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Abstract

We present an alternative proof of the existence theorem of Béhm using ideas from
the study of gradient Ricci solitons on the multiple warped product cohomogeneity
one manifolds by Dancer and Wang. We conclude that the complete Ricci-flat metric
converges to a Ricci-flat cone. Also, starting from a 4n-dimensional HP™ base space,
we construct numerical Ricci-flat metrics of cohomogeneity one in (4n + 3) dimensions
whose level surfaces are CP?"*1, We show the local Ricci-flat solution is unique (up
to homothety). The numerical results suggest that they all converge to Ricci-flat Ziller

cone metrics even if n = 2.
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Introduction

A Riemannian metric § on M is called Einstein if its Ricci tensor is a multiple of the
metric, i.e. Ric(g) = A-g. If A = 0, the metric is called Ricci-flat. If we require
g to be invariant under a Lie group G acting properly on M with principal orbits of
codimension one, then the PDE Ric(g) = A - § becomes an ODE on I together with
appropriate boundary conditions to ensure that we have a smooth metric. The position

of a singular orbit of the G-action gives an irregular singular point of this ODE.

Ricci-flat metrics are high dimensional Euclidean signature analogues of solutions of
Einstein’s equation in vacuo. Ricci-flat manifolds often have special holonomy group,
which is the group of linear transformations arising from parallel transport along closed
loops. Important cases are Calabi-Yau manifolds and hyperkahler manifolds, which play
an important role in theoretical physics such as in superstring theory and the study of

gravitational instantons.

In this article we consider only complete non-compact cohomogeneity one Ricci-flat
manifolds. The first mathematicians to study these were Calabi, Page, and Bérard
Bergery. In 1975 Calabi [Cal75] constructed cohomogeneity one non-positive Kéhler
Einstein metrics on certain complex line bundles over compact Kéhler manifolds. Later,
in [Cal79] he constructed a complete hyperkiahler metric on 7*CP"™ of cohomogeneity
one. After Yau constructed the first examples of closed Ricci-flat Kéhler manifold which
are not flat, the physicist D. Page [Pag78] constructed the first compact example of
an inhomogeneous non-Kéhler positive Einstein metric. The first systematic study of
cohomogeneity one Einstein metrics was carried out by Bérard Bergery [BB81], who
provided a theoretical setting for Page’s work. More recently, [WW98] and [DW98] have
used the construction due to [Cal75] and [BB81] to obtain large families of Ké&hler as

well as non-Kéahler Einstein manifolds.

Here, we are interested in the existence of complete Ricci-flat metrics on two types of
non-compact cohomogeneity one manifolds. The principal orbit in the first case is a
multiple product manifold; in the second case the principal orbit is CP?**! and the

singular orbit is HP™. The first family of complete, non-compact Ricci-flat metrics

viii



of cohomogeneity one was found by Béhm [Boh99] as a result of further study of the

dynamic properies of the cohomogeneity one Einstein equations.

In this thesis, we will present an alternative proof of this existence theorem of Bohm
using ideas from the study of steady gradient Ricci solitons on the same underlying
manifolds by Dancer & Wang. The interest in the second family originated from the
construction of an explicit complete Ga-holonomy metric on a certain vector bundle
over S* by [BS89] and [GPP90]. In this thesis we examine this example and its high

dimensional analogues.

Now we turn to our main results. Let G be a compact Lie group acting on M with
cohomogeneity one. Let P = G/K be the multiple warped product principal orbit type

and let § be a G-invariant metric on M. We can write
g =dt* +g(t) (0.1)

where ¢(t) is a smooth curve of G-invariant metrics on P. The cohomogeneity one
Ricci-flat equation for g is given by an ordinary differential equation for g(¢) [EWO00].
We introduce a variable to change the ODE to a non-singular polynomial dynamical

system. We were inspired by a Lyapunov function found in [DHW13]

S (X7 +Y?) — %(22:1 Vi X;)?
Ldi
[l Y "

in our new variables. Using this function, the geometry of the Ricci-flat system is

F =

(0.2)

especially well understood. We then consider the Lie group triple (G, H, K)=(Sp(n +
1), Sp(n)Sp(1), Sp(n)U(1)). We use two Einstein metrics on CP?"*! to construct two
Ricci-flat cones. For n > 1, our numerical solutions converge to the Ziller cone metric,
not the other, which verifies the general Convergence Theorem 11.1 in [B6h99]. For
n = 1, we conclude there is a unique (up to homothety) Ricci-flat 7-dimensional metric.

So, the Ricci-flat 7-dimensional metric must have G holonomy.

The content of this article is as follows. In Chapter 1 we derive the warped prod-
uct cohomogeneity one Ricci-flat equation and state the smoothness condition for lo-
cal solutions, following [EW00]. In Chapter 2 we give an alternative proof of Béhm’s
extistence theorem (Theorem A [B6h99]) using the new variables. In Chapter 3, we
apply the new variables to the Ricci-flat equations for the cohomogeneity one manifold
(G,H,K)=(Sp(n+1),Sp(n)Sp(1), Sp(n)U(1)) and describe the two homogeneous Ein-
stein metrics on CP?"*!  following [Zil82]. In Chapter 4 we give numerical solutions for
the above two Ricci-flat equations and discover that the geometry of the principal orbits

converges to the geometry of the Ziller cone metric.



Chapter 1

Cohomogeneity one Riemannian

manifold

In this dissertation, we investigate two families of Ricci-flat manifolds. In the first case,
Mis a multiple warped product over an interval, which is the example discussed in
[DWO09]. In the second case, let M be of cohomogeneity one with respect to an isometric
group Sp(n + 1)-action whose principal orbit P is CP?"*! and whose singular orbit Q
is HP™, For n=1 the explicit Ricci-flat solution was found in [GPP90] and when n > 2

the general convergence theorem for the Ricci-flat solution was found in [B6h99].

1.1 Homogeneous spaces

A connected Riemannian manifold (M, g) is said to be homogeneous if its full isometry
group I(M,g) acts transitively on M. I(M,g) is a Lie group. Throughout this disser-
tation, let G C I(M,g) be a connected compact subgroup which still acts transitively
on M. Then the Riemannian manifold (M,g) is called G-homogeneous. Moreover,
let © € M and K denote the isotropy group at x. Then M can be identified with
the homogeneous manifold G/K. Furthermore, since G consists of isometries, it must
acts effectively on G/K (and the corresponding linear isotropy representation of K in
GIl(TyM) is faithful, i.e. injective) ([Bes87], 7.11, 7.12). The Riemannian metric g can

be considered as a G-invariant metric on G/K.

Let us consider the Lie group triple (G, H, K) where G is a Lie group and H, K two
compact subgroups of G with K C H. Following the notation of ([Bes87], 9.79), let g be
the Lie algebra of G and h D ¢ the corresponding subalgebras for H and K. We choose

once and for all an Adg(H )-invariant complement p_ to h in g, and an Adg (K )-invariant
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complement py to € in h. Then p = p; ® p_ is an Adg(K)-invariant complement to €
in g. An Adg(H)-invariant scalar product (.,.) on p_ defines a G-invariant Riemannian
metric gg on @ = G/H, and an Adg(K)-invariant scalar product on p defines a
H-invariant Riemannian metric gg/x on H/K. Finally, the orthogonal direct sum of
these scalar products on p = py @ p_ defines a G-invariant Riemannian metric gp on
G/K = P.

1.1.1 Adjoint representation and isotropy representation

Let G/K be a homogeneous space and the projection be 7 : G — G/K, w(g) = gK.
Let X € g and exp tX be the corresponding one-parameter subgroup. The differential
dre 1 g — T,(G/K), where o = m(e) = K can be computed in the following way,

d d
dre(X) = E(ﬂ' o exptX) o @((exth)K) '

From ker dm, = £ and dr is onto, we obtain the canonical isomorphism
0/t = T,(G/K).

Since G is a compact Lie group, then by the averaging procedure, there exists an
Adg(K)-invariant complement p of € in g. As an immediate consequence of the above

isomorphism, we have the canonical isomorphism
p=To(G/K).

With this isomorphism, we can show that the isotropy representation of K in T,(G/K)
is identified with the restriction of the adjoint representation of K on g to p. In fact, it

suffices to show that the following diagram is commutative:

b Adg (k) P
d“ehl ldﬂehv
T,(G/K) 2 16/K)

For details see the proof of Proposition 4.5 in [Arv03].

1.2 Basic structure of a cohomogeneity one manifold

In this chapter we discuss the basic structure of cohomogeneity one isometric actions.
For more detail we refer the reader to [Bre72], [Zil09], [DW11] [WZ86] and [EW00].
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First of all, there exists a maximum orbit type G/K for G on M (i.e, K is conjugate
to a subgroup of each isotropy group and is itself an isotropy group). The union of the
orbits of type G/K is open and dense in M and its image in M /G is connected. We refer
to [Bre72] page 179 for the proof. An orbit of maximum orbit type is called a principal
orbit. If P =~ G/K is a principal orbit and @ ~ G/H is any orbit, K is conjugate to
a subgroup of H and we may assume that K C H. Then there is an equivariant map
P — @, which is a fiber bundle projection G/K — G/H with fiber H/K. If dim P >
dim @, then @ is called a singular orbit.

Let G be a compact Lie group acting by isometries on an (n + 1)-dimension connected
Riemannian manifold (]\/J\ , §) with cohomogeneity one, i.e. the codimension of the prin-
cipal orbit is one. Choosing a principal point p € M , let P = G - p be a principal orbit
(homogeneous space) with isotropy group K = G). Pick a singular point ¢ € M ; then
@) = G/H is a singular orbit with isotropy group H = G. In this dissertation, we will
only consider the case, M /G = I = [0,4+0c0). Denote the orbit projection by

7r:]\//.7—>]\/4\/G:I.

Then the inverse image of (0, +00) consists of the principal orbits, and 771(0) is the sin-
gular orbit (). Choose a geodesic y(t) : [ — M , parametrized by arclength, intersecting

all principal orbits orthogonally. Then, there is an equivariant diffeomorphism

®:1x(G/K)— M (1.1)

(t,g - K)r— g-7(t)

where My C M is the open and dense subset consisting of all points lying on prin-
cipal orbits, K denotes the principal isotropy group of ~(t) and I = (0,00). Then,
P = ®(t,G/K) = G/G is the principal orbit passing through v(¢). The connected
homogeneous space P = GG/ K is an abstract copy of the principal orbits and has dimen-

sion n.

1.2.1 Cohomogeneity one metric

We now discuss how to describe cohomogeneity one Riemannian metrics on M. Following
from the map (1.1), for each t € (0,00), 7(t) corresponds to constant isotropy group K
and the induced metrics on G/K form a one-parameter family of G-invariant metrics

g(t). the pullback of the metric g|Mj is

" (3) = At + g(1)
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and ¢(t) can be viewed as a family of G-invariant metrics on G/K along the geodesic

v(t).

We identify p with the tangent space G/K at (), t € I and Adg(K)|p can be identified
with the isotropy representation. As we discussed in section 1.1, if G is compact, we
can firstly choose an appropriate Ad(K)-invariant inner product A on p. Then, we

decompose p into its h-orthogonal real Adg (K )-irreducible subspaces,
P=p1Dp2D--- Dy,

where p1 @ p2 @ -+ @ pp = p4 ET(H/K) and pry1 © pry2 ® -+ @ pr = p- = T(G/H).
The set of G-invariant metrics ¢g(t) on G/K can be identified with the set of Adg(K)-
invariant inner products <,>; on p. If the p;’s are pairwise inequivalent Adg(K)-
representations, by Schur’s Lemma, <, > |y, = g2(t)h|p,, for some functions ¢, ..., g2.
In this dissertation, we will assume the actions of Adg(K) on the p;’s are inequivalent
to each other, so that such a decomposition is unique up to ordering and the p;’s are

orthogonal to one another automatically, that is,
g(t)|p <, >e= g1(6)%h |p, L g2(£)*h Jpy L oo L gr(£)?h |y, - (1.2)

Remark 1.1. Conversely, given an Adg (K )—invariant metric <, >; along the unit speed

geodesic y(t),t € (0,+00), we can recover the metric on My using the G-action.

