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Abstract

We study Ginzburg-Landau equations for a complex vector order parameter ¥ =
(¢4,1_) € C% In particular, we consider entire solutions in all R?, which are obtained
by blowing up around vortices, which occur in superconductivity and Bose-Einstein
condensate. An important class of entire solutions are the symmetric vortex solutions
in the plane R?, o (z) = fv(r)e™*% with given degrees ni € Z. We prove existence,
uniqueness, and asymptotic behavior of solutions as r — oo, and we also consider
the monotonicity properties of solutions. Among the entire solutions we distinguish
those which are local minimizers, and we show local minimizers must have degrees
ny € {0,£1}. For degrees deg(¥;00) = [£1,0] or [0, £1], we show stable solutions
have coreless vortices, with |¥(z)| > C > 0. Finally, we consider the stability of the
equivariant solutions with degree [1, 1] of the Dirichlet problem in disks Dg, as R — o0.
Based on the discussion of monotonicity of symmetric vortex solutions, we find that
the sign of parameter B still plays an important role in the stability of these solutions.
When B < 0, the equivariant solution is stable in Dy for any R. On the other hand,
there is an interval of values of B > 0 for which the equivariant solution is unstable

for all sufficiently large disks Dg.
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Chapter 1

Introduction

1.1 Two-component Ginzburg-Landau system

We study the structure of the vortices in two-component Ginzburg-Landau functional.
Let Q C R? be a smooth, bounded domain and ¥ € H'(Q; C?). We define an energy

functional

BUW ) = [ SIVUP4 LA Pt A (-t 2B ) (- P 2],
(1.1)
where U = [, (x),v_(z)] € C*>, Ay > 0, B and ¢ > 0 are parameters. Energy
functionals of a form similar to E. have been introduced in some physical models, and
we will briefly describe it in the next section. Although the physical models are much
more complex, we expect that the essential features of the singular limit € — 0 in the

physical systems will be well described by the simpler energy (1.1) above.
Throughout the thesis we make the following assumptions concerning the constants
appearing in (1.1):
AL A >0, BE< ALA_, t.t_>0. (H)



By hypothesis (H), the potential term in the energy

F(U) = Ay (P — 202 + A (> = 2)7 + 2By [ — £2) (> — 12)

is nonnegative and coercive, and attains its minimum (of zero) when [¢| = t+. To
pose a more concrete example, consider (1.1) in a disk Q = Dg, with appropriate

iN10

Dirichlet boundary conditions 14 =tie . As € — 0, minimizers ¥ should lie

o
on the manifold in C? on which the potential F/(¥) vanishes. That manifold is a 2-torus
Y C $* C C?, parameterized by two real phases ¥ = [y, ] = [t e+, t_e*~], and
thus a Y-valued map V(z) carries a pair of integer-valued degrees around any closed

curve C,
deg(\pv C) = [N-i-u N—]7 N+ = deg(d)-i—a C)’ N_ = deg(¢—a C)

If the given Dirichlet boundary condition has nonzero degree in either component, then
there is no finite energy map ¥ which takes values in ¥ and satisfies those boundary
conditions, and we expect that vortices of solutions will be created in the e — 0, just
as in the classical Ginzburg-Landau model [BBH94]|. These solutions are the main
subjects of this thesis. As is typical for Ginzburg-Landau equations, by blowing up
around the core of a vortex at scale €, we obtain an entire solution of the following

system

—AY; + [AL([0L]? = 1) + B([y-|* — t2)]s =0,
—AY_ + [A_([-[* = 2) + B[94 |* — t2)]v- =0,

in all of R?. They describe the local structure of solutions of (1.7) near a vortex.

(1.2)

Many results in the thesis will concern entire solutions to (1.1), that is Q = R? with
€ = 1. The entire solutions are obtained by blowing up at scale € around a vortex. If
the original ¥€ is energy minimizing in €2, by blowing up, we obtain entire solutions

for which the potential energy is integrable,

/ F(V)dr < oc. (1.3)
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By the positive definiteness of F', this suggests that the solutions we seek should attain
the asymptotic values

|Ve(z)| =t as |z| — oc.

That is, for |z| large, the solutions may be written in polar form, 1. (z) = pi(x)e®+®
with real-valued p(z), ¢p+(x), and p4(x) ~ tL. The phases ¢4 () may have nontrivial
winding number around any large circle Cr enclosing the origin, and we will show
that these solutions carry two integer degrees ny = deg(ﬁﬁ—ji;', Cgr) € Z. As there are
no smooth Y-valued functions with nontrivial degrees in a simply connected domain,

solutions W(z) with nontrivial winding must vanish in one or more of its components

¥4 to avoid singularities. These zeros are the vortices of the solution.

For the classical (single-component) Ginzburg-Landau equations in R?,
~Au+ (Ju* = )u=0, (1.4)

the solutions are completely known. It is a complex-valued version of the Allen-Cahn
for phase transitions (see [MM77]), leading to codimension 2, instead of codimension
1, singularities (the vortices). Bethuel, Brezis and Hélein [BBH94| considered the
Dirichlet problem in a bounded domain 2 C R?, with u{ a0 = 9» @ given function with
lg| = 1 and nontrivial degree N = deg(g,0€2). They showed that, as € — 0, energy
minimizing solutions have exactly N vortices of degree one, and they described their
location by minimizing a renormalized energy, which is derived by sharp estimate of
the interaction energy between the vortices. Applying the technique of blowing up at
scale € around a vortex, it produces a locally minimizing solution to (1.4) with degree
d at infinity. And the associate potential to (1.4) can be quantized with their degrees
at infinity [BMRO94]:

/ (Jul? — 1)? = 2nd? .
R2

With the radial form of solution u(r,0) = f(r)e'®, Hervé-Hervé [HH94] pointed out

that f(r) is uniquely determined by the degree d. Combining results by Shafrir [Sha94],



Sandier [San98| and Mironescu [Mir96], the unique nontrivial locally minimizing solu-
tions is (up to symmetries) the degree-one equivariant solution u = f(r)e. Bauman-
Carlson-Phillips [BCP93] proved that the minimizer with degree 1 vortex vanishes at
a unique point. Millot and Pisante [MP10] showed that any local minimizer for a

3D Ginzburg-Landau energy in (entire) R? with u : R — R3 satisfying the energy

iz

growth condition must be u(x) ~ B

Shafrir [Sha95] refined the Bethuel-Brezis-Hélein [BBH94] result by showing that the

near infinity up to rotations and translations.

minimizer of the associated energy functional to (1.4) in € is close to the rescaled
entire solution in the supremum norm. Mironescu [Mir95] discussed the stability of
the radial solution to (1.4) in a disk with Dirichlet boundary condition, and mentioned
that the equivariant solutions with degree one is stable while unstable when the degree

is higher than 2 when the scale measurement € is small.

For the case of Ginzburg-Landau model with magnetic field

1 : 2 2 1 2\2
Fo= 5 [ 107 =iApul + b= bl + 551 = [ (1.5)

there are many phenomena which are observed due to the presence of the magnetic
field, but the results on the local structure of the vortices are the same as for the
simpler system (1.1). Given €, the behavior of minimizers and critical points to (1.5) is
determined by the value of the external field h.,. There are three main critical values
of hex or critical fields H.,, H., and H.,, for which phase-transitions accour. At H,,,
the first vortice(s) appear. Alama-Bronsard-Giorgi [ABG99] proved the uniqueness of
N-vortex radially symmetric solution to (1.5) under the condition e 2 > 2N?2. Sandier
and Serfaty [SS07] showed that normal state solution becomes minimizing in the full
domain R? at critical field H,, for (1.5). Giorgi and Phillips [GP99] presented that the

normal states are the only solution to (1.5) when magnetic field of order e~2.



1.2 Physical motivation

In a model of two-component BEC from Eto et al. [EKN*11], we consider a pair
of complex wave functions ® = (1, ) € C?, defined in the sample domain  C R?.

The energy of the configuration is defined as

K2 h2 1
{Q—ml\VS@lF + Q—WW%F +3 (g1le1]* + golpal* + 2g12] 01 %[ 02|?) | da,

E(p1,¢2) =/

Q

where mi,ms > 0 are the masses, and the coupling constants satisfy the positivity
condition gyg» — g3, > 0. The Gross-Pitaevskii equations govern the dynamics of the

condensate,
2

) h
ihOyp1 = —%A% + gile1 o1 + gizloa e,
1

: (1.6)

_ I
ihdypa = o Aps + gialer]*e2 + goe2]ea.
mg
A stationary equation of the desired form is obtained by considering standing wave
solutions, o;(z,t) = e **/My;(x), i = 1,2, where y; represent the chemical potentials:
2

h
o Ay +91|901|2901 +912|302|2901 = [1p1,
ma

2

h
T Apy + 912|901’2902 + g2|902|2902 = U2(P3.
ma

In the variational formulation of the stationary problem, the chemical potentials rep-
resent Lagrange multipliers, which arise because of the constraints on the masses of

the two condensate species,

/ ’%”2(133 = / !ui\zdx =N;, 1=1,2.
Q Q

By a rescaling of the dependent variables, ¥, = V2 ur, Yo = {/ L u, we may

eliminate the masses m; from the equations, and we obtain the system

Ay + [AL (|94 = 13) + B(|[Y- | = £2)]py = 0,

(1.7)
—AY_ + [A_(JY-|? = £2) + B(Jp|* — 1)y =0,



Wlth 62 = L A+ == %91, A— = %92, B = gi2, and

2 — H192 — H2G12 [Tl 2 — H291 — H1gi2 [T
T —gh Vi T g2 =g Vma
These equations are exactly the Euler-Lagrange equations corresponding to the energy

(1.1). Following the procedure in Proposition 3.12 of [SS07], by blowing up around
U (z) = U¢(p. + ex), we obtain an entire solution of (1.2)

— Ay [Ap (e — ) + B2 — )]y = 0,
“AY A (P — £2) + B(s ]2 — )]y = 0.

In a more physically appropriate model for a two-component BEC [KTUO03]|, the
Laplacian in the Gross-Pitaevskii system (1.6) should be replaced by the Hamiltonians

hZ
Him AV L, =12
(]
with harmonic trapping potentials V" = ¢2|z[>/2, ¢; constant i = 1,2; angular

momentum operator L,; and (constant) angular speed 2. While this is an essential
step, both in modeling the confinement of the condensate and in describing the onset of
vortices in the sample, these terms will not affect the general form (1.7) of the blow-up
equations which describe the vortex profiles at length scale € in the condensate. Indeed,
the momentum operator plays much the same role as the magnetic vector potential in
the GL model of superconductivity, and for rotations which are of moderate strength
in €, w < €', the analysis of Proposition 3.12 of [SS07] may be used to derive (1.7)

in limit € — 0 after rescaling.

Some physics literature have introduced spin-coupled (or spinor) Ginzburg-Landau
models for complex vector-valued order parameters in order to account for ferromag-
netic (or antiferromagnetic) effects in high-temperature superconductors [KR98] and in
optically confined Bose-Einstein condensates [IM02]. A change of variables in this mod-

els leads to (1.1) with balanced coefficients A, = A_ =1, {2 = % A series of papers



[ABO06], [ABMO09] treat (1.1) and entire solutions in this special case. Aftalion-Mason-
Wei [AMW] studied stable solutions of the two-component Bose-Eistein condensate
due to the trapping potential and estimated the vortex-peak energy according to the
parameters of the system. They derived an energy depending on the location of vortices
and peaks and determined for which values of the experimental parameters, the lattice
goes from triangular to square. These critical values agrees well with the ones found
from the numerical computations of the full Gross-Pitaevskii equations of [MA11].
Berestycki-Lin-Wei-Zhao [BLWZ13| studied the bound state solutions of a class of
two-component nonlinear elliptic systems with a large parameter tending to infinity.
They obtained the separation of supports of ¥, and v_ in the case B > /A, A_,

which is a very different regime from the one treated in this thesis.

1.3 Main results

This thesis is primarily concerned with the existence, uniqueness, stability and other
properties of solutions to (1.1). Our goal eventually is to characterize all solutions, or

at least all stable solutions or we call it as locally minimizing solutions.

1.3.1 Symmetric vortex

In Chapter 2 we consider special entire solutions to (1.2). They are obtained by an
equivariant ansatz, ¥.(z) = fi(r)e™*’ in polar coordinates (r,6) in R?, with fi a
pair of real-valued functions and given degree pair [n,,n_] € Z?. By taking complex
conjugates if necessary, we may assume that ny > 0. By the equivariant ansatz, the
associated system can be reduced to a system of ODEs. In the spirit of [ABMO09], we
show that for each fixed choice of degrees n.. at infinity, there exist unique equivariant

entire solutions satisfying (1.3). To determine the shape of the vortex profiles, we



consider the asymptotic form of the solutions for » — oo and prove that

by

r4

2ai

felr) =ty + i—j; +=4+007%, filr)= 5 +0(r™®), as r—oo0, (1.8

with
2(A A — Bty

and (rather complicated) constants b given in (2.33). A formal asymptotic expansion

(1.9)

of this form (in fact, an expansion to arbitrary order in 1/r) may be obtained by simply
substituting an ansatz into the system of equations and matching terms. Our results,
presented in Theorem 2.4, provide rigorous confirmation of this expansion by means of
sub-supersolution construction (Maple assisted) motivated by [CEQ94]. Moreover, we
prove that the expansion is uniform in the coefficients Ay, B, t4 lying in a compact set.
The proof is completed using a new and original comparison principle (Lemma 2.3)

for elliptic systems, which generalizes the one in [AB06].

From the asymptotics (1.8), we see that the shape of the solutions depends strongly
on the coefficients, in particular the sign of the interaction coefficient B. For B < 0,
both components approach their limiting value ¢4 from below, as is familiar from the
classical GL vortices. However, for B > 0, this may no longer be the case, and for
certain choices of ny and B one of the components will approach its limiting value
from above. Such behavior was already noted in [ABMO09] in the case n_ = 0, for a
“balanced” system, A, = A_, t, =t_. Even in the case ny # 0, our result implies
that there are parameter regimes in which vortex profiles will be non-monotone. For
the standard GL vortices, the vortex profile is known to be strictly monotone increasing
in 7. As suggested by the asymptotic expansion above, the validity of this property is
strongly dependent on the value of B. We prove the following:

Theorem 1.1. Let A, A_ > 0 be fized, and B such that B> < A A_. Assume
U(z; B) = [fy(r; B)e™0, f_(r; B)e™-9] is the equivariant solution for those parameters

AL, B.



(i) If B<O0, then fi.(r; B) > 0 for all r > 0 for any degree [ny,n_].
(ii) If B>0,ny >1 andn_ =0, then f (r; B) >0 and f' (r; B) <0 for all r > 0.

(iii) For any pair [ny,n_] with ny # 0 # n_, there exists By > 0 such that fi.(r; B) >
0 for allr >0 and all B with 0 < B < B,.

£, £,

B <0 B>0

Figure 1.1: For the case ny > 1, n_ =0

B <0 0< B < By

Figure 1.2: For the case n, # 0 # n_

We observe that the leading order term (1.9) in the asymptotic expansion suggests

that the optimal value of By in (iii) above is min {A_Z—g*, A+Z—§}. Our proof of (iii)
- i
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depends on perturbation of the case B = 0, by means of a compactness argument.

The relationship between By and the other parameters remains an open question.

1.3.2 Properties of entire solution

In Chapter 3 we consider the properties of general (not necessarily radial) entire so-
lution to (1.2) satisfying (1.3). We prove that 1. ~ tLe!™=0+5%) yniformly outside
of large ball Bg. With an improved sub-supersolution construction and comparison
principle similar to the one in [BBH93] and [ABO06], this uniform convergence is also
true in C*—norm (Lemma 6.1). As was the case for the classical Ginzburg-Landau

equations [BMR94], we also establish a phenomenon of quantization for the “mass”

/ F(U) (see Theorem 3.1), namely
R2

Theorem 1.2. Let (for any choice of [ny,n_]) ¥ = [¢b,¢_] be a solution of (1.2)
satisfying (1.3). Then

LA = 8+ Ao = £ #2800 = ) (10 = )}

=2 (n2t% +n’t?).

Measured on all of the R?, the energy defined in (1.1) with € = 1 of such a solution
diverges. However, when properly renormalized, there is a well-defined core energy

defined as a limit (see Lemma 3.2):

Proposition 1.3. Let ¥ solve (1.2) in R? satisfying (1.3). Then, the following limit
erists:

lim [E(V; Dg) — 7(t3n +t2n®)In R].

R—o0

For entire solutions ¥ which are stable we expect more. We define locally minimiz-

ing solutions in R? in the sense of De Giorgi: we say that U is a locally minimizing

10



solution of (1.2) if (1.3) holds and if for every bounded regular domain ) C R?,
B(W:0) < B(#;9)

holds for every ® = (¢, ¢_) € H'(Q;C?) with CID‘aQ = \II‘BQ. In the case of the
single Gingzburg-Landau equation (1.4), it is known from Shafrir [Sha94]| that the
only nontrivial solutions which are locally minimizers for the associated energy to (1.4),

have degree +1 at infinity. We show that the same is true for ¥ (Proposition 4.2):

Proposition 1.4. A nontrivial local minimizer of (1.2) must have degrees ny €

{0, £1}.

The 2-component system offers a larger variety of potentially local minimizing solu-
tions (see [AMW]), we must consider degrees at infinity deg(¥; c0) = [£1,+1], [£1, 0]
and [0,%+1]. The [ny,n_] = [1,0] or [0, 1] vortices are very interesting, and different
from usual GL vortices. Since one component has degree zero, that component is not
required to vanish at any point. In Theorem 4.3 we show, for a class of systems in-
cluding (1.2) that indeed |¥(z)| is bounded away from zero in all R?%. This is called
a “coreless” vortex (see [AMW]) in physics. Another open question is to determine if
the radial solution with [ny,n_] = [1,0] is in fact a local minimizer, and furthermore

to show whether it is the unique local minimizing solution.

These results depend heavily of the strong Cf _-convergence of solutions away from
vortices. Energy bounds are not sufficient to obtain the sharp pointwise estimates
needed to prove these results, and so we use elliptic regularity theory as in [BBH93|
and some comparison principles for elliptic systems to improve the convergence of

solutions. These methods are highly technical, and we include them in Chapter 5.

11



1.3.3 Stability & Instability in a disk

Chapter 4 concerns the stability of the equivariant solutions with degree [1,1] of the
Dirichlet problem in the unit disk ;. Notice that the stability in dynamics depends
on the type of evolution equation chosen for the model. For nonlinear Schrodinger
evolutions, for example, there are many different definitions of stability (see [Pelll]).
For convenience, we replace the usual parameter € by A = ¢ 2 in E,, write the energy
functional as
1 2, A 2 4232
Ex0) = [ 51904 LA~ )
+A- (WP = 2)* + 2B(j P = &) (|- = £2)]
and minima (or more generally, critical points) of E\ over the space H, consisting of

all functions ¥ € H*(Dy; C?) with the symmetric boundary condition:
Uy, = [tre? 1], (1.10)

The associated Euler-Lagrange equations to E) with boundary condition (1.10) is as

follows:

A+ MAL (0 ? — 2) + B2 — 2)]g, =0, inDy,
A+ NA (W — 2) + B2 — )4 =0, inDy, (1.11)
Yy = tre?, on D).

We note that rescaling by R = v/, this Dirichlet problem is equivalent to the Dirichlet
problem in a very large disk Dg, as R — oo when € — 0. Thus, this problem is also

an approximation to the stability problem for entire solutions in all R2.

There are several previous papers on stability and bifurcation for classical Ginzburg-
Landau equation. [Mir95] showed that the equivariant solutions lose their stability
property when degree d > 2 and e is small enough. As proved in [HH94], the radial

solutions form a regular branch in C* with respect to the parameter e. Comte and

12



Mironescu [CM98] proved that the loss of stability (see [Mir95]) leads to the appear-

ance of a bifurcation from this branch.

The two-component case was studied by [ABMO09], in the “balanced” case, AL =1,
t3 = . Analogous to the arguments in [ABM], we note that the stability of degree [1, 1]
vortex to (1.11) depends on the parameter A\. Based on the discussion of monotonicity
of radial solutions, we find that the sign of parameter B still plays an important role
in the stability of degree one-one equivariant solution to (1.11). A detailed description
of stability for equivariant solutions ¥ = [f,e?, f_e?] is given in Theorem 5.2 which
follows the approaches in [Mir95]. On the other hand, motivated by the previous work
for classical Ginzburg-Landau functional (see Mironescu [Mir95]), we use the analysis
of the linearization of the energy functional F)\ to study the instability of equivariant
solutions ¥ = [f,e? f_ €] in a positive interval of parameter B (see Theorem 5.9).

The main theorem is as follows:

Theorem 1.5. Let A,,A_ > 0 be fivred, and B such that B> < A, A_. Assume
U(z;R) = [fi(r; R)e?, f_(r; R)e] is the equivariant solution for those parameters

Ay, B to (1.11).

(i) If B < 0, then V(x; R) is stable VR > 0, in the sense EY(V)[®] > 0 V¥ €

(ii) For any B € (0, By) with By as in Theorem 1.1, there exists a unique constant

R. = R.(B) > 0 such that V(z; R) is unstable for any R > R,.

Theorem 5.2 generalizes results of [ABM], which were restricted to the “balanced”
case. When A, =1, t2 = % the system has additional symmetry properties, which
enable the authors to reduce the problem of stability from a system to a single complex-
valued equation. The results of [ABM] are therefore sharper, and they prove that when

B < 0, the radial solution is unique. Note that when B > 0 it implies that a vortex of

13



degree [ny,n_] = [1,1] is not radially symmetric, it must have non-coincident zeros in

its two components, ..

Following [ABM], it is natural to suppose that bifurcation occurs at R,(B), when
B € (0,Bp). As in [ABM], the unstable eigenfunctions correspond to separating the
single [1, 1] vortex at the origin in two antipodal vortices with degree [n,,n_| = [1,0]
and [0, 1], and so we conjecture that the same separation phenomenon holds in the

more general case as well. This remains an interesting and challenging open question.

14



Chapter 2

Radial Solutions

In this chapter we consider radial solutions of the equations (1.2) of the form

Yi(a) = fr(r)e™?, o(z) = f-(r)e™",

in polar coordinate (r,0) with given degree pair [n,,n_| € Z?. By taking complex
conjugates if necessary, we may assume that ny > 0. By the form of radial solution,

we can reduce the Laplacian term into the sum of the following terms:

1 1
Ay = Oty + ;@@/}i + ﬁaeet/)i
. 1 . n2 .
— e+ Lot T pyenst

Therefore, when f > 0, the system (1.2) reduces to the following system of ODEs:

2
_ J’;_%f;_kz—;ﬂr—i—[A+(fi—ti)+B(f2—t2)} fr=0, forre (0, ),
- %f’_ +Z—Z‘f_ +[A_(f2 =)+ B(fi —t1)] f- =0, forre (0, o),

fe(r) >0 for all re€ [0, c0),
fe(r) =ty as r — oo,

f:t(O) =0 if ni 7é 0; fi(O) =0 if ny = 0.

15



2.1 Existence and uniqueness

We begin with their existence and uniqueness.

Lemma 2.1. Let ny € Z be given and AL A_ — B? > 0. Then there exists a unique
solution [f(r), f_(r)] to (2.1) forr € [0, 00) such that:

f:l: eC™ ((07 OO)): (2'2)

fe(r) >0 forallr >0, (2.3)

fx(r) ~ 1™ forr ~ 0. (2.4)

In particular, V(z) = [fi(r)e"™? f_(r)e™-?] is an entire solution of (1.2) in R?

satisfying (1.3).

