, ω) = 0, is

f̃(z, ω) = −j
∫ z

0
F̃ (s, ω) exp[jω2A(z, s)/4]ds, (C.46)

where

A(z, s) = 2[S(z)− S(s)]. (C.47)

Using Eq. (C.42) in Eq. (C.46) and inverse Fourier transforming, we obtain

f(z, T ) =
−j
√

π

2π

∫ z

0

η′(s)√
R(s)

∫ ∞

−∞
exp[−4ω2δ − ω(D + jT )]dωds, (C.48)

where

δ(z, s) =
1

R(s)
− jA(z, s). (C.49)

After evaluating the inner integral in Eq. (C.48), we obtain

f(z, T ) = −j
∫ z

0

η′(s)√
δ(z, s)R(s)

exp

[
(D(s) + jT )2

δ(z, s)

]
ds. (C.50)

Using Eqs. (C.43)-(C.45) and Eq. (C.50), and after some algebra, we arrive at Eq.

(4.21).
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