1.3 Cohomogeneity one Ricci-flat equation

Following the notation of [EW00] and [DW11], we will denote by V and Ric respectively
the Levi-Civita connection and the Ricci tensor of the Riemannian manifold (]/\/[\ ,§G). Let
V and Ric denote the objects for (P, g:), for a given time ¢. N = d@(%), is the unit
(G-equivariant) normal field along P;. We let L(t) be the shape operator of the orbit
P, = ®({t} x P), which is defined by

L)X =VxN

for any vector field X € T'P,. We then can view L(t) as a one-parameter family of

(gr-symmetric) endomorphisms on TP via ®. We have, for X, Y € TP and t € (0, +00),
9t)(X,Y) =29(t)(L(t)X,Y),

where - denotes d/dt. Note that by G-invariance, the trace trL; (mean curvature) is

constant along P, for a fixed ¢, as shown in [EW00]. Using the Gauss and Codazzi
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equations together with the Riccati equation for L, one obtains for X, Y € TP,

Ric(X,Y) = Ric(X,Y) - tr(L)g(L(X),Y) - g(L(X),Y),

Ric(N,N) = —tr(L) — tr(L?),
Ric(X,N) = —tr(X-d"L),

where dV L is the T P-valued 2-form on P which is the covariant exterior derivative of
L regarded as T P-valued 1-form on P, and — denotes the interior product. We denote
by r(t) the Ricci endomorphism of TP for metrics ¢g(t). Then g(r(X),Y) = Ric(X,Y).

Similary, # denotes the Ricci endomorphism for metric §.
For g to be an Ricci-flat metric (i.e. the Einstein constant is zero), we have

Proposition 1.2. The Ricci-flat condition for the metric § on My is given by

g = 2gL (1.3a)

L = —(trL)L+r (1.3b)

tr(L) = —tr(L? (1.3¢)
tr(X—dVL) = 0 (1.3d)

forall X € TP.

Remark 1.3. If we take the trace of (1.3b) and use (1.3¢c), we obtain the equation for

conservation law by
s — (trL)* 4+ tr(L?) = 0, (1.4)

where s(t) = tr(r(t)) denotes the scalar curvature of g(t).

1.3.1 Ricci-flat equations for multiple warped product

We next consider the case where M is a multiple warped product over an interval,

following the notation and approach of [DW09].

Let M1 be multiple warped product manifold with compact Lie group G-acting by
isometries which has a open dense set I x P foliated by diffeomorphic hypersurfaces
P, of real dimension n. In this dissertation, we set G = SO(d; + 1) x G2 X --- X Gy,
H=S50(d1+1)x Hyx---x H. and K = SO(dy) X Hy X - -- x H,. The hypersurface P;
along the unit speed geodesic (t) is S% x Go/Hy % - - - x G,/ H,.. Each homogeneous space
(Gi/H;, h;i), with compact Lie group G; acting by isometries, is an isotropy irreducible
manifold with positive Einstein constants \; and dimension d;. The singular orbit () =
G/H = G2/Hy x -+ x G, /H,.
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The metric § on the open dense set of M can be described in the form
T
dt* +Y " g2 (t)h. (1.5)
i=1

The Ricci endomorphism r(t) of T'P; for metrics g(t) is given by ¢g(r(X),Y) = Ric(X,Y).

So for a multiple warped product manifold,

A A
T(t) = diag(%ﬂdla I %HdT)v (16)
gl gr
where I;, denotes the identity matrix of size d;. d;=dim(p;) for i =1,...;7.

The shape operator is given by

L(t) = diag(%ﬂdl, LS )

9r

So (1.3b) in the Ricci-flat equations becomes the system on IxP

. .2 . . .
_g1 4 gi” _ (digr drgryg1 4 AL _
y1+ g7 ( g1 Tt gr )g1+g§ 0,

gr 4 Gr° dig drgr\gr | A _
et Gt et g =0
By Proposition 3.18 in [BB81], we know if the summands in the decomposition of p = p1 @
po®- - -Dp, are pairwise distinct, then ﬁE(X , N) = 0 is automatically true. In addition,
by the remark of Lemma 2.4 and Corollary 2.6 in [EW00] and [Bac86], we know if (1.3d)
is satisfied, then (E/{E(N, N))v? is constant in time. Here, v(t) denotes the volume

distortion of g(t). Therefore, if we can prove that g is smooth, then lim;_,ov(¢) = 0, and
SO f{i\c(N, N) =01i.e. (1.3c) is satisfied too.

Remark 1.4. In the multiple warped product manifold I x S% x My x --- x M, with
metric dt? + Y"1, g2(t)hi, if (M;, h;) are inhomogeneous, then the resulting equations
are equivalent to those coming from the above cohomogeneity one manifolds. This is
because in the derivation of the Einstein equation (cf. Lemma 2.4 [EW00]), we only use
the geometry of an equi-distant family of hypersurfaces. Therefore the paper [DW09],
which discusses more general cases, was using the same equation and the same way of

changing the variables.
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1.3.2 The Ricci endomorphism when principal orbit is G/K with 2

distinct irreducible summands

Suppose the principal orbit is P = G/K and we choose a diagonal metric g1 (¢)?h |p, L
G2 (t)?h |p, L -+ L g.(t)*h |p,. If we denote g;(t)? = z;(t), then we may use equation
(1.3) in [WZ86] for the scalar curvature of P:

S=32. % "1 H o (1.8)

% ijk

In this formula, for each i, b; is defined by B|,, = b;h|p,, where B is the negative of

the Killing form of G, and d;=dim(p;), and

k

. ] = > h([ea, €s), €4)?, where the sum is

]

taken over {e.}, {eg}, {ey}, h -orthonormal bases for p;, p;, pj respectively.

Let A; = %(dibi - % [Z] - Z#i [j] ) as in [WZ86]. Then, when r =2 and ¢® p; is a
i1 ij

subalgebra of g, we have

A A 1]2 1]1
[ - Y (1.9)
x{ 4 ]22| 735

Because of Schur’s lemma, we let the Ricci tensor be given by

I 0
Ric = "1 .
0 7“2]1@

Using the first variation formula for the Einstein-Hilbert action and personal discussion

with Dr. Wang, we get

ZL‘% 88 A1 1 2 X9 + 11 1 I (1 10)
s = _—_  — — — —_ e .
! d1 81'1 d1 2d1 11| o1 4d1 292 x%’

208 A 1|1 11 ]2
pp o= —222 22 T oo T2 (1.11)
dp Oxg  dy  2dy |22| w2 4d2 |11] 21

So, the Ricci endomorphism r(t) is given by

I, 0
r(t) = (“ " > : (1.12)
0 E]Id2
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1.4 Smoothness condition around a singular orbit

It is natural to ask:“What conditions must the above metric <, >, satisfy in order for g
on My to extend to a smooth metric on M A necessary and sufficient condition was

given by Eschenburg and Wang in [EW00] Lemma 1.1.

We need to look at the structure near the singular orbit of the cohomogeneity one

manifold more closely to present the smoothness criterion. We follow the notation of

([EW00)).

The normal bundle of Q = G/H, H = G, is equivariantly diffeomorphic to
E=G-V=GxgV.

where V = TqZ\/Z/TqQ = R**1 is the normal space at ¢ € Q. Then H acts on G x V by
(h, (g,v)) — (gh~!, hv). Here h act on V linearly via the slice representation, because h
preserves T,(G/H), acts orthogonally. By the slice theorem (§ IL.5 [Bre72]), the H-action
is also cohomogeneity one, so H acts transitively on the unit sphere S¥ = H/K C V,
where K C H C G. Moreover, the principal orbit G/K can be identified with the unit
sphere bundle G x g S*.

Also by the slice theorem, a tubular neighbourhood of the singular orbit @ = G/H can
be described as
B.(Q)=7"10,r)=GxyD,=FE CE

D, is a disk of radius 7 in the slice V. Therefore, given a G-invariant Riemannian
metric go on E, §o|pr can be transplanted to the metric § on a tubular neighbourhood
B, (Q) C M and vice versa.

Therefore, we need to identify the smooth, G-invariant symmetric tensors on F, i.e.
a € C®(S?TE). Since E = G -V, we can restrict our attention to H-invariant a €
C>(S?TE|V) (cf. [EWO00]).

Let p_ be an Ad(H )-invariant complement of b in g, which can be identified with the
tangent space T,(). Let m : E — @ be the bundle map, then the tangent bundle TE
splits into horizontal and vertical parts: TE = 7* E®7n*T(Q. These two pullback bundles
are trivial on V and H-invariant, so we have TE|V =V x (V&p_), Therefore, the tensor

field a is determined by some H-equivariant smooth mapping

a:V— S Vaopo).
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We can write a in “polar coordinates” a; : S* — S?(V @ p_), which is determined by
the single value a;(vo) € S?(V @ p_)¥, for a fixed vy € S*, since H acts transitively.
Here we choose K = H,, = Gy,.

Next, we introduce the vector space W of all smooth H-equivariant maps L : S* —
S?2(V @p_). For a fixed vy € S*, we define the evaluation map to be: € : W —
S2(Vap_)E e(L) = L(vy). Let W, C W be the subspace consisting of restriction of all
maps to unit sphere of H-equivariant homogeneous polynomials of degree p. (see page
113 of [EWO00].)

Lemma 1.1 ([EWO00]). Let t — a;(vg) : Ry — S*(V @ p_)X be a smooth curve (i.e. at
zero, the right-hand derivatives of all orders exists and are continuous from the right)

with Taylor expansion (at zero) ap ~ Ep aptP. Then the map a defined by
v
a:V\{0} — 52(V ©p-),a(v) = a <m>

has a smooth extension to 0 if and only if a, € e(W),) for all p > 0.

Remark 1.5. Following by [EW00], we will assume that the representations of K on p_
and V have no equivalent irreducible factors. Then S?(V @p_ )& = S2(V)E @ S%(p_)~K.
Therefore,

ai(vo) = (Z4,2_) : [0,00) = S2 (V)X @ S?(p_)~.

Remark 1.6. py, the Ad(K)-invariant complement of £ in h can be identified with
tangent space T'S* at vy, (i.e. vy). T,V = R{vg} @ p. Finally, the tangent space of P
(the unit normal bundle around Q) at point vy can be viewed as p = p; @ p_. So the

diagonal metric dt?+ <, >;= dt* + g(t)|, is really our a;(vo) = (Z4,z-).

Remark 1.7. For a non-compact manifold M with a cohomogeneity one action, with
orbit-space [0,00), one can always just use G and subgroups K and H to recover its

structure. It makes sense to denote (]\/4\, g) as (G, H, K, §) in the future.

1.4.1 The initial value problem in the multiply warped product case

Lemma 1.2. Consider a multiple warped product G-manifold described in section 1.3.1.
Hy = SO(dy + 1) acts on V- = R4+ orthogonally. vy corresponds to the tangent space
of 84 = % at vy and p_ corresponds to tangent space at eH of the singular orbit
Q = Gao/Hy x -+ x G, /H,. If we fix the background metric h|,, which gives constant
curvature 1 of the sphere S% . Then, the metric § on My = Ix 8% xGo/Hyx - xG,y/H,
is smooth if and only if g; are smooth in t, gi(t) is odd, g;(t) is even for i > 1 and

g1(0) = 1.
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Proof. Choose “Cartesian coordinates” (yi,¥2,...¥yd,+1) for V. Given a smooth curve

of metrics along the geodesic
z=(Fp,2):[0,r) > S*(V)F @ S2(p)F,

the Taylor expansion expansion of z in a neighbourhood of zero is

o0
x(t) « Z xpt?,
p=0

where t = \/y% +ys 4+ ygﬁ_l. By lemma 1.1 of [EW00], x is smooth if and only
if x,, € €(W)), which means that z, is an H-equivariant homogeneous polynomial with
values in S?(V @ p_)& of degree p on the sphere S{. Denote by SPV to be the vec-
tor space of degree p homogeneous polynomials on V. Hom(SPV,S*(V @ p_)) =
Hom(SPV, S2V) @Hom(SPV, S?p_ )7 @Hom(SPV, Vep_ ) Since H is a product group,
its representation on V is inequivalent to representation on p_, so the last space is zero.
So,

Hom(SPV, S%(V @ p_))" = Hom(SPV, S*V) @ Hom(SPV, S%p_)H. (1.13)

Since Hy = SO(d; + 1), the representation on S2V of H decomposes to 1 @ Us, where
Us is irreducible. As is well known (see, e.g., [FH91| Exercise 19.21, p.296) when p is
odd,

SPV =U, &SPV =U, U, 265" W=-..=U,0U, 20---aUs&U; (1.14)

where the U; are irreducible and inequivalent to one another for ¢ = 2,3, ...,p. Those
U; are also inequivalent to Uy and 1 = Uy. By Schur’s Lemma Hom(Ui,Ug)H =0

Hom(U;, 1) = 0 for all 4 > 1. This implies Hom(SPV, S2V)# = 0.