Proof. To obtain the existence we consider the problem defined in the ball Bg, R > 0,

2
- %fi + Z_;Efi F[A(f - B)+B(f2—t2)] fe =0, for0<r <R,
f(R) = t,
fe(0) =0 if ne#0, fL(0)=0 if ny=0.
(2.5)

The existence of such a solution follows easily by minimization of the energy

n+ n_ (f+7 )

5[ {Z (0 T AR - 20 2B ) — )] } rdr

= (2.6)
over Sobolev functions satisfying the appropriate boundary conditions at » = 0 and
r = R. Denote [fr+(r), fr—(r)] as any solution of (2.5). By part (i) of Lemma 6.3,
we have that f2(r) 4+ f2(r) < A for any solution to (2.1). Therefore, it follows that
fry € W2P by LP-estimate. Applying the Sobolev embedding, we have fr+ € CL

loc loc*

By the standard elliptic estimates, fz4 is bounded in Cf_ for Vk and there exists a

loc
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subsequence R, — oo for which the solution [fr+(r), fr—(r)] = [foot(r), foo—(T)]
in C%[0,00), and the limit functions [fe (1), fo_(r)] give (weak) solutions to the

ODE on (0, 00) with the same boundary condition at 7 = 0. And when r is near 0,

the ODE maybe written in the form as:

/ 2
)

an ODE with singular point at » = 0. By the Frobenius theory (see Appendix 3

of [BC89] or Lemma 5.9 of [ABM]), we deduce that the behavior fo + ~ 7™+ near

r = 0. As a consequence (see Theorem 3.1 of [BC89]), we may conclude that ¢4 (z) =

foox(r)e™=? is regular at r = 0 and solves (1.2) in R?.

On the other hand, since EY. , (|f+l,[f-]) = B, (fy, f-), it yields that fi >
0 in [0, R]. By the local uniform convergence of fi, we have that the limit fo, + > 0
on [0,00). Now suppose fi(ry) = 0 be an interior minimum at some point ry € (0, 00).
Then fi(ro) =0= fi(ro), so f1(ro) = 0 by uniqueness of solution to the initial-value
problem, which is a contradiction. Hence, f+ > 0 in (0,00). In order to obtain the
existence, it suffices to establish (1.3). For this purpose, we derive a Pohozaev identity:
we multiply the equation of fr 1 by 2 fr+(r) and integrate by parts with respect to
r € (0, R). We get that

1., 1 1 R
— SIRARE + 5t =5 s [ (72— )

R R
—BA(ﬁ—@M%ﬂW—BA(ﬁ—ﬁ%ﬁ—ﬁVWZU(ﬂ7

Adding above f. identities together, we obtain the Pohozaev identity:

L I [T ROPDIR S B o s o s
BRI+ S [RI(R)] +§/0 {AL(f2 = 2)2 + AL(f2 —12)*} rdr
R R
w3£(ﬁ—ﬁ%ﬁ—ﬁﬁw+3£[uﬂﬁbﬁﬂ+gg4ghﬂhmr
= —(nit] +n2t2).

2
(2.8)
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Integrate by parts again and simplify the left side of above identity, we obtain that

1 ! 2 1 / 2 1 f 2 22 2 2\2
SIRSLRE + SRS (R + 5 [ {A =8+ AL (2 = £}
T T VA R S e R )
’ ' ’ (2.9)

1.e.

RfL(R)? + [RF(R)? + / (A2 — 2+ A(f2 — )} rdr

R (2.10)
+ZB/ (F2 = 2)(f2 = 2 )rdr = 22 +n282,
0

which is the Pohozaev identity. By uniform convergence on [0, Ry for any Ry > 0 we
have
Ry
{A(F2 -8 + A2 =22 4 2B(ff = 2)(f2 = ) rdr < it} + 0282,
0

and letting Ry — 0o we establish the condition (1.3). This completes the existence of

Lemma 2.1.

To show the uniqueness we use the idea of Brezis and Oswald [BO86]. Let [ny,n_| €
Z? to be given, and suppose [f1, f_] and [g., g_] are two solutions of (2.1). Denote
by A, f = L(rf’(r))" in the Laplacian for radial functions. Then we have:

A1"<f:|:) n2

bl T AU - )+ BUE - 15) =0,
A (g+) n’

B, +T—;t9i+Ai(gi—ti)+B(gi—t3F) =0,

therefore we get

—Arjff” n Af” — A2 - )~ B(? - ), (2.11)
—A"Jff )y A"g(g‘) — A ) - B - ). (2.12)

18



We multiple (2.11) by f2 —g¢? and integrate over 0 < r < co. Since ¢4 (z) = fy(r)e™+?

defines a solution of the system (1.2) satisfying (1.3), the estimates of Proposition 6.1

and Corollary 6.6 hold for f., g+, we have

[t 2] oy,

n g+

_ / [(rfi)'f+—(7“9'+)'9++(7"f+),?i+(g);ﬂdr
=/0 (£ + <>}rdr—/0 {gif“” f+f }rdr

[ o s >§—Jd

= [T -2ttng g()]rdwf()w[(g)—zf—f %

/
g f rdr
0 T f+ *

= /0 [AL(f7 =)+ B(fF — g)(f2 — g%)] rar,
g, — 21

rdr—I—/
o= 7

= [ A = @ B - R - )]

0

i.e.
Jv

fi— gJr rdr

(f+)

(2.13)

(2.14)

Similarly, multiplying f2 — ¢2 to (2.12) and integrating over 0 < r < oo, we also have

/ g — - =" | rdr

fL——=q rdr+/
/0 g- 0 /-

— = [ A - R B - R - )]

0
As in [BO86] adding above identities together we obtain that

fr

o0 o0 f_ ,
0 §/ =4 rdr—i—/ g — = L= =g | rdr
0 * 9+ * 0 * f+ * g—
g
+ g —=—=f"|rdr
0 I-

[e.9]

- /0 AL — 2P+ A — @) +2B(f — @)(f° — &)} rdr.

Since we have the fact A, A_ — B? > 0, it follows that
Ayu? + 2Buv + A_v? > A\ (u? +0v?),

19
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A, B
where Ay > 0 is the smallest eigenvalue of the matrix - . Hence,

B A_

AL(fi =)+ A(f2 = @) +2B(f7 — )2 = %)
A=+ (2 =2 >0

Therefore,

0< —/0 (A2 = 2P + A2 = 2P +2B(f} = g)(f2 — ¢2)} rdr

. (2.17)
<A [ g (2 g rar <o,

which implies that f2 — g2 =0, i.e. fy = gu for all r € (0,00), and we have proven

the uniqueness. O

Remark 2.2. If we consider the existence and uniqueness of radial solution to (1.2)
for r € (0, R], the results are still held in the bounded disk. We just need to change

the interval of the integration for v to (0, R], together with the boundary conditions:
f+(R) = g+(R) = t4.

2.2 Asymptotics

Before we introduce the asymptotics of radial solution, we establish the useful com-

parison lemma for radial solution at first.

Lemma 2.3. Let A, B,C,ID be bounded functions in [R, o).

(A) Assume A, D >0, B, C <0 and 4AD — (B+ C)? > 0 in [R,00). Then, if u,v
are radial solutions of the following problem

m2
—Au—l— —u+Au+Bv<0 in [R,00),

2
—Av+ —211—1—Cu+]Dv <0 in [R,0),
r
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with u(R) < 0,0(R) < 0, w,v are bounded in [R,00) with [ (u')*rdr < oo and

IS W"?rdr < oo, we have that u < 0 and v < 0 in [R, 00).

(B) Assume A, D >0, B, C >0 and 4AD — (B+ C)? > 0 in [R,00). Then, if u,v
are radial solutions of the following problem

m2
—Au—i— —u+Au+Bv<0 in [R,00),

2
—A’0+ —v+Cu+Dv>0 in [R,00),

with u(R) < 0 < v(R), u,v are bounded in [R,00) with [;°(v)*rdr < oo and

J3SW"2rdr < oo, we have that u < 0 < v in [R, o0).

Proof. To verify (A), multiply the respective equations by ut = max(u,0) and v =
max(v,0) and integrate by parts in [R,T] for VI' > R > 0. Since u and v are radial

solutions, we have

T T . T
—/ Au-utdr = —/ (ru'Yudr = — (u’u+T|R> +/ [(ut)?rdr,
R R R

i.e.

< /(T (T)T | (2.18)

since v/ (R)u™(R)R =0 by u(R) < 0,u*(R) = 0.
Now we make a claim:

Claim A: There exists T,, — oo such that «'(7,,)7T,, — 0.
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Argument by contradiction. If not, we have u/(r)r > ¢ for all r > Tj. It follows
that o/(r) > <, then we obtain that [u/(r)]*r > é ¢ L', which is a contradiction.

Combine boundness of u in [R,00) and the result of above claim, we take T" — oo

on the both sides of (2.18), we get that

) 2
/ {[(u+)’]2 + %(u+)2 + [A(ut)? +Butot + Bquv]} rdr <0 . (2.19)
R r
Similarly, we have the inequality for v*:
oo 2
/ {[(v+)']2 + n—2(v+)2 + [D(v*)? + Cutot + Cu‘vﬂ} rdr <0 . (2.20)
R T

Since Butv™ > 0, Cu~v™ > 0 with ™ = max(u,0) > 0, v© = max(v,0) > 0,

= min(v,0) < 0, we get that

{ } rdr + /R N [A(ut)? + Butot)rdr
< /R {[( )2 + —2} rdr + /:[A(uﬂz + Butot + Butv ]rdr
<0

Y

and

[ R Ty e

R R

< /OO {[(zﬁ)’]2 + n—j} rdr + /OO[]D(N)2 + Cutvt 4+ Cu~v'trdr

R R
<0.

Therefore, we deduce that

/°° {[(“W]z [ty 4 ) )

R 72

+A@W")? + B+ Clutvt + D)} rdr < 0. (2.21)

Note that the matrix associated to the quadratic form is positive definite in [R, co) by

hypothesis, so there exists a function A* > 0 with
A + B+ Clutv® +D(")* > A [(uh)* + (v1)?*] > 0.
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In consequence,

m2(ut)? +n?(vt)?

r2

0< / {[(UJF),]Q + ()P + + AT [(uh)? + (vF)?] } rdr <0,
R
which implies that ut =0 = v in [R, 00). Therefore u(r) < 0 and v(r) < 0in [R, c0).

To prove (B) we multiply the first inequality by u™, but multiply the second in-
equality by v~ = min(v,0) < 0. Then, integrate by parts, we get that

T 2 T
/ {[(u+)’]2 + m—z(u+)2} rdr + / [A(u™)? 4+ Butot + Butv ]rdr <o (T)u™(T)T
R r R
and
T n2 T
/ {[(v_)']2 - —2(1)_)2} rdr + / [Cutv™ + Cu v~ +D(v™ ) rdr < ' (T)v (T)T
R r R

by v(R) > 0 and v~ (R) = 0. In the following we will make a similar claim to Claim A
as in the proof of part (A):

Claim B: There exists T,, — oo such that v'(T,,)7T,, — 0.

If not, we have v'(r)r > ¢o for all r > Ty. It yields that (v/)*r > < ¢ L', which

contradicts to our hypothesis.

This result together with the boundness of u and v in [R, 00), we obtain as T' — oo

/OO {[(U>/]2 + s (U)Z} rdr + /OO[Cu+U +Cu v™ + D™ )*rdr <0.  (2.22)

r2

R R
Since Butvt > 0, Cu v~ > 0 with vt = max(u,0) > 0, v~ = min(u,0) < 0,
vT = max(v,0) > 0, v~ = min(v,0) < 0, we can drop Butvt and Cu~v~ two terms

without affecting the inequalities (2.19) and (2.22). We add (2.19) and (2.22) together,
and note that the matrix associated to the quadratic for is positive definite in [R, c0)

by hypothesis, so there exists a function A > 0 with

A+ B+ Clutv™ +D(v)2 > AT[(uh)* + (v7)*] > 0.
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Therefore, we obtain that
St oy PR v 4 o o

< [y s iep e S a4 B+ Ot + D frar
<0.

Consequently,

[ty s e PR v o <0, 2

R r?
which implies that vt = 0 = v~ in [R,00). Therefore u(r) < 0 and v(r) > 0 in

(R, 00). O

After this preliminary, we introduce the asymptotics of the radial solution at co.

Theorem 2.4. Let [f., f_] be the solution of (2.1) with degree pair [ny,n_] at oo,
then we have

a b
fi:ti—i-?a—;thr—j—i-O(r*ﬁ) as r — oo,

with
2 <A+A, - BQ)ti’
and
by — _AZ(8nd +ni)th — BAz(2n] + 8)ndt} — 8BAL Nt} + B*(8tAnd + nitd)}

8(ALA_ — B2tz
More specifically, let AL > 0 and By > 0 so that Ay A_ — B2 > 0. Then, there exist

positive constants Cy,Co, R such that

a4 b:t Cl
fi(r) — <ti + ﬁ + F) ‘ < F, (2.24)
2a C
filr) + T_;: < T—;, (2.25)

hold for all r > R and all B, |B| < By.
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Proof. We treat the cases B > 0 and B < 0 separately. We start with B > 0.

Step 1. Construction of a sub-supsolution pair. Let

_ R? R* _ RS
w+:t++a+r_2+b+ﬁ+c+r_6’ (226)

R? R* RS

w_:t,—Fa,r—Q—i-b,F —|—Q_F, (2.27)
where a,by,cy,c_ and R are to be chosen so that
_ Wy ni - 92 2 2\T.-
LHS(w. ) :—w+—T+T—2w++[A+(w+—t+)+B(w —t?)]wy >0, (2.28)
,  wl on? 2 2 —2 2
LHS(w_) = —w’ ——+ —w_+[A_(w> —t2) + B(w] —t7)Jw_ <0, (2.29)

,
for all r > R, and f,(R) < wi(R), f-(R) > w_(R).

Using Maple software, we expand (2.28) and (2.29), which is a polynomial in even

-1
power of r—*,

LHS(@,) = i M, (§>2k, (2.30)

LHS(w ) — XQ:M% (g)%, (2.31)

k=1
where M3 = M3 (Ay, B, R, as,by,Cy,c ) is a polynomial in its arguments. The
coefficients

M5 = [nf + 2R*(Asasts + Bagts)]ts

may be set to zero by choosing

1
- . 2.32
T 9ALA - Bty (2:32)

Similarly, the next term
M = [RPar(ni—4)+R'(3BAstyal+Btia’+2Btrasa_to)+2R (Atibi+ Bt by)]ts

vanish by the choice
CAZ(8nd + nd)tE — BAz(2nd +8)n%t% — 8BAmAtL + B*(8tAnd +niti)id
8(ALA_ — B2tz '

by =
(2.33)
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Using Maple software, the values of ay, by may then be substituted into the ex-
pansions of (2.28) and (2.29), and the expressions for M3, may be viewed as functions
of R. The exact form of the coefficients M;; 5, 1s very complex, but as we will choose R
large, we are only interested in the leading order of each. We obtain:

Mg =2(Bc t_+ A, e t )ty + O(R™Y),
Mg =2(Béit, +A c t )t +O(R™%),
Mg = O(R™), My = O(R™),
M = (Ay& + Bt +2(Be_t_ + Aeity)e, + O(R™0),
Mp = (A% + B&)t_+2(Bejt, + A c t ) +O(R™),
Mi; = O(R™?), Mig = O(R™),
M = (A& + B ey,
My = (A_& + B&)c_,

here O(R™") denotes terms which are small as R — oo uniformly for |B| < B.

As M is the leading order term, we choose ¢, c_ in order that it gives the correct

signs, and so that it dominates the other terms for r > R.

Without loss of generality, we consider [¢,, ¢_] satisfy the following system:

A+t+6+ "‘ Bt,é, — 1 5
Btié, + At é.=—1,

it follows that

. A_+B _ A+ B
= _ = — . 2 4
“CEA g, 0 ¢ A~y (2:34)

Let ¢, =é6¢,c. = d¢_ with 0 < 0 < 1 to be chosen later, hence ¢, > 0, ¢ < 0, and

Mg =26t, >0, Mg = —20t_ < 0. (2.35)

By choosing R sufficiently large, we obtain that

| Mg, [Mil, [Mi3], [ Mig] < OIMEEI, (2.36)
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and so we have that

R 8 R 10 R 14 R 16
\Msi () #ai (7)o (7)o ()

Also,

M| = [6%(AL & + B )ty + 262,
= 0*(A4& + B )ty + 26,

S Cl(Aﬂ:v Ba ti)62

1 2
< M| = St (2.38)
for R sufficiently large, provided we choose § < %

Meanwhile,

|Mp| = |0%(AL & + B )ty + 20%¢, |
= 02|(A_& + B&)t_ +2¢_|
S C2<A:t7 Bu ti)(52
1 2
< £|Mg| = ot (2.39)

2t_
5co ”

for R sufficiently large, provided we choose § < Therefore, if we choose § <

2t 2t_

min{z*, 5=}, it yields that | M5 < L|Mg|. So we can deduce that

R 12 R 6
\Mﬁ (F) =50 (7)

and M5 has the appropriate sign to apply the comparison lemma.

1
f— 5 Y ( )

By (2.30)-(2.31) and (2.35), (2.36), (2.37), (2.40), we deduce that

9 2k 6 6 6
R 1 R 1 R R

S MG (=) 2o () M (2 ) Mg (S

k=1 Qk(r) N 5 ‘ <T> 5 ‘ <T> + ‘ (T)
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6
> 0ty (%) > 0, (2.41)

3 R\
< = — .
< 56t_<r> <0, (2.42)
2.28)

Now we consider w; and w_ at r = R. Combine (2.26), (2.27) and (2.32) we have
wy =ty +¢, —O(R?),w_ =t_+c —O(R?). Since fi(r) — t+ as r — oo and
¢t > 0,c. < 0, we deduce that wi(R) > fi(R) and w_(R) < f_(R) for R > R,
sufficiently large. This completes Step 1.

Step 2. We will apply Lemma 2.3 to show that w,(r) is a sup-solution to f,-
equation of (2.1) and w_(r) is a sub-solution to f_-equation of (2.1). Let u = f, —w,,

v = f_ —w_, together with equations (2.1), (2.28) and (2.29), and denote
n2
Liu:=—A,u+ —§u
r

We have that
Liuw=Lyfy — Lywy
= A (B2 — [ f+ + B2 = f2) f+ + Ay (@ — 2)wy + B(w® — 2 )y
= A (0} — f}) — ALt (wy — f1) + B (fy —wy) + Bw’ wy — f2f4)
= [At} + Bt — Ay (@} +wy fr + fD)]u+ Bw?o, — f2fy)

= [A 3 + B(t2 — f2) = A (0} + @y fy + fDlu— Blw_ + oy,
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Lv=Lf —L w_
S AR~ PV B~ FOF A — P+ B —
=A (- f)-A(w —f)+BE(f-—w )+ Bwiw —fif)

=[A L +B(t} - f1) - A (W’ +w fo+ f)v—Blws + fo)w u,
and thus (2.28) and (2.29) imply that
Liu+[Ap (@0 + @y fr + f7) = Ast? + B(f2 —t2)Ju+ B(w_ + f-)w,v <0, (243)

Lo+ B+ fw ut[A-(w’ +w f+ )= AL +B(f; —t)v>0. (244)

As in Lemma 2.3, we have a system on [R, co) of the form:

Liu+ A(r)u+B(r)v <0, u(R)<0,
L v+C(r)u+D(r)jv>0, wv(R)>0,

with
Alr) = A (@03 + @y fr + f7) — Ayt + B(f2 = 12),

B(r) = Blw_+ f-)wy, C(r) = B(wy + fy)w_,
D(r)=A_(w> +w_f + f2) — A2 + B(f — t2).
Now, we check the hypothesis of Lemma 2.3 with the uniform convergence of fi(r) as

r — 0Q:
A(r) — 2A,12, B(r) — 2Bt t_,

C(r) — 2Bt t_, D(r) — 2A_t*,

and

4AD — (B+C)*> — 4-2A,#2 - 2A > — (4Bt t_)?

=16t3t2(ALA- — B*) >0 for R large enough.

All conditions of Lemma 2.3 are satisfied, it yields that u(r) < 0,v(r) > 0 in [R, 00),

ie. fi(r) <wi(r), f-(r) 2w (r) in [R,00).
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Step 3. We repeat the above procedures with the roles + of w, and w_ under the
condition B > 0. We may obtain c,,¢_, R so that fi(r) > w, (r), f-(r) < w_(r) in

[R,00). Combine the results from above steps, we get that
W, (1) < F1) S i), w_ () <) S0 (r), for R (245)

in the case B > 0.

Step 4. Now we consider the case B < 0. This is similar to the previous cases,
but we must set up part (A) of the Comparison Lemma 2.3. Firstly we construct a

supsolution pair w, as in (2.26), w_ as following,

R
W_=t_+a_—+b —+c_—, (2.46)
T

LHS(w,) = —a] — —+ —T‘;w+ + [Ap (@3 — ) + B(w? — t2)]wy >0, (247
7 ___//_/U_J_/_ ﬁ_ 72 42 72 42 )
LHS(w_) = —w” +—Zw_ +[A (w2 —t2) + B(wy —ty)]Jw_ >0, (2.48)
rooor

for all » > R, and f(R) < wy(R), f-(R) < w_(R).

Using Maple software, we expand (2.47) and (2.48), which is a polynomial in even

power of r~! as in (2.30) and

LHS (@ ZQ: M, ( >2k : (2.49)

respectively, where M3, = M3 (Ax, B, R, a+,by,¢.) is a polynomial in its arguments.
Similarly, we choose ax, by as in (2.32) and (2.33) separately so that M3 may be zero
as in the same formulas in Step 1. Then, repeat the same procedure as in Step 1,
we get the exact forms for M, M5 and M as the same as in Step 1 but with ¢_

replaced by ¢_, and Mgt, Mli0 and Mljf1 as the same as in Step 1.

As MG is still the leading order term, we choose €. in order that it gives the correct

sign, and so that it dominates the other terms for all r > R.

30



Without loss of generality, we consider [¢,, ¢_] satisfy the following system:
A+t+é+ + Bt_é_ — ]_,
Bt.c, +A tc =1,
we obtain that

. A -B A A, —B
T ALA B,

> 0, C_:(A+A_—B2)t_>0'

Let ¢+ = d¢4 with 0 < 6 < 1 to be chosen later, hence ¢4 > 0, and
Mg = 26t. > 0. (2.50)
By choosing R large enough, we can also get (2.36), (2.37) and

M| = [6%(Asd® + Bé )ty + 28,
= 0*(A4& + BE )ty + 264
< ¢5(As, B, 14)0°

Mg = Z6ty, (2.51)

which implies that § < ?—*
cs

Meanwhile,
|Mp| = |62(A_¢® + B&)t_ + 25%¢_|
= §*|(A_¢% + B&%)t_ +2¢_|
S CG(A:E7 Ba t:l:)62
1 2
< -M; = =dt_ 2.52
< My = 2ot (2:52)
which implies that § < ?T; Therefore, if we choose § < min{%, % , it follows that

|Mi5| < $[Mg|. And for Mig, we have
|Mig| = 0° (ALl + Bé2)ex.
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Since there is cubic term of § in M3, it can still be controlled by M.

By (2.30), (2.49) and (2.50), (2.36)-(2.37) and (2.40), we deduce that
9 2k 6 6 6

R 1 R 1 R R

MEi(=) >—-=Mf(—) —=-MF|= MF =

v (7)) 2o () —5 (7)< (5)

3 R\® 6 R\°

Now we consider w4 at r = R. Combine (2.26), (2.46) and (2.32), we have wy =

for all r > R.

ty+c+—O(R™?). Since fy — t+ asr — oo and ¢ > 0, we obtain that wx(R) > fi(R)

for R > Ry sufficiently large. This finishes Step 4.