In addition, H acts on V by the representation pg,+1 ® 1, where pg, 41 is the standard
representation of SO(d; + 1). pg,+1 is irreducible implies pg, 11 ® 1 is irreducible. (1 is
trivial representation). Similarly, if we let 1 denote the representation of Hy x Hg X - -+ X
H, on p_, then, H acts on S%(p_) by the representation 1® S%(n), which is inequivalent
to the representation on V.

Suppose H decompose S?(p_) into irreducible summands Ny @ - -- @ Nj. Then
Hom(V, S%(p_)) = Hom(V, N1 @ - - - & Ny) = @5 Hom(V, N;). (1.15)

Here both V' and N; are inequivalent irreducible representation of H. Therefore, if

fi € Hom(V, N;) is a H-equivariant map, then f; = 0 for all ¢ by Schur’s lemma. Hence,
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Hom(V, S%(p_)) = 0. Similarly, U; and N; are inequivalent to one another too, for all
i and j, so Hom(SPV, S%(p_))" = 0.

Therefore, Hom(SPV, S*(V @ p_))¥ = 0. Therefore 2, = 0 for all odd p.

Next since we know S"V = U, @ Up—2®--- S Uy © Uz @ 1, and S2V = U, @ 1, then
by Schur’s Lemma, Hom(S¢"V, S?V)7 ~ R @ R.

So, = is a even function. This means x4+ are even.

One the other hand, § can be described in “cylindrical coordinates” about (), by the map
®:[0,r)x P— E' ®(t,v) = tv,

where P is viewed as the unit normal sphere bundle of Q). So the pullback of metric g
onto (0,7) x P is
©*(g) = dt* + g(t),

where
g(t) = t2xy (t) Da_(t), (1.16)
is a G-invariant metric on P. Compare this with the equation (1.2) So we have
g (t)h = wi (1) = T2,
92(8)%ha + -+ + gr(t)*hy = z_(2).
Then g; must be odd and g; must be even for i = 2,3, ..., 7.

Notice that in (1.16), the t? comes from the fact, % = te1 where e; = 8%1 is a vector
in “Cartesian coordinates” of Euclidean space V. Using e; we form a orthonormal basis

for V respect to the Euclidean metric 4 (0) = I. Finally,

T4(0) =1 4g1(0) = 1.

1.5 Existences of local solutions

Theorem 1 ([EWO00]). Let G be a compact Lie group, H a closed subgroup with an
orthogonal linear action on V. = RFTL which is transitive on the unit sphere S, and
E = G xg V be the vector bundle over Q = G/H with fiber V. Denote by p_ an
ad-invariant complement of b in g. Let vg € S*¥ have isotropy group K. Assume that

as K-representations, V and p_ have no irreducible sub-representations in common.
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Then, giwen any G-invariant metric gg on ) and any G-equivariant homomorphism
Ly : E — S?(T*Q), there exists a G-invariant Einstein metric on some open disk bundle

E' of E with any prescribed sign (positive, zero, or negative) of the Einstein constant.

Remark 1.8. Since E = G -V, a G-equivariant homomorphism L; is determined by
a H-equivariant map o : V — SQ(T;Q). We will identify 7/Q) and T;,Q = p— by gq-
Then the H-equivariant map a : V' — S?(p_) vanishes, because Hom(V, S?(p_)) =0
(cf. proof of Lemma 1.2). So the G-equivariant homomorphism Ly : E — S?(T*Q) is

trivial.

Let ¢ € @Q and Ny, ..., Ng,41 be an orthonormal basis of V' = (TqQ)l ~ R4+l The

second fundamental form at ¢ along the normal vector Nj is given by H-equivariant

mapping

a:V = S%p.)
Nj — OéNj(X,Y)

where ay,(X,Y) =< VxY — VxY, N; >.

Next, let Ly; be the shape operator of @ along normal N; given by Ly, X = @XNJ».
then we have following relation expressing the shape operator associated to the second

fundamental form, that is:
< VxN;,Y >= —an,(X,Y), where X,Y € T,Q. (1.17)

Lemma 1.9. For the multiple warped product manifold in 1.3.1, the second order dif-
ferential equations (1.7) have up to homothety an r — 2 parameter family of solutions in

a neighbourhood of the singular orbit.

Proof. The singular orbit, Q = Max---xXM,, M; = G;/H; for i = 2, ...r has G-invariant
metric given by
95(0)ha + g3 (0)hs + -+ + g7 (0) (1.18)

where ¢;(0) # 0 for 2 < i < r. By Remark 1.8, all of the second fundamental forms of @
must vanished. By the above equation (1.17), the shape operator of the singular orbit

Q) at ¢ must vanish too, i.e.
Gi(0)=0 for all 2<i<r (1.19)

by ¢ = 2gL. By Theorem 1, there is an r — 1 parameter family of local Ricci-flat metrics
on t € [0,ty) satisfying the system (1.7).
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In addition, Ric(A%§)=Ric(§) = 0. This implies if § = dt* + g(t) is a Ricci-flat metric
then A2g = ds®+ A2g($) is also a Ricci-flat metric where s = At. Therefore, by Theorem
1, given an initial value G-invariant metic gg ~ ¢3(0)ha + g3(0)hs + - -+ + g2(0)h, we
have a Ricci-flat metric on ¢ € [0,tp), which will be same as the Ricci-flat metric on
s € [0, %) starting from the initial value 93(0) ho + 93(0) hs + -+ g’z(o) h,. Without

95(0) 95(0) 95(0) 95(0)
loss of generality, we can fix g3(0) to be 1. Hence, we have up to homothety an r — 2

family of local Ricci-flat metrics.
Let hi(s) = A2g1(%). Then 1 = dmdl — NG L = g, This implies that ¢;(0) = 1 <

4 (0) = 1. O



Chapter 2

An alternative proof of Bohm’s

existence theorem

In this chapter, we shall give an alternative proof of Bohm’s theorem that there exists an

r — 2 parameter family of complete Ricci-flat metrics on the multiple warped products.

Theorem 2 (Theorem 6.1 [B6h99)). Let [ > 0 and let G1/ K1, G2/ Ka, ..., Git1/Ki41

be non-flat compact isotropy irreducible homogeneous spaces and let k > 2. Then
]/\Z:Rk—HXGl/KlXGQ/KQX-'-XGH_l/KH_l (21)

carries an l-dimensional family of Ricci-flat metrics.

Notice that in our notation, » = [ + 2. In order to prove Theorem 2, first of all, inspired
by [DW09], we transform equation 1.7 to a new first order system whose right hand side
is given by polynomials. Then we find all of the stationary points of the new dynamical
system. We are interested in two of the stationary points and trajectories which connect
them. The first stationary point corresponds to the smooth initial values while the second
stationary point represents the Ricci-flat cone solution. The question is how can we prove
there exist complete Ricci-flat solutions such that they theoretically converge to this
point. Since our manifolds fit into the more general framework of Eschenburg and Wang
[EWO00], there exist local smooth solutions of the Ricci-flat equation, which correspond
to smooth G-invariant Einstein metrics on a tubular neighbourhood of Q. They give
the new dynamical system local solutions. We extend the local solutions to global
solutions. Finally, we find the corresponding cone solution of the cohomogeneity one
Ricci-flat equation is a global attractor by modifying the Lyapunov function introduced
by [DHW13].

14
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2.1 A polynomial system

Since the Ricci-flat equation (1.7) is singular at ¢ = 0, we introduce new variables to

change the Ricci-flat equation to a polynomial system.

When p; are pairwise inequivalent, the shape operator is given by

L(t) = diag(=1g4,, -+ ,=1g,),
() = diog(L 14+ 21,

where I, denotes the identity matrix of size m. So

lim tr L. = 400,
t—0

due to the smoothness condition g1(0) = 0, 41(0) = 1.

Applying the Cauchy—Schwartz inequality to (1.3¢) we have

Lrr)?, (2.2)

trL) < ——
(L) < -

and so we know that trL is non-increasing and the equality holds precisely at times
where when n(trL?) = (trL)?.

Lemma 2.1 (Proposition 3.2 [B6h99]). Let M+ bea complete Ricci-flat cohomogeneity
one Einstein manifold whose principal orbit is not a torus. Then there exists no principal

orbit P which is minimal, that is,

trL >0 vt > 0.

Proof. This proof is different from Béhm’s proof.

By smoothness, we know that trL > 0 for all small ¢. In order to derive a contradiction,
assume that trL(tp) = 0 at some to > 0. As trL is non-increasing by(2.2), then there
are only two cases.

Case one: Mean curvature of the principal orbit P remains a constant 0, i.e.
trL = 0, for Vt > .

Case two: Mean curvature becomes negative after tg. In another words, there exists

t1 > tg and a > 0, such that

trL < —a, for Vt > t1. (2.3)
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If case one is true, then
(trL) = 0, for Vt > t,. (2.4)

On the other hand by (1.3c), it follows that tr(L?) = 0 for V¢ > to. Therefore, L = 0 for
Vt > to. By (1.3b), r, = 0 for Vt > t9. So G/H has a G-invariant Ricci-flat metric. By
[AKT75], the Ricci-flat metric is actually flat. Since G is compact, (G/H, g) has to be a
torus. This contradicts our assumption that G/H is not a torus. So, case one cannot
be true.

Now, suppose case two is true. Then
U
o= (logv) = trL < —a, for Vt > ty,

by (2.3). Integrating the above, one gets,

t
logw |£, = / (trL)dt < —alt — 1),

t1

So,

i.e.
v(t) < v(ty)eH),

Therefore the volume of M, given by Jovdt = Ot Yodt + ft?o vdt < co. However, this
contradicts Yau’s Theorem (Theorem 7 [Yau76]) i.e. the volume of (M,g) must be
infinity. Thus case two cannot be true either.

Therefore, trL > 0 for Vt > 0. ]

Remark 2.2. Since trL is positive for Vi > 0, trL is also a strictly decreasing map via

inequality (2.2). We can then introduction a new independent variable by

d 1 d
— = ——. 2.
ds trL dt (25)
We use a prime to denote differentiation with respect to s.
2.1.1 For multiple warped product
Following [DW09] we introduce the new dependent variables,
Vdi gi
X = =, 2.
trL g; (2:6)
Vdidi 1
Y, = L (2.7)

g trL '
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for i = 1,...,7. Notice that

- —tr(L tr(L2

;Xf N (trL()2) N (u(«L)g’ (28)
d tr(rs

2V - e (29)

We obtain from the Ricci-flat system (1.3) the following system in our new variables.

'
Y2

X = X0 X2-1)4+ L, 2.10a
4 1(; 7 ) \/CTz ( )

' X

! - 2 1
Y] = y;(; X; \/d?)' (2.10b)

From above system we get X/X; +Y/Y; =0, so
T

Z(XJQ + sz) =C, (2.11)

=1

where C is a constant. From Remark 1.3, we know the conservation law of the Ricci-flat

system is s — (trL)? + tr(L?) = 0. Applying (2.8) and (2.9) to this equation we get

T

d(XF+Y) =1 (2.12)
j=1

In the following, we let £ = Z;Zl(X]2 +Y7). From [DW09] (Remark 2.14) if we take

the derivative with respect to s, we have
T
u' =) VX -1, (2.13)
j=1
In the Ricci-flat case, v’ = 0. We may define the quantity
T
H = Z vV dZXZ, (214)
j=1
so that in the Ricci-flat case, H = 1.

2.1.2 Invariant of conservation law and H

Lemma 2.3. The sphere L = 1 is invariant under the flow of the vector field (2.10).
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Proof. Since V(L — 1) = (2X1,2Y1,2X5, 2Ya, ..., 2X,, 2Y;), and by (2.10)

_X2 Zy2

VY] = YZ?(ZXf—\/C%). (2.16)

(2

XX = XX sz -1) (2.15)

It follows that

v(£ - 1) ’ (XivyllaXéayéa . X/ Y)

TYTT

.
=2 (X X] +Y;Y])
i=1

(2.17)
s T T T T s
XiY? X,Y7?
SR IR I D WOWT o
=1 j=1 = Vdi o j=1 = Vi
=0.
Therefore, {£ = 1} is invariant under the flow (2.10). O

Lemma 2.4. The hypersurface H = Z;Zl Vd;X; = 1 is invariant under the flow of
the vector field (2.10).