Step 5. We will apply Lemma 2.3 to show that w. (r) is supsolution to (1.2). Let

u= f, —w,,v=f_ —w_, we have that

Lyu=[AL(t1 = f2) + B(2 = f2)f+ + [Ap(@f —t2) + B(w? — 2)]wy
= —AL(ff —ad) + AL (fy — @4) + BE2(fy —wy) + Bw2ay — f2f1)
= [~A(f2 + fowy +0L) + A2 + B2 — Bf2lu — B(w_ + f_)w4v
=[A 5 + B(t2 — f2) — AL (f2 + frw4 +@3)]u — B(w- + f-)w o,

and

Lv=[A_(2 - )+ Bl - f)f- +[A_ (@2 — ) + B(w? — 2)|w_
= —A(f2 @)+ A2 (f- —w-) + BE(f- —w-) + B(wiw- — fif-)
=[—A_(f2+ fou_+w)+ A2 + B2 — Bf?Jv — B(wy + fy)w-u

= —B(w, + f)w_u+ [-A_(f2 + fo_ +@%) + A2 + B(t2 — )],

thus by (2.47)-(2.48) we have that
Liu+ [A(f2 + fowg +03) + B(f2 — %) — At Ju+ B(w- + f-)wiv <0,
L v+ Bwy + fw_u+[A_(f2+ fao_+w)+ B(f2 —12) - A_2]v <0,
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and u(R) = f1(R) —wy(R) <0,v(R) = f_(R) —w_(R) < 0. Therefore, we have the

exact forms of the inequality system as in the part (A) of Lemma 2.3 with

Alr) = AL (f} + fyoy +0%) + B(f2 —12) — Ayt (2.54)
B(r) = —B(w- + f-)wy,  C(r) = —=B(ws + fi)w-, (2.55)
D(r)=A_(f2+ fw_+ @)+ B(f} —t2) — A_¢>. (2.56)

With the uniform convergence of fi(r) as r — oo, we obtain that
Ar) — 2A.82, D(r) — 2A_t*,

B(T) — —23t+t_, C(T) — —QBt+t_,

and

4AD — (B+C)*> — 4-2A,12 - 2A > — (4Bt t_)?

= 16t31* (AyA_ — B*) >0 for R large enough.

Hence we can simply apply part (A) of Lemma 2.3 to get that u(r) <0, v(r) <0 in

[R,00), i.e. fe(r) <ws(r)in [R,00).

Step 6. We repeat the same procedure as in Step 4 and Step 5, but with a pair
of sub-solutions w, to (1.2) instead of sup-solutions wy. Let w, be defined as in the
following

R? R* RS
w, :t++a+r_2+b+ﬁ +Q+F, (2.57)

and w_ defined as in (2.27), with ax, by, c, and R are to be chosen so that

wl n2
LHS(w,) = —wf — Ti + T_;thl: +[Ar(wi —t3) + B(w? — 2)w, <0, (2.58)

for all 7 > R, and w,(R) < fL(R). And we choose ¢, = —d¢x with the same § as
in Step 4 so that Mg is still the leading terms in (2.30) and (2.49) with which w.
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replaced by w, . Therefore, we can simply get that

R\® 1 R\® 1 R\°®
i) < g () + 5t () + 51 ()

1 1 R\
(o = 3~ 2 ) ()
34
5

— 3 (5)6 = oot (5)6 <0, (2.59)

r r

Next, with u = fi —w,, v= f_ —w_, we repeat the similar process as in Step 5

and apply part (A) of Lemma 2.3 again, we can obtain that w, (r) < fi(r) in [R, 00).

Step 7. Combing all the results from above steps, we have that
wy(r) < fe(r) <we(r)  in [R,00). (2.60)
for both cases of B.

From the sub-supersolution argument, we have that

a+ i):t &
fi_<ti+r—2+r—4>‘gﬁa

with Gy = a+R? by = biR, a. and by defined as same as in (2.32) and (2.33)

respectively, and C; = min{cy R} with ¢, = min{|é;|,|c,|}, c- = min{jc_|, |é_|}.

Next we want to show that |f(r) + 2?—3i| < £ for some constant Cy. Following the
idea in [CEQ94], let Wi(r) = fy+ — (ti + % + i—i) = [+ —wy + 5 (for convenience,
we drop bar and underline of w4 and cy4 as in the formulas of w4 shown in previous

steps), hence Wy (r) = O(r=%). Therefore, we deduce that
- W - %W; + %W+
= (o ) L (e h 52) 5 (e )
=—f1 - %fﬁr‘F%ﬂr — (—wi—%w;+2—§w+> +0(r™®)
= [Ap (6 = fD) + B2 = [2)fs + [As(wl = £) + Bw? — 2)Jwy + O(r™")
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— —AW, —BW_ +AZ + B 4 0(r9),
T T
1.e.

1 2
—W =W+ Z—;m + AW, +BW_ =00+ 00 %)~ O for r>R

Similarly, we have

n

1 2
—W"— W+ ZWo+CW, + DI = Or ) +0(r®)~0(r° for r>R,

r

with A, B, C, D defined as same as in the above process of sub-supersolution in different
cases. Therefore, %(TW;L)' = O(r™®). On the other hand, notice that for each k > 1
there exists a point 7 € (k, 2k) such that W/ (ry) = (Wy(2k) —Wyi(k))/k = O(k™") =
O(r."), then we have that

| = rWi(r) + mWi(re)| =

/ —(rWiy) rdr
. T

Tk 0o 02
< co/ rodr — co/ rodr = —= as k — oc.
T T

r4

C
Together with 7, W/ (ry) = O(r;,°) — 0 as k — oo, we have that |[rW/(r)| < —42 for
T

C
r > R sufficiently large, i.e. |[WL(r)| < —52 for r > R sufficiently large. Hence, we
r

. C
deduce that | f4(r) + 22| < 7"_52 for all » > R. O

2.3 Monotonicity

Next we will present the proof on the monotonicity of the radial solutions. First, we

define the spaces as in [ABMO09] :
Xo = Hl((O,oo);rdr),
o [T R A P o 12
X, =35ueXg: —rdr <oop, |ullx, = (W) +u” + —u”| rdr.
o T - Jo r
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Of course the spaces X,,,n # 0, are all equivalent, but we define them this way for
notational convenience. It is not difficult to show (see [AB06]) that for |n| > 1, X,
is continuously embedded in the space of continuous functions on (0, co) which vanish
at 7 = 0 and r — oo, and that C§°((0,00)) is dense in X;. It is possible to define

a global variational framework for the equivariant problems in affine spaces based on

Xn,, X, to prove existence of solutions. The energy is the same as in (2.6), except
2
it must be “renormalized” to prevent divergence of the n:f term at infinity. Here we

are only interested in the (formal) second variation of this renormalized energy,

~

00 2 2
D?Ep s (fir f-)[ug,u] = /0 {(m)z () 4 T Z—;uﬁ rdr
+ / {[AL(f = 82) + B(f2 =)l + [A-(f2 = 2) + B(f; — t2)]u® } rdr
OOO
+/ 2(AL fiud + A_f2u + 2B fy fuyu_)rdr,
’ (2.61)
defined for [u;,u_] € X,,, x X,,_.

We have the following fact about radial solutions:

Lemma 2.5. For any ny € Z, if [f+, f-] is the (unique) radial solution of (2.1),

D*Ey. o (foo [)us,u] >0 for all [uy,u-] € X, x X, \{[0,0]}.

In other words, the radial solutions are non-degenerate local minimizers of the
renormalized energy. An analogous statement for the Ginzburg-Landau equation with
magnetic field was derived in [ABG99], and this observation then became the main step
in the proof of uniqueness of equivariant solutions proved there. The basic idea is that
were there two admissible solutions to the equivariant vortex equations, each being
a local minimizer of the energy there would be a third, non-minimizing solution via
the Mountain-pass theorem. The argument was achieved by restriction to a convex
constraint set (to eliminate the possibility of non-admissible solutions, which might

not be local minimizers). The method works because the constraints play the role of
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a sub-supersolution pair for the Ginzburg-Landau equations, and hence the mountain
pass solutions obtained would lie in the interior of the constraint set. Unfortunately,

in our vector-valued case the sub-solution structure is nor apparent and the argument

does not seem to carry over.

Proof. We follow [ABG99], and note that

)] -ur-s= - ()

Let uy € C3°((0,00)) (if ne = 0, take uy € C3°(|0,00)) instead). Then i S gives
0 0

F+ =
an admissible test function in the weak form of the (2.1),
_ w ﬁ}
0=DE,.. <f+,f>[f+,f
L) () e o
_/o [f+ () +r () + TS )
R ) AL )
+/0 AL (f3 - t2)f+f+ + 2 +f_
vB (72 = ) (= ] b
I A 2
_ [ e e | (R / i e (U2 2 2
- [Tu-r (f—) ra - | (F)] e e

After the regrouping, we get the following useful identity:

[ e S

AL -+ A -2+ B[(fF —)u® + (2 — )k} rdr

[ PEGE)]  [D)] feee
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Compare the formula of the second variation D*E,,, ,, (f+, f-) and the above identity,
A, B
B A_

simply use the fact that Ay > 0 is the smallest eigenvalue of the matrix

we obtain that

D2En+,n7 (f-H f—)[u-f-’ U’—]

00 / 12 ’ 14 2
= / 2 Ku—+> } + f? Ku—) } +2AL 2R+ AP + 2Bf, fuul) prdr
0 I+ f-

> 2 /OOO(AJrfiui + A_f2u? +2Bf, f_uju_)rdr
> 2) /OO( 2ul + f2ul)rdr
0
> 0, (2.62)
valid for all uy € C§°((0,00)) (or, us € C§([0,00)) if the respective ny = 0). The
case of general uy € X; (or Xy, in case one of ny = 0) follows by density. It is clear

that D?E,,, , (f4,f-) > 0. If it were zero for some [u;,u_], then we would have

fruy = —f_u_ = 0 almost everywhere. Since fi(r) > 0 for r > 0, we conclude that

D?E,,  (f+,f-) > 0 as claimed. O
Based on the above preliminaries, we establish the following theorem:

Theorem 2.6. Assume V(x) = [f(r)e™+?, f_(r)e™-9) is an equivariant solution sat-

isfying (1.3), and AL A_ — B* > 0.

(1) If B<0, then fi.(r) >0 for all v > 0 for any degree [ny,n_].

(ii) If B>0,ny >1 andn_ =0, then f/.(r) >0 and f'(r) <0 for all r > 0.

Proof. Let uy(r) := fi(r). Differentiating (2.1), we get

2
" 1 " ny +

1
— Y=t Fi+ [Ac(fZ - 8) + B(fz —2)]/4

7"2
2 gl ! 2”3:
+2A, fifL +QBf:|:f:Ff:|: = f+ =0,
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1.e.

. //_1/ n?l:—i_1 A 2 42 B 2 _ 42
Uy Tui+ 2 us + [AL(fi —t3) + B(f3 — t3)]ux

2n?
+ 245 fius + 2B s frue — —5 fr = 0. (2.63)
Now define

vy = min{0,us} <0, wx = max{0,uy} >0,
then uy = vy + w4.

In the following, we divide our argument into two cases. Firstly, assume B < 0
and A, A_ — B? > 0. We multiply the respective equation in (2.63) by v, use the
facts vyw; = 0 and v_w_ = 0 and integrate by parts. By (2.3) and (2.4), if ny > 1,
ug(r) = fi(r) > 0 in some neighborhood r € (0,6). Thus, in case ny > 1, vy is
supported away from r = 0. By the proof of Theorem 2.4 we may conclude that

vy € X, . Moreover,

o0 1 oo
/ o <ugE + —u'i) rdr = —/ (v')?rdr,
0 r 0

with no boundary terms. In case ny = 0, we have uyx € X, by the regularity of
solutions, and u4(0) = f1(0) = 0. The integration by parts formula above again holds
with no boundary terms in this case as well. Therefore, with all above facts, we have

the following equations

00 n2 +1
0= [T T - )+ B el
0
2.2 2n%
+2Aifivi + 2Bf:|:f:FU:FU:|: — Ffivi rdr .

Then, use the facts uy+ = v+ + w4 and add above two equations together

) n2 n%
o:A{mﬁ+mﬁ+ﬁﬁ+ﬁﬁ

+ A2 =)+ B(f2 =)l + [A_(f2 —2) + B(fI — )]
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+2(A i + A f202) +4ABf fugv +2Bf f(wovy +wivl)
2n? 2n?
—%fﬂur — Lgf_v_} rdr .
r r

Compare with the formula of the second variation D?E,,, ,, (f4, f-) in (2.62), we

obtain

0= DBy (Fr flunsvc] 428 [ fuf-(wmes+ wo e

<1 <1
+ / — (v +0v*)rdr — 2/ ﬁ(ni_f+’l)+ +n?f v )rdr .
0 0

2
Since n? fivy, n® f_v_, w_v; and wiv_ are all negative, together with B < 0, we get
that
0 S DZEn+,n_ (era f*)[era 'U*]
<1 >~ 1
- _/0 ﬁ(vi 4+ v? )rdr + 2/0 ﬁ(nif#q +n? f v )rdr
- 28/ fof-(w_vy +wyv_)rdr
0
< T Loz 2y
==/ ﬁ(v+ + 0% ))rdr

<0,

which is a contradiction unless v1 = 0, i.e.unless f/ (r) > 0 for all » > 0. This proves
().

Now assume B > 0 and n, > 1 and n_ = 0. This time we multiply the equation
of uy by vy and the equation of u_ by v_, and integrate by parts again. Just as in

the previous case, w_ € Xy, and the boundary term in the integration will all vanish.

We obtain that:

o0 2
0= [T{enr 4 R A - )+ B2 - 22

n2
+2A+fivi +2Bf f-u_vy — QT—;FervJF} rdr ,
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= o ME41 o, 2 2 2 4247, 2
0:/ {(w’) + = w +[A_(f2 —t2)+ B(f7 —t)w?
0
2
+2A_f2w? +2Bf_ fiu w_ — Q%f_w_} rdr .

As in the first case, we add the above two equations and compare to the formula of

the second variation D*E,,, ,, (f4+, f-) in (2.62), we get

0< DzEn+,n7 (f+7 f—){U—H w—]

00 1 S
= —/ — (v} +w? )rdr — 23/ frf-(v_vy +wiw_)rdr
o T 0
o) n2 n2
+ 2/ <—;:f+v+ - —;fw) rdr
0 r r

<1
< —/O ﬁ(vi—l—w%)rdr

<0,
which is a contradiction unless vy =0, w_ =0, ie. f, (r) > 0and f (r) <0 for all
r > 0. Therefore, we complete our proof. n

Meanwhile, we observe that method of Theorem 2.6 cannot work, since asymp-
totics shows that we don’t have same behaviour for every B > (0. Method based on
compactness, uniform estimates in the asymptotics result of radial solutions, we have

the following result.

Theorem 2.7. Let [f, f_] be the solution of (2.1) with degree pair [ny,n_] at oo,
and ne # 0. If VAL > 0, there exists By > 0 such that fi.(r) > 0 Vr € (0,00),
VB € [0, By].

Proof. Denote fi(r; B) the solution of (2.5) with coefficient B. When B = 0 the sys-
tem decouples, and each of fi(r) solves a rescaled equation for the standard Ginzburg-

Landau vortices. For these solutions, it is well-known that f}(r;0) > 0 for Vr > 0
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(see [HH94]). Now choose an interval [0, By| for which ar < 0 (which are stated in
Theorem 2.4) for VB € [0, By]. By asymptotics in Theorem 2.4, there exists R > 0
such that

fi(r;B) >0 for Vr> R,VB € [0, By, (2.64)

here f (r; B) depends on both R and parameter B.

Suppose that this theorem is false, then there exists a sequence B, — 0 and
rr € (0,00) such that f) (rg; Bx) < 0. By (2.64), we have that 0 < r,, < R, so there is
a subsequence 7y, with 7, — 7o. By elliptic regularity, fi(- ; B) — f+(-;0) in Ck  for

loc

all k£, and hence
fi(ro;0) = lim f (rg,; By,) <0,
j—yo0

which is a contradiction. We complete the proof. O
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Chapter 3

Properties of Entire Solution

In this chapter we will discuss the entire solutions ¥(x) = [¢)4(z),¢_(x)] for (1.2) in
all of R?. As stated in introduction, solutions to (1.2) obtained by blowing up will
satisfy the integrable condition (1.3). For ¥ € H}

L (R?; C?) satisfying (1.3), we denote
E(¥;Q) = E(V;Q)

1 1
= [ SV Al — B0+ A~ )7+ 2B 2 — )~ )]
(3.1)

As was the case for the classical Ginzburg-Landau equation [BMR94], the integral in
(1.3) can be quantized.

Theorem 3.1. Let (for any choice of [ny,n_]) ¥ = [, ¢_] be a solution of (1.2)
satisfying (1.3). Then

A0 P P A (Pt P20 P2 (- P2 b = 20 0 2),

Proof. First, we need to construct the associated Pohozaev identity to (1.2). Multi-

plying >, x;0;94 to ¢ -equation of (1.2) and integrating over B,. We obtain the left
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hand side as follows:

—/ A¢+Zfﬁjaj¢+
/S aner] ]w-l—‘*’/ Zakw-i-ak L ﬂ/hr

oY, O
:_/S T.a_;.a_7j+/&;am Otbs + 1,000;01)

_ 0. |* ,
— /5*,.T‘ ov +/BT‘V¢+| +/BT%:8J(8M/J+) Oy -
6 2
‘% + [ v
B,
1 2 1 5 .
+ SV (2 v)ds — = Vi |* - div(zy, z2)dx
ST2 B'r2
o 2
:—/T‘% + [ v
s, | Ov 5.

1
v | [ 3ivutrds— [ 1vu.pac]
s, 2 B,

. 8¢+ 2 T 2
_ _/ AL I AR LT N O
(9y 2 Js, | Ov or
opy|* | ows |’
2 Sy (97' ‘ al/ ’ <32)

and the right hand side is
/[A+<|¢+|2—t2>+B<|w = St
-/ DA F = )+ B(U-P = 2555 S0
/Zw (10212 = £3) + Bw_ P~ )50, P~ £2)

:—Z/BT;%"AJraj W+‘2—ti —Q/Br;B(W|2_t2—)‘$j'aj(|¢+‘2_ti)
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- ‘1/ A = 13)% (m-v>+i/3 Al ]* = £)* - div(ay, 2)

4 Js

1
—5/3 S B~ ) 2 (02— £2)
T
1
:_E/STA+(|¢+I2—ti)2+§/BTA+(I¢+|2—ti)g

r

1
—5 | BP0yl = ), 3:3)
i.e. we have an identity for ¢, :
2 Js | or | |ov|
1
1 | A=y [ Aduip -y
1
-3/ B = )0 = ) (3.4
Similarly, we have an identity for ¢_:
r (%L 0
5 ) [ ‘au =
1
S Ao g [ Aoy
——/ 5 B0 = )25 00 = ), (3.5)
Adding (3.4) and (3.5) together, we can obtain that
oy |*  |ov_® r awﬁ op_|*
. | +’? 2/ | +‘ay
1
- 4/ A+<rw+12—t2> f<|wf|2—t%>2+§ [ A 27+ A -2
——/ D - = ) 008 = )+ (0 = )23 ,(u-P? = 2]
== L A = ) Al /A+ (= )+ A (- = 2)°

——/ S0l = )l )2
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e ]

S

Sy

Sr

<

4
.
=5 [ Bl = )00 -2 [ B - 2),
i.e.
o> ow_|* 1
B +‘W +§/STG(¢+>¢)
o
- 8V+ ' / Gme 7 36)

with Gy, 6) = Ay (942 = #2)% + A (- > — £2)2 + 2B(|o4 [2 = 2) (6|2 — £2).

Now define E(R fB (Y4, )dx, E = [ G(¥4,¥-)dz, and note that
E(R)—>EasR—>oo.
R
E
Claim: — (T>d7“ — I as R — oo.
ImnR J, r

R
E
Indeed, it needs to show that / ﬂdr — 00. It is clear that F(r) is increasing
r

0
as r — 0o, i.e. E(r) > E(Ry) > 0if r > Ry. Then, we have

"E i R
/ﬁdrzE(Ro)/ —dr:E(RO)lnE—)oo, as R — oo.

Ro r Ro r 0
Hence,
.1 [fE@), . BQR)/R _ _
LTy L v
Integrating (3.6) over r € (0, R):
o> |ow_|? 1/
/BR or +‘ or +2 BRG(¢+7¢—)
2 2 R
_ E
:/ Oy +‘a¢ +/ ") g (37)
Br | OV ov o T
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1.e.

o |?
or

o
or

o0,
ov

+‘%

ov

r

L /R EO) . (38)

/BR +2E(R) /BR

Now we estimate each term of the above Pohozaev identity. By (6.15), Step 2 and

‘

Step 3 in the proof of Lemma 6.3, we have

Ny Opx ;. Opx 4,
o ow © TEG,

ops|*  |0ps|” Op|”
ov | | ov ov
< |Vpi|2 =+ A ]Vgojf < 0Q. (39)

On the other hand,

0 .
e O (T
= (Vpwe® +ipLVpre®) - 7
0 V
= ;i W + Zpiew (ni— + qui) - T
T r
Opy o Ver 0
= %ew +ippe’? (ni + %) ;
and
Obs|® |op|' | | VT 09
- | = |5 Py (Mt +
or or r or
n2 ¢ ny O
< 2y t 2 + 2 Tt Y+
Vol + 2 trx or 20 r Ot
n2
< ‘Vpi‘2+pi_+pi‘v¢i‘ +2pi—V¢i- (3.10)

Then, by (3.10) we have that

2

—t2 < |v10:l:|2+|pj:_tj:| s +A|V¢i|2+2/\ VoL,

oy
-
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which implies that

L
BRr\BR,

or
< / |Vpi|2+/\|v¢i‘2+ni
BR\BRO

1/2
/ 1
Br\Brg r?

/ 2 — P2
Br\Brg,

R 1/2
= 04 + 2A\/ 27T7Li03 (ln R—)
0

= Cy + Cs(In R)'/?, (3.11)

2
ni
2

42
i’l“

1/2 . 1/2
JA -
Br\Br, Br\Br, "

1/2
/ Vel
BR\BRQ

1/2

+ 2An:|:

S Cl + ani —+ 2Anng

1/2
/ 1
Br\Br, ?

where Cy and C5 are some constants.

On the other hand,
n2 27 R n2
/ ti—; = / / ti%rdrd@ = 27rtin3t(ln R —1nRy). (3.12)
Br\Br, | o JrRy, T

And we know that by (3.12)

/ 06+ |” _ / 09
Br BR\BRO

2

O

or or or

2
“)
Br,

- <‘a¢i2_niti>+/ %1/ nif
Br\Br, \| 9T r? Br, | OT B\Br, T
_/ <‘a¢i2_niti>+/ 96, |"

Br\Br, or r2 Br, or

+ 2ntini In R — 2mtini In Ry,

it yields that

A

2
—2ntiniIn R

0.
or
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2

2 2 42
t
_ / (’&bi _ ny j:) +/ % — 271't2in2i In Ro
or r? or
Bgr\Bg, Brg
2 2 42
< o 57 =50
Br\Br, or "

S C'5(ln R)1/2 + 067

where (5, Cg are some constants. Therefore, we have

L/
lnR Br

Together Claim, (3.9) and (3.13), dividing (3.8) by In R and letting R go to infinity,

2
2, 2
—2mting

09+

= < Cs(InR)™V2 4 Cs(In R) ™. (3.13)

we obtain that

E =2n(t2n% +t2n?),

i.e.
A P+ A (0 P2 2B =) (-~ b = 227,

We complete the proof of Theorem 3.1. n

Measured on all of R? the energy (defined in (3.1)) of such a solution diverges.
However, when properly renormalized, there is a well-defined core energy Wy(WV), de-

fined as the limit below:

Lemma 3.2. Let ¥ solve (1.2) in R? satisfying (1.3). Then, the following limit exists:

Wo(¥) := lim [E(¥;Dg) — 7(3n2 + t2n”)In R). (3.14)

R—o00

Proof. By the estimates in Lemma 6.3, there exists Ry > 0 for which the solution ¥(x)

admits a decomposition for |z| > Ry in the following form:

x:ixeiai(”), as(x) =ny +(o),
Vi(z) = pi() (x) 0+ x+(2) (3.15)

with x4 (z) — ¢4 (constants) uniformly as |z| — oc.
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Without loss of generality, we may take ¢+ = 0, so y+(x) — 0 uniformly as

|z| — oo. Moreover, the estimates in Lemma 6.3 also imply that for large r,

C
lpx —te] < 3 (3.16)
C
Vps(z)| < 3 (3.17)
/ [IVpel® + [ Vxal] < oo, (3.18)
|z|>Ro

for Ry sufficiently large that the decomposition (3.15) holds.