Proof. H is a constant. Hence H' = ;:1 Vi X} =0.
Since V(H — 1) = (v/d1,0,/d>,0, ...,/d;,0), so

VH—1)- (X}, Y], X5, Y], .. XY

TYoT
,
- Z Vd; X (2.18)
j=1
=0.
Therefore, H — 1 is invariant under the flow of (2.10), and so is H. O

Remark 2.5. In the paper [DW09], the authors have studied the the existence of Ricci
soliton structures on multiple warped products. The equation are the same ones here. In
[DWO09], the conservation law for a non-trival steady soliton is Z;':l(XJZ‘f‘YjZ) = C where
C < 1, and the Lyapunov function Z;ZI(X ]2 + Yf) < 1. But as considering the Ricci-
flat (in steady soliton) case, all the solution curves lie in the corresponding conservation
law sphere Z§:1(Xj2 + YJQ) = 1 where C' = 1. So, first of all, Ricci-flat solutions will
not be the Ricci soliton solution. Secondly we cannot use the same Lyapunov function
and similar arguments Proposition 3.7 [DW09] to derive the Ricci-flat trajectories’s long

time behaviour.
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2.2 Stationary points

Proposition 2.6. Let A := {i|Y; # 0}. For an arbitrary (possibly empty) subset A =
{my,..my} C {1,...;r}, all the equilibrium points of the first order ode system (2.10a)
and (2.10b) lying in {L = 1} are given by

(i) When A = &, {Y; = 0, forall Vi, >37_) X7 —1=0,H =1},

l —
()it A £ @, {Xi = 0,Y; = 0, fori ¢ A, X), = YAy, = Y imi @m0k e g gy

i=1 dmz =1 dmi

Proof. A stationary point corresponds to zeros of the vector field given by (2.10). We

have
>oxp-n+ L
X0 XP-1)+ = =0, (2.19a)
=1 ¢
Y;;(ET:X? _ A ) =0. (2.19b)
=V

IfY; =0 for all i = 1,..r and X; # 0 for some i, then (2.19) implies > "_, X]2 =1«
A = @, otherwise X7 = --- = X, = 0 holds.
If Y}, # 0 for k € A implies that Y7} X? —1# 0. And by (2.19b) 327, X? — b =

vy,
and Xj # 0 for k € A. Solving these equations we have X = l\/% . By (2.19a), we
i=1 "My
V2 (34— dim; —1)d
know that lz\/;lml( i:i T 1)+ f =0. So Y, = i;d —
O

Remark 2.7. Consider the manifold I x Mj x ... x M, where (M, hy) is the sphere

with constant curvature 1 metric. Recall the smoothness conditions

They correspond in the new variable (X;,Y;) (2.6-2.7) to the conditions

1

X=—, Xi= 0> 1), (2.22)
1
Vi — L
Y, = V- =0.(i > 1). (2.23)

The most interesting stationary point is when |A| = r,

{X; = \F : Z(n for Vi}. (2.24)




Chapter 2. An alternative proof of Bohm’s existence theorem 20

This critical point corresponds to the Ricci-flat cone (see example in Propostion 2.11).
In this chapter, we will prove that this point is a global attractor by showing it possesses

a Lyapunov functional.

2.3 The Ricci-flat cone of a positive Einstein metric

Proposition 2.8. A manifold (N", gn) is Einstein with constant A\ = n — 1 iff the
corresponding cone (C1N™, g.) is Ricci-flat, where Ct N™ = Ry x N™ is equipped with
the metric g. = dt*> + t>gn.

Proof. We can view C; N" as a family of equidistant hypersurfaces. g. = dt?> + t2gn
implies that g1 (¢t) = t. Assume (C1N", g.) is Ricci-flat. Then we can apply the Ricci-flat

equation (1.3) on it.

g1 1
L; = =1, = -1,. 2.25
S 3 (2:25)
Now,
—— . 5 n n
Ric(N,N) = —tr(L) — tr(L*) = —(—t—z) — 5= 0. (2.26)

The Ricci tensor of the metric g. on (C+N™, g.) will be

Ric(X, Y)=r; — (trL)L — L

nl 1

=Ty — ?;Hn - (*ﬁ)ﬂn (2.27)
1—n

=Tt + t2 ]In

If Ric = 0, then r; = "t_gl]ln forall t. Sett =1 = r; = (n— 1)I,, and t?gn = gn.

Therefore (C+N™, g.) is Ricci-flat < (N, gn) is Einstein with constant A =n —1. O

2.3.1 Cone metric corresponding to the stationary point - the hyper-

surface 9% x N%

Lemma 2.9. Suppose that (S, h1) and (N, ho) are two Einstein manifolds, with
Einstein constant Ay = di — 1 and Ay = do — 1, respectly. Then on the hyper-surface
Sh % 9% there erxists a Einstein metric h, such that Ric (h) = (di + dg — 1)h.

Proof. If there exist constants a and b such that Ric(ahi) = (d1+d2—1)(ahy), Ric(bhg) =
(dl + dy — 1)(bh2), then

dy—1

Ric(ahl) = RiC(hl) = (d1 — 1>h1 = ahy = (d1 +dy — 1)(ah1),
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dog —1
Ric(bhs) = Ric(hy) = (dy — 1)y = — = (dy + dy — 1)(bha).
This implies that a = 79— + d — and b = dl‘_ifd_;_l. Define a metric h on S% x §%
dy—1 do —1
h=ahi ®bho = ————h ———ho. 2.28
ahy & by dy +dy — 1 1@d1+d2—12 (2.28)

Therefore, Ric(h) = Ric (ah1 @ bhg) = (di + da — 1)(ahy @ bho) = (d1 +d2 —1)h. [

Corollary 2.10. A cone (R, x S x S9 dt? + 2h) is Ricci-flat if h = %hl &)

do—1
di+do— 1h2
Proof. By Lemma 2.9. 0
Proposition 2.11. If we create a cone whose metric is dt* +t*h = dt® + 2 dlc_li}d;l_lhl +
th (idg 1ha, then this metric corresponds to the point
XY XYy — (VAL VA Vdi(ditda1) da(di+da—1) 5 90
( 1, 11, A2, 2) - (d1+d2’ di+dsy’ di+ds 5 di+do ) ( . )

on the conservation law L = 1.

Proof. As before if we also denote the cone metric as dt? + g1(t)?h1 + g2(t)2ha, then

di—1
gl(t) = t\/ d1+1d2*1’
0 = t/7%
92 di+d2—17

do—1
ga(t) Gitdo—1
Therefore,
1 di+d
tr = d1 —|— dg = d1, dgf 1t 2 (230)
g1 92 t
By the change of variable (2.7)
Vdi g Vd
x, = Yag9 _ L (2.31)
trL g1 dy + do
Vd Vd
x, = Yhao_ v (2.32)
tI‘L g2 d1 + do
_ dl(dl—l) 1 _ dl(dl—l) 1 . \/dl(d1+d2—1)
v = — =V = . (233)
trL g1 " di—1 % di + do
di+dso—1

v, = YO(@-D1 _ Via(de—1) 1 /da(di+dp—1) (2.34)

trL 92 t [_do—1 dltLdZ B dy + do
di+do—1
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O]

Remark 2.12. For above proposition, when we take the multiple warped product man-
ifold to be R3 x N4, where d; = 2 and dy = 4, then

_ (AL Vil N (ditda—1) \da(ditda—1)\ /3
(X1, Y1, X2, 12) (d1+;’/2’ d1+§2’ dy+d2 ’ di+d2 )= (6

In the next chapter (Figure 4.2), we will see that the numerical results actually converge

to above point as s — +o00.

2.4 Local solution for X, Y]

Recall the change of variables

1 1
dt = —ds = ——ds. (2.35)
EYA S IN

=1 ZE

By lemma 1.9, there exists smooth local solutions (g;, g;) on [0,¢1) for some small ¢; > 0.

Hence, for a small number b > 0, g; # 0 for all ¢ on (0,b) and trL = >, di% > 0 and

t dr

£ o) as

is finite. We denote the function s — sg =
s=¢(t), on (0,b), where so=¢(to).

to cannot be taken to zero, corresponding sg is finite and trL(so)=trL(s(to))=trL(to) is
finite too. Since % > 0, ¢ is invertible. Thus, t = ¢~ 1(s).

Lemma 2.13. When t — 0, then s — —oo.

Proof. On the interval (0,b) we can integrate ds = trLdt because of the finiteness of

trL.
t
s(t) —sg = /ds
to

t T gl
= [Zdi%dT

0 4=1

= ) diloggi(r)
=1

t
to

= ) djloggi(t) — loggi(to) (2.36)
=1
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where g;(tp) > 0 is finite for all 4, and by choosing an arbitrary ¢y € (0,b), so is finite
too.

Since ¢1(0) = 0 and g;(0) > 0 are finite for i > 2, s(t) - —oo when t — 0. O

Corollary 2.14. The ode system(2.10) has an r — 2 parameter family of solutions ~y(t)

.t limg, oo y(s) = (%1’07 50,4/ %40,...,0).

Proof. By the local existence Lemma 1.9, if g;, g; satisfies the smoothness condition
(2.20) then there exists a local smooth solution (g;, ¢;) of the ode system 1.7 on (0, to].
The change of coordinates
d; ji
X, = Lgi (2.37)
Di1 iy 9i
Vdidi 1
> digf 9i

transforms the local smooth solutions of 1.7 to smooth solution of 2.10 on (—o0, so]. [

2.4.1 Property at Initial Point {X; = \/%75/1 = V%l,Xi =Y, =0,t#1)}

Linearising the Ricci-flat equation (2.10) at the stationary point {X; = J%’Yl =
VdiZl X, =Y, =0, (i # 1)}, we obtain a system whose matrix has a 2x2 block

Vdi
3 1 ZVdi-1
Ay = dldlfl C[l)l
di

i

corresponding to X1,Y;. The remaining entries are diagonal

1
0
A2:<dl 1)
U
1 _

corresponding to X;,Y;, (i > 1) [DW09]. The eigenvalues of A; are o — land d%, the

corresponding eigenvectors being v; = (1, vld_1(;11’07 .,0)" and vy = (\/%, 1,0,...,0)".

The eigenvalues of A; are % —1 and % and the corresponding eigenvalues are v; =
T T

(0,...,0,1,0,...,0)7, @ > 3. At the point pp, 2.22, a normal vector of the sphere is
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N = (X1,Y1,Xs,Ys,...) = (ﬁ, d\l/d:ll,o, ...,0). So we have

<wv,N> = 0,
<wvo, N> # 0,

< v, N >

[
)
<
\Y
N

Thus, there are » — 1 eigendirections corresponding to positive eigenvalue i, and r
eigendirections corresponding to negative eigenvalue i — 1. By the Hartman-Grobman
Theorem, there is an r — 2 parameter family of solutions starting from the point py and

lying in the sphere £ = 1.

2.5 Long term existence

Our next Theorem 3 shows that the local solution X;,Y; can be extended to [sg, +00).

Theorem 3. FEach v(s) = (X;(s),Yi(s)) extends to a trajectory defined on (—o0,00)

and X;(s),Y;(s) are smooth in s.

Proof. Assume that the solution of the initial problem only exists for finite time s €
(—00, $x), where s, = sup {s|3solution curve on (—oo,s)}. Notice that the trajectory
lies on the unit sphere, which is a compact set. Therefore, the right hand side of equations
(2.10) are bounded and Lipschitz continuous on [y(s«) — d,7v(s«) + 0] for some § > 0.
So by the local existence theorem [Har02], there exists a solution of the initial value
problem on (s« —¢€, sx +¢€), where € > 0. This contradicts the definition of s.. Therefore,

the solution exists globally. O

Remark 2.15. Notice that our system (2.10) and the soliton system ([DWO09] (2.7)
(2.8) ) are exactly the same in the steady case. This is because the equations (1.7) for
g; involve g; and u, but in the steady case the X;,Y; equations (2.10) do not explicitly

involve u.

One might want to ask whether the trajectories we found in £ = 1 are steady soliton

trajectories with @ # 0.

Luckily, this is not the case. From the Remark 2.14 of [DW09], we know the complete
Ricci-flat trajectories lie in £ = 1. And if % # 0 and € = 0, then C' is non-zero, so £ # 1,

which is a contradiction.
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Therefore, the r — 2 parameter family of trajectories X;,Y; contained in £ = 1 and

starting from the stationary point (V%’ V\%—ZI,O, ...,0) are Ricci-flat solutions which

correspond to the r — 2 parameter family of local smooth Ricci-flat solutions g;, g; by

Lemma 1.9.

2.5.1 Recovering g; from X, Y,

Let y(s), —0o < s < 0o be one of the solution curves of (2.10).
Theorem 4. On the trajectory, Y; > 0 on (—oo, +00) for all i.
Proof. Since we have a smooth local solution under the condition (2.20) on (0, t1), gi(t) =
l;(finite, non zero) for all i on (0,b],b < t;. Then the definition of ¥; (2.7) implies that

Y; > 0 for —oo < s < ¢(b).
Now from the equation (2.10b) and X; < 1 we know

Y2, (2.39)

By a standard comparison argument it follows if Yj(s.) > 0 then Y; > 0 on [s,, +00)
[DWO09]. O

Definition 2.16. On [sg, +00), define

n(s) = Ce~ fsso ZX?dac’

where C' > 0 is a constant and

t(s) = / do (2.40)

Then dt = 45 .
n(s)
Define

gi(t) = 1 (2.41)

for s € [sg, +00).

Lemma 2.17. 7n(s) = trL and the positive constant is C = trL(sp).
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Proof.
dg; d g n'(s) Y/
= =\ d;\; - ’
a = s’ 1= Sy ~ a2
’I’], Yl
= VAN (—— - T
Vi 2 s X
- _ -\ x: X2 _
diN; X
L \ff
This implies that
gi _ VANXi 0V X;
9 Y Jdih _n@.
By H =3 ,Vd;X; =1, we have
Therefore, n = trL and C = trL(sy). O

Lemma 2.18. On the trajectory Y, X? > % and equality holds if and only if X; =

@,foralll<z<r

Proof. By the Cauchy-Schwartz inequality

SV S (VK =
=1

i=1 i=1

(2.42)

So > Xi2 > % The equality holds if and only if X; = A\\/d; for some real constant \.

With the condition Z:Zl VA X; =1, we get \ = % so X; = @ for all 3.

Lemma 2.19. When s — +oo, then t — +o00.

Proof. By Lemma 2.18, > X? > 1. Hence,

— (s 1 _ 8750 0 _s
n(s) < Ce Jomd® — 0= = Cee s,

Integrating q . .
s 2 s
S _ *6‘[50 > XZdx s E

dt =
n(s) C Cen

we obtain

a: 1 s 30
—t()—/dt / n :73(65—6”).
TO nCen

Since nC > 0 and e > 0 are constants, t — +00 when s — +00.

O]

(2.43)
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Since s must still correspond to ¢y, for the above integration, we still denote on [sg, +00)

t=¢ 1(s), and s=(t).

2.6 Convergence of the solutions

Definition 2.20. We define the sets

D = {(X,Y1,...X,,Y,)[Y1>0,Y,>0,..,Y, >0}, (2.44)
£ = {(X1 Y, X, Y)D) XP Y2 =1 VdiXi =1} (2.45)
=1 =1

By invariant flow Lemma 2.3 and 2.4 and Theorem 4, at certain small time g > 0 i.e.
s # —oo the r — 2 parameter local smooth solution must all lie in £ for all ¢ because of

the Einstein condition.

2.6.1 Lyapunov function

We now state Lyapunov’s stability theorem:

Theorem 5 ([HS74] Page 193 Theorem 1). Let £ € W C R"™ be an equilibrium for
2 = f(x), where f : W — R" is a C* map. Let V =U — R be a continuous function
defined on a neighborhood U C W of x, differentiable on U —&, where V : U — R defined
by V(x) = DV (z)(f(x)), such that

(a) V(z) =0 and V(z) > 0 if x # z;

(b) V/<0inU — 7.

Then, T is stable. Furthermore, if also

(c) V' <0inU—z.

then T is asymptotically stable.

Inspired by [DHW13] (page 49) and C.Bohm’s work (cf. [B6h99] page 142 function (8)),
on the set DN &, where Y; > 0 for Vi, we define

24

r B r d; r Y 24,
F=|ly., » - |ld" =||(—=%)"~. (2.46)
[ e =1

=1
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F is finite. Let V = F — n”—_Ql We define the directional derivative of V along the solution

curve by

V.DNE— R

d
v V(@) =2 Viea)

where g is the trajectory of (2.10) passing though x € DN E when s = 5.
In the following, we will apply Lyapunov stability theorem to the function V.

ThmmmG.Mﬁi:KXLHVﬁXﬁEM%;nglMMX}:%?ﬂWdM}EDHE
be the equilibrium for the Ricci-flat equation (2.10).
Then,

(a) V() =0 and V(x) > 0 if v # &;

(b) V' <0inDNE - z.

(c) T is stable.

Proof. Part (a): It is equivalent to show that the function F on D N € has a unique
Y — Vel ogpd X, = Y&

- n

Vi~ Tn

n2

minimum - for all 1.

at the point

First of all, we introduce the inequality, [Tj:_; af* < >°)_; qrax, where ay, g > 0 for all
k, and >}, g = 1. The equality holds iff a; are identical with each other for all k,
(see [HLP88] page 17). Apply the this inequality to +. Then

T s

}/12 d; dz }/;2
G =255

i=1 =

i=1 (2.47)
1 T
=—(1- Z X?)  (by the conservation law)
n
i=1
1 1
<= (1— ).
So )
1 1 n
F 2z > = (2.48)
MG+ ad=m) not

2
and the equality holds iff {% = l;—lf for all i and 3°)_; X? = 1} In this case 3], V> =

1 — 1 implies % = —”ﬁ;l for all <. By lemma (2.18), we know X; = ‘/Td? for all 4.
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Part(b): Notice that V' = F’ is defined as the directional derivative of V along the
trajectory (2.10).

Since 0 < Y; <1 on DNE, we have F > 0 by definition.

In addition,

y r T

2dz 2d; Y/
= (logF)’ E W (logYi//d; E Y (2.49)
i=1 ¢

=1

From the Ricci-flat equation (2.10) we have §/, = (Z] 1 XQ) Xi 50 ;}:Z/ =d;> i, XJZ—
Vd; X;. Since H = /d; X; = 1, we obtain

Zd Zd ZX2 i\/djxi:nixl?q. (2.50)

So by Lemma 2.18,
Fl 9 1
= _Q(E X:——)<0. (2.51)

Therefore V' = F < 0. F/ = 0 holds iff and only if for all i, X; = Y%,

Part(c): Using (a) and (b), by Lyapunov stability theorem 5, the equilibrium point Z is
stable. O

Proposition 2.21. The trajectory converges to T as s tends to +oc0.

Proof. Recall that the omega limit set of the trajectory is the set
Q={(X",Y"):3sp, > 400 with (X(sx),Y(sg)) — (X", Y")}.

As our trajectories lie in >, X2 + Y2 = 1, a compact set, we know from the theory
([Per01] § 3.2) that Q is a non-empty, connected, compact set that is invariant under

the flow of our equations. Moreover

lim F(y(s)) =u > 0.

s$—+400

This implies Q C {F = p}, where u is a constant.

Now if Q contains a point (X*,Y™*) with X; # \/7‘37, we see from (2.51) that 7' < 0 at
this point, so F < pu. However, this contradicts the flow-invariance of €). Hence € is
contained in the set X; = \/EZ’, (i = 1,...,7). Furthermore, if Q contains a point with
Y; # @ we see from (2.10a) that some X # 0, so after the flow X; # @ which
implies 7/ < 0 and F < p again contradicting flow-invariance.

Hence Q = {(X*,Y")|X; = ‘FY—#‘

,i = (1,...,r)}, and the limiting value
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w= n”—_Ql, showing that our r — 2 parameter family of smooth solution curves do indeed

converge to the Z. O

2.6.2 The geometric meaning of asymptotic solutions on multiple warped

product

For a product manifold N = M; X --- x M,, the cone metric of C{ N" is dt® + t’gn
where gy = )‘fllh oy +- -+ 2h |p,. If we denote the cone metric as dt? + g1(t)%h |y,

n n—1

+ -+ gr(t)?h |y, then

alt) = 24t
gr(t) = 2=t
Therefore,
T . r
. " d
=S g9 = iz (2.52)
= 9 t

By an argument similar to Lemma 2.9 and Proposition 2.8, we know that Ry x M X

-++ x M, with metric dt* + t?gy is a Ricci-flat cone.

Lemma 2.22. When t > 0, trL — %, where C' is a positive constant.

Proof. By (2.8),

1\ trL .
—) =- =) X2
(trL) (trL)? Z !
=1
When t — +o0, ) iXi2 = % a constant, therefore

1 1

_— A —

trL  n

O]

Theorem 7. Our Ricci-flat metrics are asymptotically conical. More precisely, the

metric corresponding to our trajectory is,

G dt? + t2g

as t — +o0, where g0 = %h lpp +- + n)ﬁ“lh |p, is the product Einstein metric on
My x---x M,.

Proof. For all ¢
Xi Vdi);
Y2 trL

9igi =
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As s = 400, by Theorem 6, X; — @ and Y; — 7%71—1) for all ¢ and by Lemma 2.22
trL %, hence,
1 . A
5(92'2)' =919~ T _Z 125- (2.53)
So,
i

n—1

gi(t) -« t, (2.54)

as s — +00. O



Chapter 3

Ricci-flat system for the triple
(Sp(n+1), Sp(n)Sp(1), Sp(n)U(1))

Let G = Sp(n + 1), H = Sp(n) x Sp(1), and K = Sp(n) x U(1), then CP?"! =
Sp(n+1)/(Sp(n) x U(1)) admits two Sp(n + 1)-invariant Einstein metrics [Zil82], and
Sp(n+1)/(Sp(n) x Sp(1)) = HP™. We have the natural fibration

(CPQn-i-l — s HP"

with fibre H/K = Sp(1)/U(1) = S%. H = Sp(n) x Sp(1) has a non-effective orthogonal
representation on the slice V' = R? = ImH with cohomogeneity one, i.e., it acts transi-
tively on the unit sphere S? C V. Thus the Sp(n + 1)-invariant metrics can be obtained
by changing the standard metric on CP?"*! in the direction tangent to the fibre S? and
scaling the metric on the base. Similar to Chapter 2, we can derive its Ricci-flat system.
Then by using the two homogeneous Einstein metrics of CP2"+! [Zil82], we can create
two Ricci-flat cones with cross section CP?"*!. Our numerical results show that there

is a Ricci-flat solution that converges asympotically to for all to the Ziller metric.

32
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3.1 Computing the isotropy representation

We refer to [BtD95] for the definition of symplectic groups. Sp(n) is identified with the

subgroup of U(2n) consisting of the matrices of the form

ail *bll P AT *bln
b11 a1l | ... ... | bin Q1n
A= ' ' € U(2n).
anl *bnl cee el | Qpn *bnn
bnl Apl cee e bnn QApn

By [BtD95] page 9, a unitary matrix A € U(2n) is symplectic if and only if ATJA = J
where J € U(2n) is given by

. 0 -1
J =diag(E,E,...,.F), E= ( Lo )

The group Sp(n; C) consists of all 2n x 2n matrices A with complex entries that satisfy
the condition ATJA = J, and the compact symplectic group Sp(n)=Sp(n;C) N U(2n).
The Lie algebra sp(n) of the symplectic group Sp(n) is {X € gl(2n,C) : X + X* =
Oand X7.J 4+ JX = 0}. The conditions X + X* = 0and X7J + JX = 0 imply that X

has the form

hll A12 . Aln
— Ay h oo Aoy,

X — . 12 22 . 2 ,
AL, A5, ... ha

where

1Ty =7 a;; —bi;
hii = ’ ,% A= " Y],z eRay, by, v €C.
Vi —iw bij  aij

If we choose the background bi-invariant metric of sp(n+1) to be h(X,Y) = —2trace(XY),

then sp(n + 1) is spanned by the orthonormal basis
0 0

2
{Ak}i7il+5n+3 — { 1 1
= 2v2 . 2
- Ejj

2n+2x2n+2
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(2‘ 0) (o —1) (o z) (z 0) (1 0> (0 —1) (0 z)
or or Fj, = | or or or| }. Con-
0 —2 1 0 7 0 0 —1 01 1 0 i 0

sider the Ad(K)-invariant decomposition sp(n + 1) = ¢ @ p with h(¢,p) = 0. Embed

7

4 w0
U(1) < Sp(1) ~ SU(2) by sending e — (eo _ip |- Then u(1) C sp(1) by mapping
e

iz 0
x — (O ) The Lie algebra of the subgroup K is
—ix

sp(n)
e=sp(n) x u(1) = { i 0 ||reRr}.
0 —x
Then

(n+1) ‘ ¢

- sp(n —

A O ETIOR e L

v 0

where C'is a 2 x 2n complex matrix with quaternionic structure. The Ad(K) represen-
tation on p has an h-orthogonal Ad(K) invariant decomposition p = p, @ p, such that
Ad(K)|p, are irreducible. To see this we first recall.

Lemma 3.1. Let G be a compact or semisimple Lie group. If we have a complex
irreducible representation W and its dual W* of G, Then W @ W* 2V & C, where V

is a real irreducible representation of G.

Lemma 3.2 ([Sam90] page 105 ). Let g be the direct sum of two semisimple algebras g
and go. Then any finite-dim, complex irreducible representation ® of g is equivalent to

a tensor product of complex irreducible representations ®1 and ®o of g1 and go.