First, by the argument in [BMR94], we observe that for any R > Ry, by integration

by parts we have
/ Vx+-VO=0. (3.19)
DR\DRO
In the following we denote Dy \ Dy, as A R\R, for convenience.

Then, with the similar computation in Lemma 6.3, we have

E(V; Ap\r,) = / D (IVpsl + P (2| VOP + [Vxel* + 20 V0 - V)]
A

R\Rg =+

+ —/ [A(p} =12 + A (02 = 2)* +2B(p — 1) (02 — 12))]
AR\Ry

nQ
/ > {WPH + ol (T—; + [Vxel? + 202V - VXﬁ:)}
A

R\Rg =+

+ 1/ [A(p} =12+ A(p2 = 2)* +2B(p} — 2) (02 = 12)] .
AR\Ry
Therefore, by (3.19),

B(W: Apny) — 7(2n2 + 202 In (R§>

0

1 n?
= 5/ Z [|Vpi|2 +01 (_:gt + Vel +2n: V0 - in):|
AR\Ry  + r

1 2 2 2\2 2 2 2 2
o / A= 27 AR - B 2B - )2~ )]

R
- W(tini +t*n?)In (Ro>
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:%/A 3

R\Rg =+

{|m|2

- tﬁ:)

+ P2 Vx| + 2ne(pt

/ Z{ti = 2nut] ve-VXi}
AR\Ry  +

4

Cr(E2n2 4 £02)In (5> |
Ry

27
/ / tin+—rd7“d9 + / / t2n rdrd@
Ry Ry

and

t2 n:l:
/AR\R Z

+

=2m(t3n2 +tn )/ —rdr
R

2
o T

R
=2r(2n% +t>n)In ( )

Ry
Hence, by (3.19)-(3.21), we have that

E(U; Ap\r,) — m(t3n% +t2n2)1n < R) = / £,
Ro AR\Ry

with

l\DI»—t

3% {MF

[A+ (o}

p-l>l>—*

$1 [  E -EP AR - P 2B - 2 )
AR\R,

nZ
L 2)"E 4 Ve +2ni<pi—ti>ve-m}

— 22+ A (p2 —

Now, using the estimates (3.16)-(3.18), it follows that

/ [Vps]? < /
AR\Ry AR\R,
n
= <
7°2 A
R\Rg

/ (P2~ 12)"
AR\R,

<M

o1

R

c
—3:27Tc
r R

n
P+ taflps — tﬂ:|—:2t
,

3
o T

—rdr = 27c RROO < 00,
2

R 2 2

/RO ﬁrdr = TC————— PR

R —

12)? +2B(p% — 1) (02

—2)].

— 1)V VXﬁ:}

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



From (3.18), suppose that lim |Vps? + |Vx+|* = ¢ for some finite con-

RO*)OO |1'|ZR0

stant ¢. Also we have lim . |Vpil> + |[Vx+|* = ¢ Therefore, it implies that

Ro—ro0 ||> =2

lim |Vx+|? = 0 for Ry sufficiently large. By the uniform boundness of p,
Ro=voe J 20 <ja|<Ry
we have
/ P2 | Vx<]? < c/ Vx| < oo. (3.26)
AR\Rg AR\Rg

By the uniform boundness of py and (3.19), it follows that

/ (P2~ 2)V0 - Ve < / (23] + [2)V6 - Ve
AR\R

AR\RO

< C/ VO -Vyxs =0, (3.27)
AR\ Ry

/ (02 —13)? = / (o= + 1) (px — t2)°
AR\R, AR\R,

Sc/ p+ — 1 2§c/ — =c————, (3.28
AR\RO( * i) rt RQR% ( )

AR\RO

[ )= [ et ) )~ )
AR\R,

AR\R,
1 R? — R%
< — =c————. (3.29
/AR\RO rt R?R2 ( )

Combining (3.24)-(3.29), we obtain that f is integrable in R? \ Dp,; writing

R
B Am) - w(En + 20t () = [ g (330

RO AR\RO

ie.

E(U;Dg) —n(t2nt +t2n*)In R
= E(V;Dg,) — 7(in% + t2n>)In Ry +/ f,
AR\R,
we conclude that the limit Wy (W) exists as R — oo. O
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Next we will end this chapter with two patching arguments as in [Sha94|. These

patching discussions will be useful tools in the proof of Proposition 4.2 in next chapter.

Lemma 3.3. Let ¥ be an entire solution of (1.2) satisfying (1.3). Then, there exists
a family Ui € HY(Dg; C?) of functions such that

Up(e) = W(x)  forla] < &,

Up(z) = [t+ei("+9+¢+),t,ei(”‘9+¢‘)] , on |x| = R for constants ¢+ € R,
[ v = [ 9 o),
Dr Dr
[ A = 8+ A = 27+ 2B — )5~ )
R
= / Ap([4 P =22 + A([- P = 2)% + 2B(|¢4 [* = ) (J9-* = £2) +o(1),
Dgr
as R — oco. In particular,

E(U;Dg) = E(V;Dg) 4 o(1), as R — co.

Proof. The proof follows [ABM], we provide details here for completeness. We apply
the same decomposition (3.15) for ¢4 (x), |z| > Ry, as in the proof of Lemma 3.2.

Define the cutoff function

0, if r < %,
L(r) = Lp(r) = ¢ RCR - 4f B < < R
1, if r > R,
\
and )
0, if r < %,
L(r)=Lp(r)={ 1 ifB<r<R,
1, if r > R,
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We define our modification
Up = <1ZR,+, T;R,f> , Urt = p(r) explia],

p(r) = teL(r) + (1 = L(r)p=(z),  ax(w) =nwb + (1 = Lr))x(2).

(3.31)

It is easy to have that
R
(1) when |z] < E’L(T) =0,

Ve () = [t L(r) + (1 = L(r))ps(2)] expli(nad + (1 — L(r))x+(2))]
= px(x) expli(nsd + x+(2))] = Yr+(2),
ie. Wg(z)=U(x),
(2) when [z =R, L(r) = 1,9p(z) = tx explingt],

Ur(x) = [ty exp(i(ni@+ ¢1)),t_exp(i(n_0+ ¢_))] for some constants ¢4 € R.
Next, we want to show the other equalities in this lemma.

Vpul? = [t L'Vr + (1 = L)Vps — L'Vrpsf

= [(te — p)L'Vr + (1 = L)Vps [

1
e — o2 2 (1_ ) 2
ts — pa| TQ(IHQ)QWH + ( )Vl
1
2(1 — L —
+2( )(t+ Pi)rhﬂvpivr
1 2(1 - L) Dps
— e — o2 1 - [)2 2k Sl o P Wt -1
te — pxl 7’2(ln2)2+( ) Vx| + o (te — ps) o

then we have

- 1
IVpel? = [Vpsl? = (tx — ps)? 5+ (L* = 2L)|Vp+|?

r2(In 2)

2(1— L) Opa
+ W(ti — Pi)ﬁ;

Now let A = {z|R/2 < |z| < R} be an annular, we have that

1
~ 12 2 2 2 2
/ |Vpi| — |Vp| }<_/\fi—/)i| —r2(1 22 +/ |L* — 2L||Vp+]

o4



2|1—L| 8pi
te — =
+/A rin2 b = =] or

</ c 1 +/3 c+/ 2 c c
— Jart r?(In2)? a4 78 arn2 2 g3

2 S| S| dme (B 1
= e —rdr + 67c —rdr + e —rdr
6 In2 B

(In2)? R/2 ré RrR/2T RrR/2T
2me 24_1+6 24—1+47rc 24 —1
= . 7TC . .
(In2)2  4R* 4R* In2 4R*
— 0 as R — oo (3.32)

Now, we need to estimate p2|Vag|* — p2 |[Vay|?.

Firstly,
Vo?i = niVQ + (1 - L)in — L/ -Vr- X+,

then

1
~ 12 _ 2 2 2 2 2 2
|Vay|” =ni|VO]" + (1 — L)% Vx| +WWT| “Ix]

2 2(1—-L

+2ny (1 = L)VE - Vys — = x+V0 - Vr — uXiVXj[ -Vr
rin2 rin?2

2
ny 2 2 2
— =1 (1-7 -

r2 +< ) |VX:|:| + r2(1n2)2|Xi|
2(1-1L) .

+2nye(1 = L)VEO - Vx4 — HTXi(VXi - 7).

Secondly, we have Vay = n.V0 + Vx4, and

|Vo¢i|2 = ni]VGP + |in\2 +2n.VO - Vs
2

n
= T—;E +|Vxs)? 4+ 2n.V0 - Vs

Therefore,

- 1
Vas|* — |Vagl? = (L* = 2L) Vx| + WRHQ

21— L) p

— ZniLVQ . VXi —
rin2
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By (3.18), we also have that / |Vp<|? + |[Vxa|* < co. Together with (3.18),
|| >0
it follows that

lim Vpal? + [Vxal? = 0,

R()—)OO %S‘x|SRO
ie.

Jim /|Vpi| Va2 =0,

which implies that / |Vx+|? = 0 as R — oo. Meanwhile, we have that
A

R
1

/ 1P = / / Sl Prdrdd = 2 / L xiPrdr
R/2T

§27T/ —dr- sup |x+|*=27In2 sup |x+|* =0,
R/2T |z[>R/2 |z[>R/2

since x+ — 0 uniformly as R — oo. Then, combining above estimates and applying

Cauchy-Schwartz and Young’s inequalities, we obtain that

JIRVasE = [FasP)l < [ 11|IVasf = Vs Sc/AHvaviP—WaM

1
L? —2L 2 2

211 —
+/ QniLin-WH/ QXHin'ﬂ}
y 4 rin2

1 2
< 2 2 X+
<cd [ maat+ s [ Shat+ 25 [ vl
1
s(:{/ \in|2+/—2\xi\2}
A AT

— 0 as R — 0. (3.33)

Next, by (3.16), uniform boundness of p1 and Cauchy-Schwartz inequality, we deduce
that

/ [Vas 272 — 52)| / Vas2l7 - 2|

:/ Vau P|L(ts — pa)(ps + ps)
A
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2
‘—i IVX)? 4+ 2naV0 - Vxa| - L] - [te — px| - |px + pa

<)
A’f‘
</c
_ATQ
</
A

2
C n n
— (—;t + | Vxe]? +2— \in|>
T T T

2
T Vel 2 (s e>'

27 R ,n2 1 o
:c/ —j+—2]VXi|2+2—]VXi| rdrdf
o Jrp \Tt T r
2
+

3 ) 1/2
<e My, 2T |in| dr +2n.V2mrIn2 / Vsl

R2 R Jgys
—0 as R — oo. (3.34)

Also, by Young’s inequality, we get that
[ 1 = IVasl = [ 15:+ pellpe - pelVas?
A A
~ ~ ni 2
P+ + p£l|p+ — p+ (r_2 + | Vx£|” +2n. V0O - in)
A
3 n?
< [ Q71+ Ipsblites = po)l (%5 + 9xsl? + 200198 19

C

”?t 2 | Nt 2
< ) ﬁ+|VXi\ +F+ni|VXi’
A

- [ (B4 mr)
/—+ + 51Vl

/ /R/ ﬁrdrdQ—i—/ /R/ Erdrdéwr/ —|in|2
2 2

R2 2R* r
3w 15w 4c 9
> T opt ﬁ/AWXH
—0 as R — oo. (3.35)

By Cauchy-Schwartz and Young’s inequalities again, we get that
J V= 198 = VP
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=/ i+ pallps — pal||[Vasl? - |Vasl?]

</ c
= "2
A

T
1 2
</ (3|m|ﬂ+ﬁ|xi|2+zni|m| 1981+ 2l V)

2(1-1L)
rln2

A

(L* = 2L)|Vx+]* + —2n4 LV x4 - VO — Xt (xe - 7)

! X+l
r2(In2)? e
2en4 2c 1

Cc
= [ S |Vxa|*+ e v
/A 2| X:t| (1 2)2 4|X:|:| i | X:I:|+1 92 3|X:|:| ’ X:I:|

R
1
g/—2|VXi’2+QC7T/ —dr- sup ’Xi’2+c/ _ﬁyXinLc/’VXi‘z
AT AT 4

R2T7 |z[2R/2

3T 15

< — Vx 2+— sup |x+|? + -—; sup |y 2—}—0/ Vx|?

/A| + R? |z|>R/2| £ 4R* |a:\2R/2| + A| +

— 0 as R— oo (3.36)
By (6.23)-(6.24) and (6.26), we obtain that
[ 1721V = i va.p]
A

< [ AAVaLE = Vs + |IVos P = )] + (2 — ) (Vasl = Vo)

— 0 as R — oo (3.37)

From the previous estimates, we have that
/AZ (IVhLl? = [Vpul® + P2 VAL = pL|Vasl’) = o(1). (3.38)
+
Therefore,
/ Vg — VU2 = / Vg — VO +/ VIR — (VP
Dr lz|<R/2 A

— [ VO VP [ ST (P [Vas 4 VAL - 2 VasP)
la|<R/2 AT

=o0(l) as R — 0.
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And, since ¢y = 14 on |z| < R/2, we obtain that

/ (AP = 02 = (o = 2]+ A9 2 = (=2
2B = ) (- —22) = (P = ) (- = )]}
([ AP = 2 = G = 4 A5 =2 = o - 27
PB4 = E)(D-2 = £2) = (02 = ) (- = £2)]}
= [ A0 = 802 = (P = AP+ AL = 292 = (- = 277
F2B(([+ = B)(0- I — £2) = (9 2 = ) (p- 2 = )]} (3.39)

Meanwhile, by (3.16) and the uniform bound of p. we have that

Ap(s? = 20+ A_(0_P? = 2 + 2B ([P — )16 — )
= A (py )% (o — )"+ A(p- + 1) (p- —t)°
+2B(ps 414 ) (p- +t-)(p — t4)(p- — 1)

<
_7"4’

i.e.
1
At = 2+ AP = )7 4 2B(0 — ) (- — ) =0 () (340
On the other hand, we have

el =i =4 — 11 = (PL )P —12)
=[taL+ (1= L)ps +to]tel + (1 — L)ps — t4]

= [(1+ L)te + (1 = L)p+][(1 = L)(p= — t)],

hence,

A(B2P = 2Y 4 A(F = 2+ 2B(3s ]2 — 2)(F-P —£2) = o (i) C (3.41)

rd
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Therefore, by (3.39)-(3.41), we obtain that
J A0 = 804 AL = 22 20 = ) (- = )
AL = ) 4 AL — )2 + 2B( 2 — )5 — 1)
— 50 as R— oo,

which implies that

: {[Ac(ee = )" + A (- = £2)* + 2B(|9 " — ) (- — £2))]

LAl — )+ AP — )2 4 2B — )02 - )]} = o(1). (3.42)
Then it follows that
|E(Ug; D) — E(Ug; Dg)| = |E(Pg; A) — E(Ug; A)| — 0,

as R — oo, which completes the proof. O

Repeating the same procedure as in the proof of Lemma 3.3, but with the choice

pi(@) =tr(1 = Lp(r)) + Lr(r)ps(z),  ax(x) =nsd + Lr(r)xs,
and Lg as the same as in the proof of Lemma 3.3, we obtain the opposite patching

result, connecting a given solution outside a large ball Dy to the symmetric boundary

condition on JDg/s:

Lemma 3.4. Let U be an entire solution of (1.2) satisfying (1.3). Then, there ezists
a family Vg € HY(Dg \ Dg/2; C?) of functions so that

\i/R(x) = U(x) for |z| = R,

Up(x) = [ty 004 ¢ eiln-0te-)) on |z| = £ for constants ¢, € R,

/ Vg = / VU +o(1),
Dr\Dg/2 Dr\Dg/2

[ A = B AL 2 2B~ B )
R\YR/2
:/D " A+(|¢+|2_ti)z—l—A_(W}_F_t%)2+2B<|¢+|2_ti>(W)_|2_t3)+0(1)7
R\DR/2
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as R — oo. In particular,

E(Vg;Dp \ Drjo) = E(Y; Dk \ Drj) +o(1) as R — oo,

Proof. The proof follows [ABM], we provide details here for completeness. We apply
the same decomposition (3.15) for ¥4 (x), |x| > Ry, as in the proof of Lemma 3.2.

Define the cutoff function

0, if r < %,
L() = L(r) = { BC/m) 46 2 < <
1, if r > R,
\
and )
0, if r < %2,
L'(r) = Lg(r)={ L5, if 2 <r<R,

1, ifr>R,

We define our modification
Uy = (&R,Jm &R,7> , @Ri = pi(z) explidy],

p+(x) =te(l — Lg(r)) + Lr(r)p=(z),  ax(z) = neb + Lp(r)xs(z).

(3.43)

It is easy to have that
(1) when |z| =R,L(r) =1,
Vpe = pu(x)eE0X) e Wp(z) = U(2);
R
(2) when |z| < E,L(r) =0,
Upi(r) = tae™f
ie. Up(x) = [ty e™070+) ¢_ei-0+9-)) for some constants ¢, € R.
Next, we want to show the other equalities in this lemma.
Vpsl? = | =t L'Vr + LV ps + L'Vrps|?
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= |(px = t£)L'Vr + LV po|?

1 2L api
P =t r2(In 2)2 LVl + r1n2(pi +) or’

then we have

R 1 2L 0
IVisl* = Vpsl* = [ps — taf? s+ (L2 = )| Vo + —(p+ — t) e

r2(In2) rin2 or’
Now let A = {z|R/2 < |z| < R} be an annulus, we have that

1
Visl]? = [Vpel?] < —t2—/L2—1V2
J s = sl < [ s =P + [ 122 = 1190

2[L| Op+
— ][ 2=
+/A7,1n2\0i +]

</C 1 +/2 C+/ 2 c C
~ Jart r?(In2)? a4 78 arn2 r2 g3

2 | o 4 B
= (an—QC)?/ —rdr + 4rC —rdr + AnC —rdr

Rj2 0 ry2 T° 2 gt

wC 2121 4nC 2i-1
(n2)2 4Rt 7 4Rt T2 4R

— 0 as R — oo. (3.44)

Now, we need to estimate pi|Vay|* — pi|Vas|®. Tt is clear that Vay = ny VO +
L'Nr - x++ LVx4, then

Vae|* = ni| VO] + L*| Ve |* + SVl Ixel®

1
r2(In2)

2
2N LVO - Vs + niQXive Vr 4

X+VX+ - Vr
rln

rln2
2
ny 2 2 1 2
==+ L7V _
r2 + LAV + r2(1n2)2’Xi|

2n

L .
X+ [Vxa -7,

rin2

= x+ V0 -Vr+
rln2

Vay|* = nd |V + |[Vxe|> +2n.V0 - Vxo
2
n
== T_:Qt ‘l‘ |VX:t|2 —l— 2niV9 . in,
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and

1
~ 2 _ 2 — L2 o 1 2 - 2
Vsl - [Vasl = (12 = DIV + s
L
2ny (L — 1)V - 7).
+ ?”Li< )V Vx+ + T‘IHQXi(in 7”)
By (3.18), we also have that / . IVpi]? +|Vxs|? < co. Together with (3.18), it
ja] > B
follows that ’
lim [Vpel* + |Vxsl* = 0,

Ro—o0 %g‘x|§Ro
ie.

lim /|vpi|2+|in12:o,
Ro—o0 A

which implies that / |Vx+|?> = 0 as R — co. Meanwhile, we have that
A

1 ) 21 R 1 ) R 1 )
— x| = — |xx|*rdrdd = 2 — |xx[*rdr
AT 0 Rri2 T Rr/2T

R

1

< 2#/ —dr- sup |x+|*=27In2 sup |x+|* =0,
R/2 T |z|>R/2 |z|>R/2

since Y+ — 0 uniformly as R — oo.Then, combining above estimates and applying

Cauchy-Schwartz and Young’s inequalities, we obtain that
[ 1720Vasp - [VasP)
A
< / p2? - ||V — [Var ]
A
= / |ti(1 — L) + Lp:t|2 . “VOAé:tF - |v05:|:|2|
A
< C/ V| — [Vai ]|
A
1
<C 121 2, L 2
<o [ 12— 19k + gpmhl

L .
r ln2Xi<in 7)

1
Sc/ ’VXi|2+C/_2|Xi’2
A AT
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— 0 as R — oo (3.45)

Next, by (3.16), uniform boundness of p and Cauchy-Schwartz inequality, we deduce
that

[ vask@ - )| < [ [vasfiit - 2]

A A
= [ IVauf - IP - 2
<c [

1 1
< C/ =+ = Vxel?
AT T

2
n
T—§ + | Vx> +2n.V0 - Vs

— 0 as R — oo. (3.46)
By (3.45)-(3.46), we obtain that
/,4 12 Vasl? — 2 [Val?|
< [ 16:P [IVasl = [VasP| + [ [Vasf|ik - 2
A A
— 0 as R — oo.

Therefore,

/ Vg2 = / VU2 4 o1).
Dr\Dg/2 Dr\Dg/2

Meanwhile, by (3.16) and the uniform bound of p1 we have that

A([94 P = 8 + A ([ = £2)° + 2B(y|* = £2)(Ju-* = £2)
= Ap(py +t0)% (o — 1) + A(p- +t)%(p- —t-)°
+2B(ps +t4)(p- + - )(pr — ) (p- —t-)

<
7’4

i.e.

Al = 2+ AP — 20 + 2B = ) (- — ) =0 () 347
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On the other hand, we have
[el? =15 = 3 — 13 = L(ps — tx) (t+(2— L) + Lps),
hence

AP — 20 4 AL = 2+ 2B(1s ]2 — 2)([D-P — ) = o (i) - (3.48)

4
Therefore, by (3.47)-(3.48), we obtain that
/D . {Av(a P = )7 + A_(- | = £2)" + 2B(j [* — ) ([ — £2)
R\Dgr/2
ALl = 207 Ao = 202 4 2B — £2)(0- — )]} = o(1).

Then, it follows that
[B(Fg; A) — E(: A)| — 0,

as R — oo, i.e. E(@R;DR\DR/Z) = E(V;Dg\Dg/2)+o(1) as R — oo, which completes
the proof. O
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Chapter 4

Local Minimizing Solution

In this chapter , we would like to relate solutions to (1.2) to energy minimization. If

Q2 C R? is a bounded domain, we may define an energy locally by

1 1
P(%0) = [ STV LA Pt P A (0P P2 =) - P—t2))
And we study solutions which are locally minimizing in the sense of De Giorgi:

Definition 4.1. We say that ¥ is a locally minimizing solution of (1.2) if (1.3) holds

and if for every bounded reqular domain € C R2,
E(T;Q) < B(®;Q)

holds for every ® = (¢4, ¢_) € H'(Q; C?) with (I)‘asz = \If}m.

Following Lemma 3.3 and Lemma 3.4 directly, we have the following proposition,

which tells us that the local minimizers with degree |ny| > 2 are unstable.

Proposition 4.2. A nontrivial local minimizer of (1.2) must have degrees ny €

{0, £1}.
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Proof. The proof follows that of Theorem 2 in [Sha94] and Proposition 3.2 in [ABM].
Let W be a local minimizer. If either |ny| > 2 or [n_| > 2, we must have n% + n® >

|ny| + |n—]|, and hence Lemma 3.2 implies that for all R sufficiently large,

lim E(V; Dg)

(422 2,2 2 210 . 41
Jim ZEE (02 4 202 > (| + £ ) (4.1)

By Lemma 3.4, for R large we obtain U with constants ¢+ defined in Dg \ Dg/s.

Denote by
1 1
G(U: Q) = G(U: Q) = / Lyvp+ Lqop -1,
Q 2 462

the Ginzburg-Landau energy for U € H} (Q2; C).

For our positive definite condition AL A_ — B? > 0, we have that there exist two

A, B
positive eigenvalues A; and \,; associated to the following matrix " , and
B A_

As denotes the smaller one, \); denotes the larger one. Then we have that
AJ€P < AL + A€ 2B 6 < Auléf

where § = [€1,&_], [§]7 =& +&2. Now let & = [0y — 3, &&= [¢_|* — 2, we obtain
that

Ap(le? =80 + A (- = £2)* + 2B(|v4 | — ) (ly-* — £2)
< ([ = £2)7 + (I * = £2)7]
2 2
. 1)

2 2
:/\Mti<w+ —1) + At (’f—

ty
= Aty (JUR] = 1)7 + At ([UR ] = 1)%, (4.2)

with UE = qf—f and VUE = inﬁi. Taking €2 = Dg/s, let U}j;f minimize the Ginzburg-

Landua energy G, with boundary condition U;%t‘ = ¢!(n+0+9+)  Then,
ODg /s

[hwﬁw + o (U@ - 1)2] e

GolUfiDa) = [ |5

Dr/2
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1 4 R? 1 R?
— - Ui 2‘—‘—d /_Ui 2_12__d
[ SR g Tn+ [ UEGR - 17 Ty
:/ F|VU§|2+ RQZ (!U;El?—l)?} dy
b 12 1662

) 1
= GQ%(U;;DQ, with ey = Hm.

Therefore, by the result of Brezis, Bethuel and Hélein (see [BBH94]), we have

R
Gej: (U]:%,]DR/Q) = Gz% (Ug,Dl) = 7T|TL:|:| 111 (E) + 0(1)

Now let

(t:UR,t_Ug), inDpgp
(I)R(lL‘) = . .
\IIR(Hﬁ), in DR\DR/2

Since V¥ is a local minimizer, we have that
E(\I’, DR) = E(‘If, ]D)R/Q) + E(W, ]DR \ DR/2>,
and

1 A
B(¥iDaa) < [ GEIVULE + IVURF) + 2% [ (U7 — 17 + 4 (U = 17
R/2

= tiG@r (U}—{’—a ]D)R/Z) + tQ_Gef (U§7 DR/?)

1
At

=12 G (U; D)) + 2 Ga_ (Up; D) with e =
R R

R R

Hence, we obtain that

R R .
+
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From Lemma 3.2, it implies that

E(V;Dg \ Dgjp) = E(V;Dg) — E(V;Dgjs)
=7r(tin2 +2n*)In R — w(t3n% + t2n>)In(R/2) + O(1)

=n(tin? +t2n”)In2+ O(1),
as R — oo, and

E(U;Dp) < alny|In(R/2¢y) + 2 x|n_|In (R/2e_) + E(Vg; Dg \ Dgys) + O(1)
= mln(R/2)(t5|n+| + 2 |n_|) — tim|ny [ In(es) — t27|n_|In(e_)
+m(tind +t2n2)In2+ O(1)
=rIn R |ny| + 2 |n_]) — 7 In2(t3 |ny | + 2 |n_]) + O(1)

= 7R na] + 2 [n_]) + O(1),

which contradicts to (4.1). O

After Proposition 4.2, we know that the local minimizers must have degrees ny €
{0, £1}. For the solutions with degree [ny,n_] = [1,1], we will discuss it later in
Chapter 5. Now we want to obtain some pictures of [1,0] type local minimizers. In
general, for any system like (1.2), if ¥ is energy minimizer and deg(¢_;00) = 0, we

don’t expect ¥_ to vanish. And we show it in the following.

Consider the following slightly more general energy functional
1
G(vi8) = [ IV + Pl o), (4.3

with F(s;,s_) > 0 for any s; and F(t2,¢2) = 0. We consider entire solutions ¢ (z)

to
— Ay + R ([, [0 )pe = 0, (4.4)

where R ([t %, |v_|?) = gi; (|4 |2, [ |*). We prove a generalization of Theorem 1.1
in [ABMO09] as follows:
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Theorem 4.3. Suppose ¥ = [1p,,1_] is a locally minimizing solution with degree pair
[ny,n_] = [1,0] of (4.4) with s — tLe’™9%8%) yniformly as |x| — co. Then, there

exists a constant ¢_ € [—5, %) such that ¢_(x)e'*~ > 0 is real and positive in R*.

Proof. We may assume without loss of generality that ¢_(z) — t_ uniformly as |z| —
co. In particular, if we fix any 6 < 3¢, there exists a radius R = R(0) such that

|_(x) —t_| < d for all |z| > R. Let Q = Bg(0), and for z € Q define

Vi =ti(r), - (z) = Rep_(2)| + ilmep_(x).

Note that U := [1h,,1_] € H(Q:C2), G(V:Q) = G(¥;Q), and (by the choice of R)
\Tl‘aﬂ = \I/‘m. Therefore, U is also a local minimizer of GG, in the sense described
above. This yields that ¥ also satisfies the same Euler-Lagrange equation (4.4) as W
does in Q. Since U solves the Euler-Lagrange equation, we separate the real part and
the imaginary part of the associated equation. Then, we have that u = Re z/;_ is a

non-negative solution of the following problem

— D+ R (¢ [ Pyu =0,

u >0 (by the choice of R) .
00=Sg

Now we need to show u > 0 in €. Since u = Re ¢_ = |[Re ¢_| > 0 in €, suppose there
exists xp inside €2 such that u(z¢) = 0in Q. Then u(zy) = 0 is the minimum of u inside
Q). By the strong maximum principle, it implies that « =constant inside €2, which yields
that v = 0 inside Q. Thus v = 0 on 02, which is a contradiction to v > 0 on 0f).
Therefore, u = Re ¢_ > 0 in Q. Compare with ¥ = [¢),,¢_] = [¢;, Re _ + iIlm 1_]
and U = [¢p,,0_] = [y, |Re ¢_| +ilm ¢_] = 1y, Re ¢h_ + ilm ¢_], it follows that
¥ =¥ and Re _ > 01in Q = Bg(0). Let R be sufficiently large, we have that

Re ¢¥_ > 0 in R2.

Now let a be a constant with |a| < 7, and consider U_(z) == _(z)e". Note

that U := [¢p,,¢_] is also a solution to (4.4) with the same energy in any domain €.
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By the uniform convergence of ¥ and our definition of @E_, we have zﬁ_(:v) — t_el@
uniformly as |z| — co. Choosing § = d(a) > 0 such that Bs(t_e™) is fully contained
inside the right half-plane {Re z > 0}, there exists a radius R = R(«a) such that

th_(z) —t_e™| < § whenever |z| > R. Repeating the same argument as above, we can

get that Re ¥_(x) > 0 in R2. Equivalently,

Rey_ cosa — Imy_ sina > 0,

ie.
Imy_ < Rey_cota, when 0 < a < g,
Imey_ > Rew_ cot a, when — g <a<0.
Letting o — £7 we conclude that Im ¢_(x) = 0. O

Applying Theorem 4.3 to
Flowrs ) = Ag(ge P — )2 + A (|2 — 22 + 2B(J | — ) — £2),
we can get the following corollary

Corollary 4.4. Suppose V¥ is a locally minimizing solution of (1.2) with degree pair
[ny,n_] = [1,0]. Then, there exists a constant ¢_ € [—%,%) such that Y_(z)e’*~ >0

is real and positive in R2.
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Chapter 5
Stability /Instability in D,

In this chapter we discuss the stability of the degree-one radial solutions of the Dirichlet

problem on the unit disk Dy:

A+ AAL (4 2 — ) + B[P — )] = 0, in Dy,
—AYy + AA_ (- = 2) + B(j¢+|* — t1)]¥- = 0, in Dy, (5.1)
vy =tye®, on 0Dy.
We consider critical points ¥ € H := {¥ € H'(Dy;C?) \IJ‘E,D1 = (tpe t_e)},
which solves the Dirichlet problem above in the unit disk, for fixed B, as A ranges in

the half-line A € (0, 00).

In Lemma 2.1 , we already proved the existence of unique radial solution of (2.5)
having the form U = [, 9| = [fo(r)e™?, f_(r)e™?] with fr > 0 and [n,,n_]
is the degree pair for the solution. fi(r) is easily seen to satisfy (2.5). Moreover,
the monotonicity of fi(r) has been established in various cases in Theorem 2.6. For
convenience, we replace the usual parameter € by A = € 2 in our energy E., and write

E\(U) = [ IVUP 4 Aol - £)°
Dy
+A_([0-? = 2)" + 2B(j [P = ) (- = 2)]
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The associated second variation of energy F) around ¥ = (¢, ,1_) in direction & =

(64, 0-) € Hy(Dy;C?) is

EX(W)[@] = [ VO + AA (|9 " = 1) + B(jo-|* — £2)]]¢4 |

+AA (|- = 2) + B(je+ ] = t)]]o-|”
F2MAL (U, 01)2 + A (Do, )2 + 2By, o) (-, 00, (5.2)

with (u,v) = Re(av) = 2542,

First, we note that for A small enough, there are no other solution to (1.11):

Proposition 5.1. There exists \* so that for every A\ < \* the unique solution to

(111) is ¥ = [eraw*] = [er(T)eieaff(r)ew]'

Proof. We firstly define the convex set B = {0 € H : |V| < A in D;}. By the result
shown in previous chapter, any solution of (1.11) lies in B. For any ¥ € B and together

with the positive definite condition, we have

EX()[@] > | [V + AA (|94 " = 1) + B(jo-|* — )| |*

D4
HAA ([P = 2) + B(je+ [ = £2)]]o-|?

> [ VO = M(At] +[BI2)64 ] + (A-t2 + |BJt])]o-|’]

Dy

> [ VO] — NA 2 + At +|B|(t2 + t2)]|®[?
Dy

= [ |VOP = \C|D|?,
Dy

with constant C' = C'(AL, |B|,t+) > 0 independent of A\, ®. By choosing \* sufficiently
small that C'\ is smaller than the first Dirichlet eigenvalue of the Laplacian in D we
may conclude that EY(¥)[®] is a strictly positive definite quadratic form on H}(Dy; C),
for any U € B. Thus, F, is strictly convex on B, and hence it has a unique critical

point. ]
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Motivated by [Mir95], we will use the Fourier decomposition to reconstruct our EY,

apply the variational method to show the following theorem:

Theorem 5.2. Let U = (¢, ) = [f1(r)e?, f_(r)e?] be a solution of (1.2) in Dy,
such that fi. > 0 with B < 0. Then, ¥ is stable, in the sense E{(V)[®] > 0V ¥ €

We note that by Theorem 2.6, the radial solution fi(r) to (1.2) is monotone in-
creasing when B < 0. Now we divide our proof of Theorem 5.2 into the following

steps.

Firstly, reformulation. Each ¢4 € H}(D;;C) can be written in its Fourier modes
in 6

szl: — Z b:t znG

nez

where bE(r) € H.((0,1];C). Using above Fourier decomposition, we have the follow-

ing calculations for each term of the second variation EY:

[ iver
Dy
2m 1
I

{
= [T [ {iemare e+ S e+ O

2m 1 o0 . B . 1—n 2 1—n 2 B
[ lere s enr s S e S P
0
2
/ (e, ¢1)? = / / (fe bEe™V2rdrdd

/ 12 Z |bn+1 fn‘Q"’dr

nel

/fi {Z|bn+l —n|2 Z |bn+1 —n’Q}rdr

n=—oo

n
Y+ 10+ I o+ I }rdr

And
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T 1 >
—5/0 fi{Zw by nl2+Z\b b n|2} rdr,
n=0

where by changing the index we obtain the last identity.

Using the orthogonality, we get
| o
/ / Z (fre? bfem™) (f_e?, b e™ ) rdrdd
S B W R
wm +JoJo

+ bFb M0 4 pip— ot 2=y

1 1
= Z g/ fof-(brb, + btb, )rdr + Z g/ Fi (b by + bby, rdr
n+m=2 0 n=m 0

- / Fof-(bTby . 4+ bibs 4+ bb + bbb )rdr
nez

-y / P BT+ Db + bpnbin + b b e

neE”L

:( ){ / P O+ BB+ i B i

- Z / f+f 1+n + b1_+n + b1+nb1_+n + bi_—nbl_—n)rdr

+ Z / f+f b+ bf+n 1+nbl —-n + b b;—n + bT—i—nbli—&-n)rdr:

27
w)iy?:/ / > |bEe™ | *rdrdd
Dy

ne”z
/ / > |bE[*rdrdo
nez
= 27r/ Z |bjE 2rdr
nez
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zzwfol{z n+1\2+2\b n\z}

n=1

Therefore, we have the following quadratic forms associated to (5.2):

Q ") (bit—&—n’ bi—n)
1 , 1+ 1 —
~or | [|<1+n> Pt + S ey L ﬂ dr
1 o, o 1+ 1-— _
vom [P o + %\MFN i rar

+ 2)\7r/ |:A+f+’b1+n 7n‘2 +A_f2 by, + blinﬂ rdr
0

+4)\7TB f+f bi:—n—{_bl n7b1_+n> <b+ +b1+n’b_— >]Td7"
1
20 [ = 8) 4 B = )8+ 6P
01
200 AL = )+ BUE = Bl + s
0
for n # 0, and
V()
1
=2 [ IOEE 4100 + 50 + 1) e
0
1

v {A+filb1+ + b7 P+ A_f2 by + by [P+ 4B fo f (b + by, bf)} rdr
0

”M/ {[AL(f2 = )+ B2 = )i P+ [A(f2 = ) + B(SZ — E))b; [} rer

[e=]

=on [ 1w+ 10077 + <|br\2+|b1|2>}rdr

+ o [ A2 = 2) + B2 = 2)bH2 + [A_(f? — 2) + B(f2 — )by *} rdr

o

1
+4xm [ {ALfF(RebT)? + A_f2(Reby)* + 2B f. f-Re(bf)Re(by) } rdr.
0
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Therefore, we can write (5.2) into the following

EY(0)[@] = Q) (bF) + oV (05, b8) + > OV (b, bE ). (5.3)

n=2

Consquently, the operator £ associated to E{(¥)[®] can be identified to a direct

sum in Fourier modes,
CI)) = @‘C()\n) n+17bi )
n=0

where the operators Cg\n) are associated to the quadratic forms Qg\n). Define (in Fourier

Space)
EA(I) _@E br:lL:JrlJ n)
n#l
H — [+ 7 _ + ,inf — _in6 ~ D)+ 71+
where © = [¢,,¢_] = Zn7£0,2 bye 7211;&0,2 b, e ]a and so L(®) = L3"(by,by) &

EN,\CTD, with QA denote the quadratic form associated to £~,\.

We have thus proven (from above) the following proposition:

Proposition 5.3. We have £,® = L (b5, bF) © L,®, where the operators L3 are
associated to the quadratic forms QE\n), the operator ZA 15 associated to the quadratic

Jorm éA and & = [&;Jr,g—] = [Zn7£02 n € in? Zm&oz n me)]

1/2

As a consequence of this proposition, we define af := Z bE|? . Then,

n#0,2
n>0

ay(r) is purely imaginary and we have

N

Yo ] =D

n#0,2 n#0,2
n>0 n>0

By the facts

=

)R A ol D DR A (G B

n#0,2 n#0,2
n>0 n>0
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and

pop |2 (b, (b)) 1? . 2o (D7 Do |(07)' B Ly
|(CL1)| - Zn;ﬁoz‘biP — Zn;ﬁ02|bi‘2 - Z ‘( n)‘

n#0,2
n>0

we obtain that

ai)P< Y 1) (5:4)

n#0,2
n>0

On the other hand, by the positive definite condition A, A_ — B? > 0, we can

simply get that

AL f3bT 4 b7+ AP by, + by,
F2Bf f (b 4 by bin) + (B + bF o, D))
= Ay 20f b1 P+ A2 b, + b
+ 2B f1 f-Re[(bf 1+ bi_,) (bi + b1,)]
> N0 + b7+ 2 by, + b, ?) >
for each n > 0 and n # 1, where Ay > 0 is the smallest eigenvalue of the matrix

A, B

B A

Similarly, under the same positive definite condition, we also have

AL f2(Reb})? + A_f2(Reby )? + 2B, f-(Reb; ) (Reby)
> N[ f2(Reb)? + f2(Reby)?] > 0,

with the same eigenvalue A, as above.

Therefore, for n # 1, we have that

Qg\n) (bit—&—n’ b:lt—n>
1 1_|_ 1
>or | {|<1+n> Pt + S s Lo n|2} rdr
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1 1 2 1_ 2
vom [{ima e om P+ S+ C e 2
1
+2m / AL(f2 — ) + B(f — )b al? + bf o P)rdr
1
2m / AL (f2 = £2) + B(2 — &)]([bipal? + b, [2)rr. (5.5)
0

By (5.4) and (5.5), it follows that

=> QU b

n#l
n>0

1
> o [ {|a1 P+ @)+ (et + o ) f o
+2Xm [ [AL(fF =)+ B(f2 — t)])|af [Prdr
)+ B~ )l Pr

— QOad). (56)
Meanwhile, we have that
o\ (b5, b)

1
=on [ {\@)'P P+

0

1 4
vom [ |00)P 4 105YP + S| rar
0

1 _ N
x| (AP + B+ A2y + B ] rar
0

4
—2]b;|2} rdr
,

1 —_— —_—
+ 4/\7TB/ fef-[(b3 +bf,b3) + (b + b3, by )|rdr
0
1
23 [ A = ) + B = 2B + b )rdr
0

1
+ 2)\7r/ [A_(f2 —2) + B(f2 — 2))(|b5]* + |bg |*)rdr.
0
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The self-adjoint operator associated to Qg\l)(bét, bE) is

—(65)" = 2 (05) + MAL(f2 —t2) + B(f2 — £)]bg
£ by | FAALfE(by +b5) + MBSy f- (b +07) (5.7)
$ = . (5.

by —(02)" = F(b3) + by + AA=(fE — 1) + B(f7 — 3))by

FAALf2(0F 4+ by) + ABfy f- (b +b])

We perform a reduction of the operator ﬁf\l): define a quadratic form Qg\l) on real-

valued radial functions (a3, ag) by
QU (aF,af) =2 Z '+ (a )|2+i]ail2 rdr
29 0 T2 2
1
20 [ A2 = 8) 4 B — ) (o P + g Prdr
0
1
2 [ AL = )+ B = )Ml P+ oy P
1
b2 [ APl - a4 APy - ) + 2B S0 - o ay — ap)lrdr
0

The associated self-adjoint operator to Q(l)

—(ag)" — 1(ag) + ANAL(ff — #2) + B(f7 — t3)]ag
e ay B +AALfi(ag — a3) + ABfyf-(af — af)
\ —
ay —(a3)" = (ax) + pay + AMAL(f2 —12) + B(f3 — 3)]ay
I +AALf2 (a3 — ag) + ABfy f-(aF —af) |
(5.8)

Denote

fx= min E{(¥)[®], [ = min Qx(aZ, af, aF),

A
2 + £+ +
@7 2=1 ll(ag a1 50517 ,=1

with Q\ (a3, af,af) = (0)( )+ Q (a2 Lal), Ly, M n)(n = 0,1) are the associated

self-adjoint operators respectively, and we write

I(ag, at a)l32 ==Y [lagliz + latll7z + llas7=]-
n==+
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Proposition 5.4. We have iy = puy,V A > 0.

Proof. Assume that ® attains the minimum /i, under the constraint ||®||2, = 1. Then,

by the Fourier decomposition of ¢ and (5.3),
i = EX(W)[®] = QU () + Q (b3, 55) + D Q" (0, 1)

> QY (af) + Q) (a3, af),

where ||(ay, af, ay)||%. = 1 by the choice of a7, ai, ay as above. Therefore, iy > py.

Conversely, if (af, a7, a;) attain the minimum for py, we have ® = [¢,, ¢_] with

bs = a +iate” —aie™ and @)% = |(aF .t a3)|[3 = 1. Hence,

i < BY(0)[@] = QV(af) + Q) (a5, aF) = 1,

i.e. iy < py. Therefore, we complete our proof. O
Denote
0 . 0 .
Mg\): min QE\)( ) ME\) L Q,\ (a3, ap).
llaglI? o= ll(ag a3 2 =1

By the definitions of uy, /LE\O) and u , we have that u, = mm{,u)\ ,u(l)} If we want
to show p is positive, it is sufficient to show that both of ,u/\ ) and ,ug\ are positive.

Follow the approaches in [Mir95], we establish the propositions below.

Proposition 5.5. u )>0 forV B.

Before we prove it, we need some preliminaries.

Lemma 5.6. V4 is the only minimizer of Ey in the class

E={V = (g+(r)e”, g_(r)e”)|V € H'(B1;C), g+(1) = fo(1) = to}.
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Proof. We have that

1
1
E\V) = [ (g +19 2+ (g + lo-P)rar
0

PV
+5 [Ac(ge > =2 + A_(|lg-> = £2)> + 2B(|g+ > — 3)(lg-1> — ¢*)]rdr.
0

IfV = (|g4]e?, |g—|e®), by the fact that |V|gs|| < |Vgy| for Vgi € C, we have that

E\(V) < E\(V).

If V is a minimizer, so is V. Then V is smooth, which implies g4 (r) # 0 for

€ (0,1). And the equality occurs if g+ € R (if g+ is not real, we have the boundary
condition: g+(1) = fi(1) = tx+ € R, which implies that g+ € R).

From above analysis, the minimum of E)\ in & is obtained by a function g (r)e®

with g+ (r) > 0. But from the uniqueness result in previous chapter, fi are the only

nonnegative solutions of

9 g
—g = TE S = NA(E — f2) + B — )]s,

9+(1) = f£(1).
Then by the uniqueness of above ODEs, we have g = fi. Therefore, V,q =
(f+(r)e?, f_(r)e) is the only minimizer of Ey in the class €. O

As a consequence of this lemma, we find that u(f) > 0. In fact, E{(V,aq)[wy, w_] >

0,if w= (wy,w_) € F={v=_(g4(r)e”, g_(r)e”)|v € H}(By;C), g+(1) = 0}.

We have
p' =, min  E{(Vna)(iar) > min BY(Vrd)(ws) > 0.

afeHl ((0,1:[0,00)), w=(wy w_)EF

Jd(aT 12+l 12)rdr=1
We claim that u(;’) > 0. Suppose not. We obtain the existence of wy = iai(r)e®,

1
with af > 0, / (|af|* + |ay |*)rdr = 1 and B} (V1aq)(w+) = 0. Then w = (w,,w_) is
0
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a global minimizer of EY, and hence verify the following equations:

—Aws + MNAL(f2 = 11) + B(f3 — t2)Jws + 2\ [Ax (s, we) + B, ws)he = 0.

By the fact that (fi,iaf) = 0 with o € H'(B1;R), we have EY(V,.q)(iaT) =

Q&O)(ali). The Euler-Lagrange equations associated to ng)(af) are
+\/ (ali), ali_ AL (F2 — 2 B(f2 — Ve inl0.1
) = T = A - )+ B - e, mb,

Multiplying r f+ to af-equation of (5.9) respectively, and integrating by parts, we
obtain that

1 ==Y + 1 +
[ ey ) v =~y + [ [+ T rar
0 r r 0

r

= [ AL =)+ B2 = Bl farar

(5.10)
Also, we have that fi(r) satisfy the following equations
et :
R TR AL -2+ B2 -2 0,1
+ r + r2 [ i(f:t :t)+ (fq: :F)]f:l:v lIl[ ’ ]7 (5‘11)
fe(1) = ty.