Lemma 3.3. Consider the cohomogeneity one space given by the triple G = Sp(n +
1), H = Sp(n)Sp(1), K = Sp(n)U(1). If we choose an Adg|g-invariant complement p,
to b in g and an Adg|k-invariant complement p, to € in by, then the Adg|x invariant

decomposition p, B P, is a sum of inequivalent irreducible real representations.

Proof. Recall the standard representation v, of Sp(n) on C2", let ¢ denote the standardnon-
trivial 1-dim complex representation of U(1). ¢* is the representation of U(1) on the

dual space. Recall also that Adg,,) ® C = S?v,,. We compute
Adgpins1) @ Cly = S% (v ® 1) =2 5% (1) @ S (11) @ (v, @ 11), (3.1)

@)k =@ (PSP ) = (@) B ®P) = (RS (a®9¢)".  (3.2)
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Recall H is the product of two simple groups Sp(m) and Sp(1), v, is complex irreducible
and ¢ is one dimensional hence irreducible. So v, ® ¢ is complex irreducible by Lemma
3.2. Therefore there exists a real irreducible representation V; such that the (v, ® ¢) @
(v, ® ¢)* =2 V3 @ C by Lemma 3.1. Similarly,

(S%v, ® S%1) |k = S%vy, ® S% (¢ D ¢7)
~ S0, ® 5% & S (") @ (¢ © ¢7)
= S, & (520 & (5%¢)) @ (¢ @ ¢7)
>~ 5%, @ (p @ ¢*) @ Vo ® C.

(3.3)

We have ¢ @ ¢* = 1 and S%¢ = ¢ @ ¢. Since C ® C = C is one dimensional complex
vector space, ¢ ® ¢ must be complex irreducible. Then V5 is real irreducible in the
last line of (3.3) by Lemma 3.1. The first two summands form the complexified adjoint

representation of K, simply because
Adg @ C = AdSp(n) ®(C€BAdU(1) ®C= SQZ/HEBqZ)@(;ﬁ*. (3.4)

Therefore, the p; in the Adg|g-invariant decomposition p, @ p, (complement to € in g)

are individually irreducible. O

More explicitly,

The real dimension d;=dim(p;) = 2, and do=dim(p2) = 4n. By the section 1.1.1. This
is the isotropy representation of G/ K.

3.2 Scalar curvature function of Sp(n+1)/Sp(n)U(1)

Lemma 3.4. There is a unique bi-invariant metric on Sp(n+ 1) up to scalar multipli-

cation. S?vy, is irreducible.

Lemma 3.5. The scalar curvature formula of an invariant metric x1h |p, L x2h |, on

the homogeneous space % is given by

S:3+2n(n+2) nry

- —. 3.5
T o 2:1;% (3.5)
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Proof. Let B be the negative of the Killing form of sp(n+1). Then B(X, X) > 0, except
when X = 0. Let basis element A\; be

(2n+2)x (2n+2)

B(A1, A1) = —trace(ady, o ady,)

2n2+5n+3
=— Y hlady, oady, (A), i)

=1
2n2+5n+3
== > (AL
=1
=n+2.

Since h(A1, A1) = —2trace(A; - A1) = 1, by Lemma 3.4, B|,, = b;h|,, with

bi=n+2, Vi=1,2.

We know by the definition given in [WZ86], [ ] = > (ALp)% Alg = M[pas sl pr)-

ij

2 1 k
[p1,p1] € € implies that [11] =0 and [11] = 0. So by the symmetric property of [ ]
ij

1
in all 3 indices, we only need to compute [22] .

Choose the h-orthonormal basis of p; to be

1
{A2, A3} = {5 0 —1 -

the h-orthonormal basis of p, to be

1 o (i 0 1o\ (o -1\ (o i
=13 : ’Ci_<o —i>0r<0 1>Or<1 0>Or<z’ 0>}

_C*

(2
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1
It is easy to compute that > h([ex,e], A2)? + h([ex, €], A3)? = 2n. So !22] = .

Therefore, by the formula (1.8), the scalar curvature of the invariant metric is

2

ijk
1,2(n+2 dn(n + 2 1 T T T
:7(( )+ ( ))—7(2n%+2n 2 pop—2)
2 I xTo T5 1T T2
n+2 2nn+2) nx;y n
- -G+ )
I xIo 2.%2 I
2 2n(n+2) nn
=—+— -3
T T2 2562

O]

Lemma 3.6. For the cohomogeneity one manifold M\, where the principal orbit is the
homogeneous space % with an invariant metric x1h |p, L x2h |p,, its Ricci-flat

equation restrict to on the principal part My = I xPis given by

g1 g2 _
291 +4n92 =0,

. .2 L. 2
919 4An¢ige 1 4 n9i _ 3.6
n T o T @ tag 0, (36)
g2 (4n—1)43 20192 + nt2 145 —0
92 g2 9192 293 493 :

Proof. Let Ricci tensor of the homogeneous metric be given by
11 0
Ric= [ ° .
0 rolan

po— %05 nai
d18x1 4.%'%7

2305 n+2 1m

S L am T 2 dm

Then by (1.10) and (1.11),

The Ricci endomporphism 7(t) is given g(r(X),Y) = Ric(X,Y’), where g is the invariant

metric z1h |p, L 22k |p,, SO

1
() = ol 0 _ (7 + %%)12 0 . (3.7)
0 ;—21411 0
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If we denote g2 = x1 and g3 = x5 then by g = 2gL, (1.3a), (1.3b) and (1.3c) , we know

g
L= <9112 9,20 > (3.8)
0 9*214n

and the Ricci-flat equation is the system (3.6), which Ric( %, X) is missing. O

the shape operator is

3.3 Initial value and local existence

By Theorem 1, given any Sp(n+1)-invariant metric gg on @@ = HP™ and any Sp(n+1)-
invariant homomorphism L; : E — S?(T*HP"), there exists an Sp(n + 1)-invariant
Ricci-flat metric on some open disk bundle E’ of E. Since E = Sp(n+1)-V, Sp(n+1)-
equivariant homomorphism L is really determined by a linear Sp(n)Sp(1)-equivariant
homomorphism a : V — S*(T;HP™). We will identify T;HP" and T,HP" by gq.
Therefore TyHP" = T,HP" = p_. So if we fix an Sp(n + 1)-invariant metric gg on
HP", then the question of how many Sp(n -+ 1)-invariant Einstein metric on E’ becomes

the enumeration of Sp(n)Sp(1)-equivariant linear maps a.

Lemma 3.7. Consider the Lie group triple (Sp(n + 1),Sp(n)Sp(1),Sp(n)U(1)) with
cohomogeneity one structure in Theorem 1. If the actions of H = Sp(n)Sp(1) on V = R3
by SO(3) is inequivalent to the irreducible H-irreducible H-representations in S*(p_).
Then, Sp(n + 1)-equivariant homomorphism Ly : E — S*(T*HP"™) must be trivial.

Proof. We only need to show that, the action of H on V' is inequivalent to any irreducible
H sub-representations in S?(p_).

1 ® Adgp(1y is the representation of H = Sp(m) x Sp(1) on V = R3. Here, action of
Sp(m) on V is trivial and action of Sp(1) on R? =2 ImH can be viewed as SO(3) acting
on R3, which is transitive on the unit sphere S? = H/K = Sp(1)/U(1) C R3.

1 ® Adgy(1) is irreducible because H is a product of two simple groups Sp(m) and
Sp(1), and both 1 and Adg,(;) are irreducible so their tensor product is an irreducible

representation of H by Lemma 3.2.

By the computation (3.1) we did in Lemma 3.3, v,,, ® v is the isotropy representation

of H on p_. So S?(v;, ®v1) is the representation of H on S?(p_).

S2(vm @) = (S%um @ S*) ® (A%vy, @ A%0y)
[Adgpm) ® C] @ [Adgpn) @ Cl @ [(1 @ Ag) ® 1]
= [Adgpm) ® C] @ [Adgp1) @ Cl @ [1 @ 1] @ [Ag ® 1].
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Since Sp(1) acts on A2C by multiplication by det(q) = 1, A% must be trivial. Also, we

used the fact
14 A(] m>1

Ay, =

1 m=1
where Ay is an irreducible representation. This implies Ag® 1 is irreducible. Moreover, a
tensor product of trivial representations is still irreducible. Finally, notice that Adgy(;,)®
C is irreducible for all m, so [Adgy,m) ® C] @ [Adg,1) ® C] is irreducible by Lemma 3.2.
Therefore, S%(v,, ® v1) decomposes into three irreducible parts but none of them is

equivalent to 1 ® Adg,(1). Using Schur’s lemma and an argument similar to the proof
of Lemma 1.2, we see that Hom(V, S?(p_))" = 0. O

Lemma 3.8. For the Lie group triple (Sp(n+1), Sp(n)Sp(1), Sp(n)U(1)) with cohomo-
geneity one structure in Theorem 1, the second order differential equations (3.6) have

up to homothety a unique local Ricci-flat metric.

Proof. For the Lie group triple (G, H, K) = (Sp(m+1), Sp(m) x Sp(1), Sp(m) x U(1)),
the metric on My has the form dt? + g1(t)?|hy, + g2(t)?|hy_ where we assume that, the
metric on @ is given by g2(0)?|h,_. Here, p4 = p1, p— = p2 and r = 2. By Lemma 3.7,
all of second fundamental forms of ) must vanish. So the shape operator of the singular

orbit () at ¢ must vanish too, i.e.
92(0) =0

by ¢ = 2gL. By Theorem 1, there is an r — 1 = 1 parameter family of local Ricci-
flat metrics. In addition, Ric(A\2§)=Ric(§) = 0. This implies if § = dt*> + g(t) is a

Ricci-flat metric then A%§ = ds? + A%g(%) is also a Ricci-flat metric where s = At.

Moveover, let hi(s) = Agi(3). Then ddhsl = %% = Ag1+ = g1. This implies that

§g1(0) =1« %(0) = 1. Therefore, the Ricci-flat metric on ¢ € [0,t) given by g3(0)h|,_
to
93(0)
ality, we can fix g3(0) to be 1. Hence, we have up to homothety a unique local Ricci-flat

is same with the Ricci-flat metric on s € |0, ) given by hl,_. Without loss of gener-

metric.

O]

Remark 3.9. In particular, if we choose initial values given by Z4(0) = I+, z_(0) = I_,

then

which is our necessary smoothness condition.
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Lemma 3.10. If we choose the background metric for sp(n + 1) to be

< X,Y >= —2tr(X,Y), (3.10)

then % = % = 52 has constant sectional curvature 1.

Proof. For the chosen background metric, we can choose the orthonormal basis for p, =

sp(1)/u(l) to be
1(0 -1 1(0 2
{61:2<1 O>762:2<’i O)}a

the orthonormal basis for sp(1) to be

{eo = % ((l) _OZ> ,€1, €2} (3.11)

Let B be the negative Killing form for sp(1) . By the scalar curvature formula in [Bes87]
(7.39),

1 1
S = 220;3(60“601) - 42/; < [emeﬂ]mv [eaveﬂ]P+ >
@,

1 1
= 5(3(61,61) + Blez,e2)) — Z(< le1, e2]p, s [e1, ealp, > + <[ez, e1]p,, [e2,e1p, >)
1 2 2
= 5( - Z < [617 [elaei]]vei > _Z < [627 [62,61‘]],62‘ > )
i=0 i=0
1(<1 -3 0 1(—-1 0 >+<1i 0 1({7 0 >>
4\ "2\0 i) "2\0 i 2\0 —i) '2\0 —i
P+ P+ P+ P+
1
= 5(‘ < le1,[e1, e0]], e0 > — < [e1, [e1, €a]], €2 > — < [ea, [e2, €0]], €0 >
- < [627 [62)61]]761 > ) -0
1
25(1+1+1+1)—0
=2,
which is the scalar curvature of the constant sectional curvature 1 metric on S2. O

3.4 The n=1 case

By starting from HP™, we can construct metrics of cohomogeneity one in (4n + 3)

dimensions with principal orbit CP?**!. When n = 1, the cohomogeneity one manifold
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has dimension 7. The authors [BS89] and [GPP90] independently found an explicit
solution corresponding to a metric with G2 holonomy. In our notation, for an invariant
metric dt? 4 g1(t)2h |y, L g2(t)%h |p, to have holomomy means that g1 (¢) and go(t) satisfy

the first order system
G4 92 _ _ [k
g1 + g2 \/591’

g2 _ _ kg
g2 ﬁg% :

(3.12)

It is easy to check that when k2 = %, the first order ode system (3.12) is a subsystem of
Ricci-flat condition (3.6) with n = 1.