After multiply raiﬁ to fi-equation of (5.11) respectively, and integrate by parts,
we similarly get that

~rmar+ [ 1 {(a?)'f; "

alifi

72

1
} rdr = )\/ [AL(fi—13)+ B(fi — ti)]alifirdr.
0
(5.12)
Therefore, by (5.10) and (5.12), we obtain that

—fL(Daf (1) = —(ay) (L)t

which implies that (a7")'(1) = 0. Together with ai (1) = 0, by the uniqueness of ODEs,
it yields that aF(r) = 0, which is a contradiction. We conclude that ,ug\o) > 0, which

completes the proof of Proposition 5.5.
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Lemma 5.7. If B <0, then ,uf\l) > 0.

Proof. Let Fy = Y(a5 +a3), K+ = (a§ — a3), we can rewrite Qg\l)(af, aF) in terms

of Fi and Kii

OV (Fe, Ki) = QV (a5, af)

1
:47r/
0

+ 8T

2
PP+ KL + S| Fs — Kaf? | rdr

| — |

1
A fFK2 + A fPK? +2Bf f-K K Jrdr

1
AL = £) + B — 2)(F? + K )rdr

1

[A_(f> —t2) + B(f2 = t2)](F? + K?)rdr.

+ 4T

+ 4 7T

o— S— —

The quantity Q\E\l)(Fi,Ki) decreases if we replace Fy, Ky by |Fi|,|K+|, i.e. we

have
QU (Pl I Kal) < QV(Fi, Ka) = Qa5 a),
which implies that there exists a minimizer pair (Fy, Ky) with Fi. > 0 and K1 > 0.

Since the associated system satisfied by (a3 ,aF) with /Lg\l) playing the role of a

Lagrange multiplier is as follows

(

—(ad)" — HaF) + NAL(f2 — 12) + B(f2 — t2)]ai

AL f2 (a5 — a5) + ABfif-(af — af) = pfag, in [0,1],
—(a5)" — Naz) + Aay + NAL(f2 — ) + B(f2 — 2)]a3

+AALfR(aF — ag) + MBS, f-(af —af) = paF, in[0,1],
0 (1) = a5 (1) =0,

(5.13)
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we can change (5.13) in terms of Ky and F. as following

4 1 2 .
—F! — —Fi + S (Fy — Ko) + MNAL(f2 — 1) + B(f2 — t2)]F. = M&I)Fﬂ:, in [0, 1],

T r?
1 2
-KY - ;K/i + E(Ki = Fe) + NA=(f2 - 13) + B(fz — t2)| K

FONAL 2K, + 20Bf f_ K- = VKL, in [0,1],

Ki(1)=0=Fy(1),
(5.14)

with Fiy > 0, Ky > 0. On the other hand, we have the fact that fi = fTi and
K. = fL satisfy (5.14) with u{"” = 0 when B < 0, i.c.

(-, 1~ 2~ o~ ~ .
—FL - CFL b S (Fe = Ko) $ MA(E —£2) + B(E - 2))Fe =0, i [0,1],
~ 1~ 2~ - =
~KY = SR+ S(Ke = Fo) + NA(f2 — ) + B(f2 - )K=
F2ML 2K, + 2ABf, f_K+ =0, in [0,1],

Ki(1)=f1(1)>0, Fy(1)=t,.

We now multiply the Ki-equations of (5.14) by [N(ir separately and integrate by

parts, we obtain that

1 1
~ ~ 2 ~
— K:,t(l)Ki(l) + / K;:K;:Td’f’ + / ﬁ(Ki - Fj:)KdeT’
0 0

+/ NAL(f2 —13) + B(f2 — t2)| K+ Kordr
0

1 1
+2A / [ALf? + Bfyf | Ky Kordr = iV / K- Kyrdr. (5.15)
0 0

Similarly, we multiply the }N(i—equations of (5.14) by Kir and integrate by parts
to get that

1 1
- 9 _
/K;K;rdr+/ — (Ky — Fy)Kyrdr
0 o T
1
+ [ AL = ) + B2 - ) KuRardr
0

1
+2A / [Aysf2 + Bf, f_]KyKirdr =0. (5.16)
0
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Therefore, by (5.15), (5.16) and the boundary condition Ky (1) = 0, we can get
that

~ Lo _ ~ 1 ~
~K (1)K4(1) +/ S(FLKy — K Fy)rdr = ,ﬁ;)/ K. Kyrdr. (5.17)
o T 0
Similarly, we have
~ Lo _ ~ 0 o
—FL(I)Fj:(l) +/ ﬁ(K:I:F:I: - F:tKi)’/’dT = /Lg\ / FiFdeT. (518)
0 0
Combine (5.17) and (5.18), it follows that
1
W [(Bektst FeFordr =~ KLORS() - FOF(). (619
0

Since K1 >0, Fy. > 0in [0,1] and K. (1) = Fy(1) = 0, we have K (1) <0, F(1) <0.
We claim that K/ (1) < 0, F.(1) < 0. Actually, if K’.(1) = 0 = F (1), and with the
boundary conditions K1 (1) = 0 = F1(1), it implies that zero is the only solution of
(5.14) by uniqueness, i.e. Ki(r) = 0 = Fy(r). It yields that aF(r) = 0 = a3 (r),
which is impossible. Therefore, K’ (1) < 0, F_(1) < 0. Since the right side of (5.19)

(1)

is positive, and the each term on the left side of (5.19) is also positive except gy~ .

Hence, we can obtain that ,ug\l) > (. This completes the proof. O

Proof of Theorem 5.2. By the fact p) = min{,uf\o),u&l)}, and together with
Proposition 5.4-5.5 and Lemma 5.7, we have fi, > 0, which gives us that E{(¥)[®] > 0.
This completes the proof of Theorem 5.2. O

After we establish the stability of the radial solution with [1, 1] degree pair, we will
discuss the relations of the eigenvalues between the operators Eg\l) and Mf\l). Once
we get the property of the eigenvalues between the operators E(;) and ME\D, we can

obtain the instability result in Theorem 5.9 when B > 0.

Lemma 5.8. 1 € R is an eigenvalue of EE\I) over L*(([0,1); rdr); C*) if only if it is an
eigenvalue of /\/lf\l) over L?(([0,1);7dr); RY). Moreover, if p is a simple eigenvalue of
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Mf\l) with eigenspace spanned by (a3, a3), then

ker(ﬁ —pul) ={ t(€ay,—Ea3): €€S', teR}.

Proof. Let p € a(ﬁ&l)) with complex-valued eigenvectors (b3, b3 ), that is

with Lf\l) defined in (5.7). We observe that af = ImbZ, ai = ImbF will be eigenvectors
of /\/lf\l) with p. On the other hand, if (a,a3) are real-valued eigenvectors of M(Al)
with p, then (bF,b5) = (iaZ, ia3) will be eigenvectors of £ with the same eigenvalue.
Then, o(L") = o(M ).

Now suppose p is simple eigenvalue of ./\/l(;) with eigenspace spanned by (af, a¥).
If (b, b3) is an eigenfunction of ,C()\l), then (by the observation above) (Imbac, Imby) =
I(ai,a3) for I € R. Similarly, (RebT, —Reby) is an eigenfunction of /\/l , and so
(Reby, —Reby) = k(ag,ay) for k € R. Setting t = VA>+ 12 and { = i € §!, we
have (bF,b3) = t(€af, —EaF) as desired. O

In order to study the dependence on A of the eigenvalues of the linearized operator
./\/l(A )(ao ,a3) (defined in (5.8)), we replace the dependence on A by a dependence on

the domain (0, R), via a change of variables. Therefore, we obtain a new quadratic

form:
Q) =2 [ Z[ (@) 2+ (@) P + “Slasf| rar
+on / AL f2(ag — )+ A_f2(a5 —a3)* + 2Bfof(af — af)(ag — a7)] rdr
T om / [AL(f2 =)+ B2 — )] (lad | + | [2)rdr
+27r/ 2 =)+ B(f; —t2)] (lag |* + |ag |*)rdr
=: Qr(ag, a3),
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where aE(r) = aX(rR), af(r) = af (rR), R = V\.
The associated operator to @ r(aT,a3) is defined as M\g). We observe that the first

eigenvalue of M\g) denoted by jig, is related to the first eigenvalue u(;) via ,ug\l) = R?[ig.

Finally, we obtain the following instability result for radial solution when B > 0:

Theorem 5.9. For any B € (0, By), where By is as in Theorem 2.7, there exists a
unique constant R, = R.(B) > 0 such that vy = fi(r; R)e? of (1.2) is unstable for
any R > R,.

Proof. To do this we argue as in Theorem 2 in [Mir95]. Let a5 (r), a5 (r) be the ground-
-

state eigenfunctions. Define Ly = ag (r) 4 a3 (r), P+ = ag (r) — ai (r). Therefore, we
can rewrite @ r(aF, a3) in terms of Ly, Py as follows:
~ R 2
Qn(a5.a3) = [ 0 |\ + Bk P
0 4=+ r
R
+ 27r/ [ALfiP+ A_f2P? + 2Bf f_P. P | rdr
0
R
s [T AV =)+ B2 = ] (P + 1L P
0
R
+ 7r/ [A_(f2 = 2) + B(f; — 2)] (IP-]> + |L_|*)rdr
0

= QR(Li7 P:t>

As R — oo, the radial profile fi(-, R) — f°(-) in C*([0, R]) for all R > 0 and
k € N, with f2° the modulus of the unique entire equivariant solution of the form
U = fR(r)e?. Let Ly = 5 L =~ p= (f), Po = —(f*). Since f3°
vanish linearly at » = 0, Ly (r) and Py (r) are regular near r =0, Ly — P, = —r [f%o] /,

Y 9
L_—P =r [f } are well-defined in Qr(L+, P+). Meanwhile, P, and L. satisfy the

T
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following equations:

(L) + 2(Ls — Pi) + [Ac((f2)? —12) + B((f2)? — t2)] L+ = 0,
—(Py)" = 2(Pe) 4+ 2(Py — Ls) + [AL((f2)* = 13) + B((f3°)? — t2)] Px
12AL(f)2 Py — 2B [P, = 0.

Using above equations and integrating by parts, together with the asymptotic proper-

ties of radial solutions at infinity in Theorem 2.4, we can obtain that

lim QUR(Liy Pi)
R—o0

= lim 7 [ PLPur|( + L Lar ]

R—o0

o 2
b [T 2P - LR A - )+ BUEY - 2
0
—2AL(fR)PPE +ABfR [Py P} rdr
- 2 00\2 2 00\2 2 2
+ — (L = Py)Le — [AL((f£)" — t3) + BI(/F)" — t5)]L% o rdr
0
+7T/ %|Li—Pi|27“d’f’
o T
+ 27r/ [AL(f2)2P] + A_(f)* P2 + 2B [ PP ] rdr
0
+ 7?/ (A () = ) + B(f2)* = )] (|1P4 " + | Ly [*)rdr
0
+ W/O [A-((f2)* = £2) + B(f2)* = )] (|1P-[* + [L_[*)rdr
= 87rB/ JEfEPLP_rdr
0
_ —87TB/ FEFE(EY (F°) rdr < 0,
0
since by Theorem 2.7 we have (f2°)(r) > 0 when 0 < B < By. Denote Qoo (L, Ps) :=
I%im QR(Li,Pi). From above computation, we have Qoo(ii,pi) < 0. Set a cut-off
function ng(xz) = m(z/R) with m(z) =1 for 0 <z < 1/2, y(z) = 0 for x > 1 and

0 < m(z) <1for 1/2 < z < 1. Define LY := Ling, P = Ping € HI([0, R)).
oo oo o1/
Then we have L, = f% = o(r ®), L. = _IE o(r=3), L', = [f%] = o(r7?),

39



007!
L =- [ff] = o(r?), P, = [ff}/ = o(r™3) and P! = — [ff’]’ = o(r=3) by the
asymptotic behaviours as in Theorem 2.4. Therefore, choose 6 > 0 (to be determined

later) such that Qw(ii, ﬁi) < —6 < 0, we have that
QR(L£7P:E)
R/2 2
— W/ Z {\P{F + | L) + ﬁ\Li — P|?| rdr
0 i=+
R/2

+27r/ [ALfiP}+ A_f2P? + 2Bf f_P.P_|rdr
R/2

- / [AL(2 — £2) 4 B(? — )] (P + |La?)rdr
R/2

+r / (=) + B2 — )] (1P + |L_[*)rdr

/ [|P’|2 LR+ —|L,- P rdr

/ [ALf2P + A_f?P> + 2Bf f_P.P_|rdr

i / AT BUE ORI Py
R/2

R
- 7r/ [A_(f2 =)+ B(f? = 2)] (|P-]> + |L_|*)rdr
R/2

<r [T |+ Sk pe|
i=+
+ 27 /OOO [ALf2P} + A_f?P? +2Bf. f P P_| rdr
[T IASE = 8) + B~ )] (PP + 1Ly P
- w/ooo [A_(f2 —2) + B(f2 — )] (|IP-|* + |L_[*)rdr + 6

= Quo(Ly,P)+6<0

for R sufficiently large. Hence, we have Qr(LE, PE) < Qu(Ly,Py) + 6 < 0 for
VR>Ryif 6 < %|Qm(ii, Py)|, which implies that the minimu of Qz(L%, PF) < 0.
Thus, for R sufficiently large and 0 < B < By, p\"(R?) = R*u1(R) < 0. Since
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)

iy = min{ug\o), ,u(;)} < ,ug\l , we have u, < 0, which completes our proof.
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Chapter 6

Strong Convergence Away From

Vortices

In this chapter, we provide some asymptotic estimates of the behaviour of solutions at

infinity. First let us state the asymptotic description of solutions:

Proposition 6.1. Let ¥ be a solution of (1.2) in R? satisfying (1.3). Then there exist
constants By, B_ such that

Yy — LML) uniformly as |z| — oo . (6.1)

Moreover, for any degree pair [ny,n_],

A-n? — Bn2 1 1
2 2 F'+
()| :ti—mﬁJrO(T—g) : (6.2)

asr = |x| — oo.

Remark 6.2. (6.1) implies that the solution is asymptotically equivariant, and the

asymptotic expansion (6.2) of [+ |* agrees with the one in Chapter 2 which was derived

for equivariant solutions.
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To prove Proposition 6.1 we use the following modification of a similar result in
[BMR94]:
Lemma 6.3. Let VU be an entire solution of (1.2) satisfying (1.3).

(i) |¥(z)|*> < min %,ti + 2}, where M = max{A;t2 + Bt*, A_t*> + Bt?} and
A. B

ALA_ — B? >0, \; > 0 is the smallest eigenvalue of the matriz
B A_

(i1) |+ ]* — t2 uniformly as |z| — oo.

(i4i) There exist constants Ry > 0, ny € Z, and smooth functions pi(z), ¢ (x)

such that for all |x| > Ry
U(z) = [V (2), ()] = [py(x)e 0T+ @) 5 (g)ein-0Fo- (@],

with .
[ el V0sP) < . (63
‘:E|>R0

Proof. We show the proof of statement (i). Let V(z) = [¥]?, then VV = ¢, Vi), +
¥_V_. Therefore,

%AV =Y Vi + Vi + [V
> PV + 9 _Vip
= 1AL = 2) + Bl — )
T E12[A(|¢|2 —12) + B(jp[* — £2)]
= & (Al 4 Bl PR — (4,22 + B, P
FA_O-| + Bl Pl — (A2 + BED) |- |]
_ l (Al |* + 2Bl Pl ? + A_fy_|*
— (ALt} + B0y |? — (At® + B[]

1
> 55 e+ o) = (Atd + BE) o * = (At + BE2) |y |7]
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2
A
= 2y oMV
€2\ 2 >
As 2M
v (v-3).
ie.
A 2M
AV > 2V IV - 6.4
> 5v(v-3), (6.4
: . | A+ B | |
where A\; > 0 is the smallest eigenvalue of the matrix since AL A_ —B? >
B A_
0.

Now let v =V — 22 we can rewrite (6.4) into the following inequality:

—Av+a(z)v <0 in Q,

2M
— 2 a2 7
! o0 Tt As

with a(z) = 2%V > 0.

If t3 +t* — % < 0, by maximum principle v < 0 on €, ie. V < % On the other

hand, if t2 +t2 — 2¥ > 0, by maximum principle again max v can be attained on 9,
. 0

2M 2M
ie. mﬁaxv =3 + % — N and v < ¢3 + 2 — S ie. V < t3 +t>. From above

2M 2M
analysis, we obtain that V' < min{ 3 ,ti + tQ}, i.e. |¥|? < min {)\—, ti + t2}.

Now we are going to show statements (ii) and (iii). First, we need to show that

VU € L*(R?), i.e. Viop € L*(R?). Indeed, from (1.2) it follows that

—Apy = [AL(t] — [9]?) + B(t3 — [+
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Then, by part (i), we have

[ D] < (JA(t] — [ + Bt — [0+ ]
< (Astl + |Blt2)|p] < C, Yz eR

By the Sobolev embedding, it follows that for any p € (2,00), V zy € R?,

Vil Lo (Br(zo)) < W£llw2r () (20))
< C (9]l Lo Batao)) + 1AL Lr(Bo (o))

< Cl[¢p£l| o (Ba(ao)) < C-

Hence, we have that Vi, € L>®(R?), i.e. V¥ € L>®(R?).

Now it is time to show the uniform convergence of |+ |? as |z| — oco. In fact, we use
the argument by contradiction. Suppose that there is a sequence |z,| — oo such that
|4 (xn)| — t4| > & for some 6 > 0. First, we consider the case for |¢4(x,)| —t4 > 0.

Then,

[y ()| < [y (@) — Py (zn)] + [Py ()]
< | Viillpe|z — zn| + |4 (20)]

0
§M+'2M++t+_5 for $€B($n,m)
=1 0
=14 5

with My = ||V | p=. It follows then

52
(W = 12)% = (x| + t4) - (b — [04])* > 17 - T (6.5)
fe. ([y]? —12)2 > 2 - 2. Therefore,
5?2 t26%2 762
2—t22>/ 2 gy = B T .
™M

B(xn72]\4+)
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On the other hand, by the positive definiteness of F(¥), we have that (|¢,|? —

224 (jp |2 —12)2 < AiF(\IJ) Hence, by (1.3),

A+ A

[ AP =2+ Ao =22 < B [ P < oo,

It is easy to obtain that
[ s -2 < oc
R2
for Ay > 0.
Since (6.8) holds, there is some Ry such that

2682 762
D22y < 2 0
/w e < B T

Since (6.6) and |z,,| — oo, this yields a contradiction.

Second, we discuss the case for [, (x,)| —t4+ > §. Then, we have that

(1 = 13" = (Wl + )" (b = [P )* 2 17 -

which implies that

A

Since (6.8) holds, there is some Ry such that

w62

2422 2 529 _
(.| m_/B | =100

Tnyoary)

xn72M+)

T2

(14 = 2)* < 7m
/|$>Ro " 4M-%—

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

Since (6.6) and |x,| — oo, this yields a contradiction. Together with above two cases,

we obtain the uniform convergence of |¢|?

as |r| — oo. Similarly we can also get

|4_|? — 2 uniformly as || — oo. Immediately by part (i), there exist smooth

functions p+, ¢+ and contants ny € Z for |x| > Ry such that
U(z) = [hy(2), ¥ (2)] = [pi () 0F0+ @) p_(g)lln-0F0- ()],
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To prove (6.3), we write the equations for o1 = ni6 + ¢+ and ps by (1.2):
—Aps + pe|Vos|? —i(2Vps Vs — prlpy) = [AL(t] — p1) + B(t2 — p2)]ps.
After separating the real and imaginary parts of above equations, we can obtain that

div(p2 Vips) = 0, (6.13)
—Dpy+ pe| Vi = [AL(t] — p2) + B(t5 — p7)]pe- (6.14)
Note that ¢+ = n.0 + ¢+, we have
V
VoL =nsVO+ VoL = ni7 + Vo, (615)

where V() is the vector-field in R?\ {0} defined by V(rcos @, 7 sin ) = (—sin 0, cos f).
Combining (6.13) and (6.15), we get that

div(piVes) = div[pi(nTjE -V 4+ Vo) =0 for || > Ry. (6.16)

We will split our proof in the following several steps.

Step 1. We have that. for every R > Ry, / pi%
sp  Ov

We show the proof of ¢ firstly. Consider the vector-field D, = (¢4 X ¢y 4,4 X
Yy 4,) (which is well-defined and smooth on all of R?). Therefore,

=0.

. 0 0
divD, = 8—:[1(¢+ X i) + 8_@(¢+ X Pt z,)

_ 0 —
= a—m[Im(¢+¢+7ml)] + a—b[1m<¢+w+,m2>]

=Tm(¢, s o) + I 4 yey) + T 04 0,) + TPy 0y0,)
= T (|¢ g2, [*) + T (0 4 2y0,) + T ([004 2 ?) + T (P Y e )
=y X Yy gz + Vs X Uy g0y

=ty X Dipy

=y X {[AL (4 P = 13) + B([Y-|* = )] }
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1.e.
divD, = 0. (6.17)

integrating (6.17) on Br we have

/ divD, = D, -v=0 for VR>DO.
Br Sr

On the other hand, since v, = p, e+, we obtain that

Vi X thy g = Im(@+¢+,z1) = Im[p; e (p-&-,;mei(p+ + Z’p+ei¢+§0+,x1)]
=T (py Py oy + 00704 01)
= P11

Similarly we also have ¢, X ¢y ,, = p2¢44,. Therefore, D = (0204 21, P2t 0y) =

P Vy. By the fact V- v =0 on Sk, it follows that
n
0= D+‘V:/ pi-ng-uz/ PL(—V + Vi) v
Sgr Sgr Sr r
n
:/ pi.iv.y+p§rv¢+.y
Sr r

:/ piv¢+ v,
Sgr

0p_
ie. 2 00+ = 0. Similarly we can get 2 i = 0 as well. Hence,
y
S

Py p-
= + 8V Sk 3V
0P+
2
pr— =0. (6.18)
/SR £ v
Step 2. We have / Vo] < co.
R2\Bg,
1
We still consider the proof for the case of ¥, firstly. Set ¢, p = —— / O
’ 2T R Sk

Multiplying ¢4+ — ¢4+ g to ¢4-equation of (6.13) and integrating over Ar = Bg \ B,
we obtain

| (296 = 610 =0
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By the fact V - v = 0, it then follows that

| AV (Vo - Vo
— [ e v(or - o)
O0AR

= /s ing@+ V(dr — d1.R) — / Pivsﬁr (¢t — O1r)

SRrg

- / PV £ V,) - v(by — din) — / D5V +V6,) - v(dy — dyn)
Sk T r

SRrg

= / Piv¢+ V(P — O1r) — / Piv¢+ V(4 — ¢4.R).
Sr SRq

1.e.

/ PiVe Vo, = / PiVo - v(dy — dyr) — / piVoL - v(by — dyr). (6.19)
Ar Sn

SRrg

It is clear that V(rcos@,rsinf) = (—sinf,cosf) = (—2, 2) = 1(%L 2023 4pq

060 > 00
¢ 0
V. Ve, =1(%& 92). Vg, =19+ we have that

n+ _ [ e 1004
/AR’/’ Vv¢+_[4Rr r 00
21 R
ny 0¢
= — ——rdrdf
/0 /Ro r2 00 rar
R 27
)
R T o 00

| B loutr2m) = 61, 0)ar

Ro

0. (6.20)

By (6.18)-(6.19), we have
n
| #veve. = [ v vove.
Agr Agp r

n
— [ AV Vot V. f
AR r
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- / ANV, by — byn) — / AV, - v(dr — d1)
Sk Srg

0 0 0
= /SR Pi%(éf% — ¢+.R) —/ Pi%ﬁ%‘?/ Pi%ﬁbﬂ%

Sk v Sk
O ¢
— 2 77t _ _ 277t
— /SR P, (64 — O4.R) /SRO P+ o, ox
¢
_ 2 + _ _
= /SR P+, (¢4 — ¢1.r) — C,
i.e.
R VR v/ 2 2 _ 2 004
LV Vo 4 pRIVeP = | PR (61 —64m) = C. (6.21)
Ag T Sk 1%

where C' is some constant independent of R.
Then by (6.20) we have

0 n
|- [ RS —om - [ AREVve -C
Ag Sk v

Agr r

0
- /S Ao e = ben) + [ (=) V- Vo, -

AR
it yields that

/ piIVmIZS/ Pt
AR Sr
S/ 4
Sgr

By Cauchy-Schwartz inequality and the Poincaré’s inequality, we obtain that

9o,

n
-|¢+—¢+,R|+/ 12— 21 V|- Ve + O

Ag r

9o,

n
”¢+_¢+,R|+/ 12— pA|- = |V | +C. (6.22)

Agp r

/ 00, 06, |2 1/2 ) 1/2
[ Gro—oun|< [ [ emeent] . 02
g 64 — ¢ ml° < R g Voo (6.24)
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Combining (6.23) and (6.24) and Young’s inequality, we get that

r "1/2 1/2
09 09, |” 2
—_r _ < —_rr —
[ —oen)< | [ |G| [ 100w
r '1/2 1/2
a 2
<{[ 15| |7 ] 1veeu]
|Jsr 1 OV | ] Sk
1/2
9 2 1/2
AR
SR v SR
R / 09 |” 2
<5 —| + [ IVro
2 SR al/ SR| T +|
R
=3 Vol (6.25)
R

On the other hand, by (6.8) we obtain that

Vo.|
R e RN
AR 0 AR

-
1/2 1/2
ny 2 212 2
SE[/AR(”_"*)] UAR\W]
1/2
<c [ / |v¢+|2] , (6.26)

where C' is some constant.

Denote A = min{3¥,#3 + ¢} with M denoted as in part (i). Since 4> — 13
uniformly as |z — co. For fixed § = 2 — 3 there exists a radius R = R(J) such that

[0 > = 2] <6, ie. =6 < |y |* —t2 <. Therefore, [t |* > 2 — 0 =3} ie.

30 A
2 =—> . 2
el > = 205 2 (627)
Hence, by (6.22)-(6.27), we have that
o[ 1voup< [ 21ve.r
AR AR
0 n
< [ AT o+ [ 1821 B Va4
Sk 14 Agr T
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_RA 1/2
=S5 Vo> + Cy {/ |V¢+’2] +Csy
Sk AR
which implies that
2 RA 2 2 V2
[ wor< iy [ worra|[ wor| 4o e
AR «a R AR

where C7, Cy are some constants.

Set, R > Ro,
27 R
_ 2 2
= | ot = /0 [ voupraras (6.29)
then
2
FR=R [ [Vo.Pdo = [ [Vo.Pdsn (6.30)
0 Sr
Hence, by (6.28)-(6.30),
RA / 1/2
f(R) < %f (R)+C+Cf(R)/*. (6.31)

The desired conclusion of Step 2 now follows from the Claim below:

Claim: Any function satisfying (6.31) and f(R) < CR for VR > Ry is bounded
on (Ry,+00).

In fact, from (6.31), it follows that
f(R) < —f (R) +0+0f< R)"?
=1 (5 + ey )+
=: —Rf (R)+C, (6.32)

1 _ A Cf(R)'/?
where B = % + Rf(R) -

In the following, we need to show that § > 1, i.e.

1 _ A N Cf(R)'? _ARf'(R) +2aCf(R)'" 1

3 2a ' Rf(R) 2aRf'(R)
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It is equivalent to show that ARf'(R) + 2aC f(R)Y? < 2aRf'(R), i.e.
R[f'(R)(A —2a) + 22€ f(R)'/?] < 0. If we can prove that f'(R)(A—2a)+ 29 f(R)"/?
is negative, we’ve done.

Since f(R) < CR for VR > Ry, we have that

2aC 2aC

F'(R)(A = 20) + == F(R)? < f'(R)(A = 20) + == (CR)'/?
- P RA—20)+ 20
ie.
F(R)(A = 20) + %f(fi)”2 < f/(R)(A —20) + MTCZQ . (6.33)

The second term of the right hand side of (6.33) is small enough if R is sufficiently
large, and the first term of the right hand side of the above inequality is negative since
f'(R) is positive and (6.27). Therefore, f'(R)(A —2a)+ 29 f(R)'/? is negative, which
implies ARf'(R) + 2aC f(R)/? < 2aRf'(R). Hnece, % < 1, which yields that
R,
f(R) < Ef (R)+C (6.34)
with 3 > 1. Set g(R) = f(R) — C, so that g(R) < %¢'(R) by (6.34). Then, multiply

% to this inequality to obtain that

1
9B < g (R).

ie. (R Pg(R)) > 0.

We claim that g(R) < 0 for VR > Ry. Argument by contradiction. Suppose not,
then g(R;) > 0 for some R; > Ry. Since (R™Pg(R)) > 0, i.e. R7Pg(R) is increasing
in R. Therefore, Rg(R) > R{’g(R,) for VR > Ry, ie. g(R) > <R%>Bg(R1) for
VR > R;. Since g(R) = f(R) — C, then we obtain that

R g
fR -0z () ar). (6:39

1
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it follows that

| V

9

) s
L

Fm 3| EU|:U

s
5

=:CR+C>CR for R > Ry,

v

R+C

which is a contradiction. Hence, we get the result for ¢,. Similarly we can get the

result for ¢_. Therefore, we finish the proof of Step 2.

Step 3. We have / Vil < o0.

R2\Bg,,

Indeed, we firstly claim that

l/ (ts — p2)[Vipul? < o0 . (6.36)
R2\Bg,

Since

\% n
Vi = me +Voi| < Ti + |Voy|,

n 2
Vsl < (25 + Vo4l
ni
= VoLl + 275 Vo,

32(ﬁ Voo I2)

Then, by Step 2 and (6.8), we have

n2
/2\ (ts — ps)|Vs|* < 2/2\ (ts — ps) (r—;t + |V¢i‘2>
R BRO R BRO



1
2”1/ (tx —px)— + C
RZ\BRO r

IA

IA

1/2
2 22
= 202711 / —( £ p:l:)2 + Cl
R2\Bp, (ty + ps)

202”21 2 212 2
< 12 / (tj: - pj:) + Cl
1 R2\Bp,

1.e.

/ (te — p<) V] < 00.
R2\Bg,

Fix some smooth function 7 such that

1, if |2] <1,
nz) =49 0<n<1, ifl<]z|<2,
0, if |z| > 2.

1/2 )
277/1 / (ti — pi)Z / 2
R?\BRg, R2\Bp,

(6.37)

(6.38)

Set nr(z) = n(x/R). Since py satisfy the following two equations respectively:

—Dpy 4 pi |V |? = AL = p})ps + Bt — p2)py,

—Dpo+p- V[P = A(t2 = p)p- + B(t3 — p2)p-.

(6.39)

(6.40)

In the following we consider the case of p, at first, the case for p_ is similar to

the proof of p,. Multiplying (6.39) by (p; — t;)ng, integrating over R? \ By, and

integrating by parts:
/ (=Dps + pe Vo) oy =t )nr
R\ Bp,

0
= / %(p-ﬁ- — 1 )nR + / Vo Vi(p+ — t4)nr]
Sgr, 9V

R2\Bp,
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+/ PV (pr — ti)nr
R2\Bp,

0
B / ;+ (ps =t )nr + / ViR
Sp, OV

R2\Bgr,

1
+_/ V(py _t+)2V77R+/ p+\V<p+|2(p+ —t. )R
R2\Bp,,

2 R\ Bp,

= —/ (AL (8] = p2)(t = ps) + B2 = p2)(ts — py)]p401r,
R2\Bg,
i.e. we have the following equation

0
/ %(’” — L) +/ Vo *nr
Sp, OV

R\ Bp,,

1
+ 5/ V(p+ - t+)2v77R + / p+|V90+|2(p+ — t+)77R

- /R2\B (A (ty — p)*(te + po) + B2 = o2 )ty + p)]penr,  (6.41)

Similarly, we can get the equation for p_:

Op—
| Tt =t [ VoPa
SR v R2\Bpg,

1
T 5/ Vip- =t )*Vir + / p_|Vo_P(p- —t_Ing
R2\Bp,

o /\ (At = p (- + po) + BEE = A~ p)lp-nw, (6:42)

Adding (6.41) and (6.42) together, we have that

Op+

dp_
(s =t (o =t [ (Tpel + Vo
SRrq ov R2\BRO

ov

1
T3 / V(ps —t41)°Vnr+ V(p- —t_)*Vng
R2\Bg,

2
+ /RZ\B Vo2 (pr — t)pinr —i—/ Vo *(p- —t)ping
= —/ \ [Ap(ty — pi)?(ts + py) + B2 — p2)(ty — py)]peiir
R2\Bg,

N /RQ\B [A-(t- = p-)?(t-+p-) + Bt} = p2)(t- — p-)]p-nr.  (6.43)
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Define C'y := (¢4 +p4)py, C— = (t-+p-)p—, D := (t—+ p_)ps + (t4 + p3)p—, Where

C, and C_ are positive, and we can get the upper bound for D:

D] = |(t- + p-)p+ + (t4 + p1)p-|
< (-1 + o Dlpl + (el + o Do
< (- 4+ M)A+ (1 + M)A
= Aty +1t_ +2A)
— .

Using above information, we can rewrite the RHS of (6.43) and get an estimate:
- / [Ay(ts = ps)?(ty + py) + B2 — p2)(t — p)lpynir
R2\Bp,,
[ A g )+ B - )~ p)lpn
R2\Bp,,
= [ At = O A~ P Clin
R2\Bp,
- [ Bl = pt- = p)Dun
R2\Bg,
<o [ A Oy A~ P Cin
R2\Bp,,
+ [ 1Bl = pule — ol Dlnn
R2\Bpr,
<[ 1Bl pelle = - 1Dl
R\ Bp,,
<Co [ IBllts pel-— o]
R2\Bp,,

<Cof (e p - (6.44)
R*\Bp,,
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Combining (6.43) and (6.44), we obtain that

dp dp_
/ 8—+(P+ —t4)nRr + 6_(0— — )R + / (Vo> + [Vp-*)nr
SRO 14 1% RQ\BRO

1
+5 [ Vi -t 4 V(oo — e
R2\Bp,

+ / |V<P+|2(P+ —t1)p+nr + / |V80—|2(P— —1-)p+1r
R?\ Bk, R?\BRg,
<G (g
R2\Bp,

then it yields that

Op dp_
2 2 < Zrt _ = _
/RQ\BRO(!VM +[Vp_[")nr < /SRO 5 (ty — p)nr + 5 (t— — p-)nr

1
- 5/ Vipy = t4)°Vnr + V(p- —1-)*Vig
R2\BR,

+/ W%WhﬂMMW+/ Vo_ 2t — p)psrin
R?\Bjp, R?\Bp,

+@/ (b — pa) 4+ (t— p_)?
R2\Bg,

Op+
ov

1

0p_
e [ IVl = T+ V(o —
RZ\BRO

< max{t;,t_} 5
v

_|_

Sk

+A/ |wau+—mJ+A/' Vo_ 2t — p.)

R2\Bp, R2\Bg,

+@/ (b — o)+ (t- — p_)2. (6.45)
R2\Bp,

On the other hand, by (6.8), we have
2 — p? 2 2 — p? 2
(ty —p 2+t—p2:/ {u}_{_{— —}
/112{2\330 P ) R2\Bp, Lt+ T O+ -+

p
2 2
RQ\BRO t+ t_

1 1
=% (15 —p2)* + t?/ (12 = p2)?
G Jr2\Bpg, = Jr2\Bpg,
< 00. (6.46)
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Also, note that

/ Vips — t4)*Vig
R\ Bp,,

/ (p+ — t+)*Ang
R2\Bp,

< /R2\BRO [(py = t1)* + (p- —t-)*]Ang

1
<o [ Gt oty
R2\Bp,
C
< 2 (6.47)
where C' is some positive constant.
Hence, from (6.37), (6.45) to (6.47), we obtain that
[ 9P+ 190-Pynn
R2\Bp,
C 0p+ dp_
< =+4+C ty,t_ - -
S + C + max{ty,t_} o, | v 5
C

where C' is some constant.

Therefore, the right hand side of (6.48) remains bounded as R — oo. Letting
R — oo in (6.48) we obtain that

/ Vpul? + [Vo_|? < oo.
R2\Bpg,

If either of / |Vp+|? = 0o, we get the contradiction. Therefore,
R2\Bp,,

/ |Vp+|? < co. We complete the proof of Step 3. After the above three steps,
R2\Bp,
we finish the proof of (6.3). O

In the following, we will give the details of the proof of Proposition 6.1, which
follows the papers [BBH93| and [ABO06], although many details must be modified in

the case of our system of equations.
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Proof of Proposition 6.1. The proof follows the lines of [BBH93| and [Sha94]
(see also [ABMO09]). Let R,, — oo be any increasing divergent sequence, €,, = 1/R,,,
and let 0 < a < 1 < b be fixed. Denote by Q = By(0) \ B,(0) and Q,, = Byr,,(0) \
Bag,, (0). Consider the rescaled solutions ¥ (z) = [y (), U ()] = U(Rpz) =
(V4 (Rpx), Y (Rypz)]. Then Uem satisfies

At g A~ ) + Bz~ e =0 i Q. (6.49)

We apply Lemma 6.3 to obtain Ry > 0 and p4, ¢+ defined for |x| > Ry. Since large |z

is equivalent to large m we may write, for large m, ¥+ = pm+exp(i(ned + Gpms(2))).
Step 1. ¥ — U* strongly in H'(Q).

As in [ABMO09], by (6.3) and the scaling y = R,,x we calculate that

/|v\y€m|2=/|v\p(3mx)|2dx
Q

= | mivvwpga= [ e
- [ ¥ |sz|2+pz|nzve+w@| |

mzi

|sz!2 + 0; (N7 |VO]* + [V gy|* + 2n,V - V)]

I
S~— 3

m o=

Il
S~

|Vp1’2+pz 2+pz’v¢l|2+2pz lV(bl ( 33’2,33'1)]

) /Zt— o)
:/0 /bm .—rdrd8+0()
(2l £ 2)1n(b> +0(1). (6.50)

Up to a subsequence, we get that Uem — U* in H(Q;¥), and
U*(z) = [t+ei(”+0+ﬂ+),t_ei(”*“ﬁ*)] (6.51)
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with f1 real constants. In fact, since U* takes values in ¥ we may write it locally
as U* = [tiexp(ips(x)),t_exp(ip_(z))], where @i are possibly multivalued, real-

valued functions. Then, by Cauchy-Schwarz inequality, we derive a lower bound which

/ VL[ = / IV (tact®)[? = / £ Vsl
Q Q Q

> [ (Vou 1?
Q
b 2
:ti// (Vi - 7)*rdodr
a 0
b
_t2/ (/ (Vg -T) dST) dr
—t2 ( % dST) dr

/ (Js, 8g0i Jords, )

(27mi)
=t; | ——d
j[/a 27r "
b
1
:27rtini/ —dr
o T

= 27tin3 In (b/a) .

matches (6.50):

dr

By lower semi-continuity, we have
/Q VU4 > < 2rln(b/a) (2 + t2n2).

Combining above two inequalities, we obtain [, |[VWi|* = 2r1n (b/a) (303 + t2n2).

Step 2. Let A, := |VU |2 Then, whenever [¢)¢"| > £ with £ := min {12, 1¢% },

1
—AA 4 S| DM P <ATAE, i ALAL =B >0, A >0, (6.52)

In the following, we write € = ¢,,, dropping the subscript, and often write W =
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U = (¢;,1_) for simplicity if notation. By a simple calculation, we have that

1 2
A (SIT0F) = 1Dl + D Alban)
From (1.2), we have that
1
AWye) = S[Ac (02’ = 82) + B(lo-I” = t2)]Ws 0,

1
+ 6_2[2A+<¢+, 1/J+,xi> + QB<¢—7 w—,xz‘>]¢+

1
= 6_2[A+<|¢+|2 - ti) + B(W—F - t%)]l/}—i-,mi
+ %[A+<w+aw+,xi> + B<¢,, w—,xi>]¢+-

Similarly,

) = lA- (Y- ) + By ~ )]s,

n %V‘-W’-’ Yoa) + By o).

Therefore,

2
A(GIT0) =100+ Y - Aln)
=1
= D% P+ A4 = ) + B = )]V P
2
+ SlA (4 VI + By, Vi) (9, Vo).

Similarly,

A (GI90-1) =1D%- + S0 = ) + B~ )]V
A, VLY + By, Vi) (6o, Vo))

€

By the positive definite condition,
1
—AA A+ DV = =5 [A(juy [ = 13) + B[ = 2)][ Ve[
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1
— A (P = 2) + B([g4 [ = ) Ve

2 A, T+ A vw_>2 T By, Vb Y, V)]

A A
<- fﬂvw? B9 = 2 Al Vi) + (oo, V)
) , AU
< ¢+ ” - e — VY|~

By the fact |Ati| < v/2|D*).| and Cauchy’s inequality, we also have

— AA, + |D*U|?

|A¢+| 2
\Y

IIDMI 2 V2[D%p_|
\V4
S e VT

D%, DM )
\V4 Vi_
ﬁ( ] |V T IV

V2|Vt 1 V2|Vy_|*
- 2 A el B - 2 2 v

2\/§| R |t [? V2 2\/§|D v |- [?
\W!“)

[Ay|

VZ
Wrw\

V|

g\/§<

Ve |t
W P

DU + T(|Vaps|* + V| )

(1026, + |D%0_P) + (

IN

IN
| — o »—twlr—\wlv—t wl»—‘

|D*U? + TV [* + [V [*)?
~|D*V)* + T|V¥|*
|D2\I!\2 + 4T A2,
e. —AA, + 3|D*U? < AT A?, as desired.
Step 3. U is bounded in HZ_ and V¥ is bounded in L{°. .

Since ¥ — U* strongly in H'(2), for given § > 0 (to be determined later), we may

choose R sufficiently small so that

/ V|2 <6, Yz € Q, Ve (6.53)
B(zo,R)
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Fix a point xy € €2 and set d = dist(zg, 0S2). Let ¢ be a smooth function with support
in B(zg,r) with r = min(d/2, R) such that ¢ = 1 on B(zg,7/2). Multiplying ¢* to
(6.52) and integrating by parts we have

/Q —AA(C /]DQw\§<4T/A2C

then by Cauchy-Schwartz inequality and Cauchy’s inequality,

%/QID%:!QCQ §4T/QA§g2+/QAeA(C2)
§4T/QA§<2+ Uﬂ (AeC)Q} - /Q(A(f))zl
§4T/QA3(2+6/(A Q)+ 416/ (A(CC2))2

=0 / AZC? + Oy,
Q

1/2

with C4, Cs are some constants. This implies that
1
3 [IpPepe <o [ #¢ra-a [ veree,
2 Jo Q Q
ie.
/|D2¢i|2g2 < 03/ VU + Cy
Q Q
< Ca [[(V0sf? + Vo ¢+ Co
Q
< 203/(|w+|4 + V|1 ¢ + Cs.
Q
Recall that Wh(Q) C L*(Q2) (since Q C R?) and

1/2
( / 902) <c / Vel + ol Vo € WH(Q)
9] 9]

(see (28) in [BBH93]), we obtain that

1/2
( v |4) <0 [ [VTea)] +CI7vsP
Q
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_ O/ch- Vs 2 + 20|V | - (D2 + C - [V
2 12
gO/QWwi! +C/Q<rvwi\ D]
< c+o/¢|wi| D),
Q
which implies that
2
/cﬂwiﬁgow(/awg-|D%i|)
Q Q
2
=C+ QO/QCW%J - |D*Yi] 4+ C (/QCWKDH : |D21/1i‘)

2
<Ct0C (/Qawg - |D2wi|)

<C+C UQC%D%F} Uﬂwwg]

<C+ 05/ C|D*s?,
Q

ie. /Qg?|wi|4 < C+C(5/Q<2|D2wi]2.
Add the two inequalities for ¢, , ©_ together, we get that
[ IVl +196-1 €5 [ ¢ (D26, + D7) +0
= 05/9g2|D2\1/|2 +C,
i.e. we obtain that
[t <c [ ¢ v+ e +c
< 6’5/9§2|D2\I/]2 + C. (6.54)

Then, we add the two inequalities of |D?*y, |* and |D?*_|? together, we get that

/§2|D2\If|2 < 05/ C|D*V|? + C.
Q Q
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If we choose ¢ sufficiently small, we may absorb [, (*|D*¥|? into the LHS of (6.54).
Hence, it yields that

/CQIDQ\PP <G,
which implies that ¥ is bounded inQHI%C(Q).

Now we will show V¥ is bounded in L{2. Since ¥ is bounded in H3,., we have that
VU is bounded in H}

loc*

that VU is bounded in LI

loc

2q/q 2
/|W|2q§ V (IWIQ‘?)W%} U 112‘2614
K K K

2
< [/ |V\Il\qd:c] K2
K

< VO oI < €, where K CC 9,

By the Sobolev embedding H' — L9 for V q < oo, we have

for V ¢ < oco. Then, we obtain that

ie. [VU|]?2 € LI forV q < oo, which implies that A, € L for V ¢ < co. From (6.52),

loc loc

we deduce that
1
—AA, < ATA? - 5|D2\If|2 <ATA? =: f..

By using the similar argument as above, we can get that f. € L] for V ¢ < oo.

loc
Therefore, we have that —AA, < f. with f, € L{

loc

for V ¢ < oc.

Now assume that
—Ap. = fo in 2K,
0e =0 on 0(2K),
where K = m, 2K = m with f. defined as above. Applying L%interior
estimate, it yields that ||oc||w2ax) < C||fellra@ry < C. It follows that ¢, is bounded
in LY(K). By the Sobolev embedding W?¢ — C'* we deduce that o, is bounded
in C1®, which implies that o, is bounded in L®

loc loc*

~ A = A4+ Ape < 0 and [ e < [Aellzo + [@ellzar) < C. On the other

Let v = A — e, then we have

hand, by the mean-value inequality and Holder’s inequality, we obtain that
1

¥ ()| < Ba@)] S, ¥ (y)ldy
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1 1—1
< B ler 1 Brl@)l

ie. [[¢flee < C. Therefore, [|Allree < [[9llpee + [[@cllze < C, which yields that
Ae € L ie. ||V\I/||Li>sc S C.

locy

Step 4. ||AU|[zo < C uniformly in .

Follow the process in [BBH93], we establish the following lemma:
Lemma 6.4. Let wy(r) be the solution of

—e2Awy + pwy =0, in  B(0, R),
wo =1, on 0B(0,R).

(6.55)
(A) When B < 0,A;A_ — B? >0, we have, for e < %HR,
0<uwo(r) <expd YE2—m)Y on BO.R),
4eR
with = min{t2 (A, + Br), 2 (A_ + 2)}.
(B) When B > 0, Ay A_ — B? > 0, we have, for ¢ < %ER,
0 < wp(r) < exp {ﬂ(rz — R2)} on B(0,R),

with p = min{t2 (A — Br),t* (A_ — B)}.

Proof. We show the proof in a general way. Let w(x) = w(cx) with z = cx, x € B(0, R)
and w is the solution to (6.55), w is the solution to (6.55) when p = 1. Then, we have
Ayw = AAz;w, and —Aw+w = —2EA;w+w = 2 [—€2A’Jj + C%w} = 0. Therefore,

after the scaling, we have

—e?Aw+ 5w =0, in B(0,R),

’ (6.56)
w =1, on 0B(0,R),
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. 1 >
w1thc—\/ﬁandR—cR.