Lemma 3.11 ([BS89] also [GPP90]). The Lie group triple G = Sp(2), H = Sp(1)Sp(1), K =
Sp(L)U(1) has a unique (up to homothety) complete smooth Go holonomy metric.

Proof. The system (3.12) becomes

. — k912
g (3.13)
Go = _ kg ’

2 V2g2©

Plugging (3.13) into (3.6), then, we have k? = 2. When k = —%,g'l(O) = —\/i(—%) -

2952((00))22 = 1. But if k = %,g’l(O) = —ﬂ(%) + 29;2(8)))22 = —1. So, k has to be ——= in

order satisfy our smoothness condition.

S

So,
o= 1 g1
g1 = 2g227 (314)
G2 = g

d
Then, §2 = 22 — 9 = g,g5dg; = (22° — g1%)dga =

g192dg1 + (91° — 2g2%)dgz = 0. (3.15)

Call P = g1g2, R = 12 — 2¢go2. Then, 22 = ¢ %+ Ok _ 94, We can use integrating

? g2 g1
Foly) P _R 89192 0(912—2922) 9 .
— p(y)dy — T927 91 __ 992 291 — g1—=z91 __ 1 —
factor p = e , where ¢(y) & s gy o So, i

ef =99 _ Cre92 = (O gy. Multipling (3.15) by p, we obtain C1g1922dg; + C1(g12g2 —
2¢g23)dga = 0. So, there is a smooth function f(gi,ge2) such that df = Cig1g22dg1 +
C1(g1%g2 —292°)dga = 0. Integrating, f(g1,92) = [ df = C1591%92* — C1592* 4 Ca. Since
df =0, f is a constant function, i.e. g12g2? — g = C. =

C + 924
922

C + g9t

g1 == )
924

1
, §o = i§ (3.16)
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By the smoothness condition ¢1(0) = 0, we have g1(0) = +go\/1+Cgo* = C =
—92(0)4 =

91(g2) = £g2 (3.17)

In order that g; is real, we must have

92 2 g2(0) > 0. (3.18)

dt _ 1 _ 1 : _ _ 1 .
80, dgs = 2/ o = 2\ mmoyar > 0 be 1 =T002) = 2/ g de
monotone increasing. By the inverse function theorem. dditz = /1= (92(0)/g2)* > 0,
so the inverse function go = B(t) is monotone increasing too. Therefore, go — g2(0) as

t — 0 implies that t — 0 as g2 — ¢2(0).

On the other hand, when gy — oo, (% =2, /W — 1,80t = oc.

We still need to verify that g»(0) = 0. This is indeed true, as g2(0) = 299127((00)) = 0, when
91(0) =0, g2(0) > 0.

Hence, we have the following one-parameter global solutions of (3.14)

g1(g2) = Fg24/1- (@20 (3.19)
92
g2 1

t(gg) = 2(0) 2 Wd'r (320)

where ga > ¢g2(0) > 0. The solution satisfes our smoothness conditions for 2-dimensional

second order Ricci-flat system(3.6).
O

Proposition 3.12. The Lie group triple G = Sp(2), H = Sp(1)Sp(1), K = Sp(1)U(1)
has unique (up to homothety) global Ricci-flat metric of cohomogeneity one and this

metric has G holonomy.

Proof. By Lemma 3.8, there is a unique (up to homothety) Ricci-flat metric on ¢t € [0, 1)

satisfing the smoothness condition

91(0) =0, ¢1(0)=1, g2(0)>0, g¢2(0)=0.
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Since a G2 holonomy metric is Ricci-flat, by uniqueness, this local solution must have Gy
holonomy. By Lemma 3.11, this G2 holonomy metric exists for all ¢ € [0, +00). Hence,
the Ricci-flat metric is defined for all time. O

3.5 Einstein metrics on the principal orbit

From ([Bes87] 4.23) and [Zil82], we know there are only two Sp(n+1) invariant Einstein

. 2n+1 _ _Sp(nt1)
metrics on the hypersurface CP = Spin) U

x1h |p, +a2h |p,, then the two homogeneous Einstein metrics are given by

. If the metric on the principal orbit is

$1 — 22n+1’
L (3.21)
Ty = (%)2n+1
and,
r] = (%)2211
e (3.22)
T = (”Tﬂ)m_

They are neither isometric nor homothetic.

Definition 3.13. Let (M, g) and (N,j) be two Riemannian manifolds. Let w: M — N

be a Riemannian submersion. The canonical variation g; of the metric g on N in defined

by
g lp+  =tglp4, (3.23)
g lp-  =glp, (3.24)
gt(p4+,p-) =0. (3.25)

where py is the vertical distribution (the tangent spaces to the fibres), and p_ is the
horizontal distribution. In the following we let M be CP?"*1 with the Fubini-Study
metric and N be HP™. 7 is the map that takes a complex subspace to the corresponding

quaternion line.

Following the notation by the Main Technical Lemma [Bes87] (9.74), when t = 1, it
gives the standard metric on CP?"*1. When t = 1/(n + 1) gives a second Einstein
metric on CP?"*! called the Ziller metric [Zil82]. For the first pair of solution (3.21)

2 2n/2n+1
1 22n/2n+1 . . . Ill T -
o = 5=i/ar = 2, and for the second pair of solutions (3.22) a = P ET = T
n+1
So
) 1 =
= (3.26)

od X -1
Ty n+1lx
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Therefore, the second pair of solution (z),z}) (3.22) is the Ziller metric and the first

pair of solution (x1,x2) (3.21) is the Fubini-Study metric.

3.6 Change variables

In order to obtain numerical solutions and understand the asymptotic behavior, we

change the variables to simplify the Ricci-flat system as in the multiple warped product

situation.
Let
Vd; gi
X, = =, 3.27
trL g; ( )
Vd; 1
Y, = - 2
g; trL (3.28)

for i = 1,2 and d; = 2,ds = 4n. Notice that

. B —tr(L) tr(L?)

J-Zzl X; = (trL)2  (trL)?’ (3:29)
4 o tr(ry)

2= furyp (8:50)

We obtain from the Ricci-flat system (3.6) the following equations in our new variables.

: Y2 V2V
Xi = 10 _X-1)+L+-2, (3.31a)
ot V2 64n Yy
- (n+2)Y7 oYy
Xy = X0 XP-1)+ -2 (3.31b)
=~ 4y/n 16n2 Y;
Y] = Y(ZXLﬁ) (3.31c)
1 1 j \/i )
j=1
Y, = n(i;@-ﬁ) (3.31d)
: . .
= vin

The conservation law is

+2)¥2 1 Y}
ye 0A2Ys 1Y v e 3.32
Lt 2 16n Y2 tALt A (3.32)

Notice that the quadratic form is no longer positive definite. So,the conservation law no

longer gives a compact hypersurface in phase space.
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Proposition 3.14. The equilibrium points (X1, X2, Y1,Y2) of the first order ode system

o . V2 NAn 1 dn+1 2n(4n+1)
(3.31) lying in (3.32) are given by (2+4n, rAn 7 (2n+6§(n+1), (2nil)g(n+1)>’

V2 VAn 1 2(n+1)2(4n+1) 2n(dn+1)(nt1) 1 1
<2+4n’ 2+4n> §\/(2n+1)(2n3+7n2+5n+1)’ \/(2n+1)(2n3+7n2+5n+1)>’ and (ﬁ70> E’O)'

Proof. A stationary point corresponds to zeros of vector field given by (3.31). Assume

2 4
B=Yi+ N o s B+ XP+ X3 = 1.
If X9 =0 and Y2 = 0, then by solving (3.31) we get

1 1
Xi=—Y1=—.
If Xo =0 and Ys # 0, we can derive a contradiction. If Xo # 0 and B = 0, we also get a
contradiction. Therefore, if Xo # 0, B must be non-zero, i.e. Y2 # 0 and Y7 # 0. Then,

X}+Xx3-%L=0,
P (3.33)
Xi+ X3 - J= =0,

wmmmmm:%%mm@@mwmmmﬁzﬁgmﬁ:%ﬁmm

these into (3.32), so

_ 1 [ 4nq1
Yl_\/i @2n+1D2(n+1)’ (3.34)

_ 2n(4n+1)
Yy = (Qnil)g(nﬂ)v
or,
1 2(n+1)2(4n+1)
Y1 = 5\/(2n+1)(2n3+7n2+5n+1)’ (3.35)
Y, — \/ 2n(4n+1)(n+1) ’
2 =\ Cnt+D)(2n3+TnZ+bn+1) "
O
Remark 3.15. The smoothness conditions are
g1(0) =0, g2(0) > 0. (3.36)
g1(0) =1, ¢2(0) = 0. (3.37)
In the new variable (X;,Y;) the above initial values determine the equilibrium point
1 1
(X15X27}/17)/2): (7707770)' (338)

2 2



Chapter 3. Ricci-flat system for the triple (Sp(n + 1), Sp(n)Sp(1), Sp(n)U(1)) 46

3.7 Ricci-flat cone solutions

In Chapter 2 Lemma 2.9, we formed a Ricci-flat cone using the product Einstein metric
and showed that it corresponds to one of the equilibrium points of the X;, Y;-system.
Now we turn our attention to the cohomogeneity one manifold whose hypersurfaces
are CP?"*1. By discussions in section 3.5 and Proposition 2.8, we can use the two
homogeneous Einstein metrics on CP?"*! to form two Ricci-flat cones CyCP?*"*! =
R, x CP?"*1. Since (CP?"*!, gg) is Einstein, Ric(gg) = Agg,

. , A
Ric(A\gg) = Ric(gr) = Age = X()\gE). (3.39)
By Proposition 2.8, the cone (R; x CP?"*! g.) g. = dt? +t?>\gg is Ricci-flat if and only

if%:m—l,wherem:4n+2.

Proposition 3.16. For the two homogeneous Finstein metrics gpg (3.21) and gz (3.22)
of CP?" 1 the corresponding cone metrics dt> +t> g correspond to the following equi-

librium points in the X;,Y; space:

An+1 2n(4n+1)
d1+d27d1+d2 \[ (2n+1)2(n+1)’ (2n+1)2 n+1

_ VA 1 2t )2 (At 1) 20 (An T 1)(nt1)
(X1, X2, V1, Yo) = (350 @ rda 5\/(2n+1)T(L2n3+7:2+5n+1)’ \/<2n+1§(223+7$+5n+1))a

(X1, Xo, Y1, Ya) = (744

respectively. Both of these two points lie on the conservation law hypersurface L = 1.

Proof.
2 . n@2nt+4)  naxy
_ S _mtTm 2 23 (3.40)
4n + 2 4n + 2 ' ’

plugging the first pair of solution (Fubini-Study metric) (3.21) into the equality (3.40),

we get,

B A
Cdn+2-1

— Sg

~ (An+2)(4n+1)

2 n(2n+4) n 9TntT 1
==t 1 dn+ 2)(dn+ 1
2on+1 (1/2)2n+1 (1/2)2n+1 (n+ )( n+ )
_ 2n+1)(n+1) o 5T

(An+2)(4n+1)

(3.41)
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So,

If we denote the cone metric as dt? + t?Agg, then by section 2.3.1, g1 = tv/Az1, g2 =
t\/Axg, trL = 2+4” , since di = 2,dy = 4n.
By the change of variable (2.7)

X, = Vdigi _ Vi 7 (3.42)
trL g1 dy + ds

X, = Yhoe_ Vh (3.43)
trL go dy +dsy

d 1 V2 4n+ 1

o= val_ Ik ) , (3.44)
trL ¢ t\/)\m \f (2n+1)%2(n+1)

v _ VBl _ Vi 1 2n(4n + 1) (3.45)

* 7 L i Ar, \@n+1)2(n+1) '

Similarly, plugging the second pair of solutions (Ziller metric )(3.22) into the equality
(3.40), we get

_ Sy
C (4n+2)(4n+1)
y 2 N n2n+4)  n(2/n4 1) ) 1 (3.46)

2/n+ 1)z (n+1/2)mm 2((n+1/2)mn (dn+2)(4dn+1)
2n® + % +5n+1__1

= 22n+1
(An+2)(4n+1) ’

and,

v/ j 2
x, - Yho_ Vo V2 (3.47)
trL g1 di+do  2+4+4n

ds g d 2
X, = Yhér_ Vb 20 (3.48)
trL go di + do 2+4n

vy, - Y&l _ V2 1 _1\/ 2(n + 1)(4n% + 5n + 1) (3.49)
V' wLg ZHAn 4 /\xq S 2Vant +16n3 +1Tn2 4+ T+ 1’ ’
v, — Vda 1 4n 2n(4n? + 5n + 1) (3.50)
> trLg T t\/)\x At 1603 + 1T + Tn+ 1 '
O
Remark 3.17. When n = 1, the second solution corresponds to Y7 = ? Yy = %
X1 = ‘[ , Xy = %, which is the point to which our solution converges (see Figure(4.7)).
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Numerical solutions

4.1 Warped product R? x N, N* is an Einstein manifold

By 2.10, when r = 2, d;y = 2 and ds = 4, the Ricci-flat system becomes

(

2
X{=X1(X}+ X3 - 1)+ %
Xh= Xp(X2+ X2 1)+ 2
2 2(XT+ X5 -1+ A
Y= Vi(X? + X3 - %)
Y= Ya(X2+ X3 — %)
The conservation law is given by
XP+X5+YP+Ys =1 (4.1)

The solution lies in the conservation law hypersurface and the vector field is tangent to
the conservation law’s hypersurface. We use (4.1) to solve for X; and plug into above

dynamic system. We obtain

2
Xy = Xo(-YE - V) + 2
Y] =Yi(l - Y2 - vp - R (4.2)

R A R )

We will use the ode45 solver in Mathlab to solve the above ode system (4.2). The
ode45 solver uses Dormand-Prince pairs (DOPRI5). The local truncation error is O(h®)
[DP80], which implies that its global truncation error is O(h*).