According to the result in [BBH93], it is clear that w(r) < exp{{iz(r* — R*)} on
B(0, R). After the scaling above, we have that

1
46\/ﬁR

Then, for € < %R = %\/ER, ie. for e < %ER, we have

w(7) < exp { (pur* — uR2)} = exp {%(# — Rz)} on B(0,R).

0 <w(r) <exp {g(ﬁ - R2)} on B(0,R).

Therefore, we finish our proof. m

Proof of Step 4. We will use sup-sub solution argument for the following proof and
we divide the proof into two cases. Assume B(xg, R) C . By translating axes, we

may assume zg = 0.

Case 1. When B < 0, B? < A;A_, choose r with Z—f; <r< f—g, then let ay > 0
with a3 +a? =1 and r = = (ie. r =tana, a € (0,%), ay = cosa, a_ =sina). We
define w. = Zwo, where wy is a solution to (6.55). Denote the limit operators for the

+

associated equation as follows:

2
L (wy,w_) = —%Auur + Ait2wy + B2 w_, (6.57)

2
Ly(w_,wy) = —%Aw_ + A_t>w_ + Btlw,. (6.58)

Make a substitution to (6.57)-(6.58), we have

N ay [ € ) a_

LO (w+,w_) = tT —EA'LUO—Ft_i_ A++B— Wo
+ A

2

a €
+
a+
>
=22
_
22

[—GQAU)O + 2,uw0]

HWo,
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ie. Lf(wy,w_) >4 2t2 Fwpg. Similarly, we have Ly (w_,w,) > %wo-

Let
2

L (wsyw-) = =S Awy + A Pws + Bly-w-
and

L~ (w_,wy) = —;Aw_ + A_[Y_Pw_ + By, |Pw,.
Therefore, by the uniform convergence of |¢4|? and the lower bound for the limit
operators L(jf, we obtain that

2
LY (wy,w_) = —E—Aw+ + Aytiwy + Btw + [Ay ([P = t3)wy + By = 2 )w_]

Aia Ba_
> St + | A9l = )= + B = )55 | g
+ —
> ZJ;L wg > 0,  for e small enough.

Similarly, we have that L~ (w_,w,) > % 4t2 Fwy > 0. Therefore, we have L (w,,w_) >0
and L~ (w_,w,) > 0, which implies that [w,,w_] is sup-solution to L=. Then, by the
upper bound of wy in part (A) of Lemma 6.4, we get that

3
0<ws < —exp \/’7( >~ R%)% on B(0,R) for e< ﬂR. (6.59)
t3 4eR 4

Define o* = 2X*, with X* := 5 [AL(J¢:|* — 1) + B(|¢£[* — t2)] and X*|,, = 0,
so 14 solves

—Atpy + X5y =0

We then calculate the equations satisfied by ¢
¢ + 2+ 2 _— 2
~SAGT + Ay et + By = @B, (6.60)

2
€ _ _
—SApT + A" + BlyuPeT = €E, (6.61)

with By = —(A4|VYi|?+ B|VY= ), || Exl|z~ < E% and EY are constants, and denote
the left side of (6.60)-(6.61) by L™ (p*,¢7), L™ (¢, p") separately.
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Now consider ¢+ = €2t + cow, and ¢~ = €20 + c_w_ with @, 7 are some constants
to be chosen later. Also consider o+t = €2t + ciw,, ¢~ = €20 + cw_ with ¢; to be
determined later. Indeed, ||¢*||re(p) < A4 (A +t2) + B(A +t%), we choose ¢ such
that c+w+’83R > A (A+t3)+ B(A+1t2) > |l¢t ||y Similarly, choose c_ so
that c_w_laBR >A_(A+t2) + B(A+1t%) > ||l¢~ |le(Br)- Define ¢; = max{cy,c_},

we obtain that cywy > crwy > ||<pi|\Loo(BR), which implies that cjw4 — goi‘aBR < 0.

a+
= .
t5

Hence, wy is sup-solution to L*(w,,w_) > 0 with wi‘BBR =
Let u = ¢t — ot v = ¢~ — ¢, then by easy computations, we have
Ltu=L*(¢",¢7) = LT (%, ¢7)
2
=By - {—EA(EQU +awy) + Ay P(€a+ crwy) + Bl 2 (€0 + cow-)

2
€
=By — |:_§A(Clw+) + Aply [P (erwy) + Bly-[P(awy ) | — €(Ay [y *a+ Bl [*0)

=By — ol (we,w-) — €(Apy [Pa + Bly-[*0)
< @By — (A Pu+ Bly- o),
ie.
L*u < &(By — Ayl [*a — Bly-*0). (6.62)
By substituting v = ¢~ — ¢~ to (6.61), we similarly have that
Ltu < E&(E- — A_|v_|*v — By, |*0). (6.63)

We now introduce a pair of modified comparison principles which will use to continue

the arguments. These are suitably modified from analogous comparison principles in

[ABO6].
Lemma 6.5. Let Ay and B be constants, ) be a bounded domain.
(A) Assume AL >0, B<0 and AL A_ — B?>> 0. Then, if u,v solve

—Au + A+|¢+|2U+ B|¢—|2U S 07 u‘ag S 07
—Av+ A_[{_|*v+ Bl Pu <0, vl,, <0,
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we have u <0 and v <0 in Q.
(B) Assume Ay >0, B> 0 and Ay A_ — B*>> 0. Then, if u,v solve

—Au+ Ay Pu+ Bl |Pv <0, uf,, <0,

—Av+ A_[Y_Pv + Bl [*u > 0, >0,

U‘aﬂ

we have u <0 and v > 0 in Q.

Proof. The proof is similar to Lemma 2.3. To verify (A), multiply the respective
equation by u, = max(u,0) and v, = max(v,0) and integrate by parts. There will be

no boundary terms, and we obtain that

/ [IVuy? + Agfey Pul + Bly- Puyvy + Bl [Puyv_] <0, (6.64)
Q

/ UVU+|2 + A+‘T/J,‘2/U_2i_ + B’w+’2u+v+ + B‘T/J+‘2u,’l)+i| S O, (665)
0
where u_ = min(u,0) < 0, v_ = min(v,0) < 0. Multiply (6.64), (6.65) by 2 and ¢*

respectively and drop positive terms Bt? [¢_[*uyv_, Bt? [{b, [Pu_v, we get that

[ AV + A [Pl + B2 Puvs <0,

/ t2 | Vo |* + Aft%‘wf‘ZUi + B2 [y Puyvy <0
Q
We add the two inequalities above, and note that the matrix associated to the quadratic

form is positive definite in 2 by hypothesis and the uniform convergence of 11, so there

exists a function o > 0 with
ALt Pud + B[ + 2 [0y [Pugoy + A2 [0 0] > a(ud + %) > 0.
In consquence,
/Qti|Vu+|2 + 2| Vo | + a(u? +07)
< [(BIVuP + 2 (90 + A

+BE - + 2P P Juvy + A2 [P *0R] <0,
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which implies that [, t3|Vuy|* 4 % [Vu,|* < 0, and we conclude that u; = 0,v4 =0

in 2. Therefore, u < 0 and v < 0 in €.
To prove (B) we again multiply the first equation by wu to get (6.64), but multiply
the second by v_ = min(v,0) < 0, to obtain

/ [IVo_|? + Ay |- P0? + Blyg Purv- + Blog|*u_v_] <0. (6.66)
0

Then, multiply (6.64), (6.66) by 2,2 respectively and drop off the non-affecting terms
B2 |¢_Pupvy > 0, B2 |y [Pu_v_ > 0, we get that

[ AV + A Pl + B2 Puso <0,

/ 2IVo 24 A 2] 202 + BE s Pusv. <0,
Q

We add the two inequalities above, and note that the matrix associated to the quadratic
form is positive definite in Q by hypothesis and the uniform convergence of 41, so there

exists a function g > 0 with
A Pul + B(E - + 2l Pupv- + A2 [ [P0 > Bu? +02) > 0.

Similarly, as the proof in part (A), we conclude uy = 0,v_ = 0 in Q. Therefore, u <0

and v > 0 in ). ]

Back to the proof of Step 4, according to the result of Lemma 6.5, we treat each

case separately. For any 6 > 0, there exists ¢y > 0 such that whenever € < ¢,, we have
AP = Ayt] +o(1) > (A — 0)t2,
Bly|* = Bt +o(1) = (B = 0)t2,
AP =At2 +0(1) > (A —0)t2
B, = B2 4 o(1) > (B - 0)12,
for all z € Q. We fix § sufficiently small so that the same sign conditions hold for
these constants: (Ay — )t3 > 0,(A- — 6)t2 > 0,(B— )2 < 0,(B —0)t2 < 0 and
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[(Ay —0)(A_ —0) — (B —6)*|t3t> > 0. We now choose @, 7 to be the unique solution

to the following system
(As = )0+ (B - 0)25 = EY,
(B—d)ttu+ (A —8)t2o = E°,
that is,

EY(A_ —§)— E°(B — ) E°(A, — ) — E%(B — )

(A, -0 -0 — (B0 " Tl —oA -0 -B-0IE "

u =

Therefore, we have our system for v and v as defined before

Ltu < E[E) — (Ay —0)tia— (B —00)t20) <0, u‘aBR <0,

Lto <E[E? — (A- —0)t20 — (B — d)t2u) <0, < 0.

U|6BR
Applying part (A) of Lemma 6.5, we conlude v < 0,v < 0, i.e. ¢ < €2t + cywy,
0~ < €20+ c_w_, which yields

w w_
Xt<ate,—, X <v4c—,
€ €

in B(zo, R).

Applying the L’Hospital’s rule to the upper bound of wy as € goes to zero in (6.59),
we obtain Xt <2 and X~ <7 as ¢ — 0. For a complementary lower bound we note
that —X*, — X~ satisfy a system of the exact same form, but with —E9, —E° on the

right side. We conclude that

X+ | Lo (B(zo,r/2)) < max{u,v}.

Since B(zo, R) C Q for VR, by covering argument € is compact. Connect back to
Awi, "A¢i"Lf§C < C in case B < 0.

Case 2. When B > 0, A, A_ > B2, choose r with Ai <r< %, then let ax > 0

with a} +a® =1 and r = = (ie. r = tana, a € (0,3), ay = cosa, a_ = sina).
We define wsy = % wy, where wy is a solution to (6.55). As in the proof of case 1, we
+

define the limit operators to the associated equations as follows:

2
Li(wy,w_) = —%Aw+ + A 2w, — Bt w_, (6.67)
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2
Ly(w_,wy) = —%Aw, +A_t?w_ — Bt2w,. (6.68)
Substitueting the formula of wy in case 2 to (6.67) and (6.68), by similar calculation

we obtain that

a_
%wo. (6.69)

a
S d+p

La_(w+7w—) = w
217

0 La(w—7w+) 2

Therefore by the uniform convergence of |¢)4|? and (6.69), we have

€2 appt
Li(er,w_) = —EAU}+ + A+|¢+|2w+ - B|1/)_|2w_ Z ﬁwo > 07
- ¢’ 2 2 G—L
L+(w,,w+) :—EAw,+A,|1/J,| ’LU,—BHDJF’ W4 > FUJO>0,

as € — 0. Let u= ot — 2t — cqw,, 2 = ¢~ + €22 + cyw_, where ¢*, ¢; are defined as
in the case 1 and u, 2z are constants to be chosen later. With the similar calculation,

we have

Lru< (Bl Pz — A, ), L 2> (B + A_|g_ Pz — B, Pa),

For the following proof, we do essentially the same thing, but apply part (B) of

Lemma 6.5. Again we fix a 0 > 0 so that for € small enough, we have
Agle? = Astl +o(1) > (A = 0)th,  Blvul’ = Bt +o(1) < (B + )1,

for all z € Q, so that (AL —6)t3 > 0, (B+6)t2 > 0 and [(A; —)(A- —6) — (B +
6)?t3t2 > 0. We now choose @ and z to be the unique solution of the system
(B+0)ttz— (Ay = d)tiu =0,
(A- —0)t?z— (B+do)t3u=E",
with E° as before. In fact,

_ (B+0)E° (A, —0)E°
C (v [ e Tl Tl (v e T - Tl
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Then, from above argument we have

Ltu <0, u\aBR <0,

L=z >0, > 0.

Z‘BBR
Applying Lemma 6.5 in case (B), we have u < 0 and z > 0. From part (B) in

Lemma 6.4 and L’Hospital’s rule to w4 as e — 0, we get
XT <ua, X >z

in Q. For a complementary lower bound and upper bound, we note that —X+, — X~
satisfy a system of the exact same form, but with —FE. on the right side of the equa-
tions. We conlude that [[X*| e < max{a,z}, i.e. [[A¢s|r> < C uniformly for

2 € Q. This completes Step 3.
Step 5. H\I/Gm — W*HL?OOC(Q) < CEQ.
Fix R, let B(z,2R) C Q. Write ¥ = [p, ™+, p_e"-] and U* = [t e+ t_e"-].

Then, from (1.2), we have

—t1A(ps — ¢L) = div[(pl — 1) Vis]. (6.70)
By elliptic regularity in [GT01], we may conclude

B?HPR)(% — ¢%) < Cll(p2 — t2) Vil Lo (B 2r)) + Cllox — ¢LllLoe(Bo2r)),
Zo,

which implies

lox — Ol oo (Blao.r)) < Cll(PE — t2)Vor] Lo (B(ao2R))-

From py — ti uniformly in €, we obtain pL > % for € sufficiently small. Since
o t3 .

Vel = [Vpel® + pLIVepsl?, it yields 5:[Vor? < [Vyul?, de. [Vorllie@ <

%|V¢i|Lm(Q) < C is uniformly bounded. By Step 4, we also have |X*| < C, and

hence

Ay p2 + Bp2 = A2 + B2 +O(éY),
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Bpt +A_p* = BtT + A_t* + O(€).
Solving the above for p. individually, we have
pL— 11 =0(e).

Therefore, together with the lower bound of p. as above, we have

Cé? 20

< 2= Cé,
)= lp+ 4 tallpe@) — 3t3

[p+ — t=|l (@

hence

et — tie' || L) < |lpx — tallo(@) €% |1y + [[t2 (€% — €9%) || 10
< O + e[l — %% poo(q)
< CE +to||ie® VE|| oyllos — ¢4l ()
< Ce + C|l(ph — 1) Vi e(o)
< O+ O|lp2 — 2| ro@) | Vel o)

< 0e,
which implies the desired result.
Step 6. [[Voilee < C, [X¥[lgx < C.

The proof follows as in [BBH93], via induction on k. Fix any ball By € €.
Following the steps in [BBH93] (with our definition of X*) the argument is identical

through their estimate (67): assuming the statement of Step 6 is true for k&, we have
IVpelersr < C, [Voilleriry < C, leX* ek (m) < C. (6.71)

From the formula of ¢y = [p €™+, p_e¥-], we know that py and ¢4 satisfy the

following systems

—Aps = —p£|Vi’ + Xy, (6.72)
\Y
Ay =25y, (6.73)
P+
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By the results in Step 4 and Step 5, it is clear that (6.71) is true for £ = 0. Assume
that, for V k, the induction assumptions are held. Then the right hand side of (6.72)
is CF . bounded, which implies the right hand side of (6.72) is in W*P for V p < oo.
By LP-estimate, we have ||pi||le;tz,p < C for V p < oo. From Sobolev embedding

Wh+2p <y Ck+Lp, ”piHCIIZ-{C—I is bounded. Therefore, [[Vpy (o < C.

On the other hand, the right hand side of (6.73) is in CF_, which is also in W*»
for V p < co. Apply LP-estimate again, we obtain [[¢||,ys+2s < C for V p < co. By
loc
the facts that ||[Vpil[jpr+, < C and ||[Voi||jree < C, we have pLi € CFtt which
loc loc

loc
implies DF+1(pgt) € L®

loc*

Compute the LP-norm on the right hand side of (6.73) after
differentiating it, we obtain the right hand side of (6.73) is in W**1? for V p < oo.
Applying LP-estimate again, it yields ||g0i||Wl;Zj3,p < Cfor V p < co. Then from Sobolev
embedding, we get ||S0:|:||cllf)t2,p < C, which implies that ”Wi”cfi,tl < C'. By induction
[Vosllee < C holds with k + 1 instead of k.

Now define Y* := DF1X* where D*! denotes any partial derivative of order

k + 1, and X satisfy the following equations:

—SAXT + A |y, PXt + Blg PX™ = By,

2 (6.74)
—CAX + A PX + Bl PXT = E_,

where Fy defined as in Step 4. By differentiating the system (6.74), we obtain a system
of the same form for Y*,

—SAYF + AL, YT+ Bly_PY T = B, 6.75)
—CAY +A_|p_PY" + Bl PYt =E_,

2

with AL, B as before, E. depending on the derivatives of p., ¢+ of order at most k+1,
and on derivatives of X* of order at most k. Especially, £, are uniformly bounded in
Bgr by (6.71),

1| LBy < Co.
Also by (6.71), we obtain the following bound on Y* on dBg, for any fixed ball
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Br € Q,
1Y F || 08,) < Ci/e.

In the following, we separate our proof into two cases.

Case 1. When A, A_ —B% >0, B <0, let V¥ = €2Y*, then Y* satisfy the system

as follows
—SAVE + A PV 4 Blg [PV = eE,
— AV + A_|Y_PV- + By PVt = EE_,

2

(6.76)

with || Ex ||z < EY and ||[VF|| e (ap,) < C1. We do essentially the same thing as
in Step 5. Let V+ = i+ ciwy and V- = €04 cyw_ with 4, 7, wy and ¢; as defined in
Step 4. Then by similar computations as before and by the definition of u = V+ —V+

and v =V~ — V—, we choose the constants @, o such that

LTu <0, ul,, <0,

(6.77)
L*tv <0,

U|6BR < 0,

with the operators L™ as defined before. We repeat the similar process as in Step 4,
use the same definitions of w. as in case 1 of Step 4, apply part (A) of Lemma 6.5,
we obtain

a4 C
2 .2
%€

a_Ccq

_ C1 _
YP<u+Swp=u+ -
- 2t t2 €2

_ _ C1 _
wy, Y <U+ Zw- =0+ wW.
€

Then from the exponential bound of w, in Lemma 6.4, we have Y+ = DFf1X* uni-
formly bounded above in B}, for any radius R’ < R. Applying the same argument to

—Y*, we obtain a matching lower bound, and conclude that X is bounded in C{fj;l.

Case 2. When A, A_ — B?> > 0, B > 0, we choose instead u = €2Y " — 2t — ciw,.,
2= €Y~ + €22 + cyw_ with wy denoted as in case 2 of Step 4. Now, the conclusions

follow from part (B) of Lemma 6.4 and Lemma 6.5.

Step 7. || X* + éW@DELPHc;;C < Cé.
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From the definition of X* and Step 6, if we fix any compact subset K of Q, we

have
A X* BXT
2 42 2 ¥ 2
—t < FR B
|||wi| i“ck(K) A A — B2 oK) ALA_— B2 .

< CE||XF ey + CEN X T enrey

< C(K,k)é,
which implies

103 = tillercr) < C(K k)€, (6.78)

and
1204V psllerr < C(K, k — 1)e”,
From the uniform convergence of p2 in €, we choose € = min{%ti, %tz_} such that

pr > }lti, ie. py > %ti when e samll enough. Then we have
tiHVPiHcl’fO;l < “zpivl)i”cl’g;l < C(K k— 1)627

ie. [[Vpillger < C(K k- 1)e?. Differentiating the right hand side of (6.73), we get
~AIDH (s = 01)] = D — )Vl

then

ID*(px — L)z, < CID*(pL — 1) Veorinz,

loc

<C 3 0% — ) e |19 (Vo) e

loc loc
lél+151=k

< ClO* (P — )z 110" (Vo) ll s

loc loc
= Cllpk — tiller IVeollicr,

< Cé,

ie. [|D*(px — )|l < C€, which implies [lpi — ¢%flex < Ce?. Since k is any

loc

integer, it is as same as

oz = Pilleesr < Ce?. (6.79)
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Therefore, by Step 6 and (6.79)

11962 = IV Pley, < 19 + V0L lep 1V — Vil
< (IVesley, + 1V6tlles, ) Vs = V1 lep,

< Cé. (6.80)

Now, let U* = X* 4+ -|V41|?, we obtain a system of equations for U* of the
+

form,
2
—SAUT + Ay PU* + Bly- U™ = F,
2 (6.81)
—5 AU+ A [ U™+ Bl U = F.,
with
F—A+t2V 2 217" |2 BtQV 2 217" |2 GQAV*Q
+——E(+| V" = [ [P VL] )_E( ZIVY_ T =[O [P VYL )—ﬂ (IVYLF).
And by (6.78) and (6.80), we have
21Vl = 10 P IVEL P e
* % |2
<ENVYLl = IVOLP |l + 12l =l [Vl
= 2 [Vl = Ve3Pl + 1ok —thlle, [Voiler

< Oé,

Le. [Fyfler < Cé?, and similarly for F__. Following the proofs in Step 6, dividing the
proof into two cases and applying Lemma 6.4-Lemma 6.5, we can obtain the desired

results.

Step 7. By the first step, we have U — U* strongly in H'(Q;X). In addition,
we have
\IJ*(QT) _ [t+€i(n+9+ﬁ+)’ t_ei(n,G—i-,Bf)]
with (. real constants as desired. From the assumption 9% = tie®% = {,e/("+0+5+)

we have

2
n
VoL = InsVO+ VAL = nd VoL = =
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and

2
* - 1% * * n
VUi =i VoL = VoL =1

Applying the local convergence results away from vortices for the singularly per-

turbed problem (6.49) from above steps, we have ¥ — ¥* in CF () for any k > 0,

loc

and
1
e

‘ €

Note that the CF

loc

— 0, forall £ >0.
ck ()

1
[As(|ms]* = £2) + B([mz " — 13)] + @w;‘;l?

m

convergence of ¥, to ¥* and computations above imply that we

712
T

may replace é|V@/Ji|2 by — in the above estimate. Recall that Q = B,(0) \ B,(0)
with 0 < a < 1 < b be fixed, so 0B;(0) C Q. Evaluating along 0B, (0) C €,

HR?n[Ai(’wmiF - t?k) + B<|wm¥‘2 - tgF)] + ni”L‘X’(@Bl(O)) — 0.

Since R, is an arbitrary divergent sequence, we may conclude that the above holds

for general r — 0, that is,

2
(A (e = #2) + B[ = )] + = = 0 (l>

r2

uniformly as |x| = r — oo. This then yields that

A_n?2 —Bn® 1 1
22 T -
i = - S s o (5).
A.n? — Bn? 1 1
P e T il
-] T ALA. - B? r2+0 r2 )’

as r — 0o. The conclusion (6.2) then follows immediately.

To obtain the uniform limit of ¢4 (z) (as defined in Lemma 6.3), we note that by
taking the imaginary part of (1.2) in polar coordinate, we obtain the same equation

(for the conservation of current) as in the classical Ginzburg-Landau equation
div(p2 (n+Ve + Vo)) = 0.
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Therefore, the uniform convergence of ¢L(x) to S+ as |z| goes to oo follows exactly as

in [Sha9d4]. O

We note the following estimates which will be useful in our study of equivariant

solutions in Chapter 2:

Corollary 6.6. Under the hypothesis as in Proposition 6.1, with p+ = |¢4|, we have

Ops _ Asni — BnZ i—l—o 1 |
or  (ALA_—B?)tyr3 73

0?py _ C3(Ammi -Bn}) 1 ) 1
o~ (AA —By o)

k

It estimates above. ]

Proof. The proof easily follows by differentiation in the C
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