48
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We take the initial values nearby the point (X1, X9,Y7,Y2) = (%, 0, %, 0), for example

at sg =0,
1
(X2, Y1,Ys) = (0, —,0.001). (4.3)
V2
O O
1-
0.8 © q1/2,0,sqrt(3)/2)
0.6 o e
| _ #ﬁ”ﬁls,sqrt(iQ)/G‘,sqrt(ﬁ)B)
0.4 g + R
~ +
0.2 T~
- S
N 0 F ~il
> s T T~ -
-0.2 %o,llsqrt(Z),O) T B
~0.4 ' -
.
-0.6 o

FIGURE 4.1: Starting from (1,0, 2=, 0)

\/57 ) \/i’
TABLE 4.1: Asymptotical point for R® x N* - initial (0, %, 0.001),s0 =0
X1 X2 Yl YQ
1 1
§ — —00 7 0 o 0
e [ 2 o
Sx =100 >>0 0.3334 0.5270 0.7453
e 3.8779 x 107° | 1.3264 x 107° | 1.6187 x 107°

The global truncation error is e = |(X;, Y;)—numercial results(X;(s.), Yi(s.))|-
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1\."' .0

. L91/2,0,5qrt(3)/2)
0.8 A, /A

,// ‘
/3,5qrt(10)/6,sqrt(5)/3)

0.6

0.4

0.2

-0.4

—0.6—

-0.8—

FIGURE 4.2: R? x N4
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FIGURE 4.3: R3 x N*, X,Y] plane FIGURE 4.4: R3 x N4, X, Y5 plane
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Remark 4.1. From the picture, the solutions starting near the initial value (Xo, Y1, Y2) =

(0, %, 0) appear to converge to (Xo,Y1,Ys) = (%, @, %) Moreover, by examing the
picture of trajectories near (%, @, %), this point looks asymptotically stable. This

obstervation is compatible with Theorem 6.

4.2 Example Sp(n+ 1), Sp(n)Sp(1), Sp(n)U(1)

As n =1, we solve (3.13) with initial values g1(0) = 0,¢1(0) = 1, g2(0) > 0,g2(0) = 0 by

ode 45 solver

500
450
400
350

300

150

100

0k 1 1 1 1 1 1 1 1 1 |
50 100 150 200 250 300 350 400 450 500

a

FI1GURE 4.5: Sp(2)/Sp(1)U(1)

TABLE 4.2: The slope at t >> 0, ifn=1

Initial value b(0) 70 60 50 40 30 | 20 | 10
Slope%attz?b’ 0.9996 | 0.9998 | 0.9999 | 09999 | 1 | 1 | 1

Remark 4.2. While n = 1, the Fubini-Study metric in (3.21) is 1 = 23 and 25 =

273 and Ziller metric in (3.22) is 1 = x2 = 1. So by section 3.7 the Ziller cone



52

Chapter 4. Numerical solutions

AR RNNRNRSNNNRNNANNN
A A I N e D i,
ASSRNNRRNERNNNNNSNNNSNNNNNNN
N N A N N S S S S e
ANTATTEATUATT T T R
ATATIITITTA TR TR U S s s

ATAATEIATUAARTUARTEATTRRATRATA T AT T T e e
TEIATERTUARTEAR A TRAR TR TR AT AN RN R OSS Sesssbeseee
TEAATERAT AT AR TR TR AR A RO N N N S NN S s e
TEATTEEE AT AT A E AR TR A R AR O N N S S N e
ATEREEE T AATTRATEAAEEALTEAR TR TR A T T T T R R O e s s s
AEATETA TR T TATE LA AR TEAATIAL TR TR AT e e s s
ATETERRVEAR AR AT R AARTEARTAATERAA TR TR RIS e
ATETEET TR TR DT DR AT A TEAATEAR TR A T O NN S s S s st
AATATEEATATUAL AT T AT LA T UAAN AR TR AL TR R R A A RTINS s s
ATEATEEAA AT DDA TR AT DA T AT AT AA LTV T TR T T O e e s
TR R AT AR DA TR AT A TEAA T TR TR T T T T R e e e
ATTATEEARTARAR AR TATATAL EATA VAR TEATEAR TR TR R TI T T T T R e
ATTRETEATTATA T DR AT AR R LD AT AR T DA TR TEAARTRAATRT TR A T T e
ATTITTEAE ATV AT AT AT DR D AT TR TE LT T TR TR TR W SN e s e
AP TR AL AT R ATAT A DT T T A AT AT AL DA T A R O e
AEEVREEATEALEELAR A AR EA A EAA LA T AT LA T AT AL TR T I R O R R s e
AERAEEEAA TR ERA R A AR EAAT DA AT AR T A TEAA T AR T AT T O e s
AARNARASARARAAN
AN AR RN AR AR AR RS A AR AR AR R AR RAREARRRAREEISLRRRERNARLE S SRS S SRR S S SN CR O
TEEVEEEV TV T LA E AT DT DR DA AT DT T AT LR AT DR E VAT T T T N e s

LN LTI VI AT T TTrTTrTT
LSS LI IS LLLLLL LT
R A R .

SRR SRS CEC S s
A AR e LN SISLIILLLE T

TS LAY
AN N N N N N e e S e e e ) LI I PII P

TALLLL LI

NSUSEOUNRKSRNN S

ALLLLAL LIV LTI
LTS LI AL IS LL LA
TR LD L
I

ELAALLLIAY LI L
FILLLLY LA AP
AL LT
FREEAALLLL YL
RS L N AR VAN
RS I A R R RN AR
AL LLYNIL VI
IS LA
TR LYYV TR
T el L I LT

N TSm0 1LV L
//M,//f;rl%j\\\\\\\\\\\\\ vy
S 101 I II T

LA LLS LI
R LN PTT
NIRRTy,

PALTEUAT AR DA AL E R VAT A TARA TR TR T Y N m,

scccgLnn
Tt 1T
NS 2222270

|
|
|
|
Y
WSSy

1

/

AEEER AL ER R E LA PR T T A TR AT AT A TR
AEERA AR EEALERA A EAAT AT AR DA D LEAR T LA DA T DA VNN
PATTALEEAAEARE AL EEAR EARA AR TATAT A AT S AN NN

PERTRE TR AL EEEA AT EARTE VAR EATA A TR L TATATEAAR T ////1?14\\\\\\\\\\\\:
TR R RN R TR AT PRV AT DAL T VLV AT AT T A T e

ARSI ARRARSAARSAARARARRARRRRAREANARERRRRNNNN
PEEREEA AR R DAL AT LT L LT A DU O R e

PEATTAAEEA R R EALER AR AL AR EAR I AT A AR N

\
N
N
N

NS 2011
L/ /LT

ey
N 77 /H

sz

SAEAAL AL AL T AR LA e Hmnm““\::: o
AT ARSEATTREEEEANEEN IR AN ///f!\\\\““x“:
MINTT I NN T
RSSTATARE ST TRNRNEN AU\t

DIV IR D D AR A T
PO R A N/
RN N
m

™

N

FIGURE 4.6: Vector field a, b axis for n = 1 case

). On the other

(t

ions of subsystem

92

dt? + t2Ahlp, + t2Ahlp,, where gy (t)

(R4 x CP?"t1)’s metric g

hand, in the Figure 4.5, a = ¢g; and b = g, and the numerical solut

(3.14) have the slope

« 1 for ¢ >> 0 (see Table 4.2). So we conclude the one

dg1
dge

parameter family (3.19) of solutions converges to the cone over the Ziller metric.
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Sp(n+1)/Sp(n)xU(1)
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FIGURE 4.7: n=1

For general case, the trajectory lies in the hypersurface given by the conservation law.

Using this surface to solve for X;, we have

X, =/1-X2-A (4.4)

2 4
where A = Y2+ (n+§)y2 — ﬁ% Without loss of generality, we take X1 > 0. Then the
1

Ricci-flat system restricted to Xo, Y7, Yo becomes

2)Y2 S
Xy = Xp(~A)+ P m Y

Y] =Yi(1- 4~ YE (4.5)

Y] =Yy(1-A- L)

The initial value for this system which satisfies the smoothness condition is given by

(X1,X0,Y1,Y3) = (%,0, %,O) as s — —00.
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Taking the above system (4.5) with initial values near the above point, say (X2, Y7,Y2) =
(0, % + 0.001,0.01) =~ (0,0.7081,0.01) and sy = 0, the ode45 solver gives the following

asymptotical numerical solution.

Sp(n+1)/Sp(n)xU(1), n=2
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0.6
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0.5 FE by
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X2 0 035 0.4 0.45
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FIGURE 4.8: n=2, Initial(0, 0.7081,0.01)
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Sp(n+1)/Sp(n)xU(1), n=2
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FIGURE 4.9: n=2



Y2

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Chapter 4. Numerical solutions

o6

X2

RC

0.4

Sp(n+1)/Sp(n)xU(1), n=3

=

////

05 0.6

Y1

FIGURE 4.10: n=3




Chapter 4. Numerical solutions 57

Sp(n+1)/Sp(n)xU(1), n=4 Sp(n+1)/Sp(n)xU(1), n=5

Gu2 = 2/9,y1 = (5/522)*sar(2)*sqrt(17)*sar(29), y2 = (2/261)*sart(2)*sqrt(85)*sart(29))

a2 = (111)°501(5), 1 = (3451)s01(2)"sqr(21)"sqr(41), y2 = (61451)"Sq1t(35)"sart(41))

|
o X
05

«0.5at(2).0)

FIGURE 4.11: n=4 FIGURE 4.12: n=5

TABLE 4.3: Asymptotical point for (Sp(n + 1), Sp(n)Sp(1), Sp(n)U(1))

X1 Xo Y; Yo
Ziller metric | n =1 % % ? %
numerical 0.3333 0.4714 0.6667
error 1.5709 x 107 | 5.1886 x 107% | 5.5572 x 10~°
: : _ V2 V2 9v/22 6/33
Ziller metric | n =2 15 = 10 55
numerical 0.2829 0.3838 0.6267
error 2.8775 x 1075 | 5.1894 x 1075 | 6.6544 x 1076
Ziller metric | n =3 g é 2y QT?)lg’Xlg 2y 2?5’3?“9
numerical 0.2475 0.3342 0.5789
error 3.0038 x 107° | 5.2377 x 1076 | 4.6476 x 10~
Ziller metric | n =4 \1/—85 % Sy 2§2127X29 2v 2;6815“9
numerical 0.2223 0.3008 0.5380
error 4.4283 x 107° | 6.5752 x 1076 | 5.4050 x 1076
Ziller metric | n =5 g % e 212511“1 by iglx“
numerical 0.2033 0.2760 0.5040
error 5.6049 x 1075 | 7.8158 x 1075 | 5.5697 x 1076

where the global truncation error e = |(Xj, ¥;)— numercial solution (X;(s,), Yi(s.))| and

we take s, = 400 >> 0 to get the above numerical solution.

Remark 4.3. We compare the points in the numerical solutions of system (4.5) to
the Ziller metric for s large, and n = 1,2,3,4,5. We find that the Ricci-flat solution

converges to the cone over the Ziller metric rather than the cone over the Fubini-Study
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metric. For n > 3, this corroborates with Theorem 6.4 and the Convergence Theorem
11.1 of [B6h99]. The case n = 1 and n = 2 are not covered in Theorem 6.4 of [B6h99].
But the case n = 1 can be solved explicitly; according to [BS89] and [GPP90], this
manifold has holonomy type Gs.
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